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ABSTRACT

Inferring the Human’s Objective for Human-Robot Interaction

by

Joshua Hoegerman

This thesis discusses the use of Bayesian Inference in inferring over the human’s objective

for Human-Robot Interaction, more specifically, it focuses upon the adaptation of methods

to better utilize the information for inferring upon the human’s objective for Reward

Learning and Communicative Shared Autonomy settings. To accomplish this, we first

examine state-of-the-art methods for approaching Bayesian Inverse Reinforcement learning

where we explore the strengths and weaknesses of current approaches. After which we

explore alternative methods for approaching the problem, borrowing similar approaches to

those of the statistics community to apply alternative methods to improve the sampling

process over the human’s belief. After this, I then move to a discussion on the setting of

Shared Autonomy in the presence and absence of communication. These differences are

then explored in our method for inferring upon an environment where the human is aware

of the robot’s intention and how this can be used to dramatically improve the robot’s

ability to cooperate and infer upon the human’s objective. In total, I conclude that the use

of these methods to better infer upon the human’s objective significantly improves the

performance and cohesion between the human and robot agents within these settings.



Inferring the Human’s Objective for Human-Robot Interaction

Joshua Hoegerman

(GENERAL AUDIENCE ABSTRACT)

This thesis discusses the use of various methods to allow robots to better understand

human actions so that they can learn and work with those humans. In this work we focus

upon two areas of inferring the human’s objective: The first is where we work with learning

what things the human prioritizes when completing certain tasks to better utilize the

information inherent in the environment to best learn those priorities such that a robot can

replicate the given task. The second body of work surrounds Shared Autonomy where we

work to have the robot better infer what task a human is going to do and thus better allow

the robot to assist with this goal through using communicative interfaces to alter the

information dynamic the robot uses to infer upon that human intent. Collectively, the

work of the thesis works to push that the current inference methods for Human-Robot

Interaction can be improved through the further progression of inference to best

approximate the human’s internal model in a given setting.
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2.1 To infer the user’s reward, (i.e., objective) robots must compare the human’s

actual demonstration to other demonstrations the human have pro-

vided. Computing this normalizer makes Bayesian reward learning doubly-

intractable and ignoring the normalizer entirely can lead to incorrect robot

learning. We propose a Monte Carlo method for a more accurate approxima-

tion. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.2 Approximating the normalizer in our working example. is the

difference between evaluating Equation (2.4) with the exact Z(�) and Equa-

tion (2.4) with approximations for Z(�). The lower error indicates the robot

learned the correct belief. (Left) The human provides demonstrations � of

carrying the cup at different angles. If we the normalizer, as � !1

the robot always learns to carry the cup vertically, even when the human

wants the opposite. (Middle) Here we left � = 1:0. As the number of

for Zmean increases, the belief error converges to zero. (Right) As � !1

the error with the approach converges to zero. . . . . . . . . . . 16
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2.3 Comparing and approaches in our working example.

Remember that � from Equation (2.2) captures how close-to-optimal the hu-

man is. (Left) Error when � = 0:5. (Middle) Error when � = 5. (Right) For

lower values of � we find that the sampling approach is more accurate. How-

ever, as � ! 1 the maximum approach leads to less error. For

we perform 100 separate runs where Zmean samples N = 10 trajectories each

run; the shaded region and bars show standard error. . . . . . . . . . . . . . 19

2.4 Results from the simulation. (Left) The reward depends on the distance

the box is moved and the distance the end-effector travels. (Right) Error in

the learned � across 100 simulated humans. Error bars show standard error,

and an � denotes statistical significance (p < :05). . . . . . . . . . . . . . . . 26

2.5 Results from the simulation. (Left) The reward depends on the angle

of the door and the robot’s height from the table. . . . . . . . . . . . . . . . 27

2.6 Results from the simulation. (Left) The reward depends on the orien-

tation of the cup and the length of the robot’s trajectory in joint space. . . . 27

2.7 Results from our user study in Section 3.5. (Left) The , , and

tasks. In each task, the robot moved along an initial trajectory, and

users physically corrected the robot to teach it their desired behavior. (Right)

and averaged across the 10 users and three tasks. Lower

indicates that the robot’s learned trajectory was better aligned with the de-

sired behavior. Error bars show standard error, and an � denotes p < :001. . 28



3.1 Human sharing control with an assistive robot arm. (Top) The robot tries to

infer the correct task from the human’s joystick inputs. (Middle) We show

that — when the robot communicates what it has inferred — the way humans

provide inputs . (Bottom) If robots are aware of these changes, they

can more accurately infer the human’s goal. . . . . . . . . . . . . . . . . . . 33

3.2 Example settings and results from our user studies in Section 3.3.2. Here we

explored how communicating the robot’s inferred distribution over a discrete

set of tasks affected the human’s inputs during shared autonomy. In all

conditions, the robot used the same learning algorithm. (Left) Results from

the online survey with and without a communication interface. Humans were

more likely to release control to an assistive robot that conveyed its learned

distribution over the tasks (t(24) = 4:271; p < 0:005). (Right) Corresponding

results from our in-person study. Here humans required fewer inputs to guide

the robot to their goal when the robot communicated its learning (t(29) =

2:986; p < 0:005). Overall, these results suggest that humans are more willing

to yield control to a communicative system. An asterisk (*) denotes statistical

significance. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

3.3 Tasks and user inputs from the user study in Section 3.5. (Left) The items

the human led the robot to interact within each task. (Right) The magnitude

of the human’s inputs over time averaged across all users. These results show

that users completed the tasks more quickly with , and overall needed

fewer inputs to convey their intended goals to the robot. . . . . . . . . . . . 48



3.4 Objective and subjective results from the user study in Section 3.5. (Left)

Total user inputs for , , and tasks. To count the

number of inputs, the robot measured whether the human had pressed the

joystick every 0:02 seconds. Across each task, users provided fewer inputs and

relied on the robot’s assistance more when using (p < 0:001, p < 0:001,

p < 0:001). These results support : Users spent less effort when using

. (Right) Subjective results for the three baselines. Across the four

Likert-Scale items, users preferred method: they felt that they could

easily the system (p < 0:001), the robot provided effective

(p < 0:005), the robot better their goal (p < 0:001), and the robot

more quickly to their actions (p < 0:001). . . . . . . . . . . . . . . 50



As robotic agents become more and more integrated into human-adjacent applications like

autonomous vehicles and assistive AI, there comes a need to improve our ability to

integrate and match these agents to the environments they act within. Robots developed

for these human-robot interactions strive to mediate the robot’s desire to match itself to its

idea of some task with the human’s separate belief over that task [1, 2]. Although there

exists a wide variety of methods to aid in inferring upon the human and then mediating

this relationship, this work will focus on applications of Bayesian Inference in bridging the

distance between these human and robot agents [3, 4, 5]. Specifically, I will address the use

of Bayesian Inference for applications of more accurately replicating human tasks and in

creating a more communicative Shared Autonomy system using contrasted informed vs

uninformed human agent models.

This integration of robotic assistance is motivated in large part by the increasing number

of robotic agents in ever more populated environments. If we want real-world integration of

robotic systems into normal society, they must not only be able to meaningfully

understand humans but also be able to know how to assist them. One meaningful way to

accomplish this is the use of inference methods to interpret and understand human

objectives from their actions in order to allow a robot to replicate this understanding for

later assistance. For this work, we focus specifically on the use of Bayesian inference for

this purpose. Bayesian inference being the process of using Bayes Theorem to judge an

1



example of human action in relation to a sampled belief. This has been used in inverse

reinforcement learning to reproduce human tasks by replicating the underlying that

inspired the human to complete that task such that the robot can take that understanding

for wider applications of that task in alternative environments. However, just because a

robot knows how to complete a human-relevant task does not mean it would know when to

assist a human with this task. For this, we turn to a separate tool known as Shared

Autonomy. For this, we have the human and robot working to operate the same system,

imagine a robot arm helping with the aforementioned task; Shared Autonomy works to

mediate the human wants assistance with a task and the human wants help to

do. This work focuses on the improvement of these methods in learning and assisting in

the human’s objective for human-robot interaction.

For example, imagine the hundreds of thousands whose long-term mobility and

independence are affected by neurological or physical disability, imagine just how impactful

having a cooperative robot assistant could be in even simple day-to-day tasks like drinking

or eating. So far the implementation of these systems in modern applications, while

undoubtedly beneficial, suffers from several problems ranging from reliable integration of

the system with the human participants to even simple concerns over its long-term accuracy

in day-to-day use [1, 6]. These are very simple tasks that, due to the more personalized

nature of each person’s movement, require a more tailored solution to achieve any true

long-term success. Therefore tools like Bayesian Inference and Shared Autonomy which

allow for a greater degree of understanding and integration with the human agent are well

suited for this application. These approaches also allow a certain amount of personalized

understanding and adaptation to individuals allowing for a connected interaction.

Many modern implementations have bridged the gaps of some of these problems, however,

the end result of these implementations requires simplistic tasks with limited user



autonomy. To increase the ability to reliably learn these tasks, we need to look into how

they are learning these tasks. For the contents of this thesis, we focus on one of the more

popular methods, Inverse Reinforcement learning, specifically Bayesian Inverse

Reinforcement Learning (a.k.a. Bayesian Inference)[4, 5, 7]. For this method, we focus on

seeing how the current iterative process [4, 5, 7] by examining the Bayesian normalizer for

this application of Bayesian Inference. To date, current approaches have focused on one of

three approaches for this normalizing function. Some works choose not to explicitly

account for the normalizing function [8, 9, 10] using assumptions upon their choice of

setting to reason this normalizer is invariant to sampled belief. Other alternatives use

to approximate the normalizer through a sampling approach taking some

variation on the average normalizer for a given belief space [11, 12, 13, 14]. While other

related works have also used the trajectory reward in place of the normalizing

function [15]. Each one of these approaches can work for a given setting but have their own

individual strengths and weaknesses.

Notably however, when one approaches similar applications of sampling with Bayesian

Inference in the statistics community, one can find a much larger variety of approaches for

this problem [16, 17, 18, 19]. In Chapter 2, we discuss the approach of Bayesian inference

for existing methods as compared to the introduction of novel improvements from the

statistic community when applied to the problem of Bayesian Inverse Reinforcement

Learning. Our study compares all approaches across multiple different settings varying the

conditional dependence and proposed rationality in accordance with the expected affinity

of each method with different applicable scenarios. We found that across both

conditionally dependent and independent settings that the proposed sampling method

significantly outperformed the given baselines. Chapter 2, which summarizes these results

and their relevant study, was largely taken from [20].



Having explored methods regarding task recreation, this then motivated an exploration

into how similar observations upon inference methods could be used in alternative robotic

applications. This led to a study of how modern inference methods were used and applied

across several studies, but due to a personal interest in assistive robotics, these studies led

to a focus on Shared Autonomy. Prior work has made several interesting approaches for

inferring the human’s objective when working in a single system collaborative setting

[3, 21, 22]. However, given our prior interest in Bayesian methods, we focus our attention

on how similar Bayesian approaches have used the information of the environment to best

infer upon the human’s objective. This time, focusing on real-time goal inference as

opposed to reward learning. In this setting, we wanted to look beyond just applying

alternate normalizing methods as before and look at how information was being

communicated and inferred upon from the human to the robot and vice versa. For this, we

observed similar works in communicative shared autonomy [23, 24, 25, 26] to see how prior

approaches had communicated variations on the robot’s belief upon the human’s goal.

While there were a number of approaches covering how to communicate this belief

[23, 24, 25, 27], there was less available work on how this shifted how the robot should infer

upon the human’s goal.

Thus, for Chapter 3, we focus on how to align this learning with communication in Shared

Autonomy which is taken from [28]. For this paper, we first explored the variation in

performance in the absence and presence of communication to see how humans adapted to

explicit knowledge of the robot’s proposed belief. We then investigated these results, which

showed that the humans were not only able to give clearer instructions to the robot agent

but were more likely to give up control upon seeing an aligned belief. We used these results

to develop a basic algorithm for transferring control for improved inference in settings with

communication. This was then tested to measure both human performance and preference



with our method as opposed to the relevant baseline [21]. The results measured within this

study highlighted not only a significant user preference for our method given its ability to

translate the explicit signal of the human in reaction to the now explicit communication of

the robot’s belief, but also a significant performative difference in the amount of effort and

time required for the user to align the system with their belief. With these results, we

conclude that acknowledging this difference in information dynamics with and without

communication for the given inference method provides significant benefit given the

updated human understanding of the human-robot alignment for the given system.

In summary, this thesis explores the inference of human tasks and goals to better take

advantage of the inherent information held within the system. In Chapter 2, we will focus

upon the use of alternative normalizing functions to better infer upon the human’s task.

Although it is not included in this thesis, work was also done for the use of shared

autonomy in enabling soft robotic systems for those presented in [29] which inspired me to

continue this work for Shared Autonomy application. Thus, in Chapter 3, we will move to

focus upon aligning the inference of the human’s goal in a shared autonomy setting with

additional information gained through a more communicative setting. I claim that, in both

of these cases, the additional consideration for additional information in the system should

change how one infers upon the human objective to best infer upon the human’s intent.



Consider a robot arm learning from demonstrations (see Figure 2.1). The human guides

the robot through example trajectories and the robot tries to infer the human’s objective

based on their demonstrations. For instance, here the robot arm should learn to slide the

box across the table.

State-of-the-art research often tackles this problem using

[4, 5, 7]. The trajectories provided by the human are observations of their latent

objective (i.e., their reward function) and the robot recovers a distribution over the rewards

by applying Bayes’ theorem. Put intuitively: the robot infers rewards under which the

human’s demonstrations are approximately optimal. Unfortunately, reward learning in

continuous spaces is . The robot must normalize across the space of

trajectories (i.e., what other demonstrations could the human have provided?) and over the

space of rewards (i.e., what else could the human be optimizing for?). Today’s robots

recognize that they cannot compute these normalizers exactly and so they make a variety

of [8, 9, 10, 11, 13, 14, 15, 30, 31, 32].

6



push box and

reach the goal𝜃

human objective

If human wants 𝜃

do other demonstrations 

make more sense?

Normalizer Z(𝜃)

ignore normalizer

push box as

far as possible

Monte Carlo approx.

push box and

reach the goal

Figure 2.1: To infer the user’s reward, (i.e., objective) robots must compare the human’s
actual demonstration to other demonstrations the human have provided. Computing
this normalizer makes Bayesian reward learning doubly-intractable and ignoring the normal-
izer entirely can lead to incorrect robot learning. We propose a Monte Carlo method for a
more accurate approximation.

Inaccurate approximations of the normalizing function can lead to incorrect inference:

instead of learning what the human meant, the robot learns to perform different and

potentially undesirable tasks. Refer back to Figure 2.1: here ignoring the normalizer can

cause the robot to knock the box off the table.

In this work, we focus on inferring the human’s reward from demonstrations or corrections.

Our insight is that:

Our resulting framework applies to problems where the robot has a predictive model of the

environment. Given a sequence of independent or interconnected human demonstrations,

we enable robots to accurately learn the human’s reward despite doubly intractable

normalizing functions. Returning to Figure 2.1: our robot learns to push the box correctly



using the same amount of data as the baseline.

Overall, we make the following contributions:

We theoretically and experimentally analyze three existing

classes of methods for approximating the normalizer during Bayesian reward learning.

We apply novel statistics

research to develop a Double MH algorithm for Bayesian reward learning in continuous

spaces.

Across simulations and user studies,

we show that Double MH results in more accurate reward learning from both conditionally

independent (e.g., separate) demonstrations and conditionally dependent (e.g.,

interconnected) corrections.

Our problem is an instance of Inverse Reinforcement Learning (IRL) where the robot

tries to recover the reward that the human wants the robot to optimize for [33]. Related

work formalizes this as [4, 5, 7]. Wherein, given a prior distribution and

the human’s inputs (e.g., state-action pairs [5] or trajectories [7] provided by the human),

the robot arm infers a posterior over the space of possible rewards. In order to connect the

human’s inputs to rewards, today’s robots model the human as a noisily rational teacher

[4, 34, 35]. Unfortunately, the human model becomes in continuous spaces;

without this accurate human model, the robot cannot correctly infer the human’s reward.

As we will demonstrate in Section 2.3, the key challenge is the of the

human model. Within this normalizing function, the robot integrates over the space of all
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�i�?�2 �?�m�K���M �i�2���+�?�2�` �K���T�b �i�?�2�B�` �?�B�/�/�2�M �Q�#�D�2�+�i�B�p�2 �i�Q ���M �2�t���K�T�H�2 �i�`���D�2�+�i�Q�`�v�X �S�`�B�Q�` �r�Q�`�F �B�M

�#�2�?���p�B�Q�`���H �2�+�Q�M�Q�K�B�+�b �(�j�8�)�- �+�Q�;�M�B�i�B�p�2 �b�+�B�2�M�+�2 �(�j�9�)�- ���M�/ �`�2�r���`�/ �H�2���`�M�B�M�; �(�9�) �b�m�;�;�2�b�i�b �i�?���i



�?�m�K���M�b ���`�2�M�Q�B�b�B�H�v � �̀��i�B�Q�M���H���;�2�M�i�b�X �h�?�2�b�2 �?�m�K���M�b ���`�2 �M�Q�i �T�2�`�7�2�+�i�, �B�M�b�i�2���/ �Q�7 ���H�r���v�b

�+�?�Q�Q�b�B�M�; �i�?�2 �#�2�b�i �T�Q�b�b�B�#�H�2 �i�`���D�2�+�i�Q�`�v�- �M�Q�B�b�B�H�v �`���i�B�Q�M���H �?�m�K���M�b ���`�2 �2�t�T�Q�M�2�M�i�B���H�H�v �K�Q�`�2 �H�B�F�2�H�v

�i�Q �b�2�H�2�+�i �#�2�?���p�B�Q�`�b �r�B�i�? �?�B�;�?�2�` �`�2�r���`�/�b�X �l�M�/�2�` �i�?�2 �M�Q�B�b�B�H�v �`���i�B�Q�M���H �K�Q�/�2�H�,

P(� j � ) =
�2�t�T

�
� � R(�; � )

�

R
� �2�t�T

�
� � R(� 0; � )

�
d� 0

�U�k�X�k�V

�q�?�2�`�2� 2 [0; 1 ) �B�b �� �?�v�T�2�`�T���`���K�2�i�2�` �b�2�i �#�v �i�?�2 �/�2�b�B�;�M�2�`�X ���b� ! 0 �2���+�? �i�`���D�2�+�i�Q�`�v

�#�2�+�Q�K�2�b �2�[�m���H�H�v �H�B�F�2�H�v ���M�/ �i�?�2 �`�Q�#�Q�i �i�`�2���i�b �i�?�2 �?�m�K���M ���b �� �`���M�/�Q�K ���;�2�M�i�X ���i �i�?�2 �Q�i�?�2�`

�2�t�i�`�2�K�2�- ���b� ! 1 �i�?�2 �?�m�K���M �B�b �Q�M�H�v �H�B�F�2�H�v �i�Q �B�M�T�m�i �Q�T�i�B�K���H �i�`���D�2�+�i�Q�`�B�2�b ���M�/ �i�?�2 �`�Q�#�Q�i

�p�B�2�r�b �i�?�2 �?�m�K���M ���b �T�2�`�7�2�+�i�H�v �`���i�B�Q�M���H�X

�L�Q�`�K���H�B�x�B�M�; �6�m�M�+�i�B�Q�M�h�?�2 �M�m�K�2�`���i�Q�` �Q�7 �1�[�m���i�B�Q�M �U�k�X�k�V �B�b �b�i�`���B�;�?�i�7�Q�`�r���`�/�, �r�2 �b�B�K�T�H�v

�b�m�#�b�i�B�i�m�i�2� ���M�/� �B�M�i�Q �i�?�2 �`�2�r���`�/ �7�m�M�+�i�B�Q�M ���M�/ �2�p���H�m���i�2�X �"�m�i �Q�M�+�2 �r�2 �7�B�M�/

�2�t�T
�
� � R(�; � )

�
�- �?�Q�r �;�Q�Q�/ �U�B�X�2�X�- �?�Q�r �H�B�F�2�H�v�V �B�b �i�?���i �i�`���D�2�+�i�Q�`�v�\ �q�2 �M�2�2�/ �� �b�2�M�b�2 �Q�7 �b�+���H�2 �i�Q

�m�M�/�2�`�b�i���M�/ �i�?�2 �`�2�H���i�B�p�2 �`�2�r���`�/ �7�Q�`� ���b �+�Q�K�T���`�2�/ �i�Q �i�?�2 ���H�i�2�`�M���i�B�p�2�b �� �T�2�`�?���T�b �i�?�2�`�2 �B�b

���M�Q�i�?�2�` �i�`���D�2�+�i�Q�`�v� 0 �i�?���i ���+�?�B�2�p�2�b �� �K�m�+�? �?�B�;�?�2�` �`�2�r���`�/�X �h�?�B�b �B�b �r�?�2�`�2 �i�?�2 �/�2�M�Q�K�B�M���i�Q�` �Q�7

�1�[�m���i�B�Q�M �U�k�X�k�V �+�Q�K�2�b �B�M�X �h�?�2 �/�2�M�Q�K�B�M���i�Q�` �B�b ���M�Q�`�K���H�B�x�B�M�; �7�m�M�+�i�B�Q�M�i�?���i �B�M�i�2�;�`���i�2�b �Q�p�2�`

�i�?�2 �+�Q�M�i�B�M�m�Q�m�b �b�T���+�2 �Q�7 �T�Q�b�b�B�#�H�2 �i�`���D�2�+�i�Q�`�B�2�b� 0 2 � �;�B�p�2�M �`�2�r���`�/ �T���`���K�2�i�2�`�b� �X �q�2 �`�2�7�2�` �i�Q

�i�?�2 �M�Q�`�K���H�B�x�B�M�; �7�m�M�+�i�B�Q�M ���bZ (� )�,

Z (� ) =
Z

�
�2�t�T

�
� � R(� 0; � )

�
d� 0 �U�k�X�j�V

�h�?�2 �M�Q�`�K���H�B�x�B�M�; �7�m�M�+�i�B�Q�MZ(� ) �b�2�`�p�2�b �i�Q �+���H�B�#�`���i�2 �Q�m�` �?�m�K���M �K�Q�/�2�H�X �A�K�T�Q�`�i���M�i�H�v�-Z (� ) �+���M

�#�2 �/�B�7�7�2�`�2�M�i �7�Q�` �/�B�7�7�2�`�2�M�i �p���H�m�2�b �Q�7� �X �q�2 �r�B�H�H �b�?�Q�r �2�t���K�T�H�2�b �Q�7 �?�Q�rZ �+�?���M�;�2�b �U�Q�` �/�Q�2�b �M�Q�i

�+�?���M�;�2�V ���b �� �7�m�M�+�i�B�Q�M �Q�7� �B�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �b�2�+�i�B�Q�M�b�X

�a�m�K�K���`�v�h�Q �B�M�7�2�` �i�?�2 �?�m�K���M�ö�b �`�2�r���`�/ �i�?�`�Q�m�;�? �"���v�2�b�B���M �B�M�7�2�`�2�M�+�2 �r�2 �M�2�2�/ �i�Q �7�B�M�/

P(� j � ) �B�M �1�[�m���i�B�Q�M �U�k�X�R�V�X �"�m�i �i�Q �;�2�iP(� j � ) �r�2 �7�B�`�b�i �K�m�b�i �#�2 ���#�H�2 �i�Q �b�Q�H�p�2



�1�[�m���i�B�Q�M �U�k�X�j�V�- ���M�/ �i�?�B�b �M�Q�`�K���H�B�x�B�M�; �7�m�M�+�i�B�Q�M �B�b�B�M�i� �̀��+�i���#�H�2�r�?�2�M� �B�b �� �+�Q�M�i�B�M�m�Q�m�b

�K���M�B�7�Q�H�/ �(�R�j�)�X �h�?�B�b �H�2���/�b �i�Q �Q�m�` �+�Q�`�2 �T�`�Q�#�H�2�K�, �?�Q�r �b�?�Q�m�H�/ �`�Q�#�Q�i�b ���T�T�`�Q�t�B�K���i�2 �U�Q�` ���p�Q�B�/�V

�i�?�2 �M�Q�`�K���H�B�x�B�M�; �7�m�M�+�i�B�Q�MZ(� ) �r�?�2�M �H�2���`�M�B�M�; �7�`�Q�K �?�m�K���M �/���i���\

�k�X�9 ���T�T�`�Q�t�B�K���i�B�M�; �i�?�2 �L�Q�`�K���H�B�x�2�`

�A�M �i�?�B�b �b�2�+�i�B�Q�M�- �r�2 ���M���H�v�x�2 �i�?�`�2�2 �b�i���i�2�@�Q�7�@�i�?�2�@���`�i ���T�T�`�Q���+�?�2�b �7�Q�` �/�2���H�B�M�; �r�B�i�? �i�?�2

�M�Q�`�K���H�B�x�B�M�; �7�m�M�+�i�B�Q�M �B�M �"���v�2�b�B���M �B�M�7�2�`�2�M�+�2�X �A�M �a�2�+�i�B�Q�M�k�X�9�X�R�r�2 �T�`�Q�p�2 �i�?���i �`�Q�#�Q�i�b �+���M

�+�Q�K�T�H�2�i�2�H�v �B�;�M�Q�`�2 �i�?�2 �M�Q�`�K���H�B�x�B�M�; �7�m�M�+�i�B�Q�M �B�7Z �/�Q�2�b �M�Q�i �/�2�T�2�M�/ �Q�M� �c �r�2 ���H�b�Q �B�/�2�M�i�B�7�v �i�?�2

�M�2�+�2�b�b���`�v �+�Q�M�/�B�i�B�Q�M�b �7�Q�` �i�?�B�b �b�T�2�+�B���H �+���b�2 �r�?�2�M �i�?�2 �`�2�r���`�/ �B�b �� �H�B�M�2���` �+�Q�K�#�B�M���i�B�Q�M �Q�7

�7�2���i�m�`�2�b�X �J�Q�p�B�M�; �#�2�v�Q�M�/ �i�?�B�b �b�T�2�+�B���H �+���b�2�- �r�2 �M�2�t�i �2�t�T�H�Q�`�2 �i�r�Q �K�2�i�?�Q�/�b �7�Q�` ���T�T�`�Q�t�B�K���i�B�M�;

Z (� )�X �A�M �a�2�+�i�B�Q�M�k�X�9�X�k�r�2 �/�B�b�+�m�b�b �� �b���K�T�H�B�M�; ���T�T�`�Q���+�? ���M�/ �B�M �a�2�+�i�B�Q�M�k�X�9�X�j�r�2 �m�b�2 �i�?�2

�K���t�B�K�m�K �p���H�m�2 �B�M �T�H���+�2 �Q�7 �i�?�2 �M�Q�`�K���H�B�x�2�`�X �q�2 �T�`�Q�p�2 �i�?���i �i�?�2 �K���t�B�K�m�K ���T�T�`�Q���+�? �r�B�H�H

�K���i�+�? �Q�` �Q�m�i�T�2�`�7�Q�`�K �i�?�2 �b���K�T�H�B�M�; ���T�T�`�Q���+�? ���b� ! 1 �B�M �Q�m�` �M�Q�B�b�B�H�v �`���i�B�Q�M���H �?�m�K���M

�K�Q�/�2�H�X

�q�Q�`�F�B�M�; �1�t���K�T�H�2�X�q�2 �7�B�`�b�i �B�M�i�`�Q�/�m�+�2 �� �b�B�K�T�H�B�7�B�2�/ �2�t���K�T�H�2 �i�Q �B�H�H�m�b�i�`���i�2 �i�?�2 ���M���H�v�b�B�b

�i�?�`�Q�m�;�?�Q�m�i �i�?�B�b �b�2�+�i�B�Q�M�X �*�Q�M�b�B�/�2�` �� �`�Q�#�Q�i ���`�K �i�?���i �B�b �H�2���`�M�B�M�; �?�Q�r �i�Q �+���`�`�v �� �+�m�T�X �h�?�2

�`�Q�#�Q�i �+���M �?�Q�H�/ �i�?�2 �+�m�T ���i ���M�v ���M�;�H�2 �#�2�i�r�2�2�M0 �`���/�B���M�b �U�?�Q�`�B�x�Q�M�i���H�V ���M�/� /2 �`���/�B���M�b

�U�p�2�`�i�B�+���H�V�X �h�?�2 �?�m�K���M �i�2���+�?�2�` �B�M�T�m�i�b �� �i�`���D�2�+�i�Q�`�v� = s �r�?�2�`�2 �i�?�2�v �b�T�2�+�B�7�v �� �b�B�M�;�H�2

�Q�`�B�2�M�i���i�B�Q�M �Q�7 �i�?�2 �+�m�T�X �h�?�2 �`�2�r���`�/ �B�b�,r (s; � ) = � 5�+�Q�b(� ) � (s + 1) � �b�B�M(� ) � (� /2 � s)�X

�"���b�2�/ �Q�M �i�?�2 �?�m�K���M�ö�b �B�M�T�m�i� �- �i�?�2 �`�Q�#�Q�i �B�b �i�`�v�B�M�; �i�Q �/�2�i�2�`�K�B�M�2 �r�?�2�i�?�2�` �U���V� = 0 ���M�/ �i�?�2

�`�Q�#�Q�i �b�?�Q�m�H�/ �?�Q�H�/ �i�?�2 �+�m�T �?�Q�`�B�x�Q�M�i���H�H�v ���i ���M�;�H�2s = 0�- �Q�` �r�?�2�i�?�2�` �U�#�V� = � /2 ���M�/ �i�?�2

�`�Q�#�Q�i �b�?�Q�m�H�/ �?�Q�H�/ �i�?�2 �+�m�T �p�2�`�i�B�+���H�H�v ���i ���M�;�H�2� /2 �X �G�2�i �i�?�2 �`�Q�#�Q�i �?���p�2 �� �m�M�B�7�Q�`�K �T�`�B�Q�` �Q�p�2�`

�i�?�2�b�2 �i�r�Q �T�Q�b�b�B�#�H�2 �`�2�r���`�/ �T���`���K�2�i�2�`�b�X ���T�T�H�v�B�M�; �1�[�m���i�B�Q�M�b �U�k�X�R�V�@�U�k�X�j�V�- �i�?�2 �`�Q�#�Q�i�ö�b �#�2�H�B�2�7



�i�?���i� = 0 �B�b�,

P(0 j � ) =
�2�t�T

�
�R (�; 0)

�

�2�t�T
�
�R (�; 0)

�
+ Z (0)

Z (� /2) � �2�t�T
�
�R (�; �

2 )
� �U�k�X�9�V

�A�M �i�?�B�b �b�B�K�T�H�2 �2�t���K�T�H�2�- �M�m�K�2�`�B�+���H �B�M�i�2�;�`���i�B�Q�M �B�b �T�Q�b�b�B�#�H�2 ���M�/ �r�2 �+���M �2�t���+�i�H�v �7�B�M�/Z (0) ���M�/

Z (� /2) �X �S�H�m�;�;�B�M�; �i�?�2�b�2 �2�t���+�i �p���H�m�2�b �B�M�i�Q �1�[�m���i�B�Q�M �U�k�X�9�V �;�B�p�2�b �m�b �i�?�2�B�/�2���H�#�2�H�B�2�7�X �S�m�i

���M�Q�i�?�2�` �r���v�- �i�?�B�b �B�b �r�?���i �i�?�2 �`�Q�#�Q�i�b�?�Q�m�H�/�H�2���`�M�X �q�2 �r�B�H�H �+�Q�K�T���`�2 �i�?�B�b �B�/�2���H �`�2�b�m�H�i �i�Q

���T�T�`�Q���+�?�2�b �i�?���i ���T�T�`�Q�t�B�K���i�2 �i�?�2 �M�Q�`�K���H�B�x�2�`�X

�k�X�9�X�R �A�;�M�Q�`�B�M�; �i�?�2 �L�Q�`�K���H�B�x�B�M�; �6�m�M�+�i�B�Q�M

�A�M �b�Q�K�2 �b�2�i�i�B�M�;�b�- �B�i �K���v �#�2 �`�2���b�Q�M���#�H�2 �i�Q �B�;�M�Q�`�2 �i�?�2 �M�Q�`�K���H�B�x�B�M�; �7�m�M�+�i�B�Q�M ���H�i�Q�;�2�i�?�2�`�X

�J�2�i�?�Q�/�b �b�m�+�? ���b �(�3�-�N�-�R�y�) �m�b�2 �J�*�J�* �b���K�T�H�B�M�; �i�Q �+���M�+�2�H �Q�m�i �i�?�2 �T���`�i�B�i�B�Q�M �7�m�M�+�i�B�Q�MP(� )�-

�#�m�i �i�?�2�v �/�Q �M�Q�i �2�t�T�H�B�+�B�i�H�v ���+�+�Q�m�M�i �7�Q�` �i�?�2 �M�Q�`�K���H�B�x�B�M�; �7�m�M�+�i�B�Q�M �r�B�i�?�B�MP(� j � )�X �A�M �Q�m�`

�r�Q�`�F�B�M�; �2�t���K�T�H�2 �7�Q�` �B�M�b�i���M�+�2�- �i�?�2�b�2 ���T�T�`�Q���+�?�2�b �K���v �Q�K�B�i �i�?�2Z �i�2�`�K�b �7�`�Q�K �1�[�m���i�B�Q�M �U�k�X�9�V�X

�S�`�Q�T�Q�b�B�i�B�Q�M �R�X�q�2 �+���M �B�;�M�Q� �̀2 �i�?�2 �M�Q�`�K���H�B�x�B�M�; �7�m�M�+�i�B�Q�M �r�?�2�MZ �/�Q�2�b �M�Q�i �/�2�T�2�M�/ �Q�M� �X

�S�`�Q�Q�7�X�*�Q�M�b�B�/�2�` �� �T�`�Q�#�H�2�K �b�2�i�i�B�M�; �r�?�2�`�2Z �B�b �� �+�Q�M�b�i���M�i�- �B�X�2�X�- �r�?�2�`�2Z (� i ) = Z (� j ) �7�Q�` ���M�v

�+�?�Q�B�+�2 �Q�7� i ���M�/� j �X �q�?�2�M �r�2 �b�m�#�b�i�B�i�m�i�2 �1�[�m���i�B�Q�M �U�k�X�k�V �#���+�F �B�M�i�Q �1�[�m���i�B�Q�M �U�k�X�R�V �i�Q �B�M�7�2�`

�i�?�2 �`�2�r���`�/�- �#�Q�i�? �i�?�2 �M�m�K�2�`���i�Q�` ���M�/ �/�2�M�Q�K�B�M���i�Q�` ���`�2 �K�m�H�i�B�T�H�B�2�/ �#�vZ ���M�/ �i�?�B�b �M�Q�`�K���H�B�x�B�M�;

�+�Q�M�b�i���M�i �+���M�+�2�H�b �Q�m�i�,

P(� j � ) =
Z
Z

 
�2�t�T

�
� � R(� 0; � )

�
� P(� )

R
� �2�t�T

�
� � R(�; � 0)

�
� P(� 0) d� 0

!

�U�k�X�8�V

�G�Q�Q�F�B�M�; �b�T�2�+�B�7�B�+���H�H�v ���i �i�?�2 �r�Q�`�F�B�M�; �2�t���K�T�H�2 �B�M �1�[�m���i�B�Q�M �U�k�X�9�V�- �B�7Z (0) = Z(� /2) �i�?�2�M �i�?�2

Z �i�2�`�K�b �+���M�+�2�H�X �

�a�Q �7���` �Q�m�` ���M���H�v�b�B�b �b�?�Q�r�b �i�?���i �r�2 �+���M �B�;�M�Q�`�2Z �r�B�i�?�Q�m�i ���M�v �H�Q�b�b �B�M �T�2�`�7�Q�`�K���M�+�2�B�7�i�?�2

�M�Q�`�K���H�B�x�2�` �B�b �� �+�Q�M�b�i���M�i�X �"�m�i �r�?�2�M �B�b �i�?�B�b �i�?�2 �+���b�2�\ �h�Q ���M�b�r�2�` �i�?�B�b �[�m�2�b�i�B�Q�M �r�2 �7�Q�+�m�b �Q�M ��



�+�Q�K�K�Q�M �7�`���K�2�r�Q�`�F �r�?�2�`�2 �i�?�2 �`�2�r���`�/ �7�m�M�+�i�B�Q�M �B�b �� �H�B�M�2���` �+�Q�K�#�B�M���i�B�Q�M �Q�7 �7�2���i�m�`�2�b�-

R(�; � ) = � � �( � )�X �q�2 �7�B�M�/ �i�?���i�,

�S�`�Q�T�Q�b�B�i�B�Q�M �k�X�A�7R(�; � ) = � � �( � ) ���M�/� 2 Rd �B�b ��d�@�/�B�K�2�M�b�B�Q�M���H �m�M�B�i �p�2�+�i�Q�`�-Z �/�Q�2�b �M�Q�i

�/�2�T�2�M�/ �Q�M� �B�7 ���M�/ �Q�M�H�v �B�7�i�?�2 �7�2���i�m� �̀2 �b�T���+�2�(�) �B�b �� �b�T�?�2� �̀2 �+�2�M�i�2� �̀2�/ ���i �x�2� �̀Q �r�B�i�? � �̀��/�B�m�b

� � 0�- �B�X�2�X�-�(�) = f v 2 Rd : kvk = � g�X

�S�`�Q�Q�7�X�G�2�i� i ���M�/� j �#�2 �i�r�Q ���`�#�B�i�`���`�v �m�M�B�i �p�2�+�i�Q�`�b�X �*�Q�M�b�B�/�2�` �1�[�m���i�B�Q�M �U�k�X�k�V �r�B�i�?

� 2 [0; 1 )�X �6�Q�` �i�?�2 �B�M�i�2�;�`���H�bZ (� i ) ���M�/Z (� j ) �i�Q �#�2 �2�[�m���H�- �7�Q�` �2�p�2�`�v� 2 � �i�?�2�`�2 �K�m�b�i �2�t�B�b�i

�b�Q�K�2� 0 2 � �b�m�+�? �i�?���i�,� i � �( � ) = � j � �( � 0)�X �h�?�B�b �B�b �Q�M�H�v �b���i�B�b�7�B�2�/ �r�?�2�M�(�) �B�b

�T�`�Q�T�Q�`�i�B�Q�M���H �i�Q �� �m�M�B�i �b�T�?�2�`�2�X �

�A�M �T�`���+�i�B�+�2�- �B�i �B�b �+�?���H�H�2�M�;�B�M�; �i�Q �2�M�b�m�`�2 �i�?�2 �7�2���i�m�`�2 �b�T���+�2 �B�b �� �b�T�?�2�`�2�X �L�Q�i �Q�M�H�v �/�Q �r�2 �M�2�2�/

�i�?�2 ���p�2�`���;�2 �Q�7 �2���+�? �B�M�/�B�p�B�/�m���H �7�2���i�m�`�2 �i�Q �#�2 �x�2�`�Q�- �#�m�i �i�?�2 �+�Q�K�#�B�M���i�B�Q�M �Q�7 �7�2���i�m�`�2�b �K�m�b�i

���H�r���v�b �?���p�2 �i�?�2 �b���K�2 �`���/�B�m�b�X �*�Q�M�b�B�/�2�` �6�B�;�m�`�2�k�X�R�r�?�2�`�2 �i�?�2 �?�m�K���M �B�b �i�2���+�?�B�M�; �i�?�2 �`�Q�#�Q�i

���`�K�, ���H�Q�M�; �i�?�2 �?�m�K���M�ö�b �i�`���D�2�+�i�Q�`�v �i�?�2�v �K�B�;�?�i �K�B�M�B�K�B�x�2 �i�?�2 �`�Q�#�Q�i�ö�b �?�2�B�;�?�i ���M�/ �Q�`�B�2�M�i���i�B�Q�M�-

�`�2�b�m�H�i�B�M�; �B�M �� �7�2���i�m�`�2 �p�2�+�i�Q�`�( � ) �r�?�2�`�2 �2���+�? �2�H�2�K�2�M�i �B�b �+�H�Q�b�2 �i�Q �x�2�`�Q�X ���H�i�2�`�M���i�B�p�2�H�v�- �i�?�2

�?�m�K���M �K�B�;�?�i �K�Q�p�2 �i�?�2 �`�Q�#�Q�i �7���` �7�`�Q�K �i�?�2 �i���#�H�2 �r�?�B�H�2 �+�?���M�;�B�M�; �i�?�2 �Q�`�B�2�M�i���i�B�Q�M�- �H�2���/�B�M�; �i�Q

�� �( � ) �r�?�2�`�2 �2���+�? �2�H�2�K�2�M�i �B�b �+�H�Q�b�2 �i�Q �Q�M�2�X �h�?�2 �K���;�M�B�i�m�/�2 �Q�7 �i�?�2�b�2 �i�r�Q �7�2���i�m�`�2 �p�2�+�i�Q�`�b �B�b

�/�B�7�7�2�`�2�M�i �� ���M�/ �i�?�m�b �r�2�+���M�M�Q�i���T�T�H�v �S�`�Q�T�Q�b�B�i�B�Q�M �k ���M�/ �B�;�M�Q�`�2 �i�?�2 �M�Q�`�K���H�B�x�2�`�X

�A�M �S�`�Q�T�Q�b�B�i�B�Q�M�b �R ���M�/ �k �r�2 �?���p�2 �B�/�2�M�i�B�7�B�2�/ �� �b�T�2�+�B���H �+���b�2 �r�?�2�`�2 �i�?�2 �`�Q�#�Q�i �/�Q�2�b �M�Q�i �M�2�2�/ �i�Q

�2�p���H�m���i�2Z �X �>�Q�r�2�p�2�`�- �7�Q�` �+�Q�K�K�Q�M �b�2�i�i�B�M�;�b �r�?�2�`�2Z �B�b�� �7�m�M�+�i�B�Q�M �Q�7� �- �B�;�M�Q�`�B�M�; �i�?�2

�M�Q�`�K���H�B�x�B�M�; �7�m�M�+�i�B�Q�M �`�2�b�m�H�i�b �B�M �2�`�`�Q�`�b �B�M �i�?�2 �`�Q�#�Q�i�ö�b �H�2���`�M�B�M�;�X �a�2�2 �Q�m�` �r�Q�`�F�B�M�; �2�t���K�T�H�2 �B�M

�6�B�;�m�`�2�k�X�k�r�?�2�`�2 �r�2 �T�H�Q�i �i�?�2 �2�`�`�Q�` �#�2�i�r�2�2�M �1�[�m���i�B�Q�M �U�k�X�9�V �r�B�i�? ���M�/ �r�B�i�?�Q�m�iZ (� )�X



�6�B�;�m�`�2 �k�X�k�, ���T�T�`�Q�t�B�K���i�B�M�; �i�?�2 �M�Q�`�K���H�B�x�2�` �B�M �Q�m�` �r�Q�`�F�B�M�; �2�t���K�T�H�2�X�"�2�H�B�2�7 �1�`� �̀Q�`�B�b �i�?�2
�/�B�7�7�2�`�2�M�+�2 �#�2�i�r�2�2�M �2�p���H�m���i�B�M�; �1�[�m���i�B�Q�M �U�k�X�9�V �r�B�i�? �i�?�2 �2�t���+�iZ (� ) ���M�/ �1�[�m���i�B�Q�M �U�k�X�9�V �r�B�i�?
���T�T�`�Q�t�B�K���i�B�Q�M�b �7�Q�`Z (� )�X �h�?�2 �H�Q�r�2�` �2�`�`�Q�` �B�M�/�B�+���i�2�b �i�?�2 �`�Q�#�Q�i �H�2���`�M�2�/ �i�?�2 �+�Q�`�`�2�+�i �#�2�H�B�2�7�X
�U�G�2�7�i�V �h�?�2 �?�m�K���M �T�`�Q�p�B�/�2�b �/�2�K�Q�M�b�i�`���i�B�Q�M�b� �Q�7 �+���`�`�v�B�M�; �i�?�2 �+�m�T ���i �/�B�7�7�2�`�2�M�i ���M�;�H�2�b�X �A�7 �r�2
�B�;�M�Q�`�2�i�?�2 �M�Q�`�K���H�B�x�2�`�- ���b� ! 1 �i�?�2 �`�Q�#�Q�i ���H�r���v�b �H�2���`�M�b �i�Q �+���`�`�v �i�?�2 �+�m�T �p�2�`�i�B�+���H�H�v�- �2�p�2�M
�r�?�2�M �i�?�2 �?�m�K���M �r���M�i�b �i�?�2 �Q�T�T�Q�b�B�i�2�X �U�J�B�/�/�H�2�V �>�2�`�2 �r�2 �H�2�7�i� = 1:0�X ���b �i�?�2 �M�m�K�#�2�` �Q�7
�b���K�T�H�2�b�7�Q�`Zmean �B�M�+�`�2���b�2�b�- �i�?�2 �#�2�H�B�2�7 �2�`�`�Q�` �+�Q�M�p�2�`�;�2�b �i�Q �x�2�`�Q�X �U�_�B�;�?�i�V ���b� ! 1 �i�?�2 �2�`�`�Q�`
�r�B�i�? �i�?�2�K���t�B�K�m�K���T�T�`�Q���+�? �+�Q�M�p�2�`�;�2�b �i�Q �x�2�`�Q�X

�k�X�9�X�k ���T�T�`�Q�t�B�K���i�B�M�; �i�?�2 �L�Q�`�K���H�B�x�2�` �r�B�i�? �a���K�T�H�B�M�;

�A�M�b�i�2���/ �Q�7 �B�;�M�Q�`�B�M�; �i�?�2 �M�Q�`�K���H�B�x�B�M�; �7�m�M�+�i�B�Q�M�- �M�2�t�i �r�2 �r�B�H�H �2�b�i�B�K���i�2Z (� )�X �P�M�2 ���T�T�`�Q���+�? �B�b

�i�Q ���T�T�`�Q�t�B�K���i�2 �i�?�2 �B�M�i�2�;�`���H �B�M �1�[�m���i�B�Q�M �U�k�X�j�V �i�?�`�Q�m�;�? �b���K�T�H�B�M�; �(�R�R�-�R�k�-�R�j�-�R�9�-�j�y�-�j�R�)�X �G�2�i

f � 1; : : : ; � N g �#�2N �i�`���D�2�+�i�Q�`�B�2�b �b���K�T�H�2�/ �m�M�B�7�Q�`�K�H�v ���i �`���M�/�Q�K �7�`�Q�K �i�?�2 �i�`���D�2�+�i�Q�`�v �b�T���+�2� �X

�q�2 �m�b�2 �i�?�2�b�2 �b���K�T�H�2�b �i�Q ���T�T�`�Q�t�B�K���i�2 �i�?�2 �K�2���M �p���H�m�2 �Q�7 �2�t�T
�
� � R(�; � )

�
���b �b�?�Q�r�M �#�2�H�Q�r�,

Zmean (� ) =
1
N

NX

i =1

�2�t�T
�
� � R(� i ; � )

�
�U�k�X�e�V

���T�T�H�v�B�M�; �i�?�2 �H���r �Q�7 �i�?�2 �m�M�+�Q�M�b�+�B�Q�m�b �b�i���i�B�b�i�B�+�B���M�- �i�?�B�b �2�b�i�B�K���i�2 �M�Q�B�b�B�H�v �+�Q�M�p�2�`�;�2�b �i�Q �i�?�2

���+�i�m���H �K�2���M ���b �i�?�2 �M�m�K�#�2�` �Q�7� �b���K�T�H�2�b �B�M�+�`�2���b�2�b�X �A�i �K���v �b�2�2�K �m�M�B�M�i�m�B�i�B�p�2 ���i �7�B�`�b�i �i�?���i �r�2

���`�2 �2�b�i�B�K���i�B�M�; �i�?�2 �K�2���M ���M�/ �M�Q�iZ (� )�X �>�Q�r�2�p�2�`�-Z (� ) �B�b �2�[�m���H �i�Q �i�?�B�b �K�2���M �K�m�H�i�B�T�H�B�2�/ �#�v ��

�p�Q�H�m�K�2�i�`�B�+ �+�Q�M�b�i���M�i �i�?���i �/�Q�2�b �M�Q�i �/�2�T�2�M�/ �Q�M� �c �#�2�+���m�b�2 �i�?�2 �+�Q�M�b�i���M�i �+���M�+�2�H�b �Q�m�i �/�m�`�B�M�;



�"���v�2�b�B���M �B�M�7�2�`�2�M�+�2�- �r�2 �Q�M�H�v �M�2�2�/ �i�?�2 �K�2���M�X

�q�2 �i�2�b�i �i�?�B�b �b���K�T�H�B�M�; ���T�T�`�Q���+�? �Q�M �Q�m�` �r�Q�`�F�B�M�; �2�t���K�T�H�2 �B�M �6�B�;�m�`�2�k�X�k�X �*�Q�K�T���`�2�/ �i�Q ��

�`�Q�#�Q�i �i�?���i �B�;�M�Q�`�2�b �i�?�2 �M�Q�`�K���H�B�x�B�M�; �7�m�M�+�i�B�Q�M�- ���i�i�2�K�T�i�B�M�; �i�Q �2�b�i�B�K���i�2Z (� ) �H�2���/�b �i�Q �K�Q�`�2

���+�+�m�`���i�2 �H�2���`�M�B�M�;�X �"�m�i �r�2 �/�Q �`�2�+�Q�;�M�B�x�2 �i�?���i �i�?�2 �b���K�T�H�B�M�; ���T�T�`�Q���+�? �+�Q�K�2�b �r�B�i�? ���M

���b�b�m�K�T�i�B�Q�M�, �b�T�2�+�B�7�B�+���H�H�v�- �r�2 �M�Q�r ���b�b�m�K�2 �i�?���i �i�?�2 �`�Q�#�Q�i �F�M�Q�r�b �i�?�2 �b�T���+�2 �Q�7 �T�Q�b�b�B�#�H�2

�i�`���D�2�+�i�Q�`�B�2�b� �X

�k�X�9�X�j ���T�T�`�Q�t�B�K���i�B�M�; �i�?�2 �L�Q�`�K���H�B�x�2�` ���b �i�?�2 �J���t�B�K�m�K

�P�i�?�2�` �b�i���i�2�@�Q�7�@�i�?�2�@���`�i ���H�;�Q�`�B�i�?�K�b �m�b�2 �� �K���t�B�K�m�K �p���H�m�2 �B�M �T�H���+�2 �Q�7 �i�?�2 �M�Q�`�K���H�B�x�B�M�; �7�m�M�+�i�B�Q�M

�(�R�8�-�j�k�-�j�e�)�X �h�?�2�b�2 ���T�T�`�Q���+�?�2�b �7�B�M�/ �i�?�2 �K���t�B�K�m�K �Q�7 �i�?�2 �M�m�K�2�`���i�Q�` �B�M �1�[�m���i�B�Q�M �U�k�X�k�V�- ���M�/

�i�?�2�M �i�`�2���i �i�?�B�b �K���t�B�K�m�K ���b �i�?�2 �/�2�M�Q�K�B�M���i�Q�`�,

Zmax (� ) = �K���t
� 2 �

�2�t�T
�
� � R(�; � )

�
�U�k�X�d�V

�A�M�i�m�B�i�B�p�2�H�v�- �b�+���H�B�M�; �#�vZmax �K���F�2�b �b�2�M�b�2 �#�2�+���m�b�2 �B�i �2�M�b�m�`�2�b �i�?���i �i�?�2 �`�2�b�m�H�i�B�M�;P(� j � ) �B�b

���H�r���v�b �H�2�b�b �i�?���M �Q�` �2�[�m���H �i�Q �Q�M�2�X �_�2�+���H�H �i�?���i �7�Q�` �i�?�2 �b���K�T�H�B�M�; ���T�T�`�Q���+�?Zmean �+�Q�M�p�2�`�;�2�b ���b

�i�?�2 �M�m�K�#�2�` �Q�7� �b���K�T�H�2�b �B�M�+�`�2���b�2�b�X �A�M�i�2�`�2�b�i�B�M�;�H�v�- �r�2 �7�B�M�/ ���M ���M���H�Q�;�Q�m�b �+�Q�M�p�2�`�;�2�M�+�2 �7�Q�` �i�?�2

�K���t�B�K�m�K ���T�T�`�Q���+�?�,

�S�`�Q�T�Q�b�B�i�B�Q�M �j�X�h�?�2 �2�`� �̀Q�` �#�2�i�r�2�2�M �"���v�2�b�B���M �B�M�7�2� �̀2�M�+�2 �r�B�i�?Zmax ���M�/ ���M �B�/�2���H � �̀Q�#�Q�i �i�?���i

�m�b�2�bZ �+�Q�M�p�2� �̀;�2�b �i�Q �x�2� �̀Q ���b �i�?�2 �?�m�K���M �#�2�+�Q�K�2�b �B�M�+� �̀2���b�B�M�;�H�v �Q�T�i�B�K���H�- �B�X�2�X�- ���b� ! 1 �X

�S�`�Q�Q�7�X�6�Q�` ���M�v �;�B�p�2�M� �- �H�2�i �i�?�2�`�2 �#�2 �� �b�B�M�;�H�2 �i�`���D�2�+�i�Q�`�v� � �i�?���i �K���t�B�K�B�x�2�b �i�?�2 �?�m�K���M�ö�b

�`�2�r���`�/ �b�m�+�? �i�?���iR(� � ; � ) > R (�; � ) �7�Q�` ���H�H� 2 � n � � �X �l�b�2 �M�m�K�2�`�B�+���H �B�M�i�2�;�`���i�B�Q�M �i�Q �2�b�i�B�K���i�2

Z �,

Z (� ) := C
�

Zmax (� ) +
NX

i =1

�2�t�T
�
� � R(� i ; � )

�
�

�U�k�X�3�V



�r�?�2�`�2C �B�b �� �p�Q�H�m�K�2�i�`�B�+ �+�Q�M�b�i���M�i �i�?���i �+���M�+�2�H�b �Q�m�i �B�M �"���v�2�b�B���M �B�M�7�2�`�2�M�+�2�- ���M�/f � 1; : : : ; � N g

���`�2N �M�Q�M�@�Q�T�i�B�K���H �i�`���D�2�+�i�Q�`�B�2�b �b���K�T�H�2�/ �m�M�B�7�Q�`�K�H�v ���i �`���M�/�Q�K �7�`�Q�K� n � � �X �h���F�B�M�; �i�?�2 �H�B�K�B�i

���b� ! 1 �- ���M�/ �`�2�K�2�K�#�2�`�B�M�; �i�?���iR(� � ; � ) > R (�; � )�- �r�2 �?���p�2 �i�?���iZmax (� ) �/�Q�K�B�M���i�2�b �i�?�2

�`�2�K���B�M�B�M�; �i�2�`�K�b�X ���+�+�Q�`�/�B�M�;�H�v�- ���b� ! 1 �1�[�m���i�B�Q�M �U�k�X�3�V �+�Q�M�p�2�`�;�2�b �i�QC � Zmax (� )�- ���M�/ �i�?�2

�/�B�7�7�2�`�2�M�+�2 �#�2�i�r�2�2�M �� �`�Q�#�Q�i �i�?���i �H�2���`�M�b �m�b�B�M�;Z (� ) ���M�/ �� �`�Q�#�Q�i �i�?���i �H�2���`�M�b �m�b�B�M�;Zmax

�+�Q�M�p�2�`�;�2�b �i�Q �x�2�`�Q�X �

�q�2 ���T�T�H�v �S�`�Q�T�Q�b�B�i�B�Q�M �j �i�Q �Q�m�` �r�Q�`�F�B�M�; �2�t���K�T�H�2 �B�M �6�B�;�m�`�2�k�X�k�X ���b �2�t�T�2�+�i�2�/�- �m�b�B�M�;Zmax ���b

�i�?�2 �M�Q�`�K���H�B�x�B�M�; �7�m�M�+�i�B�Q�M �#�2�+�Q�K�2�b �B�M�+�`�2���b�B�M�;�H�v ���+�+�m�`���i�2 ���b� ! 1 �X �"�m�i �M�Q�r �i�?���i �r�2 �?���p�2

�i�r�Q �/�B�7�7�2�`�2�M�i �K�2�i�?�Q�/�b �7�Q�` ���T�T�`�Q�t�B�K���i�B�M�; �i�?�2 �M�Q�`�K���H�B�x�2�`�- �r�2 ���`�2 �H�2�7�i �r�B�i�? �� �/�2�+�B�b�B�Q�M�, �r�?�2�M

�b�?�Q�m�H�/ �/�2�b�B�;�M�2�`�b �m�b�2Zmean ���M�/ �r�?�2�M �b�?�Q�m�H�/ �/�2�b�B�;�M�2�`�b �m�b�2Zmax �\ �h�?�2 ���M�b�r�2�` �i�Q �i�?�B�b

�[�m�2�b�i�B�Q�M �p���`�B�2�b ���b �i�?�2 �T�`�Q�#�H�2�K �b�2�i�i�B�M�; ���M�/ �`�2�r���`�/ �7�m�M�+�i�B�Q�M �+�?���M�;�2�X �>�Q�r�2�p�2�`�- �r�2 �/�Q �7�B�M�/ ��

�;�2�M�2�`���H �i�`�2�M�/�,

�S�`�Q�T�Q�b�B�i�B�Q�M �9�X���b � ! 1 �B�M �i�?�2 �?�m�K���M �K�Q�/�2�H�- � �̀Q�#�Q�i�b �H�2���`�M ���M �2�[�m���H �Q�` �K�Q� �̀2 ���+�+�m� �̀��i�2

�2�b�i�B�K���i�2 �Q�7P(� j � ) �m�b�B�M�; �"���v�2�b�B���M �B�M�7�2� �̀2�M�+�2 �r�B�i�?Zmax �B�M�b�i�2���/ �Q�7Zmean �X

�S�`�Q�Q�7�X�6�`�Q�K �S�`�Q�T�Q�b�B�i�B�Q�M �j �r�2 ���H�`�2���/�v �F�M�Q�r �i�?���iZmax �+�Q�M�p�2�`�;�2�b �i�Q �B�/�2���H �T�2�`�7�Q�`�K���M�+�2 ���b

� ! 1 �X �A�i �Q�M�H�v �`�2�K���B�M�b �i�Q �2�p���H�m���i�2 �i�?�2 �T�2�`�7�Q�`�K���M�+�2 �Q�7Zmean �X �_�2�+���H�H �7�`�Q�K �1�[�m���i�B�Q�M �U�k�X�e�V

�i�?���iZmean �b���K�T�H�2�bN �i�`���D�2�+�i�Q�`�B�2�b �7�`�Q�K �b�T���+�2� �X �"�2�+���m�b�2N �B�b �� �7�B�M�B�i�2 �M�m�K�#�2�`�- �i�?�2�`�2 �r�B�H�H

�#�2 �+���b�2�b �r�?�2�M �i�?�2 �`�Q�#�Q�i �/�Q�2�b �M�Q�i �b���K�T�H�2 �i�?�2 �Q�T�i�B�K���H �i�`���D�2�+�i�Q�`�v� � �X �*�Q�K�T���`�2 �i�?�2 �M�m�K�2�`�B�+���H

�B�M�i�2�;�`���i�B�Q�M �B�M �1�[�m���i�B�Q�M �U�k�X�3�V �i�Q �i�?�2 �b���K�T�H�2�/ �K�2���M �B�M �1�[�m���i�B�Q�M �U�k�X�e�V�X �A�7 �i�?�2 �`�Q�#�Q�i �/�Q�2�b �M�Q�i

�b���K�T�H�2� � �B�M �1�[�m���i�B�Q�M �U�k�X�e�V�- �i�?�2�M ���b� ! 1 �1�[�m���i�B�Q�M �U�k�X�e�V �B�b �M�Q�i �M�2�+�2�b�b���`�B�H�v �T�`�Q�T�Q�`�i�B�Q�M���H

�i�Q �1�[�m���i�B�Q�M �U�k�X�3�V�- �r�?�2�`�2Z �B�b �/�Q�K�B�M���i�2�/ �#�v �i�?�2 �2�t�T�Q�M�2�M�i�B���i�2�/ �`�2�r���`�/ �Q�7� � �X �"�2�+���m�b�2Zmean

�B�b �M�Q�i �M�2�+�2�b�b���`�B�H�v �T�`�Q�T�Q�`�i�B�Q�M���H �i�QZ �- �� �`�Q�#�Q�i �i�?���i �H�2���`�M�b �m�b�B�M�;Zmean �K���v �M�Q�i �K���i�+�? �i�?�2

�T�2�`�7�Q�`�K���M�+�2 �Q�7 ���M �B�/�2���H �`�Q�#�Q�i �i�?���i �H�2���`�M�b �r�B�i�?Z �X �

�q�2 �/�2�K�Q�M�b�i�`���i�2 �S�`�Q�T�Q�b�B�i�B�Q�M �9 �B�M �6�B�;�m�`�2�k�X�j�X �6�Q�`�H�Q�r�2�` �p���H�m�2�b�Q�7� �r�2 �7�B�M�/ �i�?���i



�6�B�;�m�`�2 �k�X�j�, �*�Q�K�T���`�B�M�;�b���K�T�H�B�M�;���M�/�K���t�B�K�m�K���T�T�`�Q���+�?�2�b �B�M �Q�m�` �r�Q�`�F�B�M�; �2�t���K�T�H�2�X �_�2�@
�K�2�K�#�2�` �i�?���i� �7�`�Q�K �1�[�m���i�B�Q�M �U�k�X�k�V �+���T�i�m�`�2�b �?�Q�r �+�H�Q�b�2�@�i�Q�@�Q�T�i�B�K���H �i�?�2 �?�m�K���M �B�b�X �U�G�2�7�i�V
�1�`�`�Q�` �r�?�2�M� = 0:5�X �U�J�B�/�/�H�2�V �1�`�`�Q�` �r�?�2�M� = 5�X �U�_�B�;�?�i�V �6�Q�` �H�Q�r�2�` �p���H�m�2�b �Q�7� �r�2 �7�B�M�/ �i�?���i
�i�?�2 �b���K�T�H�B�M�; ���T�T�`�Q���+�? �B�b �K�Q�`�2 ���+�+�m�`���i�2�X �>�Q�r�2�p�2�`�- ���b� ! 1 �i�?�2 �K���t�B�K�m�K ���T�T�`�Q���+�? �H�2���/�b
�i�Q �H�2�b�b �2�`�`�Q�`�X �6�Q�`�b���K�T�H�B�M�;�r�2 �T�2�`�7�Q�`�K100 �b�2�T���`���i�2 �`�m�M�b �r�?�2�`�2Zmean �b���K�T�H�2�bN = 10
�i�`���D�2�+�i�Q�`�B�2�b �2���+�? �`�m�M�c �i�?�2 �b�?���/�2�/ �`�2�;�B�Q�M ���M�/ �#���`�b �b�?�Q�r �b�i���M�/���`�/ �2�`�`�Q�`�X

���T�T�`�Q�t�B�K���i�B�M�; �i�?�2 �M�Q�`�K���H�B�x�2�` �r�B�i�?�b���K�T�H�B�M�;�Q�m�i�T�2�`�7�Q�`�K�b �i�?�2 �K���t�B�K�m�K ���T�T�`�Q���+�?�X �"�v

�+�Q�M�i�`���b�i�- �7�Q�`�?�B�;�?�2�` �p���H�m�2�b�Q�7� �m�b�B�M�; �i�?�2�K���t�B�K�m�K���b �i�?�2 �M�Q�`�K���H�B�x�B�M�; �7�m�M�+�i�B�Q�M �`�2�b�m�H�i�b �B�M

�K�Q�`�2 ���+�+�m�`���i�2 �H�2���`�M�B�M�;�X �h�?�2 �2�t���+�i �i�`���/�2�@�Q�7�7 �T�Q�B�M�i �B�b �T�`�Q�#�H�2�K�@�b�T�2�+�B�7�B�+�- �#�m�i �i�?�B�b �;�2�M�2�`���H

�i�`�2�M�/ �?�Q�H�/�b ���+�`�Q�b�b �Q�m�` �i�?�2�Q�`�2�i�B�+���H ���M���H�v�b�B�b ���M�/ �2�t�T�2�`�B�K�2�M�i���H �`�2�b�m�H�i�b�X

�k�X�8 �a�+���H�B�M�; �m�T �r�B�i�? �J�2�i�`�Q�T�Q�H�B�b�@�>���b�i�B�M�;�b �a���K�T�H�B�M�;

�L�Q�r �i�?���i �r�2�ö�p�2 ���M���H�v�x�2�/ �i�?�2 �M�Q�`�K���H�B�x�B�M�; �7�m�M�+�i�B�Q�M �r�?�2�M �i�?�2 �?�m�K���M �Q�M�H�v �T�`�Q�p�B�/�2�b �� �b�B�M�;�H�2

�i�`���D�2�+�i�Q�`�v�- �B�X�2�X�- �r�?�2�MD = � �X �A�M �i�?�B�b �b�2�+�i�B�Q�M�- �r�2 �b�+���H�2 �m�T �i�Q �;�2�M�2�`���H �+���b�2�b �r�?�2�`�2 �i�?�2 �`�Q�#�Q�i �B�b

�H�2���`�M�B�M�; �7�`�Q�K �� �/���i���b�2�iD �Q�7K �i�`���D�2�+�i�Q�`�B�2�b�X ���b �r�2 �b�+���H�2 �m�T�- �r�2 �`�2�+�Q�;�M�B�x�2 �i�?���i �i�?�2 �b�T���+�2 �Q�7

�`�2�r���`�/�b� �B�b�+�Q�M�i�B�M�m�Q�m�b�X �A�M �Q�m�` �r�Q�`�F�B�M�; �2�t���K�T�H�2 �r�2 ���b�b�m�K�2�/ �i�?���i �i�?�2 �?�m�K���M �r���M�i�2�/ �i�?�2

�`�Q�#�Q�i �i�Q �?�Q�H�/ �i�?�2 �+�m�T �2�B�i�?�2�` �?�Q�`�B�x�Q�M�i���H�H�v �Q�` �p�2�`�i�B�+���H�H�v�c �#�m�i�- �K�Q�`�2 �;�2�M�2�`���H�H�v�- �i�?�2 �?�m�K���M �K���v

�r���M�i �i�?�2 �`�Q�#�Q�i �i�Q �?�Q�H�/ �i�?�2 �+�m�T ���i ���M�v ���M�;�H�2�X �h�Q �2�M���#�H�2 �"���v�2�b�B���M �B�M�7�2�`�2�M�+�2 �B�M �+�Q�M�i�B�M�m�Q�m�b



�`�2�r���`�/ �b�T���+�2�b�- �r�2 �i�m�`�M �i�Q�J�2�i� �̀Q�T�Q�H�B�b�@�>���b�i�B�M�;�b �U�J�>�V �b���K�T�H�B�M�;�(�j�3�)�X �q�2 �7�B�`�b�i �7�Q�`�K�m�H���i�2

�+�Q�M�/�B�i�B�Q�M���H�H�v �B�M�/�2�T�2�M�/�2�M�i ���M�/ �/�2�T�2�M�/�2�M�i �`�2�r���`�/ �H�2���`�M�B�M�; �7�`�Q�K �K�m�H�i�B�T�H�2 �i�`���D�2�+�i�Q�`�B�2�b

�U�a�2�+�i�B�Q�M�k�X�8�X�R�V ���M�/ �i�?�2�M �+�Q�K�#�B�M�2 ���T�T�`�Q���+�?�2�b �7�Q�` ���T�T�`�Q�t�B�K���i�B�M�; �i�?�2 �M�Q�`�K���H�B�x�2�` �r�B�i�? �J�>

�b���K�T�H�B�M�; �U�a�2�+�i�B�Q�M�k�X�8�X�k�V�X �A�M �a�2�+�i�B�Q�M�k�X�8�X�j�r�2 �B�M�i�`�Q�/�m�+�2 �i�?�2�.�Q�m�#�H�2 �J�> ���H�;�Q�`�B�i�?�K�7�Q�`

�"���v�2�b�B���M �`�2�r���`�/ �H�2���`�M�B�M�;�X

�k�X�8�X�R �G�2���`�M�B�M�; �7�`�Q�K �J�m�H�i�B�T�H�2 �h�`���D�2�+�i�Q�`�B�2�b

�G�2�iD = f � 1; : : : ; � K g �#�2 �� �/���i���b�2�i �Q�7K �i�`���D�2�+�i�Q�`�B�2�b �B�M�T�m�i �#�v �i�?�2 �?�m�K���M �i�2���+�?�2�`�X �h�?�2

�T�`�Q�#���#�B�H�B�i�v �i�?���i �i�?�2 �?�m�K���M �?���b �B�M �K�B�M�/ �`�2�r���`�/� �;�B�p�2�M �/���i���b�2�iD �B�b�,

P(� j D ) / P(D j � ) � P(� ) �U�k�X�N�V

�a�B�K�B�H���` �i�Q �1�[�m���i�B�Q�M �U�k�X�R�V�- �?�2�`�2P(� ) �B�b �i�?�2 �T�`�B�Q�` �Q�p�2�` �i�?�2 �b�T���+�2 �Q�7 �`�2�r���`�/�b ���M�/P(D j � ) �B�b

�i�?�2 �H�B�F�2�H�B�?�Q�Q�/ �i�?�2 �?�m�K���M �B�M�T�m�i�bD �;�B�p�2�M �i�?�2�B�` �`�2�r���`�/ �B�b �T���`���K�2�i�2�`�B�x�2�/ �#�v� �X

�*�Q�M�/�B�i�B�Q�M���H�H�v �A�M�/�2�T�2�M�/�2�M�i�A�7 �i�?�2 �?�m�K���M �b�2�H�2�+�i�b �2���+�? �i�`���D�2�+�i�Q�`�v �b�2�T���`���i�2�H�v �i�?�2�M �i�?�2

�?�m�K���M�ö�b �B�M�T�m�i�b ���`�2 �+�Q�M�/�B�i�B�Q�M���H�H�v�B�M�/�2�T�2�M�/�2�M�i�X �6�Q�` �B�M�b�i���M�+�2�- �+�Q�M�b�B�/�2�` �� �?�m�K���M �i�?���i

�`�2�T�2���i�2�/�H�v �/�2�K�Q�M�b�i�`���i�2�b �� �i���b�F �i�Q �i�?�2 �`�Q�#�Q�i�, �2���+�? �/�2�K�Q�M�b�i�`���i�B�Q�M �/�2�T�2�M�/�b �Q�M �i�?�2�B�` �`�2�r���`�/
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�`�2�K�Q�p�B�M�; �B�M�T�m�i �Q�`�M�2�;���i�B�p�2�H�v�#�v �+�Q�M�i�B�M�m�B�M�; �i�Q �r�Q�`�F ���;���B�M�b�i �i�?�2 �`�Q�#�Q�i�X �P�m�` �F�2�v �B�M�b�B�;�?�i �B�b

�i�?���i �r�?�2�M �i�?�2 �`�Q�#�Q�i�ö�b �#�2�H�B�2�7 �B�b �+�Q�K�K�m�M�B�+���i�2�/�- �?�m�K���M �B�M�T�m�i�b �+���M �#�2 �B�M�i�2�`�T�`�2�i�2�/ ���b



���b�b�m�`���M�+�2 �Q�` �`�2�#�m�i�i���H �Q�7 �i�?�B�b �+�Q�K�K�m�M�B�+���i�2�/ �#�2�H�B�2�7�X

�h�?�2�`�2�7�Q�`�2�- �r�2 �T�`�Q�T�Q�b�2 �i�?���i �i�?�2 �?�m�K���M�ö�b �B�M�i�2�`�M���H �+�Q�b�i�@�p���H�m�2 �7�m�M�+�i�B�Q�M �B�M �i�?�2 �T�`�2�b�2�M�+�2 �Q�7

�+�Q�K�K�m�M�B�+���i�B�Q�M �+���M �#�2 �K�Q�/�2�H�H�2�/ �#�v �B�M�+�Q�`�T�Q�`���i�B�M�; �i�?�2 �`�Q�#�Q�i�ö�b �#�2�H�B�2�7 �B�M�i�Q �i�?�2 �+�Q�b�i �Q�7 �i�?�2

�?�m�K���M�ö�b ���+�i�B�Q�M�b�X

Q(s; aH ; � ) = �/�B�b�i(aH + s; � ) � �/�B�b�i(s; � ) + b(� ) � kaH k �U�j�X�d�V

�A�M �i�?�2 �T�`�2�b�2�M�+�2 �Q�7 �+�Q�K�K�m�M�B�+���i�B�Q�M�- �B�7 �i�?�2 �`�Q�#�Q�i�ö�b �#�2�H�B�2�7 �B�b �+�Q�`�`�2�+�i�- �i�?�2�M �i�?�2 �?�m�K���M�ö�b �+�Q�b�i �B�b

�K�B�M�B�K�B�x�2�/ �#�v �T�`�Q�p�B�/�B�M�; �H�B�i�i�H�2 �2�7�7�Q�`�i �B�M ���;�`�2�2�K�2�M�i �r�B�i�? �i�?�2 �`�Q�#�Q�i�ö�b ���b�b�B�b�i���M�+�2�X �A�7 �i�?�2 �`�Q�#�Q�i�ö�b

�#�2�H�B�2�7 �B�b�B�M�+�Q�`� �̀2�+�i�- �i�?�2�M �i�?�2 �?�m�K���M �r�B�H�H �T�`�Q�p�B�/�2 �B�M�T�m�i�b �i�?���i �+�Q�M�i�`���/�B�+�i �i�?�B�b �#�2�H�B�2�7�X �6�Q�`

�2�t���K�T�H�2�- �B�M �i�?�2 �+���b�2 �Q�7 ���K�#�B�;�m�Q�m�b �;�Q���H�b �U�B�X�2�X�- �i�?�2 �b�T�Q�Q�M ���M�/ �7�Q�`�F �T�H���+�2�/ �+�H�Q�b�2 �i�Q�;�2�i�?�2�`�V�-

�r�B�i�? �i�?�2 �T�`�2�b�2�M�+�2 �Q�7 �+�Q�K�K�m�M�B�+���i�B�Q�M�- �i�?�2 �?�m�K���M �r�B�H�H �?�Q�H�/ �� �/�2�7�B�M�B�i�2 ���M�b�r�2�` �7�Q�` �r�?�2�i�?�2�` �i�?�2

�`�Q�#�Q�i �B�b �+�Q�`�`�2�+�i�X �h�?�B�b �r�B�H�H �`�2�b�m�H�i �B�M �2�B�i�?�2�` �7�m�`�i�?�2�` ���/�D�m�b�i�K�2�M�i�b �i�Q �+�Q�`�`�2�+�i �� �K�B�b���H�B�;�M�2�/ �#�2�H�B�2�7

�Q�` �� �b�m�#�K�B�b�b�B�Q�M �Q�7 �+�Q�M�i�`�Q�H �b�2�2�B�M�; �i�?���i �i�?�2�v �+���M �K�B�M�B�K�B�x�2 �i�?�2�B�` �2�7�7�Q�`�i �#�v �`�2�H�v�B�M�; �Q�M �i�?�2

�`�Q�#�Q�i�ö�b ���b�b�B�b�i���M�+�2�X

�_�Q�#�Q�i�X�h�?�2 �`�Q�#�Q�i �m�T�/���i�2�b �B�i�b �#�2�H�B�2�7b(� ) �#���b�2�/ �Q�M �i�?�2 �Q�#�b�2�`�p�2�/ �?�m�K���M ���+�i�B�Q�M�b�X �G�2�i

P(� j s; aH ) �/�2�M�Q�i�2 �i�?�2 �T�`�Q�#���#�B�H�B�i�v �i�?���i �i�?�2 �?�m�K���M �B�b �Q�T�i�B�K�B�x�B�M�; �7�Q�` �i�?�2 �;�Q���H� �;�B�p�2�M �i�?�2

�b�i���i�2s ���M�/ �?�m�K���M ���+�i�B�Q�MaH �X �l�b�B�M�; �"���v�2�b�ö �i�?�2�Q�`�2�K�- �i�?�2 �T�Q�b�i�2�`�B�Q�` �T�`�Q�#���#�B�H�B�i�v �B�b �/�2�7�B�M�2�/ ���b�,

P(� j s; aH ) / P(aH j s; � ) � P(� ) �U�j�X�3�V

�>�2�`�2�-P(� ) �B�b �i�?�2 �T�`�B�Q�` �Q�7 �i�?�2 �`�Q�#�Q�i�ö�b �#�2�H�B�2�7 �Q�p�2�` �i�?�2 �?�m�K���M�ö�b �;�Q���H ���M�/P(aH j s; � ) �B�b �i�?�2

�H�B�F�2�H�B�?�Q�Q�/ �7�m�M�+�i�B�Q�M �7�Q�` �i�?�2 �`�Q�#�Q�i�ö�b �T�`�2�/�B�+�i�B�Q�M�X �L�Q�i�2 �i�?���iP(aH j s; � ) �B�b �2�[�m�B�p���H�2�M�i �i�Q� ?
H �-

�r�?�B�+�? �r�2 �K�Q�/�2�H ���b� H �X �a�B�K�B�H���` �i�Q �1�[�m���i�B�Q�M�j�X�8�- �r�2 �m�b�2 �i�?�2 �T�`�B�M�+�B�T�H�2 �Q�7 �K���t�B�K�m�K �2�M�i�`�Q�T�v



�i�Q �/�2�`�B�p�2 ���M �2�[�m�B�p���H�2�M�i �7�Q�`�K �7�Q�` �1�[�m���i�B�Q�M�j�X�3�,

P(� j s; aH ) / �2�t�T(� � � Q (s; aH ; � )) � P(� ) �U�j�X�N�V

�h�?�2 �`�Q�#�Q�i �i���F�2�b ���+�i�B�Q�M�baR �i�?���i �K�B�M�B�K�B�x�2 �1�[�m���i�B�Q�M�j�X�e�B�M �i�?�2 ���#�b�2�M�+�2 �Q�7 �+�Q�K�K�m�M�B�+���i�B�Q�M

���M�/ �1�[�m���i�B�Q�M�j�X�d�B�M �i�?�2 �T�`�2�b�2�M�+�2 �Q�7 �+�Q�K�K�m�M�B�+���i�B�Q�M ���+�+�Q�`�/�B�M�; �i�Q�,

aR =
X

� 2 �

P (� j s; aH ) � (� � s) �U�j�X�R�y�V

�a�B�M�+�2 �i�?�2 �`�Q�#�Q�i�ö�b �#�2�H�B�2�7 �K���v �#�2 �B�M�+�Q�`�`�2�+�i�- �i�?�2 �`�Q�#�Q�i�#�H�2�M�/�b�i�?�2 �?�m�K���M�ö�b �+�Q�K�K���M�/�2�/ ���+�i�B�Q�M

�r�B�i�? ���M ���b�b�B�b�i�B�p�2 ���+�i�B�Q�M�,

aB = (1 � � ) � aH + � � aR �U�j�X�R�R�V

�h�?�2 �?�v�T�2�`�T���`���K�2�i�2�`� 2 [0; 1] �B�b �/�2�i�2�`�K�B�M�2�/ �#�v �� �i�?�`�2�b�?�Q�H�/ ���+�+�Q�`�/�B�M�; �i�Q �i�?�2 �?�m�K���M�ö�b

���+�i�B�Q�M �b�m�+�? �i�?���i �r�?�2�M �i�?�2 �`�Q�#�Q�i �/�B�b�T�H���v�b �i�?�2 �+�Q�`�`�2�+�i �#�2�H�B�2�7 ���M�/ �i�?�2 �?�m�K���M �b�m�`�`�2�M�/�2�`�b

�+�Q�M�i�`�Q�H�- �i�?�2 �`�Q�#�Q�i �B�b ���H�H�Q�r�2�/ �i�Q �i���F�2 �� �?�B�;�?�2�` �H�2�p�2�H �Q�7 �+�Q�M�i�`�Q�H �i�Q ���b�b�B�b�i�X �6�Q�` �i�?�B�b�- �r�2

�i�`���M�b�B�i�B�Q�M ���H�T�?�� �7�`�Q�K �� �K�B�M�B�K�m�K �p���H�m�2 �B�M �i�?�2 �T�`�2�b�2�M�+�2 �Q�7 �?�m�K���M ���+�i�B�Q�M �i�Q �� �K���t�B�K�m�K

�p���H�m�2 �r�?�2�M �i�?�2 �`�Q�#�Q�i �B�b �B�M �7�m�H�H �+�Q�M�i�`�Q�H�X
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>><

>>:

� = � + �b�i�2�T; � � � �K���t �B�7kaH k � 0

� = � � �b�i�2�T; � � � �K�B�M �B�7kaH k 6� 0
�U�j�X�R�k�V

�>�2�`�2�b�i�2�T�B�b �� �?�v�T�2�`�T���`���K�2�i�2�` �+�?�Q�b�2�M �#�v �i�?�2 �/�2�b�B�;�M�2�` �i�Q �+�Q�M�i�`�Q�H �i�?�2 �`���i�2 ���i �r�?�B�+�? �i�?�2 �`�Q�#�Q�i

�r�B�H�H �B�M�+�`�2���b�2 �B�i�b ���b�b�B�b�i���M�+�2 �T�`�Q�T�Q�`�i�B�Q�M���H�H�v �i�Q �i�?�2 �M�m�K�#�2�` �Q�7 �i�B�K�2�b�i�2�T�b �i�?���i �i�?�2 �m�b�2�` �?���b

���H�H�Q�r�2�/ �7�Q�` �+�Q�K�T�H�2�i�2 �`�Q�#�Q�i ���b�b�B�b�i���M�+�2�X

���H�i�Q�;�2�i�?�2�`�- �1�[�m���i�B�Q�M�b�j�X�d�@�j�X�R�k�7�Q�`�K �Q�m�` �K�2�i�?�Q�/ �7�Q�` �b�2�H�2�+�i�B�M�; �Q�T�i�B�K���H ���+�i�B�Q�M�b �B�M �i�?�2

�T�`�2�b�2�M�+�2 �Q�7 �+�Q�K�K�m�M�B�+���i�B�Q�M�X �h�?�2�b�2 �2�[�m���i�B�Q�M�b �#�m�B�H�/ �m�T�Q�M �2�t�B�b�i�B�M�; �b�?���`�2�/ ���m�i�Q�M�Q�K�v



���T�T�`�Q���+�?�2�b �7�Q�` �B�M�7�2�`�`�B�M�; �i�?�2 �?�m�K���M�ö�b �;�Q���H ���M�/ �T�`�Q�p�B�/�B�M�; ���b�b�B�b�i���M�+�2 �(�j�-�k�R�-�j�e�)�X �"�m�i �r�2 �?���p�2

�K�Q�/�B�7�B�2�/ �i�?�B�b �2�t�B�b�i�B�M�; �H�2���`�M�B�M�; �7�`���K�2�r�Q�`�F �i�Q �2�t�T�H�B�+�B�i�H�v ���+�+�Q�m�M�i �7�Q�` �+�Q�K�K�m�M�B�+���i�B�Q�M ���M�/ �i�?�2

�2�7�7�2�+�i �+�Q�K�K�m�M�B�+���i�B�Q�M �K���v �?���p�2 �Q�M �i�?�2 �?�m�K���M�ö�b �B�M�i�2�`�M���H �+�Q�b�i �7�m�M�+�i�B�Q�MQ� �X �q�B�i�?�Q�m�i

�+�Q�K�K�m�M�B�+���i�B�Q�M�- �2���`�H�B�2�` �r�Q�`�F�b �b�m�+�? ���b �(�k�R�) �b�m�;�;�2�b�i �i�?���i �i�?�2 �?�m�K���M �Q�T�i�B�K�B�x�2�b �7�Q�` �i�?�2�B�` �2�`�`�Q�`

���M�/ �2�7�7�Q�`�i ���b �b�?�Q�r�M �B�M �1�[�m���i�B�Q�M�j�X�e�X �>�Q�r�2�p�2�`�- �r�B�i�? �+�Q�K�K�m�M�B�+���i�B�Q�M�- �Q�m�` �2�t�T�2�`�B�K�2�M�i���H

�`�2�b�m�H�i�b �7�`�Q�K �a�2�+�i�B�Q�M�j�X�j�X�k�B�M�/�B�+���i�2 �i�?���i �?�m�K���M�b ���`�2 �r�B�H�H�B�M�; �i�Q �B�M�+�`�2���b�2 �i�?�2�B�` �2�7�7�Q�`�i �B�7 �i�?�2

�`�Q�#�Q�i �B�b �r�`�Q�M�; ���M�/ �`�2�H�2���b�2 �+�Q�M�i�`�Q�H �r�?�2�M �i�?�2 �`�Q�#�Q�i �B�b �+�Q�`�`�2�+�i�X �l�b�B�M�; �i�?�2�b�2 �7�B�M�/�B�M�;�b �r�2

�m�T�/���i�2 �Q�m�` �?�m�K���M �K�Q�/�2�H �7�Q�`Q �B�M �1�[�m���i�B�Q�M�j�X�d�X �l�T �i�Q �i�?�B�b �T�Q�B�M�i�- �Q�m�` �K�Q�/�B�7�B�2�/ �H�2���`�M�B�M�;

�`�m�H�2 �B�b �B�M�7�Q�`�K�2�/ �#�v �2�t�T�2�`�B�K�2�M�i�b �#�m�i �?���b �M�Q�i �v�2�i �#�2�2�M �i�2�b�i�2�/�X ���+�+�Q�`�/�B�M�;�H�v�- �B�M �a�2�+�i�B�Q�M�j�X�8�r�2

�r�B�H�H �+�Q�K�T���`�2 �Q�m�` �T�`�Q�T�Q�b�2�/ �K�2�i�?�Q�/ �7�Q�` ���H�B�;�M�B�M�; �H�2���`�M�B�M�; �r�B�i�? �+�Q�K�K�m�M�B�+���i�B�Q�M ���;���B�M�b�i

�#���b�2�H�B�M�2�b �i�?���i �b�2�T���`���i�2�H�v �H�2���`�M ���M�/ �+�Q�K�K�m�M�B�+���i�2�X

�j�X�8 �h�2�b�i�B�M�; �i�?�2 �*�Q�K�#�B�M���i�B�Q�M �Q�7 �G�2���`�M�B�M�; ���M�/

�*�Q�K�K�m�M�B�+���i�B�Q�M

�G���b�i�H�v�- �r�2 �+�Q�M�/�m�+�i ���M �B�M�@�T�2�`�b�Q�M �m�b�2�` �b�i�m�/�v �i�Q �2�p���H�m���i�2 �i�?�2 �T�2�`�7�Q�`�K���M�+�2 �Q�7 �Q�m�` �T�`�Q�T�Q�b�2�/

�K�2�i�?�Q�/ �B�M �+�Q�K�T���`�B�b�Q�M �i�Q �i�?�2 �b�i���i�2�@�Q�7�@�i�?�2�@���`�i �b�?���`�2�/ ���m�i�Q�M�Q�K�v �#���b�2�H�B�M�2 �(�k�R�) �r�B�i�? ���M�/

�r�B�i�?�Q�m�i �� �+�Q�K�K�m�M�B�+���i�B�p�2 �B�M�i�2�`�7���+�2�X �q�2 �r�B�b�? �i�Q �/�2�K�Q�M�b�i�`���i�2 �i�?���i ���+�+�Q�m�M�i�B�M�; �7�Q�` �i�?�2

�F�M�Q�r�H�2�/�;�2 �Q�7 �i�?�2 �`�Q�#�Q�i�ö�b �#�2�H�B�2�7 �B�M �i�?�2 �?�m�K���M�ö�b �+�Q�b�i �7�m�M�+�i�B�Q�M�- �B�M ���/�/�B�i�B�Q�M �i�Q �+�Q�K�K�m�M�B�+���i�B�M�;

�i�?�2 �`�Q�#�Q�i�ö�b �#�2�H�B�2�7�- ���H�H�Q�r�b �i�?�2 �`�Q�#�Q�i �i�Q �T�`�Q�p�B�/�2 �#�2�i�i�2�` ���b�b�B�b�i���M�+�2 �i�?���M �b�B�K�T�H�v �+�Q�K�K�m�M�B�+���i�B�M�;

�i�?�2 �`�Q�#�Q�i�ö�b �#�2�H�B�2�7 �r�B�i�? �i�?�2 �#���b�2�H�B�M�2 �b�?���`�2�/ ���m�i�Q�M�Q�K�v ���T�T�`�Q���+�?�X

�1�t�T�2�`�B�K�2�M�i���H �a�2�i�m�T�X�l�b�2�`�b �r�2�`�2 �B�M�b�i�`�m�+�i�2�/ �i�Q �+�Q�K�T�H�2�i�2 �i�?�`�2�2 �i���b�F�b �B�M �� �K�Q�`�2

�+�Q�K�T�H�B�+���i�2�/ �2�M�p�B�`�Q�M�K�2�M�i �i�?���M �i�?�2 �7�B�`�b�i �B�M�@�T�2�`�b�Q�M �m�b�2�` �b�i�m�/�v �i�Q �?�B�;�?�H�B�;�?�i �i�?�2 �m�i�B�H�B�i�v �Q�7 �i�?�B�b

���T�T�`�Q���+�?�,



�R�X�a�2���b�Q�M�B�M�;�,�_�2�i�`�B�2�p�2 �� �b���H�i �Q�` �T�2�T�T�2�` �b�?���F�2�`�- �#�`�B�M�; �B�i �i�Q �� �T�H���i�2 �Q�7 �7�Q�Q�/�- ���M�/ �i�?�2�M

�`�2�i�m�`�M �B�i �i�Q �B�i�b �#���b�2 �T�Q�b�B�i�B�Q�M�X

�k�X�.�`�B�M�F�,�:�Q �i�Q �i�?�2 �+���M �Q�7 �b�Q�/���- �#�`�B�M�; �i�?�2 �+���M �Q�7 �b�Q�/�� �i�Q �� �K�m�;�- ���M�/ �`�2�i�m�`�M �i�?�2 �+���M �i�Q

�B�i�b �#���b�2 �T�Q�b�B�i�B�Q�M�X

�j�X�l�i�2�M�b�B�H�,�_�2�i�`�B�2�p�2 �i�?�2 �b�T�Q�Q�M �Q�` �7�Q�`�F ���M�/ �#�`�B�M�; �B�i �i�Q �i�?�2 �`�2�H�2�p���M�i �b�B�/�2 �Q�7 �i�?�2 �T�H���i�2�X

�S���`�i�B�+�B�T���M�i�b �+�Q�K�K���M�/�2�/ �i�?�2 �`�Q�#�Q�i �m�b�B�M�; �� �G�Q�;�B�i�2�+�? �6310 �;���K�2�T���/ �i�Q �+�Q�K�T�H�2�i�2 �2���+�? �Q�7 �i�?�2

�i�?�`�2�2 �i���b�F�b �m�b�B�M�; �Q�M�2 �Q�7 �i�?�`�2�2 �K�2�i�?�Q�/�b�,�q�B�i�?�Q�m�i �A�M�i�2�`�7���+�2�-�q�B�i�? �A�M�i�2�`�7���+�2�- ���M�/�P�m�`�b�X

�h�?�2 �Q�`�/�2�` �B�M �r�?�B�+�? �T���`�i�B�+�B�T���M�i�b �B�M�i�2�`���+�i�2�/ �r�B�i�? �i�?�2�b�2 �K�2�i�?�Q�/�b �r���b �`���M�/�Q�K�B�x�2�/ �i�Q ���p�Q�B�/

���M�v �T�`�Q�7�B�+�B�2�M�+�v �#�B���b�X �.�2�i���B�H�b �Q�7 �i�?�2�b�2 �i���b�F�b ���`�2 �B�H�H�m�b�i�`���i�2�/ �B�M �6�B�;�m�`�2�j�X�j�U�G�2�7�i�V�X

�A�M�/�2�T�2�M�/�2�M�i �o���`�B���#�H�2�b�X�A�M �2���+�? �i���b�F�- �i�?�2 �`�Q�#�Q�i �b�i���`�i�b �r�B�i�? �� �m�M�B�7�Q�`�K �T�`�B�Q�` �Q�p�2�` �i�?�2

�;�Q���H�b �r�?�B�+�? �B�b �;�`���/�m���H�H�v �m�T�/���i�2�/ ���+�+�Q�`�/�B�M�; �i�Q �i�?�2 �K�2�i�?�Q�/�b �/�B�b�+�m�b�b�2�/ �B�M �b�2�+�i�B�Q�M�j�X�9�X

�S���`�i�B�+�B�T���M�i�b �T�2�`�7�Q�`�K�2�/ �2���+�? �i���b�F �i�?�`�2�2 �i�B�K�2�b �� �m�b�B�M�; �i�?�2 �#���b�2�H�B�M�2 �b�?���`�2�/ ���m�i�Q�M�Q�K�v

���T�T�`�Q���+�?�q�B�i�?�Q�m�i �A�M�i�2�`�7���+�2�- �m�b�B�M�; �i�?�2 �b���K�2 �#���b�2�H�B�M�2�q�B�i�? �A�M�i�2�`�7���+�2�- ���M�/ �m�b�B�M�; �Q�m�`

�K�2�i�?�Q�/ �Q�7 �7�2�2�/�#���+�F�@�2�M���#�H�2�/ �b�?���`�2�/ ���m�i�Q�M�Q�K�v �@�P�m�`�b�U�r�?�B�+�? �+�Q�K�#�B�M�2�b �H�2���`�M�B�M�; �r�B�i�?

�+�Q�K�K�m�M�B�+���i�B�Q�M�V�X

�.�2�T�2�M�/�2�M�i �o���`�B���#�H�2�b�X�q�2 �`�2�+�Q�`�/�2�/ �i�?�2�h�Q�i���H �l�b�2�` �A�M�T�m�i�b�i�Q �K�2���b�m�`�2 �i�?�2 ���K�Q�m�M�i �Q�7

�2�7�7�Q�`�i �b�T�2�M�i �#�v �i�?�2 �m�b�2�`�b �B�M �+�Q�K�T�H�2�i�B�M�; �2���+�? �i���b�F�X �q�2 ���H�b�Q �`�2�+�Q�`�/�2�/ �b�m�#�D�2�+�i�B�p�2�l�b�2�` �a�+�Q� �̀2�b

�i�?�`�Q�m�;�? ��7�@�T�Q�B�M�i �G�B�F�2�`�i �b�+���H�2 �b�m�`�p�2�v �r�B�i�? �7�Q�m�` �B�i�2�K�b �� �7�Q�` �?�Q�r �2���b�v �B�i �r���b �i�Q�*�Q�M�i� �̀Q�H�i�?�2

�`�Q�#�Q�i�- �?�Q�r �Q�7�i�2�M �i�?�2�v �+�Q�m�H�/ �i�2�H�H �r�?�2�M �i�?�2 �`�Q�#�Q�i���b�b�B�b�i�2�/�i�?�2�K�- �r�?�2�i�?�2�` �i�?�2 �`�Q�#�Q�i �r���b ���#�H�2

�i�Q�S� �̀2�/�B�+�i�i�?�2�B�` �;�Q���H�b�- ���M�/ �B�7 �i�?�2 �`�Q�#�Q�i���/���T�i�2�/�i�Q �i�?�2�B�` ���+�i�B�Q�M�b�X

�S���`�i�B�+�B�T���M�i�b�X�� �i�Q�i���H �Q�712 �T���`�i�B�+�B�T���M�i�b �7�`�Q�K �i�?�2 �o�B�`�;�B�M�B�� �h�2�+�? �+�Q�K�K�m�M�B�i�v �i�Q�Q�F �T���`�i �B�M

�i�?�B�b �b�i�m�/�v �U2 �7�2�K���H�2�- ���;�2�b28:5� 6:5 �v�2���`�b�V�X �h�r�Q �Q�7 �i�?�2 �i�r�2�H�p�2 �m�b�2�`�b �?���/ �M�Q�i �B�M�i�2�`���+�i�2�/ �r�B�i�?

�`�Q�#�Q�i�b �#�2�7�Q�`�2�X �l�b�2�`�b �T�`�Q�p�B�/�2�/ �r�`�B�i�i�2�M �+�Q�M�b�2�M�i ���b �T�2�` �m�M�B�p�2�`�b�B�i�v �;�m�B�/�2�H�B�M�2�b �U�A�_�" �O20�@755�V�X




	Titlepage
	Abstract
	General Audience Abstract
	Acknowledgements
	List of Figures
	Introduction
	Reward learning with Intractable Normalizing Functions
	Introduction
	Related Work
	Problem Formulation
	Approximating the Normalizer
	Ignoring the Normalizing Function
	Approximating the Normalizer with Sampling
	Approximating the Normalizer as the Maximum

	Scaling up with Metropolis-Hastings Sampling
	Learning from Multiple Trajectories
	Metropolis-Hastings Sampling
	Reward Learning with Double MH Sampling

	Simulations
	User Study
	Conclusions

	Aligning Learning with Communication in Shared Autonomy
	Introduction
	Related Works
	Effects of Communication in Shared Autonomy
	Shared Autonomy without Communication
	Shared Autonomy with Communication

	Harnessing Communication to Improve Learning
	Testing the Combination of Learning and Communication
	Conclusion

	Conclusion
	Appendices
	Bibliography

