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High Resolution Modal Analysis Using Poles Obtained at a Single Location 

by 
John Fulton Porterfield 

Alfred L. Wicks, Chairman 

Mechanical Engineering 

(ABSTRACT) 

A method, termed the fixed-poles method, is proposed to increase the spatial 

resolution of experimental modal analysis results so that the resolution of the results is 

typical of that found in finite element modelling. The fixed-poles procedure estimates the 
structure’s poles from a high frequency density, driving point frequency response function 

(FRF) measured with an accelerometer. Mode vectors are estimated from low frequency 

density, tightly spaced FRFs measured with a scanning laser velocimeter (SLV) using the 

poles estimated from the accelerometer FRF. 

In experiments with a beam, the SLV was used to measure the frequency response 
of the beam at 31 frequencies and 472 locations. A single, 800 frequency line FRF was 

measured with an accelerometer, and the locations of the system’s poles were estimated 

from the accelerometer FRF using the Rational Polynomial algorithm. Mode vectors 

were then estimated from the 472 SLV FRFs for the first 6 modes (1 rigid body + 5 
flexible). A comparison of the results was given between the proposed method and a 

standard global parameter estimation technique. An investigation of the effect of the 
locations of the 31 measurement frequencies relative to resonances was also given. 

Conclusions were that the proposed method gives comparable results to a global 

approach in which the system’s poles were calculated only from the SLV measurements. 

The computational time required for the fixed-poles analysis proved to be significantly 

less than the global analysis, and the best results were obtained using near resonance SLV 
measurement frequencies.
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Chapter One 

Introduction 

The ways in which a linear structure can vibrate can always be described by modal 

superposition; combining the modes of vibration of the structure. The objective of 

experimental modal analysis is the estimation of the natural frequencies, damping values, 

and mode shapes of a structure which fully describe each mode of vibration. Various 

techniques can be applied to obtain estimates of these parameters, and every technique, if 

implemented correctly, should give similar results. 

Presented here is a technique, termed the fixed-poles algorithm, for modal 

analysis of structures using frequency response data obtained from a scanning laser 

velocimeter (SLV) and an accelerometer. Frequency response functions (FRFs) are 

measured with the SLV and the accelerometer from a structure whose properties 

remained fixed during testing. Maintaining fixed structural properties allows the 

estimation of system poles (natural frequencies and damping) from a single driving point 

accelerometer FRF. With the poles of the structure known, another parameter estimation 

process can be applied to determine the mode vectors (mode shapes) at many closely 

spaced points on the structure from the FRFs measured with the scanning laser. 
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1.1 Background 

The aim of a modal analysis is the estimation of the natural frequency, damping 

values, and mode shapes for modes in a certain frequency range. Typically, a modal 

analysis is performed by first acquiring frequency response functions (FRFs) over many 

points on the surface of the test subject and then applying a parameter estimation 

algorithm to the measured data. The parameter estimation algorithm assumes a 

mathematical form for the FRF and attempts to estimate the unknowns in the 

mathematical form. 

1.1.1 Frequency Response Function Measurements 

Traditional procedures of modal analysis are based upon attaching a vibration 

transducer to the subject and then applying a measured force. The ratio of the Fourier 

transform of the response to the Fourier transform of the input force is termed the 

frequency response function (FRF). An FRF describes the response of a structure to an 

input. Since the response of the structure is different for each combination of input and 

output locations, an FRF must be labeled so to indicate these locations. 

During testing, either the location of the vibration transducer or the location of the 

input force moves over the structure. In the case of moving an accelerometer over the. 

structure, the accelerometer’s mass moves on the structure while testing proceeds. This 

moving mass causes the poles of the structure (natural frequency and damping values) to 
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change between measurements. That is, the modes of vibration change, only slightly if 

the effect of the moving mass is small, between measurements. In some cases, the effect 

of the mass on the structure may be so small that the changes in the structure’s dynamics 

are unmeasurable and the presence of an accelerometer is undetectable. 

In recent years, the scanning laser velocimeter (SLV) has been used as a vibration 

transducer. The SLV adds no mass to the structure since it measures with only a beam of 

light. Additionally, the SLV can be programmed to aim itself and measure automatically. 

Using the SLV as the moving vibration transducer and leaving the forcing location fixed 

during testing allows FRF measurements at different locations without moving any mass 

around the structure and changing the system’s poles or mode vectors. 

The dynamic range of the SLV is much less than that of a quality accelerometer; 

approximately 60 dB compared to 90 dB. The limited dynamic range of the laser limits 

its capability in acquiring the high quality, wide-band FRFs as are normally measured 

with an accelerometer. 

A transducer’s ability to measure a wide range of magnitudes is described by its 

dynamic range. Typically, when FRF measurements are made with an accelerometer, the 

input force contains frequency content across a wide band. By measuring the frequency 

content of both the input and the response, the frequency response of the structure can be 

calculated for all frequencies present in the input signal. Since the input spans a wide 

frequency range, the magnitude of the system’s response spans a wide range as 

frequencies near resonance produce high output levels and frequencies near anti- 

resonance produce very low output levels. Especially for lightly damped structures, 
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where response magnitudes can be extreme, an accelerometer’s wider dynamic range 

allows it to more accurately measure wide-band FRFs than could be accurately be 

measured with an SLV. 

The limitations imposed by the SLV’s dynamic range can be overcome by 

measuring FRFs one frequency at a time. The structure’s response at a single frequency 

is a sinusoid with peak values that do not change with time, so the amplitude of the input 

force can be adjusted so that the amplitude of the response is well within the laser’s 

dynamic range. When frequency response measurements are made at a single frequency, 

the operator can make adjustments to optimize the measurement process. The quality of 

the results can be improved by changing the magnitude of the response to make better use 

of the data acquisition system’s analog-to-digital converter’s dynamic range. 

By vibrating the structure at a single frequency, the frequency response at the set 

frequency is obtained by determining the structure’s response relative to the force input. 

Combination of frequency response measurements at many different frequencies yield a 

frequency response function. 

1.1.3 Parameter Estimation Techniques 

In general, there are two types of parameter estimation algorithms used to 

determine the poles and mode vectors of a system from frequency response function data. 

Frequency domain parameter estimation algorithms operate directly on the FRF as it was 

measured in the frequency domain. Time domain estimation techniques convert the FRF 

to the time domain by calculating the inverse Fourier transform of the FRF. 
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Time domain parameter estimation techniques operate on the time series impact 

response of the structure which can be obtained by calculating the inverse Fourier 

transform of an FRF. The impact response is not measured directly in the time domain 

since impacting the structure can excite non-linearities in the structure’s response. 

Determining the impact response from an FRF obtained using a non-impulsive input 

lessens the chance of exciting non-linearities during testing. 

Calculating the inverse transform of an FRF mathematically requires that the FRF 

contain equally spaced frequency lines (the frequency difference between each 

measurement in an FRF). This requirement means that once the frequency spacing of the 

FRF is chosen, it must be maintained up to the highest frequency of interest. The overall 

result of this requirement is that the FRFs must contain more data than is necessary to 

determine estimates of the modal parameters. Additionally, FRF data of poor quality 

must be used in the estimation in order to maintain the completeness of the FRF. 

Frequency domain parameter estimation techniques operate directly on the FRF 

instead of the inverse transform of the FRF. Eliminating the need for taking the inverse 

transform eliminates any requirements on the frequency content of the FRF. As long as 

the FRF contains a sufficient quantity of data to determine the poles and mode vectors of 

the modes of interest, the FRF is sufficient. 

A sufficient quantity of data exists to estimate the modal parameters if the value 

of the FRF is known at two frequencies for every mode desired. The mathematical 

definition of an FRF (equation 2.1.4.13) contains four unknowns for each mode (natural 

frequency, damping, and two mode vectors). FRFs are complex functions, and since a 
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complex value contains two pieces of independent information, a value of the FRF at a 

single frequency can be used to solve for two unknowns. The complex value of the FRF 

at two frequencies must be known to exactly determine solutions for the four modal 

parameters for each mode. Additional measurements of the FRF can be used to 

overdetermine the desired parameters and improve the quality of the estimates. 

Methods of modal parameter estimation, termed global parameter estimation 

techniques, use many FRFs measured at different locations on the structure to determine 

the location of the system’s poles. When measurements are made with a roving, 

contacting transducer, the system’s poles change from FRF to FRF due to the effect of the 

moving mass of the transducer. 

When the structure’s poles are not exactly the same in all of the measured FRFs, 

the global parameter estimation algorithm must iteratively choose pole locations until a 

set of poles are determined that best fit all the measured data. Obviously, the final 

estimate of the poles cannot be said to be correct since there is a different set of poles at 

each point measured. The final set of poles can only be said to be the best available. 

Additionally, the computational time required grows quickly as more sets of data are 

added since each set must be added to the iterative process. 

Localized parameter estimation techniques make use of an FRF at one location to 

determine the system’s poles. Typically, an FRF measured at the forcing location 

(driving point) is used to determine the system’s poles since at the driving point, the 

vibration transducer is not at one of the structure’s nodes (points of no motion). 
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1.2 Motivation 

In any modal analysis, there is always a desire for high spatial density in the 

resulting mode shapes. High density modal analyses yield high resolution mode shapes 

so that complicated modes are easier to visualize. Additionally, the greater number of 

degrees of freedom of a high density modal are much easier to compare to the many 

degrees of freedom of a finite element model. Comparison of high resolution results 

from a finite-element model to low-resolution, experimentally-obtained, modal results 

can only be performed by reducing the degrees of freedom of the finite element model. 

This process of reduction can be minimized by increasing the spatial density of the 

experimental results. Of course, with increasing spatial resolution comes an increase in 

the number of FRFs acquired since modal results can only be obtained at spatial locations 

where a frequency response function was measured. 

The chore of acquiring a great number of tightly spaced frequency response 

functions requires a great deal of time, and is difficult because of the precision necessary 

when moving a transducer manually. The automatic scanning capability of the scanning 

laser is ideal for making tightly spaced response measurements. 

The motivation behind the proposed fixed-poles modal analysis process is to 

improve the spatial density of experimental modal analysis results. Achieving this end 

necessitates the use of the scanning laser and a data acquisition system capable of making 

frequency response measurements with the scanning laser velocimeter. Additionally, a 
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frequency domain parameter estimation algorithm must be employed to eliminate the 

requirement of regular spacing on the frequency response measurements made with the 

SLV. 

1.3 Theoretical Procedure 

It has been shown that the scanning laser velocimeter can be used to measure the 

response of a structure at many different locations on the structure and, in doing so, not 

change the modal properties of the structure. By attaching an accelerometer to the point 

at which the structure is being forced by an electro-magnetic shaker (the driving point), an 

FRF measurement can be made that is not at a node of any of the excited modes. Since 

the accelerometer measurement is not at a node, all the excited modes are present in the 

measurement and so the system’s poles can be estimated from the accelerometer FRF. 

The added mass of the accelerometer would affect the system’s poles, but the 

accelerometer would remain fixed during all subsequent tests with the SLV in order to 

keep the structure’s properties constant during the entire testing process. 

The FRF obtained with the accelerometer would be a high frequency density 

driving point measurement and would reach frequencies high enough to include all the 

desired poles. This FRF would be used in a frequency domain curve fitter to determine 

the poles of the system. The accelerometer FRF would contain enough data points to 

greatly overdetermine all the estimated parameters, so to improve the quality of the 

estimates. 
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FRFs would be measured with the SLV at many different locations on the 

structure. The forcing would again be provided by the shaker that had been used to excite 

the structure when the accelerometer FRF was measured. The SLV FRFs would contain 

few data points compared to the accelerometer FRF since the measured data would be 

used to determine only the mode vectors at the measurement locations. With the poles 

estimated from the accelerometer FRF and the mode vectors calculated from the SLV 

data, the modal parameters for the entire structure would be known. 

Compared with the FRF measurements made with the SLV, the accelerometer 

FRF would be of dramatically higher frequency resolution. The many times greater 

number of data points in the accelerometer measurements would better overdetermine the 

estimates of the system’s poles than would the SLV data if it were employed to estimate 

the system’s properties. 

1.4 Thesis Overview 

This report is separated into five sections: Introduction, Theory, Procedure, 

Results, Conclusions, and Recommendations. Chapter two contains theory related to 

modal decomposition, frequency response functions, and frequency domain parameter 

estimation. The several forms of the frequency response function are developed and the 

proposed parameter estimation process is explained. 
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Chapter three describes the procedures used to collect and analyze data from the 

experimental subject, a steel beam. The dimensions of the beam along with the 

modifications performed on the beam are described and illustrated. 

Results of the described modal analysis are included in Chapter Four. These 

results include mode shapes, synthesized FRFs, and modal assurance criterion (MAC) 

tables. Results of an additional test of the beam data is also included. Conclusions from 

the results are given in Chapter Five. A comparison of the proposed fixed-poles method 

with a standard method is also given. Finally, chapter six includes recommendations for 

further study in the use of the proposed algorithm. 
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Chapter Two 

Theory 

2.1 Modal Theory 

When a structure vibrates, its vibration can be described as a linear combination 

of the structure’s modes of vibration. A mode of vibration consists of a parameter 

describing the frequency and damping of that mode which is termed a pole and a 

parameter at every point on the structure called a mode vector. Every real system has an 

infinite number of modes, though we are typically only interested in those in a specific 

frequency range. 

Only proportional damping is considered in this discussion. Proportional 

damping occurs when the system’s damping matrix is actually a linear combination of the 

system’s mass and stiffness matrices. As will be shown, the matrix form of the system’s 

dynamic equations can be diagonalized (decoupled) when damping is proportional. 

Having the system’s equations decoupled greatly simplifies the calculation of the 

frequency response function that follows. 
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2.1.1 The Eigenproblem 

Using Newton’s laws, the dynamics of mechancial systems can be described by 

differential equations. The eigensolution of a system describes the system’s undamped 

response to any forcing condition, and, for a proportionally damped system, a damped 

solution follows from the undamped solution. 

A three degree of freedom (DOF) system as shown in figure 1 can be modeled as 

a series of three second order differential equations 

m,X, + k,X, - k,X> = F, 

m,X> —k,x, +k ,x, +k,x, -k,x,; =0 (2.1.1.1) 

Mm3X3 - k,X> + k5x3 + k3X3 = 0 

This system can be represented in matrix form as a single differential equation. 

M{X}+ K{x} = {F} (2.1.1.2) 

m O 0O k, -k, 0 

M = 0 ms 0 = -k, k, + k, -k, 

0 0 m, 0 -k, k,+k; 

Xy F 

X = X45 F = 0 

X3 0 

The modes of the system are inherent to the system and are not determined by the forcing 

function, thus, the modes can be determined from the unforced case. A harmonic 

solution of the form X = Xe! is assumed yielding 
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F, 
=<, 

X, Xy X3 
<— 

k, k, k,         

m, VWV4 m WV m, 
                  

Figure 1: Three Degree of Freedom System 
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|-0?M + Kk=0. (2.1.1.3) 

1 - 
Setting A = —z and premultiplying by K 1 produces the standard form of the 

68) 

eigenproblem 

[LJ-[8T [MJ = {0} 
or 

Atk =[KT[M kx. (2.1.1.4) 

Sets of solutions to this equation consist of a scalar called the eigenvalue, A, anda 

vector, X, called an eigenvector. Sets of eigenvalues and their corresponding eigenvectors 

are termed eigenpairs. There will be an eigenpair for each degree of freedom of the 

system, three eigenpairs in this example. 

In a more physical sense, each eigenpair represents a different mode of vibration 

of the system. For an eigenpair, the square root of the inverse of an eigenvalue is the 

natural frequency of that mode, and the mode shape is described by the eigenvectors. 

2.1.2 Diagonalization 

For every eigenpair, the natural frequency (0) and eigenvector (Vj) must satisfy 

equation 2.1.1.4 so that 

w?[m]y, =[k]V,. (2.1.2.1) 
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Premultiplying by V, and considering equation 2.1.1.4 at two natural frequencies 

referenced by i and j yields 

wo V;'[m]V, = V;'[k]V, = V,"[k\, (2.1.2.2) 

w7V,'[m]V; =@5V,'[k]V; =V,"[k]V;. 2.1.2.3) 

By subtracting these equations, we obtain 

(wo; -07)V;'[m]V, =0. (2.1.2.4) 

When ©; # 0;, 

V;'[m]V, = 0 and (2.1.2.5) 

V;_[k]V, =0 (2.1.2.6) 

When ©; = @;, 

V,"[m]V, = Mi (2.1.2.7) 

and V;"[k]V, =Kj. (2.1.2.8) 

These results show how the mass and stiffness matrices of the system differential 

equations can be diagonalized. Diagonalization of the M and K matrices means that the 

differential equations have been decoupled and can be solved as a set of three second 

order differential equations. The diagonalization process begins with forming a matrix of 

eigenvectors, 

Chapter 2 15



| | | 

V,- Eigenvector n. 

Premultiplying by ®" and changing X to MY yields the diagonalized differential 

equation, 

&'™MOY + O'KOY = O'F=MY+KY (2.1.2.9) 

where 

X=@Y (2.1.2.10) 

and 

m oO 0 k, 0 0 

M=|0 m, 0 K=|0 k, 0 
0 O mM; 0 0 k, 

(Rao 1990: 289-291). 

2.1.3 Proportional Damping 

Damping has not been present in the system considered up to this point since 

omitting it simplifies the discussion. In general, the damping matrix cannot be 

diagonalized by the eigenvector matrix. Without a diagonalized damping matrix, the 

system can no longer be decoupled. 
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The assumption of proportional damping means that the damping matrix is 

mathematically similar to the stiffness and mass matrices. Similar matrices can be 

diagonalized by the same matrices which, in this case, is the eigenvector matrix. The 

assumption of similitude means that the damping matrix is a linear combination of the 

mass and stiffness matrix 

[C]=o[M]+ pK] (2.1.3.1) 

With the assumption of proportional damping, the entire system can be diagonalized to 

the form 

MY +CY+KY=90F (2.1.3.2) 

where M ; C , and K are all diagonal and the transformation is performed in the same 

manner as in equation 2.1.2.9. 

2.1.4 The Frequency Response Function 

The Frequency Response Function (FRF) describes the response of a system to an 

input. Since the response of a system is dependent on the position of the input and 

measured output on the structure, an FRF is indexed with two numbers, one to indicate 

the location at which the response is measured and one to indicate the location at which 

the system is forced. The derivation of several forms of the FRF is included with a three 

degree of freedom system assumed throughout for illustration. 
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Equation 2.1.3.2 describes a system that has been diagonalized by a known 

¥1 

eigenvector matrix. In this equation, the position vector, Y, is a vector of locations | Y> 

¥3 

that are not necessarily available physically. The relationship between Y and the real 

coordinates, X, is Y=®"'X. The forcing vector has not been transformed and thus still 

represents physical quantities, 

where f; is forcing at mass 1, fp is forcing at mass 2, and so forth. 

The forcing function, F, is harmonic and the response is assumed to be harmonic, 

of the forms 

F=Fe = (2.1.4.1) and Y=Yel™. (2.1.4.2) 

Taking derivatives of Ye and replacing Y and the derivatives of Y in equation 2.1.4.2 

yields 

-w’MY +ioCY + KY=0'F. (2.1.4.3) 

Solving the left side for Y, expanding the right side, and assuming forcing only at mass 3, 

yields 

Py 1P2 1 P3 0 

[K = w*M + ioc ly = 29; me ) 2”; 0 . (2.1.4.4) 

3P,; 392 303 |/f; 
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Measuring at location y1 forms an equation of scalars, 

  

    

(k, - wth, + IWC, )y,=,P3f;, (2.1.4.5) 

so that the solution for y1 is 

®.f yj =>—_ +". (2.1.4.6) 

Solutions for y2 and y3 follow as 

_ 20,f, _ 30;f; 
Y2 ~~ A DOA . oA ¥3 — A DA - a 

k, -W°m, + iwc, k3; —-@°m, + 1@C3 

Equation 2.1.2.10 expanded out for clarity is 

xy 1P; 1P2 193 |[y1 

X2}={2P, 2P2 23]! y2], (2.1.4.9) 

X3 39, 3, 393 Y3 

which implies that X;=,P,y,+.P1y2+3P 1y3. With yl, y2, and y3 known, a 

solution for x1 as a function of f3 is found to be 

P,,03f ®,,03f P,, O3f 
xl= 1+ 33 —_ + 4 1 SS SE. (21.4.1) 

k, -@*m, + iwc, k, - wth, + iwe, k,- wth, + ime; 

Forming the ratio of x1 to {3 and rewriting the series as a summation yields 

3 ® “A. 5} ins (2.1.4.11) 
f; n=-1k, -o*°m, + ioe, 
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�W�h� �8�5� �w�2�h�,�8�,�,� �m�e� �O�2�h�2�8�5� �0�-�1� �d�,� �w�h�,�0�,�,� 

�@�,�h�,� �8�;� �m�s� �.� �o�h�,� �9�7� �n�-�1� �d�i�-�4� �o�,�h�,� �9�;� 

�=�P�c�e�-�Q�d�-�r�.� �=� �(�2�.�2�.�1�.�1�.�5�)� 

�T�h�e� �F�o�r�s�y�t�h�e� �p�o�l�y�n�o�m�i�a�l�s� �$� �a�n�d� �6� �a�r�e� �u�s�e�d� �t�o� �r�e�p�l�a�c�e� �t�h�e� �n�u�m�e�r�a�t�o�r�,� �N�(�j�o�)�,� �a�n�d� �t�h�e� 

�d�e�n�o�m�i�n�a�t�o�r�,� �D�(�j�a�)�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� �c�o�e�f�f�i�c�i�e�n�t� �d�,� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �u�n�i�t�y�.� 

�T�h�e� �r�e�a�l� �s�q�u�a�r�e�d� �e�r�r�o�r� �i�s� �t�h�e�n� 

�E�=�e�"�e�=� �[�P�e� �-� �Q�d� �-� �r�]�"� �[�P�e� �-� �Q�d� �-� �r�|� �(�2�.�2�.�1�.�1�.�6�)� 

�w�h�e�r�e� �H� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �H�e�r�m�i�t�i�a�n� �t�r�a�n�s�p�o�s�e� �(�c�o�n�j�u�g�a�t�e� �t�r�a�n�s�p�o�s�e�)� �w�h�i�c�h� �i�s� �e�m�p�l�o�y�e�d� �t�o� 

�e�l�i�m�i�n�a�t�e� �i�m�a�g�i�n�a�r�y� �v�a�l�u�e�s�.� �T�h�e� �m�i�n�i�m�u�m� �e�r�r�o�r� �c�o�n�d�i�t�i�o�n� �o�c�c�u�r�s� �w�h�e�n� �t�h�e� �p�a�r�t�i�a�l� 

�d�e�r�i�v�a�t�i�v�e�s� �o�f� �t�h�e� �e�r�r�o�r� �f�u�n�c�t�i�o�n� �a�r�e� �z�e�r�o� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �t�w�o� �v�a�r�i�a�b�l�e� �v�e�c�t�o�r�s�,� �c� �a�n�d� �d�,� 

 �� �=� �0� �a�n�d� �b�d� �=�.� �(�2�.�2�.�1�.�1�.�7�)� 

�T�h�i�s� �r�e�s�u�l�t�s� �i�n� �t�h�e� �s�y�s�t�e�m ��s� �n�o�r�m�a�l� �e�q�u�a�t�i�o�n�s� 

�C�h�a�p�t�e�r� �2� �2�6



�2�R� �P�'�P�]� �-�2�R�e�{�P�"�Q� �f� �2�R�d� �P�H�r� 
�=� �.� �2�.�2�.�1�.�1�.�8� 

�-�2�R� �Q�t�P�]� �2�R�4�Q�u�a�Q� �d�{� �}�-�2�R�d�Q�'�r� 

�T�h�e� �o�r�t�h�o�g�o�n�a�l�i�t�y� �o�f� �P� �a�n�d� �Q� �i�m�p�o�s�e�d� �b�y� �t�h�e� �u�s�e� �o�f� �t�h�e� �o�r�t�h�o�g�o�n�a�l� �p�o�l�y�n�o�m�i�a�l�s� 

�r�e�s�u�l�t�s� �i�n� �t�h�e� �t�w�o� �d�i�a�g�o�n�a�l� �s�u�b�m�a�t�r�i�c�e�s� �i�n� �e�q�u�a�t�i�o�n� �2�.�2�.�1�.�1�.�8� �b�e�c�o�m�i�n�g� �i�d�e�n�t�i�t�y� �m�a�t�r�i�c�e�s� 

�I� �X�1�]�[�(�c� 
�m�s�t� �-�}�®� �(�2�.�2�.�1�.�1�.�9�)� �X!"� �I�,� �|�/�l�a�f� �J�o� 

�X�=� �-�2�R�4� �P�¥�Q�]� 

�g� �=� �2�R�q� �P�M�]� 

�I� �=� �i�d�e�n�t�i�t�y� �m�a�t�r�i�x�.� 

�w�h�e�r�e� 

�T�h�e� �s�y�s�t�e�m� �d�e�s�c�r�i�b�e�d� �b�y� �e�q�u�a�t�i�o�n� �2�.�2�.�1�.�1�.�5� �i�s� �d�e�c�o�u�p�l�e�d� �s�o� �t�h�a�t� �v�e�c�t�o�r�s� �c� �a�n�d� �d� �c�a�n� �b�e� 

�s�o�l�v�e�d� �f�o�r� �i�n�d�e�p�e�n�d�e�n�t�l�y� �a�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �e�q�u�a�t�i�o�n�s� 

�[�I� �-�X�'�X�]�d� �=� �-�X�"�g� �,� �a�n�d� �(�2�.�2�.�1�.�1�.�1�0�)� 

�c�=�g� �-�X�d�.� �(�2�.�2�.�1�.�1�.�1�1�)� 

�T�h�e� �p�r�o�b�l�e�m� �b�e�c�o�m�e�s� �i�t�e�r�a�t�i�v�e� �s�i�n�c�e� �t�h�e� �o�,� �t�e�r�m�s� �w�e�r�e� �i�n�i�t�i�a�l�l�y� �g�u�e�s�s�e�s� �a�n�d� �c�a�n� 

�b�e� �u�p�d�a�t�e�d� �w�i�t�h� �n�e�w� �e�s�t�i�m�a�t�e�s� �o�f� �t�h�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �p�o�l�y�n�o�m�i�a�l�.� �T�h�e� �p�r�o�c�e�s�s� �o�f� �s�o�l�v�i�n�g� 

�f�o�r� �n�e�w� �e�s�t�i�m�a�t�e�s� �o�f� �c� �a�n�d� �d� �a�n�d� �u�p�d�a�t�i�n�g� �@�,� �c�o�n�t�i�n�u�e�s� �u�n�t�i�l� �t�h�e� �e�r�r�o�r� �c�o�n�d�i�t�i�o�n�,� �E�,� 

�r�e�d�u�c�e�s� �t�o� �a�n� �a�c�c�e�p�t�a�b�l�e� �l�e�v�e�l�.� �A�t� �t�h�a�t� �p�o�i�n�t�,� �t�h�e� �b�e�s�t� �e�s�t�i�m�a�t�e�s� �o�f� �c� �a�n�d� �d� �a�r�e� �a�c�c�e�p�t�e�d� �a�s� 

�t�h�e� �f�i�n�a�l� �v�a�l�u�e�s� �(�H�a�n� �1�9�9�1�:� �4�5�-�5�0�)�.� 
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�W�i�t�h� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �t�h�e� �o�r�t�h�o�g�o�n�a�l� �p�o�l�y�n�o�m�i�a�l� �s�o�l�u�t�i�o�n� �f�o�r� �t�h�e� �F�R�F� �k�n�o�w�n�,� 

�t�h�e� �n�o�r�m�a�l� �p�o�l�y�n�o�m�i�a�l� �d�e�n�o�m�i�n�a�t�o�r� �t�e�r�m�s� �c�a�n� �b�e� �c�a�l�c�u�l�a�t�e�d� �b�y� �s�e�t�t�i�n�g� �t�h�e� �n�o�r�m�a�l� �a�n�d� 

�o�r�t�h�o�g�o�n�a�l� �d�e�n�o�m�i�n�a�t�o�r� �p�o�l�y�n�o�m�i�a�l�s� �e�q�u�a�l� �t�o� �e�a�c�h� �o�t�h�e�r� �a�n�d� �t�h�e�n� �e�q�u�a�t�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s� 

�o�n� �t�h�e� �p�o�w�e�r�s� �o�f� �x�.� �T�h�e� �n�o�r�m�a�l� �p�o�l�y�n�o�m�i�a�l� �n�u�m�e�r�a�t�o�r� �c�o�e�f�f�i�c�i�e�n�t�s� �c�a�n� �b�e� �s�o�l�v�e�d� �f�o�r� �i�n� �a� 

�l�i�k�e� �m�a�n�n�e�r�.� �T�h�o�u�g�h� �n�o�t� �n�e�e�d�e�d�,� �t�h�e� �n�o�r�m�a�l� �p�o�l�y�n�o�m�i�a�l� �n�u�m�e�r�a�t�o�r� �c�o�e�f�f�i�c�i�e�n�t�s� �a�r�e� 

�n�e�c�e�s�s�a�r�y� �t�o� �s�y�n�t�h�e�s�i�z�e� �t�h�e� �f�i�t�t�e�d� �F�R�F� �i�n� �o�r�d�e�r� �t�o� �c�h�e�c�k� �e�s�t�i�m�a�t�e� �q�u�a�l�i�t�y�.� �T�h�e� �p�o�l�e�s� �o�f� �t�h�e� 

�s�y�s�t�e�m� �c�a�n� �b�e� �d�e�t�e�r�m�i�n�e�d� �b�y� �s�o�l�v�i�n�g� �f�o�r� �t�h�e� �r�o�o�t�s� �o�f� �t�h�e� �n�o�w� �f�u�l�l�y� �k�n�o�w�n� �n�o�r�m�a�l� 

�p�o�l�y�n�o�m�i�a�l� �d�e�n�o�m�i�n�a�t�o�r�.� 

�2�.�2�.�1�.�2� �M�o�d�e� �V�e�c�t�o�r� �E�s�t�i�m�a�t�i�o�n� 

�W�i�t�h� �t�h�e� �p�o�l�e�s� �o�f� �t�h�e� �s�y�s�t�e�m� �s�e�t�,� �t�h�e� �d�e�n�o�m�i�n�a�t�o�r� �o�f� �t�h�e� �F�R�F� �e�q�u�a�t�i�o�n� �i�s� 

�d�e�t�e�r�m�i�n�e�d�.� �T�h�e� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n� �p�r�o�b�l�e�m� �i�s� �t�h�u�s� �r�e�d�u�c�e�d� �t�o� �d�e�t�e�r�m�i�n�i�n�g� �t�h�e� 

�n�u�m�e�r�a�t�o�r� �c�o�e�f�f�i�c�i�e�n�t�s� �f�o�r� �e�a�c�h� �m�e�a�s�u�r�e�m�e�n�t� �p�o�i�n�t�.� �T�h�e� �p�r�o�b�l�e�m� �c�a�n� �b�e� �f�o�r�m�u�l�a�t�e�d� �f�o�r� 

�e�a�c�h� �F�R�F� �i�n� �t�h�e� �s�a�m�e� �w�a�y� �a�s� �t�h�e� �e�s�t�i�m�a�t�i�o�n� �o�f� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �o�f� �t�h�e� �p�o�l�e� �F�R�F� �b�u�t� �w�i�t�h� 

�t�h�e� �v�a�l�u�e�s� �o�f� �v�e�c�t�o�r� �d� �k�n�o�w�n�.� �T�h�e� �i�t�e�r�a�t�i�v�e� �n�a�t�u�r�e� �o�f� �t�h�e� �p�r�o�b�l�e�m� �i�s� �e�l�i�m�i�n�a�t�e�d� �s�i�n�c�e� �t�h�e� 

�e�s�t�i�m�a�t�e� �o�f� �t�h�e� �d�e�n�o�m�i�n�a�t�o�r�,� �w�,�,� �i�s� �n�o�w� �e�x�a�c�t�l�y� �k�n�o�w�n�.� �T�h�e� �e�s�t�i�m�a�t�e� �o�f� �t�h�e� �n�u�m�e�r�a�t�o�r� 

�c�o�e�f�f�i�c�i�e�n�t�s� �s�i�m�p�l�y� �i�n�v�o�l�v�e�s� �s�o�l�v�i�n�g� �t�h�e� �e�q�u�a�t�i�o�n� �c� �=� �g� �-�X�d�_� �f�o�r� �e�v�e�r�y� �p�o�i�n�t� �a�t� �w�h�i�c�h� �a� 

�m�e�a�s�u�r�e�m�e�n�t� �w�a�s� �t�a�k�e�n�.� 

�T�h�e� �n�o�r�m�a�l� �p�o�l�y�n�o�m�i�a�l� �n�u�m�e�r�a�t�o�r� �c�o�e�f�f�i�c�i�e�n�t�s� �c�a�n� �b�e� �d�e�t�e�r�m�i�n�e�d� �a�s� �p�r�e�v�i�o�u�s�l�y� 

�d�e�s�c�r�i�b�e�d� �a�n�d� �t�h�e�n� �t�h�e� �F�R�F� �f�o�r� �e�a�c�h� �p�o�i�n�t� �i�s� �c�o�m�p�l�e�t�e�l�y� �k�n�o�w�n� �i�n� �r�a�t�i�o�n�a�l� �f�r�a�c�t�i�o�n�a�l� 

�C�h�a�p�t�e�r� �2� �2�8



�f�o�r�m�.� �T�h�r�o�u�g�h� �a�l�g�e�b�r�a�i�c� �m�a�n�i�p�u�l�a�t�i�o�n�,� �t�h�e� �F�R�F� �c�a�n� �b�e� �c�o�n�v�e�r�t�e�d� �i�n�t�o� �p�o�l�e�-�r�e�s�i�d�u�e� �f�o�r�m�,� 

�e�q�u�a�t�i�o�n� �2�.�1�.�4�.�1�5�,� 

�*� 

�r�=�1�]�S�-�P�,� �s�-�P�,� 

�n� �A�:� �A�.� 

�H�i�x� �(�j�o�)� �=� �¥�  �� �+� �|� �(�2�.�2�.�1�.�2�.�1�)� 

�P�i�r� �O�x� �-� �i�s� �a�r�e�s�i�d�u�e�.� �F�i�n�a�l�l�y�,� �s�c�a�l�e�d� �m�o�d�e� �v�e�c�t�o�r�s� �c�a�n� �b�e� 
�2�j�M�,� �©� �g�y� 

�w�h�e�r�e� �s�=�j�w�a�n�d� �,�A�;�,� �=� 

�d�e�t�e�r�m�i�n�e�d� �f�r�o�m� �t�h�e� �r�e�s�i�d�u�e�s� �b�y� �d�i�v�i�d�i�n�g� �e�a�c�h� �r�e�s�i�d�u�e� �f�o�r� �a� �g�i�v�e�n� �m�o�d�e� �b�y� �t�h�e� �s�q�u�a�r�e� 

�r�o�o�t� �o�f� �t�h�e� �d�r�i�v�i�n�g� �p�o�i�n�t� �r�e�s�i�d�u�e� �f�o�r� �t�h�a�t� �m�o�d�e�.� �W�i�t�h� �t�h�e� �s�y�s�t�e�m ��s� �p�o�l�e�s� �d�e�t�e�r�m�i�n�e�d� �a�n�d� 

�t�h�e� �m�o�d�e� �v�e�c�t�o�r�s� �k�n�o�w�n� �a�t� �e�a�c�h� �p�o�i�n�t� �o�n� �t�h�e� �s�t�r�u�c�t�u�r�e�,� �t�h�e� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n� �i�s� 

�c�o�m�p�l�e�t�e�.� 

�2�.�2�.�2� �G�l�o�b�a�l� �P�a�r�a�m�e�t�e�r� �E�s�t�i�m�a�t�i�o�n� �A�l�g�o�r�i�t�h�m� 

�G�l�o�b�a�l� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n� �t�e�c�h�n�i�q�u�e�s� �f�o�r�m�u�l�a�t�e� �t�h�e� �e�s�t�i�m�a�t�i�o�n� �p�r�o�b�l�e�m� 

�d�i�f�f�e�r�e�n�t�l�y� �t�h�a�n� �t�h�e� �f�i�x�e�d�-�p�o�l�e�s� �a�l�g�o�r�i�t�h�m�.� �T�h�e� �g�l�o�b�a�l� �e�s�t�i�m�a�t�i�o�n� �a�l�g�o�r�i�t�h�m� �i�s� �f�o�r�m�e�d� �b�y� 

�r�e�w�r�i�t�i�n�g� �e�q�u�a�t�i�o�n� �2�.�2�.�1�.�1�.�1�0� �s�o� �t�h�a�t� �a�l�l� �m�e�a�s�u�r�e�d� �F�R�F�s� �a�r�e� �i�n�c�l�u�d�e�d� �i�n� �t�h�e� �e�s�t�i�m�a�t�i�o�n� �o�f� 

�t�h�e� �s�y�s�t�e�m ��s� �p�o�l�e�s�,� �h�e�n�c�e� �t�h�e� �t�e�r�m�  ��g�l�o�b�a�l�. �� �I�n�c�l�u�d�i�n�g� �t�h�e� �e�x�t�r�a� �d�a�t�a� �r�e�s�u�l�t�s� �i�n� �a� �s�e�t� �o�f� 

�o�v�e�r�s�p�e�c�i�f�i�e�d� �e�q�u�a�t�i�o�n�s� �t�o� �b�e� �s�o�l�v�e�d� �s�i�m�u�l�t�a�n�e�o�u�s�l�y� 

�U�;� �V�i� 

�U� �V�v�.� �o�W�p�b�e�d� �2� �(�2�.�2�.�2�.�1�)� 

�U�,� �V�p� 

�C�h�a�p�t�e�r� �2� �2�9



�w�h�e�r�e� �[�U�,� �|�=� �i� �-� �[�X�;�,� �]� �[�X�;�,� �]� �a�n�d� 

�{�V�i� �f�=� �[�X�x� �[�4�H� 
�T�h�i�s� �s�e�t� �o�f� �e�q�u�a�t�i�o�n�s� �c�a�n� �b�e� �s�o�l�v�e�d� �b�y� �a� �l�e�a�s�t� �s�q�u�a�r�e�s� �m�e�t�h�o�d� �f�o�r� �t�h�e� �o�r�t�h�o�g�o�n�a�l� 

�p�o�l�y�n�o�m�i�a�l� �d�e�n�o�m�i�n�a�t�o�r� �c�o�e�f�f�i�c�i�e�n�t�s�.� �T�h�e� �o�r�t�h�o�g�o�n�a�l� �p�o�l�y�n�o�m�i�a�l� �n�u�m�e�r�a�t�o�r� �c�o�e�f�f�i�c�i�e�n�t�s� 

�c�a�n� �t�h�e�n� �b�e� �s�o�l�v�e�d� �f�o�r� �e�a�c�h� �F�R�F� �b�y� �s�o�l�v�i�n�g� �e�q�u�a�t�i�o�n� �2�.�2�.�1�.�1�.�1�1�.� �T�h�e� �F�R�F� �c�a�n� �t�h�e�n� �b�e� 

�s�i�m�u�l�a�t�e�d� �a�n�d� �t�h�e� �e�r�r�o�r� �b�e�t�w�e�e�n� �s�i�m�u�l�a�t�e�d� �a�n�d� �m�e�a�s�u�r�e�d� �F�R�F�s� �c�a�l�c�u�l�a�t�e�d�.� �T�h�e� �e�s�t�i�m�a�t�e� 

�o�f� �t�h�e� �d�e�n�o�m�i�n�a�t�o�r� �t�e�r�m�,� �w�;� �,� �i�n� �e�q�u�a�t�i�o�n� �2�.�2�.�1�.�1�.�4� �i�s� �u�p�d�a�t�e�d� �w�i�t�h� �t�h�e� �n�e�w� �d�e�n�o�m�i�n�a�t�o�r� 

�c�o�e�f�f�i�c�i�e�n�t�s� �a�n�d� �t�h�e� �p�r�o�c�e�s�s� �i�s� �r�e�p�e�a�t�e�d�.� �T�h�i�s� �l�o�o�p�i�n�g� �c�o�n�t�i�n�u�e�s� �u�n�t�i�l� �t�h�e� �e�r�r�o�r� �c�o�n�d�i�t�i�o�n� 

�i�s� �m�e�t�.� 

�2�.�3�.� �S�c�a�n�n�i�n�g� �L�a�s�e�r� �V�e�l�o�c�i�m�e�t�e�r� 

�T�h�e� �p�r�i�n�c�i�p�l�e� �o�f� �l�a�s�e�r� �v�i�b�r�o�m�e�t�r�y� �i�s� �b�a�s�e�d� �u�p�o�n� �t�h�e� �D�o�p�p�l�e�r� �s�h�i�f�t� �a�n�d� �i�s� �m�a�d�e� 

�p�r�a�c�t�i�c�a�l� �t�h�r�o�u�g�h� �h�o�m�o�d�y�n�i�n�g�.� �T�h�e� �D�o�p�p�l�e�r� �s�h�i�f�t� �i�s� �a� �w�e�l�l� �k�n�o�w�n� �p�h�e�n�o�m�e�n�o�n� �f�a�m�i�l�i�a�r� 

�t�o� �a�n�y�o�n�e� �w�h�o� �h�a�s� �b�e�e�n� �p�a�s�s�e�d� �b�y� �a� �t�r�a�i�n� �b�l�o�w�i�n�g� �i�t�s� �w�h�i�s�t�l�e� �o�r� �a� �p�o�l�i�c�e� �c�a�r� �w�i�t�h� �i�t�s� �s�i�r�e�n� 

�s�o�u�n�d�i�n�g�.� �A� �D�o�p�p�l�e�r� �s�h�i�f�t� �o�c�c�u�r�s� �w�h�e�n� �t�h�e�r�e� �i�s� �r�e�l�a�t�i�v�e� �m�o�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� �s�u�b�j�e�c�t� �a�n�d� 

�s�o�u�r�c�e� �o�f� �a� �w�a�v�e�.� �T�h�e� �r�e�l�a�t�i�v�e� �m�o�t�i�o�n� �c�a�u�s�e�s� �t�h�e� �e�m�a�n�a�t�e�d� �w�a�v�e�s� �t�o� �r�e�a�c�h� �t�h�e� �s�u�b�j�e�c�t� �i�n� 

�a� �s�h�o�r�t�e�r� �p�e�r�i�o�d� �o�f� �t�i�m�e� �i�f� �t�h�e� �r�e�l�a�t�i�v�e� �m�o�t�i�o�n� �b�r�i�n�g�s� �t�h�e� �s�o�u�r�c�e� �a�n�d� �s�u�b�j�e�c�t� �t�o�g�e�t�h�e�r�,� �t�h�u�s� 

�t�h�e� �e�f�f�e�c�t� �i�s� �a�n� �a�p�p�a�r�e�n�t� �i�n�c�r�e�a�s�e� �i�n� �f�r�e�q�u�e�n�c�y� �o�f� �t�h�e� �w�a�v�e�.� �A�n� �a�p�p�a�r�e�n�t� �r�e�d�u�c�t�i�o�n� �i�n� �t�h�e� 

�f�r�e�q�u�e�n�c�y� �o�f� �t�h�e� �w�a�v�e� �o�c�c�u�r�s� �i�f� �t�h�e� �r�e�l�a�t�i�v�e� �m�o�t�i�o�n� �s�e�p�a�r�a�t�e�s� �t�h�e� �s�o�u�r�c�e� �a�n�d� �s�u�b�j�e�c�t�.� 
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�2�.�3�.�1� �T�h�e� �D�o�p�p�l�e�r� �S�h�i�f�t� 

�W�h�e�n� �a� �m�o�v�i�n�g� �s�u�r�f�a�c�e� �i�s� �s�u�b�j�e�c�t� �t�o� �a� �w�a�v�e�,� �t�h�e� �w�a�v�e� �i�s� �r�e�f�l�e�c�t�e�d� �o�f�f� �t�h�e� �s�u�r�f�a�c�e�.� 

�T�h�e� �m�o�t�i�o�n� �o�f� �t�h�e� �s�u�r�f�a�c�e� �c�a�u�s�e�s� �a� �s�h�i�f�t� �i�n� �t�h�e� �r�e�f�l�e�c�t�e�d� �w�a�v�e� �s�i�n�c�e� �t�h�e� �t�i�m�e� �b�e�t�w�e�e�n� 

�w�a�v�e�s� �b�o�u�n�c�i�n�g� �o�f�f� �t�h�e� �s�u�r�f�a�c�e� �i�s� �c�h�a�n�g�e�d� �d�u�e� �t�o� �t�h�e� �m�o�t�i�o�n� �o�f� �t�h�e� �s�u�r�f�a�c�e�.� 

�T�h�e� �b�a�s�i�c� �e�q�u�a�t�i�o�n� �f�o�r� �t�h�e� �D�o�p�p�l�e�r� �s�h�i�f�t� �w�h�e�n� �a� �p�l�a�n�a�r� �w�a�v�e� �s�t�r�i�k�e�s� �a� �s�u�b�j�e�c�t� 

�m�o�v�i�n�g� �a�t� �a� �v�e�l�o�c�i�t�y�,� �V�,� �w�i�t�h� �a�n� �a�n�g�l�e� �o�f� �6� �b�e�t�w�e�e�n� �t�h�e� �v�e�l�o�c�i�t�y� �v�e�c�t�o�r� �a�n�d� �a� �l�i�n�e� �n�o�r�m�a�l� 

�t�o� �t�h�e� �w�a�v�e�f�r�o�n�t� �i�s� 

�_� �V� �c�o�s�8�@� 

�x� 
�A�v� � � �(�2�.�3�.�1�.�1�)� 

�w�h�e�r�e� �A�v� �i�s� �t�h�e� �s�h�i�f�t� �i�n� �f�r�e�q�u�e�n�c�y� �a�p�p�a�r�e�n�t� �t�o� �t�h�e� �m�o�v�i�n�g� �s�u�b�j�e�c�t� �a�n�d� �t�h�e� �w�a�v�e�l�e�n�g�t�h� �o�f� 

�t�h�e� �e�m�i�t�t�e�d� �w�a�v�e� �i�s� �A�.� �O�b�v�i�o�u�s�l�y�,� �i�f� �t�h�e� �a�n�g�l�e� �0� �i�s� �9�0� �d�e�g�r�e�e�s� �t�h�e�n� �t�h�e� �f�r�e�q�u�e�n�c�y� �s�h�i�f�t� �i�s� 

�z�e�r�o�.� �P�h�y�s�i�c�a�l�l�y�,� �t�h�i�s� �m�e�a�n�s� �t�h�a�t� �t�h�e� �D�o�p�p�l�e�r� �s�h�i�f�t� �c�a�n� �o�n�l�y� �b�e� �u�s�e�d� �t�o� �m�e�a�s�u�r�e� �r�e�l�a�t�i�v�e� 

�v�e�l�o�c�i�t�y� �a�l�o�n�g� �t�h�e� �a�x�i�s� �n�o�r�m�a�l� �t�o� �t�h�e� �w�a�v�e� �f�r�o�n�t�.� �T�h�e�r�e�f�o�r�e�,� �a�n� �S�L�V� �c�a�n� �o�n�l�y� �m�e�a�s�u�r�e� 

�t�h�e� �t�r�u�e� �v�e�l�o�c�i�t�y� �o�f� �a� �p�o�i�n�t� �o�n� �a� �s�u�r�f�a�c�e� �i�f� �t�h�e� �v�e�l�o�c�i�t�y� �v�e�c�t�o�r� �o�f� �t�h�a�t� �p�o�i�n�t� �i�s� �e�x�a�c�t�l�y� 

�p�a�r�a�l�l�e�l� �t�o� �t�h�e� �l�a�s�e�r� �b�e�a�m� �(�D�r�a�i�n� �1�9�8�0�:� �3�6�)�.� 

�2�.�3�.�2� �H�o�m�o�d�y�n�i�n�g� 

�L�a�s�e�r� �v�i�b�r�o�m�e�t�r�y� �u�s�e�s� �a� �l�i�g�h�t� �b�e�a�m� �a�s� �t�h�e� �s�o�u�r�c�e� �w�a�v�e�.� �T�h�e� �f�r�e�q�u�e�n�c�y� �o�f� �t�h�e� 

�s�o�u�r�c�e� �l�a�s�e�r� �l�i�g�h�t� �i�s� �a�p�p�r�o�x�i�m�a�t�e�l�y� �4�.�7�x�1�0�'�*� �H�z� �a�n�d� �t�h�e� �s�h�i�f�t� �d�u�e� �t�o� �t�h�e� �D�o�p�p�l�e�r� �e�f�f�e�c�t� �i�s� 

�g�e�n�e�r�a�l�l�y� �i�n� �t�h�e� �r�a�n�g�e� �1�0�k�H�z�-�1�0� �M�h�z�.� �T�h�e� �r�e�s�u�l�t�i�n�g� �s�h�i�f�t�e�d� �w�a�v�e� �i�s� �i�n� �t�h�e� �r�a�n�g�e� �o�f� �1�0�°� 

�t�o� �1�0 ��!� �H�z�,� �s�t�i�l�l� �t�o�o� �h�i�g�h� �t�o� �d�i�r�e�c�t�l�y� �m�e�a�s�u�r�e�.� 
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�T�h�e� �m�o�s�t� �e�f�f�e�c�t�i�v�e� �w�a�y� �t�o� �m�e�a�s�u�r�e� �t�h�e� �s�h�i�f�t�e�d� �f�r�e�q�u�e�n�c�y�,� �a�n�d� �t�h�u�s� �e�s�t�i�m�a�t�e� �t�h�e� 

�v�e�l�o�c�i�t�y� �o�f� �t�h�e� �s�u�b�j�e�c�t�,� �i�s� �t�o� �a�d�d� �t�h�e� �s�h�i�f�t�e�d� �a�n�d� �u�n�s�h�i�f�t�e�d� �s�i�g�n�a�l�s� �i�n� �a� �p�r�o�c�e�s�s� �k�n�o�w�n� �a�s� 

�h�e�t�e�r�o�d�y�n�i�n�g�.� �C�o�n�s�i�d�e�r�,� �f�o�r� �e�x�a�m�p�l�e�,� �t�w�o� �s�i�n�u�s�o�i�d�a�l� �s�i�g�n�a�l�s�,� �E� �a�n�d� �E �� 

�E� �=� �E�,� �c�o�s�(�2�7�v�,�t� �+� �>�;�)� �(�2�.�3�.�2�.�1�)� 

�E�'�=� �E�,� �c�o�s�(�2�1�v� �>�t� �+� �$�2�)� �(�2�.�3�.�2�.�2�)� 

�w�h�e�r�e� �E� �i�s� �t�h�e� �o�r�i�g�i�n�a�l� �s�i�g�n�a�l� �a�n�d� �E �� �i�s� �t�h�e� �D�o�p�p�l�e�r� �s�h�i�f�t�e�d� �s�i�g�n�a�l�.� �A�n� �o�p�t�i�c�a�l� �d�e�t�e�c�t�o�r� 

�r�e�s�p�o�n�d�s� �t�o� �t�h�e� �s�q�u�a�r�e� �o�f� �t�h�e� �o�p�t�i�c�a�l� �e�l�e�c�t�r�i�c�a�l� �f�i�e�l�d�.� �A�d�d�i�n�g� �t�h�e� �s�i�g�n�a�l�s� �r�e�s�u�l�t�s� �i�n� �t�h�e� 

�o�u�t�p�u�t� �o�f� �t�h�e� �d�e�t�e�c�t�o�r� �b�e�i�n�g� 

�i�(�t�)� �=� �B�(�E�,� �c�o�s�(�2�n�v�,�t� �+� �>�,�)� �+� �E�,� �c�o�s�(�2�m�v�,� �+�5�)�)�*�.� �(�2�.�3�.�2�.�3�)� 

�M�u�l�t�i�p�l�y�i�n�g� �o�u�t� �t�h�e� �t�e�r�m�s� �i�n� �e�q�u�a�t�i�o�n� �2�.�3�.�2�.�3� �y�i�e�l�d�s� 

�i�(�t�)� �=� �B�(�E�?� �c�o�s �� �u� �+� �2�E�,�E�,� �c�o�s�u�c�o�s�v� �+� �E�3� �c�o�s �� �v�)� �(�2�.�3�.�2�.�4�)� 

�w�h�e�r�e� �U� �=� �2�7�t�v�,�t� �+�)�,� �a�n�d� �V�=� �2�n�0�v�,�t�+� �>�.� 

�A�p�p�l�y�i�n�g� �t�r�i�g�o�n�o�m�e�t�r�i�c� �i�d�e�n�t�i�t�i�e�s� �t�o� �t�h�e� �e�q�u�a�t�i�o�n� �2�.�3�.�2�.�4� �r�e�s�u�l�t�s� �i�n� �a� �f�o�r�m� �s�h�o�w�i�n�g� 

�t�h�e� �v�a�r�i�o�u�s� �f�r�e�q�u�e�n�c�i�e�s� �p�r�e�s�e�n�t� �i�n� �t�h�e� �o�u�t�p�u�t� �o�f� �t�h�e� �o�p�t�i�c�a�l� �d�e�t�e�c�t�o�r�,� 

�i�(�t�)� �=� �B�L�Y� �(�E�,� �+� �E�,�)� �+� �E�,�E�,� �c�o�s�(�u�  �� �v�)� �+� �E�E�,� �c�o�s�(�u� �+� �v�)�+�-�-�-� 

�E�?� �E�3� 
�o�e� �>� �c�o�s�(�2�u�)� �+� �>� �c�o�s�(�2�v�)�]�.� �(�2�.�3�.�2�.�5�)� 

�T�h�e� �f�r�e�q�u�e�n�c�i�e�s� �o�f� �E�1� �a�n�d� �E�2� �s�t�a�r�t�e�d� �o�u�t� �t�o�o� �h�i�g�h� �t�o� �m�e�a�s�u�r�e�,� �a�n�d� �s�o� �t�h�e� �t�e�r�m�s� �c�o�n�t�a�i�n�i�n�g� 

�t�h�e� �f�r�e�q�u�e�n�c�i�e�s� �2�u�,� �2�v� �a�n�d� �u�+�v� �c�o�u�l�d� �b�e� �f�i�l�t�e�r�e�d� �o�u�t� �o�f� �t�h�e� �s�i�g�n�a�l�.� �T�h�e� �r�e�m�a�i�n�i�n�g� �s�i�g�n�a�l�,� 
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�t�h�e�r�e�f�o�r�e�,� �c�o�n�t�a�i�n�s� �a�n� �o�f�f�s�e�t� �a�n�d� �a� �s�i�n�u�s�o�i�d� �w�h�o�s�e� �f�r�e�q�u�e�n�c�y� �i�s� �t�h�e� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �t�h�e� 

�t�w�o� �i�n�i�t�i�a�l� �s�i�g�n�a�l�s� 

�i�(�t�)� �=� �B�[�Y� �(�E�,� �+� �E�,�)� �+� �E�,�E�,� �c�o�s�(�2�n�(�v�,� �-� �v�2�)�t� �+� �(�6�;� �-�5�)�)�.� �(�2�.�3�.�2�.�6�)� 

�T�h�e� �r�e�s�u�l�t�i�n�g� �f�r�e�q�u�e�n�c�y� �o�u�t�p�u�t� �o�f� �t�h�e� �o�p�t�i�c�a�l� �d�e�t�e�c�t�o�r� �i�s� �t�h�e� �D�o�p�p�l�e�r� �s�h�i�f�t� �i�n� �t�h�e� �o�r�i�g�i�n�a�l� 

�l�a�s�e�r� �b�e�a�m� �(�D�r�a�i�n� �1�9�8�0�:� �5�4�-�5�5�)�.� 

�T�h�e� �p�r�o�c�e�s�s� �o�f� �h�o�m�o�d�y�n�i�n�g� �i�s� �i�n�v�i�s�i�b�l�e� �t�o� �t�h�e� �l�a�s�e�r� �o�p�e�r�a�t�o�r� �a�s� �h�o�m�o�d�y�n�i�n�g� 

�o�c�c�u�r�s� �w�i�t�h�i�n� �t�h�e� �l�a�s�e�r� �u�n�i�t�.� �T�h�e� �D�o�p�p�l�e�r� �s�i�g�n�a�l� �c�a�n� �b�e� �m�o�n�i�t�o�r�e�d� �b�y� �t�h�e� �o�p�e�r�a�t�o�r�,� �b�u�t� �t�h�e� 

�f�i�n�a�l� �o�u�t�p�u�t� �o�f� �t�h�e� �l�a�s�e�r� �u�n�i�t� �i�s� �s�i�m�p�l�y� �a� �v�o�l�t�a�g�e� �s�i�g�n�a�l� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �t�h�e� �v�e�l�o�c�i�t�y� �o�f� �t�h�e� 

�t�a�r�g�e�t�.� 

�2�.�3�.�3� �D�a�t�a� �A�c�q�u�i�s�i�t�i�o�n� �S�o�f�t�w�a�r�e� 

�T�h�e� �G�a�l�a�c�t�i�c� �C�l�a�s�s� �I�n�t�e�r�f�a�c�e� �(�G�C�I�)� �i�s� �a� �p�r�o�g�r�a�m� �c�r�e�a�t�e�d� �i�n� �t�h�e� �L�a�b�v�i�e�w� �g�r�a�p�h�i�c�a�l� 

�p�r�o�g�r�a�m�m�i�n�g� �e�n�v�i�r�o�n�m�e�n�t� �t�o� �a�c�q�u�i�r�e� �a�n�d� �a�n�a�l�y�z�e� �f�o�r�c�e� �t�r�a�n�s�d�u�c�e�r� �a�n�d� �l�a�s�e�r� �r�e�s�p�o�n�s�e� 

�t�i�m�e� �s�e�r�i�e�s� �d�a�t�a� �a�n�d� �t�o� �c�o�n�t�r�o�l� �t�h�e� �m�o�v�e�m�e�n�t� �o�f� �t�h�e� �l�a�s�e�r� �d�u�r�i�n�g� �t�e�s�t�i�n�g�.� �F�o�r�c�e� �t�r�a�n�s�d�u�c�e�r� 

�r�e�s�p�o�n�s�e� �a�n�d� �l�a�s�e�r� �r�e�s�p�o�n�s�e� �a�r�e� �a�c�q�u�i�r�e�d� �s�i�m�u�l�t�a�n�e�o�u�s�l�y� �s�o� �t�o� �f�i�x� �t�h�e� �p�h�a�s�e� �r�e�l�a�t�i�o�n�s�h�i�p� 

�b�e�t�w�e�e�n� �t�h�e� �t�w�o� �s�i�g�n�a�l�s�.� �T�h�e� �G�C�I� �n�o�t� �o�n�l�y� �a�c�q�u�i�r�e�s� �t�h�e� �d�a�t�a�,� �b�u�t� �p�r�o�c�e�s�s�e�s� �t�h�e� �d�a�t�a� �t�o� 

�d�e�t�e�r�m�i�n�e� �t�h�e� �m�a�g�n�i�t�u�d�e� �a�n�d� �p�h�a�s�e� �o�f� �t�h�e� �f�o�r�c�e� �a�n�d� �v�e�l�o�c�i�t�y� �s�i�g�n�a�l�s�.� 

�V�e�l�o�c�i�t�y� �a�n�d� �f�o�r�c�e� �m�e�a�s�u�r�e�m�e�n�t�s� �a�r�e� �p�e�r�f�o�r�m�e�d� �i�n� �t�h�e� �t�i�m�e� �d�o�m�a�i�n� �u�s�i�n�g� �s�i�n�g�l�e� 

�f�r�e�q�u�e�n�c�y� �e�x�c�i�t�a�t�i�o�n�.� �F�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �f�u�n�c�t�i�o�n�s� �m�e�a�s�u�r�e�d� �u�s�i�n�g� �t�h�e� �S�L�V� �a�r�e� �a�c�q�u�i�r�e�d� 

�o�n�e� �f�r�e�q�u�e�n�c�y� �a�t� �a� �t�i�m�e� �b�y� �f�i�t�t�i�n�g� �a� �s�i�n�u�s�o�i�d� �t�o� �b�o�t�h� �t�h�e� �i�n�p�u�t� �(�f�o�r�c�e�)� �a�n�d� �o�u�t�p�u�t� �(�v�e�l�o�c�i�t�y�)� 

�c�h�a�n�n�e�l�s�.� �T�h�e� �e�s�t�i�m�a�t�e�s� �o�f� �t�h�e� �m�a�g�n�i�t�u�d�e� �a�n�d� �p�h�a�s�e� �o�f� �t�h�e� �o�u�t�p�u�t� �s�i�g�n�a�l� �a�r�e� �d�i�v�i�d�e�d� �b�y� 
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�t�h�e� �e�s�t�i�m�a�t�e�s� �f�o�r� �t�h�e� �i�n�p�u�t� �s�i�g�n�a�l� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �a�t� �t�h�e� �d�r�i�v�i�n�g� 

�f�r�e�q�u�e�n�c�y�.� �T�h�e� �r�e�s�p�o�n�s�e� �a�t� �m�u�l�t�i�p�l�e� �f�r�e�q�u�e�n�c�i�e�s� �i�s� �e�s�t�i�m�a�t�e�d� �t�o� �f�o�r�m� �a� �f�r�e�q�u�e�n�c�y� 

�r�e�s�p�o�n�s�e� �f�u�n�c�t�i�o�n�.� 

�2�.�3�.�3�.�1� �F�o�r�c�e� �T�r�a�n�s�d�u�c�e�r� �R�e�s�p�o�n�s�e� �E�s�t�i�m�a�t�i�o�n� 

�T�h�e� �f�o�r�c�e� �t�r�a�n�s�d�u�c�e�r� �r�e�s�p�o�n�s�e� �i�s� �a� �s�i�n�g�l�e� �f�r�e�q�u�e�n�c�y� �s�i�g�n�a�l� �o�f� �k�n�o�w�n� �f�r�e�q�u�e�n�c�y� �(�s�e�t� 

�b�y� �t�h�e� �o�p�e�r�a�t�o�r�)�.� �T�h�e� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �c�o�m�p�o�n�e�n�t�s� �a�r�e� �u�n�k�n�o�w�n� �a�s� �i�s� �t�h�e� �D�C� �o�f�f�s�e�t� �o�f� 

�t�h�e� �s�i�g�n�a�l�.� �F�o�r� �e�a�c�h� �s�a�m�p�l�e�,� �t�h�e� �m�o�d�e�l� �o�f� �t�h�e� �r�e�s�p�o�n�s�e� �i�s� 

�f�(�t�;� �)� �=�F�,� �+� �F�,� �s�i�n�(�w�,�t�;� �)� �+� �F�y� �c�o�s�(�@�,�t�;�)� �+�;� �(�2�.�3�.�3�.�1�.�1�)� 

�w�h�e�r�e� �F�,� �i�s� �t�h�e� �r�e�a�l� �c�o�m�p�o�n�e�n�t�,� �F�g� �i�s� �t�h�e� �i�m�a�g�i�n�a�r�y� �c�o�m�p�o�n�e�n�t�,� �F�,� �i�s� �t�h�e� �D�C� �o�f�f�s�e�t�,� �a�n�d� 

�y�i� �i�s� �t�h�e� �e�r�r�o�r� �t�e�r�m�.� �W�i�t�h� �t�h�i�s� �m�o�d�e�l�,� �a� �M�u�l�t�i�p�l�e� �L�e�a�s�t� �S�q�u�a�r�e�s� �(�M�L�S�)� �p�r�o�b�l�e�m� �c�a�n� �b�e� 

�f�o�r�m�u�l�a�t�e�d� �u�s�i�n�g� �e�v�e�r�y� �d�a�t�a� �p�o�i�n�t�.� �S�o�l�v�i�n�g� �t�h�e� �M�L�S� �p�r�o�b�l�e�m� �r�e�s�u�l�t�s� �i�n� �t�h�e� �d�e�t�e�r�m�i�n�a�t�i�o�n� 

�o�f� �t�h�e� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �c�o�m�p�o�n�e�n�t�s�,� �t�h�e� �D�C� �o�f�f�s�e�t�,� �a�n�d� �t�h�e� �e�r�r�o�r� �t�e�r�m�s� �(�D�o�m�i�n�g�u�e�z� 

�1�9�9�4�:� �3�4�-�3�6�)�.� 

�O�n�l�y� �t�h�e� �p�h�a�s�e� �o�f� �t�h�e� �f�o�r�c�e� �s�i�g�n�a�l� �r�e�l�a�t�i�v�e� �t�o� �t�h�e� �r�e�s�p�o�n�s�e� �s�i�g�n�a�l� �i�s� �o�f� �s�i�g�n�i�f�i�c�a�n�c�e� 

�d�u�r�i�n�g� �a�n�a�l�y�s�i�s�.� �I�t� �w�o�u�l�d� �b�e� �c�o�n�v�e�n�i�e�n�t� �f�o�r� �t�h�e� �f�o�r�c�e� �s�i�g�n�a�l� �t�o� �b�e� �c�o�n�s�i�d�e�r�e�d� �z�e�r�o� �p�h�a�s�e�,� 

�s�o� �t�h�a�t� �t�h�e� �p�h�a�s�e� �o�f� �t�h�e� �v�e�l�o�c�i�t�y� �i�s� �r�e�l�a�t�i�v�e� �t�o� �t�h�e� �i�n�p�u�t� �f�o�r�c�e�.� �Z�e�r�o� �p�h�a�s�e� �i�m�p�l�i�e�s� �t�h�a�t� �t�h�e� 

�r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �f�o�r�c�e� �s�i�g�n�a�l� �i�s� �c�o�m�p�o�s�e�d� �o�f� �o�n�l�y� �a� �r�e�a�l� �c�o�m�p�o�n�e�n�t�.� �A�n� �e�n�t�i�r�e�l�y� �r�e�a�l� 

�r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �f�o�r�c�e� �s�i�g�n�a�l� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� �b�y� �m�u�l�t�i�p�l�y�i�n�g� �t�h�e� �c�o�m�p�l�e�x� 

�r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �f�o�r�c�e� �s�i�g�n�a�l� �b�y� �i�t�s� �c�o�m�p�l�e�x� �c�o�n�j�u�g�a�t�e�.� �I�n� �o�r�d�e�r� �t�o� �m�a�i�n�t�a�i�n� �t�h�e� 

�p�h�a�s�e� �r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �t�h�e� �f�o�r�c�e� �a�n�d� �r�e�s�p�o�n�s�e� �s�i�g�n�a�l�s�,� �t�h�e� �c�o�m�p�l�e�x� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� 
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�t�h�e� �r�e�s�p�o�n�s�e� �s�i�g�n�a�l� �m�u�s�t� �a�l�s�o� �b�e� �m�u�l�t�i�p�l�i�e�d� �b�y� �t�h�e� �c�o�m�p�l�e�x� �c�o�n�j�u�g�a�t�e� �o�f� �t�h�e� �o�r�i�g�i�n�a�l� �f�o�r�c�e� 

�s�i�g�n�a�l�.� �T�h�e� �f�i�n�a�l� �e�f�f�e�c�t� �o�f� �t�h�e�s�e� �c�a�l�c�u�l�a�t�i�o�n�s� �i�s� �t�h�e� �e�l�i�m�i�n�a�t�i�o�n� �o�f� �t�h�e� �i�m�a�g�i�n�a�r�y� �p�a�r�t� �o�f� 

�t�h�e� �f�o�r�c�e� �s�i�g�n�a�l� �w�h�i�l�e� �s�t�i�l�l� �m�a�i�n�t�a�i�n�i�n�g� �t�h�e� �i�m�p�o�r�t�a�n�t� �p�h�a�s�e� �r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �t�h�e� �t�w�o� 

�s�i�g�n�a�l�s�.� 

�2�.�3�.�3�.�2� �L�a�s�e�r� �R�e�s�p�o�n�s�e� �E�s�t�i�m�a�t�i�o�n� 

�T�h�e� �m�o�d�e�l� �o�f� �t�h�e� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �l�a�s�e�r� �v�e�l�o�c�i�t�y� �o�u�t�p�u�t� �p�a�r�a�l�l�e�l�s� �t�h�a�t� �o�f� �t�h�e� �f�o�r�c�e� 

�s�i�g�n�a�l�,� 

�u�(�t�;�)� �=�U�,� �+� �U�,� �s�i�n�(�m�,�t�;� �)�+� �U�p�,� �c�o�s�(�w�,�t�;�)� �+�e�;� �(�2�.�3�.�3�.�2�.�1�)� 

�w�h�e�r�e� �U�,� �i�s� �t�h�e� �D�C� �o�f�f�s�e�t�,� �U�s� �i�s� �t�h�e� �r�e�a�l� �c�o�m�p�o�n�e�n�t�,� �U�g� �i�s� �t�h�e� �i�m�a�g�i�n�a�r�y� �c�o�m�p�o�n�e�n�t�,� �a�n�d� 

 ¬�;� �1�s� �t�h�e� �e�r�r�o�r� �t�e�r�m�.� �A�g�a�i�n�,� �t�h�e� �f�r�e�q�u�e�n�c�y� �o�f� �t�h�e� �r�e�s�p�o�n�s�e� �i�s� �k�n�o�w�n� �s�i�n�c�e� �i�t� �e�q�u�a�l�s� �t�h�e� 

�f�r�e�q�u�e�n�c�y� �s�e�t� �b�y� �t�h�e� �o�p�e�r�a�t�o�r�.� 

�T�h�e� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �l�a�s�e�r� �i�s� �m�u�c�h� �m�o�r�e� �s�u�b�j�e�c�t� �t�o� �s�u�d�d�e�n� �a�n�d� �s�e�v�e�r�e� �l�o�s�s�e�s� �i�n� �d�a�t�a� 

�q�u�a�l�i�t�y� �i�n� �c�o�m�p�a�r�i�s�o�n� �t�o� �t�h�e� �f�o�r�c�e� �t�r�a�n�s�d�u�c�e�r�.� �T�o� �d�e�a�l� �w�i�t�h� �t�h�e�s�e� �p�o�o�r� �d�a�t�a� �p�o�i�n�t�s�,� �a� �m�o�r�e� 

�r�o�b�u�s�t� �r�e�g�r�e�s�s�i�o�n� �s�t�r�a�t�e�g�y� �t�h�a�n� �M�L�S�,� �M�-�e�s�t�i�m�a�t�i�o�n�,� �w�a�s� �i�m�p�l�e�m�e�n�t�e�d� �u�s�i�n�g� �t�h�e� �I�t�e�r�a�t�e�d� 

�R�e�w�e�i�g�h�t�e�d� �L�e�a�s�t� �S�q�u�a�r�e�s� �(�I�R�L�S�)� �a�l�g�o�r�i�t�h�m�.� �T�h�i�s� �m�e�t�h�o�d� �d�o�w�n�-�w�e�i�g�h�t�s� �d�a�t�a� �t�h�a�t� �p�o�o�r�l�y� 

�f�o�l�l�o�w�s� �t�h�e� �o�t�h�e�r� �d�a�t�a� �s�o� �t�h�a�t� �t�h�e� �e�f�f�e�c�t�s� �o�f� �d�r�o�p�o�u�t�s� �o�n� �t�h�e� �f�i�n�a�l� �s�o�l�u�t�i�o�n� �i�s� �m�i�n�i�m�i�z�e�d�.� 

�A�f�t�e�r� �t�h�e� �s�c�a�l�i�n�g� �p�r�o�c�e�s�s� �m�e�n�t�i�o�n�e�d� �i�n� �s�e�c�t�i�o�n� �2�.�3�.�3�.�1�,� �t�h�e� �f�i�n�a�l� �r�e�s�u�l�t� �o�f� �t�h�i�s� �e�s�t�i�m�a�t�i�o�n� �i�s� 

�r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �v�a�l�u�e�s� �o�f� �t�h�e� �v�e�l�o�c�i�t�y� �a�s� �m�e�a�s�u�r�e�d� �b�y� �t�h�e� �s�c�a�n�n�i�n�g� �l�a�s�e�r� �(�D�o�m�i�n�g�u�e�z� 

�1�9�9�4�:� �6�1�-�6�2�)�.� 
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�T�h�e� �e�r�r�o�r� �t�e�r�m� �i�n� �e�q�u�a�t�i�o�n� �2�.�3�.�3�.�2�.�1� �i�s� �u�s�e�f�u�l� �a�s� �a� �m�e�a�s�u�r�e� �o�f� �s�i�g�n�a�l� �q�u�a�l�i�t�y� �m�u�c�h� 

�i�n� �t�h�e� �s�a�m�e� �w�a�y� �a� �c�o�h�e�r�e�n�c�e� �t�e�r�m� �i�s� �u�s�e�f�u�l� �f�o�r� �w�e�i�g�h�t�i�n�g� �t�h�e� �q�u�a�l�i�t�y� �o�f� �d�a�t�a� �i�n� �a� 

�f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �f�u�n�c�t�i�o�n�.� �T�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �e�r�r�o�r� �t�e�r�m� �r�e�l�a�t�i�v�e� �t�o� �t�h�e� �m�a�g�n�i�t�u�d�e� 

�o�f� �t�h�e� �v�e�l�o�c�i�t�y� �e�s�t�i�m�a�t�e�s� �i�n�d�i�c�a�t�e�s� �t�h�e� �d�e�g�r�e�e� �t�o� �w�h�i�c�h� �t�h�e� �s�i�n�u�s�o�i�d�a�l� �m�o�d�e�l� �f�i�t�s� �t�h�e� �a�c�t�u�a�l� 

�d�a�t�a�.� 

�2�.�3�.�3�.�3� �S�c�a�n�n�i�n�g� 

�T�h�e� �p�r�o�c�e�s�s� �o�f� �s�c�a�n�n�i�n�g� �i�n�v�o�l�v�e�s� �t�h�e� �G�C�I� �c�o�m�m�a�n�d�i�n�g� �t�h�e� �l�a�s�e�r� �u�n�i�t� �t�o� �m�o�v�e� �t�h�e� 

�l�a�s�e�r� �b�e�a�m� �o�v�e�r� �t�h�e� �s�u�r�f�a�c�e� �o�f� �t�h�e� �s�u�b�j�e�c�t� �a�n�d� �a�c�q�u�i�r�i�n�g� �d�a�t�a� �o�n�c�e� �t�h�e� �l�a�s�e�r� �h�a�s� �m�o�v�e�d�.� 

�T�h�e� �l�a�s�e�r� �s�o�u�r�c�e� �r�e�m�a�i�n�s� �f�i�x�e�d� �d�u�r�i�n�g� �s�c�a�n�n�i�n�g� �a�n�d� �m�o�t�i�o�n� �o�f� �t�h�e� �b�e�a�m� �i�s� �p�r�o�d�u�c�e�d� �b�y� 

�r�e�f�l�e�c�t�i�n�g� �t�h�e� �b�e�a�m� �o�f�f� �a� �p�a�i�r� �o�f� �m�i�r�r�o�r�s� �i�n�s�i�d�e� �t�h�e� �l�a�s�e�r� �u�n�i�t�.� �T�w�o� �m�i�r�r�o�r�s� �a�r�e� �u�s�e�d� �t�o� 

�a�n�g�l�e� �t�h�e� �l�a�s�e�r� �b�e�a�m� �i�n� �h�o�r�i�z�o�n�t�a�l� �a�n�d� �v�e�r�t�i�c�a�l� �p�l�a�n�e�s�.� �A�n�a�l�o�g� �i�n�p�u�t�s� �a�r�e� �s�u�p�p�l�i�e�d� �f�r�o�m� 

�t�h�e� �G�C�I� �t�o� �g�a�l�v�a�n�o�m�e�t�e�r�s� �i�n�s�i�d�e� �t�h�e� �l�a�s�e�r� �u�n�i�t� �t�h�a�t� �a�r�e� �a�t�t�a�c�h�e�d� �t�o� �t�h�e� �a�i�m�i�n�g� �m�i�r�r�o�r�s�.� 

�W�h�e�n� �a� �v�o�l�t�a�g�e� �i�s� �a�p�p�l�i�e�d� �t�o� �o�n�e� �o�f� �t�h�e�s�e� �g�a�l�v�a�n�o�m�e�t�e�r�s�,� �t�h�e� �g�a�l�v�a�n�o�m�e�t�e�r� �m�o�v�e�s� �a�n�d� �t�h�e� 

�a�t�t�a�c�h�e�d� �m�i�r�r�o�r� �m�o�v�e�s� �w�i�t�h� �i�t� �t�o� �a�i�m� �t�h�e� �b�e�a�m� �a�t� �a� �p�a�r�t�i�c�u�l�a�r� �l�o�c�a�t�i�o�n�.� �C�o�m�b�i�n�a�t�i�o�n�s� �o�f� 

�i�n�p�u�t�s� �t�o� �t�h�e� �h�o�r�i�z�o�n�t�a�l� �a�n�d� �v�e�r�t�i�c�a�l� �m�i�r�r�o�r�s� �a�r�e� �u�s�e�d� �t�o� �t�a�r�g�e�t� �o�f�f� �a�x�i�s� �l�o�c�a�t�i�o�n�s�.� 
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�C�h�a�p�t�e�r� �T�h�r�e�e� 

�P�r�o�c�e�d�u�r�e�s� 

�T�h�e� �f�o�l�l�o�w�i�n�g� �o�u�t�l�i�n�e�s� �t�h�e� �p�r�o�c�e�d�u�r�e�s� �u�s�e�d� �t�o� �a�c�q�u�i�r�e� �a�n�d� �a�n�a�l�y�z�e� �d�a�t�a� �u�s�e�d� �t�o� 

�f�o�r�m�u�l�a�t�e� �t�h�e� �r�e�s�u�l�t�s� �o�f� �s�e�c�t�i�o�n� �f�o�u�r�.� �F�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �d�a�t�a� �w�a�s� �a�c�q�u�i�r�e�d� �f�r�o�m� �a� �s�t�e�e�l� 

�b�e�a�m� �u�s�i�n�g� �t�h�e� �s�c�a�n�n�i�n�g� �l�a�s�e�r� �v�e�l�o�c�i�m�e�t�e�r� �a�s� �w�e�l�l� �a�s� �a�n� �a�c�c�e�l�e�r�o�m�e�t�e�r�.� �N�a�t�u�r�a�l� 

�f�r�e�q�u�e�n�c�i�e�s�,� �d�a�m�p�i�n�g� �v�a�l�u�e�s�,� �a�n�d� �m�o�d�e� �s�h�a�p�e�s� �w�e�r�e� �o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�i�s� �d�a�t�a� �b�y� �c�u�r�v�e� 

�f�i�t�t�i�n�g� �t�h�e� �d�a�t�a�.� 

�A� �b�e�a�m� �w�a�s� �c�h�o�s�e�n� �a�s� �t�h�e� �s�u�b�j�e�c�t� �o�n� �w�h�i�c�h� �t�o� �p�e�r�f�o�r�m� �a� �m�o�d�a�l� �a�n�a�l�y�s�i�s� �u�s�i�n�g� �t�h�e� 

�f�i�x�e�d�-�p�o�l�e�s� �m�e�t�h�o�d�.� �T�h�e� �s�i�m�p�l�e� �g�e�o�m�e�t�r�y� �o�f� �a� �b�e�a�m� �m�a�d�e� �a�n�g�l�e� �c�o�r�r�e�c�t�i�o�n�s� �t�o� �t�h�e� �l�a�s�e�r� 

�m�e�a�s�u�r�e�m�e�n�t�s�,� �a�s� �d�e�s�c�r�i�b�e�d� �i�n� �s�e�c�t�i�o�n� �3�.�1�.�2�.�3�,� �s�t�r�a�i�g�h�t�f�o�r�w�a�r�d�.� �A�d�d�i�t�i�o�n�a�l�l�y�,� �t�h�e� �m�o�d�e�s� 

�o�f� �v�i�b�r�a�t�i�o�n� �o�f� �a� �b�e�a�m� �c�a�n� �b�e� �d�e�t�e�r�m�i�n�e�d� �f�r�o�m� �b�e�a�m� �d�y�n�a�m�i�c� �t�h�e�o�r�y� �f�o�r� �c�o�m�p�a�r�i�s�o�n� �t�o� 

�e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s�.� 

�3�.�1� �E�x�p�e�r�i�m�e�n�t�a�l� �P�r�o�c�e�d�u�r�e� 

�T�h�e� �p�r�o�c�e�d�u�r�e�s� �r�e�l�a�t�i�n�g� �t�o� �a�c�q�u�i�r�i�n�g� �d�a�t�a� �r�e�l�a�t�i�n�g� �t�o� �t�h�e� �s�t�e�e�l� �b�e�a�m� �t�e�s�t� �s�p�e�c�i�m�e�n� 

�a�r�e� �d�e�s�c�r�i�b�e�d� �b�e�l�o�w�.� �F�o�u�r� �t�y�p�e�s� �o�f� �d�a�t�a� �w�e�r�e� �a�c�q�u�i�r�e�d� �i�n� �t�h�e� �q�u�a�n�t�i�t�i�e�s� �i�n�d�i�c�a�t�e�d� �b�e�l�o�w�:� 

�¢� �5� �a�c�c�e�l�e�r�o�m�e�t�e�r� �b�a�s�e�d� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �f�u�n�c�t�i�o�n�s�,� 
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�¢� �5� �a�c�c�e�l�e�r�o�m�e�t�e�r� �c�o�h�e�r�e�n�c�e� �f�u�n�c�t�i�o�n�s� �f�o�r� �t�h�e� �F�R�F�s�,� 

�¢� �3�1� �v�e�l�o�c�i�t�y� �m�a�g�n�i�t�u�d�e� �a�n�d� �p�h�a�s�e� �e�s�t�i�m�a�t�e�s� �f�r�o�m� �t�h�e� �S�L�V� �a�t� �4�7�2� �l�o�c�a�t�i�o�n�s�,� �a�n�d� 

�e� �3�1� �e�s�t�i�m�a�t�e�s� �o�f� �t�h�e� �f�o�r�c�e� �m�a�g�n�i�t�u�d�e� �d�u�r�i�n�g� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �o�f� �t�h�e� �v�e�l�o�c�i�t�y� �w�i�t�h� �t�h�e� 

�S�L�V� �a�t� �e�a�c�h� �o�f� �t�h�e� �4�7�2� �l�o�c�a�t�i�o�n�s�.� 

�3�.�1�.�1� �S�t�e�e�l� �B�e�a�m� 

�A� �s�l�e�n�d�e�r� �s�t�a�i�n�l�e�s�s� �s�t�e�e�l� �b�e�a�m� �w�a�s� �u�s�e�d� �a�s� �t�h�e� �s�u�b�j�e�c�t� �o�n� �w�h�i�c�h� �t�o� �p�e�r�f�o�r�m� �a� 

�m�o�d�a�l� �a�n�a�l�y�s�i�s�.� �T�h�e� �b�e�a�m� �w�a�s� �e�x�c�i�t�e�d� �b�y� �a�n� �e�l�e�c�t�r�o�-�m�a�g�n�e�t�i�c� �s�h�a�k�e�r�.� �A� �s�e�r�i�e�s� �o�f� 

�m�e�a�s�u�r�e�m�e�n�t�s� �o�f� �t�h�e� �v�e�l�o�c�i�t�y� �f�i�e�l�d� �o�f� �t�h�e� �b�e�a�m� �w�e�r�e� �p�e�r�f�o�r�m�e�d� �w�i�t�h� �t�h�e� �S�L�V�,� �e�a�c�h� �a�t� �a� 

�d�i�f�f�e�r�e�n�t� �e�x�c�i�t�a�t�i�o�n� �f�r�e�q�u�e�n�c�y�.� �I�n� �a�d�d�i�t�i�o�n� �t�o� �t�h�e� �l�a�s�e�r� �m�e�a�s�u�r�e�m�e�n�t�s�,� �s�e�v�e�r�a�l� 

�m�e�a�s�u�r�e�m�e�n�t�s� �o�f� �a� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �b�e�a�m� �w�e�r�e� �t�a�k�e�n� �w�i�t�h� �a�n� 

�a�c�c�e�l�e�r�o�m�e�t�e�r�.� 

�3�.�1�.�1�.�1� �S�u�b�j�e�c�t� �P�r�e�p�a�r�a�t�i�o�n� 

�T�h�e� �m�o�d�a�l� �a�n�a�l�y�s�i�s� �s�u�b�j�e�c�t� �w�a�s� �a� �5�5�x�3�x�1�/�4� �i�n�c�h� �b�e�a�m� �m�a�d�e� �o�f� �3�0�2� �s�t�a�i�n�l�e�s�s� �s�t�e�e�l�.� 

�T�h�e� �s�p�e�c�i�m�e�n� �w�a�s� �p�r�e�p�a�r�e�d� �f�o�r� �t�e�s�t�i�n�g� �b�y� �h�a�v�i�n�g� �t�h�r�e�e� �h�o�l�e�s� �d�r�i�l�l�e�d� �a�n�d� �t�a�p�p�e�d� �i�n�t�o� �o�n�e� 

�e�n�d� �(�h�e�r�e�a�f�t�e�r� �r�e�f�e�r�r�e�d� �t�o� �a�s� �t�h�e�  ��t�o�p �� �e�n�d� �o�f� �t�h�e� �b�e�a�m�)�.� �T�h�e� �h�o�l�e�s� �w�e�r�e� �d�r�i�l�l�e�d� �t�h�r�o�u�g�h� 

�t�h�e� �b�e�a�m� �a�n�d� �t�a�p�p�e�d� �w�i�t�h� �#�4�-�4�0� �t�h�r�e�a�d�s�.� �T�h�e� �h�o�l�e�s� �w�e�r�e� �l�i�n�e�d� �u�p� �a�l�o�n�g� �t�h�e� �t�o�p� �e�d�g�e� �o�f� 

�t�h�e� �b�e�a�m� �a�n�d� �a�r�e� �i�l�l�u�s�t�r�a�t�e�d� �i�n� �f�i�g�u�r�e� �2�.� 
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�3�.�1�.�1�.�2� �S�u�b�j�e�c�t� �S�u�p�p�o�r�t� 

�T�h�e� �b�e�a�m� �w�a�s� �s�u�p�p�o�r�t�e�d� �b�y� �s�e�v�e�r�a�l� �s�t�r�a�n�d�s� �o�f� �t�h�i�n� �l�i�n�e� �w�r�a�p�p�e�d� �a�r�o�u�n�d� �a� �s�t�u�d� 

�t�h�r�e�a�d�e�d� �i�n�t�o� �t�h�e� �c�e�n�t�e�r� �h�o�l�e� �i�n� �t�h�e� �t�o�p� �o�f� �t�h�e� �b�e�a�m� �s�o� �t�o� �s�i�m�u�l�a�t�e� �a� �f�r�e�e�-�f�r�e�e� �e�n�d� 

�c�o�n�d�i�t�i�o�n�.� �A� �f�r�e�e�-�f�r�e�e� �c�o�n�f�i�g�u�r�a�t�i�o�n� �i�s� �p�r�e�f�e�r�a�b�l�e� �t�o� �o�t�h�e�r� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �s�i�n�c�e� �i�t� �i�s� 

�e�a�s�i�l�y� �r�e�p�e�a�t�e�d�.� �T�h�e� �s�u�p�p�o�r�t� �l�i�n�e� �w�a�s� �a�t�t�a�c�h�e�d� �t�o� �a�n� �o�v�e�r�h�e�a�d� �h�o�o�k� �a�n�d� �t�h�e� �w�e�i�g�h�t� �o�f� �t�h�e� 

�s�p�e�c�i�m�e�n� �w�a�s� �f�u�l�l�y� �s�u�p�p�o�r�t�e�d� �b�y� �t�h�e� �l�i�n�e�.� �A� �f�l�a�t� �s�e�c�t�i�o�n� �o�f� �f�o�a�m� �w�a�s� �p�l�a�c�e�d� �u�n�d�e�r� �t�h�e� 

�b�e�a�m� �t�o� �p�r�e�v�e�n�t� �i�t� �f�r�o�m� �s�w�a�y�i�n�g� �e�x�c�e�s�s�i�v�e�l�y� �w�h�i�l�e� �s�u�p�p�o�r�t�e�d�.� 

�3�.�1�.�2� �F�r�e�q�u�e�n�c�y� �R�e�s�p�o�n�s�e� �M�e�a�s�u�r�e�m�e�n�t�s� 

�F�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �m�e�a�s�u�r�e�m�e�n�t�s� �w�e�r�e� �a�c�q�u�i�r�e�d� �f�r�o�m� �t�h�e� �b�e�a�m� �w�i�t�h� �t�w�o� 

�v�i�b�r�a�t�i�o�n� �t�r�a�n�s�d�u�c�e�r�s�;� �a� �s�c�a�n�n�i�n�g� �l�a�s�e�r� �v�e�l�o�c�i�m�e�t�e�r� �(�S�L�V�)� �a�n�d� �a�n� �a�c�c�e�l�e�r�o�m�e�t�e�r�.� �T�h�e� 

�s�e�t�u�p� �o�f� �t�h�e� �b�e�a�m� �a�n�d� �a�n�y�t�h�i�n�g� �t�o�u�c�h�i�n�g� �i�t� �r�e�m�a�i�n�e�d� �t�h�e� �s�a�m�e� �d�u�r�i�n�g� �a�l�l� �t�e�s�t�s� �s�o� �t�h�a�t� �t�h�e� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �t�h�e� �b�e�a�m� �r�e�m�a�i�n�e�d� �f�i�x�e�d� �d�u�r�i�n�g� �t�e�s�t�i�n�g�.� �T�h�i�s� �r�e�q�u�i�r�e�m�e�n�t� �o�f� �t�h�e� �f�i�x�e�d� 

�q�u�a�l�i�t�i�e�s� �o�f� �t�h�e� �b�e�a�m� �m�e�a�n�t� �t�h�a�t� �t�h�e� �a�c�c�e�l�e�r�o�m�e�t�e�r� �h�a�d� �t�o� �r�e�m�a�i�n� �a�f�f�i�x�e�d� �i�n� �t�h�e� �s�a�m�e� 

�l�o�c�a�t�i�o�n� �o�n� �t�h�e� �b�e�a�m� �d�u�r�i�n�g� �b�o�t�h� �a�c�c�e�l�e�r�o�m�e�t�e�r� �m�e�a�s�u�r�e�m�e�n�t�s� �a�n�d� �S�L�V� �m�e�a�s�u�r�e�m�e�n�t�s�.� 

�A�n� �e�l�e�c�t�r�o�m�a�g�n�e�t�i�c� �s�h�a�k�e�r� �w�a�s� �u�s�e�d� �t�o� �i�n�p�u�t� �f�o�r�c�e� �i�n�t�o� �t�h�e� �b�e�a�m� �d�u�r�i�n�g� �b�o�t�h� �S�L�V� �a�n�d� 

�a�c�c�e�l�e�r�o�m�e�t�e�r� �t�e�s�t�i�n�g�.� �A�d�d�i�t�i�o�n�a�l�l�y�,� �t�h�e� �s�a�m�e� �f�o�r�c�e� �t�r�a�n�s�d�u�c�e�r� �w�a�s� �u�s�e�d� �t�o� �m�e�a�s�u�r�e� �t�h�e� 

�i�n�p�u�t� �f�o�r�c�e� �d�u�r�i�n�g� �b�o�t�h� �t�y�p�e�s� �o�f� �t�e�s�t�i�n�g� �s�o�,� �b�y� �n�e�c�e�s�s�i�t�y�,� �t�h�e� �f�o�r�c�e� �t�r�a�n�s�d�u�c�e�r� �a�n�d� �s�h�a�k�e�r� 

�r�e�m�a�i�n�e�d� �i�n� �a� �c�o�n�s�t�a�n�t� �a�r�r�a�n�g�e�m�e�n�t� �d�u�r�i�n�g� �a�l�l� �t�e�s�t�i�n�g�.� 

�T�h�e� �s�o�u�r�c�e� �o�f� �e�x�c�i�t�a�t�i�o�n� �f�o�r� �t�h�e� �b�e�a�m� �w�a�s� �a�n� �e�l�e�c�t�r�o�m�a�g�n�e�t�i�c� �s�h�a�k�e�r� �a�t�t�a�c�h�e�d� 

�t�h�r�o�u�g�h� �a� �b�a�l�l� �j�o�i�n�t�e�d� �r�o�d� �a�n�d� �a� �f�o�r�c�e� �t�r�a�n�s�d�u�c�e�r�.� �T�h�e� �c�o�n�n�e�c�t�i�o�n� �o�f� �t�h�e� �s�h�a�k�e�r� �t�o� �t�h�e� 

�b�e�a�m� �i�s� �i�l�l�u�s�t�r�a�t�e�d� �i�n� �f�i�g�u�r�e� �3�.� �T�h�e� �c�o�n�n�e�c�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� �s�h�a�k�e�r� �a�n�d� �t�h�e� �b�e�a�m� �w�a�s� �a� 
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�C�h�a�p�t�e�r� �3� �4�1



�l�o�n�g�,� �t�h�i�n� �r�o�d� �w�i�t�h� �a� �b�a�l�l� �j�o�i�n�t� �a�t� �e�a�c�h� �e�n�d�.� �T�h�e� �b�a�l�l� �j�o�i�n�t�s� �p�r�e�v�e�n�t�e�d� �t�h�e� �r�o�d� �f�r�o�m� �p�l�a�c�i�n�g� 

�a� �t�o�r�q�u�e� �o�r� �a� �b�e�n�d�i�n�g� �l�o�a�d� �o�n� �t�h�e� �b�e�a�m�.� 

�T�h�e� �i�n�p�u�t� �s�i�g�n�a�l� �t�o� �t�h�e� �s�h�a�k�e�r� �w�a�s� �a� �s�i�n�e� �w�a�v�e� �w�i�t�h� �t�h�e� �f�r�e�q�u�e�n�c�y� �m�a�n�u�a�l�l�y� �s�e�t� �b�y� 

�t�h�e� �o�p�e�r�a�t�o�r� �o�n� �a� �H�e�w�l�e�t�t� �P�a�c�k�a�r�d� �3�3�2�4�A� �s�i�g�n�a�l� �g�e�n�e�r�a�t�o�r�.� �A� �H�a�r�m�o�n� �K�a�r�d�o�n� �a�m�p�l�i�f�i�e�r� 

�w�a�s� �u�s�e�d� �t�o� �a�m�p�l�i�f�y� �t�h�e� �s�i�g�n�a�l�.� �T�h�e� �e�x�c�i�t�a�t�i�o�n� �f�r�e�q�u�e�n�c�y� �w�a�s� �i�n�p�u�t� �t�o� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� 

�s�o�f�t�w�a�r�e� �d�u�r�i�n�g� �e�a�c�h� �t�e�s�t�.� �A� �s�c�h�e�m�a�t�i�c� �o�f� �t�h�e� �t�e�s�t� �a�s�s�e�m�b�l�y� �i�s� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �4�.� 

�3�.�1�.�2�.�1� �I�n�p�u�t� �F�o�r�c�e� �M�e�a�s�u�r�e�m�e�n�t� 

�T�h�e� �f�o�r�c�e� �i�n�p�u�t� �i�n�t�o� �t�h�e� �b�e�a�m� �w�a�s� �m�e�a�s�u�r�e�d� �w�i�t�h� �a� �K�i�s�t�l�e�r� �f�o�r�c�e� �t�r�a�n�s�d�u�c�e�r� �(�S�/�N� 

�0�2�5�8�2�0�)� �l�o�c�a�t�e�d� �b�e�t�w�e�e�n� �t�h�e� �s�h�a�k�e�r� �a�n�d� �t�h�e� �s�p�e�c�i�m�e�n�.� �T�h�e� �f�o�r�c�e� �t�r�a�n�s�d�u�c�e�r� �w�a�s� �s�c�r�e�w�e�d� 

�t�o� �a� �s�t�u�d� �t�h�a�t� �w�a�s� �s�c�r�e�w�e�d� �i�n�t�o� �a� �t�a�p�p�e�d� �h�o�l�e� �o�n� �t�h�e� �o�u�t�e�r� �e�d�g�e� �o�f� �t�h�e� �b�e�a�m�.� �T�h�i�s� �s�e�t�u�p� �i�s� 

�s�h�o�w�n� �i�n� �d�e�t�a�i�l� �i�n� �f�i�g�u�r�e� �3�.� 

�T�h�e� �s�i�g�n�a�l� �g�e�n�e�r�a�t�e�d� �b�y� �t�h�e� �f�o�r�c�e� �t�r�a�n�s�d�u�c�e�r� �w�a�s� �a�m�p�l�i�f�i�e�d� �a�n�d� �f�i�l�t�e�r�e�d� �t�h�r�o�u�g�h� �a�n� 

�e�i�g�h�t�-�p�o�l�e� �B�u�t�t�e�r�w�o�r�t�h� �l�o�w�-�p�a�s�s� �f�i�l�t�e�r�.� �T�h�e� �f�i�l�t�e�r� �s�e�t�t�i�n�g�s� �(�e�x�c�e�p�t� �f�o�r� �g�a�i�n�)� �w�e�r�e� �a�l�l� �s�e�t� �t�o� 

�b�e� �t�h�e� �s�a�m�e� �a�s� �t�h�o�s�e� �o�p�e�r�a�t�i�n�g� �o�n� �t�h�e� �v�e�l�o�c�i�t�y� �s�i�g�n�a�l�.� �P�h�a�s�e� �s�h�i�f�t�s� �a�n�d� �a�m�p�l�i�t�u�d�e� �c�h�a�n�g�e�s� 

�c�a�u�s�e�d� �b�y� �t�h�e� �f�i�l�t�e�r�s� �w�e�r�e� �c�a�n�c�e�l�e�d� �w�h�e�n� �t�h�e� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �f�u�n�c�t�i�o�n� �w�a�s� �c�a�l�c�u�l�a�t�e�d� 

�s�i�n�c�e� �b�o�t�h� �t�h�e� �f�i�l�t�e�r�s� �o�n� �b�o�t�h� �t�h�e� �v�e�l�o�c�i�t�y� �a�n�d� �f�o�r�c�e� �c�h�a�n�n�e�l�s� �w�e�r�e� �m�a�t�c�h�e�d�.� 

�C�h�a�p�t�e�r� �3� �4�2
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�F�i�g�u�r�e� �4�:� �S�c�h�e�m�a�t�i�c� �o�f� �T�e�s�t� �S�e�t�u�p� 

�C�h�a�p�t�e�r� �3� �4�3



�3�.�1�.�2�.�2�.� �S�c�a�n�n�i�n�g� �L�a�s�e�r� �V�e�l�o�c�i�m�e�t�e�r� �M�e�a�s�u�r�e�m�e�n�t�s� 

�T�h�e� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �s�t�e�e�l� �b�e�a�m� �w�a�s� �m�e�a�s�u�r�e�d� �a�t� �4�7�2� �p�o�i�n�t�s� �o�n� �t�h�e� �s�u�r�f�a�c�e� �o�f� �t�h�e� 

�b�e�a�m�.� �T�h�e� �f�o�r�c�e� �i�n�p�u�t� �w�a�s� �a� �s�i�n�g�l�e� �f�r�e�q�u�e�n�c�y� �s�i�n�u�s�o�i�d� �a�n�d� �t�h�e� �r�e�s�p�o�n�s�e� �w�a�s� �m�e�a�s�u�r�e�d� 

�w�i�t�h� �a� �s�c�a�n�n�i�n�g� �l�a�s�e�r� �v�e�l�o�c�i�m�e�t�e�r� �(�S�L�V�)� �p�r�o�g�r�a�m�m�e�d� �t�o� �r�e�t�u�r�n� �t�o� �e�a�c�h� �o�f� �t�h�e� �4�7�2� 

�l�o�c�a�t�i�o�n�s� �d�u�r�i�n�g� �s�u�b�s�e�q�u�e�n�t� �t�e�s�t�s�.� �T�h�e� �t�a�s�k� �o�f� �m�o�v�i�n�g� �t�h�e� �l�a�s�e�r� �a�n�d� �a�c�q�u�i�r�i�n�g� �d�a�t�a� �w�a�s� 

�p�e�r�f�o�r�m�e�d� �b�y� �t�h�e� �G�a�l�a�c�t�i�c� �C�l�a�s�s� �I�n�t�e�r�f�a�c�e� �(�G�C�I�)� �a�s� �d�e�s�c�r�i�b�e�d� �i�n� �s�e�c�t�i�o�n� �2�.�3�.�3�.� 

�M�e�a�s�u�r�e�m�e�n�t�s� �w�e�r�e� �p�e�r�f�o�r�m�e�d� �3�1� �d�i�f�f�e�r�e�n�t� �t�i�m�e�s� �w�i�t�h� �t�h�e� �b�e�a�m� �b�e�i�n�g� �s�h�a�k�e�n� �a�t� �a� 

�d�i�f�f�e�r�e�n�t� �f�r�e�q�u�e�n�c�y� �e�a�c�h� �t�i�m�e�.� �F�i�g�u�r�e� �5� �s�h�o�w�s� �a�n� �F�R�F� �w�i�t�h� �S�L�V� �m�e�a�s�u�r�e�m�e�n�t� �f�r�e�q�u�e�n�c�y� 

�l�o�c�a�t�i�o�n�s� �m�a�r�k�e�d� �w�i�t�h� �a�n�  ��x �� �a�n�d� �t�h�e� �l�o�c�a�t�i�o�n� �o�f� �r�e�s�o�n�a�n�c�e�s� �i�n�d�i�c�a�t�e�d� �b�y� �m�a�g�n�i�t�u�d�e� 

�p�e�a�k�s� �a�n�d� �p�h�a�s�e� �c�h�a�n�g�e�s�.� 

�3�.�1�.�2�.�2�.�1� �A�i�m�i�n�g� 

�T�h�e� �S�L�V� �w�a�s� �a�l�i�g�n�e�d� �s�o� �t�h�a�t� �i�t� �w�o�u�l�d� �b�e� �a�p�p�r�o�x�i�m�a�t�e�l�y� �c�e�n�t�e�r�e�d� �a�n�d� �s�q�u�a�r�e� �w�i�t�h� 

�t�h�e� �b�e�a�m�,� �a�s� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �6�.� �A�l�i�g�n�i�n�g� �t�h�e� �S�L�V� �a�n�d� �b�e�a�m� �r�e�s�u�l�t�e�d� �i�n� �s�i�m�p�l�i�f�y�i�n�g� �p�o�s�t� 

�p�r�o�c�e�s�s�i�n�g� �o�f� �t�h�e� �d�a�t�a� �a�n�d� �a�l�l�o�w�e�d� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �g�r�i�d� �t�o� �b�e� �a�l�i�g�n�e�d� �w�i�t�h� �t�h�e� �b�e�a�m�.� 

�T�h�e� �G�C�I� �w�a�s� �u�s�e�d� �t�o� �c�o�n�t�r�o�l� �t�h�e� �a�i�m�i�n�g� �o�f� �t�h�e� �l�a�s�e�r�.� �A� �g�r�i�d� �o�f� �4�7�2� �(�8� �b�y� �5�9�)� 

�m�e�a�s�u�r�e�m�e�n�t� �l�o�c�a�t�i�o�n�s� �w�a�s� �p�r�o�g�r�a�m�m�e�d� �a�n�d� �t�h�e� �G�C�I� �a�i�m�e�d� �t�h�e� �l�a�s�e�r� �d�u�r�i�n�g� �t�e�s�t�i�n�g�.� 

�3�.�1�.�2�.�2�.�2� �D�a�t�a� �A�c�q�u�i�s�i�t�i�o�n� 

�T�h�e� �G�C�I� �w�a�s� �u�s�e�d� �t�o� �m�e�a�s�u�r�e� �t�h�e� �f�o�r�c�e� �a�n�d� �v�e�l�o�c�i�t�y� �s�i�g�n�a�l�s� �a�n�d� �a�l�s�o� �t�o� �e�s�t�i�m�a�t�e� �|� 

�t�h�e� �m�a�g�n�i�t�u�d�e� �a�n�d� �p�h�a�s�e� �o�f� �t�h�e�s�e� �s�i�g�n�a�l�s� �t�h�r�o�u�g�h� �d�a�t�a� �f�i�t�t�i�n�g� �a�l�g�o�r�i�t�h�m�s�.� �E�a�c�h� �s�i�g�n�a�l� �w�a�s� 

�f�i�t� �t�o� �a� �s�i�n�u�s�o�i�d� �u�s�i�n�g� �a� �l�e�a�s�t� �s�q�u�a�r�e�s� �a�p�p�r�o�a�c�h�.� �D�e�t�a�i�l�s� �o�f� �t�h�e� �d�a�t�a� �f�i�t�t�i�n�g� �a�l�g�o�r�i�t�h�m�s� 
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�e�m�p�l�o�y�e�d� �b�y� �t�h�e� �G�C�I� �a�r�e� �d�e�s�c�r�i�b�e�d� �i�n� �s�e�c�t�i�o�n� �2�.�2�.�1� �a�n�d� �t�h�e� �r�e�f�e�r�e�n�c�e�d� �l�i�t�e�r�a�t�u�r�e�.� �A�s� 

�d�e�s�c�r�i�b�e�d�,� �t�h�e� �G�C�I� �f�i�t� �a� �s�i�n�u�s�o�i�d� �o�f� �t�h�e� �f�r�e�q�u�e�n�c�y� �a�t� �w�h�i�c�h� �t�h�e� �s�t�r�u�c�t�u�r�e� �w�a�s� �s�h�a�k�i�n�g� �t�o� 

�t�h�e� �f�o�r�c�e� �t�r�a�n�s�d�u�c�e�r� �r�e�s�p�o�n�s�e�.� �T�h�e� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �f�o�r�c�e� �t�r�a�n�s�d�u�c�e�r� 

�w�e�r�e� �e�s�t�i�m�a�t�e�d�,� �a�n�d� �t�h�e� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �c�o�m�p�o�n�e�n�t�s� �o�f� �t�h�e� �r�e�s�p�o�n�s�e� �w�e�r�e� �c�a�l�c�u�l�a�t�e�d� 

�r�e�l�a�t�i�v�e� �t�o� �t�h�e� �i�n�p�u�t� �.� �T�h�e� �i�m�a�g�i�n�a�r�y� �c�o�m�p�o�n�e�n�t� �o�f� �t�h�e� �f�o�r�c�e� �s�i�g�n�a�l� �w�a�s� �e�l�i�m�i�n�a�t�e�d� �b�y� 

�m�u�l�t�i�p�l�y�i�n�g� �t�h�e� �c�o�m�p�l�e�x� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �f�o�r�c�e� �s�i�g�n�a�l� �b�y� �i�t�s� �c�o�m�p�l�e�x� �c�o�n�j�u�g�a�t�e�.� �A�n� 

�e�q�u�a�l� �s�c�a�l�i�n�g� �f�a�c�t�o�r� �w�a�s� �a�p�p�l�i�e�d� �t�o� �t�h�e� �c�o�m�p�l�e�x� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �v�e�l�o�c�i�t�y� �r�e�s�p�o�n�s�e� �s�o� 

�t�o� �m�a�i�n�t�a�i�n� �t�h�e� �p�h�a�s�e� �r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �t�h�e� �f�o�r�c�e� �a�n�d� �v�e�l�o�c�i�t�y� �s�i�g�n�a�l�s�.� �T�h�e� �f�i�n�a�l� 

�o�u�t�p�u�t� �o�f� �t�h�e� �G�C�I� �w�a�s�,� �t�h�e�r�e�f�o�r�e�,� �a� �c�o�m�p�l�e�x� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �v�e�l�o�c�i�t�y� �a�n�d� �a� �r�e�a�l� 

�r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �i�n�p�u�t� �f�o�r�c�e� �f�o�r� �e�a�c�h� �m�e�a�s�u�r�e�m�e�n�t� �l�o�c�a�t�i�o�n� �a�t� �e�a�c�h� �f�r�e�q�u�e�n�c�y�.� 

�A�d�d�i�t�i�o�n�a�l�l�y�,� �t�h�e� �G�C�I� �o�u�t�p�u�t� �a� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n� �o�f� �t�h�e� �e�r�r�o�r� �b�e�t�w�e�e�n� �t�h�e� �a�n�a�l�y�t�i�c�a�l� 

�m�o�d�e�l� �o�f� �t�h�e� �r�e�s�p�o�n�s�e� �a�n�d� �t�h�e� �m�e�a�s�u�r�e�d� �d�a�t�a�.� 

�3�.�1�.�2�.�2�.�3� �F�i�l�t�e�r�i�n�g� 

�V�e�l�o�c�i�t�y� �s�i�g�n�a�l�s� �c�o�n�t�a�i�n�e�d� �h�i�g�h� �f�r�e�q�u�e�n�c�y� �c�o�n�t�e�n�t� �t�h�a�t� �w�a�s� �e�l�i�m�i�n�a�t�e�d� �t�h�r�o�u�g�h� �t�h�e� 

�u�s�e� �o�f� �a�n� �e�i�g�h�t� �p�o�l�e� �b�u�t�t�e�r�w�o�r�t�h� �l�o�w� �p�a�s�s� �f�i�l�t�e�r� �i�n� �a� �F�r�e�q�u�e�n�c�y� �D�e�v�i�c�e�s� �m�o�d�e�l� �9�0�1�6� �f�i�l�t�e�r�.� 

�T�h�e� �f�o�r�c�e� �s�i�g�n�a�l� �w�a�s� �a�l�s�o� �f�i�l�t�e�r�e�d� �i�n� �o�r�d�e�r� �t�o� �e�l�i�m�i�n�a�t�e� �t�h�e� �e�f�f�e�c�t�s� �o�f� �t�h�e� �f�i�l�t�e�r� �o�n� �t�h�e� 

�f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �f�u�n�c�t�i�o�n�.� �A�d�d�i�t�i�o�n�a�l�l�y�,� �t�h�e� �g�a�i�n� �o�f� �t�h�e� �f�i�l�t�e�r� �w�a�s� �v�a�r�i�e�d� �i�n� �o�r�d�e�r� �t�o� 

�m�a�i�n�t�a�i�n� �t�h�e� �s�i�g�n�a�l� �a�m�p�l�i�t�u�d�e� �s�i�n�c�e� �t�h�e� �a�n�a�l�o�g� �t�o� �d�i�g�i�t�a�l� �c�o�n�v�e�r�t�e�r� �d�y�n�a�m�i�c� �r�a�n�g�e� �w�a�s� 

�f�i�x�e�d� �d�u�r�i�n�g� �t�e�s�t�i�n�g�.� �T�h�e� �e�f�f�e�c�t�s� �o�f� �a�l�l� �g�a�i�n�s� �w�e�r�e� �a�c�c�o�u�n�t�e�d� �f�o�r� �i�n� �p�o�s�t�-�p�r�o�c�e�s�s�i�n�g� �o�f� �t�h�e� 

�d�a�t�a�.� 
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�3�.�1�.�2�.�3� �A�c�c�e�l�e�r�o�m�e�t�e�r� �M�e�a�s�u�r�e�m�e�n�t�s� 

�F�i�v�e� �m�e�a�s�u�r�e�m�e�n�t�s� �o�f� �t�h�e� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �f�u�n�c�t�i�o�n� �a�t� �t�h�e� �d�r�i�v�i�n�g� �p�o�i�n�t� �w�e�r�e� 

�m�a�d�e� �w�i�t�h� �t�h�e� �a�c�c�e�l�e�r�o�m�e�t�e�r�.� �T�h�e�s�e� �f�i�v�e� �m�e�a�s�u�r�e�m�e�n�t�s� �v�a�r�i�e�d� �b�y� �t�h�e� �t�i�m�e� �i�n� �w�h�i�c�h� �t�h�e�y� 

�w�e�r�e� �m�a�d�e�,� �t�h�e� �i�n�p�u�t� �u�s�e�d�,� �a�n�d� �t�h�e� �f�r�e�q�u�e�n�c�y� �m�e�a�s�u�r�e�d�.� �T�h�e� �c�h�a�r�t� �b�e�l�o�w� �i�n�d�i�c�a�t�e�s� �h�o�w� 

�t�h�e� �m�e�a�s�u�r�e�m�e�n�t�s� �d�i�f�f�e�r�e�d�.� 
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�2� �A�f�t�e�r� �S�L�V� �T�e�s�t� �P�e�r�i�o�d�i�c� �C�h�i�r�p� �5�-�2�0�5� �H�z� 

�3� �A�f�t�e�r� �S�L�V� �T�e�s�t� �P�e�r�i�o�d�i�c� �C�h�i�r�p� �0�-�2�0�0� �H�z� 

�4� �A�f�t�e�r� �S�L�V� �T�e�s�t� �B�u�r�s�t� �C�h�i�r�p� �5�-�2�0�5� �H�z� 

�5� �A�f�t�e�r� �S�L�V� �T�e�s�t� �B�u�r�s�t� �R�a�n�d�o�m� �0�-�2�0�0� �H�z� � � � � � � � � � � � � 

�3�.�1�.�2�.�3�.�1� �I�n�p�u�t� �F�o�r�c�e�s� 

�T�h�r�e�e� �i�n�p�u�t� �f�o�r�c�e�s� �w�e�r�e� �u�s�e�d� �t�o� �m�e�a�s�u�r�e� �t�h�e� �d�r�i�v�i�n�g� �p�o�i�n�t� �F�R�F� �w�i�t�h� �a�n� 

�a�c�c�e�l�e�r�o�m�e�t�e�r�:� �P�e�r�i�o�d�i�c� �C�h�i�r�p�,� �B�u�r�s�t� �C�h�i�r�p�,� �a�n�d� �B�u�r�s�t� �R�a�n�d�o�m�.� �E�a�c�h� �i�n�p�u�t� �i�s� �i�l�l�u�s�t�r�a�t�e�d� 

�i�n� �f�i�g�u�r�e� �7�.� �T�h�e� �P�e�r�i�o�d�i�c� �C�h�i�r�p� �p�r�o�d�u�c�e�s� �a� �f�a�s�t� �s�i�n�e� �s�w�e�e�p� �a�c�r�o�s�s� �t�h�e� �f�r�e�q�u�e�n�c�y� �s�p�a�n� �i�n� 

�w�h�i�c�h� �f�r�e�q�u�e�n�c�y� �c�o�n�t�e�n�t� �e�x�i�s�t�s� �o�n�l�y� �a�t� �f�r�e�q�u�e�n�c�i�e�s� �t�h�a�t� �a�r�e� �m�e�a�s�u�r�e�d�.� �F�o�r� �e�x�a�m�p�l�e�,� �i�f� �a� 

�P�e�r�i�o�d�i�c� �C�h�i�r�p� �f�r�o�m� �0�-�1�0�0� �H�z� �w�e�r�e� �c�h�o�s�e�n� �a�n�d� �t�h�e� �s�p�e�c�t�r�u�m� �a�n�a�l�y�z�e�r� �a�c�q�u�i�r�e�d� �f�r�e�q�u�e�n�c�y� 

�r�e�s�p�o�n�s�e� �d�a�t�a� �a�t� �0�.�5� �H�z� �i�n�t�e�r�v�a�l�s�,� �t�h�e�n� �t�h�e� �s�i�n�e� �s�w�e�e�p� �w�o�u�l�d� �i�n�c�l�u�d�e� �o�n�l�y� �t�h�e� �f�r�e�q�u�e�n�c�i�e�s� 
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�0�.�5�,� �1�.�0�,� �1�.�5�,�.�.�.�,�9�9�.�0�,� �9�9�.�5�,� �1�0�0� �H�z�.� �I�n�p�u�t�t�i�n�g� �f�r�e�q�u�e�n�c�i�e�s� �o�n�l�y� �a�t� �t�h�e� �m�e�a�s�u�r�e�d� �f�r�e�q�u�e�n�c�i�e�s� 

�e�l�i�m�i�n�a�t�e�s� �l�e�a�k�a�g�e� �f�r�o�m� �t�h�e� �r�e�s�p�o�n�s�e� �d�a�t�a�.� 

�S�p�e�c�t�r�a�l� �l�e�a�k�a�g�e� �i�s� �t�h�e� �r�e�s�u�l�t� �o�f� �c�o�n�t�e�n�t� �i�n� �t�h�e� �t�i�m�e� �s�i�g�n�a�l� �t�h�a�t� �i�s� �n�o�t� �p�e�r�i�o�d�i�c� 

�w�i�t�h�i�n� �t�h�e� �t�i�m�e� �b�l�o�c�k� �w�h�e�n� �t�h�e� �s�i�g�n�a�l� �i�s� �b�e�i�n�g� �s�a�m�p�l�e�d�.� �A� �s�i�g�n�a�l� �w�h�o�s�e� �m�a�g�n�i�t�u�d�e� �i�s� 

�d�i�f�f�e�r�e�n�t� �a�t� �t�h�e� �e�n�d� �a�n�d� �b�e�g�i�n�n�i�n�g� �o�f� �a� �t�i�m�e� �b�l�o�c�k� �i�s� �n�o�t� �p�e�r�i�o�d�i�c� �i�n� �t�h�e� �t�i�m�e� �b�l�o�c�k�.� �T�h�e� 

�g�r�e�a�t�e�r� �t�h�e� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �b�e�g�i�n�n�i�n�g� �a�n�d� �e�n�d� �c�o�n�d�i�t�i�o�n�s�,� �t�h�e� �g�r�e�a�t�e�r� �t�h�e� �a�m�o�u�n�t� 

�o�f� �l�e�a�k�a�g�e� �i�n� �t�h�e� �F�o�u�r�i�e�r� �t�r�a�n�s�f�o�r�m� �o�f� �t�h�a�t� �s�i�g�n�a�l�.� 

�T�h�e� �r�e�s�u�l�t� �o�f� �l�e�a�k�a�g�e� �i�s� �a�n� �a�p�p�a�r�e�n�t� �i�n�c�r�e�a�s�e� �i�n� �t�h�e� �a�m�o�u�n�t� �o�f� �d�a�m�p�i�n�g� �i�n� �a�n� �F�R�F�.� 

�F�i�g�u�r�e� �8� �s�h�o�w�s� �a�n� �e�x�a�m�p�l�e� �o�f� �t�h�e� �F�o�u�r�i�e�r� �t�r�a�n�s�f�o�r�m� �o�f� �a� �n�o�n�-�p�e�r�i�o�d�i�c� �s�i�g�n�a�l� �a�n�d� �a� 

�p�e�r�i�o�d�i�c� �s�i�g�n�a�l�,� �w�h�e�r�e� �b�o�t�h� �s�i�g�n�a�l�s� �a�r�e� �o�f� �t�h�e� �s�a�m�e� �a�m�p�l�i�t�u�d�e� �i�n� �t�h�e� �t�i�m�e� �d�o�m�a�i�n�.� �T�h�e� 

�F�o�u�r�i�e�r� �t�r�a�n�s�f�o�r�m� �o�f� �t�h�e� �n�o�n�-�p�e�r�i�o�d�i�c� �s�i�g�n�a�l� �d�r�o�p�s� �o�f�f� �s�l�o�w�e�r� �t�h�a�n� �t�h�e� �p�e�r�i�o�d�i�c� �s�i�g�n�a�l� �a�n�d� 

�t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �n�o�n�-�p�e�r�i�o�d�i�c� �s�i�g�n�a�l� �i�s� �l�o�w�e�r� �a�t� �i�t�s� �f�u�n�d�a�m�e�n�t�a�l� �f�r�e�q�u�e�n�c�y�.� �T�h�e�s�e� 

�f�a�c�t�o�r�s� �c�o�m�b�i�n�e� �t�o� �p�r�o�d�u�c�e� �r�e�s�u�l�t�s� �w�i�t�h� �h�i�g�h�e�r� �d�a�m�p�i�n�g� �w�h�e�n� �m�o�d�a�l� �p�a�r�a�m�e�t�e�r�s� �a�r�e� 

�e�s�t�i�m�a�t�e�d� �f�r�o�m� �a�n� �F�R�F� �c�o�r�r�u�p�t�e�d� �w�i�t�h� �l�e�a�k�a�g�e�.� �M�i�n�i�m�i�z�i�n�g� �l�e�a�k�a�g�e� �i�s� �a�l�w�a�y�s� �d�e�s�i�r�a�b�l�e� 

�w�h�e�n� �m�e�a�s�u�r�i�n�g� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �f�u�n�c�t�i�o�n�s�.� 

�A� �B�u�r�s�t� �C�h�i�r�p� �i�s� �s�i�m�p�l�y� �a� �P�e�r�i�o�d�i�c� �C�h�i�r�p� �w�i�t�h� �a� �p�e�r�i�o�d� �o�f� �z�e�r�o� �f�o�r�c�e� �i�n�p�u�t� �a�f�t�e�r� 

�t�h�e� �i�n�p�u�t� �f�o�r�c�e� �h�a�s� �c�e�a�s�e�d�.� �T�h�e� �s�y�s�t�e�m ��s� �r�e�s�p�o�n�s�e� �b�e�g�i�n�s� �d�e�c�a�y�i�n�g� �a�f�t�e�r� �t�h�e� �f�o�r�c�e� �c�e�a�s�e�s� 

�a�n�d� �t�h�u�s� �w�h�e�n� �t�h�e� �t�i�m�e� �b�l�o�c�k� �e�n�d�s�,� �t�h�e� �r�e�s�p�o�n�s�e� �w�i�l�l� �b�e� �a�p�p�r�o�a�c�h�i�n�g� �z�e�r�o�.� �W�i�t�h� �t�h�e� �f�i�n�a�l� 

�r�e�s�p�o�n�s�e� �m�e�a�s�u�r�e�m�e�n�t� �b�e�i�n�g� �c�l�o�s�e� �t�o� �z�e�r�o�,� �t�h�e� �e�f�f�e�c�t� �o�f� �l�e�a�k�a�g�e� �d�u�e� �t�o� �a� �n�o�n�-�z�e�r�o� �e�n�d� 

�c�o�n�d�i�t�i�o�n� �i�n� �t�h�e� �r�e�s�p�o�n�s�e� �d�a�t�a� �h�e�l�p�s� �t�o� �r�e�d�u�c�e�s� �l�e�a�k�a�g�e�.� 

�A� �B�u�r�s�t� �R�a�n�d�o�m� �i�n�p�u�t�,� �l�i�k�e� �a� �B�u�r�s�t� �C�h�i�r�p�,� �c�o�n�t�a�i�n�s� �a� �p�e�r�i�o�d� �o�f� �f�o�r�c�e� �i�n�p�u�t� 

�f�o�l�l�o�w�e�d� �b�y� �a� �p�e�r�i�o�d� �o�f� �i�n�a�c�t�i�v�i�t�y�.� �T�h�e� �r�e�a�s�o�n� �f�o�r� �t�h�i�s� �p�a�u�s�e� �i�n� �t�h�e� �i�n�p�u�t� �f�o�r�c�e� �i�s� �t�h�e� �s�a�m�e� 
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�F�i�g�u�r�e� �8�:� �E�x�a�m�p�l�e� �o�f� �S�p�e�c�t�r�a�l� �L�e�a�k�a�g�e� 
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�a�s� �t�h�a�t� �f�o�r� �a� �B�u�r�s�t� �C�h�i�r�p�,� �r�e�d�u�c�t�i�o�n� �o�f� �l�e�a�k�a�g�e�.� �T�h�e� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �t�w�o� �i�n�p�u�t�s� �i�s� 

�t�h�a�t� �t�h�e� �p�e�r�i�o�d� �o�f� �f�o�r�c�e� �i�n�p�u�t� �c�o�n�s�i�s�t�s� �o�f� �a� �r�a�n�d�o�m� �f�o�r�c�e� �l�e�v�e�l� �a�n�d� �t�h�u�s�,� �t�h�e� �i�n�p�u�t� 

�f�r�e�q�u�e�n�c�i�e�s� �a�r�e� �r�a�n�d�o�m�.� �R�a�n�d�o�m� �i�n�p�u�t� �f�r�e�q�u�e�n�c�i�e�s� �m�e�a�n� �t�h�a�t� �s�o�m�e� �o�f� �t�h�e� �f�r�e�q�u�e�n�c�y� 

�c�o�n�t�e�n�t� �o�f� �t�h�e� �i�n�p�u�t� �i�s� �n�o�t� �e�q�u�a�l� �t�o� �t�h�e� �f�r�e�q�u�e�n�c�i�e�s� �m�e�a�s�u�r�e�d�.� �T�h�i�s� �r�e�s�u�l�t�s� �i�n� �l�e�a�k�a�g�e� �t�h�a�t� 

�d�i�s�t�o�r�t�s� �t�h�e� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �f�u�n�c�t�i�o�n�.� 

�3�.�1�.�2�.�3�.�2� �F�r�e�q�u�e�n�c�y� �S�p�a�n� 

�T�h�e� �f�r�e�q�u�e�n�c�y� �s�p�a�n� �v�a�r�i�e�d� �d�u�r�i�n�g� �t�e�s�t�i�n�g� �b�e�t�w�e�e�n� �0�-�2�0�0� �H�z� �a�n�d� �5�-�2�0�5� �H�z�.� �T�h�e� 

�c�h�i�r�p� �i�n�p�u�t�s� �c�o�n�s�i�s�t�e�d� �o�f� �f�a�s�t� �s�i�n�e� �s�w�e�e�p�s� �a�n�d� �t�h�i�s� �r�e�s�u�l�t�e�d� �i�n� �s�o�m�e� �t�r�o�u�b�l�e�s� �a�t� �l�o�w� 

�f�r�e�q�u�e�n�c�y�.� �A�t� �v�e�r�y� �l�o�w� �f�r�e�q�u�e�n�c�y�,� �s�h�a�k�i�n�g� �t�h�e� �b�e�a�m� �r�e�s�u�l�t�e�d� �i�n� �h�i�g�h� �a�m�p�l�i�t�u�d�e� �m�o�t�i�o�n�s� 

�a�t� �t�h�e� �b�o�t�t�o�m� �e�n�d� �o�f� �t�h�e� �b�e�a�m�.� �U�n�d�e�s�i�r�a�b�l�y� �l�a�r�g�e� �o�s�c�i�l�l�a�t�i�o�n�s� �a�r�e� �t�o� �b�e� �e�x�p�e�c�t�e�d� �s�i�n�c�e� �t�h�e� 

�i�m�p�e�d�a�n�c�e� �o�f� �t�h�e� �b�e�a�m� �i�s� �v�e�r�y� �h�i�g�h� �a�t� �l�o�w� �f�r�e�q�u�e�n�c�y�.� �T�h�e� �u�n�f�o�r�t�u�n�a�t�e� �r�e�s�u�l�t� �o�f� �t�h�i�s� �h�i�g�h� 

�a�m�p�l�i�t�u�d�e� �w�a�s� �t�h�a�t� �t�h�e� �b�e�a�m� �t�e�n�d�e�d� �t�o� �s�h�a�k�e� �i�t�s�e�l�f� �o�f�f� �t�h�e� �a�n�t�i�-�s�w�a�y� �f�o�a�m�.� �P�r�e�v�e�n�t�i�n�g� �t�h�e� 

�i�n�p�u�t� �f�r�e�q�u�e�n�c�y� �f�r�o�m� �d�r�o�p�p�i�n�g� �b�e�l�o�w� �5� �H�z� �h�e�l�p�e�d� �r�e�d�u�c�e� �t�h�i�s� �p�r�o�b�l�e�m�.� �T�h�e� �0�-�2�0�0� �H�z� 

�t�e�s�t� �w�i�t�h� �a� �P�e�r�i�o�d�i�c� �C�h�i�r�p� �i�n�p�u�t� �w�a�s� �p�e�r�f�o�r�m�e�d� �a�f�t�e�r� �o�t�h�e�r� �5�-�2�0�5� �H�z� �t�e�s�t�s� �i�n� �o�r�d�e�r� �t�o� 

�d�e�t�e�r�m�i�n�e� �i�f� �t�h�e� �0�-�5� �H�z� �r�e�g�i�o�n� �c�o�u�l�d� �a�d�d� �s�i�g�n�i�f�i�c�a�n�t�l�y� �t�o� �t�h�e� �r�e�s�u�l�t�s�.� 

�3�.�1�.�2�.�3�.�3� �D�a�t�a� �A�c�q�u�i�s�i�t�i�o�n� 

�A�c�c�e�l�e�r�o�m�e�t�e�r� �b�a�s�e�d� �F�R�F�s� �w�e�r�e� �m�e�a�s�u�r�e�d� �u�s�i�n�g� �a� �H�P� �3�5�6�6�5�A� �s�p�e�c�t�r�u�m� �a�n�a�l�y�z�e�r�.� 

�T�h�e� �a�n�a�l�y�z�e�r� �p�r�o�v�i�d�e�d� �t�h�e� �f�o�r�c�e� �i�n�p�u�t�s� �t�o� �t�h�e� �s�h�a�k�e�r� �d�u�r�i�n�g� �a�c�c�e�l�e�r�o�m�e�t�e�r� �t�e�s�t�i�n�g�.� 

�W�i�n�d�o�w�s� �w�e�r�e� �n�o�t� �u�s�e�d� �o�n� �t�h�e� �a�c�q�u�i�r�e�d� �d�a�t�a�.� 

�C�h�a�p�t�e�r� �3� �5�2



�3�.�2�.� �D�a�t�a� �A�n�a�l�y�s�i�s� 

�F�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �f�u�n�c�t�i�o�n�s� �w�e�r�e� �m�e�a�s�u�r�e�d� �f�r�o�m� �t�w�o� �s�o�u�r�c�e�s�,� �t�h�e� �s�c�a�n�n�i�n�g� �l�a�s�e�r� 

�v�e�l�o�c�i�m�e�t�e�r� �(�S�L�V�)� �a�n�d� �a�n� �a�c�c�e�l�e�r�o�m�e�t�e�r�.� �T�h�e� �S�L�V� �F�R�F�s� �w�e�r�e� �m�e�a�s�u�r�e�d� �a�t� �4�7�2� �l�o�c�a�t�i�o�n�s� 

�b�u�t� �c�o�n�t�a�i�n�e�d� �f�r�e�q�u�e�n�c�y� �i�n�f�o�r�m�a�t�i�o�n� �a�t� �o�n�l�y� �3�1� �f�r�e�q�u�e�n�c�i�e�s�.� �T�h�e� �f�i�v�e� �a�c�c�e�l�e�r�o�m�e�t�e�r� �F�R�F�s� 

�w�e�r�e� �a�l�l� �m�e�a�s�u�r�e�d� �a�t� �t�h�e� �d�r�i�v�i�n�g� �p�o�i�n�t� �a�n�d� �c�o�n�s�i�s�t�e�d� �o�f� �t�h�e� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �a�t� �8�0�0� 

�d�i�f�f�e�r�e�n�t� �f�r�e�q�u�e�n�c�i�e�s�.� �S�i�n�c�e� �t�h�e� �a�c�c�e�l�e�r�o�m�e�t�e�r� �F�R�F�s� �w�e�r�e� �m�e�a�s�u�r�e�d� �a�t� �t�h�e� �d�r�i�v�i�n�g� �p�o�i�n�t�,� 

�a�l�l� �e�x�c�i�t�e�d� �m�o�d�e�s� �a�r�e� �i�n�c�l�u�d�e�d� �i�n� �t�h�i�s� �F�R�F�.� 

�T�h�e� �f�i�v�e� �a�c�c�e�l�e�r�o�m�e�t�e�r� �F�R�F�s� �e�a�c�h� �w�e�r�e� �m�e�a�s�u�r�e�d� �u�s�i�n�g� �a� �d�i�f�f�e�r�e�n�t� �p�r�o�c�e�d�u�r�e� �i�n� 

�o�r�d�e�r� �t�o� �t�e�s�t� �t�h�e� �e�f�f�e�c�t� �o�f� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �p�r�o�c�e�s�s� �o�n� �t�h�e� �f�i�n�a�l� �r�e�s�u�l�t�s� �o�f� �t�h�e� �c�u�r�v�e� �f�i�t�.� 

�E�a�c�h� �a�c�c�e�l�e�r�o�m�e�t�e�r� �F�R�F� �w�a�s� �c�u�r�v�e� �f�i�t� �i�n� �o�r�d�e�r� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �l�o�c�a�t�i�o�n�s� �o�f� �t�h�e� �p�o�l�e�s� 

�p�r�e�s�e�n�t�.� �T�h�e�s�e� �p�o�l�e�s� �w�e�r�e� �t�h�e�n� �a�p�p�l�i�e�d� �i�n�d�i�v�i�d�u�a�l�l�y� �t�o� �t�h�e� �s�c�a�n�n�i�n�g� �l�a�s�e�r� �F�R�F�s� �t�o� 

�c�a�l�c�u�l�a�t�e� �t�h�e� �m�o�d�e� �v�e�c�t�o�r�s� �a�t� �e�a�c�h� �l�o�c�a�t�i�o�n�.� 

�A�n� �a�c�c�e�l�e�r�o�m�e�t�e�r� �F�R�F� �w�a�s� �u�s�e�d� �t�o� �e�s�t�i�m�a�t�e� �t�h�e� �s�y�s�t�e�m ��s� �p�o�l�e�s� �b�e�c�a�u�s�e� �o�f� �t�h�e� 

�q�u�a�l�i�t�y� �a�n�d� �h�i�g�h� �f�r�e�q�u�e�n�c�y� �d�e�n�s�i�t�y� �o�f� �t�h�e� �a�c�c�e�l�e�r�o�m�e�t�e�r� �F�R�F�s�.� �B�e�c�a�u�s�e� �o�f� �i�t�s� �w�i�d�e� 

�d�y�n�a�m�i�c� �r�a�n�g�e� �i�n� �c�o�m�p�a�r�i�s�o�n� �t�o� �t�h�e� �S�L�V�,� �a�n� �a�c�c�e�l�e�r�o�m�e�t�e�r� �i�s� �b�e�t�t�e�r� �a�b�l�e� �t�o� �m�e�a�s�u�r�e� �a� 

�w�i�d�e� �f�r�e�q�u�e�n�c�y� �F�R�F� �w�i�t�h� �h�i�g�h� �q�u�a�l�i�t�y� �r�e�s�u�l�t�s� �(�h�i�g�h� �c�o�h�e�r�e�n�c�e�)�.� �T�h�e� �m�a�n�y� �l�i�n�e�s� �o�f� 

�r�e�s�o�l�u�t�i�o�n� �i�n� �a�n� �a�c�c�e�l�e�r�o�m�e�t�e�r� �F�R�F� �a�l�l�o�w�s� �t�h�e� �p�r�o�b�l�e�m� �o�f� �e�s�t�i�m�a�t�i�n�g� �p�o�l�e�s� �f�r�o�m� �t�h�e� �F�R�F� 

�t�o� �b�e� �g�r�e�a�t�l�y� �o�v�e�r�s�p�e�c�i�f�i�e�d� �s�o� �t�o� �i�m�p�r�o�v�e� �t�h�e� �q�u�a�l�i�t�y� �o�f� �t�h�e� �e�s�t�i�m�a�t�i�o�n�.� 

�3�.�2�.�1� �P�r�e�-�P�r�o�c�e�s�s�i�n�g� 

�B�e�f�o�r�e� �c�u�r�v�e� �f�i�t�t�i�n�g�,� �e�x�p�e�r�i�m�e�n�t�a�l� �d�a�t�a� �h�a�d� �t�o� �b�e� �p�r�e�p�a�r�e�d� �s�o� �t�o� �a�c�c�o�u�n�t� �f�o�r� �t�e�s�t� 

�m�e�t�h�o�d�s� �a�n�d� �f�o�r�m�a�t�t�i�n�g�.� �F�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �d�a�t�a� �o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e� �s�c�a�n�n�i�n�g� �l�a�s�e�r� �w�e�r�e� 

�C�h�a�p�t�e�r� �3� �5�3



�p�r�o�c�e�s�s�e�d� �i�n�t�o� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �f�u�n�c�t�i�o�n�s�.� �A�d�d�i�t�i�o�n�a�l�l�y�,� �g�a�i�n� �v�a�l�u�e�s� �t�h�a�t� �c�h�a�n�g�e�d� 

�d�u�r�i�n�g� �t�e�s�t�i�n�g� �w�e�r�e� �a�c�c�o�u�n�t�e�d� �f�o�r� �a�n�d� �v�e�l�o�c�i�t�y� �m�e�a�s�u�r�e�m�e�n�t� �e�r�r�o�r�s� �d�u�e� �t�h�e� �a�n�g�l�e� �b�e�t�w�e�e�n� 

�t�h�e� �l�a�s�e�r� �b�e�a�m� �a�n�d� �t�h�e� �s�t�e�e�l� �b�e�a�m� �w�e�r�e� �c�o�r�r�e�c�t�e�d�.� �A�c�c�e�l�e�r�o�m�e�t�e�r� �d�a�t�a� �w�a�s� �f�u�l�l�y� 

�p�r�o�c�e�s�s�e�d� �w�i�t�h�i�n� �t�h�e� �s�p�e�c�t�r�u�m� �a�n�a�l�y�z�e�r� �a�n�d� �o�n�l�y� �r�e�q�u�i�r�e�d� �f�o�r�m�a�t� �c�h�a�n�g�e�s� �b�e�f�o�r�e� �b�e�i�n�g� 

�c�u�r�v�e� �f�i�t�t�e�d�.� 

�3�.�2�.�1�.�1� �C�a�l�c�u�l�a�t�i�o�n� �o�f� �t�h�e� �F�r�e�q�u�e�n�c�y� �R�e�s�p�o�n�s�e� �F�u�n�c�t�i�o�n� 

�O�u�t�p�u�t� �f�r�o�m� �t�h�e� �G�C�I� �c�o�n�s�i�s�t�e�d� �o�f� �t�h�e� �f�o�r�c�e� �m�a�g�n�i�t�u�d�e� �a�n�d� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� 

�c�o�m�p�o�n�e�n�t�s� �o�f� �t�h�e� �v�e�l�o�c�i�t�y�.� �I�n� �o�r�d�e�r� �t�o� �c�a�l�c�u�l�a�t�e� �t�h�e� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �a�t� �a� �s�i�n�g�l�e� 

�l�o�c�a�t�i�o�n�,� �t�h�e� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �p�a�r�t�s� �o�f� �t�h�e� �v�e�l�o�c�i�t�y� �m�a�g�n�i�t�u�d�e� �w�e�r�e� �d�i�v�i�d�e�d� �b�y� �t�h�e� �f�o�r�c�e� 

�s�i�g�n�a�l� �m�a�g�n�i�t�u�d�e�.� �T�h�e� �r�e�s�u�l�t� �o�f� �t�h�i�s� �c�a�l�c�u�l�a�t�i�o�n� �w�e�r�e� �t�h�e� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �p�a�r�t�s� �o�f� �t�h�e� 

�f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �a�t� �t�h�e� �p�o�i�n�t� �i�n� �c�o�n�s�i�d�e�r�a�t�i�o�n�.� �T�h�i�s� �c�a�l�c�u�l�a�t�i�o�n� �w�a�s� �p�e�r�f�o�r�m�e�d� �f�o�r� �a�l�l� 

�4�7�2� �l�o�c�a�t�i�o�n�s� �i�n� �e�a�c�h� �o�f� �t�h�e� �3�1� �d�a�t�a� �s�e�t�s�.� 

�T�h�e� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �d�a�t�a� �w�a�s� �o�u�t�p�u�t� �f�r�o�m� �t�h�e� �G�C�I� �i�n� �g�r�o�u�p�s� �o�r�g�a�n�i�z�e�d� 

�a�c�c�o�r�d�i�n�g� �t�o� �f�r�e�q�u�e�n�c�y�.� �N�o�r�m�a�l�l�y�,� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �f�u�n�c�t�i�o�n�s� �a�r�e� �o�r�g�a�n�i�z�e�d� �a�c�c�o�r�d�i�n�g� 

�t�o� �t�h�e� �l�o�c�a�t�i�o�n�;� �i�.�e�.�,� �t�h�e� �d�a�t�a� �s�e�t� �c�o�n�s�i�s�t�s� �o�f� �t�h�e� �r�e�s�p�o�n�s�e� �o�f� �a� �s�i�n�g�l�e� �p�o�i�n�t� �a�t� �m�a�n�y� 

�f�r�e�q�u�e�n�c�i�e�s�.� �S�i�n�c�e� �t�h�e� �c�u�r�v�e� �f�i�t�t�e�r� �r�e�q�u�i�r�e�d� �F�R�F�s� �t�o� �b�e� �o�r�g�a�n�i�z�e�d� �a�c�c�o�r�d�i�n�g� �t�o� �l�o�c�a�t�i�o�n�,� 

�t�h�e� �o�r�i�g�i�n�a�l� �3�1� �s�e�t�s� �o�f� �4�7�2� �m�e�a�s�u�r�e�m�e�n�t�s� �w�e�r�e� �r�e�o�r�g�a�n�i�z�e�d� �i�n�t�o� �4�7�2� �F�R�F�s� �e�a�c�h� �c�o�n�s�i�s�t�i�n�g� 

�o�f� �3�1� �d�a�t�a� �p�o�i�n�t�s�.� 

�C�h�a�p�t�e�r� �3� �5�4



�3�.�2�.�1�.�2� �G�a�i�n� �A�d�j�u�s�t�m�e�n�t�s� 

�D�u�r�i�n�g� �t�e�s�t�i�n�g�,� �a�s� �p�r�e�v�i�o�u�s�l�y� �m�e�n�t�i�o�n�e�d�,� �f�i�l�t�e�r� �g�a�i�n�s� �w�e�r�e� �c�h�a�n�g�e�d� �t�o� �m�a�k�e� �t�h�e� 

�v�e�l�o�c�i�t�y� �s�i�g�n�a�l� �b�e�t�t�e�r� �f�i�t� �t�h�e� �d�y�n�a�m�i�c� �r�a�n�g�e� �o�f� �t�h�e� �A�/�D� �c�o�n�v�e�r�t�e�r� �w�i�t�h�i�n� �t�h�e� �a�c�q�u�i�s�i�t�i�o�n� 

�s�y�s�t�e�m�.� �T�h�e�s�e� �c�h�a�n�g�e�s� �w�e�r�e� �a�c�c�o�u�n�t�e�d� �f�o�r� �i�n� �p�o�s�t�-�p�r�o�c�e�s�s�i�n�g� �b�y� �m�u�l�t�i�p�l�y�i�n�g� �t�h�e� 

�f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �f�u�n�c�t�i�o�n�s� �b�y� �a�p�p�r�o�p�r�i�a�t�e� �s�c�a�l�i�n�g� �v�a�l�u�e�s�.� 

�3�.�2�.�1�.�3�.� �L�a�s�e�r� �A�n�g�l�e�s� 

�A�s� �d�e�s�c�r�i�b�e�d� �i�n� �S�e�c�t�i�o�n� �2�.�3�,� �t�h�e� �s�c�a�n�n�i�n�g� �l�a�s�e�r� �m�e�a�s�u�r�e�s� �v�e�l�o�c�i�t�y� �o�n�l�y� �a�l�o�n�g� �t�h�e� 

�l�i�n�e� �o�f� �t�h�e� �l�a�s�e�r� �b�e�a�m�.� �T�h�i�s� �m�e�a�n�s� �t�h�a�t� �t�h�e� �t�r�u�e� �v�e�l�o�c�i�t�y� �i�s� �m�e�a�s�u�r�e�d� �b�y� �t�h�e� �l�a�s�e�r� �o�n�l�y� 

�w�h�e�n� �t�h�e�r�e� �i�s� �n�o� �a�n�g�l�e� �b�e�t�w�e�e�n� �a� �v�e�c�t�o�r� �d�e�f�i�n�e�d� �b�y� �t�h�e� �m�o�t�i�o�n� �o�f� �t�h�e� �p�o�i�n�t� �b�e�i�n�g� 

�m�e�a�s�u�r�e�d� �o�n� �t�h�e� �s�t�r�u�c�t�u�r�e� �a�n�d� �t�h�e� �l�a�s�e�r� �b�e�a�m�.� �W�h�e�n� �t�h�e� �v�e�c�t�o�r� �o�f� �m�o�t�i�o�n� �i�s� 

�p�e�r�p�e�n�d�i�c�u�l�a�r� �t�o� �t�h�e� �l�a�s�e�r� �b�e�a�m�,� �n�o�n�e� �o�f� �t�h�e� �t�r�u�e� �v�e�l�o�c�i�t�y� �i�s� �m�e�a�s�u�r�e�d�.� 

�T�h�e� �v�e�c�t�o�r�s� �o�f� �m�o�t�i�o�n� �o�f� �t�h�e� �p�o�i�n�t�s� �o�n� �t�h�e� �s�u�r�f�a�c�e� �o�f� �t�h�e� �s�t�e�e�l� �b�e�a�m� �w�e�r�e� �a�s�s�u�m�e�d� 

�n�o�r�m�a�l� �t�o� �t�h�e� �s�u�r�f�a�c�e� �o�f� �t�h�e� �b�e�a�m�.� �T�h�e� �l�a�s�e�r� �s�o�u�r�c�e� �r�e�m�a�i�n�e�d� �f�i�x�e�d� �w�h�i�l�e� �t�h�e� �b�e�a�m� �w�a�s� 

�a�i�m�e�d� �w�i�t�h� �m�i�r�r�o�r�s� �t�o�w�a�r�d�s� �p�o�i�n�t�s� �a�l�l� �o�v�e�r� �t�h�e� �s�u�r�f�a�c�e� �o�f� �t�h�e� �b�e�a�m�.� �T�h�e� �l�a�s�e�r� �b�e�a�m�,� 

�t�h�e�r�e�f�o�r�e�,� �w�a�s� �m�e�a�s�u�r�i�n�g� �t�h�e� �s�u�r�f�a�c�e� �v�e�l�o�c�i�t�y� �o�f� �t�h�e� �b�e�a�m� �a�t� �a�n� �a�n�g�l�e� �a�t� �e�v�e�r�y� �p�o�i�n�t� �o�n� 

�t�h�e� �b�e�a�m� �e�x�c�e�p�t� �t�h�a�t� �p�o�i�n�t� �d�i�r�e�c�t�l�y� �i�n� �f�r�o�n�t� �o�f� �t�h�e� �l�a�s�e�r�.� �T�h�e� �a�n�g�l�e� �b�e�t�w�e�e�n� �t�h�e� �v�e�l�o�c�i�t�y� 

�v�e�c�t�o�r� �a�n�d� �t�h�e� �l�a�s�e�r� �b�e�a�m� �w�a�s� �a�t� �i�t�s� �g�r�e�a�t�e�s�t� �e�x�t�r�e�m�e� �w�h�e�n� �t�h�e� �l�a�s�e�r� �w�a�s� �p�o�i�n�t�e�d� �a�t� �t�h�e� 

�e�n�d� �o�f� �t�h�e� �l�o�n�g� �e�d�g�e� �o�f� �t�h�e� �b�e�a�m�.� �T�h�i�s� �c�o�n�d�i�t�i�o�n� �i�s� �i�l�l�u�s�t�r�a�t�e�d� �i�n� �f�i�g�u�r�e� �9�.� 

�A�c�c�o�u�n�t�i�n�g� �f�o�r� �t�h�e� �e�r�r�o�r�s� �i�m�p�o�s�e�d� �b�y� �l�a�s�e�r� �a�n�g�l�e�s� �w�a�s� �r�e�a�s�o�n�a�b�l�y� �s�i�m�p�l�e� �s�i�n�c�e� �t�h�e� 

�l�a�s�e�r� �s�o�u�r�c�e� �w�a�s� �a�l�i�g�n�e�d� �w�i�t�h� �t�h�e� �b�e�a�m� �a�n�d� �t�h�e� �a�n�g�l�e�s� �o�f� �t�h�e� �l�a�s�e�r� �b�e�a�m� �w�e�r�e� �s�t�o�r�e�d� �i�n� 
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�t�h�e� �d�a�t�a� �a�c�q�u�i�s�i�t�i�o�n� �s�y�s�t�e�m�.� �T�h�e� �e�q�u�a�t�i�o�n� �o�f� �t�h�e� �a�c�t�u�a�l� �v�e�l�o�c�i�t�y� �f�r�o�m� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� 

�a�n�g�l�e� �a�n�d� �t�h�e� �m�e�a�s�u�r�e�d� �v�e�l�o�c�i�t�y� �i�s� �s�i�m�p�l�y� �t�h�e� �g�e�o�m�e�t�r�i�c� �r�e�l�a�t�i�o�n�s�h�i�p� 

�V�v� �m�e�a�s�u�r�e�d� 
�=� �3�.�2�.�1�.�3�.�1� �a�c�t�u�a�l� �c�o�s� �(�8�)� �(� �)� 

�w�h�e�r�e� �@� �i�s� �t�h�e� �a�n�g�l�e� �b�e�t�w�e�e�n� �t�h�e� �v�e�l�o�c�i�t�y� �v�e�c�t�o�r� �a�n�d� �t�h�e� �l�a�s�e�r� �b�e�a�m�.� 

�T�h�e� �s�h�o�r�t� �e�d�g�e� �o�f� �t�h�e� �b�e�a�m� �w�a�s� �3� �i�n�c�h�e�s� �l�o�n�g� �a�n�d� �t�h�e� �l�a�s�e�r� �w�a�s� �a�p�p�r�o�x�i�m�a�t�e�l�y� 

�1�4�0� �i�n�c�h�e�s� �f�r�o�m� �t�h�e� �b�e�a�m�.� �T�h�e� �l�a�s�e�r� �a�n�g�l�e� �r�e�q�u�i�r�e�d� �t�o� �r�e�a�c�h� �e�a�c�h� �e�n�d� �o�f� �t�h�i�s� �e�d�g�e� �w�a�s� 

�a�p�p�r�o�x�i�m�a�t�e�l�y� �1�.�2� �d�e�g�r�e�e�s�.� �T�h�e� �c�o�s�i�n�e� �o�f� �1�.�2� �d�e�g�r�e�e�s� �i�s� �0�.�9�9�9�7�8� �w�h�i�c�h� �c�h�a�n�g�e�s� �t�h�e� 

�m�e�a�s�u�r�e�d� �v�e�l�o�c�i�t�y� �b�y� �0�.�0�2�%�.� �A�d�d�i�t�i�o�n�a�l�l�y�,� �t�h�i�s� �w�o�u�l�d� �b�e� �t�h�e� �m�a�x�i�m�u�m� �e�r�r�o�r� �i�m�p�o�s�e�d� �b�y� 

�m�e�a�s�u�r�i�n�g� �i�n� �t�h�i�s� �d�i�r�e�c�t�i�o�n�.� �S�i�n�c�e� �t�h�e� �m�e�a�s�u�r�e�d� �a�n�d� �a�c�t�u�a�l� �v�e�l�o�c�i�t�i�e�s� �d�i�f�f�e�r�e�d� �b�y� �s�u�c�h� �a�n� 

�i�n�s�i�g�n�i�f�i�c�a�n�t� �a�m�o�u�n�t�,� �m�e�a�s�u�r�e�m�e�n�t� �e�r�r�o�r�s� �w�e�r�e� �n�o�t� �a�c�c�o�u�n�t�e�d� �f�o�r� �i�n� �t�h�i�s� �d�i�r�e�c�t�i�o�n�.� �O�n�l�y� 

�m�e�a�s�u�r�e�m�e�n�t�s� �a�l�o�n�g� �t�h�e� �l�o�n�g� �e�d�g�e� �o�f� �t�h�e� �b�e�a�m� �w�e�r�e� �a�d�j�u�s�t�e�d� �f�o�r� �a�n�g�l�e� �e�r�r�o�r�s�.� �E�r�r�o�r�s� 

�a�l�o�n�g� �t�h�e� �l�o�n�g� �e�d�g�e� �o�f� �t�h�e� �b�e�a�m� �w�e�r�e� �s�t�i�l�l� �s�m�a�l�l�,� �b�e�i�n�g� �a�t� �m�o�s�t� �1�.�9�%� �e�r�r�a�n�t�.� 

�3�.�2�.�1�.�4� �L�a�s�e�r� �P�h�a�s�e� �C�o�r�r�e�c�t�i�o�n� 

�S�i�g�n�a�l� �p�r�o�c�e�s�s�i�n�g� �w�i�t�h�i�n� �t�h�e� �l�a�s�e�r� �u�n�i�t� �t�a�k�e�s� �a� �f�i�n�i�t�e� �a�m�o�u�n�t� �o�f� �t�i�m�e� �a�n�d� �s�o� 

�p�r�o�d�u�c�e�s� �a� �t�i�m�e� �l�a�g� �o�f� �t�h�e� �v�e�l�o�c�i�t�y� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �l�a�s�e�r� �r�e�l�a�t�i�v�e� �t�o� �t�h�e� �i�n�p�u�t� �f�o�r�c�e�.� �I�n� �t�h�e� 

�m�e�a�s�u�r�e�d� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �d�a�t�a�,� �t�h�i�s� �t�i�m�e� �l�a�g� �p�r�o�d�u�c�e�s� �a� �p�h�a�s�e� �d�e�v�i�a�t�i�o�n� �t�h�a�t� �g�r�o�w�s� 

�w�i�t�h� �i�n�c�r�e�a�s�i�n�g� �r�e�s�p�o�n�s�e� �f�r�e�q�u�e�n�c�y�.� �A� �m�e�a�s�u�r�e�m�e�n�t� �o�f� �t�h�e� �l�a�s�e�r� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� 

�r�e�l�a�t�i�v�e� �t�o� �a�n� �a�c�c�e�l�e�r�o�m�e�t�e�r ��s� �r�e�s�p�o�n�s�e� �w�a�s� �m�e�a�s�u�r�e�d� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �s�e�v�e�r�i�t�y� �o�f� �t�h�e� 

�l�a�s�e�r� �l�a�g�.� �A� �p�l�o�t� �o�f� �t�h�e� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �l�a�s�e�r� �r�e�l�a�t�i�v�e� �t�o� �a� �P�C�B� �3�0�7�A� 

�a�c�c�e�l�e�r�o�m�e�t�e�r� �(�S�/�N� �9�9�6�)� �i�s� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �1�0�.� 
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�U�s�i�n�g� �a� �l�e�a�s�t� �s�q�u�a�r�e�s� �a�p�p�r�o�a�c�h�,� �a� �f�i�r�s�t� �o�r�d�e�r� �r�e�s�p�o�n�s�e� �w�a�s� �f�i�t� �t�o� �t�h�e� �m�e�a�s�u�r�e�d� �F�R�F� 

�d�a�t�a� �f�r�o�m� �1�0�0� �H�z� �t�o� �2�0�0� �H�z�.� �L�o�w�e�r� �f�r�e�q�u�e�n�c�y� �d�a�t�a� �w�a�s� �o�f� �l�o�w� �q�u�a�l�i�t�y� �(�l�o�w� �c�o�h�e�r�e�n�c�e�)� 

�a�n�d� �w�a�s� �n�o�t� �i�n�c�l�u�d�e�d� �i�n� �t�h�e� �f�i�t�.� �T�h�e� �f�i�t� �e�q�u�a�t�i�o�n� �w�a�s� �o�f� �t�h�e� �f�o�r�m� 

�V� �.� 
�A� �=�a�,�J�M�+� �a�>� �(�3�.�2�.�1�.�4�)� 

�w�i�t�h� �t�h�e� �r�e�s�u�l�t�i�n�g� �c�o�e�f�f�i�c�i�e�n�t� �v�a�l�u�e�s� �b�e�i�n�g� �a�;�=�-�0�.�0�2�1�4�+�0�.�0�1�4�7�7�j� �a�n�d� �a�2�=�3�1�1�6�.�4�5�3�-� 

�2�6�.�9�9�4�]�.� �T�h�e� �f�i�t� �o�f� �e�q�u�a�t�i�o�n� �3�.�2�.�1�.�4� �t�o� �t�h�e� �a�c�t�u�a�l� �d�a�t�a� �i�s� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �1�0�.� 

�M�u�l�t�i�p�l�y�i�n�g� �t�h�e� �l�a�s�e�r� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �d�a�t�a� �b�y� �t�h�e� �i�n�v�e�r�s�e� �o�f� �e�q�u�a�t�i�o�n� �3�.�2�.�1�.�4� 

�e�l�i�m�i�n�a�t�e�d� �t�h�e� �p�h�a�s�e� �l�a�g� �i�m�p�o�s�e�d� �b�y� �t�h�e� �l�a�s�e�r�.� �T�h�e� �m�u�l�t�i�p�l�y�i�n�g� �f�a�c�t�o�r�s� �w�e�r�e� �a�l�s�o� �s�c�a�l�e�d� 

�t�o� �u�n�i�t�y� �s�o� �t�o� �a�f�f�e�c�t� �o�n�l�y� �t�h�e� �p�h�a�s�e� �o�f� �t�h�e� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �d�a�t�a�.� 

�3�.�2�.�2� �P�a�r�a�m�e�t�e�r� �E�s�t�i�m�a�t�i�o�n� 

�A� �M�a�t�l�a�b�-�b�a�s�e�d�,� �p�a�r�a�m�e�t�e�r�-�e�s�t�i�m�a�t�i�o�n� �a�l�g�o�r�i�t�h�m� �n�a�m�e�d�  ��M�o�d�h�a�n �� �w�a�s� �u�s�e�d� �t�o� 

�a�n�a�l�y�z�e� �t�h�e� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �d�a�t�a�.� �T�h�e� �p�r�o�g�r�a�m� �h�a�d� �b�e�e�n� �m�o�d�i�f�i�e�d� �b�y� �i�t�s� �c�o�-�c�r�e�a�t�o�r�,� 

�J�u�l�i�e�n� �M�a�i�l�l�a�r�d�,� �t�o� �a�l�l�o�w� �f�i�x�e�d� �p�o�l�e� �a�n�d� �t�r�a�d�i�t�i�o�n�a�l� �a�n�a�l�y�s�e�s� �o�f� �t�h�e� �d�a�t�a� �a�s� �d�e�s�c�r�i�b�e�d� �i�n� 

�s�e�c�t�i�o�n�s� �2�.�2�.�1� �a�n�d� �2�.�2�.�2�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �F�o�r�m�a�t� �c�h�a�n�g�e�s� �w�e�r�e� �r�e�q�u�i�r�e�d� �o�n� �b�o�t�h� �s�c�a�n�n�i�n�g� 

�l�a�s�e�r� �F�R�F�s� �a�n�d� �a�c�c�e�l�e�r�o�m�e�t�e�r� �F�R�F�s�s� �i�n� �o�r�d�e�r� �t�o� �l�o�a�d� �t�h�e� �d�a�t�a� �i�n�t�o� �t�h�e� �e�s�t�i�m�a�t�i�o�n� �p�r�o�g�r�a�m�.� 

�3�.�2�.�2�.�1� �P�o�l�e� �I�d�e�n�t�i�f�i�c�a�t�i�o�n� �-� �A�c�c�e�l�e�r�o�m�e�t�e�r� �D�a�t�a� 

�P�o�l�e�s� �w�e�r�e� �d�e�t�e�r�m�i�n�e�d� �b�y� �c�u�r�v�e� �f�i�t�t�i�n�g� �t�h�e� �a�c�c�e�l�e�r�o�m�e�t�e�r� �b�a�s�e�d� �F�R�F�s�.� �F�i�v�e� �F�R�F�s� 

�w�e�r�e� �a�c�q�u�i�r�e�d� �a�n�d� �t�h�e� �p�o�l�e�s� �o�f� �e�a�c�h� �w�a�s� �i�n�d�i�v�i�d�u�a�l�l�y� �d�e�t�e�r�m�i�n�e�d� �w�i�t�h� �t�h�e� �c�u�r�v�e� �f�i�t�t�i�n�g� 

�u�s�i�n�g� �t�h�e� �R�a�t�i�o�n�a�l� �P�o�l�y�n�o�m�i�a�l� �a�l�g�o�r�i�t�h�m�.� �C�o�h�e�r�e�n�c�e� �p�l�o�t�s� �w�e�r�e� �i�n�c�l�u�d�e�d� �w�i�t�h� �e�a�c�h� �F�R�F�,� 
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�s�o� �d�a�t�a� �p�o�i�n�t�s� �w�i�t�h� �a� �c�o�h�e�r�e�n�c�e� �o�f� �l�e�s�s� �t�h�a�n� �0�.�9�5� �w�e�r�e� �n�o�t� �u�s�e�d� �i�n� �t�h�e� �p�a�r�a�m�e�t�e�r� 

�e�s�t�i�m�a�t�i�o�n�.� �E�l�i�m�i�n�a�t�i�n�g� �l�o�w� �c�o�h�e�r�e�n�c�e� �d�a�t�a� �a�l�l�o�w�s� �t�h�e� �c�u�r�v�e� �f�i�t�t�i�n�g� �p�r�o�g�r�a�m� �t�o� �f�i�t� �o�n�l�y� 

�h�i�g�h� �q�u�a�l�i�t�y� �d�a�t�a�,� �t�h�e�r�e�b�y� �e�l�i�m�i�n�a�t�i�n�g� �a�n�y� �b�i�a�s� �i�n� �t�h�e� �e�s�t�i�m�a�t�i�o�n� �t�h�a�t� �m�a�y� �b�e� �a� �r�e�s�u�l�t� �o�f� 

�f�i�t�t�i�n�g� �d�a�t�a� �t�h�a�t� �i�s� �c�o�r�r�u�p�t�e�d� �w�i�t�h� �n�o�i�s�e�.� 

�3�.�2�.�2�.�2� �R�e�s�i�d�u�e� �E�s�t�i�m�a�t�i�o�n� �-� �L�a�s�e�r� �D�a�t�a� 

�S�c�a�n�n�i�n�g� �l�a�s�e�r� �d�a�t�a� �w�a�s� �a�n�a�l�y�z�e�d� �s�i�x� �t�i�m�e�s� �a�s� �d�e�s�c�r�i�b�e�d�:� 

�1�.� �F�i�x�e�d�-�p�o�l�e�s� �a�l�g�o�r�i�t�h�m� �u�s�i�n�g� �p�o�l�e�s� �f�r�o�m� �a�c�c�e�l�e�r�o�m�e�t�e�r� �F�R�F� �#�1� 

�2�.� �F�i�x�e�d�-�p�o�l�e�s� �a�l�g�o�r�i�t�h�m� �u�s�i�n�g� �p�o�l�e�s� �f�r�o�m� �a�c�c�e�l�e�r�o�m�e�t�e�r� �F�R�F� �#�2� 

�3�.� �F�i�x�e�d�-�p�o�l�e�s� �a�l�g�o�r�i�t�h�m� �u�s�i�n�g� �p�o�l�e�s� �f�r�o�m� �a�c�c�e�l�e�r�o�m�e�t�e�r� �F�R�F� �#�3� 

�4�.� �F�i�x�e�d�-�p�o�l�e�s� �a�l�g�o�r�i�t�h�m� �u�s�i�n�g� �p�o�l�e�s� �f�r�o�m� �a�c�c�e�l�e�r�o�m�e�t�e�r� �F�R�F� �#�4� 

�5�.� �F�i�x�e�d�-�p�o�l�e�s� �a�l�g�o�r�i�t�h�m� �u�s�i�n�g� �p�o�l�e�s� �f�r�o�m� �a�c�c�e�l�e�r�o�m�e�t�e�r� �F�R�F� �#�5� 

�6�.� �G�l�o�b�a�l� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n� �a�p�p�r�o�a�c�h� �u�s�i�n�g� �o�n�l�y� �S�L�V� �d�a�t�a�.� 

�T�h�e� �f�i�r�s�t� �f�i�v�e� �o�f� �t�h�e�s�e� �a�n�a�l�y�s�e�s� �w�e�r�e� �e�x�a�c�t�l�y� �t�h�e� �s�a�m�e� �e�x�c�e�p�t� �f�o�r� �t�h�e� �n�u�m�e�r�i�c�a�l� �v�a�l�u�e�s� �o�f� 

�t�h�e� �p�o�l�e�s� �u�s�e�d�,� �s�o� �t�h�e�s�e� �a�r�e� �d�e�s�c�r�i�b�e�d� �a�s� �a� �w�h�o�l�e� �i�n� �s�e�c�t�i�o�n� �3�.�2�.�2�.�2�.�1�.� �T�h�e� �s�i�x�t�h� �a�n�a�l�y�s�i�s� 

�w�a�s� �a�n� �a�n�a�l�y�s�i�s� �o�f� �t�h�e� �d�a�t�a� �u�s�i�n�g� �t�h�e� �g�l�o�b�a�l� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n� �a�l�g�o�r�i�t�h�m� �a�s� �d�e�s�c�r�i�b�e�d� 

�i�n� �s�e�c�t�i�o�n� �3�.�2�.�2�.�2�.�2�.� 

�3�.�2�.�2�.�2�.�1� �F�i�x�e�d�-�p�o�l�e�s� �A�l�g�o�r�i�t�h�m� 

�F�i�v�e� �s�e�t�s� �o�f� �p�o�l�e�s� �w�e�r�e� �d�e�t�e�r�m�i�n�e�d� �e�a�c�h� �f�r�o�m� �a� �d�i�f�f�e�r�e�n�t� �a�c�c�e�l�e�r�o�m�e�t�e�r� �F�R�F�.� 

�U�s�i�n�g� �e�a�c�h� �s�e�t� �o�f� �p�o�l�e�s�,� �r�e�s�i�d�u�e�s� �w�e�r�e� �f�i�t� �a�c�r�o�s�s� �t�h�e� �e�n�t�i�r�e� �2�0�0� �H�z� �f�r�e�q�u�e�n�c�y� �b�a�n�d� �t�o� �e�a�c�h� 

�o�f� �t�h�e� �4�7�2� �S�L�V� �F�R�F�s� �u�s�i�n�g� �t�h�e� �f�i�x�e�d�-�p�o�l�e�s� �o�p�t�i�o�n� �i�n� �t�h�e� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n� �p�r�o�g�r�a�m�.� 
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�T�h�e� �p�r�o�c�e�s�s� �o�f� �e�s�t�i�m�a�t�i�n�g� �r�e�s�i�d�u�e�s� �g�i�v�e�n� �p�o�l�e� �l�o�c�a�t�i�o�n�s� �i�n�v�o�l�v�e�s� �s�o�l�v�i�n�g� �e�q�u�a�t�i�o�n� 

�2�.�2�.�1�.�1�.�1�1� �a�s� �d�e�s�c�r�i�b�e�d� �i�n� �s�e�c�t�i�o�n� �2�.�2�.�1�.�1�.� 

�3�.�2�.�2�.�2�.�2� �G�l�o�b�a�l� �P�a�r�a�m�e�t�e�r� �E�s�t�i�m�a�t�i�o�n� �A�l�g�o�r�i�t�h�m� 

�W�h�e�n� �t�h�e� �g�l�o�b�a�l� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n� �a�l�g�o�r�i�t�h�m� �(�s�e�c�t�i�o�n� �2�.�2�.�2�)� �i�s� �a�p�p�l�i�e�d� �t�o� �f�i�t� 

�p�o�l�e�s� �a�n�d� �r�e�s�i�d�u�e�s� �s�i�m�u�l�t�a�n�e�o�u�s�l�y� �t�o� �t�h�e� �l�a�s�e�r� �d�a�t�a�,� �a�n� �i�t�e�r�a�t�i�v�e� �p�r�o�c�e�d�u�r�e� �d�e�v�e�l�o�p�s� �w�h�e�r�e� 

�t�h�e� �c�o�m�p�u�t�e�r� �c�o�n�t�i�n�u�o�u�s�l�y� �c�h�a�n�g�e�s� �i�t�s� �p�o�l�e� �a�n�d� �m�o�d�e� �v�e�c�t�o�r� �e�s�t�i�m�a�t�e�s� �u�n�t�i�l� �a�n� �e�r�r�o�r� 

�c�r�i�t�e�r�i�o�n� �i�s� �m�e�t� �o�r� �t�h�e� �e�n�d� �o�f� �i�t�e�r�a�t�i�o�n�s� �i�s� �r�e�a�c�h�e�d�.� 

�I�n�i�t�i�a�l� �v�a�l�u�e�s� �o�f� �t�h�e� �p�o�l�e�s� �w�e�r�e� �i�n�p�u�t� �i�n�t�o� �t�h�e� �e�s�t�i�m�a�t�i�o�n� �p�r�o�g�r�a�m� �t�o� �h�e�l�p� �m�i�n�i�m�i�z�e� 

�c�o�m�p�u�t�a�t�i�o�n� �t�i�m�e� �b�y� �r�e�d�u�c�i�n�g� �t�h�e� �n�u�m�b�e�r� �o�f� �i�t�e�r�a�t�i�o�n�s� �r�e�q�u�i�r�e�d� �t�o� �f�i�n�d� �a� �s�o�l�u�t�i�o�n�.� �I�n�i�t�i�a�l� 

�p�o�l�e� �v�a�l�u�e�s� �w�e�r�e� �d�e�t�e�r�m�i�n�e�d� �b�y� �f�i�r�s�t� �e�s�t�i�m�a�t�i�n�g� �t�h�e� �p�o�l�e�s� �p�r�e�s�e�n�t� �i�n� �a� �s�m�a�l�l� �s�e�t� �o�f� �l�a�s�e�r� 

�F�R�F�s�.� �A�f�t�e�r�w�a�r�d�,� �t�h�e� �e�n�t�i�r�e� �s�e�t� �o�f� �4�7�2� �F�R�F�s� �w�e�r�e� �u�s�e�d� �t�o� �f�i�t� �p�o�l�e�s� �a�n�d� �r�e�s�i�d�u�e�s� �a�c�r�o�s�s� 

�t�h�e� �e�n�t�i�r�e� �f�r�e�q�u�e�n�c�y� �s�p�a�n�.� 

�3�.�2�.�2�.�3�.� �V�a�r�y�i�n�g� �F�r�e�q�u�e�n�c�y� �L�o�c�a�t�i�o�n�s� 

�I�t� �w�o�u�l�d� �b�e� �o�f� �i�n�t�e�r�e�s�t� �t�o� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l�i�s�t� �t�o� �k�n�o�w� �a�t� �w�h�i�c�h� �f�r�e�q�u�e�n�c�i�e�s� �t�o� 

�a�c�q�u�i�r�e� �d�a�t�a� �w�i�t�h� �t�h�e� �S�L�V� �w�h�e�n� �u�s�i�n�g� �t�h�e� �f�i�x�e�d�-�p�o�l�e�s� �m�e�t�h�o�d�.� �B�e�a�m� �r�e�s�p�o�n�s�e� �d�a�t�a� �w�a�s� 

�a�c�q�u�i�r�e�d� �a�t� �3�1� �f�r�e�q�u�e�n�c�i�e�s� �o�v�e�r� �a� �r�a�n�g�e� �f�r�o�m� �0� �t�o� �2�0�0� �H�z�.� �I�n� �g�e�n�e�r�a�l�,� �o�f� �c�o�u�r�s�e�,� �t�h�e� 

�f�r�e�q�u�e�n�c�i�e�s� �s�h�o�u�l�d� �b�e� �s�p�a�c�e�d� �o�u�t� �t�o� �s�p�a�n� �t�h�e� �e�n�t�i�r�e� �r�e�g�i�o�n� �o�f� �i�n�t�e�r�e�s�t�.� �C�o�v�e�r�i�n�g� �t�h�e� �e�n�t�i�r�e� 

�s�p�a�n� �a�s�s�u�r�e�s� �c�o�n�t�e�n�t� �f�r�o�m� �a�l�l� �m�o�d�e�s� �s�o� �t�h�a�t� �a�l�l� �m�o�d�e�s� �a�p�p�e�a�r� �i�n� �a�t� �l�e�a�s�t� �s�o�m�e� �d�a�t�a� �a�t� �a� 

�l�e�v�e�l� �t�h�a�t� �i�s� �w�e�l�l� �a�b�o�v�e� �t�h�e� �n�o�i�s�e� �f�l�o�o�r�.� �K�n�o�w�i�n�g� �t�h�a�t� �t�h�e� �e�n�t�i�r�e� �f�r�e�q�u�e�n�c�y� �r�a�n�g�e� �s�h�o�u�l�d� 
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�b�e� �s�p�a�n�n�e�d�,� �t�h�e� �q�u�e�s�t�i�o�n� �t�h�e�n� �b�e�c�o�m�e�s� �w�h�e�t�h�e�r� �t�o� �m�e�a�s�u�r�e� �a�t� �f�r�e�q�u�e�n�c�i�e�s� �n�e�a�r� �r�e�s�o�n�a�n�c�e� 

�o�r� �f�r�e�q�u�e�n�c�i�e�s� �a�w�a�y� �f�r�o�m� �r�e�s�o�n�a�n�c�e�.� 

�A�n� �e�x�p�e�r�i�m�e�n�t� �w�a�s� �p�e�r�f�o�r�m�e�d� �w�i�t�h� �t�h�e� �b�e�a�m� �r�e�s�p�o�n�s�e� �d�a�t�a� �t�o� �i�n�d�i�c�a�t�e� �t�h�e� 

�p�r�e�f�e�r�a�b�l�e� �l�o�c�a�t�i�o�n� �o�f� �m�e�a�s�u�r�e�m�e�n�t� �f�r�e�q�u�e�n�c�i�e�s� �r�e�l�a�t�i�v�e� �t�o� �r�e�s�o�n�a�n�c�e�s�.� �T�h�e� �3�1� �d�a�t�a� 

�p�o�i�n�t�s� �w�e�r�e� �b�r�o�k�e�n� �u�p� �i�n�t�o� �t�w�o� �s�e�t�s� �o�f� �1�8� �d�a�t�a� �p�o�i�n�t�s�.� �S�o�m�e� �o�f� �t�h�e� �v�e�r�y� �l�o�w� �f�r�e�q�u�e�n�c�y� 

�d�a�t�a� �p�o�i�n�t�s� �(�<�1�2� �H�z�)� �w�e�r�e� �s�h�a�r�e�d� �b�y� �t�h�e� �t�w�o� �s�e�t�s� �s�i�n�c�e� �a�l�l� �v�e�r�y� �l�o�w� �f�r�e�q�u�e�n�c�y� �d�a�t�a� �p�o�i�n�t�s� 

�w�e�r�e� �s�i�g�n�i�f�i�c�a�n�t�l�y� �a�w�a�y� �f�r�o�m� �t�h�e� �r�i�g�i�d� �b�o�d�y� �m�o�d�e� �a�t� �a�p�p�r�o�x�.� �5� �H�z�.� �T�h�i�s� �w�a�s� �d�o�n�e� �t�o� 

�e�l�i�m�i�n�a�t�e� �a�n�y� �b�i�a�s� �r�e�s�u�l�t�i�n�g� �f�r�o�m� �t�h�e� �l�a�c�k� �o�f� �p�r�o�x�i�m�i�t�y� �t�o� �t�h�e� �r�i�g�i�d� �b�o�d�y� �m�o�d�e� �t�h�a�t� �t�h�e� �s�e�t� 

�o�f� �d�a�t�a� �w�i�t�h� �r�e�s�p�o�n�s�e� �n�e�a�r� �r�e�s�o�n�a�n�c�e� �w�o�u�l�d� �h�a�v�e� �h�a�d�.� �E�s�s�e�n�t�i�a�l�l�y�,� �t�h�i�s� �s�h�o�u�l�d� �e�l�i�m�i�n�a�t�e� 

�t�h�e� �r�i�g�i�d� �b�o�d�y� �m�o�d�e� �f�r�o�m� �h�a�v�i�n�g� �a�n�y� �e�f�f�e�c�t� �o�n� �t�h�e� �f�i�t� �q�u�a�l�i�t�y� �o�f� �t�h�e� �f�l�e�x�i�b�l�e� �m�o�d�e�s� �i�n� �t�h�e� 

�t�w�o� �t�e�s�t�s�.� 

�T�h�e� �t�w�o� �s�e�t�s� �o�f� �4�7�2� �F�R�F�s� �w�i�t�h� �1�8� �d�a�t�a� �p�o�i�n�t�s� �e�a�c�h� �w�e�r�e� �a�n�a�l�y�z�e�d� �u�s�i�n�g� �M�o�d�h�a�n�.� 

�T�h�e� �f�i�x�e�d�-�p�o�l�e�s� �u�s�e�d� �c�a�m�e� �f�r�o�m� �t�h�e� �f�o�u�r�t�h� �a�c�c�e�l�e�r�o�m�e�t�e�r� �t�e�s�t� �(�B�u�r�s�t� �C�h�i�r�p�)� �a�n�d� �t�h�e� 

�r�e�s�i�d�u�e�s� �w�e�r�e� �c�a�l�c�u�l�a�t�e�d�.� �F�i�g�u�r�e� �1�1� �s�h�o�w�s� �t�h�e� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� �n�e�a�r� �r�e�s�o�n�a�n�c�e� �f�r�e�q�u�e�n�c�i�e�s� 

�a�n�d� �o�f�f� �r�e�s�o�n�a�n�c�e� �f�r�e�q�u�e�n�c�i�e�s� �u�s�e�d� �i�n� �e�a�c�h� �a�n�a�l�y�s�i�s�.� 

�3�.�2�.�3� �P�o�s�t�-�P�r�o�c�e�s�s�i�n�g� 

�T�h�e� �r�e�s�i�d�u�e�s� �o�u�t�p�u�t� �f�r�o�m� �t�h�e� �c�u�r�v�e� �f�i�t�t�i�n�g� �s�o�f�t�w�a�r�e� �w�e�r�e� �m�o�d�i�f�i�e�d� �i�n� �t�w�o� �w�a�y�s� 

�a�f�t�e�r� �c�u�r�v�e� �f�i�t�t�i�n�g�.� �F�i�r�s�t�,� �m�o�d�e� �v�e�c�t�o�r�s� �w�e�r�e� �c�a�l�c�u�l�a�t�e�d� �f�r�o�m� �t�h�e� �m�o�d�e� �v�e�c�t�o�r�s�.� �S�e�c�o�n�d�l�y�,� 

�t�h�e� �r�e�a�l� �p�a�r�t� �o�f� �t�h�e� �r�e�s�i�d�u�e�s� �w�e�r�e� �e�l�i�m�i�n�a�t�e�d�.� 

�C�h�a�p�t�e�r� �3� �6�2
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� � 

� � 
� � 

� � 

�-�3� 
�1� �o�O� �i� �i� �1� �1� �i� �1� �t�L� �I� �L� 

�o�O� �2�0� �4�0� �6�0� �8�0� �1�0�0� �1�2�0� �1�4�0� �1�6�0� �1�8�0� �2�0�0� 
�F�r�e�q�u�e�n�c�y� �(�H�z�)� 

�1� �a�0� �T� �T� �v� �'� �'� �i� �'� �=� �.�  �� �w�T� 

�=�a� 
�®� 
�=� 
�@� �O�F� 
�w� 
�3� 

�<�=� 
�a� 

�-�5�0�F� 

 ��1�0�0� �f�i�t�i�a�i�a�l�l�i�a�c�n� �L� �a�n� �"�I� �L�~� �x� �S� �i� �1� �~� �l� �=� 

�2�0� �4�0� �6�0� �8�0� �1�0�0� �1�2�0� �1�4�0� �1�6�0� �1�8�0� �2�0�0� 
� � 
� � �F�r�e�q�u�e�n�c�y� �(�H�z�)� 

�S�y�n�t�h�e�s�i�z�e�d� �D�r�i�v�i�n�g� �P�o�i�n�t� �F�R�F�  �� �N�e�a�r� �R�e�s�o�n�a�n�c�e� �R�e�s�u�l�t�s� 

� � 

�M
�a�

g�n
�i�t

�u�
d�e

� 

� � 

� � 

� � 
� � 

� � 

� � � � 
� � 

�-�2� �4� �O�o� �{� �1� �e�l� �1� �1� �1� �1� 

�o�O� �2�0� �4�0� �6�0� �8�0� �1�0�0� �1�2�0� �1�4�0� �1�6�0� �1�8�0� �2�0�0� 
�F�r�e�q�u�e�n�c�y� �(�H�z�)� 

�1� �0�0� �q� �'� �-� �'� �T� �a� �v� �T� �t� �t�  �� 
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�-�5�0�/�-� �7� 

�- ��1�0�0� �.� �L�  �� �1� �+� �f�l� �L� �=� �!� 

�2�0� �4�0� �6�0� �8�0� �1�0�0� �1�2�0� �1�4�0� �1�6�0� �1�8�0� �2�0�0� 
�F�r�e�q�u�e�n�c�y� �(�H�z�)� 

�F�i�g�u�r�e� �1�1�:� �O�f�f� �R�e�s�o�n�a�n�c�e� �(�t�o�p�)� �a�n�d� �N�e�a�r� �R�e�s�o�n�a�n�c�e� �(�b�o�t�t�o�m�)� 
�M�e�a�s�u�r�e�m�e�n�t� �F�r�e�q�u�e�n�c�i�e�s� 

�x� �-� �L�a�s�e�r� �M�e�a�s�u�r�e�m�e�n�t� �F�r�e�q�u�e�n�c�y� 
�o� �-� �M�e�a�s�u�r�e�m�e�n�t� �F�r�e�q�u�e�n�c�y� �U�s�e�d� �i�n� �t�h�e� �A�n�a�l�y�s�i�s� 

�C�h�a�p�t�e�r� �3� �6�3



�3�.�2�.�3�.�1� �C�a�l�c�u�l�a�t�i�o�n� �o�f� �M�o�d�e� �V�e�c�t�o�r�s� 

�R�e�s�i�d�u�e�s� �a�r�e� �t�h�e� �p�r�o�d�u�c�t� �o�f� �m�o�d�e� �v�e�c�t�o�r�s� �a�n�d� �o�t�h�e�r� �v�a�r�i�a�b�l�e�s� �a�s� �d�e�f�i�n�e�d� �i�n� 

�e�q�u�a�t�i�o�n� �2�.�1�.�4�.�1�5�.� �T�h�e� �o�u�t�p�u�t� �o�f� �M�o�d�h�a�n� �i�s� �a� �r�e�s�i�d�u�e� �f�o�r� �e�a�c�h� �m�o�d�e� �a�t� �e�v�e�r�y� 

�m�e�a�s�u�r�e�m�e�n�t� �l�o�c�a�t�i�o�n� �a�n�d� �t�h�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �a�n�d� �d�a�m�p�i�n�g� �v�a�l�u�e�s� �f�o�r� �e�a�c�h� �m�o�d�e�.� 

�I�n�d�i�v�i�d�u�a�l� �m�o�d�e� �v�e�c�t�o�r�s� �f�o�r� �e�a�c�h� �m�o�d�e� �w�e�r�e� �c�a�l�c�u�l�a�t�e�d� �b�y� �d�i�v�i�d�i�n�g� �e�v�e�r�y� �r�e�s�i�d�u�e� �b�y� �t�h�e� 

�s�q�u�a�r�e� �r�o�o�t� �o�f� �t�h�e� �d�r�i�v�i�n�g� �p�o�i�n�t� �r�e�s�i�d�u�e� �f�o�r� �t�h�a�t� �m�o�d�e�,� �w�h�i�c�h� �r�e�s�u�l�t�s� �i�n� �a� �m�o�d�e� �v�e�c�t�o�r� 

�s�c�a�l�e�d� �b�y� �t�h�e� �m�o�d�a�l� �m�a�s�s�.� 

�A�s� �a�n� �e�x�a�m�p�l�e� �o�f� �c�a�l�c�u�l�a�t�i�n�g� �m�o�d�e� �v�e�c�t�o�r�s� �f�r�o�m� �r�e�s�i�d�u�e�s�,� �w�h�e�r�e� �t�h�e� �d�r�i�v�i�n�g� �p�o�i�n�t� 

�i�s� �l�o�c�a�t�i�o�n� �1�,� �t�h�e� �d�r�i�v�i�n�g� �p�o�i�n�t� �r�e�s�i�d�u�e� �f�o�r� �m�o�d�e� �3� �i�s� �d�e�f�i�n�e�d� �a�s� 

� � 

� � � � 

�s�A�u� �=� �3�9�1�3�9�4� �-� �3�9�1� �,� �3�0�4� 

�T�h�e� �r�e�s�i�d�u�e� �a�t� �a� �l�o�c�a�t�i�o�n� �m� �f�o�r� �m�o�d�e� �3� �i�s� 

�3�9�m� �3�9�4� 

�2�j�m�3�0�3�7�1�-� �§�3� 

�D�i�v�i�d�i�n�g� �e�q�u�a�t�i�o�n� �3�.�2�.�3�.�1�.�2� �b�y� �t�h�e� �s�q�u�a�r�e� �r�o�o�t� �o�f� �e�q�u�a�t�i�o�n� �3�.�2�.�3�.�1�.�1� �c�a�n�c�e�l�s� �t�h�e� �d�r�i�v�i�n�g� 

�.� �(�3�.�2�.�3�.�1�.�1�)� 

� � �3�A� �m�1� �=� �(�3�.�2�.�3�.�1�.�2�)� 

�p�o�i�n�t� �m�o�d�e� �v�e�c�t�o�r�,� �3�9�1�,� �f�r�o�m� �e�q�u�a�t�i�o�n� �3�.�2�.�3�.�1�.�2� �a�n�d� �r�e�s�u�l�t�s� �i�n� �a� �s�c�a�l�e�d� �m�o�d�e� �v�e�c�t�o�r� �a�t� 

�l�o�c�a�t�i�o�n� �m� 

� � � � �A�m�y�/� �A�=� �3�9�m� �(�3�.�2�.�3�.�1�.�3�)�.� �A�n� �D�i�m�g�o�s� �v�i�n�e� 
�A� �m�o�d�e� �v�e�c�t�o�r� �a�t� �e�a�c�h� �p�o�i�n�t� �o�n� �t�h�e� �s�t�r�u�c�t�u�r�e� �f�o�r� �e�a�c�h� �m�o�d�e� �w�a�s� �c�a�l�c�u�l�a�t�e�d� �i�n� �t�h�e� 

�s�a�m�e� �m�a�n�n�e�r� �a�s� �i�l�l�u�s�t�r�a�t�e�d� �i�n� �t�h�e� �e�x�a�m�p�l�e�.� �T�h�e� �m�o�d�e� �v�e�c�t�o�r�s� �w�e�r�e� �u�s�e�d� �t�o� �c�a�l�c�u�l�a�t�e� �t�h�e� 

�m�o�d�a�l� �a�s�s�u�r�a�n�c�e� �c�r�i�t�e�r�i�o�n� �(�M�A�C�)� �t�a�b�l�e�s� �s�h�o�w�n� �i�n� �c�h�a�p�t�e�r� �4�.� 

�C�h�a�p�t�e�r� �3� �6�4



�3�.�2�.�3�.�2� �R�e�s�i�d�u�e� �M�o�d�i�f�i�c�a�t�i�o�n� 

�A� �p�r�o�b�l�e�m� �a�r�o�s�e� �w�h�e�n� �F�R�F�s� �w�e�r�e� �s�i�m�u�l�a�t�e�d� �u�s�i�n�g� �t�h�e� �r�e�s�i�d�u�e�s� �o�u�t�p�u�t� �f�r�o�m� 

�M�o�d�h�a�n�.� �W�h�e�n� �a�n� �F�R�F� �w�a�s� �s�i�m�u�l�a�t�e�d� �u�s�i�n�g� �t�h�e� �u�n�m�o�d�i�f�i�e�d� �r�e�s�i�d�u�e�s� �a�n�d� �p�l�o�t�t�e�d� �a�s� 

�m�a�g�n�i�t�u�d�e� �a�n�d� �p�h�a�s�e� �(�f�i�g�u�r�e� �1�2�)�,� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �f�i�t� �w�a�s� �e�x�c�e�l�l�e�n�t� �b�u�t� �t�h�e� �p�h�a�s�e� 

�s�h�o�w�e�d� �s�i�g�n�i�f�i�c�a�n�t� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �r�e�a�l� �a�n�d� �a�n�a�l�y�t�i�c�a�l� �d�a�t�a�.� �E�s�p�e�c�i�a�l�l�y� �n�e�a�r� �a�n�t�i�-� 

�r�e�s�o�n�a�n�c�e�,� �t�h�e� �p�h�a�s�e� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �a�n�a�l�y�t�i�c�a�l� �a�n�d� �a�c�t�u�a�l� �d�a�t�a� �w�a�s� �d�i�s�t�u�r�b�i�n�g�.� �T�h�e� 

�p�r�o�b�l�e�m� �w�a�s� �p�a�r�t�l�y� �s�o�l�v�e�d� �b�y� �e�l�i�m�i�n�a�t�i�n�g� �t�h�e� �r�e�a�l� �p�a�r�t� �o�f� �t�h�e� �r�e�s�i�d�u�e�s�.� 

�T�h�e� �c�a�u�s�e� �o�f� �s�o�m�e� �o�f� �t�h�e� �e�r�r�o�r�s� �b�e�t�w�e�e�n� �a�c�t�u�a�l� �a�n�d� �a�n�a�l�y�t�i�c�a�l� �d�a�t�a� �c�a�n� �b�e� �t�r�a�c�e�d� �t�o� 

�s�m�a�l�l� �e�r�r�o�r�s� �i�n� �t�h�e� �c�u�r�v�e� �f�i�t�t�i�n�g� �p�r�o�c�e�s�s�.� �T�h�e� �p�h�a�s�e� �o�f� �a�n� �F�R�F� �a�t� �a�n�y� �f�r�e�q�u�e�n�c�y� �i�s� �t�h�e� 

�i�n�v�e�r�s�e� �t�a�n�g�e�n�t� �o�f� �t�h�e� �r�a�t�i�o� �o�f� �t�h�e� �i�m�a�g�i�n�a�r�y� �a�n�d� �r�e�a�l� �p�a�r�t�s� �o�f� �t�h�e� �F�R�F� �a�t� �t�h�a�t� �f�r�e�q�u�e�n�c�y�.� 

�N�e�a�r� �a�n�t�i�-�r�e�s�o�n�a�n�c�e�,� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �F�R�F� �i�s� �v�e�r�y� �s�m�a�l�l�,� �a�n�d� �i�n� �m�o�s�t� �c�a�s�e�s�,� �t�h�e� �r�e�a�l� 

�a�n�d� �i�m�a�g�i�n�a�r�y� �c�o�n�t�r�i�b�u�t�i�o�n�s� �f�r�o�m� �e�a�c�h� �m�o�d�e� �a�r�e� �v�e�r�y� �s�m�a�l�l�.� �I�n� �o�r�d�e�r� �t�o� �o�b�t�a�i�n� �a� �g�o�o�d� �f�i�t�,� 

�t�h�e� �v�e�r�y� �s�m�a�l�l� �c�o�m�p�l�e�x� �n�u�m�b�e�r�s� �f�r�o�m� �e�a�c�h� �m�o�d�e� �m�u�s�t� �s�u�m� �t�o�g�e�t�h�e�r� �i�n� �a� �v�e�r�y� �p�r�e�c�i�s�e� 

�w�a�y�.� �I�f�,� �f�o�r� �i�n�s�t�a�n�c�e�,� �o�n�e� �r�e�s�i�d�u�e� �w�a�s� �e�s�t�i�m�a�t�e�d� �t�o� �b�e� �l�a�r�g�e�r� �t�h�a�n� �i�t� �s�h�o�u�l�d� �b�e�,� �t�h�e�n� �t�h�a�t� 

�m�o�d�e� �w�i�l�l� �h�a�v�e� �t�o�o� �g�r�e�a�t� �a�n� �i�n�f�l�u�e�n�c�e�.� �N�e�a�r� �a�n�t�i�-�r�e�s�o�n�a�n�c�e�,� �t�h�a�t� �s�m�a�l�l� �e�r�r�o�r� �i�n� 

�c�a�l�c�u�l�a�t�i�n�g� �t�h�e� �r�e�s�i�d�u�e� �c�a�n� �h�a�v�e� �e�n�o�u�g�h� �e�f�f�e�c�t� �t�o� �s�w�i�t�c�h� �t�h�e� �s�i�g�n� �o�f� �t�h�e� �r�e�a�l� �o�r� �i�m�a�g�i�n�a�r�y� 

�p�a�r�t� �o�f� �t�h�e� �F�R�F� �w�h�e�n� �t�h�e� �c�o�n�t�r�i�b�u�t�i�o�n�s� �o�f� �a�l�l� �m�o�d�e�s� �a�r�e� �s�u�m�m�e�d�.� �O�f� �c�o�u�r�s�e�,� �c�h�a�n�g�i�n�g� 

�t�h�e� �s�i�g�n� �i�n� �o�n�e� �o�f� �t�h�e� �t�e�r�m�s� �i�n� �a� �r�a�t�i�o� �h�a�s� �a� �g�r�e�a�t� �e�f�f�e�c�t� �o�n� �t�h�e� �i�n�v�e�r�s�e� �t�a�n�g�e�n�t� �o�f� �t�h�a�t� �r�a�t�i�o�,� 

�e�s�p�e�c�i�a�l�l�y� �w�h�e�n� �p�l�o�t�t�e�d�.� 

�T�h�e� �a�s�s�u�m�p�t�i�o�n� �o�f� �n�o�r�m�a�l� �m�o�d�e�s� �i�s� �t�y�p�i�c�a�l�l�y� �u�s�e�d� �t�o� �h�e�l�p� �e�l�i�m�i�n�a�t�e� �p�h�a�s�e� 

�p�r�o�b�l�e�m�s�.� �M�a�k�i�n�g� �t�h�e� �n�o�r�m�a�l� �m�o�d�e� �a�s�s�u�m�p�t�i�o�n� �f�o�r�c�e�s� �t�h�e� �m�o�d�e� �v�e�c�t�o�r�s� �f�o�r� �e�a�c�h� �m�o�d�e� 

�C�h�a�p�t�e�r� �3� �6�5



�S�y�n�t�h�e�s�i�z�e�d� �F�R�F� �a�t� �L�o�c�a�t�i�o�n� �8� �-� �U�n�m�o�d�i�f�i�e�d� �R�e�s�i�d�u�e�s� 
�1�0� �E� �T� �T� �T� �T� �T� �T� 
� � 

�q� �T� �t� 

�a
� 

�i� 

�M
�a

�g
�n

�i�
t�u

�d
�e

� 

�3�°�
 

!"� 

� � � � 
�0� �2�0� �4�0� �6�0� �8�0� �1�0�0� �1�2�0� �1�4�0� �1�6�0� �1�8�0� �2�0�0� 

�F�r�e�q�u�e�n�c�y� �(�H�z�)� 
� � 

� � 
�2�0�0� �t� �I� �t� �T� �T� 

�1�0�0�f�-� 

� � �P
�h

�a
�s

�e
� 

�(�
d�

e�
g�

)� 

�o
�O

� 

�-�1�0�0�F� � � � � 
� � 

�~�2�0�0� �i�]� �!� �l� �!� �J� �!� �!� 

�0� �2�0� �4�0� �6�0� �8�0� �1�0�0� �1�2�0� �1�4�0� �1�6�0� �1�8�0� �2�0�0� 
�F�r�e�q�u�e�n�c�y� �(�H�z�)� 

�F�i�g�u�r�e� �1�2�:� �S�y�n�t�h�e�s�i�z�e�d� �F�R�F� �C�a�l�c�u�l�a�t�e�d� �U�s�i�n�g� �U�n�m�o�d�i�f�i�e�d� �R�e�s�i�d�u�e�s� 

�C�h�a�p�t�e�r� �3� �6�6



�o�f� �a� �s�y�s�t�e�m�,� �w�h�e�n� �p�l�o�t�t�e�d� �o�n� �a� �r�e�a�l� �v�s�.� �i�m�a�g�i�n�a�r�y� �p�l�o�t�,� �t�o� �a�l�l� �f�o�r�m� �a� �l�i�n�e�.� �T�h�e� �e�s�t�i�m�a�t�e�d� 

�m�o�d�e� �v�e�c�t�o�r�s� �f�o�r� �t�h�e� �b�e�a�m� �c�r�e�a�t�e�d� �a�  ��t�h�i�c�k �� �l�i�n�e� �w�h�e�r�e� �t�h�e� �t�h�i�c�k�n�e�s�s� �w�a�s� �f�o�r�m�e�d� �b�y� �t�h�e� 

�d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �p�o�i�n�t�s� �t�h�a�t� �d�i�d� �n�o�t� �l�i�e� �e�x�a�c�t�l�y� �o�n� �t�h�e� �l�i�n�e�.� �T�h�i�s� �t�h�i�c�k� �l�i�n�e� �i�n�d�i�c�a�t�e�d� �t�h�a�t� �t�h�e� 

�d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �p�o�i�n�t�s� �a�r�o�u�n�d� �t�h�e� �l�i�n�e� �w�a�s� �c�a�u�s�e�d� �b�y� �s�l�i�g�h�t� �c�u�r�v�e� �f�i�t�t�i�n�g� �e�r�r�o�r�s�.� �I�t� �w�o�u�l�d� 

�b�e� �d�e�s�i�r�a�b�l�e� �t�o� �r�e�d�u�c�e� �t�h�e� �t�h�i�c�k�n�e�s�s� �o�f� �t�h�e� �l�i�n�e� �s�o� �t�o� �e�l�i�m�i�n�a�t�e� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �t�h�a�t�,� �b�y� �t�h�e� 

�n�o�r�m�a�l� �m�o�d�e� �a�s�s�u�m�p�t�i�o�n�,� �s�h�o�u�l�d� �n�o�t� �b�e� �p�r�e�s�e�n�t�.� 

�T�h�e� �r�e�s�i�d�u�e�s� �a�r�e� �s�i�m�p�l�y� �t�h�e� �m�o�d�e� �v�e�c�t�o�r�s� �m�u�l�t�i�p�l�i�e�d� �b�y� �t�h�e� �d�r�i�v�i�n�g� �p�o�i�n�t� �m�o�d�e� 

�v�e�c�t�o�r� �a�n�d� �s�h�o�u�l�d� �a�l�s�o�,� �b�y� �t�h�e� �n�o�r�m�a�l� �m�o�d�e� �a�s�s�u�m�p�t�i�o�n�,� �f�o�r�m� �a� �l�i�n�e�.� �T�h�e� �c�o�m�p�l�e�x� 

�r�e�s�i�d�u�e�s� �w�e�r�e� �d�o�m�i�n�a�t�e�d� �b�y� �t�h�e� �i�m�a�g�i�n�a�r�y� �c�o�m�p�o�n�e�n�t�s� �a�n�d�,� �a�s� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �1�3�,� 

�f�o�r�m�e�d� �a�  ��t�h�i�c�k �� �l�i�n�e� �a�l�o�n�g� �t�h�e� �i�m�a�g�i�n�a�r�y� �a�x�i�s�.� �S�i�n�c�e� �t�h�e� �r�e�a�l� �p�a�r�t�s� �o�f� �t�h�e� �r�e�s�i�d�u�e�s� �c�o�u�l�d� 

�n�o�t� �b�e� �e�l�i�m�i�n�a�t�e�d� �b�y� �r�o�t�a�t�i�n�g� �a�l�l� �t�h�e� �r�e�s�i�d�u�e�s�,� �t�h�e� �r�e�a�l� �p�a�r�t� �w�a�s� �e�s�s�e�n�t�i�a�l�l�y� �e�l�i�m�i�n�a�t�e�d� �b�y� 

�s�c�a�l�i�n�g� �i�t� �b�y� �a� �f�a�c�t�o�r� �o�f� �0�.�0�0�1�.� �R�e�c�a�l�c�u�l�a�t�i�n�g� �t�h�e� �m�o�d�e� �v�e�c�t�o�r�s� �f�r�o�m� �t�h�e� �m�o�d�i�f�i�e�d� 

�r�e�s�i�d�u�e�s� �a�n�d� �p�l�o�t�t�i�n�g� �t�h�e� �m�o�d�e� �v�e�c�t�o�r�s� �s�h�o�w�s� �t�h�a�t� �t�h�e� �m�o�d�e� �v�e�c�t�o�r�s� �f�o�r�m� �a� �m�u�c�h� �l�e�s�s� 

�d�i�s�t�r�i�b�u�t�e�d� �(�t�h�i�n�n�e�r�)� �l�i�n�e�,� �a�s� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �1�4�.� �R�e�d�u�c�i�n�g� �t�h�e� �r�e�a�l� �p�a�r�t� �o�f� �t�h�e� �r�e�s�i�d�u�e�s�,� 

�t�h�e�r�e�f�o�r�e�,� �h�a�d� �t�h�e� �e�f�f�e�c�t� �o�f� �r�o�t�a�t�i�n�g� �t�h�e� �m�o�d�e� �v�e�c�t�o�r�s� �s�o� �t�h�e� �m�o�d�e�s� �a�r�e� �n�o�r�m�a�l�.� 

�T�h�e� �f�i�n�a�l� �e�f�f�e�c�t� �o�f� �r�e�d�u�c�i�n�g� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �r�e�a�l� �p�a�r�t� �o�f� �t�h�e� �r�e�s�i�d�u�e�s� �i�s� �t�o� 

�i�m�p�r�o�v�e� �t�h�e� �a�g�r�e�e�m�e�n�t� �o�f� �t�h�e� �a�c�t�u�a�l� �a�n�d� �a�n�a�l�y�t�i�c�a�l� �r�e�s�u�l�t�s� �w�h�e�n� �s�h�o�w�n� �a�s� �m�a�g�n�i�t�u�d�e� �a�n�d� 

�p�h�a�s�e� �a�s� �i�n� �f�i�g�u�r�e� �1�5�.� �A�s� �i�l�l�u�s�t�r�a�t�e�d� �i�n� �f�i�g�u�r�e�s� �1�6� �a�n�d� �1�7�,� �w�h�e�n� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �p�l�o�t�s� 
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�C�h�a�p�t�e�r� �F�o�u�r� 

�R�e�s�u�l�t�s� 

�T�h�e� �a�c�c�u�r�a�c�y� �o�f� �m�o�d�a�l� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�e�s� �c�a�n� �b�e� �d�e�t�e�r�m�i�n�e�d� �i�n� �s�e�v�e�r�a�l� �w�a�y�s�.� 

�O�f�t�e�n�,� �t�h�e� �m�o�d�e� �s�h�a�p�e�s� �o�f� �a� �s�t�r�u�c�t�u�r�e� �a�r�e� �i�n�t�u�i�t�i�v�e�l�y� �k�n�o�w�n� �f�r�o�m� �t�h�e� �b�a�s�i�c� �g�e�o�m�e�t�r�y� �o�f� 

�t�h�e� �s�t�r�u�c�t�u�r�e�.� �I�n� �t�h�i�s� �c�a�s�e�,� �t�h�e� �b�e�n�d�i�n�g� �a�n�d� �t�o�r�s�i�o�n�a�l� �m�o�d�e�s� �o�f� �a� �b�e�a�m� �a�r�e� �f�a�m�i�l�i�a�r�,� �a�n�d� 

�e�s�t�i�m�a�t�e�d� �m�o�d�e� �s�h�a�p�e�s� �m�u�s�t� �a�g�r�e�e� �w�i�t�h� �t�h�e� �i�n�t�u�i�t�i�v�e�l�y� �k�n�o�w�n� �b�e�a�m� �m�o�d�e�s�.� �A�d�d�i�t�i�o�n�a�l�l�y�,� 

�m�e�a�s�u�r�e�d� �d�a�t�a� �c�a�n� �b�e� �u�s�e�d� �a�s� �a� �c�o�m�p�a�r�i�s�o�n� �t�o� �a�n�a�l�y�t�i�c�a�l� �r�e�s�u�l�t�s�.� �W�i�t�h� �t�h�e� �m�o�d�e�s� �o�f� �a� 

�s�t�r�u�c�t�u�r�e� �k�n�o�w�n�,� �t�h�e� �m�e�a�s�u�r�e�d� �F�R�F�s� �c�a�n� �b�e� �s�y�n�t�h�e�s�i�z�e�d�.� �C�o�m�p�a�r�i�s�o�n� �o�f� �a�c�t�u�a�l� �t�o� 

�a�n�a�l�y�t�i�c�a�l� �r�e�s�u�l�t�s� �i�n�d�i�c�a�t�e�s� �t�h�e� �q�u�a�l�i�t�y� �o�f� �t�h�e� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�e�s�.� �F�i�n�a�l�l�y�,� �i�n� �t�h�i�s� �c�a�s�e� 

�w�h�e�r�e� �a� �b�e�a�m� �i�s� �t�h�e� �s�u�b�j�e�c�t�,� �t�h�e� �o�r�t�h�o�g�o�n�a�l�i�t�y� �o�f� �t�h�e� �m�o�d�e� �s�h�a�p�e�s� �o�f� �a� �b�e�a�m� �c�a�n� �b�e� �u�s�e�d� 

�t�o� �d�e�t�e�r�m�i�n�e� �i�f� �m�o�d�e�s� �a�r�e� �f�u�l�l�y� �d�e�c�o�u�p�l�e�d� �f�r�o�m� �e�a�c�h� �o�t�h�e�r�.� �W�i�t�h� �t�h�e�s�e� �t�h�r�e�e� �t�o�o�l�s�,� 

�a�n�a�l�y�t�i�c�a�l� �r�e�s�u�l�t�s� �c�a�n� �b�e� �c�o�m�p�a�r�e�d� �t�o� �i�n�t�u�i�t�i�o�n� �a�n�d� �m�e�a�s�u�r�e�d� �d�a�t�a� �t�o� �i�n�d�i�c�a�t�e� �t�h�e� �q�u�a�l�i�t�y� 

�o�f� �t�h�e� �e�s�t�i�m�a�t�i�o�n�.� 

�4�.�1� �D�e�f�i�n�i�t�i�o�n�s� 

�S�y�n�t�h�e�s�i�z�e�d� �F�R�F�s� �a�n�d� �m�o�d�a�l� �a�s�s�u�r�a�n�c�e� �c�r�i�t�e�r�i�o�n� �(�M�A�C�)� �t�a�b�l�e�s� �a�r�e� �d�e�f�i�n�e�d� �i�n� �t�h�e� 

�f�o�l�l�o�w�i�n�g� �s�e�c�t�i�o�n�s�.� �B�o�t�h� �s�y�n�t�h�e�s�i�z�e�d� �F�R�F�s� �a�n�d� �M�A�C� �t�a�b�l�e�s� �a�r�e� �i�n�c�l�u�d�e�d� �a�s� �r�e�s�u�l�t�s�.� 
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�4�.�1�.�1�.� �S�y�n�t�h�e�s�i�z�e�d� �F�R�F�s� 

�S�y�n�t�h�e�s�i�z�e�d� �F�R�F�s� �a�r�e� �o�b�t�a�i�n�e�d� �b�y� �c�a�l�c�u�l�a�t�i�n�g� �a� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �f�u�n�c�t�i�o�n� �f�r�o�m� 

�t�h�e� �p�o�l�e�s� �a�n�d� �r�e�s�i�d�u�e�s� �t�h�a�t� �t�h�e� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�o�r� �o�u�t�p�u�t�s�.� �F�R�F�s� �a�s� �f�u�n�c�t�i�o�n�s� �o�f� �p�o�l�e�s� 

�a�n�d� �r�e�s�i�d�u�e�s� �a�r�e� �g�i�v�e�n� �i�n� �s�e�c�t�i�o�n� �2�.�1�.�4�.� �T�h�e� �s�y�n�t�h�e�s�i�z�e�d� �F�R�F� �i�s� �c�a�l�c�u�l�a�t�e�d� �f�o�r� �a�n� �F�R�F� 

�t�h�a�t� �w�a�s� �a�c�t�u�a�l�l�y� �m�e�a�s�u�r�e�d� �a�n�d� �t�h�e� �r�e�s�u�l�t�s� �a�r�e� �o�v�e�r�l�a�i�d�.� �A� �g�o�o�d� �f�i�t� �w�i�l�l� �r�e�s�u�l�t� �i�n� �g�o�o�d� 

�a�g�r�e�e�m�e�n�t� �b�e�t�w�e�e�n� �t�h�e� �s�y�n�t�h�e�s�i�z�e�d� �F�R�F� �a�n�d� �t�h�e� �a�c�t�u�a�l� �F�R�F�.� 

�4�.�1�.�2�.� �M�o�d�a�l� �A�s�s�u�r�a�n�c�e� �C�r�i�t�e�r�i�o�n� 

�M�o�d�a�l� �a�s�s�u�r�a�n�c�e� �c�r�i�t�e�r�i�o�n� �(�M�A�C�)� �t�a�b�l�e�s� �i�n�d�i�c�a�t�e� �t�h�e� �d�e�g�r�e�e� �o�f� �o�r�t�h�o�g�o�n�a�l�i�t�y� 

�b�e�t�w�e�e�n� �t�h�e� �s�e�t�s� �o�f� �m�o�d�e� �v�e�c�t�o�r�s�.� �T�h�e� �m�o�d�e� �v�e�c�t�o�r�s� �o�f� �a� �b�e�a�m� �a�r�e� �o�r�t�h�o�g�o�n�a�l� �s�o� �t�h�a�t� �t�h�e� 

�f�o�l�l�o�w�i�n�g� �i�n�t�e�g�r�a�l� �h�o�l�d�s� �t�r�u�e� �(�R�a�o� �1�9�9�0�:� �4�0�0�)� 

�]� 

�S�P�i�h� �j�e�n� �=� �(�Q�.� �(�4�.�1�.�2�.�1�)� 

�I�n� �t�h�e� �d�i�s�c�r�e�t�e� �c�a�s�e�,� �t�h�e� �f�o�l�l�o�w�i�n�g� �r�e�l�a�t�i�o�n�s�h�i�p� �i�n�d�i�c�a�t�e�s� �t�h�e� �d�e�g�r�e�e� �o�f� �o�r�t�h�o�g�o�n�a�l�i�t�y� 

�b�e�t�w�e�e�n� �t�w�o� �s�e�t�s� �o�f� �m�o�d�e� �v�e�c�t�o�r�s�,� �w�h�e�r�e� �®� �a�n�d� �W� �a�r�e� �s�e�t�s� �o�f� �m�o�d�e� �v�e�c�t�o�r�s�,� 

�c�e� �>� �b�*� �V�y� �O�y� �*� �=�1�w�h�e�n� �®� �=� �Y� 

�?� �J�O�O� �*� �T�y� �w�y� 
� � 

�=�O�w�h�e�n� �D�x� �W�.� 

�A� �M�A�C� �t�a�b�l�e� �i�s� �f�o�r�m�e�d� �b�y� �d�e�t�e�r�m�i�n�i�n�g� �t�h�e� �M�A�C� �f�o�r� �e�v�e�r�y� �c�o�m�b�i�n�a�t�i�o�n� �o�f� 

�m�o�d�e�s�,� �s�o� �f�o�r� �a� �s�y�s�t�e�m� �w�i�t�h� �N� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m�,� �t�h�e� �M�A�C� �t�a�b�l�e� �w�i�t�h� �h�a�v�e� �N�*� �e�n�t�r�i�e�s�.� 

�S�i�n�c�e� �e�a�c�h� �c�o�m�b�i�n�a�t�i�o�n� �w�i�l�l� �f�i�t� �o�n�e� �o�f� �t�h�e� �p�o�s�s�i�b�i�l�i�t�i�e�s�,� �®� �=� �Y� �o�r� �D� �=� �W�,� �e�v�e�r�y� �e�n�t�r�y� 
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�i�n� �t�h�e� �M�A�C� �t�a�b�l�e� �s�h�o�u�l�d� �b�e� �z�e�r�o� �o�r� �o�n�e�.� �T�h�e� �d�e�g�r�e�e� �t�o� �w�h�i�c�h� �t�h�e� �e�n�t�r�i�e�s� �v�a�r�y� �f�r�o�m� �z�e�r�o� 

�i�n�d�i�c�a�t�e�s� �t�h�e� �d�e�g�r�e�e� �t�o� �w�h�i�c�h� �t�h�e� �m�o�d�e� �s�h�a�p�e�s� �l�a�c�k� �o�r�t�h�o�g�o�n�a�l�i�t�y�.� �A� �M�A�C� �t�a�b�l�e� �w�i�t�h� 

�n�o�n�-�u�n�i�t�y� �e�n�t�r�i�e�s� �t�h�a�t� �v�a�r�y� �a� �g�r�e�a�t� �d�e�a�l� �f�r�o�m� �z�e�r�o� �i�n�d�i�c�a�t�e� �p�o�o�r� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n� 

�q�u�a�l�i�t�y�.� 

�4�.�2� �M�o�d�e� �S�h�a�p�e�s� 

�T�h�e� �e�s�t�i�m�a�t�e�d� �m�o�d�e� �s�h�a�p�e�s� �o�f� �t�h�e� �t�e�s�t� �b�e�a�m� �a�r�e� �s�h�o�w�n� �a�l�o�n�g� �w�i�t�h� �t�h�e�o�r�e�t�i�c�a�l� 

�m�o�d�e� �s�h�a�p�e�s� �f�r�o�m� �E�u�l�e�r� �b�e�a�m� �t�h�e�o�r�y� �(�R�a�o� �1�9�9�0�:� �3�9�8�)� �i�n� �f�i�g�u�r�e�s� �1�8�-�2�3�.� �O�n�l�y� �t�h�e� �b�e�n�d�i�n�g� 

�m�o�d�e�s� �c�o�u�l�d� �b�e� �c�a�l�c�u�l�a�t�e�d� �f�r�o�m� �E�u�l�e�r� �b�e�a�m� �t�h�e�o�r�y�,� �s�o� �t�h�e�o�r�e�t�i�c�a�l� �m�o�d�e� �s�h�a�p�e�s� �a�r�e� �s�h�o�w�n� 

�o�n�l�y� �f�o�r� �t�h�e� �f�o�u�r� �b�e�n�d�i�n�g� �m�o�d�e�s�.� �R�e�s�u�l�t�s� �f�r�o�m� �a� �p�l�a�t�e� �(�t�w�o� �d�i�m�e�n�s�i�o�n�a�l�)� �t�h�e�o�r�y� �w�o�u�l�d� 

�p�r�e�d�i�c�t� �t�h�e� �t�o�r�s�i�o�n�a�l� �m�o�d�e�s� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e� �a�s� �w�e�l�l� �a�s� �t�h�e� �b�e�n�d�i�n�g� �m�o�d�e�s�,� �b�u�t� �s�i�n�c�e� �t�h�e� 

�t�o�r�s�i�o�n�a�l� �m�o�d�e� �i�s� �t�h�e� �h�i�g�h�e�s�t� �e�x�p�e�r�i�m�e�n�t�a�l�l�y� �d�e�t�e�r�m�i�n�e�d� �m�o�d�e� �o�f� �t�h�e� �s�u�b�j�e�c�t�,� �i�t� �i�s� �n�o�t� 

�i�n�v�a�l�i�d� �t�o� �c�o�m�p�a�r�e� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �b�e�n�d�i�n�g� �m�o�d�e�s� �t�o� �o�n�e� �d�i�m�e�n�s�i�o�n�a�l� �t�h�e�o�r�e�t�i�c�a�l� 

�r�e�s�u�l�t�s�.� �N�o� �c�o�m�p�a�r�i�s�o�n� �i�s� �g�i�v�e�n� �b�e�t�w�e�e�n� �t�h�e� �t�o�r�s�i�o�n�a�l� �m�o�d�e� �a�n�d� �t�h�e�o�r�e�t�i�c�a�l� �p�r�e�d�i�c�t�i�o�n�s�.� 

�T�h�e� �f�i�r�s�t� �m�o�d�e� �e�s�t�i�m�a�t�e�d� �f�r�o�m� �t�h�e� �m�e�a�s�u�r�e�d� �d�a�t�a� �i�s� �a� �r�i�g�i�d� �b�o�d�y� �m�o�d�e�.� �T�h�e� 

�p�r�e�s�e�n�c�e� �o�f� �t�h�e� �s�u�p�p�o�r�t� �c�o�n�s�t�r�a�i�n�t�s� �c�a�u�s�e� �t�h�e� �b�e�a�m� �t�o� �o�s�c�i�l�l�a�t�e� �a�s� �a� �r�i�g�i�d� �b�o�d�y� �i�n�s�t�e�a�d� �o�f� 

�t�r�a�n�s�l�a�t�i�n�g� �o�r� �r�o�t�a�t�i�n�g� �c�o�n�t�i�n�u�o�u�s�l�y� �i�n� �o�n�e� �d�i�r�e�c�t�i�o�n�,� �a�s� �o�n�e� �w�o�u�l�d� �e�x�p�e�c�t� �f�r�o�m� �a� �t�r�u�e� �(�0� 

�H�z�)� �r�i�g�i�d� �b�o�d�y� �m�o�d�e�.� �S�o�m�e� �f�l�e�x�u�r�e� �i�s� �p�r�e�s�e�n�t� �i�n� �t�h�e� �e�s�t�i�m�a�t�e� �o�f� �t�h�e� �r�i�g�i�d� �b�o�d�y� �m�o�d�e�,� �a�s� 

�s�h�o�w�n� �i�n� �f�i�g�u�r�e� �1�8�.� �T�h�e� �f�l�e�x�u�r�e� �i�s� �d�u�e� �t�o� �p�o�o�r� �e�s�t�i�m�a�t�i�o�n� �q�u�a�l�i�t�y� �r�e�s�u�l�t�i�n�g� �f�r�o�m� �a� �l�a�c�k� �o�f� 

�m�e�a�s�u�r�e�m�e�n�t� �f�r�e�q�u�e�n�c�i�e�s� �n�e�a�r� �t�h�e� �r�i�g�i�d� �b�o�d�y� �m�o�d�e ��s� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�y� �(�a�p�p�r�o�x�.� �5� �H�z�)�.� 
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�T�h�e� �m�o�d�e� �s�h�a�p�e�s� �o�b�t�a�i�n�e�d� �u�s�i�n�g� �t�h�e� �p�o�l�e� �e�s�t�i�m�a�t�e�s� �f�r�o�m� �a�n�y� �o�f� �t�h�e� �a�c�c�e�l�e�r�o�m�e�t�e�r� 
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�a�d�v�a�n�t�a�g�e� �d�e�p�e�n�d�e�n�t� �o�n� �t�h�e� �n�u�m�b�e�r� �o�f� �i�t�e�r�a�t�i�o�n�s� �r�e�q�u�i�r�e�d� �f�o�r� �a� �s�o�l�u�t�i�o�n� �u�s�i�n�g� �t�h�e� 

�g�l�o�b�a�l� �a�p�p�r�o�a�c�h�.� 

�5�.� �S�L�V� �m�e�a�s�u�r�e�m�e�n�t� �f�r�e�q�u�e�n�c�i�e�s� �n�e�a�r� �r�e�s�o�n�a�n�c�e� �f�r�e�q�u�e�n�c�i�e�s� �y�i�e�l�d� �s�u�p�e�r�i�o�r� �r�e�s�u�l�t�s� �t�o� 

�m�e�a�s�u�r�e�m�e�n�t� �f�r�e�q�u�e�n�c�i�e�s� �a�w�a�y� �f�r�o�m� �r�e�s�o�n�a�n�c�e�s� �w�h�e�n� �a�p�p�l�y�i�n�g� �t�h�e� �f�i�x�e�d�-�p�o�l�e�s� 

�a�l�g�o�r�i�t�h�m�.� 

�C�h�a�p�t�e�r� �5� �1�2�8



�5�.�1� �G�e�n�e�r�a�l� �M�e�t�h�o�d� 

�T�h�e� �m�o�d�e� �s�h�a�p�e�s�,� �s�y�n�t�h�e�s�i�z�e�d� �F�R�F�s�,� �a�n�d� �M�A�C� �t�a�b�l�e�s� �g�i�v�e�n� �i�n� �C�h�a�p�t�e�r� �4� �e�a�c�h� 

�g�i�v�e� �r�e�s�u�l�t�s� �t�o� �s�h�o�w� �t�h�a�t� �t�h�e� �f�i�x�e�d�-�p�o�l�e�s� �a�l�g�o�r�i�t�h�m� �i�s� �a� �v�i�a�b�l�e� �p�r�o�c�e�d�u�r�e� �f�o�r� �m�o�d�a�l� 

�a�n�a�l�y�s�i�s� �o�f� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �d�a�t�a�.� �T�h�e� �m�o�d�e� �s�h�a�p�e�s� �i�l�l�u�s�t�r�a�t�e�d� �i�n� �f�i�g�u�r�e�s� �1�8�-�2�3� �a�g�r�e�e� 

�w�i�t�h� �t�h�o�s�e� �d�e�t�e�r�m�i�n�e�d� �f�r�o�m� �E�u�l�e�r� �b�e�a�m� �t�h�e�o�r�y�.� �F�i�g�u�r�e�s� �2�9�-�5�2� �s�h�o�w� �t�h�a�t� �t�h�e� �a�n�a�l�y�t�i�c�a�l� 

�m�o�d�e�l� �o�f� �t�h�e� �b�e�a�m� �(�p�o�l�e�s� �a�n�d� �r�e�s�i�d�u�e�s�)� �c�a�n� �b�e� �u�s�e�d� �t�o� �s�y�n�t�h�e�s�i�z�e� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� 

�f�u�n�c�t�i�o�n�s� �t�h�a�t� �a�g�r�e�e� �w�e�l�l� �w�i�t�h� �m�e�a�s�u�r�e�d� �d�a�t�a�.� 

�T�h�e� �o�f�f�-�d�i�a�g�o�n�a�l� �e�n�t�r�i�e�s� �i�n� �t�h�e� �M�A�C� �t�a�b�l�e�s� �i�n� �t�a�b�l�e� �2� �a�r�e� �v�e�r�y� �c�l�o�s�e� �t�o� �z�e�r�o�,� 

�i�n�d�i�c�a�t�i�n�g� �o�r�t�h�o�g�o�n�a�l�i�t�y� �b�e�t�w�e�e�n� �t�h�e� �e�s�t�i�m�a�t�e�d� �m�o�d�e� �s�h�a�p�e�s�.� �B�e�a�m� �m�o�d�e�s� �a�r�e� �k�n�o�w�n� �t�o� 

�b�e� �o�r�t�h�o�g�o�n�a�l� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �e�a�c�h� �o�t�h�e�r� �(�R�a�o� �1�9�9�0�:� �4�0�0�)�,� �s�o� �t�h�e� �o�r�t�h�o�g�o�n�a�l�i�t�y� �o�f� �t�h�e� 

�m�o�d�e�s� �i�n�d�i�c�a�t�e�s� �t�h�a�t� �e�a�c�h� �m�o�d�e� �i�s� �d�e�c�o�u�p�l�e�d� �f�r�o�m� �e�v�e�r�y� �o�t�h�e�r� �m�o�d�e�.� �W�e�r�e� �t�h�e� �m�o�d�e�s� 

�n�o�t� �d�e�c�o�u�p�l�e�d�,� �t�h�e� �r�e�s�u�l�t�i�n�g� �m�o�d�e� �s�h�a�p�e�s� �w�o�u�l�d� �b�e� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �v�a�r�i�o�u�s� �m�o�d�e� �s�h�a�p�e�s�,� 

�a�n�d� �t�h�e� �o�f�f�-�d�i�a�g�o�n�a�l� �t�e�r�m�s� �i�n� �t�h�e� �M�A�C� �t�a�b�l�e�s� �w�o�u�l�d� �n�o�t� �b�e� �c�l�o�s�e� �t�o� �z�e�r�o�.� 

�T�a�b�l�e� �3� �s�h�o�w�s� �t�h�e� �d�e�g�r�e�e� �o�f� �o�r�t�h�o�g�o�n�a�l�i�t�y� �b�e�t�w�e�e�n� �t�h�e� �e�s�t�i�m�a�t�e�d� �b�e�n�d�i�n�g� �m�o�d�e�s� 

�a�n�d� �t�h�e�o�r�e�t�i�c�a�l� �m�o�d�e�s� �c�a�l�c�u�l�a�t�e�d� �u�s�i�n�g� �E�u�l�e�r� �b�e�a�m� �t�h�e�o�r�y�.� �T�h�e� �d�i�a�g�o�n�a�l� �e�n�t�r�i�e�s� �a�r�e� �c�l�o�s�e� 

�t�o� �u�n�i�t�y�,� �i�n�d�i�c�a�t�i�n�g� �t�h�a�t� �t�h�e� �n�t�h� �t�h�e�o�r�e�t�i�c�a�l� �b�e�n�d�i�n�g� �m�o�d�e� �i�s� �a�p�p�r�o�x�i�m�a�t�e�l�y� �t�h�e� �s�a�m�e� �a�s� �t�h�e� 

�n�t�h� �e�s�t�i�m�a�t�e�d� �b�e�n�d�i�n�g� �m�o�d�e�.� �A�d�d�i�t�i�o�n�a�l�l�y�,� �t�h�e� �o�f�f�-�d�i�a�g�o�n�a�l� �t�e�r�m�s� �a�r�e� �a�p�p�r�o�x�i�m�a�t�e�l�y� 

�z�e�r�o�,� �i�n�d�i�c�a�t�i�n�g� �t�h�a�t� �t�h�e� �n�t�h� �t�h�e�o�r�e�t�i�c�a�l� �b�e�n�d�i�n�g� �m�o�d�e� �i�s� �o�r�t�h�o�g�o�n�a�l� �t�o� �t�h�e� �m�t�h� �e�s�t�i�m�a�t�e�d� 

�b�e�n�d�i�n�g� �m�o�d�e�.� 

�F�i�x�e�d�-�p�o�l�e�s� �r�e�s�u�l�t�s� �a�g�r�e�e� �w�e�l�l� �w�i�t�h� �t�h�e� �r�e�s�u�l�t�s� �f�r�o�m� �a� �s�t�a�n�d�a�r�d� �g�l�o�b�a�l� �p�a�r�a�m�e�t�e�r� 

�e�s�t�i�m�a�t�i�o�n�.� �T�h�e� �e�s�t�i�m�a�t�e�d� �m�o�d�e� �s�h�a�p�e�s� �u�s�i�n�g� �b�o�t�h� �a�n�a�l�y�s�i�s� �t�e�c�h�n�i�q�u�e�s� �a�r�e� �v�i�s�i�b�l�y� �t�h�e� 
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