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LIST OF SYMBOLS 

The following list of symbols is divided according to sections of 

the report from which the symbols come. Duplication of many symbols 

in the various areas covered by this study have made this necessary. 

II (1) General Description 

A velocity defect parameter 

B velocity defect parameter, controls the width of the 

wake 

V total velocity 

y radial distance to a point in the flow field 

w slope of shearing velocity profile 

II (2) Governing Equations of the Three-Dimensional Solution 

Ai coefficients of the transformed boundary-layer 

equations 

K 

[ 

p 

specific heat at constant pressure, CP = Cp/R 

similarity parameter, G = v/ve 

surface scale factors in the ~ and n directions, 

h =hf[ 

transformed normal scale factor in the ~ direction 

similarity parameter, H = w/ue 

thermal conductivity 

reference length 

nondimensional pressure, P = P --2 
PcoUco 
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v 

Pr Prandtl number, Pr = µcp 
K 

R universal gas constant 

Re 

t 

u 

p..,u..,[ 
reference Reynolds number, Re = --

µr 

nondimensional temperature, t = t/tr 
-2 - u.., reference temperature, tr = lf9 

nondimensional longitudinal velocity component, 

u = u/u 
CXI 

v nondimensional cross flow velocity component, 

v = v/u 
CXI 

w transformed normal velocity component 

~ streanwise surface coordinate (see Fig. 6) 

~* arbitrary function used to reduce the governing 

equations to similarity form 

n transverse surface coordinate (see Fig. 6) 

~ normal coordinate (see Fig. 6) 

t similarity parameter, t = µ/t 

p nondimensional density, p = p/p.., 
e similarity parameter, e = t/te 

$ shear parameter 

µ nondimensional viscosity, µ = µ/j:;'r 

µr reference viscosity, µr =µ(tr) 
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II (3) Governing Equations of the Axisymmetric Solution 
-a unit reference length 

C density-viscosity product ratio, C = -E.1!.... 
Peµe 

F normalized tangential velocity component, F = u/ue 

G stagnation enthalpy ratio, G = H/He 

H nondimensional total enthalpy, H = H/um2 

P nondimensional pressure, P = P!'Pu 2 
mm 

Pr Prandtl number, Pr = µcp 
K 

Re reference Reynolds number, Re p u a = 00 00 

µr 
reference temperature, tr = um2/Cp 

nondimensional tangential velocity, u = u/u 

v 
w 

x 

y 

µ 

p 

transformed normal velocity 

nondimensional normal velocity 

surface distance, x = x/a 
normal coordinate, y = Y~ 

a 
transformed surface coordinate 

transformed normal coordinate 

nondimensional viscosity, µ = µ/µr 

reference viscosity, µr =;(tr) 

nondimensional density, p = p/pm 

stream function 

m 
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II (4) Surface Scale Factors in the Three-Dimensional Solutions 

h1, h2 surface scale factors in the s1 and s2 directions 

[ reference length 

R see Figure 6a. 

r cylindrical coordinate (see Figure 6a.) 

rn dimensional nose radius 

s1, s2 dimensional arc lengths in the~ and n coordinate 

II 

z 

~ 

n 

Sc 

4> 

(5) 

a. 

M 

ML 
T 

T r 
C' 

c 
y 

directions respectively 

cylindrical coordinate (see Figure 6a.) 

strearTMise surface coordinate ~ = s1;r 
transverse surface coordinate (see Figure 6b.) 

cone half-angle 

cylindrical coordinate (see Figure 6a.) 

Edge Properties 

Axisymmetric solution 

Mach number 

local Mach number 

temperature, T = T/Tr 

reference temperature, Tr= um2/Cp 

C/Te 
Sutherland's constant for calculation of viscosity 

ratio of specific heats 

All other variables in II (5)a. are as described in II (3) 

above. 
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b. Three-Dimensional Solution 

V total velocity 

~ cross flow angle 

~ n, in degrees 

y ratio of specific heats 

All other variables in II (5)b. are as described in II {2) 

above. 

II {6) Initial Data for the Three-Dimensional Solution 

rn nose radius 

Sw wind-fixed distance to points on the leeward plane 

of the wedge section of a blunt cone 

y physical normal boundary-layer distance 

a angle of attack 

~ as used first it is an angle as defined in figure 7; 

as used secondly it is the cross flow angle; as used 

finally it is the shear parameter 

All other variables used in section II (6) are as defined in 

section II (2) above. 

II (7) Boundary-Layer Parameters 

a. Axisymmetric Solution 

Variables not defined in this section are defined in II (3) 

above. 

b. Three-Dimensional Solution 

Variables not defined in this section are defined in II (2) 

above. 
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III Results and Discussion: 
2'Tw 

skin friction coefficient, Cf= -- 2 p()C)U()C) 

Figures 

P nondimensional pressure, P = -~ 2 p()C)U()C) 
qw nondimensional wall heating rate qw = qw/p()C)u()C)3 

Re reference Reynolds number, Re = p()C)u()C)L where µr is 

- 2 based on t = u()C) r -
R 

Rn dimensional nose radius of blunt cone 

S nondimensional surface distance on a sharp cone, 

S = s1/[; dimensional body-fixed surface distance on 

a blunt cone 

T nondimensional temperature, T = t/tr where tr = u()C)2/R 

U nondimensional longitudinal velocity component, 

u = u/u 
CC> 

V nondimensional cross flow velocity component, V = v/u()C) 

~* as described in II (2) above 

~ position in degrees from the windward streamline 

Subscripts 

aw adiabatic wall value 

co normalizing value, from a uniform flow case at zero 

angle of attack 

e edge property 



x 

n nose condition 

o stagnation property 

r reference conditions 

ref reference condition 

w wall value 

~ free-stream condition 

AXI value from the axisymmetric solution 

3-D value from the three-dimensional solution 
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SECTION I 

INTRODUCTION 

Methods have been developed to study the effect of nonuniform 

free streams on the laminar boundary layer of a sharp or spherically 

blunted cone at angle of attack. Study in this area has been generated 

by an interest in aerodynamic decelerators and the separation of 

stores from aircraft. In general the problem is applicable whenever 

an aerodynamic body encounters a supersonic wake or boundary layer of 

another body. Another problem of interest is the encountering of 

atmospheric disturbances by supersonic bodies. 

This problem has been investigated by Bordner and Davis [l] for 

the case of a sharp cone in two-dimensional shear flow and axisymmetric 

wake flow. In their study they modified the three-dimensional bound-

ary- layer program of McGowan and Davis [2] to allow the introduction 

of nonuniform edge properties. This was done using cubic splines to 

interpolate the inviscid data at the proper coordinate points. In 

their method, the distribution of Ue was calculated numerically from 

the interpolated distribution of Ve, and Pe was calculated using 

stagnation properties and the temperature distribution. Bordner and 

Davis compared their results with the small cross flow model of 

Moore [3]. Their conclusion was that the small cross flow model was 

not sufficient to predict heat transfer, skin friction, or separation 

in cases where there are large cross flows. 

1 
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Recent studies by Lewis, Moore, Black, and DeJarnette [4] have 

made available a great deal of inviscid flow data for the cases of 

sharp and blunt cones in nonuniform free streams. Moore and DeJarnette 

[5] developed a program to solve for the sharp cone inviscid flow field 

in a nonuniform free stream. Black and Lewis [6] later incorporated 

the Moore-DeJarnette program into a larger system of programs capable 

of handling blunt cone problems as well. The resulting system of 

inviscid programs is an extremely versatile tool by which inviscid 

flow fields may be predicted for a wide range of sharp and blunt cone 

problems. These problems include sharp cones in two-dimensional shear 

flow or axisymmetric wake flow, blunt cones in axisymmetric wake flow, 

and either cone in uniform flow, all of which may be at zero or non-

zero angle of attack. 

The present study has taken advantage of the system of programs 

developed by Black and Lewis. In the present study the McGowan-Davis 

three-dimensional program has again been used as a basis for the solu-

tion of the three-dimensional boundary-layer equations; however, the 

incorporation of nonuniform edge properties is by a method consistent 

with the inviscid programs. An axisymmetric boundary-layer program 

by Miner, Anderson, and Lewis [7] has been modified to solve the 

boundary layer over the axisymmetric region of a blunt cone in a 

nonuniform supersonic free stream. 

Separate programs have been developed for the study of sharp and 

blunt cones. The sharp cone program is a modification of the McGowan-

Davis program alone. The blunt cone program is a merger of the modified 
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McGowan-Davis three-dimensional program with the modified axisymmetric 

program of Miner, Anderson, and Lewis. Each program has been developed 

in as general a sense as possible in order to give the user maximum 

versatility in its use. Each inviscid program has the capability of 

creating a set of surface data for use as boundary-layer edge proper-

ties. The two boundary-layer programs need only access the inviscid 

data sets to have all needed edge data. Once the 11 raw 11 data has been 

accessed by. the boundary-layer programs, it is converted into a new 

data set of edge data in the form required for boundary-layer solution. 

This second set of data is stored in the form of Fourier coefficients 

and may be used as many times as required. 

The major differences between the present sharp cone program and 

the program developed by Bordner and Davis are the methods for inter-

polating 11 raw 11 inviscid data as received from_ the inviscid programs 

and for calculating the final form of the edge properties. The 

present program expands the limited circumferential data, as supplied 

by the Black-Lewis programs, to the required number of planes of cir-

cumferential data by using the Fourier sine and cosine series. The 

expansion of data in the Bordner-Davis program was accomplished by 

using the spline fits already discussed. The present method for ex-

panding the data is more efficient and is consistent with the method 

by which the data are generated in the inviscid programs. The distri-

butions of ue and Pe are calculated directly from the Ve, ~e and Pe 

distributions of the inviscid programs, in contrast to the numerical 

method used by Bordner and Davis. 
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The blunt cone boundary-layer program employs the same methods 

for introduction of edge data as are used in the sharp cone program. 

In the axisymmetric portion of the program the assimilation of edge 

data is straight-forward and does not require Fourier analysis. An 

interpolation method has been developed to enable the use of the axi-

symmetric boundary-layer solution as starting data for the three-

dimensional boundary-layer solution. 

In this report, both sharp and blunt cone problems are investi-

gated. Sharp cones are subjected to a two-dimensional shear flow at 

varying angles of attack. The flow conditions are the same as those 

used by Bordner and Davis. Blunt cones are subjected to axisymmetric 

wake flows at varying angles of attack. 

Results obtained for blunt cones in uniform flow are compared to 

the experiments of Cleary [8] and Widhopf [9] with good agreement. 

The case of a sharp cone in uniform flow is compared to the experi-

ments of Cleary [8] and to the results as predicted by the original 

unmodified McGowan and Davis program, both with near agreement. Skin-

friction and heat-transfer data obtained for sharp and blunt cones 

in nonuniform flow fields show a departure from the uniform flow 

values. Along the windward streamline of sharp cones in two-dimen-

sional shear flow, normalized skin-friction and heat-transfer coef-

ficients increase relative to coni· 11 flow values. Circumferential 

values of the skin friction and heat transfer for nonuniform flows 

go through an inflection point, having values above the conical flow 
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values on the windward side, and below the conical flow values on the 

leeward side. The effect of wake flow on a blunt cone is to increase 

the heat transfer considerably along the windward streamline, relative 

to uniform flow values. Downstream values of the skin-friction coeffi-

cient along the windward streamline are shown to fall below uniform 

flow values. Decreasing the width of the wake causes more severe 

departures from uniform flow values for both heat transfer and skin 

friction on a blunt cone. The presence of free-stream nonuniformities 

hastened the onset of separation for. both sharp and blunt cones. The 

beginnings of separation occurred sooner in both the longitudinal 

and transverse planes. Smaller width wakes and higher angles of attack 

caused an earlier onset of separation. 

A more detailed description of the relation between the inviscid 

and boundary-layer programs can be found in the general description 

under Section II. The results are described in more detail in 

Section III. 



SECTION II 

ANALYSIS 

Following is an analysis of the problem solved by the two computer 

programs developed in this study. The first section is a general 

description of how the problem is solved. The method of solution for 

the inviscid flow fields is described first, since the viscous solu-

tions follow the same pattern and require the inviscid solutions as 

edge properties. The second section briefly describes the governing 

equations. The emphasis, however, will be on subsequent sections 

that describe the introduction of edge properties from the inviscid 

solutions, and describe the method of matching the axisymmetric and 

three-dimensional solutions on the spherically blunted cone. 

1. GENERAL DESCRIPTION 
A system of computer programs has been developed to determine the 

supersonic inviscid and viscous flow fields over bodies in the presence 

of nonuniform free streams. The bodies considered in this study are 

sharp and spherically blunted cones at zero and non-zero angles of 

attack. The programs are capable of solving for the inviscid and 

viscous flow fields over sharp cones in two-dimensional shear flow, 

or in axisymmetric wake flow. The free streams over blunt cones 

are restricted to axisymmetric wake flows situated so that the flow 

in the stagnation region remains axisyrTmetric. 

6 
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Two-dimensional shear flow is characterized by the following 

equation 

where w is the slope of the velocity profile, Vn is the velocity along 

the stagnation streamline and v1 is the velocity at a point y1 from the 

stagnation point (Figure 1). Axisymmetric wake flow is characterized 

by the following equation 

Vl 2 y-- = l - A exp (-By1) 
m 

where A is the velocity defect parameter which controls the ratio of 

far wake velocity to the velocity along the stagnation streamline, and 

B controls the width of the wake. v1 is the velocity at a radial 

distance of y1 (Figures 2 and 3). 

Two basic methods have been used for solving regions of the invis-

cid flow field. For the stagnation region of a blunt cone an inverse 

method originally developed by Lomax and Inouye [10] was used. In 

this method the shock shape was assumed and the governing equations 

were solved by a finite-difference technique. An iterative technique 

was employed to modify the shock shape to obtain the solution for the 

specified body shape. This procedure was used to solve the entire 

subsonic region of a spherically blunted cone, and to obtain a com-

pletely supersonic initial data line used to start the solution of 

the flow over the remainder of the body. The blunt cone solution pro-

cedure is shown in Figure 4. 
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The solution procedure for the supersonic flow field over the re-

mainder of the spherically blunted cone, and over the entire sharp cone 

was a method of characteristics. For cases where the entire flow 

field is axisymmetric, a method of characteristics program developed 

by Inouye, Rakich, and Lomax [11] was used. In cases where the body 

is at angle of attack or where shear flow is considered, a three-

dimensional method of characteristics program developed by Rakich [12] 

was used. Since the method of characteristics is an initial value 

problem, an initial data surface must be provided. The initial data 

surface for the supersonic region of a blunt cone was generated by 

the inverse method as indicated above. For the sharp cone a small 

region of uniform flow was assumed near the nose, and the initial 

shock layer data were computed by standard sharp cone techniques. 

All of the above methods were modified and used to solve the nonuni-

form inviscid flow fields. These flow fields are used to provide 

edge properties for the solution of laminar boundary layers over the 

sharp or blunt cones. 

For the spherically blunted cone there are three basic regions of 

flow. The first region is the sphere cap extending from the stagnation 

point to a wind-fixed plane inmediately behind the sonic line. The 

second region is a spherical wedge section whose angle is equal to 

the angle of attack and has its apex at the base of the sphere cap 

at the windward streamline (Figure 5). The last region extends from 

the wedge section to the end of the cone. 
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Depending on the body chosen, two methods are available for 

solving the viscous flow field. For the sphere cap and wedge sec-

tions of the spherically blunted cone, an axisymmetric boundary-

layer program developed by Miner, Anderson, and Lewis [7] has been 

used. Edge properties for this axisymmetric solution are generated 

by the modified inverse method. The solution employs the basic com-

pressible axisymmetric boundary-layer equations transformed by the 

Levy-Lee's transformation equations, and solved by a finite-difference 

method. This procedure solves the boundary layer over the sphere 

cap and wedge sections of the blunt cone, and is used to obtain an 

initial data line for the solution of the boundary layer over the 

rest of the body. 

A three-dimensional boundary-layer program developed by McGowan 

and Davis [2] has been used for the afterbody of the blunt cone, and 

over the entire surface of the sharp cone. Edge properties for the 

three-dimensional solution are generated by the method of character-

istics. The solution employs the basic three-dimensional boundary-

layer equations transformed by a Crocco transformation and solved by 

a four-point finite-difference method. This procedure predicts the 

boundary layer over the afterbody of the blunt cone and over the 

entire sharp cone. 

The above boundary-layer solution methods have been modified to 

accommodate the geometry of a sphere-cone, and the nonuniform inviscid 

edge conditions. 
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2. GOVERNING EQUATIONS OF THE THREE-DIMENSIONAL SOLUTION 

The governing equations for the entire sharp cone and the after-

body of the blunt cone are the basic three-dimensional compressible 

boundary-layer equations in body oriented coordinates {Fig. 6): 

; momentum equation 

!! aii + v au + w au + ii v at11 + v2 at12 = _ _J_ ai5 + _J_ L [i.. au J 
- a; - an n a~ L - an - - a; -- a; -- a~ L a~ 
h1 h2 3 nlh2 hlh2 phl ph3 n3 

The equations are then nondimensionalized according to the follow-

ing relations: 

-
v = y_ w=~ ffe;*i.. 

u 
00 

U00 P.e 
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p = K = 5r: 
Pr 

Sutherland's viscosity law is used to calculate all viscosities. 

The normal velocity, w, and normal scale factor, h3, reduce the equa-

tions to a similarity form through the use of the arbitrary function 

~*(~,n). Similarity parameters are defined as follows: 

R. = .l!. 
t 

The equations are then put in a Crocco form by defining a coor-

dinate transformation: 

I; = yl - U/Ue 

The resulting equations are: 



~ momentum 

n momentum 

Continuity 

Al(l-r;2) ~~ 

Energy 

12 

+ 
( 2) 2 t1.. a ( aG ) . As 1-r; G + AgG = - A10e + t ~ 4> ~ 

t a Gt aH + A2 - - A3 -4> an 4> ar; 
+ 

+ 

A13t2 + A14(:~r (tJ2 +~rt;, ( ·;~ )- eA1s(l-t2) - A19Ge 

where the Ai coefficients are functions of the edge properties and 

the geometry. The coefficients are listed in reference 2. The pre-

ceding equations have the following boundary conditions, at r; = l 
(wall): 

t 
G = 0, a = -1£ te 

at r; = 0 (outer edge): 

G = 1, a= l, 4> = 0 

2-t. = (-A3H-A7 ! a - 4>) ar; 4> w 
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To facilitate numerical solution on a computer, the ~ momentum 

equation was solved for H. The solution for H was then substituted 

into the other three equations leading to the following final form 

for each equation: 

where w = G, e, or~. The coefficients ai are functions of Ai of the 

previous set of equations, and of the variables G, e, and ~ themselves. 

An iterative solution of each equation is required since the coeffi-

cients are dependent on the dependent variables. 

The numerical scheme involves expanding the final form of the 

governing equations in a series about a central point 11 011 resulting 

in a finite-difference equation of second-order accuracy. For details 

of the numerical scheme and how it is handled by the computer, see 

the report by McGowan and Davis (2]. 

3. GOVERNING EQUATIONS OF THE AXISYMMETRIC SOLUTION 

The governing equations for the boundary layer over the axisym-

metric portion of the blunt cone are as follows: 

Continuity equation: 

a (- - -) a (- - - ) --=- pur +--:- pwr =O 
ax ay 

Momentum equation: 

-- au -- au _ dP_-e + .L_ [µ- au_] pU-: + pW--:- = 
ax ay dx ay ay 
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Energy equation: 

pU - + pW - = - - - + µ 
-- aR -- aH a [µ aH _ 

ax ay ay Pr ay 

These equations are nondimensionalized according to the follow-

ing relations: 
-

x = ~ -a 

-
w=~ {Re 

Um 

y = ~ {Re 
a 

H = _B__ 
- 2 u 

r = !. 
a 

The definitions of variables u, p, Re,µ, and µrare identical 
[ 2 

to the three-dimensional case already discussed. However fr = ~ 
c 

in this case. The normal variables y and w are "stretched" by p 

nondimensionalizing them by a quantity of order one in the boundary 

layer. As in the three-dimensional equations, the viscosity is 

calculated from Sutherland's Law, and values of the Prandtl number 

and specific heat are assumed constant (perfect gas). 

The governing equations are then put in terms of Levy-Lees 

variables for convenience of numerical solution. The Levy-Lees 

transformation is made by introducing the following stream function. 

~(x,y) = (2~) 1 1 2 f(~,~) 

where ~'~ are the new transformed coordinates: 
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p u r1:Y ~(x,y) = e e .e_ dy 
V2i, 0 Pe 

The resulting equations are: 

Continuity 

2~ !E. + il + F = 0 
a~ a~ 

Momentum 

Energy 

aG aG c a2G c aG ue
2 

[ ( 1 ) (ac aF 2~F ~ + V ~ = Pr 0 ~2 + Pr ~ + ~ l - Pr ~ i2" F 
+ 

C (;~J2 + C ::~ l + CF ;~ :t 

Boundary conditions at the wall are: 

F = 0 

and at the outer edge F = G = C = 1. 

and C = {pµ)w 
(pµ)e 

(1 - ~r J] 

As in the three-dimensional case, the momentum and energy 

equations are expressed in the following form for numerical solution: 
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2 
a w + a1 aw + a2w + a3 + a4 !!!! = 0 -2 az:; a~ az:; 

where w = F or G, and the coefficients ai are functions of the edge 

conditions and of~' z:;, and w. The numerical procedure involves 

replacing the normal derivatives with a Taylor series expansion for 

varying step sizes in the z:; direction. 

The Continuity equation is solved by a numerical integration 

of: 
(z:;e aF 

V = Vw -.Jo (2~ ~ + F) dz:; 

after each iteration of the energy and momentum equations. The trape-

zoidal rule is used to perform the integration. 

For details of the numerical scheme used in the axisymmetric 

part of the solution, see Miner, Anderson, and Lewis [7], and Anderson, 

and Lewis [13]. 

4. SURFACE SCALE FACTORS IN THE THREE-DIMENSIONAL SOLUTIONS 

Two surface scale factors, h1 , and h2, are involved in the 

three-dimensional boundary-layer solutions. They relate the physical 

lengths along each surface coordinate to the coordinate direction. 

The scale factors are defined by the following expressions: 

- - asl - as2 h1 - _ ; and h2 = _ 
a~ an 

where s1 and s2 are the physical lengths along coordinates ~' and n 

respectively. 
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The scale factors for the case of a sharp cone will be examined 

first. In cylindrical coordinates (Figure 6a) an infinitesimal 

arc length is 

(1 ) 

In the present curvilinear coordinate system (Figure 6b), the infinite-

simal arc length is 

ds 2 = d~2 + (~sinec) 2 dn2 

Referring again to Figure 6a it can be seen that 

dR2 = dr2 + dz2 

and 

~sinec = r 
Substituting these expressions into the above equations the 

following is obtained: 

Then, setting ~ = R we obtain an expression for n: 

dn = d<1> 

The physical distances are calculated as follows: 

s = R = ~[ 1 

52 = r<1> = ~[sinec n 

Therefore the dimensional scale factors are: 

(2) 
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-h2 = as2 = ~sine [ - c an 

and the nondimensional scale factors are: 
-

h1 = ~l = l and h2 = ~2 = ~sinec 
L L 

The derivatives of the surface scale factors for the sharp 

cone are 

and 

ah ah 
-1 = sine · - 2 = O 
a~ c' an 

In calculating the scale factors for the case of the blunt cone, 

two regions of geometry complicate the calculations slightly. The 

first region of three-dimensional flow is still on the sphere cap, 

whereas the remainder of the three-dimensional flow is on the conical 

afterbody. When on the sphere cap, Eq. (2) becomes: 

ds2 = d~2 + r 2 dn2 c 
where 

n =ct> 
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The scale factors on the sphere cap are derived as follows: 

h -hl = ~l = l a(~L) = l L L a~ 

and their derivatives are 

ah ah 
- 2 = cos(~/r )· - 2 = o 
a~ n ' an 

On the conical afterbody, Eq. (2) becomes: 

where 

~- =value of~ at the sphere cone juncture 
J 

n = <I> 

[2F;2 = r2 + z2 

The scale factors on the conical afterbody are derived as follows: 
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- h2 1 a -
h2 =-:::- = ':" - (r n) 

L L an c 

and their derivatives are 

5. EDGE PROPERTIES 

ah 
sine ; __g_ = O c an 

L 

As stated previously the edge properties for the sharp cone 

come from method of characteristics solutions, and the edge proper-

ties for blunt cones come from a combination of the modified inverse 

method and from the method of characteristics solutions. 

Considerable modification to the existing solution methods was 

necessary in order to introduce nonuniform edge properties into the 

sharp and blunt cone boundary-layer solutions. 

Edge data from the above inviscid solution methods is specified 

at unequal intervals in the streamwise direction, and at certain 

equally spaced planes in the transverse direction. 

a. Edge Properties for the Axisymmetric Solution 

The boundary-layer solution over a blunt cone requires that the 

pressure distribution be known. The remaining edge properties and 

their derivatives are determined for a perfect gas. In the axisym-

metric boundary-layer solution, pressure is known in the form Pe, where 
Po 
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P0 is the nondimensionalized stagnation pressure expressed as: 

p = 
0 

M 2 y 00 

From the stagnation conditions behind the normal shock, a one-dimen-

sional isentropic expansion of a perfect gas proceeds along the body 

streamline. Reference conditions are based on the flow conditions 

ahead of the bow shock. Tables of nondimensional edge pressure and 

velocity are computed from the following expressions: 

where 

and 

00 

T T = _o __ _ 
e 2 

l+rl ML 
2 
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The values of Pe and ue are interpolated at each solution point. 

The value of due/dx is obtained numerically. The values of Te' Pe' 

and µe are calculated at each solution point according to the follow-

ing expressions: 

2 Te = T0 - ue /2 

p 
- ..:J..._ e Pe - y-1 r e 

l+C • (re ) 3/2 µe = T +C' e 

Th d . t' dP . 1 1 t d e pressure er1va ive e is ca cu a e as: 
dx 

For the purpose of matching the axisymmetric solution to the 

three-dimensional solution along a body fixed plane, a table of edge 

temperatures was added to the axisymmetric solution. This made possi-

ble the numerical calculation of dTe as part of the required initial 
dx 

data for the three-dimensional boundary-layer solution. 
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b. Edge Properties for the Three-Dimensional Solution 

Since the three-dimensional solution is used only in regions of 

supersonic flow, all edge properties come from a method of character-

istics solution. The method of characteristics solution may specify 

as many as ten solution planes around the cone. In solving the 

boundary layer on a cone at angle of attack, it may be desirable to 

have more or less than ten solution planes around the cone. For 

maximum versatility and minimum data storage, the edge data from the 

method of characteristics are converted to Fourier coefficients at 

each of a number of streanwise stations along the cone. This proce-

dure allows edge data to be recreated at any plane and streamwise 

station from a limited amount of stored data. 

The series used to calculate the Fourier coefficients is based 

on the fact that the data come from equally spaced meridional planes. 

The values of pressure, density, velocity, and their circumferential 

derivatives are reconstructed from a Fourier cosine series; 

The coefficients an are calculated by the following equation: 

a - 2 [(Ul + uL cos(n-l)ir) + LL-1 u cos(n l)""] 
- -L 1 2 K - ,..K n - K=2 

n=l,2,3, ••• ,L 

where L is the number of meridional planes, uK is the function Pe, Pe, 

or ve and 
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_ K-1 { ) 4>K - ir L- l , K = 1 , 2, 3, ••• , L 

Circumferential derivatives are calculated from the derivative of 

the series: 

au L-1 
K = E -nan sin n4>K 

a4> n=l 

The Fourier sine series is used to calculate the cross flow angle: 

and its derivative: 

The coefficients bn are found from the expression: 

{n = 1, 2, 3, ••. , L-1) 

Once the pressure, density, velocity, and cross flow angle are 

known the required inviscid edge data are found: 

longitudinal velocity, Ue = Vecos~ 

cross flow velocity, Ve = Vesin~ 

temperature, te = {KPe Y-1) l/y where K =~at 
the windward streamline 

p y 
e 
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Derivatives of Pe, ue, Ve, and te with respect to ~ are obtained from 

a two-point difference method. 

For the case of a sharp cone the edge properties near the sharp 

tip are taken from a standard sharp cone solution which is used as 

initial data for the method of characteristics solution for the 

remainder of the sharp cone. 

6. INITIAL DATA FOR THE THREE-DIMENSIONAL 

BOUNDARY LAYER SOLUTION OVER A BLUNT CONE 

The axisynmetric and three-dimensional boundary-layer solutions 

meet along a body-fixed plane which at zero angle of attack terminates 

the sphere cap, and at non-zero angle of attack terminates the wedge 

section. 

The three-dimensional solution requires initial data profiles 

at evenly spaced points in ~; however, the axisyllllletric solution pro-

files are not specified at evenly spaced points in ~· Six profiles 

are required as initial data for the three-dimensional solution, viz., 

shear parameter, temperature, cross-flow velocity, and their 

respective normal derivatives. 

The temperature distribution and its normal derivative already 

exist in the axisymmetric solution. The shea~ parameter and cross-

flow velocity distributions and their derivatives are created from 
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the axisymmetric solution. Initial data profiles are created for each 

of the equally spaced planes in the boundary-layer solution. There-

fore, it must be possible to specify the solution point locations 

along the leeward plane of the wedge section such that the points ro-

tate into an equally spaced pattern along the body-fixed plane. Refer-

ring to Figure 7, it is seen that equally spaced points in~ may be 

translated into points on the leeward plane by the following expres-

sion: 

Sw = rn Cos- 1 (sinycosa-cosysinacos~) 

where y = Cos-1rw, and rw is the local radius of the body-fixed plane. 

To obtain the equally spaced data in the normal direction, the 

longitudinal velocity profile of the three-dimensional solution is 

employed: 

u I -
Ue 3-D -

2 l - ~ 

giving a value of u/ue for each equally spaced point in ~. At a 

point where u/ue corresponds to u/ue in the axisymmetric velocity 
3-D 

. ae I aF I li.. I prof11 e, values of e, ~ AXI , ~ AXI , and a~ AXI corresponding 

to ~e ,3_0 are found by interpolation in their axisymmetric solution 

profiles respectively. The double interpolation is done by using a 

three-point Lagrangian interpolating formula. 

The cross flow velocity profile is obtained from the~ j 
e 3-D 

profile and the corresponding edge crossflow angles: 



27 

v -= 
[
u ] [sin 4>e J ue ue ue sin 4> 

3-D AXI e 

v u -=-

Thus the cross-flow velocity profile will be taken equal to 

the longitudinal velocity profile as an initial guess to start the 

three-dimensional solution. 

The normal coordinate transformation has put the shear parameter 

in simpler terms: 

( 
u ) -R, 
Ue = h3 

From this simple expression the shear parameter profile may be cal-

culated from axisymmetric solution profile data: 

4> = ::! = .:i_ tref [~*Pe 
h3 ~ref t FiFe P 

where 
-Pe 
-= 
p 

Therefore 4> = .::i___ _[_~*-=-­
µref te {Re 

- - 2i I e, h3 - ar; 
3-D 

[2.Y. I ~ AX I J- l 
ar; AXI a1;; 3-D 

As in the case of the shear parameter, derivatives with respect 

to the axisymmetric normal coordinate must be converted to derivatives 
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with respect to the three-dimensional normal coordinate. The con-

version derivative is calculated as follows: 

r;3-D = Vl - F 

Therefore ar;AXI = -2(1-F) 112, where the values of F and aF/ar;AXI are 
ar;3-D aF/ar;AXI 

obtained by the double interpolation in the axisymmetric solution 

profiles described previously. 

Edge data along the body-fixed plane are obtained from the first 

station of the method of characteristics solution. In the inviscid 

program the edge data along the leeward plane in the wedge section 

are rotated to set up initial inviscid profiles for the method of 

characteristics solution. Therefore the first method of character-

istics solution is along the body-fixed plane terminating the wedge 

section, or in the zero angle of attack case, the body-fixed plane 

terminating the sphere cap. 

7. BOUNDARY-LAYER PARAMETERS 

Skin-friction coefficients, heat-transfer rates, heat-transfer 

coefficients, boundary layer thickness, displacement thickness, and 

Stanton numbers are calculated in both the axisynmetric and three-

dimensional solutions. The parameters as derived from the axisym-

metric solution will be considered first. Parameters will be defined 

in terms of dimensional variables, nondimensional variables, and 

finally, transformed variables. 
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a. Boundary-Layer Parameters for the Axisynmetric Solution 

The heat transfer in dimensional variables is 
-

- aT I -llw aH q = -Kw -::- - -1 w ay w - Pr ay w 

In nondimensional form: 

q = qw ifRe = -µw He 21! I 
w - - 3 Pr ay w 

p ex>Uco 

In Levy-Lees variables: 

The dimensional heat transfer rate is found from 

- - 3 - q p u q = w m co Btu w -----\[Re {778} ft2-sec 

The heat-transfer coefficient based on free~stream conditions 

is defined as: 

The ref ore 

The heat-transfer coefficient based on edge conditions is found from: 
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The skin-friction coefficient based on free-stream conditions is 

In Levy-Lees variables 

2µ u 2 C p r e e w e 
v2t.Re 

2£.1 ar,; 
w 

The skin-friction coefficient based on edge conditions is expressed as: 

which may be obtained from: 

The Stanton number based on free-stream conditions is defined 

as: 

Therefore; 



31 

Based on edge conditions the Stanton number is 

which may be obtained from 

as: 

St St = co e --PeUe 

The displacement thickness for a two-dimensional flow is defined 

In nondimensional variables it is: 

and in transformed variables: 

~.,.. = -a 

The axisymmetric compressible displacement thickness is approximated 

from the two-dimensional value as follows: 

6
*AxI [ ( 2'6*/a ) 

112 J -- = r l + . -1 - r a 

In both the axisymmetric and three-dimensional solutions, the 

boundary-layer thickness is assumed to be the value of y at the point 
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where u/ue is equal to 0.995. In both cases it is determined by 

interpolation in the velocity profile. 

b. Boundary-Layer Parameters for the Three-Dimensional Solution 

Parameters from the three-dimensional solution will now be presented 

in the same way they were in the axisynmetric case. The heat-transfer 

rate is defined as follows: 

In nondimensional form the heat transfer rate is 

-
q = qw w ---,,,..3 

p 00 uoo 

and in transformed variables it is 
2 

_ <l>wte Y aa I 
qw - ~*Pr(y-l) ~ 

1 
w 

The dimensional heat transfer rate is found from 
- - 3 q = q pooUoo _B_tu __ 

w w 778 ft2-sec 

The heat-transfer coefficient based on free-stream conditions is 

defined as follows: 

and therefore 
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Based on edge conditions, the heat transfer coefficient is 

and therefore 

The skin friction coefficient is broken into two components, 

longitudinal and transverse. The skin-friction coefficients based on 

free-stream conditions are defined as follows: 

transverse: = 

In transformed variables the skin-friction coefficients become 

longitudinal: 

transverse: 

4t .i.. u 
= e"'w e 

F;* {Re 
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The skin-friction coefficients based on edge conditions are determined 

from the following general formula: 

The Stanton number based on free-stream conditions is defined as: --q w 

and therefore 

Based on edge conditions, the Stanton number is 

and therefore 

-q w 

The displacement thickness in the three-dimensional boundary-

layer solution is defined as follows: 

6• = [ [1 -~.~.] dj 
The transformed displacement thickness is then 

o* = (a - F) - dl; !a l t L~* 

0 <f> '{Re 
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The boundary-layer nonnal distance profile is determined by the 

following integral: 

- rl; -
y = )1 h3 dr; 

which in transformed variables is 

- fir; .e. L~* y = - - e dr; 
l ' {Re 



SECTION III 

RESULTS AND DISCUSSION 

Results are presented in two parts. Results for a sharp cone 

in shear flow are presented first, followed by results obtained for 

a spherically blunted cone in axisymmetric wake flow. Plotted results 

are presented in Figures a thru 71. 

1. SHARP-CONE RESULTS 

Sharp-cone results are presented in Figures 8 thru 32. The 

cases investigated are for a 20 degrees half-angle sharp cone in 

two-dimensional shear flow at 2, 6, 10, and 14 degrees angles of 

attack. The velocity defect parameter, w = 0.05, and the M = 3. 
"" 

The free-stream temperature is 58.2°R, and the wall to stagnation 

temperature ratio is 0.40. A perfect gas is assumed and the ratio 

of specific heats is 1.4. 

All shear-flow results are in terms of normalized coefficients 

which have been normalized to the values for the same sharp cone 

at zero angle of attack in a uniform Mach 3 free stream. 

Figure 8 shows the dimensional wall heat-transfer rate for uni-

form Mach 10.6 laminar flow over a 15° half-angle cone at 5° angle 

of attack. Windward streamline values are plotted from the experi-

ments of Cleary [8] versus the prediction of the three-dimensional 

boundary-layer solution before modification for nonuniform flow. 

36 
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The good agreement obtained in this case establishes the McGowan-

Davis three-dimensional program as an acceptable solution method for 

modification to the nonuniform flow case. 

In Figure 9 a 10° angle of attack shear flow case has been con-

verted to uniform flow to test the modified three-dimensional program 

against the unmodified uniform flow program as developed by McGowan 

and Davis. Transformed values of the longitudinal skin-friction and 

heat-transfer coefficients are plotted around the cone. Since this 

is a conical flow case, the plotted solution is valid all along 

the cone. It is seen that, 'for nonuniform flows, the present method 

actually obtains a smoother solution than the original three-dimen-

sional program. Excellent agreement has been obtained between the 

two methods. The smoother solution from the nonuniform flow program 

can be attributed to the use of Fourier series to expand the edge 

properties around the cone. 

The numerical procedure used to solve the three-dimensional 

boundary-layer equations is particularly sensitive to how smooth the 

cross-flow velocity derivative is around the cone at each streanMise 

station. The original McGowan and Davis program computed this deriva-

tive numerically, and smoothed it numerically at least twice. The 

present method obtains this derivative analytically through the use 

of Fourier series and is not smoothed further. The two methods are 

compared in Figure 10 for the same uniform flow case plotted in 

Figure 9. The curve for the present method exhibits a flat curvature 
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near the leeward and windward planes, as it should. It has a more 

pronounced curvature throughout the entire range than does the 

McGowan-Davis curve; however, the values are in reasonable agreement. 

Figures 11 thru 24 are plots of the various edge properties used 

in the solution of the four shear flow cases. It·is seen in Figures 

11 and 13 that there is a sizable streanwise pressure gradient for 

the windward streamline for all shear flow cases, and that the gra-

dient is more pronounced with increasing angle of attack. In Figure 

14 it is shown that as far as S = 2 the pressure increases in the 

streanwise direction on all streamlines between ~ = o0 and ~ = goo. 

Between ~ = goo and ~ = 120° the pressure for all cases begins to 

fall. Looking at figures 12 and 16 it can be seen that a strong 

favorable transverse pressure gradient exists around the cone as 

far as S = 2. The gradient is increased as the angle of attack is 

increased; however, in all cases the peak gradient was near the ~ = 60° 

streamline. Figure 16 shows the highest values of a2Pe/an2 to be near 

the windward streamline. Figure 15 establishes the trend of the trans-

verse pressure gradient to be consistent along the entire length of the 

cone. 

The edge temperature, as shown in Figures 17 and 18, follows the 

same trend established in the pressure curves for both streamwise and 

transverse directions. These trends are insured by the isentropic 

relations on the inviscid surface of the cone. In response to the 

streanwise adverse edge pressure gradient, the longitudinal edge 

velocity component shows a decrease in the streamwise direction for 
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all shear flow cases. A corresponding increase in the longitudinal 

component of the edge velocity takes place around the cone (Figure 

20). Figures 21 and 22 show an increasing edge cross-flow velocity 

in both the streamwise and transverse directions. Figure 22 shows 

the cross-flow edge velocity to be rapidly increasing near the wind-

ward streamline, and Figure 24 shows the values of ave/an to be 

greatest at the windward streamline where ve is zero. Figure 23 esta-

blishes the existence of strong transverse cross flow edge velocity 

gradients all along the windward streamline of the cone and increasing 

in the streamwise direction. Of course, the effect of cross flow 

increases with increasing angle of attack. 

In Figures 25 thru 27 the present method is compared to the 

method of Bordner and Davis [l]. Normalized heat-transfer and skin-

friction coefficients are plotted for the windward streamline of a 

sharp cone at 10° angle of attack. Reasonably good agreement is 

shown in the comparison (Figure 25). The present method appears to 

give a smoother solution for the skin-friction coefficient in at 

least one region of the cone. In Figures 26 and 27 results in the 

transverse plane from both methods are compared, first for the 

normalized heat-transfer coefficient (Figure 26) and then for the 

normalized skin-friction coefficient (Figure 27). Nearly identical 

results are obtained by the two methods for two values of S. 

In Figures 28 thru 32 the remainder of the sharp cone results 

in shear flow are presented. Streamwise plots of the normalized 
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skin-friction and heat-transfer coefficients are presented in 

Figures 28 and 29. It is seen that for all angles of attack both 

the heat transfer and skin friction depart from the corresponding 

conical flow values {represented in all applicable plots by dashed 

lines). This occurs even in the presence of the adverse axial 

pressure gradient previously discussed. A physical explanation for 

this somewhat unexpected result can be found in the rapidly de-

creasing pressure near the windward streamline as the solution 

marches around the cone {Figure 16). This favorable pressure gra-

dient causes a positive transverse cross fl<M velocity gradient, 

ave/an, to develop, tending to move fluid away from the windward 

plane toward the leeward plane. This effect offsets the usual 

boundary-layer thickening which accompanies an adverse axial pres-

sure gradient, and hence produces higher values of skin friction and 

heat transfer. It can also be seen in Figures 28 and 29 that the 

rate of increase of the coefficients with S increases with increasing 

angle of attack. This is to be expected since the higher angles 

of attack bring on more pronounced cross flow effects, including a 

much more pronounced decrease of pressure around the cone. 

Plots of the normalized skin-friction and heat-transfer coeffi-

cients around the cone at S = 0, 1 and 2 are presented in Figures 30 

thru 32 for a= 20, 60, and 14°. It can be seen that the skin fric-

tion and heat transfer decrease around the cone in all cases. The 

skin-friction coefficient curves exhibit very little difference from 
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station to station even though the pressure profiles are signifi-

cantly different at those stations. A possible explanation may be 

found again in the migration of fluid away from the windward plane 

in response to the favorable transverse pressure gradient. As the 

solution moves downstream the boundary layer around the cone tends 

to become thinner due to more favorable transverse pressure gradients; 

however, the increasing transverse pressure gradients invite added 

migration of fluid from the windward plane where pressure is building 

at the same time. The added fluid escaping the windward plane tends 

to cancel the effect of the increased favorable transverse pressure 

gradient; hence predicting nearly constant skin-friction curves around 

the cone as one moves downstream. This effect is least noticeable 

at 2° angle of attack where cross-flow effects are a minimum. The 

effect is very pronounced at 14° angle of attack. In all cases, 

increasing the angle of attack increases the skin-friction and heat-

transfer coefficients at all circumferential points. Each of the 

circumferential curves goes through an inflection point correspond-

ing to the maximum transverse pressure gradient which in turn corres-

ponds to an inflection point in the transverse pressure curve. Past 

the inflection point the coefficient curves reverse their station to 

station trend. For instance, where the heat transfer for S = 2, at 

a particular angle of attack, was the highest, relative to S = 0 and 

l, before the inflection point, it will be the lowest heat-transfer 

coefficient value after the inflection point. Before the inflection 
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point the pressure at S = 2 is higher and decreasing faster than the 

pressure at S = O or l. After the inflection point the favorable 

transverse pressure gradient decreases but not fast enough to offset 

the effect of the initial high gradient, and the pressure at S = 2 

falls below the pressures at S = 0 and l. The effect is to reverse 

the coefficient trends as noted. 

2. BLUNT-CONE RESULTS 

Blunt-cone results are presented in Figures 33 thru 71. The 

cases investigated are for a 15° half-angle, spherically blunted cone 

in axisymmetric wake flow at a = oo, 50, and loo. The velocity de-

fect parameter A = 0.015 in all cases. The wake parameter B was 

varied from 0.1 to 0.2 to show the effects of the width of the wake 

on the flows. Uniform flow results have been included in each figure 

for comparison with the wake flow data. The thermodynamic data 

matches the conditions used by Cleary in his uniform flow experiments 

for Rem = 0.4 x 106 per foot. All Rem appearing in the figures are 

per foot quantities. The Mm for these cases is 10.6, the total 

temperature is 20000R, and the total pressure is 400 psia. These 

conditions correspond to a free-stream temperature of 85.20R and 

a free-stream pressure of 0.006383 psf. 

Figures 33 and 34 show a Mach 10.6 uniform free-stream flow over 

a 15° half-angle cone at three angles of attack. Windward streamline 

values of the nondimensional heat transfer rate are plotted from the 
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from the experiments of Cleary [8] versus the prediction of the blunt 

cone boundary-layer solution developed in this study (Figure 33). 

For this particular case experimental data are available only at oo 

and 50 angles of attack. The present method is seen to be in very 

good agreement with the windward streamline data of Cleary's experi-

ment. Figure 33 also shows the effect of angle of attack on the non-

dimensional heat-transfer rate. The heat transfer increases very 

significantly with increasing angle of attack; however, the trend of 

the curves is the same for all angles of attack. In Figure 34 cir-

cumferential heat-transfer data from Cleary's experiment at 50 angle 

of attack are compared to the present prediction method at three 

values of S/Rn. Reasonable agreement is obtained for each station. 

Significant exceptions are the experimental values near the leeward 

streamline for S/Rn of 2.84 and 5.58. This figure also shows the 

decreasing heat-transfer rates as the solution marches around the 

cone from the windward to leeward plane. The figure also shows that 

the heat-transfer rate decreased downstream on all streamlines. 

Further experimental correlation is given in Figure 36. A Mach 

5 uniform flow over a go half-angle cone at o0 and 50 angles of attack 

is plotted. The experimental data are from an experiment by Widhopf 

[9]. Very good agreement is obtained all along the windward stream-

line for the zero angle of attack case. The 50 angle of attack experi-

ment of Widhopf exhibits transition to turbulence at approximately an 

S/Rn = 2, and therefore is not a valid comparison. Experimental data 
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in the laminar region for the 5° angle of attack case shows reason-

able agreement with the results of the present method. The pressure 

distributions for the Widhopf cases are given in Figure 35. 

The comparison of the results of the present method with experi-

mental data establishes the method as a valid tool for prediction 

of the boundary-layer flows in uniform flow. It is, therefore, 

assumed that the method is equally valid for nonuniform flow cases 

such as the axisymmetric wake flows of this study. The assumption 

is necessary since neither experimental nor numerical data exist 

for blunt cones at angle of attack to nonuniform free streams. The 

remaining results, for blunt cones in axisymmetric wake flow, are 

grouped by angle of attack. 

Figures 37 thru 39 show results for a blunt cone in wake flow 

at zero angle of attack. All plotted data are along the windward 

streamline. In each figure uniform flow is plotted along with two 

wake flows. Figure 37 shows the pressure distributions for the three 

flow cases. It is seen that much more severe adverse pressure gra-

dients exist along the windward streamline in wake flow. As in the 

uniform flow cases, the adverse pressure gradient for nonuniform flow 

cases results from the over-expansion and recompression of the flow 

as it travels around the spherical nose. Decreasing the width of the 

wake (increasing B) also causes a greater pressure gradient. From 

Figures 38 and 39, there is very little effect of the wake flow on 

either the skin friction or heat transfer before traveling a distance 
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of 2 nose radii downstream. This is in response to the pressure 

curves as shown in Figure 37. If one were to blow up the scale in 

the nose region, he would see definite pressure increases at all 

points for wake flows; however, the changes are small near the nose 

since all of the solutions begin with the same nose conditions. In-

viscid solutions are obtained by keeping nose conditions constant 

and changing only the wake parameters. 

The streamwise increase in heat transfer is probably due to the 

same physical process which caused this effect for sharp cones. In 

fact, as the blunt cone solution proceeds downstream, it asymptoti-

cally approaches the sharp cone solution for the same conditions; 

hence we may notice similar behavior as the two solutions march down-

stream. This effect can be seen by comparing the trends of the solid 

line of Figure 47 with the solid line of Figure 8 far downstream. 

Dividing qw of Figure 8 by q0 {11.2 Btu/ft2sec), it is seen that the 

solutions for sharp and blunt cone cases approach identical values 

far downstream. The skin-friction coefficient (Figure 39) shows an 

increase over the uniform flow values for wake flow cases and a more 

severe departure when the width of the wake is decreased. The increase 

of skin friction is reversed far downstream. The boundary-layer 

thickening along the windward streamline overcomes the effect of the 

cross flow as the wake flow solutions proceed far downstream. This 

behavior is not the case for the heat transfer because the normal 

temperature gradient is still increasing in the thickening boundary 
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layer. The peak value of skin friction occurs at the same location 

for all wake flow and uniform flow cases. Small increases are evi-

dent in the value of the peak friction which occurs in each case near 

the sphere-cone juncture {S/Rn = 1.3). 

Figures 40 thru 58 present the results obtained for the same blunt 

cone in wake flow at 5° angle of attack. Figure 40 is analogous to 

Figure 37. 

Figures 41 thru 43 show the rising and falling of the favorable 

transverse pressure gradient around the cone at three downstream 

stations. Note the different scales used in the figures. The uniform 

flow values show very little change from station to station as do 

the wake flow values. As the solution goes from an S/Rn = 2.84 to 

7.8, the wake flow values of the pressure gradient increase three 

fold {B = .2). The values for the wider wake more than double in 

the same range of S/Rn. As the solution moves down the cone, the ten-

dency is for the transverse pressure gradient to rise faster {become 

more negative) on the windward side than it drops on the leeward 

side thus causing the curves at S/Rn = 5.58 and 7.8 to be skewed to 

the left. 

In Figures 44 thru 46 the response of the edge cross-flow velo-

city to the previously discussed transverse pressure gradient varia-

tion is seen. Where the difference in pressure gradients is smallest 

{S/Rn = 2.84), the difference in cross-flow velocity gradients is 

smallest. The greatest difference is shown to be where the greatest 
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pressure gradient difference was found (S/Rn = 7.8). These curves 

exhibit the same behavior on either side of an inflection point as 

was observed in the sharp cone results. 

The behavior of the nondimensional heat transfer rate for the 

a = 5° case on the windward streamline (Figure 47) exhibits trends 

identical to those discussed for Figure 38. The values for a = 5o 

are substantially higher than are those for the zero angle of attack 

case and the same is true for the strearrwise gradients of the heat 

transfer. The effect of downstream position on the nondimensional 

heating rate is traced through Figures 48 thru 51. The curves in 

Figure 48 show the heat transfer around the cone at S/Rn = 1.41 which 

is just past the sphere-cone juncture and still in a region of sharp-

ly dropping windward streamline pressures. The results plotted in 

Figures 49 and 50 "straddle" the minimums of the heat transfer as 

seen in Figure 47, leading to nearly identical curves at the two 

values of S/Rn. It can be seen that the trend established by the 

uniform flow results at each station has not been changed by the 

introduction of free-stream nonuniformities; however, the nondimen-

sional heating rates for the wake flow cases are higher for all 

streamlines around the cone at each station. Decreasing the width 

of the wake causes further increase in the heating rate over the uni-

form flow values. Looking again at Figures 48 thru 51, it is seen 

that the leeward side values of the heating-rate distribution fall as 

S/Rn i.ncreases. This is true for both uniform and wake flows and is 
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due to the thickening of the boundary layer on the leeward side of 

the cone as S/Rn increases. This in turn is a response to the build-

up of fluid migrating from the windward plane to the leeward side of 

the cone. 

Figures 52 thru 55 present-the longitudinal skin friction coeffi-

cient. In Figure 52 the longitudinal skin friction distribution 

exhibits a behavior analogous to the zero angle of attack results 

(Figure 39). The peak values are nearly identical, but the down-

stream drop in the coefficients is not as great. The circumferential 

curves of longitudinal skin friction follow the general trend set by 

the circumferential heat transfer curves. As in the heat-transfer 

case, the skin friction falls to lower values on the leeward side as 

S/Rn increases. This is true for each of the flows represented. In 

keeping with the windward streamline inflection point, a definite 

change in the behavior can be seen between the curves at S/Rn = 2.84 

and S/Rn = 5.58. The same physical explanation may be applied to the 

skin friction curves in the area of the leeward plane as was applied 

to the heat-transfer curves in that region. 

The transverse skin-friction coefficient is shown around the cone 

at three different values of S/Rn in Figures 56 thru 58. For each of 

the flows represented, the transverse skin-friction coefficients show 

very large increases as S/Rn increases for all streamlines. At each 

station the transverse skin friction curves are completely analogous 

with the transverse pressure-gradient curves in Figures 41 thru 43. 
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The maximums, leftward skews, rises and falls all correspond to the 

pressure-gradient curves at the same station. Again, the effect of 

the nonuniform flow has been to raise the skin friction at all points, 

and decreasing the width of the wake causes further increases in skin 

friction. 

Results are presented in Figures 59 thru 71 for the same spheri-

cally blunted cone in wake flow a = 10° where every trend noted in 

the 5° angle of attack case can be seen to occur at this angle of 

attack. It will be noted, however, that all of the trends and results 

of the 10° angle of attack case are far more pronounced than they 

were in the 5° case. In comparing the 50 and loo angle of attack 

cases, it can be seen that the effect of flow nonuniformity is great-

er for the higher angle of attack flow. For instance, the difference 

between the peak uniform flow transverse pressure gradient at S/R~ = 
2.84 for the wake flow value of B = O.l is approximately 0.014 at 10° 

angle of attack. The corresponding difference in the 5° angle of at-

tack case is one-half the 10° value (see Figures 41 and 60). The 

same effect is readily obvious in the transverse skin-friction curves 

of Figures 56 and 70. 

The effects of free-stream nonuniformity on boundary-layer separa-

tion have not been studied in detail. No evidence of separation was 

found for blunt cones in uniform and wake flows at a = oo or for a 

blunt cone in uniform flow at a = 5°. For all cases at a = 10°, and 

for wake flow cases at a = 5° there was a significant decrease in the 
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length of cone which was solved. Solutions of these cases terminated 

due to a negative shear parameter at the wall. In the longitudinal 

plane, the onset of separation occurred sooner {fewer nose radii) for 

smaller width wakes and for higher angles of attack. In the trans-

verse plane the onset of separation occurred sooner for smaller width 

wakes and for higher angles of attack. In both planes the presence 

of a free-stream wake flow significantly hastened the onset of 

separation. 

The current results were obtained using 26 normal points in the 

boundary layer for sharp cones and 101 normal points for blunt cones. 

The number of circumferential solutions planes was limited to 7 in 

order to avoid prohibitive computer times. In order to do an effective 

study of separation in three-dimensional cases, it would be desirable 

to have at least 31 solution planes in the boundary layer. 



SECTION IV 

CONCLUSIONS 

l. Heat-transfer and skin-friction coefficients increase along the 

windward streamline of a sharp cone relative to conical flow 

values when the cone is subjected to a nonuniform supersonic 

free stream. 

2. Heat-transfer and skin-friction coefficients are higher on the 

windward side of a sharp cone in nonuniform flow and lower on 

the leeward side relative to the conical flow solution. The 

trend of the uniform flow data is preserved in the nonuniform 

data. Higher values of the coefficients near the windward plane 

and lower values of the coefficients near the leeward plane 

are attained as S increases. This effect is more pronounced for 

heat transfer than for skin-friction distribution. 

3. Increasing the angle of attack causes more pronounced departures 

from uniform flow results for cones in nonuniform flow. This is 

the case in both the strearrwise and transverse directions. 

4. The present sharp cone program for nonuniform free-stream flows 

has exhibited good agreement with existing uniform-flow solutions, 

experimental data, and existing nonuniform solutions, and the 

program is considered to be a useful, versatile tool for predict-

ing boundary-layer flows over sharp cones at angle of attack to 

nonuniform supersonic free streams. 

51 
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5. The present blunt-cone program for nonunifonn free streams has 

exhibited good agreement with experimental uniform flow data at 

both zero and non-zero angle of attack. The agreement with 

uniform flow data together with reasonable and consistent nonuni-

form flow results establishes the program as a useful and versa-

tile tool for predicting boundary layer flows over blunt cones 

at angle of attack in nonuniform supersonic free streams. 

6. Heat transfer along the windward streamline of a blunt cone 

increases relative to uniform flow values when the cone is sub-

jected to nonuniform supersonic free streams. Decreasing the 

width of the wake causes a further departure from uniform flow 

values. 

7. In the blunt nose region of a blunt cone (S/Rn < 2), the non-

uniformity of the free stream has little effect on the values 

of skin friction or heat transfer along the windward streamline. 

The location of the peak skin friction and its value remain very 

nearly constant with changes in angle of attack, velocity defect, 

and/or width of the wake. 

8. Skin friction along the windward streamline of a blunt cone in 

axisymmetric wake flow increases relative to the uniform flow 

values before falling below the uniform flow values far down- · 

stream. The "crossover" point is a function of the angle of attack. 
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9. Both skin-friction and heat-transfer coefficients decrease 

around the cone from the windward plane to the leeward plane; 

however, the values of the coefficients are higher than the 

corresponding uniform flow values. (This is not uniformly true 

for skin friction downstream of the "crossover" point described 

above.) 

10. Free-stream nonunifo.rmities hasten the onset of separation in 

both the longitudinal and transverse planes. Smaller width 

wakes cause separation to occur sooner in both planes. 

11. All effects attributed to the nonuniform free stream, for both 

sharp and blunt cones, are substantially "magnified" by increas-

ing the angle of attack. 
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(a) cylindrical coordinates 

' ' ' 

(b) body oriented coordinates 
Figure 6. Body Oriented Coordinate System for Sharp and Blunt 

Cones Compared to a Cylindrical Coordinate System 
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BOUNDARY LAYER FLOWS OVER SHARP AND 

SPHERICALLY BLUNTED CONES AT ANGLE OF ATTACK 

TO SUPERSONIC NONUNIFORM FREE STREAMS 

by 

Michael C. Frieders 

(ABSTRACT) 

Methods have been developed to solve the problem of laminar 

boundary layers on sharp and spherically blunt cones at angle of 

attack to nonuniform supersonic free streams. A three-dimensional 

boundary-layer solution is used to solve sharp cone problems and 

the afterbody of blunt cone problems. An axisynmetric boundary-

layer solution is used to solve the axisymmetric region of blunt 

cones. An interpolation method has been developed enabling the 

use of axisymmetric solution data as starting data for the three-

dimensional boundary layer solution on a blunt cone. An existing 

implicit finite-difference numerical scheme was used to solve 

both the axisymmetric and three-dimensional boundary-layer equations. 

Edge properties for a sharp cone and for the afterbody of a blunt 

cone come from method of characteristics solutions of the inviscid 

flow field. A modified inverse method for solving the inviscid 

flow field is used to provide edge properties for the axisymmetric 

region of blunt cones. Results obtained for blunt cones in uniform 

flow are compared to experimental data with. good agreement. Uni-

form flow results for sharp cones are compared to experimental 



data and to existing numerical data. Skin friction and heat trans-

fer data obtained for sharp and blunt cones in nonuniform flow fields 

show a departure from the uniform flow values. Normalized skin 

friction and heat transfer coefficients for a sharp cone in two-

dimensional shear flow increase downstream relative to conical flow 

values. The effect of wake flow on a blunt cone is to increase the 

heat transfer considerably, relative to uniform flow values. Down-

stream values of skin friction are shown to fall below uniform flow 

values. Decreasing the width of the wake causes more severe 

departure from uniform flow values, for both skin friction and heat 

transfer on blunt cones. The presence of free-stream nonuniformities 

hastened the onset of separation particularly in the blunt cone 

cases. The beginning of separation occurred sooner in both the 

longitudinal and transverse planes. Smaller width wakes and higher 

angles of attack caused earlier onset of separation. 
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