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ABSTRACT 

 

This dissertation proposes a new framework to characterize the nonlinear behavior of anisotropic 

materials in an on-line manner. The proposed framework applies recursive estimation and a mul-

ti-linear model to characterize the nonlinear behavior of anisotropic materials on-line using full-

field strains, which are capable of capturing the multi-axial information of anisotropic materials.  

 A stochastic method is developed to characterize the linear behavior of anisotropic materials 

under the influence of full-field strain measurement noise. This method first derives stochastic 

equations based on the formulas of energy-based characterization that utilizes the principle of 

energy conservation, and then recursively estimates elastic constants at every acquisition of 

measurement using a Kalman filter (KF). Since the measurement model is expressed nonlinearly, 

the KF utilizes a Kalman gain, which is newly derived in this dissertation through variance min-

imization, to achieve optimal characterization. The aforementioned method, namely stochastic 

linear characterization in this dissertation, becomes a basis of the multi-linear characterization 

method. This method utilizes a multi-linear model, which is defined by partitions, to characterize 

the nonlinear constitutive relations. The multi-linear characterization scales up the number of 

estimates and identifies the coefficients of each linear partition using the previously derived KF. 

The recursive updates in measurements not only removes uncertainty through sensor measure-

ments, but also enables the on-line capability of the nonlinear characterization of anisotropic ma-

terials.  

 A series of numerical and experimental studies were performed to demonstrate the perfor-

mance of the proposed framework in characterizing the nonlinear behavior of anisotropic materi-

als. The validity and applicability of the proposed framework were confirmed by the comparison 

with the known values of the characterized constitutive relations. It was found that the proposed 

framework identified elastic constants that were in good agreement with known values irrespec-

tive of the specimen geometry. The results of the multi-linear characterization method were well 

correlated with known nonlinear stress-strain relations and concluded that the proposed frame-

work is capable of characterizing adequate nonlinear behavior on-line.   
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Chapter 1 

Introduction 
The concept of anisotropy has rapidly advanced the development of new materials technology 

with many emerging applications. As the material’s directional dependence of a physical proper-

ty is adjustable during the manufacturing stage, new materials that are much stronger than steel, 

while weighing substantially less, have recently increased their popularity in structural applica-

tions. This has sparked the advancement of the industrial age to the age of high-performance ma-

terials. Exploration and development of new anisotropic materials has provided extensive new 

materials technology by combining the strength and stiffness of steels with other properties, such 

as electro-conductivity and the ability to deform plastically. One example of these new materials 

is composite materials. The widespread use of composite materials in structures is a tribute to the 

forty plus years of research and development into these materials during which time the mathe-

matics of the mechanics of materials have become well understood. This has led to research fo-

cused on material characterization. Characterization of material properties significantly contrib-

utes to the understanding of the future potentials of any new materials. 

 This dissertation presents an on-line framework for characterizing the nonlinear behavior of 

anisotropic materials. The on-line term is described here as a capability to analyze data moments 

after the data is collected. The characterization is performed on a macroscopic level. This 

framework includes a stochastic linear characterization method and stochastic nonlinear charac-

terization method formulation through the development of a modified Kalman filter. This modi-

fied Kalman filter recursively updates the material parameters at each loading step and minimiz-
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es the uncertainties in full-field measurements and measurements such as external work. In this 

Chapter, the background leading up to the recent interest in composites and the current state of 

knowledge are briefly reviewed, followed by the primary objective of this dissertation. The 

framework taken to achieve this objective is then presented, and the principal contributions aris-

ing from this work are summarized. Finally the contents of the remaining chapters in this disser-

tation are outlined. 

 

1.1 Background 

The founding and understanding of a new unknown material has led the human civilization as it 

evolved from the Stone Age to the Iron Age and then to the contemporary period, so-called the 

―Space Age‖. Since 1957, the ―Space Age‖ started with the development of high performance 

materials that are both strong and lightweight. Such high performance materials include compo-

site materials, and have been added as the tool kit to replace customary metals in many applica-

tions, particularly in the aerospace industry. The advantages of composites can be seen in the 

composition of materials that is formed by individual material of distinct identities and properties. 

The overall material properties resulting from such composites provide improved specific or 

synergistic characteristics not obtainable by any of the original material components acting alone. 

Over the ages of time, it seems that the scientific revolution is strongly connected to certain spe-

cial materials that enabled advancements in technology, and has come to be called progress. 

 The pursuit of human progress is not only the driving force behind scientists studying new 

materials today. It is simply driven by motivations, more akin to the curiosity of humans.  For 

example, four-thousand years ago, a human accidently stumbled across the performance of a new 

material by transferring carbon to iron using a state-of-the-art, at the time, charcoal-driven, high-

temperature, controlled-atmosphere furnace. The human had produced some sort of very imper-

fect composition of a steel alloy. The appearance and the properties of such a composition were 

so remarkable, that many followers spent lifetimes advancing available technology to improve 

and characterize various materials to the point where the fully developed and vastly improved 

materials were used for many advanced applications in different industries.  
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 Essential to the richness of the field is an understanding of the laws of physics and chemistry 

that enable detection and realization of new properties of matter. Despite having its roots in basic 

science, condensed-matter physics is viewed as a form of applied science. This is due in part be-

cause the well understood fundamental physical laws are applied to describe the individual atoms 

in solids. However, the collective properties of many atoms assembled together are too complex 

to be predicted from the first principles. The complex behavior is characterized by experimental 

approaches and understanding such behavior allows application of composite materials in many 

engineering fields.  

Reductions in manufacturing costs, improvements in product quality and increased use of 

computer-aided design are all key issues affecting the future of composite materials in civil, aer-

ospace and automotive applications. A common denominator in all of these issues is the need for 

characterizing reliable mechanical property data. Current characterization procedures based on 

static loading of test specimens tend to be slow and expensive. In addition, these materials en-

counter degradation of material properties in changing operating environments. Composite mate-

rials play a big part in many engineering applications, and as such, on-line monitoring of critical 

structural components has become the key to lengthening the operational life of these materials 

without interrupting the operation. The goal is to improve structural safety and prevent accidents 

by taking prompt action once the monitored values exceed any safety threshold. With the on-line 

monitoring capability, there has been increasing interest in understanding the characteristics of 

the structure under complex loading conditions. 

 From the manufacturing standpoint, material property characterization adds to the significant 

cost of manufacturing. The complexity of test procedures and test equipment often force small 

and medium-sized composite fabrication shops to rely on outside testing laboratories to perform 

the characterization. Such a separation of the manufacturing and testing functions precludes an 

on-line evaluation of the properties, which is needed for optimization and control of the manu-

facturing process. A material characterization system that is fast, inexpensive and capable of 

providing feedback instantly to the manufacturing process would allow material properties to be 

controlled within designed limits. 
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 In consideration of the need for on-line characterization of complex materials to assess any 

deterioration in product quality and serviceability, it is proposed that a fast and efficient charac-

terization framework that stochastically characterizes the properties of anisotropic materials on-

line could be very useful to meet the challenges posed by the aforementioned processes.  

 

1.2 Objective 

The objective of this dissertation is to develop a new framework capable of characterizing the 

nonlinear behavior of anisotropic materials on-line, while reducing the uncertainties that exist in 

the framework. 

  

1.3 Approach 

In order to achieve this objective, it is necessary to first develop a stochastic linear characteriza-

tion method to characterize the elastic properties of anisotropic materials. The developed method 

stochastically identifies the elastic constants of anisotropic materials by modeling the measure-

ment noise and removing the effect of noise from the results. Based on the principle of energy 

conservation, an energy-based characterization methodology, capable of characterizing the be-

havior of anisotropic materials is formulated by equating the applied external work to the strain 

energy of the body. The developed method extracts stochastic equations from the formulas of the 

energy-based characterization methodology and recursively estimates the elastic constants at 

every acquisition of measurement using a Kalman filter (KF). Since the modeled measurements 

are expressed nonlinearly, the KF utilizes a Kalman gain that is newly derived in this dissertation 

through variance minimization to achieve optimal characterization.  

 The developed stochastic linear characterization method becomes a basis to a multi-linear 

characterization method that estimates nonlinear constitutive relations of anisotropic materials. 

The multi-linear characterization method represents constitutive relations by multi-linear parti-

tions, based on the assumptions that the materials are rate-, path- and temperature- independent. 

Since the characterization is connected by multiple linear characterization processes, the coeffi-

cients of each part are then determined by the previously derived KF. The stochastic multi-linear 
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characterization method scales up the number of estimates and identifies the coefficients of each 

linear partition when strain values are observed within each partition.  

 The KF in both stochastic linear and multi-linear characterization methods represents the es-

timates of material properties by means and covariance, and start with prior estimates every time 

the sensor takes a measurement. The updates in measurements remove uncertainty through sen-

sor observation. Since the estimates are recursively updated during sensor observations, the KF 

considers not only the current measurements, but also the prior knowledge and the past estimates. 

This recursive update mechanism enables the on-line capability of the proposed framework in 

characterizing the nonlinear behavior of anisotropic materials. In addition to the estimates, the 

use of differential entropy at every update enables the stochastic multi-linear characterization 

method to evaluate the certainty associated with all the estimates performed on-line. 

 The measurement certainties are further improved by a multi-camera data fusion technique. 

During experimental testing, the material specimen is marked with a uniform set of dots to 

measure the deformity of the material as load is applied. In the multi-camera system, each cam-

era observes the centroid of each dot and model a Gaussian probability density function (PDF) 

on each centroid. The technique fuses all the centroids and computes the mean and covariance 

associated to each fused centroid by the product of all Gaussian PDFs derived from all camera 

images. The probabilistic model of each fused centroid is modeled as a total Gaussian PDF, 

which is represented by a fused mean and covariance. The full-field displacements and strains 

are computed by substituting the fused means into shape functions. The covariance of these full-

field measurements are then derived by propagating the fused covariance through the associated 

mathematical functions. Both means and covariance constructs the Gaussian PDFs of the meas-

urements. These probabilistic models provide the information of measurement covariance to the 

stochastic linear and multi-linear characterization method, and subsequently derive the optimized 

Kalman gains.  
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1.4 Principal Contributions 

The principal technical contributions of this dissertation are enumerated as follows:  

 A unique stochastic method that determines a multi-linear model for approximating non-

linear constitutive relations of anisotropic materials is presented.  

 A novel stochastic method that determines the means and covariance of elastic constants 

of anisotropic materials is developed. 

 A recursive measurement update mechanism that enables nonlinear characterization of 

anisotropic materials performed on-line at every acquisition of measurements is demon-

strated.  

 A new Kalman gain, which achieves optimal estimation and incorporates prior 

knowledge and noise information of full-field measurements, is derived through variance 

minimization. 

 An on-line quantification measure, which is formulated based on the covariance of char-

acterization results, is defined. 

 A novel multi-camera data fusion technique that improves the certainty of measurements 

based on the product of Gaussian distributions is demonstrated. 

 A new technique, which models the covariance of measurements through the propagation 

of uncertainties, is presented. 

 

1.5 Publications 

To date, components of the dissertation have been presented in the following publications: 

Patents: 

[1] Tomonari Furukawa, Jinquan Cheng, Jan Wei Pan, John G. Michopoulos and Athana-

sios Iliopoulos, ―An integrated method and system for full-field strain measurement and 

material constitutive characterization on uniaxial testing machine‖, provisional patent, 

2010 
 

[2] Tomonari Furukawa, Jan Wei Pan and Hou Man, ―Material characterization based on 

the principle of minimum total potential energy‖, provisional patent, 2009 
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Journal Articles: 

[1] Tomonari Furukawa and Jan Wei Pan, ―Stochastic identification of elastic constants for 

anisotropic materials‖, International Journal for Numerical Methods in Engineering, 

2010, 81:42-452 
 

[2] Jan Wei Pan, Jinquan Cheng, Tomonari Furukawa and John G. Michopoulos, ―Data fu-

sion of probabilistic full-field measurements for material characterization‖, Key Engi-

neering Materials Journal, 2010, accepted 
 

[3] Jung-Hoon Sul, B. Gangadhara Prusty and Jan Wei Pan, ―A fatigue life prediction mod-

el for CSM GRP‖, Fatigue & Fracture Engineering Materials & Structures, 2010, doi: 

10.1111/j.1460-2695.2010.01460.x 
 

[4] Jan Wei Pan, Tomonari Furukawa, Hou Man, Athanasios Iliopoulos, John G. Michopou-

los and John Hermanson, ―An energy-based computational and experimental method for 

the elastic characterization of materials‖, under review 
 
[5] Jan Wei Pan, Jinquan Cheng and Tomonari Furukawa, ―Multi-camera data fusion for 

stochastic energy-based characterization‖, International Journal of Computational Meth-

ods, accepted 
 

[6] Tomonari Furukawa, John Michopoulos and Jan Wei Pan, ―Recursive estimation tech-

nique for energy-based characterization‖, International Journal for Numerical Methods 

in Engineering, submitted 
 

[7] Hou Man, Tomonari Furukawa, Jan Wei Pan, Athanasios Iliopoulos, John Michopoulos, 

Adrian Orifici and John Hermanson, ―Experimentally validated neural network constitu-

tive modeling using energy-based characterization‖, under review 
 

[8] B. Gangadhara Prusty, Jan Wei Pan and Jung-Hoon Sul, ―Characterization of tempera-

ture-dependent behavior of chopped strand mat GRP during low cyclic fatigue, World 

Journal of Engineering, 2009, 6(Supp): 825-826 
 
[9] Jan Wei Pan, Tomonari Furukawa, Jinquan Cheng and John G. Michopoulos, ―Stochas-

tic nonlinear material modeling using energy-based characterization‖, in preparation 
 

[10] Jan Wei Pan, Jinquan Cheng and Tomonari Furukawa, ―Real-time energy-based char-

acterization of solid materials‖, in preparation 
 

Conference Papers: 

[1] Tomonari Furukawa, John G. Michopoulos and Jan Wei Pan, ―The Deterministic and 

Stochastic Energy-based Characterization of Composites – A Generalized Theoretical 

Framework‖, 17
th

 International Conference on Composite Materials, Edinburgh, UK, Ju-

ly 27-31, 2009, 10pp 
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[2] Jan Wei Pan, Tomonari Furukawa and Hou Man, ―Kalman filter technique for the ener-

gy-based elastic identification of composite materials‖, 3
rd

 Asian Pacific Congress on 

Computational Mechanics (APCOM’07) in conjunction with 11
th

 International Confer-

ence on Enhancement and Promotion of Computational Methods in Engineering and Sci-

ence (EPMESC XI), Kyoto, Japan, 2007, 10pp 
 

[3] Jan Wei Pan and Tomonari Furukawa, ―Comparison between Kalman filter and singular 

value decomposition for energy-based anisotropic elasticity characterization‖, The 5
th

 In-

ternaional Conference on Numerical Analysis in Engineering, Padang, Indonesia, 2007, 

10pp 
 

Conference Abstracts and Presentations: 

[1] Jan Wei Pan, Jinquan Cheng and Tomonari Furukawa, ―Energy-based characterization 

based on multi-sensor data fusion‖, 8
th

 International Conference on Fracture and 

Strength of Solids, Kuala Lumpur, Malaysia, June 7-9, 2010 
 

[2] Jan Wei Pan, Tomonari Furukawa and Hou Man, ―Validation of the stochastic elastic 

energy-based characterization‖, 10th US National Congress on Computational Mechan-

ics (USNCCM X), Columbus, Ohio, July 16-19, 2009 
 

[3] Jan Wei Pan and Tomonari Furukawa, ―Nonlinear Stochastic Modeling of Composites 

using the Energy-based Characterization‖, The 2009 Joint ASCE-ASME-SES Conference 

on Mechanics and Materials, Blacksburg, Virginia, June 24-27, 2009 
 
[4] Jan Wei Pan and Tomonari Furukawa, ―Stochastic Elastic Identification of Anistropic 

Materials‖, Signals and Systems Seminar, Blacksburg, Virginia, USA, March 20, 2009 
 

[5] Jan Wei Pan and Tomonari Furukawa, "Identification of Anisotropic Properties from Er-

roneous Full-field Measurements", 4th International Conference on Composites Testing 

and Model Identification, Dayton, Ohio, USA, October 20-22, 2008 
 

[6] Jan Wei Pan, Tomonari Furukawa and Israel Herszberg, ―Stochastic Identification of 

Composite Materials‖, Composite CRC Conference & Exhibition, Melbourne, Australia, 

March 13-14, 2008 
 

[7] Jan Wei Pan, Tomonari Furukawa, Hou Man and Israel Herszberg, ―Unscented Kalman 

filtering for elastic identification of composite materials using the energy-based method‖, 

14
th

 International Conference on Composite Structures (ICCS/14), Victoria, Australia, 

2007 
 

[8] Hou Man, Tomonari Furukawa, Jan Wei Pan and Israel Herszberg, "Constitutive Char-

acterization of Composite Materials using the Data Driven Approach", 14th International 

Conference on Composite Structures, Victoria, Australia, November 19-21, 2007 
 

[9] Jan Wei Pan, Tomonari Furukawa and David Kellermann, "Application of Kalman Fil-

tering to the Energy-based Material Constitutive Modelling", Ninth U.S. National Con-
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gress on Computational Mechanics (USNCCM IX), San Francisco, July 22-26, 2007, 

2pp 
 

[10] David Kellermann, Tomonari Furukawa and Jan Wei Pan, "A Continuum Mechanics 

Solution for In-plane Shear Locking in Plate and Shell Elements", Ninth U.S. National 

Congress on Computational Mechanics (USNCCM IX), San Francisco, July 22-26, 2007, 

2pp 
 

[11] Jan Wei Pan and Tomonari Furukawa, "Application of Kalman Filtering to the Contin-

uum Materials Characterization", presented at Department of Mechanical and Materials 

Engineering, Universiti Kebangsaan Malaysia, July 20, 2007 

 

 

1.6 Organization 

This dissertation is organized as follows: 

 Chapter 2 reviews previous work based on on-line nonlinear characterization of aniso-

tropic materials using vibration analysis, standard mechanical loading tests, field meas-

urements and implicit constitutive modeling. These research efforts further support the 

claims provided in this introductory chapter, and thus signify the objective of this disser-

tation.  

 Chapter 3 describes an overview of energy-based characterization formulations and deri-

vation of full-field measurements related to this characterization. Following this, a con-

temporary deterministic approach, which determines elastic constants from the energy-

based characterization formulations, is also presented.  

 Chapter 4 presents a novel stochastic linear characterization method that identifies elastic 

constants of anisotropic materials by modeling measurement noise and removing its ef-

fect using a Kalman filter. First, stochastic equations are derived from the energy-based 

characterization formulations, and followed by the derivation of recursive mechanisms 

that allows the method performed on-line. The derivation of a new optimal Kalman gain 

is then discussed. This Chapter also presents numerical studies of this method and further 

compares itself to the deterministic approach.  

 Chapter 5 describes a multi-camera data fusion technique that improves the certainty of 

measurements in the proposed framework. First, Gaussian probabilistic representation of 
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dots marked on a specimen is described, and followed by the derivation of fused infor-

mation through product of all Gaussian distributions. Probabilistic measurement models 

are then derived through propagation of uncertainties method. The robustness of this 

technique is then highlighted by applying noisy measurements from different cameras to 

characterizing anisotropic materials. 

 Chapter 6 presents a stochastic multi-linear characterization method that approximates 

nonlinear constitutive relations of anisotropic materials. The definition of multi-linear 

constitutive model is first presented. This is followed by the derivation of stochastic 

equations and Kalman filter based on the constitutive models. A quantification measure 

that describes certainty of on-line results is presented afterwards. Following this, a series 

of numerical studies of this method is presented. 

 Chapter 7 describes the experimental studies of the stochastic linear and multi-linear 

characterization methods presented in Chapters 4 and 6, and these results are compared 

with known experimental values. The studies include parametric studies of the proposed 

framework and also its robustness to existing camera technology. Both features and limi-

tations of the proposed framework are also discussed. 

 Chapter 8 summarizes the contributions of the research presented by this dissertation and 

discusses areas for potential future work. 
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Chapter 2 

Literature Review 

This Chapter reviews the past contributions concerned with characterizing the nonlinear behavior 

of anisotropic materials on-line. The research methods in the field of vibration test procedures 

focused on characterizing anisotropic materials are discussed in Section 2.1. Despite the on-line 

capability of vibration mechanics, the metrics are not well suited for handling nonlinear behavior. 

Section 2.2 covers mechanical loading tests that are used for characterizing the nonlinear behav-

ior of materials. While these tests require multiple specific specimens and configurations, charac-

terization methods that use full-field measurements provide more flexibility in experimental con-

figuration.  These methods are presented in Section 2.3. Despite the advantage of having more 

measurements, most of these methods are off-line and require batch processing of measurements 

collected from the past. Section 2.4 covers an implicit modeling methodology, which is modeled 

with non-parametric test methods, and further demonstrates the capability of this method in de-

termining the nonlinear behavior of materials on-line. This chapter is concluded with a summary 

of the state-of-the-art and how this dissertation stands to leverage the state-of-the-art to make ad-

vances in the field of on-line material characterization. 

 

2.1 On-line Evaluation based on Vibration Testing 

On-line evaluation of anisotropic materials has been well established in the field of vibration me-

chanics. Composites, as one of the prime examples of anisotropic materials, have recently at-

tracted more attentions due to their high customizability in stiffness, strength, density and con-
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ductivity [1]. One of the vibration test methods performed in composite analysis is modal vibra-

tion testing. This testing is based on the measurement of modal frequencies, modal damping fac-

tors and mode shapes of a specimen or structure [3-5]. The test procedures provide foundations 

for rapid, inexpensive characterization of both elastic and viscoelastic properties for design and 

manufacturing [6]. This has contributed to the inspection of damaged and repaired composite 

structures, where rapid and inexpensive test methods are required.  

 Most common vibration analyses have shown that modal testing in either single-mode or 

multiple-modes of vibration can be used to characterize the effective modulus and damping val-

ues of composites and their constituents under various environmental conditions [7]. In the single 

mode testing, a single measured modal frequency is substituted into an equation derived from the 

equation of motion for the specimen and its boundary conditions. The natural frequency meas-

urements from specimens vibrating in a single mode have been used for many years, but the test 

procedures are typically slow and cumbersome, and are only suitable for small laboratory speci-

mens [8]. In the multiple-mode testing, several natural frequencies are measured to develop sim-

ultaneous solutions of frequency equations that identify the independent elastic property of com-

posite plates and shells. By comparison, multiple-mode testing eliminates the need for different 

static tests, and is widely documented in several standards [9, 10, 11-14].  

 One of the most popular non-destructive testing techniques documented in these standards is 

the impulsive excitation technique. Modal testing by the use of impulsive excitation methods has 

been shown to have the potential to be a fast and reliable approach for characterizing intrinsic 

material properties of composites [15]. This is further supported by recent developments in la-

boratory facilities, such as microprocessor-based Fast Fourier transform (FFT) analyzers, and 

PC-based virtual instruments, which has made it more attractive to use impulsive excitation in-

junction with either frequency-domain analysis or time-domain analysis to extract modal param-

eters from the response measurements in real-time [16]. 

 Research has been performed on applying modal testing methods to the on-line evaluation of 

operational full-scale composite structures. For example, Yang et al. [17] presented an im-

pulse/frequency response test to evaluate engine intake and exhaust valves of different materials. 

In their work, frequency data were monitored. However, the conversion from the frequency data 
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to material properties was not studied in their scope of work. The major difficulty in testing full-

scale parts appears to be in the development of an analytical model for the solution of inverse 

problems, in the case where in-situ properties are desired. Alternatively, Cheng and Hwu [18] 

presented a neural network (NN) model to characterize the material properties of composite 

wings from frequency data. They performed an on-line characterization of composite wings by 

measuring the impulse applied on a wing specimen that is clamped on one end and free on the 

other end. By taking the average of natural frequencies of the first three modes, an artificial neu-

ral network is then provided to output the elastic properties in an on-line sense. 

Vibration tests allow the specimens to be geometrically free from standardized designs and 

reduce the required limitations on their boundary conditions. Although a considerable amount of 

literature exists for the classical solutions to inverse problems dealing with simple structures like 

beams [19], it is certain that approximate numerical approaches such as finite element (FE) 

methods will have to be used for parts having complex shapes. A suitable optimization routine is 

often needed to tune up the set of material properties that minimizes the difference between the 

measured and predicted frequencies, subject to the provided geometric and boundary constraints 

on the test specimen [20]. In practice, certain experimental configurations, such as the ideal 

simply-supported boundary condition along all four edges, have proven to be efficient for modal 

testing, but are also very difficult to execute [21].  

 Even though some experimental configurations of mode testing, such as the free-free bound-

ary condition [22 and 23], are possible, the characterization results are considered to be unrelia-

ble since the simple closed form frequency equations are not straightforward and are solved ap-

proximately [24]. Ip et al. [25] proposed an information updating technique to determine the 

elastic constants of orthotropic cylindrical composite shells based on the natural frequencies ob-

tained from free-free configuration modal testing. The technique utilized a Bayesian type estima-

tor to tune the material parameters of an analytic function repeatedly until the measured and ana-

lytical frequencies are comparable to each other. A quantitative measure of the confidence in the 

adjusted material parameters is then obtained and thus leads to its wide application in various 

configurations, such as beams and columns [26], membranes [27], 3D solid elements [28], plates 

[29] and shells [30]. Similarly, Kuttenkeuler [31] coupled the same modal analysis technique 
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with the use of a finite element based method to determine the plate stiffness of orthotropic com-

posite laminates, and was able to characterize more complex plate shapes. Despite the robustness 

of modal analysis techniques, they have been shown to produce erroneous models although the 

discrepancy between test and analysis modal responses can be bridged [144 and 147]. 

The above past works have shown the significant advancement in performing on-line evalua-

tion of anisotropic materials characterization through vibration testing. Vibration analyses that 

use modal parameters have proven to be effective in characterizing the elastic properties of ani-

sotropic materials on-line [149]. Despite its promising on-line capability, metrics based on modal 

parameters are not well suited to the resolution of inverse, nonlinear problems [145, 146 and 

148].  

  

2.2 Nonlinear Characterization based on Mechanical Testing  

The state-of-the-art in the area of mechanical testing for nonlinear characterization of composites 

is subsequently reviewed in this Section. Advanced composites, such as fiber re-inforced compo-

sites (FRC) exhibit different types of nonlinear characteristics in their constitutive behavior [32, 

33]. In these studies, the nonlinear constitutive relations were derived from mechanical tests 

based on various, well-established physical laws [150].  

Schapery [34] developed a general viscoelastic and viscoplastic constitutive model based on 

thermodynamics principles. The model takes the form of convolution integrals of linear viscoe-

lasticity. The nonlinearities of this model appear in the measures of stress and strain and in the 

reduced time. Although good correlations were found with experimental results in the presented 

examples, the stress and strain were linearly dependent inside the formulations based on an as-

sumption that the strains were small enough for linear theory to be applicable. Papanicolaou et al. 

[35] subsequently proposed a method to predict the nonlinear viscoelastic behavior of unidirec-

tional fiber-epoxy composites with the analysis of ultimate tensile strength. Creep-recovery tests 

on 90° unidirectional carbon-fibre/epoxy-matrix composites were performed and resulted with 

good agreements between the prediction and experimental results. Jiang et al. [36] showed an 

equivalent method that promisingly modeled the rate-dependent nonlinear behavior of selected 

carbon-fibre/epoxy-matrix composites. Melo and Radford [37] developed a nonlinear viscoelas-
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tic model for transverse isotropic composite lamina, based on a linear theory with a smaller 

number of required model coefficients. The three-dimensional viscoelastic behavior was claimed 

to be practically characterized with the described experimental procedures. Their work was vali-

dated through an experimental investigation using a Dynamic Mechanical Analyzer. The re-

search conducted by these scientists leads the way in modeling nonlinear viscoelastic and visco-

plastic materials by utilizing mechanical tests. The work in this dissertation will seek to under-

stand the physics behind the material behavior by leveraging the mechanical tests developed by 

these scientists.  

Tawab and Weitsman [38] presented a strain-based thermodynamics framework for modeling 

the continuum damage behavior of viscoelastic materials. The effect of damage is introduced 

through direct coupling between the damage variable and the viscoelastic internal state variables 

[39]. Lonetti et al. [40] showed a comparable approach to express damage in each individual 

lamina of fiber-reinforced composites by coupling continuous damage mechanics with classical 

plasticity theory in a consistent thermodynamic framework using internal state variables. The in-

plane and interlaminar damage of composite laminates was subsequently investigated under tor-

sional loading. Kumar and Talreja [41] formulated a constitutive model for linear viscoelastic 

composites in the continuum damage mechanics framework. Their model was derived from a 

pseudo energy function with internal variables. This differs from the previous works in that it 

used a pseudo energy function based on the Laplace transform of the original linear constitutive 

equations and the developed model was able to predict the viscoelastic behavior of cross-ply 

laminates that contains transverse matrix cracks. The works of these researchers have demon-

strated that the assessment of damage behavior is primarily built upon the nonlinear characteriza-

tion of materials. 

 Most composite laminates contain significant nonlinear lamina stress-strain behavior occur-

ring in the transverse direction as shear deformation. Uniaxial compression tests are typically 

performed with longitudinal and transverse strains measured by strain sensors mounted at the 

center of specimen. In an early work of Petit and Waddoups [42], a piecewise linear method for 

determining the ultimate strength of laminated composites, and nonlinear lamina stress-strain 

behavior was presented. To completely characterize the nonlinear behavior, a uniaxial test in two 
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principal directions and a shear test were required to characterize elastic properties from uniaxial 

tension and compression curves, both parallel and transverse to the filament, and a shear curve. 

When determining the fiber/matrix interfacial bond strength of composites, Blaiszik et al. [43] 

showed that each curve is often specified to one unique specimen instead of the material type in 

general. They demonstrated that at least five specimens were necessary in each test to determine 

representative mechanical behavior for a material with good agreement between experiments. 

The existence of multiple standards, documenting the test programs, evaluation strategies and 

design procedures, has further allowed experimentalists to perform a wide range of testing for 

studying the material behavior of composites.  

 The behavior of various composite types in tensile tests is characterized by the following 

standards. The ASTM D3039 [9] standard is used for balanced symmetric composites; the 

BS2782 [44] standard is used for prepregs specimens; the CRAG 300 & 302 [45] standard is 

used for unidirectional fiber-reinforced plastics and woven fiber-reinforced materials; and the 

ISO 527 [11] stanadard is used for fiber reinforced polymers. The shear material behavior of 

composite materials is characterized by various standards, which use different specimen configu-

rations, as designated in ASTM D3518 [12] for ±45° shear test; ASTM D4255 [10] for rail shear 

test; ASTM D5379 [13] for V-notched beam or Iosipescu test; and ASTM D3044 [14] for plate-

twist test. Although it is advantageous to have these standards for enabling repeatability of ex-

periments, they reflect a range of opinions on how a specimen and an experiment should be tai-

lored for a specific type of composites. This dissertation seeks to challenge some of these stand-

ards by developing a new test method that is not constrained by the specimen geometry.  

Additionally, improper mounting and usage of contact sensors such as extensometer and sur-

face-bonded resistive strain gages, easily create measurement uncertainties. To maximize the 

sensing information at contact points, Tairova and Tsvetkov [46] suggested that sensor bases 

must be one order of magnitude larger than the characteristic size of the specimen surface rough-

ness. While determining the damage behavior of composites, such sensors are easily damaged by 

the vibration shock, thus creating inconsistent measurements in subsequent experiments. In addi-

tion, these sensors contain high transverse sensitivity and the measurements can be affected by 

any undesired motion that is not along the loading axis by reflecting this motion incorrectly in 
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the sensor measurement [47 and 48]. The transverse sensitivity errors are further masked by the 

correction of gage factors, thus creating bias in strain measurements [49]. 

 Hahn and Tsai [50] discovered in their experiment that the stress-strain response of unidirec-

tional lamina under off-axis loading is nonlinear in shear stress-strain relation. A higher order 

constant was introduced in their complementary elastic energy density function for predicting 

such nonlinear behavior of lamina, and later on, their work was extended to describe the nonline-

ar behavior of laminated composites [51]. Nuismer and Whitney [52] adopted this method, and 

in their work, experimental studies were performed to determine failure criteria for predicting the 

uniaxial tensile strength of a laminated composite that contains discontinuities through-the-

thickness of the material. A similar approach was developed to create a failure criterion that re-

flects the damage resistance by low-velocity point impact [53] and tensile (or compression)/shear 

failure [54] respectively. Similarly, laminated composite damage was modeled by Ladeveze and 

Le Dantee [55] at the elementary-ply, where damage mechanics was used to describe the matrix 

microcracking and fibre/matrix debonding. In their experimental study, the rupture properties 

were described by a cross-ply laminate loaded in uniaxial tension. Sun and Chen [56, 57] devel-

oped a micromechanical model of elastic-plastic behavior of fibrous composites. The microme-

chanical model is used to calculate the stress-strain relations for off-axis boron/aluminum com-

posites. The relations are subsequently used to model a macromechanical orthotropic plasticity 

response [58]. 

 Most experimental characterization approaches determine the mechanical behavior by as-

suming uniform deformation on specimens and this assumption is, nevertheless, not easily held. 

One of the main reasons for the failure of this assumption is due to the improper boundary condi-

tions of the test specimen that create undesired kinematic fields along the specimen [59, 60]. An-

other source of error is the misalignment of specimens to the loading axis of the machine, which 

also create inevitable non-uniform deformation fields [61 and 62]. Some manufacturing issues 

such as fiber misalignment [63, 64] and geometrical defects [65] were also found to create non-

uniform deformation fields at the stress concentration areas of the specimen. These issues are 

further summarized in a study performed by Lomov et al. [66].  
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The past works reported above evidently contributed to the foundation of nonlinear constitu-

tive modeling by providing insights into the physics of different material behavior. The nonlinear 

behavior discussed here was derived from the thermodynamic framework and other related ener-

gy principles. Most of these mechanical test methods are concerned with a point-measurement 

approach using contact sensors to obtain the strain information at a ―hot spot‖. Without any fur-

ther analysis, this measurement technique is unable to provide information about the entire struc-

ture. Multiple experiments with large number of specimens are thus necessitated to improve the 

reliability of these test methods. Consequently, this dissertation seeks to find robust characteriza-

tion approaches, which describe the nonlinear behavior of anisotropic materials on a continuum 

basis, while being robust to any specimen shape and test configurations.  

 

2.3 Characterization based on Full-field Measurements 

Recent advances have seen the development of full-field measurement techniques [67-77] to in-

clude the spatial information over the specimen area in material characterization problems [78-

80]. This has contributed to a number of investigations in developing techniques capable of char-

acterizing material behavior using the local effects experienced globally throughout the continu-

um.  

 With the use of non-contact full-field measurement tools, such as digital image correlation 

[73], grid method [81] and Moiré interferometry [82], Grediac et al. [24, 83] proposed a so-

called virtual fields method (VFM) that determines the properties of anisotropic materials 

through a set of governing equations that are based on the virtual work principle. Grediac et al. 

performed extensive studies on choosing the virtual fields of the governing equations that fulfill 

the admissibility conditions of specimens. Such virtual fields are often iteratively derived by as-

suming the static and kinematic boundary conditions of specimens. The introduction of the 

closed-form solutions, in the form of VFM, has further inspired numerous research works in 

identifying parameters of visco-plastic [84], elasto-plastic [85] and damage models [86] for ani-

sotropic materials.  

For example, Giraudeau et al. [87] presented an experimental method that uses VFM to iden-

tify not only the elastic properties, but also the damping material properties of isotropic vibrating 
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plates excited at resonance and out of resonance frequencies. Promma et al. [88] applied VFM to 

identify the constitutive parameters of a hyperelastic model based on the full-field measurements 

obtained from digital image correlation that is suitable for large strain deformation. Another ap-

plication of VFM is the characterization of the damage behavior of composites, performed by 

Chalal et al. [89]. Chalal et al. applied VFM to determine the in-plane shear response incurred by 

damage and then derive the nonlinear constitutive model for the composite. Although this meth-

od has seen its advances over the past decade, a sensitivity study, performed by Avril and Pierron 

[90], discovered that the accuracy of VFM is highly dependent on the derivation of virtual fields. 

In the experiments, tailored experimental configurations are thus required to satisfy the boundary 

conditions assumptions of the chosen virtual fields. 

Most of these field characterization methods are built upon the implicit formulations that link 

the measured quantities and the material constitutive parameters [91, 92, 93]. The input residuals 

between the numerical and experimental models are often minimized through various optimiza-

tion procedures, such as the sensitivity-based element-by-element updating procedure [94], so 

that the computed and measured full-field deformations are matched with each other. For in-

stance, Pagnacco et al. [95] demonstrated an inverse strategy that substitutes the known quanti-

ties to yield a set of basis equations for recovering the unknown constitutive parameters. This 

input residual method is applied based on the experimental availability of all the nodal displace-

ments and the prescribed forces. 

On the contrary, the output residuals are minimized through procedures such as the modal as-

surance criterion [96] and the reciprocity gap method [97]. Unlike the input residual method, the 

output residual method is more robust and can be applied even when the displacement fields are 

partially known. Pagnacco and Lemosse [98] demonstrated that unconstrained minimizations can 

still be achieved even when the prescribed forces are completely unknown. It was observed that 

the identified parameters are less sensitive to imperfectly-known displacements on the boundary 

by means of an iterative procedure. Similarly, Bruno et al. [99, 100] presented an inverse proce-

dure that substitutes prescribed forces and experimental measured nodal displacements into itera-

tive finite element simulations for recovering the unknown elastic properties from certain initial 

values set by the user. A mixed numerical-experimental characterization technique was presented 
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by Lecompte et al. [24, 101] to update the orthotropic elastic constants in a biaxial test by mini-

mizing the residual between the measured strain fields and the computed strain fields of cruci-

form composite specimens. Since the accuracy of these updating method types is highly depend-

ent on the optimization routine, Ienny et al. [102] performed a review on the existing cost func-

tions that are effective in the common optimization routine. Several cost functions have thus 

been presented to improve the accuracy of the characterization results [103-106]. 

 Another characterization method based on full-field strain is an energy-based method that 

characterizes materials by evaluating them on a continuum basis [107, 108, 109]. In this method, 

there is no need to choose the virtual fields to fit the specimens’ boundary conditions and hence 

allow for more robust boundary condition definitions and specimen designs. The concept of the 

energy-based method was originally inspired by a series of studies performed by Mast et al. [110, 

111, 112]. In their studies, they proposed the quantification of damage in composite structures on 

a continuum basis. An in-plane loader system was utilized to generate a significant amount of 

experimental data, including the applied displacements and the resultant forces were used to 

compute the dissipated energy of a structure to quantify its damage. Since full-field strain meas-

urements are not available to define the system, the experimental data is combined with a linear 

FE model to tune-up material parameters through minimization of residuals between the meas-

ured external work and the numerically derived strain energy. The use of a multi-axial testing 

machine in their studies exhibited the robust characterization of laminated composite plates 

without requiring multiple specimens. This method expanded the potential usage of multi-axial 

experiments where the deformation of specimens of various shapes and geometries can be ob-

served under a variety of loads.  

 Furukawa and Michopoulos [107-109] subsequently proposed a characterization method that 

designs the loading path of a multi-axial testing machine. This machine measures more infor-

mation than any other measurement device of strain states for determining constitutive parame-

ters of laminated composite plates. In the energy-based framework, a deterministic technique 

was implemented to characterize the elastic behavior of the material by equating the strain ener-

gy, derived from the full-field strain measurements, with the external work, derived from the 

boundary displacement and force. The deterministic technique first constructs a set of linear 
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equations with a non-square matrix at every acquisition of measurement and then successively 

identifies the elastic parameters by solving for the pseudoinverse of the matrix. The characteriza-

tion method, based on the conservation of energy principle, additionally applies singular value 

decomposition (SVD) to derive the distinguishability and uniqueness for the quantification of the 

loading path. In conjunction with the identified results, the characterization method quantifies 

various experiments and load paths towards producing the most informative deformation proper-

ties of the material characterization with a single specimen in a single test.  

Despite the robustness introduced in these closed-form solutions, several studies [113-115] 

have found that the use of full-field measurements is highly sensitive to the measurement uncer-

tainties. A sensitivity study of Avril et al. [116] found that the reliability of VFM is highly sensi-

tive to the measurement noise and choice of virtual fields. Patterson and his group [117 and 118] 

addressed the importance of characterizing instrumental error introduced by the optical camera 

systems, indicating that a careful selection of camera image resolution can minimize uncertain-

ties. Other sources of error include the inadequate choice of speckle size, gray level interpolation 

and subset size, which can also affect the quality of full-field measurements [119].  

Although the energy-based formulations allow a deterministic approach to utilize a general 

framework to characterize materials from any test, the results are often unreliable since the 

closed form solution is easily ill-conditioned due to the experimental configuration. On the other 

hand, VFM and model updating methods must to be tailored for any material test that has differ-

ent boundary conditions. Despite the advantage of using full-field measurements, most of these 

methods are off-line and require batch processing of data collected in the past. 

 

2.4 Implicit Modeling of Nonlinear Behavior 

Implicit modeling methodology has been applied for modeling constitutive relations based on 

non-parametric modeling techniques. Such methodology has recently shown its capability to 

characterize nonlinear behavior on-line. Extensive studies of this methodology have been per-

formed in the areas of metallic materials and soil constitutive model [120], the rate dependent 

material model [121], and the thermal constitutive model [122]. In this methodology, artificial 
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neural networks (ANN) are well known for the ability to model nonlinear and complex relations 

between structure parameters and dynamic characteristics [123].  

 Liu et al. [124] presented a modified hybrid numerical method and a neural network that is 

capable of characterizing the material properties of functionally graded material plates on-line, 

once an ANN model is trained. The ANN model is, however, trained off-line using a set of train-

ing data that contain various assumed material properties and their corresponding displacement 

responses calculated from the hybrid modified numerical method. Off-line retraining process is 

required if the calculated displacement responses deviate unacceptably from the actual ones. 

Bhat et al. also presented another application of ANN to perform on-line characterization of fail-

ure modes in carbon fiber re-inforced polymer (CFRP) composites [125]. A set of composite 

specimens with different shapes and configurations was subjected to fatigue spectrum loading in 

stages, and the other set was subjected to static compression loading. The ANN model developed 

was made suitable for on-line monitoring of acoustic emissions, which is usable for identification 

of failure modes. Several efforts have been made to reliably model the complex behavior of ani-

sotropic materials by using extensive training data from experiments.  

Al-Haik et al. [126] investigated the viscoplastic behavior of composites by comparing an 

ANN model to an explicit viscoelastic model at different stress-temperature conditions. The ex-

plicit model utilizes the tensile and stress relaxation experiments to predict the creep strain, 

whereas the ANN model captured the composite viscoplastic behavior by applying training data 

from the experimental results obtained via creep tests performed at various stress-temperature 

conditions. In their work, multiple samples are tested under different environmental conditions. 

Ten samples, which were annealed for 4 hours, were tested at 5°C increments over the tempera-

ture range of 45 to 75°C. In the load relaxation test, standard tensile specimens were loaded at a 

constant displacement rate of 2mm/min until constant strain was maintained in the specimen. 

The ANN model was trained by the normalized temperature, stress level and time values and was 

able to predict more accurate results than the explicit viscoelastic model at different stress-

temperature conditions.  

 Hashash et al. [127] demonstrated the development of a neural network (NN) constitutive 

model to map the nonlinear stress-strain relations of composites. An autoprogressive training 
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technique was used to extract the material constitutive relationship from structural systems by 

using the stress-strain response of a FE model as the training data. Alternatively, Ghaboussi et al. 

[128] demonstrated that an in-plane neural network constitutive model that is trained by compar-

ing measurements of some monitoring points with the FEA results of a structural test. Similarly, 

Pidaparti and Palakal [129] also derived a NN constitutive model by applying both uniaxial and 

off-axis tests on angle-ply laminates to obtain training data. Al-Haik et al. [130] showed the use 

of NN to replace parametric viscoplastic models of polymer matrix composite. Haj-Ali and Kim 

[131] showed a multi-axial NN constitutive model for FRP composites. In their work, both off-

axis tension/compression and pure shear tests on the FRP were conducted to train the ANN mod-

el. Although the developed model is able to represent the in-plane constitutive relation, incon-

sistency can potentially be induced since the training data were collected with various specimen 

configurations and experiments. A thorough study on the past work of nonlinear modeling ap-

proaches, such as genetic algorithms to improve the efficiency of ANN training procedure can be 

found in [132].  

 The aforementioned works have shown the significant success in applying implicit modeling 

methodology to characterize the nonlinear behavior of anisotropic materials. The described 

methodologies have shown the on-line capability, after the NN model has been trained. The 

training procedure of NN models requires a considerable amount of training data and results may 

be biased if a different boundary condition is used as the input to NN model. Although there 

were some cases when training data was supplied from numerical models [133], exact conditions 

have to be met if the trained model is to be used to characterize a nonlinear behavior on-line. 

 

2.5 Summary 

This Chapter has reviewed the state-of-the-art in material characterization, particularly those 

works concerned with characterizing nonlinear behavior of anisotropic materials. Research de-

velopments on these problems have seen great evolution in the nonlinear characterization, and 

have enabled several approaches that are suitable for performing on-line characterization.  

Vibration analysis has been proven for its good on-line capabilities in characterizing the 

properties of anisotropic materials. Among many vibration tests, modal vibration testing pro-
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vides rapid, inexpensive characterization of both elastic and viscoelastic properties for design 

and manufacturing. The metrics based on modal parameters are not well suited to the resolution 

of inverse, nonlinear problems. The nonlinear behavior can be characterized from mechanical 

testing by using specific test configurations. Characterization methods based on field measure-

ments treat specimens as continuums and allow for more flexibility in terms of test configura-

tions. Despite such flexibility, most of the characterization methods are off-line and sensitive to 

the uncertainties in these measurements. While implicit modeling methodology using trained NN 

is capable of performing on-line nonlinear characterization, this methodology, however, suffers 

from the requirement for a considerable amount of training data. 

The results of this literature review have identified a need for an efficient, nonlinear charac-

terization method with better robustness to the existence of uncertainties in an on-line characteri-

zation framework. This dissertation aims to construct the robust and yet efficient characterization 

process; beginning with the next Chapter which provides an overview of the energy-based char-

acterization method through full-field measurements, and discusses the adaptability of the meth-

ods to the on-line framework in a mathematical formulation point of view. 
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 Chapter 3 

Energy-based Characterization and 

Full-field Measurements 

This Chapter presents an overview of the energy-based characterization of anisotropic materials 

and the derivation of full-field measurements related to this characterization. The elastic con-

stants of anisotropic materials are determined based on the principle of energy conservation, and 

thus require the measurement of boundary force, full-field displacements, and full-field strains. 

The full-field measurements are derived from camera images of the specimen, which is marked 

with series of uniformly spaced dots. A common dots tracking approach is applied to derive full-

field displacements and strains. The contemporary deterministic energy-based characterization 

approach, which integrates the pseudo-inverse calculation and singular value decomposition 

(SVD) to determine the elastic constants, is also presented in this chapter. 

This chapter is outlined as follows. In Section 3.1, the standard energy-based characterization 

formulation is detailed for determining the elastic constants of anisotropic materials. Section 3.2 

briefly describes the derivation of full-field measurements using the dot tracking approach. This 

includes the transformation of full-field measurements to a generalized common coordinate sys-

tem by implementing a projective transformation approach. This derivation is followed by the 

deterministic energy-based characterization approach based on the pseudo-inverse calculation 

and SVD, detailed in Section 3.3.  
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3.1 Derivation of Energy-based Characterization 

This section derives a review of the standard energy-based characterization of anisotropic mate-

rials.  

 

3.1.1 Elastic Moduli of Anisotropic Materials  

The energy-based characterization represents the stress-strain constitutive relationships in terms 

of elastic moduli. As one of the most popularly used anisotropic materials, consider symmetric 

angle-ply laminate, which consists of two types of lamina, each with a fiber orientation of θ or –θ. 

The unidirectional lamina, under plane stress deformations, defines the material coordinate sys-

tem as {M} and relates stresses and strains in the elastic regime as 
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,  (3.1) 

or in matrix-vector form 

 
{ } { } { }M M Mσ Q ε , (3.2)  

where { }M
σ , 

{ }M
Q and { }M ε contain the stress, constitutive and strain components with respect to 

the material coordinate system {M}, appears as the left superscript of the notations. The non-zero 

components of the matrix 
{ }M

Q are defined as 

  
2 2 2

1 1 1

{ } 1 2 12 2
11 22 12 66 122 2 2

12 12 121 1 1

M

E E E

E E E

E E v E
q q q q G

v v v

 
   

    

q , (3.3) 

where 
1E and 

2E are the Young’s moduli along the principal material axes 1 and 2, and 
12G is the 

shear modulus that characterizes the change of angle between the two principal directions. The 

elastic constants { }M
q and the traditional set of elastic moduli  1 2 12 12, , ,E E v G are invertible and 

provide bidirectional transformability. To characterize the linear elasticity of the anisotropic ma-

terials, the remainder of this chapter treats { }M
q as the targeted unknown elastic constants. 

Given the stress-strain relationship in Equation (3.1), the stress-strain relationship of the symmet-

ric angle-ply laminate with a fiber orientation of  can be described with { }M
q in the global co-

ordinate system { }G  aligned to the material principal axes as: 
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The matrix-vector form of the stress-strain relationship in the global coordinate system is defined 

as 

  { } { } { } { };G G M Gσ Q q ε , (3.5) 

where the components of the constitutive matrix  { } ·G Q given in the Voigt notation,  

              { } · · · · · · ·G

xx yy ss xy xs ysq q q q q q   q , (3.6) 

are linearly related to those in the material coordinates system [1] as 

    { } { } { } { }

{ };G M G M

M q q H q . (3.7) 

The transformation matrix { }

{ }

G

M H is given by 
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with cosm  and sinn  . 

The subsequent Sections in this Chapter address variables and parameters in the global coor-

dinate system. The linear stress-strain relationship (3.5) will be adopted in the following form: 

  ; Mσ Q q ε , (3.9) 
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by dropping the notation of the global coordinate system  G and subscripting the material coor-

dinate system  M as M . 

 

3.1.2 Principle of Energy Conservation 

 

Figure 1 Elastic body subjected to surface force fi. 

 

This Section presents the concept of the principle of energy conservation. Figure 1 shows the 

body, S, and the forces fi acting on the body. The potential energy of the external loads by the 

force fi through the displacement ui on the surface dS is given by  

 , { , , }i i
S

W f u dS i x y z   . (3.10) 

Decomposing the deformation into K times deformation results in a set of equations results in 

  , 1, ,k k k

i i
S

W f u dS k K    . (3.11) 

The potential energy of the external loads at time step k is formed from the quantity at time step 

k - 1, which is denoted as 

 1 1 1k k k

i i
S

W f u dS    . (3.12) 

When the deformation continues from time step k-1 to k, Equation (3.11) is reformulated as 
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where the increment ∆ indicates the change of quantity (·) from time step k-1 to k: 

      
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The incremental work potential is defined as the difference between Equations (3.12) and (3.13): 
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After deriving the incremental work potential from the force and displacement, the incremental 

strain energy is derived next. The elastic strain energy of the body volume v is denoted as  

 
1

2 V
ij ijU dV   , (3.16) 

Similarly, the incremental strain energy at time step k is derived by the incremental stress and 

strain, i.e. ij  and ij , as 

  1 11

2

k k k k k k

ij ij ij ij ij i

k

j
V

dU V           . (3.17) 

The relationship, between the strain energy and the work, is formed based on the assumption that 

the work performed on an elastic structure in equilibrium by statically applied external forces is 

entirely converted to the work done by internal forces, or the strain energy stored in the structure 

[137]. The principle of energy conservation implies that the strain energy is equal to the work 

done by the external loads which increase uniformly from zero. When there are no initial strains 

and initial stresses, the external work is represented by half of the potential energy of the loads 

[138]. This principle thus yields the expression of the incremental terms of strain energy and ex-

ternal work as follows: 

 
1

2
0k kU W   . (3.18) 
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Substitution of Equations (3.17) and (3.15) into Equation (3.18) yields: 

    1 1 1 1

2

1

2

1

V

k k k k k k k k k k k k

ij ij ij ij ij ij i i i i i i
S

dV f u f u f u dS                  . (3.19) 

The components of the stress tensor in every point of the body satisfy the equilibrium equations 

  , 0, , , ,ij j i j x y z   . (3.20) 

The Voigt notation represents the stress tensor in terms of the boundary force as 

 
i ij jf n , (3.21) 

where nj is a component of the normal vector n, as shown in Figure 1, perpendicular to the sur-

face dS. 

 Equations (3.20) and (3.21) derive the terms in Equation (3.19) as follows 

 1 1 1 1

,

k k k k k k k k

i i ij j i ij i j ij ij
S S V V

f u dS n u dS u dV dV                , and (3.22) 

 1 1 1 1

,

k k k k k k k k

i i ij j i ij i j ij ij
S S V V

f u dS n u dS u dV dV                . (3.23) 

Substitution of Equations (3.22) and (3.23) reduces Equation (3.19) to  

    
1

2 2

1 k k k

V

k

ij ij i i
S

dV f u dS      . (3.24) 

or, equivalently,  

 k kU W  . (3.25) 

where  

  
1

2

k k k

V
U dV    σ ε , (3.26) 

  
1

2

k k k

S
W dS    f u . (3.27) 

The relationship between Equations (3.26) and (3.27), as denoted by Equation (3.25), becomes 

the foundation of the energy-based characterization of anisotropic materials. Substitution of 

Equation (3.9) into Equation (3.26) yields the strain energy term, which is rewritten as the sum 

of strain energies each combined with elastic constant: 
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where  t is the thickness of the body. 

Introduction of the material coordinate system further yields  

  ;k k

MU   g ε q , (3.29) 

where the strain energy coefficient vector  ;k g ε is described as 
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Substitution of Equation (3.29) into Equation (3.25) yields a linear equation: 

  ;k k

M W  g ε q . (3.31) 

Implementation of the set of these equations over the K times deformation for the identification 

of 
Mq is the basis of the energy-based characterization. To solve for the unknown elastic con-

stants in Equation (3.31), a deterministic approach, presented in [107-109], is applied. Its deriva-

tion can be found at the end of this Chapter. 

 

3.2 Full-field Measurements  

In conjunction with previously described formulation of energy-based characterization, full-field 

strain and displacement measurements are required to derive the strain energy coefficient 

( );k g ε , as presented in Equation (3.30), and the external work term kW
, as presented in 

Equation (3.27). The full-field measurements in this dissertation are derived by tracking the 

movement of dots marked on the specimen over discretized time steps. Figure 2 shows a sche-

matic diagram of the deforming process of a specimen, with three dots marked and deformed 

from the initial step, from time step 1 to time step k. While the specimen is deforming, a camera, 
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identified here as the {cl}th camera, takes an image of the specimen at each time step and identi-

fies the location of the dots by calculating the centroid of each dot. Assuming that in a total 

number of nt dots marked on the specimen, the state of the { }thtj n  dot at step k is defined by 

 ,k k k

j j jx y   x . (3.32) 

The centroids derived from the image at time step k represent the k

jx as  

 { } { } { }
,l l lI c ck k k

j j jx y   x . (3.33) 

where { }
)·(lI denotes the quantity (·) that is derived from the image of the {cl}th camera. Since 

the centroids are directly identified from the pixel coordinate system, homography transfor-

mation of the centroids is subsequently applied to identify the centroids in a global coordinate 

system on a specimen.  

 

Figure 2 Specimen deformed from time step 1 to time step k.  

 

3.2.1 Homography Transformation 

Homography, a transformation used in projective geometry [161], is performed to map the cen-

troid { }lI k

jx  from the pixel coordinate system to the global coordinate system. The identified cen-

troid in the global coordinate system, identified as { }lc k

jx , is transformed by multiplying a 

homography matrix { }

{ }
l

l

c

I H to { }lI k

jx , i.e.: 

 { } { } { }

{ }
l l l

l

c c Ik k

j I jx H x  (3.34) 
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where { }
)·(lc indicates the transformed quantity (·) derived from the {cl}th camera. The homogra-

phy matrix { }

{ }
l

l

c

I H provides a one-to-one mapping of dots, and relates { }lc k

jx  and { }lI k

jx  by 

 

{ } { }{ }

11 11 13

21 22 23

31 32 33{ }
1 1

l ll

l

c Ick k

j j

k k

j j

I

x H H H x

y H H H y

H H H

    
    

    
        

 (3.35) 

Various approaches have been proposed to construct the homography matrix and to describe how 

a homography matrix can be decomposed into translation and rotation. This dissertation derives 

the homography matrix from the image processing toolbox in Matlab via the following steps: 

(1) Measure four dot locations from the corner of the image (or local) coordinate system; 

(2) Choose four corresponding dots at the global coordinate system; and 

(3) Build { }

{ }
l

l

c

I H based on the rotation and translation between the four local dot locations and 

their corresponding global dot locations. 

 

3.2.2 Full-field Displacements and Strains  

Referring back to Figure 2, the displacement at the jth dot, defined by    ,
kk

x y

k

j j j
u u 

  
u , is 

measured by identifying the difference between the measured jx at time step k and time step 1, 

i.e., { } 1lc

jx  and { }lc k

jx : 

 { } { } { } 1l l lc c ck k

j j j u x x . (3.36) 

A total number of nm points are numerically created to cover the whole specimen, such that the 

displacement/strain of these created points, derived based on the marked dots, can represent the 

deformation over the entire specimen area. Thus, the displacement calculated at the { }thmm n

created point, i.e. ,k k k

m m mx y   x , is describable by the deformation functions [87] as 

 
{ }

1

l

tn
k k

m jm j

j

c
N



 uu , (3.37) 

and the measured full-field strain is computed by  
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        
1 1 1 1

1 1
, ,

2 2

t t t t
k k k kn n n n

k kk kjm jm jm jmk

m x y y xj jj j
j j j j

N N N N
u u u u

x y x y   

    
  

     
   ε , (3.38) 

where  k k

jm j mN N x  is the shape function evaluated at k

mx x using any available mesh-free or 

finite element method. Together with the measured boundary force, the full-field displacement 

and strain measurements, which are derived from Equations (3.37) and (3.38), provide sufficient 

measurements to the energy-based characterization in Equation (3.31) for determining the elastic 

constants
Mq . 

 

3.3  Deterministic Energy-based Characterization Approach  
 

3.3.1 Pseudo-inverse Calculation 

A deterministic approach [107-109], based on the pseudo-inverse calculation, can be employed 

to identify 
Mq from the previously defined energy-based characterization formulations. Consider 

that a specimen is loaded with force and K sets of external work and full-field measurements of 

these sensors have been obtained. From the   th1k  and    th1, ,k K  readings of the 

boundary displacements, 1k
u and k

u , and those of the boundary forces, 1k
f and k

f , the incre-

mental external work at every time step k is derived by substituting the measured ku and kf  

into Equation (3.27) to yield 

 
1

2

k k k

l l

l

W    f u , (3.39) 

where  · represents the measured data of  · or the data derived from the measurement. Given 

the strain vector obtained at kth and (k-1)th readings as 1k
ε and k

ε , respectively, the increment 

of the incremental strain energy is similarly calculated as 

  ;k k

MU   g ε q . (3.40) 

From Equations (3.39) and (3.40), the energy-based characterization results in a set of linear 

equations: 

    ; , 1, ,k k

M W k K    g ε q . (3.41) 
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Having the set of linear equations constructed directly from the measurements, the deterministic 

approach allows for the reformulation of this equation in matrix-vector form: 

  1: 1:;K K

M G ε q w . (3.42) 

where the full-field strains and external work terms are defined by 

      1: 1; ; , , ;K K      
 

G ε g ε g ε  (3.43) 

 
1: 1, ,K kW W 

   w . (3.44) 

As the matrix  1: ;K G ε is of dimensions 4K  , the deterministic approach solves the elastic 

constants 
Mq by 

  1: 1:;K K

M 


 q G ε w , (3.45) 

where 

         
1

1: 1: 1: 1:; ; ; ;K K K K   




    G ε G ε G ε G ε  (3.46) 

is the pseudo-inverse of  1: ;K G ε . It is to be noted that the distinguishability of the identified 

elastic constants depends upon the rank of the matrix  1: ;K G ε . The study on the distinguish-

ability and other properties of the identification problem can be found in [107-109]. 

 

3.3.2 Quantification 

The deterministic approach utilizes singular value decomposition (SVD) to analyze the perfor-

mance of the characterization results, in terms of uniqueness and distinguishability. The unique-

ness of the characterization results determines if the matrix  1: ;K G ε in Equation (3.45) has an 

inverse matrix. The singular values of the matrix result from an SVD on the matrix: 

  1: ;K  G ε USV  (3.47) 

where K KU  and 4 4V are orthogonal and 4KS is diagonal with real, non-negative 

singular values 
is , {1, ,4}i  . The singular values are used to quantify the degree of unique-
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ness of the characterization results, and thus quantify the uniqueness by a quantitative parameter 

F
u
 as follows. 

 min

max

u s
F

s
 . (3.48) 

The less indifferent the singular values are from each other, the more unique the solution is, and 

thus increases the ability of the deterministic approach to distinguish all elastic constants that are 

seemingly close to each other.  

3.3.3 Process Diagram 

Figure 3 shows the process diagram of the numerical implementation of the deterministic ener-

gy-based characterization approach. Given k = 2, the predetermined boundary displacements 2
u  

and forces 2f  allow the incremental external work 2W
and the full-field strains 2ε to be meas-

ured. The term 2( ; )g ε determined from 2ε is combined with previous ( ; )k g ε , such as 

1( ; )g ε from k = 1, to form 1:2( ; )G ε that is used to derive the pseudo-inverse matrix 

1:2( ; ) G ε . The measured 1W
 combined with the previous kW

, such as 1W
 to form 1:2

w , 

which is then multiplied with 1:2( ; ) G ε to compute the elastic constants 2

Mq . As a result of 

SVD, the deterministic approach utilizes the singular values , {1, ,4}is i  , to compute the 

uniqueness of the characterization results uF .  

 Figure 3 also illustrates the contribution of the deterministic approach based on the energy-

based characterization formulation. The deterministic approach utilizes all the data measured in 

the past to determine the mean value of the elastic constants, and thus, its accuracy is dependent 

on the uniqueness of collected data. 
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Figure 3 Schematic diagram of the deterministic energy-based characterization process. 

 

3.4 Summary 

In the beginning of this chapter, the details of the energy-based characterization formulation and 

the derivation of full-field measurements were presented. The energy-based characterization 

formulation, which is built upon the principle of energy conservation, formulates the elastic con-

stants in terms of the boundary force and displacement, and full-field strains. The derivation of 

full-field measurements is capable of providing sufficient information for use with the energy-

based characterization formulation to solve for the elastic constants. By collecting these meas-

urements, a deterministic approach based on a pseudo-inverse calculation, is capable of deter-

mining the elastic constants in the energy-based characterization formulation, while quantifying 

the uniqueness of the measurements.  

 The characterization framework, proposed by this dissertation, is based on the energy-based 

characterization fundamentals and formulations. The next chapter uses the notations and funda-

mentals outlined in this Chapter and applies them to describe a stochastic linear characterization 

method, and the method is compared with the deterministic energy-based characterization ap-

proach in terms of efficiency under the effect of uncertainties. 
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Chapter 4 

Stochastic Linear Characterization of 

Anisotropic Materials 

This Chapter presents a stochastic linear characterization method that stochastically identifies the 

elastic constants of anisotropic materials by modeling the measurement noise and removing its 

effect unlike the deterministic energy-based characterization approach presented in the previous 

Chapter, which deterministically identifies the elastic constants directly from measurements. 

This method recursively estimates the elastic constants at every acquisition of measurements us-

ing a Kalman filter. Owing to the nonlinear expression of the measurement model, a Kalman 

gain has been newly derived and achieves optimal estimation. Since the variances in addition to 

the means are computed, the linear characterization method can not only identify the elastic con-

stants, but also describe their certainty as an additional advantage.  

 This chapter is organized as follows. Section 4.1 describes the state transition and measure-

ment models of the linear characterization method, based on the energy-based characterization 

formulations. The recursive mechanism of the measurement update that enables the on-line ca-

pability of the linear characterization method is covered in Section 4.2. Section 4.3 describes the 

numerical implementation of the linear characterization method. The results are then compared 

in Section 4.4 with the deterministic approach under various parametric studies.  
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4.1 State Transition Model and Measurement Model 

Since the Kalman filter (KF) initially requires the determination of matrices in the state transition 

and the measurement models (see Appendix 1), the stochastic identification of elastic constants 

using KF starts with the formulations of a state transition model and measurement model. As the 

elastic constants do not change, the state transition model for the elastic constants is thus ex-

pressed with the identity matrix I as 

 1 1 1k k k k

M M M

    qq Iq w Iq  (4.1) 

where   1 ~ ,k N q qw 0 P 0 since the covariance is zero, i.e. qP 0 . 

 As the noise of the sensed measurements introduces uncertainty to the measurement model, 

the measurement model must be developed by modeling all the sensors. The stochastic linear 

characterization method uses boundary displacement/force sensors and a full-field strain sensor, 

where the measured data of the external work and the full-field strain are expressed as 

 kk

W

k

WW vz    (4.2) 

 k kk  ε εε vz , (4.3) 

where the uncertainties due to measurement noises are given by normal distributions with a zero 

mean,  ~ 0,k k

W Wv N P and  ~ ,k kNε εv 0 P . The true incremental external work kW
 of Equation 

(4.2) is expressed in terms of  ;k g ε as shown in Equation (3.32). If we approximately relate 

the unknown true  ;k g ε to the measured  ;k εg z by 

      ; ; ;k k k    ε εg z g ε g v , (4.4) 

where    ~ ,; kk Nε gg v 0 P , the substitution of Equation (4.4) into (3.32) and its substitution into 

Equation (4.2) constructs the measurement model as 

    ; ;k k k k k

W M Wz v    
 ε εg z g v q  (4.5) 

The problem of this measurement model is the inclusion of full-field noise in the coefficient, 

making the model nonlinear and thus disabling the optimal estimation of the elastic constants by 

the standard KF developed for linear systems.   
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4.2 Prediction and Correction 

Having the state transition model (4.1) and measurement model (4.5) defined, the formulation of 

KF for the estimation of elastic constants results in the determination of the prediction and the 

correction processes as described in Appendix 1. Since the prediction of the constants does not 

introduce any uncertainty, the substitution of the state transition matrix into Equations (A1.4) 

and (A1.7), as expected, yields the prediction as an uninfluential process: 

 | 1 1| 1 1| 1k k k k k k

M M M

     q Iq q   (4.6) 

 | 1 1| 1 1 1| 1k k k k k k k       qP IP I P P . (4.7) 

 The correction, on the other hand, updates the estimation of the constants at every measure-

ment.  The substitution of Equation (4.5) into (A1.8) when the measurement is k

Wz  yields the cor-

rection of the mean with the Kalman gain as 

  : ( ; ) ( ; )k k k k k k k k

M M W M WE E E z v       ε εq q K g z g v q  (4.8) 

Since the expectations of the noises are all zero, the mean correction in KF is resultantly simpli-

fied as 

 
| | 1 | 1( ; )k k k k k k k k k

M M W Mz      εq q K g z q  (4.9) 

The correction of covariance starts with the derivation of the residual: 

 
 

   |

| | | | 1

1

1 ( ; ) (

; ;

; ) ( ; )

.k k k k k k k k

W M

k k k k k k k k k k k k k k

M M M M M W Mv

v

  

 





      

      
  

 

  

ε ε ε

ε ε

e q q q q K g z g v q g z

I K g z e K g q

q

v

 (4.10) 

The covariance, expressed in terms of the difference, is simplified through mutual independence 

of various noises as 
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As a result, the correction of the covariance is given by 
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 (4.12) 

Having the covariance correction derived, the Kalman gain that minimizes the covariance must 

make its trace differentiated partially with respect to the Kalman gain zero: 
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 (4.13) 

The Kalman gain is consequently given by 

    
1

4
2

| 1 | 1 | 1

1

( ; ) ( ; ) ( ; )k k k k k k k k k k k k

W M i i
i

P q P  



  



  
    

  
ε ε ε gK P g z g z P g z . (4.14) 
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Substitution of Equation (4.14) into (4.12) simplifies the covariance correction as 

 
| | 1 | 1( ; )k k k k k k k k   εP P K g z P . (4.15) 

The characterization method provides the proposed framework the recursive estimation mecha-

nism to utilize the measurements obtained at every time step to create a new estimation, with the 

new estimate and its computed covariance recursively informing the prediction step of the fol-

lowing time step. The recursive estimation algorithms deliver the benefits of estimating the con-

stants on-line with the test by the feed-forward architecture, inherited from the original Kalman 

filter, as shown in Appendix 1. The characterization method becomes computationally inexpen-

sive since it requires only the last ―best guess‖, not the entire history of the probabilistic states of 

the estimated constants, strengthening its on-line capability for characterization. 

 

4.3 Numerical Implementation 

Figure 4 shows the schematic diagram of the numerical implementation of the stochastic linear 

characterization method. To be determined a priori in addition to the parameters appearing in the 

state transition model (4.1) and the measurement model (4.5) and the loading conditions of the 

material testing machine are the initial conditions of the mean 0|0

Mq  and the covariance 0|0P , or the 

so-called prior knowledge. 

 Given 0|0

Mq , 0|0P  and k = 1, the prediction updates them to 1|0

Mq and 1|0P  without any change. 

The predetermined loading then allows the increments of external work 1

Wz  and the full-field 

strain 1

εz  to be measured. The term  1;g z  determined from 1

εz , together with 1|0P , computes 

the Kalman gain 1K . The mean is updated to 1|1

Mq from 1|0

Mq  by subtracting  1 1|0; Mεg z q  from 1

Wz

and multiplying it by 1K , whereas the covariance is updated to 1|1
P  from 1|0P  by subtracting 

 1 1|0;εg z P  multiplied by 1K from 1|0P . The following prediction, | 1k k

M


q and | 1k kP , and update, 

|k k

Mq and |k kP ,  2,3,...k  , can be carried out iteratively by setting : 1k k   when the update is 

complete and providing new loading conditions. 
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 The figure also illustrates the original contribution of the characterization method.  While 

the conventional approach dealt with only the mean value deterministically, the characterization 

method also estimates the covariance on-line, removing the effect of measurement noise and al-

lowing the estimation with certainty. 

 

Figure 4 Numerical implementation of the stochastic linear characterization method. 

 

4.4 Numerical Examples 

This section investigates the effectiveness of the characterization method in two steps. The first 

step is aimed at the concept-proving of the characterization method where three parametric stud-

ies are carried out by solving an algebraic problem resembling the elastic constants identification 

problem.  In the second and final step, the applicability of the characterization method to the 

elastic constants identification of an anisotropic material is examined.    

 

4.4.1 Concept Proving by Algebraic Problem 

The problem made in this section consists of the following two sets of equations:   

 
     , 1, , ,

k k k

k k k k k k

W W Wz v v k K

 

      

g g

g g

z g v

g q z v q
 (4.16) 
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where  1 2,q qq are the constants to estimate, and 1 2,k k kg g   g are the true multipliers, 

which are to resemble  ;k g ε  and take a variety of values according to 

    max min min , 1,2 ,k k

i i i i ig g g g i      (4.17) 

where [0,1)k

i  is a uniformly distributed random value. k

gz and k

Wz are the measurements, and 

~ ( , )k N ggv 0 P and ~ (0, )k

W Wv N P are the noises. Although the space of constants has been reduced 

to two dimensions to facilitate parametric studies, the equations are identical to Equations (4.1) 

and (4.3) and thus allow the examination of efficacy of the characterization method for the iden-

tification of elastic constants. 

 Table 1 lists the parameters used commonly to create measurements in the following three 

parametric studies.  The measurements were created by firstly specifying *
q and generating k

g

via Equation (4.17), and then adding noises with specified *

gP  (specified variances  *

1
Pg  and 

 *

2
Pg  as *

gP  is a diagonal matrix) and *

WP . The measurements were created with constants 

 * 1000,5000q . It is therefore expected that the characterization method finds constants 

around *
q . The characterization method estimates constants by specifying the initial guess 0|0

q

and 0|0P and the covariance matrices for measurement noises 
gP and 

WP .   

 

Table 1 Parameters commonly used in the parametric studies of characterization method.  

Parameter Value 
* *

1 2,q q     1000,5000  

min min

1 2,g g     0,0  

max max

1 2,g g     150,150  

 

4.4.1.1 Transitional Performance 

In order to investigate its transitional performance and the mechanism of estimation, the pro-

posed framework was first applied to estimating the unknown constants when a particular set of 

parameters were chosen for the operation of the proposed framework and the creation of meas-
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urements. Table 2 shows the variances and the prior estimates used in the proposed framework.  

In addition to the parameters specified in Table 1, the variances shown in the table were used to 

create the measurements. It is to be noted that the variances were chosen to create measurement 

noises exceeding 10% such that the identification of even only two parameters becomes errone-

ous. To compare its performance to those of conventional deterministic approaches, the deter-

ministic approach presented in Section 3.4 was also used to estimate the constants from the same 

set of measurements.   

 

Table 2 Parameters for test investigating transitional performance. 

Parameter for  

Measurement 
Value 

Parameter for Proposed  

Framework 
Value 

   * *

1 2
,P P 

 g g
  20,20     

1 2
,P P 

 g g   20,20  

*

WP  20000 
*

WP  20000 

  
0|0 0|0

1 2,q q     1200,5600  

  
0|0 0|0

11 22,P P     1000,1100  

 

Figures 5(a) and (b) show the transition of the two constants identified by the linear characteriza-

tion method and the conventional deterministic approach. Note that *
q is shown as Exact Solu-

tion. The results first show that both the characterization method and the deterministic approach 

converge as the number of measurements acquired increases. However, while the proposed 

framework settles to the exact solution within 5% error, the deterministic approach converges to 

values different from the exact solution by over 1500.   
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(a) 
1q  (b) 

2q  

Figure 5 Transition of constants identified by the characterization method and the deterministic 

approach. 

 

The effectiveness of the proposed framework can also be found by seeing the variances of the 

estimated constants in Figure 6(a). The stochastic linear characterization method estimates not 

only the constants, but also how certain the estimated constants are, unlike the deterministic ap-

proach. Moreover, it is shown that the characterization method reduces variances or increases 

certainty of estimation as the number of measurements acquired increases. To configure the 

mechanism of the characterization method to yield good converging estimates, the transition of 

Kalman gains, which converges to zero at the increase of the number of measurements, is shown 

in Figure 6(b). The KF determines the Kalman gain such that the trace of the covariance is min-

imized as indicated in Equation (4.13). This reduces the variances towards zero as shown in Fig-

ure 6(a), and Equation (4.14) gives the limit of the Kalman gain when the covariance approaches 

zero as 

 
| 1
lim
k k

k

 


P 0
K 0  (4.18) 

as Figure 6(b) demonstrates.  The substitution of the decreasing Kalman gain into Equation (4.9) 

results in the estimation of a converging mean. 

  
(a) Covariance (b) Kalman gain 

Figure 6 Covariance updated by the Kalman gain. 
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4.4.1.2 Estimation at Different Noise Amplitudes 

Having understood its effective converging performance and superiority to the conventional ap-

proach, the performance of the stochastic linear characterization method was next investigated 

by solving estimation problems each with a different set of measurement noises. Table 3 lists the 

parameters used to create measurements as well as those used to estimate the constants by the 

characterization method.  Measurement noises for each estimation were created using a variance 

ranging from 0 to 40 for    * , 1,2
i

P i g  and a variance ranging from 0 to 40000 for *

WP , and 

the same variances were used in the characterization method.  Using the correct information on 

the measurement noises and varying the amplitude of noise, it is possible to investigate whether 

the stochastic linear characterization method can estimate well regardless of the noise amplitude.  

 

Table 3 Parameters for tests investigating noise effect (  0,40x ,  0,40000y ). 

Parameter for 

Measurement 
Value 

Parameter for Proposed  

Framework 
Value 

   * *

1 2
,P P 

 g g
  ,x x     

1 2
,P P 

 g g   ,x x  

*

WP  y 
*

WP  y 

  
0|0 0|0

1 2,q q     1200,5600  

  
0|0 0|0

11 22,P P     1000,1100  

 

Figures 7(a) and (b) show the distribution of the Root Mean Square (RMS) error in logarithm 

scales for each constant, which were generated from the estimations by the stochastic linear 

characterization method after the acquisition of 3400 measurements. The RMS error is by defini-

tion written as: 

  
 

2
| *

1|

RMS , {1,2}.

k
k k

i i

jk k

i

q q

e q i
k





  


 (4.19) 

It is first shown that the RMS error is within 700 even when the variances of measurement noises 

are at the maximum. The superiority of this result can be verified when Figure 8 is shown, which 

is the result of the same test using the conventional deterministic approach.  The maximum RMS 
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error of the conventional approach amounts over 43000, which is 60 times more than that of the 

proposed framework. The RMS error by the proposed framework ranges within 630 whereas the 

range of the RMS error the conventional approach exceeded 43000. The ability of the proposed 

framework in removing the effect of noise can also be verified by the results.   

  
(a) 

1q  (b) 
2q  

Figure 7 RMS distribution at different noise amplitudes by the characterization method. 

 

  
(a) 

1q  (b) 
2q  

Figure 8 RMS distribution with different noise amplitudes by the conventional deterministic ap-

proach. 

 

4.4.1.2 Estimation at Different Prior Knowledge 

The ability of the proposed framework for estimation at different prior knowledge was investi-

gated with two parametric studies. Table 4 lists the parameters of the first study where the prior 

knowledge on the mean 0|0
q was varied while the prior knowledge on the covariance 0|0P was 

fixed. The prior means were proportionally varied by the same amount.  Note that the increment, 
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or the gap between the prior mean and the true value, rather than the prior mean itself has been 

selected as one axis because the performance of the characterization method varies only with re-

spect to the gap. 
 

Table 4 Parameters for tests investigating prior means (  0|0 0,2000q  ). 

Parameter for  

Measurement 
Value 

Parameter for  

Proposed Framework 
Value 

   * *

1 2
,P P 

 g g
  20,20     

1 2
,P P 

 g g   20,20  

*

WP  20000 
*

WP  20000 

  
0|0 0|0

1 2,q q    
* *

1 2

0|0 0|0,q q q q      

  
0|0 0|0

11 22,P P     1000,1100  

 

Figures 9(a) and (b) show the distribution of each estimated constant |k k

iq ,  1,2i  , with dif-

ferent gaps and at different numbers of measurements. The figures first depict that the estimated 

constants converge to the exact solution no matter what the gap is. The figures also show that 

estimated constants quickly approach to the exact solution even if the gap is large. These obser-

vations indicate that the performance of the characterization method is not largely affected by the 

prior knowledge on the mean value. Figures 9(c) and (d) show the distribution of each variance 

|k k

iiP . It is shown in the figures that the variances quickly reduce towards zero or that the estimat-

ed values quickly become certain irrespective of the gap. Figure 9 on the whole indicates that the 

performance of estimation by the proposed framework still depends on the number of measure-

ments acquired but is consistent regardless of the prior knowledge on the mean value.   

  
(a) Distribution of |

1

k kq  (b) Distribution of |

2

k kq  
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(c) Distribution of |

11

k kP  (d) Distribution of |

22

k kP  

Figure 9 Distribution of mean and variance computed with different prior means. 
 

Table 5 lists the parameters of the second study where the prior knowledge on the covariance 

0|0P was varied with the prior knowledge on the mean 0|0
q fixed.  The prior variances were again 

varied proportionally by the same amount. Figures 10(a) and (b) show the distribution of each 

estimated constant with different prior variances and at different numbers of measurements, 

whilst Figures 10(c) and (d) show the distribution of each variance. There are more fluctuations 

when the prior variances are large, but the estimated constants exhibit convergence to the exact 

solution no matter what the prior variances are. The variances reduce fast particularly with a 

large prior variance and become nearly zero after 2000 measurements regardless of the prior var-

iance. The results, together with the parametric study on the prior mean, indicate that the charac-

terization method consistently makes a good estimate with high certainty regardless of the prior 

knowledge on both the mean and covariance.   

Table 5 Parameters for tests investigating prior variances (  0|0 0,2000P  ). 

Parameter for  

Measurement 
Value 

Parameter for  

Proposed Framework 
Value 

   * *

1 2
,P P 

 g g
  20,20     

1 2
,P P 

 g g   20,20  

*

WP  20000 
*

WP  20000 

  
0|0 0|0

1 2,q q     1200,5600  

  
0|0 0|0

11 22,P P    
0|0 0|01000 11, 00P P     
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(a) Distribution of |

1

k kq  (b) Distribution of |

2

k kq  

  
(c) Distribution of |

11

k kP  (d) Distribution of |

22

k kP  

Figure 10 Distribution of mean and variance computed with different prior variances. 

 

4.4.2 Identification of Elastic Constants 

In the identification of elastic constants, the specimen used consisted of a typical laminate com-

posed of AS4/3506-1 lamina with a balanced 30 stacking sequence. The anisotropic material 

has been reported to have the elastic constants listed in Table 6. Figure 11(a) shows the geometry 

of the specimen as well as the loading conditions. The ungripped part of the specimen, used for 

identification, was of square shape with dimensions of 150mm × 150mm × 5mm. A tensile test 

was performed where the upper surface was pulled vertically while the bottom surface was fixed 

both vertically and horizontally. Material tests were performed in a simulated environment. Fig-

ure 11(b) shows the points of boundary displacement/force measurements as well as elements of 

strain measurement. The boundary displacement/force measurements were created by specifying 

the loading conditions and adding artificial noises whereas the strain measurements were created 
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by performing the two-dimensional finite element analysis with the loading conditions and add-

ing artificial noises.  As shown in the figure, 11 boundary points and 100 strain elements were 

measured.  The rest of parameters used to create measurements and the parameters used by the 

characterization method are listed in Table 7.  

 

Table 6 Material properties of AS4/3506-1 specimen. 

Property Value 
*

11q  5101.3 a6  MP  
*

22q  4101.1 a1  MP  
*

66q  3105.8 a0  MP  
*

12q  3103.3 a4  MP  

  30  
 

  
(a) Specimen and loading (b) Measurements  

Figure 11 Experimental setup. 
 

Table 7 Parameters for the identification of elastic constants  1, ), 4( i  . 

Parameter 

for Meas-

urement 

Value 

Parameter for 

Proposed  

Framework 

Value 

 *

i
Pg  41.00 10   

i
Pg  41.00 10  

*

WP  22.00 10  
*

WP  22.00 10  

  0|0
q  5 4 3 41.50 1.50 5.0010 , 10 , 10 ,1.0 M a0 P10       

  
0|0

11P  65.10 10  

  
0|0

22P  71.05 10  

  
0|0

33P  71.50 10  
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0|0

44P  83.01 10  

Figures 12 and 13 show the transitions of the elastic constants identified and the variances com-

puted by the characterization method, respectively. Figure 12 also shows the result of the con-

ventional approach for comparison. Although the identification of elastic constants scaled up the 

problem to four-dimensional space, the characterization method identified adequate elastic con-

stants after taking 200 measurements. The estimation by the characterization method at every 

acquisition of measurements is very fast, and the recursive estimation does not increase the com-

putation time with respect to the number of measurements. The identification after 200 meas-

urements thus indicates the practical feasibility of the characterization method. It is also shown 

that the constants identified by the conventional approach are considerably deviated from the ex-

act solution and do not even improve by the acquisition of more measurements. The fluctuation 

of means was attributed to the random error introduced in the measurement uncertainties. Figure 

13 additionally shows the ability of the characterization method in exhibiting the certainty of es-

timation in terms of variances and the increase of certainty with the acquisition of measurements. 

The decrease and convergence of the variances toward zero also indicate that the identification of 

elastic constants is being converging. Table 8 quantitatively compares the characterization meth-

od and the conventional approach in terms of the identified constants after 400 measurements. 

The results indicate the maximum error of the characterization method is within 4% and it is im-

proved from the conventional approach by two orders.   

  
(a) 

11q  (b) 
22q  
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(c) 

12q  (d) 
66q  

Figure 12 Elastic constants identified. 

  
(a) |

11

k kP  (b) |

22

k kP  

  
(c) |

33

k kP  (d) |

44

k kP  

Figure 13 Variances computed. 

 

Table 8 Elastic constants identified after 400 measurements. 

Elastic  

Constant 

Identified Value Error 

Proposed 

(MPa) 

Deterministic 

(MPa) 

Proposed 

(%) 

Deterministic 

(%) 

11q
 

51.35 10  
21.34 10  0.47 90.16 

22q
 

41.12 10  
41.08 10  1.51 2.34 

66q
 

35.93 10  
23.40 10  2.32 94.15 

12q
 

33.23 10  
31.02 10  3.11 69.37 
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4.5 Summary 

A method which stochastically identifies the elastic constants of anisotropic materials to remove 

the effect of noise significant in the energy-based characterization has been proposed.  The sto-

chastic linear characterization method recursively estimates the constants at the acquisition of 

every set of measurements using KF. Due to the nonlinear expression of the measurement model, 

a Kalman gain that achieves optimal estimation has been further derived. Since the variances in 

addition to the means are computed, the characterization method can not only identify the elastic 

constants, but also quantify their certainty through the computed covariance as an additional ad-

vantage.  

 The validity of the characterization method was first investigated via three parametric studies 

with low-dimensional algebraic problems resembling the elastic identification problem. The first 

study, showing the transition of identification by the characterization method and its comparison 

to the conventional deterministic approach, demonstrates the efficacy and the superiority of the 

characterization method in terms of the accuracy of identification and the provision of certainty. 

In the second study of the noise effect, the characterization method was found to identify appro-

priately regardless of the noise amplitude and exceed the deterministic approach by 60 times in 

terms of accuracy. The third study of the prior knowledge influence indicates that the characteri-

zation method also makes a good estimate consistently irrespective of the prior knowledge. The 

characterization method was finally applied to the identification of elastic constants of a compo-

site specimen consisting of AS4/3506-1 laminae with a balanced 30 stacking sequence.  

 The results in this Chapter show successful identification of four elastic constants and have 

demonstrated the applicability of the method to the linear characterization of anisotropic materi-

als. The characterization method is the basis of the proposed framework to perform linear char-

acterization of anisotropic materials. The accuracy and performance of the characterization 

method are improved in the following chapter, where a multi-camera data fusion technique is 

presented to improve the measurements certainty. 
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Chapter 5 

Multi-camera Data Fusion for Probabilistic 

Full-field Measurements 

This Chapter presents a multi-camera data fusion technique that contributes robust probabilistic 

full-field measurements for the stochastic linear characterization method. When a specimen is 

deformed at a loading step, the data fusion technique formulates Gaussian probability density 

functions (PDF) of the centroids that are derived from the dots marked on the specimen. This is 

followed by the product of these Gaussian PDFs from multiple cameras, to compute the fused 

mean and covariance of centroids. The physical uncertainties, underlying in the full-field meas-

urements, are then probabilistically modeled by propagating the computed covariance through 

the measurement models that are formulated in the previous Chapter. The data fusion technique 

further minimizes the covariance of full-field measurements, and subsequently improves the cer-

tainty of characterization results effectively. 

 This Chapter is organized as follows. In Section 5.1, probabilistic representations of the cen-

troids are first presented. This section also includes the probabilistic formulations of fusing the 

centroids from multiple images. Section 5.2 covers the Gaussian probabilistic modeling of full-

field measurements, which are derived by propagating the fused covariance through the meas-

urement models. Following this, Section 5.3 presents the numerical implementation of the data 

fusion technique to the stochastic linear characterization method. Section 5.4 details the numeri-

cal examples that are carried out to demonstrate the potential of the data fusion technique. This 
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section is concluded with its application to determining the elastic constants of an anisotropic 

material. 

 

5.1 Product of Gaussian Distributions 

 
Figure 14 Schematic diagram of the multi-camera data fusion setup. 

 

Figure 14 shows a schematic diagram of the multi-camera data fusion setup. The multi-camera 

data fusion technique uses a group of nc cameras, labeled as 
1{ , , }

cnc c , to estimate the fused 

dot locations before deriving the probabilistic full-field measurements. Centroids of these dots 

are identified in different pixel coordinate systems from these cameras images. Homography 

transformation, previously presented in Section 3.2.1, is utilized to transform these centroids to a 

global coordinate system. This is demonstrated by first formulating the  j
th

 centroid of the Il
th

 

camera image as  

 ( ) ( ) ( ), ][ )(l l l l lI I I I Ik k k k k

j x j y j j jz z  x xz x v ,  (5.1) 

where )·(lI represents the quantity (·) that is derived from the 
lI

th
 image from the cl

th
 camera,

 
(·) j

is the quantity (·)  corresponding to the j
th

 centroid,
 

 ( ~ ), ()l lI Ik k

j jx xN 0v P  follows a zero-mean 

normal distribution that has a covariance )(lI k

jxP  given by the camera manufacturer’s calibration 

data. The homography transforms )(lI k

jxz  to a global coordinate system { }lc  by a transformation 

matrix
{ }

{ }
l

l

c

I H , i.e., 

 

 { }

{ }

{ } { }

{ } { }

,( ) [ ( ) ( ) ]

( )

( )

ll l l l

l

l l l l

l l

l

kc Ic c ck k k

j x j y j

I

I j

c ck k

I j I j

I

ck k

j j

z z



 



 

x x

x

x

z zH

H v

v

H

x

x  (5.2) 
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For simplicity, it is assumed that 
{ }

{ }
l

l

c

I H  yields the exact transformation from lI k

jx  to k

jx  and the 

measurement noise through the transformation )(lc k

jxv still remains as white Gaussian: 

 )( ~ ( , ( ))l lck k

j j

c

x xN 0v P  (5.3) 

with the covariance )(lc k

jxP that is attributed to the location of the cl
th

 camera 
l

k

cx  in the global co-

ordinate system. The observation probability density function (PDF) of the j
th

 dot is defined by a 

Gaussian distribution as 

  ( | ) ( ) , ( )~l l l

l

k k

j

c c c

j

k k

j cp N x xx Px z . (5.4) 

Since the correlation of the Gaussian PDFs constructed in all nc camera is the true 
k

jx , the prod-

uct of all PDFs becomes a total Gaussian PDF on 
k

jx  based on all camera states k

cx : 

 

 

 

1

1
1

2

1

| |

1
2 exp

2

( )

( ) ( ) ( )

c

l

l

c

l l l l

n
ck k k

j c j c

l

n
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 


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 
  



          
 



 xx x xx z

x

x

x

P z

x x

P

, (5.5) 

where   is the normalizing constant, and ( )·d  denotes the data fusion results of (·) . Based on 

Equation (5.4) of all nc cameras, the data fusion technique derives the total Gaussian PDF of the 

j
th

 centroid as
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 (5.6) 

As a result of unequal uncertainties in each camera, the data fusion technique computes the 
fused 

mean )(d k

jxz of Equation (5.6), weighted by the covariance of each camera ( )lc k

jxP , as 

          
1

1
1 1

1

)( ,
c c

l l l

n n
d kd k c k c k c kd k

j x yj j j jj
l l

z z


 

 

 
 

                   
 x x x xz P P z , (5.7) 

and the fused covariance  
kd

jxP  that describes the certainty of the centroid is computed by 
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Substitution of Equation (5.8) into (5.7) simplifies the fused mean of the j
th

 centroid to 
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c
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l l

n
cd k d k k k

j j j j

l


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x x xxz P P z  (5.9) 

 

5.2 Propagation of Uncertainties 

The probabilistic representation of the fused full-field displacement of the 
mn created points is 

derived by propagating the computed fused mean and covariance, from Equations (5.9) and (5.8), 

through the measurement models presented in the stochastic linear characterization method. Sub-

stitution of the fused mean of centroids to Equations (3.37) and (3.38) yields the full-field dis-

placements of all nm created points as 

        1
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x x

z N z z N z , (5.10) 

where (·)
iu
indicates whether the measured (·)  is corresponding to ux or uy, and the shape func-

tion k

xN , the fused location k

iz , and the fused displacement 
i

k

uz are arranged by the nt number of 

centroids and the nm number of created full-field measurement points as: 

11 1

1

m

t t m

k k

n

n

k

k k

n n

N N

N N

 
 

  
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xN , 1( ) ,[ , ( ) ]
t

d k d d

i i i

k k

nz zz and 1[ ( ) , (, ])
i i i t

kd k d d

u u u

k

nz zz . 

The computed fused covariance of the j
th

 dot  
kd

jxP  introduces the uncertainties of full-field dis-

placement calculated at all 
mn  points. This is because each fused centroid  

kd

jxz  contains uncer-

tainties which propagate through the combination of its fused data in Equation (5.10). The covar-

iance of full-field displacement of all nm points is thus adapted from the propagation of uncer-

tainties as 

  1[( ) ( )diag , , ,] ,
i i i m

k k k k d k k

u u u n iP P i x y   x xN P NP , (5.11) 
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where the displacement covariance of all 
tn  centroids are defined by 
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The covariance of full-field strain measurements, [ , , ]
x y s

k k k k

  εP P P P , is derived by the propaga-

tion of uncertainties as 
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where the covariance of the fused dot locations of all nt centroids is defined by 

1 1diag[ ( ) , , ( ) , ( ) , , ( ) ]
x x t y y t

d k d k d k d k d k

u u n u u nP P P PuP . 

 Substitution of Equation (5.12) over k
ε in Equation (3.31) yields the term  

1 4
, ,k k k

g gz z   gz as 

  ;k k  g εz g z . (5.14) 

It is also shown that the uncertainties in k

εz propagate through a nonlinear function g  in Equation 

(3.31). As a result of the propagation, the nonlinear function is linearized by approximating it to 

a first-order Taylor series expansion, such that the propagation of k

εP to the covariance of the 

term k

gz , 
1 4

diag , ,k k k

g gP P   gP , approximately follows the linear cases presented in Equations 

(5.11) and (5.13). The covariance is computed by 

    ' , 1, , 4
f

kk k

g f
P f   

  εg p , (5.15) 

where the term  '
k

f
g is derived as 
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and the vector k

εp  is defined by the covariance terms of the probabilistic full-field strain meas-

urements as follows: 
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In order to obtain the external work, the boundary displacement ( )k

buz is derived from Equation 

(5.10) as 

        
1

, , , ,
i i i

nb
i

k k k
k

u u u
b

u
b b

d kz z i x y
 
 

  


bz N z , (5.18) 

where the shape function k

bN , created over the 
tn number of centroids d k

xz and 
bn number of 

boundary points k

bx , is defined as 
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Similarly, the fused covariance of the boundary displacement  
i

k

u
b

P  is thus derived by 

    , ,
i i

k
k d k k

u u
b

i x y  b bP N P N . (5.20) 
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5.3 Numerical Implementation 

Figure 15 shows the schematic diagram of the data fusion technique implemented to improve the 

certainty of measurements, where the solid line represents the flow of mean and dashed line is 

the flow of covariance. Given time step k, nc number of cameras are used to measure centroids of 

the specimen from material testing. Each camera takes an image and identifies the jth centroid 

 l
kc

jxz  and then fused the states to compute the fused mean  d k

jxz  and covariance  
kd

jxP , using 

Equations (5.9) and (5.8). After collecting  d k

jxz  and  
kd

jxP  of each j centroid into d k

xz and d k

xP , 

the fused mean of the full-field displacement d k

uz and its covariance d k

uP are derived with the 

shape function k

xN . Both d k

uz and d k

uP are used for calculating the mean and covariance of the full-

field strain, i.e., k

εz and k

εP . In addition, the boundary displacement mean  
k

buz and covariance 

 
k

buP are derived by d k

uz  and d k

uP through the shape function k

bN .  

 This figure also illustrates the original contribution of the data fusion technique. The mean 

and covariance are fused based on the covariance in each camera sensor. The propagation of un-

certainties yields the probabilistic full-field measurements in terms of mean and covariance, 

which contribute to the empirical knowledge of the stochastic linear characterization method.  
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Figure 15 Numerical implementation of the data fusion technique. 

 

5.4 Numerical Studies 

This section investigates the effectiveness of the multi-camera data fusion technique in two steps. 

The first step is aimed at the concept proving of the data fusion technique where three parametric 

studies are carried out by solving a simple analysis on an isotropic material, resembling the mul-

ti-camera full-field measurement problem. In the second and final step, the applicability of the 

data fusion technique to the stochastic linear characterization of an anisotropic material is exam-

ined. 

 

5.4.1 Concept Proving of Full-field Measurements 

The data fusion problem defined for Test 1-3 attempts to estimate the probabilistic full-field 

measurements by using cameras that contain different uncertainties. The problem made in this 

section is a simple analysis on an isotropic material with Young’s modulus 70GPaE  and Pois-

son’s ratio
12 0.3v  based on the results generated by a finite element analysis. Figure 16 shows 

the specimen configuration for proving the proposed technique. The specimen is of a square 

shape that is dimensioned at a 4-unit length on each side, as shown in Figure 16(a). The mesh 

configuration in the finite element analysis allows us to measure the deformation of 25 dots on 
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the specimen. Two dots are chosen to represent the boundary point and the gauge location for 

comparing the results. Figure 16(b) shows the boundary conditions of the specimen where dis-

placement k

xu  and k

yu are applied on two sides of the specimen to simulate equal displacement on 

both sides. The rest of the parameters used in the analysis are listed in Table 1. 

  
(a) Dots and gauge location (b) Boundary conditions 

Figure 16 Specimen configuration for concept proving. 
 

Table 9 Parameters commonly used to create measurements in Tests 1-3. 

Parameter Value 

Total no. of measurements 30 

Displacement in x, k

xu  1k

xu u   

Displacement in y, k

yu  1k

yu u    

Incremental displacement, u  0.03 

 

5.4.1.1 Estimation of Full-field Measurements (Test 1) 

The uncertainties of cameras at each time step k were attributed by the covariance listed in  

Table 10. Each camera has a different covariance in the sensor properties, where camera 1, 2 and 

3 had the most, moderate and least accurate information on the centroids, respectively. 

 

Table 10 Covariance of every j
th

 centroid observed by camera {1,2,3},lc l  , in Test 1. 

Parameter Value 

 1c k

jxP    4diag 4.00,4.00 10  

 2c k

jxP    4diag 6.00,6.00 10  

 3c k

jxP    4diag 8.00,8.00 10  
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Figures 17(a) and (b) compare the full-field displacements derived by each camera and the data 

fusion results in terms of error percentage. Despite that each camera observed an error at the 

magnitude of over 5% throughout the whole deformation, the data fusion technique converges 

within 1% of the exact solution after 4 measurements are collected. The derivation of full-field 

strain by each camera and the data fusion technique are compared in Figures 18(a)-(c). The un-

fused full-field strains by each camera are shown more uncertain than the measurement derived 

by the proposed technique. Both the strains in the transverse and longitudinal directions in Fig-

ures 18(a) and (b) show error of over 10% whereas the proposed technique oversees a 2% accu-

racy within the exact solution that was achieved only after 4 measurements. The comparison of 

shear strains in Figure 18(c) shows that each camera achieved error of over 20%. The data fusion 

technique, however, improved the shear strain by estimating within 10% of the exact solution 

after 6 measurements. Table 11 compares the mean error of the full-field measurements derived 

by each camera and the data fusion technique. As expected, the mean error increased from cam-

era 1 to 3 due to the difference of accuracy in each camera. The proposed technique estimated 

the measurements more accurately with a mean error percentage of 1% despite the covariance in 

each camera. 

  
(a) k

xu  (b) k

yu  

Figure 17 Comparison of full-field displacement measurements at the gauge location. 
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(a) k

x  (b) k

y  (c) k

s  

Figure 18 Comparison of full-field strain measurements at the gauge location (Test 1). 

 

Table 11 Mean error percentage of the fused measurements (Test 1). 

Measurement 
Mean Absolute Error Percentage [%] 

Camera 1 Camera 2 Camera 3 Proposed 

xu  7.26 7.13 12.30 6.49 

yu  6.68 9.22 7.58 4.19 

x  4.53 4.84 9.44 2.63 

y  7.35 8.62 11.57 2.98 

s  31.24 24.85 35.39 15.06 

 

5.4.1.2 Parametric Study of Camera Uncertainties and Number of Cameras (Test 2) 

After showing the capability of the data fusion technique over the results derived directly from 

each camera, the number of cameras with different uncertainties was investigated by applying 

the parameters listed in Table 12. The number of cameras tested varied from 1 unit to 50 units. 

The uncertainties in each number of cameras are attributed by a covariance, which was increased 

equally over the number of study. Figures 19(a) and (b) compare the error of the estimated cen-

troid at the gauge location when the data derived from different number of cameras were fused 

by the data fusion technique. It is overall shown that the error decreases when the measurement 

covariance is lesser in each camera, and the error converges to 1% when more than 10 cameras 

that have measurement covariance of 0.05 are utilized. This concludes that the proposed tech-

nique can not only estimate the achievable accuracy by a number of cameras, but also determine 

the adequate number of cameras that can achieve any desired accuracy without introducing ex-

cessive number of cameras. 

 

Table 12 Parameters for estimation using multiple cameras with different covariance, 

{1, ,50}l   (Test 2). 

Parameter Value 

cn  l 

lc

xP    51iag 0d ,l l   
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(a) kx  (b) ky  

Figure 19 Error of gauge location from multiple cameras with different covariance, 

{1, ,50}l   (Test 2). 

 

5.4.1.3 Error Propagation from Different Noise Parameters (Test 3) 

In order to investigate the efficiency of error propagation of the data fusion technique, different 

covariance type of camera was used in 30 time steps. Table 13 lists the parameters for the case 

studies of the error propagation. Four cameras were used in all 3 cases where the uncertainty in 

measurements was increased from the first to the fourth camera. Case 1 resembles the problem 

where the covariance in each camera is constant throughout the time steps. The cameras in case 2 

employ covariance that was linearly increased at each measurement, whereas case 3 simulates 

the problem where nonlinear covariance, in the form of sinusoidal wave, is observed in each 

camera. Figures 20(a) and (b) show the error of the estimated full-field displacement, whereas 

Figures 21(a)-(c) show the error of the full-field strain at the gauge location in all 3 cases. The 

data fusion technique estimated full-field displacements that were within 5% of the exact solu-

tion after 4 measurements. The estimated fused full-field strains achieved within 10% accuracy 

of the exact solution after 20 measurements. The full-field strains are shown to be noisy in case 3 

before 10 measurements were achieved and the measurements in case 2 become noisier after-

wards when the linearly increasing covariance surpassed the noise of case 3. As expected, the 

measurement in case 1 has the overall least noise since constant covariance was used. Overall, 

the data fusion technique estimated the fused full-field measurements adequately, despite the dif-

ference of the covariance type in each case. 
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Table 13 Parameters for the data fusion technique, {1, ,4}l  , and 4cn  (Test 3). 

Case Parameter Value 

1 lc k

xP    41iag 0d ,l l   

2 lc k

xP   1 4diag , 10lc k l l  xP  

3 lc k

xP    5diag sin( ) 1,sin( ) 101l k k    
 

  
(a) 

xu  (b) 
yu  

Figure 20 Case studies of the estimated means of fused full-field displacement measurements at 

the gauge location (Test 3). 
 

   
(a) k

x  (b) k

y  (c) k

s  

Figure 21 Case studies of the estimated means of fused full-field strain measurements at the 

gauge location (Test 3). 

 

Figures 22, 23 and 24 show the propagated variances of the full-field measurements estimated by 

the proposed technique. Figure 22(a) shows the estimated variances of the fused full-field dis-

placement propagated from the covariance of each camera. Figure 22(b) shows the variance of 

the boundary displacement at the boundary point propagated from the fused covariance of the 

centroids, whereas the variances propagated from the full-field displacement are shown in in 

Figures 23(a) and (b). It is noted that the constant, linearly increasing and nonlinear trends of co-

variance from Table 13 remain the same despite the difference in magnitude. Figures 24(a)-(d) 
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show the covariance k

gP , propagated from the uncertainties in full-field strain measurements. It is, 

however, shown that k

gP increased exponentially due to its quadratic equations over the time steps, 

indicating new trends of covariance from the ones listed in Table 13. The transition of the propa-

gated variance is estimated to construct a more appropriate Kalman gain, Equation (4.14), in the 

stochastic linear characterization method. 

  
(a) d k

iP at the gauge location (b)  
k

i b
P at the boundary point 

Figure 22 Propagated variance of displacement in all three cases, { , }i x y   (Test 3). 
 

  
(a) { }, ,

i

k i yP x    (b) 
s

kP  

Figure 23 Propagated variance of full-field strain in all three cases (Test 3). 
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(a) 
1

k

gP  (b) 
2

k

gP  

  
(c) 

3

k

gP  (d) 
4

k

gP  

Figure 24 Propagated variance, {1, ,, 4}
i

k

g iP   , in all three cases (Test 3). 

 

5.4.2 Application to the Characterization of Anisotropic Materials 

Based on the efficacy investigated in the previous section, the data fusion technique is finally 

applied to the stochastic characterization of an anisotropic material. The chosen anisotropic ma-

terial is the AS4D/9310 graphite/epoxy cross-ply laminate  30
T

  that has a thickness of 

1.25mm in each lamina. The material parameters of the lamina are listed in Table 14. Figures 

25(a) and (b) show the specimen configuration for the characterization of anisotropic material. 

Figure 25(a) shows not only the dots and the dimension of the specimen, but also the two gauge 

locations that were used to compare the fused measurements. As shown in the figure, 1456 dots 

were measured. The open-hole specimen was loaded with the boundary conditions that resem-

bled a tensile test, as shown in Figure 25(b). The parameters for the estimation of elastic con-

stants are listed in Table 15. The covariance of four cameras was used by the data fusion tech-

nique, whereas the prior knowledge on the mean 0|0

Mq and variances 0|0P  were utilized by the sto-

chastic characterization method.  

Table 14 Material parameters of AS4D/9310 graphite/epoxy lamina. 

Parameter Value Elastic Constant Value 

Longitudinal modulus, 
1E [MPa] 1.34×10

5
 

11q [MPa] 1.35×10
5
 

Longitudinal modulus, 
2E [MPa] 7.71×10

3
 

22q [MPa] 7.75×10
3
 

Shear modulus, 
6G [MPa] 4.31×10

3
 

12q [MPa] 2.33×10
3
 

Poisson’s ratio, 
12v  0.30 

66q [MPa] 4.31×10
3
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Fiber angle, [°] ±30   
 

  
(a) Dots and gauge locations (b) Boundary conditions 

Figure 25 Specimen configuration for the estimation of elastic constants. 

 

Figures 26(a)-(d) show the transitions of the error of full-field displacements derived by each 

camera and the data fusion technique. As shown in the figures, the variations in the full-field dis-

placements at both gauge locations are observed. The fused full-field displacements, however, 

converged to the exact solution after 4 measurements. The mean error 10% of the fused meas-

urements is lower than the observed measurements, which has a 25% mean error percentage. 

 

Table 15 Parameters for the estimation of elastic constants using 4cn  cameras. 

Parameter 

For 

measurement 

Value Parameter 

for stochastic 

characterization 

Value 

1c k

xP  diag[1.00,1.00] ×10
-9

 0|0

Mq [MPa] [1.50,0.05,0.05,0.05]
┬
 ×10

5
 

2c k

xP  diag[2.00,2.00] ×10
-9

 0|0

11P  5.10×10
13

 

3c k

xP  diag[3.00,3.00] ×10
-9

 0|0

22P  5.00×10
14

 

4c k

xP  diag[4.00,4.00] ×10
-9

 0|0

33P  5.00×10
14

 

  0|0

44P  4.00×10
12
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(a) 
xu at gauge location 1 (b) 

xu at gauge location 2 

  
(c) 

yu at gauge location 1 (d) 
yu at gauge location 2 

Figure 26 Comparison of measured full-field displacements at gauge locations. 

 

Figures 27(a)-(f) show the transition of the strains at the gauge locations, estimated by the da-

ta fusion technique. The figures also show the strain results of each camera for comparison. As 

the specimen is deformed, the proposed technique weighted the covariance in each camera and 

estimated the full-field strains within 5% accuracy of the exact solution. 

  
(a) 

x at gauge location 1 (b) 
x at gauge location 2 

  
(c) 

y at gauge location 1 (d) 
y at gauge location 2 
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(e) 

s at gauge location 1 (f) 
s at gauge location 2 

Figure 27 Comparison of measured full-field strains at gauge locations. 

 

Figures 28 and 29 show the transition of the elastic constants identified and the variances 

computed by the stochastic linear characterization method using the measurements estimated by 

the proposed technique, respectively. Figure 28 also shows the derived elastic constants from 

each camera for comparison. The data fusion technique improves the measurements and resulted 

adequate identification of elastic constants after taking 30 measurements, whereas the constants 

identified by directly using the measurements from each camera did not converge to the exact 

solution. Figure 29 additionally exhibits the certainty of estimation in terms of variances of elas-

tic constants. The decrease and convergence of the variances toward zero also indicate that the 

identification of elastic constants is being converging. Table 16 further compares the error of the 

elastic constants when using the measurements from the data fusion technique and each camera 

after 30 time steps. The comparison indicates the practical feasibility of the data fusion technique 

that improved the accuracy of the stochastic linear characterization method by at least two orders. 

  
(a) q11 (b) q22 
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(c) q12 (d) q66 

Figure 28 Elastic constants identified and compared. 

 

  
(a) P11 (b) P22 

  
(c) P33 (d) P44 

Figure 29 Variance computed and compared. 

 

Table 16 Parameters for the estimation of elastic constants using 4cn  cameras. 

Elastic  

Constant 

Error Percentage [%] 

Camera 1 Camera 2 Camera 3 Camera 4 Proposed 

11q  7.06 3.94 31.28 18.95 0.97 

22q  79.48 20.57 36.77 78.84 4.92 

12q  16.82 11.91 25.38 155.10 24.65 

66q  72.62 74.04 83.58 37.42 13.34 
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5.5 Summary 

A data fusion technique, which fuses the information of dots marked on a test coupon from im-

ages taken by multiple cameras, has been presented to derive more reliable probabilistic full-field 

measurements for the proposed framework. For each camera at a specific loading step, the data 

fusion technique constructs a Gaussian PDF for each centroid of dots from a image. The product 

of these Gaussian PDFs over different cameras yields the fused mean and covariance of centroids. 

The fused covariance is further used to construct probabilistic measurement models through a 

propagation of uncertainties method. 

Three numerical studies were performed on a specimen that was loaded equally on two free 

edges. The first study, showing the transition of the fused results and the comparisons with the 

unfused measurement of each camera, demonstrated 5 times accuracy improvement of the data 

fusion technique in measuring full-field strains. The second study demonstrated that the number 

of cameras converges to a certain value when a certain accuracy level is required, hence aiding 

the data fusion technique to improve the accuracy of measurements without excessive number of 

cameras. The third study indicated that the data fusion technique adequately propagate uncertain-

ties from different model of measurement covariance, thus determining more reliable empirical 

knowledge for the stochastic characterization method to compute the Kalman gain. The data fu-

sion technique was finally applied to the linear characterization of a graphite/epoxy laminate. 

The results show improvement of the stochastic characterization method by two orders and have 

demonstrated the potential of the data fusion technique in improving the measurements for more 

accurate characterization results.   

 The numerical studies in this Chapter demonstrate that the data fusion technique minimizes 

the effect of uncertainties in measurements, and provides probabilistic measurements to estimate 

more reliable characterization results. With the capability of the multi-camera data fusion tech-

nique demonstrated, the following Chapter commences with the development of stochastic multi-

linear characterization method, which is derived based on the previously presented stochastic 

linear characterization method. 
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Chapter 6 

Stochastic Multi-linear Characterization of Aniso-

tropic Materials 

This Chapter presents a stochastic multi-linear characterization method to approximate the non-

linear behavior of anisotropic materials. The nonlinear behavior of anisotropic materials is repre-

sented with a multi-linear model under the assumption that the material is path-, rate- and tem-

perature independent. The modified Kalman filter presented in the stochastic linear characteriza-

tion method is further generalized to include the characterization of coefficients of multi-linear 

partitions. Since the coefficients are estimated with their associated variance, differential entropy 

is also presented here as a single quantity that measures the certainty of all estimated coefficients. 

The validity of the characterization method in estimating the multi-linear coefficients is first 

demonstrated via a multi-linear finite element analysis. Parametric studies of the proposed 

framework under a range of measurement uncertainties are subsequently investigated.  

 This Chapter is organized as follows. Section 6.1 first shows a multi-linear framework that 

approximates the nonlinear behavior of anisotropic materials. Section 6.2 presents generalized 

stochastic equations of the modified Kalman filter to incorporate the characterization of multi-

linear coefficients. The formulation of differential entropy is also presented in this section. Sec-

tion 6.3 describes the numerical implementation of the modified Kalman filter for solving the 

multi-linear characterization problem. Following this, Section 6.4 demonstrates the validity of 

the characterization method through a series of numerical studies.  
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6.1  Nonlinear Energy-based Characterization Framework 

6.1.1 Multi-linear Constitutive Model  

The partitions in a multi-linear constitutive model are created to approximate the nonlinear be-

havior of anisotropic materials. To simplify the nonlinear behavior with the multi-linear repre-

sentation, it is assumed that the materials are path-, rate- and temperature-independent. When a 

symmetric angle-ply laminate is deformed in a finite element analysis, each element experiences 

the behavior of a multi-linear partition.  

Figure 30 shows the multi-linear partitions that are created based on the planar strains of an ele-

ment e. nA, nB and nC are defined as the total number of partition in the strain axis ε1, ε2 and ε6, 

respectively. Each linear partition is described by a set of multi-linear coefficients. The elemental 

strain, exhibited along each material axis  , 1,2,6i i  , is partitioned by a strain incremental 

value 
i , where ( ·)i represents the incremental value of (·) on the i

th
 material axis. A list of 

these parameters, which are used to define each multi-linear partition, is summarized in Table 17. 

 

 

 

 

 

 
(a) FE model (b) ε1- ε2 partitions (c) ε6 partitions 

 

Figure 30 Schematic diagram of the multi-linear partitions on each material axis of an element e 

in a deforming elastic body. 
 

 

 
 

 

Table 17 Use of parameters in defining a specific partition. 

Strain  

Partition 
Partition Range 

Multi-linear  

Coefficients 

Critical  

Strains 

  
1

1 1 1

      
11 12,q q   1

1 1,    

  1

2 2 2

      
12 22,q q   1

2 2,    

  1

6 6 6

      
66q  1

6 6,    

   

 

 

  
   

     

    

p 
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For a specific partition range on the strains
1 2  , defined by 1

1 1 1

     , {1, , }An  , 

and 1

2 2 2

     , {1, , }Bn  , the stress-strain relations of  the
1 and 

2  models are rep-

resented by 

 11 12

1 2

12 22

1 1

2 2

k k

k k

q q

q q

 

  

 

 


     
      

     
D , (6.1) 

where the matrix D1-2 is constant in the specified strain partition range of 
1 2  defined by any 

previous multi-linear coefficients, i.e.: 

 
1 2 1 1

1 2 2 2

1 2

11 12 11 12

1 2

0 012 22 12

( 1) ( 1) ( 1) ( 2)1

1 1 1

( 1) ( 1) ( 1) ( 2)1

2 22 22

i i i i

i i
i i i i

q q q q

q q q q

      

     

  

  

       

       

 

      
         

     



  
D  (6.2) 

with the condition such that ( 0·)h  if the term h is given by 0h . 

 For a specific partition range on the strain
6 , defined by 1

6 6 6

     , {1, , }Cn  , the 

stress-strain relation of the 
6 model are derivable by 

 
666 6 6

k kq D   , (6.3) 

where D6 is a constant in the strain partition range of 
6 denoted by 

 3

3

6 66 6

( 1)1

6

1

6 6

1

i

i

D q q


     



   , (6.4) 

with the similar condition such that ( 0·)h  if the term h is given by 0h . 

 In the same strain partition range, Equations (6.1) and (6.3) yield the stress-strain relations in 

their incremental forms as 

 

11 12

12 22

66

1

1 1 1 1

1

2 2 2 2

1

6 6 6 6

0

0

0 0

k k k k

k k k k

k k k k

q q

q q

q

 

 



   

   

   







       
       

    

  

     
       
       



 

, (6.5) 

where the non-zero terms of the multi-linear coefficients that describe the behavior of the ele-

ment e are denoted as 

 11 22 12 12 66, , , ,p

e e e e e eM q q q q q       q , (6.6) 
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and ( )·p denotes the quantity (·) that exhibits the multi-linear behavior in the corresponding line-

ar partitions of p , ( )·e
denotes the quantity (·) of element e. Thus, )·(p

e
denotes the quantity (·) of 

the partition p measured on an element e. 

 Given the incremental stress-strain relation of lamina in the material coordinate system, the 

relations between the stresses and strains of the symmetric angle-ply laminate with a fiber orien-

tation of ±θ can be approximated in the global coordinate system as  

  

     

     

     

 

; ; ;

; ; ; ;

; ; ;

p p p

e xx e M e xy e M e xs e M

p p p p p

e M e xy e M e yy e M e ys e M e

p p p

e xs e M e ys e M e ss e M

q q q

q q q

q q q

  

  

  

  

   

  

 
 
  
 
 
 

q q q

Q q q q q Q q

q q q

 (6.7) 

with , , , , , , , ,p

e e xx e yy e ss e xy e xy e xs e xs e ys e ysq q q q q q q q q           q . 

 Transformation of the constitutive model with respect to the fiber angle θ yields the constitu-

tive model in the local coordinates as  

  p p

e e Mq H q , (6.8) 

where the transformation matrix H(θ) is derived as 

  

 

 

 

 

 

 

 

 

 

 

1 4 2 2 2 2 2 2 2 2

4 4 2 2 2 2 2 22

2
2 2 2 2 2 2 2 2 2 23

2 2 2 2 4 4 2 24

2 2 2 2 4 4 2 2
5

3 3 3 3 2 2

6

7

8

9

4

4

2 2 2 2 2

4

4

2 ( )

2

m m n m n m n m n

n m m n m n m n

m n m n m n m n m n

m n m n n m m n

m n m n m n m n

m n mn mn m n mn n m









 









 
 
 
 
 

   
  
 

   
 

  
 
 
 
 
 
  

h

h

h

h

H h

h

h

h

h

3 3 3 3 2 2

3 3 3 3 2 2

3 3 3 3 2 2

2 2 2 4 ( )

2 ( )

2 2 2 2 4 ( )

m n mn m n mn mn n m

mn m n m n mn mn m n

mn m n mn m n mn m n

 
 
 
 
 
 
 
 
 
 
   
 

   
    

, (6.9) 

with cosm  and sinn  . Similar to Equation (3.26), the incremental strain energy of the el-

ement e, k

eU
, is described as 



Chapter 6 Stochastic Multi-linear Characterization of Anisotropic Materials 80 

 

 

  
1

;
2

e

k k k k p

e e e e e M
V

U dV       σ ε g ε q , (6.10) 

where  

 

           

     

     

1 2 3 4 5

2 2 2

1 2 3

4 5 6

7 8 9

; [ , , , , ]

2

,

e e e e e e

k k k k k k

e

k k k

e x e y e s
A A A

k k k k k k

e x e y e x e y e x e s
A A A

k k k k k k

e x e s e y e s e s e y
A A A

g g g g g

t
dA dA dA

dA dA dA

dA dA dA



     

        

        

 

     

        

        

  

  

  

g ε

h h h

h h h

h h h

 (6.11) 

and      
1

· · ·
k k k

   is computed only if both  
1

·
k

and  ·
k
are in any of the same strain parti-

tion.  

 

6.1.2 Principle of Energy Conservation 

After deriving the strain energy of element e,
e

kU
, based on its corresponding multi-linear coef-

ficients 
Mq , the overall strain energy is examined by considering all of the elements and the cor-

responding multi-linear coefficients. In a loading step, it is assumed that there exist a number of 

multi-linear coefficients that governs the behavior of all elements. The multi-linear coefficients 

that describe the overall deformation are given by 

 11 22 12 66, , ,k k k k k

M
   q q q q q , (6.12) 

where ( )·p denotes the quantity (·) that exhibits the multi-linear behavior in the corresponding 

linear partitions of p, which every element of a deforming body is experiencing. Based on the 

definition given in  

Figure 30, each of the multi-linear coefficient term in Equation (6.12) is given by  

 

1

11 11 11

1

22 22 22

max( , )1

12 12 12

1

66 66 66

, ,

, ,

, ,

, ,

A

B

A B

C

nk k k

nk k k

n nk k k

nk k k

q q

q q

q q

q q

    


   


    

    

q

q

q

q

, (6.13) 
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Based on Equations (6.11), the term    max( , ) 1
; A B A B Cn n n n nk 

   
 g ε  is derived by rearranging 

and summing up the term  ;e

k

e g ε of the elements that correspond to the multi-linear coeffi-

cients k

Mq in Equation (6.12) , i.e., 

 

       

   

   
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





 (6.14) 

where the left subscript of the term g denotes the element number that corresponds to the specific 

multi-linear coefficient, E(·) is the number of element that is associated to the partition (·). Here, 

the term g becomes zero if the strain is not observed in the associated partition. The overall in-

cremental strain energy of the total number of elements, kU
, is thus calculated by multiplying 

Equation (6.14) to Equation (6.12), i.e.: 

  ;k k k

MU   g ε q . (6.15) 

Based on the assumption of principle of energy conservation, substitution of Equation (6.15) into 

Equation (3.25) yields the framework of the nonlinear characterization as 

  ;k k k

M W  g ε q , (6.16) 

where the incremental external work, created by the loading at the lth contact point, is given by 

  
1

2

k k k

l l

l

W    u f . 
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6.2  Stochastic Estimation using Kalman Filter  

6.2.1 State Transition and Measurement Models 

The state transition model at time step k is thus multiplied with an identity matrix 
4 4p pn n

I , 

denoted as: 

 1k k

M M

q Iq , (6.17) 

Similar to Equation (4.5), the measurement model is derived as  

    ; ;k k k k k

W M Wz v    
 ε εg z g v q , (6.18) 

where the measured data of the external work and the full-field strain are expressed as 

 k k k

W Wz W v  , (6.19) 

  k k k  ε εz ε v , (6.20) 

and the uncertainties due to measurement noises are given by the same normal distributions de-

scribed in Equations (4.2) and (4.3). The unknown true  ;k g ε is also related to the measured 

 ;k εg z by 

    ; ~ ,k kNε gg v 0 P , (6.21) 

where k

gv is the same quantity defined in Equation (4.4).  

6.2.2 Prediction and Correction  

Since the state transition model does not change over time in the p
th

 partition, the prediction of 

the multi-linear coefficients does not introduce any uncertainty. Subsequently, the prediction is 

yielded as an uninfluential process as 

 | 1 1| 1k k k k

M M

  q Iq , (6.22) 

 | 1 1| 1k k k k  P IP I . (6.23) 

At time step k, the coefficients that are not within the p
th

 partition become zero. Based on the 

prediction, the mean correction of the multi-linear coefficients at the partition p is derived by the 

following function  
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  | | 1 | 1;k k k k k k k k k

M M W Mz  
    

  
q q K g z q . (6.24) 

 Substitution of Equation (6.24) into the residual that is previously developed in Equation 

(4.11) yields the correction of covariance for the multi-linear coefficients of the p
th

 partition as  

  | | 1 | 1;k k k k k k k k   εP P K g z P . (6.25) 

Substitution of the predictions and the measured  ;k εg z into previous Equation (4.13) yields 

the Kalman gain for the coefficients at the p
th

 partition as 

          
1

2
| 1

| 1 | 1

1
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W M gi i
i

P q P   




 



          
ε

K P g z g z P g z . (6.26) 

6.2.3 Quantification 

After generalizing the prediction and correction to include the characterization of multi-linear 

coefficients, quantification is sought to determine the performance of the characterization meth-

od. Based on the modified Kalman filter, the estimated variance from Equation (6.25) describes 

the uncertainty of the estimated multi-linear coefficients. The increasing number of multi-linear 

coefficients, however, introduces more variances, which represent the uncertainty of the charac-

terization results. Within the framework of information theory, measures of the uncertainty asso-

ciated with a continuous random variable are well studied [173]. The reliability of the estimated 

multi-linear coefficients is thus quantified by differential entropy as a single quantity to evaluate 

the uncertainties associated with all the coefficients. The differential entropy proposed to de-

scribe the uncertainty of all the multi-linear coefficients is denoted as 

    | |1
ln 2 det

2

pnk k k kH e 
 

P P . (6.27) 

Although the information gain is generally more popular for quantifying uncertainty due to its 

non-negative nature, the information gain requires a reference distribution and does not derive an 

absolute value inherent in the distribution. Governed by the computed covariance of all coeffi-

cients, the differential entropy has been chosen to measure the uncertainty of the characterization 

results. 
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6.3  Numerical Studies 

This section investigates the on-line capability and robustness of the stochastic multi-linear char-

acterization method by applying a finite element analysis of an anisotropic material in three nu-

merical studies. The anisotropic material chosen for the studies is AS4D/9310 graphite/epoxy 

laminate. The reported properties of the material are listed in Table 18. A finite element analysis 

has been developed to prove the concept of the characterization method. Three multi-linear parti-

tions were defined for the numerical examples. Based on the known elastic properties in their 

linear region, the multi-linear coefficients used for the numerical examples are listed in Table 18. 

Each set of the multi-linear coefficients contains three values. The incremental partition values 

that define the partition ranges of each strain quantity are listed in Table 19.  

 

Table 18 Material parameters of the AS4D/9310 graphite/epoxy laminated specimen for numeri-

cal examples. 

 

Material Constants Value 
Multi-linear 

Coefficients 
Value 

Elastic Modulus E1 [MPa] 51.34 10  
*

11q [MPa] 5[ ,0.94,0.75.34 ]1 10  

Elastic Modulus E2 [MPa] 37.71 10  
*

22q [MPa]   37.76,5.41,4.33 10  

Shear Modulus G12 [MPa] 34.31 10  
*

12q [MPa] 3[2.56,1.25,0.80] 10  

Poisson’s Ratio v12 0.33 
*

66q [MPa] 3[4.31,3.02,2.41] 10  

Fiber angle θ [°] 30 
  

 

Table 19 Incremental partition value of each strain quantity for numerical examples. 

Parameter Value 
*

1  43.00 10  
*

2  46.00 10  
*

6  31.00 10  

 

Figure 31 shows the boundary conditions and geometrical configuration of the specimen used in 

the numerical examples. A tensile loading is simulated on a square specimen, sized 

100mm×100mm×3mm and approximated with 100 finite elements. The bottom of the specimen 

is fixed in all directions and the top of the specimen is fixed horizontally. Point-wise forces rang-
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ing from 200N to 24000N were applied over 200 time steps and thus, 200 set of measurements 

were obtained from this experiment.  

 
Figure 31 Boundary conditions and geometry details of the AS4D/9310 specimen.  

 

6.3.1 Estimation of Multi-linear Coefficients (Example 1) 

Example 1 solves the characterization of the multi-linear coefficients of in the finite element 

analysis by assuming the same three partitions with the ones set in the simulation, as described 

by the incremental partition values listed in Table 20. The aim of this study is to examine wheth-

er the characterization method can estimate the multi-linear coefficients under the influence of 

uncertainties. The noise used in the measurements, and the empirical knowledge of the meas-

urement uncertainties are listed in Table 21. The prior knowledge on mean and covariance are 

additionally listed in Table 21. It is to be noted that the prior mean is set to be 50% more than the 

true multi-linear coefficients, and the prior covariance for each coefficient is set to be a constant 

value 5×10
10

. 

Table 20 Incremental partition values used for Example 1. 

Parameter used  

in Simulation 
Value 

Parameter for  

Proposed Approach 
Value 

*

1  43.00 10  1  43.00 10  
*

2  46.00 10  2  46.00 10  
*

6  31.00 10  6  31.00 10  

 

Cross section area 
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Table 21 Measurement covariance and prior knowledge used in Example 1 (np=3). 

Parameter 

for Meas-

urement 

Value 

Parameter for 

Proposed  

Approach 

Value 

*P  51.00 10  P  51.00 10  
*

WP  1111. 0 00   WP  1111. 0 00   

  
0|0

Mq  *1.5 Mq  

  
0|0

,i jP   1010 , , 1,2, ,45 pi j n    

 

Figures 32(a)-(d) show the transition of the estimated coefficients over the number of measure-

ments. Although twelve-dimensional spaces are handled in the nonlinear characterization prob-

lem, the characterization method estimated adequate multi-linear coefficients after taking 200 

measurements. It is shown that both 
11q and 

22q coefficients converged to the exact solutions at 

the very first few steps, where the strains are in their first partitions. This is unlike 
12q and 

66q co-

efficients, where these coefficients fluctuated before converging to the exact solutions. It is con-

jectured that the shear behavior and the correlation between the tensile and transverse behavior 

were not obvious in the first few measurements of the simulated tensile test. As more infor-

mation about the rest of the partitions is observed, the coefficients are shown to have converged 

from the prior knowledge to the exact values. The recursive estimation mechanism of the predic-

tion and correction processes made the estimation performed on-line at every acquisition of 

measurements. The identification after 200 measurements thus indicates the practical feasibility 

of the characterization method. 

  

(a) 
11q coefficients (b) 

22q  coefficients 
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(c) 
12q  coefficients (d) 

66q  coefficients 

Figure 32 Transition of the estimated multi-linear coefficients using 3 partitions. 

 

Figure 33 shows the certainty of each estimated multi-linear coefficient in terms of variances, 

and also the increase of certainty with the acquisition of measurements. The variance of a partic-

ular coefficient starts to converge to zero values whenever the measurements contain information 

on the partition. The decrease of the variances also indicates that the estimation of coefficients is 

being converging. 

  

(a) Variance of 
11q  coefficients (b) Variance of 

22q  coefficients 
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(c) Variance of 
12q coefficients (d) Variance of 

66q  coefficients 

Figure 33 Diagonal terms of estimated covariance of multi-linear coefficients. 

 

Figures 34(a)-(c) qualitatively show the comparison between the stress-strain relations, created 

by the estimated coefficients, and the relations computed from the exact coefficients, after 200 

measurements. Note that the first stress-strain relations are shown as Exact Model and the later 

computed stress-strain relations are shown as Estimated Model. The measured strains are also 

plotted on each stress model. The critical strain further shows the interval between different par-

titions. It is shown in the figures that the final estimates of coefficients have created stress mod-

els that match the exact models, under the influence of uncertainties. Figure 34(d) shows the 

transition of the differential entropy. The convergence of differential entropy is as expected since 

the variances of each estimated coefficient decrease. This result demonstrates the differential en-

tropy as the quantity to describe the uncertainty of the characterization results. 

  

(a) 
1 model (b) 

2 model 
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(c) 
6 model (d) Transition of differential entropy 

Figure 34 Comparison of the estimated stress-strain relations and the differential entropy of the 

first example. 

 

6.3.2 Certainty of Multi-linear Coefficients under Various Noises (Example 2) 

Example 2 investigates the noise minimization capabilities of the characterization method in 

identifying the multi-linear coefficients under various noise conditions. Table 22 lists the range 

of the noise added to the measurements, and the empirical and prior knowledge used in this ex-

ample. 

 

Table 22 Parameters for the reliability study of nonlinear characterization method. 

Parameter 

for Meas-

urement 

Value 

Parameter for 

Proposed  

Framework 

Value 

*P  6 41.00 1.010 100     P  6 41.00 1.010 100     
*

WP  10 71.00 1.010 100     WP  11 91.00 1.010 100     

  
0|0

Mq  1.5 Mq  

  
0|0

,i jP   1010 , , 1,2, ,45 pi j n    

 

Figures 35(a) and (b) show the error percentage and the differential entropy under the studied 

ranges of measurement noise. It can be seen that the average absolute error increased from 0% to 

5% by increasing the measurement noise in both full-field strain and external work. It is found 

that the characterization results become less certainty when measurement noise increases. When 

the uncertainties are different, the differential entropy is also influenced. 
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(a) Error percentage under different noise (b) Differential entropy  

Figure 35 Comparison between the error analysis and information entropy of the estimation re-

sults at the 200
th

 step. 

 

6.4  Summary 

The stochastic multi-linear characterization method is presented to approximate the nonlinear 

behavior of anisotropic materials on-line, under the assumptions that the materials are rate-, path- 

and temperature-independent. A multi-linear framework has been proposed for characterizing the 

multi-linear coefficients based on the full-field strains and external work. The modified Kalman 

filter, presented previously in the linear characterization method, is further generalized to deter-

mine the multi-linear coefficients of anisotropic materials. The differential entropy is utilized as 

a single quantity to evaluate the uncertainties associated with all the estimated coefficients. This 

allows the performance of the multi-linear characterization method to be evaluated against any 

source of uncertainties. 

 Two numerical studies were performed based on a FEA, which resemble a tensile test of an 

anisotropic material. The first study, investigating the transitional performance of the characteri-

zation results, shows that the characterization method is able to estimate the multi-linear well and 

steadily with reduced uncertainty under measurement noise. During the deformation, the mean of 

a new coefficient is identified on-line when strain values are observed in a new partition. This is 

confirmed by the transition of differential entropy that shows distinct levels of information con-

tent over the number of measurements when new partition is observed. The second study demon-
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strates that the error is maintain at an average of 5% even under various measurement noise, if 

exact measurement covariance and prior knowledge is available, making the method to achieve 

optimal characterization effectively.  

 The stochastic linear and multi-linear characterization methods are subsequently experimen-

tally evaluated in the next Chapter to demonstrate its on-line capability and validity in character-

izing nonlinear behavior of materials. 
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Chapter 7 

Experimental Studies 

Stochastic linear and multi-linear characterization methods and a data fusion technique have 

been proposed in the previous three Chapters. This Chapter presents experimental studies of the 

proposed framework to the linear and nonlinear characterization of materials. Section 7.1 covers 

the experimental characterization procedures, which include the experimental modules and sys-

tem, used for evaluating the performance of the proposed framework. Both modules and system 

utilize a digital camera and a load cell to acquire the full-field strains and external work, unlike 

the conventional method which utilizes contact sensors to obtain strain measurements. Section 

7.2 covers the evaluation of the proposed framework in terms of applicability, efficiency and ro-

bustness. The experimental evaluation includes the characterization of elastic constants, perfor-

mance under different image resolutions, and the characterization of material up to nonlinear re-

gion.  

 

7.1 Experimental Characterization Procedures  

An overall view of the experimental procedures that implement the stochastic linear and multi-

linear characterization methods is presented in Figure 36. The main feature of the characteriza-

tion procedures is the use of only a digital camera and a load cell in the sensing module to ac-

quire all the essential measurements from the material testing, unlike the conventional standard 

mechanical testing methods that require embedded/contact strain sensors in material characteri-

zation. The energy-based characterization requires the measurements of the boundary displace-
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ment and force and the full-field strain, which can be furnished by three different modules in the 

proposed method.  

 The full-field measurement module (see Appendix 2) derives the boundary displacement k

uz

as well as the full-field strain k

εz based on the images supplied by the other modules, namely the 

sensing module and the preprocessing module. It is to be noted that although k

uz can also be 

measured by an external device, such as an internal displacement encoder, previous experimental 

analysis shows that the displacement is not correctly measured due to the slippage movement 

within the material testing grips. The resulted k

uz further derives the external work for the energy-

based characterization by multiplying itself with the boundary force k

Wz for the energy-based 

characterization measured by the load cell in the sensing module. 

  

Figure 36 Overview of the experimental characterization procedures. 

 

 Prior to acquiring the measurements at step k, the preprocessing module (see Appendix 2) 

produces the prior knowledge on the mean 0|0

Mq and the covariance 0|0P as well as the variances
gP

and
WP to the energy-based characterization at step 0k  . All in all, with the modeled prior 

knowledge and variances, the proposed framework hence performs on-line characterization of 

materials at every acquisition of measurements. 
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7.1.1 System 

The system developed for implementing the proposed framework primarily consists of the hard-

ware components and the specimen, which are shown in Figure 37(a) and (b). The digital camera 

used was a PointGrey Flea2 FL2G-50S5C CCD Camera. The load cell was an Instron A509-5 

(Catalog No. 2512-401) model that can measure up to 150 kN load capacity. The testing machine 

used in the developed system was an Instron 4206 electromechanical universal testing machine 

that is displacement-controlled to deform specimen at a 0.2mm/min loading rate. The computer 

system hosting the user interfaces is a Dell Vostro 420 Minitower Computer with Pentium Core 

i5 and 2GB of RAM. The equipment models and their settings used in the developed system are 

summarized in Table 23. A user interface, created by a library of Labview functions, allows the 

user not only to maintain the synchronous acquisition of both load cell readings and digital im-

ages, but also to control the testing machine. The rest of the functions that perform the tasks in 

the proposed method are performed by a library of functions written in Matlab language. 

 

Table 23 Equipment models and their settings used in the developed experimental system. 

Equipment Model Settings/Specifications 

Digital Camera PointGrey FL2G-50S5C 5 MPixels 

Load Cell Instron A509-5 150kN capacity 

Testing Machine Instron 4206 150kN capacity, 0.2mm/min loading rate 

Computer Dell Vostro 420 Pentium Core i5, 2GB RAM 

 

 Figure 37(a) also shows the light condition that is controlled by two light sources that are 

each placed at the back and the front of the specimen. To minimize the shadow effect due to in-

sufficient lights, papers are used to create more uniform distribution of lights on the specimen. 

The monitor placed behind the specimen shows not only the interfaces developed for the pro-

posed framework, but also the load cell reading at the corresponding cross head displacement of 

the testing machine, for visual references. The specimen, located at the red frame shown in the 

figure, is enlarged in Figure 37(b). It is shown that a random distribution of black dots, with sizes 

between 4 and 6 pixels, are marked on the white non-reflective sprayed background.  
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(a) Hardware components (b) Specimen 

Figure 37 Developed experimental system for the proposed on-line nonlinear framework. 

 

7.2 Experimental Results 

This section investigates the results of the experimental studies of the proposed framework via 

the stochastic linear and multi-linear characterization methods. The first experiment solves a ma-

terial characterization problem resembling the linear characterization based on full-field meas-

urements. The continuum capability of the proposed framework is also examined with specimens 

of different shapes. After identifying the considerable effect of sensor accuracy to the proposed 

framework, the applicability of the proposed framework to determining the nonlinear behavior of 

material is described in the second experiment. 

 

7.2.1 Stochastic Linear Characterization (Experiment 1) 

Experiment 1 performs three tensile tests on isotropic aluminum T6061 specimens to investigate 

the effectiveness and validity of the stochastic linear characterization method. The material prop-

erties and the referenced elastic constants, computed by a plane stress model, are presented in 

Table 24. Due to material isotropy, two elastic constants, *

11q and *

22q , are identical. Figure 38 

shows the test specimens that were cut into three different specimen shapes; they are open-hole, 
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single notch and double notch specimens, which are used for each test. Geometry details of these 

specimens are listed in Table 25. 

 

Figure 38 Types of specimen shape used in mechanical tests: Open-hole (Test 1), Single-notch 

(Test 2) and Double-notch (Test 3). 

 

Table 24 Material parameters of the specimens (Experiment 1). 

Material Property Value Referenced Elastic Constant Value 

Young’s Modulus, E [MPa] 69.00 × 10
3
 

*

11q [MPa] 77.43 × 10
3
 

Poisson’s Ratio, v 0.33 
*

22q [MPa] 77.43 × 10
3
 

  
*

12q [MPa] 25.55 × 10
3
 

  
*

66q [MPa] 25.94 × 10
3
 

 

Table 25 Geometry details of the specimens 

Geometry Value 

Overall length, l3 [mm] 204.00 

Initial distance between the grip and one of the notches, l2 [mm] 24.32 

Initial distance between grips, l1 [mm] 93.84 

Radius of the open hole, r1 [mm] 4.69 

Radius of the side notch, r2 [mm] 5.56 

Radius of the two notches, r3 [mm] 6.37 

Width, b [mm] 38.27 

Thickness, t [mm] 3.19 
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Finite element analyses were performed to provide comparison results to the experimental find-

ings. Figures 39(a)-(c) show the boundary conditions of the specimen at each test, and the com-

parison of the derived boundary force-displacement and the finite element results. The boundary 

conditions shown in Figures 39(a)(i), (b)(i) and (c)(i) are modeled as tensile tests, where the 

bottom is fixed horizontally and vertically and the top is fixed horizontally with forces applied 

vertically. Based on the same boundary force, the results indicate a good agreement between the 

measured boundary displacement and the FEA solutions.  

   
(i) Boundary Conditions (i) Boundary Conditions (i) Boundary Conditions 

   
(ii) Force-Displacement (ii) Force-Displacement (ii) Force-Displacement 

(a) Test 1 (b) Test 2 (c) Test 3 

Figure 39 Boundary conditions of the specimen and the comparison between the measured force-

displacement data and the FEA solutions. 

 

Figures 40, 41 and 42 show the comparison between the full-field measurements and the FEA 

solutions at the last loading step. The certainty of the measurements with respect to the FEA re-

sults is additionally shown in the transition of the computed strain variances plotted in these fig-

ures. Figures 40(a)-(e) qualitatively show adequate strain and displacement distribution at the 

concentration areas. The results indicate that uncertainties exist in the experimental measure-

ments contributed to the inconsistent match with finite element results. This is further confirmed 
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with the full-field strain and displacement results shown in Figures 41(a)-(e) and 42(a)-(e). The 

experimental measurements in Figures 40(d)-(e) also show that the specimen is rotated from the 

side as the displacements on the horizontal axis are exhibiting non-symmetrical deformation. In-

terestingly, the measured full-field displacements in Figures 41(d)-(e) and 42(d)-(e) confirm such 

rotation and it is suggested that such movement is caused by the slippage from the mechanical 

grips of the testing machine. Figures 40(f), 41(f) and 42(f), meanwhile, show that the strain vari-

ance exponentially increased over the loading steps. The computed variance is fed into the sto-

chastic linear characterization method as part of the empirical knowledge. 

   
(a) εx (b) εy (c) εs 

 

   
(d) ux [mm] (e) uy [mm] (f) Strain Variance 

 

Figure 40 Test 1: Full-field measurements (left) and FEA solutions (right) after 83 loading steps, 

and the transition of computed strain variances. 
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(a) εx (b) εy (c) εs 
 

   
(d) ux [mm] (e) uy [mm] (f) Strain Variance 

 

Figure 41 Test 2: Full-field measurements (left) and FEA solutions (right) after 89 loading steps, 

and the transition of computed strain variances. 

 

   
(a) εx (b) εy (c) εs 

 

   
(d) ux [mm] (e) uy [mm] (f) Strain Variance 

 

Figure 42 Test 3: Full-field measurements (left) and FEA solutions (right) after 91 loading steps, 

and the transition of computed strain variances. 

 

6.4.1.1 Estimation of Elastic Constants 

Having observed the transition of full-field measurements and strain variance in the loading steps, 

Error! Reference source not found. lists the prior and empirical knowledge that was used in 

he on-line nonlinear framework. Figures 43(a)-(d) show the transition of the estimated elastic 
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constants plotted against the known values in each test. The transition shows that the estimated 

constants converged to the known values after 10 measurements. It is additionally show that test 

1, 2 and 3 has the least, average and most convergence rate, respectively. Under the same testing 

environment with different specimen shape, it is found that changing the specimen shape also 

influenced the convergence rate. This is further confirmed in the differential entropy of each test 

plotted in Figure 44. The results exhibited that Test 1 has the least information content, Test 2 

has a moderate information content, and Test 3 contains the most information content of the es-

timated constants, due to the higher covariance of the estimated constants that is exhibited in the 

fluctuating transition of constants. Although only the constants and would be sufficient for 

determining the elastic behavior of isotropic material, this experiment exhibits the capability of 

characterizing the multiple constants, derived from the energy-based characterization, in a single 

test. This is further confirmed with the convergence of the same constants and in Figures 

43(a) and (b). 

Table 26 Prior and empirical knowledge for Test 1, 2 and 3. 

Prior 

Knowledge 

Value Empirical 

Knowledge 

Value 

Mean, [MPa]   10 

Covariance,  diag([1,1,1,1]) ×10
10

   

 

 

 

 

 

(a) q11 (b) q22  

 

11q 66q

11q 22q

0|0
q

*1.5 Mq
k

WP

0|0P
k

p 101 10
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(c) q12 (d) q66  

Figure 43 Transition of the estimated mean.  

 

 

Figure 44 Differential entropy of each test. 

 

Figures 45(a) and (b) show the transition of the two identified elastic moduli from each test. The 

linear method was shown to estimate the adequate Young’s modulus and Poisson’s ratio after 10 

measurements. Since full-field measurements exhibit lateral and transverse strain simultaneously 

at each loading step, the stochastic linear characterization method could also reliably identifies 

the Poisson’s ratio. Table 27 quantitatively lists the characterization results of each test in terms 

of the identified constants after taking their last measurements. The proposed framework settles 

to the known Young’s modulus within 4% difference, and to the known Poisson’s Ratio within 

13%. The settling results from their prior knowledge on the mean, which is 150% from the 

known values, indicate that the uncertainty in both prior knowledge and empirical knowledge of 

the characterization results is recursively minimized through the linear method. Fluctuation of 
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results is observed in the first 20 measurements. This indicates that the Kalman filter requires 

initial few steps before an optimized Kalman gain is computed to minimize the random error.  

  
(a) Young’s Modulus (b) Poisson’s Ratio 

Figure 45 Transition of the estimated elastic moduli (Experiment 1). 

 

Table 27 Error of the estimated elastic parameters in each test (Experiment 1). 

Parameter Test 1 Test 2 Test 3 

Young’s Modulus 0.33% 3.96% 0.61% 

Poisson’s Ratio 1.85% 12.30% 1.61% 

 

6.4.1.2 Performance under Different Full-field Strain Noise  

After identifying the effectiveness of the stochastic linear characterization method, the second 

experimental study focused on the effect of the contemporary full-field strain sensors’ accuracies 

to the validity of the proposed framework. As described in Section 7.1, a digital camera system 

was utilized to measure the full-field strains. Table 29 lists the current widespread camera resolu-

tion that is equipped in most digital cameras and the full-field strain resolution that was studied 

in the experimental work of [141]. The experimental findings reported that standard deviations of 

full-field strain measurement, ranging from 12.3με to 36.2με, were found when camera resolu-

tions, ranging backwards from 15.1MPixels to 2.1MPixels, were used. Noise study, based on 

these available experimental data, was performed numerically to investigate the capability of the 

proposed framework under different camera resolutions. The anisotropic material used for this 

numerical study is the AS4D/9310 graphite/epoxy laminate, with the same material parameters 

listed in Section 6.4 of the previous Chapter. The experimental data is applied as measurement 

uncertainties to the same FE model shown in Section 6.4. The FE model is governed by the same 
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elastic constants and loaded from 0N to 12000N in the tensile direction. The prior knowledge, 

empirical knowledge, and studied noise range are listed in Table 29. Since this study focuses on 

the noise effect from full-field measurements, the external work is modeled deterministically 

with no noise. 

 

Table 28 Standard deviations of full-field strains with respect to different camera resolutions 

(Experimental data obtained from [141]). 
 

Camera Resolution [MPixels] Full-field Strain Standard Deviation [με] 

2.1 36.2 

3.1 25.4 

5.0 20.1 

8.0 17.0 

12.0 13.0 

15.1 12.3 

 

Table 29 Parameters for the noise study  1, , )6( 2i  . 
 

Parameter for  

measurement 
Value 

Parameter for  

proposed framework 
Value 

*

i
P  0 45   

i
P  0 45   

*

WP  0 WP  0 

  0|0
q  *1.5 Mq  

  
0|0

iiP  101.00 10  

 

Figures 46(a)-(d) show the percent error of the elastic constants under different strain measure-

ment noise. The results were obtained based on the final estimates of the elastic constants after 

100 measurements. Each final estimate was derived by averaging 50 sets of 100 measurements at 

each studied noise to reduce the effect of random error. The resulted data was fitted polynomial 

regression with a second order polynomial. Based on the polynomial regression models, it is 

shown that the error in the elastic constants ranges from 0% to 60% in the noise study, where q11 

and q66 hold the most and least accurate results, respectively. Despite the random error is reduced 

by averaging the final estimates, the fluctuation of the gathered data can be attributed to the dis-

cretization error of the FE model and the truncation error in deriving the optimal Kalman gain. 
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66q  

Figure 46 Performance of the proposed framework under different standard deviation of strains 

after 100 measurements. 

 

Table 30 lists the maximum error of the proposed framework when the reported experimental 

data of strain standard deviations are modeled in the full-field strain measurements. The current 

reported strain error of fibre Bragg grating sensor is 30με [142] and strain gage is 0.52με [143]. 

Although the current camera system has a standard deviation that is 24% more than the strain 

gage error, the advancement of digital camera technology has allowed higher and affordable 

camera resolution, making the proposed framework to achieve higher accuracy.  
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Table 30 Projected accuracy of the proposed framework with respect to different camera resolu-

tion. 

 

Camera Resolution 

[MPixels] 

Full-field Strain 

Standard Deviation* [με] 

Proposed Framework 

Maximum Error [%] 

2.1 36.2 37.50 

3.1 25.4 18.36 

5.0 20.1 12.66 

8.0 17.0 10.38 

12.0 13.0 7.60 

15.1 12.3 7.11 

*Experimental data obtained from [141]. 

 

7.2.2 Stochastic Multi-linear Characterization (Experiment 2) 

Experiment 2 applies forces to a open-hole specimen that has the same geometrical configura-

tions with Test 1, until the specimen reaches the nonlinear region. The aim of this experiment is 

to investigate the effectiveness of the stochastic multi-linear characterization of materials up to 

the nonlinear region. Figure 47(a) shows the specimen that was deformed to 25000N after 190 

measurements. The force and boundary displacement deformation, which were measured by a 

load sensor and derived from the full-field displacement calculations, respectively, are shown in 

Figure 47(b). 

  
(a) Deformed specimen (b) Boundary force-displacement 

Figure 47 Deformed specimen and the boundary force-displacement of Experiment 2. 

 

Figures 48(a)-(c) show the full-field strains that were measured in Experiment 2 after 190 meas-

urements. These strain measurements, together with the boundary force-displacements, are uti-

lized for characterizing the nonlinear behavior, using the proposed framework. 
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(a) εx (b) εy (c) εs 

Figure 48 Full-field strain measurements after 190 measurements in Experiment 2. 

 

To demonstrate the concept of the proposed framework, the measured strain values were divided 

to 3 partitions, as shown in Figures 49(a) and (b), with the incremental partition values listed in 

Table 31. 

 

Table 31 Incremental partition values used for Example 2. 
 

Incremental Partition Value 

1  33.50 10  

2  21.00 10  

6  33.00 10  

 

 
 (a) Partition on 

1 2   
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 (b) Partition on 

6  

Figure 49 Number of partitions in Experiment 2. 

 

Table 32 lists the prior knowledge of the means used in the stochastic multi-linear characteriza-

tion method. Since the knowledge about multi-linear coefficients is not known, the prior 

knowledge of means applies 1.5 times the known elastic constants listed in Table 24. Table 32 

also lists the prior knowledge of variance that is used by the multi-linear characterization method. 

Since limited information is known about the exact multi-linear coefficients, the empirical 

knowledge used in this experiment was set to large values 4107k

gP  and 31. 05 1k

WP   . 

Table 32 Prior knowledge of means used in Experiment 2, where np=3. 

Prior Knowledge Value Prior Knowledge  Value 

on Means  on Variance  
0|0

11q  *

11[ 1.1,1] 51, q  0|0 0|0

(1,1) ( , )[ ]
p pn nP P  

8[0.05,1.2,8] 10  

0|0

22q  *

22[ 1.1,1] 51, q  0|0 0|0

( 1, 1) (2 ,2 )[ ]
p p p pn n n nP P 

 
7[0.08,0.4,3] 10  

0|0

12q  *

12[ 1.1,1] 51, q  0|0 0|0

(2 1,2 1) (3 ,3 )[ ]
p p p pn n n nP P 

 
7[0.2,3,4] 10  

0|0

66q  *

66[ 1.1,1] 51, q  0|0 0|0

(3 1,3 1) (4 ,4 )[ ]
p p p pn n n nP P 

 
6[0.12,0.7,1.3] 10  

 

Figure 50 shows the comparison between the estimated stress-strain of the results between the 

proposed framework and the reference values of a 2017-T451 aluminum alloy, which can be 

found in [136]. It is shown that the discrepancy of the proposed framework is increases when the 

specimen starts to yield. The current three partitions numbers may not be sufficient to describe 

the transition between the elastic and inelastic region. It is shown that the second linear partition 
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approximated the yield point by averaging the transitional behavior. This indicates the im-

portance of choosing the suitable number of partitions for representing the nonlinear behavior of 

the material. The selection of number of partitions will be discussed as part of the future work of 

this dissertation. 

 
Figure 50 Comparison of the estimated and referenced [136] tensile stress-strain relations. 

 

Figures 51(a)-(c) show the multi-linear stress-strain relations estimated by the stochastic multi-

linear characterization method, after 190 measurements. The known linear stress-strain relations 

are used here as references for the estimated model. It is shown that linear stress-strain relations 

were well estimated by the proposed framework. Table 33 lists the final estimates of the pro-

posed framework after 190 measurements. Figures 51(a) and (b) show that the estimated rela-

tions of 
1 1  and the ones of 

2 1  is different by 1.5 times. This is also reflected in Table 33, 

where the estimated coefficients q11 and q22 are generally 1.5 times different than each other. 

Since the material specimen is isotropic, it is found that the difference between q11 and q22 is 

contributed by amount of information exhibited in the loading. In this tensile test, the lack of 

transverse strain information has contributed to 22% difference of the first partition of q11 from 

the known value. The difference of the first partition q22, i.e. 9%, is lesser since more tensile in-

formation is exhibited in the test. This can be improved if an optimal design of the specimen that 

maximizes both information is used in the test. Alternatively, the same square specimen can be 

loaded in an optimal path that maximizes both tensile and transverse information in measure-

ments. The results additionally show the strain regions where yielding starts to occur in the mate-
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rial. In general, the good agreement of linear stress-strain relations and the decreasing estimated 

multi-linear coefficients has qualitatively demonstrated an initial validation, and application of 

the proposed on-line nonlinear framework to the nonlinear characterization problem.  

Table 33 Final estimates after 190 measurements (Experiment 2). 

Estimated Value 

Coefficients  
1 2 3

11 11 11 11[ , , ]q q qq  3[52.65,32.12,8.79] 10 MPa  
1 2 3

22 22 22 22[ , , ]q q qq  3[77.64,55.97, 101.8 a3] MP  
1 2 3

12 12 12 12[ , , ]q q qq  3[25.76,15.35, 106.3 a1] MP  
1 2 3

11 66 66 66[ , , ]q q qq  3[24.76,12.90, 101.0 a4] MP  
 

 

   
(a)

1 model (b)
2 model (c)

6 model 

Figure 51 Multi-linear model estimated by the proposed framework (Experiment 2). 

 

7.3 Summary 

Experimental studies of the proposed framework have been performed to solve the linear and 

nonlinear characterization problems. Detailed experimental procedures, including the experi-

mental system, that are used to evaluate the proposed framework have been presented in this 

Chapter. 

 The first experimental study demonstrates the applicability of stochastic linear characteriza-

tion method to characterizing multi-axial stress-strain relations of aluminum specimen. Although 

isotropic materials are only governed by two elastic moduli, four elastic constants were used in 

the studies to resemble the characterization of anisotropic materials using energy-based charac-

terization formulations. Specimens of three different geometries and shapes were investigated via 

three tensile tests using non-contact full-field measurements through developed modules. It was 
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found that the proposed framework effectively identified all four elastic constants in all tests, at 

every measurement. Based on the estimated constants, the proposed framework could estimate 

Young’s modulus and Poisson’s ratio, which are within 1.63% and 5.25% error from the known 

values, respectively. The performance of the proposed framework based on different camera res-

olution was also investigated based on the experimental data obtained from an ongoing work 

[141]. The accuracy of the proposed framework, with the advancement of digital camera tech-

nology, has shown the potential of the proposed framework in achieving accuracies that are 

comparable to the contemporary characterization methods that employ contact sensors. The final 

experimental study applied the proposed on-line stochastic framework to characterizing the alu-

minum specimen up to the nonlinear region. Experimental results have further confirmed the ap-

plicability of the proposed framework to the nonlinear characterization of anisotropic materials. 

 

 

 

 

 

 

 

 



Chapter 8 Conclusions and Future Work 111 

 

 

 

 

Chapter 8 

Conclusions and Future Work 

The conclusions of this dissertation are presented in this Chapter. This Chapter begins with a 

summary of the contributions and a discussion of the proposed on-line nonlinear characterization 

framework based on the numerical and experimental studies presented in Chapters 4 to 7. This is 

followed by suggestions for potential future work, and ends with closing remarks. 

 

8.1 Conclusions 

The proposed on-line nonlinear characterization framework, which is comprised of the stochastic 

linear and multi-linear characterization methods, has successfully achieved the objective stated at 

the beginning of this dissertation. The formulations of linear and multi-linear characterization 

problems have been shown to model the stress-strain relations of anisotropic materials up to the 

nonlinear region. The recursive mechanisms of the proposed framework in the measurement up-

date process have been shown to enable the on-line characterization capability of the proposed 

framework. The derivation of stochastic equations from energy-based characterization formula-

tions additionally showed its noise removing capability when handling noisy measurements. The 

Kalman gain, which is newly derived from the stochastic equations, has demonstrated its capa-

bility to achieve optimal characterization through variance minimization. The derivation of a 

multi-camera data fusion technique has further shown the improvement of full-field measure-

ments in terms of certainty through the product of Gaussian distributions and a propagation of 

uncertainties method.  

 Numerical studies have demonstrated that the stochastic linear characterization method con-

siderably minimizes the effect of noise by estimating elastic constants that are more accurate 
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than the ones computed by the conventional deterministic approach. Results show that the deri-

vation of a new Kalman gain reduces the variances towards zero and results in the effective sto-

chastic estimation of converging elastic constants. It was discovered that incorrect prior 

knowledge would result in slower convergence of the characterization results. The linear charac-

terization method has also shown robustness to uncertainties in prior knowledge and ranges of 

measurement noise. The variances computed in the numerical studies were found to describe not 

only the certainty of estimation results but also the convergence rate of the characterization. The 

stochastic linear characterization method was finally applied to a composite specimen consisting 

of a cross-ply AS4/3506-1 composite laminate. Despite converging to the exact solution, the 

fluctuation of means was found to be attributed by the effect of randomness existing in the mate-

rial characterization. 

The stochastic multi-linear characterization method was applied to the characterization of an 

AS4D/9310 graphite epoxy laminate model, and was demonstrated successfully in characterizing 

the nonlinear properties of anisotropic materials on-line, under the influence of measurement 

noise. The numerical examples were performed by assuming good knowledge on the measure-

ment covariance. This has enabled a good convergence of results at the initial steps. The mean 

and covariance of each coefficient were identified instantly when strain values were measured in 

a new partition. Parametric studies of the differential entropy show that the multi-linear charac-

terization method is robust to the change of noise while maintaining the certainty of the results. 

  The multi-camera data fusion technique addresses this issue, providing more robust results 

through less noisy measurements as applied with the stochastic linear characterization method. 

The parametric studies have shown that the data fusion technique refines the measurements by 

estimating their means that are weighted by the covariance of each camera sensor. The probabil-

istic model is found to reliably represent the uncertainties propagated from the sensor covariance. 

Studies have validated that the product of probabilistic measurements yields the fused measure-

ments that are more informative than the original measurements.  

 Experimental studies first demonstrated the on-line capability of the proposed framework in 

characterizing the elastic properties of isotropic materials of different geometries. While this par-

ticular material is well studied for its nonlinear behavior, the same material specimen was ap-
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plied to the multi-linear characterization method. It was found that the proposed framework iden-

tifies elastic constants that are in good agreement with known values irrespective of the specimen 

geometry. Parametric study of the linear characterization method has demonstrated the limitation 

of the proposed framework with respect to the current camera technology. The results of the mul-

ti-linear characterization method were then compared to the known nonlinear stress-strain rela-

tions and found that at the expense of accuracy, the proposed framework is still capable of char-

acterizing the nonlinear behavior on-line in a single test. 

 In this dissertation, a novel on-line nonlinear characterization framework that stochastically 

characterizes the behavior of anisotropic materials has been presented. However, the accuracy of 

the proposed framework is highly dependent on the image sensor resolution. The current resolu-

tion may not achieve the same accuracy as what the contact sensors can achieve. Such a situation 

can be improved through the rapid advancement of camera technology. The on-line nonlinear 

framework was developed and both numerically and experimentally studied, indicating that the 

objective has been achieved. At the expense of accuracy, it is concluded that the proposed 

framework can be very efficient in characterizing the nonlinear behavior of anisotropic materials 

on-line.  

 

8.2 Future Work 

One possible future extension of the proposed framework is the use of a non-Gaussian estimator 

as the measurement noise may not be well approximated as Gaussian under some experimental 

conditions. The actual uncertainty embedded inside the experimental data has yet to be investi-

gated and would potentially require the proposed framework to be integrated with additional sto-

chastic numerical techniques to deal with experimental data suffering from high signal noise. 

The multi-camera data fusion technique is the first step of the scalable sensors network to char-

acterize anisotropic materials and can be extended in a variety of ways. The current formulation 

can be extended to handle out-of-plane deformation of structures. One indispensable step is the 

arrangement of field of views between multiple cameras, which allows the proposed technique to 

be usable and useful to the full-field monitoring of large structure at multi-resolution level. 
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 The multi-linear characterization method is the first step to solve for the nonlinear characteri-

zation problem of anisotropic materials. The current method has been simplified by assuming 

that the materials are rate-, temperature- and path- independent. More complex nonlinear behav-

ior that is rate-, temperature-, and/or path- dependent will be described in combination with the 

other work of colleagues [134, 135]. Energy loss is inevitable in most of the deforming process. 

It is also important to include energy from other physical fields, such as thermal and electrical 

energy, in the proposed framework to be robust under different environmental conditions. 

Despite numerical studies that have been performed on anisotropic materials, the experi-

mental studies will be extended to the application of composite specimens once they become 

available to the author. Currently, the proposed framework is being implemented onto uniaxial 

and multi-axial testing machines available to the author’s group for the characterization of actual 

materials [107, 108]. Any extension from the proposed framework will be validated experimen-

tally by the machines. 

 
 

 

8.3 Closing remarks 

The interest in employing high performance materials for different engineering applications has 

been increasingly prolific in our community, owing primarily to their customizable directional 

properties introduced by their anisotropic makeup. The ongoing research certainly yields new 

and fast insights into material behaviors and further contributes to the development of new types. 

Along with the foreseeable outcome in the near future, the works presented here provide alterna-

tive methods for estimating material constitutive behavior in an efficient and robust manner. 

With the advancement of camera technology, the proposed framework has the potential to 

achieve the accuracy of the current conventional testing methods. The difference is that the pro-

posed framework will be capable of characterizing nonlinear behavior of anisotropic materials 

on-line without cutting any specimen on the structures and testing specimens in the laboratory. 

The fast characterization technology will provide a new platform to characterize the complex be-

havior of new materials efficiently, and further prepare ourselves to embrace the next significant 

finding of unknown materials and towards a new era of materials. 
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Appendix 1 

Kalman Filter 
 

A1.1 State Transition Model and Measurement Model 

The Kalman filter (KF), also known as the linear quadratic estimator, estimates the state of a dy-

namical system from a series of noisy measurements. Prior to its operation, the KF requires the 

construction of two linear probabilistic models with Gaussian noises, which approximate the sys-

tem behavior; the state transition model and the measurement model. The state transition model, 

which describes the state of the system at step k from that at step k-1, is given by  

 1 1 1 1 1k k k k k k      x A x B u w  (A1.1) 

where 1kx and 1k
u are the state and the control input of the system, respectively, 1kA and 1kB  

are the system and the input matrices, respectively and 1k
w is a process noise given by a normal 

distribution, i.e.  1 1~ ,k kN 

ww 0 S . The measurement model describes the measured data kz with 

respect to the true state kx and is given by 

 k k k k z C x v  (A1.2) 

where k
C is the output matrix and the measurement noise also follows a normal distribution, 

 ~ ,k kN vv 0 S . Having the models established, the KF recursively carries out two processes, 

prediction and correction, to update the estimation of the state. 

 

A1.2 Prediction 

The prediction updates the estimation in time by predicting the mean and the covariance of the 

elastic constants at step k, | 1k kx and | 1k kS , from those estimated at time k – 1, 1| 1k k 
x and 1| 1k k S . 

Through the substitution of Equation (A1.1), the state expected at step k is given by 
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1 1 1 1 1

1 1 1 1

:

:

k k k k k k

k k k k

E E

E

    

   

  

 

x A x B u w

A x B u
. (A1.3) 

As a result, the mean of the state at step k predicted from step k – 1 is written as 

 | 1 1 1| 1 1 1k k k k k k k      x A x B u . (A1.4) 

Meanwhile, the prediction of covariance commences with the derivation of difference from the 

predicted state through the substitutions of Equations (A1.1) and (A1.4): 

  

| 1 | 1

1 1 1| 1 1

1 1| 1 1

k k k k k

k k k k k

k k k k

 

    

   



  

 

e x x

A x x w

A e w

. (A1.5) 

By definition, the covariance is written in terms of the difference as 

 
  | 1 | 1 1 1| 1 1 1 1| 1 1

1 1| 1 1| 1 1 1 1

k k k k k k k k k k k k

k k k k k k k k

E

E E

E         

       

  

 

e e A e w A e w

A e e A w w

. (A1.6) 

This results in the prediction of the covariance matrix, which is given by 

 | 1 1 1| 1 1 1k k k k k k k       xP A P A P , (A1.7) 

where  

 | 1 | 1 11 1| 1 and k k k k k k kk k E E      xe e P w wP . (A1.8) 

 

A1.3 Correction 

The correction updates the estimation via measurement, by correcting the mean and the covari-

ance of the elastic constants at step k, |k kx and |k kP , from the predicted | 1k kx  and | 1k kP  and the 

measurement at step k, kz . For the mean correction, KF updates the mean by adding a feedback 

component 
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, (A1.9) 
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where k
K is the so-called Kalman gain. With the output variables kz , this results in the general-

ized representation of the mean correction as 

  | | 1 | 1k k k k k k k k k   x x K z C x . (A1.10) 

Similarly to the prediction, the correction of covariance commences with the derivation of differ-

ence through the substitutions of Equations (A1.2) and (A1.9): 

  | | | 1k k k k k k k k k k k    e x x I K C e K v . (A1.11) 

The covariance is expressed in terms of the difference as 

 
   
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. (A1.12) 

Hence, the covariance matrix is corrected as 
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| 1

| 1 | 1 | 1 | 1
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P
, (A1.13) 

where k kk Ez v vP . 

Now, the issue remaining in the correction is the determination of the Kalman gain. The KF, as 

the linear quadratic estimator, seeks to minimize the expected value of the square of the differ-

ence, which is equivalent to minimizing the trace of the corrected covariance matrix 
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| 1 | 1
Tr
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z

P
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K
, (A1.14) 

which yields the Kalman gain as 

     
1

| 1 | 1k k k k k k k k k


   zK P C C P C P , (A1.15) 

The rearrangement of Equation (A1.15) gives 

     | 1 | 1k k k k k k k k k k k  zK P C C P K P C K . (A1.16) 

Substitution of Equation (A1.16) into Equation (A1.13) further simplifies the expression of the 

corrected covariance matrix: 
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  | | 1k k k k k k P I K C P . (A1.17) 

Since the operation of KF consists of the recursive usage of the prediction and the correction, the 

application of KF essentially corresponds to the determination of the system, input and output 

matrices and subsequently the determination of the Kalman gain and the prediction and correc-

tion models. 
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Appendix 2 

Experimental Modules 

A2.1 Preprocessing Module 

The preprocessing module provides the prior knowledge of the elastic constants and derives the 

noise properties in each measurement for the energy-based characterization before the specimen 

is loaded. The module also applies the preparation needed for the specimen and sends out an im-

age of the undeformed specimen, to the full-field measurement module. At time step k = 0, the 

prior knowledge on mean and covariance 0|0

Mq and 0|0P , are first determined by a knowledge base 

that can be contributed from any available material database or the knowledge/experience of the 

user. After providing the prior knowledge for the energy-based characterization, the specimen is 

prepared by applying a random distribution of black dots on a white background. The necessity 

of the black and white contrast is required by the full-field measurement module to reliably iden-

tify the centroid of each dot from the background. The prepared specimen is then fixed in a test-

ing machine for the next component to perform measurement modeling. Based on the measured 

force, a finite element model that is created with respect to the boundary conditions is created 

based on the forces measured from the experiment. 

 

A2.2 Full-field Measurement Module 

The full-field measurement module, which mainly consists of the deformation field measurement 

and boundary displacement identification components, is presented in Figure 52. The first com-

ponent derives the deformation fields at every image kI  acquired from the sensing module. In 

this component, the first task, which is to derive the displacement and strain fields, k

uz and k

εz at 

step k , by measuring the centroids from kI and compare them with the ones derived from 0I , 

which is captured from the preprocessing module. The full-field strain measurements and the 
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boundary displacements are bounded by the most outer centroids. The second task extrapolates 

the field values of k

uz and k

εz to cover the rest of the unmarked areas, by using a simple polyno-

mial extrapolation algorithm. 

 The boundary displacement identification component then performs the displacement-field 

extrapolation via two functions. The first function extrapolates k

uz and computes the full-field 

displacement by applying the extrapolation algorithm. The second function subsequently uses the 

extrapolated full-field displacement, k
u  , to extract the boundary displacement k

uz from the de-

forming boundary. Substitution of k

uz and the measured boundary force k

fz yields the measured 

external work k

Wz for the energy-based characterization. 

 

 

Figure 52 Full-field measurement module in the developed experimental method. 

 


