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(ABSTRACT) 

To study the influence of the time-dependent behavior of various materials being con- 

sidered for use in orbiting precision segmented reflectors, simple sandwich beam models are 

developed. The beam models included layers representing face sheets, core and adhesive. 

The issue of time-dependency is essential because the expected life of a reflector is on the 

order of 20 years. Using the principle of stationary potential energy, the elastic response of 

three-layer and five-layer symmetric sandwich beams to mechanical and thermally-induced 

loads is studied. The sensitivity of the three-layer and five-layer sandwich beams to re- 

ductions of the material properties is studied. Using the correspondence principle of 

viscoelasticity, these elastic models are transformed to time-dependent models. Represen- 

tative cases of time-dependent material properties are used to demonstrate the application 

of the correspondence principle and evaluate the time-dependent response of the reflector. 

To verify the viscoelastic models, and to obtain a better idea of the amount of time- 

dependency to expect from the materials, simple time-dependent experiments on candidate 

materials were performed. Candidate materials include a quartz-epoxy face sheet material 

and a glass-imide honeycomb core material. The percent increase in strain for a constant 

stress for the quartz-epoxy in tension and the honeycomb in shear were measured. For both, 

a four-parameter fluid model captured the essential characteristics of their behavior. These 

four-parameter fluid models were then used in the three-layer sandwich beam model to pre- 

dict the time-dependent response of the beam to three-point bending. This predicted re- 

sponse was compared to experimental results of a sandwich beam subjected to three-point 

bending.
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Chapter 1 - Introduction and Background 

Fiber-reinforced polymer-matrix composite materials are currently used in a variety of 

space applications, including communication and weather satellites, antennas and reflectors. 

The use of composite materials not only provides structures lighter than possible with more 

traditional engineering materials, but also provides the option of tailoring the material to meet 

design requirements. This tailoring is accomplished by changing the composition and orien- 

tation of fibers in the materials used. 

One space application of composite materials currently under consideration is the preci- 

sion segmented reflector, or PSR. The PSR is designed to be deployed in space for the pur- 

pose of deep space observation. The overall diameter of such a reflector is expected to be 

on the order of thirty meters. The tasks of manufacturing the reflector and of transporting it 

into space are simplified by its segmented construction. Currently, each segment is expected 

to be on the order of one meter in diameter and is hexagonal in planform. Once in space the 

segments can be assembled to form the surface of the reflector. An artist’s rendition of a 

deployed precision segmented reflector can be seen in Figure 1. The surface of the reflector 

is to be protected from direct solar radiation by a sunshield, which in Figure 1 is being in- 

stalled by two astronauts. As envisioned, the segments are to be constructed as symmetric 

sandwiches of composite face sheets and honeycomb core joined by adhesive layers. A detail 
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Figure 1. Artist’s Rendition of Precision Segmented Reflector (as traced from NASA picture 
L-87-9643) 
  

of the reflector construction is illustrated in Figure 2. Because of its intended use for deep 

space observation, the PSR has strict requirements on reflector surface smoothness and 

overall structural shape. Because the PSR will be protected from direct solar radiation and 

the associated high temperatures and high temperature gradients that spacecraft normally 

experience, the expected operating life is at least twenty years. During this time, despite the 

low operating temperatures, the polymer-based composite materials in the reflector segments 

may exhibit time-dependent material behavior. Because the stringent requirements on sur- 

face smoothness and overall shape must be maintained throughout the entire life of the re- 
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Figure 2. Detail of the Construction of a Single Segment 

flector, the time-dependent behavior of its constituent materials may adversely affect its 

performance. Thus, the ability to quantify the amount of time-dependent behavior that a par- 

ticular material exhibits, and to quantify the influence of that behavior on the reflector’s per- 

formance, is a necessary design requirement. To meet this demand requires an analytical 

tool which properly models the important material properties, dimensions and construction 

features of a reflector segment. This tool, which can be used to predict the reflector’s re- 

sponse to variances in the properties of all its constituent materials, can also be used to 

screen candidate materials for potential use in the reflector. To be used as design tools, these 

models should be simple and preferably would be found in closed-form rather than by nu- 

merical techniques. 

Presented in this thesis is the development of analytical models which can be used to 

evaluate the influence of time-dependent material behavior on the performance of precision 

segmented reflectors. Empirical data on the time-dependent behavior of materials represen- 
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tative of reflector construction is also presented. Verification of the models is accomplished 

by using this empirical data. Because surface smoothness is influenced more by microme- 

chanic material issues than by the macromechanic behavior of the materials, it will not be 

addressed within this thesis. The analysis and gathering of empirical data are directed more 

toward understanding the factors that influence changes in the overall dimensions and the 

shape of the segments. Although the analytical models do not represent the reflector seg- 

ments as plates, they do incorporate the basic features of the symmetric sandwich con- 

struction. Thus, the models are able to predict the effect of time-dependent material behavior 

on the overall response of the reflector segment. 

Specifically, the analytical models are three-layer and five-layer symmetric sandwich 

beam models. These beams represent strips of the hexagonal reflector segments. The five- 

layer sandwich beam model takes into account not only the face sheets and honeycomb core, 

but also the two layers of adhesive that bond them together. Although the five-layer model, 

by including all three constituent materials individually, is a more accurate and complete 

representation of the sandwich structure, the three-layer model is also important. The de- 

velopment of the three-layer model provides insight into the solution techniques necessary to 

develop the computationally more complicated five-layer model. Additionally, because of the 

difficulty in isolating the time-dependent behavior, and for that matter, the static behavior, of 

the honeycomb core from the adjacent adhesive layer, the three-layer model is a fair repre- 

sentation of the sandwich construction when the combined properties of honeycomb and ad- 

hesive are used as the core properties. Although in theory the reflector segments will 

experience very little mechanical loads, slight loads resulting from manufacturing processes 

and assembly may occur. Additionally, despite the relatively controlled thermal environment 

of the reflector structure, there may be small temperature gradients both in the plane of the 

reflector and through the thickness of the segment panels. Even though in practice the ex- 

ternally applied mechanical loads and thermally-induced loads may be small, the models will 

use these loads for the purpose of screening candidate materials for potential PSR use. A 

simple mechanical loading case, three-point bending, is used to compare the predictions of 
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the analytical models to the actual empirical data. Three-point bending of a beam is easily 

performed in a laboratory and also has relatively simple boundary conditions; thus, it is an 

ideal test case for the models and is potentially a good screening experiment for candidate 

construction materials. To simulate any thermal joadings, a linear temperature gradient 

through the thickness of the sandwich is considered. 

The chapters that follow develop the tools necessary to study the time-dependent be- 

havior of sandwich beams. As with any beam analysis, many of the stresses are zero; this 

simplifies the development of the models. The stresses which are zero are discussed in 

Chapter 2. Additionally, the nomenclature and conventions used for both the three-layer and 

five-layer beam models are introduced in Chapter 2. The steps used in developing the ana- 

lytical models are also outlined in that chapter. The principle of stationary potential energy 

is used for both models rather than an equilibrium approach; thus, the governing equations 

and the associated boundary conditions are found for each model. The development begins 

with kinematic assumptions, specifically the assumed displacement field. Because 

honeycomb cores are quite soft in shear, and because the through-the-thickness shear 

modulus of fiber-reinforced composites is much lower than the in-plane extensional modulus, 

shear deformations are included in the displacement formulation. Once the displacement field 

has been introduced, the principle of stationary potential energy is used to obtain the gov- 

erning differential equations, or Euler equations, and the boundary conditions. The Euler 

equations are then solved to yield the forms of the assumed displacements. The unknown 

constants in the displacement functions are next found by applying the boundary conditions. 

This, finally, is the static (elastic, as opposed to viscoelastic) solution. The next step in the 

development of the model is to incorporate the time-dependent behavior of the materials. 

This is done by using the correspondence principle of viscoelasticity. This principle is ex- 

plained in greater detail later. Simple, representative cases of time-dependent behavior are 

used for demonstrative purposes. 

The third and fourth chapters both deal with the three-layer beam model. The develop- 

ment of the three-layer model is outlined, step by step, in Chapter 3. Interesting numerical 
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studies based on this model are presented in Chapter 4. For example, the effects on the 

overall response of the beam due to varying material properties is shown. Comparisons of 

the effects due to different material properties changing by an order of magnitude are used 

to show to which material properties the model is most sensitive. This is important when 

screening candidate materials. For example, if a particular candidate material has an elastic 

property which is lower than in other candidate materials, or exhibits a high degree of time- 

dependent behavior, but the response of the beam model is not very sensitive to that material 

property, then the material may still be acceptable for use in the reflector structure. However, 

if a candidate material has a material property that is only moderately time-dependent, but the 

response of the beam its highly sensitive to that material property, then that material may not 

meet the design requirements. In Chapter 4, the properties which are most important for 

screening candidate materials, according to the three-layer model, are identified. 

The purpose of Chapters 5 and & is similar to that of Chapters 3 and 4. In Chapters 5 and 

6, the development of and some numerical results from the five-layer beam model are pre- 

sented. The steps in the development are the same as for the three layer-model. However, 

for the three-layer model the results could be found in closed-form. The five-layer model, 

which is computationally more difficult, relies on a few intuitive steps to bring it to a form 

which is useful. These steps are based on the work of the three-layer model and are sup- 

ported by computational evidence which is presented in Appendix C. Once again, the nu- 

merical results follow the development and are presented in Chapter 6. These numerical 

results identify the material properties that are most important when screening candidate 

materials according to the five-layer model. 

Following the development of the models and their numerical results is an explanation 

of the experimental procedures in Chapter 7. Here the special apparatus that were designed 

for the tests are discussed. Not only were time-dependent three-point bending tests performed 

on the sandwich beams, but also time-dependent tests were performed to determine the 

time-dependent behavior of the independent constituent’s material properties. 
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The results of the experimental work are discussed in Chapter 8. Simple time-dependent 

models are fit to the experimental data acquired from testing the separate materials, and 

these models are subsequently used with the three-layer analytical model to predict the 

overall response of a sandwich beam subjected to three-point bending. These predictions are 

compared to the experimental results of the sandwich beam in three-point bending. Finally, 

observations, conclusions and recommendations for further work are discussed in Chapter 9. 
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Chapter 2 - Nomenclature and Procedure for the 

Development of the Models 

The purpose of this chapter is two-fold. First, the nomenclature and geometry for the 

three-layer and the five-layer sandwich beam models are introduced. Second, the analytical 

approach used to study the time-dependent behavior of the models is outlined. 

Nomenclature and Geometry of the Models 

Schematics of both the three-layer and the five-layer sandwich beam models are depicted 

in Figure 3. In both models, x is the coordinate coincident with the length of the beam. Also, 

the coordinate through the thickness of both beams is z; in particular, the mid-thickness po- 

sition of both beams is denoted by z=0. The width, or dimension in the y direction, for both 

models is unity. As with all beam theories, the primary stress is the extensional stress in the 

lengthwise direction, or o,. If shear deformations are considered important, as they are here, 

the through-the-thickness shear stress, 7.2, must be included in the analysis. The other four 
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Figure 3. Three-Layer and Five-Layer Models 
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stress components, oy, o:, ty and ty, are considered negligible and are set to zero. In sum- 

mary, 

a, #0 Ty7 #0 Oy = O07 = Ty = tyz = 0. (2.1) 

As a result, Hooke’s law reduces to 

o, = Ee, Ty, = Gy (2.2) 

where e, is the extensional strain in the x direction and y,, is the shear strain in the x-z plane, 

or the through-the-thickness shear strain. Also, E represents Young’s modulus in the x di- 

rection and G is the shear modulus in the x-z plane. Although not explicitly shown in Equation 

2.2, these material properties actually depend on z because they vary from layer to layer. If 

thermal expansion effects are important, Hooke’s law becomes 

r 
o, = Er, — oy (2.3) 

Ty = Gy, 

where 

o, = Ea,AT . (2.4) 

In the previous equation, a, is the coefficient of thermal expansion of the material in the x di- 

rection and AT is the temperature rise relative to some arbitrary reference temperature. As 

before, these quantities depend on 2; a, varies from layer to layer, and AT could be any func- 

tion of z. For this work, a linear function of z is considered. 

In both the three-layer and the five-layer beam models, the outermost layers are the face 

sheets. These are, as currently envisioned, quasi-isotropic fiber-reinforced composite lami- 

nates. The face sheets are modelled as single layers, rather than modelling the eight or more 

layers that actually compose the face sheets. 
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Three-Layer Sandwich Beam Model 

As shown in Figure 3, the three-layer beam model includes only the face sheets and core, not 

the adhesive layers which bond them together. The thickness of the adhesive layers can be 

included in the three-layer model, but only as part of the core or face sheets. Material prop- 

erties which are actually the combined properties of the adhesive and the core, or the adhe- 

sive and the face sheets, can be used if the additional thickness of the adhesive layers is 

added to the thickness of the core, or face sheets. For the three-layer beam model, the sub- 

script “1” is used to denote material properties of the face sheets. The modulus of elasticity 

in the x direction for the face sheets is E;, the shear modulus of the face sheets is G;, and the 

coefficient of thermal expansion is «,. (Unlike standard notation associated with mechanics 

of materials or mechanics of composite materials practice, the subscript ”1” does not refer to 

principal direction or fiber direction, but rather that the material property is of the face sheet.) 

The thickness of each face sheet is represented by t,. The core properties are denoted by the 

subscript “2”; thus, the modulus of elasticity, shear modulus and the coefficient of thermal 

expansion of the core are, respectively, E,, Gz and a). The total thickness of the core is 2h, 

and the total thickness of the beam is 2(h + t,), or 2H. The material properties and geometries 

are identified in Figure 3. 

Five-Layer Sandwich Beam Model 

The five-layer beam model, unlike the three-layer model, includes all three materials. Similar 

to the three-layer beam model, the subscript “1” is used to represent the material properties 

of the face sheets. Thus, E,, G; and o, are the modulus of elasticity, shear modulus and co- 

efficient of thermal expansion of the face sheets, respectively. The thickness of each face 

sheets is t;. The properties of the adhesive layers are denoted by the subscript ”2”; therefore, 

Chapter 2 - Nomenclature and Procedure for the Development of the Models 11



the modulus of elasticity is E,, the shear modulus is G2 and a, is the coefficient of thermal ex- 

pansion of the adhesive layers. The thickness of one adhesive layer is tz. The honeycomb 

core has the properties E;, G; and a3, which are the modulus of elasticity, shear modulus and 

coefficient of thermal expansion, respectively. The total thickness of the core is 2h, same as 

for the three-layer beam model, and the total thickness of the beam is 2(h + t, + te), or 2H. 

These material properties and geometries can be seen in Figure 3. To make any meaningful 

comparison between the two models, the quantity 2H must be the same for both models. 

Thus, the thickness of the adhesive layers, which is modelled separately in the five-layer 

model, should be included in the thickness of the face sheets (t;) or in the thickness of the core 

(2h) in the three-layer model. 

Procedure for Development of Models 

Now that the nomenclature and geometry for the two models have been introduced, the 

procedure for the development of the models is outlined. The procedure for both models is 

the same; only certain details vary. These details are covered in depth in Chapters 3 and 5. 

Generally, the Euler equations and boundary conditions that govern the beam’s response to 

mechanical and thermal loads are found by using the principle of stationary potential energy. 

Then, these equations are solved and the boundary conditions applied to find the elastic sol- 

ution. Finally, the correspondence principle of viscoelasticity is used to find the time- 

dependent response of the beam. Because the correspondence principle of viscoelasticity is 

so vital to the analytical models, it is discussed before the developmental procedure is out- 

lined. 
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The Correspondence Principle of Viscoelasticity 

Concisely stated, the correspondence principle of viscoelasticity is: 

To find the stresses in and the deformation of a viscoelastic structure, replace E by 

Q(s) 
P(s) ’ 
viscoelastic function.[1] 

  and the ensuing functions are the Laplace transforms of the solution of the 

  The function is the time-dependent modulus in Laplace domain. Although this state- 
Ss 

P(s) 

ment considers only the case where the modulus of elasticity is time dependent, any of the 

elastic material properties can be time dependent. For example, the shear modulus may vary 

with time; the behavior of a fiber-reinforced polymer material in shear is polymer-dominated 

and therefore more expected to exhibit time-dependence than the fiber-dominated extensional 

behavior. 

In general, to apply the correspondence principle, the solution to the elastic problem 

must first be known. Next, any time-dependent material properties in the elastic solution must 

  

Q(s) 
be replaced by P(s) 

domain. {A load that is applied initially and kept constant, or even eventually removed, is 

and any time-dependent loads must be replaced by the load in Laplace 

considered to be time-dependent and has the form of a step function.) The result is the sol- 

ution to the viscoelastic problem in the Laplace domain. Performing the inverse transform 

function will yield the viscoelastic solution in the time domain. Because inversion must be 

performed, it is important to have the material properties appear explicitly in the elastic sol- 

ution. If the material properties do not appear explicitly, or appear in a complicated fashion, 

performing the inverse transform may be prohibitively difficult. For example, consider the 

case where a displacement is given by the function 

— Pl AE (2.5) 

where P is a load applied at time zero, L is a characteristic length, A is a characteristic area 

and E is the modulus of the material. For simplicity, assume that the load P is applied at time 
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zero and remains constant at magnitude P,; thus, its Laplace transform is P,/s.[2] If E is a 

time-dependent quantity, then the time-dependent form of 6 is 

é(t) = 2 Pot (2.6 
sA —— 

P(s) 

which may in fact be relatively simple to find. However, if E is embedded deeply, as in the 

function 

F=c——- _ | (2.7) 
3 

(JE + k)? 

where c and k are constants pertaining to the particular problem, then finding an explicit ex- 

pression for the time dependent form F(t), 

F(t) = oy cPo ; (2.8) 

Q(s) 
( P(s) + 7 

can be difficult, if not impossible, even if 

  

ry
|w
 

  

  PS) is a very simple function. In the formulation 

of the models, the elastic solution was developed with an eye towards the application of the 

correspondence principle without having to resort to numerical inversion techniques or nu- 

merically integrating time-dependent equations. 

A common method of modelling the time dependent behavior of a material is to use dif- 

ferent combinations of springs and dashpots to represent that behavior. Four simple 

viscoelastic models are shown in Figure 4. A spring alone, shown in part a of Figure 4, re- 

presents a perfectly elastic material. The strain of this spring is directly proportional to the 

stress applied, and a perfect spring returns to its original undeformed position when the load 

is removed. The behavior of a material symbolized by a spring can be written as 

o=Ee . (2.9) 
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(c) Maxwell Fluid (d) Three-Parameter Solid 

  

Figure 4. Simple Viscoelastic Models 
  

where o is the stress, ¢ is the strain and E is the extensional modulus of the material. If the 

stress and strain in question are shear stress and strain, 

t = Gy (2.10) 

where + is the shear stress, y is the shear strain and G is the shear modulus of the material. 

For the remainder of the discussion of basic viscoelasticity, o will represent either normal or 

shear stress and ec will represent the corresponding Strain. 

A dashpot alone, shown in part b of Figure 4, represents a viscous liquid. For a dashpot 

alone, the time derivative of the strain is directly proportional to the stress applied. The 

constitutive behavior of a material symbolized by a dashpot is 
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o= ye. (2.11) 

However, a dashpot by itself is a poor representation of a solid; a dashpot can not respond 

instantaneously to an applied load. A more realistic model of a solid material is shown in part 

c of Figure 4. The spring and dashpot in series shown is sometimes called a Maxwell element 

or a Maxwell fluid. In this case, the word “fluid” refers to its viscoelastic behavior and not its 

elastic behavior. A Maxwell fluid is used to represent a material which responds instantane- 

ously to an applied stress, like a solid, but then behaves like a liquid over time if the stress 

is not removed because it is unable to resist deformation caused by that stress. The 

constitutive equation for a material that behaves as a Maxwell fluid is 

n. . 
o + Eo=ne . (2.12) 

The Maxwell fluid is one of the simplest time-dependent models that can be used to represent 

a material. The spring in the Maxwell fluid model responds instantaneously to an applied 

stress, and the dashpot allows the strain of a Maxwell fluid to increase indefinitely as long as 

the stress is present. This is characteristic of any viscoelastic fluid; the strain continues to 

increase in the presence of a load. By contrast, the strain of a viscoelastic solid will, for a 

stress which is applied for a sufficient length of time, eventually stop increasing and reach 

some upper limit. 

A spring and dashpot in parallel with each other is often referred to as a Kelvin element 

or a Kelvin solid; however, because it does not respond instantaneously to an applied stress, 

it is an unrealistic model of the behavior of a real solid material. The simplest realistic 

viscoelastic solid (except for a free spring, which has no time-dependent behavior) is the 

three-parameter solid. A three-parameter solid consists of a spring and dashpot in parallel, 

i.e. a Kelvin solid, in series with another spring. This model is shown in part d of Figure 4. 

The constitutive behavior of a three-parameter solid is governed by the following differential 

equation: 
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o+ aes ae oe: | (2.13) 

where E, is the modulus of the free spring, E, is the modulus of the spring in the Kelvin ele- 

ment and , is the dashpot, or viscous, constant. 

For the four models shown in Figure 4, the creep and recovery of each model is shown 

in Figure 5. To each model a stress is applied at time zero. The stress is held constant for 

a period of time and then removed. The time history of this stress is illustrated at the top right 

of Figure 5. Below that, the resulting strains as a function of time are shown for each of the 

four viscoelastic models represented. The free spring, shown in part a, has only a constant 

strain in response to the constant stress. This strain is completely recovered when the stress 

is removed. The free dashpot is shown in part b of Figure 5. It has no initial elastic response 

to the stress and no recovery when the stress is removed. The Maxwell fluid of part c com- 

bines the instantaneous elastic response of the spring with the linear creep of a dashpot. 

Additionally, the amount of recovery is only the initial elastic strain of the spring, «.. The creep 

and recovery behavior of a three-parameter solid, as shown in part d of Figure 5, is even more 

complicated. Once again, there is an initial elastic response to the applied stress, but now the 

transient, or time-dependent, strain is not linear with time. Once the load is removed, the in- 

itial elastic strain, c,, is recovered immediately, followed by a recovery period during which the 

model recovers completely. 

The constitutive behavior of a general viscoelastic model is governed by an equation of 

the following form: 

(m) o + Pye + Pod + + Pol” = oe + Gye + qoé t+ .. + ane”, (2.14) 

where o™ and e® represent the m-th and n-th time-derivatives of o and «, respectively. There 

are certain physical limitations which restrict this equation. For example, the highest time- 

derivative of strain must always be of either the same order or one higher than time-derivative 

of the stress, that is, 
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Figure 5. Creep and Recovery of Four Simple Viscoelastic Models 
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�I�n�s�p�e�c�t�i�o�n� �o�f� �t�h�e� �p�r�e�v�i�o�u�s� �e�q�u�a�t�i�o�n�s� �r�e�v�e�a�l�s� �t�h�a�t�,� �i�n�d�e�e�d�,� �i�t� �w�a�s� �n�o�t� �n�e�c�e�s�s�a�r�y� �t�o� �m�a�k�e� �a�n�y� 

�a�s�s�u�m�p�t�i�o�n�s� �a�b�o�u�t� �t�h�e� �y� �d�i�r�e�c�t�i�o�n� �d�i�s�p�l�a�c�e�m�e�n�t� �v� �a�s� �i�t� �d�o�e�s� �n�o�t� �a�p�p�e�a�r� �i�n� �a�n�y� �o�f� �t�h�e� �n�e�e�d�e�d� 

�s�t�r�a�i�n�s�.� �A�g�a�i�n�,� �b�e�c�a�u�s�e� �t�h�e� �s�t�r�a�i�n� �f�i�e�l�d� �f�o�r� �t�h�e� �t�h�r�e�e�-�l�a�y�e�r� �m�o�d�e�l� �i�s� �d�i�f�f�e�r�e�n�t� �t�h�a�n� �t�h�a�t� �o�f� �t�h�e� 

�f�i�v�e�-�l�a�y�e�r� �m�o�d�e�l�,� �e�a�c�h� �i�s� �p�r�e�s�e�n�t�e�d� �i�n� �i�t�s� �a�p�p�r�o�p�r�i�a�t�e� �c�h�a�p�t�e�r�.� 

�T�h�i�r�d� �i�n� �t�h�e� �d�e�v�e�l�o�p�m�e�n�t�a�l� �p�r�o�c�e�d�u�r�e� �i�s� �t�o� �w�r�i�t�e� �t�h�e� �t�o�t�a�l� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y�,� �I�I�,� �o�f� �t�h�e� �b�e�a�m� 

�f�o�r� �e�a�c�h� �m�o�d�e�l�.� �F�o�r� �t�h�e�s�e� �m�o�d�e�l�s� �t�h�e� �t�o�t�a�l� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �c�a�n� �b�e� �d�i�v�i�d�e�d� �i�n�t�o� �t�w�o� �p�o�r�t�i�o�n�s�:� 

�I�]�,�,� �t�h�e� �i�n�t�e�r�n�a�l� �s�t�r�a�i�n� �e�n�e�r�g�y�;� �a�n�d� �I�"�,� �t�h�e� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �c�a�u�s�e�d� �b�y� �a� �l�o�a�d� �P�*� �w�h�i�c�h� �i�s� �a�p�-� 

�p�l�i�e�d� �a�t� �a� �p�o�i�n�t� �x�*� �a�l�o�n�g� �t�h�e� �l�e�n�g�t�h� �o�f� �t�h�e� �b�e�a�m�.� �B�e�c�a�u�s�e� �o�f� �t�h�e� �i�n�t�e�r�e�s�t� �i�n� �t�h�e� �t�h�r�e�e�-�p�o�i�n�t� 

�b�e�n�d�i�n�g� �r�e�s�p�o�n�s�e�,� �o�n�l�y� �p�o�i�n�t� �l�o�a�d�s� �w�i�l�l� �b�e� �c�o�n�s�i�d�e�r�e�d�.� �T�h�e� �f�i�r�s�t� �o�f� �t�h�e�s�e�,� �t�h�e� �i�n�t�e�r�n�a�l� �s�t�r�a�i�n� 

�e�n�e�r�g�y�,� �c�a�n� �b�e� �w�r�i�t�t�e�n� �a�s� 

�1� �T� �T� �T� �q�=�>� �J�I�)� �[�c�s�  �� �O�x�)� �+� �(�a�y�  �� �o�y�)�e�y� �+� �(�4�2� �~� �O�z�)�e�z� �+� �T�e�a�V�x�z� �+� �T�x�y�V�x�y� �+� �T�y�z�?�y�z�]� �I�V� 

�(�2�.�2�2�)� 

�w�h�e�r�e� �V� �i�s� �t�h�e� �t�o�t�a�l� �v�o�l�u�m�e� �o�f� �t�h�e� �b�e�a�m�.�[�2�]� �T�h�i�s� �e�x�p�r�e�s�s�i�o�n� �i�s� �s�i�m�p�l�i�f�i�e�d� �b�y� �t�h�e� �s�t�r�e�s�s� �s�t�a�t�e�,� 

�g�i�v�e�n� �i�n� �E�q�u�a�t�i�o�n� �2�.�1�,� �w�h�i�c�h� �e�x�i�s�t�s� �i�n� �t�h�e� �b�e�a�m�.� �A�l�s�o�,� �b�e�c�a�u�s�e� �t�h�e� �w�i�d�t�h� �o�f� �t�h�e� �b�e�a�m� �i�s� �a�s�-� 

�s�u�m�e�d� �t�o� �b�e� �u�n�i�t�y�,� �t�h�e� �e�x�p�r�e�s�s�i�o�n� �b�e�c�o�m�e�s� 

�+�H� 
�4� �T� �N�=� �>� �I�.� �|� �,� �[�C�o�x�  �� �o�y�)�e�x� �+� �t�e�z�¥�x�z� �\�d�z� �d�x� �(�2�.�2�3�)� 

�w�h�e�r�e� �L �� �r�e�f�e�r�s� �t�o� �t�h�e� �t�o�t�a�l� �l�e�n�g�t�h� �o�f� �t�h�e� �b�e�a�m�,� �2�H� �i�s� �t�h�e� �t�o�t�a�l� �t�h�i�c�k�n�e�s�s� �o�f� �t�h�e� �b�e�a�m� �a�n�d� �o�}� 

�i�s� �g�i�v�e�n� �i�n� �E�q�u�a�t�i�o�n� �2�.�4�.� �I�f� �H�o�o�k�e ��s� �l�a�w�,� �E�q�u�a�t�i�o�n� �2�.�3�,� �i�s� �u�s�e�d� �a�n�d� �i�t� �i�s� �r�e�c�o�g�n�i�z�e�d� �t�h�a�t� �t�h�e� 

�m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �d�e�p�e�n�d� �o�n� �z� �d�u�e� �t�o� �t�h�e� �l�a�y�e�r�e�d� �n�a�t�u�r�e� �o�f� �t�h�e� �b�e�a�m�,� �t�h�e�n� �E�q�u�a�t�i�o�n� �2�.�2�3� 

�b�e�c�o�m�e�s� 

�4� �+�H� 
�m�l�,� �=� �+�f� �[�.� �[�E�(�z�y�e�%� �+� �G�l�z�)�y�e�g�  �� �E�(�z�)�a�(�z�)�A�T�(�z�)�e�,� �l�d�z�d�x� �.� �(�2�.�2�4�)� 

�C�h�a�p�t�e�r� �2� �-� �N�o�m�e�n�c�l�a�t�u�r�e� �a�n�d� �P�r�o�c�e�d�u�r�e� �f�o�r� �t�h�e� �D�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e� �M�o�d�e�l�s� �2�1



�T�h�e� �s�e�c�o�n�d� �p�o�r�t�i�o�n� �o�f� �t�h�e� �t�o�t�a�l� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �o�f� �t�h�e� �b�e�a�m� �i�s� �t�h�a�t� �c�a�u�s�e�d� �b�y� �a�n� �e�x�-� 

�t�e�r�n�a�l�l�y� �a�p�p�l�i�e�d� �p�o�i�n�t� �l�o�a�d� �P�*�,�o�r� �s�i�m�p�l�y� 

�n�=�  ��P�w�l� �(�2�.�2�5�)� �x �� 

�w�h�e�r�e� �x �� �i�s� �t�h�e� �p�o�i�n�t� �o�f� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �P�*� �a�n�d� �w� �i�s� �t�h�e� �z�-�d�i�r�e�c�t�i�o�n� �d�i�s�p�l�a�c�e�m�e�n�t� �a�t� �x�"�.� 

�F�i�n�a�l�l�y�,� �t�h�e� �t�o�t�a�l� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �o�f� �t�h�e� �b�e�a�m�,� �I�I�,� �c�a�n� �b�e� �w�r�i�t�t�e�n� �a�s� �t�h�e� �s�u�m� �o�f� �i�t�s� �c�o�m�-� 

�p�o�n�e�n�t�s�,� �o�r� 

�m�=�"�,�+�.� �(�2�.�2�6�)� 

�T�h�e� �f�i�n�a�l� �f�o�r�m� �f�o�r� �t�h�e� �t�o�t�a�l� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �i�n� �t�h�e� �b�e�a�m�,� �a�s� �e�m�p�l�o�y�e�d� �i�n� �C�h�a�p�t�e�r�s� �3� �a�n�d� �5�,� �i�s� 

�l�l� �=� �1�]� �[�t�e�a�s� �+� �G�(�z�)�y�2�,� �-� �E�(�z�)�a�(�z�)�A�T�(�z�)�e�,� �|�d�z�d�x�  �� �P�e�w�|� �_� �y�e� �(�2�.�2�7�)� 

 ��T�h�e� �n�e�x�t� �s�t�e�p� �i�n� �t�h�e� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e� �m�o�d�e�l�s� �i�s� �t�o� �a�p�p�l�y� �t�h�e� �p�r�i�n�c�i�p�l�e� �o�f� �s�t�a�t�i�o�n�a�r�y� 

�p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y�.� �B�e�c�a�u�s�e� �t�h�e� �f�i�n�a�l� �f�o�r�m�s� �f�o�r� �t�h�e� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �f�o�r� �t�h�e� �t�w�o� �m�o�d�e�l�s� �a�r�e� �q�u�i�t�e� 

�d�i�f�f�e�r�e�n�t�,� �a� �g�e�n�e�r�a�l� �s�t�a�t�e�m�e�n�t� �a�b�o�u�t� �t�h�e� �p�r�i�n�c�i�p�l�e� �i�s� �m�a�d�e� �h�e�r�e� �a�n�d� �t�h�e� �d�e�t�a�i�l�s� �o�f� �a�p�p�l�i�c�a�t�i�o�n� 

�a�r�e� �l�e�f�t� �t�o� �t�h�e� �a�p�p�r�o�p�r�i�a�t�e� �c�h�a�p�t�e�r�s�.� �I�n� �g�e�n�e�r�a�l�,� �i�f� �t�h�e� �f�i�r�s�t� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �t�o�t�a�l� �p�o�t�e�n�t�i�a�l� �e�n�-� 

�e�r�g�y�,� �O�I�T�,� �e�x�i�s�t�s�,� �t�h�e�n� �s�e�t�t�i�n�g� �6�I�]� �e�q�u�a�l� �t�o� �z�e�r�o� �i�s� �s�u�f�f�i�c�i�e�n�t� �t�o� �e�n�s�u�r�e� �e�q�u�i�l�i�b�r�i�u�m�.� �T�h�i�s� �s�t�e�p� 

�y�i�e�l�d�s� �t�h�e� �E�u�l�e�r� �e�q�u�a�t�i�o�n�s� �a�n�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �w�h�i�c�h� �g�o�v�e�r�n� �s�t�a�t�i�c� �e�q�u�i�l�i�b�r�i�u�m� �o�f� �t�h�e� 

�s�y�s�t�e�m�.� 

�O�n�c�e� �t�h�e� �E�u�l�e�r� �e�q�u�a�t�i�o�n�s� �h�a�v�e� �b�e�e�n� �f�o�u�n�d�,� �t�h�e� �f�i�f�t�h� �s�t�e�p� �i�n� �t�h�e� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e� �m�o�d�e�l�s� 

�i�s� �t�o� �s�o�l�v�e� �t�h�e� �E�u�l�e�r� �e�q�u�a�t�i�o�n�s�.� �S�o�l�u�t�i�o�n� �o�f� �t�h�e� �e�q�u�a�t�i�o�n�s� �f�o�r� �t�h�e� �u�n�k�n�o�w�n� �d�i�s�p�l�a�c�e�m�e�n�t� 

�f�u�n�c�t�i�o�n�s� �i�s� �c�o�v�e�r�e�d� �i�n� �g�r�e�a�t�e�r� �d�e�t�a�i�l� �i�n� �C�h�a�p�t�e�r�s� �3� �a�n�d� �5�.� �A�s� �a�n� �o�v�e�r�v�i�e�w�,� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� 

�f�u�n�c�t�i�o�n�s� �a�r�e� �a�s�s�u�m�e�d� �t�o� �h�a�v�e� �t�h�e� �f�o�r�m� �e�*�*�;� �t�h�e� �e�i�g�e�n�v�a�l�u�e�s� �1�,� �a�r�e� �d�e�t�e�r�m�i�n�e�d�;� �a�n�d� �c�e�r�t�a�i�n� 

�r�e�l�a�t�i�o�n�s� �b�e�t�w�e�e�n� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �f�u�n�c�t�i�o�n�s� �a�r�e� �f�o�u�n�d� �w�h�i�c�h� �r�e�d�u�c�e� �t�h�e� �n�u�m�b�e�r� �o�f� �u�n�k�n�o�w�n� 

�c�o�n�s�t�a�n�t�s� �t�o� �t�h�e� �n�u�m�b�e�r� �o�f� �a�v�a�i�l�a�b�l�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�.� 

�C�h�a�p�t�e�r� �2� �-� �N�o�m�e�n�c�l�a�t�u�r�e� �a�n�d� �P�r�o�c�e�d�u�r�e� �f�o�r� �t�h�e� �D�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e� �M�o�d�e�l�s� �2�2



� � 

� � 

� � 

� � 

� � 

� � 

� � 

� � 

�X� 
�[� �+� �=� 

�t�i�r� �L�m� 
�2� �2� 

�z�4� 
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�F�i�g�u�r�e� �6�.� �E�q�u�i�v�a�l�e�n�c�e� �o�f� �S�i�m�p�l�y� �S�u�p�p�o�r�t�e�d� �B�e�a�m� �i�n� �T�h�r�e�e�-�P�o�i�n�t� �B�e�n�d�i�n�g� �a�n�d� �T�i�p�-�L�o�a�d�e�d� 
�C�a�n�t�i�l�e�v�e�r� �B�e�a�m� 
� � 

�T�h�e� �s�i�x�t�h� �s�t�e�p� �i�s� �t�o� �a�p�p�l�y� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�.� �A�s� �m�e�n�t�i�o�n�e�d� �p�r�e�v�i�o�u�s�l�y�,� �a� �t�h�r�e�e�-� 

�p�o�i�n�t� �b�e�n�d� �t�e�s�t� �i�s� �c�o�n�s�i�d�e�r�e�d� �a� �g�o�o�d� �c�a�n�d�i�d�a�t�e� �f�o�r� �a� �s�c�r�e�e�n�i�n�g� �t�o�o�l�.� �I�t� �i�s� �s�i�m�p�l�e� �t�o� �u�n�d�e�r�s�t�a�n�d� 

�a�n�d� �c�a�n� �b�e� �p�e�r�f�o�r�m�e�d� �i�n� �a� �l�a�b�o�r�a�t�o�r�y�.� �H�o�w�e�v�e�r�,� �a�c�t�u�a�l�l�y� �u�s�i�n�g� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �f�o�r� 

�t�h�r�e�e�-�p�o�i�n�t� �b�e�n�d�i�n�g� �f�o�r� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l� �c�o�m�p�l�i�c�a�t�e�s� �t�h�e� �s�o�l�u�t�i�o�n� �m�o�r�e� �t�h�a�n� �n�e�c�e�s�s�a�r�y�.� 

�T�o� �r�e�p�r�e�s�e�n�t� �t�h�r�e�e�-�p�o�i�n�t� �b�e�n�d�i�n�g� �o�f� �a� �b�e�a�m� �o�f� �l�e�n�g�t�h� �L� �w�h�i�c�h� �i�s� �l�o�a�d�e�d� �i�n� �t�h�e� �c�e�n�t�e�r� �b�y� �a� �p�o�i�n�t� 

�l�o�a�d� �P� �a�n�d� �s�i�m�p�l�y� �s�u�p�p�o�r�t�e�d� �a�t� �b�o�t�h� �e�n�d�s�,� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �u�s�e�d� �a�r�e� �a�c�t�u�a�l�l�y� �t�h�o�s�e� 

�o�f� �a� �t�i�p�-�l�o�a�d�e�d� �c�a�n�t�i�l�e�v�e�r� �o�f� �l�e�n�g�t�h� �L�/�2� �w�i�t�h� �l�o�a�d� �P�/�2�.� �T�h�e� �e�q�u�i�v�a�l�e�n�c�e� �o�f� �t�h�e�s�e� �t�w�o� �c�o�n�d�i�t�i�o�n�s� 

�a�r�e� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �6�.� �T�h�e� �s�i�m�i�l�a�r�i�t�i�e�s� �b�e�t�w�e�e�n� �t�h�e� �t�w�o� �s�i�t�u�a�t�i�o�n�s� �a�r�e� �e�v�i�d�e�n�t� �u�p�o�n� �i�n�s�p�e�c�t�i�o�n� 

�a�n�d� �h�e�n�c�e�f�o�r�t�h�,� �d�i�s�c�u�s�s�i�o�n� �w�i�l�!� �f�o�c�u�s� �o�n� �t�h�e� �c�a�n�t�i�l�e�v�e�r� �b�e�a�m� �r�e�p�r�e�s�e�n�t�a�t�i�o�n�.� 

�C�h�a�p�t�e�r� �2� �-� �N�o�m�e�n�c�l�a�t�u�r�e� �a�n�d� �P�r�o�c�e�d�u�r�e� �f�o�r� �t�h�e� �D�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e� �M�o�d�e�l�s� �,� �2�3



�O�n�c�e� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�r�e� �a�p�p�l�i�e�d�,� �a�l�l� �o�f� �t�h�e� �u�n�k�n�o�w�n� �c�o�n�s�t�a�n�t�s� �i�n� �t�h�e� �d�i�s�p�l�a�c�e�-� 

�m�e�n�t� �f�u�n�c�t�i�o�n�s� �c�a�n� �b�e�_� �f�o�u�n�d�.� �S�o�m�e� �i�n�t�u�i�t�i�v�e� �s�t�e�p�s� �t�h�a�t� �a�r�e� �n�o�t� �n�e�e�d�e�d� �i�n� �t�h�e� 

�c�o�m�p�u�t�a�t�i�o�n�a�l�l�y�-�s�i�m�p�l�e�r� �t�h�r�e�e�-�l�a�y�e�r� �m�o�d�e�l� �a�r�e� �n�e�c�e�s�s�a�r�y� �i�n� �t�h�e� �f�i�v�e�-�l�a�y�e�r� �m�o�d�e�l� �t�o� �m�a�k�e� �t�h�e� 

�f�o�r�m� �o�f� �t�h�e� �s�o�l�u�t�i�o�n� �u�s�e�f�u�l�;� �t�h�e�s�e� �s�t�e�p�s� �a�r�e� �s�u�p�p�o�r�t�e�d� �b�y� �n�u�m�e�r�i�c�a�l� �e�v�i�d�e�n�c�e�,� �a�n�d� �t�h�e� �n�e�e�d� 

�f�o�r� �t�h�e� �s�i�m�p�l�e�r� �f�o�r�m�,� �t�o� �e�f�f�e�c�t� �t�h�e� �i�n�v�e�r�s�i�o�n� �o�f� �t�h�e� �L�a�p�l�a�c�e� �t�r�a�n�s�f�o�r�m�,� �w�a�s� �p�r�e�v�i�o�u�s�l�y� �e�x�p�l�a�i�n�e�d� 

�i�n� �t�h�e� �d�i�s�c�u�s�s�i�o�n� �o�f� �t�h�e� �c�o�r�r�e�s�p�o�n�d�e�n�c�e� �p�r�i�n�c�i�p�l�e� �o�f� �v�i�s�c�o�e�l�a�s�t�i�c�i�t�y�.� �A�t� �t�h�i�s� �p�o�i�n�t�,� �t�h�e� �e�l�a�s�t�i�c� 

�p�r�o�b�l�e�m� �i�s� �c�o�m�p�l�e�t�e�l�y� �s�o�l�v�e�d�.� �T�h�e� �n�e�x�t� �a�n�d� �f�i�n�a�l� �s�t�e�p� �i�s� �t�o� �i�n�c�o�r�p�o�r�a�t�e� �t�h�e� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� 

�m�a�t�e�r�i�a�l� �b�e�h�a�v�i�o�r� �i�n�t�o� �t�h�e� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �b�e�a�m� �a�s� �p�r�e�d�i�c�t�e�d� �b�y� �t�h�e� �m�o�d�e�l�s�.� �T�h�i�s� �f�i�n�a�l� �s�t�e�p� 

�i�s� �a�c�c�o�m�p�l�i�s�h�e�d� �b�y� �a�p�p�l�y�i�n�g� �t�h�e� �c�o�r�r�e�s�p�o�n�d�e�n�c�e� �p�r�i�n�c�i�p�l�e� �o�f� �v�i�s�c�o�e�l�a�s�t�i�c�i�t�y�.� �R�e�c�a�l�l� �t�h�e� �e�a�r�l�i�e�r� 

�d�i�s�c�u�s�s�i�o�n� �o�f� �t�h�i�s� �p�r�i�n�c�i�p�l�e�;� �i�t� �w�a�s� �S�t�a�t�e�d� �t�h�a�t� �t�h�e� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �m�u�s�t� �a�p�p�e�a�r� �e�x�p�l�i�c�i�t�l�y� 

�i�n� �t�h�e� �e�l�a�s�t�i�c� �s�o�l�u�t�i�o�n� �t�o� �a�p�p�l�y� �t�h�e� �c�o�r�r�e�s�p�o�n�d�e�n�c�e� �p�r�i�n�c�i�p�l�e� �i�n� �a� �s�i�m�p�l�e� �f�a�s�h�i�o�n�.� �A�s� �a� �r�e�s�u�l�t�,� 

�s�i�m�p�l�e� �f�u�n�c�t�i�o�n�s� �f�o�r� �t�h�e� �t�i�m�e�-�d�e�p�e�n�d�e�n�c�e� �o�f� �t�h�e� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �a�r�e� �c�h�o�s�e�n� �i�n� �C�h�a�p�t�e�r�s� 

�4� �a�n�d� �6� �t�o� �d�e�m�o�n�s�t�r�a�t�e� �t�h�e� �u�s�e� �o�f� �t�h�e� �c�o�r�r�e�s�p�o�n�d�e�n�c�e� �p�r�i�n�c�i�p�l�e� �a�n�d� �t�o� �p�r�o�v�i�d�e� �i�n�f�o�r�m�a�t�i�o�n� 

�r�e�g�a�r�d�i�n�g� �t�h�e� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �r�e�f�l�e�c�t�o�r� �s�e�g�m�e�n�t�s�.� �I�n� �C�h�a�p�t�e�r� �8�,� �a�n� �a�t�t�e�m�p�t� �i�s� 

�m�a�d�e� �t�o� �s�e�l�e�c�t� �t�i�m�e� �f�u�n�c�t�i�o�n�s� �w�h�i�c�h� �c�l�o�s�e�l�y� �m�a�t�c�h� �t�h�e� �m�a�t�e�r�i�a�l� �b�e�h�a�v�i�o�r� �a�s� �f�o�u�n�d� �b�y� �t�h�e� �e�x�-� 

�p�e�r�i�m�e�n�t�s�.� 

�I�n� �r�e�v�i�e�w�,� �t�h�e� �s�t�e�p�s� �f�o�r� �d�e�v�e�l�o�p�i�n�g� �t�h�e� �t�h�r�e�e�-�l�a�y�e�r� �a�n�d� �f�i�v�e�-�l�a�y�e�r� �m�o�d�e�l�s� �a�r�e� �t�h�e� �s�a�m�e�.� 

�F�i�r�s�t�,� �a� �d�i�s�p�l�a�c�e�m�e�n�t� �f�i�e�l�d� �i�s� �a�s�s�u�m�e�d�.� �N�e�x�t�,� �t�h�e� �s�t�r�a�i�n� �f�i�e�l�d� �i�s� �f�o�u�n�d� �b�y� �a�p�p�l�y�i�n�g� �t�h�e� �s�t�r�a�i�n�-� 

�d�i�s�p�l�a�c�e�m�e�n�t� �r�e�l�a�t�i�o�n�s�.� �T�h�i�r�d�,� �t�h�e� �t�o�t�a�l� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �i�s� �w�r�i�t�t�e�n� �u�s�i�n�g� �t�h�e�s�e� �s�t�r�a�i�n�s�.� �A�p�-� 

�p�l�i�c�a�t�i�o�n� �o�f� �t�h�e� �p�r�i�n�c�i�p�l�e� �o�f� �s�t�a�t�i�o�n�a�r�y� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �i�s� �t�h�e� �f�o�u�r�t�h� �s�t�e�p�;� �i�t� �y�i�e�l�d�s� �t�h�e� �E�u�l�e�r� 

�e�q�u�a�t�i�o�n�s� �a�n�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �w�h�i�c�h� �g�o�v�e�r�n� �t�h�e� �p�r�o�b�l�e�m�.� �T�h�e�n�,� �t�h�e� �f�i�f�t�h� �a�n�d� �s�i�x�t�h� �s�t�e�p�s� 

�a�r�e� �t�o� �s�o�l�v�e� �t�h�e� �E�u�l�e�r� �e�q�u�a�t�i�o�n�s� �f�o�r� �t�h�e� �f�o�r�m� �o�f� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �f�u�n�c�t�i�o�n�s� �a�n�d� �t�o� �f�i�n�d� �t�h�e� 

�u�n�k�n�o�w�n� �c�o�n�s�t�a�n�t�s� �i�n� �t�h�e�s�e� �f�u�n�c�t�i�o�n�s� �b�y� �a�p�p�l�y�i�n�g� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�.� �F�i�n�a�l�l�y�,� �t�h�e� �c�o�r�-� 

�r�e�s�p�o�n�d�e�n�c�e� �p�r�i�n�c�i�p�l�e� �o�f� �v�i�s�c�o�e�l�a�s�t�i�c�i�t�y� �i�s� �u�s�e�d� �t�o� �r�e�v�e�a�l� �t�h�e� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� �s�o�l�u�t�i�o�n�.� 

�T�h�e� �n�e�x�t� �c�h�a�p�t�e�r� �f�o�c�u�s�e�s� �o�n� �t�h�e�s�e� �s�t�e�p�s� �f�o�r� �t�h�e� �t�h�r�e�e�-�l�a�y�e�r� �b�e�a�m� �m�o�d�e�l�.� 

�C�h�a�p�t�e�r� �2� �-� �N�o�m�e�n�c�i�a�t�u�r�e� �a�n�d� �P�r�o�c�e�d�u�r�e� �f�o�r� �t�h�e� �D�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e� �M�o�d�e�l�s� �2�4



�C�h�a�p�t�e�r� �3� �-� �D�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e� �T�h�r�e�e�-�L�a�y�e�r� 

�S�a�n�d�w�i�c�h� �B�e�a�m� �M�o�d�e�l� 

�B�e�f�o�r�e� �t�h�e� �m�o�r�e� �c�o�m�p�l�i�c�a�t�e�d� �f�i�v�e�-�l�a�y�e�r� �b�e�a�m� �m�o�d�e�l� �w�a�s� �a�t�t�e�m�p�t�e�d�,� �a� �t�h�r�e�e�-�l�a�y�e�r� �b�e�a�m� 

�m�o�d�e�l� �w�a�s� �s�t�u�d�i�e�d�.� �T�h�e� �c�o�m�p�u�t�a�t�i�o�n�a�l�l�y� �s�i�m�p�l�e�r� �t�h�r�e�e�-�l�a�y�e�r� �m�o�d�e�l� �y�i�e�l�d�e�d� �i�n�s�i�g�h�t� �i�n�t�o� �t�h�e� 

�s�o�l�u�t�i�o�n� �a�n�d� �t�h�e� �s�o�l�u�t�i�o�n� �t�e�c�h�n�i�q�u�e�s� �f�o�r� �t�h�e� �f�i�v�e�-�l�a�y�e�r� �m�o�d�e�l�.� �A�l�s�o�,� �b�e�c�a�u�s�e� �t�h�e� �a�d�h�e�s�i�v�e� 

�l�a�y�e�r�s� �o�n� �t�h�e� �a�c�t�u�a�l� �s�t�r�u�c�t�u�r�e� �a�r�e� �q�u�i�t�e� �t�h�i�n�,� �t�h�e� �t�h�r�e�e� �l�a�y�e�r� �m�o�d�e�l� �c�a�n� �b�e� �c�o�n�s�i�d�e�r�e�d� �s�o�m�e�-� 

�w�h�a�t� �r�e�p�r�e�s�e�n�t�a�t�i�v�e� �o�f� �t�h�e� �s�a�n�d�w�i�c�h� �r�e�f�l�e�c�t�o�r� �s�e�g�m�e�n�t�s�.� �A�d�d�i�t�i�o�n�a�l�l�y�,� �b�e�c�a�u�s�e� �o�f� �t�h�e� �d�i�f�f�i�c�u�l�t�y� 

�o�f� �m�e�a�s�u�r�i�n�g� �t�h�e� �m�a�t�e�r�i�a�!� �p�r�o�p�e�r�t�i�e�s� �o�f� �o�n�l�y� �t�h�e� �h�o�n�e�y�c�o�m�b� �c�o�r�e�,� �a�n� �a�r�g�u�m�e�n�t� �c�a�n� �b�e� �m�a�d�e� 

�f�o�r� �u�s�i�n�g� �t�h�e� �e�f�f�e�c�t�i�v�e� �o�r� �c�o�m�b�i�n�e�d� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �h�o�n�e�y�c�o�m�b� �m�a�t�e�r�i�a�l� �a�n�d� �t�h�e� 

�a�d�h�e�s�i�v�e� �a�s� �t�h�e� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �c�o�r�e�.� 

�D�i�s�p�l�a�c�e�m�e�n�t� �F�i�e�l�d� 

�T�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �f�i�e�l�d� �f�o�r� �t�h�e� �t�h�r�e�e�-�l�a�y�e�r� �m�o�d�e�l� �m�u�s�t� �p�r�o�p�e�r�l�y� �a�c�c�o�u�n�t� �f�o�r� �t�h�e� �c�o�n�t�r�i�b�-� 

�u�t�i�o�n� �t�h�a�t� �t�h�e� �f�a�c�e� �s�h�e�e�t�s� �a�n�d� �t�h�e� �h�o�n�e�y�c�o�m�b� �c�o�r�e� �m�a�k�e� �t�o�w�a�r�d� �t�h�e� �o�v�e�r�a�l�l� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� 

�C�h�a�p�t�e�r� �3� �-� �D�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e� �T�h�r�e�e�-�L�a�y�e�r� �S�a�n�d�w�i�c�h� �B�e�a�m� �M�o�d�e�l� �2�5
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�F�i�g�u�r�e� �7�.� �D�i�s�p�l�a�c�e�m�e�n�t� �F�i�e�l�d� �o�f� �t�h�e� �T�h�r�e�e�-�L�a�y�e�r� �S�a�n�d�w�i�c�h� �B�e�a�m� �M�o�d�e�l� 

�s�a�n�d�w�i�c�h� �b�e�a�m�.� �A�s� �e�x�p�l�a�i�n�e�d� �i�n� �C�h�a�p�t�e�r� �2�,� �e�a�c�h� �l�a�y�e�r� �i�s� �a�s�s�u�m�e�d� �t�o� �h�a�v�e� �b�o�t�h� �e�x�t�e�n�s�i�o�n�a�l� 

�a�n�d� �s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n�s�,� �a�n�d� �t�o� �s�h�e�a�r� �i�n�d�e�p�e�n�d�e�n�t�l�y� �o�f� �t�h�e� �o�t�h�e�r� �l�a�y�e�r�s�.� �T�h�u�s�,� �e�a�c�h� �p�o�i�n�t� �i�n� 

�e�a�c�h� �l�a�y�e�r� �d�i�s�p�l�a�c�e�s� �a�n� �a�m�o�u�n�t� �u�%�(�x�)� �i�n� �t�h�e� �x� �d�i�r�e�c�t�i�o�n� �d�u�e� �t�o� �t�h�e� �m�i�d�s�u�r�f�a�c�e� �d�i�s�p�l�a�c�e�m�e�n�t� 

�u�°�(�x�)� �a�n�d� �a�n� �a�m�o�u�n�t� �w�h�i�c�h� �d�e�p�e�n�d�s� �o�n� �t�h�e� �r�o�t�a�t�i�o�n� �a�n�g�l�e�,� �e�i�t�h�e�r� �¢�(�x�)� �f�o�r� �t�h�e� �c�o�r�e� �o�r� �W�(�x�)� �f�o�r� 

�t�h�e� �f�a�c�e� �s�h�e�e�t�s�.� �A�l�s�o�,� �e�a�c�h� �l�a�y�e�r� �d�i�s�p�l�a�c�e�s� �u�n�i�f�o�r�m�l�y� �d�o�w�n�w�a�r�d� �i�n� �t�h�e� �z� �d�i�r�e�c�t�i�o�n� �a�n� �a�m�o�u�n�t� 

�w�°�(�x�}�.� �B�e�c�a�u�s�e� �t�h�e� �m�o�d�e�l� �i�s� �a� �b�e�a�m�,� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �i�n� �t�h�e� �x� �a�n�d� �z� �d�i�r�e�c�t�i�o�n�s� �a�r�e� �n�o�t� �d�e�-� 

�p�e�n�d�e�n�t� �o�n�y�.� �T�h�e� �x�-�d�i�r�e�c�t�i�o�n� �d�i�s�p�l�a�c�e�m�e�n�t�s�,� �a�l�o�n�g� �w�i�t�h� �t�h�e� �g�e�o�m�e�t�r�y� �a�n�d� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� 

�f�o�r� �e�a�c�h� �l�a�y�e�r�,� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �7�.� �T�h�u�s�,� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �f�i�e�l�d� �i�n� �t�h�e� �x�-�z� �p�l�a�n�e� �i�s� 

�u�(�x�)� �+� �h�(�x�)�  �� �(�2�+� �h�y�o�)� �( ��H�<�z�< ��h�)� 
�u�(�X�x�,�z�)� �=� �u�(�x�)�  �� �2�(�x�)� �( ��n�h�<�z�<� �t�h�)� 

�u�(�x�)�  �� �h�(�x�)�  �� �(�2 ��h�)�y�(�x�)� �(�+�h� �<�z�<� �+�H�)� �(�3�.�1�)� 

�w�(�X�,�Z�)� �=� �W�(�x�)� �,� �a�l�l� �2�.� 

�C�h�a�p�t�e�r� �3� �-� �D�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e� �T�h�r�e�e�-�L�a�y�e�r� �S�a�n�d�w�i�c�h� �B�e�a�m� �M�o�d�e�l� �2�6



�B�e�c�a�u�s�e� �t�h�e� �z� �d�i�s�p�l�a�c�e�m�e�n�t�,� �w�,� �i�s� �o�n�l�y� �a� �f�u�n�c�t�i�o�n� �o�f� �x�,� �t�h�e� �n�o�t�a�t�i�o�n� �w�®�(�x�)� �w�i�l�l� �b�e� �r�e�p�l�a�c�e�d� �b�y� 

�w�(�x�)� �h�e�r�e�a�f�t�e�r�.� �A�d�d�i�t�i�o�n�a�l�l�y�,� �u�(�x�)� �w�i�l�l� �r�e�p�l�a�c�e� �u�°�(�x�)�.� 

�S�t�r�a�i�n� �F�i�e�l�d� 

�A�p�p�l�y�i�n�g� �t�h�e� �s�t�r�a�i�n�-�d�i�s�p�l�a�c�e�m�e�n�t� �r�e�l�a�t�i�o�n�s� �a�s� �g�i�v�e�n� �i�n� �E�q�u�a�t�i�o�n� �2�.�2�1� �t�o� �t�h�e� �a�s�s�u�m�e�d� �d�i�s�-� 

�p�l�a�c�e�m�e�n�t� �f�i�e�l�d� �t�o� �f�i�n�d� �t�h�e� �s�t�r�a�i�n� �c�o�m�p�o�n�e�n�t�s� �c�,� �a�n�d� �y�y�.� �y�i�e�l�d�s� 

�d�u� �d�p� �d�y� �d�w� 
�d�x� �+� �O�y� �7� �+�N� �G�Y� �~�y�t�o� �(�-�H� �<�z�<�-�h�)� 

�x�=� �\� �a�x� �2� �a�x� �y�e� �=� �(�  �� �$�+� �S�e� �(�-�h�s�z�<�t�h�)� �(�3�.�2�)� 

�d�u�,� �d�¢� �d�y� �d�w� 
�d�x� �~� �g�x� �2� �M�Y�  ��y�v�+�p� �(�+�h�<�z�<�+�H�)�.� 

�T�h�e�s�e� �s�t�r�a�i�n�s� �a�r�e� �n�e�e�d�e�d� �i�n� �t�h�e� �t�o�t�a�l� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �e�x�p�r�e�s�s�i�o�n�.� 

�P�r�i�n�c�i�p�l�e� �o�f� �S�t�a�t�i�o�n�a�r�y� �P�o�t�e�n�t�i�a�l� �E�n�e�r�g�y� 

�I�n� �g�e�n�e�r�a�l�,� �t�o� �a�p�p�l�y� �t�h�e� �p�r�i�n�c�i�p�l�e� �o�f� �s�t�a�t�i�o�n�a�r�y� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y�,� �t�h�e� �f�i�r�s�t� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� 

�t�o�t�a�l� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �i�s� �s�e�t� �e�q�u�a�l� �t�o� �z�e�r�o�.� �T�h�e� �r�e�s�u�l�t�i�n�g� �e�q�u�a�t�i�o�n� �o�r� �e�q�u�a�t�i�o�n�s�,� �c�a�l�l�e�d� �t�h�e� 

�E�u�l�e�r� �e�q�u�a�t�i�o�n�s�,� �a�n�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �e�n�s�u�r�e� �e�q�u�i�l�i�b�r�i�u�m� �a�n�d� �g�o�v�e�r�n� �t�h�e� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� 

�s�y�s�t�e�m�.� �F�o�r� �t�h�e� �t�h�r�e�e�-�l�a�y�e�r� �b�e�a�m� �m�o�d�e�l�,� �t�h�e�r�e� �a�r�e� �f�o�u�r� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m�:� �t�h�e� �d�i�s�p�l�a�c�e�-� 

�m�e�n�t�s� �u�,� �w�,� �@� �a�n�d� �w�y�.� �T�h�e�r�e�f�o�r�e�,� �f�o�u�r� �e�q�u�a�t�i�o�n�s� �a�n�d� �f�o�u�r� �s�e�t�s� �o�f� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �r�e�s�u�l�t� 

�f�r�o�m� �a�p�p�l�y�i�n�g� �t�h�e� �p�r�i�n�c�i�p�l�e�.� �S�p�e�c�i�f�i�c�a�l�l�y�,� �f�o�r� �t�h�e� �t�h�r�e�e�-�l�a�y�e�r� �b�e�a�m� �m�o�d�e�l�,� �t�h�e� �t�o�t�a�l� �p�o�t�e�n�t�i�a�l� 

�e�n�e�r�g�y� �m�u�s�t� �f�i�r�s�t� �b�e� �w�r�i�t�t�e�n� �a�s� �a� �f�u�n�c�t�i�o�n�a�l� �o�f� �t�h�e� �f�u�n�c�t�i�o�n�s� �u�(�x�)�,� �(�x�)�,� �(�x�)� �a�n�d� �w�(�x�)�.� �T�h�e� �f�i�r�s�t� 

�C�h�a�p�t�e�r� �3� �-� �D�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e� �T�h�r�e�e�-�L�a�y�e�r� �S�a�n�d�w�i�c�h� �B�e�a�m� �M�o�d�e�l� �2�7



�v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �t�o�t�a�l� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �i�s� �t�a�k�e�n� �a�n�d� �i�n�t�e�g�r�a�t�i�o�n� �b�y� �p�a�r�t�s� �i�s� �u�s�e�d�.� �T�h�e� �g�o�v�e�r�n�i�n�g� 

�c�o�n�d�i�t�i�o�n�s� �t�h�e�n� �f�o�l�l�o�w�.� 

�T�h�e� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �t�o�t�a�l� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �o�f� �t�h�e� �b�e�a�m� �i�s� �g�i�v�e�n� �b�y� �E�q�u�a�t�i�o�n� �2�.�2�7�,� �a�n�d� 

�i�s� �r�e�p�e�a�t�e�d� �h�e�r�e� �f�o�r� �c�o�n�v�e�n�i�e�n�c�e�:� 

�+�H� 
�1� �2� �2� �.� �n�=� �>� �J�.� �i�-� �[�E�(�z�)�e�x� �+� �G�(�z�)�v�x�g�  �� �E�(�z�)�a�(�z�)�A�T�(�z�)�e�,�|�d�z�d�x�  �� �P�r�w�l�,� �_� �.�.� �(�3�.�3�)� 

�T�h�e� �i�n�t�e�g�r�a�l� �o�v�e�r� �t�h�e� �l�i�m�i�t�s� �z� �=� �-�H� �t�o� �z� �=� �+�H�,� �t�h�r�o�u�g�h� �t�h�e� �t�h�i�c�k�n�e�s�s� �o�f� �t�h�e� �b�e�a�m�,� �c�a�n� �b�e� 

�l�o�g�i�c�a�l�l�y� �s�e�p�a�r�a�t�e�d� �i�n�t�o� �t�h�r�e�e� �i�n�t�e�g�r�a�l�s�,� �o�n�e� �f�o�r� �e�a�c�h� �l�a�y�e�r�.� �D�o�i�n�g� �t�h�i�s�,� �t�h�e� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� 

�E�,� �G� �a�n�d� �«� �b�e�c�o�m�e� �c�o�n�s�t�a�n�t� �w�i�t�h�i�n� �e�a�c�h� �i�n�t�e�g�r�a�l�.� �A�l�s�o�,� �a� �t�h�e�r�m�a�l� �g�r�a�d�i�e�n�t� �w�h�i�c�h� �i�s� �l�i�n�e�a�r� �i�n� 

�z� �w�i�l�l� �b�e� �c�o�n�s�i�d�e�r�e�d�:� �t�h�e� �g�r�a�d�i�e�n�t� �i�s� �a�s�s�u�m�e�d� �t�o� �h�a�v�e� �t�h�e� �f�o�r�m� 

�A�T� �=�a�+� �b�z�,� �(�3�.�4�)� 

�w�h�e�r�e� �a� �a�n�d� �b� �a�r�e� �c�o�n�s�t�a�n�t�s�.� �W�i�t�h� �t�h�i�s� �f�o�r�m�u�l�a�t�i�o�n�,� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �o�f� �t�h�e� �g�e�o�m�e�t�r�i�c� 

�m�i�d�p�l�a�n�e� �o�f� �t�h�e� �b�e�a�m� �i�s� �d�e�n�o�t�e�d� �b�y� �t�h�e� �c�o�n�s�t�a�n�t� �a�.� �T�h�e� �t�o�t�a�l� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �c�a�n� �b�e� �r�e�w�r�i�t�-� 

�t�e�n�,� �a�n�d� �i�s� 

 ��h� 

�I�l� �=� �|� �|� �[�E�,�%� �+� �G�y�,� �-� �E�,�a�,�(�a� �+� �b�z�)�e�,� �|�d�z� 

�2� �L �� �H� 

�+�h� 
�+� �|� �[�E�n�e�x� �+� �G�o�v�e�g�  �� �E�a�g�(�a� �+� �b�z�)�e�,� �j�a�z� �(�3�.�5�)� 

�x�*� �*� 

�+�H� 
�+� �i�]� �[�E�x�e�x� �+� �G�i�y�e�g�  �� �E�y�a�y�(�a�t� �v�a�t�e�  �� �P�r�w�l� 

�+�h� 

�B�y� �s�u�b�s�t�i�t�u�t�i�n�g� �t�h�e� �a�p�p�r�o�p�r�i�a�t�e� �e�x�p�r�e�s�s�i�o�n�s� �f�o�r� �t�h�e� �s�t�r�a�i�n�s� �e�,� �a�n�d� �y�.�.� �f�r�o�m� �E�q�u�a�t�i�o�n� �3�.�2� �a�n�d� 

�p�e�r�f�o�r�m�i�n�g� �t�h�e� �z� �i�n�t�e�g�r�a�t�i�o�n�,� �t�h�e� �f�o�l�l�o�w�i�n�g� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �t�o�t�a�l� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �i�s� �o�b�t�a�i�n�e�d�:� 
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�2� �2� 
�d� �d� �d� 

�+� �(�=�)� �(�s�e�r�)� �+� �(�S�r�)� �(�G�i�t�y� �+� �G�a�h�)� �+� �(� �)�(�E� �e�n�t�)� 

�$� �v� �:� �*�(�G�y�h�)� �+� �W�U�G�i�t�)�)� �+� �¥� �(�S�Y� �)�(�-�2�9�,�4�)� �+� �6�(�-�S�*� �)�(�-�2�e�r�m�)� 
�2� 

�G� 

�d�u� �d�y� �1� �1� �4�3� �+�  ��a�(� �S�E� �)�E�,�a�y�t� �+� �E�g�a�g�h�)� �+� �(�G�e�)� �|� �e�r�a�a�(� �F�m�t� �+� �+�8�)� 

�d�d� �2� �1� �4�2� �1� �3� �.� �+� �0�(� �S�E� �)�[�e�s�i�(�n�t�y� �+� �n�t�)� �+� �e�a�n�o�(� �$� �n�°�)� �J�l� �-� �P�l�,� 

�(�3�.�6�)� 

�T�h�i�s� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �t�o�t�a�l� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �i�s� �i�n� �t�h�e� �f�u�n�c�t�i�o�n�a�l� �f�o�r�m� �n�e�c�e�s�s�a�r�y� �f�o�r� �a�p�p�l�y�i�n�g� 

�t�h�e� �p�r�i�n�c�i�p�l�e� �o�f� �s�t�a�t�i�o�n�a�r�y� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y�.� 

�T�o� �s�i�m�p�l�i�f�y� �t�h�e� �p�r�e�v�i�o�u�s� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y�,� �a�l�l�o�w� �u �� �t�o� �r�e�p�r�e�s�e�n�t� �t�h�e� �f�i�r�s�t� 
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�a�n�d� �e�i�t�h�e�r� 

�(�6�7� �+� �c�9�)�(� �S�¢�)� �-� �e�y�  �� �C�o�p� �=� �P�*� �o�r� �W�w�W� �=� �W�w�W�"� 

�(�3�.�1�8�)� 

�T�h�e� �q�u�a�n�t�i�t�i�e�s� �u�*�,� �¢�*�,� �y�*� �a�n�d� �w�*� �a�r�e� �t�h�e� �k�n�o�w�n� �v�a�l�u�e�s� �o�f� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �v�a�r�i�a�b�l�e�s�.� 
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�S�o�l�u�t�i�o�n� �o�f� �E�u�l�e�r� �E�q�u�a�t�i�o�n�s� �f�o�r� �D�i�s�p�l�a�c�e�m�e�n�t� �F�u�n�c�t�i�o�n�s� 

�T�o� �r�e�v�i�e�w� �b�r�i�e�f�l�y� �b�e�f�o�r�e� �p�r�o�c�e�e�d�i�n�g�,� �a�n� �a�s�s�u�m�e�d� �d�i�s�p�l�a�c�e�m�e�n�t� �f�i�e�l�d� �w�a�s� �u�s�e�d� �t�o� �f�i�n�d� �t�h�e� 

�s�t�r�a�i�n� �f�i�e�l�d� �f�o�r� �t�h�e� �t�h�r�e�e�-�l�a�y�e�r� �m�o�d�e�l�.� �T�h�e�s�e� �s�t�r�a�i�n�s�,� �a�l�o�n�g� �w�i�t�h� �a�n� �e�x�t�e�r�n�a�l�l�y� �a�p�p�l�i�e�d� �l�o�a�d� �a�n�d� 

�l�i�n�e�a�r� �t�h�e�r�m�a�l� �g�r�a�d�i�e�n�t�,� �w�e�r�e� �u�s�e�d� �t�o� �f�i�n�d� �t�h�e� �t�o�t�a�l� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y�,� �I�I�,� �o�f� �t�h�e� �b�e�a�m�.� �T�h�e� 

�p�r�i�n�c�i�p�l�e� �o�f� �s�t�a�t�i�o�n�a�r�y� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y�,� �w�h�e�n� �a�p�p�l�i�e�d� �t�o� �F�I�,� �y�i�e�l�d�e�d� �f�o�u�r� �E�u�l�e�r� �e�q�u�a�t�i�o�n�s� �a�n�d� 

�f�o�u�r� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �f�o�r� �t�h�e� �m�o�d�e�l�.� �N�o�w�,� �t�h�e� �f�o�u�r� �E�u�l�e�r� �e�q�u�a�t�i�o�n�s�,� �w�h�i�c�h� �a�r�e� �s�i�m�p�l�y� �f�o�u�r� 

�c�o�u�p�l�e�d� �o�r�d�i�n�a�r�y� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�s�,� �w�i�l�l� �b�e� �s�o�l�v�e�d� �f�o�r� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �f�u�n�c�t�i�o�n�s�.� �T�h�e�s�e� 

�f�u�n�c�t�i�o�n�s� �w�i�l�l� �s�t�i�l�l� �c�o�n�t�a�i�n� �u�n�k�n�o�w�n� �c�o�n�s�t�a�n�t�s� �w�h�i�c�h� �w�i�l�l� �l�a�t�e�r� �b�e� �d�e�t�e�r�m�i�n�e�d� �b�y� �a�p�p�l�y�i�n�g� �s�p�e�-� 

�c�i�f�i�c� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �t�o� �t�h�e� �p�r�o�b�l�e�m�.� �F�i�r�s�t�,� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �E�u�l�e�r� �e�q�u�a�t�i�o�n�s� �w�i�l�l� �b�e� 

�p�r�e�s�e�n�t�e�d�.� 

�S�o�l�u�t�i�o�n� �f�o�r� �u�(�x�)� 

�F�i�r�s�t�,� �n�o�t�i�c�e� �t�h�a�t� �t�h�e� �f�u�n�c�t�i�o�n� �u�(�x�)� �i�s� �d�e�c�o�u�p�l�e�d� �f�r�o�m� �t�h�e� �r�e�s�t� �o�f� �t�h�e� �p�r�o�b�l�e�m� �b�e�c�a�u�s�e� �i�t� �-� 

�a�p�p�e�a�r�s� �a�l�o�n�e� �i�n� �o�n�l�y� �o�n�e� �E�u�l�e�r� �e�q�u�a�t�i�o�n� �a�n�d� �o�n�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�.� �T�h�e� �s�o�l�u�t�i�o�n� �f�o�r� �u�(�x�)� 

�f�r�o�m� �i�t�s� �e�q�u�a�t�i�o�n�,� 

�d�*�u� �2�,� �2�4�%� �\�)�=�0� �.� �(�3�.�1�9�)� 
�(�  ��|� 

�m�u�s�t� �n�e�c�e�s�s�a�r�i�l�y� �b�e� �a� �l�i�n�e�a�r� �f�u�n�c�t�i�o�n� �o�f� �x�,� �s�p�e�c�i�f�i�c�a�l�l�y�,� 

�u�(�x�)� �=� �U�y�X� �+� �U�g� �,� �(�3�.�2�0�)� 

�w�h�e�r�e� �u�,� �a�n�d� �u�p� �a�r�e� �c�o�n�s�t�a�n�t�s� �o�f� �i�n�t�e�g�r�a�t�i�o�n�.� �B�e�c�a�u�s�e� �t�h�e� �i�n�t�e�r�e�s�t� �h�e�r�e� �w�i�l�l� �f�o�c�u�s� �o�n� �s�t�u�d�y�i�n�g� 

�t�h�e� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� �o�u�t�-�o�f�-�p�l�a�n�e� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �s�a�n�d�w�i�c�h� �b�e�a�m�s�,� �w�(�x�)�,� �t�h�e� �s�o�l�u�t�i�o�n� �t�o� �u�(�x�)� 

�w�i�l�l� �n�o�t� �b�e� �d�i�s�c�u�s�s�e�d� �f�u�r�t�h�e�r�.� 
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�S�o�l�u�t�i�o�n� �f�o�r� �w�(�x�)�,� �w�(�x�)� �a�n�d� �(�x�)� 

�R�e�f�e�r�r�i�n�g� �t�o� �E�q�u�a�t�i�o�n� �3�.�1�6�,� �t�h�e� �s�o�l�u�t�i�o�n� �f�o�r� �t�h�e� �r�e�m�a�i�n�i�n�g� �f�u�n�c�t�i�o�n�s� �w�(�x�)�,� �¢�(�x�)� �a�n�d� �w�(�x�)� �c�a�n� 

�b�e� �s�e�e�n� �t�o� �i�n�v�o�l�v�e� �o�n�l�y� �t�h�e� �l�a�s�t� �t�h�r�e�e� �e�q�u�a�t�i�o�n�s�,� �w�h�i�c�h� �a�r�e� �c�o�u�p�l�e�d�.� �T�o� �f�i�n�d� �t�h�i�s� �p�o�r�t�i�o�n� �o�f� �t�h�e� 

�b�e�a�m ��s� �r�e�s�p�o�n�s�e�,� �a�s�s�u�m�e� �a� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �f�o�r�m� 

�w�(�x�)� �=� �w�e�*� 

�$�(�x�)� �=� �f�e� �(�3�.�2�1�)� 

�v�(�x�)� �=� �s�e �� 

�w�h�e�r�e� �/� �i�s� �u�n�k�n�o�w�n� �a�n�d� �f�,� �s� �a�n�d� �w� �a�r�e� �c�o�n�s�t�a�n�t�s� �w�h�i�c�h� �a�r�e� �y�e�t� �t�o� �b�e� �d�e�t�e�r�m�i�n�e�d�.� �T�h�e�s�e� �a�s�-� 

�s�u�m�e�d� �f�u�n�c�t�i�o�n�s� �c�a�n� �b�e� �s�u�b�s�t�i�t�u�t�e�d� �i�n�t�o� �t�h�e� �t�h�r�e�e� �r�e�m�a�i�n�i�n�g� �E�u�l�e�r� �e�q�u�a�t�i�o�n�s�.� �D�o�i�n�g� �s�o� �y�i�e�l�d�s� 

�(�2�c�,� �2� �-� �C�g�)� �(�c�3�2 ��)� �(�C�g�A�)� �f�e�2�*� �0� 

�(�c�3�°�)� �(�2�c�g�4�? ��c�,�)� �(�6�7�)� �s�e�x� �>� �=� �1�0�}� �.� �(�3�.�2�2�)� 

�(�C�g�/�)� �(�c�7�A�)�  �� �1�(�c�7� �+�  ¬�9�)�|� �|� �w�e�*�*� �0� 

�T�h�i�s� �s�e�t� �o�f� �e�q�u�a�t�i�o�n�s� �h�a�s� �a� �n�o�n�-�t�r�i�v�i�a�l� �s�o�l�u�t�i�o�n� �o�n�l�y� �w�h�e�n� �t�h�e� �d�e�t�e�r�m�i�n�a�n�t� �o�f� �t�h�e� �m�a�t�r�i�x� �h�a�s� 

�b�e�e�n� �f�o�r�c�e�d� �t�o� �b�e� �z�e�r�o�,� �o�r� 

�(�2�c�,� �2�?� �-� �C�g�)� �(�c�3�A�°�)� �(�C�g�)� 

�(�c�3�2 ��)� �(�2�c�g�a�? ��c�7�)� �( ¬�7�4�)� �=� �0� �(�3�.�2�3�)� 
�(�c�o�d�)� �(�c�7�A�)�  �� �1�°�(�c�7� �+� �C�g�)� 

�F�i�n�d�i�n�g� �t�h�e� �c�o�n�d�i�t�i�o�n�s� �u�n�d�e�r� �w�h�i�c�h� �t�h�e� �d�e�t�e�r�m�i�n�a�n�t� �i�s� �z�e�r�o� �c�a�n� �b�e� �a�c�c�o�m�p�l�i�s�h�e�d� �b�y� �f�i�n�d�i�n�g� 

�t�h�e� �r�o�o�t�s� �o�f� �t�h�e� �s�i�x�t�h� �o�r�d�e�r� �p�o�l�y�n�o�m�i�a�l� 

�A�°�(�4�c�y�e�g�  ��  ¬�§�3�)�(�C�7� �+� �C�g�)�  �� �A�*�(�2�c�7�C�g�)�(�e�y� �+� �C�z� �+� �C�e�)� �=� �0�.� �(�3�.�2�4�)� 

�E�q�u�a�t�i�o�n� �3�.�2�4� �i�s� �s�a�t�i�s�f�i�e�d� �w�h�e�n� �f�o�u�r� �o�f� �t�h�e� �r�o�o�t�s� �a�r�e� �z�e�r�o�,� �o�r� �4�;� �=� �4�,�2� �=� �J�;� �=� �4�4� �=� �0�,� �a�n�d� �t�h�e� 

�r�e�m�a�i�n�i�n�g� �r�o�o�t�s� �a�r�e� 
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�H�e�n�c�e�f�o�r�t�h�,� �t�h�e� �s�y�m�b�o�l� �4� �w�i�l�l� �r�e�p�r�e�s�e�n�t� 
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�(�C�7� �+� �C�g�)�(�4�C�4�C�g�  �� �C�3�)� 
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�W�i�t�h� �s�i�x� �r�o�o�t�s� �t�o� �E�q�u�a�t�i�o�n� �3�.�2�4�,� �t�h�e� �s�o�l�u�t�i�o�n�,� �p�r�e�v�i�o�u�s�l�y� �s�h�o�w�n� �i�n� �E�q�u�a�t�i�o�n� �3�.�2�1�,� �c�a�n� �b�e� �w�r�i�t�t�e�n� 

�a�s� 

�W�(�X�)� �=�=� �W�a�x�?� �+� �W�a�x�?� �+� �W�a�x� �+� �W�o� �+� �w�s�e!"� �+� �w�e�e� !"� 

�b�(�x�)� �=� �f�x�?� �+� �f�x�?� �+� �f�x� �+� �f�y� �+� �f�g�e ��%� �+� �f�e �� �(�3�.�2�7�)� 
�W�(�x�)� �=� �S�x�?� �+� �S�o�x�?� �+� �5�,�x� �+� �S�g� �+� �S�5�e�~� �+� �s�g�e!"� �.� 

�B�e�c�a�u�s�e� �t�h�e� �d�e�t�e�r�m�i�n�a�n�t� �o�f� �E�q�u�a�t�i�o�n� �3�.�2�3� �i�s� �z�e�r�o�,� �a� �r�e�l�a�t�i�o�n�s�h�i�p� �e�x�i�s�t�s� �a�m�o�n�g� �t�h�e� �e�i�g�h�t�e�e�n� 

�c�o�n�s�t�a�n�t�s� �w�i�,� �S�s�,� �a�n�d� �f�.� �I�n� �p�a�r�t�i�c�u�l�a�r�,� �a�n�y� �t�w�o� �o�f� �t�h�e� �l�a�s�t� �t�h�r�e�e� �e�q�u�a�t�i�o�n�s� �i�n� �E�q�u�a�t�i�o�n� �3�.�1�6� �c�a�n� 

�b�e� �u�s�e�d� �t�o� �f�i�n�d� �f�s�;� �a�n�d� �f�s�,� �a�n�d� �s�s� �a�n�d� �S�z�,� �i�n� �t�e�r�m�s� �o�f� �w�s� �a�n�d� �w�s�.� �U�s�i�n�g� �t�h�e� �s�e�c�o�n�d� �a�n�d� �t�h�i�r�d� 

�p�o�r�t�i�o�n�s� �o�f� �E�q�u�a�t�i�o�n� �3�.�1�6�,� �a�n�d� �d�e�f�i�n�i�n�g� 

�f�s� �=� �A�s�W�s� �S�s� �=� �B�s�W�s� 

� � 

�f�s� �=� �A�g�W�e� �S�s� �=� �B�e�W�s� �,� �(�3�.�2�8�)� 

�t�h�e� �c�o�n�s�t�a�n�t�s� �A�s�,� �A�s�,� �B�s� �a�n�d� �B�g� �c�a�n� �b�e� �f�o�u�n�d�.� �T�h�e�y� �a�r�e� 

�A�(�C�4� �+� �2�C ��)�(�C�7� �+� �C�y�)� 
�A�s� �=�  �� �A�g� �=� 

�[�c�7�(�2�c�,� �+� �C�y�)�  �� �C�g�(�c�z� �+� �2�C�g�)�]� �(�3�.�2�9�)� 
 �� �A�(�2�c�,� �+� �C�y�)�(�C�7� �+� �C�g�)� 

�B�s� �=� �l�l� �B�s� �=� � � 

�[�c�7�(�2�c�,� �+� �C�3�)�  �� �C�o�(�C�g� �+� �2�C�,�)�]� 

�F�o�r� �e�a�c�h� �r�e�p�e�a�t�e�d� �z�e�r�o� �r�o�o�t�,� �4�,� �=� �4�,� �=�4�;�=�/�,�=�0�,� �a� �d�i�f�f�e�r�e�n�t� �a�p�p�r�o�a�c�h� �m�u�s�t� �b�e� �u�s�e�d� �t�o� �f�i�n�d� 
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�C�h�a�p�t�e�r� �3� �-� �D�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e� �T�h�r�e�e�-�L�a�y�e�r� �S�a�n�d�w�i�c�h� �B�e�a�m� �M�o�d�e�l� �3�9



�A�p�p�l�i�c�a�t�i�o�n� �o�f� �B�o�u�n�d�a�r�y� �C�o�n�d�i�t�i�o�n�s� 

�A�l�l� �t�h�a�t� �r�e�m�a�i�n�s� �i�s� �t�o� �f�i�n�d� �t�h�e�s�e� �s�i�x� �u�n�k�n�o�w�n� �c�o�n�s�t�a�n�t�s� �b�y� �a�p�p�l�y�i�n�g� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�-� 
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�-�i�n� �a� �q�u�a�s�i�-�i�s�o�t�r�o�p�i�c� �s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e� �a�n�d� �t�h�e� �c�o�r�e� �i�s� �a� �g�l�a�s�s�-�i�m�i�d�e� �h�o�n�e�y�c�o�m�b� �p�r�o�d�u�c�e�d� �b�y� 

�H�e�x�c�e�l�,� �s�p�e�c�i�f�i�c�a�l�l�y� �H�R�H� �3�2�7�.� �T�h�e� �s�e�c�o�n�d� �s�y�s�t�e�m� �u�n�d�e�r� �c�o�n�s�i�d�e�r�a�t�i�o�n� �i�s� �a�n� �a�l�u�m�i�n�u�m� �b�e�a�m� 

�w�i�t�h� �t�h�e� �s�a�m�e� �t�h�i�c�k�n�e�s�s�e�s� �a�s� �t�h�e� �c�o�m�p�o�s�i�t�e�.� �T�h�e� �f�a�c�e� �s�h�e�e�t�s� �a�r�e� �a�l�u�m�i�n�u�m� �a�n�d� �t�h�e� �c�o�r�e� �i�s� 

�a�n� �a�l�u�m�i�n�u�m� �h�o�n�e�y�c�o�m�b�.� �T�h�e� �p�u�r�p�o�s�e� �o�f� �u�s�i�n�g� �a�n� �a�l�u�m�i�n�u�m� �b�e�a�m� �i�s� �t�o� �g�i�v�e�  ��b�a�s�e�l�i�n�e �� 

�v�a�l�u�e�s� �f�o�r� �c�o�m�p�a�r�i�s�o�n�;� �a�l�u�m�i�n�u�m� �i�s� �a� �f�a�i�r�l�y� �c�o�m�m�o�n� �e�n�g�i�n�e�e�r�i�n�g� �m�a�t�e�r�i�a�l� �a�n�d� �t�h�u�s� �t�h�e� �n�u�-� 

�m�e�r�i�c�a�l� �r�e�s�u�l�t�s� �m�a�y� �h�a�v�e� �g�r�e�a�t�e�r� �i�n�t�u�i�t�i�v�e� �m�e�a�n�i�n�g�.� �T�h�e� �t�h�i�c�k�n�e�s�s� �o�f� �t�h�e� �a�l�u�m�i�n�u�m� �f�a�c�e� 

�s�h�e�e�t�s� �a�n�d� �t�h�e� �h�o�n�e�y�c�o�m�b� �c�o�r�e� �a�r�e� �r�e�s�t�r�i�c�t�e�d� �t�o� �b�e� �t�h�e� �s�a�m�e� �t�h�i�c�k�n�e�s�s�e�s� �a�s� �t�h�e� �c�o�m�p�o�s�i�t�e� 

�f�a�c�e� �s�h�e�e�t�s� �a�n�d� �t�h�e� �h�o�n�e�y�c�o�m�b� �c�o�r�e� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �f�o�r� �b�o�t�h� �s�y�s�t�e�m�s� 

�a�r�e� �p�r�e�s�e�n�t�e�d� �i�n� �T�a�b�l�e� �1�.� �T�h�e� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �o�f� �a�l�u�m�i�n�u�m� �a�r�e� �w�i�d�e�l�y� �a�v�a�i�l�a�b�l�e� �i�n� 

�s�t�a�n�d�a�r�d� �e�n�g�i�n�e�e�r�i�n�g� �r�e�f�e�r�e�n�c�e�s�.� �T�h�e� �e�x�t�e�n�s�i�o�n�a�l� �m�o�d�u�l�i� �o�f� �t�h�e� �a�l�u�m�i�n�u�m� �a�n�d� �c�o�m�p�o�s�i�t�e� 

�h�o�n�e�y�c�o�m�b� �c�o�r�e�s� �i�s� �e�s�t�i�m�a�t�e�d� �b�a�s�e�d� �o�n� �t�h�e� �b�e�h�a�v�i�o�r� �o�f� �u�n�r�e�i�n�f�o�r�c�e�d� �h�o�n�e�y�c�o�m�b�.� �T�h�e� �s�h�e�a�r� 

�m�o�d�u�l�u�s� �o�f� �t�h�e� �a�l�u�m�i�n�u�m� �h�o�n�e�y�c�o�m�b� �c�o�r�e� �i�s� �t�a�k�e�n� �f�r�o�m� �p�u�b�l�i�s�h�e�d� �v�a�l�u�e�s�,� �a�s� �i�s� �t�h�e� �s�h�e�a�r� 

�m�o�d�u�l�u�s� �o�f� �t�h�e� �c�o�m�p�o�s�i�t�e� �h�o�n�e�y�c�o�m�b�.�[�3�]� �T�h�e� �d�e�t�e�r�m�i�n�a�t�i�o�n� �o�f� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� �o�f� �t�h�e�r�m�a�l� �e�x�-� 

�p�a�n�s�i�o�n� �o�f� �t�h�e� �a�l�u�m�i�n�u�m� �h�o�n�e�y�c�o�m�b� �c�o�r�e� �i�s� �s�h�o�w�n� �i�n� �A�p�p�e�n�d�i�x� �A�.� �T�h�e� �e�x�t�e�n�s�i�o�n�a�l� �m�o�d�u�l�u�s� 

�o�f� �t�h�e� �c�o�m�p�o�s�i�t�e� �f�a�c�e� �s�h�e�e�t� �m�a�t�e�r�i�a�l� �i�s� �a�n� �a�v�e�r�a�g�e� �o�f� �e�x�p�e�r�i�m�e�n�t�a�l�l�y� �d�e�t�e�r�m�i�n�e�d� �a�n�d� �p�u�b�-� 

�l�i�s�h�e�d� �v�a�l�u�e�s�;� �t�h�e� �s�h�e�a�r� �m�o�d�u�l�u�s� �i�s� �e�s�t�i�m�a�t�e�d� �b�y� �u�s�i�n�g� �t�h�e� �f�o�r�m�u�l�a� �f�o�r� �c�a�l�c�u�l�a�t�i�n�g� �s�h�e�a�r� 

�m�o�d�u�l�u�s� �o�f� �a�n� �i�s�o�t�r�o�p�i�c� �m�a�t�e�r�i�a�l� �u�s�i�n�g� �0�.�3� �a�s� �P�o�i�s�s�o�n ��s� �r�a�t�i�o�.� �T�h�e� �c�o�e�f�f�i�c�i�e�n�t� �o�f� �t�h�e�r�m�a�l� �e�x�-� 

�p�a�n�s�i�o�n� �o�f� �t�h�e� �q�u�a�s�i�-�i�s�o�t�r�o�p�i�c� �q�u�a�r�t�z�-�e�p�o�x�y� �f�a�c�e� �s�h�e�e�t�s� �i�s� �d�e�t�e�r�m�i�n�e�d� �e�x�p�e�r�i�m�e�n�t�a�l�l�y� �a�n�d� �t�h�e� 

�c�o�e�f�f�i�c�i�e�n�t� �o�f� �t�h�e�r�m�a�l� �e�x�p�a�n�s�i�o�n� �o�f� �t�h�e� �c�o�m�p�o�s�i�t�e� �h�o�n�e�y�c�o�m�b� �i�s� �a�n� �e�s�t�i�m�a�t�e�.� �T�h�e� �t�h�i�c�k�n�e�s�s� 

�t�,� �o�f� �b�o�t�h� �m�o�d�e�l�s� �i�s� �t�h�e� �t�h�i�c�k�n�e�s�s� �o�f� �t�h�e� �c�o�m�p�o�s�i�t�e� �f�a�c�e� �s�h�e�e�t�,� �a�n�d� �t�h�e� �t�h�i�c�k�n�e�s�s� �h� �f�o�r� �b�o�t�h� 

�m�o�d�e�l�s� �i�s� �t�h�e� �h�a�l�f�-�t�h�i�c�k�n�e�s�s� �o�f� �t�h�e� �g�l�a�s�s�-�i�m�i�d�e� �h�o�n�e�y�c�o�m�b� �p�l�u�s� �o�n�e� �l�a�y�e�r� �o�f� �f�i�l�m� �a�d�h�e�s�i�v�e�.� 
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�f�e�c�t� �o�n� �t�h�e� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �t�h�r�e�e�-�l�a�y�e�r� �b�e�a�m� �m�o�d�e�l�,� �t�h�e� �r�e�s�p�o�n�s�e� �t�o� �t�h�e� �m�e�c�h�a�n�i�c�a�l� �l�o�a�d� �a�n�d� 

�t�h�e� �r�e�s�p�o�n�s�e� �t�o� �t�h�e� �t�h�e�r�m�a�l� �g�r�a�d�i�e�n�t� �a�r�e� �s�t�u�d�i�e�d� �i�n�d�i�v�i�d�u�a�l�l�y�.� �T�h�e� �r�e�s�p�o�n�s�e�s� �o�f� �b�o�t�h� �t�h�e� �a�l�u�-� 

�m�i�n�u�m� �m�a�t�e�r�i�a�l� �s�y�s�t�e�m� �a�n�d� �t�h�e� �c�o�m�p�o�s�i�t�e� �m�a�t�e�r�i�a�l� �s�y�s�t�e�m� �b�e�a�m�s� �a�r�e� �s�t�u�d�i�e�d� �f�o�r� �b�o�t�h� �c�a�s�e�s�.� 
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�T�o� �s�t�u�d�y� �t�h�e� �s�e�n�s�i�t�i�v�i�t�y�,� �a� �p�a�r�t�i�c�u�l�a�r� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�y� �i�s� �d�e�c�r�e�a�s�e�d� �b�y� �a� �f�a�c�t�o�r� �o�f� �t�e�n� �r�e�l�a�t�i�v�e� 

�t�o� �i�t�s� �n�o�m�i�n�a�l� �v�a�l�u�e�.� �T�h�u�s�,� �t�o� �s�t�u�d�y� �t�h�e� �s�e�n�s�i�t�i�v�i�t�y� �o�f� �t�h�e� �a�l�u�m�i�n�u�m� �b�e�a�m� �t�o� �t�h�e� �s�h�e�a�r� �m�o�d�u�l�u�s� 

�o�f� �i�t�s� �f�a�c�e� �s�h�e�e�t�,� �t�h�e� �v�a�l�u�e� �3�.�8�5�E�5� �(�p�s�i�)� �i�s� �u�s�e�d� �f�o�r� �G�,� �r�a�t�h�e�r� �t�h�a�n� �t�h�e� �n�o�m�i�n�a�l� �v�a�l�u�e� �3�.�8�5�E�6� �(�p�s�i�)� 

�a�s� �g�i�v�e�n� �i�n� �T�a�b�l�e� �1�.� �A�l�s�o�,� �t�h�e� �s�e�n�s�i�t�i�v�i�t�y� �t�o� �r�e�d�u�c�e�d� �l�a�y�e�r� �t�h�i�c�k�n�e�s�s�e�s� �i�s� �s�t�u�d�i�e�d�.� �L�i�k�e� �t�h�e� 

�m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�y�,� �t�h�e� �t�h�i�c�k�n�e�s�s� �o�f� �a� �g�i�v�e�n� �m�a�t�e�r�i�a�l� �i�s� �r�e�d�u�c�e�d� �b�y� �a� �f�a�c�t�o�r� �o�f� �t�e�n� �t�o� �d�e�t�e�r�m�i�n�e� 

�t�h�e� �s�e�n�s�i�t�i�v�i�t�y� �o�f� �t�h�e� �r�e�s�p�o�n�s�e� �t�o� �t�h�a�t� �t�h�i�c�k�n�e�s�s�.� 

�T�h�e� �s�e�n�s�i�t�i�v�i�t�y� �o�f� �t�h�e� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �b�e�a�m� �m�o�d�e�l� �t�o� �a� �p�a�r�t�i�c�u�l�a�r� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�y� �b�e�i�n�g� 

�c�h�a�n�g�e�d� �i�s� �n�o�r�m�a�l�i�z�e�d� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �r�e�s�p�o�n�s�e� �o�f� �a� �b�e�a�m� �w�i�t�h� �t�h�e� �n�o�m�i�n�a�l� �m�a�t�e�r�i�a�l� 

�p�r�o�p�e�r�t�i�e�s� �a�s� �g�i�v�e�n�i�n� �T�a�b�l�e� �1�.� �S�p�e�c�i�f�i�c�a�l�l�y�,� �t�i�p�-�d�e�f�l�e�c�t�i�o�n� �i�s� �u�s�e�d� �t�o� �s�t�u�d�y� �t�h�e� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� 

�b�e�a�m�.� �T�h�u�s�,� �t�h�e� �s�e�n�s�i�t�i�v�i�t�y� �i�s� 
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�F�o�r� �e�x�a�m�p�l�e�,� �a� �n�u�m�b�e�r�  ��t�w�o �� �r�e�p�o�r�t�e�d� �f�o�r� �t�h�e� �s�e�n�s�i�t�i�v�i�t�y� �o�f� �t�h�e� �b�e�a�m� �t�o� �a� �r�e�d�u�c�t�i�o�n� �i�n� �a� �g�i�v�e�n� 
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�o�f� �t�h�e� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s�,� �t�h�i�c�k�n�e�s�s�e�s� �a�n�d� �l�e�n�g�t�h� �i�n�t�o� �i�t� �m�a�y� �n�o�w� �p�r�e�s�e�n�t� �a� �p�r�o�b�l�e�m�.� �F�o�r� �b�o�t�h� 

�t�h�e� �a�l�u�m�i�n�u�m� �a�n�d� �t�h�e� �c�o�m�p�o�s�i�t�e� �b�e�a�m�s�,� �t�h�e� �v�a�l�u�e� �o�f� �t�h�e� �e�x�p�r�e�s�s�i�o�n�  ��=� �i�s� �l�a�r�g�e� �e�n�o�u�g�h� �t�h�a�t� 

�A�L� �A�L� �m�a�y� �e�x�c�e�e�d� �t�h�e� �a�b�i�l�i�t�y� �o�f� �s�o�m�e� �c�o�m�p�u�t�e�r� �s�y�s�t�e�m�s�.� �H�o�w�-� �t�h�e� �v�a�l�u�e� �o�f� �c�o�s�h� �a� �a�n�d� �s�i�n�h� �9� 

�e�v�e�r�,� �w�h�e�n� �t�h�e� �h�y�p�e�r�b�o�l�i�c� �c�o�s�i�n�e� �a�n�d� �s�i�n�e� �f�u�n�c�t�i�o�n�s� �h�a�v�e� �l�a�r�g�e� �e�n�o�u�g�h� �a�r�g�u�m�e�n�t�s�,� �t�h�e�y� �c�a�n� 

�b�e� �r�e�p�l�a�c�e�d� �b�y� �t�h�e� �a�p�p�r�o�x�i�m�a�t�e�l�y� �e�q�u�i�v�a�l�e�n�t� �e�x�p�o�n�e�n�t�i�a�l� �f�u�n�c�t�i�o�n�,� �o�r� 

� � 

� � 

�a�X� 
�c�o�s�h�x�X�~� �s�i�n�h�x�~� �i� �(�4�.�8�)� 

�T�h�u�s�,� �t�h�e� �t�i�p� �d�e�f�l�e�c�t�i�o�n� �a�s� �g�i�v�e�n� �i�n� �E�q�u�a�t�i�o�n� �4�.�7� �c�a�n� �b�e� �r�e�w�r�i�t�t�e�n� �a�s� 

�T� �T�,�,� �2� �T� �T� �(�M�y� �+� �M�y�)�L� �(�M�,�R�i�  �� �M�g�R�o�)�(�c�7�R�y�  �� �C�g�R�y�)� �/� �9� 
�W�i�n� �=�  � � � � ��_�_ � ��  ��1�]�.� �(�4�9�)� �N�p� �8�(�R�y� �+� �R�o�)� �2� �A�L� �1� �2� �C�7�C�g�(�R�,� �+� �R�o�)� �e�o� 

�H�o�w�e�v�e�r�,� �b�e�c�a�u�s�e� �e�r� �i�s� �v�e�r�y� �l�a�r�g�e� �f�o�r� �b�o�t�h� �c�a�s�e�s�,� �t�h�e� �a�p�p�r�o�x�i�m�a�t�i�o�n� 

�1� �n�w�o� �(�4�.�1�0�)� �a� �;� 

�e� �2� 

�c�a�n� �b�e� �a�p�p�l�i�e�d� �t�o� �f�u�r�t�h�e�r� �s�i�m�p�l�i�f�y� �t�h�e� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �t�i�p� �d�e�f�l�e�c�t�i�o�n�.� �T�h�e�r�e�f�o�r�e�,� �a� �s�i�m�p�l�e�r� 

�e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �t�i�p� �d�e�f�l�e�c�t�i�o�n� �i�s� 

�T� �T�\�,�2� �T� �T� �(�M�y� �+� �M�,�)�L� �(�M�,�R�i�  �� �M�j�R�o�)�(�c�7�R�y�  �� �c�g�R�o�)� 

�B�(�R�y� �+� �R�o�)� �C�7�C�(�R�y� �+� �R�y�) �� 
� � 

�W�t�i�p� �=� �(�4�.�1�1�)� 

�T�h�e� �s�e�c�o�n�d� �t�e�r�m� �o�n� �t�h�e� �r�i�g�h�t� �h�a�n�d� �s�i�d�e� �o�f� �E�q�u�a�t�i�o�n� �4�.�1�1� �i�s� �s�h�o�w�n� �i�n� �A�p�p�e�n�d�i�x� �B� �t�o� �b�e� �n�u�-� 

�m�e�r�i�c�a�l�l�y� �m�u�c�h� �s�m�a�l�l�e�r� �t�h�a�n� �t�h�e� �f�i�r�s�t� �t�e�r�m�,� �a�n�d� �s�o�,� �t�o� �k�e�e�p� �t�h�e� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �t�i�p� �d�e�f�l�e�c�t�i�o�n� 

�a�s� �s�i�m�p�l�e� �a�s� �p�o�s�s�i�b�l�e�,� �t�h�e� �a�p�p�r�o�x�i�m�a�t�i�o�n� 

�(�M�j� �+� �M�y�)�L�?� 
�a�R�,� �+� �R�p� �(�4�.�1�2�)� �W�p� �=� 

�C�h�a�p�t�e�r� �4� �-� �T�h�e� �T�h�r�e�e�-�L�a�y�e�r� �S�a�n�d�w�i�c�h� �B�e�a�m� �M�o�d�e�l�:� �N�u�m�e�r�i�c�a�l� �R�e�s�u�l�t�s� �5�2



�i�s� �u�s�e�d� �t�o� �c�a�l�c�u�l�a�t�e� �t�h�e� �t�i�p� �d�e�f�l�e�c�t�i�o�n� �f�o�r� �t�h�e� �t�h�e�r�m�a�l� �s�e�n�s�i�t�i�v�i�t�y� �s�t�u�d�y�.� �W�h�e�n� �t�h�i�s� �a�p�p�r�o�x�i�-� 

�m�a�t�i�o�n� �i�s� �u�s�e�d�,� �t�h�e� �s�h�e�a�r� �m�o�d�u�l�i� �G�;� �a�n�d� �G�2� �a�r�e� �n�o� �l�o�n�g�e�r� �i�n�c�l�u�d�e�d� �i�n� �t�h�e� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�i�p� 

�d�e�f�l�e�c�t�i�o�n�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �b�e�a�m� �s�h�o�u�l�d� �b�e� �i�n�s�e�n�s�i�t�i�v�e� �t�o� �r�e�d�u�c�t�i�o�n�s� �i�n� �t�h�e�s�e� 

�m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s�,� �a�s� �i�n�d�e�e�d� �i�t� �i�s�.� �T�h�e� �n�u�m�e�r�i�c�a�l� �r�e�s�u�l�t�s� �o�f� �t�h�e� �s�e�n�s�i�t�i�v�i�t�y� �s�t�u�d�i�e�s� �f�o�r� �t�h�e� 

�t�h�e�r�m�a�l� �g�r�a�d�i�e�n�t�s� �f�o�r� �t�h�e� �a�l�u�m�i�n�u�m� �b�e�a�m� �a�n�d� �t�h�e� �c�o�m�p�o�s�i�t�e� �b�e�a�m� �a�r�e� �r�e�p�o�r�t�e�d� �i�n� �T�a�b�l�e� �4� 

�a�n�d� �T�a�b�l�e� �5�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �O�n�c�e� �a�g�a�i�n�,� �t�h�e� �l�e�f�t� �c�o�l�u�m�n� �o�f� �t�h�e�s�e� �t�a�b�l�e�s� �i�n�d�i�c�a�t�e�s� �w�h�i�c�h� �m�a�t�e�-� 

�r�i�a�l� �p�r�o�p�e�r�t�y� �o�f� �t�h�i�c�k�n�e�s�s� �v�a�r�i�a�b�l�e� �i�s� �r�e�d�u�c�e�d� �b�y� �a�n� �o�r�d�e�r� �o�f� �m�a�g�n�i�t�u�d�e�;� �t�h�e� �r�i�g�h�t� �c�o�l�u�m�n� 

�s�h�o�w�s� �t�h�e� �v�a�l�u�e� �o�f� �E�q�u�a�t�i�o�n� �4�.�1� �f�o�r� �t�h�e� �c�a�s�e� �u�n�d�e�r� �c�o�n�s�i�d�e�r�a�t�i�o�n�.� 

�F�o�r� �b�o�t�h� �m�a�t�e�r�i�a�l� �s�y�s�t�e�m�s�,� �t�h�e� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �b�e�a�m� �i�s� �a�l�m�o�s�t� �t�o�t�a�l�l�y� �i�n�s�e�n�s�i�t�i�v�e� �t�o� �r�e�-� 

�d�u�c�t�i�o�n�s� �o�f� �a�l�l� �t�h�e� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �w�i�t�h� �t�h�e� �s�i�n�g�l�e� �e�x�c�e�p�t�i�o�n� �o�f� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� �o�f� �t�h�e�r�m�a�l� 

�e�x�p�a�n�s�i�o�n� �o�f� �t�h�e� �f�a�c�e� �s�h�e�e�t�s�,� �a�;� �W�h�e�n� �a�,� �i�s� �r�e�d�u�c�e�d� �b�y� �a� �f�a�c�t�o�r� �o�f� �t�e�n�,� �t�h�e� �d�e�f�l�e�c�t�i�o�n� �o�f� �t�h�e� 

�b�e�a�m� �(�f�o�r� �b�o�t�h� �m�a�t�e�r�i�a�l� �s�y�s�t�e�m�s�)� �i�s� �a�l�s�o� �r�e�d�u�c�e�d� �b�y� �a�p�p�r�o�x�i�m�a�t�e�l�y� �a� �f�a�c�t�o�r� �o�f� �t�e�n�.� �T�h�u�s�,� �t�h�e� 

�c�o�e�f�f�i�c�i�e�n�t� �o�f� �t�h�e�r�m�a�l� �e�x�p�a�n�s�i�o�n� �o�f� �t�h�e� �f�a�c�e� �s�h�e�e�t�s� �c�o�n�t�r�o�l�s� �t�h�e� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �t�h�r�e�e�-�l�a�y�e�r� 

�s�a�n�d�w�i�c�h� �b�e�a�m� �t�o� �t�h�e�r�m�a�l� �g�r�a�d�i�e�n�t�s�.� �H�o�w�e�v�e�r�,� �t�h�i�s� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�y� �i�s� �n�o�t� �e�x�p�e�c�t�e�d� �t�o� �b�e�-� �|� 

�h�a�v�e� �v�i�s�c�o�e�l�a�s�t�i�c�a�l�l�y�.� �T�h�e�r�e�f�o�r�e�,� �a�s� �i�t� �i�s� �r�e�l�a�t�i�v�e�l�y� �i�n�s�e�n�s�i�t�i�v�e� �t�o� �c�h�a�n�g�e�s� �i�n� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�-� 

�t�i�e�s� �w�h�i�c�h� �m�a�y� �b�e� �v�i�s�c�o�e�l�a�s�t�i�c�,� �t�h�e� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �b�e�a�m� �t�o� �t�h�e�r�m�a�l� �g�r�a�d�i�e�n�t�s� �w�i�l�l� �n�o�t� �b�e� 

�c�o�n�s�i�d�e�r�e�d� �i�n� �t�h�e� �d�i�s�c�u�s�s�i�o�n� �o�f� �t�h�e� �i�n�f�l�u�e�n�c�e� �o�f� �v�i�s�c�o�e�l�a�s�t�i�c� �e�f�f�e�c�t�s�.� 

�T�h�e� �T�i�m�e�-�D�e�p�e�n�d�e�n�t� �T�h�r�e�e�-�L�a�y�e�r� �T�i�p�-�L�o�a�d�e�d� �C�a�n�t�i�l�e�v�e�r� 

�B�e�a�m� �M�o�d�e�l�!� 

�B�e�c�a�u�s�e� �t�h�e� �t�h�r�e�e�-�l�a�y�e�r� �b�e�a�m� �m�o�d�e�l� �i�s� �s�e�n�s�i�t�i�v�e� �t�o� �r�e�d�u�c�t�i�o�n�s� �i�n� �t�h�e� �e�x�t�e�n�s�i�o�n�a�l� 

�m�o�d�u�l�u�s� �o�f� �t�h�e� �f�a�c�e� �s�h�e�e�t�s� �E�,� �a�n�d� �t�h�e� �s�h�e�a�r� �m�o�d�u�l�u�s� �o�f� �t�h�e� �c�o�r�e� �G�2�,� �t�h�e�s�e� �p�r�o�p�e�r�t�i�e�s� �w�i�l�l� �n�o�w� 

�b�e� �a�l�l�o�w�e�d� �t�o� �v�a�r�y� �w�i�t�h� �t�i�m�e�,� �a�n�d� �t�h�e� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �b�e�a�m� �s�t�u�d�i�e�d�.� �A�d�d�i�-� 

�t�i�o�n�a�l�l�y�,� �t�o� �v�e�r�i�f�y� �t�h�a�t� �i�f� �t�h�e� �b�e�a�m� �r�e�s�p�o�n�s�e� �i�s� �i�n�s�e�n�s�i�t�i�v�e� �e�l�a�s�t�i�c�a�l�l�y� �t�o� �l�a�r�g�e� �r�e�d�u�c�t�i�o�n�s� �i�n� �a� 
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�T�a�b�l�e� �4�.� �S�e�n�s�i�t�i�v�i�t�y� �o�f� �T�h�r�e�e�-�L�a�y�e�r� �A�l�u�m�i�n�u�m� �B�e�a�m� �-� �T�h�e�r�m�a�l� �G�r�a�d�i�e�n�t� 
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�R�e�d�u�c�e�d� �V�a�r�i�a�b�l�e� �S�e�n�s�i�t�i�v�i�t�y� 

�N�O�N�E� �1�.�0�0�0�0� 

�E�;� �0�.�9�9�8�8� 

�G�,� �1�.�0�0�0�0� 

�t�y� �0�.�9�9�8�6� 

�a�y� �0�.�1�0�0�0� 

�E�,� �1�.�0�0�0�1� 

�G�2� �1�.�0�0�0�0� 

�h� �1�.�0�0�0�1� 

�a�e� �1�.�0�0�0�0� 

�A�L�L� �0�.�1�0�0�0� � � � � � � � � 

� � 

�p�a�r�t�i�c�u�l�a�r� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�y�,� �t�h�e�n� �t�h�e� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �b�e�a�m� �t�o� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� �b�e�h�a�v�i�o�r� �o�f� �t�h�a�t� 

�m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�y� �i�s� �a�l�s�o� �s�m�a�l�l�,� �a�n�o�t�h�e�r� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�y� �w�i�l�l� �b�e� �a�l�l�o�w�e�d� �t�o� �b�e� �t�i�m�e�-� 

�d�e�p�e�n�d�e�n�t�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� �s�h�e�a�r� �m�o�d�u�l�u�s� �o�f� �t�h�e� �f�a�c�e� �s�h�e�e�t�s�,� �G�;�,� �w�i�l�l� �b�e� �a�l�l�o�w�e�d� �t�o� �v�a�r�y� �w�i�t�h� 

�t�i�m�e�.� 

�I�n� �o�r�d�e�r� �t�o� �c�o�n�s�i�d�e�r� �t�h�e� �w�o�r�s�t� �p�o�s�s�i�b�l�e� �c�a�s�e�,� �t�h�e� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �w�h�i�c�h� �a�r�e� �a�l�l�o�w�e�d� 

�t�o� �v�a�r�y� �w�i�t�h� �t�i�m�e� �a�r�e� �a�s�s�u�m�e�d� �t�o� �b�e�h�a�v�e� �a�s� �v�i�s�c�o�e�l�a�s�t�i�c� �f�l�u�i�d�s�.� �T�o� �m�a�i�n�t�a�i�n� �s�i�m�p�l�i�c�i�t�y�,� �t�h�e� 
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�P�(�s�)� �=� �1� �+� �p�,�s� 
�Q�s�)� �=� �4�4�s� �(�4�.�2�0�)� 
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�O�n�c�e� �t�h�e� �c�o�n�s�t�a�n�t�s� �f�o�r� �t�h�e� �m�o�d�e�l�s� �h�a�v�e� �b�e�e�n� �f�o�u�n�d� �(�E�q�u�a�t�i�o�n�s� �4�.�2�8� �a�n�d� �4�.�3�0�)�,� �t�h�e� �s�h�e�a�r� 

� � 

�m�o�d�u�l�u�s� �G�,� �c�a�n� �b�e� �r�e�p�l�a�c�e�d� �b�y� �i�n� �t�h�e� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �t�i�p� �d�e�f�l�e�c�t�i�o�n�,� �E�q�u�a�t�i�o�n� �4�.�4�.� 
�P�(�s�)� 

�H�o�w�e�v�e�r�,� �b�e�f�o�r�e� �t�h�a�t� �i�s� �d�o�n�e�,� �t�h�e� �t�i�p� �d�e�f�l�e�c�t�i�o�n� �c�a�n� �b�e� �f�u�r�t�h�e�r� �s�i�m�p�l�i�f�i�e�d� �b�y� �n�o�t�i�n�g� �t�h�a�t� �o�n�e� 

�p�o�r�t�i�o�n� �o�f� �t�h�e� �e�x�p�r�e�s�s�i�o�n� �i�s� �a�l�w�a�y�s� �s�m�a�l�l�e�r� �t�h�a�n� �t�h�e� �o�t�h�e�r�s� �b�y� �s�e�v�e�r�a�l� �o�r�d�e�r�s� �o�f� �m�a�g�n�i�t�u�d�e�,� 

�s�p�e�c�i�f�i�c�a�l�l�y�,� 
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� � 

�P�(�c�7�R�,�  �� �C�g�R�o�)�*� �a�A� �e�r�s� �=� �S�a�l�a�)� �r� �(�1�-�2�2�)� �<�<� �W�p� �(�4�.�3�1�)� 
�2�C�7�C�g�A�(�C�7� �+� �C�g�)�(�R�y� �+� �R�o�)� 

�T�h�e� �n�u�m�e�r�i�c�a�l� �p�r�o�o�f� �f�o�r� �t�h�i�s� �i�s� �p�r�e�s�e�n�t�e�d� �i�n� �A�p�p�e�n�d�i�x� �B�.� �T�h�u�s�,� �a� �s�i�m�p�l�i�f�i�e�d� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� 

�e�l�a�s�t�i�c� �t�i�p� �d�e�f�l�e�c�t�i�o�n�,� 

�3� �2� �2� 
�P�L� �P�L� �R�;� �R�3� 

�W�i�n�,� �=� �o�O�o� �O�O� �H�t� �d�t� �e�e� �-� �t� �>� �4�.�3�2� 
�t�i�p� �4�8�(�R�,� �+� �R�o�)� �4�(�R�,� �+�R�,�)�°� �(�  ��9� �°�7� 

�i�s� �u�s�e�d� �t�o� �f�i�n�d� �t�h�e� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �b�e�a�m�.� �T�h�e� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �t�i�p� �d�e�f�l�e�c�t�i�o�n� 

�i�n� �E�q�u�a�t�i�o�n� �4�.�3�2� �i�s� �r�e�w�r�i�t�t�e�n�,� �u�s�i�n�g� �E�q�u�a�t�i�o�n� �3�.�8�,� �t�o� �r�e�v�e�a�l� �t�h�e� �d�e�p�e�n�d�e�n�c�e� �o�n� �G�:�.� �T�h�a�t� �r�e�-� 

�w�r�i�t�t�e�n� �e�x�p�r�e�s�s�i�o�n� �i�s� 

� � 

�3� �R�o� �R�o� �P�L� �P�L� �1� �2� 
�t�i�p� �4�8�(�R�,� �+� �R�o�)� �4�(�R�,� �+� �R�,�)�°� �(� �C�g� �2�G�,�t�,� �(� �)� 

�A�s�s�u�m�i�n�g� �P� �i�s� �a� �s�t�e�p� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �f�o�r�m� �s�h�o�w�n� �i�n� �E�q�u�a�t�i�o�n� �4�.�1�7�,� �t�h�e� �L�a�p�l�a�c�e� �t�r�a�n�s�f�o�r�m� �o�f� �t�h�e� 

�t�i�m�e�-�d�e�p�e�n�d�e�n�t� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �t�i�p� �d�e�f�l�e�c�t�i�o�n� �i�s� �g�i�v�e�n� �b�y� 

 �� �P�o� �L�?� �L� �R�y� �R�3� �W�t�i�p�(�S�)� �=�  ��Z� �4�8�(�R�,� �+� �R�y�)� �+� �a�R� �4� �R�a�p� �(� �c�+� �G�i�s�)� �;� �(�4�.�3�4�)� 

�1� �P�(�s�)� 

� � 

� � 

�w�h�e�r�e� �P�,� �i�s� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �l�o�a�d�.� �B�y� �s�u�b�s�t�i�t�u�t�i�n�g� �t�h�e� �e�x�p�r�e�s�s�i�o�n�s� �f�o�r� �P�(�s�)� �a�n�d� �Q�(�s�)� 

�s�h�o�w�n� �i�n� �E�q�u�a�t�i�o�n� �4�.�2�0�,� �t�h�e� �f�o�l�l�o�w�i�n�g� �e�x�p�r�e�s�s�i�o�n� �i�s� �f�o�u�n�d�:� 

�_� �P�y� �L�3� �L� �R�i� �R�e� �1� �a� �.� �_�  ��  �� �(�|�  � �� �+�  �� �.� �(�4�.�3� �W�u�p�l�S�)� �=�  ��s� �a�g�a� �T�A�R�,� �+�R� �|� �B�t� �(�a�3� �*� �a�}�  �� 

�T�h�i�s� �c�a�n� �b�e� �r�e�a�r�r�a�n�g�e�d� �t�o� �y�i�e�l�d� 

� � 
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�2� �2� 
 �� �P�,� �L�3� �L� �R�;� �R�o� 
�W�t�i�p�(�S�)� �=� �$�s� �4�8�(�R�,� �+� �R�p�)� �+� �a�(�R�,� �+� �R�a�)�?� �C�a� �+� �C�7� 

�P�o� �R�Z�L� 
�2� 

�s�*� �|� �(�R�y� �+� �R�o�)� �a�i�t�,� �|� 

�T�h�e� �i�n�v�e�r�s�e� �L�a�p�l�a�c�e� �t�r�a�n�s�f�o�r�m� �i�s� �u�s�e�d� �t�o� �c�o�n�v�e�r�t� �t�h�e� �p�r�e�v�i�o�u�s� �e�x�p�r�e�s�s�i�o�n�,� �w�h�i�c�h� �i�s� �i�n� �L�a�p�l�a�c�e� 

�(�4�.�3�6�)� 

�d�o�m�a�i�n�,� �t�o� �a� �f�u�n�c�t�i�o�n� �i�n� �t�i�m�e� �d�o�m�a�i�n�:� 

�P�L�R�?� �'� 
�W�t�i�p�(�t�)� �=� �W�p� �+� �a�R�,� �R�y�e� �a� �(�4�.�3�7�)� 

�w�h�e�r�e� �t�h�e� �f�i�r�s�t� �t�e�r�m� �t�o� �t�h�e� �r�i�g�h�t� �o�f� �t�h�e� �e�q�u�a�l� �s�i�g�n� �i�s� �t�h�e� �s�t�a�t�i�c� �e�l�a�s�t�i�c� �t�i�p� �d�e�f�l�e�c�t�i�o�n� �a�s� �g�i�v�e�n� 

�b�y� �E�q�u�a�t�i�o�n� �4�.�3�2�.� �N�o�t�i�c�e� �t�h�a�t� �t�h�e�r�e� �i�s� �a� �l�i�n�e�a�r� �d�e�p�e�n�d�e�n�c�e� �o�f� �t�h�e� �t�i�p� �d�e�f�l�e�c�t�i�o�n� �o�n� �t�i�m�e�.� 

�F�o�r� �t�h�e� �c�a�s�e� �o�f� �l�e�s�s� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� �b�e�h�a�v�i�o�r�,� �q�;� �i�s� �g�i�v�e�n� �i�n� �E�q�u�a�t�i�o�n� �4�.�2�8�.� �U�s�i�n�g� �t�h�i�s�,� �t�h�e� 

�t�i�m�e� �h�i�s�t�o�r�y� �o�f� �t�h�e� �t�i�p� �d�e�f�l�e�c�t�i�o�n� �i�s�.� 

�2� �P�L� �L�R�>� �a� �(�4�.�3�8�)� 
�B�O�(�R�,� �+� �R�p�)�°�G�,� 

�W�t�i�p�(�t�)� �=� �W�p� �+� 

�F�o�r� �t�h�e� �c�a�s�e� �o�f� �m�o�r�e� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� �b�e�h�a�v�i�o�r� �a�s� �g�i�v�e�n� �i�n� �E�q�u�a�t�i�o�n� �4�.�3�0�,� �t�h�e� �t�i�m�e� �h�i�s�t�o�r�y� �i�s� 

�2� �9�P�,�L�R�3� �W�i�p�(�t�)� �=� �W�r�i�p� �+�  � � ��2 ��= �� 
�"�P� �N�P�"� �B�0�(�R�,� �+� �R�p�)�°�G�,� 

�(�4�.�3�9�)� 

�A�f�t�e�r� �2�0� �y�e�a�r�s�,� �f�o�r� �t�h�e� �c�a�s�e� �o�f� �l�e�s�s� �a�n�d� �m�o�r�e� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� �b�e�h�a�v�i�o�r� �r�e�s�p�e�c�t�i�v�e�l�y�,� �t�h�e� �t�i�p� 

�d�e�f�l�e�c�t�i�o�n� �i�s� 

�2� 

�W�r�i�p�(� �)�=� �t�i�p� �A�(�R� �+� �R�y�)�?� �C�7� �(�4�.� �)� 

�{� �2� 

�a�n�d� 
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�9�P�o�L� �R�?� 
�W�t�i�p�(�2�0�)� �=� �W�t�i�p� �+� �a�a� �(�=�)� �;� �(�4�.�4�1�)� 

�4�(�R�,� �+� �R�o�)� �?� 

�T�h�e� �p�e�r�c�e�n�t� �i�n�c�r�e�a�s�e�s� �o�f� �t�h�e� �t�i�p� �d�e�f�l�e�c�t�i�o�n� �f�o�r� �t�h�e� �t�w�o� �c�a�s�e�s� �o�f� �v�i�s�c�o�e�l�a�s�t�i�c� �b�e�h�a�v�i�o�r� �a�r�e� �i�l�-� 

�l�u�s�t�r�a�t�e�d� �i�n� �F�i�g�u�r�e� �8� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�i�m�e�.� �T�h�e� �l�i�n�e�a�r� �d�e�p�e�n�d�e�n�c�e� �o�f� �t�i�m�e� �i�s� �e�v�i�d�e�n�t� �i�n� �t�h�i�s� 

�f�i�g�u�r�e�.� �A�f�t�e�r� �2�0� �y�e�a�r�s�,� �d�u�e� �t�o� �t�h�e� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �s�h�e�a�r� �m�o�d�u�l�u�s� �o�f� �t�h�e� �f�a�c�e� 

�s�h�e�e�t�,� �t�h�e� �t�i�p� �d�e�f�l�e�c�t�i�o�n� �i�s� �p�r�e�d�i�c�t�e�d� �t�o� �i�n�c�r�e�a�s�e� �b�y� �a�p�p�r�o�x�i�m�a�t�e�l�y� �0�.�0�2�%� �f�o�r� �t�h�e� �l�o�w� �l�e�v�e�l� �o�f� 

�t�i�m�e�-�d�e�p�e�n�d�e�n�t� �b�e�h�a�v�i�o�r� �a�n�d� �0�.�1�6�%� �f�o�r� �t�h�e� �h�i�g�h�e�r� �l�e�v�e�l�.� �T�h�e�s�e� �a�r�e� �s�m�a�i�l� �i�n�c�r�e�a�s�e�s� �i�n� �t�i�p� 

�d�e�f�l�e�c�t�i�o�n� �c�o�n�s�i�d�e�r�i�n�g� �t�h�e� �l�o�n�g� �p�e�r�i�o�d� �o�f� �t�i�m�e�.� �A�s� �w�i�l�l� �b�e� �s�h�o�w�n� �l�a�t�e�r�,� �t�h�e�s�e� �i�n�c�r�e�a�s�e�s� �a�r�e� 

�s�m�a�l�l� �i�n� �c�o�m�p�a�r�i�s�o�n� �t�o� �t�h�e� �i�n�c�r�e�a�s�e�s� �c�a�u�s�e�d� �b�y� �o�t�h�e�r� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s�.� 

�I�n�f�l�u�e�n�c�e� �o�f� �T�i�m�e�-�D�e�p�e�n�d�e�n�t� �C�o�r�e� �S�h�e�a�r� �M�o�d�u�l�u�s� �(�G�,� �)� �o�n� �B�e�a�m� 

�R�e�s�p�o�n�s�e� 

�L�i�k�e� �t�h�e� �s�h�e�a�r� �m�o�d�u�l�u�s� �o�f� �t�h�e� �f�a�c�e� �s�h�e�e�t�s�,� �t�h�e� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �c�o�r�e� �i�n� 

�s�h�e�a�r� �w�i�l�l� �b�e� �b�r�a�c�k�e�t�e�d� �b�y� �a� �t�w�o�-�f�o�l�d� �a�n�d� �t�e�n�-�f�o�l�d� �i�n�c�r�e�a�s�e� �i�n� �s�t�r�a�i�n� �f�o�r� �a� �2�0� �y�e�a�r� �p�e�r�i�o�d�.� 

�M�a�x�w�e�l�l� �f�l�u�i�d� �m�o�d�e�l�s� �a�r�e� �a�g�a�i�n� �u�s�e�d� �t�o� �r�e�p�r�e�s�e�n�t� �t�h�e�s�e� �c�a�s�e�s�.� �T�h�u�s�,� �t�h�e� �p�o�l�y�n�o�m�i�a�l�s� 

�P�(�s�)� �a�n�d� �Q�(�s�)� �a�r�e� �t�h�e� �s�a�m�e� �a�s� �b�e�f�o�r�e�,� �a�s� �s�h�o�w�n� �i�n� �E�q�u�a�t�i�o�n� �4�.�2�0�.� �L�i�k�e� �b�e�f�o�r�e�,� �t�h�e� �t�i�m�e�-� 

�d�e�p�e�n�d�e�n�t� �s�h�e�a�r� �s�t�r�a�i�n� �o�f� �t�h�e� �c�o�r�e� �m�a�t�e�r�i�a�l� �i�s� 

�p�s� �t� �t�)� �=�  ��(�4� �+�)� �.� �4�.�4�1� �V�Q�)� �=� �t�g� �+� �|� �(�4�.�4�1�)� 

�A�g�a�i�n�,� �t�h�e� �e�l�a�s�t�i�c� �s�h�e�a�r� �m�o�d�u�l�u�s� �G�,� �c�a�n� �b�e� �f�o�u�n�d� �b�y� �e�x�a�m�i�n�i�n�g� �E�q�u�a�t�i�o�n� �4�.�4�1� �a�t� �t�i�m�e� �z�e�r�o�,� 

�o�r� 

�1�0�)� �=� �#�4� �=� �(�4�.�4�2�)� 
�A� 

�T�t� 

�G�y� 
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�F�i�g�u�r�e� �1�0�.� �P�e�r�c�e�n�t� �I�n�c�r�e�a�s�e� �i�n� �T�i�p� �D�e�f�l�e�c�t�i�o�n� �o�f� �T�h�r�e�e�-�L�a�y�e�r� �B�e�a�m� �M�o�d�e�l� �f�o�r� �E�,� �(�t�)� 

�C�h�a�p�t�e�r� �4� �-� �T�h�e� �T�h�r�e�e�-�L�a�y�e�r� �S�a�n�d�w�i�c�h� �B�e�a�m� �M�o�d�e�l�:� �N�u�m�e�r�i�c�a�l� �R�e�s�u�l�t�s� �7�0
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�p�i�?� 
�9�6�E�,� 

�2� �A�y�,� �F�e�y� �1�,�2� �E�c� �+�h�t�y� �+�t�)� �+� �E�,� �n�e�n� �|� 

� � �W�t�i�p� �=� 

� � 

� � 

� � � � 

�2� 
�E� �4�.�6�8� �2� �f�o� �2�1�2� �2� �(�4�.�6�8�)�  ��£� �h�t� �&� �2� �2� �2� �c�a� �+�h�t�,�)� �+� �E�,� �h�(� �3� �h� �}� �t�2�(�h�t�,� �+�+�)� 

�C�c� �+� �C�c� �9� �7� 

�(�4�)� �+� �_ �� 

�'� �E� �1�,�2� �°� �2� �1�,�2� �F�2�7�1� �c�c� �+� �h�t�,� �+� �3� �t�y�)� �+� �E�,� �h�(� �3� �h� �|� 

�T�h�i�s� �e�x�p�r�e�s�s�i�o�n� �c�a�n� �b�e� �a�p�p�r�o�x�i�m�a�t�e�d� �b�y� �n�o�t�i�n�g� �t�h�a�t� �E�,� �i�s� �m�u�c�h� �s�m�a�l�l�e�r� �t�h�a�n� �E�,�,� �o�r� 

�E�,�  �� �<�<�1�.� �(�4�.�6�9�)� �E�,� 

�T�h�u�s�,� �a�n� �a�p�p�r�o�x�i�m�a�t�i�o�n� �c�a�n� �b�e� �u�s�e�d� �f�o�r� �t�h�e� �r�a�t�i�o� �E�z�.� 
�1� 

�E�e� �0� �4�.�7�0� 

�U�s�i�n�g� �t�h�i�s� �a�p�p�r�o�x�i�m�a�t�i�o�n�,� �E�q�u�a�t�i�o�n� �4�.�6�8� �s�i�m�p�l�i�f�i�e�s� �t�o� 

�3� �2� �2� �(�h�t� �+�2�4�)� �_� �P�L� �+� �P�L� �(�2�h�°� �+� �h�t�,�)� �,� �3� 
 ��u�p� �=� �2� �1� �2� �5� �1�9�2� �C�g� �C�;� 

�(�4�.�7�1�)� 

�T�h�i�s� �e�x�p�r�e�s�s�i�o�n� �i�s� �s�h�o�w�n� �i�n� �A�p�p�e�n�d�i�x� �B� �t�o� �b�e� �a�p�p�r�o�x�i�m�a�t�e�l�y� �e�q�u�a�l� �t�o� �t�h�e� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� 

�Q�(�s�)� 
�P�(�s�)� 

� � 

�t�i�p� �d�e�f�l�e�c�t�i�o�n� �i�n� �E�q�u�a�t�i�o�n� �4�.�3�2�.� �I�n� �E�q�u�a�t�i�o�n� �4�.�7�1�,� �E�,� �i�s� �r�e�p�l�a�c�e�d� �b�y� �a�n�d� �t�h�e� �l�o�a�d� �P�,� �a� �s�t�e�p� 

�,� �P�,� 
�f�u�n�c�t�i�o�n�,� �i�s� �r�e�p�l�a�c�e�d� �b�y� �i�t�s� �L�a�p�l�a�c�e� �t�r�a�n�s�f�o�r�m� �>�=� 

�C�h�a�p�t�e�r� �4� �-� �T�h�e� �T�h�r�e�e�-�L�a�y�e�r� �S�a�n�d�w�i�c�h� �B�e�a�m� �M�o�d�e�l�:� �N�u�m�e�r�i�c�a�l� �R�e�s�u�l�t�s� �7�1
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�d�t�s� �P�o�L� 
�m�a�p�l�e�.� �Q�S�)� �2� �1� �4�2� �9�6�5� �B�i�g� �a�(�n� �+� �h�t� �+� �3�h�)� 

�0� �9�?� �(�4�.�7�2�)� 
�P�o�L� �(�2�h�?� �+� �n�t�)�?� �(�A�t�,� �#�3�)� 

�+� �+� �;� 
�2� �1�,�2�,�"� �C�g� �°�7� �1�6�s�(�h�°� �+� �h�t�,� �+� �3�h�)� 

�N�e�x�t�,� �Q�(�s�)� �a�n�d� �P�(�s�)� �a�r�e� �r�e�p�l�a�c�e�d� �b�y� �t�h�e� �p�o�l�y�n�o�m�i�a�l�s� �s�p�e�c�i�f�i�c� �t�o� �a� �M�a�x�w�e�l�l� �f�l�u�i�d� �a�s� �s�h�o�w�n� �i�n� 

�E�q�u�a�t�i�o�n� �4�.�2�0�:� 

� � 

�W�t�i�p�(�S�)� �=� �=�e� �L� �1� 
�s�°� �|� �9�6�q�,�t�,�(�h�?� �+� �h�t�,� �+�a� �t�h�)� 

�2�,�2�,�"� 
�P�o� �p�y�L�°� �.� �L� �(�2�h�?� �+� �h�e�y�y� �(�h�s� �F�o�g� �t�y�)� 

�*� �L� �9�6�q�,�t�,�(�h�?� �+� �h�t�,� �+� �+�1�?� �2� �1� �,�2�,�°� �C�g� �C�7� �Q�t�y� �(�A� �+� �A�t� �+�>�)� �4�1�6�(�h� �+� �h�t�y� �+�3� �t�h�)� 

�(�4�.�7�3�)� 

� � � � � � 

�T�h�e� �i�n�v�e�r�s�e� �L�a�p�l�a�c�e� �t�r�a�n�s�f�o�r�m� �o�f� �E�q�u�a�t�i�o�n� �4�.�7�3� �i�s� �t�h�e� �t�i�m�e� �h�i�s�t�o�r�y� �o�f� �t�h�e� �t�i�p� �d�e�f�l�e�c�t�i�o�n�,� �o�r� 

�P�p� �i�3� �t� 
 � �� �(�4�+�)�.� �(�4�.�7�4� �9�6�t�,�(�h�?� �+� �h�t�y� �+� �3�t�h�)� 

� � �W�i�p�(�t�)� �=� �W�t�i�p� �+� 

�w�h�e�r�e� �W�z�,� �i�s� �t�h�e� �a�p�p�r�o�x�i�m�a�t�e� �e�l�a�s�t�i�c� �t�i�p� �d�e�f�l�e�c�t�i�o�n� �o�f� �E�q�u�a�t�i�o�n� �4�.�7�1�.� �T�h�u�s�,� �b�y� �u�s�i�n�g� �a�n� �a�p�-� 

�p�r�o�x�i�m�a�t�i�o�n� �f�o�r� �t�h�e� �t�i�p� �d�e�f�l�e�c�t�i�o�n� �w�h�i�c�h� �i�s� �b�a�s�e�d� �o�n� �t�h�e� �r�e�l�a�t�i�v�e�l�y� �s�m�a�l�l� �s�i�z�e� �o�f� �t�h�e� �e�x�t�e�n�s�i�o�n�a�l� 

�m�o�d�u�l�u�s� �o�f� �t�h�e� �c�o�r�e�,� �a� �l�i�n�e�a�r� �d�e�p�e�n�d�e�n�c�e� �o�n� �t�i�m�e� �i�s� �o�b�t�a�i�n�e�d� �f�o�r� �a� �M�a�x�w�e�l�l� �f�l�u�i�d� �r�e�p�r�e�s�e�n�-� 

�t�a�t�i�o�n� �o�f� �t�h�e� �v�i�s�c�o�e�l�a�s�t�i�c� �e�x�t�e�n�s�i�o�n�a�l� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �f�a�c�e� �s�h�e�e�t�s�.� �T�h�u�s�,� �f�o�r� �t�h�e� �m�o�d�e�l� �w�h�o�s�e� 

�s�t�r�a�i�n� �i�n�c�r�e�a�s�e�s� �o�n�e� �p�e�r�c�e�n�t� �i�n� �2�0� �y�e�a�r�s�,� �t�h�e� �t�i�p� �d�e�f�l�e�c�t�i�o�n� �o�f� �t�h�e� �b�e�a�m� �i�n� �2�0� �y�e�a�r�s� �c�a�n� �b�e� 

�f�o�u�n�d� �b�y� �u�s�i�n�g� �E�q�u�a�t�i�o�n�s� �4�.�6�0� �a�n�d� �4�.�7�4�:� 

�P�.�L�?� 
� � �W�r�i�p�(�2�0�)� �=� �W�t�i�p� �+� �(�4�.�7�5�)� 

�9�6�0�0�E�,�t�,�(�h�?� �+� �h�t�y� �+� �t�h�)� 

�C�h�a�p�t�e�r� �4� �-� �T�h�e� �T�h�r�e�e�-�L�a�y�e�r� �S�a�n�d�w�i�c�h� �B�e�a�m� �M�o�d�e�l�:� �N�u�m�e�r�i�c�a�l� �R�e�s�u�l�t�s� �7�2



�F�o�r� �t�h�e� �m�o�d�e�l� �w�i�t�h� �a� �t�e�n� �p�e�r�c�e�n�t� �i�n�c�r�e�a�s�e� �i�n� �s�t�r�a�i�n� �i�n� �2�0� �y�e�a�r�s�,� �t�h�e� �t�i�p� �d�e�f�l�e�c�t�i�o�n� �i�n� �2�0� �y�e�a�r�s� 

�i�s� 

�P�.�L�°� 
� � �W�t�i�p�(�2�0�)� �=� �W�t�i�p� �+� �(�4�.�7�6�)� 

�9�6�0�E�,�t�,�(�h�?� �+� �h�t�,� �+� �+� �t�h�)� 

�T�h�e� �p�e�r�c�e�n�t� �i�n�c�r�e�a�s�e�s� �i�n� �t�i�p� �d�e�f�l�e�c�t�i�o�n� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�i�m�e� �f�o�r� �t�h�e� �t�w�o� �b�r�a�c�k�e�t�i�n�g� �t�i�m�e�-� 

�d�e�p�e�n�d�e�n�t� �b�e�h�a�v�i�o�r�s� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �1�1�.� �A�l�s�o�,� �t�h�e� �p�e�r�c�e�n�t� �i�n�c�r�e�a�s�e�s� �i�n� �t�i�p� �d�e�f�l�e�c�t�i�o�n� �f�o�r� 

�t�h�e� �t�w�o� �e�x�a�c�t� �c�a�s�e�s� �a�r�e� �s�h�o�w�n� �i�n� �t�h�i�s� �f�i�g�u�r�e� �f�o�r� �c�o�m�p�a�r�i�s�o�n�.� �T�h�e� �a�p�p�r�o�x�i�m�a�t�i�o�n� �i�s� �c�l�o�s�e� �t�o� 

�t�h�e� �e�x�a�c�t� �s�o�l�u�t�i�o�n� �f�o�r� �b�o�t�h� �c�a�s�e�s�.� �B�o�t�h� �t�h�e� �a�p�p�r�o�x�i�m�a�t�e� �a�n�d� �e�x�a�c�t� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� �r�e�s�p�o�n�s�e�s� 

�o�f� �t�h�e� �b�e�a�m� �c�a�u�s�e�d� �b�y� �t�h�e� �v�i�s�c�o�e�l�a�s�t�i�c� �e�x�t�e�n�s�i�o�n�a�l� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �f�a�c�e� �s�h�e�e�t� �m�a�t�e�r�i�a�l� �a�r�e� 

�m�u�c�h� �l�e�s�s� �t�h�a�n� �t�h�e� �r�e�s�p�o�n�s�e� �c�a�u�s�e�d� �b�y� �t�h�e� �v�i�s�c�o�e�l�a�s�t�i�c� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �c�o�r�e� �i�n� �s�h�e�a�r�.� �T�h�i�s� 

�i�s� �n�o�t� �e�n�t�i�r�e�l�y� �u�n�e�x�p�e�c�t�e�d� �b�e�c�a�u�s�e� �t�h�e� �b�r�a�c�k�e�t�i�n�g� �c�o�n�d�i�t�i�o�n�s� �f�o�r� �t�h�e� �e�x�t�e�n�s�i�o�n�a�l�!� �b�e�h�a�v�i�o�r� �a�l�-� 

�l�o�w� �m�u�c�h� �l�e�s�s� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� �r�e�s�p�o�n�s�e� �t�h�a�n� �t�h�e� �b�r�a�c�k�e�t�i�n�g� �c�o�n�d�i�t�i�o�n�s� �f�o�r� �t�h�e� �s�h�e�a�r� �b�e�h�a�v�i�o�r� 

�(�e�.�g�.�,� �a� �t�e�n� �p�e�r�c�e�n�t� �i�n�c�r�e�a�s�e� �i�n� �s�t�r�a�i�n� �a�s� �c�o�m�p�a�r�e�d� �t�o� �a� �t�e�n�-�f�o�l�d� �i�n�c�r�e�a�s�e�)�.� �H�o�w�e�v�e�r�,� �t�h�e� �t�i�p� 

�d�e�f�l�e�c�t�i�o�n� �h�a�s� �a� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� �i�n�c�r�e�a�s�e� �o�f� �n�e�a�r�l�y� �o�n�e� �p�e�r�c�e�n�t� �a�n�d� �t�e�n� �p�e�r�c�e�n�t� �i�n� �t�w�e�n�t�y� 

�y�e�a�r�s� �f�o�r� �b�o�t�h� �t�h�e� �a�p�p�r�o�x�i�m�a�t�e� �a�n�d� �e�x�a�c�t� �c�a�s�e�s�,� �n�e�a�r�l�y� �t�h�e� �s�a�m�e� �a�m�o�u�n�t� �o�f� �s�t�r�a�i�n� �i�n�c�r�e�a�s�e� 

�i�n� �t�h�e� �f�a�c�e� �s�h�e�e�t�s� �t�h�e�m�s�e�l�v�e�s�.� �T�h�u�s�,� �t�h�e�r�e� �i�s� �a�n� �a�l�m�o�s�t� �o�n�e�-�t�o�-�o�n�e� �r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �t�h�e� 

�t�i�m�e�-�d�e�p�e�n�d�e�n�t� �t�i�p� �d�e�f�l�e�c�t�i�o�n� �a�n�d� �t�h�e� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� �s�t�r�a�i�n� �o�f� �t�h�e� �f�a�c�e� �s�h�e�e�t�s�.� �A�s� �s�e�e�n� �i�n� 

�T�a�b�l�e� �2� �a�n�d� �T�a�b�l�e� �3�,� �t�h�e� �e�l�a�s�t�i�c� �s�e�n�s�i�t�i�v�i�t�y� �o�f� �t�h�e� �t�i�p� �d�e�f�l�e�c�t�i�o�n� �i�s� �m�u�c�h� �g�r�e�a�t�e�r� �f�o�r� �r�e�d�u�c�t�i�o�n�s� 

�o�f� �E�;� �t�h�a�n� �f�o�r� �t�h�e� �s�a�m�e� �r�e�d�u�c�t�i�o�n�s� �o�f� �G�,�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� �e�l�a�s�t�i�c� �s�e�n�s�i�t�i�v�i�t�y� �s�t�u�d�i�e�s� �p�r�o�v�i�d�e� �g�o�o�d� 

�i�n�d�i�c�a�t�i�o�n�s� �o�f� �h�o�w� �s�e�n�s�i�t�i�v�e� �t�h�e� �b�e�a�m� �i�s� �t�o� �v�i�s�c�o�e�l�a�s�t�i�c� �b�e�h�a�v�i�o�r� �o�f� �i�t�s� �c�o�n�s�t�i�t�u�e�n�t�s�.� �A�c�t�u�a�l�l�y�,� 

�t�h�e� �e�l�a�s�t�i�c� �s�e�n�s�i�t�i�v�i�t�y� �s�t�u�d�i�e�s� �a�r�e� �s�i�m�i�l�a�r� �i�n� �n�a�t�u�r�e� �t�o� �t�h�e� �s�o�-�c�a�l�l�e�d� �q�u�a�s�i�-�e�l�a�s�t�i�c� �a�p�p�r�o�a�c�h� �t�o� 

�s�t�u�d�y�i�n�g� �v�i�s�c�o�e�l�a�s�t�i�c� �e�f�f�e�c�t�s�.� 
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�a� �6�7�  �� �a�p�p�r�o�x�i�m�a�t�e� 
�S� �-�-�-� �e�x�a�c�t� �P�p�,� �=� �2�0�0�E�,� 

�=� �q�,� �=� �2�0�0� 
�C�c� 

�O�o� �4� 
�o� 
�a� 

�p�,� �=� �2�0�0�0�E�,� 

�;� �q�,� �=� �2�0�0�0� 

�(�e�e�e� �-� 

�0�  ��1� �_�l� �!� 

�0� �5� �1�0� �1�5� �2�0� 

�T�i�m�e� �(�y�e�a�r�s�)� 

�F�i�g�u�r�e� �1�1�.� �P�e�r�c�e�n�t� �I�n�c�r�e�a�s�e� �i�n� �T�i�p� �D�e�f�l�e�c�t�i�o�n� �o�f� �T�h�r�e�e�-�L�a�y�e�r� �B�e�a�m� �M�o�d�e�l� �f�o�r� �E�,� �(�t�)� �-� �A�p�p�r�o�x�i�m�a�t�e� 

�Q�u�a�s�i�-�E�l�a�s�t�i�c� �A�p�p�r�o�a�c�h� 

�A� �q�u�a�s�i�-�e�l�a�s�t�i�c� �a�p�p�r�o�a�c�h� �c�a�n� �b�e� �u�s�e�d� �t�o� �e�s�t�i�m�a�t�e� �t�h�e� �v�i�s�c�o�e�l�a�s�t�i�c� �r�e�s�p�o�n�s�e� �o�f� �a� �s�t�r�u�c�t�u�r�e� 

�t�o� �t�h�e� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� �b�e�h�a�v�i�o�r� �o�f� �i�t�s� �c�o�n�s�t�i�t�u�e�n�t� �m�a�t�e�r�i�a�!� �p�r�o�p�e�r�t�i�e�s�.� �W�i�t�h� �t�h�e� �q�u�a�s�i�-�e�l�a�s�t�i�c� 
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�a�p�p�r�o�a�c�h�,� �t�h�e� �c�o�m�p�l�i�a�n�c�e� �o�f� �a� �p�a�r�t�i�c�u�l�a�r� �c�o�n�s�t�i�t�u�e�n�t� �i�s� �r�e�p�l�a�c�e�d� �b�y� �t�h�e� �c�o�m�p�l�i�a�n�c�e� �o�f� �t�h�e� 

�c�o�n�s�t�i�t�u�e�n�t� �e�v�a�l�u�a�t�e�d� �a�t� �t�h�e� �t�i�m�e� �o�f� �i�n�t�e�r�e�s�t�,� �a�n�d� �a�n� �e�l�a�s�t�i�c� �a�n�a�l�y�s�i�s� �i�s� �p�e�r�f�o�r�m�e�d�.� �I�n� �p�a�r�t�i�c�-� 

�u�l�a�r�,� �f�o�r� �t�h�e� �p�r�o�b�l�e�m� �b�e�i�n�g� �c�o�n�s�i�d�e�r�e�d� �h�e�r�e�,� �t�h�e� �t�i�p� �d�e�f�l�e�c�t�i�o�n� �o�f� �t�h�e� �t�i�p�-�l�o�a�d�e�d� �c�a�n�t�i�l�e�v�e�r� 

�b�e�a�m� �i�n� �2�0� �y�e�a�r�s� �i�s� �f�o�u�n�d� �b�y� �i�n�c�r�e�a�s�i�n�g� �a� �s�p�e�c�i�f�i�c� �c�o�m�p�l�i�a�n�c�e� �b�y� �a� �g�i�v�e�n� �f�a�c�t�o�r�.� �F�o�r� �e�x�a�m�p�l�e�,� 

�f�o�r� �t�h�e� �c�a�s�e� �w�h�e�r�e� �t�h�e� �s�h�e�a�r� �m�o�d�u�l�u�s� �o�f� �t�h�e� �f�a�c�e� �s�h�e�e�t�s�,� �G�i�,� �i�s� �t�i�m�e�-�d�e�p�e�n�d�e�n�t�,� �t�h�e� �c�o�m�p�l�i�-� 

�a�n�c�e� �(�4�)� �i�s� �r�e�p�l�a�c�e�d� �b�y� �>� �.� �T�h�i�s� �h�a�s� �e�x�a�c�t�l�y� �t�h�e� �s�a�m�e� �e�f�f�e�c�t� �a�s� �r�e�p�l�a�c�i�n�g� �G�,� �b�y� �=� �a�s� 

�w�a�s� �d�o�n�e� �i�n� �t�h�e� �e�l�a�s�t�i�c� �s�e�n�s�i�t�i�v�i�t�y� �s�t�u�d�i�e�s�.� �T�o� �a�l�l�o�w� �f�o�r� �d�i�r�e�c�t� �c�o�m�p�a�r�i�s�o�n� �b�e�t�w�e�e�n� �t�h�e� 

�q�u�a�s�i�-�e�l�a�s�t�i�c� �a�n�d� �v�i�s�c�o�e�l�a�s�t�i�c� �r�e�s�u�l�t�s�,� �t�h�e� �c�o�m�p�l�i�a�n�c�e�s� �w�h�i�c�h� �c�o�r�r�e�s�p�o�n�d� �t�o� �t�h�e� �s�h�e�a�r� �m�o�d�u�l�i� 

�(�G�,� �a�n�d� �G�2�)� �a�r�e� �i�n�c�r�e�a�s�e�d� �b�y� �a� �f�a�c�t�o�r� �o�f� �t�e�n� �a�n�d� �t�h�e� �c�o�m�p�l�i�a�n�c�e� �w�h�i�c�h� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �t�h�e� 

�m�o�d�u�l�u�s� �o�f� �e�l�a�s�t�i�c�i�t�y� �o�f� �t�h�e� �f�a�c�e� �s�h�e�e�t�s� �(�E�,�)� �i�s� �i�n�c�r�e�a�s�e�d� �b�y� �a� �f�a�c�t�o�r� �o�f� �1�.�1�.� �T�h�u�s�,� �t�h�e� �r�e�s�u�l�t�s� 

�o�f� �u�s�i�n�g� �t�h�e� �q�u�a�s�i�-�e�l�a�s�t�i�c� �a�p�p�r�o�a�c�h� �w�h�i�c�h� �a�p�p�e�a�r� �i�n� �T�a�b�l�e� �6� �c�a�n� �b�e� �c�o�r�r�e�l�a�t�e�d� �w�i�t�h� �t�h�e� �r�e�s�u�l�t�s� 

�o�f� �t�h�e� �l�a�s�t� �t�h�r�e�e� �f�i�g�u�r�e�s�.� �I�n� �T�a�b�l�e� �6�,� �t�h�e� �f�i�r�s�t� �c�o�l�u�m�n� �i�n�d�i�c�a�t�e�s� �t�h�e� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�y� �t�h�a�t� �i�s� 

�a�s�s�u�m�e�d� �t�o� �h�a�v�e� �a� �c�o�m�p�l�i�a�n�c�e� �i�n�c�r�e�a�s�e� �a�n�d� �t�h�e� �s�e�c�o�n�d� �c�o�l�u�m�n� �p�r�e�s�e�n�t�s� �t�h�e� �f�a�c�t�o�r� �b�y� �w�h�i�c�h� 

�i�t� �i�s� �i�n�c�r�e�a�s�e�d�.� �T�h�e� �t�h�i�r�d� �c�o�l�u�m�n� �i�s� �t�h�e� �p�e�r�c�e�n�t� �i�n�c�r�e�a�s�e� �i�n� �t�i�p� �d�e�f�l�e�c�t�i�o�n� �a�t� �t�w�e�n�t�y�-�y�e�a�r�s� �a�s� 

�c�o�m�p�u�t�e�d� �b�y� �t�h�e� �q�u�a�s�i�-�e�l�a�s�t�i�c� �a�p�p�r�o�a�c�h� �a�n�d� �n�o�r�m�a�l�i�z�e�d� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �e�l�a�s�t�i�c� �t�i�p� �d�e�-� 

�f�l�e�c�t�i�o�n�,� �o�r� 

�q�u�a�s�i�-�e�l�a�s�t�i�c� 
�t�i�p� �~� �W�t�i�p� 

�W�t�p� 
� � �x�1�0�0�%� �(�4�.�7�7�)� 

�T�h�e� �i�n�c�r�e�a�s�e� �i�n� �t�i�p� �d�e�f�l�e�c�t�i�o�n� �a�t� �2�0� �y�e�a�r�s� �a�s� �c�o�m�p�u�t�e�d� �b�y� �t�h�e� �v�i�s�c�o�e�l�a�s�t�i�c� �a�p�p�r�o�a�c�h� �a�n�d� �n�o�r�-� 

�m�a�l�i�z�e�d� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �e�l�a�s�t�i�c� �t�i�p� �d�e�f�l�e�c�t�i�o�n�,� �o�r� 

�v�i�s�c�o�e�l�a�s�t�i�c� 

�W�t�i�p� �(�2�0�)�  �� �W�t�i�p� 
�W�t�i�p� 

� � �x�1�0�0�%� �,� �(�4�.�7�8�)� 

�i�s� �p�r�e�s�e�n�t�e�d� �i�n� �t�h�e� �f�o�u�r�t�h� �c�o�l�u�m�n� �f�o�r� �c�o�m�p�a�r�i�s�o�n�.� �T�h�e� �r�e�s�u�l�t�s� �f�r�o�m� �t�h�e� �q�u�a�s�i�-�e�l�a�s�t�i�c� �a�p�p�r�o�a�c�h� 

�a�r�e� �n�e�a�r�l�y� �i�d�e�n�t�i�c�a�l� �t�o� �t�h�e� �r�e�s�u�l�t�s� �f�r�o�m� �t�h�e� �v�i�s�c�o�e�l�a�s�t�i�c� �a�p�p�r�o�a�c�h� �f�o�r� �t�h�e� �t�h�r�e�e� �c�a�s�e�s� �s�h�o�w�n�.� 

�T�h�e�r�e� �i�s� �o�n�l�y� �a� �m�i�n�o�r� �d�i�f�f�e�r�e�n�c�e� �i�n� �t�h�e� �t�w�o� �v�a�l�u�e�s� �f�o�r� �t�h�e� �c�a�s�e� �o�f� �t�h�e� �c�o�m�p�l�i�a�n�c�e� �c�o�r�r�e�-� 

�C�h�a�p�t�e�r� �4� �-� �T�h�e� �T�h�r�e�e�-�L�a�y�e�r� �S�a�n�d�w�i�c�h� �B�e�a�m� �M�o�d�e�l�:� �N�u�m�e�r�i�c�a�l� �R�e�s�u�l�t�s� �7�5



�s�p�o�n�d�i�n�g� �t�o� �G�2�,� �t�h�e� �s�h�e�a�r� �m�o�d�u�l�u�s� �o�f� �t�h�e� �c�o�r�e�.� �I�n� �t�h�i�s� �c�a�s�e�,� �t�h�e� �q�u�a�s�i�-�e�l�a�s�t�i�c� �v�a�l�u�e� �i�s� �s�l�i�g�h�t�l�y� 

�l�e�s�s� �t�h�a�n� �t�h�e� �v�i�s�c�o�e�l�a�s�t�i�c� �o�n�e�.� 

� � 

�T�a�b�l�e� �6�.� �Q�u�a�s�i�-�E�l�a�s�t�i�c� �T�i�p� �D�e�f�l�e�c�t�i�o�n� �o�f� �t�h�e� �T�h�r�e�e�-�L�a�y�e�r� �C�o�m�p�o�s�i�t�e� �T�i�p�-�L�o�a�d�e�d� �C�a�n�t�i�l�e�v�e�r� �B�e�a�m� 

� � 

� � 

� � � � � � � � � � � � 

� � 

�M�a�t�e�r�i�a�l� �Q�u�a�s�i�-�E�l�a�s�t�i�c� �V�i�s�c�o�e�l�a�s�t�i�c� 
�P�r�o�p�e�r�t�y� �F�a�c�t�o�r� �R�e�s�u�l�t� �R�e�s�u�l�t� 

�E�y� �1�.�1� �8�.�6�%� �8�.�6� �%� 

�G�,� �1�0�.�0� �0�.�2� �%� �0�.�2�%� 

�G�2� �1�0�.�0� �1�2�3�.�2� �%� �1�2�6�.�8� �%� 

�S�u�m�m�a�r�y� 

�T�h�i�s� �c�o�m�p�l�e�t�e�s� �t�h�e� �n�u�m�e�r�i�c�a�l� �r�e�s�u�l�t�s� �b�a�s�e�d� �o�n� �t�h�e� �t�h�r�e�e�-�l�a�y�e�r� �b�e�a�m� �m�o�d�e�l�.� �T�h�e� �r�e�s�u�l�t�s� 

�p�r�o�v�i�d�e� �a� �g�l�i�m�p�s�e� �o�f� �t�h�e� �e�f�f�e�c�t�s� �o�f� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� �b�e�h�a�v�i�o�r� �o�f� �v�a�r�i�o�u�s� �c�o�n�s�t�i�t�u�e�n�t�s� �o�n� �t�h�e� 

�o�v�e�r�a�l�l� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �b�e�a�m� �t�o� �b�o�t�h� �m�e�c�h�a�n�i�c�a�l� �l�o�a�d�s� �a�n�d� �a� �t�e�m�p�e�r�a�t�u�r�e� �g�r�a�d�i�e�n�t�.� �T�h�e� �r�e�-� 

�s�u�l�t�s� �a�r�e� �b�a�s�e�d� �o�n� �w�h�a�t� �m�i�g�h�t� �b�e� �c�o�n�s�i�d�e�r�e�d� �s�i�m�p�l�e� �r�e�p�r�e�s�e�n�t�a�t�i�o�n�s� �o�f� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� �m�a�-� 

�t�e�r�i�a�l� �b�e�h�a�v�i�o�r�.� �N�o�n�e�t�h�e�l�e�s�s�,� �t�h�e� �r�e�s�u�l�t�s� �a�r�e� �q�u�i�t�e� �v�a�l�u�a�b�l�e�.� �A�d�d�i�t�i�o�n�a�l�l�y�,� �i�f� �m�o�r�e� �c�o�m�p�l�i�c�a�t�e�d� 

�t�i�m�e�-�d�e�p�e�n�d�e�n�t� �m�a�t�e�r�i�a�l� �b�e�h�a�v�i�o�r� �m�o�d�e�l�s� �a�r�e� �t�o� �b�e� �c�o�n�s�i�d�e�r�e�d�,� �t�h�e� �e�q�u�a�t�i�o�n�s� �a�n�d� �s�t�e�p�s� 

�n�e�c�e�s�s�a�r�y� �t�o� �i�n�c�l�u�d�e� �t�h�e�s�e� �m�o�d�e�l�s� �a�r�e� �a�v�a�i�l�a�b�l�e� �i�n� �t�h�i�s� �c�h�a�p�t�e�r�.� �T�h�e� �f�o�c�u�s� �n�o�w� �s�h�i�f�t�s� �t�o� �t�h�e� 

�f�i�v�e�-�l�a�y�e�r� �b�e�a�m� �m�o�d�e�l�.� �W�i�t�h� �t�h�i�s� �m�o�d�e�l�,� �t�h�e� �i�m�p�o�r�t�a�n�c�e� �o�f� �t�h�e� �a�d�h�e�s�i�v�e� �l�a�y�e�r� �t�o� �t�h�e� �o�v�e�r�a�l�l� 

�r�e�s�p�o�n�s�e� �o�f� �t�h�e� �b�e�a�m� �c�a�n� �b�e� �e�v�a�l�u�a�t�e�d�.� 
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�C�h�a�p�t�e�r� �5� �-� �D�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e� �F�i�v�e�-�L�a�y�e�r� 

�S�a�n�d�w�i�c�h� �B�e�a�m� �M�o�d�e�l� 

�A�l�t�h�o�u�g�h� �t�h�e� �t�h�r�e�e�-�l�a�y�e�r� �m�o�d�e�l� �i�s� �a� �v�a�l�u�a�b�l�e� �t�o�o�l�,� �t�h�e� �f�i�v�e�-�l�a�y�e�r� �m�o�d�e�l� �a�c�c�o�u�n�t�s� �f�o�r� �s�e�p�-� 

�a�r�a�t�e� �a�d�h�e�s�i�v�e� �l�a�y�e�r�s�.� �B�e�c�a�u�s�e� �a�d�h�e�s�i�v�e�s� �a�r�e� �g�e�n�e�r�a�l�l�y� �p�o�l�y�m�e�r�-�b�a�s�e�d� �m�a�t�e�r�i�a�l�s�,� �t�h�e� �t�i�m�e�-� 

�d�e�p�e�n�d�e�n�t� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �a�d�h�e�s�i�v�e� �l�a�y�e�r�s� �c�o�u�l�d� �b�e� �i�m�p�o�r�t�a�n�t� �t�o� �t�h�e� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �r�e�f�l�e�c�t�o�r� 

�s�e�g�m�e�n�t�s�.� �T�h�u�s�,� �t�h�e� �a�n�a�l�y�s�i�s� �i�s� �n�o�t� �c�o�m�p�l�e�t�e� �w�i�t�h�o�u�t� �s�t�u�d�y�i�n�g� �t�h�e� �f�i�v�e�-�l�a�y�e�r� �s�a�n�d�w�i�c�h� �b�e�a�m� 

�m�o�d�e�l�.� �H�o�w�e�v�e�r�,� �t�h�e� �i�m�p�o�r�t�a�n�c�e� �o�f� �t�h�e� �t�h�r�e�e�-�l�a�y�e�r� �m�o�d�e�l� �a�s� �a� �t�o�o�l� �f�o�r� �s�i�m�p�l�i�f�y�i�n�g� �t�h�e� �f�i�v�e�-� 

�l�a�y�e�r� �b�e�a�m� �m�o�d�e�l� �w�i�l�l� �b�e� �r�e�v�e�a�l�e�d� �i�n� �t�h�e� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e� �f�i�v�e�-�l�a�y�e�r� �m�o�d�e�l�.� 

�D�i�s�p�l�a�c�e�m�e�n�t� �F�i�e�l�d� 

�L�i�k�e� �t�h�a�t� �o�f� �t�h�e� �t�h�r�e�e�-�l�a�y�e�r� �m�o�d�e�l�,� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �f�i�e�l�d� �o�f� �t�h�e� �f�i�v�e�-�l�a�y�e�r� �s�a�n�d�w�i�c�h� �b�e�a�m� 

�m�o�d�e�l� �m�u�s�t� �a�c�c�o�u�n�t� �f�o�r� �t�h�e� �c�o�n�t�r�i�b�u�t�i�o�n� �t�h�a�t� �e�a�c�h� �l�a�y�e�r� �m�a�k�e�s� �t�o�w�a�r�d� �t�h�e� �o�v�e�r�a�l�l� �r�e�s�p�o�n�s�e� 

�o�f� �t�h�e� �b�e�a�m�.� �A�s� �w�a�s� �d�o�n�e� �i�n� �t�h�e� �t�h�r�e�e�-�l�a�y�e�r� �m�o�d�e�l�,� �e�a�c�h� �l�a�y�e�r� �i�s� �a�s�s�u�m�e�d� �t�o� �h�a�v�e� �b�o�t�h� �e�x�-� 

�t�e�n�s�i�o�n�a�l� �a�n�d� �s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n�s�,� �a�n�d� �t�o� �s�h�e�a�r� �i�n�d�e�p�e�n�d�e�n�t�l�y� �o�f� �t�h�e� �o�t�h�e�r� �l�a�y�e�r�s�.� �T�h�e� �q�u�a�n�-� 

�C�h�a�p�t�e�r� �5� �-� �D�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e� �F�i�v�e�-�L�a�y�e�r� �S�a�n�d�w�i�c�h� �B�e�a�m� �M�o�d�e�l� �7�7
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�E�y� �G�,� �a� �B� �Y� �t�y� 

�u�e� �O�o� �h� �|� �x� 
�2�H� �E�,� �G�s� �2�3� �B� �h� �>� 

�E�.� �G�o� �M�2� �t� 

�E�,� �G� �a�1� �t� 
�Y�b� �4� 

�F�i�g�u�r�e� �1�2�.� �D�i�s�p�l�a�c�e�m�e�n�t� �F�i�e�l�d� �o�f� �t�h�e� �F�i�v�e�-�L�a�y�e�r� �S�a�n�d�w�i�c�h� �B�e�a�m� �M�o�d�e�!� 

�t�i�t�y� �u�°� �a�g�a�i�n� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �m�i�d�s�u�r�f�a�c�e� �x�-�d�i�r�e�c�t�i�o�n� �d�i�s�p�l�a�c�e�m�e�n�t�.� �A�n� �a�d�d�i�t�i�o�n�a�l� �x�-�d�i�r�e�c�t�i�o�n� 

�d�i�s�p�l�a�c�e�m�e�n�t� �i�s� �c�a�u�s�e�d� �b�y� �t�h�e� �r�o�t�a�t�i�o�n�s� �o�f� �t�h�e� �d�i�f�f�e�r�e�n�t� �l�a�y�e�r�s�;� �t�h�e� �c�o�r�e� �h�a�s� �a� �r�o�t�a�t�i�o�n�a�l� �a�n�g�l�e� 

�a�(�x�)�,� �t�h�e� �a�d�h�e�s�i�v�e� �l�a�y�e�r�s� �B�(�x�)� �a�n�d� �t�h�e� �f�a�c�e� �s�h�e�e�t�s� �y�(�x�)�.� �T�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �i�n� �t�h�e� �z� �d�i�r�e�c�t�i�o�n� �i�s� 

�c�o�n�s�t�a�n�t� �t�h�r�o�u�g�h� �t�h�e� �t�h�i�c�k�n�e�s�s�.� �B�e�c�a�u�s�e� �t�h�i�s� �i�s� �a� �b�e�a�m� �m�o�d�e�l�,� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �a�r�e� �n�o�t� 

�d�e�p�e�n�d�e�n�t� �o�n� �t�h�e� �p�o�s�i�t�i�o�n� �t�h�r�o�u�g�h� �t�h�e� �w�i�d�t�h� �o�f� �t�h�e� �b�e�a�m�,� �y�.� �T�h�u�s�,� �t�h�e� �z�-�d�i�r�e�c�t�i�o�n� �d�i�s�p�l�a�c�e�-� 

�m�e�n�t� �i�s� �o�n�l�y� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �p�o�s�i�t�i�o�n� �a�l�o�n�g� �t�h�e� �l�e�n�g�t�h� �o�f� �t�h�e� �b�e�a�m�,� �x�.� �T�h�e� �y�-�d�i�r�e�c�t�i�o�n� �d�i�s�-� 

�p�l�a�c�e�m�e�n�t� �i�s� �n�o�t� �n�e�e�d�e�d� �f�o�r� �t�h�e� �m�o�d�e�l�;� �t�h�e�r�e�f�o�r�e�,� �n�o� �a�s�s�u�m�p�t�i�o�n�s� �a�r�e� �m�a�d�e� �a�b�o�u�t� �i�t�.� �T�h�e� 

�d�i�s�p�l�a�c�e�m�e�n�t� �f�i�e�l�d� �f�o�r� �t�n�e� �f�i�v�e�-�l�a�y�e�r� �b�e�a�m� �m�o�d�e�l� �i�s� 

�C�h�a�p�t�e�r� �5� �-� �D�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e� �F�i�v�e�-�L�a�y�e�r� �S�a�n�d�w�i�c�h� �B�e�a�m� �M�o�d�e�l� �7�8



�u�°�(�x�)� �+� �h�a�(�x�)� �+� �t�o�B�(�x�)�  �� �(�2� �+�h� �+�t�y�)�y�(�x�)�  ��H�<�z�<�s ��H�+�t�,� 

�u�°�(�x�)� �+� �h�a�(�x�)�  �� �(�2� �+� �h�)�B�(�x�)�  ��H�+�t�,�<�z�< ��-�h� 

�u�(�x�,�z�)� �=� �¢� �u�(�x�)�  �� �z�a�(�x�)�  ��h�<�z�<�h� 

�u�°�(�x�)�  �� �h�a�(�x�)�  �� �(�z�  �� �h�)�B�(�x�)� �h�<�z�<�H�  ��t�,� �(�9�.�1�)� 

�u�°�(�x�)�  �� �h�a�(�x�)�  �� �t�o�B�(�x�)�  �� �(�Z�z�  ��h ��t�e�)�y�(�x�)� �=� �H�-�t�)�;�<�z�<�H� 

�w�(�x�,�z�)� �=� �w�°�(�x�)� 

�T�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �f�i�e�l�d� �i�n� �t�h�e� �x� �d�i�r�e�c�t�i�o�n� �a�n�d� �t�h�e� �g�e�o�m�e�t�r�y� �a�n�d� �n�o�m�e�n�c�i�a�t�u�r�e� �f�o�r� �t�h�e� �f�i�v�e�-�l�a�y�e�r� 

�m�o�d�e�l� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �1�2�.� 

�S�t�r�a�i�n� �F�i�e�l�d� 

�T�h�e� �s�t�r�a�i�n�-�d�i�s�p�l�a�c�e�m�e�n�t� �r�e�l�a�t�i�o�n�s�h�i�p�s� �g�i�v�e�n� �i�n� �E�q�u�a�t�i�o�n� �2�.�2�1� �a�r�e� �a�p�p�l�i�e�d� �t�o� �t�h�e� �d�i�s�p�l�a�c�e�-� 

�m�e�n�t� �f�i�e�l�d� �t�o� �y�i�e�l�d� �t�h�e� �s�t�r�a�i�n� �f�i�e�l�d�,� �w�h�i�c�h� �i�s� 

�C�h�a�p�t�e�r� �5� �-� �D�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e� �F�i�v�e�-�L�a�y�e�r� �S�a�n�d�w�i�c�h� �B�e�a�m� �M�o�d�e�l� �7�9



�d�u� �d�x� �a�p� �d�y� �a�a� �a�s�  ��_�  �� �~�H�<�e�7�<�  �� �m�e� �t�M� �g�e� �t�h� �g�o�r� �t�+�h�+�t�)�o�-� �-�H�<�z�<�-�H� �+�t�,� 

�d�u� �d�a� �d�p� �a�x� �t�h� �g�x� �7� �(�2� �+� �a�x�  ��-�H�+�t�,�<�z�< ��-�h� 

�d�u� �d�x� �=�  ��  ��=�  ��h�<�z�7�<� �E�y� �d�x� �z� �d�x� �h�<�z�<�h� 

�d�u� �d�a� �d�p�  � � ��  �� �h�  � ��  �� �(�7�  �� �h�)�  �� �<�  �� �a� �a�e� �Z�N� �h�<�z�<�H�  ��t�,� 

�d�u� �d�a� �d�p� �d�y� 
�d�x�  ��h� �d�x�  �� �t�y� �d�x�  ��(�z ��h ��t�p�)� �d�x� �H�  ��t�,�<�z�<�H� 

�~�y�+�O� �_�H�e�z�e� �H�i�t� 
�d�x� �=�=� �1� 
�d�w�  �� �B�+�  ��-�H�+�t�,�<�z�< ��h� �|� 

�Y�o� �=� �-�a� �+�e�  ��h�<�z�<�h� �(�5�.�2�)� 
�d�w�  �� �B�+�-�y� �h�<�z�<�H�  ��t�,� 
�d�w� �_�  ��~�  ��~�t�<� �y�t� �d�x� �H� �t�,�<�z�<�H� 

�w�h�e�r�e� �t�h�e� �s�u�p�e�r�s�c�r�i�p�t�  � ��o �� �h�a�s� �b�e�e�n� �d�r�o�p�p�e�d� �f�r�o�m� �u�x�)� �a�n�d� �w�°�(�x�)�.� 

�P�r�i�n�c�i�p�l�e� �o�f� �S�t�a�t�i�o�n�a�r�y� �P�o�t�e�n�t�i�a�l� �E�n�e�r�g�y� 

�F�o�r� �t�h�e� �f�i�v�e�-�l�a�y�e�r� �b�e�a�m� �m�o�d�e�l�,� �f�i�v�e� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� �h�a�v�e� �b�e�e�n� �a�s�s�u�m�e�d�:� �t�h�e� �d�i�s�-� 

�p�l�a�c�e�m�e�n�t�s� �u�,� �w�,� �a�,� �8� �a�n�d� �y�.� �T�h�e�r�e�f�o�r�e�,� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �t�h�e� �p�r�i�n�c�i�p�l�e� �o�f� �s�t�a�t�i�o�n�a�r�y� �p�o�t�e�n�t�i�a�l� 

�e�n�e�r�g�y� �r�e�s�u�l�t�s� �i�n� �f�i�v�e� �E�u�l�e�r� �e�q�u�a�t�i�o�n�s� �a�n�d� �f�i�v�e� �s�e�t�s� �o�f� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�.� 

�F�i�r�s�t�,� �t�h�e� �t�o�t�a�l� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �o�f� �t�h�e� �b�e�a�m� �m�u�s�t� �b�e� �w�r�i�t�t�e�n� �a�s� �a� �f�u�n�c�t�i�o�n�a�l� �o�f� �t�h�e� �d�i�s�-� 

�p�l�a�c�e�m�e�n�t� �f�u�n�c�t�i�o�n�s�.� �T�h�e� �t�o�t�a�l� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �i�s� �g�i�v�e�n� �b�y� �E�q�u�a�t�i�o�n� �2�.�2�7� �a�n�d� �i�s� 

�H� 
�n�=� �+� �I�.� �[� �[�e�e�e� �+� �G�(�z�)�y�2�,�  �� �E�(�z�)�a�(�z�)�A�T�(�z�)�e�,�]�d�z�d�x�  �� �P�r�w�l�e�_� �4�.� �.� �(�5�.�3�)� 

�C�h�a�p�t�e�r� �5� �-� �D�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e� �F�i�v�e�-�L�a�y�e�r� �S�a�n�d�w�i�c�h� �B�e�a�m� �M�o�d�e�l�  �� �8�0



�T�h�e� �t�h�e�r�m�a�l� �g�r�a�d�i�e�n�t� �c�o�n�s�i�d�e�r�e�d� �i�s� �t�h�e� �s�a�m�e� �a�s� �f�o�r� �t�h�e� �t�h�r�e�e�-�l�a�y�e�r� �c�a�s�e�:� �a� �l�i�n�e�a�r� �g�r�a�d�i�e�n�t� 

�t�h�r�o�u�g�h� �t�h�e� �t�h�i�c�k�n�e�s�s� �o�f� �t�h�e� �b�e�a�m�,� 

�A�T�=�a�+�z�+�b�z� �.� �(�5�.�4�)� 

�I�f� �t�h�e� �i�n�t�e�g�r�a�l� �o�v�e�r� �t�h�e� �t�h�i�c�k�n�e�s�s� �o�f� �t�h�e� �b�e�a�m� �i�n� �E�q�u�a�t�i�o�n� �5�.�3� �i�s� �s�e�p�a�r�a�t�e�d� �i�n�t�o� �f�i�v�e� �i�n�t�e�g�r�a�l�s�,� 

�o�n�e� �f�o�r� �e�a�c�h� �l�a�y�e�r�,� �w�i�t�h�i�n� �e�a�c�h� �i�n�t�e�g�r�a�l� �t�h�e� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �a�r�e� �n�o� �l�o�n�g�e�r� �f�u�n�c�t�i�o�n�s� �o�f� �z�.� 

�T�h�u�s�,� �t�h�e� �t�o�t�a�l� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �i�s� 

�-�H�+�t�,� 
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�C�h�a�p�t�e�r� �5� �-� �D�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e� �F�i�v�e�-�L�a�y�e�r� �S�a�n�d�w�i�c�h� �B�e�a�m� �M�o�d�e�l� �1�0�0



�C�h�a�p�t�e�r� �6� �-� �T�h�e� �F�i�v�e�-�L�a�y�e�r� �S�a�n�d�w�i�c�h� �B�e�a�m� �M�o�d�e�l�:� 

�N�u�m�e�r�i�c�a�l� �R�e�s�u�l�t�s� 

�B�e�c�a�u�s�e� �t�h�e� �s�e�n�s�i�t�i�v�i�t�y� �s�t�u�d�i�e�s� �u�s�i�n�g� �t�h�e� �s�t�a�t�i�c� �e�l�a�s�t�i�c� �s�o�l�u�t�i�o�n� �d�i�d� �p�r�o�v�i�d�e� �i�n�s�i�g�h�t� �i�n�t�o� �t�h�e� 

�i�m�p�o�r�t�a�n�c�e� �o�f� �t�h�e� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �f�o�r� �t�h�e� �t�h�r�e�e�-�l�a�y�e�r� �m�o�d�e�l�,� �t�h�e� �s�e�n�s�i�t�i�v�i�t�y� �c�a�l�c�u�l�a�t�i�o�n�s� 

�w�i�l�l� �b�e� �r�e�p�e�a�t�e�d� �f�o�r� �t�h�e� �f�i�v�e�-�l�a�y�e�r� �m�o�d�e�l�.� �T�h�u�s�,� �t�h�e� �s�t�a�t�i�c� �e�l�a�s�t�i�c� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �f�i�v�e�-�l�a�y�e�r� 

�b�e�a�m� �i�s� �s�t�u�d�i�e�d� �b�e�f�o�r�e� �t�h�e� �v�i�s�c�o�e�l�a�s�t�i�c� �r�e�s�p�o�n�s�e� �i�s� �s�t�u�d�i�e�d�.� �B�e�c�a�u�s�e� �t�h�e� �a�d�h�e�s�i�v�e� �i�s� �a� �s�e�p�-� 

�a�r�a�t�e� �c�o�n�s�t�i�t�u�e�n�t� �i�n� �t�h�e� �f�i�v�e�-�l�a�y�e�r� �m�o�d�e�l�,� �i�t�s� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �m�u�s�t� �n�o�w� �b�e� �c�o�n�s�i�d�e�r�e�d�.� 

�M�a�t�e�r�i�a�l�s� �a�n�d� �M�a�t�e�r�i�a�l� �P�r�o�p�e�r�t�i�e�s� 

�A�s� �w�i�t�h� �t�h�e� �t�h�r�e�e�-�l�a�y�e�r� �b�e�a�m� �m�o�d�e�l�,� �t�h�e� �f�i�v�e�-�l�a�y�e�r� �b�e�a�m� �m�o�d�e�l� �i�s� �s�t�u�d�i�e�d� �f�o�r� �t�w�o� �d�i�f�f�e�r�e�n�t� 

�m�a�t�e�r�i�a�l� �s�y�s�t�e�m�s�.� �T�h�e� �c�o�m�p�o�s�i�t�e� �m�a�t�e�r�i�a�l� �s�y�s�t�e�m� �o�f� �t�h�e� �t�h�r�e�e�-�l�a�y�e�r� �m�o�d�e�l� �i�s� �o�n�e� �o�f� �t�h�e�s�e�.� 

�F�o�r� �t�h�e� �f�i�v�e�-�l�a�y�e�r� �m�o�d�e�l�,� �t�h�e� �t�h�i�c�k�n�e�s�s� �o�f� �t�h�e� �h�o�n�e�y�c�o�m�b� �(�H�R�H� �3�2�7�)� �i�s� �n�o�w� �t�h�e� �v�a�l�u�e� �2�h� �a�n�d� 

�t�h�e� �t�h�i�c�k�n�e�s�s� �o�f� �t�h�e� �a�d�h�e�s�i�v�e� �l�a�y�e�r�s�,� �t�e�,� �i�s� �a� �s�e�p�a�r�a�t�e� �q�u�a�n�t�i�t�y�.� �T�h�e� �e�l�a�s�t�i�c� �m�o�d�u�l�i� �o�f� �t�h�e� 

�h�o�n�e�y�c�o�m�b� �a�r�e� �t�h�e� �s�a�m�e� �a�s� �i�n� �t�h�e� �t�h�r�e�e�-�l�a�y�e�r� �m�o�d�e�l�.� �T�h�e� �a�d�h�e�s�i�v�e� �u�n�d�e�r� �c�o�n�s�i�d�e�r�a�t�i�o�n� �i�s� 
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�F�M�7�3�,� �a� �f�i�l�m� �a�d�h�e�s�i�v�e� �p�r�o�d�u�c�e�d� �b�y� �A�m�e�r�i�c�a�n� �C�y�a�n�i�m�i�d�e�.� �T�h�e� �e�x�t�e�n�s�i�o�n�a�l� �m�o�d�u�l�u�s� �E�,� �i�s� �a� 

�t�y�p�i�c�a�l� �v�a�l�u�e� �f�o�r� �a�d�h�e�s�i�v�e�s�,� �a�n�d� �G�,� �w�a�s� �f�o�u�n�d� �b�y� �a�s�s�u�m�i�n�g� �t�h�a�t� �t�h�e� �a�d�h�e�s�i�v�e� �i�s� �i�s�o�t�r�o�p�i�c� �a�n�d� 

�h�a�s� �a� �P�o�i�s�s�o�n ��s� �r�a�t�i�o� �o�f� �0�.�3�.� �T�h�e� �n�o�m�i�n�a�l� �t�h�i�c�k�n�e�s�s� �o�f� �F�M�7�3� �i�s� �0�.�0�0�5 ��.� �T�h�e� �f�a�c�e� �s�h�e�e�t�s� �a�r�e� �t�h�e� 

�q�u�a�s�i�-�i�s�o�t�r�o�p�i�c� �q�u�a�r�t�z�-�e�p�o�x�y� �m�a�t�e�r�i�a�l� �u�s�e�d� �f�o�r� �t�h�e� �t�h�r�e�e�-�l�a�y�e�r� �m�o�d�e�l� �c�o�m�p�o�s�i�t�e� �b�e�a�m�.� �A�l�s�o�,� 

�t�h�e� �a�l�u�m�i�n�u�m� �b�e�a�m� �s�t�u�d�i�e�d� �i�n� �C�h�a�p�t�e�r� �4� �i�s� �c�o�n�s�i�d�e�r�e�d�.� �T�h�i�s� �a�l�u�m�i�n�u�m� �b�e�a�m� �i�s� �n�o�w� �a�s�s�u�m�e�d� 

�t�o� �h�a�v�e� �F�M�7�3� �a�d�h�e�s�i�v�e� �j�o�i�n�i�n�g� �t�h�e� �a�l�u�m�i�n�u�m� �f�a�c�e� �s�h�e�e�t�s� �o�f� �t�h�e� �t�h�r�e�e�-�l�a�y�e�r� �m�o�d�e�l� �t�o� �t�h�e� �a�l�u�-� 

�m�i�n�u�m� �h�o�n�e�y�c�o�m�b� �c�o�r�e� �o�f� �t�h�e� �t�h�r�e�e�-�l�a�y�e�r� �m�o�d�e�l�.� �T�h�e� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �f�o�r� �b�o�t�h� �s�y�s�t�e�m�s� 

�a�r�e� �p�r�e�s�e�n�t�e�d� �i�n� �T�a�b�l�e� �7�.� 

�S�e�n�s�i�t�i�v�i�t�y� �S�t�u�d�i�e�s� 

�T�h�e� �s�e�n�s�i�t�i�v�i�t�i�e�s� �o�f� �t�h�e� �s�t�a�t�i�c� �e�l�a�s�t�i�c� �f�i�v�e�-�l�a�y�e�r� �b�e�a�m� �m�o�d�e�l� �t�o� �r�e�d�u�c�t�i�o�n�s� �i�n� �m�a�t�e�r�i�a�l� 

�p�r�o�p�e�r�t�i�e�s� �a�n�d� �l�a�y�e�r� �t�h�i�c�k�n�e�s�s�e�s� �a�r�e� �f�o�u�n�d� �s�e�p�a�r�a�t�e�l�y� �f�o�r� �t�h�e� �m�e�c�h�a�n�i�c�a�l� �l�o�a�d� �a�n�d� �t�h�e� �t�h�e�r�m�a�l� 

�g�r�a�d�i�e�n�t�,� �a�s� �t�h�e�y� �w�e�r�e� �i�n� �t�h�e� �t�h�r�e�e�-�l�a�y�e�r� �m�o�d�e�l�.� �T�o� �s�t�u�d�y� �t�h�e� �s�e�n�s�i�t�i�v�i�t�y�,� �a� �p�a�r�t�i�c�u�l�a�r� �m�a�t�e�r�i�a�l� 

�p�r�o�p�e�r�t�y� �o�r� �l�a�y�e�r� �t�h�i�c�k�n�e�s�s� �i�s� �r�e�d�u�c�e�d� �b�y� �a�n� �o�r�d�e�r� �o�f� �m�a�g�n�i�t�u�d�e� �a�n�d� �t�h�e� �t�i�p� �d�e�f�l�e�c�t�i�o�n� �i�s� �f�o�u�n�d� 

�u�s�i�n�g� �t�h�i�s� �r�e�d�u�c�e�d� �v�a�l�u�e�.� �T�h�i�s� �t�i�p� �d�e�f�l�e�c�t�i�o�n� �i�s� �n�o�r�m�a�l�i�z�e�d� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �t�i�p� �d�e�f�l�e�c�t�i�o�n� 

�t�h�a�t� �i�s� �f�o�u�n�d� �w�h�e�n� �t�h�e� �n�o�m�i�n�a�l� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �a�r�e� �u�s�e�d�,� �o�r� 

�W�t�i�p� �S�e�n�s�i�t�i�v�i�t�y� �=� �(�6�.�1�)� 
�n�o�m�i�n�a�l� 
�t�i�p� 

�T�h�i�s� �i�s� �i�d�e�n�t�i�c�a�l� �t�o� �t�h�e� �a�p�p�r�o�a�c�h� �u�s�e�d� �i�n� �C�h�a�p�t�e�r� �4� �t�o� �s�t�u�d�y� �t�h�e� �e�l�a�s�t�i�c� �s�e�n�s�i�t�i�v�i�t�y� �o�f� �t�h�e� 

�t�h�r�e�e�-�l�a�y�e�r� �m�o�d�e�l� �t�o� �t�h�e� �v�a�r�i�o�u�s� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �a�n�d� �t�h�i�c�k�n�e�s�s�e�s�.� 
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�T�a�b�l�e� �7�.� �N�o�m�i�n�a�l� �M�a�t�e�r�i�a�l� �P�r�o�p�e�r�t�i�e�s� �a�n�d� �G�e�o�m�e�t�r�i�e�s� �f�o�r� �F�i�v�e�-�L�a�y�e�r� �B�e�a�m� �M�o�d�e�l� 
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�F�a�c�e� �S�h�e�e�t�s� �A�d�h�e�s�i�v�e� �H�o�n�e�y�c�o�m�b� �C�o�r�e� 

�E�,� �=� �1�0�.�0�E�6� �p�s�i� �E�,� �=� �0�.�5�E�6� �p�s�i� �E�,�;� �=� �1�.�0�E�3� �p�s�i� 

�G�,� �=� �3�.�8�5�E�6� �p�s�i� �G�,� �=� �0�.�1�7�9�E�6� �p�s�i� �G�,� �=� �6�8�E�3� �p�s�i� 

�t�,� �=� �0�.�0�4�0� �i�n� �t�z� �=� �0�.�0�0�5� �i�n� �h� �=� �0�.�2�5�0� �i�n� 

�4� 

�a�,�=�1�3�E�-�6� �o�F� �a�2� �=� �2�5�E�-�6� �S�e� �a�3� �=� �1�3�E�-�6� �o�F� 
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�F�a�c�e� �S�h�e�e�t�s� �A�d�h�e�s�i�v�e� �H�o�n�e�y�c�o�m�b� �C�o�r�e� 

�E�,� �=� �2�.�5�E�6� �p�s�i� �E�,� �=� �0�.�5�E�6� �p�s�i� �E�,�;� �=� �1�.�0�E�3� �p�s�i� 

�G�,� �=� �0�.�9�6�E�6� �p�s�i� �G�,� �=� �0�.�1�7�9�E�6� �p�s�i� �G�;� �=� �2�9�E�3� �p�s�i� 

�t�,� �=� �0�.�0�4�0� �i�n� �t�e� �=� �0�.�0�0�5� �i�n� �h� �=� �0�.�2�5�0� �i�n� 

�a�y� �=�5�E�-�6�  �� �a�=� �2�5�E�-�6�  �� �a�=� �1�.�5�E�-�6� 
�F� �F� �F� 
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�M�e�c�h�a�n�i�c�a�l� �L�o�a�d� 

�T�h�e� �b�e�n�d�i�n�g� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �f�i�v�e�-�l�a�y�e�r� �b�e�a�m� �m�o�d�e�l� �t�o� �a� �m�e�c�h�a�n�i�c�a�l� �l�o�a�d� �i�s� �s�h�o�w�n� �i�n� 

�E�q�u�a�t�i�o�n�s� �5�.�3�5�,� �5�.�3�8�,� �5�.�4�1� �a�n�d� �5�.�4�2�.� �T�o� �f�i�n�d� �t�h�e� �t�i�p� �d�e�f�l�e�c�t�i�o�n�,� �x� �=� �>� �i�s� �u�s�e�d�:� 

�P�L� �P�L� �1� �2� �3� 

�(�R�y� �+� �R�o� �+� �R�s�)� �4�(�R�y� �+� �R�o� �+� �R�g�)� 
� � � � 

�T�h�e� �n�u�m�e�r�i�c�a�l� �r�e�s�u�l�t�s� �o�f� �t�h�e� �s�e�n�s�i�t�i�v�i�t�y� �s�t�u�d�i�e�s� �f�o�r� �t�h�e� �m�e�c�h�a�n�i�c�a�l� �l�o�a�d� �a�r�e� �r�e�p�o�r�t�e�d� �i�n� 

�T�a�b�l�e� �8� �a�n�d� �T�a�b�l�e� �9� �f�o�r� �t�h�e� �a�l�u�m�i�n�u�m� �b�e�a�m� �a�n�d� �c�o�m�p�o�s�i�t�e� �b�e�a�m� �r�e�s�p�e�c�t�i�v�e�l�y�.� �F�o�r� �b�o�t�h� �t�a�-� 
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�b�l�e�s�,� �t�h�e� �l�e�f�t� �c�o�l�u�m�n� �i�n�d�i�c�a�t�e�s� �w�h�i�c�h� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�y� �o�r� �t�h�i�c�k�n�e�s�s� �i�s� �r�e�d�u�c�e�d� �b�y� �a� �f�a�c�t�o�r� �o�f� 

�t�e�n�.� �T�h�e� �r�i�g�h�t� �c�o�l�u�m�n� �i�s� �t�h�e� �v�a�l�u�e� �o�f� �E�q�u�a�t�i�o�n� �6�.�1� �f�o�r� �t�h�a�t� �c�a�s�e�.� 

�I�n�s�p�e�c�t�i�o�n� �o�f� �t�h�e�s�e� �t�a�b�l�e�s� �r�e�v�e�a�l�s� �l�i�t�t�l�e� �i�n�f�o�r�m�a�t�i�o�n� �t�h�a�t� �w�a�s� �n�o�t� �a�l�r�e�a�d�y� �d�e�t�e�r�m�i�n�e�d� �f�r�o�m� 

�t�h�e� �s�e�n�s�i�t�i�v�i�t�y� �s�t�u�d�i�e�s� �o�f� �t�h�e� �t�h�r�e�e�-�l�a�y�e�r� �m�o�d�e�l�.� �T�h�e� �s�e�n�s�i�t�i�v�i�t�i�e�s� �o�f� �t�h�e� �t�w�o� �m�a�t�e�r�i�a�l� �s�y�s�t�e�m�s� 

�a�r�e� �s�i�m�i�l�a�r�.� �T�h�e� �b�e�a�m� �r�e�s�p�o�n�s�e� �i�s� �m�o�s�t� �s�e�n�s�i�t�i�v�e� �t�o� �a� �r�e�d�u�c�t�i�o�n� �o�f� �t�h�e� �t�h�i�c�k�n�e�s�s� �h�.� �R�e�-� 

�d�u�c�t�i�o�n�s� �o�f� �t�h�e� �m�o�d�u�l�u�s� �o�f� �e�l�a�s�t�i�c�i�t�y� �a�n�d� �t�h�i�c�k�n�e�s�s� �o�f� �t�h�e� �f�a�c�e� �s�h�e�e�t� �c�a�u�s�e� �t�h�e� �n�e�x�t� �g�r�e�a�t�e�s�t� 

�i�n�c�r�e�a�s�e� �i�n� �t�i�p� �d�e�f�l�e�c�t�i�o�n�.� �A�l�s�o�,� �t�h�e� �f�i�v�e�-�l�a�y�e�r� �m�o�d�e�l� �i�s� �s�e�n�s�i�t�i�v�e� �t�o� �a� �r�e�d�u�c�t�i�o�n� �o�f� �t�h�e� �s�h�e�a�r� 

�m�o�d�u�l�u�s� �o�f� �t�h�e� �c�o�r�e�,� �G�;�.� �L�i�k�e� �t�h�e� �t�h�r�e�e�-�l�a�y�e�r� �m�o�d�e�l�,� �t�h�e� �f�i�v�e�-�l�a�y�e�r� �m�o�d�e�l� �i�s� �i�n�s�e�n�s�i�t�i�v�e� �t�o� �r�e�-� 

�d�u�c�t�i�o�n�s� �o�f� �t�h�e� �s�h�e�a�r� �m�o�d�u�l�u�s� �o�f� �t�h�e� �f�a�c�e� �s�h�e�e�t�s�,� �G�,�,� �a�n�d� �t�h�e� �m�o�d�u�l�u�s� �o�f� �e�l�a�s�t�i�c�i�t�y� �o�f� �t�h�e� �c�o�r�e�,� 

�E�3�.� �|� 

�T�h�e� �m�a�j�o�r� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �t�h�r�e�e�-� �a�n�d� �f�i�v�e�-�l�a�y�e�r� �m�o�d�e�l�s� �i�s� �t�h�e� �i�n�c�l�u�s�i�o�n� �o�f� �s�e�p�a�-� 

�r�a�t�e� �a�d�h�e�s�i�v�e� �l�a�y�e�r�s� �i�n� �t�h�e� �f�i�v�e�-�l�a�y�e�r� �m�o�d�e�l�.� �H�o�w�e�v�e�r�,� �i�t� �i�s� �a�p�p�a�r�e�n�t� �f�r�o�m� �T�a�b�l�e� �8� �a�n�d� 

�T�a�b�l�e� �9� �t�h�a�t� �t�h�e� �f�i�v�e�-�l�a�y�e�r� �b�e�a�m� �m�o�d�e�l� �i�s� �r�e�l�a�t�i�v�e�l�y� �i�n�s�e�n�s�i�t�i�v�e� �t�o� �r�e�d�u�c�t�i�o�n�s� �o�f� �t�h�e� �e�l�a�s�t�i�c� 

�p�r�o�p�e�r�t�i�e�s� �o�r� �t�h�i�c�k�n�e�s�s� �o�f� �t�h�e� �a�d�h�e�s�i�v�e�.� 

�T�h�e�r�m�a�l� �G�r�a�d�i�e�n�t� 

�T�h�e� �t�i�p� �d�e�f�l�e�c�t�i�o�n� �f�o�r� �a� �f�i�v�e�-�l�a�y�e�r� �b�e�a�m� �s�u�b�j�e�c�t�e�d� �t�o� �a� �t�h�r�o�u�g�h�-�t�h�e�-�t�h�i�c�k�n�e�s�s� �t�h�e�r�m�a�l� 

�g�r�a�d�i�e�n�t� �w�i�t�h� �n�o� �m�e�c�h�a�n�i�c�a�l� �l�o�a�d�s� �i�s� 

 ��L�?�(�M�,� �+� �M�g� �+� �M�,�)� 
�B�(�R�,� �+� �R�p� �+� �R�a�)� 
� � �W�t�i�p� �=� �(�6�.�3�)� 

�L�i�k�e� �t�h�e� �t�i�p� �d�e�f�l�e�c�t�i�o�n� �o�f� �t�h�e� �t�h�r�e�e�-�l�a�y�e�r� �b�e�a�m� �s�u�b�j�e�c�t�e�d� �t�o� �a� �t�h�e�r�m�a�l� �g�r�a�d�i�e�n�t� �(�E�q�u�a�t�i�o�n� �4�.�1�2�)�,� 

�t�h�i�s� �e�x�p�r�e�s�s�i�o�n� �d�o�e�s� �n�o�t� �i�n�c�l�u�d�e� �a�n�y� �o�f� �t�h�e� �s�h�e�a�r� �m�o�d�u�l�i�;� �t�h�e�r�e�f�o�r�e�,� �t�h�e� �t�i�p� �d�e�f�l�e�c�t�i�o�n� �s�h�o�u�l�d� 

�b�e� �c�o�m�p�l�e�t�e�l�y� �i�n�s�e�n�s�i�t�i�v�e� �t�o� �r�e�d�u�c�t�i�o�n�s� �o�f� �t�h�e� �s�h�e�a�r� �m�o�d�u�l�i�.� 

�T�h�e� �n�u�m�e�r�i�c�a�l� �r�e�s�u�l�t�s� �o�f� �t�h�e�s�e� �s�e�n�s�i�t�i�v�i�t�y� �s�t�u�d�i�e�s� �a�r�e� �s�h�o�w�n� �i�n� �T�a�b�l�e� �1�0� �a�n�d� �T�a�b�l�e� �1�1� �f�o�r� 

�t�h�e� �a�l�u�m�i�n�u�m� �a�n�d� �c�o�m�p�o�s�i�t�e� �b�e�a�m�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �A�g�a�i�n�,� �t�h�e� �l�e�f�t� �c�o�l�u�m�n� �o�f� �t�h�e�s�e� �t�a�b�l�e�s� �i�n�-� 

�C�h�a�p�t�e�r� �6� �-� �T�h�e� �F�i�v�e�-�L�a�y�e�r� �S�a�n�d�w�i�c�h� �B�e�a�m� �M�o�d�e�l�:� �N�u�m�e�r�i�c�a�l� �R�e�s�u�l�t�s� �1�0�4



�T�a�b�i�e� �8�.� �S�e�n�s�i�t�i�v�i�t�y� �o�f� �F�i�v�e�-�L�a�y�e�r� �A�l�u�m�i�n�u�m� �B�e�a�m� �-� �M�e�c�h�a�n�i�c�a�l� �L�o�a�d� 

� � 

� � 

�R�e�d�u�c�e�d� �V�a�r�i�a�b�l�e� �S�e�n�s�i�t�i�v�i�t�y� 

�N�O�N�E� �1�.�0�0�0� 

�E�,� �7�.�6�9�4� 

�G�y� �1�.�0�0�2� 

�t�y� �8�.�7�5�9� 

�E�2� �1�.�0�0�4� 

�G�2� �1�.�0�1�4� 

�t�e� �1�.�0�3�6� 

�E�;� �1�.�0�0�0� 

�G�;� �2�.�8�6�9� 

�h� �2�3�.�2�6�0� 

�A�L�L� �7�8�5�9�.�1�0� � � � � � � � � 
� � 

�d�i�c�a�t�e�s� �w�h�i�c�h� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�y� �o�r� �t�h�i�c�k�n�e�s�s� �v�a�l�u�e� �w�a�s� �r�e�d�u�c�e�d� �b�y� �a� �f�a�c�t�o�r� �o�f� �t�e�n�,� �a�n�d� �t�h�e� 

�r�i�g�h�t� �c�o�l�u�m�n� �i�s� �t�h�e� �v�a�l�u�e� �o�f� �E�q�u�a�t�i�o�n� �6�.�1� �f�o�r� �t�h�e� �c�a�s�e� �u�n�d�e�r� �c�o�n�s�i�d�e�r�a�t�i�o�n�.� 

�A�s� �w�a�s� �d�i�s�c�o�v�e�r�e�d� �f�o�r� �t�h�e� �m�e�c�h�a�n�i�c�a�l� �l�o�a�d� �s�e�n�s�i�t�i�v�i�t�y� �s�t�u�d�y�,� �t�h�e� �s�e�n�s�i�t�i�v�i�t�i�e�s� �o�f� �t�h�e� �f�i�v�e�-� 

�l�a�y�e�r� �b�e�a�m� �d�i�f�f�e�r� �l�i�t�t�l�e� �f�r�o�m� �t�h�o�s�e� �o�f� �t�h�e� �t�h�r�e�e�-�l�a�y�e�r� �b�e�a�m�.� �B�o�t�h� �m�a�t�e�r�i�a�l� �s�y�s�t�e�m�s� �h�a�v�e� �s�i�m�i�l�a�r� 

�s�e�n�s�i�t�i�v�i�t�i�e�s�.� �T�h�e� �f�i�v�e�-�l�a�y�e�r� �m�o�d�e�l�,� �l�i�k�e� �t�h�e� �t�h�r�e�e�-�l�a�y�e�r� �m�o�d�e�l�,� �i�s� �r�e�l�a�t�i�v�e�l�y� �i�n�s�e�n�s�i�t�i�v�e� �t�o� �r�e�-� 

�d�u�c�t�i�o�n�s� �o�f� �n�e�a�r�l�y� �a�l�l� �t�h�e� �e�l�a�s�t�i�c� �p�r�o�p�e�r�t�i�e�s� �a�n�d� �l�a�y�e�r� �t�h�i�c�k�n�e�s�s� �v�a�l�u�e�s� �o�f� �t�h�e� �f�a�c�e� �s�h�e�e�t�s� �a�n�d� 

�c�o�r�e�.� �T�h�e� �f�i�v�e�-�l�a�y�e�r� �b�e�a�m� �m�o�d�e�l� �i�s� �r�e�l�a�t�i�v�e�l�y� �i�n�s�e�n�s�i�t�i�v�e� �t�o� �r�e�d�u�c�t�i�o�n�s� �o�f� �t�h�e� �e�l�a�s�t�i�c� �p�r�o�p�e�r�t�i�e�s� 

�a�n�d� �t�h�i�c�k�n�e�s�s� �o�f� �t�h�e� �a�d�h�e�s�i�v�e� �l�a�y�e�r�s� �a�s� �w�e�i�l�.� �O�n�e� �e�x�c�e�p�t�i�o�n� �i�s� �t�h�e� �s�e�n�s�i�t�i�v�i�t�y� �t�o� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� 

�o�f� �t�h�e�r�m�a�l� �e�x�p�a�n�s�i�o�n� �o�f� �t�h�e� �f�a�c�e� �s�h�e�e�t�s�,� �«�,�;� �h�o�w�e�v�e�r�,� �t�h�e� �t�h�r�e�e�-�l�a�y�e�r� �b�e�a�m� �m�o�d�e�l� �w�a�s� �s�e�n�s�i�-� 

�t�i�v�e� �t�o� �a�,� �t�o�o�.� 

�T�h�e�r�e� �i�s� �o�n�e� �u�n�u�s�u�a�l� �s�e�n�s�i�t�i�v�i�t�y� �t�h�a�t� �c�a�n� �o�n�l�y� �b�e� �f�o�u�n�d� �u�s�i�n�g� �t�h�e� �f�i�v�e�-�l�a�y�e�r� �b�e�a�m� �m�o�d�e�l�.� 

�T�h�e� �f�i�v�e�-�l�a�y�e�r� �c�o�m�p�o�s�i�t�e� �b�e�a�m� �s�u�b�j�e�c�t�e�d� �t�o� �a� �t�h�e�r�m�a�l� �g�r�a�d�i�e�n�t� �i�s� �m�o�r�e� �s�e�n�s�i�t�i�v�e� �t�o� �r�e�d�u�c�t�i�o�n�s� 

�C�h�a�p�t�e�r� �6� �-� �T�h�e� �F�i�v�e�-�L�a�y�e�r� �S�a�n�d�w�i�c�h� �B�e�a�m� �M�o�d�e�l�:� �N�u�m�e�r�i�c�a�l� �R�e�s�u�l�t�s� �1�0�5



�T�a�b�l�e� �9�.� �S�e�n�s�i�t�i�v�i�t�y� �o�f� �F�i�v�e�-�L�a�y�e�r� �C�o�m�p�o�s�i�t�e� �B�e�a�m� �-� �M�e�c�h�a�n�i�c�a�l� �L�o�a�d� 

� � 

� � 

�R�e�d�u�c�e�d� �V�a�r�i�a�b�l�e� �S�e�n�s�i�t�i�v�i�t�y� 

�N�O�N�E� �1�.�0�0�0� 

�E�,� �7�.�3�5�3� 

�G�,� �1�.�0�0�2� 

�t�y� �8�.�2�1�9� 

�E�,� �1�.�0�1�6� 

�G�2� �1�.�0�0�4� 

�t�e� �1�.�0�4�9� 

�E�;� �1�.�0�0�1� 

�G�;� �2�.�2�3�5� 

�h� �|� �2�5�.�4�6�0� 

�A�L�L� �8�6�0�0�.�0�3� � � � � � � � � 
� � 

�i�n� �t�h�e� �m�o�d�u�l�u�s� �o�f� �e�l�a�s�t�i�c�i�t�y� �o�f� �t�h�e� �f�a�c�e� �s�h�e�e�t�s� �t�h�a�n� �t�h�e� �t�h�r�e�e�-�l�a�y�e�r� �b�e�a�m� �m�o�d�e�l� �(�s�e�e� �T�a�b�l�e� �5� 

�o�n� �p�a�g�e� �5�5�)�.� �R�e�d�u�c�i�n�g� �E�;� �b�y� �a� �f�a�c�t�o�r� �o�f� �t�e�n� �i�n�c�r�e�a�s�e�s� �t�h�e� �t�h�e�r�m�a�l�l�y�-�i�n�d�u�c�e�d� �d�e�f�l�e�c�t�i�o�n� �o�f� �t�h�e� 

�b�e�a�m� �b�y� �5�6�%� �f�o�r� �t�h�e� �f�i�v�e�-�l�a�y�e�r� �b�e�a�m�;� �h�o�w�e�v�e�r�,� �i�t� �b�a�r�e�l�y� �i�n�f�l�u�e�n�c�e�s� �t�h�e� �d�e�f�l�e�c�t�i�o�n� �o�f� �t�h�e� 

�t�h�r�e�e�-�l�a�y�e�r� �b�e�a�m�.� �T�h�e� �d�i�f�f�e�r�e�n�c�e� �m�u�s�t� �b�e� �a� �r�e�s�u�l�t� �o�f� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �t�h�e� �a�d�h�e�s�i�v�e� �l�a�y�e�r�,� �b�u�t� 

�i�t� �a�l�s�o� �i�s� �o�n�l�y� �a�n� �i�s�s�u�e� �f�o�r� �t�h�e� �c�o�m�p�o�s�i�t�e� �b�e�a�m�.� �F�o�r� �b�o�t�h� �t�h�e� �a�l�u�m�i�n�u�m� �a�n�d� �c�o�m�p�o�s�i�t�e� �f�i�v�e�-� 

�l�a�y�e�r� �b�e�a�m�s�,� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� �o�f� �t�h�e�r�m�a�l� �e�x�p�a�n�s�i�o�n� �o�f� �t�h�e� �f�a�c�e� �s�h�e�e�t�s�,� �a�,�,� �h�a�s� �a� �s�t�r�o�n�g� �i�n�f�l�u�e�n�c�e� 

�o�n� �t�h�e� �t�h�e�r�m�a�l�l�y� �i�n�d�u�c�e�d� �d�e�f�l�e�c�t�i�o�n�.� �W�h�e�n� �t�h�e� �m�o�d�u�l�u�s� �o�f� �e�l�a�s�t�i�c�i�t�y� �o�f� �t�h�e� �a�l�u�m�i�n�u�m� �f�a�c�e� 

�s�h�e�e�t�s� �i�s� �r�e�d�u�c�e�d�,� �i�t� �i�s� �s�t�i�l�l� �n�u�m�e�r�i�c�a�l�l�y� �l�a�r�g�e�r� �t�h�a�n� �t�h�e� �m�o�d�u�l�u�s� �o�f� �e�l�a�s�t�i�c�i�t�y� �o�f� �t�h�e� �a�d�h�e�s�i�v�e�.� 

�T�h�e�r�e�f�o�r�e�,� �c�o�n�t�r�o�l� �o�f� �t�h�e� �t�h�e�r�m�a�l�l�y�-�i�n�d�u�c�e�d� �d�e�f�l�e�c�t�i�o�n� �s�t�i�l�l� �l�i�e�s� �w�i�t�h� �t�h�e� �f�a�c�e� �s�h�e�e�t�s� �f�o�r� �t�h�e� 

�a�l�u�m�i�n�u�m� �b�e�a�m�.� �H�o�w�e�v�e�r�,� �w�h�e�n� �t�h�e� �m�o�d�u�l�u�s� �o�f� �e�l�a�s�t�i�c�i�t�y� �o�f� �t�h�e� �c�o�m�p�o�s�i�t�e� �f�a�c�e� �s�h�e�e�t�s� �i�s� 

�r�e�d�u�c�e�d�,� �i�t� �i�s� �n�e�a�r�l�y� �o�n�e�-�h�a�l�f� �t�h�e� �m�o�d�u�l�u�s� �o�f� �e�l�a�s�t�i�c�i�t�y� �o�f� �t�h�e� �a�d�h�e�s�i�v�e� �l�a�y�e�r�.� �T�h�u�s�,� �c�o�n�t�r�o�l� �o�f� 

�t�h�e� �t�h�e�r�m�a�l�l�y�-�i�n�f�l�u�e�n�c�e�d� �d�e�f�l�e�c�t�i�o�n� �o�f� �t�h�e� �f�i�v�e�-�l�a�y�e�r� �c�o�m�p�o�s�i�t�e� �b�e�a�m� �w�i�t�h� �r�e�d�u�c�e�d� �&�,� �l�i�e�s� �w�i�t�h� 
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�t�h�e� �s�t�i�f�f�e�r� �a�d�h�e�s�i�v�e� �l�a�y�e�r�.� �B�e�c�a�u�s�e� �t�h�e� �a�d�h�e�s�i�v�e� �l�a�y�e�r� �h�a�s� �a� �h�i�g�h�e�r� �c�o�e�f�f�i�c�i�e�n�t� �o�f� �t�h�e�r�m�a�l� �e�x�-� 

�p�a�n�s�i�o�n� �t�h�a�n� �t�h�e� �c�o�m�p�o�s�i�t�e� �f�a�c�e� �s�h�e�e�t�,� �t�h�e� �t�h�e�r�m�a�l�l�y�-�i�n�f�l�u�e�n�c�e�d� �d�e�f�l�e�c�t�i�o�n� �i�s� �g�r�e�a�t�e�r�.� 

�T�h�e� �T�i�m�e�-�D�e�p�e�n�d�e�n�t� �F�i�v�e�-�L�a�y�e�r� �B�e�a�m� �M�o�d�e�l� 

�T�h�e� �s�e�n�s�i�t�i�v�i�t�y� �s�t�u�d�i�e�s� �a�r�e� �a� �u�s�e�f�u�l� �t�o�o�l� �f�o�r� �d�e�t�e�r�m�i�n�i�n�g� �w�h�i�c�h� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �i�n�f�l�u�-� 

�e�n�c�e� �t�h�e� �e�l�a�s�t�i�c� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �b�e�a�m�.� �T�h�e�y� �a�r�e� �n�o�t� �a� �s�u�b�s�t�i�t�u�t�e� �f�o�r� �a� �v�i�s�c�o�e�l�a�s�t�i�c� �s�o�l�u�t�i�o�n�;� 

�r�a�t�h�e�r�,� �t�h�e� �e�l�a�s�t�i�c� �s�e�n�s�i�t�i�v�i�t�y� �s�t�u�d�i�e�s� �c�o�m�p�l�e�m�e�n�t� �t�h�e� �v�i�s�c�o�e�l�a�s�t�i�c� �m�o�d�e�l�.� �F�i�r�s�t�,� �m�a�t�e�r�i�a�l� 

�p�r�o�p�e�r�t�i�e�s� �w�h�i�c�h� �h�a�v�e� �a� �s�i�g�n�i�f�i�c�a�n�t� �e�f�f�e�c�t� �o�n� �t�h�e� �e�l�a�s�t�i�c� �t�i�p� �d�e�f�l�e�c�t�i�o�n� �a�r�e� �d�e�t�e�r�m�i�n�e�d� �f�r�o�m� �t�h�e� 

�s�e�n�s�i�t�i�v�i�t�y� �s�t�u�d�i�e�s�.� �T�h�e�n�,� �t�h�e� �v�i�s�c�o�e�l�a�s�t�i�c� �t�i�p� �d�e�f�l�e�c�t�i�o�n� �c�a�n� �b�e� �f�o�u�n�d� �b�y� �a�s�s�u�m�i�n�g� �t�h�e�s�e� �m�a�-� 

�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �a�r�e� �t�i�m�e�-�d�e�p�e�n�d�e�n�t�.� �A�s� �w�a�s� �d�o�n�e� �i�n� �t�h�e� �t�h�r�e�e�-�l�a�y�e�r� �v�i�s�c�o�e�l�a�s�t�i�c� �m�o�d�e�l�,� 

�M�a�x�w�e�l�l� �f�l�u�i�d�s� �a�r�e� �u�s�e�d� �t�o� �r�e�p�r�e�s�e�n�t� �t�h�e� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �m�a�t�e�r�i�a�l�s�.� �A�l�s�o�,� �t�h�e� �c�a�s�e�s� �o�f� �m�o�r�e� 

�a�n�d� �l�e�s�s� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� �b�e�h�a�v�i�o�r� �a�r�e� �c�o�n�s�i�d�e�r�e�d�.� �T�h�e� �f�o�r�m�e�r� �c�a�s�e� �a�l�l�o�w�s� �t�h�e� �s�h�e�a�r� �s�t�r�a�i�n� 

�i�n� �t�h�e� �m�a�t�e�r�i�a�l� �t�o� �i�n�c�r�e�a�s�e� �b�y� �a� �f�a�c�t�o�r� �o�f� �t�e�n� �i�n� �2�0� �y�e�a�r�s�,� �a�s� �i�t� �d�i�d� �p�r�e�v�i�o�u�s�l�y�,� �a�n�d� �t�h�e� �l�a�t�t�e�r� 

�c�a�s�e� �a�l�l�o�w�s� �i�t� �t�o� �d�o�u�b�l�e� �i�n� �2�0� �y�e�a�r�s�.� �F�o�r� �t�h�e� �e�x�t�e�n�s�i�o�n�a�l� �m�a�t�e�r�i�a�l� �b�e�h�a�v�i�o�r�,� �t�h�e� �h�i�g�h�e�r� �l�e�v�e�l� 

�o�f� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� �b�e�h�a�v�i�o�r� �a�l�l�o�w�s� �a� �t�e�n� �p�e�r�c�e�n�t� �i�n�c�r�e�a�s�e� �i�n� �n�o�r�m�a�l� �s�t�r�a�i�n� �i�n� �2�0� �y�e�a�r�s�,� �a�n�d� �t�h�e� 

�l�o�w�e�r� �l�e�v�e�l� �a�l�l�o�w�s� �o�n�e� �p�e�r�c�e�n�t�.� �T�h�e� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �c�o�m�p�o�s�i�t�e� �b�e�a�m� �a�r�e� �u�s�e�d� �i�n� 

�t�h�e� �f�o�l�l�o�w�i�n�g� �s�t�u�d�i�e�s�.� �T�o� �m�e�a�s�u�r�e� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �e�f�f�e�c�t� �t�h�a�t� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� �m�a�t�e�r�i�a�l� 

�b�e�h�a�v�i�o�r� �h�a�s� �o�n� �t�h�e� �b�e�a�m� �r�e�s�p�o�n�s�e�,� �t�h�e� �p�e�r�c�e�n�t� �i�n�c�r�e�a�s�e� �i�n� �t�i�p� �d�e�f�l�e�c�t�i�o�n� �i�s� �a�g�a�i�n� �c�o�m�p�u�t�e�d� 

�a�s� 

�P�e�r�c�e�n�t� �I�n�c�r�e�a�s�e� �W�r�p�l�t�)�  �� �W�t�i�p� 
 �� �°�o� 

�i�n� �T�i�p� �D�e�f�l�e�c�t�i�o�n�  �� �W�t�i�p� �x�1�0�0�%� �(�6�.�4�)� 
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�T�a�b�l�e� �1�0�.� �S�e�n�s�i�t�i�v�i�t�y� �o�f� �F�i�v�e�-�L�a�y�e�r� �A�l�u�m�i�n�u�m� �B�e�a�m� �-� �T�h�e�r�m�a�l� �G�r�a�d�i�e�n�t� 

� � 

� � 

�R�e�d�u�c�e�d� �V�a�r�i�a�b�l�e� �S�e�n�s�i�t�i�v�i�t�y� 

�N�O�N�E� �1�.�0�0�0�0� 

�E�,� �1�.�0�4�1�0� 

�G�,� �1�.�0�0�0�0� 

�t� �1�.�0�4�7�4� 

�a� �0�.�1�0�9�2� 

�E�2� �0�.�9�9�5�7� 

�G�z� �1�.�0�0�0�0� 

�t�e� �0�.�9�9�5�7� 

�O�e� �4�.�0�0�0�0� 

�E�,� �1�.�0�0�0�0� 

�G�;� �1�.�0�0�0�0� 

�h� �0�.�9�9�6�8� 

�a�3� �0�.�9�9�9�8� 

�A�L�L� �0�.�1�0�0�0� � � � � � � � � 
� � 

�M�e�c�h�a�n�i�c�a�l� �L�o�a�d� 

�T�h�e� �f�i�v�e�-�l�a�y�e�r� �m�o�d�e�l� �s�e�n�s�i�t�i�v�i�t�y� �s�t�u�d�i�e�s� �r�e�v�e�a�l� �t�h�a�t�,� �f�o�r� �t�h�e� �m�e�c�h�a�n�i�c�a�l�l�y� �l�o�a�d�e�d� �c�a�s�e�,� �t�h�e� 

�r�e�s�p�o�n�s�e� �o�f� �t�h�e� �b�e�a�m� �i�s� �m�o�s�t� �s�e�n�s�i�t�i�v�e� �t�o� �r�e�d�u�c�t�i�o�n�s� �i�n� �t�h�e� �e�x�t�e�n�s�i�o�n�a�l� �m�o�d�u�l�u�s� �o�f� �t�h�e� �f�a�c�e� 

�s�h�e�e�t�s�,� �E�,�,� �a�n�d� �t�h�e� �s�h�e�a�r� �m�o�d�u�l�u�s� �o�f� �t�h�e� �c�o�r�e�,� �G�3�.� �T�h�e� �d�e�f�l�e�c�t�i�o�n� �i�s� �l�e�s�s� �s�e�n�s�i�t�i�v�e� �t�o� �t�h�e� �r�e�-� 

�d�u�c�t�i�o�n�s� �o�f� �t�h�e� �s�h�e�a�r� �m�o�d�u�l�u�s� �o�f� �t�h�e� �f�a�c�e� �s�h�e�e�t�,� �G�;�.� �T�h�i�s� �i�s� �i�d�e�n�t�i�c�a�l� �t�o� �t�h�e� �i�n�f�o�r�m�a�t�i�o�n� �o�b�-� 

�t�a�i�n�e�d� �f�r�o�m� �t�h�e� �s�e�n�s�i�t�i�v�i�t�y� �s�t�u�d�i�e�s� �o�f� �t�h�e� �t�h�r�e�e�-�l�a�y�e�r� �m�o�d�e�l�.� 
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�T�a�b�l�e� �1�1�.� �S�e�n�s�i�t�i�v�i�t�y� �o�f� �F�i�v�e�-�L�a�y�e�r� �C�o�m�p�o�s�i�t�e� �B�e�a�m� �-� �T�h�e�r�m�a�l� �G�r�a�d�i�e�n�t� 

� � 

� � 

�R�e�d�u�c�e�d� �V�a�r�i�a�b�l�e� �S�e�n�s�i�t�i�v�i�t�y� 

�N�O�N�E� �.� �4�.�0�0�0�0� 

�E�,� �1�.�5�5�9�7� 

�G�,� �1�.�0�0�0�0� 

�t�h� �1�.�6�3�4�4� 

�a� �0�.�1�8�5�8� 

�E�2� �0�.�9�3�1�6� 

�G�2� �1�.�0�0�0�0� 

�t�e� �0�.�9�3�1�7� 

�a�e� �0�.�9�1�4�3� 

�E�;� �4�.�0�0�0�4� 

�G�;� �|� �4�.�0�0�0�0� 

�h� �0�.�9�5�0�7� 

�a�3� �0�.�9�9�9�8� 

�A�L�L� �0�.�1�0�0�0� � � � � � � 
� � 

� � 

�O�n�e� �g�o�a�l� �o�f� �t�h�i�s� �w�o�r�k� �i�s� �t�o� �m�a�i�n�t�a�i�n� �s�i�m�p�l�i�c�i�t�y� �a�n�d� �c�l�o�s�e�d�-�f�o�r�m� �s�o�l�u�t�i�o�n�s�.� �I�n� �t�h�e� �t�h�r�e�e�-� 

�l�a�y�e�r� �m�o�d�e�l�,� �a�n� �a�p�p�r�o�x�i�m�a�t�i�o�n� �o�f� �t�h�e� �t�i�p� �d�e�f�l�e�c�t�i�o�n� �b�a�s�e�d� �o�n� �t�h�e� �r�e�l�a�t�i�v�e� �v�a�l�u�e�s� �o�f� �t�h�e� �e�x�t�e�n�-� 

�s�i�o�n�a�l� �m�o�d�u�l�i� �o�f� �t�h�e� �c�o�r�e� �a�n�d� �f�a�c�e� �s�h�e�e�t�s� �(�E�,� �a�n�d� �E�;� �r�e�s�p�e�c�t�i�v�e�l�y�)� �i�s� �u�s�e�d� �t�o� �s�i�m�p�l�i�f�y� �t�h�e� 

�t�i�m�e�-�d�e�p�e�n�d�e�n�t� �m�o�d�e�l� �w�h�e�n� �E�,� �i�s� �t�i�m�e� �d�e�p�e�n�d�e�n�t�.� �W�i�t�h�o�u�t� �t�h�i�s� �s�i�m�p�l�i�f�i�c�a�t�i�o�n�,� �i�t� �h�a�s� �b�e�e�n� 

�s�h�o�w�n� �t�h�a�t� �t�h�e� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� �s�o�l�u�t�i�o�n� �c�a�n� �b�e� �f�o�u�n�d� �b�u�t� �i�s� �n�o�t� �i�n� �a� �p�r�a�c�t�i�c�a�l� �f�o�r�m�.� �T�h�i�s� 

�s�i�m�p�l�i�f�i�c�a�t�i�o�n� �i�s� �n�o�t� �p�o�s�s�i�b�l�e� �i�n� �t�h�e� �f�i�v�e�-�l�a�y�e�r� �m�o�d�e�l�.� �T�h�e�r�e�f�o�r�e�,� �b�e�c�a�u�s�e� �b�o�t�h� �t�h�e� �t�h�r�e�e�-�l�a�y�e�r� 

�a�n�d� �f�i�v�e�-�l�a�y�e�r� �m�o�d�e�l�s� �h�a�v�e� �s�i�m�i�l�a�r� �s�e�n�s�i�t�i�v�i�t�i�e�s� �t�o� �e�l�a�s�t�i�c� �r�e�d�u�c�t�i�o�n�s� �o�f� �t�h�e� �m�o�d�u�l�u�s� �o�f� 

�e�l�a�s�t�i�c�i�t�y� �o�f� �t�h�e� �f�a�c�e� �s�h�e�e�t�s�,� �a�n�d� �b�e�c�a�u�s�e� �t�h�e� �f�i�v�e�-�l�a�y�e�r� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� �m�o�d�e�l� �f�o�r� �E�,�(�t�)� �i�s� 

�p�r�o�h�i�b�i�t�i�v�e�l�y� �c�o�m�p�l�i�c�a�t�e�d�,� �a� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� �E�,� �i�s� �n�o�t� �c�o�n�s�i�d�e�r�e�d� �h�e�r�e�.� �T�w�o� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�-� 
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�F�i�g�u�r�e� �1�5�.� �P�e�r�c�e�n�t� �I�n�c�r�e�a�s�e� �i�n� �T�i�p� �D�e�f�l�e�c�t�i�o�n� �o�f� �F�i�v�e�-�L�a�y�e�r� �B�e�a�m� �M�o�d�e�l� �f�o�r� �G�,� �(�t�)� 

�T�h�r�o�u�g�h�-�t�h�e�-�T�h�i�c�k�n�e�s�s� �L�i�n�e�a�r� �T�h�e�r�m�a�l� �G�r�a�d�i�e�n�t� 

�T�h�e� �e�l�a�s�t�i�c� �s�e�n�s�i�t�i�v�i�t�y� �s�t�u�d�i�e�s� �f�o�r� �t�h�e� �f�i�v�e�-�l�a�y�e�r� �b�e�a�m� �m�o�d�e�l� �s�u�b�j�e�c�t�e�d� �t�o� �a� �t�h�e�r�m�a�l� �g�r�a�-� 

�d�i�e�n�t� �r�e�v�e�a�l�e�d� �t�h�a�t� �o�n�l�y� �a� �r�e�d�u�c�t�i�o�n� �o�f� �t�h�e� �m�o�d�u�l�u�s� �o�f� �e�l�a�s�t�i�c�i�t�y� �o�f� �t�h�e� �c�o�m�p�o�s�i�t�e� �f�a�c�e� �s�h�e�e�t� 

�C�h�a�p�t�e�r� �6� �-� �T�h�e� �F�i�v�e�-�L�a�y�e�r� �S�a�n�d�w�i�c�h� �B�e�a�m� �M�o�d�e�l�:� �N�u�m�e�r�i�c�a�l� �R�e�s�u�l�t�s� �1�1�8



�s�i�g�n�i�f�i�c�a�n�t�l�y� �i�n�c�r�e�a�s�e�s� �t�h�e� �t�i�p� �d�e�f�l�e�c�t�i�o�n�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� �v�i�s�c�o�e�l�a�s�t�i�c� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �b�e�a�m� �t�o� 

�t�i�m�e�-�d�e�p�e�n�d�e�n�t� �e�x�t�e�n�s�i�o�n�a�l� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �f�a�c�e� �s�h�e�e�t�s� �i�s� �s�t�u�d�i�e�d�.� 

�I�n�f�l�u�e�n�c�e� �o�f� �T�i�m�e�-�D�e�p�e�n�d�e�n�t� �F�a�c�e� �S�h�e�e�t� �M�o�d�u�l�u�s� �o�f� �E�l�a�s�t�i�c�i�t�y� �(�E�,� �)� �o�n� �B�e�a�m� 

�R�e�s�p�o�n�s�e� 

�T�w�o� �M�a�x�w�e�l�l� �f�l�u�i�d� �m�o�d�e�l�s� �a�r�e� �u�s�e�d� �t�o� �b�r�a�c�k�e�t� �t�h�e� �e�x�p�e�c�t�e�d� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �f�a�c�e� �s�h�e�e�t�s�.� 

�O�n�e� �m�o�d�e�l� �a�l�l�o�w�s� �t�h�e� �s�t�r�a�i�n� �t�o� �i�n�c�r�e�a�s�e� �b�y� �o�n�e� �p�e�r�c�e�n�t� �i�n� �2�0� �y�e�a�r�s�;� �t�h�e� �o�t�h�e�r� �a�l�l�o�w�s� �a� �t�e�n� 

�p�e�r�c�e�n�t� �i�n�c�r�e�a�s�e� �i�n� �2�0� �y�e�a�r�s�.� �B�e�c�a�u�s�e� �t�h�e�s�e� �m�o�d�e�l�s� �a�r�e� �i�d�e�n�t�i�c�a�l� �t�o� �t�h�o�s�e� �u�s�e�d� �i�n� �C�h�a�p�t�e�r� 

�4�,� �t�h�e� �c�o�n�s�t�a�n�t�s� �p�,� �a�n�d� �q�,� �a�s� �f�o�u�n�d� �i�n� �C�h�a�p�t�e�r� �4� �a�r�e� �u�s�e�d� �h�e�r�e�.� �F�o�r� �t�h�e� �m�o�d�e�l� �w�h�i�c�h� �a�l�l�o�w�s� 

�a� �o�n�e� �p�e�r�c�e�n�t� �i�n�c�r�e�a�s�e� �i�n� �s�t�r�a�i�n�,� �f�r�o�m� �E�q�u�a�t�i�o�n� �4�.�6�0�,� 

�q�,� �=� �2�0�0�0�E�,� �a�n�d� �p�,� �=� �2�0�0�0� �.� �(�6�.�3�6�)� 

�F�o�r� �t�h�e� �m�o�d�e�l� �w�h�i�c�h� �a�l�l�o�w�s� �a� �t�e�n� �p�e�r�c�e�n�t� �i�n�c�r�e�a�s�e� �i�n� �s�t�r�a�i�n�,� �f�r�o�m� �E�q�u�a�t�i�o�n� �4�.�6�1�,� 

�q�'�,� �=� �2�0�0�E�,� �a�n�d� �p ��,� �=� �2�0�0� �.� �(�6�.�3�7�)� 

�T�h�e� �d�e�f�i�n�i�t�i�o�n�s� �i�n� �E�q�u�a�t�i�o�n�s� �5�.�6� �a�n�d� �5�.�3�3� �a�r�e� �s�u�b�s�t�i�t�u�t�e�d� �i�n�t�o� �t�h�e� �e�l�a�s�t�i�c� �t�i�p� �d�e�f�l�e�c�t�i�o�n� �o�f� �a� 

�c�a�n�t�i�l�e�v�e�r� �b�e�a�m� �s�u�b�j�e�c�t�e�d� �t�o� �a� �l�i�n�e�a�r� �t�h�r�o�u�g�h�-�t�h�e�-�t�h�i�c�k�n�e�s�s� �t�h�e�r�m�a�l� �g�r�a�d�i�e�n�t� �t�o� �r�e�v�e�a�l� �t�h�e� 

�d�e�p�e�n�d�e�n�c�e� �o�n� �E�;�:� 
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�O�n�c�e� �t�h�e� �I�n�v�e�r�s�e� �L�a�p�l�a�c�e� �t�r�a�n�s�f�o�r�m� �h�a�s� �b�e�e�n� �p�e�r�f�o�r�m�e�d�,� �t�h�e� �p�r�e�v�i�o�u�s� �e�x�p�r�e�s�s�i�o�n� �b�e�c�o�m�e�s� 

�t�h�e� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� �t�i�p� �d�e�f�l�e�c�t�i�o�n�.� �T�h�i�s� �i�s� 

�_� �K� �A�D�  �� �B�C�  ��_ �� �O�t�_�_� 
�W�i�p�(�t�)� �=� �D� �E� �+� �a�r�(� �C�q�,� �+� �D�p�,� �J�e�l� �C�a�y� �+� �O�p�y� �)� �(�6�.�4�3�)� 

�U�n�l�i�k�e� �m�o�s�t� �o�f� �t�h�e� �p�r�e�v�i�o�u�s� �v�i�s�c�o�e�l�a�s�t�i�c� �s�t�u�d�i�e�s�,� �t�h�e� �t�i�p� �d�e�f�l�e�c�t�i�o�n� �o�f� �a� �b�e�a�m� �s�u�b�j�e�c�t�e�d� �t�o� �a� 

�t�h�e�r�m�a�l� �g�r�a�d�i�e�n�t� �i�s� �n�o�t� �a� �l�i�n�e�a�r� �f�u�n�c�t�i�o�n� �o�f� �t�i�m�e�.� �T�h�e� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� �t�i�p� �d�e�f�l�e�c�t�i�o�n�s� �f�o�r� �t�h�e� �t�w�o� 

�c�a�s�e�s� �u�n�d�e�r� �c�o�n�s�i�d�e�r�a�t�i�o�n� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �1�6�.� �U�p�o�n� �i�n�s�p�e�c�t�i�o�n� �o�f� �t�h�i�s� �f�i�g�u�r�e�,� �i�t� �i�s� �a�p�-� 

�p�a�r�e�n�t� �t�h�a�t�,� �e�v�e�n� �t�h�o�u�g�h� �t�h�e� �t�i�p� �d�e�f�l�e�c�t�i�o�n� �i�s� �a�c�t�u�a�l�l�y� �a�n� �i�n�v�e�r�s�e� �e�x�p�o�n�e�n�t�i�a�l� �f�u�n�c�t�i�o�n� �o�f� �t�i�m�e�,� 

�i�t� �a�p�p�e�a�r�s� �t�o� �b�e� �a�n� �a�p�p�r�o�x�i�m�a�t�e�l�y� �l�i�n�e�a�r� �f�u�n�c�t�i�o�n� �o�f� �t�i�m�e�.� �T�h�e� �i�n�f�l�u�e�n�c�e� �o�f� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� 

�b�e�h�a�v�i�o�r� �o�f� �t�h�e� �f�a�c�e� �s�h�e�e�t�s� �o�n� �t�h�e� �t�i�p� �d�e�f�l�e�c�t�i�o�n� �i�s� �s�l�i�g�h�t�;� �t�h�e� �p�e�r�c�e�n�t� �i�n�c�r�e�a�s�e� �o�f� �t�i�p� �d�e�f�l�e�c�t�i�o�n� 

�i�n� �2�0� �y�e�a�r�s� �f�o�r� �t�h�e� �c�a�s�e� �o�f� �m�o�r�e� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� �b�e�h�a�v�i�o�r� �i�s� �l�e�s�s� �t�h�a�n� �o�n�e� �p�e�r�c�e�n�t�.� 

�Q�u�a�s�i�-�E�l�a�s�t�i�c� �A�p�p�r�o�a�c�h� 

�A�s� �w�a�s� �d�o�n�e� �f�o�r� �t�h�e� �t�h�r�e�e�-�l�a�y�e�r� �b�e�a�m� �m�o�d�e�l�,� �t�h�e� �q�u�a�s�i�-�e�l�a�s�t�i�c� �a�p�p�r�o�a�c�h� �c�a�n� �b�e� �u�s�e�d� �t�o� 

�s�t�u�d�y� �t�h�e� �f�i�v�e�-�l�a�y�e�r� �b�e�a�m�.� �H�e�r�e� �b�o�t�h� �t�h�e� �t�i�p�-�l�o�a�d�e�d� �c�a�n�t�i�l�e�v�e�r� �b�e�a�m� �a�n�d� �t�h�e� �c�a�n�t�i�l�e�v�e�r� �b�e�a�m� 

�s�u�b�j�e�c�t�e�d� �t�o� �a� �l�i�n�e�a�r� �t�h�r�o�u�g�h�-�t�h�e�-�t�h�i�c�k�n�e�s�s� �t�h�e�r�m�a�l� �g�r�a�d�i�e�n�t� �a�r�e� �c�o�n�s�i�d�e�r�e�d�.� �A�s� �b�e�f�o�r�e�,� �t�h�e� 

�q�u�a�s�i�-�e�l�a�s�t�i�c� �i�n�c�r�e�a�s�e� �i�n� �t�i�p� �d�e�f�l�e�c�t�i�o�n� �i�s� �f�o�u�n�d� �b�y� �i�n�c�r�e�a�s�i�n�g� �t�h�e� �p�a�r�t�i�c�u�l�a�r� �c�o�m�p�l�i�a�n�c�e�s� �b�y� �a� 

�c�e�r�t�a�i�n� �f�a�c�t�o�r�.� �T�h�i�s� �i�n�c�r�e�a�s�e� �i�n� �t�i�p� �d�e�f�l�e�c�t�i�o�n� �i�s� �n�o�r�m�a�l�i�z�e�d� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �e�l�a�s�t�i�c� �t�i�p� �d�e�-� 

�f�l�e�c�t�i�o�n�,� �a�s� �i�n� �E�q�u�a�t�i�o�n� �4�.�7�7�,� �a�n�d� �t�h�i�s� �r�a�t�i�o� �i�s� �r�e�p�o�r�t�e�d� �i�n� �t�h�e� �t�h�i�r�d� �c�o�l�u�m�n� �o�f� �T�a�b�l�e� �4�2�.� �A�s� 

�b�e�f�o�r�e�,� �t�h�e� �f�i�r�s�t� �c�o�l�u�m�n� �i�n�d�i�c�a�t�e�s� �t�h�e� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�y� �t�h�a�t� �e�x�p�e�r�i�e�n�c�e�s� �a� �c�o�m�p�l�i�a�n�c�e� �i�n�-� 

�c�r�e�a�s�e� �a�n�d� �t�h�e� �s�e�c�o�n�d� �c�o�l�u�m�n� �p�r�e�s�e�n�t�s� �t�h�e� �f�a�c�t�o�r� �b�y� �w�h�i�c�h� �t�h�e� �c�o�m�p�l�i�a�n�c�e� �i�s� �i�n�c�r�e�a�s�e�d�.� �T�h�e� 

�f�o�u�r�t�h� �c�o�l�u�m�n� �s�h�o�w�s� �t�h�e� �p�e�r�c�e�n�t� �i�n�c�r�e�a�s�e� �i�n� �t�i�p� �d�e�f�l�e�c�t�i�o�n� �a�s� �c�o�m�p�u�t�e�d� �b�y� �t�h�e� �v�i�s�c�o�e�l�a�s�t�i�c� 

�a�p�p�r�o�a�c�h� �a�n�d� �g�i�v�e�n� �b�y� �E�q�u�a�t�i�o�n� �4�.�7�8�.� �L�i�k�e� �t�h�e� �q�u�a�s�i�-�e�l�a�s�t�i�c� �r�e�s�u�l�t�s� �f�o�r� �t�h�e� �t�h�r�e�e�-�l�a�y�e�r� �m�o�d�e�l�,� 

�t�h�e� �q�u�a�s�i�-�e�l�a�s�t�i�c� �r�e�s�u�l�t�s� �f�o�r� �t�h�e� �f�i�v�e�-�l�a�y�e�r� �b�e�a�m� �a�r�e� �n�e�a�r�l�y� �i�d�e�n�t�i�c�a�l� �t�o� �t�h�e� �v�i�s�c�o�e�l�a�s�t�i�c� �r�e�s�u�l�t�s� 
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�T�i�m�e� �(�y�e�a�r�s�)� 

�F�i�g�u�r�e� �1�6�.� �P�e�r�c�e�n�t� �I�n�c�r�e�a�s�e� �i�n� �T�i�p� �D�e�f�l�e�c�t�i�o�n� �o�f� �F�i�v�e�-�L�a�y�e�r� �B�e�a�m� �M�o�d�e�l� �f�o�r� �E�,� �(�t�)� �-� �T�h�e�r�m�a�l� �G�r�a�-� 
�d�i�e�n�t� 

�w�i�t�h� �o�n�l�y� �o�n�e� �e�x�c�e�p�t�i�o�n�;� �t�h�e� �q�u�a�s�i�-�e�l�a�s�t�i�c� �t�i�p� �d�e�f�l�e�c�t�i�o�n� �f�o�r� �t�h�e� �c�a�s�e� �o�f� �a�n� �i�n�c�r�e�a�s�e�d� �c�o�m�p�l�i�-� 

�a�n�c�e� �w�h�i�c�h� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �G�;� �(�t�h�e� �s�h�e�a�r� �m�o�d�u�l�u�s� �o�f� �t�h�e� �c�o�r�e�)� �i�s� �s�l�i�g�h�t�l�y� �l�e�s�s� �t�h�a�n� �t�h�e� 

�v�i�s�c�o�e�l�a�s�t�i�c� �t�i�p� �d�e�f�l�e�c�t�i�o�n�.� 
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�T�a�b�l�e� �1�2�.� �Q�u�a�s�i�-�E�l�a�s�t�i�c� �T�i�p� �D�e�f�l�e�c�t�i�o�n� �o�f� �t�h�e� �F�i�v�e�-�L�a�y�e�r� �C�o�m�p�o�s�i�t�e� �B�e�a�m� 
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�T�i�p�-�L�o�a�d�e�d� �C�a�n�t�i�l�e�v�e�r� �B�e�a�m� 

�M�a�t�e�r�i�a�l� �Q�u�a�s�i�-�E�l�a�s�t�i�c� �V�i�s�c�o�e�l�a�s�t�i�c� 
�P�r�o�p�e�r�t�y� �F�a�c�t�o�r� �R�e�s�u�l�t� �R�e�s�u�l�t� 

�G�y� �1�0�.�0� �0�.�2�%� �0�.�2�%� 

�G�2� �1�0�.�0� �0�.�4�%� �0�.�4� �%� 

�G�;� �1�0�.�0� �1�2�3�.�5� �%� �1�2�7�.�3� �%� 

�C�a�n�t�i�l�e�v�e�r� �B�e�a�m� �S�u�b�j�e�c�t�e�d� �t�o� �T�h�e�r�m�a�l� �G�r�a�d�i�e�n�t� 

�E�,� �1�.�1� �0�.�7� �%� �0�.�7� �%� 

�S�u�m�m�a�r�y� 

�T�h�i�s� �c�o�m�p�l�e�t�e�s� �t�h�e� �r�a�t�h�e�r� �c�o�m�p�r�e�h�e�n�s�i�v�e� �t�r�e�a�t�m�e�n�t� �o�f� �t�h�e� �f�i�v�e�-�l�a�y�e�r� �s�a�n�d�w�i�c�h� �b�e�a�m� 

�m�o�d�e�l�.� �F�o�r� �t�h�e� �m�o�s�t� �p�a�r�t�,� �t�h�e� �r�e�s�u�l�t�s� �a�r�e� �s�i�m�i�l�a�r� �t�o� �t�h�e� �r�e�s�u�l�t�s� �f�o�u�n�d� �u�s�i�n�g� �t�h�e� �t�h�r�e�e�-�l�a�y�e�r� 

�s�a�n�d�w�i�c�h� �b�e�a�m� �m�o�d�e�l�.�  ��T�h�e� �s�i�n�g�l�e� �e�x�c�e�p�t�i�o�n� �i�s� �t�h�e� �s�e�n�s�i�t�i�v�i�t�y� �o�f� �t�h�e� �b�e�a�m� �t�o� �a� �t�h�e�r�m�a�l� �g�r�a�-� 

�d�i�e�n�t� �w�h�e�n� �t�h�e� �m�o�d�u�l�u�s� �o�f� �e�l�a�s�t�i�c�i�t�y� �o�f� �t�h�e� �c�o�m�p�o�s�i�t�e� �f�a�c�e� �s�h�e�e�t� �i�s� �r�e�d�u�c�e�d�.� �A�n� �e�x�p�l�a�n�a�t�i�o�n� 

�f�o�r� �t�h�i�s� �w�a�s� �p�r�e�s�e�n�t�e�d� �b�a�s�e�d� �o�n� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �a�n� �a�d�h�e�s�i�v�e� �l�a�y�e�r�.� �W�i�t�h�o�u�t� �u�s�i�n�g� �t�h�e� �f�i�v�e�-� 

�l�a�y�e�r� �m�o�d�e�l�,� �t�h�i�s� �i�m�p�o�r�t�a�n�t� �p�h�y�s�i�c�a�l� �e�f�f�e�c�t� �w�o�u�l�d� �n�o�t� �h�a�v�e� �b�e�e�n� �r�e�v�e�a�l�e�d�.� �A�s� �w�i�t�h� �t�h�e� �t�h�r�e�e�-� 

�l�a�y�e�r� �m�o�d�e�l�,� �s�u�f�f�i�c�i�e�n�t� �d�e�t�a�i�l�s� �h�a�v�e� �b�e�e�n� �p�r�e�s�e�n�t�e�d� �s�o� �t�h�a�t� �t�h�e� �u�s�e� �o�f� �m�o�r�e� �c�o�m�p�l�i�c�a�t�e�d� 

�f�u�n�c�t�i�o�n�s� �f�o�r� �t�h�e� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �c�o�n�s�t�i�t�u�e�n�t�s� �c�a�n� �b�e� �c�o�n�s�i�d�e�r�e�d�.� 

�T�h�e� �n�e�x�t� �c�h�a�p�t�e�r� �b�e�g�i�n�s� �t�h�e� �d�i�s�c�u�s�s�i�o�n� �o�f� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �a�s�p�e�c�t�s� �o�f� �t�h�i�s� �s�t�u�d�y�.� �T�h�e� 

�a�p�p�a�r�a�t�u�s� �u�s�e�d� �t�o� �m�e�a�s�u�r�e� �t�h�e� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� �r�e�s�p�o�n�s�e� �o�f� �v�a�r�i�o�u�s� �c�o�n�s�t�i�t�u�e�n�t�s� �a�r�e� �d�e�-� 

�s�c�r�i�b�e�d�,� �a�n�d� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �p�r�o�c�e�d�u�r�e� �i�s� �d�i�s�c�u�s�s�e�d�.� �T�h�e�r�e� �a�r�e� �i�n�h�e�r�e�n�t� �d�i�f�f�i�c�u�l�t�i�e�s� �i�n� 

�m�e�a�s�u�r�i�n�g� �t�h�e� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� �r�e�s�p�o�n�s�e� �o�f� �m�a�t�e�r�i�a�l�s�.� �S�t�r�a�i�n� �r�e�a�d�i�n�g�s� �f�r�o�m� �e�l�e�c�t�r�o�n�i�c� �d�e�v�i�c�e�s� 

�s�u�c�h� �a�s� �e�l�e�c�t�r�i�c�a�l� �s�t�r�a�i�n� �g�a�g�e�s� �c�a�n�  ��d�r�i�f�t �� �o�v�e�r� �t�i�m�e�.� �A�l�s�o�,� �e�n�v�i�r�o�n�m�e�n�t�a�l� �c�h�a�n�g�e�s� �s�u�c�h� �a�s� 
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�t�e�m�p�e�r�a�t�u�r�e�,� �h�u�m�i�d�i�t�y� �a�n�d� �v�i�b�r�a�t�i�o�n�s� �e�f�f�e�c�t� �e�l�e�c�t�r�i�c�a�l� �r�e�s�i�s�t�a�n�c�e� �a�n�d� �m�e�c�h�a�n�i�c�a�l� �m�e�a�s�u�r�e�-� 

�m�e�n�t� �d�e�v�i�c�e�s� �(�e�.�g�.�,� �d�i�a�l� �g�a�g�e�s�)�.� �E�v�e�n� �s�o�,� �a�n� �a�t�t�e�m�p�t� �i�s� �m�a�d�e� �t�o� �o�b�s�e�r�v�e� �t�h�e� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� 

�b�e�h�a�v�i�o�r� �o�f� �t�h�e� �q�u�a�r�t�z�-�e�p�o�x�y� �m�a�t�e�r�i�a�l� �i�n� �t�e�n�s�i�o�n� �a�n�d� �t�h�e� �g�l�a�s�s�-�i�m�i�d�e� �h�o�n�e�y�c�o�m�b� �i�n� �s�h�e�a�r�.� 

�B�a�s�e�d� �o�n� �t�h�e� �e�l�a�s�t�i�c� �s�e�n�s�i�t�i�v�i�t�y� �s�t�u�d�i�e�s� �a�n�d� �t�h�e� �v�i�s�c�o�e�l�a�s�t�i�c� �s�t�u�d�i�e�s�,� �t�h�e� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� �b�e�-� 

�h�a�v�i�o�r� �o�f� �t�h�e�s�e� �p�a�r�t�i�c�u�l�a�r� �b�e�a�m� �c�o�n�s�t�i�t�u�e�n�t�s� �h�a�v�e� �t�h�e� �m�o�s�t� �i�n�f�l�u�e�n�c�e� �o�n� �t�h�e� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� 

�s�a�n�d�w�i�c�h� �b�e�a�m�.� �S�i�m�p�l�e� �v�i�s�c�o�e�l�a�s�t�i�c� �m�o�d�e�l�s� �a�r�e� �t�h�e�n� �f�i�t� �t�o� �t�h�e� �o�b�s�e�r�v�e�d� �t�h�e�s�e� �b�e�h�a�v�i�o�r�s� �a�n�d� 

�t�h�e� �t�h�r�e�e�-�l�a�y�e�r� �s�a�n�d�w�i�c�h� �b�e�a�m� �m�o�d�e�l� �i�s� �u�s�e�d� �t�o� �p�r�e�d�i�c�t� �t�h�e� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� �r�e�s�p�o�n�s�e� �o�f� �a� 

�s�a�n�d�w�i�c�h� �b�e�a�m� �i�n� �t�h�r�e�e�-�p�o�i�n�t� �b�e�n�d�i�n�g�.� �T�h�i�s� �p�r�e�d�i�c�t�i�o�n� �i�s� �c�o�m�p�a�r�e�d� �t�o� �e�x�p�e�r�i�m�e�n�t�a�l� �m�e�a�s�-� 

�u�r�e�m�e�n�t�s� �o�f� �t�h�e� �r�e�s�p�o�n�s�e� �o�f� �a� �s�a�n�d�w�i�c�h� �b�e�a�m� �i�n� �t�h�r�e�e�-�p�o�i�n�t� �b�e�n�d�i�n�g�.� 
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�C�h�a�p�t�e�r� �7� �-� �E�x�p�e�r�i�m�e�n�t�a�l� �A�p�p�a�r�a�t�u�s� �a�n�d� �P�r�o�c�e�d�u�r�e� 

�T�h�e� �w�o�r�k� �p�r�e�s�e�n�t�e�d� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �c�h�a�p�t�e�r�s� �i�n�d�i�c�a�t�e�d� �t�h�a�t� �t�h�e� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� �b�e�h�a�v�i�o�r� 

�o�f� �t�h�e� �s�a�n�d�w�i�c�h� �b�e�a�m� �c�o�n�s�t�i�t�u�e�n�t�s� �h�a�s� �a�n� �i�n�f�l�u�e�n�c�e� �o�n� �t�h�e� �o�v�e�r�a�l�l� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� �b�e�h�a�v�i�o�r� 

�o�f� �t�h�e� �b�e�a�m�.� �T�h�e� �d�e�g�r�e�e� �o�f� �i�n�f�l�u�e�n�c�e� �d�e�p�e�n�d�s� �o�n� �t�h�e� �p�a�r�t�i�c�u�l�a�r� �c�o�n�s�t�i�t�u�e�n�t� �a�n�d� �t�h�e� �l�e�v�e�l� �o�f� 

�t�i�m�e�-�d�e�p�e�n�d�e�n�t� �b�e�h�a�v�i�o�r� �o�f� �t�h�a�t� �c�o�n�s�t�i�t�u�e�n�t�.� �F�o�r� �d�e�m�o�n�s�t�r�a�t�i�v�e� �p�u�r�p�o�s�e�s�,� �M�a�x�w�e�l�l� �f�l�u�i�d� 

�m�o�d�e�l�s� �w�i�t�h� �t�w�o� �l�e�v�e�l�s� �o�f� �t�i�m�e�-�d�e�p�e�n�d�e�n�c�e� �w�e�r�e� �c�o�n�s�i�d�e�r�e�d�.� �A�l�t�h�o�u�g�h� �t�h�e� �M�a�x�w�e�l�l� �f�l�u�i�d� 

�m�o�d�e�l� �m�i�g�h�t� �b�e� �c�o�n�s�i�d�e�r�e�d� �a�n� �o�v�e�r�s�i�m�p�l�i�f�i�c�a�t�i�o�n�,� �i�t� �d�o�e�s� �r�e�f�l�e�c�t� �o�n�e� �i�m�p�o�r�t�a�n�t� �a�s�p�e�c�t� �o�f� 

�p�o�l�y�m�e�r� �r�e�s�p�o�n�s�e�,� �n�a�m�e�l�y� �t�h�e� �t�e�n�d�e�n�c�y� �t�o� �c�o�n�t�i�n�u�o�u�s�l�y� �d�e�f�o�r�m� �u�n�d�e�r� �s�t�r�e�s�s�.� �A�l�t�h�o�u�g�h� �f�o�r� 

�p�u�r�p�o�s�e�s� �o�f� �d�e�m�o�n�s�t�r�a�t�i�o�n� �a� �M�a�x�w�e�l�l� �f�l�u�i�d� �i�s� �a� �c�o�n�v�e�n�i�e�n�t� �m�o�d�e�l� �b�e�c�a�u�s�e� �o�f� �i�t�s� �s�i�m�p�l�i�c�i�t�y�,� �i�t� 

�d�o�e�s� �n�o�t� �n�e�c�e�s�s�a�r�i�l�y� �a�c�c�u�r�a�t�e�l�y� �r�e�p�r�e�s�e�n�t� �t�h�e� �b�e�h�a�v�i�o�r� �o�f� �a�n�y� �o�f� �t�h�e� �c�o�n�s�t�i�t�u�e�n�t�s�,� �n�o�r� �d�o� �t�h�e� 

�t�w�o� �l�e�v�e�l�s� �o�f� �t�i�m�e�-�d�e�p�e�n�d�e�n�c�e� �s�t�u�d�i�e�d� �a�c�c�u�r�a�t�e�l�y� �r�e�f�l�e�c�t� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�i�m�e�-�d�e�p�e�n�d�e�n�c�e� 

�o�f� �t�h�e� �c�o�n�s�t�i�t�u�e�n�t�s�.� �I�n� �t�h�i�s� �c�o�n�t�e�x�t�,� �s�e�v�e�r�a�l� �i�m�p�o�r�t�a�n�t� �q�u�e�s�t�i�o�n�s� �c�a�n� �b�e� �a�s�k�e�d�.� �F�i�r�s�t�,� �d�o� �t�h�e� 

�q�u�a�r�t�z�-�e�p�o�x�y� �f�a�c�e� �s�h�e�e�t�s� �l�o�a�d�e�d� �i�n� �t�e�n�s�i�o�n� �o�r� �c�o�m�p�r�e�s�s�i�o�n� �b�e�h�a�v�e� �t�i�k�e� �a� �M�a�x�w�e�l�l� �f�l�u�i�d� 

�m�o�d�e�l�?� �C�a�n� �t�h�e� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �g�l�a�s�s�-�i�m�i�d�e� �h�o�n�e�y�c�o�m�b� �i�n� �s�h�e�a�r� �b�e� �m�o�d�e�l�l�e�d� �a�s� �a� �M�a�x�w�e�l�l� 

�f�l�u�i�d�?� �I�f� �s�o�,� �w�h�a�t� �s�t�r�a�i�n� �i�n�c�r�e�a�s�e�s� �a�r�e� �o�b�s�e�r�v�e�d� �w�i�t�h� �t�i�m�e�?� �S�e�c�o�n�d�,� �i�f� �t�h�e�y� �d�o� �n�o�t� �b�e�h�a�v�e� �a�s� 

�M�a�x�w�e�l�l� �f�l�u�i�d�s�,� �w�h�i�c�h� �v�i�s�c�o�e�l�a�s�t�i�c� �m�o�d�e�l� �c�a�n� �b�e� �u�s�e�d� �t�o� �m�o�r�e� �a�c�c�u�r�a�t�e�l�y� �r�e�f�l�e�c�t� �t�h�e�i�r� �b�e�h�a�v�-� 

�i�o�r�?� �F�i�n�a�l�l�y�,� �o�n�c�e� �t�h�e� �v�i�s�c�o�e�l�a�s�t�i�c� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �c�o�n�s�t�i�t�u�e�n�t�s� �i�s� �q�u�a�n�t�i�f�i�e�d� �a�n�d� �m�o�d�e�l�l�e�d�,� �c�a�n� 

�t�h�e�s�e� �m�o�d�e�l�s� �b�e� �u�s�e�d� �i�n� �t�h�e� �t�h�r�e�e�-�l�a�y�e�r� �o�r� �f�i�v�e�-�l�a�y�e�r� �b�e�a�m� �m�o�d�e�l� �t�o� �a�c�c�u�r�a�t�e�l�y� �p�r�e�d�i�c�t� �t�h�e� 
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�r�e�s�p�o�n�s�e� �o�f� �a�n� �a�c�t�u�a�l� �b�e�a�m� �w�i�t�h� �t�i�m�e�?� �T�h�e�s�e� �a�r�e� �i�m�p�o�r�t�a�n�t� �q�u�e�s�t�i�o�n�s� �a�n�d� �c�o�n�s�t�i�t�u�t�e� �a� �s�t�u�d�y� 

�i�n� �t�h�e�i�r� �o�w�n� �r�i�g�h�t�.� �H�o�w�e�v�e�r�,� �t�o� �b�e�g�i�n� �t�o� �a�n�s�w�e�r� �t�h�e�s�e� �q�u�e�s�t�i�o�n�s�,� �s�o�m�e� �e�x�p�e�r�i�m�e�n�t�a�l� �w�o�r�k� �w�a�s� 

�c�o�n�d�u�c�t�e�d�.� �T�h�e� �w�o�r�k� �f�o�c�u�s�e�d� �o�n� �d�e�t�e�r�m�i�n�i�n�g� �t�h�e� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �q�u�a�r�t�z�-� 

�e�p�o�x�y� �f�a�c�e� �s�h�e�e�t� �m�a�t�e�r�i�a�l� �i�n� �e�x�t�e�n�s�i�o�n�,� �t�h�e� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �g�l�a�s�s�-�i�m�i�d�e� 

�h�o�n�e�y�c�o�m�b� �c�o�r�e� �m�a�t�e�r�i�a�l� �i�n� �s�h�e�a�r�,� �a�n�d� �t�h�e� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� �b�e�h�a�v�i�o�r� �o�f� �a� �s�a�n�d�w�i�c�h� �b�e�a�m� 

�s�u�b�j�e�c�t�e�d� �t�o� �t�h�r�e�e�-�p�o�i�n�t� �b�e�n�d�i�n�g�.� �T�h�e� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� �s�h�e�a�r� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �f�a�c�e� �s�h�e�e�t�s� �a�n�d� 

�t�h�e� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �a�d�h�e�s�i�v�e� �i�n� �b�o�t�h� �s�h�e�a�r� �a�n�d� �e�x�t�e�n�s�i�o�n� �w�e�r�e� �n�o�t� �s�t�u�d�i�e�d�.� 

�I�f� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �p�r�e�d�i�c�t�i�o�n�s� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �c�h�a�p�t�e�r�s� �a�r�e� �c�o�r�r�e�c�t�,� �t�h�e�n� �u�s�i�n�g� �t�h�e� �m�o�d�e�l�s� �w�h�i�c�h� 

�b�e�s�t� �f�i�t� �t�h�e� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �f�a�c�e� �s�h�e�e�t�s� �i�n� �e�x�t�e�n�s�i�o�n� �a�n�d� �t�h�e� �c�o�r�e� �i�n� �s�h�e�a�r� �i�n� 

�e�i�t�h�e�r� �b�e�a�m� �m�o�d�e�l� �w�i�l�l� �r�e�s�u�l�t� �i�n� �p�r�e�d�i�c�t�i�o�n�s� �t�h�a�t� �s�h�o�u�l�d� �c�l�o�s�e�l�y� �m�a�t�c�h� �t�h�e� �o�b�s�e�r�v�e�d� �t�i�m�e�-� 

�d�e�p�e�n�d�e�n�t� �b�e�a�m� �d�e�f�l�e�c�t�i�o�n�.� 

�T�h�i�s� �c�h�a�p�t�e�r� �d�i�s�c�u�s�s�e�s� �t�h�e� �a�p�p�a�r�a�t�u�s� �a�n�d� �p�r�o�c�e�d�u�r�e� �u�s�e�d� �t�o� �m�e�a�s�u�r�e� �t�h�e� �t�i�m�e�-� 

�d�e�p�e�n�d�e�n�t� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �q�u�a�r�t�z�-�e�p�o�x�y� �f�a�c�e� �s�h�e�e�t� �m�a�t�e�r�i�a�l� �i�n� �e�x�t�e�n�s�i�o�n�,� �t�h�e� �g�l�a�s�s�-�i�m�i�d�e� 

�h�o�n�e�y�c�o�m�b� �i�n� �s�h�e�a�r�,� �a�n�d� �a� �s�a�n�d�w�i�c�h� �b�e�a�m� �i�n� �t�h�r�e�e�-�p�o�i�n�t� �b�e�n�d�i�n�g�.� 

�T�i�m�e�-�D�e�p�e�n�d�e�n�t� �B�e�h�a�v�i�o�r� �o�f� �t�h�e� �Q�u�a�s�i�-�l�s�o�t�r�o�p�i�c� 

�Q�u�a�r�t�z�-�E�p�o�x�y� �F�a�c�e� �S�h�e�e�t�s� 

�T�o� �o�b�s�e�r�v�e� �t�h�e� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� �b�e�h�a�v�i�o�r� �i�n� �t�e�n�s�i�o�n� �o�f� �t�h�e� �q�u�a�s�i�-�i�s�o�t�r�o�p�i�c� �A�s�t�r�o�q�u�a�r�t�z�-�1�5�5� 

�a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�i�m�e�,� �t�w�o� �c�o�u�p�o�n�s� �w�i�t�h� �n�o�m�i�n�a�l� �w�i�d�t�h�s� �o�f� �0�.�5 �� �a�n�d� �t�h�i�c�k�n�e�s�s�e�s� �o�f� �0�.�0�4 �� �w�e�r�e� 

�c�u�t�.� �T�w�o� �b�a�c�k�-�t�o�-�b�a�c�k� �s�t�r�a�i�n� �g�a�g�e�s� �w�e�r�e� �b�o�n�d�e�d� �t�o� �e�a�c�h� �s�p�e�c�i�m�e�n� �t�o� �m�e�a�s�u�r�e� �a�x�i�a�l� �s�t�r�a�i�n�.� 

�O�n�e� �s�a�m�p�l�e� �w�a�s� �p�l�a�c�e�d� �i�n� �a� �s�t�a�n�d�a�r�d� �d�e�a�d�-�w�e�i�g�h�t� �l�o�a�d�i�n�g� �c�r�e�e�p� �f�r�a�m�e� �a�n�d� �l�o�a�d�e�d�.� �T�h�e� �o�t�h�e�r� 

�s�a�m�p�l�e� �w�a�s� �i�n� �c�l�o�s�e� �p�h�y�s�i�c�a�l� �p�r�o�x�i�m�i�t�y� �t�o� �t�h�e� �l�o�a�d�e�d� �s�p�e�c�i�m�e�n� �b�u�t� �r�e�m�a�i�n�e�d� �u�n�l�o�a�d�e�d�.� �T�h�e� 

�f�o�u�r� �s�t�r�a�i�n� �g�a�g�e�s� �w�e�r�e� �u�s�e�d� �t�o� �c�o�m�p�l�e�t�e� �a� �W�h�e�a�t�s�t�o�n�e� �b�r�i�d�g�e� �c�i�r�c�u�i�t�.� �B�e�c�a�u�s�e� �t�h�e� �e�x�p�e�r�i�m�e�n�t� 

�w�a�s� �n�o�t� �p�e�r�f�o�r�m�e�d� �i�n� �a� �c�o�n�t�r�o�l�l�e�d� �e�n�v�i�r�o�n�m�e�n�t�,� �t�h�e� �s�t�r�a�i�n� �g�a�g�e�s� �o�n� �t�h�e� �u�n�l�o�a�d�e�d� �s�a�m�p�l�e� �w�e�r�e� 
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�u�s�e�d� �t�o� �c�o�m�p�e�n�s�a�t�e� �f�o�r� �t�h�e� �e�f�f�e�c�t�s� �o�f� �t�e�m�p�e�r�a�t�u�r�e� �o�r� �h�u�m�i�d�i�t�y� �c�h�a�n�g�e�s� �o�n� �g�a�g�e� �r�e�s�i�s�t�a�n�c�e�.� 

�A� �l�o�a�d� �w�a�s� �a�p�p�l�i�e�d� �i�n� �a� �s�t�e�p�-�w�i�s�e� �f�a�s�h�i�o�n�.� �F�o�r� �t�h�e� �f�i�r�s�t� �h�o�u�r�,� �t�h�e� �s�t�r�a�i�n� �w�a�s� �r�e�c�o�r�d�e�d� �a�t� �i�n�-� 

�t�e�r�v�a�l�s� �o�f� �l�e�s�s� �t�h�a�n� �t�e�n� �m�i�n�u�t�e�s�.� �T�h�e�n�,� �a�s� �t�h�e� �n�e�e�d� �f�o�r� �m�o�r�e� �f�r�e�q�u�e�n�t� �d�a�t�a� �r�e�a�d�i�n�g�s� �d�e�c�l�i�n�e�d�,� 

�t�h�e� �i�n�t�e�r�v�a�l� �i�n�c�r�e�a�s�e�d� �g�r�a�d�u�a�l�l�y�.� �T�h�e� �e�x�p�e�r�i�m�e�n�t� �c�o�n�t�i�n�u�e�d� �f�o�r� �o�v�e�r� �4�0� �d�a�y�s�.� �C�o�m�p�e�n�s�a�t�i�o�n� 

�f�o�r� �e�l�e�c�t�r�o�n�i�c� �d�r�i�f�t� �i�n� �t�h�e� �s�t�r�a�i�n� �g�a�g�e�s� �w�a�s� �n�o�t� �m�a�d�e�.� �H�o�w�e�v�e�r�,� �p�r�e�l�i�m�i�n�a�r�y� �e�x�p�e�r�i�m�e�n�t�s� �w�i�t�h� 

�t�h�e� �s�a�m�e� �t�w�o� �s�p�e�c�i�m�e�n�s�,� �b�o�t�h� �u�n�l�o�a�d�e�d�,� �i�n�d�i�c�a�t�e�d� �t�h�a�t� �d�r�i�f�t� �w�a�s� �s�e�v�e�r�a�l� �o�r�d�e�r�s� �o�f� �m�a�g�n�i�t�u�d�e� 

�s�m�a�l�l�e�r� �t�h�a�n� �t�h�e� �r�e�a�d�i�n�g�s� �f�o�r� �t�h�e� �l�o�a�d�e�d� �s�p�e�c�i�m�e�n�.� 

�T�i�m�e�-�D�e�p�e�n�d�e�n�t� �B�e�h�a�v�i�o�r� �o�f� �t�h�e� �G�l�a�s�s�-�l�m�i�d�e� �H�o�n�e�y�c�o�m�b� 

�C�o�r�e� 

�A� �s�p�e�c�i�a�l� �f�i�x�t�u�r�e� �t�o� �m�e�a�s�u�r�e� �t�h�e� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� �s�h�e�a�r� �b�e�h�a�v�i�o�r� �o�f� �a�l�l� �t�h�r�e�e� �c�o�n�s�t�i�t�u�e�n�t� 

�m�a�t�e�r�i�a�l�s� �(�t�h�e� �q�u�a�s�i�-�i�s�o�t�r�o�p�i�c� �q�u�a�r�t�z�-�e�p�o�x�y� �f�a�c�e� �s�h�e�e�t�s�,� �t�h�e� �f�i�l�m� �a�d�h�e�s�i�v�e� �a�n�d� �t�h�e� �g�l�a�s�s�-�i�m�i�d�e� 

�h�o�n�e�y�c�o�m�b�)� �w�a�s� �d�e�s�i�g�n�e�d�.� �A� �s�c�h�e�m�a�t�i�c� �o�f� �t�h�e� �f�i�x�t�u�r�e� �i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �1�7�.� �T�h�e� �f�i�x�t�u�r�e� 

�c�o�n�s�i�s�t�s� �o�f� �t�w�o� �p�l�a�t�e�s� �o�f� �s�t�e�e�l�,� �b�e�t�w�e�e�n� �w�h�i�c�h� �t�h�e� �m�a�t�e�r�i�a�l� �i�n� �q�u�e�s�t�i�o�n� �c�a�n� �b�e� �b�o�n�d�e�d�.� �T�w�o� 

�m�o�r�e� �p�i�e�c�e�s�,� �t�h�e� �e�n�d�s� �o�f� �t�h�e� �f�i�x�t�u�r�e�,� �a�r�e� �r�e�m�o�v�a�b�l�e�.� �E�a�c�h� �o�f� �t�h�e� �e�n�d� �p�i�e�c�e�s� �h�a�s� �t�h�r�e�e� �h�o�l�e�s� 

�w�h�i�c�h� �a�l�l�o�w� �t�h�e� �t�e�n�s�i�l�e� �l�o�a�d� �t�o� �b�e� �a�p�p�l�i�e�d� �t�h�r�o�u�g�h� �t�h�e� �c�e�n�t�e�r�l�i�n�e� �o�f� �a�n�y� �o�f� �t�h�e� �t�h�r�e�e� �m�a�t�e�r�i�a�l�s�,� 

�e�a�c�h� �o�f� �w�h�i�c�h� �h�a�s� �a� �d�i�f�f�e�r�e�n�t� �t�h�i�c�k�n�e�s�s�.� �I�n� �o�t�h�e�r� �w�o�r�d�s�,� �t�h�e� �c�e�n�t�e�r�l�i�n�e� �o�f� �t�h�e� �m�a�t�e�r�i�a�l� �b�e�i�n�g� 

�t�e�s�t�e�d� �c�o�i�n�c�i�d�e�s� �w�i�t�h� �t�h�e� �l�i�n�e� �o�f� �a�c�t�i�o�n� �o�f� �t�h�e� �a�p�p�l�i�e�d� �t�e�n�s�i�l�e� �l�o�a�d�.� �T�h�e� �r�e�l�a�t�i�v�e� �d�i�s�p�l�a�c�e�m�e�n�t� 

�o�f� �t�h�e� �t�w�o� �s�t�e�e�l� �p�l�a�t�e�s� �i�s� �m�e�a�s�u�r�e�d� �u�s�i�n�g� �a� �c�r�a�c�k�-�o�p�e�n�i�n�g�-�d�i�s�p�l�a�c�e�m�e�n�t� �(�C�O�D�)� �g�a�g�e�.� �T�h�e� �i�n�-� 

�i�t�i�a�l� �o�p�e�n�i�n�g� �o�f� �t�h�e� �C�O�D� �g�a�g�e� �c�a�n� �b�e� �a�d�j�u�s�t�e�d� �b�y� �u�s�i�n�g� �a� �s�l�i�d�e�r� �m�e�c�h�a�n�i�s�m� �w�h�i�c�h� �i�s� �a�t�t�a�c�h�e�d� 

�t�o� �t�h�e� �s�t�e�e�l� �p�l�a�t�e�s�.� �T�h�i�s� �s�l�i�d�e�r� �m�e�c�h�a�n�i�s�m� �i�s� �s�h�o�w�n� �i�n� �d�e�t�a�i�l� �i�n� �F�i�g�u�r�e� �1�8�.� �T�h�e� �m�e�c�h�a�n�i�s�m� 

�i�s� �c�o�m�p�o�s�e�d� �o�f� �a� �s�l�i�d�e�r� �w�h�i�c�h� �i�s� �s�e�t� �i�n�t�o� �a� �s�t�a�t�i�o�n�a�r�y� �b�l�o�c�k� �a�t�t�a�c�h�e�d� �t�o� �o�n�e� �p�l�a�t�e� �a�n�d� �c�o�n�-� 

�t�r�o�l�l�e�d� �b�y� �a� �s�c�r�e�w�.� �T�h�e� �s�l�i�d�e�r� �f�i�t�s� �i�n�t�o� �a� �d�o�v�e� �t�a�i�l� �c�u�t� �i�n� �t�h�e� �s�t�a�t�i�o�n�a�r�y� �b�l�o�c�k�.� �T�u�r�n�i�n�g� �t�h�e� �s�c�r�e�w� 

�e�i�t�h�e�r� �i�n�c�r�e�a�s�e�s� �o�r� �d�e�c�r�e�a�s�e�s� �t�h�e� �d�i�s�t�a�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �s�l�i�d�e�r� �a�n�d� �a�n�o�t�h�e�r� �b�l�o�c�k� �w�h�i�c�h� �i�s� 
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� � 

�a�r�n� �S�U�B�J�E�C�T�E�D� 

�T�O� �S�H�E�A�R� 

�F�i�g�u�r�e� �1�7�.� �S�h�e�a�r� �F�i�x�t�u�r�e� 
� � 

�c�o�n�n�e�c�t�e�d� �t�o� �t�h�e� �o�t�h�e�r� �s�t�e�e�l� �p�l�a�t�e�.� �B�o�t�h� �t�h�e� �s�l�i�d�e�r� �a�n�d� �t�h�e� �s�e�c�o�n�d� �b�l�o�c�k� �h�a�v�e� �g�r�o�o�v�e�s� �i�n�t�o� 

�w�h�i�c�h� �t�h�e� �C�O�D� �g�a�g�e� �I�s� �s�e�t�.� 

�A�l�t�h�o�u�g�h� �t�h�e� �f�i�x�t�u�r�e� �w�a�s� �d�e�s�i�g�n�e�d� �t�o� �b�e� �u�s�e�d� �f�o�r� �a�l�l� �t�h�r�e�e� �c�o�n�s�t�i�t�u�e�n�t� �m�a�t�e�r�i�a�l�s�,� �t�h�e� �p�r�e�-� 

�v�i�o�u�s� �w�o�r�k� �i�n�d�i�c�a�t�e�s� �t�h�a�t� �t�h�e� �s�h�e�a�r� �b�e�h�a�v�i�o�r� �o�f� �o�n�l�y� �t�h�e� �c�o�r�e� �i�s� �i�m�p�o�r�t�a�n�t�.� �T�h�e�r�e�f�o�r�e�,� �f�o�r� �t�h�e� 

�s�e�c�o�n�d� �e�x�p�e�r�i�m�e�n�t�,� �a� �s�a�m�p�l�e� �o�f� �t�h�e� �g�l�a�s�s�-�i�m�i�d�e� �h�o�n�e�y�c�o�m�b� �w�a�s� �b�o�n�d�e�d� �t�o� �t�h�e� �f�i�x�t�u�r�e� �u�s�i�n�g� 

�t�h�e� �F�M�7�3� �f�i�l�m� �a�d�h�e�s�i�v�e�.� �T�h�u�s�,� �t�h�e� �d�a�t�a� �o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e� �f�i�x�t�u�r�e� �m�o�r�e� �a�c�c�u�r�a�t�e�l�y� �r�e�p�r�e�s�e�n�t� 

�t�h�e� �c�o�r�e� �o�f� �t�h�e� �t�h�r�e�e�-�l�a�y�e�r� �b�e�a�m� �m�o�d�e�l�i�,� �w�h�i�c�h� �i�s� �a� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �t�h�e� �h�o�n�e�y�c�o�m�b� �a�n�d� �a�d�h�e�-� 

�s�i�v�e� �l�a�y�e�r�s�.� �T�h�e� �s�p�e�c�i�m�e�n� �h�a�d� �a� �n�o�m�i�n�a�l� �w�i�d�t�h� �o�f� �1�.�5 �� �a�n�d� �l�e�n�g�t�h� �o�f� �3�.�0 ��.� �T�h�e� �f�i�x�t�u�r�e� �(�c�o�m�-� 

�p�l�e�t�e� �w�i�t�h� �s�p�e�c�i�m�e�n�)� �w�a�s� �p�l�a�c�e�d� �i�n� �t�h�e� �c�r�e�e�p� �f�r�a�m�e�.� �T�h�e� �C�O�D� �g�a�g�e� �w�a�s� �s�e�t� �i�n� �p�l�a�c�e�.� �T�h�e� 

�s�l�i�d�e�r� �m�e�c�h�a�n�i�s�m� �w�a�s� �a�d�j�u�s�t�e�d� �s�o� �t�h�a�t� �t�h�e� �i�n�i�t�i�a�l�,� �u�n�l�o�a�d�e�d� �o�p�e�n�i�n�g� �o�f� �t�h�e� �g�a�g�e� �c�o�r�r�e�s�p�o�n�d�e�d� 

�t�o� �a� �s�t�r�a�i�n� �r�e�a�d�i�n�g� �o�f� �z�e�r�o�.� �L�i�k�e� �t�h�e� �p�r�e�v�i�o�u�s� �e�x�p�e�r�i�m�e�n�t�,� �t�h�e� �l�o�a�d� �w�a�s� �a�p�p�l�i�e�d� �i�n� �a� �s�t�e�p�w�i�s�e� 

�f�a�s�h�i�o�n�,� �a�n�d� �t�h�e� �s�t�r�a�i�n� �w�a�s� �r�e�c�o�r�d�e�d� �a�t� �i�n�t�e�r�v�a�l�s� �o�f� �l�e�s�s� �t�h�a�n� �t�e�n� �m�i�n�u�t�e�s� �f�o�r� �t�h�e� �f�i�r�s�t� �h�o�u�r�.� 
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�G�r�a�d�u�a�l�l�y�,� �t�h�e� �i�n�t�e�r�v�a�l�s� �i�n�c�r�e�a�s�e�d� �i�n� �l�e�n�g�t�h� �a�s� �t�h�e� �n�e�e�d� �f�o�r� �m�o�r�e� �f�r�e�q�u�e�n�t� �s�t�r�a�i�n� �d�a�t�a� �d�e�-� 

�c�r�e�a�s�e�d�.� �T�h�i�s� �e�x�p�e�r�i�m�e�n�t� �w�a�s� �c�o�n�t�i�n�u�e�d� �f�o�r� �a�b�o�u�t� �f�o�u�r�t�e�e�n� �d�a�y�s�.� 

�C�h�a�p�t�e�r� �7� �-� �E�x�p�e�r�i�m�e�n�t�a�l� �A�p�p�a�r�a�t�u�s� �a�n�d� �P�r�o�c�e�d�u�r�e� �1�2�9



�T�i�m�e�-�D�e�p�e�n�d�e�n�t� �B�e�h�a�v�i�o�r� �o�f� �t�h�e� �S�a�n�d�w�i�c�h� �B�e�a�m� �i�n� 

�T�h�r�e�e�-�P�o�i�n�t� �B�e�n�d�i�n�g� 

�A�n�o�t�h�e�r� �f�i�x�t�u�r�e� �w�a�s� �d�e�s�i�g�n�e�d� �i�n� �o�r�d�e�r� �t�o� �e�x�a�m�i�n�e� �t�h�e� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� �b�e�h�a�v�i�o�r� �o�f� �a� 

�s�a�n�d�w�i�c�h� �b�e�a�m� �i�n� �t�h�r�e�e�-�p�o�i�n�t� �b�e�n�d�i�n�g�.� �T�h�i�s� �f�i�x�t�u�r�e� �i�s� �b�a�s�i�c�a�l�l�y� �a�n� �e�l�e�v�a�t�e�d� �a�l�u�m�i�n�u�m� �p�l�a�t�-� 

�f�o�r�m�.� �P�a�r�a�l�l�e�l� �g�r�o�o�v�e�s� �8 �� �a�p�a�r�t� �i�n� �t�h�e� �a�l�u�m�i�n�u�m� �p�l�a�t�e� �c�o�n�s�t�r�a�i�n� �t�w�o� �d�o�w�e�l� �p�i�n�s� �w�h�i�c�h� �a�c�t� �a�s� 

�s�i�m�p�l�e� �s�u�p�p�o�r�t�s� �f�o�r� �t�h�e� �b�e�a�m�.� �M�i�d�w�a�y� �b�e�t�w�e�e�n� �t�h�e� �s�i�m�p�l�e� �s�u�p�p�o�r�t�s� �a�r�e� �f�o�u�r� �p�o�s�t�s�,� �t�w�o� �o�n� 

�e�a�c�h� �s�i�d�e� �o�f� �t�h�e� �b�e�a�m�.� �T�h�e� �l�o�a�d� �i�s� �a�p�p�l�i�e�d� �a�c�r�o�s�s� �t�h�e� �w�i�d�t�h� �o�f� �t�h�e� �b�e�a�m� �a�t� �t�h�e� �m�i�d�s�p�a�n� �b�y� 

�a� �d�o�w�e�l� �p�i�n� �w�h�i�c�h� �s�l�i�d�e�s� �d�o�w�n� �b�e�t�w�e�e�n� �t�h�e� �f�o�u�r� �p�o�s�t�s�.� �S�c�r�e�w�s� �c�o�n�n�e�c�t� �t�h�i�s� �d�o�w�e�l� �p�i�n� �t�o� �a� 

�p�a�n� �w�h�i�c�h� �h�o�l�d�s� �w�e�i�g�h�t�s�.� �T�h�i�s� �a�p�p�a�r�a�t�u�s� �i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �1�9�.� �I�n� �a�d�d�i�t�i�o�n� �t�o� �t�h�e� �b�a�s�i�c� �f�i�x�-� 

�t�u�r�e�,� �t�w�o� �p�o�s�t�s� �w�e�r�e� �a�d�d�e�d� �a�t� �s�t�r�a�t�e�g�i�c� �l�o�c�a�t�i�o�n�s� �t�o� �s�u�p�p�o�r�t� �t�h�e� �d�i�a�l� �g�a�g�e�s� �w�h�i�c�h� �w�e�r�e� �u�s�e�d� 

�|� �t�o� �m�e�a�s�u�r�e� �t�h�e� �b�e�a�m ��s� �d�e�f�l�e�c�t�i�o�n�.� 

�A� �s�a�n�d�w�i�c�h� �b�e�a�m� �o�f� �A�s�t�r�o�q�u�a�r�t�z�-�1�5�5� �q�u�a�s�i�-�i�s�o�t�r�o�p�i�c� �f�a�c�e� �s�h�e�e�t�s�,� �F�M� �7�3� �a�d�h�e�s�i�v�e� �a�n�d� 

�H�R�H� �3�2�7� �g�l�a�s�s�-�i�m�i�d�e� �h�o�n�e�y�c�o�m�b� �c�o�r�e� �w�i�t�h� �a� �n�o�m�i�n�a�l� �w�i�d�t�h� �o�f� �1 �� �w�a�s� �p�l�a�c�e�d� �i�n� �t�h�e� �f�i�x�t�u�r�e�.� 

�A� �l�o�a�d� �w�a�s� �a�p�p�l�i�e�d� �i�n� �a� �s�t�e�p�w�i�s�e� �f�a�s�h�i�o�n� �b�y� �p�l�a�c�i�n�g� �w�e�i�g�h�t�s� �o�n� �t�h�e� �p�a�n�.� �T�h�e� �d�e�f�l�e�c�t�i�o�n� �o�f� �t�h�e� 

�b�e�a�m� �a�t� �t�w�o� �p�o�i�n�t�s� �w�a�s� �m�e�a�s�u�r�e�d� �u�s�i�n�g� �d�i�a�l� �g�a�g�e�s� �a�t� �a� �p�o�i�n�t� �1 �� �f�r�o�m� �t�h�e� �s�i�m�p�l�e� �s�u�p�p�o�r�t� �a�n�d� 

�1 �� �f�r�o�m� �t�h�e� �c�e�n�t�e�r�.� �T�h�e� �d�e�f�l�e�c�t�i�o�n� �o�f� �t�h�e� �b�e�a�m� �a�t� �t�h�e�s�e� �t�w�o� �p�o�i�n�t�s� �w�a�s� �r�e�c�o�r�d�e�d�,� �f�i�r�s�t� �f�o�r� �s�m�a�l�l� 

�i�n�t�e�r�v�a�l�s� �o�f� �t�i�m�e� �a�n�d� �t�h�e�n� �f�o�r� �g�r�a�d�u�a�l�l�y� �l�o�n�g�e�r� �i�n�t�e�r�v�a�l�s�.� �T�h�e� �e�x�p�e�r�i�m�e�n�t� �c�o�n�t�i�n�u�e�d� �f�o�r� �3�8� 

�d�a�y�s�.� �T�h�e� �m�e�a�s�u�r�e�m�e�n�t� �o�f� �t�h�e� �d�e�f�l�e�c�t�i�o�n� �a�t� �t�w�o� �p�o�i�n�t�s�,� �a�s� �o�p�p�o�s�e�d� �t�o� �j�u�s�t� �o�n�e� �p�o�i�n�t�,� �i�s� �u�s�e�d� 

�t�o� �c�h�e�c�k� �t�h�e� �c�o�n�s�i�s�t�e�n�c�y� �o�f� �t�h�e� �r�e�a�d�i�n�g�s�.� 

�T�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�e� �t�h�r�e�e� �e�x�p�e�r�i�m�e�n�t�s� �a�n�d� �t�h�e� �f�i�t�t�i�n�g� �o�f� �s�i�m�p�l�e� �v�i�s�c�o�e�l�a�s�t�i�c� �m�o�d�e�l�s� �t�o� �t�h�e� 

�d�a�t�a� �a�r�e� �p�r�e�s�e�n�t�e�d� �i�n� �C�h�a�p�t�e�r� �8�.� 

�C�h�a�p�t�e�r� �7� �-� �E�x�p�e�r�i�m�e�n�t�a�l� �A�p�p�a�r�a�t�u�s� �a�n�d� �P�r�o�c�e�d�u�r�e� �1�3�0
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�C�h�a�p�t�e�r� �8� �-� �E�x�p�e�r�i�m�e�n�t�a�l� �R�e�s�u�l�t�s� �a�n�d� �V�i�s�c�o�e�l�a�s�t�i�c� 

�M�o�d�e�l�s� 

�T�h�e� �r�e�s�u�l�t�s� �o�f� �m�e�a�s�u�r�i�n�g� �t�h�e� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �q�u�a�r�t�z�-�e�p�o�x�y� �f�a�c�e� �s�h�e�e�t� 

�m�a�t�e�r�i�a�l� �i�n� �e�x�t�e�n�s�i�o�n� �a�n�d� �t�h�e� �g�l�a�s�s�-�i�m�i�d�e� �h�o�n�e�y�c�o�m�b� �m�a�t�e�r�i�a�l� �i�n� �s�h�e�a�r� �a�r�e� �r�e�p�o�r�t�e�d� �i�n� �t�h�i�s� 

�c�h�a�p�t�e�r�.� �T�h�e� �r�e�s�u�l�t�s� �a�r�e� �r�e�p�o�r�t�e�d� �a�s� �p�e�r�c�e�n�t� �i�n�c�r�e�a�s�e� �i�n� �s�t�r�a�i�n� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�i�m�e�,� �o�r� 

�P�e�r�c�e�n�t� �I�n�c�r�e�a�s�e� �_�_�_�e�(�t�)�  �� �(�0�)� �3� 

�i�n� �S�t�r�a�i�n� �7� �e�(�0�)� �x�1�0�0�'�%� �(�8�.�1�)� 

�A�d�d�i�t�i�o�n�a�l�l�y�,� �t�h�e� �i�n�i�t�i�a�l� �v�a�l�u�e� �o�f� �s�t�r�a�i�n�,� �2�(�0�)�,� �i�s� �r�e�p�o�r�t�e�d�,� �a�s� �w�e�l�l� �a�s� �t�h�e� �s�t�r�e�s�s� �l�e�v�e�l� �u�s�e�d� �f�o�r� 

�t�e�s�t�i�n�g�.� �V�i�s�c�o�e�l�a�s�t�i�c� �m�o�d�e�l�s� �a�r�e� �t�h�e�n� �c�h�o�s�e�n� �t�o� �r�e�p�r�e�s�e�n�t� �t�h�e� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� �b�e�h�a�v�i�o�r� �o�f� 

�t�h�e�s�e� �m�a�t�e�r�i�a�l�s�,� �a�n�d� �t�h�e�s�e� �m�o�d�e�l�s� �a�r�e� �u�s�e�d� �w�i�t�h� �t�h�e� �t�h�r�e�e�-�l�a�y�e�r� �b�e�a�m� �m�o�d�e�l� �t�o� �p�r�e�d�i�c�t� �t�h�e� 

�p�e�r�c�e�n�t� �i�n�c�r�e�a�s�e� �o�f� �t�h�e� �d�e�f�l�e�c�t�i�o�n� �o�f� �t�h�e� �s�a�n�d�w�i�c�h� �b�e�a�m� �i�n� �t�h�r�e�e�-�p�o�i�n�t� �b�e�n�d�i�n�g�.� �T�h�i�s� �i�s� �t�h�e�n� 

�c�o�m�p�a�r�e�d� �t�o� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� �f�r�o�m� �t�h�e� �s�a�n�d�w�i�c�h� �b�e�a�m�.� �B�e�c�a�u�s�e� �t�h�e� �c�r�e�e�p� �f�r�a�m�e� 

�u�s�e�d� �m�a�g�n�i�f�i�e�s� �t�h�e� �l�o�a�d� �u�s�i�n�g� �a� �l�e�v�e�r� �a�r�m� �a�n�d� �f�u�l�c�r�u�m�,� �a�n�d� �b�e�c�a�u�s�e� �o�f� �t�h�e� �c�r�o�s�s�-�s�e�c�t�i�o�n�a�l� 

�a�r�e�a�s� �o�f� �t�h�e� �s�p�e�c�i�m�e�n�s�,� �t�h�e�s�e� �s�t�r�e�s�s� �l�e�v�e�l�s� �a�r�e� �n�o�t�  ��e�v�e�n �� �n�u�m�b�e�r�s� �(�i�.�e�.�,� �5�0� �p�s�i�)�,� �e�v�e�n� �t�h�o�u�g�h� 

�t�h�e� �d�e�a�d� �w�e�i�g�h�t� �l�o�a�d�s� �w�e�r�e�.� 

�C�h�a�p�t�e�r� �8� �-� �E�x�p�e�r�i�m�e�n�t�a�l� �R�e�s�u�l�t�s� �a�n�d� �V�i�s�c�o�e�l�a�s�t�i�c� �M�o�d�e�l�s� �1�3�2



�T�i�m�e�-�D�e�p�e�n�d�e�n�t� �B�e�h�a�v�i�o�r� �o�f� �t�h�e� �Q�u�a�s�i�-�l�s�o�t�r�o�p�i�c� 

�Q�u�a�r�t�z�-�E�p�o�x�y� �F�a�c�e� �S�h�e�e�t�s� 

�W�i�t�h� �a�n� �a�p�p�l�i�e�d� �s�t�r�e�s�s� �o�f� �9�,�6�7�0� �p�s�i�,� �t�h�e� �i�n�i�t�i�a�l� �s�t�r�a�i�n� �o�f� �t�h�e� �q�u�a�s�i�-�i�s�o�t�r�o�p�i�c� �q�u�a�r�t�z�-�e�p�o�x�y� 

�m�a�t�e�r�i�a�l� �w�a�s� �3�,�6�5�0�x�1�0�-�§�.� �T�h�e� �p�e�r�c�e�n�t� �i�n�c�r�e�a�s�e� �i�n� �s�t�r�a�i�n�,� �E�q�u�a�t�i�o�n� �8�.�1�,� �i�s� �s�h�o�w�n� �a�s� �a� �f�u�n�c�t�i�o�n� 

�o�f� �t�i�m�e� �i�n� �F�i�g�u�r�e� �2�0�.� �B�y� �d�e�f�i�n�i�t�i�o�n�,� �t�h�e� �p�e�r�c�e�n�t� �i�n�c�r�e�a�s�e� �i�n� �s�t�r�a�i�n� �a�t� �t�i�m�e� �z�e�r�o� �i�s� �z�e�r�o�.� �F�o�r� �t�h�e� 

�q�u�a�r�t�z�-�e�p�o�x�y�,� �t�h�e� �s�t�r�a�i�n� �i�n�c�r�e�a�s�e�d� �r�a�p�i�d�l�y� �f�o�r� �a�p�p�r�o�x�i�m�a�t�e�l�y� �1�0� �d�a�y�s�,� �a�f�t�e�r� �w�h�i�c�h� �t�h�e� �s�t�r�a�i�n� 

�i�n�c�r�e�a�s�e�d� �a�t� �a� �s�l�o�w�e�r�,� �n�e�a�r�l�y� �c�o�n�s�t�a�n�t�,� �r�a�t�e�.� 

�O�n�e� �v�i�s�c�o�e�l�a�s�t�i�c� �m�o�d�e�l� �w�h�i�c�h� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �t�h�i�s� �t�y�p�e� �o�f� �b�e�h�a�v�i�o�r� �i�s� �t�h�e� �f�o�u�r�-�p�a�r�a�m�e�t�e�r� 

�f�l�u�i�d�.� �A� �f�o�u�r�-�p�a�r�a�m�e�t�e�r� �f�l�u�i�d� �c�o�n�s�i�s�t�s� �o�f� �a� �f�r�e�e� �s�p�r�i�n�g�,� �K�e�l�v�i�n� �e�l�e�m�e�n�t�,� �a�n�d� �f�r�e�e� �d�a�s�h�p�o�t�,� �a�l�l� �i�n� 

�s�e�r�i�e�s�,� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �2�1�.� �T�h�e� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� �p�e�r�c�e�n�t� �i�n�c�r�e�a�s�e� �i�n� �s�t�r�a�i�n� �o�f� �a� �f�o�u�r�-� 

�p�a�r�a�m�e�t�e�r� �f�l�u�i�d� �f�o�r� �a� �c�o�n�s�t�a�n�t� �s�t�r�e�s�s� �i�s� �a�l�s�o� �s�h�o�w�n� �i�n� �t�h�a�t� �f�i�g�u�r�e�.� �T�h�e� �m�a�n�n�e�r� �i�n� �w�h�i�c�h� �t�h�e� 

�p�a�r�a�m�e�t�e�r�s� �o�f� �a� �f�o�u�r�-�p�a�r�a�m�e�t�e�r� �f�l�u�i�d�,� �E�,�,� �E�:�,� �4�,� �a�n�d� �2� �i�n�f�l�u�e�n�c�e� �t�h�e� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� �r�e�s�p�o�n�s�e� 

�i�s� �a�l�s�o� �n�o�t�e�d� �i�n� �t�h�e� �f�i�g�u�r�e�.� �T�h�e� �f�r�e�e� �s�p�r�i�n�g� �r�e�s�p�o�n�d�s� �i�n�s�t�a�n�t�a�n�e�o�u�s�l�y� �t�o� �a�n� �a�p�p�l�i�e�d� �s�t�r�e�s�s�,� 

�a�f�t�e�r� �w�h�i�c�h� �t�h�e� �K�e�l�v�i�n� �e�l�e�m�e�n�t� �a�n�d� �f�r�e�e� �d�a�s�h�p�o�t� �c�o�n�t�r�i�b�u�t�e� �t�o� �t�h�e� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� �p�o�r�t�i�o�n� �o�f� 

�t�h�e� �s�t�r�a�i�n�.� �E�v�e�n�t�u�a�l�l�y�,� �t�h�e� �K�e�l�v�i�n� �e�l�e�m�e�n�t� �r�e�a�c�h�e�s� �a� �m�a�x�i�m�u�m� �a�m�o�u�n�t� �o�f� �s�t�r�a�i�n�,� �a�f�t�e�r� �w�h�i�c�h� 

�t�h�e� �s�t�r�a�i�n� �i�n�c�r�e�a�s�e�s� �l�i�n�e�a�r�l�y� �f�o�r� �a�n� �i�n�d�e�f�i�n�i�t�e� �p�e�r�i�o�d� �o�f� �t�i�m�e�.� �T�h�e� �c�o�n�s�t�i�t�u�t�i�v�e� �b�e�h�a�v�i�o�r� �o�f� �a� 

�f�o�u�r�-�p�a�r�a�m�e�t�e�r� �f�l�u�i�d� �i�s� �g�i�v�e�n� �b�y� 
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�0� �1�0� �2�0� �3�0� �4�0� 

�T�i�m�e� �(�d�a�y�s�)� 
�F�i�g�u�r�e� �2�0�.� �P�e�r�c�e�n�t� �I�n�c�r�e�a�s�e� �i�n� �S�t�r�a�i�n� �o�f� �Q�u�a�r�t�z�-�E�p�o�x�y� �F�a�c�e� �S�h�e�e�t�s� 
� � 

�E�q�u�a�t�i�o�n� �8�.�2� �c�a�n� �b�e� �t�r�a�n�s�f�o�r�m�e�d� �t�o� �t�h�e� �L�a�p�l�a�c�e� �d�o�m�a�i�n�:� 

 �� �2� �-� �G�(�s�)�(�1� �+� �p�y�S� �+� �P�y�S�*�)� �=� �e�(�s�)�(�q�,�8� �+� �g�S�)� �.� �(�8�.�4�)� 

�F�o�r� �a� �s�t�r�e�s�s� �t�h�a�t� �i�s� �a�p�p�l�i�e�d� �a�s� �a� �s�t�e�p� �f�u�n�c�t�i�o�n�,� �o�(�s�)� �i�s� 

�(�8�.�5�)� 

�F�o�r� �t�h�i�s� �s�t�r�e�s�s�,� �t�h�e� �s�t�r�a�i�n� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�i�m�e� �c�a�n� �b�e� �f�o�u�n�d� �b�y� �s�u�b�s�t�i�t�u�t�i�n�g� �E�q�u�a�t�i�o�n� �8�.�5� �i�n�t�o� 

�E�q�u�a�t�i�o�n� �8�.�4�,� �s�o�l�v�i�n�g� �f�o�r�  ¬�(�s�)�,� �a�n�d� �p�e�r�f�o�r�m�i�n�g� �t�h�e� �i�n�v�e�r�s�e� �L�a�p�l�a�c�e� �t�r�a�n�s�f�o�r�m�.� �I�t� �i�s� 

�C�h�a�p�t�e�r� �8� �-� �E�x�p�e�r�i�m�e�n�t�a�l� �R�e�s�u�l�t�s� �a�n�d� �V�i�s�c�o�e�l�a�s�t�i�c� �M�o�d�e�l�s� �1�3�4



� � 

� � 

� � 
� � 

�T�I�M�E� 

�P�e�r�c�e�n�t� 

�I�n�c�r�e�a�s�e� 

�i�n� �S�t�r�a�i�n� 

� � 

� � � � 
� � 

�T�I�M�E� �F�i�g�u�r�e� �2�1�.� �F�o�u�r�-�P�a�r�a�m�e�t�e�r� �F�l�u�i�d� �M�o�d�e�l� 
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�E�,� �+�E�  ��E�t�t� �a�f� �-�o� �1� �1�  �� �t� �c�(�t�)� �=� �(� �c�e� �E�e� �+� �|� �.� �(�8�.�6�)� 

�T�h�e� �p�e�r�c�e�n�t� �i�n�c�r�e�a�s�e� �i�n� �s�t�r�a�i�n� �o�f� �a� �f�o�u�r�-�p�a�r�a�m�e�t�e�r� �f�l�u�i�d� �c�a�n� �b�e� �w�r�i�t�t�e�n� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�i�m�e� 

�a�s� 

� � �P�e�r�c�e�n�t� �I�n�c�r�e�a�s�e� �E�Q� �E�t� �E�o� �3� �e�r�e�e�n�t� �I� �{�2� �r�e�m�]� �+� �(�4�2�)� �e�b�e�t�o�o�r� �@�7� 

�T�h�e� �c�o�n�s�t�a�n�t� �E�,� �c�a�n� �b�e� �d�e�t�e�r�m�i�n�e�d� �f�r�o�m� �t�h�e� �i�n�i�t�i�a�l� �s�t�r�a�i�n�.� �F�o�r� �t�h�e� �q�u�a�s�i�-�i�s�o�t�r�o�p�i�c� �q�u�a�r�t�z�-� 

�e�p�o�x�y�,� �i�t� �i�s� 

�o�C� �_� �9�6�7�0�p�s�i� �6� �.� �=� �=� �=� �2�.�6�5�x�1�0�°�p�s�i�_�,� �(�8�.�8�)� 
�°� � �e�(�0�)� �3�6�5�0�x�1�0�7� �©� 
� � 

�w�h�i�c�h� �i�s�,� �i�n� �f�a�c�t�,� �q�u�i�t�e� �c�l�o�s�e� �t�o� �t�h�e� �e�l�a�s�t�i�c� �v�a�l�u�e� �u�s�e�d� �i�n� �C�h�a�p�t�e�r�s� �4� �a�n�d� �6�,� �2�.�5�x�1�0�®� �p�s�i�.� �O�n�c�e� 

�E�,� �h�a�s� �b�e�e�n� �f�o�u�n�d�,� �4�2� �c�a�n� �b�e� �d�e�t�e�r�m�i�n�e�d� �b�y� �e�x�a�m�i�n�i�n�g� �t�h�e� �s�l�o�p�e� �o�f� �t�h�e� �s�t�r�a�i�g�h�t� �l�i�n�e� �p�o�r�t�i�o�n� 

�o�f� �t�h�e� �p�e�r�c�e�n�t� �i�n�c�r�e�a�s�e� �i�n� �s�t�r�a�i�n� �g�r�a�p�h�.� �T�h�e� �s�l�o�p�e� �i�s� 

�1�0�0�E�,� 
�"�2� 

� � �m� �=� �(�8�.�9�)� 

�F�o�r� �t�h�e� �q�u�a�s�i�-�i�s�o�t�r�o�p�i�c� �q�u�a�r�t�z�-�e�p�o�x�y�,� �a�n� �h�a�n�d�-�f�i�t� �s�t�r�a�i�g�h�t� �l�i�n�e� �t�h�r�o�u�g�h� �t�h�i�s� �l�a�t�t�e�r� �p�o�r�t�i�o�n� �o�f� �t�h�e� 

�d�a�t�a� �h�a�s� �a� �s�l�o�p�e� �o�f� �a�p�p�r�o�x�i�m�a�t�e�l�y� �0�.�0�6�3�2� �_�1�_� �t�h�u�s� 
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�d�a�y�s� �'� 

�1�0�0�E�,� �1�0�0�(�2�.�6�5�x� �1�0�°� �p�s�i�)� �9�.� �m�=�  �� �>� �=� �r� �=� �4�.�1�9�x�1�0�°�p�s�i�-�d�a�y�s� �.� �(�8�.�1�0�)� 
�0�.�0�8�3�2� 

�d�a�y�s� 

�T�o� �f�i�n�d� �t�h�e� �o�t�h�e�r� �t�w�o� �c�o�n�s�t�a�n�t�s�,� �E�,� �a�n�d� �,�,� �s�e�v�e�r�a�l� �d�i�f�f�e�r�e�n�t� �a�p�p�r�o�a�c�h�e�s� �c�a�n� �b�e� �u�s�e�d�.� �O�n�e� 

�a�p�p�r�o�a�c�h� �i�s� �a� �l�e�a�s�t�-�s�q�u�a�r�e� �e�r�r�o�r� �t�e�c�h�n�i�q�u�e�.� �F�o�r� �a� �r�a�n�g�e� �o�f� �E�,� �a�n�d� �»�;� �v�a�l�u�e�s�,� �a� �c�u�m�u�l�a�t�i�v�e� �|� 

�e�r�r�o�r� �c�a�n� �b�e� �c�a�l�c�u�l�a�t�e�d� �b�y� �s�u�m�m�i�n�g� �t�h�e� �s�q�u�a�r�e�s� �o�f� �t�h�e� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �c�o�m�p�u�t�e�d� 

�C�h�a�p�t�e�r� �8� �-� �E�x�p�e�r�i�m�e�n�t�a�l� �R�e�s�u�l�t�s� �a�n�d� �V�i�s�c�o�e�l�a�s�t�i�c� �M�o�d�e�l�s� �1�3�6



�v�a�l�u�e� �o�f� �p�e�r�c�e�n�t� �i�n�c�r�e�a�s�e� �i�n� �s�t�r�a�i�n� �f�r�o�m� �E�q�u�a�t�i�o�n� �8�.�7� �a�n�d� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �v�a�l�u�e�.� �I�n� �o�t�h�e�r� 

�w�o�r�d�s�,� �f�o�r� �e�a�c�h� �E�,� �a�n�d� �;� �v�a�l�u�e�,� �t�h�e� �e�r�r�o�r� 

�2� 
�E�R�R� �=� �E�x�p�e�r�i�m�e�n�t�a�l� �P�e�r�c�e�n�t� �C�o�m�p�u�t�e�d� �P�e�r�c�e�n�t� �(�8�.�1�1�)� 

�~� �I�n�c�r�e�a�s�e� �i�n� �S�t�r�a�i�n� �I�n�c�r�e�a�s�e� �i�n� �S�t�r�a�i�n� 

�w�h�e�r�e� �i� �i�s� �t�h�e� �t�o�t�a�l� �n�u�m�b�e�r� �o�f� �d�a�t�a� �p�o�i�n�t�s�,� �i�s� �c�a�l�c�u�l�a�t�e�d�.� �T�h�e� �r�a�n�g�e� �o�f� �E�,� �a�n�d� �»�,� �c�a�n� �b�e� �r�e�f�i�n�e�d� 

�t�o� �m�i�n�i�m�i�z�e� �t�h�i�s� �e�r�r�o�r�.� �F�o�r� �t�h�e� �q�u�a�s�i�-�i�s�o�t�r�o�p�i�c� �q�u�a�r�t�z�-�e�p�o�x�y�,� �t�h�e� �e�r�r�o�r� �i�s� �m�i�n�i�m�i�z�e�d� �w�h�e�n� 

�3�.�4�5�x�1�0� �p�s�i� 

�1�.�1�3�x�1�0�"� �p�s�i�-�d�a�y�s� 

�E� 
�'� �(�8�.�1�2�)� 

�4� 

�T�o� �c�o�m�p�a�r�e� �t�h�i�s� �f�o�u�r�-�p�a�r�a�m�e�t�e�r� �f�l�u�i�d� �m�o�d�e�l� �t�o� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �d�a�t�a�,� �t�h�e� �p�e�r�c�e�n�t� �i�n�c�r�e�a�s�e� �i�n� 

�s�t�r�a�i�n� �o�f� �b�o�t�h� �t�h�e� �m�o�d�e�l� �a�n�d� �t�h�e� �e�x�p�e�r�i�m�e�n�t� �a�r�e� �p�r�e�s�e�n�t�e�d� �t�o�g�e�t�h�e�r� �i�n� �F�i�g�u�r�e� �2�2�.� �A�l�t�h�o�u�g�h� 

�t�h�e� �a�g�r�e�e�m�e�n�t� �i�s� �n�o�t� �p�e�r�f�e�c�t�,� �t�h�e� �f�o�u�r�-�p�a�r�a�m�e�t�e�r� �f�l�u�i�d� �m�o�d�e�l� �d�o�e�s� �c�a�p�t�u�r�e� �t�h�e� �e�s�s�e�n�t�i�a�l� �c�h�a�r�-� 

�a�c�t�e�r�i�s�t�i�c�s� �o�f� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �b�e�h�a�v�i�o�r�.� 

�A� �d�i�f�f�e�r�e�n�t� �a�p�p�r�o�a�c�h� �t�o� �f�i�n�d�i�n�g� �E�,� �a�n�d� �y�,� �c�o�u�l�d� �y�i�e�l�d� �b�e�t�t�e�r� �r�e�s�u�l�t�s�.� �I�n� �t�h�i�s� �a�p�p�r�o�a�c�h�,� �t�h�e� 

�s�t�r�a�i�g�h�t� �l�i�n�e� �t�h�a�t� �w�a�s� �u�s�e�d� �t�o� �f�i�n�d� �2� �i�s� �e�x�t�e�n�d�e�d� �t�o� �i�n�t�e�r�c�e�p�t� �t�h�e� �t�=�0� �a�x�i�s�.� �T�h�i�s� �i�n�t�e�r�c�e�p�t� �i�s�,� 

�a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �2�1� �b�y� �t�h�e� �d�a�s�h�e�d� �l�i�n�e�,� 
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�;� �1�0�0�E�,�,� 
�i�n�t�e�r�c�e�p�t� �=� �(�8�.�1�3�)� 

�E�,� 

�T�h�u�s�,� �f�o�r� �t�h�i�s� �c�a�s�e�,� �E�,� �i�s� 

�-� �1�0�0�E�,� �1�0�0�(�2�.�6�5�x�1�0�°�p�s�i�)� �_� �3�0�1�x�1�0�7� �o�s�;� �3�4�4� 
�1� �i�n�t�e�r�c�e�p�t� �8�.�2�5� �=�e� �T�N� �P�S�T� �(�8�.�1�4�)� 

�C�h�a�p�t�e�r� �8� �-� �E�x�p�e�r�i�m�e�n�t�a�l� �R�e�s�u�l�t�s� �a�n�d� �V�i�s�c�o�e�l�a�s�t�i�c� �M�o�d�e�l�s� �1�3�7
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�-�"� �E�,� �=� �3�.�4�5�E�7� �p�s�i� 
�2�°� �N�i�,� �=� �1�.�1�3�E�7� �p�s�i�-�d�a�y�s� 

�1� �7� �T�N�,� �=� �4�.�1�9�E�9� �p�s�i�-�d�a�y�s� 

�0� �T� �T� �T� �I� �!� �'�  �� 

�0� �1�0� �2�0� �3�0� �4�0� 

�T�i�m�e� �(�d�a�y�s�)� 
�F�i�g�u�r�e� �2�2�.� �P�e�r�c�e�n�t� �I�n�c�r�e�a�s�e� �i�n� �S�t�r�a�i�n� �o�f� �Q�u�a�r�t�z�-�E�p�o�x�y� �F�a�c�e� �S�h�e�e�t�s� �-� �E�x�p�e�r�i�m�e�n�t�a�l� �a�n�d� �M�o�d�e�l� 

�(�F�i�r�s�t� �A�p�p�r�o�a�c�h�)� 

�T�h�e� �v�a�l�u�e� �o�f� �7�,� �c�a�n� �t�h�e�n� �b�e� �c�h�o�s�e�n�,� �e�i�t�h�e�r� �b�y� �t�r�i�a�l� �a�n�d� �e�r�r�o�r� �o�r� �b�y� �a� �l�e�a�s�t�-�s�q�u�a�r�e�s� �a�p�p�r�o�a�c�h�,� 

�s�o� �t�h�a�t� �t�h�e� �f�o�u�r�-�p�a�r�a�m�e�t�e�r� �f�l�u�i�d� �m�o�d�e�l� �c�l�o�s�e�l�y� �m�a�t�c�h�e�s� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �b�e�h�a�v�i�o�r�.� �U�s�i�n�g� �t�h�e� 

�f�o�r�m�e�r� �m�e�t�h�o�d� �r�e�s�u�l�t�e�d� �i�n� 

�n�y� �=� �5�.�0�0�x�1�0 ��p�s�i�-�d�a�y�s� �.� �(�8�.�1�5�)� 

�T�h�e� �p�e�r�c�e�n�t� �i�n�c�r�e�a�s�e� �i�n� �s�t�r�a�i�n� �o�f� �a� �f�o�u�r�-�p�a�r�a�m�e�t�e�r� �f�l�u�i�d� �m�o�d�e�l� �d�e�s�c�r�i�b�e�d� �b�y� �t�h�e�s�e� �c�o�n�s�t�a�n�t�s� 

�a�n�d� �t�h�e� �o�n�e�s� �i�t�n� �E�q�u�a�t�i�o�n�s� �8�.�8� �a�n�d� �8�.�1�0� �i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �2�3�,� �a�l�o�n�g� �w�i�t�h� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� 

�C�h�a�p�t�e�r� �8� �-� �E�x�p�e�r�i�m�e�n�t�a�l� �R�e�s�u�l�t�s� �a�n�d� �V�i�s�c�o�e�l�a�s�t�i�c� �M�o�d�e�l�s� �1�3�8
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�E�y� �=� �2�.�6�5�E�6� �p�s�i� 

�*� �E�,� �=� �3�.�2�1�E�7� �p�s�i� 
�2� �T�l�}�,� �=� �5�.�0�0�E�7� �p�s�i�-�d�a�y�s� 

�1� �T�p� �=� �4�.�1�9�E�9� �p�s�i�-�d�a�y�s� 

�0�7� �r� �r� �I� 
�0� �1�0� �2�0� �3�0� �4�0� 

�T�i�m�e� �(�d�a�y�s�)� 

�F�i�g�u�r�e� �2�3�.� �P�e�r�c�e�n�t� �I�n�c�r�e�a�s�e� �i�n� �S�t�r�a�i�n� �o�f� �Q�u�a�r�t�z�-�E�p�o�x�y� �F�a�c�e� �S�h�e�e�t�s� �-� �E�x�p�e�r�i�m�e�n�t�a�l� �a�n�d� �M�o�d�e�l� 
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