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INTRODUCTION

The design of modern high-performance aircraft is toward increased
aerodynamic efficiency, decreased structural weight, and higher flight
speeds. Preliminary designs often exhibit a flutter instability within
the desired operating envelope of the aircraft. Passive methods which
have been used to solve the flutter problem include added structural
stiffness, mass balancing, and speed restrictions. These methods may
result in significant weight penalties. Studies by Boeing (ref. 1)
show that weight penalties as high as 2 to 4% of the total structural
weight may be required to solve the flutter problem passively by in-
creasing the structural stiffness. Therefore, there is considerable
interest in alternative methods of increasing the flutter speed beyond
the original unaided value.

Within the past few years the advances in active control technology
have made the application of active flutter suppression systems feasible,
resulting in significantly smaller performance penalties. Control
systems used to alter the aeroelastic response have been implemented
successfully on several aircraft. Applications have been augmentation
of static stability, ride quality improvement, maneuver load reduction,
and suppression of structural loads induced by atmospheric turbulence.
Harris and Rickard (ref. 2) list the present application experience of
active control technology on experimeﬁtal, commercial, and military air-
craft. Active flutter suppression is fundamentally different from the
preceding applications since the structural stability of the flexible

vehicle is at stake. Loss of the former four items would result in
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deteriorated performance or shortened vehicle life, while loss of an
active flutter suppression system when flying above the flutter speed
would result in loss of the aircraft. Harris and Rickard (ref. 2) list
the severity of the situation associated with degradation of various
active control functions. To date there have been many analytical
studies and successful wind tunnel demonstrations of active flutter
control systems. See references 3 through 7. An active flutter sup-
pression system installed on a full-scale B-52 test airplane has been
successfully flight tested (ref. 8). This was the first time an air-
craft had been flown above 1its flutter speed relying entirely on an
active flutter control system to supplement the structural damping.
The flight was an important step in the acceptance and implementation
of this new technology into future aircraft designs.

Active flutter suppression is a method of flutter prevention
employling a control surface the deflection of which 1is commanded by a
suitable control law. The control law is the relationship between the
motion of the main airfoil surface and the control surface deflection.
The control law is determined by applying methods commonly used in con-
trol system theory. The two most common methods of control law syn-
thesis are the application of optimal control theory (ref. 9) and the
aerodynamic energy method (ref. 10). It is desired here to make use of
the latter method.

Flutter 1s an aeroelastic self-excited unstable vibration in which
the alrstream energy is absorbed by the 1lifting surface. The motion
involves both bending and torsional components which are basically sim-

ple harmonic oscillations with a unique flutter frequency. Classical
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flutter will not occur if either the bending or torsion components of
the motion are suppressed. Figure 4 illustrates the qualitative nature
of the phase relationships during a cycle of motion at the flutter con-
dition. Displacement versus time is plotted for a streamwise airfoil
section. At the flutter condition plunge is at or near a maximum where
pitch is at or near a minimum. Since the 1lift acts in the same direc-
tion as the plunging velocity and is in phase with the pitching motion
the work donme by the airstream on the structure 1s positive, i.e.,
energy 1s transferred into the structure. Flutter is the point at
which the net positive work 1is exactly balanced by the damping forces
in the system. The motion will diverge when the total work per cycle
done by all forces in the system is positive.

The aerodynamic energy method (ref. 10) of active flutter suppres-
sion is based on the fact that the flutter instability is inherently
connected to the nature of the aerodynamic forces acting on the air-
foil. At flutter these forces allow a transfer of energy from the
surrounding airstream into the airfoil. Flutter can be suppressed at
any flight configuration provided the control surfaces can be deflected
in a manner which alters the overall nature of the aerodynamic forces.
In particular, the magnitude and phase relationships of the 1lift and
pitching moment with the plunging rate and pitch rate respectively are
modified such that energy is transferred from the airfoil to the

surrounding airstream.



I. AIRFOIL EQUATIONS OF MOTION

The two-dimensional ailrfoil which will be analyzed is shown in
figure 2. It has a trailing edge control surface which is aerodynamic-
ally unbalanced (hinge line at leading edge of control surface). The
linear and torsional springs, K, and Kg, are mounted at the shear
center of the airfoil cross-section and provide restraining forces in
the plunging (h), and pitching (o) degrees of freedom. The torsional
spring Kg restrains the trailing edge control surface deflection. The
origin of the coordinate system coincides with the shear center when
the airfoil is in its undeflected position. The plunging displacement
h, 1s measured positive down. The total 1lift on the airfoil L, is
defined positive up while the pitching moment of the entire airfoil
about the one quarter chord point M, 1is positive in the nose-heavy

sense. The equations of motion are derived in Appendix A as

. -L
MY+KY =|-Mg 5. (1.1)

where

w R |



The M and K matrices are

bm Sa SB
M=|bS, I, Ig+Sgbe
bSB IB"'SBbC IB

Equation (l1.1) describes a three degree of freedom model.

The system description is complete for the open loop (uncontrol-
led) system when the aerodynamic loads L, M, and T have been speci-
fied. These aerodynamic loads are derived in Appendix B. The closed
loop (controlled) system will require an additional flap hinge torque

Tg to drive the flap to its commanded position.



II. THE UNSTEADY AERODYNAMIC LOADS

Linearized, unsteady aerodynamic theory provides the basis for the
computation of the unsteady aerodynamic loads acting on the airfoil.
Kussner & Schwarz (ref. 11) apply this theory deriving formulas which
give the pressure distribution of the wing and the aerodynamic re-
actions of oscillating elevators and tabs for any position of the ele-
vator hinge with respect to the elevator leading edge. The wing
analyzed in reference 11 has a total of six degrees of freedom whereas
the present analysis involves the three degrees of freedom shown in
Fig. 1. The linearization of the problem as presented in reference 11
allows the total aerodynamic loads to be found by superposition of the
forces and moments assoclated with each degree of freedom. Conse-
quently the analysis of Kussner & Schwarz (ref. 11) can easily be
restricted to the present three degree of freedom case. Kussner &
Schwarz (ref. 11) employ two-dimensional thin airfoil theory which 1is
based on incompressible flow over an airfoil of zero thickness. Also
the pitching, plunging, and control surface oscillations are harmonic
with small amplitudes. 1In the present study the wing has an elevator
plvoted at the elevator leading edge (aerodynamically unbalanced) and
is replaced by a plate with a single bend at the hinge line. Under the
usual assumption of thin airfoil theory the actual airfoil profile is
replaced by 1its mean chord which in the rest position lies on the
x-axis extending from x = -1 (leading edge) to x = 1 (tralling edge) as

shown in figure 1.
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The total 1lift, total pitching moment about the one quarter chord
point, and the elevator hinge moment are derived from reference 11 in

Appendix B as

:
L=nob2{[bl— + | Db [&+|Db 4|8 +[2V]
b 2 2
+ [ weosron| 8+ 2v2 | o + [ 2v281] 5 -[ 2voq By [ 2oy [B2{ 2.1
m b i) b b
M= mpb2| b2 + [m2]a + [ b2 97 s + [Vb]g
2 8 4T
+ 2@ o lg  * [ v2 s 8

T 6 L’H‘ (2.2)
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where ¢; through 19 are listed in Appendix C.
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III. THE STATE SPACE EQUATIONS OF MOTION

The state space representation of the equations of motion (eq.
1.1) with no control input is a set of ten first-order simultaneous

differential equations of the form

% (t) = f[x(t), t] (3.1)

where x(t) is a real ten—dimensional column vector which is the state
of the system and t 1is the time variable. Equation 1.1 is transformed

into the following state space representation

Y A1l Ar2 A13 ¥
X = é =| Ay Agg As3 Y = Ax (3.2)
xa| LA31 Ay A3z [xp

where Y = [h/b a B ]T and xp= [B; By A; A]T are the four aero-
dynamic state variables defined by equations B.21 through 3B.24. The
Aj1 through A33 sub-matrices are derived in appendix D.

The stability of the airfoil system can be determined by examining
the eigenvalues of the A matrix. The system is stable if the real part
of each eigenvalue is negative. The flutter instability occurs when
the real part of any eigenvalue becomes positive.

A Fortran 1V program was written to assemble the 10x10 A matrix in
equation 3.2 and solve for the eigenvalues and eigenvectors using the
IMSL subroutine EIGRF. The correctness of the state model was verified

using the three degree-of-freedom parameters listed in table III-3 of
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reference 12. The corresponding parameters used to construct the M and
K matrices are shown in table 1. The resulting locus of roots shown in
figure 3 closely match the locus of roots given by figure III-1 in
reference 12. The open loop flutter speed of 893 ft/sec. is near the
900 ft/sec. open loop flutter speed given by reference 12.

The pitching, plunging, and flap modes are identified as the
eigenvectors whose largest component corresponds to the pitch, plunge,
and flap motions, respectively. The pitch, plunge, and flap components
are non—-dimensional with plunge scaled as h/b. Thus, the three quanti-
ties are comparable enabling the largest component to be easily identi-
fied. The aerodynamic modes are identified in the same manner as the
pitching, plunging, and flap modes. The system modes then are not
"pure” modes. For instance, the pitching mode consists primarily of

torsional motion with lesser amounts of bending and flap motions.



IV. THE ENERGY ANALYSIS

The stability of the systém is determined by the net work done per
cycle by the forces acting on the system. If the sign of the net work
is positive, energy is being transferred from the surroundings to the
system resulting in an unstable condition. The system is dissipating
energy (i.e., stable) when the net work is negative.

Using the work-energy concept from elementary mechanics it is
easy to relate the forces acting on the system to the resulting changes

in kinetic energy. This is stated as

dt

E =m(dv>.V=F-v (4.1)

where é represents the time rate of change of kinetic energy for a par-
ticle; m, the particle mass; ?, the resultant force; and V the inertial
velocity. Application of equation 4.1 to the three degree of freedom
airfoil is now considered. Represent the airfoll as a collection of

points. The velocity of any point on the airfoil (see Figure 6) is

< x_<_b(d+c-1/2) (4.2)

"?(x) = —{f} - {b(d-l/Z)‘X]&} -J}’ - B
2

V(x) = -{ﬁ - [b(d-1/2)-x]a +[x-b<d+c-1/z)1é}3’,

b(d+c-1/2) < x < 3b (4.3)
2

Consider a small element of the airfoil, dx. Let P, represent the
pressure on the upper surface of the element and Pj the pressure on the

lower surface of the element (see Figure 6). (P1; - P,) represents the

10
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1lift of the element, positive up. The rate at which kinetic energy is
being transferred from the surrounding airstream to the airfoil, due to

the action of the aerodynamic forces is represented as

b(d+c - 1/2)

E.aero == fZPI'Pu) h-[b(d-1/2) - x]&} dx
-b/2
3b/2 . . .
- (P1-Py){h-[b(d-1/2) - x]a +[x-b(d+c-1/2)]3} dx
b(d+e-1/2)
or (4.4)

Eaero = - L[A-b(d-1/2)a] - M& - T8

where the quantity [ﬁ-b(d-l/Z)& ] 1s the velocity of the one~quarter
chord point, positive down.

The forces exerted by the bending, torsional, and flap hinge re-
straining springs also contribute to the rate of kinetic energy trans-

fer into the system. This contribution is given by

Addition of the equations 4.4 and 4.5 gives the total
instantaneous kinetic energy rate for the open loop (uncontrolled)

system as

Etotal = Eaero * Espring (4.6)

If ﬁtotal is negative the system 1s losing kinetic energy with time
(i.e., the motion is decaying) at a particular instant of time. A

positive value of Et,ty] indicates the system is gaining kinetic energy
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(i.e., the motion is increasing) at that particular time.
The net work dome on the system per cycle is found by integrating

equation 4.6 over one cycle of motion as

2T 2m

m m
Weyele = JEaero dt + [Egpring dt (4.7)
(o] 0

The second term in equation 4.7 1is equal to zero since the spring

forces are conservative. Rewrite equation 4.7 as

2m

)
Weycle = fEaero dt (4.8)

o

As the first step in evaluating equation 4.6 and 4.8 represent the

aerodynamic loads and motion variables as

j = Ajcos(wt +93) 5 =L, M, T, h,o,8,h,q,8 (4.9)

For the non-oscillatory modes equation 4.9 is rewritten as

ng’M’T)h’a’B)ﬁ’&’é
j= Ajcos¢j (4.10)
¢5=0,T
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Substitution of equation 4.10 into equation 4.6 yields the kinetic

energy rate expression for the non-oscillatory modes of the open loop

system as

én°=-ALAﬁcos¢Lcos¢ﬁ+ALA&b(d—1/2)cos¢Lcos¢&-AMA&cos¢Mcos¢&
_ATAécos¢Tcos¢é-KhAhAhcosthos¢h-KaAaA&cos¢acos¢&-K8A6Aécos¢é

cos¢8 (4.11)

Combination of equations 4.10, 4.4 and 4.8 yields the net work done per

cycle for the oscillatory modes of the open loop system as

Weycle = g [-ALAﬁ(cos¢Lcos¢ﬁ+sin¢Lsin¢ﬁ)+ALA&b(d—1/2)
(cos¢Lcos¢&+sin¢Lsin¢&)—AMA&(cos¢Mcos¢&+sin¢Msin¢&)—AT

Aé(cos¢écos¢T+sin¢ésin¢T)] (4.12)
With the introduction of control to the system there 1is an addi-

tional servo hinge torque Tg that contributes to the rate of kinetic

energy transfer into the system. The contribution due to Tg is

Econtrol = ~ Tgh (4.13)
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In the closed loop system the servo provides control of the flap angle,

thus the flap spring is not needed and equation 4.5 becomes

Addition of equations 4.4, 4.13 and 4.14 gives the total instantaneous
kinetic energy rate for the closed loop (controlled) system as

Etotal = Eaero T Espring + Econtrol (4.15)

Represent Tg in the form given by equation 4.9 as
Tg = ATs cos (wt + ¢TS) (4.16)

Thus, equations 4.11 and 4.12 are modified for the closed loop system
by the changes introduced in equations 4.13 and 4.1l4. The kinetic

energy rate expression for the non-oscillatory modes of the closed loop

system is then given by
éno =—ALAﬁ cos ¢, cos ¢ﬁ + Ag, A& b (d - 1/2) cos ¢p, cos ¢d
-Ay A& cos Py cos ¢& - (Ar+Ar,) Aé cos o¢7 cos ¢é

-Kn Ap Ap cos ¢ cos ¢p = K A A- cos COS¢ »
h Ah Anh dh on o A2 N S (5.17
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and the net work done per cycle for the oscillatory modes of the closed
loop system is

Weyele = T [-AL Ap (cog ¢1, cos ¢>ﬁ + sin ¢ sin dh) + AL Ao.n
W

b (d - 1/2) (cos ¢, cos ¢& + sin ¢y sin ¢& ) - Ay A (cos
¢y cos ¢& + sin ¢y sin ¢& ) - (Ap +ATS) A é (cos ¢é cos ¢T
+ sin ¢g sin dp)] (4.18)

The requirement for stability of the open loop or closed loop system is

Eo < O

and (4.19)

wcycle <o

Equations 4.11 and 4.12 were implemented in the computer program
described in section III. éno and Weyele were computed for the same
system analyzed in section III. The results were shown in figures 7
and 8. Figure 7 shows “Weyele /Period versus velocity for the
pitching, plunging, and £flap modes. Figure 8 shows ‘éno versus

velocity for the four modes corresponding to the aerodynamic state

variables.



V. METHODS OF CLOSED LOOP CONTROL

The concept of closed loop control of flutter is straightforward
in theory (see Figure 9). The first step of the control scheme in-
volves the measurement of the motion components (state variables)
needed to construct the control law. The flap command is formed by the
control law and fed into the servo. The servo then deflects the flap
at the proper rate and phase, thus providing aerodynamic forces and
moments that oppose the motion of the wing.

The flutter suppression system used in the present study does not
include servo dynamics, i.e., 8 and B, are identical. For this type of
system the flap would respond instantaneously to the command flap posi-
tion with the same magnitude as the command. There are some subtle
analytical difficulties that can be encountered in the implementation
of this type of system. These potential difficulties will be discussed
later.

Of course, any actual flutter suppression system would require a
servo to deflect the control surface. The servo transfer function will
invariably introduce phase lags and amplitude changes between the de-
sired and actual control deflections. Although these phase lags and
amplitude changes may be small they can easily deprive the system of
1ts effectiveness. Another drawback associated with the introduction
of a servo in the feedback loop 1is the additional states required to
model the servo. Consider the servo block diagram representation shown
in figure 10. The compensation block includes integral, proportional,

and rate control terms which operate on the error €. Integral control

16
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is needed to eliminate steady state errors and rate control provides
lead in the control deflection. The transfer function between the
torque applied to the control surface and the actual control surface
deflection 1is represented by a typical second-order block. The
introduction of integral control requires the addition of three new

states to the original state vector as

Tnew = [%o1a} f(B/B)} fat fB ] (5.1)

Implementation of the perfect model following system (i.e., B= B.)
is not as straightforward as it may seem at first glance. Consider the
simple two-degree of freedom mass-spring system shown in figure 11.
The behavior of the three-degree of freedom airfoil system 1is more
easily understood in terms of the simpler two degree of freedom mass-
spring system. the mass-spring notation mj;, mp, kp,and x9 is analogous
to the airfoil notation mp, mjp, kB’ and Brespectively.

Application of Newton's second law to each body separately yields

the equations of motion (free vibration case) for the mass- spring sys-

tem as
m 0] x k -k X 0
1
1 R L 2 - (5.2)
m2 m2 x2 0 kz X, 0

If the spring stiffness k2 approaches infinity (i.e., my

and m are connected by a massless rigid rod; X, = 0) the
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natural frequency of the system is

ky
w ="\|m, +m, (5.3)
Reduction of the two degree of freedom system to a omne degree of free-
dom system by deleting the second rows and columns in equation 5.2

yields the natural frequency as

W \Jm (5.4)

The prediction for W, using equation 5.3 and equation 5.4 are dif-
ferent. This occurs because the mass and stiffness matrices in equa-
tion 5.2 are not symmetrical.

The constraining force Fg is analogous to the servo torque Tg
applied to the flap in the three degree of freedom airfoil problem. It
is of interest to examine the behavior of the system for the two cases
where Fg is applied internally as shown in Figure 11 or Fg is applied
externally on body 2. The equations of motion for the system with Fg
applied internally are

m] o |{x1 k1 -ko| [x1]| -1

s = Fg (5.5)

m) my| | X2 0 k| |x2 1

By imposing the restriction of no relative displacement between body 1

and body 2 (x3 = 0), equation 5.5 reduces to
mx; + kyx) = - Fg (5.6a)

mpXy = Fg (5.6b)
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Substituting equation 5.6b into equation 5.6a yields
(m+mp)x] + ki1x1 = 0 (5.7)

Thus with Fg applied internally the natural frequency of the system is
given by equation 5.3 as expected. With Fg applied externally to body

2 the equations of motion for the system are

m] 0 §1 k1 ko || x1 0
] + = Fg (5.8)
mp mp | [ X2 0 kot| X2 1

Applying the constraint x3 = O equation 5.8 reduces to

mlil + klxl =0 (5.9a)

myX] = Fg (5.9b)

From equation 5.9a the predicted natural frequency is the same as given
by equation 5.4.

It is clear then, that internal and external application of the
constraint force are not equivalent 1n terms of the system dynamic
behavior. 1In terms of the three degree of freedom airfoil problem the
preceeding analysis demonstrates that introduction of the control law,
B = B., into the open loop system requires the addition of an internal
hinge torque. This torque would assume the value necessary to force
the flap deflection equal to the commanded flap position.

Application of a general control law to the simple mass— spring

system is now considered. The kinematic control law is constructed as
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a linear combination of the states x; and x9 as
%o = nxy + %] (5.10)

The kinematic control law represented by equation 5.10 could be imple-
mented by rederiving the equations of motion. A more expeditious
method employed here involves the use of geometric theory discussed in
reference 13.

With the introduction of control the dynamical system is described

by
X = AX + bu (5.11)

where x and A are defined in section three, u is the control vector,and
b is a constant column matrix. The control vector u 1is a linear func-

tion of the state wvector x and is represented as
u = fx (5.12)

Substituting equation 5.12 into equation 5.11 yields the augmented sys-—

tem representation as
x = (A+bf)x (5.13)

Given A, b, and the kinematic control law, geometric theory can be
implemented to determine a feedback maxtrix f. Geometric theory pro-
vides a method of computing the feedback matrix f such that a given
subspace V is invariant under (A+bf). That is, the feedback matrix f
insures that the system motion remains within the subspace V provided

fex is the only control used. The subspace V is defined by the kine-



matic control law.

The method of determining f using geometric theory is now illus-

trated for the simple mass— spring system (figure 11) with the control

law given by equation 5.10.
denoted by m.

tion 5.5) become

Define the state variables as

z] = X1
z =123 =x
z3 = x]
z4 = X2

Rewrite equation 5.14 as

i) [ k]| o] 2
m m m

= <+ FS
X3 k] 2kp| |x2f |2
m m m
I T S B O I

Define P and u as

Let the mass of both body 1 and body 2 be

The equations of motion for the system (equa-

X1 -1
= Fqg (5.14)

X2 1
(5.15)
(5.16)
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and
u= Fg (5.17)
Rewriting equation 5.16 in the standard state form yields
z = Az + bu (5.18)
where
0 O 1 0
0 0 0 1
A=|-p P 0 O
P -2 0 O
and
0
0}
b= |-1
2
Now introduce the constraint (equation 5.10 with a = 1) as
z9 = 2z1 + 223 (5.19)
The geometric statement is
29 - z1 -lz3 = 0 (5.20)

or

z*e=0 (5.21)
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where
e=1[-11-0"T (5.22)
L
By inspection the subspace orthogonal to e, denoted by e is

11 [0
i, 1A = Gl, ez, e3}= - ’ (5.23)
ol I
0

0

- O O O

We seek a dynamic feedback law Fg = f-z so that the system will move in
éL. In geometric language we want to arrange a control law so that
under feedback the subspace éL will be an invariant subspace. In this
case we say that éL is an (A,b) invariant subspace. In some cases it
may happen that éL’ is not an (A,b) invariant subspace but that it
properly contains such a subspace. To account for this possibility we
make use of an algorithm from [13, see Theorem 1] and generate the
largest (A,b) invariant subspace (say VM) contained in éL.

For this problem it happens that VM = éL; that is the whole null

space of e (e‘L) is an invariant subspace of (A,b). For V to be

invariant under (A+bf) we require that
[(A+bf)ej.e] = 0 , i=1,2,3 (5.24)
or

bfey{. e = -Aey.e , 1=1,2,3 (5.25)
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Application of equation 5.25 yields the three equations for the

elements of the feedback matrix f as

i=1: £, = - 1/4 (5.26)
i=2: fi+fo = 0 : (5.27)
1=3: f(f£3+f£y) =1 +§2p (5.28)

In general the feedback matrix f is not unique, i.e. there is a whole
class of f matrices which make V invariant under (A+bf). The solution
of equations 5.26 through 5.28 is not unique. Choose f; = a, then the
feedback matrix solution is

f=[f1 £ f3 f4]=[a!-a} %up + iag'%] (5.29)

Finally the (A+bf) matrix is

B 0 0 1 0
0 0 0 0
A+bf=
-(P+a) | (P+a): -R(;_z + P + a) % (5.30)
l -2
P+2) -2 (p+a) 2l(2+P+a)]

Since the augmented matrix given by (5.30) contains an arbitrary

parameter (a), it may seem that the response of the system will depend
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on the value of a. The point of the next paragraph is to demonstrate
that the part of the dynamics associated with the motion in éL is, in
fact, independent of the value of a.
From reference 13 it is known that if V is an (A,b) invariant sub-

space then the image of V under A must be contained in the sum {ﬁ) + V.
AV c{by + Vv

If b€ V then AV < V so that V is invariant with zero feedback.

Thus, we suppose that b ﬁl V. Let fl, and £, be two possible feedback

2
matrices. From the generalization of (5.25) we know that if(&l,---

1
vé}is a basis for V and{§k+l,...§}is a basis for V then

bfv, * §. = -Av, - 9, (5.31)
i ] 1 3

If we write the system (5.31) for fl and for f2 then subtract we find
A
b(fl—fz)vi vj =0 (5.32)

which can be written as

(b‘\"rj) © @)

(5.33)

[}
o

where d = fl - f2' Since b ﬁ{V then for some j (b-Gj) # 0. Thus, we
must have d°vi =0 , i=1,...,k. Geometrically, this means that
the vector d is an element of Vf the orthogonal complement of V.
Finally, let P be the matrix that projects vectors along VL onto V.

Then the dynamics of the system in V are represented by the matrix
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(A+bf)P. Now compute
(A+bfp)P = (A+bf1+bd)P (5.34)

= (A+bfy)P+bdP

1
However, since Px € V and d € V the last term is identically =zero.

Thus

(A+bf9)P = (A+bf])P (5.35)

and we have proved that any two feedback matrices that make V invariant
produce the same dynamic response in V. Responses in V do differ but
they are not of concern here.

A method of introducing the coatrol law into the open loop system
(i.e., closing the loop) using geometric theory has been demonstrated
for a simple mass— spring system. This method will be applied to the

airfoil problem in the next section.



VI. CLOSED LOOP ANALYSIS

The geometric technique introduced in the previous section is
applied to a two DOF airfoil in this section. The control law derived
by Nissim (ref. 10) for trailing— edge control only will be implemen-—
ted.

Nissim's design procedure doesun't include the flap degree of free-
dom. That 1s, Nissim's rigid two- dimensional strip has two degrees of
freedom, translation (bending) and rotation (torsion). Thus, to apply
Nissim's control law the airfoil analyzed in section three is reduced
to a two DOF airfoil by discarding the flap mode. This 18 accomplished
by setting the flap inertia to zero. The value of the total mass of
the airfoil is not changed. This redistribution of mass alters the

pitching and plunging frequencies at zero velocity as shown below.

3 DOF 2 DOF (zero flap inertia)
Pitching: 109.23 rad/sec. 111.23 rad/sec.
Plunging: 48.1 rad/sec. 48.32 rad/sec.

The locus of roots for the two DOF (zero flap inertia) airfoil and the
corresponding work per cycle versus velocity plot 1is shown in figures

12 and 13 respectively. The pitching mode becomes unstable between 890

ft./sec. and 900 ft./sec.

27
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The control law given by Nissim in reference 6 is

ol
CED

Be =[-0.35 -1.9] + [0.35 0.1] (6.1)

QR
£
Q.

where W, is a reference frequency near the open loop flutter fre-
quency. A value of 72.3 rad/sec was chosen. The matrix elements
-0.35, -1.9, 0.35, and 0.1 are fixed for 20 percent chord trailing edge
flap control and wing displacement measured at 30 percent chord. The
same geometry was used here.

The procedure for implementation of equation 6.1 using the geo-
metric technique is the same as outlined for the simple mass—- spring
example in the previous section. The vector space operations required
to find a feedback matrix f were performed using the app;Opriate por-
tions of the Fortran IV program used in reference 13. The required in-
puts to the program are the open loop system matrix A, the control
matrix b, and the constraint vector H. The output is a set of linear
equations for the elements of the feedback matrix. There are generally
more equations than the number of elements in the feedback matrix, thus
there is not a unique solution. A linear least squares solution tech-

nique using the IMSL subroutine LLSQF was employed to find a solution.
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The particular inputs used for this example are

B=[-0.35-0.1 0 0.35 1.9 1 0 0 0 of"
Wr We

A= AOL (6°2)
T
b=[-b; O 0 0 O 0 O O]

where Ay, 1s the open loop A matrix and by is the last column of the

matrix [M +mpb2 z1 ]. The control u is the scalar Tg given by
u=Ts=fx (6-3)

The root locus and work per cycle versus velocity plots for this
example are shown in figures 14 and 15 respectively. Nissim's control
law actually destabilizes the system leading to an unstable pitching
mode throughout the entire range of velocities shown. Hence, Nissim's
control law (eq. 6.1) 1is seriously deficient in the pitch degree of
freedom, causing the torisonal damping to decrease from its open loop

value.



VII. CLOSED LOOP CONTROL LAW SYNTHESIS

This section introduces a method of control law synthesis aimed at
increased energy dissipation near the flutter speed of the unstable
mode. Although a control law designed for a particular mode near
flutter may drive other system modes unstable, it may not be possible
to design a control law which guarantees energy dissipation for all
modes.

Neglecting the contribution due to aerodynamic hinge torque and

servo torque, the change in kinetic energy per cycle is

27/ w
E = - jgu-& + Levg)de (7.1)
4
0

where Vgz/, represents the velocity of the one—quarter chord point of
the airfoil. Approximate the variation of AE with a small perturbation
of a control law component 1j by the first term in a Taylor series ex-

pansion as

AE =AE(1j+019)-0E(i )= M0E | 21y, 1=1,2,3,4 (7.2)
K158

A

14

where ii is the initial value of the control law component and 4ly is a

small perturbation. The criterion for stability is

34 o
S Aly < 0, 1i=1,2,3,4 (7.3)
My |,

14

30
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It may be very difficult to obtain an analytical expression for

dAE/d1l4i. Alternatively it may be approximated numerically as

JAE A E(Tq+A14)-2E(1y)
a1l Aly

(7.4)

For an accurate estimate, 41; should be chosen small enough so that the
forward and backward differences are of nearly equal value. The design
procedure is outlined in the following steps:

1.) Select n speeds in the vicinity of the flutter speed

2.) Choose an appropriate Al

3.) Compute JAE/J1ly for each speed

4.) Solve the n linear inequalities (eq. 7.3) for the components

of the control law

5.) Scale the control law.

The method was applied to the airfoil analyzed in the previous
section with 1=0 (B.=0). The root locus and -work per cycle versus
velocity plots for this system are shown In figures 16 and 17 respec-
tively. Figure 17 is the —-work per cycle versus velocity plot for the
plunging mode only. The plunging mode becomes unstable near 430 ft/
sec. Velocities of 410, 420, 430, 440, and 450 were selected as the

design speeds. The values used for Aly are

Aly = 3.333x107°
Al, = 3.333x1075
Aly = 1x10~%
A1, = 1x10™%
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The set of five linear inequalities were computed as

1.489901; + 0.4814A1 + 0.4086413 + 0.05941, < O

0.4566A11 + 0.4078A1,

1.1768A13 + 0.0586A14 < O

-0.5268A1] + 0.3415A1, - 1.2339A13 + 0.0580A1; < O (7.6)

-1.4518A1; + 0.283801y + 0.3708A13 + 0.0574A1; < O

-2.3117A1; + 0.2358A15 - 1.3135A13 + 0.0566A1; < 0

The solution of the set of inequalities was computed via the IMSL sub-
routine ZX3LP. The solution obtained from ZX3LP was scaled to the

value
1 = [8.9004X10™%4 -1X10"2 -3.61815X1073 -1X10"2] (7.7)

The control law (eq. 7.7) was introduced into the system yielding the
results shown in figures 18 and 19. Figure 19 1is the -work per cycle
versus velocity plot for the plunging mode only. Comparison of figures
16 and 17 with figures 18 and 19 reveals that the control law given by
equation 7.7 has increased the flutter speed from 430 ft/sec to 450

ft/sec.



CONCLUSIONS

A method of control law synthesis for active flutter suppression
has been developed. The method which is based upon increased energy
dissipation near the flutter instability has been applied to a two-
dimensional wing with a single trailing-edge control resulting in a
significantly higher flutter speed. Thus the validity of this method
has been established.

The control law derived from this energy method must be scaled
properly due to the non-~linearity of the change in Kinetic energy per
cycle versus control law component change curve.

The effectiveness of geometric theory for introduction of the
Kinematic control law, derived from the energy method, into the dynam-~
ical system has been demonstrated. The geometric theory was used to
determine a feedback matrix f needed to construct the closed loop
system matrix (A+bf).

Extension of this work should include a study of the effect on the
control law elements of variations in the airfoil system geometrical,

mass, and inertial parameters.
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Appendix A

EQUATIONS OF MOTION

The equations of motion of the airfoil section are derived using
Newton's second law of motion and the moment equation for a rigid body

in plane motion

z?y = my3c.m. (A.1)
IMe,p.= Ic.m. w (A.2)

Equations (A.l1) and (A.2) are written for the main body of the airfoil
(body 1) and the trailing edge control surface (body 2). All angles
(2,8) are assumed to be small. The equations are linearized about the
zero equilibrium (ae=Be=&e=ée=&e=§e=O). The free body diagrams of the
two bodies are shown in figures 5 and 6. Applying equations A.1 and
A.2 respectively to body 1, using the small angle assumption and

linearizing yields

Kph-q,+L1+my [h+bx)d] = O (A.3)
. . _ _b _ _ -
IQa+M1+Kaa—KBB-Khhbx1 Ly [db 5 + bx;] qy[cb bx;] =0 (A.4)

Applying equations A.l and A.2 respectively to body 2, using the small
angle assumption and linearizing yields

qy+io+ mz[;+bc&+x(é+&)] =0 (A.5)

—(qy+L2)1+KBB+M2+IG(a+§) =0 (A.6)
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Adding equations A.3 and A.5 yields the plunging equation as

-

(ab)2 + [mbxymy (bet]) Ji+maf g+ Gl = L (A.7)

To obtain the pitching equation, equations A.3 through A.6 must be com-
bined such that the total pitching moment about the one—quarter chord

point appears in the pitching equation as
M = Mj+My+Ly[ctd-1/2]b (A.8)

For the above expression to appear in the pitching equation combine

equations (A.3) through (A.6) as follows

ul(eq.A.3)+u2(eq.A.4)+M3(eq.A.5)+u4(eq.A.6)

where
1 = (d-1/2+x1)b
g =1
p3 = b(c+d—1/2)+a

g =1 (A.9)
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The above combination yields the pitching equation as
2¢4-1 2(ctd- {yh
[m; b4(d-1/2+%1 )+mob%(c+d-1/2 + b)JE
+[my b2x) (d=1/24x) )+Igtmpb(cHd-1/2 + %_) (be+])
.. i,9 -
+IG]a+[m2b,i(c+d—E+g )+Ig]R
+[Khb2(d—l/2)]§ +Koa=-M (A.10)

The trailing edge flap equation 1s obtained by solving equation (A.5)

for qy and substituting into equation (A.6) as

/
it

(bmp 2)§+[ﬁ§£‘2(‘§9:§)4f i +(m212+1¢)é+K88 = —(T+Tg) (A.11)

N~ s

Multiplying eéuation (A.7) by —b[(dtﬁ)—l/Z] and adding the result to

equation (A.10) yields the following symmetrical matrix form for the

equations of motion

sg 87| [hkp 0 0 h
(4
T+ 5gbe af+] o Ko 0 a
Ig Bl Lo 0 Kg | LB
-L
= —Me.a. (Ao 12)




Appendix B

UNSTEADY AERODYNAMIC LOADS

The motion of the airfoil is represented by the following three

degrees of freedom illustrated in figure 1

a)

b)

c)

Plunging or bending oscillation of the entire airfoil, z7 (x)

= heimt R
Pitching oscillation of the airfoil about the one-quarter

chord point, z9 (x) = ob[x+1/2] elWt, XL

Oscillation of the elevator about its leading edge or hinge

0 for 0 <0< @
line, z3(x)=
gelwt(cosg-cosO) fore< 0 <7

The total wing lift, pitching moment of the total wing about the

one-quarter chord point, and the elevator hinge moment about its lead-

ing edge are computed using equations 14, 16, 18, and 20 in reference

fi, Equation 14 (reference 11) is rewritten as

Total wing lift

= L = mpv2bel®t Z6Kg (B.1)

unit depth

Total wing moment about the 1/4 chord

i
=

unit depth

=mpv2blelWt ICmg (B.2)

Total T.E. flap hinge moment about its leading edge

[H]
[}

unit depth

= mpv2b2elut Zeng (B3.3)
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where the summation is over the degrees of freedom g=a,b, and c. G
represents the amplitude of degree of freedom g. Substituting in the
expressions for k,, ky, k., my, mp, m., ng, np, and n. from equations
16, 18, and 20 in referenceyi@and omitting the factor el®t for the sake

of convenience, equations B.l, B.2 and B.3 become

L(w)=mpV2b {i(v )[Zc(k)] {2C(k> 1+ __)
b w2b2 {1 . wb wb
iY - +42 [20()(e7+1%° _30) + 1
H— 7 :} a +{— [2C(k) (9 o7 $2) -— 93
waZ
- B.4
~e7— @41}8 (.4)

2p2 25,2
M(w) = mpV2b2 {‘(-—2—‘“ ) % + (1 b - 3w Yo

2V v gv<
1 wb wbh2
+ 2 [0 + 1 bg - 3718 B.5)
T 3 2V 6 4V2 7]} (

2
b g _ wéb 2,1} B
2v b

T(w) = TEV2b2 {% [C(k)

2
+{+}[C(k)(1+i 3") o + 1 :’3 3g - ‘*’2" q>7]}

1 wb wb w2p2
+ [C(k)(@q1 H——p9) + +1i - }5
{—T—Tz— 1 2V 4268 To10 X 611 ——AVZ—Q 12

(B.6)
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Equations B.4, B.5, and B.6 are rewritten below in a form similar to

equations 1, 2, and 3 in reference 14.

2
L(w) = -mbz{w% + <_£’22_"_ - WwV) a- _;_ (1wVdg - _‘*’_2"_ 94) e}
2
~2TOVb [_ﬂzl{uﬂh + (W2b-1GV) g +_Y_( W 4, - 1(1,@1) 5}(3.7)
iw m 2V
2
M(w) = ﬂpb3{:' 1/2 w?h + ({uV -._EEQE_)Q + (—X—— o5 + 1 wv o6
8 T 2T
2
- Wb ) B.8
4T &7 B} (B.8)
T(w) = vpb2{- wh (> &) + (4 WbV _ g - _whh? 7)o
2T 4m
v2 wVb w?b?2 c(k)
+<—7?2—®10 + i—?ﬁz—q’ll T @12) 8}+ moVb [1(»
2p Vb 2b
{- Py b+ | (dw - ‘*’V )@g]a
Vb wZb
+ [—ﬂr (1wdy - T 29) @8] B8 (B.9)

The oscillatory loads given by equations B.7, B.8, and B.9 can be re-
garded as the Fouriler transform of the corresponding transient loads.
Thus the transient loads are the inverse Fourier transforms of the
oscillatory loads. The inverse Fourier transforms of the terms con-
taining the Theodorsen function C(k) are determined using the Convo-

lution Theorem for Fourier transforms taking into account the fact that
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the Fourier transform of the Wagner function is

EVt ) C(k)
‘F@ =
b iw

.Irf %
;!;x ;} :
Consequently the transient loads are , o
~ o {5 } ’ /ﬂ v Y
L(t) = Tfpbz[i:l + 2 s+ b @45 +;’fV& +—V- ¢>3L3> 1
2 2m B
+ 2mpVbD(t)
«-CL ..
M(t) = Tpb3 [E_.h + 3P 5+ 0 ®78 + V& + v dg8
2 8 4T L 2
v { e :[ 2 -
+ 5 ®5B]. ap x r Q" )
g ey LT .f\/f’];«_a{" -+ 13 >/ )

‘/

- b . b ’ . b N -
= mob? [(—— h+ (= T+
T(e) = mob? [(— 94) B+ (— o). (G 012)

bV ‘

2

PR T

_,,/;f) 1',' e - /:{ . L/ ; !

where the Duhamel integrals' D(t) and G(t) are

t

D(t) = ﬁw Q’l(r)df
o
t

G(t) = FE‘%:% Q’g (t)dT
Q

Vb s \ ‘
+ 99 )& + (- + VbG(t
(G 9) 8+ (G )8 + (G @0)s1 o movoeco

v:”) !

(B.10)

X Lo CQ“
A=~05

(B.11)

(B.12)

(B.13)

(B.14)

(B.15)
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in which
/

b " ' \
b+ — %28 wa+ ___ 948 (B.16)
o m

d T y
di(m = (D

7 b n b 2 /4 b2 /7 Vb i
= _— &gh + dga + d)dgB 4 dgo
Q2(1) = — 28 — 8 —r (8P + —— "8

Vb /
+_7_r.2_..@]_‘338 (B.17)

The Duhamel integrals D(t) and G(t) are evaluated by the following ex-

pressions using the procedure outlined in reference 1l4.
D(t) = Q1(t)-%qBj(t) - AoBy(t) (B.18)
G(t) = Qa(t)-MAj(t) - drAs(t) (B.19)

01 and a9 are coefficients in the two-term exponential approximation of
the Wagner function suggested by W. P. Jones as
Bivt Bovt

) = Qgexp (- = ) (B.20)

o(vt/b) =1 - ajexp(-

in which o = 0.165, B; = 0.041, 09 = 0.335, and By = 0.32. The func-
tions Bj(t), B2(t), A1(t), and Ao(t) are solutions of the following

four first~order differential equations (see reference 14, eqs. 13, and

14)

By + (B1V/b)By = Q1(t) (B.21)
By + (BV/b)By = Qq(t) (B.22)

A + (B1V/b)Ap = Qo(t) (B.23)
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(B.24)

AZ + (BaV/b)As = Qo(t)
The expressions for Q;(t) and Q(t) are found from equations B.1l6 and

B.17 by replacing T by t and integrating to give
(B.25)

4 » b
=h+br+va+__ 0 +_d c
Q1(t) b i 2 B = 15+ 1

. Vb b2 .

( @8)1’1 + (_@S)C{. + (_@8)(1 + (‘7(1)1@8)6
i K1k
(B.26)

Q(t) =
b2 .
+ —27],“2'@2@86 + C2

where the arbitrary constants of integration can be set equal to zero
B.13, B.18, B.19, B.25, and B.26 and rewrit-

Combining equations B.ll
ing equation B.12 the final expressions for the aerodynamic 1loads

b
Z ayl8 + [2v1_ + [3V]§

h b | .
L(t) = mob2{[b]—+ [ — | & +
b 2 2T
v . [2v2 2v2 2vay 2vay |
+ (%3 +%)B+|—|a+|—0 - By -| —| B
7ol 2 = — 1 - 1 - 2
— % R + = R

2
Tob2 [?__ H + [_ <I>7:'B + [Vb]a +
47
- [w h
813

h + b2 a + b? ¢12|8 + o
L R At R

M(t) =

— — ®

b
aTrZ_(I)
T(t) ob l2. 4|
+_.2.<I) + <I) + +__2.(I) + o

Vb 9
(—+ ¢g)
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_E’%] A -[V%ZJAZ} (B.27), (B.28), & (B.29)



Appendix C

UNSTEADY AERODYNAMIC LOADS

The aerodynamic loads acting on the airfoil section of figure 2,

as derived from reference 11, involve the following functions which are

dependent on the location of the flap hinge line.

o (@)
2 (@)
¢ (@)
¢, (9)
¢ (@)
¢, (@
o7 (@)
¢ (@)
¢, (@)
10 (@)
¢11 (Q)
®12 (@)

m-@+ sin@
(mr -@) (1 + 2cos@) + sin@ (2 + cos P)
T-@+ sin@cos®P

(T =@)  2cos@+ sin(P-%—(Z + C.OSz@)
sin@® (1l - cos @)

2(m -@) + sin¢._§.(z - cos @) (L + 2cos @)

(1 -@) (2 + 2c08@) + sin@sl(8 + 5cos P+ heos P-2c0s9)
(T - @) (-1 + 2cos @) + sin@ (2 - cos@)

(m -@) ( 1+ 2cos@) + sin@.%(Z + 3cosP+ 4c052@ )
23, (@) 05 (@)

¢, (@) 23 (@

(mw -@)2(% + 4cosz(D) + (T -Q) sinQcos @.(7 + 2cosz@)
+sin2<P (2 -l-% cosch )
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Appendix D

STATE SPACE EQUATIONS OF MOTION

The airfoil section equations of motion

(open loop; Tg=0) are
transformed into the state space representation (eq. 3.2) in this
appendix.

Combine equations A.7, A.10, and A.ll as

se L

MY + XY= -| M (D.1)

T

where the unsteady aerodynamic loads L, M, and T given by equations
B.27, B.28, and B.29 are written as

h
b
L = mpb2{[Ly, Ly Lg] + [Ly Ly La] [0 L, L]l @
8
By
Bo
+ [LpyLp, O 0]] A} (D.2)
A2
h h
b b
M =mobS [My My Mg] + [0 Mg M8l |g |+0 0 Mgl (D.3)
B B

57



= 10b2¢ [T T
T = mpb2 [T, ;]

+[0 O TAl TAZ

h
b
o
-B -l
By
By
1
Ag

Rewrite equation D.1 as

™e RQeg| e

+ [0 T ,Tg]

MY + &Y = - ﬂpbz[zlY + Zz% + Z3Y + Z4x,]

where _

Lp Ly Lg

Z1 = |Mp M3 MR ,

Th T4 TR

Fo Lo LR ]

Z3 = |0 0 Mg s

Solving equation D.5

Y = -[M¥Tpb2Z(]

0 Ta TR

-1

==
ReQReRe
=
o

Hor!

r

for Y gives

Rewrite equations B.1l6 and B.l7 as

Q1 = [R1 Ry R3]

Q2 = [Rg R7 Rg]|2

Fh h
) )
4 |+[0 R4 Rs] [d
8] B
) --
h h
b b
A|+[0 Rg R a
] [0 Rg Rj(] :

)
[

Lg, L, 0 O
[ Lpy L,

0 0

0 TAl TAZ

(M0 b2 Z,T+(K + TOb2Z3)Y+Tob2Z,4xs]

™ R o =

(D.4)

(D.5)

(D.6)

(D.7)

(D.8)

(D.9)
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Referring to equation 3.2 and substituting for Y in terms of i, Y, and

xp equations D.8 and D.9 become

o _ - ;
h h By b
. b b Bo b
QU = [R1 R2 R3]{A11 (@] + A1z | @] + A13 [A1|[+ [0 R4 Rs] [ 4 (D.10)
4] d A2 d
h] (] By h
. b b By b
Q2 = [Rg R7 Rgl{A11 |O [+ A2 | @]+ A13 ¢+[0 Rg Ryp]f @ (D.11)
- Al
LB A B
Rewrite equations B.21 through B.24 as
. —y - 1 ey -. —
By _B]V 0 0 0 B Q
b
Byl =| O -Bbzv 0 0 l Bo| +| Q1
h’ (p.12)
i 0 0 -B1v 0O A (o))
b
_Az_J L 0 0 0 -Bbzv‘J'_Az_J Q2
Referring to equation D.7 the Ay, A1j, and Aj3 matrices are
-1
A1; = -[Mbmpb2zy] Tpb2Zy
-1
= A 2 4 2
Aj9 = -[M+TPEb4Z ] (K+TPb<Z3) (D.13)
-1

A13 = ~[M¥mpb2z1] Tpb2Z,
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The A1, A2, and A3 matrices are

o O
o= O
- O O

-

S

N

[}
[=Ne o)
[=NeNe]
O OO

Referring to equations D.10,

matrices

A3

A32

A3z

are

-

=|[Ry

~

[R1 R R3]A11 + [0
Ry R3]JA11 + [O
[Rg Ry R8]All + [O
[Rg R7 RglAp; + [0

[R1 Ry R3] Ay

=[[R1 R2 R3] A1)

[Re R7
[Rg R7 Rg] Ayg

Rg] A1z

» A3 =

D.11, and D.12 the A3q,

R4 Rs]
R4 Rs]
Rg Ryo]
Rg Ryol

[R1 R2 R3]
[R1 R2 R3]

+
[R¢ R7 Rg]

(=N e Ne]
[oNeNe]
[eNeNe]

[R¢ R7 Rg]
i

(D.14)

Aj3p and A3j

(D.15)

(D.16)

(D.17)
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Table 1. The Parameters for Edward's
Three-Degree-of-Freedom Airfoil

= 2.6883 %ﬁi Ig = 6.04868 _s__sllfltjft-z
= 3 ft.

= 1.61298 slugs Ig = 0.151217 %ﬁ_z
= 0.10081 slug c = 1.0
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| [, x I
_v.____) | = = = = - — -t - - - - - - - | X = -cosé
| % |
| Jr |
x= -1 x= 1
8= 0 6= T
Figure 1(a). The Plunging Oscillation of
the Total Wing.
X = —-cosf

Figure 1(b). The Pitching Oscillation of the Wing
about the One-Quarter Chord Point.

Figure 1(c). The Oscillation of the Elevator
about its Leading Edge.
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Figure 3. Root Locus for the Edward's
Three-Degree-of-Freedom Airfoil
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Figure 6. Airfoil Coordinate System and Aerodynamic

Load Representation for the EnerBy Flow
Analysis.
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CONTROL LAW |

Figure 9. Block Diagram of a Flutter Suppression System



61

wstueydawmoaiag derg jo weadeyq yoorg °QT 2aIn31d

2 ™ S Y7zt 8

T
2 ™

sotueuAp dety

anbaoj
OA1®S

S
BEY + W + 1y

uotjevsuadwod




62

X,FI T
iy

y

\
m,
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System.
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ANALYSIS OF FLUTTER AND FLUTTER

SUPPRESSION VIA AN ENERGY METHOD

by
Darrell L. York

(ABSTRACT)

The use of an energy method for the synthesis of an active
flutter—-suppression control law is investigated. The derived control
law is demonstrated on a two-dimensional wing having a single trailing-
edge control surface. A procedure for control law implementation
(i.e., forming the closed-loop system representation) 1is developed
using the concepts of geometric theory and is illustrated for a simple
two degree-of-freedom spring-mass system. The two-dimensional unsteady
aerodynamic forces for oscillatory motion are taken from the litera-
ture. The aerodynamic forces in the time domain are found from a
Fourier transform of the oscillatory aerodynamic forces. With the aid
of a Wagner function approximation the unsteady aerodynamic forces are
written in a standard state space form which is then combined with the
mechanical equations of motion to yield the overall system state space
representation. The results show that the flutter speed of an example
airfoil can be increased significantly using the synthesized control

law.



