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Let X be a real locally uniformly convex reflexive Banach space with locally uniformly convex dual space X*. Let T : X 2 D(T) —
2X" be maximal monotone, S : X — 2% be bounded and of type (S,), and C : D(C) — X" be compact with D(T) < D(C)
such that C lies in T} (i.e., there exist ¢ > 0 and 7 > 0 such that |Cx| < 7|x| + o for all x € D(C)). A new topological degree
theory is developed for operators of the type T + S + C. The theory is essential because no degree theory and/or existence result is
available to address solvability of operator inclusions involving operators of the type T + S + C, where C is not defined everywhere.
Consequently, new existence theorems are provided. The existence theorem due to Asfaw and Kartsatos is improved. The theory is
applied to prove existence of weak solution (s) for a nonlinear parabolic problem in appropriate Sobolev spaces.

1. Introduction: Preliminaries

In what follows, the norm of the spaces X and X" will be
denoted by || - ||. For x € X and x* € X", the pairing (x", x)
denotes the value x*(x). Let X and Y be real Banach spaces.
For an operator T : X — 2Y, we define the domain D(T)
of T by D(T) = {x € X : Tx # 0}, and the range R(T)
of T by R(T) = Uyeper) Tx. We also use the symbol G(T)
for the graph of T: G(T) = {(x,x") : x € D(T),x* € Tx}.
An operator T : X > D(T) — Y is “demicontinuous” if it
is continuous from the strong topology of D(T') to the weak
topology of Y. It is “compact” if it is strongly continuous and
maps bounded subsets of D(T') to relatively compact subsets
of Y. An operator T: X > D(T) — 2V is “bounded” if it maps
each bounded subset of D(T') into a bounded subset of Y. It is
“finitely continuous” if it is upper semicontinuous from each
finite dimensional subspace F of X to the weak topology of
Y. Let ¢ : [0,00) — (—00,00) be a continuous and strictly
increasing function such that ¢(t) — oo ast — oo. The

mapping Js : X — 2% defined by
]¢ (x)
={x" e X" (x" %) = g (lxl) xll, [lx7] = ¢ (U=}

is called the “duality mapping” associated with ¢. As a
consequence of the Hahn-Banach theorem, it is well-known
that ]¢(x) # @ for all x € X. Since X and X~ are locally uni-
formly convex, ], is single valued, bounded, monotone, and
bicontinuous. The following definitions are needed through-
out the paper.

Definition 1. An operator T': X > D(T) — 2% is said to be

(i) “monotone” if forevery x € D(T), y € D(T),u” € Tx,
and v* € Ty, we have (u* —v*,x — y) > 0;

(ii) “maximal monotone” if T is monotone and R(T +
A]) = X for every A > 0; that is, T is maximal
monotone if and only if T is monotone and (u* —
Uy, x — xo) > 0 for every (x,u”) € G(T) implies
Xy € D(T) and u; € Tx;

(iii) “coercive” if either D(T') is bounded or there exists a
function y : [0, 00) — (—00, 00) such that y(t) — co
ast — ooand (y",x) > y(||x|)lx|l for all x € D(T)
and y* € Tx;

(iv) “weakly coercive” if either D(T') is bounded or |Tx| —
00 as ||x]|| — oo, where for each x € D(T), |Tx| =
inf{||v*| : v* € Tx}.



It is important to note here that the class of weakly
coercive operators includes the classes of coercive operators.
For a maximal monotone operator T': X 2 D(T) — 2X*, we
know that R(T+1J) = X* forallA > 0and (T+A))™" : X* —
D(T) is single valued and demicontinuous. In addition, the
operator T, : X — X*, t € (0,00), defined by T,x = (T™" +
t]_l)_lx, is the “Yosida approximant” of T. It is bounded,
continuous, and maximal monotone with domain X such that
T,x — TOx ast — 0%, for every x € D(T'), where ITOx| =
inf{[ly*|l : ¥ € Tx}. Furthermore, the operator J, : X —
D(T), defined by J,x = x — t]_l(Ttx), is called the “Yosida
resolvent” of T It is continuous, T,x € T(J,x) forevery x € X,
and lim,_,,J,x = x for all x € coD(T'), where coD(T) is the
convex hull of the set D(T). Furthermore, for each x € D(T),
IT,x| < |Tx| for all t > 0. Browder and Hess [1] introduced
the following definitions. The original definition of single
valued pseudomonotone operator is due to Brezis [2].

Definition 2. An operator T : X > D(T) — 2% is said to be

(a) “pseudomonotone” if the following conditions are
satisfied:

(i) For every x € D(T), Tx is nonempty, closed,
convex, and bounded subset of X*;

(ii) T is finitely continuous; that is, for every x, €
D(T) N F and every weak neighborhood V' of
Tx, in X", there exists a neighborhood U of x,
in F such that TU c V;

(iii) for each sequence {x,} ¢ D(T) with y" € Tx,
such that x,, — x, € D(T) and

limsup (y,,x, — x,) <0, @)
n—o00

we have that, for every x € D(T), there exists
y*(x) € Tx, such that

(y" (x),x0 = x) < liminf (y,,x, - x); 3)

in particular, letting x,, in place of x in the above
inequality, the pseudomonotonicity of T implies

liminf (y,,x, - x,) > 0; (4)

(b) “of type (S,)” if (i) and (ii) of (a) hold and for each
sequence {x, } in D(T') such that x,, — x,in X asn —
0o and every w,, € Sx,, with

lim sup (w;, x,, — x4) <0, (5)
n—00

we have x, — x, € D(T) and there exists a
subsequence of {w), }, denoted again by {w;, }, such that
w, — wy € Txyasn — 00;

(c) “of type (S)” if (i) and (ii) of (a) hold and for any
sequence x,, € D(T), v, € Tx, such that v — v,
asn — 00, it follows that there exists a subsequence
of {x,}, denoted again by {x,}, such that x, — x; as
n — 0o.
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It is not difficult to see that the class of operators of type
(S) includes the classes of operators of type (S, ). Furthermore,
it holds that T + C is of type (S) provided that T is of type (S)
and C is compact. The main goals of this paper are

(i) to develop suitable degree theory for operators of the
type T+S+C,where T : X > D(T) — 2% is maximal
monotone, S : X — 2% is bounded of type (S,), and
C : D(C) — X" is compact with D(T) € D(C) and
sublinear; that is, there exist 7 > 0 and ¢ > 0 such that
ICx|l < tlx|l + o for all x € D(C). The existing degree
theories for operators of the type T' + S cannot be
used to treat inclusions involving operators of the type
T + S + C because the compact operator is not every-
where defined. For recent degree theories for multi-
valued bounded (S.) or bounded pseudomonotone
perturbations of arbitrary maximal monotone oper-
ators, the reader is referred to the papers by Asfaw
and Kartsatos [3], Asfaw [4], Adhikari and Kartsatos
[5], and the references therein. In these theories,
the maximal monotone operator is arbitrary and
(S,) and/or pseudomonotone operator is everywhere
defined. The original degree mapping due to Browder
[6] is for operators of the type T + f, where f is single
valued bounded operator of type (S,) defined from
the closure of a nonempty, bounded, and open subset
G of X. Hu and Papageorgiou [7] generalized Brow-
der’s theory for multivalued compact perturbation of
T+ f, where the compact operator is defined on G. All
these theories do not include the case where C is not
defined on G, in particular, when D(C) contains D(T).
In view of these, our work in developing a degree
theory for operators of the type T'+ S+ C, where Cis a
compact operator with D(T') € D(C), is essential. It is
worth mentioning that the theory associated with (i)
is a generalization of the previous degree theories for
bounded (S,) perturbations of maximal monotone
operators due to Browder [6], Kobayashi and Otani
[8], Hu and Papageorgiou [7], Asfaw and Kartsatos
[3], and the references therein. The most general
degree theory currently available which is due to
Asfaw [9] is for pseudomonotone perturbations of the
sum of two maximal monotone operators with one of

the maximal monotone operators which is of type %,

(ii) to derive existence theorem(s) in order to establish
solvability of operator inclusion problems involving
operators of the type T + S + C. Consequently, the
theory developed in (i) is applied to prove exis-
tence of solution for the inclusion problem f* €
(T + S+ C)(D(T) N Bg(0)) provided that there exists
R =R(f") > 0such that

(V' +w +Cx-f"x)>0 (6)

for all x € D(T) N 0BR(0), v* € Tx, and w* € Sx;

that is, R(T + S+ C) = X" provided that T + S + C is
coercive. The result is a generalization of the existence
result due to Asfaw and Kartsatos [3, Theorem 17] for
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the operator T' + S. This result yields the surjectivity
of T + S + C provided that T + S + C is coercive and
either S is bounded of type (S, ) or T + S is operator of
type (S).
Throughout the paper, we shall use the following definition
of a homotopy of class (S,).

Definition 3. Lett € [0,1] and 8 : X > D(S) — 2% The
family {S'};c(o,1) is said to be a “homotopy of type (S,)” if the
following are true:

(i) For each t € [0,1], x € D(S"), S'x is a nonempty,
closed, convex, and bounded subset of X*.
(ii) For each t € [0,1], 5" is finitely continuous.
(iii) Let {t,} < [0, 1], x, € D(S") be such that ¢, — t, and
x, — x, € X. Let f, € S"x, be such that

lim sup ( f,, x,, — xo) < 0. @)
n—-o0
Then x, — x, € D(S°) and there exists a

subsequence of {f,}, denoted again by { f,,}, such that
f,— f €Sx,asn — co.

The following lemma is due to Ibrahimou and Kartsatos
(10].

Lemmad4. LetT : X > D(T) — 2% be maximal monotone
and G C X be bounded. Let 0 < s; < 5,,0 < t; < t,. Let
T* := sT. Then there exists a constant K, > 0, independent of
t and s, such that IITtSuII <K, forallu € G, s € [s1>$,], and
telt,t,]

For basic definitions and further properties of mappings
of monotone type, the reader is referred to Barbu [11], Pascali
and Sburlan [12], Browder and Hess [1], and Zeidler [13].

The content of the following important lemma is due to
Brezis et al. [14].

Lemma 5. Let B be a maximal monotone set in X x X*. If
(u,,u,) € Bsuch that u, — uin X, u, — u" in X", and

limsup (u, —u",u, —u) <0, (8)

n—00

then (u,u”) € Band (u,,u,) — (u*,u) asn — oo.

Browder [6] introduced the concept of a pseudomono-
tone homotopy as given below.

Definition 6. Let {T*},c(o,; be a family of maximal monotone

operators from X to 2X" such that 0 € TH0), t € [0,1].
Then {T"},¢[o,; is called a “pseudomonotone homotopy” if it
satisfies the following equivalent conditions:

(i) Suppose that t, — t, € [0,1] and (x,, y,) € G(T™)
are such that x,, — x, in X, y, — ¥, in X" and

lim sup (y,,, %) < (¥o» Xo) - (9)
Then (x4, y,) € G(T") and lim, (¥, x,,)

(o> X0)-

(ii) The mapping ¢ : X* x [0,1] — X defined by

¢ =(T'+]) (w) (10)
is continuous.

(iii) For each w € X", the mapping ¢, : [0,1] —» X
defined by

o) = (T +7) " W) (11)
is continuous.

(iv) For any (x, y) € G(T") and any sequence t,, — t,,
there exists a sequence (x,, y,) € G(T"™) such that
x, — xand y, = yasn — oo.

For a maximal monotone operator T : X 2

D(T) - 2X, Kobayashi and Otani [8] proved that
the family {tT},co;) is a pseudomonotone homotopy of
maximal monotone operators if and only if T is densely
defined. It is worth mentioning that the proof of this fact
does not require the hypothesis 0 € T(0). It is essential
herein to mention that the original degree theory for single-
value (S,) perturbations of maximal monotone operators
is due to Browder [6]. For a generalization of Browder’s
degree for multivalued compact perturbations of T'+ f, where
T : X > D(T) - 2%" is maximal monotone and f:
G — X* is bounded demicontinuous of type (S, ), the reader
is referred to the paper due to Hu and Papageorgiou [7].
For existence results for compact perturbation of maximal
monotone operators, the reader is referred to the paper due
to Kartsatos [15]. For a relevant degree mapping for single
multivalued operator of type (S, ), we cite the paper of Zhang
and Chen [16]. Recent developments on degree theories
for perturbations of the sum of two maximal monotone
operators can be found in the papers due to Adhikari and
Kartsatos [5] and Asfaw [4].

In Section 2 we construct a degree mapping for operators
of the type T+ S+ C, where T : X 2 D(T) — 2X" is maximal
monotone, S : X — 2% is bounded and of type (S,) or
bounded pseudomonotone, and C : D(C) — X is compact
with D(T) € D(C) and satisfies a sublinearity condition. The
existence of solutions for operator inclusion problems of the
type Tu+Su+Cu > [~ is included in Section 3. In Section 4,
the theory is applied to establish existence of weak solution(s)
for a nonlinear parabolic problem in appropriate Sobolve
spaces.

2. Degree Theory for T+S+C with D(T) € D(C)

2.1. Degree Theory for T + S + C with S Bounded and of Type
(S,). The goal of this section is to develop a degree theory for
operators of the type T + S + C, where T : X > D(T) — 2X
is maximal monotone, S : X — 2% is bounded and of type
(8,), and C : D(C) — X" is compact with D(T) ¢ D(C).
Throughout the paper, we assume that C belongs to I, (i.e.,
there exist ¢ > 0 and 7 > 0 such that |Cx| < 7| x| + o for
all x € D(C)). To this end, we start by proving the following
useful lemma.



Lemma 7. Let G be a nonempty, bounded, and open subset of
X. LetT: X 2 D(T) — 2X" be maximal monotone, S : X —
2X" be bounded and of type (S,), and C : X 2 D(C) — X~
be compact with D(T) € D(C) such that C belongs to class T,.
Assume, further, that f* ¢ (T +S+C)(D(T)N0G). Then there
exists & > 0 such that d(T, + S + C],, G, ") is well-defined
and independent of € € (0, ;]

Proof. In the first step, we claim that there exists g, > 0 such
that d(T, + S + CJ,, G, [*) is well-defined for all & € (0,¢,].
Suppose that this is false; that is, there exist ¢, | 0%, x,, € 9G,
and w,, € Sx,, such that

v, +w, +CJ, x, = f* Vn, (12)
where v, = T, x,,. By the definitions of T, and J, , we have

]snxn =Xp sn]_l (V;) € D(T) >
(13)
v, € T(]snxn) vn.

Since {x,,} and S are bounded, it follows that {w}, } is bounded.
Since C belongs to I}, we get that

Il < 1f* = will +[Cre ] < %0 + 7[5 + 0

e (V)| +o (14)

=Ko+ T ||xn -
< w0+ 7 x| +7e, v + 0

for all n, where «, is an upper bound for { f* —wy, }. This yields
the estimate

(1 =7e) [vall <o+ % + 0 1)

for all n. Since ¢, | 0" and {x,} is bounded, it follows that
{v:} and {J, x,} are bounded. The compactness of C implies
the boundedness of {CJ, x,}. Now, assume without loss of
generality that x, — xo, v, — v, and w, — w, as
n — 00. Since C is compact, we may assume, by passing into
a subsequence if necessary, that CJ, x,, — gy asn — co. The
maximality of T' along with Lemma 5 gives

lirlgggf (v, x, — xq) > 03 16)
that is, we obtain from (12) that

lim sup (w,, x,, — x;)

n—00
%= %))
~x0))

= lim sup (— <v: +CJ, x,~ f

n—00

= —liminf(<v; +CJ, x,— f".x,
< -liminf (v, x, - x;)

_f*’xn_x0>

X, — Xxy) < 0.

—lirrlllglf <C]snxn

= —liminf (v
n—00 <V”’
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Since S is of type (S,), we conclude that x, — x, € 0G as
n — oo and w, € Sx,. Consequently, using (12) we arrive at
lim sup (v, x,, — x,) < 0. (18)
n—00
The maximality of T along with Lemma 5 yields x, € D(T) n
0G and v, € Tx, and (v,,x,) — (vy,X,) as n — 0o. Since C
is compactand J, x,, = x,, — e,J ' (v}) — x, € D(T) € D(C)
asn — oo, it follows that CJ, x, — Cx, = g, asn — 0.
Lettingn — oo in (12), we get f* € (T + S+ C)(D(T) N 0G).
However, this is impossible. Thus, there exists ¢, > 0 such that
d(T, +S+CJ,,G, f*) is well-defined for all € € (0, &].

Next, we shall prove that d(T, + S + CJ,,G, [*) is
independent of € € (0,¢y]. Let & € (0,¢] (i = 1,2) be such
that 0 < & < & < g, q(t) = te; + (1 —t)e,, t € [0,1]. We
consider the homotopy operator

H(t,x) = Typyx + Sx + Clp%,  (t,x) € [0,1] xG. (19)

We will show that the family {H(t, )};¢[o,1; is @ homotopy of
class (S, ) such that 0 ¢ H(¢,0G) for all t € [0, 1]. To this end,
letx, € G,w’ €8x, t, € [0,1], f = a6, Xn W +Cla 1 X,
x, — X, and t, — t, as n — oo be such that

limsup (f,,x, — x,) <0. (20)
Since {x,} and S are bounded, it follows that {w,} is also
bounded. Since q(t,,) € [¢;,¢,] for all n, we apply Lemma 4
to conclude that {T () %n }and {J ot %n } are bounded. On the
other hand, we see that

lim sup (w;, x,, — xy) < limsup <f:
n—o00 n—o00

= Tyt = Tatep %o + Clye %) Xn = %o) (2D
‘,,lin.}o< e %00 Xn = X))

By the compactness of C, we may assume without loss of
generality that CJ,, )x,, — hgj asn — oo. Since g(t,,) — q =
q(ty) > 0 asn — 00, we use the continuity of (0,00) x X >
(t,x) — T,(x) ([3], Lemma 6) to conclude that T, at) X0 =
T,xo as n — ©o. Combining these along with the ‘mono-
t0n1c1ty of Ty, y» we obtain

lim sup (w;, x,, — x,) < 0. (22)
n—-00

Since S is of type (S,), we see that x,, — x, asn — oo and

there exists a subsequence of {w;}, denoted again by {w, },

such that w, — w, € Sx, asn — oo. Since (0,00) x X 3

(t,x) — T,x is continuous, we conclude that

* *
Jn = Tgxo +wy + Clpxg € Tyxg + 8xq + Clyxg

(23)
as n — 0o;

that is, {H(t,")},c(o,1; is @ homotopy of class (S,) such that
0 ¢ H(t,0G) for all t € [0, 1]. Therefore, d(H(t,-),G, [~) is
independent of ¢ € [0,1]; that is, d(T, + S + C]SI,G,f*) =
d(T,, +S+CJ,,,G, f). Since & and ¢, are arbitrary in (0, &],
we conclude that d(T, + S + CJ,, G, f) is well-defined and
independent of € € (0, &y]. This completes the proof. O
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Based on Lemma 7, the associated degree mapping is
defined as follows.

Definition 8. Let G be a nonempty, bounded, and open subset
of X, T: X > D(T) — 2X" be maximal monotone, S : X —
2X" be bounded and of type (S,),and C : X 2 D(C) — X~
be compact with D(T) € D(C) and belonging to the class T;.
Assume, further, that f* ¢ (T + S + C)(D(T) N dG). Then the
degree mappingd for T+ S+ Cat f* € X" with respect to G
is defined by

d(T+S+C,G, ") =hf01}ds+ (T.+S+CloG. f7) (24)

where dg_is the degree mapping for multivalued bounded
operators of type (S, ) from [16].

2.2. Basic Properties of the Degree

Theorem 9. Let G be a nonempty, bounded, and open subset
of X. LetT : X > D(T) — 2X" be maximal monotone, S :
X — 2% be bounded and of type (S,), and C : D(C) — X" be
compact with D(T) € D(C) such that C belongs to I, Then the
following properties hold:

(i) (Normalization) d(J,G,0) = 1if0 € G and d(J,G,
0)=0if0 ¢ G.

(i) (Existence) if f* ¢ (T +S+C)(D(T) N 0G) and d(T +
S+C,G, f*)#0, then f* € (T+S+C)(D(T)NG).

(iii) (Decomposition) let G, and G, be nonempty, disjoint,
and open subsets of G such that f* ¢ (T+S+C)(D(T)n
(G\ (G, UG,))). Then

d(T+S+C,G, f*)=d(T+S+C,G,, ")
(25)
+d(T+S+C,Gy, f7).

(iv) (Translation invariance) let f* ¢ (T + S+ C)(D(T) N
0G). Then we have

d(T+S+C-f",G,0)=d(T+S+C,G, f"). (26)

(v) Let M(t,x) = Tx + t(S;x + Cx) + (1 - £)S,x, (t,x) €
[0,1] x (D(T) N G), where S; : X — 2% (i = 1,2) is
bounded and of type (S,) and 0 ¢ M(t, D(T) N 0G)
forallt € [0,1]. Then d(M(t, ), G, 0) is independent of
t € [0,1].

(vi) Let 0 € G, N(t,x) = t(ITx + S;x + Cx) + (1 - 1)S,x,
(t,x) € [0,1]x(D(T)NG), whereT : X > D(T) — X*
is densely defined maximal monotone and positively
homogeneous of order « > 0, S; : X — 2% (i =1,2) s
bounded and of type (S,) such that (u*, x) > ||x||2f0r
all x € X,u" € S,x, and 0 ¢ N(t, D(T) N 0G) for all
t € [0,1]. Assume, further, that 0 ¢ M(t, D(T) N 0G)
forallt € [0,1]. Then d(N(t,-), G, 0) is independent of
t e [0,1].

Proof. The proof of (i) follows by setting T' = {0} and C = {0}.
To prove (ii), assume that f* ¢ (T + S + C)(D(T) N 0G) and
d(T + S+ C,G, f*) # 0. By the definition of d, there exists
& > Osuch that d(T, + S+ CJ,,G, f*) + 0 forall ¢ € (0,¢];
thatis, foreache, | 0" thereexistx, € D(T)NGandw, € Sx,
such that

v, +w, +CJ, x, = f*, v, =T, x, Vn. (27)

Since S is bounded, it follows that {w, } is bounded. By using
I, condition on C along with the arguments used in the
proofs of Lemma 7, it is easy to see that {v;} and {J, x,} are
bounded. Assume without loss of generality that x, — x,,
w, — wy, v, — vg,and CJ, x,, — gy asn — 0. By the
maximality of T, the (S, ) condition on S, and the arguments
used in the proof of Lemma 7, we conclude that x, € D(T)NG,
vy € Txy, and w, € Sx, such that vy + w, + Cx, = f~. This
shows that f* € (T+S+ C)(D(T) N G).

Next we prove (iii). Suppose the hypotheses in (iii) hold.
By the definition of d, we see that d(T+S+C, G, f*) = d(T.+
S+CJ,,G, f*) for all sufficiently small € > 0. Since T, +S+C]J,
is bounded and of type (S, ), the decomposition property of
the degree mapping for multivalued (S, ) operators implies

d(T+S+C,G,f") :lilrg}d(Te+S+C]e,G,f*)
=limd (T, +5+CJ,. Gy, f*)
+ lilmd(Ts +S+CJ,,G,, f*) (28)
elot

=d(T+S+C,G, ")
+d(T+S+C,Gy, f7);
that is, (iii) holds. O

(iv) Suppose that f* ¢ (T + S + C)(D(T) N 0G); that is,
0 ¢ (T+S+C- f*)(D(T)NAG). This implies that d(T +S+C—
f*,G,0)is well-defined. Since d(T+S+C- f*,G,0) = d(T.+
S+CJ, - f*,G,0), by the translation property of the degree
mapping for multivalued bounded operators of type (S, ), we
seethat d(T, + S+ CJ, — f*,G,0) = d(T, + S+ CJ,,G, f").
Thus,

d(T+S+C- f*,G,0)

=1ilr013d(T€+S+C]£—f*,G,0)

(29)
= limd (T, +S+CJ,,G, f*)

elot
=d(T+S+C,G, f").

(v) Suppose that 0 ¢ M(t, D(T) N 0G) for all t € [0,1],
where M(t, x) = Tx+t(S;x+Cx) +(1-1)S,x, (t, x) € [0,1] x
(D(T) N G). For every & > 0, we consider

M, (t,x) = T,x + £ (S;x + CJ.x) + (1 — £) S,x,
_ (30

(t,x) € [0,1] xG



We shall show that there exists g, > 0 such that d(M,(¢,"),
G, 0) is well-defined and independent of all (¢t,€) € [0, 1] x
(0, &]. To do this, we assume to the contrary that there exist
e, 1 0%, x, €0G,t, € [0,1],w €S x,,and u, € S,x, such
that

v, +t, (w; + C]snxn) +(1-t,)u, =0,
©)
v, =T, x, Vn.

Since {x,}, S;, and S, are bounded, it follows that {w} and
{u,,} are bounded. By the I, condition on C, the boundedness
of §; and S,, and the arguments used in the proof of Lemma 7,
we conclude that { Ie, x,} and {v } are bounded. Assume with-
out loss of generality that t,, — t,, x,, — xp, w, — wy,u, —
Ugs Vy = Voo Jo Xy = X, — e,J ' (v}) — x,, and CJl, x, —
gy asn — 00. Suppose that t, = 0. We have v, + u, — 0 as
n — 0. Since S, is of type (S,), it follows that x,, — x, € 9G,
vy € D(T),and 0 € Tx+S,xy; thatis, 0 € (T+S,)(D(T)NIG),
that is, 0 € M(0, D(T) N 0G). However, this is impossible.
A similar proof covers the case t, # 1. Assume t, € (0, 1).
Suppose there exists a subsequence of {t,}, denoted again by
{t,}, such that t, > 1, > 0 for all n. Since T is maximal
monotone, Lemma 5 implies liminf, (v}, x, — x5) > 0.
As aresult, (31) implies

lim sup (w,,, x,, — x;)

n—o0
(1 .
= —lim inf Z<Vn +(1-t,)u,,x, —xq)

— lim sup <C]£nxn, x, — x0> (32)

n—o00

1 . . * *
= —%llrl;l’_l)g)lf (vi+ (1 =t,)u,, x, — xq)
~lim inf (CJ,, X, X, = %) <0.

Since S, is of type (S, ), it follows that x,, — x, € 0Gasn —
0o and wg € Sx,. Moreover, one can show that x, € D(T),
vy € Txy, and ug € S,x, so that 0 = vy +to(wy + Cxy) + (1 -
to)uy; thatis, 0 € (T +ty(S + C))(D(T) N 0G). However, this
is a contradiction.

To show that d(M,(t,-), G, 0) is constant for all t € [0, 1]
and € € (0, ], with g, as in the proof of (ii), we let 0 < g <
&, < g, and consider the homotopy operator

M (t,x) = Tq(t)x +t (Slx + C]q(t)x) +(1-1)S,x,
(33)
qt)=teg+(1-1t)e, (t,x)€[0,1] xG.

Since for each £ € [0,1] T, is monotone, S; and S, are
bounded and of type (S,) and CJ, is compact, it follows
that M, (t,-) is bounded demicontinuous and of type (S,).
It is not hard to verify that 0 ¢ M(t,0G) for all t € [0, 1].
As in the arguments used in the proof of Lemma 7, we shall
show that {M(t, }efo,) is @ homotopy of class (S,). To this

end, let x, € Gandt, € [0,1] be such that x, — x, and
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t, =ty € [0,1] asn — oo, w, € §,x, and u,, € S,x, be such
that

lim sup (T )%+t (w) + Clye )%,

(34)
+(1-t,)u,x, - x0> <0.
Since Tq@”) is monotone with domain X, it follows that
<Tq(tn)xn = Tyt,) %0 X — x0> 20 (35)

for all n. Since ¢(t,) — q(t;) > 0 asn — oo and (0, 00) x
X 3 (t,x) — T,x is continuous, we get Ty, )Xo — Ty %o as
n — 00. As a result of this, we get

fim sup (T %o + ta (5 + Clyg %)

(36)
+(1-t,)u,,x, - x0> < 0;
that is,
li;n sup <tn (w; + C]q(tn)xn) +(1-t,)u,,x, - x0>
- (37)

<0.

Since q(t) € [g,¢,] for all t € [0,1], an application of
Lemma 4 says that there exists y, > 0 independent of n such
that [T, yx,ll < v, for all n. In addition, by the definition of
Jq(e,)> We see that

Xn— 4 (tn) ]_1 (Tq(t,l)xn)
7 (Tae %)

= ”xn” + q (tn) Yo

Voo =

< ||| +4q(t,) (38)

= ||| +4q(t,)

|Tq(tn)xn

for all n. Since {x, } is bounded, the boundedness of {] a(t,)%n}
follows. By the compactness of C, we may assume without loss
of generality that CJ,, )X, — gy asn — 00. Asaresult of this,
we get

0 > lim sup <tn (w: + C]q(tn)xn) +(1-t,)u,,x,

n—oo

- x0> = limsup (t,w, + (1 —t,) u,,x, — x,)

+ limt, <C]q(tn)xn, X, — x0> = limsup (t,w,
+(1-t,)u,,x,—xq).
Lett, € (0, 1). The boundedness of {w},} and {u,} imply
limsup (tqw, + (1 —t,) u, x, — x,) <O. (40)
n—00
Since S, and S, are bounded and of type (S, ), it follows that
x, — x, and there exist subsequences of {w,} and {u,},

denoted again by {w } and {u,}, respectively, such that w, —
wy € S;xpand u, — u; € S,x,asn — co. Moreover, by
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the continuity of (0,00) x X 5> (¢,x) +— T,x, it follows that

Tot,)%n = Tyu,)%o asn — oo. From the continuity of J and

C, we obtain that
TaenXn = %n = @ () T (Tye%a) —

—q(t) " ( Tye)%0) = Yo € D(T) < D(C)

(41)

asn — oo and CJy, yx, — Cy, = g, asn — oo. Thus, we
arrive at

Tye,)%

1
" m](’% - ]q(tn)xn) -
! (42)

—— 7 (%0 = ¥) = h;

(to)
asn — oo. Since Ty x, € T(Jy )x,) for all n, by the
maximality of T, we conclude that y, € D(T) c D(C),
hy € Tyg, and Ty y X, Jye %) — (Bgs ¥o) asn — 0.
Therefore, we get

Ty %n + tn (w5 + Clyy)

xn) +(1-t,)u,

= Ty)%0 + to (wy +Cyy) + (1

(43)
—to) g
as n — 00. The proofs of the cases t, = 0 and t, = 1 can be
completed in an analogous manner. The details are omitted
here. Thus the family {M(t, M epo,1) is @ homotopy of class
(S,); that is, d(M(t,-),G,0) is independent of ¢ € [0, 1]. This
implies

d(M(t,).G,0)=d(M(,),G,0)

&

(3
d(T, +$,+CJ,,G,0)
(7 (44)

=d (M (0,),G,0)

=d (T, +$,,G,0) Vtelo1].

Consequently, by the definition of d(M(t, -), G, 0), there exists
& > 0 such that

dM(t,),G,0)=d(T+tS, +(1-1)S, +tC,G,0)

=d(T,+tS;,+(1-1)S, +tCJ],,G,0) (45)

=d(T, +5,,G,0) Vte[01], e€(0,5].

This proves that d(M(t,), G, 0) is independent of t € [0, 1];
that is, the proof (iv) is complete.
(vi) Suppose the hypotheses in (vi) hold. Since, for each
€ [0, 1], tT is maximal monotone, let Tstx = (tT)x, x € X,
be Yosida approximant of tT and J! be the Yosida resolvent
of tT. Since tS; + (1 — t)S, is bounded and of type (S, ) and
tC is compact with D(tC) = D(C) for all € [0, 1], we shall
show that there exists ¢, > 0 such that d(Tz +t§;+(1-1)S, +
tC]ﬁ, G, 0) is independent of t € [0, 1] and ¢ € (0, &y]. Assume
that this does not hold; that is, there exist ¢, | 07, x,, € D(T)N
0G, w, € S,x,,u, €S,x,,andt, € [0,1] such that

v, +taw, +(1-t,)u, +t,Cy, =0 (46)

for all n, where v = T'x, € t,T(y,) and y, = Jix,, € D(T).
By using the I’} condition on C, we arrive at

vl <t il + (1= £) sl + £, [Cy
(47)

SK1+T||)/""+O'SK1+T(| n VZ")+U’

for all n, where «, is an upper bound for {lw, || + [l [I}. This
gives the boundedness of {v;} and {y,}. Since x, — x, as
n— 00, ¥, =x,—¢&,J (v;)and {v,} is bounded, it follows
that y, — x, as n — 00. Assume without loss of generality
that Cy,, — g, asn — co. Since y, — x,, — 0 asn — ©o, the
quasimonotonicity of §; and S, implies

lim sup (v, ¥, — x)

= _hrrlr_l,g)lf <tnw: + (1 - tn) u; + tncyn’ In — x0>

< -liminf (t,w, + (1= t,) t,, ¥ = %, + X, — Xo)

= lim (£,Cy,» ¥, — Xo)

< —11,1;1’_1>g01f <tnw; + (1 - tn) u;>yn - xn) (48)

—liminf (t,w, + (1-t,)u,

> Xn ~ x0>

= —liminf (t,w, + (1-t,) u,,x, - xo)

< —liminf - -
= 100 tn <wn’xn x0>

= liminf (1 -1,) (u,, x, - x,) <0.

Therefore, we get
hﬂigp (Vs V) < (vp> %) - (49)

Since D(T) = X, the result of Kobayashi and Otani [8] says
that the family {tT};c(o,) is a pseudomonotone homotopy
of maximal monotone operators. By (i) of Definition 6, we
conclude that x, € D(T* = t,T), v; € t,Tx,, and (v}, y,) —
(vg»xy) as n — 00. Applying analogous arguments to those
of the proof of (iv) along with the (S, ) condition on §, and §,,
one can easily verify that x,, — x, € D(T) N 0G, Cy,, — Cx,,
w, — wy € S;xg,andu;, — u, € S,x, so that vy +t,wy +(1—
to)ug +toCxy = O;thatis, 0 € (t,(T+S,+C)+(1-1,)S,)(D(T)N
0G), which is impossible by the hypotheses. In conclusion, we
have proved that d(T? + tS; + (1 - t)S, + tCJ,, G, 0) is well-
defined for all ¢ € [0, 1] and sufficiently small £ > 0.

Finally, we shall show that d(T? +tS, +(1-1)S, +tCJ,, G, 0)
is independent of t € [0,1] and € € (0, ¢,]. To this end, let
0<ég <& <¢gqlt) =t +(1-1e,0<t; <t, <1,
and y, = tt; + (1 — t)t,, t € [0,1]. To complete the proof, we
consider the homotopy operator

N, (t,x) = TY’ )X+ tS;x+ (1 -1)S,x+ tC];(t)x
(50)

(t,x) € [0,1] x G.

It is sufficient to show that {N; (£, )};co,1; is 2 homotopy of
class (S,). For each t € [0, 1], it is easy to see that N,(t,-) :



X — 2% is bounded and of type (S,). Let {x,} ¢ X be such
that x, — x,t, = tyasn — oo, w, € S;x,,and u, € S,x,

so that limsup,_, (T;?; X+ Gp> X

taw' + (1 -t u’ +1,CJ" ity Xn- Let

- xy) < 0, where g, =

Vin
= Tq(t )X

z, = ]yé’; ¥ (51)

Vn.

We show that {z;} and {z,} are bounded. Since 0 < & <
q(t,) < &and 0 < t; <y, < t, for all n, we conclude from
Lemma 4 that {z},} is bounded. Since z,, = x,, — q(t,)] _l(z; )
for all n and {z;}, {q(t,)} and {x,,} are bounded, we get the
boundedness of {z,,}. Since C is compact, we assume without
loss of generality that Cz, — h; as n — 0. By the
boundedness of {x,}, S;, and S,, we assume, by passing into
subsequences if necessary, that x, — x,, w, — w,, and
u, — uy asn — o00. On the other hand, the pseudo-
monotonicity of S; and S, gives

liminf (g,,,x, - x,) 2 0. (52)
Consequently, we get
limsup (z,,, x, — x,) <limsup (z, +g,,x, — xg)
n—00 n—00
—liminf (g, x, - x,) (53)

< _hrllr_l,g)lf <g:’ Xn — x0> <0.

Since T is positively homogeneous of order « > 0, it is not
difficult to see that T~ : R(T) — D(T) is maximal monotone
and positively homogeneous of order a™' > 0. It also holds

that AT) " (x) = TN ((1/M)(x)) = A7V*TY(x) for all x €
R(T). In addition, we see that

n

z, —T;E’; x, = (ytnT)q(t“)x

-1

=((n,1) " +at)I) =,

-1
( PRI >11) .,
Y

’ (54)

-1
< L (g3 *)) .,
Vi,

=y (T q () )

e (x,)  Vn.

= Vf Ta, !
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In fact, itis true that, T} (x) = al/“T aa(x)forallx € X,e >0

/OL

and a > 0. For each n, letting A, = , we get

<Zn’ x0> <Aan(t A, X Xpy x0>
—)\, < qt)A, X Xy x0>

=L, < qlt)A,xn ~

+A, < a(t)1, %00 Xn —x0> vn.

(55)
q(t A, %05 Xn — Xo

Since (0, 00) X X > (¢, x) — T,x is continuous, it follows that
Toer,%0 = Toer,Xo asn — 00, where A, — Ay > 0 as
n — 00. By the monotonicity of T, ), for all n, we have

lim inf (25, %, — x4) > 0; (56)

that is,
0 < liminf (2, x, - x,) < lil:lilolp (25, %, — x4)
(57)
<0,

which implies (z,,, x,) — (z,,x,) as n — 0co. Consequently,
we arrive at

limsup (w,,,x, — x,) <0
n—00 (58)
or lim sup (u,,x, —x,) <0.
n—o00
Since both §; and S, are bounded and of type (S, ), it follows
that x,, — x, as n — 00. As a result of this, we get

Z —Aan(t)/\x —>A,T Axo Zg

=X, —q (tn) ]_1 (ZZ) - (59)

A
(to)/\oj ( q(to) /\oxo) zo=]q(°t0)x0

as n — oo; that is, we have limsup,_, (z,,z,) < (2;,2,)-
Since {tT},¢[g,1) is 2 pseudomonotone homotopy of maximal
monotone operators, it follows that z, € D(t,T) and z, €
toT(z,). In conclusion, we obtain that x, € 0G, w; € S;x,,
Uy € S,%¢, 2y € D(T), and

zy +towy + (1 —ty) uy + £,Cz
Ve (60)
€ Ty %o + toS1%0 + (1= £) S0 + Czy.
Therefore, for any ¢, € (0,1], the family {N; (¢, )}, 1) is a
homotopy of class (S, ). Thus, d(N,(t,-), G, 0) is independent
oft € (0,1] and € € (0, &]; that is,

d(N, (t,1),G,0)=d (N, (1,-),G,0)

=d(T, +$,+CJ,,G,0) (61)

Vvt € (0,1].
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On the other hand, by the definition of d, we have that

d (N (t> ) >G> O)
(62)
=d (T, +18, + (1-1)S, + CJ.,G,0)

is independent of t € (0,1] and € € (0, &]. In particular, for
t =1, we have d(N(¢,-),G,0) = d(T, + S, + CJ,, G, 0) for all
t € (0,1]. But, for t = 0, we see that N(0,x) = S,x for all
x € X. To complete the proof, it is sufficient to show that

d(T,+S,+CJ,,G,0) =d(S,,G,0). (63)
For each € > 0, we consider the homotopy
N, (t,x) = T.x +t(S;x + CJ.x) + (1 - t) S,x,
_ (64)
(t,x) € [0,1] X G.

Suppose that there exist e, | 0%, ¢, € [0,1], x, € 0G, w], €
S1x,,and u, € S,x, such that

T, x, +1, (wZ + C]gnxn) +(1-t,)u, =0 Vn.  (65)
We assume without loss of generality that t, — ¢, € [0,1],

N * N * * N * T
X, Xo» W, Wy, and u, u, asn — o00. By the I
condition on C, we get

Tsnxn” <t,T

]snxn” + K,

<7 + K, (66)

Xn — Sn]_l (Tenxn)

<T ||xn|| + 1€,

Tsnxn” +x, Vn,

where «, is an upper bound for the sequence {0 + [lw, | +
[l I} This shows the boundedness of {Tgnxn} and { ]Snxn}. By
the maximality of T along with Lemma 5, the compactness
of C, and the (S,) condition on §; and S, and analogous
arguments to those in the proof of Theorem 9, we conclude
that x, € D(T) N 0G, v, € Txy, wy € S;xy, and u; € S,x,
so that vy + to(wy + Cxq) + (1 — ty)uy = 0; thatis, 0 €
(T + to(S; + C) + (1 = £4)S,)(D(T) N 0G). However, this is
impossible. In addition, the boundary condition on M in (v)
implies that {N (¢, )},c[o,1) is an admissible homotopy; that
is, d(T, + S, + CJ,,G,0) = d(T, + S,,G,0) for all € € (0, ¢,].
Since 0 € G and S, satisfies the condition (u*,x) > llx)?
forallx € X and u™ € S,x and 0 € T(0), it follows that
0 # t(T, +S,x) + (1 —t)S,x forall x € 0G and t € [0,1]
and d(t(T, + S,) + (1 - 1)S,, G, 0) is independent of t € [0, 1].
In particular, d(T, + S,, G, 0) = d(S,,G,0) for all € € (0,¢,].
Therefore, we conclude that d(N (¢, -), G, 0) is independent of
all t € [0, 1]. This completes the proof.

2.3. Degree Theory for T+C+S with S Pseudomonotone. In this
section we present a generalization of the theory developed
in the previous section for operators of type T + C + S, where
S: X — 2% is bounded pseudomonotone and T, C satisfy
the conditions of Section 2.1. For each € > 0, it is well-known
that S + ¢J is bounded and of type (S,). As a result of this,

we may apply the arguments used in the proof of Lemma 7
to show that d(T + S + C + ¢],G, f*) is well-defined and
constant for all sufficiently small ¢ > 0 provided that f* ¢
(T + S+ C)(D(T) N 0G), where d is given in Definition 6. We
thus give the following definition.

Definition 10. Let G be a nonempty, bounded, and open
subset of X, T : X > D(T) — 2X" be maximal monotone,
S: X — 2% be bounded pseudomonotone, and C : D(C) —
X" be compact with D(T) € D(C) and belonging to the class
I. Assume, further, that f* ¢ (T + S+ C)(D(T) N 0G). Then
the degree mapping d for T + S+ C at f* € X* with respect
to G is defined by

d(T+S+C.G.f)=limd(T+C+S+el.G.f"). (67)
elot

where d(T + C + S + ¢],G, f*) denotes the degree mapping
constructed in Section 2.1.

The following theorem gives some basic properties and
homotopy invariance results analogous to those of Theo-
rem 9.

Theorem 11. Let G be a nonempty, bounded, and open subset
of X.Let T : X > D(T) — 2% be maximal monotone, S :

X — 2% be bounded pseudomonotone, and C : X 2 D(C) —
X" be compact with D(T) € D(C) and belonging to the class
L. Then the following properties hold:

(i) (Normalization) d(J,G,0) = G and

d(J,G,0) = 0if0 ¢ G.

(ii) (Existence) if f* ¢ (T + S+ C)(D(T) N 0G) and d(T +
S+C,G, ") #0,then f* € (T+S+C)D(T)NG).
IfT+Sisof type (S), then f* € (T +C+S)(D(T)NG).

(iii) (Decomposition) let G, and G, be nonempty
and disjoint open subsets of G such thatf* ¢
(T +S+C)YD(T) N (G \ (G, UG,))). Then

1if0 €

d(T+S+C,G,f*)=d(T+S+C,G,, ")
(68)
+d(T+S+C,Gy, 7).

(iv) (Translation invariance) let f* ¢ (T+S +C)(D(T)N0G).
Then we have

d(T+S+C-f",G,0)=d(T+S+C,G, f*). (69)

(v) Let M(t,x) = Tx + t(S;x + Cx) + (1 — 1)S,x,
(t,x) € [0,1] x (D(T)NG), and S, : X — 25 (i =
1,2) be bounded pseudomonotone such that 0 ¢
M(t,D(T) N 0G) forallt € [0,1]. Then d(M(t,-), G, 0)
is independent of t € [0, 1].

(vi) Let N(t,x) = t(Tx + S;x + Cx) + (1 - 1)S,x, (¢, x) €
0,1l x (D(T)NG), and T : X > D(T) — X*
be densely defined maximal monotone and positively

homogeneous of order « > 0, S, : X — 25" be
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bounded pseudomonotone, S, : X — 2% be bounded
and of type (S,), and 0 ¢ N(t,D(T) N dG) for all
t € [0,1]. Assume, further, that 0 ¢ M(t, D(T) N 0G)
forallt € [0,1]. Then d(N(t,-), G, 0) is independent of
t € [0,1].

Proof. The proofs for (i) through (iv) follow as in the
analogous items in the proof of Theorem 9. We shall give
sketches of the proofs of (v) and (vi). To prove (v), for each
€ > 0, we consider the homotopy inclusion

M, (t,x) = Tx +t(S;x + Cx) + (1 —t) S,x + e]x,
_. (70
(t:x) € [0,1] x (D(T)NG).

Following the arguments used in the proof of (v) of Theo-
rem 9, it can be shown that there exists ¢, > 0 such that
0 ¢ M.,(t,D(T) N 0G) for all t € [0,1] and ¢ € (0,¢].
Otherwise, we would get 0 € M(t,, D(T) N dG) for some
t, € [0, 1], which is impossible. On the other hand, for each
€ € (0, ¢, we see that

M, (t,x) = Tx +t(S;x + Cx + €]x)
+(1-1)(Sx +eJx), (71)
(t,x) €[0,1] x (D(T)NG).

Since S, + ¢ and S, + ¢J are bounded operators of type (S, ),

the proof of (v) of Theorem 9 implies that d(M,(t,-), G, 0) is

independent of t € [0, 1]; that is,
d(M,(t,"),G,0)=d(T+S, +C+¢],G,0)

(72)
=d(T+S, +C,G,0)

forallt € [0,1] and € € (0, &]. As a result of this, we get

d(M(t,"),G,0) = lin}d(Me (t,"),G,0)
el0 (73)
=d(T+$,+C,G,0)

for all t € [0, 1]. This proves that d(M(t,), G, 0) is indepen-
dent of t € [0, 1] provided that 0 ¢ M(t, D(T) N dG) for all
t € [0,1]. The proof of (vi) can be completed in analogous
manner. The details are omitted here. O

3. An Existence Theorem

Asa consequence of the degree theory developed in Section 2,
the following theorem gives a new existence result on the
solvability of operator inclusions of the type Tu+Su+Cu > f*
in D(T) provided that T + S is of type (S) or S is bounded of

type (S,).

Theorem12. LetT : X > D(T) — 2% be maximal monotone
with0 € T(0),S : X — 2% be bounded pseudomonotone,
and C : X 2 D(C) — X* be compact with D(T) € D(C) and
belonging to the class T,. Let f* € X*. Assume, further, that
there exists R > 0 such that

(V' +w +Cx—fx) >0 (74)
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forall x € D(T) N 0Bg(0), v* € Tx, and w* € Sx. Then f* €

(T + S+ C)(D(T) N BR(0)). Furthermore, R(T + S+ C) = X*
provided that T + S + C is coercive.

Proof. Let e > 0. We shall show that 0 ¢ K, (t, D(T) N 0BR(0))
forallt € [0, 1], where

K (t,x)=Tx+t(Sx+Cx+eJx— ")
+(1=1)(eJx), (75)

(t:x) € [0,1] x (D (T) N B (0)).

Since 0 € T(0), by using the boundary condition on T +S+C,
we see that

(v +w +Cx— f7),x) + (1 -t)v" +¢eJx,x)
>{((1-t)v" +eJx,x) (76)
=(1-0) %) +eJxx) = e|x]|* =eR> >0

forall ¢t € [0,1], x € D(T) N 0Bg(0), v* € Tx, and w* € Sx;
that is, for each & > 0, it follows that 0 ¢ K, (¢, D(T") N 0Bg(0))
forallt € [0, 1]. Since €] and S + €] are continuous, bounded,
and of type (S, ), (v) of Theorem 9 implies that {K(t, -)};co,1]
is an admissible homotopy. Therefore, for each ¢ > 0, we
obtain

d (K, (t,),Bg(0),0) =d(e],Bg (0),0) =1
(77)
Yt € [0,1];

thatis, d(T + S+ C + €], B(0), f*) = 1. By (ii) of Theorem 9,
we conclude that f* € (T + S + C + &])(D(T) N Bg(0)); that
is, for each ¢, | 0%, there exist x,, € D(T) N Bg(0), v, € Tx,,
and w; € Sx,, such that

v, +w, +Cx, +¢,Jx,= " Vn. (78)

Since {x,} is bounded, we have ¢,Jx,, — 0 asn — 0o, which
implies that f* € (T + S+ C)(D(T) N Bg(0)). If T + S+ C is
coercive, then for each f* € X* there exists R = R(f™) >
0 such that the boundary condition holds. This implies that
f* € (T+8S+C)D(T) N Bg(0)). Since f* € X* is arbitrary,
we conclude that R(T + S + C) = X”*. The proof is complete.

O

The arguments used in the proof of Theorem 12 gives the
following existence result on the surjectivity of T + S + C
provided that either S is bounded and of type (S,) or T + S
is of type (S).

Corollary 13. Let T : X > D(T) — 2X" be maximal
monotone with 0 € T(0), S : X — 2%, and C : D(C) — X*
be compact with D(T) < D(C) and belonging to the class T.
Let f* € X*. Assume, further, that T + S + C is coercive. Then
T + S + C is surjective provided that S is bounded of type (S,)
or T + S is of type (S).
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Proof. Let f* € X*. Suppose T + S + C is coercive; that is,
there exists ¢ : [0, 00) — (—00,00) and ¢(t) — coast — co
such that

v Hw +Cx,x) = ¢ (Ix]) lIxll

(79)
Vx € D(T), v' € Tx, w" € Sx.
Then, there exists R = R(f™) > 0 such that
W +rw +Cx - fx)>0 (80)

forall x € D(T)N0Bg(0),v" € Tx,and w" € Sx. Assume that
T + S is of type (S). By Theorem 12, we conclude that ™ €
(T + S+ C)(D(T) N Bg(0)); that is, there exists x,, € D(T) N
BR(0), v, € Tx,,andw; € Sx, suchthatv, +w’ +Cx, — f*
as n — 00. Since C is compact, we assume without loss of
generality that Cx,, — g, asn — oo; thatis, v, +w, — f* -
go asn — 00.Since T+S is of type (S), it follows that x,, — x,
as n — 00. By the maximality of T along with Lemma 5,
the continuity of C and generalized pseudomonotonicity of S,
and the arguments used in the proof of Lemma 7, we conclude
that x, € D(T) N Bg(0) and f* € Tx, + Sx, + Cx,; that is,
[T e (T+S+C)D(T) N Bg(0)). Since f* € X™ is arbitrary,
we conclude that T + S + C is surjective. The case when
S is bounded and of type (S,) can be reached by following
analogous arguments. The details are omitted here. O

Theorem 12 is a new result and Corollary 13 gives a
surjectivity result for operators of the type T + S + C. For
further existence results involving operators of the type T +
S, the reader is referred to Kenmochi [17], Le [18], and
Asfaw [19]. For various examples on pseudomonotone and
quasimonotone operators, we cite the paper due to Mustonen
[20].

4. An Example

Let H = L*(0,T;V) and V = WOI’Z(Q). It is well-known that
H and V are real Hilbert spaces with duality pairing between
u € H and v € H denoted by (u, v) which is given by

T
(u,v):L (u(t),v(t)ydt, ueH, veH, (81)

where (u(t), v(t)), denotes the duality pairing between u(t) €
Vand v(t) € V, t € [0, T]; that is, the norm of u € H is given

by llul* = jOT lu(t)ll3,dt, where |lu(t)ll,, denotes the norm of
u(t) in V. We shall apply the existence theorem(s) derived
with the aid of the degree theory developed in this paper
to establish existence of weak solution(s) in H for nonlinear
problem given by

a—u—Nia(xtuVu)+ (x,t,u,Vu) = f (x,1)
at i=1axi i s by U g s by U - >

(x,t) €Q (82)
u(x,t) =0, (x,t)€dQx(0,T)

u(x,0)=u(xT), u €H, xeQ,

1

where Q = Q x (0,T) and f € L*(Q) and the functions a;
(i=1,2,...,N)and g satisfy the following measurability and
sublinearity conditions:

(C) a(x,t,m,¢) i = 1,2,...,N) is Carathéodory func-
tion; that is, (x,t) — a;(x,t,7,{) is measurable for
almost all (1,{) € RY and n,0) — aix,t,1,0) is
continuous for almost all (x,t) € Q x [0, T]. Assume,
further, that there exist ¢, > 0 and k; € L*(Q) such
that

la; (%, 1, 0)| < ¢ (|n] + [¢]) + Ky () (83)

forall (x,t) € Qx [0,T] and & € RY.
(C,) There exists ¢, > 0 such that Zfil a;,(x, 1,0 = 6|
for all (x,t) € Q, (,{) € R x RN,

(C3) g : QxR — R is Caratheodory function and there
existc; > 0and k, € L*(Q) such that

|9 (6. t.1:.0)] < e || + Ky (x,1),
(84)

2
g(end)n= x|
forall (x,t) e Q,peRand( € RY.
A weak solution u € H is understood as follows.

Definition 4. A functionu = u(x, t) is a weak solution of (82)
ifu € H and u, € H such that the following are satisfied:

(i) u(x,t)=0 VxeQ;

(i) u(x,0) =u(x, T) Vx € 0Q;
/o S o¢
(iii) <u R ¢> + ,; JQ a; (x,t,u, Vu) a—xidx dt (85)

+J (g (%114, V11) — f (x,8)) (3, £) dxc it = 0
Q

V¢ € H

where ' is understood in the sense of distributions; that is,

T ! T !
J u (t)t//(t)dtz—J u)y' (t)dt vy
0 0

€ C;7(0,T).
Next we give the following theorem.
Theorem 15. Let f € L2(Q). Assume that conditions (cy)

through (C5) are satisfied. Then (82) admits at least one-weak
solution.

Proof. Let S : H — H be given by

N
ov

S ) = i 7t) )V _d dt)

(Su, v) ZJ a; (x,t,u u)axi X

i=1 7Q

(87)
veH, ueH.
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By using (C,) and (C,), it is well-known that S is bounded
continuous of type (S,). For the proof of these facts and
other relevant properties of pseudomonotone and (S, ) type
differential operators, the reader is referred to the papers by
Browder [21], Berkovits and Mustonen [22], Hu and Papa-
georgiou [7], Landes and Mustonen [23], and the references
therein. Let C : H 2 D(C) — H be defined by

(Cu,v) = J. g(xt,u, Vu)v(x,t)dxdt, veH, (88)
Q

where u € D(C) = {y € H:y' € HlandL: H2 D(L) > H
such that (Lu,v) = jf(u'(t),v(t))dt, v € H, where u €
D(L)={y € H:y' € H, y(0) = y(T)}, that is, D(L) < D(C).
It is well-known that L is a densely defined maximal mono-
tone operator. The proof of this result is due to Brezis which
can be found in the book by Zeidler [13, Theorem 32. L, pp.
897-899]. Since D(C) is compactly embedded in L*(Q), it is
known that C is a completely continuous operator; that is,
C is a compact operator. Further reference on operators of
the type C and existence results for parabolic problems, the
reader is referred to the recent book due to Carl et al. [24].
Next we shall use Theorem 12 using the compact operator C,
the maximal monotone operator L, and the (S, ) operator S. It
remains to show that C lies in I, and for each f* € H, there
exists R = R(f") > 0 such that (Lu+Su+Cu— f,u) > 0 for
allu € D(L)N0Bg(0). To this end, by applying condition (C5),
Holder’s inequality and observing that [ y(£)[;2(q) < ly()lly
forall y € Handt € [0, 1], we see that

(Cu, v)| = JOT (L 906t Vi) v (x, 1) dx> dt

< JT (L |g (x, 1, V)| |v (x, 1)] dx) dt

0
<G LT <L (lu @O + [Vu @)]) |v (x, 1) dx) dt

* J |k, (e, O v (x, )| dx dt
Q

T
<G <J lle Ol 2y IV Ol 20 dt)

0

T
+6 (L IV ()l 20y 1V (Dl 2 dt> (89)

T
o [ 1 Oy Iy O
T
<q (L @l v (Ol dt)
T
+c3(j 19u @)y ||V(t)||vdt>
0

T
o [ Ik @l @l de

< 26 lull vl + ||k2||L2(Q) vl Vue€H, veH,;
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that is, we get that
(Cu, vy < 2¢ |lull vl + ||k2||L2(Q) Il (90)

forallu € H and v € H. Consequently, taking supremum
overall v € H with |v|| < 1, we conclude that |Cul| < 7|ul +0
for all u € H, where 7 = 2¢; and 0 = |k,ll;2(q); that is,
C belongs to I. Next we show the boundary condition in
Theorem 12. To this end, by using conditions (C,) through
(C;) and monotonicity of L ((Lu, u) > 0 for allu € D(L)), we
get

(Lu + Su + Cu, u)
> ij a; (x,t,u, Vu (x, 1)) a—udxdt
_i:1 Q 1 s by U > aXi

+ J g (x,u, Vu) u(x, t) dx dt
Q

(91)
zj |Vu(x,t)|2dxdt+J (e, O dx dt
Q Q

_ LT (L (19u (6, ) + u G, D) dx) dt

T
- jo lu 1 dt = Jul®

for all u € H. Since the right side of the above inequality

approaches oo as [ul| — oo, for each f € L*(Q) there exists
R = R(f) > 0 such that

(Lu+Su+Cu- fyu) >0 (92)

for all u € D(L) N 0Bg(0). By applying Theorem 12, we
conclude that the equation Lu + Su + Cu = f is solvable in
D(L); that is, (82) admits at least one-weak solution. ]

In conclusion, we like to notice that the function g
depends on both u and Vu, sublinear, and possibly nonmono-
tone with respect to u. Consequently, Theorem 15 improves
those analogous results under monotonicity condition on
g with respect to u. Existence results in elliptic as well as
parabolic problems under monotone nonlinearities indepen-
dent of Vu; the reader is referred to [7, 9, 17, 20, 21, 25-28]
and the references therein.
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