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Abstract A compact analytical form is derived through an integration approach for the interaction between
a sphere and a thin rod of finite and infinite lengths, with each object treated as a continuous medium
of material points interacting by the Lennard-Jones 12-6 potential and the total interaction potential as
a summation of the pairwise potential between material points on the two objects. Expressions for the
resultant force and torque are obtained. Various asymptotic limits of the analytical sphere-rod potential
are discussed. The integrated potential is applied to investigate the adhesion between a sphere and a thin
rod. When the rod is sufficiently long and the sphere sufficiently large, the equilibrium separation between
the two (defined as the distance from the center of the sphere to the axis of the rod) is found to be
well approximated as a + 0.787¢, where a is the radius of the sphere and o is the unit of length of the
Lennard-Jones potential. Furthermore, the adhesion between the two is found to scale with /a.

1 Introduction

The Lennard—Jones (LJ) 12-6 potential is one of the
most widely used functional forms to represent inter-
atomic and intermolecular interactions [1,2]. As a nat-
ural extension, integrated LJ potentials between con-
densed bodies with various geometrical shapes are used
in a wide range of computational studies and theo-
retical analyses due to their simplicity [3,4]. In the
so-called Hamaker approach, the integrated potential
between two objects is obtained by summing (or inte-
grating) the potential between material points, of which
the two objects consist, in a pairwise manner [5,6]. To
enhance the applicability of such potentials, the param-
eters (e.g., the Hamaker constant setting the interac-
tion strength) in an integrated potential can be tuned
to match realistic cases. Integrated forms of the LJ
12-6 potential have been derived for a few spherical
and planar geometries [3,7-10]. The integrated poten-
tial between two spheres has been implemented in the
Large-scale Atomic/Molecular Massively Parallel Sim-
ulator (LAMMPS) [11,12]. The LJ potential has also
been integrated between a point particle and a plane or
a half-space and implemented in LAMMPS as various
wall potentials [13].

In addition to spheres, cylindrical objects are abun-
dant in synthetic and natural systems [14], including
liquid crystal molecules, colloidal nanorods, nanopillars,
carbon nanotubes, nanowires, biofilaments (e.g., micro-
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tubules), and rod-shaped virus (e.g., tobacco mosaic
virus) and microorganisms (e.g., Escherichia coli bacte-
ria). In general, it is more challenging to integrate the
LJ potential for cylinders. Most attempts have been
made in the studies of carbon nanotubes [15-21] and
some are limited to the van der Waals (vdW) attraction
only. The full LJ 12-6 potential was integrated by de
Rocco and Hoover for two thin rods in either collinear
or parallel configurations [7]. Hamady et al. derived
an analytical expression for the interaction between a
nanorod and a three-dimensional half-space filled with
LJ point particles [22]. An approximate form of the
integrated LJ potential was proposed by Vesely for two
sticks in more general settings [4]. Recently, full ana-
lytical forms for the integration of both 1/7% attrac-
tion and 1/r'? repulsion have been obtained by Wang
et al. for thin LJ rods in arbitrary three-dimensional
arrangements [6], by means of Ostrogradsky’s integra-
tion method [23,24].

To theoretically and computationally study mix-
tures of rods and spheres, it is important to include
their mutual interactions. Through computer simula-
tions based on the Gay-Berne and L.J potentials, Anty-
pov and Cleaver showed that the phase behavior of rod-
sphere mixtures is sensitive to the strength and sym-
metry of the rod-sphere interaction [25]. Jadrich and
Schweizer found that the strength and the spatial range
of interparticle attraction are key control parameters
determining the relationship between kinetic arrest,
connectivity percolation, structure, and phase separa-
tion in rod-sphere mixtures [26]. Liu et al. showed that
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directional attraction can lead rod-sphere mixtures to
form ordered phases [27]. Opdam et al. showed that
including excluded volume interactions in the free vol-
ume theory is critical to predict the phase behavior and
stability of rod-sphere mixtures [28,29]. They further
developed a general theoretical framework to describe
thermodynamic properties such as the multiphase coex-
istence behavior of multicomponent mixtures of hard
colloids, including spheres, rods, and plates [30]. There-
fore, it is valuable to develop algebraic expressions for
rod-sphere interaction potentials with solid physical
foundations.

Several results have been previously reported in the
literature on rod-sphere interactions. Rosenfeld and
Wasan obtained the exact result on the nonretarded
vdW attraction between a sphere and an infinite cylin-
der with a finite radius by integrating the 1/7° poten-
tial [31]. Kirsch later confirmed this result and further
obtained the compact expression for the retarded case
(i.e., the integrated form of the 1/r7 attractive poten-
tial) [32]. Gu and Li studied both retarded and nonre-
tarded vdW interactions between a sphere and a cylin-
der with a finite length and cross section by combining
analytical and numerical integrations [33]. Montgomery
et al. calculated the dispersion forces for several nontra-
ditional geometries, including the case of a sphere and
an infinite cylinder [34]. He et al. obtained an analytical
expression for the vdW attraction between a nanoparti-
cle and a nanorod with a finite length and radius under
certain approximations [35]. However, a compact form
of the integrated LJ potential between a sphere and a
rod has been elusive.

Here we report a fully analytical form of the inter-
action potential between a sphere and a thin rod with
finite or infinite lengths in an arbitrary configuration
by integrating the LJ 12-6 potential. The sphere is
treated as a continuum and the thin rod is modeled
as a material line consisting of L.J point particles. The
integrated sphere—rod potential is expressed as an ana-
lytical function form, and the associated expressions for
force and torque are also presented. These forms can be
used in theoretical analyses and computational model-
ing of sphere-rod mixtures [25-30]. As an application,
the integrated sphere-rod potential is used to investi-
gate the adhesion between a sphere and a thin rod and
an interesting scaling dependence of the adhesion on
the sphere size is found.

2 Theoretical model of sphere-rod
interaction

2.1 Integrated sphere—point potential

The LJ 12-6 potential between two point particles reads

Uns(r) = 4e {(j)” - (‘:)6} , W
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where € is an energy scale, o is a length scale, and r
is the distance between the two particles. The LJ 12-
6 potential has been integrated between two spheres,
each of which is considered a uniform distribution of LJ
particles at a number density of 1.00 =3 [3]. By reducing
one sphere into a point particle, the integrated sphere—
point potential is obtained [12]. In general, for a point
particle and a sphere consisting of LJ particles at a
number density of ps, the sphere—point potential reads

20.a305 A
Usp(r) = %
(5a6 + 45a%r? + 63a%rt + 15r6) of
15 (r2 — a2)9
1
. — )
s )] )

where r is the center-to-center distance between the
point particle and the sphere, a is the radius of the
sphere, and A.; = 24me is a Hamaker constant setting
the interaction strength. Clearly, » > a is required in
Eq. (2) as the point particle cannot overlap with the
sphere.

2.2 Integrated sphere—rod potential

The sphere—point potential can be further integrated
to obtain the interaction between a sphere and a thin
rod. A general sphere-rod configuration is shown in
Fig. 1. By setting the x-axis along the central axis of
the rod and choosing one end of the rod as the origin,
we can build a polar coordinate system with the center
of the sphere located at (p, ). It is always possible to
build such a frame with 0 < # < w. The interaction
potential between the sphere and the rod can then be
denoted as a function, W (p,#), which represents the
integrated form of the sphere—point interaction poten-
tial in Eq. (2).

L
W(p,0) = A/O USP(T)|T:\/W dz , (3)

where L is the length of the rod, A the line number
density of L.J material points of which the rod consists.

With a change of variables, y = x — pcos# and h =
psin 6, the geometric meanings of which are sketched in
Fig. 1, the integral in Eq. (3) can be transformed into

L
Wip.0) = A [ U0l _ g do - @)

Considering the form of Usp(r) in Eq. (2), Eq. (4)
involves an integral of rational functions, which can
be evaluated using Ostrogradsky’s method [23,24]. The
result can be written as

B 2Apsaob A,

W(p,@) - 9 [G(L7p, 0) - G(07p7 9)] ’ (5)
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Fig. 1 A polar coordinate system describing a general con-
figuration of a sphere and a thin rod

where the function G(x, p, 0) is given by
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Here, the repulsive and attractive components of the
interaction are clearly separated.

Equation (6) holds as long as h > a, i.e., when the
z-axis in Fig. 1 is outside the sphere. In the case of
h < a, the sphere intersects the z-axis (i.e., the line
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along the central axis of the rod). The argument of the

arctangent function in Eq. (6), y/vh? — a?, becomes
a complex number. This is expected as the integrated
sphere-rod potential should diverge when the two over-
lap. However, the potential should still be finite as long
as the rod is outside the sphere, even when its axis inter-
sects the sphere. Therefore, for h < a, the arctangent
term in Eq. (6) needs to be transformed into

1 Yy
———— arctan [ ————
h27(12 (‘/h2(12>
2 _ h2 _
oL (YEroy) o g
2vVa? — Va2z —h2 4y

It is easy to show that for a rod outside the sphere
with h < a, the argument of the logarithmic function
in Eq. (7) is negative for —pcosf < y < L — pcosé.
Therefore, directly using Eq. (7) still yields a complex
value for G(z,p,#). However, since only G(L,p,0) —
G(0,p,0) enters the integrated potential, the relative
term involves the following expression

\/ﬁ L+ pcos@
<W+L pcos0>
m+pc089
(Ve e

pcosf

— a? — p? — L\/a? — p?sin® 0 + Lpcos 0
a2 — p2 + L\/a? — p?sin? 0 + Lpcos .
(8)

The argument of the logarithmic function in the last
line of Eq. (8) is positive and the function value is thus
real.

To make it clear, in the case of h < a, the integrated
potential can be explicitly written as

2Apsalab A,

W (p,0)lpsinoca = —5—— [Q(L. p.6) = Q(0.p,)
+P(p,0)] , (9)
with
8a’

Q(z,p,0) = o’ Y B
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and

P(p.0) 30° (16a° + 216a*h* + 378a?h* + 105h°)
p,0) =
2560 (a2 — h2)""/?
I
16 (a2 — h2)*/?
< In a? — p? — Lva2 — h2 4 Lpcosf
a? — p? + Lva? — h? + Lpcos6

(11)

where y = x — pcosf and h = psinf.

In the case of h = a, i.e., when the z-axis in Fig. 1 is
tangent to the sphere, the integrated potential between
the sphere and the rod can be easily evaluated to be

W(l% 9)|psin9:a == = =

2X\p aoC A, [ 1 o (128(16

9 5y5 15 \ 17y17
72a* + 108a?
5y15 13y13
15 ):|y_L—pc059
b . (12)
11
11y y=—pcos

It can be shown that Eq. (12) is the asymptotic form
of Egs. (5) or (9) in the limit of h = a, except for
a singular term that depends only on h and is there-
fore canceled during the subtraction process in Eqgs. (5)
or (9). The continuity of the analytical expressions for
the integrated sphere-rod potential at h > a [Eq. (5)],
h = a [Eq. (12)], and h < a [Eq. (9)] are explicitly
demonstrated in the Supplementary Information.

For an infinite rod, the integrated sphere-rod poten-
tial can be written as

2psalobA.,
AT i (6L, p.6)
—G(O,p, 0) + G(L7p7 ™= 9)

_G(O? Py T — 9)] : (13)

W(p79)|L:00 =
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Note that G(0, p,0) = —G(0, p,m — 0) and
Jim G(L, p,0)
= LILH;O G(L,p,m—0)
3700 (16a° 4 216a"h? + 378a*h* + 105A°)
2560 (h? — a2)'7/?
3m

TR (14)

As expected, the integrated LJ potential between a
sphere of radius a and an infinite thin rod depends
only on h, the distance between the center of the sphere
and the central axis of the rod, and can be written as
W (h) = W(p,0)|L=c0, Where

TApsa oA,
3
0% (16a® + 216a*h? + 378ah* + 105h9)
. 640 (h2 — a2)'7/?

W (h) =

1

=k

(15)

Obviously, in this case h > a is required. The force
between the sphere and the rod can easily be computed
from F(h) = —dW (h)/dh. For example, the magnitude
of the attractive component is

SrApsa’ob A, h
12 (h? —

TR (16)

which is identical to the thin rod limit of the result
obtained by Rosenfeld and Wasan [31].

In the limit of @ — 0 under the constraint of
ps2Ta® = 1, the sphere is reduced to a point parti-

cle and the integrated potential in Eq. (15) is reduced

to oA 6
0°Acs (210
—— —1 1
16h° (32 hb ) ’ ( 7)

which is the integrated LJ potential for a point particle
at a distance h from an infinite rod.

W(h)|a—>0 =

2.3 Force and torque in sphere—rod interaction

Using the coordinate system defined in Fig. 1, together
with three unit vectors, n,, n,, and ng along the z, p,
and 6 axes, respectively, the force on the sphere can be
computed from the integrated potential, W(p, ), as

Fs = —VW(p,0)
ow 19w

=2 n,—=-"n,g. 18

ap n, p o0 g ( )
Since ) 0
COS

AT T ()
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Fig. 2 Comparison of analytical and numerical results on
(a) and (d) integrated potential (W), (b) and (e) force com-
ponents (F, and F},), and (c¢) and (f) torque on the rod (1)

the force on the sphere can also be written as

cosf OW
+ psin989> n, - (20)

The force on the rod is Fr = —Fg from Newton’s third
law.

To compute the torque on the rod, we need to con-
sider the interaction between the sphere centered at
(p,0) and an infinitesimal segment of length dz on the
rod, which is given by w(x, p,0) = AUsp(r)dx, where
r = /22 + p2 — 2xpcosf. The full sphere-rod poten-
tial, W (p, 0), is obtained by integrating w(z, p,8) over
x (see Eq. (3)). The potential, w(z, p,0), satisfies the
following identity,

ow .
x| 2=
dp
This identity holds as long as w is a function of r only
with r = /22 + p2 — 22pcosb.

The torque on the rod, with respect to its center, can
be computed as

Low - ow
psinf 00 " ap

cosf (‘3w> 1 0w (21)

psind 00 )~ sinf 90

TR: = /(x —l)n, x frydz . (22)

Here | = L/2 and fg, is the p-component of the force
exerted on the infinitesimal segment of the rod by the

plo plo

vs. p. The results are for a sphere with @ = 100 and a thin
rod with L = 50 at § = w/6. The top row is for the case
with psinf < a while the bottom row is for psinf > a

sphere, which reads

fr = Vw(z, p,0)
L (o
psin® 00 " Jp

cos 6 @
psing 00 ) "
(23)

Completing the calculation in Eq. (22) with the help of
Eq. (21) and noting that W (p,0) = [w(x, p,0)dz, we
arrive at the final expression of the torque on the rod,

= —Esinﬁa—w+ 1—£cos9 a—W n
TRz = |75 ap 2 a6 |
(24)

wheren, = sirll g0 Xn,. The torque is 0 for 6 = 0 and ,
where the central axis of the rod passes through the cen-
ter of the sphere. Furthermore, when p = L/(2cos#),
that is, when the center of the sphere is on the per-
pendicular bisector of the rod, the torque on the rod
is also 0. These limits are encoded in the symmetry of
the sphere-rod system considered here. A similar cal-
culation shows that the torque on the rod, with respect
to its O-end in Fig. 1, is %—Vgnz, which is an expected
result.

The results on force and torque presented in this sec-
tion can be used directly to describe the interaction
between spheres and rods in computational modeling
(e.g., molecular dynamics simulation) of their mixture.
However, the results are presented in a local frame
defined in Fig. 1 and therefore need to be transformed
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into the corresponding quantities in a global frame
where the motion of the mixture is tracked. This trans-
formation can be implemented with the help of the com-
ponents of the three unit vectors, n;, n,, and n, in the
global frame, which can be computed from the global
coordinates of the center of the sphere and the two ends
of the rod. The details of implementing the integrated
sphere-rod potential in a molecular dynamics package
will be reported in the future.

3 Verification of analytical results

The analytical results on the integrated sphere-rod
potential, force, and torque, which involve lengthy but
compact expressions, are compared to the results from
numerically integrating the LJ 12-6 potential for a
sphere-rod system. The details of the method adopted
for numerical integration are included in the Supple-
mentary Information. In all cases, a perfect agreement
is found. Some examples are shown in Fig. 2. The
comparison further validates our strategy [Egs. (9),
(10), and (11)] to deal with the special situation where
psinf < a, i.e., when the central axis of the rod inter-
sects the sphere. In this situation, the integrated poten-
tial is still real and finite as long as the rod is outside
the sphere. The results presented in Fig. 2 confirm that
this is indeed the case if the operations in Egs. (7) and
(8) are adopted.

4 Adhesion between a sphere and a thin
rod

The integrated sphere-rod potential allows us to inves-
tigate the adhesion between a sphere and a slender rod
quantitatively. Here we focus on a special arrangement
where the center of the sphere is located on the per-
pendicular bisector of the rod, as shown in the inset
of Fig. 3. This configuration is expected to maximize
the attraction between the sphere and the rod. The
sphere-rod potential is then a function of h, which is
the distance between the center of the sphere and the
axis of the rod, and will be denoted as W (L, h). When
L — oo, W(L, h) converges to W (h) in Eq. (15). In this
section, we set A = 1.00~! and p, = 1.00~2. In Fig. 3,
W (L, h) is plotted against h for various values of rod
length (L = 2l) and sphere radius (a). All curves of
W (L, h) vs. h are qualitatively similar to that of the LJ
12-6 potential, being attractive at large A and becoming
repulsive steeply when h is reduced below the minimum
location of the potential, hy. The data show that hg is
only slightly larger than the radius of the sphere, a,
and at a given a, it is insensitive to L. The depth of the
potential, AW = |W(L, hg)|, increases as either a or
L increases, as expected. The scaling of the attractive
and the repulsive components of the integrated sphere—
rod potential with h is included in the Supplementary
Information.
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Fig. 3 Integrated sphere-rod potential W (h) vs. h, where
h is the distance between the center of the sphere and the
axis of the rod

The dependence of hg on a and L is examined in
more detail in Fig. 4. The fact that all data on hg vs.
a at various values of L are collapsed into a straight
line, clearly shown in Fig. 4a, demonstrates that hg
grows linearly with a but is almost independent of L.
In Fig. 4b, the difference between hy and a, defined
as 0h = hg — a, is plotted against L at various val-
ues of a. As L — 0, dh converges to about 0.860. It is
noted that when I — 0 under the constraint of AL = 1,
the integrated sphere-rod potential is reduced back to
the sphere—point potential in Eq. (2). The minimum

location of the sphere—point potential can be identified
by setting & SP(T) lr—=n, = 0, which yields the following

equation for ho

2 (5a8 + 27a*h3 + 27a*h$ + 5h§) o°

6 _
(hO _a) - 5(h0 +a)6

(25)

Noting that hg is only slightly larger than a, the right-
hand side of Eq. (25) can be approximately evaluated
by replacing ho with a, which yields ho = a+(2/5)"/%0.
Therefore, for the sphere—point potential, 0h ~ 0.8580.
This explains the asymptotic behavior of dh in the limit
of L — 0 shown in Fig. 4b.

Figure 4b further shows that as L increases, dh
rapidly decreases to a plateau value that decreases lit-
tle with increasing a. These trends can be understood
if we examine the minimum location of the integrated
sphere-rod potential in Eq. (15) for an infinite rod. Set-

ting d”g,ﬁh) |h=h, = 0, we obtain the following equation

for hg.

11 (64a® + 432a"hg + 504a”h§ + 105h5) o°
800 (ho + a)°

(ho —a)® =
(26)
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Fig. 4 a Minimum location (ho) of W(h) vs. the sphere
radius, a. b Width of the sphere-rod gap (6h = ho — a) vs.

the rod length, L

Replacing ho on the right-hand side of Eq. (26)
with a, we obtain the lower bound of dh, which is
(3431/10240) /%5 ~ 0.787¢. On the other hand, for
small a, dh is on the same order as a. Therefore, a rea-
sonable upper bound of dh can be obtained by replac-
ing ho on the right-hand side of Eq. (26) with 2a, which
produces (5698/18225)/65 ~ 0.824¢. These limits are
shown as the dashed lines surrounding the gray zone
in Fig. 4b, which are consistent with the data on Jh
calculated directly from W(L,h).

For sufficiently large a and L, dh is well approxi-
mated by its lower bound, 0.787c. Therefore, the min-
imum location of the integrated sphere-rod potential
is roughly hg ~ a + 0.7870, which corresponds to the
straight line in Fig. 4a. Clearly, the data agree with this
expression very well.

The adhesion (AW) between a sphere and a rod can
be defined as the depth, |W (L, hg)|, of the integrated
sphere-rod potential. AW is plotted against the length
of the rod (L) for spheres of various sizes in Fig. ba.
In all cases, AW first increases with increasing L, but
then quickly reaches a plateau as L exceeds a threshold
L;. Although L, increases with increasing a, the ratio,
L¢/a, gradually decreases as the sphere becomes larger.

Page 70of 9 15

50 .
@

40t

30} ]
ﬂ Qa=lc Aa=20 V a=50c <& a=100
€ X a=200 [ a=500 O a=1000

20t

10} §

=

0 20 40 60 80 100

Fig. 5 a Adhesion between a sphere and a thin rod vs. the
rod length (L) at various values of the sphere radius (a). b
Adhesion vs. the square root of the sphere radius at various
rod lengths; the dashed line indicates AW = 4.48¢+/a/o

The adhesion between a sphere and an infinite rod
can be obtained from W(hg) with Eq. (15). Based on
the preceding discussion of Fig. 4, hg — a ~ 0.787¢ for
a sufficiently large sphere (@ 2 10c). Then Eq. (15)
implies that the adhesion is proportional to the square
root of the sphere size, i.e.,

AW = |[W(hg)| =~ 4.48¢r\/a/o , (27)

for A = 1.00~! and ps = 1.00~2. This scaling agrees
with the data presented in Fig. 5b, where AW is plotted
against /a. For short rods, AW increases with a but
eventually plateaus. The plateau value increases as the
length of the rod increases. For long rods (e.g., L 2 500)
and sufficiently large spheres, the curve of AW vs. \/a
conforms to the scaling relation in Eq. (27), which is
indicated by the dashed line in Fig. 5b.

5 Discussion

Although we focus on the integrated form of the LJ
12-6 potential for a sphere—thin rod system here, the
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method can be used to integrate a more general LJ 2n-
n potential, which reads [36]

Gaal) = 1| (2)" = ()] 2w)

with n being a whole number. Only the case with n = 6
is discussed in detail here, but Ostrogradsky’s method
can be used to integrate any rational functions [23,24].
Using the coordinate system defined in Fig. 1, we have
r = /y?+ h2, and both 1/r?" and 1/r" are integrable
rational functions as long as n is even. Vliegenthart
et al. have studied the phase behavior, structure, and
dynamical properties of LJ systems with n = 6, 11, 12,
and 18, among which three are even integers [36]. The
corresponding LJ 2n-n potentials in principle can be
integrated for a sphere and a thin rod and expressed in
terms of common functions, through the method used
here. As n increases, the range of the LJ 2n-n potential
decreases, making it transition from a long-range poten-
tial to a very short-range one. Therefore, the integrated
form of the LJ 2n-n potential may be useful for under-
standing the behavior of various rod-sphere mixtures
that possess interactions with different spatial ranges.

6 Conclusions

We present accurate analytic expressions for the inte-
grated Lennard-Jones (LJ) 12-6 potential between a
sphere and a thin rod in arbitrary three-dimensional
configurations, with the two objects modeled as con-
tinuous media of LJ material points. The results are
expressed in compact analytical forms. The expressions
for force and torque are also presented.

The integrated sphere-rod potential can be used for
theoretical descriptions and computational modeling of
soft matter systems involving mixtures of cylindrical
and spherical objects [25-30]. For example, the poten-
tial is applied to investigate the adhesion between a
sphere and a thin rod. In the equilibrium configuration
where the integrated potential is minimized, the center
of the sphere is located on the perpendicular bisector
of the rod. For a sufficiently long rod and a sufficiently
large sphere, the equilibrium gap between the two is
found to have an almost constant width, approximately
0.7870, where o is the length unit defined in the LJ
potential. In this situation, the adhesion between the
sphere and the rod is found to scale with /a, where
a is the radius of the sphere. This scaling is expected
to hold as long as the attraction between the sphere
and the rod is dominated by van der Waals interac-
tions. This interesting scaling prediction has yet to be
confirmed with experiment.

Supplementary information The online version con-
tains supplementary material available at https://doi.org/
10.1140/epje/s10189-025-00480-9.

@ Springer

Eur. Phys. J. E (2025) 48:15

Acknowledgements This material is based on work sup-
ported by the US National Science Foundation under Grant
No. DMR-1944887. The authors acknowledge Advanced
Research Computing at Virginia Tech (https://arc.vt.edu/)
for providing computational resources and technical support
that have contributed to the results reported in this paper.

Data Availability Statement The data that support the
findings of this study are available from the corresponding
author upon reasonable request.

Open Access This article is licensed under a Creative Com-
mons Attribution 4.0 International License, which permits
use, sharing, adaptation, distribution and reproduction in
any medium or format, as long as you give appropriate credit
to the original author(s) and the source, provide a link to
the Creative Commons licence, and indicate if changes were
made. The images or other third party material in this arti-
cle are included in the article’s Creative Commons licence,
unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons
licence and your intended use is not permitted by statu-
tory regulation or exceeds the permitted use, you will need
to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecomm
ons.org/licenses/by/4.0/.

References

1. J. Fischer, M. Wendland, On the history of key empir-
ical intermolecular potentials. Fluid Phase Equilib-
ria 573, 113876 (2023). https://doi.org/10.1016/j.fluid.
2023.113876

2. M.P. Allen, D.J. Tildesley, Computer Simulation of Lig-
uids (Oxford University Press, London, 2017)

3. R. Everaers, M.R. Ejtehadi, Interaction potentials for
soft and hard ellipsoids. Phys. Rev. E 67, 041710 (2003).
https://doi.org/10.1103 /PhysRevE.67.041710

4. F.J. Vesely, Lennard-Jones sticks: a new model for linear
molecules. J. Chem. Phys. 125, 214106 (2006). https://
doi.org/10.1063/1.2390706

5. H.C. Hamaker, The London-van der Waals
attraction between spherical particles. Physica
4, 1058-1072  (1937).  https://doi.org/10.1016/

S0031-8914(37)80203-7

6. J. Wang, G.D. Seidel, S. Cheng, Analytical interaction
potential for Lennard-Jones rods. Phys. Rev. E 111,
015403 (2025). https://doi.org/10.1103/PhysRevE.111.
015403

7. A.G. De Rocco, W.G. Hoover, On the interaction of
colloidal particles. Proc. Nat. Acad. Sci. USA 46, 1057—
1065 (1960). https://doi.org/10.1073/pnas.46.8.1057

8. F.F. Abraham, Y. Singh, The structure of a hard-sphere
fluid in contact with a soft repulsive wall. J. Chem.
Phys. 67, 2384-2385 (1977). https://doi.org/10.1063/
1.435080

9. F.F. Abraham, The interfacial density profile of a
Lennard-Jones fluid in contact with a (100) Lennard-
Jones wall and its relationship to idealized fluid/wall
systems: a Monte Carlo simulation. J. Chem. Phys. 68,
3713-3716 (1978). https://doi.org/10.1063/1.436229


https://doi.org/10.1140/epje/s10189-025-00480-9
https://doi.org/10.1140/epje/s10189-025-00480-9
https://arc.vt.edu/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1016/j.fluid.2023.113876
https://doi.org/10.1016/j.fluid.2023.113876
https://doi.org/10.1103/PhysRevE.67.041710
https://doi.org/10.1063/1.2390706
https://doi.org/10.1063/1.2390706
https://doi.org/10.1016/S0031-8914(37)80203-7
https://doi.org/10.1016/S0031-8914(37)80203-7
https://doi.org/10.1103/PhysRevE.111.015403
https://doi.org/10.1103/PhysRevE.111.015403
https://doi.org/10.1073/pnas.46.8.1057
https://doi.org/10.1063/1.435080
https://doi.org/10.1063/1.435080
https://doi.org/10.1063/1.436229

Eur. Phys. J. E (2025) 48:15

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

J.J. Magda, M. Tirrell, H.T. Davis, Molecular dynamics
of narrow, liquid-filled pores. J. Chem. Phys. 83, 1888—
1901 (1985). https://doi.org/10.1063/1.449375

A.P. Thompson, H.M. Aktulga, R. Berger, D.S. Bolin-
tineanu, W.M. Brown, P.S. Crozier, P.J. In’t Veld,
A. Kohlmeyer, S.G. Moore, T.D. Nguyen, R. Shan,
M.J. Stevens, J. Tranchida, C. Trott, S.J. Plimpton,
LAMMPS - a flexible simulation tool for particle-based
materials modeling at the atomic, meso, and contin-
uum scales. Comp. Phys. Comm. 271, 108171 (2022).
https://doi.org/10.1016/j.cpc.2021.108171

“COLLOID Potential in LAMMPS”, URL: https://
docs.Jammps.org/pair_colloid.html (a), accessed: 2025-
01-04

“WALL Potentials in LAMMPS”, URL: https://docs.
lammps.org/fix_wall.html (b), accessed: 2025-01-04
J.N. Israelachvili, Intermolecular and Surface Forces,
3rd edn. (Academic Press, San Diego, 2011). https://
doi.org/10.1016/B978-0-12-375182-9.10024-7

L. Henrard, E. Hernandez, P. Bernier, A. Rubio, van der
Waals interaction in nanotube bundles: consequences
on vibrational modes. Phys. Rev. B 60, R8521-R8524
(1999). https://doi.org/10.1103/PhysRevB.60.R8521
L.A. Girifalco, M. Hodak, R.S. Lee, Carbon nanotubes,
buckyballs, ropes, and a universal graphitic potential.
Phys. Rev. B 62, 13104-13110 (2000). https://doi.org/
10.1103/PhysRevB.62.13104

C.-H. Sun, L. Gao-Qing, H.-M. Cheng, Simple approach
to estimating the van der Waals interaction between
carbon nanotubes. Phys. Rev. B 73, 195414 (2006).
https://doi.org/10.1103/PhysRevB.73.195414

A. Popescu, L.M. Woods, I.V. Bondarev, Simple model
of van der Waals interactions between two radially
deformed single-wall carbon nanotubes. Phys. Rev. B
77, 115443 (2008). https://doi.org/10.1103/PhysRevB.
77.115443

W.B. Lu, B. Liu, J. Wu, J. Xjao, K.C. Hwang, S.Y.
Fu, Y. Huang, Continuum modeling of van der Waals
interactions between carbon nanotube walls. Appl.
Phys. Lett. 94, 101917 (2009). https://doi.org/10.1063/
1.3099023

A.l. Zhbanov, E.G. Pogorelov, Y.-C. Chang, van der
Waals interaction between two crossed carbon nan-
otubes. ACS Nano 4, 5937-5945 (2010). https://doi.
org/10.1021/nn100731u

E.G. Pogorelov, A.I. Zhbanov, Y.-C. Chang, S. Yang,
Universal curves for the van der Waals interaction
between single-walled carbon nanotubes. Langmuir 28,
1276-1282 (2012). https://doi.org/10.1021/1a203776x
S. Hamady, A. Hijazi, A. Atwi, Lennard-Jones inter-
actions between nano-rod like particles at an arbitrary
orientation and an infinite flat solid surface. Phys. B:
Conden. Matt. 423, 26-30 (2013). https://doi.org/10.
1016/j.physb.2013.04.044

M.V. Ostrogradsky, Bull. Sci. Acad. Sci. St. Petersburg
4, 145-167 (1845)

M.V. Ostrogradsky, Bull. Sci. Acad. Sci. St. Petersburg
4, 286-300 (1845)

25

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

Page 9of 9 15

. D. Antypov, D.J. Cleaver, The role of attractive inter-
actions in rod-sphere mixtures. J. Chem. Phys. 120,
10307-10316 (2004). https://doi.org/10.1063/1.1718181
R. Jadrich, K.S. Schweizer, Percolation, phase separa-
tion, and gelation in fluids and mixtures of spheres and
rods. J. Chem. Phys. 135, 234902 (2011). https://doi.
org/10.1063/1.3669649

W. Liu, N.A. Mahynski, O. Gang, A.Z. Panagiotopou-
los, S.K. Kumar, Directionally interacting spheres and
rods form ordered phases. ACS Nano 11, 4950-4959
(2017). https://doi.org/10.1021/acsnano.7b01592

J. Opdam, D. Guu, M.P.M. Schelling, D.G.A.L. Aarts,
R. Tuinier, M.P. Lettinga, Phase stability of colloidal
mixtures of spheres and rods. J. Chem. Phys. 154,
204906 (2021). https://doi.org/10.1063/5.0048809
Joeri Opdam, Poshika Gandhi, Anja Kuhnhold, Tanja
Schilling, Remco Tuinier, Excluded volume interactions
and phase stability in mixtures of hard spheres and
hard rods. Phys. Chem. Chem. Phys. 24, 11820-11827
(2022). https://doi.org/10.1039/D2CP00477A

J. Opdam, V.F.D. Peters, H.H. Wensink, R. Tuinier,
Multiphase coexistence in binary hard colloidal mix-
tures: predictions from a simple algebraic theory. J.
Phys. Chem. Lett. 14, 199-206 (2023). https://doi.org/
10.1021/acs.jpclett.2c03138

J.I. Rosenfeld, D.T. Wasan, The London force contribu-
tion to the van der Waals force between a sphere and
a cylinder. J. Colloid Interface Sci. 47, 27-31 (1974).
https://doi.org/10.1016/0021-9797(74)90075-7

V.A. Kirsch, Calculation of the van der Waals force
between a spherical particle and an infinite cylinder.
Adv. Colloid & Interface Sci. 104, 311-324 (2003).
https://doi.org/10.1016,/S0001-8686(03)00053-8

Y. Gu, D. Li, The van der Waals interaction between
a spherical particle and a cylinder. J. Colloid Inter-
face Sci. 217, 60-69 (1999). https://doi.org/10.1006/
jc€is.1999.6349

S.W. Montgomery, M.A. Franchek, V.W. Goldschmidt,
Analytical dispersion force calculations for nontradi-
tional geometries. J. Colloid Interface Sci. 227, 567-584
(2000). https://doi.org/10.1006/jcis.2000.6919

W. He, J. Lin, B. Wang, S. Tuo, S.T. Pantelides,
J.H. Dickerson, An analytical expression for the van
der Waals interaction in oriented-attachment growth:
a spherical nanoparticle and a growing cylindrical
nanorod. Phys. Chem. Chem. Phys. 14, 4548-4553
(2012). https://doi.org/10.1039/C2CP23919A

G.A. Vliegenthart, J.F.M. Lodge, H.N.W. Lekkerk-
erker, Strong weak and metastable liquids structural
and dynamical aspects of the liquid state. Phys-
ica A 263, 378-388 (1999). https://doi.org/10.1016/
S0378-4371(98)00515-9

@ Springer


https://doi.org/10.1063/1.449375
https://doi.org/10.1016/j.cpc.2021.108171
https://docs.lammps.org/pair_colloid.html
https://docs.lammps.org/pair_colloid.html
https://docs.lammps.org/fix_wall.html
https://docs.lammps.org/fix_wall.html
https://doi.org/10.1016/B978-0-12-375182-9.10024-7
https://doi.org/10.1016/B978-0-12-375182-9.10024-7
https://doi.org/10.1103/PhysRevB.60.R8521
https://doi.org/10.1103/PhysRevB.62.13104
https://doi.org/10.1103/PhysRevB.62.13104
https://doi.org/10.1103/PhysRevB.73.195414
https://doi.org/10.1103/PhysRevB.77.115443
https://doi.org/10.1103/PhysRevB.77.115443
https://doi.org/10.1063/1.3099023
https://doi.org/10.1063/1.3099023
https://doi.org/10.1021/nn100731u
https://doi.org/10.1021/nn100731u
https://doi.org/10.1021/la203776x
https://doi.org/10.1016/j.physb.2013.04.044
https://doi.org/10.1016/j.physb.2013.04.044
https://doi.org/10.1063/1.1718181
https://doi.org/10.1063/1.3669649
https://doi.org/10.1063/1.3669649
https://doi.org/10.1021/acsnano.7b01592
https://doi.org/10.1063/5.0048809
https://doi.org/10.1039/D2CP00477A
https://doi.org/10.1021/acs.jpclett.2c03138
https://doi.org/10.1021/acs.jpclett.2c03138
https://doi.org/10.1016/0021-9797(74)90075-7
https://doi.org/10.1016/S0001-8686(03)00053-8
https://doi.org/10.1006/jcis.1999.6349
https://doi.org/10.1006/jcis.1999.6349
https://doi.org/10.1006/jcis.2000.6919
https://doi.org/10.1039/C2CP23919A
https://doi.org/10.1016/S0378-4371(98)00515-9
https://doi.org/10.1016/S0378-4371(98)00515-9

	Analytical sphere–thin rod interaction potential
	1 Introduction
	2 Theoretical model of sphere–rod interaction
	2.1 Integrated sphere–point potential
	2.2 Integrated sphere–rod potential
	2.3 Force and torque in sphere–rod interaction

	3 Verification of analytical results
	4 Adhesion between a sphere and a thin rod
	5 Discussion
	6 Conclusions
	References
	References




