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Abstract 

The research presented in this dissertation is carried out in two parts; the first, 

which is the main work of this dissertation, involves development of continuous 

differentiability of the solution with respect to the unknown parameters. For linear 

parabolic partial differential equations, only mild conditions are assumed on the 

admissible parameter space. The nonlinear partial differential equation we consider 

is a generalized Burgers’ equation, for which we establish the well-posedness and 

the smoothness properties of the solution with respect to the parameters. 

In the second part, we consider parameter identification problems for these two 

parameter dependent systems. The identification scheme which we use here is the 

quasilinearization method. Based on the results in the first part of this work, we 

obtain existence and local convergence of the algorithm. We also present some 

numerical examples which demonstrate the performance of the quasilinearization 

scheme.
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Chapter 1 

Introduction 

During recent years considerable effort has been devoted to the problem of estimating 

unknown parameters in distributed parameter systems. Many parameter estimation 

problems are best formulated in an infinite dimensional state space where one must 

determine the parameter from some admissible parameter set that minimizes an 

appropriate cost function. 

There are two basic classes of approach for optimization based parameter es- 

timation. The first, an indirect approach proceeds by initially approximating the 

dynamic equations and then using optimization algorithms on the finite dimensional 

problem. This type of approach, which is typified by the papers [8] - [11], is usually 

easy to implement and successful. A disadvantage of this approach is that only sub- 

sequential convergence of the sequence of generated parameter estimates has been 

established. 

The second more direct approach is based on direct application of an optimiza- 

tion algorithm and employs numerical approximations at each step of the algorithm



to compute the necessary solutions of the dynamic equations. This approach is used 

in [7], {15], [26], [27] and [31]. Direct methods are often limited by the fact that 

the dependence on unknown parameters of the solution to the infinite dimensional 

dynamical equations may not be smooth enough to establish convergence of the algo- 

rithm. Indeed, some algorithms may not be properly defined without this necessary 

smoothness. When the direct methods can be applied, however, it is sometimes 

possible to establish not only sequential convergence but also rates of convergence. 

The work presented in this thesis is motivated by the use of a direct method 

such as quasilinearization to solve parameter estimation problems involving differ- 

ent types of partial differential equations. The crucial part in the proof of the 

convergence of the algorithm is to establish the smoothness properties with respect 

to the parameters. In our work, we discuss two kinds of parameter dependent sys- 

tems. The first one is a linear parabolic system with variable coefficients. This 

study is presented in Chapter 2. The second one is a generalized Burgers’ equation 

with variable coefficients; it is presented in Chapter 3. 

There is a considerable body of research on the problem of estimating coefficients 

in parabolic equations. In 1985, H. T. Banks and P. D. Lamm ([10]) developed an in- 

direct approach for estimating coefficients in parabolic distributed systems. In 1990, 

P. W. Hammer ([26]) developed a quasilinearization algorithm for a parameter es- 

timation problem involving a parabolic partial differential equation. Both of these



papers assumed strong smoothness assumptions on the admissible parameter space. 

In 1988, H. T. Banks and K. Ito ([8]) presented a general convergence/stability 

framework for using indirect methods to treat parameter identification problems 

involving distributed parameter systems. This framework permits one to give con- 

vergence and stability arguments in inverse problems under extremely weak com- 

pactness assumptions on the admissible parameter spaces. In Chapter 2, we use this 

idea in a direct approach. Actually, by modifying the framework, we successfully 

prove that the quasilinearization method is convergent under mild assumptions on 

the admissible parameter space. 

The next problem we consider is the application of quasilinearization to param- 

eter identification in nonlinear partial differential equations. In [26], P. W. Hammer 

presented some numerical results for Burgers’ equation with constant parameters. 

In [4], M. G. Armentano presented some numerical results for Burgers’ equation 

with spatially varying parameters. The numerical results presented in these papers 

were successful. However, neither of these papers contain a convergence proof for 

the nonlinear equations. The nonlinear partial differential equation we consider in 

this work is a generalized Burgers’ equation on a finite interval. In Chapter 3, we 

establish the well-posedness and the smoothness properties of the solution with re- 

spect to the parameters. These properties are necessary to establish the convergence 

of the quasilinearization algorithm.



In Chapter 4, we formulate the parameter estimation problems as optimal control 

problems and prove the existence of solutions to the problems in the first section. 

In the second section, we prove that with the smoothness properties established in 

Chapter 2 and Chapter 3, the quasilinearization algorithm converges. 

Finally, in Chapter 5, we present numerical examples which demonstrate the 

performance of the quasilinearization scheme.



Chapter 2 

Parameter Dependence in 

Parabolic Partial Differential 

Equations 

In this chapter, we consider the dependence on an unknown parameter of the solution 

of parabolic partial differential equations. We prove the smoothness properties under 

weak assumptions on the parameter space. 

2.1 The General Setting 

We consider a separable real Hilbert space H and another separable Hilbert space 

V, which is continuously and densely imbedded in H. We identify H with its own 

dual space; the dual of V is denoted by V*. Thus we have V C H C V* with 

continuous and dense imbeddings. We shall use the same notation (-,-) for the inner 

product in H and for the pairing between V* and V.



Let T be a positive integer. The space C([0,7], H) has the norm 

l|24|| = supreto,ryl|u(t) lz, 

and the space W}(0,T; V, H) = {u € L,(0,T;V):u’ € L2(0,T; V*)} has the norm 

lel = fo Nace’? + Cf ut(el2-aty 

Notice that, in some books W}(0,7; V, H) is also denoted by W(0, 7) (see [43]) or 

L*((0,T), V) N H1((0, 7), V*) (see {[39]). Here we use the notation in [44]. 

We consider the following first order system dependent on a parameter gq. Sup- 

pose f € L7((0,T),V*) and uo € H. We investigate a function u € W3(0,T; V, H) 

with 

aut) = A(q)u(t) + f(t), 
(2.1) 

u(0) = uo, 

where A(q) € L(V,V~) for each q. 

The parameter qg belongs to the space Q, which is assumed to be a subset of a 

separable Hilbert space with norm || - ||g. We assume that observations y; for the 

solution u(t;,g*) of (2.1) at discrete times t;, 2 = 1,2,---,m are given. The goal is 

to find g € Q from this data. In particular, we solve the following inverse problem:



Find ¢ € Q that minimizes the functional 

J(q) = Di [lCults a) — yilly, 

where C’ is a bounded linear mapping from the state space H to the observation 

space Y. Clearly, if y; = Cu(t;; q*), then ¢ = q” is the solution to the problem. 

With A(q), we can associate the sesquilinear forms 

a(q)($, ") = (A(q)¢, ¢), 

which is defined from V x V to R. We assume that o(q)(-,-) has the following 

properties: 

(Al) Boundedness: there exists a positive number M, such that for all g € Q and 

for ¢,y € V, the following holds 

lo(q)(6,9)1 < Malldllvilelly- 

(A2) Coercivity: there exists a positive number a and a real number Xo such that 

forg€ Q,d€ V we have 

a(q)(o.¢) + roll ol|7, > all ally. 

The following two results are well-known, see [39], {43], [44].



Proposition 2.1 Suppose (A1) and (A2) hold. Then for each q € Q, the equation 

(2.1) has exactly one solution u € W7(0,T;V, H). 

Proposition 2.2 The space W3(0,T;V,H) is continuously embedded in 

C([0,T], H). 

In order to solve the parameter estimation problem, using direct methods, we 

require some knowledge on the derivative of the state with respect to the unknown 

parameter. To obtain differentiability, we need the following additional] assumptions: 

(A3) F-differentiable of o(q) : For q € Q and for ¢,y € V, there exists a linear 

functional 0,0(q¢)(¢, ¢) defined from @ — FR such that for any h € Q 

Io(q + h)(9, 9) — 0(9)(4,%) — Wola), ¥)- Al < o([Flla)lellvileliv- 

(A4) Boundedness of 0,0(q¢)(¢,y) : For an element q in Q, there exists Mz > 0 

such that for any A in Q and ¢,y in V 

|0,0(4)(, 9) > h| < Mol[Allallallvileliv- 

Remark 2.1 From (A3) and (A4), we see that o has the continuity property. That 

is, there exists 6 = 6(q) > 0 such that if ||h|lg < 6, then there is Mz > 0 so that the



following holds 

llo(g + h)(G, e) — o(a)($, ¥)|| S MallAllollellvlleliv- 

2.2 Parameter Dependence 

In this section we deduce smoothness properties for the solution u(q) of (2.1) with 

respect to the parameter q. First, let us recall the definition of the Fréchet derivative 

([39]). 

Definition 2.1 Let X and Y be Banach spaces and let xo be a point in X. Let F be 

a mapping from a neighborhood of xo into Y. Then F is called Fréchet differentiable 

at Zo if there exists a bounded linear operator A € L(X,Y) such that 

sn WE (eot 2) — Feo) ~ Aally 
z+0 llzllx 
  = 0. 

If such an A exists, we call it the Fréchet derivative of F at xo, denoted by DF (zo). 

Theorem 2.1 Suppose (Al) — (A4) hold. Let u(t;q) € C([0,T], H) be the solution 

of (2.1). Then for each t € [0,7], u(t;q) is Fréchet differentiable with respect to q 

at every gq € Q. Moreover, for each h € Q, v(t) = D,u(t; q)h ts the unique solution 

of the weak sensitivity equation 

(v9) + o(Q(v, 9) + o(g)(u(g),~)-h=0, for VWeeV 

v(0) = 0.



Proof. By Proposition 2.1 and Proposition 2.2, it is clear that both (2.1) and 

(2.2) have unique solutions in C'([0,7], H) for each q,h € Q. For the proof of the 

remaining part, as in [43] and [44], it suffices to prove the result for the case that 

Ao = 0 in condition (A2). 

Let h € Q, |lhllo < 6, where 6 is defined as in Remark 2.1. Let v(t) denote the 

solution of (2.2) corresponding to h. It is clear that for each fixed t € [0,7], the 

mapping from h € Q to v(t) € 7 is linear and continuous. From Definition 2.1, we 

only need to show that for each t € [0, 7, 

llu(ts@ +h) — u(t; ¢) — v(t) ln 
— 0 

Allo 

as ||h||g — 0. 

Let I(t) = u(t;q¢ +h) — u(t;q). Then I(t) satisfies 

(i,~)+o(q+h)(u(g+h),y) —o(g)(ulg),y)=0, for Vee, 

i(0) = 0. 

Thus, 

(,~) to(q+ hj) + o(g + h)(u(q), 9) — o(9)(u(q), 9) = 0. 

Select y = I(t), then we have 

(44,0) tog +All) = —o(g + h)(u(q),!) + o(a)(u(g),!) 

10



< MallAllal|uca)|lvllallv 

1 a 
< 5 Ma llAllallu(a)lly + allay. 

here we have used Remark 2.1. Integrating in time and compute the left hand side, 

we obtain 

[iat o(a+ myc niet = SIT) 0+ [ola A\(L, Dat 

T 
> ft allilizat. 

0 

Therefore, we have 

T T 

ff Wleae < ella’ [luca iat. (2.3) 

Now, set w(t) = u(t;q¢ +h) — u(t; ¢) — v(t), where |/h||q < 6. Then w(t) satisfies 

the following equation: 

(wip) + O(G + h)(ulg + A), ~) — o(G) (UM), ¥) — O(A(% P) — O,0(9)(u(G), 9) bh = 0 

w(0) = 0 

for each y in V. 

Therefore, we have 

(wi~) + o(9¢)(w,¢) 

+ [o(g t+ h)(ulg + h), 2) — o(G)(ulg + A), 9) — O0(G)(ulg + h), 9) + hl] 

ll



+ [0,0(4)(u(g + h),p) hk — O,0(G)(u(4), ) > A] = 0. 

Since o(q)(-,-) is sesquilinear, 0,0(g)(¢, y) is linear with respect to ¢. This implies 

(w:, ) + a(q)(w, y) 

+ [o(Gth)(u(g+ kh), ~) — o(@)(ulg + h), 9) — A0(G)(ulg +h), ) - A] 

+ d,0(g)(u(q + h) — u(q),¢)-h =0. (2.4) 

If we select y = w(t), then (2.4) reduces to 

1 d 9 
5 lulls = (uw;,w) 

IA
 of|[Allo) - [luCg + A)[lvllwlly + Mo|Allallu(g + &) — u(@)ilvlwllv 

_ o(q)(w, w ) 

o(llAllo)  lle(@)Ilvllwlly + éllAllaliu(g + 2) — u(4)|lv jelly — allelly IA
 

o([[AllG) + llu(ayily + Ellu(G +h) — u(@)Ilv IlAlld. lA
 

Integrating from 0 to ¢ and using the initial condition w(0) = 0, we obtain from 

(2.3) 

lolli S AlNAllQ + o(IAllQ). 

12



Thus, it follows that 

|w/|Pllollz > 0 as |lhIlg > 0, 

and this completes the proof. O 

Theorem 2.2 Suppose (Al) — (A4) hold. In addition, assume that 

(A5) Lipschitz continuous of 0,0(q)(¢,¢) with respect to q: For any ¢,¢% in 

V, there exists M4 > 0 such that 

A,o(q + Aq)(%,") — Wola) ¥)I| S MallAgllall¢llvlellv- 

Then for each t € [0,T], Du(t;q) ts locally Lipschitz continuous with respect to q. 

Proof. As in the proof of the previous theorem, we only need to consider the case 

Ao = 0 in condition (A2). Pick a point A in Q so that ||h||g = 1. Suppose v(q) and 

v(q + Ag) are the solutions of (2.2) with @ = q and Gg = q+ Ag, respectively. For 

small Aq, let r(t) = v(q¢ + Aq) — v(q). Then r(t) satisfies 

(71,9) — o(g)(v(q), 9) + o(g + Aqg)(v(q + Aq), p) — O,0(q)(ulg),e)- 
+0,0(q¢+ Aq)(u(q+ Aq), y~)-h=0 for VWwEV 

r(0) =0. 

Select y = r(t). Since o(q¢ + Aq)(r,r) > al|r||?,, it follows that 

d Srl = (rer) 

b
o
l
 ke 

13



= [o(9)(o(4),7) — o(4 + Ag)(v(a),”)] 

+ [,0(q)(u(q),7) > h — Ogo(q + Aq)(u(g),r) >] 

+ 0,0(q + Aq)(u(q) — u(qt+ Aq),r)-h — allr|ly 
IA
 Ms||Aq|lalle(@ilviiriv + MallAgllallu@)llvilrilv Alle 

+ Ma|lAllallu(a) — u(a + Ag)|lvllrilv — allrlly 

IA
 ClAglla(llo(ayllv + lleC@)lly) + Cllu(a) — u(q + Aa)llvs 

here we have used Remark 2.1, assumptions (A5) and (A4). Integrating from 0 to 

t, noting that r(0) = 0 and employing (2.3), we conclude that 

rll < Calla. 

2.3 An Example 

To conclude this chapter, we give an example which shows that the usual parabolic 

systems, which include the equations discussed in [26], can be treated with the theory 

we have just discussed. Notice that our assumption on the admissible parameter 

space is very weak. For other applications, the readers may consult [8]. 

Consider the following Dirichlet boundary value problem for a one-dimensional 

14



parabolic problem: 

| an) = (qiur)e + (qou)z + qsut f(t), on (0,1), 
(2.5) 

u(0) = Ug, 

where q = (q1, 92,93) is the parameter. Let the state spaces H = L7(0,1), V = 

H4(0,1). The weak form of the equation is given by 

(So) to(gluepl=(fv), ve, 

where the sesquilinear form is defined as 

a(9)($, 9) = (Mer, Yr) + (G29, Yr) — (934, ¥). (2.6) 

Proposition 2.3 Let Q = {(q1, 42,493) € C[0,1] x C[0,1] x C[0,1]|0<m <q} for 

some constant m. Then if q € Q, o(q)(-,-) as defined by (2.6) satisfies (Al) — (A5). 

Proof. Let qg € Q and ¢,y € Hd. Then by using Holder’s inequality and Poincaré’s 

inequality, we have 

Io(goe)l S Marge, ¥2)| + I(a2¢, ve)| + I(93b259)| 
1 1 

< llalle f [eslivelde + llgalle f Iollvelde 
1 

+ Ilalle f lellvlde 

< My|lalloll¢llzll¢llan (2.7) 

15



and 

o(q)(¢,¢) = (qibzr, be) + (G2, bx) + (93%, ) 

1 1 

> min{g} [ |éslldelde — llaalle [ |dlldelde 
1 

— [Iaalle [| |¢lléldz 
] 1 2 > 5m [ |delléclde — Cllollir 

> alléliin — rollélir (2.8) 

where M,, a are positive constants and C, Xo are real numbers. From (2.7) and (2.8), 

we can see that (Al) and (A2) hold. 

For (A3) - (A5), notice that o(q)(-,-) is linear with respect to g, which implies 

that 

0,0(q)(¢,~) -h = o(h)(4,¢%), (2.9) 

for each h € Q. Combining (2.7), (2.8) and (2.9), we obtain (A3) - (A5). 0 

The theoretical framework presented in [8], where they used an indirect approach 

to identify unknown coefficient functions, can be used to treat many types of systems 

including the problems in which the underlying semigroup is not analytic or the 

problems involving functional partial differential equations ([6]). With appropriate 

modifications, the framework we present here should also be able to treat some other 

16



types of problems. 
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Chapter 3 

A Generalized Burgers’ Equation 

3.1 Preliminary 

Consider the initial value problem 

u(t) + Au(t) = f(t, u(t)), t>0 
(3.1) 

u(0) = uo 

on a Hilbert space X, here we assume A is a sectorial operator (i.e. —A generates 

an analytic semigroup) and that the spectrum of A lies entirely in the (open) right 

half-plane. In-this case, the fractional powers of A are well defined, and the space 

Xq = D(A) with the graph norm ||ul|, = ||A®u|| is defined for each a > 0. 

For our assumption concerning the function f in (3.1), we will use the following 

definition: 

Definition 3.1 Let U be an open subset of Rx X°, where a is between0<a< 1. 

We say that f is locally Holder continuous in t and locally Lipschitz in x on U if for 

every (t,u) € U, there exists a neighborhood V of (t,u) so that for (ty, uz), (t2, u2) € 

18



V, there are L > 0 and @> 0 such taht 

\| F(t1, ur) — f (ta, ua) |x < L(|tr — tel? + Jus — walla). 

The following local existence theorem for the solution of equation (3.1) can be 

found in [37], [28] and [18]. 

Theorem 3.1 Let A be as before and let f be locally Holder continuous in t and 

locally Lipschitz continuous in x in an open set U C Rx X*. Then for every initial 

data (to, uo) € U, there exists T = T(to,uo) > 0 such that the initial value problem 

(3.1) has a unique local solution u(t) on (to,to + T) with initial value u(to) = uo. 

In this chapter, the equation we consider is a special case of (3.1). In Section 3.2, 

we will show that the equation satisfies the conditions in Theorem 3.1 and we will 

establish regularity properties. In Section 3.3 we establish a Maximum Principle for 

the equation; and in Section 3.4 we prove the global existence and differentiability 

of the solution with respect to the parameters. 

19



3.2 Local Existence and Regularity Properties 

We consider a generalized Burgers’ equation which has the Dirichlet boundary con- 

dition and is defined on a finite interval [0,1] by 

Ut = EUrz — Q(z)uUs, 0O<xr<1, t>0, 

u(t, 0) = u(t, 1) = 0, t> 0, (3.2) 

u(0,r) = ud(z), 0<2<l, 

where € > 0. We assume q(x) € C[0,1], and uo(x) € Hj(0, 1). 

Let X = L(0,1), define an operator A in X by Au = —eugz, with D(A) = 

H?(0,1) H$(0,1). It is well-known that —A generates an analytic semigroup, and 

the spectrum o({A) of A consists of all eigenvalues en*r?,n = 1,2,---. Thus we 

have Re(o(A)) > 0. Therefore, we can define fractional powers of A and D(A?) is 

H3(0,1). Let X1/? = D(A/?) = H}(0,1). 

The function f(u) = —q(xr)uu, is defined from X'/? to X, and (3.2) can be 

written as the initial-value problem 

u.+Au=f(u), t>0 

u(0) = uo. 

Lemma 3.1 f : X'/* = X is locally Lipschitz. In particular, if u € X'/?, then 

there exists a neighborhood V of u and a constant C' > 0 such that for v,w € V, 

flo) — flw)|lx < Ello — wll xan. 

20



Proof. For any v,w € H23(0,1), since H1(0,1) is continuously embedded in C,[0, 1], 

it follows from Poincaré’s inequality that 

F(v) — flw)|[c2 = || — a(x )vve + q(x) wwel|z2 

< |la(2)|le,|]vv2 — wwel|z 

< fla(z)llo,(v(ve — we)|[z2 + |lwe(v — w)|l]z2) 

< |la(z)lle, (ello, + []ue — wellz2 + [|wellz2 - |v — wlle,) 

< |la(z)lle, - C(ullzs - lve — wellze + []wellz2 - |]v — wil) 

< Clla(z)lo, - (lollas + [lwllax) - lw — wlln 

Hence, f is locally Lipschitz. O 

The following theorem establishs the existence and smoothness properties of local 

solutions to (3.2). This result is based on Lemma 1, Definition 3.3.1, Theorem 3.3.3 

and Theorem 3.5.2 from Chapter 3 of [28]. Part of the result can also be derived 

from [37]. 

Theorem 3.2 Suppose « > 0 and q(x) € C[0,1]. Then for every ug € X'/? = 

Hj(0,1), there exists T > 0 such that (3.2) has a unique solution u(t) on [0,T), 

where u(t) € C([0,7), Hj(0,1)) 9 C*((0.7), H5(0,1)), and u(t) € D(A) for each 

t € (0,T). 

21



For our system (3.2), this solution possess, the following regularity property. 

Theorem 3.3 /f u(t) = u(t,x) is the local solution given in Theorem 3.2, then 

u(t,x) is continuous on [0,T') x [0,1]. Moreover, u(t,x) is a classical solution of 

(3.2) on [0,T) x [0,1]. 

Proof. First, from Theorem 3.2 we know that 

u(t) € C([0, 7); Hy (0, 1)) A C*((0, T); Ho (0, 1)). 

Also, since H5(0,1) is continuously imbedded in C[0,1], we see that u(t,z) is con- 

tinuous on (0,7) x [0,1] and is continuously differentiable in ¢ € (0,7') for each 

xz € (0,1). Since u(t) € D(A) = H?(0,1) N HG(0, 1), it follows that u(t, x) is contin- 

uously differentiable for each ¢t € (0,T). Clearly, uz: belongs to L?(0,1). 

Notice that every term, except eu,,, in the equation is continuous. Thus, uzz is 

also continuous. Consequently, we see that, for t € (0,7) and z € (0,1), u(t,z) is 

continuously differentiable in ¢ and twice continuously differentiable in x. Hence it 

is a Classical solution, completing the proof. O 

3.3 The Maximum Principle 

Theorem 3.4 Let u(t,z) be the solution of (3.2) on [0,T) x [0,1]. Under our 

assumptions, the maximum absolute value of u(t,z) is reached on {0} x [0,1]. That 

22



1S, 

lu(t,)| S max |u(0, «)| 

fort € [0,T), x € [0,1] and |lu(t,-)\lc = maxocr<s |u(t,z)| 1s decreasing on t € 

[0, T). 

Proof. Let v(t, 2) = e~7*u(t, x) for some \ > 0 and let 7’ be any number between 0 

and T. From Theorem 3.2, we know that u(t, x) is continuous on [0,7] x [0, 1], hence 

v?(t, x) is also continuous on [0,7] x [0,1] and thus v(t,) reaches its maximum 

value on (0, 7] x (0, 1]. Suppose the maximum value of v(t, z) is reached at (t1, 21) € 

(0,7] x (0,1). Without loss of generality, we may assume that v?(t1,21) > 0. By 

Theorem 3.2, we see that for each z € [0,1], v?(t,z) is continuous differentiable in 

t € (0,7) D (0,7), and for each t € [0,7], v2(t, x) is twice continuous differentiable 

in z € (0,1). So the first derivative of v? in z vanishs at the point (t;, 21); that is, 

(v?),(t1, 21) = 0. (3.3) 

The first derivative of v? in t vanishs at the point (t1,21) where t, € (0,7'); and 

when t, = T, it is greater than or equal to 0, hence we have 

(v?).(t1,21) > 0. (3.4) 
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The second derivative of v? in z is less than or equal to 0, 

(v)ee(t1, 21) < 0. (3.5) 

Since (v?)_(t1, 21) = 2u(t1, 71)ve(t1, 71) = 0 and v(ti, 21) 4 0, we have 

vz(t1,21) = 0. (3.6) 

Now lets go back to look at the equation (3.2) and we will get a contradiction. 

Multiply both sides of the first equation of (3.2) by u(t, z), we get 

1 
~(u*)s — €Uzzu + qu7u;z = 0, 
2 

Since (u?)z_ = 2uuge + 2u2, it follows that 

1 € 
alu) — S(u)ox + cud + Sulu?) = 0 

Replace u by e2'v one obtains 

(v7), + Av? — e€(v)or + 2ee™v? + ge?'v(v?); = 0. (3.7) 

It follows from (3.3), (3.4), (3.5). and (3.6) that at the point (t;,21) we have 

(v7), 20, Av? >0, —e(v* Jee > 0, 
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�a�n�d� �t�h�e� �l�a�s�t� �t�w�o� �t�e�r�m�s� �o�f� �(�3�.�7�)� �a�r�e� �z�e�r�o�.� �T�h�i�s� �m�e�a�n�s� �t�h�a�t� �t�h�e� �e�q�u�a�t�i�o�n� �(�3�.�2�)� �c�a�n� �n�o�t� 

�h�o�l�d� �a�t� �(�t�;�,�2�,�)�.� �T�h�u�s�,� �v�?�(�t�,� �x�)� �d�o�e�s� �n�o�t� �a�c�h�i�e�v�e� �i�t�s� �m�a�x�i�m�u�m� �v�a�l�u�e� �a�t� �(�t�1�,� �2�1�)�,� �w�h�i�c�h� 

�i�s� �a�n� �a�r�b�i�t�r�a�r�y� �p�o�i�n�t� �i�n� �(�0�,�7�'�]� �x� �(�0�,�1�)�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� �m�a�x�i�m�u�m� �v�a�l�u�e� �o�f� �v�(�t�,� �x�)� �i�s� 

�a�c�h�i�e�v�e�d� �o�n� �{�0�}� �x� �[�0�,�1�]�,� �t�h�a�t� �i�s� 

�|�v�*�(�t�,�x�)�|� �<� �m�a�x� �|�v�*�(�0�,�x�)�|� �f�o�r� �¢ ¬�[�0�,�7�T�)�,� �z�  ¬� �[�0�,�1�]�,� 

�o�r� �e�q�u�i�v�a�l�e�n�t�l�y�,� 

�l�e�*�u�?�(�t�,� �x�)� �|� �<� �i�m�a�x� �|�u�o�(�z�)�|� �f�o�r� �¢ ¬�[�0�,�7�)�,� �x�z�  ¬� �[�0�,�1�]�.� 

�H�e�n�c�e�,� �f�o�r� �a�l�l� �\� �>� �0�,� �i�t� �f�o�l�l�o�w�s� �t�h�a�t� 

�a� 

�j�u�(�t�,�x�)�|� �<� �e�?�!� �m�a�x� �[�u�o�(�z�)�|�.� 

�N�o�w� �l�e�t�t�i�n�g� �\�  �� �0�,� �w�e� �o�b�t�a�i�n� 

�j�u�(�t�,�r�)�|� �<� �m�a�x� �|�u�o�(�x�)�|� �f�o�r� �t ¬� �(�0�,�7�)�,� �x�  ¬� �[�0�,�1�]�,� 

�a�n�d� �t�h�i�s� �c�o�m�p�l�e�t�e�s� �t�h�e� �p�r�o�o�f�.� �O� 

�3�.�4� �G�l�o�b�a�l� �E�x�i�s�t�e�n�c�e� �a�n�d� �D�i�f�f�e�r�e�n�t�i�a�b�l�e� �D�e�p�e�n�-� 
�d�e�n�c�e� �P�r�o�p�e�r�t�i�e�s� 

�T�h�e�o�r�e�m� �3�.�5� �A�s�s�u�m�e� �¢ ¬�,� �b�(�r�)� �a�n�d� �u�o�(�x�)� �s�a�t�i�s�f�y� �t�h�e� �h�y�p�o�t�h�e�s�e�s� �o�f� �T�h�e�o�r�e�m� �3�.�4�.� 

�2�5



�T�h�e�n� �t�h�e� �s�y�s�t�e�m� �h�a�s� �a� �u�n�i�q�u�e� �g�l�o�b�a�l� �c�l�a�s�s�i�c� �s�o�l�u�t�i�o�n�.� 

�P�r�o�o�f�.� �F�o�r� �t�h�e� �f�u�n�c�t�i�o�n� �f�(�u�)� �=�  ��q�(�x�)�u�u�z�,� �w�e� �h�a�v�e� 

�[�F�f� �(�u�)� �[�z�z� �=� �|�|�  �� �a�(�e�)�u�u�e�l�l�z�e� �<� �[�l�e�l�l�o�,�l�e�l�l�o�,�l�u�e�l�l�z�2�-� 

�S�i�n�c�e� �u�  ¬� �H�4�(�0�,�1�)�,� �i�t� �f�o�l�l�o�w�s� �f�r�o�m� �t�h�e� �f�a�c�t� �t�h�a�t� �H�'�(�0�,�1�)� �i�s� �c�o�n�t�i�n�u�o�u�s�l�y� �e�m�b�e�d�d�e�d� 

�i�n� �C�[�0�,�1�]� �a�n�d� �P�o�i�n�c�a�r�é�  ��s� �i�n�e�q�u�a�l�i�t�y� �t�h�a�t� 

�F�(�u�)�|�l�z�2� �<� �C�h�e�l�l�i�s� 

�f�o�r� �s�o�m�e� �C �� �>� �0�,� �w�h�e�r�e� �C�'� �d�e�p�e�n�d�s� �o�n�l�y� �o�n� �q�(�z�)�.� 

�T�h�i�s� �s�h�o�w�s� �t�h�a�t� �f� �m�a�p�s� �b�o�u�n�d�e�d� �s�e�t�s� �i�n� �X�!�/�?� �=� �H�2�(�0�,�1�)� �t�o� �b�o�u�n�d�e�d� �s�e�t�s� �i�n� 

�X� �=� �[�7�(�0�,�1�)�.� �T�h�u�s� �i�f� �u�(�t�)� �i�s� �a� �s�o�l�u�t�i�o�n� �o�f� �(�3�.�2�)� �o�n� �[�0�,�7�)� �a�n�d� �T� �i�s� �m�a�x�i�m�a�l�,� �t�h�e�n� 

�e�i�t�h�e�r� �T� �=� �o�o� �o�r� �t�h�e�r�e� �e�x�i�s�t�s� �a� �s�e�q�u�e�n�c�e� �t�,�  �� �T �� �a�s� �n�  �� �o�o� �s�u�c�h� �t�h�a�t� �|�|�u�(�t�n�)�|�|� �x�1�7�2� �>� 

�o�o�.� �(�S�e�e� �T�h�e�o�r�e�m� �3�.�3�.�4�.� �i�n� �C�h�a�p�t�e�r� �3� �o�f� �[�2�8�]�.�)� 

�N�e�x�t� �w�e� �p�r�o�v�e� �|�|�u�(�t�)�|�|� �1�/�2� �i�s� �b�o�u�n�d�e�d� �o�n� �a�n�y� �f�i�n�i�t�e� �i�n�t�e�r�v�a�l�.� 

�L�e�t� �u�(�t�)� �b�e� �a� �s�o�l�u�t�i�o�n� �o�f� �(�3�.�2�)� �o�n� �(�0�,�7�)� �w�i�t�h� �T� �<� �c�o�.� �T�a�k�i�n�g� �t�h�e� �L�*�(�0�,�1�)� �i�n�n�e�r� 

�p�r�o�d�u�c�t� �o�f� �b�o�t�h� �s�i�d�e�s� �o�f� �t�h�e� �f�i�r�s�t� �e�q�u�a�t�i�o�n� �o�f� �(�3�.�2�)� �w�i�t�h�  ��u�,�,�,� �w�e� �h�a�v�e� 

�1� 
�~ ��|�\�y�,�|�/�?� �=� �~�e�|�l�u�r�e�|�|�7�2� �+� �|� �q�(�x� �)�u�z�u�u�g�e�d�z�.� �(�3�.�8�)� 
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�F�o�r� �t�h�e� �l�a�s�t� �i�n�t�e�g�r�a�l� �o�n� �t�h�e� �r�i�g�h�t� �s�i�d�e� �o�f� �(�3�.�8�)�,� �w�e� �h�a�v�e� �t�h�e� �e�s�t�i�m�a�t�e� 

�1� 

�|� �f� �g�(�e�)�u�s�u�u�s�e�d�e�|� �<� �|�j�u�o�l�l�e�s�l�l�a�l�i�c�e�l�l�u�e�l�l�z�l�l�e�s�e�l�l�z�a� 

�4�6� �<� �S�l�u�s�e�l�[�3�2� �+� �u�e�|�l�2�e�.� 

�H�e�r�e�,� �w�e� �u�s�e�d� �T�h�e�o�r�e�m� �3�.�3� �a�n�d� �H�é�l�d�e�r ��s� �i�n�e�q�u�a�l�i�t�y� �o�n� �t�h�e� �f�i�r�s�t� �s�t�e�p� �a�n�d� �t�h�e� �i�n�e�q�u�a�l�-� 

�i�t�y� 

�a�b� �<� �6�a�?� �+� �i� 

�o�n� �t�h�e� �s�e�c�o�n�d� �s�t�e�p�.� �I�f� �w�e� �s�e�l�e�c�t� �6� �=�  ¬�/�2�,� �t�h�e�n� �(�3�.�8�)� �y�i�e�l�d�s� 

�l�l�u�o�l�l�é�,� �l�l�a�l�l�c� �o�l�l�,� �e�s�e� �2�,� �d�  ��|�i�u�e�l�e� �+� �e�l�l�u�s�e�l�i�e� �<�  ��2� 
�=� �C�l�l�u�e�l�l�i�z�,� 

�w�h�e�r�e� �C� �i�s� �a� �f�i�x�e�d� �c�o�n�s�t�a�n�t� �f�o�r�  ¬�,� �q�(�x�)�,� �u�o�(�x�)� �a�r�e� �g�i�v�e�n�.� 

�N�o�w� �l�e�t� �u�s� �c�o�n�s�i�d�e�r� �t�h�e� �f�o�l�l�o�w�i�n�g� �i�n�e�q�u�a�l�i�t�y� �(�w�h�i�c�h� �i�s� �t�h�e� �p�r�e�v�i�o�u�s� �o�n�e� �w�i�t�h�o�u�t� 

�t�h�e� �s�e�c�o�n�d� �t�e�r�m� �o�n� �t�h�e� �l�e�f�t�)�:� 

�d� �2� �A� �2� �F� �l�u�e�l�l�i�s� �<� �C�l�l�u�e�l�l�d�e� �(�3�.�9�)� 

�F�r�o�m� �T�h�e�o�r�e�m� �3�.�1�,� �w�e� �k�n�o�w� �t�h�a�t� �u�(�t�)�  ¬� �C ��(�(�0�,�7�)�,� �H�j�(�0�,�1�)�)�.� �T�h�u�s�,� �f�o�r� �s�m�a�l�l� �p�  ¬� 
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�(�0�,�7�)�,� �i�t� �f�o�l�l�o�w�s� �f�r�o�m� �(�3�.�9�)� �t�h�a�t� 

�|�|� �u�(�t�)� �|�|�7�2� �<� �e�i�n�l�l�l�u�z�(�P�)�I�I�F�2�)�-�C�e� �.� �e�t�.� �(�3�.�1�0�)� 

�F�r�o�m� �(�3�.�1�0�)�,� �i�t� �i�s� �c�l�e�a�r� �t�h�a�t� �|�|�u�.�(�t�)�|�|�z�2� �i�s� �b�o�u�n�d�e�d� �o�n� �[�0�,�7�)�.� �S�o� �t�h�e� �P�o�i�n�c�a�r�é ��s� 

�i�n�e�q�u�a�l�i�t�y� �i�m�p�l�i�e�s� �t�h�a�t� �|�|�u�(�t�)�|�]�q�:� �i�s� �b�o�u�n�d�e�d� �o�n� �[�0�,�7�'�)�.� �N�o�w� �i�t� �i�s� �c�l�e�a�r� �f�r�o�m� �t�h�e� 

�a�r�g�u�m�e�n�t� �a�t� �t�h�e� �b�e�g�i�n�n�i�n�g� �o�f� �t�h�e� �p�r�o�o�f� �t�h�a�t� �(�3�.�2�)� �h�a�s� �a� �g�l�o�b�a�l� �s�o�l�u�t�i�o�n�.� �0� 

�B�y� �T�h�e�o�r�e�m� �3�.�4�.�4�.� �a�n�d� �C�o�r�o�l�l�a�r�y� �3�.�4�.�5�.� �i�n� �[�2�8�]�,� �w�e� �h�a�v�e� �t�h�e� �f�o�l�l�o�w�i�n�g� �t�h�e�o�r�e�m� 

�w�h�i�c�h� �e�s�t�a�b�l�i�s�h�e�s� �d�i�f�f�e�r�e�n�t�i�a�b�i�l�i�t�y� �o�f� �t�h�e� �s�o�l�u�t�i�o�n� �u�(�t�)� �o�f� �(�3�.�2�)� �w�.�r�.�t�.� �t�h�e� �p�a�r�a�m�e�t�e�r�s�.� 

�T�h�e�o�r�e�m� �3�.�6� �L�e�t� �u�(�t�)� �b�e� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �(�3�.�2�)� �o�n� �[�0�,�0�0�)�.� �T�h�e�n� �t�h�e� �m�a�p�p�i�n�g� 

�( ¬�,�9�,�U�.�)� �>� �u�(�t�;�  ¬�,�q�,� �U�o�)� �t�s� �i�n�f�i�n�i�t�e�l�y� �o�f�t�e�n� �d�i�f�f�e�r�e�n�t�i�a�b�l�e� �f�r�o�m� �R�*� �x� �C�,�[�0�,� �1�]� �x� �H�d�(�0�,� �1�)� 

�i�n�t�o� �H�3�(�0�,�1�)� �f�o�r� �t�  ¬� �(�0�,�0�0�)�.� �M�o�r�e�o�v�e�r�,� �t�h�e� �d�e�r�i�v�a�t�i�v�e�s� �w�(�t�)� �=� �D�,�u�(�t�)�,� �v�(�t�)� �=� 

�D�y�z�y�u�(�t�)�,� �z�(�t�)� �=� �D�y�,� �u�(�t�)� �a�r�e� �t�h�e� �s�o�l�u�t�i�o�n�s� �o�f� �t�h�e� �f�o�l�l�o�w�i�n�g� �e�q�u�a�t�i�o�n�s� 

�d� 

�r� �=�  ¬�W�r�r� �q�(�z�)�u�w�,�  �� �q�(�x� �)�u�,�w� �+� �U�r�e�,� �w�(�0�)� �=� �0�;� 

�d�v� 

�d�t� �=� �U�r�r�  �� �q�(�x�)�u�v�;� �~�~� �q�(�x�)�u�c�v�  �� �U�U�z�,� �v�(�0�)� �=� �0�;� 

�d� 
�7� �=�  ¬�Z�z�7�  �� �q�(�r�)�u�z�z�  �� �q�(�x�)�u�z�z�,� �2�(�0�)� �=� �1�.� 
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�C�h�a�p�t�e�r� �4� 

�P�a�r�a�m�e�t�e�r� �E�s�t�i�m�a�t�i�o�n� �b�y� 
�Q�u�a�s�i�l�i�n�e�a�r�i�z�a�t�i�o�n� 

�I�n� �t�h�i�s� �c�h�a�p�t�e�r� �w�e� �f�o�r�m�u�l�a�t�e� �t�h�e� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n� �p�r�o�b�l�e�m�s� �a�s� �a�n� �o�p�t�i�m�a�l� �c�o�n�-� 

�t�r�o�l� �p�r�o�b�l�e�m� �i�n� �w�h�i�c�h� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �a�r�e� �t�h�e� �c�o�n�t�r�o�l� �v�a�r�i�a�b�l�e�s�.� �W�e� �d�i�s�c�u�s�s� �t�w�o� 

�i�s�s�u�e�s�,� �t�h�e� �f�i�r�s�t� �o�n�e� �i�s� �t�h�e� �e�x�i�s�t�e�n�c�e� �o�f� �a� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �r�e�s�u�l�t�i�n�g� �o�p�t�i�m�a�l� �c�o�n�t�r�o�l� 

�p�r�o�b�l�e�m�,� �t�h�e� �s�e�c�o�n�d� �o�n�e� �i�s� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �r�e�s�u�l�t� �o�f� �t�h�e� �q�u�a�s�i�l�i�n�e�a�r�i�z�a�t�i�o�n� �m�e�t�h�o�d�.� 

�4�.�1� �F�o�r�m�u�l�a�t�i�o�n� �o�f� �t�h�e� �P�a�r�a�m�e�t�e�r� �E�s�t�i�m�a�t�i�o�n� 

�P�r�o�b�l�e�m� 

�T�h�e� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n� �p�r�o�b�l�e�m� �f�o�r� �(�2�.�1�)� �o�r� �(�3�.�2�)� �c�a�n� �b�e� �f�o�r�m�u�l�a�t�e� �a�s� �f�o�l�l�o�w�s�.� 

�W�e� �a�s�s�u�m�e� �w�e� �a�r�e� �g�i�v�e�n� �o�b�s�e�r�v�a�t�i�o�n�s� �o�r� �d�a�t�a� �y�;�  ¬� �Y� �a�t� �d�i�s�c�r�e�t�e� �t�i�m�e�s� �t�;�,� �7� �=� 

�1�,�2�,�-�-�-�,�m�,� �w�h�e�r�e� �t�h�e� �o�b�s�e�r�v�a�t�i�o�n� �s�p�a�c�e� �Y� �i�s� �a� �H�i�l�b�e�r�t� �s�p�a�c�e�.� �T�h�e� �s�t�a�t�e� �s�p�a�c�e� �H� 

�i�s� �a� �H�i�l�b�e�r�t� �s�p�a�c�e�,� �a�n�d� �w�e� �a�s�s�u�m�e� �t�h�e� �a�d�m�i�s�s�i�b�l�e� �p�a�r�a�m�e�t�e�r� �s�e�t� �@� �i�s� �a� �s�u�b�s�e�t� �o�f� �a� 

�H�i�l�b�e�r�t� �s�p�a�c�e�.� �W�e� �w�i�s�h� �t�o� �d�e�t�e�r�m�i�n�e� �q� �s�o� �t�h�a�t� �s�o�m�e� �o�b�s�e�r�v�e�d� �p�a�r�t�,� �C�u�/�(�t�;�;�q�)�,� �o�f� �t�h�e� 

�s�t�a�t�e� �u� �d�e�p�e�n�d�i�n�g� �o�n� �q� �b�e�s�t� �a�p�p�r�o�x�i�m�a�t�e�s� �y�;�.� �I�n� �o�t�h�e�r� �w�o�r�d�s�,� �w�e� �s�e�e�k� �t�o� �i�d�e�n�t�i�f�y� 
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�q�*�(�x�)� �i�n� �Q�,� �t�h�a�t� �m�i�n�i�m�i�z�e�s� 

�J�(�q�)� �=� �Y�7�[�|�C�u�(�t�s�s�g�)�  �� �v�i�l�l�e� �+� �B�l�l�a�l�l�i�n�s� �(�4�.�1�)� 

�w�h�e�r�e� �C� �i�s� �a� �b�o�u�n�d�e�d� �l�i�n�e�a�r� �m�a�p�p�i�n�g� �f�r�o�m� �t�h�e� �s�t�a�t�e� �s�p�a�c�e� �H� �t�o� �Y� �a�n�d� �8� �>� �0�.� �W�h�e�n� 

�G�3� �>� �0�,� �t�h�e� �s�e�c�o�n�d� �t�e�r�m� �i�s� �a�  ��c�o�s�t� �t�e�r�m �� �a�n�d� �s�e�r�v�e�s� �a�s� �a� �r�e�g�u�l�a�r�i�z�a�t�i�o�n�.� 

�T�o� �e�s�t�a�b�l�i�s�h� �t�h�e� �e�x�i�s�t�e�n�c�e� �o�f� �a� �s�o�l�u�t�i�o�n� �t�o� �o�u�r� �i�n�v�e�r�s�e� �p�r�o�b�l�e�m�,� �w�e� �n�e�e�d� �t�h�e� 

�f�o�l�l�o�w�i�n�g� �d�e�f�i�n�i�t�i�o�n�:� 

�D�e�f�i�n�i�t�i�o�n� �4�.�1� �L�e�t� �X� �a�n�d� �Y� �b�e� �B�a�n�a�c�h� �s�p�a�c�e�s�.� �W�e� �s�a�y� �t�h�a�t� �a� �m�a�p�p�i�n�g� �F�f�:� �X�  �� �Y� 

�i�s� �s�e�q�u�e�n�t�i�a�l�l�y� �w�e�a�k�l�y� �c�o�n�t�i�n�u�o�u�s� �i�f� �w�h�e�n�e�v�e�r� 

�L�n�  �� �£� �w�e�a�k�l�y� �i�n� �X�,� 

�w�e� �h�a�v�e� 

�F�(�q�n�)� �2� �F�(�Z�)� �i�n�y�.� 

�W�e� �h�a�v�e� �t�h�e� �f�o�l�l�o�w�i�n�g� �t�w�o� �s�o�l�u�t�i�o�n� �e�x�i�s�t�e�n�c�e� �t�h�e�o�r�e�m�s�;� �t�h�e� �f�i�r�s�t� �o�n�e� �i�s� �f�o�r� �G� �>� �0� 

�a�n�d� �t�h�e� �s�e�c�o�n�d� �o�n�e� �f�o�r� �§� �>� �0�.� 

�T�h�e�o�r�e�m� �4�.�1� �S�u�p�p�o�s�e� �q�  �� �C�u�(�t�;�¢�)� �i�s� �s�e�q�u�e�n�t�i�a�l�l�y� �w�e�a�k�l�y� �c�o�n�t�i�n�u�o�u�s� �i�n� �Q� �f�o�r� �e�a�c�h� 

�t�.� �T�h�e�n� �t�h�e�r�e� �e�x�i�s�t�s� �a� �s�o�l�u�t�i�o�n� �q�*�(�x�)�  ¬� �Q� �f�o�r� �t�h�e� �i�n�v�e�r�s�e� �p�r�o�b�l�e�m� �w�i�t�h� �3� �>� �0�.� 

�P�r�o�o�f�.� �I�t� �i�s� �c�l�e�a�r� �t�h�a�t� �{�J�(�q�)�:� �q�  ¬� �Q�}� �i�s� �b�o�u�n�d�e�d� �b�e�l�o�w� �b�y� �z�e�r�o�,� �s�o� �i�t� �h�a�s� �a� �b�i�g�g�e�s�t� 

�3�0



�l�o�w�e�r� �b�o�u�n�d�.� �L�e�t� �y� �b�e� �t�h�e� �b�i�g�g�e�s�t� �l�o�w�e�r� �b�o�u�n�d� �f�o�r� �{�J�(�q�:�q�  ¬� �Q�}�.� �T�h�a�t� �i�s�,� 

�y� �=�i�n�f�{�J�(�q�:�¢�  ¬� �Q�}�.� 

�T�h�e�n� �t�h�e�r�e� �i�s� �a� �m�i�n�i�m�i�z�i�n�g� �s�e�q�u�e�n�c�e� �{�q�,�}� �s�u�c�h� �t�h�a�t� 

�J�(�q�x�(�z�)�)� �+� �y�,� �a�s� �k� �>� �o�o�.� 

�S�i�n�c�e� 

�a�l�l�e� �<� �5�0�)� �(�4�.�2�)� 

�{�q�i�}� �i�s� �b�o�u�n�d�e�d� �i�n� �Q�.� �H�e�n�c�e�,� �t�h�e� �s�e�q�u�e�n�c�e� �q�,� �h�a�s� �a� �w�e�a�k�l�y� �c�o�n�v�e�r�g�e�n�t� �s�u�b�s�e�q�u�e�n�c�e� 

�{�q�x�,� �}�.� �L�e�t� �q�*� �b�e� �s�u�c�h� �t�h�a�t� 

�d�k�,� �~�q�°� �w�e�a�k�l�y� �i�n� �Q�.� 

�T�h�e�n�,� �i�t� �f�o�l�l�o�w�s� �b�y� �o�u�r� �h�y�p�o�t�h�e�s�i�s� �t�h�a�t� 

�C�u�(�g�k�,�)� �~� �C�u�(�q�*�)� �i�n� �Y�.� 

�B�y� �t�h�e� �c�o�n�t�i�n�u�i�t�y� �p�r�o�p�e�r�t�y� �o�f� �o�u�r� �H�i�l�b�e�r�t� �s�p�a�c�e� �n�o�r�m�,� �w�e� �c�o�n�c�l�u�d�e� �t�h�a�t� 

�L�e�m�j�+�c�o�d� �(�4�k�,� �)� �=� �J�(�q�*�)�.� 
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�C�o�n�s�e�q�u�e�n�t�l�y�,� �w�e� �h�a�v�e� �J�(�q�*�)� �=� �y�.� �H�e�n�c�e�,� �q�*� �i�s� �a� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �i�n�v�e�r�s�e� �p�r�o�b�l�e�m�.� �O� 

�T�h�e�o�r�e�m� �4�.�2� �S�u�p�p�o�s�e� �q�  �� �C�u�(�t�;� �q�)� �t�s� �s�e�q�u�e�n�t�i�a�l�l�y� �w�e�a�k�l�y� �c�o�n�t�i�n�u�o�u�s� �i�n� �Q� �f�o�r� �e�a�c�h� 

�t�.� �M�o�r�e�o�v�e�r�,� �a�s�s�u�m�e� �Q� �i�s� �a� �b�o�u�n�d�e�d�.� �T�h�e�n� �t�h�e�r�e� �e�x�i�s�t�s� �a� �s�o�l�u�t�i�o�n� �q�*�(�x�)�  ¬� �Q� �f�o�r� �t�h�e� 

�i�n�v�e�r�s�e� �p�r�o�b�l�e�m�.� 

�P�r�o�o�f�.� �T�h�e� �r�e�s�u�l�t� �c�a�n� �b�e� �g�o�t� �i�n� �t�h�e� �s�a�m�e� �w�a�y� �a�s� �i�n� �t�h�e� �p�r�o�o�f� �o�f� �T�h�e�o�r�e�m� �4�.�1� �e�x�c�e�p�t� 

�u�s�i�n�g� �t�h�e� �h�y�p�o�t�h�e�s�e�s� �i�n�s�t�e�a�d� �o�f� �(�4�.�2�)� �t�o� �g�e�t� �{�q�x�}� �i�s� �b�o�u�n�d�e�d�.� �O� 

�A�s� �a�n� �e�x�a�m�p�l�e�,� �w�e� �a�p�p�l�y� �T�h�e�o�r�e�m� �4�.�1� �a�n�d� �T�h�e�o�r�e�m� �4�.�2� �t�o� �a� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�-� 

�t�i�o�n� �p�r�o�b�l�e�m� �g�o�v�e�r�n�e�d� �b�y� �t�h�e� �g�e�n�e�r�a�l�i�z�e�d� �B�u�r�g�e�r�s �� �e�q�u�a�t�i�o�n�,� �w�h�i�c�h� �w�a�s� �p�r�e�s�e�n�t�e�d� 

�i�n� �p�r�e�v�i�o�u�s� �c�h�a�p�t�e�r�.� 

�T�h�e� �p�a�r�a�m�e�t�e�r� �d�e�p�e�n�d�e�n�t� �s�y�s�t�e�m� �w�e� �a�r�e� �c�o�n�s�i�d�e�r�i�n�g� �i�s� �t�h�e� �f�o�l�l�o�w�i�n�g� 

�f�u�(�t�)� �=� �z�e�  �� �9�(�t�)�u�u�z�,� �0�<�r�<�1�,�t�>�0�,� 

�u�(�t�,�0�)� �=� �u�(�t�,�1�)� �=� �0�,� �i�>� �0�,� �(�4�.�3�)� 
�u�(�0�,�z�)� �=� �u�o�(�z�)�,� �O�<�2�r�<�l�.� 

�L�e�t� �t�h�e� �s�t�a�t�e� �s�p�a�c�e� �H� �b�e� �H�j�(�0�,�1�)�.� �W�h�e�n� �w�e� �c�o�n�s�i�d�e�r� �t�h�e� �r�e�g�u�l�a�r�i�t�y� �t�e�r�m� �(�i�.�e�.� 

�6�B� �>� �0�)�,� �w�e� �l�e�t� �Q� �b�e� �H�'�(�0�,�1�)�,� �o�t�h�e�r�w�i�s�e� �l�e�t� �Q�  ¬� �H�1�(�0�,�1�)� �a�n�d� �b�o�u�n�d�e�d� �i�n� �C�0�,� �1�]�.� 

�L�e�t� �Y� �b�e� �a�n�y� �H�i�l�b�e�r�t� �s�p�a�c�e� �a�n�d� �C�'� �b�e� �a� �b�o�u�n�d�e�d� �l�i�n�e�a�r� �o�p�e�r�a�t�o�r� �f�r�o�m� �H�5�(�0�,�1�)� �t�o� 

�Y�.� �I�n� �t�h�e� �n�e�x�t� �C�h�a�p�t�e�r�,� �w�e� �w�i�l�l� �u�s�e� �Y� �=� �R�'� �x� �R!"�,� �l�,�m�  ¬� �Z�t�,� �a�n�d� �C� �t�o� �b�e� �t�h�e� 

�p�r�o�j�e�c�t�i�o�n� �f�r�o�m� �H�2�(�0�,�1�)� �t�o� �R�'� �x� �R!"� �i�n� �o�u�r� �n�u�m�e�r�i�c�a�l� �e�x�a�m�p�l�e�s�.� �C�o�m�b�i�n�i�n�g� �t�h�e� 

�r�e�s�u�l�t�s� �i�n� �C�h�a�p�t�e�r� �3� �w�i�t�h� �T�h�e�o�r�e�m� �4�.�1�,� �w�e� �h�a�v�e� �t�h�e� �f�o�l�l�o�w�i�n�g� �r�e�s�u�l�t�.� 

�3�2



�C�o�r�o�l�l�a�r�y� �4�.�1� �T�h�e�r�e� �e�x�i�s�t�s� �a� �s�o�l�u�t�i�o�n� �q�*�(�x�)� �o�f� �t�h�e� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n� �p�r�o�b�l�e�m� 

�g�o�v�e�r�n�e�d� �b�y� �(�4�.�3�)�.� 

�P�r�o�o�f�.� �F�r�o�m� �T�h�e�o�r�e�m� �4�.�1� �a�n�d� �T�h�e�o�r�e�m� �4�.�2�,� �w�e� �o�n�l�y� �n�e�e�d� �t�o� �p�r�o�v�e� �t�h�a�t� �t�h�e� �m�a�p�p�i�n�g� 

�q�  �� �C�u�(�t�;�q�)�,� �f�r�o�m� �H�'�(�0�,�1�)� �t�o� �Y�,� �i�s� �s�e�q�u�e�n�t�i�a�l�l�y� �w�e�a�k�l�y� �c�o�n�t�i�n�u�o�u�s� �f�o�r� �e�a�c�h� �t�.� 

�L�e�t� �q�x�  �� �q� �w�e�a�k�l�y� �i�n� �H�'�(�0�,�1�)�.� �S�i�n�c�e� �H�'�(�0�,�1�)� �i�s� �c�o�m�p�a�c�t�l�y� �e�m�b�e�d�d�e�d� �i�n� �C�;�4�(�0�,� �1�)�,� 

�i�t� �f�o�l�l�o�w�s� �t�h�a�t� �q�,� �c�o�n�v�e�r�g�e�s� �t�o� �q� �i�n� �C�,�(�0�,�1�)�.� �I�t� �f�o�l�l�o�w�s� �f�r�o�m� �T�h�e�o�r�e�m� �3�.�6� �t�h�a�t� �f�o�r� 

�e�a�c�h� �¢�  ¬� �[�0�,�T�)� �u�(�t�;� �q�x�(�z�)�)�  �� �u�(�t�;� �q�)� �i�n� �H�5�(�0�,�1�)�.� 

�F�i�n�a�l�l�y�,� �s�i�n�c�e� �C� �i�s� �a� �c�o�n�t�i�n�u�o�u�s� �m�a�p�p�i�n�g� �f�r�o�m� �H�j�(�0�,�1�)� �t�o� �Y�,� �w�e� �h�a�v�e� �t�h�a�t� 

�C�u�(�t�;�q�,�)� �c�o�n�v�e�r�g�e�s� �t�o� �C�u�(�t�;�q�)� �i�n� �Y� �f�o�r� �e�a�c�h� �¢�t�.� �H�e�n�c�e�,� �C�u�(�t�;�q�)� �i�s� �s�e�q�u�e�n�t�i�a�l�l�y� 

�w�e�a�k�l�y� �c�o�n�t�i�n�u�o�u�s� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �g�q� �a�n�d� �t�h�e� �p�r�o�o�f� �i�s� �c�o�m�p�l�e�t�e�.� �0� 

�4�.�2� �T�h�e� �Q�u�a�s�i�l�i�n�e�a�r�i�z�a�t�i�o�n� �A�l�g�o�r�i�t�h�m� 

�I�n� �t�h�i�s� �s�e�c�t�i�o�n� �w�e� �d�i�s�c�u�s�s� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �p�r�o�p�e�r�t�y� �o�f� �t�h�e� �q�u�a�s�i�l�i�n�e�a�r�i�z�a�t�i�o�n� �a�l�g�o�-� 

�r�i�t�h�m� �f�o�r� �t�h�e� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n� �p�r�o�b�l�e�m�.� �W�e� �c�o�n�s�i�d�e�r� �t�h�e� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n� 

�p�r�o�b�l�e�m� �f�o�r�m�u�l�a�t�e�d� �a�s� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �s�e�c�t�i�o�n�.� �F�o�r� �t�h�e� �s�a�k�e� �o�f� �c�o�n�v�e�n�i�e�n�c�e�,� �w�e� 

�r�e�w�r�i�t�e� �(�4�.�1�)� �i�n� �a� �s�i�m�p�l�e�r� �f�o�r�m� �a�s� �f�o�l�l�o�w�s�:� �L�e�t� �Y� �=� �Y!"� �(�w�i�t�h� �t�h�e� �p�r�o�d�u�c�t� �n�o�r�m�)�,� 

�y� �=� �(�Y�1�,�Y�2�,�°�°�,� �Y�m�)� �a�n�d� �U�(�q�)� �=� �(�C�u�(�t�i�;� �q�)�,� �C�u�(�t�e�;�9�,�-�-�-�,�C�u�l�(�t�m�3�q�)�)�.� �A�l�s�o�,� �w�e� �l�e�t� 

�Z�=�Y� �x� �Q� �(�w�i�t�h� �t�h�e� �p�r�o�d�u�c�t� �n�o�r�m�)� �a�n�d� �s�e�t� 

�U�(�q�) ��y� �F�(�q�)�=� �,� 
�(�@�)� �(� �V�'�8�q� 
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�W�i�t�h� �t�h�i�s� �s�e�t�t�i�n�g�,� �(�4�.�1�)� �b�e�c�o�m�e�s� 

�J�(�q�)� �=� �|�|�F�(�)�l�l�z�-� �(�4�.�4�)� 

�T�h�e� �m�e�t�h�o�d� �w�e� �u�s�e� �t�o� �s�o�l�v�e� �t�h�i�s� �p�a�r�a�m�e�t�e�r� �i�d�e�n�t�i�f�i�c�a�t�i�o�n� �p�r�o�b�l�e�m� �i�n� �t�h�i�s� �s�e�c�t�i�o�n� 

�i�s� �q�u�a�s�i�l�i�n�e�a�r�i�z�a�t�i�o�n�.� �T�h�e� �c�o�n�c�e�p�t� �o�f� �q�u�a�s�i�l�i�n�e�a�r�i�z�a�t�i�o�n� �w�a�s� �i�n�t�r�o�d�u�c�e�d� �i�n� �[�1�2�]�.� �S�i�n�c�e� 

�t�h�e�n�,� �t�h�e�r�e� �h�a�v�e� �b�e�e�n� �v�a�r�i�o�u�s� �e�x�t�e�n�s�i�o�n�s� �a�n�d� �v�a�r�i�a�t�i�o�n�s� �(�s�e�e� �[�7�]�,� �[�1�5�]�,� �[�1�6�]�,� �[�2�6�]�,� �[�4�]�)�.� 

�Q�u�a�s�i�l�i�n�e�a�r�i�z�a�t�i�o�n� �i�s� �a� �r�e�c�u�r�s�i�v�e� �N�e�w�t�o�n ��s� �m�e�t�h�o�d� �t�y�p�e� �o�f� �a�l�g�o�r�i�t�h�m�,� �w�h�i�c�h� �c�a�n� �b�e� 

�d�e�f�i�n�e�d� �a�s� �f�o�l�l�o�w�s�:� 

�G�i�v�e�n� �a�n� �i�n�i�t�i�a�l� �g�u�e�s�s� �q�o�  ¬� �Q�,� �d�e�f�i�n�e� 

�q�h�)� �=� �g�*�  �� �D�(�q�e�)�*�M�*� �(�q�e�)� �F� �(�q�x�)�,� 

�=� �G�(�q�*�)� �k�=�0�,�1�,�2�,�3�,�-�-�-�,� �(�4�.�5�)� 

�w�h�e�r�e� 

�M�(�q�)� �=� �D�,�F�(�q�)�;� 

�D�(�q�)� �=� �M�*�(�q�)�M�(�q�)�,� 

�a�n�d� �M�*�(�q�)� �i�s� �t�h�e� �a�d�j�o�i�n�t� �o�p�e�r�a�t�o�r� �o�f� �M�(�q�)�.� 

�T�h�e� �f�o�l�l�o�w�i�n�g� �r�e�s�u�l�t�s� �a�r�e� �s�t�r�a�i�g�h�t�f�o�r�w�a�r�d� �a�n�d� �c�a�n� �b�e� �f�o�u�n�d� �i�n� �[�2�6�]�:� 

�L�e�m�m�a� �4�.�1� �S�u�p�p�o�s�e� �u�(�t�;�q�)� �i�s� �F�r�é�c�h�e�t� �d�i�f�f�e�r�e�n�t�i�a�b�l�e� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �q� �a�n�d� �t�h�e� �m�a�p�-� 

�p�i�n�g� �q� �>� �D�,�u�(�t�;�q�)� �i�s� �l�o�c�a�l�l�y� �L�i�p�s�c�h�i�t�z� �c�o�n�t�i�n�u�o�u�s� �i�n� �Q� �f�o�r� �e�a�c�h� �t�.� �T�h�e�n� �b�o�t�h� �M�(�q�)� 

�a�n�d� �M�*�(�q�)� �a�r�e� �l�o�c�a�l�l�y� �L�i�p�s�c�h�i�t�z� �c�o�n�t�i�n�u�o�u�s� �i�n� �Q�,� �D�(�q�)� �i�s� �c�o�n�t�i�n�u�o�u�s� �i�n� �Q�.� 
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�U�n�d�e�r� �s�o�m�e� �a�s�s�u�m�p�t�i�o�n�s�,� �w�e� �c�a�n� �o�b�t�a�i�n� �s�u�p�e�r�l�i�n�e�a�r� �c�o�n�v�e�r�g�e�n�c�e� �w�h�e�n� �t�h�e�r�e� �i�s� 

�a�n� �e�x�a�c�t� �f�i�t� �t�o� �d�a�t�a� �a�n�d� �l�i�n�e�a�r� �c�o�n�v�e�r�g�e�n�c�e� �w�h�e�n� �t�h�e�r�e� �i�s�  ��s�m�a�l�l �� �e�r�r�o�r� �i�n� �d�a�t�a�.� �T�h�e�s�e� 

�r�e�s�u�l�t�s� �a�r�e� �t�y�p�i�c�a�l� �i�n� �t�h�e� �q�u�a�s�i�l�i�n�e�a�r�i�z�a�t�i�o�n� �m�e�t�h�o�d�s�,� �a�n�d� �t�h�e� �p�r�o�o�f�s� �g�i�v�e�n� �h�e�r�e� �a�r�e� 

�i�n� �t�h�e� �s�a�m�e� �i�d�e�a� �a�s� �t�h�o�s�e� �i�n� �[�7�]�,� �[�1�5�]�,� �a�n�d� �[�2�6�]�.� 

�T�h�e�o�r�e�m� �4�.�3� �S�u�p�p�o�s�e� �t�h�e� �h�y�p�o�t�h�e�s�e�s� �o�f� �L�e�m�m�a� �4�.�1� �a�r�e� �s�a�t�i�s�f�i�e�d�.� �A�s�s�u�m�e� �J�(�q�*�)� �=� 

�0� �a�n�d� �D�(�q�*�)�~�!� �e�x�i�s�t�s�.� �T�h�e�n� �f�o�r� �e�v�e�r�y�  ¬� �>� �0�,� �t�h�e�r�e� �e�x�i�s�t�s� �a� �c�o�n�s�t�a�n�t� �6� �>� �0� �s�u�c�h� �t�h�a�t� 

�I�G�(�i�q�)�-�a� �|�<� �C�l�l�a�-�@�l�?�+�e�l�l�a ��q�'�l�|� �w�h�e�n�e�v�e�r� �|�|�q �� �"�|�|� �<� �4�,� 

�w�h�e�r�e� �C� �i�s� �a� �c�o�n�s�t�a�n�t� �w�h�i�c�h� �d�e�p�e�n�d�s� �o�n� �q�*�.� �I�n� �p�a�r�t�i�c�u�l�a�r�,� �q�*� �i�s� �a� �p�o�i�n�t� �o�f� �a�t�t�r�a�c�t�i�o�n� 

�o�f� �t�h�e� �i�t�e�r�a�t�i�v�e� �s�c�h�e�m�e� �q�*�*�1� �=� �G�(�q�*�)�.� 

�P�r�o�o�f�.� �F�i�r�s�t�,� �w�e� �o�b�s�e�r�v�e� �t�h�a�t� 

�G�(�q�)�-�¢� �=� �D�(�q�)�"�[�D�(�a�)�(�q�-�@�)� �- �� �M�*�(�q�)� �F�(�q�)�]� 

�=� �D�(�q�)�"�[�M�*�(�q�)�[�M�(�q�)�(�q�-� �9�°�)� �- �� �F�(�Q�)�]�]� 

�=� �D�(�q�)�"�[�M�*�(�q�)�[�M�(�q�)�  �� �M�(�q�"�)�I�(�q� �-� �9�°�)� 

�T�h�e� �l�a�s�t� �t�e�r�m� �o�n� �t�h�e� �r�i�g�h�t� �h�a�n�d� �s�i�d�e� �o�f� �(�4�.�6�)� �i�s� �e�q�u�a�l� �t�o� �z�e�r�o� �s�i�n�c�e�,� �b�y� �a�s�s�u�m�p�t�i�o�n�,� 

�J�(�q�*�)� �=� �0�.� �F�r�o�m� �L�e�m�m�a� �4�.�1�,� �w�e� �k�n�o�w� �D�(�q�)� �i�s� �c�o�n�t�i�n�u�o�u�s� �a�t� �q�*�.� �S�i�n�c�e� �b�y� �a�s�s�u�m�p�t�i�o�n� 
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�D�(�q�*�)�~�?� �e�x�i�s�t�s�,� �t�h�e�r�e� �e�x�i�s�t�s� �c�o�n�s�t�a�n�t�s� �6�9� �a�n�d� �K� �s�o� �t�h�a�t� �f�o�r� �|�|�q�¢�  �� �q�*�|�|� �<� �6�0�,� �D�(�q�)�7 �� 

�e�x�i�s�t�s� �a�n�d� �|�|�D�(�q�)�~�"�|�|� �<� �A�K�.� �B�y� �L�e�m�m�a� �4�.�1� �M�*�(�q�)� �i�s� �c�o�n�t�i�n�u�o�u�s� �a�t� �q�*�,� �s�o� �t�h�e�r�e� �e�x�i�s�t� 

�c�o�n�s�t�a�n�t�s� �6�;� �a�n�d� �B�,� �s�u�c�h� �t�h�a�t� �i�f� �|�|�q�  �� �q�*�|�|� �<� �6�,� �t�h�e�n� �|�|�M�*�(�q�)�|�|� �<� �B�.� �T�h�e�r�e�f�o�r�e�,� �w�e� 

�h�a�v�e� 

�I�G�i�Q�-�d�l�l� �<� �K�B�I�[�M�(�q�g�)�-�M�(�e�)�(�a�-�7�)�l�l� 

�+� �K�B�|�|�F�(�q�)�-� �F�(�a�"�)� �-� �M�(�a�*�\�(�a�-�@�)�|�-� �(�4�.�7�)� 

�S�i�n�c�e� �M�(�q�)� �i�s� �l�o�c�a�l�l�y� �L�i�p�s�c�h�i�t�z� �c�o�n�t�i�n�u�o�u�s� �a�t� �e�a�c�h� �p�o�i�n�t� �g� �i�n� �Q�,� �t�h�e�r�e� �e�x�i�s�t�s� �a� 

�c�o�n�s�t�a�n�t� �L� �s�u�c�h� �t�h�a�t� 

�W�L�0�(�q�)�  �� �M�(�q�*�)�\�(�a ��4�°�)�|�|� �<� �L�i�l�a�-� �a�"� �|�! �� �(�4�.�8�)� 

�F�o�r� �t�h�e� �s�e�c�o�n�d� �t�e�r�m� �o�f� �(�4�.�7�)�,� �b�y� �t�h�e� �d�e�f�i�n�i�t�i�o�n� �o�f� �t�h�e� �F�r�é�c�h�e�t� �d�e�r�i�v�a�t�i�v�e�,� �f�o�r� �a�n�y� 

 ¬� �>� �0�,� �t�h�e�r�e� �e�x�i�s�t�s� �a� �c�o�n�s�t�a�n�t� �6�2� �>� �0� �s�o� �t�h�a�t� �i�f� �{�|�g�  �� �g�*�|�|� �<� �6�2�,� �t�h�e�n� 

�I�F�(�Q�)�- �� �F�P�"�)� �-�M�@�)�(�a�-�P�)�I�l� �<� �e�l�a�-�'�l�-� �(�4�.�9�)� 

�C�o�m�b�i�n�i�n�g� �(�4�.�8�)� �a�n�d� �(�4�.�9�)� �w�i�t�h� �t�h�e� �i�n�e�q�u�a�l�i�t�y� �(�4�.�7�)�,� �w�e� �s�e�e� �t�h�a�t� 

�I�G�(�q�)�  �� �a�"� �|�|� �<� �K�B�m�[�L�l�l�q� �-� �a�"�?� �+� �e�l�l�a�  �� �a�l�]� �(�4�.�1�0�)� 

�w�h�e�n�e�v�e�r� �|�|�q�  �� �q�*�|�|� �<� �6� �=� �m�i�n�{�é�o�,� �6�)�,� �6�2�}�.� �T�h�i�s� �c�o�m�p�l�e�t�e�s� �t�h�e� �p�r�o�o�f�.� �O�o� 
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�T�h�e� �n�e�x�t� �t�h�e�o�r�e�m� �d�o�e�s� �n�o�t� �r�e�q�u�i�r�e� �a�n� �e�x�a�c�t� �f�i�t� �t�o� �d�a�t�a�,� �b�u�t� �i�t� �d�o�e�s� �r�e�q�u�i�r�e� �t�h�e� 

�d�a�t�a�  ��e�r�r�o�r �� �i�s� �s�m�a�l�l�.� �N�o�t�e� �t�h�a�t� �i�f� �M�*�(�q�)� �i�s� �l�o�c�a�l�l�y� �L�i�p�s�c�h�i�t�z� �c�o�n�t�i�n�u�o�u�s� �a�t� �q�*�,� �t�h�e�n� 

�t�h�e�r�e� �e�x�i�s�t�s� �6�*� �>� �0� �s�u�c�h� �t�h�a�t� �f�o�r� �0� �<� �6� �<� �6� �t�h�e�r�e� �e�x�i�s�t�s� �a� �L�i�p�s�c�h�i�t�z� �c�o�n�s�t�a�n�t� �L�(�6�é�)� 

�i�f� �|�g�  ��q�*�|�|� �<� �6�.� �L�e�t� �K� �=� �l�i�m�i�n�f�s�_�9� �L�(�5�)� �a�n�d� �l�e�t� �K� �b�e� �d�e�f�i�n�e�d� �a�s� �i�n� �t�h�e� �p�r�o�o�f� �o�f� 

�T�h�e�o�r�e�m� �4�.�3�.� �T�h�e�n� �w�e� �h�a�v�e� �t�h�e� �f�o�l�l�o�w�i�n�g�.� 

�T�h�e�o�r�e�m� �4�.�4� �S�u�p�p�o�s�e� �t�h�e� �h�y�p�o�t�h�e�s�e�s� �o�f� �L�e�m�m�a� �4�.�1� �a�r�e� �s�a�t�i�s�f�i�e�d�.� �A�s�s�u�m�e� �D�(�q�*�)�7�+� 

�e�x�i�s�t�s� �a�n�d� �g�q �� �i�s� �t�h�e� �f�i�r�e�d� �p�o�i�n�t� �o�f� �G�.� �L�e�t� �K� �a�n�d� �K� �b�e� �t�h�e� �c�o�n�s�t�a�n�t�s� �a�s� �a�b�o�v�e�.� �I�f� 

�]� �<�  � ��,� �(�4�.�1�1�)� 
�B�K�K� �F�o�)� 

�t�h�e�n� �q�*� �i�s� �a� �p�o�i�n�t� �o�f� �a�t�t�r�a�c�t�i�o�n� �o�f� �t�h�e� �i�t�e�r�a�t�i�v�e� �s�c�h�e�m�e� �q�*�*�!� �=� �G�(�q�*�)�,� �w�h�e�r�e� �G� �i�s� 

�d�e�f�i�n�e�d� �a�s� �i�n� �(�4�.�5�)�.� 

�P�r�o�o�f�.� �W�e� �p�r�o�c�e�e�d� �a�s� �i�n� �t�h�e� �p�r�o�o�f� �o�f� �T�h�e�o�r�e�m� �4�.�2�.� �F�i�r�s�t�,� �o�b�s�e�r�v�e� �t�h�a�t� �i�n� �(�4�.�6�)� �t�h�e� 

�l�a�s�t� �t�e�r�m� �o�n� �t�h�e� �r�i�g�h�t� �h�a�n�d� �i�s� �n�o� �l�o�n�g�e�r� �e�q�u�a�l� �t�o� �z�e�r�o�.� �S�o�,� �f�o�r� �|�|�q�  �� �q�*�|�|� �<� �6�,� �(�4�.�1�0�)� 

�b�e�c�o�m�e�s� 

�I�G�(�q�)�- ��q�|�|� �<� �K�B�m�[�L�\�\�q�-� �"�|�|�?� �+� �e�l�a ��-� �7�]� 

�+� �|�|�D�(�q�)� �"�I�M�"� �F�(�a� �I�I�.� �(�4�.�1�2�)� 

�B�y� �o�u�r� �a�s�s�u�m�p�t�i�o�n�,� �g�*� �=� �G�(�q�*�)� �a�n�d� �i�t� �f�o�l�l�o�w�s� �t�h�a�t� 

�M�*�(�q�"�)�F�(�q�*�)� �=�0�.� �(�4�.�1�3�)� 
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�F�r�o�m� �h�o�w� �w�e� �d�e�f�i�n�e� �K�,� �t�h�e�r�e� �e�x�i�s�t�s� �a� �c�o�n�s�t�a�n�t� �6� �s�u�c�h� �t�h�a�t� �f�o�r� �|�|�q�  �� �q�*�|�|� �<� �6� 

�.�"�(�q�)�  �� �M�"�(�q�7�)�|�|� �S�$� �2�K� �|�l�q �� �"�I�l�.� �(�4�.�1�4�)� 

�N�o�w�,� �c�o�m�b�i�n�i�n�g� �(�4�.�1�3�)� �a�n�d� �(�4�.�1�3�)� �w�i�t�h� �(�4�.�1�2�)�,� �w�e� �h�a�v�e� 

�I�G�(�q�) ��4�"�|� �<� �K�B�m�{�[�L�\�q�-� �9�°�?� �+� �d�l�a �� �l�l� 

�+� �K�|�|�[�M�*�(�q�)�  �� �M�*�(�q�*�)�|�F�(�q�"�)�|�|� 

�<� �K�B�m�[�L�\�\�q�~�-� �4�° �� �+� �e�l�l�a�-� �l�l�]� 

�+� �K�-�2�K�|�q�-�a�|�I�|�F�@�)�I�-� 

�H�e�n�c�e�,� �i�t� �f�o�l�l�o�w�s� �b�y� �(�4�.�1�1�)� �t�h�a�t� 

�*� �x� �|�]� �2� �*� �2� �*� 
�G�q�)�  �� �a�I�]� �<� �C�i�l�l�a�  �� �a�"� �|�|� �+� �C�r�e�l�l�a�  �� �"�|�|� �+� �g�l�a�  �� �q�"�|�|� 

�w�h�e�n�e�v�e�r� �|�|�q�  �� �q�*�|�|� �<� �m�i�n�{�6�,�6�}�,� �w�h�e�r�e� �C�;� �a�n�d� �C�2� �a�r�e� �c�o�n�s�t�a�n�t�s�.� �T�h�e�r�e�f�o�r�e�,� �g�*� �i�s� �a� 

�p�o�i�n�t� �o�f� �a�t�t�r�a�c�t�i�o�n� �o�f� �t�h�e� �i�t�e�r�a�t�i�v�e� �s�c�h�e�m�e� �q�*�*�)� �=� �G�(�q�*�)�.� �0� 
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�C�h�a�p�t�e�r� �5� 

�N�u�m�e�r�i�c�a�l� �R�e�s�u�l�t�s� 

�I�n� �t�h�i�s� �c�h�a�p�t�e�r� �w�e� �p�r�e�s�e�n�t� �n�u�m�e�r�i�c�a�l� �r�e�s�u�l�t�s� �b�a�s�e�d� �o�n� �t�h�e� �q�u�a�s�i�l�i�n�e�a�r�i�z�a�t�i�o�n� �a�l�g�o�-� 

�r�i�t�h�m� �e�s�t�a�b�l�i�s�h�e�d� �i�n� �[�1�5�]�,� �[�2�6�]� �a�n�d� �[�4�]�.� �I�n� �[�1�5�]�,� �J�.� �A�.� �B�u�r�n�s�,� �E�.� �M�.� �C�l�i�f�f� �a�n�d� �D�.� �W�.� 

�B�r�e�w�e�r� �d�e�v�e�l�o�p�e�d� �t�h�e� �a�l�g�o�r�i�t�h�m� �f�o�r� �d�e�l�a�y� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n� �w�h�e�r�e� �t�h�e� �u�n�k�n�o�w�n� 

�p�a�r�a�m�e�t�e�r�s� �i�n�c�l�u�d�e� �c�o�n�s�t�a�n�t� �c�o�e�f�f�i�c�i�e�n�t�s� �a�n�d� �t�h�e� �d�e�l�a�y�.� �I�n� �[�2�6�]�,� �P�.� �W�.� �H�a�m�m�e�r� �d�e�-� 

�v�e�l�o�p�e�d� �t�h�e� �a�l�g�o�r�i�t�h�m� �f�o�r� �a� �p�a�r�a�b�o�l�i�c� �p�a�r�t�i�a�l� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n� �w�i�t�h� �a� �s�p�a�t�i�a�l�l�y� 

�v�a�r�y�i�n�g� �p�a�r�a�m�e�t�e�r�.� �P�.� �W�.� �H�a�m�m�e�r� �a�l�s�o� �p�r�e�s�e�n�t�e�d� �s�o�m�e� �n�u�m�e�r�i�c�a�l� �e�x�a�m�p�l�e�s� �f�o�r� �a� 

�n�o�n�l�i�n�e�a�r� �p�a�r�a�b�o�l�i�c� �e�q�u�a�t�i�o�n� �(�B�u�r�g�e�r�s �� �e�q�u�a�t�i�o�n�)� �w�i�t�h� �a� �c�o�n�s�t�a�n�t� �p�a�r�a�m�e�t�e�r�.� �I�n� �[�4�]�,� 

�M�.� �G�.� �A�r�m�e�n�t�a�n�o� �p�r�e�s�e�n�t�e�d� �s�o�m�e� �r�e�s�u�l�t�s� �f�o�r� �a� �n�o�n�l�i�n�e�a�r� �p�a�r�a�b�o�l�i�c� �e�q�u�a�t�i�o�n� �w�i�t�h� 

�s�p�a�t�i�a�l�l�y� �v�a�r�y�i�n�g� �p�a�r�a�m�e�t�e�r�.� 

�T�h�e� �g�o�a�l� �o�f� �o�u�r� �n�u�m�e�r�i�c�a�l� �e�f�f�o�r�t� �w�a�s� �t�o� �p�r�e�s�e�n�t� �s�o�m�e� �c�o�n�c�r�e�t�e� �n�u�m�e�r�i�c�a�l� �s�o�l�u�-� 

�t�i�o�n�s� �w�h�i�c�h� �d�e�m�o�n�s�t�r�a�t�e� �t�h�e� �p�r�o�b�l�e�m�s� �w�e� �d�i�s�c�u�s�s�e�d�.� �S�i�n�c�e� �m�a�n�y� �n�u�m�e�r�i�c�a�l� �e�x�a�m�p�l�e�s� 

�h�a�v�e� �b�e�e�n� �d�o�n�e� �f�o�r� �t�h�e� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n� �p�r�o�b�l�e�m�s� �g�o�v�e�r�n�e�d� �b�y� �l�i�n�e�a�r� �p�a�r�a�b�o�l�i�c� 

�p�r�o�b�l�e�m�s� �(�s�e�e� �[�1�0�]� �a�n�d� �[�2�6�]�)�,� �w�e� �o�n�l�y� �c�o�n�s�i�d�e�r� �f�o�r� �t�h�e� �n�o�n�l�i�n�e�a�r� �e�q�u�a�t�i�o�n� �c�a�s�e�.� �I�n� �t�h�e� 
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�f�i�r�s�t� �e�x�a�m�p�l�e�,� �w�e� �g�i�v�e� �s�o�m�e� �n�u�m�e�r�i�c�a�l� �s�o�l�u�t�i�o�n�s� �f�o�r� �t�h�e� �t�y�p�e� �o�f� �n�o�n�l�i�n�e�a�r� �e�q�u�a�t�i�o�n�s� 

�w�e� �d�i�s�c�u�s�s�e�d� �i�n� �C�h�a�p�t�e�r� �3� �b�y� �u�s�i�n�g� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d�.� �I�n� �E�x�a�m�p�l�e�s� �2� �-� �6�,� �w�e� 

�c�o�n�s�i�d�e�r� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n� �p�r�o�b�l�e�m� �w�i�t�h� �s�p�a�t�i�a�l�l�y� �v�a�r�y�i�n�g� �p�a�r�a�m�e�t�e�r� �i�n� �a� �n�o�n�-� 

�l�i�n�e�a�r� �p�a�r�a�b�o�l�i�c� �p�a�r�t�i�a�l� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�.� �H�o�w�e�v�e�r�,� �w�e� �u�s�e� �l�i�n�e�a�r� �s�p�l�i�n�e�s� �i�n�s�t�e�a�d� 

�o�f� �t�h�e� �p�o�l�y�n�o�m�i�a�l�s� �u�s�e�d� �i�n� �[�4�]� �t�o� �a�p�p�r�o�x�i�m�a�t�e� �t�h�e� �p�a�r�a�m�e�t�e�r�s�.� �F�i�n�a�l�l�y�,� �i�n� �E�x�a�m�p�l�e�s� 

�7� �-� �9�,� �w�e� �p�r�e�s�e�n�t� �n�u�m�e�r�i�c�a�l� �s�o�l�u�t�i�o�n�s� �f�o�r� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n� �i�n� �a�n�o�t�h�e�r� �n�o�n�l�i�n�e�a�r� 

�p�a�r�t�i�a�l� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�.� �T�h�e� �c�o�m�p�u�t�e�r� �c�o�d�e�s� �a�r�e� �w�r�i�t�t�e�n� �i�n� �M�a�t�l�a�b� �a�n�d� �c�a�r�r�i�e�d� 

�o�u�t� �o�n� �e�i�t�h�e�r� �a� �D�E�C� �3�0�0�0� �m�a�c�h�i�n�e�,� �h�o�u�s�e�d� �a�t� �I�C�A�M�,� �o�r� �a� �S�u�n� �S�P�A�R�C�s�t�a�t�i�o�n� �2� 

�(�w�i�t�h� �a� �W�e�i�t�e�k� �8�0� �M�H�z� �C�P�U� �u�p�g�r�a�d�e�)� �a�t� �m�a�t�h�e�m�a�t�i�c�s� �d�e�p�a�r�t�m�e�n�t�.� 

�I�n� �e�a�c�h� �o�f� �t�h�e� �e�x�a�m�p�l�e�s� �w�e� �u�s�e� �l�i�n�e�a�r� �s�p�l�i�n�e�s� �t�o� �a�p�p�r�o�x�i�m�a�t�e� �t�h�e� �p�a�r�a�m�e�t�e�r� 

�q�(�z�)�  ¬� �Q�.� �S�p�e�c�i�f�i�c�a�l�l�y�,� �w�e� �c�h�o�o�s�e� 

�N�a� 

�Q� �=� �{�}�-� �a�i�g�i�(�x�)�|�(�a�0�,�1�,�-�+�+�,�a�N�n�,�)�"�  ¬� �R�Y�}� 
�=�0� 

�t�o� �a�p�p�r�o�x�i�m�a�t�e� �t�h�e� �p�a�r�a�m�e�t�e�r� �s�p�a�c�e� �Q�,� �w�h�e�r�e� �g�;�(�x�)� �d�e�n�o�t�e�s� �t�h�e� �s�t�a�n�d�a�r�d� �h�a�t� �f�u�n�c�-� 

�t�i�o�n� �o�n� �t�h�e� �i�n�t�e�r�v�a�l� �C�e� �o�]� �f�o�r� �2� �=� �0�,�1�,�2�,�-�-�-�,�N�,�.� �T�h�e� �f�u�n�c�t�i�o�n�s� �a�r�e� �d�e�f�i�n�e�d� �b�y� 

 ��N�,�x�t�+�1�,� �2 ¬� �[�0�,�5�7�]� 
�g�o�(�x�)� �=� 

�0�,� �e�l�s�e�w�h�e�r�e� 

�4�0



�N�,�z�-�(�t�-�1�)�,� �«�c�e� �[�h�e� �x�]� 

�g�(�t�)� �=� �4�  ��N�j�z�+�(�i�t�+�1�)�,� �2�  ¬� �l�y� �H�e�]� 

�0�,� �e�l�s�e�w�h�e�r�e� 

�f�o�r�:� �=� �1�,�2�,�-�-�-�,�N�, ��1� �a�n�d� 

�N�,�x�-�(�N�,�-�1�)�,� �r�e� �c�o� �1�]� 
�9�N�,�(�Z�)� �=� 

�0�,� �e�l�s�e�w�h�e�r�e�.� 

�T�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d� �i�s� �u�s�e�d� �t�o� �s�o�l�v�e� �t�h�e� �p�a�r�t�i�a�l� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�s�.� 

�L�i�n�e�a�r� �s�p�l�i�n�e�s� �a�r�e� �u�s�e�d� �t�o� �d�i�s�c�r�e�t�i�z�e� �t�h�e� �e�q�u�a�t�i�o�n� �i�n� �s�p�a�c�e�.� �F�o�r� �t�h�e� �s�t�a�t�e� �e�q�u�a�t�i�o�n�,� 

�a� �l�i�n�e�a�r�i�z�e�d� �b�a�c�k�w�a�r�d� �E�u�l�e�r� �m�e�t�h�o�d� �a�n�d� �a� �l�i�n�e�a�r�i�z�e�d� �C�r�a�n�k�-�N�i�c�o�l�s�o�n� �m�e�t�h�o�d� �(�[�4�0�]�)� 

�a�r�e� �u�s�e�d� �t�o� �d�i�s�c�r�e�t�i�z�e� �t�h�e� �e�q�u�a�t�i�o�n� �i�n� �t�i�m�e�.� �F�o�r� �t�h�e� �s�e�n�s�i�t�i�v�e� �e�q�u�a�t�i�o�n�,� �w�e� �u�s�e� 

�a� �b�a�c�k�w�a�r�d� �E�u�l�e�r� �m�e�t�h�o�d� �t�o� �d�i�s�c�r�e�t�i�z�e� �t�h�e� �e�q�u�a�t�i�o�n� �i�n� �t�i�m�e�.� �A� �8�-�p�o�i�n�t� �G�u�a�s�s�i�n�a� 

�q�u�a�d�r�a�t�u�r�e� �f�o�r�m�u�l�a� �i�s� �u�s�e�d� �f�o�r� �t�h�e� �c�a�l�c�u�l�a�t�i�o�n� �o�f� �t�h�e� �t�h�e� �i�n�t�e�g�r�a�l�s�.� 

�S�u�p�p�o�s�e� �w�e� �h�a�v�e� �t�h�e� �f�o�l�l�o�w�i�n�g� �v�a�r�i�a�t�i�o�n�a�l� �f�o�r�m�u�l�a�t�i�o�n� �o�f� �o�u�r� �p�r�o�b�l�e�m�:� �F�i�n�d� 

�u�(�t�)�  ¬� �V� �=� �A�4�(�0�,� �1�)�,� �¢�  ¬� �[�0�,� �7�]�,� �s�u�c�h� �t�h�a�t� 

�(�u�r�,� �v�)� �+� �(�a�(�u�)�u�e�,�v�)� �=� �(�f�(�u�)�,�v�)�)� �W�o�e� �V�,� 
�(�5�.�1�)� 

�u�(�0�)� �=� �U�g�.� 

�L�e�t� �V�,� �b�e� �a� �f�i�n�i�t�e�-�d�i�m�e�n�s�i�o�n�a�l� �s�u�b�s�p�a�c�e� �o�f� �V� �w�i�t�h� �b�a�s�i�s� �{�h�y�,�h�2�,�-�-�-�,�A�n�,�}�,� �w�h�e�r�e� 

�h�(�x�)� �a�r�e� �t�h�e� �s�t�a�n�d�a�r�d� �l�i�n�e�a�r� �s�p�l�i�n�e� �f�u�n�c�t�i�o�n�s� �o�n� �t�h�e� �i�n�t�e�r�v�a�l� �[�0�,�1�]� �s�a�t�i�s�f�y�i�n�g� �z�e�r�o� 

�4�]



�b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�.� �T�h�e� �f�u�n�c�t�i�o�n�s� �a�r�e� �d�e�f�i�n�e�d� �b�y� 

� � �(�N�,�+�1�)�e�@�-�(�(�-�1�)�,� �c�e� �[�s�h�o�n�e� 

� � �h�(�z�)�=� �¢� �-�(�N�,�4�+�1�)�r�+�(�t�@�4�+�1�)�,� �r�e� �e�s�t�h�a�r�s�e� 

�0�,� �e�l�s�e�w�h�e�r�e� 

�f�o�r� �1� �=� �1�,�2�,�-�-�-�,�N�,�.� �R�e�p�l�a�c�i�n�g� �V� �b�y� �t�h�e� �f�i�n�i�t�e�-�d�i�m�e�n�s�i�o�n�a�l� �s�u�b�s�p�a�c�e� �V�;�,� �w�e� �g�e�t� �t�h�e� 

�f�o�l�l�o�w�i�n�g� �s�e�m�i�-�d�i�s�c�r�e�t�e� �a�n�a�l�o�g�u�e� �o�f� �(�5�.�1�)�:� �F�i�n�d� �u�,�(�t�)�  ¬� �V�a�,� �t�  ¬� �[�0�,�7�]�,� �s�u�c�h� �t�h�a�t� 

�(�u�n�.� �¥�)� �+� �(�a�(�u�r�)�u�a�,�,�v�)� �=� �(�f�(�u�a�,�)�,�v�)� �W�o�e� �V�a�,� 
�(�5�.�2�)� 

�(�u�,�(�0�)�,�v�)� �=� �(�u�o�,� �v�)� �V�u�  ¬� �V�p�.� 

�I�n� �o�r�d�e�r� �t�o� �s�o�l�v�e� �t�h�i�s� �i�n�i�t�i�a�l� �v�a�l�u�e� �p�r�o�b�l�e�m� �f�o�r� �a� �s�y�s�t�e�m� �o�f� �o�r�d�i�n�a�r�y� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�-� 

�t�i�o�n�s�,� �w�e� �w�i�l�l� �i�m�p�l�e�m�e�n�t� �a� �t�w�o�-�s�t�e�p� �m�e�t�h�o�d�,� �a� �l�i�n�e�a�r�i�z�e�d� �C�r�a�n�k�-�N�i�c�o�l�s�o�n� �m�e�t�h�o�d�,� 

�s�u�p�p�l�y�i�n�g� �b�y� �a� �s�i�n�g�l�e�-�s�t�e�p� �m�e�t�h�o�d�,� �a� �l�i�n�e�a�r�i�z�e�d� �b�a�c�k�w�a�r�d� �E�u�l�e�r� �m�e�t�h�o�d�,� �w�i�t�h� �f�i�x�e�d� 

�s�t�e�p� �s�i�z�e� �h�;� �(�[�4�0�]�)�.� �T�h�e�s�e� �t�w�o� �m�e�t�h�o�d�s� �a�r�e� �c�a�r�e�f�u�l�l�y� �d�i�s�c�u�s�s�e�d� �a�n�d� �u�s�e�d� �t�o� �s�o�l�v�e� 

�l�i�n�e�a�r� �a�n�d� �n�o�n�l�i�n�e�a�r� �p�a�r�a�b�o�l�i�c� �p�r�o�b�l�e�m�s� �i�n� �[�3�0�]� �a�n�d� �[�4�0�]�.� �I�n� �t�h�e� �l�i�n�e�a�r�i�z�e�d� �b�a�c�k�w�a�r�d� 

�E�u�l�e�r� �m�e�t�h�o�d� �f�o�r� �t�h�e� �s�e�m�i�-�d�i�s�c�r�e�t�e� �p�r�o�b�l�e�m� �(�5�.�2�)� �w�e� �s�e�e�k� �a�p�p�r�o�x�i�m�a�t�i�o�n�s� �u�z�  ¬� �V�p�,� 

�o�f� �u�(�-�,�t�n�)�,� �n� �=� �0�,�1�,�-�-�-�,�N�:�,� �s�a�t�i�s�f�y�i�n�g� 

�(�B�o�M� �o�y�)� �+� �(�a�(�u�t� �J�u�r�,� �,�v�e�)�+� �=� �(�f�(�u�t�-�)�,� �v�)� 
�(�5�.�3�)� 

�f�o�r� �V�v�  ¬� �V�z�,� �n� �=� �1�,�2�,�-�-�-�,�N�:�.� �I�n� �t�h�e� �l�i�n�e�a�r�i�z�e�d� �C�r�a�n�k�-�N�i�c�o�l�s�o�n� �m�e�t�h�o�d� �f�o�r� �(�5�.�2�)� �w�e� 
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�s�e�e�k� �u�f�  ¬� �V�,�,�n� �=�0�,�1�,�-�-�-�,� �N�e� �s�u�c�h� �t�h�a�t� 

�u�p ��u�p�}� �n�-� �n ��2�\� �U�b� �+�u�n�o� �n �� �n �� �( ��A�F�  ��,�v�)� �+� �(�a�(�g�u�g�?�  �� �g�u�?�)� �a�=�,� �0�)� �=� �(�f�(�S�u�g�?�  �� �g�u�n ��)�,� �v�)� 
�(�5�.�4�)� 

�(�u�h� �v�)� �=� �(�u�o�,� �v�)� 

�f�o�r� �V�v�  ¬� �V�i�,� �n� �=� �1�,�2�,�-�-�-�,�N�;�.� �I�n� �o�u�r� �e�x�a�m�p�l�e�s� �w�e� �g�e�n�e�r�a�t�e� �u�}� �f�r�o�m� �u�®� �b�y� �(�5�.�3�)� �a�n�d� 

�t�h�e�n� �r�e�v�e�r�t� �t�o� �(�5�.�4�)� �f�o�r� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n� �o�f� �t�h�e� �s�u�b�s�e�q�u�e�n�t� �s�t�e�p�s�.� 

�E�x�a�m�p�l�e� �5�.�1� �I�n� �t�h�i�s� �e�x�a�m�p�l�e�,� �w�e� �c�o�n�s�i�d�e�r� �t�h�e� �e�q�u�a�t�i�o�n� 

�U�t� �=� �E�U�g�e�  �� �Q�(�X�)�U�U�r�,� �0�<�2�x�<�1�,� �t�>�0�,� 

�u�(�t�,�0�)� �=� �u�(�t�,�1�)� �=� �0�,� �t�>�0�,� 

�u�(�0�,� �2�)� �=� �u�o�(�z�)�,� �0�<�a�r�<�l�.� 

�F�i�g�u�r�e� �5�.�1�(�a�)� �a�n�d� �F�i�g�u�r�e� �5�.�1�(�b�)� �s�h�o�w� �t�h�e� �s�o�l�u�t�i�o�n� �i�n� �c�a�s�e� �f�o�r�  ¬� �=� �5�,� �q�(�x�)� �=� �1� 

�a�n�d� �u�o�(�x�)� �=� �s�i�n�(�r�z�)�.� �T�h�i�s� �n�u�m�e�r�i�c�a�l� �s�o�l�u�t�i�o�n� �h�a�s� �a�l�s�o� �b�e�e�n� �c�o�m�p�u�t�e�d� �b�y� �K�a�n�g� �i�n� 

�[�3�2�]� �a�n�d� �w�e� �n�o�t�i�c�e� �t�h�a�t� �t�h�e� �r�e�s�u�l�t� �h�e�r�e� �i�s� �t�h�e� �s�a�m�e� �a�s� �t�h�e� �o�n�e� �i�n� �[�3�2�]� �(�F�i�g�u�r�e� �4�.�3�.�1�9�.�)�.� 

�F�i�g�u�r�e� �5�.�1�(�c�)� �a�n�d� �F�i�g�u�r�e� �5�.�1�(�d�)� �s�h�o�w� �t�h�e� �s�o�l�u�t�i�o�n� �f�o�r� �«� �=� �g�5�,� �q�(�x�)� �=� �x�s�i�n�(�3�x�)� �a�n�d� 

�u�o�(�z�)� �=� �s�i�n�(�2�7�z�r�)�.� �I�n� �e�a�c�h� �c�a�s�e�,� �w�e� �d�r�a�w� �a� �2�D� �g�r�a�p�h� �a�n�d� �a� �3�D� �g�r�a�p�h�.� 
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�W�e� �n�e�x�t� �c�o�n�s�i�d�e�r� �t�h�e� �f�o�l�l�o�w�i�n�g� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n� �p�r�o�b�l�e�m�s�:� 

�G�i�v�e�n� �o�b�s�e�r�v�a�t�i�o�n�s� �y�;�;�  ¬� �R�'�x�R �!"�,�1� �<�i�<�m�,�1�<�j� �<�1�,� �d�e�t�e�r�m�i�n�e� �t�h�e� �p�a�r�a�m�e�t�e�r� 

�q�*� �i�n� �t�h�e� �a�d�m�i�s�s�i�b�l�e� �s�p�a�c�e� �Q� �t�h�a�t� �m�i�n�i�m�i�z�e�s� �t�h�e� �f�u�n�c�t�i�o�n�a�l� 

�1� �2� �J�(�q�)� �=� �5� �D�i� �l�u�l�t�i�n� �2�5�3�g�)� �~� �y�s�l ��,� 
�i�,�j� 

�w�h�e�r�e� �u�(�t�;�q�)� �i�s� �t�h�e� �s�o�l�u�t�i�o�n� �t�o� �e�q�u�a�t�i�o�n� �(�5�.�1�)�.� 

�F�o�r� �a�l�l� �o�f� �t�h�e� �e�x�a�m�p�l�e�s� �c�o�n�s�i�d�e�r�e�d� �h�e�r�e�,� �w�e� �c�h�o�o�s�e� �a� �t�r�u�e� �p�a�r�a�m�e�t�e�r� �a�n�d� �u�s�e� 

�t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d� �t�o� �s�o�l�v�e� �f�o�r�  ��t�r�u�e �� �s�o�l�u�t�i�o�n� �u�*�(�t�,�z�)�.� �W�e� �t�h�e�n� �a�d�d� �r�a�n�d�o�m� 

�n�o�i�s�e� �t�o� �o�b�t�a�i�n� �t�h�e� �n�o�i�s�y� �o�b�s�e�r�v�a�t�i�o�n� �d�a�t�a� �y�;�;�,�2� �=� �1�,�2�,�-�-�-�,�m�,� �7� �=�1�,�2�,�-�-�-�,�/� �(�o�r� �n�o� 

�e�r�r�o�r�s� �f�o�r� �e�x�a�c�t� �d�a�t�a�)�.� �I�n� �t�h�e� �n�e�x�t� �f�o�u�r� �e�x�a�m�p�l�e�s�,� �w�e� �c�o�n�s�i�d�e�r� �t�h�e� �f�o�l�l�o�w�i�n�g� �s�t�a�t�e� 

�s�p�a�c�e� �m�o�d�e�l� �d�i�s�c�u�s�s�e�d� �i�n� �C�h�a�p�t�e�r� �3�:� 

�U�t� �=� �E�U�g�e�  �� �Q�(�X�)�U�U�z�,� �0�O�<�r�<�1�,� �t�>�0�,� 

�u�(�t�,� �0�)� �=� �u�(�t�,� �1�)� �=�0�,� �t�>� �0�,� 

�u�(�0�,�z�)� �=� �u�(�x�)�,� �O�0�<�2�r�<�1�,� 

�w�h�e�r�e�  ¬� �=� �1�/�1�0� �a�n�d� �u�o�(�z�)� �=� �s�i�n�(�r�r�)�.� �T�h�e� �p�a�r�a�m�e�t�e�r� �t�o� �b�e� �e�s�t�i�m�a�t�e�d� �i�s� �t�h�e� �s�p�a�t�i�a�l�l�y� 

�v�a�r�y�i�n�g� �p�a�r�a�m�e�t�e�r� �g�(�x�)� �a�n�d� �t�h�e� �t�o�l�a�r�e�n�c�e� �i�s� �0�.�0�0�1�.� 

�E�x�a�m�p�l�e� �5�.�2� �H�e�r�e� �q�g�*�(�z�)� �=� �z�r�s�i�n�(�3�r�)�.� �T�h�e� �d�a�t�a� �y�;�;� �=� �u�*�(�t�;�,�2�;�)� �i�s� �g�i�v�e�n� �f�o�r� 

�t�;� �=� �0�.�2�5�,�0�.�5�,�0�.�7�5�,�1� �a�n�d� �z�;� �=� �0�.�2�5�,�0�.�4�,�0�.�5�,�0�.�6�,�0�.�7�5�,�1�.� �T�h�e� �i�t�e�r�a�t�i�v�e� �s�c�h�e�m�e� �i�s� 

�s�t�a�r�t�e�d� �w�i�t�h� �a�n� �i�n�i�t�i�a�l� �e�s�t�i�m�a�t�e� �q�°�(�r�)� �=� �0�.� �T�h�e� �i�t�e�r�a�t�i�v�e� �r�e�s�u�l�t�s� �f�o�r� �q�*�(�x�)�,� �J�(�q�*�)� �a�n�d� 

�|�|�u�*�  �� �u�*�|�|�;�2� �a�r�e� �g�i�v�e�n� �i�n� �T�a�b�l�e� �5�.�2� �a�n�d� �F�i�g�u�r�e� �5�.�2�(�a�)�.� �T�y�p�i�c�a�l� �f�i�t� �t�o� �d�a�t�a� �c�u�r�v�e�s� �a�r�e� 
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�p�r�e�s�e�n�t�e�d� �i�n� �F�i�g�u�r�e� �5�.�2�(�b�)�.� �W�e� �u�s�e� �N�,� �=� �9�,� �N�;� �=� �1�0� �a�n�d� �N�,� �=� �4� �i�n� �t�h�i�s� �e�x�a�m�p�l�e�.� 

�S�i�n�c�e� �w�e� �u�s�e� �e�x�a�c�t� �d�a�t�a�,� �w�e� �g�e�t� �p�r�e�t�t�y� �a�c�c�u�r�a�t�e� �r�e�s�u�l�t�s�.� 

�T�a�b�l�e� �5�.�2� �E�s�t�i�m�a�t�e� �g�(�r�)�,� �E�x�a�c�t� �D�a�t�a� 
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�|� �q�*�(�z�)� �=� �r�s�i�n�(�3�z�)� �|� 

�k� �J�(�q�"�)� �l�l�u�é�  �� �u�w� �G� �G� 
�0� �1�.�8�7�1�2�9�1�3�e�-�0�2� �4�.�6�0�6�2�5�5�3�e�-�0�2� �|� �0�.�0�0�0�0�0�0�0�e�+�0�0� �0�.�0�0�0�0�0�0�0�e�+�0�0� 
�1� �2�.�2�7�6�4�2�6�3�e�-�0�3� �2�.�5�7�7�0�9�4�4�e�-�0�2� �-�9�.�1�5�0�2�6�6�6�e�-�0�1� �3�.�5�9�4�1�5�3�0�e�-�0�1� 
�2� �1�.�0�8�9�5�8�0�2�e�-�0�3� �1�.�1�2�7�0�5�2�5�e�-�0�2� �-�1�.�6�9�9�5�6�8�0�e�-�0�1� �2�.�1�3�8�9�0�2�0�e�-�0�1� 
�3� �1�.�2�2�8�6�9�6�4�e�-�0�6� �3�.�0�2�7�7�5�2�1�e�-�0�4� �-�4�,�0�8�5�5�0�9�1�e�-�0�2� �1�.�8�0�0�9�4�4�8�e�-�0�1� 
�4� �1�.�1�0�9�6�6�4�3�e�-�0�9� �2�.�6�4�4�6�1�4�4�e�-�0�5� �5�.�0�3�7�8�6�3�4�e�-�0�3� �1�.�6�9�2�6�7�3�7�e�-�0�1� 
�3� �1�.�2�3�9�3�0�7� �7�e�-�1�1� �2�.�5�6�3�0�6�0�0�e�-�0�6� �-�4�.�9�8�1�5�5�3�5�e�-�0�4� �1�.�7�0�5�1�5�9�2�e�-�0�1� 
�6� �7�.�0�2�4�9�1�4�8�e�-�1�4� �2�.�1�7�7�9�5�0�3�e�-�0�7� �4�,�2�3�8�5�9�7�6�e�-�0�5� �1�.�7�0�4�0�1�2�8�e�-�0�1� 

�k� �G� �q�s� �&� 
�0� �0�.�0�0�0�0�0�0�0�e�+�0�0� �|� �0�.�0�0�0�0�0�0�0�e�+�0�0� �|� �0�.�0�0�0�0�0�0�0�e�+�0�0� 
�1� �6�.�2�5�3�4�8�0�3�e�-�0�1� �6�.�2�0�6�3�4�9� �1�l�e�-�0�2� �2�.�9�9�6�1�5�8�6�e�+�0�0� 
�2� �3�.�9�9�0�3�2�0�6�e�-�0�1� �6�.�3�1�7�8�6�9�4�e�-�0�1� �5�.�4�5�9�3�7�6�7�e�-�0�1� 
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�E�x�a�m�p�l�e� �5�.�3� �W�e� �c�h�o�o�s�e� �q�*�(�z�)� �=� �e�~�*�/�?� �a�n�d� �g�e�n�e�r�a�t�e� �e�x�a�c�t� �d�a�t�a� �y�j�;� �=� �u�*�(�t�i�,� �2�;�)� 

�f�o�r� �t�;� �=� �0�.�2�,�0�.�4�,�0�.�6� �a�n�d� �2�;� �=� �1�/�1�0�,�2�/�1�0�,�-�-�-�,�9�/�1�0�.� �W�e� �s�t�a�r�t� �t�h�e� �i�t�e�r�a�t�i�v�e� �e�s�t�i�m�a�t�e� 

�s�c�h�e�m�e� �w�i�t�h� �a�n� �i�n�i�t�i�a�l� �e�s�t�i�m�a�t�e� �q�°�(�z�)� �=� �0�.� �A�g�a�i�n�,� �s�i�n�c�e� �w�e� �u�s�e� �e�x�a�c�t� �d�a�t�a� �w�e� �e�x�p�e�c�t� 

�a�c�c�u�r�a�t�e� �r�e�s�u�l�t�s�.� �T�h�e� �i�t�e�r�a�t�i�v�e� �r�e�s�u�l�t�s� �a�n�d� �t�y�p�i�c�a�l� �2�-�d�i�m�e�n�s�i�o�n�a�l� �f�i�t� �t�o� �d�a�t�a� �c�u�r�v�e�s� 

�a�r�e� �p�r�e�s�e�n�t�e�d� �i�n� �T�a�b�l�e� �5�.�3�,� �F�i�g�u�r�e� �5�.�3�(�a�)� �F�i�g�u�r�e� �5�.�3�(�b�)� �a�n�d� �F�i�g�u�r�e� �5�.�3�(�c�)�.� �F�i�g�u�r�e� 

�5�.�3�(�d�)� �s�h�o�w�s� �t�h�e� �d�a�t�a� �a�n�d� �t�h�e� �3�-�d�i�m�e�n�s�i�o�n�a�l� �f�i�t� �t�o� �d�a�t�a� �c�u�r�v�e�s� �f�o�r� �t�h�e� �f�i�r�s�t� �3� �s�t�e�p�s�.� 

�S�i�n�c�e� �t�h�e�r�e� �a�r�e� �a� �l�o�t� �o�f� �d�a�t�a� �c�o�v�e�r�e�d� �b�y� �t�h�e� �s�u�r�f�a�c�e� �g�r�a�p�h�,� �i�n� �F�i�g�u�r�e� �5�.�3�(�e�)� �w�e� �t�u�r�n� 

�u�®�(�t�,�z�)� �(�w�i�t�h� �d�a�t�a�)� �a�r�o�u�n�d� �t�o� �s�e�e� �h�o�w� �t�h�e� �d�a�t�a� �u�n�d�e�r� �t�h�e� �s�u�r�f�a�c�e� �f�i�t�s�.� �I�n� �t�h�i�s� 

�e�x�a�m�p�l�e� �w�e� �u�s�e� �N�,� �=� �9�,� �N�M�;� �=� �1�0� �a�n�d� �N�,� �=� �4�.� 

�T�a�b�l�e� �5�.�3�.� �E�s�t�i�m�a�t�e� �q�(�x�)�,� �E�x�a�c�t� �D�a�t�a� 
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�|� �g�(�r�)� �=�e ��?� 
�k� �J�(�q�*�)� �j�u�k�  �� �u�*�|� �q�i� �G� 
�0� �|� �1�.�1�3�3�0�5�7�6�e�-�0�1� �|� �9�.�0�2�9�8�4�6�2�e�-�0�2� �|� �0�.�0�0�0�0�0�0�0�e�+�0�0� �|� �0�.�0�0�0�0�0�0�0�e�+�0�0� 
�1� �|� �4�.�7�4�9�8�2�0�9�e�-�0�3� �|� �1�.�7�6�8�1�6�4�2�e�-�0�2� �|� �-�1�.�1�4�1�4�5�9�4�e�+�0�0� �|� �1�.�3�1�6�3�6�1�0�e�+�0�0� 
�2� �|� �2�.�6�7�6�2�9�6�4�e�-�0�4� �|� �4�.�1�2�8�3�7�3�6�e�-�0�3� �|� �1�.�0�7�7�1�1�3�4�e�+�0�0� �|� �8�.�3�6�8�5�2�6�5�e�-�0�1� 
�3� �|� �3�.�1�4�1�1�7�2�4�e�-�0�7� �|� �1�.�4�8�7�9�0�9�5�e�-�0�4� �|� �9�.�9�5�2�9�3�3�7�e�-�0�1� �8�.�8�5�8�1�7�2�9�e�-�0�1� 
�4� �|� �7�.�6�9�3�9�2�5�8�e�-�0�9� �|� �2�.�4�8�6�2�0�8�6�e�-�0�5� �|� �1�.�0�0�0�7�3�0�9�e�+�0�0� �|� �8�.�8�2�0�6�5�9�0�e�-�0�1� 
�5� �|� �1�,�2�8�1�2�1�6�7�e�-�1�0� �|� �3�.�2�5�2�2�0�0�6�e�-�0�6� �|� �9�.�9�9�9�0�0�6�5�e�-�0�1� �8�.�8�2�5�4�8�8�3�e�-�0�1� 
�6� �|� �1�.�9�7�2�3�5�9�4�e�-�1�2� �|� �4�.�0�6�9�7�6�3�0�e�-�0�7� �|� �1�.�0�0�0�0�1�3�4�e�+�0�0� �|� �8�.�8�2�4�9�0�7�2�e�-�0�1� 
�k� �4�G� �4� �5� 
�0� �|� �0�.�0�0�0�0�0�0�0�e�+�0�0� �|� �0�.�0�0�0�0�0�0�0�e�+�0�0� �|� �0�.�0�0�0�0�0�0�0�e�+�0�0� 
�1� �|� �5�.�3�8�6�9�0�9�2�e�-�0�1� �|� �8�.�2�1�1�6�3�7�0�e�-�0�2� �|� �2�.�8�7�7�5�9�7�8�e�+�0�0� 
�2� �|� �8�.�1�9�6�9�0�0�2�e�-�0�1� �|� �7�.�0�4�9�2�4�3�7�e�-�0�1� �|� �7�.�7�7�8�1�5�5�7�e�-�0�1� 
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�E�x�a�m�p�l�e� �5�.�4� �I�n� �t�h�i�s� �e�x�a�m�p�l�e�,� �w�e� �u�s�e� �N�,� �=� �3�1� �t�o� �g�e�t� �u�*�(�t�,� �x�)� �a�n�d� �g�e�n�e�r�a�t�e� �d�a�t�a� 

�y�i�;� �=� �u�*�(�t�;�,�2�;�)� �+� �6�;�;� �f�o�r� �t�;� �=� �0�.�2�5�,� �0�.�5�,� �0�.�7�5�,� �1�,� �2�;� �=� �0�.�1�,� �0�.�2�,� �0�.�3�,� �0�.�4�,� �0�.�5�,� �0�.�6�,� �0�.�7�5�,� �0�.�9�,� 

�w�h�e�r�e� �6�;�;� �a�r�e� �r�a�n�d�o�m� �n�u�m�b�e�r�s� �w�i�t�h� �u�n�i�f�o�r�m� �d�i�s�t�r�i�b�u�t�i�o�n� �t�h�a�t� �f�a�l�l� �i�n� �t�h�e� �r�a�n�g�e� 

�[ ��0�.�0�0�5�,� �0�.�0�0�5�]�.� �S�p�e�c�i�f�i�c�a�l�l�y�,� �w�e� �h�a�v�e� 

�6�=� 

�0�.�0�0�2�6� �0�.�0�0�4�8�  ��0�.�0�0�4�3�  ��0�.�0�0�0�6�  ��0�.�0�0�2�3� �0�.�0�0�4�0� �0�.�0�0�0�0�  ��0�.�0�0�0�1� 
�0�.�0�0�4�9� �0�.�0�0�2�2� �0�.�0�0�1�3� �0�.�0�0�2�7� �  ��0�.�0�0�1�4� �0�.�0�0�4�1� �0�.�0�0�0�2�  ��0�.�0�0�2�3� 
 ��0�.�0�0�1�3� �0�.�0�0�2�5� �0�.�0�0�3�8�  ��0�.�0�0�0�2�  ��0�.�0�0�3�3�  ��0�.�0�0�4�4� �- ��0�.�0�0�1�8�  ��0�.�0�0�4�1� 
 ��0�.�0�0�2�5� �0�.�0�0�1�5�  ��0�.�0�0�2�3�  ��0�.�0�0�2�6�  ��0�.�0�0�0�1� �0�.�0�0�4�0� �0�.�0�0�4�9� �0�.�0�0�4�5� 

�W�e� �c�h�o�o�s�e� �q�*�(�r�)� �=� �e�~�*�/�*�,� �g�°�(�x�)� �=� �0� �a�n�d� �w�h�e�n� �w�e� �s�o�l�v�e� �t�h�e� �e�q�u�a�t�i�o�n�,� �w�e� �u�s�e� �N�,� �=� �1�5�.� 

�S�i�n�c�e� �w�e� �c�h�o�o�s�e� �d�i�f�f�e�r�e�n�t� �N�,� �f�o�r� �u�*�(�t�,� �x�)� �a�n�d� �u�*�(�t�,� �x�)�,� �a�n�d� �a�d�d� �n�o�i�s�e� �t�o� �t�h�e� �o�b�s�e�r�v�a�t�i�o�n� 

�d�a�t�a�,� �w�e� �e�x�p�e�c�t� �l�e�s�s� �a�c�c�u�r�a�t�e� �r�e�s�u�l�t�s�.� �T�h�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� �f�i�n�d�i�n�g�s� �f�o�r� �g�*� �a�n�d� �J�(�q�*�)� 

�a�r�e� �g�i�v�e�n� �i�n� �T�a�b�l�e� �5�.�4� �w�i�t�h� �c�o�r�r�e�s�p�o�n�d�i�n�g� �q�*�(�x�)� �p�r�e�s�e�n�t�e�d� �i�n� �F�i�g�u�r�e� �5�.�4�(�a�)�.� �A� �t�y�p�i�c�a�l� 

�f�i�t� �t�o� �d�a�t�a� �c�u�r�v�e� �i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �5�.�4�(�b�)�.� �(�N�,� �=� �4� �a�n�d� �N�,�;� �=� �1�0�.�)� 
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�q�*�(�r�)� �=�e�  ��x�r�/�2� 
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�J�(�q�"�)� �a� �q�3� �q�%� 
� � 

�1�.�2�4�4�0�2�0�4�e�-�0�1� 
�2�.�4�1�1�7�8�5�6�e�-�0�3� 
�3�.�0�2�0�8�1�5�6�e�-�0�4� 
�1�.�1�9�0�6�6�6�5�e�-�0�4� 
�1�.�1�8�4�5�7�2�8�e�-�0�4� 
�1�.�1�8�4�5�7�7�2�e�-�0�4� 
�1�.�1�8�4�5�7�8�2�e�-�0�4� 

�0�.�0�0�0�0�0�0�0�e�+� �0�0� 
�1�.�3�6�6�0�2�6�3�e�+� �0�0� 
�3�.�9�4�5�3�4�1�8�e�-�0�1� 
�3�.�7�6�3�6�8�4�5�e�-�0�1� 
�3�.�6�7�2�7�6�8�3�e�-�0�1� 
�3�.�6�8�0�6�7�2�4�e�-�0�1� 
�3�.�6�8�0�5�1�9�3�e�-�0�1� 

�0�.�0�0�0�0�0�0�0�e�+�0�0� 
�1�.�6�4�8�6�2�0�9�e�-�0�1� 
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�T�h�e� �l�a�s�t� �t�h�r�e�e� �e�x�a�m�p�l�e�s� �a�r�e� �f�o�r� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n� �p�r�o�b�l�e�m�s� �g�o�v�e�r�n�e�d� �b�y� �t�h�e� 

�f�o�l�l�o�w�i�n�g� �e�q�u�a�t�i�o�n�:� 

�U�y�  �� �Q�u�u�,�  ��T�u�*�u�,� �=� �e�U�z�z�,� �+�t�  ¬� �[�0�,�1�]�,� �z�  ¬� �[�0�,�1�]� 

�u�(�t�,�0�)� �=� �u�(�t�,� �1�)� �=�0� 

�u�(�0�,� �x�)� �=� �u�(�x�)� 

�w�h�e�r�e�  ¬� �>� �0�.� �W�e� �d�o� �n�o�t� �h�a�v�e� �a�n�y� �t�h�e�o�r�e�t�i�c�a�l� �r�e�s�u�l�t�s� �f�o�r� �t�h�i�s� �t�y�p�e� �o�f� �e�q�u�a�t�i�o�n�.� 

�H�e�r�e� �w�e� �o�n�l�y� �p�r�e�s�e�n�t� �n�u�m�e�r�i�c�a�l� �f�i�n�d�i�n�g�s�.� �I�n� �a�l�l� �t�h�e�s�e� �e�x�a�m�p�l�e�s�,� �w�e� �g�e�n�e�r�a�t�e� �d�a�t�a� 

�y�i�;� �=� �u�*�(�t�i�,�2�;�)�+�6�;�;� �f�o�r� �t�;� �=� �0�.�2�5�,� �0�.�5�,� �0�.�7�5�,� �1� �a�n�d� �x�;� �=� �0�.�2�5�,� �0�.�4�,� �0�.�5�,� �0�.�6�,� �0�.�7�5�,� �1�,� �w�h�e�r�e� 

�{�é�6�,�;�}� �r�e�p�r�e�s�e�n�t� �o�b�s�e�r�v�a�t�i�o�n� �e�r�r�o�r�s�.� 

�E�x�a�m�p�l�e� �5�.�7� �I�n� �t�h�i�s� �e�x�a�m�p�l�e�,� �w�e� �s�e�t� �r� �=� �1� �a�n�d� �g�q� �=� �1�,� �e�s�t�i�m�a�t�e� �«�.� �W�e� �c�h�o�o�s�e� 

�c�*� �=� �&� �a�n�d� �s�t�a�r�t� �t�h�e� �i�t�e�r�a�t�i�v�e� �s�c�h�e�m�e� �w�i�t�h� �a�n� �i�n�i�t�i�a�l� �e�s�t�i�m�a�t�e� �«�°� �=� �0�.�1�.� �T�h�e� 

�c�o�m�p�u�t�a�t�i�o�n�a�l� �f�i�n�d�i�n�g�s� �f�o�r� �e�x�a�c�t� �d�a�t�a� �a�r�e� �g�i�v�e�n� �i�n� �T�a�b�l�e� �5�.�7�(�a�)� �w�i�t�h� �c�o�r�r�e�s�p�o�n�d�i�n�g� 

�f�i�t� �t�o� �d�a�t�a� �g�r�a�p�h� �p�r�e�s�e�n�t�e�d� �i�n� �F�i�g�u�r�e� �5�.�7�(�a�)�.� �W�e� �t�h�e�n� �a�d�d� �r�a�n�d�o�m� �n�o�i�s�e� �t�o� �t�h�e� 

�d�a�t�a�.� �I�n� �t�h�i�s� �c�a�s�e�,� �y�;�;� �=� �u�*�(�t�;�,�2�;�)� �+� �6�;�;� �w�h�e�r�e� �6�;�;� �a�r�e� �r�a�n�d�o�m� �n�u�m�b�e�r�s� �w�i�t�h� �u�n�i�f�o�r�m� 

�d�i�s�t�r�i�b�u�t�i�o�n� �t�h�a�t� �f�a�l�l� �i�n� �r�a�n�g�e� �[ ��0�.�0�1�,�0�.�0�1�]�.� �F�o�r� �e�x�a�c�t� �d�a�t�a� �w�e� �e�x�p�e�c�t� �a�c�c�u�r�a�t�e� 

�r�e�s�u�l�t�s�;� �f�o�r� �n�o�i�s�y� �d�a�t�a�,� �w�e� �e�x�p�e�c�t� �s�o�m�e� �e�r�r�o�r�.� �T�h�e� �n�u�m�e�r�i�c�a�l� �f�i�n�d�i�n�g�s� �f�o�r� �n�o�i�s�y� �d�a�t�a� 

�a�r�e� �g�i�v�e�n� �i�n� �T�a�b�l�e� �5�.�7�(�b�)� �w�i�t�h� �c�o�r�r�e�s�p�o�n�d�i�n�g� �f�i�t� �t�o� �d�a�t�a� �g�r�a�p�h� �p�r�e�s�e�n�t�e�d� �i�n� �F�i�g�u�r�e� 

�5�.�7�(�a�)�.� �(�N�;� �=� �3�1�,� �N�,� �=� �1�0�.�)� 
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�k� �é� �J�( ¬�*�)� �[�u�*�  �� �u�*�l�|� 
�0� �|� �1�.�0�0�0�0�0�0�0�e�-�0�1� �|� �4�.�7�9�7�4�5�6�7�e�-�0�2� �|� �1�.�6�5�6�3�4�1�2�e�-�0�1� 
�1� �|� �4�.�7�8�5�4�6�7�5�e�-�0�2� �|� �2�.�5�9�6�2�1�9�1�e�-�0�3� �|� �8�.�3�8�0�4�9�4�7�e�-�0�2� 
�2� �|� �2�.�6�7�9�1�1�8�9�e�-�0�2� �|� �2�.�3�1�6�1�8�7�9�e�-�0�4� �|� �3�.�3�2�0�8�8�3�9�e�-�0�2� 
�3� �|� �1�.�6�7�5�4�3�5�0�e�-�0�2� �|� �1�.�7�6�5�0�0�0�8�e�-�0�8� �|� �3�.�2�9�2�8�2�0�4�e�-�0�4� 
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�T�a�b�l�e� �5�.�7�(�b�)� �E�s�t�i�m�a�t�e� �«�,� �N�o�i�s�y� �D�a�t�a� 

�e�*� �=� �1�/�6�0� 

�k� �é� �J�e�"�)� �j�u�*�  �� �u�*�l�|� 
�0� �1�.�0�0�0�0�0�0�0�e�-�0�1� �4�.�7�8�1�6�8�5�9�e�-�0�2� �1�.�6�5�6�3�4�1� �2�e�-�0�1� 
�1� �4�.�8�1�0�1�3�9�1�e�-�0�2� �2�.�8�0�1�2�5�5�9�e�-�0�3� �8�.�4�3�0�4�7�6�5�e�-�0�2� 
�2� �2�.�7�7�0�4�7�8�4�e�-�0�2� �6�.�0�2�9�8�6�9�9�e�-�0�4� �3�.�9�8�2�7�9�9�2�e�-�0�2� 
�3� �1�.�8�7�4�1�7�4�1�e�-�0�2� �4�.�1�4�1�7�7�9�4�e�-�0�4� �7�.�5�0�6�6�4�8�6�e�-�0�3� 
�4� �1�.�8�3�6�6�6�9�8�e�-�0�2� �4�.�1�3�9�3�7�8�0�e�-�0�4� �6�.�2�2�5�6�2�8�0�e�-�0�3� 
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�E�x�a�m�p�l�e� �5�.�8� �I�n� �t�h�i�s� �e�x�a�m�p�l�e�,� �w�e� �s�e�t� �«� �=� �1�/�1�0� �a�n�d� �q� �=� �1�,� �e�s�t�i�m�a�t�e� �r�.� �W�e� �c�h�o�o�s�e� 

�r�*� �=� �2� �a�n�d� �s�t�a�r�t� �t�h�e� �i�t�e�r�a�t�i�v�e� �s�c�h�e�m�e� �w�i�t�h� �a�n� �i�n�i�t�i�a�l� �e�s�t�i�m�a�t�e� �r�°� �=� �0�.�5�.� �A�g�a�i�n�,� �s�i�n�c�e� 

�w�e� �u�s�e� �e�x�a�c�t� �d�a�t�a� �w�e� �e�x�p�e�c�t� �a�c�c�u�r�a�t�e� �r�e�s�u�l�t�s�.� �T�h�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� �f�i�n�d�i�n�g�s� �f�o�r� �r�*� 

�a�r�e� �g�i�v�e�n� �i�n� �T�a�b�l�e� �5�.�8� �w�i�t�h� �c�o�r�r�e�s�p�o�n�d�i�n�g� �f�i�t� �t�o� �d�a�t�a� �g�r�a�p�h� �p�r�e�s�e�n�t�e�d� �i�n� �F�i�g�u�r�e� �5�.�8�.� 

�(�N�-� �=� �9�,� �N�;� �=� �1�0�.�)� 
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�k� �r� �J�(�r�*�)� �I�|�u�*�  �� �u�*�|� 
�0� �5�.�0�0�0�0�0�0�0�e�-�0�1� �4�.�6�2�1�6�4�0�6�e�-�0�2� �6�.�4�9�5�4�8�3�8�e�-�0�2� 
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�5� �2�.�0�0�0�1�8�8�4�e�+�0�0� �4�.�7�1�3�9�0�1�0�e�-�1�0� �7�.�0�6�9�9�1�6�5�e�-�0�6� 
�6� �1�.�9�9�9�9�3�1�8�e�+�0�0� �6�.�1�8�2�8�2�9�4�e�-�1�1� �2�.�7�4�1�4�8�5� �7�e�-�0�6� 
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�E�x�a�m�p�l�e� �5�.�9� �I�n� �t�h�i�s� �e�x�a�m�p�l�e�,� �w�e� �s�e�t�  ¬� �=� �1�/�1�0� �a�n�d� �r� �=� �1�,� �e�s�t�i�m�a�t�e� �g�.� �W�e� 

�c�h�o�o�s�e� �q�*� �=� �5� �a�n�d� �s�t�a�r�t� �t�h�e� �i�t�e�r�a�t�i�v�e� �s�c�h�e�m�e� �w�i�t�h� �a�n� �i�n�i�t�i�a�l� �e�s�t�i�m�a�t�e� �q�°� �=� �0�.� �A�g�a�i�n�,� 

�s�i�n�c�e� �w�e� �u�s�e� �e�x�a�c�t� �d�a�t�a� �w�e� �e�x�p�e�c�t� �a�c�c�u�r�a�t�e� �r�e�s�u�l�t�s�.� �T�h�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� �f�i�n�d�i�n�g�s� �f�o�r� 

�k� �r!"� �a�r�e� �g�i�v�e�n� �i�n� �T�a�b�l�e� �5�.�9� �w�i�t�h� �c�o�r�r�e�s�p�o�n�d�i�n�g� �f�i�t� �t�o� �d�a�t�a� �g�r�a�p�h� �p�r�e�s�e�n�t�e�d� �i�n� �F�i�g�u�r�e� 

�5�.�9�.� �(�N�,� �=� �9�,� �N�;� �=� �1�0�.�)� 
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�C�h�a�p�t�e�r� �6� 

�C�o�n�c�l�u�d�i�n�g� �R�e�m�a�r�k�s� 

�I�n� �t�h�i�s� �t�h�e�s�i�s�,� �w�e� �s�t�u�d�i�e�d� �p�a�r�a�m�e�t�e�r� �i�d�e�n�t�i�f�i�c�a�t�i�o�n� �p�r�o�b�l�e�m�s� �f�o�r� �l�i�n�e�a�r� �a�n�d� �n�o�n�l�i�n�e�a�r� 

�p�a�r�a�b�o�l�i�c� �p�r�o�b�l�e�m�s�.� �T�h�e� �c�o�n�d�i�t�i�o�n�s� �a�r�e� �i�n�v�e�s�t�i�g�a�t�e�d� �u�n�d�e�r� �w�h�i�c�h� �t�h�e� �g�r�a�d�i�e�n�t� �o�f� 

�t�h�e� �s�t�a�t�e� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �a� �p�a�r�a�m�e�t�e�r� �p�o�s�s�e�s�s�e�s� �s�m�o�o�t�h�n�e�s�s� �p�r�o�p�e�r�t�i�e�s� �w�h�i�c�h� �l�e�a�d� �t�o� 

�l�o�c�a�l� �c�o�n�v�e�r�g�e�n�c�e� �o�f� �a�n� �e�s�t�i�m�a�t�i�o�n� �a�l�g�o�r�i�t�h�m� �b�a�s�e�d� �o�n� �q�u�a�s�i�l�i�n�e�a�r�i�z�a�t�i�o�n�.� �F�o�r� �l�i�n�e�a�r� 

�p�a�r�a�b�o�l�i�c� �p�a�r�t�i�a�l� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�s�,� �w�e� �p�r�e�s�e�n�t�e�d� �a� �f�r�a�m�e�w�o�r�k� �w�h�i�c�h� �p�r�o�v�i�d�e�s� 

�s�m�o�o�t�h�n�e�s�s� �a�n�d� �c�o�n�v�e�r�g�e�n�c�e� �a�r�g�u�m�e�n�t�s� �u�n�d�e�r� �w�e�a�k� �a�s�s�u�m�p�t�i�o�n�s� �o�n� �t�h�e� �a�d�m�i�s�s�i�-� 

�b�l�e� �p�a�r�a�m�e�t�e�r� �s�p�a�c�e�s�.� �W�e� �e�s�t�a�b�l�i�s�h�e�d� �t�h�e� �m�a�x�i�m�u�m� �p�r�i�n�c�i�p�l�e�,� �t�h�e� �w�e�l�l�-�p�o�s�e�d�n�e�s�s� 

�a�n�d� �t�h�e� �s�m�o�o�t�h�n�e�s�s� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �s�o�l�u�t�i�o�n�s� �o�f� �a� �g�e�n�e�r�a�l�i�z�e�d� �B�u�r�g�e�r�s �� �e�q�u�a�t�i�o�n�.� 

�C�o�n�v�e�r�g�e�n�c�e� �o�f� �t�h�e� �q�u�a�s�i�l�i�n�e�a�r�i�z�a�t�i�o�n� �a�l�g�o�r�i�t�h�m� �i�s� �c�o�n�s�i�d�e�r�e�d�.� 

�N�u�m�e�r�i�c�a�l� �e�x�a�m�p�l�e�s� �b�a�s�e�d� �o�n� �t�h�i�s� �a�l�g�o�r�i�t�h�m� �w�e�r�e� �u�s�e�d� �t�o� �t�e�s�t� �t�h�e� �m�e�t�h�o�d�.� �T�h�e� 

�n�u�m�e�r�i�c�a�l� �e�f�f�o�r�t� �d�e�m�o�n�s�t�r�a�t�e�d� �t�h�a�t� �t�h�e� �m�e�t�h�o�d� �h�a�s� �p�o�t�e�n�t�i�a�l�,� �b�u�t� �a�l�s�o� �i�n�d�i�c�a�t�e�d� 

�t�h�a�t� �m�u�c�h� �w�o�r�k� �r�e�m�a�i�n�s� �t�o� �b�e� �d�o�n�e� �b�e�f�o�r�e� �a� �c�o�m�p�l�e�t�e� �t�h�e�o�r�y� �c�a�n� �b�e� �d�e�v�e�l�o�p�e�d�.� 

�I�n� �p�a�r�t�i�c�u�l�a�r�,� �t�h�e� �a�l�g�o�r�i�t�h�m� �s�e�e�m�e�d� �t�o� �w�o�r�k� �f�o�r� �p�r�o�b�l�e�m�s� �w�i�t�h� �e�x�a�c�t� �d�a�t�a� �a�n�d� �n�o�t� 
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�f�o�r� �n�o�i�s�y� �d�a�t�a�.� �M�o�r�e�o�v�e�r�,� �t�h�e� �n�u�m�e�r�i�c�a�l� �m�e�t�h�o�d� �w�a�s� �n�o�t� �a�n�a�l�i�z�e�d� �f�o�r� �c�o�n�v�e�r�g�e�n�c�e�.� 

�T�h�e�s�e� �i�s�s�u�e�s� �n�e�e�d� �t�o� �b�e� �a�d�d�r�e�s�s�e�d� �i�n� �f�u�t�u�r�e� �w�o�r�k�.� 
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