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Analyzing Electronic Correlation Effects in Molecules and Semicon-
ductor Point Defects from First Principles Beyond Density Func-
tional Theory

Anri Karanovich

(ABSTRACT)

Transition-metal based molecules and point defects in wide-bandgap semiconductors have
been of particular interest lately due to their potential quantum information science applica-
tions. To accurately calculate the electronic properties of these systems from first principles,
it is important to appropriately account for electronic correlation effects. Density func-
tional theory (DFT) has been one of the most popular methods to perform calculations on
correlated systems, due to the combination of numerical efficiency and precision in many
applications. However, traditional DFT methods fail to accurately calculate the important
electronic and magnetic properties, such as bandgaps in semiconductors or magnetic ordering
in defects, to name a few. This dissertation focuses on two areas in which traditional DF'T
methods are likely to produce inaccurate predictions. The first area is connected to an error
that is intrinsic to most DFT formulations due to the approximate nature of the exchange-
correlation functional, known as the self-interaction error (SIE). It is known to cause the
underestimation of bandgaps in solids, underestimated reaction barriers in molecules, and
incorrect dissociation curves. The second area is the case where the ground and/or ex-
cited states are described by multiconfigurational wavefunctions rather than a single Slater

determinant.



Chapter 1 of the thesis provides a brief overview of various electronic-structure methods, as
well as the Fermi-Loéwdin Orbital Self-Interaction Correction method (FLOSIC) which is used
to remedy the SIE in DFT. Chapter 2 reports on the application of the FLOSIC-DFT on a
Cu-based molecule, and its effects on the predicted electronic properties. Chapter 3 describes
the application of the FLOSIC-DFT to the computation of the hyperfine coupling terms,
which are crucial for the realization of spin qubits and for interpreting electron paramagnetic
resonance experiments. Chapter 4 turns to the application of a multiconfigurational method
to describe the electronic properties of a silicon vacancy in silicon carbide, a potential point-

defect qubit.



Analyzing Electronic Correlation Effects in Molecules and Semicon-
ductor Point Defects from First Principles Beyond Density Func-
tional Theory

Anri Karanovich

(GENERAL AUDIENCE ABSTRACT)

Computational electronic structure methods, which attempt to predict optical, electronic,
and other properties of molecules and materials just by solving the Schrodinger equation for
the wavefunction of the electrons in them, have been instrumental in many areas of research,
including the design of semiconductors, drug discovery, improved solar panel design, and
discovering systems that can work as qubits for quantum-computing purposes, to name a
few. One of the most successful sets of these methods, known as Density Functional Theory
(DFT) methods, makes solving for electronic wavefunctions (and from them, other materials
properties) computationally efficient, while maintaining the accuracy of such predictions by
accounting for the complex quantum-mechanical interactions between the particles. For this,
DFT was the subject of the 1998 Nobel Prize in chemistry. However, there are several areas
where DFT is typically not successful in producing accurate predictions. One of the areas is
connected to the approximated term in all DF'T methods that often erroneously accounts for
electrons interacting on themselves (an effect known as the self-interaction error). The other
area is related to systems that must be described with superposition of several electronic
configurations.

Chapter 1 of the thesis provides a brief overview of various electronic-structure methods, as
well as the Fermi-Lowdin Orbital Self-Interaction Correction method (FLOSIC) which sug-

gests a modification to the standard DFT methods that aims to remove the self-interaction



error. Chapter 2 reports on the application of the FLOSIC-DFT on a Cu-based molecule,
and its effects on the predicted electronic properties. Chapter 3 describes the application of
the FLOSIC-DFT to describe the interaction between the magnetic moments of electrons
and nuclei, known as the hyperfine coupling, which is crucial for the realization of spin qubits
and for interpreting some experimental results. Chapter 4 turns to the application of a mul-
ticonfigurational method to describe the electronic properties of a silicon vacancy in silicon

carbide, a potential point-defect qubit.
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kX8 *QMi'B#miBQMb QiApi-a2M/mHp @ #Bi Hb iQ i?2 >PJP M/
GIJP Q7 iZBR+? Q2 1-S=0V KQH2+mH2 + H+mH i2/ mbBM;
6GP@aA* K2i?Q/ +QKT "2/ iQ Qm’ aA*@7°22 S"1@:: + H+mH
b irQ "jGuS "2bmHib (9d- 93)X AM i?2 7Q K2  "jGuS + H+mH
#Bi H /2+QKTQbBiBQM r b MQi [m MiB7B2/- r?BH2 i?2 H ii2 "]

KQMQ MBQMB+ *m@# b2/ KQH2+mH2 rBi? bBKBH * UbHB;?i
(*mUAAAYVY - (93)-122°2i22 >PJP M/ GIJP 2M2 :B2b r2 2 M(
"2TQi2/X a22 6B;X kKXRyV 7Q  i?2 >PJP M/ GIJP 7°QK i?2 6G
S"1@:: + H+mH MBRMbBX X X X X X X X X X X X X X9R X X X |

kXe :2QK2i'vQ7i?2/B MBQMB+ *m@# &2 @H Xm¥ XBMXnX Bib
kXd PTiBKBx2/:2QK2i'vQ7i?2KQMQ MBQMB + "amXxa@¥ 8@/ KQH 2+

kX3 *QMp2 :2/:;2QK2i'vQ7 bTBM@mT 6P Zh@RBN\) MV B;iIBBQM 9V
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KXN *QMp2 ;2/;2QK2i ' vQ7bTBM@/QrM 6PZ@ B MQMWBI;imQ 1BQM 9
a XX X X XXX XXX XXXXXXXXXXXXXX&X X X X

kKXRy *QMp2 ;2/ 6P. :2QK2i'v Q7 + Q@NOBNm M B-LDHMIK 750 Y8 X

KXRR 6BM H 6P. /2T2M/2M+2 Q7 i?2 2H2+i'QMB+ bi'm+im 2 bm+
GIJP 2M2 ;B2b- >PJP@GIJP ; T- M/ JmHHBF2M bTBM TQTmH
*m M/ a iQKIZ@% h?2 7BM H +QMp2 :2/ 6P. +QM7B:m  iBQMD
7°QK 6P. +QM7B;m" iBQM k@3 2 mb2X KQX iX® X+XHXeRHXi K QM X

kXRk 6BM H 6P. /2T2M/2M+2 Q7 i?2 2H2+i"QMB+ bi'm+im 2 bm+"
GIJP 2M2 ;B2b M/ >PJP@GI|JP@Rh?Q7BM H +QMp2 ;2/ 6P.
+QM7B:m  iBQMbbi 'iBM: 7' QK6P.+QM7B:m  iBQM&R®9 "2 m

jXR JMHHBF2M bTBM KQK2WD7UBM mOIBHBMi?2 MQM@hJ KQH2-
UrBi? 2H2+iSEN/DVBIMb2/ QM 6GPaA*@G. - SNK@G. - M/ S"1¢

+ H+mH iBQMbX h?2 KQH2+mBp2 BKRi?BAMTIH2K2Mi v
Ki2'BXHX X X X X X X X X X X X X X X X X X X X XBNX X X X |

iXk JMHHBF2M bTBM KQK2WIQL7UBM mOIBHB@7i?2 hJ@# b2/ KQH2+
# b2/ QM 6GPaA*@G. - G. - M/ S"1@:: + H+mH iBQMbX h?2
"2Q0K2i"B2Bp2M BM i?2 amTTH2K2XIiX XKXiX B MXX NR X X X

iXj * H+mH i2/ 62 KB +QMi AF% QMi?B#miBRM" +iBQM 7Q° iQKb
UBM mMMBib Q7 J>xV +QKT “2/iQ 2tTR BIK2Mi2HH2  iX QN2 B2

M/ Mm+H2 *~ bTBMb- "2bT2+iBp2HvX AM i?2 + b2 Q7 ** QMHv
"2TQ 12/ BMi?2 2tT2 BK2ZMKH/ X XRRE)X X X X X XNX X X X )

jX9 J2 M #bQHmi22 Qb M/ K2 M #bQHmi2 T2 +2Mi ;22 °Q b "
iQKb BM h #H2 jX9- #Qi? BM+HmM/BM ;X NK XtXHMmKBXINEGMXXX X X
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iX8 AM/Bp@/@ #Bi H+QMi ' B#miBQMb iQ.ia2Wh TBRRIMMbBiv UBM
+2Mi2° 7Q  JM* XI/>2M2 6hQi HO6 /2MQi2b 57@ @R IQH +QM @
i"B#mMiBQMbX M/ 61tT6 /2MQi2b XtR2XBX XMX B pX BXMRAX X X X

jXe AM/Bsp®/Q@i#Bi H+QMi B#miBQMb iQ/i2/b TP WerivHbHB2v U B M
+2Mi2° 7Q  i?2Z LE-J¥-* - M/ *m iQKbX >2'2 6hQi H6 /2MQi2
i22 bmK G@QHBI H+QMXBHNKIBQRMHIX X X X X X XNANX X X X

jXd * H+mH i2/ 62°KB +@Mi M/ i2ZHRbi " QMB+ bTBIA@}BTQH2 i2 KL
7Q° bK HH MQM@hJ KQH2+mH2b UBM mMBib Q7 J>xV- +QKT
/i M/[i?2Q 2iB+ Hp Hm2b 7 QK @N2R= jil@&mE@X+>2"2
A)))j-r?2° 2 i?22 KQH2+mH ~ bvKK2i'v tBbh +QBM+B/2b rBi? i?2
MQM@bvKK2i'B+ bBi2b Q' MQM @& B/IK 2 1B ¥; R QilERK mMIR bm / 2
2B;2Mp WY R TM?2 /27BMBiBQMb Q7 i?2 bvK#QHb "2 i?2 b K2
JXj]X h?22tT2 " BK2Mi Hp Hm2b 2Q7i2M "2TQ i2/ QMHv BM K ;
BbQi"QTB+ 62°KB +QMi +i i2'KbX h?2 K2 M #bQHmi2 2°"Q b
T2 +2Mi ;22 "Q'b "2bmKK "'Bx2/BMh #H2 jXdX 6Q i?2 K2 M
M/ K2 M #bQHmMi2 T2 +2Mi ;22 "Q b BMi?2 bIBW/@/BTQH2 +C
>aBP "2 MQi BM+HM/2//m2iQ H +F QX Xt TX2 XBK DM MHKKX X X

jX3 * H+mH i2/ 62 KB +QMi +i M/bTBM@/BTQH2 +QMi B#miBQM
70 bK HHhB@ M/ JM@# b2/ KQH2+mH2b UBM mMBib Q7 J>x\
K2Mi H/ i M/ T 2pBQmb i?2Q 2iB+ H 2bmHibX h?2 /27BMBil
"2 i?2b K2 b BMh #H2b jXj M/ jXdX h?2 2tT2 'BK2Mi H p H
"2TQi2/ QMHvV BM K ;MBim/2b Q" QMHv 7Q " Bb®iXQR B8 62 KB

JXN 62 KB +QMi +i+QMi B#miBQM 7Q° iQKb mbBM; mM+QMi  +i2
b2ib rBi?BM i?72 6GP@aA* M/AAAR@ X222 X6KXX X X Ry X X X
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2tTQM2Mib 7 QK i?2 /27 mHi # bBIbBEIR i M Qi #P MnbR#2 Q7
# bBb 7mM+iBQM 2tTQM2MibVc i?2 M2ti HBM2 b?Qrb i?2 " iBQb
7BM HHv- i?22 7QHHQIr8BM | NBHRVHEND2ZH 22 //2/ 2tTQM2Mib
7Q  i?2 M2r bEBMMv : mbbB Mb BM i?2 m:;K2Mi2/ # bBb b2ib-
2tTQM2Mi H ;2 i?2 Mi?2 T 2pBQmb QM2 #vi?2 b KRR3BQ 7°Q
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ii'B#miBQMb

*?2 Ti2kr b T'2pBQmbHvVY Tm#HBb?2/X _2T'BMi2/ 77 QK M'B E ~ MQ
EQ#H ~ H M C +FbQM- M/ EvmM;r? S F-01H2+i QMB+ bi m+im 2 «
KQH2+mH2 7°QK /2MbBiv@7mM+iBQM H i?2Q v rBi? b2H7@BMi2" +
CmHv kykRc R88 URV, YRO9RyeX ?iiTh,ff/Q@BX@if RYy2XR Y eKBXyE ] 0
AS Sm#HBb?BM;X M B E ~ MQpB+? U XEXV T2 7Q K2/ HH + H+m
7B;m 2b- M/ r Qi2i?2 7B bi /" 7iQ7i?2 K2i?Q/QHQ;v- "2bmHib- M/
TT2 X . "X EvmM;r? S "FUEXSXVr Qi2i?27B bi/ 7iQ7i?2 BMi Q
b2+iBQMb- M/ EXSX M/ XEX +QKTH2i2/ i?2 7BM H p2 bBQM Q7 i-
C +FbQM bm#bi MiB HHv +QMi"B#mi2/ iQ i?2 "2b2 “+? /IBb+mbbBQWN
iIQ mb2 i?2 6GPaA* +Q/2- M/ 2pBb2/i?2 7BM H p2 bBQM Q7 i?2 T
UIMBp2 bBiv Q7 h2t b i 1HS bQV bbBbi2/ mbrBi? H2 "MBM; ?2Qr iQ
?2HT2/ mb +°2 i2i?2 /2MbBiv@Q7@bi i2b THQib T '2b2Mi2/ BM i?Bb

*2 Ti2Z'r bT 2pBQmbHvV Tm#HBb?2/X _2T BMi2/7°QK M'BE ~ MQpB-
M/ EvmM;r? S ‘F- 6>vT2 7BM2 BMi2' +iBQMb 7Q" bK HH bvbi2Kb I
2H2K2Mib mbBM:; b2H7@BMi2' +iBQM +Q "2+i2/ /2MbBiv@7mM+iBQ
kykReRIRV, yRORYKX ?2iiTh,ff/QBXQ ;flgy XRiyei?2XyXWBKEBQM Q7
SM#HBD?BM;X XEX BKTH2K2Mi2/ 2vT2 7BM2 T ~ K2i2  +QKTmi iBC
T2°7Q°K2/ HH + H+mH iBQMb M/ T°Q/m+2/ HH i?2 7B;m 2b- M/ 1
K2i?Q/QHQ;v- "2bmHib- M/ /Bb+mbbBQM b2+iBQMb Q7 i?2 T T2 X E
BMi'Q/m+iBQM M/ +QM+HmMbBQM b2+iBQMb- M/ EXSX M/ XEX +Q
T T2 X .°X EQ#H ° H M C +FbQM U*2Mi> H JB+?B; M IMBp2 bBivV
iQ i?2 "2b2 “+? /Bb+mbbBQMb- bbBbi2/ mb rBi? mbBM; i?2 6GPaA*



k HBbi Q7 i #H2b

P2°bBQM Q7 i?2 T T2 X

*?2 Ti29Bb # b2/ QM K Mmb+'BTi BM T Q; 2bbX ."X E K Hq ;H2 UG
G #Q iQ'VV T2 7Q K2/ T'2HBKBM v * aa*6+ H+mH iBQMb QM M Q
XEX T2 7Q K2/ i?2 * aa*6 M/ * aShk + H+mH iBQMb QM /B772 2
+Hmbi2 b- mbBM; EXgX "2bmHib b '272'2M+2X . X S iB#? .2p U>
mb rBi? i?2 QTiBKBxXx2/ :2QK2i'v Q7 i?2/272+i BMj)X BXBX @M +2/#B/:
HHi?2 7B;m 2b M/ r ' Qi2i?2 +m "2Mi/  7i Q7 i?2 K Mmb+ "BTiX



*?2 Ti2 R

AMIi Q/m+iBQM

RXR h?2J Mv@"Q/v 1H2+i QM > KBHIiQMB M

h?2 7Q+mb Q7 i?Bb i?2bBb Bb i?2 TTHB+ iBOM Q#@BMEBQ@H2/ 7
Q/biQ i?2 + H+mH iBQMb Q7 T?vhB+ H M/ +?2KB+ HT QT2 iB2b Q
h?2b2 K2i?2Q/b ii2KTiiQ /2 °Bp2i?2b2 T'QT2iB2b 7°QK i?2 2H2+i Q
/B 2+iHv bQHpPBM; i?2 a+? °/BM;2  2[m iBQMX

q2 +QMbB/2° M BMi2  +iBM; bvbi2K Q7 2H2+i QM bBiBMT?BBMH +QQ
+ Mi F2irQp Hm2b-o6mT6 Q 6/QrM6é6V- M/ TQbBiBp2 iQKB+ Mm+H
bTBMX 6Q 2 +? 2H2+i QM UMM+H2mbV- r2 x ™M f/2bg;M, i p B #I
f 1 1gV-1?2B+? +QK#BM2b i?2i?°'22bT iB H+QQ /BM i2b M/ QM2 bT
amTTQb2i? ii?206iQi HO rr3/oni Mg) iR@QM B#2b i?2 HQr2bi@2M2 ;v U
bi i2V+QM7B;m”  iBQM Q7 i?Bb bvbi2KX h?2M Bi Kmbib iBb7vi?2 iB|
a+? ' °/BM;2" 2[a,iBQM (

B 1=Er 1 URXRYV

AMi?2 MQM@ 2H iBpBbiB+ HBKBi M/ BMi?2 #b2M+2 Q7 K :M2iB+ 7
2 +?2 Qi?2°  QMHV rBi? *QmHQK# ii° +iBQM Q "2TmHbBQM- i?2 > KB
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h?2 7B biirQi2 Kb BMi?2 > KBHIQMB M #Qp2 /2b+ B#2 i?2 FBM2IE
Mm+H2B- M/ i?2 H bii? 22 i2 "' Kb /2b+ B#2 2H2+i QM@2H2+i QM-
Mm+H2mb TQi2MiB H 2M2 ;:B2b UMQi2 i?2 +QM/BiBQMb mM/2" i?2
IQM#H2@+QmMiBM;VX >2°2 M/ ?2M+27Q i?-r2 /QTiihx=> "i'22
Mme=e=4 =1 Ui?2 2/m+2/ SH M+F6b +QMbi Mi-i?2 2H2+i QM0&6b K bt
*QmMHQK#6b +QMbi Mi "2 HH 2[m i2/iQ RVX 6iQZ, BAmBi2m@H iiBi@2b
+? ";2- MM/Bbi?2 " iBQ Q7 Bib K bbiQ 2H2+i"QMdb K bbX

K DQ  bBKTHB7B+ iBQM Q7 RXEBH Q HN2i B QM iR BEBK® KX 7 QK
i72 "Q " M@PTT2M?2BK2" GX P#BR pBMM i(? i i?2 MM+ H2L- iR Db 2D
2H2+i"QMb + M #2 pB2r2/ b KQpBM; rBi?BM M HKQbibi iBQM v 2t
Km+? 22 pB2 M/ bHQr2  Mm+H2BX h?2 27Q:%- 47K #Qi BT RD2MMY |
bi?22 T°Q/m+i Q7 Mvh +\NH/22HUE +i YMB#MFiBQMb,

t(fgfig)= ~(fsig) ef tig:f_i0) URXjV
rBi? 2H2+i"QMB+ T “i b iBb7vBM; i?2 7TQHHQIBM: 2[m iBQWb U7Q" i

He «(ftigif _19)= Ee(f _1@) o(f iG;f _i0) URXOV

X1, X 1 X gz
=ri+ — — P

;2 o by bl

URXS8V
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h?2 bQHMIiBQRIXIMMLER mb2/i?2M iQ /2i2°KBM2 i?2 Mm+H2 “r p27mN

Ay n(fs@=Er n(f_iQ URXeV

X X
Ay = ir,2+ L‘]_+Ee(f_|g) URXdV
M <9 - -d

AM QM rQ F-r27Q+mb @MA HPBRMHAFEX QM T i Q7 i?2r p27mM+iB

RXk g p27mM+iBOM@" b2/ J2i?Q/b

RXKkXR > 'i'22@6Q+F TT QtBK iBQM

1[m iBRXRi2 ' KBM2b i?2iQi HK Mv@#Q/v 2H2(#) Q¥nr’ p2Z m MM (B QM
bBKTHY thVX h?2 MmK#2' Q7 +QQ /BM/2TR PN BBF?QTQ iBQM H i
iQi HMmMK#2 Q7 2H2+i"QMb BM i?2 bvbi2KX 6Q° KQH2+mH2b- i?Bb
Q' i?Qmb M/bX Ai Bb i?2°27Q 2 2pB/2Mi i? i bQHpBM; /B 2+iHv 7C
+ M #2 +QKTmi iBQM HHvV +? HH2M:BM;X h?2 T Q#HHXKM #\2 #2 bB
i Mb7Q K2/ BMiQ 2[m iBQMb 7Q" bB W)H Z@RK 2B +PM ?72mi @ i iHB DiIM + i
+ M#2 "2+QMbi m+i2/X

bBKTH2 Mb ix U7B bi T QT®d ¥/ rmpHTi#22(@Qf 2gp2Q #2 T Q/m+i
Q7 bBM:H2@2H2+i{®M 7TmM+iBQMb

(tytaiiity)= a(ty) 2(t2) i n(tw) URX3V

r?2°2LBbi?2iQi HMmMK#2 Q7 2H2+i"QMbX >Qr2p2°-i?Bb TT QtBK
i?72 MiB@bVvKK2i'vT QT2'ivQ7i?2iQi H2H2+i'QMr p27mM+iBQM,
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Q7 MvirQb2T " i22H2+i QMb Kmbi +? M;2i?2 bB;M Q7

(ortrirtpoi)= (i) URXNYV

h?Bb T°QT2iv7QHHQrb 7°QK i?2 bBBMW@ Fi2 i BBI@BMH?2RQ7 ZKHBHB i:
2t+HMbBQM T BM+BTH2 UMQ irQ 2H2+i QMb + M Q++mTvi?2 b K2 bi
>Qr2p2 -i?2 Mb RXBMQIXTHB+BiHv MiBHyKK2)E+,i(t) (L)

BM ;2M2 HX

h?Bb + M #2 7Bt2/ #v +QMbB/2'BM; BMbi2 / 7TmHHv MiBbvKK2i B-
bBM;H2@2H2+i QM 7mM+iBQMbd T Q/m+ib-r?B+? Bb N2T 2b2Mi2/r

1(t)  (t) oo 1(tn)
t t D t
SD(tl; tz:::tN):p% 2:(::1) 2:(::2) >§§( 2(£) URXRyV
N(tl) N(tz) L N(tN)

h?2r p27mM+iBQM FBYRMMQLPXTHB+BiHV MiBbvKK2i B+, +? M;BM;
Q7 Mv irQ 2H2+itfMb 2 [mMBp H2Mi iQ brBi+?BM; i?2 +QHMKMb Q7
+? M;2b i?2 bB;M Q7 i?2 /2i2 KBM MiX A7 MvirQ 2H2+# QMb r2 2 B
i?72M i?2 K i'BtrQmH/ ? p2irQ B/2MiB+ H "Qrb-r?B+?2rQmH/ K F2 i?:
reQH2r p27mM+iBQM 2[m HiQ yX h?Bb bmTTQ ibi?2 S mHB 2t+Hm]

PM2 +QmH/ mb2i?2aH i2  /2i2’KBM Mi7Q bQK2BMBiB H:m2bb Q7 i
BM RX9h?2M- #v mbBM; i?2 p "B iBQM H T BM+BTH2 iQ 7BM/ i?2
2M2 ;v BRIXISXBH2 F22TBM; i?2 bBM;H2@2H2+i'QM 7TmM+iBQMb Qi
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> M;2 KmHIBTHB2 Q7 bBM:H2@2H2+i'QM > RYRR@®BQ+O Mim2iBQMb

Foi(t)=" i(t) URXRRYV
F= %r22+vext+VH+Vx‘; URXRKYV
VH=X dtow URXRjV

N N S L R

Ve ()= | d - R i) URXR9V
URXRB8V

LQi2 i? i VI2i2 K /2T2M/b Bib2H7 QMBIREMQrM b i?2 2t+? M;2 i2 K-
Vig- i?72 > "i°22 i2 K- /2b+ B#2b *QmHQK# BMi2  +iBQM Q7 i?2 T iB
aBMA2 /2T2M/b QM i?2 Q #Bi H- i?2b2 2[m iBQMb b?QmH/ #2 bQHp
T 2pBQmb ;m2bb 7Q  i?2 Q #Bi Hb T°Q/m+2b i?2 M2r 2biBK i2 7Q" i?
BMim M T Q/m+2b M2r b2i Q7 Q #Bi HbX h?2 T°Q+2bb- FMQrM b
+ H+mH iBQM- + M #2 T2 7Q K2/ mMiBH i?2 iQi H2M2 ;v +QMp2 ;2b

RXkXk JmHiB+QM7B;m  iBQM H J2i?Q/b

h?2 > "i'22@6Q+F TT QtBK iBQM + M #2 :;QQ/ bi 'iBM; TQBMi 7Q°
+ H+mH iBQMb- bBM+2 Bi "2T 2b2Mib i?2 bBKTH2bi MiBbvKK2i B+ r
2H2+i"QMB+r p27mM+iBQMb BM K Mv bvbi2Kb + MMQi #2 TT QtBK
[2i2°KBM MiX h?2 /B772 2M+2 #2ir22M i?2 T QT2 iBRXW7ii?2 2t +i t
> 'i"22@6Q+F TT QtBK iBQM Bb ~2722H2/+iQQ M B?2+8Y 72 Hi BQ M

AM ;2M2° H- ?2Qr2p2 - i?2 2t +i 2H2++ QM2 p2TMM2MEQMb HBM2 °
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#BM iBQM U7BMBi2 Q  BM7BMBi2V Q7 aH i2 /2i2 ' KBM Mib,

X
ji=  Cnj ni URXReV

n
r?2°2, "2 p 'BOmb L@2H2+i'QM aH i2C,/2i2 2KBNMIMBID-MMQ 27 7B +B 2N\

6Q BMbi M+2- BY@KIH2HBb b2i Q7 bBM;H2@2H24(.QM MIR7mM +iB ¢
2 HH TQbbB#H2 L@T ‘iB+H2 aH i2° /2i2°KBM Mib 7 QK i?2K- i?2M
» b?2QmH/ +QMi BM MV L@2H2+i"QM MiBKVKK2i'B+r p27mM+iBQM

qBi? 7BMBi2 # bBb b2i- QM2 +QmH/ biBHH +QMbi'm+i HH TQbbB3;
TT QtBK i2i?2iQi Hr p27mM+iBQM b i?2 HBM2 * +QK#BXRIBQM Q1
h?Bbr p27mM+iBQM 7Q K + M #2 mb2/iQp "B iBQM HHv KBMBKBXx?2
p Hm2 rBi? "2ICT-2i) Qi BM i?2 ;  QmM/@bi i22M2 ;v M/r p27mM+iB
Mmib?2HH- i?2 7mHH +QM7B;m" > iBOM BRKK2AMiBQ MiBI72HH * AW @& Rlit
IQM2 7Q bK HH bvbi2Kb- bBM+2 rBi? i?2 BM+ 2 bBM; MmK#2" Q7 2F
/2i2 " KBM Mib #2+QK2b +QKTmi iBQM HHv mM72 bB#H2 p2 v [mB+F|

*QKTH2i2 +iBp2 aT +2 a2H7@*QMbBbi2Mi 6B2H/

AM K Mv + b2b- bi QM;HvV +Q "2H i2/ bvbi2Kb Q++m r?2M i?2 2 2|
rBi? p2'v+HQb22M2 ;B2b UQ /2;2M2 i2ViQi?2; QmM/bi i2Q7i?2
KQH2+mH2b rBi? "2bQM Mi I0:'\W+ivbi2KU b Bii#? "bMbBIiBQM@K2i H2H
iQi?72 M2 "@/2;2M2° +v Q7 +QM7B;nd QBABN Hr@ > hB7 TRWGY - BM T
rBi? +?2KB+ H #QM/ #°2 FBM:- 2i+X AM i?Bb + b2- :QQ/ /2b+ BTi
+?B2p2/ #v BM+HmM/BM; QMHv 72r aH i2 /2i2 ' KBM Mib r?B+? /2b+
+QM7B:m’ iBQMbX
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AMi?2b2 + b2b- Km+?KQ 2T +iB+ H TT Q +?i? Mi?27mHH*A K2]
bT +2 b2H7@+QMbBbi2ZMi 7TB2R}RIFRBREXVIKHMIBR2 (?2 TmHH *A K2i?2(
HBKBib i?2 bBx2 Q7 i?2 HBM2 RXRK® BIMvi BQIM HBBrivl/ B\NK; i?2 aH i2° /2i2
i?7 0 "2;2M2° i2/#vp 'VBM;i?22Q++mT iBQMb Q7 bm#b2i Q7 2H2+i’
+iBp2 bTr22H2 HH Qi?2 2H2+i'QM Q #Bi Hb ? p2 7Bt2/ Q++mT iBQ
i?72 "2bmHIBM; r p2 7 mRARBOMN /RM2ANIX MQi QMHV QM i?2 2€CF-MbBQM A
#mi HbQ QM i?2 b2H2+i2/ b2i QE2HR *QIQM?Q #@2 HB+B2Mib M/ i?2
+ M#2 p "B2/iQ KBMBKBx2 i?2 2M2 ;vX

h?2 "2bmHi MiT°Q+2/m 2 7Q  * aa*6 Bbi?2 7TQHHQrBM:,

R»i i rBi? b2i Q7 UiviB+ HHvV bTBM@ 2bi B+i2/ Q #Bi Hb UBX
K BMi BM2/i?2b K2 7Q #Qi? bTBM bi i2bV

kX2bB:;M i2 i?°22 ;°QmTb Q7 iPRbRiRpED2MPB iX% HHH pB im H
Q #Bi Hb "2 2KTiv- HH BM +iBp2 Q #Bi Hb "2 /Qm#HV@Q++mT
?2 p2 p "VBM; Q++mT iBROWR GR22?@Bi:Xi H MmMK#2" Q7 piBp2 Q #
M/ iQi HMmK#2 Q7 2H2¢i ' QMb BM i?2K

iX*QMbi'm+i HHTQbbB#H2 aH i2 /2i2°KBM MiprBiBpgB 07 2RiVH I +
#\] 2H2+i"QMb UrBi? T 2@/2i2 'KBM2/iQi HbTBM aV

9Xb2 HBM2 " +QK#BM iBQM Q7 i?2b2 aH i2  /2i2 ' KBM Mib b M |
7TmM+iBQMc KBMBKBXx2i?22 2M2 ;v #v p;(rv B MV HQ R22it7T2 \pb BRIMVH b
+Q277B3B2Mib

A7 i?2 b2i Q7 +iBp2 Q #Bi Hb UBX2X- i?2 +iBp2 bT +2- Q° aV BN
Q #Bi Hb-i?2 * aa*6 K2i?Q/ rQmH/ "2T°Q/m+2 i?2 7TmHH *A TT ' Q +
H ;2" +iBp2 bT +2 + M BKT Qp2 i?2 ++m  +v Q7 i?2 * aa*6 T 2/I
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6B:m 2 RXR, a+?2K iB+ 2T 2b2Mi iBQM Q7 i?2 i? 22 b2ib Q7 Q #Bi
0B'im H M/ BM +iBp2 ? p2 7Bt2/ Q++mT iBQMb- r?BH2 +iBp2 Q #Bi
iBQMb

BM+ 2 b2i?2 +QKTmi iBQM H +QbiX 6m i?2 ' KQ 2-i?2 +iBp2bT +2
2Mbm 2 ;QQ/ T2 7Q K M+2 Q7 i?2 * aa*6 + H+mH iBQMX AM ;2M2" |
Q #Bi Hbi? i+ M#2 BKTQ'i Mi7Q i?2 T 'Q+2bb2b M/ T QT2'iB2b Q
iQ +QKTmi2X 6Q 2t KTH2- bvbi2Kb mM/2 ;QBM; #QM/ # 2 FBM; Q" 71
#QM/BM; M/ MiB#QM/BM; Q #Bi HbiQ #2 BM+Hm/2/BM a-r?BH2 i’
M22/ iH2Q #Bi Hb iQ #2 BM+HmM/2/- 2i+X AM ;2M2" H- 2Qr2p2 - +QM!I
bT +2Bb MQi i'BpB Hi bF- b Bi/2T2M/b QM i?2 bT2+B7B+ bvbi2K
bim/v- M/ ivIB+ HHv "2[mB 2b ;QQ/ +?2KB+ H BMimBiB®&WMX M/fQ" b
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RXj .2MbBiv 6mM+iBQM H h?2Q" v

RXjXR >Q?2M#2 :@EQ?M h?2Q 2Kb

AM RNe9- >Q?22M#2 :RIMIE®MH (i2/ i?72 7TQHHQIBM: irQ i?2Q 2Kb +(
SQMM/@bi i2 2H2+ig(Q MBER2MQIRIZ” T?vbB+ H Q#b2 p #H2b,

RX?2 2ti2MM H TQIZMiB- H+iBM; QM bvbi2K Q7 2H2+i"QMb- Bb m
[2i2 " KBM2/ UmT iQ M [/[//BiBp2 +QMbi MiV #v i?2 ; QmM/@bi i2 Z
bBing()c

kXh?2'2 2tBbib mMBp2'b H 7mM+iBQM H &®7) 2Fd2(R)>Qoh #2MbBiv
i? ii?72 2M2°:v 7TmM+iBQM H /27BM2/ b,

Z
E¥ic () = Fuc (N + d Vex(On() URXRdV

Bb KBMBKBxXx2/ ii?2 2t +i ;"QmM/@bi i2 2i2+i Q@M?2/DMBBiv
KBMBK Hp Hm2 Q7 i?2 ;°QmM/@bi i2 2M2 ;vX

6Q° bvbi2Kb rBi? MQM@/2;2M2" i2 ;"QmM/ bi i2- i?2 7B bi i?2Q" 2
#v +QMi’ /B+iBQMX h?2 T°QQ7 miBHBx2b i?2 p "B iBQM H T'BM+B
[2;2M2° i2;°QmM/@bi i2 1, KBMBWKBIBIDM?2 2tT2+i iBQMp Hm2 Q7 Bit
hoHj of X h?2°27Q°2- 7Q° Mv /B772 28li §-pi22mM**HBQKBM; BM2[m
2QH/B o-h jHj i>h ojHj of X

*QMbB/2" irQ 2ti2°M H TQi2MiB Hb i? i /IB772 VG ¥fXxM22b2+QMbi
T'Q/m+2 /B772 2Mi HRBMHIMB MMHIBM; BM irQ /B772 2Mi ;" QmM/(
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TmM+iBOMb/ @ X amTTQb2 i?22v T ' Q/m+2i?2b K2 ;h@DMMhBRM, /2MDbE

ED = h (l)jH(l)j ®j < h (Z)jH(l)j (2)i;
ED < h (2)jH(2)j @i+ n (2)j|_|(l) H(Z)j @j -
Z .

h |
EO<E@+ 4> v® vO® (o) URXR3V

ext ext

>Qr2p2 -#v T2 7Q KBM; 2[mBp H2Mi bi2Tb- bBKBHE®@BEWRHM HBiv +
QEW

Z h i
EQ<e®+ 4> v v8 (ny() URXRNV

7i2° //BM; i?2irQ BM2[m HBiB2b iQ;2i?2 -
E@ 4+ EO <cE®@ 4+ EO URXkyV

r?B+? H2 /b iQ +QMi> /B+iBQMX h?2 p HB/Biv Q7 i?Bb i?2Q 2K 2
bvbi2Kb rBi? /2:2M2" i2 ;"RREXM/ bi i2b (

b +Q QHH viQ i?Bb i?2Q 2K- bBM+2 i?2 2ti2°M H TQi2MiB H Bb
K MV@#Q/v 2H2+i  QMHz -KBIHIQMB QM H ?TIQTQ7IB2P bvbi2K “2- BM
i?72Q v- mMMB[m2HV /2i2 ' KBM2/ #v U M()X2 7TmM+iBQM Hb Q7V

AM T "iB+mH - i?2 ;7 QmM@ b? iIQmM2MbBRAV2ti2 M Ned(Q) 2 MHB (1

MMB[m2Hv 7Bt2b i?2 ; QmM/@Ing) i2?PBR27BM+mMB@M27BM2b i?2 iQi H
P

FBM2iB+ 2INh3) s=vh( ng)j % rZz j(ngic M/i?2 *QmHQK# BMi2" +iBQM

. . . P . .
#2ir22M i?2 2 HZm) =Q bo)j ﬁ j ( noi X

bbmKBM; i? i 7Q° ;Bpadmz2/2MaBivib M 2ti2 MR(M) QP2iMII BQHM +2 b
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Bi UBXRK@ 2T 2b¥Mi#H&AMBp2 b H7mM+iBQM H K2MiBQM2/ BM i?
i?72M /27BM2/ b

Fuk (N) = T(n) + Vee(N) URXKRYV

M/ Bb 2[m H iQ i?2 bmK Q7 FBM2iB+ M/ BMi2" +iBQM 2M2 :B2b Q°
Vex(N) X h?2 iQi H2H2+IEQNhRBIM % i bvbi2K Bb i?2M RERUMNAVT 1) X2
MQri? i /B7722Mi 0@ W@ BRE2RIMNY #v?B+? BM im M T Q/m+2b
r p27mMMHiBIMh?2M- B7 r2 F22T i?2 bELQM/iP2 K BRI UBX2X /27BM:
7 QW S i?2  iNVMV-r2 Q#i BM 7°QKi?2p "B iBQM HT BM+BTH2,

E¥i (19= h( n9iHj ( n9i > h( MiHY i ( n)i = EY () URXKKV

UAM i?Bb 7Q K- i?2 i?2Q 2K bbmK2b i? i i?2°2 2LBhbiibi MBti2 M H
bi?2: " QmM/@bi i2 /2MbBiva BH@i22 2IQXVEQHIRP2 - i22 i22Q 2K ? b
#22M ;2M2° HBx2/iQ r2 F2RBWbmMKTiBQMb (

h?2 bB;MB7B+ M+2 Q7 i?BMhyd g QQ2 BOQIii?/2T2M/ QM i?2 2ti2 M H /
U?2M+2 Bb mMBp2'b H7mM+iBQM HV- M/ B7 2 FM2r Bib :2M2" H
EY.(n) 7°QK RIXRM/ KBMBKBx2 Bi iQ 7BM/-i? QX rRiB+? HH Qi?2 T QT2
Q7 i?2 bvbi2K + M #2 /2i2°KBM2/ ++Q /BM: iQ i?2Q 2K RX AM T  +
>Q?2M#2 ;@EQ?M i?2Q 2Kb /2KQMbi  i2i?2 2tBbi2M+2 Q7 /2MbBiv
T QT2 iB2b-i?2 2t +i 7Q 'K Q7 i?2b2 7mM+iB Q MT (A) Bth MhQ/i Fi MBQBVI KX A
iQ /2 Bp2 rBi?Qmi FMQrBM; i?2 2tTHB%Bir p27mM+iBQM
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RXjXk EQ?M@a? K 2[m iBQMb

MQi?2 K DQ  /2p2HQTK2Mi BM .6hr b BMi'Q/m+2/ #REQ?Q M/ a?
T°QTQDb2/ T +iB+ HK2i?Q/ Q7 7BM/BM; i?2 ;"QmM/@bi i2 2H2+i" Q

AMDbi2 /Q7rQ FBM; rBi? i?2 Q' B;BM Hbvbi2K Q7 BMi2  +iBM; 2H2+i"
No()-i?2 K2i?Q/bm;;2bib BMbi2 /iQ +QMbB/2" bvbi2K Q7 mtBHB v |
KQpBM; BM bQK2 2772+iBp2 M/ HQWe (D 2tPB M 1? DAP2MIEK B ;" QmM/
bi i2 /2MmB)vb i?2 Q°B;BM H 2H2+i"QM bvbi2KX aBMF2i(@B2 mMBp2"
M/ i?22 2MRYc(n) /2T2M/ QMHV QM i?2 /2MbBiv- Bi K v #2 bBKTH2  iQ
bi i2 /2MbBiv 7Q° MQM@BMi2  +iBM; T "iB+H2b BMbM () BomKBM;
T QpB/2/X

h?2 H +F Q7 BMi2  +iBQMb K2 Mb i? ii?2 a+?'°/BM;2" 2[m iBQM + M
2 +?2 MtBHB 'vbBM;H2@T "iB#+H2 bi i2 rBi? bTBM

ks (5 )= ]E-r2+veff(\) (5 )=" () URXkjV

r?2°2r2 bbmK2i?22772+iBp2 TQi2MiB H+ M #2 /[B772 2Mi 7Q" /B7
;CQmM/ bN i D*V HQr2bi @28 2M2 ;v 2B;2Mbi i2b "2 TQTmH i2/- M/
rp27mM+iBQM Bb "2T 2b2Mi2/ rBi? aH i2° /2iZ K)BM2M2 KL7Xi h2? D + +
iQi H/2MbBiv Bb i?2M ;Bp2M #v,

n()= ji(s)iE= - (iR + - (2= () + n() URXk9V
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h?2 2M2 ;v 7mM+iBQM Hi?2M b?QmH/ #2

Z

Fuk (n)+  d Vex()N() URXk8V
Z

Ts(n)+  d [Vex( )+ Verr ()IN() = Ts(n) + Eexe(n) + En(n) + Exc (N)

EI\—|/K (n)

T(n) + Eext(n) + Eee(n) URXkeV

r?2 P(n) = %P Pihi(‘; )Yir 2j (% )i Bbi?2 FBM2iB+ INMBH,E Q7T "iB+H2k
Eextsz\/ext(‘)n(‘) Bbi?22M2 ;v/m2iQi?2 2ti2"M HTQi2MiB H- M/i?2:
2772+iBp2 TQi2MiB H Bb /BpB/2/ BM irQ Ea(mb,%i%gdﬁjﬂ”ﬁ 2D 2M2 ;v

bBKBH " iQ QM2 BM i?2 > "i'22@6Q+F + Rt+MHMiR@M Q- "M hR@EM H
Exc X PM i?2 Qi?2E¥%? MAbQ /2b+"B#2b i?2 iQi H2M2 ;v BM i?2 "2 H 2
/Im2iQi?2 K i+?BM; ;"QmM/@bi i2/2MbBiB2bc hUMV Bb i?2 FBM2iBH
Eee Bb i?2B° BMi2® +iBQM 2M2";vX 6Q" i?Bxcm2 BoHIB 2 b THi'ZKt-B®& M PAX

++Q /BM; iQ i?2 b2+QM/ >Q?2M#2 ;@EQ?M i?2Q 2K- iagd ¥ Q "2+i ;°
Kmbi KBMBKERxM)Z7InM+iBQM HX AM im M-i?2 /2MbBiv/2T2M/b QM i’
pB 1IRXX9'VKBMBKBxXxBM;i?22M2 ;v rBi? 2BT2J+irP@ H2 K2 21BB MH;bi ? 2
Q #Bi Hb Q i?QMQ K H-r2 Q#i BM RX{MiBBMWHBXKBRHHQrBM; 277
TQi2MiB H

Vert () = Vext () + V() + Ve () URXkdV

r?72°22 +? TQi2MiB Hi2'K Bb /27BM2/ b 7mM+iBQM H /2 'Bp iBp2 ¢
i2 'K rBi? "2bT2+iiQ /2MbBM{ JOE [\g‘ XH2

6BM HHv- /2MbBiv QTiBKBx iBQM b+?2K2 Bb Q#i BM2/X 6B bi- 7
MtBHB v Q;(#B)i-HD2 /2MIBiUA ()V Bb Q#i BM2/X h?2 2M2 ;v i2 Kb
RX«8b r2HH b TQi2MiB Hb- ‘2 i?2M "2+ H+mH i2/ # b2/ QMkij?2 M2r
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"2 bQHP2/-# b2/ QM i?2 M2r TQi2MiB Hb- M/{(?:2)m T2 md/2d Q;HBNMB Q M
iQ 2+QKTmMi2i?2 2H2+i"QM /2MbBiv M/ 2T2 ii?2 T Q+2bbX h?2 b2l
22°2 'mMb mMMiBH bQK2 +QMp2 ;2M+2 + Bi2'B ‘2 K2i-7Q 2t KTH2 |
/Q MQi /B772  KQ 2 i? MbQK2 i? 2b?QH/X

b K2MiBQM2/ #Qp2- i?2 QMHV i2 K i? i M22/b iQ #2 TT QtBK i2/ °
+Q "2H iBOQEK@ M/ WQi2 MiBXHPM2 Q7 i?2 #B;;2bi +? HH2M;2b BM i?2
Q7 .6h K2i?Q/b ? b #22M +QMbi m+iBM; ;QQ/ TT QtBK iBQMb 7Q" |
KQbi +QKKQM TT Q +22b iEx2p2HKbD 22?25 7TQHHQrb,

CGQ+ HUDBTBMV /2MbBiv TT QtBK iBQM UGa. V-r?2°2i?22 2H2+]i
P Vbm77B+B2MiHV bHQrHycb@M?2 i v?2 MO#H TT QtBK i2/ b

Y4
Exe? (nsng) = dn()"xc [N+ ();nx( )] URXk3V

r?22i?22t+? M;2@+Q 2H iBQM 2M2 ;v /2MbBiv Bb bbmK2/iQ
p Hm2b Q7 i?2 2H2+i'QM bTBM@mMT M/ bTBM®@ / QeM?/2'\ [Bi B 2 b X
/12°Bp2/ 7 QK i?2 ?2QKQ;2M2Qmb 2H2+i QM ; b KQ/2HX qB/2HvV@
K iBQMb Q7 i?Bb FBM/ "2 i?2 S2 /Ry@M/MQUEQNKBKF M/ Lmb
UoOgQLWKR 7mM+iBQM HbX

C:2M2° HBx2/ ;" /B2Mi TT QtBK iBQM U:: V r?2°2 i?2 s* 2M2 ;v
/2T2M/ QM i?2 ;" /B2Mi Q7 i?2 2H2+i"QM /2MbBiv BM #Qi? bTBM

z
ESSA(n;ng) = dn()'xc [n();ir ne();ng( )1 ng( )] URXKNYV

gB/2Hv@mb2/2t KTH2b Q7 i?22t+? M;2@+Q "2H iBQM 7mM+iBQ
g M; USgNRWK® M/ S22 /2r@"m F2@1 MX3) 7QXMUIB'QM (Hb X
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RXjXj a2H7@BMi2° +iBQM 1°°Q"b

h?2 EQ?M@a? K TT'Q +?2 iQ .6h ? b #22M /2KQMbi  i2/iQ #2 p2 v
"2 b-r?B+?? b2 M2/ qHi2  EQ?M LQ#2H T Bx2 BM +?2KBbi v BM
SQTH2VX >Qr2p2°-i?2'2 2 bQK2 bBim iBQMb r?2°2 EQ?M@a? K .
2H2+i " QMB+ T QT2 iB2b +Q "2+iHvVX h?2b2 BM+HmM/2 i?2 mM/2 2b
+QM/mM+iQ'b MKBK@HBVM /2 2biBK i2/ 2M2 ;v "2 kg BQM2#2biBBXK b A/
2t+? M;2 +QmMTHBMKG-QMbKMbB Qi?2° 2772+ibX

am+? /Bb+ 2T M+B2b ? p2 #22M bbQ+B i2/ rBi? i?2 T 2b2M+2 Q7 i
2°°Q  UaAlV BM .6hX h?Bb Bb "2H i2/iQ i?2 7 +ii? i i?2 2H2+i QM (
BM RXRE((N())+ Vec(N())- /Q2b MQi BM ;2M2° H /BbiBM;:mBb? i?2 +QMi
2H2+i"QM /2MbBiv Q7 i?27 BPR M Q #BMHB#mMiBQMb Q7 Qi?2° Q #Bi |

EQ?M@a? Kbk W22tT2 ' B2M+2 MQMT?vbB+ H BMi2  +iBQM rBi? Bi

AMT "'iB+mH -H2imb+QMbB/2" bvbi2K +QMbBbiBM; Q7 QMHvV QM
i; (\)' r?B+7? T‘Q/m+2b iﬁi;Z(f)ZX\/lhBQV+QH2bTQM/BM; bBM:H2@ T “iB+F
2M2 ;v rQmH/ #2

EKS (ni; ) = Ts(ni; )+ Eext(ni; )+ EH (ni; )+ EXC (ni; ;O) UR Xj yV

72 By Bb +QMbB/2°2/iQ #2 @#mMmiBQM2H @K Q7 i?2 i?B / M/ 7Qn
i2°Kb QM i?2 "'B;?2i@? MRYBPRAHLER 2[m H iQ x2 Q- bBM+2 i?2 bB
b?QmH/ MQi 2tT2 ' B2M+2 *QmHQK# "2TmHbBQM 7 QK Bib2H7X Al
> "i'22i2 K+ M+2Hb Qmi #v i?2 b2H7@2t+? M;2 i2 ' KX >Qr2p2°- BM |
Bb MQi x2 Q #2Bdni®Z K?Bb TT QtBK i2/X

h?Bb /Bb+ 2T M+vBb FMQrM bi?2aAlX aBM+2 ?22H2+i QM 2bb2Mi
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i?72 T 2/B+i2/ Q #Bi Hb M/ /2MbBiB2b "2 /2HQ+ HBx2/ #v aAlX

S2'/2r@wmM;2 a2H7@AMiIi2° +iBQM *Q "2+iBQM

PM2 Q7 i?2 KQbi r2HH@FMQrM b+?2K2b iQ +QmMi2° +ii?2 b2H7@8B
#v S2°/2r M/ wmM:2 K@M RR2B (T°QTQb Hr biQ bm#i~ +i HHi?2 b2
2M2 ;B2b 7Q° Bp2Mb2i(QF 7O Q#Bi?RKHQi H 2M2 ;v 7mM+iBQM H,

X X

Epz sic(n;f i 9) = Exs(n) [En(ni; )+ Exc(ni; ;0)] URXJjRV
i

LQi2i? ii?Bb +Q " 2+i2/ 2tT 2bbBQM 7Q" 2M2 ;v rQmH/ #2 2t +i 7Q"
i72 K ;MBim/2 Q7 i?2 +Q " 2+iBQM BM :2M2" H rQmH/ #2 x2°Q 7Q" i?
Exc 7mMM+iBQM HX HbQ MQi2i? i i?2 +Q "2+iBQM i2 K /2T2M/b 2tTt
Q #Bi HHh2i)gX h?Bb K F2b i?2 iQi HS2 /2r@wmM;2 b2H7@BMi2" -
aA* 2M2 ;v 2tT 2bbBQM BM /2T2M/ MQi QMHvV QM i?2 /2MbBiv- #mi
2T 2b2MiBM; i? i/2MbBiv br2HHX 6Q 2t KTH2- mMBiI vi Mb7Q"
Q++mTB2/ Q #Bi Hb /Q2b MQi +? M:2 i?2 2H2+i QM /2MbBiv- #mi Bi
P HMER Gc X MQi?2 Bbbm2 rBi? i?2 2M2 ;RXIBRBIMBIiBQ N2 B A [EKB X 2
Q #Bi Hb "2 mb2/ 7Q  i?22 +Q "2+iBQM- i?2 22X ;6B bBWIDi VBX2-G@22
+Q " 2+iBOM rQmH/ p MBb? 7Q" bQHB/b B7 i?2 EQ?M@a? K Q #Bi H
K tBKmK 7Q° HQ+ HBx2/ Q #Bi HbX

*QMbB/2 BM: i?2 /Bb+mbbBQM #Qp2- QM2 + M Q#i BMi?RXJRQT2 ;"
#v KBMBKBXBM; i?2 2M2 ;v 7mM+iBQM H rBi? 2bT2+i iQ #Qi? i?2 2
' K2i2'b Q7 mMBi 'vi> Mb7Q K iBQM #2ir22M i?2 Q++mTB2/ 2H2+
b? QMK Njy) i? ibm+? p "B iBQM H KBMBKmK Bb +?B2p2/ B7i?2 Q #
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Q7 HQ+ HBx iBQM 2[m iBQMb,

hi (V) V°()ji=0 URXjkV
Vi;SIC(‘): En[ni ()]n"‘I E(X)C [ni; ():;0] URX]|jV

BM //BiBQMiQLEQ?M@a? K@HBF2 2[m iBQMbX >2M+2-NQ bQHp2
2H2+i"QMIN2 EQMiBQMb Kmbi #2 b iBb7B2/- r?B+? K F2b i?Bb K2i?Q
2tT2MbBp2X

62 KB G°r/BM P #Bi H a2H7@AMi2" +iBQM *Q "2+iBQM

AM KyR9- S2/2 bQM- mxbBMjRXAVQNQB27/iXy €QKTmi2 i?2 +Q "2+iB
BMi?2 SwW@aA* 2M2 ;v- /RXKBRIZ 0B M X62 KB@ G°r/BM Q #Bi HbX 6F
62 KB Q #Bi Hb Bb /27BM2/ b

(@) (r)
Fi (r)= pP= =
(r) o (a))?

URXj9V

r?2°2 "2 bQK2 BMBIiB H b2i Q7 Q #Bi Hb U2X:X EQ?M@a? K Q #t
M/a. "2 bT iB H TQbBiBQMb6RMKQBM) BEPH /206PBIVQ bP #Bi Hb
[27BM2/ #v 2[RX{#B QM2 b?QrM iQ #2 BMp "B MimM/2  mMBi ‘vi  Mb7
i72 Q++mTB2/ Q #Bi H bT +2- M/ i?2v "2 /27BM2/ QMHV #v i?2 +Q’
2H2+i"QM /2MDbBivX 6m i?2 KQ 2- 62 KB Q #Bi Hb 2 HQ+ HBx2/ M
"2 MQi Qi?Q;QM H v2iX

h?2 62 KB Q #Bi Hb "2 i?2M Q i?Q;QM HBxQ/iMQBYN iABGIBGM b+?
iQ T'Q/m+2 62 'KB@G°r/BM ("%Bi QbR 6BMHEiB2bi?2M THm;;2/ BM



Ky +Nzy 1 SYBé iz « Oné

i?72 Sw@aA*2M2 ;v7mM+iBQM H,

X X
Erlosic (n;fa; g) = Exs(n) Ey (ni'fl‘o)+ Exc (nfLO;O) URXj8V
i
LQi2i? ii?2 6GPaA* 2M2 ;v 7Q" ;Bp2M b2i Q7 6P.b Bb /27BM2/ BM
i72°27Q°2 BMp "B Mi mM/2" i?2 mMBi ‘v i' Mb7Q 'K iBQMb rBi? "2bT
b2i Q7 Q++mTB2/ R &#BM+HH6GPb "2 HQ+ HBx2/-i?2 bBXx2@2ti2MbBp
r vX

h?2 6GPaA* 2M2 ;v Kmbi #2 QTiBKBx2/ #Qi? rBi? ~Ab MIHPPQbRQi? i?2
Q7 6P.bX 6Q  i?2 H ii2 - bQK2 BMBiB H ;:m2bb 6P.b "2 T Q/m+2/- r"
/m BM; 2M2 ;vKBMBKBxX iBQM T Q+2/m 2b- #v fihB M ?222Q TVB K B2+ 6
6P. TQbBiBQMb ? p2 #22M b?QrM iQ 7QHHQr i?2 #QM/BM:; T ii2 Mb
b?2HH 7BHHBM; T ii2 "Mb BM bBM;H2 j9XK @™ Z7tQR THE 2 Q % BiiQHKIb K
QTiBK H6P.b rQmH/ +QMbBbi Q7 T B Q7 bTBM@mT M/bTBM@/QrN\
+Q "2bTQM/BM; iQs’i @b 7BHi2/M/ 7Qm> bTBM@mT M/ 7Qm  bTBM@
i72 iQKB+ +2Mi2° BM i2i° ?22/° H +QM7B;m23ABQNPR-HHX "2DT @ R./B M
QTiBKBXx iBQM T Q+2/m 2 Bb /2b+ B#2/ BAMMI/QQZ i2IBBH?RMBBXTi2 b



*? Ti2 K

1H2+1 QMB+ ai m+im 2 Q7 JQMC
*m@# b2/ JQH2+mH2 7 QK
6GPaA*@.6h

h?Bb +? Ti2 r b T°2pBQmbHv Tm#HBb?2/X _2T BMi2/ 7°QK M'B E
EQ#H ° H M C +FbQM- M/ EvmM;r? S "F- 61H2+i'QMB+ bi'm+im 2
KQH2+mH2 7°QK /2MbBiv@7mM+iBQM H i?2Q v rBi? b2H7@BMi2" +
CmHv kykRc R88 URV, yRORyeX 2iiTh,ff/QBX@Bi;7RYXR2eKBKXlyB QI [
AS SmM#HBD?BM;X

AM i?Bb +? Ti2 -r2 BMp2biB; i2 i?2 2H2+i QMB+ bi'm+im 2 Q7 TH
KQH2+mH2{aMUBM irQ QtB/ iBQ@M 2 iRWVUWUnbBM; /2MbBiv@7mM+iBQN\
U.6hV rBi?i?262 KB@G®°r/BM Q #Bi HU6GPV b2H7@BMi2 +iBQM +
*m@# b2/ KQH2+mH2 r b T’ QTQb2/iQ #2 T QKBbBM; [m#Bi + M/B/
rBi?BM TT QtBK i2.6h 7mM+iBQM Hb "2M/2 b b2p2°2 /2HQ+ HBX iE
bBiB2b ‘BbBM; ZBQKIpX h?2 6GP@aA* K2i?Q/ "2HB2b QM QTiBKBX i
Q' #Bi H/2b+ ' BTiQ b U6P.bV rBi? r?2B+? HQ+ HBx2/ Q++mTB2/ Q #B
i?72 aA* TQi2MiB HbX ai "iBM; rBi? K Mv BMBiB H b2ib Q7 6P.b- r2
HQQT H;Q Bi?K rBi?BM i?2 6GP@aA* K2i?Q/iQ bim/vi?2*m@# b2/
i?72 2H2+i " QMB+ bi m+im 2 Q7 i?2 KQH2+mH2 2K BMb mM+? M;2/ /2

kR



	Titlepage
	Abstract
	General Audience Abstract
	Dedication
	Acknowledgements
	List of Figures
	List of Tables
	Introduction
	The Many-Body Electron Hamiltonian
	Wavefunction-Based Methods
	Hartree-Fock Approximation
	Multiconfigurational Methods

	Density Functional Theory
	Hohenberg-Kohn Theorems
	Kohn-Sham equations
	Self-interaction Errors


	Electronic Structure of Mononuclear Cu-based Molecule from FLOSIC-DFT
	Introduction
	Geometries of Cu-based molecules
	FLO-SIC Methods
	 FLO-SIC formulation
	Frozen-density loop method
	 Starting sets of FODs for the Q-2 molecule
	 Starting sets of FODs for the Q-1 molecule

	FLO-SIC Results for the Q-2 Molecule
	Converged FODs and energy convergence
	FLOSIC-calculated electronic structure
	 Comparison with previous work

	FLO-SIC Results for the Q-1 Molecule
	Converged FODs
	FLO-SIC calculated electronic structure
	Comparison with previous work

	Conclusions and Outlook
	Acknowledgements
	Appendix
	Molecular Geometries
	CASSCF and UHF calculations for Q-2
	Converged FOD Geometries
	Final FOD-configuration dependence of HOMO-LUMO gap and spin density for Q-2 and Q-1


	Hyperfine Interactions for Small Systems including Transition-Metal Elements using FLO-SIC DFT
	Introduction
	Theory
	Magnetic Hyperfine Interaction
	FLO-SIC Method

	Computational Details
	Hyperfine Coupling Tensor
	Setup and Optimization Process
	Starting FOD sets
	Basis Set Contraction and Size Effects

	Optimized FODs of molecules
	Molecules without transition-metal elements
	Transition-metal molecules

	Electronic and magnetic properties
	Hyperfine Coupling Tensor
	Fermi contact contribution for atoms
	Core spin polarization in atoms
	Molecules without transition-metal elements
	Transition-metal molecules

	Basis Set Effects
	Conclusion
	Appendix
	Starting FODs for some TM-based molecules
	MnO3 CASSCF calculation
	Basis Set Added Gaussians


	Multireference study of a Si vacancy center in 4H-SiC
	Introduction
	Silicon Monovacancy Defect in 4H-SiC 
	Molecular Cluster Description
	Quantum Chemistry Methods
	CASSCF
	CASPT2

	Results and Discussions
	CASSCF calculations
	CASPT2 calculations

	Summary

	Conclusions
	Bibliography

