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Analyzing Electronic Correlation Effects in Molecules and Semicon-
ductor Point Defects from First Principles Beyond Density Func-
tional Theory

Anri Karanovich

(ABSTRACT)

Transition-metal based molecules and point defects in wide-bandgap semiconductors have

been of particular interest lately due to their potential quantum information science applica-

tions. To accurately calculate the electronic properties of these systems from first principles,

it is important to appropriately account for electronic correlation effects. Density func-

tional theory (DFT) has been one of the most popular methods to perform calculations on

correlated systems, due to the combination of numerical efficiency and precision in many

applications. However, traditional DFT methods fail to accurately calculate the important

electronic and magnetic properties, such as bandgaps in semiconductors or magnetic ordering

in defects, to name a few. This dissertation focuses on two areas in which traditional DFT

methods are likely to produce inaccurate predictions. The first area is connected to an error

that is intrinsic to most DFT formulations due to the approximate nature of the exchange-

correlation functional, known as the self-interaction error (SIE). It is known to cause the

underestimation of bandgaps in solids, underestimated reaction barriers in molecules, and

incorrect dissociation curves. The second area is the case where the ground and/or ex-

cited states are described by multiconfigurational wavefunctions rather than a single Slater

determinant.



Chapter 1 of the thesis provides a brief overview of various electronic-structure methods, as

well as the Fermi-Löwdin Orbital Self-Interaction Correction method (FLOSIC) which is used

to remedy the SIE in DFT. Chapter 2 reports on the application of the FLOSIC-DFT on a

Cu-based molecule, and its effects on the predicted electronic properties. Chapter 3 describes

the application of the FLOSIC-DFT to the computation of the hyperfine coupling terms,

which are crucial for the realization of spin qubits and for interpreting electron paramagnetic

resonance experiments. Chapter 4 turns to the application of a multiconfigurational method

to describe the electronic properties of a silicon vacancy in silicon carbide, a potential point-

defect qubit.



Analyzing Electronic Correlation Effects in Molecules and Semicon-
ductor Point Defects from First Principles Beyond Density Func-
tional Theory

Anri Karanovich

(GENERAL AUDIENCE ABSTRACT)

Computational electronic structure methods, which attempt to predict optical, electronic,

and other properties of molecules and materials just by solving the Schrödinger equation for

the wavefunction of the electrons in them, have been instrumental in many areas of research,

including the design of semiconductors, drug discovery, improved solar panel design, and

discovering systems that can work as qubits for quantum-computing purposes, to name a

few. One of the most successful sets of these methods, known as Density Functional Theory

(DFT) methods, makes solving for electronic wavefunctions (and from them, other materials

properties) computationally efficient, while maintaining the accuracy of such predictions by

accounting for the complex quantum-mechanical interactions between the particles. For this,

DFT was the subject of the 1998 Nobel Prize in chemistry. However, there are several areas

where DFT is typically not successful in producing accurate predictions. One of the areas is

connected to the approximated term in all DFT methods that often erroneously accounts for

electrons interacting on themselves (an effect known as the self-interaction error). The other

area is related to systems that must be described with superposition of several electronic

configurations.

Chapter 1 of the thesis provides a brief overview of various electronic-structure methods, as

well as the Fermi-Löwdin Orbital Self-Interaction Correction method (FLOSIC) which sug-

gests a modification to the standard DFT methods that aims to remove the self-interaction



error. Chapter 2 reports on the application of the FLOSIC-DFT on a Cu-based molecule,

and its effects on the predicted electronic properties. Chapter 3 describes the application of

the FLOSIC-DFT to describe the interaction between the magnetic moments of electrons

and nuclei, known as the hyperfine coupling, which is crucial for the realization of spin qubits

and for interpreting some experimental results. Chapter 4 turns to the application of a mul-

ticonfigurational method to describe the electronic properties of a silicon vacancy in silicon

carbide, a potential point-defect qubit.



vi



I am deeply indebted to my graduate supervisor, Prof. Kyungwha Park, for her tremendous

help and support throughout the last 6.5 years of my academic journey. I consider myself

lucky to have been mentored by someone who is this mindful, wise, understanding, and

dedicated to the success of her advisees. The feedback and advice I received from her during

our involved research discussions helped me gain the knowledge, discipline, and analytical

skills that have made me the scientist I am today.

I also extend my gratitude to the other members of my graduate committee, Prof. Victoria

Soghomonian, Prof. Vito Scarola, and Prof. Nicholas Mayhall, for dedicating their time and

effort to checking my academic progress, for the insightful questions during the examina-

tions, and for the careful review and constructive feedback for this dissertation. I also thank

the graduate program director, Prof. Uwe Täuber, for his contribution to the review of this

manuscript, as well as for the hard work ensuring that the Virginia Tech Physics Department

is a great place to receive graduate education.

Most of the work presented in this dissertation could not have been done without the ex-

tensive help from our external collaborators. I thank Prof. Koblar Alan Jackson from

Central Michigan University for providing us with invaluable insight into the principles of

the FLOSIC method and for the generous help with using the software for the FLOSIC

computations. I also thank Dr. Yoh Yamamoto from the University of Texas at El Paso for

also dedicating his time to assisting me with the FLOSIC code.

I thank our former postdoctoral group members, Dr. Aleksander Wysocki, Dr. Karolina

Janicka, Dr. Kamal Wagle, and Dr. Churna Bhandari, for their help with other software I

needed for my work and for the informal but thoughtful discussions that helped me broaden

vii



my understanding of the methods and subjects of my research.

I am thankful to Betty Wilkins, Jacqueline Woodyard, Katrina Lockhart-Elfeky, Savannah

Merrix, and other members of the Physics Department’s administrative staff for all their

help with administrative work, making it much easier for me to focus on my research and

studies. I also thank Roger Link and Travis Heath for all their help with the IT related

issues, which was essential to my work as a computational scientist.

I thank all the friends and colleagues that I have had a pleasure to know during my years in

Blacksburg: Liev Birman, Doyee Byun, Joseph Camilleri, Garv Chauhan, Luis A. Delgadillo,

Sohair Elmeligy, Peter Gartin, Homa Karimi, Vladislav Kokushkin, Olga Kyzylova, Tommy

Lam, Varun Mathur, Ruslan Mukhamadiarov, Narayan Pokhrel, Olga Poluyko, Morteza

Roostaeinia, Junhui Shi, Ho Lun Tang, Karla Téllez Girón Flores, Arian Vezvaee, Shehla

Yasmeen, and many others. Their company and moral support carried me through the grad-

uate school, and all the shared meals, movie nights, board game sessions, and discussions I

have had with them have become some of the most memorable experiences. In particular, I

thank Tommy Lam for also being an accommodating and supportive roommate during the

long days and nights that I spent working on this dissertation.

I will forever be grateful to my family and relatives: parents Alexey and Tatiana, brother

Artem, sister-in-law Anna, nephews Alexey and Aleksandr, and uncles Aleksandr and An-

ton and their families. Their unconditional love, encouragement, belief in my abilities and

tremendous support at every stage of my life and career have made possible all my academic

achievements, including this dissertation.

Finally, I would like to mention my high school physics teachers, Andrey Kondratyev, Sergey

Ryzhikov, Aleksandr Kubyshkin, and Vladimir Mayorov, as well as my undergraduate re-

search advisor, Prof. Yuri Dahnovsky at the University of Wyoming. These people inspired

me to study physics in the first place and provided invaluable guidance at the initial stages of

my education. Without their early influence, this dissertation would not have been written.

viii



1.1 The Many-Body Electron Hamiltonian . . . . . . . . . . . . . . . . . . . . . 3

1.2 Wavefunction-Based Methods . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.2.1 Hartree-Fock Approximation . . . . . . . . . . . . . . . . . . . . . . 5

1.2.2 Multiconfigurational Methods . . . . . . . . . . . . . . . . . . . . . . 7

1.3 Density Functional Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

1.3.1 Hohenberg-Kohn Theorems . . . . . . . . . . . . . . . . . . . . . . . 11

1.3.2 Kohn-Sham equations . . . . . . . . . . . . . . . . . . . . . . . . . . 14

1.3.3 Self-interaction Errors . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

2.2 Geometries of Cu-based molecules . . . . . . . . . . . . . . . . . . . . . . . . 25

2.3 FLO-SIC Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

ix



2.3.1 FLO-SIC formulation . . . . . . . . . . . . . . . . . . . . . . . . . . 27

2.3.2 Frozen-density loop method . . . . . . . . . . . . . . . . . . . . . . . 28

2.3.3 Starting sets of FODs for the Q-2 molecule . . . . . . . . . . . . . . 30

2.3.4 Starting sets of FODs for the Q-1 molecule . . . . . . . . . . . . . . 32

2.4 FLO-SIC Results for the Molecule . . . . . . . . . . . . . . . . . . . . . 33

2.4.1 Converged FODs and energy convergence . . . . . . . . . . . . . . . 33

2.4.2 FLOSIC-calculated electronic structure . . . . . . . . . . . . . . . . . 35

2.4.3 Comparison with previous work . . . . . . . . . . . . . . . . . . . . 38

2.5 FLO-SIC Results for the Molecule . . . . . . . . . . . . . . . . . . . . . 39

2.5.1 Converged FODs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

2.5.2 FLO-SIC calculated electronic structure . . . . . . . . . . . . . . . . 40

2.5.3 Comparison with previous work . . . . . . . . . . . . . . . . . . . . . 42

2.6 Conclusions and Outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

2.7 Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

2.8 Appendix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

2.8.1 Molecular Geometries . . . . . . . . . . . . . . . . . . . . . . . . . . 45

2.8.2 CASSCF and UHF calculations for . . . . . . . . . . . . . . . . 45

2.8.3 Converged FOD Geometries . . . . . . . . . . . . . . . . . . . . . . . 48

2.8.4 Final FOD-configuration dependence of HOMO-LUMO gap and spin

density for and . . . . . . . . . . . . . . . . . . . . . . . . . 61

x



3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

3.2 Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

3.2.1 Magnetic Hyperfine Interaction . . . . . . . . . . . . . . . . . . . . . 73

3.2.2 FLO-SIC Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

3.3 Computational Details . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

3.3.1 Hyperfine Coupling Tensor . . . . . . . . . . . . . . . . . . . . . . . 77

3.3.2 Setup and Optimization Process . . . . . . . . . . . . . . . . . . . . 78

3.3.3 Starting FOD sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

3.3.4 Basis Set Contraction and Size Effects . . . . . . . . . . . . . . . . . 83

3.4 Optimized FODs of molecules . . . . . . . . . . . . . . . . . . . . . . . . . . 84

3.4.1 Molecules without transition-metal elements . . . . . . . . . . . . . . 84

3.4.2 Transition-metal molecules . . . . . . . . . . . . . . . . . . . . . . . . 87

3.5 Electronic and magnetic properties . . . . . . . . . . . . . . . . . . . . . . . 87

3.6 Hyperfine Coupling Tensor . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

3.6.1 Fermi contact contribution for atoms . . . . . . . . . . . . . . . . . . 92

3.6.2 Core spin polarization in atoms . . . . . . . . . . . . . . . . . . . . . 95

3.6.3 Molecules without transition-metal elements . . . . . . . . . . . . . . 100

3.6.4 Transition-metal molecules . . . . . . . . . . . . . . . . . . . . . . . . 105

xi



3.7 Basis Set Effects . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

3.8 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

3.9 Appendix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

3.9.1 Starting FODs for some TM-based molecules . . . . . . . . . . . . . 113

3.9.2 MnO3 CASSCF calculation . . . . . . . . . . . . . . . . . . . . . . . 115

3.9.3 Basis Set Added Gaussians . . . . . . . . . . . . . . . . . . . . . . . 117

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

4.2 Silicon Monovacancy Defect in 4H-SiC . . . . . . . . . . . . . . . . . . . . . 122

4.3 Molecular Cluster Description . . . . . . . . . . . . . . . . . . . . . . . . . . 124

4.4 Quantum Chemistry Methods . . . . . . . . . . . . . . . . . . . . . . . . . . 125

4.4.1 CASSCF . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

4.4.2 CASPT2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

4.5 Results and Discussions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

4.5.1 CASSCF calculations . . . . . . . . . . . . . . . . . . . . . . . . . . 128

4.5.2 CASPT2 calculations . . . . . . . . . . . . . . . . . . . . . . . . . . . 134

4.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138

xii



1.1 Schematic representation of the three sets of orbitals in the CASSCF method.

Virtual and inactive have fixed occupations, while active orbitals can have

varying occupations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.1 Molecular geometry of [Cu(C H S ) ] � ( ) from the experimental data

[47]. The molecule is almost planar in the xy plane. has a similar

molecular geometry to . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

2.2 Schematic flow chart of the frozen-density loop procedure within the FLO-SIC

method. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

2.3 Schematic depiction of 12 starting FOD geometries associated with Cu in the

molecule. Orange spheres represent concentric spheres around the Cu

atom where magenta (green) dots are for spin-up (spin-down) FODs. . . . . 62

2.4 Schematic depiction of 4 starting spin-unpolarized FOD geometries associated

with Cu in the molecule. Orange spheres represent concentric spheres

around the Cu atom where magenta dots are for FODs. . . . . . . . . . . . . 63

2.5 Total energy versus FOD update or iteration number for FOD configuration

2-5 (labeled in Fig. 2.3) of the molecule. After the initial steep relaxation

of the energy, the step-function-like abrupt jump occurs whenever the electron

density is updated after each frozen-density loop converges. Here 6 frozen-

density loop cycles are shown. . . . . . . . . . . . . . . . . . . . . . . . . . . 64

xiii



2.6 (a) Final converged FOD positions for configuration 4 of the molecule

with magenta (green) color for spin-up (spin-down) FODs. (b) and (c) Zoom-

in of the spin-up and spin-down FODs near the Cu atom. (d) Zoom-in of

the spin-up and spin-down FODs near the ligands. The zoom-in region is

indicated as a red dashed circle in (a). . . . . . . . . . . . . . . . . . . . . . 65

2.7 Energy levels and corresponding canonical orbitals of the molecule from

the SIC-free PBE-GGA and FLO-SIC calculations . . . . . . . . . . . . . . . 66

2.8 (a) FLO-SIC and (b) SIC-free DFT calculated densities of states (DOS) pro-

jected onto spin-up and spin-down Cu d, S p, and C p orbitals of the

molecule where the left and right vertical dashed lines indicate the HOMO

and LUMO levels. The FLO-SIC HOMO-LUMO gap is 6.34 eV, while the

SIC-free DFT HOMO-LUMO gap is 0.56 eV. . . . . . . . . . . . . . . . . . . 66

2.9 (a) Converged spin-unpolarized FOD positions from configuration 2 for the

molecule. (b) Zoom-in of the FODs near the Cu atom and (c) zoom-in

of the FODs near the ligands. . . . . . . . . . . . . . . . . . . . . . . . . . . 67

2.10 Energy levels and corresponding canonical orbitals of the molecule from

the FLO-SIC and SIC-free PBE-GGA calculations . . . . . . . . . . . . . . . 68

2.11 (a) FLO-SIC and (b) SIC-free DFT calculated densities of states (DOS) pro-

jected onto the Cu d, S p, and C p orbitals of the molecule where the left

and right vertical dashed lines indicate the HOMO and LUMO levels. The

FLO-SIC HOMO-LUMO gap is 4.68 eV, while the SIC-free DFT HOMO-

LUMO gap is 0.54 eV. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

xiv



2.12 Molecular orbitals (MO) and state-averaged occupation numbers in the active

space for our CASSCF(11,11) calculation of the molecule. The ground-

state configuration consists of doubly occupied MO 1-5, singly occupied MO

6, and empty MO 7-11. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

3.1 Bonding pictures, initial and converged FLO-SIC energies, and starting FOD

structures derived from the Lewis theory and NBO analysis for (a) HCO and

(b) HSiO. Smaller total non-Lewis orbital occupation (derived from fitting

the given bonding picture to the PBE-GGA density using the program)

indicates a better Lewis-like configuration. A lower final converged FLO-SIC

energy corresponds to a better starting FOD position. The Fermi contact

terms are for 13C and 29Si. . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

3.2 Optimized spin-up and spin-down FODs for HCO and HSiO molecules based

on the NBO analysis. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

3.3 Optimized spin-up and spin-down FODs for the TM molecules. . . . . . . . 88

3.4 The absolute values of the Fermi Contact terms (in MHz) for the ten consid-

ered atoms in Table 3.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

3.5 (a) FLO-SIC-LDA radial distribution of the charge densities projected onto

s-orbitals near the Mn atom (~��(r) � 4�r2, where ~��(r) is the average electron

charge density at radius r), (b) FLO-SIC-LDA and (c) LDA radial distribution

of the projected spin density ~�" � ~�# for the Mn atom. . . . . . . . . . . . . 96

3.6 The absolute values of the Fermi contact terms for the considered molecules

in Table 3.7, in MHz . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

xv



3.7 The absolute values of the Fermi contact contribution for the TM-based

molecules in Table 3.8, in MHz . . . . . . . . . . . . . . . . . . . . . . . . . 107

3.8 The starting FOD configurations for some TM-based molecules. . . . . . . . 114

3.9 The active space for MnO3 with average occupation numbers printed below

them. Orbital (e) represents the SOMO. . . . . . . . . . . . . . . . . . . . . 116

4.1 a) Silicon vacancy, h-site V �
Si , marked with a purple sphere, inside a piece of

SiC crystal. The four nearest-neighbor carbons (C1 � C4) are arranged in a

near-tetrahedral configuration around the vacancy, with one of the carbons

(C1) positioned along the C3v symmetry axis. b) The difference between

nonequivalent Si h- and k-sites in 4H-SiC. For an k-site Si atom, there is a

second-nearest Si atom aligned with it along the C3v symmetry axis (depicted

here with a red arrow). For an h-site Si atom, there is no second-nearest

Si atom aligned with it along the symmetry axis. c) Geometries of the 100-

atom and 190-atom hydrogen-passivated SiC clusters, as viewed flong the C3v

symmetry axis. The vacancy position at the center of each cluster is again

marked with a purple sphere. . . . . . . . . . . . . . . . . . . . . . . . . . . 123

xvi



4.2 a) Molecular orbitals chosen to construct active spaces for CASSCF calcula-

tions on the 190-atom cluster. The four orbitals with labels in a bold blue font

( ex ey) arise mostly from the linear combination of the four dangling

bonds from the vacancy’s nearest-neighbor carbons. These orbitals must be

included into any active space for a CASSCF calculation of the defect. In

addition to these, four orbitals form the virtual space (e0
x; e

0
y; u

0; v0) and three

from inactive space (e00
x; e

00
y; v

00) were chosen to expand the active space. Or-

bitals with blue-font labels were included in both CAS(7, 7) and CAS(11,

11), while those with black font were only in CAS(11, 11). For the 100-atom

calculations, the chosen orbitals were similar to these in shape. Orbitals were

visualized using the code [174]. b) Nominal distribution of electrons

in these orbitals in the ground state of a ROHF calculation. . . . . . . . . . 127

4.3 Schematic representation of quartet and doublet energy levels, for the 100-

atom (a,b) and 190-atom (c,d) clusters, and for the (7,7) (a,c) and (11,11)

(b,d) active spaces. The choice of active space in this case affects the results

more significantly. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

4.4 Quartet excitation energies for the V �
Si predicted by our calculations, com-

pared to the experimental result and previously-published estimates. Blue

horizontal lines represent the 4A2 excited state, while green lines represent

pairs of 4E states. (For CASPT2, the blue and green levels denote the lev-

els that are closest by composition to 4A2 and 4E states in the underlying

CASSCF calculation.) “ZPL” and “VE” denote the zero-phonon line, and

the vertical excitation energy, respectively. The experimental result and the

previously-published theoretical estimates were taken from the following ref-

erences: : [158], : [154], : [155], : [157], and : [156] . . . . . . . . . . . . 131

xvii



�9�X�8 �*�Q�M�7�B�;�m�`���i�B�Q�M�b �B�M �i�?�2 �[�m���`�i�2�i ���M�/ �/�Q�m�#�H�2�i �b�i���i�2�b �Q�7 �i�?�2 �*���a�U�R�R�- �R�R�V �+���H�+�m�@

�H���i�B�Q�M �Q�M �i�?�2 �/�2�7�2�+�i �B�M �i�?�2 �R�N�y�@���i�Q�K �+�H�m�b�i�2�`�X �P�M�H�v �+�Q�M�7�B�;�m�`���i�B�Q�M�b �r�B�i�? �i�Q�i���H

�r�2�B�;�?�i�b �H���`�;�2�` �i�?���M �R�y�W ���`�2 �b�?�Q�r�M �?�2�`�2�X ���H�i�?�Q�m�;�? �i�?�2 ���+�i�B�p�2 �b�T���+�2 �+�Q�M�i���B�M�b

�R�R �Q�`�#�B�i���H�b �B�M �i�Q�i���H�- �+�Q�M�7�B�;�m�`���i�B�Q�M�b �r�B�i�? �r�2�B�;�?�i�b �H���`�;�2�` �i�?���M �R�y�W �Q�M�H�v �B�M�p�Q�H�p�2

�2�t�+�B�i���i�B�Q�M�b �r�B�i�?�B�M �i�?�2u; v; ex ; ey �Q�`�#�B�i���H �;�`�Q�m�T�X �h�?�2�`�2�7�Q�`�2�- �2���+�? �+�Q�M�7�B�;�m�`���i�B�Q�M

�B�b �`�2�T�`�2�b�2�M�i�2�/ �#�v �i�?�2 �Q�+�+�m�T���i�B�Q�M�b �Q�7 �i�?�2�b�2 �Q�`�#�B�i���H�b �Q�M�H�v �U�#�Q�t�2�b ���`�2 �Q�`�#�B�i���H�b�-

���M�/" ���M�/# �`�2�T�`�2�b�2�M�i �b�T�B�M�@�m�T ���M�/ �b�T�B�M�@�/�Q�r�M �2�H�2�+�i�`�Q�M�b�V �X�X �X �X �X �X �X �X �X �X �X�R�j�j

�9�X�e �*�Q�M�7�B�;�m�`���i�B�Q�M�b �B�M �i�?�2 �[�m���`�i�2�i ���M�/ �/�Q�m�#�H�2�i �b�i���i�2�b �Q�7 �i�?�2 �*���a�U�d�- �d�V �+���H�+�m�H���i�B�Q�M

�Q�M �i�?�2 �/�2�7�2�+�i �B�M �i�?�2 �R�N�y�@���i�Q�K �+�H�m�b�i�2�`�X �P�M�H�v �+�Q�M�7�B�;�m�`���i�B�Q�M�b �r�B�i�? �i�Q�i���H �r�2�B�;�?�i�b

�H���`�;�2�` �i�?���M �R�y�W ���`�2 �b�?�Q�r�M �?�2�`�2�X ���H�i�?�Q�m�;�? �i�?�2 ���+�i�B�p�2 �b�T���+�2 �+�Q�M�i���B�M�b �d �Q�`�#�B�i���H�b

�B�M �i�Q�i���H�- �+�Q�M�7�B�;�m�`���i�B�Q�M�b �r�B�i�? �r�2�B�;�?�i�b �H���`�;�2�` �i�?���M �R�y�W �Q�M�H�v �B�M�p�Q�H�p�2 �2�t�+�B�i���i�B�Q�M�b

�r�B�i�?�B�M �i�?�2u; v; ex ; ey �Q�`�#�B�i���H�b�X �h�?�2�`�2�7�Q�`�2�- �2���+�? �+�Q�M�7�B�;�m�`���i�B�Q�M �B�b �`�2�T�`�2�b�2�M�i�2�/

�#�v �i�?�2 �Q�+�+�m�T���i�B�Q�M�b �Q�7 �i�?�2 �Q�`�#�B�i���H�b �U�#�Q�t�2�b ���`�2 �Q�`�#�B�i���H�b�- ���M�/" ���M�/# �`�2�T�`�2�b�2�M�i

�b�T�B�M�@�m�T ���M�/ �b�T�B�M�@�/�Q�r�M �2�H�2�+�i�`�Q�M�b�V�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�j�8

�9�X�d �a�i�`�m�+�i�m�`�2 �Q�7 �i�?�2 �*���a�S�h�k �b�i���i�2�b�- �+�Q�K�T�m�i�2�/ �#���b�2�/ �Q�M �i�?�2 �T�`�2�H�B�K�B�M���`�v �*���a�a�*�6

�U�*���a�U�R�R�- �R�R�V�V �+���H�+�m�H���i�B�Q�M �T�2�`�7�Q�`�K�2�/ �Q�M �i�?�2 �R�N�y�@���i�Q�K �+�H�m�b�i�2�`�X �1���+�? �Q�7 �i�?�2

�M�2�r �2�B�;�2�M�7�m�M�+�i�B�Q�M�b�- �B�M �;�2�M�2�`���H�- �B�b �� �H�B�M�2���` �+�Q�K�#�B�M���i�B�Q�M �Q�7 �i�?�2 �Q�`�B�;�B�M���H �*���a�a�*�6

�b�i���i�2�b�- �#�m�i �B�M �K�Q�b�i �+���b�2�b �+���M �#�2 �B�/�2�M�i�B�7�B�2�/ �r�B�i�? �K�Q�b�i�H�v �Q�M�2 �Q�`�B�;�B�M���H �b�i���i�2 �#���b�2�/

�Q�M �i�?�2 �b�B�K�B�H���`�B�i�v �Q�7 �i�?�2 �*�A �+�Q�2�7�7�B�+�B�2�M�i�b�X �h�?�B�b �B�/�2�M�i�B�7�B�+���i�B�Q�M �?�2�`�2 �B�b �/�2�M�Q�i�2�/ �#�v
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�*�m ���M�/ �a ���i�Q�K�b �7�Q�`�Z�@�k�X �h�?�2 �7�B�M���H �+�Q�M�p�2�`�;�2�/ �6�P�. �+�Q�M�7�B�;�m�`���i�B�Q�M�b �b�i���`�i�B�M�;

�7�`�Q�K �6�P�. �+�Q�M�7�B�;�m�`���i�B�Q�M �k�@�3 ���`�2 �m�b�2�/ �7�Q�` �i�?�2 �+���H�+�m�H���i�B�Q�M�X�X �X �X �X �X �X �X �X �X �X �X�e�R

�k�X�R�k �6�B�M���H �6�P�. �/�2�T�2�M�/�2�M�+�2 �Q�7 �i�?�2 �2�H�2�+�i�`�Q�M�B�+ �b�i�`�m�+�i�m�`�2 �b�m�+�? ���b �i�?�2 �>�P�J�P ���M�/

�G�l�J�P �2�M�2�`�;�B�2�b ���M�/ �>�P�J�P�@�G�l�J�P �;���T �7�Q�`�Z�@�R�X �h�?�2 �7�B�M���H �+�Q�M�p�2�`�;�2�/ �6�P�.

�+�Q�M�7�B�;�m�`���i�B�Q�M�b �b�i���`�i�B�M�; �7�`�Q�K �6�P�. �+�Q�M�7�B�;�m�`���i�B�Q�M �R�@�9 ���`�2 �m�b�2�/ �7�Q�` �i�?�2 �+���H�+�m�H���i�B�Q�M�b�X�e�R
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�K���i�2�`�B���H�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�3�N

�j�X�k �J�m�H�H�B�F�2�M �b�T�B�M �K�Q�K�2�M�i�b �U�B�M �m�M�B�i�b �Q�7� �" �V �Q�7 ���H�H ���i�Q�K�b �B�M �i�?�2 �h�J�@�#���b�2�/ �K�Q�H�2�+�m�H�2�b

�#���b�2�/ �Q�M �6�G�P�a�A�*�@�G�.���- �G�.���- ���M�/ �S�"�1�@�:�:�� �+���H�+�m�H���i�B�Q�M�b�X �h�?�2 �K�Q�H�2�+�m�H���`

�;�2�Q�K�2�i�`�B�2�b ���`�2�;�B�p�2�M �B�M �i�?�2 �a�m�T�T�H�2�K�2�M�i���`�v �K���i�2�`�B���H�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X�N�R

�j�X�j �*���H�+�m�H���i�2�/ �6�2�`�K�B �+�Q�M�i���+�i �+�Q�M�i�`�B�#�m�i�B�Q�MAF C �i�Q �i�?�2 �>�6 �B�M�i�2�`���+�i�B�Q�M �7�Q�` ���i�Q�K�b

�U�B�M �m�M�B�i�b �Q�7 �J�>�x�V �+�Q�K�T���`�2�/ �i�Q �2�t�T�2�`�B�K�2�M�i���H �/���i���X �>�2�`�2S ���M�/I ���`�2 �2�H�2�+�i�`�Q�M�B�+

���M�/ �M�m�+�H�2���` �b�T�B�M�b�- �`�2�b�T�2�+�i�B�p�2�H�v�X �A�M �i�?�2 �+���b�2 �Q�7 �*�` �Q�M�H�v �i�?�2 �K���;�M�B�i�m�/�2 �r���b

�`�2�T�Q�`�i�2�/ �B�M �i�?�2 �2�t�T�2�`�B�K�2�M�i���H �/���i�� �(�R�R�8�)�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�N�j

�j�X�9 �J�2���M ���#�b�Q�H�m�i�2 �2�`�`�Q�`�b ���M�/ �K�2���M ���#�b�Q�H�m�i�2 �T�2�`�+�2�M�i���;�2 �2�`�`�Q�`�b �7�Q�` �i�?�2 �+�Q�M�b�B�/�2�`�2�/

���i�Q�K�b �B�M �h���#�H�2 �j�X�9�- �#�Q�i�? �B�M�+�H�m�/�B�M�; ���M�/ �2�t�+�H�m�/�B�M�; �*�m�X�X �X �X �X �X �X �X �X �X �X �X �X �X�N�8
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�" �V ���i �i�?�255�J�M

�+�2�M�i�2�` �7�Q�` �J�M ���M�/ �J�M+ �X �>�2�`�2 �ó�h�Q�i���H�ô �/�2�M�Q�i�2�b �i�?�2 �b�m�K �Q�7 ���H�Hs�@�Q�`�#�B�i���H �+�Q�M�@

�i�`�B�#�m�i�B�Q�M�b�X ���M�/ �ó�1�t�T�ô �/�2�M�Q�i�2�b �2�t�T�2�`�B�K�2�M�i���H �p���H�m�2�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�N�d

�j�X�e �A�M�/�B�p�B�/�m���Hs�@�Q�`�#�B�i���H �+�Q�M�i�`�B�#�m�i�B�Q�M�b �i�Q �i�?�2 �b�T�B�M �/�2�M�b�B�i�v �U�B�M� �" / a3
�" �V ���i �i�?�2 �M�m�+�H�2���`

�+�2�M�i�2�` �7�Q�` �i�?�2 �L���- �J�;+ �- �E�- �*��+ �- �*�`�- ���M�/ �*�m ���i�Q�K�b�X �>�2�`�2 �ó�h�Q�i���H�ô �/�2�M�Q�i�2�b

�i�?�2 �b�m�K �Q�7 ���H�Hs�@�Q�`�#�B�i���H �+�Q�M�i�`�B�#�m�i�B�Q�M�b�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�N�N

�j�X�d �*���H�+�m�H���i�2�/ �6�2�`�K�B �+�Q�M�i���+�i �i�2�`�K�bA �6�* ���M�/ �2�H�2�+�i�`�Q�M�B�+ �b�T�B�M�@�/�B�T�Q�H�2 �i�2�`�K�bjA �/�B�Tj

�7�Q�` �b�K���H�H �M�Q�M�@�h�J �K�Q�H�2�+�m�H�2�b �U�B�M �m�M�B�i�b �Q�7 �J�>�x�V�- �+�Q�K�T���`�2�/ �i�Q �2�t�T�2�`�B�K�2�M�i���H

�/���i�� ���M�/ �i�?�2�Q�`�2�i�B�+���H �p���H�m�2�b �7�`�Q�K �Q�i�?�2�` �;�`�Q�m�T�b�X �>�2�`�2jA �/�B�Tj = j 1
3(A3 � 1

2(A1 +

A2)) j�- �r�?�2�`�2 �i�?�2 �K�Q�H�2�+�m�H���` �b�v�K�K�2�i�`�v ���t�B�b �+�Q�B�M�+�B�/�2�b �r�B�i�? �i�?�2 �ó�j�ô ���t�B�b �U�7�Q�`

�M�Q�M�@�b�v�K�K�2�i�`�B�+ �b�B�i�2�b �Q�` �M�Q�M�@�b�v�K�K�2�i�`�B�+ �K�Q�H�2�+�m�H�2�b�-A3 �B�b �i�?�2 �H���`�;�2�b�i�@�K���;�M�B�i�m�/�2
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�j�X�j�X �h�?�2 �2�t�T�2�`�B�K�2�M�i���H �p���H�m�2�b ���`�2 �Q�7�i�2�M �`�2�T�Q�`�i�2�/ �Q�M�H�v �B�M �K���;�M�B�i�m�/�2�b �Q�` �Q�M�H�v �7�Q�`

�B�b�Q�i�`�Q�T�B�+ �6�2�`�K�B �+�Q�M�i���+�i �i�2�`�K�b�X �h�?�2 �K�2���M ���#�b�Q�H�m�i�2 �2�`�`�Q�`�b ���M�/ �K�2���M ���#�b�Q�H�m�i�2

�T�2�`�+�2�M�i���;�2 �2�`�`�Q�`�b ���`�2 �b�m�K�K���`�B�x�2�/ �B�M �h���#�H�2 �j�X�d�X �6�Q�` �i�?�2 �K�2���M ���#�b�Q�H�m�i�2 �2�`�`�Q�`�b

���M�/ �K�2���M ���#�b�Q�H�m�i�2 �T�2�`�+�2�M�i���;�2 �2�`�`�Q�`�b �B�M �i�?�2 �b�T�B�M�@�/�B�T�Q�H�2 �+�Q�M�i�`�B�#�m�i�B�Q�M�- �*�>3 ���M�/

�>�a�B�P ���`�2 �M�Q�i �B�M�+�H�m�/�2�/ �/�m�2 �i�Q �H���+�F �Q�7 �2�t�T�2�`�B�K�2�M�i���H �/���i���X�X �X �X �X �X �X �X �X �X �X �X�R�y�k

�j�X�3 �*���H�+�m�H���i�2�/ �6�2�`�K�B �+�Q�M�i���+�i ���M�/ �b�T�B�M�@�/�B�T�Q�H�2 �+�Q�M�i�`�B�#�m�i�B�Q�M�b �i�Q �i�?�2 �>�6 �B�M�i�2�`���+�i�B�Q�M

�7�Q�` �b�K���H�H �h�B�@ ���M�/ �J�M�@�#���b�2�/ �K�Q�H�2�+�m�H�2�b �U�B�M �m�M�B�i�b �Q�7 �J�>�x�V �+�Q�K�T���`�2�/ �i�Q �2�t�T�2�`�B�@

�K�2�M�i���H �/���i�� ���M�/ �T�`�2�p�B�Q�m�b �i�?�2�Q�`�2�i�B�+���H �`�2�b�m�H�i�b�X �h�?�2 �/�2�7�B�M�B�i�B�Q�M�b �Q�7 �i�?�2 �b�v�K�#�Q�H�b

���`�2 �i�?�2 �b���K�2 ���b �B�M �h���#�H�2�b �j�X�j ���M�/ �j�X�d�X �h�?�2 �2�t�T�2�`�B�K�2�M�i���H �p���H�m�2�b ���`�2 �Q�7�i�2�M
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�j�X�R�y �6�2�`�K�B �+�Q�M�i���+�i �+�Q�M�i�`�B�#�m�i�B�Q�M �7�Q�` �i�?�2 �M�Q�M�@�h�J�@�#���b�2�/ �K�Q�H�2�+�m�H�2�b �m�b�B�M�; �m�M�+�Q�M�@
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�7�Q�` �i�?�2 �M�2�r �b�F�B�M�M�v �:���m�b�b�B���M�b �B�M �i�?�2 ���m�;�K�2�M�i�2�/ �#���b�B�b �b�2�i�b�- �r�B�i�? �2�p�2�`�v �M�2�t�i
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�*�?���T�i�2�`�k �r���b �T�`�2�p�B�Q�m�b�H�v �T�m�#�H�B�b�?�2�/�X �_�2�T�`�B�M�i�2�/ �7�`�Q�K ���M�`�B �E���`���M�Q�p�B�+�?�- �u�Q�? �u���K���K�Q�i�Q�-

�E�Q�#�H���` ���H���M �C���+�F�b�Q�M�- ���M�/ �E�v�m�M�;�r�?�� �S���`�F�- �ó�1�H�2�+�i�`�Q�M�B�+ �b�i�`�m�+�i�m�`�2 �Q�7 �K�Q�M�Q�M�m�+�H�2���` �*�m�@�#���b�2�/

�K�Q�H�2�+�m�H�2 �7�`�Q�K �/�2�M�b�B�i�v�@�7�m�M�+�i�B�Q�M���H �i�?�2�Q�`�v �r�B�i�? �b�2�H�7�@�B�M�i�2�`���+�i�B�Q�M �+�Q�`�`�2�+�i�B�Q�M�ô�- �C�X �*�?�2�K�X �S�?�v�b�X �d
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���b �i�?�2 �T�`�Q�/�m�+�i �Q�7 �M�m�+�H�2���` �U N �V ���M�/ �2�H�2�+�i�`�Q�M�B�+ �U	 e�V �7�m�M�+�i�B�Q�M�b�,

	 T (f �_I g; f � ì g) =  N (f �s I g) 	 e(f �t i g; f �_I g) �U�R�X�j�V

�r�B�i�? �2�H�2�+�i�`�Q�M�B�+ �T���`�i �b���i�B�b�7�v�B�M�; �i�?�2 �7�Q�H�H�Q�r�B�M�; �2�[�m���i�B�Q�M�b �U�7�Q�` �i�?�2 �7�B�t�2�/ �M�m�+�H�2���` �T�Q�b�B�i�B�Q�M�b�_I �V�,

Ĥe	 e (f �t i g; f �_I g) = Ee(f �_I g) 	 e(f � ì g; f �_I g) �U�R�X�9�V

Ĥe = �
X

i

1
2

r 2
i +

X

i<j

1
j� ì � � j̀ j

�
X

i;I

Z I

j� ì � �_I j
�U�R�X�8�V



�S�Y�l�Y �r�ž�&�¶�Å���é�«���Ô�ñ�é�A�#�ž���¶�² �K�¶���Ñ�ñ�²�� �8

�h�?�2 �b�Q�H�m�i�B�Q�M �i�Q �1�[�X�R�X�9�+���M �#�2 �m�b�2�/ �i�?�2�M �i�Q �/�2�i�2�`�K�B�M�2 �i�?�2 �M�m�+�H�2���` �r���p�2�7�m�M�+�i�B�Q�M�,

ĤN  N (f �s �Ag) = ET  N (f �_I g) �U�R�X�e�V

ĤN = �
X

i

1
2M I

r 2
I +

X

I<J

Z I ZJ

j�_I � �_�Cj
+ Ee(f �_I g) �U�R�X�d�V

�A�M �Q�m�` �r�Q�`�F�- �r�2 �7�Q�+�m�b �Q�M �b�Q�H�p�B�M�; �1�[�X�R�X�9�7�Q�` �i�?�2 �2�H�2�+�i�`�Q�M �T���`�i �Q�7 �i�?�2 �r���p�2�7�m�M�+�i�B�Q�M�X

�R�X�k �q���p�2�7�m�M�+�i�B�Q�M�@�"���b�2�/ �J�2�i�?�Q�/�b

�R�X�k�X�R �>���`�i�`�2�2�@�6�Q�+�F ���T�T�`�Q�t�B�K���i�B�Q�M

�1�[�m���i�B�Q�M�R�X�9�/�2�i�2�`�K�B�M�2�b �i�?�2 �i�Q�i���H �K���M�v�@�#�Q�/�v �2�H�2�+�i�`�Q�M �r���p�2�7�m�M�+�i�B�Q�M	 e(�t i ) �U�7�m�`�i�?�2�` �/�2�M�Q�i�2�/

�b�B�K�T�H�v ���b	( �t i )�V�X �h�?�2 �M�m�K�#�2�` �Q�7 �+�Q�Q�`�/�B�M���i�2�b �Q�M �r�?�B�+�?	 �/�2�T�2�M�/�b �B�b �T�`�Q�T�Q�`�i�B�Q�M���H �i�Q �i�?�2

�i�Q�i���H �M�m�K�#�2�` �Q�7 �2�H�2�+�i�`�Q�M�b �B�M �i�?�2 �b�v�b�i�2�K�X �6�Q�` �K�Q�H�2�+�m�H�2�b�- �i�?�B�b �M�m�K�#�2�` �+���M �`���M�;�2 �B�M �?�m�M�/�`�2�/�b

�Q�` �i�?�Q�m�b���M�/�b�X �A�i �B�b �i�?�2�`�2�7�Q�`�2 �2�p�B�/�2�M�i �i�?���i �b�Q�H�p�B�M�; �/�B�`�2�+�i�H�v �7�Q�` �i�?�2 �i�Q�i���H �r���p�2�7�m�M�+�i�B�Q�M	

�+���M �#�2 �+�Q�K�T�m�i���i�B�Q�M���H�H�v �+�?���H�H�2�M�;�B�M�;�X �h�?�2 �T�`�Q�#�H�2�K �+���M �#�2 �b�B�K�T�H�B�7�B�2�/ �B�7 �1�[�X�R�X�9�+���M �#�2

�i�`���M�b�7�Q�`�K�2�/ �B�M�i�Q �2�[�m���i�B�Q�M�b �7�Q�` �b�B�M�;�H�2�@�2�H�2�+�i�`�Q�M �7�m�M�+�i�B�Q�M�b� (�t i )�- �7�`�Q�K �r�?�B�+�? �i�?�2 �i�Q�i���H �7�m�M�+�i�B�Q�M

�+���M �#�2 �`�2�+�Q�M�b�i�`�m�+�i�2�/�X

�� �b�B�K�T�H�2 ���M�b���i�x �U�7�B�`�b�i �T�`�Q�T�Q�b�2�/ �#�v �>���`�i�`�2�2 �(�e�-�d�)�V �r�Q�m�H�/ �#�2 �i�Q �?���p�2	( f �t i g) �i�Q �#�2 �� �T�`�Q�/�m�+�i

�Q�7 �b�B�M�;�H�2�@�2�H�2�+�i�`�Q�M �7�m�M�+�i�B�Q�M�b� i (�t i )�,

	 ( �t1; �t2 : : : �tN ) = � 1(�t1) � 2(�t2) : : : � N (�tN ) �U�R�X�3�V

�r�?�2�`�2 �L �B�b �i�?�2 �i�Q�i���H �M�m�K�#�2�` �Q�7 �2�H�2�+�i�`�Q�M�b�X �>�Q�r�2�p�2�`�- �i�?�B�b ���T�T�`�Q�t�B�K���i�B�Q�M �/�Q�2�b �M�Q�i ���+�+�Q�m�M�i �7�Q�`

�i�?�2 ���M�i�B�@�b�v�K�K�2�i�`�v �T�`�Q�T�2�`�i�v �Q�7 �i�?�2 �i�Q�i���H �2�H�2�+�i�`�Q�M �r���p�2�7�m�M�+�i�B�Q�M�, �2�t�+�?���M�;�B�M�; �i�?�2 �+�Q�Q�`�/�B�M���i�2�b



�e �+�Ñ�ž�ÿ���¶�� �S�Y �B�é�����ñ�²���«���Ô�ñ�é

�Q�7 ���M�v �i�r�Q �b�2�T���`���i�2 �2�H�2�+�i�`�Q�M�b �K�m�b�i �+�?���M�;�2 �i�?�2 �b�B�;�M �Q�7	 �,

	 ( : : : �t i : : : �t j : : : ) = � 	 ( : : : �t j : : : �t i : : : ) �U�R�X�N�V

�h�?�B�b �T�`�Q�T�2�`�i�v �7�Q�H�H�Q�r�b �7�`�Q�K �i�?�2 �b�T�B�M�@�b�i���i�B�b�i�B�+ �i�?�2�Q�`�2�K �(�3�) �7�Q�` �7�2�`�K�B�Q�M�b�- ���M�/ �7���+�B�H�B�i���i�2�b �S���m�H�B

�2�t�+�H�m�b�B�Q�M �T�`�B�M�+�B�T�H�2 �U�M�Q �i�r�Q �2�H�2�+�i�`�Q�M�b �+���M �Q�+�+�m�T�v �i�?�2 �b���K�2 �b�i���i�2�f�?���p�2 �i�?�2 �b���K�2 �+�Q�Q�`�/�B�M���i�2�b�V�X

�>�Q�r�2�p�2�`�- �i�?�2 ���M�b���i�x �Q�7 �1�[�X�R�X�3�B�b�M�Q�i�2�t�T�H�B�+�B�i�H�v ���M�i�B�b�v�K�K�2�i�`�B�+�,� i (�t j )� j (�t i ) 6= � � i (�t i )� j (�t j )

�B�M �;�2�M�2�`���H�X

�h�?�B�b �+���M �#�2 �7�B�t�2�/ �#�v �+�Q�M�b�B�/�2�`�B�M�; �B�M�b�i�2���/ �� �7�m�H�H�v ���M�i�B�b�v�K�K�2�i�`�B�+ �H�B�M�2���` �+�Q�K�#�B�M���i�B�Q�M �Q�7 �i�?�2

�b�B�M�;�H�2�@�2�H�2�+�i�`�Q�M �7�m�M�+�i�B�Q�M�b�ö �T�`�Q�/�m�+�i�b�- �r�?�B�+�? �B�b �`�2�T�`�2�b�2�M�i�2�/ �r�B�i�? �� �a�H���i�2�` �/�2�i�2�`�K�B�M���M�i �(�N�)�,

	 SD (�t1; �t2 : : : �tN ) =
1

p
N !

�
�
�
�
�
�
�
�
�
�
�
�
�

� 1(�t1) � 1(�t2) : : : � 1(�tN )

� 2(�t1) � 2(�t2) : : : � 2(�tN )

: : : : : :
�X�X�X

�X�X�X

� N (�t1) � N (�t2) : : : � N (�tN )

�
�
�
�
�
�
�
�
�
�
�
�
�

�U�R�X�R�y�V

�h�?�2 �r���p�2�7�m�M�+�i�B�Q�M �;�B�p�2�M �#�v �1�[�X�R�X�R�y�B�b �M�Q�r �2�t�T�H�B�+�B�i�H�v ���M�i�B�b�v�K�K�2�i�`�B�+�, �+�?���M�;�B�M�; �i�?�2 �+�Q�Q�`�/�B�M���i�2�b

�Q�7 ���M�v �i�r�Q �2�H�2�+�i�`�Q�M�b �U�t i �- �t j �V �B�b �2�[�m�B�p���H�2�M�i �i�Q �b�r�B�i�+�?�B�M�; �i�?�2 �+�Q�H�m�K�M�b �Q�7 �i�?�2 �K���i�`�B�t�- �r�?�B�+�?

�+�?���M�;�2�b �i�?�2 �b�B�;�M �Q�7 �i�?�2 �/�2�i�2�`�K�B�M���M�i�X �A�7 ���M�v �i�r�Q �2�H�2�+�i�`�Q�M�b �r�2�`�2 �B�M �i�?�2 �b���K�2 �b�i���i�2 �U� i = � j �V�-

�i�?�2�M �i�?�2 �K���i�`�B�t �r�Q�m�H�/ �?���p�2 �i�r�Q �B�/�2�M�i�B�+���H �`�Q�r�b�- �r�?�B�+�? �r�Q�m�H�/ �K���F�2 �i�?�2 �/�2�i�2�`�K�B�M���M�i ���M�/ �i�?�2

�r�?�Q�H�2 �r���p�2�7�m�M�+�i�B�Q�M �2�[�m���H �i�Q �y�X �h�?�B�b �b�m�T�T�Q�`�i�b �i�?�2 �S���m�H�B �2�t�+�H�m�b�B�Q�M �T�`�B�M�+�B�T�H�2�X

�P�M�2 �+�Q�m�H�/ �m�b�2 �i�?�2 �a�H���i�2�` �/�2�i�2�`�K�B�M���M�i �7�Q�` �b�Q�K�2 �B�M�B�i�B���H �;�m�2�b�b �Q�7 �i�?�2 �i�Q�i���H �2�H�2�+�i�`�Q�M �r���p�2�7�m�M�+�i�B�Q�M

	 �B�M �1�[�X�R�X�9�X �h�?�2�M�- �#�v �m�b�B�M�; �i�?�2 �p���`�B���i�B�Q�M���H �T�`�B�M�+�B�T�H�2 �i�Q �7�B�M�/ �i�?�2 �K�B�M�B�K�m�K �Q�7 �i�?�2 �2�H�2�+�i�`�Q�M

�2�M�2�`�;�v �B�M �1�[�X�R�X�9�- �r�?�B�H�2 �F�2�2�T�B�M�; �i�?�2 �b�B�M�;�H�2�@�2�H�2�+�i�`�Q�M �7�m�M�+�i�B�Q�M�b �Q�`�i�?�Q�M�Q�`�K���H�B�x�2�/ �r�B�i�? �i�?�2 �G���@



�S�Y�l�Y �r�ž�&�¶�Å���é�«���Ô�ñ�é�A�#�ž���¶�² �K�¶���Ñ�ñ�²�� �d

�;�`���M�;�2 �K�m�H�i�B�T�H�B�2�`�b" i �- �� �b�2�i �Q�7 �b�B�M�;�H�2�@�2�H�2�+�i�`�Q�M �>���`�i�`�2�2�@�6�Q�+�F �2�[�m���i�B�Q�M�b �(�R�y�-�R�R�) �B�b �T�`�Q�/�m�+�2�/�,

F̂ � i (�t i ) = " i � i (�t i ) �U�R�X�R�R�V

F̂ = �
1
2

r 2 + Vext + VH + V i;�
x �U�R�X�R�k�V

VH =
X

j

Z
d�t0�

�
j (�t0)� j (�t0)

j� 0̀ � � j̀
�U�R�X�R�j�V

V i;�
x � i (� ;̀ � ) = �

X

j

Z
d�`0

� �
j (� 0̀; � )� i (� 0̀; � )

j� 0̀ � � j̀
� j (� ;̀ � ) �U�R�X�R�9�V

�U�R�X�R�8�V

�L�Q�i�2 �i�?���i �i�?�2V i;�
x �i�2�`�K �/�2�T�2�M�/�b �B�i�b�2�H�7 �Q�M �i�?�2� i �- ���M�/ �B�b �F�M�Q�r�M ���b �i�?�2 �2�t�+�?���M�;�2 �i�2�`�K�- �r�?�B�H�2

VH �- �i�?�2 �>���`�i�`�2�2 �i�2�`�K�- �/�2�b�+�`�B�#�2�b �*�Q�m�H�Q�K�# �B�M�i�2�`���+�i�B�Q�M �Q�7 �i�?�2 �T���`�i�B�+�H�2 �r�B�i�? �Q�i�?�2�` �T���`�i�B�+�H�2�b�X

�a�B�M�+�2V i;�
x �/�2�T�2�M�/�b �Q�M �i�?�2 �Q�`�#�B�i���H�- �i�?�2�b�2 �2�[�m���i�B�Q�M�b �b�?�Q�m�H�/ �#�2 �b�Q�H�p�2�/ �b�2�H�7�@�+�Q�M�b�B�b�i�2�M�i�H�v�, �i�?�2

�T�`�2�p�B�Q�m�b �;�m�2�b�b �7�Q�` �i�?�2 �Q�`�#�B�i���H�b �T�`�Q�/�m�+�2�b �i�?�2 �M�2�r �2�b�i�B�K���i�2 �7�Q�` �i�?�2 �2�t�+�?���M�;�2 �T�Q�i�2�M�i�B���H�b�- �r�?�B�+�?

�B�M �i�m�`�M �T�`�Q�/�m�+�2�b �� �M�2�r �b�2�i �Q�7 �Q�`�#�B�i���H�b�X �h�?�2 �T�`�Q�+�2�b�b�- �F�M�Q�r�M ���b �� �b�2�H�7�@�+�Q�M�b�B�b�i�2�M�i �7�B�2�H�/ �U�a�*�6�V

�+���H�+�m�H���i�B�Q�M�- �+���M �#�2 �T�2�`�7�Q�`�K�2�/ �m�M�i�B�H �i�?�2 �i�Q�i���H �2�M�2�`�;�v �+�Q�M�p�2�`�;�2�b �r�B�i�?�B�M �� �T�`�2�@�b�2�i �i�?�`�2�b�?�Q�H�/�X

�R�X�k�X�k �J�m�H�i�B�+�Q�M�7�B�;�m�`���i�B�Q�M���H �J�2�i�?�Q�/�b

�h�?�2 �>���`�i�`�2�2�@�6�Q�+�F ���T�T�`�Q�t�B�K���i�B�Q�M �+���M �#�2 �� �;�Q�Q�/ �b�i���`�i�B�M�; �T�Q�B�M�i �7�Q�` �i�?�2 �2�H�2�+�i�`�Q�M�B�+ �b�i�`�m�+�i�m�`�2

�+���H�+�m�H���i�B�Q�M�b�- �b�B�M�+�2 �B�i �`�2�T�`�2�b�2�M�i�b �i�?�2 �b�B�K�T�H�2�b�i ���M�i�B�b�v�K�K�2�i�`�B�+ �r���p�2�7�m�M�+�i�B�Q�M �7�Q�`�K�X �>�Q�r�2�p�2�`�- �i�?�2

�2�H�2�+�i�`�Q�M�B�+ �r���p�2�7�m�M�+�i�B�Q�M�b �B�M �K���M�v �b�v�b�i�2�K�b �+���M�M�Q�i �#�2 ���T�T�`�Q�t�B�K���i�2�/ �r�2�H�H �r�B�i�? �Q�M�H�v �Q�M�2 �a�H���i�2�`

�/�2�i�2�`�K�B�M���M�i�X �h�?�2 �/�B�7�7�2�`�2�M�+�2 �#�2�i�r�2�2�M �i�?�2 �T�`�Q�T�2�`�i�B�2�b �Q�7 �i�?�2 �2�t���+�i �b�Q�H�m�i�B�Q�M �i�Q �1�[�X�R�X�9���M�/ �i�?�2

�>���`�i�`�2�2�@�6�Q�+�F ���T�T�`�Q�t�B�K���i�B�Q�M �B�b �`�2�7�2�`�`�2�/ �i�Q ���b �i�?�2 �2�7�7�2�+�i �Q�7�2�H�2�+�i� �̀Q�M�B�+ �+�Q�`� �̀2�H���i�B�Q�M�X

�A�M �;�2�M�2�`���H�- �?�Q�r�2�p�2�`�- �i�?�2 �2�t���+�i �2�H�2�+�i�`�Q�M �r���p�2�7�m�M�+�i�B�Q�M	 �+���M �#�2 �`�2�T�`�2�b�2�M�i�2�/ ���b �� �H�B�M�2���` �+�Q�K�@



�3 �+�Ñ�ž�ÿ���¶�� �S�Y �B�é�����ñ�²���«���Ô�ñ�é

�#�B�M���i�B�Q�M �U�7�B�M�B�i�2 �Q�` �B�M�7�B�M�B�i�2�V �Q�7 �a�H���i�2�` �/�2�i�2�`�K�B�M���M�i�b�,

j	 i =
X

n

Cn j� n i �U�R�X�R�e�V
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���b �i�?�2 �;�`�Q�m�M�/�@�b�i���i�2 �/�2�M�b�B�i�v�- �B�M �Q�i�?�2�` �r�Q�`�/�b�-n �B�b�o�@� �̀2�T� �̀2�b�2�M�i���#�H�2�X �>�Q�r�2�p�2�`�- �i�?�2 �i�?�2�Q�`�2�K �?���b

�#�2�2�M �;�2�M�2�`���H�B�x�2�/ �i�Q �r�2���F�2�` ���b�b�m�K�T�i�B�Q�M�b �(�R�3�)�V
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�2���+�? ���m�t�B�H�B���`�v �b�B�M�;�H�2�@�T���`�i�B�+�H�2 �b�i���i�2 �r�B�i�? �b�T�B�M� �,
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�
�

1
2

r 2 + V �
ef f (� )̀

�
� i (� ;̀ � ) = " �

i � i (� ;̀ � ) �U�R�X�k�j�V

�r�?�2�`�2 �r�2 ���b�b�m�K�2 �i�?�2 �2�7�7�2�+�i�B�p�2 �T�Q�i�2�M�i�B���H �+���M �#�2 �/�B�7�7�2�`�2�M�i �7�Q�` �/�B�7�7�2�`�2�M�i �b�T�B�M �+�?���M�M�2�H�b�X �6�Q�` �i�?�2

�;�`�Q�m�M�/ �b�i���i�2�-N " �UN #�V �H�Q�r�2�b�i�@�2�M�2�`�;�v" "
i �U"#

i �V �2�M�2�`�;�v �2�B�;�2�M�b�i���i�2�b ���`�2 �T�Q�T�m�H���i�2�/�- ���M�/ �i�?�2 �i�Q�i���H
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X

� 2f" ;#g

N �X

i
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N "X

i

j� i (� ;̀ " )j2 +
N#X

i
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E V
HK (n) = FHK (n) +

Z
d� V̀ext (� )̀n(� )̀ �U�R�X�k�8�V

= Ts(n) +
Z
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2

P
�
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Eext =
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2

R R
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EXC �X �P�M �i�?�2 �Q�i�?�2�` �?���M�/�-E V
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�K�m�b�i �K�B�M�B�K�B�x�2 �i�?�2E V
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�T�Q�i�2�M�i�B���H

Vef f (� )̀ = Vext (� )̀ + VH (� )̀ + V �
XC (� )̀ �U�R�X�k�d�V
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�i�2�`�K �r�B�i�? �`�2�b�T�2�+�i �i�Q �/�2�M�b�B�i�v�- �7�Q�` �2�t���K�T�H�2VH (� )̀ = �E H [n(� )̀]
�n (� )̀ �X
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���m�t�B�H�B���`�v �Q�`�#�B�i���H�b� i (� ;̀ � )�- �i�?�2 �/�2�M�b�B�i�vn(� )̀ �U�Q�`n� (� )̀�V �B�b �Q�#�i���B�M�2�/�X �h�?�2 �2�M�2�`�;�v �i�2�`�K�b �B�M �2�[�X
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�/�Q �M�Q�i �/�B�7�7�2�` �K�Q�`�2 �i�?���M �b�Q�K�2 �i�?�`�2�b�?�Q�H�/�X

���b �K�2�M�i�B�Q�M�2�/ ���#�Q�p�2�- �i�?�2 �Q�M�H�v �i�2�`�K �i�?���i �M�2�2�/�b �i�Q �#�2 ���T�T�`�Q�t�B�K���i�2�/ �?�2�`�2 �B�b �i�?�2 �2�t�+�?���M�;�2�@

�+�Q�`�`�2�H���i�B�Q�M �2�M�2�`�;�vEXC ���M�/ �T�Q�i�2�M�i�B���HVXC �X �P�M�2 �Q�7 �i�?�2 �#�B�;�;�2�b�i �+�?���H�H�2�M�;�2�b �B�M �i�?�2 �/�2�p�2�H�Q�T�K�2�M�i

�Q�7 �.�6�h �K�2�i�?�Q�/�b �?���b �#�2�2�M �+�Q�M�b�i�`�m�+�i�B�M�; �;�Q�Q�/ ���T�T�`�Q�t�B�K���i�B�Q�M�b �7�Q�` �i�?�2�b�2 �i�2�`�K�b�X �a�Q�K�2 �Q�7 �i�?�2

�K�Q�b�i �+�Q�K�K�Q�M ���T�T�`�Q���+�?�2�b �i�Q �2�p���H�m���i�2 �i�?�2EXC �i�2�`�K�b ���`�2 ���b �7�Q�H�H�Q�r�b�,
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XC (n" ; n#) =

Z
d� ǹ(� )̀"XC [n" (� )̀; n#(� )̀] �U�R�X�k�3�V

�r�?�2�`�2 �i�?�2 �2�t�+�?���M�;�2�@�+�Q�`�`�2�H���i�B�Q�M �2�M�2�`�;�v �/�2�M�b�B�i�v �B�b ���b�b�m�K�2�/ �i�Q �Q�M�H�v �/�2�T�2�M�/ �Q�M �i�?�2 �H�Q�+���H

�p���H�m�2�b �Q�7 �i�?�2 �2�H�2�+�i�`�Q�M �b�T�B�M�@�m�T ���M�/ �b�T�B�M�@�/�Q�r�M �/�2�M�b�B�i�B�2�b�X �l�b�m���H�H�v �i�?�2 �7�Q�`�K �Q�7"XC �?�2�`�2 �B�b
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�B�M �1�[�X�R�X�k�d�-VH (n(� )̀) + V �
XC (n(� )̀) �- �/�Q�2�b �M�Q�i �B�M �;�2�M�2�`���H �/�B�b�i�B�M�;�m�B�b�? �i�?�2 �+�Q�M�i�`�B�#�m�i�B�Q�M�b �i�Q �i�?�2

�2�H�2�+�i�`�Q�M �/�2�M�b�B�i�v �Q�7 �i�?�2 �;�B�p�2�M �Q�`�#�B�i���H� i �7�`�Q�K �i�?�2 �+�Q�M�i�`�B�#�m�i�B�Q�M�b �Q�7 �Q�i�?�2�` �Q�`�#�B�i���H�b�X ���b �� �`�2�b�m�H�i�-

�� �E�Q�?�M�@�a�?���K �b�i���i�2� i �K���v �2�t�T�2�`�B�2�M�+�2 �� �M�Q�M�T�?�v�b�B�+���H �B�M�i�2�`���+�i�B�Q�M �r�B�i�? �B�i�b�2�H�7�X

�A�M �T���`�i�B�+�m�H���`�- �H�2�i �m�b �+�Q�M�b�B�/�2�` �� �b�v�b�i�2�K �+�Q�M�b�B�b�i�B�M�; �Q�7 �Q�M�H�v �Q�M�2 �U�b�T�B�M�@�m�T�V �2�H�2�+�i�`�Q�M�- �r�B�i�? �Q�`�#�B�i���H

 i;� (� )̀�- �r�?�B�+�? �T�`�Q�/�m�+�2�b �i�?�2 �/�2�M�b�B�i�vni;� (� )̀�X �h�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �b�B�M�;�H�2�@�T���`�i�B�+�H�2 �E�Q�?�M�@�a�?���K

�2�M�2�`�;�v �r�Q�m�H�/ �#�2

EKS (ni;� ) = Ts(ni;� ) + Eext (ni;� ) + EH (ni;� ) + E �
XC (ni;� ; 0) �U�R�X�j�y�V

�r�?�2�`�2E �
XC �B�b �+�Q�M�b�B�/�2�`�2�/ �i�Q �#�2 �� �7�m�M�+�i�B�Q�M���H �Q�7n" ���M�/n#�X �h�?�2 �b�m�K �Q�7 �i�?�2 �i�?�B�`�/ ���M�/ �7�Q�m�`�i�?

�i�2�`�K�b �Q�M �i�?�2 �`�B�;�?�i�@�?���M�/ �b�B�/�2 �Q�7 �1�[�X�R�X�j�y�b�?�Q�m�H�/ �#�2 �2�[�m���H �i�Q �x�2�`�Q�- �b�B�M�+�2 �i�?�2 �b�B�M�;�H�2 �T���`�i�B�+�H�2

�b�?�Q�m�H�/ �M�Q�i �2�t�T�2�`�B�2�M�+�2 �� �*�Q�m�H�Q�K�# �`�2�T�m�H�b�B�Q�M �7�`�Q�K �B�i�b�2�H�7�X �A�M �>���`�i�`�2�2�@�6�Q�+�F �i�?�2�Q�`�v�- �i�?�2 �b�2�H�7�@

�>���`�i�`�2�2 �i�2�`�K �+���M�+�2�H�b �Q�m�i �#�v �i�?�2 �b�2�H�7�@�2�t�+�?���M�;�2 �i�2�`�K�X �>�Q�r�2�p�2�`�- �B�M �E�Q�?�M�@�a�?���K �6�h�- �i�?�2�B�` �b�m�K

�B�b �M�Q�i �x�2�`�Q �#�2�+���m�b�2 �i�?�2EXC �i�2�`�K �B�b ���T�T�`�Q�t�B�K���i�2�/�X

�h�?�B�b �/�B�b�+�`�2�T���M�+�v �B�b �F�M�Q�r�M ���b �i�?�2 �a�A�1�X �a�B�M�+�2 �?�2 �2�H�2�+�i�`�Q�M �2�b�b�2�M�i�B���H�H�v �7�2�2�H�b �`�2�T�m�H�b�B�Q�M �7�`�Q�K �B�i�b�2�H�7�-



�R�3 �+�Ñ�ž�ÿ���¶�� �S�Y �B�é�����ñ�²���«���Ô�ñ�é

�i�?�2 �T�`�2�/�B�+�i�2�/ �Q�`�#�B�i���H�b ���M�/ �/�2�M�b�B�i�B�2�b ���`�2 �/�2�H�Q�+���H�B�x�2�/ �#�v �a�A�1�X

�S�2�`�/�2�r�@�w�m�M�;�2�` �a�2�H�7�@�A�M�i�2�`���+�i�B�Q�M �*�Q�`�`�2�+�i�B�Q�M

�P�M�2 �Q�7 �i�?�2 �K�Q�b�i �r�2�H�H�@�F�M�Q�r�M �b�+�?�2�K�2�b �i�Q �+�Q�m�M�i�2�`���+�i �i�?�2 �b�2�H�7�@�B�M�i�2�`���+�i�B�Q�M �2�`�`�Q�` �r���b �T�`�Q�T�Q�b�2�/

�#�v �S�2�`�/�2�r ���M�/ �w�m�M�;�2�` �B�M �R�N�3�R �(�k�3�)�X �h�?�2�B�` �T�`�Q�T�Q�b���H �r���b �i�Q �b�m�#�i�`���+�i ���H�H �i�?�2 �b�2�H�7�@�B�M�i�2�`���+�i�B�Q�M

�2�M�2�`�;�B�2�b �7�Q�` �� �;�B�p�2�M �b�2�i �Q�7 �Q�`�#�B�i���H�bf  i;� (� )̀g �7�`�Q�K �i�?�2 �i�Q�i���H �2�M�2�`�;�v �7�m�M�+�i�B�Q�M���H�,

EP Z � SIC (n; f  i;� g) = EKS (n) �
X

�

N �X

i

[EH (ni;� ) + EXC (ni;� ; 0)] �U�R�X�j�R�V

�L�Q�i�2 �i�?���i �i�?�B�b �+�Q�`�`�2�+�i�2�/ �2�t�T�`�2�b�b�B�Q�M �7�Q�` �2�M�2�`�;�v �r�Q�m�H�/ �#�2 �2�t���+�i �7�Q�` �Q�M�2�@�2�H�2�+�i�`�Q�M �b�v�b�i�2�K�b�- ���M�/

�i�?�2 �K���;�M�B�i�m�/�2 �Q�7 �i�?�2 �+�Q�`�`�2�+�i�B�Q�M �B�M �;�2�M�2�`���H �r�Q�m�H�/ �#�2 �x�2�`�Q �7�Q�` �i�?�2 �2�t���+�i �U�M�Q�M�@���T�T�`�Q�t�B�K���i�2�V

EXC �7�m�M�+�i�B�Q�M���H�X ���H�b�Q �M�Q�i�2 �i�?���i �i�?�2 �+�Q�`�`�2�+�i�B�Q�M �i�2�`�K �/�2�T�2�M�/�b �2�t�T�H�B�+�B�i�H�v �Q�M �i�?�2 �+�?�Q�B�+�2 �Q�7 �i�?�2

�Q�`�#�B�i���H �b�2�i�-f  i;� (� )̀g�X �h�?�B�b �K���F�2�b �i�?�2 �i�Q�i���H �S�2�`�/�2�r�@�w�m�M�;�2�` �b�2�H�7�@�B�M�i�2�`���+�i�B�Q�M �+�Q�`�`�2�+�i�B�Q�M �S�w�@

�a�A�* �2�M�2�`�;�v �2�t�T�`�2�b�b�B�Q�M �B�M �/�2�T�2�M�/ �M�Q�i �Q�M�H�v �Q�M �i�?�2 �/�2�M�b�B�i�v�- �#�m�i ���H�b�Q �Q�M �i�?�2 �+�?�Q�B�+�2 �Q�7 �Q�`�#�B�i���H�b

�`�2�T�`�2�b�2�M�i�B�M�; �i�?���i �/�2�M�b�B�i�v ���b �r�2�H�H�X �6�Q�` �2�t���K�T�H�2�- �� �m�M�B�i���`�v �i�`���M�b�7�Q�`�K���i�B�Q�M �r�B�i�?�B�M �i�?�2 �b�T���+�2 �Q�7

�Q�+�+�m�T�B�2�/ �Q�`�#�B�i���H�b �/�Q�2�b �M�Q�i �+�?���M�;�2 �i�?�2 �2�H�2�+�i�`�Q�M �/�2�M�b�B�i�v�- �#�m�i �B�i �K���v �B�M�+�`�2���b�2 �Q�` �/�2�+�`�2���b�2 �i�?�2

�p���H�m�2 �Q�7EP Z � SIC �X ���M�Q�i�?�2�` �B�b�b�m�2 �r�B�i�? �i�?�2 �2�M�2�`�;�v �/�2�7�B�M�B�i�B�Q�M �B�M �1�[�X�R�X�j�R�B�b �i�?���i �B�7 �/�2�H�Q�+���H�B�x�2�/

�Q�`�#�B�i���H�b ���`�2 �m�b�2�/ �7�Q�` �i�?�2 �+�Q�`�`�2�+�i�B�Q�M�- �i�?�2 �2�M�2�`�;�v �B�b �M�Q�i �b�B�x�2�@�2�t�i�2�M�b�B�p�2 �(�k�3�)�X �6�Q�` �B�M�b�i���M�+�2�- �i�?�2

�+�Q�`�`�2�+�i�B�Q�M �r�Q�m�H�/ �p���M�B�b�? �7�Q�` �b�Q�H�B�/�b �B�7 �i�?�2 �E�Q�?�M�@�a�?���K �Q�`�#�B�i���H�b ���`�2 �m�b�2�/�- ���M�/ �B�i �r�Q�m�H�/ �#�2 ��

�K���t�B�K�m�K �7�Q�` �H�Q�+���H�B�x�2�/ �Q�`�#�B�i���H�b�X

�*�Q�M�b�B�/�2�`�B�M�; �i�?�2 �/�B�b�+�m�b�b�B�Q�M ���#�Q�p�2�- �Q�M�2 �+���M �Q�#�i���B�M �i�?�2 �T�`�Q�T�2�` �;�`�Q�m�M�/�@�b�i���i�2 �2�M�2�`�;�v �7�Q�` �1�[�X�R�X�j�R

�#�v �K�B�M�B�K�B�x�B�M�; �i�?�2 �2�M�2�`�;�v �7�m�M�+�i�B�Q�M���H �r�B�i�? �`�2�b�T�2�+�i �i�Q �#�Q�i�? �i�?�2 �2�H�2�+�i�`�Q�M �/�2�M�b�B�i�v ���M�/ �i�?�2 �T���@

�`���K�2�i�2�`�b �Q�7 �� �m�M�B�i���`�v �i�`���M�b�7�Q�`�K���i�B�Q�M �#�2�i�r�2�2�M �i�?�2 �Q�+�+�m�T�B�2�/ �2�H�2�+�i�`�Q�M �Q�`�#�B�i���H�b�X �A�i �?���b �#�2�2�M

�b�?�Q�r�M�(�k�9�-�k�N�-�j�y�) �i�?���i �b�m�+�? �p���`�B���i�B�Q�M���H �K�B�M�B�K�m�K �B�b ���+�?�B�2�p�2�/ �B�7 �i�?�2 �Q�`�#�B�i���H�b ���H�b�Q �b���i�B�b�7�v �� �b�2�i



�S�Y�k�Y �/�¶�é���Ô���- �7���é�«���Ô�ñ�é�ž�ã �i�Ñ�¶�ñ���- �R�N

�Q�7 �H�Q�+���H�B�x���i�B�Q�M �2�[�m���i�B�Q�M�b�,

h� i;� j V SIC
i;� (� )̀ � V SIC

j;� (� )̀ j� j;� i = 0 �U�R�X�j�k�V

V SIC
i;� (� )̀ =

�E H [ni;� (� )̀] + EXC [ni;� (� )̀; 0]
�n i;� (� )̀

�U�R�X�j�j�V

�B�M ���/�/�B�i�B�Q�M �i�Q �L �E�Q�?�M�@�a�?���K�@�H�B�F�2 �2�[�m���i�B�Q�M�b�X �>�2�M�+�2�- �i�Q �b�Q�H�p�2 �7�Q�` �i�?�2 �S�w�@�a�A�* �7�m�M�+�i�B�Q�M���H �7�Q�`N

�2�H�2�+�i�`�Q�M�b�- ���#�Q�m�iN 2 �2�[�m���i�B�Q�M�b �K�m�b�i �#�2 �b���i�B�b�7�B�2�/�- �r�?�B�+�? �K���F�2�b �i�?�B�b �K�2�i�?�Q�/ �+�Q�K�T�m�i���i�B�Q�M���H�H�v

�2�t�T�2�M�b�B�p�2�X

�6�2�`�K�B���G�º�r�/�B�M �P�`�#�B�i���H �a�2�H�7�@�A�M�i�2�`���+�i�B�Q�M �*�Q�`�`�2�+�i�B�Q�M

�A�M �k�y�R�9�- �S�2�/�2�`�b�Q�M�- �_�m�x�b�B�M�b�x�F�v ���M�/ �S�2�`�/�2�r �(�j�R�) �T�`�Q�T�Q�b�2�/ �i�Q �+�Q�K�T�m�i�2 �i�?�2 �+�Q�`�`�2�+�i�B�Q�M �i�2�`�K

�B�M �i�?�2 �S�w�@�a�A�* �2�M�2�`�;�v�- �/�2�7�B�M�2�/ �#�v �1�[�X�R�X�j�R�- �#�v �m�b�B�M�; �6�2�`�K�B�@�G�º�r�/�B�M �Q�`�#�B�i���H�b�X �6�B�`�b�i�- �� �b�2�i �Q�7

�6�2�`�K�B �Q�`�#�B�i���H�b �B�b �/�2�7�B�M�2�/ ���b

Fi� (r ) =
P

�  �� (a i� ) �� (r )
p P

� j �� (a i� )j2
; �U�R�X�j�9�V

�r�?�2�`�2 �� ���`�2 �b�Q�K�2 �B�M�B�i�B���H �b�2�i �Q�7 �Q�`�#�B�i���H�b �U�2�X�;�X �E�Q�?�M�@�a�?���K �Q�`�#�B�i���H�b�- �Q�` ���M�v �Q�i�?�2�` �i�v�T�2�V�-

���M�/ai;� ���`�2 �b�T���i�B���H �T�Q�b�B�i�B�Q�M�b �F�M�Q�r�M ���b �i�?�2�6�2�`�K�B �Q�`�#�B�i���H �/�2�b�+�`�B�T�i�Q�`�b�U�6�P�.�b�V�X �P�`�#�B�i���H�b

�/�2�7�B�M�2�/ �#�v �2�[�m���i�B�Q�M�R�X�j�9�+���M �#�2 �b�?�Q�r�M �i�Q �#�2 �B�M�p���`�B���M�i �m�M�/�2�` �m�M�B�i���`�v �i�`���M�b�7�Q�`�K���i�B�Q�M�b �r�B�i�?�B�M

�i�?�2 �Q�+�+�m�T�B�2�/ �Q�`�#�B�i���H �b�T���+�2�- ���M�/ �i�?�2�v ���`�2 �/�2�7�B�M�2�/ �Q�M�H�v �#�v �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �6�P�. ���M�/ �i�?�2

�2�H�2�+�i�`�Q�M �/�2�M�b�B�i�v�X �6�m�`�i�?�2�`�K�Q�`�2�- �6�2�`�K�B �Q�`�#�B�i���H�b ���`�2 �H�Q�+���H�B�x�2�/ ���M�/ �M�Q�`�K���H�B�x�2�/�X �>�Q�r�2�p�2�`�- �i�?�2�v

���`�2 �M�Q�i �Q�`�i�?�Q�;�Q�M���H �v�2�i�X

�h�?�2 �6�2�`�K�B �Q�`�#�B�i���H�b ���`�2 �i�?�2�M �Q�`�i�?�Q�;�Q�M���H�B�x�2�/ �m�b�B�M�; �i�?�2 �G�º�r�/�B�M �(�j�k�) �Q�`�i�?�Q�;�Q�M���H�B�x���i�B�Q�M �b�+�?�2�K�2�-

�i�Q �T�`�Q�/�m�+�2 �6�2�`�K�B�@�G�º�r�/�B�M �Q�`�#�B�i���H�b �U�6�G�P�b�V� F LO
i;� �- �r�?�Q�b�2 �/�2�M�b�B�i�B�2�bnF LO

i;� ���`�2 �i�?�2�M �T�H�m�;�;�2�/ �B�M



�k�y �+�Ñ�ž�ÿ���¶�� �S�Y �B�é�����ñ�²���«���Ô�ñ�é

�i�?�2 �S�w�@�a�A�* �2�M�2�`�;�v �7�m�M�+�i�B�Q�M���H�,

EF LOSIC (n; f ai;� g) = EKS (n) �
X

�

N �X

i

�
EH (nF LO

i;� ) + EXC (nF LO
i;� ; 0)

�
�U�R�X�j�8�V

�L�Q�i�2 �i�?���i �i�?�2 �6�G�P�a�A�* �2�M�2�`�;�v �7�Q�` �� �;�B�p�2�M �b�2�i �Q�7 �6�P�.�b �B�b �/�2�7�B�M�2�/ �B�M �i�2�`�K�b �Q�7 �6�G�P�b ���M�/ �B�b

�i�?�2�`�2�7�Q�`�2 �B�M�p���`�B���M�i �m�M�/�2�` �i�?�2 �m�M�B�i���`�v �i�`���M�b�7�Q�`�K���i�B�Q�M�b �r�B�i�? �`�2�b�T�2�+�i �i�Q �i�?�2 �Q�`�B�;�B�M���H �b�i���`�i�B�M�;

�b�2�i �Q�7 �Q�+�+�m�T�B�2�/ �Q�`�#�B�i���H�b �� �X �a�B�M�+�2 �6�G�P�b ���`�2 �H�Q�+���H�B�x�2�/�- �i�?�2 �b�B�x�2�@�2�t�i�2�M�b�B�p�B�i�v �T�`�Q�#�H�2�K ���H�b�Q �;�Q�2�b

���r���v�X
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