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Two-Stage Stochastic Mixed Integer Nonlinear Programming:
Theory, Algorithms, and Applications

Yingqiu Zhang

(ABSTRACT)

With the rapidly growing need for long-term decision making in the presence of
stochastic future events, it is important to devise novel mathematical optimization
tools and develop computationally efficient solution approaches for solving them.
Two-stage stochastic programming is one of the powerful modeling tools that al-
lows probabilistic data parameters in mixed integer programming, a well-known
tool for optimization modeling with deterministic input data. However, akin to
the mixed integer programs, these stochastic models are theoretically intractable
and computationally challenging to solve because of the presence of integer vari-
ables. This dissertation focuses on theory, algorithms and applications of two-stage
stochastic mixed integer (non)linear programs and it has three-pronged plan. In
the first direction, we study two-stage stochastic p-order conic mixed integer pro-
grams (TSS-CMIPs) with p-order conic terms in the second-stage objectives. We
develop so called scenario-based (non)linear cuts which are added to the deter-
ministic equivalent of TSS-CMIPs (a large-scale deterministic conic mixed integer
program). We provide conditions under which these cuts are sufficient to relax
the integrality restrictions on the second-stage integer variables without impact-
ing the integrality of the optimal solution of the TSS-CMIP. We also introduce

a multi-module capacitated stochastic facility location problem and TSS-CMIPs



with structured CMIPs in the second stage to demonstrate the significance of the
foregoing results for solving these problems. In the second direction, we propose
risk-neutral and risk-averse two-stage stochastic mixed integer linear programs for
load shed recovery with uncertain renewable generation and demand. The mod-
els are implemented using a scenario-based approach where the objective is to
maximize load shed recovery in the bulk transmission network by switching trans-
mission lines and performing other corrective actions (e.g. generator re-dispatch)
after the topology is modified. Experiments highlight how the proposed approach
can serve as an offline contingency analysis tool, and how this method aids self-
healing by recovering more load shedding. In the third direction, we develop a
dual decomposition approach for solving two-stage stochastic quadratically con-
strained quadratic mixed integer programs. We also create a new module for an
open-source package DSP (Decomposition for Structured Programming) to solve
this problem. We evaluate the effectiveness of this module and our approach by

solving a stochastic quadratic facility location problem.



Two-Stage Stochastic Mixed Integer Nonlinear Programming:
Theory, Algorithms, and Applications

Yingqiu Zhang

(GENERAL AUDIENCE ABSTRACT)

With the rapidly growing need for long-term decision making in the presence of
stochastic future events, it is important to devise novel mathematical optimiza-
tion tools and develop computationally efficient solution approaches for solving
them. Two-stage stochastic programming is one of the powerful modeling tools
that allows two-stages of decision making where the first-stage strategic decisions
(such as deciding the locations of facilities or topology of a power transmission
network) are taken before the realization of uncertainty, and the second-stage
operational decisions (such as transportation decisions between customers and fa-
cilities or power flow in the transmission network) are taken in response to the
first-stage decision and a realization of the uncertain (demand) data. This mod-
eling tool is gaining wide acceptance because of its applications in healthcare,
power systems, wildfire planning, logistics, and chemical industries, among others.
Though intriguing, two-stage stochastic programs are computationally challeng-
ing. Therefore, it is crucial to develop theoretical results and computationally
efficient algorithms, so that these models for real-world applied problems can be
solved in a realistic time frame. In this dissertation, we consider two-stage stochas-
tic mixed integer (non)linear programs, provide theoretical and algorithmic results

for them, and introduce their applications in logistics and power systems. First,



we consider a two-stage stochastic mixed integer program with p-order conic terms
in the objective that has applications in facility location problem, power system,
portfolio optimization, and many more. We provide a so-called second-stage con-
vexification technique which greatly reduces the computational time to solve a
facility location problem, in comparison to solving it directly with a state-of-the-
art solver, CPLEX, with its default settings. Second, we introduce risk-averse and
risk-neutral two-stage stochastic models to deal with uncertainties in power sys-
tems, as well as the risk preference of decision makers. We leverage the inherent
flexibility of the bulk transmission network through the systematic switching of
transmission lines in/out of service while accounting for uncertainty in generation
and demand during an emergency. We provide abundant computational experi-
ments to quantify our proposed models, and justify how the proposed approach
can serve as an offline contingency analysis tool. Third, we develop a new solution
approach for two-stage stochastic mixed integer programs with quadratic terms in
the objective function and constraints and implement it as a new module for an
open-source package DSP. We perform computational experiments on a stochastic

quadratic facility location problem to evaluate the performance of this module.
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Chapter 1

Introduction

Mathematical Optimization toolbox provides a variety of algebraic methods to for-
mulate optimization problems in science, military, engineering, and business. Dur-
ing World War II, the need to efficiently manage scarce resources led to the origin
of an algebraic modeling tool, referred to as linear programming (or linear opti-
mization). Since then, the mathematical optimization toolbox has been evolving to
address various optimization problems arising in applications such as production
and inventory planning, logistics, healthcare, wildfire planning, power systems,
bioinformatics, chemical industries, and many more. Currently, this toolbox in-
cludes nonlinear programming, mixed integer (non)linear programming, stochastic
optimization, and distributionally robust optimization, among others. It allows a
decision maker to handle decisions of discrete nature, nonlinear objective func-
tions and constraints, probabilistic input data parameters, and adjustments based
on the level of risk-aversion of the decision maker. As a consequence, better (or

optimal) decisions can be made to save lives, time, and money.

With the rapidly growing need to make long-term policy planning with probabilis-
tic (future demand or cost) data, stochastic programming in two-stage setting is
gaining wide acceptance. This is because it allows two-stages of decision making

where the first-stage strategic decisions (such as deciding the locations of facilities
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or topology of a power transmission network) are taken before the realization of
uncertainty, and the second-stage operational decisions (such as transportation
decisions between customers and facilities or power flow in the transmission net-
work) are taken in response to the first-stage decision and a realization of the
uncertain (demand) data. Though intriguing, two-stage stochastic programs are
computationally challenging. Therefore, it is crucial to develop theoretical re-
sults and computationally efficient algorithms, so that these models for real-world
applied problems can be solved in a realistic timeframe. In this dissertation, we
consider two-stage stochastic mixed integer (non)linear programs, provide theoret-
ical and algorithmic results for them, and introduce their applications in logistics

and power systems.

1.1 State-of-the-Art Mathematical Optimization

Tools

A mathematical optimization problem involves minimizing (or maximizing) an ob-
jective function of a set of decision variables subject to constraints on the decision

variables. Generally, it is defined as follows:

minimize fo(x) (1.1a)
s.t. fi(x) <0, i=1,...,m, (1.1b)
where x = (z1,...,x,) € R" is a vector of n decision variables, and f; : R" — R,

i = 0,1,...,m, are functions of x. In this formulation, inequalities (1.1b) and
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function fy are referred to as constraints and objective function, respectively.

Based on the properties of objective function, constraints, and decision variables,

Problem (1.1) can be classified into different categories:

(i) Linear Program (LP): Problem (1.1) is referred to as a linear program when
the objective function and constraints are of linear form, i.e., fo(z) = c'z
and f;(z) := a;x where ¢ € R" and a; € R" for i € {1,...,m}.

(ii) Nonlinear Program (NLP): Problem (1.1) with at least one nonlinear function

fi(z), for i € {0,1,...,m}, is referred to as a nonlinear program.

(iii) Mixed Integer Linear Program (MILP): A linear program with additional
integrality restrictions on a subset of the decision variables, i.e., z € R"™ x

Z™ where m > 0, is referred to as mixed integer linear program.

(iv) Mixed Integer Nonlinear Program (MINLP): Similar to MILP, a nonlinear
program with additional integrality restrictions on a subset of the decision
variables is referred to as mixed integer nonlinear program. MINLPs can
be further categorized. Two categories of MINLPs, pertinent to this dis-
sertation, are as follows: mixed integer p-order conic program (for p > 1)
and mixed integer quadratically constrained quadratic program, where the
objective function and/or constraints have [, norm or quadratic terms, re-

spectively.

All aforementioned tools provide powerful deterministic modeling frameworks for
decision-making, assuming that all input data parameters are known. However in
reality, decisions are not always made under deterministic conditions. For an ex-

ample, manufacturing companies have to make decisions to procure different types
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of raw material to produce products, even with incomplete information of products’
demand, which is uncertain. Failure to incorporate the uncertainties may result in
poor planning and hence, high expected cost. Two-stage stochastic programming
(TSSP) [27] is a well-known framework for sequential decision-making that allows
uncertain data parameters represented by a random vector whose probability dis-
tribution is known. The decision process is shown in Figure 1.1, where w denotes

a realization/scenario of the random vector ¢ defined over a sample space €:

First-Stage Observe Uncertainty Second-Stage Deci-
Decisions = for a scenario w € 2 sions y,, for w € Q
Stage 1: Here-and-Now A Data Scenario Stage 2: Wait-and-See

Figure 1.1: Sequential Decision-Making using TSSP.

According to Figure 1.1, the first subset of decisions z is made using available data
and before the realization of uncertainties, which is referred to as the first-stage
(or here-and-now) decisions; whereas the remaining decisions i.e., y, for w € €,
referred to as the second-stage (or wait-and-see) decisions that depend on the
first-stage decisions, are made after the information is received on the realization
of the random vector €. In TSSPs, the cost of second-stage decisions (or corrective
actions) is measured as a recourse function, and we seek a solution that optimizes
the expected value of the objective function for the probability distribution followed
by the uncertain parameters. Applications of TSSPs exist in numerous domains,
such as facility location [138], health care [81], unit commitment[80], optimal power

flow [141], supply chain [145], and many more.

Dantzig [43] introduced two-stage stochastic linear programs (TSS-LPs) to tackle
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uncertainty in input parameters of a linear program. Researchers have further
extended this framework to introduce two-stage stochastic mixed integer programs

[2, 27, 28, 83, 84], which is defined as follows.
z=min{c'z+E[Q,(z)] : Az > b,x € Z™ x R" ™} (1.2)

where for each scenario w of &, the recourse function of the second stage problem

is given by:
Q. () := min g, v, (1.3a)
s.t. Woy, > hy, — Tox (1.3b)
Yo € Z™M x R™772, (1.3¢)

Here, 3, is the vector of second-stage decisions corresponding to scenario w € (2,
W,, is referred to as the recourse matrix, and 7T, is referred to as the technology
matrix. For TSS-MILPs with finite sample space {2 where probability of the oc-
currence of scenario w € Q is p,, the deterministic equivalent formulation (DEF)

of problem (1.2) is given by

z=min ¢z + prglyw (1.4)
weN

s.t. Woy, > hy, — Tz, w € €, (1.5)

T E€ZM X RM ™ y, € Z™ x R w € . (1.6)

The DEF is a large-scale (block-angular structured) mixed-integer program whose

size (number of variables and constraints) increases with the increase in the number
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of scenarios.

In this dissertation, we propose to study two generalizations of the TSS-MILPs,
i.e., two-stage stochastic p-order conic mixed integer programs (T'SS-CMIPs) and
two-stage stochastic mixed integer quadratically constrained quadratic program-
ming (TSS-MIQCQPs). Since the foregoing problems involve discrete variables,
uncertain data parameters, and nonlinear terms, they are computationally more
challenging than TSS-MILPs. Therefore, it is crucial to develop efficient solution
approaches (cutting planes and decomposition algorithms) for the TSS-CMIPs and
TSS-MIQCQPs (refer to Sections 1.2 and 1.3, respectively). Furthermore, we in-
troduce TSS-MILP models for load shed recovery in power systems with uncertain

renewable generation and demand (refer to Section 1.4).

1.2 Two-Stage Stochastic p-order Conic Mixed

Integer Programming

A p-order conic mixed-integer program is a nonlinear nonconvex problem whose
feasible region is defined by linear constraints, p-order conic constraints, and inte-
grality constraints. It generalizes various optimization frameworks such as MILP
and quadratically constrained convex quadratic mixed integer program, and arises
in applications ranging from portfolio optimization to machine learning [4, 94]. We
study TSS-CMIPs where the first stage problem has pure integer variables and the

second stage problems have the sum of [,-norms in the objective function along
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with integer variables. More specifically, the T'SS-CMIP is defined as follows:

min {c'z + E¢[Q,(2)] : Az > b,z € Z™M}, (1.7)

where the random variable ¢ follows a known probability distribution P with a
finite sample space €2, and for a given x and a scenario w € €2 with p,, probability

of occurrence:

9, (z) := min {g;yw + ZQZ;HEg;?JZ; + Flx — hZ}Hp :
jeJ

Wy > 1, — Tz, yZJ SWANNS J},

which is equivalent to

Qu(x) :=min gy, + Y gl (1.8a)
jeJ

st. Woy, >r, — T, (1.8b)

|yl + Fiax— || < &g, e (1.8¢)

y, €20 d,, e Ry, jeJd (1.8d)

Here, [-[|, denotes [,-norm, ie., [|y[|, = (Zk|yk|p)l/p forp>1,¢ce R A€
R™>™ h € R™  and for eachw € Qand j € J :={1,...,]J|}, g, € RV § € R,
EJ € Rm2xda [ ¢ Rm2xm pl ¢ R™2 W, € RmsxdJl T, € R™3*™ and r,, € R™.
We note that by setting J = ), our proposed TSS-CMIP becomes TSS-MILP.
Hence, TSS-MILP is a special case of TSS-CMIP. Moreover, the deterministic
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equivalent of TSS-CMIP is given by:

min ¢’z + Y P, (gl Yot D gz;dz;,o> (1.92)

wef jeJ
st. Ax > b, T,x+Wyoy, >r,, weESL, (1.9b)
| Flx + Elyl, — hZJHp < d@o, jeJ, we, (1.9¢)
(2,y,d) € ZM x (Z9 x Re-a)[ T glabd) (1.9d)

which is a large-scale p-order conic mixed integer program.

1.3 Two-Stage Stochastic Mixed Integer Quadrat-

ically Constrained Quadratic Programming

Mixed integer quadratically constrained quadratic program (MIQCQP) is a nonlin-
ear nonconvex optimization problem that involves discrete variables and quadratic
terms in both objective functions and constraints. MIQCQP is hard to solve due to
its nonlinear and nonconvex properties. Nevertheless, MIQCQPs have been widely
applied to applications in power system [47, 88|, portfolio selection problem [42],
process system [106, 120], transportation problem [32, 38], and many more. In this
dissertation, we propose to study a two-stage stochastic variant of the MIQCQP,
which is denoted by TSS-MIQCQP and is defined as follows:

1
min {ixTP”x +c'r+Ee[Qu(n)] : Av > b,w € X} (1.10)
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where £ is observed with probability p,, for a scenario w from a finite sample space

Q. For w € €, the recourse function is defined as,

1 ;p
Q,,(z) := min 53/5 Py + 2" P3%yw + ¢, oY (1.11)

1 A
s.t. §[$’ Yol " Po il y) + qzji[x; Yo +d., <0, i=1,...,1 (1.12)

Yo €Y (1.13)

where sets X C R™ and Y C R™ represent integer or binary restrictions on
some or all of the decision variables z and y, for w € 2, respectively. In the
first stage problem (1.10), we have parameters A € R™*™ p € R™ and P**
is a ny X ny positive semidefinite matrix. In the second stage problem (1.11)-
LI

(1.13), forw e Qand i =1,...,1, we have P, ; = € Rmtn2)x(nit+nz)

v pyy
Pw,z' Pw,z'
Qs
w,1 .
Qui = € RIX(m+m2) and d, € R; P3% and P:;’z are nq X ny and ng X no
y
qw,i

submatrices of P, ;, respectively; ¢; ; and qii are vectors in R™ and R"™ space,
respectively. Constraints (1.12) can be written as

1T:m: 1Tyy 1sz 1TyxT xT yT i

51’ Pw,ix + §yw Pw,iyw + §£C Pw,iyw + 5 w Pw,ix + Ay * + 4y, i Yw + dw <0.
We assume P** > 0, Pg% > 0,and P,; = 0fori=1,...,] and w € €2, to ensure
that the extensive formulation of the problem obtained after relaxing integrality

restrictions in TSS-MIQCQP is convex. We note that when P** =0 and P, ; =0
fort=0,1,...,1, the TSS-MIQCQP reduces to TSS-MILP.
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1.4 Applications of TSS-MILP in Power Systems

Maintaining a reliable source of power is a fundamental goal of large electrical net-
works. Unfortunately, disruption events continuously pose risks to the system and
can ultimately trigger power outages, i.e., short-term or long-term electric power
disconnections of certain areas/customers. Imbalances in total energy supply and
demand are among the main causes of power outages, at times forcing electric
utilities to interrupt service in certain areas by automatic and/or manual discon-
nection or shedding of loads. An outage must be recovered within 90 minutes as
requested by Federal Energy Regulatory Commission (FERC) [52], because the
damages of power outages become more severe as the recovery time lengthens.
Even though self-healing capabilities of today’s smart grid can minimize blackouts
by performing continuous self-assessments to detect, analyze, respond to, and as
needed, restore grid components or network sections [111], power outages still af-
fect everyday life and cause huge losses in the U.S. Power outages caused more
than $1 trillion worth of damage due to weather from 1980 to 2014 [34] and annual
financial losses of $44 billion in 2015 [1] in the U.S. Indeed, each U.S. electricity
user experienced an average of 1.3 electrical outage events, or equivalently 250

minutes of disconnected service, in 2016.

One of the main desired capabilities of the smart grid is “self-healing”, which is the
ability to quickly restore power after a disturbance. Due to critical outage events,
customer demand or load is at times disconnected or shed temporarily. While de-
terministic optimization models have been devised to help operators expedite load
shed recovery by harnessing the flexibility of the grid’s topology (i.e., transmission

switching), an important issue that remains unaddressed is how to cope with the
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uncertainty in generation and demand encountered during the recovery process.
In this research direction, we introduce two-stage stochastic models to deal with
these uncertain parameters, and one of them incorporates conditional value-at-risk

to measure the risk level of the unrecovered load shed.

1.5 Outline and Contributions of This Disserta-

tion

In this dissertation, we develop scenario-based valid inequalities and efficient algo-
rithms to solve two important generalizations of TSS-MILP, i.e., TSS-CMIP and
TSS-MIQCQP. We also intend to develop a package for our proposed algorithms
based on the open-source software: DSP (Decomposition for Structured Program-
ming) [80] and packages maintained by COIN-OR [96]. Furthermore, we study the
application of TSS-MIP in power systems. In the rest of this section, we present

an outline of this dissertation along with more details about its contributions.

In Chapter 2, we introduce some concepts and algorithms known in the literature to
build a background necessary to explain results presented in this dissertation. We
present the definition of convex hull and partial convex hull, two cut-generation
procedures:mixed integer rounding and conic mixed integer rounding, and dual

decomposition method for solving TSS-MILPs.

In Chapter 3, we introduce two-stage stochastic p-order conic mixed integer pro-
grams (denoted by TSS-CMIPs) in which the second stage problems have p-order

conic constraints along with integer variables. First, we present sufficient condi-

11
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tions under which the addition of sparse nonlinear cuts in the extensive formulation
of TSS-CMIPs is sufficient to relax the integrality restrictions on the second stage
integer variables without impacting the integrality of the optimal solution of the
TSS-CMIP. We also consider TSS-CMIPs with structured p-order CMIPs in the
second stage and derive classes of globally valid parametric (non)-linear cuts for
them. These cuts provide conic linear (or convex) programming equivalent, under
certain conditions, for the second stage CMIPs. Our cuts for TSS-CMIPs with
p = 1 satisfy the aforementioned sufficient conditions. We also perform extensive
computational experiments by solving randomly generated structured TSS-CMIPs
with polyhedral CMIPs and second-order CMIPs in the second stage, i.e. p =1
and p = 2, respectively, and observe that there is a significant reduction in the
total time taken to solve these problems after adding our sparse cuts. Finally,
we demonstrate the significance of our results for TSS-CMIP in deriving (partial)
convex hull for deterministic multi-constraint conic mixed integer sets with mul-
tiple integer variables. This study extends the result of Atamtiirk and Narayanan
[7] for a simple polyhedral conic mixed integer set with a single constraint and one

integer variable.

In Chapter 4, we introduce stochastic load shed recovery models (S-LSR) to handle
the uncertainty of generation and demand, and incorporate conditional value-at-
risk (CVaR) for measuring the risk level of unrecovered load in power systems.
This paper builds on the previous work of Escobedo, Moreno-Centeno, and Hed-
man [51] on deterministic models where data parameters are assumed to be fixed
and known. We leverage the inherent flexibility of the bulk transmission network

through the systematic switching of transmission lines in/out of service while ac-
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counting for uncertainty in generation and demand during an emergency. These
stochastic models are implemented using a scenario-based approach where the ob-
jective is to maximize load shed recovery in the bulk transmission network by
switching transmission lines and performing other corrective actions (e.g., gen-
erator re-dispatch) after the topology is modified. The benefits of the proposed
stochastic programming models are quantified via comparisons with a determinis-
tic mean-value model, using the IEEE 14-bus and 118-bus test cases. Experiments
and discussions highlight how the proposed approach can serve as an offline con-

tingency analysis tool.

In Chapter 5, we study two-stage stochastic quadratically constrained quadratic
programs (TSS-MIQCQPs). More specifically, we present dual decomposition for
TSS-MIQCQPs, and add new features to open-source package DSP to implement
extensive formulation and dual decomposition for solving TSS-MIQCQPs. We also
introduce a stochastic quadratic facility location problem and perform computa-
tional experiments on this problem using the aforementioned new feature in DSP.

The computational results illustrate the significance of our extension of DSP.

13



Chapter 2

Necessary Background

In this chapter, we introduce some concepts and algorithms known in the litera-
ture to build a background necessary to explain results presented in this disser-
tation. We present the definition of convex hull and partial convex hull [19], two
cut-generation procedures: mixed integer rounding [113] and conic mixed integer

rounding [7], and dual decomposition method [35] for solving T'SS-MILPs.

2.1 Convex Hull and Partial Convex Hull

2.1.1 Convex Hull

The convex hull of a set S is the inclusion-wise minimal convex set that contains
S, which is denoted as conv(S). Suppose there are N points, i.e., z; € S, for

i=1,..., N, then conv(S) is defined as follows,

N

N
conv(S) = {Z/\Ziz : Z)‘i =1,\>0,2, € S,Vi = 1,...,N}.
i=1 i=1
In other words, every convex combination of points in set S must be in set conv(.S).

We provide an example integer set Sy := {(x1,22) € Z3 : 321 + 225 < 5}, which is

14
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equivalent to set of five integer points {(1,0),(0,0),(0,1),(0,2),(1,1)} as shown
in Figure 2.1. The linear programming relaxation of set Si, i.e., LPrelax(S;) :=
{(z1,22) € R% : 3y + 225 < 5}, is color (red) filled triangle in the figure. We

observe that set S; is nonconvex and noncontinuous.

(1,0) “

Figure 2.1: Set S; and its linear programming relaxation.

The convex hull of this set is blue region with boundaries in Figure 2.2, which is
convex and continuous, i.e., conv(Sy) = {(z1,22) € Ry xR, 12y < 1,21+ < 2}
In order to solve a mixed integer program min{c'z : z € S} where c is a real
vector with the same dimension as z, it is sufficient to solve a linear program
min{c'z : x € conv(S)}, where the feasible region of this linear program is the

convex relaxation of set S.

(1,0) =

Figure 2.2: Convex hull of set Sj.

15
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2.1.2 Partial Convex Hull

Definition 2.1. [Bansal et al. [19]] A partial convex hull of a mixed integer set S

is another mixed integer set Spc such that S C Sy, C conv(S) = conv(Spen)-

The set Spen is a subset of convex hull of the set S and has a lesser number of
integrality constraints (but possibly more linear or nonlinear inequalities) than S.
Whereas in comparison to conv(S), Spen might have fewer inequalities but more
integrality constraints. We provide a partial convex hull of the aforementioned
set S; in Figure 2.3 (represented by two red line segments), and denote it by
Sipeh = {(z1,22) € Zy xRy : 2y < 1,21 + 25 < 2}. Observe that Si e has
one more linear constraint compared with Si, i.e., z; < 1, and the integrality
restriction on x5 is relaxed, but x; is still an integer variable. Moreover, S; C

S1peh € conv(S1) € conv(Si pen)-

0,2)
(0,1) (1,1)

(0,0 (1,0)

Figure 2.3: A partial convex hull of set S, ie., Sipen: Two red vertical line
segments

Unlike convex hull, a mixed integer set can have multiple different partial convex
hulls. For example, another partial convex hull of S; is Sipm = {(z1,72) €
R, X Z, : 21 < 1,21 + x5 < 2}, which is represented in Figure 2.4 by two red line
segments and one point (0, 2). For Sl,pch, the integrality restriction on x; has been

relaxed, but x5 remains to be integral.
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(07 2)0

0, 1) ¢——=(1,1)

(0,0) ¢ 0

Figure 2.4: A partial convex hull of set 57, i.e., Sl,pchi Two red horizontal line
segments and a point.

2.2 Cut-Generation Procedures

Te > m, where 7 € R" and w9 € R, is valid for

An inequality of the from 7
set S C R™ if it is satisfied for every point in S, i.e., 7' 2 > 7w for all & € S or
SCSN{zxeR™: e > 7o }. Such inequalities are referred to as valid inequalities
for the set. To solve mixed integer (non)linear programs, valid inequalities are
added to their continuous relaxation in order to cut off the fractional extreme
points of the continuous relaxation and obtain a tighter continuous relaxation.
This procedure is referred to as the cutting plane method and therefore, the valid
inequalities are also referred to as cuts or cutting planes. In this section, we
will introduce two cut-generation procedures: mixed integer rounding (MIR) cuts
[147] and conic mixed integer rounding (CMIR) cuts [7] for mixed integer linear
programs and conic mixed integer programs, respectively. To develop these cut-

generation procedures, researchers studied polyhedral structures of simple (conic)

mixed integer sets.

Mixed Integer Rounding Cuts. Consider a simple mixed integer set with single
constraint and one integer variable, Z = {(v,s) € Ry X Z : s — v < p}, where

p € R. The convex hull of Z is obtained by adding the following so-called MIR

17
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s—v=p

1

I~ =

hfl!IR facet: 5 —

L—(p—lpD

Figure 2.5: MIR cuts.

cut to the linear programming relaxation of Z [113, 147]:

s ! 5 < Lol (2.1)

Cl—(p—1p

In Figure 2.5, set Z is presented in blue and the hyperplane corresponding to the
MIR cut is in red.

Various generalizations of MIR cut-generation procedure includes mixed MIR, [65],
continuous mixing [143], n-step MIR [77], continuous multi-mixing MIR [14, 16],
and mingled n-step mixing MIR [15], among many others. These generalizations
have been derived by analyzing the polyhedral structure and developing facet-
defining valid inequalities for multi-constraint mixed integer sets with multiple
integer variables and continuous variables in each constraints (reader can refer to

Bansal and Kianfar [15] for more details).

Conic Mixed Integer Rounding Cuts. To generalize MIR cuts for MINLPs,
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Atamtirk and Narayanan [7] consider a single-constraint conic mixed integer set
with one integer variable, i.e., Z := {(0,v,p0) € Z X R% : \/(c — B)? +v2 < po},
where 3 € R. By adding additional continuous variables, set Z can be reformulated

as,

Z :={(0,v,p0,p1,p2) € ZX R : o — B < pu, [v| < pa, (/3 + 3 < po}-

Let Z1 = {(0,p1) € Z xRy |0 =] < pi}, Zo = {(v,p2) € Z X Ry : [v] < po},
and Zs = {(p1,p2) € RE : \/p}+p3 < po}. Note that Z = Z, N Zy N Zs. The

conic MIR inequality

(1-28Y) (0 = [B]) + BY < pu (2.2)

where ) = 3 — | 3], is a facet defining inequality for Z;. Figure 2.6 illustrates
set Z; and CMIR cuts (2.2). The fractional point (/3,0) of the linear relaxation of

Z is cut off by adding inequality (2.2). Hence, the convex hull of Z is

conv(Zy) = {(0,p1) ERx Ry :|o— B < p1, (1 =28W) (0 — |8]) + Y < pi }.

2.3 Dual Decomposition Method for TSS-MILPs

In this section, we present Lagrangian relaxation based approach (referred to as
dual decomposition method) of Carge and Schultz [35] to derive a lower bound

for TSS-MILP with mixed integer variables in both stages. In [35], a branch-
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QT

] 5 1A 0

1= 755

Figure 2.6: CMIR cuts.

and-bound method to solve TSS-MILP has also been provided, which utilizes this

bounding procedure at each node.

2.3.1 Lagrangian Relaxation of TSS-MILP

For the dual decomposition method, we derive a Lagrangian relaxation of TSS-
MILP as follows. Let Q := {w1,...,wq}. We add auxiliary variables z,,, Zu,, . . .,
Ty € ZM x RM™™ and constraints z,, = 2y, = ... = ¥, = ¥ in problem (1.3)

to get an equivalent reformulation

z=min Y p. (¢ 20+ g u) (2.3a)
weN

st. Woye > hy, — Ty, w € Q, (2.3b)

Ty, — Ty = 0, ie{l,...,|Q —1}, (2.3¢)

Ty €Z™M x RM™™ gy, € Z x R "2 w e . (2.3d)
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Constraints (2.3c) are referred to as nonanticipativity constraints and in compact

form are written as »_ _o H,z, = 0 where 0 denotes zero vector of appropriate

weN

dimensions. A Lagrangian relaxation of (2.3) is obtained by dualizing constraints

(2.3c) using dual variable A € RU®I=Dxm1 " which is given by

DA) =min Y puc'zu+ Y puglye + Y A Ho, (2.4a)
weN we weN

s.t. Woye > hy, — T, weN,  (2.4b)

Ty €Z™M x RM™™ gy, € Z™ x R "2, we.  (24c)

Observe that D(X) = > . Do (M) where for each scenario w € €2,

D, (\) = min Pl Ty, —|—pwglyw + N\ H,x, (2.5a)
s.t. Woye > hy — Tox,, , (2.5b)
T, €Z™M x RM™™ y, € Z™ x R"™77", (2.5¢)

For any A, the Lagrangian dual function, i.e., D()), provides a lower bound of
Problem (2.3). Hence, we aim to find the best lower bound by maximizing this

function over A, i.e.,

ZLp = max {D(/\) => Dw(/\)}. (2.6)

A
we

This maximization problem is referred to as Lagrangian dual problem.
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2.3.2 Dual Search Method: Cutting-Plane Method

To solve problem (2.6), there are various dual search methods known in the lit-
erature such as subgradient methods [35, 80], cutting-plane methods [75, 80, 98],
and column-generation methods [98, 99]. In this dissertation, we utilize cutting-
plane methods that provide outer approximations of the Lagrangian dual problem
by iteratively adding cutting planes. A pseudocode of this approach is given in

Algorithm 1.

Algorithm 1 Dual Decomposition Algorithm

1: Initialization: Set iteration counter k < 0, dual variable A = \° = 0,
zpp = —00, and 2k 5 = oo;

2: while 2F 5 > 215 do

3: for all we 2 do

4: Compute D, (\*) by solving Lagrangian subproblems (2.5) for A = A\* and
storing its optimal solution (z¥,y*);.
5: Using A\*, D,,(A\*) and 2%, derive cut (2.7b), i.e.,

O, < Dy(N) + (Hoak) " (A = AF)

and add it to the master problem (2.7);
end for
Solve problem (2.7) to obtain 27 and optimal solution (€¥+1, \¥+1);
Update lower bound z;p = max{zrp, > .cq Du(A)};
9: k< k+1;
10: end while

we

To initialize Algorithm 1, we set iteration counter k& = 0, dual variable A = \° = 0
for the first iteration, lower bound zp5 = —o0, and upper bound 25 = oo (Line
1). Until the termination condition is satisfied, i.e., 255 < 215, the following steps
are performed in each iteration. For each scenario w € €, problem (2.5) is solved
for a given values of dual variables in the k-th iteration, i.e., A*, and its optimal

solution value D, (A¥) and optimal solution (z¥,y*) are stored (Line 4). Using
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Xeo D, (AF), and zF

k an affine function D, (A\F) + (waﬁ)T (A — \¥) is derived to
obtain an upper bound approximation of D, ()), thereby leading to a so-called

Lagrangian master problem:

2B = max Z 6. (2.7a)

weN

st 0y < Dy(N) + (Hotl) (A= N), j=0,....k weQ, (2.7b)

that provides an upper bound for z;p such that zpp < z(]jgl < z[k]B (7). Let
(651 X\*1) be an optimal solution of (2.7). In iteration k + 1, we set A = \FFL.
The best-known lower bound for Problem (2.3) is updated in Line 8 using z;5 =
max{zrp, Y. ,cq Dw(A¥)}. Notice that D,,()) is a piecewise linear concave function
and it is supported by the linear hyperplane (2.7b). As a result, this approach
converges to an optimal solution of the Lagrangian dual problem (2.6) after finite

iterations.
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Chapter 3

Scenario-based Cuts for
Two-stage Stochastic p-order

Conic Mixed Integer Programs

3.1 Introduction

In this chapter, we study TSS-CMIPs, as defined in section 1.2, under the following

assumptions:

(A1) T, € Z™s*™ and FJ € Z™>*™ for all w € Q and j € J (w.lo.g.),
(A2) X :={z: Az > b,z € Z™} is non-empty,

(A3) Relatively complete recourse, i.e. Ky (z) := {(yn,duo) : (1.8¢)-(1.8d)} # 0
for (z,w) € X x Q.

Recall the deterministic equivalent of TSS-CMIPs is defined as follows:

min{cx +) P <gwyw +y E/Z,df;,()) : (3.1)

weN jeJ

This chapter is from paper: M. Bansal, Y. Zhang, Scenario-based cuts for two-stage stochas-
tic and distributionally robust p-order conic mixed integer programs, Journal on Global Opti-
mization (1-42), 2021. https://doi.org/10.1007/s10898-020-00986-w
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(z,y,d) € Z™ x (Z" x quql)\QIXIJ\ x RIH (3.2)
Ax >0, T,o+Wyoy, > 1y, w e, (3.3)
| Fa + ELyl, = hl|| < dlo, j € Jwe Q} (3.4)

in which the first stage has pure integer variables and the second stage problems
have sum of /,-norms in the objective function along with integer variables. We
present sufficient conditions under which by adding scenario-based nonlinear cuts
in (z,y,,dy0) space to the deterministic equivalent of TSS-CMIP, the integral-
ity constraints on the y,, integer variables can be relaxed without impacting the
integrality of the optimal solution of the problem. We present examples of T'SS-
CMIPs and derive scenario-based cuts for them which satisfy these conditions.
Moreover, we provide (partial) convex hull (see Definition 3.1) for deterministic
multi-constraint polyhedral conic mixed integer sets with multiple integer variable,
and present an application of our results by solving stochastic capacitated facility
location problem. In the following subsections, we discuss other contributions of
this research, in particular, (partial) convex hulls for deterministic multi-constraint
polyhedral conic mixed integer sets with multiple integer variables, conic/linear
programming equivalent or approximation for structured CMIPs in the second
stage of TSS-CMIPs and their distributionally robust generalizations, and appli-
cation of the foregoing results for solving stochastic capacitated facility location

problem.

Definition 3.1. A partial convex hull of a conic mixed integer set 91 is another
conic mixed integer set M., such that N C N, C conv(N) = conv(Nyer). Note

that 91,., has lesser number of integrality constraints (but possibly more linear or
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nonlinear inequalities) than 91. Whereas in comparison to conv(M), M, might

have lesser inequalities but more integrality constraints.

3.1.1 Deterministic Polyhedral Conic Mixed Integer Sets

Atamtiirk and Narayanan [7] generalize the well-known mixed integer rounding
(MIR) inequalities of Nemhauser and Wolsey [113] by studying a polyhedral (or
first-order) conic mixed integer set defined by a single conic constraint and one
integer variable, i.e., ZY := {(0,p1) € Z x Ry : |0 — B8] < p1}. They introduce
so-called conic MIR cut for Z%! which is facet-defining for the convex hull of Z!,
denoted by conv(Z™'). The conic MIR cut along with defining and nonnegativity
constraints are sufficient to describe conv(Z%'). Moreover, they demonstrate how
this cut can be utilized to develop strong cutting planes for general conic mixed
integer programs (CMIPs), thereby providing an effective approach to solve them.
We introduce four new deterministic multi-constraint polyhedral conic mixed in-
teger sets with multiple integer variables, derive conic MIR cuts for them, and
provide conditions under which addition of these cuts is sufficient to provide the
convex hull or a partial convex hull of the sets. More specifically, we study the

following generalizations of the set Z1:

(i) Set I:

St = { (0,p,p0) € Z" x RTE x RE : Ao > b,

Zg,’;takt—ﬂik Spf,izl,...,m,kzl,...,K}
t=1
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where 8 € R A € R™*"K and GF = (¢i,) e R™" for k=1,..., K.

(ii) Set II:

U™ = { (1.0,p,p0) € Z" x Z™* x RTE x RY - Ain + Ao > b,

u n

i i
E CreMt + E 95Okt — Bik
t=1 t=1

15511 < Pk, Spf,izl,...,m,kzl,...,K}

where 8 € R A € Rm™*"E and GF = (¢f,) e R™ " for k=1,..., K.

We assume that matrices A; and C* = (ct,), for k = 1,..., K, are integral. We

also study sets Sp" and Up”™" with n =1 and ¢, = 1 for all (i, k).

3.1.2 Structured Two-Stage Stochastic and Distribution-

ally Robust p-Order Conic Mixed Integer Programs

We introduce TSS-CMIPs with structured multi-constraint p-order conic mixed in-
teger sets having multiple integer variables in the second stage. We derive scenario-
based cuts for these second stage structured CMIPs using conic MIR and prove
that these cuts provide a convex programming equivalent or approximation, in par-
ticular, a conic/linear program, for the second stage CMIPs. The foregoing second
stage convexification results also hold for distributionally robust generalizations
of TSS-CMIPs where we seek a solution that optimizes the expected value of the
objective function for the worst case probability distribution within a prescribed
(ambiguity) set of distributions that may be followed by the uncertain parameters
[22, 26, 33, 46, 49, 58, 74, 103, 119, 123, 129, 148, 151]. The two-stage distribu-

tionally robust p-order conic mixed integer program (TSDR-CMIP) is defined as
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follows:

min {cx +max Ee¢,[Q, ()]

x € X}, (3.5)

where complete information about the probability distribution P followed by the
random variable £p is not known but it belongs to a set of distributions P (referred
to as the ambiguity set). In addition, we derive scenario-based valid inequalities for
the extensive formulation of distributionally robust variants of the aforementioned

structured TSS-CMIPs, i.e.,

min {cx + 6

Z]_)w (gwyw + Zgidcju,0> < 97 {ﬁw}weﬂ S ’B;

weN jeJ

(3.2) — (3.4) hold}. (3.6)

For |B| = 1, these cuts provide partial convex hull for the extensive formulation

with no integrality restrictions on the second-stage integer variables.

We also perform computational experiments to evaluate the effectiveness of sce-
nario based cuts by solving structured TSS-CMIPs where p = 1 or p = 2, and
TSDR-CMIPs with p = 2. We observe that after adding the scenario-based cuts,
there is a significant reduction in the number of the second stage integer variables
for instances where p = 1 and tightening of second stage feasible region for in-
stances where p = 2, thereby leading to reduction in the total solution time taken
to solve the TSS-CMIP and TSDR-CMIP instances. For instance, CPLEX 12.70
(with default settings) could not solve 85 out of 290 TSS-CMIP instances within

a time limit of 3 hours and the allocated memory of 24 GB RAM. In contrast,



3.1. INTRODUCTION

after adding the scenario-based cuts at the root node, CPLEX could solve 82 out of
these 85 (unsolvable) instances within 8.2 minutes (on average). For TSDR-CMIP
instances with finite ||, CPLEX 12.70 (with its default settings) could not solve
4 out of 9 instances within the time limit. After adding the cuts, CPLEX solved

all these instances in 4.8 minutes (on average).

3.1.3 Multi-Module Capacitated Stochastic Facility Loca-

tion Problem with Subcontracting

To illustrate the significance of the aforementioned structured TSS-CMIPs, we
introduce a multi-module capacitated stochastic facility location problem with
subcontracting (denoted as MM-SFLP-S), which is defined as follows. Given a
set P = {1,...,m} of facilities, a set P' = {1,...,m'} of retailers, per unit
transportation cost t;; for each i € P and j € P’, machines of capacity oy, k €
{1,...,n}, that can be installed at facility i € P at the cost ¢}, and per unit
subcontracting cost g; at facility ¢ € P, we formulate the MM-SFLP-S as a T'SS-
CMIP:

min Z Z C?l‘ik + Z Z tijzij + Zgzuz + prQw(xa Z, u) (37>

ieP k=1 i€P jeP! i€P we
n
s.t. g Tip < 83, 1€ P, (3.8)
k=1

Z Zij < zn:akl‘ik +u;, 1 € P, (39)

jepP’ k=1

Zui <r, (3.10)

ieP
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iCik,ui,ZijEZJr, iEP,jEP’,k:L...,n, (311)

where x;;, denotes the number of machines of capacity «y installed at facility ¢, z;;
denotes the number of items transported from facility i € P to retailer j € P,
and u; denotes the number of items subcontracted by facility « € P. Here, an item
represents either a single entity or a packet of uncountable commodity in liquid
or powder form. Constraints (3.8) restrict the number of machines installed at
facility ¢ to be at most s;. Constraints (3.9) restrict the total number of items
transported from facility ¢ to all retailers to be no more than the sum of the total
capacity of installed machines and number of items subcontracted at the facility.
Constraint (3.10) limits the total number of items subcontracted by all facilities
to be at most r. Let X := {(x, z,u) : (3.8)-(3.11) hold}. The objective (3.7) of
MM-SFLP-S is to minimize the total machines’ installation cost, transportation
cost, subcontracting cost, and the expected (second-stage) transportation cost,
inventory cost at facilities, and penalty cost after the realization of uncertain de-
mand. Note that the penalty cost is incurred for shipping both more or less than
a retailer’s demand because in case of supplying more than the demand, the re-
tailer has to incur inventory cost. Specifically, for (z,u,z) € X and w € Q, the

second-stage problem is defined by,

Qw(ﬂf, 2 u) '= min Z wgnv (Z OTik + U — Z (Zij + 3/3))
k=1

iEP JjEP!
+ Wge Z Z tiy? + Wpen Z Z (v +25) = | (3.12)
JEP i€P jep' ! iep
s.t. Z (zij + yjf) < Zakxik +u;, 1 € P, (3.13)

jep k=1
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Y, € ZFPT (3.14)

where 3% denotes the number of items transported from facility i € P to retailer
j € P’ after realization of demand ¢/ > 0 in response to a last minute order
and constraints (3.13) ensure that the total number of items (including the last
minute order) transported from each facility to all retailers is not greater than the
sum of total capacity of machines installed at the facility and number of items
subcontracted from the facility. We denote per unit inventory cost at facility
i by w,, per unit surcharge on transportation cost for any last minute order
by ws., and per unit penalty cost for either falling short of a retailer’s demand
or supplying more than the demand (thereby incurring inventory cost for the
retailer) by wy.,. The second-stage objective (3.12) is to minimize the inventory
cost at facilities, transportation cost for the last minute orders, and the penalty
cost for shortage or surplus at each retailer’s end. In this research, we derive
linear programming equivalent for the second stage CMIP using scenario-based
conic MIR cuts and perform computational experiments which demonstrate that

these cuts significantly reduce time taken to solve the MM-SFLP-S instances.

We also consider distributionally robust variant of the MM-SFLP-S which is de-

noted by MM-DRFLP-S and defined as follows:

min Z i cfa;ik + Z Z tijzij + ZgiuZ +  max prQw T, Z,u)

€
i€P k=1 ieP jep’ icP {Potwen ‘13

where (z,u,2) € X, Qu(z, z,u) is defined by (3.12)-(3.14). We utilize the scenario-
based CMIR cuts in solving the extensive formulation of the MM-DRFLP-S with

finite || and observe that these cuts are computationally effective.
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3.1.4 Organization of This Chapter

In Section 3.2, we review literature related to TSS-CMIP, TSDR-CMIP, and de-
terministic CMIP. In Section 3.3, we first review the conic MIR cut [7], and then
provide conditions under which addition of cuts derived using conic MIR for the
aforementioned deterministic polyhedral conic mixed integer sets is sufficient to
provide convex hull or partial convex hull of these sets. In Section 3.4, we provide
a reformulation of the second stage CMIP using additional continuous variables,
and describe feasible region of the reformulated second stage problem (exactly/ap-
proximately) as the intersection of convex hull of a polyhedral conic mixed integer
set and a set of p-order cones. In Section 3.5, we present conditions under which
the scenario-based nonlinear cuts provide partial convex hulls for the feasible set
of the deterministic equivalent of TSS-CMIPs. To provide special cases of TSS-
CMIPs and cutting planes which satisfy these conditions, in Section 3.6, we intro-
duce TSS-CMIPs (and TSDR-CMIPs) with structured CMIPs in the second stage,
derive scenario-based cuts for them using conic MIR, and prove that these cuts
provide conic/linear programming equivalent or approximation for the second-
stage CMIPs. We also demonstrate the applicability of these results for solving
the MM-SFLP-S and MM-DRFLP-S. In Section 3.7, we explore the computa-
tional effectiveness of the scenario-based cuts by solving instances of MM-SFLP-S,
and MM-DRFLP-S; and randomly generated structured TSS-CMIPs and TSDR-

CMIPs. We provide concluding remarks in Section 3.8.
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3.2 Literature Review

We review literature on special cases of TSS-CMIP and TSDR-CMIP in Sec-

tion 3.2.1 and on cutting planes for deterministic CMIPs in Section 3.2.2.

3.2.1 Literature Review on Special Cases of TSS-CMIP

and TSDR-CMIP

One of the most extensively studied special cases of TSS-CMIP is the class of
two-stage stochastic mixed integer linear programs (TSS-MILPs), i.e., (1.7) with
J = (refer to [83] for a comprehensive survey on TSS-MILPs), which includes the
problems whose second stage are pure integer programs [2, 82, 130], mixed binary
programs [36, 55, 84, 115, 132, 135], or mixed integer programs [19, 132, 133,
136]. To solve TSS-MILP, many researchers have been using globally valid linear
scenario-based cuts in (z,y,,) space, for each scenario w € €, to tighten the second
stage problems with binary or integer variables, which are then embedded within
Benders’ decomposition algorithm [24] to solve TSS-MILP. These cuts are of the
form v,y > Vw0 — Vw12, Where z is a first-stage feasible solution, and ~,,, 7.0, and
Ywa are real-vectors, and are referred to as the “scenario-based” or “parametric”
(linear) cuts. For instance, Sherali and Fraticelli [135] derive parametric linear cuts
using the reformulation-linearization technique to solve TSS-MILP with || = 1,
only binary variables in the first-stage, and mixed binary programs in the second
stage. Likewise, Gade et al. [55] utilize parametric Gomory fractional cuts for
solving T'SS-MILPs with only binary variables in the first stage and non-negative

integer variables in the second stage. Similarly, Bodur et al. [29] use parametric
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cuts based on split disjunctions to solve TSS-MILP with mixed integer first stage

and continuous second stage variables.

In the aforementioned studies, the parametric cuts are developed/added sequen-
tially in the algorithms. Recently, Kim and Mehrotra [81] formulate an integrated
staffing and scheduling problem under demand uncertainty as a TSS-MILP with
the second stage MIPs having a certain structure and utilize parametric mixed
integer rounding inequalities (added a priori) to obtain a linear programming
equivalent of the second stage MIPs. Bansal et al. [19] generalize their obser-
vation to the general TSS-MILPs and show that under suitable conditions, the
second stage MIPs can be convexified by adding parametric cuts a priori. As
special cases, the authors consider structured parameterized mixed integer sets or
convex objective integer program (COIP) in the second stage. In particular, they
extend the results of Miller and Wolsey [105] for deterministic mixed integer sets
and COIP to the two-stage stochastic framework, and consider TSS-MILPs with
the parametrized version of two special cases of the continuous multi-mixing set
[14, 15] in the second stage. In this research, we further generalize their results
for TSS-CMIPs, which is equivalent to TSS-MILPs with parametric p-order conic
constraints in the second stage. We utilize parametric cutting planes to obtain a

conic/linear programming equivalent or approximation for some structured second

stage CMIPs in TSS-CMIPs.

Another special case of TSS-CMIP is two-stage stochastic convex quadratic inte-
ger program (TSS-QIP). Ozaltinet al. [117] study TSS-QIPs with only stochastic
right-hand sides in the second stage along with deterministic quadratic objective

functions, linear constraints, and only integer variables in both stages. They re-
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formulate this problem using value functions for quadratic integer programs, and
present a global branch-and-bound algorithm and a level-set approach to solve the
problem. Mijangos [104] present a branch-and-fix coordination based algorithm
to solve TSS-QIP with quadratic terms in the second stage objective function and
two-stage stochastic convex problems where the objective function and constraints
are nonlinear; both of these problems have binary and continuous variables in the

first stage and only continuous variables in the second stage.

The TSDR-CMIPs generalize the two-stage distributionally robust mixed binary
programs with general ambiguity set, studied by [20], where both stages have linear
constraints and integer variables are bounded between 0 and 1. Another special
case of TSDR-CMIPs are TSDR linear programs where |J| = 0 and both stages
have continuous variables [20, 30, 31, 125]. In literature, the ambiguity sets are
defined using: linear constraints on the first two moments of the distribution [25,
49, 123, 129], conic constraints to describe the set of distributions with moments
[26, 46], Kantorovich distance or Wasserstein metric [58, 103, 119, 148], {-structure
metrics [151], and x? distance and Kullback-Leibler divergence [22, 33, 74, 97, 144,
149]. Recently, Luo and Mehrotra [100] propose a decomposition algorithm to solve
general TSDR-CMIP, where the first stage variables are pure binary and the second
stage has mixed integer variables. They use branch-and-cut algorithm to solve
second stage CMIPs, and generate optimality cuts using disjunctive programming
techniques and distribution separation algorithm [20]. In contrast, we consider
TSDR-CMIPs with pure integer variables in the first stage and provide conic/linear
programming equivalent or approximation for structured CMIPs in the second

stage.
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3.2.2 Brief literature review on CMIPs

In the last two decades, researchers have extended various classes of cutting planes
derived for mixed integer linear programs (MILPs) to mixed integer nonlinear
programs (MINLP). It includes extensions of Gomory mixed integer cuts, MIR
cuts, split cuts [40], and n-step MIR inequalities [77] for MIPs to solve MINLPs
[152], second-order CMIPs [7], second-order conic mixed integer sets [108], and
polyhedral CMIPs [128], respectively. Additionally, attempts have been made to
derive the convex hull description of (structured) conic mixed integer sets (see
[7, 62, 79, 107] for few examples). In this research, we consider TSS-CMIPs and
TSDR-CMIPs with (structured) p-order CMIPs in the second stage. Among all
papers on deterministic CMIPs, the work in [7] is most closely related to our work.
As mentioned before, Atamtiirk and Narayanan [7] generalize the MIR inequalities
[113] by studying a conic mixed integer set defined by a single second-order conic
constraint and one integer variable. They introduce conic MIR cuts which are
non-linear in the original space and linear in higher dimensional space. Vinal and
Krokhmal [142] extend the conic MIR [7] and lifted conic MIR cuts [8] for second-
order CMIPs to derive valid inequalities for p-order CMIPs. In this research,
we introduce TSS-CMIPs with multi-constraint p-order conic mixed integer sets
having multiple integer variables in the second stage and describe the convex hull

or tighter approximation of these sets using parametric conic MIR inequalities.
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3.3 (Partial) Convex Hull for Deterministic Poly-

hedral Conic Mixed Integer Sets

In this section, we first briefly review the conic MIR cut generation procedure
[7] which we will use in the proofs of the subsequent theorems. Atamtirk and

Narayanan [7] study a single-constraint conic mixed integer set with one integer

variable, i.e., Z = {(U,v,po) €EZXRL:\(oc—p)+v2 < po}, where § € R.

They reformulated set Z by using additional continuous variables to get
Z = {(o,0,p0, p1,p2) € L X R : o = B] < py, o] < pa,/p} + 03 < po}. (3.15)
Proposition 3.2 ([7]). The conic MIR inequality
(1—28") (0 = [8)) + B8V < (3.16)

where Y = B — | B], is a facet defining inequality for Z''.

Proposition 3.3 ([7]). The convex hull of Z is obtained by adding

V(1 =280) (0 — [8]) + BOY + 02 < py

to the continuous relaxation of Z.

Let R} := {(o, p, po) EZKXRT’KXRf:AUEb,‘Uk—/BM <pii=1,....mk=

1,...,K} and

e ;:{ (n,0,p, p0) € Z" x ZX x RTH x RE : Ayn+ Ao > b,
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Z szt + o — Bik

t=1

10"l < ot

gpf,z':1,...,m,k:1,...,K},

where 8 € R™E and A € R™>*X | be special cases of S™" and U"™", respectively,
with n = 1 and g%, = 1 for all (i, k). Using the conic MIR cut generation proce-
dure on each defining conic inequality of the sets Rj, S™", T}"", and U"™", in
Theorems 3.4, 3.5, and 3.6, we provide (partial) convex hull description of these
sets, under certain conditions. The proofs of these theorems are provided in Ap-
pendix A.4. Note that Z"' is equivalent to R}, S{'*, T'"°, and U"" where A
and b are zero vectors, and gi; = 1. We denote the fractional part of ;. by
B = B — |Bin)-

Motivation behind studying these structured CMIPs comes from the work of Miller
and Wolsey [105] who introduced various structured mixed integer linear sets and
utilized MIR inequalities of Nemhauser and Wolsey [113] to provide convex hull
of these sets. Their results led to a new direction of research in which polyhedral
structure of more generalized mixed integer sets have been studied, thereby re-
sulting in new cut-generation approaches for MILPs (see [13, 14, 15] for details).
Moreover, these sets arise as substructure in the mixed integer programming for-
mulations of variety of applied problems such as production plannning, facility
location, and network design problems. Likewise, we extend the results of [7]
for conic mixed integer sets with a single constraint and one integer variable and
consider structured conic mixed integer sets that have not been studied in the lit-
erature. Our results will provide a stepping stone for future polyhedral studies on
more generalized conic mixed integer sets, thereby leading to new cut generation

approaches for general CMIPs.
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First, we consider a multi-constraint generalization of the simple polyhedral conic
mixed integer set Z; 1, denoted by R™* := {(ox,p*) € Z x R™ : |0y, — Bi| <
pF,i=1,....m}fork e {1,..., K}. Set R™" has m polyhedral conic constraints
with one nonnegative continuous variable in each constraint and an integer variable
that is common among all these constraints. In Theorem 3.4, we derive convex

hull of R :=NE_ R™k N {0 : Ao > b} using conic MIR cuts.

Theorem 3.4. If A is a totally unimodular (TU) matriz and b is integral, then

the convex hull of the set R} is given by

{(a,p,po) € R® x RTH x RE :
AUZb; }O-k_ﬁzk| Spf7 Z.:]-""7m7k:17"'7K7

(1 —251.(,?) (on — [Ba)) + B < pbi=1,....m, k= 1,...,K}.
Proof. Refer to Appendix A.4.1 [

Next, in Theorem 3.5, we consider a multi-integer generalization of the sets R™*
and R} where each polyhedral conic constraint has n integer variables. We denote
this set by Si", and note that for n = 1, S;7" reduces to Rj. We provide
conditions under which addition of conic MIR cuts is sufficient to describe the
convex hull of S7". In addition, we utilize the foregoing results to demonstrate
that under the same conditions, the conic MIR cuts also provide a partial convex
hull of a generalization of set Si", i.e., U™", that has n 4+ u number of integer

variables in each conic constraint.

Theorem 3.5. If either of the following conditions is satisfied, i.e.,
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(i) A and G* = (gi,) for k=1,..., K, are network flow matrices,
(ii) A is a zero matriz and G* = (g,) for k =1,..., K, are TU matrices,

(iii) A is an identity matriz and G* = (gi,) for k=1,..., K, are TU matrices,

and b is integral, then the following results hold: (a) the convex hull of the set S32™"

s obtained by adding inequalities,

(1—25§;))<ngtakt m) B < gk i=1,. . mEk=1,... K,

to the continuous relazation of S3"; and (b) a partial convex hull of the set U™
s given by

U?ﬁf:z%mmpm@EZ“XRM(XRTKfou%n+A02h

<pFi=1,....mk=1,... K,

— Bik

k k
"1l < po,

(17251(;)) <cht77t+zgkt‘7kt /Blk ) +ﬁ1(11) Spf”l: 1,...,m,k: 177K}

Proof. Refer to Appendix A.4.2 ]

In Theorem 3.6, we derive a partial convex hull of the set Uz"™" for n = 1, denoted
by Tp", using conic MIR cuts under the condition that matrix A is TU (which is

not considered in Theorem 3.5).

Theorem 3.6. If A is a TU matriz and b is integral, then a partial convex hull
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of the set Tp"" is given by
Ty oen = {(n,a,p,po) € 7" x RF x R x RE : Ay + Ao > b,

u

Z ol + Ok — Bin

t=1

t=1

10" < o6, < i=1,...mk=1,. K,

Proof. Refer to Appendix A.4.3 ]

3.4 Reformulation of Second Stage of TSS-CMIPs

and TSDR-CMIPs

We reformulate the second stage problem Q,,(z) of the TSS-CMIP and TSDR-

CMIP using additional continuous variables, as follows:

Q,(x) :=min gy, + Zf}fjdi,o (3.17)
jeJ

st. Woyy, >r, — T, (3.18)

‘efu,zyg.z—i_fi,zx_hi),z’ S di),i? L= 17"'7m27j S J7 (319>

||, < &, jed (3.20)

Y eZM xRITN & eRy, i=0,1,...,mq,j€J, (3.21)

) P,

where &/, := (dj & ,,) € R for j € J, efm and ff” denote the ith row of

w,1y 0 Pwme

matrices E7 and FZ, respectively, and hﬂ” denotes the ith element of real vector
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hi. We define the feasible region of the reformulated second stage program by

Ko(z) := {(Yw,ds) : (3.18) — (3.21) hold} for x € X and w € . We note that

K., (z) is in lower dimensional space by rewriting (3.19) and (3.20).

Next, we describe the feasible region of the reformulated second stage problem
(exactly /approximately) as intersection of convex hull of a polyhedral conic mixed
integer set and a set of p-order cones. Let K, (x) = KL (2) NK2(z) where KL (x) :=
{(Yw, dw) € (Z" x Rq_‘“)l‘]' XRT'J'H‘” 0 (3.18) —(3.19) hold} is a polyhedral conic
mixed integer set and K2 (z) := {(y.,, d,,) € R% x RT?H1 . (3.20) holds} is an
intersection of |.J| number of p-order cones. In Theorem 3.7, we provide a relation

between the convex hull of I, (z) and the convex hull of ! (z).

Theorem 3.7. For eachxz € X andw € ), ifp=1,

conv (Ky,(2)) = conv (K (z)) NKZ(z), (3.22)
and if p > 2, conv (K, (x)) C conv (KL (x)) N K2(x).
Proof. For x € X and w € Q, K, (z) = K. (z) N K2(x). Therefore,

conv(K(z)) C conv (KL(z)) N K2 (). (3.23)

Now, for p = 1, assume that a point 7, = (yw,{dg,d{w}j@) belongs to
conv (KL (x)) N K2 (2), i.e. i, € conv (KL(z)) and 7, € K2(z) or &,y — S0 7, >

=1 "w,i =

0. Since 7, € conv(KL(z)), N, can be written as convex combination of a
w

finite number of points 7% = (gﬁ,{czf;;k,cij’%}jej> € KL(x), where we define

ij’% = CZZ;),O + i (cffukz - a?im) forj € Jand k € {1,2,...,q|J|+ 1+ (ma+ 1)|J]|},
=1
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ie, for Ay € [0,1] and >, A = 1, >, Meflf = 7). Observe that for all (j,k),
CZ% > 0 as chJ’O — icﬁil > 0 and dekz >0 forall e =1,...,me. Also, note that
ke K2(z) as Jﬁ) = dAZ,,O + % (qu]z — CZZ”> > % dekl Hence, 7% € KL (z) N K2 (x)
for all k. This implies ), )\;:7715 =Ny € conv (léztx) NK2(z)) = conv(K,(z)), and

therefore, conv (KCL(z)) N K2 (z) C conv(K,(z)). Hence, for p =1, we get
conv(Ky(z)) = conv (K}(z)) NKZ(x). (3.24)

and this completes the proof. ]

3.5 Scenario-Based Cuts for Extensive Formula-

tion of TSS-CMIPs

In this section, we present sufficient conditions under which the integrality re-
strictions on the second stage integer variables of the TSS-CMIPs can be relaxed
(without impacting the integrality of the optimal solution) by adding scenario-
based nonlinear inequalities in (x,,,d,) space to the extensive formulation of
TSS-CMIPs. In other words, using these scenario-based cuts, we derive “partial
convex hull(s)” for P, which is the feasible region of the deterministic equivalent
of TSS-CMIPs. Given a nonempty set I' C €2, we define a partial convex hull of

P by another conic mixed integer set,

fpch = {Twa: + Wy > 1w, w € €,

| ELyl, + Flo — hg}}p <d,, jeJwe,
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|t + Pl =B < leLjedweT,
p

zeX,deR e R jeJweT,

Y € 74, jeJweQ\T},

=7 J .
F, ., b, are matrices (or vectors)

where for cach [ € £, j € J, and w € T, E_,,,
corresponding to scenario-based cuts in (x, %, d,,) space added a priori to P, such
that P C Py, C conv(P) = conv(Pper). Note that P, has fewer number of
integrality constraints (but possibly more linear or nonlinear inequalities) than P.

Whereas in comparison to conv(P), Ppen, might have lesser inequalities but more

integrality constraints.

Theorem 3.8. Given a nonempty set I' C Q, if conv (K. (z)) = E;ght(x) for all

r € X and w €', where

AW

’Ctight(x) = {(yw,dw) € un‘ X RLL-” : Wwyw 2 Ty — wa7

| ELyl, + Foa = || < o, 5 €,

w,0

HEilei +Fi,zx - Ei,l ‘ <d,leL,je ]},
p

then Ppen is a partial convex hull of P, i.e., P C Ppep, C conv(P) = conv(Ppes).

Proof. Refer to Appendix A.1. [

Remark 3.9. Theorem 3.8 for TSS-CMIP extends the results (Lemma 1 and
Theorem 3) of [19] for TSS-MILP, i.e., TSS-CMIP with |J| = 0, with linear para-
metric cuts. In Section 3.6, we introduce structured TSS-CMIPs and derive classes

of cutting planes for them which satisfy the conditions stated in Theorem 3.8.
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3.6 Structured Two-Stage Stochastic and Distri-
butionally Robust p-Order Conic Mixed In-

teger Programs

In this section, we introduce TSS-CMIPs and TSDR-CMIPs with structured p-
order CMIPs in the second stage, derive scenario-based cuts using conic MIR for
them, and prove that these cuts along with the defining constraints provide conic/-
linear programming equivalent or approximation for the second stage CMIPs. We
also demonstrate the applicability of these results for solving MM-SFLP-S. Specif-

ically, we consider the following three structured CMIPs in the second stage, i.e.

Q. (z) (or Q,(z)) where

(a) E, =1, FI =[1,0]" for j € J, and mz = 0 (Corollary 3.10);

(b) EJ =1 for j € J and W, is TU (Theorem 3.11);

(c) EJ for all j € J, and W, are network flow matrices (Theorem 3.12(i));

(d) EJ for all j € J are TU matrices, and W,, = I, or W, = 0 (Theorem

3.12(ii)).

3.6.1 Tight Second Stage Formulations for Structured TSS-

CMIPs and TSDR-CMIPs

We derive classes of parametric (non)-linear inequalities using conic MIR to get
conic/linear programming equivalent or approximation for the second stage prob-

lems. It is important to note that for structured TSS-CMIP (a), we utilize the
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result of [7] for Z in Corollary 3.10; whereas for structures (b), (c), and (d), no
result is known for multi-constraint and multi-variable generalizations of Z or Z;,
except Theorems 1-3. We introduce case (a) mainly to present a simple example

that illustrates how parametric nonlinear inequalities can be used to get conic pro-

gramming equivalent of the second stage CMIP of T'SS-CMIPs and TSDR-CMIPs.

Corollary 3.10. In TSS-CMIP (1.7) and TSDR-CMIP (3.5), let

@w(l’) ‘= min gj;yw,l + gf;yw,Z + dew,o (325)
s.t. \/(yw’l + foxr — hw)2 + (yw’g)2 < dyp, (3.26)
yw,l c Z, Yw,2 S R+, dw70 S R+. (327)

The convex hull of the feasible region of Q. (x) for all x € X is given by

{(yw,17yw,27dw,0) € R x Ri : (3.26) and

\/((1 - 2ﬂ’w) (yw,l + fwx - hw) + ,uw)2 + (yw,2)2 S dwﬁ}a

where i, = hy, — |ho]. Furthermore, in higher dimensional space Q,(x) can be

reformulated as:

Qw(x) = min {g(};yw,l + giyw,Q + gwdw,O : |yw,1 + fwx - hw| S dw,lu

V2| < duv2s\[ 21+ d2 o < duvp,

yw’l € Z,ng € R+,dw’i c R+,i - 07 1,2}

Then, for all x € X, the convex hull of the feasible region of Q,(z), denoted
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by K, (x), is obtained by adding the following parametric linear inequality to the

continuous relazation of ICy(x):

(1= 2p0) Yot = [ho] + for) + pr < dur

Proof. Refer to Appendix A.2.1. [

As mentioned before, the motivation behind the ensuing theorems is to extend the
results of Bansal et al. [19] for structured TSS-MILPs to structured TSS-CMIPs
and TSDR-CMIPs. More specifically, in [19], the authors considered structured
mixed integer sets studied by Miller and Wolsey [105] and two special cases of
the continuous multi-mixing set [14, 15] in the second stage of TSS-MILPs, and
provide linear programming equivalent for the second stage programs. We also
obtain a conic/linear programming equivalent or approximation for aforemen-
tioned structured second stage CMIPs in TSS-CMIPs and TSDR-CMIPs, thereby
extending our results for deterministic CMIPs (Theorems 3.4 and 3.5 for R}
and S7", respectively) to stochastic CMIPs. In Theorem 3.11, we consider sec-
ond stage problems with |.J| conic constraints (3.30) where each constraint has
only one integer variables y/ € Z associated to it and these integer variables

o = (L, 42, ..., 4t/ € ZV! are connected with linear constraints (3.29).

Theorem 3.11. In TSS-CMIP (1.7) and TSDR-CMIP (3.5), let

Q,(w) == min gy, + Y Gld, (3.28)
jeg
s.it. Woyw > 10w — T, (3.29)

[, + Fw = B[, < dp, jel (3.30)
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v, € Z,d,, € Ry, jed (3.31)

where W, is a TU matrixz and r,, is integral. For p =1 or p > 2, the convezr hull
or an approximation, respectively, of the feasible region of Q,,(x) for allx € X are

given by

{(yw,dw,g) e RV xRY': (3.29),(3.30), and

- -7 7J
HEw,lyw + Fw,lx - hw,l

<y leL,je J},

‘ p

where the ith element of Eilyf, + Fi,lx — Ei,l is either yJ + fizx — hf“ or
(1 — 2/1{;,,1.) (yZJ — Lhimj + ff”x) + ,uzj’i, and ;JJZM = hi)z — \_hZ”J Furthermore,

in higher dimensional space Q,,(x) can be reformulated as:

Q. () := min {gwyw + ZQZ,dZ}’O : (3.29), and (3.32)
jeJ

vl + [ —hl | < d i=1,...,my, jE€J, (3.33)

], < o, je (3.34)

y, €L, d, € Ry, dl € R jé€ J}. (3.35)

Then, for all z € X, the convex hull (for p =1) and an approximation (forp > 2)
of the feasible region of Q. (x), denoted by K, (), are obtained by adding mq X |J|
number of the following parametric linear inequalities (in the higher dimensional
space) to the continuous relazation of K(z): (1 — 2/15#) (v, — Lhilj + fizx) +
W, <d

i — Yw,a

izl,...,mz,jEJ.
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Proof. Let
KL(z) = {<yw, d,) € ZV < RV (3.36)
Wl > 1o — T, (3.37)

for all x € X. First we apply Proposition 3.2 to each defining inequality (3.38) of
KL(z). In other words, we substitute o = ¢/, § = hZ“ - ff”x, and p; = dZH in 7,

and get the following valid parametric conic MIR inequalities (3.16) for KL (x):

(L =2u0) (W = [Py = flx)]) +udyg Sy =1, oma j €T (3.39)

J

K

Since ff”x is integral for all x € X, [ xJ = fnx and therefore, inequality (3.39)

is equivalent to

(1- QNZ;,z') (Z/fu - WMJ + fizx) + Niz < dZ),z’? i=1,...,mg,j€J (3.40)
Thus,

conv (KL (x)) C K2 (x) = {(yw,dw) e RV x RT2IIHIT:(3.37), (3.38), (3.40) hold} (3.41)
for all z € X. Notice that we can rewrite the set K3 (z) as

K3 (x) = {(yw, d,) € RV x RTHV gy 0 >y — T,

&>yl — (b, — f ), i=1,...,mg,j€J, (342

&, > (hfm - fiix) — i=1,...,mq,j€J, (3.43)
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B (=20 ) (W] + 1)+l i= 1, maj € J}.

Now let K2 (x) be a bounded face of Pr0jy, dr.....d10 [Co () with maximum possible
dimension. Since K} () is a bounded face, for all points (y., ds, ..., djg) € KL (),
df” < CZZ” fori =1,...,myand j € J, where (7,, ch, - dA|Q|) € Proij,dhm’d‘mlCi(aj).

Thus, fort=1,...,mq and j € J, we have

&, = max {yz; W= ) (W ) —

(1 —2ul,,) (v, — M) + flx) + uf;,i}

Moreover, if hZ” € Z for all j € J then ,uf” = 0, and as a result inequality (3.40)
reduces to inequality (3.42). However, when hz” ¢ 7 for j € J, then there are

three possible cases:

Case L dZ“ = yfu — (hf“ — ff”x) This case will happen if and only if yU'J —
(hjwz _fizx) > (hiz _fizx) - Z/fu and ?Jw - (hiz _fizx) > (1 _Qﬂiz)
(v, — |hL,;] + f2.x) + pl,,;, which are equivalent to yJ, > hl,; — f2 .z and yJ, >
[hin] - mx, respectively. Note that the last inequality is stronger than the sec-

ond last inequality. Therefore, we can claim that dfw =yl — (hfuZ - f‘f”x) if and

only if 3/ > (hi”w —fl

Casell. d/; = hl ,— f’ ;x—y’: This case will happen if and only if b/, ,— f7 .z —y7, >
Z/ZJ - (hfu - fi}zx) and hi}z - f(f”:)c - ng > (1 - 2:“5;;,1') (yZ) - WmJ + f[j;zm) + #Z;,i»
which are equivalent to y/ < hi“ — film and g/, < LhZ”J - j”x, respectively,

as ,uiu < 1. Again, note that the last inequality is stronger than the second last
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£
il

inequality. Therefore, df” = hfm — film — 32 if and only if 3/ < W”J

Case 1L 7, = (1—24,) (v3, — |hl;] + f),2) + 1, ;+ This case will happen
if and only if (1—2ul,) (v} — |hl,] + f.2) +pl, > B, — fl.2 — y) and
(L—202,) (v, — |hL) + fou2) + il > o — (B, — f),2), which are equiva-
lent to v, > |hl,;] — f2,2 and v, < [h];] — f2 @, respectively. Therefore,
d = (V= 2p5) (v — [M] + fLs2) + pil s if and only if || — fl o <y <
Miﬂ — [l

W,

Next, for each j € .J, we partition the set Z := {1,...,my} into the sets Z7, 7},

and T}, i.e. T = 7] UTj UT], such that

T = {ieZ: dZJz =yl - (him - fizx)}7 (3.44)
T} = {iel: din = (hf“ — ff”x) —y/}, and (3.45)
I R R N7 RE S Y

Therefore, in the light of the above discussed cases, we can rewrite K2 (z) as

Kﬂwzﬁ%@»@WxRT““wm%Zm—na

Z/ZJ > lrhim—‘ - izxv dizz = ycju - (hfuz - fizx) 1€ I{,j € J,

yl, < Ulzuj - izx7 diz = (hfuz - fizx) —yl, i€ Ig,j € J,

LhZMJ - fizx <yl < (hfuﬂ — fla (S I:g’j € J,

W,

%ﬁ%“ﬂ%ﬁwﬁﬂﬁd+ﬁﬂﬂw@J6ﬁJ€J}
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The compact form K2 (z) can be written as

Ki(2) = {(yo d) € RIS R w7y, > 0 — Ta,
di),i :Qiz,zyi+0] ] lj S yi} Sﬂz‘ﬂ 1= 17"-am27j S J}y

w,) w

where ¢/, 07, € R and ¥, W, € Z U {—o00,+o0} for j € Jand i = 1,...,ma.

Since W, is a TU matrix (by assumption), transpose of (W2 I, —I) is also a TU

matrix. Therefore, each bounded face K (%) of Projy, ... K2 (2), for z € X,
has extreme points with integral y/ as r, — T,x is integral. Since K32(z) is a
subset of the continuous relaxation of Kl(x), and all bounded faces of K2(z)
have extreme points with integral y,, components, K2 (z) C conv (KL (x)). Hence,

conv (KL(x)) = K3 (z) for all x € X because of (3.41).

Finally, because of Theorem 3.7, conv (K. (z)) N K2(z) C K2 (z) N K2(z) where

K2 (2) = {(yo, du) € RV x RT2VHVL 1) o<

2.0,J € J}, provides the convex

hull (for p = 1) or an approximation (for p > 2) for (KC,(x)). In other words, we
obtain the convex hull (for p = 1) or an approximation (for p > 2) of I, (x) by

adding ms x |J| number of linear inequalities:
dz;,i > (1 - 2/"[/‘(.]/;),1;) (yi) - UL‘JUJZEJ + fi,z) + Mi,w 1= 17 T 7m2’j € Jv (347)

to the continuous relaxation of C,,(x). Moreover, K32 (x) N K2 (z) when projected

to (Y., dwo) space gives the convex hull of the feasible region of Q,(z), i.e.

{(yw,dw,o) e R x RY': (3.29),(3.30), and
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|+ Fliw =7

w,l

‘ <d,, leﬁ,jeJ},
p

where the 7th row of Filyfu + Fi,’lx — hi,z is either y/ + fiﬂ — hiz or (1 — 2! )

W, i

(y] — Lhilj + fizx) + MZ” This completes the proof. [

Next, we consider multi-integer generalization of the second stage problem studied

in Theorem 3.11. More specifically, we again consider second stage problems with

|J| conic constraints (3.50), but each constraint has ¢ integer variables y/ € Z9
[J]

associated to it and these integer variables y, = (y.,%2,...,yw') € Z9! are also

connected with linear constraints (3.49).

Theorem 3.12. In T'SS-CMIP (1.7) and TSDR-CMIP (3.5), let

Qu(x) =min goy + Y _ G, (3.48)
jeJ

s.t. Wwyw Z Tw — waa (349)

|ELyl, + Fiow — W[ < d, jed, (3.50)

v, €2, &, € Ry, jeJ, (3.51)

where 1, is integral and either of following conditions is satisfied:

(i) B for j € J and W,, are network flow matrices;

(ii) E? for j € J are TU matrices, and W,, = 1,,, or W,, = 0.

For p =1 or p > 2, the convex hull or an approximation, respectively, of the
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feasible region of Q. (x) for all x € X are given by

{(yw,dw,o) e R x RV (3.49),(3.50), and

|+ Flw =T

w,l

p

<d, leLje J},

where the ith element of Eilyﬂ, + F;lx — Ez;,z is either ei’iyg; + fj”:r: — hﬂm or

(1- 2#&,1’) (eiuyi; - ULZ”J + fizx) + lﬁi,w and Mfu = hi” - W”J Furthermore,

in higher dimensional space Q. (x) can be reformulated as:

Q. () := min {gwyw + ngjdfj’o : (3.49), and (3.52)
jeJ

eyl + £ —h | <d,, i=1,...,ma je€J, (3.53)

][, < dlso. je, (3.54)

y, €20, d,, e Ry, dJ € R} je J}. (3.55)

Then, for all z € X, the convex hull (for p =1) and an approximation (forp > 2)
of the feasible region of Q. (x), denoted by K, (x), is obtained by adding mq X |J|
number of the following linear inequalities (in the higher dimensional space) to the

continuous relazation of IC,(x):
Proof. Let

Kl(z) = {(yw,dw) e RVl x RT'J‘H‘]' :
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Wy, > 1, — T, (3.56)

|ei),iyij + fizx - hizz| <d

W,

i=1,...,my, jeJ} (3.57)

for all 2 € X. Since EY, is either a network flow matrix, or a TU matrix, e/, /7, is in-
tegral. Similar to the proof of the previous theorem, we again apply Proposition 3.2
to each defining inequality (3.57) of KL (z). In this case we substitute o = efmyi, €
Z, B = hZ” — fizx, and p; = dim in Z; and get the following valid parametric conic
MIR inequalities (3.16) for Kl (z): (1— 2#5“') (eiﬂ-yz) - ULsz — ff“xj) + Nsz <
&’

W,

fori=1,...,mqe and j € J, which is equivalent to
(1 - 2#&,1‘) (ei,iyi - WMJ + fizx) + MZ” < di},iﬂ (3.58)

fori=1,...,mgpand j € J, as ff”x is integral for all z € X. Thus, conv (K} (z)) C

K3 (x) for all z € X, where

ICfJ(:L') = {(yw,dw) c R x R?MH‘” Woy, > r, — Tz,

dZ” > efj’iyi — (hfm - filz) , i=1,...,mo,j€J, (3.59)
dZ” > (hfu — fj”a:) — ez)yiyi, 1=1,...,mq,j € J, (3.60)

di” > (1 — QHZM') (efmyzj — WHJ + ff“x) + /li,i,i =1,...,mo,jJ € J}.

Notice that K3 (z) is a subset of the continuous relaxation of KL(x), and there
is no restriction on variables d, o for all w € 2. Therefore, if we can prove that
all bounded faces of Projy, a,,..dq (K3 (x)) have extreme points with integral y,,

component, then it will imply that K2 (z) C conv (KL(z)) for all z € X. So,
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we now consider a bounded face of K32 (z) with maximum possible dimension,

denoted by K!(x), and on this face, d’ ,, i = 1,...,my and j € J, is minimal,

wz’

ie. dj = rnax{zj — K R — zfj,i, (1 - 2,ufm-) (zfm - WUZJ) + ,uZ”} where

LU’L’ LU’L

Z = emyw—i-fizx € Z. Now if hj € Z for any j € J, then ,uf” =0 and as a

w,1

result inequality (3.58) reduces to inequality (3.59). However, when hfm ¢ 7 for

some j € J, then again there are three possible cases:

Case L. dz” = zf” - hf” This case will happen if and only if zf” - hfu > hZ” —

W,

and zf”—hZ” > (1 — 2;%’@-) ( i \_h] J)+ufj’l-, which are equivalent to ZZ” > hi)z
and zf“ > {hZJJ, respectively. Therefore, we can claim that dfm = ZZ“ - hZ” it

and only if zf” > (hfww

Case II. dZ” = hi” - zf” This case will happen if and only if hZ” - zf“ > 23“ — hfw
and hi”—zim > (1- 21, Z) ( Zi [h’ J)—l—,ui ;» which are equivalent to zf” < hf”
and zj < W J respectively, as i/, i < 1. Therefore, d] = hfm — sz if and only
if 20, < |1l

Case II1. de = (1- 2,uii) ( Z) W J)—i—ui’i: This case will happen if and only if

(1 - 2/“[3;21') ( Zu,i \_h] J)_I_Mwl = hj and (1 B 2Ni,i) ( i \.h] D—FHZM =
— R, which are equivalent to z/,, > LhZHJ and z/,; < [h,;], respectively.

Therefore, df” = (1- 2;;&’1-) ( Zii W 1)+ /LZ)Z it and only if [hin < ZZ” <
1],

For each j € J, let Z := {1,...,my} be partitioned into the disjoint sets Z7, ZJ,
and 73, i.e. T = TJUZJUT}, such that 7} == {i € T &, = 27, — 1), ,}, T} = {i €
7: dim = him - ZZ),i}’ and I?{ = {Z €l: dZ” =(1- 2:“2;,1') (ZZJZ - LhiZJ) + /Jiz}



3.6. STRUCTURED TWO-STAGE STOCHASTIC AND DISTRIBUTIONALLY ROBUST p-ORDER CoNIC

Mixep INTEGER PROGRAMS

Therefore, in the light of the above discussed cases, we can define K2 () as

K (2) = {<yw,dw> € RV x RV Wy > 0 T

eyl > WJJ — fla, d, =€yl — (hizz - fizx) e, je
ezJ,i?JZ; < LhZJZJ - i,ixa di,z‘ = (h?” - fizx) - efu,zyfﬂi €I3,jeJ,
[hi”J — ff”ac < eiﬂ.yﬂj < {h] -‘ — fl x i eIl je

w,i W,

Bo= (1= 2,) (0 — W]+ foa) + 4, icTije J}.

Let (4., d,,) be an extreme point of Projy, d....d, (Kb () for a given z € X, which
is on the intersection of |J|(q + my) constraints of K2(x) such that the matrix
defining these constraints is nonsingular. Since the polyhedron K2(z) already
has ma|J| equality constraints, we need a combination of at least ¢|J| defining
inequalities of K2 () to be binding at the point (f,,d,). Let the constraints
Wy Y = Twi — twix for ¢ € 7, efjviyz, > (hfuﬂ — j”a:, fori € 7,5 € Ji, and
efj’iyfj < \_hfnj — j”a: for i € 74,7 € J, be binding at the point (§,,d,) where
Wy.is Twi, and t,; denote ith row of matrix/vector W, r,, and T,,, respectively,
and 19, 77, j € J; € J, and 7, j € Jo C J, are subsets of {1,...,my} such that
170l + D e 17| + > icd, || = ¢|J|. Then, g, satisfies the following system of

equations:

Wi = Twi — bwil, 1 € T, (3.61)
el il = [h,;] — fl, ier e, (3.62)

el gl = |hl.| - flx, iet)je ., (3.63)

o7



o8

CHAPTER 3. SCENARIO-BASED Cuts FOR TSS-CMIPs

which in compact form is written as 11,3, = 7, (x), where 11, is a submatrix of

W]
W, EL 0 0
E, 0o . 0
o o £

According to condition (i), if W,, and EJ are network flow matrices, i.e., each

row of these matrices represents arc in a network and each column corresponds to

W
node, then is equivalent to adding arcs in a digraph, which is still a network

B,
flow matrix and is TU ([112]). Thus, II, is also TU. Similarly, for condition (ii)

when E? for j € J are TU matrices, which implies E,, is TU, and W, = L,,,, (or

W, =0), I, is a TU matrix.

Also, since each component of the vector m,(x), i.e., r,; — tw%, (hf“w — ilx, or
LhZHJ - wzx, is integral, g, is integral. Hence, all bounded faces of K32 (z) have
extreme point (g, a?w) in Projy, a,....dq, (K3 (x)) space with integral ¢, and since

K3 () is a subset of the continuous relaxation of KL (), K3 (z) C conv (KL (x)) for

all z € X. Therefore, we have K2 (x) = conv (KL (x)).

Finally because of Theorem 3.7, conv (KL (z)) N K2(z) C K3(x) N K2(z) where

K2 (2) = {(yo, du) € RV x RV jar )<

2.0,J € J}, provides the convex

hull (for p = 1) or an approximation (for p > 2) for K, (z). In other words, we

obtain the convex hull (for p = 1) or an approximation (for p > 2) of K, (z) by



3.6. STRUCTURED TWO-STAGE STOCHASTIC AND DISTRIBUTIONALLY ROBUST p-ORDER CoNIC
MixeDp INTEGER PROGRAMS 59

adding ms X |J| number of linear inequalities:

di.}z > (1- QNZM’) (%ZQZJ - Lhilj + fim) + sz,iai =1,...,ma,j € J, (3.64)

to the continuous relaxation of K, (z). Moreover, K3 (x) N K2 (z) when projected
t0 (Y, dw,o) space gives the convex hull (for p = 1) or an approximation (for p > 2)

of the feasible region of Q,(r), i.e.

{(yw,dw,o) e RV x RY': (3.49), (3.50), and

|+ Fliw =7

w,l

<y leL,)e J},

‘p_

where the ith row of £ ,lyi+ﬁi,l$_ﬁi,z is either eijyg) —i—fg,-x— hf” or (1— 2/%72)

w 2

(ei’iyg; — W“J + ffmx) + ,uim This completes the proof. ]

3.6.2 Scenario-Based Cuts for Extensive Formulation of

Structured TSS-CMIPs

We consider extensive formulation of structured TSS-CMIPs introduced in the
previous section and present partial convex hull for them using Theorems 3.8-3.12
and Corollary 3.10; the proofs are provided in Appendix A.3. Note that for z € X

and w € Q, K, (2) = Proju—s..a,(P) and K;th(:ﬁ) = Proji,—i y.,.d, (Ppch).

Corollary 3.13. Let

P ::{ s + o = B (1)? < g, w €D (3.65)



60 CHAPTER 3. SCENARIO-BASED Cuts FOR TSS-CMIPs

€ X, Yu1 €2L,Yu2 €Ry,dyp Ry, we Q}

For each nonempty set I' C Q, a partial convex hull of P is given by

Peh = {(:c,yw,l,ywyg,dw,o) e X xR x Ri : (3.65) and

\/((1 - 2/%) (yw,l + fox — hw) + Nw>2 + (yw,2)2 < dw,(b w € Q}v

where p, = hy — | hy].
Corollary 3.14. Let

f = { (x7 {ywadw,o}weﬂ) € X X Z|Q|X\J\ X R‘f‘xu' : wa + Wwy‘*’ Z Tw, W € Q’

11yl + Flz = W|| < dl,, jeJwe Q}

where W, is a TU matriz. For each nonempty set I' C ), a partial convex hull of

P with p =1 is given by

Ppch = { (JI, {ywadw,o}we(l> e X x (Z'Qli‘rl X R|I‘|)‘J| X R‘f'xl]l :
T,x+Woy, >r, wefl,

11y + Fla — || < do. € Jw e,

w,l

|+ Fliw =,

‘ <df;’0,l€£,je(],weI‘},

p_

where the ith row of Ei7ly£ + Ffwlx — Eil is either v + fjmw — hi” or (1 — 2/12)71)

(?JZJ - Lhilj + fizw) + sz,i: and MZ“ = hc]uz - [hfmJ
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Corollary 3.15. Let

bS]

= { (@, {r Ao }wen) € X x 2 5 R
T.x+Wyoy, > ry,w € €,

|ELy,, + Flow = Bi|| < d,, j€JweQ},

such that either of following conditions is satisfied:

(i) B, 5 € J, and W, are network flow matrices;

(ii) B, j € J are TU matrices, and W, = I,,, or W, = 0.

For each nonempty set ' C Q, a partial convex hull of P with p =1 is given by

5Pch = {(l‘, {yo.udw,(]}weﬂ) e X x (Z'Ql_‘rl X R'FI)qXU' X RL(_HX\J\ :
wa + Wwyw Z Ty, WE Q7
|BLyl + Fle = || <dl,, jeJwe,

|+ Fliw =1

w,l

| gd@o,leﬁ,jej,wer},
p

where the ith row ofEi’lyfj—l—Fi’lx—Ei’l is either ezm ZJ—Ffim—hZ” or (1— Zpi}’i)

(6ZQ,¢yZ; - WMJ + fizx) + Miz,i? and Iu’fuz = hiz - LhZMJ .
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3.6.3 Tight Second Stage Formulation and Partial Convex

Hull for the Extensive Formulation of MM-SFLP-S

We also provide tight second stage formulation for MM-SFLP-S (introduced in
Section 3.1.3) and partial convex hull for the extensive formulation of the MM-
SFLP-S. To do so, we first reformulate the second stage problem (3.12)-(3.14)

using additional continuous variables (as discussed in Section 3.4) to get

Qulrz) = min Y, (z b= 3 (o + y:e))
k=1

iepP JjeP!
+ Wge Z Z tl]y:; + wpendw,() (366)
jJEP! i€eP
st | > (Wl +2) = ¢| < duy, forjeP (3.67)
i€EP
> dujl < duo, duy >0, j€P', (3.13),(3.14) hold.  (3.68)
jeP!

Corollary 3.16. Let YV, (x, z,u) := {y, : (3.67) — (3.68)}. For each (z,z,u) € X
and w € ), the convex hull of Y, (x,z,u) is obtained by adding the following

scenario-based conic MIR cuts to the continuous relazation of Y, (x, z,u):

(1—2¢, +2[¢l)) (Z v — ]+ Zz,-j) +¢ = (¢ < duy forall j € P

ieP ieP

(3.69)

Moreover, the addition of the foregoing cuts in (x, z,u, y,, d,) space to the extensive
formulation of the MM-SFLP-S provides a partial convex hull (with no integral-

ity restrictions on vy, integer variables) for the feasible region of the extensive
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formulation.
Proof. Observe that the coefficient matrix associated with y/ := ( L2 Lyl )

variables in constraint (3.67) is a network flow matrix. Likewise, the coefficient
matrix associated with y,, variables in constraint (3.13) is a network flow matrix.
Therefore, we utilize Theorem 3.12(i) and Corollary 3.15(i) to derive convex hull
of V,(z,z,u) for each (x,z,u) € X and partial convex hull (with no integral-
ity restrictions on y, variables) for the extensive formulation of the MM-SFLP-S,

respectively, by adding the scenario-based conic MIR cuts,

(1—2¢ +2[¢) (Z v — () + Z%) +¢ = () < duyiforall j € P

i€P i€P

to the continuous relaxation of ), and the extensive formulation, respectively. [

Remark 3.17. The scenario-based cuts (3.69) in (z, z,u, y,, d,,) space are valid
for the extensive formulation of MM-DRFLP-S; i.e.,

ieP k=1 ieP jeP’ icP
st Y puf (2,00, do) 6, for all {pluco € B, (3:70)
wel

(x,z,u) € X, (3.67)—(3.68) forallweQ,

where the affine function

flz, z,u,y,, d Zwmv (Z Qi + U — Z (215 + yfj))

i€EP JjeEP!

+ Wse Z Z twy:; + wpendw,()-

jEeP! ieP
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3.7 Computational Experiments

We perform computational experiments to evaluate the effectiveness of adding
scenario-based cuts (a priori) for solving MM-SFLP-S and MM-DRFLP-S (in-
troduced in Section 3.1.3), and structured TSS-CMIP test and TSDR-CMIP in-
stances. We describe generation of the test instances in Sections 3.7.1 and 3.7.2,
and present our computational results in Section 3.7.3. For MM-SFLP-S and
structured TSS-CMIP instances, we assume that all scenarios have same proba-
bility, i.e., p, = 1/|| for all w € Q. In contrast, for MM-DRFLP-S and struc-
tured TSDR-CMIP instances, we consider a finite set of distributions P with
IB| € {5,10,25,50}. We generate the probability distributions for each ambigu-
ity set as follows. For a probability distribution with |{| scenarios, we randomly
draw || numbers, i.e., RN, for w € Q, between [0, 10000], and the probability of

scenario w is calculated as p, = %.
weN w

3.7.1 Generation of MM-SFLP-S and MM-DRFLP-S Test

Instances

We utilize “capacitated warehouse location problem” instances from J.E. Beasley
OR-Library [21] where a set P := {1,...,16} of facilities, a set P’ := {1,...,50}
of retailers, and transportation cost ¢;; for each i € P and j € P’ are given.
However, unlike instance in this library where demand p € RT' is assumed to be
deterministic, we consider uncertain demand which follows a normal distribution
with g (provided in the library) as mean and variance is randomly drawn from

a uniform distribution, i.e., uniform[0.1p,0.3u). Moreover, instead of assuming
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that each facility has machines of fixed capacities, we consider n different types
of machines with different capacities (n € {2,4} for our experiments). Unlike
the warehouse location problem, the MM-SFLP-S and MM-DRFLP-S also allow
subcontracting and last minute order options, and its objective is to minimize the
total machines’ installation cost, transportation cost, subcontracting cost, and the
expected (second-stage) transportation, inventory, and penalty costs associated
with the last minute ordering after a realization of uncertain demand. We gener-
ate the aforementioned cost parameters as follows: the subcontract cost is 4 per
unit, i.e., g; = 4 for all 4, the inventory cost is 0.35 per unit, i.e., w!,, = 0.35,
for all ¢, the last minute order cost is 3 times the transportation cost t;;, i.e.,
wse = 3, and the demand penalty is set to 100 per unit, i.e., Wy, = 100.
The capacity of modules and their installation costs, (ay,cF), belong to the set
{(1000, 2700), (4000, 9000), (10000, 18000), (16000, 25000)}. We allow at most 200

subcontract items, i.e., r = 2000, and the maximum number of modules at each

facility is at most 4, i.e., s; = 4 for i € P.

3.7.2 Generation of Structured TSS-CMIP Test Instances

For our computational experiments, we consider the extensive formulation of re-
formulated TSS-CMIP with p = 1 or p = 2, and structured CMIPs in the second
stage (as discussed in previous section), i.e. either £/ = I (an identity matrix)
or EJ is a randomly generated deterministic network flow matrix for j € J, and
W, is a deterministic network flow matrix for all w € ). Specifically, we generate
network flow matrices as follows. First, we randomly generate two graph edge

’ . . .
vectors vy, vy € Z7", where m' is the number of rows of desired matrix. For any
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element in v; and vy, ie., vi and v} for 1 < i < m/, we have vl vi < n’ and
vl # vi, where n' is the number of columns of desired matrix. Here, v; and v,
are vectors of index of graph nodes. We create an undirected graph with these
m’ node pairs using MATLAB function graph(vi,ve). This function specifies
(vi,v) for 1 <4 < m’ as an edge, and generates a graph with m’ edges and 7
(7 < n') nodes, where n = max{v},..., v/ v}, ..., 05" }. We obtain the network
flow matrix of size m’ x n corresponding to this graph and set the remaining n’ —n
columns to 0, thereby providing a network flow matrix of desired size. For each
structured TSS-CMIP with p = 2 and only integer variables in the second stage,
we generate two sets of random instances: instances from the first problem set
are motivated from the Stochastic Integer Programming Library (SIPLIB) TSS-
MILP instances [3], in particular stochastic server location problem (SSLP) and
stochastic multiple binary knapsack problem (SMBKP) instances, whereas for the
second problem set, we consider instances with larger number of scenarios (up to
10,000). More specifically, in the first problem set, we generate random instances
with similar problem size as of SSLP and SMBKP instances but with uncertain

cost-coefficients, technology matrix, F?, h/ and right-hand-side.

Likewise for TSS-CMIPs with p = 1, we consider instances with network flow E7
matrix for all j € J and larger number of scenarios (up to 50,000). In Tables
3.1, 3.2, and 3.3, we provide details of problem categories for different types of
structured second-stage CMIPs, i.e., F7 is an identity matrix or any network flow
matrix, used for our experiments. We denote the number of linear constraints and
number of integer variables by #LCon and #IVar, respectively, in each stage. We

use #PCCon and #p-OCcon to denote the number of polyhedral conic constraints
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(3.19) or number of rows in EJ, and number of p-order conic constraints (3.20),

w?

respectively, in the second stage.

Table 3.1: Details of TSS-CMIP Instances with p = 1 and E7 is network flow
matrix

Instance Stage I Stage 11

Category #LCon #IVar | #LCon #IVar #PCCon #p-OCon
SCMIP.25.50.5 10 25 20 50 25 5
SCMIP.50.100.5 25 50 40 100 50 5
SCMIP.100.150.5 75 100 50 150 70 5
SCMIP.5.10.5 50 5 2 10 3 5

Table 3.2: Details of TSS-CMIP Instances with p =2 and E7 =1

Problem Instance Stage 1 Stage 11
Set Category #LCon #IVar | #LCon #IVar #PCCon #p-OCon
SCMIP.5.125.1 1 5 30 125 125 1
SCMIP.10.500.1 1 10 60 500 500 1
I SCMIP.15.675.1 1 15 60 675 675 1
SCMIP.20.800.1 1 20 60 800 800 1
SCMIP.240.120.1 50 240 5! 120 120 1
SCMIP.5.10.1 5 5 5 10 10 1
II SCMIP.10.10.1 5 10 10 10 10 1

Table 3.3: Details of TSS-CMIP Instances with p = 2 and EJ is network flow
matrix

Problem Instance Stage 1 Stage 11

Set Category #LCon #IVar | #LCon #IVar #PCCon #p-OCon
SCMIP.5.125.3 1 5 30 125 100 3

I SCMIP.10.500.3 1 10 60 500 300 3
SCMIP.15.675.3 1 15 60 675 400 3
SCMIP.240.120.3 50 240 5 120 100 3
SCMIP.10.25.3 5 10 10 25 10 3
SCMIP.10.50.3 5 10 20 50 25 3

IT SCMIP.10.75.3 5 10 20 75 35 3
SCMIP.25.50.3 10 25 20 50 25 3
SCMIP.25.100.3 10 25 20 100 80 3

We use SCMIP.a..\ to denote our instance category in Tables 3.1, 3.2, and 3.3,
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where « is the number of integer variables in the first stage, 8 is the number
of integer variables in the second stage, and A is the number of p-order conic
constraints in the second stage. Note that in Table 3.2, #PCCon is the same
as #IVar in the second stage as E’ is an identity matrix. For each instance
category, we generate instances as follow: we draw ¢ from wuniform|0,10], A,b
from uniform|0,100], r,, T, from integer uniform [—100,100], FY from integer
uniform[—10,10], h?, from wuniform[—10,10]. Moreover, for instance categories in
Table 3.2, we let g, = 0 and ¢/ = 1 for w € Q, j € J, while for instance
categories in Tables 3.1 and 3.3, g, is randomly generated from wuniform[—1,1]
and ¢/, is randomly generated from uniform[—10,10]. Since g/ is an unrestricted
variable and g, € [—1,1] for j € J and w € 2, we observed that many randomly
generated TSS-CMIP instances have unbounded solution values. Therefore, in
order to obtain finite optimal solution values, we impose an upper bound of 100 and
a lower bound of —100 on each g/, variable. Note that when E? = I, the number of
integer variables in the second stage, i.e., ¢, is same as number of polyhedral conic
constraints, i.e., my. Whereas for instance categories in Table 3.1 and 3.3, E7 is not
a square matrix. These instances will be available at computational Operations
Research exchange (cORe) https://core.isrd.isi.edu/ and GitHub page of

the authors.

3.7.3 Computational Framework

In this section, we evaluate the effectiveness of our scenario-based cuts by per-
forming computational experiments on instances belonging to the aforementioned

instance categories with different number of scenarios. The results of our experi-
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ments are presented in Tables 3.4, 3.6, 3.7, and 3.9. Each row in Tables 3.6 and
3.7 reports the average over five randomly generated instances corresponding to
the instance category in Table 3.1 and 3.2, respectively, while each row in Tables
3.4 and 3.9 report the average over three randomly generated (relatively harder)
instances belonging to MM-SFLP-S and instance category in Table 3.3, respec-
tively. For instances in Table 3.1, we perform three experiments: NO-SCUT,
WITH-SCUTS, and BD-WITH-SCUTS. While for instances in Table 3.2, 3.3 and
3.4, we only perform the first two experiments. In NO-SCUT, we solve the refor-
mulated extensive formulation of the problem using CPLEX 12.70 with its default
settings, without adding our scenario-based cuts. (In order to improve the per-
formance of CPLEX, we substitute unrestricted variable 3/, by ¢/ — ¢/~ in our
experiments, where ¢/ /= > 0 for j € J,w € Q.) Whereas in WITH-SCUTS, we
add our scenario-based linear cuts (provided in Theorem 3.12 or derived through
reformulation of fpch in Corollary 3.15 for I' = 2), a priori to the reformulated
extensive formulation of the problem instance, relax the integrality constraints of
second stage integer variables, and use CPLEX 12.70 with its default settings to
solve it. In BD-WITH-SCUTS for TSS-CMIP with p = 1, we first convexify the
second stage problem by adding our parametric cuts (provided in Theorem 3.12),
and then solve it using Benders’ decomposition routine of CPLEX 12.70. For
NO-SCUT and WITH-SCUTS, we allow presolve option in CPLEX 12.70; while
for BD-WITH-SCUTS, we turn it off. All experiments are performed on a 8-core

Xeon 2.4 GHz machine with 24 GB RAM running with Windows 10.

In Tables 3.4, 3.5, 3.6, 3.7 and 3.9, we report following statistics: number of inte-

ger variables in the extensive formulation with(out) scenario-based cuts (#IVar),
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number of linear constraints in the extensive formulation without our scenario-
based cuts (#LCon), and the number of linear scenario-based cuts added in the
the extensive formulation (#LCuts). Also, we denote the total time taken to
solve TSS-CMIP and TSDR-CMIP instances without and with our scenario-based
cuts in extensive formulation by T-EF and T-EFC, respectively, and the per-
centage of integrality gap closed by a priori addition of scenario-based cuts by
ImprG% = 100 X (Vpeut — Vep)/ (Vinip — Viep), where Vieur, Ve, and V., denote the
optimal objective value of continuous relaxation of extensive formulation with our
scenario-based cuts, continuous relaxation of extensive formulation without our
scenario-based cuts, and original formulation, respectively. In Table 3.6, T-BDC
denotes the time taken to solve TSS-CMIP with p = 1 and linear programming
equivalent of the second stage CMIP, using Benders’ decomposition routine of
CPLEX. We use TL to notify that CPLEX cannot solve the corresponding in-
stance within 3 hours time limit and OM to notify that our system ran out of 24
GB memory when solving this instance. Instances for which we could not obtain

the optimal value due to TL or OM, we put - in column ImprG%.

Computational results for MM-SFLP-S and MM-DRFLP-S instances.

In Table 3.4, we observe that by adding the scenario-based conic MIR cuts a priori,
the number of integer variables (#IVar) is significantly reduced for MM-SFLP-S
instances. The average gap closed by the scenario-based cuts is 98%. Without
the scenario-based cuts, only 8 out of 24 MM-SFLP-S instances can be solved
by CPLEX within the time limit. In contrast, after adding the cuts, 10 out of

16 foregoing unsolved instances are solved in 2576 seconds (on average). After
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adding the scenario-based cuts, CPLEX took lesser time to solve 6 out of above 8
instances, i.e., 1681 seconds on average. Whereas it took 2201 seconds (on average)

for CPLEX to solve these instances without the cuts.

Table 3.4: Results of Computational Experiments for the MM-SFLP-S Instances

Instance Q| NO-SCUT WITH-SCUTs
Category #IVar #LCon T-EF | #IVar #LCuts T-EFC ImprG%
100 | 80944 11633 72.8 | 944 5000 52 98

ap; = 1000 | 500 | 400944 58033 1173 | 944 25000 885 98
ay = 4000 | 750 | 600944 87033 TL 944 37500 2125 98
1000 | 800944 116033 4913 | 944 50000 3633 98
100 | 80944 11633 TL 944 5000 145.1 89
aq = 1000 | 500 [400944 58033 TL 944 25000 3513 90
o = 16000 | 750 | 600944 87033 TL 944 37500 TL 90
1000 | 800944 116033 TL 944 50000 TL -
aq = 1000 | 100 | 81072 11633 TL | 1072 5000 360 92
ap = 4000 | 500 [401072 58033 6329 | 1072 25000 8645 92
as = 10000 | 750 | 601072 87033 TL | 1072 37500 TL -
ay = 16000 | 1000 | 801072 116033 TL | 1072 50000 TL -

In Table 3.5, we observe that by adding scenario-based conic MIR cuts a priori
to the extensive formulation of MM-DRFLP-S, the average gap closed is 93.3%.
Without these cuts, CPLEX could not solve any of the 36 MM-DRFLP-S instances
within the time limit. In contrast, after adding the cuts, all these instances can
be solved in 1145 seconds (on average). Recall that MM-SFLP-S is equivalent to
MM-DRFLP-S with 8] = 1, therefore as expected, the time taken to solve MM-
DRFLP-S instances in Table 3.5 is more than the time taken to solve MM-SFLP-S

instances in Table 3.4 with |Q2| = 100.
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Table 3.5: Results of Computational Experiments for the MM-DRFLP-S Instances

Instance /| 1% NO-SCUT WITH-SCUTs
Category T-EF | #LCuts T-EFC ImprG%
100 5 TL 5000 180 98.1
ap; = 1000 | 100| 10 TL 5000 235 97.9
as = 4000 | 100 | 25 TL 5000 474 98.1
100 | 50 TL 5000 904 97.9
100| 5 TL 5000 7T 90.1
oy = 1000 | 100 | 10 TL 5000 744 90.1
as = 16000 | 100 | 25 TL 5000 959 89.9
100 | 50 TL 5000 1666 89.9
a; = 1000 |100| 5 TL 5000 1601 92.2
as = 4000 {100 | 10 TL 5000 1944 91.9
az = 10000 | 100 | 25 TL 5000 1252 91.7
ay = 16000 | 100 | 50 TL 5000 3008 91.9

Computational results for TSS-CMIPs where p = 1 and E’/ are network

flow matrices for all j € J.

In Table 3.6, we observe that by adding scenario-based cuts a priori, the number
of integer variables (#IVar) is significantly reduced. Without our scenario-based
cuts, CPLEX with its default settings took 800 seconds (on average) to solve the
extensive formulation of the TSS-CMIP instances where p =1 and E’, j € J, are
network flow matrices. However, by adding our cuts, CPLEX took 143 seconds
(on average) to solve the extensive formulation of these instances, and reduced
the time by up to 25 times and 4.6 times (on average). Our scenario-based cuts
closed the integrality gap by almost 100%. It is worth noting that even though we
disabled presolve when using Benders decomposition routine, for instance category

SCMIP.5.10.5, T-BDC is on average 79.83% of T-EF.
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Table 3.6: Results of Computational Experiments for TSS-CMIPs with p = 1 and
FJ for all j € J are network flow matrices

Instance 0| NO-SCUT WITH-SCUTS
Category #IVar #LCon T-EF #IVar  #PCuts T-EFC T-BDC ImprG%
SCMIP.25.50.5 500 315025 387510 27.15 25 62500 6.78 48.49 99.64
SCMIP.25.50.5 1000 630025 775010 77.93 25 125000 15.75 107.17 99.87
SCMIP.25.50.5 2000 1260025 1550010 176.92 25 250000 32.50 307.69 99.99
SCMIP.25.50.5 5000 3150025 3875010 791.69 25 625000 88.98 1039 100
SCMIP.50.100.5 | 500 637550 772525 62.01 50 125000 23.20 349.77 99.36
SCMIP.50.100.5 | 1000 1275050 1545025 134.25 50 250000 48.10 1839 99.37
SCMIP.50.100.5 | 2000 2550050 3090025 391.09 50 500000  103.11 2726 99.76
SCMIP.50.100.5 | 5000 6375050 7725025  1855.79 50 1250000  317.54 TL 99.98
SCMIP.100.150.5 | 500 927600 1127575 101.45 100 175000 54.58 270.60 100
SCMIP.100.150.5 | 1000 1855100 2255075 213.53 100 350000 118.31 830.07 100
SCMIP.100.150.5 | 2000 3710100 4510075 632.55 100 700000  262.46 TL 100
SCMIP.100.150.5 | 5000 9275100 11275075 3169.87 100 1750000  988.21 TL 100
SCMIP.5.10.5 500 60005 68502 9.29 5 7500 0.89 3.12 100
SCMIP.5.10.5 2000 240005 274002 26.43 5 30000 3.93 18.08 100
SCMIP.5.10.5 10000 | 1200005 1370002 314.34 5 150000 36.74 180.51 100
SCMIP.5.10.5 50000 | 6000005 6850002  4829.52 5 750000 186.16  2355.55 100

Results for TSS-CMIPs and TSDR-CMIPs with p =2 and E’ =1.

For TSS-CMIP and TSDR-CMIPs with p = 2, adding our scenario-based cuts
in the extensive formulation and relaxing integrality restrictions on second stage
integer variables provide an approximation of the problem. Let the approximation
ratio be defined by R% = 100 X Voppron/ Vinip Where Voppror is the optimal objective
value obtained from the experiment WITH-SCUTS (after adding scenario-based
cuts in the extensive formulation and relaxing the integrality constraints on the
second stage variables). We observe that the approximation ratio of all instances,
with known V},;,, in Table 3.7 is greater than 99.99%, thereby demonstrating
the strength of our scenario-based cuts. In other words, these cuts provide near-

optimal solution for TSS-CMIPs with p =2 and E? = 1.

Now by comparing T-EF and T-EFC in Table 3.7, we observe that adding our
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Table 3.7: Results of Computational Experiments for TSS-CMIPs with p = 2 and
FEi =1

Problem Instance 0] NO-SCUT WITH-SCUTS

Set Category #IVar  #LCon T-EF #IVar  #PCuts T-EFC  ImprG%
SCMIP.5.125.1 50 12505 14001 32.14 5 6250 5.43 35.42
SCMIP.5.125.1 100 25005 28001 282.90 5 40501 91.52 15.90
SCMIP.10.500.1 50 50010 53001 TL 10 25000 148.22 -
SCMIP.10.500.1 100 100010 106001 TL 10 50000 601.91 -
SCMIP.10.500.1 500 500010 530001 TL 10 250000 TL -
SCMIP.15.625.1 5 6265 7051 27.41 15 3375 1.40 3.39

I SCMIP.15.625.1 10 12505 14101 56.19 15 6750 2.41 14.61
SCMIP.15.625.1 15 18765 21151 115.88 15 10125 5.77 13.50
SCMIP.15.625.1 50 62515 70501 TL 15 33750 550.10 -
SCMIP.20.800.1 20 32020 33201 TL 20 16000 500.88 -
SCMIP.20.800.1 50 80020 83001 TL 20 40000 4532.02 -
SCMIP.240.120.1 | 20 5040 4905 9.29 240 2400 1.00 4.65
SCMIP.240.120.1 | 50 12240 12255 51.94 240 6000 2.61 6.58
SCMIP.5.10.1 50 1005 1255 4.26 5 500 0.67 6.92
SCMIP.5.10.1 100 2005 2505 6.30 5 1000 1.26 27.68
SCMIP.5.10.1 200 4005 5005 11.14 5 2000 2.07 27.69
SCMIP.5.10.1 500 10005 12505 29.29 5 5000 4.81 43.49
SCMIP.5.10.1 1000 20005 25005 67.35 5 10000 9.88 52.47
SCMIP.5.10.1 5000 100005 125005 284.43 5 50000 82.74 72.91

I SCMIP.5.10.1 10000 | 200005 250005 TL 5 100000 218.72 -
SCMIP.10.10.1 50 1010 2005 0.46 10 500 0.69 0.35
SCMIP.10.10.1 100 2010 4005 0.79 10 1000 1.61 0.75
SCMIP.10.10.1 200 4010 8005 2.75 10 2000 2.31 2.2
SCMIP.10.10.1 500 10010 20005 4.34 10 5000 5.38 2.10
SCMIP.10.10.1 1000 20010 40005 13.07 10 10000 14.62 10.57
SCMIP.10.10.1 5000 100010 200005 502.44 10 50000 91.8 13.11
SCMIP.10.10.1 10000 | 200010 400005 1490.35 10 100000 288.16 27.55

scenario-based linear cuts (a priori) significantly reduces the time taken to solve
the reformulated extensive formulation of the TSS-CMIP instances, using CPLEX
with its default settings. More specifically, after adding our scenario-based cuts,
CPLEX solved 132 out of 135 randomly generated instances within the time limit,
except three instances of SCMIP.10.50.1 with 500 scenarios. Whereas, without
our cuts, CPLEX could not solve 35 out of 135 TSS-CMIP instances within 3
hours time limit (32 instances) and allocated memory (3 instances), and took 148
seconds (on average) to solve the remaining 100 instances in comparison to 32

seconds (on average) after adding our cuts. Additionally, WITH-SCUTS took
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22 minutes (on average) for 32 out of 35 (unsolvable) instances. Overall, for
instances in Table 3.7, our scenario-based cuts closed the integrality gap by 19.1%
(on average) for instances solved to optimality using NO-SCUT, and reduced the

time taken to solve the T'SS-CMIP instances by 5 times (on average).

In particular, for problem set I, WITH-SCUTS were performed at least 2 times and
up to 19 times faster than NO-SCUT. Whereas for problem set I, WITH-SCUTS
is 5 times (on average) and up to 39 times faster than NO-SCUT. It is interesting to
observe that while by adding our scenario-based cuts, there is a trade-off between
the decrease in the number of integer variables and increase in the number of
constraints. For instances such as SCMIP 10.10.1 where |Q2] € {50, 100, 500, 1000},
WITH-SCUTS took marginally longer time that NO-SCUT. However, for instances
with larger number of scenarios, WITH-SCUTS are notably faster than NO-SCUT.

In Table 3.8, we present results for distributionally robust versions of TSS-CMIPs
instances with p = 2 and E/ = I. Specifically, we consider three instance cat-
egories from Table 3.7 that were solved in a reasonable time by CPLEX even
without adding scenario-based cuts and for || = 1. We generated three TSDR-
CMIP instances for each category, i.e., SCMIP.15.625.1, SCMIP.240.120.3, and
SCMIP.10.10.1, with fixed number of scenarios |2 and distributions in the ambi-
guity set |P|. We observe that CPLEX could not solve the reformulated extensive
formulation of 4 out of 9 instances within a time limit of 3 hours. However, after
adding the scenario-based linear cuts (a priori), CPLEX solved these instances
within 286 seconds (on average). For the remaining instances, by comparing T-EF
and T-EFC in Table 3.8, we again observe that adding the scenario-based linear

cuts reduces the time taken to solve the instances by 446 times (on average).
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Table 3.8: Results of Computational Experiments for TSDR-CMIPs with p = 2
and E7 =1

Instance Instance # | (1], [B]) NO-SCUT WITH-SCUTS
Category ’ #IVar  T-EF | #IVar #PCuts T-EFC ImprG%
1 3765  2562.99 15 2025 11.71 0.37
SCMIP.15.625.1 2 (3, 5) 3765 72.72 15 2025 3.97 0
3 3765 80.52 15 2025 3.98 2.08
1 5040 TL 240 2400 491.2 13.57
SCMIP.240.120.3 2 (20, 10) 5040 TL 240 2400 85.6 18.66
3 5040 TL 240 2400 565.9 8.3
1 2010 TL 10 1000 2.26 0.89
SCMIP.10.10.1 2 (100, 15) 2010 37.77 10 1000 2.68 0.71
3 2010 8380.76 10 1000 2.61 1.14

Computational results for TSS-CMIPs with p = 2 where E’ for j € J

are network flow matrix.

The problem instances considered in Table 3.9 are much harder than problem
instances considered in Table 3.7, primarily because of multiple conic constraints
(3.20) corresponding to each scenario (as |.JJ| = 3) and multiple integer variables in
each constraint (3.19). Nonetheless, we again observe that the approximation ratio
R% for all problem instances, with known V/,,;,,, in Table 3.9 is greater than 99.99%.
It is evident from column T-EF in Table 3.9 which shows that CPLEX 12.70 with
its default settings could not solve reformulated extensive formulation of 50 out of
75 TSS-CMIP instances (without our scenario-based cuts) within a time limit of 3
hours and the allocated 24 GB RAM. In contrast, after adding our scenario-based
cuts, we solved all 75 instances in 449.64 seconds (on average). For instances solved
to optimality using NO-SCUT, our cuts closed the integrality gap by 47.29% (on
average) and reduced the time taken to solve the TSS-CMIP instances by 10.32
times (on average). It is worth to note that even though ImprG% is small for

some instances (i.e., SCMIP.15.625.3, SCMIP.240.120.3, and SCMIP.25.100.3 for
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1©2] € {50,200}), CPLEX with its default settings (without scenario-based cuts)
took longer time, at least 2.4 times and up to 18 times, to solve these instances,

in comparison to solving them using CPLEX with our scenario-based cuts.

Table 3.9: Computational Results for TSS-CMIPs where p = 2 and EJ for j € J
are network flow matrices

Problem Instance | NO-SCUT WITH-SCUTS

Set Category #IVar  #LCon T-EF | #IVar #PCuts T-EFC ImprG%
SCMIP.5.125.3 50 37505 69001 TL 5 15000 22.9 -
SCMIP.5.125.3 100 75005 138001 TL 5 30000 73.5 -
SCMIP.10.500.3 50 150010 243001 TL 10 45000 330.1 -
SCMIP.10.500.3 100 | 300010 486001 TL 10 90000  1742.5 -
SCMIP.15.625.3 5 18765 31051  1069.5 15 6000 56.1 0.1

I SCMIP.15.625.3 10 37515 62101 TL 15 12000 162.7 -
SCMIP.15.625.3 15 56265 93151 TL 15 18000 265.5 -
SCMIP.240.120.3 | 20 14640 26505 TL 240 6000 46.3 -
SCMIP.240.120.3 | 50 36240 66255 TL 240 15000 386.2 -
SCMIP.10.25.3 50 7510 11005 10 10 1500 1.82 71.4
SCMIP.10.25.3 100 15010 22005 20.9 10 3000 4.44 63.9
SCMIP.10.25.3 200 30010 44005 40.9 10 6000 10.33 97.3
SCMIP.10.50.3 50 15010 23505 TL 10 3750 6.4 -
SCMIP.10.50.3 100 30010 47005 OM 10 7500 14.3 -
SCMIP.10.50.3 200 60010 94005 TL 10 15000 54.4 -
SCMIP.10.75.3 50 22510 34005 OM 10 5250 19.6 -
SCMIP.10.75.3 100 45010 68005 OM 10 10500 41.2 -
SCMIP.10.75.3 200 90010 136005 TL 10 21000 120.5 -

I SCMIP.25.50.3 50 15025 23510 OM 25 3750 5.9 -
SCMIP.25.50.3 100 30025 47010 OM 25 7500 15.2 -
SCMIP.25.50.3 200 60025 94010 OM 25 15000 54.8 -
SCMIP.25.50.3 500 | 150025 235010 OM 25 37500 568.9 -
SCMIP.25.100.3 50 30025 55010 165.4 25 12000 49.1 3.7
SCMIP.25.100.3 200 | 120025 220010 OM 25 48000  2428.1 -
SCMIP.25.100.3 500 | 300025 550010 OM 25 120000  4256.6 -

3.8 Conclusion

We presented conditions under which the addition of scenario-based nonlinear cuts
in the extensive formulation of T'SS-CMIPs is sufficient to relax the integrality re-

strictions on the second stage integer variables without impacting the integrality
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of the optimal solution of the TSS-CMIP. We introduce structured TSS-CMIPs
and cuts for them which satisfy these conditions, thereby providing partial con-
vex hull for them. We introduced TSS-CMIPs and TSDR-CMIPs with structured
p-order CMIPs in the second stage, derived scenario-based conic MIR cuts for
them, and proved that these cuts provide conic/linear programming equivalent
or approximation for the second stage CMIPs with p = 1 or p > 2, respectively.
We also introduced a multi-module capacitated stochastic facility location prob-
lem with subcontracting (MM-SFLP-S) and demonstrate the applicability of the
foregoing results for solving this problem. We also computationally evaluated the
effectiveness of the scenario-based cuts by considering instances of MM-SFLP-S,
its distributionally robust variant, and structured TSS-CMIPs with polyhedral
CMIPs and second-order CMIPs in the second stage, i.e. p =1 and p = 2, respec-
tively. Our computational results showed that adding scenario-based cuts to the
extensive formulation significantly reduces the time taken to solve extensive for-
mulation of TSS-CMIPs and TSDR-CMIPs compared to solving the same problem
instances without these cuts, using CPLEX 12.70 with its default settings. Fur-
thermore, we derived (partial) convex hull for new deterministic multi-constraint

polyhedral conic mixed integer sets with multiple integer variables.



Chapter 4

Risk-Neutral and Risk-Averse
Transmission Switching for Load

Shed Recovery

4.1 Introduction

In order to handle the uncertainty in generation and demand encountered during
the recovery process as discussed in Section 1.4, we present two stochastic trans-
mission switching models to deal with these uncertain parameters, and one of them
incorporates conditional value-at-risk to measure the risk level of unrecovered load

shed.

Various scientific works have demonstrated that transmission line switching (TS)
could engender numerous benefits as a corrective action including relieving line
overloads [61, 101], mitigating voltage violations [11, 127, 134], mitigating flow
violations [9], and recovering load shed (LS) following an emergency [45, 51]. It is
also recognized as a promising mechanism for improving system reliability when
facing critical contingencies [69]. In [76], the authors presented an application

to transmission expansion planning, where TS was shown to improve the system

79



80

CHAPTER 4. StocHASTIC LOAD SHED RECOVERY

from both security and economic aspects. Schumacher et al. [131] solved a robust
transmission expansion planning problem with demand uncertainty, where they
allowed TS as a corrective action to relieve the impact of the uncertainty and line
failure. Recently, Li and Hedman [90, 91] considered TS as a corrective action
and utilized it in the energy management system to enhance flexibility in prac-
tice. Readers can refer to [69] for a thorough introduction of the standardized TS
methodology, otherwise known as topology control. It is important to add that,
before its standardization through mathematical models, TS had been performed
by operators based on historical experience recorded in operations manuals (e.g.,
[122]). Nowadays, topology control is implemented in practice but only on a lim-
ited basis, partly on account of the continuing need for adequate decision-making

tools to support it.

In last decade, researchers have been focusing on developing mathematical opti-
mization models to determine the best TS actions to execute under various situ-
ations. O’Neill et al. [116] introduced a deterministic model that systematically
applies TS into the transmission network and studied the economic benefits of
optimal TS actions under appropriate market rules. On the other hand, Hedman
et al. [70] not only considered the economic benefits of TS, but also its ability to
maintain reliability and stability. The authors proposed a mixed integer program
for N-1 DC optimal dispatch with TS, and showed that TS can reduce generation
costs while ensuring N-1 reliability. Note that both O’Neill et al. [116] and Hed-
man et al. [70] embedded TS decisions as binary variables within the well-known
DC optimal power flow problem (DCOPF) linear programming formulation [54] to

minimize generation costs. Recently, Escobedo et al. [51] explored the concept of
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load shed recovery (LSR) and proposed a static transmission switching model for
the DC optimal load shedding recovery (DCOLSR) problem with deterministic
demand. Their computational results showed that by reconfiguring the topol-
ogy of the transmission network via TS, the resulting load shed from line and/or
generator contingencies could be reduced significantly. In studies related to load
shedding without TS [72, 73], the authors presented a multi-objective expansion
planning model which minimizes the operational and investment cost, as well as a
risk index (referred to as Expected Energy Not Served) by integrating wind farms
into distribution networks. In their model, they proposed virtual power generation

to handle load shedding at certain load centers.

In the majority of the aforementioned papers, it was assumed that all generators
are conventional, and demand is a fixed known quantity. Nowadays, renewable en-
ergy generators are playing an important role in energy markets. These generators
heavily depend on intermittent resources such as wind and solar, and thus their
operation comes with high uncertainty. Moreover, out of various factors of uncer-
tainties in power systems (see [139]), electric power demand is among the most
important and difficult to forecast, especially during emergency conditions. These
uncertainties result in uncertainty in the requirements of the system, which could
impact the validity of decisions obtained from deterministic models in practice.
Therefore, to make TS and LSR decision-making tools more effective in practice,
it is important to address uncertainty from renewable generation and demand in

today’s power system problems.

Different methods, i.e., robust optimization and probabilistic approaches, have

been applied in various situations to handle uncertainties in power systems. De-
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hghanian and Kezunovic [44] studied the optimal transmission switching problem
with uncertain load and renewable generation. They incorporated the two-point
estimation method with deterministic DCOPF to handle uncertainties and ap-
proximate the probability distribution function of generation costs. Zhang and
Li [150] studied both DCOPF and ACOPF with load uncertainty and utilized
chance-constrained programming to handle uncertainty, which sought a balance
between reliability and total cost efficiency of the power system. Summers et
al. [140] formulated a stochastic DCOPF problem which minimizes the expected
short-term operating cost. Rabiee et al. [124] proposed a stochastic model to min-
imize energy procurement costs in the DCOPF. They considered uncertainties in
load, wind power generation, and energy price. They compared results of different
models (e.g., two stage stochastic programming and stochastic programming with
variance index and with conditional value-at-risk (CVaR)) and concluded that the
risk-averse solution is more conservative, which leads to higher procurement costs.
Phan and Ghosh [121] proposed a two-stage stochastic programming model to
handle the generation uncertainty in ACOPF. Their model considered the power
extracted from all conventional generators as the first stage, and the re-dispatch
of generators following the realization of uncertainties as the second stage. Lopez
et al. [95] considered a stochastic generation and transmission expansion problem
under risk to minimize the total cost. More specifically, they consider uncertainties
in the demand, the equivalent availability of generating plants and transmission
capacity factor of the transmission lines. They also used a mean-variance to mea-
sure the risk. Doostizadeh et al. [48] considered a chance-constrained DCOPF
with joint uncertainties in load and wind. Miihlpfordt et al. [110] proposed a

solution approach for a generalized chance-constrained DCOPF defined using con-
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tinuous random variables. For a comprehensive survey of the chance-constrained

applications in power system, readers can refer to [56].

Handling demand uncertainty by minimizing the expected level of unmet demand
over a set of representative probabilistic scenarios uniformly may not be accept-
able to decision makers. That is, even if the expected level of unmet demand over
the full set of scenarios is low, such a risk-neutral treatment does not eliminate
the possibility that the prescribed solution could result in a high amount of un-
met demand for a small number of these scenarios. Preventing the occurrence of
such outcomes during severe emergencies is of vital importance. In other words,
decision makers may be more risk-averse, in the sense that they need tools to
avoid the worst scenarios, i.e., when realized demand deviates from the expected
demand, potentially leading to an outcome with large unmet demand. Different
from aforementioned work which concentrate primarily on economic objectives for
normal operation conditions, this research considers an emergency-related objective
to maximize the amount of load shed that can be recovered following contingency-
triggered imbalances between supply and demand while incorporating uncertainty
in the generation and demand profile. It is important to remark that minimiz-
ing total generation cost during severe disaster events could result in huge unmet
demand. The unmet demand may cause the interruption in services of public fa-
cilities such as rescue stations, police stations, and hospitals, which will lead to
more financial losses in the long run. Hence, minimizing unmet demand during
emergencies is critical [50]. It is also important to point out that the focus of this
research is different from research on black-start schemes, whose goal is to recover

the power in the system without external energy sources. Our goal is to suggest
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decisions that may help prevent or mitigate the effects of a blackout. The pro-
posed method could support self-healing by recovering more shedded load during
an emergency, as well as serve as an offline contingency analysis tool for aiding
decision makers or TSOs to balance maximal gains and risk during the recov-
ery process. A prospective application could be used to identify crucial elements
in the system and corresponding corrective actions for maintaining effective and

up-to-date operator manuals.

This research builds on the previous work of Escobedo et. at. [51] by proposing
stochastic load shed recovery models (S-LSR) to handle the uncertainty of genera-
tion and demand, and incorporate CVaR for measuring the risk level of unrecovered
load. No work in the existing literature has considered the uncertain generation
and demand and the risk of unrecovered LS in DCOLSR. In deterministic models,
data parameters are assumed to be fixed and known, whereas in reality, the pa-
rameters are mostly uncertain. Therefore, S-SR seeks a solution which is feasible
for different realizations of the parameter values, while optimizing the expected
LSR over the sample space (the set of all possible values of the parameters) of the
random variables associated with uncertain generation and demand. A decision
maker utilizing the expectation of LSR is referred to as risk-neutral. In contrast,
when facing serious disasters, it is reasonable to make more conservative decisions
to avoid extreme scenarios of unmet demand. In this research, we also utilize
CVaR measure within S-LSR so that a decision maker can avoid the scenarios

with large unrecovered LS in the worst-case quantile.

The main contributions of this research are as follows:

(i) We introduce two stochastic models to handle generation and demand uncer-



4.1. INTRODUCTION

tainties. Our models not only minimize load shedding, but also incorporate

the risk preference of decision makers using CVaR.

(ii) We demonstrate the importance of our models, which consider uncertainties
in DCOLSR, by comparing their optimal values to those of the deterministic
model [51]. The computational results confirm that our stochastic models
support the self-healing capabilities of a smart grid by recovering more load

shed and can provide a more reliable topology.

(iii) We perform analyses that support the usage of the proposed methodology
as an offline contingency tool. For instance, the models can be configured

to suggest a sequence of individual switching operations.

The rest of this chapter is organized as follows: In Section 4.2, we provide two
models for S-LSR. In Section 4.3, we introduce the criterion to evaluate the pro-
posed models and a deterministic mean-value model. We also present an example
of a 6-bus system [76] to illustrate the significance of the stochastic models. In
Section 4.4, we illustrate the computational setup and in Section 4.5, we provide
computational results for IEEE 118-bus test case, IEEE 14-bus test case, and the
6-bus system [76]. We compare the impact of different contingencies, number of
scenarios, risk coefficient, and analyze the decision making process. In Section 4.6,

we conclude the work and discuss potential future research directions.
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4.2 Stochastic Optimal Load Shed Recovery

In this section, we present stochastic optimization models to maximize LSR or
equivalently minimize LS, using TS actions; these models are extensions of the
deterministic DCOLSR, model of Escobedo et al. [51]. In [51], it is assumed
that all generators are conventional (i.e., nonrenewable) and the demand at each
bus after an emergency situation is fixed to its normal state value. However, the
use of renewable generation, whose generation depends on intermittent natural
sources, is well established in the modern power grid. Moreover, during emergency
conditions, demand is especially hard to forecast. Ignoring the uncertainty in load
may lead to overloading or under-loading of lines [137]. In order to handle the
uncertainty in renewable generation and demand, we propose two-stage stochastic
programming models where uncertainty is defined using a random variable with
known probability distribution. The first one is referred to as the risk-neutral
model (denoted by RN-LSR), where the risk preference of the decision makers is not
considered, while the second model specifies their risk preferences by incorporating
CVaR for a more conservative decision (denoted by CVaR-LSR). For more details
about general risk-neutral and risk-averse stochastic models, readers can refer to

[27).

4.2.1 Risk-Neutral Stochastic DC Optimal Load Shed Re-

covery With Transmission Switching

Figure 4.1 demonstrates the decision making process of RN-LSR.
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Figure 4.1: Decision making process for stochastic LSR.

Given a contingency, we make first-stage transmission-line switching decisions,
called here-and-now decisions, without precise knowledge of the renewable gen-
erator outputs and demand at each bus after the occurrence of a contingency.
Thereafter, when the renewable generation and demand are revealed in the future,
we make operational decisions, referred to as second-stage decisions, which include
adjusting bus phase-angles, conventional generator dispatch levels, and deciding
power flow through each transmission line and unmet demand at each bus, with

the goal to maximize LSR.

In other words, we seek a solution (i.e., corrective actions) that maximizes the
expected value of the objective function (i.e., LSR) for the known probability dis-
tribution followed by the uncertain renewable generation and demand. Formally,
given a set of generators G, a set of transmission lines K, a set of buses N, a set
of renewable generators (G C ), and sets of out-of-service generators and out-of-

service lines due to a contingency (G C Gand K CK, respectively), RN-LSR is

87



88

CHAPTER 4. StocHASTIC LOAD SHED RECOVERY

formulated as follows:

max {Eg[f(s,w)} : Zsk <rs € {0, 1}|K|}, (4.1)

keK

where binary variable s, k € K, denotes the switching action for line k£ made
before the realization of uncertainty in renewable generation and demand, defined
by random vector ¢ with sample space 2, are realized, and data parameter r de-
notes the switching limit, i.e., the maximum number of transmission line switches
allowed. Problem (4.1) is referred to as the first-stage problem and we denote
the set of first-stage feasible solutions, i.e., T'S actions, by S. The objective is to
maximize LSR associated with a given contingency (G, K ) and therefore, we set
Ee[f(s,w)] = LSps i — Ee[Q(s,w)] where LSy i (a constant for a given contin-
gency) captures the total LS due to the contingency from the forecast demand
without any corrective (TS or re-dispatching) operations, and E¢[Q(s,w)] provides
the expected unmet demand for a given topology configuration (controlled by TS
decisions si, k € K). The latter is computed by solving the following linear

programs, also referred to as the second-stage problems, for (s,w) € (S, Q):

Q(s,w) = min Z u (4.2)

neN
Subject to:
gt < g9 — g2 < g (m,n) € K (4.3a)
SooPrY D P4y Pe=di-uineN (4.3b)
Vk(n,...) Vi( ) Vg(n)eG

~

PPt (1L = se) < Py < PP(1 = s), ke K (4.3¢)
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B(0° — 02) — PY + s, M, > 0, ke K (4.3d)
B(0° — 02) — PY — s, M, < 0, ke K (4.3¢)
By, < PP < Psy, ke K (4.3f)
By(62 — 62) — P¢ + (1 — s) My, > 0, ke K (4.3g)
Bp(69 —69) — PP — (1 — s) M, <0, ke K (4.3h)
Pt < pY < prer geG\{GUG} (4.31)
Py = P2, geg (4.3j)
0<u <d nenN (4.3k)
Py =0,PY =0, keK,geG (4.31)

where variable ¥ denotes the unmet demand at bus n for n € . In Problem (4.2)-
(4.3), the objective is to minimize the total unmet demand at all buses, v for n €
N, for a known realization of the stochastic (or uncertain) renewable generation
and demand parameters at each bus, {P¥},eq and {d%}pen for w € Q, and TS
actions s € S, while ensuring that the following constraints hold. Constraints
(4.3a) set lower and upper limits on the difference between bus angles of adjacent
buses for all lines £ € K with incident nodes n and m. Constraints (4.3b) are
node balance constraints, which ensure that the total power flow into a node/bus,
n € N, including the power generation equals the total power flow out of the
node, including the demand satisfied at that node. Notice that the first term
> vk(n,..) Fi denotes total power flow into node n, the second term >y, .\ P
denotes the total power flow out of node n, and the partial unfulfillment of demand

dy at each bus, is allowed by introducing a non-negative continuous variable u.
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Constraints (4.3c) and (4.3f) set lower and upper limits on power flow through
each transmission line k € K. These constraints ensure that if a line k is in service
before performing the TS operation, that is k& € K , and is set to be switched
by the first-stage TS solution, i.e., s, = 1 (or if a line k is out of service before
performing the TS operations, that is k& € K, and is not switched during TS
actions, i.e., sy = 0), then this line is open and thus does not allow any power
flow. Otherwise, power flow is allowed through this line. Constraints (4.3d)-(4.3e)
and (4.3g)-(4.3h) incorporate Kirchhoff’s laws, where By, is the susceptance of line
k € K and My is large enough to ensure that the above constraints are satisfied
regardless of the corresponding bus angles when a transmission line is switched to
close and open state, respectively. Constraints (4.3i) set the lower and upper limits
on power generated by conventional generators not impacted by the contingency
g € G\ {G UG} Constraints (4.3j) set the output from renewable generators
equal to the uncertain renewable generation parameter corresponding to scenario
w. Constraints (4.3k) make sure that the unmet demand at each bus n € N does
not exceed the demand at the bus. Constraints (4.31) set power flow for lines
and output for generators, respectively, impacted by the contingency to be 0. If
a line is in contingency, we assume that there is no power flow through this line.
Similarly, if a generator is in contingency, we assume that there is no output from
that generator. Such a treatment is in line with other works in the literature (e.g.,

[10, 37, 70]).
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4.2.2 Risk-Averse Stochastic DC Optimal Load Shed Re-

covery with Transmission Switching

In RN-LSR, the objective is to provide a topology configuration for a given con-
tingency that maximizes the total expected LSR over the set of all possible re-
alizations/scenarios of uncertain demand and generation. However, for a given
contingency, it is possible that for some of the randomized scenarios, the unmet
demand is extremely large while for the others it is extremely small, even though
the total expected LSR is large, i.e., the unmet demand corresponding to each
scenario is distributed with large variance. For such contingencies, power system
operators (or decision makers) would likely opt for T'S actions that avoid the risk of
occurrence of outcomes with large unmet demand in certain scenarios, even if such
TS actions may result in a slightly lower expected LSR. In this research, we also
incorporate a risk measure, CVaR, into RN-LSR to specify the risk preference of

the decision makers and avoid the risk of outcomes within the worst-case quantile.

Conditional Value-at-Risk

CVaR, also known as the mean excess loss or tail Value-at-Risk (VaR), is a popular
function of risk measurement, which was first introduced by [126]. It has been
widely applied in the finance industry [126] but used rather infrequently in the
energy sector. Statistically, it represents the weighted average (i.e., expected value)
of the losses for a given confidence interval of the distribution of total gain. Put

otherwise, by optimizing CVaR, we minimize the risk of incurring huge losses.
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Formally, CVaR is defined as follows [126],
CVaR,(X) = E(X|X > VaR (X))

where VaR,(X) represents the expected worst loss of random variable X within
a given confidence interval a. In this paper, since demand is assumed to have
a known distribution, the corresponding outcome, i.e., unrecovered LS or unmet
demand, also follows a certain distribution. We apply CVaR to measure the risk
of outcomes in a-quantile by minimizing the expectation of unrecovered LS over

this quantile.

Risk-averse Stochastic Formulation

We present a risk-averse two-stage stochastic programming model with CVaR

which is defined as follows:

min {Eg[f(s,w)] + A x CVaRa(f(s,w))} (4.4)

seS

where CVaR,,(f(z,w)) is the cost of risk, i.e., the expectation over the a-quantile
of the distribution of outcomes f(s,w) and A denotes the exchange rate of the cost
for risk. Here, f(s,w) is defined the same as in RN-LSR for s € § and w € Q.
For a finite sample space, i.e., |2| < 0o, Noyan [114] presented a reformulation for
general risk-averse two-stage stochastic linear programs where both stages have

only continuous variables. We utilize this result to reformulate (4.4) and derive its
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equivalent formulation as follows:

max (1 + A)LS¢g i — pr Z uy — An+ ﬁ przw

we neN we

s.t. ZWZZU‘;:—n? w e
nenN

(4.3a) — (4.31) hold ,s € S;n € R, 2, € R, w € Q.

4.3 Evaluation of Stochastic Models for LSR

In this section, we present a criterion to evaluate RN-LSR and CVaR-LSR, in
comparison to a deterministic mean-value (DMV) model for the S-LSR problem.
The DMV model is a simple way to handle uncertainties in LSR problem. It cor-
responds to setting the deterministic DCOLSR model of Escobedo et al. [51] with
fixed renewable generation and fixed demand parameters set to the mean of uncer-
tain renewable generation and the mean of the uncertain demands, respectively,

over all w € . It is defined as follows:
min { LSe x — Q(s,E¢(w)) : s € S}. (4.5)

where Q(-,-) is defined by (4.2). Let the optimal switching solution of above
mean-value problem be s. Even though this decision does not consider random
variations of demand and generation, in reality, the decision makers will have to

make the second-stage decisions (after the realization of uncertainties) based on §
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by solving:

f(8,w) =min LSy i — Q(5,w) (4.6)

for realized scenario w € €). Since we do not know which scenario will be realized,
we calculate the expectation over all scenarios of the optimal value of the second
stage problem, i.e., E¢[f($,w)], to evaluate the performance of 5. In general,
compared to calculating the foregoing expectation, solving RN-LSR and CVaR-
LSR takes longer time. The ensuing results help determine the trade-offs between
computational time and LS provided by the S-LSR models proposed in this paper

in addition to the deterministic problem.

4.3.1 Evaluation of Risk-Neutral LSR Solution

The concept of value of stochastic solution (VSS) is used to quantify the quality of
an optimal solution of RN-LSR [27]. It measures the benefits of solving RN-LSR

in comparison to the DMV problem and is calculated as follows:

VSS = Ee[f(s,w)] — Ee[f (5, w)].

Since the optimal solution s of the DMV model is a feasible solution for RN-LSR,
VSS is always non-negative. If VSS > 0, the optimal solution of RN-LSR is strictly
better, since it provides larger expected LSR. Otherwise, the optimal solutions of
RN-LSR and DMV are of the same quality. We provide an illustrative example in

the following section to demonstrate how to use VSS to evaluate RN-LSR solution.
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4.3.2 An Illustrative Example: A 6-bus System

We give a simple example of a 6-bus system [76] given in Figure 4.2 to illustrate
how the stochastic model, RN-LSR, performs better than the deterministic model
DMV. In this case, we have 6 buses and 7 transmission lines, which are all in
service. The mean base load of the system is 209 MW, and is distributed at the
rate of 40%, 30%, and 30% among buses 3, 4, and 5, respectively. Line 3, 4,
and 5 are switchable among all 7 transmission lines. Detailed specifications of the

generators and transmission lines are given in [76].

1 2 3

- g

1
W 7
[
B
5
4 5 6

Figure 4.2: A 6-bus system.

We consider the case where line 5 is in contingency, and all generators are con-
ventional. We assume that the demand at each bus follows a normal distribution
with the mean given as above, i.e., 40% of 209 MW at bus 3, 30% of 209 MW at
bus 4, and 30% of 209 MW at bus 5, and the standard deviation is 20% of each

bus’ average demand. Switching actions are made before the realization of the
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demand at each bus. After the uncertainty is realized, other actions, i.e., adjust-
ing phase-angles and conventional dispatch level, are performed to incorporate the
impact of the switching actions. For this example, we assume that there are two
possible demand scenarios, which are randomly drawn from the aforementioned
normal distribution (see Table 4.1).

Table 4.1: Deterministic demand and two scenarios of stochastic demand for
the 6-bus system (in MW)

scenario bus 3 | bus 4 | bus 5

w1 89.11 | 66.45 | 65.98

Wo 99.15 | 69.63 | 61.62
deterministic demand | 83.6 | 62.7 | 62.7

We illustrate the first case where the ISO/TSO does not consider the uncertainty
of demand. In this case, the ISO/TSO solves the DMV model, where the mean
of the uncertain demand (or aforementioned deterministic demand as in [76]) is
used as the fixed demand parameter in problem (??). This is equivalent to solv-
ing a one-scenario RN-LSR model with deterministic demand at each bus. The
optimal switching action provided by the deterministic model is to switch off line
3. After obtaining the optimal switching actions, the TSO/ISO makes the other
actions after the realization of the uncertain demand by solving (4.6). The ex-
pected load shedding of those two scenarios after performing the DMV optimal
switching action, i.e., switch-off line 3, is 25.4 MW. Next, we consider the case
where the TSO/ISO considers uncertainty in the model. Hence, a RN-LSR model
with two scenarios is solved that gives the optimal switching action: switch-off line
4. The expected LS of those two scenarios after switching off line 4 is 21.3 MW.
In summary, performing the optimal switching actions provided by the RN-LSR

model recovers 4.1 MW more than the optimal switching actions provided by the



4.4. COMPUTATIONAL EXPERIMENTS 97

DMV model, i.e., VSS = 4.1 MW.

This small example demonstrates the importance of considering the uncertainty
of demand in decision making. About 20% more LS is recovered by performing
the optimal switching actions provided by RN-LSR model, in comparison to the
DMV model.

4.3.3 Evaluation of Risk-Averse CVaR-LSR Solution

Although the expected LSR obtained by RN-LSR is theoretically superior to the
total LSR obtained using CVaR-LSR, we cannot conclude that the solution of
CVaR-LSR is “bad” compared to the solution of RN-LSR since the worst-case
scenarios in a-quantile are avoided by solving CVaR-LSR, (but this is not guaran-
teed with RN-LSR). Therefore, instead of comparing the optimal objective values,
we compare the optimal solutions of these two stochastic models. If the optimal
solutions of RN-LSR and CVaR-LSR coincide, then clearly the optimal solution
of RN-LSR not only recovers the most LS, but also avoids the occurrence of out-
comes with large unmet demand for certain scenarios. Otherwise, the solution of
CVaR-LSR model is more conservative and it cannot recover as much LS as the

solution of RN-LSR.

4.4 Computational Experiments

In this section, we discuss the scenario-generation process and the setup for our

computational experiments, which were performed to evaluate the efficiency and
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effectiveness of the proposed stochastic models, RN-LSR and CVaR-LSR.

4.4.1 Test Cases and Instance Generation

In this section, we discuss the scenario-generation process and the setup for our

computational experiments, which were performed to evaluate the efficiency and

effectiveness of the proposed stochastic models, RN-LSR and CVaR-LSR.

4.4.2 Test Cases and Instance Generation

The computational experiments consider three test cases:

IEEE 118-bus test case: We first consider a well known IEEE 118-bus test case
that contains 19 generators and 186 transmission lines, to evaluate the im-
pacts of stochastic demand during different outage events. For this test
case, we assume all generators are conventional (i.e., nonrenewable). The
total base load of IEEE 118-bus test case is 4519 MW.

IEEE 14-bus test case: Next, we consider the IEEE 14-bus test case, which
contains 2 generators and 20 transmission lines with no transmission line
power limit to test the effects of stochastic (renewable) generation and
stochastic demand. We assume that there are two conventional genera-
tors and one renewable generator in the system. More specifically, at one
node, we still have a conventional generator with capacity P;. At the other
node, we have one conventional generator and one renewable generator. The

capacity of this conventional generator is 0.5P,, where P, is the original gen-
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eration capacity at that node. The renewable generation follows a uniform
distribution defined over [0,0.5FP,]. The total base load of IEEE 14-bus test
case is 259 MW.

6-bus system: Finally, we consider the 6-bus system [76] discussed in Section
4.3.2. We consider two different types of generator set configurations: (a) 3
conventional generators; and (b) 3 conventional generators and an additional
renewable generator at bus 1. Similar to the IEEE 14-bus test case, at bus 1,
we assume that the capacity of the conventional generator is 0.5P;, where P,
is the original generation capacity at bus 1, and the capacity of the renewable
generator follows a uniform distribution defined over [0,0.5P;]. We follow

the remaining settings as in [76].

For each generated instance for the IEEE 14-bus and 118-bus test cases, the de-
mand {d%},cn is randomly drawn from a normal distribution with the original
deterministic demand {d® },,cx as the mean and 20% of the mean as the standard
deviation. This is similar to the parameters chosen in [23], where the authors
presented data of electric consumption during disasters for 41 countries. For each
generated instance for 6-bus system, the demand is also drawn from a normal

distribution, and we consider three instance categories with different standard

deviation, i.e., 20%, 50% or 80% of the mean.

We follow the settings in [51], where the initial states of all non-faulty lines are
closed and the emergency line and generator ratings are 125% of the normal ratings.
Also, we apply the concept of the contingency list (CL) as in [51] to specify key
contingencies considered in the test instances for our computational experiments.

The CL is a collection of valid contingencies periodically examined by contingency

99



100

CHAPTER 4. StocHASTIC LOAD SHED RECOVERY

analysis programs which in practice contain all N-1 contingencies and a number
of N-2 contingencies. The featured experiments consider a diverse selection of the
latter type, specifically double generator failures, mixed generator and non-radial
line failures, and double non-radial line failures, denoted by (G-2), (G-1+L-1), and
(L-2), respectively. For experiments of IEEE 118-bus test case, we select fifteen
contingencies in total from the foregoing contingency categories: five contingencies
from G-2, five contingencies from G-1+4L-1, and five contingencies from L-2. From
our computational results, we observe that some of the aforementioned contingen-
cies follow a similar trend. Hence, in section 4.5.1, we present results for only 5
out of the 15 contingencies. We refer readers to Table 4.2 for details, where each
row lists a contingency and columns list its name, category, and components out
of service. As an example, C.1 represents a contingency of type G-14L-1, namely
the outage of generator 14 and line 12. For experiments of IEEE 14-bus test case,
we select four arbitrary L-2 contingencies: line 1 and line 2, line 4 and line 7, line
2 and line 5, and line 6 and line 18. For experiments of the 6-bus system, since it
is a small (and not N-1 reliable) system, we consider all possible L-1 contingencies:
single line failure and single generator failure. These contingencies were selected
because, within each contingency category, they result in the highest LS before
any generation re-dispatch and TS actions are executed and because generator
re-dispatch alone (no TS) is insufficient to recover the associated unmet demand

in full.
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Table 4.2: A List of Contingencies for IEEE 118-bus Test Case

Name | Category | Components out of Service

C.1 Generator 14 and Line 12

C.2 G-1+1-1 Generator 13 and Line 43

C.3 G2 Generator 13 and Generator 11
CA4 ) Generator 13 and Generator 1
C.5 L-2 Line 12 and Line 142

4.4.3 Experimental Framework

For each stochastic test instance, we perform five experiments: RN-LSR-DE,
CVaR-LSR-DE, RN-LSR-BD, CVaR-LSR-BD, and DMV-B&C, each of which is
represented by the name of the model and method applied to solve the model. In
RN-LSR-DE and CVaR-~LSR-DE, we solve the deterministic equivalent of RN-LSR
and CVaR-LSR, respectively, i.e., large-scale block-angular structured mixed bi-
nary programs, using CPLEX 12.8; with its default settings. While in RN-LSR-BD
and CVaR-LSR-BD we solve the RN-LSR and CVaR-LSR instances, respectively,
using Benders’ decomposition routine (BD) of CPLEX 12.8. Benders’ decompo-
sition is a popular technique for solving large-scale mixed integer programs and
stochastic programs. It decomposes the original problem into master problem and
smaller sized subproblems, and solves them iteratively by obtaining a lower bound
approximation of the recourse function in each iteration. [39]. In DMV-B&C,
we first utilize branch-and-cut routine of CPLEX 12.8 to obtain the optimal so-
lution of DMV model, i.e., §, and then we solve f(§,w) for w € Q and calculate
E¢[f(5,w)] as the optimal value. All experiments were performed on a 16-core Intel
Xeon 3.2GHz machine with 32GB RAM running with Windows 10. The code was

written in C++4 using callable library of CPLEX 12.8. The time limit, which is
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denoted as TL, was set to three hours for each experiment.

4.5 Results and Analysis

In this section, we report and analyze following statistics: time taken to solve RN-
LSR-DE, CVaR-LSR-DE, RN-LSR-BD, and CVaR-LSR-BD, optimal LS (denoted
by MinLS) by solving RN-LSR and CVaR-LSR, percentage of LSR, that is,

%LSR = (LSGUK — MinLS)/LSGUK X 100%,

and VSS. For each GU K in Table 4.2, the value of LS4z was obtained from [51].
For the IEEE 14-bus and the 6-bus [76] test cases, we compute the value of LS.

by solving the DMV model with mean demand and r = 0.

4.5.1 Computational Results for Risk-Neutral Stochastic

LSR

We perform experiments on the IEEE 118-bus, IEEE 14-bus, and 6-bus test cases
to evaluate the effectiveness of RN-LSR to handle generation and/or demand un-
certainty. We first evaluate the effectiveness of the RN-LSR model to handle
demand uncertainty after the occurrence of contingencies for the IEEE 118-bus
test case considered in Table 4.2. For each row in Table 4.2, we perform experi-
ments with different switching limits, i.e., » € {2,3,4,5}. We randomly generate
five instances with 10 scenarios (|€2| = 10) for each contingency and each switching

limit. We perform three experiments for each instance: RN-LSR-DE, RN-LSR-
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BD, and DMV-B&C. The average of %LSR by RN-LSR model is plotted in Figure
4.3, and the average of VSS for these instances is in Figure 4.4. From Figure
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Figure 4.3: %LSR with different switching limits for IEEE 118-bus test case.
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Figure 4.4: VSS for RN-LSR with different switching limits for IEEE 118-bus test

case.

4.3 and 4.4, we observe that %LSR and VSS increase as the switching limit in-
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creases for three out of five instance categories. In Figure 4.3, the percentage of
LS recovered by performing optimal operations of RN-LSR ranges from 84.57% to
99.47% with an average of 94.3%, which implies a large portion of the LS incurred
by the contingency is recovered by performing the optimal operations suggested
by RN-LSR. In Figure 4.4, VSS is always positive. This implies that the optimal
solution of RN-LSR model provides a better solution value compared with the LS
obtained using the DMV model. Moreover, when switching more lines is permit-
ted, RN-LSR provides a better solution for most cases. Recall that in Table 4.2,
we only present five out of fifteen contingencies considered in our computational

experiments, since the omitted results followed a similar trend.

Next, we evaluate the effectiveness of RN-LSR model to handle both generation
and demand uncertainty after the occurrence of contingencies using instances ob-
tained from IEEE 14-bus test case. For each of the four contingencies, we perform
RN-LSR-DE and RN-LSR-BD experiments with different switching limits, i.e.,
r € {1,2,3} and different number of scenarios, i.e., |Q2] = {100, 500,1000}. We
also perform DMV-B&C for these instances. In this case, increasing the switching
limit (i.e., r > 2) does not necessarily increase the %LSR. This is because the
total number of lines in this system is small. Switching off more lines may not be
able to provide enough total load for the system. We present the result of time
taken to solve RN-LSR and %LSR with » = 1 in Figure 4.5 and 4.6, respectively.

Since solving RN-LSR using BD is 6.2 times (on average) faster than solving its
deterministic equivalent, we only provide the result of BD solution time in Figure
4.5. For instances with 100 scenarios, all instances can be solved within 3 seconds.

The time taken by the BD solution method increases with the number of scenar-
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Figure 4.5: BD time with number of scenarios for IEEE 14-bus test case

® Contingency Line1 and Line 2 @ Contingency Line 4 and Line 7
Contingency Line 2and Line5 @ Contingency Line 6 and Line 18

80

60

-

%LSR

e

20

200 400 600 800 1000

number of scenarios

Figure 4.6: %LSR with number of scenarios for IEEE 14-bus test case

ios considered. Interestingly, even for instances with 1000 scenarios, 17 out of 20
instances can be solved within 50 seconds. In Figure 4.6, we evaluate the %LSR
by switching at most one line for different number of scenarios. Note that the

blue line and yellow line are almost overlapping with each other. We observe that
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as the number of scenarios increases, %LSR significantly increases for 2 out of 4
contingencies. Moreover, the optimal switching action provided by experiments
with different number of scenarios for the same contingency are identical. Hence,
solving instances with 100 scenarios may be enough to obtain the optimal switch-
ing actions. From the above results, we conclude that our method can provide
switching actions that recover more LS (compared with the deterministic frame-
work) within few seconds for this system. Moreover, the VSS obtained from above

20 IEEE 14-bus test instances is up to 6 MW.

We also perform computational experiments for the randomly generated 6-bus
test instances. Since our computational results of the 6-bus system follow the
same trend as the example in Section 4.3.2, we omit the details of computational
results for this test case. The VSS is 7 MW on average and up to 25 MW, more

LS is recovered by performing the optimal switching actions provided by RN-LSR.

Our computational results confirm that RN-LSR is better than DMV, since it pro-
vides switching actions that recover more LS, leading to positive VSS and higher
LSR than DMV. Our model can effectively handle problems with uncertainties
from different sources, i.e., generation uncertainty and demand uncertainty. More-
over, switching one line may be enough for small power system; switching three or
four lines seems reasonable for large power system in the sense that RN-LSR can be
solved within 6000s and it recovers large portion of LS. Our method has significant

impact on multiple test cases with differing tested uncertainty characteristics.
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4.5.2 Computational Results of Risk-Averse CVaR-Based

LSR

We consider the IEEE 118-bus test case for experiments in this section. To compare
RN-LSR and CVaR-LSR models, we perform the second set of experiments on
instances related to contingency C.5 from the (L-2) category, namely the outage
of line 12 and line 152. Here, different values of confidence interval o and risk-
coefficient A are tested, with the number of scenarios of uncertain demand set to
©2] = 200 and the switching limit set to » = 3. In Table 4.3, we provide results
of our computational experiments where each row in this table corresponds to
a randomly generated test instance. Columns labeled as RN-Sol and CVaR-Sol
provide the optimal TS operations (lines to be switched) provided by RN-LSR
and CVaR-LSR, respectively. For example, the first row under RN-sol column
indicates that switching line 154, line 157, and line 160 is an optimal solution
for the RN-LSR instance associated to this row. The total LS after performing
the optimal TS and re-dispatching operations of RN-LSR is reported in column
labelled as MinLS. We observe that the total LS for RN-LSR and CVaR-LSR are
the same but with different optimal solution for all the instances, except for one—
in particular, for the instance with a = 0.85 and A = 0.2, the optimal value of
CVaR-LSR is 3.52 MW less than that of RN-LSR. This demonstrates that CVaR-
LSR optimal solutions not only avoid the outcomes with large LS, but also provide
the least expected LSR (same as provided by RN-LSR) for most of the instances.
In summary, after the failure of line 12 and line 152, an average of 96.31% of the LS

is recovered by performing risk-averse TS and re-dispatching operations provided

by CVaR-LSR.

107



108

CHAPTER 4. StocHASTIC LOAD SHED RECOVERY

Table 4.3: Results for Computational Experiments with Different Risk Coefficient
and Confidence Interval

N \ Risk-Neutral LSR Risk-Averse CVaR-Based LSR
RN-Sol MinLS T-BD CVaR-Sol T-BD %LSR
(in MW) | (in seconds) (in seconds)
0.2 | 154 157 160 8.1 283 154 157 165 6301 96.7
0.5 | 154 157 160 11.6 599 154 163 165 9722 95.3
0.85 0.8 | 154 160 161 5.7 60?) 154 157 163 8732 97.7
3 | 154 157 169 8.4 103 154 160 161 8949 96.6
7 | 154 163 165 10.9 659 154 159 161 4959 95.6
10 | 154 161 169 10.3 650 154 159 161 10 95.8
0.2 | 154 163 165 11.2 617 154 157 163 6615 95.5
0.5 | 154 163 165 7.8 445 154 161 169 5983 96.8
0.9 0.8 | 154 160 161 10.6 549 154 161 173 8509 95.7
’ 3 | 154 162 163 8.7 687 - TL -
7 | 154 157 165 11.7 450 - TL -
10 | 154 157 163 11 721 154 162 163 7497 95.6
0.2 | 154 161 162 8.2 483 139 154 161 5285 96.7
0.5 | 154 160 161 7.7 945 154 159 161 9173 96.9
0.95 0.8 | 154 161 173 7.3 778 154 157 169 7711 97.1
' 3 | 154 161 169 10.6 364 154 157 169 9131 95.7
7 | 132 154 157 6.8 582 73 154 161 5742 97.3
10 | 154 161 162 7.6 531 - TL -

Columns labeled as T-BD provide the time taken (in seconds) to solve RN-LSR
and CVaR-LSR instances using BD algorithm. RN-LSR-DE and CVaR-LSR-DE
could not be solved within the three-hour time limit and, thus, their times are not
reported; three instances of CVaR-LSR were similarly not solved via BD. RN-LSR
instances and CVaR-LSR instances solved by the BD approach took on average
586 seconds and 7643 seconds, respectively. Put otherwise, solving RN-LSR using
BD was 12 times faster than solving CVaR-LSR using BD.

The most important result from the above experiment is that the optimal TS op-
eration of CVaR-~-LSR not only avoids the outcomes with large LS, the optimal LS

provided by CVaR-LSR is almost the same as RN-LSR for most instances. How-
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ever, the time taken to solve CVaR-LSR is longer than RN-LSR. Hence, decision
makers should consider the trade-offs between the time taken to solve the problem

and their risk preference when executing these T'S operations.

4.5.3 Computational Results using Larger Number of Sce-

narios

We perform a third set of experiments on the IEEE 118-bus test case to evaluate
the impact of increasing the number of scenarios on RN-LSR and CVaR-LSR and
report results in Table 4.4. We denote an instance category by C.u.r.7 where
C.u is the contingency listed in Table 4.2, r is the switching limit, and 7 is the
number of scenarios (|2| € {200,250,300,400}). For CVaR-LSR model, we set
the risk-coefficient A\ = 7, which represents the decision maker is risk-averse, and
confidence interval o = 0.95. Each row in Tables 4.4 corresponds to a randomly
generated instance. Table 4.4 reports the optimal TS solution and MinLS provided
by RN-LSR and CVaR-LSR. For instances that could not be solved within the
time limit, the table reports the best known solution and upper bound, denoted

(132

by “*”: in case these are not known, is used.

Using the BD algorithm, 23 of 24 RN-LSR instances were solved in 2091 seconds,
and 12 of 24 CVaR-LSR instances were solved in 5926 seconds, on average. The
average %LSR for solvable RN-LSR instances is 95%, and the RN-LSR and CVaR-
LSR provide the same optimal TS solution for 9 out of 12 instances. For the
remaining three instances, we observe that although CVaR-LSR solution increases

LS (0.9 MW on average), it avoids the worst quantile of outcomes with high LS.
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Table 4.4: Computational Results for RN-LSR and CVaR-LSR Models

Risk-Neutral LSR Risk-Averse LSR
Instance Sol MinLS BD VSS %LSR Sol MinLS BD
(in MW) | (in seconds) | (in MW) (in MW) | (in seconds)
51 117.3 559 0 91 64 119.1 3662
€.3.1.200 64 102.7 551 0.2 92.1 64 102.7 3423
51 91.6 665 0 93 64 92.5 8686
C.3.1.500 51 100.8 901 0 92.3 64 100.8 8219
€1.3.2.200 64 112 42.3 6123 5.6 96.8 115 141%* 47.8* TL
64 112 38.3 5443 3.8 97 115 141%* 42.1* TL
.3.2.950 64 112 40.9 7628 4.6 96.9 64 115%* 71.8* TL
64 112 42.9 5911 5.6 96.7 51 115* 78.4%* TL
(.3.2.300 64 112 44.4 5515 3.8 96.6 51 115* 80.8* TL
e 64 112 48.6 5070 6.5 96.3 115 116* 55.1% TL
- - TL - - - - TL
€.3.2.400 64 112 42.4 9626 5.9 96.7 51 115* 79.6* TL
154 19.2 256 0 92.2 154 19.2 2023
C.5.1.200 154 17.9 166 0 92.8 154 17.9 1906
154 15.5 519 0 93.7 154 15.5 6850
C5.1.400 154 16.4 456 0 93.4 154 16.4 7125
C.5.2.200 154 161 9.6 535 6.2 96.1 154 161 9.6 4587
154 161 7.85 314 6.2 96.8 154 161 7.85 6184
C.5.2.950 154 161 10.4 580 6.5 95.8 154 161 10.4 8347
154 161 10.57 568 7.1 95.7 154 161 10.57 104
C.5.2.300 154 161 12.6 314 7.5 94.9 154 161* 12.6* TL
154 161 9.4 380 6.7 96.2 154 161* 9.4* TL
C.5.2.400 154 161 9.9 370 6.9 96 134 154* 41.9* TL
154 161 7 715 6 97.2 154 161%* * TL

The most salient conclusion is that as the number of scenarios increases, the opti-
mal solutions returned by RN-LSR and CVaR-LSR converge. This indicates that
when number of scenarios is large enough, i.e., |Q2] = 200, the optimal solution

remains stable.

4.5.4 Practical Implications

We note that the proposed method does not provide a minute-to-minute specifica-
tion for dealing with contingencies; rather, it provides effective topology modifica-

tions to be considered while preparing for the occurrence of such events and their
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attendant uncertainties. In an attempt to help in providing operational recommen-
dations, this subsection discusses separate procedures for generating a switching

sequence that minimizes the load shedding and additional practical considerations.

In practice, operators may prefer to switch one line at a time, with sufficient time
between switches to avoid engineering issues including transient stability (e.g., see
[92]). Assuming each switching operation takes approximately 10-15 minutes [51],
as many as five line switches could be putatively carried out within 90s minutes,
i.e., the duration required by FERC to return the system to normal state and
replenish reserves following a contingency [52]. This explains the choice of r <5 for
the experiments summarized in our computational experiments. A more stringent
requirement by some TSOs (e.g., PJM [122]) states that the system must return
to normal state within roughly 30 minutes [122]. Thus, we restrict » < 3 in the
experiments associated with Tables 4.3 and 4.4. The LS decreases significantly
from r = 1 to r = 2, and VSS > 0 for almost all instances with » > 2. This
suggests that TSOs/ISOs should consider switching at least two lines, based on
the optimal solution provided by experiments with |Q2] > 200. If the stochastic
risk-averse problem, CVaR-LSR, and the stochastic risk-neutral problem, RN-LSR,
provide the same optimal solution, then this solution not only provides the most
load shed recovery, but also avoids the worst case scenarios, and hence is a stable
optimal solution. Moreover, our results may also provide the optimal sequence of
switching, which minimizes the LS during switching operations. From our results
in Section 4.4, we observe that for some instances, as r increases, the set of optimal
solutions with switching limit » — 1, i.e., S,_1, is a subset of the optimal solution

with switching limit r, i.e., S,_; C S,. Thus, the optimal r-th switch is given by
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Sy \ Sy—1. For the optimal solutions with some contingencies which do not have
above properties, this methodology suggests operators to set r = 1 and solve RN-
LSR or CVaR-LSR as desired up to a predetermined r,-times. The optimal TS
solution provided by solving RN-LSR with r = 1 for rp.,-times is also a feasible
solution to RN-LSR with r = ry., and it will also provide a switching sequence

which minimizes the LS during switching operations.

In order to ensure that no islanding is caused by the executed changes to the
network topology, the ISO/TSO can perform a post optimality analysis after ob-
taining the optimal switching action(s). One way to check whether the graph is
connected is to do a breath-first search or depth-first search. If the final span-
ning tree contains all buses, then the graph/network is connected, i.e., there is
no islanding issue. Otherwise, the ISO/TSO can restrict the previous switching
action, resolve, and perform the post optimality analysis again, until a connected
graph is found. The procedures suggested in [45, 51| can be performed to ensure
the stability of the system. In particular, a multi-branch tree structure can be
constructed to provide multiple possible topology control actions, which can be

referenced in the case that a suggested action is deemed to pose stability risks.

The proposed methodology can be utilized as an offline contingency analysis tool
to provide guidance for TSO/ISO to minimize load shedding during an emergency.
Its benefits were illustrated via a limited selection of nontrivial contingencies in-
volving the outage of two components. A wider selection could be tested offline
to provide optimal TS operations that could supplement TSO operator manuals.
Compared to previous deterministic LSR models, this method considers demand

uncertainty and avoids the worst-case scenarios of large outages. Thus, it provides
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more comprehensive and representative decision support for emergency situations.

4.6 Conclusion

We introduced stochastic risk-neutral and risk-averse transmission switching mod-
els for load shed recovery (LSR) under uncertain generation and demand. Our
models provide the optimal transmission switching (T'S) actions to perform after
a contingency occurs but before the realization of uncertain renewable generation
and demand, so that the expected LSR or the risk level measure of unrecovered LS
is maximized. After the uncertainty is realized, other actions, such as adjusting
the bus phase-angle, deciding output of the conventional generators, and transmis-
sion lines re-dispatch level, are performed to incorporate the effect of the optimal
transmission switching actions. Compared to deterministic models that use only
conventional generation and fix demand to the mean of uncertain demand over a
number of scenarios, the stochastic models not only reduced expected LS, but also
avoided the possible scenarios with extremely large LS. Most of the stochastic vari-
ants of the IEEE 118-, 14- and the 6-bus test cases were solved within a reasonable
time. The percentage of LS that was recovered by T'S operations and re-dispatching
(suggested by the stochastic models) for the IEEE 118-bus test case ranges from
84.5% to 99%. Performing the transmission switching solution obtained from the
RN-LSR model recovers 18 MW (on average) more shedded load compared with
the TS based on the deterministic model [51] for IEEE 118-bus test case. Likewise,
it recovers up to 6 MW more for IEEE 14-bus test case, and recovers 7 MW on

average and up to 25 MW more for the 6-bus system, in comparison to the de-
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terministic model. As the accompanying experiments and discussion evince, this
method could recover more load shedding by performing transmission switching,
and hence improve the self-healing capabilities of the smart grid. Moreover, this
method can serve as an offline contingency analysis tool for large electrical net-
work. Its outputs could help maximize the recovery of LS incurred by failures of

generators and/or transmission lines effectively.

One possible direction of the future research could be to develop coordination
strategies between different TSOs to incorporate TS actions and to develop policies
to handle impact of TS in a region over other connected regions. Another future
research direction could be the integration of simulation techniques to derive data-
driven sample spaces for the random variables that are used to define uncertainty

in the proposed stochastic models.



Chapter 5

Two-stage Stochastic
Mixed-integer Quadratically
Constrained Quadratic

Programming

5.1 Introduction

We study two-stage stochastic mixed-integer quadratically constrained quadratic
programs (TSS-MIQCQPs) with quadratic objectives in both stages and quadratic
constraints in the second-stage problem. Different from existing research of T'SS-
MIQCQPs which only allows continuous or pure binary first-stage variables, our
problem allows general integer variables in both stages. We utilize a scenario-
based decomposition algorithm, i.e., dual decomposition, to solve such a problem.
Additionally, we provide an open-source software implementation of our algorithm,
thereby adding a new feature of an existing solver: Decomposition for Structured
Programming (DSP), an open-source package developed by Kim and Zavala [80]

for solving TSS-MILP at Argonne National Laboratory. In this chapter, we review
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the literature related to TSS-MIQCQP and present dual decomposition approach
to get a lower bound for TSS-MIQCQP. We also discuss architecture of DSP and

introduce its new feature.

5.2 Literature Review: TSS-MIQCQP

In literature, different decomposition algorithms exist for solving variety of two-
stage stochastic nonlinear programs (TSS-NLP) without discrete variables. Geof-
frion [57] extends Benders’ decomposition for two-stage stochastic linear programs
[24] to the general structured programs with general convex constrains and ob-
jective functions, and referred to this approach as Generalized Benders Decompo-
sition (GBD). Alzalg [5], Mehrotra and Ozevin [102] propose logarithmic barrier
decomposition-based interior point methods to solve two-stage stochastic convex
quadratic linear programs and two-stage stochastic convex quadratic second-order
cone programs with quadratic terms in both first-stage and second-stage objective
functions, respectively. Liu and Sen [93] study two-stage stochastic programs with
non-coupling quadratic objectives in both first-stage and second-stage problems.
They propose a stochastic decomposition to solve the aforementioned problems,

and provide convergence analysis of their algorithm.

As to convex TSS-NLP with integer variables, different algorithms have been pro-
posed to different types of problems. Mijangos [104] provides a branch-and-fixed
coordination based algorithm which can only be used to solve two-stage stochastic
programs with mixed-binary first-stage variables and continuous quadratic pro-

grams in the second-stage. Ozaltin et al. [118] study two-stage stochastic quadratic
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integer programs with only stochastic right-hand sides in the second stage along
with deterministic quadratic objective functions, linear constraints, and only inte-
ger variables in both stages. They reformulate this problem using value functions
for quadratic integer programs, and present a global branch-and-bound algorithm
and a level-set approach to solve the problem. In [17], the authors study two-
stage distributionally robust disjunctive programs with disjunctive constraints in
both stages, and utilize the sequential convexificaiton technique within L-shaped
method. Li and Grossmann [85] study two-stage convex 0-1 mixed integer nonlin-
ear stochastic programs, where the first stage and the second stage both have mixed
binary variables and nonlinear constraints. They propose an improved L-shaped
method, where the nonlinear constraints of the second-stage integer programs are
outer approximated by a cut generating linear function [78], and both Lagrangian
cuts and Benders’ cuts are added to the master problem. However, their results
do not guarantee finite convergence. Later, Li and Grossmann [86] propose a
generalized Benders’ decomposition-based branch-and-bound algorithm to solve
the two-stage convex 0-1 mixed integer nonlinear stochastic programs, where the
first stage and the second stage both have mixed binary variables and nonlinear
constraints. They use the disjunctive programming technique [12] to reformulate
the second stage feasible region into its disjunctive normal form, and then convex-
ify the obtained disjunctive normal form to obtain the convex hull of the second
stage feasible region. They solve the problem using GBD by branching on the first
stage continuous variables and prove that their algorithm has finite e-convergence.
Luo and Mehrotra [100] study distributionally robust two-stage stochastic mixed-
integer conic programs, where the first-stage variables are pure binary and the

second-stage has mixed integer variables. They decompose the problem into sce-
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nario subproblems, and use branch-and-cut algorithm to solve subproblems. They

also generate optimality cuts using disjunctions in each scenario sub tree.

With respect to two-stage stochastic mixed-integer nonconvex program, Li et al.
[89] study two-stage stochastic nonconvex mixed integer nonlinear problem with
pure binary first-stage variables and mixed-integer second-stage variables along
with nonconvex terms in the problem. They propose a nonconvex generalized
Benders’ Decomposition to solve such problems. Li et al. [87] propose an outer ap-
proximation algorithm which is based on a sample average approximation method
to address two-stage stochastic nonconvex mixed integer nonlinear programs with
any continuous or discrete probability distributions. The objective functions and

constraints in both stage must be smooth, but could be nonconvex.

5.3 Dual Decomposition for TSS-MIQCQP

In this section, we present dual decomposition for TSS-MIQCQPs. The determin-

istic equivalent formulation of TSS-MIQCQPs (1.10) is:

1 1
2 = min §xTme +clx+ pr (ﬁyIng{)yw + " Py, + qloyw> (5.1a)

weN
s.t. Ax > b, (5.1b)
1 T T i :
5[3:; Yol Poil®;yo] + a7 v0] + d, <0, i=1,...,1 (5.1¢)

reX,y, €Y, w e Q. (5.1d)
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We first add auxiliary variables ., , Zy,, . . - RS X and constraints z,, = x,, =

= Ty, = @ in Problem (5.1):

1
z=min Y p, (fl P, +cla, + TPyoyw o Py + qf,,oyw> (5.2a)

weN 2

st Y Hur, =0, (5.2b)
weN
(Zw, Y) € G, w € 9, (5.2¢)

where for w € €2, the scenario feasible set is defined as,

Gow = {(Tw,yw) : Az, > b,
T

P, +q), +d <0, i=1,....,[,2, € X,y, €Y}

The nonanticipativity constraint (5.2b) is the compact form of equations z,, =
Ty =+ ++ = Ty - We note that Problem (5.1) and (5.2) are equivalent. We obtain
the Lagrangian dual function of Problem (5.2) by applying Lagrangian relaxation

on nonanticipativity constraint (5.2b):

= min Z (pw ( Tmew +cla, + 2 TP“’ o0Yw T Ty, Pw 0Yw + qloyw> + /\Tmew>
weN

st (Zw,Yw) € Gu, w e Q,

where A € RU®I=D™ are the dual variables of nonanticipativity constraints (5.2b).

For a given A\, D(\) = > . Do (A) for scenario w € €,

1
D,(\) = min p, ( x) P2, 4 ¢l x, + yTPy Y + 1) PTY DY + qloyw> (5.3a)
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+ N\ H,x,

s.t. (2w, yw) € Gy, (5.3b)

Our objective is to find the best lower bound of (5.1) by maximizing the Lagrangian

dual problem over A:

z>zp = m)z\lxz D, () (5.4)

we

We note that two-stage stochastic mixed integer linear programs (TSS-MILPs) is

a special case of TSS-MIQCQPs by setting matrices P**, BJ, P%, and P, ; for

w,07

1=1,.... 1, weQto0.

The dual decomposition algorithm for solving TSS-MIQCQPs are the same as the
algorithm for TSS-MILP, i.e., Algorithm 1, except that in Line 4, we are solving
Problem 5.3 instead of Problem (2.5b)-(2.5¢).

5.4 An Open-source Package: Decomposition of

Structured Programs (DSP)

In this section, we first briefly review the previous version of DSP, and then illus-

trate the new features of DSP.
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5.4.1 DSP: Review

DSP, first developed by Kim and Zavala [80], is an open-source package for solving
Stochastic Mixed-integer Linear Program (SMILP) by implementing serial and
parallel implementations of different methods. It is objective-oriented and im-
plemented in C++. DSP can specify problem instances written in SMPS, C code,
MPS-DEC file, and Julia script. It implements several decomposition method, i.e.,
Benders decomposition, dual decomposition, and Dantzig Wolfe decomposition,
and utilizes external solvers, i.e., CPLEX [41], OOQP, and SCIP, etc., to solve
SMILP. In order to fulfill the aforementioned demands, the software design of DSP

has different classes:

o SolverInterface class: DSP uses external MIP solvers to solve master prob-
lems and subproblems which are defined in the decomposition algorithms.
This class provides a common interface between OsiSolverInterface and DSP
to support the decomposition methods we implemented. OsiSolverInterface
is Open Solver Interface, which provides interface for LP and MIP solvers.
However, not all functions in each solver are implemented in OsiSolverin-
terface. In this class, we define new functions which are used in DSP but are
not defined in OsiSolverInterface.

e Model class: The data structure of SMILP models is defined in Model class.
Users can manage their models through other interface, i.e., SMPS, JuMP and
C interface. For SMILP, an abstract class StoModel is used to define the
general stochastic problems, while TssModel speficies the data structure for

two-stage stochastic linear programs. There is also DecModel class to define
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Solverinterface

e —

/ 1 \

SolverinterfaceCogqp SolverinterfaceQOsi SolverinterfaceScip
OogpEps SolverinterfaceClp || SolverinterfaceCpx | | SolverinterfaceGrb
New

Figure 5.1: SolverInterface Class

the data structure which is used in decomposition algorithms.

o Solver class: Solver class is designed to implement different algorithms to
solve SMILP models, which are built in Model class. Depending on different
solution methods, there are four sub-classes in Solver class: Deterministic,

Benders, DantzigWolfe, and DualDecomp.

5.4.2 Extension of DSP

We extend DSP to solve T'SS-MIQPs by implementing decomposition algorithms,
i.e., Benders decomposition, dual decomposition (as described in Section 5.3), and
directly solving its deterministic equivalent formulation. We also add Gurobi [67]
as an external solver in SolverInterface class. More specifically, we add additional
external solver in SolverInterface class, modify the data structure in Model class,

and extend the decomposition implementation in Solver class.

First, we extend DSP to support Gurobi for all decomposition method implemented

in DSP for T'SS-MILPs and TSS-MIQCQPs, and create a new SolverInterface be-
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tween OsiSolverInterface and DSP for Gurobi, i.e., DspOsiGrb, for functions which

are not previously defined in OsiSolverInterface.

Instead of deriving new Model class, we design the data structure and overwrite
functions in Model class for TSS-MIQPs. More specifically, we extend the StoModel
and TssModel class to store the data for quadratic terms using COIN-OR packages
(CoinPackedMatrix/CoinPackedVector). For users’ convenience, DSP accepts the
quadratic terms written in coordinate format when reading the model through

other interfaces.

We extend three among aforementioned four classes: Deterministic, Benders, and
DualDecomp. In Deterministic class, we overwrite functions to load quadratic
terms, and solve the deterministic equivalent of the stochastic model. Previously,
DSP only supports SCIP as an external solver for Benders decomposition. We add a
new class which provides generic callback structure for solving TSS-MIQP model.
This new class allows Benders decomposition implementation to use the callback
functions in CPLEX and Gurobi to add Benders cuts [57]. We note that CPLEX and
Gurobi do not allow nonlinear cuts in callback functions, so we only add the linear

form of Benders cuts.

5.5 Stochastic Quadratic Capacitated Facility Lo-

cation Problem

To illustrate the importance of dual decomposition method for TSS-MIQCQP

in DSP, we introduce a stochastic quadratic capacitated facility location problem
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(SQCFL). We first provide a brief literature review for quadratic facility location

problem, and then provide the computational experiment of SQCFL.

5.5.1 Literature of Quadratic Facility Location Problem

White [146] study a continuous unconstrained quadratic uncapacitated facility
location problem (qUFL), whose objective is to minimize the total transportation
cost. The transportation cost is calculated as the Euclidean distance between
facilities. Later, Hajiaghayi et al. [68] study a facility location problem with general
facility cost, which is an arbitrary function of the number of customers served by
this facility. They also propose a greedy algorithm to solve the aforementioned
problem with concave facility cost. Giinlik and Linderoth [63, 64], Giinliik et al.
[66] consider another qUFL with mixed binary variables and its objective is to
minimize the total installation cost and transportation cost. In their problem, one
needs to decide the facility opening decision at each facility, as well as the fraction
of demand satisfied by facilities. The transportation cost is proportional to the
square of fraction of demand allocated to a facility. Fischetti et al. [53] propose
a Benders decomposition for qUFL studied in [66]. They also derive so called
“Generalized Benders Cuts” for qUFL.

Different from the aforementioned qUFL problems, which are all deterministic, we
propose a stochastic quadratic multi-capacitated facility location problem (SQCFL),
more specifically, multi-module capacitated stochastic facility location problem
with quadratic transportation cost. In contrast of the qUFL considered in [66],
where they do not have capacity constraint for each facility, we have multiply

modules with different capacities that can be installed at each facility. In the
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first-stage problem, the decision maker needs to decide the number of different
modules to be installed at each facility, and the number of subcontracting items.
After the uncertainty of demand is realized, the transportation decision is made
in the second-stage problem. The problem is defined as follows. Given a set of
possible facilities M = {1,...,m} , a set of customers N = {1,...,n}, quadratic
transportation cost ¢;; from facility ¢ € M to customer j € N, per unit holding
cost v; at facility ¢ € M, machines with capacity a; for K = 1,..., K, which can
be installed at facilities ¢ with fixed cost ¢;;, and subcontracting cost s; per item
with a fixed subcontracting cost g; for © € M. The SQCFLP problem is defined

as follows,

min Z Z CikTik + Z(Szzz + 9:Gi) + Ee(Q(z, w)) (5.5)

€M k=1 €M
K

st. Y aw < fi, 1€M, (5.6)
k=1
dww<en, k=1, K, (5.7)
ieM

€2,z €RGEZ,, 1€MjeNEk=1,..., K, (5.9)

where x;;, is an integer variables denoting the number of machines with capacity
ay installed at facility ¢, z; denotes the amount of commodity subcontracted by
customer ¢ € M, which is not restricted to be integer. Since commodity must
be shipped in packages in transportation, (; is an integer variable denoting the

amount of packages subcontracted at facility i. The objective (5.5) is to minimize
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the total machines’ installation cost, subcontracting cost, and expected second-
stage cost, which includes the transportation cost and holding cost. Constraints
(5.6) restrict the total number of machines installed at facility ¢ € M to be at most
fi- Constraints (5.7) restrict the total number of machine with capacity a; among
all facilities to be at most e;. The capacity for each subcontracting package is C,
and constraints (5.8) restrict the number of subcontracting packages to hold all
subcontracting commodity. Let X = {z : (5.6) and (5.7) hold}. For z € X and

w € €, the recourse problem is defined as follows,

min Z Z G + Z ViSw,i (5.10)

1EM jEN ieEM
St Yoy > dujij €N, (5.11)
€M
K
Z Yw,ij T Swi = Z apTip + 2,1 € M, (512)
JEN k=1
Yoij € Lyyswi €ERy i€ MjEN (5.13)

where y,, ;; denotes the number of items transported from facility ¢« € M to cus-
tomer j € N, and s, ; denotes the amount of holding commodity at each facility
after the uncertain demand d,,;; is realized. The objective (5.10) is to minimize
the total transportation cost and total holding cost at all facilities. Constraints
(5.11) require that all demand at customer j € N must be satisfied by the sum of
items transported from all facilities after the realization of uncertainties at that
facility before the realization of uncertainties. Constraints (5.12) ensure the total

items transported from facility ¢ for ¢ € M cannot exceed the total number of
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commodity produced and subcontracted at that facility.

SQCFL can be applied in power system domain to model problems which include
loss and voltage economic dispatch, and thermal generator cost [109]. One of
the important applications for SQCFL model is optimal distributed generation
placement (ODGP). The goal of ODGP is to find the best location to place a
distributed generations, the best capacity of distributed generations to be installed
at each location, minimize the total cost or total power loss. Such problem has
been broadly studied in the power system domain ([6, 60, 71|, etc.). In Ohm’s
law, the power loss on a transmission line is calculated by the resistance of this
line multiply by the square of the current. Hence, in SQCFL model, ;. decides
whether to install distributed generation of type k at location 7, and y,; represents
the current in each transmission line, and g;; represents the resistance of that line.
In the first stage, the objective is to minimize the total installation cost and the
expected second-stage cost. In the second stage, we assume that the demand is
uncertain, and there is a penalty for surplus generation after satisfying the demand.
Therefore, SQCFL can be adapt to model ODGP by adding additional physical

constraints from electrical power system. Readers may refer to [59] to more details.

5.5.2 Generation of SQCFL Test Instances

We utilize “capacitated warehouse location problem” instances from J.E. Beasley
OR-Library with 16 potential facilities and 50 potential customers, i.e., M =
{1,...,m} with m < 16 and N = {1,...,n} with n < 50, respectively. More
specifically, we perform experiments with following number of facilities and cus-

tomers: (m,n) € {(8,25),(8,50), (16,25),(16,50)}. The transportation cost g;
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for i € M and 5 € N is given. We also utilize the procedure to generate ran-
dom instances in Bansal and Zhang [18], where the number of different types of
modules K, a set of the capacity of modules and their installation costs (ay, cf) €
{(1000, 2700), (10000, 18000) }, the subcontract cost s; is a random number be-
tween [3,4] for 7 € N per unit, 7; is a random integer between [100,200], the
inventory cost v; = 0.35 for ¢ € M per unit, the capacity for subcontracting pack-
age C' = 150, the maximum number of modules at each facility f; = 2 for ¢ € M,
and maximum number of each module e; = 5, e5 = 1. The probability for each sce-
nario is randomly generated as follows: we first draw || random numbers num,,

for w € Q between [0,10000], and then calculate the probability of scenario w as

_ nUM
Dw D wen nuMy

5.5.3 Computational Framework of SQCFL Test Instances

For each instance in the SQCFL instance category, we perform two experiments,
DEF, and DD. We use Gurobi [67] as the external solver in DSP for all experi-
ments. In DEF, we solve the deterministic equivalent formulation of the problem
using DSP. In DD, we solve the problem using dual decomposition. The time limit
is 2000 seconds. We report the computational time in wall time for each experi-
ments (T-DEF for DEF and T-DD for DD). The computational results for SQCFL
is provided in Table 5.1. Each row is the average of five randomly generated in-
stances. We observe that for instances in the first two instance categories, i.e.,
{m = 8,n =25} and {m = 8,n = 50}, DSP solves their DEF within 408 seconds
(on average). By implementing the dual decomposition in DSP, these instances can

be solved in 14 seconds (28 times faster than solving their DEF). For instances in
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Table 5.1: Computational results of SQCFL random generated instances

Instance First stage Second stage

Category il #Cons #Vars #IntVars | #Cons #Vars #IntVars #QVar T-EF | T-DD
50 | 18 32 24 1650 10400 10000 10000 | 86.3 34.0
100 | 18 32 24 3300 20800 20000 20000 | 434.6 | 8.3
m=8 n=25 | 200 | 18 32 24 6600 41600 40000 40000 | 1688.6 | 12.1
400 | 18 32 24 13200 83200 80000 80000 | TL 22.3
600 | 18 32 24 19800 124800 120000 120000 | TL 324
50 | 18 32 24 2900 20400 20000 20000 | 256.2 | 1.8
100 | 18 32 24 5800 40800 40000 40000 | 8.3 9.3
m=8, n=50 | 200 | 18 32 24 11600 81600 80000 80000 | 1183 | 9.5
400 | 18 32 24 23200 163200 160000 160000 | 263.5 | 15.0
600 | 18 32 24 34800 244800 240000 240000 | 400.9 | 38.1
50 | 34 64 48 2050 20800 20000 20000 TL 4.7
100 | 34 64 48 4100 41600 40000 40000 TL 10.5
m=16, n=25 | 200 | 34 64 48 8200 83200 80000 80000 | TL 15.8
400 | 34 64 48 16400 166400 160000 160000 | TL 30.0
600 | 34 64 48 24600 249600 240000 240000 | TL 52.4
50 | 34 64 48 3300 40800 40000 40000 | TL 10.3
100 | 34 64 48 6600 81600 80000 80000 | TL 15.6
m=16, n=50 | 200 | 34 64 48 13200 163200 160000 160000 | TL 20.9
400 | 34 64 48 26400 326400 320000 320000 | TL 38.7
600 | 34 64 48 39600 489600 480000 480000 | TL 43.3

the last two instance categories, i.e., {m = 16,n = 25} and {m = 16,n = 50}, DSP
cannot solve their DEF within 2000 seconds time limit. Whereas by implementing
DD, all instances are solved within 242.2 seconds (on average). Since the duality
gap is huge (> 70%) for all instances, we do not report it in the table. This is

possibility because of the outer approximation for the master problem is not tight.

5.6 Conclusion

In this research, we present dual decomposition for solving TSS-MIQCQP, and
perform computational experiments for stochastic quadratic capacitied facility lo-
cation problem using DSP. We observe that by implementing dual decomposition

for TSS-MIQCQP, the computational time is reduced by 28 times compared with
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solving its deterministic equivalent formulation. However, the duality gap is still
huge for all instances. Future research directions could be develop theory and

algorithms to close the duality gap.



Chapter 6

Conclusion

In this dissertation, we introduced theoretical results and algorithms for two-stage
stochastic mixed integer nonlinear programs, and presented their applications in
facility location and power systems. From the theoretical aspect, we developed
scenario-based valid inequalities and efficient algorithms for solving two-stage
stochastic p-order conic mixed integer programs and two-stage stochastic quadrat-
ically constrained quadratic programs, respectively. From the application aspect,
we studied two generalizations of stochastic facility location, and propose stochas-

tic models for a power system application, i.e., stochastic load shed recovery.

In the first direction, we introduced two-stage stochastic p-order conic mixed inte-
ger programs (TSS-CMIPs) where the second stage problems have sum of [,-norms
in the objective functions along with integer variables. We provided sufficient con-
ditions under which the addition of scenario-based (nonlinear) cuts in the extensive
formulation of TSS-CMIPs is sufficient to relax the integrality restrictions on the
second stage integer variables without impacting the integrality of the optimal so-
lution of the TSS-CMIP. We introduced structured TSS-CMIPs and cuts for them
which satisfy these conditions. We also presented T'SS-CMIPs and their distribu-
tionally robust generalizations with structured CMIPs in the second stage, and

derived scenario-based conic mixed integer rounding cuts for them. We proved
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that these cuts provide conic/linear programming equivalent or approximation for
the second stage CMIPs with p = 1 or p > 2, respectively. We introduced a
multi-module capacitated stochastic facility location problem with subcontracting
to demonstrate the applicability of the results for solving this problem. Exten-
sive computational experiments were performed to highlight the efficiency of the

scenario-based (nonlinear) cuts.

In the second direction, we proposed stochastic risk-neutral and risk-averse trans-
mission switching models for load shed recovery to handle the uncertainty of re-
newable generation and demand, as well as incorporated CVaR to measure the risk
level of the unrecovered load in the system. In our model, an optimal transmission
switching decision was provided to perform after a contingency occurs but before
the realization of uncertain renewable generation and demand, to maximize the
expected LSR or the risk level measure of unrecovered LS. After the uncertainty
is realized, other actions, i.e., adjusting the bus phase-angle, deciding the out-
put of the conventional generators, and transmission lines re-dispatch level, are
performed to incorporate the effect of the optimal transmission switching actions.
Our computational results showed that our stochastic models reduced the expected
load shed as well as avoided the possible scenarios with extremely large load shed.
Our method can also serve as an offline contingency analysis tool for a electrical
network to maximize the recovery of LS incurred by failures of generators and/or

transmission lines effectively.

In the third direction, we proposed a dual decomposition of two-stage stochastic
quadratically constrained quadratic programs (TSS-MIQCQPs). We also added

new features to current open-source package DSP: we added Gurobi as an exter-

133



134

CHAPTER 6. CONCLUSION

nal solver, added data structure for TSS-MIQCQPs, and implemented extensive
formulation and dual decomposition for solving TSS-MIQCQPs. We introduced
a stochastic quadratic facility location problem with mixed integer variables in
both stages, and performed computational experiments on it. The computational
results demonstrated that our proposed algorithm was computationally superior.
One possible direction of future research could be minimizing the duality gap in

dual decomposition.
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Appendix for Chapter 3

A.1 Proof of Theorem 3.8

Given wy € Q, let

conv (K (¢)) = Kiypa() (A1)

~ A~

for all x € X. Suppose that a point (92’, Yoors - -+ s Yooy s Qe 05 - - - 7dUJ|Q|,0> € P, which

N

implies (le,dwho) € K.,(2) and because of assumption (A.1), <gjw1,azwho> €

~

W1 A . A A A 7 . e . . .
Kigni(2). Since (:c, Gors -+ s Yoy s Do 05 - - - ’dwm\vo) satisfies all defining constraints

of 7_7pch71, defined by

T.,x+ Wyy, >y, w € Q,

|ELyl, + Flo — hg'JHp < d,, jeJweQ,
HEL,Z%I +Fi1,l9‘7 - Eil,z ) < dZJl,Oa leL,je
reX,deR 4w ery jeJ

Y € 21 x R1T9, jeJweQ\{wm},
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A.1. PROOF OF THEOREM 3.8

A~ ~

the point (55, Yaors - -+ Yuoygyys D 05 - - - 7dw‘m,0) € Ppena- Therefore,

P C Ppans and conv(P) C conv (Pyen1) - (A-2)

A ~

Now suppose that a point <:%, Yaors - -+ s Yooy Qo 05 - - - >dw|Q|,0> € Ppen1- Then point

(?le ) dwl ,0)

€ K;lght(:%). Also, because of assumption (A.1), (fu,,dw,.0) € conv (K., (2)), and
hence this point can be written as convex combination of finite number of points,

nt e RetVl for k € {1,2,...}, belonging to K, (1), i.e.,
<@w17 CZM,O) = Z )‘kﬁle
k

where ), Ay, =1 and A\; > 0 for all k. Since (g)w, cZw) € Ko(2) for w € Q\ {w}

and ﬁfjl € Ky, (2),
(ﬁ:, T Beogs Qg 0 - - Tl dwo) cP
for all k as K, (%) = Proj,_; . d. (P) for all w € Q. This implies
(:z, SNk, = (gwl,ciwl,(J) Goms D05 - - ,Qwﬂ,czw970> e conv(P).
k
Hence,

Pen1 C conv(P) and conv (Pyen) € conv(P). (A.3)
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From (A.2) and (A.3), we get

PC 7_7pch71 C conv(P) = conv(Ppen.1)

which means 7_3pch71 is a partial convex hull of P.

w2

Next, we assume that conv (Ku,(x)) = K (x) for all 2 € X. Replacing P by
5pch,1 and using the similar arguments above, we can prove that ﬁpch,g is a partial

convex hull of P where

Poen = { Tt + Wy > 14, w €,
| ELyl, + Filo = hi)|| < dl, j€JweQ
|El s + e =B <o lelied,
HEiQ,lyZ;Q +F12,zx - Ei:g,l ‘p < di)z,()? le L, jeJ

S X7yz;1 S Rq7yZ)2 S RQ?ZUZ; S 7" x RQ*(Il’j S J?"‘-) S Q\{wla("JZ}}'

We repeat the foregoing steps by replacing P by Ppen for w;, i = 2,...,(Q| — 1.
Meanwhile, for each step, we assume that conv(Kii () = Projy(K:;;ht) for all
r € X. Finally, we have Proj, , ;(Ppena) = Pr0j, , 4(Ppen) is a partial convex hull

of P. This completes the proof.
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A.2 Tight Second Stage Formulations for Struc-

tured TSS-CMIPs

A.2.1 Proof of Corollary 3.10

For z € X and w € (2, by substituting 0 = y,1 — fox €Z, B = hy, v = yu2 € Ry
and py = d,o € R, in the set Z, we get K, (z). Hence according to Proposition
3.3, the convex hull of the feasible region of Q,,(z), i.e., conv(K,(x)), for all z € X

can be obtained by adding inequality,

VO = 200) (o + Lo = 1) 1) + (902" < o,

to the continuous relaxation of K, (). Furthermore, we reformulate conv(K,(x))

in higher dimensional space by adding variables d,, ; and d,, 2, and obtain

4 . o <
b b b b K + b - b
{(ywl>yw2adwladw2>dw0>ERXR -‘ywl—i_fwx hw’ dwh

’yw,2| S dw,Z; \/ dz;,l + di,2 S dw,Ou (1 - 2,U/w) (yW,l — Lth + fwx) + Hew S dw,l}u

which is the convex hull of the feasible region of Q,(z), i.e., conv(KCy,(x)).
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A.3 Partial Convex Hull for Extensive Formula-

tion of Structured TSS-CMIPs

A.3.1 Proof of Corollary 3.13

Forxz e X and w €T, let

K:Jight(m) = {(yw,17yw,27dw,0> € R x R% : (3.65) and

\/((1 - 2Nw) (yw,l + for — hW) + :uw)Q + (yw,2>2 < dw,o}-

From Corollary 3.10, we know that conv(KC,(z)) = K:;ght(m) for all x € X and

w € I'. Hence, by utilizing Theorem 3.8, a partial convex hull of P is given by

Ppch-

A.3.2 Proof of Corollary 3.14

Forx € X and w €T, let

TSwW

Kiign(®) = {(yw, dy0) € R xRN (3.29),(3.30), and

|+ Fliw =7

w,l

<d, leL,jE J},

p

where the ith row of Eilyﬁ, + Fi,lx — Ei’l is either y/ + ffo — hz” or (1 — 2/15;71»)
(i, — WHJ + ff,zx) +MZ,,¢, and ufH = hf“ — Lhi}lj From Theorem 3.11, we know
that conv(K, (7)) = K;ght(:p) for all z € X and w € I" when p = 1. Hence, by

utilizing Theorem 3.8, it is clear that 7_3pch is a partial convex hull of P.
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A.3.3 Proof of Corollary 3.15

For x € X and w €T, let

=W

Kiigni(z) = {(yowdw,o) € R? x R'JZ‘ : (3.49) and (3.50)

w,l

|+ Flow —

<d, leLlje J},

’ p

where the 7th row of Eily‘{,%—Fi’l:c—ﬁi’l is either eijiyz, —i—fiix— hf” or (1— 2/%’1»)
(efm-yg; — \_hf”j + ff”x) + ufm, and [LZ” = hfm - \_hilj From Theorem 3.12, we
know conv(K, (1)) = Kzght(x) for all x € X and w € I" when p = 1. Hence, by

utilizing Theorem 3.8, we can claim that P, is a partial convex hull of P.

A.4 Deterministic Polyhedral Conic Mixed Inte-

ger Sets

Since this paper is focused on stochastic programming, we provide proofs of The-
orems 3.11 and 3.12 in the manuscript, and utilize these results to provide the

following proofs for Theorems 3.4-3.6 (which are important in their own right).

A.4.1 Proof of Theorem 3.4

In the proof of Theorem 3.11, by substituting W,,, y,, 7., — Tz, fizx — R

W,

dj d forj:]-7"'7|‘]|7by~/4a07baﬁi]ﬁandp’fw"apgrmfork::]-7"'7K7

w,1s ) Pw,me)

respectively, the set KL () reduces to R7. Additionally, conv(KL(x)) = conv(RE)
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reduces to the set defined as in Theorem 3.4.

A.4.2 Proof of Theorem 3.5

(a) In the proof of Theorem 3.12, we substitute W, y.,, 7, — Tox, £’

J J
wr ol — h

W,

and &’

W,

fori = 1,....mgand j = 1,...,|J|, by A, o, b, Gi, Bir, and pF, for
i=1,...,mand k = 1,..., K, respectively. This reduces the set K} (z) to Sp"

and conv(KCL(z)) = conv(SE™) reduces to the set obtained by adding

t=1

to the continuous relaxation of Sj".

(b) We prove this result using Corollary 3.15 in which we set || = |[I'| = 1
and X = Z" and substitute variables x, 3/, and dfw for j = 1,...,|J]|, by n,
o and pf for k = 1,..., K, respectively, and parameters T,,, W,,, r,, E?, FJ,
and hJ by A, As, b, GF, C*, and By, respectively. Then similar to the previous
proof, by reformulating P and 5pch using additional continuous variables p¥ for
i=1,...,m,and k = 1,..., K (as discussed in Section 3.4), we get Uz"™" and
Ug e, » Tespectively. Since Ppen is a partial convex hull of P according to Corollary

m,n,u

3.15, it is clear that Uy, is a partial convex hull of Uy

A.4.3 Proof of Theorem 3.6

This result can be easily proved using Corollary 3.14 in which we set |2 = |I'| =1

and X = Z*, and substitute variables x, 3/, and dZ;,o for j =1,...,|J|, by n, o*,



A.4. DETERMINISTIC POLYHEDRAL CoNICc MIXED INTEGER SETS

and pf for k = 1,..., K, respectively, and parameters T, W, r,, FJ, and hi

by Ai, Az, b, C*, and By, respectively. Then, by reformulating P and P, using
additional continuous variables pf fori =1,...,m,and k = 1,..., K (as discussed
in Section 3.4), we get Tp"" and Ty, , respectively. Since P en is a partial convex

hull of P according to Corollary 3.14, it is clear that T K pen 18 @ partial convex hull

of TR,
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