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ABSTRACT 

Adaptive feedforward control of any physical system, acoustical, vibrational or other, 

requires what is termed as an uncontrollable coherent reference signal. That is, a signal 

which is highly representative (coherent) of the disturbance to be controlled which ts not 

affected by the control actuator itself. Creating the coherent portion of this requirement for a 

certain class of problems is the motivation of this work. 

Most physical disturbances do not originate from a single source, but rather maintain 

contributions from a number of (possibly) correlated paths. For engineers who have access 

to only a single-input single-output (SISO) adaptive controller, the multi-source disturbance 

presents a difficult design issue. Simply adding the references in a linear combination can 

result in a signal which is not coherent at any frequency. Appropriately amplifying and 

suppressing coherent and incoherent signals prior to their linear combination can result in a 

signal which accurately represents the disturbance at all frequencies. This ts precisely the 

task that the newly developed coherent output power (COP) filters perform.



By calculating the coherent (or partial coherent) output power of each of the candidate 

references before contro] occurs, frequency domain filters are designed to remove 

incoherent portions of each signal. The advantages of performing the COP filtering 

procedure are very apparent when compared to the simple linear combination of signals. 

Coherence, and thus control performance, can be drastically improved. The COP filtering 

technique offers a means for system identification and computational savings not apparent 

in the conventional adaptive array, which solves the same multi-source problem.
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Chapter 7 

Introduction 

  

With the recent developments of high speed sophisticated Digital Signal Processing (DSP) 

hardware systems, adaptive filtering and control technologies have become increasingly 

more realizable. Applications of Bernard Widrow’s Least Mean Square algorithm [1] are 

widespread. System identification, linear predictive coding, adaptive line enhancement, 

active vibration control, and adaptive beamforming are only a few of the practical 

implementations of adaptive filtering and control techniques. 

Continuing advances in adaptive filtering techniques have made active noise control (ANC) 

a more practical technology. While the developments contained herein consistently refer to 

specific implementation in ANC, the results can be applied to various other applications 

exhibiting similar design requirements. 

1.1 MOTIVATION - THE MULTI-SOURCE PROBLEM 

The physical behavior of sound can be understood by examining the mechanisms of wave 

propagation. For a single tonal noise one can relate its three dimensional propagation 1n air 

to a two dimensional wave generated in a pond by throwing a rock into its center. Even 

more rudimentary, a one dimensional sine wave can be used to represent a tonal noise. 

Summing with it a sine wave that is equal in magnitude and 180° out of phase, results in 

pure “cancellation” of the original sine wave. This 1s the basis of ANC. By introducing into 

the physical environment, a secondary noise source with the ability to generate an equal in 

magnitude opposite in phase noise field, the existing noise field can be canceled. 

Active noise control techniques are most effective in environments which contain primarily 

low frequency disturbances. Due to hardware limitations and acoustical physics, ANC’s



high frequency effectiveness tends to deteriorate in the frequency range exceeding 1 kHz. 

Typical passive measures have a high pass characteristic which depends on cost and spatial 

orientation of the sound absorbing material. There are numerous references (including [4, 

5]) which examine noise control methodologies and their respective effectiveness. 

There are two distinct methods of active noise control, feedback and feedforward. The 

application of this work is directed toward adaptive feedforward control only. While feedback 

noise control is effective for some applications, the structure and methodology differs 

notably from that of feedforward and thus is not applicable to this study. Adaptive 

feedforward control in general, and specific application to noise control, are discussed in 

detail in Chapter 3. 

The physics of ANC and acoustic wave propagation make the seemingly simple principle of 

active noise control much more difficult to implement in practice. (Further details of these 

phenomena are provided in Chapter 3 and [2, 4]). One of the primary physical limitations 

in performing adaptive feedforward ANC is the necessity of having an uncontrollable 

reference signal which resembles the undesirable noise field. “Resembles” is a qualitative 

word which has been quantified by a signal processing measure termed coherence. The thrust 

of this work presents a tool which can be used to create this coherent reference. 

To develop this work in the light of practical applications, two specific physical examples 

have been chosen. The first is a common piece of office equipment which generates 

annoying levels of noise in an enclosed environment, a dot-matrix printer. Although laser 

and ink-jet printers have nearly eliminated the market for these types of printers, their high 

volume capabilities continue to find a market niche in low-quality high speed applications. 

The second practical application (which is introduced next) ts that of a common 

automobile. Noise control, both internal and external, is a continuing research initiative 

with many car manufacturers. 

For a given piece of machinery, or noisy environment in general, the cause of the noise can 

not typically be attributed to a single noise source. An automobile in motion can generate



tire noise, fan noise, and engine noise from the combustion within the cylinders. Each of 

these sources contributes to the overall sound pressure level arriving at the operators’ ears. 

If a feedforward noise control approach only used information from the engine (reference) 

to cancel the entire noise field, the tire noise and fan noise would remain. To further 

complicate this problem, it should be clear that the fan noise as well as the tire noise will be 

somewhat related to the engine noise, since it is the rotation of the drive shaft that ts 

coupled to the rotation of the fan and movement of the automobile. 

If it were possible to extract only the useful information from each suspected noise source 

signal, these pieces could be linearly combined to create a single coherent reference which 

resembles all of the undesirable noise. By examining each of the signals independently as 

well as with respect to one another, it is possible to represent each signal’s independent 

contribution to the overall noise. This is typically termed the “energy source identification 

problem” in the signal processing community [3]. 

1.2 GENERAL PROCEDURE 

A large number of active noise control problems can be cast in the form of the energy 

source identification problem. Figure 1.1 illustrates the physical layout of this type of 

problem for a general system. The measured output represents the disturbance noise which 

the engineer desires to cancel. For the automobile noise control problem this would be the 

interior noise measured at the user’s ear. Continuing from right to left in Figure 1.1, the 

measured output originates from many independent (or possibly correlated) sources after 

they have been altered by some physical plant, denoted with transfer functions subscripted 

by “p”. These sources can be thought of as the fan noise, the engine noise, and the 

tire/road noise. The physical plants associated with each of these represent any alterations 

of these signals via acoustic or structural paths, before they arrive at the user. The 

summation of all of these sources occurs at the output (microphone) by the physical 

process of sound pressure level summation. If it were possible to independently measure 

each of the outputs, the problem would be cast in a different format than the MISO system 

here. Each of the sources in Figure 1.1 is then measured by some electronic transducer



(subscripted with “e”), each of which have dynamics associated with them represented by 

the associated transfer functions. 
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FIGURE 1.1 ENERGY SOURCE IDENTIFICATION PROBLEM 

Any physical system or control problem that can be reformulated to fit this structure, can 

benefit from the technology described herein. There are several variations of adaptive 

feedforward control which can now be used in an attempt to control the measured output 

as a function of the measured inputs. 

Before discussing these methods, a brief introduction regarding adaptive control and the 

coherence function is necessary. Figure 1.2 shows a simplistic interpretation of active noise 

control achieved using adaptive feedforward methods.
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FIGURE 1.2 ANC VIA ADAPTIVE FEEDFORWARD CONTROL 

The input to the adaptive filter and LMS algorithm 1s (hopefully) similar to the input to the 

physical plant, as indicated by the dotted line. This path corresponds to a horizontal path in 

Figure 1.1 without the electric transducer transfer function included. To determine if this 

path can accurately represent the input to the physical plant, a measure of system linearity 

exists called the coherence function. Measuring the coherence function between the output of 

the plant and the candidate reference signal x(n), a determination can be made concerning 

the effectiveness of the adaptive controller which conforms to Equation 1.1 [2]. The 

uncontrolled plant output is also known as the disturbance noise or the error microphone 

signal e(n). 

S 
“=1-y,, (1.1) 

Sad 

  

The coherence function, represented by Y, is a frequency dependent measure of system 

linearity which varies between zero and one, one indicating perfect linearity. Should the 

coherence between the reference signal and the disturbance noise be unity, the 

autospectrum of the error signal, S,, will approach zero as desired. If the coherence 

between the two signals 1s zero, the error will remain unchanged from the original 

disturbance and no effective control will be generated. With this qualitative interpretation 

of coherence and its relation to adaptive noise control, several methods of control can be 

described.



The adaptive array structure uses a bank of parallel adaptive filters to receive each of the 

measured inputs as a separate reference signal. The outputs of the adaptive filters are 

summed to form a single control signal. With the overall goal being to minimize this global 

error, each adaptive filter receives the single error signal and updates the weights based on 

the LMS algorithm. This methodology is thoroughly investigated in regard to adaptive 

antenna arrays [60]. The adaptive array has also been applied to noise control and has been 

discussed by Elliot and Nelson in some detail [2]. While this ts a valid technology, it is not 

the goal of this work to analyze adaptive arrays in great detail. It is necessary however, to 

compare and contrast performance of the proposed method relative to alternative methods 

as well as with respect to the solutions obtained with the developments in this work, since 

they each effectively solve the same problem. 

Shown tn Figure 1.3 1s an alternative to the adaptive array which greatly reduces the number 

of computations and complexity of the adaptive array control scheme. 

Measured 

Output 
+ 

  

Measured ! Adaptive 

Inputs: 2 Filter +       

FIGURE 1.3 SIMPLE REFERENCE SUMMATION 

All of the measured inputs, assumed to be responsible for portions of the measured output, 

are summed to be used as the input to a single-input single-output (SISO) adaptive 

controller. While this reduces the complexity from the adaptive array concept, the simple 

summation can be very detrimental to the creation of a coherent reference. Reasons for 

this will be explained in Chapters 4 and 5. 

The innovative methodology which is the basis of this work represents a more 

mathematically correct alternative to Figure 1.3 and the adaptive array solution. Coherent 

output power (COP) filtering: 1) 1s introduced to improve the performance of simplified 

MISO systems and 2) uses information from the measured output of the energy source



identification problem and from all of the measured inputs to correctly combine them to 

form an optimally coherent reference. 
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FIGURE 1.4 COP FILTER PROCEDURE 

This method holds many practical advantages from a system identification standpoint as 

well as for achieving less computationally complex control. By removing only the portions 

of each of the inputs which are directly related to the output, the signals can be linearly 

combined to form a reference which 1s completely correlated with the measured output. 

This procedure can also be interpreted as an orthogonalization process where the measured 

inputs are “rotated” to form a linearly independent basis set to span the space of the 

measured output. Singular value decomposition and the Graham Schmidt procedure are 

well known methods of performing these operations on matrices and multidimensional 

spaces. 

Given the basic motivation and ideas behind the development of the COP filtering 

procedure, each of the individual chapters will be outlined. 

1.3 SCOPE 

The development and implementation of these ideas require a multidisciplinary approach. 

The main structure includes analog signal processing, correlation and spectral analysis, digital 

signal processing (DSP), adaptive signal processing and control; and in an application 

environment, acoustics and active noise control. The experimental implementation requires 

an understanding of programming DSP hardware. Thoroughly investigating each of these 

fields ts clearly beyond the scope of this thesis. However, specific tools from each of these 

areas of study will be applied to the development of the methodology contained herein.



With the overview provided in Section 1.2, Chapter 2 explores literature from each of these 

fields which pertains directly to the problem under investigation or the tools used in this 

work. There are seemingly endless journal articles, conference papers, and correspondences 

detailing many aspects of each area of study under investigation. The references addressed 

in Chapter 2 are believed to give an adequate knowledge base sufficient enough to develop 

these ideas. The references also represent current advances and studies pertaining to 

methodologies which may meet the same ends through different means or suggest 

alternative tools which may be applied to these developments. Most importantly, the 

literature reviews bears out the uniqueness of the proposed COP/MISO control design. 

As will be examined throughout this study, adaptive arrays represent a mature field of study 

which meets a similar goal through very different means. This work will investigate adaptive 

arrays to the extent of making an educated comparison with the developed methods. It ts 

not intended to be an authoritative examination of adaptive arrays, merely an introduction 

for the purposes of comparing and contrasting the similarities and differences between 

adaptive arrays and the COP filtering procedure. The literature review of this subject area 

will mirror these goals. 

As was briefly mentioned, active noise control can be affected via two fairly different 

schemes, feedback and feedforward. Since the methodologies contained herein should not 

be applied to feedback control techniques, no further mention of them will be included. 

Chapter 3 provides a discussion of the tools necessary for achieving active control of sound 

through adaptive feedforward technologies only. This chapter includes some _ basic 

mathematical development of the LMS algorithm, qualitative discussions, and MATLAB 

simulations of several aspects of noise control. The filtered reference is introduced along 

with adaptive arrays. The bulk of this chapter is devoted to developing the necessary ideas 

in order to present the concept of Frequency Domain Adaptive filtering. This method 

provides valuable computational advantages when used in conjunction with the COP filters. 

Throughout Chapter 3 and the remainder of this work, assumptions regarding basic 

understanding of block diagram algebra and Fourier analysis are made. Any feedback



controls and signal processing textbooks will have each of these areas described in sufficient 

detail. 

In order to design the filters mentioned in Section 1.2, an in-depth understanding of analog 

signal processing and coherence analysis is required. Chapter 4 defines necessary 

terminology and reviews the detailed mathematics behind coherence, partial coherence, and 

multiple coherence. These principles are then applied to several special case studies which 

will be used for the remainder of this work. Each noise control problem 1s a specific case 

and must be treated as such. It is difficult in practice to have a system which works in all 

environments under all conditions. To predict every possible scenario which could be 

encountered is beyond this study. Therefore a few common and specific cases will be 

examined, specifically the multi-input single-output (MISO) energy source identification 

problem and variations thereof. Careful interpretation of the results will allow the reader to 

create his or her own solution, tailored specifically to the task at hand. 

Having developed the necessary tools for solving the coherent reference problem, Chapter 

5 presents the bulk of innovative work. The coherent output power filtering methodology 

is introduced and explained in detail. Applying the tools described in Chapters 3 and 4, a 

design algorithm is then developed. Applications to system identification and physical 

interpretations are explained as comparisons are made to simple source summations and the 

conventional adaptive arrays. MATLAB simulations as well as mathematical proof verify 

the results explained in Chapter 5. 

To further demonstrate the effectiveness of the COP filter method for coherent source 

development, an experimental application has been developed. Chapter 6 describes the 

hardware and software used in demonstrating the active noise control of a two tonal 

complex tn a laboratory setting.. Finally, Chapter 7 summarizes the work and presents ideas 

for future advances in this area. Many improvements and further in-depth analyses can be 

derived from the results generated herein.



  

Chapter 2 

Review of Germane Literature 

  

  

This chapter is intended to make the reader aware that a wealth of literature exists 1n each of 

the relevant subject areas pertaining to this work. Only a small portion of the most 

applicable and meaningful references are included in this study. It should provide an 

adequate summary of the prior work done in the areas of adaptive signal processing, analog 

signal processing, and multi-channel active noise control. It will also become evident that 

the COP filter design methodology and implementations have not previously been 

developed, described, or implied in the context of any known publications. 

Active noise control (ANC) in and of itself is a mature and well defined field. Although 

physical behavior of acoustical waves prevents many desirable applications of ANC from 

being entirely realized, implementation of ANC has found several successful industrial 

applications [2]. Multiple-input single-output (MISO) systems have been investigated to 

some extent in the ANC community and to a greater extent in the form of adaptive antenna 

arrays. Since the COP filter technology focuses on solving problems encountered in MISO 

systems, the literature pertaining to solving these types of problems will be of prime 

concern. 

As was briefly mentioned in Chapter 1, the COP filter design is based on the properties of 

each individual input relative to each other and the output. Thus a great deal of detailed 

signal processing must take place before and during implementation. The highly relevant 

areas within signal processing involving the MISO system structure include data 

orthogonalization and the energy source identification problem. Each of these are tools 

which can be used to design the COP filters. However, it is not evident in any of the 

literature, that a connection has been made between the signal processing and _ signal 

modification prior to this work. 
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2.1 MISO ADAPTIVE FILTERING 

Some terminology surrounding adaptive feedforward control as applied to ANC will be 

summarized with respect to Figure 2.1 before proceeding. A strict differentiation must be 

made between feedback ANC and feedforward ANC. Figure 2.1 illustrates the general structure 

of feedforward ANC using the LMS algorithm developed by Bernard Widrow [1]. This is 

considered to be a feedforward controller because the error signal e(n) does not directly 

modify the input u(n). 

  

u(n) Physical 6 Error Mic. 

: : Plant       
y(n) 

Adaptive + d(n)=0 
Filter x 

  

  

      

  LMS e(n) 
Algorithm 

  

  
FIGURE 2.1 PRACTICAL IMPLEMENTATION OF ADAPTIVE FEEDFORWARD ANC 

A feedback arrangement involves a conventional PID or optimal feedback controller which 

uses the error signal to modify the control signal in the context of the disturbance rejection 

problem [2]. This type of structure is not considered in the implementation and design of 

the COP filters. 

The necessary terminology inherent in Figure 2.1 involves the nomenclature of the signals 

and their behavior with respect to one another. The reference signal u(n), is considered to be 

the input to the adaptive filter as well as the physical plant which is generating the undesired 

sound pressure or disturbance (shown as the unlabeled output of the physical plant). Ideally 

this reference will be highly correlated (or coherent) with the disturbance thus allowing the 

adaptive filter to simply modify the amplitude and phase via the LMS algorithm. The 

unlabeled output of the adaptive filter is termed the control signal. The control signal and 

disturbance noise meet at the error microphone which produces the signal y(n) when the 

SPL’s are summed. In the algorithm, the error signal is generated by subtracting y(n) from 
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the desired signal d(n). In active noise control where the goal is to reduce the overall sound 

arriving at the error microphone, the desired signal is always zero. Thus by reducing the 

mean square etrot, the LMS algorithm is reducing the SPL at the microphone (y(n)) by 

updating the adaptive filter. 

2.1.1 ACTIVE NOISE CONTROL 

The terminology of MISO systems when related to ANC can refer to several different 

configurations of Figure 2.1. Often, MISO or MIMO adaptive control configurations refer 

to increasing the number of error microphones and number of control speakers. This ts 

typically done in attempts to yield more global control of sound as in [2, 22, 23]. This 

configuration requires that cross paths between each of the microphones and control 

speakers be taken into account. This represents a viable solution to a different problem 

than that which is solved by the COP filters. 

Multiple reference control is often termed uitt-channel adaptive control to differentiate it from 

the MIMO control achieved by multiple error microphones and speakers. For the 

implementation of the COP filters herein, the end result is a multi-channel system which 

requires control by a SISO adaptive controller as shown in Figure 2.2. 
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FIGURE 2.2 PRACTICAL IMPLEMENTATION OF COP ANC 

There is no reason why additional microphones and control speakers cannot be added to 

the structure in Figure 2.2, each using u(n) as a coherent reference. The differences in the 

MISO system handled by the COP design and the MISO or MIMO systems of global noise 

control should be apparent and differentiated. From this point on, the MISO system will 

12



refer to the multiple-reference, single-input single-output controller as shown in Figure 2.2. 

Computational and practical reasons for approaching the problem in this manner will 

become apparent in Chapter 5. 

In addition to approaching global control, the microphone/control speaker array system 

has been thoroughly investigated by a number of researchers. Zelinski, Allen e¢ af, Martin, 

Vary, Laugesen, and Elliott have all independently discussed this methodology for reducing 

acoustic wave reverberations in “live” rooms [24 - 27]. The same approach has been 

investigated by Boll e¢ a/ and Simmer e¢ a/ in order to enhance speech 1n the presence of 

unwanted noise [28 - 30]. None of these studies directly address the multiple reference 

problem although some tmply multi-channel control is achievable via adaptive arrays. This 

topic is discussed more thoroughly in Section 2.1.3. 

The most relevant points regarding the implementation of the COP filters are found in 

Guicking and Bronzel’s “Multi-Channel Broadband Active Noise Control in Small 

Enclosures” [31]. Their work also provides a justification and “launching point” for the 

work which was done in developing the COP filters. Namely, they mention that prior to 

any implementation “...one should analyze the noise generation mechanism, and 

particularly identify the relevant primary sources.” As will be shown, this is precisely the 

automated pre-processing which ts performed by the COP filters. 

2.1.2 FREQUENCY DOMAIN ADAPTIVE FILTERING 

Filtering in the frequency domain offers a computational savings over filtering in the time 

domain for large order filters. Since the COP filters themselves are designed in the 

frequency domain, it is intuitive and practical that rather than converting back to the time 

domain, the adaptive filtering portion should also be done in the frequency domain. 

This particular methodology is nearly as old as the LMS algorithm itself, dating back to 1978 

[32]. Other analyses of this technology are also provided in [33 - 37]. John Shynk 

summarized much of the previous work done in frequency domain adaptive filtering in [38]. 

Given the obvious computational advantages, it is surprising that more ANC applications 
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do not employ this approach. In order to effectively contro] broadband noise, large filter 

orders are required. Typically the limitation in the performance of the traditional LMS 

algorithm implemented using large filter orders is seen in the lack of computational 

horsepower of DSP’s to handle the large number of multiplication’s. The frequency 

domain LMS offers a significant computational savings as will be seen in Chapter 3. 

The uniqueness inherent in this work does not originate from the possibility of frequency 

domain adaptive control as applied to ANC. Kijimoto ef af, Shen, Deisher, and Koers have 

all presented work in this area as seen in [39 - 42]. However, these are among the few 

applications existing which examine the frequency domain approach to active noise control. 

Reasons for this may include the complexity required in implementing frequency domain 

convolution and correlation operations as well as the overwhelming popularity and ease of 

use of the conventional time domain LMS algorithm. 

2.1.3 ADAPTIVE ARRAYS 

The adaptive array is the LMS implementation of the multi-reference problem which the 

COP filter also addresses. The general structure of an adaptive array using multiple 

references, a single control speaker, and a single error microphone is shown in Figure 2.3. 

  

    

   

  

  

\ 
x(n) Adaptive | 

Filter SPL 

x2(n) Adaptive 
Filter       

  

xn(n) Adaptive 
Filter 

\ 
FIGURE 2.3 ADAPTIVE ARRAY 

      

    

Among the first researchers to develop and investigate this type of structure was Sydney 

Applebaum [43]. The motivation for the development of this structure was in order to 
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optimize the signal to noise ratio (and thus the coherence) in an antennae array. The 

structure of the adaptive antennae array (AAA) is of shown in Figure 2.3. The 

implementation of an AAA is slightly different since the reference signal(s) are not directly 

obtainable, they are often created from the error signals incident on each antenna. While 

much investigation of the AAA [44 - 48] has indirectly contributed to the development of a 

similar structure applicable to ANC, the antennae array itself is not considered relevant to 

the COP filter implementation. 

The structure in Figure 2.3 ts the application of the AAA to the noise control problem. The 

separate inputs (references) are indicated by x,(n). Each of these references may be 

coherent to some extent with the disturbance (SPL). Elliot and Nelson are among some of 

the only researchers to discuss the application of this structure to active noise control in 

detail [2]. Since the multi-channel algorithm provides a method to achieve the same goal as 

the COP filter implementation, it is necessary to investigate the similarities and differences 

as well as the advantages and disadvantages of the methods when compared with each 

other. These comparisons are made in Chapter 5. 

2.2 SIGNAL PROCESSING 

The development of the COP filters relies heavily on the ability to perform accurate signal 

processing on stationary ergodic data. Much of the actual signal processing performed in 

order to design the COP filter itself has been fully developed by Bendat and Piersol and 

adopted here in the context of the active notse control problem. The actual 

implementation of the COP filter idea has not been discussed. 

2.2.1 GENERAL 

Bendat and Piersol have produced many pieces of literature both jointly and independently, 

that have become the basis for spectral analysis of random data [3, 6, 8, 49]. While they are 

considered the experts in the field of correlation analysis, their literature typically only 

mentions applications to system identification, rarely control. Using their developments in PP y y g P 
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the context of adaptive feedforward control permits accurate assessment of the ability to 

perform effective control in any given system. 

Talbot effectively analyzed the reliability of phase determination between two signals based 

on the coherence at a given bin [50]. Suppose the coherence between two signals was 

known to be less than unity (i.e. non-ideal). The system identification of the frequency 

response function (FRF) is based on the cross-spectrum and the autospectrum of the input 

to output and input, respectively. If the coherence is non-unity, there is some definable 

error that will be present in the FRF phase measurement. Talbot statistically analyzes the 

effects of changing coherence on the FRF phase. His results are able to quantify the phase 

difference (or error in actual vs. measured phase) with respect to the measured coherence 

function. This essentially establishes “a criterion for selecting coherence peaks which were 

significant but which were not so small as to cause a large variation in the phase difference 

between the associated signals”. (Ihe magnitude criterion is established in Chapter 4). 

This study is applicable to examining the reliability of the coherence measurement in the 

context of system identification but 1s only indirectly related to the COP filtering 

procedures. Ultimately the magnitude of the coherence function determines the amount of 

control achieved in a given situation. Thus phase determination is not of strict concern 

since the goal is simply to maximize the coherence function. 

2.2.2 ENERGY SOURCE IDENTIFICATION 

The signal processing problem which is solved in order to determine the COP filter design 

is commonly termed the energy source identification problem [3]. Figure 2.4 illustrates the 

general structure of this type of problem. 
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FIGURE 2.4 ENERGY SOURCE IDENTIFICATION PROBLEM 

Essentially, the original sources, w(t), are being measured through some electrical transducer 

transfer functions subscripted by e. The sources also experience some physical process 

denoted by the subscripts p. The result of this process is the measured output which is the 

sum of all the physical process which may be thought of as the disturbing acoustic noise. 

There is only one output because it is impossible to differentiate the physical processes 

from each other once they have become acoustic (or other combinational) energy. 

However, it is possible to differentiate these signals from each other via the measured zmputs. 

The energy source identification problem 1s to determine the energy contribution each input 

has to the overall measured output. These individual powers are then defined as coherent 

output powers (COP). Bendat and Piersol effectively describe the generalized solution to 

these types of problems in [3]. 

In 1977, Alfredson investigated the use of these techniques as applied to a diesel engine [51]. 

The goal was to identify the significant radiating surfaces contributing to the overall acoustic 

noise. His results were inconclusive. It is not evident that he took into account the 

directionality existing between the cross paths of the multiple inputs that he was examining. 

This is a key element in the development of an accurate solution to this problem. 

Wang ef ad also approached the same problem in a similar manner in 1983 [52]. Although 
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�c�o�h�e�r�e�n�c�e� �o�f� �a� �M�I�S�O� �s�y�s�t�e�m� �s�i�g�n�a�l�,� �t�h�e� �i�d�e�a� �o�f� �a�l�t�e�r�i�n�g� �a� �s�i�g�n�a�l� �b�a�s�e�d� �o�n� �i�t�s� �s�p�e�c�t�r�a�l� 

�c�o�n�t�e�n�t� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �m�a�y� �b�e� �a�p�p�l�i�c�a�b�l�e� �t�o� �m�a�n�y� �o�t�h�e�r� �p�l�a�t�f�o�r�m�s�.� 
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�2�.�3� �O�T�H�E�R� �R�E�L�E�V�A�N�T� �W�O�R�K� 

�S�i�n�c�e� �i�t� �h�a�s� �b�e�e�n� �e�s�t�a�b�l�i�s�h�e�d� �t�h�a�t� �t�h�e� �m�e�a�s�u�r�e� �o�f� �c�o�h�e�r�e�n�c�e� �o�f� �a� �r�e�f�e�r�e�n�c�e� �s�i�g�n�a�l� �t�o� �t�h�e� 

�d�i�s�t�u�r�b�i�n�g� �n�o�i�s�e� �i�s� �d�i�r�e�c�t�l�y� �r�e�l�a�t�e�d� �t�o� �t�h�e� �e�f�f�e�c�t�i�v�e�n�e�s�s� �o�f� �c�o�n�t�r�o�l�,� �i�t� �i�s� �n�o�t� �s�u�r�p�r�i�s�i�n�g� �t�h�a�t� �t�h�e� 

�r�e�l�a�t�i�o�n�s�h�i�p� �h�a�s� �r�e�c�e�i�v�e�d� �c�o�n�s�i�d�e�r�a�b�l�e� �a�t�t�e�n�t�i�o�n�.� �T�h�r�e�e� �c�a�t�e�g�o�r�i�e�s� �o�f� �r�e�s�e�a�r�c�h� �r�e�l�a�t�e�d� �t�o� �t�h�e� 

�C�O�P� �f�i�l�t�e�r� �i�n�n�o�v�a�t�i�o�n�s� �c�a�n� �b�e� �c�l�a�s�s�i�f�i�e�d� �a�s� �n�o�t� �e�x�c�l�u�s�i�v�e�l�y� �b�e�i�n�g� �f�o�c�u�s�e�d� �o�n� �e�i�t�h�e�r� �a�d�a�p�t�i�v�e� 

�c�o�n�t�r�o�l� �o�r� �s�i�g�n�a�l� �p�r�o�c�e�s�s�i�n�g�.� �B�e�i�n�g� �a� �m�u�l�t�i�-�d�i�s�c�i�p�l�i�n�a�r�y� �d�e�v�e�l�o�p�m�e�n�t�,� �t�h�e�s�e� �r�e�f�e�r�e�n�c�e�s� �h�o�l�d� 

�s�p�e�c�i�a�l� �r�e�l�e�v�a�n�c�e� �t�o� �t�h�e� �C�O�P� �f�i�l�t�e�r�i�n�g� �i�d�e�a�s�.� �T�h�e�s�e� �c�a�t�e�g�o�r�i�e�s� �i�n�c�l�u�d�e� �t�o�o�l�s� �w�h�i�c�h� �m�a�y� 

�p�e�r�m�i�t� �e�f�f�i�c�i�e�n�t� �c�a�l�c�u�l�a�t�i�o�n� �o�f� �t�h�e� �C�O�P� �f�i�l�t�e�r�s�,� �m�e�t�h�o�d�s� �w�h�i�c�h� �a�c�h�i�e�v�e� �t�h�e� �s�a�m�e� �e�n�d�s� 

�t�h�r�o�u�g�h� �s�i�m�i�l�a�r� �m�e�a�n�s�,� �a�n�d� �w�o�r�k� �w�h�i�c�h� �p�r�o�v�i�d�e�s� �j�u�s�t�i�f�i�c�a�t�i�o�n� �f�o�r� �t�h�e� �t�e�c�h�n�i�q�u�e�s� �p�u�r�s�u�e�d�.� 

�I�n� �1�9�7�8� �O�w�s�l�e�y� �d�e�s�c�r�i�b�e�d� �a� �m�e�t�h�o�d� �o�f� �a�d�a�p�t�i�v�e� �o�r�t�h�o�g�o�n�a�l�i�z�a�t�i�o�n� �o�f� �d�a�t�a� �r�e�c�o�r�d�s�,� 

�e�s�s�e�n�t�i�a�l�l�y� �a�n� �a�p�p�r�o�a�c�h� �u�s�e�d� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �p�o�w�e�r� �s�p�e�c�t�r�u�m� �a�d�a�p�t�i�v�e�l�y� �[�5�4�]�.� �T�h�i�s� �i�s� �i�n� �n�o� 

�d�i�r�e�c�t� �w�a�y� �r�e�l�a�t�e�d� �t�o� �t�h�e� �C�O�P� �f�i�l�t�e�r�i�n�g� �t�e�c�h�n�o�l�o�g�y� �b�u�t� �m�a�y� �p�r�o�v�i�d�e� �a� �m�e�t�h�o�d� �t�o� �d�e�t�e�r�m�i�n�e� 

�t�h�e� �n�e�c�e�s�s�a�r�y� �s�p�e�c�t�r�a�l� �m�e�a�s�u�r�e�s� �a�d�a�p�t�i�v�e�l�y�,� �t�h�u�s� �a�v�o�i�d�i�n�g� �e�x�p�e�n�s�i�v�e� �a�v�e�r�a�g�i�n�g� �o�p�e�r�a�t�i�o�n�s�.� 

�L�i�n�d�q�u�i�s�t� �a�n�d� �H�a�a�s� �d�e�v�e�l�o�p�e�d� �a� �s�i�m�i�l�a�r� �s�c�h�e�m�e� �w�h�i�c�h� �d�e�t�e�r�m�i�n�e�s� �t�h�e� �a�u�t�o�c�o�r�r�e�l�a�t�i�o�n� �a�n�d� 

�c�r�o�s�s�-�c�o�r�r�e�l�a�t�i�o�n� �f�u�n�c�t�i�o�n�s� �o�f� �d�a�t�a� �s�e�t�s� �a�d�a�p�t�i�v�e�l�y� �[�5�5�]�.� �E�a�c�h� �o�f� �t�h�e�s�e� �d�e�v�e�l�o�p�m�e�n�t�s� �i�m�p�l�y� 

�t�h�e� �j�o�i�n�i�n�g� �o�f� �s�p�e�c�t�r�a�l� �a�n�a�l�y�s�i�s� �a�n�d� �a�d�a�p�t�i�v�e� �f�i�l�t�e�r�i�n�g�,� �b�u�t� �o�n�l�y� �i�n� �t�h�e� �c�o�n�t�e�x�t� �o�f� �a�n�a�l�y�s�i�s� �a�n�d� 

�n�o�t� �d�i�r�e�c�t� �m�o�d�i�f�i�c�a�t�i�o�n� �o�f� �t�h�e� �s�i�g�n�a�l�,� �o�r� �e�v�e�n� �c�o�n�t�r�o�l�.� �T�h�e�y� �c�a�n� �b�e� �v�i�e�w�e�d� �a�s� �t�o�o�l�s� �w�h�i�c�h� 

�m�a�y� �b�e� �u�s�e�d� �i�n� �d�e�s�i�g�n� �o�f� �t�h�e� �C�O�P� �f�i�l�t�e�r�s� �a�s� �o�p�p�o�s�e�d� �t�o� �t�h�e� �t�r�a�d�i�t�i�o�n�a�l� �a�v�e�r�a�g�i�n�g� �o�f� �F�F�T� 

�o�p�e�r�a�t�i�o�n�s� �d�i�s�c�u�s�s�e�d� �i�n� �C�h�a�p�t�e�r�s� �4� �a�n�d� �5�.� 

�I�n� �a� �p�r�a�c�t�i�c�a�l� �s�e�n�s�e�,� �t�h�e� �C�O�P� �f�i�l�t�e�r�i�n�g� �p�r�o�c�e�d�u�r�e� �c�r�e�a�t�e�s� �o�r�t�h�o�g�o�n�a�l� �(�o�r� �p�e�r�p�e�n�d�i�c�u�l�a�r�)� 

�c�o�m�p�o�n�e�n�t�s� �o�f� �t�h�e� �i�n�p�u�t� �s�i�g�n�a�l�s� �s�o� �t�h�a�t� �e�a�c�h� �h�a�s� �i�t�s� �o�w�n� �u�n�i�q�u�e� �c�o�n�t�r�i�b�u�t�i�o�n�.� �I�n� �1�9�9�3�,� 

�S�u�b�b�a�r�a�m� �a�n�d� �A�b�e�n�d� �p�r�e�s�e�n�t�e�d� �a� �m�e�t�h�o�d� �f�o�r� �o�r�t�h�o�g�o�n�a�l�i�z�i�n�g� �i�n�p�u�t� �s�i�g�n�a�l�s� �v�i�a� �s�i�n�g�u�l�a�r� 

�v�a�l�u�e� �d�e�c�o�m�p�o�s�i�t�i�o�n� �(�S�V�D�)� �[�5�6�]�.� �A�s� �a�p�p�l�i�e�d� �t�o� �a�d�a�p�t�i�v�e� �a�n�t�e�n�n�a� �a�r�r�a�y�s�,� �t�h�i�s� �m�e�t�h�o�d�o�l�o�g�y� 

�i�n�v�o�l�v�e�d� �a� �c�o�m�p�l�e�t�e�l�y� �d�i�f�f�e�r�e�n�t� �s�t�r�u�c�t�u�r�e�,� �a�s� �t�h�e� �e�r�r�o�r� �s�i�g�n�a�l�s� �w�e�r�e� �u�s�e�d� �t�o� �g�e�n�e�r�a�t�e� �t�h�e� 

�r�e�f�e�r�e�n�c�e� �s�i�g�n�a�l�.� �H�o�w�e�v�e�r�,� �a�s� �m�e�n�t�i�o�n�e�d� �r�e�g�a�r�d�i�n�g� �F�i�g�u�r�e� �2�.�3�,� �t�h�e� �a�d�a�p�t�i�v�e� �a�n�t�e�n�n�a� �a�r�r�a�y� 

�c�a�n� �b�e� �a�d�a�p�t�e�d� �t�o� �s�u�i�t� �t�h�e� �A�N�C� �p�r�o�b�l�e�m�.� �T�h�i�s� �i�m�p�l�i�e�s� �t�h�a�t� �S�u�b�b�a�r�a�m ��s� �m�e�t�h�o�d�s� �c�a�n� �a�l�s�o� 

�b�e� �u�s�e�d� �t�o� �g�e�n�e�r�a�t�e� �o�r�t�h�o�g�o�n�a�l� �s�i�g�n�a�l�s� �i�n� �A�N�C�.� �T�h�i�s� �w�a�s� �n�o�t� �s�p�e�c�i�f�i�c�a�l�l�y� �c�o�n�s�i�d�e�r�e�d� �a�s� �i�t� �i�s� 

�b�e�y�o�n�d� �t�h�e� �s�c�o�p�e� �o�f� �t�h�i�s� �w�o�r�k�.� �T�h�e� �g�o�a�l� �i�s� �t�o� �i�n�t�r�o�d�u�c�e� �a� �n�e�w� �t�e�c�h�n�o�l�o�g�y� �w�h�i�c�h� �p�r�o�v�i�d�e�s� �a� 
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�p�r�a�c�t�i�c�a�l� �i�n�t�e�r�p�r�e�t�a�t�i�o�n� �o�f� �t�h�e� �c�o�h�e�r�e�n�t� �r�e�f�e�r�e�n�c�e�(�s�)�,� �n�o�t� �i�m�p�l�e�m�e�n�t� �p�r�i�o�r� �w�o�r�k� �i�n� �a� �n�e�w� 

�f�i�e�l�d�.� 

�G�e�l�l�e� �p�r�e�s�e�n�t�s� �y�e�t� �a�n�o�t�h�e�r� �a�p�p�r�o�a�c�h� �w�h�i�c�h� �c�a�n� �b�e� �u�s�e�d� �t�o� �g�e�n�e�r�a�t�e� �a� �c�o�h�e�r�e�n�t� �r�e�f�e�r�e�n�c�e� 

�[�5�7�]�.� �H�e� �p�r�o�p�o�s�e�s� �t�h�a�t� �a� �p�h�a�s�e� �l�o�c�k�e�d� �l�o�o�p� �c�a�n� �b�e� �a�p�p�l�i�e�d� �t�o� �t�h�e� �t�r�a�d�i�t�i�o�n�a�l� �e�r�r�o�r� �s�i�g�n�a�l� �f�o�r� 

�e�a�c�h� �h�a�r�m�o�n�i�c� �c�o�m�p�o�n�e�n�t� �i�n� �o�r�d�e�r� �t�o� �c�r�e�a�t�e� �a� �c�o�h�e�r�e�n�t� �r�e�f�e�r�e�n�c�e� �s�i�g�n�a�l�.� �T�h�i�s� �t�s� �s�t�r�i�c�t�l�y� 

�d�i�f�f�e�r�e�n�t� �f�r�o�m� �t�h�e� �e�n�e�r�g�y� �s�o�u�r�c�e� �i�d�e�n�t�i�f�i�c�a�t�i�o�n� �p�r�o�b�l�e�m� �f�o�r� �w�h�i�c�h� �t�h�e� �C�O�P� �f�i�l�t�e�r�s� �p�r�o�v�i�d�e� �a� 

�s�o�l�u�t�i�o�n�.� �M�u�l�t�i�p�l�e� �p�a�r�t�i�a�l�l�y� �c�o�h�e�r�e�n�t� �r�e�f�e�r�e�n�c�e�s� �a�r�e� �a�s�s�u�m�e�d� �t�o� �e�x�i�s�t� �w�h�e�r�e�a�s� �g�e�n�e�r�a�t�i�n�g� �t�h�e� 

�r�e�f�e�r�e�n�c�e� �f�r�o�m� �a�n� �e�r�r�o�r� �s�i�g�n�a�l� �i�s� �n�e�i�t�h�e�r� �n�e�c�e�s�s�a�r�y� �n�o�r� �d�e�s�i�r�e�d�.� �P�r�a�c�t�i�c�a�l�l�y� �s�p�e�a�k�i�n�g�,� �t�h�e� 

�e�r�r�o�r� �m�i�c�r�o�p�h�o�n�e� �s�i�g�n�a�l� �w�i�l�l� �b�e� �r�e�d�u�c�e�d� �b�y� �t�h�e� �a�d�a�p�t�i�v�e� �f�i�l�t�e�r� �t�h�u�s� �r�e�d�u�c�i�n�g� �t�h�e� �s�i�g�n�a�l� �p�o�w�e�r� 

�u�s�e�d� �t�o� �g�e�n�e�r�a�t�e� �t�h�e� �r�e�f�e�r�e�n�c�e�.� �A�t� �s�o�m�e� �p�o�i�n�t� �t�h�e� �r�e�f�e�r�e�n�c�e� �w�i�l�l� �b�e�c�o�m�e� �u�n�a�c�c�e�p�t�a�b�l�y� �l�o�w� 

�a�n�d� �t�h�e� �p�e�r�f�o�r�m�a�n�c�e� �a�t� �t�h�e� �e�r�r�o�r� �m�i�c�r�o�p�h�o�n�e� �w�i�l�l� �b�e� �l�e�s�s� �t�h�a�n� �o�p�t�i�m�a�l�.� 

�I�f� �t�h�e�r�e� �w�e�r�e� �a�n�y� �t�e�c�h�n�i�c�a�l� �d�o�u�b�t�s� �o�r� �m�i�s�g�i�v�i�n�g�s� �a�b�o�u�t� �t�h�e� �a�b�i�l�i�t�y� �t�o� �d�e�t�e�r�m�i�n�e� �s�y�s�t�e�m� 

�l�i�n�e�a�r�i�t�y� �v�i�a� �t�h�e� �c�o�h�e�r�e�n�c�e� �f�u�n�c�t�i�o�n�,� �w�o�r�k� �d�o�n�e� �b�y� �P�a�t�t�o�n� �e�f� �a�/� �a�n�d� �L�o�u� �e�¢� �a�f� �w�i�l�l� �s�u�p�p�r�e�s�s� 

�t�h�e�m� �[�5�8�,� �5�9�]�.� �P�a�t�t�o�n� �i�n�v�e�s�t�i�g�a�t�e�d� �t�h�e� �c�o�h�e�r�e�n�c�e� �f�u�n�c�t�i�o�n� �a�n�d� �h�o�w� �i�t� �p�e�r�t�a�i�n�s� �t�o� �a�c�c�u�r�a�t�e� 

�d�e�t�e�r�m�i�n�a�t�i�o�n� �o�f� �t�h�e� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �f�u�n�c�t�i�o�n�.� �W�h�i�l�e� �t�h�i�s� �h�a�s� �v�e�r�y� �l�i�t�t�l�e� �r�e�l�a�t�i�o�n�s�h�i�p� �t�o� 

�t�h�e� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �C�O�P� �f�i�l�t�e�r�s� �t�h�e�m�s�e�l�v�e�s�,� �i�t� �p�r�o�v�i�d�e�s� �j�u�s�t�i�f�i�c�a�t�i�o�n� �t�h�a�t� �c�o�h�e�r�e�n�c�e� �t�s� 

�t�h�e� �c�o�r�r�e�c�t� �m�e�a�s�u�r�e� �t�o� �b�e� �u�s�i�n�g� �t�o� �i�d�e�n�t�i�f�y� �s�y�s�t�e�m� �l�i�n�e�a�r�i�t�y�.� �I�f� �t�h�e� �s�y�s�t�e�m� �e�x�i�s�t�i�n�g� �b�e�t�w�e�e�n� 

�t�h�e� �r�e�f�e�r�e�n�c�e� �s�i�g�n�a�l� �a�n�d� �t�h�e� �d�i�s�t�u�r�b�a�n�c�e� �n�o�i�s�e� �i�s� �l�i�n�e�a�r�,� �t�h�e� �c�o�h�e�r�e�n�c�e� �w�i�l�l� �a�c�c�u�r�a�t�e�l�y� �i�n�d�i�c�a�t�e� 

�t�h�a�t� �f�a�c�t�.� �L�o�u� �a�l�s�o� �a�r�r�i�v�e�s� �a�t� �s�i�m�i�l�a�r� �r�e�s�u�l�t�s� �w�h�e�n� �c�o�m�p�a�r�i�n�g� �t�h�e� �s�y�s�t�e�m� �i�d�e�n�t�i�f�i�c�a�t�i�o�n� �a�n�d� 

�c�o�h�e�r�e�n�c�e� �f�u�n�c�t�i�o�n� �u�s�i�n�g� �p�o�i�n�t� �s�p�e�c�t�r�a� �v�e�r�s�u�s� �u�s�i�n�g� �o�t�h�e�r� �o�r�t�h�o�g�o�n�a�l�i�z�a�t�i�o�n� �t�e�c�h�n�i�q�u�e�s�.� �I�t� 

�w�a�s� �d�e�t�e�r�m�i�n�e�d� �t�h�a�t� �p�o�i�n�t� �s�p�e�c�t�r�a� �(�o�r� �D�F�T�)� �p�r�e�s�e�n�t� �a�n� �a�c�c�u�r�a�t�e� �m�e�a�s�u�r�e� �o�f� �s�y�s�t�e�m� �l�i�n�e�a�r�i�t�y� 

�a�s� �a�p�p�l�i�e�d� �t�o� �t�h�e� �c�o�h�e�r�e�n�c�e� �f�u�n�c�t�i�o�n�.� 

�I�t� �i�s� �e�v�i�d�e�n�t� �t�h�a�t� �t�h�e� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �s�i�g�n�a�l� �p�r�o�c�e�s�s�i�n�g� �a�n�d� �a�d�a�p�t�i�v�e� �c�o�n�t�r�o�l� �i�s� �r�e�q�u�i�r�e�d� �i�n� 

�o�r�d�e�r� �t�o� �a�c�h�i�e�v�e� �a�c�c�e�p�t�a�b�l�e� �p�e�r�f�o�r�m�a�n�c�e�.� �A�n�a�l�y�s�i�s� �s�t�u�d�i�e�s� �a�n�d� �v�a�r�i�o�u�s� �i�m�p�l�e�m�e�n�t�a�t�i�o�n�s� �o�f� 

�o�r�t�h�o�g�o�n�a�l�i�z�i�n�g� �d�a�t�a� �h�a�v�e� �s�h�o�w�n� �t�h�i�s� �t�o� �b�e� �t�h�e� �c�a�s�e�.� �S�i�n�c�e� �i�t� �h�a�s� �b�e�e�n� �w�e�l�l� �e�s�t�a�b�l�i�s�h�e�d� �t�h�a�t� 

�s�y�s�t�e�m� �l�i�n�e�a�r�i�t�y� �c�a�n� �b�e� �a�c�c�u�r�a�t�e�l�y� �p�r�e�d�i�c�t�e�d� �b�y� �a�p�p�r�o�p�r�i�a�t�e� �c�o�h�e�r�e�n�c�e� �m�e�a�s�u�r�e�m�e�n�t�s�,� �a�n�d� 

�a�d�a�p�t�i�v�e� �f�e�e�d�f�o�r�w�a�r�d� �c�o�n�t�r�o�l� �i�s� �a� �f�u�n�c�t�i�o�n� �o�f� �c�o�h�e�r�e�n�c�e�,� �i�t� �i�s� �o�n�l�y� �i�n�t�u�i�t�i�v�e� �t�h�a�t� �t�h�e� �t�w�o� 

�a�r�e�a�s� �c�a�n� �b�e� �c�o�m�b�i�n�e�d� �t�o� �c�r�e�a�t�e� �t�h�e� �C�O�P� �f�i�l�t�e�r� �s�o�l�u�t�i�o�n�.� �P�r�i�o�r� �w�o�r�k� �i�n� �t�h�e�s�e� �a�r�e�a�s� 
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�u�n�d�o�u�b�t�e�d�l�y� �i�n�d�i�c�a�t�e�s� �t�h�a�t� �t�h�e� �C�O�P� �f�i�l�t�e�r�s� �r�e�p�r�e�s�e�n�t� �a� �v�a�l�i�d� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �e�n�e�r�g�y� �s�o�u�r�c�e� 

�i�d�e�n�t�i�f�i�c�a�t�i�o�n� �p�r�o�b�l�e�m�.� �H�o�w�e�v�e�r�,� �i�t� �i�s� �a�l�s�o� �a�p�p�a�r�e�n�t� �t�h�a�t� �n�o� �o�n�e� �h�a�s� �y�e�t� �d�e�v�e�l�o�p�e�d� �t�h�i�s� 

�p�a�r�t�i�c�u�l�a�r� �t�e�c�h�n�o�l�o�g�y� �a�n�d� �i�m�p�l�e�m�e�n�t�e�d� �i�t� �i�n� �a�n� �a�d�a�p�t�i�v�e� �c�o�n�t�r�o�l�l�e�r� �o�f� �a�n�y� �k�i�n�d�,� �A�N�C� �o�r� 

�o�t�h�e�r�w�i�s�e�.� 

�H�a�v�i�n�g� �a�n�a�l�y�z�e�d� �t�h�e� �r�e�p�r�e�s�e�n�t�a�t�i�v�e� �l�i�t�e�r�a�t�u�r�e� �i�n� �s�e�v�e�r�a�l� �p�e�r�t�i�n�e�n�t� �f�i�e�l�d�s�,� �t�h�e� �C�O�P� �f�i�l�t�e�r� 

�d�e�v�e�l�o�p�m�e�n�t� �w�i�l�l� �b�e� �d�e�s�c�r�i�b�e�d�.� �A�s� �m�e�n�t�i�o�n�e�d� �e�a�r�l�i�e�r�,� �t�h�e� �d�e�s�i�g�n� �r�e�q�u�i�r�e�s� �a� �d�e�t�a�i�l�e�d� 

�u�n�d�e�r�s�t�a�n�d�i�n�g� �o�f� �a�d�a�p�t�i�v�e� �f�i�l�t�e�r�i�n�g� �a�s� �w�e�l�l� �a�s� �a�n�a�l�o�g� �a�n�d� �d�i�g�i�t�a�l� �s�i�g�n�a�l� �p�r�o�c�e�s�s�i�n�g�.� �T�h�e�s�e� �t�w�o� 

�a�r�e�a�s� �a�r�e� �d�i�s�c�u�s�s�e�d� �i�n� �n�e�c�e�s�s�a�r�y� �d�e�t�a�i�l� �b�e�f�o�r�e� �d�e�s�c�r�i�b�i�n�g� �t�h�e� �C�O�P� �f�i�l�t�e�r�s� �t�h�e�m�s�e�l�v�e�s� �i�n� 

�C�h�a�p�t�e�r� �5�.� 
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�S�i�g�n�a�l� �p�r�o�c�e�s�s�i�n�g� �p�l�a�y�s� �a�n� �i�n�t�e�g�r�a�l� �r�o�l�e� �i�n� �t�o�d�a�y�'�s� �t�e�c�h�n�i�c�a�l� �c�o�m�m�u�n�i�t�y� �a�s� �w�e�l�l� �a�s� �s�o�c�i�e�t�y� �a�t� 

�l�a�r�g�e�.� �A�p�p�l�i�c�a�t�i�o�n�s� �r�a�n�g�e� �f�r�o�m� �c�o�n�s�u�m�e�r� �e�l�e�c�t�r�o�n�i�c�s�,� �m�a�n�u�f�a�c�t�u�r�i�n�g� �r�o�b�o�t�s�,� �h�i�g�h� �(�o�r� �l�o�w�)� 

�e�n�d� �a�u�d�i�o� �s�y�s�t�e�m�s�,� �t�o� �b�i�o�m�e�d�i�c�a�l� �e�n�g�i�n�e�e�r�i�n�g�.� �D�i�g�i�t�a�l� �s�i�g�n�a�l� �p�r�o�c�e�s�s�i�n�g� �(�D�S�P�)� �a�s� �a� �f�i�e�l�d� �h�a�s� 

�e�n�j�o�y�e�d� �a� �t�r�e�m�e�n�d�o�u�s� �a�c�c�e�l�e�r�a�t�i�o�n� �i�n� �t�e�c�h�n�o�l�o�g�y� �a�t�t�r�i�b�u�t�a�b�l�e� �t�o� �t�h�e� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �h�i�g�h� 

�s�p�e�e�d� �h�a�r�d�w�a�r�e� �s�u�c�h� �a�s� �a�n�a�l�o�g� �t�o� �d�i�g�i�t�a�l� �c�o�n�v�e�r�t�e�r�s�.� 

�M�a�n�y� �a�p�p�l�i�c�a�t�i�o�n�s� �i�n� �D�S�P� �c�a�n� �b�e� �a�p�p�r�o�x�i�m�a�t�e�d� �a�s� �l�i�n�e�a�r� �t�i�m�e� �i�n�v�a�r�i�a�n�t� �(�L�T�T�)�.� �T�h�e�s�e� 

�s�y�s�t�e�m�s� �c�a�r�r�y� �w�i�t�h� �t�h�e�m� �t�h�e� �l�u�x�u�r�y� �o�f� �d�e�t�e�r�m�i�n�i�s�t�i�c� �m�e�t�h�o�d�s� �o�f� �f�i�n�d�i�n�g� �a�n� �o�p�t�i�m�a�l� �o�r� �n�e�a�r�l�y� 

�o�p�t�i�m�a�l� �s�o�l�u�t�i�o�n� �(�u�s�u�a�l�l�y� �t�n� �t�h�e� �f�o�r�m� �o�f� �a� �f�i�l�t�e�r� �d�e�s�i�g�n�)�.� �A�d�a�p�t�i�v�e� �s�i�g�n�a�l� �p�r�o�c�e�s�s�i�n�g� �i�s� �a� �f�i�e�l�d� 

�w�i�t�h�i�n� �t�h�e� �a�r�e�a� �o�f� �d�i�g�i�t�a�l� �s�i�g�n�a�l� �p�r�o�c�e�s�s�i�n�g� �w�h�i�c�h� �r�e�l�i�e�s� �o�n� �t�h�e� �b�a�s�i�c�s� �o�f� �D�S�P� �w�h�i�l�e� �a�d�d�i�n�g� 

�t�h�e� �s�t�a�t�i�s�t�i�c�s� �o�f� �s�t�o�c�h�a�s�t�i�c� �s�i�g�n�a�l� �p�r�o�c�e�s�s�i�n�g�.� �T�h�e� �s�t�a�t�i�s�t�i�c�a�l�l�y� �o�p�t�i�m�a�l� �s�o�l�u�t�i�o�n� �t�o� �s�t�a�t�i�o�n�a�r�y� 

�s�y�s�t�e�m�s� �c�a�n� �b�e� �f�o�u�n�d� �i�n� �W�i�e�n�e�r� �f�i�l�t�e�r� �t�h�e�o�r�y�.� �N�o�n�-�s�t�a�t�i�o�n�a�r�y� �i�n�p�u�t�s� �r�e�q�u�i�r�e� �s�e�l�f�-�d�e�s�i�g�n�i�n�g� 

�s�o�l�u�t�i�o�n�s� �w�h�i�c�h� �c�a�n� �c�h�a�n�g�e� �d�y�n�a�m�i�c�a�l�l�y� �i�n� �t�i�m�e� �w�i�t�h�o�u�t� �r�e�q�u�i�r�i�n�g� �p�r�i�o�r� �k�n�o�w�l�e�d�g�e� �o�f� �t�h�e� 

�i�n�p�u�t�.� �A�d�a�p�t�i�v�e� �f�i�l�t�e�r� �t�h�e�o�r�y� �p�r�o�v�i�d�e�s� �j�u�s�t� �t�h�i�s� �s�o�l�u�t�i�o�n�.� 

�A�d�a�p�t�i�v�e� �f�i�l�t�e�r� �d�e�s�i�g�n� �a�n�d� �c�o�n�t�r�o�l� �t�e�c�h�n�i�q�u�e�s� �a�r�e� �f�a�i�r�l�y� �w�e�l�l� �d�e�v�e�l�o�p�e�d� �d�e�s�p�i�t�e� �t�h�e� �f�a�c�t� �t�h�a�t� �i�t� 

�i�s� �a� �r�e�l�a�t�i�v�e�l�y� �n�e�w� �f�i�e�l�d�.� �B�e�r�n�a�r�d� �W�i�d�r�o�w� �i�s� �c�r�e�d�i�t�e�d� �w�i�t�h� �t�h�e� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e� �h�i�g�h�l�y� 

�p�o�p�u�l�a�r� �L�M�S� �(�l�e�a�s�t� �m�e�a�n� �s�q�u�a�r�e�s�)� �a�l�g�o�r�i�t�h�m�,� �c�r�e�a�t�e�d� �i�n� �t�h�e� �l�a�t�e� �1�9�6�0�'�s� �a�n�d� �e�a�r�l�y�  ��7�0�'�s� �[�1�]�.� 

�A�d�a�p�t�i�v�e� �f�i�l�t�e�r�i�n�g� �t�e�c�h�n�i�q�u�e�s� �a�l�l�o�w� �r�e�a�l�-�t�i�m�e� �d�i�g�i�t�a�l� �f�i�l�t�e�r� �v�a�r�i�a�t�i�o�n�s� �i�d�e�a�l� �f�o�r� �a�p�p�l�i�c�a�t�i�o�n�s� �i�n� 

�t�i�m�e�-�v�a�r�i�a�n�t� �(�a�n�d� �i�n� �s�o�m�e� �r�e�s�p�e�c�t�s� �n�o�n�-�l�i�n�e�a�r�)� �s�y�s�t�e�m�s�.� �N�e�u�r�a�l� �n�e�t�w�o�r�k�s� �a�r�e� �a�l�s�o� �e�n�j�o�y�i�n�g� �a� 

�n�e�w� �r�e�s�u�r�g�e�n�c�e� �d�u�e� �t�o� �t�h�e� �c�o�n�t�i�n�u�e�d� �i�n�c�r�e�a�s�e� �i�n� �c�o�m�p�u�t�a�t�i�o�n�a�l� �h�o�r�s�e�p�o�w�e�r� �i�n� �m�o�d�e�r�n� �D�S�P� 

�a�n�d� �c�o�m�p�u�t�e�r� �s�y�s�t�e�m�s�.� �T�h�e�y� �a�r�e� �i�m�p�l�e�m�e�n�t�e�d� �a�s� �a� �m�e�t�h�o�d� �f�o�r� �d�e�a�l�i�n�g� �w�i�t�h� �h�i�g�h�l�y� 

�n�o�n�l�i�n�e�a�r� �p�r�o�c�e�s�s�e�s� �b�u�t� �s�t�i�l�l� �d�e�r�i�v�e� �t�h�e�i�r� �b�a�s�i�s� �i�n� �D�S�P� �t�h�e�o�r�y�.



�I�t� �i�s� �c�l�e�a�r�l�y� �b�e�y�o�n�d� �t�h�e� �s�c�o�p�e� �o�f� �t�h�i�s� �c�h�a�p�t�e�r� �t�o� �e�x�a�m�i�n�e� �a�d�a�p�t�i�v�e� �s�i�g�n�a�l� �p�r�o�c�e�s�s�i�n�g� �a�n�d� 

�a�d�a�p�t�i�v�e� �f�i�l�t�e�r�i�n�g� �i�n� �a� �t�e�x�t�b�o�o�k� �f�a�s�h�i�o�n� �b�y� �e�x�p�l�o�r�i�n�g� �m�u�l�t�i�p�l�e� �s�o�l�u�t�i�o�n�s� �t�o� �m�u�l�t�i�p�l�e� �p�r�o�b�l�e�m�s�.� 

�T�h�e� �a�p�p�r�o�a�c�h� �t�a�k�e�n� �i�n� �t�h�e� �i�n�v�e�s�t�i�g�a�t�i�o�n� �a�n�d� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �o�f� �a�d�a�p�t�i�v�e� �f�i�l�t�e�r�i�n�g� �w�i�l�l� �b�e�g�i�n� 

�w�i�t�h� �a� �b�r�i�e�f� �i�n�t�r�o�d�u�c�t�i�o�n� �t�o� �t�h�e� �t�h�e�o�r�y� �b�e�h�i�n�d� �W�i�e�n�e�r� �f�i�l�t�e�r�s� �a�n�d� �t�h�e� �m�o�s�t� �c�o�m�m�o�n� �m�e�t�h�o�d� 

�o�f� �a�d�a�p�t�i�v�e� �f�i�l�t�e�r�i�n�g�:� �t�h�e� �L�M�S� �a�l�g�o�r�i�t�h�m�.� �S�e�v�e�r�a�l� �a�s�s�u�m�p�t�i�o�n�s� �a�r�e� �m�a�d�e� �c�o�n�c�e�r�n�i�n�g� 

�b�a�c�k�g�r�o�u�n�d� �r�e�g�a�r�d�i�n�g� �d�i�g�i�t�a�l� �s�i�g�n�a�l� �p�r�o�c�e�s�s�i�n�g� �(�D�S�P�)�.� �T�h�e� �b�a�s�i�c�s� �o�f� �c�o�n�v�o�l�u�t�i�o�n�,� �f�i�l�t�e�r�i�n�g�,� 

�a�n�d� �F�o�u�r�i�e�r� �a�n�a�l�y�s�i�s� �a�r�e� �a�s�s�u�m�e�d�.� �T�e�r�m�i�n�o�l�o�g�y� �s�u�c�h� �a�s� �f�i�n�i�t�e�-�i�m�p�u�l�s�e� �r�e�s�p�o�n�s�e� �(�F�I�R�)� 

�f�i�l�t�e�r�i�n�g� �a�n�d� �b�l�o�c�k� �d�i�a�g�r�a�m� �a�l�g�e�b�r�a� �a�r�e� �a�l�s�o� �t�a�k�e�n� �a�s� �k�n�o�w�n�.� �W�i�t�h� �D�S�P� �e�m�e�r�g�i�n�g� �a�s� �o�n�e� �o�f� 

�t�h�e� �m�o�s�t� �i�m�p�o�r�t�a�n�t� �t�e�c�h�n�o�l�o�g�i�e�s� �f�o�r� �t�h�e� �f�u�t�u�r�e�,� �a� �w�e�a�l�t�h� �o�f� �l�i�t�e�r�a�t�u�r�e� �1�s� �a�v�a�i�l�a�b�l�e� �w�h�i�c�h� 

�e�f�f�e�c�t�i�v�e�l�y� �d�i�s�c�u�s�s�e�s� �t�h�e�s�e� �a�r�e�a�s� �[�1�1�,� �1�2�,� �1�3�,� �1�4�]�.� 

�W�o�r�d�s� �s�u�c�h� �a�s� �s�t�a�t�i�o�n�a�r�y� �a�n�d� �n�o�n�-�s�t�a�t�i�o�n�a�r�y� �a�r�e� �b�r�i�e�f�l�y� �m�e�n�t�i�o�n�e�d� �i�n� �t�h�i�s� �c�h�a�p�t�e�r� �i�n� �o�r�d�e�r� �t�o� 

�d�e�v�e�l�o�p� �t�h�e� �t�h�e�o�r�y� �f�o�r� �a�d�a�p�t�i�v�e� �f�i�l�t�e�r�s�.� �T�h�e�y� �a�r�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �w�h�i�c�h� �d�e�s�c�r�i�b�e� �t�h�e� �b�e�h�a�v�i�o�r� 

�o�f� �s�i�g�n�a�l�s� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�i�m�e�.� �I�t� �i�s� �n�o�t� �s�t�r�i�c�t�l�y� �n�e�c�e�s�s�a�r�y� �t�h�a�t� �t�h�e�s�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �b�e� 

�c�o�m�p�l�e�t�e�l�y� �u�n�d�e�r�s�t�o�o�d� �i�n� �o�r�d�e�r� �t�o� �p�r�e�s�e�n�t� �t�h�e� �m�a�t�e�r�i�a�l� �o�n� �a�d�a�p�t�i�v�e� �f�i�l�t�e�r�s�.� �C�h�a�p�t�e�r� �4� 

�a�d�d�r�e�s�s�e�s� �t�h�i�s� �t�e�r�m�i�n�o�l�o�g�y� �i�n� �a� �m�o�r�e� �s�t�r�i�c�t� �s�e�n�s�e� �a�s� �i�t� �a�p�p�l�i�e�s� �t�o� �c�o�h�e�r�e�n�t� �o�u�t�p�u�t� �p�o�w�e�r� �a�n�d� 

�t�h�e� �C�O�P� �f�i�l�t�e�r�s�.� 

�W�i�t�h� �a� �s�t�r�u�c�t�u�r�e� �a�n�d� �t�h�e�o�r�y� �b�a�c�k�g�r�o�u�n�d� �h�a�v�i�n�g� �b�e�e�n� �d�e�v�e�l�o�p�e�d�,� �t�h�e� �f�o�c�u�s� �w�i�l�l� �t�u�r�n� �t�o� �t�h�e� 

�c�o�m�m�o�n� �p�r�a�c�t�i�c�a�l� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �a�d�a�p�t�i�v�e� �s�i�g�n�a�l� �p�r�o�c�e�s�s�i�n�g� �b�e�i�n�g� �i�n�v�e�s�t�i�g�a�t�e�d� �t�h�r�o�u�g�h�o�u�t� 

�t�h�i�s� �w�o�r�k�:� �a�c�t�i�v�e� �(�a�c�o�u�s�t�i�c�)� �n�o�i�s�e� �c�a�n�c�e�l�l�a�t�i�o�n�.� �I�t� �s�h�o�u�l�d� �b�e� �e�m�p�h�a�s�i�z�e�d� �t�h�a�t� �t�h�r�o�u�g�h�o�u�t� 

�C�h�a�p�t�e�r� �3�,� �t�h�e� �t�e�r�m�  ��n�o�i�s�e �� �w�i�l�l� �r�e�f�e�r� �t�o� �t�h�e� �u�n�d�e�s�i�r�a�b�l�e� �a�c�o�u�s�t�i�c� �d�i�s�t�u�r�b�a�n�c�e� �w�h�i�c�h� �w�i�l�l� �b�e� 

�a�c�t�i�v�e�l�y� �c�o�n�t�r�o�l�l�e�d�.� �C�h�a�p�t�e�r� �4� �r�e�d�e�f�i�n�e�s�  ��n�o�i�s�e �� �a�s� �u�n�c�o�r�r�e�l�a�t�e�d� �c�o�n�t�e�n�t� �i�n� �m�e�a�s�u�r�e�d� 

�s�i�g�n�a�l�s�.� �T�h�e� �p�h�y�s�i�c�a�l� �p�r�o�b�l�e�m� �a�s� �w�e�l�l� �a�s� �a� �s�m�a�l�l� �a�m�o�u�n�t� �o�f� �a�c�o�u�s�t�i�c�a�l� �t�h�e�o�r�y� �w�i�l�l� �b�e� 

�d�e�s�c�r�i�b�e�d� �i�n�c�l�u�d�i�n�g� �t�h�e� �a�p�p�r�o�p�r�i�a�t�e� �s�t�r�u�c�t�u�r�e� �a�n�d� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �f�o�r� �t�h�e� �a�d�a�p�t�i�v�e� �f�i�l�t�e�r�.� 

�M�o�s�t� �a�d�a�p�t�i�v�e� �f�i�l�t�e�r�i�n�g� �p�r�o�b�l�e�m�s� �r�e�q�u�i�r�e� �a� �s�o�m�e�w�h�a�t� �t�a�i�l�o�r�e�d� �s�o�l�u�t�i�o�n�,� �t�h�e� �a�c�o�u�s�t�i�c� �n�o�i�s�e� 

�c�a�n�c�e�l�l�a�t�i�o�n� �s�t�r�u�c�t�u�r�e� �t�a�k�i�n�g� �n�o� �e�x�c�e�p�t�i�o�n�.� 

�H�a�v�i�n�g� �d�e�v�e�l�o�p�e�d� �a� �p�h�y�s�i�c�a�l� �p�r�o�b�l�e�m� �(�a�c�o�u�s�t�i�c� �n�o�i�s�e� �c�a�n�c�e�l�l�a�t�i�o�n�)� �a�n�d� �a� �p�o�s�s�i�b�l�e� �s�o�l�u�t�i�o�n� 

�(�t�h�e� �L�M�S� �a�d�a�p�t�i�v�e� �a�l�g�o�r�i�t�h�m�)�,� �t�h�r�e�e� �r�e�v�i�s�e�d� �m�e�t�h�o�d�s� �o�f� �t�h�e� �L�M�S� �w�i�l�l� �b�e� �e�x�a�m�i�n�e�d�:� �t�h�e� 

�f�i�l�t�e�r�e�d� �r�e�f�e�r�e�n�c�e� �L�M�S�,� �a�d�a�p�t�i�v�e� �a�r�r�a�y�s�,� �a�n�d� �b�l�o�c�k� �a�d�a�p�t�i�v�e� �f�i�l�t�e�r�i�n�g� �a�s� �t�h�e� �L�M�S� �a�l�g�o�r�i�t�h�m� �i�s� 

�2�3



�r�e�a�l�i�z�e�d� �i�n� �t�h�e� �f�r�e�q�u�e�n�c�y� �d�o�m�a�i�n�.� �E�a�c�h� �o�f� �t�h�e�s�e� �i�m�p�l�e�m�e�n�t�a�t�i�o�n�s� �a�s� �w�e�l�l� �a�s� �t�h�e� 

�c�o�n�v�e�n�t�i�o�n�a�l� �L�M�S� �a�r�e� �a�l�l� �d�e�m�o�n�s�t�r�a�t�e�d� �i�n� �t�e�r�m�s� �o�f� �M�A�T�L�A�B� �g�e�n�e�r�a�t�e�d� �s�i�m�u�l�a�t�i�o�n�s� �o�f� �t�h�e� 

�a�c�o�u�s�t�i�c� �n�o�i�s�e� �c�a�n�c�e�l�l�a�t�i�o�n� �p�r�o�b�l�e�m�,� �c�a�r�r�y�i�n�g� �a� �c�o�m�m�o�n� �s�c�e�n�a�r�i�o� �o�f� �n�o�i�s�e� �g�e�n�e�r�a�t�e�d� �f�r�o�m� �a� 

�m�o�t�o�r� �f�r�o�m� �e�i�t�h�e�r� �a� �p�r�i�n�t�e�r� �o�r� �a�n� �a�u�t�o�m�o�b�i�l�e�.� 

�T�h�e� �f�i�l�t�e�r�e�d� �r�e�f�e�r�e�n�c�e� �a�p�p�r�o�a�c�h� �i�s� �n�e�c�e�s�s�a�r�y� �i�n� �a�m�y� �p�r�a�c�t�i�c�a�l� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �o�f� �a�d�a�p�t�i�v�e� 

�f�i�l�t�e�r�i�n�g� �a�s� �a�p�p�l�i�e�d� �t�o� �a�c�t�i�v�e� �n�o�i�s�e� �c�o�n�t�r�o�l�.� �T�h�i�s� �t�o�p�i�c� �w�i�l�l� �b�e� �e�x�p�l�a�i�n�e�d� �i�n� �s�o�m�e� �d�e�t�a�i�l� �i�n� 

�S�e�c�t�i�o�n� �3�.�3� �a�n�d� �f�o�r�g�o�n�e� �t�h�e�r�e�a�f�t�e�r�.� �I�t� �1�s� �a� �m�e�t�h�o�d�o�l�o�g�y� �w�h�i�c�h� �1�s� �s�t�r�a�i�g�h�t�f�o�r�w�a�r�d� �t�o� 

�i�m�p�l�e�m�e�n�t� �b�u�t� �a�d�d�s� �a� �l�e�v�e�l� �o�f� �c�o�m�p�l�e�x�i�t�y� �t�h�a�t� �m�a�y� �d�e�t�r�a�c�t� �f�r�o�m� �t�h�e� �t�o�p�i�c�s� �b�e�i�n�g� �p�r�e�s�e�n�t�e�d�.� 

�I�t� �w�i�l�l� �b�e� �a�s�s�u�m�e�d� �t�h�a�t� �a�n�y� �p�r�a�c�t�i�c�a�l� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �o�f� �A�N�C� �w�i�l�l� �a�l�s�o� �i�n�c�l�u�d�e� �t�h�e� �f�i�l�t�e�r�e�d� 

�r�e�f�e�r�e�n�c�e�,� �b�u�t� �a�s� �w�i�l�l� �b�e� �e�x�p�l�a�i�n�e�d�,� �1�s� �n�o�t� �n�e�c�e�s�s�a�r�y� �i�n� �s�i�m�u�l�a�t�i�o�n�.� 

�T�h�e� �a�d�a�p�t�i�v�e� �a�r�r�a�y� �r�e�p�r�e�s�e�n�t�s� �a�n� �a�l�t�e�r�n�a�t�i�v�e� �m�e�t�h�o�d� �t�o� �a�c�h�i�e�v�e� �s�i�m�i�l�a�r� �r�e�s�u�l�t�s� �a�s� �t�h�e� �C�O�P� 

�f�i�l�t�e�r�s� �d�e�m�o�n�s�t�r�a�t�e� �i�n� �C�h�a�p�t�e�r� �5�.� �T�h�e� �b�r�i�e�f� �i�n�t�r�o�d�u�c�t�i�o�n� �i�n�c�l�u�d�e�d� �i�n� �t�h�i�s� �c�h�a�p�t�e�r� �c�a�n� �b�e� 

�s�u�p�p�o�r�t�e�d� �b�y� �a� �w�e�a�l�t�h� �o�f� �l�i�t�e�r�a�t�u�r�e� �a�s� �m�e�n�t�i�o�n�e�d� �i�n� �C�h�a�p�t�e�r� �2�.� �T�h�e� �r�e�l�a�t�i�o�n�s�h�i�p�s� �b�e�t�w�e�e�n� 

�t�h�e� �a�d�a�p�t�i�v�e� �a�r�r�a�y� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �a�n�d� �t�h�e� �C�O�P� �f�i�l�t�e�r� �d�e�s�i�g�n� �a�p�p�r�o�a�c�h� �a�r�e� �c�a�r�e�f�u�l�l�y� 

�e�x�a�m�i�n�e�d� �i�n� �C�h�a�p�t�e�r� �5�.� 

�F�r�e�q�u�e�n�c�y� �d�o�m�a�i�n� �a�d�a�p�t�i�v�e� �f�i�l�t�e�r�i�n�g� �i�s� �a�l�s�o� �a� �f�a�i�r�l�y� �m�a�t�u�r�e� �f�i�e�l�d� �i�n� �t�h�a�t� �i�t�s� �f�e�a�s�i�b�i�l�i�t�y� �a�n�d� 

�i�m�p�l�e�m�e�n�t�a�t�i�o�n� �h�a�v�e� �b�e�e�n� �t�h�o�r�o�u�g�h�l�y� �s�t�u�d�i�e�d�.� �S�i�n�c�e� �t�h�e� �C�O�P� �f�i�l�t�e�r�s� �a�r�e� �d�i�g�i�t�a�l� �f�i�l�t�e�r�s� 

�d�e�s�i�g�n�e�d� �i�n� �t�h�e� �f�r�e�q�u�e�n�c�y� �d�o�m�a�i�n�,� �i�t� �i�s� �i�n�t�u�i�t�i�v�e� �t�h�a�t� �t�h�e� �a�d�a�p�t�i�v�e� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �o�f� �t�h�i�s� 

�p�r�o�c�e�d�u�r�e� �s�h�o�u�l�d� �a�l�s�o� �b�e� �r�e�a�l�i�z�e�d� �i�n� �t�h�e� �f�r�e�q�u�e�n�c�y� �d�o�m�a�i�n�.� �H�i�g�h� �c�o�m�p�u�t�a�t�i�o�n�a�l� �s�a�v�i�n�g�s� �a�n�d� 

�i�n�t�u�i�t�i�v�e� �p�h�y�s�i�c�a�l� �i�n�t�e�r�p�r�e�t�a�t�i�o�n� �o�f� �r�e�s�u�l�t�s� �m�a�k�e� �t�h�e� �f�r�e�q�u�e�n�c�y� �d�o�m�a�i�n� �a�p�p�r�o�a�c�h� �t�h�e� �m�o�s�t� 

�a�t�t�r�a�c�t�i�v�e� �o�f� �i�m�p�l�e�m�e�n�t�a�t�i�o�n�s� �d�i�s�c�u�s�s�e�d� �h�e�r�e�i�n�.� �T�h�e�r�e�f�o�r�e�,� �s�p�e�c�i�a�l� �a�t�t�e�n�t�i�o�n� �w�i�l�l� �b�e� �p�a�i�d� �t�o� 

�s�e�v�e�r�a�l� �p�o�s�s�i�b�l�e� �s�t�r�u�c�t�u�r�e�s�,� �a�n�d� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �d�e�v�e�l�o�p�m�e�n�t�s� �t�h�r�o�u�g�h�o�u�t� �C�h�a�p�t�e�r� �3� �s�h�o�u�l�d� �b�e� 

�c�o�n�s�i�d�e�r�e�d� �t�o� �f�o�c�u�s� �a�n�d� �c�u�l�m�i�n�a�t�e� �t�o� �S�e�c�t�i�o�n� �3�.�5�.� 
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�3�.�1� �A�D�A�P�T�I�V�E� �S�I�G�N�A�L� �P�R�O�C�E�S�S�I�N�G� 

�3�.�1�.�1� �O�P�T�I�M�A�L� �L�I�N�E�A�R� �F�I�L�T�E�R�I�N�G� 

�T�h�e� �o�p�t�i�m�a�l� �f�i�l�t�e�r�i�n�g� �p�r�o�b�l�e�m� �i�s� �o�f�t�e�n� �p�r�e�s�e�n�t�e�d� �a�s� �a�n� �i�n�t�r�o�d�u�c�t�i�o�n� �t�o� �t�h�e� �d�e�v�e�l�o�p�m�e�n�t� �o�f� 

�a�d�a�p�t�i�v�e� �f�i�l�t�e�r�i�n�g� �[�1�,�1�0�]�.� �A�d�a�p�t�i�v�e� �f�i�l�t�e�r�i�n�g� �a�n�d� �t�h�e� �L�M�S� �a�l�g�o�r�i�t�h�m� �i�n� �p�a�r�t�i�c�u�l�a�r� �c�a�n� �b�e� 

�v�i�e�w�e�d� �a�s� �a� �r�e�a�l� �t�i�m�e� �u�p�d�a�t�e� �o�f� �c�o�n�t�i�n�u�a�l�l�y� �s�o�l�v�i�n�g� �t�h�e� �o�p�t�i�m�a�l� �l�i�n�e�a�r� �f�i�l�t�e�r�i�n�g� �p�r�o�b�l�e�m�.� �T�h�e� 

�m�e�t�h�o�d� �m�o�s�t� �c�o�m�m�o�n�l�y� �u�s�e�d� �i�s� �p�r�e�s�e�n�t�e�d� �h�e�r�e� �i�n� �t�h�e� �f�o�r�m� �o�f� �W�i�e�n�e�r� �f�i�l�t�e�r�s�.� 

�T�h�e� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �W�i�e�n�e�r� �f�i�l�t�e�r�i�n�g� �p�r�o�b�l�e�m� �t�a�k�e�s� �a� �s�t�a�t�i�s�t�i�c�a�l� �a�p�p�r�o�a�c�h� �t�o� �d�e�t�e�r�m�i�n�i�n�g� �t�h�e� 

�o�p�t�i�m�a�l� �f�i�l�t�e�r� �f�o�r� �a� �g�i�v�e�n� �s�i�t�u�a�t�i�o�n�.� �T�h�e� �s�i�g�n�a�l� �f�l�o�w� �d�i�a�g�r�a�m� �d�e�p�i�c�t�e�d� �1�n� �F�i�g�u�r�e� �3�.�1� �s�h�o�w�s� �t�h�e� 

�b�e�g�i�n�n�i�n�g� �c�o�n�c�e�p�t�s� �b�e�h�i�n�d� �d�e�v�e�l�o�p�i�n�g� �a� �s�t�a�t�i�s�t�i�c�a�l�l�y� �o�p�t�i�m�a�l� �l�i�n�e�a�r� �f�i�l�t�e�r�.� �T�h�e� �s�i�g�n�a�l�s� �a�r�e� 

�o�r�g�a�n�i�z�e�d� �a�s� �f�o�l�l�o�w�s�:� �u�(�n�)� �i�s� �t�h�e� �s�a�m�p�l�e�d� �i�n�p�u�t�,� �y�(�n�)� �1�s� �t�h�e� �d�i�g�i�t�a�l�l�y� �f�i�l�t�e�r�e�d� �o�u�t�p�u�t�,� �d�(�n�)� �i�s� 

�t�h�e� �d�e�s�i�r�e�d� �s�a�m�p�l�e� �v�a�l�u�e� �a�t� �t�r�m�e� �n�,� �a�n�d� �e�(�n�)� �t�s� �t�h�e� �e�r�r�o�r� �o�r� �t�h�e� �d�i�f�f�e�r�e�n�c�e� �i�n� �t�h�e� �d�e�s�i�r�e�d� �v�a�l�u�e� 

�a�n�d� �t�h�e� �a�c�t�u�a�l� �v�a�l�u�e� �o�f� �t�h�e� �f�i�l�t�e�r� �o�u�t�p�u�t�.� 

� � 

�u�(�k�)� �O�p�t�i�m�a�l� �|� �y�k�)� �d�(�k�)� 
�F�i�l�t�e�r� � � � � � � 

�e�(�k�)� 

�F�I�G�U�R�E� �3�.�1� �O�P�T�I�M�A�L� �L�I�N�E�A�R� �F�I�L�T�E�R� 

�A�t� �t�h�i�s� �p�o�i�n�t� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �d�e�p�a�r�t� �f�r�o�m� �g�e�n�e�r�a�l�i�t�i�e�s� �a�n�d� �d�e�v�e�l�o�p� �t�h�e� �W�i�e�n�e�r� �s�o�l�u�t�i�o�n� 

�b�a�s�e�d� �o�n� �r�e�a�l� �v�a�l�u�e�d� �s�i�g�n�a�l�s� �a�n�d� �a�n� �F�I�R� �f�i�l�t�e�r� �f�o�r� �t�h�e� �o�p�t�i�m�a�l� �f�i�l�t�e�r� �r�e�a�l�i�z�a�t�i�o�n�.� �(�H�e�r�e�a�f�t�e�r� 

�t�h�e� �t�a�p� �d�e�l�a�y� �l�i�n�e� �f�i�l�t�e�r� �s�t�r�u�c�t�u�r�e� �w�i�l�l� �b�e� �a�s�s�u�m�e�d� �t�o� �e�n�s�u�r�e� �s�t�a�b�i�l�i�t�y� �o�f� �t�h�e� �f�i�l�t�e�r�)�.� �T�h�i�s� 

�d�e�v�e�l�o�p�m�e�n�t� �i�s� �i�n�d�e�e�d� �a� �s�u�b�s�e�t� �o�f� �t�h�e� �W�i�e�n�e�r� �f�i�l�t�e�r�s� �b�u�t� �1�s� �s�u�f�f�i�c�i�e�n�t� �t�o� �d�e�m�o�n�s�t�r�a�t�e� �t�h�e� 

�t�h�e�o�r�y� �[�1�,�1�0�]�.� 

�T�h�e� �c�r�i�t�e�r�i�a� �s�e�t� �f�o�r�t�h� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �o�p�t�i�m�a�l� �f�i�l�t�e�r� �s�o�l�u�t�i�o�n� �i�s� �t�y�p�i�c�a�l�l�y� �b�a�s�e�d� �o�n� �a� 

�m�i�n�i�m�i�z�a�t�i�o�n� �o�f� �t�h�e� �m�e�a�n� �s�q�u�a�r�e� �e�r�r�o�r� �(�c�o�s�t� �f�u�n�c�t�i�o�n�)�,� �w�h�e�r�e� �t�h�e� �e�r�r�o�r� �i�s� �d�e�f�i�n�e�d� �b�y� 

�E�q�u�a�t�i�o�n� �3�.�1�.� �T�h�e� �r�i�g�o�r�o�u�s� �d�e�t�a�i�l�s� �o�f� �t�h�e� �d�e�r�i�v�a�t�i�o�n� �o�f� �t�h�e� �M�e�a�n� �S�q�u�a�r�e� �E�r�r�o�r� �w�i�l�l� �b�e� 

�s�u�m�m�a�r�i�z�e�d� �s�o� �o�n�l�y� �a� �b�r�i�e�f� �e�x�p�l�a�n�a�t�i�o�n� �o�f� �t�h�e� �p�r�o�c�e�d�u�r�e� �1�s� �p�r�e�s�e�n�t�e�d� �h�e�r�e�.� �U�s�i�n�g� �F�i�g�u�r�e� 
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�3�.�1�,� �t�h�e� �b�a�s�i�c� �d�e�f�i�n�i�t�i�o�n� �o�f� �t�h�e� �e�r�r�o�r� �s�i�g�n�a�l� �c�a�n� �b�e� �s�t�a�t�e�d� �a�s� �a� �d�i�f�f�e�r�e�n�c�e� �o�f� �t�h�e� �c�o�n�t�r�o�l�l�e�r� 

�o�u�t�p�u�t� �a�n�d� �t�h�e� �d�e�s�i�r�e�d� �s�i�g�n�a�l�.� 

�&� �=� �y�y�,� �~� �a�y� �(�3�.�1�)� 

�I�n� �g�e�n�e�r�a�l�,� �y�,� �i�s� �a� �v�e�c�t�o�r� �c�o�n�v�o�l�u�t�i�o�n� �o�f� �i�n�p�u�t�s� �a�n�d� �w�e�i�g�h�t�s�.� �D�e�p�e�n�d�i�n�g� �o�n� �t�h�e� �d�e�s�i�r�e�d� 

�o�r�d�e�r� �(�s�i�z�e�)� �o�f� �t�h�e� �o�p�t�i�m�a�l� �f�i�l�t�e�r�,� �X�,� �a�n�d� �W�,�,� �c�a�n� �b�e� �a�r�b�i�t�r�a�r�i�l�y� �l�a�r�g�e�.� �(�B�o�l�d� �c�a�p�i�t�a�l� �l�e�t�t�e�r�s� �w�i�l�l� 

�h�e�n�c�e�f�o�r�t�h� �r�e�f�e�r� �t�o� �v�e�c�t�o�r�s�)�.� �F�o�r� �t�h�e� �s�a�k�e� �o�f� �b�r�e�v�i�t�y�,� �t�h�e�s�e� �d�e�f�i�n�i�t�i�o�n�s� �w�i�l�l� �h�o�l�d� �f�o�r� �a� �f�i�r�s�t� 

�o�r�d�e�r� �f�i�l�t�e�r� �w�i�t�h� �a� �b�i�a�s� �t�e�r�m� �w�o�,�.� 

�X�,� �=� �*� �(�3�.�2�)� 
�X�y�y� 

�W�,� �=� �|� �(�3�.�3�)� 
�W� �i�k� 

�S�q�u�a�r�i�n�g� �E�q�u�a�t�i�o�n� �3�.�1� �p�r�o�d�u�c�e�s� �w�h�a�t� �i�s� �d�e�f�i�n�e�d� �a�s� �t�h�e� �M�e�a�n� �S�q�u�a�r�e� �E�r�r�o�r� �(�M�S�E�)�,� �a�l�s�o� 

�r�e�p�r�e�s�e�n�t�e�d� �b�y� �J�.� �A�s�s�u�m�i�n�g� �t�h�e� �s�i�g�n�a�l� �i�s� �s�t�a�t�i�o�n�a�r�y� �w�i�t�h� �t�i�m�e�,� �t�h�e� �e�x�p�e�c�t�e�d� �v�a�l�u�e� �(�s�t�a�t�i�s�t�i�c�a�l� 

�m�e�a�n�)� �o�f� �t�h�e� �e�q�u�a�t�i�o�n� �f�o�r� �t�h�e� �M�S�E� �i�s� �p�e�r�f�o�r�m�e�d� �w�h�i�c�h� �c�r�e�a�t�e�s� �t�w�o� �n�e�w� �m�a�t�r�i�c�e�s� �t�h�a�t� �w�i�l�l� 

�b�e� �d�e�f�i�n�e�d� �a�s� �t�h�e� �i�n�p�u�t� �c�o�r�r�e�l�a�t�i�o�n� �m�a�t�r�i�x� �(�R�)� �a�n�d� �t�h�e� �c�r�o�s�s�-�c�o�r�r�e�l�a�t�i�o�n� �m�a�t�r�i�x� �(�P�)�.� 

�R� �=� �E�[�X�,�X�;�|� �(�3�.�4�)� 

�P� �=� �E�[�d�,�X�,� �|� �(�3�.�5�)� 

�T�h�e� �e�x�p�e�c�t�e�d� �v�a�l�u�e� �c�a�n� �b�e� �t�h�o�u�g�h�t� �o�f� �a�s� �a�n� �a�v�e�r�a�g�e� �s�i�g�n�a�l� �s�t�r�e�n�g�t�h� �o�v�e�r� �t�i�m�e�.� �(�T�h�i�s� 

�c�o�n�c�e�p�t� �w�i�l�l� �b�e� �m�o�r�e� �t�h�o�r�o�u�g�h�l�y� �d�i�s�c�u�s�s�e�d� �i�n� �C�h�a�p�t�e�r� �4�)�.� �A�s�s�u�m�i�n�g� �t�h�e� �s�i�g�n�a�l�s� �a�r�e� 
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�s�t�a�t�i�o�n�a�r�y� �e�r�g�o�d�i�c� �s�i�m�p�l�y� �i�m�p�l�i�e�s� �t�h�a�t� �t�h�e� �a�v�e�r�a�g�e� �f�o�r� �a� �s�i�n�g�l�e� �t�i�m�e� �r�e�c�o�r�d� �d�o�e�s� �n�o�t� �c�h�a�n�g�e� 

�s�i�g�n�i�f�i�c�a�n�t�l�y� �o�v�e�r� �t�i�m�e�.� �T�h�e�r�e�f�o�r�e� �t�h�e� �M�S�E� �e�q�u�a�t�i�o�n� �c�a�n� �t�h�e�n� �b�e� �w�r�i�t�t�e�n�:� 

�M�S�E� �=� �J�(�n�)� �=� �E�l�d�?�|�+� �W�'�R�W� �-� �2�P!"�W� �(�3�.�6�)� 

�W�i�t�h� �t�h�e� �M�S�E� �d�e�f�i�n�e�d� �t�h�e� �f�o�l�l�o�w�i�n�g� �s�t�a�t�e�m�e�n�t�s� �c�a�n� �b�e� �m�a�d�e�.� �F�o�r� �a� �n�o�n�-�z�e�r�o� �i�n�p�u�t� �i�t� �i�s� 

�o�b�v�i�o�u�s� �t�h�a�t� �t�h�e� �i�n�p�u�t� �c�o�r�r�e�l�a�t�i�o�n� �m�a�t�r�i�x� �R�,� �i�s� �p�o�s�i�t�i�v�e� �d�e�f�i�n�i�t�e� �a�n�d� �s�y�m�m�e�t�r�i�c�.� �T�h�e� 

�s�q�u�a�r�i�n�g� �o�p�e�r�a�t�i�o�n� �e�n�s�u�r�e�s� �t�h�i�s� �p�r�o�p�e�r�t�y�.� �F�o�r� �a� �s�y�s�t�e�m� �w�i�t�h� �t�w�o� �w�e�i�g�h�t�s� �{�m�a�k�i�n�g� �W� �t�w�o� �b�y� 

�o�n�e�)� �a� �t�h�r�e�e� �d�i�m�e�n�s�i�o�n�a�l� �g�r�a�p�h� �o�f� �t�h�e� �M�S�E� �c�a�n� �b�e� �c�o�n�s�t�r�u�c�t�e�d� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �3�.�2�.� 

� � 

�0� 

�W�e�i�g�h�t� �2� �-�1�0� 
�W�e�i�g�h�t� �1� 

�F�I�G�U�R�E� �3�.�2� �E�X�A�M�P�L�E� �E�R�R�O�R� �S�U�R�F�A�C�E� �F�O�R� �2� �W�E�I�G�H�T� �F�I�L�T�E�R� 

�T�h�i�s� �s�u�r�f�a�c�e� �w�i�l�l� �b�e� �a� �p�a�r�a�b�o�l�o�i�d� �w�h�i�c�h� �i�s� �a�l�w�a�y�s� �i�n� �t�h�e� �p�o�s�i�t�i�v�e�  ��z �� �d�i�r�e�c�t�i�o�n� �(�s�i�n�c�e� �i�t� �1�s� 

�i�m�p�o�s�s�i�b�l�e� �t�o� �h�a�v�e� �a� �n�e�g�a�t�i�v�e� �M�S�E�)�.� �T�h�e� �p�e�r�f�o�r�m�a�n�c�e� �s�u�r�f�a�c�e� �i�s� �s�h�o�w�n� �h�e�r�e� �f�o�r� �a� �f�i�r�s�t� 

�o�r�d�e�r� �f�i�l�t�e�r�,� �a�s� �i�t� �i�s� �i�m�p�o�s�s�i�b�l�e� �t�o� �d�e�p�i�c�t� �a� �f�o�u�r� �d�i�m�e�n�s�i�o�n�a�l� �p�e�r�f�o�r�m�a�n�c�e� �s�u�r�f�a�c�e� �f�o�r� �t�h�r�e�e� 

�(�o�r� �m�o�r�e�)� �w�e�i�g�h�t�s�.� 

�V�i�s�u�a�l�l�y�,� �t�h�e� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �o�p�t�i�m�a�l� �f�i�l�t�e�r�i�n�g� �p�r�o�b�l�e�m� �s�h�o�u�l�d� �b�e� �o�b�v�i�o�u�s�.� �T�h�e� �l�o�w�e�s�t� �p�o�i�n�t� 

�o�n� �t�h�e� �p�e�r�f�o�r�m�a�n�c�e� �s�u�r�f�a�c�e� �d�e�p�i�c�t�e�d� �i�n� �F�i�g�u�r�e� �3�.�2� �i�n�d�i�c�a�t�e�s� �t�h�e� �m�i�n�i�m�u�m� �M�S�E� �a�n�d� �t�h�u�s� �t�h�e� 

�o�p�t�i�m�a�l� �w�e�i�g�h�t�s� �w�,� �a�n�d� �w�,� �f�o�r� �t�h�e� �f�i�r�s�t� �o�r�d�e�r� �c�a�s�e�.� �M�a�t�h�e�m�a�t�i�c�a�l�l�y�,� �s�e�t�t�i�n�g� �t�h�e� �d�e�r�i�v�a�t�i�v�e� 
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