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1. Introduction

In recent years, there has been increasing interest in novel classes of spatio-temporally
localized solutions to various hyperbolic equations governing acoustic, electromagnetic and
guantum mechanical wave phenomena. The bulk of the research along these lines has been
performed in connection to the basic formulation, generation, propagation, guidance,
scattering and diffraction properties of electromagnetic and acoustic localized waves (LWSs) in
free space (see [1-6] for pertinent review literature). However, some work has been done in
the area of propagation of localized waves in dispersive (see [7] and references therein) and
nonlinear (see [8] and references therein) media. This interest has been sustained by
advancements in ultrafast acoustical, optical and electrical devices capable of generating and
shaping very short pulsed wave fields (see, e.g., [9]). Locaized wave pulses exhibit distinct
advantages in their performance by comparison to conventional quasi-monochromatic signals.
It has been shown, in particular, that such pulses have extended ranges of localization in the
near-to-far field regions. These properties render LW fields very useful in diverse physical
applications, such as remote sensing, secure signaling, nondestructive testing, ultrafast
microscopy, high resolution imaging, tissue characterization and photodynamic therapy.

There exist physical situations where a paraxial approximation to the scalar wave equation
is pertinent. In this paper, a systematic approach to deriving paraxia spatio-temporally
localized waves in free space is provided. Two distinct classes of such packet-like solutions
are identified. The first class, which is based on a narrow angular spectrum assumption, is
discussed in Section 2. The second one, based on both a narrow angular spectrum and a
narrowband temporal spectrum approximation, is described in Section 3. Both classes
incorporate subluminal, luminal and superluminal paraxial localized waves. For the second
class, the subluminal and superluminal paraxial localized waves are shown in Section 4 to
arise from subluminal and superluminal Lorentz boosts of two distinct types of general
luminal solutions. Finally, a situation is addressed in Section 5, whereby exact localized wave
solutions to the scalar wave equation are embedded into approximate paraxial solutions.
Concluding remarks are made in Section 6.

2. Paraxial localized waves based on a narrow angular spectrum approximation of the
scalar wave equation

The conventional paraxial approximation to a solution of the free-space homogeneous 3D
Helmholtz equation

(Vzp +a—22+w—22j0(r”,w)=0; p=(XY), (21
d0z° ¢

viz., U, (7, @) = exp[Fi(w/c)z]V,(F,w), with V,(F,®) governed by the complex parabolic
equations

i%\”/i(r”,a)) =+ 2 V20, (F, @), 2.2)

is based on the assumption of a narrow angular spectrum with respect to the z— axis. In Egs.
(2.1) and (2.2), c isthe speed of light in vacuum and @ denotes an angular frequency. The
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space-time paraxial solutions u,(r,t) can be expressed in terms of the Fourier spectral
representations

U, (5,7,,2) = j dw j diexpli (@ 7. — & p) exp| i (cx*2) I(20) |0 (¥, @), (2.3)
R Ry

where 7, =tF z/c, /?=(kx,ky) and /c=|r?|. These representations allow one to determine

the equations governing u, (p,7, ,z) ; specificaly,

Vz—ga—2 u,(p,7,,2=0 (2.4
v o 0z) O TE '

These relations are known as the forward and backward pulsed beam equations [10]. The
equation for u, (p,7,,z) has been used extensively recently (cf., e.g., [11, 12]), especialy in
connection with ultra-wideband (few-cycle) signals.

2.1 Paraxial luminal pulsed beams
A solution to the forward pulsed beam equation is assumed as follows:

u,(p,7,,za)=exp(-i2act, v, (P, z a). (2.5

Then, v, (p,z «) obeysthe Schrédinger-like equation
a0 2y (5
|4aa—v+ (0,z)=-V5 Vv (p,z ), (2.6)
z

which has a large number of known solutions. Among them are the Hermite-Gauss, the
Laguerre-Gauss and Bessel-Gauss beams. A specific class of axisymmetric Laguerre-Gauss
beams is given as follows:

v.(p,za)= A](Lexp(—a’o—zJ LO (a'o—z} n=0L12,.. (2.7
a

+iz)”+1 a +iz a +iz

Here, p=|p|=+/X*+y*, a is a free positive parameter and L'”(:) denotes the nth order

Laguerre polynomial. A general solution to the forward pulsed beam equation can be obtained
by using Eq. (2.7) in conjunction with Eqg. (2.5) and superimposing over the free parameter
o, specifically,

u(p,z7,)= ]Oda exp(-2iacr, )V, (p, Z @)F (). (2.8)

As a particular example, let F () = exp(-2a,ec) , a, being areal positive parameter. Then,
from Erdelyi (cf., Ref. [13], p. 174), one obtains
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a I(n+)) [2c(a, +iz,)]"

a +iz)" nl [2c(a, +iz,)+ p* I(a, + iZ)]n+1 |

u.(p.2.7,)= A (29

As this finite-energy pulsed beam propagates in the positive z— direction with speed c, it
sustains loss of amplitude as well as broadening. However, these distortions can be minimized
by tweaking the free parameters a and a,. An interesting property of the solution given in

Eq. (2.9) isthat with the formal replacementz— ¢ /2, ¢ = z+ct, it becomes the nth order
splash mode [1], which, in turn, belongs to the class of focus wave mode (FWM)-type exact
solutions to the homogeneous 3D scalar wave equation. Recently, the splash mode
corresponding to n=0 has been used as a Hertz potential in an extensive study of the spatio-
temporal evolution of focused single-cycle terahertz electromagnetic pulses [14]. Special
attention has been paid to the limiting case a, <<a, corresponding to the paraxial regime.
This is a particular situation whereby an exact solution to the homogeneous 3D scalar wave
equation behaves as a paraxial pulsed beam under certain parametrization. An analogous
result, but in adifferent setting, has been discussed by Saari [ 15] recently.

Luminal pulsed beams analogous to those in Eq. (2.8) can be found for u_(p,z7);
however, these wavepackets propagate in the negative z— direction.

2.2 Paraxial superluminal localized waves

It will be more convenient in the subsequent discussion of paraxial localized waves to recast
equations (2.4) into new, but equivalent, forms, viz.,

d(d , 10 C
—| =—*+== p,z,t)=+=V2 u,(p,z1). 2.10
K IXCETEEEED (210

The following change of variables is undertaken in the eguation for u,(g,zt):
¢, =z—ct, 1, =z-vt; v>c. One, then, obtains the transformed equation

v 0° . v(v ° . .
_2[__1j u+(,0,§+a77+)—2_[__ J u+(p7g+177+) :_V,zb U+(p,g+,77+).(2-11)
c Jag.om, clec Jan

+

An elementary solution is chosen, next, in the form
u®(p.¢..m,.; 0. B,K) =exp(~ix- p)exp(~ieg, )exp(-ifn, ), (2.12)

wherea and 3 are real positive free parameters with units of m™. Substitution into Eq. (2.11)
leads to the dispersion relation

K= 23[3—1j B+ Z(X—ljaﬁ. (2.13)
c\C C

A general solution to the forward pulsed beam eguation can be written as
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0.(p.20) = [dar[ dB] dRU® (puc. .m0 .5
o 0 R (2.14)
xa{xz - 23(3—@ B2 - 2[3-1}14 o, (e, B, ),
c\C Cc

where 6(-) denotes a Dirac delta function. For an azimuthally independent spectrum, viz.,
O,(er, 5,5) =0, (x, B, k) , one obtains, in particular, the axisymmetric solution

C

U, (p.2.) = [ der| dpexp[-i (ac, + fn.)] 9, MZY[Y 1]Jﬂ2 +9aﬂ}al(a,ﬂ>, (2.15)
0 0 C \)

where J,(-) is the zero-order ordinary Bessel function. If 0 (e, ﬂ)zexp(—aiﬂ)lf(a), a
being a positive parameter, the integration over £ can be carried out explicitly (cf. [13], p.
192). As aresult, one has

u,(p,zt) =Tdav+(p,z,t;a)lf(a), (2.16)

where

ool [ an]

Xex"{‘%&@[%-ljpz+(a1+i<z—vt))2},

with v, =v/[2(v/c)-1]. It should be noted that v, — c/2 as v — . The solution given
in EQ. (2.17) isthe paraxia version of the focus X wave (FXW) (cf. Ref. [3]). If, in Eq. (2.16),
one chooses the singular spectrum F (o) = 8(x), one obtains the paraxial version of the
infinite-energy zero-order X wave [16,17]; specifically,

(2.17)

u,(p.2t) = {2v/ (v ©)-1] p? + (&, +i(z- )’} . (2.18)
On the other hand, a smooth spectrum, e.g.,

0, b>a>0,

F(a) = (2.19)

%(a—b)ql exp[-a,(@-b)], 2b; b0,

resultsin the paraxia version of the finite-energy modified focus X wave (MFXW) pulse[3]
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[2vi9)[(v/e)-1] p? +(a1+i(z—vt))2T/2 exp(ib)

[c/(Zv)\/Z(v/c) [(v/c)-1] p*+ (g +i(z—vt))2 +(a, —ixl)}q (2.20)

U+(ID,Z,I) =

><exp{—(bc)/(2v)\/Z(V/c)[(v/c)—l]p2 +(a1+i(z—vt))2},

where 1 =[1-c/(2v)](z-Vt) . It should be noted that although v, (. z,t;@) in Eq. (2.17) is

unidirectional, this is not necessarily true of u, (p,zt) in Eq. (2.20); the latter may contain
both forward and backward propagating components. As in the case of the exact MFXW
solution to the scalar wave equation, superluminality in the paraxial version given in Eq.
(2.20) does not contradict relativity theory. If the parameters are chosen so that u, (p, z,t)
contains mostly forward propagating components, the pulse moves superluminally with
almost no distortion up to a certain distance z,, and then slows down to a luminal speed c,
with significant accompanying distortion. Although the peak of the pulse does move
superluminally up to z,, it is not causally related at two distinct ranges z,z, € [0, ). Thus,

no information can be transferred superluminally from z, to z,. The physical significance of
u, (p, z,t) isdueto its spatio-temporal localization.

2.3 Paraxial subluminal localized waves

Forv < c, the dispersion relation in Eg. (2.13) can be recast into the form

Kzzzg[l_g{(%f_;z} Fepelc (221

c/|\ 2v

Then, ageneral axisymmetric solution to Eq. (2.10) can be written asfollows:
o o v v 1/2 oc 2 1/2
u(p.c,.m)=[de [ dBJ, p{Z—[l——ﬂ K_j _ﬁﬂ
0 (ac)i(2v) c c 2v (2.22)

xexp(-iag, )exp(—iBn, Jexp[in, (ac)/ (2v) |0, (a. B).

A particular solution is given by

} sin[(ac) I20y2(v/ Q) [1-(v/ )] p° +(z-vt)1
u.(p,zt) = [dar 2 )3
0 \/Z(V/C)[l—(V/C)]p2+(Z—Vt) (223

xexp{-ia[1-c/(2v)](z—v,t)} F(a),

where v, =v/[2(c/v)-1]. The following should be noted: v,, —[0,—) as v—[0,c/2)
and v, — (e,c] as v— (c/2c].The solution in Eq. (2.23) consists of a superposition of
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paraxial MacKinnon-type wavepackets (cf. Ref. [3]). Finite-energy solutions can be obtained
by choosing smooth spectra F ().

2.4 Localized waves for u_(p, z,t)

The following change of variables is undertaken in the equation for u_(pg,zt) in Eq. (2.10):
¢ =z+ct, n, =z-vt . Then, one obtains

2

v) 9? . v v) 0
2| 1+— u(p,¢.,n,)-2—|1+—
[ cjagam Hos) C£ cjanf

u.(p.c..m.)=-V;u.(p.c..m.). (224)

An elementary solution is chosen, next, of the form
u®(p.s_,m.;0, B, K) = exp(~ik- p)exp(iorg_ ) exp(~iAn, ), (2.29)

whereo and 3 are real positive free parameters. Substitution into Eq. (2.24) leads to the
dispersion relation

K = 2¥(1+ XJ B+ 2(1+ Yj ap, (2.26)
C C C

A general solution can be written as

U (p.2) = [dafdB[ AR U (pc 1m0 f.R)
5 o & (2.27)

xa[ﬁ - 23[3-1j Vi -2(3-@0{400(0;, B,7%),
c\C C

For an azimuthally independent spectrum, viz., ,(e, 8,x)=0,(o, B,x), one obtains, in
particular, the axisymmetric solution

w(p,20) = daf dpexpi (as. - pn.)] 3, {p,/%(l%],/ﬁz +§aﬂ}al<a,ﬂ>.<2.28)

The integrand is a paraxial monochromatic Bessel beam. Its difference from an exact
monochromatic Bessel beam solution to the homogeneous 3D scalar wave equation is

discussed in Appendix A. If the spectrum G (7, B) in Eq. (2.28) equals exp(-a f)F (a), &
being a positive parameter, the integration over £ can be carried out explicitly [13]. As a
result, one has

u(p,zt)= Tdav_ (p,z.t;)F (), (2.29)

where
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v (p,zt ) = exp[ia(lJr ij(z+ vpht)}{zx(lﬂjpz +(a +i(z—wt) 2}
2v c c ( ) (2.30)

xexp{—(ca)/(Zv)\/Z(v/c)[(1+ vI9)| p? +(a +i(z— W) }
with v, =c/(2+clv).

An interesting property of the localized solution in Eq. (2.29) is that it is valid for
O<v<e. If v=c, for example, with If(a):é(a—ao) , one obtains the “luminal FXW”

u(p,z,t) = exp{i (3/2)a, [z+(c/3)t]}[4p2 +(a +i(Z—Ct))2:|*1/2

(2.31)
><exp{—oc0 /(2c)\/4p2 +(a, +i(z—ct))® }
andfor F(a) = (), the “luminal zero-order X wave,” viz.,
u(pzt)=[4p" +(a+itz-a))' | 232

Finite-energy paraxial localized waves can be determined by using smooth spectra F () in
Eqg. (2.29).

3. Paraxial localized waves based on a narrowband temporal spectrum approximation of
theforward and backward pulsed beam equations

The function G, (%, w) =0, (K, w—a,) in Eq. (2.3) is assumed to be narrowband around the
frequency @ = @,. Furthermore, the phaseterm fB(x, w) = (czrz)/(Za)) is expanded in a Taylor
seriesaround @ = @, and only thefirst term in the expansion isretained; i.e.,

Blx, 0) = B(x,a,) =(cx) (2. (3.1

Within the framework of this additional approximation the expressionsin Eqg. (2.3) assume the
forms

v.(p.zt)=exp(ioyr,) I dQ j deexp(iQz, )exp(-ix-p)
R R

(3.2)
xexp| #i(cx”2) 1(2a,) 6, (%, Q),
where Q = w—-a,, or
v, (p,2t) = exp(imyz. ) 0, (5, 2.1), (33)
with ¢, (8, z,t) governed by the equations
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(9,10, Loy
I[Eiz§j¢i(p,zyt) =t ek =aic (34

3.1 Subluminal and superluminal pulsed beams

A solution to Eq. (3.4) for ¢, (9, zt) isassumed of the form

¢.(p,zt) = f(z,)®(p.1,), (35)

where 7, =z—wt, v#c, and f(z,) is an arbitrary function (at least differentiable). It
follows, then, that the wave function ®(g,7, ) obeys the equation

. v) d — _i 2 3
|(1—Ejﬁ®(p,m) =g VPP (36)

Thus, a narrow angular spectrum and a narrowband temporal spectrum result in the following
approximate nonluminal solution to the homogeneous 3D scalar wave equation:

v.(p.7..1,) =exp(iay,) f(z,)0(p.11,), (37)

This general solution was originally reported by Wunsche [18] and, independently, by
Besieris et al. [19]. The special case with f(z,) = constant was rediscovered by Longhi [20]
recently. Longhi mistakenly attributed his solution to a “generalized paraxia approximation,”
instead of to a narrowband approximation of the forward pulsed beam equation.

It will be convenient for the discussion in the sequel to introduce new variables as follows:

o, =+211, /(k,|(v/c)-1]) . The plus sign is associated with the superluminal case v>c¢ and

the minus sign to the subluminal case v<c. In terms of the new variables, Egs. (3.6) and
(3.7) assume the simpler forms

14="0(5,0,)=-V2 0(5,0.), (39

+

v (p.7..0,) = explia.) f(2,)(5.0,), (39

respectively. Cited below are specific examples of superluminal/subluminal pulsed beams
based on three distinct classes of solutions of Eq. (3.8).
Hermite-Gauss pulsed beams:

exp| X (1, +io.) Jexp[-Y* 1 (7, +io.) ]
(7/ +iO' )(m+1)/2( . )(n+l)/2
1 +

Y. t10,
me(x/ 71+i0't)Hn(y/1/72+i0'i )

l//irm) (X1 y’ T+ ’ O.i) = eXp(I wOT+ ) f (T+)
(3.10)

Here, y,, arefreepositive parametersand H, (-) denotes the mth order Hermite polynomial.
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Axisymmetric Laguerre-Gauss pulsed beams:

%, tio, Yo+io,)

v (p.7,.0,) = exp(i@yr. )f(r)—lexp[— p ju@{ P }.(3.11)
(}/O-HO'i)m (

Here, 7, isafree positive parameter and L'”(-) denotes the nth order Laguerre polynomial.

For n=0, the Laguerre-Gauss solution in Eq. (3.11) becomes the axisymmetric “modified”
fundamental Gaussian pulsed beam

2
v (p.z,.0,)=expliayr, ) f(r,)—2— exp[— P J (3.12)
0+|a Y, o,

With 3, =2a/[k,|(v/c)-1], a being a rea positive parameter, this solution can be
rewritten as

y(p,7.n.)=exp(iay,) f(z,) % X—l‘ £ j (3.13)

a exp| —
azxin, 2 aztin,

It should be noted that the factor in w®(p,z,,7,) multiplying exp(im,z,)f(z,) is an
infinite energy invariant wavepacket propagating along the positive z- direction with fixed
speed v, either superluminal or subluminal. The arbitrary time-limiting function f(z,) in Eq.

(3.13) can be chosen so that the entire wavepacket w'%(p,z,,77,) has finite energy and

propagates to a large distance z with almost no distortion, except for local deformations. For
example, the function

7’ 1 z\ (v-c\ T
f(z,)=ex =exps— t——|-| — |z 3.14
(@)= p[ 4TJ p{ 4T2K vj(vcj} (3.19)
can be used to achieve this goal for values of the speed v closeto ¢ and alarge values of @,
so that e, |[(v/c)-1/c=0(1) .

Axisymmetric Bessel-Gauss pulsed beam:

v (p,7,,0,)=exp(ioz, ) f(z,) f’m o[%k‘fiine]@‘p(‘ fia]
Yo tlo, %% ) (315

xexp[—l = (k3y, sin® 49)/(7/0+i61)}.

Here, J,(-) denotesthe zero-order ordinary Bessel function and & is an arbitrary real angle. It
should be noted that for 6 =0, this solution reduces to the pulsed Gaussian beam in Eq.
(3.12).
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3.2 Luminal pulsed beams
A solution to Eq. (3.4) for ¢, (p, z,t) is assumed of the form

¢.(p.7,,03,) = f(z,)®(p,07), (3.16)

where o, =—(22)/k,.1t follows, then, that the wave function ®(p,0,) obeys the
Schrédinger equation

14— 0(p,07) =V (5,07, (3.17)
20

z

Thus, a narrow angular spectrum and a narrowband frequency spectrum result in the
following approximate luminal solution to the homogeneous 3D scalar wave equation:

v.(pr..07) =ep(iag,) f(2.)(p,07). (318)

The Hermite-Gauss solutions in Eqg. (3.10), the Laguerre-Gauss solutions in Eq. (3.11) and the
Bessel-Gauss solution in Eq. (3.15) are ill applicable; however, o, must be replaced by

o, =—(22)/k, for theluminal case under consideration.

It isimportant to discuss the basic differences between the luminal solutions to the pulsed
beam equation [cf. Sec. 1], which are based on the narrow angular spectrum approximation,
and those given in Eq. (3.18). A particularly simple example of the former is the
monochromatic Gaussian beam

u (p,z ) =exp(—2iacr+)(aiiiiz) exp[—a af:-iz]’ (3.19

where a, is a real positive parameter and « is an arbitrary real positive quantity. A
superposition over the latter, e.g.,

o 2
u+(p,z,t):lj'dalf(a)exp(—Ziacz;) 4 exp(—a P_ J (3.20)
Ty (a,+i2) a, +iz
yields the forward pulsed beam solution
N 2
u(pzt)=—2  flt—zic—it P, (3.21)
(a,+i2) 2ca +iz

where f (t) denotes the complex analytic signal associated with the spectrum F (o) .

A particularly simple example of a luminal pulsed beam based on a narrow angular
spectrum and a narrowband temporal spectrum is the following:

— i _ _ ' _ P’
v, (p,zt) =explia,(t—z/c)] f(t Z/C)yo—iZZ/koeXp[ 7/0—i22/k0} (3.22)
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It consists of a product of two factors; a plane wave modulated by a longitudinal envelope
function traveling along the z-— direction at the speed of light in vacuo and a “standing”
fundamental Gaussian mode. In Eq. (3.22), @, =ck, is fixed and y,is an arbitrary positive

parameter. Thus, the pulsed beams givenin Egs. (3.21) and (3.22) differ substantialy.

3.3 Localized waves for y_(g, z,t)
A solution to Eqg. (3.4) for ¢ (p,zt) isassumed of the form

¢.(p,z,t) = f(z.)@(p,7.), (3.23)

where f(7_) isan arbitrary function (at least differentiable). It follows, then, that the wave
function ®(p,7,) obeys the equation

. v) d . 1, .
I(HEJW@('IMN—_%V’} @(p,1,). (3:24)

It is convenient to introduce a new variable as follows: &, =27, /[k,(1+V/c)]. Then Eq.
(3.24) changesto

i4ai_d)(/3,o_'+) =V20(5,G,). (3.25)
O

+

Thus, a narrow angular spectrum and a narrowband temporal spectrum approximation result
in the solution

v (p.7.5.)=ep(iar) f(2)(5,5,). (3.26)

By construction, this solution is valid for 0<v <. Since ®(p,0,) obeys the Schrédinger

equation (3.25), one can have in asingle setting Hermite-Gauss, Laguerre-Gauss and Bessel-
Gauss subluminal, lumina and superluminal solutions. It must be pointed out, however, that
whereas the “envelope” function ®(4,5,) moves in the +z—direction with an arbitrary

speed ve [0,<0), the factor exp(iw,r )f(z.) in Eq. (3.26) travels in the opposite direction.
For v=0, oneobtains

v (p.7..07) =exp(iat) T (1.)®(p,0}): oF =0, = 221k, (327)

an expression dual to that for y, (p,7,,0,) inEq. (3.18).

4. Derivation of paraxial subluminal and superluminal localized waves by means of
Lorentzrelativistic boosts

4.1 Subluminal boosts
It should be noted that Eq. (3.4) is Lorentz invariant. Specifically, under the subluminal
Lorentz transformations x=x,y=y,z=7(Z+w),t= 7[t’+(v/c2) z’], where v<c

andy =1//1-(v/c)?, the solution w,(p,zt)=exp(iwy,)d.(p,zt) [cf. Eq. (3.3)]
transformsto . (9,Z,t") = exp[iw, 715 v/ )7 ] 0. (P, Z,t"), where 7, =t'F Z//c and
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i(aazf i%%}/& (p.2.,)= iivé 0.(5.Z.t)ik =7 (13 VI )k, (41)

Consider, next, the following general luminal solutions:

v.(p.7.,07) = exp{iw()?(lixjfé} f [7(112};}@(/3,5;):
¢ ¢ 4.2)

where ®(p, 7, ) satisfies the parabolic equation (3.17) with the interchange z— Zz’, and
®(p,0,) is governed by an analogous equation. Application of the inverse boosting

X=XYyY=Y, z’:77(z—vt),ct’:—y_/(v/c)[z—(czlv)t] to Eq. (4.2) yields the general
paraxial subluminal solutions[cf. Egs. (3.9) and (3.26)]

v, (p.7,,0)=exp(iayt, ) f (z,)®@(p.0.) (4.3
and

v (p.7.5)=ep(iar ) f(r)0(5,5,). (4.4)

This observation has also been made by Longhi [19] for w,(g,7/,0,), except for the
additional function f[7(1-v/c)z, | appearingin Eq. (4.2).

4.2 Superluminal boosts

An interesting question is the following: Are there general luminal solutions to Eq. (3.4)
which become the general paraxia superluminal solutions given in Egs. (3.9) and (3.26) &fter
a Lorentz transformation? In order to answer this question, we seek solutions to Eq. (3.4) of
theform

9.(p6., 1) =9(c.)¥ (o), (4.5)

where, as defined earlier, ¢, = zxct. It follows, then, that the wave function ‘¥'(p,t) obeys
the Schrédinger equation

.0 L S
iA——VY¥(p,07) =-Vi¥(p,07), (4.6)
t

where o =F(2ct)/k,. Thus, a narrow angular spectrum and a narrowband frequency

spectrum result in the following approximate luminal solution to the homogeneous 3D scalar
wave equation:

V. (p.6.07) = exp(-ikyc. ) 9(5.) ¥ (P, 7). (4.7)
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Simple examples of such solutions are the following:

_ i — — Yo _ P2
w.(p,zt) = exp| 'ko(2+ct)19(2+ct)%ii(m)/koexp{ O;i(2ct)/koj' (4.8)

Equation (3.4) is Lorentz invariant. More specifically, under the generalized (superluminal)
Lorentz transformation x=x,y=Y, z= 7/(v/c)[z’+(c2 /v)t’} t=y(Z+w)lc, where

y=1/y/(v/c)*~1landv>c, the solution y,(p,zt)=exp(im,zr.)d.(p,zt) [cf. Eq. (3.3)]
transforms to 7, (5, Z,t') = exp{-ik,y[ (v/c) ¥1]¢.}4,(5.Z.t), where ¢ =Zct’ and

¢.(p.Z.t')is givenin Eq. (4.1) withk, — k, = y[(v/c)F1]k,. Consider, next, the general
luminal solutions

v.(p.sL.07) = exp{""(’y(% Y } [E(

c=ZFc’; o7 =F(2ct’)/

ol<

jgi}‘i’(ﬁﬁ?); 49

where Y¥(p,07) satisfies Eq. (4.6) with t—t". Application of the inverse boosting
X=Xy =yct'=—yz-W), z’=y(v/c)[z—(c2/v)t] to Eq. (4.9) yields the general
paraxia superluminal solutions [cf. Egs. (3.9) and (3.26)]

v.(p.s,.0,)=exp(-ikg,)a(¢,)¥(5.0,) (4.10)
and

v.(p.c..0.)=exp(-ikgs )g(s.)¥[p.-0.]. (4.12)

5. Embedding of exact localized wave solutions of the scalar wave equation into
approximate paraxial ones

The change of variables ¢, =z—ct, z = z+ct is introduced in Eq. (3.4). As a consequence
one obtains the Schrddinger equations

14-20,(5.2) = V3 0.(5.2.) (51
X

¥

with the definition y =—¢ /k, and y, =g, /k,. Thus, under the assumption of a narrow
angular spectrum and a narrowband frequency spectrum one obtains the general solutions

v, (P.zt) =exp(—iks, )9, (P, 1.) = exp[-iky(z-ct)]§, [p.~(z+ct) I ko] (5.2

and
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v_(p.zt) = exp(-ik )9 (P, 1.) = exp[-iky(z+ct) ]9 [ 5, (z-ct) / k |. (53

The simplest such solutions are the following:

B K, . 3 3 p°
'//+(p,z,t)——| —i(z+ct)eXp[ ik (z ct)]exp{ ko—l i(z+ )}, (5.4

B K, r B ,02
y/i(p,Z,t)——_H(z_ )exp[ |k0(z+ct)]exp{ k°—+i(z—ct)] (5.5)

But w (p,zt)in Eq. (5.5) and v (p,zt) in Eq. (5.4) are, respectively, the fundamental
focus wave mode (FWM) and avariant of it. Both are exact solutions to the homogeneous 3D
scalar wave equation for an arbitrary wavenumber k,! More generally, the solutions in Egs.
(5.2) and (5.3) embody Hermite-Gauss, Laguerre-Gauss and Bessel-Gauss FWM-type
solutions that are also exact. This “peculiarity”, whereby exact solutions of the scalar wave
equation are embedded into approximations to this equation, has been mentioned by Wunsche
[18] previously.

It is possible to provide a more physical explanation for the “ peculiarity” described above.
Consider, for example, the solution given in Eq. (4.4), viz.,

o =y . 4___E_=2(z—vt)
1//7(,0,77,0;)—exp(la)oz;)f(rf)d)(,o,q),z;—t+CZ,0'+ —k0(1+vlc)' (5.6)
With f(z_)=constant and v =c, thisexpression simplifiesto
v (p.2.)= exp[—iko(z+ct)]d{ﬁ, Z;:"] : (5.7)

Since @ (p, z) obeys the complex parabolic equation (3.17), asimple solution in the place of
the general onein Eq. (5.7) isgiven asfollows:

Ko

v_(p,z,1) =m

exp[—iko(z+ct)]exp[—koﬁ}, a>0. (5.8)

Modulo the constant multiplier k, and with a=k;, one recovers the exact FWM solution

given in Eg. (5.5). Retracing the steps, it follows that the FAVM arises from a subluminal
Lorentz transformation of the monochromatic luminal beam [cf. regtriction of Eq. (4.2)]

L 1 (VY P’
v (0,7,6,) = ——=-&pliay| 15— |7 |exp| ————
alk, +io, c alk, +io, (59
v =t+Z:5 =2 K —7a+viok,
c k.
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The procedure is analogous to the one followed by Bellanger [21] who showed that certain
Gaussian packet-like solutions to the homogeneous scalar wave equation could be explained
as monochromatic Gaussian beams observed in a another inertial frame.

6. Concluding remarks

A systematic approach to deriving paraxial spatio-temporaly localized waves has been
introduced. Two distinct classes of such pulsed waves have been studied in detail. The first
category deals with paraxial localized waves based on a narrow angular spectrum assumption.
The second class is more restricted because it is based on both a narrow angular spectrum and
a narrowband temporal spectrum approximation. Both classes allow subluminal, luminal and
superluminal paraxial localized waves. For the second class, however, the sublumina and
superluminal paraxial localized waves have been shown to arise from subluminal and
superluminal Lorentz boosts of two types of general luminal solutions. Finaly, the situation
has been addressed, whereby exact localized wave solutions to the scalar wave equation are
embedded into approximate paraxial solutions.

Appendix A
The integrand in Eq. (2.28) may be rewritten as

Bp(p,z,t)=exp[—i(ﬂ—a)(z—vpht)]Jo {p\/22[1+2]\/ﬁ2+30{ﬂ}, (A-1)
C C \Y

where v, =c[a+(v/c)B]/(f-c). As mentioned earlier, this is an axisymmetric paraxial

monochromatic Bessel beam solution to the homogeneous 3D scalar wave equation. It differs
significantly from the exact monochromatic Bessel beam solution

B.(p,zt) = exp{—i K, [z—kﬂtﬂ J, [p (wlc)’ - kzz} . (A-2)

z

In order for the argument of the Bessel function in the latter to be real, one must have the
inequality |a}/|k,|>c. Assuming @ and Kk, to be positive, this means that the exact Bessel
beam propagates along the +z-—direction with the superluminal speed v=w/k,. The
situation is much different in Eq. (A-1) Three distinct cases will be considered in detail:

Case(i): =0,>0

In this case, the paraxial Bessel beam simplifies as follows:

. v(, v
Bp(p,z,t):exp[—lﬂ(z—vt)]\]{pﬁ ZE(HEH (A-3)

It propagates in the positive z— direction at any speed ve (0,<0) .
Case (ii):a>0,8>0
Let f=u(c/V)e, u>0. Then, v, =c(1+u)/[(uld)-1];6=v/c>0. For v, >0, the

inequality 6 <u must hold. With these redtrictions, one finds that v, in Eq. (A-1) is
subluminal, luminal or superlumina if 6 <,=,> u/(2+ 1), respectively.
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Case (iii): @ <0, B> (c/V)|o|

Let B=p(c/v)|af; u>1. Then, v, =c(-1+u)/[(ul5)+1]. Inthiscase, v, in Eq. (A-1)
is subluminal, luminal or superlumina if ¢ <,=,> u/(u—2); > 2, respectively.
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