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Vision-Enhanced Communications: On the Benefits of NLOS/LOS
Knowledge in Wireless Systems

Samuel B. Brown

(ABSTRACT)

The proliferation of Internet of Things (IoT) devices equipped with meteorological, auditory, opti-

cal, and infrared sensors has opened the door to integrating sensor-based information into existing

physical layer communication system design. Many properties of the wireless channel, especially for

mobile applications, are highly dynamic and easily observable using non-radio frequency (RF) sen-

sors or RF sensors operating out-of-band (OOB) which we refer to as vision sensors. Using vision

sensors to provide information about one such property, that of line-of-sight (LOS)/non-line-of-

sight (NLOS) states, is the central focus of this work. A generalized signal detection framework

is presented for a vision sensor-aided receiver operating in a binary continuous-time Markov chain

(CTMC) channel environment wherein the NLOS/LOS state toggles intermittently. Several cases

are explored wherein varying degrees of NLOS/LOS knowledge are available at the receiver with an

emphasis on labeled vs unlabeled information. Bayes risk and composite likelihood ratio test (LRT)

methods are used to derive the optimal decision rule in both constant false-alarm rate (CFAR) and

minimum probability of error (min(Pe)) paradigms. It is shown that a dynamic detection scheme

utilizing labeled information, including imperfect error-prone labels, sourced from vision sensors

can improve upon the uniformly-most-powerful (UMP) test in an ensemble of trials, yielding higher

CFAR detection rates than static detectors without vision sensors. Further, it is shown that un-

labeled information, while matching the CFAR performance of the UMP test, can yield a lower

overall error rate compared to a blind receiver with no NLOS/LOS knowledge.



Vision-Enhanced Communications: On the Benefits of NLOS/LOS
Knowledge in Wireless Systems

Samuel B. Brown

(GENERAL AUDIENCE ABSTRACT)

The proliferation of Internet of Things (IoT) devices equipped with meteorological, auditory, opti-

cal, and infrared sensors has opened the door to integrating sensor-based information into existing

wireless communication system design. Many properties of the radio frequency (RF) channel, es-

pecially for mobile applications, are highly dynamic and easily observable using sensors operating

out-of-band (OOB) such as optical and infrared (IR) cameras and radars operating in different

frequency ranges. These vision sensors can provide information about the physical propagation

environment beyond what is typically sensed with an existing RF receiver. This work explores the

benefits of using vision sensors to determine whether a communication link is line-of-sight (LOS)

with a direct path to the transmitter or non-line-of-sight (NLOS) without a direct path. A perfor-

mance analysis is presented for a receiver with vision information using classical hypothesis testing

and detection theory, and a generalized framework is presented to compare performance with per-

fect vision information and imperfect error-prone information. It is shown that using a dynamic

detector, which can adjust its sensitivity based on information about the NLOS/LOS state, can

improve its detection performance over a static detector which lacks vision information. This result

demonstrates that wireless communications systems can indeed benefit from vision sensors, even if

the information they provide is partially corrupted and not always available.
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Chapter 1

Background

Sensors surround us in nearly every aspect of our lives. The cameras, microphones, an-

tennas, thermometers, barometers, accelerometers, hygrometers, and magnetometers that

accompany us in our pockets, in our homes and in our cars are the sources of much of the

seemingly endless digital information generated by human activities each day, a whopping

500 Terabytes of data [2]. Sensors of all kinds are estimated to account for around 44% of

this [3]. The ubiquity of sensors can largely be attributed to our increasing desire to connect

ourselves to the rest of the world by way of the internet, necessitating carrying cameras

and microphones in our pockets wherever we go. Another significant driver of our sensor-

filled world is the rise of automation and artificial intelligence (AI) which have an insatiable

appetite for sensor data, only projected to grow in the coming years.

In addition to carrying the sensors around in our pockets, they enable many of the things run-

ning in the background of our civilization like street lights, utility meters, and water mains

to communicate with everything else. It is the integration of machines and global commu-

nication and machine-to-machine (M2M) communication that necessitates the internet of

things (IoT). The increasing use of IoT in wide-area networks and mobile applications leaves

plenty of room for innovation for sixth-generation cellular standards (6G) and non-terrestrial

network (NTN) standards [4].

This work is concerned with the interconnection of these sensors and the ways in which their

presence in our lives overlaps with the wireless communications infrastructure required for

1



2 CHAPTER 1. BACKGROUND

their data to infiltrate the world-wide-web. Wherever IoT and sensors are needed, there is

a corresponding need for communication infrastructure, which in many cases predates the

need for IoT. Cellular networks, for instance, have existed in some shape or form since the

early 1980s for the purposes of human voice communications. Only in the past 20 years,

however, have these networks begun to incorporate IoT devices. Fortunately, the relatively

low data rates required by most IoT devices mean that adequate room within the channel

capacity can usually be allocated beyond that used by mobile hand-held devices.

Although individual IoT devices can often operate without the need for high data-rates,

accommodating the number of IoT network users within a given area can account for a

significant chunk of radio resources. This work examines the value in using IoT sensors to

aid existing wireless systems rather than being solely consumers of physical layer resources.

1.1 Taxonomy of Vision Information

The dynamic physical environments in which many modern wireless applications operate

such as vehicle-to-everything communication, next-generation cellular, unmanned aerial ve-

hicle (UAV) communication, and indoor positioning technology are becoming increasingly

reliant upon millimeter wave (mmWave) frequencies, with terahertz (THz) frequencies on

the horizon. Due to the propensity for electromagnetic radiation in this regime to behave

more like optical frequencies than radio frequencies, the geometry of the channel environ-

ment plays a more direct role in propagation behavior [5]. Geometric information such as

the existence of a line-of-sight (LOS) path, angles of arrival and departure, the placement of

indirect paths, and the placement of reflectors, although affecting the propagation behavior

of any radio frequency band, have a better-defined effect on shorter wavelength bands such

as mmWave and THz.
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Types of Vision Information

Out-of-band Information

Direct Geometric Sensing
• NLOS/LOS path detection *
• Single- and double-bounce path detection (via 

reflectors or scatterers)
• Direction of and distance to TX/RX through 

optical/IR/THz sensing
• Direction of and distance to reflectors through 

optical/IR/THz sensing

Sensing for Channel Estimation
• Lower band spatial covariance estimation for 

use in upper band beamforming

In-band Information

• RX/TX range and doppler 
measurements via 
integrated sensing and 
communications

• Network sensing via 
integrated sensing and 
communications

* The focus of this work

Figure 1.1: Taxonomy of Vision Information

Vision sensors, which are often optical or infrared (IR), provide an opportunity to gather

geometric information about the channel environment directly which is often more efficient in

terms of overhead than obtaining this information in-band using the existing radio frequency

(RF) hardware. There are numerous types of geometric information which can be gathered,

some providing more useful information than others to the performance of the accompanying

physical layer communications or radar system.

One can gain a better understanding of the relevance of this work if one is familiar with the

broader landscape within which it resides. To this end, we delve into the types of vision

information one can obtain, discuss their usage in the literature, and discuss how vision

sensors might be able to enhance performance by providing this information. The broad

classification of vision-enhanced communications can be thought of as communications with

the addition of out-of-band information. This can encompass any information about the

channel provided to the transmitter or the receiver beyond that which the existing RF

system can obtain. Traditional channel estimation, for instance, would not be an example of
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vision information because it utilizes the existing RF band to sample the channel. Performing

channel estimation at lower frequencies to provide spatial covariance information for a higher

frequency communication link, however, would indeed be an example of vision.

To classify types of vision information, we start first with the distinction between in-band

and out-of-band information. This property is based purely on the frequency band within

which the sensor operates and whether that band overlaps with the RF band used for the

actual communication or radar function of the system. Unsurprisingly, out-of-band sensors

make up the vast majority with optical, IR, LiDAR, and simply higher or lower frequency

RF sensors all comprising out-of-band sensing. In-band sensing is primarily relevant in the

realm of integrated sensing and communications (ISAC) which has been thoroughly explored

in the literature. ISAC systems are designed specifically to enable the dual use of the RF

hardware at the transmitter or receiver by combining sensing functionality in the form of

radar with communications functionality [6]. Although such techniques can be considered

vision-enhanced wireless, their benefits differ from out-of-band techniques.

In-band sensing has appeared most prominently in communication-centric ISAC because the

sensor, in most cases a radar system, is treated as an enhancement to an existing communica-

tions system. Such an arrangement can exploit geometric transformations between channel

parameters such as the user’s position and orientation along with providing networking sens-

ing information involving range and Doppler measurements of targets and reflectors which

happen to be users of the communication system [6]. The concept of using in-band RF sen-

sors to obtain spatial and physical parameters in the channel environment has been referred

to as a perceptive network [7, 8]. These networks combine sensing capabilities with existing

communications functionality including urban traffic monitoring, weather observation, and

human activity recognition, not all of which are useful for enhancing physical layer perfor-

mance. For this reason, the in-band vision sensing which is of interest to this work is only
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a subset of perceptive network capabilities. Within this subset, [9] provides can example

of vision sensing for ISAC which is shown to be beneficial from an information theoretic

perspective.

Out-of-band vision encompasses a large array of techniques and is most relevant to this

work. These sensors which provide information beyond what the existing RF hardware can

provide can be separated into two primary groups: direct geometric sensing and sensing for

channel estimation. The former refers to the gathering of certain geometric properties of the

channel environment often used to parameterize some geometric channel model. The latter

refers to the use of out-of-band RF sensors for channel estimation in the more traditional

multiple-input-multiple-output (MIMO) sense.

Direct geometric sensing is most relevant when dealing with specific geometric channel mod-

els such as those used for UAVs and other high-mobility environments in conjunction with

mmWave and THz. [10] provides an example of such a model wherein the received sig-

nal is a superposition of the LOS component and single-bounce rays from scatterers whose

positions are stochastic in nature. The THz channel model presented in [11] utilizes a 3D

ray-launching algorithm which characterizes absorption and scattering properties of different

materials. The role of direct geometric sensing in these sorts of models is to fill in gaps of

information regarding the existence of the LOS path, the existence of scatterer paths, loca-

tion and velocity of the TX/RX, location and velocity of scatterers, and types of materials

in the environment, all of which are far easier to ascertain in the optical and IR domains

rather than RF.

The other category of out-of-band sensing, sensing for channel estimation, performs tasks

more reminiscent of traditional in-band channel estimation, which itself is not a form of

vision. However, if an RF system performs channel estimation out-of-band, typically at

lower frequencies, this qualifies as vision-enhanced wireless. The most prominent examples
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of this occur in mMIMO mmWave systems wherein link configuration and beam training at

the high frequencies used for operation presents a significant source of overhead. One can

therefore enhance the beamforming performance in the desired band of operation by using a

sub-6GHz antenna array to estimate channel parameters such as the spatial covariance [12].

Architectures which utilize such out-of-band channel estimation are also beneficial when

dealing with the hardware constraints in the mmWave and THz bands. Such high frequency

arrays typically use either all-analog or a hybrid analog-digital beamforming architecture

wherein full spatial covariance estimation is not possible. Sub-6GHz arrays, however, can be

made fully digital more easily, enabling full covariance estimation out-of-band. The spatial

information gathered at the lower frequencies can then be used for precoding in the desired

band of operation [13].

1.2 Problem Formulation

Having explored the broader landscape of vision information establishing the context for this

work, the crux of the upcoming analysis can be discussed. Within the taxonomy described

the most relevant type of vision information to this work is that of LOS path detection, a

form of direct geometric sensing, in turn a form of out-of-band information. Out of all forms

of geometric information one can obtain about the channel environment, the existence of a

LOS path is arguably the simplest. Its binary nature and direct impact on the SNR at the

receiver lend themselves well to a fundamental detection theoretic analysis, and expansion

to more complex geometric parameters such as the direction of arrival of scattered signals is

entirely possible.

The foundation of this work is a seemingly simple detection problem in which a transmitter

and receiver experience either LOS or NLOS conditions with some probability. The receiver



1.2. PROBLEM FORMULATION 7

must detect the presence of some DC signal in additive white Gaussian noise (AWGN)

while optionally possessing some labels regarding the LOS state. The seemingly trivial

nature of this problem stems from its striking similarity to the classic problem involving the

detection of a DC signal in AWGN. Working through the scenario carefully, however, reveals

a surprisingly nuanced problem involving multiple cases of knowledge with varying fidelity

and availability.

The original analysis involves the use of the Neyman Pearson detector with a modification

allowing for three rather than two hypotheses. The likelihood ratio test (LRT) p(x,H1)
p(x;H0)

> γ

is the logical choice for a binary detector, but a different approach must be used for the

NLOS/LOS problem because it is not a simple binary hypothesis problem [14, p.94-105].

Taking into account the NLOS/LOS state, there are in fact three hypotheses at the receiver:

H0 ∼ no-signal, H1 ∼ signal with NLOS, and H2 ∼ signal with LOS. This realization

leads to treating the problem as an M-ary hypothesis testing problem wherein, unlike the

traditional Neyman Pearson Lemma, a Bayesian approach with prior knowledge is required

[14, p.119-125].

Further developing the problem analysis, an important distinction between constant-false-

alarm-rate (CFAR) hypothesis testing and minimum probability of error (min(Pe)) hypoth-

esis testing arises. The Neyman Pearson Lemma and LRT define a test purely based on the

ratio between the likelihoods of two possible outcomes. M-ary detection, however, cannot

be defined as a ratio and therefore requires weights for the likelihoods. The Bayesian ap-

proach provides exactly what is needed here by introducing prior probabilities as weights.

The derivation of the M-ary test, however, involves minimizing the total probability of error

involving both Type-I and Type-II errors, whereas the LRT relies on choosing an arbitrary

detection threshold base upon Type-I errors only.

Treating the problem as a 3-ary hypothesis testing problem introduces an important knob
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to manipulate: the knowledge of the NLOS/LOS state. Fully incorporating this knowledge

into the detection analysis, however, requires treating the problem in a slightly different

way. Rather than considering three hypotheses with deterministic signals for each, one can

consider only two but with an unknown parameter. Here, the technique of composite hy-

pothesis testing becomes incredibly useful, allowing one to derive optimal detection rules

wherein some unknown parameter exists within the signal. As the NLOS/LOS state trans-

lates directly to received signal strength, it is only logical that this unknown parameter

be the received signal amplitude, As. Various techniques exist for this variety of detection

problem include the generalized likelihood ratio test (GLRT), Rao, and Wald tests, but it is

the Bayesian which allows full treatment of the distribution of this unknown parameter [14,

p.253-260].

One of the greatest sources of nuance in the NLOS/LOS problem emerges from the treatment

of the types of knowledge the receiver obtains about the NLOS/LOS state. Questions arise

such as: Does the receiver obtain labels about the LOS state or simply knowledge of its

probability? What happens when no knowledge whatsoever is available regarding LOS?

What happens when the labels are imperfect and subject to error? The composite hypothesis

testing approach provides an avenue through which to consider all of these questions by

incorporating the distribution of the known parameter, the received signal amplitude, for

each case of knowledge.

The aim of this work is to spell out the gains one may achieve by piping information about

the existence of the LOS path to a receiver using classical detection and estimation theory.

The nature of the vision sensors themselves, however, are not relevant to this work, but

information sourced from realistic sensors can be analyzed using the framework presented

here.

Chapter 2 provides a succinct, but careful analysis of three basic cases of NLOS/LOS knowl-
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edge and presents the optimal detection rules at the receiver for each case. CFAR and

min(Pe) performance is presented there for each case with comparisons made. Chapter 3

provides a more comprehensive treatment of the problem by emphasizing the continuous-

time behavior of an intermittent NLOS/LOS channel environment. There a framework is

presented which takes into account the imperfections of real vision sensors, and the enhance-

ments that can be made to detection performance are shown through this lens.
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Others:

• S. B. Brown et al., “Aircraft Radar Altimeter Interference Mitigation Through a CNN-

Layer Only Denoising Autoencoder Architecture,” MILCOM 2024 - 2024 IEEE Mili-

tary Communications Conference (MILCOM), Washington, DC, USA, 2024, pp. 306-

311.

• S. Brown, G. Niculescu, and I. Niculescu, “Machine learning representation of the F2

structure function over all charted Q2 and x range,” Phys. Rev. C, vol. 104, p. 064321,

Dec 2021.



Chapter 2

Improving Receiver Detection

Performance Through NLOS/LOS

Vision

2.1 Introduction

In modern communications systems there are often numerous opportunities to obtain exter-

nal knowledge about the channel beyond that which is provided by the receiver itself, such

as knowledge obtained through optical and radio frequency (RF) sensors operating outside

of the main system frequency band; e.g., radar systems aided by optical sensors or cellular

base stations aided by LOS infra-red sensors. Sensors of all varieties are abundant in the

mobile devices we use and crucial to the functionality of wireless IoT devices, smart vehicles,

and satellites. In this paper we explore the benefits that can be garnered from this external

knowledge or “vision” through the lens of detection theory and hypothesis testing and apply

these tools to a dynamic communications channel.

Arguably the simplest of classical signal detection problems is that of the constant DC value

in additive white Gaussian noise (AWGN). The problem explored in this work generalizes this

to arbitrary pulse shapes and introduces a stochastic element into the channel behavior while

10
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accounting for varying levels of information provided by the vision sensor. As with numerous

other practical detection scenarios without fully-known distributions for each hypothesis,

there are unknown parameters that must be accounted for when obtaining the optimal

decision rule. Two approaches which address the unknown parameter detection problem

from different angles are outlined in the literature; namely, the m-ary hypothesis approach

and the composite hypothesis approach [14]. The latter is further broken down into the

generalized likelihood ratio test (GLRT), Rao, and Wald tests which are asymptotically

optimal for MLE estimates of the unknown parameter(s) with independent and identically-

distributed (IID) data [15, 16, 17]. The GLRT, Rao, and Wald tests, however, do not take

into account prior knowledge of the distribution of the parameter itself whereas the Bayesian

composite hypothesis testing method does [18, 19, 20]. As this prior distribution is known

in the problem at hand, it should logically be factored into the detection scheme.

Here we present an analysis of one such detection problem involving an unknown parameter

whose state can be optionally obtained through a label. The parameter in question represents

a Bernoulli channel state of either line-of-sight (LOS) or non-line-of-sight (NLOS), much like

the characterization used in [21]. [22] provides another application in which a mixed NLOS/-

LOS environment is considered. The legitimacy of the uniformly-most-powerful (UMP) test

is challenged for cases where the test statistic does not depend on the unknown parameter

[23]. In the scenario presented, even though a UMP test does exist in a constant-false-alarm-

rate (CFAR) detection paradigm, it is shown that, by adopting a dynamic detection scheme,

one can achieve a higher probability of detection over an ensemble of trials for a given false

alarm rate than that achieved through the UMP test. Further, given prior probabilities for

the hypotheses, one can achieve a lower probability of error given knowledge of the parameter

distribution than without.
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Time

TX ON = LOS =

Figure 2.1: Recieved signal amplitude over time.

2.2 System Model

We construct a simple detection scenario in which a receiver must determine the pres-

ence of a signal with known pulse shape in an AWGN channel. The amplitude of the

received signal, however, is random and depends upon the channel state which can either

be LOS or NLOS. Specifically, the channel state Ψ can take on one of two possible values:

Ψ(t) ∈ {NLOS,LOS}. This provides a simple model for a dynamic wireless link which tog-

gles intermittently between NLOS and LOS such that the state Ψ is a correlated Bernoulli

random variable as in [21]. For the sake of the problem at hand, we will assume Ψ(t) is

governed by a Markov switching random process, also known as a continuous time Markov

chain (CTMC).

Ψ(t)| {t = t0} ∼ Bernoulli(q)

P (Ψ(t)| {t = t0}) =

 1− q, Ψ = 0 (NLOS)

q, Ψ = 1 (LOS)


(2.1)

The marginal distribution of Ψ(t) is shown in (2.1). Our model establishes α1 and α2 as

the amplitudes the received signal will assume in the NLOS and LOS states, respectively,

with with condition α2 > α1. Additionally, the signal is assumed to be present at times

and absent at other times as in an on-off-keying (OOK) scenario for communications or a

target in range/Doppler space for radar. This means that the received signal amplitude
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can take on three distinct values As(t) ∈ {0, α1, α2} representing the no-signal, NLOS, and

LOS cases. Figure 2.1 illustrates the behavior of the received signal amplitude As(t) as a

function of time in the midst of the intermittent channel state Ψ(t) (shown in orange) and

the OOK behavior at the transmitter (shown in yellow). One can notice how the channel

state and signal state appear independent of one another, and indeed we assume that As(t)

and Ψ(t) follow two independent random processes. The received signal has shape P (t),

and we assume that this shape is known at the receiver and that time alignment has been

achieved; i.e. coherent reception is possible. The form of the received signal without noise

is therefore s(t) = As(t)P (t). The true received signal is corrupted in the channel by a

white noise process n(t) which is added to the received signal s(t). The observation made

by the receiver is then a vector of N samples, r⃗(k), and we assume that the channel state

Ψ(t) does not change over the duration of the observation; i.e. the amplitude value As(t)

remains constant for the entire vector r⃗(k), taking on a single value which we denote As.

The decision regarding the presence of the signal is then made based upon the information

obtained in r⃗(k). The marginal probability distributions for a single noise sample nk and a

single signal sample sk are shown in (2.2) for which σ2
n is the noise variance, Pk is a sample

from the known signal shape, π0 is the prior probability of the no-signal (only noise) state

(1− Pr[As = 0]), and q is the probability of LOS (Pr[Ψ(t) = 1| {t = tk}]).

r⃗(k) = n⃗(k) + s⃗(k) = n⃗(k) + AsP⃗ (k),

where

nk ∼ N (0, σ2
n),

and sk ∼ fsk(s) =


π0, s = 0

(1− π0)(1− q), s = α1Pk

(1− π0)q, s = α2Pk



(2.2)
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RX TX
LOS

NLOS

LOS Sensor

Figure 2.2: Channel model.

The central question being explored is whether performance gains can be achieved when the

receiver obtains knowledge of the channel state Ψ from an external sensor which we shall call

“vision”. The specifics of the sensor are not relevant to the problem at hand; the importance

instead lies in the fact that knowledge is obtained about the wireless channel beyond that

which the transmitter and receiver can perceive in their default RF domain.

2.2.1 Cases Involving Varying Levels of Knowledge

Figure 2.2 depicts the simple scenario laid out here where the receiver obtains knowledge

of the LOS state by some external means. To provide a comprehensive analysis of the

effects of this vision on detection performance, we establish 3 distinct cases representing

varying degrees of knowledge about the channel state, ordered by decreasing quality: (1)

labeled knowledge (Vision), (2) statistical knowledge, (3) blind. In the labeled case the

receiver obtains, at any point in time, an exact label of LOS or NLOS corresponding to

the channel state Ψ such that the observed state, denoted Ψ̂, matches the true state at all

times, Ψ̂(t) = Ψ(t) ∀ t. This case is termed the “vision” case because it represents the use of

external sensor-based information. In the statistical case the receiver no longer has access to

labels for the channel state; rather, it merely has knowledge of the statistics of the channel

model. (2.2) provides the marginal probability mass function for the channel state Ψ which

follows a Bernoulli distribution parameterized by q, the probability of LOS. Finally, the blind

case represents a lack of any information regarding the channel state at the receiver beyond
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the a priori knowledge of the two possible amplitude values α1 and α2, the signal shape

P (t), and the noise variance σ2
n. In the blind case the receiver has no notion of how often

the channel is LOS vs NLOS, much less what the state is at any point in time.

One important characteristic distinguishing these cases is whether the information they

provide is time-dependent. The vision case falls into this category as the labels provide an

estimate of the channel state at any time t. The other two, however, give only model-specific

information independent of time. This distinction is key to determining the achievable gains

under different detection paradigms.

2.3 Detection Framework

To determine the presence of a signal with maximum reliability, one must construct a detector

for which an input of N samples represented by the vector r⃗(k) yields a decision upon whether

the signal is present. Knowing this, there are two primary angles from which one can

approach this detection problem. These two perspectives concern the number of hypotheses

that are considered by the receiver, and in turn the methodology used to derive the optimal

detection scheme. In one point of view, one can establish three hypotheses representing the

no-signal, NLOS-signal, and LOS-signal states:

H0 : As = 0 [No-Signal]

H1 : Ψ = 0 ∧ As = α1 [NLOS Signal]

H2 : Ψ = 1 ∧ As = α2 [LOS Signal]

(2.3)
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In a second point of view, only two hypotheses are considered, one for the no-signal state

and one for the signal-present state regardless of LOS:

H0 : As = 0 [No-Signal]

H1 : As ̸= 0 [Signal-Present]
(2.4)

Although these two models require different methodologies to arrive at the optimal detector,

the ultimate decision rule that results must decide between the same two outcomes: signal-

absent or signal-present. Intriguingly, it is shown in the following sections that these two

models and approaches lead to the same optimal detection rule.

2.3.1 M-ary Detection using Bayes Risk

The 3-hypothesis model shown in (2.3) is an M -ary hypothesis testing problem, and it can

be shown that having more than two hypotheses requires some a priori knowledge of the

probabilities of these hypotheses occurring. If one takes the Neyman-Pearsonian approach,

for example, comparing the likelihoods for each hypothesis requires more than one threshold;

i.e. only two can be compared in a ratio test at one time. This leads us to formulate the

Bayes Risk which considers the cost associated with every possible observation conditioned

on the truth. Bayes Risk is defined in the most general case as follows:

R =
M−1∑
i=0

M−1∑
j=0

CijP (Hi|Hj)P (Hj). (2.5)

where P (Hi|Hj) is the probability of choosing Hi given that Hj matches reality. The coeffi-

cients Cij can be seen as weights which determine the contribution to the overall risk when

making a decision Hi conditioned on the truth, Hj.

Minimization of the Bayes Risk encompasses any possible metric one might have for opti-
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mality as it allows for arbitrary weight to be placed on Type-I and Type-II errors, otherwise

known as missed-detections and false-alarms as they will henceforth be referred to. The

interest in the problem at hand is in finding a detection rule which minimizes the proba-

bility of error or minHi
(Pe) where false-alarms and missed-detections are considered equally

detrimental to the risk.

It has been shown that Bayes Risk is minimized if one decides Hi for which ci(X) =∑N−1
j=0 Cijπ(Hj|X) is minimal where π(Hj|X) is the posterior probability of Hj given an

observation X. The optimal decision rule follows, upon definition of the weights Cij. Adopt-

ing the minHi
(Pe) metric, the scenario at hand defines an error as mistaking the presence

of a signal (H1 or H2) for the absence of a signal (H0) or equivalently in reverse. We can

construct the Cij matrix based off of this rule as follows:

Cij =


0 1 1

1 0 0

1 0 0

 (2.6)

where i indicates the decision index and j indicates the truth index. The symmetry of

this matrix reflects the equal treatment of missed-detections and false-alarms, and the lack

of risk associated with mistaking a LOS signal with an NLOS signal is represented with

C12 = C21 = 0. Using this definition to minimize (2.5) leads to the following:

argmin︸ ︷︷ ︸
i

[ci(X)] =
∑2

j=0 π(Hj|X)− π(H0|X) i = 0∑2
j=0 π(Hj|X)− π(H1|X)− π(H2|X) 1 or 2


(2.7)
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The decision rule which minimizes R then follows:

Choose Hi where

i =

 0 π(H0|X) > π(H1|X) + π(H2|X)

1 or 2 otherwise


(2.8)

This result resembles the classical maximum a posteriori (MAP) formulation for binary

hypothesis testing with the key distinction being the union of H1 and H2. It is now straight-

forward to obtain the decision rule in terms of the system parameters by substituting the

likelihoods and priors associated with the three hypotheses.

Choose H1 or H2︸ ︷︷ ︸
Signal Present

if

L(X|H1)π1 + L(X|H2)π2 > L(X|H0)π0

(2.9)

From (2.9) one can see the importance of knowledge of the prior probabilities {π0, π1, π2}

in determining signal presence. Fortunately, although knowing the probability of the signal

presence a priori might be impossible as in the case of radar, we have the privilege of

knowing the probability of LOS, q, in the vision and statistical cases, though not the blind.

Considering that π1 = (1 − q)(1 − π0) and π2 = q(1 − π0), the ratio π2

π1
= q

1−q
is known for
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these cases. This allows us to construct a decision rule where π0 is the only unknown.

Choose H1 or H2︸ ︷︷ ︸
Signal Present

if

e
− 1

2σ2
n

∑N−1
k=0 (r⃗[k]−α1P⃗ [k])

2

(1− q) + e
− 1

2σ2
n

∑N−1
k=0 (r⃗[k]−α2P⃗ [k])

2

q

> e
− 1

2σ2
n

∑N−1
k=0 r⃗[k]2 π0

1− π0

exp
[
− 1

2σ2
n

(
α2
1

N−1∑
k=0

P⃗ [k]2 − 2α1

N−1∑
k=0

r⃗[k]P⃗ [k]

)]
(1− q) + ...

exp
[
− 1

2σ2
n

(
α2
2

N−1∑
k=0

P⃗ [k]2 − 2α2

N−1∑
k=0

r⃗[k]P⃗ [k]

)]
q >

π0

1− π0︸ ︷︷ ︸
η

(2.10)

Now it can be seen that the sufficient statistic is a replica correlator, equivalent to a matched

filter: T (r⃗) =
∑N−1

k=0 r⃗[k]P⃗ [k]. The detection rule, however, cannot be isolated from the

weight parameter q, indicating that knowledge of the probability of LOS is required for

optimal detection performance.

2.3.2 Binary Composite Hypothesis Testing

As an alternative approach, one can consider only the two hypotheses shown in (2.4). A bi-

nary hypothesis testing scenario lends itself quite well to the Neyman-Pearsonian likelihood

ratio test (LRT). Unlike the 3-ary Bayes risk approach, the binary approach requires treat-

ment of the amplitude As as an unknown parameter and therefore falls into the category of

detection of deterministic signals with unknown parameters. The LRT is optimal in that it

maximizes the probability of detection (PD) for a given probability of false alarm (PFA) over

all values of As > 0. The one-sided nature of this test, which results from the amplitude As

being strictly positive, guarantees the existence of a UMP test. For more general scenarios
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where As can be negative, different tests need to be used for the cases where As is positive or

negative. In this setting we need only consider the positive case. [14, p.194] We can obtain

the UMP detector by forming an LRT conditioned on As:

Choose H1 if LRT (r⃗) =
L(r⃗;As, H1)

L(r⃗;H0)
> γ,

which implies
exp

(
− 1

2σ2
n

∑N−1
k=0

(
r⃗[k]− AsP⃗ [k]

)2)
exp

(
− 1

2σ2
n

∑N−1
k=0 r⃗[k]2

) > γ,

→
N−1∑
k=0

r⃗[k]P⃗ [k] >
As

2

N−1∑
k=0

P⃗ [k]2 − σ2
n

As

log(γ)︸ ︷︷ ︸
η

(2.11)

The decision statistic obtained from the LRT is a replica correlator which notably does not

depend on As. Further, although the threshold η does depend on As, this test is sufficient for

a CFAR detection scheme even without knowledge of Ψ(t) as the null (no-signal) hypothesis

is independent of As.

If we return to the original interest in achieving minHi
(Pe) given knowledge of π0, the LRT

is not sufficient without knowledge of As due to the power of the test (PD) being dependent

upon As. Instead the Bayesian approach to composite hypothesis testing comes into play,

taking into account prior knowledge of the distribution of As which we possess in all knowl-

edge cases except the blind case.
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Figure 2.3: Piecewise-linear approximation vs exact detector.

The Bayes Factor for the scenario at hand has the following form:

Choose H1 if

π(r⃗;H1)

π(r⃗;H0)
=

∫
ΩAs

L(r⃗|As;H1)p(As;H1)dAs∫
ΩAs

L(r⃗|As;H0)p(As;H0)dAs

>
π0

1− π0︸ ︷︷ ︸
η

,

where p(As;H1) = (1− q)δ(As − α1) + qδ(As − α2),

p(As;H0) = δ(As),

δ(·) is the Dirac Delta Function.

(2.12)

The Bernoulli form for the prior distribution on the amplitude As derives from the signal

model shown in (2.2). The prior distribution for H0 is a point mass at zero representing the

no-signal state. Applying these known priors yields a decision rule identical to that found

in (2.10).

2.3.3 Performance Analysis

To evaluate the performance of this detection scheme we must derive expressions for proba-

bility of detection (PD) and false-alarm (PFA). One can either characterize the performance

for a single observation or for an ensemble of observations, a distinction which emerges when
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time-dependent information about the channel is available as in the vision case. Here we

desire to optimize ensemble performance and utilize the detection scheme which minimizes

the average Pe. An exact form for PD and PFA given an arbitrary q value, however, is not

tractable due to the exponential mixture form of the decision statistic in (2.10). An ap-

proximation is therefore employed which utilizes a piecewise-linear function in place of the

weighted sum of complex exponentials:

T (r⃗) = c1 exp (Φ1ζ(r⃗)) + c2 exp (Φ2ζ(r⃗)) , where

c1 = (1− q) exp
(
−α2

1ϵ(P )

2σ2
n

)
, c2 = q exp

(
−α2

2ϵ(P )

2σ2
n

)
,

Φ1 =
α1

σ2
n

, Φ2 =
α2

σ2
n

, ϵ(P ) =
N−1∑
k=0

P⃗ [k]2, ζ(r⃗) =
N−1∑
k=0

r⃗[k]P⃗ [k]

(2.13)

We can then form the following piecewise-linear approximation for the logarithm of T (r⃗)

with boundary B:

ln(T (r⃗)) ≈

 log(c1) + Φ1ζ(r⃗) r⃗ ≤ B

log(c2) + Φ2ζ(r⃗) r⃗ > B


c1e

Φ1B = c2e
Φ2B → B =

ln( c2
c1
)

Φ1 − Φ2

(2.14)
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This yields an approximate decision rule as follows:

Choose H1 if
{ζ(r⃗) > η1} ∩ {ζ(r⃗) ≤ B}

or

{ζ(r⃗) > η2} ∩ {ζ(r⃗) > B}


where

η1 =
σ2
n

α1

log
(

π0

(1− π0)(1− q)

)
+

α1ϵ(P )

2

η2 =
σ2
n

α2

log
(

π0

(1− π0)q

)
+

α2ϵ(P )

2

B = log
(

q

1− q

)
σ2
n

α1 − α2

+
ϵ(P )

2

(
α2
1 − α2

2

α1 − α2

)

(2.15)

The approximation forms two decision rules with corresponding optimal thresholds, each

assuming dominance of one channel state or the other. In approximation, expressions for PD

and PFA are realizable, and using the fact that the decision statistic ζ(r⃗) is a random variable

with the following distribution: ζ(r⃗) ∼ N (Asϵ(P ), A2
sσ

2
nϵ(P )), one can obtain the ensemble

PD and PFA expressions dependent on the two thresholds η1 and η2 and the boundary B as
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follows:
PD =Pr [ Choose signal-present |H1]

PD =1 {η1 ≤ B} (Pr [ζ(r⃗) > η1|As = α1] (1− q) + ...

Pr [ζ(r⃗) > η1|As = α2] q) + ...

1 {η1 > B} (Pr [ζ(r⃗) > η2|As = α1] (1− q) + ...

Pr [ζ(r⃗) > η2|As = α2] q)

→ PD =

1 {η1 ≤ B}

[
Q

(
η1 − α1ϵ(P )

σn

√
ϵ(P )

)
(1− q) +Q

(
η1 − α2ϵ(P )

σn

√
ϵ(P )

)
q

]

+1 {η1 > B}

[
Q

(
η2 − α1ϵ(P )

σn

√
ϵ(P )

)
(1− q) +Q

(
η2 − α2ϵ(P )

σn

√
ϵ(P )

)
q

]

PFA =Pr [ Choose signal-present |H0]

→ PFA =

1 {η1 ≤ B}Q

(
η1

σn

√
ϵ(P )

)
+ 1 {η1 > B}Q

(
η2

σn

√
ϵ(P )

)

(2.16)

The piecewise-approximate detector has piecewise expressions for PD and PFA where the

boundary condition is a comparison between one of the thresholds (η1 or η2) and B, all

of which depend on the estimate for probability of LOS, q̂, the prior probability of signal

presence, π0, and otherwise known parameters.
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2.4 Case-Based Analysis

The generalized detection scheme shown in (2.15) assumes some knowledge of q at the

receiver, denoted q̂, and it is this knowledge which differs among the three cases presented.

The weights for the terms in the PD and PFA expressions depend on the true value of q

while the thresholds η1 and η2 as well as the boundary B depend on the known value at

the receiver, q̂. Each knowledge case modifies its definition of q̂, thereby altering the chosen

thresholds.

2.4.1 Labeled Knowledge (Vision)

In the case where external knowledge of the LOS state Ψ is available, the knowledge at the

receiver is binary in nature, meaning that q̂ is either equal to 1 when the label is LOS or

0 when the label is NLOS. The expressions for PD and PFA for the vision case are then as

follows:

PD−V = Q

(
η1 − α1ϵ(P )

σn

√
ϵ(P )

)
(1− q) +Q

(
η2 − α2ϵ(P )

σn

√
ϵ(P )

)
q

PFA−V = Q

(
η1

σn

√
ϵ(P )

)
(1− q) +Q

(
η2

σn

√
ϵ(P )

)
q

(2.17)

PD and PFA for the vision case are exact results and do not rely on the piecewise-linear

approximation because only one term in the weighted sum of exponentials need be considered

at a time.

2.4.2 Statistical Knowledge

In the case where the receiver no longer has access to the labeled LOS state, q̂ is simply

equal to the true probability of LOS for the channel. This yields the following expressions
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for PD and PFA:

PD−S =

1 {η1 ≤ B}

[
Q

(
η1 − α1ϵ(P )

σn

√
ϵ(P )

)
(1− q) +Q

(
η1 − α2ϵ(P )

σn

√
ϵ(P )

)
q

]
+

1 {η1 > B}

[
Q

(
η2 − α1ϵ(P )

σn

√
ϵ(P )

)
(1− q) +Q

(
η2 − α2ϵ(P )

σn

√
ϵ(P )

)
q

]

PFA−S =

1 {η1 ≤ B}Q

(
η1

σn

√
ϵ(P )

)
+ 1 {η1 > B}Q

(
η2

σn

√
ϵ(P )

)
(2.18)

For the statistical case this result is an approximation as the entire distribution with both

LOS and NLOS terms must be considered.

2.4.3 Blind

In the absence of even statistical knowledge of the channel, the receiver’s knowledge of

LOS is entirely non-existent. The best strategy is therefore to establish an uninformative

prior distribution on the parameter q̂. Considering that the distribution for q is known

to be Bernoulli even in the blind case, a good choice for the prior on q̂ is the Beta
(
1
2
, 1
2

)
distribution. The ensemble performance can then be found by marginalizing the original
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Bayes Factor from (2.12) over the entire space of q̂ such that its dependence is removed:

Choose H1 if

π(r⃗;H1)

π(r⃗;H0)
=

∫ 1

q̂=0

∫
ΩAs

L(r⃗|As;H1)p(As|q̂;H1)dAsdq̂∫ 1

q̂=0

∫
ΩAs

L(r⃗|As;H0)p(As|q̂;H0)dAsdq̂
>

π0

1− π0︸ ︷︷ ︸
η

,

where p(As|q̂;H1) = (1− q̂)δ(As − α1) + q̂δ(As − α2),

p(As|q̂;H0) = δ(As),

δ(·) is the Dirac Delta Function.

(2.19)

This yields an identical decision rule to (2.15) but with q = 0.5. Therefore, in the absence of

statistical knowledge, the receiver should assume equal weighting between LOS and NLOS

channel states. The expressions for PD and PFA for the blind case are then as follows:

PD−B =

1 {η1 ≤ B}

[
Q

(
η1 − α1ϵ(P )

σn

√
ϵ(P )

)
(1− q) +Q

(
η1 − α2ϵ(P )

σn

√
ϵ(P )

)
q

]

+1 {η1 > B}

[
Q

(
η2 − α1ϵ(P )

σn

√
ϵ(P )

)
(1− q) +Q

(
η2 − α2ϵ(P )

σn

√
ϵ(P )

)
q

]

PFA−B =

1 {η1 ≤ B}Q

(
η1

σn

√
ϵ(P )

)
+ 1 {η1 > B}Q

(
η2

σn

√
ϵ(P )

)

With q̂ =
1

2
.

(2.20)
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Figure 2.4: ROC curve (CFAR) performance: vision vs UMP test.

2.5 Numerical Results and Discussion

Here these performance results are tested under both CFAR and minHi
(Pe) detection paradigms

in a Monte Carlo simulation. Beginning with the CFAR detection simulation, T = 1000 trials

are performed in which N = 100 samples are collected from a received signal with arbitrary

known shape. For each trial, a signal-present scenario and a signal-absent scenario are tested,

and the exact decision rule shown in (2.10) is used to determine the receiver’s hypothesis

of choice. This process is performed over a range of prior π0 values producing the receiver

operating characteristic (ROC) shown in Figure 2.4. Note that the statistical and blind cases

produce performance identical to the UMP test from a ROC perspective, and thus only a

comparison between vision and UMP is necessary.

The probability of error simulation is performed in a similar fashion, but the trials are

performed while sweeping over SNR values and a fixed value of π0 = 0.5. Note that the

average SNR is calculated as SNRavg =
ϵ(P )((1−q)α2

1+qα2
2)

σ2
n

.
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Figure 2.5: Prob. of error performance: vision vs statistical vs blind

One can see from the ROC curves that the vision case always provides a higher PD for a

given PFA than the UMP test, and the gain achieved depends upon the probability of LOS,

q. This sets the vision case apart from the other knowledge cases. The benefit provided by

the statistical case over the blind case is demonstrated in the prob. of error curves wherein

prior knowledge of signal presence is available.

2.6 Conclusions and Future Work

We have shown that information provided through sensors which is supplementary to that

obtained by the receiver itself can, under the right circumstances, improve the detection
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performance for the receiver when a dynamic detection scheme is used. Moreover, out of

three knowledge cases presented, vision, statistical, and blind, the vision case leads to better

ensemble performance compared to the UMP test while the others do not. By dynamically

changing the detection threshold used depending on the known channel state, one can allow

higher false alarm rates in NLOS conditions while lowering false alarm rates in LOS condi-

tions to achieve the desired average false alarm rate. Possession of statistical knowledge at

the receiver, although not helpful in a CFAR paradigm, dominates the blind case when prior

information about signal presence is provided.

The results obtained point to the broader advantage provided by sensor-based information

for both CFAR and minHi
(Pe) detectors. Therefore, future work should examine the impact

of imperfect sensor-based information, a scenario more representative of real systems. There

is also ample room to explore the impact of vision for more sophisticated channels such as

those with Rayleigh and Ricean fading.



Chapter 3

Optimal Performance of Vision

Sensor-Aided Receivers with

Imperfect Information

3.1 Introduction

Our increasingly interconnected world demands a rapidly growing fleet of sensors of all kinds,

spread throughout our daily lives. The phenomenon of Internet of Things (IoT) has so infil-

trated the information space that the number of mobile users of cellular networks worldwide

is expected to reach 80 billion by 2030 [24]. This incredible figure reflects the need for

IoT-enabled sensors to reliably communicate via wireless sensor networks, enabling intelli-

gent automation for the home, healthcare (e-health), transportation systems (ITS), farms,

and the military among sundry other industries [25]. Meteorological sensors, microphones,

optical and infra-red (IR) cameras, LiDARs, radars, and countless other varieties are increas-

ingly becoming standard components of mobile-connected devices such as smartphones and

vehicles as well as stationary devices such as WiFi access points, street lights, cellular base

stations, and electric meters. Furthermore, the fidelity and information content provided by

these sensors is set to rise with the advent of sixth-generation (6G) cellular networks and

their incorporation of augmented reality and autonomous driving systems [26].

31
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IoT-based sensors are often found in highly dynamic environments such as urban roadways

where the spatial properties of the wireless channel can change on a millisecond basis. The

value of out-of-band information, which can often include that provided through optical

and IR sensors, is especially present in these types of environments. The literature has

provided a number of examples where existing RF communications systems achieve perfor-

mance benefits from the incorporation of external information. In millimeter wave systems,

for instance, where estimating the spatial covariance is necessary for link configuration, an

out-of-band sub-6 GHz channel has been shown to reduce training overhead and increase

data rates [12, 13, 27]. The integration of radar- or camera-based sensing capabilities with

communications systems can also jointly improve localization and imaging capabilities while

simultaneously reducing overhead or improving physical layer performance [6, 28]. Cam-

eras combined with computer vision technology have also been utilized to provide spatial

information for beamforming, blockage detection, localization, and other sensing typically

performed by the existing RF system [29, 30].

The application of out-of-band and otherwise external knowledge to the most fundamental

principles of RF signal detection is the crux of the work presented here. Expanding upon

Chapter 2, we lay out a framework for the detection of RF signals in additive white Gaus-

sian noise (AWGN) which incorporates a two-state channel exhibiting either line-of-sight

(LOS) or non-line-of-sight (NLOS) conditions. Our major contributions lie in the benefits

garnered from obtaining knowledge at the receiver about the NLOS/LOS channel from an

external sensor, which we refer to as vision, compared to baseline approaches without vision

information. This chapter extends the analysis of Chapter 2 by providing a continuous-time-

Markov-Chain (CTMC) channel model through which the detection framework presented can

be tuned to a variety of realistic scenarios yielding vision information with varying degrees

of fidelity and reliability.
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3.1.1 Prior Work

We approach this problem from the standpoint of classical detection theory and hypothesis

testing and challenge the traditional maximum likelihood estimation and universally-most-

powerful (UMP) test when time-dependent knowledge is available. Chapter 2 is the under-

pinning of this analysis wherein we present three cases of NLOS/LOS knowledge, termed

vision, statistical, and blind, and show analytically and experimentally how the vision case

can improve upon the performance of the UMP test in an ensemble of trials in a constant-

false-alarm-rate (CFAR) paradigm. In this chapter, we provide a more detailed analysis

behind the ability for dynamic detection schemes to out-perform static schemes such as the

UMP test and greatly expand the concept of vision information, allowing for imperfect vision

where sensor-based information is only sporadically available.

The signal detection scenario we present features hypotheses without fully-known distribu-

tions and, therefore, unknown parameters must be accounted for when obtaining the optimal

decision rule. The literature provides two approaches which address the unknown parameter

detection problem from different angles; namely, the m-ary hypothesis approach and the

composite hypothesis approach [14]. The latter is further broken down into the generalized

likelihood ratio test (GRLT), Rao, and Wald tests which are asymptotically optimal for MLE

estimates of the unknown parameter(s) with independent and identically-distributed (IID)

data [15, 16, 17]. The GRLT, Rao, and Wald tests, however, do not take into account prior

knowledge of the distribution of the parameter itself whereas the Bayesian composite hy-

pothesis testing method does [18, 19, 20]. As this prior distribution is known in the problem

at hand, it should logically be factored into the detection scheme.

The preliminary work in Chapter 2 treats the received signal amplitude as an unknown

parameter whose state can be optionally obtained through a label, corresponding to the
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increased path loss experienced in NLOS conditions. This parameter is a Bernoulli random

variable resembling the characterization used in [21]. [22] provides another application in

which a mixed NLOS/LOS environment is considered. The legitimacy of the uniformly-

most-powerful (UMP) test is challenged for cases where the test statistic does not depend

on the unknown parameter [23]. In the scenario presented, even though a UMP test does

exist in a (CFAR) detection paradigm, it is shown that, by adopting a dynamic detection

scheme, one can achieve a higher probability of detection over an ensemble of trials for a

given false alarm rate than that achieved through the UMP test. Furthermore, given prior

probabilities for the hypotheses, one can achieve a lower overall probability of error given

knowledge of the parameter distribution than without knowledge, even if this knowledge is

unchanging and time-independent.

The detection framework presented here is based on the stochastic properties of the binary

CTMC channel model, which is closely related to the Gilbert-Elliott channel model. In the

Gilbert-Elliott model, a stationary, discrete, binary Markov process is used to define good

and bad states for the channel which typically correspond to lower and higher SNR values.

The Markovian nature of Gilbert Elliott introduces memory due to the dependence of current

states on previous states [31], a property shared by the binary CTMC used in this work.

Additionally, the CTMC can be thought of as a variation on the finite state Markov channel

(FSMC) where only two states are used and, crucially, instead of defining discrete intervals

as is often done [32], the CTMC is a continuous random process featuring stochastic holding

times [33].
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3.1.2 Contributions and Problem Setup

This work explores the impact of external sensor-based information on wireless communica-

tion and radar receivers and answers the question of whether and how valuable this informa-

tion could be. More specifically, if information is obtained about the channel LOS/NLOS

state beyond that which can be obtained in the radio frequency band of operation, how and

to what degree can detection performance be improved?

There are two settings within which this detection problem resides, namely: the constant

false-alarm rate (CFAR) detection paradigm and the minimum probability of error (minPe)

paradigm. The first concerns situations where the occurrence of an event must be detected

without prior knowledge of the probabilities of its occurrence or the occurrence of alternative

events. The minPe paradigm refers to situations where the probability of an event’s occur-

rence as well as the occurrence of alternative events is known a-priori, and the probability of

incorrect detection (error) is minimized. The CFAR paradigm lends itself well to radar ap-

plications as the probability of the target’s presence is seldom known in advance. The minPe

paradigm is well-suited for digital communications systems as the symbol probabilities are

usually known a-priori.

This chapter makes the following contributions:

• A binary CTMC channel model is introduced which characterizes intermittent toggling

between line-of-sight and non-line-of-sight states. The decision statistic for on-off-

keying (OOK) signals passing through the CTMC channel is presented along with its

detection and false-alarm probabilities under varying degrees of knowledge.

• A generalized detection framework is laid out which minimizes the probability of error

using a Bayes Risk formulation. The framework features an optimal decision rule which
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can be applied with any type of time-dependent or static knowledge sourced from a

vision sensor regarding the NLOS/LOS state. We show that dynamic detectors which

adjust their decision rule based upon labeled channel information can out-perform

static detectors in an ensemble of trials. Moreover, we prove that any static detector

will achieve identical performance to the UMP test under the CFAR paradigm.

• An optimal decision rule is presented for receivers with imperfect vision information

which is prone to error and available only available at certain points in time. It is

shown that the cases of perfect vision and statistical knowledge are special cases of a

more general periodic labels model wherein samples of the NLOS/LOS channel, subject

to error, are sent to the receiver at set intervals. The performance of such imperfect

vision receivers is shown to lie between that of the UMP test and that of perfect vision.

3.2 System Model

Here we expand upon the scenario presented in Chapter 2 by establishing a continuous-time

model for the NLOS/LOS channel. Similarly, in this scenario a receiver must detect the

presence of a signal with known pulse shape in an AWGN channel. The attenuation incurred

by this channel is stochastic in nature, also consistent with the Chapter 2. However, the state

of the channel, Ψ(t), is described in a far more specific way as a continuous-time random

process. The signal of interest (SOI) is also modeled as a continuous-time random process

but one independent from that of the channel state Ψ(t).

Focusing first on the signal model, the SOI follows a random process whose continuous-time

properties need not be fully described, but its stationary distribution is important. The

stationary distribution describes the binary state of the signal, either present leading to a

positive amplitude or absent leading to an amplitude of zero. The received signal r(t) is
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composed of the transmit signal s(t) scaled by the channel value h(t) and the addition of

a white Gaussian noise process n(t) with variance σ2
n. The received signal is then sampled,

bringing the signal representation into discrete-time.

c.t.: r(t) = s(t)h(t) + n(t)

d.t.: r⃗(k) = s⃗(k)⃗h(k) + n⃗(k)

where

nk ∼ N (0, σ2
n), sk ∼ fsk(s) =

 π0, s = 0

1− π0, s = Pk


0 ≤ k ≤ N

(3.1)

The signal itself consists of a pulse shape P (t) with 0 ≤ t ≤ TP , and this pulse shape is

assumed to be known at the receiver. The observation made by the receiver is a vector of N

samples taken at a particular sample rate, fs, and, crucially, the receiver is assumed to be

time-aligned with the transmit pulse. The N samples observed at the receiver correspond

to the pulse samples P (k), {0 ≤ k ≤ N − 1} such that the sample index k represents the kth

sample of the pulse. The marginal distribution for the transmit signal shown in (3.1) has

support on {0, Pk} and involves the value π0 which is the probability of signal absence. In

the CFAR paradigm π0 is not known at the receiver, but in the min(Pe) paradigm it is.

Now turning our attention to the channel model, we can describe the underlying process

governing the channel value h(t) using the channel state Ψ(t). The interest in this work lies

in the impact from knowledge of a NLOS/LOS state, and that state is represented as two

possible channel values, h(t) ∈ {α1, α2} corresponding to a lower channel gain α1 for NLOS

conditions and a higher channel gain α2 for LOS conditions. The assumption is made that

α2 > α1∀t. In this model the channel toggles between NLOS and LOS states intermittently,
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taking on the lower or higher amplitude accordingly. The channel state, Ψ(t), takes on values

of 0 and 1 for the NLOS and LOS states. The channel value is then related to the state as

follows: h(t) = (1−Ψ(t))α1 +Ψ(t)α2.

Ψ(t) is governed by a binary continuous-time Markov chain (CTMC). This models a channel

which experiences non-line-of-sight (NLOS) and line-of-sight (LOS) conditions in a dynamic

way such that the expected received signal amplitude toggles between a lower value α1 and

a higher value α2 with α2 > α1, corresponding to the values Ψ(t) = 0 and Ψ(t) = 1,

respectively. The CTMC is characterized by the distribution of the duration of each channel

state period, referred to henceforth as the holding times.

The definition of the CTMC involves exponentially distributed, independent holding times:

E0 ∼ Exp(λ0) and E1 ∼ Exp(λ1) corresponding to the NLOS and LOS channel states, with

E0⊥⊥E1. The rate parameters λ0 and λ1 determine the mean holding times: E {E0} = 1
λ0

,

E {E1} = 1
λ1

. After each holding period, the process switches to the other state with 100%

probability. As this is a binary CTMC, there is only one alternative state to switch to after

each holding period, and there is no chance of remaining in the current state.

Figure 3.1: CTMC channel and label processes over time

There are several important properties of the CTMC process that will be relevant later in

this work. The first is the stationary distribution which involves the mean of the process,

E {Ψ(t)}. The stationary distribution can be found from the generator matrix Q defined as
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follows:

QΨ =

−λ0 λ0

λ1 −λ1

 (3.2)

The off-diagonal elements of Q are the rate parameters for the holding times described

earlier. The stationary distribution can describe the probabilities of the process being in

each state after infinite time has elapsed, and it satisfies the following linear relationship:

π̄Q = 0. Solving this yields the following stationary probabilities: π̄ =

[
λ1

λ0+λ1

λ0

λ0+λ1

]
which correspond to the stationary probability of NLOS and LOS. For ease of notation,

the stationary probability of LOS will henceforth be referred to as q = λ0

λ0+λ1
. The mean

of the CTMC can be described as E {Ψ(t)} =
∑1

i=0 iπ̄i =
λ0

λ0+λ1
= q. This is conveniently

equivalent to the stationary probability of LOS.

An example realization of the CTMC channel process is depicted in Figure 3.1. In this exam-

ple the channel spends slightly more time in the LOS state than it does in the NLOS state,

corresponding to a mean value greater than 1/2. The number of jumps in any finite time

period is related to the rate parameters λ0 and λ1. In general, larger rate parameters lead to

a faster changing channel while smaller values lead to infrequent jumps. Furthermore, the

ratio between parameter values determines the preference towards the NLOS or LOS state.

rk ∼ frk = π0

{
1√
2πσ2

n

e
− r2k

2σ2
n

}
+ ...

(1− π0)(1− q)

{
1√
2πσ2

n

e
− 1

2σ2
n
(rk−α1Pk)

2

}
+ ...

(1− π0)q

{
1√
2πσ2

n

e
− 1

2σ2
n
(rk−α2Pk)

2

} (3.3)

The received signal, after passing through the CTMC channel and being impaired with

AWGN noise, takes on the marginal distribution shown in (3.3). This is best characterized

as a Gaussian mixture with weights determined by q and the prior probability of the null
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hypothesis, π0.

3.2.1 Knowledge at the Receiver

The central feature of dynamic detection being explored in this work is the availability

of time-dependent channel knowledge at the receiver. This knowledge can take on several

different forms, and these types of knowledge are outlined here. In the Chapter 2 we outlined

three cases: the vision case, the statistical case, and the blind case wherein the first case

involves knowledge of the channel state at all times, the second involves knowledge of the

probability of LOS, and the third involves a lack of any knowledge regarding the LOS state.

This work expands the realm of knowledge that could be available at the receiver and its

relationship to time.

Channel knowledge can be categorized in terms of its temporal availability as well as its

fidelity. Some knowledge, like that obtained from an external sensor, is time-dependent,

giving the receiver information about the evolution of the channel state. In other cases, the

knowledge is time-independent, providing information about the stationary properties of the

channel such as the probability of LOS, q. We will denote the former as “labeled” knowledge

and the latter as “unlabeled”. This contrast can be illustrated by considering that, with an

external sensor, the receiver can obtain temporally relevant information about the channel

whereas, without an external sensor, the receiver can only obtain statistical information

unchanging with time.

Labeled knowledge, which is of particular interest in this chapter, can then be further broken

down based upon the temporal relevance of the labels. In the ideal case, the receiver obtains

knowledge of the exact channel state at all times. This is precisely the vision case outlined in

the Chapter 2. More generally, however, a sensor may provide labels only at specific points



3.2. SYSTEM MODEL 41

in time, or discontinuously, reminiscent of pilot symbols in traditional channel estimation.

We will refer to evenly-spaced labeled knowledge as periodic labels. The spacing between

the labels need not be even, but for the purposes of this work we will assume they are

periodic. Although periodic labels do provide time-dependent information, this information

is potentially outdated and serves as a form of memory.

Another crucial knowledge property to consider is the fidelity of the labels which can be

thought of as their susceptibility to error. All real-world sensors will incur errors in their

measurements, and the impact of these errors on the usefulness of labeled knowledge is

examined in this work. An external sensor in a communication system can be modeled

as having a channel of its own in addition to the primary RF data channel. Rather than

modeling this side channel, we assume that the label error rate is known, and label errors

correspond to perceived LOS states while the true state is NLOS or vice-versa. Labeled

knowledge with an error rate less than one will be referred to as imperfect labels.

The CTMC channel realization in Figure 3.1 includes a series of imperfect periodic la-

bels spaced out by periods of τL time units. One label error is shown in this realization

as a label inconsistent with the current channel state. The labels form a random pro-

cess themselves which we takes on the following marginal distribution: L(k) ∼ flk(lk) = 1− ϵ, lk = Ψ(tk)

ϵ, lk = 1−Ψ(tk)

 where ϵ is the probability of label error and tk is the times-

tamp for the kth label. The label process can also be defined directly as a function of the

channel state process and an independent Bernoulli error process: L(k) = Ψ(tk)⊕ζ(k) where

⊕ denotes the modulo-two addition operator and ζ(k) ∼ Bernoulli(ϵ).

As a final knob, one can consider whether the channel parameters; i.e., the rate parameters

λ0 and λ1, are available at the receiver. The statistical case in the Chapter 2 corresponds

to unlabeled knowledge of the stationary probability of LOS, q, and the blind case involves
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a lack of any knowledge about the LOS state, either labeled or unlabeled. Here we expand

this concept to the case of periodic labels wherein blind periodic labels implies that the

stationary channel properties are not available at the receiver. Since q = λ0

λ0+λ1
is defined in

terms of these parameters, its availability is implied if the rate parameters are available.

By manipulating the parameters discussed such as the label spacing τL, label error rate ϵ,

and the availability of the rate parameters, we can gain a comprehensive understanding of

the performance benefits garnered from labeled knowledge and its value in more realistic

settings.

3.3 Generalized Detection Framework

Having outlined the system model and described the types of knowledge available at the

receiver, we can now turn our attention to the detection of the SOI and the performance we

can expect in both CFAR and min(Pe) paradigms. The receiver must use its observation of

N samples to make a decision upon whether the signal is present. This fundamental goal

is identical to that described in [1] where we derived an optimal decision rule using two

methodologies: M-ary detection using Bayes risk and binary composite hypothesis testing.

To avoid redundancy, we will not repeat these derivations here, but rather connect their

results to the expanded system model at hand.

In order to discuss the impact of labeled knowledge and its various forms, we must first

establish a generalized decision rule which can be applied to each type of knowledge through

a single parameter, q̂. This parameter can be thought of as the estimated probability of LOS

based on knowledge at the receiver, which should be differentiated from the true probability

of LOS, q. The source of this parameter depends on the type of knowledge available, with

labeled knowledge allowing q̂ to evolve with time and unlabeled knowledge producing a static
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value for q̂. In the ideal case, that of perfect vision outlined in [1], q̂ takes on only extreme

values: q̂ ∈ {0, 1} because the full LOS information is available at all times. Later in this

work we will show that less-ideal forms of labeled knowledge such as imperfect periodic labels

will also yield a time-varying q̂.

Choose H1 or H2︸ ︷︷ ︸
Signal Present

if

e
− 1

2σ2
n

∑N−1
k=0 (r⃗[k]−α1P⃗ [k])

2

(1− q̂) + e
− 1

2σ2
n

∑N−1
k=0 (r⃗[k]−α2P⃗ [k])

2

q̂

> e
− 1

2σ2
n

∑N−1
k=0 r⃗[k]2 π0

1− π0

exp
[
− 1

2σ2
n

(
α2
1

N−1∑
k=0

P⃗ [k]2 − 2α1

N−1∑
k=0

r⃗[k]P⃗ [k]

)]
(1− q̂) + ...

exp
[
− 1

2σ2
n

(
α2
2

N−1∑
k=0

P⃗ [k]2 − 2α2

N−1∑
k=0

r⃗[k]P⃗ [k]

)]
q̂ >

π0

1− π0︸ ︷︷ ︸
η

(3.4)

The Bayes risk and composite hypothesis testing approaches in [1] both led to the decision

rule shown in (3.4). The decision rule is constructed with only one potential unknown;

namely, the prior probability of no-signal, π0. The availability of this value, as stated earlier,

determines whether a CFAR or min(Pe) detection paradigm is employed. It can be seen that

q̂ serves as a weight parameter here, representing the relative significance of the NLOS and

LOS terms.

This generalized decision rule yields min(Pe) performance for an ensemble of trials when

the true probability of LOS matches q̂. This means that this decision rule can serve as a

general rule encompassing all the knowledge cases that we discuss. The only differentiating

factor is the estimated probability of LOS, q̂, which can evolve with time in the most general

case. Whereas, in [1], q̂ was either dynamic and binary or static and continuous, this work
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introduces cases where the receiver’s estimate of the probability of LOS evolves with time

while taking on values anywhere between 0 and 1.

The performance analysis for this generalized decision rule requires the use of an approxi-

mation when deriving analytical expressions for the probability of detection (PD) and false

alarm (PFA). This is necessary as there is no closed-form probability density function (PDF)

for a Gaussian random variable (GRV) transformed by a weighted sum of exponential func-

tions as is the case for (3.4). In [1], a piecewise-linear approximation was presented which

considers the contribution of only one exponential term at a time, therefore making the

logarithmic relationship between the matched-filter output, ζ(r⃗), and the decision statistic

a linear one. This then allows for the use of the standard Gaussian cumulative distribution

function (CDF), Q(.) as it appears in the performance of the Neyman Pearson detector.

In this chapter we expand the analysis of this piecewise approximation and show that it

provides upper and lower bounds on detection performance.

T (r⃗) = c1 exp (Φ1ζ(r⃗)) + c2 exp (Φ2ζ(r⃗)) , where

c1 = (1− q̂) exp
(
−α2

1ϵ(P )

2σ2
n

)
, c2 = q̂ exp

(
−α2

2ϵ(P )

2σ2
n

)
,

Φ1 =
α1

σ2
n

, Φ2 =
α2

σ2
n

, ϵ(P ) =
N−1∑
k=0

P⃗ [k]2, ζ(r⃗) =
N−1∑
k=0

r⃗[k]P⃗ [k]

(3.5)

The piecewise approximation considers only the contribution from the most significant term

of the decision statistic. The two regions are separated by a boundary point B which is

defined as the point where the contribution of the NLOS and LOS terms to the overall

decision statistic is the same. The decision statistic T (r⃗) can be written in a cleaner form by

establishing the intermediate quantities shown in (3.5). As the NLOS and LOS exponential

terms have different coefficients determined by the different signal amplitudes α1 and α2,

the contribution of one will rapidly eclipse the contribution of the other on either side of the
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boundary B.

log(T (r⃗)) ≈

 log(c1) + Φ1ζ(r⃗) ζ(r⃗) ≤ B

log(c2) + Φ2ζ(r⃗) ζ(r⃗) > B


B =

log( c2
c1
)

Φ1 − Φ2

= log
(

q̂

1− q̂

)
σ2
n

α1 − α2

+
ϵ(P )

2

(
α2
1 − α2

2

α1 − α2

)
where B satisfies c1e

Φ1B = c2e
Φ2B.

η1 =
σ2
n

α1

log
(

π0

(1− π0)(1− q̂)

)
+

α1ϵ(P )

2

η2 =
σ2
n

α2

log
(

π0

(1− π0)q̂

)
+

α2ϵ(P )

2

(3.6)

The behavior of the weighted sum of exponential functions means that, when the matched

filter output ζ(r⃗) is significantly smaller or larger than B, the piecewise approximation is

very accurate. On the other hand, when ζ(r⃗) ≈ B, the approximation drifts from the true

decision statistic. In addition to being an approximation, the piecewise linear function is,

in fact, a lower bound on detection performance. Furthermore, we can establish another

piecewise linear function which serves as an upper bound.

As shown in [1], the piecewise approximation considers the most dominant term in the

likelihood function to be the only term which allows one to analyze performance using a

standard Neyman Pearson test. In this way, the threshold chosen is dependent upon which

side of the boundary B the matched filter output ζ(r⃗) falls. This produces two thresholds, η1

for NLOS and η2 for LOS, both presented in [1] and shown in (3.6). Due to the discarding of

mutual contributions from NLOS and LOS states in the approximation, the ratio between the

two amplitude values, α1 and α2, has a direct effect on the exactness of the approximation.

We can form the piecewise linear lower bound Tlb using the linear asymptotes of the decision

statistic shown in (3.6). Tlb is asymptotically correct through this formulation, and the

largest deviation from the optimal decision statistic occurs right at the boundary B. We
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Figure 3.2: Optimal decision statistic with upper and lower bounds

can also establish that TLB is a lower bound on the probability of detection PD. As PD is

defined as PD = Pr [{T (ζ(r⃗)) > η} | {Signal Present}], and Tlb(ζ(r⃗)) < T (ζ(r⃗)) ∀ ζ(r⃗) ∈ R,

it follows that PD−exact > PD−LB. This same reasoning can be applied to the probability of

false alarm PFA as well.

log(TLB(r⃗)) =

 log(c1) + Φ1ζ(r⃗) ζ(r⃗) ≤ B

log(c2) + Φ2ζ(r⃗) ζ(r⃗) > B

log(TUB(r⃗)) =

 −α2
1ϵ(P )

2σ2
n

+ Φ1ζ(r⃗) ζ(r⃗) ≤ ζ
(
α1+α2

2

)
−α2

2ϵ(P )

2σ2
n

+ Φ2ζ(r⃗) ζ(r⃗) > ζ
(
α1+α2

2

)
(3.7)

Although the lower bound is accurate when the signal amplitude ratio α2

α1
is large, a small

ratio is better represented by an upper bound. In the extreme case where α2 = α1, the

optimal decision statistic collapses into a single term: T (ζ(r⃗)) = exp
(
−α2

1ϵ(P )

2σ2
n

+ α1ζ(r⃗)
σ2
n

)
.

TUB = T in this extreme case and, for all other cases, it is defined as a piecewise linear

function with a boundary located at the matched filter output of the average amplitude
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value: ζ(α1+α2

2
). As T (ζ(r⃗)) is one-to-one, the same argument regarding PD and PFA for the

lower bound can be made again here for the upper bound; namely, PD−LB < PD ≤ PD−UB

and PFA−LB < PFA ≤ PFA−UB.

The upper and lower bounds for the decision statistic are shown against the exact form in

Figure 3.2 and defined explicitly in (3.7). One can see how the boundary B defines the point

where the dominant contribution switches from the NLOS signal components to the LOS

signal components. This makes intuitive sense because the detector should be more sensitive

at lower matched filter outputs, reflecting the propensity for lower outputs to occur during

NLOS periods.

3.3.1 Generalized Detection Performance

The detection performance of the generalized decision rule was analyzed in detail in [1]. The

two paradigms of interest, as discussed earlier, are that of CFAR and min(Pe). Just as a

generalized decision rule can be formed which encompasses all relevant types and degrees of

LOS/NLOS knowledge available to the receiver, generalized probabilities of detections and

false alarm (PD and PFA) can be formed as well.

In the most general form, PD and PFA are both functions of the independent parameter

π0, the probability of the null / no-signal hypothesis. More specifically, π0 appears as an

argument of the threshold functions η1 and η2 spelled out in (3.6), and these thresholds are

themselves arguments of the PD and PFA functions. Additionally, the true probability of

LOS, q, is also an argument. The thresholds η1 and η2 along with the boundary B, which

depend on the estimated probability of LOS, q̂, are determined at the receiver, whereas q is a

channel parameter not necessarily known at the receiver. In this way, they can be described
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in the following form:
PD = f (η1(π0, q̂), η2(π0, q̂), B(q̂), q)

PFA = g (η2(π0, q̂), η2(π0, q̂), B(q̂), q)

(3.8)

The general expressions for PD−LB and PFA−LB derived using the piecewise approximation

are shown in (3.9). The expressions accommodate differing knowledge at the receiver de-

pending on the true channel state which is important for cases with time-dependent, labeled

knowledge. Additionally, the piecewise nature of PD−LB and PFA−LB stems from the piece-

wise nature of the decision rule in (3.4) where the boundary B marks the switch between

NLOS dominance and LOS dominance. Here B, rather than being compared to the matched

filter output ζ(r⃗) as with the detector, is compared to η1. This is because η1 = η2 = B marks

the corresponding value of π0 where the detector switches from using the NLOS threshold
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η1 to the LOS threshold η2.

PD−LB = Pr [ Choose signal-present |H1] =

(1− q) [Pr [ζ(r⃗) > η1|As = α1] 1 {η1 ≤ B}︸ ︷︷ ︸
NLOS channel, below boundary

+...

Pr [ζ(r⃗) > η2|As = α1] 1 {η1 > B}]︸ ︷︷ ︸
NLOS channel, above boundary

+...

q [Pr [ζ(r⃗) > η1|As = α2] 1 {η1 ≤ B}︸ ︷︷ ︸
LOS channel, below boundary

+...

Pr [ζ(r⃗) > η2|As = α2] 1 {η1 > B}]︸ ︷︷ ︸
LOS channel, above boundary

→PD−LB(η1(π0, q̂), η2(π0, q̂), B(q̂), q) =

(1− q)Q

(
ηi(q̂)− α1ϵ(P )

σn

√
ϵ(P )

)
︸ ︷︷ ︸

q̂=q̂NLOS

+q Q

(
ηi(q̂)− α2ϵ(P )

σn

√
ϵ(P )

)
︸ ︷︷ ︸

q̂=q̂LOS

→PFA−LB(η1(π0, q̂), η2(π0, q̂), B(q̂), q) =

(1− q)Q

(
ηi(q̂)

σn

√
ϵ(P )

)
︸ ︷︷ ︸

q̂=q̂NLOS

+q Q

(
ηi(q̂)

σn

√
ϵ(P )

)
︸ ︷︷ ︸

q̂=q̂LOS

where i =

 1 η1(q̂) ≤ B(q̂)

2 η1(q̂) > B(q̂)

(3.9)

[1] details the special cases of vision, statistical, and blind knowledge and shows the resulting

forms for PD and PFA in each case. It is found that in the vision case where q̂ ∈ {0, 1},

the performance can be simplified to the form in (3.10) where the boundary disappears and

the performance expression becomes exact and no longer approximate. The binary nature

of q̂ eliminates the need for mutual contributions between the NLOS and LOS terms in the
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decision rule.

PD−V =

Q

(
η1 − α1ϵ(P )

σn

√
ϵ(P )

)∣∣∣∣∣
q̂=0

(1− q) + Q

(
η2 − α2ϵ(P )

σn

√
ϵ(P )

)∣∣∣∣∣
q̂=1

q

PFA−V = Q

(
η1(q̂ = 0)

σn

√
ϵ(P )

)
(1− q) +Q

(
η2(q̂ = 1)

σn

√
ϵ(P )

)
q

(3.10)

As the vision case involves dynamic detection instead of static detection for the statistical

and blind cases, its performance depends simultaneously on both thresholds η1 and η2. In

the static detection cases, however, there is only a dependence upon one threshold at a time,

and q̂ never changes. In [1] the claim is made that the CFAR performance of static detectors

with unlabeled knowledge can never improve upon the uniformly most powerful (UMP) test

which can be achieved with the use of a traditional Neyman Pearson detector. Here we will

validate this claim.

As shown in (3.8), PD and PFA are most generally functions of both thresholds. In the

absence of labeled information, however, a static detector will yield forms which are functions

of just one threshold per piecewise component as shown in (3.11). This is important because

the UMP test performance takes on the same functional form but with a single threshold η

defined in 2.11.

PD−static(π0) = f (ηk(π0)) ;PFA−static(π0) = g (ηk(π0))

where k = 1 {η1(π0) > B}

PD−UMP = f (η(π0)) ;PFA−UMP = g (η(π0))

(3.11)

When analyzing CFAR performance, it is the implicit relationship between PD and PFA that

matters because the operating point is determined by a pre-set PFA value, not by any prior
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knowledge of π0. We can show that the implicit function defined by PD(π0) and PFA(π0),

otherwise known as the receiver operating characteristic (ROC) curve, is invariant to changes

in the threshold function, ηk(π0) [34].

Given that f(·) is one-to-one,
(
f−1
)′
(x) =

1

f ′(f−1(x))
.

Given PD(π0) = f(ηk(π0)) and PFA(π0) = g(ηk(π0)),

dpd
dπ0

= f ′(ηk(π0))η
′
k(π0) and dpfa

dπ0

= g′(ηk(π0))η
′
k(π0).

Applying line 1, dπ0

dpd
=

1

f ′(ηk(η
−1
k (f−1(pd))))η′k(η

−1
k (f−1(pd)))

=
1

f ′(f−1(pd))η′k(η
−1
k (f−1(pd)))

= (f−1)′(pd)(η
−1
k )′(f−1(pd)).

Using the symmetry of PD and PFA,

dpfa
dpd

=
(f−1)′(pd)(η

−1
k )′(f−1(pd))

(g−1)′(pfa)(η
−1
k )′(g−1(pfa))

=
(f−1)′(pd)(η

−1
k )′(π0)

(g−1)′(pfa)(η
−1
k )′(π0)

=
(f−1)′(pd)

(g−1)′(pfa)
.

∴ dpfa
dpd

does not depend on the function ηk(π0).

(3.12)

The implicit ROC curve can be fully defined by its slope dpfa
dpd

, which does not depend on

the common parameter π0. In (3.12) it is shown, by the inverse function theorem, that

this slope in fact does not depend upon the threshold function ηk(π0), provided that PD

and PFA are one-to-one which is clear from their definitions. As a consequence, the static

detection performance of the statistical and blind cases is identical to that of the UMP test.

This rule breaks as soon as some time-dependent knowledge is introduced into the detection

framework; i.e., in the vision case where q̂ follows the true channel state Ψ(t) at all times. As

we will show in the following section, even imperfect labeled knowledge will yield performance

that differs from the UMP test; although, whether an improvement is made depends on the

fidelity of the knowledge available.
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When analyzing min(Pe) performance, one finds that there is a dependence on the degree

of static knowledge available which was showcased in [1] with the statistical case improving

over the blind case under this paradigm. Additionally, there is no notion of a UMP test here

because, rather than using a constant false-alarm rate, a particular value of π0 is chosen

based on prior knowledge of the probability of signal presence. The expression used for the

error probability is simply a weighting of type-I and type-II errors based on prior knowledge

of π0: Pe = (1−π0)(1−PD)+π0PFA. The availability of static knowledge can be helpful for

this type of performance because, unlike in CFAR, the performance at a specific operating

point π0 matters.

3.4 Optimal Detection with Periodic Labels

Having established a generalized detection framework that can accommodate all types of

labeled and unlabeled knowledge, we can now turn our attention to the behavior of a receiver

operating in a CTMC channel with periodic labels. The CTMC model allows us to explore

the impact of imperfect labeled information which might be sourced from a more realistic

sensor. Due to power and computation constraints, information regarding the NLOS/LOS

state of the channel will never be continuously available in real systems as it is portrayed in

[1] with the vision case. Instead this information is likely to be only intermittently available,

similar to pilots in traditional channel estimation.

In the scenario at hand we establish a channel state process governed by a CTMC, Ψ(t) with

rate parameters λ0 and λ1 governing the tendency to jump between NLOS and LOS states.

On top of this we define a label process L(k) where labels are spaced apart by intervals of τL

time units and occur with a certain probability of error ϵ. This model establishes two knobs

for controlling the fidelity of the labels; i.e., the frequency of their occurrence 1
τL

and their
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accuracy ϵ. In this way, the vision case outlined in [1] is simply a special case of periodic

labels where τL = 0 and ϵ = 0, and the statistical or blind case arises whenever ϵ = 0.5

or τL → ∞, depending on whether the stationary properties λ0 and λ1 are available to the

receiver. This section will demonstrate that performance with periodic labels approaches

the simplistic cases already explored when these regimes are approached.

As discussed in the last section, the optimal decision rule sources its knowledge of the channel

state from q̂, a value representing the receiver’s best estimate of the true probability of LOS q

at any point in time given the knowledge available to it. Naturally, if the knowledge available

is time dependent, the estimate will evolve with time as well making q̂(t) a function of time.

Furthermore, in the case of continuously available information (τL = 0), q̂(t) is always up-to-

date while, with periodic intermittent labels, q̂ is reflective of somewhat “old” information.

 Pr [L(k) = Ψ(tk)] = 1− ϵ

Pr [L(k) = 1−Ψ(tk)] = ϵ
(3.13)

Pr [LOS| {L(k) = Λ}] = Pr[{L(k) = Λ} |LOS]Pr[LOS]

Pr[L(k) = Λ]

q̂(tk) =



L(k), ϵ unknown

ϵ(1− L(k)) + (1− ϵ)L(k), ϵ known, q unknown
ϵq

ϵq+(1−ϵ)(1−q)
(1− L(k)) + ...

(1−ϵ)q
(1−ϵ)q+ϵ(1−q)

L(k), ϵ, q known

(3.14)

First, we will look at the behavior with imperfect, continuous vision. As the labels are

continuously available, there is no need to consider the behavior in between labels. q̂(t)

is therefore updated continuously based on the current label value. This behavior is then

dependent upon whether the receiver knows the label error probability ϵ and whether it

knows the true probability of LOS, q. Under imperfect labels, the PMF for the label process
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is shown in (3.13). If the receiver doesn’t know the error probability itself or cannot obtain a

good estimate for it, the labels are simply blindly trusted, making q̂(tk) simply equal to the

current label value L(k) as shown in (3.14). When ϵ is known, however, the receiver can use

this knowledge to estimate the current probability of LOS either with or without knowledge

of the stationary probability of LOS, q. With both ϵ and q known, an optimal estimate can

be found through Bayes’ Theorem which incorporates the stationary CTMC behavior into

the estimate. In this formulation, q̂(tk) = q when ϵ = 0.5, reflecting the lack of information

in the labels in this case. On the other hand, with ϵ = {0, 1}, the estimate relies solely on

the label value, not q.

To explore the receiver’s behavior between the labels, we need to know the temporal prop-

erties of the CTMC process. As discussed in the system model, the CTMC is defined by its

generator matrix, QΨ =

−λ0 λ0

λ1 −λ1

. The Markovian property of the process means that

the probability of the channel state changing from some value at t1 to some other value at t2

is dependent only upon the time duration t2 − t1 [35]. The state probability for the CTMC

in between labels can then be represented by the transient probability distribution for the

CTMC.

The transient probability represents the expected state of the CTMC τ time units before or

after a known state or known probability of a state. It is found using the matrix exponential

of the generator matrix: eQΨτ . If {ḡ1, ḡ2} are the right eigenvectors of QΨ and
{
f̄1, f̄2

}
are
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the left eigenvectors, the matrix exponential is given by: eQΨτ = e−(λ0+λ1)τ ḡ1f̄1 + ḡ2f̄2. [35].

eQΨτ =

π00(τ) π01(τ)

π10(τ) π11(τ)

 =

Pr[{Ψ(τ) = 0} | {Ψ(0) = 0}] Pr[{Ψ(τ) = 1} | {Ψ(0) = 0}]

Pr[{Ψ(τ) = 0} | {Ψ(0) = 1}] Pr[{Ψ(τ) = 1} | {Ψ(0) = 1}]

 =

 e−(λ0+λ1)|τ | λ0

λ0+λ1
+ λ1

λ0+λ1
−e−(λ0+λ1)|τ | λ0

λ0+λ1
+ λ0

λ0+λ1

−e−(λ0+λ1)|τ | λ1

λ0+λ1
+ λ1

λ0+λ1
e−(λ0+λ1)|τ | λ1

λ0+λ1
+ λ0

λ0+λ1


=

 e−λ′|τ |q + (1− q) −e−λ′|τ |q + q

−e−λ′|τ |(1− q) + (1− q) e−λ′|τ |(1− q) + q



(3.15)

Computing the matrix exponential yields the 2×2 result in (3.15). As described earlier, there

is a clear dependence on the time duration τ , specifically that of exponential decay. This is

consistent with the exponentially distributed holding times in the definition of the CTMC.

It is also noteworthy that the rate of decay is the sum of the rate parameters which we

denote λ′ = λ0 + λ1. The transient probabilities also converge to the stationary distribution

π̄ =

[
(1− q) q

]
as τ → ∞ representing the lack of temporal correlation after a long enough

duration. For ease of notation, the transient probabilities are represented by πij(τ) where i

is the conditioned state and j is the outcome after τ time units. The transient probability’s

dependence only on the elapsed time points to the Markov nature of the process and samples

of the process as well. This indicates that the label process is also Markov, meaning that

a receiver with periodic labeled knowledge of the LOS state need only reference the most

recent label, and no previous labels, to determine the best estimate for the probability of
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Figure 3.3: LOS prob. estimate q̂(t) at the receiver with CTMC channel state Ψ(t) and
CTMC rates of λ′ ={0.5, 0.1, 0.01}

LOS at any point in time.

Pr[{Ψ(tk + τ) = 1} | {L(k) = Λ}] =

Pr[{Ψ(tk + τ) = 1} | {Ψ(tk) = Λ}]Pr[Correct Label]+

Pr[{Ψ(tk + τ) = 1} | {Ψ(tk) = 1− Λ}]Pr[Errored Label]

→q̂PL(t) =



π01(t− tk)
(

(1−ϵ)(1−q)
(1−ϵ)(1−q)+ϵq

)
+ ...

π11(t− tk)
(

ϵq
(1−ϵ)(1−q)+ϵq

)
, L(k) = 0

π11(t− tk)
(

(1−ϵ)q
(1−ϵ)q+ϵ(1−q)

)
+ ...

π01(t− tk)
(

ϵ(1−q)
(1−ϵ)q+ϵ(1−q)

)
, L(k) = 1

where t− tk is the label age.

(3.16)
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To obtain the final estimate for the probability of LOS, the receiver must factor in the label

error rate ϵ, which can be done using the expressions shown in (3.14), and the label age

which we define as the time elapsed since the most recent label, t− tk. The final expression

shown in (3.16) involves the transient probabilities π01 and π11 weighted by the probability

of the channel state at the time of the most recent label, tk, conditioned upon the label state.

These expressions now form the receiver’s best estimate for the average state of the CTMC

channel at any time since the last known label L(k) given that the stationary parameters

λ0, λ1, and the label error rate ϵ are known at the receiver.

When adopting the q̂PL(t) scheme in (3.16) with periodic labeled knowledge, the resulting

behavior is depicted in Figure 3.3. Here, the value q̂PL(t) is shown in three different scenarios

with different CTMC rates: λ′ = {0.5, 0.1, 0.05}. The label spacing is kept constant at

τL = 20 with a label error rate of ϵ = 0.1. One can see how the q̂(t) value spikes towards

the label value when each label is received, but decays towards the stationary probability

of LOS, q, very rapidly with a fast CTMC. On the other hand, with a slower CTMC q̂(t)

remains closer to the label value until the next label occurs. This indicates the convergence

towards the vision case when the label spacing becomes small compared to the reciprocal of

the CTMC rate, τL ≪ 1/λ′, and towards the statistical case when the opposite is true.

3.4.1 Performance Analysis with Periodic Labels

Having detailed the optimal LOS estimate based on periodic labeled knowledge, we can now

delve into the detection performance of such a vision-enhanced receiver under both CFAR

and min(Pe) paradigms. The generalized performance expressions presented in section 3.1

form a template through which we can derive the performance for periodic labeled knowledge.

The approach here is to apply the q̂PL(t) expressions to the generalized PD−LB and PFA−LB
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to obtain the performance given the true channel state during the current symbol, Ψ(0), the

most recent label value seen by the receiver, L(k), and the corresponding label age. The

final performance can then be found by marginalizing over the distribution of true states

and labeled state combinations as well as the distribution of label ages.

The general expressions for PD and PFA feature a single argument for q̂, the estimated

probability of LOS at the receiver. In the statistical case, only one version of this knowledge

was required to represent the overall performance because the knowledge did not change

based on the true conditions over time. In contrast, the vision case featured two types of

knowledge: one with q̂ = 0 which occurred only during true NLOS periods and one with

q̂ = 1 during true LOS periods. With periodic labels we have a more nuanced situation

where the knowledge of the probability of LOS changes depending on the current true state

at the time of the symbol of interest; however, there is some probability of receiving outdated

information that is no longer accurate.

This degree of nuance means that we must consider when the labels match the true channel

state at the symbol of interest and when they do not. Since the receiver’s knowledge of the

LOS state is ultimately coming from the labels, their accuracy determines the q̂ estimate

used during NLOS and LOS periods. The final expressions for PD and PFA for periodic

labels must therefore use the probability of matching and mismatching labels to weight the
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outcomes.

q̂NLOS−PL(t) = π01(t− tk)Ω1 + π11(t− tk)(1− Ω1)

q̂LOS−PL(t) = π11(t− tk)Ω2 + π01(t− tk)(1− Ω2)

where Ω1 =

(
(1− ϵ)(1− q)

(1− ϵ)(1− q) + ϵq

)
,Ω2 =

(
(1− ϵ)q

(1− ϵ)q + ϵ(1− q)

)
PD−PL =

1

τL

∫ τL

t=0

PD−LB(q̂1)︸ ︷︷ ︸
label matches Ψ

c(t) + PD−LB(q̂2)︸ ︷︷ ︸
label does not match Ψ

(1− c(t))dt

PFA−PL =
1

τL

∫ τL

t=0

PFA−LB(q̂1)c(t) + PFA−LB(q̂2)(1− c(t))dt

where

q̂1 =

 q̂NLOS−PL, Ψ = 0

q̂LOS−PL, Ψ = 1
, q̂2 =

 q̂LOS−PL, Ψ = 0

q̂NLOS−PL, Ψ = 1
,

c(t) = (1− ϵ) ((1− q)π00(t) + qπ11(t)) + ϵ ((1− q)π01(t) + qπ10(t))

(3.17)

Merely weighting the outcomes based on the label accuracy does represent average perfor-

mance, but only for one particular value of t − tk, the label age. The overall ensemble

performance must marginalize over the distribution of these ages. Since the label period τL

is a stationary parameter; i.e., it is constant, the distribution of label ages is uniform over

the label period. This reflects the fact that symbols are equally-likely to occur at any point

between two consecutive labels. (3.17) shows the final detection and false-alarm probabili-

ties for the periodic labels case taking all this into account. Cases involving matching and

mismatching labels are weighted by c(t), the probability that the label in question matches.
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3.5 Numerical Results and Discussion

Having laid out a detection framework which encompasses all of the nuances introduced when

vision information is discontinuous and prone to error, we can now explore the performance of

a detector employing such a framework through both analytical and numerical comparisons in

various performance paradigms. In the Chapter 2, performance under three basic knowledge

cases, vision, statistical, and blind, was showcased under the CFAR and min(Pe) paradigms.

Here we expand this into the more nuanced case of periodic labels where parameters such as

the label period τL and the label error probability ϵ can control the fidelity of the information

available at the receiver.

A CTMC channel simulation was constructed in which 100k symbols are detected using the

optimal decision rule shown in (3.4). Four knowledge cases are simulated: 1) Perfect Vision,

2) Periodic Labels, 3) Statistical, and 4) Blind knowledge. For each knowledge case the

corresponding estimate for the current probability of LOS (q̂(t)) is applied for each symbol.

q̂(t) is then applied to the detection decision and results are tabulated.

The first set of results pertains to the CFAR paradigm for which Figures 3.4, 3.5, and 3.6

are relevant. A comparison is made here between varying degrees of labeled knowledge

at the receiver and the UMP test which serves as a baseline for CFAR performance. As

discussed earlier, the performance with any kind of unlabeled knowledge will always match

the UMP test under CFAR (see (3.11)). Figure 3.4 shows the receiver operating characteristic

(ROC) performance under the aforementioned knowledge cases. The gains through the vision

information appear for three different values for the true prob. of LOS (q ={0.2, 0.5, 0.8});

however, greater gains are achieved with higher q values. As expected, the performance

with periodic labels falls in between perfect vision and the UMP test and is upper- and

lower-bounded by the two.
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Figure 3.4: Simulated and calculated ROC curves for Perfect Vision (PV), Periodic Labels
(PL), and UMP test with SNRavg = 8 dB, q ={0.2, 0.5, 0.8}, α2/α1 = 10, λ′ = 0.1, τL = 1

Figure 3.5 provides a different angle for CFAR performance, showing probability of detection

across average SNR values for a target false alarm rate of PFA = 0.1. Note that the average

SNR is calculated as SNRavg =
ϵ(P )((1−q)α2

1+qα2
2)

σ2
n

. Here, once again, a gradient in performance

is observed from the UMP test with the lowest PD across the board to periodic labels to perfect

vision. Below SNRavg = 0 dB, however, the simulated data diverges from the analytical

results. This can be attributed to the use of the piecewise-linear lower bound in (3.7) for

the optimal decision rule and in the receiver’s calculation of the π0 values used based upon

the set PFA value.

Figure 3.6 like Figure 3.5 shows the probability of detection under CFAR with PFA =

0.1; however, instead of sweeping over SNR we sweep over the label period τL in units of
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Figure 3.5: CFAR Prob. of Detection vs avg. SNR for Perfect Vision (PV), Periodic Labels
(PL), and UMP test with Target PFA = 0.1, q = 0.7, α2/α1 = 10, λ′ = 0.1, τL = 1

time. This result demonstrates the effect of the channel sample rate and label error rate

on performance when compared to the two special cases of perfect vision and the UMP

test. One can see how labels which occur more often achieve performance which approaches

perfect vision while sparse labels approach the performance of the UMP test. Additionally,

introducing label errors translates to a shift towards the UMP performance overall. This

behavior is expected because the useful time-dependent information available from periodic

labels decreases as the label rate (1/τL) becomes much smaller than the CTMC rate (λ′).

Performance under the min(Pe) paradigm for all knowledge cases is presented in Figure 3.7.

Here the overall error rate is measured wherein Pe = (1 − PD)(1 − π0) + PFAπ0 and equal

weight is placed on false alarms and missed detections with π0 = 0.5. One can observe how

the bimodal nature of the likelihood function manifests with two separate dips in the error

rate occurring approximately 40 dB apart. This is consistent with the chosen amplitude
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Figure 3.6: CFAR Prob. of Detection vs label period (τL) for Perfect Vision (PV), Periodic
Labels (PL), and UMP test with Target PFA = 0.1, q = 0.7, α2/α1 = 10, λ′ = 0.1, ϵ ={0,
0.1, 0.2}

ratio of α2/α1 = 100. Here a gradient in performance is observed once again, but crucially

the statistical case now out-performs the blind case unlike the UMP-test equivalence seen in

the CFAR paradigm. It should also be noted that the UMP test is irrelevant for min(Pe)

performance. Additionally, the gain is achieved within a particular SNR range with the

perfect vision case yielding an approximate 10 dB improvement at Pe = 4·10−2. This localized

gain is consistent with the fact that, at lower SNR values, intermittent LOS conditions

provide little benefit while, at higher SNR values, intermittent NLOS conditions provide

little hindrance.
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Statistical (S), and Blind (B) with q = 0.9, α2/α1 = 100, λ′ = 0.1, ϵ = 0.1, τL = 1
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Conclusion

The exploration we have undertaken here demonstrates the value of external vision infor-

mation in wireless communications systems under intermittent NLOS/LOS conditions. By

introducing labeled knowledge of the LOS state one can achieve a higher probability of detec-

tion for any given probability of false alarm in an ensemble of trials. Furthermore, unlabeled

statistical information about the LOS state cannot improve upon the UMP test under a

CFAR paradigm; although, when the prior probability of the null hypothesis, π0, is known

at the receiver, unlabeled statistical information can yield a lower overall error rate.

The benefits achieved with vision sensors are most pronounced under conditions in which

the NLOS/LOS state has a severe impact on received signal strength. This is reflected in

the construction of the optimal decision statistic wherein the relative impact of the NLOS

and LOS terms is determined in part by the ratio between amplitude values α2/α1.

Scenarios in which labeled information is not continuously available are also shown to im-

prove CFAR detection performance over the UMP test. The CTMC channel model presented

provides generalized framework which can be catered towards a variety of realistic propaga-

tion scenarios. Cameras which capture optical data at rates comparable to or slower than

the NLOS/LOS toggling rate can be represented as sparse labels, for instance. Even when

the label rate (1/τL) becomes much smaller than the CTMC rate λ1, performance gains over

the UMP test are still observed.

65



66 CHAPTER 4. CONCLUSION

As the interconnected world becomes more dominated by automation and machine-to-

machine communication, the integration of sensors with existing physical layer systems is

becoming more and more valuable. This work demonstrates how these sensors can help

on the most fundamental level, and expansion of this work towards other forms of vision

information, such as other forms of direct geometric sensing as discussed in Chapter 1, can

be done using the same hypothesis testing techniques presented here.

The composite hypothesis testing framework presented here involves a single unknown pa-

rameter, the received signal amplitude As. The process used here to incorporate vision

information into the optimal decision rule can be applied to any form of direct geometric

sensing simply by introducing different or additional unknown parameters and their associ-

ated distributions for each knowledge case. An analysis of angle-of-arrival based vision, for

instance, could utilize a MIMO version of the detection framework presented wherein the

array factor has some known distribution based upon the knowledge of the angle-of-arrival.

The subsequent steps involving the optimal decision rule and performance derivations would

follow the same general procedure.
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