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Novel RTD-Based Threshold Logic Design and Verification

Yexin Zheng

Abstract

Innovative nano-scale devices have been developed to enhance future circuit design to

overcome physical barriers hindering complementary metal-oxide semiconductor (CMOS)

technology. Among the emerging nanodevices, resonant tunneling diodes (RTDs) have

demonstrated promising electronic features due to their high speed switching capability

and functional versatility. Great circuit functionality can be achieved through integrating

heterostructure field-effect transistors (HFETs) in conjunction with RTDs to modulate ef-

fective negative differential resistance (NDR). However, RTDs are intrinsically suitable for

implementing threshold logic rather than Boolean logic which has dominated CMOS tech-

nology in the past. To fully take advantage of such emerging nanotechnology, efficient

design methodologies and design automation tools for threshold logic therefore become

essential.

In this thesis, we first propose novel programmable logic elements (PLEs) implemented

in threshold gates (TGs) and multi-threshold threshold gates (MTTGs) by exploring RTD/

HFET monostable-bistable transition logic element (MOBILE) principles. Our three-input

PLE can be configured through five control bits to realize all the three-variable logic func-

tions, which is, to the best of our knowledge, the first single RTD-based structure that

provides complete logic implementation. It is also a more efficient reconfigurable cir-

cuit element than a general look-up table which requires eight configuration bits for three-

variable functions. We further extend the design concept to construct a more versatile

four-input PLE. A comprehensive comparison of three- and four-input PLEs provides an

insightful view of design tradeoffs between performance and area. We present the math-

ematical proof of PLE’s logic completeness based on Shannon Expansion, as well as the



HSPICE simulation results of the programmable and primitive RTD/HFET gates that we

have designed. An efficient control bit generating algorithm is developed by using a special

encoding scheme to implement any given logic function.

In addition, we propose novel techniques of formulating a given threshold logic in

conjunctive normal form (CNF) that facilitates efficient SAT-based equivalence checking

for threshold logic networks. Three different strategies of CNF generation from threshold

logic representations are implemented. Experimental results based on MCNC benchmarks

are presented as a complete comparison. Our hybrid algorithm, which takes into account

input symmetry as well as input weight order of threshold gates, can efficiently generate

CNF formulas in terms of both SAT solving time and CNF generating time.
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Chapter 1

Introduction

Although complementary metal-oxide semiconductor (CMOS) will continue dominating

digital electronic circuits for the next 10-15 years [1], research advances of innovative

nano-scale devices have visualized great opportunities to surpass physical barriers faced

by the current semiconductor technology [2–4], which include field effect transistors (e.g.,

SOI MOSFETs [5]), single electron devices (transistors [6], traps [7], and memories [8]),

and quantum interference devices such as resonant tunneling diodes (RTDs) [9], etc.

Among these nanodevices, RTDs have shown promising circuit characteristics in im-

proving both analog and digital circuits, due to their high speed switching capability and

versatile functionality. For example, several RTD-based circuits have been reported work-

ing at clock frequencies of GHz, including the basic logic gates [10], flip-flops [11], analog-

to-digital convertor [12], etc. In [13, 14], tunneling-based static random access memory

(SRAM) cells have demonstrated a higher performance, smaller area, and lower standby

power consumption compared to traditional SRAMs. The prototype and integration process

of RTD-CMOS hybrid circuits were developed to achieve higher speed and lower power

fabrication over pure CMOS circuits [15, 16]. To better understand and support design of
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high performance RTD-based circuits, various RTD models have been proposed in [17–19],

which help bridge the gap between quantum mechanical models, circuit simulation mod-

els, and measured results of fabricated RTDs. The authors in [20] improved transient con-

vergence performance analysis by incorporating three modified algorithms into the RTD

SPICE models.

Recently, research work of augmenting RTDs in conjunction with heterostructure field

effect transistors (HFETs) have been proposed to modulate negative differential resistance

(NDR) to achieve desirable circuit characteristics. In [21,22], a RTD/HFET threshold logic

design called MOnostable-BIstable transition Logic Element (MOBILE) realized complex

functionality with lower area and power consumption. The MOBILE threshold gate (TG)

principle was then extended in [23] to implement multi-threshold TGs (MTTGs) by con-

necting three or more RTDs in series. Compared to Boolean logic, TG and MTTG de-

signs can increase circuit functionality while reducing circuit levels and gate numbers.

Although threshold logic was first proposed and investigated in the 1960s [24], motivated

by the compelling potential of nanodevice-based threshold logic circuits, threshold logic

design automation have gained renewed interests and become an active field. For example,

both synthesis and automatic test pattern generation techniques have been lately developed

in [25, 26]. Moreover, the intrinsic self-latching property of MOBILE devices enables the

implementation of nanopipeline architectures without incurring latency overheads [27,28].

By contrast, conventional pipelined structures require latches between pipeline stages to

keep data valid, therefore lengthen delays.

However, since nanotechnologies are still at their early life stage, the development of

efficient and effective design and verification methodologies is crucial and remain an open

topic. In this thesis, we first propose the design of a novel programmable logic element
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(PLE) structures implemented with programmable MOBILE TGs and MTTGs. The pro-

posed PLEs are proved of complete logic functionality and an efficient configuration bits

generation algorithm for PLE structures is also constructed. By adapting a nanopipel-

ing scheme, PLE structures can support dynamic reconfigurability without incurring delay

overheads. The novalties of this threshold logic element design are highlighted as follows:

• The simple and novel three- and four-input PLE structures are developed, which con-

sist of three novel programmable gates and two primitive functional gates based on

MOBILE TGs and MTTGs. The design simulation testifies functional correctness.

• Compared with [29], our circuit configuration is proved to be able to realize all the

logic functions through properly setting the control bits which can be obtained by an

effective encoding scheme. Furthermore, only five control bits need to be configured

to realize a three-input logic function. This is more compact and efficient than a

general look-up table (LUT) solution which requires eight configuration bits.

• By adapting a nanopipelining scheme, the PLE structure is designed to support dy-

namical reconfiguration without delay overheads. Comparisons between three- and

four-input PLE implementations provide an insightful view of design tradeoff.

In addition to the threshold logic design, we also develop equivalence checking method-

ologies to help verify threshold logic designs. Novel techniques of formulating a given

threshold logic in conjunctive normal form (CNF) that facilitate efficient SAT-based equiv-

alence checking is proposed. Our goal is to generate CNF formulas efficiently in terms of

both SAT solving and CNF generating time. Three different strategies of CNF generation

from a given threshold logic representation of weight-threshold vectors are implemented.

Experimental results based on MCNC benchmarks are provided as a comparison. Our hy-

brid algorithm outperforms previous methods by taking into account input symmetry as
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well as input weight order of threshold gates. It can achieve an average SAT solving time

reduction of 81.5% for equivalence checking between a Boolean and threshold representa-

tion.

The rest of this thesis is organized as follows. Chapter 2 introduces the preliminary

concepts and background materials. Chapter 3 presents the novel PLE topologies, its logic

completeness and the algorithm to generate configuration bits. Chapter 4 introduces the

equivalence checking techniques for threshold logic. Finally Chapter 5 concludes.
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Chapter 2

Background

In this section, we introduce some preliminary concepts of RTD-based threshold logic

design and verification, specifically, the MOBILE circuit, threshold function, clocking

scheme for nanopipelining, unateness and cofactors, and SAT-based equivalence checking.

2.1 MOBILE

VRTD

IRTD

VP

IP

VRTD IRTD

+

_

NDR

(a) (b)

Figure 2.1: RTD: (a) schematic symbol and (b) I-V characteristics

The RTD schematic symbol and its I-V curve are shown in Figure 2.1(a) and (b),

respectively. RTD devices feature a nonlinear I-V characteristic called NDR. When current
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IRTD is smaller than its peak value IP , it increases as VRTD increases – the RTD is at a low

resistance state. Once IRTD reaches IP , the RTD enters the NDR region and IRTD decreases

as VRTD increases – the RTD switches to a high resistance state.

Great circuit functionalities can be enabled by exploiting this special NDR characteris-

tic. A basic MOBILE circuit, proposed in [21,22], connects a load and driver RTD in series

as shown in Figure 2.2(a). MOBILEs are bias rising-edge triggered and current controlled.

Driven by a bias voltage VCLK which oscillates between 0V and VDD, the MOBILE circuit

operates at a monostable or bistable state.

Vout

Load
RTD

Driver
RTD

CLK

S1 S2

driver load

Vout

IRTD

Vout

IRTD

S0

driver

VCLK VCLK

load

0 0

(a) (b) (c)

Figure 2.2: MOBILE: (a) basic circuit, (b) operating principle in monostable, and (c) oper-
ating principle in bistable

When bias voltage VCLK is low, both RTDs are at their low resistance state and the

MOBILE has only one stable state S0 shown in the I-V chart of Figure 2.2(b). This is

referred to monostable. When the bias voltage increases, the RTD with a smaller peak cur-

rent IP switches first from the low resistance state to a high resistance. The MOBILE can

reach two possible states S1 or S2, which is referred to bistable, as shown in Figure 2.2(c).

The resulting state of the MOBILE depends on which RTD (load or driver) switches first

to its high resistance state, in other words, which RTD has a smaller peak current IP . If the

load RTD has a smaller Ip, the MOBILE becomes stable at S1 and generates a low output

(logic 0). Otherwise, the MOBILE switches to S2 with a high output (logic 1). Assuming
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that the current density is identical for both load and driver RTDs, the RTD’s peak current

is proportional to its area. Therefore, the functionality of a MOBILE circuit can be sim-

ply determined by the RTD sizes. Combined with RTD/HFET branches which are used to

modulate the equivalent peak current, the MOBILE circuit can implement TGs and more

complex MTTGs.

2.2 TG and MTTG

A TG [24] is defined as a logic gate with n binary input variables {xi} (i=1,2,. . .,n), a set

of n positive or negative weights {wi} (i=1,2,. . .,n), and a numerical threshold T such that

the binary output

y =











1 if
∑n

i=1
wixi ≥ T

0 otherwise

A TG can also be denoted by using a weight-threshold vector [w1, w2, . . . , wn; T ].

y
xp1

A1

A2

wp1A

CLK

wn1A

xn1

xp2

wp2A

wn2A

xn2

xpk1

wpk1A

wnk2A

xnk2

Id

Figure 2.3: A generic RTD/HFET MOBILE TG

Figure 2.3 illustrates a generic TG topology based on MOBILE implementation [30],

in which current controlling branches are connected in parallel with the MOBILE RTDs

(with a load area A1 and driver area A2). The current controlling branches consist of a

series connection of an RTD and a heterostructure field-effect transistor (HFET), where A
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is the unit RTD area and weights wpi (i=1,2,. . .,k1) and wnj (j=1,2,. . .,k2) are determined

by the corresponding RTD areas. The HFETs, which demonstrate high-frequency perfor-

mance, behave like switches with xpi (i=1,2,. . .,k1) and xnj (j=1,2,. . .,k2) as the positive

and negative binary inputs, respectively. We assume the unit area peak current density Ipd

of each RTD is identical. The modulation current can be obtained by Kirchoff’s current

law as follows.

Id =

k1
∑

i=1

xpiwpiAIpd −

k2
∑

j=1

xnjwnjAIpd, xpi, xnj ∈ {0, 1}

Given a numerical threshold T , the current threshold is calculated as It=TA×Ipd. The

relationship between the modulation current Id and current threshold It determines the

circuit output: y = 1 if Id ≥ It; otherwise y = 0. Therefore, this generic MOBILE TG

implements a threshold function [wp1, wp2, . . . , wpk1, −wn1,−wn2, . . . ,−wnk2; T ].

y

w11A

CLK

w21A

x1

w12A

w22A

x2

w0A

w1A

w2A
y

CLK

x1 x1

w0A

w1A

w2A

w21Aw22A

(w11-w21)A(w12-w22)A

x2 x2

NDR0

NDR1

NDR2

(a) (b)

Figure 2.4: MOBILE MTTG: (a) basic topology and (b) improved topology

The concept of RTD/HFET MOBILE TG design can be further extended to implement

MTTGs by connecting three or more RTDs in series [23]. Because of the same circuit

operating principles as TGs, different MTTG functions can be realized by adjusting the

RTD areas to obtain the required current relationship among different NDRs. Hence, the
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determination of MTTG function can be simplified to calculate the effective areas [29].

For the example circuit shown in Figure 2.4(a), the effective NDR areas are w0A, (x2w12 +

x1w11 +w1)A, and (x2w22 +x1w21 +w2)A, respectively. For any given input combination,

the NDR with the smallest effective area switches first to the high resistance state and the

circuit outputs correspondingly. A programmable MTTG gate, therefore, can be achieved

by using some of the inputs as control bits to configure the effective areas to implement

different logic functions [29]. Figure 2.4(b) demonstrates an improved circuit topology of

the same MOBILE MTTG as the circuit in Figure 2.4(a). This alternative implementation

can achieve a smaller circuit area and consume less power [31]. The RTD-based circuits

proposed in this paper are based on this improved topology.

2.3 MOBILE clocking scheme

CLK1

CLK2

CLK3

CLK4

A B C D

A B C D

A B C D

A B C D

A: Evaluate, B: Hold, C: Reset, D: Wait

T 2T0
CLK1 CLK2 CLK3 CLK4

MOBILE
gate

Figure 2.5: Cascaded MOBILE circuits and four-phase clocking scheme

MOBILE circuits are inherently self-latching as they can preserve the output values

when bias voltage VCLK is set to high. Therefore, this property together with a proper

clocking scheme can enable nanopipelining operations [28]. A four-phase clocking scheme

was introduced in [30] to operate cascaded MOBILE circuit stages (see Figure 2.5). In this

scheme, each clock period T is divided to four phases with an equal time interval of T/4.

Phase A is the evaluation phase during which the gate switches from monostable to bistable

9



and evaluates the output. In phase B, the gate holds the result. In the reset phase C, the

load capacitor is discharged and the gate returns to its initial monostable state. The gate

is inactive in the wait phase D. So in the clocking scheme illustrated in Figure 2.5, each

clock is delayed by T/4 from the previous one to safeguard that the evaluation of a gate

only starts after the output of its previous gate becomes valid.

2.4 Shannon expansion and threshold cofactors

Given an n-variable Boolean function f(x1, x2, . . . , xn), its Shannon expansion with re-

spect to variable xi is

f(x1, x2, . . . , xn) = x̄i · fx̄i
+ xi · fxi

fx̄i
= f(x1, . . . , xi−1, 0, xi+1, . . . , xn)

fxi
= f(x1, . . . , xi−1, 1, xi+1, . . . , xn)

∀xi, i = 1, 2, . . . , n

where fx̄i
and fxi

are referred to as the negative and positive cofactors, respectively.

The weight-threshold vectors of Shannon cofactors for threshold function can be com-

puted as [24]:

fxi
= [w1, w2, . . . , wi−1, wi+1, . . . , wn; T − wi]

fx̄i
= [w1, w2, . . . , wi−1, wi+1, . . . , wn; T ]

2.5 Unateness of threshold functions

A function f(x1, x2, . . . , xn) is said to be positive (negative) unate in variable xi, if and

only if fxi
⊇ fx̄i

(fxi
⊆ fx̄i

). A unique property of threshold function is that any threshold

10



function is a unate function, which means the function is either positive or negative unate

in all its support variables {xi} (i=1,2,. . .,n) [24].

The main reason behind this property is that: if we assume wi > 0, the threshold value

T − wi of the positive cofactor fxi
is smaller than the threshold value T for the negative

cofactor fx̄i
, which implies fxi

⊇ fx̄i
and f is positive unate on variable xi. Similarly,

wi < 0 implies a negative unateness on variable xi.

Theorem 1. If a threshold function f(x1, x2, . . . , xn) has a realization f =[w1, w2, . . . , wn; T ],

the function g(x′

1, x′

2, . . . , x′

n) = f(x1, x2, . . . , xi−1, x̄i, xi+1, . . . , xn) is also a threshold

function and has a realization g=[w′

1, w′

2, . . . , w′

n; T ′] such that w′

k = wk for k 6= i,

w′

k = −wk for k = i, and T ′ = T − wi.

This theorem [24] provides a method to transform a threshold function between posi-

tive and negative unateness in its variables. As an implication of Theorem 1, a threshold

function with negative unate variables can be converted to an equivalent threshold function

with all positive unate variables. In other words, all the input weights are positive.

Example 1. Consider function f(x1, x2, x3) = [−1, 2, 1; 2] (f = x̄1x2 + x2x3) as an

example. Function f is a unate function positive in variable x2 and x3 and negative in

variable x1. By using theorem 1, f can be transformed to threshold function g(x′

1, x
′

2, x
′

3) =

[1, 2, 1; 3] which is equivalent to f(x̄1, x2, x3) (g = (x̄1)x2 + x2x3). Now all the weights of

the resulting function g are positive. Positive unateness in all the variables facilitates the

analysis and computation in the equivalence checking algorithms discussed in Chapter 4.

2.6 SAT-based equivalence checking

Combinational equivalence checking is one of the most widely used formal techniques in

the verification of digital circuits. The equivalence checking problem discussed in this

11



work is to determine the equivalence of two circuit designs, of which at least one design is

realized by threshold logic.

There are two main approaches used alternatively for equivalence checking problems.

The first method is to convert the problem into a functionally canonical form such as Binary

Decision Diagram (BDD) and the solution can be obtained from the resulting diagram. The

second method is to model the problem as a satisfiability problem, which is the focus of

this work.

SAT problems are usually formulated in CNF, which consists of the conjunction (logical

AND) of several clauses and each clause is a disjunction (logical OR) of one or more

literals. Figure 2.6 shows a single output miter structure [32] for SAT-based equivalence

checking of two circuits, namely, A and B. In this structure, both circuits A and B have

the same primary inputs, and each pair of the corresponding outputs are fed to an XOR

gate. All the outputs of these XOR gates are then OR-ed together to generate the miter

output. This miter structure is finally transformed into CNF to prove a constant 0 output

(equivalence) through SAT solver.

A

B

primary 
inputs

primary 
outputs

miter

Figure 2.6: Miter circuit
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Chapter 3

Programmable threshold logic element

design

In this chapter, we propose novel three- and four-input programmable logic elements (PLEs),

which are implemented with RTD/HFET MOBILE TGs and MTTGs. Our designs are

mostly related to the work in [29]. However, for three input variables, their work can only

implement 143 functions with three series-connected RTDs and 213 functions with four

RTDs, out of a total of 256 logic functions (three-input functions have eight minterms,

therefore altogether 28 = 256 different functions). Contrastingly, our PLEs are mathemat-

ically proved to be able to realize all the logic functions, in other words, 256 functions

for three inputs. To the best of our knowledge, this is the first RTD-based single structure

design which can provide logic complete implementation. Based on the proposed PLE

structures, an efficient control bits generation algorithm is also built to take full advantage

of PLE structures.
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3.1 Programmable logic element

3.1.1 Three-input PLE

The three-input PLE implementation is shown in Figure 3.1, which can realize all 256

logic functions by setting the control bits {c1, c2, . . . , c5}. The logic completeness and

configuration details will be addressed in Sections 3.2 and 3.3, respectively.

AND/
XOR

M
U

X

XOR/
NOR

x,y

z

f (x,y,z)
c1 c2

c3 c4

c5

BUF

0
1

BUF/
INV

BUF/
INV

BUF/
INV

BUF

Figure 3.1: Three-input PLE

The three-input PLE is composed of three programmable gates, AND/XOR, XOR/NOR,

and BUF/INV, and two primitive functional gates, MUX (multiplexer) and BUF (buffer).

The programmable gates and MUX that we have designed use the improved MTTG topol-

ogy introduced in Section 2.2, and BUF is implemented by a basic RTD/HFET TG [31].

The gate designs are illustrated in Figure 3.2(a)-(e). The area of each RTD is given in the

figures and A denotes the unit RTD area. Each of these three programmable gates can real-

ize two different boolean functions depending on the value of the control bit. For example,

gate AND/XOR shown in Figure 3.2(a) has x1 and x2 as inputs, c as control bit, and y as

output. When c = 0, gate AND/XOR acts as a logic AND, otherwise an XOR. The selection

of the logic functions of the programmable gates by the control bit is presented in Table 3.1.
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Figure 3.2: PLE MOBILE gate designs and HSPICE simulation: (a) AND/XOR, (b)
XOR/NOR, (c) BUF/INV, (d) MUX, (e) BUF, and (f) HSPICE simulation

In the PLE shown in Figure 3.1, variable z selects an x-y function branch based on its

positive or negative phase through a MUX. A BUF is used for z to patch up the signal path

to two stages to synchronize data arrivals at the evaluation phase of the MUX. Another

buffer is inserted at the output of the MUX in order to complete a whole four-phase clock

cycle.

The functions of all the programmable and primitive RTD/HFET MOBILE gates that
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Table 3.1: Logic function selection of primitive programmable gates

Control Programmable gates
bit AND/XOR XOR/NOR BUF/INV MUX

c = 0 y = x1x2 y = x1⊕x2 y = x1 y = x1

c = 1 y = x1⊕x2 y = x1 + x2 y = x1 y = x2

we have designed are verified through HSPICE simulation by using circuit models de-

scribed in [20]. The RTD HSPICE subcircuit model consists of a voltage controlled cur-

rent source IRTD connected in parallel with a capacitor C, the combination of which is

connected in series with a resistor R. The nonlinear current source represents the RTD

I − V characteristics. The RTD circuit parameters are set according to the measured re-

sults in [30] as follows: peak voltage Vp = 0.27V , peak current density 9KA/cm2, and

capacitance 4fF/µm2. The HFET is a depletion-type transistor with a threshold voltage

VT = −0.1V . The unit RTD area A is set to 2µm2. The circuits are driven by clock VCLK

with an amplitude of 0.75V . Fig. 3.2(f) presents the HSPICE simulation results at a clock

frequency of 1GHz.

3.1.2 Four-input PLE

In our three-input PLE design, a BUF is added at the MUX output to serve as the fourth

nanopipelining stage to adapt the four-phase clocking scheme. We also designed a four-

input PLE as an alternative approach to fit in the four clock phases, as shown in Figure 3.3,

by duplicating two structures of the first three stages of the three-input PLE and connecting

them to a MUX which serves as a fourth stage. In this manner, a fourth input w is added

(as the final MUX selection) to implement all four-input logic functions. The comparisons

of three- and four-input PLE implementations are discussed in Section 3.5.
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Figure 3.3: Four-input PLE

3.2 Logic completeness

The ability of realizing all 256 three-variable logic functions f(x, y, z) by using our three-

input PLE is not as obvious as a three-input LUT. In order to prove the logic completeness,

we define the literal set L as

L = {li} = {x̄1, x1, x̄2, x2, . . . , x̄n, xn, }, i = 1, 2, . . . , 2n

Accordingly, the cofactor set F is defined as

F = {fi} = {fx̄1
, fx1

, fx̄2
, fx2

, . . . , fx̄n
, fxn

, }, i = 1, 2, . . . , 2n

Shannon Expansion introduced in Section 2.4 can be implemented by simply using a

MUX with xi as the select bit and the positive and negative cofactors connected to the

positive and negative MUX inputs, respectively. Therefore, the three-input PLE shown in

Figure 3.1 is a three-variable function by Shannon Expansion on variable z. The positive

or negative cofactor is one of the total 16 x-y functions. Unfortunately, the combination

of an AND/XOR and BUF/INV gate (the negative branch) as well as the combination of

an XOR/NOR and BUF/INV gate (the positive branch) cannot implement all the 16 x-y

functions. We denote the function set of {xȳ, x̄y, x+ ȳ, x̄+ y} that cannot be implemented

as unavailable set Su and the set of the rest 12 functions as available set Sa.
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Theorem 2. Given a three-variable logic function f(x, y, z), there exists at least one vari-

able, whose Shannon expansion cofactors belong to the unavailable set Su.

In order to prove it, let us begin with some preliminary concepts. A Boolean func-

tion can be canonically expressed as the sum of minterms. For a three-variable function

f(x, y, z), it has eight possible minterms: {m1, m2, . . . , m8} representing {x̄ȳz̄, x̄ȳz, . . . , xyz},

respectively. Hence, we use a 8× 1 matrix X to canonically represent f .

X =

(

x1 x2 . . . x8

)T

xi =











1 if mi ∈ f

0 if mi /∈ f

The expansion cofactor matrix W is constructed to represent the cofactors of Shan-

non Expansions with respect to all the variables, which can guide us to quickly determine

whether an expansion yields Su cofactors or not. The general W matrix for n variables is

defined as

wij =























0 if minterm mj’s cofactor fi is 0

1 if minterm mj’s cofactor fi ∈ Sa

3 if minterm mj’s cofactor fi ∈ Su

∀i = 1, 2, . . . , 2n and j = 1, 2, . . . , 2n

Here the weights {1, 3} are chosen to distinguish the Su functions from Sa. As for three
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input variables, W is an 6× 8 matrix given as follows.

W6×8 =

































1 3 3 1 0 0 0 0

0 0 0 0 1 3 3 1

1 3 0 0 3 1 0 0

0 0 1 3 0 0 3 1

1 0 3 0 3 0 1 0

0 1 0 3 0 3 0 1

































fx̄

fx

fȳ

fy

fz̄

fz

m1 m2 m3 m4 m5 m6 m7 m8

where row i represents cofactor fi in the cofactor set F = {fi} = {fx̄, fx, fȳ, fy, fz̄, fz},

and column j represents minterm mj of {m1, m2, . . . , m8}.

We then define our cofactor encoding matrix F
∗ as

F
∗ =

(

f ∗

x f ∗

x̄ f ∗

y f ∗

ȳ f ∗

z f ∗

z̄

)T

= W ·X

so that the encoded value of f ∗

i is calculated to be 3 or 5 for those cofactors fi belong to

Su. In other words, if function f(x, y, z) cannot be implemented on the three-input PLE by

using input z as the MUX select bit as shown in Figure 3.1, at least one of the two encoded

cofactors f ∗

z̄ and f ∗

z is equal to either 3 or 5.

We now prove the theorem by contradiction.

Proof. If the theorem is not true, for all the three encoded cofactor pairs (negative and

positive), {f ∗

x̄ , f ∗

x}, {f ∗

ȳ , f ∗

y}, and {f ∗

z̄ , f ∗

z }, at least one encoded cofactor of each pair is

equal to 3 or 5. In other words, the theorem is true if we can prove that no matrix X can

yield a 3, 5, or both for all the three encoded cofactor pairs at the same time.

• Case 1: Every encoded cofactor pair has a 3. An encoded cofactor of value 3 relates

to a violating Shannon cofactor that is a (xȳ)-style function. Consider matrix W6×8:
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each column (one minterm) only covers two 3s (two corresponding cofactors). Func-

tion f(x, y, z) should contain at least two minterms to result in three 3s. Without

losing generality, suppose f has minterm m2 which results in f ∗

x̄ = 3 (fx̄ ∈ Su) and

f ∗

ȳ = 3 (fȳ ∈ Su). To satisfy the case that every encoded cofactor pair has a 3, at

least one of the encoded cofactors of f ∗

z̄ and f ∗

z equals 3. Therefore, at least one of

the four minterms {m3, m4, m5, m6} is contained in function f . However, no matter

which minterm belongs to f , the value of f ∗

x̄ or f ∗

ȳ no longer stays equal to 3, which

contradicts the assumption we have. Hence, case 1 is impossible.

• Case 2: At least one of the three encoded cofactor pairs has a 5, and the other two

pairs have either a 3 or 5. An encoded cofactor of value 5 relates to a violating Shan-

non cofactor that is a (x + ȳ)-style function. Also without lost generality, suppose

minterms m1, m2, and m4∈f that makes fx̄ ∈ Su and the cofactor encoding matrix

F
∗ = (5 0 4 3 1 4). Since f ∗

y = 3, only the expansion on variable z is now feasible.

To meet the assumption that all the three pairs have either a 3 or 5, f must contain

other minterms. In other words, either f ∗

z̄ or f ∗

z should equal 5. If fz̄
∗ = 5, m3 and

m7 are contained in f , which will result in f ∗

ȳ = 4 and f ∗

y = 7. Or m5 and m7 are

contained in f , which will result in f ∗

ȳ = 7 and f ∗

y = 6. Under these two scenarios,

Shannon Expansion on y flips from infeasible to feasible. If f ∗

z = 5, m8 must belong

to f , which results in f ∗

ȳ = 4 and f ∗

y = 4. Now expansion on y becomes feasible.

If either m6 or m3 is in f , correspondingly, f ∗

ȳ or f ∗

y will be 5. However, this will

change the value of f ∗

x̄ or f ∗

z and contradict with the assumption fx̄ = 5. Hence, case

2 is impossible.

Combining case 1 and case 2, we conclude that it is impossible that all the three encoded

cofactor pairs have a 3, 5, or both at the same time. In other words, no such a function
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f(x, y, z) whose expansion on every variable can yield a Su cofactor.

Next, we will use an example to demonstrate how to use encoded cofactor matrix F
∗ to

choose an expansion variable.

Example 2. Consider a logic function f(x, y, z) = xy + yz̄ + xz̄. It can be expressed as

the sum of minterms:

f(x, y, z) = x̄yz̄ + xȳz̄ + xyz̄ + xyz

The corresponding minterm representation for f is

X = (0 0 1 0 1 0 1 1)T

Therefore,

F
∗ =

































1 3 3 1 0 0 0 0

0 0 0 0 1 3 3 1

1 3 0 0 3 1 0 0

0 0 1 3 0 0 3 1

1 0 3 0 3 0 1 0

0 1 0 3 0 3 0 1















































































0

0

1

0

1

0

1

1















































=

































3

5

3

5

7

1

































Since f ∗

x̄ = f ∗

ȳ = 3 and f ∗

x = f ∗

y = 5, Shannon expansions on variable x and y cannot be

implemented on our three-input PLE. Actually Shannon Expansion on variable x generates

f = x̄(yz̄) + x(y + z̄)

The cofactors fx̄ = yz̄ and fx = y + z̄ both belong to Su. A similar result can be derived

by expansion on variable y. Since neither f ∗

z̄ nor f ∗

z equals 3 or 5, we choose to expand on
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variable z, which yields

f = z̄(x + y) + z(xy)

Figure 3.4 shows the PLE implementation for this example. The control bits generating

algorithm is presented in Section 3.3.

AND/
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M
U

X

BUF/
INV

XOR/
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BUF/
INV

BUF/
INV
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x

y

y

0

1

c5=1

c1=0 c2=0

c3=1 c4=1

xy

x+y

z

BUF

BUF

z(xy)+  (x+y)z

Figure 3.4: A configuration example

After picking up a feasible expansion variable, both the negative and positive cofactors

of function f belong to the available set Sa and can be respectively mapped to a pair of

available boolean functions {AND, NAND, OR, NOR, XOR, XNOR}. As both of the

expansion variable and its complement can be fed as the select bit of the MUX, the order

of the boolean function pairs can be exchanged. However, since each input branch of the

MUX can only implement four of the six boolean functions ({AND, NAND, XOR, XNOR}

for negative branch and {OR, NOR, XOR, XNOR} for positive branch), there are still

six unordered function pairs that cannot be mapped onto a PLE. They are (AND, AND),

(NAND, NAND), (OR, OR), (NOR, NOR), (AND, NAND), and (OR, NOR). Fortunately,

the mapping between a cofactor and its boolean function implementation is a many-to-

many mapping. Alternative function pairs always exist to result in a feasible mapping.

Based on the previous discussion, we see that the PLE structure is a simple yet powerful

logic element. It can realize all 256 three-input functions with a proper configuration of
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the inputs and control bits. Compared with current FPGA SRAM-based LUTs, our PLE

requires only five bits to configure any three-input function rather than eight bits for a

3-LUT.

3.3 Control bits generation

In Section 3.2, an expansion cofactor matrix W is introduced to quickly determine the

feasibility of Shannon Expansions. We similarly construct a cofactor mapping matrix W
′

to derive the control bits for three-input PLE implementations. We use a weighted binary

encoding scheme. For simplicity, consider the case of expansion on variable z. Since the

resulting cofactors have four possible terms {x̄ȳ,x̄y,xȳ and xy}, we assign four different

binary weights {1, 2, 4, 8} = {20, 21, 22, 23} to these four possible cofactors. Therefore,

the cofactor mapping matrix can be expressed as:

W
′ =

































1 2 4 8 0 0 0 0

0 0 0 0 1 2 4 8

1 2 0 0 4 8 0 0

0 0 1 2 0 0 4 8

1 0 2 0 4 0 8 0

0 1 0 2 0 4 0 8

































Since the mapping cofactors derived through F
′ = W

′ · X are integers ∈ [0, 15], a one-

to-one mapping to the 16 two-variable functions, we can easily determine the boolean

functions by checking their binary encoded values.

Figure 3.5 describes the pseudo code of the control bits generating algorithm. It derives

the input connection and control bits configuration C(f) for a given function f . First, the

cofactor mapping matrix W ′ and minterm representation X of function f are multiplied to

23



Input: f
Output: C(f)
1: generate matrix X for function f
2: F

′ = W
′ ·X

3: for every feasible expansion variable v
4: Bv̄ ← f ′

v̄

5: Bv ← f ′

v

6: if map(Bv̄, Bv)=positive then
7: c5 = 0, get c1, c2, c3 and c4

8: return C(f)
9: else if map(Bv̄ , Bv)=negative then
10: c5 = 1, get c1, c2, c3 and c4

11: return C(f)

Figure 3.5: Control bits generating algorithm

generate the mapping cofactors F
′ (Line 1-2). As we discussed in Section 3.2 that not all

the Shannon Expansions can be implemented on PLEs, we need to perform a feasibility

check on the resulting mapping cofactors and choose a feasible one. Because the four

cofactor functions in Su are encoded as {2, 4, 11, 13} under this binary encoding scheme,

we just search in the variable order and pick up the first expansion whose both encoded

positive and negative cofactors do not belong to S ′

u = {2, 4, 11, 13}.

Then we map the encoded cofactors f ′

v and f ′

v̄ to the available boolean set B={AND,

NAND, OR, NOR, XOR, XNOR}. If boolean functions Bv̄ and Bv that realize the neg-

ative and positive cofactors can be implemented as the negative and positive PLE branches

respectively (map(Bv̄ , Bv)=positive), variable v is connected to the select bit of the MUX

with c5 = 0. The corresponding control bits that configure the programmable gates are

generated (Line 6-8). However, due to the asymmetry of the positive and negative PLE

branches, it may happen that the positive and negative cofactors can only be mapped to

the negative and positive branches, respectively (map(Bv̄ , Bv)=negative). Under such a

circumstance, the control bit c5 is set to 1 which feeds v’s complement to the MUX’s select
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bit (Line 9-11).

Example 3. Consider function f(x, y, z) = xy+yz̄+xz̄ in Example 2 again. The minterm

matrix representation of f is X=(0 0 1 0 1 0 1 1)T . Then we calculate the mapping cofac-

tors F
′ using the cofactor mapping matrix:

F
′ =

































1 2 4 8 0 0 0 0

0 0 0 0 1 2 4 8

1 2 0 0 4 8 0 0

0 0 1 2 0 0 4 8

1 0 2 0 4 0 8 0

0 1 0 2 0 4 0 8















































































0

0

1

0

1

0

1

1















































=

































4

13

4

13

14

8

































Checking the encoded cofactors, we find out that f ′

x̄ = f ′

ȳ = 4 ∈ S ′

u and f ′

x = f ′

y = 13 ∈

S ′

u. This implies that only z can be used as the expansion variable. The encoded cofactors

with respect to variable z are mapped to boolean functions: f ′

z̄ = 14 = (1110)2 ⇒ fz̄ =

xy + xȳ + x̄y = x + y (OR gate) and f ′

z = 8 = (1000)2 ⇒ fz = xy (AND gate). Because

Bv̄ = OR and Bv = AND can only be implemented on the positive and negative PLE

branches respectively (map(Bv̄ , Bv)=negative), the control bit c5 is set to 1 to invert z.

The control bits of the negative branch c1 = 0 and c2 = 0 are required to configure an

AND gate for fz = xy, while the control bits of the positive branch c3 = 1 and c4 = 1 are

required to configure an OR gate for fz̄ = x+ y. The final configuration to realize function

f(x, y, z) = z · (xy) + z̄ · (x + y) is shown in Figure 3.4.

Because of the fact that the four-input PLE is composed of two three-input PLEs, the

control bits of a four-input PLE can be derived by a proper modification of the aforemen-

tioned algorithm targeting three-input PLEs. For a four-input function f(x, y, z, w), at first
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an input variable is selected randomly, for example w. Thus the function f can be ex-

pressed as Shannon Expansion on variable w: f = w · fw + w̄ · fw̄. Then fw and fw̄ are

two three-input functions that can be implemented by the two three-input PLE branches

of the four-input PLE structure (see Figure 3.3). The control bits generating algorithm for

three-input PLE is executed twice to obtain the control bits for both function fw and fw̄.

Altogether ten control bits are generated corresponding to {c1, c2, . . . , c10} of the four-input

PLE shown in Figure 3.3.

3.4 Dynamic reconfigurability

Generally speaking, one of the performance challenges of dynamic reconfiguration is the

relatively long reconfiguration time caused by the requirement of loading a large amount of

configuration data through limited internal bandwidth. Thanks for the inherent self-latching

property of MOBILE devices, the PLE structure can easily relieve this design bottleneck

without introducing any overhead.
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XOR/
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BUF/
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BUF/
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f (x,y,z)
c1 c2
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BUF

0
1

BUF

CLK1 CLK2 CLK3 CLK4

CLK1

CLK2

CLK3

CLK4

A B C D

A B C D

A B C D

A B C D

A: Evaluate, B: Hold, C: Reset, D: Wait
T 2T0 T/4 T/2 3T/4 5T/4 3T/2 7T/4

Stage 1 Stage 2 Stage 3 Stage 4
(a) (b)

Figure 3.6: Nanopipelining: (a) pipeline stages and (b) clocking scheme

Figure 3.6(a) shows the separation of the PLE’s four nanopipelining stages. As de-

scribed in Section 2.3, four overlapping four-phase clocks (CLK1, CLK2, CLK3, and

CLK4 illustrated in Figure 3.6(b)) are supplied to the corresponding stages to facilitate
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nanopipelining operations. Under this clocking scheme, the MOBILE-based circuits of

each stage require the output values of their previous stage to be valid only at the evalua-

tion phase (phase A). Even the inputs change after the evaluation phase, the self-latching

property of MOBILE circuits keeps the output values stable during the hold phase (phase

B). Therefore, the hold, reset, and wait phases can be used to reconfigure the input connec-

tions and control bits.

Suppose the PLE functionality is dynamically reconfigured every clock cycle T (re-

configuration cycle). In the PLE pipeline, the inputs to the stage-1 gates are required to

be valid only during the clock phase [0, T/4], [T, 5T/4], . . ., [nT, nT + T/4] (evaluation

phase). Thus the time interval from the end of an evaluation phase to the beginning of next

valid evaluation phase, can be used to reconfigure the PLE stage-1 gates including input

connection and control bits c1 and c3. An example of such a clock phase for stage-1 is

[T/4, T ] with a reconfiguration slack of 3T/4. The stage-2 gates, similarly, can take ad-

vantage of the hold, reset, and wait phases of CLK2 (e.g., [T/2, 5T/4]) to reconfigure the

control bits c2, c4, and c5. The overlapping reconfiguration slacks of different configura-

tion objects form the pipelining reconfiguration scheme. The advantage of this pipelining

reconfiguration scheme is that the inactive clock phases of the MOBILE circuits are fully

utilized to avoid performance degrading.

3.5 Experimental results

We evaluated our three- and four-input PLE structures in terms of area and performance.

MCNC benchmarks were implemented on an array of PLEs. Berkeley’s synthesis and

verification software ABC [33] was used to extract three- and four-variable logic functions

from the benchmark applications.
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Table 3.2: Area and performance comparisons of three- and four-input PLE implementa-
tions

three-input PLE four-input PLE Comparisons
Circuit Level PLEs PLEs PLEs Level PLEs PLEs PLEs Latency Area L×A L×A

(w/o) (1DR) (Red.%) (w/o) (1DR) (Red.%) (w/o) (w/o) (w/o) (1DR)
9symml 7 111 43 61 6 78 31 60 1.17 0.71 0.83 0.81

alu4 16 381 61 84 12 287 70 76 1.33 0.66 0.88 0.58
apex6 8 369 102 72 6 238 95 60 1.33 0.78 1.04 0.71
apex7 8 107 27 75 5 82 32 61 1.60 0.65 1.04 0.68

cc 3 39 18 54 2 31 21 32 1.50 0.63 0.95 0.64
count 10 56 19 66 6 37 7 81 1.67 0.76 1.27 2.27
dalu 16 585 114 81 11 398 79 80 1.45 0.73 1.06 1.04
des 9 1925 522 73 6 1534 556 64 1.50 0.63 0.95 0.70
rot 12 300 97 68 8 240 91 62 1.50 0.63 0.95 0.80

z4ml 3 16 8 50 3 11 6 45 1.00 0.73 0.73 0.67

The area and performance comparisons of the three- and four-input PLE implementa-

tions are summarized in Table 3.2. The level of the circuit, total number of PLEs without

dynamic reconfiguration (w/o), total number of PLEs with dynamic reconfiguration cycle

of 1T (1DR), and reduction of PLE numbers by using dynamic reconfiguration (Red.%)

are presented for both implementations in major columns three-input PLE and four-input

PLE. The comparisons between two implementations are computed in ratios of three- to

four-input on four metrics: Latency, Area, L×A (w/o), and L×A (1DR). Since the latency

is proportional to the circuit level, the ratio of latency is the ratio of circuit level under the

assumption that the implementations are working at the same clock frequency. The area is

proportional to the total number of PLE employed and PLE area.

Since the four-input PLE structure is larger in terms of granularity, it requires less num-

ber of total PLEs to implement the function thus reducing the circuit level and overall

latency. However this more powerful PLE structure takes approximately twice of area

compared to a three-input PLE. Although the total number of the PLEs is reduced, the to-

tal area required is still larger than the implementation based on three-input PLEs. If we
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consider the latency-area product without reconfiguration, the three-input PLE-based im-

plementations are slightly better and the selection between these two structures is a tradeoff

between performance and area cost. When reconfiguration is implemented, the three-input

PLE solutions are more favorable especially from the area cost perspective.

The comparison of PLE numbers required for implementation with and without dy-

namic reconfiguration demonstrates an average total area reduction of 65% if reconfigura-

tion is applied. Combined with the discussion in Section 3.4, the reconfiguration process

enables area reduction without incurring performance overheads by utilizing the inactive

clock phase of MOBILE circuit.
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Chapter 4

Equivalence checking for threshold logic

designs

Motivated by the compelling potential of emerging nanotechnologies, most recently, thresh-

old logic design automation has started to become an active research field. Several synthe-

sis and optimization tools have been proposed to automatically yield multi-level threshold

logic implementations. However, much of verifying synthesized threshold circuits remains

an open topic. An important question in verifying equivalence of threshold networks is

how to determine the logic function realized by a given TG of n inputs. A naive solution

is to try all the 2n input combinations and determine the ON-set of the function to generate

a sum of products (SOP) representation. Clearly, this is an exponential time solution and

therefore not practical. A previously developed equivalence checking method for threshold

circuits [34] generates a maximally factored form to construct the corresponding Boolean

expression diagram (BED) for each threshold gate in the circuit. It then performs equiva-

lence checking by generating the BDD from BED representations. Considering that BDD-

based methods may suffer from a high need of memory resources, many researchers have
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looked into alternatives and found that SAT is more robust and flexible than BDDs [35–39].

Therefore, efficient methodologies to bridge Boolean SAT success and threshold logic net-

work verification would greatly benefit nanotechnology design automation.

4.1 Related work

Previous researches on SAT have provided solutions to a general set of inequality prob-

lems, namely, pseudo-Boolean (PB) problems or 0-1 integer linear programming prob-

lems [40–42]. The work in [41] transforms the BDD representation of PB constraints di-

rectly to CNF clauses without introducing extra variables. In [40,42], methods are proposed

to derive CNF formulas by building arithmetic circuits, such as adders, from inequalities,

which are linear in size. However, these PB methods cannot be directly applied to equiva-

lence checking of threshold logic. PB problems contain additional objective functions and

the CNF for inequalities is converted in implication relation. But for equivalence check-

ing of threshold logic, the SAT solver is not trying to find assignments to satisfy all the

inequalities. Instead, the SAT solver checks a TG’s functionality, in other words, to check

the output is 1 or 0 if the threshold inequalities are satisfied or not. Therefore, for thresh-

old equivalence checking, CNFs are generated to represent the equivalence relationship

between inputs and outputs according to the inequalities. Another drawback of the linear

method is that SAT solvers tend to have inferior performance on the CNF instances it gen-

erated. The main reason is that the linear method, because of using adders as arithmetic

circuit elements, yields a lot of XOR relations. These XOR constraints generate few im-

plications so that all the variables must be bound before propagation, and therefore hinder

current conflict-clause-based SAT solving.

On the other hand, the threshold logic based on nano-scale devices, such as RTDs, has
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some special features that a general PB to CNF conversion technique does not take advan-

tage of. First, most of the practical weights and threshold to implement a complex function-

ality are small integers, e.g., less than 5 according to the synthesis results in [25]. Besides,

since threshold logic is a superset of Boolean logic, (any Boolean primitive gate can be

implemented by a single TG but not vice verse), some symmetric properties of Boolean

gates still remain in TGs. These characteristics of emerging nanotechnology implementa-

tions make equivalence checking become a unique problem where previously developed

techniques generate sub-optimal results.

From the above discussion, we see that a good-quality threshold network equivalence

checking methodology should address the issues of efficient CNF generating and SAT solv-

ing, and specifically should suit emerging nanotechnology design features. Therefore, in

this thesis, we propose three novel techniques to formulate a given threshold logic net-

work in CNF. Among them, the hybrid algorithm which combines decision tree traversal

and efficient Boolean to CNF transformation, achieves better performance of equivalence

checking for nano-threshold networks than previous methods.

4.2 SAT-based equivalence checking methodologies

We present our SAT-based equivalence checking methodologies for threshold networks in

this section. The definitions used in our algorithms are given as follows.

f : a given threshold function of weight-threshold vector

xi: the ith fanin variable

fxi
: the positive cofactor of f with respect to input xi

fx̄i
: the negative cofactor of f with respect to input xi

cnf(f): the CNF representation of f
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cls: current CNF clauses

W (f): a queue of input variables in a descending order of weights

Q(f): a queue of variables that hybrid algorithm searches

P (f): a set of variables representing the products in the SOP form of f

Before formulating a weight-threshold vector to final CNF clauses, a preprocessing step

transforms all the negative weights (negative unateness) to positive using Theorem 1. This

reduces complexity of the subsequent analysis and cofactoring process, and can be easily

recovered by negating corresponding CNF variables during output.

Next, we propose our three different algorithms to generate the CNF representation of

a given threshold circuit.

4.2.1 Path search with weight ordering

The path search with weight ordering algorithm is shown in Figure 4.1. Given a threshold

gate of n inputs with function f = [w1, w2, . . . , wn; T ], it keeps cofactoring the function

into its positive and negative cofactors according to Theorem 2 with respect to the first

input variable remaining in W (f). The input variable assignments along the searching path

form a CNF clause. This recursive expansion continues on the newly generated cofactor

functions until it reaches a constant cofactor (cofactor function equals to either 0 or 1). Then

the algorithm backtracks and picks another path until the entire search tree is explored and

a complete search yields the final CNF representation of the given function.

Function check constant returns 0 or 1 if the threshold function reaches constant 0

or 1, respectively. Since all the threshold functions are transformed to positive unate, the

principle behind the check constant function can be efficiently achieved as: the function

returns 0 if T ≤ 0 and 1 if
∑n

i=1
wi < T .

Example 4. To demonstrate the idea of path search with weight ordering, let us consider
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path weight()
Input: f , cls, W (f)
Output: cnf(f)
1: if check constant (f )= 0 or 1 then
2: cnf(f) ∧ cls
3: else
4: xi=dequeue(W (f))
5: cnf(f) ∧ path weight(fxi

, cls ∨ x̄i, W (f))
6: cnf(f) ∧ path weight(fx̄i

, cls ∨ xi, W (f))
7: return cnf(f)

Figure 4.1: Path search with weight ordering algorithm

a threshold function f = [1, 2, 1; 3] (f = x1x2 + x2x3). The algorithm chooses to first

cofactor on x2 which is the input variable with the maximum weight (the first element in

queue W (f)). Cofactoring on variable x2 generates a positive cofactor fx2
= [1, 1; 1]

(fx2
= x1 + x3). We continue the process to obtain further positive cofactor fx1x2

= [1; 0]

(fx1x2
= 1), which becomes a constant. Then the variable assignments along the path

(path1 in Figure 4.2(a)) form a CNF clause as illustrated in Figure 4.2(b). The algorithm

backtracks and searches for the entire input combinations for all the possible paths and

finally finishes with a complete CNF representation.

The advantage of this algorithm is twofold. First, during the depth-first search, no extra

variables are added, which is more likely to reduce the subsequent SAT solving work-

load [41]. Second, considering the relation between the input and threshold values, an

input with a larger weight influences more than an input with a smaller weight. In other

words, cofactoring on the input with a larger weight is more likely to lead toward a constant

cofactor, thus terminates the recursive process faster. Therefore, in our algorithm, cofactor-

ing with weight ordering results in an efficient conversion process and CNF representation.
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Figure 4.2: Example: (a) search tree of path search with weight ordering, and (b) CNF of
path search with weight ordering algorithm

However, this algorithm suffers a similar problem as the linear algorithm [40] that assign-

ments may be difficult to propagate since the number of variables in each clause may be

large.

4.2.2 Path search for SOP representation

Generally speaking, path search algorithms can capture both ON- and OFF-set terms (not

necessarily minterms though) of a given threshold function. Since a Boolean function can

be represented in SOP form, the CNF formulas can also be built in a similar manner. Fig-

ure 4.3 demonstrates our algorithm of path search for SOP representation. The difference

between the path search with weight ordering and path search for SOP is that, the latter al-

gorithm searches for constant 1 cofactors only, which correspond to the function’s ON-set

terms.

The path search for SOP algorithm searches for the ON-set terms and adds clauses in

the same way as the path search with weight ordering algorithm (Lines 3-15). After a

complete search of the decision tree, all the products found are OR-ed together with the

corresponding CNF clauses added (Lines 1-2).
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path sop()
Input: f , cls, P (f), W (f)
Output: cnf(f)
1: if all paths have been searched then
2: cnf(f) ∧ cnf for sum of P (f)
3: else if check constant (f )= 1 then
4: if cls has only 1 literal then
5: P (f)← the only literal
6: cnf(f) ∧ cls
7: else
8: add a new variable v for the resulting product
9: P (f)← v
10: cnf(f) ∧ (cls ∨ v)
11: else
12: xi=dequeue(W (f))
13: cnf(f) ∧ path sop(fxi

, cls ∨ x̄i, P (f), W (f))
14: cnf(f) ∧ path sop(fx̄i

, cls ∨ xi, P (f), W (f))
15: return cnf(f)

Figure 4.3: Path search for SOP representation

Example 5. Consider the same threshold function discussed in Example 4. The search tree

is shown in Figure 4.4(a). Two paths that lead to a constant 1 cofactor (path1 and path2)

are picked up as the product terms and two new variables (n1 and n2) are introduced to

denote them. Finally, the CNF clauses of an OR gate (sum) is added to complete the SOP

representation (see Figure 4.4(b)).

Although this algorithm requires a complete search of the decision tree as the path

search with weight ordering algorithm does, it alleviates the assignment propagation prob-

lem as it reduces the number of those clauses that contain a large number of literals. On the

other hand, this SOP form is intrinsically a way of Boolean representation, which increases

the probability of equivalent internal nodes between two different circuit realizations, and

thus improves SAT solving efficiency.
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Figure 4.4: Example: (a) search tree of path search for SOP, and (b) CNF of path search
for SOP

4.2.3 Hybrid algorithm

The success of the path search for SOP algorithm lies in the recovery of Boolean informa-

tion from the weight-threshold vector. Based on this observation, the hybrid algorithm is

developed which can efficiently capture Boolean information and maintain the advantage

of path search. For most of the Boolean primitive gates, two inputs are interchangeable

without changing the output functionality. This symmetric property is also true in the

weight-threshold vector of a threshold function, as two inputs sharing the same weight

are interchangeable. Thus it is more likely that a threshold function with an identical in-

put weight is functionally equivalent to a Boolean gate such as AND ([1, 1, . . . , 1; n]), OR

([1, 1, . . . , 1; 1]), etc.

Our hybrid algorithm, shown in Figure 4.5, can facilitate detecting a Boolean primitive

gate in a threshold representation. It first analyzes the input weights of the TG, picking up

the input variables (say m variables), whose weights are the most common in the threshold

function. The rest of the inputs are ordered on input weight as a descending queue Q(f).

The cofactoring search process according to the variables in Q(f) is recursively carried out
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until a constant cofactor is reached or all the variables in Q(f) have been assigned values

(Lines 1-9).

hybrid()
Input: f , cls, Q(f)
Output: cnf(f)
1: if check constant (f )= 0 or 1 then
2: cnf(f) ∧ cls
3: else if Q(f) is empty then
4: if f is a new function then
5: add new variable for f
6: else
7: use the existing variable for f
8: cnf(f) ∧ cls
9: cnf(f) ∧ gate check (f )
10: else
11: xi=dequeue(Q(f))
12: cnf(f) ∧ hybrid(fxi

, cls ∨ x̄i, Q(f))
13: cnf(f) ∧ hybrid(fx̄i

, cls ∨ xi, Q(f))
14: return cnf(f)

Figure 4.5: Hybrid algorithm

After this process, since the variables with the same weight have not been cofactored

yet (they are not in Q(f)), the remaining cofactor is an m-input threshold function with an

identical weight w. Function gate check is then called to map the cofactor to a Boolean

gate if possible. Otherwise, cofactoring on the remaining m-input threshold function con-

tinues. Since negative weights have been converted to positive, all the possible Boolean

primitive gates that a unate threshold function can be mapped to are AND and OR gates.

Other Boolean gates, such as NAND and NOR, and a subset of non-Boolean functions,

such as f = x1x̄2, are all converted to AND or OR gates by the negative to positive unate

preprocessing. Based on this observation, the function can be mapped to an AND gate if

mw ≥ T > (m− 1)w or an OR gate if w ≥ T > 0.
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Such a strategy can effectively enhance the conversion process. If a mapping exists, the

algorithm can quickly generate the CNF formulas for the known Boolean gates rather than

an exhaustive path search. It can also result in a simplified CNF. Another improvement in

this algorithm is that, every time the path search process terminates when the remaining

inputs have the same weight, the algorithm checks the threshold cofactor to determine if

the same cofactor function has been explored before (Lines 4-7). If yes, the same CNF

variable can be used to avoid introducing extra variables and save SAT solving efforts.
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Figure 4.6: Example: (a) search tree, and (b) CNF of hybrid algorithm

Example 6. Consider the same threshold function f = [1, 2, 1; 3] again. Weight 1 is the

most common weight value. Therefore, the second input x2 is added into Q(f). After the

termination of path search process, we have a constant cofactor fx̄2
= 0 and fx2

= [1, 1; 1].

The latter is thus mapped to a two-input OR gate (see Figure 4.6(a)). A new variable is

added for fx2
and the CNF clauses of the OR gate is constructed accordingly as shown in

Figure 4.6(b).
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4.3 Experimental results

We evaluated our proposed algorithms based on MCNC benchmarks. The threshold logic

synthesizer TELS [25] was used to generate the threshold logic implementations. The

equivalence checking between a Boolean and threshold networks and between two thresh-

old networks was conducted. In order to provide a comprehensive comparison of different

equivalence checking techniques, the metrics including the numbers of CNF variables and

clauses, CNF generating time, and SAT solving time are presented. The experiments were

run on an Intel Xeon 3GHz workstation with 2GB memory running Linux operating sys-

tem.

4.3.1 Equivalence checking between Boolean and threshold

The set-up of this experiment consists of three steps. In the first step, the MCNC bench-

marks are synthesized to Boolean implementations through ABC synthesis tool [33]. Then

we convert the Boolean synthesis results to CNF formulas [43] as the Boolean represen-

tations. During the second step, the weight-threshold vector representations of the thresh-

old networks are obtained by TELS. Based on these synthesis results, we generate the

CNF formulas of the threshold networks using our proposed techniques: path search with

weight ordering (Weight), path search for SOP representation (SOP ), and hybrid algo-

rithm (Hybrid). In the last step, the miters are built and Berkmin561 [39] SAT solver is

employed to solve the CNF instances.

We compare our work with the approaches for general PB problems [40,41] and specif-

ically for threshold logic [34]. Under column Linear are the CNF instances generated by

the linear transformation method proposed in [40]. We also provide the results of modi-

fied equivalence checking process in [34] (column BED), by solving CNF formulas rather
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than BDD from their BED representation in order to give a fair comparison. The results of

CNF transformed via BDD with no extra variables using method in [41] are included under

column BDD.

Table 4.1 summarizes the equivalence checking results between Boolean and threshold

logic. Columns Var and Cls refer to the numbers of variables and clauses of the final miter

CNF instances, respectively, while column Time refers to the SAT solving time in seconds.

The best time of each benchmark is highlighted in bold. The last three circuits shown in

Table 4.1 are large combinational circuits obtained by unrolling the sequential circuits for

15 timeframes. Figure 4.7 compares the CNF generating time of various algorithms.

Table 4.1: CNF instance and SAT solving time comparisons among different techniques
(between Boolean and threshold)

Linear BED BDD

Circuit Var Cls Time (s) Var Cls Time (s) Var Cls Time (s)
i8 7814 36269 6.18 6674 17997 3.84 2296 9884 1.03

t481 9866 52203 41.17 9150 24266 8.51 2270 10970 2.53
too large 26897 137401 531.79 23445 61823 186.74 6623 28213 102.98

i10 8709 33572 9.79 6387 17652 5.31 3889 14046 3.89
des 16947 81078 39.87 15623 42628 20.68 6267 24012 5.05

s526 15 10237 38202 112.75 7395 21241 60.04 4937 17194 65.94
s1196 15 26462 96384 40.96 18594 52977 26.31 12624 45615 14.25
s1488 15 36548 139701 2069.24 26828 76521 1202.43 16598 64761 1698.40

Weight SOP Hybrid

Circuit Var Cls Time (s) Var Cls Time (s) Var Cls Time (s)
i8 2296 9241 0.93 3960 14283 0.65 2417 9483 0.47

t481 2270 10506 2.28 5304 22765 2.88 2311 10588 0.36
too large 6623 28179 100.99 13346 43986 4.84 6690 28313 2.27

i10 3889 12656 3.50 5697 17488 3.25 4077 13032 2.10
des 6267 23916 4.29 9434 34591 3.45 6269 23920 2.47

s526 15 4937 16325 59.86 7396 22545 66.33 5430 17311 46.31
s1196 15 12624 41037 10.73 19517 59855 12.78 14512 44813 8.44
s1488 15 16598 56061 1332.26 26393 84201 1362.12 19883 62631 1028.90

41



As demonstrated in Table 4.1, the CNF instances generated by Linear takes the longest

SAT solving time, although the transformation is the most efficient. The main reason is

that the linear conversion introduces many XOR relations, which increase workloads to

the SAT solver. The BDD method, on the other hand, achieves CNF instances with less

number of variables and clauses, and thus a shorter SAT solving time. Although it does

not add any additional variables into the formulas, this technique may suffer from a long

CNF generating time as shown in Figure 4.7, because its search space is exponential to the

number of inputs.
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Figure 4.7: CNF formula generating time comparisons

Our Weight method achieves some improvements over the basic algorithms. Cofac-

toring on the variable with a larger weight enables a quicker termination of solution space

search and simplifies the final CNF representation. The SOP strategy can be interpreted

as a way of converting threshold logic to Boolean first and then to CNF. The results show

that using Boolean as an intermedia can provide better results.

As shown in Table 4.1, our Hybrid technique yields superior performance in SAT solv-

ing time for all the benchmarks. Since input symmetry exists in most threshold gates, taking

advantage of this property can help quickly identify the cofactor function and generate a

neat CNF representation. Although in the worst case, the search space of Hybrid is still

42



exponential, the CNF generating time on average is comparable to Linear for practical

applications. Compared to Linear, Hybrid can achieve an average reduction of 81.5% on

the critical SAT solving time with little conversion time penalty. In the best case of miter

circuit too large, it can achieve a 234X speedup for SAT solving.

4.3.2 Equivalence checking between two threshold networks

For the future threshold design, equivalence checking between two threshold networks will

become an important aspect in verification. Therefore, we also evaluated the efficiency of

proposed algorithms for equivalence checking between two threshold logic networks. The

experimental set-up between two threshold networks are similar to that between Boolean

and threshold. The same threshold to CNF conversion algorithms are used for two thresh-

old networks, which are obtained by TELS’s basic synthesis and synthesis with redun-

dancy removal. The experimental results of SAT solving time are given in Table 4.2, which

demonstrate a similar trend as the experiments between Boolean and threshold. The hybrid

algorithm achieves an average of 96.4% time reduction and upto 99.8% in the best case.

Table 4.2: SAT solving time comparisons among proposed techniques (between two thresh-
old networks)

Circuit Linear BED BDD Weight SOP Hybrid

i8 17.32 6.74 1.80 1.45 1.13 0.77
t481 256.50 30.93 6.90 5.94 7.35 0.56

too large 2201.52 901.05 325.11 308.62 25.87 8.24
i10 21.52 9.03 4.92 4.15 4.16 2.62
des 89.46 50.06 5.39 4.94 4.36 1.71
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Chapter 5

Conclusion

In this thesis, an emerging nanotechnology, namely RTD is introduced with its versatile

threshold functionality enabled by MOBILE principle. Then novel three- and four-input

circuit elements, based on MOBILE TG and MTTG implementations, are proposed. The

functional correctness of the circuit is verified by HSPICE simulation. An efficient control

bit generating algorithm is developed to configure the structures to realize all three- and

four-variable logic functions. Due to the self-latching property of MOBILE circuits, the

reconfigurability achieves an average 65% area reduction without delay overheads.

Then we proposed novel techniques of formulating a given threshold logic network in

CNF to facilitate efficient SAT-based equivalence checking for emerging nanotechnology

threshold designs. Three strategies of CNF generation, namely, path search with weight or-

dering, path search for SOP representation, and hybrid search, were developed. The hybrid

algorithm, which takes into account the input symmetry property as well as input weight or-

dering of threshold gates, generates CNF instances more efficiently than other techniques.
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It achieves an average SAT solving time reduction of 81.5% for equivalence checking be-

tween a Boolean and threshold representation. and 96.4% for equivalence checking be-

tween two threshold representations. The methodologies we proposed can be applied to

general threshold logic to aid future design and verification of emerging nanotechnologies.

Because this is the first work for configurable structure design and SAT-based equiv-

alence checking targeting threshold logic, there is much room for future improvement.

For example, this work demonstrates that the PLE structure is suitable for dynamic recon-

figuration. The design of such configurable architecture and reconfiguration scheme that

facilitates an efficient reconfiguration process is desired. For the SAT-based equivalence

checking problem, recent research shows that the identification of equivalence points or

cutpoints, can help exploit structural similarities and decompose the problem into smaller

pieces thus enables an incremental equivalence checking scheme. Therefore, a static or

dynamic exploration of signal relationships greatly benefits the equivalence checking pro-

cess. We hope the advancement in design methodology and design automation tools for

threshold logic can help pave the road for future logic design using nanotechnologies.
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