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Experimental Evaluation of Viscous Hydrodynamic
Force Models for Autonomous Underwater Vehicles

Brian R. McCarter

(ABSTRACT)

A comparison of viscous hydrodynamic force models is presented, with application on an
autonomous underwater vehicle (AUV). The models considered here are quasi-steady, mean-
ing that force is expressed as a function of instantaneous vehicle state. This is in contrast
to physical reality, where the force applied to a rigid body moving through a viscous fluid
is history-dependent. As a result, the comparison of models is restricted to how well they
are able to recreate a force history, rather than how closely they represent the underlying
physics. Of the models under consideration, no single model performs significantly better
than the others, but several perform worse.

Each viscous hydrodynamic force model presented here is expressed as a linear combina-
tion of basis functions, which are nonlinear functions of body-relative velocity. The greater
dynamical model is presented in a rigid-body framework with six degrees of freedom, with
terms which account for inviscid fluid flow, restoring forces due to gravity, and control forces
due to actuator motion. The models are selected from several that have been proposed in
the literature, which include empirically-derived and physics-based models. Some models
assume that the relationship between force and velocity is fundamentally linear or quadratic
in nature, or make assumptions about coupled motion. The models are compared by their
relative complexities, and also by their ability to reproduce data sets generated from field
experiments. The complete dynamical equations are presented for each model, including
coefficients suitable for use with the Virginia Tech 690 AUV.
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Chapter 1

Introduction

This thesis presents a comparison of several viscous hydrodynamic force models as applied

to the Virginia Tech 690 autonomous underwater vehicle (AUV), shown in Figure 1.1. Each

model describes the forces and moments experienced by the vehicle as it moves through a

viscous fluid. The viscous hydrodynamic force model is one component of a six degree-of-

freedom dynamical model which incorporates orthodox representations of rigid-body, added-

mass, restoring, and control forces. These components have either analytical solutions based

on physics, or can be accurately estimated by low-order representations. The remaning

viscous component has no such accepted representation which is generally applicable to

complex geometries in six degrees of freedom.

A six-degree-of-freedom dynamical model has been historically determined by building a scale

model which represents the vehicle geometry, and measuring the scale model’s response to a

series of prescribed motions. The measured forces and moments are then fitted to a standard

set of equations, such as those proposed by Gertler and Hagen in [1]. This method works

well, but requires the expense of building a physical model and access to a suitable test

facility. It also relies on selecting an appropriate set of basis functions, which are not usually

1
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Figure 1.1: Virginia Tech 690 AUV

justified in the literature.

The class of model considered herein is quasi-steady, in that the generalized forces on the

vehicle are represented purely as a function of the instantaneous state. The restriction to

quasi-steady effects is necessary to produce a model which is able to accurately model vehicle

motion in six degrees of freedom, but which discards the many more degrees of freedom

necessary to model the complex fluid flow around the vehicle. No attempt is made to model

non-steady fluid motion, such as shed vortices and complex flow interaction [2].

Motivation

This work is motivated by the desire for an accurate 6-DOF model of the VT 690 to be used

in model-based control design. The VT 690 is an ocean survey platform, designed for long

endurance missions to generate maps of the sea floor. It is equipped with a side-scan sonar

payload for acoustic imaging. Navigation capability is provided by a Doppler velocity log

(DVL), which generates bottom-relative velocity information. The vehicle is also equipped

with an attitude heading reference system (AHRS), which provides vehicle orientation, ro-

tational rates, and translation accelerations. The DVL and AHRS feed information into a

navigation filter, which generates an estimate of vehicle pose in inertial coordinates, and
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Figure 1.2: Orientation data from VT 690 yaw step maneuvers.

rates in the body frame.

The VT 690 is designed for missions which require steady forward motion while suppressing

motion in other dimensions. That is, the sonar requires yaw rate to be minimized during

imaging transects. Non-zero yaw rate will corrupt the sonar image by ‘smearing’ the return

signal, or possibly missing objects of interest entirely. Roll and pitch rate are not as critical,

but should still be small. The control system which is currently in use on the AUV stabilizes

both vehicle yaw and pitch simultaneously. It is an H∞ controller, which provides robust-

ness against structured uncertainties [3]. The controller design was initially targeted at the

Virginia Tech 475 AUV [4], a small AUV developed for collaborative control experiments.

The controller was then redesigned for the 690.

The plant model assumed in the H∞ synthesis is coupled in roll, pitch, and yaw, but the

coupling signals are treated as exogenous errors to be minimized by the control design.

Additionally, the plant model contains only a handful of hydrodynamic parameters.

The data shown in Figure 1.2 demonstrates coupled motion between roll, pitch and yaw.

The figure plots vehicle orientation in response to a series of commanded yaw steps with
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progressively higher amplitudes. These large yaw steps induce significant vehicle roll and

pitch, which may be unacceptable for some mission scenarios. An accurate vehicle model

would greatly aid in the design of new controllers for specific applications.

Organization

This completes the Introduction in Chapter 1. A complete dynamical model for an un-

derwater vehicle is presented in Chapter 2, with the viscous hydrodynamic model treated

separately in Chapter 3. Synthesis of the viscous hydrodynamic model is further discussed in

Chapter 4. The results of applying the model to the VT 690 AUV are presented in Chapter

5. Conclusions are presented in Chapter 6 with further reference in Appendices A - E.



Chapter 2

Dynamical Model of an Underwater

Vehicle

2.1 Coordinate systems

Let the vehicle shown in Figure 2.1 be modeled as a rigid body, with the origin of a body-

fixed coordinate system centered at the vehicle’s center of buoyancy (CB). The location of

the vehicle relative to an (Earth-fixed) inertial frame is defined to be the position vector

r0 = [x y z]> , (2.1)

where x is the distance in the inertial north direction, y is the distance east, and z is the

distance down.

The attitude of the vehicle in the inertial frame is defined by the orientation vector

θ = [φ θ ψ]> , (2.2)

5
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Figure 2.1: Vehicle coordinate system.

where φ, θ, and ψ are the Euler angles roll, pitch, and yaw. The vehicle coordinate system

is rotated relative to the inertial coordinate system by first aligning the coordinate systems

such that the X-axis points north, the Y -axis points east, and the Z-axis point down. The

vehicle coordinate system is then rotated by the yaw angle ψ about the vehicle Z-axis,

denoted Z3, then by the pitch angle θ about the resulting Y -axis, denoted Y2, then finally

by the roll angle φ about the resulting X axis, denoted X1. This ZY X series of rotations is

the typical way that Euler angles are defined for underwater vehicles [5]. The sequence of

rotations is illustrated in Figure 2.2.

Together, the position and orientation make up the pose vector η, which is defined to be

η =
[
r>0 θ

>]> = [x y z φ θ ψ]> . (2.3)
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Figure 2.2: Euler angle rotations for underwater vehicles.

2.2 Kinematics

The vehicle’s translational velocity vector v = [u v w]> is defined in the body frame as shown

in Figure 2.1, where surge velocity u is positive along the vehicle X-axis, sway velocity v is

positive along the Y -axis, and heave velocity w is positive along the vehicle Z-axis.

The rotational velocity vector ω = [p q r]> is also defined in the body frame, where roll rate

p is right-hand positive about the vehicle X-axis, pitch rate q is right-hand positive about

the Y -axis, and yaw rate r is right-hand positive about the Z-axis.

The velocity vector

ν =
[
v> ω>

]>
= [u v w p q r]> (2.4)

is the set of translational and rotational velocities. The translational velocity vector v can
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be mapped to the inertial frame by a rotation matrix

Pv(θ) =


cψcθ −sψcφ+ cψsθsφ sψsφ+ cψcφsθ

sψcθ cψcφ+ sφsθsψ −cψsφ+ sθsψcφ

−sθ cθsφ cθcφ

 (2.5)

where s := sin and c := cos are used as shorthand, with t := tan used as well in (2.7). Note

that

ṙ0 = Pv(θ)v. (2.6)

Similarly, the rotational velocity vector ω can be mapped to the inertial frame by the matrix

Pω(θ), defined to be

Pω(θ) =


1 sφtθ cφtθ

0 cφ −sφ

0 sφ/cθ cφ/cθ

 (2.7)

where

θ̇ = Pω(θ)ω. (2.8)

Combining (2.6) with (2.8) gives the relationship

 ṙ0

θ̇

 =

 Pv(θ) 03×3

03×3 Pω(θ)


 v

ω

 . (2.9)
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Then, by substituting (2.3) and (2.4) into (2.9) and defining

P (θ) =

 Pv(θ) 03×3

03×3 Pω(θ)

 , (2.10)

the kinematic relationship may be represented concisely as

η̇ = P (θ)ν. (2.11)

The inverse map P−1(θ) is calculated by first noting that the structure in (2.10) is block

diagonal, so

P−1(θ) =

 P−1
v (θ) 03×3

03×3 P−1
ω (θ)

 , (2.12)

provided P−1
v (θ) and P−1

ω (θ) exist.

Note that Pv(θ) is a rotation matrix, and so is orthogonal. Therefore,

P−1
v (θ) ≡ P>v (θ) =


cψcθ sψcθ −sθ

−sψcφ+ cψsθsφ cψcφ+ sφsθsψ cθsφ

sψsφ+ cψcφsθ −cψsφ+ sθsψsφ cθcφ

 . (2.13)

The inverse of Pω(θ) also has a closed form, where

P−1
ω (θ) =


1 0 −sθ

0 cφ cθsφ

0 −sφ cθcφ

 . (2.14)
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Therefore (2.12) exists, and

ν = P−1(θ)η̇. (2.15)

2.3 Dynamics

2.3.1 Rigid body forces

The forces X, Y, Z acting on a rigid body are defined in the body frame as shown in Figure

2.1, where X is the force acting along the X-axis, Y acts along the Y -axis, and Z acts along

the Z-axis. The moments K,M,N acting on the body are defined similarly, where K is the

moment acting about the X-axis in a right-hand fashion, M acts about the Y -axis, and N

acts about the Z-axis. Together, these make up the rigid-body force vector

τRB = [X Y Z K M N ]> . (2.16)

The rigid-body equations of motion are

MRBν̇ +CRB(ν)ν = τRB (2.17)

where MRB is the rigid-body inertia matrix, and CRB(ν)ν represents the Coriolis and

centripetal forces due to the vehicle’s motion in a rotating reference frame.
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Let the vehicle’s inertia tensor I0 be defined as

I0 =


Ix −Ixy −Ixz

−Iyx Iy −Iyz

−Izx −Izy Iz

 , (2.18)

and the center of gravity rG be

rG = [xG yG zG]> (2.19)

measured relative to the body-fixed origin at the center of buoyancy. Then the rigid-body

inertia matrix MRB may be defined by rG, I0, and vehicle mass m as

MRB =

 mI3×3 −mS(rG)

mS(rG) I0

 (2.20)

=



m 0 0 0 mzG −myG

0 m 0 −mzG 0 mxG

0 0 m myG −mxG 0

0 −mzG myG Ix −Ixy −Ixz

mzG 0 −mxG −Iyx Iy −Iyz

−myG mxG 0 −Izx −Izy Iz


. (2.21)

The Coriolis and centripetal forces CRB(ν)ν are uniquely determined by the inertia ma-

trix MRB as a function of velocity ν, but the function CRB(ν) does not have a unique

representation.
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Let M be an arbitrary inertia matrix, partitioned as

M =

 M11 M12

M21 M22

 . (2.22)

Define the Coriolis and centripetal function C(ν) to be

C(ν) =

 03×3 −S(M11v +M12ω)

−S(M11v +M12ω) −S(M21v +M22ω)

 , (2.23)

which is one form proposed by Fossen in [5]. The matrix-valued function S(·) maps R3 to

the set of skew-symmetric matrices so(3), and is defined in Appendix A.2. Then for the

rigid-body inertia matrix MRB, the corresponding Coriolis and centripetal function is

CRB(ν) = C(ν)

∣∣∣∣
M=MRB

=



0 0 0

0 0 0

0 0 0

−m (yGq + zGr) m (yGp+ w) m (zGp− v)

m (xGq − w) −m (zGr + xGp) m (zGq + u)

m (xGr + v) m (yGr − u) −m (xGp+ yGq)

m (yGq + zGr) −m (xGq − w) −m (xGr + v)

−m (yGp+ w) m (zGr + xGp) −m (yGr − u)

−m (zGp− v) −m (zGq + u) m (xGp+ yGq)

0 −Iyzq − Ixzp+ Izr Iyzr + Ixyp− Iyq

Iyzq + Ixzp− Izr 0 −Ixzr − Ixyq + Ixp

−Iyzr − Ixyp+ Iyq Ixzr + Ixyq − Ixp 0


(2.24)
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The equations of motion can then be written in component form by substituting (2.16),

(2.21), and (2.24) into (2.17), yielding

m
[
u̇− vr + wq − xG

(
q2 + r2

)
+ yG (pq − ṙ) + zG (pr + q̇)

]
= X (2.25)

m
[
v̇ − wp+ ur − yG

(
r2 + p2

)
+ zG (qr − ṗ) + xG (qp+ ṙ)

]
= Y (2.26)

m
[
ẇ − uq + vp− zG

(
p2 + q2

)
+ xG (rp− q̇) + yG (rq + ṗ)

]
= Z (2.27)

Ixṗ+ (Iz − Iy) qr − (ṙ + pq) Ixz +
(
r2 − q2

)
Iyz + (pr − q̇) Ixy

+m [yG (ẇ − uq + vp)− zG (v̇ − wp+ ur)] = K (2.28)

Iy q̇ + (Ix − Iz) rp− (ṗ+ qr) Ixy +
(
p2 − r2

)
Izx + (qp− ṙ) Iyz

+m [zG (u̇− vr + wq)− xG (ẇ − uq + vp)] = M (2.29)

Iz ṙ + (Iy − Ix) pq − (q̇ + rp) Iyz +
(
q2 − p2

)
Ixy + (rq − ṗ) Izx

+m [xG (v̇ − wp+ ur)− yG (u̇− vr + wq)] = N (2.30)

2.3.2 External forces

The vector of external forces

τRB = τH + τG + τU (2.31)

represents the superposition of hydrodynamic forces τH , restoring forces τG, and control

forces τU . Hydrodynamic forces τH are due to pressure exerted on the body by the surround-

ing fluid as the vehicle moves and accelerates through the fluid in six degrees of freedom.

The hydrodynamic force vector can be expressed as a sum of viscous and inviscid effects,
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denoted τν and τA, respectively, so that

τH = τν + τA. (2.32)

An inviscid analysis of the fluid flow around the vehicle generates the τA component, which

accounts for the inertia of the surrounding fluid, termed added mass. Added mass effects

are modeled as a function of both acceleration and velocity. The remaining hydrodynamic

effects are entirely velocity dependent. The velocity-dependent viscous hydrodynamic model

is denoted τν , and includes the effect of damping forces due to skin friction and pressure

drag, as well as conservative forces such as the ”Munk” moment. The viscous hydrodynamic

force model τν is given special attention in Chapter 3. Inviscid fluid flow, restoring forces,

and control forces are discussed in the following sections.

2.3.3 Inviscid flow

The forces τA due to added mass can be modeled as additional inertia on the vehicle. Let

MA be the added-mass inertia matrix, with elements

MA =



Xu̇ Xv̇ Xẇ Xṗ Xq̇ Xṙ

Yu̇ Yv̇ Yẇ Yṗ Yq̇ Yṙ

Zu̇ Zv̇ Zẇ Zṗ Zq̇ Zṙ

Ku̇ Kv̇ Kẇ Kṗ Kq̇ Kṙ

Mu̇ Mv̇ Mẇ Mṗ Mq̇ Mṙ

Nu̇ Nv̇ Nẇ Nṗ Nq̇ Nṙ


. (2.33)
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The corresponding Coriolis and centripetal forces CA(ν)ν due to inviscid effects can be

calculated as in (2.23)

CA(ν) = C(ν)

∣∣∣∣
M=MA

. (2.34)

The total force due to added mass τA is of a form similar to the rigid body equations of

motion in (2.17):

τA = MAν̇ +CA(ν)ν. (2.35)

The matrix MA is determined by vehicle external geometry. Each term represents the force

generated in a given direction by an acceleration in a given direction. For example, the

force ZA along the z-axis due to an acceleration u̇ along the x-axis is expressed ZA = Zu̇u̇.

The diagonal elements Xu̇, . . . , Nṙ are negative. Imlay provides the complete expression

for hydrodynamic added mass in [6]. This makes the standard assumption for underwater

vehicles that MA is symmetric, where Xv̇ = Yu̇, Xẇ = Zu̇, etc. A fully submerged vehicle is

assumed to have constant added mass matrix, which is negative definite as defined in (2.60).

This fits well with observations made in [7].

Imlay describes an analytic approximation for the added mass of a slender, axisymmetric

vehicle by calculating the added mass of a prolate spheroid with equivalent volume. Let

e2 =1−
(
b

a

)2

(2.36)

α0 =
2 (1− e2)

e3

(
1

2
log

1 + e

1− e
− e
)

(2.37)

β0 =
1

e2
− 1− e2

2e3
log

1 + e

1− e
(2.38)
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where a, b are the prolate spheroid semi-axes with a > b. Then MA is defined to be entirely

zeros, except for

Xu̇ =− a0

2− a0

4

3
πρab2 (2.39)

Yv̇ = Zẇ =− β0

2− β0

4

3
πρab2 (2.40)

Nṙ = Mq̇ =− 1

5

(b2 − a2)
2

(α0 − β0)

2 (b2 − a2) + (b2 + a2) (β0 − α0)

4

3
πρab2. (2.41)

2.3.4 Restoring forces

Vehicle mass m creates a down force W = mg in the inertial frame, where g is acceleration

due to gravity. W is mapped to a force fG(ν) in the body frame by

fG(η) =P−1
1 (η)


0

0

W

 , (2.42)

where fG(η) acts through the center of gravity rG.

The vehicle displaces a fixed volume of fluid ∇ when fully submerged, with fluid density ρ.

The total buoyant force is then B = ρg∇, directed up in the inertial frame. B is mapped to

a force fB(η) in the body frame by

fB(η) =P−1
1 (η)


0

0

−B

 , (2.43)

where fB(η) acts through the center of buoyancy rB.
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The net force on the body due to weight and buoyancy is called the restoring force τG(η).

τG(η) =

 fG(η) + fB(η)

rG × fG(η) + rB × fB(η)

 (2.44)

Small underwater vehicles are typically ballasted to be slightly positively buoyant, meaning

the dry mass of the vehicle is slightly less than the mass of the fluid that the vehicle displaces

when fully submerged. This produces a negative force in the inertial z direction. Also, the

vehicle is typically trimmed such that its center of gravity rG is beneath the center of

buoyancy rB. This provides a static righting moment in roll and pitch. Since the center of

buoyancy is purely a function of external geometry and does not change with trim or ballast,

rB = [0, 0, 0] is taken to be the origin of the vehicle’s body-fixed coordinate system.

2.3.5 Control forces

External actuators on a small underwater vehicle typically consist of a propeller and a set

of control surfaces. The control surfaces are mounted as far aft as possible to produce the

maximum moment for a given deflection, while still providing passive stability in yaw and

pitch. The propeller is typically located aft of the control surfaces.

Control surfaces

Forces and moments due to control surface deflection can be approximated by a second

order polynomial function if the deflection angle is small enough that the flow over the

control surface does not stall. A suitable model for generalized forces τδ(δ) due to control
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surface deflection of a four-fin cruciform pattern, such as on the 690 AUV, is

τδ(δ) =Kδδ +Kδ2diag(δ)δ, (2.45)

where control surface deflections δ = [δS, δP , δB, δT ] are the starboard, port, bottom, and

top fins, respectively. Model coefficients are

Kδ =



XδS XδP XδB XδT

YδS YδP YδB YδT

ZδS ZδP ZδB ZδT

KδS KδP KδB KδT

MδS MδP MδB MδT

NδS NδP NδB NδT


(2.46)

Kδ2 =



Xδ2S
Xδ2P

Xδ2B
Xδ2T

Yδ2S Yδ2P Yδ2B Yδ2T

Zδ2S Zδ2P Zδ2B Zδ2T

Kδ2S
Kδ2P

Kδ2B
Kδ2T

Mδ2S
Mδ2P

Mδ2B
Mδ2T

Nδ2S
Nδ2P

Nδ2B
Nδ2T


. (2.47)

This model is formulated to account for the forces generated by control surfaces during

forward motion with v = w = 0. This is a reasonable assumption, especially if the residual

control surface forces are accounted for by the viscous hydrodynamic force model τν .

Coefficients for the VT 690 are presented in Table B.4. The coefficients are presented in

nondimensional form K ′δ and K ′δ2 . The relationship between these coefficients and those in
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(2.46) and (2.47) are

Kδ = diag([d2 d2 d2 d3 d3 d3])K ′δ (2.48)

Kδ2 = diag([d2 d2 d2 d3 d3 d3])K ′δ2 (2.49)

where

d2 =
1

2
ρ`2u2 (2.50)

d3 =
1

2
ρ`3u2 (2.51)

are dimensionalization constants with fluid density ρ, vehicle forward speed u, and charac-

teristic length ` which is usually taken to be the vehicle length along the major axis. These

coefficients are listed in Tables B.1 and B.2.

Propeller

The propeller model in [8] defines the thrust T and torque Q generated by the propeller

as a function of both the water-relative forward speed of the vehicle u, and of the speed of

advance VA. VA is calculated from u as

VA =u (1− wf) , (2.52)
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where wake fraction wf is a constant. Thrust and torque are calculated from non-dimensional

coefficients KT (J) and KQ(J), which in turn are functions of advance ratio J :

J =
VA
nD

(2.53)

T =KT (J)ρn2D4 (2.54)

Q =KQ(J)ρn2D5 (2.55)

KT (J), KQ(J), and wf are empirically determined, as in [9]. These are presented for the

VT 690 in Table B.5 with coefficients in Tables B.1 and B.2.

The propeller thrust and torque is represented in body coordinates as

τP (ν, n) =



T

0

0

Q

0

0


. (2.56)

The total generalized control force τU(ν,u) is the superposition of contributions from the

control surfaces and propeller:

τU(ν,u) =τδ(ν, δ) + τP (ν, n), (2.57)
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where the control vector u is defined to be

u =

 δ

n

 =



δs

δp

δb

δt

n


. (2.58)

2.3.6 Viscous hydrodynamics

Force due to viscous hydrodynamics is modeled in this work as a nonlinear function of

instantaneous velocity

τν(ν) = f(ν). (2.59)

Several viscous hydrodynamic force models are presented in Chapter 3.

2.4 State-space model

The full equations of motion can be represented in matrix form by equating (2.17) with

(2.31) and substituting the models in (2.35), (2.59), (2.44), and (2.57) to obtain

MRBν̇ +CRB(ν)ν = MAν̇ +CA(ν)ν + τG(η) + τU(ν,u) + τν(ν). (2.60)

The form of this equation is similar to that proposed by Caccia in [10], with notation similar

to Fossen in [5]. This equation can be reorganized into a form more suitable for simulation
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by shifting acceleration terms ν̇ to one side,

MRBν̇ −MAν̇ =− (CRB(ν)ν −CA(ν)ν) + τG(η) + τU(ν,u) + τν(ν), (2.61)

and substituting

M =MRB −MA (2.62)

C(ν) =CRB(ν)−CA(ν) (2.63)

τ (η,ν,u) =−C(ν)ν + τG(η) + τU(ν,u) + τν(ν), (2.64)

to obtain

Mν̇ = τ (η,ν,u). (2.65)

Here, M is the total inertia matrix and C(ν) is the total Coriolis and centripetal function.

This work adopts the sign convention that the rigid-body inertia matrix MRB > 0 is positive

definite and that the added-mass inertia matrix MA ≤ 0 is negative semi-definite, which

holds for fully submerged vehicles [2]. The total inertia matrix M is therefore positive

definite, so M−1 exists and

ν̇ = M−1τ (η,ν,u). (2.66)

The vehicle state x ∈ R12 is given as

x =

 η
ν

 (2.67)
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where η is the vehicle pose in the inertial frame, and ν is the vehicle velocity in the body

frame. The derivative of the state is then

ẋ =

 η̇
ν̇

 (2.68)

The derivative of the state vector is related to the state through (2.11) and (2.66), which

leads to this concise representation

ẋ =

 η̇
ν̇

 =

 P (η) 0

0 M−1


 ν

τ (η,ν,u)

 . (2.69)

2.5 State estimation

The state vector in (2.67) and derivative of the state vector (2.68) are populated in practice

from a set of sensors that generally only measure part of the vehicle state. The rest of the

state and derivative of the state must be estimated from known quantities. The 690 AUV

is equipped with a Doppler velocity log (DVL), attitude heading reference system (AHRS)

and depth sensor, which together provide the raw data which is used to estimate the vehicle

state vector. The DVL measures the translational velocity vector v = [u v w]. The AHRS

uses a triaxial gyroscope, triaxial accelerometer, and triaxial magnetometer to produce an

estimate of vehicle orientation θ = [φ θ ψ]. The gyroscope directly measures the rotational

velocity vector ω = [p q r]. The accelerometer measures the total acceleration vector, which

is the sum of vehicle translational acceleration and acceleration due to gravity. The gravity

vector in body coordinates is estimated online by the AHRS, and is subtracted from the

total acceleration to produce the translational acceleration vector v̇ = [u̇ v̇ ẇ]. The depth
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sensor measures ambient pressure, and estimates vehicle depth z in the inertial frame.

The sampling time and sampling rate is different for each sensor. Raw data is interpolated

and resampled so that all data appears to be sampled at the same time and at the same

rate. The data set is also filtered in order to replace inferior data with better estimates. For

instance, translational velocity v measured by the DVL is generated at 4Hz, which is much

slower than the other sensors. Aggressive maneuvers are not captured by the DVL, and

are better represented by estimating velocity from acceleration measured by the AHRS. A

rigorous treatment of sensor error is beyond the scope of this work. This section presents an

ad-hoc state estimation procedure which fuses the sensor data into a consistent state vector.

The raw data generated by each sensor is used to initially populate the state vector

x0 = [0 0 z φ θ ψ u v w p q r]> (2.70)

and the derivative of the state vector

ẋ0 = [0 0 0 0 0 0 u̇ v̇ ẇ 0 0 0]> (2.71)

where the superscript 0 indicates the step in the data post-processing sequence.

The notation adopted here is that an overbar ·̄ represents the exact value of a signal, and

a tilde ·̃ represents the additive measurement error on that signal. For instance, the depth

sensor error model is z(t) = z̄(t) + z̃, where the depth sensor error z̃ is a constant bias.

Depth z and orientation φ θ ψ are assumed to be exact in (2.70). Therefore depth sensor

measurement error z̃ = 0, and

z̄(t) = z(t). (2.72)
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Similarly, φ̃, θ̃, ψ̃ = 0, so

φ̄(t) = φ(t) (2.73)

θ̄(t) = θ(t) (2.74)

ψ̄(t) = ψ(t). (2.75)

Inertial translational rates are estimated from body-frame translational velocities


ẋ(t)

ẏ(t)

ż(t)

 = Pv(θ)


u(t)

v(t)

w(t)

 (2.76)

where the depth rate is replaced by taking the time derivative of depth

¯̇z(t) =
d

dt
z̄(t) (2.77)

and mapped back into the body frame


u(t)

v(t)

w̄(t)

 = P−1
v (θ)


ẋ(t)

ẏ(t)

¯̇z(t)

 . (2.78)

Similarly, inertial rotational rates are estimated from the time derivative of orientation

φ̇(t) =
d

dt
φ̄(t) (2.79)

θ̇(t) =
d

dt
θ̄(t) (2.80)

ψ̇(t) =
d

dt
ψ̄(t). (2.81)
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The state and state derivative vectors are estimated at step 1 as

x1 =
[
0 0 z̄ φ̄ θ̄ ψ̄ u v w̄ p q r

]>
(2.82)

ẋ1 =
[
ẋ ẏ ¯̇z φ̇ θ̇ ψ̇ u̇ v̇ ẇ 0 0 0

]>
. (2.83)

The gyroscopes and accelerometers are both modeled as having a constant bias offset in their

measurements. This is a valid assumption for short data sets, though the gyros in fact drift

over time. The accelerometer sensor model is

v̇(t) = ¯̇v(t) + ˜̇v (2.84)

where the ‘true’ translational acceleration ¯̇v(t) is modeled with a constant accelerometer bias

˜̇v. The accelerometer bias is calculated to minimize

∥∥∥∥v(t)−
(∫ t

t0

v̇(τ)dτ + v(t0)

)∥∥∥∥
L2

(2.85)

where the L2 norm is defined in [11].

Similarly, the rotational velocity ω as measured by the AHRS gyroscopes is modeled as

ω(t) = ω̄(t) + ω̃ (2.86)

where the ‘true’ rotational velocity ω̄(t) is modeled with a constant gyro bias ω̃. The gyro

bias is calculated to minimize

∥∥∥∥θ(t)−
(∫ t

t0

Pω(θ(τ))ω(τ)dτ + θ(t0)

)∥∥∥∥
L2
. (2.87)
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Translational velocity is then estimated as the integral of translational acceleration

v̄(t) =

∫ t

t0

¯̇v(τ)dτ + v̄(0) (2.88)

which replaces the raw velocity data reported by the DVL. Rotational acceleration is esti-

mated as the derivative of rotational velocity

¯̇ω(t) =
d

dt
ω̄(t), (2.89)

inertial rotational rates are transformed from body rotational rates

¯̇θ(t) = Pω(θ)ω̄(t), (2.90)

inertial translational rates are transformed from body translation rates

¯̇r0(t) = Pv(θ)v̄(t), (2.91)

and inertial position is integrated from inertial translation rates

r̄0(t) =

∫
¯̇r0(t) + r0(0). (2.92)

The state vector and derivative of the state vector are updated from (2.88) - (2.92) to become

x̄ =
[
x̄ ȳ z̄ φ̄ θ̄ ψ̄ ū v̄ w̄ p̄ q̄ r̄

]>
(2.93)

¯̇x =
[
¯̇x ¯̇y ¯̇z ¯̇φ ¯̇θ ¯̇ψ ¯̇u ¯̇v ¯̇w ¯̇p ¯̇q ¯̇r

]>
. (2.94)

These are continuous spline representations of the state and rate vectors. Discrete represen-
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tations are obtained by sampling x̄(t) and ¯̇x(t) at each time in the vector t(k), to obtain

x̄(k) and ¯̇x(k).



Chapter 3

Viscous hydrodynamics

This chapter defines viscous hydrodynamics, and presents several models which describe a

rigid body moving through a viscous fluid. Viscous hydrodynamics describes the dissipative

forces caused by frictional drag DF and pressure drag DP [2], as well as conservative forces

such as the ”Munk” moment. Frictional drag is influenced by the character of the fluid flow,

which can vary between laminar and turbulent flow. The character of the flow is largely a

function of the Reynolds number Re, which is a non-dimensional measure of speed. Flow

tends to be laminar at low Reynolds numbers and turbulent at high Reynolds numbers, where

the transition typically occurs for Reynolds numbers between 105 and 2 × 106. Reynolds

number is defined to be

Re =
uL

ν
, (3.1)

where u is forward speed, ν is the fluid kinematic viscosity, and L is a characteristic length,

usually the length of the vehicle along the longitudinal axis.

Frictional drag DF is caused by tangential shear stress, and is defined in terms of a frictional

29
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drag coefficient CF (Re). The coefficient of friction CF (Re) varies with Reynolds number,

as described in [8] for the example of a series of planks with different surface roughness.

Frictional drag is usually expressed

DF =
1

2
CF (Re)ρV 2A, (3.2)

where ρ is the fluid density, V is speed, and A is a characteristic area, usually taken to be

the cross-sectional area of the vehicle.

Pressure drag DP is caused by normal pressure stress, and is defined in terms of a pressure

drag coefficient CP . Unlike the frictional drag coefficient CF (Re), the pressure drag coefficient

CP for streamlined vehicles is not directly dependent on Reynolds number. Pressure drag is

defined to be

DP =
1

2
CPρV

2A. (3.3)

The total drag D = DF + DP is a scalar measure of the hydrodynamic force experienced

by an unaccelerated vehicle on a nominal forward trajectory. An underwater vehicle fol-

lowing a trajectory such as that shown in Figure 1.2 is not adequately described by such a

model. Instead, viscous viscous hydrodynamic terms should be modeled by estimating the

instantaneous contribution τν(ν) as a quasi-steady, nonlinear function of body-fixed velocity.

There is no analytic form for τν(ν) for a particular geometry or configuration, as there is for

added-mass and restoring forces.
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3.1 Model structure

Let the viscous hydrodynamic force vector τν ∈ R6 be modeled as a nonlinear function of

velocity, τν(ν) : R6 → R6. This viscous hydrodynamic model is composed of six scalar

functions,

τν(ν) =



τXν (ν)

τYν (ν)

τZν (ν)

τKν (ν)

τMν (ν)

τNν (ν)


, (3.4)

where the superscript denotes the axis to which the scalar function applies. For example,

τXν (ν) is the viscous hydrodynamic force along the surge axis, and τMν (ν) is the viscous

hydrodynamic moment about the pitch axis.

Each scalar function in (3.4) can be expressed as a linear combination of basis functions.

For example, the surge force τXν (ν) might be modeled as a function of linear and quadratic

surge velocity, u and u2:

τXν (ν) = Xuu+Xuuu
2, (3.5)

which can be expressed

τXν (ν) =

[
Xu Xuu

] u

u2

 . (3.6)
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Similarly, the viscous hydrodynamic moment in pitch might be modeled as a function of

surge velocity u and heave velocity w:

τMν (ν) = Muu+Muwuw, (3.7)

which can be expressed

τMν (ν) =

[
Mu Muw

] u

uw

 . (3.8)

Let ξ(ν) be the vector of basis functions for the model described by (3.5) and (3.8), where

ξ(ν) =


u

u2

uw

 . (3.9)

Then the scalar viscous hydrodynamic functions (3.5) and (3.8) may be rewritten as

τXν (ν) =

[
Xu Xuu 0

]
u

u2

uw

 = KXξ(ν) (3.10)

and

τMν (ν) =

[
Mu 0 Muw

]
u

u2

uw

 = KMξ(ν) (3.11)

where KX = [Xu Xuu 0] and KM = [Mu 0 Muw] are constant coefficient vectors.
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The general viscous hydrodynamic model in 3.4 may be expressed using the notation in

(3.10) and (3.11) as

τν(ν) =



τXν (ν)

τ Yν (ν)

τZν (ν)

τKν (ν)

τMν (ν)

τNν (ν)


=



KXξ(ν)

KY ξ(ν)

KZξ(ν)

KKξ(ν)

KMξ(ν)

KNξ(ν)


=



KX

KY

KZ

KK

KM

KN


ξ(ν) = Kξ(ν), (3.12)

where ξ(ν) ∈ Rnξ is the vector of basis functions, andK ∈ R6×nξ is the viscous hydrodynamic

coefficient matrix.

The following sections will describe several standard viscous hydrodynamic models, and

express them in the notation in (3.12). In order to directly compare one model with another,

it is necessary to define a unified vector of basis functions which spans all models. This vector

ξ(ν) is defined in Appendix C in (C.12).

3.2 Viscous hydrodynamic models

3.2.1 Gertler & Hagen

The prototypical example of a component-form model is that created by Gertler and Hagen

in [1]. The hydrodynamic model proposed by Gertler and Hagen is the result of work done by

the US Navy between 1956-1967 to produce a 6-DOF model suitable for simulation of a set

of submarine maneuvers. These equations form a so called lumped-parameter model, because

they make no distinction between different physical contributions in the model structure.
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Many terms arise in the derivation of added-mass Coriolis and centripetal effects which take

the form of coupled velocities (i.e. u × r or v × p). For that reason, it is not clear which

of the terms in the Gertler-Hagen equations are explicitly due to viscous hydrodynamics, or

due to Coriolis and centripetal effects, or some combination of the two. Therefore, the terms

presented in (3.13) - (3.18) are all those terms from the Gertler-Hagen equations which are

not explicitly control or restoring terms. The equations are given as

τX
ν (ν) =Xqqq

2 + Xrrr
2 + Xuuu

2 + Xvvv
2 + Xwww

2 + Xvvηv
2 (η − 1)

+ Xwwηw
2 (η − 1) + Xprpr + Xvrvr + Xwqwq

(3.13)

τY
ν (ν) =Yuuu

2 + YvVvV + Ypqpq + Yqrqr + Yupup+ Yurur + Yvqvq + Ywpwp

+ Ywrwr + Yuvuv + Yvwvw + Y|r|Vv |r|Vv + Yp|p|p |p|

+ YvVηvV (η − 1) + Yurηur (η − 1) + Yuvηuv (η − 1)

(3.14)

τZ
ν (ν) =Zppp

2 + Zrrr
2 + Zuuu

2 + Zvvv
2 + Zu|w|u |w|+ ZwVwV + Zprpr

+ Zuquq + Zvpvp+ Zvrvr + Zuwuw + Z|q|Vw |q|Vw + Z|w|V |w|V

+ ZwVηwV (η − 1) + Zuqηuq (η − 1) + Zuwηuw (η − 1)

(3.15)

τK
ν (ν) =Kuuu

2 + Kuuηu
2 (η − 1) + KvVvV + Kpqpq + Kqrqr + Kupup+ Kurur

+ Kvqvq + Kwpwp+ Kwrwr + Kuvuv + Kvwvw + Kp|p|p |p|
(3.16)

τM
ν (ν) =Mppp

2 + Mrrr
2 + Muuu

2 + Mvvv
2 + MqVqV + MwVwV + Mprpr + Muquq

+ Mvpvp+ Mvrvr + Muwuw + M|w|V |w|V + Mq|q|q |q|+ Mu|w|u |w|

+ MwVηwV (η − 1) + Muqηuq (η − 1) + Muwηuw (η − 1)

(3.17)

τN
ν (ν) =Nuuu

2 + NrVrV + NvVvV + Npqpq + Nqrqr + Nupup+ Nurur + Nvqvq

+ Nwpwp+ Nwrwr + Nuvuv + Nvwvw + Nr|r|r |r|+ NvVηvV (η − 1)

+ Nurηur (η − 1) + Nuvηuv (η − 1)

. (3.18)
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It is instructive to see a component-form model such as (3.13) - (3.18) written out in the
form of (3.12). Let ξ(ν) be defined as in (C.12), and let K be defined as the following:

K =


0 0 0 0 0 0 0 0 0 0 0 0 Xuu 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 Yuu Yuv 0 Yup 0 Yur

0 0 0 0 0 0 0 0 0 0 0 0 Zuu 0 Zuw 0 Zuq 0
0 0 0 0 0 0 0 0 0 0 0 0 Kuu Kuv 0 Kup 0 Kur

0 0 0 0 0 0 0 0 0 0 0 0 Muu 0 Muw 0 Muq 0
0 0 0 0 0 0 0 0 0 0 0 0 Nuu Nuv 0 Nup 0 Nur

· · ·

· · ·

Xvv 0 0 0 Xvr Xww 0 Xwq 0 0 0 Xpr

0 Yvw 0 Yvq 0 0 Ywp 0 Ywr 0 Ypq 0
Zvv 0 Zvp 0 Zvr 0 0 0 0 Zpp 0 Zpr

0 Kvw 0 Kvq 0 0 Kwp 0 Kwr 0 Kpq 0
Mvv 0 Mvp 0 Mvr 0 0 0 0 Mpp 0 Mpr

0 Nvw 0 Nvq 0 0 Nwp 0 Nwr 0 Npq 0

· · ·

· · ·

Xqq 0 Xrr 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 Yqr 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 Zrr 0 0 Zu|w| 0 0 0 0 0 0 0 0 0 0 0 0 0
0 Kqr 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 Mrr 0 0 Mu|w| 0 0 0 0 0 0 0 0 0 0 0 0 0
0 Nqr 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

· · ·

· · ·

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 Yp|p| 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 Kp|p| 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 Mq|q| 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 Nr|r|

· · ·

· · ·

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 YvV 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 ZwV 0 0 0 0 0 Z|w|V 0 0 0 0 0 0 0 0
0 KvV 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 MwV 0 MqV 0 0 0 M|w|V 0 0 0 0 0 0 0 0
0 NvV 0 0 0 NrV 0 0 0 0 0 0 0 0 0 0 0

· · ·
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· · ·

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 Y|r|Vv 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 Z|q|Vw 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

· · ·

· · ·

0 0 0 0 0 0 Xvvη 0 0 0 0 Xwwη 0 0
0 Yuvη 0 0 0 Yurη 0 0 0 0 0 0 0 0
0 0 Zuwη 0 Zuqη 0 0 0 0 0 0 0 0 0

Kuuη 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 Muwη 0 Muqη 0 0 0 0 0 0 0 0 0
0 Nuvη 0 0 0 Nurη 0 0 0 0 0 0 0 0

· · ·

· · ·

0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 YvVη 0 0 0 0
0 0 0 0 0 0 0 0 0 ZwVη 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 MwVη 0 0 0
0 0 0 0 0 0 0 0 NvVη 0 0 0 0

 (3.19)

There are 88 non-zero terms in K matrix above, out of a total of 6 × 132 = 792 possible

coefficients.

3.2.2 Prestero

Prestero proposed a model in [12] which is similar to that submitted by Gertler and Hagen,

but far less complex. This model attempts to justify the included elements from physics,

including axial drag, crossflow drag, and body lift. The Prestero model is defined by the
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equations

τX
ν (ν) =Xqqq

2 + Xwqwq + Xrrr
2 + Xvrvr + Xu|u|u |u| (3.20)

τY
ν (ν) =Yv|v|v |v|+ Ypqpq + Yurur + Ywpwp+ Yuvuv + Yr|r|r |r| (3.21)

τZ
ν (ν) =Zw|w|w |w|+ Zprpr + Zuquq + Zvpvp+ Zuwuw + Zq|q|q |q| (3.22)

τK
ν (ν) =Kp|p|p |p| (3.23)

τM
ν (ν) =Mprpr + Muquq + Mvpvp+ Muwuw + Mq|q|q |q|+ Mw|w|w |w| (3.24)

τN
ν (ν) =Npqpq + Nurur + Nwpwp+ Nuvuv + Nr|r|r |r|+ Nv|v|v |v|. (3.25)

There is clear overlap between the Prestero and Gertler-Hagen models, although Prestero

omits all terms depending on V and η.



38

3.2.3 Pitch & Yaw

One may naively construct a 6-DOF dynamical model by superimposing separate models for

pitch and yaw. A model of this structure takes the form

τX
ν (ν) =Xqq + Xrr + Xuu+ Xvv + Xww + Xqqq

2 + Xrrr
2 + X|q| |q|

+ X|r| |r|+ Xuuu
2 + Xvvv

2 + Xwww
2 + X|v| |v|+ X|w| |w|+ Xu|r|u |r|

+ Xq|w|q |w|+ Xr|v|r |v|+ Xv|r|v |r|+ Xw|q|w |q|+ Xu|v|u |v|+ Xu|w|u |w|

+ Xv|v|v |v|+ Xw|w|w |w|+ Xurur + Xvrvr + Xwqwq + Xuvuv + Xuwuw + Xq|q|q |q|

+ Xr|r|r |r|+ Xq|u|q |u|+ Xu|q|u |q|

(3.26)

τY
ν (ν) =Yrr + Yvv + Yrrr

2 + Y|r| |r|+ Yuuu
2 + Yvvv

2 + Y|u| |u|

+ Y|v| |v|+ Yu|r|u |r|+ Yr|v|r |v|+ Yv|r|v |r|+ Yu|v|u |v|+ Yv|v|v |v|

+ Yurur + Yvrvr + Yuvuv + Yr|r|r |r|

(3.27)

τZ
ν (ν) =Zqq + Zww + Zqqq

2 + Z|q| |q|+ Zuuu
2 + Z|u| |u|+ Zwww

2

+ Z|w| |w|+ Zu|q|u |q|+ Zq|w|q |w|+ Zw|q|w |q|+ Zu|w|u |w|+ Zw|w|w |w|

+ Zuquq + Zwqwq + Zuwuw + Zq|q|q |q|

(3.28)

τK
ν (ν) =0 (3.29)

τM
ν (ν) =Mqq + Mww + Mqqq

2 + M|q| |q|+ Muuu
2 + M|u| |u|+ Mwww

2

+ M|w| |w|+ Muquq + Mwqwq + Muwuw + Mq|q|q |q|+ Mu|q|u |q|+ Mq|w|q |w|

+ Mw|q|w |q|+ Mu|w|u |w|+ Mw|w|w |w|

(3.30)
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τN
ν (ν) =Nrr + Nvv + Nrrr

2 + N|r| |r|+ Nuuu
2 + Nvvv

2 + N|u| |u|

+ N|v| |v|+ Nurur + Nvrvr + Nuvuv + Nr|r|r |r|+ Nu|r|u |r|+ Nr|v|r |v|

+ Nv|r|v |r|+ Nu|v|u |v|+ Nv|v|v |v|

(3.31)

3.2.4 Linear

The linear viscous hydrodynamic model is

τν(ν) = Kνν, (3.32)

where the coefficient matrix is

Kν =



Xu Xv Xw Xp Xq Xr

Yu Yv Yw Yp Yq Yr

Zu Zv Zw Zp Zq Zr

Ku Kv Kw Kp Kq Kr

Mu Mv Mw Mp Mq Mr

Nu Nv Nw Np Nq Nr


. (3.33)

3.2.5 McFarland & Whitcomb

McFarland and Whitcomb propose in [13] a viscous hydrodynamic model which is fully

coupled and assumes a sign-preserved quadratic relationship between velocity and force.

The model is of the form

τν(ν) = Kν|ν|diag(ν) |ν| (3.34)

where the coefficient matrix Kν|ν| is defined to be
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Kν|ν| =


Xu|u| Xu|v| Xu|w| Xu|p| Xu|q| Xu|r| Xv|u| Xv|v| Xv|w| Xv|p| Xv|q| Xv|r|
Yu|u| Yu|v| Yu|w| Yu|p| Yu|q| Yu|r| Yv|u| Yv|v| Yv|w| Yv|p| Yv|q| Yv|r|
Zu|u| Zu|v| Zu|w| Zu|p| Zu|q| Zu|r| Zv|u| Zv|v| Zv|w| Zv|p| Zv|q| Zv|r|
Ku|u| Ku|v| Ku|w| Ku|p| Ku|q| Ku|r| Kv|u| Kv|v| Kv|w| Kv|p| Kv|q| Kv|r|
Mu|u| Mu|v| Mu|w| Mu|p| Mu|q| Mu|r| Mv|u| Mv|v| Mv|w| Mv|p| Mv|q| Mv|r|
Nu|u| Nu|v| Nu|w| Nu|p| Nu|q| Nu|r| Nv|u| Nv|v| Nv|w| Nv|p| Nv|q| Nv|r|

· · ·

· · ·

Xw|u| Xw|v| Xw|w| Xw|p| Xw|q| Xw|r| Xp|u| Xp|v| Xp|w| Xp|p| Xp|q| Xp|r|
Yw|u| Yw|v| Yw|w| Yw|p| Yw|q| Yw|r| Yp|u| Yp|v| Yp|w| Yp|p| Yp|q| Yp|r|
Zw|u| Zw|v| Zw|w| Zw|p| Zw|q| Zw|r| Zp|u| Zp|v| Zp|w| Zp|p| Zp|q| Zp|r|
Kw|u| Kw|v| Kw|w| Kw|p| Kw|q| Kw|r| Kp|u| Kp|v| Kp|w| Kp|p| Kp|q| Kp|r|
Mw|u| Mw|v| Mw|w| Mw|p| Mw|q| Mw|r| Mp|u| Mp|v| Mp|w| Mp|p| Mp|q| Mp|r|
Nw|u| Nw|v| Nw|w| Nw|p| Nw|q| Nw|r| Np|u| Np|v| Np|w| Np|p| Np|q| Np|r|

· · ·

· · ·

Xq|u| Xq|v| Xq|w| Xq|p| Xq|q| Xq|r| Xr|u| Xr|v| Xr|w| Xr|p| Xr|q| Xr|r|
Yq|u| Yq|v| Yq|w| Yq|p| Yq|q| Yq|r| Yr|u| Yr|v| Yr|w| Yr|p| Yr|q| Yr|r|
Zq|u| Zq|v| Zq|w| Zq|p| Zq|q| Zq|r| Zr|u| Zr|v| Zr|w| Zr|p| Zr|q| Zr|r|
Kq|u| Kq|v| Kq|w| Kq|p| Kq|q| Kq|r| Kr|u| Kr|v| Kr|w| Kr|p| Kr|q| Kr|r|
Mq|u| Mq|v| Mq|w| Mq|p| Mq|q| Mq|r| Mr|u| Mr|v| Mr|w| Mr|p| Mr|q| Mr|r|
Nq|u| Nq|v| Nq|w| Nq|p| Nq|q| Nq|r| Nr|u| Nr|v| Nr|w| Nr|p| Nr|q| Nr|r|

 .

3.2.6 Uncoupled

The following model assumes that motion in each axis is dependent only on velocity in that

dimension.

τX
ν (ν) =Xuu+ Xuuu

2 + X|u| |u|+ Xu|u|u |u| (3.35)

τY
ν (ν) =Yvv + Yvvv

2 + Y|v| |v|+ Yv|v|v |v| (3.36)

τZ
ν (ν) =Zww + Zwww

2 + Z|w| |w|+ Zw|w|w |w| (3.37)

τK
ν (ν) =Kpp+ Kppp

2 + K|p| |p|+ Kp|p|p |p| (3.38)

τM
ν (ν) =Mqq + Mqqq

2 + M|q| |q|+ Mq|q|q |q| (3.39)

τN
ν (ν) =Nrr + Nrrr

2 + N|r| |r|+ Nr|r|r |r| (3.40)
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3.2.7 Fossen

Fossen presents a viscous hydrodynamic model in [5] which is uncoupled, but contains both

linear and quadratic terms. He does this by assuming that ‘the vehicle is performing a

non-coupled motion, has three planes of symmetry and that terms higher than second order

are negligible’. Later authors such as Caccia in [10] and Smallwood and Whitcomb in [14]

adopt the same model. It is worth noting that both these references concern rectangular

open-frame ROVs, rather than a slender axisymmetric vehicle such as the VT 690.

Fossen proposes a model of the form

τν(ν) =diag([Xu Yv Zw Kp Mq Nr])ν

+ |ν|> diag
([
Xu|u| Yv|v| Zw|w| Kp|p| Mq|q| Nr|r|

])
ν. (3.41)

3.2.8 Coe

Coe presents a novel model in [15] which is based on a Taylor series expansion and assumes

port/starboard vehicle symmetry. The model is of the form

τν(ν) = Cνν∗diag(ν)ν + Cν|ν|∗diag(|ν|)ν (3.42)
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with constant coefficient matrices

Cνν∗ =



Xu2 Xv2 Xw2 Xp2 Xq2 Xr2

0 0 0 0 0 0

Zu2 Zv2 Zw2 Zp2 Zq2 Zr2

0 0 0 0 0 0

Mu2 Mv2 Mw2 Mp2 Mq2 Mr2

0 0 0 0 0 0


(3.43)

Cν|ν|∗ =



Xu|u| 0 Xw|w| 0 Xq|q| 0

0 Yv|v| 0 Yp|p| 0 Yr|r|

Zu|u| 0 Zw|w| 0 Zq|q| 0

0 Kv|v| 0 Kp|p| 0 Kr|r|

Mu|u| 0 Mw|w| 0 Mq|q| 0

0 Nv|v| 0 Np|p| 0 Nr|r|


. (3.44)



Chapter 4

Viscous hydrodynamic model

synthesis

4.1 Synthesis model

A model of the form τν(ν) = Kξ(ν) requires coefficient values to be determined by ‘training’

the model from a sufficiently rich data set, which may be generated from field experiments

or from CFD simulation. The equations of motion in (2.60) represent the ideal relationship

between rigid-body, viscous and inviscid hydrodynamic, restoring, and control forces. In

practice, there will be a force error τ̃ which is the sum of unmodeled dynamical effects and

measurement error.

The force error is treated as an external force, and is incorporated into the equations of

motion as

Mν̇ =−C(ν)ν + τG(η) + τU(ν,u) + τν , (4.1)

43
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where τν represents the exact viscous hydrodynamic model, η, ν, and ν̇ are assumed to

be measured exactly, M and the corresponding C(ν) are known, and τG(η) and τU(ν,u)

are assumed to be modeled exactly. Since the viscous hydrodynamic model is assumed to

be a function of the instantaneous velocity, which is approximate but not exact for physical

systems, the choice of a specific model τν(ν) will introduce an error τ̃ into the equations of

motion.

Mν̇ =−C(ν)ν + τG(η) + τU(ν,u) + (τν(ν)− τ̃ ) (4.2)

Equation (4.2) can then be reorganized to isolate the unknown quantities, as

τν(ν)− τ̃ =Mν̇ +C(ν)ν − τG(η)− τU(ν,u). (4.3)

The task of model synthesis is to select τν(ν) such that τ̃ is minimized.

Let η(k), ν(k), ν̇(k), u(k) ∈ R6 be the time series data used to train the viscous hydrody-

namic model, where k is the sample index. The right hand side of (4.3) is then calculated

exactly as the time series

τ̄ (k) =Mν̇(k) +C(ν(k))ν(k)− τG(η(k))− τU(ν(k),u(k)), (4.4)

where τ̄ (k) is the residual force time series which is unaccounted for by rigid-body, added-

mass, restoring, and control model components.

The residual force time series is related to the viscous hydrodynamic model by

τ̄ (k) = τν(ν(k))− τ̃ (k). (4.5)
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If the viscous hydrodynamic model takes the form as in (3.12), then (4.5) may be expressed

Kξ(ν(k))− τ̃ (k) =τ̄ (k), (4.6)

where K can be determined by least-squares such that τ̃ (k) is minimized.

Equation (4.6) is of a form suitable for optimizing K for a single instant k, but it is instead

desireable to optimize K for an entire time series at once. To that end, let

ν∗ = [ν(0), ν(1), · · · , ν(nk)] ∈ R6×nk (4.7)

τ̄∗ = [τ̄ (0), τ̄ (1), · · · , τ̄ (nk)] ∈ R6×nk (4.8)

τ̃∗ = [τ̃ (0), τ̃ (1), · · · , τ̃ (nk)] ∈ R6×nk (4.9)

ξ∗ = [ξ(ν(0)), ξ(ν(1)), · · · , ξ(ν(nk))] ∈ Rnξ×nk (4.10)

be matrix representations of time series, where nk is the number of samples collected. By

substituting the matrix time series (4.7) - (4.10), equation (4.6) can be expressed

τ̃ (k) =Kξ(ν(k))− τ̄ (k) (4.11)

τ̃>(k) =ξ>(ν(k))K> − τ̄>(k) (4.12)

τ̃>∗ = ξ>∗K
> − τ̄>∗ . (4.13)

Using the notation in Appendix A.1, apply the vec() operator to equation (4.13)

vec
(
τ̃>∗
)

=vec
(
ξ>∗K

> − τ̄>∗
)

=vec
(
ξ>∗K

>)− vec
(
τ̄>∗
)

=
(
I6 ⊗ ξ>∗

)
vec
(
K>

)
− vec

(
τ̄>∗
)
, (4.14)
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with vec
(
τ̃>∗
)
∈ R6nk , vec

(
τ̄>∗
)
∈ R6nk , vec

(
K>

)
∈ R6nξ , and

(
I6 ⊗ ξ>∗

)
∈ R6nk×6nξ .

It is necessary to further manipulate (4.14) in order to restrict the optimization to a subset

of the coefficients in K, which is necessary to implement the models described in Section 3.2.

It is possible to directly manipulate the dimension of the space of basis functions by applying

a masking matrix M ∈ Bn̄×6nξ , where B denotes the space of booleans, i.e. B = {0, 1}. Each

row of M has exactly one non-zero element, which is equal to one. A value of one in a

column j of M selects the corresponding basis function ξj(ν) from ξ(ν).

The equation which represents the masked model is expressed

vec
(
τ̃>∗
)

=
(
I6 ⊗ ξ>∗ (ν)

)
M>Mvec

(
K>

)
− vec

(
τ̄>∗
)
. (4.15)

Choose a mask matrix M for a given model, and let

σ̃ =vec
(
τ̃>∗
)
∈ R6nk (4.16)

σ̄ =vec
(
τ̄>∗
)
∈ R6nk (4.17)

Ξ =
(
I6 ⊗ ξ>∗

)
M> ∈ R6nk×n̄ (4.18)

κ =Mvec
(
K>

)
∈ Rn̄ (4.19)

be a change of variables, where Ξ ∈ R6nk×n̄ is a basis matrix, κ ∈ n̄ is a coefficient vector,

and n̄ is the model complexity, or the number of coefficients for a given model. Then (4.15)

can be expressed as

σ̃ = Ξκ− σ̄. (4.20)

Equation (4.20) is called the synthesis model.
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The original coefficient matrix K is recoverable from κ by

K = vec−1
(
M>κ

)>
, (4.21)

where vec−1() is defined in Appendix A.1.

4.2 Optimization

The synthesis model in (4.20) is directly solvable for κ by least-squares, such that the sum of

the square of the elements in σ̃ is minimized. This is equivalent to minimizing the Frobenius

norm of τ̃∗ in (4.15). The error function implicitly minimized by least-squares is expressed

as a function of κ as

J(κ) =

6nk∑
i=1

σ̃2
i . (4.22)

One may instead choose an arbitrary error function J(κ), and implement a search algorithm

to select κ such that J(κ) is minimized. One suitable algorithm is the Nelder-Mead simplex

algorithm described in [16] and [17]. This is suitable for unconstrained nonlinear optimiza-

tion, and requires only a starting coefficient vector κ0 and scalar cost function as input, and

produces a locally optimal coefficient vector as output.

Mean absolute error

Smallwood, McFarland, and Whitcomb introduce mean absolute error (MAE) in [14] and

[13] as the metric by which model performance is evaluated. Note that the models proposed

therein compare model performance on the basis of output error residual, e.g. yaw error,
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where the error function (4.11) measures force residual error. The error function which

returns the MAE of the residual τ̃ is

J(κ) =
1

6nk

6nk∑
i=1

|σ̃i| . (4.23)

Mean square error

Let the cost function which minimizes the mean square error (MSE) be defined as

J(κ) =
1

6nk

6nk∑
i=1

σ̃2
i . (4.24)

A similar measure of error is root mean square (RMS) error, defined as

J(κ) =

√√√√ 1

6nk

6nk∑
i=1

σ̃2
i . (4.25)

These error functions are useful when comparing the relative error of model performance

using data sets of different sizes, i.e. where nk is different.

Median absolute deviation

Another possible error function is a variation on the median absolution deviation, or MAD.

Let τ̃ (k) be recovered from σ̃(k) by (4.16), as

τ̃ (k) = vec−1(σ̃(k))
>
, (4.26)
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and define the error function to be

J(κ) =
6∑
i=1

median |τ̃i·|, (4.27)

where τ̃i· is the ith row of τ̃ . Note that MAD is generally defined on vectors, and the

extension to matrices is done by summing the MAD for each row of τ̃ . This function is

robust against outliers in the time series data, but is nonlinear in its output. This means

that for a small change in τ̃ , there may be zero change in J(κ). MAD is not suitable for the

Nelder-Mead simplex search algorithm for this reason, but it can be used to compare models

after optimization.



Chapter 5

Results

5.1 Data collection

The data presented in this section was collected using the Virginia Tech 690 AUV during field

experiments at Claytor Lake in Pulaski County, Virginia. A sample data set representing

the state vector x(k) is shown in Figures 5.1 and 5.2. The corresponding state derivative

vector ẋ(k) is shown in Figures 5.3 and 5.4.

The raw data set was processed using the state estimation procedure described in Section

2.5. In each plot, the raw data is presented in blue with the label ‘online’, and the processed

data is presented in green with the label ‘opt’. Of special note are the relatively large

biases in u̇(k) and v̇(k) shown in Figure 5.4. These bias errors, and a smaller bias error

in r(k) shown in Figure 5.2, are characteristic of the class of sensors used by the AHRS.

Another point of note is the large discrepancy in sway velocity v(k) in Figure 5.2. The

sway velocity as reported by the DVL is quite dissimilar to the sway velocity estimated by

integrating the bias-corrected sway acceleration. This is thought to be due to an incorrect

50
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coordinate transformation when mapping the velocity reported by the DVL into the body

frame. Because the DVL measures velocity relative to the sea floor, rotational velocities will

couple into the translational velocities measured by the DVL. These effects are not accounted

for in the data sets presented here. For this reason, velocity measured by the DVL is used

only to estimate the bias on the accelerometer, and is otherwise discarded. Translational

velocity is instead estimated by integrating translational acceleration.
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Figure 5.1: Vehicle pose η data set, yaw steps, 2133 rpm. Unfiltered data is presented as
‘online’, and post-processed data is presented as ’opt’.
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Figure 5.2: Vehicle velocity ν data set, yaw steps, 2133 rpm. Unfiltered data is presented as
‘online’, and post-processed data is presented as ’opt’.
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Figure 5.3: Vehicle pose derivative η̇ data set, yaw steps, 2133 rpm. Unfiltered data is
presented as ‘online’, and post-processed data is presented as ’opt’.
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Figure 5.4: Vehicle velocity derivative ν̇ data set, yaw steps, 2133 rpm. Unfiltered data is
presented as ‘online’, and post-processed data is presented as ’opt’.
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5.2 Model training

The force data τ̄ (k) used to train the viscous hydrodynamic model is calculated by populating

the right-hand side of (4.3) with quantities from the estimated state vector x̄(k) and rate

vector ¯̇x(k) as calculated in Section 2.5, using the raw data which was collected as described

in Section 5.1. The model synthesis algorithm in Chapter 4 is then used to populate each

of the models in turn, which are described in Sections 3.2.1 - 3.2.8. Each model is trained

against the same estimated viscous hydrodynamic force data set τ̄ (k).

The velocity data used to train the unconstrained model is shown in Figure 5.5. The training

force data is presented in Figure 5.6. The training set is the concatenation of four independent

data sets. The first data set is composed of depth steps at a propeller speed of 2600 rpm,

and the three remaining sets are composed of yaw steps at propeller speeds 1800, 2133, and

2600 rpm. Note that the concatenation produces an apparent discontinuity in the data at

times 25, 84, and 142 seconds. This does not affect the training process because the model

form is quasi-steady, and each sample is assumed to be independent with respect to time.
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Figure 5.5: Training velocity data.
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Figure 5.6: Training force data.
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5.3 Model validation

The velocity data set which is used to validate the model is presented in Figure 5.7. It is

composed of two legs. The first leg is a series of depth steps at propeller speed 2133 rpm.

The second leg is a set of yaw steps at a propeller speed of 2350 rpm.

The validation force plots are presented in Figures 5.8 - 5.15, in order of decreasing model

complexity. These plots show the force time series output of each model, plotted against

the validation force time series. Equations for each model are presented in Appendix D,

with coefficients in Appendix E. The validation force data set was generated in the same

way as the training force data set was generated in Section 5.1, just with different raw data.

Validation data was selected to represent maneuvers which were similar to those used to

train the models, but at different forward speeds.

Both the training and validation force time series show large roll velocities p but very little

hydrodynamic roll moment K. This is due to the small moment of inertia in the roll axis,

which means that relatively a relatively small roll moment can cause a large change in roll

velocity.
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Figure 5.7: Validation velocity data
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Figure 5.8: Validation force data, McFarland model, n̄ = 216
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Figure 5.9: Validation force data, Pitch/Yaw model, n̄ = 100
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Figure 5.10: Validation force data, Gertler Hagen model, n̄ = 88
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Figure 5.11: Validation force data, Linear model, n̄ = 36
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Figure 5.12: Validation force data, Coe model, n̄ = 33
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Figure 5.13: Validation force data, Prestero model, n̄ = 30
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Figure 5.14: Validation force data, Uncoupled model, n̄ = 22
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Figure 5.15: Validation force data, Fossen model, n̄ = 12
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5.4 Model comparison

Model n̄ JV (K)
(
JV0 = 12.338

)
JV (K)/JV0

McFarland 216 2.667 0.216
Pitch/Yaw 100 2.520 0.204

Gertler Hagen 88 2.650 0.215
Linear 36 2.849 0.231

Coe 33 4.237 0.343
Prestero 30 3.082 0.250

Uncoupled 24 9.408 0.763
Fossen 12 9.619 0.780

Table 5.1: Model validation error.

Model n̄ J(K) (J0 = 13.047) J(K)/J0

McFarland 216 2.505 0.192
Pitch/Yaw 100 2.504 0.192

Gertler Hagen 88 2.629 0.201
Linear 36 3.625 0.250

Coe 33 4.559 0.349
Prestero 30 3.214 0.246

Uncoupled 24 10.299 0.789
Fossen 12 10.471 0.802

Table 5.2: Model training error.

Let J0 be the RMS value of the force time series from the training data set T , and let JV0

be the RMS value of the force time series from the validation data set V .

The validation errors JV (K) for the model validation plots in Figures 5.8 - 5.15 are presented

in Table 5.1, along with their values as normalized against JV0 . The training errors J(K) for

the same set of models are presented in Table 5.2.

The Uncoupled and Fossen models are clearly inferior to the other models in representing

the training and validation data sets. These models are uncoupled, in that they consider

only the velocity in a particular dimension to contribute to the force in that dimension. The

Fossen model assumes that each of the hydrodynamic forces X, Y, Z,K,M,N are a function
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of only linear and sign-preserved quadratic functions of velocity in the same dimension as

the force. For example, sway force Y is modeled as Y (v) = v+ v |v|. As is evident in Figure

5.15, this assumption is not valid. The Uncoupled model includes absolute-value terms as

well as sign-preserved terms, but does little better. However, these are also the models with

the fewest coefficients, so part of their poor performance may be attributed to the optimizer

having access to fewer degrees of freedom.

Of the remaining models, there is no one which is clearly superior to the rest. All are coupled

models to some degree, in that they model a force in one dimension as a function of velocities

in multiple dimensions. For example, each output of the Linear model is assumed to be a

linear function of the entire velocity vector. The Pitch/Yaw model performs at least as well

as any other model under consideration, despite having less than half the coefficients of the

McFarland model, and being far simpler in its construction than the Gertler-Hagen model.

The linear model stands out as a compromise between complexity and accuracy.



Chapter 6

Conclusions

6.1 Summary

This thesis has presented a comparison of viscous hydrodynamic models commonly used to

calculate the forces and moments applied to an underwater vehicle as it moves through a

viscous fluid. The Virginia Tech 690 AUV described in Chapter 1 was modeled as a rigid

body in Chapter 2. The dynamical model incorporates hydrodynamic forces due to viscous

damping, conservative viscous effects, and added mass, restoring forces due to gravity, and

control forces due to actuation of control surfaces and a propeller. Several viscous hydro-

dynamic models were described in Chapter 3, with a synthesis algorithm used to determine

the corresponding model coefficients developed in Chapter 4. Each model was then trained

against a set of data collected in the field using the 690 AUV, with the relative performance

compared in Chapter 5.
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6.2 Conclusions

No single viscous hydrodynamic model of those described in Chapter 3 stands out as supe-

rior to the others, though some appear to perform worse than the others for modeling an

underwater vehicle in six degrees of freedom. The Pitch/Yaw model performs at least as well

as the other models, while being significantly smaller than the McFarland model, and being

less complex in its construction than the Gertler-Hagen model. The Linear model is even

smaller, and is only moderately less accurate than the Pitch/Yaw model. Either of these

appear to be suitable for use with the dynamical model presented in Chapter 2.

The Uncoupled and Fossen models make the assumption that the force along a particular axis

is due only to velocity along that axis. This assumption is clearly not valid for the training

and validation data sets presented in Figures 5.5 and 5.7, and these models are unlikely to

perform well for any but the most simple of maneuvers. The Coe model assumes that the

fluid flow is symmetric about the port/starboard axis. This assumption also appears to be

invalid for the studied data sets.

The training and validation data sets presented in Chapter 5 represent typical maneuvers

made by a vehicle with an orthodox geometry. It is likely that the models would perform

differently if they were trained against a different set of maneuvers, or if the vehicle geometry

was in some way atypical. Both Gertler, Hagen, and Prestero developed their models to

describe the viscous hydrodynamics as applied to ‘torpedo’ shaped underwater vehicles. The

VT 690 is similar in size and proportion to the REMUS vehicle that Prestero referenced in his

work, and also similar in proportion to the full-scale submarines that Gertler and Hagen were

concerned with. It is unsurprising that the Gertler-Hagen and Prestero models are suitable

to describe data collected with the 690. In contrast, a vehicle such as the Woods Hole

Sentry described in [18] would likely require a viscous hydrodynamic model with a different
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emphasis on which parameters were important, due to unconventional vehicle geometry.

The McFarland and Linear models make no assumptions about which coefficients are more

or less important than others, though they do make assumptions about the character of the

flow. McFarland assumes a quadratic relationship between force and velocity, where the

Linear model assumes a linear relationship. The actual relationship is more complicated,

and depends on Reynolds number, and also the dominance of skin friction over form drag,

or vice versa.
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Appendix A

Matrix mathematics

A.1 The vec operator

The notation herein is adopted from [19]. Let the columns of a matrix A ∈ Rm×n be denoted
A·j and the rows Ai·, with i ∈ [1,m] and j ∈ [1, n]. The matrix A may then be partitioned
as either of

A =
[
A·1, A·2, · · · , A·n

]
(A.1)

or

A> =
[
A1·, A2·, · · · , Am·

]
(A.2)

Note that both A·j and Ai· are defined to be column vectors.

The vec operator may be expressed

vec(A) ,


A·1
A·2
...
A·n

 , (A.3)

with dimension vec(A) ∈ Rmn.

For conformal matrices A, Y , and B, it holds that

vec(AY B) =
(
B> ⊗A

)
vec(Y ) (A.4)

The inverse vec operator is defined as follows. Let b ∈ Rk be a column vector, where
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k = m× n for some m,n ∈ N. Then b can be expressed as

b =


B·1
B·2

...
B·n

 , (A.5)

where B·j ∈ Rm with j ∈ {1, . . . , n}. Let the inverse vec operator be denoted vec−1, defined
such that

B =
[
B·1 B·2 · · · B·n

]
= vec−1(b). (A.6)

A.2 Skew-symmetric operator

For the vector λ ∈ R3 with λ = [λ1, λ2, λ3]>, let

S(λ) =

 0 −λ3 λ2

λ3 0 −λ1

−λ2 λ1 0

 (A.7)

be a map from R3 → so(3), the set of skew-symmetric matrices [20]. This definition of S(λ)
forms a matrix-representation of a cross product.



Appendix B

VT 690 parameters

Parameter Description Value Unit
g acceleration due to gravity 9.80665 m/s2

ρf fluid density (fresh water) 1000 kg/m3

ρs fluid density (salt water) 1015 kg/m3

Table B.1: Physical constants

Parameter Description Value Unit
d diameter 0.1753 m
m mass 41.458 kg
∇ displacement 41.702 kg
` length 2.057 m
dp propeller diameter 0.120 m

rB(x) center of buoyancy in x 0 m
rB(y) center of buoyancy in y 0 m
rB(z) center of buoyancy in z 0 m
rG(x) center of gravity in x -0.0029 m
rG(y) center of gravity in y -0.0002 m
rG(z) center of gravity in z 0.0084 m
w wake fraction 0.3

I0 =

 0.1707 −0.0033 0.1407
−0.0033 10.3659 −0.0000
0.1407 −0.0000 10.3508


Table B.2: Virginia Tech 690 parameters

79



80

MA =


−0.6673 0 0 0 0 0

0 −40.1654 0 0 0 0
0 0 −40.1654 0 0 0
0 0 0 0 0 0
0 0 0 0 −8.0212 0
0 0 0 0 0 −8.0212


Table B.3: Added mass model for a prolate spheroid with same volume and aspect ratios as
the VT 690.

K ′δ =


−3.6686× 10−20 0 0 0
9.1716× 10−21 2.0463× 10−06 0.0019061 −0.0020678
−0.00208 0.0019506 0 −4.5858× 10−21

−2.9415× 10−05 −2.7625× 10−05 −2.6346× 10−05 −2.7881× 10−05

−0.001084 0.00082798 0 0
−1.9695× 10−05 0 −0.00088374 0.00097045



K ′δ2 =


−0.0012101 −0.00094632 −0.00091701 −0.0010468
0.00031247 −0.00015336 −0.00016121 −1.3609× 10−05

−0.00018319 −0.00015493 0.00025333 −0.00029625
2.3553× 10−06 3.6638× 10−06 −1.3085× 10−06 2.3553× 10−06

0.00014289 0.00013582 0.00011829 −0.00013138
−0.00015519 6.7519× 10−05 4.6321× 10−05 1.2038× 10−05


Table B.4: Control surface model coefficients

KT (J) =− 0.1378J2 + 0.0483J + 0.0578

KT (J) =− 0.01174J2 + 0.00575J + 0.00419

Table B.5: Propeller model equations



Appendix C

Damping model basis functions

ξν(ν) =


u
v
w
p
q
r

 (C.1) ξ|ν|(ν) =


|u|
|v|
|w|
|p|
|q|
|r|

 (C.2)
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ξνν(ν) =



u2

uv
uw
up
uq
ur
v2

vw
vp
vq
vr
w2

wp
wq
wr
p2

pq
pr
q2

qr
r2



(C.3) ξν|ν|(ν) =



u |u|
u |v|
u |w|
u |p|
u |q|
u |r|
v |u|
v |v|
v |w|
v |p|
v |q|
v |r|
w |u|
w |v|
w |w|
w |p|
w |q|
w |r|
p |u|
p |v|
p |w|
p |p|
p |q|
p |r|
q |u|
q |v|
q |w|
q |p|
q |q|
q |r|
r |u|
r |v|
r |w|
r |p|
r |q|
r |r|



(C.4)
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ξνV (ν) =



uV
vV
wV
pV
qV
rV
|u|V
|v|V
|w|V
|p|V
|q|V
|r|V
uVv

vVv

wVv

pVv

qVv

rVv

|u|Vv

|v|Vv

|w|Vv

|p|Vv

|q|Vv

|r|Vv

uVw

vVw

wVw

pVw

qVw

rVw

|u|Vw

|v|Vw

|w|Vw

|p|Vw

|q|Vw

|r|Vw



(C.5) ξνη(ν) =



u2 (η − 1)
uv (η − 1)
uw (η − 1)
up (η − 1)
uq (η − 1)
ur (η − 1)
v2 (η − 1)
vw (η − 1)
vp (η − 1)
vq (η − 1)
vr (η − 1)
w2 (η − 1)
wp (η − 1)
wq (η − 1)
wr (η − 1)
p2 (η − 1)
pq (η − 1)
pr (η − 1)
q2 (η − 1)
qr (η − 1)
r2 (η − 1)
uV (η − 1)
vV (η − 1)
wV (η − 1)
pV (η − 1)
qV (η − 1)
rV (η − 1)



(C.6)
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The basis vector

ξ(ν) =



ξν(ν)

ξ|ν|(ν)

ξνν(ν)

ξν|ν|(ν)

ξνV (ν)

ξνη(ν)


, (C.7)

is adequate to describe all models presented in Chapter 3. This basis vector has 132 terms.

They are presented as nonlinear functions of the velocity vector ν, where

U =
√
u2 + v2 + w2 (C.8)

V =
√
v2 + w2 (C.9)

Vv =V sign(v) (C.10)

Vw =V sign(v) (C.11)

η =
uc(n)

U
(C.12)

are functions of velocity used to make the model equations more concise. Note that uc(n) is

the nominal forward velocity at level flight for the commanded propeller rate n, and should

be treated as constant.



Appendix D

Damping model equations

The damping model equations τXν (ν), τYν (ν), τZν (ν), τKν (ν), τMν (ν), τNν (ν) : R6 → R map

from the velocity vector ν to a force in the dimension represented by the superscript. The

6-DOF generalized damping force vector is

τν(ν) =



τXν (ν)

τYν (ν)

τZν (ν)

τKν (ν)

τMν (ν)

τNν (ν)


. (D.1)
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τX
ν (ν) =Xp|w|p |w|+ Xq|v|q |v|+ Xr|u|r |u|+ Xu|r|u |r|+ Xv|q|v |q|

+ Xw|p|w |p|+ Xq|w|q |w|+ Xr|v|r |v|+ Xv|r|v |r|+ Xw|q|w |q|+ Xr|w|r |w|
+ Xw|r|w |r|+ Xu|u|u |u|+ Xu|v|u |v|+ Xv|u|v |u|+ Xu|w|u |w|+ Xv|v|v |v|
+ Xw|u|w |u|+ Xv|w|v |w|+ Xw|v|w |v|+ Xw|w|w |w|+ Xp|p|p |p|+ Xp|q|p |q|
+ Xq|p|q |p|+ Xp|r|p |r|+ Xq|q|q |q|+ Xr|p|r |p|+ Xq|r|q |r|+ Xr|q|r |q|
+ Xr|r|r |r|+ Xp|u|p |u|+ Xu|p|u |p|+ Xp|v|p |v|+ Xq|u|q |u|+ Xu|q|u |q|
+ Xv|p|v |p|

τY
ν (ν) =Yp|v|p |v|+ Yq|u|q |u|+ Yu|q|u |q|+ Yv|p|v |p|+ Yp|w|p |w|

+ Yq|v|q |v|+ Yr|u|r |u|+ Yu|r|u |r|+ Yv|q|v |q|+ Yw|p|w |p|+ Yq|w|q |w|
+ Yr|v|r |v|+ Yv|r|v |r|+ Yw|q|w |q|+ Yr|w|r |w|+ Yw|r|w |r|+ Yu|u|u |u|
+ Yu|v|u |v|+ Yv|u|v |u|+ Yu|w|u |w|+ Yv|v|v |v|+ Yw|u|w |u|+ Yv|w|v |w|
+ Yw|v|w |v|+ Yw|w|w |w|+ Yp|p|p |p|+ Yp|q|p |q|+ Yq|p|q |p|+ Yp|r|p |r|
+ Yq|q|q |q|+ Yr|p|r |p|+ Yq|r|q |r|+ Yr|q|r |q|+ Yr|r|r |r|+ Yp|u|p |u|
+ Yu|p|u |p|

τZ
ν (ν) =Zp|u|p |u|+ Zu|p|u |p|+ Zp|v|p |v|+ Zq|u|q |u|+ Zu|q|u |q|

+ Zv|p|v |p|+ Zp|w|p |w|+ Zq|v|q |v|+ Zr|u|r |u|+ Zu|r|u |r|+ Zv|q|v |q|
+ Zw|p|w |p|+ Zq|w|q |w|+ Zr|v|r |v|+ Zv|r|v |r|+ Zw|q|w |q|+ Zr|w|r |w|
+ Zw|r|w |r|+ Zu|u|u |u|+ Zu|v|u |v|+ Zv|u|v |u|+ Zu|w|u |w|+ Zv|v|v |v|
+ Zw|u|w |u|+ Zv|w|v |w|+ Zw|v|w |v|+ Zw|w|w |w|+ Zp|p|p |p|+ Zp|q|p |q|
+ Zq|p|q |p|+ Zp|r|p |r|+ Zq|q|q |q|+ Zr|p|r |p|+ Zq|r|q |r|+ Zr|q|r |q|
+ Zr|r|r |r|

Table D.1: Equations of McFarland model (part one).
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τK
ν (ν) =Kp|p|p |p|+ Kp|q|p |q|+ Kq|p|q |p|+ Kp|r|p |r|+ Kq|q|q |q|

+ Kr|p|r |p|+ Kq|r|q |r|+ Kr|q|r |q|+ Kr|r|r |r|+ Kp|u|p |u|+ Ku|p|u |p|
+ Kp|v|p |v|+ Kq|u|q |u|+ Ku|q|u |q|+ Kv|p|v |p|+ Kp|w|p |w|+ Kq|v|q |v|
+ Kr|u|r |u|+ Ku|r|u |r|+ Kv|q|v |q|+ Kw|p|w |p|+ Kq|w|q |w|+ Kr|v|r |v|
+ Kv|r|v |r|+ Kw|q|w |q|+ Kr|w|r |w|+ Kw|r|w |r|+ Ku|u|u |u|+ Ku|v|u |v|
+ Kv|u|v |u|+ Ku|w|u |w|+ Kv|v|v |v|+ Kw|u|w |u|+ Kv|w|v |w|+ Kw|v|w |v|
+ Kw|w|w |w|

τM
ν (ν) =Mp|p|p |p|+ Mp|q|p |q|+ Mq|p|q |p|+ Mp|r|p |r|+ Mq|q|q |q|

+ Mr|p|r |p|+ Mq|r|q |r|+ Mr|q|r |q|+ Mr|r|r |r|+ Mp|u|p |u|+ Mu|p|u |p|
+ Mp|v|p |v|+ Mq|u|q |u|+ Mu|q|u |q|+ Mv|p|v |p|+ Mp|w|p |w|+ Mq|v|q |v|
+ Mr|u|r |u|+ Mu|r|u |r|+ Mv|q|v |q|+ Mw|p|w |p|+ Mq|w|q |w|+ Mr|v|r |v|
+ Mv|r|v |r|+ Mw|q|w |q|+ Mr|w|r |w|+ Mw|r|w |r|+ Mu|u|u |u|+ Mu|v|u |v|
+ Mv|u|v |u|+ Mu|w|u |w|+ Mv|v|v |v|+ Mw|u|w |u|+ Mv|w|v |w|+ Mw|v|w |v|
+ Mw|w|w |w|

τN
ν (ν) =Np|p|p |p|+ Np|q|p |q|+ Nq|p|q |p|+ Np|r|p |r|+ Nq|q|q |q|

+ Nr|p|r |p|+ Nq|r|q |r|+ Nr|q|r |q|+ Nr|r|r |r|+ Np|u|p |u|+ Nu|p|u |p|
+ Np|v|p |v|+ Nq|u|q |u|+ Nu|q|u |q|+ Nv|p|v |p|+ Np|w|p |w|+ Nq|v|q |v|
+ Nr|u|r |u|+ Nu|r|u |r|+ Nv|q|v |q|+ Nw|p|w |p|+ Nq|w|q |w|+ Nr|v|r |v|
+ Nv|r|v |r|+ Nw|q|w |q|+ Nr|w|r |w|+ Nw|r|w |r|+ Nu|u|u |u|+ Nu|v|u |v|
+ Nv|u|v |u|+ Nu|w|u |w|+ Nv|v|v |v|+ Nw|u|w |u|+ Nv|w|v |w|+ Nw|v|w |v|
+ Nw|w|w |w|

Table D.2: Equations of McFarland model (part two).
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τX
ν (ν) =Xqq + Xrr + Xuu+ Xvv + Xww + Xqqq

2 + Xrrr
2 + X|q| |q|

+ X|r| |r|+ Xuuu
2 + Xvvv

2 + Xwww
2 + X|v| |v|+ X|w| |w|+ Xu|r|u |r|

+ Xq|w|q |w|+ Xr|v|r |v|+ Xv|r|v |r|+ Xw|q|w |q|+ Xu|v|u |v|+ Xu|w|u |w|
+ Xv|v|v |v|+ Xw|w|w |w|+ Xurur + Xvrvr + Xwqwq + Xuvuv + Xuwuw + Xq|q|q |q|
+ Xr|r|r |r|+ Xq|u|q |u|+ Xu|q|u |q|

τY
ν (ν) =Yrr + Yvv + Yrrr

2 + Y|r| |r|+ Yuuu
2 + Yvvv

2 + Y|u| |u|
+ Y|v| |v|+ Yu|r|u |r|+ Yr|v|r |v|+ Yv|r|v |r|+ Yu|v|u |v|+ Yv|v|v |v|
+ Yurur + Yvrvr + Yuvuv + Yr|r|r |r|

τZ
ν (ν) =Zqq + Zww + Zqqq

2 + Z|q| |q|+ Zuuu
2 + Z|u| |u|+ Zwww

2

+ Z|w| |w|+ Zu|q|u |q|+ Zq|w|q |w|+ Zw|q|w |q|+ Zu|w|u |w|+ Zw|w|w |w|
+ Zuquq + Zwqwq + Zuwuw + Zq|q|q |q|

τK
ν (ν) =0

τM
ν (ν) =Mqq + Mww + Mqqq

2 + M|q| |q|+ Muuu
2 + M|u| |u|+ Mwww

2

+ M|w| |w|+ Muquq + Mwqwq + Muwuw + Mq|q|q |q|+ Mu|q|u |q|+ Mq|w|q |w|
+ Mw|q|w |q|+ Mu|w|u |w|+ Mw|w|w |w|

τN
ν (ν) =Nrr + Nvv + Nrrr

2 + N|r| |r|+ Nuuu
2 + Nvvv

2 + N|u| |u|
+ N|v| |v|+ Nurur + Nvrvr + Nuvuv + Nr|r|r |r|+ Nu|r|u |r|+ Nr|v|r |v|
+ Nv|r|v |r|+ Nu|v|u |v|+ Nv|v|v |v|

Table D.3: Equations of Pitch/Yaw model.
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τX
ν (ν) =Xqqq

2 + Xrrr
2 + Xuuu

2 + Xvvv
2 + Xwww

2 + Xvvηv
2η − 1 + Xwwηw

2η − 1

+ Xprpr + Xvrvr + Xwqwq

τY
ν (ν) =Yuuu

2 + YvVvV + Ypqpq + Yqrqr + Yupup+ Yurur + Yvqvq + Ywpwp

+ Ywrwr + Yuvuv + Yvwvw + Y|r|Vv |r|Vv + Yp|p|p |p|+ YvVηvVη − 1

+ Yurηurη − 1 + Yuvηuvη − 1

τZ
ν (ν) =Zppp

2 + Zrrr
2 + Zuuu

2 + Zvvv
2 + Zu|w|u |w|+ ZwVwV + Zprpr

+ Zuquq + Zvpvp+ Zvrvr + Zuwuw + Z|q|Vw |q|Vw + Z|w|V |w|V
+ ZwVηwVη − 1 + Zuqηuqη − 1 + Zuwηuwη − 1

τK
ν (ν) =Kuuu

2 + Kuuηu
2η − 1 + KvVvV + Kpqpq + Kqrqr + Kupup+ Kurur

+ Kvqvq + Kwpwp+ Kwrwr + Kuvuv + Kvwvw + Kp|p|p |p|
τM
ν (ν) =Mppp

2 + Mrrr
2 + Muuu

2 + Mvvv
2 + MqVqV + MwVwV + Mprpr + Muquq

+ Mvpvp+ Mvrvr + Muwuw + M|w|V |w|V + Mq|q|q |q|+ Mu|w|u |w|
+ MwVηwVη − 1 + Muqηuqη − 1 + Muwηuwη − 1

τN
ν (ν) =Nuuu

2 + NrVrV + NvVvV + Npqpq + Nqrqr + Nupup+ Nurur + Nvqvq

+ Nwpwp+ Nwrwr + Nuvuv + Nvwvw + Nr|r|r |r|+ NvVηvVη − 1 + Nurηurη − 1

+ Nuvηuvη − 1

Table D.4: Equations of Gertler Hagen model.

τX
ν (ν) =Xpp+ Xqq + Xrr + Xuu+ Xvv + Xww

τY
ν (ν) =Ypp+ Yqq + Yrr + Yuu+ Yvv + Yww

τZ
ν (ν) =Zpp+ Zqq + Zrr + Zuu+ Zvv + Zww

τK
ν (ν) =Kpp+ Kqq + Krr + Kuu+ Kvv + Kww

τM
ν (ν) =Mpp+ Mqq + Mrr + Muu+ Mvv + Mww

τN
ν (ν) =Npp+ Nqq + Nrr + Nuu+ Nvv + Nww

Table D.5: Equations of Linear model.
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τX
ν (ν) =Xppp

2 + Xqqq
2 + Xrrr

2 + Xuuu
2 + Xvvv

2 + Xwww
2 + Xw|w|w |w|

+ Xq|q|q |q|
τY
ν (ν) =Yv|v|v |v|+ Yp|p|p |p|+ Yr|r|r |r|
τZ
ν (ν) =Zppp

2 + Zqqq
2 + Zrrr

2 + Zuuu
2 + Zvvv

2 + Zwww
2 + Zw|w|w |w|

+ Zq|q|q |q|
τK
ν (ν) =Kp|p|p |p|+ Kr|r|r |r|+ Kv|v|v |v|
τM
ν (ν) =Mppp

2 + Mqqq
2 + Mrrr

2 + Muuu
2 + Mvvv

2 + Mwww
2 + Mq|q|q |q|

+ Mw|w|w |w|
τN
ν (ν) =Np|p|p |p|+ Nr|r|r |r|+ Nv|v|v |v|

Table D.6: Equations of Coe model.

τX
ν (ν) =Xqqq

2 + Xwqwq + Xrrr
2 + Xvrvr + Xu|u|u |u|

τY
ν (ν) =Yv|v|v |v|+ Ypqpq + Yurur + Ywpwp+ Yuvuv + Yr|r|r |r|
τZ
ν (ν) =Zw|w|w |w|+ Zprpr + Zuquq + Zvpvp+ Zuwuw + Zq|q|q |q|
τK
ν (ν) =Kp|p|p |p|
τM
ν (ν) =Mprpr + Muquq + Mvpvp+ Muwuw + Mq|q|q |q|+ Mw|w|w |w|
τN
ν (ν) =Npqpq + Nurur + Nwpwp+ Nuvuv + Nr|r|r |r|+ Nv|v|v |v|

Table D.7: Equations of Prestero model.

τX
ν (ν) =Xuu+ Xuuu

2 + X|u| |u|+ Xu|u|u |u|
τY
ν (ν) =Yvv + Yvvv

2 + Y|v| |v|+ Yv|v|v |v|
τZ
ν (ν) =Zww + Zwww

2 + Z|w| |w|+ Zw|w|w |w|
τK
ν (ν) =Kpp+ Kppp

2 + K|p| |p|+ Kp|p|p |p|
τM
ν (ν) =Mqq + Mqqq

2 + M|q| |q|+ Mq|q|q |q|
τN
ν (ν) =Nrr + Nrrr

2 + N|r| |r|+ Nr|r|r |r|

Table D.8: Equations of Uncoupled model.
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τX
ν (ν) =Xuu+ Xu|u|u |u|
τY
ν (ν) =Yvv + Yv|v|v |v|
τZ
ν (ν) =Zww + Zw|w|w |w|
τK
ν (ν) =Kpp+ Kp|p|p |p|
τM
ν (ν) =Mqq + Mq|q|q |q|
τN
ν (ν) =Nrr + Nr|r|r |r|

Table D.9: Equations of Fossen model.
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Damping model coefficients
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Kp|p| =0.421 Kp|q| =0.609 Kp|r| =− 1.263

Kp|u| =− 0.437 Kp|v| =− 0.069 Kp|w| =− 1.134

Kq|p| =1.202 Kq|q| =5.498 Kq|r| =− 5.441

Kq|u| =− 0.412 Kq|v| =0.284 Kq|w| =3.849

Kr|p| =− 0.800 Kr|q| =− 1.723 Kr|r| =3.166

Kr|u| =1.743 Kr|v| =0.458 Kr|w| =0.650

Ku|p| =− 0.042 Ku|q| =− 0.075 Ku|r| =− 0.054

Ku|u| =− 0.028 Ku|v| =− 0.057 Ku|w| =0.103

Kv|p| =− 0.117 Kv|q| =− 0.649 Kv|r| =− 0.538

Kv|u| =− 0.044 Kv|v| =0.296 Kv|w| =0.059

Kw|p| =− 2.183 Kw|q| =− 10.894 Kw|r| =3.408

Kw|u| =0.416 Kw|v| =0.423 Kw|w| =1.227

Mp|p| =3.404 Mp|q| =− 25.952 Mp|r| =56.912

Mp|u| =− 2.684 Mp|v| =3.797 Mp|w| =15.387

Mq|p| =− 40.303 Mq|q| =− 452.630 Mq|r| =227.032

Mq|u| =14.831 Mq|v| =35.497 Mq|w| =87.157

Mr|p| =− 13.160 Mr|q| =− 70.509 Mr|r| =− 42.922

Mr|u| =12.705 Mr|v| =12.814 Mr|w| =− 106.956

Mu|p| =0.624 Mu|q| =15.833 Mu|r| =− 4.711

Mu|u| =0.346 Mu|v| =1.408 Mu|w| =− 20.638

Mv|p| =8.672 Mv|q| =− 10.782 Mv|r| =37.193

Mv|u| =− 2.339 Mv|v| =2.835 Mv|w| =− 15.538

Mw|p| =74.733 Mw|q| =382.573 Mw|r| =− 167.489

Mw|u| =− 30.450 Mw|v| =− 25.917 Mw|w| =− 256.217

Table E.1: Coefficients of McFarland model (part one).
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Np|p| =6.913 Np|q| =23.378 Np|r| =− 31.621

Np|u| =1.837 Np|v| =10.365 Np|w| =− 0.271

Nq|p| =− 29.585 Nq|q| =26.809 Nq|r| =− 8.416

Nq|u| =− 0.959 Nq|v| =− 38.908 Nq|w| =1.553

Nr|p| =36.956 Nr|q| =− 4.806 Nr|r| =− 172.973

Nr|u| =− 9.951 Nr|v| =− 54.365 Nr|w| =− 38.357

Nu|p| =0.467 Nu|q| =2.462 Nu|r| =4.780

Nu|u| =− 0.082 Nu|v| =0.207 Nu|w| =0.859

Nv|p| =15.328 Nv|q| =− 27.292 Nv|r| =10.377

Nv|u| =40.731 Nv|v| =2.630 Nv|w| =65.821

Nw|p| =30.630 Nw|q| =32.000 Nw|r| =− 16.843

Nw|u| =− 2.614 Nw|v| =2.416 Nw|w| =0.309

Xp|p| =14.386 Xp|q| =− 7.311 Xp|r| =12.210

Xp|u| =− 3.930 Xp|v| =27.425 Xp|w| =− 1.143

Xq|p| =65.389 Xq|q| =110.062 Xq|r| =− 132.503

Xq|u| =− 2.493 Xq|v| =− 6.719 Xq|w| =− 130.718

Xr|p| =− 31.480 Xr|q| =71.888 Xr|r| =− 51.772

Xr|u| =12.120 Xr|v| =− 16.611 Xr|w| =− 65.359

Xu|p| =4.038 Xu|q| =− 3.417 Xu|r| =− 9.694

Xu|u| =− 4.797 Xu|v| =− 6.076 Xu|w| =5.298

Xv|p| =4.020 Xv|q| =− 51.364 Xv|r| =− 47.324

Xv|u| =− 1.016 Xv|v| =15.379 Xv|w| =12.878

Xw|p| =− 72.197 Xw|q| =− 158.110 Xw|r| =101.042

Xw|u| =− 3.131 Xw|v| =41.099 Xw|w| =166.415

Table E.2: Coefficients of McFarland model (part two).



95

Yp|p| =− 18.832 Yp|q| =− 97.226 Yp|r| =13.242

Yp|u| =− 1.010 Yp|v| =5.678 Yp|w| =60.986

Yq|p| =− 44.506 Yq|q| =94.616 Yq|r| =18.679

Yq|u| =4.399 Yq|v| =64.111 Yq|w| =− 146.467

Yr|p| =6.206 Yr|q| =70.418 Yr|r| =292.750

Yr|u| =127.465 Yr|v| =37.412 Yr|w| =82.615

Yu|p| =− 1.237 Yu|q| =− 8.137 Yu|r| =− 15.759

Yu|u| =0.061 Yu|v| =− 5.583 Yu|w| =12.070

Yv|p| =− 15.297 Yv|q| =56.665 Yv|r| =− 29.545

Yv|u| =− 7.707 Yv|v| =− 17.556 Yv|w| =− 172.677

Yw|p| =− 47.373 Yw|q| =− 23.042 Yw|r| =− 83.367

Yw|u| =0.446 Yw|v| =− 48.022 Yw|w| =219.663

Zp|p| =− 27.700 Zp|q| =− 130.647 Zp|r| =72.983

Zp|u| =10.177 Zp|v| =− 55.280 Zp|w| =− 4.591

Zq|p| =− 85.098 Zq|q| =− 739.176 Zq|r| =148.626

Zq|u| =− 69.017 Zq|v| =85.807 Zq|w| =− 7.284

Zr|p| =− 17.462 Zr|q| =1.944 Zr|r| =− 62.976

Zr|u| =3.701 Zr|v| =− 54.306 Zr|w| =− 107.167

Zu|p| =− 6.032 Zu|q| =23.018 Zu|r| =0.161

Zu|u| =1.606 Zu|v| =− 4.307 Zu|w| =− 20.993

Zv|p| =− 44.648 Zv|q| =− 22.020 Zv|r| =101.527

Zv|u| =2.822 Zv|v| =− 17.424 Zv|w| =− 40.746

Zw|p| =62.075 Zw|q| =683.620 Zw|r| =− 331.695

Zw|u| =7.333 Zw|v| =− 168.431 Zw|w| =− 214.787

Table E.3: Coefficients of McFarland model (part three).
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M|q| =− 42.982 M|u| =7.211 M|w| =9.980

Mq =− 32.864 Mq|q| =− 399.594 Mq|w| =357.056

Mqq =177.677 Mu|q| =22.226 Mu|w| =− 31.717

Muq =26.883 Muu =− 2.688 Muw =− 30.366

Mw =15.934 Mw|q| =− 24.792 Mw|w| =− 247.212

Mwq =119.546 Mww =− 31.641 N|r| =24.570

N|u| =− 0.457 N|v| =5.262 Nr =− 69.444

Nr|r| =− 230.128 Nr|v| =− 41.975 Nrr =38.016

Nu|r| =− 13.758 Nu|v| =− 1.584 Nur =36.961

Nuu =0.296 Nuv =26.619 Nv =29.537

Nv|r| =13.671 Nv|v| =− 3.383 Nvr =− 16.937

Nvv =− 1.785 X|q| =− 8.865 X|r| =− 20.647

Table E.4: Coefficients of Pitch/Yaw model (part one).
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X|v| =− 5.822 X|w| =− 289.657 Xq =38.588

Xq|q| =10.405 Xq|u| =− 12.530 Xq|w| =− 0.160

Xqq =− 121.700 Xr =− 2.735 Xr|r| =− 1.063

Xr|v| =− 6.930 Xrr =− 179.315 Xu =− 4.049

Xu|q| =4.947 Xu|r| =22.226 Xu|v| =7.091

Xu|w| =140.551 Xur =5.048 Xuu =− 3.205

Xuv =− 6.477 Xuw =127.326 Xv =12.077

Xv|r| =11.937 Xv|v| =− 9.962 Xvr =− 90.356

Xvv =− 34.251 Xw =− 281.395 Xw|q| =− 2.070

Xw|w| =10.704 Xwq =222.169 Xww =− 85.123

Y|r| =− 25.614 Y|u| =0.570 Y|v| =9.042

Yr =89.191 Yr|r| =343.718 Yr|v| =68.086

Yrr =− 67.064 Yu|r| =8.033 Yu|v| =− 9.606

Yur =76.294 Yuu =− 0.283 Yuv =19.888

Yv =− 61.323 Yv|r| =− 70.951 Yv|v| =− 10.251

Yvr =40.002 Yvv =− 12.196 Z|q| =− 102.057

Z|u| =9.773 Z|w| =23.624 Zq =92.536

Zq|q| =− 546.335 Zq|w| =134.567 Zqq =254.350

Zu|q| =52.373 Zu|w| =− 42.509 Zuq =− 119.005

Zuu =− 3.645 Zuw =− 21.081 Zw =16.235

Zw|q| =129.997 Zw|w| =113.691 Zwq =− 2.749

Zww =149.076

Table E.5: Coefficients of Pitch/Yaw model (part two).
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Kp|p| =− 0.237 Kpq =− 0.583 Kqr =− 0.310

Kup =− 0.340 Kur =1.907 Kuu =− 0.045

Kuuη =0.036 Kuv =− 0.062 KvV =0.443

Kvq =− 0.078 Kvw =0.776 Kwp =1.901

Kwr =1.453 M|w|V =− 32.799 Mpp =− 5.640

Mpr =− 31.501 Mq|q| =− 251.463 MqV =79.596

Mrr =97.339 Mu|w| =− 5.177 Muq =12.387

Muqη =− 71.786 Muu =0.433 Muw =− 18.369

Muwη =23.355 Mvp =− 32.185 Mvr =22.863

Mvv =− 13.677 MwV =− 158.955 MwVη =447.471

Npq =26.010 Nqr =− 142.285 Nr|r| =− 86.843

NrV =− 71.725 Nup =2.258 Nur =− 7.536

Nurη =− 19.382 Nuu =0.174 Nuv =40.385

Nuvη =− 53.380 NvV =2.137 NvVη =233.038

Nvq =92.873 Nvw =− 104.915 Nwp =− 32.363

Nwr =77.046 Xpr =46.808 Xqq =− 20.656

Xrr =− 101.413 Xuu =− 4.741 Xvr =− 73.945

Xvv =− 5.450 Xvvη =− 277.541 Xwq =211.457

Xww =− 125.554 Xwwη =− 535.179 Y|r|Vv =− 34.748

Yp|p| =− 11.052 Ypq =− 2.672 Yqr =222.970

Yup =− 0.349 Yur =136.984 Yurη =120.628

Yuu =− 0.512 Yuv =− 7.132 Yuvη =38.785

YvV =− 14.757 YvVη =− 146.281 Yvq =− 3.192

Yvw =184.238 Ywp =− 36.544 Ywr =− 229.309

Z|q|Vw =36.223 Z|w|V =23.353 Zpp =− 10.934

Zpr =− 26.595 Zrr =115.580 Zu|w| =− 13.669

Zuq =− 86.918 Zuqη =− 156.538 Zuu =1.321

Zuw =7.711 Zuwη =138.100 Zvp =61.987

Zvr =16.340 Zvv =9.955 ZwV =− 112.528

ZwVη =161.153

Table E.6: Coefficients of Gertler Hagen model.
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Kp =− 0.797 Kq =− 0.422 Kr =3.068

Ku =− 0.069 Kv =− 0.014 Kw =0.416

Mp =− 0.901 Mq =12.278 Mr =9.002

Mu =0.744 Mv =− 1.812 Mw =− 47.521

Np =8.161 Nq =− 4.966 Nr =− 51.246

Nu =0.265 Nv =80.359 Nw =− 1.345

Xp =5.060 Xq =0.857 Xr =− 4.045

Xu =− 10.789 Xv =0.601 Xw =− 17.526

Yp =2.077 Yq =− 1.232 Yr =258.895

Yu =− 0.901 Yv =− 29.859 Yw =5.839

Zp =0.745 Zq =− 168.088 Zr =− 7.026

Zu =1.438 Zv =− 2.057 Zw =− 12.369

Table E.7: Coefficients of Linear model.

Kp|p| =− 1.226 Kr|r| =16.675 Kv|v| =1.035

Mpp =− 8.884 Mq|q| =40.718 Mqq =− 60.815

Mrr =77.192 Muu =0.723 Mvv =6.540

Mw|w| =− 482.956 Mww =− 193.793 Np|p| =− 9.737

Nr|r| =− 201.880 Nv|v| =208.945 Xpp =29.738

Xq|q| =− 125.804 Xqq =101.079 Xrr =− 149.377

Xuu =− 4.850 Xvv =− 33.916 Xw|w| =38.693

Xww =− 43.192 Yp|p| =44.996 Yr|r| =1683.953

Yv|v| =− 32.547 Zpp =− 32.444 Zq|q| =− 1534.722

Zqq =149.675 Zrr =61.460 Zuu =0.750

Zvv =8.833 Zw|w| =− 67.430 Zww =− 23.706

Table E.8: Coefficients of Coe model.
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Kp|p| =− 0.353 Mpr =− 22.459 Mq|q| =− 250.074

Muq =22.623 Muw =− 32.422 Mvp =− 22.251

Mw|w| =− 31.920 Npq =6.767 Nr|r| =− 195.270

Nur =− 6.708 Nuv =43.028 Nv|v| =− 6.034

Nwp =− 32.300 Xqq =23.848 Xrr =− 111.927

Xu|u| =− 4.977 Xvr =− 124.570 Xwq =76.491

Ypq =27.265 Yr|r| =269.198 Yur =123.271

Yuv =− 14.739 Yv|v| =4.678 Ywp =− 94.628

Zpr =− 12.869 Zq|q| =− 276.530 Zuq =− 62.194

Zuw =− 29.314 Zvp =37.568 Zw|w| =170.698

Table E.9: Coefficients of Prestero model.

K|p| =− 1.498 Kp =− 0.075 Kp|p| =− 0.240

Kpp =2.859 M|q| =139.575 Mq =13.778

Mq|q| =− 279.981 Mqq =− 692.804 N|r| =11.007

Nr =147.626 Nr|r| =− 976.678 Nrr =− 101.831

X|u| =− 7.690 Xuu =− 1.288 Y|v| =− 2.547

Yv =1.244 Yv|v| =29.208 Yvv =34.022

Z|w| =− 152.441 Zw =− 162.758 Zw|w| =402.700

Zww =759.005

Table E.10: Coefficients of Uncoupled model.

Kp =− 0.073 Kp|p| =− 0.166 Mq =33.480

Mq|q| =− 350.243 Nr =153.211 Nr|r| =− 1037.336

Xu =− 7.690 Xu|u| =− 1.288 Yv =7.607

Yv|v| =2.322 Zw =− 20.704 Zw|w| =− 287.599

Table E.11: Coefficients of Fossen model.
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