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Experimental Evaluation of Viscous Hydrodynamic
Force Models for Autonomous Underwater Vehicles

Brian R. McCarter

(ABSTRACT)

A comparison of viscous hydrodynamic force models is presented, with application on an
autonomous underwater vehicle (AUV). The models considered here are quasi-steady, mean-
ing that force is expressed as a function of instantaneous vehicle state. This is in contrast
to physical reality, where the force applied to a rigid body moving through a viscous fluid
is history-dependent. As a result, the comparison of models is restricted to how well they
are able to recreate a force history, rather than how closely they represent the underlying
physics. Of the models under consideration, no single model performs significantly better
than the others, but several perform worse.

Each viscous hydrodynamic force model presented here is expressed as a linear combina-
tion of basis functions, which are nonlinear functions of body-relative velocity. The greater
dynamical model is presented in a rigid-body framework with six degrees of freedom, with
terms which account for inviscid fluid flow, restoring forces due to gravity, and control forces
due to actuator motion. The models are selected from several that have been proposed in
the literature, which include empirically-derived and physics-based models. Some models
assume that the relationship between force and velocity is fundamentally linear or quadratic
in nature, or make assumptions about coupled motion. The models are compared by their
relative complexities, and also by their ability to reproduce data sets generated from field
experiments. The complete dynamical equations are presented for each model, including
coefficients suitable for use with the Virginia Tech 690 AUV.
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Chapter 1

Introduction

This thesis presents a comparison of several viscous hydrodynamic force models as applied
to the Virginia Tech 690 autonomous underwater vehicle (AUV), shown in Figure 1.1. Each
model describes the forces and moments experienced by the vehicle as it moves through a
viscous fluid. The viscous hydrodynamic force model is one component of a six degree-of-
freedom dynamical model which incorporates orthodox representations of rigid-body, added-
mass, restoring, and control forces. These components have either analytical solutions based
on physics, or can be accurately estimated by low-order representations. The remaning
viscous component has no such accepted representation which is generally applicable to

complex geometries in six degrees of freedom.

A six-degree-of-freedom dynamical model has been historically determined by building a scale
model which represents the vehicle geometry, and measuring the scale model’s response to a
series of prescribed motions. The measured forces and moments are then fitted to a standard
set of equations, such as those proposed by Gertler and Hagen in [1]. This method works
well, but requires the expense of building a physical model and access to a suitable test

facility. It also relies on selecting an appropriate set of basis functions, which are not usually



Figure 1.1: Virginia Tech 690 AUV

justified in the literature.

The class of model considered herein is quasi-steady, in that the generalized forces on the
vehicle are represented purely as a function of the instantaneous state. The restriction to
quasi-steady effects is necessary to produce a model which is able to accurately model vehicle
motion in six degrees of freedom, but which discards the many more degrees of freedom
necessary to model the complex fluid flow around the vehicle. No attempt is made to model

non-steady fluid motion, such as shed vortices and complex flow interaction [2].

Motivation

This work is motivated by the desire for an accurate 6-DOF model of the VT 690 to be used
in model-based control design. The VT 690 is an ocean survey platform, designed for long
endurance missions to generate maps of the sea floor. It is equipped with a side-scan sonar
payload for acoustic imaging. Navigation capability is provided by a Doppler velocity log
(DVL), which generates bottom-relative velocity information. The vehicle is also equipped
with an attitude heading reference system (AHRS), which provides vehicle orientation, ro-
tational rates, and translation accelerations. The DVL and AHRS feed information into a

navigation filter, which generates an estimate of vehicle pose in inertial coordinates, and
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Figure 1.2: Orientation data from VT 690 yaw step maneuvers.

rates in the body frame.

The VT 690 is designed for missions which require steady forward motion while suppressing
motion in other dimensions. That is, the sonar requires yaw rate to be minimized during
imaging transects. Non-zero yaw rate will corrupt the sonar image by ‘smearing’ the return
signal, or possibly missing objects of interest entirely. Roll and pitch rate are not as critical,
but should still be small. The control system which is currently in use on the AUV stabilizes
both vehicle yaw and pitch simultaneously. It is an H., controller, which provides robust-
ness against structured uncertainties [3]. The controller design was initially targeted at the
Virginia Tech 475 AUV [4], a small AUV developed for collaborative control experiments.

The controller was then redesigned for the 690.

The plant model assumed in the H,, synthesis is coupled in roll, pitch, and yaw, but the
coupling signals are treated as exogenous errors to be minimized by the control design.

Additionally, the plant model contains only a handful of hydrodynamic parameters.

The data shown in Figure 1.2 demonstrates coupled motion between roll, pitch and yaw.

The figure plots vehicle orientation in response to a series of commanded yaw steps with



progressively higher amplitudes. These large yaw steps induce significant vehicle roll and
pitch, which may be unacceptable for some mission scenarios. An accurate vehicle model

would greatly aid in the design of new controllers for specific applications.

Organization

This completes the Introduction in Chapter 1. A complete dynamical model for an un-
derwater vehicle is presented in Chapter 2, with the viscous hydrodynamic model treated
separately in Chapter 3. Synthesis of the viscous hydrodynamic model is further discussed in
Chapter 4. The results of applying the model to the VT 690 AUV are presented in Chapter

5. Conclusions are presented in Chapter 6 with further reference in Appendices A - E.



Chapter 2

Dynamical Model of an Underwater

Vehicle

2.1 Coordinate systems

Let the vehicle shown in Figure 2.1 be modeled as a rigid body, with the origin of a body-
fixed coordinate system centered at the vehicle’s center of buoyancy (CB). The location of

the vehicle relative to an (Earth-fixed) inertial frame is defined to be the position vector
ro=[ry=2]", (2.1)

where x is the distance in the inertial north direction, y is the distance east, and z is the

distance down.

The attitude of the vehicle in the inertial frame is defined by the orientation vector

0=1[p0y]", (2.2)
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Figure 2.1: Vehicle coordinate system.

where ¢, 0, and v are the Euler angles roll, pitch, and yaw. The vehicle coordinate system
is rotated relative to the inertial coordinate system by first aligning the coordinate systems
such that the X-axis points north, the Y-axis points east, and the Z-axis point down. The
vehicle coordinate system is then rotated by the yaw angle ¢ about the vehicle Z-axis,
denoted Z3, then by the pitch angle 6 about the resulting Y-axis, denoted Y5, then finally
by the roll angle ¢ about the resulting X axis, denoted X;. This ZY X series of rotations is
the typical way that Euler angles are defined for underwater vehicles [5]. The sequence of

rotations is illustrated in Figure 2.2.

Together, the position and orientation make up the pose vector 1, which is defined to be

n=[rd 0] =[zyzo0y . (2.3)
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Figure 2.2: Euler angle rotations for underwater vehicles.

2.2 Kinematics

The vehicle’s translational velocity vector v = [u v w]' is defined in the body frame as shown
in Figure 2.1, where surge velocity u is positive along the vehicle X-axis, sway velocity v is

positive along the Y-axis, and heave velocity w is positive along the vehicle Z-axis.

The rotational velocity vector w = [p g T]T is also defined in the body frame, where roll rate
p is right-hand positive about the vehicle X-axis, pitch rate ¢ is right-hand positive about

the Y-axis, and yaw rate r is right-hand positive about the Z-axis.

The velocity vector
v=|v wT}T:[uvaqr]T (2.4)

is the set of translational and rotational velocities. The translational velocity vector v can



be mapped to the inertial frame by a rotation matrix

cpcl  —sep + cpshsp  ssp + chepsh
P,(0) = | sipcd cipcd + spsbsy  —chsd + sbsiped (2.5)
—s0 clsp clco

where s := sin and ¢ := cos are used as shorthand, with ¢ := tan used as well in (2.7). Note

that

7o = P,(0)v. (2.6)

Similarly, the rotational velocity vector w can be mapped to the inertial frame by the matrix

P,(0), defined to be

1 sotd  coth
P,0)=10 cp —s0¢ (2.7)
0 s¢/cld cp/ch

where

=P, (0)w. (2.8)

Combining (2.6) with (2.8) gives the relationship

7;'0 PU(O) 03><3 v
9 03><3 Pw(e) W



Then, by substituting (2.3) and (2.4) into (2.9) and defining

P o Pv(e) 03><3
(0) = 7 (2.10)
0s3x3 P,(0)

the kinematic relationship may be represented concisely as

7= PO)v. (2.11)

The inverse map P~1(0) is calculated by first noting that the structure in (2.10) is block

diagonal, so

— P_l(e) 03><3
P(09) = , (2.12)
033 P;(0)

w

provided P, (6) and P;'() exist.

Note that P,(0) is a rotation matrix, and so is orthogonal. Therefore,

cpcl syl —s6
P,'(0)=P/(0) = —scop + cpsfsp e + spshsyy s | - (2.13)
sWsp + cpepsd  —cipsg + sOspsp  chep

The inverse of P,,(0) also has a closed form, where

P'O)=|0 cp cbso |- (2.14)
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Therefore (2.12) exists, and

v=P 0. (2.15)

2.3 Dynamics

2.3.1 Rigid body forces

The forces X, Y, Z acting on a rigid body are defined in the body frame as shown in Figure
2.1, where X is the force acting along the X-axis, Y acts along the Y-axis, and Z acts along
the Z-axis. The moments K, M, N acting on the body are defined similarly, where K is the
moment acting about the X-axis in a right-hand fashion, M acts about the Y-axis, and N

acts about the Z-axis. Together, these make up the rigid-body force vector

T =|XY Z K M N]". (2.16)

The rigid-body equations of motion are
Mppv + Crp(V)v = Tgp (2.17)

where Mpgp is the rigid-body inertia matrix, and Cgrp(v)v represents the Coriolis and

centripetal forces due to the vehicle’s motion in a rotating reference frame.



Let the vehicle’s inertia tensor I, be defined as

Ix _[:ry
ILy=| -1, I,
_Iz:p [zy

and the center of gravity rg be

.
rg = [CL’G Ya ZG}

11

(2.18)

(2.19)

measured relative to the body-fixed origin at the center of buoyancy. Then the rigid-body

inertia matrix Mgzp may be defined by rq, Iy, and vehicle mass m as

My — mlss —mS(rg)
mS(rq) I,
- m 0 0
0 m 0
0 0 m
N 0 —mzg = Mycg
mzga 0 e
—mya MIqg 0

0 mza
—mza 0
myc —Mig

I, -1,
—Iyy I,
—Le —1L

—myc

mag
0

— 1y

~1I,.
I

(2.20)

(2.21)

The Coriolis and centripetal forces Crp(v)r are uniquely determined by the inertia ma-

trix Mgp as a function of velocity v, but the function Crp(v) does not have a unique

representation.
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Let M be an arbitrary inertia matrix, partitioned as

My My
M = (2.22)
My My,
Define the Coriolis and centripetal function C(v) to be
0 —S(My1v + Mypw
Clv) - 3x3 (M 12W) 7 (2.23)

—S<M11’U + Mlgw) —S(M21’1J + M22w>

which is one form proposed by Fossen in [5]. The matrix-valued function S(-) maps R? to

the set of skew-symmetric matrices so(3), and is defined in Appendix A.2. Then for the

rigid-body inertia matrix Mgpg, the corresponding Coriolis and centripetal function is

0
0
0
CRB(I/) = C(I/) =

M=Mprp

m (Yyaq + zar)

—m (yep + w)
—m (zgp — v)
0

[yzq + [:pzp - Izr

—Iy.r — I,p+1I,q

—m (yaq + zaT)
m (rgq — w)

m(xer +v)

0
0
0

—m (xgq — w)
m (zgr + zgp)
—m (2¢q + )
—1y.q — Lp + Lr
0

Ia:zT + ]xyq - ]xp

m (yap + w)
—m (zgr + xzap)

m (ygr — u)

0
0
0
m (zgp — v)
m (2Gq + u)
—m (zep + Yaq)

—m (xgr + v)

—m (yer — u)

m (zep + yaq)
I.r+ I,p — 1yq

AT — [myq + [:pp

0

(2.24)
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The equations of motion can then be written in component form by substituting (2.16),

(2.21), and (2.24) into (2.17), yielding

m [ —vr +wqg — 26 (¢ +1°) +ya (pg —7) + 26 (pr +¢)] = X
m [6 —wp +ur —yg (r? +p*) + 26 (qr — p) + 26 (qp +7)] =Y
m [t —ug+vp — z¢ (P> + ¢°) + ¢ (rp — §) + ye (ra + )] = Z
Lp+ (L — 1) qr — (¢ +pq) L. + (r* — ¢*) L. + (pr — ¢) Iy

+m [ye (0 — uq + vp) — zg (0 —wp + ur)] = K
L+ (I = L)rp— (p+qr) Loy + (p* = 7°) Lo + (qp — 7) I

+m [zg (4 — vr + wq) — xg (W — uq + vp)] = M

]Zf + (Iy - ICE) pq — (q + Tp) Iyz + (q2 - p2) Ixy + (Tq - p) Izm

+m [zg (0 —wp + ur) —yg (b —vr + wq)] = N

2.3.2 External forces

The vector of external forces

TRB=TH +Tg + Ty

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

represents the superposition of hydrodynamic forces Ty, restoring forces 74, and control

forces 7y. Hydrodynamic forces 7y are due to pressure exerted on the body by the surround-

ing fluid as the vehicle moves and accelerates through the fluid in six degrees of freedom.

The hydrodynamic force vector can be expressed as a sum of viscous and inviscid effects,
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denoted 7, and T4, respectively, so that

TH = T, + Ta. (2.32)

An inviscid analysis of the fluid flow around the vehicle generates the 74 component, which
accounts for the inertia of the surrounding fluid, termed added mass. Added mass effects
are modeled as a function of both acceleration and velocity. The remaining hydrodynamic
effects are entirely velocity dependent. The velocity-dependent viscous hydrodynamic model
is denoted T,, and includes the effect of damping forces due to skin friction and pressure
drag, as well as conservative forces such as the ”Munk” moment. The viscous hydrodynamic
force model 1, is given special attention in Chapter 3. Inviscid fluid flow, restoring forces,

and control forces are discussed in the following sections.

2.3.3 Inviscid flow

The forces 74 due to added mass can be modeled as additional inertia on the vehicle. Let

M 4 be the added-mass inertia matrix, with elements

Xo Xo Xo X X; X
Yo Y Ya Y Y Y
Zo Zs Zo Zy Zy Z
M, = (2.33)
Ky, K, Ky, K, K; K;
My M, M, M, M; M;
N, Ny Nis N; N; N;
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The corresponding Coriolis and centripetal forces Ca(v)r due to inviscid effects can be

calculated as in (2.23)

C.(v) = C(v) . (2.34)

M=M 5

The total force due to added mass 74 is of a form similar to the rigid body equations of

motion in (2.17):

Ta= Myv + Cy(v)v. (2.35)

The matrix M, is determined by vehicle external geometry. Each term represents the force
generated in a given direction by an acceleration in a given direction. For example, the
force Z, along the z-axis due to an acceleration u along the z-axis is expressed Z4 = Zu.
The diagonal elements X,,..., N; are negative. Imlay provides the complete expression
for hydrodynamic added mass in [6]. This makes the standard assumption for underwater
vehicles that My is symmetric, where X; =Y, X, = Z;, etc. A fully submerged vehicle is
assumed to have constant added mass matrix, which is negative definite as defined in (2.60).

This fits well with observations made in [7].

Imlay describes an analytic approximation for the added mass of a slender, axisymmetric

vehicle by calculating the added mass of a prolate spheroid with equivalent volume. Let

2 (2)2 (2.36)

2(1—¢€?) (1 l+e
1 1—e? 1+e
- _ 1 2.
Bo = SR — (2.38)



16

where a, b are the prolate spheroid semi-axes with a > b. Then M 4 is defined to be entirely

zeros, except for

Qo 4 2
Xy =— - 2.
4 7 ar 37r,0ab (2.39)
50 4 2
Y= 7. — — — 2.4
1 (b2 — a2)? (ap — fo)

_ _ = % 9
T S )+ P+ ) (Bo—ag) 3P (2.41)

2.3.4 Restoring forces

Vehicle mass m creates a down force W = mg in the inertial frame, where g is acceleration

due to gravity. W is mapped to a force fg(v) in the body frame by

fem)=P'(n)| 0 |, (2.42)

where fg(n) acts through the center of gravity r¢.

The vehicle displaces a fixed volume of fluid V when fully submerged, with fluid density p.
The total buoyant force is then B = pgV, directed up in the inertial frame. B is mapped to

a force fg(m) in the body frame by

fem) =P ') | o |, (2.43)

where fg(n) acts through the center of buoyancy rg.
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The net force on the body due to weight and buoyancy is called the restoring force 74(n).

rel) = fe(n) + fz(n) (2.44)

re X fa(n) +7s x f(n)

Small underwater vehicles are typically ballasted to be slightly positively buoyant, meaning
the dry mass of the vehicle is slightly less than the mass of the fluid that the vehicle displaces
when fully submerged. This produces a negative force in the inertial z direction. Also, the
vehicle is typically trimmed such that its center of gravity rg is beneath the center of
buoyancy rg. This provides a static righting moment in roll and pitch. Since the center of
buoyancy is purely a function of external geometry and does not change with trim or ballast,

rg = [0,0,0] is taken to be the origin of the vehicle’s body-fixed coordinate system.

2.3.5 Control forces

External actuators on a small underwater vehicle typically consist of a propeller and a set
of control surfaces. The control surfaces are mounted as far aft as possible to produce the
maximum moment for a given deflection, while still providing passive stability in yaw and

pitch. The propeller is typically located aft of the control surfaces.

Control surfaces

Forces and moments due to control surface deflection can be approximated by a second
order polynomial function if the deflection angle is small enough that the flow over the

control surface does not stall. A suitable model for generalized forces 75(8) due to control
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surface deflection of a four-fin cruciform pattern, such as on the 690 AUV, is

75(6) =K;0 + Kj2diag(d)d, (2.45)

where control surface deflections & = [dg,dp,0p,d7] are the starboard, port, bottom, and

top fins, respectively. Model coefficients are

Xsg Xop Xsp Xop
Yso Y5, Y5, Y,
7 A A A
K= | 0 T Tom S0r (2.46)
K5S K5P K5B K5T
Ms, Ms, M;, Ms,
Nsg  Ns, N5, Ns,
X(;% X(;% X52B X(;%
Ys: Y Yy Yp
Ls2  Ls2 L2 Ls2
Kp=| % 7% 7% 20| (2.47)
K52 K(;Q K(;QB K(;Q
M&% M(;?D M(S% M(S%
i Ng% Né}% N(;% N(;% i

This model is formulated to account for the forces generated by control surfaces during
forward motion with v = w = 0. This is a reasonable assumption, especially if the residual

control surface forces are accounted for by the viscous hydrodynamic force model 7.

Coefficients for the VT 690 are presented in Table B.4. The coefficients are presented in

nondimensional form Kj and Kj,. The relationship between these coefficients and those in
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(2.46) and (2.47) are

K§ = dlag([dQ d2 dg d3 dg dg])K(/; (248)
K52 = d1ag([d2 dQ d2 d3 d3 ngKéQ (249)
where
1 2,2
dy = 5,06 u (2.50)
1
ds = §p€3u2 (2.51)

are dimensionalization constants with fluid density p, vehicle forward speed u, and charac-
teristic length ¢ which is usually taken to be the vehicle length along the major axis. These

coefficients are listed in Tables B.1 and B.2.

Propeller

The propeller model in [8] defines the thrust 7" and torque @) generated by the propeller
as a function of both the water-relative forward speed of the vehicle u, and of the speed of

advance V4. Vy4 is calculated from u as

Va=u(l—-wf), (2.52)
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where wake fraction wf is a constant. Thrust and torque are calculated from non-dimensional

coefficients Kr(.J) and K¢(.J), which in turn are functions of advance ratio J:

J :Z—g (2.53)
T =Kr(J)pn*D* (2.54)
Q =Kq(J)pn*D? (2.55)

Kp(J), Kg(J), and wf are empirically determined, as in [9]. These are presented for the
VT 690 in Table B.5 with coefficients in Tables B.1 and B.2.

The propeller thrust and torque is represented in body coordinates as

Tp(v,n) (2.56)

o o O o o N

The total generalized control force (v, w) is the superposition of contributions from the

control surfaces and propeller:

(v, u) =T5(v,0) + Tp(V, n), (2.57)
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where the control vector w is defined to be

Os
5p
o
u= =146 |- (2.58)
n
Ot
_n_

2.3.6 Viscous hydrodynamics

Force due to viscous hydrodynamics is modeled in this work as a nonlinear function of

instantaneous velocity

T, (v) = f(v). (2.59)

Several viscous hydrodynamic force models are presented in Chapter 3.

2.4 State-space model

The full equations of motion can be represented in matrix form by equating (2.17) with

(2.31) and substituting the models in (2.35), (2.59), (2.44), and (2.57) to obtain
Mgpv + Crp(v)v = Mav + Ca(v)v + 17¢(n) + v (v, u) + 7, (v). (2.60)

The form of this equation is similar to that proposed by Caccia in [10], with notation similar

to Fossen in [5]. This equation can be reorganized into a form more suitable for simulation



by shifting acceleration terms v to one side,

Mppv — Mo = — (Crp(v)v — Ca(v)v) + 76(n) + 10(V,u) + 7,(V),

and substituting

M =Mprp — M4
C(U) :CRB<I/) — CA(I/)

T(n,v,u) =—CWw)v+1¢(n) + v(v,u) + 7,(v),

to obtain

Mv =T1(n,v,u).

22

(2.61)

(2.62)
(2.63)

(2.64)

(2.65)

Here, M is the total inertia matrix and C(v) is the total Coriolis and centripetal function.

This work adopts the sign convention that the rigid-body inertia matrix Mgzp > 0 is positive

definite and that the added-mass inertia matrix M, < 0 is negative semi-definite, which

holds for fully submerged vehicles [2]. The total inertia matrix M is therefore positive

definite, so M ~! exists and

v=M'7(n v u).

The vehicle state € R'? is given as

(2.66)

(2.67)
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where 7) is the vehicle pose in the inertial frame, and v is the vehicle velocity in the body

frame. The derivative of the state is then

@ = (2.68)

The derivative of the state vector is related to the state through (2.11) and (2.66), which

leads to this concise representation

@ = = . (2.69)

2.5 State estimation

The state vector in (2.67) and derivative of the state vector (2.68) are populated in practice
from a set of sensors that generally only measure part of the vehicle state. The rest of the
state and derivative of the state must be estimated from known quantities. The 690 AUV
is equipped with a Doppler velocity log (DVL), attitude heading reference system (AHRS)
and depth sensor, which together provide the raw data which is used to estimate the vehicle
state vector. The DVL measures the translational velocity vector v = [u v w]. The AHRS
uses a triaxial gyroscope, triaxial accelerometer, and triaxial magnetometer to produce an
estimate of vehicle orientation @ = [¢ 6 1)]. The gyroscope directly measures the rotational
velocity vector w = [p ¢ r]. The accelerometer measures the total acceleration vector, which
is the sum of vehicle translational acceleration and acceleration due to gravity. The gravity
vector in body coordinates is estimated online by the AHRS, and is subtracted from the

total acceleration to produce the translational acceleration vector v = [¢ ¥ w]. The depth
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sensor measures ambient pressure, and estimates vehicle depth z in the inertial frame.

The sampling time and sampling rate is different for each sensor. Raw data is interpolated
and resampled so that all data appears to be sampled at the same time and at the same
rate. The data set is also filtered in order to replace inferior data with better estimates. For
instance, translational velocity v measured by the DVL is generated at 4Hz, which is much
slower than the other sensors. Aggressive maneuvers are not captured by the DVL, and
are better represented by estimating velocity from acceleration measured by the AHRS. A
rigorous treatment of sensor error is beyond the scope of this work. This section presents an

ad-hoc state estimation procedure which fuses the sensor data into a consistent state vector.

The raw data generated by each sensor is used to initially populate the state vector

acO:[()Ong@@/)uvaqr]T (2.70)

and the derivative of the state vector

2 =[000000wvw000]" (2.71)

where the superscript 0 indicates the step in the data post-processing sequence.

The notation adopted here is that an overbar - represents the exact value of a signal, and
a tilde *~ represents the additive measurement error on that signal. For instance, the depth
sensor error model is z(t) = Z(t) + Z, where the depth sensor error Z is a constant bias.
Depth z and orientation ¢ 6 ¢ are assumed to be exact in (2.70). Therefore depth sensor

measurement error Z = 0, and

2(t) = (). (2.72)



25

Similarly, 0,0, 1; =0, so

o(t) = ¢(t) (2.73)
0(t) = 0(t) (2.74)
D(t) = ¥(t). (2.75)

Ji(t) u(t)
g(t) | = Pu(0) | v(t) (2.76)
Z(t) w(t)

Z(t) = Eé(t) (2.77)
and mapped back into the body frame
u(t) i (t)
o(t) | =P, 0) | gt) |- (2.78)
w(t) £(t)

Similarly, inertial rotational rates are estimated from the time derivative of orientation

3(t) = S0 (2.79)
o(t) = %9(1&) (2.80)

h(t) = %lﬁ(t)- (2.81)
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The state and state derivative vectors are estimated at step 1 as

wlz[Oozéézﬁuvaqr}T (2.82)
¢

_ . T
:blz[j;yz' ewmwooo] . (2.83)

The gyroscopes and accelerometers are both modeled as having a constant bias offset in their
measurements. This is a valid assumption for short data sets, though the gyros in fact drift

over time. The accelerometer sensor model is
o(t) =0(t) + 0 (2.84)

where the ‘true’ translational acceleration (¢) is modeled with a constant accelerometer bias

v. The accelerometer bias is calculated to minimize

w(t) - (/tt B(r)dr + v(to))

where the L9 norm is defined in [11].

(2.85)

Lo

Similarly, the rotational velocity w as measured by the AHRS gyroscopes is modeled as
wt)=w(t)+o (2.86)

where the ‘true’ rotational velocity w(t) is modeled with a constant gyro bias @. The gyro

bias is calculated to minimize

He(t) - ( /t: P, (0(7)w(r)dr + O(tg)) (2.87)

Lo



27

Translational velocity is then estimated as the integral of translational acceleration

B(t) = / B(r)dr + v(0) (2.88)

to

which replaces the raw velocity data reported by the DVL. Rotational acceleration is esti-

mated as the derivative of rotational velocity
w(t) = —w(t), (2.89)
inertial rotational rates are transformed from body rotational rates
0(t) = P,(0)w(t), (2.90)
inertial translational rates are transformed from body translation rates
To(t) = Py (6)0(t), (2.91)
and inertial position is integrated from inertial translation rates

Folt) = / 7o(t) +70(0). (2.92)

The state vector and derivative of the state vector are updated from (2.88) - (2.92) to become

z=[zyzdbdavwpqr] (2.93)

i:[fyzq'sézm@wqur. (2.94)

These are continuous spline representations of the state and rate vectors. Discrete represen-



28

tations are obtained by sampling #(¢) and () at each time in the vector ¢(k), to obtain

(k) and (k).



Chapter 3

Viscous hydrodynamics

This chapter defines viscous hydrodynamics, and presents several models which describe a
rigid body moving through a viscous fluid. Viscous hydrodynamics describes the dissipative
forces caused by frictional drag Dp and pressure drag Dp [2], as well as conservative forces
such as the "Munk” moment. Frictional drag is influenced by the character of the fluid flow,
which can vary between laminar and turbulent flow. The character of the flow is largely a
function of the Reynolds number Re, which is a non-dimensional measure of speed. Flow
tends to be laminar at low Reynolds numbers and turbulent at high Reynolds numbers, where
the transition typically occurs for Reynolds numbers between 10° and 2 x 10%. Reynolds

number is defined to be

Re = —, (3.1)

14

where u is forward speed, v is the fluid kinematic viscosity, and L is a characteristic length,

usually the length of the vehicle along the longitudinal axis.

Frictional drag Dp is caused by tangential shear stress, and is defined in terms of a frictional

29
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drag coefficient Cr(Re). The coefficient of friction C'r(Re) varies with Reynolds number,
as described in [8] for the example of a series of planks with different surface roughness.

Frictional drag is usually expressed
1 2
Dp = §CF(Re)pV A, (3.2)

where p is the fluid density, V is speed, and A is a characteristic area, usually taken to be

the cross-sectional area of the vehicle.

Pressure drag Dp is caused by normal pressure stress, and is defined in terms of a pressure
drag coefficient C'p. Unlike the frictional drag coefficient C'r(Re), the pressure drag coefficient
Cp for streamlined vehicles is not directly dependent on Reynolds number. Pressure drag is

defined to be

1
Dp = 5CPpWA. (3.3)

The total drag D = Dgr 4+ Dp is a scalar measure of the hydrodynamic force experienced
by an unaccelerated vehicle on a nominal forward trajectory. An underwater vehicle fol-
lowing a trajectory such as that shown in Figure 1.2 is not adequately described by such a
model. Instead, viscous viscous hydrodynamic terms should be modeled by estimating the
instantaneous contribution 7, (v) as a quasi-steady, nonlinear function of body-fixed velocity.
There is no analytic form for 7, (v) for a particular geometry or configuration, as there is for

added-mass and restoring forces.
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3.1 Model structure

Let the viscous hydrodynamic force vector 7, € R® be modeled as a nonlinear function of
velocity, 7,(v) : RS — R®. This viscous hydrodynamic model is composed of six scalar

functions,

where the superscript denotes the axis to which the scalar function applies. For example,

X

7X(v) is the viscous hydrodynamic force along the surge axis, and 7/ (v) is the viscous

hydrodynamic moment about the pitch axis.

Each scalar function in (3.4) can be expressed as a linear combination of basis functions.

X

For example, the surge force 7, () might be modeled as a function of linear and quadratic

surge velocity, u and u?:
7 (V) = Xyu + Xyuti®, (3.5)
which can be expressed

u

TVX(V)z[Xu XW} e (3.6)
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Similarly, the viscous hydrodynamic moment in pitch might be modeled as a function of

surge velocity v and heave velocity w:

(V) = Myu + Myyuw, (3.7)
which can be expressed
" u
T, (V) = Mu Muw : (38)
uw

Ew)=| «* |- (3.9)

Then the scalar viscous hydrodynamic functions (3.5) and (3.8) may be rewritten as

nX(v):[Xu Xuu 01 ;2 = K¥¢(v) (3.10)

uw

and
TVM(V)Z{MU 0 Muw] w2 | = KME®w) (3.11)

where KX = [X, X, 0] and K™ = [M, 0 M,,] are constant coefficient vectors.
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The general viscous hydrodynamic model in 3.4 may be expressed using the notation in

(3.10) and (3.11) as

) | [ xvew | [ R
Do) || K || K

)= | T L ) ke, )
) || Kvew) || K
i) || ke || K
BSOS

where £(v) € R is the vector of basis functions, and K € R%%" is the viscous hydrodynamic

coefficient matrix.

The following sections will describe several standard viscous hydrodynamic models, and
express them in the notation in (3.12). In order to directly compare one model with another,

it is necessary to define a unified vector of basis functions which spans all models. This vector

&(v) is defined in Appendix C in (C.12).

3.2 Viscous hydrodynamic models

3.2.1 Gertler & Hagen

The prototypical example of a component-form model is that created by Gertler and Hagen
in [1]. The hydrodynamic model proposed by Gertler and Hagen is the result of work done by
the US Navy between 1956-1967 to produce a 6-DOF model suitable for simulation of a set
of submarine maneuvers. These equations form a so called lumped-parameter model, because

they make no distinction between different physical contributions in the model structure.
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Many terms arise in the derivation of added-mass Coriolis and centripetal effects which take
the form of coupled velocities (i.e. u x r or v x p). For that reason, it is not clear which
of the terms in the Gertler-Hagen equations are explicitly due to viscous hydrodynamics, or
due to Coriolis and centripetal effects, or some combination of the two. Therefore, the terms
presented in (3.13) - (3.18) are all those terms from the Gertler-Hagen equations which are

not explicitly control or restoring terms. The equations are given as

TX(U) :quq2 + X7 4+ X te? + Xy v? + Xpww? + vanUQ (n—1)

v

(3.13)
+ wanw2 (n — 1) + Xpepr + Xypor + Xyqwyg

7Y (V) =Yt + YoyoV + Ypqpq + Yqrqr + Yypup + Yuur + Yyquq + Yypwp
+ Ywrwr + Youv + Yowvw 4+ Yy, 7] Ve + Yppp 2| (3.14)
+ Yov,uV(n = 1) + Yyur (n — 1) + Yypyuv (n — 1)

(V) :prp2 + Zooet? + Zoti® + Zoyv? + Zjwit |w| + ZwvwV + Zppr
+ Ziuquq + ZupVp + Zag7 + Lguw + Zigpv, |a| Ve + Ziwpy [w| V (3.15)
+ ZyvywV (0 — 1) + Zygyuq (n — 1) + Zyynuw (n — 1)

T (V) =Kt + Kuugtt® (n — 1) + KovoV + Kpgpg + Kgegr + Kopup + Kyeur (3.16)
+ Kyqug + Kypwp + Kyewr + Kyyuv + Kowow + Koo |p]

Tll,w(l/) :Mppp2 + M, 72 + Mygu? + Myyv? + MqyvqV + MyvwV + Mp,pr + M,quq
+ Myyup + Myor + My w + Mgy [w] V A+ Myiqq |g] + My ju ] (3.17)
+ MavywV (1 = 1) 4+ Mugyug (1 = 1) + Muwquw (7 — 1)

(V) =Nyt + NiyrV + NoyoV + Npopg + Ngegr + Nypup + Nyur 4+ Nyqvg

+ Nypwp + Nywr + Nyyuv 4+ Nywow + Nyr 7| + NyyoV (p — 1) - (3.18)

+ Nyrpur (n — 1) + Nyyyuv (n — 1)
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It is instructive to see a component-form model such as (3.13) - (3.18) written out in the

form of (3.12). Let £€(v) be defined as in (C.12), and let K be defined as the following:

0
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Yip
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0
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000000 0O 00000D0O0O0O0DO0 0 0
000000 Yy 0000000000 0 0
000000 0 000000O0O0GOO0 Zgy, 0
"000000 O 000D0D0D0D0DO0O0O 0 0
000000 0O 0000000000 0 0
000000 0O 00000D0DO0O0DO0DO0 0 0

00 0 0 0 0 0 Xy 0000 Xggy 00

0 Yoy O 0 0 Yu O 0000 0 00

0 0 Zuwm O Zugy O 0O 0000 0 00
"Kay O 0 0 O 0 0 0000 0 00

00 0 Myy 0 Mgy, 0O 0O 0000 0O 00

0 Nuy O 0 0 Ny O 0000 0 00
00000000 0 0 00 0]
00000000 Yoy, 0 000
00000000 0 Zyy, 000 (3.19)
00000000 0 0 000 '
00000000 O My, 000
00000O0O0GONy, 0 000 ]

There are 88 non-zero terms in K matrix above, out of a total of 6 x 132 = 792 possible

coefficients.

3.2.2 Prestero

Prestero proposed a model in [12] which is similar to that submitted by Gertler and Hagen,
but far less complex. This model attempts to justify the included elements from physics,

including axial drag, crossflow drag, and body lift. The Prestero model is defined by the



equations

TX(I/) :quq2 + Xwqwq + X, + Xor + Xigful |u]

14

¥ (V) =Y v 0] + Ypapq + Ywur + Yapwp 4+ Yyeuv 4 Yo |7]

v

TZ(V) =g W [W| + Zipepr + Znquq + Zypvp + Lyt + Zgjq1q |q|

Tlf((y) :Kplp\p |p|

T (V) =Mppr + Myqug + Mypop + Mywuw + Mgiqiq |g] + Myjwjw [w]

™N(v) =Npqpq + Nyur + Nypwp 4+ Nyyuv + Ny 7] + Nyjyv |v]-

v
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(3.20)
(3.21)
(3.22)
(3.23)
(3.24)

(3.25)

There is clear overlap between the Prestero and Gertler-Hagen models, although Prestero

omits all terms depending on V' and 7.
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3.2.3 Pitch & Yaw

One may naively construct a 6-DOF dynamical model by superimposing separate models for

pitch and yaw. A model of this structure takes the form

X (V) =Xqq + Xor + Xou + Xov + Xgw + Xgq@® + Xoer? + Xiql lql
+ Xy 7| + X ti? + Xy v? + Xpww? + Xivy 0] 4 Xjw) [w] + Xyt |7
+ Xw( ¢ [w] + Xypoy7 [v] + Xy [7] + Kjgw [g] + Kupyu [v] + Xyjwu |w]
+ Xy0 0] + Xgjwiw [w] + Xyrur + Xoor + Xyqwg + Xgvtv + Xywuw + Xgiq¢ 14|

+ X7 7] + Xgjuyq [u] + Xy lq|

(3.26)
X (W) =Y + Y0+ Yor? + Y 7] + Yat? + Yoo + Yy [y|
+ Yoy ]+ Yapu ] 4 Yo (o] + Yoo [r] + Yogu o] + Yoo vl (3.27)
+ Yuur + Your + Youv + Yo r |7
TEW) =Zaq + Zow + ZqqG® + Ziq) 0] + Zuntt® + Zyu ] + Zigww?
+ Ziw| [w| + Zyjqiu |q| + Zajw(q |w] + Zgjqw |q] + Zupwjt |w] + Zywjw |w] (3.28)
+ Znquq + Zyqwq + Zuwuw + Zgjqq |q|
7 (v) =0 (3.29)

v

TM(V) :qu + Mww —+ quq2 + M‘q| |q‘ + Muuu2 4 M‘u| |’U/’ 4 Mwww2
+ My [w] 4+ Muqug + Myquwg + Muguw + Mg ¢ |g] + Mujqu |g] + Mgjw ¢ [w]
+ Myjqw g + Myt [w] + My jw [w]

(3.30)
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TVN(V> =N,r + Nyv + N,,r2 + Ny 7] + Nt + Nyv? + Ny ul

+ Ny [v] + Nyur 4+ Nyor 4+ Nyyuv + Ny |7 4 Nygejw 7] + Ny o) (3.31)

+ Ny 7] + Nupqu [v] 4 Ny [v]

3.2.4 Linear

The linear viscous hydrodynamic model is

T (v) = Ky, (3.32)
where the coefficient matrix is
X, X Xo X, X, X,
Yo Y, Yu Y, Y, Y,
Zy Zy Zy Z, Z; Z,
K, = (3.33)
K, K, K, K, K, K,
M, M, M, M, M, M,
N, N, N, N, N, N,

3.2.5 McFarland & Whitcomb

McFarland and Whitcomb propose in [13] a viscous hydrodynamic model which is fully
coupled and assumes a sign-preserved quadratic relationship between velocity and force.

The model is of the form

7,(v) = K, diag(v) |v| (3.34)

where the coefficient matrix K, is defined to be



Ky =

Xapl Xyl X Xajp| Xajg]  Xujr|
aul  Yupv]  Yujw|  Yup| Yujgl  Yul
Zuja|  Zapv|  Zujw|  Zujpl  Zujql D
Ko Kup| Ko Kup) Kyjg Kupyy
Mupaj My Mupw) Mupp) Myjqp Mypg
| Ny Nupp Nupep Nupp Nyjgp - Nupg
Xl Xwpvl  Xwwl  Xwpl  Xwlg) Xyl
Yo Ywvl Ywwl  Ywpl Ywla  Ywh
D Ll Zwpl Dwiwl Zwlol Dwlal Lwly
Ko Ko Kapw) Kappp Kajg Ky
Myja Myp) Mujw] M) Mujg) Mupy
Nwp Nyl Nwwl Nwpl Nwlg Ny
Xajal - Xaivl Xgwl Xqpp - Xajg) - Kqp|
Yau  Yav| Yqw  Yapl Yaa  Yal
Zoa|  Zav) Lol Zap|  ZLalal  Zah|
quu\ KO1|V| KqIW\ KQIP\ KQ\QI qlr]
Mgpaj Mgy Mgiw| Mqp) Mglq Mqpy
Ngu  Ngwj Ngw Ngp| Ngjgp Ny

3.2.6 Uncoupled

Koy
Mr|u\

Nr|u\

Xyjwl
Y yjwl
Lylwl
Kyjw)
Myjw|
Nyjwi

plw|
plw|
plwl
plw|
plw]
plw|

Ko
tfw]

Nijuw]

X

v|p|

v|p|

vipl|
vip|
v|p|

v|p|

plp|
p|p|
plp|
plp|
plp|
plp|

r[p|
r[p|
r|p|
r|p|
r[p|
r[p|
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Xylal Xyl
Yolgl Yoy
Zujq|  Dp
Ky Kyl
Myjg) Myjyy
Nyjg Nyp
Xplal  Xplr|
Yplql Yplr\
Zp\ql Zp\rl
Kp\@ll Kp\rl
Mpjq) Mppy
Npjq) N
Xl Xy
Yijql Yo
Zrjg| e
Kijg Koy
Mg Mgy
N, N

r|q]

The following model assumes that motion in each axis is dependent only on velocity in that

dimension.

X

Y

N

(v) =X, u + Xoti® + Xiul |u| + Xfu|U |ul

(v) =Y,u + Y2 + Yy |v] + Yypv o]

(I/) =7Z,w + waw2 + Z|W| |w| + ZW|W‘U} |w|

(v) =Kpp + Kppp” + Kjpy 9] + Kpppip [P]

(v) =Myq + quq2 + Mg lg| + Myjqq lq]

() =Nor + Nyr? 4 Ny ||+ Ny ||

(3.35)
(3.36)
(3.37)
(3.38)
(3.39)

(3.40)
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3.2.7 Fossen

Fossen presents a viscous hydrodynamic model in [5] which is uncoupled, but contains both
linear and quadratic terms. He does this by assuming that ‘the vehicle is performing a
non-coupled motion, has three planes of symmetry and that terms higher than second order
are negligible’. Later authors such as Caccia in [10] and Smallwood and Whitcomb in [14]
adopt the same model. It is worth noting that both these references concern rectangular

open-frame ROVs, rather than a slender axisymmetric vehicle such as the VT 690.

Fossen proposes a model of the form

T,(v) =diag([X, Y, Z, K, M, N,])v

1wl diag([Xup Yool Zutul Kool Myla) Nojr]) v (3.41)

3.2.8 Coe

Coe presents a novel model in [15] which is based on a Taylor series expansion and assumes

port/starboard vehicle symmetry. The model is of the form

T,(v) = Cpp-diag(v)v + C, - diag(|v|)v (3.42)



with constant coefficient matrices

CI/|U‘* =

X2

X X2 Xp X

0 Yp\pl 0
Zulw 0 Zgqg
0 Kplpl 0

Yo

Ko

Ny
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(3.43)

(3.44)



Chapter 4

Viscous hydrodynamic model

synthesis

4.1 Synthesis model

A model of the form 7, (v) = K& (v) requires coefficient values to be determined by ‘training’
the model from a sufficiently rich data set, which may be generated from field experiments
or from CFD simulation. The equations of motion in (2.60) represent the ideal relationship
between rigid-body, viscous and inviscid hydrodynamic, restoring, and control forces. In
practice, there will be a force error 7 which is the sum of unmodeled dynamical effects and

measurement error.

The force error is treated as an external force, and is incorporated into the equations of

motion as

My =—-Cv)v+1ec(n)+7u(v,u)+ 71, (4.1)

43
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where T, represents the exact viscous hydrodynamic model, 1, v, and v are assumed to
be measured exactly, M and the corresponding C(v) are known, and 7¢(n) and 7y (v, u)
are assumed to be modeled exactly. Since the viscous hydrodynamic model is assumed to
be a function of the instantaneous velocity, which is approximate but not exact for physical
systems, the choice of a specific model 7, (v) will introduce an error 7 into the equations of

motion.

Mv =—-Cv)v+1¢(n) +1v(v,u)+ (1.(v) — 7) (4.2)

Equation (4.2) can then be reorganized to isolate the unknown quantities, as

(W) —T=Mv+Cw)v —1c¢(n) — 7v(V,u). (4.3)

The task of model synthesis is to select 7, (v) such that 7 is minimized.

Let n(k), v(k), ©(k), u(k) € RS be the time series data used to train the viscous hydrody-
namic model, where k is the sample index. The right hand side of (4.3) is then calculated

exactly as the time series

7(k) =Mv (k) + C(v(k)v(k) — ta(n(k)) — Tu(v(k), u(k)), (4.4)

where 7(k) is the residual force time series which is unaccounted for by rigid-body, added-

mass, restoring, and control model components.

The residual force time series is related to the viscous hydrodynamic model by

7(k) =1, (v(k)) — 7(k). (4.5)
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If the viscous hydrodynamic model takes the form as in (3.12), then (4.5) may be expressed

K{(v(k)) —7(k) =7 (k), (4.6)

where K can be determined by least-squares such that 7(k) is minimized.

Equation (4.6) is of a form suitable for optimizing K for a single instant k, but it is instead

desireable to optimize K for an entire time series at once. To that end, let

v, =[v(0), v(1), - -, v(ng)] € R&>™ (4.7)
7. =[7(0), 7(1), -+, T(ng)] € R (4.8)
7. =[7(0), 7(1), -+, T(ny)] € R™™ (4.9)
£ =[&w(0), £w(1)), ---, &w(ng))] € R*™ (4.10)

be matrix representations of time series, where ny is the number of samples collected. By

substituting the matrix time series (4.7) - (4.10), equation (4.6) can be expressed

7(k) =K€(v(k)) — (k) (4.11)
71 (k) =€ (v(k) K" — 77 (k) (4.12)
7l =¢ K" -7 (4.13)

Using the notation in Appendix A.1, apply the vec() operator to equation (4.13)

vec (‘TJ) =vec (E*TI(T — 7";)
=vec (EIKT) — vec (‘T;T)

= (]16 ® fj) Vec(KT) — Vec(ﬂj—), (4-14)
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with vec(7,”) € RS vec(7,[) € RS vec(K ) € R, and (I ® &) € RO0ne,

It is necessary to further manipulate (4.14) in order to restrict the optimization to a subset
of the coefficients in K, which is necessary to implement the models described in Section 3.2.
It is possible to directly manipulate the dimension of the space of basis functions by applying
a masking matrix M € B" %% where B denotes the space of booleans, i.e. B = {0,1}. Each
row of M has exactly one non-zero element, which is equal to one. A value of one in a

column j of M selects the corresponding basis function &;(v) from &(v).

The equation which represents the masked model is expressed
vee(7,) = (Is ® &) (v)) M " Mvec(K ") — vec(7,). (4.15)

Choose a mask matrix M for a given model, and let

& =vec(7,') € R®™ (4.16)
o =vec(7,') € R®™ (4.17)
E=I®¢ )M e Rimx" (4.18)
k =Mvec(K") € R” (4.19)

be a change of variables, where & € R"*" ig a basis matrix, k € 7 is a coefficient vector,
and n is the model complezity, or the number of coeflicients for a given model. Then (4.15)

can be expressed as

Q:
I
(1
&
|
Q

5. (4.20)

Equation (4.20) is called the synthesis model.
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The original coefficient matrix K is recoverable from s by
K =vec ' (MTk) ', (4.21)

where vec™!() is defined in Appendix A.1.

4.2 Optimization

The synthesis model in (4.20) is directly solvable for k by least-squares, such that the sum of
the square of the elements in & is minimized. This is equivalent to minimizing the Frobenius
norm of 7, in (4.15). The error function implicitly minimized by least-squares is expressed

as a function of k as
J(k) =Y &7 (4.22)

One may instead choose an arbitrary error function J(k), and implement a search algorithm
to select k such that J(k) is minimized. One suitable algorithm is the Nelder-Mead simplex
algorithm described in [16] and [17]. This is suitable for unconstrained nonlinear optimiza-
tion, and requires only a starting coefficient vector k( and scalar cost function as input, and

produces a locally optimal coefficient vector as output.

Mean absolute error

Smallwood, McFarland, and Whitcomb introduce mean absolute error (MAE) in [14] and
[13] as the metric by which model performance is evaluated. Note that the models proposed

therein compare model performance on the basis of output error residual, e.g. yaw error,
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where the error function (4.11) measures force residual error. The error function which

returns the MAE of the residual 7 is

61

(k) = 6%% > lail. (4.23)

Mean square error

Let the cost function which minimizes the mean square error (MSE) be defined as

J(K) 1 > &l (4.24)

~ 6n
kit

A similar measure of error is root mean square (RMS) error, defined as

(4.25)

These error functions are useful when comparing the relative error of model performance

using data sets of different sizes, i.e. where n;, is different.

Median absolute deviation

Another possible error function is a variation on the median absolution deviation, or MAD.

Let 7(k) be recovered from & (k) by (4.16), as

7(k) = vec (5 (k)" (4.26)
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and define the error function to be
6
J(k) = Z median |7;.|, (4.27)
i=1

where 7;. is the ith row of 7. Note that MAD is generally defined on vectors, and the
extension to matrices is done by summing the MAD for each row of 7. This function is
robust against outliers in the time series data, but is nonlinear in its output. This means
that for a small change in 7, there may be zero change in J(k). MAD is not suitable for the
Nelder-Mead simplex search algorithm for this reason, but it can be used to compare models

after optimization.



Chapter 5

Results

5.1 Data collection

The data presented in this section was collected using the Virginia Tech 690 AUV during field
experiments at Claytor Lake in Pulaski County, Virginia. A sample data set representing
the state vector (k) is shown in Figures 5.1 and 5.2. The corresponding state derivative

vector &(k) is shown in Figures 5.3 and 5.4.

The raw data set was processed using the state estimation procedure described in Section
2.5. In each plot, the raw data is presented in blue with the label ‘online’, and the processed
data is presented in green with the label ‘opt’. Of special note are the relatively large
biases in (k) and (k) shown in Figure 5.4. These bias errors, and a smaller bias error
in r(k) shown in Figure 5.2, are characteristic of the class of sensors used by the AHRS.
Another point of note is the large discrepancy in sway velocity v(k) in Figure 5.2. The
sway velocity as reported by the DVL is quite dissimilar to the sway velocity estimated by

integrating the bias-corrected sway acceleration. This is thought to be due to an incorrect

20



ol

coordinate transformation when mapping the velocity reported by the DVL into the body
frame. Because the DVL measures velocity relative to the sea floor, rotational velocities will
couple into the translational velocities measured by the DVL. These effects are not accounted
for in the data sets presented here. For this reason, velocity measured by the DVL is used
only to estimate the bias on the accelerometer, and is otherwise discarded. Translational

velocity is instead estimated by integrating translational acceleration.
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5.2 Model training

The force data 7(k) used to train the viscous hydrodynamic model is calculated by populating
the right-hand side of (4.3) with quantities from the estimated state vector &(k) and rate
vector @ (k) as calculated in Section 2.5, using the raw data which was collected as described
in Section 5.1. The model synthesis algorithm in Chapter 4 is then used to populate each
of the models in turn, which are described in Sections 3.2.1 - 3.2.8. Each model is trained

against the same estimated viscous hydrodynamic force data set 7(k).

The velocity data used to train the unconstrained model is shown in Figure 5.5. The training
force data is presented in Figure 5.6. The training set is the concatenation of four independent
data sets. The first data set is composed of depth steps at a propeller speed of 2600 rpm,
and the three remaining sets are composed of yaw steps at propeller speeds 1800, 2133, and
2600 rpm. Note that the concatenation produces an apparent discontinuity in the data at
times 25, 84, and 142 seconds. This does not affect the training process because the model

form is quasi-steady, and each sample is assumed to be independent with respect to time.
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5.3 Model validation

The velocity data set which is used to validate the model is presented in Figure 5.7. It is
composed of two legs. The first leg is a series of depth steps at propeller speed 2133 rpm.

The second leg is a set of yaw steps at a propeller speed of 2350 rpm.

The validation force plots are presented in Figures 5.8 - 5.15, in order of decreasing model
complexity. These plots show the force time series output of each model, plotted against
the validation force time series. Equations for each model are presented in Appendix D,
with coefficients in Appendix E. The validation force data set was generated in the same
way as the training force data set was generated in Section 5.1, just with different raw data.
Validation data was selected to represent maneuvers which were similar to those used to

train the models, but at different forward speeds.

Both the training and validation force time series show large roll velocities p but very little
hydrodynamic roll moment K. This is due to the small moment of inertia in the roll axis,
which means that relatively a relatively small roll moment can cause a large change in roll

velocity.
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5.4 Model comparison

Model | n | JV(K) (JY =12.338) | JY(K)/Jy
McFarland | 216 2.667 0.216
Pitch/Yaw | 100 2.520 0.204

Gertler Hagen | 88 2.650 0.215

Linear | 36 2.849 0.231

Coe | 33 4.237 0.343
Prestero | 30 3.082 0.250
Uncoupled | 24 9.408 0.763
Fossen | 12 9.619 0.780

Table 5.1: Model validation error.

Model | n | J(K) (Jo =13.047) | J(K)/Jy
McFarland | 216 2.505 0.192
Pitch/Yaw | 100 2.504 0.192

Gertler Hagen | 88 2.629 0.201

Linear | 36 3.625 0.250

Coe | 33 4.559 0.349
Prestero | 30 3.214 0.246
Uncoupled | 24 10.299 0.789
Fossen | 12 10.471 0.802

Table 5.2: Model training error.

Let Jy be the RMS value of the force time series from the training data set T, and let JY

be the RMS value of the force time series from the validation data set V.

The validation errors JV (K) for the model validation plots in Figures 5.8 - 5.15 are presented
in Table 5.1, along with their values as normalized against JJ'. The training errors J(K) for

the same set of models are presented in Table 5.2.

The Uncoupled and Fossen models are clearly inferior to the other models in representing
the training and validation data sets. These models are uncoupled, in that they consider
only the velocity in a particular dimension to contribute to the force in that dimension. The

Fossen model assumes that each of the hydrodynamic forces X,Y, Z, K, M, N are a function
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of only linear and sign-preserved quadratic functions of velocity in the same dimension as
the force. For example, sway force Y is modeled as Y (v) = v+ v |v|. As is evident in Figure
5.15, this assumption is not valid. The Uncoupled model includes absolute-value terms as
well as sign-preserved terms, but does little better. However, these are also the models with
the fewest coefficients, so part of their poor performance may be attributed to the optimizer

having access to fewer degrees of freedom.

Of the remaining models, there is no one which is clearly superior to the rest. All are coupled
models to some degree, in that they model a force in one dimension as a function of velocities
in multiple dimensions. For example, each output of the Linear model is assumed to be a
linear function of the entire velocity vector. The Pitch/Yaw model performs at least as well
as any other model under consideration, despite having less than half the coefficients of the
McFarland model, and being far simpler in its construction than the Gertler-Hagen model.

The linear model stands out as a compromise between complexity and accuracy.



Chapter 6

Conclusions

6.1 Summary

This thesis has presented a comparison of viscous hydrodynamic models commonly used to
calculate the forces and moments applied to an underwater vehicle as it moves through a
viscous fluid. The Virginia Tech 690 AUV described in Chapter 1 was modeled as a rigid
body in Chapter 2. The dynamical model incorporates hydrodynamic forces due to viscous
damping, conservative viscous effects, and added mass, restoring forces due to gravity, and
control forces due to actuation of control surfaces and a propeller. Several viscous hydro-
dynamic models were described in Chapter 3, with a synthesis algorithm used to determine
the corresponding model coefficients developed in Chapter 4. Each model was then trained
against a set of data collected in the field using the 690 AUV, with the relative performance

compared in Chapter 5.
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6.2 Conclusions

No single viscous hydrodynamic model of those described in Chapter 3 stands out as supe-
rior to the others, though some appear to perform worse than the others for modeling an
underwater vehicle in six degrees of freedom. The Pitch/Yaw model performs at least as well
as the other models, while being significantly smaller than the McFarland model, and being
less complex in its construction than the Gertler-Hagen model. The Linear model is even
smaller, and is only moderately less accurate than the Pitch/Yaw model. Either of these

appear to be suitable for use with the dynamical model presented in Chapter 2.

The Uncoupled and Fossen models make the assumption that the force along a particular axis
is due only to velocity along that axis. This assumption is clearly not valid for the training
and validation data sets presented in Figures 5.5 and 5.7, and these models are unlikely to
perform well for any but the most simple of maneuvers. The Coe model assumes that the
fluid flow is symmetric about the port/starboard axis. This assumption also appears to be

invalid for the studied data sets.

The training and validation data sets presented in Chapter 5 represent typical maneuvers
made by a vehicle with an orthodox geometry. It is likely that the models would perform
differently if they were trained against a different set of maneuvers, or if the vehicle geometry
was in some way atypical. Both Gertler, Hagen, and Prestero developed their models to
describe the viscous hydrodynamics as applied to ‘torpedo’ shaped underwater vehicles. The
VT 690 is similar in size and proportion to the REMUS vehicle that Prestero referenced in his
work, and also similar in proportion to the full-scale submarines that Gertler and Hagen were
concerned with. It is unsurprising that the Gertler-Hagen and Prestero models are suitable
to describe data collected with the 690. In contrast, a vehicle such as the Woods Hole

Sentry described in [18] would likely require a viscous hydrodynamic model with a different



73

emphasis on which parameters were important, due to unconventional vehicle geometry.

The McFarland and Linear models make no assumptions about which coefficients are more
or less important than others, though they do make assumptions about the character of the
flow. McFarland assumes a quadratic relationship between force and velocity, where the
Linear model assumes a linear relationship. The actual relationship is more complicated,
and depends on Reynolds number, and also the dominance of skin friction over form drag,

or vice versa.
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Appendix A

Matrix mathematics

A.1 The vec operator

The notation herein is adopted from [19]. Let the columns of a matrix A € R™*™ be denoted
A and the rows A;., with ¢ € [1,m] and j € [1,n]|. The matrix A may then be partitioned
as either of

A=[ Ay Ay -, A, ] (A1)
or
AT=[ A, Ay, -, A, ] (A.2)

Note that both A.; and A;. are defined to be column vectors.

The vec operator may be expressed

with dimension vec(A) € R™.

For conformal matrices A, Y, and B, it holds that

vec(AY B) = (B" ® A) vec(Y) (A.4)

The inverse vec operator is defined as follows. Let b € R* be a column vector, where

7
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k =m x n for some m,n € N. Then b can be expressed as
B,
B
b= . , (A.5)
B,
where B.; € R™ with j € {1,...,n}. Let the inverse vec operator be denoted vec™, defined
such that

B = [ B, B, --- B, ] = vec '(b). (A.6)

A.2 Skew-symmetric operator

For the vector A € R with A = [\, Ao, /\3]T, let

0 =Xy A
SN=1| A 0 —X (A7)
X N0

be a map from R — so(3), the set of skew-symmetric matrices [20]. This definition of S(\)
forms a matrix-representation of a cross product.



Appendix B

VT 690 parameters

Parameter ‘ Description ‘ Value ‘ Unit
g acceleration due to gravity | 9.80665 | m/s?
pf fluid density (fresh water) | 1000 | kg/m?
Ds fluid density (salt water) 1015 | kg/m?

Table B.1: Physical constants

Parameter Description Value | Unit

d diameter 0.1753 m
m mass 41.458 | kg
\Y% displacement 41.702 | kg
14 length 2.057 m
d, propeller diameter 0.120 m

re(z) center of buoyancy in 0 m

r5(y) center of buoyancy in y 0 m

re(2) center of buoyancy in z 0 m

re(z) center of gravity in | -0.0029 | m

ra(y) center of gravity in y | -0.0002 | m

ra(z) center of gravity in z | 0.0084 | m
w wake fraction 0.3

0.1707  —0.0033  0.1407
Iy =] —0.0033 10.3659 —0.0000
0.1407 —0.0000 10.3508

Table B.2: Virginia Tech 690 parameters
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[ —0.6673 0 0 0 0 0
0 —40.1654 0 0 0 0
0 0 —40.1654 0 0 0
Ma = 0 0 0 0 0 0
0 0 0 0 —8.0212 0
0 0 0 0 0 ~8.0212 |

80

Table B.3: Added mass model for a prolate spheroid with same volume and aspect ratios as

the VT 690.
[ —3.6686 x 1020 0 0 0
9.1716 x 10721 2.0463 x 1079 0.0019061 —0.0020678
K — —0.00208 0.0019506 0 —4.5858 x 10~
I —2.9415 x 1079  —2.7625 x 1079  —2.6346 x 1079 —2.7881 x 1079
—0.001084 0.00082798 0 0
| —1.9695 x 107% 0 —0.00088374 0.00097045
[ —0.0012101 —0.00094632 —0.00091701 —0.0010468
0.00031247 —0.00015336 —0.00016121  —1.3609 x 1079
, | —0.00018319  —0.00015493 0.00025333 —0.00029625
71 23553 x 1079 3.6638 x 1079 —1.3085 x 1079  2.3553 x 10~
0.00014289 0.00013582 0.00011829 —0.00013138
| —0.00015519  6.7519 x 107°5  4.6321 x 107%  1.2038 x 107% |

Table B.4: Control surface model coeflicients

Kr(J) = —0.1378.J% 4 0.0483J + 0.0578
Kr(J) =—0.01174J% + 0.00575.J 4 0.00419

Table B.5: Propeller model equations



Appendix C

Damping model basis functions

(C.1) §u|(v) =

1
SO e 2
]
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£VV(V)

(C.3)

o (V) =

u [ul
u vl
u|wl
u |p|
u|q|
ulr|
v |ul
v v
0wl
v |p|
v|q|
v|r|
w |ul
w [v]
w [wl
w |p|
w |q|
w|r|
plul
plvl
plwl
plp|
plq|
plr|
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(C.6)
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The basis vector

&(v)

(V)
& (V)
Eup| (V)
&v(v)
| &un(v)

is adequate to describe all models presented in Chapter 3. This basis vector has 132 terms.

They are presented as nonlinear functions of the velocity vector v, where

u? + v? 4+ w? (C.8)

V =V +w? (C.9)
V, =Vsign(v) (C.10)
V,, =Vsign(v) (C.11)
7 :%") (C.12)

are functions of velocity used to make the model equations more concise. Note that u.(n) is
the nominal forward velocity at level flight for the commanded propeller rate n, and should

be treated as constant.



Appendix D

Damping model equations

The damping model equations 7X(v), 7Y (v), 72 (v), 75 (v), 7™ (v), 7V (v) : R® — R map

v bR 7 b % 14 y 'v v 'y

from the velocity vector v to a force in the dimension represented by the superscript. The

6-DOF generalized damping force vector is
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7 (1) =Xppwip |w] 4+ Xy [0] + Xeguy7 [u] + X 7] + Xy lg]
+ Xy lp|w || + Xqjwq [0] + X7 [v] + Xy 7] 4+ Xy jgw g + Xepw|7 |w]
+ X w 7] 4+ Xygjujue || + Xy |[v] 4+ X v Ju] + Xywju [w] + Xy v
+ Xuuw [u] + Xypjv [w] + Xy [v] + Xpww [w0] + Xpppip [P + Xpjqip 4]
+ Xapp ¢ || + Xppp [7] + Xajai¢ gl + Xagpir p| + Xgniq |7 + Xajgr 4|
+ Xy || 4+ Xppuip [u] 4+ Xujpjue [pl + Xppoip [0] + Xgpuiq [ul + Xujgu gl
+ Xyppiv [p|

7 (V) =Yppuip 0] + Youiq [u] + Yojqu gl + Yo [pl + Yppp [w]
+ Yo |v] + Yaur [u] + Yapu 7| + Yoo la] + Yapiw [p] + Yowe [w]
+ Yo7 [v] + Yoo 7] 4+ Ywiqw |g] + Yowr [w] + Ypw 7] + Yauu | u|
+ Yopu [v] + Yo [u] + Yyww [w] + Yoo [v] + Yauw |u] + Yo [w]
+ Y w [v] + Yjwiw [w] + Yppp ol + Ypqp gl + Yapig | + Yorp 7]
+ Yoiqq lq] + Yo [Pl + Y 7] + Yejqr [g] + Yo7 7] + Yo |u|
+ Yyppu [p)

72 (V) =Zppui |1l + Zappy ] + Zppp [0] + Zgjuyq [u] + Zujqru gl
+ ZyipV [Pl + Zppw P (W] + Zajyiq [0] + Zipu7 [u] + Zupyue 7] + Zyjqv g]
+ Zip|W D] + Zajw(q |w]| + Zpyi7 [V] + Zyjev |7] + Zjqw [q] + Zjw|7 |w]
A Loy w 7] 4 Ziguj ] 4 Zigpyw 0] + Zgpupv [u| + Zopwjte [w| + Zypyv [v)]
+ Lo [u] + Zujwv (W] + Zugw [v] + Zujwjw [w] + Zpjpp [p| + Zpjgp 14l
+ Zapiq [Pl + Zopp 7| + Zajq |a] + Zupo7 [Pl + Zajwiq 7] + Zujq7 14l
+ Zyper |7

Table D.1: Equations of McFarland model (part one).
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75 (1) =Kpppip [p] + Kpjgrp gl + Kqppi@ [P| + Kppegp 7] + K1 la|
+ K7 [pl + Ko 7] + Kajapr [l + Koy [r] + Kppuyp [u] + Kupi ||
+ Kppip [0] + Kquiq [u] + Kujqru lg] + Kypppo [pl + Kppwp [w] + Kqpvg [v]
+ Koy [u] + Ky [r] + Kogo lg] + Keppw [p] + Kqjwig [w] + Ky ]
+ Koo |7] + Kyjqw || 4+ K |w] + Kypw 7] + Ky |u| + Ky |v]
+ Koy Ju] + Kypwue |w] 4+ Koo |v] + Ky pupw [u] + Koo [w] + Kypw |v)
+ Kypwjw [w|

() =Mpjpp |p| + Mpjqp [ + Mqpp|q [P| + Mppp |r| + Mqiqiq 4]
+ Myypi7 [pl 4+ Mgpryq 7] + Myjgr gl + M7 [r] + Mpjuip [u] + Myjpju |p]
+ Mpjyip [v] + Mepuq [ul + My [g] + Myjpjv [p| + My p [w] + Mg [v]
+ My [u] + Mupu 7] + My |g] + Myjpw [pl + Mgjw ¢ [w] 4+ M7 o]
+ Mo [r] + Myjqw [g] + My [w] + My 7] 4+ Myjou [u] + Myjvju[vl
+ My v || + Myjwju [w] 4+ My [v] + My [u] + Mo [w] + My gw |v]
+ Myjwjw |w]

Ty(”) =Nppp/P [P + Npjgip [9] + Najpja [p| + Nojeyp [7| + Ngji¢ 4|
+ Nyppi7 [P + Nopnyq [7] + Nejg 7 [g] + Noyyr [7] + Npjuyp [u| + Nyjpju [p|
+ Npjvip [0] + Napug [u] + Nugrw [ + Nyppjv [p[ + Npjwip [w] + Nopviq [v]
+ Nup7 [ul + Nuprjte [ 4+ Nyjqv ] + Nyjpjw [p| + Nojwiq [w] + Ny [v]
+ Ny |r[ + Nyjqw [g] + Nijwyr [w] + Nygpw |r[ + Nyjju |uf + Nyjyju |v|
+ Nujuj [u] + Nujwj [w] + Ny [0] + Nyjujw ] + Ny [w] + Nyjyw [v]
+ Ny jwjw |w|

Table D.2: Equations of McFarland model (part two).



(V) =Xqq + Xor + Xyt + X0 + Xgw + Xgqq® + Xur? + X g
+ Xpgy 7] + Xt + Xpu0® + X + Xy 0] 4+ X [w] + Xyppue 7]
+ Xgw|q [w] 4+ Ko7 [o] + Xoppyo [r] + Xaqw || 4+ Xy [v] 4 X [w]

38

+ X0 o] 4+ Xyjww |[w] + Xpur + Xoor + Xgqwg + Xgyuv + Xywrw + Xgjq19 1]

+ X 7| 4+ Xgpu ¢ [u| + Xy u g
7 (V) =Yor + You + Your® + Y 7] + Yaut? + Yov® + Y |yl
+ Yo o] + Yypu r| 4+ Yo o] + Yo 7] 4+ Yopu [v] + Yoo o)
+ Ywur + Your + Youv + Yo r |7
TAV) =Zqq + Zyw + Zaq@® + Zigy |a] + Zuwtl® + Zyy [u] + Zyww®
+ Zpw| [w] 4 Zugu |q] + Zapw ¢ [w] + Zujgw |q] + Zujwive [w] + Zjww [w]
+ Zuquq + ZawqWq + Lyt + Zqjq1q ||
™ (v) =0
T (V) =Myq + Myw + Mgqq® + Mg [g] + Mygu® + My |u] + Myyw?
+ My [w] + Muqug + Myqwg + Muyuw + Mqjqiq [g] + Mujqiu |q] + Mqpwig [w]
+ Mujqw [g] + Mujwjt [w] + Myjwjw fw]
™) =Ny + Nyv + Noyr? + Ny |r] + Nuot? + Nyyv? + Ny |u]
+ Njy| |[v] + Nyewr + Nypor + Nyyuv 4+ Ny 7 7] 4+ Nyjepwe [7] 4+ Ny |v]
+ Nypeg [7] 4 Nujyju [] + Ny [o]

Table D.3: Equations of Pitch/Yaw model.



v

7 (v) =

7 (V) =

7 (v) =

M
v

7, (V) =

() =

T, (V) =

quq2 + X2 + Xt + Xoov? + Xpww? + XVV,]1)277 -1+ wanw277 —1
+ Xpepr + Xyor + Xyqwg

Yot + YoyoV + Yoapq + Yaqrqr + Yypup + Y our + Yyqug + Yypwp

+ Yowr + Yot + Youvw 4+ Yy, 7| Ve + Yopp [p] + YevyoVn — 1
+ Yyrqurn — 1+ Yyppuon — 1

prp2 + Z07? + Zonti® + Zoyv? + Zujw|U |w| + ZywV + Zppr

+ Zuquq + Zupvp + Zyor + Zywuw + Zigv,, 4] Ve + Zjwv [w] V

+ ZyvywVn — 1+ Zygyugn — 1 + Zywyuwn — 1

Kau? + Kuunu2n — 1+ KywoV + Kpgpg + Kqegr + Kypup + Kypur

+ Kyqug + Kypwp 4+ Kyywr + Kyyuv + Kwow + Kppip |p|

Mppp2 + M, 7% + Myu? + My 0? + MyvqV + MyvwV + Mp,pr + Myqug
+ Mypup + Myvr + Myguw 4+ Mgy [w] V 4+ Mgiqq |q] + Myjwju |w|

+ Myvy,wVn — 1+ Mygnugn — 1 + Mygnuwn — 1

Nuwtt? + NpyrV + NyyvV + Npopg + Negr + Noypup + Nygur + Nyqvg

+ Nypwp + Nypwr + Nyyuv + Nywvw + Nyyyr 7] + Nyyyv Vi — 14+ Nygyurn — 1
+ Nywyuon — 1

Table D.4: Equations of Gertler Hagen model.

X (V) =Xpp + Xoq + Xor + Xou + Xov + Xw
X(W) =Ypp+ Yoq+ Yor + You+ Yoo+ Yow
T2(V) =Zpp + Zogq + Zer + Zou + Zyv + Zyw
(V) =Kpp + Kqg + Ko + Kyu + Koo + Kyw
M) =Mpp + Myq + Myr + Myu + Myv + Myw
(V) =Npp + Nyg + Nor + Nyu + Nyv + Nyw

Table D.5: Equations of Linear model.
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X (v) :prp2 + quq2 + X2 + Xt + Xoov? + Xpww? + Xjwjw [w]
+ Xalq/¢ 4]

7, () =Y [v] + Yoo o] + Yogur 7]

(V) :prp2 + quq2 + Zt? 4+ Zutd® + Zopo0? + Zgw? + L jw)w |[w]
+ Zqja4 gl

7y (1) =Kpppip [p] + Ko [7] + Koo 0]

M) =Mppp? + Mqq® + Mir? + Mygu? + Myyv? + Myw? + Myjq/q |¢]
+ My jwjw [w]

7, () =Npjpip [p| + Napyr || + Nopyyo o]

Table D.6: Equations of Coe model.

(V) =X4qq* + Xwqwq + Xper? + X0r + Xt 1]

7 (1) =Y [0 + Ypapg + Yutur + Yopwp + Yoy + Y7 |r]

7, (V) =Lgpue [10] + Zipepr + Zusqtiq + Lyt + Lttt + Zgjqiq ||

7 (V) =Kpppip 1]

7 (V) =Mpepr 4+ Myqug + Mypop + Myguw + Mg q |g] + My pww |w)
(V) =Npopq + Nyeur + Nypwp + Nyyuv + Ny 7| + Nypv |v]

TVX(I/) =X,u + quu2 + X|u| |u| + Xu|u‘u ]u|
(V) =Y + Y v? + Yy |v] + Yo vl
THV) =Zyw + Zaow® + Zy| [0] 4 Zow W]
TE(V) :Kpp + Kppp2 + K\pl |p| + Kplplp |p|
' (v) =Mqq + quq2 + Mg | + Mgq ¢ q]
™) =Ny + Npr? + Ny 7] 4 Ny |7|

Table D.8: Equations of Uncoupled model.



(V) =Xy + Xy |u|
7 (V) =Y v+ Yy vl
72(v) =Zww + Lofw|w ||
7 (v) =Kpp + Kpppjp []
7' (v) =Mqq + Mqiqq ||
™N(v) =Ny + N7 |7

Table D.9: Equations of Fossen model.
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Appendix E

Damping model coeflicients
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Kpjp| =0.421
Kpju) = — 0.437
Kop| =1.202
K = — 0.412
Kyjp| = — 0.800
Koo =1.743
Kyjp| = — 0.042
Ky = — 0.028
Kypp) = — 0.117
Ky = — 0.044
Koypp| = — 2183
Ko =0.416
Myjp =3.404
My = — 2.684
Myp) = — 40.303
My =14.831
M, = — 13.160
My =12.705
M, jp =0.624
M,y =0.346
M,y =8.672
My = — 2.339
M,y =74.733

My = — 30.450

Kpjq) =0.609
Ky = — 0.069
Kqjq =5.498
Koo =0.284
Ky = — 1.723
Ky =0.458
Kyl = — 0.075
Ky = — 0.057
Ky = — 0.649
K,y =0.296
Kyl = — 10.894
Ky =0.423
My = — 25.952
M,y =3.797
Mgy = — 452.630
Mgy =35.497
M, = — 70.509
My =12.814
M,jq =15.833
M,y =1.408
My = — 10.782
M,y =2.835
Mg =382.573

My = — 25.917
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Kpp = — 1.263
Kppw = — 1.134
Ko = — 5.441
K| =3.849
K,y =3.166
Ky =0.650
K = — 0.054
K =0.103
Kyp = — 0.538
Ky =0.059
Koy =3.408
Ky =1.227
My =56.912
My =15.387
My =227.032
My =87.157
My = — 42.922
My = — 106.956
My = — 4.711
My = — 20.638
M, =37.193

My = — 15.538
My = — 167.489
M| = — 256.217

Table E.1: Coefficients of McFarland model (part one).



Npp| =6.913
Ny =1.837
Nyjp| = — 29.585
Ny = — 0.959
Nyjp| =36.956
Nyl = — 9.951
Nup =0.467
Ny = — 0.082
Nyjp| =15.328
Nyju| =40.731
Nyjp =30.630
Nyju| = — 2.614
Xppp =14.386
Xpjul = — 3.930
Xp| =65.389
Xy = — 2493
Xypp| = — 31.480
Xy =12.120
Xyjp| =4.038
Xypu = — 4.797
Xy p| =4.020
Xy = — 1.016
Xypp| = — 72.197
Xypul = — 3.131

Npjq =23.378
Npje| =10.365
Nejq =26.809
Ny = — 38.908
Nyjq = — 4.806
Nyjo| = — 54.365
Nyjq =2.462
Ny =0.207
Nyjq = — 27.292
Nyjy| =2.630
Nyjql =32.000
Nyjo| =2.416
Xy = — 7.311
Xppy| =27.425
Xejq =110.062
Xyiv| = — 6.719
Xyjq =71.888
Xy = — 16.611
Xy = — 3.417
Xy = — 6.076
Xy = — 51.364
Xyjo| =15.379
Xyl = — 158.110
Xy =41.099
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Ny = — 31.621
Npjw = — 0.271
Ny = — 8416
Nyjw| =1.553

Ny = — 172.973
Nyjw| = — 38.357
Ny =4.780
Ny =0.859

Ny =10.377
Nyjw =65.821
Ny = — 16.843
Nuyjw =0.309

Xpp =12.210
Xppw| = — 1.143
Xy = — 132.503
Xyw| = — 130.718

X = — 51772
Xyjw| = — 65.359
Xyp = — 9.694
Xyjw| =5.298
Xy = — 47.324
Xy =12.878
Xy =101.042
Xyw| =166.415

Table E.2: Coefficients of McFarland model (part two).



Y| = — 18.832

Y = — 1.010
Yp| = — 44.506
Y g =4.399
Y yjp =6.206
Y =127.465
Y = — 1.237
Y o =0.061
Y = — 15.297
Yo = — 7.707
Y| = — 47.373
Y yopu =0.446
Zopjp| = — 27.700
Zoopa| =10.177
Zap = — 85.098
Zgu = — 69.017
Tnip = — 17.462
T =3.701
Zonjp| = — 6.032
Zoofu =1.606
Zogjp| = — 44.648
Togju| =2.822
Zoip| =62.075
T =7-333

Yl = — 97.226
Yy =5.678
Y1 =94.616
Y =64.111
Yo =70.418
Yo =37.412
Y = — 8.137
Yo = — 5.583
Yy =56.665
Yy = — 17.556
Y = — 23.042
Y = — 48.022
Zopja] = — 130.647

Zopje| = — 55.280
Zajq| = — 739.176
Zigv) =85.807
Zujq =1.944

Zuje| = — 54.306
Zonjq =23.018
T = — 4.307
Zonjq = — 22.020
Toje| = — 17.424
Zolq] =683.620

Ty = — 168.431
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Y =13.242
Y pjw =60.986
Y =18.679
Yo = — 146.467
Yo =292.750
Yy =82.615
Yy = — 15.759
Yy =12.070
Yo = — 29.545
Yy = — 172.677
Y = — 83.367
Yy =219.663
Zopjs| =72.983
Zopjw| = — 4.591
Zojs) =148.626
Zjw) = — 7.284
Zuw) = — 62.976
Zujw = — 107.167
Zujs) =0.161
T = — 20.993
Zogjs) =101.527
Zogj| = — 40.746

Zois| = — 331.695
Tl = — 214.787

Table E.3: Coefficients of McFarland model (part three).



Mjy = — 42.982
— — 32.864
—177.677
uq =26.883
=15.934

wq =119.546
— —0.457
Ny = — 230.128
Ny = — 13.758
Ny =0.296
Ny =13.671
Ny, = — 1.785

z = =
ZrEFFE

My, =7.211
Myjq) = — 399.594
My =22.226

My, = — 2.688
Myyjq = — 24.792
My, = — 31.641

N}y =5.262
Ny = — 41.975
Ny = — 1.584

Ny =26.619
Ny = — 3.383

Xy = — 8.865
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My =9.980
My =357.056
My = — 31.717

M,y = — 30.366
My = — 247.212

Njy =24.570
N, = — 69.444
N, =38.016
Ny =36.961
N, =29.537
N, = — 16.937
Xy = — 20.647

Table E.4: Coefficients of Pitch/Yaw model (part one).



Xjy| = — 5.822
Xejql =10.405
Xqq = — 121.700
Xy = — 6.930
Xyjq =4.947
Xy =140.551
Xy = — 6.477
Xy =11.937
X,y = — 34.251
Xy =10.704
Yy = — 25.614
Y, =89.191
Y, = — 67.064
Y =76.294
Y, = — 61.323
Y. =40.002
Ziw =9.773
Zajq] = — 546.335
Zonjq =52.373
T = — 3.645
Zolq =129.997
Zigwws =149.076

Xjy = — 289.657
Xy = — 12.530
X, = —2.735
Xy = — 179.315

Xy =22.226
Xy =5.048
Xy =127.326
Xyje| = — 9.962
X, = — 281.395
Xypq =222.169
Yy =0.570
Y =343.718
Y =8.033
Yo = — 0.283
Yy = — 70.951
Yy, = — 12,196
Zjv| =23.624
Zogj] =134.567
Zonjs| = — 42.509
Ty = — 21.081
Tl =113.691

X, =38.588
Xyjw| = — 0.160
X = — 1.063
X, = — 4.049
Xy =7.091
Xy = — 3.205
X, =12.077
Xy = — 90.356
Xyl = — 2.070
Xy = — 85.123
Y}y =9.042
Yoy =68.086
Y = — 9.606
Yy =19.888
Yy = — 10.251
Ziq = — 102.057
74 =92.536
Zgq =254.350
Zg = — 119.005
Z =16.235
Tog = — 2.749

Table E.5: Coefficients of Pitch/Yaw model (part two).
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Kpp = — 0.237
Kyp = — 0.340
Ky =0.036
Kyq = — 0.078
K, =1.453
M, = — 31.501
M,, =97.339
Mgy = — 71.786
My =23.355
M,, = — 13.677
Npq =26.010
Ny = — 71.725
Ny = — 19.382
Ny = — 53.380
Nyq =92.873
Ny =77.046
X, = — 101.413
Xyy = — 5.450
Xy = — 125.554
Yppp = — 11.052
Yop = — 0.349
Yoo = — 0.512
Yoy = — 14.757
Y, =184.238
Ziqiv. =36.223
T = — 26.595
Zonq = — 86.918
Ty =7.711
Zow =16.340

Ty =161.153

Kpq = — 0.583

K, =1.907

Ky = — 0.062

Ky =0.776
Mjyy = — 32.799
Myjq) = — 251.463
M| = — 5.177

M, =0.433

M,, = — 32.185
M,y = — 158.955
— — 142.285

Nyp =2.258

Ny, =0.174

Nyy =2.137

Ny = — 104.915

X, =46.808

Xyu = — 4.741
Xyyy = — 277.541
Xy = — 535.179

Yo = — 2.672
Y, =136.984
Yy = — 7.132
Yoy, = — 146.281
Yyp = — 36.544
Ziwlv =23.353
Zr =115.580

Zowgn = — 156.538
Zouen =138.100
Zoy =9.955

K = — 0.310
Ky = — 0.045
Koy =0.443
Kyp =1.901
M, = — 5.640
Mgy =79.596
M, =12.387
M,y = — 18.369
M,, =22.863
My, =447.471
Ny = — 86.843
Ny = — 7.536
Ny =40.385
Nyv, =233.038
Nyp = — 32.363
Xqq = — 20.656
Xy = — 73.945
Xypq =211.457
Yy, = — 34.748
Yo =222.970
Yy =120.628
Yy =38.785
Yyq = — 3.192
Y = — 229.309
Zopp = — 10.934
Zoajw) = — 13.669
Zow =1.321
Zop =61.987
Ty = — 112,528

Table E.6: Coeflicients of Gertler Hagen model.
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Kq = — 0.422
K, = —0.014
M, =12.278
M, = — 1.812
N, = — 4.966
N, =80.359
X, =0.857

X, =0.601

Yo = —1.232
Y, = —29.859
7, = — 168.088
Zy = —2.057

K, =3.068

K, =0.416

M, =9.002
M, = — 47.521
N, = — 51.246
N, = — 1.345
X, = — 4.045
X, = — 17.526
Y, =258.895
Y, =5.839

7, = —7.026
Zw = — 12.369

Table E.7: Coeflicients of Linear model.

Kpp = — 1.226
M, = — 8.884
M,, =77.192

M| = — 482.956
Ny = — 201.880
Xqjq = — 125.804
Xy = — 4.850
Xy = — 43.192
Y = — 32.547

Zqq =149.675
Ty =8.833

Ky =16.675
Mgjq =40.718
My, =0.723

Myw = —193.793

Nyjy| =208.945
Xqq =101.079
X,y = — 33.916

Y| =44.996
Zpp = — 32.444

Zory =61.460

Zoj| = — 67.430

Ky =1.035
Mgq = — 60.815
My, =6.540
Npp| = — 9.737
Xpp =29.738
X,y = — 149.377
X =38.693
Yy =1683.953
Zoja| = — 1534.722
Zos =0.750
T = — 23.706

Table E.8: Coefficients of Coe model.
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Ky = — 0.353
M, =22.623
M| = — 31.920
Ny = — 6.708
Nyp = — 32.300
Xy = — 4.977
Y pq =27.265
Y = — 14.739
T = — 12.869
Ty = — 29.314

My, = — 22.459
My = — 32.422
Npq =6.767
Ny =43.028
Xqq =23.848
Xyp = — 124.570
Y =269.198
Y,y =4.678
Zajal = — 276.530
Ty =37.568

My = — 250.074

M,, = — 22.251
Ny = — 195.270
Nypy = — 6.034
Xy = — 111.927
Xyq =76.491
Y, =123.271
Yop = — 94.628
Zoq = — 62.194
Tl =170.698

Table E.9: Coeflicients of Prestero model.

K = — 1.498
Kyp =2.859
My = — 279.981
N, =147.626
Xy = — 7.690
Y, =1.244
Ziw = — 152.441
Ty =759.005

K, = — 0.075
My =139.575
Mgq = — 692.804
Ny = — 976.678

Xy = — 1.288
Yo =29.208
Zy = — 162758

Kpjp| = — 0.240
M, =13.778
Njy =11.007
N, = — 101.831
Yy = — 2.547
Y,y =34.022

Zow =402.700

Table E.10: Coefficients of Uncoupled model.

K, = —0.073
M = — 350.243
X, = — 7.690

Yy =2.322

Kpjp| = — 0.166
N, =153.211

Xy = — 1.288
Zoy = — 20.704

M, =33.480

Ny = — 1037.336

Y, =7.607

Tow| = — 287.599

Table E.11: Coefficients of Fossen model.
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