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ABSTRACT 

 
In biology and bioinformatics, a variety of data share a common property that challenges numerous 

cutting-edge research studies: heterogeneities at the individual level with respect to more than one 

factor. Examples of such heterogeneities include but are not limited to: 1) unequal susceptibility 

of different patients, and 2) large diversity in gene length, GC content, etc., along with the resulting 

gene characteristics. For many biological data analysis studies, the critical first step is usually to 

infer null probability distribution of observed data with the heterogeneities in multiple 

(confounding) factors taken into account, so that we can further investigate the impact of other 

factor(s) of interest. Obviously, the heterogeneities heavily influence the potential conclusions that 

we may draw from statistical analyses of the data. 

However, modeling such heterogeneities has been challenging, not only due to the inapplicable 

explicit modeling of all factors with heterogeneous effects on the data, but also because of the non-

independence of many factors from one another. Existing methods, either partially/fully neglected 

the heterogeneity issue at all, or took care of each factorôs heterogeneity in isolation. Evidences 

have shown the insufficiency of such strategies and the errors they may produce in downstream 

analyses. 

The emergence of large-scale data sets provides the opportunity to directly and comprehensively 

learn the heterogeneity from the data without explicitly modeling the mechanisms behind or 

exerting strong assumptions. The data, as often stored or organized as multidimensional 

contingency tensors, lead to a natural perspective of modeling heterogeneity with each impact 

factor of interest being one dimension. The heterogeneity in each factorôs impact on the variable 

of interest can be captured by the marginal property of the data tensor with respect to the 



 

corresponding dimension. For instance, in a single-cell sequencing dataset, which can be organized 

as a matrix with each row representing a gene and each column representing a cell, the 

heterogeneity caused by both the gene and cell factors can be modeled. 

In this dissertation, we develop a novel model, Conditional Multifactorial Contingency (CMC), 

that models the intertwined heterogeneities in all dimensions of the data tensor and infers the 

probability distribution of each entry of the data tensor jointly conditioned on these heterogeneities. 

In the proposed CMC model, the problem is formulated as a maximum entropy problem of the 

contingency tensorôs probability distribution subject to the marginal constraints, under the 

assumption that the individuals within each dimension are independent. The marginal constraints 

are applied to the expected value instead of observed trial outcomes, which plays a key role in 

avoiding the innumerable combinations of trial outcomes and leading to an elegant expression 

form of the entryôs probability distribution. The model is first developed for 3D binary data matrix, 

then extended to multidimensional data tensors and integer data tensors. Furthermore, missing 

values are taken into account and CMC is extended to be compatible with data with missing values. 

Being empowered by CMC, we conducted four case studies for real-world bioinformatics research 

problems: (1) driving transcription factor (TF) identification; (2) scRNA-seq data normalization; 

(3) cancer-associated gene identification; (4) cell similarity quantification. For each of these case 

studies, we proposed a whole analysis framework and specific adaptation design for CMC. For the 

driving-TF identification, compared with traditional methods, we considered the variations in the 

geneôs binding affinity in addition to the typically considered variations in TFôs binding affinity. 

The driving TFs were identified by comparing the observed binding state and the estimated binding 

probability conditioned on TF/gene binding affinities. For the scRNA-seq data normalization, 

besides gene factor and cell factor, we figured out one more factor impacting the read counts, 

cDNA length, and applied CMC to comprehensively analyze the three factors. For cancer-

associated gene identification, the CMC model is applied to systematically model the patient, gene, 

and mutation type factors in the mutation count data. As for the last application, to the best of our 

knowledge, our solution is the first proposed cell-to-cell-type similarity quantification method, 

thanks to the availability of CMC to systematically model and remove the impact of cell and gene 

factors. 



 

We studied the theoretical properties of the proposed model and validated the effectiveness and 

efficiency of our method through experiments. The uniqueness of the probability solution and the 

convergence of the algorithm was proved. In the endeavor to identify true driving TFs, CMC 

significantly boosted the best record of success rate, which was proved using data with ground 

truth. Besides, in an exploratory study without ground truth, in addition to the previously known 

TFs, Olig1 (ranks 2nd), Olig2 (ranks 3rd), and Sox10 (ranks 4th), we successfully identified 

Ppp1r14b (ranks 1st) and Zfp36l1 (ranks 6th) that function in oligodendrocyte lineage development, 

which was validated via biological knock-out experiments and, has led to genuine biological 

discoveries. In the scRNA-seq data normalization, experimental results show that, by taking the 

cell, gene, and cDNA-length factors into account, the normalized data achieves lower variances 

for housekeeping genes than the peer methods. Besides, the data normalized by the CMC model 

leads to better accuracy of downstream DEG detection than that normalized by peer normalization 

methods. In cancer-associated gene identification, the CMC model is able to eliminate most of the 

likely artefactual findings resulted by considering the hidden factors separately. In the cell 

similarity quantification, CMC based model enables the identification of cell types by establishing 

between-species cell similarity quantification, regardless of contamination in scRNA-seq data. 
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GENERAL AUDIENCE ABSTRACT 

 
Biological data are complicated and typically influenced by numerous factors, including 

characteristics of biological subjects, physical or chemical properties of molecules, artifacts 

created by experimental operations, and so on. The information of real interest in a 

biology/bioinformatics study can be buried in all sorts of irrelevant factors and their impacts on 

the data. Consider a simple example where a study is conducted to figure out if an association 

exists between a specific gene and a cancer. Although this gene shows obviously different 

frequencies of mutation in two groups of people, patients and the normal, we cannot safely confirm 

the association from this observation. Such differential mutation levels can also be a result of the 

diversity among all these people in how easily this gene is mutated in a person (related to many 

characteristics of this person besides ñcancer/notò). We call this diversity ñheterogeneityò, and it 

actually can be seen everywhere, in people, in genes, in cells, and in cell types, etc. One needs to 

take good care of such heterogeneities so as to draw firm statistical hence scientific conclusions. 

However, handling the heterogeneities is far from trivial. On the one hand, it is generally 

impossible to fully understand the mechanisms behind those diversities, let alone to explicitly and 

rigorously formulate them. One the other hand, it is not rare that multiple factors intertwine with 

one another, in which case all these factors must be considered systematically in order to model 

the data precisely. Existing methods, either partially/fully neglected the heterogeneity issue at all, 

or took care of each factorôs heterogeneity in isolation. Evidences have shown the insufficiency of 

such strategies and the errors they may produce in downstream analyses. 

As the exact mechanisms behind heterogeneities are usually not available, we aim to learn and 

infer the heterogeneitiesô effects on data from data itself. A large group of biological data can be 



 

stored or organized as multidimensional contingency tensors, with each impact factor of interest 

being one dimension. The heterogeneity in each factorôs impact on the variable of interest can be 

captured by the marginal property of the data tensor with respect to the corresponding dimension, 

for example, the row sum and the column sum in a 2D tensor. 

In this dissertation, under the assumption that the individuals of each dimension are independent, 

we proposed a novel model, Conditional Multifactorial Contingency (CMC), that models the 

intertwined heterogeneities in all dimensions of the data tensor and infers the probability 

distribution of each entry of the data tensor jointly conditioned on these heterogeneities. The 

eventual and most comprehensive version of CMC can work on multidimensional binary or integer 

data tensors, even in cases where some values in the tensor are missing. CMC was initiated from 

elegant and simple statistical principles, derived through rigorous theoretical proofs, but ended up 

as a powerful tool being widely applicable to real-world biology/bioinformatics studies. 

Being empowered by CMC, we conducted four case studies for real-world bioinformatics research 

problems: (1) driving transcription factor (TF) identification; (2) scRNA-seq data normalization; 

(3) cancer-associated gene identification; (4) cell similarity quantification. For each of these case 

studies, we proposed a whole analysis framework and specific adaptation design for CMC. In each 

of them, our method based on CMC outperformed existing methods and provided inspiring clues 

for biological discoveries, which have been validated by biological experiments. 
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Chapter 1   Background and Introduction 

1.1 Motivation  

In the field of bioinformatics, heterogeneity at individual resolution is a common property of 

diverse biological data and bothers numerous cutting-edge research studies. For example, unequal 

susceptibility of different patients makes it too rough to let an ñaverage patientò to represent them 

all. Likewise, when a gene is abstractly treated as a whole and genes are treated equally, the large 

diversity in gene characteristics are forgotten. Obviously, such heterogeneities have a tremendous 

impact on the data and on the potential conclusions we may draw from studying these data, but so 

far they have not been well controlled yet, unfortunately. In section 1.2 , three real bioinformatics 

research problems will provide a much deeper understanding of the prevalence of heterogeneity 

issues and the consequences of neglecting them. 

On the other hand, many biological data can be stored or organized as multidimensional 

contingency tensors, leading to a natural perspective of modeling heterogeneity with each impact 

factor of interest being one dimension. Even if one doesnôt have exact prior knowledge or modeling 

of the impact factors, the heterogeneity in each factorôs impact on the variable of interest (values 

in the tensor) can be captured by the marginal property of the data tensor with respect to the 

corresponding dimension. In section 1.2 we can also see how various biological data and their 

associated problems converge to the same family of data and can be formulated as the same 

statistical inference problem: inferring the probability distribution of each entry jointly conditioned 

on all the factors (usually not independent from each other). 

The work in this report aims to construct a unified statistical model for this family of problems, 

provide solution to the model, and present its wide application to diverse real-world biological 

studies. 
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1.2 Example Biological Problems 

1.2.1 Problem 1: Driving Transcription Factor Identification  

Transcription factors (TFs) are proteins that regulate gene expression by binding to either the 

enhancer sequence or the promoter sequence of their targeted genes. They play essential roles in 

controlling normal biological processes and are frequently implicated in diseases [1] - [3] . 

Advances in genomic techniques, especially the single-cell sequencing (scRNA-seq) techniques, 

have much facilitated the detection of differentially expressed genes (DEGs) between conditions 

(e.g., before vs. after biological processes, disease vs. normal, etc.). However, beyond the 

differentially expressed genes, it is also critical and illuminating to further identify the TFs that 

underlie such genesô expression level changes and hence the biological process. We name the TFs 

underlie the gene expression level change as driving TFs. Fortunately, with more and more 

comprehensive experimental validated TF-gene binding database, it is now theoretically available 

to infer the driving TFs on the foundation of detected co-expressed genes, though the inference is 

a non-trivial mission (Figure 1-1). 

 

Figure 1-1 Introduction of the driving transcription factor (driving TF) identification problem.  
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Here consider the problem of identifying the driving TFs for a set of co-expressed genes (e.g., the 

DEGs between two biological conditions). We define it as a problem of finding TFs with 

significantly more frequent binding to the co-expressed genes than expected in normal/non-driving 

cases (with randomness in consideration). To this end, itôs critical to accurately estimate the 

binding probability between each gene and each TF under the null hypothesis. Specifically, the 

null hypothesis means that a TF binds to a gene only by chance, and that the probability of such 

random binding may be impacted by the TFôs and the geneôs own properties (i.e. binding affinities) 

but has nothing to do with the biological process or disease under investigation. 

The null probability of TF-gene binding is actually indeed highly influenced by the characteristics 

of the gene and the TF. Some genes are generally much easier to be bound by TFs, for which we 

say that these genes have a higher binding affinity. Similarly, some TFs have much higher binding 

affinity than others. From the large-scale TF-gene binding state database [4] , we observed that 

both TFôs binding affinity and geneôs binding affinity are heterogeneous (as shown in Figure 1-2). 

Through 3072 chromatin immunoprecipitation-sequencing (ChIP-seq) experiments (which 

experimentally identify the genome-wide binding targets of DNA-associated proteins, like TF), 

Figure 1-2 summaries each TFôs number of binding genes and, for each gene, the number of TFs 

it is possible bound by. In terms of the number of binding genes, some TFs can be hundreds, even 

thousands of times of other TFs. For TFs that involve in multiple biological processes, like CTCF 

and KLF4, regulate much more genes than those that only participate in a specific biological 

function in a specific cell type, like BCL6. 

 

Figure 1-2 Heterogeneity in TFôs binding affinity and in geneôs binding affinity. 
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A similar situation was also observed for the geneôs number of TFs it is bound by. The genesô 

heterogeneity in binding affinity may be partially explained by a hypothesis related to their 

functional characteristics. The hypothesis is: genes that are supposed to respond to any slight 

change in the cell environment need to be regulated precisely, therefore they tend to be co-

regulated by multiple TFs. In accordance, the housekeeping genes, which are constantly expressed 

in nearly all tissues, show simple expression patterns and are expected to be regulated by only a 

few TFs. This hypothesis is supported by the findings in [5] [6] : genes involved in complex 

adaptive processes are often associated with high promoter conservation, making conserved co-

regulation of multiple TFs possible; while genes with simple expression patterns are often 

associated with limited promotor sequence conservation, suggesting a relatively small amount of 

TFôs binding sites. 

Ignoring the heterogeneity in gene or TF binding affinity may impact the estimation of TF-gene 

pairsô binding affinity under null hypotheses, and often result in false positives and false negatives 

for driving TF detection. Figure 1-3 illustrates such consequence of ignoring the geneôs binding 

affinity. In the figure, the genes shown in the first three columns were bound by most of the TFs, 

in another word, these genesô binding affinities are extremely high. Therefore, from the view of 

the TF, a TF is likely binding to these genes regardless TFôs own binding affinity. If we ignore the 

geneôs binding heterogeneity, and estimate the binding probability for each TF by assuming that 

every gene has an equal probability to be bound by the TF to be tested, then the estimated binding 

probability of each TF would mislead by the first-three-column genes (we name them ñdisturbanceò 

genes for convenience), and result in false positives and false negatives during the driving TF 

detection. Jointly considering the heterogeneities of both geneôs and TFôs binding affinities may 

help to avoid the impact of those ñdisturbanceò genes and identify the true driving TF.  
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Figure 1-3 Illustration of the necessity of jointly considering all factorsô heterogeneities in the application 

of driving TFs identification. The results are compared with those of jointly considering the 

heterogeneities of gene and TF factors and ignoring the heterogeneity of gene factors. Ignoring gene 

factors results in false positives and negatives 

Existing driving TF identification methods ignored the heterogeneity in gene binding affinity, and 

treated each gene equally when estimating the binding probability, which often resulted in false 

positives and false negatives for driving TF detection (as illustrated by Figure 1-3).  

To summarize, it is important to take both gene binding affinities and TF binding affinities into 

account. However, itôs extremely hard to directly estimate the binding affinity of each gene and 

each TF from prior knowledge. Whatôs more, even though the TF and gene binding affinities are 

given, how to model them into the TF-gene binding probability remains a challenge. 

The problem, in the light of both the objective and the data, can be formulated in the form of item-

wise probability inference for a 2D contingency tensor. The data can be summarized in a 2D binary 

contingency tensor (Figure 1-4) where each row represents a TF while each column represents a 

gene. Each item in the tensor depicts the binding state of the corresponding TF-gene pair: 1 if the 

TF regulates the gene and 0 if not. Then inference will be done at each item for the binding 

probability of this TF-gene pair under the null hypothesis. The heterogeneity in geneôs binding 
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affinity (or in TFôs affinity) can be modeled by the overall property of a column (or a row). 

Statistical tests for driving TF detection can then be performed by aggregating such item-wise 

probabilities. 

 

Figure 1-4 A 2D contingency tensor storing the TF-gene binding state information. 

1.2.2 Problem II : scRNA-seq Data Normalization 

RNA-Seq is a sequencing technique used to quantify the amounts of the mRNAs (which represent 

the genesô expression levels) in a biological sample at a certain moment. This genome-wide 

quantification of mRNA transcripts is highly informative for characterizing cellular states and 

molecular circuitries [7] . Single-cell RNA sequencing (scRNA-seq) makes it possible to further 

quantify mRNAs in an individual cell. In contrast to bulk sequencing technologies which measure 

the average expression level of each gene in all cells of a biological sample, scRNA-seq is able to 

reveal the heterogeneous properties within a sample. Owing to such advantages, scRNA-seq has 

already been widely used in many applications [8] , such as revealing novel cell types, detecting 

developmental differences across time series, etc. [9] , [10] . 

scRNA-seq quantifies geneôs expression level by reverse-transcribing all genesô mRNA molecules 

to cDNA, cutting into cDNA fragments, amplifying them, then applying next-generation DNA 

sequencing (e.g., Illumina [11] ) to ñreadò the sequences of these cDNA fragments. After that, the 

sequence reads are aligned to the reference genome, so as to determine the gene from which a 

read-out sequence comes. The final outputs are the read counts, which illustrate each gene's mRNA 
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molecule quantity in an individual cell. scRNA-seq may sequence as large as millions of cells in a 

single experiment. The read counts are often stored in a two-dimension (2D) matrix, with each 

dimension corresponding to the gene and cell respectively. 

Besides what we are interested in, biological gene expression level, the read counts are also 

impacted by many unwanted factors. The two most important and widely considered groups of 

factors are cell factors and gene factors. Cell factors refer to cell-specific factors that impact the 

read counts of every cell, such as the sequencing depth, a cellôs total number of cDNA fragments 

to be sequenced by the machine. Obviously, deeper sequencing depth of a cell implies a higher 

probability of any cDNA fragments belonging to this cell to be sequenced. Similarly, gene factors 

are the gene-specific factors that impact the read counts of every gene. Such factors mainly come 

from genesô own characteristics that contribute to the sequencing efficiency. For example, a) gene 

length: a longer gene can be cut into more cDNA fragments in the fragmentation step of scRNA 

sequencing and hence have a higher final read count;  and b) GC content: GC content of a geneôs 

sequences may affect its cDNAôs PCR amplification efficiency [12] . Not all these factors can be 

explicitly depicted and measured, and what is available to us is to learn from data the aggregated 

effect of a bunch of known or unknown factors on the read counts. For the convenience of 

discussion, in the following sessions, we call the overall combined effect of all cell-specific factors 

simply as ñcell factorò and that of all gene-specific factors simply as ñgene factorò.  

Before downstream analysis, the read counts of scRNA-seq need to be normalized to reduce the 

impact of unwanted cell factor and gene factor. Because the explicit modeling of cell/gene factor 

is inapplicable due to the lack of direct measurements or requires sophisticated prior knowledge 

of the underlying mechanisms, in practically, cell factor and gene factor are estimated from the 

read counts data itself. Many existing normalization methods deal with the cell factor and gene 

factor separately [13] - [15] . In essence, they estimated the scaling factor (i.e., cell factor) for each 

cell and gene factor for each gene, and divided each read out by its corresponding cell factor and 

gene factor. However, separately considering the factors may introduce unwanted bias to the 

normalized data. For example, if a few highly expressed genes dominate the total read count of 

cells and impact the estimation of cell factor as a result, the normalization result will favor the 
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highly expressed genes. As illustrated in Figure 1-5, a small number of extremely highly expressed 

genes caused false differentiated expression levels of the house-keeping genes after normalization. 

 

Figure 1-5 Illustration of the necessity of jointly considering all factorsô heterogeneities during scRNA-

seq normalization. Results are shown for jointly or separately considering the heterogeneities of gene and 

cell factors. The separate application of normalization on different dimensions leads to problems in 

housekeeping genes 

Besides the gene factor and cell factor, we also found a new factor, the cDNA-length factor, which 

is not considered in previous works. We found that the length of cDNA after reverse transcription 

(RT) also significantly impacts the read counts in the full-length-based scRNA-seq technologies 

(such as Smart-seq2 [16] , [17] ). Figure 1-6 shows the final read out of an External RNA Controls 

Consortium (ERCC) spike-in ñERCC-00116ò in each cell in the function of its corresponding 

cDNA-length. The ERCC RNA spike-in molecules are added evenly to each cellôs lysis and are 

expected to have similar read outs across all cells. As can be seen, when the cDNA-length is shorter, 

the final read counts tend to drop dramatically. Moreover, the cDNA-length factor is positively 

correlated with the gene factor (Figure 1-7), making the normalization problem more complex. 

More details about the cDNA-length factor will be discussed in 0. 
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Figure 1-6 The number of a geneôs sequenced fragments as a function of the estimated cDNA lengths. 

Data are obtained by collecting the fragment count as well as the estimated cDNA lengths of gene 

ñERCC-00116ò in each of 1816 single cells. In the figure, one circle represents an individual cell. 

  

Figure 1-7 The correlation coefficient between sequencing depth (cell factor) and each geneôs cDNA 

length (cDNA-length factor) across all cells. In the figure, one dot represents the correlation coefficient of 

a gene. The genes are ordered based on their 0 rates across cells. It shows that except for a small part of 

genes with high 0 rates (i.e., low expression rates), the corresponding cDNA lengths of most genes have a 

positive correlation with the cellsô sequencing depths. 
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To sum up, the scRNA-seq read counts are impacted by cell factor, gene factor, and cDNA-length 

factor. Such factors likely introduce bias to the read counts and should be normalized out before 

downstream analysis. However, what makes the problem challenging is the fact that processing 

cell factor and gene factor separately may unintentionally introduce bias to the data (Figure 1-5), 

not to mention that the cDNA-length factor has a positive correlation with the gene factor. 

Therefore, systematically modeling all three levels of factors is highly desired. 

For normalization regarding the three factors we discussed, it is natural to store the scRNA-seq 

read count data as a 3D contingency tensor (Figure 1-8) where the cDNA length is categorized 

into multiple levels/bins. An item in the tensor is the read count of a gene in a cell whose cDNA 

after reverse transcription is at a certain level/bin. 

 

Figure 1-8 scRNA-seq read count data tensor 

1.2.3 Problem III : Cancer-Associated Gene Identification 

The development of neoplasms comes with alterations in DNA sequence which can be either a 

result of somatic mutation or transmitted through the germline [18] . A key step to 

comprehensively understanding the cancer mechanism is to identify the genes in whose DNA 

sequence mutations occurred and drove the cancer pathogenesis. 
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Figure 1-9 Introduction of the cancer-associated gene identification problem 

As shown in Figure 1-9, whole genome sequencing techniques enable us to detect the mutations 

occurring in any gene for each patient. With the establishment of large-scale databases containing 

such mutation data from a huge number of cancer patients, in the sense of sufficient information, 

it is now feasible to identify the mutated genes that are responsible for the initiation and 

progression of a particular type of cancer. The basic idea is to find the genes with significantly 

higher mutation rates in the patients of a certain type of cancer than expected in the normal 

population (taking randomness into consideration). 

To this end, itôs crucial to well estimate the null distribution of the mutation rate. The genomic 

mutation rate is originally assumed to be constant across the genome and across patients with the 

same tumor types [19] . However, there are at least three types of heterogeneity in mutation rate 

[20] . 

Firstly, the mutation rate varies markedly across patients, even for patients within a given cancer 

type. As can be seen in Figure 1-10, the median mutation frequency varies by more than 1,000-
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fold across cancer types. And within a cancer type, the patientsô mutation frequencies are also 

quite different. For example, in STAD, the number of mutations of a patient ranged from tens to 

tens of thousands. 

 

Figure 1-10 Heterogeneity of mutation rate across patients. Each dot represents a patient. Patients are 

clustered according to their cancer types. Within each cancer type, patients are ordered from the lowest 

number of mutations (left) to the highest (right). In this figure, mutation data are from [20] .  

Secondly, the mutation rate shows diversity among different mutation categories. Figure 1-11 

presents the uneven distribution of mutation amount across mutation categories (CpG transition, 

CpG transversion, C:G transition, C:G transversion, A:T transition, A:T transversion, and null 

mutation) in the whole population and in all genes. Furthermore, Figure 1-12 shows the heatmap 

of the proportion of each mutation category occurring in each patient. For example, the ñCpG 

transversionò has a much lower mutation frequency than other categories. Moreover, such 

heterogeneity in terms of mutation category is different from cancer type to cancer type. For 

example, for LAML, CpG transitions occur more frequently than other categories, while in LUAD, 

C:G transversions are dominant.  
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Figure 1-11 Mutation rate heterogeneity regarding mutation type. Each bar in the barplot presents the 

proportion of a mutation type in all genes of all samples, evaluated regarding the count of mutations. 

 

 

Figure 1-12 Heatmap showing the proportion of each mutation type within each patient. Each column 

corresponds to a patient. Patients are ordered with respect to cancer type. 
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Finally, the mutation rate clearly varies from one genome region to another (Figure 1-13). The 

diversity of gene characteristics (especially expression level and replication time during the cell 

cycle) may be responsible for such genome-region-related heterogeneity, and these gene 

characteristics are cell-type-specific [20] , [21] . 

 

Figure 1-13 Heterogeneity of mutation rate among genome regions, suggested by the histogram of the 

average amount of mutations in a gene (averaged across patients). 

What makes the situation even more complex is that the three types of heterogeneities are not 

independent of each other. The impacts of any two factors on the mutation rate are intertwined 

together. For example, as is shown in Figure 1-14, the real pattern of mutation amount variations 

is so different from the supposed pattern under the assumption of independence between the impact 

of the patient factor and that of the mutation type factor. For this reason, it is oversimplified and 

hence too risky to take care of each factor in isolation. A systematic way of modeling multiple or 

even all factors jointly would be highly favorable, not only for the sake of accurate modeling itself 

but also for the following analysis. 

The analytical results given by some related works help us to gain empirical evidence of the 

consequences of oversimplified assumptions. 
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Figure 1-14 The impact of the patient factor on mutations and that of mutation type factor are not 

independent. The upper is the observed mutation rate of each mutation type in each patient. The lower is 

the expected mutation rate of each mutation type in each patient under the assumption of independence 

between the patient factor and mutation type factor. In the lower figure, an expected rate was given by 

multiplication of the estimated marginal mutation rate of the corresponding patient and that of the 

corresponding mutation type. 

A group of popular related methods (represented by MutSig1.0 [19] ) ignored the mutation-rate 

heterogeneities across patients, genes and mutation types, and only considered the overall mutation 

rate for a specific tumor type. As a result, unreasonable results occurred frequently. For example, 

with increasing sample size, the number of significant genes grows rapidly, which is opposite to 

the expectation.  A larger sample size is expected to come with more power both to detect the true 

driving genes (sensitivity) and distinguish them from the false-positive genes (specificity). 

Specifically, MutSig1.0 identified 450 driving genes for squamous cell lung cancer, including a 

lot of genes believed to be false positives [20] . 

Another method, MutSigCV [20] , took the three types of heterogeneities into account, which 

indeed reduces the false positive in many cases. For example, when MutSigCV was applied to the 
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squamous cell lung cancer example, the identified genes shrank from 450 to 11. And most of them 

are related either to squamous cell lung cancer or to other tumor types. However, as it addresses 

the factors separately, MutSigCV identifies many false-positive genes in some other cases. For 

example, it identified about 1500 significant genes for lung adenocarcinoma cancer. Although 

some of them are known to be associated with cancer, many of them are highly suspected to be 

false positive according to the genesô biological function or genomic properties.  

The results of MutSig1.0 and MutSigCV imply the necessity of systematically modelling the 

heterogeneities in gene, patient, and mutation-type levels. 

In this problem, the mutation data can be summed up as a contingency tensor (Figure 1-15) where 

each dimension corresponds to a factor that we believe matters for mutation rate and can be clearly 

decided for each item in the data tensor: patient, mutation category, or gene. In this 3D tensor, 

each item can be either the count of mutations for a triplet (gene, patient, mutation category) or 

the state variable mutated/not. The heterogeneity in any factor can be modeled and constrained by 

marginal information with regard to the corresponding dimension. Then the problem is formulated 

as inferring the three factors jointly and inferring the expected mutation rate of each entry 

conditioned on the three factors, namely, the mutation rate at each tensor item. 

 

Figure 1-15 A contingency tensor storing the mutation data. 
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1.3 Common Features of the Example Problems 

To summarize the above examples, in problems such as driving TF identification, scRNA-seq data 

normalization, and tumor-associated gene identification, data can be stored or organized in the 

form of contingency tensors. In these data tensors, each dimension corresponds to a categorical (or 

binned) impact factor or the aggregated effect of a set of impact factors, where heterogeneity at 

individual resolution is very likely to exist and requires careful consideration (Figure 1-16). 

 

Figure 1-16 Data organized as contingency tensor. 

Such heterogeneity is often extremely hard to be exactly depicted or explicitly modeled, due to the 

usual lack of sufficient outer-sourced prior knowledge about the mechanism of impact of each 

factor.  Therefore, learn and infer the heterogeneitiesô effects on data from the data itself is requried. 
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What makes the task even more challenging is the association among impact factors, requiring 

systematic modeling and optimization on all the dimensions. Accordingly, the probability 

distributions of the tensor entries should be inferred conditional on all the factors jointly. 

To summarize, the theoretical problem that we are trying to solve is: for a multifactorial 

contingency tensor with heterogeneity in marginal properties, how to jointly infer the effect of 

each categorical/binned factor variable and the probability of each data tensor entry conditional on 

these factors. This is such a widely applicable problem. Besides the three examples introduced in 

previous sections, we also encountered other similar case studies such as pathway enrichment, the 

similarity of a single cell to a given cell type, etc. 

1.4 Organization of the dissertation 

The remainder of this dissertation is organized as follows. In Chapter 2  we will introduce the basic 

CMC model. Several major extensions of the model will be presented respectively in Chapter 3  . 

The optimization solution to the CMC model and its extended versions is going to be given in 

Chapter 4  , along with details of implementation and acceleration. Chapter 5  will discuss the 

properties of the CMC model and provide theoretical proof of them. Following that, four 

application case studies are going to be presented separately in Chapter 6-9. In the end, we will 

summarize the contribution of this work and discuss about future works in Chapter 10  . 

 

  



19 

Chapter 2   The Conditional Multifactorial 

Contingency (CMC) Model 

2.1 Introduction  

Data collected in science, engineering, and business are often represented as a table, with each row 

a data record. Each record usually contains one or several factors (like name, age, etc.), along with 

a value of interest (like salary, gene expression, etc.) This value could be a categorical, binary, 

integer, or real number. Statistical learning and further downstream analysis can then be performed 

on this data. As the individual-wise heterogeneities in part or all of the factors jointly contribute to 

the variance of recordôs values, failure or insufficiency in considering the heterogeneities from all 

factors may severely disrupt the learning. For example, to identify genes responsible for a certain 

type of tumor, mutation counts information is collected from patients suffering from the tumor and 

is compared with the expected counts. The expected number of DNA mutations occurring in a 

specific gene of a patient is associated with 1) a patientôs inherent vulnerability to any mutation, 

2) the usual mutation rate of this specific gene, and 3) how often a certain type of mutation (such 

as C:G transitions, A:T transversions, etc.) occurs. We call these three aspects as the patient factor, 

the gene factor, and the mutation category factor, respectively.  Individual-wise heterogeneity is 

embedded in each of the factors: patients have different levels of vulnerability to mutations; genes 

are not equally likely to get mutated; and not all types of mutations share the same possibility to 

occur. Whatôs more, it is often insufficient to consider these heterogeneities separately since the 

factors are empirically shown relevant to one another (Figure 1-7, Figure 1-14).  The necessity of 

jointly considering the heterogeneities in all factors is further confirmed by the consequences of 

either ignoring a part of the factors or considering the factors separately (Figure 1-3, Figure 1-5). 

Many applications require joint consideration of the heterogeneities in all factors. However, 

current application-specific solutions either use a single factor only or treat the heterogeneities of 
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different factors independently. One example is driving TF detection from TF-gene binding 

frequency data. [22]  -[25]  ignored the diversity of genesô binding affinities, treating genes equally. 

Another example is the normalization of scRNA-seq data. [13] , [26] normalized out the gene 

factor and/or the cell factor independently, while [14] , [15] , [27] -[29] , partially considered the 

gene factor when estimating the cell factor. The identification of tumor-associated genes, as the 

third example, also suffered from the similar omission of part of the factors or of the lack of ability 

to handle the associations among them [20] . 

Here we introduce a model, conditional multifactorial contingency (CMC), that jointly considers 

the heterogeneities of all factors in the collected data (Figure 2-1). The model is designed for data 

whose values are influenced by multiple factors while each factor can be heterogeneous (i.e., the 

individuals of a factor may have different impact strengths on the values). In addition, 

heterogeneities between factors may twist together and jointly sway the values. Chapter 1 names 

a few example applications of the CMC model, including the normalization of scRNA-seq data in 

the presence of multiple confounding factors (cell, gene, and cDNA-length), as well as the 

enrichment analysis with heterogeneities in multiple factors (gene and TF factors in driving TF 

identification; patient, gene, and mutation type factor in cancer-associated gene identification). 
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Figure 2-1 Introduction to the CMC model. This figure shows the CMC model and its three example 

applications: Cancer associated gene identification (Application III ); scRNA-seq data normalization 

(Application II ); and driving TF identification (Application I). Left: for these applications, the values in 

their data (mutation list; scRNA-seq raw count; and TF-gene binding respectively) are often relevant to 

multiple factors (gene, patient, and mutation type factors in Application III ; gene, cell, and cDNA length 

factors in Application II ; and gene and TF factors in Application I) and are impacted by the individual-

wise heterogeneity in each factor. Middle: the data of each application is stored in a multi-dimensional 

tensor in which each dimension corresponds to one factor that exerts influence on the data values. For 

each entry in the tensor, the CMC model learns the optimal probability distribution form that reveals how 

the multiple factors jointly impact the value of this entry, and learns the ñsusceptivityò for each individual 

of a factor to quantitatively measure the contribution of individuals on observed value (e.g., mutation, 

binding, or expression). The null distribution of each entry conditioned on the inferred ñsusceptivitiesò is 

computed. Right: By comparing the observed data and its corresponding null distribution that is 

incorporated with the heterogeneity of each factor, CMC identifies the associated genes, normalizes out 

the unwanted variance, and detects the driving TFs for Application I~III , respectively. 

2.2 The CMC Model 

2.2.1 The CMC Model 

The CMC model, as shown in Figure 2-1, stores the collected data into a multi-dimension 

contingency tensor in which each dimension corresponds to one factor whose individual-wise 

heterogeneity contributes to the dataôs variance. A probability distribution for each entry of the 

tensor is then learned. The distribution comes from joint consideration of all factors so as to reveals 

how these factors collectively impact the value of that entry. The mean value of the distribution 

can be considered as the amount of óswayô of the true value. For statistical inference, this 

distribution can be used as the null distribution of the effect of heterogeneity. Instead of directly 

learning the distribution of each entry, CMC learns a hidden vector for each factor, and each 

element of the vector measure how strong the individual (e.g., a gene, a patient, etc.) contributes 

to a value of interest: mutation count, binding state, or expression level. Therefore, each vector, 

with various values in its elements, models the heterogeneity of the corresponding factor. We call 

such hidden vector ñsusceptivityò because the distribution of each entry is susceptible to, and 
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calculated from, hidden vectors of all factors. The susceptivity can be regarded as an overall 

measure of each individualôs intrinsic characteristic w.r.t. the values of interest. For example, in 

the mutation count dataset, susceptivity of a patient reflects his/her inherent vulnerability to any 

mutation. 

The susceptivity of a patient is almost impossible to compute directly from all possible factors, 

because there are no ways to measure all the factors that contributed to the susceptivity, and even, 

for the sake of discussion, were measured, itôs still very hard to precisely model the impact of each 

factor to the susceptivity.  

An alternative way is to learn the susceptivity from the data itself. For the 3D tensor that stores the 

mutation count (Figure 2-2 (A)), we specifically check Patient1 and Patient5 (Figure 2-2 (B)). In 

Figure 2-2 (B), a black entry represents there is a specific type of mutation that occurs in a gene. 

In the example, 12 mutations occur in Patient1 while only 6 in Patient5 (Figure 2-2 (C)), implying 

that Patient1 is more vulnerable to mutation than Patient5. In another word, the margin of each 

patient embeds the information of how vulnerable this patient is to the mutation (Figure 2-2 (D)). 

A larger marginal total of a patient implies a higher vulnerability of this patient to any DNA 

mutation. 

 

Figure 2-2 Individual-wise heterogeneity within patient factor is captured by the corresponding margins 
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Inspired by the example in Figure 2-2, the CMC model estimates the distribution based on the 

marginal totals in each dimension. A marginal total is the sum of all entries corresponding to one 

index (an individual of a factor) in one dimension. For each factor, the marginal total reveals the 

susceptivity of each individual of this factor to the observational event of interest, while the 

differential information of margins reflects the individual-wise heterogeneity within the factor. 

 

Figure 2-3 Framework of CMC model. We took the 3D mutation count tensor as an example. A larger 

marginal total of a patient implies a higher vulnerability of this patient to DNA mutations. With no extra 

assumption of the observational event of interest other than the heterogeneities in all factors, the 

heterogeneity-induced null probability distribution of the tensorôs entries can be captured by maximizing 

the entropy under the marginal expectation constraints.  Having obtained the form of the probability 

distribution, the ñsusceptivityò of each individual in each factor is learned from the data through 

maximum likelihood estimation. The optimization problem can be quickly solved by iteratively 

optimizing variables corresponding to each dimension. During each iteration, variables of any specific 

dimension can be independently solved (in parallel) with variables of other dimensions fixed. 

With no extra assumption of the observed values other than the heterogeneities in all factors as 

well as the independency among individuals within each factor, the probability distribution of the 

entries in an ὔ ὓ ὗ tensor can be captured by maximizing the entropy under the marginal 

expectation constraints (Figure 2-3):  

Maximize likelihoodaŀȄƛƳǳƳ ŜƴǘǊƻǇȅ ǇǊƛƴŎƛǇƭŜ

╟

Ȣ

Optimal 
solution 

Feasible set with

margin constraintsMaximum entropy 
without constraint

_ÀĖçíĀēÀġíÙĀġʹ̠ ʺ _ÀĖçíĀēÀġíÙĀġʵ̠ʵʶ

_ÀĖçíĀ ÎĆĀĚġĖÀíĀġĚ
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ÍÁØВ В В ὖ ÌÎὖ ρ ὖ ÌÎρ ὖ                                (2.1) 

ίȢὸȢ   В В ὖ ὲ    Ὥ ρȟȣȟὔ  

             В В ὖ  ά   Ὦ ρȟȣȟὓ  

             В В ὖ  ή   Ὧ ρȟȣȟὗȟ   

where ὖ  is the probability of tensor entry (ὭȟὮȟὯ) to take value 1. We assume each entry follows 

the Bernoulli distribution. ὲ, ά  and ή are the marginal totals of the Ὥ , Ὦ  and Ὧ  individual 

in the three dimensions, respectively. The marginal expectation constraints impose considerations 

for the heterogeneities, and the maximum entropy principle ensures no extra information is 

introduced. The CMC model is applicable on the tensor of any dimension. For simplicity, here we 

only present the three-dimensional case. 

An alternative way to understand the role of the maximum entropy principle here is to search for 

the probability distribution of the tensor under the marginal expectation constraints and the 

consistency principle. The consistency principle is based on the concept that the solutions to a 

problem should be consistent if this problem can be solved in more than one way. Maximum 

entropy is a way to search for this unique distribution [30] . 

To solve Eq. 2.1, Lagrange multipliers ὶ, ύ , and ό  are introduced: 

ÍÁØ
ȟȟȟ

В В В ὖ ÌÎὖ ρ ὖ ÌÎρ ὖ   В ὶВ В ὖ

ὲ В ύ В В ὖ ά В ό В В ὖ ή                        (2.2) 

Taking the derivative with respect to{ }ijkP and setting it to 0:  

ÌÎὖ ρ ÌÎρ ὖ ρ ὶ ύ ό π                (2.3) 

The optimal probability form for each entry is obtained by reorganizing Eq. 2.3: 

ὖ            (2.4) 
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Having obtained the probability distribution from Eq. 2.4, the susceptivities, i.e., the parameters 

ὶ}, {ύ} and {ό}, can be learned through maximum likelihood estimation (Figure 2-3): 

ÍÁØ
ȟȟ
 В В В ÌÎ ὼ ρ ὼ            (2.5) 

where {0,1}ijkx Í  is the observed value in the entry ( , , )i j k  of the tensor. Taking the derivative 

with respect to{ }ir , { }jw , and { }kq , and setting them all to 0, we have:  

ừ
Ử
Ừ

Ử
ứВ В ὲ         Ὥ ρȟȢȢȢȟὔ         ςȢφὥ

В В ά        Ὦ ρȟȢȢȢȟὓ         ςȢφὦ

В В ή        Ὧ ρȟȢȢȢȟὗ         ςȢφὧ

                            (2.6) 

where 
1 1

M Q

i ijkj k
n x

= =
=ä ä , 

1 1

N Q

j ijki k
m x

= =
=ä ä , and 

1 1

N M

i ijki j
q x

= =
=ä ä are the marginal totals of 

the tensor. 

According to Eq. 2.3, given the information of margins, the solution ὖ  is unique, as for any 

entry (ὭȟὮȟὯ), its ὶ ύ ό is fixed (See proof details in Chapter 5  ). The problem of searching 

ὔ ὓ ὗ variables ὖ  in Eq. 2.1 now converts into searching ὔ ὓ ὗ variables ὶ}, 

{ύ} and {ό} in Eq. 2.7. The global optimal solution of Eq. 2.6 can be efficiently obtained by an 

iterative strategy. In each iteration, variable sets ὶ}, {ύ} and {ό} are updated respectively. 

Within each variable set, ὶ} for example, variables, ὶȟȣȟὶ, can be independently optimized, 

which permits parallelization. For any specific variable, say ὶ, the solution can be obtained by 

Newtonôs method (See details in Chapter 4  ). 

2.2.2 Interpretation of CMC model  

Eq. 2.3 models how the probability distribution is determined by the susceptivities from all factors. 

It shows that the probability distribution of entry (i, j, k) is determined and only determined by 

multipliers with the i th individual of the first factor, Ὦ  of the second, and Ὧ  of the last. This is 
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consistent with our intuition that value in each entry should only be related to its corresponding 

individualsô susceptivities rather than othersô. For example, the probability of a mutation occurring 

in a gene of a patient should only be related to this specific patientôs and this geneôs vulnerabilities 

rather than those of other patients or genes. Considering that ὖ  is monotonically increasing with 

ὩȟὩ ȟ Ὡ  and that ὩȟὩ ȟ Ὡ  remain positive, Ὡ  can be safely interpreted as a quantitative 

measure of the susceptivity of individual Ὥ of the first factor. The same applies to Ὡ  and Ὡ .  

The distribution form in Eq. 2.3 is consistent with the approximate mean of Fisher's noncentral 

hypergeometric distribution of multiple binary variables. This distribution is a generalization of 

the hypergeometric distribution by allowing the modification of sampling probabilities with a 

weight factor. Indeed, the ratio of two individualsô susceptivities within a factor corresponds to the 

ratio of these two individualsô weights. However, Fisher's noncentral hypergeometric distribution 

can only handle one factor, and even for the single factor, the weights of all individuals are required 

to be provided by users. Instead, in the CMC model, such susceptivities are automatically learned 

from the data itself.  

There is infinite number of solutions for Eq. 2.6, even the number of variables (N M Q+ + ) is 

equal to that of equations. This is because  В ὲ В ά В ή , i.e., at least two 

equations in the Eq. 2.6 are the combinations of the others. However, the value of ὶ ύ ό for 

all {1,..., }i NÍ , {1,..., }j MÍ , and {1,..., }k QÍ  are always fixed. And consequently, ὖ , the 

function of ὶ ύ ό, has a unique solution (Theorem 4.1 in Chapter 5  ). Whatôs more, the 

ratio between any two variables of the same factors is also fixed (Theorem 4.2 in Chapter 5  ). This 

is consistent with our institute, i.e., given the margin of a tensor, it is the ratio between individuals 

that impacts the count values distributed in the contingency tensor. 

2.2.3 Marginal Constraints on Expectation 

One contribution and strength of this work lies in the type of marginal constraints that CMC 

employs. Instead of constraining the problem on the exact margins as noncentral hypergeometric 

distribution or other works did, CMC constrains the problem on the expectations of margins (Figure 

2-4). The exact margin constraints result in an NP-hard problem, while the margin expectation 
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constraints lead to a simple form of distribution (Eq. 2.4), which can be easily extended to high 

dimensional tensors. 

 

 

Figure 2-4 Constraints on expectation. CMC applies the marginal constraints on the sum of expectations 

of corresponding entries. The marginal constraints on the outcomes result in an NP-hard problem, while 

the constraint on expectation leads to a simple distribution form for any entries and can be easily extended 

to high dimensional tensors. 

All the above discussion about the CMC model can easily be extended to high dimensional tensors, 

and tensors with values beyond binary numbers (such as probability values, and integer frequency 

count). It is also compatible with data with missing values. We will discuss the extension in 

Chapter 3  . 
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2.3 The Saddle Point Approximation 

Having solved the null distribution of the tensor entries concerning the heterogeneities, one might 

be interested in identifying features that are enriched in a set of entries, as in applications such as 

driving TF identification and tumor-associated gene identification. Usually, one needs to check 

whether the observed values in a set of entries are significantly higher than the corresponding 

expected values. This procedure involves the statistical test on multiple entries jointly. The 

statistical test on entries sharing the same expected value is straightforward, with the null 

distribution being Binomial distribution. However, as CMC carefully takes care of the 

heterogeneities of all factors, the expected values of the entry set are typically different. In this 

case, the statistical test becomes extremely hard. For example, for a case with sum ὣ of the 

observed values in ὔ entries, there are В
ὔ
ὣ

 possible cases whose sums of observed values 

are larger than this specific case. And these В ὔ
ὣ

 cases have different probabilities of being 

observed, making it an NP-hard problem to consider all these cases. The saddle point 

approximation is utilized here to well approximate the exact p-value (Figure 2-5) (See 

implementation details in Section 6.6 ).  

 

Figure 2-5 Apply saddle point approximation to enrichment analysis. Given the expected value of each 

entry in the tensor, applications like enrichment analysis need to check whether the observed values in a 

set of entries are significantly higher than the corresponding expected values. This procedure involves the 

statistical test on multiple entries wherein the expected values are typically different. Since computing the 

exact p-value is an NP-hard problem, saddle point approximation is utilized here to well approximate the 

exact p-value. 
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Chapter 3   Extensions of CMC Model 

3.1 Extend to Multidimensional Binary Contingency Tensor 

Consider a D-dimensional ὓ ὓ Ễ ὓ Ễ ὓ  contingency tensor. Let Ὅ

ὭȟὭȟȣȟὭȟȣȟὭ  denotes the index of the entry in the D-dimensional tensor, where Ὥ is the 

index of the dth dimension. Let Ὗ  be the set of all possible Ὅ s. Define 

ὭȟὭȟȣȟὭ ȟϽȟὭ ȟȣȟὭ  as a set of indexes, where ñϽò indicates all possible indexes of the 

dth dimension (i.e., ρȟȣȟὓ ). Similarly, ϽȟȣȟϽ ȟὭȟϽ ȟȣȟϽ  is a set of indexes, where only 

the index of the dth dimension is fixed to Ὥ and the indexes of all the other dimensions can be any 

possible values. ὼ (=0 or 1) is the observed value in entry Ὡὲὸὶώ  of the tensor. The marginal 

total of the Ὥ  individual in the Ὠth dimension is ά ȟ  В ὼᶰϽȟȣȟϽ ȟȟϽ ȟȣȟϽ . For brevity, 

we will denote ά ȟ as ά  when there is no confusion. 

We assume each entry of the contingency tensor is independent, and follows the Bernoulli 

distribution with probability ὖ . ὖ  can be inferred by maximizing the entropy under the 

marginal expectation constraints: 

ÍÁØ В ὖ ÌÎὖ ρ ὖ ÌÎρ ὖᶰ   

ίȢὸȢ   В ὖᶰϽȟȣȟϽ ȟȟϽ ȟȣȟϽ   ά ȟÆÏÒ Ὥ ρȟȣȟὓ  ÁÎÄ Ὠ ρȟȣȟὈ  

(3.1) 

To solve Eq. (3.1), Lagrange multipliers are introduced: 

ÍÁØ
ȟ

В ὖ ÌÎὖ ρ ὖ ὰὲρ ὖᶰ

В В ὶ В ὖᶰϽȟȣȟϽ ȟȟϽ ȟȣȟϽ  ά   
    (3.2) 
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where ὶ ὶȟȟȣȟὶ ȟȟὶȟȟȣȟὶ ȟȟȣȟὶȟȟȣȟὶ ȟ . Here ὶȟ  is related to the Ὥ   

individual of the Ὠ  dimension. Similarly, we will denote ὶȟ as simply ὶ  when there is no 

confusion. ὶ is related to the susceptibility of individual Ὥ in dimension Ὠ. 

The optimal solution of Eq. (3.2) is: 

ὖ
ὩВ

ὩВ ρ
 

  (3.3) 

where В ὶ is the sum of susceptivity of individual that the entry Ὅ corresponding to in each 

of the D dimensions, and ὶ  is the solution to the margin constraints:  

В
В

В
  

ᶰϽȟȣȟϽ ȟȟϽ ȟȣȟϽ  ά      ÆÏÒ Ὥ ρȟȣȟὓ  ÁÎÄ Ὠ ρȟȣȟὈ         
(3.4) 

3.2 Extend to Tensor with Expected Values 

For now, the values in the tensor are binary values. However, in practice, we may not be very 

confident with the observed values. For example, in an experiment observing whether a specific 

TF binds to a particular gene, according to the experimental data, we conclude that the TF and 

gene are likely bound together. ñLikelyò was used because the wrong conclusion might be made 

due to known/unknown factors, such as measurement error. In such cases, rather than rashly 

assigning 0 or 1 to the contingency tensor, using an expected value Ὡ π Ὡ ρ is a wise way. 

In this case, the marginal total would be ά  В ὩᶰϽȟȣȟϽ ȟȟϽ ȟȣȟϽ , for Ὥ ρȟȣȟὓ ȟ and  

Ὠ ρȟȣȟὈ. Note that ά  may not be integers.  

While inferring the probability distribution for such a tensor with expected values, the object 

function and the margin constraints (Eq. S4.7) are still held in this case. And the solutions are also 

the same as Eq. (3.3) and Eq. (3.4). 
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3.3 Extend to Tensor with Missing Values 

Missing values exist in collected datasets of many fields, including science, engineering, and 

business. In such datasets, only the non-missing (observed) values are used to infer the 

susceptivities of each factorôs individuals. 

For a D-dimensional ὓ ὓ Ễ ὓ Ễ ὓ  binary tensor, let ɱ  denotes the indexes of 

observed entries of the D-dimension tensor. Assume ϽȟȣȟϽ ȟὭȟϽ ȟȣȟϽ ᷊ɱ  ɲfor all Ὥ 

and all Ὠ, that is, any individual of any dimension has at least one non-missing value. 

To infer the distribution of each entry: 

ÍÁØ ὖ ÌÎὖ ρ ὖ ÌÎρ ὖ
 ɴ 

 

ίȢὸȢ   В ὖᶰϽȟȣȟϽ ȟȟϽ ȟȣȟϽ  ᷊   ά ȟÆÏÒ Ὥ ρȟȣȟὓ  ÁÎÄ Ὠ ρȟȣȟὈ  

(3.5) 

where { ά } are the marginal totals of the observed values. ά

В ὼᶰϽȟȣȟϽ ȟȟϽ ȟȣȟϽ  ᷊ , for Ὥ ρȟȣȟὓ  and  Ὠ ρȟȣȟὈ. 

The optimal solution is: 

ὖ ᶰ

ὩВ

ὩВ ρ
 

  (3.6) 

where ὶ  is the solution to the margin constraints: 

В
В

В
  

ᶰϽȟȣȟϽ ȟȟϽ ȟȣȟϽ   ᷊   ά    ÆÏÒ Ὥ ρȟȣȟὓ Ƞ Ὠ ρȟȣȟὈ         
(3.7) 

Eq. (3.6) shares the form with that of tensor without missing values, except that ὶ  are learned 

from observed entries. 
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We have learned from Eq. (3.4) and Eq. (3.6) that the relationship between the probability 

distribution of an entry and its corresponding hidden factor ὶ . According to this relationship, 

the probability distributions of the missing items can also be estimated given that  ὶ  has been 

learned from the observed entries. From this point of view, the CMC model has the potential to 

impute the missing values in multi-dimensional tensors, especially for datasets that the 

heterogeneities that exist in multiple dimensions. The imputed values are the expected values of 

the missing entries given the inferred susceptivities of the corresponding individuals. 

3.4 Extend to Multidimensional Integer Contingency Tensor 

with Missing Values 

We extended the CMC model to handle tensors with integer values, where the integer values follow 

the binomial distributions with success probabilities ὖ s to be inferred, given the number of trials 

ὣ s for each entry Ὅ. 

We first discuss a special case where ὣ ὣ  for all ὍᶰὟ , then extend to the general cases 

where ὣ s are not identical.  

The integer value in each entry is the number of successes in a sequence of Y independent Bernoulli 

trials, where the trials share an identical success probability. Therefore, the D-dimension integer 

tensor can be regarded as the sum of ὣ D-dimension binary tensor, in which each entry of every 

binary tensor records the outcomes of a single Bernoulli trial. Inspired by this, as shown in Figure 

3-1 (A), for an integer tensor, we introduce a virtual dimension (D+1) to the original D-

dimensional tensor. The length of this dimension is equal to Y. Along with this virtual dimension, 

each individual records the results of a single trial in each entry. In this case, we can estimate the 

probability distribution of this D+1-dimensional binary tensor. 
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Figure 3-1 Illustration of decomposing a 2D integer tensor into a 3D binary tensor, in which a virtual 

dimension is introduced. Along with this virtual dimension, each entry in every individual is the results of 

a single trial in each entry. (A) The special case where the numbers of trials (Y) of each entry in the 2D 

integer tensor are the same. The length of the virtual dimension is equal to Y. Value of ÅÎÔÒÙ  in the 2D 

integer tensor is the number of successes in a sequence of Y independent Bernoulli trials (corresponding 

to ÅÎÔÒÙ ȟȣȟÅÎÔÒÙ  in the 3D binary tensor) with an identical success probability. (B) The general 

cases where ὣȟs are different. The length of the virtual dimension is equal to ὣ ÍÁØ ὣ . For ÅÎÔÒÙ  

in the 2D integer tensor, among its corresponding entries (ÅÎÔÒÙ ȟȣȟÅÎÔÒÙ ) in the 3D binary tensor, 

ὣ ὣ  of them (ÅÎÔÒÙ  ȟȣȟÅÎÔÒÙ ) are set as missing values. 

Letôs consider a D-dimensional ὓ ὓ Ễ ὓ Ễ ὓ  integer contingency tensor, in 

which the value of ÅÎÔÒÙ  follows the binomial distribution ὄὣȟὖ . A virtual dimension (the 

(D+1)th dimension) is introduced, along which each individual is a D-dimensional binary tensor. 

For the new (D+1)-dimensional ὓ Ễ ὓ ὓ  binary tensor, ὓ ὣ, and the value of 

ÅÎÔÒÙ  follows the Bernoulli distribution with success probability ὖ .  ὖ  can be inferred 

according to the maximum entropy principle, under the marginal expectation constraints: 
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ÍÁØ В ὖ ÌÎὖ ρ ὖ ÌÎρ ὖ                        (3.8) 

ίȢὸȢ   В ὖᶰϽȟȣȟϽ ȟȟϽ ȟȣȟϽ    ά ȟÆÏÒ Ὥ ρȟȣȟὓ Ƞ Ὠ ρȟȣȟὈ   

ὖ ȟ    ὖ ȟ  ȟÆÏÒ Ὥ ςȟȣȟὓ Ƞ ὍᶰὟ   

where ὍȟὭ  denotes the index vector of the (D+1)-dimensional tensor, in which, Ὅ 

represents the index of the first D dimensions and Ὥ  denote the index of the last dimension. 

There is no marginal constrain on the virtual dimension. Instead, an additional constraint set is 

added to force the entries along the virtual dimension to have the same success probabilities. 

To solve Eq. (3.8), Lagrange multipliers are again introduced: 

ÍÁØ
ȟ

В ὖ ÌÎὖ ρ ὖ ὰὲρ ὖ

В В ὶ В ὖᶰϽȟȣȟϽ ȟȟϽ ȟȣȟϽ   ά

В В ‘ ȟ  ὖ ȟ  ὖ ȟ     

    (3.9) 

where ὶ ὶ  for Ὥ ρȟȣȟὓ  and  Ὠ ρȟȣȟὈȟὈ ρ. 

 

The optimal solution of Eq. (3.9) is: 

ὖ ȟ

ừ
Ử
Ừ

Ử
ứ

В

В
ȟ                     ÆÏÒ Ὥ ρ                   

ȟ
В

ȟ
В

ȟ   ÆÏÒ   Ὥ ςȟȣȟὓ

                (3.10) 

where ‘ ȟ  and ὶ  are the solution to:  
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В
В

В
  

ᶰϽȟȣȟϽ ȟȟϽ ȟȣȟϽ   

В В
ȟ

В

ȟ
ВᶰϽȟȣȟϽ ȟȟϽ ȟȣȟϽ   ά ,  

ÆÏÒ Ὠ ρȟȣȟὈ        (3.11) 

В

В
  

ȟ
В

ȟ
В

 , for any Ὅ, and Ὥ ςȟȣȟὓ                 (3.12) 

From Eq. (3.12), we had ‘ ȟ π for any Ὅ, and Ὥ ςȟȣȟὓ . Therefore, Eq. (3.10), 

Eq. (3.11), and Eq. (3.12) can be rewritten as: 

ὖ
В

В
        (3.13) 

В ὣ
В

В
   

ᶰϽȟȣȟϽ ȟȟϽ ȟȣȟϽ  ά ȟ   ÆÏÒ Ὥ ρȟȣȟὓ  ÁÎÄ Ὠ ρȟȣȟὈ      (3.14) 

 

We extend to the general cases where ὣ s are different. For such cases, as shown in Figure 3-1 

(B), we also introduce a virtual dimension (D+1) to the original D-dimensional tensor. The length 

of this dimension is equal to Y, where ὣ ÍÁØ ὣ . For ÅÎÔÒÙ in the original integer tensor, 

if its number of trials ὣ  is smaller than ὣ, then among its corresponding binary entries, ὣ ὣ  

of them will be marked as missing values. We then estimate the probability distribution of this 

D+1 dimensional binary tensor with missing values. 

Consider a D-dimensional ὓ ὓ Ễ ὓ Ễ ὓ  integer contingency tensor, in which 

the value of ÅÎÔÒÙ  follows the binomial distribution ὄὣ ȟὖ . A virtual dimension (the 
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(D+1)th dimension) is introduced, along which each individual is a D-dimensional binary tensor. 

For the new ὓ Ễ ὓ ὓ  binary tensor, ὓ ὣ ÍÁØ ὣ . For ÅÎÔÒÙ  in the D-

dimensional integer tensor, among its corresponding entries in the (D+1)-dimensional binary 

tensor (ÅÎÔÒÙ ȟȟȣȟÅÎÔÒÙ ȟ ), ὣ ὣ  of them (ÅÎÔÒÙ
ȟ

ȟȣȟÅÎÔÒÙ ȟ ) , are marked 

as missing values. Let ɱ  denotes the indexes of the non-missing entries of the (D+1)-

dimensional binary tensor. Value of ÅÎÔÒÙ  (for Ὅ  ɴɱ ) follows Bernoulli distribution 

with success probability ὖ . Again, ὖ  can be inferred according to the maximum entropy 

principle, under the marginal expectation constraints: 

 

ÍÁØ В ὖ ÌÎὖ ρ ὖ ÌÎρ ὖ ɴ                        (3.15) 

ίȢὸȢ   В ὖᶰϽȟȣȟϽ ȟȟϽ ȟȣȟϽ ᷊   ά ȟÆÏÒ Ὥ ρȟȣȟὓ  ÁÎÄ Ὠ ρȟȣȟὈ  

ὖ ȟ    ὖ ȟ  ȟÆÏÒ ὍȟὭ ᶰɱ , where ὍᶰὟ , and Ὥ ςȟȣȟὣ  

 

To solve Eq. (3.15), Lagrange multipliers are again introduced: 

ÍÁØ
ȟ

В ὖ ÌÎὖ ρ ὖ ὰὲρ ὖ ɴ

В В ὶ В ὖᶰϽȟȣȟϽ ȟȟϽ ȟȣȟϽ ᷊  ά

В В ‘ ȟ  ὖ ȟ  ὖ ȟ     

    (3.16) 

The optimal solution of Eq. (3.16) is: 
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ὖ ȟ  ɴ

ừ
Ử
Ừ

Ử
ứ

В

В
ȟ                     ÆÏÒ Ὥ ρ                   

ȟ
В

ȟ
В

ȟ   ÆÏÒ   Ὥ ςȟȣȟὓ

                (3.17) 

 

where ‘ ȟ ᶰ  and ὶ  are the solution to:  

В
В

В
  

ᶰϽȟȣȟϽ ȟȟϽ ȟȣȟϽ В В
ȟ

В

ȟ
ВᶰϽȟȣȟϽ ȟȟϽ ȟȣȟϽ  ά , 

ÆÏÒ Ὠ ρȟȣȟὈ        (3.18) 

В

В
  

ȟ
В

ȟ
В

 , for ὍᶰὟȟÁÎÄ  Ὥ ςȟȣȟὣ                 (3.19) 

From Eq. (3.19), we have ‘ ȟ ᶰ π for ὍᶰὟȟÁÎÄ  Ὥ ςȟȣȟὣ . Therefore, Eq. 

(3.17), Eq. (3.18), and (3.19) can be rewritten as: 

ὖ
В

В
        (3.20) 

В ὣ
В

В
   

ᶰϽȟȣȟϽ ȟȟϽ ȟȣȟϽ  ά ȟ     ÆÏÒ Ὥ ρȟȣȟὓ  ÁÎÄ Ὠ ρȟȣȟὈ   (3.21) 

Similarly, the CMC model can be extended to integer tensors with missing values. In this case, 

while expanding the original D-dimensional tensor into (D+1)-dimensional tensor, if the values 

ÅÎÔÒÙ  in the original D-dimensional tensor is missing, then all the values of the corresponding 

entries (ÅÎÔÒÙ ȟ ȟ for all Ὥ ) in the (D+1)-dimensional tensor will also be marked as 

missing. Similarly, the maximum entropy principle under the marginal expectation constraints and 
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constraints on the Ὀ ρ  dimension is applied, and the success probabilities ὖ  of each entry 

in the D-dimensional integer tensor is: 

ὖ ᶰ

В

В
        (3.22) 

where ɱ  is the indexes of entiries with non-missing values, and  ὶ can be obtained by solving 

the equations: 

В ὣ
В

В
   

ᶰϽȟȣȟϽ ȟȟϽ ȟȣȟϽ ᶰ  ά ȟ     ÆÏÒ Ὥ ρȟȣȟὓ  ÁÎÄ Ὠ ρȟȣȟὈ   (3.23) 

Eq. (3.22) is the optimal distribution for the entry of the D+1 dimensional binary tensor. Values in 

the original D dimensional integer tensor are the sum of the D+1 dimensional tensor across the 

virtual dimension. The probability distribution of each entry in the original D dimensions tensor 

is: 

0Òὼ Ƞὣ ȟὖ
ὣ
ὼ ὖ  ρ ὖ

 
,     for   Ὅᶰɱ     (3.24) 

where ὖ  is given by Eq. (3.20).  When ὣ =1 for all Ὅᶰɱ , the solutions are the same as those 

of the binary tensor (Eq. (3.6) and Eq.(3.7)). 
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Chapter 4   Iteration Strategy to Search the 

Optimal Solution And Its Acceleration  

In this chapter, we first discuss the iteration strategy to search for the optimal solution to CMC 

model, and then discuss its acceleration. We first start with solution to basic CMC model (for 3D 

binary tensor). 

4.1 Iterative Optimization Strategy 

For the convenience of discussion, we first discuss the solution to Eq. (2.6) (CMC model for 3D-

binary tensor), and then to Eq. (3.23) (CMC model for multidimensional integer contingency 

tensor with missing values). 

There is an infinite number of solutions to Eq. (2.6), even the number of variables (N M Q+ + ) 

is equal to that of equations. This is because  В ὲ В ά В ή, i.e., at least two 

equations in the Eq. (2.6) are the combinations of the others. However, the value of ὶ ύ ό 

for all {1,..., }i NÍ , {1,..., }j MÍ , and {1,..., }k QÍ  are always fixed. And consequently, ὖ , the 

function of ὶ ύ ό, has a unique solution (Theorem 4.1). Besides, the ratio between any two 

variables of the same factors is also fixed (Theorem 4.2). 

We proposed an iterative strategy (Algorithm 1, and Figure 4-1) to find a solution to Eq. 2.6, in 

which, variable sets ὶ}, {ύ} and {ό} are updated sequentially. And during the update of each 

variable set ὶ}, {ύ} or ό , variable elements within each set can be updated parallelly, given 

the fact that the variable elements within each set are independent if the other two variable sets are 

fixed. For every single variable, say ὶ, there is only one solution to В В ὲ, 
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since Ὢὶ В В  is a monotonic function in the range [0, N]. This solution can 

be efficiently found via Newtonôs method.  

 

Figure 4-1 Iteration strategy to search for the optimal solution 

Algorithm 1 Iterative strategy to solve Eq. (2.6) 

Initialization:  ►░ , ◌▒, and ◊▓  ă 0s 

While ►░ , ◌▒, and ◊▓  are not converged, do 

       // Parallelly update ►░  

       Parallelly update ►░ for ░ ȟȣȟ╝ by solving В В
▄
►░◌▒Ⱨ▓

▄
►░◌▒Ⱨ▓

 ╠
▓  ╜

▒ ▪░  
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       // Parallelly update ◌▒ 

       Parallelly update ◌▒ for ▒ ȟȣȟ╜ by solving В В
▄
►░◌▒Ⱨ▓

▄
►░◌▒Ⱨ▓

 ╠
▓  ╝

░  □▒  

       // Parallelly update ◊▓   

       Parallelly update Ⱨ▓ for ▓ ȟȣȟ╠ by solving В В
▄
►░◌▒Ⱨ▓

▄
►░◌▒Ⱨ▓

 ╜
▒  ╝

░  ▲▓  

end while 

 

Similar strategy can apply to find a solution to Eq. (3.23) (Algorithm 2), in which, variable sets ὶᴆϽ 

are updated sequentially for Ὠ ρȟȣȟὈ. And during the update of each variable set ὶᴆϽ, variable 

elements within each set are updated parallelly, given the fact that the variable elements within 

each set are independent if the other variable sets are fixed. For a single variable, say ὶ, there is 

only one solution to В ὣ
В

В
   

ᶰϽȟȣȟϽ ȟȟϽ ȟȣȟϽ ᶰ  ά , since ὶ

В ὣ
В

В
   

ᶰϽȟȣȟϽ ȟȟϽ ȟȣȟϽ ᶰ   is a monotonic function. This solution can be 

efficiently found via Newtonôs method. Algorithm 2 is guaranteed to find a solution to Eq. (3.23) 

(Theorem 4.3).  

Algorithm 2 Iterative strategy to solve Eq. (3.23) 

Initialization: ►ᴆ ă 0s 

while ►ᴆ is not converged, do 

       for ▀ = 1 to ╓         // for each dimension 

              Parallelly update ►░▀ for ░▀ ȟȣȟ╜▀ by solving  █►░▀  □░▀  

              using Newtonôs method 

       end 

end while 



42 

4.2 Acceleration 

In practice, it takes a long time to solve the problem, especially for the tensor with high dimensions. 

For example, it takes about 38.5 hours for a tensor with size of ρπππρπππσππ σππ; and 

0.67 hours for a size of ςππςππςππ ςππ. Therefore, it is desired to accelerate the 

algorithm. 

For the sake of discussion, we use the algorithm for the basic CMC model to discuss the 

acceleration. Sample acceleration rules apply to extend CMC model. We first rewrote the 

Algorithm 1 as Algorithm 1.1 shown in Figure 4-2.  

Newtonôs method is used to solve the function Ὢὶ ВВ  ὲ. The time 

complexity of Algorithm 1.1 is ὕὲὍὸὩὶ ὲὈὭάÍÁØ ὓ ὲὍὸὩὶ , where 

ὲὍὸὩὶ  is the number of outer loops; ὲὈὭά is the number of dimensions of the input tensor; 

ÍÁØ ὓ  is the maximum length of a dimension; and ὲὍὸὩὶ  is the number of iterations to 

solve the function Ὢὶ ВВ  ὲ by using Newtonôs method. 

 

Figure 4-2 Algorithm to solve the basic CMC model 
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The principle of acceleration is to reduce the number of iterations used by Newtonôs method by 

assigning a good initiation to it (Figure 4-2). In the following, we will discuss how to get a good 

initiation for Newtonôs method to solve the function Ὢὶ ВВ  ὲ. 

There are two key properties of the function to be solved by Newtonôs method: 

Property 1): For a certain dimension, say Dimension 1, the function to be solved all share a same 

function Ὢὶ ВВ  ὲ for i = 1, ..., M1 . The only difference is ὲ for different 

i. 

Property 2): Function Ὢὶ ВВ  ὲ is a strictly monotonically increasing 

function. Therefore, if ὲ ὲ ὲ, then ὶ ὶ ὶ. 

Given the two properties above, we may sort the ὲ  (for i = 1, ..., M1) from largest to smallest: 

ὲȟȣȟὲȟȣȟὲ , and then solve Ὢὶs in the order of that of ὲ : Ὢὶ ȟȣȟὪὶ ȟȣȟὪὶ . 

According to the properties, we have ὶ ὶ Ễ  ὶ Ễὶ . In such case, except for 

Ὢὶ , when solving other Ὢὶ s, we may use the solution ὶ  to be the initialization of Ὢὶ  

when applying Newtonôs method. We call such operation as ñborrowing information from 

neighborò. 

Besides that, for every specific Ὢὶ  function, which may involve multiple iterations (ñouter 

loopsò in Algorithm 1.1), when updating ὶ
ȟ
 during the ὸth iteration, we may also use the solution 

of the previous iteration ὶ
ȟ

 as the initialization of this iteration. 

To sum up, for any specific Ὢὶ  function, during its ὸth iteration of Newtonôs method, there are 

two values can be used for its initialization. One is by borrowing information from ὶôs neighbor, 

the other one is by borrowing information from its previous iteration (Figure 4-3).  
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Figure 4-3 Acceleration strategy: borrowing information from its previous iteration or neighbor ὶ 

Given two available values that can be served for initialization, now the question is which one to 

be used. In our practice, we find that, when the length of each dimension (MiDim) is large, the 

elements of {ni} tend to be closer to each other, so as to the solutions {r i}. In such cases, ὶ
ȟ
 is 

expected to be closer to ὶ
ȟ
. On the other hand, if the length of a dimension is small, ὶ

ȟ
 is 

expected to be closer to ὶ
ȟ
. Therefore, in practice, if the length of a dimension is larger than 1000, 

we use borrow information from neighbor ὶ, otherwise, from its previous outer-loop iteration. 

Table 4-1 show that the acceleration strategy makes the new algorithm about 30 times faster than 

the previous one in tensors with various sizes. 

Table 4-1 Acceleration Result 

tensor 

Times used 

(before 

acceleration) 

Times used (after 

acceleration) 

2D: 1816 × 8000 10.3s 0.86s 

3D: 1816 × 8000 × 15 306s 10.3s 

3D: 1000 × 5000 × 50 526s 11.2s 

4D: 200×200×200×200 2445s 87s 

4D: 1000×1000×300×300 38.5h 1.3h 
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Chapter 5   Properties of CMC Model and Their 

Proofs 

In this section, we will prove three CMC properties that we mentioned before: 

Property1: The probability distribution defined by Eq. (3.22) and Eq. (3.23) is unique. This 

property will be formally stated and proved in Theorem 4.1. 

Property2: The ratio between any two variables of the same factors,  , is fixed for ὭȟὭ

ρȟȣȟὓ  ÁÎÄ Ὠ ρȟȣȟὈ (Theorem 4.2). 

Property3: The iterative update of ὶ (Algorithm 2) will converge to a solution that satisfies 

Equation (3.23) (Theorem 4.3). 

First, we will give some definitions. 

For a D dimensional ὓ ὓ Ễ ὓ Ễ ὓ  tensor, define index of entry Ὅ

ὭȟὭȟȣȟὭȟȣȟὭ , Ὥ ρȟȣȟὓ , for Ὠ ρȟȣȟὈ; Ὥ is the index of the dth dimension.  

Define ɱ as the indexes of items with non-missing values and ϽȟȣȟϽȟὭȟϽȟȣȟϽ᷊ɱ .ɲ  

Define Ὅ induced set  ꜞ Ὅ  as ρ᷾ὨȿὭ ὓ ; in other words, we pick the first dimension, 

as well as all dimensions Ὠ whose corresponding coordinate Ὥ is less than ὓ .  

Let ὶ ὶȟȟȣȟὶ ȟȟὶȟȟȣȟὶ ȟȟȣȟὶȟȟȣȟὶ ȟ , and ὶȟ  is shortened as ὶ  when 

there is no confusion. 
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We define ά ȟ as the marginal total for the Ὥth item in dimension Ὠ, and we also abbreviate it 

as ά . These values are calculated from data, and are considered as fixed. 

Before we prove Theorem 4.1, we need two lemmas. 

Lemma 4.1 Let  

Ὢὶ ὣ ÌÎὩ
В
ᶰ  ρ

ᶰ

ὶά ὶά  

Then Ὢ ὶ  is a strictly convex function. Here ὣ s are constant values. 

 

Proof: 

The Hessian matrix of Ὢὶ   

Ὄὶ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợὃ       ὃ          ȣ   ὃ        ȣ ὃ        

ὃ ὃ ȣ ὃ   ȣ ὃ
          ể                   ể                Ệ                 ể              Ệ                  ể       

ὃ ὃ ȣ ὃ   ȣ ὃ

          ể                   ể                  Ệ                ể              Ệ                   ể       

ὃ ὃ ȣ ὃ   ȣ ὃ Ứ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

,  

Each element of Ὄὶ  is the second order derivative of Ὢὶ  for each pair of ὶ (Ὥ ρȟȣȟὓ  

if Ὠ ρ, and Ὥ ρȟȣȟὓ ρ if Ὠ ςȟȣȟὈ). Ὄὶ  is a symmetric matrix, where ὃ ὃ  

for Ὠ ρȟȣȟὈȢ  

Submatrices ὃ s are diagonal matrices. The diagonal elements in  ὃ  are: 
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ὥ  В ὣ
В
ᶰꜞ  

В
ᶰꜞ    

ᶰ ȟϽȟȣȟϽ ᷊ , for Ὥ ρȟȣȟὓ  

The diagonal elements in  ὃ  (where d>1) are: 

ὥ  В ὣ
В
ᶰꜞ  

В
ᶰꜞ    

ᶰϽȟȣȟϽ ȟȟϽ ȟȣȟϽ᷊ , for Ὥ ρȟȣȟὓ ρ 

For ὃ  where Ὠ ςȟȣȟὈ, its elements are: 

ὥ  В ὣ
В
ᶰꜞ  

В
ᶰꜞ    

ᶰ ȟϽȟȣȟϽ ȟȟϽ ȟȣȟϽ ᷊ ,  

for Ὥ ρȟȣȟὓ  and  Ὥ ρȟȣȟὓ ρ if Ὠ ρ. 

For ὃ  where Ὠ Ὠ, Ὠ ρ, and Ὠ ρ, its elements are: 

ὥ  В ὣ
В
ᶰꜞ  

В
ᶰꜞ    

ᶰϽȟȣȟϽȟȟϽȟȣȟϽȟ ȟϽȟȣȟϽ ᷊ , for Ὥ ρȟȣȟὓ ρ. 

where ϽȟȣȟϽȟὭȟϽȟȣȟϽȟὭȟϽȟȣȟϽ is shorten for ϽȟȣȟϽ ȟὭȟϽ ȟȣȟϽ ȟὭȟϽ ȟȣȟϽ . Since 

ϽȟȣȟϽ ȟὭȟϽ ȟȣȟϽ ᷊ɱ ,ɲ all entries in Ὄὶ  are non-zeros except the off-diagonal 

entries in the submatrices ὃ s.  

Let ὼ ɴᴙ ͵π, then 

ὼὌὼ В В В ὣ
В
ᶰꜞ  

В
ᶰꜞ    

ώ ώᶰϽȟȣȟϽȟȟϽȟȣȟϽȟ ȟϽȟȣȟϽ᷊ , 
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where ώ
πȟ    ὭὪ Ὥ ὓ  ὥὲὨ Ὠ ρ

ὼȟÏÔÈÅÒÓ. Itôs obvious that ὼὌὼ π, and Hessian matrix Ὄ is 

positive-definite. Therefore, Ὢὶ  is strictly convex. ʉ  

 

Lemma 4.2 Define equations 

ừ
ỬỬ
Ừ

ỬỬ
ứ

ὣ
Ὡ
В
ᶰꜞ  

Ὡ
В
ᶰꜞ    ρᶰ ȟϽȟȣȟϽ ᷊

ά ȟ   ÆÏÒ Ὥ ρȟȣȟὓ

ὣ
Ὡ
В
ᶰꜞ  

Ὡ
В
ᶰꜞ    ρᶰϽȟȣȟϽ ȟȟϽ ȟȣȟϽ

ά ȟ   ÆÏÒ Ὥ ρȟȣȟὓ ρ ÁÎÄ Ὠ ςȟȣȟὈ

 

 

ὣ  are constant values, and π ά В ὣᶰϽȟȣȟϽ ȟȟϽ ȟȣȟϽ ᷊  for Ὥ ρȟȣȟὓ  and Ὠ

ρȟȣȟὈ,. Then the equation set has at most one solution. 

 

Proof: 

Define Ὢὶ В ὣ ÌÎὩ
В ᶰ ȟȿ  ρᶰ В ὶά В В ὶά , 

where ὶ ὶȟȣȟὶ ȟὶȟȣȟὶ ȟȣȟὶȟȣȟὶ .   

From Lemma 4.1, we know that Ὢὶ  is strictly convex. Therefore, any local minimum of ὪὯȟή 

is also the unique global minimum of  ὪὯȟή. 

To obtain the unique global optimal solution, we take the derivative with respect to each element 

of  ὶ respectively and set them equal to 0:  
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ừ
ỬỬ
Ừ

ỬỬ
ứ

ὣ
Ὡ
В
ᶰꜞ  

Ὡ
В
ᶰꜞ    ρᶰ ȟϽȟȣȟϽ ᷊

ά ȟ   ÆÏÒ Ὥ ρȟȣȟὓ

ὣ
Ὡ
В
ᶰꜞ  

Ὡ
В
ᶰꜞ    ρᶰϽȟȣȟϽ ȟȟϽ ȟȣȟϽ ᷊

ά ȟ   ÆÏÒ Ὥ ρȟȣȟὓ ρ ÁÎÄ Ὠ ςȟȣȟὈ

 

In other words, any solutions to the equation set are the optimal solutions to Ὢὶ . Since Ὢὶ  

has at most one global minimum, the equation set has at most one solution. 

To prove the equation set has exactly one solution, in the following, we prove that Ὢὶ  will not 

obtain its optimal solution when ὶ ᴼЊ or ὶ ᴼ Њ: 

For any ὶ ᶰὶ, if ὶ ᴼЊ, then 

‬Ὢ

‬ὶ
 ὣ

Ὡ
В
ᶰꜞ  

Ὡ
В
ᶰꜞ    ρᶰϽȟȣȟϽ ȟȟϽ ȟȣȟϽ ᷊

ά  

ὣ

ᶰϽȟȣȟϽ ȟȟϽ ȟȣȟϽ ᷊

ά  

As ά В ὣᶰϽȟȣȟϽ ȟȟϽ ȟȣȟϽ ᷊ ,  π.  

Similarly, if ὶ ᴼ Њ, then  

‬Ὢ

‬ὶ
 ὣ

Ὡ
В
ᶰꜞ  

Ὡ
В
ᶰꜞ    ρᶰϽȟȣȟϽ ȟȟϽ ȟȣȟϽ ᷊

ά  

π ά  

As ά π,  π.  
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To summarize, Ὢὶ  will obtain an optimal solution with finite ὶ. Therefore, Ὢὶ  has and only 

has one optimal global solution, and the equation set has and only has one solution. ʉ

Theorem 4.1 For a D-dimensional ὓ ὓ Ễ ὓ Ễ ὓ  tensor. Let Ὅ

ὭȟὭȟȣȟὭȟȣȟὭ  denotes the index of the entry in the D-dimensional tensor, where Ὥ is the 

index of the dth dimension. Define ὭȟὭȟȣȟὭ ȟϽȟὭ ȟȣȟὭ  as a set of indexes, where ñϽò 

indicates all possible indexes of the dth dimension (i.e., Ὥᶰρȟȣȟὓ ). Similarly, ϽȟȣȟϽȟὭȟϽȟȣȟϽ

 is a set of indexes, where only the index of the dth dimension is fixed to Ὥ and the indexes of all 

the other dimensions can be any possible values. Define the probability distribution of each entry: 

ὖ
ὩВ

ὩВ ρ
  

where ὶ  is the solution to the constraints:  

В ὣ
В

В
  

ᶰϽȟȣȟϽ ȟȟϽ ȟȣȟϽ ᷊  ά     ÆÏÒ Ὥ ρȟȣȟὓ ȠὨ ρȟȣȟὈ  

where {ά } are the marginal totals and are given, π ά В ὣᶰϽȟȣȟϽ ȟȟϽ ȟȣȟϽ ᷊  for 

Ὥ ρȟȣȟὓ  and Ὠ ρȟȣȟὈ, and ɱ reprents the indexes of items with non-missing values and 

ϽȟȣȟϽ ȟὭȟϽ ȟȣȟϽ ᷊ɱ .ɲ Then among all the solutions ὶ s, В ὶ  is always fixed 

for any Ὅ, and ὖ  has a unique solution. 

Proof: 

Define  

ừ
Ử
Ừ

Ử
ứὶ ὶ В ὶ

ὶ ὶ ὶ

ể
ὶ ὶ ὶ

, for Ὥ ρȟȣȟὓ , and Ὠ ρȟȣȟὈ. 
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Then, ὶ π, for Ὥ ὓ  and Ὠ ςȟȣȟὈ. And  В ὶ В ὶ , for Ὥ ρȟȣȟὓ , and 

Ὠ ρȟȣȟὈ.  

The probability function and constraints can be rewritten as:  

ὖ
Ὡ
В

Ὡ
В

ρ
 

and  

В ὣ
В

В
  

ᶰϽȟȣȟϽ ȟȟϽ ȟȣȟϽ ᷊  ά , for Ὥ ρȟȣȟὓ , and Ὠ ρȟȣȟὈ. 

As ὶs are only involved in the addition operation and  ὶ ȟ π for Ὠ ςȟȣȟὈ, variables 

ὶ ȟ (for Ὠ ςȟȣȟὈ) can be safely omitted during the following procedures. Besides, the 

constraints В
В

В
  

ᶰϽȟȣȟϽ ȟ ȟϽ ȟȣȟϽ  ά ȟ for  Ὠ ςȟȣȟὈ are redundant and can 

also be omitted because the sums of marginal totals in different dimensions are always the same, 

i.e., В ά В ά Ễ  В ά .  

Therefore, the constraint equation set can be rewritten as: 

ừ
ỬỬ
Ừ

ỬỬ
ứ

ὣ
Ὡ
В
ᶰꜞ

Ὡ
В
ᶰꜞ   ρᶰ ȟϽȟȣȟϽ ᷊

ά ȟ   ÆÏÒ Ὥ ρȟȣȟὓ

ὣ
Ὡ
В
ᶰꜞ

Ὡ
В
ᶰꜞ   ρᶰϽȟȣȟϽ ȟȟϽ ȟȣȟϽ ᷊

ά ȟ   ÆÏÒ Ὥ ρȟȣȟὓ ρ ÁÎÄ Ὠ ςȟȣȟὈ

 

From Theorem 4.1, we know that the constraint equation has a unique solution {ὶ
ᶻ
}. Therefore, 

ὖ
В

В
 is unique, and В ὶ В ὶ  is fixed. ʉ  
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Theorem 4.2 If  ὩВ  is fixed for Ὥ ρȟȣȟὓ  ÁÎÄ Ὠ ρȟȣȟὈ, then  is fixed for Ὥ

ρȟȣȟὓ ȟὭ ρȟȣȟὓ   ÁÎÄ Ὠ ρȟȣȟὈ. 

 Proof: 

As ὩВ  is fixed, В ὶ  is also fixed. Let В ὶ ὧ , where ὧ  is a constant value for 

Ὅ ὭȟὭȟȣȟὭȟȣȟὭ .  

For any ὨᶻᶰρȟȣȟὈ ,  ὶᶻ ὶ
ᶻ
 В ὶ

ᶻ
ὶᶻ В ὶᶻ В ὶ

ᶻ
ὶ
ᶻ

В ὶᶻ ὧ ȟȟȣȟ ȟzȣȟ  ὧ ȟȟȣȟ ȟzȣȟ , which is a constant for any Ὥz  ᶰρȟȣȟὓ ᶻ ,  

and Ὥz  ᶰρȟȣȟὓ ᶻ .  

Therefore,  is fixed for Ὥ ρȟȣȟὓ ȟὭ ρȟȣȟὓ   ÁÎÄ Ὠ ρȟȣȟὈ. ʉ  

 

Next, we prove the convergence of the updating algorithm. We will first introduce a useful lemma. 

Lemma 4.3 ([31] ) Given a real-valued continuous function Ὤ on ὢ  ὣ, define a point-to-set 

map ꜝ ȡ ὢᴼὣ with respect to Ὤ as 

ꜝ ὼ ὥὶὫÍÉÎ
ᶰ
Ὤὼȟώ ώȡὬὼȟώ  Ὤὼȟώ ȟᶅώᶰὣ. 

If ꜝ ὼ is nonempty, ꜝ  is closed at ὼ. 

 

Theorem 4.3 The iteratively update operation in Algorithm 2 will converge to a solution that 

satisfying the constraint equation set Eq. (3.23). 
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Let ꜝ : ὙᴼעὙ be the point to set map defined by Algorithm 2, where Ὑ is a subset of ᴙ , with 

ὲ В ὓ . Repeated application of ꜝ generates a sequence ὶᴆ  for the given initial 

point ὶᴆ ᶰὙ through the iteration ὶᴆ ᶰꜝ ὶᴆ , where ὶᴆ ὶᴆϽȟȣȟὶᴆϽȟȣȟὶᴆϽ , ὶᴆϽ

ὶȟȟȣȟὶ ȟ  for Ὠ ρȟȣȟὈȟ  and ὶᴆ πȟȣȟπȢ Let  ɜ be the solution set. 

Define continuous function Ὢὶᴆ В ὣ ÌÎὩВ ρᶰ В В ὶά .  Taking 

derivative w.r.t. ὶ for all Ὥ gives us:  

ὣ
ὩВ

ὩВ    ρ
ᶰϽȟȣȟϽ ȟȟϽ ȟȣȟϽ ᷊

 ά ȟ     ÆÏÒ Ὥ ρȟȣȟὓ  ÁÎÄ Ὠ ρȟȣȟὈ 

which is exactly the equation set Algorithm 2 to be solved. In the Ὧ ρ iteration (Ὧ πȟρȟςȟȣ), 

ὶᴆϽ  are updated for Ὠ ρȟȣȟὈ one after another. For Ὠ Ὠ (where Ὠ ρȟȣȟὈ), given the 

values of В ὶ  and В ὶ ,  ὶᴆϽ  is computed by solving the equation set 

В ὣ

В В

В В

   

ᶰϽȟȣȟϽ ȟȟϽ ȟȣȟϽ ᷊  ά   for Ὥ ρȟȣȟὓ Ȣ 

Therefore,  

Ὢὶᴆ ȟȣȟὶᴆ ȟὶᴆ ȟὶᴆ ȟȣȟὶᴆ Ὢὶᴆ ȟȣȟὶᴆ ȟὶᴆ ȟὶᴆ ȟȣȟὶᴆ . 

After computing ὶᴆϽ  for all Ὠ, we have 

Ὢὶᴆ Ὢὶᴆ . 

If ὶᴆ ᶰɜ, then the equality holds. If ὶᴆ ᶱɜ, then Ὢὶᴆ Ὢὶᴆ . 
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Besides, define a continuous function Ὤὼᴆȟώᴆ В ὥ ὪώᴆϽȟȣȟώᴆϽȟὼᴆϽ ȟȣȟὼᴆϽ  where ὥ

π is a constant, ὼᴆɴ ᴙ , and ώᴆɴ ᴙ . Then ꜝ ὶᴆ  = ὥὶὫÍÉÎ
ᴙɴ
Ὤὶᴆȟώᴆ ώᴆȡὬὶᴆȟώᴆ

 Ὤὶᴆȟώᴆȟᶅώᴆᶰᴙ  as ὥᴼ Њ. ꜝ ὶᴆ is nonempty for every ὶᴆɴ Ὑ. According to Lemma 4.3, we 

obtain that ꜝ ὶᴆ is closed on Ὑ. 

In the following, we will prove that all point ὶᴆ  are in a compact set הṒὙ: 

Again, ὶ  is updated by solving: 

ὣ
Ὡ
В В

Ὡ
В В

   ρᶰϽȟȣȟϽ ȟȟϽ ȟȣȟϽ ᷊

 ά  

 

Since π ά < В ὣᶰϽȟȣȟϽ ȟȟϽ ȟȣȟϽ ᷊ , the values of В ὶ ὶ

В ὶ  that solve the equation is finite. If all the elements of ὶᴆ  are finite, then ὶ  is 

finite, and consequently, ὶ  is finite for all Ὠ. In another word, there exists a large finite 

positive value ὦ such that ὶ ᶰ ὦȟὦ for all Ὠ. Therefore, ὶᴆ  is in a compact set 

ה ṒὙ.  

As the given initial point ὶᴆ πȟȣȟπ does not include any infinite values, it can be deduced 

that  ὶᴆ  for Ὧ πȟρȟςȟȣȟЊ are in a compact set הṒὙ. 

To summarize, 1) all point ὶᴆ  are in a compact set; 2) ꜝὶᴆ is closed at ὶᴆɴ Ὑ; 3) and there is a 

continuous function Ὢὶᴆ, such that: Ὢὶᴆ Ὢὶᴆ  if ὶᴆ ᶱɜ, and Ὢὶᴆ Ὢὶᴆ  if 

ὶᴆ ᶰɜ. According to Zangwillôs global convergence theorem ([32] ), the limit of ὶᴆ  is in ɜ. 
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Chapter 6   Application I: Driving Transcription 

Factor Identification 

6.1 Introduction  

TFs initiate and regulate the transcription of genes by binding to the enhancer or promoter 

sequences of their target genes. Identifying the TFs that are responsible for the transcriptional 

change of biological processes or diseases (ñdriving TFsò) is essential for understanding the 

mechanism of the biological processes/diseases. Unfortunately, it is not applicable to find those 

TFs directly in wet lab. On the other hand, the increasing amount of available TF-gene binding 

datasets enabled us to detect such TFs through statistical data analysis, as long as we have a list of 

genes that we know are highly associated with the process/disease under study (ñco-expressed 

genesò). Such a list can be the differential genes found by RNA sequencing technologies, but not 

limited to it. The driving-TFs are here characterized by their ultra-active binding to the co-

expressed genes. CMC can be applied to decide the ñultra-active bindingò of a TF according to its 

significantly higher count of bindings to genes of interest than expected in normal cases. Therefore 

the key task is to accurately infer the probability of binding between each TF-gene pair hence the 

probability distribution of the overall count of bindings of any TF to the co-expressed genes.  

The task is a non-trivial one. As discussed in Section 1.2.1 , each TF or gene has its own (unique) 

binding affinity (i.e., how likely a TF tends to bind any gene, or how likely a gene is bound by any 

TF) (Figure 1-2). Whatôs more, the TFsô and genesô binding affinities are cell-type specific. We 

have shown the necessity of jointly modeling both the heterogeneity in TFôs binding affinity and 

that in geneôs binding affinity (Figure 1-3). Previous driving TF identification methods (such as 

oPOSSUM 3.0[22] , Enrichr[23] , BART[24] , LISA[25] , etc.) generally ignored the heterogeneity 

among genes in binding affinity and treated all genes equally, which falsely disregarded the 

evidence from important genes and blew up the influence of others.  



56 

Here, for any given cell type, we applied the CMC model to jointly infer the cell-type-specific 

binding affinity of each gene and of each TF, as well as the random binding probability of any TF-

gene pair conditional on the corresponding TF affinity and gene affinity. Given the fact that some 

cell types may have a limited number of available ChIP-seq datasets (recording the TF binding 

site information in a specific cell type), we also proposed a CMC-based pipeline to figure out 

ChIP-seq datasets for similar cell types. 

We validated the effectiveness of our CMC model by applying it to 49 benchmarks. Results 

demonstrate that CMC model successfully identifies the ground truth TFs for 24 benchmarks, 

being much better than the second best method, LISA[25] , which successes in 19 benchmarks 

with the help of additional biological prior knowledge (i.e., genome-wide chromatin accessibility 

information). 

We also applied our model to the study of glial progenitor diversity and its contributions to brain 

tumor malignancy. CMC model successfully identified Zfp36l1 TF as a critical regulator for 

oligodendrocyte-astrocyte lineage transition and glioma growth [33]  (validated by Zfp36l1 knock-

out experiments). 

In Section 6.2 , we will discuss in more detail about the heterogeneity in cell-type-specific TF/gene 

binding affinities, in addition to that of in Section 1.2.1 . In Section 6.2.1  we will present the 

design principles of the driving TF identification model and working framework, followed by a 

detailed description of three core modules: TF-gene binding state database, cell-type-specific TF-

gene binding probability, and the statistical test in Section 6.4 - 6.6 . The results of experiments on 

both benchmarks and in-house applications are shown in Section 6.7 . 
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6.2 Heterogeneity in TF/Gene Binding Affinity 

6.2.1 Heterogeneity in Cell-Type-Specific TF/Gene Binding Affinit y 

As put in Section 1.2.1 , both the gene binding affinity and TF binding affinity show strong 

heterogeneity across individuals (Figure 1-2). To echo this observation, in this section we also 

present the gene/TF binding affinity CMC learned from a large-scale ChIP-seq database [4]  

(Figure 6-1). The conclusion is further confirmed.  

 

Figure 6-1 Heterogeneity of geneôs binding affinity in different cell types. 

6.2.2 Cell-Type-Specific Binding Affinity  

What makes the thing even more complicated is that the binding affinities are cell-type specific. 

That is, the binding affinity of a gene can be different in different cell types. Through Figure 6-2 

we would like to provide visualized evidence of the diversity of a geneôs binding affinity in diverse 

cell types. In the figures, one dot presents one gene, with its location in the 2D plot being its 

inferred binding affinity in two cell types, respectively. The two figures contain the same set of 

genes but different cell type set (axes). The figures clearly illustrate: for similar cell types, like B 

cells vs. pro-B cells, the genesô binding affinity in the two types are highly correlated (r=0.98); in 
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contrast, for distinct cell types, e.g., liver cells vs. pro-B cells, the genesô binding affinity in the 

two types are pretty different (r=0.43). Similar situation also apply to TFôs binding affinity. 

 

Figure 6-2 Geneôs binding affinity in different cell types. 

The cell-type-specific binding affinity may be explained by chromatin accessibility. In eukaryotic 

cells, DNA is tightly condensed by wrapping around nuclear proteins called histones to form 

chromatin and stored within the cellular nucleus. When necessary, a specific part of the chromatin 

will rearrange from a condensed state to a transcriptionally accessible state, allowing TFs or other 

DNA-binding proteins to access DNA and control gene expression. For a gene, the accessibilities 

of its corresponding DNA region are various across cell types, which, consequently, results in its 

cell-type-specific binding affinity.  

To sum up, the genes have different binding affinities to TFs, and these binding affinities are cell-

type specific.  
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6.3 Design Principles and Framework 

A TF is believed to be the driver of a biological process/disease if it responds to the transcriptional 

change between two conditions, i.e., activates and regulates the differentially expressed genes 

(DEGs) between two conditions. Because of the regulation relationships with the DEGs, the 

driving TFs are expected to bind these genes more frequently than random bindings. Thus, in order 

to decide whether a TF is a driving TF, we compare its binding frequency (to the DEGs) with the 

binding frequency due to randomness.  To this end, we need to estimate the binding probability 

between each gene and each TF under the null hypothesis. Specifically, the null hypothesis means 

that a TF binds to a gene only by chance, and that the probability of such random binding may be 

impacted by the TFôs and the geneôs own properties (i.e. binding affinities) but has nothing to do 

with the biological process or disease under investigation. 

As mentioned above, both the TFôs and geneôs binding affinities show heterogeneities, and it's 

almost impossible to directly quantify the binding affinity of each gene and each TF for each cell 

type. Whatôs more, both the TFôs and geneôs binding affinities need to be systematically modeled 

during estimating the binding probability under null so as to avoid false positives and false 

negatives in the detection results. Therefore, we apply the CMC model here to jointly learn the 

TFôs and geneôs binding affinities from large-scale TF-gene binding state tensor (binding or not 

binding), and then model the binding probability of each TF-gene pair conditional only on the 

corresponding geneôs/TFôs binding affinities (null hypotheses). 

The TF-gene binding state tensor is the prior knowledge and can be extracted from large-scale TF 

binding site databases (such as databases based on all available ChIP-seq experiment datasets). 

One more key issue needed to be considered is that the binding affinities are cell-type specific. 

Ideally, we may regard the ñcell typeò as a third factor of the TF-gene binding probability in 

addition to the gene and TF factor. It may construct a 3 dimensions TF-gene binding state tensor 

with TF, gene, and cell type corresponding to each dimension respectively. And then CMC model 

can be applied to learn the binding probability while systematically modeling all three factors. 

However, in reality, for some no so well-study cell types, we only have binding state information 
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for limit TFs. Though the CMC model can handle missing items in the TF-gene binding state 

tensor, for those cell types, the available binding information is too few to have a reliable 

estimation. Therefore, to handle this issue, for each cell type, we may use its available ChIP-seq 

datasets as seed, and identify ChIP-seq datasets of similar cell types. Combining the seed and 

identified ChIP-seq datasets, we may safely learn reliable gene/TF binding affinities for each cell 

type.  

The TF-gene binding state tensor indicates whether a TF is binding to a gene. It serves as a 

knowledge base in the driving TF identification model. A binding matrix of good quality is critical 

for the identification task.  

There are three scenarios for the binding matrix's quality: 1) it should be highly precise and highly 

sensitive. 2) it should be comprehensive. In other words, the binding information should be for all 

TFs and all genes. The model can't identify the TFs that are omitted in the database. And the 

identification result will bias to the TFs that are included in the database. 3) it should be capable 

of reflecting the cell-type-related binding state. The TF-gene bindings are cell-type related [34] 

[35] . Therefore, a good binding matrix should be able to reflect such a difference in order to 

identify the target TF accurately. 

There are many types of databases available for binding state tensor constriction: 1)  The motif-

based databases [22] , [36] , [37] . These databases predict the TF binding sites (TFBSs) by 

computationally comparing the TF motif with the whole genome sequence. Intuitively, the TF 

motif is the binding preference of the TF. The advantage of these databases is that the TF-gene 

binding sites are genome-wide. However, they have obvious drawbacks. Firstly, the predicted 

TFBSs are not reliable. The only information they relied on during the prediction is the matching 

score between the TF motif and genome sequence, which is arbitrary. The second drawback of 

motif-based databases is their TFBSs are not cell-type related. A TF binds to its target genes only 

when itôs necessary. It may bind to a gene to regulate its expression level in one cell type and does 

not bind to this gene in another cell type. Motif-based databases do not take such information into 

account, and their predicted TFBSs are not cell-type related. Finally, as only the well-studied TFs 

have motif information, the motif-based databases can only cover a small part of TFs. 2) Knock-

out (KO)/over-express (OE) experiment-based database, which collects the TF-gene binding 
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information through the TF KO or OE experiments [38] . TF KO/OE experiment knocks out or 

over-expresses a single TF, and then identifies the genes whose expression changes (DEGs) after 

the KO/OE. In such cases, the KO/OE TF is responsible for the expression change of the DEGs. 

Therefore, the DEGs are the direct or indirect targets of the KO/OE TF. Such TF-gene relationship 

information is highly reliable since the relationship itself is directly from biological experiments. 

However, itôs almost impossible to conduct the KO/OE experiments for each TF on all possible 

cell types, respectively. KnockTF[38]  manually curated datasets of 570 TF KO/OE experiments, 

far from enough to build a comprehensive TF-gene binding state database. In a word, although the 

TF-gene relationship via KO/OE experiments is highly reliable, the number of it is far from 

building a comprehensive database. 3) Literature-based databases, like BioGRID[39] . It curates 

the publications in which TF-gene regulatory relationships are well studied and experimentally 

validated. The interactions from the literature are highly reliable. However, the number of well-

study TF-gene interactions is far from enough. For example, BioGRID collected 58521 gene-gene 

interaction pairs for mus musculus. Among them, only 12761 are TF-gene pairs. Not to mention 

that these 12761 interactions need to be further divided according to tissue/cell types. Besides, the 

literature-curated interactions are biased to the well study TF-gene pairs. A TF-gene interaction 

not reported by any published papers does not imply that this TF-gene pair has no interaction. It 

may simply be because the related TF and gene are not well studied and no experiment is 

conducted so far. 4) ChIP-seq (chromatin immunoprecipitation followed by sequencing) based 

database. ChIP-seq experiment can be performed to detect the genome-wide binding sites of an 

individual TF in a specific tissue/cell type. After mapping the reads generated by ChIP-seq to the 

genome, genomic regions enriched for mapped reads are identified. The identified genomic 

locations are known as ChIP-seq peaks [40] . They derive from the TF-DNA interactions in vivo. 

Therefore, the ChIP-seq data of a specific TF in particular cell types, which accurately 

characterizes its genome-wide binding sites, can be used to infer its targeted genes in that cell type 

[25] . 5) user-provide scRNA-seq based database. This method directly uses the scRNA-data that 

the co-expression gene set coming from to compute the TF-gene binding state. Specifically, a TF 

and a gene are believed to be associated if their expression level is highly correlated across cells. 

Therefore, the TF-gene binding state can be extracted by computing the correlation between any 

TF-gene pair. Such a database has an obvious advantage: it is perfectly cell-type specific, because 

the user-provided scRNA-seq data reflect the exact biological condition (eg., cell type, etc.) where 
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the co-expressed genes come from. However, this type of database requires the user to upload their 

scRNA-seq data (which is not always available) and may have a risk of overfitting to the scRNA-

seq data. 

After considering all possible sources of TF-gene binding datasets, we believe the ChIP-seq based 

database and user-provide scRNA-seq based database are the two reasonable choices, as they 

satisfy all the three scenarios we set. The former is more robust, while the latter is more data and 

cell-type specific. Users may choose the one that best fits their studies. 

Taking all the discussions above into account, we proposed a framework for driving TF 

identification shown in Figure 6-3. The input of this application is a co-expressed gene set and it 

outputs the identified driving TFs. In the framework, the TF-gene binding state data is firstly 

derived from ChIP-seq databases and stored in a 2D tensor, with each row/column corresponding 

to a TF/gene, respectively. Then the CMC model is applied to infer the binding affinities of each 

TF/gene, as well as the binding probability of each TF-gene pair. Finally, the driving TFs are 

identified by comparing each TFôs observed binding state with the input co-expressed gene set and 

the corresponding binding probability. 

In the following three sections, we will describe the details of the implementation of this 

framework, which includes the following key modules: TF-gene binding state database, cell-type-

specific TF-gene binding probability, and the statistical test. 
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Figure 6-3 The framework of driving TF identification. The input of this application is a co-expressed 

gene set and it outputs the identified driving TFs. The TF-gene binding state data is derived from ChIP-

seq databases and stored in a 2D tensor. Each row/column corresponds to a TF/gene, respectively. The 

binding and non-binding states are distinguished by black and white colors. The CMC model is applied to 

infer the binding affinities of each TF/gene, as well as the binding probability of each TF-gene pair. By 

comparing each TFôs observed binding state with the input co-expressed gene set and the corresponding 

binding probability, driving TFs are identified. 
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6.4 Core Module 1: TF-gene Binding State Database  

The TF-gene binding state tensor indicates whether a TF is binding to a gene. The tensor is two-

dimensional, in which one column represents a gene, and one row corresponds to a TF attached by 

cell-type property. Value 1 in an entry ὭȟὮ indicates that the ὝὊ binds to and consequently 

regulates the ὫὩὲὩ in the corresponding cell type. Value 0 indicates ὝὊ does not bind to ὫὩὲὩ 

in that cell type. The 2D tensor collects the binding states between different TFs and genes in 

various cell types. It serves as a knowledge base in the driving TF identification model. It's the 

binding state matrix that the identification model relies on to identify the TFs that significantly 

"favor" the co-expressed gene list. A binding state tensor of good quality is critical for the 

identification task. 

As discussed in the design principle (Section 6.2.1 ), the binding state tensor is from user-provided 

scRNA-seq data or ChIP-seq database according to the userôs choice. We discuss in detail how the 

binding state tensor is constructed from the two sources.  

1)  User-provided scRNA-seq data based method: In order to compute the binding frequency of 

each TF, we first infer the TR-gene binding state (whether a TF is binding to a gene or not) based 

on the association of TF-gene expression. Since TF-gene regulation is tissue-specific, we consider 

the problem within the scope of a certain tissue. We assume that, in a specific tissue, a gene should 

have a similar expression pattern with a TF that regulates (binds) it. Pearson correlation coefficient 

is employed to assess the association between the expression of a TF and a gene, and Studentôs t 

test of the correlation coefficient is performed to decide if the TF-gene pair is statistically 

significantly associated, namely, if the gene is bound by the TF. The inferred binding state of all 

TF-gene pairs is organized into a TF-gene binding state tensor. 

2) ChIP-seq database method: Datasets from ChIP-seq experiments were selected to extract the 

TF-gene binding state. Each dataset records the result of one ChIP-seq experiment. ChIP-seq 

experiments can be performed to detect the genome-wide binding sites of an individual TF in a 

specific tissue/cell type. It is wildly used to detect TF-DNA interactions in vivo. ChIP-seq datasets 

were selected for the following considerations: 1) ChIP-seq data of a TF can accurately 



65 

characterize the TFôs genome-wide binding sites [25] . 2) ChIP-seq data can capture the cell type-

specific binding states between TFs and genes. 3) There are thousands of ChIP-seq datasets for 

different TFs in different cell types [4] , [41] -[44] .  

We extracted the TF-gene binding states from UniBindôs TF-DNA interactions Database [4] , 

which comes from 9654 ChIP-seq experiments across nine species, for its high standard in terms 

of data quality. UniBind uses two quality control metrics to ensure the quality of inputted ChIP-

seq datasets. 1) It expects the high-quality ChIP-seq peak datasets to be enriched for the TF binding 

motif known to be bound by the ChIPôed TF, and filters out the ChIP-seq datasets not satisfying 

this metric. 2) It filters out the datasets where the predicted TFBSs did not show a significant 

enrichment around the summits, as it expects the high-quality ChIP-seq peaks to be enriched for 

TFBSs close to their summits. In addition, UniBind combines both computational (via TF motif 

information) and experimental (via ChIP-seq datasets) evidence to find the high-confidence TF-

gene interactions.  

A TF regulates its targeted gene's expression by binding to either enhancers or promoters of the 

targeted genes. However, converting the TF-DNA interactions to the TF-gene binding states is not 

trivial for the following reasons: 1) although promoters are typically immediately adjacent to the 

gene's transcriptional start site (TSS) in DNA sequence,  the exact length of each gene's promoter 

can often only be defined experimentally; 2) The enhancer can be located upstream or downstream 

up to 1 Mbp away from the TSS of its targeted gene, and there is no accurate map linking enhancers 

to their target genes [45] ; 3) not all TF's bindings are functional [46] . A score is therefore needed 

to quantify how likely a gene is regulated by a TF. While estimating the score, the effect a TF 

binding site has on the expression of its targeted gene is assumed to decay exponentially with the 

genomic distance between the binding site and the TSS [25] . While TFs can also regulate genes 

by binding to genes' enhancers, it's almost impossible to incorporate such regulation into the 

database, as discussed above [47] .  Therefore, we only consider the TF binding sites located 

around the TSS.  

To calculate the binding score between any TF-gene pair, a distance weight ύ representing the 

regulatory influence of a locus at position Ὧ on the TSS of gene Ὦ, is firstly defined [25] : 
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ύ
ςὩ

ρ Ὡ
 

where Ὠ Ὧ ὸ is the distance between nucleotide position Ὧ and the position of gene Ὦôs 

TSS at ὸ. ‘  is the parameter to determine the decay rate of the weight; ɝ is a predefined 

decay distance, corresponding to the distance that ύ  decay to 0.5. The binding score between TF 

Ὥ and gene Ὦ is:  

Ὓ ÍÁØύ ί  

where ί ᶰπȟρ is the signal of whether TF Ὥôs binding at genome position Ὧ. Ὓ πȟρ.  

We found that, for ChIP-seq datasets from different labs, their TF-DNA interaction counts vary 

dramatically, even for the same TF in the same cell types. Such a difference is probably due to the 

batch effects. We assigned different decay distances ɝ to roughly control the impact of the batch 

effect. The ɝ was set to 250, 500, and 1000 for datasets with TF-DNA interaction counts less than 

256, between 256 and 1024, and larger than 1024, respectively.  

The final TF-gene binding state tensor is illustrated in Figure 6-4, in which one row corresponds to 

a ChIP-seq dataset, and one column represents a gene. In the tensor, TFs with an identical name 

but from different datasets are regarded as different TFs and are represented by different rows. 

This is because the datasets of TFs with an identical name are the results of ChIP-seq experiments 

that may be conducted on various cell types, and the TF-gene binding states are cell type-specific. 

TFs with identical name will be jointly considered in the final step of driving TF identification. 

For each dataset, its corresponding TF and cell type are attached. This tensor has 3072 rows 

(datasets) and 24528 columns (genes). 
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Figure 6-4  The TF-gene binding state tensor 

6.5 Core Module 2: Cell-Type-Specific TF-Gene Binding 

Probability  

The binding probability matrix is inferred from the TF-gene binding state matrix. Value in entry 

ὭȟὮ is the probability that the j th gene is bound by the TF of the i th ChIP-seq dataset in the 

corresponding cell type, conditional on the TFôs/geneôs binding affinities in the cell type. The 

probability matrix is used to compare with the binding state matrix so as to identify the TFs that 

are significantly enriched among the inputted gene set. 

The binding probability is often cell type-specific, due to the cell type-specific regulation [48] - 

[52] . Evidence from the TF-gene binding state tensor also supports this statement (Figure 6-2). 

Figure 6-2 shows that the binding affinities of a gene are close in similar cell types/tissues, but 

could be quite different in distinct cell types/tissues. Therefore, a cell type-specific TF-gene 

binding probability is needed. 

To learn the cell type-specific TF-gene binding probability from the binding state tensor, a 

straightforward method is regarding the cell type as a third factor and storing the binding state 

information in a three-dimension (TF, gene, and cell type) tensor, then applying the CMC model 

to infer the cell-type-specific binding probability. However, the ChIP-seq datasets that have been 

generated are far from covering all TFs and all cell types [52] . For many cell types/tissues, only a 

limited number of ChIP-seq datasets are available. For these cell types/tissues, itôs hard to 

confidently estimate the TF-gene binding probability given the small number of datasets. 
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We developed a CMC-based framework to confidently estimate the cell type-specific TF-gene 

binding probability (Figure 6-5). Basically, for each cell type, the ChIP-seq datasets corresponding 

to this cell type were used as seeds to identify the ChIP-seq datasets coming from similar cell 

types. The seeds and the identified ChIP-seq datasets would jointly contribute to the inference of 

the TF-gene binding probability for this specific cell type. For convenience, we call the ChIP-seq 

datasets coming from similar cell types of the seeds as seedsô ñrelated ChIP-seq datasetsò. To 

identify the related ChIP-seq datasets for each cell type, we first identified from the seeds a set of 

representative genes, which represents the binding characteristic of this cell type. Given the 

representative genes, the related ChIP-seq datasets were then identified.  

 

Figure 6-5  The CMC-based framework for related ChIP-seq dataset identification 

The representative genes of a cell type are the genes that are more frequently bound by various 

TFs in this cell type than in other cell types (the background cell types). These genes contribute to 

the binding characteristics of this cell type. As TF regulates the expression of its target genes by 

binding to them, these genes are likely to be DEGs in this cell type compared with the background 

cell types. To identify the representative genes, the CMC model was reused again. The 

identification module is similar to that of driving TF identification (Figure 4A), except that the 

input is the IDs of the seeds (i.e., the ChIP-seq datasets of a specific cell type). In such cases, given 
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the binding genes of all ChIP-seq experiments performed on various cell types, the module 

identifies the genes that are enriched in the ChIP-seq of a specific cell type. To this end, for each 

gene, its observed binding states among the seeds were compared with the corresponding binding 

probabilities, and a p-value was assessed. To infer the binding probability, the CMC model was 

applied due to the existence of heterogeneities across genes and datasets. Unlike the driving TF 

identification, we do not need to consider the cell-type-specific binding probability, because the 

binding heterogeneity between cell types is the information that we rely on for the identification. 

If we regard the ñcell typesò as an additional dimension then the CMC model would model and 

remove the impact of the heterogeneity of cell types, and the desired cell type-related datasets 

would not be identified. 

Given the representative genes of a specific cell type, we then detected the related ChIP-seq 

datasets, in which the representative genes are frequently bound. The assumption behind this is 

that the seeds and their related ChIP-seq datasets have similar binding characteristics. Specifically, 

their representative genes are highly overlapped. The module of related ChIP-seq datasets 

identification is also similar to Figure 6-3, except that the input is the representative genes. In such 

a case, the module identified the ChIP-seq datasets that the representative genes are bound more 

frequently than expected. 

Given the identified related ChIP-seq datasets, we then combined them with the seed datasets to 

jointly infer the cell type-related binding probability matrix. Specifically, for each cell type, its 

corresponding seeds and identified related ChIP-seq datasets were used to infer the cell-type-

specific gene factor, during which, the binding scores of each dataset are multiplied by a weight 

reflecting how well the dataset represents the binding characteristics of the cell type. The weights 

are transformed from the p-values of the related datasets identified. 

Given the genesô cell-type-specific binding affinities, we then inferred the cell-type-specific 

binding probabilities for the ñTF-gene binding state tensorò shown in Figure 4A. For each cell 

type, the CMC model was applied to the whole tensor with genesô cell-type-specific binding 

affinities fixed, and the cell-type-specific binding probabilities are estimated for this cell type. 
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6.6 Core Module 3: Statistical Test 

To detect the driving TFs of the inputted co-expressed gene set, for each TF, we checked whether 

it binds to the co-expressed gene set more frequently than by random. Specifically, let ὼȟȣȟὼ 

be the binding states of the examined TF and the ὲ co-expressed genes, and ὖȟȣȟὖ are the 

corresponding binding probabilities conditional on the TFôs and genesô binding affinities; we 

assess the p-value of the score: 

Ὓ ‫ὼ 

under null hypothesis 

Ὓ ‫ὦ 

where ὦ is the Bernoulli variable with success probability ὖ; is a predefined weight attached ‫ 

to ὦ. We set ‫  to guarantee that each weighted Bernoulli variable has the same 

variance and equally contributes to Ὓ. 

As we carefully considered the binding affinity of each gene, ὖ  are typically different, making 

it extremely hard to compute the exact p-values. Therefore, as mentioned in the main text, we 

utilized saddle point approximation to provide an accurate and efficient alternative, i.e., ὴὛ

ρ ὊὛ , where ὊὛ  is the approximated CDF. It is given by [53] : 
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where ὑὛ ÌÏÇὓὛ  is the cumulant generating function; ὓὛ is the moment generating 

function of the distribution of Ὓ; ‌ ÓÇÎώ ςώὛ ὑώ  , ‍ ώ ὑ ώ, and ώ is the 

solution to ὑώ Ὓ . 

After the statistical test, for TFs with identical names, only the most significant one was reported. 

6.7 Experimental Results 

6.7.1 Cell-Type-Specific Binding Affinity  

Estimating the cell-type-specific binding affinities is an essential step for accurate driving TF 

identification. In Section 6.5 , we proposed a CMC-based model to identify ChIP-seq datasets with 

similar cell type, so as to tackle the issue that some cell types have too limit number of available 

ChIP-seq datasets. Given the identified ChIP-seq datasets for each cell type, CMC model is again 

applied to estimate the TF/gene binding affinities for that cell type. 

Before given the final driving TF detection results, in this section, we show the detection results 

for ChIP-seq datasets with similar cell type as well as the estimated cell-type-specific binding 

affinities. These results may help to partially judge the power of CMC model as these results are 

all CMC based. 

Figure 6-6 and Figure 6-7 show the related ChIP-seq dataset identification results for regulatory T 

cells and for hepatocytes respectively. For comparison, we also show the identification results 

using correlation-based method. The correlation-based method identifies ChIP-seq datasets of TFs 

whose target genes are highly overlapped with cell-typeôs seed genes (Section 6.5 ). The last 

column show labeled the actual cell type/tissue in which the ChIP-seq experiment is performed on. 

As can be seen in Figure 6-6, the cell types of CMC-based methodôs top ranked identified ChIP-

seq datasets are all T cells (Th0-cells and Th17-cells are the subsets of T cells), while the 

correlation-based method identifies more than half of unrelated ChIP-seq datasets (marked in blue). 

The similar conclusion also applies to the related ChIP-seq dataset identification results for 

hepatocytes.   
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Figure 6-6 Related ChIP-seq dataset identification results for regulatory T cells. Left: results of the 

proposed CMC-based method; Right: results of the correlation-based method. 
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Figure 6-7 Related ChIP-seq dataset identification results for hepatocytes. Left: results of the proposed 

CMC-based method; Right: results of the correlation-based method 

 

Figure 6-8 The correlation coefficient of the estimated genesô binding affinities between any two cell 

types. The correlation coefficients are shown as a heatmap. 



74 

Figure 6-8 shows the correlation coefficient of the estimated genesô binding affinities between any 

two cell types. It can be seen that similar cell types have relatively higher correlation coefficients 

compared with those among distinct cell types. The results are consistent with our intuition that 

similar cell types have similar genesô binding affinities. 

The above results partially validate the correction and the power of CMC model. 

6.7.2 Driving TF Identification for Benchmark Datasets 

To measure the performance of the CMC model on driving TF detection, we used 49 benchmark 

datasets for testing [25] . Figure 6-9 show how the evaluation is performed. In each dataset, a single 

TF (or a TF family) is knocked out (KO) or overexpressed (OE) and the corresponding DEGs are 

identified. Therefore, we may input the DEGs into the driving TF identification model and check 

if the model can successfully identify the KO/OE TF that results in the differential expression of 

these genes.  

 

Figure 6-9 Illustration of driving TF identification result validation with a benchmark dataset 

We particularly checked the identification result in an example benchmark dataset with MYOD1 

being knocked out and serving as the ground truth TF to be identified (Figure 6-10). The knock-

out experiment and DEGs analysis were conducted in embryonic fibroblasts. The CMC 

successfully identified MYOD1 as the most significant driving TF. As a comparison, Fisherôs-

exact-test-based method, which ignore the heterogeneity of genesô binding affinities, identified 

MYOD1 as the 15th most significant driving TF. There are two reasons for the failure detection of 
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Fisherôs-exact-test-based method: 1) cell-type specific; 2) heterogeneity in genesô binding 

affinities. We discuss these two reasons in detail in the following. 

Among the 14 TFs ranked above the ground truth TF, 7 of them are the TFs whose ChIP-seq 

experiments are performed on cell types that are the same or similar to that of the DEGs coming 

from. These 7 are likely the false positives identified by Fisherôs exact test, due to its neglect of 

the cell-type specific genesô binding affinities. Specifically, the ChIP-seq experiment was used to 

determine the target genes of a TF in a specific cell type. In such experiments, the cell types that 

the experiments are performed on are an important factor. This is not only because the TF-geneôs 

binding state itself is cell-type specific, but also because, by random, a TF has zero chance to bind 

to the genes whose corresponding chromosomes are closed (typically the non-expressed genes), 

and high change to the chromosome-accessible genes (corresponding to the expressed genes). 

Therefore, genes should be assigned different weights when estimating their probabilities to be 

bound at random. Ignoring such heterogeneity among genes, as Fisherôs exact test did, will result 

in a biased estimation of the by-random binding probability. Specifically, lower probabilities for 

expressed genes and higher probabilities for non-expressed genes. In the case shown in Figure 

6-10, the input DEGs are the expressed genes in embryonic fibroblasts and are falsely higher 

estimated for the TFs whose ChIP-seq experiments are conducted in embryonic fibroblasts or 

similar cell types. As a consequence, such TFs are falsely identified as driving TFs by Fisherôs 

exact test. 



76 

 

Figure 6-10 The significant TF identification results for an example benchmark dataset by the CMC 

model (Left) and the Fisherôs-exact-test-based method (Right). The CMC successfully identified the 

ground truth TF, MYOD1, as the most significant driving TF. In the driving TF list identified by Fisherôs 

exact test, MYOD1 only ranks the 15th. It falsely identified some TFs whose ChIP-seq experiments are 

performed on embryonic fibroblasts or related cell types. Embryonic fibroblasts are the cell types that the 

input DEGs that are detected. 

Figure 6-11 summarizes, among the 49 experiments (which came from the paper of related work: 

Lisa [25] ), how many datasets whose ground truth TF is successfully identified. We used three 

criteria to define the ñsuccessful identificationò, namely, the ground truth TF appears in the top 1, 

5, or 10 of the identified TF lists. As shown in the figures, by jointly considering the TF and gene 

factors, the CMC model surpasses all the other methods in all criteria. The second best is Lisa [25] , 

which accounts for additional biological knowledge (i.e., genome-wide chromatin accessibility 

information).  
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Figure 6-11 Summary of driving TF identification results on 49 benchmark datasets 

6.7.3 Driving TF Identification for  Real Study Case 

Oligodendrocytes (OLs) are a type of glial cells in the central nervous system (CNS). Their main 

functions are to provide support and insulation to axons in the central nervous system by creating 

the myelin sheath around the axons of CNS nerve cells [54] . Neural stem cell (NSC) differential 

to primitive oligodendrocyte precursor cells (pri-OPCs) as well as oligodendrocyte precursor cells 

(OPC). OPC differentiates into immature premyelinating OLs (pre-OLs) and finally differentiates 

into mature OLs that provide support and insulation to axons [55] [56] . 

As NSC may also differentiate to other lineage cells, like astrocytes, it is eager to identify the TFs 

that drive oligodendrocyte lineage. To do so, given the scRNA-seq data of cells including 

oligodendrocyte/astrocyte/neuron lineage cells, we first identified the genes differentially 

expressed in OPCs, and then fed them to our CMC model for driving TF identification. In this 

application, as the scRNA-seq data is available, we estimated the TF-gene binding state from the 

scRNA-seq data itself. 

Table 6-1 shows the top 10 identified driving TFs. Among them, Olig1, Olig2, and Sox10 are the 

previously known TFs of oligodendrocyte fate commitment and differentiation [57] . We also 

identified TFs not previously reported to be function in oligodendrocyte lineage development, like 
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Ppp1r14b and Zfp36l1. We collaborated with Lu Lab from Cincinnati Children's Hospital to 

validate these two candidates [33] . 

We first validated the roles of Zfp36l1 in regulating the differentiation of oligodendrocytes from 

NSC. Zfp36l1 encodes an RNA-binding zinc-finger protein of the C3H type [58] . Through mRNA 

in situ hybridization, our collaborates confirmed Zfp36l1ôs expression in subventricular zone (SVZ) 

progenitors during early developmental stages [33] , implying Zfp36l1ôs potential role in 

regulating oligodendroglia cell fate commitment. 

Table 6-1 Top 10 identified driving TFs. In the table, the green color marked the previously known TFs of 

oligodendrocyte fate and differentiation, and the blue color marked the two TFs that were not previously 

reported to be involved in oligodendrocyte lineage development and to be validated via biological 

experiments in this study. 

 

To further validate that Zfp36l1 is in deeded drive the differential of oligodendrocyte lineage from 

NSC, our collaborators bred Zfp36l1-cKO mouse and compare the number of 

oligodendrocyte/astrocyte lineage cells with the control mouse [33] . Immunostaining results 

indicated that the numbers of oligodendrocyte lineage cells: OPC (marked by Olig2) , pri-OPC 
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(marked by Pdgfra), and pre-OL (marked by Mbp) all reduced significantly in the cortices of the 

Zfp36l1-cKO mice at P7 compared to controls. Besides, it was observed that Zfp36l1-cKO mice 

exhibited generalized tremors, probably because of the myelination deficiency.  

As a comparison, immunostaining results indicated that the number of other glial cells, astrocytes 

(marked by GS), increased dramatically in Zfp36l1-cKO cortices compared to controls. Whatôs 

more, immunostaining results, which showed the co-labeling of GS and tdTomato in Zfp36l1-cKO 

cells, further indicated that the increasing astrocytes were derived from the Zfp36l-cKO 

progenitors at the expense of OPCs. 

All the results above suggest that Zfp36l1 controls oligodendrocyte-astrocyte fate transition in the 

developing brain. 

Surprisingly, our collaborators also found that Zfp36l1 deficiency significantly decreased the rate 

of glioma cell proliferation [33] , implying the importance of Zfp36l1 in gliomagenesis. The role 

of Zfp36l1 is summarized in Figure 6-12. 

 

Figure 6-12 Illustration for the role of Zfp36l1. Zfp36l1 controls oligodendrocyte lineage cells derived 

from NSC and inhibits the initiation and growth of glioma. 
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In addition to Zfp36l1, our collaborators also examined the function of Ppp1r14b, the TF that ranks 

1st in our driving TF detection list. Via qRT-PCR analysis, they found that the knockdown of 

Ppp1r14b in primary OPCs inhibited: 1) expression of myelin genes, 2) OPC differentiation into 

mature oligodendrocytes, which suggests that Ppp1r14b regulates OPC lineage progression. 

To sum up, we applied the CMC model to identify the TFs that control oligodendrocyte lineage 

cells derived from NSC. CMC model identified the previously known TFs of oligodendrocyte fate 

commitment and differentiation, Olig1, Olig2, and Sox10 (ranked from 2nd to 4th). It also identified 

TFs not previously reported, Ppp1r14b (ranked 1st) and Zfp36l1 (ranked 6th), whose functions in 

oligodendrocyte lineage development are confirmed via conditional knock-out experiments. The 

results above well validate the effectiveness of our CMC-based driving TF detection model. 
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Chapter 7   Application II: scRNA-seq Data 

Normalization 

7.1 Introduction  

scRNA-seq is a sequencing technique used to profile the RNA molecule quantity in each individual 

cell [8] . It provides us with a powerful tool for revealing exciting biological insights at single-cell 

resolution. However, scRNA-seq data is known to be susceptive to some unwanted factors. 

Therefore, before downstream analysis, the raw data need to be normalized to reduce the impact 

of such factors and let the real signals of interest remain. 

Technically, the scRNA-seq isolates a biological sample into single cells. For every single cell, 

the mRNA molecules in its lysis are captured (by poly[T] priming) and are reversely transcribed 

into complementary DNA (cDNA). Subsequently, a tiny amount of cDNAs are amplified and 

fragmented. Finally, the cDNA fragments, resulting from the fragmentation, are sequenced  [59] . 

After aligning the sequenced fragments to the reference genome, raw counts are obtained. A raw 

count records the number of reads (fragments) of a gene in a single cell. 

Current scRNA-seq technologies can be roughly divided into full -length technologies, and 

technologies based on the unique molecular identifier (UMI). Full-length technologies convert the 

entire mRNA into cDNA and sequence them after fragmentation and amplification. The UMI-

based technologies, on the other hand, only sequence part of the mRNA. They sacrificed the full-

length coverage to increase the throughput of scRNA-seq library generation by one to three orders 

of magnitude and dramatically reduced the sequencing cost  [60] ,[61] . These methods allow us 

to tag a UMI to each mRNA molecule. Therefore, each mRNA will be correctly identified and 

counted even if it has many duplicates after the amplification step [62] . The UMI-based methods 

count the absolute numbers of mRNA molecules and have advantages in cost [63] . Full-length 
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technologies can cover the whole genome sequence. And compared with UMI-based technologies, 

they are more sensitive, especially for those lowly expressed genes [64] . 

During these processes, the raw counts of scRNA-seq are susceptive to factors like the cellôs library 

size, geneôs GC content, gene length, etc. The cellôs library size directly impacts the total read 

counts of a cell. The GC content of a geneôs sequence will impact the efficiency of PCR 

amplification. As for gene length, compared with short genes, the longer ones will result in more 

cDNA fragments and are more likely to be sequenced during the RNA-sequencing. The first one 

is the technical factor impacting every single cell, and the last two are inherent to the gene. We 

name the combined effect of all cell-related factors including the library size as ñcell factorò and, 

likewise, the overall effect of all gene-related factors including GC content and length as ñgene 

factorò. Besides these two categories, we found that, when full -length sequencing technologies is 

used (such as Smart-seq2 [16] , [17] ), the ñcDNA lengthò is also an important factor that has a 

non-negligible impact on the raw counts (Figure 1-6). 

None of the existing normalization methods noticed the cDNA length factor, and many of them 

deal with the cell factor and gene factor separately [13] ~ [15] . They basically estimated the cell 

factor (ñscaling factorò) for each cell and the gene factor for each gene, then divided each readout 

by its corresponding cell factor and gene factor. For example, in Total-Count (TC) [65] , the scaling 

factor of each cell was the sum of the read counts across all genes. In the upper-quartile (UQ) [26] , 

the scaling factor was computed by using the upper-quartile (75th percentile) of the gene-level 

count distribution. Other normalization methods partially considered the gene factor when 

estimating the cell factor. For example, the Trimmed Mean of M Values (TMM) [27]  estimated 

the scaling factors by assuming that the majority of genes are not differentially expressed across 

groups of cells. In Scran [28] , the scaling factors were computed by pooling expression 

measures of multiple cells and then performing deconvolution to obtain each cellôs scaling factor. 

SCnorm [29] used regression to estimate the dependence of gene expression level on sequencing 

depth, then grouped genes with similar dependence, and finally used a second regression to 

estimate scaling factors within each group. Unfortunately, as we presented in Section 1.2.2 , 

separately considering the factors is very likely to introduce unwanted bias to the normalized data. 
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We developed a framework to normalize the raw count of full -length-based scRNA-seq 

technologies. In the framework, the CMC model is applied to jointly infer the factors mentioned 

above (cell factor, gene factor, and cDNA-length factor) and then to normalize out the cell and 

cDNA-length factors. The heterogeneity among genes is kept in the normalized data because it 

includes information on geneôs average expression levels across all cells, which might be of 

interest to the users. Users can choose to normalize out the gene factor as well if they want. 

7.2 The cDNA-Length Factor 

The cDNA length refers to the sequence length of a cDNA molecule after its reverse transcription 

from the template mRNA during the scRNA-seq library preparation. Compared with a short cDNA 

molecule, a longer one tends to generate more cDNA fragments after the fragmentation procedure 

and is expected to have more fragments to be successfully sequenced in the final step of sequencing, 

resulting in a higher read count.  

Typically, the length of a cDNA molecule is equal to that of the mRNA that it reversely transcribes 

from, if an entire mRNA molecule is successfully reversely transcribed to cDNA (the lengths of 

primers are not considered). However, incomplete reverse transcriptions may occur and result in 

truncated cDNAs, which are shorter than they should be [66] . As a consequence, fewer fragments 

are expected to be generated and successfully sequenced. Figure 7-1 illustrates normal and 

incomplete reverse transcription (take the protocol of Smart-seq2 as an example). In the normal 

case, the oligo(dT) primer is attached to the mRNA's poly-A tail, where the reverse transcription 

starts from. After fully reversely transcribing the mRNA template, extra nucleotides, Cs, are added, 

and the ISPCR primer will be attached to the 5ô cap. In this case, the mRNA will be fully reversely 

transcribed (Figure 7-1 (A)). However, in some abnormal circumstances, the oligo(dT) primer may 

wrongly attach to the mRNAôs coding sequence, and reverse transcription will start from that 

position. Besides, extra Cs and ISPCR primer may also improperly bind to the mRNAôs coding 

sequence, resulting in an early stop of reverse transcription. As a result, only a part of the mRNA 

sequence is successfully reversely transcribed, as shown in Figure 7-1(B).  
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Figure 7-1  (A) Reverse transcription (normal case); (B) Incomplete reverse transcription results in 

truncated cDNA.  

The phenomenon of incomplete reverse transcription is also revealed by the sequenced fragments, 

which is the outputs of a sequencing machine. By aligning a sequenced fragment to the reference 

genome, we precisely identify the part of the mRNA sequence that the fragment was initially 

reversely transcribed from. We found that, in some cases, the fragments of an individual gene in 

one cell were all originally from a small part of the geneôs mRNA sequence. Figure 7-2(A) shows 

the alignment results of fragments corresponding to ERCC-00116 in a cell. It can be seen that all 

these fragments are squeezed in a small region of ERCC-00116ôs sequence, implying all these 

sequenced fragments initially come from a small part of an mRNA molecule. Such an observation 

can be explained by the incomplete reverse transcription, where only this small part of mRNA is 

successfully ñcopiedò for the downstream amplification and sequencing. By design, during the 

library preparation, an entire mRNA molecule is expected to be reversely transcribed to cDNA 

and to be sequenced after amplification and fragmentation. As a result, the sequenced cDNA 

fragments are expected to cover the whole mRNA. Figure 7-2(B) shows a typical case where the 

sequence reads align to the entire region of the geneôs reference sequence. These phenomena can 

also be observed in other genes (Figure 7-2 (C) and (D)). 

Only part of mRNA will be 

reversely transcribed

ISPCR primer

cDNA length

Oligo(dT) primer

cDNA length

! .



85 

 

Figure 7-2 Results of aligning the sequenced fragments to the reference sequences (introns are 

omitted). In the figure, one red line with two red circles in both ends represents a sequenced 

fragment. The horizontal axis represents the position where the sequenced fragments align to. All 

the sequence reads are ordered according to their starting points of the alignment positions. 

Greed circles indicate ISPCR primers are found in the corresponding fragmentsô ends. 

A concern may arise with the causality between the number of fragments and the reference 

sequenceôs region covered by the fragments. Specifically, it may be the small number of sequenced 

fragments that result in the narrow coverage of the reference region by the fragments. A piece of 

direct evidence to address this concern is the ISPCR primers. ISPCR primers are used and only 

used to attach the ends of the reverse-transcribed cDNA ([17] , Figure 7-1). For the cases shown 

in Figure 7-2 (A) and (C), we indeed found the fragments whose 5ô or 3ô end aligning to the end 
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of the narrowly covered region is attached by ISPCR primer, implying that the fragments already 

cover both the  5ô and 3ô ends of the cDNA they originated from. Besides, statistical tests were 

also performed for cases shown in Figure 7-2 (A) and (C) to test whether the narrowly covered 

regions are due to the small number of fragments. For this purpose, we randomly permuted the 

location of each fragment for ρπ times, and computed the lengths of the covered regions. The 

null distribution is built by fitting the distribution of covered region lengths obtained from the ρπ 

permutations. We then accessed the p-value of the observed covered region length. The p-values 

for Figure 7-2 (A) and (C) are both smaller than ρπ , rejecting the null hypothesis that the small 

length is due to the small number of sequenced fragments. 

Though the sequence length of each reverse-transcribed cDNA molecule was not recorded during 

the sequencing, it could be roughly inferred by aligning the corresponding fragments to the 

reference sequences and calculating the length between the first and the last nucleotide covered by 

the fragments. However, there is neither enough information for us to tell the original cDNA 

molecule for each sequenced fragment, nor the set of fragments that originate from the same cDNA 

molecule. Therefore, for the fragments corresponding to a gene (which could be told by the 

alignment results), we do not distinguish which cDNA molecule they are coming from. Instead, 

we infer the longest possible length of these fragmentsô original cDNA molecule. As a result, a 

single cDNA length value is inferred for all fragments of a gene in a cell. 

The product of incomplete reverse transcription is truncated cDNAs, which are shorter than the 

normal ones and will generate fewer fragments in the following steps. As a result, the 

corresponding mRNAs tend to have smaller read counts. We observed such a tendency in scRNA-

seq datasets from multiple sources [67] , [64] . Figure 1-6  shows the tendency of a geneôs read 

count across cells, as a function of its corresponding cDNA length. Note that ñERCC-00116ò is a 

spike-in RNA, which is manually added to each cell lysis evenly as a control probe. Its read counts 

are expected to be similar across all cells. This is true when the mRNA is completely reversely 

transcribed (in such cases, the corresponding cDNA lengths are equal to the RNA length, which is 

1991). Figure 1-6 implies that the read counts tend to be smaller as the reversely transcribed cDNA 

becomes shorter. We also observed this phenomenon for other genes (Figure 7-3).  
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Figure 7-3 The sequenced fragment count of gene ñCtszò (left) or ñIgf1ò (right) as a function of the 

estimated cDNA lengths. Data are obtained by collecting the fragment count as well as the estimated 

cDNA lengths of gene ñCtszò (left) or ñIgf1ò (right) in each of 1816 single cells. In the figure, one circle 

represents an individual cell. 

cDNA length factor was regarded as an additional factor during the normalization procedure. It 

was not categorized into the gene factor as the gene length did, because the corresponding cDNA 

length of the same gene varies across cells.  

Besides, as mentioned in Section 1.2.2 , preliminary evidence shows that the cDNA length factor 

is not independent of other facts, such as the cell factor (Figure 1-7), highlighting the necessity of 

jointly considering the gene, cell, and cDNA length factors. 

In summary, incomplete reverse transcription may occur during the RNA sequencing, resulting in 

shorter cDNAs and, consequently, smaller read counts than they should be. It is necessary to take 

the cDNA length into account when normalizing the scRNA-seq raw counts. Whatôs more, as the 

cDNA length factor is not independent of other factors, the cDNA length factor, along with other 

factors, should be considered jointly. As the CMC model consider multiple factors jointly, we shall 

apply it to the scRNA-seq data normalization task. 
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7.3 scRNA-seq Normalization Model 

To normalize the scRNA-seq raw counts, we organize the raw counts into a tensor with three 

dimensions, corresponding to the gene factor, cell factor, and cDNA-length factor, respectively 

(Figure 1-8). An entry in the tensor is the read count of a gene in a cell whose cDNA after reverse 

transcription is at a certain level/bin. In the experiment, the cDNA length is inferred during the 

alignment process.  

Given the 3D tensor, the CMC model is applied to estimate the expected value of each entry with 

joint consideration of the gene, cell, and cDNA length factors. Specifically, CMC is used to first 

infer the susceptivity values for each gene, cell, and cDNA-length category, and the expected value 

of each entry conditional on the inferred susceptivities of cell factor and cDNA-length factor. After 

the expected values are estimated, the raw count and the expected values in the 3D tensors are 

summed back to two-dimensional (2D) tensors respectively along the cDNA length dimension. 

Finally, the read counts are normalized via dividing the raw count by its expectation and taking a 

logarithm transformation. The gene factor is not normalized out from the data for the sake of 

reserving useful information for downstream analysis. 

More than 80% of values in a typical scRNA-seq data set are zero. However, a non-negligible part 

of them is not truly zero. Instead, due to the small number of RNA molecules in a single cell, many 

non-zero values cannot be detected [68] . The 0 values in the raw count of scRNA-seq are probably 

due to dropout events during the RNA sequencing. Such 0s do not necessarily imply that the 

corresponding genes have no expression. For example, dropout events happen when the geneôs 

mRNAs fail to be captured during the reverse transcription procedure. As there is no information 

source that helps to distinguish truly zero from non-truly zero, we ignored all the zeros and regard 

them as missing values when modeling the heterogeneities and inferring the gene/cell/cDNA-

length factors. Fortunately, our CMC model is compatible with data containing missing values.  



89 

7.4 Experimental Results 

We use two criteria to evaluate the normalization performance: 1) the variance of each geneôs 

expression across a set of homogeneous cells; 2) the differentially expressed gene (DEG) detection 

results for two distinct cell types. The first criterion is a direct measure showing how much of the 

variance due to noise (both sequencing noise and biological noise) is removed after the 

normalization. The second one illustrates the overall impact of normalization on the downstream 

analysis like DEG detection; the biological signal in the dataset should not be falsely removed by 

the normalization.  

The dataset used for this purpose is the scRNA-seq data of two cell types: immature microglia and 

proliferative-region-associated microglia (PAM), where the cell type labels are determined by 

clustering analysis based on cellsô expression profiles that are also given [67] .  

For the first criterion, Figure 7-4(A) shows each geneôs variance change after normalization. 

Normalization using the CMC model reduces the variance of most genes to about half of their 

original variance. For comparison, Figure 7-4B shows the variance changes after being normalized 

by a popular normalization method, total count (TC) [13] , which considers the cell factor 

separately from the gene factor. It can be seen that, for the TC method, the variances reduce 

significantly for a small part of extremely highly expressed genes (such as ñRn45sò in this dataset). 

However, except for this small part of genes, the rest of the genesô variances are only slightly 

changed. Whatôs more, variances of some ERCC spike-in controls, which are supposed to have 

small variances, even became larger after normalization by TC method. This is because the total 

count of each cell is dominated by a small number of extremely highly expressed genes. 

Normalizing out the cell factor without jointly considering such heterogeneity among genes will 

result in the normalization result favoring those highly expressed genes.  

We compared the variance change after normalizing by CMC and TC methods in Figure 7-4(C). 

As can be seen, compared with the TC method, CMC reduces the variance of most genes, except 

for a small part of genes. This small part of genes is mainly contributed by the genes with large 0 

rates (typically corresponding to the genes with small detected values and suffering from large 
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detection noise). Except that, a few other genes (e.g., genes with small 0 rates) also result in larger 

variances after normalization. We specifically inspect the genes on the left part (0 rates <0.15) in 

which many important genes are located for this dataset. It can be seen that, compared with the TC 

method, after normalization by the CMC model, most of the genes with larger variances are the 

differentially expressed genes (DEGs) reported by [67] ; in the meanwhile, the ERCC RNA spike-

in controls have much smaller variance. It implies that the power of the CMC model in terms of 

reducing the variance of housekeeping genes while enlarging those of DEGsô.  

Figure 7-5 summarizes the genesô variance change after the normalization performed by the CMC 

model and other normalization methods, TC [13] , TMM [27] , RUV [14] , UQ [26] , SCnorm 

[29] , Scran [28] , and Census [15] . It can be seen that the CMC model outperforms all the other 

methods in terms of reducing genesô variances.  

To examine the robustness of the CMC-based normalization method, except the results discussed 

above, we apply the model to two more datasets that are from another source [64]  and of different 

cell types. 
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Figure 7-4 scRNA-seq data normalization results. (A-B) Variance change of each gene across all cells 

before and after normalization (A: CMC model; B: Total count method). Each dot represents the variance 

change of an individual gene. The y-axis is the ratio of variance after normalization to that of before 

normalization. The variances are all computed on the log2-transformed normalized data. (C) The ratio of 

variance after normalization by CMC and TC methods. The genes in the region of the left side (0 rates < 

0.15) are specifically inspected. Among them, the ERCC spike-in controls are noted in blue color texts; 

and for those genes with a ratio larger than 1, we note the DEGs in brown color texts.  
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Figure 7-5 Summary of all genesô variance change after normalization via different methods.  

The two datasets are the scRNA-seq data of 4,381 homogeneous microglia cells and 1,338  

homogeneous oligodendrocyte cells. Figure 7-6 (the first row) shows each geneôs variance change 

after normalization. Normalization using the CMC model reduces the variance of most genes to 

about half of their original variance. For comparison, Figure 7-6 (the second row) shows the 

variance changes after being normalized by a popular normalization method, total count (TC) [13] , 

which considers the cell factor separately from the gene factor. It can be seen that, for the TC 

method, the variances reduce dramatically for genes with very small zero rates (corresponding to 

a small part of extremely highly expressed genes). However, except for this small part of genes, 

the rest of the genesô variances are only slightly changed. This is because the total count of each 

cell is dominated by a small number of extremely highly expressed genes. Normalizing out the 

cell factor without jointly considering such heterogeneity among genes will result in the 

normalization result favoring those highly expressed genes. Figure 7-6 (the third row) compares 

the variance of each gene after normalizing by the CMC model and by the TC method respectively. 

It confirmed that the TC method emphasized more on a small part of genes with extremely large 

values. Figure 7-6 (the last row) summarizes the genesô variance change after the normalization 

performed by the CMC model and other normalization methods. It can be seen that the CMC 

model outperforms all the other methods in terms of reducing genesô variances. 
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