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Utility Accrual Real-Time Scheduling and Synchronization on Single and

Multiprocessors: Models, Algorithms, and Tradeoffs

Hyeonjoong Cho

(ABSTRACT)

This dissertation presents a class of utility accrual scheduling and synchronization algorithms for

dynamic, single and multiprocessor real-time systems. Dynamic real-time systems operate in en-

vironments with run-time uncertainties including those on activity execution times and arrival be-

haviors. We consider the time/utility function (or TUF) timing model for specifying application

time constraints, and the utility accrual (or UA) timeliness optimality criteria of satisfying lower

bounds on accrued activity utility, and maximizing the total accrued utility.

Efficient TUF/UA scheduling algorithms exist for single processors—e.g., the Resource-constrained

Utility Accrual scheduling algorithm (RUA), and the Dependent Activity Scheduling Algorithm

(DASA). However, they all use lock-based synchronization. To overcome shortcomings of lock-

based (e.g., serialized object access, increased run-time overhead, deadlocks), we consider non-

blocking synchronization including wait-free and lock-free synchronization. We present a buffer-

optimal, scheduler-independent wait-free synchronization protocol (the first such), and develop

wait-free versions of RUA and DASA. We also develop their lock-free versions, and upper bound

their retries under the unimodal arbitrary arrival model.

The tradeoff between wait-free, lock-free, and lock-based is fundamentally about their space and

time costs. Wait-free sacrifices space efficiency in return for no additional time cost, as opposed to

the blocking time of lock-based and the retry time of lock-free. We show that wait-free RUA/DASA

outperform lock-based RUA/DASA when the object access times of both approaches are the same,

e.g., when the shared data size is so large that the data copying process dominates the object access

time of two approaches. We derive lower bounds on the maximum accrued utility that is possible

with wait-free over lock-based. Further, we show that when maximum sojourn times under lock-

free RUA/DASA is shorter than under lock-based, it is a necessary condition that the object access



time of lock-free is shorter than that of lock-based. We also establish the maximum increase in

activity utility that is possible under lock-free and lock-based.

Multiprocessor TUF/UA scheduling has not been studied in the past. For step TUFs, periodic ar-

rivals, and under-loads, we first present a non-quantum-based, optimal scheduling algorithm called

Largest Local Remaining Execution time-tasks First (or LLREF) that yields the optimum total util-

ity. We then develop another algorithm for non-step TUFs, arbitrary arrivals, and overloads, called

the global Multiprocessor Utility Accrual scheduling algorithm (or gMUA). We show that gMUA

lower bounds each activity’s accrued utility, as well as the system-wide, total accrued utility.

We consider lock-based, lock-free, and wait-free synchronization under LLREF and gMUA. We

derive LLREF’s and gMUA’s minimum-required space cost for wait-free synchronization using

our space-optimal wait-free algorithm, which also applies for multiprocessors. We also develop

lock-free versions of LLREF and gMUA with bounded retries. While the tradeoff between wait-

free LLREF/gMUA versus lock-based LLREF/gMUA is similar to that for the single processor

case, that between lock-free LLREF/gMUA and lock-based LLREF/gMUA hinges on the cost of

the lock-free retry, blocking time under lock-based, and the operating system overhead.

This work was sponsored by the US Office of Naval Research under Grant N00014-00-1-0549 and

The MITRE Corporation under Grant 52917.
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Chapter 1

Introduction

This dissertation focuses on utility accrual real-time scheduling and synchronization in dynamic,

single and multiprocessor systems. Dynamic real-time systems are emerging in many application

domains including robotics, space, defense, consumer electronics, and financial markets. Such

systems are fundamentally distinguished by the fact that they operate in environments with dynam-

ically uncertain properties. These uncertainties include transient and sustained resource overloads

due to context-dependent activity execution times and arbitrary activity arrival patterns. Neverthe-

less, such systems desire the strongest possible assurances on activity timeliness behavior.

Another important distinguishing feature of such dynamic systems is that they also have activities

that are subject to non-deadline time constraints, such as those where the utility attained for ac-

tivity completion varies with completion time. This is in contrast to classical deadlines, where a

positive utility is accrued for completing the activity anytime before the deadline, after which zero,

or infinitively negative utility is accrued. Yet another important distinguishing feature of these

systems is their relatively long execution time magnitudes, compared to conventional real-time

subsystems—e.g., in the order of milliseconds to minutes, or seconds to minutes.

Like most real-time systems, application activities of dynamic systems also share physical (e.g.,

CPU, I/O) and logical (e.g., locks) resources under mutual exclusion constraints, and they de-
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Chapter 1. Introduction 2

sire atomic behavior while concurrently and mutually exclusively accessing those resources. This

causes resource contention, and their resolution affect system’s timeliness behavior. Furthermore,

multiprocessor architectures (e.g., Symmetric Multi-Processors or SMPs, Single Chip Heteroge-

neous Multiprocessors or SCHMs) are also becoming increasingly attractive for dynamic real-time

systems because of their continuously decreasing cost (like for most real-time and non real-time

systems).

Example systems that motivate our work (from the defense domain) include sensor applications

such as Active Electronically Steerable Array (AESA) radars [35], combat platform applications

such as surveillance aircraft [28], and large-scale enterprise applications such as network-centric

warfare [16].

1.1 Time Utility Functions and Utility Accrual Criteria

When resource overloads occur, meeting deadlines of all activities is impossible as the demand

exceeds the supply. The urgency of an activity is typically orthogonal to the relative importance

of the activity — e.g., the most urgent activity can be the least important, and vice versa; the most

urgent can be the most important, and vice versa. Hence when overloads occur, completing the

most important activities irrespective of activity urgency is often desirable. Thus, a clear distinction

has to be made between urgency and importance, during overloads. (During under-loads, such

a distinction need not be made, because deadline-based scheduling algorithms such as Earliest

Deadline First [45] (or EDF) are optimal on one processor — i.e., they can satisfy all deadlines.)

Deadlines by themselves cannot express both urgency and importance. Thus, we consider the time-

liness model of time/utility functions (or TUFs) [47] for specifying application time constraints.

A TUF is a generalization of the classical deadline constraint, and specifies the utility to the sys-

tem resulting from the completion of an application activity as an application- or situation-specific

function of that activity’s completion time. Figure 1.1 shows examples. A TUF’s utility values are

derived from application-level quality of service metrics (e.g., track quality or track importance in
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a radar-based tracking system [28]).

Note that a TUF directly decouples importance and urgency — i.e., urgency is measured as a

deadline on the function’s X-axis, and importance is denoted by utility on the function’s Y-axis.

A classical deadline is unit-valued, since importance is not considered. Downward step TUFs

(Figure 1.1(a)) are a generalization of classical deadlines.
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Figure 1.1: Example TUF Time Constraints

When activity time constraints are expressed with TUFs, the timeliness optimality criteria are typ-

ically based on accrued activity utility — e.g., maximizing sum of the activities’ attained utilities

or assuring satisfaction of lower bounds on activities’ maximal utilities. Such criteria are called

utility accrual (or UA) criteria, and algorithms that optimize UA criteria are called UA algorithms.

UA algorithms that maximize total utility under step TUFs (see algorithms in [64]) default to EDF

during under-loads, since EDF satisfies all deadlines during under-loads (on one processor). Con-

sequently, they obtain the maximum total utility during under-loads. During overloads, they favor

more important activities (since more utility can be attained from them), irrespective of urgency.

Thus, deadline scheduling’s optimal timeliness behavior is a special-case of UA scheduling.

1.2 Single Processor Scheduling and Synchronization

The dissertation presents a class of UA scheduling and synchronization algorithms. First, the

dissertation focuses on the single processor problem space, for which UA scheduling has been

well studied and several algorithms have been developed (see algorithms in [64]). However, most
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of these algorithms rely on lock-based synchronization for concurrent, mutually exclusive access

to shared resources.

Further, many lock-based protocols typically incur additional run-time overhead due to scheduler

activations that occur when activities request locked objects [64, 65]. Lock-based synchronization

has several disadvantages such as

(1) serialized access to shared objects, resulting in reduced concurrency and thus reduced resource

utilization;

(2) increased run-time overhead due to the increased context switching between activities blocked

on shared objects and their lock holders. This occurs when the blocked activity has to be pre-

empted, the lock holder has to be executed until the lock is released, and the blocked activity’s

execution has to be resumed;

(3) possibility of deadlocks that can occur when lock holders crash, causing indefinite starvation

to blocked activities;

(4) need for a-priori knowledge of the ceilings of locks (e.g., Priority Ceiling Protocol [65]), which

may be difficult to obtain for dynamic applications; and

(5) reduced flexibility due to the need to update OS data structures and recompile the OS to ac-

commodate changes to lock ceilings.

To overcome these difficulties, we consider wait-free synchronization for the single-writer/multiple-

reader (or SWMR) problem — a very common synchronization problem that occurs in most em-

bedded real-time systems. Wait-free synchronization is an example non-blocking synchronization

mechanism, where all activities complete their access to shared objects in finite number of steps,

regardless of the number of interferences1 suffered by them from other activities [46]. Conse-

quently, no activity starves.

1An interference occurs when an operation on an object does not complete and another operation on the object

begins. An example way by which interference occurs is preemption, i.e., an operation on an object is preempted by

another operation on it as the scheduler deems the latter operation to have greater execution eligibility.
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An example way to achieve wait-free synchronization is by using multiple buffers for the shared

object and by carefully scheduling the execution of readers and writers to avoid interference [46].2

To bound the number of buffers that are needed, the key idea is to use as many buffers as the

maximum number of times the readers can be preempted by the writer. The maximum number

of preemptions of a reader bounds the number of times the writer can update the object while

the reader is reading. Thus, by using as many buffers as the worst-case number of preemptions of

readers, the readers and the writer can continuously read and write in different buffers, respectively,

and thereby avoid interference. Wait-free synchronization may incur additional time costs for their

intrinsic control mechanisms, or may incur additional space cost due to the use of multiple buffers.

The dissertation presents an analytical solution to the problem of determining the minimum number

of buffers that is required to ensure the safety and orderliness of wait-free synchronization in

SWMR, without considering any scheduler knowledge. We call this problem, the Wait-Free Buffer

size decision Problem (or WFBP). We prove that our solution to the WFBP requires lesser or

equal number of buffers than what is needed by the previously best wait-free protocols for this

problem, including Chen’s protocol [19], Improved Chen’s protocol [46], and NBW protocol [48].

In particular, we prove that our solution to the WFBP subsumes the number of buffers required

by Chen’s protocol and the NBW protocol as special cases. Further, we analytically identify the

conditions under which our protocol needs less (and equal) number of buffers than other protocols.

We also present a wait-free protocol that utilizes the minimum buffer requirement determined by

our solution. Our implementation of the protocol in the SHaRK RTOS and experimental studies

using that implementation validates our analytical results. Among the class of wait-free protocols

that consider a-priori knowledge of interferences and no scheduler knowledge, our optimal space

lower bound is the first such bound that is analytically established.

Armed with this result, we consider UA scheduling with wait-free synchronization. The motiva-

tion to do so (instead of lock-based synchronization) is to reap the advantages of wait-free syn-

chronization (e.g., reduced object access time, greater concurrency, reduced run-time overhead,

2Another strategy is to use cooperative scheduling [5].
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fault-tolerance) toward better optimization of UA criteria. In particular, we hypothesize that the

reduced shared object access time under wait-free synchronization will result in increased activ-

ity attained utility, but at the expense of additional buffer cost. Thus, the goal of considering

UA scheduling with wait-free synchronization is to establish the fundamental tradeoffs between

wait-free and lock-based object sharing for UA scheduling.

The dissertation considers the UA optimality criteria of maximizing the sum of the activities’ at-

tained utilities, while yielding optimal total utility for step TUFs during under-loads, and ensuring

the integrity of shared data objects under concurrent access. We consider two lock-based UA algo-

rithms that match these exact UA criteria: (1) the Resource-constrained Utility Accrual (or RUA)

scheduling algorithm [80] and (2) the Dependent Activity Scheduling Algorithm (or DASA) [27].

We develop wait-free versions of RUA and DASA using our space-optimal protocol, and analyt-

ically compares RUA’s and DASA’s wait-free and lock-based versions. We derive lower bounds

on the maximum possible accrued utility with wait-free over their lock-based counterparts, while

incurring the minimum possible additional space costs. Further, our measurements from a POSIX

RTOS implementation reveal that during under-loads, wait-free algorithms yield optimal total util-

ity for step TUFs and significantly higher utility (than lock-based) for non-step TUFs.

The tradeoff between wait-free RUA/DASA and lock-based RUA/DASA is fundamentally about

their space and time costs. The wait-free approach costs space — even though the space cost is

minimum and optimal for wait-free operations — in return for no additional time cost, i.e., no

blocking time as opposed to the lock-based approach. Specifically, we show that “no blocking

time” does not always mean a better timeliness performance for wait-free over lock-based. Com-

paring both approaches exclusively in terms of the time cost (i.e., task sojourn times3), we develop

the condition for wait-free RUA/DASA to outperform lock-based RUA/DASA. Wait-free outper-

form lock-based when the object access times of both approaches are the same, e.g., when the

shared data size is as large as the data copying process dominate the object access time of two

approaches. We believe that these cases are common.

3The sojourn time is defined as the period from a task’s release to its completion.
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Wait-free synchronization requires an upper bound on the number of jobs which can arrive at run-

time (the job upper bound is needed to upper bound the number of buffers needed for wait-free

synchronization). Consequently, this technique does not scale for the dissertation’s motivating dy-

namic application systems that have arbitrary number of job arrivals, and multiple-writer/multiple-

reader (or MWMR) scenarios, resulting in unbounded number of jobs. Thus, we consider lock-free

synchronization for this problem space.

Lock-free synchronization, in contrast to wait-free, guarantees that some object operations will

complete in a finite number of steps. It implies that some operations may starve. An example

way to achieve lock-free synchronization is through retries i.e., readers are allowed to concur-

rently read while the writer is writing (without acquiring locks). But the readers check whether

their reading was interfered by the writer. If so, they read again. Thus, a reader continuously

reads, checks, and retries until its read becomes successful. Since a reader’s worst-case number

of retries depends upon the worst-case number of times the reader is preempted by the writer, the

additional execution-time overhead incurred for the retries is bounded by the number of preemp-

tions. Inevitably, lock-free synchronization incurs additional time costs due to their retries, which

is antagonistic to timeliness optimization in real-time systems.

We consider UA scheduling with lock-free synchronization. We develop the lock-free version of

RUA and DASA, and derive their retry upper bound under the unimodal arbitrary arrival model

(or UAM). UAM specifies the maximum number of activity arrivals that can occur during any time

interval, while allowing arbitrary arrival frequency (and thus unbounded number of jobs) within

the time interval. Consequently, the model subsumes most traditional arrival models (e.g., frame-

based, periodic, sporadic) as special cases. Since lock-free sharing incurs additional time overhead

due to the retries (than lock-based), we establish the conditions under which activity sojourn times

are shorter under lock-free RUA/DASA than under lock-based RUA/DASA, for the UAM. When

sojourn times under lock-free is shorter than that under lock-based, it is a necessary condition that

the object access time of lock-free is shorter than lock-based. From this result, we establish the

maximum increase in activity utility that is possible under lock-free RUA/DASA over lock-based.

Further, measurements from our implementation on a POSIX RTOS reveal that lock-free RUA
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yields significant increase in accrued utility, by as much as 65%, and deadline satisfactions, by as

much as 80%, over lock-based.

With this result, the dissertation is thus able to provide completeness — for the first time — to

the single-processor solution space on UA scheduling and (lock-based and non-blocking) synchro-

nization.

1.3 Multiprocessor Scheduling

The dissertation now considers the multiprocessor problem space on UA scheduling and syn-

chronization. Multiprocessor architecture (e.g., Symmetric Multi-Processors or SMPs, Single

Chip Heterogeneous Multiprocessors or SCHMs) are becoming more attractive for embedded sys-

tems primarily because major processor manufacturers (Intel, AMD) are making them decreas-

ingly expensive. This makes such architectures very desirable for embedded system applications

with high computational workloads, where additional, cost-effective processing capacity is often

needed. Responding to this trend, RTOS vendors are increasingly providing multiprocessor plat-

form support—e.g., QNX Neutrino is now available for a variety of SMP chips [62]. But this

exposes the critical need for real-time scheduling for multiprocessors—a comparatively undevel-

oped area of real-time scheduling which has recently received significant research attention, but is

not yet well supported by the RTOS products. Consequently, the impact of cost-effective multi-

processor platforms for embedded systems remains nascent.

One unique aspect of multiprocessor real-time scheduling is the degree of run-time migration that

is allowed for job instances of a task across processors (at scheduling events). Example migration

models include: (1) full migration, where jobs are allowed to arbitrarily migrate across processors

during their execution. This usually implies a global scheduling strategy, where a single shared

scheduling queue is maintained for all processors and a processor-wide scheduling decision is

made by a single (global) scheduling algorithm; (2) no migration, where tasks are statically (off-

line) partitioned and allocated to processors. At run-time, job instances of tasks are scheduled
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on their respective processors by processors’ local scheduling algorithm, like single processor

scheduling; and (3) restricted migration, where some form of migration is allowed — e.g., at job

boundaries.

The partitioned scheduling paradigm has several advantages over the global approach. First, once

tasks are allocated to processors, the multiprocessor real-time scheduling problem becomes a set

of single processor real-time scheduling problems, one for each processor, which has been well-

studied and for which optimal algorithms exist. Second, not migrating tasks at run-time means

reduced run-time overheads as opposed to migrating tasks that may suffer cache misses on the

newly assigned processor. If the task set is fixed and known a-priori, the partitioned approach

provides appropriate solutions [13].

The global scheduling paradigm also has advantages over the partitioned approach. First, the par-

titioned approach cannot produce optimal real-time schedules — one that meets all tasks deadlines

when tasks utilization demand does not exceed the total processor capacity — for periodic tasks

sets [69], since the partitioning problem is analogous to the bin-packing problem which is known

to be NP-hard in the strong sense. Second, if tasks can join and leave the system at run-time, then

it may be necessary to reallocate tasks to processors unlike in the partitioned approach [13]. Third,

in some embedded processor architectures with no cache and simpler structures, the overhead of

migration has a lower impact on the performance [13]. Finally, global scheduling can theoretically

contribute to an increased understanding of the properties and behaviors of real-time scheduling

algorithms for multiprocessors. (See [44] for detailed discussion on this.) For these reasons, we

focus on global scheduling approaches in this dissertation. We also focus on homogeneous multi-

processors like SMPs.

The global EDF for multiprocessors, one of global scheduling approaches, is subject to the “Dhall

effect” [33], where a task set with total processor utilization arbitrarily close to 1.0 cannot be

scheduled satisfying all deadlines even with infinite processor resources. To overcome this, some

researchers have studied global EDF’s behavior under restricted individual task utilization de-

mands, and others have proposed several variants of EDF, e.g., Earliest Deadline until Zero Laxity
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(or EDZL), which allows another scheduling event to split tasks [55]. However, they do not provide

the optimality for multiprocessors.

The Pfair class of algorithms [11], another global scheduling approach, have been shown to be

theoretically optimal. However, Pfair algorithms incur significant run-time overhead due to their

quantum-based scheduling approach [31,69]: under Pfair, tasks are decomposed into several small

uniform segments, which are then scheduled, causing frequent scheduling and migration.

In the first place, the dissertation considers the classical hard real-time special case of UA schedul-

ing: Scheduling on multiprocessors to meet all deadlines under the periodic arrival model. 4 For

this problem, we present an optimal scheduling algorithm called LLREF that can meet all dead-

lines as long as the total utilization demand does not exceed the total processing capacity of all

processors. We design LLREF using a novel abstraction for reasoning about task execution behav-

ior on multiprocessors: the Time and Local Execution Time Domain Plane (or T-L plane). LLREF

is based on the fluid scheduling model and the fairness notion [11], and uses the T-L plane to de-

scribe fluid schedules without using time quanta, unlike the time quanta-based Pfair algorithm [11],

which is the only known optimal algorithm for the same problem.5 We show that scheduling for

multiprocessors can be viewed as repeatedly occurring T-L planes, and feasibly scheduling on a

single T-L plane results in the optimal schedule. We analytically establish the optimality of LL-

REF. Further, we establish that the algorithm has bounded overhead, and this bound is independent

of time quanta (unlike Pfair). Our simulation results validate our analytical results.

We build upon LLREF with a UA scheduling algorithm that maximizes total accrued utility called

the global Multiprocessor Utility Accrual scheduling algorithm (or gMUA) that considers dynamic

models. gMUA considers a stochastic execution-time model, where activity execution demand is

stochastically expressed. Further, gMUA allows activities to repeatedly arrive with a known min-

4The hard real-time objective is a special case of the UA objective. It can be formulated as a UA objective that

requires that the product of the utility accrued by all activities must be one, where each activity is subject to a downward

step TUF with a maximum utility of one and minimum utility of zero.
5Though the Pfair algorithm is optimal, the algorithm is impractical due to its significant run-time overhead, which

is caused by the quantum-based scheduling approach.
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imum inter-arrival time, which can be violated at run-time. We show that gMUA (1) achieves

optimal total utility for the special case of step TUFs and when utilization demand does not ex-

ceed global EDF’s feasible utilization bound, (2) probabilistically lower bounds the utility accrued

by each activity, and (3) lower bounds the system-wide total accrued utility. We also show that

gMUA’s timing assurances have bounded sensitivity to variations in execution time demand esti-

mates, and that the algorithm is robust against the Dhall effect.

1.4 Synchronization on Multiprocessors

Compared to the research efforts on single and multiprocessor scheduling, synchronization for

multiprocessor scheduling has been less studied. For example, the synchronization under global

EDF was considered only recently in [32]. We consider several resource sharing methods under

multiprocessor scheduling, including lock-based, lock-free, and wait-free synchronization for both

LLREF and gMUA algorithms.

In doing so, we follow the same approach as in single processor scheduling. First, we consider

bounded number of jobs, the SWMR scenario, and wait-free synchronization, and analytically

derive LLREF’s and gMUA’s minimum-required space costs using our optimal wait-free synchro-

nization algorithm that was previously discussed. This wait-free synchronization algorithm also

applies for multiprocessors.

As mentioned before, the tradeoff between wait-free and the other approaches including lock-

based and lock-free is fundamentally about their space and time costs. Wait-free sacrifices space

efficiency in return for no additional time cost, as opposed to the blocking time of lock-based and

the retry time of lock-free. As in the single processor case, we show that the wait-free approach is

beneficial when the object access times of the approaches are similar, or when the shared data size

is as large as the blocking time of lock-based or the retry time of lock-free.

We then consider unbounded number of jobs and the MWMR scenario, and lock-free synchro-

nization. We bound the retries needed for LLREF and gMUA under lock-free, and compute their
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feasible utilization demand bound to satisfy all deadlines. Finally, we consider lock-based syn-

chronization for both scheduling algorithms and derive their feasible utilization demand bound.

Tradeoff between lock-free LLREF/gMUA and lock-based LLREF/gMUA hinges on the cost of

the lock-free retry, blocking time under lock-based, and the operating system overhead. Under

LLREF and gMUA, the lock-free and lock-based approaches that we consider are both assisted by

non-preemptive area (NPA), i.e., the operations of both approaches are allowed to execute inside

the NPA and thus, no preemption occur during the NPA, which helps their operations bounded in

time. Thus, the tradeoff also depends on the lengths of their NPAs, which are determined based on

the cost of their object access times. Tradeoff between lock-free LLREF/gMUA and lock-based

LLREF/gMUA hinges primarily on the object access time of both approaches. We analytically

compare lock-free and lock-based approaches under LLREF and gMUA in terms of their feasible

utilization demand bound to meet all time constraints.

With these results, the dissertation provides a complete, fundamental foundation to the multipro-

cessor solution space on UA scheduling and (lock-based and non-blocking) synchronization.

1.5 Summary of Contributions

We now summarize the dissertation’s research contributions. Table 1.1 highlights the dissertation’s

contributions in the real-time scheduling problem space, contrasting them with past work, using

a three-dimensional matrix. Each matrix row of the table represents a class of TUF shape: Step-

shaped TUF and non-step shaped TUF (e.g., linear, parabolic). Each matrix column of the table

represents a processor class: Single processor and multiprocessors. Each matrix element of the

table (identified by a row and a column position) is partitioned into underload and overload models

— the bottom left triangle of the element represents the underload model and the top right triangle

represents the overload model. By the underload model, we mean the load model where the total
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utilization demand of the application tasks which must be satisfied by the TUF’s critical time6 does

not exceed the total processor capacity. In contrast, in the overload model, that total utilization

demand exceeds the total processor capacity.

Algorithms developed in the past and those developed in this dissertation are now catalogued in

the appropriate matrix elements (the dissertation algorithms are shown in bold). Note that this

cataloguing is mutually exclusive — overload scheduling algorithms also apply for under-loads,

but not vice versa; non-step TUF algorithms also apply for step TUFs, but not vice versa. Thus,

we catalogue such algorithms as belonging to that category to which they uniquely apply.

Table 1.1: Coverage of Dissertation’s LLREF and gMUA Scheduling Algorithms
PPPPPPPPPPP

Underload

Overload
Single Processor Multiprocessors

Step TUFs

``````````````````
RM, EDF, LLF, etc.

Dover, DASA-ND
``````````````````

global EDF, Pfair, LLREF

gMUA

Non-Step TUFs

``````````````````

LBESA, GUS, RUA
``````````````````

gMUA

A significant number of past research efforts have focused on real-time scheduling for deadline

time constraints, under-loads, and single processors. Example algorithms in this category include

Rate-Monotonic (or RM), EDF, and Least-Laxity First [59] (or LLF). In Table 1.1, we include

such algorithms as algorithms for step TUFs, although strictly speaking, deadlines are a special

case of step TUFs. Dover [49] is an optimal overload scheduling algorithm, as it is able to obtain

the maximum possible competitive ratio. The DASA without dependency (or DASA-ND) [27]

algorithm also considers step TUFs and overloads. Non-step TUFs were considered for the first

time by LBESA [56], and subsequently by GUS [54] and RUA [80].

The global EDF and Pfair algorithms consider deadline time constraints and under-loads on mul-

tiprocessors. As previously discussed, both algorithms have serious disadvantages. Global EDF

is not optimal for under-loads — i.e., it cannot ensure that all tasks meet their deadlines or TUF
6Critical time is the time at which the task TUF has zero utility—i.e., the ”deadline” time (all TUFs are assumed

to have such a time).
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critical times, even when the total utilization demand is less than the capacity of all processors.

The Pfair algorithm, on the other hand, can do so, but suffers from significant run-time overhead

due to its time quantum-based approach. In contrast, the dissertation’s LLREF algorithm, is not

time quantum-based, has lesser overhead, and can meet all deadlines or critical times as long as

the total utilization demand does not exceed the capacity of all processors.

LLREF is restricted to under-loads and step TUFs. The dissertation’s gMUA algorithm targets the

problem space of overloads and non step TUFs. However, gMUA is not optimal for under-loads,

unlike LLREF.

Table 1.2: Coverage of Dissertation’s Synchronization Methods
PPPPPPPPPPP

Underload

Overload
Single Processor Multiprocessors

Lock-Based

XXXXXXXXXXXXXXXXXXX

RM+PCP,PIP
RM,EDF+SRP

RUA+LB
DASA+LB

XXXXXXXXXXXXXXX
LLREF+LB

gMUA+LB

Non-Blocking

XXXXXXXXXXXXXXXXXX

RUA+WF
DASA+WF

RUA+LF
DASA+LF

XXXXXXXXXXXXXXXXX

gMUA+WF
LLREF+WF,LF

gMUA+LF

Table 1.2 highlights the dissertation’s contributions in the real-time synchronization problem space,

contrasting them with past work, using a similar three-dimensional matrix. Similar to Table 1.1,

each matrix column here also represents a processor class: Single processor and multiprocessors.

Each matrix row represents the type of synchronization mechanism: lock-based (LB) and non-

blocking (e.g., lock-free (LF), wait-free (WF) synchronization). Each matrix element is partitioned

into underload and overload models — the bottom left triangle of the element represents underload

model and the top right triangle represents overload model.

Algorithms developed in the past and those developed in this dissertation are now catalogued in

the appropriate matrix elements, with the dissertation algorithms shown in bold. As before, this

cataloguing is mutually exclusive — algorithms for unbounded number of jobs also apply for

bounded number of jobs, but not vice versa. Thus, we catalogue such algorithms as belonging to

that category to which they uniquely apply.
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Significant number of research efforts have focused on synchronization under deadline time con-

straints on single processors. Examples include: (1) LB synchronization—e.g., Priority Inheritance

Protocol (PIP) and Priority Ceiling Protocol (PCP) [65], Stack Resource Policy (SRP) [9]; and

(2) non-blocking synchronization including (a) WF synchronization—e.g., NBW protocol [48],

Chen’s protocol [19], [5, 46], and (b) LF synchronization—e.g., [4, 6, 58, 76]. PIP and PCP has

been used to bound blocking times under RM in [65], and SRP has been used to bound block-

ing times under RM and EDF in [9]. In [23], bounds on buffers are established for scheduler-

independent WF synchronization and it is proved to be optimal in space costs. In [6], bounds for

retries are established for LF synchronization under RM and EDF. The bounds for retries are used

to establish the conditions under which all deadlines (or TUF critical times) can be met, both for

bounded and unbounded number of jobs. However, these works do not consider overloads (caused

by unbounded number of jobs and execution overruns) and non-step TUFs.

DASA [27] and RUA [80] consider step and non-step TUFs, respectively, and overloads. However,

they do not consider non-blocking synchronization; so the tradeoffs with respect to LB synchro-

nization are not known.

Synchronization on multiprocessors under deadline time constraints has also been studied, though

less extensively. Examples include: (1) LB synchronization—e.g., an extension of PCP for parti-

tioned RM [63], queue-based spin locks for EDF [32] and several locking synchronization proto-

cols Pfair [42], and (2) LF synchronization—e.g., for EDF and Pfair [32] [43].

The dissertation algorithms target this unexplored problem space of non step TUFs, overloads,

and non-blocking synchronization. The algorithms include the space optimal WF synchroniza-

tion algorithm, and WF-versions of DASA, RUA, LLREF, and gMUA using that algorithm. WF

synchronization is possible only with bounded number of jobs and thus is limited to under-loads.

Thus, LB and LF synchronization are studied for the case of unbounded number of jobs and over-

loads. The dissertation presents LB versions of RUA, DASA, LLREF, and gMUA, and LF versions

of RUA, DASA, LLREF, and gMUA, and their associated tradeoffs.
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1.6 Organization

The rest of the dissertation is organized as follows. We first overview UA scheduling algorithms

for single processors in Chapter 2. In Chapter 3, we discuss lock-based and non-blocking syn-

chronization methods for single-processor UA scheduling, including (space optimal) wait-free and

lock-free synchronization

Our real-time scheduling algorithms for multiprocessors, LLREF and gMUA, are presented in

Chapters 4 and 5 respectively. Synchronization methods for both algorithms, including lock-based

and non-blocking, are discussed in Chapter 6, showing their applicability, performances and trade-

offs.

We survey past and related efforts, and contrast them with the dissertation research in Chapter 7.

Finally, the dissertation concludes by summarizing its contributions and identifying possible future

works in Chapter 8.



Chapter 2

Overview of Single Processor UA

Scheduling Algorithms

The first public reference of UA scheduling was written by Jensen, Locke, and Tokuda in [47].

The LBESA algorithm presented by Locke in [56] allows almost arbitrary TUF shapes, but it was

restricted to resource-independent activities. On the other hand, the DASA presented by Clark

allows activities to mutually exclusively share non-CPU resources under the single-unit resource

request model1. DASA is restricted to downward step TUFs. Both LBESA and DASA yield

optimal total utility under downward step TUFs during under-loads.

Recently, several UA scheduling algorithms have been developed (for single processor). Exam-

ples include CMA [21], UPA [79], GUS [54], RUA [80], ReUA [83] and CUA. The algorithms

consider different TUF shapes, resource models, and scheduling criteria of maximizing the total

accrued utility, while allowing most TUF shapes including step and non-step shapes, and concur-

rent, serialized access to shared objects. Further, the algorithms must yield optimal total utility

under downward step TUFs during under-loads. We focus on this scheduling criteria, resource

1The single-unit resource request model allows a thread to request at most one unit of a resource at any instant.

Whereas, the multi-unit resource request model, on the other hand, allows a thread to request more than one unit, at

any instant [80].

17
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constraints, and optimality results, as it is of interest to majority of our motivating applications.

Thus, the dissertation considers the RUA and DASA single processor UA scheduling algorithms,

as they belong to this category. In this Chapter, we overview RUA and DASA in Section 2.1

and 2.2, respectively.

2.1 RUA

RUA considers activities subject to arbitrarily shaped TUF time constraints and concurrent sharing

of non-CPU resources including logical (e.g., data objects) and physical (e.g., disks) resources. The

algorithm allows concurrent resource sharing under mutual exclusion constraints. RUA’s objective

is to maximize the total utility accrued by all activities.

RUA’s scheduling events include task arrivals, task departures, and lock/unlock requests. When

RUA is invoked, it first builds each task’s dependency list—that arises due to mutually exclusive

object sharing—by following the chain of object requests and ownership. The algorithm then

checks for deadlocks by detecting the presence of a cycle in the object/resource graph—a necessary

condition for deadlocks. Deadlocks are resolved by aborting that task in the cycle, which will likely

contribute the least utility.

After handling deadlocks, RUA examines tasks in the order of non-increasing potential utility

densities (or PUDs). The PUD of a task is the ratio of the expected task utility to the remaining

task execution time, and thus measures the task’s return of investment. The algorithm inserts a

task and its dependents into a tentative schedule, in the order of their critical times, earliest critical

time first. Critical time is the time at which the task TUF has zero utility—i.e., the ”deadline”

time (all TUFs are assumed to have such a time). The insertion is done by respecting the tasks’

dependencies.

After insertion, RUA checks the schedule’s feasibility. If infeasible, the inserted task and its de-

pendencies are rejected. The algorithm repeats the process until all tasks are examined and selects
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the task at the schedule head for execution.

If a task’s critical time is reached and its execution has not been completed, an exception is raised,

which is also a scheduling event, and the task is immediately aborted.

2.2 DASA

DASA considers activities subject to step-shaped TUFs and concurrent sharing of non-CPU re-

sources under mutual exclusion constraints and under the single-unit resource request model. Thus,

DASA’s model is a proper subset of RUA: DASA is restricted to step TUFs and the single-unit

model while RUA allows arbitrary shaped TUFs and the multi-unit model.

DASA’s objective is to maximize the total utility accrued by all activities. DASA’s basic operation

is identical to that of RUA for the single-unit model. Thus, for the single-unit model, RUA’s

behavior subsumes DASA’s.

2.3 Algorithm Differences

In this section, we illustrate the differences of scheduling algorithms including EDF, DASA, and

RUA, in terms of the TUF shapes they consider, the feasible utilization demand that they assure,

and their scheduling objectives.

The utilization demand is here denoted as u/M , where u is the total utilization demand of tasks

and M is the number of processors. (We here consider periodic task sets for convenience, but EDF,

DASA, RUA are able to handle non-periodic task sets.) When the utilization demand becomes up

to the capacity of processors, u/M = 1. As we defined previously, we call the case that u/M ≤ 1

underload. (We call u/M > 1 overload.) This holds no matter whether the system has single or

multiple processors.

TUF time constraint is categorized into step and non-step TUFs. Especially, deadline-based schedul-
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ing algorithms, e.g., EDF, does not considers such TUF time constraints. However, since deadline

time constraint is a special case of step TUFs as described in Section 1.1, it is illustrated as a subset

of step TUFs as in Figure 2.1(a).

(a) EDF (b) DASA (c) RUA

Figure 2.1: Scheduling Objective Differences Between EDF, DASA, and RUA

Figure 2.1(a) shows EDF’s scheduling objective. EDF only considers deadlines and it provides

100% Deadline Satisfaction Ratio (or DSR) under underload. It is worth noting that EDF still

works with TUF time constraints, although those were not considered in the algorithm design. All

figures in this section just show the scheduling objectives that was intended in its design time, but

not the algorithm’s workability that was not intended.

In Figure 2.1(b), DASA can be viewed as an effort to overcome these restrictions of EDF. Con-

sidering step TUF time constraints and overloads, DASA provides 100% DSR optimality under

underload and a UA criteria of maximizing total accrued utility under overload. (100% DSR im-

plies 100% AUR in the case where step TUFs are only considered.) On the other hand, RUA is an

effort to extend the availability up to non-step TUFs as in Figure 2.1(c).

Chapter 3 discusses synchronization methods for DASA and RUA, including lock-based and non-

blocking synchronization.



Chapter 3

Synchronization on Single Processors:

Lock-Based versus Non-Blocking Methods

The application activities we consider in the dissertation are subject to TUF time constraints, and

desire atomic behavior under concurrent, serialized access to shared data objects. Atomic behav-

ior in past UA scheduling algorithms including RUA and DASA is obtained through lock-based

synchronization — non-blocking synchronization has not been studied, and therefore we consider

it in this dissertation.

Our motivation to consider non-blocking synchronization for UA scheduling is due to our hy-

pothesis that the absence of blocking times, increased concurrency, and reduced system overhead

experienced under non-blocking synchronization will result in better optimization of UA criteria

than what is possible under lock-based synchronization. The rationale for this hypothesis is that

completion time of activities are fundamental to UA scheduling (than they are to deadline schedul-

ing) — they precisely determine activities’ attained utility. For example, zero blocking times imply

shorter activity sojourn times. This will directly result in greater accrued utility under monoton-

ically decreasing, unimodal TUFs, and greater or the same accrued utility under non-increasing

unimodal TUFs.

21
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In this Chapter, we first present our novel wait-free synchronization protocol by focusing on op-

timizing space costs and without considering any scheduler knowledge1 in Section 3.1. In Sec-

tion 3.2, we then develop wait-free versions of RUA and DASA using this protocol. We consider

lock-free sharing for UA scheduling in Section 3.3. We also identify the tradeoffs of non-blocking

synchronization versus lock-based for UA scheduling 3.3.3.

3.1 A Space-Optimal Wait-Free Protocol

3.1.1 Algorithm

A wait-free protocol solves the asynchronous single-writer/multiple-reader problem by ensuring

that each reader accesses the shared object without any interference from the writer. To realize

the wait-free mechanism, the protocol must hold two properties: safety and orderliness [19]. The

safety property ensures that the shared object does not become corrupted during reading and writ-

ing. The orderliness property ensures that all readers always read the latest data that is completely

written by the writer.

The basic idea to achieve the two properties is rooted in the three-slot fully asynchronous mech-

anism for the single-reader/single-writer problem [20]. For this problem, Chen et al. show that

three buffers are required to keep the latest completely updated buffer for the next reading, while

a writer and a reader are occupying buffers respectively. This mechanism allows that a reader can

always obtain data from the buffer slot that is last completely updated, while the writer is writing

the new version of the shared data [19].

The buffers needed for the single-writer/multiple-reader problem consist of three types: buffers for

readers, a buffer for the latest written data, and a buffer for the next write operation. The buffers for

readers must satisfy safety—i.e., sufficient buffers must be available to avoid interference between

reading and writing. However, this does not imply that we need as many buffers as there are

1That is, the presented wait-free scheme is independent of any scheduling algorithm.
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readers.

The two buffers for writing are required to realize orderliness—i.e., the latest written data must be

saved so that a newly activated reader can access it at any time. In addition, the latest written data

must be kept until the writer completely writes the next data into another buffer.

We now discuss how to determine the minimum number of buffers that are needed for the single-

writer/multiple-reader problem in the following subsections:2

Protocol Structure and Task Model

Figure 3.1 shows a wait-free protocol’s common implementation. W.2 and R.2 show the code

sections of the writer and a reader that write and read data, respectively. W.1 is the code section

where the writer decides on the buffer for writing, and updates a control variable that indicates the

selected buffer. W.3 is the code section where the writer indicates completion of writing and the

buffer that has the latest data. In R.1, the reader checks for the latest data to read.

(a) Write (b) Read

Figure 3.1: Typical Wait-Free Implementation

The buffer size required for the NBW protocol [48] and the improved protocols in [46] is deter-

mined based on the temporal properties of tasks. These prior works consider the periodic task

model, where tasks concurrently share data objects. Aperiodic tasks are handled by a periodic

2Note that the space optimality we provide is on the required number of internal buffers, and does not include

the control variables needed for the wait-free protocol’s operation. This is because the space cost of internal buffers

dominates that of the control variables, especially when the data size becomes larger.
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server, so the periodic model is not a limiting assumption. Assuming that all deadlines are met

(i.e., during under-load situations and precluding overloads), the maximum number of preemp-

tions of the reader by the writer task in the worst-case can be obtained. We consider the same task

model.

In addition, we do not make any assumption on the speed or duration of the read/write operations.

Number of Buffers in Use

We introduce some notations for convenience, most of which are similar to those in [19]. We

denote the total number of readers as NR and the ith reader as Ri. The writer is simply denoted as

W . The reader Ri’s jth instance of reading is denoted as R
[j]
i . The writer’s kth writing instance is

denoted as W [k].

R
[j]
i (op) stands for a specific operation of R

[j]
i . For example, R

[j]
i (READING[i] = 0) implies

the execution of one statement in Chen’s algorithm [19]. W [k](op) also stands for the operation in

W [k]. If R
[j]
i reads what W [k] writes, we denote it as w(R

[j]
i ) = W [k].

As previously mentioned, safety and orderliness can be achieved with multiple buffers for readers,

one buffer for the latest written data, and another buffer for the next writing.

Figure 3.2: Number of Buffers in Use

Suppose we have 4 readers and 1 writer, as shown in Figure 3.2. In the figure, each horizontal line

represents the time interval from start to end of a read or write operation. The operations run con-

currently, which includes virtual concurrency on a single processor, or virtual or true concurrency
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on multiprocessors. Interference occurs when more than one horizontal line are overlapped at a

time point.

At time t1, w(R1)=W [2], w(R2)=W [2], and w(R3)=W [1]. This implies that two buffers are being

used by the readers. In addition, one buffer is required to store and save the latest completely

written data by W [4], and another is needed for the next writing operation by W [5]. Thus, four

buffers are being used in total, at time t1.

At time t2, w(R1)=W [6], w(R2)=W [5], w(R3)=W [4], and w(R4)=W [6]. The latest written data is

by W [6], and W [7] is the next operation. Thus, the total number of buffers used at time t2 is four,

which is the minimum number required at t2 for ensuring safety and orderliness properties.

The basic intuition for determining the minimum number of buffers is to construct a worst-case

where the required number of buffers is as large as possible, when the maximum possible number

of interferences of all readers with the writer occurs. We map this problem to a problem called the

Diverse Selection Problem (or DSP) and then solve it.

Diverse Selection Problem

The DSP denoted as D(R, ~R(~x)) is defined with the problem range R and the range vector ~R(~x)

of all elements in the vector ~x. R has the lower and upper bounds defined as [l, u]. Each element

xi in the vector ~x has the range ri=[li, ui]. The solution to the problem D is represented as a vector

~x =< x1, ..., xM > where the vector size n(~x) is M . Every xi must satisfy its range constraint ri

and the problem range constraint R. We define {~x} as a set including all elements of ~x, but without

duplicates. Thus, the size of {~x}, n({~x}), is less than or equal to n(~x). The objective of DSP is

to determine the maximum n({~x}) by selecting ~x, satisfying all range constraints as diversely as

possible.

Given a vector, ~v =< v1, ..., vi, ... >, we denote the number of vi’s having k value as H(~v, k), and

the maximum value among all vi elements as Top(~v). Given D(R, ~R~x), the optimal solution of D

when R = [t1, t2] is denoted as nmax
[t1,t2]({~x}).
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For example, if ~v =< 1, 2, 2, 2, 6 > then, H(~v, 2) = 3 and Top(~v) = 6. An easy approach to solve

DSP is by considering all possible cases. The number of all possible cases is n(r1)× ...× n(rM),

where the ~R of the problem is given as < r1, ...rM >. By considering all cases, we can select a

vector ~x that maximizes n({~x}). However, such an approach would be computationally expensive.

A more efficient approach to solve DSP can be found by an inductive strategy. Consider a DSP

D(R, ~R(~x)), where R = [1,∞] and ~R=< [1, u1], ..., [1, uM ] >. If all lower bounds of elements of

~x are 1, we can define the upper bound vector ~u =< u1, ..., uM > instead of ~R, for convenience. In

the rest of the section, we call the problem defined by D(R, ~u) as DSP. This is simply because this

assumption is well-mapped to the problem of deciding the minimum buffer size for the wait-free

protocol.

Figure 3.3: An Inductive Approach to DSP

The solution to the problem D(R, ~u) can be represented as nmax
[1,T op(~u)]({~x}). The idea to decompose

the problem is shown in Figure 3.3. If the solution to the problem D([6, 12], ~u) can be derived

from the solution to the problem D([7, 12], ~u), we can inductively determine the final solution to

the problem D([1, 12], ~u).

Theorem 3.1.1 (DSP for the Wait-Free Protocol). In the DSP D(R, ~u) with R = [1, N ],

nmax
[t+1]({~x}) =

 nmax
[t] ({~x}) + 1, if

∑t+1
k=0 H(~u, N − k) > nmax

[t] ({~x})

nmax
[t] ({~x}), otherwise
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where N = Top(~u), [t]=[N − t, N ], and 0 ≤ t < N . When t = 0, the nmax
[0] ({~x}) = 1.

Proof. Assume that we have the solution to the problem D([N − t, N ], ~u). When this problem is

extended to D([N−(t+1), N ], ~u), the ranges of several variables xi overlap with the problem range

[N − (t + 1), N ]. The number of newly added variables that we need to consider is H(~u, N − (t +

1)). When the problem range is extended by 1, the maximum possible increment of nmax
[t+1]({~x})

is 1. The increment happens only if the number of all xi which have their ri overlapped with

[N − (t + 1), N ] is greater than nmax
[t] ({~x}). In other words, this happens when new elements

appear in the extended problem scope, or there is an element duplicated within [N − t, N ] at the

previous step. Otherwise, nmax
[t+1]({~x}) has no change from before. The increment means that the

value of one element is determined as diversely as possible. The proof is by induction on t.

Basis. We show that the theorem holds when t = 0. When the problem is D([Top(~u), T op(~u)], ~u),

there must be at least one element xi with the range [1, T op(~u)], and the maximum possible value

of nmax
[0] ({~x}) is 1. Hence, the basis for the induction holds.

Induction step. Assume that the theorem holds true when R = [N− t, N ]. We arrive at the optimal

solution of D([N − (t + 1), N ], ~u) with the optimal solution of D([N − t, N ], ~u) as in the base

step. Suppose that the derived solution nmax
[t+1]({~x}) is not optimal. Then, there must exist another

optimal solution nmax
[t+1]({~x}′). Clearly, nmax

[t+1]({~x}′) is greater than nmax
[t+1]({~x}). Now, there are two

possible cases:

Case 1. If H(~u, N − (t + 1)) > nmax
[t] ({~x}), then nmax

[t+1]({~x}) is nmax
[t] ({~x}) + 1, which is less

than nmax
[t+1]({~x}′). Therefore, nmax

[t] ({~x}) < nmax
[t+1]({~x}′) − 1. This means that there exists another

{~x} that has more than nmax
[t] ({~x}) elements. This contradicts the assumption that nmax

[t] ({~x}) is

optimal.

Case 2. If H(~u, N − (t + 1)) = n[t]({~x}), then nmax
[t+1]({~x}) is nmax

[t] ({~x}), which is less than

nmax
[t+1]({~x}′). Since no element’s range becomes newly overlapped and no element has its duplicate,

nmax
[t+1]({~x}′) = nmax

[t] ({~x}′). This means that there exists another nmax
[t] ({~x}′), which is greater than

nmax
[t] ({~x}). This contradicts the assumption that nmax

[t] ({~x}) is optimal.
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Theorem 3.1.2 (Solution Vector for the DSP). In the DSP D(R, ~u) with R = [1, N ],

{~x}[t+1] =

 {~x}[t] ∪ {N − (t + 1)}, if
∑t+1

k=0 H(~u, N − k) > nmax
[t] ({~x}),

{~x}[t], otherwise

where N = Top(~u), [t]=[N − t, N ], and 0 ≤ t < N . When t = 0, {~x}[0] = {N}.

Proof. By Theorem 3.1.1, {~x} can be constructed by adding {N − (t + 1)} whenever nmax
t ({~x})

increases by 1. Note that this {~x} is one of the solution vectors.

Similarity to WFBP

The DSP has similarity with the Wait-Free Buffer size decision Problem (or WFBP). In this prob-

lem, we are given M readers and their maximum interferences as < Nmax
1 , ..., Nmax

M >. The

objective of WFBP is to determine the worst-case maximum number of buffers.

Figure 3.4: A Worst-Case of the WFBP

Figure 3.4 illustrates how to construct the worst-case where the required number of buffers are as

large as possible with an example. For convenience, the index of the writer is reversed compared

with Figure 3.2. In this example, R1’s maximum interference is 5, which is illustrated in a line. It

means that w(R1) may belong to the set {W [1],...,W [6]}. We assume that the worst-case happens

at time t between W [2] and W [1], where W [2] writes the latest completely written data, and W [1] is

the next writing operation for which another buffer is needed.
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For this reason, we restate WFBP as determining ~x =< w(R1), ..., w(RM) > that will maximize

n({~x} ∪ {W [1], W [2]}), where w(Ri) ∈ {W [1], ...,W [Nmax
i +1]}. If we abbreviate W [j] as j, the

problem is redefined as determining ~x =< x1, ..., xM > that will maximize n({~x} ∪ {1, 2}),

where xi ∈ {1, ..., Nmax
i + 1}.

This is equivalent to DSP except that n({~x}∪ {1, 2}) is used as the objective to maximize, instead

of n({~x}). Therefore, the final solution {~x} of a given WFBP is obtained with a sum of the solution

from a mapped DSP and a set {1, 2}. We claim that this is correct, because the algorithm for DSP

that we propose is designed to find {~x} which does not have 1 and 2 as its elements, if possible.

We can guarantee that in this way, even if the solution from DSP is summed with {1} or {2}, it is

still for the worst-case.

Corollary 3.1.3 (Space Optimality). If a solution to the WFBP can be obtained, then it must be

the minimum and space-optimal buffer size that satisfies the two properties, safety and orderliness.

Proof. The solution is the number of buffers needed in the worst-case of the given problem. Even

with one less buffer than the obtained solution, we cannot realize all reading and writing, and

still satisfy safety and orderliness. Hence, the solution to the WFBP is the minimum and space-

optimal.

Algorithm for WFBP

We now present an algorithm, Algorithm 1, to solve the WFBP based on the previous sections.

The algorithm inputs include the number of readers M and the maximum interference Nmax[i].

The sum and the function doesExist(t) correspond to
∑

H(~u, ...) and H(~u, t) in Theorem 3.1.1.

To reduce the time complexity of doesExist(t), we sort all Nmax[i] before the main loop. doesExist(t)

uses a static variable, and does not search the entire array Nmax[i] each time. The flag oni indicates

whether or not the DSP solution includes i. If it does not include 1 or 2, the required buffer size

for the WFBP solution, n, is incremented.
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Algorithm 1: Algorithm for WFBP
input : # of readers M; max interference Nmax[M]1
output : required buffer size n2

sum=n=0;3
on1=on2=false;4
for i = 1 to M do Nmax[i]++;5
sort( Nmax[1,...,M] );6
for t=Nmax[1] to 1 do7

sum += doesExist( t, Nmax[1,...,M] );8
if sum>n then9

n++;10
if t=2 then on2 = true;11
if t=1 then on1 = true;12

if on2=false then n++;13
if on1=false then n++;14

The time complexity of this algorithm is O(MlogM + Nmax). We believe that this cost is reason-

able, as the algorithm is run off-line for determining the buffer needs.

A Wait-Free Implementation

The NBW protocol uses a circular buffer to realize wait-free synchronization. The idea behind

the circular buffer is that while a writer circularly accesses the buffers, the readers follow the

writer. However, we cannot use the circular type of buffer because a writer in our protocol needs

to determine a safe buffer, which can be any of the buffers.

The same situation arises with Chen’s protocol, where the writer can access anywhere. Thus,

to implement our protocol, we slightly modify Chen’s protocol. Our implementation scheme is

shown in Algorithms 2 and 3. In Algorithms 2 and 3, the GetBuf () function searches the empty

buffer to write to the buffers assigned by Algorithm 1.

Compared with the implementation in [46], our approach does not need to implement separate

protocols for “fast” readers and “slow” readers.3 Additionally, we achieve the speed improvement

3In [46], readers are classified into fast and slow readers. Fast readers need shorter time for their read operations

and thus, the interference during their operations are rare. Slow readers need longer time for their read operations and

thus have higher chance of interference during their operations.
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Algorithm 2: Modified Chen’s Protocol for Writer
Data: BUFFER [1,...,NB](NB: # of buffers) ; READING [1,...,n] (n: # of readers) ; LATEST1

GetBuf()2
begin3

bool InUse [1,...,NB];4
for i=1 to NB do InUse [i]=false;5
InUse[LATEST ]=true;6
for i=1 to n do7

j = READING [i];8
if j 6=0 then InUse [j]=true;9

i=1; while InUse [i] do ++i;10
return i;11

end12

Writer()13
begin14

integer widx, i;15
widx = GetBuf();16
Write data into BUFFER [widx];17
LATEST = widx;18
for i=1 to n do19

Compare-and-Swap(READING [i],0,widx);20

end21

by reducing the required buffer size, which reduces the number of iterations in GetBuf ()’s loop,

compared with the original Chen’s protocol [19].

Note that all algorithms presented in this section are applicable for both single and multi-processor

systems, as long as the number of readers and/or the maximum number of interferences that each

reader suffers are known. Besides, a task is not restricted to have only a single read or write

operation. A simple way to handle the case when a task has multiple read or write operations is

to model each read or write operation in a task as a separate reader or writer. Thus, as long as the

problem remains a SWMR problem, our algorithms are directly applicable.
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Algorithm 3: Modified Chen’s Protocol for Reader
Data: BUFFER [1,...,NB](NB: # of buffers) ; READING [1,...,n] (n: # of readers) ; LATEST1

Reader()2
begin3

integer ridx;4
READING [id]=0;5
ridx = LATEST;6
Compare-and-Swap(READING [id],0,ridx);7
ridx = READING [id];8
Read data from BUFFER [ridx];9

end10

3.1.2 Formal Comparison with Chen’s and NBW

Special Case Behavior

The buffer size that the NBW protocol [48] requires depends on the maximum number of inter-

ferences that a reader can suffer from the writer. It does not depend on the number of readers,

because simultaneous reading by the readers accesses the same buffer, irrespective of the number

of readers.

On the other hand, the buffer size that the Chen’s protocol [19] requires is directly proportional to

the number of readers, and is independent of the number of interferences. We now show that our

protocol subsumes both Chen’s protocol and the NBW protocol as special cases.

Lemma 3.1.4. The buffer size for Chen’s protocol [19] is a special case of the WFBP solution

given in Algorithm 1.

Proof. Assume that we are given M readers and no information about interferences. We can

map this problem to DSP, by setting R as [1,∞] and the upper-bounds of ~x as < ∞, ...,∞ >.

According to Theorem 3.1.2, n({~x}) cannot exceed n(~x). Thus, the worst-case buffer size is

obtained as (M + 2), that is n(~x)+n({1, 2}). This is exactly the same value as that obtained by

Chen’s protocol.
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Lemma 3.1.5. The buffer size for NBW protocol [48] is a special case of the WFBP solution given

in Algorithm 1.

Proof. Assume that we are given infinite number of readers with a knowledge of Top(~u) = Nmax.

This problem can be modelled as the problem with R = [1, Nmax + 1] and ∀i, ui = Nmax + 1 for

the worst-case. By Theorem 3.1.1, H(~u, N) = ∞, and whenever t increases, n({~x}) increases by

1 until t and n({~x}) reaches to Nmax and Nmax + 1, respectively. Thus, the worst-case buffer size

is obtained as Nmax + 1, i.e., n({1, ..., Nmax + 1} ∪ {1, 2}). This is exactly the same value as that

obtained by NBW protocol.

Theorem 3.1.6 (Upper Bound of the WFBP solution). In the WFBP,

nmax({~x}) ≤ min(M + 2, Nmax + 1),

where M is the number of readers and Nmax is the maximum number of interferences that a reader

can suffer.

Proof. Proof follows directly from Lemmas 3.1.4 and 3.1.5.

Chen’s protocol is attractive because the number of interferences need not be known a-priori. On

the other hand, NBW has the advantage that the required number of buffers can be further reduced

if the number of interferences are much smaller than the number of readers. Additionally, we note

that the number of buffers needed by our algorithm is less than or equal to that of Chen’s or NBW

protocol.

Buffer Size Conditions

According to Theorem 3.1.6, our wait-free protocol always finds the number of required buffers

which is less than or equal to that of Chen’s protocol or the NBW protocol.
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We now identify the precise conditions under which the required buffer size of our protocol is equal

to that of Chen’s or NBW. To derive the conditions, we observe two properties in the WFBP. In

the following theorem, we introduce a notation {{~x}}, which denotes the set including all possible

solutions {~x} for the given DSP.

Theorem 3.1.7 (Chen’s Tester). When the number of readers in the wait-free buffer size decision

problem is M and Nmax > M ,

{3, ...,M + 2} ∈ {{~x}}, if and only if nmax({~x}) ≥ M + 2.

Proof. We prove both necessary and sufficient conditions.

Case 1. Assume that when {3, ...,M + 2} ∈ {{~x}}, nmax({~x}) < M + 2. Since the size of the

optimal solution is less than M + 2, the size of {~x} cannot exceed M + 2. This contradicts our

assumption that {1, 2} ∪ {3, ...,M + 2} is a solution.

Case 2. Assume that the set {~x} is {x3, ..., xM+2}, in which xi’s are different between each other

and aligned in increasing order. Now, all xi must not be 1 or 2, otherwise nmax({~x}) is less than

M + 2. Therefore, x3 should be greater than or equal to 3, and x4 is greater than x3. Inductively,

xi+1 ≥ xi + 1, where 3 ≤ i < M + 2. In other words, since xi ≥ xi−1 + 1 ≥ xi−2 + 2 ≥ ..., the

inequality ui ≥ xi ≥ i holds. For this reason, {3, ...,M + 2} satisfies the range constraints of all

elements.

By Theorem 3.1.7, nmax({~x}) < M + 2, if {3, ...,M + 2} /∈ {{~x}}. This means that by checking

if {3, ...,M + 2} is feasible for the problem, we can determine whether or not it requires M + 2

buffers that Chen’s protocol needs.

Theorem 3.1.8 (NBW Tester). When the number of readers in the wait-free buffer size decision

problem is M and Nmax ≤ M ,

{2, ..., Nmax + 1} ∈ {{~x}}, if and only if nmax({~x}) ≥ Nmax + 1.
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Proof. We prove both necessary and sufficient conditions.

Case 1. Assume that when {2, ..., Nmax + 1} ∈ {{~x}}, nmax({~x}) < Nmax + 1. Since the size

of the optimal solution is less than Nmax + 1, the size of {~x} cannot exceed Nmax + 1. This

contradicts our assumption that {1, 2} ∪ {2, ..., Nmax + 1} is a solution.

Case 2. Assume that the set {~x} is {x2, ..., xNmax+1}, in which xi’s are different between each

other and aligned in increasing order. Now, all xi must not be 1, otherwise nmax({~x}) is less than

Nmax +1. Therefore, x2 should be greater than or equal to 2, and x3 is greater than x2. Inductively,

xi+1 ≥ xi + 1 where 2 ≤ i < Nmax + 1. In other words, since xi ≥ xi−1 + 1 ≥ xi−2 + 2 ≥ ..., the

inequality ui ≥ xi ≥ i holds. For this reason, {2, ..., Nmax + 1} satisfies the range constraints of

all elements.

We can also investigate if a given WFBP needs Nmax + 1 buffers or less by checking feasibility

with {2, ..., Nmax+1}. We call {3, ...,M +2} and {2, ..., Nmax+1} as “Chen’s tester” and “NBW

tester,” respectively.

Figure 3.5: Decision Procedure

From Theorems 3.1.7 and 3.1.8, we derive a decision procedure that determines the wait-free

protocol with the lowest buffer size. Figure 3.5 shows this procedure. To illustrate it, we use the

WFBP example in [46], which is also shown in Table 3.1.

By our decision procedure, since Nmax > M , Chen’s protocol requires smaller number of buffers

than NBW. The next step is determining whether Chen’s tester, which is < 3, 4, ..., 9 > in this

problem, is feasible. It turns out that it is not feasible, as the second element 4 in the tester is out
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of the range [1, 3] of reader 1. Hence, we expect to find smaller number of required buffers than

that of Chen’s protocol.

Table 3.1: Task Set
Task Nmax

Reader 0 2
Reader 1 2
Reader 2 2
Reader 3 3
Reader 4 3
Reader 5 14
Reader 6 49

Algorithm 1 determines that we need 6 buffers for this problem. We determine a vector {~x} =

{1, 2, 3, 4, 15, 50} as a worst-case candidate for the WFBP from Theorem 3.1.2. As mentioned

earlier, the solution means that one of the worst-cases occurs when we need buffers for writers

{W [1], W [2], W [3], W [4], W [15], W [50]}.

Comparison with Improved Chen’s Protocol

In [46], Huang et al. suggest a transformation mechanism to reduce the buffer size needs of a

given wait-free protocol. The transformation is applied to many wait-free protocols including

Chen’s protocol. The transformed Chen’s protocol is called Improved Chen’s protocol in [46].

We cannot formally compare our protocol with Improved Chen’s protocol in terms of space cost,

because no analytical foundation is given for the transformation mechanism in [46]. In contrast,

we present an analytical foundation — theoretical results and algorithms driven by those results

— to compute the minimum required space cost of wait-free buffer by considering the safety and

orderliness properties needed for the atomicity of wait-free synchronization.4

Consequently, a formal comparison with Improved Chen’s is not possible, and only an experimen-

tal comparison is possible, where the two protocols can be compared for as many cases as possible.

We do this in Section 3.1.3. Our experiments in Section 3.1.3 reveal that the buffer size needs of

4The work in [46] do not prove that the presented solution is space-optimal, whereas our work does.
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our protocol and Improved Chen’s are the same, for all the cases that we consider.

Of course, this does not imply that Improved Chen’s and ours always need the same number of

buffers, because it is impossible that our evaluation studies in Section 3.1.3 cover all the cases.

Nevertheless, note that with Corollary 3.1.3, we guarantee that the buffer size needed for wait-free

cannot be reduced any further.

Additional advantage of our protocol is that it is not required to divide readers into fast and slow

groups and apply two separate reading operations as Improved Chen’s does.

Comparison of Time Complexity

Implementation of NBW and Chen’s protocols require the Compare-And-Swap (CAS) instruction.

The CAS instruction is used to atomically modify control variables of the wait-free protocol by

combining comparison and swap operations into a single instruction. The instruction is available

in many modern processors and takes constant time.

NBW has no loop within both write and read operations. However, Chen’s protocol has 3 loops

within the write operation and no loop within the read operation. With n buffers, the time com-

plexity of Chen’s writing operation is O(n).

Table 3.2: Asymptotical Time Complexities
Wait-Free Protocol Read Write

NBW O(1) O(1)
Chen’s O(1) O(n)

Improved Chen’s O(1) O(n)
Ours O(1) O(n)

Improved Chen’s protocol and our protocol are variations of Chen’s protocol, and hence have

similar time complexities as that of Chen’s writing and reading. According to Theorem 3.1.6, the

loop iteration in our protocol’s write operation cannot exceed M + 2. Thus, the time complexity

of our protocol is O(n), which is the same as that of Chen’s. Since the asymptotical speeds are

therefore similar, a speed improvement can be obtained (for Chen’s, Improved Chen’s, and ours) by

reducing the buffer size. Table 3.2 summarizes the asymptotical time complexities of the protocols.
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3.1.3 Numerical Evaluation Studies

We conduct numerical evaluations to evaluate the buffer size needs of our protocol under a broad

range of reader/writer conditions, including increasing maximum interferences and readers. We

also consider NBW, Chen’s, and Improved Chen’s protocols for comparative study. We consider

Improved Chen’s protocol among all protocols in [46], because it is the most space-efficient pro-

tocol in [46].

We exclude the Double Buffer protocol [46] from our study as it needs nearly two times the buffer

space than Chen’s protocol. (The Double Buffer protocol trades off space for time.) Thus, our

protocol will clearly outperform the Double Buffer protocol in terms of buffer needs.

Increasing Interferences

We consider a task set with 1 writer and multiple readers whose maximum number of interferences

Nmax
i is randomly generated with a normal distribution (with a fixed standard deviation of 5), and

by varying the average. The protocols are evaluated by their buffer size needs — the actual amount

of needed memory is the number of buffers times the message size in bytes. Each experiment is

repeated 100 times to determine the average buffer sizes.

(a) M = 20 (b) M = 30 (c) M = 40

Figure 3.6: Buffer Sizes Under Increasing Interferences With Normal Distribution for Nmax
i

Figure 3.6 shows the buffer size needs of each protocol as the average Nmax
i is increased from
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5 to 45, for 20, 30, and 40 readers. From the figure, we observe that as Nmax
i increases, the

buffer size needs of NBW increases, whereas that of Chen’s protocol remains the same (for a given

reader size), since its buffer needs is proportional only to the number of readers. As the number of

readers increases from 20 to 40, Chen’s protocol needs increasing number of buffers. Meanwhile,

the number of buffers that our protocol requires never exceeds that of Chen’s and NBW’s, as

Theorem 3.1.6 holds. Interestingly, the number of buffers that Improved Chen’s protocol requires

is exactly the same as that of ours. Note that no analysis on the buffer size needs of Improved

Chen’s is presented in [46], whereas Theorem 3.1.6 gives the upper bound on the buffer size needs

of our protocol.

(a) Normal Distribution (b) Uniform Distribution

Figure 3.7: Buffer Sizes Under Different Nmax
i Distributions with 40 Readers

We observed exact similar trends for other fixed standard deviations for Nmax
i ’s distribution, and

other distributions for Nmax
i . Figure 3.7(a) shows the buffer size needs of each protocol, when

Nmax
i is generated with a normal distribution, with a fixed standard deviation of 10 (instead of 5),

and by varying the average Nmax
i from 5 to 45, for 40 readers. Figure 3.7(b) shows the protocols’

buffer needs under the exact same conditions as those in Figure 3.7(a), except that Nmax
i is now

generated with an uniform distribution.

From the figures, we observe that our protocol’s buffer needs never exceed that of Chen’s and

NBW’s, and is the same as that of Improved Chen’s.
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Heterogenous Readers in Multiple Groups

From Figure 3.6, we also observe that when most readers have small Nmax
i , the number of buffers

needed by our protocol approaches that of NBW’s. Moreover, when most readers have larger

Nmax
i , the number of buffers needed by our protocol approaches that of Chen’s protocol’s.

This motivates us to study the buffer size needs of our protocol under two groups of readers, one

that has small Nmax
i ’s and the other that has large Nmax

i ’s. (A similar evaluation is conducted

in [46], where readers are classified as “fast” and “slow.”) We divide tasks into the two groups

whose averages of the (normal) distribution for Nmax
i ’s are fixed as 5 and 45, respectively. We

then vary the ratio of the two groups. For example, 3:1 in the X-axis in Figure 3.8(a) means that

the readers having smaller Nmax
i are 3 times more than the readers having larger Nmax

i .

(a) M = 20 (b) M = 30 (c) M = 40

Figure 3.8: Buffer Sizes With 2 Reader Groups Under Varying Reader Ratio, for 20, 30, and 40 Readers

Figure 3.8 shows the buffer sizes of each protocol as the ratio is varied from 3:1 to 1:3, for 20, 30,

and 40 readers. We observe that the buffers needed for NBW, Improved Chen’s, and our protocol

increase as the readers with larger Nmax
i increases. This result is consistent with that in [46], where

Improved Chen’s is shown to require less buffers, as fast readers with smaller Nmax
i increases. The

results confirm that ours and Improved Chen’s require the minimum buffer size when considering

two heterogenous reader groups.

We now consider a more complex scenario with three reader groups, called “fast,” “slow,” and

“medium,” which are not considered in [46]. The averages of the (normal) distribution for Nmax
i ’s
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for the three groups are fixed as 5, 25, and 45, respectively, and the ratio of the three groups are

varied from 6:3:1 to 1:3:6. Figure 3.9 shows the results.

(a) M = 20 (b) M = 30 (c) M = 40

Figure 3.9: Buffer Sizes With 3 Reader Groups Under Varying Reader Ratio, for 20, 30, and 40 Readers

From the figure, we observe that as the number of fast readers increases, the number of buffers

needed decreases. Further, we observe that the buffer size required by Improved Chen’s is the

same as that of ours even when we include the “medium” reader group in our evaluation.

3.1.4 Implementation Experience

A wait-free protocol’s practical effectiveness is determined by its space and time costs. In develop-

ing a wait-free protocol, we focus on optimizing space costs, and we establish the space optimality

of our protocol. Although reducing the protocol’s time costs is not our goal, we now determine the

time costs to establish our protocol’s effectiveness.

Our wait-free protocol (Algorithms 2 and 3) is a modification of Chen’s protocol, augmented with

the buffer size computed by Algorithm 1. Thus, we expect that our protocol incurs at most as much

time overhead as that of Chen’s. Moreover, the higher space efficiency that our protocol enjoys can

lead to higher time efficiency, because it reduces the search space for determining the protocol’s

safe buffer—e.g., GetBuf()’s loop in Algorithm 2.

To evaluate the actual time costs of our protocol, we implement our protocol in the SHaRK (Soft
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Hard Real-Time Kernel) OS [34], running on a 500MHz, Pentium-III processor. Similar to Sec-

tion 3.1.3, we also implement Chen’s, Improved Chen’s, and NBW protocols for a comparative

study. We also consider lock-based sharing in this study. Note that all protocols in our study can

be adopted for both uni-processor and multi-processor systems, although we consider only the

performance in the uni-processor in this section.

We consider a task set with 20 readers and a writer, and use a message size of 8 bytes for an inter-

process communication (or IPC). We measure the average-case execution time (or ACET) and the

worst case execution time (or WCET) for performing an IPC. The execution time for an IPC is

the time needed for executing the code segment that accesses the shared object. With traditional

lock-based sharing, this code segment is the critical section. Note that a wait-free protocol’s IPC

execution time includes times for controlling protocol’s variables, accessing the shared object, and

potential interference from other tasks. Thus, WCET tends to be much larger than ACET.

In Section 3.1.3, we varied the ratio of two reader groups whose averages of the (normal) distribu-

tion for Nmax
i ’s are fixed as 5 and 45, respectively. We now select two cases from which the ratio

of readers having smaller and larger Nmax
i are 4:1 and 1:4, respectively. These two cases can be

represented as 16 fast and 4 slow readers, and 4 fast and 16 slow readers, respectively, for the pur-

pose of Improved Chen’s [46], since that protocol needs the readers to be classified as “slow” and

“fast”. We fix the writer’s period as 0.2 msec and let the writer invoke 6,000,000 times during our

experiment interval for computing the ACETs. The period of the 20 readers ranges from 400 usec

to approximately 10msec.

Figure 3.10 shows the measurements from our implementation. We observe that NBW has the

smallest ACET, lock-based sharing has the largest ACET, and Chen’s, Improved Chen’s, and our

protocol have almost the same ACET in our implementation. NBW has the smallest ACET, be-

cause its implementation does not have any loop (and thus less computational costs) inside both

the reader and writer operations. Lock-based sharing has the largest ACET due to its blocking

times. Further, accessing and releasing locks in SHaRK is done through system calls, which takes

longer than wait-free protocols (which are implemented without system calls).
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(a) 16 Fast and 4 Slow Readers (b) 4 Fast and 16 Slow Readers

Figure 3.10: ACET of Read/Write in SHaRK RTOS

(a) 16 Fast and 4 Slow Readers (b) 4 Fast and 16 Slow Readers

Figure 3.11: WCET of Read/Write in SHaRK RTOS

In [46], when the number of fast readers are increasing, the ACET of Improved Chen’s tends

to be shorter because the needed buffer size decreases and NBW, a part of Improved Chen’s,

performs faster. This trend does not appear in our experiments. This is because the expected speed

improvement is only (approximately) 0.1 usec. This difference is small enough to be affected

by the OS type, code optimizations, and measurement methodology, among other factors. We

observed the similar results in WCET in Figure 3.11. Although reducing the protocol’s time costs

is not our goal, we observe that variations of Chen’s including Chen’s, Improved Chen’s, and ours

have much the same ACET and WCET at least in our implementation and thus, we believe that our

protocol’s time costs is comparable to that of previous protocols.
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We have suggested the decision procedure that determines the wait-free protocol having the low-

est buffer size in Section 3.1.2. Before applying our protocol, we can determine which protocol,

among Chen’s, NBW, and ours, requires the least buffer size using the decision procedure de-

scribed in Figure 3.5. We now apply this decision procedure to the 16 fast/4 slow-reader example

considered previously.

Table 3.3 shows 16 fast/4 slow readers’ Nmax’s. At the first step in the decision procedure, we can

easily find that Nmax = 47 > M = 20. It implies that Chen’s protocol needs lower buffer size

than NBW. Now, the next step is to check if Chen’s tester is feasible. Chen’s tester is evaluated as

{3,...,22} by Theorem 3.1.7.

Table 3.3: Decision procedure on 16 Fast and 4 Slow Readers
Task Nmax

i + 1 Chen’s Tester Feasibility
Reader 0 48 22 O
Reader 1 47 21 O
Reader 2 47 20 O
Reader 3 47 19 O
Reader 4 10 18 X
Reader 5 9 17 X
Reader 6 9 16 X
Reader 7 9 15 X
Reader 8 8 14 X
Reader 9 7 13 X
Reader 10 7 12 X
Reader 11 6 11 X
Reader 12 6 10 X
Reader 13 4 9 X
Reader 14 3 8 X
Reader 15 3 7 X
Reader 16 3 6 X
Reader 17 3 5 X
Reader 18 3 4 X
Reader 19 3 3 O

Table 3.3 indicates that Chen’s tester is not feasible because 18 in the Chen’s tester column is not

between 1 and 10, for example. Therefore, at the final step, we can conclude that our protocol

requires less buffers than Chen’s. This is true as shown in Figure 3.12, which shows the number of

required buffer size for each protocol.
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(a) 16 Fast and 4 Slow Readers (b) 4 Fast and 16 Slow Readers

Figure 3.12: Buffer Sizes

3.2 UA Scheduling and Wait-Free Synchronization

The goal of this section is to use the wait-free synchronization presented in Section 3.1, which

requires the absolute minimum space costs, for resource sharing under UA scheduling algorithms.

Our motivation is that the reduced shared object access time of wait-free synchronization will result

in increased activity attained utility. We consider RUA and DASA supporting lock-based sharing

mechanisms and their lock-based mechanisms are replaced with our wait-free synchronization for

object sharing. We analytically compare RUA’s and DASA’s wait-free and lock-based versions

and establish the fundamental tradeoffs. Our measurements from a POSIX RTOS implementa-

tion reveal that during underloads, wait-free algorithms yield optimal utility for step TUFs and

significantly higher utility (than lock-based) for non-step TUFs.

3.2.1 Synchronization for RUA

Lock-Based RUA

RUA’s objective is to maximize the total utility accrued by all activities. RUA [80] considers

activities subject to arbitrarily shaped TUF time constraints and concurrent sharing of non-CPU

resources including logical (e.g., data objects) and physical (e.g., disks) resources. The algorithm
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allows concurrent resource sharing under mutual exclusion constraints. (More detail in Chapter 2)

In [80], Wu et al. bound the maximum blocking time that a task may experience under RUA for

the special-case of the single-unit resource model:

Theorem 3.2.1 (RUA’s Blocking Time). Under RUA with the single-unit resource model, a task

Ti can be blocked for at most the duration of min(n, m) critical sections, where n is the number

of tasks that can block Ti and have longer critical times than Ti, and m is the number of resources

that can be used to block Ti.

Proof. See [80].

Wait-Free RUA

We focus on the single-unit resource model for developing RUA’s wait-free version. With wait-

free synchronization, RUA is significantly simplified: Scheduling events now include only task

arrivals and task departures — lock and unlock requests are not needed anymore. Further, no

dependency list arises and need to be built. Moreover, deadlocks will not occur due to the absence

of object/resource dependencies. All these reduce the algorithm’s complexity. RUA’s wait-free

version is described in Algorithm 4.

Lock-based RUA’s time complexity grows as a function of the number of tasks, while that for

wait-free RUA, it grows as a function of the number of readers. (The cost of lock-based RUA is

independent of the number of objects, as the dependency list built by RUA may contain all tasks

in the worst-case, irrespective of the number of objects.) Because the number of readers cannot

exceed the number of tasks, the number of readers can be replaced with the number of tasks.

With n tasks and m readers, the time complexity of lock-based RUA is O(n2 log n) [80], while

that of wait-free RUA is O(n2 + m), as Algorithm 2, 3, and 4 show. As the number of readers m,

is bounded by n, wait-free RUA improves upon lock-based RUA from O(n2 log n) to O(n2).

We now formally compare task sojourn times under wait-free and lock-based versions of RUA.
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Algorithm 4: Wait-Free RUA
input : Tr, task set in the ready queue1
output : selected thread Texe2

Initialization: t=tcur, σ = φ;3
for ∀Ti ∈ Tr do4

if feasible(Ti) then5

Ti.PUD = Ui(t+Ti.ExecT ime)
Ti.ExecT ime ;6

else7
abort(Ti);8

σtmp1=sortByPUD( Tr );9
for ∀Ti ∈ σtmp1 from head to tail do10

if Ti.PUD > 0 then11
σtmp2 = σ;12
InsertByDeadline(Ti,σtmp2);13
if feasible(σtmp2) then14

σ = σtmp2;15

else16
break;17

Texe=headOf(σ);18
return Texe;19

We assume that all accesses to lock-based shared objects require q units of time, and that to wait-

free shared objects require w units. The computation time ci of a task Ti can be written as ci =

ei + mi × tacc, where ei is the computation time excluding accesses to shared objects; mi is the

number of shared object accesses by Ti; and tacc is the maximum computation time for any object

access—i.e., q for lock-based objects and w for wait-free objects.

Theorem 3.2.2 (Comparison of RUA’s Sojourn Times). Under RUA, as the critical section tacc of

a task Ti becomes longer, the difference between the sojourn time with lock-based synchronization,

slb, and that with wait-free protocol, swf , converges to the range:

0 ≤ slb − swf ≤ q ·min(ni, mi),

where ni is the number of tasks that can block Ti and have longer critical times than Ti, and mi is

the number of shared data objects that can be used to block Ti.

Proof. The sojourn time of a task Ti under RUA with lock-based synchronization includes the

execution time ci = ei +mi× q, the preemption time Ii, and the blocking time Bi. Based on Theo-
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rem 3.2.1, the blocking time Bi is at most q×min(ni, mi). On the other hand, the sojourn time of

task Ti under RUA with wait-free protocol does not include any blocking time. Therefore, the dif-

ference between lock-based synchronization and wait-free is at most mi×(q−w)+q×min(mi, ni).

Assuming that the data for synchronization is large enough such that the execution time difference

in the algorithm between lock-based synchronization and wait-free becomes negligible (i.e., the

time for reading and writing the data object becomes dominant in the time for synchronization),

then q and w converge and become equal. In this case, the sojourn time of Ti under lock-based

synchronization is longer than that under wait-free by q ×min(ni, mi).

The reduced sojourn time of a task under wait-free increases the accrued utility of the task, for

non-increasing TUFs. Further, this potentially allows greater number of tasks to be scheduled and

completed before their critical times, yielding more total accrued utility (for such TUFs).

Based on Theorem 3.2.2, we can now estimate the difference in the Accrual Utility Ratio (or AUR)

between wait-free and lock-based, for non-increasing TUFs. AUR is the ratio of the actual accrued

utility to the maximum possible utility.

Corollary 3.2.3. Under RUA, with non-increasing TUFs, as the critical section tacc of a task Ti

becomes longer, the difference in AUR, ∆AUR = AURwf −AURlb, between lock-based synchro-

nization and wait-free converges to:

0 ≤ ∆AUR ≤
N∑

i=1

Ui(swf )− Ui(swf + q ·min(mi, ni))

Ui(0)
,

where Ui(t) denotes the utility accrued by task Ti when it completes at time t, and N is the number

of tasks.

Proof. It directly follows from Theorem 3.2.2.

When the data for synchronization is small and the time for reading and writing the shared data

object is not dominant, q and w are more dependent on the object sharing algorithm. The execution

time of lock-based synchronization, q, includes the time for the locking and unlocking procedure
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(needed for mutual exclusion), executing the scheduler, and accessing the shared object, while w

includes the time for controlling the wait-free protocol’s variables and accessing the shared ob-

ject. The wait-free protocol does not activate the scheduler, and hence avoids significant system

overhead. Consequently, w’s of many wait-free protocols are known to be shorter than q [23, 46].

Thus, no matter what the size of the data to communicate between tasks is, wait-free synchroniza-

tion conclusively accrues more utility compared with lock-based synchronization.

3.2.2 Synchronization for DASA

Like RUA, DASA’s objective is to maximize the total utility accrued by all activities. DASA’s

basic operation is identical to that of RUA for the single-unit model (see Section 3.2.1). Thus, for

the single-unit model, RUA’s behavior subsumes DASA’s. Therefore, in [80], Wu et al. also show

that the maximum blocking time that a task may suffer under DASA is identical to that under RUA

(for the single-unit model), which is stated in Theorem 3.2.1.

Wait-Free DASA

Since TUFs under DASA are step-shaped, shorter sojourn time does not increase accrued utility,

as tasks accrue the same utility irrespective of when they complete before their critical times, as

long as they do so. However, shorter sojourn time is still beneficial, as it reduces the likelihood of

missing task critical times. Hence, lesser the number of tasks missing their critical times, higher

will be the total accrued utility.

Wait-free synchronization prevents DASA from loosing utility no matter how many dependencies

arise. Similar to wait-free RUA, wait-free DASA is also simplified: Scheduling events now include

only arrivals and departures, no dependency list needs to be built, and no deadlocks will occur.

The time complexities of lock-based and wait-free DASA are identical to that of lock-based and

wait-free RUA: O(n2) [27] and O(n2+m), respectively. Similar to wait-free RUA, as m is bounded

by n, wait-free DASA improves upon lock-based DASA from O(n2 log n) to O(n2).
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The comparison of DASA’s sojourn times under lock-based and that under wait-free is similar to

Theorem 3.2.2:

Theorem 3.2.4 (Comparison of DASA’s Sojourn Times). Under DASA, as the critical section tacc

of a task Ti becomes longer, the difference between the sojourn time with lock-based synchroniza-

tion, slb, and that with wait-free protocol, swf , converges to:

0 ≤ slb − swf ≤ q ×min(ni, mi),

where ni is the number of tasks that can block Ti and have longer critical times than Ti, and mi is

the number of shared data objects that can be used to block Ti.

Proof. See proof of Theorem 3.2.2.

3.2.3 Implementation Experience

We implemented the lock-based and wait-free algorithms in the meta-scheduler scheduling frame-

work [52], which allows middleware-level real-time scheduling atop POSIX RTOSes. We used

QNX Neutrino 6.3 RTOS running on a 500MHz, Pentium-III processor in our implementation.

Our task model for computing the wait-free buffer size follows the model in [46]. We determine

the maximum number of times the writer can interfere with the reader, Nmax
R as:

Nmax
R = max

(
2,

⌈pR − (c− cR)

pW

⌉)
.

pR and pW denote the reader’s and the writer’s period, respectively. For simplicity, we set the task

critical times to be the same as the task periods. c is the reader’s worst-case execution time, and cR

is the time needed to perform a read operation.

Table 3.4 shows our task parameters. We consider a task set of 10 tasks, which includes 5 readers

and 5 writers, mutually exclusively sharing at most 5 data objects. We set cR for each object to be

approximately 20% of c for each reader, which implies that tasks share large amounts of data. We

allow a reader to read from 1 object to at most 5 objects. We also vary the number of readers from
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Table 3.4: Experimental Parameters for Tasks
Name p(msec) c(msec) Shared Objects

Writer1 100 10 r1

Writer2 100 10 r2

Writer3 100 10 r3

Writer4 100 10 r4

Writer5 100 10 r5

Reader1 900 100 r1 r2 r3 r4 r5

Reader2 1000 100 r2 r3 r4 r5 r1

Reader3 1100 100 r3 r4 r5 r1 r2

Reader4 1200 100 r4 r5 r1 r2 r3

Reader5 1300 100 r5 r1 r2 r3 r4

1 to 5. The minimum buffer size needed for the wait-free protocol is calculated by Algorithm 1.

The actual amount of memory needed is the buffer size multiplied by the message size in bytes.

For each experiment, we generate approximately 16,000 tasks and measure the AUR and the CMR

(or critical time meet ratio) under RUA’s and DASA’s lock-based and wait-free versions, where

CMR is the ratio of the number of tasks that meet their critical times to the total number of task

releases. The performance comparison between both are shown with the varying number of shared

objects and the varying number of tasks.

(a) Lock-Based (b) Wait-Free

Figure 3.13: Performance of Lock-Based and Wait-Free DASA Under Increasing Number of Shared Objects

Figure 3.13 and Figure 3.14 show lock-based and wait-free DASA’s AUR and CMR (on the right-

side y-axes), under increasing number of shared data objects and under increasing number of reader
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tasks, respectively. The figures also show (on the left-side y-axes) the number of buffers used by

lock-based and wait-free, as well as the number of task blockings’ and task abortions that occur

under lock-based.

From Figures 3.13(a) and 3.14(a), we observe that the AUR and CMR of lock-based DASA de-

crease as the number of shared objects and number of readers increase. This is because, as the

number of shared objects and readers increase, greater number of task blockings’ occurs, resulting

in increased sojourn times, critical time-misses, and consequent abortions.

(a) Lock-Based (b) Wait-Free

Figure 3.14: Performance of Lock-Based and Wait-Free DASA Under Increasing Number of Readers

Wait-free DASA is not subject to this behavior, as Figures 3.13(b) and 3.14(b) show. Wait-free

DASA achieves 100% AUR and CMR even as the number of shared objects and readers increase.

This is because, wait-free eliminates task blockings’. Consequently, the algorithm produces a

critical time (or deadline)-ordered schedule, which is optimal for under-load situations (i.e., all

critical times are satisfied). Thus, all tasks complete before their critical times, and the algorithm

achieves the maximum possible total utility.

However, the number of buffers needed for wait-free (calculated by Algorithm 1) increases as the

number of objects and readers increase. But Algorithm 1 is space-optimal — the needed buffer

size is the absolute minimum possible.

Similar to the DASA experiments, we compare the performance of RUA’s lock-based and wait-free
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(a) Lock-Based (b) Wait-Free

Figure 3.15: Performance of Lock-Based and Wait-Free RUA Under Increasing Number of Shared Objects

versions. Since RUA allows arbitrarily-shaped TUFs, we consider a heterogenous class of TUF

shapes including step, parabolic, and linearly-decreasing. The results are shown in Figures 3.15

and 3.16. We observe similar trends as that of DASA’s: Lock-based RUA’s AUR and CMR de-

crease as the objects and readers increase, due to increased task blockings’.

(a) Lock-Based (b) Wait-Free

Figure 3.16: Performance of Lock-Based and Wait-Free RUA Under Increasing Number of Readers

Similar to DASA, wait-free sharing alleviates task blockings’ under RUA. Consequently, RUA

produces optimal-schedules during under-load situations in terms of meeting all task critical times,

and thus yields 100% CMR.
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RUA with wait-free sharing yields greater AUR than that under lock-based, as objects and readers

increase. However, unlike DASA, RUA does not yield 100% AUR with wait-free, because tasks

accrue different utility depending upon when they complete, even when they do so before task

critical times (due to non-step shapes). Further, the algorithm does not necessarily complete tasks

at their optimal times as that scheduling problem is NP-hard (and RUA is a heuristic).

3.3 UA Scheduling and Lock-Free Synchronization

In this section, we focus on lock-free synchronization of dynamic embedded real-time systems

on a single processor. By dynamic systems, we mean those subject to resource overloads due to

context dependent activity execution times and arbitrary activity arrivals. To account for the vari-

ability in activity arrivals, we describe arrival behaviors using the unimodal arbitrary arrival model

(UAM) [40]. UAM specifies the maximum number of activity arrivals that can occur during any

time interval. Consequently, the model subsumes most traditional arrival models (e.g., periodic,

sporadic) as special cases.

We show in the previous section that wait-free sharing is suitable to the real-time system including

UA scheduling. By definitions, wait-free is much stronger than lock-free in the sense that it does

not allow any operation on the wait-free object to starve forever. However, it is not clear whether

the wait-free object can be applied to the dynamic environment such as UAM.

We consider lock-free sharing under the UAM. The past work on lock-free sharing upper bounds

the retries under restrictive arrival models like periodic [6]—retry bounds under the UAM are not

known. Moreover, we consider the UA criteria of maximizing the total utility, while allowing most

TUF shapes including step and non-step shapes, and mutually exclusive concurrent object sharing.

We focus on the RUA and DASA for that model.

We derive the upper bound on lock-free RUA’s and DASA’s retries under the UAM. Since lock-free

sharing incurs additional time overhead due to the retries (as compared to lock-based), we establish

the conditions under which activity sojourn times are shorter under lock-free RUA and DASA than
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under lock-based, for the UAM. From this result, we establish the maximum increase in activity

utility under lock-free over lock-based. Further, we implement lock-free and lock-based RUA on

a POSIX RTOS.

3.3.1 Wait-Free Buffer under UAM

Under the UAM where activities arbitrarily arrive and concurrently share data objects, the multi-

writer multi-reader (or MWMR) problem always occurs, even though a single activity(or task) is a

writer. This is because, under the UAM, multiple jobs of a single writer task can be simultaneously

pending in the ready queue and be requesting the same shared object. This situation will not occur

under a periodic task model during under-loads if considering the single-writer multi-reader (or

SWMR) problem. For this reason, the MWMR wait-free buffer should be considered.

Secondly, for the UAM, the wait-free buffer should be anonymous in the sense that the read/write

operations should not require knowledge of the identity of the jobs. This is because the UAM al-

lows multiple jobs of the same task to inherit the same task identity and to access a shared object. In

this case, two jobs having same task identify may access the same memory place at the same time,

which results in conflict. Many number of wait-free buffer mechanisms, however, are typically

established under the assumption that read/write operations know the identity of tasks invoking the

operations [18, 38, 77]. These non-anonymous mechanisms does not handle the aforementioned

case under UAM.

Further, wait-free buffer for the MWMR problem should overcome inherent space-inefficiency.

Theoretically, with n readers and m writers, the minimum number of needed buffers is n + m + 1

for the MWMR problem [66]. However, most wait-free solutions for the MWMR problem need

n × m number of atomic buffers, where each atomic buffer solves the single-writer/single-reader

(SWSR) problem [38, 77]. The atomicity of the buffer is ensured by using multiple buffers, which

further increases the number of needed buffers. To make things worse, the UAM allows greater

number of concurrent operations than more restrictive arrival models like the periodic considered
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in past works [46, 48], resulting in even greater number of buffers.

These requirements are not only for wait-free buffer, but also for all non-blocking sharing includ-

ing lock-free sharing. Several lock-free objects exist for the MWMR problem [58], which are

anonymous and space-efficient. However, few wait-free buffer exist, which supports all require-

ments above. The wait-free buffer presented in [5] was based on specific system models, such as

quantum-based and priority-based, although it requires the optimal buffer size for MWMR prob-

lem. Another wait-free buffer proposed in [70] is limited to the system where writers have the

highest priority on the host processor and no two writers execute on one host processor.

3.3.2 Bounding Retries Under UAM

Figure 3.17 shows the three dimensions of the task model that we consider. The first dimension

is the arrival model. We consider the UAM, which is more relaxed than the periodic model, but

more regular than the aperiodic model. Hence it falls in between these two ends of the (regularity)

spectrum of the arrival dimension. For a task Ti, its arrival using UAM is defined as a tuple

〈li, hi, Wi〉, meaning that the maximal number of job arrivals of the task during any sliding time

window Wi is hi and the minimal number is li [40]. Jobs may arrive simultaneously. The periodic

model is a special case of UAM with 〈1, 1, Wi〉.

Figure 3.17: Three Dimensions of Task Model

We refer to the jth job (or invocation) of task Ti as Ji,j . The basic scheduling entity that we consider
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is the job abstraction. Thus, we use J to denote a job without being task specific, as seen by the

scheduler at any scheduling event.

A job’s time constraint, which forms the second dimension, is specified using a TUF. A TUF

subsumes deadline as a special case (i.e., binary-valued, downward step TUF). Jobs of a task have

the same TUF. Ui (·) denotes task Ti’s TUF; thus, completion of Ti at time t will yield Ui(t) utility.

TUFs can take arbitrary shapes, but must have a (single) “critical time.” Critical time is the time at

which the TUF has zero utility. For the special case of deadlines, critical time corresponds to the

deadline time. In general, the TUF has zero utility after the critical time. We denote the critical

time of task i’s Ui (·) as Di, and assume that Di ≤ Wi.

The third dimension is the timeliness optimization objective. Example objectives include satisfy-

ing all critical times for step TUFs during under-loads, and maximizing total accrued utility for

arbitrarily-shaped TUFs during under-loads and overloads. Our model includes the UAM, TUFs,

and the objective of maximizing total utility.

Finally, the resource model we consider here does not allow nested critical sections, which may

cause deadlock in lock-based synchronization, and on the other hand, complicates implementation

in lock-free synchronization.

Preemptions Under UA Schedulers

Under fixed priority schedulers such as rate-monotonic (RM), a lower priority job can be pre-

empted at most once by each higher priority job if no resource dependency (that arises due to

concurrent object sharing) exists. This is because a job does not change its execution eligibility

until its completion time. However, under UA schedulers such as RUA, execution eligibility of a

job dynamically changes.

In Figure 3.18, assume that two jobs J1,1 and J2,1 arrive at time t0, and scheduling events occur

at t1, t2, and t3. J2,1 occupies CPU at t0 and is preempted by J1,1 at t1. Subsequently, J1,1 is

preempted by J2,1 at t2, which does not happen under RM scheduling. Under RUA, a simple
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Figure 3.18: Mutual Preemption Under RUA

condition causing this mutual preemption, where a job which has preempted another job can be

subsequently preempted by the other job, is when TUFs of the two jobs are increasing.

This potential mutual preemption distinguishes RUA from traditional schedulers such as RM,

where a job can be preempted by another job at most once. Hence, the maximum number of

preemptions under RM that a job may suffer can be bounded by the number of releases of other

jobs during a given time interval (see [5]). However, this is not true with RUA, as one job can be

preempted by another job more than once. Thus, the maximum number of preemptions that a job

may experience under RUA is bounded by the number of events that invoke the scheduler.

Lemma 3.3.1 (Preemptions Under UA scheduler). During a given time interval, a job scheduled

by a UA scheduler can experience preemptions by other jobs at most the number of the scheduling

events that invoke the scheduler.

Proof. Assume that preemptions happen more than the scheduling events during a given time

interval. It means that preemptions can occur without invoking the scheduler, which is not true.

Lemma 3.3.1 helps compute the upper bound on the number of retries on lock-free objects for

our model. This is also true with other UA schedulers [64], because it is impossible for more

preemptions to occur than scheduling events. Especially, when lock-free synchronization and RUA

are considered, the scheduling events only include job arrivals and departures, but not lock and

unlock requests.
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Bounded Retry Under UAM

Under our model, jobs with TUF constraints arrive under the UAM, and there may not always be

enough CPU time available to complete all jobs before their critical times. We now bound lock-free

RUA’s retries under this model.

Theorem 3.3.2 (Lock-Free Retry Bound Under UAM). Let jobs arrive under the UAM < 1, hi, Wi >

and are scheduled by RUA (or DASA). When a job Ji accesses more than one lock-free object, Ji’s

total number of retries, fi, is bounded as:

fi ≤ 3hi +
N∑

j=1,j 6=i

2hj

(⌈
Di

Wj

⌉
+ 1

)
where N is the number of tasks.

Proof. In Figure 3.19, Ji is released at time t0 and has the absolute critical time (t0 + Di). After

the critical time, Ji will not exist in the ready queue, because it will be either completed by that

time or aborted by RUA. Thus, by Lemma 3.3.1, the number of retries of Ji is bounded by the

maximum number of all scheduling events that occur within the time interval [t0, t0 + Di]. The

scheduling events that Ji suffers can be categorized into those occurring from other tasks, Tj, j 6= i

and those occurring from Ti. We consider these two cases:

Figure 3.19: Interferences under UAM

Case 1 (Scheduling events from other tasks): To account for the worst-case event occurrence where

the maximum number of scheduling events of Tj occurs within Wi, we assume that all instances of

Tj in the window W 1
j are released right after time t0, and all instances of Tj in the window W 3

j are
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released before time (t0 + Di). Thus, the maximum number of releases of Tj within [t0, t0 + Di]

is dDi/Wje+ 1. It also holds when Wj > Di as dDi/Wje+ 1 = 2.

All jobs of Tj before the first window Wj must depart either by completion or by abortion before

t0. All released jobs must be completed or aborted, so that the number of scheduling events that a

job can create is at most 2. Hence, hj (dDi/Wje+ 1) is multiplied by 2.

Case 2 (Scheduling events from the same task): In the worst-case where the maximal scheduling

events by Ti occurs within Wi, all jobs of Ti are released and completed within [t0, t0 + Di], which

results in at most 2hi events. Ti’s jobs, which are released during [t0 − Di, t0] also cause events

within [t0, t0 + Di] by completion. Thus, the total number of events that are possible is 3hi.

The sum of case 1 and case 2 is the upper bound on the number of events. It is also the maximum

number of total retries of Ji’s objects.

Note that f has nothing to do with the number of lock-free objects in Ji in Theorem 3.3.2, even

when Ji accesses more than one lock-free object. This is because no matter how many objects Ji

accesses, f cannot exceed the number of events. Further, even if Ji accesses a single object, the

retry can occur only as many times as the number of events.

Theorem 3.3.2 also implies that the sojourn time of Ji is bounded. The sojourn time of Ji is

computed as the sum of Ji’s execution time, the interference time5 by other jobs, the lock-free

object accessing time, and f retry time.

3.3.3 Lock-Based versus Lock-Free

We now formally compare lock-based and lock-free sharing by comparing job sojourn times. We

do so, as sojourn times directly determine critical time-misses and accrued utility. The compari-

5Interference time of a task is the time that the task has to wait to get the processor for execution (since its arrival)

as the processor is busy executing other tasks (since those tasks were deemed by the scheduler as more eligible to

execute). Thus, for a task Ti, its interference time is the time spent on executing other tasks when task Ti is runnable.
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son will establish the tradeoffs between lock-based and lock-free sharing: Lock-free is free from

blocking times on shared object accesses and scheduler activations for resolving those blockings,

while lock-based suffers from these. However, lock-free suffers from retries, while lock-based

does not.

We assume that all accesses to lock-based objects require q time units, and to lock-free objects

require s time units. The computation time ci of a job Ji can be written as ci = ei + mi × tacc,

where ei is the computation time not involving accesses to shared objects; mi is the number of

shared object accesses by Ji; and tacc is the maximum computation time for any object access—

i.e., q for lock-based objects and s for lock-free objects.

The worst-case sojourn time of a job with lock-based is ei + I + q · mi + B, where B is the

worst-case blocking time and I is the worst-case interference time. In [80], it is shown that a job

Ji under RUA can be blocked for at most min(mi, ni) times, where ni is the number of jobs that

could block Ji and mi is the number of objects that can be used to block Ji. Thus, B can be

computed as q · min(mi, ni). On the other hand, the worst-case sojourn time of a job with lock-

free is ei + I + s · mi + TR, where TR is the worst-case retry time. TR can be computed as s · f

by Theorem 3.3.2. Thus, the difference between q · mi + B and s · mi + TR is the sojourn time

difference between lock-based and lock-free.

Based on the notation, we formally compare lock-based and lock-free sharing under our model.

Theorem 3.3.3 (Lock-Based versus Lock-Free Sojourn Time). Let jobs arrive under the UAM and

be scheduled by RUA (or DASA). If s
q

< 2
3
, when mi ≤ ni

s
q

< mi+ni

mi+3hi+2xi
, when mi > ni,

then Ji’s maximum sojourn time with lock-free is shorter than that with lock-based, where xi =∑N
j=1,j 6=i hj

(⌈
Di

Wj

⌉
+ 1

)
.

Proof. Let X denote q ·mi + q ·min(mi, ni) and Y denote s ·mi + s ·fi to compare sojourn times.

ni is bounded by the total number of jobs that may happen during executing Ji so that ni is at most
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2hi +
∑N

j=1,j 6=i hj (dDi/Wje+ 1) = 2hi + xi. We now search for the condition when lock-free

sharing yields shorter sojourn times than lock-based, which means X > Y . There are two cases:

Case 1: When mi ≤ ni, X becomes 2q ·mi. Y is s(mi + 3hi + 2xi). Therefore:

Y =
s

2q
X + s (3hi + 2xi) ,

where X = 2qmi ≤ 2qni ≤ 2q (2hi + xi). The condition that leads to X > Y can be derived

only when s
2q

< 1. Otherwise, Y is always greater than X , which means that the sojourn time

with lock-free objects is greater than that with lock-based objects. Assuming s
2q

< 1, X and Y

become the same when X = 2qs(3hi+2xi)
2q−s

. Hence, when 2qs(3hi+2xi)
2q−s

< X , X is greater than Y ,

where X ≤ 2q (2hi + xi). This leads to:

q

s
>

1

2
+

3hi + 2xi

2mi

.

Since mi ≤ 2hi + xi,

q

s
>

1

2
+

3hi + 2xi

2mi

≥ 1

2
+

3hi + 2xi

4hi + 2xi

≥ 3

2
− 1

4 + 2xi

hi

.

Therefore, the sufficient condition is q
s

> 3
2
.

Case 2: When mi > ni, X becomes q (mi + ni) and we can obtain Y = s
q
X + s (3hi + 2xi − ni).

To make X > Y , s
q

should be less than 1. Otherwise, the sojourn time of jobs with lock-based

objects is always less than that with lock-free objects. X converges to Y at X = qs(3hi+2xi−n)
q−s

.

Therefore,
qs (3hi + 2x− ni)

q − s
< q (mi + ni) .

This inequality leads to:
s

q
<

mi + ni

mi + 3hi + 2xi

.

This implies that s
q

< 1, since mi+ni

mi+3hi+2xi
< 1 considering ni ≤ 2hi + xi.

Theorem 3.3.3 states that no matter whether mi is greater than ni, s
q

< 1 is necessary for jobs to

obtain a shorter sojourn time under lock-free (since mi+ni

mi+3hi+2xi
is less than one when mi > ni).
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Especially when mi ≤ ni, s
q

< 2/3 is sufficient for jobs to obtain a shorter sojourn time under

lock-free. Shorter sojourn times always yield higher utility with non-increasing TUFs, but not

always with increasing TUFs. However, it is likely to improve performance at the system-level

even with increasing TUFs, because each job can save more CPU time for other jobs.

In [5], Anderson et al. show that s is often much smaller than q in comparison with the vast

majority of lock-free objects in most systems, such as buffers, queues, and stacks. It also is known

that lock-free approaches work particularly well for such simple objects. Much smaller access

time of lock-free approaches is in line with the results of our experiments in Section 3.3.4, where

we consider UAM arrival and RUA scheduling. Thus, lock-free sharing is very attractive for UA

scheduling as most UA schedulers’ object sharing mechanisms have higher time complexity.

Theorem 3.3.3 does not reveal anything regarding aggregate system-level performance, but only

job-level performance. Since RUA’s objective is to maximize total utility, we now compare lock-

based and lock-free sharing in terms of accrued utility ratio (or AUR). AUR is the ratio of the

actual accrued total utility to the maximum possible total utility. The AURs of lock-based and

lock-free sharing under RUA are bounded as follows:

Lemma 3.3.4 (AUR of Lock-free RUA). Let the ith task’s jobs arrive under the UAM, < li, hi, Wi >,

and be scheduled by RUA. If all jobs are feasible and their TUFs are non-increasing, then the AUR

of lock-free sharing, AUR, over time converges into:∑N
i=1

li
Wi

Ui(ei + s ·mi + Ii + Ri)∑N
i=1

li
Wi

Ui(0)
< AUR <

∑N
i=1

hi

Wi
Ui(ei + s ·mi)∑N

i=1
hi

Wi
Ui(0)

,

where Ui(t) is task i’s utility at time t, and N is the number of tasks.

Proof. The AUR is computed as
∑N

i=1 ni · Ui(s
lf
i )/

∑N
i=1 ni · Ui(0), where slf

i is the sojourn time

of Ti and ni is the number of jobs of Ti completed within a time interval. Under UAM, ni is within

the range of [lib∆t
Wi
c, hi(d∆t

Wi
e+ 1)] in a time interval ∆t, i.e., lib∆t

Wi
c is the minimum possible jobs,

nmin
i , and hi(d∆t

Wi
e+1) is the maximum possible jobs, nmax

i , within ∆t under UAM. The AUR can

be rewritten as:

AUR =
n1U1(s

lf
1 )∑N

i=1 niUi(0)
+ ... +

nNUN(slf
N)∑N

i=1 niUi(0)
.
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Each niUi(s
lf
i )/

∑N
i=1 niUi(0) is a increasing function of ni when ni > 0, and therefore, the max-

imum value of each ni yields the maximum AUR and the minimum value of each ni vice versa.

Thus,
nmin

i Ui(s
lf
i )∑N

i=1 nmin
i Ui(0)

≤ niUi(s
lf
i )∑N

i=1 niUi(0)
≤ nmax

i Ui(s
lf
i )∑N

i=1 nmax
i Ui(0)

.

When a long time interval ∆t is considered, since nmax
i = hi(d∆t

Wi
e+ 1) < hi(

∆t
Wi

+ 2),

AUR <

∑N
i=1

hi

Wi
Ui(s

lf
i )∑N

i=1
hi

Wi
Ui(0)

.

On the other hand, since nmin
i = lib∆t

Wi
c > li(

∆t
Wi

− 1),∑N
i=1

li
Wi

Ui(s
lf
i )∑N

i=1
li

Wi
Ui(0)

< AUR.

The sojourn time slf
i is within [ei + smi, ei + smi + Ii + Ri]. With the non-increasing TUFs, the

shortest possible sojourn time ei + smi yields the maximum AUR and the longest possible sojourn

time ei + smi + Ii + Ri yields the minimum AUR.

Lemma 3.3.5 (AUR of Lock-based RUA). Let the ith task’s jobs arrive under the UAM, < li, hi, Wi >,

and be scheduled by RUA. If all jobs are feasible and their TUFs are non-increasing, then the AUR

of lock-based sharing, AUR, over time converges into:∑N
i=1

li
Wi

Ui(ei + q ·mi + Ii + Bi)∑N
i=1

li
Wi

Ui(0)
< AUR <

∑N
i=1

hi

Wi
Ui(ei + q ·mi)∑N

i=1
hi

Wi
Ui(0)

,

where Ui(t) is task i’s utility at time t, and N is the number of tasks.

Proof. See the proof of Lemma 3.3.4 while replacing s, slf
i , and Ri with q, slb

i , and Bi respectively,

where slb
i denotes the sojourn time of Ti under lock-based sharing.

Our comparison of lock-free RUA is against lock-based RUA without nested critical sections, since

nested critical sections will likely increase the cost of lock-free RUA, but not that of lock-based

RUA.

The AUR bounds of lock-free and lock-based DASA are straightforward to understand. It is com-

puted by considering the constant utility of each task’s step-shaped TUF in Lemma 3.3.4 and 3.3.5.
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Corollary 3.3.6 (AUR of Lock-free and Lock-based DASA). Let the ith task’s jobs arrive under

the UAM, < li, hi, Wi >, and be scheduled by DASA. If all jobs are feasible and their TUFs are

non-increasing, then the AUR of lock-based sharing, AUR, over time converges into one.

3.3.4 Implementation Experience

We implemented lock-based and lock-free objects with RUA in the meta-scheduler scheduling

framework [52], which allows middleware-level real-time scheduling atop POSIX RTOSes. Our

motivation for implementation is to verify our analytical results. We used QNX Neutrino 6.3

RTOS running on a 500MHz, Pentium-III processor in our implementation, which provides an

atomic memory-modification operation, the CAS (Compare-And-Swap) instruction. In our study,

we used queues, one of the common shared objects, to validate our theorems. We used the lock-free

queues introduced in [58] in our implementation.

Object Access Times, Critical Load

As Theorem 3.3.3 shows, the tradeoff between lock-based and lock-free sharing under RUA de-

pends upon the time needed for object access—i.e., lock-based object access time q, and lock-free

object access time s. We measure q and s with a 10 task set. Each measurement is an average of

approximately 2000 samples.

Figure 3.20 shows q and s under increasing number of shared objects accessed by jobs, not allow-

ing any nested critical section.6 From the figure, we observe that q is significantly larger than s. As

the number of shared objects accessed by each job, q is increasing. Note that q includes the time

for lock-based RUA’s resource sharing mechanism.

When s << q, Theorem 3.3.3 implies that it increases the likelihood of satisfying the sufficient

condition under which lock-free is more likely to perform better than lock-based.

6The error bar around each data point represents 95% confidence interval of that data point.
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Figure 3.20: Object Access Time

The impact of q and s on lock-based RUA’s and lock-free RUA’s performance, respectively, can

be measured by evaluating the load at which the schedulers miss task critical times. We measure

it using a metric called Critical time-Miss Load (CML). The CML of a scheduler is defined as the

approximate load after which the scheduler begins to miss task critical times. We define approx-

imate load as AL =
∑n

i=1 ei/Di, where ei is the task computation time excluding object access

time, and Di is the task critical time.

We exclude object access time for ideal CML, because an ideal implementation of objects for

synchronization must have negligibly small – almost zero — object access time. If so, the imple-

mentation is ideal in the sense that the scheduler’s performance with the (ideal) implementation is

the same as that under no object sharing. We call it, the ideal RUA.

We consider a task set of 10 tasks, accessing 10 shared queues, and measure the CML of lock-free,

lock-based, and ideal RUA under increasing average job execution times. Figure 3.21 shows the

results. We observe that lock-free RUA yields almost the same CML as that of ideal RUA, as it

exploits the eliminated blocking times and achieves almost the same performance of RUA without

object sharing. Note that the ideal queue and RUA achieve the CML of 1, only at ≈10usec of

average execution time. This is because of the algorithm’s overhead for scheduling. (RUA’s CML

of 1, like other scheduling algorithms, is valid at zero job execution times under the assumption of

no system overheads, which is not true in practice.)
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Figure 3.21: Critical Time Miss Load

On the other hand, lock-based RUA’s CML converges to 1, only at ≈1 millisecond. This is pre-

cisely because of lock-based RUA’s complex operations for resolving jobs’ contention for object

locks and consequent higher overhead, as manifested by its higher asymptotic complexity and

higher object access times in Figure 3.20.

Accrued Utility, Critical Time-Meets

We now measure the AUR and the CMR of lock-free RUA and lock-based RUA for average job

execution times in the range of 30usec – 1000usec. CMR is the ratio of the number of tasks that

meet their critical times to the total number of task releases. We consider a task set of 10 tasks,

accessing 10 shared queues, arbitrarily. Each experiment is repeated to obtain AUR and CMR

averages from more than 5000 task arrivals. We consider two classes of TUF shapes in this study:

(1) a homogeneous class including just step shapes and (2) a heterogenous class including step,

parabolic, and linearly-decreasing shapes.

Figures 3.22 and 3.23 show the AUR and CMR of lock-based and lock-free RUA for step TUFs

and heterogenous TUFs, respectively, during under-loads (AL = ≈0.4), under increasing number

of shared objects. Figures 3.24 and 3.25 show similar results during overloads (AL = ≈1.1). 7

7In all figures, the error bar around each data point represents 95% confidence interval of that data point.
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(a) AUR (b) CMR

Figure 3.22: AUR/CMR During Underload, Step TUFs

(a) AUR (b) CMR

Figure 3.23: AUR/CMR During Underload, Heterogeneous TUFs

As expected, the figures show that lock-based RUA’s AUR and CMR sharply decreases, eventually

reaching 0% during overloads, as the number of objects increases. This is because, as the number

of objects increases, greater number of task blockings’ occurs, due to the large r, resulting in

increased sojourn times, critical time-misses, and consequent abortions.

The performance of lock-free RUA, on the contrary, does not degrade as the number of objects

increases. During under-loads, lock-free RUA achieves almost 100% AUR and CMR, whereas

during overloads, the algorithm achieves higher AUR by as much as ≈65% and higher CMR,

by as much as ≈80% than lock-based. This better performance is directly due to the short s of
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lock-free objects, which results in few retries and thus reduced interferences.

(a) AUR (b) CMR

Figure 3.24: AUR/CMR During Overload, Step TUFs

Figure 3.25: AUR/CMR During Overload, Heterogeneous TUFs

Figures 3.25 and 3.26 show lock-based and lock-free RUA’s performance, respectively, under het-

erogenous TUFs, AL = ≈1.1, and increasing number of shared objects. As expected, the figures

show that the AUR and CMR of lock-based RUA sharply decreases, eventually reaching 0% during

overloads, as the number of objects increases. The performance of lock-free RUA, on the contrary,

does not degrade as the number of objects increases.

We repeated similar experiments for increasing number of reader tasks (instead of increasing

shared objects) and observed exact similar trends and consistent results in Figure 3.26 (Hetero-

geneous TUFs, AL=0.1-1.1), further illustrating lock-free RUA’s superiority over lock-based. We
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Figure 3.26: AUR/CMR During Increasing Readers, Heterogeneous TUFs

omit more results as they show the same trend and consistency.



Chapter 4

Multiprocessor Scheduling I: Underload

Scheduling

As discussed in Chapter 1, multiprocessor real-time scheduling is comparatively less studied than

single-processor real-time scheduling. The classical hard real-time scheduling objective of meet-

ing all deadlines is a special case of UA scheduling criteria. In this Chapter, we focus on the

multiprocessor version of this problem — i.e., scheduling on multiprocessors to meet all deadlines

under the periodic arrival model.

The global EDF scheduling algorithm for multiprocessors is a simple extension of the single-

processor (optimal) EDF scheduling algorithm1. However, global EDF is not optimal for multi-

processors — i.e., all task deadlines may not be satisfied even when the total utilization demand is

less than the capacity of all processors. Thus, feasible utilization demand bounds — utilization de-

mands below which all deadlines can be satisfied — have been established for global EDF. These

include [10, 13, 36]. In [13], Bertogna et al. show that each of these bounds do not dominate the

other.
1EDF is optimal for single processors in the sense that EDF can satisfy all deadlines on a single processor when

the total utilization demand is less than 1.0 — i.e., during under-loads.

71
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As described in Section 1.3, the Pfair class of algorithms [11, 43] that allow full migration have

been shown to achieve a feasible utilization bound that equals the total capacity of all processors,

thus they are theoretically optimal. However, Pfair algorithms incur significant run-time overhead

due to their quantum-based scheduling approach [31, 69]. Under Pfair, tasks can be decomposed

into several small uniform segments, which are then scheduled, causing frequent scheduling and

migration. Consequently, the algorithm’s optimality is only of theoretical significance. Thus, there

does not exist an optimal hard real-time scheduling algorithm for multiprocessors, that does not

depend on time quanta.

Since Pfair is only theoretically optimal, algorithms other than Pfair, in particular, global EDF [31,

33, 36, 68], have also been intensively studied, though their feasible utilization bounds are lower.

Figure 4.1(a) shows an example task set that global EDF cannot feasibly schedule. Here, T1 will

miss its deadline when the system is given two processors. However, there exists a schedule that

meets all task deadlines; this is shown in Figure 4.1(b).

(a) (b)

Figure 4.1: A Task Set that Global EDF Cannot Schedule On Two Processors

Interestingly, we observe in Figure 4.1(b) that the scheduling event at time 1, where task T1 is split

to make all tasks feasible is not a traditional scheduling event (such as a task release or a task com-

pletion). This simple observation implies that we may need more scheduling events to split tasks to

construct optimal schedules, such as what Pfair’s quantum-based approach does. However, it also

raises another fundamental question: is it possible to split tasks to construct optimal schedules, not

at time quantum, but perhaps at other scheduling events, and consequently avoid Pfair’s frequent

scheduling and migration overheads? If so, what are those scheduling events?
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In this Chapter, we answer these questions. We present an optimal hard real-time scheduling

algorithm for multiprocessors, which is not based on time quanta. The algorithm called LLREF,

is based on the fluid scheduling model and the fairness notion [11]. As compared to global EDF,

LLREF provides 100% deadline satisfaction ratio during under-loads, as shown in Figure 4.2. In

the figure, be is the feasible utilization demand of global EDF.

(a) global EDF (b) LLREF

Figure 4.2: Scheduling Objective Differences Between global EDF and LLREF

We introduce a novel abstraction for reasoning about task execution behavior on multiprocessors,

called the time and local remaining execution-time plane (abbreviated as the T-L plane). T-L plane

makes it possible for us to envision that the entire scheduling over time is just the repetition of T-L

planes in various sizes, so that feasible scheduling in a single T-L plane implies feasible scheduling

over all times. We define two additional scheduling events and show when they should happen to

maintain the fairness of an optimal schedule, and consequently establish LLREF’s scheduling opti-

mality. We also show that the overhead of LLREF is tightly bounded, and that bound depends only

upon task parameters. Furthermore, our simulation experiments on algorithm overhead validates

our analysis.

The rest of the Chapter is organized as follows: Section 4.1 presents LLREF. Section 4.2 estab-

lishes LLREF’s properties, and reports the simulation results. Some remarks on improving LLREF

further are made in Section 4.3.
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4.1 LLREF Scheduling Algorithm

4.1.1 Model

We consider global scheduling, where task migration is not restricted, on an SMP system with M

identical processors. We consider the application to consist of a set of tasks, denoted T={T1, T2,

..., TN}. Tasks are assumed to arrive periodically at their release times ai. Each task Ti has an

execution time ci, and a relative deadline di which is the same as its period pi. The utilization ui

of a task Ti is defined as ci/di and is assumed to be less than 1. Similar to [3, 31], we assume that

tasks may be preempted at any time, and are independent, i.e., they do not share resources or have

any precedences.

We consider a non-work conserving scheduling policy; thus processors may be idle even when

tasks are present in the ready queue. The cost of context switches and task migrations are assumed

to be negligible, as in [3, 31].

4.1.2 Time and Local Execution Time Plane

In the fluid scheduling model, each task executes at a constant rate at all times [44]. The quantum-

based Pfair scheduling algorithm, the only known optimal algorithm for the problem that we con-

sider here, is based on the fluid scheduling model, as the algorithm constantly tracks the allocated

task execution rate through task utilization. The Pfair algorithm’s success in constructing optimal

multiprocessor schedules can be attributed to fairness — informally, all tasks receive a share of the

processor time, and thus are able to simultaneously make progress. P-fairness is a strong notion of

fairness, which ensures that at any instant, no application is more than one quantum away from its

due share (or fluid schedule) [11, 17].

The significance of the fairness concept on Pfair’s optimality is also supported by the fact that task

urgency, as represented by the task deadline is not sufficient for constructing optimal schedules, as

we observe from the poor performance of global EDF for multiprocessors.
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Figure 4.3: Fluid Schedule versus a Practical Schedule

Toward designing an optimal scheduling algorithm, we thus consider the fluid scheduling model

and the fairness notion. To avoid Pfair’s quantum-based approach, we consider an abstraction

called the Time and Local Execution Time Domain Plane (or abbreviated as the T-L plane), where

tokens representing tasks move over time. The T-L plane is inspired by the L-C plane abstraction

introduced by Dertouzos et al. in [30]. We use the T-L plane to describe fluid schedules, and

present a new scheduling algorithm that is able to track the fluid schedule without using time

quanta.

Figure 4.3 illustrates the fundamental idea behind the T-L plane. For a task Ti with ai, ci and di, the

figure shows a 2-dimensional plane with time represented on the x-axis and the task’s remaining

execution time represented on the y-axis. If ai is assumed as the origin, the dotted line from (0, ci)

to (di, 0) indicates the fluid schedule, the slope of which is−ui. Since the fluid schedule is ideal but

practically impossible, the fairness of a scheduling algorithm depends on how much the algorithm

approximates the fluid schedule path.

When Ti runs like in Figure 4.3, for example, its execution can be represented as a broken line

between (0, ci) and (di, 0). Note that task execution is represented as a line whose slope is -1 since

x and y axes are in the same scale, and the non-execution over time is represented as a line whose

slope is zero. It is clear that the Pfair algorithm can also be represented in the T-L plane as a broken
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line based on time quanta.

Figure 4.4: T-L Planes

When N number of tasks are considered, their fluid schedules can be constructed as shown in

Figure 4.4, and a right isosceles triangle for all tasks is found between every two consecutive

scheduling events. We call this as the T-L plane TLk, where k is simply increasing over time.

The size of TLk may change over k. The bottom side of the triangle represents time. The left

vertical side of the triangle represents a part of tasks’ remaining execution time, which we call the

local remaining execution time, li, which is supposed to be consumed before each TLk ends. Fluid

schedules for each task can be constructed as overlapped in each TLk plane, while keeping their

slopes.

4.1.3 Scheduling in T-L planes

The abstraction of T-L planes is significantly meaningful in scheduling for multiprocessors, be-

cause T-L planes are repeated over time, and a good scheduling algorithm for a single T-L plane is

able to schedule tasks for all repeated T-L planes. Here, good scheduling means being able to con-
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struct a schedule that allows all tasks’ execution in the T-L plane to approximate the fluid schedule

as much as possible. Figure 4.5 details the kth T-L plane.

Figure 4.5: kth T-L Plane

The status of each task is represented as a token in the T-L plane. The token’s location describes

the current time as a value on the horizontal axis and the task’s remaining execution time as a value

on the vertical axis. The remaining execution time of a task here means one that must be consumed

until the time tkf , and not the task’s deadline. Hence, we call it, local remaining execution time.

As scheduling decisions are made over time, each task’s token moves in the T-L plane. Although

ideal paths of tokens exist as dotted lines in Figure 4.5, the tokens are only allowed to move in

two directions. When the task is selected and executed, the token moves diagonally down, as TN

moves. Otherwise, it moves horizontally, as T1 moves. If M processors are considered, at most M

tokens can diagonally move together. The scheduling objective in the kth T-L plane is to make all

tokens arrive at the rightmost vertex of the T-L plane—i.e., tkf with zero local remaining execution

time. We call this successful arrival, locally feasible. If all tokens are made locally feasible at each

T-L plane, they are possible to be scheduled throughout every consecutive T-L planes over time,
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approximating all tasks’ ideal paths.

For convenience, we define the local laxity of a task Ti as tkf − tcur − li, where tcur is the current

time. The oblique side of the T-L plane has an important meaning: when a token hits that side, it

implies that the task does not have any local laxity. Thus, if it is not selected immediately, then it

cannot satisfy the scheduling objective of local feasibility. We call the oblique side of the T-L plane

no local laxity diagonal (or NLLD). All tokens are supposed to stay in between the horizontal line

and the local laxity diagonal.

We observe that there are two time instants when the scheduling decision has to be made again

in the T-L plane. One instant is when the local remaining execution time of a task is completely

consumed, and it would be better for the system to run another task instead. When this occurs,

the token hits the horizontal line, as TN does in Figure 4.5. We call it the bottom hitting event (or

event B). The other instant is when the local laxity of a task becomes zero so that the task must be

selected immediately. When this occurs, the token hits the NLLD, as T1 does in Figure 4.5. We

call it the ceiling hitting event (or event C). To distinguish these events from traditional scheduling

events such as task releases and task departures, we call events B and C sub-events.

To provide local feasibility, M of the largest local remaining execution time tasks are selected first

(or LLREF) for every sub-event. We call this, the LLREF scheduling policy. Note that the task

having zero local remaining execution time (the token lying on the bottom line in the T-L plane) is

not allowed to be selected, which makes our scheduling policy non work-conserving. The tokens

for these tasks are called inactive, and the others with more than zero local remaining execution

time are called active. At time tkf , the time instant for the event of the next task release, the next T-L

plane TLk+1 starts and LLREF remains valid. Thus, the LLREF scheduling policy is consistently

applied for every event.
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4.2 Algorithm Properties

A fundamental property of the LLREF scheduling algorithm is its scheduling optimality—i.e.,

the algorithm can meet all task deadlines when the total utilization demand does not exceed the

capacity of the processors in the system. In this section, we establish this by proving that LLREF

guarantees local feasibility in the T-L plane.

4.2.1 Critical Moment

Figure 4.6 shows an example of token flow in the T-L plane. All tokens flow from left to right over

time. LLREF selects M tokens from N active tokens and they flow diagonally down. The others

which are not selected, on the other hand, take horizontal paths. When the event C or B happens,

denoted by tj where 0 < j < f , LLREF is invoked to make a scheduling decision.

Figure 4.6: Example of Token Flow

We define the local utilization ri,j for a task Ti at time tj to be li,j
tf−tj

, which describes how much

processor capacity needs to be utilized for executing Ti within the remaining time until tf . Here,

li,j is the local remaining execution time of task Ti at time tj . When k is cancelled, it implicitly

means the current kth T-L plane.

Theorem 4.2.1 (Initial Local Utilization Value in T-L plane). Let all tokens arrive at the rightmost
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vertex in the (k − 1)th T-L plane. Then, the initial local utilization value ri,0 = ui for all task Ti in

the kth T-L plane.

Proof. If all tokens arrive at tk−1
f with li = 0, then they can restart in the next T-L plane (the kth

T-L plane) from the positions where their ideal fluid schedule lines start. The slope of the fluid

schedule path of task Ti is ui. Thus, ri,0 = li,0/tf = ui.

Well-controlled tokens, both departing and arriving points of which are the same as those of their

fluid schedule lines in the T-L plane (even though their actual paths in the T-L plane are different

from their fluid schedule paths), imply that all tokens are locally feasible. Note that we assume

ui ≤ 1 and
∑

ui ≤ M .

Figure 4.7: Critical Moment

We define critical moment to describe the sufficient and necessary condition that tokens are not

locally feasible. (Local infeasibility of the tokens implies that all tokens do not simultaneously

arrive at the rightmost vertex of the T-L plane.) Critical moment is the first sub-event time when

more than M tokens simultaneously hit the NLLD. Figure 4.7 shows this. Right after the critical

moment, only M tokens from those on the NLLD are selected. The non-selected ones move out of

the triangle, and as a result, they will not arrive at the right vertex of the T-L plane. Note that only

horizontal and diagonal moves are permitted for tokens in the T-L plane.

Theorem 4.2.2 (Critical Moment). At least one critical moment occurs if and only if tokens are

not locally feasible in the T-L plane.
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Proof. We prove both the necessary and sufficient conditions.

Case 1. Assume that a critical moment occurs. Then, non-selected tokens move out of the T-L

plane. Since only -1 and 0 are allowed for the slope of the token paths, it is impossible that the

tokens out of the T-L plane reach the rightmost vertex of the T-L plane.

Case 2. We assume that when tokens are not locally feasible, no critical moment occurs. If there is

no critical moment, then the number of tokens on the NLLD never exceeds M . Thus, all tokens on

the diagonal can be selected by LLREF up to time tf . This contradicts our assumption that tokens

are not locally feasible.

We define total local utilization at the jth sub-event, Sj , as
∑N

i ri,j .

Corollary 4.2.3 (Total Local Utilization at Critical Moment). At the critical moment which is the

jth sub-event, Sj > M .

Proof. The local remaining execution time li,j for the tasks on the NLLD at the critical moment

of the jth sub-event is tf − tj , because the T-L plane is an isosceles triangle. Therefore, Sj =∑N
i=1 ri,j =

∑M
i=1

tf−tj
tf−tj

+
∑N

i=M+1
li

tf−tj
> M .

From the task perspective, the critical moment is the time when more than M tasks have no local

laxity. Thus, the scheduler cannot make them locally feasible with M processors.

4.2.2 Event C

Event C happens when a non-selected token hits the NLLD. Note that selected tokens never hit the

NLLD. Event C indicates that the task has no local laxity and hence, should be selected immedi-

ately. Figure 4.8 illustrates this, where event C happens at time tc when the token TM+1 hits the

NLLD.

Note that this is under the basic assumption that there are more than M tasks, i.e., N > M . This

implicit assumption holds in Section 4.2.2 and 4.2.3. We will later show the case when N ≤ M .
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For convenience, we give lower index i to the token with higher local utilization, i.e., ri,j ≥ ri+1,j

where 1 ≤ i < N and ∀j, as shown Figure 4.8. Thus, LLREF select tasks from T1 to TM and their

tokens move diagonally.

Figure 4.8: Event C

Lemma 4.2.4 (Condition for Event C). When 1 − rM+1,c−1 ≤ rM,c−1, the event C occurs at time

tc, where ri,c−1 ≥ ri+1,c−1, 1 ≤ i < N .

Proof. If the sub-event at time tc is event C, then token TM+1 must hit the NLLD earlier than when

token TM hit the bottom of the T-L plane. The time when TM+1 hits the NLLD is tc−1 + (tf −

tc−1 − lM+1,c−1). On the contrary, the time when the token TM hits the bottom of the T-L plane is

tc−1 + lM,c−1.

tc−1 + (tf − tc−1 − lM+1,c−1) < tc−1 + lM,c−1

1− lM+1,c−1

tf − tc−1

<
lM,c−1

tf − tc−1

.

Thus, 1− rM+1 ≤ rM at tc−1.

Corollary 4.2.5 (Necessary Condition for Event C). Event C occurs at time tc only if Sc−1 >

M(1− rM+1,c−1), where ri,c−1 ≥ ri+1,c−1, 1 ≤ i < N .

Proof.

Sc−1 =
M∑
i=1

ri,c−1 +
N∑

i=M+1

ri,c−1 >

M∑
i=1

ri,c−1 ≥ M · rM,c−1.
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Based on Lemma 4.2.4, M · rM,c−1 ≥ M · (1− rM+1,c−1).

Theorem 4.2.6 (Total Local Utilization for Event C). When event C occurs at tc and Sc−1 ≤ M ,

then Sc ≤ M for ∀c where 0 < c ≤ f , and ri,c−1 ≥ ri+1,c−1, 1 ≤ i < N .

Proof. We let tc − tc−1 = tf − tc−1 − lM+1,c−1 as δ. Total local remaining execution time at tc−1

is
∑N

i=1 li,c−1 = (tf − tc−1)Sc−1 and it decreases by M × δ at tc as M tokens move diagonally.

Therefore,

(tf − tc)Sc = (tf − tc−1)Sc−1 − δM.

Since lM+1,c−1 = tf − tc,

lM+1,c−1 × Sc = (tf − tc−1)Sc−1 − (tf − tc−1 − lM+1,c−1)M.

Thus,

Sc =
1

rM+1,c−1

Sc−1 + (1− 1

rM+1,c−1

)M. (4.1)

Equation 4.1 is a linear equation as shown in Figure 4.9.

Figure 4.9: Linear Equation for Event C

According to Corollary 4.2.5, when event C occurs, Sc−1 is more than M · (1 − rM+1,c−1). Since

we also assume Sc−1 ≤ M , Sc ≤ M .
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4.2.3 Event B

Event B happens when a selected token hits the bottom side of the T-L plane. Note that non-

selected tokens never hit the bottom. Event B indicates that the task has no local remaining execu-

tion time so that it would be better to give the processor time to another task for execution.

Event B is illustrated in Figure 4.10, where it happens at time tb when the token of TM hits the

bottom. As we do for the analysis of event C, we give lower index i to the token with higher local

utilization, i.e., ri,j ≥ ri+1,j where 1 ≤ i < N .

Figure 4.10: Event B

Lemma 4.2.7 (Condition for Event B). When 1 − rM+1,b−1 ≥ rM,b−1, event B occurs at time tb,

where ri,b−1 ≥ ri+1,b−1, 1 ≤ i < N .

Proof. If the sub-event at time tb is event B, then token TM must hit the bottom earlier than when

token TM+1 hits the NLLD. The time when TM hits the bottom and the time when TM+1 hits the

NLLD are respectively, tb−1 + lM,b−1 and tb−1 + (tf − tb−1 − lM+1,b−1).

tb−1 + lM,b−1 < tb−1 + (tf − tb−1 − lM+1,b−1).

lM,b−1

tf − tb−1

< 1− lM+1,b−1

tf − tb−1

.

Thus, rM ≤ 1− rM+1 at tb−1.
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Corollary 4.2.8 (Necessary Condition for Event B). Event B occurs at time tb only if Sb−1 >

M · rM,b−1, where ri,b−1 ≥ ri+1,b−1, 1 ≤ i < N .

Proof.

Sb−1 =
M∑
i=1

ri,b−1 +
N∑

i=M+1

ri,b−1 >

M∑
i=1

ri,b−1 ≥ M · rM,b−1.

Theorem 4.2.9 (Total Local Utilization for Event B). When event B occurs at time tb and Sb−1 ≤

M , then Sb ≤ M , where ri,b−1 ≥ ri+1,b−1, 1 ≤ i < N .

Proof. tb − tb−1 is lM,b−1. The total local remaining execution time at tb−1 is
∑N

i=1 li,b−1 = (tf −

tb−1)Sb−1, and this decreases by M · lM,b−1 at tb as M tokens move diagonally. Therefore:

(tf − tb)Sb = (tf − tb−1)Sb−1 −M · lM,b−1.

Since tf − tb = tf − tb−1 − lM,b−1,

(tf − tb−1 − lM,b−1)Sb = (tf − tb−1)Sb−1 −M · lM,b−1.

Thus,

Sc =
1

1− rM,b−1

Sc−1 + (1− rM,b−1

1− rM,b−1

)M. (4.2)

Equation 4.2 is a linear equation as shown in Figure 4.11.

According to Corollary 4.2.8, when event B occurs, Sb−1 is more than M · rM,b−1. Since we also

assume Sb−1 ≤ M , Sb ≤ M .

4.2.4 Optimality

We now establish LLREF’s scheduling optimality by proving its local feasibility in the T-L plane

based on our previous results.

In Section 4.2.3 and 4.2.2, we suppose that N > M . When less than or equal to M tokens only

exist, they are always locally feasible by LLREF in the T-L plane.
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Figure 4.11: Linear Equation for Event B

Theorem 4.2.10 (Local Feasibility with Small Number of Tokens). When N ≤ M , tokens are

always locally feasible by LLREF.

Proof. We assume that if N ≤ M , then tokens are not locally feasible by LLREF. If it is not locally

feasible, then there should exist at least one critical moment in the T-L plane by Theorem 4.2.2.

Critical moment implies at least one non-selected token, which contradicts our assumption since

all tokens are selectable.

Figure 4.12: Token Flow when N ≤ M

Theorem 4.2.10 is illustrated in Figure 4.12. When the number of tasks is less than the number

of processors, LLREF can select all tasks and execute them until their local remaining execution

times become zero.
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We also observe that at every event B, the number of active tokens is decreasing. In addition, the

number of events B in this case is at most N , since it cannot exceed the number of tokens. Another

observation is that event C never happens when N ≤ M since all tokens are selectable and move

diagonally.

Now, we discuss the local feasibility when N > M .

Theorem 4.2.11 (Local Feasibility with Large Number of Tokens). When N > M , tokens are

locally feasible by LLREF if S0 < M .

Proof. We prove this by induction, based on Theorems 4.2.6 and 4.2.9. Those basically show that

if Sj−1 ≤ M , then Sj ≤ M , where j is the moment of sub-events. Since we assume that S0 < M ,

Sj for all j never exceeds M at any sub-event including C and B events. When Sj is less than M

for all j, there should be no critical moment in the T-L plane, according to the contraposition of

Corollary 4.2.3. By Theorem 4.2.2, no critical moment implies that they are locally feasible.

When N(> M) number of tokens are given in the T-L plane and their S0 is less than M , event C

and B occur without any critical moment according to Theorem 4.2.11. Whenever event B happens,

the number of inactive tokens decreases until there are M remaining tokens. Then, according to

Theorem 4.2.10, all tokens are selectable so that they arrive at the rightmost vertex of the T-L plane

with consecutive event B’s.

Recall that we consider periodically arriving tasks, and the scheduling objective is to complete all

tasks before their deadlines. With continuous T-L planes, if the total utilization of tasks
∑N

i=1 ui

is less than M , then tokens are locally feasible in the first T-L plane based on Theorems 4.2.10

and 4.2.11. The initial S0 for the second consecutive T-L plane is less than M by Theorem 4.2.1

and inductively, LLREF guarantees the local feasibility for every T-L plane, which makes all tasks

satisfy their deadlines.
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4.2.5 Algorithm Overhead

One of the main concerns against global scheduling algorithms (e.g., LLREF, global EDF) is their

overhead caused by frequent scheduler invocations. In [69], Srinivasan et al. identify three specific

overheads:

1. Scheduling overhead, which accounts for the time spent by the scheduling algorithm includ-

ing that for constructing schedules and ready-queue operations;

2. Context-switching overhead, which accounts for the time spent in storing the preempted

task’s context and loading the selected task’s context; and

3. Cache-related preemption delay, which accounts for the time incurred in recovering from

cache misses that a task may suffer when it resumes after a preemption.

Note that when a scheduler is invoked, the context-switching overhead and cache-related preemp-

tion delay may not happen. Srinivasan et al. also show that the number of task preemptions can be

bounded by observing that when a task is scheduled (selected) consecutively for execution, it can

be allowed to continue its execution on the same processor. This reduces the number of context-

switches and possibility of cache misses. They bound the number of task preemptions under Pfair,

illustrating how much a task’s execution time inflates due to the aforementioned overhead. They

show that, for Pfair, the overhead depends on the time quantum size.

In contrast to Pfair, LLREF is free from time quanta. However, it is clear that LLREF yields more

frequent scheduler invocations than global EDF. Note that we use the number of scheduler invoca-

tions as a metric for overhead measurement, since it is the scheduler invocation that contributes to

all three of the overheads previously discussed. We now derive an upper bound for the scheduler

invocations under LLREF.

Theorem 4.2.12 (Upper-bound on Number of Sub-events in T-L plane). When tokens are locally

feasible in the T-L plane, the number of events in the plane is bounded within N + 1.

Proof. We consider two possible cases, when a token Ti hits the NLLD, and it hits the bottom.

After Ti hits the NLLD, it should move along the diagonal to the rightmost vertex of the T-L plane,



Chapter 4. Multiprocessor Scheduling I: Underload Scheduling 89

because we assume that they are locally feasible. In this case, Ti raises one sub-event, event C.

Note that its final event B at the rightmost vertex occurs together with the next releasing event of

another task (i.e., beginning of the new T-L plane). If Ti hits the bottom, then the token becomes

inactive and will arrive at the right vertex after a while. In this case, it raises one sub-event, event

B. Therefore, each Ti can cause one sub-event in the T-L plane. Thus, N number of tokens can

cause N + 1 number of events, which includes N sub-events and a task release at the rightmost

vertex.

Theorem 4.2.13 (Upper-bound of LLREF Scheduler Invocation over Time). When tasks can be

feasibly scheduled by LLREF, the upper-bound on the number of scheduler invocations from time

ts to te is:

(N + 1) ·
(
1 +

N∑
i=1

⌈te − ts
pi

⌉)
,

where pi is the period of Ti.

Proof. Each T-L plane is constructed between two consecutive events of task release, as shown

in Section 4.1.2. The number of task releases during the time between ts and te is
∑N

i=1 d
te−ts

pi
e.

Thus, there can be at most 1+
∑N

i=1 d
te−ts

pi
e number of T-L planes between ts and te. Since at most

N + 1 events can occur in every T-L plane (by Theorem 4.2.12), the upper-bound on the scheduler

invocations between ts and te is (N + 1) · (1 +
∑N

i=1 d
te−ts

pi
e).

Theorem 4.2.13 shows that the number of scheduler invocations of LLREF is primarily dependent

on N and each pi — i.e., more number of tasks or more frequent releases of tasks results in

increased overhead under LLREF.

Experimental Evaluation

We conducted simulation-based experimental studies to validate our analytical results on LLREF’s

overhead. We consider an SMP machine with four processors. We consider four tasks running

on the system. Their execution times and periods are given in Table 4.1. The total utilization
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is approximately 1.5, which is less than 4, the capacity of processors. Therefore, LLREF can

schedule all tasks to meet their deadlines. Note that this task set’s α (i.e., maxN {ui}) is 0.818, but

it does not affect the performance of LLREF, as opposed to that of global EDF.

Table 4.1: Task Parameters (4 Task Set)
Tasks ci pi ui

T1 9 11 0.818
T2 5 25 0.2
T3 3 30 0.1
T4 5 14 0.357

Figure 4.13: Scheduler Invocation Frequency with 4 Tasks

To evaluate LLREF’s overhead in terms of the number of scheduler invocations, we define the

scheduler invocation frequency as the number of scheduler invocations during a time interval ∆t

divided by ∆t. We set ∆t as 10. According to Theorem 4.2.13, the upper-bound on the number of

scheduler invocations in this case is (4+1) · (1+ d10/11e+ d10/25e+ d10/30e+ d10/14e) = 25.

Therefore, the upper-bound on the scheduler invocation frequency is 2.5.

In Figure 4.13, the upper-bound on the scheduler invocation frequency and the measured frequency

are shown as a dotted line and a fluctuating line, respectively. We observe that the actual measured

frequency respects the upper-bound.

We now consider eight tasks; the task parameters are given in Table 4.14. The total utilization for

this set is approximately 3.72, which is slightly less than the number of processors. Therefore,
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Table 4.2: Task Parameters (8 Task Set)
Tasks ci pi ui

T1 3 7 0.429
T2 1 16 0.063
T3 5 19 0.263
T4 4 5 0.8
T5 2 26 0.077
T6 15 26 0.577
T7 20 29 0.69
T8 14 17 0.824

Figure 4.14: Scheduler Invocation Frequency with 8 Tasks

LLREF again can schedule all tasks to meet their deadlines. When we set ∆t as 10, the upper-

bound on the number of scheduler invocations is computed as 88, and the upper-bound on the

scheduler invocation frequency is computed as 8.8.

Figure 4.14 shows the upper-bound on the invocation frequency and the actual frequency for the

8-task set. Consistently with the previous case, the actual frequency never moves beyond the upper-

bound. We also observe that the average invocation frequencies of the two cases are approximately

1.0 and 4.0, respectively. As expected (by Theorem 4.2.13), the number of tasks proportionally

affects LLREF’s overhead.

Thus, our experimental results validate our analytical results on LLREF’s overhead.
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4.3 Observations

We have shown that LLREF guarantees local feasibility in the T-L plane. This result can be intu-

itively understood in that, the algorithm first selects tokens which appear to be going out of the T-L

plane because they are closer to the NLLD.

However, we perceive that there could be other possibilities. Theorems 4.2.6 and 4.2.9 are fun-

damental steps toward establishing the local feasibility in the T-L plane. We observe that the two

theorems’ proofs are directly associated with the LLREF policy in two ways: one is that they de-

pend on the critical moment, and the other is that the range allowed for Sj−1 is computed under

the assumption of LLREF, where j is c or b. This implies that scheduling policies other than LL-

REF may also provide local feasibility, as long as they maintain the critical moment concept. (The

range allowed for Sj−1 could be recomputed for each different scheduling event.) The rules of

such scheduling policies can include: (1) selecting as many active tokens as possible up to M at

every sub-event; and (2) including all tokens on the NLLD for selection at every sub-event.

If such algorithms can be designed, then tradeoffs can be established between them and LLREF —

e.g., on algorithm complexity, frequency of event C, etc. Note that even in such cases, the upper-

bound of scheduler invocations given in Theorems 4.2.12 and 4.2.13 hold, because those theorems

are not derived under the assumption of LLREF. Designing such algorithms is a topic for further

study.

We also regard that each task’s scheduling parameters including execution times and periods are

sufficiently longer than the system clock tick, so that they can be assumed as floating point numbers

rather than integers. This assumption may not be sufficient for the case when task execution time

is shorter so that integer execution times are a better assumption. However, our intuition strongly

suggests that even when task parameters are considered as integers, it should be possible to extend

our algorithm to achieve a certain level of optimality—e.g., the error between each task’s deadline

and its completion time is bounded within a finite number of clock ticks.



Chapter 5

Multiprocessor Scheduling II: Overload and

UA Scheduling

In this Chapter, we build upon LLREF and present a UA scheduling algorithm that maximizes total

accrued utility, called the global Multiprocessor Utility Accrual scheduling algorithm (or gMUA).

We consider the problem of global UA scheduling on an SMP system with M identical processors.

LLREF, as well as global EDF, do not consider non-step TUF time constraints and overloads. In

contrast, gMUA considers both, and provides the same feasible utilization demand bound as that

of global EDF. This is illustrated in Figure 5.1.

(a) global EDF (b) gMUA

Figure 5.1: Scheduling Objective Differences Between gMUA and Global EDF

gMUA considers repeatedly occurring application activities that are subject to variable execution

93
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times, step and non-step TUF time constraints, and overloads. To account for uncertainties in

activity execution behaviors, we consider a stochastic model , where activity execution demand

is stochastically expressed. Activities repeatedly arrive with a known minimum inter-arrival time,

which can be violated. For such a model, gMUA’s objective is to:

(1) provide statistical assurances on individual activity timeliness behavior including probabilistically-

satisfied lower bounds on each activity’s maximum utility; (2) provide assurances on system-level

timeliness behavior including assured lower bound on the sum of activities’ attained utilities; and

(3) maximize the sum of activities’ attained utilities.

This problem has not been studied in the past and is NP-hard. gMUA is a polynomial-time

heuristic algorithm for the problem. We establish several properties of gMUA, including optimal

total utility for the special case of step TUFs and when the total utilization demand does not exceed

global EDF’s utilization bound, conditions under which individual activity utility lower bounds are

satisfied, and a lower bound on system-wide total accrued utility. We also show that the algorithm’s

assurances have bounded sensitivity to variations in execution time demand estimates, in the sense

that the assurances hold as long as the variations satisfy a sufficient condition that we present.

Further, we show that the algorithm is robust against a variant of the Dhall effect.

The rest of the Chapter is organized as follows: In Section 5.1, we state gMUA’s models and

objectives. In Section 5.2, we present gMUA, describing its rationale and design. We establish

gMUA’s properties in Section 5.3. Section 5.4 reports our simulation results.

5.1 Models and Objective

5.1.1 Activity Model

We consider the application to consist of a set of tasks, denoted T={T1, T2, ..., TN}. Each task

Ti has a number of instances, called jobs, and these jobs may be released either periodically or

sporadically with a known minimal inter-arrival time. The jth job of task Ti is denoted as Ji,j .
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The period or minimal inter-arrival time of a task Ti is denoted as pi. All tasks are assumed to be

independent, i.e., they do not share any resource or have any precedences. The basic scheduling

entity that we consider is the job abstraction. Thus, we use J to denote a job without being task

specific, as seen by the scheduler at any scheduling event.

A job’s time constraint is specified using a TUF. Jobs of the same task have the same TUF. We use

Ui() to denote the TUF of task Ti. Thus, completion of the job Ji,j at time t will yield an utility of

Ui(t).

TUFs can be classified into unimodal and multimodal functions. Unimodal TUFs are those for

which any decrease in utility cannot be followed by an increase. Figure 1.1 shows examples. TUFs

which are not umimodal are multimodal. In this section, we focus on non-increasing unimodal

TUFs, as they encompass majority of the time constraints in our motivating applications.

Each TUF Ui of Ji,j has an initial time tIi,j and a termination time tXi,j . Initial and termination times

are the earliest and the latest times for which the TUF is defined, respectively. We assume that

tIi,j is the arrival time of job Ji,j , and tXi,j − tIi,j is the period or minimal inter-arrival time pi of the

task Ti. If Ji,j’s tXi,j is reached and execution of the corresponding job has not been completed, an

exception is raised, and the job is aborted.

5.1.2 Job Execution Time Demands

We estimate the statistical properties, e.g., distribution, mean, variance, of job execution time

demand rather than the worst-case demand because: (1) applications of interest to us [28, 29]

exhibit a large variation in their actual workload. Thus, the statistical estimation of the demand is

much more stable and hence more predictable than the actual workload; (2) worst-case workload is

usually a very conservative prediction of the actual workload [8], resulting in resource over-supply;

and(3) allocating execution times based on the statistical estimation of tasks’ demands can provide

statistical performance assurances, which is sufficient for our motivating applications.

Let Yi be the random variable of a task Ti’s execution time demand. Estimating the execution
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time demand distribution of the task involves two steps: (1) profiling its execution time usage, and

(2) deriving the probability distribution of that usage. A number of measurement-based, off-line

and online profiling mechanisms exist (e.g., [87]). We assume that the mean and variance of Yi are

finite and determined through either online or off-line profiling.

We denote the expected execution time demand of a task Ti as E(Yi), and the variance on the

demand as V ar(Yi).

5.1.3 Statistical Timeliness Requirement

We consider a task-level statistical timeliness requirement: Each task must accrue some percentage

of its maximum possible utility with a certain probability. For a task Ti, this requirement is speci-

fied as {νi, ρi}, which implies that Ti must accrue at least νi percentage of its maximum possible

utility with the probability ρi. This is also the requirement of each job of Ti. Thus, for example,

if {νi, ρi} = {0.7, 0.93}, then Ti must accrue at least 70% of its maximum possible utility with

a probability no less than 93%. For step TUFs, ν can only take the value 0 or 1. Note that the

objective of always satisfying all task deadlines is the special case of {νi, ρi} = {1.0, 1.0}.

This statistical timeliness requirement on the utility of a task implies a corresponding requirement

on the range of task sojourn times. Since we focus on non-increasing unimodal TUFs, upper-

bounding task sojourn times will lower-bound task utilities.

5.1.4 Scheduling Objective

We consider a two-fold scheduling criterion: (1) assure that each task Ti accrues the specified per-

centage νi of its maximum possible utility with at least the specified probability ρi; and (2) maxi-

mize the system-level total attained utility. We also desire to obtain a lower bound on the system-

level total attained utility. Also, when it is not possible to satisfy ρi for each task (e.g., due to

overloads), our objective is to maximize the system-level total utility.
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This problem is NP-hard because it subsumes the NP-hard problem of scheduling dependent

tasks with step TUFs on one processor [27].

5.2 The gMUA Algorithm

5.2.1 Bounding Accrued Utility

Let si,j be the sojourn time of the jth job of task Ti, where the sojourn time is defined as the period

from the job’s release to its completion. Now, task Ti’s statistical timeliness requirement can be

represented as Pr(Ui(si,j) ≥ νi×Umax
i ) ≥ ρi. Since TUFs are assumed to be non-increasing, it is

sufficient to have Pr(si,j ≤ Di) ≥ ρi, where Di is the upper bound on the sojourn time of task Ti.

We call Di “critical time” hereafter, and it is calculated as Di = U−1
i (νi × Umax

i ), where U−1
i (x)

denotes the inverse function of TUF Ui(). Thus, Ti is (probabilistically) assured to accrue at least

the utility percentage νi = Ui(Di)/U
max
i , with the probability ρi.

Note that the period or minimum inter-arrival time pi and the critical time Di of the task Ti have

the following relationships: (1) pi = Di for a binary-valued, downward step TUF; and (2) pi ≥ Di,

for other non-increasing TUFs.

5.2.2 Bounding Utility Accrual Probability

Since task execution time demands are stochastically specified (through means and variances), we

need to determine the actual execution time that must be allocated to each task, such that the desired

utility accrual probability ρi is satisfied. Further, this execution time allocation must account for

the uncertainty in the execution time demand specification (i.e., the variance factor).

Given the mean and the variance of a task Ti’s execution time demand Yi, by a one-tailed version

of the Chebyshev’s inequality, when y ≥ E(Yi), we have:

Pr[Yi < y] ≥ (y − E(Yi))
2

V ar(Yi) + (y − E(Yi))2
(5.1)
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From a probabilistic point of view, Equation 5.1 is the direct result of the cumulative distribution

function of task Ti’s execution time demands—i.e., Fi(y) = Pr[Yi ≤ y]. Recall that each job

of task Ti must accrue νi percentage of its maximum utility with a probability ρi. To satisfy this

requirement, we let ρ′i = (Ci−E(Yi))
2

V ar(Yi)+(Ci−E(Yi))2
≥ ρi and obtain the minimum required execution time

Ci = E(Yi) +
√

ρ′
i×V ar(Yi)

1−ρ′
i

.

Thus, the gMUA algorithm allocates Ci execution time units to each job Ji,j of task Ti, so that

the probability that job Ji,j requires no more than the allocated Ci execution time units is at least

ρi—i.e., Pr[Yi < Ci] ≥ ρ′i ≥ ρi. We set ρ′i = (max {ρi})
1
n , ∀i to satisfy requirements given by

ρi. Supposing that each task is allocated Ci time within its pi, the actual demand of each task often

vary. Some jobs of the task may complete its execution before using up its allocated time and the

others may not. gMUA probabilistically schedules the jobs of a task Ti to provide assurance ρ′i

(≥ ρi) as long as they are satisfying a certain feasibility test.

Figure 5.2: Transformation Array and gMUA

Figure 5.2 shows our method of transforming the stochastic execution time demand (E(Yi) and

V ar(Yi)) into execution time allocation Ci. Note that this transformation is independent of our

proposed scheduling algorithm.
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5.2.3 Algorithm Description

gMUA’s scheduling events include job arrival and job completion. To describe gMUA, we define

the following variables and auxiliary functions:

• ζr: current job set in the system including running jobs and unscheduled jobs.

• σtmp, σa: a temporary schedule; σm: schedule for processor m, where m ≤ M .

• Jk.C(t): Jk’s remaining allocated execution time.

• offlineComputing() is computed at time t = 0 once. For a task Ti, it computes Ci as

Ci = E(Yi) +
√

ρi×V ar(Yi)
1−ρi

.

• UpdateRAET(ζr) updates the remaining allocated execution time of all jobs in the set ζr.

• feasible(σ) returns a boolean value denoting schedule σ’s feasibility; feasible(Jk)

denotes job Jk’s feasibility. For σ (or Jk) to be feasible, the predicted completion time of each

job in σ (or Jk), must not exceed its critical time.

• sortByECF(σ) sorts jobs of σ in the order of earliest critical time first.

• findProcessor() returns the ID of the processor on which the currently assigned tasks have

the shortest sum of allocated execution times.

• append(Jk,σ) appends job Jk at rear of schedule σ.

• remove(Jk,σ) removes job Jk from schedule σ.

• removeLeastPUDJob(σ) removes job with the least potential utility density (or PUD) from

schedule σ. PUD is the ratio of the expected job utility (obtained when job is immediately ex-

ecuted to completion) to the remaining job allocated execution time, i.e., PUD of a job Jk is
Uk(t+Jk.C(t))

Jk.C(t)
. Thus, PUD measures the job’s “return on investment.” Function returns the removed

job.

• headOf(σm) returns the set of jobs that are at the head of schedule σm, 1 ≤ m ≤ M .

A description of gMUA at a high level of abstraction is shown in Algorithm 5. The procedure

offlineComputing() is included in line 4, although it is executed only once at t = 0. When

gMUA is invoked, it updates the remaining allocated execution time of each job. The remaining

allocated execution times of running jobs are decreasing, while those of unscheduled jobs remain
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Algorithm 5: gMUA
Input : T={T1,...,TN}, ζr={J1,...,Jn}, M:# of processors1
Output : array of dispatched jobs to processor p, Jobp2
Data: {σ1, ..., σM}, σtmp, σa3

offlineComputing(T);4
Initialization: {σ1, ..., σM} = {0, ..., 0};5
UpdateRAET(ζr);6
for ∀Jk ∈ ζr do7

Jk.PUD = Uk(t+Jk.C(t))
Jk.C(t) ;8

σtmp = sortByECF( ζr );9
for ∀Jk ∈ σtmp from head to tail do10

if Jk.PUD > 0 then11
m = findProcessor();12
append(Jk, σm);13

for m = 1 to M do14
σa = null;15
while !feasible( σm) and !IsEmpty( σm ) do16

t = removeLeastPUDJob( σm );17
append( t, σa );18

sortByECF( σa );19
σm += σa;20

{Job1, ..., JobM} = headOf( {σ1, ..., σM} );21
return {Job1, ..., JobM};22

constant. The algorithm then computes the PUDs of all jobs.

The jobs are then sorted in the order of earliest critical time first (or ECF), in line 9. In each step of

the for loop from line 10 to line 13, the job with the earliest critical time is selected to be assigned

to a processor. The processor that yields the shortest sum of allocated execution times of all jobs in

its local schedule is selected for assignment (procedure findProcessor()). The rationale for

this choice is that the shortest summed execution time processor results in the nearest scheduling

event after assigning each job, which is to establish the same schedule as the global EDF does.

Then, the job Jk with the earliest critical time is inserted into the local schedule σm of the selected

processor m.

In the for-loop from line 14 to line 20, gMUA attempts to make each local schedule feasible by

removing the lowest PUD job. In line 16, if σm is not feasible, then gMUA removes the job with

the least PUD from σm until σm becomes feasible. All removed jobs are temporarily stored in a
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schedule σa and then appended to each σm in ECF order. Note that simply aborting the removed

jobs may result in decreased accrued utility. This is because, the algorithm may decide to remove

a job which is estimated to have a longer allocated execution time than its actual one, even though

it may be able to accrue utility. For this case, gMUA gives the job another chance to be scheduled

instead of aborting it, which eventually makes the algorithm more robust. Finally, each job at the

head of σm, 1 ≤ m ≤ M is selected for execution on the respective processor.

gMUA’s time cost depends upon that of procedures sortByECF(), findprocessor(), append(),

feasible(), and removeLeastPUDJob(). With n jobs, sortByECF() costs O(nlogn).

For SMPs with restricted number of processors, findprocessor()’s costs O(M). While

append() costs O(1) time, both feasible() and removeLeastPUDJob() costs O(n).

The while-loop in line 16 iterates at most n times, costing the entire loop O(n2). Thus, the algo-

rithm costs O(Mn2). However, M of SMPs is usually small (e.g., 16) and bounded with respect

to the problem size of number of tasks. Thus, gMUA costs O(n2).

gMUA’s O(n2) cost is similar to that of many past UA algorithms [64]. Our prior implementation

experience with UA scheduling at the middleware-level have shown that the overheads are in the

magnitude of sub-milliseconds [52] (sub-microsecond overheads may be possible at the kernel-

level). We anticipate a similar overhead magnitude for gMUA. Though this cost is higher than

that of many traditional algorithms, the cost is justified for applications with longer execution time

magnitudes (e.g., milliseconds to minutes) such as those that we focus here. Of course, this high

cost cannot be justified for every application.1

1When UA scheduling is desired with low overhead, solutions and tradeoffs exist. Examples include linear-time

stochastic UA scheduling [51], and using special-purpose hardware accelerators for UA scheduling (analogous to

floating-point co-processors) [61].
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5.3 Algorithm Properties

5.3.1 Timeliness Assurances

We establish gMUA’s timeliness assurances under the conditions of (1) independent tasks that

arrive periodically, and (2) task utilization demand satisfies any of the feasible utilization bounds

for global EDF (GFB, BAK, BCL) in [13].

Theorem 5.3.1 (Optimal Performance with Step Shaped TUFs). Suppose that only step shaped

TUFs are allowed under conditions (1) and (2). Then, a schedule produced by global EDF is also

produced by gMUA, yielding equal total utilities. This is a critical time-ordered schedule.

Proof. We prove this by examining Algorithm 5. In line 9, the queue σtmp is sorted in a non-

decreasing critical time order. In line 12, the function findProcessor() returns the index of

the processor on which the summed execution time of assigned tasks is the shortest among all

processors. Assume that there are N tasks in the current ready queue. We consider two cases:

(1) N ≤ M and (2) N > M . When N ≤ M , the result is trivial — gMUA’s schedule of tasks

on each processor is identical to that produced by EDF (every processor has a single task or none

assigned). When N > M , task Ti (M < i ≤ N ) will be assigned to the processor whose tasks

have the shortest summed execution time. This implies that this processor will have the earliest

completion for all assigned tasks up to Ti−1, so that the event that will assign Ti will occur by this

completion. Note that tasks in σtmp are selected to be assigned to processors according to ECF.

This is precisely the global EDF schedule, as we consider a critical time of UA scheduling as a

deadline of traditional hard real-time scheduling. Under conditions (1) and (2), EDF meets all

deadlines. Thus, each processor always has a feasible schedule, and the while-block from line 16

to line 18 will never be executed. Thus, gMUA produces the same schedule as global EDF.

Some important corollaries about gMUA’s timeliness behavior can be deduced from EDF’s behav-

ior under conditions (1) and (2).
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Corollary 5.3.2. Under conditions (1) and (2), gMUA always completes the allocated execution

time of all tasks before their critical times.

Theorem 5.3.3 (Statistical Task-Level Assurance). Under conditions (1) and (2), gMUA meets the

statistical timeliness requirement {νi, ρi} for each task Ti.

Proof. From Corollary 5.3.2, all allocated execution times of tasks can be completed before their

critical times. Further, based on the results of Equation 5.1, among the actual processor time of

task Ti’s jobs, at least ρi of them have lesser actual execution time than the allocated execution

time. Thus, gMUA can satisfy at least ρi critical times—i.e., the algorithm accrues νi utility with

a probability of at least ρi.

Theorem 5.3.4 (System-Level Utility Assurance). Under conditions (1) and (2), if a task Ti’s TUF

has the highest height Umax
i , then the system-level utility ratio, defined as the utility accrued by

gMUA with respect to the system’s maximum possible utility, is at least ρ1ν1Umax
1 /p1+...+ρNνNUmax

N /pN

Umax
1 /p1+...+Umax

N /pN
.

Proof. We denote the number of jobs released by task Ti as mi. Each mi is computed as ∆t
pi

,

where ∆t is a time interval. Task Ti can accrue at least νi percentage of its maximum pos-

sible utility with the probability ρi. Thus, the ratio of the system-level accrued utility to the

system’s maximum possible utility is ρ1ν1Umax
1 m1+...+ρNνNUmax

N mN

Umax
1 m1+...+Umax

N mN
. Thus, the formula comes to

ρ1ν1Umax
1 /p1+...+ρNνNUmax

N /pN

Umax
1 /p1+...+Umax

N /pN
.

5.3.2 Dhall Effect

The Dhall effect [33] shows that there exists a task set that requires nearly 1 total utilization de-

mand, but cannot be scheduled to meet all deadlines under global EDF and RM even with infinite

number of processors. Prior research has revealed that this is caused by the poor performance of

global EDF and RM when the task set contains both high utilization tasks and low utilization tasks

together. This phenomena, in general, can also affect UA scheduling algorithms’ performance,

and counter such algorithms’ ability to maximize the total attained utility. We discuss this with an
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example inspired from [86]. We consider the case when the execution time demands of all tasks

are constant with no variance, and gMUA estimates them accurately.

Example A. Consider M +1 periodic tasks that are scheduled on M processors under global EDF.

Let task Ti, where 1 ≤ i ≤ M , have pi = Di = 1, Ci = 2ε, and task TM+1 have pM+1 = DM+1 =

1 + ε, CM+1 = 1. We assume that each task Ti has a step shaped TUF with height Umax
i and task

TM+1 has a step shaped TUF with height Umax
M+1. When all tasks arrive at the same time, tasks Ti

will execute immediately and complete their execution 2ε time units later. Task TM+1 then executes

from time 2ε to time 1 + 2ε. Since task TM+1’s critical time — we assume here it is the same as

its period — is 1 + ε, it begins to miss its critical time. By letting M → ∞, ε → 0, Umax
i → 0

and Umax
M+1 → ∞, we have a task set, whose total utilization demand is near 1 and the maximum

possible total attained utility is infinite, but that finally accrues zero total utility even with infinite

number of processors.

We call this phenomena as the UA Dhall effect. Conclusively, one of the reasons why global EDF is

inappropriate as a UA scheduler is that it is prone to suffer this effect. However, gMUA overcomes

this phenomena.

Example B. Consider the same scenario as in Example A, but now, let the task set be scheduled by

gMUA. In Algorithm 5, gMUA first tries to schedule tasks like global EDF, but it will fail to do so

as we saw in Example A. When gMUA finds that TM+1 will miss its critical time on processor m

(where 1 ≤ m ≤ M ), the algorithm will select a task with lower PUD on processor m for removal.

On processor m, there should be two tasks, Tm and TM+1. Tm is one of Ti where 1 ≤ i ≤ M .

When letting Umax
i → 0 and Umax

M+1 →∞, the PUD of task Tm is almost zero and that of task TM+1

is infinite. Therefore, gMUA removes Tm and eventually accrues infinite utility as expected.

Under the case when Dhall effect occurs, we can establish UA Dhall effect by assigning extremely

high utility to the task that will be selected and miss deadline by global EDF. It also implies that

the scheduling algorithm suffering from Dhall effect will likely suffer from UA Dhall effect, when

it schedules the tasks that are subject to TUF time constraints.

The fact that gMUA is more robust against UA Dhall effect than global EDF can be observed in
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our simulation experiments (see Section 5.4).

5.3.3 Sensitivity of Assurances

gMUA is designed under the assumption that task expected execution time demands and the vari-

ances on the demands — i.e., the algorithm inputs E(Yi) and V ar(Yi) – are correct. However, it is

possible that these inputs may have been miscalculated (e.g., due to errors in application profiling)

or that the input values may change over time (e.g., due to changes in application’s execution con-

text). To understand gMUA’s behavior when this happens, we assume that the expected execution

time demands, E(Yi)’s, and their variances, V ar(Yi)’s, are erroneous, and develop the sufficient

condition under which the algorithm is still able to meet {νi, ρi} for all tasks Ti.

Let a task Ti’s correct expected execution time demand be E(Yi) and its correct variance be

V ar(Yi), and let an erroneous expected demand E ′(Yi) and an erroneous variance V ar′(Yi) be

specified as the input to gMUA. Let the task’s statistical timeliness requirement be {νi, ρi}. We

show that if gMUA can satisfy {νi, ρi} with the correct expectation E(Yi) and the correct variance

V ar(Yi), then there exists a sufficient condition under which the algorithm can still satisfy {νi, ρi}

even with the incorrect expectation E ′(Yi) and incorrect variance V ar′(Yi).

Theorem 5.3.5. Assume that gMUA satisfies {νi, ρi},∀i, under correct, expected execution time

demand estimates, E(Yi)’s, and their correct variances, V ar(Yi)’s. When incorrect expected val-

ues, E ′(Yi)’s, and variances, V ar′(Yi)’s, are given as inputs instead of E(Yi)’s and V ar(Yi)’s,

gMUA satisfies {νi, ρi},∀i, if E ′(Yi) + (Ci − E(Yi))
√

V ar′(Yi)
V ar(Yi)

≥ Ci,∀i, and the task execution

time allocations, computed using E ′(Yi)’s and V ar′(Yi), satisfy any of the feasible utilization

bounds for global EDF.

Proof. We assume that if gMUA has correct E(Yi)’s and V ar(Yi)’s as inputs, then it satisfies

{νi, ρi},∀i. This implies that the Ci’s determined by Equation 5.1 are feasibly scheduled by gMUA

satisfying all task critical times:

ρi =
(Ci − E(Yi))

2

V ar(Yi) + (Ci − E(Yi))2
. (5.2)
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However, gMUA has incorrect inputs, E ′(Yi)’s and V ar′(Yi), and based on those, it determines

C ′
is by Equation 5.1 to obtain the probability ρi,∀i:

ρi =
(C ′

i − E ′(Yi))
2

V ar′(Yi) + (C ′
i − E ′(Yi))2

. (5.3)

Unfortunately, C ′
i that is calculated from the erroneous E ′(Yi) and V ar′(Yi) leads gMUA to another

probability ρ′i by Equation 5.1. Thus, although we expect assurance with the probability ρi, we can

only obtain assurance with the probability ρ′i because of the error. ρ′ is given by:

ρ′i =
(C ′

i − E(Yi))
2

V ar(Yi) + (C ′
i − E(Yi))2

. (5.4)

Note that we also assume that tasks with C ′
i satisfy the global EDF’s utilization bound; otherwise

gMUA cannot provide the assurances. To satisfy {νi, ρi},∀i, the actual probability ρ′i must be

greater than the desired probability ρi. Since ρ′i ≥ ρi,

(C ′
i − E(Yi))

2

V ar(Yi) + (C ′
i − E(Yi))2

≥ (Ci − E(Yi))
2

V ar(Yi) + (Ci − E(Yi))2
.

Hence, C ′ ≥ Ci. From Equations 5.2 and 5.3,

C ′
i = E ′(Yi) + (Ci − E(Yi))

√
V ar′(Yi)

V ar(YI)
≥ Ci. (5.5)

Corollary 5.3.6. Assume that gMUA satisfies {νi, ρi},∀i, under correct, expected execution time

demand estimates, E(Yi)’s, and their correct variances, V ar(Yi)’s. When incorrect expected val-

ues, E ′(Yi)’s, are given as inputs instead of E(Yi)’s but with correct variances V ar(Yi), gMUA

satisfies {νi, ρi},∀i, if E ′(Yi) ≥ E(Yi),∀i, and the task execution time allocations, computed using

E ′(Yi)’s, satisfy the feasible utilization bound for global EDF.

Proof. This can be proved by replacing V ar′(Yi) with V ar(Yi) in Equation 5.5.

Corollary 5.3.6, a special case of Theorem 5.3.5, is intuitively straightforward: It essentially states

that if overestimated demands are feasible, then gMUA can still satisfy {νi, ρi},∀i. Thus, it is

desirable to specify larger E ′(Yi)s as input to the algorithm when there is the possibility of errors

in determining the expected demands, or when the expected demands may vary with time.
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Corollary 5.3.7. Assume that gMUA satisfies {νi, ρi},∀i, under correct, expected execution time

demand estimates, E(Yi)’s, and their correct variances, V ar(Yi)’s. When incorrect variances,

V ar′(Yi)’s, are given as inputs instead of correct V ar(Yi)’s but with correct expectations E(Yi)’s,

gMUA satisfies {νi, ρi},∀i, if V ar′(Yi) ≥ V ar(Yi),∀i, and the task execution time allocations,

computed using E ′(Yi)’s, satisfy the feasible utilization bound for global EDF.

Proof. This can be proved by replacing E ′(Yi) with E(Yi) in Equation 5.5.

5.4 Experimental Evaluation

We conducted simulation-based experimental studies to validate our analytical results and to com-

pare gMUA’s performance with global EDF. We consider two cases: (1) the demand of all tasks are

constant (i.e., no variance) and gMUA exactly estimates the execution time allocation, and (2) the

demand of all tasks statistically varies and gMUA probabilistically estimates the execution time

allocation for each task. The former experiment is conducted to evaluate gMUA’s generic per-

formance as opposed to EDF, while the latter is conducted to validate the algorithm’s assurances.

The experiments focus on the no dependency case (i.e., each task is assumed to be independent of

others).

5.4.1 Performance with Constant Demand

We consider an SMP machine with 4 processors. A task Ti’s period pi(= tXi ) and its expected

execution time E(Yi) are randomly generated in the range [1,30] and [1, α ·pi], respectively, where

α is defined as max{Ci

pi
|i = 1, ..., n} and V ar(Yi) are zero. According to [36], EDF’s feasible

utilization bound depends on α as well as the number of processors. It implies that no matter how

many processors the system has, there exists task sets with total utilization demand, u, close to

1.0, which cannot be scheduled under EDF satisfying all deadlines. Generally, the performance of

global schemes tends to decrease when α increases.
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We consider two TUF shape patterns: (1) all tasks have step shaped TUFs, and (2) a heteroge-

neous TUF class, including step, linearly decreasing and parabolic shapes. Each TUF’s height is

randomly generated in the range [1,100].

(a) AUR (b) CMR

Figure 5.3: Performance Under Constant Demand, Step TUFs

The number of tasks are determined depending on the given u and the α value. We vary the u from

3 to 6.5, including the case where it exceeds the number of processors. We set α to 0.4, 0.7, and

1. For each experiment, more than 1000,000 jobs are released. To see the generic performance of

gMUA, we assume {νi, ρi} = {0, 1}.

Figures 5.3 and 5.4 show the accrued utility ratio (AUR) and critical-time meet ratio (CMR) of

gMUA and EDF, respectively, under increasing u (from 3.0 to 6.5) and for the three α values.

AUR is the ratio of total accrued utility to the total maximum possible utility, and CMR is the ratio

of the number of jobs meeting their critical times to the total number of job releases. For a task

with a step TUF, its AUR and CMR are identical. But the system-level AUR and CMR can be

different due to the mix of different utility of tasks.

When all tasks have step TUFs and the total u satisfies the global EDF’s feasible utilization bound,

gMUA performs exactly the same to EDF. This validates Theorem 5.3.1.

EDF’s performance drops sharply after u = 4.0 (for step TUFs), which corresponds to the number
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(a) AUR (b) CMR

Figure 5.4: Performance Under Constant Demand, Heterogeneous TUFs

of processors in our experiments. This is due to EDF’s domino effect (originally identified for

single processors) that occurs here, when u exceeds the number of processors. On the other hand,

the performance of gMUA gracefully degrades as u increases and exceeds 4.0, since gMUA selects

favors as many feasible, higher PUD tasks as possible, instead of simply favoring earlier deadline

tasks.

Observe that EDF begins to miss deadlines much earlier than when u = 4.0, as indicated in [13].

Even when u < 4.0, gMUA outperforms EDF in both AUR and CMR. This is because gMUA is

likely to find a feasible or at least better schedule even when EDF cannot find a feasible one, as we

have seen in Section 5.3.2.

We also observe that α affects the AUR and CMR of both EDF and gMUA. Despite this effect,

gMUA outperforms EDF for the same α and u for the reason that we describe above.

We observe similar and consistent trends for tasks with heterogeneous TUFs in Figure 5.4. The

figure shows that gMUA is superior to EDF under heterogeneous TUFs and when u exceeds the

number of processors.
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5.4.2 Performance with Statistical Demand

We now evaluate gMUA’s statistical timeliness assurances. The task settings used in our simulation

study are summarized in Table 5.1. The table shows the task periods and the maximum utility (or

Umax) of the TUFs. For each task Ti’s demand Yi, we generate normally distributed execution time

demands. Task execution times are changed along with the total u. We consider both homogeneous

and heterogeneous TUF shapes as before.

Table 5.1: Task Settings
Task pi Umax

i ρi E(Yi) V ar(Yi)
T1 25 400 0.96 3.15 0.01
T2 28 100 0.96 13.39 0.01
T3 49 20 0.96 18.43 0.01
T4 49 100 0.96 23.91 0.01
T5 41 30 0.96 14.98 0.01
T6 49 400 0.96 24.17 0.01

(a) Task-level (b) System-level

Figure 5.5: Performance Under Statistical Demand, Step TUFs

Figures 5.5(a) shows AUR and CMR of each task under increasing total u of gMUA. For a task

with step TUFs, task-level AUR and CMR are identical, as satisfying the critical time implies the

accrual of a constant utility. But the system-level AUR and CMR are different as satisfying the

critical time of each task does not always yield the same amount of utility.
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(a) Task-level (b) System-level

Figure 5.6: Performance Under Statistical Demand, Heterogenous TUFs

Figure 5.5(a) shows that all tasks under gMUA accrue 100% AUR and CMR within the global

EDF’s bound (i.e., u<≈2.5 here), thus satisfying the desired {νi, ρi} = {1, 0.96},∀i. This vali-

dates Theorem 5.3.3.

Under the condition beyond what Theorem 5.3.3 indicates, gMUA achieves graceful performance

degradation in both AUR and CMR in Figure 5.5(b), as the previous experiment in Section 5.4.1

implies. In Figure 5.5(a), gMUA achieves 100% AUR and CMR for T1 over all range of u. This is

because, T1 has a step TUF with higher height. Thus, gMUA favors T1 over others to obtain more

utility when it cannot satisfy the critical time of all tasks.

According to Theorem 5.3.4, the system-level AUR must be at least 96%. (For each task Ti, νi = 1,

because all TUFs are step shaped.) We observe that AUR and CMR of gMUA under the condition

of Theorem 5.3.4 are above 99.0%. This validates Theorem 5.3.4.

A similar trend is observed in Figure 5.6 for heterogeneous TUFs. We assign step TUFs for T1 and

T4, linearly decreasing TUFs for T2 and T5, and parabolic TUFs for T3 and T6. For each task Ti, νi

is set as {1.0, 0.1, 0.1, 1.0, 0.1, 0.1}.

According to Theorem 5.3.4, the system-level AUR must be at least 0.96 × (400/25 + 100 ×

0.1/28 + 20 × 0.1/49 + 100/49 + 30 × 0.1/41 + 400 × 0.1/49)/(400/25 + 100/28 + 20/49 +
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100/49 + 30/41 + 400/49) = 62.5%. In Figure 5.6, we observe that the system-level AUR under

gMUA is above 62.5%. This further validates Theorem 5.3.4 for non step-shaped TUFs. We also

observe that the system-level AUR and CMR of gMUA degrade gracefully, since gMUA favors as

many feasible, high PUD tasks as possible.



Chapter 6

Synchronization on Multiprocessors:

Lock-Based versus Non-Blocking Methods

We now consider concurrent, serialized object sharing methods for LLREF and gMUA on mul-

tiprocessors. The methods include lock-based, wait-free, and lock-free synchronization. Similar

to [32], we focus on the common case of concurrent, non-nested, serialized access to simple shared

objects. Simple objects (e.g., buffers, queues, stacks) are the predominant shared objects in many

embedded applications. For example, Tsigas and Yang observe that almost all synchronization in

the SPLASH-2 and the Spark98 kernel benchmark suites are for simple objects [73, 75]. Thus, we

focus on simple object sharing under LLREF and gMUA.

For the LLREF algorithm, it is problematic to impose time costs for executing tasks. This is be-

cause, LLREF abides by the fairness notion that requires for each task to run at a certain rate in

time intervals. (Note that LLREF does not maintain P-fairness [11].) Therefore, any prolonged

execution of tasks may violate fairness. In this sense, it is appropriate to consider wait-free syn-

chronization for LLREF, which does not impose any time costs, but incurs space cost. However,

the space costs can be minimized using the optimal wait-free synchronization algorithm that we

describe in Section 3.1. Thus, we develop wait-free versions of LLREF and gMUA as well, and

113
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derive their space costs using our wait-free algorithm for the SWMR problem.1

Despite wait-free synchronization’s compatibility with the fairness notion, it is restricted in its

use, as described in Section 3.3.1, as opposed to lock-free synchronization. Lock-free objects are

known to work well particularly for simple objects like buffers, queues, and lists. In multipro-

cessor real-time systems, lock-free algorithms have been viewed as impractical, because deducing

bounds on retries due to interferences across processors is difficult [43]. Holman et al. have

bounded retries under Pfair scheduling by exploiting its tight synchrony, and under the observation

that lock-free operations take very small time [43]. However, bounding retries is more difficult

for asynchronous real-time scheduling, which does not depend on time quanta, e.g., LLREF and

gMUA. Thus, we consider an auxiliary method to bound retires as considering the tight synchrony

of Pfair scheduled systems, i.e., Pfair scheduling algorithms ensure that no preemption happens

within each time quantum, which is highly advantageous for lock-free object sharing.

Inspired by [32], we consider a non-preemptive area (or NPA) surrounding each lock-free opera-

tion. If there is a scheduling event during the NPA and another task tries to preempt the processor,

it will be blocked up to the end of the NPA. Thus, the NPA guarantees finite number of retries for

lock-free object sharing. This allows us to use lock-free object sharing even during overloads as

opposed to wait-free object sharing. In this Chapter, we present feasible conditions for LLREF and

gMUA with NPA-assisted lock-free object sharing.

Although lock-free is efficient for simple objects, lock-based object sharing is still needed to im-

plement more complicated objects. We consider queue-based spin locks (or queue locks) for both

LLREF and gMUA. In queue locks, a task waits by busy-waiting, or spinning, on “spin variable”

(i.e., repeatedly testing its status), and waiting tasks are ordered within a “spin queue”. When a

task attempts to acquire a lock, it appends its lock request onto the end of the spin queue. The task

at the head of the queue may access the critical section, after which, it updates the spin variable for

the next task in the queue so that it stops spinning.

1Note that our wait-free buffer for the SWMR problem can be used as a building block for developing a wait-free

buffer for the MWMR problem.
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Similar to [32], we assume that shared object calls are implemented as critical sections accessed via

queue locks invoked within non-preemptive regions. It is because if a task is preempted within a

critical section, then the waiting times for any tasks that it blocks could significantly increase. Thus,

in this Chapter, we consider shared objects implemented with queue-based spin locks within NPA

for LLREF and gMUA. As claimed in [32], the idea of the NPA is in line with views expressed by

others. The founder of RTLinux recommends accessing simple critical sections non-preemptively

in [85], for example. We then derive feasible conditions for LLREF and gMUA under this lock-

based scheme.

The rest of the Chapter is organized as follows: Section 6.1 discusses wait-free synchronization

under LLREF and gMUA. In Section 6.2, we discuss LLREF and gMUA with NPA-assisted lock-

free object sharing. Lock-based synchronization for LLREF and gMUA is discussed in Section 6.3.

Finally, we compare the different schemes and identify tradeoffs in Section 6.4.

6.1 Wait-Free Buffers

As far as the maximum number of interferences a read operation may suffer from a write operation

or/and the maximum number of readers are known, the wait-free buffer algorithm guaranteeing

space optimality is usable. Even when either of them is not easy to obtain, the wait-free buffer

algorithm is still usable by assuming the unknown value as an infinite, as in Section 3.1.

We consider periodic task arrival and underload cases to compute the minimum required space cost

of wait-free buffer for LLREF and gMUA. It is because there exists the feasibility test of LLREF

and gMUA only for the periodic task sets. Though, we would like to emphasize again that the

wait-free buffer algorithm is available to any case where the maximum number of interferences

a read operation may suffer from a write operation or/and the maximum number of readers are

known, even with non-periodic task sets.

The maximum number of interferences for each reader’s operation is obtained in following Sec-

tions and the minimum space cost for wait-free buffer can be obtained by the algorithm for Wait-
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Free Buffer size decision Problem (or WFBP) presented in Section 3.1.

Figure 6.1: Reader and Writer Execution Time Line

The maximum number of interferences that a reader may have should be computed. Let ρ denote

the set of wait-free objects shared by tasks. We assume that each wait-free buffer wk ∈ ρ is

accessed by at least two tasks and that each task accesses wk at most once. pi is ith task’s period

and deadline for periodic tasks. We assumes a writer W and multiple readers Rj access wk. Since

assuming each task accesses wk at most once, each reader Rj and writer W for wk corresponds

to a task. Therefore, pRj
and pW imply the period of Rj and the period of W respectively. NMax

j

denotes the maximum number of times a writer might interfere with the jth reader during read

operation.

Under underload, the worst case scenario in terms of maximum number of interferences of the

reader by the writer task is illustrated in Figure 6.1, as presented in [46]. (We assume that each

task’s deadline is the same as its period.) This occurs when the first interfering write operation hap-

pens as late as possible within the writer’s period and the last interfering write operation happens

as early as possible within the writer’s period. Each x denotes a write operation. This scenario

occurs under LLREF as well as gMUA.

Corollary 6.1.1 (Maximum number of interferences). When periodic tasks can be feasibly sched-

uled by LLREF or gMUA, the upper-bound on the number of interferences NMax
j that the writer

W might interfere with reader Rj during read operation is:

NMax
j = max

(
2, 1 +

⌈pRj

pW

⌉)
.

Proof. See [46]
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When all NMax
j for each wk are obtained, we compute the minimum (optimal) space costs for each

wk with the algorithm of WFBP presented in [23].

However, the overload caused by relaxed task arrival is difficult to cope with. There are basic

requirements for a shared object to be used for overload, i.e., the object operations should be

anonymous in the sense that it does not require identities of tasks, as discussed in Section 3.3.1.

This is because several jobs of a task may be pending in ready queue under overload and non-

anonymous operations are unable to distinguish those jobs since they have the same identifier

inherited from the same task. Moreover, it is difficult to assess how many jobs of a task could be

pending in the ready queue at the same time.

Unfortunately, our wait-free buffer as well as other wait-free buffers are not anonymous and thus,

they have those restriction for the environment allowing overload. It is intuitively understandable

that the rationale behind wait-free buffer algorithm is against anonymity. Informally, wait-free

buffer algorithm deploys a finite number of internal buffers proportionally to the number of readers

and writers, and assigns each internal buffer to each reader and writer to avoid conflict between

them, with a certain clever way to handle data replication across those internal buffers. In other

words, it starts from assumption that the fixed number of readers and writers is known in advance.

6.2 Lock-Free Objects

Lock-free objects are a good candidate of non-blocking synchronization under overload because

most well-known lock-free objects are anonymous. However, it is additionally required to assure

that the lock-free retry should be bounded under overload as well as underload.

The boundness of retry is derived under several assumptions, which are made from practical ob-

servation of lock-free objects and potential interferences associated with applied scheduling algo-

rithms as well as task arrival patterns. In [43], the observation is introduced that lock-free opera-

tions typically are very short in comparison to the length of a time quantum, that their scheduling

algorithm, Pfair, is based upon. The following assumptions are the variants of theirs to bound retry
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for using lock-free objects with our scheduling algorithms.

(1) Interference Assumption (IA) Any pair of concurrent accesses to the same object may po-

tentially interfere with each other.

(2) Retry Assumption (RA) A retry can be caused only by the completion of some object access.

This bounds the number of retries to at most the number of concurrent accesses to an object

and prevents two tasks from livelocking due to repeated mutual interferences.

(3) Preemption Assumption (PA) A single object access will be preempted for a finite number

of times.

These assumptions help to establish bounds on retries in multiprocessor real-time systems even

with interferences across processors. Holman et al. have bounded retry in Pfair scheduling by

exploiting its tight synchrony and observation that lock-free operations take very small time [43].

However, bounding retry is more difficult for asynchronous real-time scheduling not depending on

time quanta, e.g., gMUA, LLREF, etc.

One example that the boundness of retry collapses is in Figure 6.2. It shows task Ti running on

one processor in a multiprocessor system. Even if assuming (RA) holds, other tasks’ scheduling

events causes preemptions and hence, retry may never end. In other words, a condition for the

assumption (PA) is required to hold with asynchronous real-time scheduling algorithms for use of

lock-free objects.

Figure 6.2: An Example of Continuous Retry

To prevent from the continuous retry, we suggest the NPA surrounding each lock-free operation.
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The objective of NPA is to make (PA) hold by ensuring that the access to a single object is never

preempted. If there is a scheduling event during the NPA and another task tries to preempt the

processor, it will be blocked up to the end of NPA.

6.2.1 Non-Preemptive Area

We follow some notations as used in [43]. Let ρ denote the set of objects shared by tasks. We

assume that each object rk ∈ ρ is accessed by at least two tasks and that each task accesses rk at

most once. We assume that each access to rk has a base cost of b(rk) and a retry cost of s(rk). We

are assuming that the costs of all operations (e.g., read, write) of rk are the same as in [43], which

could be eliminated at the price of slightly more complicated notion and analysis. The number of

tasks accessing rk is denoted by A(rk). Note that A(rk) never exceeds the number of tasks, N ,

because we assume each task accesses rk at most once. pi is ith task’s period for periodic tasks or

minimum time interval between adjacent ith task’s releases for sporadic tasks. ei is the ith task’s

base execution cost, i.e., the worst-case cost of a single job of Ti without considering shared-object

accesses. We assume a job of Ti accesses at most Ri number of shared objects. The set of shared

objects that Ti accesses is denoted by γi. We assume M identical processors in the system.

We attempt to make three assumptions aforementioned including (IA), (RA), and (PA), with the

NPA. Under all assumptions, the time cost of NPA may be extended by retry.

Theorem 6.2.1 (Maximum Execution Cost of NPA). When Ti accesses a lock-free object rk with

NPA-assisted sharing mechanisms, LLF
i,k , the maximum execution time of the NPA is:

LLF
i,k = s(rk) · {min (A(rk), M)− 1}+ b(rk),

where rk ∈ γi.

Proof. NPA can be extended by continuous retry, which occur from interferences. There are A(rk)

number of tasks which access rk and thus, may cause interferences. Therefore, the maximum

possible interferences for accessing rk is A(rk) and it cannot exceed the number of processors M .
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Based on it, the time of possible retry is at most s(rk) · {min (A(rk), M) − 1}. In addition, the

base access cost, b(rk), is also considered. Preemption is prohibited by the NPA surrounding each

lock-free operation.

Note that the NPA causes blocking and thus the execution cost of the NPA affects feasibility anal-

ysis considering blocking times.

To the best of our knowledge, the feasibility analysis of more relaxed task arrival patterns than

periodic one for multiprocessor real-time scheduling does not exist due to difficulty. More specif-

ically, most of feasibility analysis for two well-known scheduling algorithms including Pfair and

global EDF have been on periodic tasks. Even though NPA-assisted lock-free approach allows

sporadic tasks which may cause overloads where lock-free retry can be bounded, we also focus on

the feasibility analysis of periodic tasks in following sections.

6.2.2 Lock-Free Objects For gMUA

gMUA is designed to ensure the feasibility of the global EDF so that gMUA’s and global EDF’s

feasibilities for periodic tasks are essentially similar. There have been three research efforts to

obtain much tighter utilization bound within which the global EDF guarantees to meet all deadlines

and it is known that each of them does not dominate the others in [13].

NPA-assisted lock-free sharing mechanisms causes blocking unlike the pure lock-free sharing

mechanisms. As described in [32], if bi denotes the maximum execution time cost of any NPA

of Ti, and tasks are ordered in the non-decreasing order of their relative deadlines, then each job

of Ti can be blocked for at most Bi = maxi+1≤j≤n {bj}. bi can be obtained by max∀rk∈γi
{LLF

i,k }.

Under gMUA just as preemptive EDF, guaranteeing that each job of each task Ti can be allocated

ei units of time in the interval [a + Bi, a + pi] is sufficient to ensure the feasibility, where a is the

arrival time of the job and Bi is as defined above. Thus, if pi − Bi ≥ ei, for all Ti, and all Ti with

the deadline pi − Bi instead of pi pass the feasibility test, given in [36], [10], or [13], then all Ti

are feasible.
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NPA-assisted lock-free object sharing is an approach that is conceptually located between lock-

based and lock-free mechanisms. It takes advantage of mutual exclusion by NPA to ensure the

boundness of lock-free retry for real-time systems. It is analogous to the approach that lock-based

sharing takes to ensure the boundness of spinning, which will be described in following sections.

As expected, NPA introduces a side effect as lock-based synchronization, e.g., blocking. Though,

it is still interesting in that the blocking time is bounded. More details are discussed in Section 6.4

6.2.3 Lock-Free Objects For LLREF

LLREF is an optimal real-time scheduling algorithm satisfying all time requirements if the total

utilization demand of tasks is less than the capacity of processors. We consider NPA-assisted

lock-free sharing for LLREF.

As compared with gMUA as well as EDF, NPA under LLREF causes more times of blocking. It

is because the priority order of jobs under LLREF changes over their execution as opposed to the

case where tasks are scheduable under gMUA and EDF. When tasks are scheduable under gMUA

and EDF, the priority order of jobs never changes so that a preempted job A cannot preempt a

job B that has preempted the job A before. However, it happens under LLREF that allows more

scheduling events, e.g., event C and B as introduced in Chapter 4. Whenever preemption occurs,

blocking may arise when the preempted task is within the NPA and no processor is available.

Therefore, each job can be blocked for at most B = max∀i∀k {LLF
i,k }.

Theorem 6.2.2 (Blocking under LLREF with NPA-assisted mechanisms). When a set of periodic

tasks T1,...,TN has deadline equal to period, the maximum times that Ti can be blocked within its

period pi is:

nB
i =

⌈N + 1

2

⌉
·
(
1 +

N∑
j=1

⌈pi

pj

⌉)
.

Proof. Each T-L plane is constructed between two consecutive events of task release. The number

of task releases within period pi is
∑N

j=1 d
pi

pj
e. Thus, there can be at most 1 +

∑N
j=1 d

pi

pj
e number

of T-L planes within pi. It is known that at most N + 1 events can occur in each T-L plane in
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Theorem 4.2.12. Since blocking of Ti happens only when Ti attempts to preempt, Ti can be

blocked at most dN+1
2
e in each T-L plane. Therefore, within the period pi, Ti can be blocked at

most dN+1
2
e · (1 +

∑N
j=1 d

pi

pj
e) times.

Theorem 6.2.3 (LLREF feasibility with NPA-assisted lock-free synchronization). A set of periodic

tasks T1,...,TN , all with deadline equal to period, is guaranteed to be feasible on M processors

using LLREF if
N∑

i=1

BnB
i +

∑
∀rk∈γi

LLF
i,k + ei

Ti

≤ M,

where LLF
i,k = s(rk)(min {A(rk), M} − 1) + b(rk).

Proof. When NPA-assisted lock-free objects are shared, each task’s execution time extended by

lock-free retry and blocking time caused by the NPA should be considered. Ti’s blocking happens

at most nB
i times and each blocking time costs at most B as described in Theorem 6.2.1 and 6.2.2.

Besides, when Ti accesses rk within the NPA, it can be extended at most LLF
i,k as in Theorem 6.2.1.

Therefore, the execution time is extended by BnB
i +

∑
∀rk∈γi

LLF
i,k in maximum. When the to-

tal utilization demand obtained with tasks’ extended execution times is less than the capacity of

processors, tasks meet deadlines under LLREF.

Note that LLREF does not consider the case that the total utilization demand exceeds the capacity

of processors. Thus, using shared objects, including lock-free shared objects, with LLREF are

under the assumption that the total utilization demand never exceeds the capacity of processors.

6.3 Lock-Based Synchronization

We consider that shared objects implemented with queue-based spin locks within the NPA as

in [32]. NPA-assisted queue lock causes blocking as aforementioned.
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6.3.1 Non-Preemptive Area

As described in [32], under NPA-assisted, queue-lock based synchronization, a job may be blocked

under two scenarios: (1) the job is executing and requires access to a resource for which one or

more jobs have already enqueued their requests onto the spin queue, or (2) the job becomes ready

when one or more lower-priority jobs are in their NPA and no processor is available.

Theorem 6.3.1 (Maximum Execution Cost of NPA). When Ti accesses a queue-based spin lock

object rk with NPA-assisted sharing mechanisms, LQS
i,k , the maximum execution time of the NPA is:

LQS
i,k = q(rk) ·min (A(rk), M),

where q(rk) is the access cost to rk, M is the number of processors in system, and rk ∈ γi.

Proof. Since A(rk) tasks accessing rk may cause interferences, the maximum possible interfer-

ences is A(rk) and it cannot exceed the number of processors M . Based on it, the maximum

execution cost of completing access to rk is q(rk) · min (A(rk), M). Preemption is prohibited by

the NPA surrounding each lock-free operation.

For the same reason we presented in Section 6.2.3, we consider feasibility analysis on periodic

task sets with lock-based synchronization for gMUA and LLREF.

6.3.2 Lock-Based Synchronization for gMUA

Since gMUA ensures the feasibility of the global EDF, their feasibility tests for periodic tasks

are identical. As presented in Section 6.2.2, each job of Ti can be blocked for at most Bi =

maxi+1≤j≤n {bj}, when the maximum execution cost of any NPA of Ti is bi and tasks are ordered

in the non-decreasing order of their relative deadlines. Each bi can be gained by max∀rk∈γi
{LQS

i,k }.

If each job of each task Ti can be allocated ei units of time in the interval [a + Bi, a + pi], where a

is the arrival time of the job, each task is feasible. Thus, if pi − Bi ≥ ei for all Ti, and all Ti with
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the deadline pi −Bi instead of pi pass the feasibility test given in [36], [10], or [13], then all Ti are

feasible.

The feasibility test with NPA-assisted lock-based synchronization is analogous to that with NPA-

assisted lock-free except that each Bi is computed based on different object access times. The

analogy of two approaches comes from the fact that both are assisted with the NPA.

6.3.3 Lock-Based Synchronization for LLREF

We consider NPA-assisted lock-free shared objects under LLREF. More frequent scheduling events

of LLREF as compared to gMUA and EDF cause more blocking and thus, it affects the feasible

condition. Whenever preemption occurs, blocking follows when the preempted task is within the

NPA and no processor is available.

Theorem 6.3.2 (LLREF feasibility with NPA-assisted lock-based synchronization). A set of peri-

odic tasks T1,...,TN , all with deadline equal to period, is guaranteed to be feasible on M processors

using LLREF if
N∑

i=1

BnB
i +

∑
∀rk∈γi

LQS
i,k + ei

Ti

≤ M,

where LQS
i,k = q(rk) ·min (A(rk), M).

Proof. When NPA-assisted queue-lock objects are shared, each task’s execution time extended by

the spin queue and blocking time caused by the NPA should be considered. Ti’s blocking happens

at most nB
i times an in Theorem 6.2.2 and each blocking time costs at most B = max∀i∀k LQS

i,k .

Besides, when Ti accesses rk within the NPA, it can be extended at most LQS
i,k as in Theorem 6.3.1.

Therefore, the execution time is extended by BnB
i +

∑
∀rk∈γi

LQS
i,k in maximum. When the to-

tal utilization demand obtained with tasks’ extended execution times is less than the capacity of

processors, tasks meet deadlines under LLREF.
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6.4 Tradeoffs

The tradeoff between the presented wait-free method and lock-free/lock-based methods is one of

space and time costs. Wait-free object sharing costs space, but incurs no additional (blocking or

retry) time costs. Further, it allows the full capacity of all processors to be utilized. However, it is

restricted to the case of bounded number of jobs, in contrast with lock-free and lock-based which

allows unbounded number of jobs.

We now discuss the tradeoff between the lock-free and lock-based methods that we present. Lock-

free object sharing does not use lock mechanisms which can potentially cause blocking, unlike

lock-based object sharing. However, blocking may happen with the lock-free objects as well as

the lock-based ones that we present, since both are designed to be assisted with the NPA. Despite

the blocking caused by the NPA that is common to both, it is still worth discussing the tradeoffs

between NPA-assisted lock-free objects and NPA-assisted queue lock objects.

We focus on the implementation of objects within the NPA (but not on the implementation of the

NPA itself). First, lock-free sharing is an optimistic approach as opposed to queue-based spin

locks that must lock resources even when no interference occurs. The optimism prohibits the

time costs for unnecessary operations. Second, lock-free sharing mechanisms are implemented

at the application level, whereas the implementation of the NPA is through kernel calls. The

implementation at the application level is likely to help reduce the overhead of operations since it

does not invoke kernel, which is advantageous with respect to timeliness.

For these reasons, lock-free object sharing is likely to be superior to queue-lock object sharing

when simple objects (which are implementable in lock-free mechanisms) are considered. On the

other hand, queue-lock object sharing is likely to be superior when more complicated objects (e.g.,

map, etc.) are considered.
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6.4.1 Numerical Analysis under LLREF

Specifically, Theorem 6.2.3 and 6.3.2 show feasible conditions under LLREF with lock-free and

lock-based synchronization, respectively. We observe that the forms of two feasibility tests are

identical when the access times to shared objects are assumed similar, i.e., s(rk) = b(rk) =

q(rk),∀k. It is because both sharing mechanisms are assisted by the NPA to ensure the bound-

ness of access time by preventing preemption temporarily. Therefore, the performance difference

between NPA-assisted lock-free objects and NPA-assisted queue-lock objects is primarily deter-

mined from the difference between their object access times. (It is not a claim generalized for

every case, since NPA-assisted mechanisms considered here should not be the only approach to

implement lock-free and lock-based sharing.)

In [32], they set contention-free costs for object operations in 1.3 − 6.5 µs range for both lock-

free and queue-lock approaches by their measurement. We vary the costs, s(rk), b(rk), and q(rk),

from 1.0 to 6.0 to see the effect. The performance metric is the total utilization inflation denoting

the difference between total utilization without shared objects and that with shared objects, which

could be interpreted as synchronization overhead or utilization loss as described in [32].

We assume four processors and 20 tasks. Each task has three objects shared with others and each

objects are shared by 10 tasks. Task’s execution time ei is uniformly distributed in different ranges,

[0.5, 5], [1, 10], [1.5, 15], or [2, 20] ms. As Theorem 6.2.3 and 6.3.2 imply, task’s execution time

cost is a primary element that affects the utilization inflation. Task’s period is set by ei/ui, where

ui is task’s utilization demand. ui is uniformly distributed in the range (0.0, 0.2] and thus, the total

utilization demand without shared objects never exceeds the capacity of processors. Each data was

gained with 5,000 samples.

Figure 6.3 shows that the higher shared-object access time cost and the lower task’s execution time

cost cause higher increase in total utilization. It suggests that the shared-object access time cost

is an important element to select between lock-free and queue-lock shared objects under LLREF.

In addition, it also implies that the selected shared object becomes more appropriate as tasks have
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Figure 6.3: LLREF-scheduled Synchronization Overhead for NPA-assisted Mechanism with Varying Tasks’ Execu-

tion Time Costs

more execution time costs since it makes the synchronization overhead negligible.

Figure 6.4: LLREF-scheduled Synchronization Overhead for NPA-assisted Mechanism with Varying Number of

Shared Objects

Figure 6.3 illustrates the increase in total utilization with varying shared-object access time cost

and number of objects. As expected, the more objects are shared, the higher synchronization

overhead does rise. It is also observed in Figure 6.3 that there is a number, more shared objects

than which does not have any impact on performance as Theorem 6.2.3 and 6.3.2 indicate.

Note that the comparison results in this section show the worst case of both sharing mechanisms.

Thus, the actual performance comparison by real implementation could be different.
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6.4.2 Numerical Analysis under gMUA

We believe the performance of NPA-assisted synchronization mechanisms under gMUA is similar

to that of queue-based spin lock mechanisms under EDF evaluated in [32], since gMUA behaves

as EDF within feasible utilization bound. In this section, we evaluate NPA-assisted lock-free and

queue lock sharing under gMUA.

Section 6.2.2 and 6.3.2 show that the forms of feasible conditions of lock-free and lock-based syn-

chronization for gMUA are identical when the access times to shared objects are assumed similar,

i.e., s(rk) = b(rk) = q(rk),∀k. As previously discussed, it is because both sharing mechanisms are

assisted by the NPA to ensure the boundness of access time by preventing preemption temporarily.

We set contention-free costs for object operations from 1.0 to 6.0 to see its effect. Task’s execution

time ei is uniformly distributed in different ranges, [50, 500], [100, 1000], [150, 1500], or [200, 2000]

µs. Task’s period is set by ei/ui, where ui is task’s utilization demand. ui is uniformly distributed

in the range (0.0, 0.2] and thus, the total utilization demand without shared objects never exceeds

the capacity of processors. Each data was gained with 5,000 samples.

Figure 6.5: gMUA-scheduled Synchronization Overhead for NPA-assisted Mechanism with Varying Tasks’ Execu-

tion Time Costs

Figure 6.5 and 6.6 shows the similar trend as we observed in cases of LLREF. The higher shared-

object access time cost, the lower task’s execution time cost, and more number of shared objects
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Figure 6.6: gMUA-scheduled Synchronization Overhead for NPA-assisted Mechanism with Varying Number of

Shared Objects

are factors to increase the synchronization overhead. However, the inflation in total utilization

under gMUA is less than that under LLREF.

gMUA’s less frequent scheduling events and blocking are advantageous to its utilization inflation

compared to LLREF. However, since its feasible utilization bound is less than that of LLREF, small

amount of utilization inflation could affect its feasibility.
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Past and Related Works

Real-time scheduling and synchronization — the dissertation’s problem space — are fundamental

problems in real-time computing. Recent technological advances in multiprocessor architectures

and the increasing demand of real-time applications for cost-effective computing capacity have

resulted in intense research efforts on single-processor real-time scheduling, synchronization, and

their extension to multiprocessor systems. In this Chapter, we survey past efforts that are related to

the dissertation’s research, focusing on TUF real-time scheduling, non-blocking synchronization,

and multiprocessor real-time scheduling, and contrast them with our work. Note that some related

past works were already discussed in previous Chapters as appropriate.

7.1 Time/Utility Function Real-Time Scheduling

UA scheduling was first introduced by Jensen [37] in a classified military system. The first public

reference was written by Jensen, Locke, and Tokuda in [47] and was later elaborated on in Locke’s

thesis [56] and Clark’s thesis [27]. Subsequently, there have been very few efforts that built upon

Locke’s and Clark’s algorithms. Most of the subsequent efforts focussed on downward step TUFs

and sought to improve the timeliness behavior during overloads [49, 60]. Exceptions include [21,

130
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79], which consider non-step TUFs.

While Locke’s algorithm allowed almost arbitrary TUF shapes, it was restricted to resource-

independent activities. Clark’s algorithm, called DASA, advanced Locke’s model by allowing

activities to mutually exclusively share non-CPU resources under the single-unit resource request

model. DASA also provides assurances on timeliness behavior such as optimal timeliness dur-

ing under-load situations. However, DASA is restricted to downward step TUFs. Algorithms

in [21, 79] allow non-step, but unimodal TUFs. Further, they do not allow sharing of non-CPU

resources.

In spite of the generality and superiority of TUFs and UA scheduling, they have drawbacks that

have apparently been impediments to their widespread usage. The most significant drawbacks in-

clude: (1) lack of more general timeliness assurances of TUF/UA systems, beyond the special-case

assurance of optimal timeliness during under-loads for step TUFs; (2) lack of tool support for com-

posing TUFs and for conducting UA timing analysis; (3) lack of UA algorithms that consider qual-

ity of service dimensions of embedded systems other than timeliness, such as power consumption

and memory management; and (4) UA algorithms’ higher overhead than priority/deadline-based

algorithms.

Recent research on UA scheduling has largely overcome these drawbacks. Several new UA schedul-

ing algorithms have been recently developed. Examples include Li’s assurance-driven UA schedul-

ing algorithms and protocols [50,53], Wu’s energy-efficient UA scheduling algorithms [81,82,84],

etc.

Li’s UA scheduling algorithms and protocols break significant new ground by providing more

general assurances on timeliness behavior of TUF/UA systems such as assurances on individual

activity timeliness behavior and system-wide, collective timeliness behavior. Li’s algorithms and

protocols consider stochastic activity models, where activity execution times and inter-arrival times

are stochastically described. In particular, the algorithms and protocols consider a stochastic, ac-

tivity arrival pattern called PUAM, which is a probabilistic generalization of the unimodal arrival

model, and which subsumes most traditional arrival models (e.g., frame-based, periodic, sporadic,
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unimodal) as special cases. The algorithms and protocols allow activities to be subject to unimodal

TUFs, and to mutually exclusively share non-CPU resources under the single-unit request model.

Wu’s algorithms extend the TUF/UA paradigm in a quality of service dimension that is critical for

emerging, mobile and portable, battery-powered embedded systems: energy consumption. Wu’s

algorithms solve, for the first time, the overlapped problem space that intersects: (1) UA schedul-

ing under TUF time constraints, providing general assurances on individual and collective timeli-

ness behavior; (2) scheduling activities under mutual exclusion resource constraints; and (3) CPU

scheduling for reduced and bounded system-level energy consumption.

Wu presents a class of polynomial-time, DVS (dynamic voltage scaling)-based, UA scheduling al-

gorithms toward this objective. The algorithms are called EUA [82], ReUA [84], and EUA? [81].

EUA provides stochastic assurances on timeliness behavior and maximizes activities’ attained util-

ity and system-level energy efficiency. ReUA extends EUA’s step TUF model with non-increasing

TUFs, and extends EUA’s independent task model with mutually exclusive resource sharing. Fur-

ther, EUA? extends EUA’s and ReUA’s periodic arrival model with unimodal arrival.

Wu’s RUA algorithm [80] makes a major contribution by extending TUF/UA scheduling to mutu-

ally exclusive resource sharing under the multi-unit resource request model. The multi-unit model

generalizes the single-unit model and subsumes the reader/writer lock model and the AND, OR,

and AND-OR request models as special cases. Similar to DASA, RUA achieves optimal timeliness

during under-loads, and upper bounds the resource access blocking time.

More detailed survey is found in [64].

7.2 Non-Blocking Synchronization

Wait-free buffer algorithms to solve single-writer and multi-reader problem have been intensively

studied. In [48], Kopetz and Reisinger presented a wait-free buffer algorithm based on circular

buffers, where buffer sizes in proportional to worst-case preemptions are used. In [19], Chen and
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Burns presented a wait-free buffer, where the space complexity is O(N + 2) when the number of

readers is known as N . In [46], Huang et al. improve the time and space costs of Chen’s pro-

tocol based on temporal characteristics of the systems. Our wait-free buffer considers the same

task model as Huang’s, and we proposes the first analytical approaches to compute the minimum

and optimal space cost [23]. Besides, whereas most past efforts on non-blocking real-time syn-

chronization have focused on deadline time constraint and deadline-based timeliness optimality

criteria, we showed the advantages of our wait-free approaches for TUF/UA scheduling [25].

Wait-free buffer algorithm for multi-writer and multi-reader problem is also challenging to re-

searchers. Theoretically, with n readers and m writers, the minimum number of needed buffers

is n + m + 1 for the MWMR problem [66]. However, most wait-free solutions for the MWMR

problem need n × m number of atomic buffers, where each atomic buffer has to solve the single-

writer/single-reader (SWSR) problem [38, 77]. Anderson and Holman presented wait-free buffers

based on specific system models, such as quantum-based and priority-based, although it requires

the reduced buffer size for MWMR problem [7]. Their space complexity depends not on the num-

ber of readers but on the number of processors. In [70], Sundell and Tsigas tried to present a

wait-free buffer for the MWMR problem by using tasks’ time information that is available in real-

time systems. They have developed an algorithm to bound the increment of time-stamps to mark

the latest updated data. However, their algorithm is limited to the system where writers have the

highest priority on the host processor and no two writers execute on one host processor.

The wait-free objects are often implemented by adopting helping mechanisms instead of replica-

tion of data. Anderson proposed several wait-free object-sharing schemes for real-time unipro-

cessors and multiprocessors based on helping schemes. Their basic idea is that the task which

announces its intention to share should help the other tasks to complete execution. Their unipro-

cessor implementation are pretty similar to the priority inheritance protocol (PIP) and the priority

ceiling protocol (PCP) [5].

More complicated wait-free objects than buffers have been studied. Tsigas and Zhang presented an

efficient algorithmic implementation of wait-free queues. Their algorithm shows O(M +N) space
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complexity where N is the maximum number of concurrent tasks that the queue supports and M

is the size of the queue [74]. Their group also presented a simple wait-free snapshot algorithm by

making use of timing information that is available and necessary to the scheduler that schedules

the tasks of real-time systems [71]. Anderson also suggested snapshot, which he called composite

registers in [2].

There have been researches to apply lock-free object sharing mechanism to real-time systems.

In [6], Anderson et al. showed how to bound the retry loops of lock-free protocols through judi-

cious scheduling. These requirements are not only for wait-free buffer, but also for all non-blocking

sharing including lock-free sharing. Their group presented implementation of lock-free objects in

single processors and multiprocessors in which tasks are executed using a scheduling quantum [4].

Their approaches are based on the assumption that each task can be preempted at most once across

two object call, so that each object call can be retired at most once.

Several lock-free objects exist for the MWMR problem [58], which are anonymous and space-

efficient. Michael and Scott presented the most famous lock-free queue in [58]. Valois presented

lock-free linked list supporting insertions and deletions anywhere in a list by using CAS primi-

tives [76]. Treiber presented lock-free stack algorithms [72]. We presented that lock-free objects

are also effective for UA scheduling on single processors in [24].

Practical consideration to implement non-block objects has been gaining attention. Hohmuch and

Hartig presented a pragmatic methodology for designing nonblocking real-time systems, which are

simple but reasonable. They uses a combination of lock-free and wait-free synchronization tech-

niques and stated which technique should be applied in which situation [41]. Weaker non-blocking

objects than wait-free and lock-free ones have been suggested in [14,39]. A synchronization tech-

nique is obstruction-free if it guarantees progress for any thread that eventually executes in isola-

tion. This property is weaker than lock-free because it does not guarantee progress when two or

more conflicting threads are executing concurrently. On the other hand, another weaker class of

almost non-blocking data structures was proposed, which block only if more than some number N

of threads attempt to simultaneously access the same data structure. Those weaker non-blocking
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objects are often sufficient to requirement.

7.3 Multiprocessor Real-Time Scheduling

In recent years, real-time scheduling has been studied considerably. Carpentar et al. [15] have cat-

alogued multiprocessor real-time scheduling algorithms considering the degree of job migration.

The Pfair class of algorithms [11] that allow full migration have been shown to achieve a feasi-

ble utilization bound (below which all tasks meet their deadlines) that equals the total capacity

of all processors — thus, they are theoretically optimal. However, Pfair algorithms incur signifi-

cant overhead due to their quantum-based scheduling approach [31]. Thus, we present an optimal

real-time scheduling algorithm, LLREF, that does not depends on time quanta unlike Pfair in [22].

On the other hand, scheduling algorithms other than Pfair (e.g., global EDF) have also been stud-

ied though their feasible utilization bounds are lower. Global EDF scheduling on multiprocessors

is subject to the “Dhall effect” [33], where a task set with total utilization arbitrarily close to 1.0

cannot be scheduled satisfying all deadlines. To overcome this, researchers have studied global

EDF’s behavior under restricted individual task utilizations. For example, on M processors, Srini-

vasan and Baruah show that when the maximum individual task utilization, umax, is bounded by

M/ (2M − 1), EDF’s utilization bound is M2/ (2M − 1) [68]. Lin presented a variant of EDF,

Earliest Deadline until Zero Laxity (or EDZL), which allows another scheduling event to split

tasks [55]. In [36], Goossens et. al show that EDF’s utilization bound is M − (M − 1) umax.

This work was later extended by Baker for the more general case of deadlines less than or equal to

periods in [10]. In [13], Bertogna et al. show that Baker’s utilization bound does not dominate the

bound of Goossens et. al, and vice versa.

In fact, EDF’s non-optimality for multiprocessors was expected. Dertouzos et. al proved that if we

do not have a-priori knowledge of any one of the following parameters: (1) deadlines, (2) execution

times, or (3) the releasing times for tasks, then there exits no optimal algorithm for multiprocessor

like EDF for single-processor [30]. The EDF scheduling decision only requires the awareness of
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deadlines.

While most of these past works focus on the hard real-time objective of always meeting all dead-

lines, recently, there has been efforts that consider the objective of bounding the tardiness of tasks.

In [67], Srinivasan and Anderson derive a tardiness bound for a suboptimal Pfair scheduling algo-

rithm. In [3], for a restricted migration model, where migration is allowed only at job boundaries,

Andersen et. al present an EDF-based partitioning scheme and scheduling algorithm that ensures

bounded tardiness. In [31], Devi and Anderson derive the tardiness bounds for global EDF when

the total utilization of a task system may equal the number of available processors. We present the

first UA scheduling algorithm, gMUA, for multiprocessors in [26].

There have been several efforts on synchronization for multiprocessor real-time systems. Rajku-

mar presented an extension of priority-ceiling protocol for partitioned rate-monotonic scheduling

in [63]. Wang proposed priority inheritance spin locks for multiprocessor real-time systems in [78].

The synchronization under global EDF has first been considered recently in [32]. They consider

lock-free as well as lock-based schemes for soft and hard real-time systems based on global EDF.

Holman et al considered lock-free and lock-based shared objects for Pfair-scheduled multiproces-

sor systems in [43] and [42] respectively. They utilized the tight synchrony of Pfair scheduled

system for object sharing.



Chapter 8

Conclusions and Future Work

This dissertation presents UA real-time scheduling and synchronization algorithms for single and

multiprocessors. The dissertation focuses on dynamic real-time systems that operate in environ-

ments with run-time uncertainties including those on activity execution times and arrival behaviors.

We consider the TUF timing model for specifying application time constraints, and the UA opti-

mality criteria of satisfying lower bounds on accrued activity utility, and maximizing the total

accrued utility.

The dissertation presents a class of novel algorithmic solutions in this problem space, including a

space-optimal wait-free synchronization algorithm, an optimal real-time scheduling algorithm for

multiprocessors, and a UA scheduling algorithm for multiprocessors. Further, the dissertation stud-

ies various synchronization methods for UA scheduling on single and multiprocessors, including

lock-based, lock-free, and wait-free synchronization, develops feasible conditions, and identifies

the concomitant tradeoffs.

We now summarize the dissertation’s contributions and identify future work.

137
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8.1 Summary of Contributions

UA Scheduling and Synchronization for Single Processors. We consider the single-writer/multiple-

reader problem that occurs in many embedded real-time systems. We present an analytical solution

for the problem of determining the absolute minimum buffer requirement of wait-free protocols —

the first such buffer lower bound for wait-free protocols which is independent of any scheduling

algorithm. We also show that the buffer costs required by previous best algorithms for this prob-

lem, including Chen’s and NBW protocols can also be obtained by our solution, which subsumes

them as special cases. Further, we present a wait-free protocol that uses the minimum buffer size

that is determined by our analytical solution. Our numerical evaluation studies and measurements

of the protocol implementation in an RTOS kernel validate our theoretical results.

We then introduce for the first time, wait-free synchronization for UA real-time scheduling. We

develop wait-free versions of two single-processor lock-based UA algorithms, RUA and DASA,

using our space-optimal wait-free protocol (for the single-writer/multiple-reader problem). We

establish upper bounds on the maximum possible increase in activity utility that is possible with

wait-free, compared to their lock-based counterparts. Our implementation measurements on a

POSIX RTOS show that during under-loads, wait-free algorithms yield optimal utility for step

TUFs and significantly higher utility (than lock-based) for non-step TUFs.

For single processor real-time systems, we finally consider non-blocking synchronization for real-

time applications that are subject to resource overloads and arbitrary activity arrivals. We consider

lock-free synchronization for the multi-writer/multi-reader problem that occurs in such systems

(due to unbounded number of jobs and otherwise), for which wait-free synchronization is not

possible. We establish the tradeoffs between lock-free and lock-based object sharing under the

unimodal arbitrary arrival model, including the conditions under which activity timeliness utility

is greater under lock-free than under lock-based, and the upper bound on this utility increase —

the first such result. Our implementation measurements on a POSIX RTOS strongly validates our

theoretical results.
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UA Scheduling and Synchronization for Multiprocessors. We present an optimal multiprocessor

real-time scheduling algorithm that satisfies all activity deadlines during under-loads (a special

case of UA criteria), which is not based on time quanta. The algorithm called LLREF, is designed

based on our novel technique of using the T-L plane abstraction for reasoning about multiprocessor

scheduling. We show that scheduling for multiprocessors can be viewed as repeatedly occurring

T-L planes, and correct scheduling on a single T-L plane leads to the optimal solution for all times.

We analytically establish the optimality of LLREF. We also establish that the algorithm overhead is

bounded in terms of the number of scheduler invocations, which is validated by our experimental

(simulation) results.

We also present a global UA multiprocessor scheduling algorithm, called gMUA. The algorithm

considers activities that are subject to TUF time constraints, stochastically-expressed variable ex-

ecution time demands, and resource overloads. We establish that gMUA achieves optimal total

utility for the special case of step TUFs and when the total utilization demand does not exceed

global EDF’s feasible utilization bound, probabilistically satisfies activity utility lower bounds,

and lower bounds the system-wide total accrued utility. We also show that the algorithm’s utility

lower bound satisfactions have bounded sensitivity to variations in execution time demand esti-

mates, and that it is robust against a variant of the Dhall effect. When activity utility lower bounds

cannot be satisfied (due to increased utilization demand), gMUA maximizes total utility, while

gracefully degrading timeliness. Our simulation experiments validate our theoretical results and

confirm the algorithm’s effectiveness. Our method of transforming task stochastic demand of ac-

tivities into actual execution time allocation is independent of gMUA and can be applied in other

algorithmic contexts, where similar (stochastic scheduling) problem arises.

Finally, we consider lock-based, lock-free, and wait-free synchronization methods for both LLREF

and gMUA. We first show the wait-free synchronization (which is appropriate for only bounded

number of jobs) does not incur significant time costs, but only space costs, which helps to main-

tain the fairness notion of LLREF. Further, we establish the minimum (optimal) required space

costs for LLREF and gMUA with our space-optimal wait-free synchronization algorithm. In con-

trast to wait-free, lock-based and lock-free synchronization allow unbounded number of jobs and
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overloads. We introduce non-preemptive area to bound the time cost of lock-based and lock-free

synchronization under LLREF and gMUA, and derive feasible conditions for satisfying utility

lower bounds. Further, we observe the tradeoff between lock-based and lock-free synchronization

for LLREF and gMUA, i.e., lock-free object sharing is likely to be superior to lock-based sharing

when simple objects are considered, whereas lock-based object sharing is likely to be superior

when more complicated objects are considered.

8.2 Future Work

Some directions for future research were already discussed previously.

An important direction for future research is to extend our (space-optimal) wait-free protocol for

more complex objects such as snapshot and MWMR wait-free buffers. The snapshot, which is

a data structure consisting of many components simultaneously shared by many concurrent pro-

cesses [1], and MWMR wait-free buffer can be constructed based on our approach to reduce their

space costs.

Second, LLREF can be extended for more relaxed task arrival models including sporadic and

UAM. The sporadic task model has proven useful for the modelling of recurring processes that

occur in real-time systems [12], and UAM subsumes most traditional arrival models (including

sporadic) as its special cases. LLREF only considers periodic task arrival and it would be an

interesting research direction to overcome that restriction.

Third, it may be possible to further tighten gMUA’s feasible conditions for satisfying utility lower

bounds. This bound is highly related to the bound of global EDF and the effort to tighten the global

EDF bound is sill ongoing. More tightened bound of global EDF will further tighten the bound of

gMUA.

Fourth, besides global scheduling schemes for multiprocessors that is considered in this disserta-

tion, partitioned (UA) scheduling schemes can be considered to provide lower bounds on accrued
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utility. Even though it is known that partitioned schemes cannot produce the optimal schedules in

polynomial time, its reduced migration overhead is attractive for many real-time applications.
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