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ABSTRACT

Recently, there has been an increasing demand for reliable, robust and high data rate
communication systems that can counteract the limitations imposed by the scarcity of two
fundamental resources for communications: bandwidth and power. In turn, cooperative com-
munications has emerged as a new communication paradigm in which network nodes share
their antennas and transmission resources for distributed data exchange and processing.
Recent studies have shown that cooperative communications can achieve significant perfor-
mance gains in terms of signal reliability, coverage area, and power savings when compared
with conventional communication schemes. However, the merits of cooperative communica-
tions can only be exploited with efficient resource allocation in terms of bandwidth utilization
and power control.

Additionally, the limited network resources in wireless environments can lead rational
network nodes to be selfish and aim at maximizing their own benefits. Therefore, assuming
fully cooperative behaviors such as unconditionally sharing of one’s resources to relay for
other nodes is unjustified. On the other hand, a particular network node may try to uti-
lize resources from other nodes and also share its own resources so as to improve its own
performance, which in turn may prompt other nodes to behave similarly and thus promote
cooperation.

This dissertation aims to answer the following three questions: “How can bandwidth-
efficient multinode cooperative communications be achieved?”, “How can optimal power
allocation be achieved in a distributed fashion?”, and finally, “How can network nodes dy-
namically interact with each other so as to promote cooperation?”. In turn, this dissertation
focuses on three main problems of cooperation in ad-hoc wireless networks: (i) optimal node
selection in network-coded cooperative communications, (ii) auction-based distributed power
allocation in single- and multi-relay cooperative networks, and finally (iii) coalitional game-
theoretic analysis and modeling of the dynamic interactions among the network nodes and
their coalition formations.

Bi-directional relay networks are first studied in a scenario where two source nodes are
communicating with each other via a set of intermediate relay nodes. The symbol error
rate performance and achievable cooperative diversity orders are studied. Additionally, the
effect of timing synchronization errors on the symbol error rate performance is investigated.
Moreover, a sum-of-rates maximizing optimal power allocation is proposed. Relay selec-
tion is also proposed to improve the total achievable rate and mitigate the effect of timing
synchronization errors.



Multinode cooperative communications are then studied through the novel concept of
many-to-many space-time network coding. The symbol error rate performance under perfect
and imperfect timing synchronization and channel state information is theoretically analyzed
and the optimal power allocation that maximizes the total network rate is derived. Optimal
node selection is also proposed to fully exploit cooperative diversity and mitigate timing
offsets and channel estimation errors.

Further, this dissertation investigates distributed power allocation for single-relay coopera-
tive networks. The distributed power allocation algorithm is conceived as an ascending-clock
auction where multiple source nodes submit their power demands based on an announced
relay price and are efficiently allocated cooperative transmit power. It is analytically and
numerically shown that the proposed ascending-clock auction-based distributed algorithm
leads to efficient power allocation, enforces truth-telling, and maximizes the social welfare.

A distributed ascending-clock auction-based power allocation algorithm is also proposed
for multi-relay cooperative networks. The proposed algorithm is shown to converge to the
unique Walrasian Equilibrium allocation which maximizes the social welfare when source
nodes truthfully report their cooperative power demands. The proposed algorithm achieves
the same performance as could be achieved by centralized control while eliminating the need
for complete channel state information and signaling overheads.

Finally, the last part of the dissertation studies altruistic coalition formation and stability
in cooperative wireless networks. Specifically, the aim is to study the interaction between
network nodes and design a distributed coalition formation algorithm so as to promote co-
operation while accounting for cooperation costs. This involves an analysis of coalitions’
merge-and-split processes as well as the impact of different cooperative power allocation cri-
teria and mobility on coalition formation and stability. A comparison with centralized power
allocation and coalition formation is also considered, where the proposed distributed algo-
rithm is shown to provide reasonable tradeoff between network sum-rate and computational
complexity.
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Chapter 1

Introduction

The explosive demand for reliable, robust and high data rate wireless communication
systems has attracted attention to the study of resource allocation and utilization. Wireless
communication channels suffer from several impairments such as fading, shadowing and in-
terference which can severely degrade system performance. Thus, researchers are currently
pursuing new communications and networking paradigms that can efficiently utilize scarce
bandwidth and power resources as well as counteract the adverse effects of wireless channel
impairments. Multi-antenna wireless transmitters and receivers can yield dramatic gains in
rate and reliability, however size and form restrictions largely limit their practical applica-
tions. In turn, cooperative communications has emerged as an effective means to utilize the
broadcast nature of wireless networks and exploit the inherent spatial and multiuser diver-
sities. In cooperative communication systems, several nodes form a virtual antenna array to
exchange information between one another and towards other destination nodes.

This chapter motivates the research problems studied in this dissertation and encourages
future work in the area of distributed resource allocation in network-coded cooperative wire-
less networks. In addition, the significant references from a broad array of relevant literature
are reviewed. In particular, our objective is to highlight the latest contributions in coopera-
tive diversity in wireless networks and wireless network coding and provide the reader with
the necessary background on game-theoretic tools and techniques used in different parts of
the dissertation.

In the remainder of this chapter, the motivation of this dissertation is discussed in Section
1.1. Section 1.2 summarizes the relevant literature on cooperative diversity and wireless
network coding. An overview of game theory is given in Section 1.3. Two Motivating
examples on the use of network coding in cooperative relay networks and exploitation of
diversity and coding gains are presented in Sections 1.4 and 1.5, respectively. Finally, the
outline of the dissertation is given in Section 1.6.

1
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1.1 Motivation

Cooperation in wireless communication networks results when network nodes use their
bandwidth and power resources to mutually enhance their transmissions. More precisely,
cooperation can be promoted in many ways that entail different tradeoffs between bandwidth,
power, and complexity costs for greater benefits achieved by exploiting spatial diversity gains
in wireless networks. Conventional communication networks employ “direct” transmissions
only and hence forego these benefits.

Although cooperative communications can exploit diversity gains, they inadvertently
lead to low bandwidth utilization. In addition, conventional relay networks are not directly
applicable for multinode communications. In turn, this work contributes to the advance-
ment of multinode cooperative communications by studying network-coded relay networks.
Specifically, the first question this dissertation aims to answer is “How can bandwidth-
efficient multinode cooperative communications be achieved?”, and thus investigates the use
of wireless network coding to combine data transmissions from different network nodes in
time-division and multiple-access based communication schemes. Optimal node selection is
also proposed to improve bandwidth efficiency and mitigate the impact of imperfect timing
synchronization of network nodes’ simultaneous transmissions.

Most existing works on power control in cooperative communication networks mainly
focus on optimal power allocation by means of a centralized controller. This in turn requires
complete and accurate channel state information to be available at the central controller for
optimal power allocation, which is generally neither scalable nor robust to channel estima-
tion errors. Additionally, most works ignore situations in which selfish users falsely reveal
their private information and report their demands for communication resources in order to
achieve higher payoffs. In turn, enforcing truth-telling is necessary to guarantee fairness and
efficiency in transmission resources allocation. Furthermore, pricing and payment mecha-
nisms are necessarily needed to incentivize relay nodes to share their transmission resources
in forwarding other nodes’ data. Therefore, the second question that this dissertation aims
to answer is “How can optimal power allocation be achieved in a distributed fashion?”. This
dissertation proposes the use of game-theoretic distributed power allocation in single- and
multi-relay cooperative networks using auction theory.

The significance of studying cooperative communications from a game-theoretic perspec-
tive comprises multiple factors. First, by modeling the distributed power allocation problem
as an auction game, network users’ behaviors and power demands can be analyzed in a
formalized game structure. This in turn allows the use of game theory tools and facilitates
the theoretical analysis. Second, in game theory, several optimality criteria for the power
allocation problem exist that have counterparts in communications and optimization the-
ories. Additionally, game theory encompasses well-defined equilibrium criteria to measure
game optimality under various operational conditions. Such tools are highly desirable when
centralized control and computational approaches are formidable.
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Finally, in ad-hoc wireless networks, network nodes do not necessarily serve a common
goal or belong to the same authority. Consequently, fully cooperative behaviors cannot be
assumed as users will selfishly aim at maximizing their own payoffs. However, if a network
node tries to utilize transmission resources from other nodes and also share its own resources
so as to improve its own performance, then this may prompt other nodes to behave similarly
and thus promote cooperation. Motivated by the potential selfishness of network nodes, the
aim here is to answer the fundamental question of “How can network nodes dynamically
interact with each other so as to promote cooperation?” In particular, our interest is in
studying the existence of cooperation in ad-hoc wireless networks with selfish nodes using
coalitional game theory. Moreover, scenarios in which nodes can form cooperative coalitions
for efficient bandwidth utilization and optimal power allocation are studied.

In summary, cooperative communications is a promising communications paradigm that
allows more efficient utilization of the transmission resources of single antenna network users.
However, successful deployment is threatened by the uncooperative behaviors of selfish users
and further restrained by the distributed nature of ad-hoc wireless networks. Thus, this
dissertation aims to investigate optimal node selection schemes in network-coded cooperative
relay networks, develop game-theoretic efficient distributed power allocation mechanisms to
enforce truth-telling, and study distributed coalition formation to suppress selfish users and
promote cooperation.

1.2 Literature Review

Recently, there has been an increased interest in transmission techniques that can exploit
transmit diversity motivated by the increased capacity of multiple-input multiple-output
(MIMO) systems. To exploit transmit diversity and achieve high coding gains, the transmit-
ter conventionally is required to be equipped with multiple antenna which are required to be
well-separated to avoid correlated channel fading among the different antennas. Although
it may be feasible to equip base-stations with multiple antennas, it may not be feasible
for small mobile and wireless devices as the correlation and spatial domain propagation
are both antenna dependent. This in turn suggests that transmit diversity might instead
be achieved through user-cooperation or cooperative diversity. On a different note, single
transmissions from different users using time-division multiple-access (TDMA) cause large
transmission delays and lead to inefficient bandwidth utilization. In addition, simultane-
ous transmissions from multiple distributed users using frequency-division multiple access
(FDMA), code-division multiple-access (CDMA), or TDMA are associated with issues of
imperfect frequency and/or timing synchronization which are practically challenging due to
the asynchronous nature of cooperation. In turn, wireless network coding has emerged as
an attractive means by which multiple transmissions from different users can be efficiently
combined.

In the following subsections, related research works on cooperative diversity and wireless
network coding is presented.
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1.2.1 Cooperative Diversity in Wireless Networks

The study of cooperative diversity in this dissertation is centered around relay channels
and their multi-terminal extensions. The classical relay channel first introduced and exam-
ined by van der Meulen and later studied by researchers in the information theory community
models a three terminal communication channel [1]. Specifically, a terminal called a “relay”
receives and then re-transmits a processed information-bearing signal to improve system per-
formance. In many scenarios, several network nodes—without any information to transmit
or receive—could act as relays and help transmit and/or receive signals to/from other nodes.
Subsequently, Cover and El Gamal derived lower and upper bounds on the channel capacity
of specific non-faded relay channel models [2]. Later, several works considered the capacity
of relay channels with coding strategies that can achieve the ergodic capacity of the relay
channel. Furthermore, capacity theorems for multiple-access relay channels were developed
in [3] while transmitter and receiver cooperation was studied in [4].

User cooperation was first introduced in [5] and [6]. In particular, a CDMA cooperative
system was studied with two users using orthogonal codes to exchange their information.
It was demonstrated that with channel phases knowledge at the transmitter sides, user
cooperation can lead to high data rate for both users as they are less sensitive to channel
variations. In fast-fading channels, the achievable region of a two-user cooperative system
was shown to include the capacity region of the two-user multiple-access system (i.e. no
cooperation between the two users). For slow-fading channels, the outage probability of the
cooperative system was demonstrated to be less than that of the non-cooperative system.

Cooperation Protocols

Cooperative diversity was formally introduced in [7]. Specifically, several protocols over
half-duplex relays were analyzed along with their outage capacity. Moreover, two main cat-
egories of cooperation protocols were proposed: (1) fixed relaying and (2) adaptive relaying.

In fixed relaying, channel resources are split between the source and the relay in a deter-
ministic manner and generally over two phases. In the first “broadcasting” phase, the source
broadcasts its information signal and both the relay and the destination try to receive it.
In the second “cooperation” phase, the relay re-transmits a processed version of its received
signal to the destination. The processing at the relay is governed by the type of cooperation
protocol employed. In the amplify-and-forward (AF) protocol, the relay scales the received
signal and forwards its amplified version to the destination. It is noteworthy that the AF
protocol suffers from noise amplification and propagation; however it has been shown to still
achieve a full diversity order of two [7]. Another type of processing is where the relay decodes
its received signal, re-encodes it, and then forwards it to the destination. This type of fixed
relaying is known as decode-and-forward (DF). For this protocol to achieve a diversity order
of two, correct decoding at the relay must be ensured, otherwise only diversity order one
can be achieved. Although fixed relaying has the advantage of easy implementation, it is
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bandwidth inefficient. This is attributed to the fact that the channel resources are split in
half between the source and the relay while the source-destination channel is not necessarily
in bad condition. This in turn motivates the use adaptive relaying protocols which comprise
two main protocols, namely the selective relaying and the incremental relaying.

For selective relaying, if the signal-to-noise ratio (SNR) of the signal received at the relay
exceeds a certain threshold, then it decodes-and-forwards it to the destination; otherwise,
the relay remains idle. Such a relaying protocol improves upon the DF protocol and has been
shown to achieve full diversity of two if the SNR threshold is carefully designed to overcome
the DF protocol’s inherent deficiency in correctly decoding its received signal [7]. On the
other hand, the incremental relaying is based on a feedback channel from the destination to
the relay through which the former informs the latter whether it has decoded the source’s
signal correctly. It was illustrated in [7] that incremental relaying results in the best spectral
efficiency among the other cooperation protocols and also achieves full diversity order of two.

Distributed Space-Time Coding

Distributed space-time codes have also been proposed as another form of cooperative
diversity to achieve high bandwidth efficiency while achieving full diversity order [8]. Specif-
ically, a cooperative scheme has been proposed in which relays decode their received signals
from the source and re-transmit them—if decoded correctly—using a distributed space-
time code column that is drawn from a space-time code matrix. Furthermore, it has been
illustrated that distributed space-time codes employed by decode-and-forward relays can
achieve full diversity order equal to the number of cooperative relays, over only two trans-
mission phases. However, the main challenge in implementing distributed space-time coding
is the stringent requirement for perfect timing synchronization among the cooperating relays.
Distributed space-time coding for amplify-and-forward and decode-and-forward cooperation
protocols have been studied in [9], and several other works have considered the practical
implementation and performance of distributed space-time coding [10, 11, 12].

Related Work

Several works have analyzed the performance of single- and multi-relay cooperative net-
works. For instance, in [13, 14], the symbol-error-rate performance of single-relay amplify-
and-forward and decode-and-forward cooperative networks was studied under Rayleigh fad-
ing channels. In particular, exact as well as asymptotic upper-bound expressions for the
symbol-error-rate performance were derived. Moreover, optimal source and relay power al-
location was studied, and it was shown that if the source-relay channel is in good condition,
then equal power allocation is near-optimal. In [15], the symbol error rate performance of
multiuser single amplify-and-forward relay networks in Nakagami−m channels was studied.
Exact symbol error rate performance for multi-relay amplify-and-forward cooperative net-
works in Rayleigh fading channels was studied in [16] and [17], where it was shown that
full diversity order is achieved. Multi-relay decode-and-forward cooperative networks were
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studied in [18], where it was shown that full diversity order is achieved if each relay combines
the received signals from a previous relay’s transmission as well as the source’s transmission.
Furthermore, multi-relay optimal power allocation was also provided in [18]. Outage prob-
ability analysis and optimal power allocation for multi-relay amplify-and-forward networks
were studied in [19].

In another line of work, the authors in [20] propose a new cooperative communication
protocol for multi-relay decode-and-forward networks, which achieves higher bandwidth effi-
ciency than the conventional DF cooperative protocol while guaranteeing the same diversity
order by alternating between direct and cooperative transmissions through a single opti-
mally selected relay. In addition, optimal relay selection for decode-and-forward cooperative
networks has also been studied in [21]. Relay selection for amplify-and-forward coopera-
tive networks was investigated in [22], where closed-form expressions for the symbol error
rate, outage probability, and average end-to-end SNR gain are derived. In [23], the outage
probability of optimum cooperation protocol selection is analyzed and compared against
conventional cooperative networks. In particular, the relay may choose either amplify-and-
forward, decode-and-forward, or direct transmission (DT) to forward the source’s signal.
Particularly, two relay selection schemes were verified to be superior: selection between AF
and DF protocols or selecting between DF and DT. In [24, 25], single amplify-and-forward re-
lay selection and power allocation are analyzed to minimize system outage probability while
achieving full diversity order. Many single-relay and multi-relay selection schemes and their
achievable diversity orders are also studied in [26, 27]. Different power allocation criteria for
multi-relay cooperative networks are investigated in [28].

1.2.2 Wireless Network Coding

Network coding has recently attracted much attention due to its ability to efficiently dis-
tribute data and improve network throughput [29] [30]. Conventionally, network coding has
emerged as a technique by which intermediate nodes combine several data symbols/packets
from different sources for transmission towards one or more destinations. In conventional
multi-relay cooperative networks with N nodes out of which a source node wishes to transmit
its data to a destination node through the other N −2 nodes, the channel resources are split
into N − 1 orthogonal channels using TDMA. Clearly, with the increase in the number of
nodes in the network, conventional cooperative communication protocols become bandwidth
inefficient. In addition, conventional cooperative networks are not suited for simultaneous
data distribution and exchange between multiple nodes. This in turn motivates the use
of physical-layer or “wireless” network coding for data exchange over multiple cooperative
nodes in wireless networks.

There have been many works aiming at utilizing wireless network coding in cooperative
relay networks [31]. For example, in [32], bi-directional traffic flows by wireless network
coding are proposed to increase the achievable throughput in amplify-and-forward relay net-
works (as illustrated in Fig. 1.1). Specifically in Fig. 1.1, the conventional bi-directional
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Figure 1.1: Bi-Directional Relaying Using Wireless Network Coding

relaying takes four time-slots while the time-division bi-directional relaying using wireless
network coding requires only three time-slots. However, using a multiple-access channel and
wireless network coding, only two time-slots are required. In [33], it was shown that the
two time-slots bi-directional relaying offers the highest maximum sum-rate but the worst
error rate performance, while the three time-slots bi-directional relaying offers a good trade-
off between the maximum achievable sum-rate and error performance. In [34], the wireless
transmission from two sources to two destinations over a single relay is studied to evalu-
ate the throughout and error performance of amplify-and-forward and decode-and-forward
cooperation protocols with linear network coding. Multi-relay bi-directional amplify-and-
forward relaying with adaptive modulation has been proposed in [35] to improve spectral
efficiency. A relay selection scheme has been proposed in [36] which selects the relay that is
best suited for wireless network coding. The proposed scheme has been proven to lead to
a more robust performance and higher system throughput than conventional bi-directional
and direct transmission schemes. Finally, linear network coding has been proposed in [37] for
location-aware cooperative communications so as to offer incremental diversity, even power
distribution, and significant reduction in aggregate transmit power and transmission delays.

1.3 An Overview of Game Theory

Game theory is a promising approach to the analysis and modeling of players’ conflict-
ing objectives and decision-makers’ interactions [38][39]. Primarily, game theory has been
proposed as an extensive set of modeling tools and techniques to model strategic decision
problems in economics or analyze the rational behavior of different organisms in biology and
social sciences. This section presents an overview of the most fundamental and relevant con-
cepts of game theory and briefly outlines how such concepts can be leveraged in designing
distributed algorithms for node selection, multinode cooperation, and power allocation in
cooperative wireless networks.

Recently, game theory has emerged as an indispensable tool for studying, modeling,
and analyzing the dynamic interactions of network users as well as designing self-enforcing
distributed algorithms for efficient resource allocation in wireless networks [40, 41, 42, 43, 44].
A game model consists of a set of players, a set of actions (or strategies) available to each
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player, and a set of payoffs for each combination of the players’ actions. In particular, the
players are network nodes, which may be source nodes that generate data or relay nodes that
forward other nodes’ data to certain destinations in the network. The strategy space may
include data forwarding decisions, channel and/or power allocation, or route participation.
Specifically, source nodes can decide how much of the relay nodes’ transmission resources
(e.g. channel and power allocation) are required and agree to pay a price to the relay nodes in
return for their transmission resource utilization in forwarding their data. Also, relay nodes
decide what channel resources and how much power to allocate to each source node for
forwarding their data and how much they charge for sharing their transmission resources.
As for payoffs, they can take several forms depending on the system parameters, such as
transmission rate, bandwidth utilization, power consumption or lifetime. Such payoffs are
necessary in the design of a distributed algorithm so as to faithfully represent each selfish
node’s desired share of the available transmission resources.

1.3.1 Non-Cooperative and Cooperative Games

In decentralized ad-hoc wireless networks, nodes act selfishly and autonomously, and
aim to maximize their share of transmission resources. Thus, the game-theoretical study
in this dissertation comprises two types of games, namely non-cooperative and cooperative
games. In non-cooperative games, individually “rational” network nodes make decisions
independently so as to maximize their own utility without caring about the effects of their
choices on the other players in the game. Without centralized control, selfish network nodes
do not cooperate and any cooperation must be self-enforcing. Clearly, non-cooperative games
are particularly suited for modeling nodes’ selfish behavior in ad-hoc wireless networks, which
motivates the design of distributed resource allocation algorithms derived from game theory.

For efficient resource allocation in ad-hoc wireless networks with selfish nodes, a designed
algorithm may incorporate a multi-objective optimization problem, the solution of which is
shared by the different network nodes in a distributed fashion. Luckily, non-cooperative game
theory includes well-defined optimization criteria to measure and quantify optimality under
a variety of scenarios. More specifically, Nash Equilibrium is a key concept to determine
the outcome of a game in which two or more nodes interactively make decisions and select
their best strategy [38]. In turn, the selected strategies are such that no selfish node has
an incentive to unilaterally change its action. Although the existence of Nash Equilibrium
is quite general, uniqueness is a desired property and must be analyzed case-by-case. For
instance, by optimally tuning the design of a resource allocation algorithm, it is possible to
manipulate the behavior of the rational network nodes towards an efficient allocation at the
equilibrium. In addition, uniqueness of an equilibrium can be proven under special cases
such as the payoff function of each player and the feasible region being strictly convex. In
the case of multiple equilibria, it is highly desirable to determine those equilibria that are
superior to others. An outcome of a game is Pareto-optimal if there is no outcome that
makes every node at least as well off and at least one player strictly better off [38].
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In cooperative games, network nodes are able to form binding commitments and the joint
actions of groups of nodes can be analyzed. In such games, communication among network
nodes is allowed. In addition, the outcomes that result when the players come together in
different combinations can be defined. There are two important types of cooperative games,
namely bargaining games and coalitional games. In bargaining games, network nodes have
the opportunity to reach a mutually beneficial agreement. Nash bargaining solution (NBS)
plays an important role in cooperative games as it determines a unique Pareto optimal solu-
tion to the game and models the bargaining interactions based on six intuitive axioms [45].
In coalitional games, network nodes can cooperate with each other by forming cooperative
groups with the aim of improving their payoffs in a game. Such groups are named coalitions
and often defined in terms of a characteristic function, which specifies the outcomes that
each coalition can achieve for itself when its nodes coordinate their actions.

Since auction theory and coalitional games are extensively studied in this dissertation, a
more detailed elaboration of their main principles is given in the following subsections.

1.3.2 Auction Theory

An auction is a mechanism—conducted by an auctioneer—by which resources are bought
and sold by eliciting bids from potential buyers (i.e. bidders). In particular, a group of
bidders submit their bids for the resources at the announced price(s) and then resources are
appropriately allocated to bidders based on the bids and auction rules. In general, an auction
model is comprised of three major parts: (1) a description of potential bidders, (2) the set
of possible resource allocations (i.e. quantity and type of each resource, whether resources
are divisible and whether there are any restrictions on how resources are allocated), and (3)
the values of the various resource allocations to each bidder [46].

In many cases, auctions are precisely used to achieve price discovery. Specifically, a seller
(or buyers) does (do) not exactly know what an item or resource is worth and how much it
should be sold or bought for. In turn, auctions can be used as a market test to explore and
determine what the prevailing prices are. This process can also achieve “winner determina-
tion” by determining who wins the auction and gets the resource. Moreover, auctions are
used to determine how much each winning bidder should pay, based on its allocated resource
[47]. In auctions with multiple bidders, each resource being auctioned off has a value to each
bidder. In turn, each bidder wishes to win that resource and make a payment that is below
that value so that the difference between the valuation and payment (price paid) leaves the
bidders with some profit/surplus. Therefore, a valuation is the maximum bid that any bidder
is willing to place. Additionally, bidders do not know with certainty how the other bidders
value the resource being auctioned off. Depending on the information available to bidders,
the valuations of different bidders to the same resource may be independent (i.e. private
value model) or dependent (i.e. interdependent values model).
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Evaluating Auctions

There are various auction designs to choose from. In particular, an auction design can be
chosen based on the one or more of the following criteria:

• Revenue: In this criterion, auctioneers select the auction design that results in the
maximum revenue for each sold item.

• Efficiency: An auction is said to be efficient if the bidder who values the item the most
ex-post, actually wins it.

• Social welfare maximization: This criterion in an auction design aims at maximizing
the sum of the seller(s) and bidders revenues.

• Simplicity: The time and effort (i.e. complexity) involved in an auction mechanism is
also considered as an important design criterion.

• Collusion-resistance: Some auction designs prevent bidders from controlling the auc-
tion. In particular, an auction design is collusion-resistant if it prevents “special deals”
between certain buyers and sellers, market manipulation, and wins by favorite bidders.

• Truth-telling: An auction design that makes a rational buyer’s best interest is to bid
truthfully is said to enforce truth-telling. This is because a buyer’s ex-post payoff from
a truthful bid is at least as high as from any other bid.

Auction Classification

There are several ways by which auctions can be classified. In particular, open and closed
bid auctions are based on whether the bids of each bidder are disclosed to the other bidders.
Specifically, in open bid auctions, bids are revealed, and bidders take turns in submitting
their bids until the winners are determined. Two commonly used open auctions are [47]

• English auction: an ascending price auction where the price increases round by round
from a low price in small increments until there is only one interested bidder who wins
the resource, and pays his/her final bid.

• Dutch auction: a descending price auction where the price progressively decreases
round by round from a high price until a single bidder accepts the price, wins the
resource, and pays that price.

It should be noted that open ascending bid auctions help bidders in early in the auction
process to recognize each other which gives rise to the possibility of collusion. On the other
hand, in closed (or sealed-bid) auctions, bids/strategies are not revealed to the bidders and
kept secret. Only the auctioneer knows the bids submitted by each participant and allocates
the resource accordingly. The two most commonly used closed auctions are [47]

• First-price (sealed-bid) auction: an auction in which each bidder submits its bid in a
sealed envelope simultaneously and the bidder with the highest bid wins the resource
and makes a payment equivalent to his/her own bid.
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• Second-price (sealed-bid) auction: an auction where each bidder submits its bid in a
sealed envelope simultaneously and the bidder with the highest bid wins the resource
and makes a payment equal to the second highest bid. This auction type is also known
as the Vickrey auction.

It is noteworthy that closed bid auctions do not promote collusion. Although the described
four auctions seem to be different at the outset, they can be shown to be equivalent under
certain conditions. More specifically, the Dutch open descending price auction is strategi-
cally equivalent to the first-price sealed-bid auction. When bidders have private values, the
English open ascending price auction is equivalent to the second-price sealed-bid auction.
Furthermore, William Vickrey, a Nobel laureate in Economics, proved that the English and
Dutch auctions yield the same expected revenue under the assumptions of risk-neutrality
and privately known values drawn from a common distribution [48].

The previously discussed auction types are used for auctioning a single unit. Auction
mechanisms and rules become more involved when multiple indistinguishable/identical units
of the same resource (also units of divisible resources) are auctioned off simultaneously.
Auctioning multiple indistinguishable units of a resource can be achieved in a closed auction
format either using the discriminatory auction, the uniform price auction, or the Vickrey
auction, which are detailed as follows.

• Discriminatory (or pay-as-bid) auction: auction in which each bidder pays an amount
equal to the sum of his/her bids that are deemed to be winning. This auction type is
the natural extension to the first-price sealed-bid auction (of a single unit resource).

• Uniform-price auction: auction where all the units are sold at a “market-clearing”
price such that the total amount demanded is equal to the total amount supplied. In
particular, at any price between the highest losing bid and the lowest winning bid, the
demand and supply are equal [47]. The uniform-price auction is the natural extension
of the second-price auction for the multi-unit case.

• Vickrey auction: auction in which the bidder who wins a number of units (say k),
pays the k highest losing bids of the other bids. Therefore, for a bidder to win the
kth unit, its kth highest bid must defeat the kth lowest competing bid. Similar to the
uniform-price auction, the Vickrey auction also reduces to a second-price sealed-bid
auction for a single unit.

There are several open auction types for the multi-unit case:

• Multi-unit Dutch auction: this auction type is similar to its single unit counterpart
in that the price is gradually lowered until a bidder indicates that he/she is willing to
buy a unit at the current price and the process continues until all the units have been
sold. It can be shown that the multi-unit Dutch auction is outcome-equivalent but not
strategically-equivalent to the discriminatory auction.
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• Multi-unit English auction: auction in which the auctioneer starts with a low price and
then gradually raises it. As the price rises, bidders reduce the number of demanded
units until the market clears and all the units are sold at the market-clearing price.

• Ausubel auction: auction type that is like the English auction as the auctioneer starts
with a low price which is gradually raised [49]. Each bidder indicates its demand at the
current price and the quantity demanded is reduced as the price rises. In particular,
each unit of demand is thought of as a “claim” on that unit. When the price is low, the
number of claimed units exceeds the total number of units available, so no units are
awarded. As the price increases, the total number of units claimed decreases until the
number of units claimed by other bidders is less than the supply. In this case, a bidder
is said to have “clinched” a unit, irrespective of what happens later in the auction, as
there is at least one unit that is not claimed by the other bidders [49]. The Ausubel
auction is an alternative ascending-price auction type that is outcome-equivalent to
the Vickrey auction.

When auctioning multiple items that are distinguishable, such items can be sold as bundles
or packages instead of individual units of a resource. This is achieved using combinatorial
auctions in which each bidder submits bids for groups of units of different resources and the
auctioneer allocates the units such that the aggregate total of their values to the bidders are
maximized. In turn, each bidder who wins a subset of the available items from the different
resources pays the opportunity cost imposed on the other bidders [50].

1.3.3 Coalitional Games

Coalitional games are a fundamental class of cooperative games, which are used to model
coalition formation, resource allocation and decision making within the domain of game
theory and social choice. In coalitional games, players may act together—possibly sharing
some cost—and form coalitions in order to accomplish a joint task. Also, they may act
together to achieve their private goals. The players are still selfish in the sense that they
will cooperate only if it benefits them. In coalitional games, a basic question is to determine
which coalition structures are stable in the sense that no player or coalition has incentive to
deviate. The importance of this question lies in the fact that the stable coalition structures
are those that will be formed in the course of the cooperation. Moreover, for a set S of N
players, the coalition value, denoted as υ(C), quantifies the utility or worth of a coalition C
in a game. In turn, any coalitional game can be uniquely defined by the pair (S, υ) and a
coalition value can take a characteristic, partition or graph form [51]. In the characteristic
form, the value of a coalition C ⊆ S is independent of the coalitions formed among the
players outside of C (i.e. it solely depends on the members of coalition C and not in S \C).
A game in partition form is one where for any coalition C ⊆ S, the coalition value depends
not only on the members of C but also on the coalitions formed by the members in S \ C
[52]. On the other hand, games in graph form are concerned with the connection between
the players—through a graph structure—in the coalitions, which in turn affects the value of
the game [53].
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For some games, outcomes can be specified in terms of a utility that a coalition can
achieve. Depending on how the value of a coalition is mapped into payoffs, a coalitional
game can be either with transferable utility (TU) or with non-transferable utility (NTU). In
coalitional games with transferable utility, the total value of a coalition C can be arbitrarily
divided among its members according to some division scheme, while in NTU games, the
division of the coalition value is restricted as the payoff each user in a coalition C receives
is dependent on the joint actions of the players in C. Also, each payoff division scheme in a
TU game can be interpreted as an action in the NTU game. Thus, a TU game can be seen
as a special case of the NTU game. Moreover, if υ(C∪C ′) ≥ υ(C)+υ(C ′) for all C∩C ′ = φ,
then the game is called superadditive (i.e. the formation of a large coalition out of disjoint
coalitions guarantees at least the value that is obtained by the disjoint coalitions separately).
In such a game, cooperation is always beneficial and forming the grand coalition is mutually
beneficial to all the players. In such a case, finding a coalition structure that yields the
maximal social welfare is trivial. If superadditivity does not hold, the grand coalition may
seldom form and the resulting coalition structure is not necessarily optimal [54].

In general, for a coalition game with N players, there are 2N−1 coalitions (i.e. exponential
in the number of players). In addition, the number of coalition structures that can be
obtained by partitioning the set of N players into non-empty subsets corresponds to the Bell
number [55]. For example, a coalition game with N = 8 players has 4140 possible coalition
structures. In turn, finding stable outcomes among all possible outcomes of a coalitional
game is a challenging combinatorial task. Furthermore, the limited execution times and
computational complexity may prevent the ability to find stable/optimal solutions. Hence,
the design of distributed resource allocation algorithms in wireless networks must incentivize
nodes to form coalitions that result in maximum benefits, maintain such coalitions, and also
pose good tradeoff between optimally and complexity.

1.4 Motivating Example 1: Network Coding

In this section, a motivating example of an amplify-and-forward relay network with
and without wireless network coding is presented. The aim of this example is to illus-
trate the achievable rate improvement with wireless network coding when compared with
conventional—without network coding—amplify-and-forward relay networks.

1.4.1 Network Model

Consider a network of two source nodes and a relay node, denoted as S1, S2 and R,
respectively. In particular, consider the case where source node Sj for j ∈ {1, 2} wishes to
communicate its data symbol xj to the destination D through the intermediate relay (as
shown in Fig. 1.2). Data transmission between the source nodes and the destination is
performed in a TDMA fashion and consists of two phases: (1) the broadcasting phase, and
(2) the cooperation phase.
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Figure 1.2: Amplify-and-Forward Relay Network Models

Broadcasting Phase

In the broadcasting phase, source node Sj broadcasts its symbol and the signals received
at the relay node and the destination are given by

yj,r =
√

PBjhj,rxj + nj,r, (1.1)

and

yj,d =
√

PBjhj,dxj + nj,d, (1.2)

respectively, where PBj
is node Sj’s broadcast transmit power and nj,r and nj,d are the zero-

mean additive white Gaussian noise (AWGN) samples with variance N0 at relay node R
and destination D, respectively. Moreover, hj,r and hj,d are the statistically independent
channel fading coefficients between node Sj and nodes R and D, respectively. In total, the
broadcasting phase is performed over two time-slots.

Cooperation Phase

The signal analysis under the two amplify-and-forward relay network models illustrated
in Fig. 1.2 are detailed as follows.

• Conventional Amplify-and-Forward (C-AF): Under this cooperative scheme, the co-
operation phase is performed over two time-slots, where in time-slot T2+j the relay
forwards source node Sj’s signal, for j ∈ {1, 2}. The received signal at the destination
corresponding to each source node Sj is expressed as

yj,r,d = Xjhr,d + nj,r,d, (1.3)

where Xj = βj,ryj,r and
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βj,r =

√
PCj

PBj |hj,r|2 +N0
, (1.4)

with PCj
being the cooperative transmit power to relay symbol xj. The total power

constraint P for each source node Sj is given by P = PBj
+ PCj

, where PBj
= δBj

P
such that 0 < δBj

≤ 1. Moreover PCj = δCjP with δCj
= 1− δBj

.

The destination performs a maximum-ratio-combining (MRC) operation on the
received signals as follows

yj = αj,dyr,d + αj,r,dyj,r,d (1.5)

where

αj,d =

√
PBjh

∗
j,d

N0
and αj,r,d =

βj,r
√

PBjh
∗
j,rh

∗
r,d

(β2
j,r + 1)N0

, (1.6)

with (·)∗ denoting complex conjugation. Hence, the SNR at the output of the MRC is
written as

γj = γj,d + γj,r,d (1.7)

where γj,d = PBj
|hj,d|2/N0 and

γj,r,d =
1

N0

PBjPCj |hj,r|2|hr,d|2
PBj |hj,r|2 + PCj |hr,d|2 +N0

. (1.8)

The channel coefficients hj,d, hj,r and hr,d, ∀j ∈ {1, 2} are modeled as zero-mean com-
plex Gaussian random variables with variances σ2

j,d, σ
2
j,r and σ2

r,d, respectively.

The cooperative diversity is rigorously defined as the rate of decay of the symbol
error rate (SER) PSER with the SNR on a log-log scale as [56] [57]

Γ = − lim
SNR→∞

logPSER

logSNR
, (1.9)

where SNR = P/N0. At high enough SNR, the SER of M-ary phase shift keying
(M-PSK) signals can be approximated as [56]

PC−AF
SER �

(
N0

P

)2 Θ(2)

δBjσ
2
j,db

2
psk

δBjσ
2
j,r + δCjσ

2
r,d

δBjδCjσ
2
j,rσ

2
r,d

, (1.10)

where bpsk = sin2(π/M) and

Θ(2) =
1

π

∫ (M−1)π/M

0
(
(
sin2 θ)

)2
dθ. (1.11)
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Thus, it is clear from (1.10) that a full diversity order of Γ = 2 is achieved. Finally,
since four time-slots are required under this cooperative scheme, the achievable rate of
node Sj at the destination is given by

1

RC−AF
j,d =

1

4
log2

(
1 +

PBj |hj,d|2
N0

+
PBjPCj |hj,r|2|hr,d|2

N0(PBj |hj,r|2 + PCj |hr,d|2 +N0)

)
. (1.12)

• Amplify-and-Forward with Wireless Network Coding (AF-WNC): Under this scheme,
the relay node forms a linear network code X from the received signals in the broad-
casting phase in the form of

X (t) =
2∑

i=1

βi,ryi,rci(t), (1.13)

where yi,r and βi,r are defined in (1.1) and (1.4), respectively. Moreover, ci(t) is
the signature waveform assigned to source node Si which is assumed to be known
by the destination. The cross-correlation of ci(t) and cj(t) is ρi,j = 〈ci(t), cj(t)〉 �
(1/T )

∫ T

0
ci(t)c

∗
j(t)dt for i �= j with ρj,j = 1 and T is the symbol duration. The re-

ceived signal at the destination is given by

Yr,d(t) = hr,dX (t) + nr,d(t), (1.14)

where nr,d is the AWGN noise sample at the destination. The received signal at the
destination is passed through a matched filter bank and the output is given by

Yr,d = 〈Yr,d(t), cj(t)〉 =
2∑

i=1

βi,r
√

PBihi,rhr,dxiρi,j + nj,r,d. (1.15)

Without loss of generality, it is assumed that ρi,j = ρ for i �= j. Hence, the destination
performs multi-source signal detection and the decorrelated signal can be shown to be

Ỹj,r,d = βj,r

√
PBjhj,rhr,dxj + ñj,r,d (1.16)

where ñj,r,d ∼ CN (0, N0�2(β
2
j,r|hr,d|2+1)) and �2 =

1
1−ρ2 is the decorrelation coefficient.

Following the signal analysis in (1.5 - 1.8), the SER at high SNR is approximated as

PAF−WNC
SER �

(
N0

P

)2 
2Θ(2)

δBjσ
2
j,db

2
psk

δBjσ
2
j,r + δCjσ

2
r,d

δBjδCjσ
2
j,rσ

2
r,d

. (1.17)

Clearly, a diversity order of two is also achieved for the AF-WNC scheme. Now, since
only three time-slots are required under the AF-WNC scheme, the achievable rate is

1The maximum achievable rate (capacity) in bits/s is given by C = W log2

(
1 + P |h|2

N0W

)
, where h is

the channel fading coefficient and W is the network bandwidth. In this dissertation, network bandwidth
is normalized, leading to normalized achievable rate of R = log2

(
1 + P |h|2/N0

)
which has the units of

bits/s/Hz.
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RAF−WNC
j,d =

1

3
log2

(
1 +

PBj |hj,d|2
N0

+
PBjPCj |hj,r|2|hr,d|2

N0
2(PBj |hj,r|2 + PCj |hr,d|2 +N0)

)
. (1.18)

Comparing (1.12) and (1.18), it is clear that the AF-WNC network scheme achieves a
higher rate than the C-AF scheme at the expense of a degradation of at most 10 log10 �2
dB which is due to decorrelation coefficient.

1.4.2 Performance Evaluation

In this subsection, the BPSK SER performance of the conventional amplify-and-forward
relay network and its counterpart relay network with wireless network coding is simulated and
evaluated. For simplicity, the total power P is equally allocated between the broadcasting
and cooperation phases as PBj

= PCj
= P/2, ∀j ∈ {1, 2}. In addition, the channel coefficients

are assumed to have unity variance (i.e. σ2
j,d = σ2

j,r = 1, ∀j ∈ {1, 2} and σ2
r,d = 1). Moreover,

under the AF-WNC scheme, the decorrelation coefficient is set to �2 = 1.6.
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Figure 1.3: BPSK SER Performance of the Multinode Amplify-and-Forward Relay Networks

In Fig. 1.3, it can be seen that the SER performance of the C-AF network scheme is
better than of the AF-WNC scheme by about 1 dB and this is attributed the noise decorre-
lation coefficient resulting from using non-orthogonal signature waveforms. In addition, the
theoretical upper-bound derivations happen to be asymptotic at high SNR for both schemes,
which confirms the diversity order of two. The achievable rate for the C-AF and AF-WNC
schemes is illustrated in Fig. 1.4. Clearly, the AF-WNC scheme results in a higher rate
than the C-AF scheme. In turn, the AF-WNC scheme offers a good tradeoff in terms of a
significant improvement in the achievable rate at the expense of a slight degradation in the
SER performance.
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Figure 1.4: Achievable Rate of the Multinode Amplify-and-Forward Relay Networks

In all, this example has illustrated the merit of using wireless network coding in relay net-
works which is particularly attractive for multinode cooperative communications to overcome
the problems of low bandwidth efficiency and large transmission delays.

1.5 Motivating Example 2: Coding and Diversity Gains

In this section, the impact of forward error correction (FEC) on the performance of relay
networks is considered in the form of convolutional coding. This is to verify the exploitable
coding gain in addition to cooperative diversity gain.

Figure 1.5: Coded OFDM System Model: (a) Source Transmission, (b) Relay Reception and
Transmission, and (c) Destination Reception

1.5.1 System Model and Operation

The system model is based on an orthogonal frequency division multiplexing (OFDM)
dual-hop amplify-and-forward relay network with a source node S, a half-duplex relay node
R and a destination node D, all equipped with a single antenna [58] [59]. Perfect timing and
frequency synchronization between all the communicating nodes is assumed.

The operation of the cooperative OFDM-based relay network is as follows [60]. In the
broadcasting phase, the source node transmits its data in blocks of sizeNd, which are received
by both the relay and the destination. In the cooperation phase, the relay forwards its
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received signal to the destination which maximum-ratio-combines and recovers the sources’
symbols on each subcarrier from the signals received in both transmission phases.

At the source node, the binary data is first grouped and then convolutionally coded, typ-
ically with rate of 1/2, octal polynomials (171, 133), and a constraint length of 7 [61][62]. A
pseudorandom frequency interleaver is then employed such that adjacent subcarriers become
approximately uncorrelated after interleaving. The encoded-interleaved bits are modulated
into data symbols Xk for k = 0, 1, . . . , Ns, and then pilot symbols are inserted. After that,
inverse fast Fourier transform (IFFT) of size Ns is performed. A cyclic prefix of length NCP

(that is longer than the channel’s delay spread) is introduced so as to convert frequency-
selective fading at each subcarrier into frequency-flat fading. The source signal is then
transmitted through a wireless channel with additive white Gaussian noise. The channel
between any two nodes j and i is modeled as a multipath fading channel with L paths, as

hj,i(τ) =

L∑
l=1

αj,i(l)δ(τ − τl), (1.19)

where τl is the delay of the l
th path, δ(·) is the Dirac delta function, and αj,i(l) is the complex

amplitude of the lth path. Specifically, the αj,i(l)’s are modeled as zero-mean complex Gaus-
sian random variables and for simplicity, the channels are normalized such that the channel
variance is

∑L
l=1 αj,i(l) = 1.

In the cooperation phase, the received signal at the relay is amplified and forwarded to
the destination, where the cyclic prefix is removed from the received signal and then the fast
Fourier transform (FFT) is applied. The post-FFT signals on the kth subcarrier received
from the source and the relay nodes for k = 0, 1, . . . , Ns, are expressed as

Ys,k,d =
√

PBs,k
Hs,k,dXk +Ns,k,d, (1.20)

and

Yr,k,d = Hr,k,dBs,k,r

√
PBs,k

Hs,k,rXk +Hr,k,dBs,k,rNs,k,r +Nr,k,d

= Hr,k,dBs,k,r

√
PBs,k

Hs,k,rXk + N̄r,k,d,
(1.21)

where N̄r,k,d = Hr,k,dBs,k,rNs,k,r+Nr,k,d. In addition, Hs,k,d, Hs,k,r, and Hr,k,d are the frequency
domain channel coefficients of the S −D, S −R and R−D links, respectively. Also, Ns,k,d,
Ns,k,r, and Nr,k,d are the zero-mean complex AWGN samples with variance N0. Moreover,

Bs,k,r =

√
PCs,k

PBs,k
|Hs,k,r|2+N0

is a normalization factor with PBs,k
and PCs,k

being the broadcast-

ing and cooperative powers allocated at the kth subcarrier, respectively. The known pilot
symbols are then extracted and channel estimation is performed2. After that, the maximum-
ratio-combined signal is demodulated and then deinterleaved. Finally, the destination uses
a soft-decision Viterbi decoder for error correction and outputs binary data [63].

2It is assumed that the relay and destination nodes have perfect channel knowledge.
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1.5.2 Simulation Results

The following simulation illustrates a SER performance comparison between coded and
uncoded OFDM-based systems with direct and cooperative transmissions. In particular,
BPSK modulation is employed along with the IEEE802.11g standard parameters. Accord-
ingly, a channel bandwidth of 20 MHz is used with a Ns = 64-point FFT size, a cyclic prefix
equivalent to 25% of the OFDM symbol duration (i.e. NCP = 16 samples) and a data symbol
duration of 50 ns3. The total power is equally split between the broadcasting and cooperation
phases (i.e. Ps,k = Pr,k with P = Ps,k + Pr,k being the transmitted power per source symbol
at the kth subcarrier). The incoming data consists of 128 bytes. The fading channel model
assumes a quasi-static exponentially decaying power delay profile with root mean square
(RMS) delay spread of τrms = 50 ns and L = 10 paths [64]. The path gains are zero-mean
complex Gaussian random variables, where all the paths are statistically independent and
the maximum delay spread of the channel is less than the cyclic prefix length.
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Figure 1.6: BPSK SER Performance of the OFDM-Based Single-Relay Networks

As can be seen in Fig. 1.6, the SER performance of the single-relay network for uncoded
OFDM significantly outperforms that of the direct transmission by about 10 dB at SER
of 10−4. This is due to the diversity gain achievable through cooperation. Obviously, the
performance of the coded OFDM system for direct transmission is better than that of the
uncoded system. In addition, the coded OFDM-based single-relay network outperforms that
of direct transmission by about 4 dB at SER of 10−4. Clearly, the diversity gain under the
coded system is less than that of its uncoded counterpart. By comparing the performance
of the uncoded direct transmission with the coded single-relay network, coding and diversity
gains result in a saving of about 20 dB for a SER of 10−4. This establishes the significance
of exploiting cooperative diversity gains in addition to coding gains.

3All the Ns subcarriers are utilized for data transmission.
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1.6 Dissertation Outline

In this section, the contents of each chapter are outlined.

• Bi-Directional Relaying (Chapter 2):
In this chapter, a comparative performance analysis of network-coded multi-relay bi-
directional amplify-and-forward (BD-AF) networks is presented. In such networks,
communication is performed over two phases, the broadcasting phase and the coop-
eration phase. In the broadcasting phase, both source nodes broadcast their signals
simultaneously to the N intermediate relay nodes, while in the cooperation phase,
transmission is based on one of two modes: (1) time-division (TD), and (2) multiple-
access (MA). In the TD-BD-AF scheme, each relay node is allocated a time-slot to
transmit its processed signal, while in the MA-BD-AF scheme, all the N relay nodes
simultaneously transmit linearly coded signals to both source nodes, in a single time-
slot. Moreover, a suboptimal relay selection (i.e. SRS-BD-AF) that approximately
maximizes the sum-of-rates is proposed such that only one relay out of the N relays
transmits its network-coded signal to both source nodes. Optimal and suboptimal
sum-of-rates maximizing power allocations are studied under the TD-BD-AF and MA-
BD-AF schemes, respectively, where it is shown that the MA-BD-AF scheme reduces
to the SRS-BD-AF scheme. Symbol error rate performance analysis is provided, where
it is shown that both the TD-BD-AF and SRS-BD-AF schemes achieve full diversity.
Imperfect timing synchronization is analyzed and it is demonstrated that the SRS-BD-
AF outperforms the other schemes in terms of the achievable rate. Simulation results
are provided to complement the theoretical analysis.

• Space-Time Network Coding (Chapter 3):
Chapter 3 treats the multinode amplify-and-forward cooperative communications via
the novel concept of many-to-many space-time network coding (M2M-STNC) for a
network of N nodes. The communication under the M2M-STNC scheme is split into
two phases: (1) the broadcasting phase, in which each node in its allocated time-slot
broadcasts its data symbol to all the other nodes in the network, and (2) the coop-
eration phase in which simultaneous transmissions from N − 1 nodes to a destination
node take place in every time-slot. To improve the achievable sum-rate of each node,
optimal power allocation is proposed. Moreover, the M2M-STNC scheme with optimal
node selection (i.e. M2M-STNC-ONS) is proposed where the optimal node is selected
based on the maximum harmonic mean value of the source, intermediate, and destina-
tion nodes’ scaled instantaneous channel gains. Theoretical symbol-error-rate analysis
for M-ary phase shift keying (M-PSK) modulation is derived for both the M2M-STNC
and M2M-STNC-ONS schemes. In addition, the effect of timing synchronization errors
and imperfect channel state information on the SER performance and achievable rate
is also analytically studied. It is shown that the proposed M2M-STNC-ONS scheme
outperforms its counterpart scheme in terms of the SER performance as well as the
total achievable rate.
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• Auction-Based Power Allocation for Single-Relay Cooperative Networks
(Chapter 4):
In this chapter, a distributed efficient power allocation game-theoretic framework in
ad-hoc wireless networks is proposed where multiple source nodes communicate with a
single destination node via a relay node. The distributed power allocation among the
source nodes is formulated as an ascending-clock auction. Specifically, two distributed
auction algorithms are proposed, namely the conventional ascending-clock auction (C-
ACA) and the alternative ascending-clock auction (A-ACA). Both the C-ACA and
A-ACA algorithms are proven to converge in a finite number of time-steps to the
optimal power allocation that maximizes the social welfare. In addition, the A-ACA
algorithm distributively enforces truthful power demands while the C-ACA algorithm
does not. Analytical and numerical results are presented to verify the convergence,
truth-telling, and social welfare maximization properties of the proposed algorithms.

• Auction-Based Power Allocation for Multi-Relay Cooperative Networks
(Chapter 5):
The multi-relay power allocation in cooperative wireless networks is considered in
Chapter 5. An ascending-clock auction is proposed to efficiently allocate coopera-
tive relay power among multiple source nodes in a distributed fashion. In particular,
each source node reports its power demand to each relay node based on the relays’
announced prices. It is proven that the proposed auction algorithm enforces truthful
power demands and converges in a finite number of time-steps to the unique Walrasian
Equilibrium allocation that maximizes the social welfare. Numerical results are pre-
sented to supplement the theoretical analysis and demonstrate the efficiency of the
proposed distributed relay power allocation algorithm.

• A Coalitional Game-Theoretic Analysis of Cooperative Networks
(Chapter 6):
In this Chapter, distributed altruistic coalition formation for decode-and-forward co-
operative relay networks is studied. The communication is performed over two phases,
the broadcasting phase and the cooperation phase. In the broadcasting phase, each
node broadcasts its signal in its time-slot, while in the cooperation phase, all the nodes
within their coalitions simultaneously relay each others’ signals. A distributed merge-
and-split algorithm is proposed to allow nodes to form coalitions and improve their
achievable sum-rate. Moreover, the impact of different power allocation criteria as well
as mobility on coalition formations is studied. The proposed algorithm is compared
with that of centralized control obtained and shown to yield a good tradeoff between
network sum-rate and computational complexity.

• Summary, Conclusions and Future Work (Chapter 7):
In Chapter 7, the research work of the dissertation is summarized along with the
contributions and publications. In addition, potential future research directions and
problems are discussed in this chapter.
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Bi-Directional Relaying

2.1 Introduction

As discussed in Chapter 1, cooperative relay networks have been studied extensively in
the wireless research literature in recent years due to their ability to combat fading and
increase network capacity [7] [56]. In a variety of applications in cooperative relay networks,
such as multi-hop networks [65] [66], two different source nodes—between which there is no
direct link—may need to exchange data through a set of intermediate relays. In turn, bi-
directional relaying combined with wireless network coding has recently attracted attention
in the wireless literature as a means to improve bandwidth efficiency and increase network
throughput (e.g. see [67, 68, 69] and references therein). In particular, the bi-directional
amplify-and-forward (BD-AF) communication is split into two phases: the broadcasting
phase and the cooperation phase. In the broadcasting phase, both source nodes simul-
taneously broadcast their information while in the cooperation phase, a single relay (or
multiple relays) retransmits a processed version of its received signal. In the wireless lit-
erature, several works considered single relay bi-directional transmission. For instance, the
authors in [32] demonstrated that two source nodes that wish to exchange information with
each other—and between which there is no direct link—can communicate through a sin-
gle amplify-and-forward relay node such that the received simultaneous transmissions from
both source nodes are combined and relayed over only two time-slots. In [70], analog network
coding with differential modulation for single relay bi-directional networks is proposed along
with bit error rate performance analysis.

For the multi-relay case, transmission in the cooperation phase takes one of two modes:
(1) time-division (TD) or (2) multiple-access (MA). Under the TD-BD-AF scheme, each re-
lay is assigned a time-slot to transmit its processed signal while in the MA-BD-AF scheme,
all the relays simultaneously transmit their signals over a single time-slot. Consequently,
the former scheme leads to bandwidth inefficiency while the latter scheme requires stringent
timing synchronization and/or beamforming between the distributed relay nodes, which are
practically challenging. To fully exploit diversity gains while achieving bandwidth efficiency

23
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in multi-relay bi-directional networks, relay selection and optimal power allocation are essen-
tial1. For example, a relay selection scheme that maximizes the worst received signal-to-noise
ratio (SNR) of the source nodes is proposed in [71]. Joint relay-selection and analog-network
coding using differential modulation is proposed in [72]. Specifically, a suboptimal min-max
symbol error rate (SER) criterion for relay selection is utilized. Different optimal distributed
beamforming criteria based on second-order convex cone programming are studied in [73],
where the authors consider the scenario of two source nodes—with no direct link between
them—transmitting their information simultaneously to a set of relays which amplify-and-
forward their received signals over a total of 2 time-slots. In [74], an optimal joint relay
selection and power allocation scheme to achieve SNR balancing and rate fairness between
the source nodes is proposed. The previous works and most of the literature on bi-directional
relaying assume perfect timing synchronization in either source broadcasting and/or relay
cooperation phases [72, 73, 74, 75, 76]. Such stringent requirement is practically prohibitive
and thus should not be overlooked when evaluating the performance of such networks.

The discussed research studies motivate and shed light on the significance of relay selec-
tion (RS) in multi-relay bi-directional networks—with N relay nodes deployed between the
two source nodes—without further degrading network throughput. In this chapter, a subop-
timal relay selection scheme that requires only two time-slots and approximately maximizes
the sum-of-rates between the two source nodes is proposed and denoted as suboptimal-relay-
selection bi-directional amplify-and-forward (SRS-BD-AF). The proposed scheme is com-
pared with the TD-BD-AF and MA-BD-AF schemes which require a total of N +1 and two
time-slots, respectively, in terms of the SER and achievable rate performance. Sum-of-rates
maximizing optimal and suboptimal power allocations are studied under the TD-BD-AF and
MA-BD-AF schemes, respectively, where the MA-BD-AF scheme under suboptimal power
allocation is shown to reduce to the SRS-BD-AF scheme. Furthermore, a symbol error rate
analysis for M-ary phase shift keying (M-PSK) modulation of the different bi-directional
relaying schemes is also presented, and the TD-BD-AF and SRS-BD-AF schemes are proven
to achieve full diversity. Imperfect timing synchronization is also analyzed and it is shown
that the SRS-BD-AF scheme outperforms the other two schemes in terms of the achievable
rate. To the best of the author’s knowledge, there is no research analyzing the SER perfor-
mance and achievable rate of the sum-of-rates maximizing relay selection under perfect and
imperfect timing synchronization due to its mathematically intractability.

In the remainder of this chapter, the network models of the different bi-directional relaying
schemes are presented in Section 2.2 while the approximate probability of relay selection
is theoretically analyzed in Section 2.3. The SER performance analysis of the different bi-
directional schemes is presented in Section 2.4 while the sum-of-rates maximizing relay power
allocation is formulated in Section 2.5. The timing synchronization analysis is discussed in
Section 2.6 while the simulation results and performance comparisons are presented in Section
2.7. The chapter conclusions and final remarks are outlined in Section 2.8.

1Relay selection in conventional “unidirectional” relay networks for single and multi-relay networks has
extensively been studied in the wireless literature (e.g. see [24] and [26]).
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2.2 Network Models

The amplify-and-forward bi-directional network models assume two source nodes S1 and
S2 exchange information with each other through a set of N ≥ 2 relay nodes Rk (for k ∈
{1, 2, . . . , N}) deployed in between. Moreover, half-duplex single antenna nodes and no
direct link between the two source nodes are assumed. The channel fading coefficients
hsj ,rk between source node Sj for j ∈ {1, 2} and relay node Rk are modeled as hsj ,rk ∼
CN (0, σ2

sj ,rk
). In addition, σ2

sj ,rk
= d−νsj ,rk

is the channel variance with dsj ,rk being the distance
between source node Sj and relay node Rk, and ν is the path-loss exponent. Perfect channel
estimation is assumed at every source and relay node, and both the forward hsj ,rk and
backward hrk,sj channel fading coefficients are reciprocal (i.e. hsj ,rk = hrk,sj), as in time
division duplexing (TDD) systems. It should also be noted that the channel gain squared
|hsj ,rk |2, ∀j ∈ {1, 2}, ∀k ∈ {1, 2, . . . , N} is an exponential random variable with rate 1/σ2

sj ,rk
.

The communication between the two source nodes under the different network models
is performed in a TDMA fashion over two phases, namely the broadcasting phase and the
cooperation phase, as detailed in the following subsections.

2.2.1 TD-BD-AF

The time-division bi-directional amplify-and-forward (TD-BD-AF) multi-relay network
model is illustrated in Fig. 2.1.

Figure 2.1: Time-Division Bi-Directional Amplify-and-Forward Network Model

Broadcasting Phase

In the broadcasting phase, both source node S1 and source node S2 broadcast their
symbols simultaneously to the N relay nodes in between. For source separation at each relay
node, each transmitted signal by each source node Sj for j ∈ {1, 2} is spread using a signature
waveform cj(t), where it is assumed that each relay node knows the signature waveforms of
the two source nodes. Also, the cross-correlation of ci(t) and cj(t) is ρi,j = 〈ci(t), cj(t)〉 �
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(1/Ts)
∫ Ts

0
ci(t)c

∗
j(t)dt for i �= j with ρj,j = 1 and Ts being the symbol duration. Assuming

perfect timing synchronization, relay node Rk for k ∈ {1, 2, . . . , N} receives a signal yrk(t),
which contains both symbols from both source nodes as follows

yrk(t) =
√

Ps1hs1,rkx1c1(t) +
√

Ps2hs2,rkx2c2(t) + nrk(t), (2.1)

where x1 and x2 are the transmitted data symbols from source nodes S1 and S2, respectively.
Moreover, nrk(t) is the additive noise process at relay node Rk which is modeled as a zero-
mean complex Gaussian random variable with variance N0. In addition, Ps1 and Ps2 are the
transmit powers at source nodes S1 and S2, respectively. The received signal at relay node
Rk is passed through a matched filter bank (MFB) of two branches, giving

Yrk,sj = 〈yrk(t), cj(t)〉 =
2∑

i=1

√
Psihsi,rkxiρi,j + nrk,sj . (2.2)

The output of the MFB can be expressed in vector form as follows

YYYrk = RRRAAArkxxx+nnnrk , (2.3)

where YYYrk = [Yrk,s1 ,Yrk,s2 ]
T , xxx = [x1, x2]

T , nnnrk = [nrk,s1 , nrk,s2 ]
T ∼ CN (0, N0RRR). Moreover,

RRR, and AAArk are 2× 2 matrices with RRR being defined as

RRR =

[
1 ρ1,2

ρ2,1 1

]
, (2.4)

and matrix AAArk is expressed as

AAArk =

[√
Ps1hs1,rk 0

0
√

Ps2hs2,rk

]
. (2.5)

The received signal vector YYYrk is then decorrelated (assuming matrix RRR is nonsingular) as

Ȳ̄ȲYrk = RRR−1YYYrk = AAArkxxx+ n̄̄n̄nrk , (2.6)

where n̄̄n̄nrk = RRR−1nnnrk and n̄̄n̄nrk ∼ CN (0, N0RRR
−1). Hence, the decorrelated received signal

corresponding to symbol xj for j ∈ {1, 2} is expressed as

Ȳrk,sj =
√

Psjhsj ,rkxj + n̄rk,sj , (2.7)

where n̄rk,sj ∼ CN (0, N0�j) and �j is the j
th diagonal element of matrix RRR−1. Without loss

of generality, it is assumed that ρ1,2 = ρ2,1 = ρ. Thus, �j =
1

1−ρ2 � �, ∀j ∈ {1, 2}.

Cooperation Phase

In the cooperation phase, relay node Rk forms a linear combination Xrk(t) of its decor-
related signals and broadcasts it in its assigned time-slot. Particularly, Xrk(t) is written as

Xrk(t) =

2∑
i=1

βrk,siȲrk,sici(t), (2.8)
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where βrk,si is the normalization factor, given by

βrk,si =

√
1

Psi |hsi,rk |2 +N0

. (2.9)

Without loss of generality and due to the symmetry of the bi-directional transmission,
the received signal at source node S1 will be analyzed. Thus, the received signal at source
node S1 transmitted by relay node Rk is written as

ys1,rk(t) =
√

Prkhs1,rkXrk(t) + ws1,rk(t), (2.10)

where Prk is relay Rk’s transmit power while ws1,rk(t) is the zero-mean additive noise process
with variance N0 at source node S1 due to relay node Rk’s transmission. As before, the
received signal is passed through the MFB, yielding

Ys1,rk,sj = 〈ys1,rk(t), cj(t)〉 =
√

Prkhs1,rk

2∑
i=1

βrk,siȲrk,siρi,j + ws1,rk,sj . (2.11)

The received signal in vector form is expressed as

YYY s1,rk = RRRBBBs1,rkȲ̄ȲYrk +wwws1,rk , (2.12)

where Ȳ̄ȲYrk =
[
Ȳrk,s1 , Ȳrk,s2

]T
, YYY s1,rk = [Ys1,rk,s1 , Ys1,rk,s2 ]

T , wwws1,rk = [ws1,rk,s1 , ws1,rk,s2 ]
T ∼

CN (0, N0RRR), and BBBs1,rk =
√

Prkhs1,rkBBBrk . Also, the 2× 2 diagonal matrix BBBrk is defined as

BBBrk =

[
βrk,s1 0
0 βrk,s2

]
. (2.13)

The received signal is decorrelated as Ȳ̄ȲY s1,rk = RRR−1YYY s1,rk , where Ȳ̄ȲY s1,rk =
[
Ȳs1,rk,s1 , Ȳs1,rk,s2

]T
.

Hence, the signal corresponding to symbol x2 at the output of the MFB is expressed as

Ȳs1,rk,s2 =
√

Prkhs1,rkβrk,s2Ȳrk,s2 + w̄s1,rk,s2 , (2.14)

where w̄s1,rk,s2 ∼ CN (0, N0�). Substituting (2.7) into (2.14) yields

Ȳs1,rk,s2 =
√

PrkPs2hs1,rkhs2,rkβrk,s2x2 + ηs1,rk,s2 , (2.15)

where ηs1,rk,s2 =
√

Prkhs1,rkβrk,s2n̄rk,s2 + w̄s1,rk,s2 is the equivalent noise term and ηs1,rk,s2 ∼
CN (0, (Prk |hs1,rk |2β2

rk,s2
+ 1)N0
). By applying a matched filter to its received decorrelated

signal Ȳs1,rk,s2 , the instantaneous SNR value γrk,s2 of the received signal Ȳs1,rk,s2 is given by

γrk,s2 =
1

N0


Ps2Prk |hs1,rk |2|hs2,rk |2
Prk |hs1,rk |2 + Ps2 |hs2,rk |2 +N0


, (2.16)

which at high SNR can be tightly upper-bounded as [77]

γ̄rk,s2 ≈
1

N0


Ps2Prk |hs1,rk |2|hs2,rk |2
Prk |hs1,rk |2 + Ps2 |hs2,rk |2

. (2.17)
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which is easily shown to be the scaled harmonic mean of two exponential random variables2

Xs2,rk =
Ps2 |hs2,rk |2

N0

and Xrk,s1 =

Prk |hs1,rk |2
N0


, (2.18)

with rates λs2,rk = N0�/(Ps2σ
2
s2,rk

), λrk,s1 = N0�/(Prkσ
2
s1,rk

), respectively. Similarly, the
upper-bounded instantaneous SNR at source node S2 due to relay node Rk’s transmission is

γ̄rk,s1 ≈
1

N0


Ps1Prk |hs1,rk |2|hs2,rk |2
Ps1 |hs1,rk |2 + Prk |hs2,rk |2

, (2.19)

which is the scaled harmonic mean of

Xs1,rk =
Ps1 |hs1,rk |2

N0

and Xrk,s2 =

Prk |hs2,rk |2
N0


. (2.20)

Based on the above system description, all N relay nodes participate in the transmission
of signals between the two source nodes, resulting in a cumulative SNR at source node S1 of

γs2 =

N∑
k=1

γrk,s2 =

N∑
k=1

1

N0


Ps2Prk |hs1,rk |2|hs2,rk |2
Prk |hs1,rk |2 + Ps2 |hs2,rk |2 +N0


. (2.21)

Since each relay node is allocated a dedicated time-slot, this scheme requires a total of N +1
time-slots. Thus, the achievable transmission rate of source node S2 is

RTD-BD-AF
s2 (γs2) =

1

N + 1
log2

(
1 +

N∑
k=1

1

N0


Ps2Prk |hs1,rk |2|hs2,rk |2
Prk |hs1,rk |2 + Ps2 |hs2,rk |2 +N0


)
. (2.22)

It should be noted that the total transmit power constraint P is set to P = PS + PR,
where PS = Ps1 +Ps2 = δSP is the total source nodes transmit power with 0 < δS ≤ 1 being
the source nodes power allocation factor. Furthermore, Psj = δsjδSP where 0 < δsj ≤ 1
for j ∈ {1, 2} is source node Sj’s power allocation factor, and δs1 + δs2 = 1. Similarly,

PR =
∑N

k=1 Prk = δRP is the total relay transmit power and 0 ≤ δR < 1 is the relay power
allocation factor. Also, Prk = δrkδRP , where 0 ≤ δrk ≤ 1 for k ∈ {1, 2, . . . , N} is relay node
Rk’s power allocation factor, and

∑N
k=1 δrk = 1.

2.2.2 MA-BD-AF

To overcome the bandwidth inefficiency of the TD-BD-AF scheme, the MA-BD-AF
scheme is considered, as shown in Fig. 2.2. As in the TD-BD-AF scheme, both source nodes
simultaneously transmit their symbols in the broadcasting phase. However, in the coopera-
tion phase, all the N relay nodes—assuming perfect timing synchronization—simultaneously
broadcast their signals Xrk(t) to both source nodes in the same time-slot. The received signal
at source node S1 is written as

2The scaled harmonic mean of two random variables X1 and X2 is given by Z = X1X2

X1+X2
.
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Figure 2.2: Multiple-Access Bi-Directional Amplify-and-Forward Network Model

ys1(t) =

N∑
k=1

√
Prkhs1,rkXrk(t) + ws1(t), (2.23)

which is when cross-correlated with signature waveform cj(t) yields

Ys1,sj = 〈ys1(t), cj(t)〉 =
N∑
k=1

√
Prkhs1,rk

2∑
i=1

βrk,siȲrk,siρi,j + ws1,sj . (2.24)

In vector form, the received signal at the output of the MFB is shown to be

YYY s1 = RRR

(
N∑
k=1

BBBs1,rkȲ̄ȲYrk

)
+wwws1 , (2.25)

where YYY s1 = [Ys1,s1 , Ys1,s2 ]
T and wwws1 = [ws1,s1 , ws1,s2 ]

T ∼ CN (0, N0RRR), while Ȳ̄ȲYrk is defined
in (2.6). Following similar steps to those in the previous section, the decorrelated received
signal corresponding to symbol x2 at the output of the MFB is obtained as

Ȳs1,s2 =

N∑
k=1

√
Prkhs1,rkβrk,s2Ȳrk,s2 + w̄s1,s2 , (2.26)

where w̄s1,s2 ∼ CN (0, N0�). As before, the decorrelated signal at S1 is further expanded as

Ȳs1,s2 =

N∑
k=1

(√
PrkPs2hs1,rkhs2,rkβrk,s2

)
x2 + ηs1,s2 , (2.27)

where ηs1,s2 =
∑N

k=1

√
Prkhs1,rkβrk,s2n̄rk,s2 + w̄s1,s2 is the total zero-mean noise term with

variance (
∑N

k=1 Prk |hs1,rk |2β2
rk,s2

+1)N0�. When Ȳs1,s2 is passed through a matched-filter, the
instantaneous SNR is obtained as

γs2 =
Ps2

(∑N
k=1

Prk
|hs1,rk

|2|hs2,rk
|2

Ps2 |hs2,rk
|2+N0�

)
N0


(
1 +

∑N
k=1

Prk
|hs1,rk

|2
Ps2 |hs2,rk

|2+N0�

) . (2.28)
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Notice in (2.28) that the MA-BD-AF scheme is degraded by noise amplification due to the
simultaneous transmissions of the N relay nodes. Since only two time-slots are required
for symbols exchange between source nodes S1 and S2, the achievable transmission rate of
source S2 is given by [28]

RMA-BD-AF
s2 (γs2) =

1

2
log2

⎛
⎜⎝1 + Ps2

(∑N
k=1

Prk
|hs1,rk

|2|hs2,rk
|2

Ps2 |hs2,rk
|2+N0�

)
N0


(
1 +

∑N
k=1

Prk
|hs1,rk

|2
Ps2 |hs2,rk

|2+N0�

)
⎞
⎟⎠ . (2.29)

In comparison with the TD-BD-AF scheme, the MA-BD-AF scheme poses a tradeoff
between the improvement in the number of time-slots (i.e. bandwidth utilization) and the
degradation in the received SNR due to the noise amplification, in addition to the stringent
timing synchronization requirement, as will be studied later in this chapter.

2.2.3 RS-BD-AF

Under this scheme (see Fig. 2.3), the broadcasting phase is identical to that of the TD-
BD-AF scheme. However, in the cooperation phase, a single relay node transmits its linearly
coded signal to both source nodes, based on one of the following criteria.

Figure 2.3: Relay Selection Bi-Directional Amplify-and-Forward Network Model

Optimal Relay Selection (ORS):

Under the ORS-BD-AF scheme, the relay node that maximizes the sum-of-rates of source
nodes S1 and S2—when it is allocated the total relay power PR = δRP—is selected for
bi-directional relaying. That is,

rors = arg max
k=1,2,...,N

{Rs1(γrk,s1) +Rs2(γrk,s2)}, (2.30)

where Rs1(γrk,s1) and Rs2(γrk,s2) are the achievable rates of nodes S1 and S2 due to relay
node Rk’s transmission. Such a scheme is analytically difficult to analyze [72][78].
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Suboptimal Relay Selection (SRS):

By noting that the log2(·) function is concave and strictly monotonically increasing in its
parameter, then by using the arithmetic-geometric means inequality, the sum-rate selection
metric in (2.30) at high SNR is tightly upper-bounded as [79]

1

2
log2 (1 + γrk,s1) +

1

2
log2 (1 + γrk,s2) � log2

(
1 +

1

2
(γrk,s1 + γrk,s2)

)
. (2.31)

The suboptimal relay selection metric is rsrs = argmaxk=1,2,...,N{log2
(
1 + 1

2(γrk,s1 + γrk,s2)
)
},

and due to the monotonicity of the log2(·) function, it is equivalent to

rsrs = arg max
k=1,2,...,N

{γrk,s1 + γrk,s2}. (2.32)

The achievable rate of source node S2 under the ORS-BD-AF and SRS-BD-AF schemes is

RRS-BD-AF
s2 (γrrs,s2)=

1

2
log2

(
1 +

1

N0


Ps2PR|hs1,rrs |2|hs2,rrs |2
PR|hs1,rrs |2 + Ps2 |hs2,rrs |2 +N0


)
. (2.33)

where γrrs,s2 = γrors,s2 under the former scheme and γrrs,s2 = γrsrs,s2 under the latter scheme.
In general, γrrs,s2 is the SNR of symbol x2 due to the transmission of the selected relay node.

Finally, for the case of N = 1, the MA-BD-AF, ORS-BD-AF and SRS-BD-AF schemes
reduce to the TD-BD-AF scheme.

2.3 Approximate Probability of Relay Selection

In this section, the approximate probability of selecting each relay node under the pro-
posed SRS-BD-AF scheme is determined analytically. Based on the suboptimal relay se-
lection scheme presented in Section 2.2.3, it is noted that the sum of the upper-bounded
instantaneous SNR values γ̄rk = γ̄rk,s1 + γ̄rk,s2 for k ∈ {1, 2, . . . , N} is the sum of two corre-
lated not necessarily identically distributed scaled harmonic mean random variables. Each
sum term γ̄rk is expressed as

γ̄rk = γ̄rk,s1 + γ̄rk,s2 =
Xs1,rkXrk,s2

Xs1,rk +Xrk,s2

+
Xs2,rkXrk,s1

Xs2,rk +Xrk,s1

, (2.34)

where the cumulative distribution function (CDF) of γ̄rk,s2 (and similarly of γ̄rk,s1) is given
by

Pγ̄rk,s2
(γ) = 1− 2γ

√
λs2,rkλrk,s1e

−γ(λs2,rk
+λrk,s1 )K1

(
2γ
√

λs2,rkλrk,s1

)
, (2.35)

where K1(·) is the first-order modified Bessel function of the second kind [80]. At high
SNR, K1(·) can be approximated for small enough x as K1(x) ≈ 1/x. Thus, the CDF at
high SNR is approximated as Pγ̃rk,s2

(γ) ≈ 1 − e−γ(λs2,rk
+λrk,s1) with the probability density

function (PDF) being defined as pγ̄rk,s2
(γ) = (λs2,rk + λrk,s1)e

−γ(λs2,rk
+λrk,s1 ). Notice that the

approximate CDF and PDF of γ̄rk,s2 pertain to an exponential random variable with rate
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λs2,rk,s1 � λs2,rk + λrk,s1 =

(
N0


P

)
δs2δSσ

2
s2,rk

+ δRσ
2
s1,rk

δs2δSδRσ
2
s1,rk

σ2
s2,rk

. (2.36)

Similarly, the rate of the exponential random variable γ̃rk,s1 is given by

λs1,rk,s2 � λs1,rk + λrk,s2 =

(
N0


P

)
δs1δSσ

2
s1,rk

+ δRσ
2
s2,rk

δs1δSδRσ
2
s1,rk

σ2
s2,rk

. (2.37)

Let ρ1,k,2 be the correlation coefficient between γ̄rk,s1 and γ̄rk,s2 , as determined by

ρ1,k,2 = ρ2,k,1 =
Cov(γ̄rk,s1 , γ̄rk,s2)√
Var(γ̄rk,s1)Var(γ̄rk,s2)

, 0 ≤ ρ1,k,2, ρ2,k,1 ≤ 1, (2.38)

where Cov(γ̄rk,s1 , γ̄rk,s2) is the covariance of γ̄rk,s1 and γ̄rk,s2 . The moment generating function
(MGF) of γ̄rk is given by [81]

Mγ̄rk
(s) =

(
1

1 + sχk,1

)(
1

1 + sχk,2

)
, (2.39)

where χk,1 and χk,2 are the eigenvalues of matrix Ak = DkCk, where matrix Dk is given by

Dk =

[
1/λs1,rk,s2 0

0 1/λs2,rk,s1

]
, (2.40)

while matrix Ck is given by

Ck =

[
1

√
ρ1,k,2√

ρ2,k,1 1

]
. (2.41)

It can be verified that the eigenvalues are given by

χk,1 =
λs1,rk,s2 + λs2,rk,s1

2λs1,rk,s2λs2,rk,s1

−
√(

λs1,rk,s2 + λs2,rk,s1

2λs1,rk,s2λs2,rk,s1

)2

− (1− ρ1,k,2)

λs1,rk,s2λs2,rk,s1

, (2.42a)

χk,2 =
λs1,rk,s2 + λs2,rk,s1

2λs1,rk,s2λs2,rk,s1

+

√(
λs1,rk,s2 + λs2,rk,s1

2λs1,rk,s2λs2,rk,s1

)2

− (1− ρ1,k,2)

λs1,rk,s2λs2,rk,s1

. (2.42b)

UsingMγ̄rk
(s) = sL{Pγ̄rk

}, the CDF of γ̄rk can be shown to be

Pγ̄rk
(γ) = 1− μk,1e

−γμk,2 − μk,2e
−γμk,1

μk,1 − μk,2
, γ ≥ 0, (2.43)

where γ̄rk(γ) is verified to be a hypo-exponential random variable of two exponential random
variables with rates μk,1 = 1/χk,1 and μk,2 = 1/χk,2 [82]. The PDF of γ̄rk is given by

pγ̄rk (γ) =
μk,1μk,2

μk,1 − μk,2

(
e−γμk,2 − e−γμk,1

)
, γ ≥ 0. (2.44)

For the case of N = 2 relay nodes, the probability that relay node Rk has a greater sum
SNR γ̄rk than node Rl for k, l ∈ {1, 2} and k �= l is determined as
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Pr [γ̄rl < γ̄rk ] =
μl,1μl,2

μl,1 − μl,2

∫ ∞

0

(
e−γμ2,l − e−γμ1,l

)
Pr (γ̄rl < γ̄rk |γ̄rl = γ) dγ

=

(
μl,1μl,2

μl,1 − μl,2

)(
μk,1μk,2

μk,1 − μk,2

)[ 2∑
i=1

(−1)i
μk,i

(
μl,1 − μl,2

(μk,i + μl,1)(μk,i + μl,2)

)]
.

(2.45)

In general, the probability that relay node Rl has the smallest SNR sum γ̄rl among the N
relay nodes is obtained as

Pr

[
γ̄rl = min

k=1,...,N
γ̄rk

]
=

N∏
k=1

(
μk,1μk,2

μk,1 − μk,2

)∫ ∞

0

(
e−γμl,2 − e−γμl,1

) N∏
k=1,k �=l

[
e−γμk,2

μk,2
− e−γμk,1

μk,1

]
dγ.

(2.46)

Thus, for N = 3, the approximate probability of relay node Rk to be selected is

Pr

[
γ̄rk = max

q=1,2,3
γ̄rq

]
= Pr

[
γ̄rk > γ̄rq > γ̄rl

]
+ Pr

[
γ̄rk > γ̄rl > γ̄rq

]
, (2.47)

for k, q, l ∈ {1, 2, 3}, and k �= q �= l. Also,

Pr
[
γ̄rk > γ̄rq > γ̄rl

]
= Pr

[
γ̄rk > γ̄rq |γ̄rl = min{γ̄rk , γ̄rq , γ̄rl}

]
· Pr

[
γ̄rl = min{γ̄rk , γ̄rq , γ̄rl}

]
= Pr

[
γ̄rk > γ̄rq

]
· Pr

[
γ̄rl = min{γ̄rk , γ̄rq , γ̄rl}

]
,

(2.48)

where Pr
[
γ̄rk > γ̄rq

]
and Pr

[
γ̄rl = min{γ̄rk , γ̄rq , γ̄rl}

]
are defined in (2.45) and (2.46), respec-

tively. Similarly,

Pr
[
γ̄rk > γ̄rl > γ̄rq

]
= Pr [γ̄rk > γ̄rl ] · Pr

[
γ̄rq = min{γ̄rk , γ̄rq , γ̄rl}

]
. (2.49)

For N ≥ 4, the approximate probability of optimal node selection can be determined recur-
sively as Pr

[
γ̄rk = maxq=1,2,...,N γ̄rq

]
for all the different inequality permutations. Notice that

the eigenvalues derived in (2.42) can be written as

χk,1 =

(
P

N0


)
(ψk − ζk) , (2.50a)

χk,2 =

(
P

N0


)
(ψk + ζk) . (2.50b)

where

ψk =
Φs1,rk,s2 +Φs2,rk,s1

2Φs1,rk,s2Φs2,rk,s1

, (2.51)

and

ζk =

√
ψ2
k −

(1− ρ1,k,2)

Φs1,rk,s2Φs2,rk,s1

. (2.52)
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It can be shown that

Pr [γ̄rl < γ̄rk ]=
1

ζk

[
ψk + ζk

(ψ2
l − ζ2l ) + 2ψl(ψk + ζk) + (ψk + ζk)2

+
ψk − ζk

(ψ2
l − ζ2l ) + 2ψl(ψk − ζk) + (ψk − ζk)2

]
,

(2.53)

which is independent of P/N0. The same result can be obtained for Pr [γ̄rl =mink=1,...,N γ̄rk ]

in (2.46) and thus for Pr
[
γ̄rk = maxq=1,2,...,N γ̄rq

]
, for N ≥ 3.

2.4 Symbol Error Rate Analysis

The SER of the M-PSK modulation conditional on the channel statistics is given by [83]

PSER|{h} =
1

π

∫ (M−1)π/M

0
exp

(
− bpskγ

sin2 θ

)
dθ, (2.54)

where bpsk = sin2(π/M) and γ is the SNR in terms of the channel coefficients. The moment
generating function of γ is determined using

Mγ(s) =

∫ ∞

−∞
e−sγpγ(γ) dγ, (2.55)

where pγ(γ) is the PDF of γ. Therefore, the SER performance is obtained as

PSER =
1

π

∫ (M−1)π/M

0
Mγ

(
bpsk

sin2 θ

)
dθ. (2.56)

2.4.1 TD-BD-AF Scheme

Approximate SER Performance

With the knowledge of the channel coefficients, source node S1 combines all the received
signals from each relay node with maximal-ratio-combining (MRC). Thus, the approximate
instantaneous SNR at the output of the MRC detector at source node S1 corresponding to
symbol x2 is given by [84]

γ̄s2 =

N∑
k=1

γ̄rk,s2 , (2.57)

where γ̄rk,s2 is defined in (2.17). The PDF of γ̄rk,s2 is given by [77]

pγ̄rk,s2
(γ) = 2λs2,rkλrk,s1e

−γ(λs2,rk
+λrk,s1 )

×
[
λs2,rk + λrk,s1√

λs2,rkλrk,s1

K1

(
2γ
√

λs2,rkλrk,s1

)
+ 2K0

(
2γ
√
λs2,rkλrk,s1

)]
, γ ≥ 0,

(2.58)
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where K0(·) and K1(·) are the zeroth- and first-order modified Bessel functions of the second
kind, respectively [80]. The MGF of γ̄rk,s2 has been determined in [77] as

Mγ̄rk,s2
(s) =

16λs1,rkλrk,s2

3(λs1,rk + λrk,s2 + 2
√
λs1,rkλrk,s2 + s)2

×
⎡
⎢⎢⎢⎢⎣

4(λs1,rk + λrk,s2

λs1,rk + λrk,s2 + 2
√
λs1,rkλrk,s2 + s

+ 2F1

(
3,
3

2
;
5

2
;
λs1,rk + λrk,s2 − 2

√
λs1,rkλrk,s2 + s

λs1,rk + λrk,s2 + 2
√
λs1,rkλrk,s2 + s

)
×

2F1

(
2,
1

2
;
5

2
;
λs1,rk + λrk,s2 − 2

√
λs1,rkλrk,s2 + s

λs1,rk + λrk,s2 + 2
√
λs1,rkλrk,s2 + s

)
⎤
⎥⎥⎥⎥⎦ ,

(2.59)

where 2F1(·, ·; ·; ·) is the hypergeometric function [80]. By substituting (2.59) into (2.56), the
approximate SER of source node S2 under the TD-BD-AF scheme is obtained as

P̃TD-BD-AF
SER2

≈ 1

π

∫ (M−1)π/M

0

N∏
k=1

Mγ̄rk,s2

(
bpsk

sin2 θ

)
dθ. (2.60)

2.4.2 Upper-Bound and Diversity Order Analysis

The expression forMγ̄rk,s2
(s) shown in (2.59) is difficult to manipulate, however, a simple

closed-form MGF exists and is given by [56]

Mγ̄rk,s2
(s) =

(λs1,rk − λrk,s2)
2 + (λs1,rk + λrk,s2)s

ω2
+
2λs1,rkλrk,s2s

ω3
ln
(λs1,rk + λrk,s2 + s+ ω)2

4λs1,rkλrk,s2

,

(2.61)

where ω =
√
(λs1,rk − λrk,s2)

2 + 2(λs1,rk + λrk,s2)s+ s2. At high SNR, the MGF in (2.61)
can be approximated as [56]

Mγ̄rk,s2
(s) ≈ λs1,rk + λrk,s2

s
= 


(
N0

P

)
δrkδRσ

2
s1,rk

+ δs2δSσ
2
s2,rk

sδs2δSδrkδRσ
2
s1,rk

σ2
s2,rk

. (2.62)

Therefore, upon substitution of (2.62) for k ∈ {1, 2, . . . , N} into (2.56), the upper-bound
SER of source node S2 under the TD-BD-AF scheme at high SNR can be approximated as

P̄TD-BD-AF
UB−SER2

≈ Θ(N)

(
N0

P

)N N∏
k=1



δrkδRσ

2
s1,rk

+ δs2δSσ
2
s2,rk

bpskδs2δSδrkδRσ
2
s1,rk

σ2
s2,rk

, (2.63)

where,

Θ(N) =
1

π

∫ (M−1)π/M

0

(
sin2(θ)

)N
dθ. (2.64)

The diversity order is determined as ΓTD-BD-AF
2 = − limSNR→∞

log(P̄TD-BD-AF
UB−SER2

)

log(SNR) , where SNR =

P/N0 [56]. It is evident that under the TD-BD-AF scheme, source node S2 achieves a full
diversity order of ΓTD-BD-AF

2 = N .
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2.4.3 MA-BD-AF

With respect to the MA-BD-AF scheme, the derived instantaneous SNR γs2 in (2.28)
is extremely difficult to manipulate and thus in this work, only the SER of source node S2

conditional on the channel state information is presented in the form of

PMA-BD-AF
SER2|{hs1,rk

,hs2,rk
}Nk=1

(γs2) =
1

π

∫ (M−1)π/M

0
exp

(
−bpskγs2
sin2 θ

)
dθ, (2.65)

which can be numerically evaluated and averaged.

2.4.4 ORS-BD-AF

As the SER performance of the ORS-BD-AF scheme is also analytically untractable, the
SER performance of node S2 is obtained by substituting γrors,s2 in (2.33) into (2.56) and then
numerically evaluating it.

2.4.5 SRS-BD-AF

Finding an approximate SER expression for the performance of the SRS-BD-AF is difficult
due to the correlation between the scaled harmonic mean random variables γ̄rk,s1 and γ̄rk,s2 ,
∀k ∈ {1, 2, . . . , N} [72][78]. In addition, the selected relay node might not necessarily result
in the maximum SNR value γ̄rsrs,sj to source node Sj. Alternatively, the SER performance
of source node S2 (and similarly of node S1) is bounded as

P SRS-BD-AF
LB−SER2

≤ P SRS-BD-AF
SER2

≤ P SRS-BD-AF
UB−SER2

, (2.66)

where P SRS-BD-AF
LB−SER2

and P SRS-BD-AF
UB−SER2

are lower- and upper-bound SER performances.

Lower-Bound SER Performance

A lower-bound (LB) SER performance of node S2 is obtained by considering a best-case
scenario on relay selection. This happens when the relay selection scheme always selects the
relay node with the highest received SNR value for source node S2. Considering source node
S2, the LB relay selection is

rLB2 = arg max
k=1,2,...,N

{Rs2(γrk,s2)} = arg max
k=1,2,...,N

γrk,s2 , (2.67)

where γrk,s2 is defined in (2.16) with Prk = PR. Approximating γrk,s2 as γ̄rk,s2 (see (2.17)),
the MGF of γ̄rLB2

can be determined usingMγ̄rLB2
(s) = sL{Pγ̄rLB2

(γ)}, where the CDF of

γ̄rLB2
is obtained as

Pγ̄rLB2
(γ) = Pr

[
max

k=1,...,N
γ̄rk,s2 < γ

]
=

N∏
k=1

Pγ̄rk,s2
(γ) =

N∏
k=1

(
1− e−γλs2,rk,s1

)
. (2.68)
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Thus, by expanding the product term in (2.68), the MGF is shown to be

Mγ̄rLB2
(s) = 1−

N∑
k=1

s

s+ λs2,rk,s1

+ · · ·+ (−1)Ns

s+
∑N

k=1 λs2,rk,s1

. (2.69)

Thus, the approximate lower-bound SER performance is given by

P̃ SRS-BD-AF
LB−SER2

≈ 1

π

∫ (M−1)π/M

0

⎛
⎝1− N∑

k=1

PbPSK

sin2(θ)N0�

PbPSK

sin2(θ)N0�
+Φs2,rk,s1

+ · · ·+
(−1)N PbPSK

sin2(θ)N0�

PbPSK

sin2(θ)N0�
+
∑N

k=1Φs2,rk,s1

⎞
⎠dθ,

(2.70)

where

Φs2,rk,s1 =
δs2δSσ

2
s2,rk

+ δRσ
2
s1,rk

δs2δSδRσ
2
s1,rk

σ2
s2,rk

. (2.71)

Diversity Order Analysis of Lower-Bound SER Performance

The PDF of γ̄rLB2
is obtained by differentiating Pγ̄rLB2

(γ) in (2.68), yielding

pγ̄rLB2
(γ) =

N∑
m=1

pγ̄rm,s2
(γ)

N∏
k=1,k �=m

(
1− e−γλs2,rk,s1

)
. (2.72)

At high SNR, the approximation ex � (1 + x) when x → 0 is used in the PDF of γ̄rLB2
,

giving

pγ̄rLB2
(γ) ≈

N∑
m=1

λs2,rm,s1(1− γλs2,rm,s1)γ
N−1

N∏
k=1,k �=m

λs2,rk,s1 . (2.73)

Therefore, the MGF of γ̄rLB2
can be approximated as

M̄γ̄rLB2
(s) ≈ N !

(
N0


sP

)N N∏
k=1

Φs2,rk,s1 . (2.74)

Hence, the approximation of the lower-bound SER performance at high SNR is shown to be

P̄ SRS-BD-AF
LB−SER2

≈
(
N0

P

)N N !Θ(N)
N

bNPSK

N∏
k=1

Φs2,rk,s1 , (2.75)

where Θ(N) is defined in (2.64). The diversity order is determined as ΓSRS-BD-AF
LB2

= N . A
similar result can be derived for node S1.
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Upper-Bound SER Performance

To derive an upper-bound (UB) SER performance relative to source node S2, consider the
scenario where the—exponentially distributed—SNR terms, γ̄rk,s2 for k ∈ {1, 2, . . . , N} are
independent and identically distributed with rate defined by λs2,rmax,s2 = maxk=1,...,N λs2,rk,s1 ,
which corresponds to the relay with the minimum SNR value. Thus, the CDF of γ̄s2,rmax,s1 is
given by Pγ̄s2,rmax,s1

(γ) = 1− eγλs2,rmax,s1 , where λs2,rmax,s1 =
(
N0�
P

)
Φs2,rmax,s1 . Also, the CDF

of the selected relay with respect to source node S2 is obtained as

Pγ̄UB2
(γ) =

(
Pγ̄s2,rmax,s1

(γ)
)N

, (2.76)

while the MGF is given by

Mγ̄UB2
(s) = 1 +

N∑
k=1

(
N
k

)
(−1)ks

s+ k · λs2,rmax,s1

. (2.77)

The approximate upper-bound SER performance of source node S2 is obtained by substitut-
ing (2.77) into (2.56), yielding

P̃ SRS-BD-AF
UB−SER2

≈ 1

π

∫ (M−1)π/M

0

⎛
⎝1 + N∑

k=1

(
N
k

) (−1)k PbPSK

sin2(θ)N0�

PbPSK

sin2(θ)N0�
+ k · Φs2,rmax,s1

⎞
⎠ dθ. (2.78)

Diversity Order Analysis of Upper-Bound SER Performance

The PDF of the selected relay relative to source node S2 is obtained by differentiating
the CDF in (2.76), yielding

pγ̄UB2
(γ) = N

(
Pγ̄s2,rmax,s1

(γ)
)N−1

pγ̄s2,rmax,s1
(γ), (2.79)

where pγ̄UB2
(γ) = λs2,rmax,s1e

−γλs2,rmax,s1 . At high SNR, pγ̄UB2
(γ) is approximated as

pγ̄UB2
(γ) ≈ N · λs2,rmax,s1(γλs2,rmax,s1)

N−1(1− γλs2,rmax,s1). (2.80)

with MGF given by

M̄γ̄UB2
(s) ≈ N !

(
N0


sP

)N

(Φs2,rmax,s1)
N . (2.81)

Hence, the approximate upper-bound SER performance at high SNR is determined as

P̄ SRS-BD-AF
UB−SER2

≈
(
N0

P

)N N !Θ(N)
N

bNPSK

(Φs2,rmax,s1)
N . (2.82)

Clearly, the diversity order is obtained as ΓSRS-BD-AF
UB2

= N . It is noteworthy that the derived
SER upper- and lower-bounds apply to both the ORS-BD-AF and SRS-BD-AF schemes, as
the upper-bound represents the worst-case scenario on relay selection, while the lower-bound
represents the best-case scenario for node S2.
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2.5 Power Allocation

In this section, the sum-of-rates maximizing relay power allocation for the TD-BD-AF
and MA-BD-AF schemes is studied.

2.5.1 TD-BD-AF

Notice that the achievable rate in (2.22) can be re-expressed as

RTD-BD-AF
s2 (γs2) =

1

N + 1
log2

(
1 +

N∑
k=1

PrkΛs2,rk

Prk +Υs2,1,rk

)
, (2.83)

where

Λs2,rk =
Ps2 |hs2,rk |2

N0

, (2.84)

and

Υs2,1,rk =
Ps2 |hs2,rk |2 +N0


|hs1,rk |2
. (2.85)

The rate function in (2.83) can be verified to be a strictly concave and increasing function in
Prk , ∀k ∈ {1, 2, . . . , N}. Thus, the sum-of-rates maximizing optimal relay power allocation
is formulated as

max
Prk

≥0
RTD-BD-AF

s1 +RTD-BD-AF
s2

s.t.

N∑
k=1

Prk ≤ PR,
(2.86)

which is a convex optimization problem that is efficiently solved using any standard convex
optimization algorithm [85].

2.5.2 MA-BD-AF

The achievable rate of source node Sj for j ∈ {1, 2} under the MA-BD-AF scheme is
re-expressed as

RMA-BD-AF
sj (γsj ) =

1

2
log2

(
1 +

∑N
k=1 Prkξsj ,rk

1 +
∑N

k=1 Prkζsj ,rk

)
, (2.87)

where

ξsj ,rk =
Psj |hs1,rk |2|hs2,rk |2

N0
(Psj |hsj ,rk |2 +N0
)
, (2.88)
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and ζsj ,rk for j ∈ {1, 2} is given by

ζs1,rk =
|hs2,rk |2

Ps1 |hs1,rk |2 +N0

, and ζs2,rk =

|hs1,rk |2
Ps2 |hs2,rk |2 +N0


. (2.89)

Now, let ξξξsj =
[
ξsj ,r1 , . . . , ξsj ,rN

]T
, ζζζsj =

[
ζsj ,r1 , . . . , ζsj ,rN

]T
, and PPP r = [Pr1 , . . . , PrN ]

T , for
N ≥ 2. In turn, the instantaneous SNR of each source node Sj is given by

γsj =
ξξξTsjPPP r

1 + ζζζTsjPPP r
, (2.90)

which is a ratio of two linear functions in continuous decision variables (i.e. the relay powers
Prk ’s for k ∈ {1, 2, . . . , N}). It should also be clear that 1 + ζζζTsjPPP r > 0, ∀j ∈ {1, 2}.

The sum-of-rates maximizing optimal relay power allocation problem under the MA-BD-
AF scheme is formulated as

(OPT): max
Prk

≥0

2∑
j=1

1

2
log2

(
1 +

ξξξTsjPPP r

1 + ζζζTsjPPP r

)

s.t.

N∑
k=1

Prk ≤ PR,

(2.91)

Such an optimization problem is non-convex [86], although the feasible region is a nonempty,
compact convex set. Thus, problem (2.91) generally has one or more local optimal solutions
that are not globally optimal. However, by using the inequality in (2.31), a suboptimal
solution to problem (2.91) is obtained by alternatively solving

(S-OPT): max
Prk

≥0
ξξξTs1PPP r

1 + ζζζTs1PPP r
+

ξξξTs2PPP r

1 + ζζζTs2PPP r

s.t.

N∑
k=1

Prk ≤ PR,

(2.92)

and then substituting the solution back into (2.87). In (2.92), the objective function is the
sum of two linear fractional functions. The SNR term γsj when defined over a convex set is
both pseudoconvex and pseudoconcave (or quasimonotonic [87]) [88]. Moreover, the sum of
quasimonotonic functions is, in general, neither quasiconvex nor quasiconcave [89] [90]. In
addition, the maximization of the sum of linear fractional functions is in general known to
be NP-complete [91]. Therefore, a simplified, yet accurate formulation that lends problem
(2.92) to feasible implementation in convex optimization packages is highly desirable. To do
so, each fraction (or equivalently SNR term) γsj can be transformed into [92]

γsj (PPP r) =
(
ξξξTsj − γsj (PPP r)ζζζ

T
sj

)
PPP r. (2.93)
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Such a transformation allows us to treat each function γsj(PPP r) as a parameter γsj that is
varied and thus, globally solve problem (2.92) by convex parametric programming techniques.
Also, the objective function in (2.92) is formulated as a bi-parameter linear function

2∑
j=1

ξξξTsjPPP r

1 + ζζζTsjPPP r
=

2∑
j=1

(
ξξξTsj − γsjζζζ

T
sj

)
PPP r. (2.94)

Now, let γγγ = [γs1 , γs2 ]
T be a parameter vector and also define

G(γγγ) = max
Prk

≥0

⎡
⎣ 2∑
j=1

(
ξξξTsj − γsjζζζ

T
sj

)
PPP r

⎤
⎦ , (2.95)

which is a convex, monotone non-increasing function in γγγ. Therefore, solving problem (2.92)
corresponds to finding the vector γγγ that satisfies

E(γγγ) = G(γγγ)− 1Tγγγ = 0, (2.96)

where 1 is the 2× 1 all-ones vector. Combining (2.95) and (2.96), the optimization problem
in (2.92) is reformulated into the following linear programming problem

max
γγγ,PPP r

2∑
j=1

(
ξξξTsj − γsjζζζ

T
sj

)
PPP r

s.t.

N∑
k=1

Prk ≤ PR,

γsj ≥
(
ξξξTsj − γsjζζζ

T
sj

)
PPP r, j ∈ {1, 2},

Prk ≥ 0, k ∈ {1, 2, . . . , N}.

(2.97)

Hence, parameterizing problem (2.92) has led to a linearization of the non-linear objective
function about the optimal solution, and thus problem (2.97) is solved efficiently (i.e. in
polynomial-time).

Due to the convexity of the feasible region of the reformulated problem, the optimal
solution must exist on the edge of the feasible region and hence, maximum and minimum
values at the extreme points exist [88] [93]. It is straightforward to verify that when PPP r =
[0, . . . , 0]T , then the objective function in (2.97) attains its minimum value. It can be further
verified that the objective function is continuous and strictly monotonically increasing in
PR. Therefore, the total relay power constraint is always met (i.e.

∑N
k=1 Prk = PR). Based

on the discussion thus far, the following theorem is established.

Theorem 2.1: The suboptimal sum-of-rates maximizing relay power allocation under
the MA-BD-AF scheme is equivalent to the suboptimal relay selection under the SRS-BD-AF
scheme, i.e.

max∑N
k=1 Prk

=PR

2∑
j=1

ξξξTsjPPP r

1 + ζζζTsjPPP r
= max

k=1,2,...,N

(
PRξs1,rk

1 + PRζs1,rk
+

PRξs2,rk
1 + PRζs2,rk

)
. (2.98)
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Proof: Define the following Lagrangian problem

L
(
λ, {υrk}Nk=1

)
= −

2∑
j=1

ξξξTsjPPP r

1 + ζζζTsjPPP r
+ λ

(
N∑
k=1

Prk − PR

)
−

N∑
k=1

υrkPrk . (2.99)

The Karush-Kuhn-Tucker (KKT) conditions can be determined as [94]

−
2∑

j=1

ξsj ,rl +
∑N

k=1 Prk

(
ξsj ,rlζsj ,rk − ξsj ,rkζsj ,rl

)
(
1 +

∑N
k=1 Prkζsj ,rk

)2 + λ = υrl ,

λ

(
N∑
k=1

Prk − PR

)
= 0,

υrlPrl = 0, ∀l ∈ {1, 2, . . . , N},

(2.100)

where λ ≥ 0 and υrl ≥ 0, ∀l ∈ {1, 2, . . . , N} are the dual variables associated with the total
power constraint and relay powers’ positivity, respectively. As discussed earlier,

∑N
k=1 Prk =

PR, and thus, λ > 0. If Prl > 0 for l ∈ {1, 2, . . . , N}, then
2∑

j=1

ξsj ,rl +
∑N

k=1 Prk

(
ξsj ,rlζsj ,rk − ξsj ,rkζsj ,rl

)
(
1 +

∑N
k=1 Prkζsj ,rk

)2 = λ. (2.101)

Thus,

2∑
j=1

ξsj ,rl +
∑N

k=1 Prk

(
ξsj ,rlζsj ,rk − ξsj ,rkζsj ,rl

)
(
1 +

∑N
k=1 Prkζsj ,rk

)2 =

2∑
j=1

ξsj ,rq +
∑N

k=1 Prk

(
ξsj ,rqζsj ,rk − ξsj ,rkζsj ,rq

)
(
1 +

∑N
k=1 Prkζsj ,rk

)2 ,

(2.102)

for q ∈ {1, 2, . . . , N} and q �= l. Rearranging (2.102), yields(
1 +

∑N
k=1 Prkζs1,rk

)2
(
1 +

∑N
k=1 Prkζs2,rk

)2 =−
(
ξs1,rl − ξs1,rq

)
+
∑N

k=1 Prk

((
ξs1,rl − ξs1,rq

)
ζs1,rk −

(
ζs1,rl − ζs1,rq

)
ξs1,rk

)(
ξs2,rl − ξs2,rq

)
+
∑N

k=1 Prk

((
ξs2,rl − ξs2,rq

)
ζs2,rk −

(
ζs2,rl − ζs2,rq

)
ξs2,rk

) .
(2.103)

Since the left-hand-side term is a positive constant, then the right-hand-side expression can-
not simultaneously be satisfied for any two relay powers Rl and Rq for l, q ∈ {1, 2, . . . , N} and
l �= q. Hence, (2.103) is satisfied for only one relay and that relay is allocated the total relay
power PR. �

Based on Theorem 2.1, the MA-BD-AF scheme reduces to the SRD-BD-AF scheme by
allocating the total relay power PR to the selected relay node. This means that the proposed
suboptimal relay selection can be achieved by enumerating all the N approximate sum SNR
values alternatively (i.e. setting Pr1 = PR, then Pr2 = PR and so on) and then selecting the
one with the maximum approximate sum SNR value.
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2.6 Timing Synchronization Analysis

So far, the analysis of the different bi-directional relaying schemes assumed perfect tim-
ing synchronization of signal transmissions. In practice, perfect timing synchronization for
geographically distributed nodes is challenging. Hence, in this section, the effect of timing
synchronization errors on the SER performance as well as the achievable rate of the TD-
BD-AF, MA-BD-AF and RS-BD-AF schemes is evaluated. With respect to the TD-BD-AF
and RS-BD-AF schemes, synchronization in the cooperation phase is not of major issue as
only one relay node is transmitting at any given time-slot. This in turn implies that these
two schemes are mainly affected by the timing synchronization errors in the broadcasting
phase, which propagate to the cooperation phase, affecting the SNR at the receiving ends
and resulting in intersymbol interference (ISI) and SNR loss. On the other hand, timing
synchronization errors in the MA-BD-AF scheme could also occur in the cooperation phase
and this is due to the simultaneous transmissions of the intermediate relay nodes. In what
follows, it is assumed that nodes within the network are synchronized in frequency.

2.6.1 Signal Model for TD-BD-AF

The received signal at relay node Rk during the broadcasting phase is given by

ỹrk(t) =

∞∑
l=−∞

(
2∑

i=1

√
Psihsi,rkxi(l)ci(t− lTs − τsi,rk)

)
+ nrk(t), (2.104)

where τsi,rk ∈ [0, Ts) for i ∈ {1, 2} is the normalized timing offset between source Si and
relay node Rk. In this work, only the first-order ISI terms are considered as higher-order
side-lobes are assumed to have negligible effect, yielding

ỹrk(t) =
1∑

l=−1

(
2∑

i=1

√
Psihsi,rkxi(l)ci(t− lTs − τsi,rk)

)
+ nrk(t), (2.105)

where the propagation delays and oscillator mismatches are assumed to remain constant
during each time-slot but vary from one time-slot to another [95]. Relay node Rk employs
a matched-filter bank with each filter being matched to each source node’s symbol time,
sampled at t = lTs + τsj ,rk for j ∈ {1, 2}. Since each source node transmits asynchronously
with respect to the other, the sampled received signal at end of the lth symbol interval at
relay node Rk is expressed as [96] [97]

ỹrk,sj (l) =

∫ ∞

−∞
ỹrk(t)c

∗
j (t− lTs − τsj ,rk)dt. (2.106)

Without loss of generality, the random time delays between the source nodes and relay node
Rk are ordered such that 0 ≤ τs1,rk ≤ τs2,rk < Ts. The observation window of relay node Rk

spans from the most recently received (l − 1)st symbol of source node S2 to the end of the
first received (l + 1) symbol of source node S1 (i.e. [(l − 1)Ts + τs1,rk , (l + 1)Ts + τs2,rk ]).
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Let R̃̃R̃Rrk(l) be the 2 × 2 matrix whose partial correlation entries are modeled for l = 1,
l = 0, and l = −1 as [98] [99]

ρ̃
(1)
i,rk,j

=

⎧⎨
⎩

1
Ts

∫ τsi,rk
τsj ,rk

ci(t− τsi,rk)c
∗
j (t− τsj ,rk) dt = ρi,j

(
τsi,rk−τsj ,rk

Ts

)
, τsi,rk > τsj ,rk

0, otherwise
, (2.107)

ρ̃
(0)
i,rk,j

=
1

Ts

∫ min(τsi,rk ,τsj ,rk )+Ts

max(τsi,rk ,τsj ,rk )
ci(t− τsi,rk)c

∗
j (t− τsj ,rk) dt

=

⎧⎨
⎩ρi,j

(
1− τsi,rk−τsj ,rk

Ts

)
, τsi,rk ≥ τsj ,rk

ρi,j

(
1− τsj ,rk−τsi,rk

Ts

)
, τsi,rk < τsj ,rk

,

(2.108)

and

ρ̃
(−1)
i,rk,j

=

{
1
Ts

∫ τsj ,rk
τsi,rk

ci(t− τsi,rk)c
∗
j (t− τsj ,rk) dt = ρi,j

(
τsj ,rk−τsi,rk

Ts

)
, τsi,rk < τsj ,rk

0, otherwise
, (2.109)

where ρi,j = ρ, ∀i �= j. Furthermore, the time-offsets are uniformly distributed as (τsi,rk −
τsj ,rk) ∼ U [−ΔTs/2,ΔTs/2], where ΔTs ∈ [0, Ts). Thus, the correlation matrix R̃̃R̃Rrk(0) is
expressed as

R̃̃R̃Rrk(0) =

[
ρ̃
(0)
1,rk,1

ρ̃
(0)
1,rk,2

ρ̃
(0)
2,rk,1

ρ̃
(0)
2,rk,2

]
, (2.110)

where it should be noted that ρ̃
(0)
j,rk,j

= 1, ∀j ∈ {1, 2}. Moreover, matrix R̃̃R̃Rrk(1) is given by

R̃̃R̃Rrk(1) =

[
0 ρ̃

(1)
1,rk,2

0 0

]
, (2.111)

and R̃̃R̃Rrk(1) = R̃̃R̃RT
rk
(−1). For the synchronous case where all the source nodes’s symbols are

perfectly aligned (i.e. τsj ,rk − τsj ,rk = 0, ∀j ∈ {1, 2}), then R̃̃R̃Rrk(l) for l ∈ {−1, 1} simplifies to
the all-zeros matrix and R̃̃R̃Rrk(0) = RRR. Now, the received signal in vector form is expressed as

Ỹ̃ỸYrk(l) = R̃̃R̃Rrk(1)AAArkxxx(l − 1) + R̃̃R̃Rrk(0)AAArkxxx(l) + R̃̃R̃Rrk(−1)AAArkxxx(l + 1) + ñ̃ñnrk(l), (2.112)

where Ỹ̃ỸYrk(l) =
[
Ỹrk,s1(l), Ỹrk,s2(l)

]T
, xxx(l + ς) = [x1(l + ς), x2(l + ς)]T for ς ∈ {−1, 0, 1}, and

ñ̃ñnrk(l) = [ñrk,s1(l), ñrk,s2(l)]
T with variance obtained as

E
[
ñ̃ñnrk(l)ñ̃ñn

H
rk
(l − ς)

]
=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
N0R̃̃R̃Rrk(−1), if ς = −1
N0R̃̃R̃Rrk(0), if ς = 0

N0R̃̃R̃Rrk(1), if ς = 1

0, otherwise

, (2.113)



Chapter 2 45

where E [·] the expectation operator. Now, the decorrelated received signal is determined as

˜̃Y˜̃Ỹ̃Yrk(l) = RRR−1Ỹ̃ỸYrk(l) =
˜̃R
˜̃R̃̃Rrk(1)AAArkxxx(l − 1) + ˜̃R

˜̃R̃̃Rrk(0)AAArkxxx(l) +
˜̃R
˜̃R̃̃Rrk(−1)AAArkxxx(l + 1) + ˜̃ñ̃ñ̃nrk(l), (2.114)

where ˜̃R
˜̃R̃̃Rrk(1) = RRR−1R̃̃R̃Rrk(1),

˜̃R
˜̃R̃̃Rrk(0) = RRR−1R̃̃R̃Rrk(0), and

˜̃R
˜̃R̃̃Rrk(−1) = RRR−1R̃̃R̃Rrk(−1). In addition,

E
[
˜̃ñ̃ñ̃nrk(l)

˜̃ñ̃ñ̃nH
rk
(l − ς)

]
=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
N0RRR

−1R̃̃R̃Rrk(−1)RRR−T , if ς = −1
N0RRR

−1R̃̃R̃Rrk(0)RRR
−T , if ς = 0

N0RRR
−1R̃̃R̃Rrk(1)RRR

−T , if ς = 1

0, otherwise

. (2.115)

Hence, the decorrelated received signal of source node Sj with timing offsets for j ∈ {1, 2}
is written as

˜̃Yrk,sj (l) =
√

Ps1hs1,rk

0∑
ς=−1

˜̃ρ
(ς)
j,rk,1

x1(l − ς) +
√

Ps2hs2,rk

1∑
ς=0

˜̃ρ
(ς)
j,rk,2

x2(l − ς) + ˜̃nrk,sj (l)

=

2∑
i=1

√
Psihsi,rk

i−1∑
ς=i−2

˜̃ρ
(ς)
j,rk,i

xi(l − ς) + ˜̃nrk,sj (l),

(2.116)

where ˜̃nrk,sj(l) ∼ CN
(
0, N0�̃

(0)
rk,sj,j

)
, and in general


̃(ς)rk,si,j
= E

[
˜̃nrk,si(l)

˜̃n∗rk,sj (l − ς)
]

(2.117)

for ς ∈ {−1, 0, 1}, and according to (2.115).
In the cooperation phase, as each relay transmits its linearly coded signal in its dedicated

time-slot with no simultaneous transmissions, the perfect timing synchronization requirement
is bypassed since the receiving source nodes can maintain slot synchronization, which in turn
implies that coarse slot synchronization is available [9]. In turn, any synchronization scheme
employed in conventional TDMA systems can be used to achieve timing synchronization at
the source nodes. Thus, the received signal by source node S1 is expressed as

ỹ(l)s1,rk
(t) =

√
Prkhs1,rkX̃ (l)

rk
(t) + w(l)

s1,rk
(t), (2.118)

where X̃ (l)
rk (t) =

∑2
i=1 β̃rk,si

˜̃Yrk,si(l)ci(t), and β̃rk,si for i ∈ {1, 2} is given by

β̃rk,si =

√√√√ 1

Ps1 |hs1,rk |2
∑0

ς=−1
(
˜̃ρ
(ς)
i,rk,1

)2
+ Ps2 |hs2,rk |2

∑1
ς=0

(
˜̃ρ
(ς)
i,rk,2

)2
+N0
̃

(0)
rk,si,i

. (2.119)

The received signal at the output of the MFB is written as

Ỹs1,rk,sj (l) = 〈ỹ(l)s1,rk
(t), cj(t)〉 =

√
Prkhs1,rk

N∑
i=1

β̃rk,si
˜̃Ysi,rk(l)ρi,j + ws1,rk,sj (l). (2.120)
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In vector form, the received cross-correlated signal is written as Ỹ̃ỸY s1,rk(l) = RRRBBBs1,rk
˜̃Y˜̃Ỹ̃Yrk(l) +

wwws1,rk(l), where
˜̃Y˜̃Ỹ̃Yrk(l)=

[
˜̃Yrk,s1(l),

˜̃Yrk,s2(l)
]T
, Ỹ̃ỸY s1,rk(l)=

[
Ỹs1,rk,s1(l), Ỹs1,rk,s2(l)

]T
,wwws1,rk(l) =

[ws1,rk,s1(l), ws1,rk,s2(l)]
T ∼ CN (0, N0RRR), and matrices RRR and BBBs1,rk is defined in (2.4) and

(2.13), respectively. In this case, the decorrelated signal is determined as ˜̃Y
˜̃Ỹ̃Y s1,rk(l) =

RRR−1Ỹ̃ỸY s1,rk(l), with
˜̃Y
˜̃Ỹ̃Y s1,rk(l) =

[
˜̃Ys1,rk,s1(l),

˜̃Ys1,rk,s2(l)
]T
, and the decorrelated signal corre-

sponding to symbol x2 is expressed as

˜̃Ys1,rk,s2(l) =
√

Prkhs1,rk β̃rk,s2
˜̃Ys2,rk(l) + w̃s1,rk,s2(l)

= ˜̃Y Desired
s1,rk,s2

(l) + ˜̃Y ISI
s1,rk,s2

(l) + η̃s1,rk,s2(l),
(2.121)

where w̃s1,rk,s2(l) ∼ CN (0, N0�), and η̃s1,rk,s2(l) =
√
Prkhs1,rk β̃rk,s2

˜̃nrk,s2(l) + w̃s1,rk,s2(l) is the

equivalent zero-mean additive noise term. Moreover, ˜̃Y Desired
s1,rk,s2

(l) is defined as

˜̃Y Desired
s1,rk,s2

(l) = ˜̃ρ
(0)
2,rk,2

√
PrkPs2hs1,rkhs2,rk β̃rk,s2x2(l), (2.122)

while ˜̃Y ISI
s1,rk,s2

(l) is given by

˜̃Y ISI
s1,rk,s2

(l) =
√

Prkhs1,rk β̃rk,s2

(√
Ps2hs2,rk

˜̃ρ
(1)
2,rk,2

x2(l − 1) +
√

Ps1hs1,rk

0∑
ς=−1

˜̃ρ
(ς)
2,rk,1

x1(l − ς)

)
.

(2.123)

Finally, passing ˜̃Ys1,rk,s2(l), ∀k ∈ {1, 2, . . . , N} through a matched filter, the conditional
signal-to-interference-plus-noise ratio (SINR) corresponding to symbol x2 received at source
node S1 is shown to be

3

γ̃s2 =

N∑
k=1

S̃s1,rk,s2
Ĩs1,rk,s2 + Ñs1,rk,s2

, (2.124)

where

S̃s1,rk,s2 =
(
˜̃ρ
(0)
2,rk,2

)2
β̃2
rk,s2

PrkPs2 |hs1,rk |2|hs2,rk |2 (2.125)

is the variance of the desired signal term in (2.122), and Ĩs1,rk,s2 is the variance of the ISI
term, as given by

Ĩs1,rk,s2 = Prk |hs1,rk |2β̃2
rk,s2

(
Ps2 |hs2,rk |2

(
˜̃ρ
(1)
2,rk,2

)2
+ Ps1 |hs1,rk |2

0∑
ς=−1

(
˜̃ρ
(ς)
2,rk,1

)2)
. (2.126)

Finally, Ñs1,rk,s2 is the noise variance of η̃s1,rk,s2(l) in (2.121), which is written as

Ñs1,rk,s2 =
(
Prk |hs1,rk |2β̃2

rk,s2

̃(0)rk,s2,2

+ 

)
N0. (2.127)

3Since all the transmitted symbols are assumed to be statistically independent, the symbol index l is
dropped.
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It can be verified that each SINR term in (2.124) reduces to that of the SNR in (2.16) under
perfect timing synchronization.

2.6.2 Signal Model for MA-BD-AF

Under the MA-BD-AF scheme, the broadcasting phase is as in the TD-BD-AF scheme,
however in the cooperation phase, the received signal corresponding to the lth symbol interval
at node S1 is expressed as

ỹ(l)s1 (t) =
1∑

l=−1

(
N∑
k=1

√
Prkhs1,rkX̃ (l)

rk
(t− lTs − τrk,s1)

)
+ w(l)

s1 (t)

=
1∑

l=−1

(
N∑
k=1

√
Prkhs1,rk

2∑
i=1

β̃rk,si
˜̃Yrk,si(l)ci(t− lTs − τrk,s1)

)
+ w(l)

s1 (t),

(2.128)

where w
(l)
s1 (t) is the zero-mean additive noise process of the lth symbol received at source

node S1 with variance N0, and τrk,s1 is the time-shift between relay node Rk and source node
S1. It is noteworthy that τsj ,rk in (2.104) is not necessarily equal to τrk,sj for j ∈ {1, 2}.
Since there are N ≥ 2 relaying nodes then source node S1 samples its received signal at
t = lTs +Δs1 , which as given by

ỹs1,sj (l) =

∫ ∞

−∞
ỹ(l)s1 (t)c

∗
j (t− lTs −Δs1)dt, (2.129)

where Δs1 is the time-shift chosen by node S1 to compensate for the average transmission
delay of the relay nodes. The cross-correlated received signal is expressed in vector form as

Ỹ̃ỸY s1(l) =

N∑
k=1

(
R̃̃R̃Rrk,s1(1)B̃̃B̃Bs1,rk

˜̃Y˜̃Ỹ̃Yrk(l − 1) + R̃̃R̃Rrk,s1(0)B̃̃B̃Bs1,rk
˜̃Y˜̃Ỹ̃Yrk(l) + R̃̃R̃Rrk,s1(−1)B̃̃B̃Bs1,rk

˜̃Y˜̃Ỹ̃Yrk(l + 1)
)
+wwws1(l),

(2.130)

where Ỹ̃ỸY s1(l) =
[
Ỹs1,s1(l), Ỹs1,s2(l)

]T
and wwws1(l) = [ws1,s1(l), ws1,s2(l)]

T ∼ CN (0, N0RRR). Also,

˜̃Y˜̃Ỹ̃Yrk is defined in (2.114) and B̃̃B̃Bs1,rk =
√

Prkhs1,rkB̃̃B̃Brk , with matrix B̃̃B̃Brk begin expressed as

B̃̃B̃Brk =

[
β̃rk,s1 0

0 β̃rk,s2

]
. (2.131)

In addition, matrix R̃̃R̃Rrk,s1(0) is written as

R̃̃R̃Rrk,s1(0) =

[
ρ̃
(0)
1,rk,s1,1

ρ̃
(0)
1,rk,s1,2

ρ̃
(0)
2,rk,s1,1

ρ̃
(0)
2,rk,s1,2

]
, (2.132)

where ρ̃
(0)
j,rk,s1,j

= 1, ∀j ∈ {1, 2} and in general
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ρ̃
(0)
i,rk,s1,j

=
1

Ts

∫ Ts+Δs1

Δs1

ci(t−τrk,si)c
∗
j (t−Δs1) dt =

⎧⎨
⎩ρi,j

(
1− Δs1−τrk,s1

Ts

)
, Δs1 ≥ τrk,s1

ρi,j

(
1− τrk,s1−Δs1

Ts

)
, Δs1 < τrk,s1

. (2.133)

On the other hand, matrix R̃̃R̃Rrk,s1(1) is expressed as [97]

R̃̃R̃Rrk,s1(1) =

[
0 ρ̃

(1)
1,rk,s1,2

0 0

]
, (2.134)

with

ρ̃
(1)
i,rk,s1,j

=

{
1
Ts

∫ Ts

0 ci(t+ Ts − τrk,si +Δs1)c
∗
j (t) dt = ρi,j

(
τrk,s1−Δs1

Ts

)
, τrk,s1 > Δs1

0, otherwise
, (2.135)

and

ρ̃
(−1)
i,rk,s1,j

=

{
1
Ts

∫ Ts

0 ci(t)c
∗
j (t− Ts − τrk,sj +Δs1) dt = ρi,j

(
Δs1−τrk,s1

Ts

)
, Δs1 > τrk,s1

0, otherwise
. (2.136)

As before, (Δs1−τrk,s1) ∼ U [−ΔTs/2,ΔTs/2], where ΔTs ∈ [0, Ts). Now, the received signal

is decorrelated as ˜̃Y
˜̃Ỹ̃Y s1(l) = RRR−1Ỹ̃ỸY s1(l), yielding

˜̃Y
˜̃Ỹ̃Y s1(l) =

N∑
k=1

(
˜̃R
˜̃R̃̃Rrk,s1(1)B̃̃B̃Bs1,rk

˜̃Y˜̃Ỹ̃Yrk(l − 1) + ˜̃R
˜̃R̃̃Rrk,s1(0)B̃̃B̃Bs1,rk

˜̃Y˜̃Ỹ̃Yrk(l) +
˜̃R
˜̃R̃̃Rrk,s1(−1)B̃̃B̃Bs1,rk

˜̃Y˜̃Ỹ̃Yrk(l + 1)
)
+ w̃̃w̃ws1(l),

(2.137)

where ˜̃Y
˜̃Ỹ̃Y s1(l)=

[
˜̃Ys1,s1(l),

˜̃Ys1,s2(l)
]T
, w̃̃w̃ws1(l)= [w̃s1,s1(l), w̃s1,s2(l)]

T ∼CN (0, N0RRR
−1), ˜̃R˜̃R̃̃Rrk,s1(1)=

RRR−1R̃̃R̃Rrk,s1(1),
˜̃R
˜̃R̃̃Rrk,s1(0) = RRR−1R̃̃R̃Rrk,s1(0), and

˜̃R
˜̃R̃̃Rrk,s1(−1) = RRR−1R̃̃R̃Rrk,s1(−1). Therefore, the re-

ceived decorrelated signal corresponding to symbol x2 is obtained as

˜̃Ys1,s2(l) =
N∑

k=1

√
Prkhs1,rk

(
β̃rk,s1

0∑
ς=−1

˜̃ρ
(ς)
2,rk,s1,1

˜̃Yrk,s1(l − ς) + β̃rk,s2

1∑
ς=0

˜̃ρ
(ς)
2,rk,s1,2

˜̃Yrk,s2(l − ς)

)
+ w̃s1,s2(l)

=
N∑

k=1

√
Prkhs1,rk

⎛
⎝ 2∑

i=1

β̃rk,si

i−1∑
ς=i−2

˜̃ρ
(ς)
2,rk,s1,i

⎛
⎝ 2∑

j=1

√
Psjhsj ,rk

j−1∑
ε=j−2

˜̃ρ
(ε)
i,rk,j

xj(l − ς − ε)

⎞
⎠
⎞
⎠+ η̃s1,s2(l),

(2.138)

where

η̃s1,s2(l) =

N∑
k=1

√
Prkhs1,rk

(
2∑

i=1

β̃rk,si

i−1∑
ς=i−2

˜̃ρ
(ς)
2,rk,s1,i

˜̃nrk,si(l − ς)

)
+ w̃s1,s2(l). (2.139)

Finally, the SINR obtained at the output of the matched filter after a series of manipulations
is obtained as
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γ̃s2 =
S̃s2

Ĩs2 + Ñs2

, (2.140)

where S̃s2 =
∑N

k=1

(
˜̃ρ
(0)
2,rk,s1,2

˜̃ρ
(0)
2,rk,2

)2

β̃2
rk,s2

PrkPs2 |hs1,rk |2|hs2,rk |2 is the signal variance and Ĩs2
is the ISI variance as given by

Ĩs2 =
N∑

k=1

Prk |hs1,rk |2×
⎛
⎝ 2∑

i=1

β̃2
rk,si

i−1∑
ς=i−2

(
˜̃ρ
(ς)
2,rk,s1,i

)2

⎛
⎝ 2∑

j=1

Psj |hsj ,rk |2
j−1∑

ε=j−2

(
˜̃ρ
(ε)
i,rk,j

)2

⎞
⎠−( ˜̃ρ(0)2,rk,s1,2

˜̃ρ
(0)
2,rk,2

)2
β̃2
rk,s2

PrkPs2 |hs1,rk |2|hs2,rk |2
⎞
⎠ .

(2.141)

Also, Ñs2 is the total noise variance of the correlated noise, as given by

Ñs2 =

(
N∑
k=1

Prk |hs1,rk |2
(
Bs2,rk +

2∑
i=1

β̃2
rk,si


̃(0)rk,si,i

i−1∑
ς=i−2

(
˜̃ρ
(ς)
2,rk,s1,i

)2)
+ 


)
N0, (2.142)

where

Bs2,rk = β̃rk,s1 β̃rk,s2

((

̃(0)rk,s1,2

+ 
̃(0)rk,s2,1

)(
˜̃ρ
(0)
2,rk,s1,1

˜̃ρ
(0)
2,rk,s1,2

)2
+
(

̃(1)rk,s1,2

+ 
̃(−1)
rk,s2,1

) 0∑
ς=−1

(
˜̃ρ
(ς)
2,rk,s1,1

˜̃ρ
(1+ς)
2,rk,s1,2

)2)
.

(2.143)

It can be verified that under perfect timing synchronization, the SINR term in (2.140) reduces
that of (2.28). Clearly, the MA-BD-AF scheme is severely affected by the timing synchro-
nization errors that propagated from the broadcasting phase and also by the simultaneous
transmissions of the N relay nodes.

2.6.3 Signal Model for RS-BD-AF

Following a similar analysis to that of the TD-BD-AF scheme, the SINR corresponding
to symbol x2 received at source node S1 due to the transmission of the selected relay node
is written as

γ̃rrs,s2 =
S̃s1,rrs,s2

Ĩs1,rrs,s2 + Ñs1,rrs,s2

, (2.144)

where S̃s1,rrs,s2 , Ĩs1,rrs,s2 , and Ñs1,rrs,s2 are the signal, ISI and noise variances as given by
(2.125), (2.126), and (2.127), respectively. As before, rrs = rors under the ORS-BD-AF
scheme and rrs = rsrs under the SRS-BD-AF scheme.

2.7 Simulation Results

In this section, the approximate probability of relay selection and the QPSK SER perfor-
mance and achievable rate of source node S2 are evaluated. Equal power allocation (EPA) is
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assumed between the source and relay nodes such that Ps1 = Ps2 = P/4 while the total relay
power is given by PR = P/2, which is also split equally between the N relay nodes under
the TD-BD-AF and MA-BD-AF schemes. The simulations assume a path-loss exponent of
ν = 3, a correlation coefficient of ρ = 0.25 and the topology shown in Fig. 2.4. In the
simulation results, relay nodes R1 to RN are employed for each simulated value of N .

Figure 2.4: Bi-Directional Relaying - Simulation Scenario
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Figure 2.5: Relay Selection Error between the ORS-BD-AF and SRS-BD-AF Schemes

The relay selection error of the proposed SRS-BD-AF scheme in comparison with the
ORS-BD-AF scheme is shown in Fig. 2.5. It is clear that the error decreases with the
increase in the SNR (less than 1% at high SNR), as the proposed selection metric becomes
more accurate in comparison with the ORS-BD-AF scheme.

2.7.1 Approximate Probability of Relay Selection

The approximate probability of selecting each relay under the SRS-BD-AF scheme for
N = 2, N = 3, and N = 4 is illustrated in Figs. 2.6, 2.7, and 2.8, respectively. As can
be seen, the theoretical approximation of relay selection probability agrees with that of the
simulated selection probability. The slight discrepancy in the selection probability values is
due to the approximation of the harmonic mean distribution as an exponential distribution.
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Figure 2.6: Probability of Relay Selection with N = 2 - Perfect Timing Synchronization
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Figure 2.7: Probability of Relay Selection with N = 3 - Perfect Timing Synchronization
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Figure 2.8: Probability of Relay Selection with N = 4 - Perfect Timing Synchronization

2.7.2 SER Performance Comparison

In Fig. 2.9, the SER performance of the TD-BD-AF scheme is evaluated. It is clear
that the derived approximate SER expressions match the simulated SER performance for
the different numbers of relay nodes, except for a slight discrepancy at low SNR. In addition,
the upper-bound SER performance curves are asymptotically tight at high SNR. It is also
clear that with the increase in the number of relay nodes, the SER performance improves
due to the increase in the diversity order. Moreover, the optimal power allocation is shown
to yield a gain of about 1.5 dB for the different values of N .

The SER performance of the MA-BD-AF scheme is depicted in Fig. 2.10. Clearly, only
minor improvement in the performance is achieved with the increase in N , which is due to
the noise amplification and accumulation of the multiple-access transmission. In addition,
the slopes of the curves for each value of N have been numerically verified to be the same
and that of diversity order 1. Also, the SER performance of the MA-BD-AF scheme with
suboptimal power allocation (S-OPA) yields a significant performance improvement and
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Figure 2.9: QPSK SER Performance of the TD-BD-AF Scheme - Perfect Timing Synchronization
and EPA

coincides with that of the SRS-BD-AF scheme. Evidently, the performance of the SRS-BD-
AF and ORS-BD-AF schemes is comparable with that of the ORS-BD-AF scheme being
marginally better.
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Figure 2.10: QPSK SER Performance of the MA-BD-AF and RS-BD-AF Schemes - Perfect Timing
Synchronization

The SER performance of the ORS-BD-AF and SRS-BD-AF schemes is illustrated in Fig.
2.11. Clearly, the derived approximate upper- and lower-bound SER expressions coincide
with the simulated SER performance of both schemes for the different numbers of relay
nodes. In addition, the slopes of the derived bounds match the SER performance curves of
the ORS-BD-AF and SRS-BD-AF schemes at high SNR. Moreover, with the increase in the
number of relay nodes, the SER performance improves due to the increase in the diversity
order. Comparing the different bi-directional relaying schemes, it is evident that the TD-
BD-AF, ORS-BD-AF and SRS-BD-AF schemes have comparable SER performance as they
all achieve full diversity order and thus are superior to the MA-BD-AF scheme.
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Figure 2.11: QPSK SER Performance of the RS-BD-AF Schemes - Perfect Timing Synchronization
and EPA

In Fig. 2.12, the SER performance of the TD-BD-AF and MA-BD-AF schemes with
imperfect timing synchronization is shown. As expected, the performance of source node
S2 under both schemes degrades with the increase in the average timing offset value ΔTs/2
between the source nodes and the intermediate relays. Moreover, it is evident that the TD-
BD-AF scheme is less sensitive to timing mismatches than the MA-BD-AF scheme which
suffers from high irreducible error floors with the increase in N . This is because under the
TD-BD-AF scheme, the timing synchronization errors are averaged out across the N relay
nodes. On the other hand, Fig. 2.13 illustrates the SER performance of the SRS-BD-AF
scheme where it is clear that the proposed scheme suffers more from the timing offsets, when
compared with the TD-BD-AF scheme (see Fig. 2.12). This is attributed to the fact that
although relay selection is based on the channel coefficients and allocated total relay power,
it does not take into account timing offsets. In other words, the selected relay node under
perfect timing synchronization is not necessarily the suboptimal one with timing offsets4. In
general, the MA-BD-AF scheme has the worst SER with timing offsets when compared with
the TD-BD-AF and SRS-BD-AF schemes.

2.7.3 Achievable Rate Comparison

From Fig. 2.14, it can be seen that the ORS-BD-AF and the proposed SRS-BD-AF
schemes result in almost the same achievable rate with the ORS-BD-AF scheme being
marginally better. In addition, both relay selection schemes are superior to the TD-BD-
AF and MA-BD-AF schemes. Furthermore, with the increase in the number of relay nodes
N , the achievable rate under the ORS-BD-AF, SRS-BD-AF and MA-BD-AF schemes in-
creases, while under the TD-BD-AF scheme, the achievable rate decreases as a result of

4Based on (2.144), finding a closed-form solution for the sum-of-rates maximizing relay selection metric
with timing offsets is extremely difficult. Also, the performance of the ORS-BD-AF scheme is not shown as
it is similar to the SRS-BD-AF scheme.
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Figure 2.12: QPSK SER Performance of the TD-BD-AF and MA-BD-AF Schemes - Imperfect
Timing Synchronization and EPA
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Figure 2.13: QPSK SER Performance of the SRS-BD-AF Scheme - Imperfect Timing Synchroniza-
tion

the TDMA time-slotted cooperative transmission of each relay node. Fig. 2.14 also shows
the achievable rate under the TD-BD-AF scheme with optimal power allocation. As can be
seen, there is an improvement—although not very significant—in the rate of source node S2.
Moreover, it is evident that there is a significant improvement in the achievable rate of the
MA-BD-AF scheme with S-OPT such that it coincides with that of the SRS-BD-AF scheme.
It is also noticed that under the MA-BD-AF and SRS-BD-AF schemes, the improvement in
the rate becomes marginal with the increase in the number of relay nodes.

Fig. 2.15 illustrates the achievable rate of source node S2 with timing offsets under the
different bi-directional relaying schemes. As expected, the achievable rate degrades with
the increase in the average timing offset ΔTs/2 value. Evidently, the proposed SRS-BD-AF
scheme is superior to the other two schemes and the MA-BD-AF scheme achieves a higher
rate than the TD-BD-AF scheme for all values of N .
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Figure 2.15: Achievable Rates of the TD-BD-AF, MA-BD-AF and SRS-BD-AF Schemes - Imperfect
Timing Synchronization and EPA

Finally, Fig. 2.16 shows the sum-of-rates performance of the different bi-directional
relaying schemes with an average timing offset of ΔTs/2 = 0.40Ts. Clearly, the proposed
scheme is still superior to the other two schemes in terms of the sum-of-rates performance.
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Figure 2.16: Sum-of-Rates of the TD-BD-AF, MA-BD-AF and SRS-BD-AF - Timing Offset of
ΔTs/2 = 0.40Ts and EPA

2.8 Conclusions and Final Remarks

In this chapter, different bi-directional amplify-and-forward relaying schemes are studied,
namely the TD-BD-AF, MA-BD-AF and SRS-BD-AF. A SER performance analysis has been
presented for the different schemes along with simulation results to validate the theoretical
derivations. It has been shown that both the TD-BD-AF and SRS-BD-AF schemes achieve
full diversity order and also result in a comparable SER performance while the MA-BD-
AF has the worst SER performance. In addition, optimal and suboptimal sum-of-rates
maximizing power allocation is proposed for both the TD-BD-AF and MA-BD-AF schemes,
respectively. It has been shown that under suboptimal power allocation, the MA-BD-AF
scheme reduces to the SRS-BD-AF scheme. Moreover, it has been shown that the MA-
BD-AF scheme is the most affected scheme in terms of the SER performance by timing
synchronization errors, while the TD-BD-AF scheme is the least affected one. In terms of
the achievable rate, the proposed SRS-BD-AF scheme has been established to be superior
to the TD-BD-AF and MA-BD-AF schemes, even with timing offsets. Finally, although this
chapter has provided an analysis on the effect of timing synchronization errors, practical
and advanced successive and iterative multiuser detectors with ISI cancelation techniques
exist in the literature [96] [97] [100]. For the studied bi-directional relaying schemes to lend
themselves for practical implementation, timing synchronization errors must be mitigated
with minimal computational complexity.
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Space-Time Network Coding

3.1 Introduction

In the previous chapter, the communication between two source nodes through a set of
distributed relay nodes was studied. However, the more general case is when more than
two nodes desire to communicate with each other and potentially relay each other’s data.
Although many cooperative communication protocols that can fully exploit diversity gains
have been proposed in the literature, such protocols suffer from low-bandwidth efficiency
when applied to multinode relay communications. This is attributed to the TDMA single
node transmission at any given time which introduces large transmission delays [20]. For
instance, in conventional amplify-and-forward (AF) relay networks withN nodes, N−2 nodes
act as relays between the source and destination nodes with the available channel resources
split into N − 1 orthogonal channels through TDMA [56]. In this case, N − 1 diversity order
is achieved (assuming a direct link between the source and destination nodes) [56]. For each
node to communicate with all the other nodes and still achieve a diversity order of N − 1,
a total of N2 time-slots is required. Hence, the increase in the number of potential nodes
results in inefficient network bandwidth utilization and gives rise to the necessity of reducing
the number of transmissions.

Network coding has recently emerged as an important design paradigm for wireless net-
works that allows multinode communications and also improves data distribution and net-
work throughput [29]. As most conventional multinode cooperative communication schemes
are not directly applicable to information exchange across many geographically distributed
nodes, wireless network coding has become increasingly attractive. A few recent works have
proposed the use of wireless network coding for multinode cooperative communications in
wireless networks. For instance, in [37], the concept of wireless network cocast (WNC)
that employs wireless network coding is proposed to achieve aggregate transmission power
and delay reduction while achieving incremental diversity in location-aware networks. In
[101], complex field network coding (CFNC) was employed to achieve full diversity gain and

57
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throughput as high as 1/2 symbol per user per channel use. However, the communication is
limited to NS source nodes and a common destination through a single relay or NR dedicated
relay nodes but not between the source nodes themselves.

Research thus far had not fully exploited the joint potential of wireless network coding
and cooperative diversity until the introduction of the novel concept of space-time network
coding (STNC) [102] [103]. In [102], the multipoint-to-point (M2P) and point-to-multipoint
(P2M) space-time network codes were proposed to allow multiple source transmissions within
a TDMA framework to a common node and the reverse common node transmission to mul-
tiple destinations, respectively. It was also shown that for a network of N nodes deploying
M2P-STNC or P2M-STNC, only 2N time-slots are required while achieving a diversity or-
der of N per transmitted symbol. In [103], the many-to-many space-time network coding
(M2M-STNC) for a network of N decode-and-forward (DF) nodes is proposed to achieve a
diversity order of N − 1 per node over a total of 2N time-slots while maintaining a stable
network throughput of 1/2 symbol per time-slot per node. The operation of the M2M-STNC
scheme is based on the assumption of N − 1 perfectly synchronized simultaneous transmis-
sions in every time-slot of the cooperation phase; however, the work in [103] did not analyze
the impact of timing synchronization errors on the network performance. In practice, simul-
taneous transmissions from multiple nodes are extremely challenging due to the imperfect
timing synchronization and the potential mobility of the network nodes. Most research in
cooperative communications—when focusing on simultaneous transmissions from distributed
nodes—assume perfect timing synchronization [8, 101, 104]. Overlooking the impact of tim-
ing synchronization errors could lead to detrimental effects on the network performance [105].
Also, channel state information errors at the receiving nodes are inevitable in practice. Such
errors could drastically diminish diversity gains and thus must be carefully characterized.

Based on the foregoing discussion, this work aims at better exploiting the potentials of
the M2M-STNC communication scheme for amplify-and-forward (AF) cooperative networks
by: (1) characterizing the symbol error rate (SER) performance for M-ary phase shift keying
(M-PSK) modulation, (2) solving the sum-of-rates maximizing optimal power allocation
problem, and (3) analyzing the impact of timing synchronization and channel estimation
errors on the SER performance and achievable rate. To reduce the number of simultaneous
transmissions while allowing N distributed AF nodes to exchange their data symbols, achieve
a diversity order of N −1 per node and maintain a stable network throughput of 1/2 symbol
per time-slot per node, the M2M-STNC scheme is augmented with optimal node selection
(i.e. M2M-STNC-ONS). This work also analyzes the SER performance and achievable rate
of the proposed M2M-STNC-ONS scheme and studies the impact of timing synchronization
errors and imperfect channel state information. Although selection in cooperative networks
is not a new concept, the novelty and contribution of this work are manifested by augmenting
it with a many-to-many cooperative communications scheme so as to achieve full diversity
and mitigate the adverse effects of timing offsets and channel estimation errors.

In the remainder of this chapter, the system model of the M2M-STNC scheme is presented
in Section 3.2, while the proposed M2M-STNC-ONS scheme is discussed in Section 3.3. The
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theoretical symbol error rate of both the M2M-STNC and M2M-STNC-ONS schemes is
analyzed in Section 3.4. The theoretical approximate probability of node selection is studied
in Section 3.5 while the sum-of-rates maximizing optimal power allocation under the M2M-
STNC scheme is analyzed in Section 3.6. The impact of timing offsets and channel estimation
errors on the performance of the M2M-STNC and M2M-STNC-ONS schemes is characterized
in Sections 3.7 and 3.8, respectively. In Section 3.9, the simulation results are contrasted
with the analytical results. Finally, chapter conclusions are drawn in Section 3.10.

3.2 System Model

The M2M-STNC system model is based on a wireless network with N single antenna
amplify-and-forward nodes denoted S1, S2, . . ., SN for N ≥ 4. Each node Sj for j ∈
{1, 2, . . . , N} is assumed to have its own data symbol xj to exchange with all the other
N − 1 nodes in the network. In this work, the channel between any two nodes is modeled as
flat Rayleigh fading with additive white Gaussian noise (AWGN). Let hj,i denote a generic
channel coefficient representing the channel between any two nodes Sj and Si for j �= i and
hj,i is modeled as a zero-mean complex Gaussian random variable with variance σ2

j,i (i.e.
hj,i ∼ CN (0, σ2

j,i)), where the channel variance σ
2
j,i = d−νj,i with dj,i and ν being the distance

between the two nodes and the path-loss exponent, respectively. The channel gain |hj,i|
is then a Rayleigh random variable while the channel gain squared |hj,i|2 is a exponential
random variable with mean σ2

j,i. Also, the channel hj,i between nodes Sj and Si is assumed
to be reciprocal (i.e. hi,j = hj,i), with perfect channel estimation at each node. Moreover,
the channel coefficients are assumed to be quasi-static throughout the network operation.
Finally, perfect timing synchronization between all the N nodes in the network is assumed.

Figure 3.1: M2M-STNC Scheme with N = 4 Nodes

The cooperative communication between all the nodes (depicted in Fig. 3.2 for N = 4)
is performed over a total of 2N time-slots and is split into two phases (N time-slots each):
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(a) the broadcasting phase (BP) and (b) the cooperation phase (CP). The communication
under the two phases can be expressed in matrix form as

S1 · · · Sj · · · SN S1 · · · Si · · · SN

T1
...
Tj
...

TN

⎡
⎢⎢⎢⎢⎢⎢⎣

x1 · · · 0 · · · 0
...

. . .
... · · · ...

0 · · · xj · · · 0
... · · · ...

. . .
...

0 · · · 0 · · · xN

⎤
⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
Broadcasting Phase

TN+1
...

TN+i
...

T2N

⎡
⎢⎢⎢⎢⎢⎢⎣

0 · · · X 1
i · · · X 1

N
...

. . .
... · · · ...

X i
1 · · · 0 · · · X i

N
... · · · ...

. . .
...

XN
1 · · · XN

i · · · 0

⎤
⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
Cooperation Phase

. (3.1)

3.2.1 Broadcasting Phase

In the broadcasting phase, source node Sj is assigned a time-slot Tj in which it broadcasts
its own data symbol xj to the N − 1 other nodes Si in the network for i ∈ {1, 2, . . . , N} for
i �= j. For source separation at each receiving node, each transmitted symbol xj is spread
using a signature waveform cj(t) where it is assumed that each node knows the signature
waveforms of all the other nodes. The cross-correlation of ci(t) and cj(t) is ρi,j = 〈ci(t), cj(t)〉 �
(1/Ts)

∫ Ts

0 ci(t)c
∗
j (t)dt for i �= j with ρj,j = 1 and Ts being the symbol duration. Thus, the

signal received at node Si for i �= j in time-slot Tj is expressed as

yj,i(t) =
√

PB
j hj,ixjcj(t) + nj,i(t), (3.2)

where PB
j is the transmit power in the broadcasting phase at node Sj and hj,i is the Rayleigh

flat fading channel coefficient between nodes Sj and Si. Also, nj,i(t) is the AWGN sample at
node Si due to the signal transmitted by node Sj, modeled as a zero-mean complex Gaussian
random variable with variance N0. To extract data symbol xj at node Si, the received signal
yj,i(t) (given in (3.2)) is cross-correlated with the signature waveform cj(t) to obtain

yj,i = 〈yj,i(t), cj(t)〉 =
√

PB
j hj,ixj + nj,i, (3.3)

where nj,i ∼ CN (0, N0). Upon the completion of the broadcasting phase, each node Sj will
have exchanged its data symbol xj with the other nodes and received a set of N − 1 signals
{yj,i}Nj=1,j �=i comprising symbols x1, . . . , xi−1, xi+1, . . . , xN for j �= i from all the other nodes
in the network. Node Si then performs a matched filtering operation on each of the received
signals yj,i and the SNR at the output of the matched-filter is expressed as [56]

γBP
j,i =

PB
j |hj,i|2
N0

. (3.4)

The received signals at all the nodes in the network at the end of the broadcasting phase
can be expressed in a matrix form as
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Y =

⎡
⎢⎢⎢⎢⎢⎣

− y2,1 · · · yN−1,1 yN,1

y1,2 − · · · yN−1,2 yN,2
...

...
. . .

...
...

y1,N−1 y2,N−1 · · · − yN,N−1
y1,N y2,N · · · yN−1,N −

⎤
⎥⎥⎥⎥⎥⎦ , (3.5)

where the ith row represents the signals received at Si while the jth column represents the
signals received in time-slot Tj from Sj.

3.2.2 Cooperation Phase

The cooperation phase involves two operations: (1) signal transmission, and (2) multinode
signal detection, which are discussed in the following subsections, respectively. In what
follows, perfect timing synchronization is assumed.

Signal Transmission

In the cooperation phase, each node Si acts as the destination node in time-slot TN+i for
i ∈ {1, 2, . . . , N} and receives simultaneous transmissions from the other N − 1 nodes. In
particular, each node Sk with k �= i forms a linearly coded signal X i

k(t) which is composed
from the received N − 2 signals of the kth row of matrix YYY in (3.5), excluding the received
signal from node Si. Node Sk then transmits X i

k(t) which is given by

X i
k(t) =

N∑
m=1

m �=i,m �=k

βm,k,iym,kcm(t) (3.6)

where cm(t) is the signature waveform associated with symbol xm and βm,k,i is [56]

βm,k,i =

√
PC
m,k,i

PB
m |hm,k|2 +N0

. (3.7)

From (3.6), it should be noted that node Sk relays the received signals from the other N − 2
nodes. Moreover, the received signal at node Si during time-slot TN+i is given by

Yi(t) =
N∑

k=1,k �=i

hk,iX i
k(t) + wi(t) =

N∑
m=1,m �=i

αm,ixmcm(t) + w̄i(t), (3.8)

where αm,i is defined as

αm,i =
√

PB
m

N∑
k=1

k �=i,k �=m

βm,k,ihm,khk,i, (3.9)

In (3.8), wi(t) is the zero-mean N0-variance AWGN sample at node Si and w̄i(t) is the
equivalent noise term which can be expressed as
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w̄i(t) = wi(t) +

N∑
m=1,m �=i

N∑
k=1

k �=i,k �=m

βm,k,ihk,inm,k(t)cm(t). (3.10)

The total transmit power at node Sm for exchanging symbol xm with the other nodes
in the network is given by Pm = PB

m + PC
m , where PB

m = δBmPm is the broadcast power and
PC
m =

∑N
i=1,i �=m PC

m,i = δCmPm is the total cooperative power with 0 < δBm ≤ 1 and δCm = 1−δBm
being the power allocation fractions to the broadcasting and cooperation phases, respectively.
Also, PC

m,i is the total cooperative power associated with relaying symbol xm to destination

node Si for i �= m such that PC
m,i = δCm,iP

C
m with 0 ≤ δCm,i ≤ 1 and

∑N
i=1,i �=m δCm,i = 1. Thus,

PC
m,i is given by PC

m,i =
∑N

k=1
k �=i,k �=m

PC
m,k,i with each relaying node Sk for k �= m and k �= i being

allocated cooperative power PC
m,k,i = δCm,k,iP

C
m,i with 0 ≤ δCm,k,i ≤ 1 and

∑N
k=1

k �=i,k �=m
δCm,k,i = 1.

Additionally, the transmit power associated with transmitting symbol xm is assumed to be
the same for all the N nodes (i.e. Pm = P, ∀m ∈ {1, 2, . . . , N}).

Multinode Signal Detection

Upon receiving signal Yi(t), a multinode signal detection operation is performed by node
Si to extract each of the N − 1 symbols xj, for j ∈ {1, 2, . . . , N}j �=i. This is achieved by
passing the received signal Yi(t) through a matched filter bank (MFB) of N − 1 branches,
matched to the corresponding nodes’ signature waveforms cj(t), yielding

Yj,i = 〈Yi(t), cj(t)〉 =
N∑

m=1,m �=i

αm,ixmρm,j + w̄j,i, (3.11)

where ρm,j is the correlation coefficient between cm(t) and cj(t). The output of the MFB
can be put in a vector form of all the N − 1 Yi,j’s signals as follows

YYY i = RRRiAAAixxxi + w̄̄w̄wi, (3.12)

where

YYY i = [Y1,i, . . . ,Yi−1,i,Yi+1,i, . . . ,YN,i]
T , (3.13)

xxxi = [x1, . . . , xi−1, xi+1, . . . , xN ]
T , (3.14)

w̄̄w̄wi = [w̄1,i, . . . , w̄i−1,i, w̄i+1,i, . . . , w̄N,i]
T ∼ CN (0, N0(I + GGGi)RRRi) and RRRi, AAAi and I, GGGi are

(N − 1)× (N − 1) matrices with I being the identity matrix while RRRi being defined as

RRRi =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 · · · ρ1,(i−1) ρ1,(i+1) · · · ρ1,N
...

. . .
...

... · · · ...
ρ(i−1),1 · · · 1 ρ(i−1),(i+1) · · · ρ(i−1),N
ρ(i+1),1 · · · ρ(i+1),(i−1) 1 · · · ρ(i+1),N

... · · · ...
...

. . .
...

ρN,1 · · · ρN,(i−1) ρN,(i+1) · · · 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (3.15)
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and the diagonal matrices AAAi and GGGi are respectively written as

AAAi = diag
[
α1,i, . . . , α(i−1),i, α(i+1),i, . . . , αN,i

]
, (3.16)

and

GGGi = diag
[
g21,i, . . . , g

2
i−1,i, g

2
i+1,i, . . . , g

2
N,i

]
, (3.17)

with g2j,i being defined as g2j,i =
∑N

k=1
k �=i,k �=j

β2
j,k,i|hk,i|2 for j �= i. The received signal vector YYY i

can then be decorrelated (assuming matrix RRRi is invertible) as Ȳ̄ȲY i = RRR−1i YYY i = AAAixxxi + ¯̄w̄̄w̄̄wi,
where ¯̄w̄̄w̄̄wi = RRR−1i w̄̄w̄wi and ¯̄w̄̄w̄̄wi ∼ CN (0, N0RRR

−1
i (I + GGGi)). Thus, at node Si, the decorrelated

received signal Ȳj,i corresponding to symbol xj is obtained as

Ȳj,i =
√

PB
j

⎛
⎜⎜⎝ N∑

k=1
k �=i,k �=j

βj,k,ihj,khk,i

⎞
⎟⎟⎠xj + ¯̄wj,i, (3.18)

where ¯̄wj,i ∼ CN (0, N0�j,i(1 + g2j,i)) and �j,i is the jth diagonal element of matrix RRR−1i .
Without loss of generality, it is assumed that ρi,j = ρ, ∀i �= j and thus [103]


j,i =
1 + (N − 3)ρ

1 + (N − 3)ρ− (N − 2)ρ2
� 
N−1. (3.19)

It should be noted that upon the completion of the broadcasting and cooperation phases, each
node Si for i = 1, 2, . . . , N has received N−1 signals containing symbol xj for j = 1, 2, . . . , N
and j �= i; a direct signal from the source node Sj in the broadcasting phase and N−2 signals
from nodes Sm for m �= i and m �= j, in the cooperation phase.

The total signal power of the decorrelated signal Ȳj,i received in the cooperation phase is
determined as

PC
Sj,i

= PB
j

⎛
⎜⎜⎝ N∑

k=1
k �=i,k �=j

|βj,k,i|2|hj,k|2|hk,i|2

⎞
⎟⎟⎠ = PB

j

⎛
⎜⎜⎝ N∑

k=1
k �=i,k �=j

PC
j,k,i|hj,k|2|hk,i|2

PB
j |hj,k|2 +N0

⎞
⎟⎟⎠ , (3.20)

while the total noise power is obtained as

PC
Nj,i

= N0
N−1

⎛
⎜⎜⎝1 + N∑

k=1
k �=i,k �=j

β2
j,k,i|hk,i|2

⎞
⎟⎟⎠ = N0
N−1

⎛
⎜⎜⎝1 + N∑

k=1
k �=i,k �=j

PC
j,k,i|hk,i|2

PB
j |hj,k|2 +N0

⎞
⎟⎟⎠ . (3.21)

Thus, the instantaneous SNR at the output of the matched-filter at node Si corresponding
to symbol xj is given by

γj,i = γBP
j,i + γCP

j,i , (3.22)

where γBP
j,i is an exponential random variable as in (3.4) with mean λBP

j,i = N0

PB
j σ2

j,i
, and γCP

j,i

is given by
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γCP
j,i =

PB
j

N0
N−1
(
1 +

∑N
k=1

k �=i,k �=j

PC
j,k,i|hk,i|2

PB
j |hj,k|2+N0

)
⎛
⎜⎜⎝ N∑

k=1
k �=i,k �=j

PC
j,k,i|hj,k|2|hk,i|2

PB
j |hj,k|2 +N0

⎞
⎟⎟⎠ . (3.23)

It is clear from (3.23) that γCP
j,i is adversely affected by the noise amplification due to the

simultaneous transmissions of the N − 2 nodes. The achievable rate between source node Sj

and destination node Si is given by

RM2M-STNC
j,i (γj,i) =

1

2N
log2

⎛
⎜⎜⎝1 + PB

j |hj,i|2
N0

+

PB
j

(∑N
k=1

k �=i,k �=j

PC
j,k,i|hj,k|2|hk,i|2
PB
j |hj,k|2+N0

)
N0
N−1

(
1 +

∑N
k=1

k �=i,k �=j

PC
j,k,i|hk,i|2

PB
j |hj,k|2+N0

)
⎞
⎟⎟⎠ , (3.24)

and the total achievable rate of node Sj is expressed asRM2M-STNC
j =

∑N
i=1,i �=jRM2M-STNC

j,i (γj,i).

It should be noted that the M2M-STNC scheme requires stringent timing synchronization
between the relaying nodes, and synchronizing all the distributed N nodes—as will be dis-
cussed later in this chapter—is practically prohibitive. In turn, selecting the optimal node
to relay each symbol to each destination is highly desirable, as presented in the following
section.

3.3 Space-Time Network Coding with Optimal Node

Selection

When node Si acts as a destination node in its assigned time-slot TN+i, the intermediate
node the transmitted signal of which results in the highest cumulative SNR value for symbol
xm of source node Sm for m �= i is selected. Specifically, for each source node, optimal
relaying nodes are selected and then all the nodes selected for at least one source node
transmit simultaneously. The node selection metric used by the destination node Si to
determine the optimal node Sk to “relay” symbol xm received from source node Sm for k �= i
and k �= m is based on the scaled harmonic mean of the instantaneous source, intermediate
and destination nodes’ scaled channel gains, as follows1 [20] [27] [77]

γm,k,i � μH(X
B
m,k;X

C
m,k,i) =

XB
m,kX

C
m,k,i

XB
m,k +XC

m,k,i

, (3.25)

where XB
m,k = PB

m |hm,k|2 and XC
m,k,i = PC

m,k,i|hk,i|2 are exponential random variables corre-
sponding to the broadcast transmission of symbol xm from source node Sm to intermediate
node Sk with transmit power PB

m and the cooperative transmission of symbol xm from inter-
mediate node Sk to the destination node Si with cooperative transmit power PC

m,k,i = PC
m,i.

1Node selection is achieved via control messages exchange prior to the cooperation phase [106] and is only
updated when the respective channels’ coherence time elapses.
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Thus, the scaled harmonic mean values corresponding to symbol xm, for m �= i at node Sk

for k �= i and k �= m when node Si is the destination node is summarized in matrix form as

x1 · · · xi−1 xi+1 · · · xN

ΓΓΓi =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

− · · · γi−1,1,i γi+1,1,i · · · γN,1,i

... · · ·
...

... · · ·
...

γ1,i−1,i · · · − γi+1,i−1,i · · · γN,i−1,i

γ1,i+1,i · · · γi−1,i+1,i − · · · γN,i+1,i

... · · ·
...

... · · ·
...

γ1,N,i · · · γi−1,N,i γi+1,N,i · · · −

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

S1

...
Si−1

Si+1

...
SN

. (3.26)

For node Si to receive symbol xm for m �= i, the optimally selected node to forward
symbol xm among the N − 2 nodes that received independent copies of symbol xm during
the broadcasting phase is defined by koptm,i = argmaxk=1,2,...,N{γm,k,i}k �=i,k �=m. Hence, in time-
slot TN+i for each symbol xm form �= i, the system reduces to a source node Sm, a destination
node Si and an optimally selected node for the relaying of xm. Thus, each symbol xm is
associated with a set of indicator functions in the form of Im,i = {Im,k,i}Nk=1,k �=i,k �=m, where
Im,k,i for k �= i, k �= m acts as a binary indicator function when node Si is the receiving node;
while Sk is the optimally selected node transmitting signal ym,k corresponding to symbol xm.
Hence, Im,k,i is defined by Im,k,i = 1 if k = kopt

m,i; otherwise Im,k,i = 0.

As before, each node Sk then possibly forms a linearly-coded signal Z i
k(t) from its re-

ceived signals in the broadcasting phase and transmits it to node Si during time-slot TN+i.
Specifically, Z i

k(t) is composed from the received signals of the kth row of matrix YYY in (3.5)
in the form of

Z i
k(t) =

N∑
m=1

m �=i,m �=k

βm,k,iym,kIm,k,icm(t) (3.27)

It should be noted that if node Sk is not an optimal node to forward any of the xm for
m �= i,m �= k data signals to node Si, then Z i

k(t) = 0; otherwise, node Sk is an optimal
node to forward at least one symbol xm and Z i

k(t) �= 0. Following the steps of the previous
section, the received signal at node Si during time-slot TN+i is given by

Ŷi(t) =

N∑
k=1,k �=i

hk,iZ i
k(t) + wi(t) =

N∑
m=1,m �=i

α̂m,ixmcm(t) + ŵi(t), (3.28)

where α̂m,i is defined as

α̂m,i = βm,opt,ih̄m,opt,i

√
PB
m ĥm,opt,i, (3.29)

with h̄m,opt,i being the channel coefficient between the source node Sm and the optimally
selected node to forward symbol xm to node Si for m �= i, as implied by k = kopt

m,i, and βm,opt,i

is the scaling factor defined in (3.7). Also, ĥm,opt,i is the channel coefficient between the
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optimally selected node and node Si for the transmission of symbol xm for m �= i. In (3.28),
ŵi(t) is the equivalent noise term which can be expressed as

ŵi(t) = wi(t) +

N∑
m=1,m �=i

βm,opt,iĥm,opt,inm,opt,i(t)cm(t), (3.30)

where nm,opt,i is the noise sample at the optimally selected node by node Si for the transmis-
sion of symbol xm, for m �= i. It should be noted that under the M2M-STNC-ONS scheme,
the total cooperative transmit power associated with relaying symbol xm to node Si is set
to PC

m,opt,i = PC
m,i = δCm,iP

C
m , where P

C
m,opt,i is the cooperative transmit power allocated to the

optimally selected node. Thus, the total power associated with transmitting symbol xm is
given by P = PB

m +
∑N

i=1,i �=m PC
m,opt,i.

To extract symbol xj, the received signal Ŷi(t) is passed through a MFB and the output

of the jth branch is expressed as Ŷj,i =
∑N

m=1,m �=i α̂m,ixmρm,j + ŵj,i which in vector form

is expressed as Ŷ̂ŶY i = RRRiÂAAixxxi + ŵ̂ŵwi. In particular, ŵ̂ŵwi = [ŵ1,i, . . . , ŵi−1,i, ŵi+1,i, . . . , ŵN,i]
T ∼

CN (0, N0(I+ Ĝ̂ĜGi)RRRi), with RRRi being defined in (3.15) while Â̂ÂAi and Ĝ̂ĜGi are defined as

Â̂ÂAi = diag
[
α̂1,i, . . . , α̂(i−1),i, α̂(i+1),i, . . . , α̂N,i

]
, (3.31)

and

Ĝ̂ĜGi = diag
[
ĝ21,i, . . . , ĝ

2
i−1,i, ĝ

2
i+1,i, . . . , ĝ

2
N,i

]
, (3.32)

with ĝ2j,i being defined as ĝ
2
j,i = β2

j,opt,i|ĥj,opt,i|2 for j �= i. The decorrelated received signal Ŷj,i

is obtained as

Ŷj,i = βj,opt,ih̄j,opt,i

√
PB
j ĥj,opt,ixj + ˆ̂wj,i, (3.33)

where ˆ̂wj,i ∼ CN (0, N0�N−1(1 + β2
j,opt,i|ĥj,opt,i|2)). At the end of the broadcasting and coop-

eration phases, two signals comprising symbol xj are received at node Si; the first comes
from the direct transmission in the broadcasting phase while the other is from the optimally
selected node in the cooperation phase. Therefore, at the output of the matched-filter, the
instantaneous SNR is given by

γ̂j,i = γBP
j,i + γ̂CP

j,i , (3.34)

where γ̂CP
j,i is given by

γ̂CP
j,i =

PC
j,iP

B
j |h̄j,opt,i|2|ĥj,opt,i|2

N0
N−1(PB
j |h̄j,opt,i|2 + PC

j,i|ĥj,opt,i|2 +N0)
, (3.35)

which at high SNR can be tightly approximated as [56]

¯̂γCP
j,i �

PC
j,iP

B
j |h̄j,opt,i|2|ĥj,opt,i|2

N0
N−1(PB
j |h̄j,opt,i|2 + PC

j,i|ĥj,opt,i|2)
= μH

(
XB

j,opt,i;X
C
j,opt,i

)
, (3.36)
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where it is straightforward to verify that ¯̂γCP
j,i is the harmonic mean corresponding to the

two exponential random variables

XB
j,opt,i =

PB
j |h̄j,opt,i|2
N0
N−1

and XC
j,opt,i =

PC
j,i|ĥj,opt,i|2
N0
N−1

, (3.37)

with means λB
j,opt,i =

N0�N−1

PB
j σ̄2

j,opt,i
and λC

j,opt,i =
N0�N−1

PC
j,iσ̂

2
j,opt,i

, respectively. Note that ¯̂γCP
j,i corresponds

to the optimally selected node with the maximum harmonic mean. The means of γBP
j,i , X

B
j,opt,i

and XC
j,opt,i can be redefined respectively as λBP

j,i = N0

δBj Pσ2
j,i
, λB

j,opt,i =
N0�N−1

δBj P σ̄2
j,opt,i

and λC
j,opt,i =

N0�N−1

δCj,i(1−δBj )P σ̂2
j,opt,i

for j �= i, ∀i, j ∈ {1, 2, . . . , N}. Thus, γ̂j,i is redefined as ¯̂γj,i = γBC
j,i + ¯̂γCP

j,i .

The achievable rate between source node Sj and destination node Si under the M2M-
STNC-ONS scheme is given by

RM2M-STNC-ONS
j,i (γ̂j,i) =

1

2N
log2

(
1 +

PB
j |hj,i|2
N0

+
PC
j,iP

B
j |h̄j,opt,i|2|ĥj,opt,i|2

N0
N−1(PB
j |h̄j,opt,i|2 + PC

j,i|ĥj,opt,i|2 +N0)

)
,

(3.38)

where γ̂j,i is defined in (3.34) and thus RM2M-STNC-ONS
j =

∑N
i=1,i �=jRM2M-STNC-ONS

j,i (γ̂j,i) is the
total achievable rate of node Sj. When N = 3, the instantaneous SNR due to the cooperative
transmission γCP

j,i under the M2M-STNC scheme reduces to that of the M2M-STNC-ONS
scheme (i.e. γCP

j,i = γ̂CP
j,i ). In this case, the SER performance and achievable rate of the

M2M-STNC and M2M-STNC-ONS schemes are equivalent.

3.4 Symbol Error Rate (SER) Performance Analysis

In general, the SER for M-PSK modulation conditional on the channel state information
(CSI) for SNR γ is given by [83]

Ψ|{h}(γ) =
1

π

∫ (M−1)π/M

0
exp

(
− bpskγ

sin2 θ

)
dθ, (3.39)

where bpsk = sin2(π/M).

3.4.1 M2M-STNC

The derived instantaneous SNR due to the cooperative transmission γCP
j,i in (3.23) is

extremely difficult to manipulate and thus only the conditional SER of symbol xj detected
at node Si for i �= j is provided, which can be evaluated numerically as

PM2M-STNC
SER = Ψ|{hj,i}Nj,i=1,j �=i

(
γBP
j,i + γCP

j,i

)
, (3.40)

where γBP
j,i + γCP

j,i = γj,i, as defined in (3.22).
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3.4.2 M2M-STNC-ONS

Denoting the moment generating function (MGF) of a random variable γ with probability
density function (PDF) pγ(γ) as

Mγ(s) =

∫ ∞

−∞
e−sγpγ(γ)dγ, (3.41)

and averaging the conditional SER over the Rayleigh fading channel statistics, the approxi-
mate SER expression is given by [56]

P̃M2M-STNC-ONS
SER = Ψ

(
γBP
j,i + ¯̂γCP

j,i

)
=
1

π

∫ (M−1)π/M

0
MγBP

j,i

(
bpsk

sin2 θ

)
M¯̂γCP

j,i

(
bpsk

sin2 θ

)
dθ, (3.42)

whereMγBP
j,i
(s) is defined as [56]

MγBP
j,i
(s) =

1

1 + sδBj Pσ2
j,i/N0

. (3.43)

To determine the MGF of ¯̂γCP
j,i , the cumulative distribution function (CDF) of

¯̂γCP
j,i can be

derived as [56] [77]

P¯̂γCP
j,i
(γ) = Pr

⎡
⎣ max
k=1,2,...,N
k �=i,k �=j

γ̂j,k,i ≤ γ

⎤
⎦ = N∏

k=1
k �=i,k �=j

Pγ̂j,k,i(γ), (3.44)

where Pγ̂j,k,i(γ) = 1 − 2γ
√

λ̂B
j,kλ̂

C
j,k,ie

−γ(λ̂B
j,k+λ̂C

j,k,i)K1

(
2γ
√

λ̂B
j,kλ̂

C
j,k,i

)
with λ̂B

j,k and λ̂C
j,k,i being

defined as λ̂B
j,k =

N0�N−1

δBj Pσ2
j,k

and λ̂C
j,k,i =

N0�N−1

δCj,i(1−δBj )Pσ2
k,i

, respectively. Also, K1(·) is the first-order
modified Bessel function of the second kind [80]. At high SNR, K1(·) can be approximated
for small x as K1(x) ≈ 1/x [80], and thus the CDF of γ̂j,k,i simplifies to Pγ̂j,k,i(γ) ≈ 1 −
e−γ(λ̂

B
j,k+λ̂C

j,k,i). For convenience, define λ̂BC
j,k,i � λ̂B

j,k + λ̂C
j,k,i =

N0�N−1

P Φj,k,i, where

Φj,k,i =
δBj σ

2
j,k + δCj,i(1− δBj )σ

2
k,i

δCj,i(1− δBj )δ
B
j σ

2
j,kσ

2
k,i

. (3.45)

Therefore, the PDF of ¯̂γCP
j,i can be obtained as

p¯̂γCP
j,i
(γ) =

N∑
m=1

m �=i,m �=j

pγ̂j,m,i
(γ)

N∏
k=1,k �=m
k �=i,k �=j

(
1− e−γλ̂

BC
j,k,i

)
, (3.46)

where pγ̂j,m,i
(γ) = λ̂BC

j,m,ie
−γλ̂BC

j,m,i is the PDF of γ̂j,m,i. Using (3.46) to determine the MGF of
¯̂γCP
j,i is quite difficult [20]; however, by using the relationship between the CDF of a random
variable X and its MGF, as given by MX(s) = sL{PX(x)} with L{·} being the Laplace
Transform of the parameter [80], the MGF of ¯̂γCP

j,i can be shown to be
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M¯̂γCP
j,i
(s) = 1−

N∑
k=1

k �=i,k �=j

s

s+ λ̂BC
j,k,i

+

N∑
k=1

k �=i,k �=j

N∑
m=1,m �=k
m �=i,m �=j

s

s+ λ̂BC
j,k,i + λ̂BC

j,m,i

− · · ·+ (−1)Ns

s+
∑N

k=1
k �=i,k �=j

λ̂BC
j,k,i

.

(3.47)

Thus, by substituting (3.43) and (3.47) into (3.42), the approximate SER performance for
symbol xj detected at node Si for i �= j can be determined using

P̃M2M-STNC-ONS
SER ≈

1

π

∫ (M−1)π/M

0

1(
1 +

bpskδBj Pσ2
j,i

sin2(θ)N0

)
⎛
⎜⎝1− N∑

k=1
k �=i,k �=j

PbPSK

sin2(θ)N0	N−1

PbPSK

sin2(θ)N0	N−1
+Φj,k,i

+ · · ·+
(−1)N PbPSK

sin2(θ)N0	N−1

PbPSK

sin2(θ)N0	N−1
+
∑N

k=1
k �=i,k �=j

Φj,k,i

⎞
⎟⎠ dθ.

(3.48)

Upper Bound

An upper bound on the SER performance is derived by first noticing that at high SNR,
the MGF of γBP

j,i given in (3.43) can be upper-bounded (by ignoring the 1 term) as [56]

MγBP
j,i
(s) � N0

sδBj Pσ2
j,i

. (3.49)

Second, an upper-bound for Mγ̄CP
j,i
(s) at high SNR can be determined by approximating

ex � (1 + x) when x→ 0 in the PDF of ¯̂γCP
j,i defined in (3.46) which is now given by

p¯̂γCP
j,i
(γ) ≈

N∑
m=1

m �=i,m �=j

λ̂BC
j,m,i(1− γλ̂BC

j,m,i)γ
N−3

N∏
k=1,k �=m
k �=i,k �=j

λ̂BC
j,k,i. (3.50)

Since λ̂BC
j,k,i =

N0�N−1

P
Φj,k,i, so by substituting (3.50) into (3.41) and after a series of manipu-

lations, it can be shown that

M¯̂γCP
j,i
(s) � (N − 2)!

(
N0
N−1

sP

)N−2 N∏
k=1

k �=i,k �=j

Φj,k,i. (3.51)

Hence, by substituting (3.49) and (3.51) into (3.42), the upper-bound SER expression is
obtained as

P̄M2M-STNC-ONS
UB−SER �

(
N0

P

)N−1
(N − 2)!Θ(N − 1)(
N−1)

N−2

δBj σ2
j,ib

N−1
PSK

N∏
k=1

k �=i,k �=j

Φj,k,i, (3.52)

with Θ(N − 1) being defined as Θ(N − 1) = 1
π

∫ (M−1)π/M
0

(
sin2(θ)

)N−1
dθ.



Chapter 3 70

Diversity Order Analysis

The diversity order is determined by Γ = − limSNR→∞ log
(
P̄M2M-STNC-ONS
UB−SER

)
/ log(SNR),

where SNR = P/N0 [56]. Thus, it is easily verified that the M2M-STNC-ONS achieves a
full diversity order of Γ = N − 1 per node.

3.5 Approximate Probability of Node Selection

It should be noted that the selected node can be probabilistically determined as follows.
First, notice that a harmonic mean random variable γj,k,i (as defined in (3.25)) can be
approximated as an exponential random variable with CDF and PDF given by Pγj,k,i ≈
1 − e−γ(λ

B
j,k+λC

j,k,i) and pγj,k,i(γ) = (λB
j,k + λC

j,k,i)e
−γ(λB

j,k+λC
j,k,i), respectively, with λB

j,k =
1

PB
j σ2

j,k

and λC
j,k,i =

1
PC
j,k,iσ

2
k,i
. Also, let λBC

j,k,i � λB
j,k + λC

j,k,i =
PB
j σ2

j,k+PC
j,k,iσ

2
k,i

PB
j PC

j,k,iσ
2
j,kσ

2
k,i
.

The approximate probability that node Sk is selected as the optimal node for relaying
symbol xj to destination node Si for N = 4 is given by

Pr

⎡
⎣γj,k,i = max

q=1,2,...,4
q �=i,q �=j

γj,q,i

⎤
⎦ = Pr [γj,k,i > γj,q,i] =

λBC
j,q,i

λBC
j,k,i + λBC

j,q,i

, (3.53)

for k �= q. For N = 5, the approximate probability of optimal node selection can be
determined as

Pr

[
γj,k,i > {γj,q,i} q=1,2,...,5

q �=i,q �=j,q �=k

]
= Pr [γj,k,i > γj,q,i > γj,l,i] + Pr [γj,k,i > γj,l,i > γj,q,i] , (3.54)

for k �= q �= l. Furthermore, it can be verified that

Pr [γj,k,i > γj,q,i > γj,l,i] = Pr [γj,k,i > γj,q,i|γj,l,i = min{γj,l,i, γj,q,i, γj,k,i}] Pr [γj,l,i = min{γj,l,i, γj,q,i, γj,k,i}]

=

(
λBC
j,q,i

λBC
j,k,i + λBC

j,q,i

)(
λBC
j,l,i

λBC
j,k,i + λBC

j,q,i + λBC
j,l,i

)
,

(3.55)

and similarly

Pr [γj,k,i > γj,l,i > γj,q,i] = Pr [γj,k,i > γj,l,i|γj,q,i = min{γj,l,i, γj,q,i, γj,k,i}] Pr [γj,q,i = min{γj,l,i, γj,q,i, γj,k,i}]

=

(
λBC
j,l,i

λBC
j,k,i + λBC

j,l,i

)(
λBC
j,q,i

λBC
j,k,i + λBC

j,q,i + λBC
j,l,i

)
.

(3.56)

In general, to find the probability that node Sk is the optimal node to relay symbol xj to
node Si for N > 5 is recursively determined using

Pr

[
γj,k,i > {γj,q,i} q=1,2,...,N

q �=i,q �=j,q �=k

]
(3.57)

for the different inequality permutations of γj,q,i, ∀q ∈ {1, 2, . . . , N} and q �= i �= j �= k.
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3.6 Optimal Power Allocation

The performance of the M2M-STNC scheme can be further improved by optimally allo-
cating cooperative transmit power PC

j =
∑N

i=1,i �=j P
C
j,i with PC

j,i =
∑N

k=1
k �=i,k �=j

PC
j,k,i among the

relaying nodes so as to improve the total achievable rate of node Sj, ∀j ∈ {1, 2, . . . , N} and
j �= i. From (3.23), define ξj,k,i as

ξj,k,i =
|hk,i|2

PB
j |hj,k|2 +N0

, (3.58)

and hence the instantaneous SNR due to the cooperative transmission γCP
j,i is re-defined as

γCP
j,i =

PB
j

(∑N
k=1

k �=i,k �=j
PC
j,k,i|hj,k|2ξj,k,i

)
N0
N−1

(
1 +

∑N
k=1

k �=i,k �=j
PC
j,k,iξj,k,i

) . (3.59)

Thus, the achievable rate between source node Sj and destination node Si is expressed as

RM2M-STNC
j,i (γj,i) =

1

2N
log2

⎛
⎜⎜⎝1 + PB

j |hj,i|2
N0

+

PB
j

(∑N
k=1

k �=i,k �=j
PC
j,k,i|hj,k|2ξj,k,i

)
N0
N−1

(
1 +

∑N
k=1

k �=i,k �=j
PC
j,k,iξj,k,i

)
⎞
⎟⎟⎠ , (3.60)

which can be verified to be strictly increasing and concave in PC
j,k,i, ∀k ∈ {1, 2, . . . , N} with

k �= j and k �= i for fixed PB
j . Therefore, the total rate RM2M-STNC

j maximizing cooperative
power allocation problem for source node Sj for j ∈ {1, 2, . . . , N} can be formulated as

max
PC
j,k,i≥0

N∑
i=1,i �=j

RM2M-STNC
j,i (γj,i)

s.t.
N∑
k=1

k �=i,k �=j

PC
j,k,i ≤ PC

j,i, ∀i ∈ {1, 2, . . . , N} and i �= j,

N∑
i=1,i �=j

PC
j,i ≤ PC

j .

(3.61)

Note that if the power fraction δCj,i = PC
j,i/P

C
j of node Sj to transmit its symbol xj to node

Si, ∀i ∈ {1, 2, . . . , N} and j �= i is known, then the above problem is separated as follows

max
PC
j,k,i≥0

RM2M-STNC
j,i (γj,i)

s.t.
N∑
k=1

k �=i,k �=j

PC
j,k,i ≤ PC

j,i, and j �= i,
(3.62)

leading to the following theorem.
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Theorem 3.1: Under the sum-of-rates maximizing optimal power allocation, the M2M-
STNC scheme reduces to the M2M-STNC-ONS scheme2.

Proof: The aim is to show that although the selection rule has not been imposed explic-
itly, the solution to the optimization problem is that power is optimally allocated to only one
relaying node and that node is the one that has the maximum resulting cooperative SNR,
when allocated all the available cooperative power PC

j,i. Define the Lagrangian problem as

L
(
λ, {υj,k,i}Nl=1,k �=j,i

)
= −RM2M-STNC

j,i + λ

⎛
⎜⎜⎝ N∑

k=1
k �=i,k �=j

PC
j,k,i − PC

j,i

⎞
⎟⎟⎠− N∑

k=1
k �=i,k �=j

υj,k,iP
C
j,k,i. (3.63)

Let ηBj = PB
j /(2NN0�N−1 ln 2), then the Karush-Kuhn-Tucker (KKT) conditions for node

Sl for l ∈ {1, 2, . . . , N} and l �= j, i are obtained as

−ηBj(
1 +

∑N
k=1

k �=i,k �=j

PC
j,k,iξj,k,i

)

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

|hj,l|2ξj,l,i +
∑N

k=1
k �=i,k �=j

PC
j,k,i(|hj,l|2ξj,l,iξj,k,i − |hj,k|2ξj,k,iξj,l,i)

(
1 +

∑N
k=1

k �=i,k �=j

PC
j,k,iξj,k,i

)
(1 + PB

j |hj,i|2/N0) +

PB
j

⎛
⎝∑N

k=1
k �=i,k �=j

PC
j,k,i

|hj,k|2ξj,k,i

⎞
⎠

N0�N−1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
+λ = υj,l,i,

λ

⎛
⎜⎜⎝

N∑
k=1

k �=i,k �=j

PC
j,k,i − PC

j,i

⎞
⎟⎟⎠ = 0,

υj,l,iP
C
j,l,i = 0, ∀l ∈ {1, 2, . . . , N} and l �= j, i,

(3.64)

with λ ≥ 0 and υj,l,i ≥ 0, ∀l ∈ {1, 2, . . . , N} and l �= j, i being the Lagrange multipliers
associated with the total power constraint and power positivity, respectively. Now, consider
the case where PC

j,l,i > 0, ∀l ∈ {1, 2, . . . , N} and l �= j, i, which by complimentary slackness
implies that υj,l,i = 0. This in turn leads to

ηBj(
1 +

∑N
k=1

k �=i,k �=j

PC
j,k,iξj,k,i

)

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

|hj,l|2ξj,l,i +
∑N

k=1
k �=i,k �=j

PC
j,k,i(|hj,l|2ξj,l,iξj,k,i − |hj,k|2ξj,k,iξj,l,i)

(
1 +

∑N
k=1

k �=i,k �=j

PC
j,k,iξj,k,i

)
(1 + PB

j |hj,i|2/N0) +

PB
j

⎛
⎝∑N

k=1
k �=i,k �=j

PC
j,k,i

|hj,k|2ξj,k,i

⎞
⎠

N0�N−1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

= λ.

(3.65)

Consequently,

|hj,l|2ξj,l,i +
N∑

k=1
k �=i,k �=j

PC
j,k,i(|hj,l|2ξj,l,iξj,k,i− |hj,k|2ξj,k,iξj,l,i) = |hj,q |2ξj,q,i +

N∑
k=1

k �=i,k �=j

PC
j,k,i(|hj,q |2ξj,q,iξj,k,i− |hj,k|2ξj,k,iξj,q,i)

(3.66)
for ∀q ∈ {1, 2, . . . , N} and q �= j, i, l. Rearranging (3.66) yields

|hj,l|2ξj,l,i − |hj,q|2ξj,q,i +
N∑
k=1

k �=i,k �=j

PC
j,k,i

(
(|hj,l|2ξj,l,i − |hj,q|2ξj,q,i)ξj,k,i − |hj,k|2ξj,k,i(ξj,l,i − ξj,q,i)

)
= 0,

(3.67)

2A similar result has recently appeared in [107].
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which cannot simultaneously be true for any two nodes Sl and Sq for l �= q. Since the rate
function can be verified to be strictly increasing in the cooperative power, then the optimal
solution always happens on the boundary of the feasible set (i.e. PC

j,opt,i = PC
j,i). Hence, when

power is optimally allocated, only one node is allocated all the available cooperative power
PC
j,i and that node’s cooperative transmission maximizes the achievable rate. �

3.7 Timing Synchronization Analysis

It is well-known that due to the diagonal structure of the broadcasting phase, as shown
in (3.1), the problem of perfect timing synchronization is alleviated since within the TDMA
framework, only one source node is allowed to transmit at any one time-slot [9]. Moreover,
the analysis so far assumed perfect “in-phase” synchronization among the transmitting nodes
in the cooperation phase. However, simultaneous transmissions of the distributed nodes dur-
ing the cooperation phase impose a major practical challenge, especially for a large number
of transmitting nodes, scattered over a large area in the network. The mismatches in clocks
of the geographically distributed nodes result in different transmission times. Also, the lack
of tracking at the receiving node for all the other cooperating nodes and the lack of com-
pensation for propagation delays can have detrimental effects on the network performance.
Therefore, this section aims at analyzing the timing synchronization errors in the coopera-
tion phase and their impact on the SER performance and achievable rate of the M2M-STNC
and M2M-STNC-ONS schemes.

3.7.1 Signal Model Under M2M-STNC Scheme

In the cooperation phase, consider the scenario where node Si is the receiving node
while the remaining distributed nodes Sm for m ∈ {1, 2, . . . , N}m �=i are assumed to transmit
asynchronously. Let τi,m be the time-offset for each transmitting node Sm during the ith time-
slot. Moreover, assume that each distributed node initiates and terminates it transmissions
within Ts time units of each other within each TDMA time-slot. Due to the fractional-symbol
delay between the different nodes, the channels can become extremely dispersive even for
flat-fading channels. Moreover, the effect of the different propagation delays is manifested
in the form of superposition of pulses from each node Sm for m ∈ {1, 2, . . . , N}m �=i that are
shifted by τi,m. This in turn implies that neighboring symbols will introduce intersymbol
interference (ISI) to the desired symbol. In this work, only the ISI contribution from the
neighboring symbols to the desired symbol is considered while the higher-order terms are
neglected due to their smaller effect [108]. Thus, from (3.8), the received signal at node Si

during the ith time-slot is expressed as3 [109] [110]

3It is assumed that the channel coefficients are time-invariant during each time-slot but are randomly
time-varying from one time-slot to another.
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Yi(t) =

N∑
m=1,m �=i

αm,i

1∑
l=−1

xm(l)cm (t− lTs − τi,m) + w̄i(t), (3.68)

where αm,i is defined in (3.9) and w̄i(t) is written as

w̄i(t) = wi(t) +

N∑
m=1,m �=i

N∑
k=1

k �=i,k �=m

βm,k,ihk,i

1∑
l=−1

nm,k (t− lTs) cm (t− lTs − τi,m) . (3.69)

Without loss of generality, the random time-shifts between the N−1 nodes and the receiving
node Si are ordered such that 0 ≤ τi,1 ≤ . . . ≤ τi,i−1 ≤ τi,i+1 ≤ . . . ≤ τi,N < Ts. As before,
the received signal is then fed into a bank of N − 1 filters, matched to the nodes’ signature
waveforms, and sampled at t = lTs+Δi, where Δi is the timing-shift chosen by the receiving
node Si to compensate for the average delay of the transmitting nodes. Thus, the received
signal at node Si is given by [111]

Yj,i(l) = 〈Yi(t), cj(t)〉 =
∫ lTs+Ts+Δi

lTs+Δi

Yi(t)c
∗
j (t− lTs −Δi) dt, (3.70)

with cj(t) being zero outside the duration of Ts time units. Now, define the (N−1)×(N−1)
cross-correlation matrixRRRi(l) whose entries are in general modeled for l = 1, l = 0 and l = −1
as [99]

ρ̃
(1)
m,j =

{
1
Ts

∫ τi,m
Δi

cm(t− τi,m)c
∗
j (t−Δi) dt = ρm,j

(
τi,m−Δi

Ts

)
, τi,m > Δi

0, otherwise
, (3.71)

ρ̄
(0)
m,j =

1

Ts

∫ min(τi,m,Δi)+Ts

max(τi,m,Δi)
cm(t− τi,m)c

∗
j (t−Δi) dt =

⎧⎨
⎩ρm,j

(
1− Δi−τi,m

Ts

)
, Δi ≥ τi,m

ρm,j

(
1− τi,m−Δi

Ts

)
, Δi < τi,m

, (3.72)

and

ρ̃
(−1)
m,j =

{
1
Ts

∫ Δi

τi,m
cm(t− τi,m)c

∗
j (t−Δi) dt = ρm,j

(
Δi−τi,m

Ts

)
, τi,m < Δi

0, otherwise
, (3.73)

respectively, where RRRi(l) = 0, ∀|l| > 1, RRRi(l) = RRRT
i (−l), and as before, it is assumed that

ρm,j = ρ, ∀m �= i. Furthermore, the time-shifts are assumed to be uniformly distributed as
τi,m−Δi ∼ U [−ΔTs/2,ΔTs/2] around the reference clock Δi, ∀m ∈ {1, 2, . . . , N}m �=i, where
ΔTs ∈ [0, Ts) is the maximum time-shift value. Intuitively, the smaller are the time-shifts,
the less severe are the timing synchronization errors.

For convenience, let RRRi(0) = R̄̄R̄Ri be defined as
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R̄̄R̄Ri =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 · · · ρ̄
(0)
1,(i−1) ρ̄

(0)
1,(i+1) · · · ρ̄

(0)
1,N

...
. . .

...
... · · · ...

ρ̄
(0)
(i−1),1 · · · 1 ρ̄

(0)
(i−1),(i+1) · · · ρ̄

(0)
(i−1),N

ρ̄
(0)
(i+1),1 · · · ρ̄

(0)
(i+1),(i−1) 1 · · · ρ̄

(0)
(i+1),N

... · · · ...
...

. . .
...

ρ̄
(0)
N,1 · · · ρ̄

(0)
N,(i−1) ρ̄

(0)
N,(i+1) · · · 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (3.74)

and RRRi(1) = RRRT
i (−1) = R̃̃R̃Ri, where R̃̃R̃Ri is defined as follows [112]

R̃̃R̃Ri =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 · · · ρ̃
(1)
1,(i−1) ρ̃

(1)
1,(i+1) · · · ρ̃

(1)
1,N

...
. . .

...
... · · · ...

0 · · · 0 ρ̃
(1)
(i−1),(i+1) · · · ρ̃

(1)
(i−1),N

0 · · · 0 0 · · · ρ̃
(1)
(i+1),N

... · · · ...
...

. . .
...

0 · · · 0 0 · · · 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (3.75)

Thus, the output of the matched filter bank can be expressed as [111] [112]

YYY i(l) = R̃̃R̃RT
i AAAixxxi(l + 1) + R̄̄R̄RiAAAixxxi(l) + R̃̃R̃RiAAAixxxi(l − 1) + w̄̄w̄wi(l), (3.76)

where matrix AAAi is defined in (3.16) whereas xxxi(l + ς) is defined in general as

xxxi(l + ς) = [x1(l + ς), . . . , xi−1(l + ς), xi+1(l + ς), . . . , xN (l + ς)]T (3.77)

for ς ∈ {−1, 0, 1}. Also, w̄̄w̄wi(l) is the noise vector with variance given by

E
[
w̄̄w̄wi(l)w̄̄w̄w

H
i (l + ς)

]
=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

N0

(
(I+GGGi)R̄̄R̄R

T
i +GGGiR̃̃R̃Ri

)
, if ς = 1

N0

(
(I+GGGi)R̄̄R̄Ri +GGGiR̃̃R̃R

T
i +GGGiR̃̃R̃Ri

)
, if ς = 0

N0

(
(I+GGGi)R̄̄R̄Ri +GGGiR̃̃R̃R

T
i

)
, if ς = −1

0, otherwise

, (3.78)

where E [·] is the expectation operator and matrix GGGi is defined in (3.17). As before, the
vector YYY i(n) can be decorrelated as

Ȳ̄ȲY i(l) = RRR−1i YYY i(l) = Ŕ́ŔRiAAAixxxi(l + 1) + ¯̄R̄̄R̄̄RiAAAixxxi(l) + R̀̀R̀RiAAAixxxi(l − 1) + ¯̄w̄̄w̄̄wi(l), (3.79)

where RRRi is as defined in (3.15) with off-diagonal elements equal to ρ, ¯̄R̄̄R̄̄Ri = RRR−1i R̄̄R̄Ri, Ŕ́ŔRi =

RRR−1i R̃̃R̃RT
i , R̀̀R̀Ri = RRR−1i R̃̃R̃Ri and ¯̄w̄̄w̄̄wi(l) = RRR−1i w̄̄w̄wi(l) with

E
[
¯̄w̄̄w̄̄wi(l) ¯̄w̄̄w̄̄w

H
i (l + ς)

]
=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

N0RRR
−1
i

(
(I+GGGi)R̄̄R̄R

T
i +GGGiR̃̃R̃Ri

)
RRR−Ti , if ς = 1

N0RRR
−1
i

(
(I+GGGi)R̄̄R̄Ri +GGGiR̃̃R̃R

T
i +GGGiR̃̃R̃Ri

)
RRR−Ti , if ς = 0

N0RRR
−1
i

(
(I+GGGi)R̄̄R̄Ri +GGGiR̃̃R̃R

T
i

)
RRR−Ti , if ς = −1

0, otherwise

. (3.80)
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The decorrelated received signal Ȳj,i(l) at the output of the j
th MFB branch is given by

Ȳj,i(l) = αj,i ¯̄ρj,jxj(l)︸ ︷︷ ︸
Desired Symbol

+

N∑
m=1,m�=i

αm,i (ρ́j,mxm(l + 1) + ρ́j,mxm(l − 1)) +

N∑
m=1,m�=i,j

αm,i ¯̄ρj,mxm(l)

︸ ︷︷ ︸
ISI Symbols

+ ¯̄wj,i(l),

(3.81)

where ¯̄ρj,j, is the jth diagonal element of matrix ¯̄R̄̄R̄̄Ri, while ρ́j,m and ρ̀j,m are the (j,m)th

element of matrices Ŕ́ŔRi and R̀̀R̀Ri, respectively. Additionally, ¯̄wj,i(l) ∼ CN (0, ¯̄�j,iN0) where ¯̄�j,i

is the jth diagonal element of matrix RRR−1i

(
(I+GGGi)R̄̄R̄Ri +GGGiR̃̃R̃R

T
i +GGGiR̃̃R̃Ri

)
RRR−Ti . Based on the

above analysis, the instantaneous conditional signal-to-interference-plus-noise ratio (SINR)
at the output of the MRC of node Si of symbol xj for j �= i is obtained as

γj,i =
PB
j |hj,i|2
N0

+

PB
j

(∑N
k=1

k �=i,k �=j

PC
j,k,i|hj,k|2|hk,i|2
PB
j |hj,k|2+N0

)
¯̄ρ2j,j

Ij,i + ¯̄
j,iN0
, (3.82)

where Ij,i is the ISI variance as defined by

Ij,i =
N∑

m=1,m �=i

PB
m

⎛
⎜⎜⎝

N∑
k=1

k �=i,k �=m

PC
m,k,i|hm,k|2|hk,i|2
PB
m |hm,k|2 +N0

⎞
⎟⎟⎠ (ρ́2j,m + ρ̀2j,m) +

N∑
m=1,m �=i,j

PB
m

⎛
⎜⎜⎝

N∑
k=1

k �=i,k �=m

PC
m,k,i|hm,k|2|hk,i|2
PB
m |hm,k|2 +N0

⎞
⎟⎟⎠ ¯̄ρ2j,m,

(3.83)

and it is assumed that data symbols are statistically independent. That is,

E [xm(l)xj(l + ς)] =

{
1, if ς = 0 and m = j

0, otherwise
. (3.84)

Based on (3.82), finding a closed-form solution for the SER for M-PSK modulation is ex-
tremely difficult. Thus, conditional SER given the channel knowledge can be obtained by
substituting (3.82) into (3.39) and then numerically evaluating it. Moreover, it can be ver-

ified that if τi,m − Δi = 0, ∀i,m ∈ {1, 2, . . . , N} and i �= m, then ρ̄
(0)
m,j = ρm,j and also

ρ̃
(−1)
m,j = ρ̃

(1)
m,j = 0. Hence, the SINR term in (3.82) reduces to the SNR term of (3.22).

3.7.2 Signal Model Under M2M-STNC-ONS Scheme

From (3.28), the received signal at node Si is given by

Ŷi(t) =

N∑
m=1,m �=i

α̂m,i

1∑
l=−1

xm(l)cm (t− lTs − τi,m) + w̄i(t), (3.85)

where α̂m,i is defined in (3.29) and ŵi(t) is written as

ŵi(t) = wi(t) +

N∑
m=1,m �=i

βm,opt,iĥm,opt,i

1∑
l=−1

nm,opt,i (t− lTs) cm (t− lTs − τi,m) . (3.86)
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Following the analysis of the M2M-STNC scheme and replacing matrices AAAi and GGGi with Â̂ÂAi

and Ĝ̂ĜGi, respectively (see (3.31) and (3.32)), the instantaneous conditional SINR of symbol
xj at node Si can be shown to be

γ̂j,i =
PB
j |hj,i|2
N0

+

PB
j

(
PC
j,i|h̄j,opt,i|2|ĥj,opt,i|2
PB
j |h̄j,opt,i|2+N0

)
¯̄ρ2j,j

Îj,i + ˆ̂
j,iN0

, (3.87)

where ˆ̂�j,i is the j
th diagonal element of matrix RRR−1i

(
(I+ Ĝ̂ĜGi)R̄̄R̄Ri + Ĝ̂ĜGiR̃̃R̃R

T
i + Ĝ̂ĜGiR̃̃R̃Ri

)
RRR−Ti , and

Îj,i =
N∑

m=1,m�=i

PB
m

(
PC
m,i|h̄m,opt,i|2|ĥm,opt,i|2
PB
m |h̄m,opt,i|2 +N0

)
(ρ́2j,m+ρ̀2j,m)+

N∑
m=1,m �=i,j

PB
m

(
PC
m,i|h̄m,opt,i|2|ĥm,opt,i|2
PB
m |h̄m,opt,i|2 +N0

)
¯̄ρ2j,m.

(3.88)

3.8 Imperfect Channel State Information

So far, perfect channel state information (CSI) has been assumed and in practice, such
assumption is not valid. Channel estimation errors are possibly caused by inaccurate chan-
nel estimation/equalization, noise or Doppler shift. Conventionally, channel estimation is
based on transmitting a known pilot “training” sequence with a particular power, prior to
data transmission. Inaccurate channel estimation results in a channel estimation error with
variance, denoted as ε. At the end of the training phase, the receiving node has imperfect
CSI for channel equalization and data detection. In the following subsections, the impact
of channel estimation errors on the performance of the M2M-STNC and M2M-STNC-ONS
schemes—assuming perfect timing synchronization—is studied and characterized.

3.8.1 M2M-STNC

In the broadcasting phase, the received signal at node Si from node Sj with channel
estimation error is expressed as

yεj,i(t) =
√

PB
j (hj,i + hεj,i)xjcj(t) + nj,i(t), (3.89)

where hε
j,i denotes the channel estimation error. Consequently,

√
PB
j hε

j,ixj is the added noise

term that scales with the broadcasting power. Furthermore, the channel estimation error
hε
j,i is modeled as a zero-mean complex Gaussian random variable with variance εj,i. Thus,

the additional self-noise term
√

PB
j hε

j,ixj is a zero-mean complex Gaussian random variable

with variance εj,iP
B
j . Equation (3.89) is re-written as

yεj,i(t) =
√

PB
j hj,ixjcj(t) + nε

j,i(t) (3.90)

where nε
j,i(t) =

√
PB
j hε

j,ixjcj(t) + nj,i(t) is a zero-mean Gaussian random variable with vari-

ance εj,iP
B
j +N0. Thus, the SNR after matched-filtering is given by
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γBP
j,i =

PB
j |hj,i|2

εj,iPB
j +N0

. (3.91)

In the cooperation phase, the received signal at node Si is given by

Yε
i (t) =

N∑
m=1,m �=i

αε
m,ixmcm(t) + w̄ε

i (t), (3.92)

where αε
m,i is defined as

αε
m,i =

√
PB
m

N∑
k=1

k �=i,k �=m

βε
m,k,ihm,khk,i, (3.93)

and

βε
m,k,i =

√
PC
m,k,i

PB
m (|hm,k|2 + εm,k) +N0

. (3.94)

As before, wi(t) is the zero-mean N0-variance AWGN sample at node Si and w̄ε
i (t) is the

equivalent noise term, expressed as

w̄ε
i (t) = wi(t) +

N∑
m=1,m �=i

N∑
k=1

k �=i,k �=m

βε
m,k,i

(
(hk,i + hεk,i)nm,k + (hk,ih

ε
m,k + hm,kh

ε
k,i + hεm,kh

ε
k,i)xm

)
cm(t).

(3.95)

After multinode signal detection, the received signal corresponding to symbol xj is given by

Ȳε
j,i =

√
PB
j

⎛
⎜⎜⎝ N∑

k=1
k �=i,k �=j

βε
j,k,ihj,khk,i

⎞
⎟⎟⎠xj + ¯̄wε

j,i, (3.96)

where ¯̄wε
j,i ∼ CN

(
0, �N−1ḡεj,i

)
and

ḡεj,i = N0

⎛
⎜⎜⎝1 + N∑

k=1
k �=i,k �=j

(βε
j,k,i)

2(|hk,i|2 + εk,i)

⎞
⎟⎟⎠+

N∑
k=1

k �=i,k �=j

(βε
j,k,i)

2
(
|hk,i|2εj,k + |hj,k|2εk,i + εj,kεk,i

)
.

(3.97)
In turn, the SNR at the output of the matched filter of node Si is expressed as

γCP
j,i =

PB
j

(∑N
k=1

k �=i,k �=j

PC
j,k,i|hj,k|2|hk,i|2

PB
j (|hj,k|2+εj,k)+N0

)

N−1

(
N0

(
1 +

∑N
k=1

k �=i,k �=j

PC
j,k,i(|hk,i|2+εk,i)

PB
j (|hj,k|2+εj,k)+N0

)
+
∑N

k=1
k �=i,k �=j

PC
j,k,i(|hk,i|2εj,k+|hj,k|2εk,i+εj,kεk,i)

PB
j (|hj,k|2+εj,k)+N0

) .

(3.98)

In the case of perfect CSI (i.e. εj,i = 0, ∀j, i ∈ {1, 2, . . . , N} and j �= i), then the SNR
expressions in (3.91) and (3.98) reduce to (3.4) and (3.22), respectively.
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3.8.2 M2M-STNC-ONS

Under the M2M-STNC-ONS scheme4, the received signal (see (3.28)) in the cooperation
phase at node Si is given by

Ŷi(t) =

N∑
m=1,m �=i

α̂ε
m,ixmcm(t) + ŵε

i (t), (3.99)

where α̂ε
m,i is defined as

α̂ε
m,i = βε

m,opt,ih̄m,opt,i

√
PB
m ĥm,opt,i. (3.100)

Moreover, ŵε
i (t) is equivalent interference plus noise term, defined as

ŵε
i (t) = wi(t)+

N∑
m=1,m�=i

βε
m,opt,i

(
(ĥm,opt,i + ĥε

m,opt,i)nm,opt,i + (ĥm,opt,ih̄
ε
m,opt,i + h̄m,opt,ĥ

ε
m,opt,i + ĥε

m,opt,ih̄
ε
m,opt,i)xm

)
cm(t).

(3.101)

Following (3.33), the decorrelated signal can be obtained as

Ŷε
j,i = βε

j,opt,ih̄j,opt,i

√
PB
j ĥj,opt,ixj + ˆ̂wε

j,i, (3.102)

where ˆ̂wε
j,i ∼ CN (0, �N−1ĝεj,i), where

ĝεj,i=N0

(
1 + (βε

j,opt,i)
2(|ĥj,opt,i|2 + ε̂j,opt,i)

)
+ (βε

j,opt,i)
2
(
|ĥj,opt,i|2ε̄j,opt,i + |h̄j,opt,i|2ε̂j,opt,i + ε̂j,opt,iε̄j,opt,i

)
.

(3.103)

Therefore, the SNR at the output of the matched filter is expressed as

γ̂CP
j,i =

PB
j PC

j,i|h̄j,opt,i|2|ĥj,opt,i|2

�N−1

(
N0

(
PB
j (|h̄j,opt,i|2+ε̄j,opt,i)+PC

j,i(|ĥj,opt,i|2+ε̂j,opt,i)+N0

)
+PC

j,i(|ĥj,opt,i|2ε̄j,opt,i+|h̄j,opt,i|2ε̂j,opt,i+ε̂j,opt,iε̄j,opt,i)
) .

(3.104)

As before, in the perfect CSI case, the SNR expression in (3.104) reduces to that of (3.35).

3.9 Performance Evaluation

In this section, the analytical derivations of the performance of the M2M-STNC and M2M-
STNC-ONS schemes forN = 4 andN = 5 are evaluated and compared for symbol x1 received
at node S4. For simplicity, equal power allocation between the two transmission phases is
assumed, such that PB

1 = PC
1 = P/2, PC

1,i = PC
1 /(N − 1) = P/(2(N − 1)), ∀i ∈ {2, . . . , N}

and PC
1,k,i = PC

1,i/(N − 2) = P/(2(N − 1)(N − 2)), ∀k ∈ {2, . . . , N} and k �= i. The network

4The node selection criterion is now based on the channel coefficients with estimation errors, which implies
that the selected node with imperfect CSI is not necessarily the selected node under perfect CSI.
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Figure 3.2: Network Configuration with (a) N = 4 and (b) N = 5 Nodes

nodes are located as shown in Fig. 3.2 with the channel variance between nodes Sj and Si

being defined as hj,i ∼ CN (0, d−νj,i ), ∀j, i ∈ {1, 2, . . . , N} for j �= i and ν = 3. Non-orthogonal
signature waveforms with a cross-correlation of ρj,i = ρ = 0.5 for j �= i are also assumed.
The channel estimation error variance is assumed to be the same between any two nodes
(i.e. εj,i = ε, ∀j, i ∈ {1, 2, . . . , N} for j �= i).

3.9.1 Approximate Probability of Node Selection

The approximate probability of node selection for N = 4 nodes is illustrated in Fig. 3.3(a)
with perfect timing synchronization and CSI. As can be seen, the simulated node selection
coincides with the derived probabilistic approximation. In addition, it is noticed that node
S3 is selected—on average—83% of the time and this is due to its location being closer to
both source node S1 and its destination node S4. A similar observation can be seen in Fig.
3.3(b) for N = 5 nodes, with the theoretical approximation agreeing with the simulated
optimal node selection. As before, node S3 is selected most of the time to relay symbol x1

to destination node S4.

17.02%

82.98%

Simulation

16.97%

83.03%

Theoretical Approximation

Node S2
Node S3

(a) N = 4

6.83%

58.15%
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6.13%

55.98%

37.89%

Theoretical Approximation

Node S2
Node S3
Node S5

(b) N = 5

Figure 3.3: Approximate Probability of Node Selection for (a) N = 4 with Intermediate Nodes S2

and S3, and (b) N = 5 with Intermediate Nodes S2, S3, and S5 - Perfect Timing Synchronization
and CSI
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Figure 3.4: QPSK SER Performance of the M2M-STNC Scheme - Perfect Timing Synchronization
and CSI
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Figure 3.5: QPSK SER Performance of the M2M-STNC-ONS Scheme - Perfect Timing Synchro-
nization and CSI

3.9.2 Symbol Error Rate Performance

From Fig. 3.4 and assuming perfect synchronization and CSI, it is clear that as the
number of cooperating nodes in the network N increases, the SER performance of the M2M-
STNC scheme improves; however, insignificantly. Moreover, the numerically evaluated SER
performance of the M2M-STNC scheme perfectly agrees with its simulated performance. Fig.
3.5 illustrates the SER performance of the proposed M2M-STNC-ONS scheme. Clearly, the
derived approximate SER theoretical expression coincides with the simulated performance
except for a slight deviation at low SNR which is attributed to the approximation used in
the theoretical analysis which assumed high enough SNR. Also, the derived upper-bound
happens to be asymptotic at high SNR and thus confirms the achievable diversity order per
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node. Based on Figs. 3.4 and 3.5, the proposed M2M-STNC-ONS scheme outperforms its
counterpart scheme and achieves full diversity order.
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Figure 3.6: QPSK SER Performance with Timing Synchronization Errors for N = 4 Nodes - Perfect
CSI

In Fig. 3.6, the SER performance of the M2M-STNC and M2M-STNC-ONS schemes is
compared with timing synchronization errors and perfect CSI for N = 4 nodes. Clearly, the
M2M-STNC-ONS scheme is more resistant to timing offsets than its counterpart scheme.
This is because the number of simultaneous transmissions in each time-slot is reduced and
only the node achieving the highest cooperative SNR at the receiving node relays its received
signal. A similar observation is seen in the case of N = 5 nodes (see Fig. 3.7). However, it is
noticed that the impact of timing offsets on the SER performance is less severe despite the
increase in the number of transmitting nodes, which is due to the increased diversity order.
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Figure 3.7: QPSK SER Performance with Timing Synchronization Errors for N = 5 Nodes - Perfect
CSI
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Figure 3.8: QPSK SER Performance with Imperfect CSI for N = 4 Nodes - Perfect Timing
Synchronization

The performance of the M2M-STNC and M2M-STNC-ONS schemes with channel es-
timation errors and perfect timing synchronization for N = 4 nodes is demonstrated in
Fig. 3.8. It is clear that with the increase in channel estimation error variance ε, the SER
performance of both schemes degrades with the M2M-STNC-ONS scheme still significantly
outperforming its counterpart scheme. The case of N = 5 nodes is shown in Fig. 3.9 with
the SER performance of both schemes being less affected by channel estimation errors due
to the increased diversity gains, as aforementioned.
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Figure 3.9: QPSK SER Performance with Imperfect CSI for N = 5 Nodes - Perfect Timing
Synchronization
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3.9.3 Achievable Rate Performance

In Fig. 3.10, the achievable rate of node S1 at node S4 for N = 4 and N = 5 nodes
is illustrated. It is evident that the proposed M2M-STNC-ONS scheme with perfect syn-
chronization and CSI achieves a better transmission rate than the M2M-STNC scheme. The
achievable rate when N = 5 is less than that when N = 4, which is due to the increased num-
ber of time-slots required for communication between all the nodes. The same observation
holds for the different cases of perfect and imperfect timing synchronization and CSI.
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Figure 3.10: Achievable Rate of Node S1 at Node S4 for (a) N = 4, and (b) N = 5 Nodes

Fig. 3.11 illustrates the total achievable rate of source node S1 for N = 4 and N = 5
nodes networks. It is clear that the proposed M2M-STNC-ONS scheme is superior to the
M2M-STNC scheme and the total achievable rate for a network with N = 5 nodes is higher
than that of a network with N = 4, despite the decrease in the rate between node S1 and all
the other nodes in the networks. Finally, the gain in rate of the M2M-STNC-ONS scheme
compared with its counterpart M2M-STNC scheme is higher for the network with N = 5
nodes. This again can be seen for the different cases of perfect and imperfect synchronization
and CSI.

3.10 Conclusions

In this chapter, both the M2M-STNC and the M2M-STNC-ONS multinode cooperative
communication schemes are presented and analyzed. It has been shown that both schemes
allow N amplify-and-forward nodes to exchange their data symbols over a total of 2N time-
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Figure 3.11: Total Achievable Rate of Source Node S1 for a Network of N = 4 and N = 5 Nodes

slots and thus maintain a network throughput of 1/2 symbol per time-slot. Moreover, an
analytical expression for the conditional SER of the M2M-STNC scheme has been provided
while approximate and asymptotic upper-bound SER expressions for the M2M-STNC-ONS
scheme have been derived and shown to coincide with the simulated results.

The superiority of the M2M-STNC-ONS scheme with N nodes manifests itself in the
fact that only two time-slots are effectively required per node to achieve a diversity order of
N−1 per transmitted symbol while allowing all the N nodes to exchange their data symbols
simultaneously over a total of 2N time-slots as opposed to the conventional multinode relay
networks that require N2 time-slots to achieve the same diversity order of N − 1 per node
even with optimal relay selection [24]. In addition, the M2M-STNC-ONS reduces the total
number of transmissions in each time-slot in the cooperation phase in comparison with
the M2M-STNC scheme, which in turn reduces the effect of noise amplification and more
importantly reduces the effect of timing synchronization errors. Also, the effect of imperfect
channel state information is mitigated.

Due to the envisioned merits of the M2M-STNC-ONS scheme, its potential applications
include but are not limited to cluster-based communications for cooperative spectrum sensing
and decision fusion in cognitive radio networks [113], and also for reliable and energy-efficient
inter- and intra-cluster data gathering in wireless sensor networks [114]. Moreover, the M2M-
STNC-ONS scheme can be used for improved network connectivity in clustered mobile ad-
hoc networks [115]. Hence, it is expected that the M2M-STNC-ONS scheme will serve as a
potential candidate for many-to-many cooperative communications in amplify-and-forward
cooperative networks.



Chapter 4

Auction-Based Power Allocation for
Single-Relay Cooperative Networks

4.1 Introduction

In the previous two chapters, sum-of-rates maximizing power allocation has been for-
mulated and proposed for bi-directional and multinode cooperative communications. Such
power allocation is assumed to be performed by a centralized controller. In addition, the
selected nodes were assumed to voluntarily share their transmission resources (i.e. band-
width and power). However, in decentralized and fully distributed ad-hoc wireless networks
without a single authority and with network users acting as independent entities, rational
users may selfishly aim at maximizing their utility and use of resources. Moreover, selfish
users might not have any incentive to share their resources if they cannot gain some reward
in return. In other cases, several users could compete in order to consume transmission
resources from a particular user who might be willing to assist in relaying their data trans-
missions towards a destination for a price. Further, rational, selfish users may overstate or
otherwise not truthfully report their resource demands if doing so can improve their utility.
In other scenarios, revealing such proprietary information may have an adverse strategic
long-term impact. Hence, a key problem in ad-hoc wireless networks is how to allocate
transmission resources efficiently among competing selfish users. Overall, the modeling of
repeated interaction of network users is rooted in game and auction theories.

An important thrust of recent research deals with user selfishness and cooperation in
wireless networks from a game-theoretic perspective. For instance, in [116], a Stackelberg
game is proposed for multinode relay selection and power control when a single source node
communicates with a single destination. In another line of work, Huang et al. propose two
distributed auction mechanisms that achieve a unique Nash Equilibrium for relay selection
and power allocation, namely, the SNR auction and the power auction [117]. It is shown that
the SNR auction offers a flexible tradeoff between fairness and efficiency, while the power

86
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auction achieves efficient power allocation by maximizing the total rate increase. In [118], a
second-price auction is proposed for fair allocation of a wireless fading channel for different
channel state distributions. In [119], the authors propose a quasi-share auction approach for
cooperative video transmission relay networks to minimize end-to-end expected distortion
and achieve near-optimal bandwidth/power allocation.

In this chapter, the power allocation problem in single-relay cooperative ad-hoc wire-
less networks is formulated as an auction game and two distributed auction algorithms are
proposed, namely the conventional ascending-clock auction (C-ACA) and the alternative
ascending-clock auction (A-ACA) [47][49]. In particular, the proposed auction algorithms
are proven to converge in a finite number of time-steps. Additionally, it is shown that the
A-ACA algorithm enforces truth-telling while the C-ACA algorithm does not. Finally, it is
demonstrated that both the C-ACA and A-ACA algorithms maximize the social welfare (i.e.
the sum of utilities of the source nodes and the relay). It is envisioned that the presented
work will pave the way for a practical distributed and efficient power allocation mechanism
in single-relay cooperative communications in ad-hoc wireless networks.

In the remainder of this chapter, the network model is presented in Section 4.2. The
game-theoretic framework for the source nodes and the relay is presented in Section 4.3
while the ascending clock auction-based relay power allocation algorithms are discussed in
Section 4.4. The properties of the proposed algorithms are numerically evaluated in Section
4.5. Some practical performance issues are discussed in Section 4.6, while the conclusions
are finally drawn in Section 4.7.

4.2 Network Model

Consider an ad-hoc wireless network consisting of N source nodes (N ≥ 2), denoted
S1, S2, . . ., SN . The N nodes are assumed to have their own data symbols x1, x2, . . . , xN ,
respectively, and each node aims at communicating its data symbol to a common destina-
tion node D. In addition, assume that there is a relay node R that is willing to share its
transmission power PR to forward the source nodes’ data symbols to the destination. In this
network (shown in Fig. 4.1 for N = 2), each node is equipped with a single antenna and the
relay node’s cooperative transmission follows the amplify-and-forward (AF) protocol [56].
The channels between any two nodes are modeled as narrow-band Rayleigh fading channels
with additive white Gaussian noise (AWGN). Let hj,i denote a generic channel coefficient
representing the channel between any two nodes j and i, then hj,i ∼ CN (0, σ2

j,i), where
σ2
j,i = d−νj,i is the channel gain with dj,i and ν being the distance between the two nodes and
the path-loss exponent, respectively.

The communication between the source nodes and the destination node is performed over
a total of N + 1 time-slots and is split into two phases, namely the broadcasting phase (of
N time-slots) and the cooperation phase (of a single time-slot).
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Figure 4.1: Single-Relay Cooperative Network with N = 2 Source Nodes

4.2.1 Broadcasting Phase

In the broadcasting phase, each source node Sj for j ∈ {1, 2, . . . , N} is assigned a time-slot
Tj in which it broadcasts its own data symbol xj to the rest of the network. The received
signal yj,r(t) at the relay node R in time-slot Tj is expressed as

yj,r =
√

PBjhj,rxj + nj,r, (4.1)

while the received signal at the destination node D is expressed as

yj,d =
√

PBjhj,dxj + nj,d, (4.2)

where PBj is the broadcasting transmit power at node Sj and nj,r and nj,d are the zero-mean
complex additive white Gaussian noise (AWGN) processes with variance N0, at the relay
and destination nodes R and D, respectively. Upon completion of the broadcasting phase,
relay and destination nodes R and D will each have received a set of N signals {yj,r}Nj=1 and
{yj,d}Nj=1, respectively, comprising symbols {xj}Nj=1 of the N source nodes.

4.2.2 Cooperation Phase

The cooperation phase involves two operations: (1) signal transmission via the relay node,
and (2) multinode signal detection, which are discussed in the following subsections.

Signal Transmission

In the cooperation phase, relay node R in its assigned time-slot TN+1 forms a linear
network code based on its received symbols {ym,r}Nm=1, during the broadcasting phase and
transmits it to the destination. For source separation of each transmitted symbol of the
different source nodes at the destination, each received signal ym,r is spread using a sig-
nature waveform, cm(t). It is assumed that the relay and destination nodes know the
signature waveforms of all the source nodes. The cross-correlation of cm(t) and cj(t) is
ρm,j = 〈cm(t), cj(t)〉 � (1/Ts)

∫ Ts

0 cm(t)c
∗
j (t)dt for m �= j with ρj,j = 1, Ts being the symbol



Chapter 4 89

duration and (·)∗ denoting complex conjugation. The resulting signal transmitted by the
relay, X (t) is written as

X (t) =
N∑

m=1

βm,rym,rcm(t), (4.3)

where cm(t) is the signature waveform associated with source node Sm and βm,r is a scaling
factor defined as [56]

βm,r =

√
PCm

PBm |hm,r|2 +N0
. (4.4)

where PCm is the cooperative transmit power of symbol xm at the relay node R. The received
signal at the destination during time-slot TN+1 is given by

Yr,d(t) = hr,dX (t) + nd(t), (4.5)

where nd(t) is the AWGN sample at the destination. Upon substitution of (4.1), (4.3) and
(4.4) into (4.5), the received signal can be expressed as

Yr,d(t) =
N∑

m=1

αm,r,dxmcm(t) + n̄d(t), (4.6)

where αm,r,d = βm,r

√
PBmhm,rhr,d and n̄d(t) is the equivalent noise term, defined as

n̄d(t) = nd(t) + hr,d

N∑
m=1

βm,rnm,rcm(t). (4.7)

Multinode Signal Detection

Upon receiving signal Yr,d(t) from the relay, a multinode signal detection is performed by
the destination to extract each symbol xj, for j ∈ {1, 2, . . . , N}. This is achieved by passing
the received signal Yr,d(t) through a matched filter bank (MFB) of N branches, matched to
the corresponding nodes’ signature waveforms cj(t), yielding

Yj,r,d = 〈Yr,d(t), cj(t)〉 =
N∑

m=1

αm,r,dxmρm,j + n̄j,d. (4.8)

Recall that ρm,j is the correlation coefficient between cm(t) and cj(t). Without loss of gen-
erality, let ρm,j = ρ, ∀m �= j. Thus, the decorrelated received signal Ỹj,r,d corresponding to
symbol xj is obtained as [120]

Ỹj,r,d = βj,r

√
PBjhj,rhr,dxj + ñj,d, (4.9)

where ñj,d ∼ CN (0, N0�N(β
2
j,r|hr,d|2 + 1)) and �N is given by [103]
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N =
1 + (N − 2)ρ

1 + (N − 2)ρ− (N − 1)ρ2
. (4.10)

Upon the completion of the broadcasting and cooperation phases, the destination will have
received two signals of each symbol xj for j ∈ {1, 2, . . . , N}; a direct signal from the source
node Sj in the broadcasting phase and a relayed signal in the cooperation phase. The
detection of symbol xj, denoted as x̃j, is achieved through maximal-ratio-combining (MRC)
of the signals received in the broadcasting and cooperation phases as [56]

x̃j =

√
PBjh

∗
j,d

N0
yj,d +

βj,r
√

PBjh
∗
j,rh

∗
r,d

N0
N (β2
j,r|hr,d|2 + 1)

Ỹj,r,d, (4.11)

where yj,d and Ỹj,r,d follow (4.2) and (4.9), respectively. Thus, the instantaneous SNR at
the output of the MRC of symbol xj is given by γj = γB

j,d + γC
j,d, where γB

j,d is the SNR due
to the broadcast “direct” transmission from the source to the destination and is defined as
γB
j,d = PBj

|hj,d|2/N0, while γ
C
j,d is the SNR due to the cooperative transmission via relay node

R and is defined as

γCj,d =
PBjPCj |hj,r|2|hr,d|2

N0
N (PBj |hj,r|2 + PCj |hr,d|2 +N0)
. (4.12)

Since a single data symbol is exchanged between every source node Sj, for j ∈ {1, 2, . . . , N},
and the destination once every N + 1 time-slots, the achievable rate for each source node
can be determined using

Rj,d(PCj ) =
1

N + 1
log2

(
1 +

PBj |hj,d|2
N0

+
PBjPCj |hj,r|2|hr,d|2

N0
N (PBj |hj,r|2 + PCj |hr,d|2 +N0)

)
. (4.13)

4.3 Game-Theoretic Framework

This section presents a game-theoretic framework for the cooperative relay power alloca-
tion among the N source nodes.

4.3.1 Source Node Utility Function

The utility function of each source node is based on the improvement in the transmission
rate achieved by relay node’s cooperative transmission. Accordingly, the utility function of
source node Sj for cooperative data transmission to the destination via the relay node is

US
j (PCj ) = ΔRj,d(PCj )− ξPCj , (4.14)

where ξ is the price per unit of power charged by the relay node to forward data symbols
to the destination, and ΔRj,d(PCj

) is the improvement in the transmission rate due to the
cooperative relaying which is given by



Chapter 4 91

ΔRj,d(PCj ) =
1

N + 1
log2

(
1 +

PCjΩj,r,d

PCj +Υj,r,d

)
, (4.15)

where

Ωj,r,d =
PBj |hj,r|2


N (PBj |hj,d|2 +N0)
, (4.16)

and

Υj,r,d =
PBj |hj,r|2 +N0

|hr,d|2
. (4.17)

Thus, ΔRj,d(PCj
) defines the cooperation gain to node Sj in terms of an improvement in the

transmission rate to the destination, when the relay node cooperates. Clearly, ΔRj,d(PCj
) is

a monotonically increasing function of PCj
.

Each source node aims at maximizing its utility subject to the total transmit power PR

available at the relay. Thus, each source node’s cooperative power demand problem can be
modeled as

max
PCj

≥0
US
j (PCj ) = ΔRj,d(PCj )− ξPCj ,

s.t. 0 ≤ PCj ≤ PR, ∀j ∈ {1, 2, . . . , N}.
(4.18)

Clearly, the utility function US
j (PCj

) is concave in PCj
, and taking the derivative of US

j (PCj
)

with respect to PCj
, yields

∂US
j (PCj )

∂PCj

=
∂ΔRj,d(PCj )

∂PCj

− ξ = 0. (4.19)

By using the identity log2(x) = ln(x)/ ln 2, defining η = 1
(N+1) ln 2

and substituting ΔRj,d(PCj
)

in (4.15) into (4.19), the utility function Uj,d(PCj
) is maximized at PCj

(ξ) which is expressed
∀j ∈ {1, 2, . . . , N} as

PCj (ξ) = max

[
0,min

(
1

2(Ωj,r,d + 1)

(√
Ω2

j,r,dΥ
2
j,r,d +

4ηΩj,r,dΥj,r,d(Ωj,r,d + 1)

ξ
−(Ωj,r,d + 2)Υj,r,d

)
, PR

)]
.

(4.20)

4.3.2 Relay Node Utility Function

The relay node’s utility function is based on selling its cooperative transmit power PR to
the source nodes to forward their data symbols to the destination and cover its cooperation
cost ζ per unit power (i.e. for processing, transmission and receiving). Thus, the relay’s
utility function is given by

Ur(PR) = ϑr(PR)− ζPR, (4.21)
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with ϑr(PR) =
∑N

j=1 ϑj(P
�
Cj
) being the total payment the relay receives from the N source

nodes for transmitting their data symbols, and ϑj(P
�
Cj
) is the payment source node Sj makes

when it is assigned cooperative transmit power P �
Cj

such that
∑N

j=1 P
�
Cj
≤ PR (as will be

formally established in the following section). It should be noted that ζP �
Cj
is the cooperation

cost due to the transmission of source node Sj’s data symbol.

4.4 Proposed Power Allocation Auction Algorithms

The idea of pricing as a distributed control mechanism aims at encouraging autonomous
and independent network users to make rational decisions that result in a social benefit
for the entire network. Towards this end, two distributed auction algorithms for efficient
power allocation are proposed, namely the conventional ascending-clock auction (C-ACA)
[47] and the alternative ascending-clock auction (A-ACA) [49]. In particular, the relay
“auctioneer” announces a price, the N source nodes “bidders” report back their cooperative
power demanded at that price and power is allocated to source nodes at the current price
whenever they are “clinched”. The relay then raises the announced price and the process
repeats until the total power demand meets the available power supply (in which case all
the relay’s transmit power PR is allocated).

4.4.1 Conventional Ascending-Clock Auction

In the C-ACA based power allocation algorithm at each time τ = 0, 1, . . ., the relay
announces a price ξτ to the N source nodes. For the relay to cover the cooperation cost per
unit power ζ, it initially sets a reserve price of ξ0 = ζ and announces it to the source nodes.
Based on the announced price ξτ , each source node Sj responds with a bid in the form of an
optimal power demand PCj

(ξτ ) to the relay. After receiving all the demands at each time-

step, the relay compares the total demanded power PC
Total(ξ

τ ) =
∑N

j=1 PCj
(ξτ ) with the total

available power PR. If the total demand exceeds the supply (i.e. P
C
Total(ξ

τ ) > PR), the auction
proceeds to time τ +1 and the associated price is increased to ξτ+1 = ξτ +μ = ζ + (τ +1)μ,
where μ is an appropriate step-size. The increased price is then announced to the source
nodes and each source node Sj reports its optimal power demand PCj

(ξτ+1) to the relay.
On the other hand, if the supply meets the total demand (i.e. PC

Total(ξ
τ ) ≤ PR), the current

time is denoted as T and the auction concludes. It is possible, for a certain increase in price,
that the supply is not fully covered at the final price ξT (i.e. PC

Total(ξ
T ) < PR). In turn, a

proportional rationing rule is applied and power allocation is achieved according to [49][121]

P �
Cj
= PCj (ξ

T ) +
PCj (ξ

T−1)− PCj (ξ
T )∑N

j=1 PCj (ξ
T−1)−∑N

j=1 PCj (ξ
T )

(
PR −

N∑
i=1

PCi(ξ
T )

)
, (4.22)

with
∑N

j=1 P
�
Cj

= PR. Hence, each source node Sj is assigned its demanded cooperative

transmit power of P �
Cj

which in turn makes a payment of ϑC
j (P

�
Cj
) = ξTP �

Cj
. In this case,
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the surplus the relay obtains from node Sj is BA(P
�
Cj
) = (ξT − ζ)P �

Cj
and the relay’s utility

is obtained as UR(PR) = (ξT − ζ)PR. The distributed C-ACA power allocation algorithm is
summarized in 4.1.

Table 4.1: Conventional Ascending-Clock Auction Algorithm for Single-Relay Power Allocation
1 Relay initializes time-index at τ = 0 and step-size to μ > 0 and then announces initial

price of ξ0 = ζ.
2 Each source node Sj computes and submits its optimal power demand PCj (ξ

0).

3 Relay sums up all demands PC
Total(ξ

0) =
∑N

j=1 PCj (ξ
0).

4 WHILE (PC
Total(ξ

τ ) > PR)
5 Set ξτ+1 = ξτ + μ and τ = τ + 1.
6 Price ξτ is announced to source nodes.
7 Each source node Sj computes and submits its optimal demand PCj (ξ

τ ).

8 Relay sums up all demands PC
Total(ξ

τ )=
∑N

j=1 PCj (ξ
τ ).

9 END.
10 Let τ = T be the time at which the auction concluded and assign P �

Cj
to source node Sj ,

which makes a payment of ϑC
j (P

�
Cj
) = ξTP �

Cj
to the relay node.

4.4.2 Alternative Ascending-Clock Auction

The proposed algorithm of the A-ACA is similar to that of the C-ACA; however, at
every time-step τ , the relay calculates the cumulative vector of quantities Cj(ξ

τ ), clinched
by source node Sj at prices up to ξτ as given by

Cj(ξ
τ ) = max

⎛
⎝0, PR −

N∑
i=1,i �=j

PCi(ξ
τ )

⎞
⎠ , ∀j ∈ {1, 2, . . . , N}. (4.23)

The process repeats as in the C-ACA until supply meets demand (i.e. PC
Total(ξ

τ ) ≤ PR) and
the final clinched cooperative power is given by

Cj(ξ
T ) = PCj (ξ

T ) +
PCj (ξ

T−1)− PCj (ξ
T )∑N

j=1 PCj (ξ
T−1)−∑N

j=1 PCj (ξ
T )

(
PR −

N∑
i=1

PCi(ξ
T )

)
, (4.24)

with
∑N

j=1 Cj(ξ
T ) = PR. Thus, each source node Sj is allocated a cooperative transmit

power of P �
Cj
= Cj(ξ

T ). Also, the payment from source node Sj to the relay is written as

ϑA
j (P

�
Cj
) = Cj(ξ

0)ξ0 +
T∑

τ=1

ξτ (Cj(ξ
τ )− Cj(ξ

τ−1)), (4.25)

where the total payment the relay node receives for allocating its power PR is ϑr(PR) =∑N
j=1 ϑ

A
j (P

�
Cj
). It is easily verified that

P �
Cj
= Cj(ξ

0) +

T∑
τ=1

(Cj(ξ
τ )− Cj(ξ

τ−1)). (4.26)

Also, by substituting ξτ = ζ +μτ into (4.25), the payment of source node Sj is rewritten as
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ϑA
j (P

�
Cj
) = ζP �

Cj
+ B(P �

Cj
), (4.27)

where

BA(P
�
Cj
) =

T∑
τ=1

μτ(Cj(ξ
τ )− Cj(ξ

τ−1)) (4.28)

is the surplus the relay obtains from node Sj upon allocating power P �
Cj
. The distributed

power allocation algorithm based on the proposed A-ACA is summarized in Table 4.2.

Table 4.2: Alternative Ascending-Clock Auction Algorithm for Single-Relay Power Allocation

1 Relay initializes time-index at τ = 0 and step-size to μ > 0 and then announces initial
price of ξ0 = ζ.

2 Each source node Sj computes and submits its optimal power demand PCj (ξ
0).

3 Relay sums up all demands PC
Total(ξ

0) =
∑N

j=1 PCj (ξ
0).

4 WHILE (PC
Total(ξ

τ ) > PR)

5 Compute Cj(ξ
τ ) = max

(
0, PR −

∑N
i=1,i �=j PCi(ξ

τ )
)
.

6 Set ξτ+1 = ξτ + μ and τ = τ + 1.
7 Price ξτ is announced to source nodes.
8 Each source node Sj computes and submits its optimal demand PCj (ξ

τ ).

9 Relay sums up all demands PC
Total(ξ

τ )=
∑N

j=1 PCj (ξ
τ ).

10 END.
11 Let τ = T be the time at which the auction concluded, compute Cj(ξ

T ) and assign
P �
Cj

= Cj(ξ
T ) to source node Sj , which makes a payment of ϑA

j (P
�
Cj
) to the relay node.

Based on the above analysis, the payment each source node Sj makes under the A-ACA
algorithm is upper-bounded by that of the C-ACA algorithm. This is verified by observing
that for a sufficiently small step-size μ, Cj(ξ

T ) ≈ PCj
(ξT ) = P �

Cj
, the following holds

ϑA
j (P

�
Cj
) = Cj(ξ

0)ξ0 +

T∑
τ=1

ξτ (Cj(ξ
τ )− Cj(ξ

τ−1)) � ξTCj(ξ
T ) = ξTP �

Cj
= ϑC

j (P
�
Cj
). (4.29)

Lemma 4.1: In the C-ACA and A-ACA algorithms, the optimal power demand PCj
(ξ)

at the relay is non-increasing in its price.

Proof: Taking the first derivative of the optimal power allocation of node Sj with respect
to price ξ, gives

∂PCj
(ξ)

∂ξ
=

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

0, if 1
2(Ωj,r,d+1)

√
Ω2

j,r,dΥ
2
j,r,d +

4ηΩj,r,dΥj,r,d(Ωj,r,d+1)

ξ
− (Ωj,r,d + 2)Υj,r,d ≥ PR

−ηΩj,r,dΥj,r,d

ξ2

√
Ω2

j,r,d
Υ2

j,r,d
+

4ηΩj,r,dΥj,r,d(Ωj,r,d+1)

ξ

< 0, if 0< 1
2(Ωj,r,d+1)

√
Ω2

j,r,dΥ
2
j,r,d+

4ηΩj,r,dΥj,r,d(Ωj,r,d+1)

ξ
−(Ωj,r,d + 2)Υj,r,d<PR

0, if 1
2(Ωj,r,d+1)

√
Ω2

j,r,dΥ
2
j,r,d +

4ηΩj,r,dΥj,r,d(Ωj,r,d+1)

ξ
− (Ωj,r,d + 2)Υj,r,d ≤ 0

.

(4.30)

Clearly, PCj
(ξ) is a non-increasing function of ξ. �
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4.4.3 Properties of Proposed Algorithms

Convergence

Theorem 4.1 (Convergence): The proposed C-ACA and A-ACA distributed algo-
rithms conclude in a finite number of time-steps.

Proof: From Lemma 4.1, PCj
(ξτ ) is non-increasing in ξτ and hence PCj

(ξτ ) ≥ PCj
(ξτ+1)

with equality occurring when PCj (ξ
τ+1) = PCj (ξ

τ ) = 0 or PCj (ξ
τ+1) = PCj (ξ

τ ) = PR, ∀τ . Since
for a sufficiently large τ , PCj

(ξτ+1) < PCj
(ξτ ) < PR, then there exists a finite number T such

that
∑N

j=1 PCj
(ξT ) ≤ PR and thus the auction concludes at time-step T . �

Truth-Telling

Theorem 4.2: The C-ACA algorithm does not enforce truthful power demand and all
sources nodes have the incentive to falsely report their power demands.

Proof: Assuming that all the other nodes truthfully report their power demands at
every time-step, let ξT and P T

Cj
be the price and allocated power to node Sj at the end of

the auction, respectively when it truthfully reports its power demand at every time-step τ

for 0 ≤ τ ≤ T . Also, let ξ̃T̃ and P̃Cj

(
ξ̃T̃
)
be the price and allocated power when the node

Sj falsely reports its power demand at least once. Accordingly, the utility of node Sj under
both cases are given by

US
j

(
PCj (ξ

T )
)
= ΔRj,d

(
PCj (ξ

T )
)
− ξTPCj (ξ

T ), (4.31)

and

US
j

(
P̃Cj

(
ξ̃T̃
))

= ΔRj,d

(
P̃Cj

(
ξ̃T̃
))
− ξ̃T̃ P̃Cj

(
ξ̃T̃
)
, (4.32)

respectively. Thus,

US
j

(
PCj (ξ

T )
)
−US

j

(
P̃Cj

(
ξ̃T̃
))

= ΔRj,d

(
PCj (ξ

T )
)
−ΔRj,d

(
P̃Cj

(
ξ̃T̃
))
−ξTPCj (ξ

T )+ξT̃ P̃Cj

(
ξ̃T̃
)
.

(4.33)

If ΔRj,d

(
P̃Cj

(
ξ̃T̃
))
−ΔRj,d

(
PCj (ξ

T )
)
+ξTPCj (ξ

T ) > ξT̃ P̃Cj

(
ξ̃T̃
)
, then US

j

(
PCj (ξ

T )
)
< US

j

(
P̃Cj

(
ξ̃T̃
))
.

Hence, the C-ACA algorithm does not enforce truth-telling and all the source nodes have an
incentive to falsely report their power demands to obtain a higher utility. �

Theorem 4.3: Reporting optimal cooperative power demand truthfully at every time-
step in the A-ACA algorithm is a mutual best response for all source nodes.

Proof: Assuming that all the other source nodes truthfully report their power demands,
let

Σj(T ) =
{
PCj (ξ

0), . . . , PCj (ξ
T );Cj(ξ

0), . . . , Cj(ξ
T );T

}
(4.34)
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be the auction profile when source node Sj when it reports its power demand truthfully on
every time-step τ . Also, let

Σj(T̃ ) =
{
PCj (ξ

0), . . . , P̃Cj (ξ
τ̃ ), . . . , P̃Cj

(
ξ̃T̃
)
;Cj(ξ

0), . . . , C̃j(ξ
τ̃ ), . . . , C̃j

(
ξ̃T̃
)
; T̃
}

(4.35)

be the auction profile of source node Sj when it falsely demands power on time-step τ = τ̃
for 0 ≤ τ̃ ≤ T̃ while nodes Si, ∀i ∈ {1, 2, . . . , N} and i �= j truthfully report their power
demands. Moreover, let P̃Cj

(
ξ τ̃
)
be the power allocated to node Sj at the end of the auction

when it falsely demands power. Now, consider the following two cases:

• If P̃Cj
(ξ τ̃ ) ≤ PCj

(ξτ ), then P̃Cj

(
ξ̃T̃
)
≤ PCj

(ξT ), which implies that T̃ ≤ T . From

(4.14) and (4.25), it is easily shown that

US
j (Σj(T ))− US

j

(
Σj(T̃ )

)
= ΔRj,d(PCj (ξ

T ))−ΔRj,d

(
P̃Cj

(
ξ̃T̃
))

− ϑA
j (PCj (ξ

T )) + ϑA
j

(
P̃Cj

(
ξ̃T̃
))

.
(4.36)

Since ξT̃+1C̃j(ξ
T̃ ) ≤ ξT C̃j(ξ

T̃ ), then it is straightforward to verify that ϑA
j (PCj

(ξT )) −
ϑA
j (P̃Cj

(ξT̃ )) ≤ ξTCj(ξ
T )− ξT C̃j

(
ξ̃T̃
)
= ξTPCj

(ξT )− ξT P̃Cj

(
ξ̃T̃
)
. Hence,

US
j (Σj(T ))−US

j

(
Σj(T̃ )

)
≥ ΔRj,d(PCj (ξ

T ))−ΔRj,d

(
P̃Cj (ξ

T̃ )
)
−ξTPCj (ξ

T )+ξT P̃Cj

(
ξ̃T̃
)
≥ 0,

(4.37)

where the last inequality holds from PCj
(ξT ) = argmaxUS

j (PCj
(ξT )) in (4.18).

• If P̃Cj
(ξ̃ τ̃ ) ≥ PCj

(ξτ ), then P̃Cj

(
ξ̃T̃
)
≥ PCj

(ξT ), and thus T̃ ≥ T . Thus, it can

be similarly verified that ϑA
j (P̃Cj

(ξT̃ )) − ϑA
j (PCj

(ξT )) ≥ ξT C̃j

(
ξ̃T̃
)
− ξTCj(ξ

T ) =

ξT P̃Cj

(
ξ̃T̃
)
− ξTPCj

(ξT ) and hence

US
j (Σj(T ))−US

j

(
Σj(T̃ )

)
≥ ΔRj,d(PCj (ξ

T ))−ΔRj,d

(
P̃Cj (ξ

T̃ )
)
−ξTPCj (ξ

T )+ξT P̃Cj

(
ξ̃T̃
)
≥ 0,

(4.38)

where the last inequality also holds from PCj
(ξT ) = argmaxUS

j (PCj
(ξT )) in (4.18).

From (4.37) and (4.38), falsely demanding power at least once (at time-step τ = τ̃) yields a
lower utility than demanding power truthfully at every time-step. Thus, the best strategy
is to truthfully demand power at each time-step τ for 0 ≤ τ ≤ T . �

In the proposed distributed C-ACA algorithm, every source node has an incentive to
falsely report its power demand to increase its utility. On the other hand, each participant
has full incentive to truthfully reveal its true power demand in the A-ACA algorithm because
the price each source node pays depends solely on opposing nodes’ bids and need not report
their private information (i.e. the mechanism also preserves privacy). Thus, the proposed
A-ACA based power allocation enforces truth-telling and the best strategy of each source
node is to submit its true/optimal power demand at every time-step.
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Social Welfare Maximization

Theorem 4.4 (Maximization of Social Welfare): The proposed C-ACA and A-ACA
power allocation (P �

C1
, P �

C2
, . . . , P �

CN
) maximizes the social welfare.

Proof: The proof is based on showing that the outcome of both the C-ACA and the
A-ACA algorithms is (P �

C1
, P �

C2
, . . . , P �

CN
), which is equivalent to solving the following opti-

mization problem:

max
PCj

≥0

N∑
j=1

ΔRj,d(PCj )

s.t.
N∑
j=1

PCj ≤ PR,

0 ≤ PCj ≤ PR, ∀j ∈ {1, 2, . . . , N}.

(4.39)

It can be verified that the optimization problem in (4.39) is convex, since ΔRj is concave
in PCj

and the constraint set is linear and thus convex. Hence, it can be formulated as a
Lagrangian problem as [94]

L(PCj , λ, ωj , υj) = −
N∑
j=1

ΔRj,d(PCj ) + λ

⎛
⎝ N∑

j=1

PCj − PR

⎞
⎠+

N∑
j=1

ωj(PCj − PR)−
N∑
j=1

υjPCj , (4.40)

and, the Karush-Kuhn-Tucker (KKT) conditions are given by:

− ηΩj,r,dΥj,r,d

((Ωj,r,d + 1)PCj +Υj,r,d)(PCj +Υj,r,d)
+ λ+ ωj − υj = 0

λ

⎛
⎝ N∑

j=1

PCj − PR

⎞
⎠ = 0,

ωj(PCj − PR) = 0, ∀j ∈ {1, 2, . . . , N},
υjPCj = 0, ∀j ∈ {1, 2, . . . , N},

0 ≤ PCj ≤ PR, ∀j ∈ {1, 2, . . . , N},
N∑
j=1

PCj ≤ PR,

(4.41)

where η = 1
(N+1) ln 2

while λ ≥ 0, ωj ≥ 0, υj ≥ 0, ∀j ∈ {1, 2, . . . , N} are the dual variables
associated with the power constraint and transmit power positivity. The solution to the
optimization problem is known as water-filling [122], in the form of PCj

(λ) in (4.20), ∀j ∈
{1, 2, . . . , N}, where λ satisfies

∑N
j=1 PCj (λ) = PR. Thus, for a sufficiently small step-size μ,

the outcome of the C-ACA and A-ACA algorithms, (P �
C1
, P �

C2
, . . . , P �

CN
) is the solution to the

optimization problem in (4.39) that maximizes the sum of the source nodes and the relay
node utilities when the relay node fully sells out its cooperative transmit power PR. �
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Simplicity and Applicability

The key characteristic of the proposed C-ACA and A-ACA algorithms is the relative
simplicity of the auction process during the iterative clock phase and the final power demand
allocation. In other words, the computational complexity on both theN source nodes and the
relay is low in the sense that each source node needs to calculate its optimal power demand
PCj

(ξτ ) based on the announced price ξτ while ascertaining that it is within available power
PR and then submit a bid. Further, the assessment of excess demand and calculation of
the cumulative clinch at the relay in the A-ACA algorithm, are relatively trivial. Another
important characteristic is the fact that the relay’s aim is to drive the excess demand out of
the system by raising the price without ending up with excess power supply. This in turn
implies the auction process achieves all gains from trade and is allocatively efficient [123].

The discussed properties of the proposed C-ACA and A-ACA algorithms are summarized
in Table 4.3, where it is shown that A-ACA is superior to the C-ACA as it enforces truth-
telling. It is noteworthy that the C-ACA algorithm results in a higher utility for the relay
than in the A-ACA algorithm and this is due to the higher payment the relay receives
from each source node under the C-ACA algorithm. Correspondingly, the utility of each
source is lower under the C-ACA algorithm. This suggests a trade-off between the higher
utility (or revenue) the relay achieves under the C-ACA algorithm against the critical truth-
telling property achieved under the A-ACA algorithm. It is concluded that the proposed
A-ACA is superior to the C-ACA algorithm and lends itself to practical ad-hoc network
implementation.

Table 4.3: Summary of Properties of Proposed Auction Algorithms

Algorithm
Property

Convergence Truth-Telling Social Welfare Maximization

C-ACA � � �

A-ACA � � �

4.5 Evaluation of Proposed Distributed Algorithms
To validate the proposed C-ACA and A-ACA relay power allocation algorithms, a network

with three source nodes S1, S2 and S3 and a relay R (see Fig. 4.2) is simulated. The network
topology illustrates a scenario where the distance between any source node Sj for j ∈ {1, 2, 3}
and the destination is equal (i.e. d1,d = d2,d = d3,d). Also, the relay is closest to node S2 and
closer to S1 than S3. The simulations assume a path-loss exponent of ν = 3, non-orthogonal
signature waveforms with a cross-correlation of ρ = 0.5, step-size of μ = 10−3, reserve price
of ξ0 = 10−2, source broadcasting transmit power PBj

= 10 mW, ∀j ∈ {1, 2, 3}, and noise
variance N0 = 10−5 W.

It is evident from Fig. 4.3 that—under both algorithms—with the increase in the available
relay power PR, the utility of each source node increases, with node S2 having the highest
utility while node S3 having the lowest. This is attributed to the location of node S2 with the
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Figure 4.2: Single-Relay Cooperative Network - Simulation Scenario

relay being closer to it than to the destination and hence the effect of path-loss and channel
noise is less severe. Thus, using the relay is significantly beneficial to node S2 which is
translated into a higher cooperative power allocation and rate improvement (as evident from
Fig. 4.4). The lowest utility corresponding to node S3 is justified by a converse argument to
that of node S2.
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Figure 4.3: Utilities and Social Welfare

Interesting to observe in Fig. 4.3 is the utility of the relay which peaks at PR � 0.11 W
under both algorithms and then starts to degrade. This is explained by noticing that when
PR is high enough (i.e. PR � 0.11 W), there is abundant cooperative power for each of the
source nodes (i.e. the total power demanded by the source nodes is less than the supply
relay power PR). Hence, the relay does not get to raise the price so much in the auction to
extract higher revenue (i.e. higher payments) but instead sells most of the power early in the
auction at a relatively lower price, which can be seen in the form of lower payments in Fig.
4.5. On the other hand, It is also observed in Fig. 4.3 that the source nodes have a lower
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utility under the C-ACA algorithm than under the A-ACA algorithm. This is attributed to
the higher payment each source node must make to the relay under the C-ACA, as noted in
(4.29). By a similar argument, the utility of the relay node under the C-ACA algorithm is
higher than that achieved under the A-ACA algorithm.
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Figure 4.4: (a) Power Allocation, and (b) Rate Improvement of Each Source Node

In general, it is noticed that the power allocated to each source node under both algorithms
(and thus the rate improvement) is identical (see Fig. 4.4). In Fig. 4.6, the optimal price
at which the auction concludes is illustrated for both algorithms. It is evident that the C-
ACA and A-ACA algorithms achieve the same optimal price which yields the optimal power
allocation to each source node and thus maximizes the social welfare, as seen in Fig. 4.3.
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Figure 4.5: Payment of Each Source Node Under: (a) C-ACA, and (b) A-ACA Algorithms

In Fig. 4.7, the utility of the source node S1 is evaluated under both algorithms at
PR = 0.3 W when it falsely reports a demand of P̃C1(ξ

τ ) = max [0,min (δPC1(ξ
τ ), PR)],

∀τ = 0, 1, . . . , T with δ ≥ 0 being the demand factor. Nodes S2 and S3 report their truthful
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Figure 4.6: Optimal Price of Each Algorithm
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Figure 4.7: Truthful Demand Verification of Source Node S1’s Utility - PR = 0.3 W

power demands PC2(ξ
τ ) and PC3(ξ

τ ), respectively, ∀τ = 0, 1, . . . , T . Under both algorithms,
it is clear that as δ increases, the utility of S1 improves until it reaches its maximum value at
δ ≈ 0.75 under the C-ACA algorithm, and δ = 1 under the A-ACA algorithm, and beyond
which δ value the utility degrades. Thus, the proposed A-ACA enforces truth-telling and
each source node must submit its true power demand to maximize their utility.

4.6 Practical Performance Issues

4.6.1 Mitigating Rate Unfairness

As illustrated in Section 4.4.3, the proposed auction-based algorithms inherently maximize
the sum-of-rates. As shown in Section 4.5 and specifically in Fig. 4.4, the resulting power
allocation and rate improvement are grossly unfair and significantly favor source node S2,
which is due to its location being relatively closer to the relay. To mitigate this problem, a
modified power allocation problem is proposed that imposes a rate improvement constraint
ΔRmax on each source node (or possibly a global constraint), and improves fairness.
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Modified Problem Formulation

The modified power demand of source node Sj, for j ∈ {1, 2, . . . , N} is expressed as1

max
PCj

≥0
US
j (PCj ) = ΔRj,d(PCj )− ξPCj ,

s.t. 0 ≤ PCj ≤ PR, ∀j ∈ {1, 2, . . . , N},
0 ≤ ΔRj,d(PCj ) ≤ ΔRmax

j ∀j ∈ {1, 2, . . . , N}.

(4.42)

Notice that PCj
the second constraint can be rearranged as

0 ≤ PCj ≤ max

[
0,

Υj,r,d(1− eΔRmax
j /η)

eΔRmax
j /η − (1 + Ωj,r,d)

]
. (4.43)

Following the same procedure in Section 4.3, the optimal power demand can be shown to be

PCj (ξ) =

⎧⎪⎨
⎪⎩
max

[
0,min

(
PDj (ξ), PR

)]
, if

Υj,r,d(1−e
ΔRmax

j /η
)

e
ΔRmax

j
/η−(1+Ωj,r,d)

≤ 0,

max

[
0,min

(
PDj (ξ),

Υj,r,d(1−e
ΔRmax

j /η
)

e
ΔRmax

j
/η−(1+Ωj,r,d)

, PR

)]
, if

Υj,r,d(1−e
ΔRmax

j /η
)

e
ΔRmax

j
/η−(1+Ωj,r,d)

> 0,
(4.44)

where η = 1
(N+1) ln 2

and

PDj (ξ) =
1

2(Ωj,r,d + 1)

⎛
⎝√Ω2

j,r,dΥ
2
j,r,d +

4ηΩj,r,dΥj,r,d(Ωj,r,d + 1)

ξ
− (Ωj,r,d + 2)Υj,r,d

⎞
⎠ . (4.45)

It is noteworthy that in order to enforce the rate improvement constraints, the discussed
C-ACA and A-ACA algorithms are modified such that no proportional rationing rule is
applied. This is because any additional power allocation due to that rule could result in a
violation of the rate improvement constraint at the last time-step of the algorithm. This in
turn implies that not all the available relay power is necessarily utilized.

4.6.2 Alternative Utility-Based Power Allocation

Although it is highly desirable to achieve high data rates (and possibly meet target QoS),
nodes may not be willing to achieve it at arbitrarily high transmission power levels. Prac-
tically speaking, increasing transmission power (which increases the achievable rate) should
not indefinitely increase a source node’s utility. Therefore, the rate (or QoS) requirement
must be viewed as a utility function that represents a source node’s level of satisfaction while
taking power cost into account. In this section, a Sigmoid-like utility function is utilized.

Problem Reformulation

Let the utility of source node Sj in (4.18) be re-defined as U
S
j (PCj

) = Sj(ΔRj,d(PCj
)) −

ξPCj
, where Sj(ΔRj,d(PCj

)) is a Sigmoid function defined as2 [124]

1Note: the rate constraint is performed on the demand side and thus requires a mechanism to enforce it.
2Notice that in Section 4.3.1, Sj(ΔRj,d(PCj )) was inherently defined as Sj(ΔRj,d(PCj )) = ΔRj,d(PCj ).
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Sj(ΔRj,d(PCj )) =
1

1 + e
−aj(ΔRj,d(PCj

)−bj) , (4.46)

where aj, bj ≥ 0, ∀j ∈ {1, 2, . . . , N}. When aj increases, Sj(ΔRj,d(PCj
)) becomes steep,

and as aj → ∞, the Sigmoid function becomes a step function at ΔRj,d(PCj
) = bj. When

fixing aj and varying bj, the Sigmoid function will be centered at bj. For simplicity, it is
assumed that aj = a and bj = b, ∀j ∈ {1, 2, . . . , N}. The Sigmoid function is particularly
attractive for our analysis and modeling due to the above stated properties, except that
Sj(0) = 1/(1+exp(ajbj)) �= 0. This can be fixed by using the following linear transformation

S̄j(ΔRj,d(PCj )) =

1

1+e
−a(ΔRj,d(PCj

)−b) − 1
1+eab

1− 1
1+eab

. (4.47)

In the meantime, the Sigmoid function defined in (4.46) is utilized. Following the procedure
in Section 4.3.1, gives

∂US
j (PCj )

∂PCj

= aSj(ΔRj,d(PCj ))
(
1− Sj(ΔRj,d(PCj ))

) ηΩj,r,dΥj,r,d

((Ωj,r,d + 1)PCj +Υj,r,d)(PCj +Υj,r,d)
− ξ = 0,

(4.48)

where no explicit solution for PCj
(ξ) can be found and thus is evaluated numerically. As

with the rate constraint modified problem, the rationing rule is not applied.

It is well-known that the sigmoidal function in (4.46) is characterized with a convex
part at low rate and a concave part at high rate, and a single inflexion point separating
the two parts. In turn, the resulting optimal power demand by each source or generally,
the social welfare maximization problem becomes a non-convex optimization problem and
is significantly harder to analyze, even by centralized computational algorithms. This is
because a local optimal solution might not necessarily be the global one and the duality
gap might be strictly positive [125]. Thus, the proposed auction algorithms might lead to
infeasible/suboptimal power allocation or simply diverge. Hence, the proposed A-ACA and
C-ACA algorithms have been carefully designed to ensure convergence.

4.6.3 Numerical Results

Rate Improvement Constraint

The following results are based on the same simulation parameters used in Section 4.5
while setting the rate improvement constraint as ΔRmax = 0.1 bits/s/Hz, ∀j ∈ {1, 2, 3}.

In 4.8a, the power allocation to each source node is illustrated while the rate improvement
is shown in Fig. 4.8b. First, notice that in Fig. 4.4b, node S2 achieved a rate improvement of
ΔR2,d ≈ 0.385 bits/s/Hz while node S1 achieved ΔR1,d ≈ 0.13 bits/s/Hz, both at PR = 0.5
W. On the other hand, node S3 achieved only ΔR3,d ≈ 0.06 bits/s/Hz. Now, setting the
rate improvement constraint to ΔRmax = 0.1 bits/s/Hz has changed the power allocation
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Figure 4.8: (a) Power Allocation, and (b) Rate Improvement of Each Source Node with ΔRmax =
0.1 Bits/s/Hz

in comparison with the case where there is no rate improvement constraints (see Fig. 4.4a).
Specifically, node S2 is no longer allocated most of the relay power; on the contrary, it
is allocated the least amount of relay power and this because its rate improvement has
now been constrained to a lesser value and thus it requires less relay power to achieve the
rate constraint of 0.1 bits/s/Hz. The same observation also applies to node S1. However,
node S3 is allocated most of the relay power, as it is still below the rate constraint. The
important thing to notice is that by setting a rate constraint, the power allocation and the
rate improvement have become less biased and thus fairer.
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Figure 4.9: Utilities and Social Welfare with ΔRmax = 0.1 Bits/s/Hz
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The utilities of the source nodes and the relay are demonstrated in Fig. 4.9a. As before,
the utility of the source nodes under the A-ACA algorithm are higher than under the C-ACA
algorithm, and vice versa for the relay node. Also, the values of the utilities are smaller than
the case with no constraint, as can be seen from Fig. 4.3a. A similar observation can be seen
in the social welfare values, in Fig. 4.9b. With respect to the payments made by each source
node, it can be seen from 4.10 that the values are lower than in the case with no constraints
(see Fig. 4.5), due to the smaller amount of power allocated to each source node.
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Figure 4.10: Payment of Each Source Node Under: (a) C-ACA, and (b) A-ACA Algorithms with
ΔRmax = 0.1 Bits/s/Hz

In comparison with the price at which power is allocated to source nodes under the rate
constraint, it can be seen from Fig. 4.11 that prices diminish quickly for PR � 0.1 W when
compared with 4.6. This is because there is less competition on the available power due to
the rate improvement constraint.
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Figure 4.11: Optimal Price of Each Algorithm with ΔRmax = 0.1 Bits/s/Hz
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Modified Utility

In this section, the proposed algorithms are evaluated using the re-defined utility function
discussed in Section 4.6.2 with a = 10 and b = 0.1. In comparison with the results of Section
4.5, a similar observation to the power allocation and rate improvement, utility values of the
source and relay nodes, and payments is noticed in Figs. 4.12, 4.13, and 4.14, respectively.
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Figure 4.12: (a) Power Allocation, and (b) Rate Improvement of Each Source Node - Using Sigmoid
Function
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Figure 4.13: Utilities - Using Sigmoid Function

In Fig. 4.15, the Sigmoid function and its normalized function are illustrated. As can be
seen, both functions flat-out at high values of relay power, which suggests that increasing
the relay power indefinitely does not increase the Sigmoid function value indefinitely. This
is because the relationship between rate improvement and utility is no longer linear. In
addition, the Sigmoid function can be made to reach its limiting value at lower relay power
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Figure 4.14: Payment of Each Source Node Under: (a) C-ACA, and (b) A-ACA Algorithms - Using
Sigmoid Function

values by increasing the value of parameter a. In comparison with Fig. 4.6, the prices under
the modified utility function are much higher, as evident from Fig. 4.16. This is because the
Sigmoid function suppresses large increases in each source node’s utility function and thus
there is higher competition for relay power which results in higher prices and payments.
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Figure 4.15: Sigmoid and Normalized Sigmoid Functions

4.7 Conclusions

In this chapter, the problem of single-relay distributed power allocation in ad-hoc wireless
networks is investigation. In particular, two ascending-clock auction algorithms are proposed,
namely the conventional ascending-clock auction (C-ACA) and the alternative ascending-
clock auction (A-ACA). It has been shown that both the C-ACA and A-ACA algorithms
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Figure 4.16: Optimal Price of Each Algorithm - Using Sigmoid Function

converge in a finite number of time-steps to an optimal power allocation that maximizes the
social welfare. Moreover, the A-ACA algorithm enforces truthful power demands whereas
the C-ACA algorithm does not. In conclusion, the proposed alternative ascending-clock
auction-based power allocation algorithm lends itself to practical implementation in ad-hoc
wireless networks.



Chapter 5

Auction-Based Power Allocation for
Multi-Relay Cooperative Networks

5.1 Introduction

In the previous chapter, the single-relay distributed power allocation scenario was studied.
The general scenario is when several nodes act as relays and share their transmission power
to forward other source nodes’ data. However, such multi-relay power allocation not only
requires complete channel state information but also entails formidable centralized compu-
tations. Therefore, the design of distributed power allocation algorithms that can enforce
truthful power demands and yield performance that is comparable with that of a centralized
algorithm is highly desirable.

Recently, several works have considered game- and auction-theoretic resource allocation
and sharing in cooperative wireless networks. For instance, in [116], a Stackelberg game
for a single source-destination pair is proposed for distributed relay selection and power
allocation. However, the previous work did not consider the scenario where multiple source
nodes are allocated power from the different relays in the network, and also assumed that
each relay knows the demand function of the source node, which violates privacy. In [126],
the multiuser power control problem in multi-cell multi-hop cellular systems is addressed
using game-theory. In particular, a Gaussian interference relay game which possesses a
unique Nash Equilibrium (NE) is studied, a sufficient condition under which the NE achieves
Pareto-optimality is characterized and a distributed algorithm that converges to the unique
NE is proposed. A Nash bargaining solution to a achieve a win-win strategy for cooperative
relaying in a cooperative relay network of two users is studied in [127]. In [117], two auction
mechanisms are proposed for non-convex power allocation in single- and multi-relay networks,
namely the SNR auction and the power auction. It was shown that the former auction
achieves efficiency while the latter yields a flexible tradeoff between fairness and efficiency. In
addition, the authors show that both auction mechanisms globally converge to the unique NE
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in an asynchronous manner but have not considered the issue of truthful power demands. In
[128], single-object and multiple-object second-price auction-based decentralized mechanisms
are studied for cooperative partner selection in cooperative wireless networks such that a
desired quality-of-service is maintained and an improved outage probability performance is
achieved. To the best of the author’s knowledge, no prior research work has considered
distributed multi-source multi-relay auction-based power allocation.

In this chapter, a distributed ascending-clock auction-based algorithm is proposed for
multi-source power allocation via a set of cooperative relay nodes. Specifically, each source
node reports its optimal power demand to each relay node in response to the prices an-
nounced by the relay nodes. The distributed cooperative relay power is such that the sum of
the source nodes’ rates is maximized. It is proven that the proposed distributed algorithm
enforces truthful power demands and converges in a finite number of time-steps to the unique
Walrasian Equilibrium (WE) which maximizes the social welfare. In addition, the proposed
algorithm is shown to maximize the source nodes’ sum of rates which coincides with central-
ized power control based on convex optimization. Further, the distributed algorithm results
in a good tradeoff between speed of convergence and social welfare.

The rest of the chapter is organized as follows. The network model is presented in Section
5.2. The utility functions of the source and relay nodes are discussed in Section 5.3. The
proposed ascending-clock auction-based power allocation algorithm is presented in Section
5.4 while its properties are discussed in Section 5.5. A summary of the network operation
is presented in Section 5.6 while the numerical results are presented in Section 5.7. Section
5.8 discusses some practical issues while implementation issues based on the IEEE802.11g
standard are discussed in Section 5.9. Finally, conclusions are drawn in Section 5.10.

5.2 Network Model

Consider an ad-hoc wireless network consisting of N source nodes (N ≥ 2), denoted S1,
S2, . . ., SN . The N nodes are assumed to have data symbols x1, x2, . . . , xN , respectively, and
aim at communicating their data symbols to a common destination node D via a set of K
relay nodes (K ≥ 2). The relay nodes are denoted R1, R2, . . ., RK , each with transmission
power PRk

for k ∈ {1, 2, . . . , K}. In this network (shown in Fig. 5.1), each node is equipped
with a single antenna and the relays’ cooperative transmissions follow the amplify-and-
forward (AF) protocol [56]. The channel between any two nodes is modeled as a narrow-
band Rayleigh fading channel with additive white Gaussian noise (AWGN). Let hj,k denote
the channel coefficient representing the channel between any two nodes j and k, then hj,k ∼
CN (0, σ2

j,k), where σ2
j,k is the channel gain. Also, perfect channel estimation is assumed at

each source/relay node.

The communication between the source nodes and the destination node is performed over
a total of N +K time-slots and is split into two phases, namely the broadcasting phase (of
N time-slots) and the cooperation phase (of K time-slots).
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Figure 5.1: Multi-Relay Cooperative Network with N Source and K Relay Nodes

5.2.1 Broadcasting Phase

In this phase, each source node Sj for j ∈ {1, 2, . . . , N} is assigned a time-slot Tj in which
it broadcasts its data symbol xj to the rest of the network. The received signal yj,k at relay
node Rk for k ∈ {1, 2, . . . , K} in time-slot Tj is expressed as

yj,k =
√

PBjhj,kxj + nj,k, (5.1)

while the signal received at the destination is given by

yj,d =
√

PBjhj,dxj + nj,d, (5.2)

where PBj is the broadcast transmit power of source node Sj and nj,k and nj,d are zero-mean
complex additive white Gaussian noise (AWGN) samples with variance N0, at relay node
Rk and the destination, respectively. Upon completion of the broadcasting phase, each relay
node Rk and the destination will have received a set of N signals {yj,k}Nj=1 and {yj,d}Nj=1,
respectively, which comprise symbols {xj}Nj=1 of the N source nodes.

5.2.2 Cooperation Phase

In the cooperation phase, relay node Rk in its assigned time-slot TN+k for k ∈ {1, 2, . . . , K}
forms a linear network code based on its received symbols {ym,k}Nm=1, during the broadcasting
phase and transmits it to destination. For multi-source separation at the destination node,
each received signal ym,k is spread using a signature waveform, cm(t), where it is assumed
that the destination node knows the signature waveforms of all the source nodes. The cross-
correlation of cm(t) and cj(t) is ρm,j = 〈cm(t), cj(t)〉 � (1/Ts)

∫ Ts

0 cm(t)c
∗
j (t)dt for m �= j with

ρj,j = 1, Ts being the symbol duration and (·)∗ denoting complex conjugation. The resulting
signal Xk(t) transmitted by relay node Rk is written as
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Xk(t) =

N∑
m=1

βm,kym,kcm(t), (5.3)

where βm,k is a scaling factor defined as [56]

βm,k =

√
PCm,k

PBm |hm,k|2 +N0
. (5.4)

where PCm,k
is the cooperative power of symbol xm at the relay node Rk. The received signal

at the destination node is given by

Yk,d(t) = hk,dXk(t) + nk,d(t), (5.5)

where nk,d(t) is the AWGN process at the destination during node Rk’s transmission. Sub-
stituting (5.1) and (5.3) into (5.5), yields

Yk,d(t) =
N∑

m=1

αm,k,dxmcm(t) + n̄k,d(t), (5.6)

where αm,k,d = βm,k

√
PBmhm,khk,d and n̄k,d(t) is the equivalent noise term, defined as

n̄k,d(t) = nk,d(t) + hk,d

N∑
m=1

βm,knm,kcm(t). (5.7)

Upon receiving signal Yk,d(t) from relay node Rk, multiuser detection is performed by
the destination to extract each symbol xj for j ∈ {1, 2, . . . , N}. Namely, Yk,d(t) is passed
through a matched filter bank (MFB) of N branches, yielding

Yj,k,d = 〈Yk,d(t), cj(t)〉 =
N∑

m=1

αm,k,dxmρm,j + n̄j,k,d. (5.8)

Without loss of generality, it is assumed that ρm,j = ρ, ∀m �= j. Thus, the decorrelated
received signal Ỹj,k,d is obtained as [120]

Ỹj,k,d = βj,k

√
PBjhj,khk,dxj + ñj,k,d, (5.9)

where ñj,k,d ∼ CN (0, N0�N(β
2
j,k|hk,d|2 + 1)) and �N is given by


N =
1 + (N − 2)ρ

1 + (N − 2)ρ− (N − 1)ρ2
. (5.10)

Upon the completion of the broadcasting and cooperation phases, the destination will have
received K + 1 signals of symbol xj for j ∈ {1, 2, . . . , N}. Using maximal-ratio-combining
(MRC), the detected symbol is obtained as [56]

x̃j =

√
PBjh

∗
j,d

N0
yj,d +

K∑
k=1

βj,k
√

PBjh
∗
j,kh

∗
k,d

N0
N (β2
j,k|hk,d|2 + 1)

Ỹj,k,d, (5.11)
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where yj,d and Ỹj,k,d follow (5.2) and (5.9), respectively. Thus, the instantaneous cumulative

SNR at the output of the MRC of symbol xj is given by γj = γB
j,d +

∑K
k=1 γ

C
j,k,d, where

γB
j,d = PBj

|hj,d|2/N0 while γ
C
j,k,d is defined as

γCj,k,d =
PBjPCj,k

|hj,k|2|hk,d|2
N0
N (PBj |hj,k|2 + PCj,k

|hk,d|2 +N0)
. (5.12)

Let PCj
=
(
PCj,1

, PCj,2
, . . . , PCj,K

)
be the vector of cooperative powers allocated to source

node Sj. Then, the achievable rate for j ∈ {1, 2, . . . , N} can be determined using

Rj,d(PCj ) =
1

N +K
log2

(
1 +

PBj |hj,d|2
N0

+

K∑
k=1

PBjPCj,k
|hj,k|2|hk,d|2

N0
N (PBj |hj,k|2 + PCj,k
|hk,d|2 +N0)

)
. (5.13)

5.3 Utility Functions

5.3.1 Source Node Utility Function

The utility function of source node Sj, for j ∈ {1, 2, . . . , N} is based on the transmission
rate achievable via the K relay nodes’ cooperative transmissions as1

US
j (PCj , ξξξ) = Rj,d(PCj )−

K∑
k=1

ξkPCj,k
, (5.14)

where ξk is the price per unit of power charged by relay node Rk to forward a source node’s
data symbols to the destination and ξξξ = (ξ1, ξ2, . . . , ξK) is the vector of prices set by the K
relay nodes. Each source node Sj maximizes its utility subject to the total transmit power
PRk

available at node Rk for k ∈ {1, 2, . . . , K} by solving the cooperative power demand
problem as modeled by

max
PCj,k

≥0
US
j (PCj , ξξξ) = Rj,d(PCj )−

K∑
k=1

ξkPCj,k
,

s.t. 0 ≤ PCj,k
≤ PRk

, ∀k ∈ {1, 2, . . . ,K}.
(5.15)

Now, define γ̃B
j,d = 1 + γB

j,d and by using the identity log2(x) = ln(x)/ ln 2, rearrange the
achievable rate term in (5.13) as

Rj,d(PCj ) = η ln γ̃Bj,d + η ln

(
1 +

K∑
k=1

γ̃Cj,k,d

)
, (5.16)

where η = 1
(N+K) ln 2

and

1Node Sj ’s utility is quasi-linear upon the allocation of PCj at a price vector ξξξ.
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γ̃Cj,k,d =
PCj,k

Ωj,k,d

PCj,k
+Υj,k,d

, (5.17)

with Ωj,k,d and Υj,k,d being defined as

Ωj,k,d =
PBj |hj,k|2


N (PBj |hj,d|2 +N0)
, (5.18)

and

Υj,k,d =
PBj |hj,k|2 +N0

|hk,d|2
, (5.19)

respectively. The optimal cooperative power demand PCj,k
from relay Rk is determined as

∂US
j (PCj , ξξξ)

∂PCj,k

=
∂Rj,d(PCj )

∂PCj,k

− ξk = 0. (5.20)

Substituting Rj,d(PCj
) in (5.13) into (5.20), yields

η(
1 +

∑K
k=1

PCj,k
Ωj,k,d

PCj,k
+Υj,k,d

) =
ξk

Ωj,k,dΥj,k,d

(
PCj,k

+Υj,k,d

)2
, (5.21)

Since the left-hand-side (LHS) of (5.21) is the same for any relay node, then equating the
right-hand-side (RHS) of (5.21) for relay nodes Rk and Rl for k �= l gives

PCj,l
=

√
ξkΩj,l,dΥj,l,d

ξlΩj,k,dΥj,k,d

(
PCj,k

+Υj,k,d

)
−Υj,k,d. (5.22)

Substituting (5.22) into (5.17) and rearranging yields

PCj,k
Ωj,k,d

PCj,k
+Υj,k,d

= Ωj,l,d −
√

ξlΩj,k,dΥj,k,d

ξkΩj,l,dΥj,l,d

Ωj,l,dΥj,l,d(
PCj,k

+Υj,k,d

) . (5.23)

Then, the denominator of the LHS of (5.21) can be rewritten as

1 +

K∑
l=1

PCj,l
Ωj,l,d

PCj,l
+Υj,l,d

= Λj −
√

Ωj,k,dΥj,k,d

ξk
(
PCj,k

+Υj,k,d

)2Γj(ξξξ), (5.24)

where Λj = 1 +
∑K

l=1Ωj,l,d and Γj(ξξξ) =
∑K

l=1

√
ξlΩj,l,dΥj,l,d. Then by substituting (5.24)

into (5.21) and after a series of manipulations, the utility function US
j (PCj

, ξξξ) is maximized
at PCj,k

(ξξξ), which is defined ∀j ∈ {1, 2, . . . , N} as

PCj,k
(ξξξ) = max

⎡
⎣0,min

⎛
⎝√Ωj,k,dΥj,k,d

ξk

Γj(ξξξ) +
√
Γ2
j (ξξξ) + 4ηΛj

2Λj
−Υj,k,d, PRk

⎞
⎠
⎤
⎦ . (5.25)

Clearly, the cooperative power demand PCj,k
(ξξξ) of source node Sj from relay node Rk is not

only affected by the price ξk set by Rk, but also by the prices of the remaining K − 1 relay
nodes (as seen from the definition of Γj(ξξξ)). The following properties are also identified.
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Property 5.1: The optimal power demand of source node Sj at relay node Rk, PCj,k
(ξξξ)

is a non-increasing function of its price ξk when the prices of the other relay nodes are fixed.

Proof: Taking the first derivative of the optimal power allocation of node Sj with respect
to price ξk while all the other prices are fixed, yields
∂PCj,k

(ξξξ)

∂ξk
=

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

0, if
√

Ωj,k,dΥj,k,d

ξk

Γj(ξξξ)+
√

Γ2
j (ξξξ)+4ηΛj

2Λj
−Υj,k,d ≥ PRj√

Ωj,k,dΥj,k,d

ξk

Γj(ξξξ)+
√

Γ2
j (ξξξ)+4ηΛj

2Λj

[
− 1

2ξk

(
1−
√

ξkΩj,k,dΥj,k,d√
Γ2
j (ξξξ)+4ηΛj

)]
< 0, if 0 <

√
Ωj,k,dΥj,k,d

ξk

Γj(ξξξ)+
√

Γ2
j (ξξξ)+4ηΛj

2Λj
−Υj,k,d < 0

0, if
√

Ωj,k,dΥj,k,d

ξk

Γj(ξξξ)+
√

Γ2
j (ξξξ)+4ηΛj

2Λj
−Υj,k,d ≤ 0

.

(5.26)

Thus, PCj,k
(ξξξ) is non-increasing in ξk when all the other prices are fixed. �

Property 5.2 (Strict Concavity): The utility function US
j (PCj

, ξξξ) of each source node

Sj is jointly strictly concave for 0 < PCj,k
< PRk

, in PCj
=
(
PCj,1

, PCj,2
, . . . , PCj,K

)
∀j ∈

{1, 2, . . . , N}, when ξk is fixed ∀k ∈ {1, 2, . . . , K}.
Proof: Note that US

j (PCj
, ξξξ) is a function on the convex set {PCj,k

|0 ≤ PCj,k
≤ PRk

, k ∈
{1, 2, . . . , K}} with continuous partial derivatives of first and second orders. Partial deriva-
tives of the second order can easily be shown to be strictly negative:

∂2US
j (PCj , ξξξ)

∂2PCj,k

= − η(
1 +

∑K
k=1

PCj,k
Ωj,k,d

PCj,k
+Υj,k,d

)
(

Ωj,k,dΥj,k,d(
PCj,k

+Υj,k,d

)2
)2

− 2η(
1 +

∑K
k=1

PCj,k
Ωj,k,d

PCj,k
+Υj,k,d

) Ωj,k,dΥj,k,d

(PCj,k
+Υj,k,d)3

< 0,

(5.27)

and

∂2US
j (PCj , ξξξ)

∂PCj,k
∂PCj,l

= − η(
1 +

∑K
k=1

PCj,k
Ωj,k,d

PCj,k
+Υj,k,d

) × Ωj,k,dΥj,k,d(
PCj,k

+Υj,k,d

)2 Ωj,l,dΥj,l,d(
PCj,l

+Υj,l,d

)2 < 0, (5.28)

for k �= l. Recall that η = 1
(N+K) ln 2

> 0 and Ωj,k,d > 0 and Υj,k,d > 0. It can also be verified

that
∂2US

j (PCj
,ξξξ)

∂2PCj,k

∂2US
j (PCj

,ξξξ)

∂2PCj,l

−
(

∂2US
j (PCj

,ξξξ)

∂PCj,k
∂PCj,l

)2

> 0, ∀k �= l. Hence, US
j (PCj

, ξξξ) is strictly concave

in PCj,k
, ∀k ∈ {1, 2, . . . , K}. �

Consequently, the optimal cooperative power in (5.25) is the global optimal that maxi-
mizes source node Sj’s utility US

j (PCj
, ξξξ).

Property 5.3 (Weak Gross Substitutability): If the prices of some relay nodes
are increased while the prices of all the other relay nodes are fixed, then a source node’s
cooperative power demand from the relay nodes whose prices were fixed is non-decreasing.

Proof: Taking the first derivative of PCj,k
(ξξξ) with respect to ξl for l �= k while fixing all

the other prices gives
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∂PCj,k
(ξξξ)

∂ξl
=

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

0, if
√

Ωj,k,dΥj,k,d

ξk

Γj(ξξξ)+
√

Γ2
j (ξξξ)+4ηΛj

2Λj
−Υj,k,d ≥ PRk√

Ωj,k,dΥj,k,d

ξk

Γj(ξξξ)+
√

Γ2
j (ξξξ)+4ηΛj

2Λj
×
(

1
2ξl

√
ξlΩj,l,dΥj,l,d√
Γ2
j (ξξξ)+4ηΛj

)
> 0, if 0 <

√
Ωj,k,dΥj,k,d

ξk

Γj(ξξξ)+
√

Γ2
j (ξξξ)+4ηΛj

2Λj
−Υj,k,d < PRk

0, if
√

Ωj,k,dΥj,k,d

ξk

Γj(ξξξ)+
√

Γ2
j (ξξξ)+4ηΛj

2Λj
−Υj,k,d ≤ 0

.

(5.29)

Thus, PCj,k
(ξξξ) is a non-decreasing function of ξl when all the other prices are fixed. �

5.3.2 Relay Node Utility Function

The utility function of relay node Rk for k ∈ {1, 2, . . . , K} is based on selling its cooper-
ative transmit power PRk

to the source nodes to forward their symbols to the destination.
Thus, relay node Rk’s utility is defined as the total payment it receives by selling its transmit
power to the source nodes minus its own cost of cooperation ζk ≥ 0 per unit power, which
is given by

UR
k (PRk

, ξξξ) = ϑk(PRk
, ξξξ)− ζkPRk

, (5.30)

with ϑk(PRk
, ξξξ) =

∑N
j=1 ϑj,k(PCj,k

(ξξξ)) being the total payment relay node Rk receives from
the N source nodes for transmitting their data symbols, and ϑj,k(PCj,k

(ξξξ)) is the payment
source node Sj makes to node Rk based on the announced price vector ξξξ when it is assigned

cooperative transmit power PCj,k
(ξξξ) such that

∑N
j=1 PCj,k

(ξξξ) ≤ PRk
, ∀k ∈ {1, 2, . . . , K}. Note

that ζkPCj,k
(ξξξ) is the cooperation cost due to source node Sj’s symbol transmission.

5.4 Proposed Ascending-Clock Auction Algorithm

In this work, the K relay nodes wish to allocate their transmission powers PRk
for k ∈

{1, 2, . . . , K} among the N source nodes through a distributed dynamic ascending-clock
auction. The relay nodes act as sellers who simultaneously and iteratively announce prices
to the source nodes and aim to earn payments that cover cooperation cost and maximize
revenue. The source nodes are buyers who aim to improve their transmission rates by
making payments to the relay nodes in return for their cooperative relaying. Each source
node responds to the relay nodes’ announced prices with power demands at the announced
prices and relay power is “credited” to the source nodes at the current prices when power is
“clinched”. This process repeats until the total power demand by the source nodes meets all
relay power supply, at which time the auction concludes and the source nodes are allocated
their cooperative transmit powers and make corresponding payments [129].

Two main issues must be considered when designing a distributed algorithm implementing
a dynamic ascending-clock auction [129]. First, since the power demand of a source node Sj
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from a relay node Rk is a function of the announced price ξk as well as the prices announced
by the other relay nodes, then a source node might increase its power demand from a
particular relay node when the prices of other relay nodes increase. Thus, power that was
earlier clinched by a source node may now be debited and “unclinched” and then re-credited
to another demanding source node. Second, since K auctions are running simultaneously,
it is not clear how the clinching of cooperative power in one auction affects the progress of
another auction. This entails a formal interaction between the source and the relay nodes
in the form of simultaneous bidding, price adjustment, and power crediting and debiting.

Let the available relay transmission powers vector be defined as PR = (PR1 , PR2 , . . . , PRK
).

At each time τ = 0, 1, . . ., the relay nodes announce their current prices in the form of a price
vector ξξξτ = (ξτ1 , ξ

τ
2 , . . . , ξ

τ
K) to the N source nodes. Based on the announced price vector ξξξτ ,

each source node Sj for j ∈ {1, 2, . . . , N} reports its power demands to all relay nodes in the
form of a power demand vector PCj (ξξξ

τ ) =
(
PCj,1(ξξξ

τ ), PCj,2(ξξξ
τ ), . . . , P τ

Cj,K
(ξξξτ )

)
. Let

DRk
(ξξξτ ) =

N∑
j=1

PCj,k
(ξξξτ ), ∀k ∈ {1, 2, . . . ,K}, (5.31)

and

ERk
(ξξξτ ) = DRk

(ξξξτ )− PRk
, ∀k ∈ {1, 2, . . . ,K}. (5.32)

denote the total and excess power demand at relay node Rk at price vector ξξξτ , respec-
tively. Also, define ER(ξξξ

τ ) = (ER1(ξξξ
τ ), ER2(ξξξ

τ ), . . . , ERK
(ξξξτ )) = DR(ξξξ

τ )− PR, where DR(ξξξ
τ ) =

(DR1(ξξξ
τ ),DR2(ξξξ

τ ), . . . ,DRK
(ξξξτ )). Moreover, let [130]

V = {ER(ξξξ) ≥ 0} (5.33)

denote the set of price vectors where the relays’ power supply are in excess demand. In order
for the relay nodes to cover the cooperation cost per unit power ζk for k ∈ {1, 2, . . . , K}, each
relay node initially sets a reserve price of ξ0k = ζk and the price vector ξξξ

0 = (ζ1, ζ2, . . . , ζK)
(where it is assumed that ξξξ0 ∈ V) is announced to the source nodes. The assumption that
ξξξ0 ∈ V is satisfied when the ascending-clock auction starts at zero price or at a “reasonably
low” price [130].

After receiving all the power demands at each time-step τ , each relay node Rk computes
the total demanded power of the N source nodes DRk

(ξξξτ ) and compares it with the total
available power PRk

. If the total demand exceeds the supply (i.e. ERk
(ξξξτ ) > 0), the associ-

ated price is increased to ξτ+1
k = ξτk + μ, where μ is an appropriate step-size. Relay Rk then

calculates the cumulative clinch and credits P̄j,k(ξξξ
τ ) to source Sj at the price of ξ

τ
k , where

P̄j,k(ξξξ
τ ) = max

⎛
⎝0, PRk

−
N∑

i=1,i �=j

PCi,k
(ξξξτ )

⎞
⎠ , ∀j ∈ {1, 2, . . . , N}. (5.34)

On the other hand, if the supply meets the total demand for relay node Rk for k ∈ {1, . . . , K}
(i.e. DRk

(ξξξτ ) ≤ PRk
), then the price of relay node Rk is fixed (i.e. ξτ+1

k = ξτk). Since it
is possible that the supply PRk

is not fully covered at price ξτk (i.e. DRk
(ξξξτ ) < PRk

), a
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proportional rationing rule is applied and the cumulative clinch credited to source node Sj

is [121][129]

P̄j,k(ξξξ
τ ) = PCj,k

(ξξξτ ) +
PCj,k

(ξξξτ−1)− PCj,k
(ξξξτ )∑N

j=1 PCj,k
(ξξξτ−1)−∑N

j=1 PCj,k
(ξξξτ )

(
PRk

−
N∑
i=1

PCi,k
(ξξξτ )

)
, (5.35)

such that
∑N

j=1 P̄j,k(ξξξ
τ ) = PRk

. Note that it is possible that PCj,k
(ξξξτ ) > PCj,k

(ξξξτ−1) for some
values of τ . This represents cases in which a power amount of ΔP̄j,k(ξξξ

τ ) = P̄j,k(ξξξ
τ )−P̄j,k(ξξξ

τ−1)
is debited (or “unclinched”) from the other source nodes at a price of ξτk . In particular, this
can occur when another source node’s demand for power from relay node Rk increases from
one time-step to the next. Provided that at least one relay node has unmet demand and has
increased its price, the auction continues to time τ + 1 with announcing the updated price
vector ξξξτ+1 [129].

If the supply meets demand for all K relay nodes, the auction concludes at time-step
denoted as τ = T with an equilibrium price vector of ξξξ� = ξξξT . Each source node Sj is
assigned its demanded cooperative transmit power from relay node Rk as PCj,k

(ξξξ�) = P̄j,k(ξξξ
�)

as given in (5.35). Moreover, it is easily verified that

PCj,k
(ξξξ�) = P̄j,k(ξξξ

0) +

T∑
τ=1

(P̄j,k(ξξξ
τ )− P̄j,k(ξξξ

τ−1)), (5.36)

while the payment relay node Rk receives from source node Sj is expressed as

ϑj,k(PCj,k
(ξξξ�)) = P̄j,k(ξξξ

0)ξ0k +
T∑

τ=1

ξτk (P̄j,k(ξξξ
τ )− P̄j,k(ξξξ

τ−1)), (5.37)

which handles power debiting appropriately. In turn, the total payment source node Sj makes

when allocated optimal cooperative power by theK relay nodes is given by
∑K

k=1 ϑj,k(PCj,k
(ξξξ�)).

Moreover, the total payment relay nodeRk receives for allocating its power PRk
is ϑk(PRk

, ξξξ�) =∑N
j=1 ϑj,k(PCj,k

(ξξξ�)).

The proposed distributed ascending-clock based power allocation algorithm is summa-
rized in Table 5.1. Such a distributed algorithm has the advantage of low overhead in
the sense that the only signaling required to exchange between the relay nodes and each
source node are the announced prices ξξξτ = (ξ1, . . . , ξK) and the demanded power PCj,k

(ξξξ),
∀j ∈ {1, 2, . . . , N}, ∀k ∈ {1, 2, . . . , K}.

5.5 Properties of Proposed Auction Algorithm

Definition 5.1: An allocation (ξξξ,PC(ξξξ)) is a price vector ξξξ = (ξ1, ξ2, . . . , ξK) and a set
of power allocations PC(ξξξ) = (PC1(ξξξ),PC2(ξξξ), . . . ,PCN

(ξξξ)).

Definition 5.2: A Walrasian Equilibrium (WE) allocation is a price vector ξξξ� and a
power allocation vector PC(ξξξ

�) such that for any allocation (ξξξ,PC(ξξξ)) with ξξξ �= ξξξ�, the
following hold [129] [131]:
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Table 5.1: Ascending-Clock Auction Algorithm for Multi-Relay Power Allocation
1 All relay nodes initialize their time-index at τ = 0 and step-size to μ > 0 and then each relay

node Rk announces its initial price of ξ0k = ζk.
2 Each source node Sj submits its power demand PCj,k

(ξξξ0) to each relay node Rk based on
announced price vector ξξξ0 = (ξ01 , . . . , ξ

0
K).

3 Each relay Rk computes DRk
(ξξξ0) and compares it with PRk

.
4 WHILE (ER(ξξξ

τ ) ≥ 0)
5 IF (DRk

(ξξξτ ) > PRk
)

6 Relay node Rk computes and credits P̄j,k(ξξξ
τ ) = max

(
0, PRk

−∑N
i=1,i �=j PCi,k

(ξξξτ )
)
to

source node Sj and then price is increased to ξτ+1
k = ξτk + μ.

7 ELSE
8 Calculate cumulative clinch credited to source node Sj according to

P̄j,k(ξξξ
τ ) = PCj,k

(ξξξτ ) +
PCj,k

(ξξξτ−1)−PCj,k
(ξξξτ )∑N

j=1 PCj,k
(ξξξτ−1)−∑N

j=1 PCj,k
(ξξξτ )

(
PRk

−∑N
i=1 PCi,k

(ξξξτ )
)
, and

then price is fixed (i.e. ξτ+1
k = ξτk).

9 END.
10 Set τ = τ + 1 and prices ξξξτ = (ξτ1 , . . . , ξ

τ
K) announced to the source nodes.

11 Each source node Sj submits its demand PCj,k
(ξξξτ ) to each relay node Rk.

12 Each relay Rk, ∀k ∈ {1, . . . ,K} computes DRk
(ξξξτ ) and compares it with PRk

.
13 END.
14 Let τ = T be the time at which the auction concluded, compute P̄j,k(ξξξ

�) = P̄j,k(ξξξ
T ) and

assign PCj,k
(ξξξ�) = P̄j,k(ξξξ

�) to source node Sj which makes a payment of ϑj,k(PCj,k
(ξξξ�)) to Rk.

1. Rj,d(PC(ξξξ
�))−∑K

k=1 ϑj,k(PCj,k
(ξξξ�)) ≥ Rj,d(PCj (ξξξ))−

∑K
k=1 ϑj,k(PCj,k

(ξξξ)), ∀j ∈ {1, 2, . . . , N}.

2. PRk
=
∑N

j=1 PCj,k
(ξξξ�), ∀k ∈ {1, 2, . . . ,K}.

The first condition states the utility of each source node Sj under the WE allocation is at
least as good as any other allocation. On the other hand, the second condition states each
relay node fully sells out its available power under the WE allocation.

5.5.1 Existence

Since weak gross substitutability holds at all announced prices ξξξτ ∈ V , ∀τ , then the
concavity of the source nodes’ utility functions suffices for the existence of a Walrasian
equilibrium allocation [130] [132].

5.5.2 Convergence

The dynamic auction process based on the price vector evolution of relay node Rk inher-
ently takes the form of the Walrasian tâtonnement price adjustment process2 Wk(·) which

2Tâtonnement processes comprise a broad class of price-update rules that adjust prices based on excess
demands [133].
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has been used to study the stability of Walrasian general price equilibrium. In this work,
the core principle of the standard Walrasian model is considered, in which the price vector
changes are directly driven by the excess demand of relay power. Mathematically, this pro-
cess is modeled (assuming conditions sufficient to generate a differentiable excess demand
function) as a simple differential equation in the prices of the form ξ̇τk = Wk (ER(ξξξ

τ )). In
particular, Wk(·) is a function that adjusts prices as [134] [135]

ξτ+1
k = ξτk + ξ̇τk . (5.38)

According to the ascending-clock process, if there is excess demand at some relay node Rk

(i.e. ERk
(ξξξτ ) > 0), then price ξτk increases by ξ̇τk = Wk(ER(ξξξ

τ )) = μ. However, if supply
meets demand at node Rk, then price is fixed and thus ξ̇τk = Wk(ER(ξξξ

τ )) = 0. Hence,
the price evolution is determined by (5.38) such that ERk

(ξξξτ ) → 0, ∀k ∈ {1, 2, . . . , K} as
ξξξτ → ξξξ�, provided weak gross substitutability holds [130] [135] [136].

To prove the stability and thus convergence of a dynamical system, an appropriate Lya-
punov function is identified and shown to have a negative drift. More specifically, to prove
the convergence of the proposed ascending-clock auction algorithm, a Lyapunov differen-
tiable function is specified in terms of the excess demand and a process (in this case the
Walrasian tâtonnement process) for coordinating the price evolution [137]. In this work, the
following differentiable Lyapunov function is utilized [129]

L(ξξξτ ) = ξξξτ · PR +

N∑
j=1

US
j (PCj (ξξξ

τ ), ξξξτ ), (5.39)

where L̇(ξξξ�) = 0 and L̇(ξξξτ ) < 0, ∀ξξξτ �= ξξξ�. The Lyapunov function in (5.39) is particularly
attractive as its subgradient at ξξξτ is DR(ξξξ

τ ) − PR [129]. Therefore, the proposed auction
algorithm continues as long as ξξξτ+1 �= ξξξτ and at equilibrium, excess power demands must
identically be zero (i.e.

∑K
k=1 ERk

(ξξξ�) = 0 or equivalently
∑K

k=1PRk
− DRk

(ξξξ�) = 0). In
other words, the source and the relay nodes alternate between their optimal power demands
and updating prices respectively, until the difference between power demands and available
relay power supply approaches zero.

Theorem 5.1 (Convergence): Starting from any initial price vector ξξξ0 ∈ V and for a
sufficiently small price increase μ, the proposed distributed algorithm converges in a finite
number of time-steps, assuming weak gross substitutability between relay power at different
relay nodes.

Proof: Given the strictly concave utility functions along with the compact and convex
supporting set {PCj,k

|0 ≤ PCj,k
≤ PRk

, ∀j ∈ {1, 2, . . . , N}, ∀k ∈ {1, 2, . . . , K}}, and using the
definition of the Lyapunov function in (5.39), it is straightforward to show that

L̇(ξξξτ ) = (PR −DR(ξξξ
τ )) · ξ̇ξξτ ≤ 0. (5.40)

Note that in the price adjustment process in (5.38), the term ξ̇τk = Wk (ER(ξξξ
τ )) has the

opposite sign of PRk
−DRk

(ξξξτ ). Also, it can be verified that L(ξξξτ ) is convex and thus, any local
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minimum is also a global minimum. Moreover, since ξξξτ in the proposed algorithm increases
with a sufficiently small fixed step-size μ > 0, then L̇(ξξξτ ) → 0 as ξξξτ → ξξξ� for a sufficiently
large τ . �

5.5.3 Truth-Telling

Theorem 5.2 (Truth-Telling): In the proposed distributed algorithm, truthfully re-
porting optimal power demand at every time-step is the mutual best response for every
source node.

Proof: Given that all other source nodes truthfully report their power demands, the proof
is based on showing that if a source node Sj falsely reports its optimal power demand to at
least one relay node Rk for k ∈ {1, 2, . . . , K} at least once, then its utility will be less than or
equal to that when it reports truthfully. Let the auction conclude at time-step T when node
Sj truthfully reports its optimal power demand at every time-step τ , resulting in a utility

of US
j

(
PCj

(ξξξT ), ξξξT
)
= Rj,d

(
PCj

(ξξξT )
)
−∑K

k=1 ϑj,k

(
PCj,k

(ξξξT )
)
≥ 0, where ϑj,k

(
PCj,k

(ξξξT )
)
is

defined in (5.37). Also, let T̃ be the time-step at which the auction concludes when node Sj

falsely reports its power demand on time-step τ = τ̃ , for 0 ≤ τ̃ ≤ T̃ . Also, let ξ̃ξξ
T̃
be the final

price vector at time-step T̃ and P̃Cj

(
ξ̃ξξ
T̃
)
be the power allocation vector to node Sj at the

end of the auction process. In this case, source node Sj’s utility is—by definition—obtained

as US
j

(
P̃Cj

(
ξ̃ξξ
T̃
)
, ξ̃ξξ

T̃
)
= Rj,d

(
P̃Cj

(
ξ̃ξξ
T̃
))

−∑K
k=1 ϑj,k

(
P̃Cj,k

(
ξ̃ξξ
T̃
))

≥ 0.

Two cases could occur:

• If P̃Cj,k

(
ξ̃ξξ
τ̃
)
≤ PCj,k

(ξξξτ ), then P̃Cj,k

(
ξ̃ξξ
T̃
)
≤ PCj,k

(ξξξT ), T̃ ≤ T and ξ̃ξξ
T̃ ≤ ξξξT . Then,

US
j

(
PCj (ξξξ

T ), ξξξT
)
− US

j

(
P̃Cj

(
ξ̃ξξ
T̃
)
, ξ̃ξξ

T̃
)
= Rj,d

(
PCj

(
ξξξT
))
−Rj,d

(
P̃Cj

(
ξ̃ξξ
T̃
))

−
K∑
k=1

ϑj,k

(
PCj,k

(ξξξT )
)
+

K∑
k=1

ϑj,k

(
P̃Cj,k

(
ξ̃ξξ
T̃
))

,

(5.41)

where it can be verified that

K∑
k=1

ϑj,k

(
PCj,k

(ξξξT )
)
−

K∑
k=1

ϑj,k

(
P̃Cj,k

(
ξ̃ξξ
T̃
))

≤
K∑
k=1

ξTk

(
P̄j,k(ξξξ

T )− ˜̄Pj,k

(
ξ̃ξξ
T̃
))

(5.42)

Therefore,

US
j

(
PCj (ξξξ

T ), ξξξT
)
− US

j

(
P̃Cj

(
ξ̃ξξ
T̃
)
, ξ̃ξξ

T̃
)

= Rj,d

(
PCj (ξξξ

T )
)
−

K∑
k=1

ξTk P̄j,k(ξξξ
T )−Rj,d

(
P̃Cj

(
ξ̃ξξ
T̃
))

+

K∑
k=1

ξTk
˜̄Pj,k

(
ξ̃ξξ
T̃
)
≥ 0,

(5.43)
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where the last inequality follows from the fact that PCj

(
ξξξT
)
= arg max US

j (PCj (ξξξ
T ), ξξξT ),

as defined in (5.15).

• If P̃Cj,k

(
ξ̃ξξ
τ̃
)
≥ PCj,k

(ξξξτ ), then P̃Cj,k

(
ξ̃ξξ
T̃
)
≥ PCj,k

(ξT ), T̃ ≥ T and ξ̃ξξ
T̃ ≥ ξξξT . Similarly, it

can be verified that

K∑
k=1

ϑj,k

(
P̃Cj,k

(
ξ̃ξξ
T̃
))

−
K∑
k=1

ϑj,k(PCj,k
(ξξξT )) ≥

K∑
k=1

ξTk

(
P̃Cj,k

(
ξ̃ξξ
T̃
)
− PCj,k

(ξT )

)
. (5.44)

Hence,

US
j

(
PCj (ξξξ

T ), ξξξT
)
− US

j

(
P̃Cj

(
ξ̃ξξ
T̃
)
, ξ̃ξξ

T̃
)

= Rj,d

(
PCj (ξξξ

T )
)
−

K∑
k=1

ξTk P̄j,k(ξξξ
T )−Rj,d

(
P̃Cj

(
ξ̃ξξ
T̃
))

+

K∑
k=1

ξTk
˜̄Pj,k

(
ξ̃ξξ
T̃
)
≥ 0,

(5.45)

where the last inequality also follows from PCj

(
ξξξT
)
= arg max US

j

(
PCj (ξξξ

T ), ξξξT
)
, as

defined in (5.15).

Based on (5.43) and (5.45), it has been shown that in either case US
j

(
PCj (ξξξ

T ), ξξξT
)
≥

US
j

(
P̃Cj

(
ξ̃ξξ
T̃
)
, ξ̃ξξ

T̃
)
. Hence, given that all other source nodes truthfully report their power

demands at every time-step, the best strategy for source node Sj is to truthfully report its
power demand at every time-step. Therefore, truthfully reporting power demand at every
time-step is the mutual best response for every source node. �

5.5.4 Social Welfare Maximization

Theorem 5.3 (Social Welfare Maximization): The proposed distributed algorithm
achieves the Walrasian Equilibrium allocation (ξξξ�,PC(ξξξ

�)) which maximizes the sum of rates,
i.e. PC(ξξξ

�) is the solution to the following convex optimization problem

max
PC

N∑
j=1

Rj,d(PCj )

s.t.
N∑
j=1

PCj,k
≤ PRk

, ∀k ∈ {1, 2, . . . ,K},

0 ≤ PCj,k
≤ PRk

, ∀j ∈ {1, 2, . . . , N}, ∀k ∈ {1, 2, . . . ,K}.

(5.46)

Proof: According to Theorems 5.1 and 5.2, the proposed distributed algorithm concludes
in a finite number of time-steps and if all source nodes truthfully report their optimal power
demands then the auction process converges to an allocation (ξξξ�,PC(ξξξ

�)). The optimization
problem in (5.46) is convex since the objective function is convex in PCj

, ∀j ∈ {1, 2, . . . , N}
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and the constraints are linear and thus convex. In turn, a dual decomposition approach
is utilized to decompose the original “separable” optimization problem into independent
subproblems [94]. Define the Lagrangian function as

L(PC ,λλλ) =

N∑
j=1

Rj,d(PCj )−
K∑
k=1

λk

⎛
⎝ N∑

j=1

PCj,k
− PRk

⎞
⎠ , (5.47)

where λλλ = [λ1, . . . , λK ]
T and λk ≥ 0, ∀k ∈ {1, 2, . . . , K} are the Lagrangian multipliers for

the K total relay power constraints. The Lagrangian function in (5.47) is rearranged as

L(PC ,λλλ) =
N∑
j=1

(
Rj,d(PCj )−

K∑
k=1

λkPCj,k

)
+

K∑
k=1

λkPRk
. (5.48)

Since the original problem is convex, then strong duality holds3 and correspondingly, the
dual problem can be expressed in terms of a “master” problem [94]

min
λλλ

D(λλλ)

s.t. λλλ ≥ 0,
(5.49)

and a “slave” problem defined by the dual function D(λλλ) as given by
D(λλλ) = max L(PC ,λλλ)

s.t. 0 ≤ PCj,k
≤ PRk

, ∀j ∈ {1, 2, . . . , N}, ∀k ∈ {1, 2, . . . ,K}. (5.50)

The slave problem in (5.50) is decomposed and determined by solving the N following sub-
problems of each source node Sj as given by

max Lj(PCj ,λλλ) = Rj,d(PCj )−
K∑
k=1

λkPCj,k

s.t. 0 ≤ PCj,k
≤ PRk

, ∀k ∈ {1, 2, . . . ,K},
(5.51)

where Lj(PCj
,λλλ) is the jth term in the first summation in (5.48). Now, let L�

j(λλλ) =

Rj,d(PCj
(λλλ)) −∑K

k=1 λkPCj,k
(λλλ) denote the optimal value of Lj(PCj

,λλλ) by solving (5.51).
It is interesting to notice the similarity between (5.51) and (5.15), where in this case λk

is interpreted as the price per unit power PCj,k
(i.e. the shadow price). Thus, maximizing

Lj(PCj
,λλλ), ∀j ∈ {1, 2, . . . , N} is equivalent to maximizing the source nodes utilities with

PCj,k
(λλλ) as defined in (5.25).

The dual master problem in (5.49) can be re-expressed as

min D(λλλ) =
N∑
j=1

L�
j (λλλ) +

K∑
k=1

λkPRk

s.t. λk ≥ 0, k ∈ {1, 2, . . . ,K}.
(5.52)

3Strong quality implies the duality gap is zero and hence the minimized objective of the Lagrange dual
problem is equal to the maximized sum-rate in the primal problem.
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Thus, by iteratively solving problems (5.51) and then (5.52), the optimal power allocation
is solved. It is noteworthy that problem (5.52) aims at finding the optimal shadow prices
such that the dual problem is minimized which by complementary slackness at optimality
can be achieved when

∑K
k=1 λ

�
kPRk

=
∑N

j=1

∑K
k=1 λ

�
kPCj,k

(λλλ�) which in turn implies that

PRk
=
∑N

j=1 PCj,k
(λλλ�), for λ�

k ≥ 0, ∀k ∈ {1, 2, . . . , K}. Thus, the solution the optimization
problem in (5.46) is given by

PCj,k
(λλλ�) = max

⎡
⎣0,min

⎛
⎝√Ωj,k,dΥj,k,d

λ�
k

Γj(λλλ
�) +

√
Γ2
j (λλλ

�) + 4ηΛj

2Λj
−Υj,k,d, PRk

⎞
⎠
⎤
⎦ , (5.53)

∀j ∈ {1, 2, . . . , N} and hence (λλλ�,PC(λλλ
�)) is the Walrasian Equilibrium allocation that maxi-

mizes the social welfare. �
The power allocation produced by the proposed distributed algorithm is equivalent to that

of a centralized optimal power allocation scheme that maximizes the sum of rates. However,
significant overheads and signaling would be required by a central controller to obtain com-
plete channel state information (i.e. {hk,d}Kk=1, {hj,k}Kk=1, {hj,d}, ∀j ∈ {1, 2, . . . , N}) in order
to compute an optimal power allocation that fully distributes PR.

5.5.5 Uniqueness

Due to the strict monotonicity and concavity of source node Sj’s rate function Rj,d(PCj ),

∀j ∈ {1, 2, . . . , N}, the Walrasian Equilibrium allocation (ξξξ�,PC(ξξξ
�)) is unique [129].

In summary, starting from any initial price vector ξξξ0 ∈ V with a small enough price
increment μ, strictly concave source nodes’ utility functions, and truthful optimal power
demands at every time-step, the price vector converges to the unique Walrasian equilibrium
price and power allocation (ξξξ�,PC(ξξξ

�)) which maximizes the social welfare. Finally, according
to the first welfare theorem of economics, the Walrasian equilibrium allocation is also Pareto-
efficient [138] [139].

5.6 Summary of Network Operation

Initially, a coordination phase takes places in which several source nodes send transmis-
sion requests for cooperation to form a cluster. Other nodes—who are willing to act as relays
and share their transmission resources—send reply messages declaring their intent. A node
is elected as a cluster-head (possibly the destination node), which conveys control informa-
tion, signature waveform assignment, and transmission schedule to the rest of the cluster via
appropriate control channels [115]. For distributed clock synchronization, the cluster-head is
responsible for exchanging timing information (i.e. the SYNC signal) through periodic bea-
con transmissions. A host synchronizes its clock according to the timestamp in the beacon.
For a more detailed discussion on practical solutions for distributed timing synchronization
in ad-hoc wireless networks, the reader is referred to [140][141]. The auction mechanism
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takes place after the coordination phase and involves exchanging small packets—via appro-
priate control channels—between the source and relay nodes for power demands and price
announcements, until convergence to an allocation (ξξξ,PC(ξξξ)). After that, the broadcasting
and cooperation phases occur alternately. Finally, the coordination and auction mechanism
phases repeat in case of topology changes or nodes joining/leaving the cluster.

Figure 5.2: Multi-Relay Cooperative Network - Simulation Scenario

5.7 Simulation Results

In this section, the properties of the proposed distributed auction algorithm are numer-
ically verified. Consider a wireless network with three source nodes S1, S2 and S3 being
equidistant from the destination, and two relay nodes R1 and R2, as illustrated in Fig. 5.2.
The channel gain between any two nodes is given by σ2

j,k = d−νj,k , where dj,k and ν are the
distance between the two nodes and the path-loss exponent, respectively. The simulations
assume signature waveforms with ρ = 0.5, path-loss exponent of ν = 3, step-size of μ = 10−4,
reserve price of ξ0k = ζk = 10−2, ∀k ∈ {1, 2}, source broadcasting transmit power PBj

= 50
mW, ∀j ∈ {1, 2, 3}, noise variance of N0 = 10−5, and that PR1 = PR2 .

In Fig. 5.3, it is seen that the prices set by relay nodes R1 and R2 coincide with those
of optimum centralized algorithm. Also, it is noticed that node R2 sets a higher price than
R1 when PR1 = PR2 � 0.12 W. This is translated to a higher utility, as evident from Fig.
5.4. Beyond 0.12 W, the price of R1 is higher and thus achieves a higher utility. In order for
relay node R1 (R2) to maximize its utility, it should not sell more than 0.28 W (0.06 W) of
its transmit power, as abundant power results in excessively low prices. Also shown in Fig
5.3 are the achievable rates which agree with the centralized algorithm4. Fig. 5.4 illustrates
that node S2 achieves the highest utility while node S3 achieves the lowest. This is due to
the location of S2 being relatively closer to both relay nodes than source nodes S1 and S3;
therefore its received signal at the relay nodes suffers the least from noise and path-loss.
Since the proposed algorithm inherently maximizes the sum of rates, then it is expected that
most of the relays’ power will be allocated to source S2, as evident from Fig. 5.5. Also, due

4The solution of the centralized scheme is obtained using fmincon from the MATLAB optimization
toolbox [142].
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Figure 5.3: Centralized vs. Proposed Algorithm - Optimal Prices and Achievable Rate
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Figure 5.4: Source and Relay Nodes Utilities

to node S1 relatively closer location to relay R1 than that of node S3, it is allocated more
power than node S3. An opposite argument can be made for relay R2’s transmit power. This
is also reflected in the payments each source node makes to the relay nodes, as demonstrated
in Fig. 5.6. For instance, source node S2 makes the highest payment to R1, which is followed
by node S1’s payment and finally S3 makes the lowest payment. Contrarily, nodes S2 and
S1 make the highest and lowest payments to node R2, respectively.

In Fig. 5.7, the utility of the source and relay nodes are plotted at PR1 = PR2 = 0.3 W
when source nodes S1 and S3 truthfully report their demands while node S2 falsely reports
its demand to be P̃C2,k

(ξξξτ ) = max
[
0,min(δPC2,k

(ξξξτ ), PRk
)
]
, ∀k ∈ {1, 2} and ∀τ = 0, 1, . . . , T

with δ ≥ 0 being the demand factor. Clearly, S2’s utility and the sum of utilities peak at
δ = 1 (i.e. truthful demand).
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Figure 5.5: Centralized vs. Proposed Algorithm - Relay Power Allocation
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Figure 5.6: Payments to Relay Nodes R1 and R2

It is noteworthy that the accuracy of the proposed auction-based relay allocation is highly
dependent on the chosen step-size μ by which prices ascend. If the step-size is made small
enough, the auction algorithm takes too long to converge to the Walrasian Equilibrium
allocation. Contrarily, if the step-size is made larger, the auction algorithm converges faster
to an allocation that is not necessarily the Walrasian one. This is evident from Fig. 5.8,
where for μ = 10−4 the auction algorithm converges to the optimal Walrasian prices but
takes on average 3115 iterations, as the power allocation is accurate to four decimal places.
However, for a step-size of μ = 5×10−2, the auction algorithm converges in only 9 iterations
but is far from the Walrasian Equilibrium prices, leading to suboptimal power allocation.
Table 5.2 summarizes the results of the size-step μ and the decreasing average number of
iterations I(μ).
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1000 2000 3000
0

0.05
0.1

0.15
0.2

0.25
0.3

0.35
0.4

0.45
0.5

0.550.55

Iterations

Pr
ic

es

μ = 1x10−4

ξ1
ξ2

ξ

*
1

ξ

*
2

200 400 600
0

0.05
0.1

0.15
0.2

0.25
0.3

0.35
0.4

0.45
0.5

0.550.55

Iterations

Pr
ic

es

μ = 5x10−4

ξ1

ξ2

ξ

*
1

ξ

*
2

100 200 300
0

0.05
0.1

0.15
0.2

0.25
0.3

0.35
0.4

0.45
0.5

0.550.55

Iterations

Pr
ic

es

μ = 1x10−3

ξ1

ξ2

ξ

*
1

ξ

*
2

20 40 60 80
0

0.05
0.1

0.15
0.2

0.25
0.3

0.35
0.4

0.45
0.5

0.550.55

Iterations

Pr
ic

es

μ = 5x10−3

ξ1

ξ2

ξ

*
1

ξ

*
2

10 20 30
0

0.05
0.1

0.15
0.2

0.25
0.3

0.35
0.4

0.45
0.5

0.550.55

Iterations

Pr
ic

es

μ = 1x10−2

ξ1

ξ2

ξ

*
1

ξ

*
2

2 4 6 8
0

0.05
0.1

0.15
0.2

0.25
0.3

0.35
0.4

0.45
0.5

0.550.55

Iterations

Pr
ic

es

μ = 5x10−2

ξ1

ξ2

ξ

*
1

ξ

*
2
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Table 5.2: Summary of Convergence Results - PR1 = PR2 = 0.3 W

Step-Size μ 1× 10−4 5× 10−4 1× 10−3 5× 10−3 1× 10−2 5× 10−2 1× 10−1

Number of Iterations I(μ) 3115 727 352 83 38 9 5



Chapter 5 129

Shown in Fig. 5.9 is the decreasing sum of utilities as a function of the increasing step-size.
This result verifies that the highest sum of utilities is achieved at the Walrasian Equilibrium
allocation (which occurs when μ = 10−4), and increasing the step-size results in a lower sum
of utilities but leads to a faster convergence. Most importantly, this decrease of about 0.02
in the sum of utilities value is not severe which suggests a good tradeoff between the speed
of convergence and social welfare.
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Figure 5.9: Sum of Utilities vs. Step-Size - PR1 = PR2 = 0.3 W

In Fig. 5.10, the achievable rate of each source node is shown as a function of the
algorithm step-size. As can be seen, the decrease in the rate with the increase in the step-
size is insignificant. This is due to the fact that although the algorithm converges faster
and the power allocation is not the Walrasian one, most of the cooperative power has been
allocated in the first few iterations and the finite accuracy in the power allocation takes place
in the remaining iterations. This is evident from the power allocation values as summarized
in Table 5.3.
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Figure 5.10: Achievable Rate vs. Step-Size - PR1 = PR2 = 0.3 W
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Table 5.3: Summary of Relay Power Allocation to Each Source Node - PR1 = PR2 = 0.3 W

Source Node Relay Node
Step-Size μ

1× 10−4 5× 10−4 1× 10−3 5× 10−3 1× 10−2 5× 10−2 1× 10−1

S1
R1 0.1135 0.1132 0.1126 0.1113 0.1110 0.1107 0.1076

R2 0.0695 0.0703 0.0717 0.0718 0.0715 0.0687 0.0674

S2
R1 0.1494 0.1489 0.1485 0.1505 0.1511 0.1519 0.1560

R2 0.1289 0.1285 0.1291 0.1295 0.1304 0.1338 0.1371

S3
R1 0.0371 0.0379 0.0389 0.0382 0.0379 0.0374 0.0364

R2 0.1016 0.1012 0.0992 0.0987 0.0981 0.0975 0.0955

5.8 Discussion

5.8.1 Utility Functions

Although network nodes naturally desire to achieve high data rates (or at least meet target
QoS), they may not be willing to do so at arbitrarily high transmission power levels as they
may have different satisfaction levels and/or views of power consumption. Thus, different
classes of utility functions are required, such as sigmoid functions (first convex and then
concave), which can be used to control user power/rate demands [124]. Also, α−fair utility
functions can be used to control the tradeoff between efficiency and fairness [143]. However,
the use of such utility functions makes the social welfare maximization problem non-convex,
which makes the problem more difficult to analyze, even by centralized algorithms [125]. In
turn, distributed algorithms may lead to infeasible/suboptimal power allocation or simply
diverge, and thus must be carefully designed. Reformulating the proposed auction-based
power allocation with different classes of utility functions is an interesting topic and will be
studied in future work.

5.8.2 Channel State Information

In centralized power allocation, a centralized controller must obtain a large amount of
information, including perfect global channel state information (CSI), available transmit
power and received SNR at each node, and network topology. After collecting the required
information, the centralized controller solves the optimization problem in (5.46). This may
be infeasible to implement due to the substantial feedback requirements and the latency in
collecting/exchanging such parameters and sending power control commands to the different
source/relay nodes. Also, the computational complexity in optimizing power allocation for
a network with large number of nodes becomes practically prohibitive. Add to that the
infrastructure-less nature of ad-hoc networks in which centralized control is non-existent in
the first place. In the proposed auction mechanism, the power demand of each source node
Sj to the K relay nodes depends on the channel coefficients {hj,k}Kk=1, hj,d and {hk,d}Kk=1

(i.e. the inter-channels between itself and the destination). In particular, {hj,k}Kk=1, and hj,d
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can be estimated by source node Sj while {hk,d}Kk=1 is broadcast by each relay Rk to all the
source nodes. Clearly, the overhead at each source/relay node is much less than having a
centralized controller collect CSI between all the nodes.

5.8.3 Complexity Analysis and Overhead

During each iteration, each source node transmits a vector of power demands PCj
, which

is received by each of the K relay nodes. In addition, each relay node announces its price
to the source nodes via appropriate control channels. Therefore, the number of messages
exchanged in each iteration is O (N +K). Now, since the number of iterations I(μ) is
dependent on the step-size μ, then the total number of messages exchanged of the proposed
auction algorithm is O ((N +K)I(μ)). Additional overhead is due to the initial coordination
and clock synchronization between the nodes, as in the case of conventional ad-hoc networks
[115][140].

5.9 Implementation Issues

So far, the work has assumed a static network and thus the results obtained are less
appropriate for mobile networks, which require the proposed algorithm be repeated with
substantial overhead when channel coherence time elapses. The cost of distributed power
allocation in terms of additional overhead and signaling, unfortunately, is often overlooked.
Communication overhead takes the form of extra feedback for exchanging information and
multiple packets for power demands and price announcements.

The following discussion, analysis and qualitative evaluation should provide insights for
implementing the proposed distributed algorithm and also provide more solid intuition about
protocol design choices and the role of overhead. Specifically, the following subsections
consider the IEEE802.11g standard for wireless local area networks as a practical application.

5.9.1 Coordination

Initially, assume the network nodes have detected their neighbors and the TDMA trans-
mission of the source and relay nodes has been coordinated. After coordinating the roles of
source and relay nodes, an internet registration policy for each source/relay node must be
verified and then each source node must register itself and obtain an electronic certificate.
The presence of a registration policy eases the operation of the auction mechanism and its
implementation in electronic form. At the beginning of the bidding service, each source
node sends its own certificate to all the relays, as a pre-requisite for power demand. When
a certificate is verified by all the relays, a common broadcast channel is established between
the source and relay nodes.
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5.9.2 Auction Mechanism

The auction mechanism starts when each relay node takes turn in announcing “broad-
casting” its price at every time-step τ in the form of a data packet. After all the prices
have been announced, each source node then takes turn in broadcasting its power demand
data packet, which is received by the relay nodes. This process of exchanging price and
power demand data packets ends when demand meets supply, at which point the auction
mechanism concludes with a total duration of TAuction.

Figure 5.11: Network Operation

5.9.3 Communication Phase

As illustrated in Fig. 5.11, after coordination and auction-based power allocation, data
transmission and relaying takes place. Specifically, each communication phase consists of
N +K time-slots. The number of communication phases is calculated as

C =
⌊

Tc

TTX

⌋
, for TTX ≤ Tc, (5.54)

where TTX is the total transmission time which consists of duration of the auction mechanism
TAuction in addition to the total time TData spent transmitting or relaying data in each
communication phase (i.e. (N +K) · TData). Furthermore, Tc is the channel coherence time,
as will be defined in the following subsections. In this work, a continuous source model is
assumed whereby all the source nodes always have data to transmit in every time-slot.

5.9.4 IEEE802.11g Model and Operation

This subsection develops a simple model to calculate the total time duration of the auction
mechanism TAuction, and also the total data transmission time TData from each source/relay
node to the destination node (e.g. an access point), assuming a TCP protocol. Specifically,
a single TCP data packet is followed by a TCP acknowledgement (TCP ACK) packet. As
such, the IEEE802.11g MAC requires positive acknowledgement after every transmission,
which is sent by the receiving node a short time interval after receiving the packet. If an
ACK is not received, the packet is considered lost and a retransmission is arranged. In turn,
two IEEE802.11g packets are transmitted, consisting of [144]:

1. TCP data packet:

• Distributed inter-frame space (DIFS): this inter-frame space indicates that an
exchange has completed, and it is safe to access the medium again.
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• Data frame containing the TCP data frame.

• Short inter-frame space (SIFS): a small gap between the data frame and its ac-
knowledgement.

• The 802.11 ACK frame.

2. TCP ACK packet:

• DIFS.

• Data frame containing the TCP ACK frame.

• SIFS.

• The 802.11 ACK frame.

In addition to the payload data, 36 bytes of data are added in the encapsulation process
(consisting of LMAC = 28 bytes are 802.11 MAC header and LSNAP = 8 bytes for SNAP
header). Also, LTCP = 40 bytes including TCP/IP headers are also added. As for the
TCP ACK packet, in addition to the LTCP bytes of TCP/IP header information, it gets
LMAC + LSNAP = 36 bytes of MAC and SNAP headers, resulting in a total of LTCP +
LMAC + LSNAP = 76 bytes. Finally, every transmitted frame has a signal extension at the
end of duration TEX = 6 μs.

5.9.5 Frame Structure

In this work, the IEEE802.11g extended-rate PHY (ERP) frame structure is studied and
illustrated in Fig. 5.12. For a detailed description of each field in the frame, the reader is
referred to [144].

Figure 5.12: ERP-OFDM Frame Structure

Power Demand and Price Announcement Model

Let Lξk be the number of bytes representing the price announced by relay node Rk.
Also, let LPCj,k

be the number of bytes representing source node Sj’s power demand to relay

node Rk. Without any loss of generality, let Lξk = LPrice, ∀k ∈ {1, 2, . . . , K}. Also, let
LPCj,k

= LPower, ∀j ∈ {1, 2, . . . , N} and ∀k ∈ {1, 2, . . . , K}.
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The TCP price announcement frame duration is determined as

TTCP−Price = TPreamble + TSig + TSYM ×
⌈
LService + LTail + 8(LMAC + LTCP + LPrice)

NDBPS

⌉
+ TEX ,

(5.55)

where NDBPS is the number of data bits per OFDM symbol. On the other hand, the time
duration involved in transmitting each source node’s power demand is given by

TTCP−Power = TPreamble+TSig+TSYM ×
⌈
LService + LTail + 8(LMAC + LTCP + LPower)

NDBPS

⌉
+TEX .

(5.56)

The time duration involved in transmitting the TCP ACK frame is given by

TTCP−ACK = TPreamble + TSig + TSYM ×
⌈
LService + LTail + 8(LMAC + LTCP + LSNAP )

NDBPS

⌉
+ TEX ,

(5.57)

The duration of the 802.11 ACK frame is obtained as

TACK = TPreamble + TSig + TSYM ×
⌈
8LACK

NDBPS

⌉
+ TEX , (5.58)

where LACK is the number of bytes for packet acknowledgement. Thus, the total time
durations involved in announcing a price and submitting a power demand are determined as

TT−Price = TDIFS + TTCP−Price + TSIFS + TACK , (5.59)

and

TT−Power = TDIFS + TTCP−Power + TSIFS + TACK , (5.60)

respectively. Also, the total duration of transmitting the TCP ACK frame and its 802.11
ACK is determined as

TT−ACK = TDIFS + TTCP−ACK + TSIFS + TACK . (5.61)

Hence, the total time durations of each price announcement and power demand and their
acknowledgements are given by

TPrice = TT−Price + TT−ACK , (5.62)

and

TPower = TT−Power + TT−ACK , (5.63)

respectively. In turn, the total time duration of the auction mechanism is given by

TAuction = (K · TPrice +N · TPower) · I(μ), (5.64)

where I(μ) is the expected number of iterations as function of the algorithm step-size μ.
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Data Transmission Model

The TCP data frame duration is calculated as

TTCP−Data = TPreamble+ TSig + TSYM ×
⌈
LService + LTail + 8(LMAC + LTCP + LMSDU )

NDBPS

⌉
+ TEX ,

(5.65)

where LMSDU refers to the length of the MAC service data unit (i.e. data payload). Thus,
the total duration associated with transmitting a data frame and its 802.11 ACK is given
by

TT−Data = TDIFS + TTCP−Data + TSIFS + TACK . (5.66)

The total time duration of data transmission in each time-slot is given by

TData = TT−Data + TT−ACK . (5.67)

Consequently, the total communication duration is given by

TTX = TAuction + TData

= (K · TPrice +N · TPower) · I(μ) + (N +K) · TData,
(5.68)

such that TTX ≤ Tc.

5.9.6 Coherence Time

As network nodes move within proximity of each other, communication channels vary
with time. A measure of the channel correlation over time is given by the coherence time
Tc. A popular rule of thumb for modern digital communications is to define the coherence
time as [145]

Tc =

√
9

16πf2
m

≈ 0.423

fm
, (5.69)

with fm being defined as the maximum Doppler shift as given by fm = vfc
c
, where v is the

velocity of the mobile node in m/s, c = 3 × 108 m/s is the speed of light in free space, and
fc is the carrier frequency in Hz.

5.9.7 Frame Error Rate Performance

In order to quantify the effective data rate of each source node in the network, the frame
error rate performance must be taken into account. For a data frame of length L bytes, the
frame error rate of a wireless channel is determined as

F(L) = 1− (1− P)8L, (5.70)
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where P is the bit error rate. Therefore, the frame error rate for LMSDU -bytes long data
frame of source node Sj, taking into account PHY and MAC headers, is derived as [146]

Fsj (LMSDU ) = 1− (1−F(LPLCP )) · (1−F(LMAC + LTCP + LMSDU )) , (5.71)

where F(LPLCP ) is the probability of error of the PLCP preamble/header transmitted in
the PHY mode, which contains LPLCP = 24 bytes. Moreover, F(LMAC + LTCP + LMSDU)
is the probability of error of the MSDU, including the MAC overhead.

5.9.8 Throughput

In order to quantify the effect of payload size and channel coherence time, the total
amount of data (in bits) transferred successfully from each source node Sj to the destination
in a specified amount of time. In this work, the throughput (in bits/s) is defined as5

Tsj =
Total Successfully Transmitted Data

Total Communication Duration
=
8LMSDU · C · (1−Fsj (LMSDU ))

TTX
. (5.72)

It should be noted that overhead due to protocol headers and checksums are not in-
cluded in the calculation of throughput. In addition, no management frames (i.e. beacon,
probe request/response and re-association frames) have been taken into account. Moreover,
fragmentation in the MAC layer is not considered, neither is the propagation delay.

5.9.9 Numerical Results

The simulations assume the IEEE802.11g-only network mode with no legacy stations.
Also, BPSK 6 Mbps with rate Rc = 1/2 convolutional coding using OFDM data transmission
mode is simulated [58][59]. At 6 Mbps, each OFDM symbol encodes NDBPS = 24 data bits
(i.e. 48 coded bits). In addition, the simulations assume N = 3 source nodes andK = 2 relay
nodes, as illustrated in Fig. 5.2 with the same simulation parameters given in Section 5.7
and PR1 = PR2 = 0.3 W. The relevant IEEE802.11g parameters are summarized in Table 5.4.
To faithfully study the impact of the communication overhead, the following transmission
modes are compared:

• Cooperative transmission with sum-of-rate maximizing optimal power allocation (CTX-
O). This transmission mode involves the proposed auction mechanism, as discussed
throughout this section. In this case, each source node has a total transmit power of
Psj = PBj

+ PCj,1
+ PCj,2

where PCj,1
and PCj,2

are as summarized in Table 5.3.

5An ACK frame is transmitted at a rate equals to or lower than the data frame rate, and is only LACK = 14
bytes long, which is usually much shorter than a data frame. Hence, the probability of error of an ACK
frame is very low compared to the error probability of the data frame, and thus ignored in the calculation.
The same assumption applies the auction mechanism frames.
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• Cooperative transmission with equal power allocation (CTX-E). In this case, the auc-
tion mechanism phase is eliminated as each relay node equally allocates its cooperative
transmit power to the source nodes. Hence, the total transmission time is equivalent
to the data transmission time (i.e. TTX = TData). Addition, the total transmit power

allocated to each source node is given by Psj = PBj
+PCj,1

+PCj,2
= PBj

+
PR1

+PR2

3
, ∀j ∈

{1, 2, 3} and PR1 = PR2 = 0.3 W.

Table 5.4: IEEE802.11g Simulation Parameters
Parameter Value

fc 2.4 GHz

TDIFS 28 μs

TSIFS 10 μs

TPreamble 16 μs

TSym 4 μs

TSig 4 μs

TEX 6 μs

LService 16 Bits

LTail 6 Bits

LACK 14 Bytes

LMAC 28 Bytes

LSNAP 8 Bytes

LTCP 40 Bytes

LPower 4 Bytes

LPrice 4 Bytes

Illustrated in Fig. 5.13 is the throughput of source node S1 as a function of the node
velocity and payload size for μ = 1×10−1 (and I(μ) = 5) for the CTX-O transmission mode
(i.e. optimal power allocation) and its counterpart CTX-E (with equal power allocation and
no auction mechanism). It is evident that the throughput of node S1 under the CTX-E mode
is higher than that of the CTX-O mode. In addition, it is can be seen that for low vehicular
velocities, and small payload size, the throughput is highest under both transmission modes.
This is because slowly time-varying channels have longer coherence time and thus channel
estimates remain valid for longer periods. Increasing the node’s velocity significantly reduces
the coherence time which in turn reduces the total transmission time and diminishes the
node’s data rate. In addition, increasing the payload size severely degrades the throughput
due to the increased frame error probability. The same observation is noticed for source
node S3, as shown in Fig. 5.15.

As for source node S2 (see Fig. 5.14), the throughput under both cooperative transmission
modes gradually degrades with the increase in velocity and payload size but not as severe as
source nodes S1 and S3. In addition, the throughput under the CTX-E transmission mode
is higher than that of the CTX-O mode. Looking at Fig. 5.16, it clear that total network
throughput under the CTX-E transmission mode is higher than that of the CTX-O mode.
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Figure 5.13: Source Node S1: Throughput vs. MSDU and Velocity - μ = 1 × 10−1 and I(μ) = 5
Iterations
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Figure 5.14: Source Node S2: Throughput vs. MSDU and Velocity - μ = 1 × 10−1 and I(μ) = 5
Iterations

Although this result might seem counter-intuitive, however, it should be clear that the total
transmission time under the CTX-O mode is shorter than the CTX-E mode and thus each
source node has less time to transmit its data, which in turn reduces the total transmitted
data. Intuitively, it would be expected that decreasing the auction step-size to μ = 5× 10−2
(and I(μ) = 9) reduces the total transmitted data which in turn further exacerbates the
data rate for the CTX-O transmission mode.
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Figure 5.15: Source Node S3: Throughput vs. MSDU and Velocity - μ = 1 × 10−1 and I(μ) = 5
Iterations
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Figure 5.16: Total Throughput vs. MSDU and Velocity - μ = 1× 10−1 and I(μ) = 5 Iterations

It is noteworthy that if the auction-mechanism phase is not considered in the total trans-
mission time, then total throughput under the CTX-O transmission mode becomes higher,
although the same observation about the throughput of the different source nodes in com-
parison with the CTX-E mode would still hold. Moreover, the presented simulation results
demonstrate that although decreasing the step-size of the auction mechanism yields a more
accurate power allocation (that is closer to the Walrasian one), it significantly reduces the
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achievable data rate due to the reduction in the total transmission time as a consequence of
the message exchanges of the price announcements and power demands.

5.9.10 Final Remarks

The obtained results in this section are not entirely conclusive. In other words, the
proposed auction mechanism might yield a better sum-of-rates performance for a different
network topology under which optimal power allocation might result in a BER performance
for each source node that is a few orders of magnitude smaller than its counterpart BER
performance under equal power allocation. This in turn results in a much smaller frame error
rate probability which is reflected in a significant improvement in the throughput. Another
possibility would be to consider the case when there is no direct link between each source
node and the destination. In such a case, the relays’ locations play a significant role in each
source node’s achievable rate. Finally, for the auction mechanism to be effective in practice,
careful design of price and power data packets and their associated headers must take place,
and any potential delays must be minimized. This could be achieved by performing the
auction mechanism using a higher data rate with higher order modulation (i.e. the shorter
is the auction mechanism phase, the higher is the throughput of each source node).

5.10 Conclusions

In this chapter, a distributed ascending-clock auction algorithm is proposed for efficient
multi-relay power allocation among a set of source nodes. It is shown that proposed algorithm
enforces truth-telling and converges to the Walrasian equilibrium allocation that maximizes
social welfare. Also, it was demonstrated that the proposed algorithm presents a tradeoff
between the speed of convergence (which is linked to signaling and communication overhead)
and maximization of utility and social welfare. Moreover, the proposed algorithm is shown to
offer performance that is closely comparable with that of a network with centralized control.

It is acknowledged that this work has only scratched the surface in distributed power allo-
cation through the auction mechanisms in ad-hoc wireless networks. For such mechanisms to
be implemented in practice, appropriate modifications to the physical, data link and network
layers must be applied. Potential packet loss and retransmission overheads in response to
topology changes must also be analyzed to minimize computation/communication costs and
not sacrifice network scalability. The multi-layer simulation and experimentation to obtain
realistic quantification of the proposed auction mechanism is of great importance and will be
pursued in future work. Finally, this work is intended to present an auction-theoretic per-
spective on algorithmic distributed relay power allocation and raise some practical concerns
that are yet to be fully examined and analyzed.
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A Coalitional Game-Theoretic
Analysis of Cooperative Networks

6.1 Introduction

As mentioned in the last two chapters, in ad-hoc wireless networks, network nodes are
independent, autonomous and selfish by nature and thus may not voluntarily share their
transmission resources with other nodes. In other words, there is an element of competition
and selfishness since all participating network nodes desire to maximize their utilities by
maximizing their share of transmission resources. Moreover, randomly distributed nodes
with local information may not know whom to cooperate with even if they are willing to
cooperate. Although cooperative communications have been shown to yield significant per-
formance gains [56], cooperation entails several costs, such as bandwidth and power. Ignoring
such costs is unwarranted as it may severely affect the nodes’ own performance. Particularly,
network nodes may not cooperate and instead divert their resources to direct data transmis-
sions. Alternatively, a group of nodes could form a coalition and cooperate to maximize the
overall gains of the group and thus promote altruism. Specifically, each node seeks partners
to form a cooperative coalition to achieve rate improvement for itself and/or for the whole
coalition. In such a case, the greatest immediate benefits may not be achieved by the nodes
that bear the greatest costs. Establishing cooperation in ad-hoc wireless networks without a
centralized controller is a dynamic process. Hence, designing practical distributed algorithms
that can promote cooperation without relying on centralized control is a highly desirable but
considerably difficult task.

Coalitional game theory has emerged as an effective mathematical tool for modeling
users’ cooperation and designing distributed protocols in wireless networks. Several works
have considered coalitional formation for user cooperation in wireless networks. For instance,
a simple and distributed merge-and-split algorithm is proposed in [147] for the formation
of virtual MIMO clusters of selfish single-antenna nodes. In [54], the stability of the grand
coalition of transmitter and receiver cooperation in an interference channel is studied for both

141



Chapter 6 142

flexible transferable and non-transferable apportioning schemes. The curse of the boundary
nodes in selfish packet-forwarding wireless networks is resolved using coalitional games in
[148]. In [149], fair group coalitions for power-aware routing in wireless networks is studied
and distributed algorithms based on max-min fairness are proposed. Distributed coalitional
formations with transferable utilities and their stable outcomes in relay networks are studied
in [150]. In [151], the authors illustrate that coalition formation could lead to power saving
for the individual nodes and thus for the whole coalition.

In this work, a coalitional game-theoretic framework to the study of altruistic coalition
formation is considered and the aim is to address the following questions: (1) How can
coalitions be formed in a distributed fashion?, (2) What is the impact of different power
allocation criteria on coalition formation?, and (3) What is the effect of mobility on the
coalition formation process? To form cooperative groups, a coalition formation algorithm
based on merge-and-split rules is proposed and proven to converge with arbitrary merge-
and-split iterations. In particular, each network node is treated as a player, who seeks
partners to form a cooperative group to improve its transmission rate and/or that of the
whole group through spatial diversity while incurring some power cost to meet a target SNR
for information exchange. This in turn suggests a tradeoff between the gains and costs of
cooperation. Moreover, as the size of the cooperative group increases, both the gain and cost
also increase to the point where adding an additional node results in a cost that outweighs
the diversity gain. Additionally, since network nodes can be either mobile or static, the aim
here is to analyze the long-term behavior of network coalition formation when the nodes
are mobile within the network area as opposed to their coalition formation when they are
static. Centralized power allocation and coalition formation is also studied where it is shown
that the proposed algorithm provides a good tradeoff between computational complexity
and network sum-rate, and efficiently adapts to nodes’ mobility. To the best of the author’s
knowledge, no existing work has employed coalitional games in the analysis and design of
protocols for altruistic coalition formation in network-coded cooperative wireless networks.

In the remainder of this chapter, the system model is presented in Section 6.2. In Section
6.3, the coalitional formation framework is discussed, while the proposed distributed coalition
formation algorithm is provided in Section 6.4. The different cooperative power allocation
criteria are discussed in Section 6.5, while the centralized power allocation and coalition
formation optimization problems are formulated in Section 6.6. The stability, convergence
and complexity properties of the proposed distributed algorithm are discussed in Section 6.7,
while the studied mobility model is presented in Section 6.8. Numerical results are presented
in Section 6.9 while the chapter conclusions are drawn in Section 6.10.

6.2 System Model

Consider an ad-hoc wireless network that initially consists of N single-antenna half-duplex
decode-and-forward nodes which are denoted S1, S2, . . . , SN for N ≥ 3. Each node wishes to
exchange its data symbol xj for j ∈ {1, 2, . . . , N} with a common destination node D. The
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channel between nodes Sj and Si is given by hj,i = ejθj,i
√
d−νj,i , with ν being the path-loss

exponent and θj,i is the signal’s phase uniformly distributed in the interval [0, 2π] while dj,i
is the distance between the two nodes. Also, the channel hj,i between nodes Sj and Si is
assumed to reciprocal (i.e. hj,i = hi,j) with perfect channel estimation at each node.

Further, let S = {S1, S2, . . . , SN} be the finite, non-empty set of all network nodes that
eventually self-organize into K (for 1 ≤ K ≤ N) mutually exclusive coalitions of cooperative
nodes C = {C1, C2, . . . , CK} with no cooperation between coalitions. In addition, let Ck ⊆ S
denote a coalition with |Ck| nodes (where | · | defines the cardinality of the parameter set)
and 1 ≤ |Ck| ≤ N . An individual non-cooperative player is called a singleton coalition while
the set S is called the grand coalition when all the N network nodes cooperate. An example
of a network of N = 5 nodes with a possible coalition formation is illustrated in Fig. 6.1.

Figure 6.1: Example of Cooperative Coalitions and Their Transmissions

The communication between each node and the destination is performed in a TDMA
fashion over N + 1 time-slots and is split into two phases, namely the broadcasting phase
and the cooperation phase.

6.2.1 Broadcasting Phase

In the broadcasting phase of N time-slots, each node Sj—in its assigned time-slot Tj—
broadcasts its data symbol xj, which is received by the N − 1 other nodes Si in the network
for i ∈ {1, 2, . . . , N}i �=j, as well as the destination. The signal received at node Si for i �= j
is expressed as

yj,i =
√

PBjhj,ixj + nj,i, (6.1)

while the received signal at the destination is given by
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yj,d =
√

PBjhj,dxj + nj,d, (6.2)

where PBj is the transmit power in the broadcasting phase at node Sj, and nj,i and nj,d

are zero-mean complex additive white Gaussian noise (AWGN) samples with variance N0,
at node Si and the destination, respectively. Upon the completion of the broadcasting
phase, each node Si will have received a set of N − 1 signals {yj,i}Nj=1,j �=i comprising symbols
x1, . . . , xi−1, xi+1, . . . , xN from all the other nodes in the network. In addition, the destination
will have received N signals {yj,d}Nj=1. Each node Si then performs a matched filtering
operation on each of the received signals yj,i and the signal-to-noise ratio (SNR) at the
output of the matched-filter is expressed as [56]

γBP
j,i =

PBj |hj,i|2
N0

=
PBjd

−ν
j,i

N0
. (6.3)

Let fj denote node Sj’s corresponding farthest node in coalition Ck. Thus, each node Sj ∈ Ck

broadcasts its symbol using transmit power PBj
required to maintain a network target SNR

of γ between itself and node Sfj as

PBj ≥ γN0d
ν
j,fj

, (6.4)

where it is assumed that γ is common to all the nodes in the network. Clearly, there is a
tradeoff between the power invested in satisfying the target SNR and power allocated to
the other members in coalition Ck. It should be noted that each node has a transmit power
constraint of P that is shared between the two transmission phases as given by P = PBj

+PCj
,

where PCj
is the effective cooperative power at node Sj to relay the symbols of the other

nodes in coalition Ck. Specifically, PCj
is given by

PCj = max
[
0,min(P − PBj , P )

]
, (6.5)

with PCj
=
∑

Si∈Ck,i �=j PCi,j
, and PCi,j

is the cooperative power node Sj utilizes in relaying
node Si’s symbol xi to the destination, for i �= j.

6.2.2 Cooperation Phase

In the cooperation phase, each node Si for Si ∈ Ck, ∀Ck ∈ C and |Ck| ≥ 2 in time-slot TN+1

forms a linearly-coded signal Xi(t) of the |Ck|−1 received signals from the nodes in Ck, during
the broadcasting phase1. For multiuser detection at the destination, each decoded symbol
xl at node Si is spread using a signature waveform cl(t), where it is assumed that each node
Si for i �= l and the destination know the signature waveforms of all the other nodes in the
coalition. The cross-correlation of cl(t) and ci(t) is ρl,i = 〈cl(t), ci(t)〉 � (1/Ts)

∫ Ts

0 cl(t)c
∗
i (t)dt

for l �= i with ρi,i = 1 and Ts being the symbol duration. Therefore, the transmitted signal
by node Si is expressed as

1Coalition formation is discussed in later sections.



Chapter 6 145

Xi(t) =
∑

Sl∈Ck,l �=i

√
PCl,i

xlcl(t) (6.6)

The received signal at the destination—assuming perfect timing synchronization—is written
as

Yd(t) =

N∑
i=1

hi,dXi(t) + nd(t), (6.7)

where nd(t) is the AWGN process at the destination. By substituting (6.6) into (6.7), Yd(t)
is re-written as

Yd(t) =

K∑
k=1

∑
Sl∈Ck

⎛
⎝ ∑

Si∈Ck,i �=l

√
PCl,i

hi,d

⎞
⎠xlcl(t) + nd(t). (6.8)

At the destination, multiuser detection is performed on Yd(t) to extract symbol xj of node
Sj ∈ Ck, ∀Ck ∈ C. Specifically, Yd(t) is passed through a matched filter bank (MFB), yielding

Yj,d = 〈Yd(t), cj(t)〉 =
K∑
k=1

∑
Sl∈Ck

αlxlρl,j + n̄j,d, (6.9)

where n̄j,d is a zero-mean AWGN noise sample with variance N0, while αl is given by

αl =
∑

Si∈Ck,i �=l

√
PCl,i

hi,d. (6.10)

The output of the MFB is expressed in vector form of N signals as YYY d = RRRAAAxxx + n̄̄n̄nd, where
YYY d = [Y1,d, . . . ,YN,d]

T , xxx = [x1, . . . , xN ]
T , and n̄̄n̄nd = [n̄1,d, . . . , n̄N,d]

T ∼ CN (0, N0RRR). Fur-
thermore, RRR and AAA are N ×N matrices, as given by

RRR =

⎡
⎢⎢⎢⎣

1 ρ1,2 · · · ρ1,N
ρ2,1 1 · · · ρ2,N
...

...
. . .

...
ρN,1 ρN,2 · · · 1

⎤
⎥⎥⎥⎦ , (6.11)

and

AAA =

⎡
⎢⎢⎢⎣
α1 0 · · · 0
0 α2 · · · 0
...

...
. . .

...
0 0 · · · αN

⎤
⎥⎥⎥⎦ , (6.12)

respectively. The received signal vector YYY d is then decorrelated (assuming matrix RRR is
nonsingular) as Ỹ̃ỸY d = RRR−1YYY d = AAAxxx + ñ̃ñnd, where ñ̃ñnd = RRR−1n̄̄n̄nd and ñ̃ñnd ∼ CN (000, N0RRR

−1). It is
assumed that ρl,j = ρ, ∀l �= j. Therefore, the decorrelated received signal is obtained as

Ỹj,d = αjxj + ñj,d, (6.13)
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where ñj,d ∼ CN (0, N0�N), and �N is given by


N =
1 + (N − 2) ρ

1 + (N − 2) ρ− (N − 1) ρ2
. (6.14)

The received instantaneous SNR of node Sj’s symbol (where Sj ∈ Ck) at the destination is
given by γj = γBP

j + γCP
j , where γBP

j is expressed in (6.3), and γCP
j is obtained by passing

Ỹj,d through a matched-filter. Therefore, γj is obtained as [152]

γj =
PBj |hj,d|2

N0
+

∑
Si∈Ck,i �=j

PCj,i |hi,d|2
N0
N

. (6.15)

Upon the completion of the broadcasting and cooperation phases, the destination will have
received |Ck| independent copies of symbol xj of node Sj ∈ Ck and thus achieving a diversity
order of |Ck| [56].

6.3 Coalition Formation Framework

In this section, the coalition formation framework and its properties relevant to the
proposed system model are characterized and discussed.

Let υj(Ck) denote the payoff of each node Sj in coalition Ck. Based on the discussed
system model, a singleton coalition of node Sj occurs when it does not form a cooperative
coalition with other nodes. In this case, node Sj utilizes all its available power P and
transmits its data once every N + 1 time-slots. Thus, the payoff of node Sj is obtained as

υj({Sj}) = RD
j,d =

1

N + 1
log2

(
1 +

P |hj,d|2
N0

)
, (6.16)

where RD
j,d is the achievable rate with direct transmission. Additionally, R

D
j,d represents the

non-cooperative payoff of any node Sj for Sj ∈ S. On the other hand, for coalition Ck with
|Ck| ≥ 2, the achievable rate of node Sj due to the cooperative transmission is given by

RC
j,d =

1

N + 1
log2

⎛
⎝1 + PBj |hj,d|2

N0
+

∑
Si∈Ck,i �=j

PCj,i |hi,d|2
N0
N

⎞
⎠ . (6.17)

Therefore, the payoff of each node Sj in coalition Ck is given by υj(Ck) = RC
j,d, ∀Sj ∈ Ck.

Consequently, the value of a coalition is

υ(Ck) =
∑

Sj∈Ck

υj(Ck), (6.18)

which is equivalent to the sum-rate of the coalition.

Definition 6.1: A coalition game is said to have a non-transferable utility (NTU) if the
coalition value cannot be arbitrarily apportioned among its nodes and each node will have
its own value within a coalition.
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Based on the proposed system model, the coalition game in hand has a non-transferable
utility, as a specific achievable rate value for each node in a coalition is achieved [51]. In
addition, the coalition game formulated in this work is in the characteristic function form.
That is, utilities achieves by the players in a coalition are unaffected by those outside it.

Definition 6.2: A coalitional game with non-transferable utility is defined by a pair
(S,V), where S is a finite set of N players, and V is a set valued function such that for every
coalition Ck ⊆ S, V(Ck) is a closed convex subset of R

|Ck| that contains the payoff vectors
the players in Ck can achieve.

In the proposed system model, V : Ck → R
|Ck| such that V(φ) = φ, and if Ck �= φ, then

V(Ck) is non-empty and closed. Moreover, the coalitional set-valued function V of a coalition
Ck ⊆ S is defined as

V(Ck)=
{
υυυ(Ck) ∈ R

|Ck| | ∀Sj ∈ Ck, υj(Ck) = RC
j,d ≥ 0, if PCj > 0, and υj(Ck) =−RD

j,d, otherwise.
}
.

(6.19)

Note that if PCj
= 0, then node Sj has no interest in cooperation.

Remark 6.1: The proposed network-coded transmission model is a coalitional game
(S,V) in partition form with non-transferable utility, where V(Ck) is a singleton set, as
defined by (6.19), and is thus a closed and convex subset of R|Ck|.

Remark 6.2: In the proposed NTU coalitional game (S,V), the grand coalition of all
the nodes rarely forms due to the target SNR power costs.

Based on the SNR target defined in (6.4), the power cost for coalition formation depends
on the distance between the network nodes which in turn governs coalitions’ sizes. As the
size of a coalition increases, the cooperative gain and power cost per node also increase (i.e.
cooperation gains in a coalition are limited by power costs). However, the power saving due to
the diversity gains gradually diminish even with the increase in the number of cooperative
nodes in a coalition, at which point, no additional nodes should join the coalition. This
prevents cooperative networks from forming a grand coalition and instead form independent
disjoint coalitions. In turn, the proposed game is modeled as a coalition formation game,
with the aim of finding the network’s coalitional structure [51].

It should be noted that solution concepts for coalitional games based on the core are not
applicable to the game model in hand due to the power costs of information exchange.

6.4 Design of Distributed Coalition Formation Algo-

rithm

In this section, the aim is to study how coalitions can be formed in a distributed manner.
Specifically, a coalition is formed if it is beneficial to at least one node in the coalition and
also for the coalition as a whole. Also, the nodes of a coalition can avoid merging with other
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coalitions if they are as well off as a result of not merging. Furthermore, when nodes form a
coalition, they cannot unilaterally deviate on their own. In turn, coalition structure changes
are determined by the members of a coalition interacting with one another as a unit.

Since network nodes are rational and autonomous, the design of an iterative distributed
algorithm to form a network coalition structure that improves that network sum-rate is
highly desirable. But first, several concepts must be defined.

Definition 6.3: A collection of coalitions, denoted as C, is defined as C = {C1, C2, . . . , CK}
for 2 ≤ K ≤ N mutually disjoint coalitions Ck of C. Equivalently, a collection is any arbi-
trary group of disjoint coalitions Ck of C that does not necessarily span all the players of S.
If a collection spans all the players in S (i.e.

⋃K
k=1Ck = S), the collection is a partition of S.

Definition 6.4: A preference operator � is defined for comparing two collections Q =
{Q1, . . . , Ql}, and R = {R1, . . . , Rp} that are partitions of the same subset A ⊆ S (i.e. same
players in Q and R). Thus, Q �R implies that the way Q partitions A is preferred to the
way R partitions A.

In the coalitional game theory literature, comparison relations based on orders are split
into two categories [153]: individual value orders and coalition value orders. In the former
category, comparison is performed on the basis of individual payoffs (e.g. Pareto order). In
the latter category, two collections (or partitions) are compared based on the value of the
coalitions inside these collections, such as the utilitarian order (e.g. Q�R =⇒∑l

i=1 υ(Qi) >∑p
i=1 υ(Ri)). In this work, the utilitarian order comparison relation is assumed as it is more

suited to the studied altruistic coalition formation.

There are two successive rules for forming and breaking coalitions, known as merge-and-
split rules [153].

Definition 6.5 (Merge Rule): Merge any collection of disjoint coalitions {Q1, . . . , Ql},
where {⋃l

k=1 Qk} � {Q1, . . . , Ql}, thus {Q1, . . . , Ql} → {⋃l
k=1 Qk}.

Definition 6.6 (Split Rule): Split any coalition {⋃l
k=1 Qk}, where {Q1, . . . , Ql} �

{⋃l
k=1 Qk}, thus {

⋃l
k=1 Qk} → {Q1, . . . , Ql}.

The merge-and-split rules simply mean that two coalitions will merge if their merger
would do more good than harm to the overall coalition value (or equivalently, sum-rate) of
the merged coalition. Otherwise, coalitions will split into smaller ones or even singletons.

6.4.1 Algorithm Description

The network operation starts at time-index initialized to τ = 0 with network nodes
being partitioned into singleton coalitions (i.e. Cj = {Sj} for 1 ≤ j ≤ N such that C =
{S1, S2, . . . , SN}) and each node Sj determines its achievable direct transmission rate RD

j,d.
After that, the following three phases take place.
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Node Discovery

Each node Sj ∈ S discovers the neighboring potential nodes with which it can possibly
merge. Specifically, for each node Sj, the potential partners lie within a circle with radius
determined by the power P ≥ PBj

≥ γN0d
ν
j,fj

required for symbols’ exchange while meeting

the target SNR γ, as given by (6.4). Thus, if the received signal at node Si satisfies γ, it is
considered to be decoded correctly. Let Dj be the set of network nodes that decoded node
Sj’s symbol correctly, i.e.

Dj = {∀Si ∈ S and i �= j : γBP
j,i ≥ γ}. (6.20)

After that, node Sj broadcasts a request-to-send (RTS) message which is received by all
the nodes in Dj. Then, each node Si ∈ Dj replies to node Sj with a clear-to-send (CTS)
message that contains its CSI with the destination. If the decoding set of node Sj is empty
(i.e. Dj = φ), then it employs direct transmission and does not form a coalition with any
other node. Otherwise, node Sj enumerates all the possible distinct coalitions of Sj ∪Dj. In
the case of a coalition Ck, the potential nodes lie within the intersection of |Ck| circles, each
centered around node Sj ∈ Ck. Clearly, the node discovery phase significantly reduces the
coalition formation space.

Adaptive Coalition Formation

In this phase, the time-index is updated to τ = τ +1 and each node sequentially proposes
to merge with one of its potential partners. If such a merge is desirable by all the nodes
according to the utilitarian order, then a coalition with one or more of the potential nodes
could form by a merge agreement of all the participating nodes. For all merged coalitions,
a random node is elected as a coalition-head [115], which is responsible for periodically ex-
changing timing information with the rest of the coalition2. After that, the power allocation
fractions of each node are determined according to one of the power allocation criteria dis-
cussed in Section 6.5. After all the nodes have made their merge decisions, the merge process
ends, resulting in a partitionMτ = Merge(Cτ−1).

If the sum-rate value of a group of nodes achieved by forming a coalition is less than the
value achieved before the merger, they split into singletons or coalitions of smaller sizes. At
the end of the split process, a partition Cτ = Split(Mτ ) is obtained. A sequence of merge-
and-split processes along with time-index updates take place in a distributed manner via
appropriate control channels, depending on the achievable rate improvement of each node
and coalition, until there is no need for any merging/splitting in the current partition, in
which case the final partition C∗ = Cτ is obtained.

2The nodes’ transmission within a coalition can be assumed to be perfectly synchronized during the
cooperation phase [140][141]. In practice, the distributed timing synchronization between each coalition and
the destination may be imperfect; however, this case is beyond the scope of this work.



Chapter 6 150

Data Transmission

In this final phase, data transmission of each node takes place in the form of broad-
casting and cooperation, over a total of N + 1 time-slots and as described in Section 6.2.
Finally, the above three phases repeat in response to topology changes or mobility, as dis-
cussed later. The network initialization and proposed distributed merge-and-split coalition
formation algorithm are summarized in Table 6.1.

Table 6.1: Network Initialization and Proposed Distributed Merge-and-Split Coalition Formation
Algorithm
Initial State:
At the beginning of all time, initialize time-index at τ = 0 with the network being
partitioned as C0 = {S1, S2, . . . , SN}.

Coalition Formation Algorithm:
Phase 1 - Node Discovery:
Each node determines its neighboring nodes and potential coalitions.
Phase 2 - Adaptive Coalition Formation:
Coalition formation using merge-and-split rules occurs.
repeat
(a) Update time-index: τ = τ + 1.
(b)Mτ =Merge(Cτ−1): coalitions in Cτ−1 make merge decisions based on the merge rule.
(c) Cτ = Split(Mτ ): coalitions inMτ make split decisions based on the split rule.

until merge-and-split terminates with final partition denoted C∗.
Phase 3 - Data Transmission:
Each node transmits its data symbol in the broadcasting phase and the nodes within every
coalition relay data for each other during the cooperation phase.

It should be noted that the resulting partition from the proposed merge-and-split al-
gorithm is not guaranteed to be optimal (i.e. is not the one that maximizes the network
sum-rate). This is because the formed coalitions do not exchange information about their
values and thus have no way of knowing whether there are different partitions that could
lead to better network sum-rate. Even if all coalition values are known, no known algorithm
can determine the optimal partition with time complexity that is polynomial in the number
of possible coalitions [154].

6.5 Impact of Different Power Allocation Criteria

It is intuitive to note that network coalition formation is dependent on the cooperative
power allocation within each coalition. Therefore, the following power allocation criteria are
studied.
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6.5.1 Equal Power Allocation (EPA)

Under this criterion, a node Si ∈ Ck determines its maximum required broadcasting power
as PBi

= max{γN0/|hj,i|2}Sj∈Ck,j �=i and then the cooperative power PCi
= P −PBi

is equally
allocated to the other nodes in Ck in the form of

(EPA) : PCj,i =
P − PBi

|Ck| − 1
, ∀Sj ∈ Ck, and j �= i. (6.21)

In this case, each node naively allocates its remaining power equally to the other nodes in
the coalition.

6.5.2 Sum-of-Rates Maximizing Power Allocation (SRM-PA)

The sum-of-rates maximizing power allocation problem of coalition Ck is solved by the
coalition-head and is expressed as

(SRM-PA): max
∑

Si∈Ck
RC

i,d

s.t. PBi +
∑

Sj∈Ck,j �=i

PCj,i ≤ P, ∀Si ∈ Ck, (6.22a)

PBi ≥ γN0/|hj,i|2, ∀Sj , Si ∈ Ck and j �= i, (6.22b)

PBi ≥ 0, ∀Si ∈ Ck, (6.22c)

PCj,i ≥ 0, ∀Sj , Si ∈ Ck and j �= i. (6.22d)

The first constraint in (6.22) enforces the total power constraint, while the second constraint
ensures that the target SNR is met by each node Si ∈ Ck. The last two constraints impose
the non-negativity of the allocated broadcasting and cooperative powers, respectively.

6.5.3 Max-Min Rate Power Allocation (MMR-PA)

The power allocation problem under the max-min rate fairness criterion for coalition Ck

solved by the coalition-head is expressed as

max minSj∈Ck,i �=j RC
j,d,

s.t. PBi +
∑

Sj∈Ck,j �=i

PCj,i ≤ P, ∀Si ∈ Ck, (6.23a)

PBi ≥ γN0/|hj,i|2, ∀Sj , Si ∈ Ck and j �= i, (6.23b)

PBi ≥ 0, ∀Si ∈ Ck, (6.23c)

PCj,i ≥ 0, ∀Sj , Si ∈ Ck and j �= i. (6.23d)

Problem (6.23) is equivalently re-expressed in standard form as
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(MMR-PA): max η

s.t. η −RC
i,d ≤ 0, ∀Si ∈ Ck, (6.24a)

PBi +
∑

Sj∈Ck,j �=i

PCj,i ≤ P, ∀Si ∈ Ck, (6.24b)

PBi ≥ γN0/|hj,i|2, ∀Sj , Si ∈ Ck and j �= i, (6.24c)

PBi ≥ 0, ∀Si ∈ Ck, (6.24d)

PCj,i ≥ 0, ∀Sj , Si ∈ Ck and j �= i. (6.24e)

The first constraint imposes max-min rates while the rest of the constraints are as in
problem (6.22). Problems SRM-PA and MMR-PA can be verified to be convex [85] and thus
can be solved efficiently by any standard convex optimization algorithm [94]. Therefore,
solving such problems at a coalition-head should pose no severe computational overhead.

Remark 6.3: Since the achievable rate of each node in a coalition Ck is strictly mono-
tonically increasing in the allocated power, the total power constraint is always met (i.e.
PBi +

∑
Sj∈Ck,j �=i PCj,i = P, ∀Si ∈ Ck and ∀Ck ∈ C).

6.6 Centralized Power Allocation and Coalition For-

mation

In this section, the centralized power allocation and coalition formation under the sum-of-
rates maximizing and max-min rate power allocation criteria are formulated as mixed-integer
nonlinear programming (MINLP) problems. First, let Ij,i be a binary variable defined as

Ij,i =
{
1 if nodes Sj and Si cooperate,

0 otherwise
. (6.25)

6.6.1 Sum-of-Rates Maximizing Power Allocation

The centralized sum-of-rates maximizing power allocation (C-SRM-PA) with coalition
formation is formulated as

(C-SRM-PA): max 1
|S|+1

∑
Sj∈S log2

(
1 +

PBj
|hj,d|2
N0

+
∑

Si∈S,i �=j Ij,i
PCj,i

|hi,d|2
N0�N

)
s.t. PBi +

∑
Sj∈S,j �=i

Ij,iPCj,i ≤ P, ∀Si ∈ S, (6.26a)

PBi ≥ γN0Ij,i/|hj,i|2, ∀Si, Sj ∈ S and i �= j, (6.26b)

Ij,i − Ij,kIk,i ≥ 0, ∀Si, Sj , Sk ∈ S and i �= j �= k, (6.26c)

PBi ≥ 0, ∀Si ∈ S, (6.26d)
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PCj,i ≥ 0, ∀Si, Sj ∈ S and i �= j, (6.26e)

Ij,i ∈ {0, 1}, ∀Si, Sj ∈ S and i �= j. (6.26f)

As before, the first and second constraints impose the total power and target SNR γ
constraints are satisfied for the nodes forming coalitions, respectively. The third constraint
ensures that if a node joins a coalition, then it must cooperate with all its members. The
last three constraints define the range of values each decision variable can take.

6.6.2 Max-Min Rate Power Allocation

The centralized max-min rate power allocation (C-MMR-PA) with coalition formation is
formulated as

(C-MMR-PA): max η

s.t. η − 1

|S|+ 1
log2

⎛
⎝1 + PBj |hj,d|2

N0
+

N∑
Si∈S,i �=j

Ij,i
PCj,i |hi,d|2

N0
N

⎞
⎠ ≤ 0, ∀Sj ∈ S, (6.27a)

PBi +
∑

Sj∈S,j �=i

Ij,iPCj,i ≤ P, ∀Si ∈ S, (6.27b)

PBi ≥ γN0Ij,i/|hj,i|2, ∀Si, Sj ∈ S and i �= j, (6.27c)

Ij,i − Ij,kIk,i ≥ 0, ∀Si, Sj , Sk ∈ S and i �= j �= k, (6.27d)

PBi ≥ 0, ∀Si ∈ S, (6.27e)

PCj,i ≥ 0, ∀Si, Sj ∈ S and i �= j, (6.27f)

Ij,i ∈ {0, 1}, ∀Si, Sj ∈ S and i �= j. (6.27g)

It should be noted that ignoring the coalition formation constraints under the C-SRM-PA
and C-MMR-PA optimization problems (see (6.26c) and (6.27d)) results in power allocation
without any coalitional structure. In other words, if node Si cooperates with nodes Sj and
Sk, then nodes Sj and Sk do not necessarily have to cooperate. In this case, nodes Si, Sj

and Sk do not form a coalition3.

The formulated MINLP centralized optimization problems are in general NP-hard [155][156].
This is because finding an optimal partition of a set S requires iterating over all possible
partitions, which grows exponentially with the number of nodes in S, as given by the well-
known Bell number [55]. For instance, for a network of N = 10 nodes, there are 115975
potential partitions. The number of continuous and binary variables for the C-SRM-PA
problem can be verified to be N2 and

(
N
2

)
, respectively. With respect to the C-MMR-PA

problem, an additional continuous variable is required for η along with N max-min rate
constraints. Moreover, N and N(N − 1) constraints are required to enforce the total power
and target SNR constraints, respectively. The number of coalition formation constraints FN

3It is noteworthy that in this work, forming a coalition is defined such that the users within the coalition
are closed to cooperation from users outside the coalition.
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can be determined for N ≥ 4 as FN = N ·BN , where BN = (N −2+BN−1) and B3 = 1. For
instance, for a network of N = 10 nodes, the C-SRM-PA problem with coalition formation
requires 145 variables and 460 constraints. Thus, the formulated centralized optimization
problems can only be solved for very small-sized networks. However, for large-sized net-
works, the computational complexity becomes prohibitively high and is deemed impractical.
The total number of variables and constraints required for the centralized power allocation
is summarized in Table 6.2, where it can be seen that C-MMR-PA problem requires more
constraints than its counterpart C-SRM-PA problem and is thus more difficult to solve.

Table 6.2: Summary of the Number of Variables and Constraints for Centralized Power Allocation

Power Allocation Criteria
Number of Variables Number of Constraints

Continuous Binary Max-Min Total Power Target SNR Coalitions

C-SRM-PA

With Coalition Formation N2

(
N
2

)
− N N(N − 1) FN

Without Coalition Formation N2

(
N
2

)
− N N(N − 1) −

C-MMR-PA

With Coalition Formation N2 + 1

(
N
2

)
N N N(N − 1) FN

Without Coalition Formation N2 + 1

(
N
2

)
N N N(N − 1) −

6.7 Partition Stability, Convergence and Complexity

In this section, the partition stability, convergence and complexity properties of the
proposed algorithm are studied.

6.7.1 Partition Stability

Stable coalition structures in coalition formation games correspond to the equilibrium
state in which users do not have incentives to leave the already formed coalitions.

Definition 6.7 (C-Homogeneity): Given a partition C = {C1, C2, . . . , CK}, a partition
C̄ = {C̄1, C̄2, . . . , C̄L} is called C−homogenous if for each j ∈ {1, . . . , L}, some i ∈ {1, . . . , K}
exists such that either C̄j ⊆ Ci or Ci ⊆ C̄j [157].

Based on Definition 6.7, any C−homogenous partition arises from C by allowing each
coalition either to split into smaller coalitions or to merge with other coalitions.

Definition 6.8 (C-Compatibility): A coalition C of S is called C-compatible if for
some i ∈ {1, . . . , K}, C ⊆ Ci, and C-incompatible, otherwise [157].

Definition 6.9 (Defection Function D): A defection function D associates with each
partition C of S a set of collections in S [157].

Based on Definition 6.9, a partition C is D-stable if no group of players is interested
in leaving C when the players who wish to leave can only form collections allowed by the
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defection function D(C). Specifically, D(C) consists of all the collections Q = {Q1, . . . , Ql}
whose players can leave partition C by forming a new group of players ∪l

k=1Qk divided
according to collection Q.

Definition 6.10 (Dhp(C) Function): For each partition C, Dhp(C), is the family of
all C−homogenous partitions in S [157]. Moreover, Dhp(C) allows the players to leave the
partition C only by means of possibly multiple merges or splittings.

According to Definition 6.10, Dhp(C) associates with each partition C of S the group of
all partitions of S that the players can form through merge-and-split processes applied to C.

Theorem 6.1 (Dhp-Stability): A partition is Dhp-stable if and only if it is the outcome
of iterating the merge-and-split rules [157].

Based on Theorem 6.1, to find a Dhp-stable partition, it suffices to iterate the merge-and-
split rules starting from any initial network partition until partition C∗ is reached.

Proposition 6.1: The resulting final partition C∗ of the proposed coalition formation
algorithm is Dhp-stable.

Proof: This is an immediate result of the fact that no players have an incentive to leave
partition C∗ through merge-and-split to form other partition in S. �

Definition 6.11 (Dc(C) Function): For each partition C, Dc(C) is the family of all
collections of S. In turn, such a defection function allows any group of players to leave C
and create an arbitrary collection in S [157].

Theorem 6.2 (Dc-Stability): A partition C = {C1, . . . , CK} of S is Dc-stable if and
only if [157]:

• for each i ∈ {1, . . . , K} and each pair of disjoint coalitions C1 and C2 such that C1 ∪
C2 ⊆ Ci and υ(C1 ∪ C2) ≥ υ(C1) + υ(C2),

• for each C-incompatible coalition C ⊆ S, ∑K
i=1 υ(Ci ∩ C) ≥ υ(C).

Proposition 6.2: The proposed coalition formation algorithm converges to the Dc-stable
partition, if such a partition exists. Otherwise, the proposed merge-and-split algorithm
results in a final Dhp-stable network partition.

Proof: This is an immediate consequence of the fact that the first and second conditions of
Dc-stability are dependent on the location and power allocation of the network nodes through
the utilitarian order. �

Remark 6.4: If no partition of S can satisfy the Dc-stability conditions, then no Dc-
stable partitions of S exist. Otherwise, the proposed algorithm is guaranteed to converge
to the optimal Dc-stable partition that maximizes the social welfare (i.e. maximizes the
network sum-rate).
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6.7.2 Convergence

Merge-and-split rules are proposed to form cooperative groups and proved to converge to
a unique solution with arbitrary merge-and-split iterations.

Proposition 6.3: Each iteration of the merge-and-split rules terminates [157].

Proposition 6.3 is an immediate result of the fact that each iteration of the merge-and-
split rules improves the social welfare (or equivalently the network sum-rate). In turn, it
guarantees that the proposed algorithm can converge.

Theorem 6.3: The coalition formation process based on the merge-and-split rules con-
verges to a stable partition C∗ [153].

Proof: Theorem 6.3 can be proved by contradiction. Assume that the resulting coalition
partition is not the equilibrium one and the final coalition partition is not formed yet. Then,
at least two coalitions that could merge to improve their value functions. Therefore, the coali-
tion formation process must iterate through the merge-and-split rules at least one more time.
This process repeats until no two coalitions desire to merge, in which case the final partition
C∗ is reached. �

6.7.3 Complexity Analysis

Communication Complexity

The communication complexity of the proposed algorithm is related to the number of
merge-and-split operations, which is directly related to the total number of coalition for-
mation proposals P sent by each of the N nodes. Two extreme cases are considered: (1)
if all the proposals are rejected, and (2) if all the proposals are accepted. In the first case
and as described in Section 6.4.1, each node Si ∈ S submits at most |Di| proposals, where
|Di| ≤ N − 1. Now, if the first node submits N − 1 proposals and the second submits N − 2
proposals and so on, then the total number of proposals is Pworst =

∑N−1
i=1 i = 1

2
N(N − 1).

Thus, in the worst case, the complexity is of the order O(N2). In the second case where all
the proposals are accepted, the total number of proposals is only Pbest = N , and a complex-
ity order of O(N). In practice, the number of proposals is between these two extreme cases
(i.e. Pbest ≤ P ≤ Pworst). In fact, the number of proposals is much lower than

1
2
N(N − 1) as

the proposed algorithm tends to merge the smaller coalitions first and then the bigger ones
but with reduced possibilities. Hence, if L messages are required per coalition formation
proposal, then L × P messages are required until convergence of the algorithm.

Computational Complexity

An equally important factor into the operation of the distributed merge-and-split coali-
tion formation algorithm is the computational complexity involved in the cooperative power
allocation. As for the equal power allocation criterion, the calculation of power allocation
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at each node is trivial (i.e. with negligible computational complexity) and the main over-
head is due to the coalition formation proposals. However, for the sum-of-rates maximizing
and max-min rate power allocation criteria, the computational complexity is dependent on
the number of nodes in each coalition (which determines the number of variables and con-
straints). Despite the fact that such problems are convex and can be computed efficiently
(i.e. in polynomial-time complexity), doing so repetitively may impose significant overhead
and delay to each coalition-head, especially for potentially large coalition sizes. In other
words, the computational complexity is likely to increase with the size of the coalition as the
complexity of a merge operation can grow significantly with the increase number of candidate
nodes in the decoding set of each node. Thus, it takes longer to compute the value/sum-
rate of a large coalition compared to a small coalition. However, due to the initial neighbor
discovery phase and power costs, most network nodes tend to form coalitions of sizes less
than N/2 even for dense networks, under the different power allocation criteria (as will be
verified in Section 6.9).

6.8 Impact of Mobility on Coalition Formation

It is essential to consider the motion of mobile nodes within a particular deployment area
and understand how mobility affects the formed coalitions and the frequency of the coalition
formation process. In this work, the mobility of the individual nodes follows the random
waypoint (RWP) mobility model [158][159]. When a node moves according the RWP model,
the motion involves pausing and staying for a certain period of time in one location. Once
this time expires, that node moves to a random destination in the deployment area at a
speed uniformly distributed between [smin, smax], where smin and smax are the minimum and
maximum speeds, respectively. This process repeats throughout the network operation time.
In turn, each node continuously performs neighbor discovery to determine whether it should
merge with other nodes or split from its current coalition and the proposed distributed
coalition formation algorithm is executed accordingly.

6.9 Simulation Results

In this section, the simulation results of the proposed distributed coalition formation al-
gorithm with different power allocation criteria are presented and compared with centralized
power allocation and coalition formation.

6.9.1 Network Example 1

Consider an ad-hoc network with N = 10 nodes in a 40m×40m square area and topology
as shown in Fig. 6.2. The path-loss exponent is set to ν = 3, while the correlation coefficient
is ρ = 0.40. The total power constraint per node is P = 0.15 W, while the noise variance is
N0 = 10−5 W. The target SNR for information exchange is set to γ = 3 dB [56].



Chapter 6 158

Figure 6.2: Example of Ad-hoc Network with N = 10 Nodes

Based on the example network topology shown in Fig. 6.2, each node determines its po-
tential cooperative partners, as summarized in Table 6.3. The proposed distributed coalition
formation algorithm under the different power allocation criteria is executed and compared
to the centralized power allocation with coalition formation4 and the results are summarized
in Table 6.4. It is evident that the proposed distributed algorithm with SRM-PA criterion
results in the highest sum-rate among the other power allocation criteria. The same obser-
vation is noted under the centralized power allocation with and without coalition formation.

Table 6.3: Potential Cooperative Partners
Node S1 S2 S3 S4 S5 S6 S7 S8 S9 S10

S1 − � � � � � � � � �

S2 � − � � � � � � � �

S3 � � − � � � � � � �

S4 � � � − � � � � � �

S5 � � � � − � � � � �

S6 � � � � � − � � � �

S7 � � � � � � − � � �

S8 � � � � � � � − � �

S9 � � � � � � � � − �

S10 � � � � � � � � � −

Fig. 6.3 illustrates the resulting network partition under each power allocation criteria
obtained via the proposed distributed algorithm, where it can be seen that SRM-PA crite-
rion results in the smallest number of coalitions and thus the highest number of nodes per
coalition. In turn, the SRM-PA criterion promotes altruistic coalition formation with larger
coalition sizes than the other two power allocation criteria.

4The centralized MINLP power allocation problems are solved using MIDACO [160] with optimization
tolerance set to 0.01.
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Table 6.4: Sum-Rate Results of Network Example 1

Power Allocation Criteria
Sum-Rate

(Bits/s/Hz)

Distributed

EPA 2.8258

MMR-PA 2.8753

SRM-PA 2.8884

Centralized

MMR-PA with Coalition Formation 2.8926

SRM-PA with Coalition Formation 2.9092

MMR-PA without Coalition Formation 2.9139

SRM-PA without Coalition Formation 2.9431

The network sum-rates under the centralized MMR-PA and SRM-PA criteria with coali-
tion formation are higher than their distributed counterparts (as seen in Table 6.4). Fur-
thermore, the centralized SRM-PA criteria without coalition formation result in the highest
network sum-rates among the other centralized and distributed power allocation criteria.
This is because network nodes can cooperate with each other without having to form closed
coalitions, as can be seen in Fig. 6.4. In addition, under the SRM-PA criterion, more nodes
are cooperating with each other when compared with the MMR-PA criterion, as evident by
the number of arcs connecting the nodes.

It should be noted that the obtained results under the centralized algorithms based on
MINLP problems (6.26) and (6.27) are suboptimal and may not necessarily be unique. This
is due to the fact that such problems are NP-hard and thus determining the optimal sum-rate
and network partition is computationally expensive.

Figure 6.3: Resulting Network Partitions Under Different Power Allocation Obtained via the Pro-
posed Distributed Algorithm

6.9.2 Network Example 2

The following simulations assume a network with N = 15 nodes, where the network
density varies with the square area of deployment. Also, the simulations assume the same
parameters of the previous example and the results are averaged over 10000 independent
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Figure 6.4: Resulting Network Partitions Under Different Power Allocation Obtained via the Cen-
tralized Algorithm

runs with the nodes randomly and uniformly distributed across the deployment area for
different network densities, while the destination is always located at the center of the area.

It is evident from Fig. 6.5 that as the network density increases, the network sum-rate
under the different distributed and centralized power allocation criteria also increases and
is superior to that of the direct transmission5. This is because with the increase in net-
work density for a fixed number of nodes, the deployment area decreases and the possibility
of finding cooperative partners increases. Furthermore, the distributed SRM-PA algorithm
achieves the highest sum-rate among the distributed algorithms. Also, the centralized SRM-
PA algorithm without coalition formation achieves the highest network sum-rate among all
distributed and centralized power allocation criteria. Moreover, the computational complex-
ity of the centralized algorithms for network densities beyond 0.005 nodes/unit square area
becomes extremely expensive.

5Direct transmission is performed over N = 15 time-slots without the cooperation phase.
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Figure 6.6: Average Number of Nodes Per Coalition and Number of Coalitions of Distributed and
Centralized Algorithms

As can be seen from Fig. 6.6, the SRM-PA criterion results in the the highest average
number of nodes per coalition. This is due to the altruistic coalition formation and the fact
that the SRM-PA criterion yields the highest sum-rate. Hence, network nodes tend to form
larger coalitions under the SRM-PA criterion to improve the sum-rate of the coalition, which
in turn reduces the average number of coalitions formed.

In Fig. 6.7, the average number of iterations until convergence of the proposed distributed
merge-and-split algorithm under the different power allocation criteria is shown. It can
be seen that the SRM-PA criterion requires the largest number of iterations and this is
because under this criterion, network nodes tend to form larger coalitions. Thus, in the
proposed distributed merge-and-split algorithm, larger potential coalitions are formed and
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Figure 6.7: Average Number of Iterations and Potential Coalitions
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Figure 6.8: Percentage of Nodes Belonging to Each Coalition Size Under the Proposed Distributed
Algorithm - Network Density = 0.01 Nodes/Unit Square Area

then possibly split, which in turn increases the number of iterations. Also shown in Fig.
6.7 is the average number of potential coalitions as a function of the network density, which
is significantly smaller than 215 − 1 possible coalitions. This substantial reduction in the
average number of potential coalitions is due to the initial neighbor discovery phase.

Based on the histogram shown in Fig. 6.8, it can be seen that a large portion of the
nodes are participating in coalitions. Even for the EPA criterion, where singletons are most
prevalent, more than half of the nodes are participating in coalitions of at least 2 nodes. As
for the MMR-PA and SRM-PA criteria, more than half of the nodes are in coalitions of 3 or
more nodes, with the SRM-PA criterion resulting in the largest coalitions.
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When considering mobility, N = 15 nodes with density of 0.005 nodes/unit square area are
assumed, and the network operation is observed over a period of 4 minutes. The pause and
motion times of each node under the RWP mobility model are uniformly distributed between
[0, 8] s, and [2, 10] s, respectively. Moreover, the speed is uniformly distributed between
smin = 0.1 m/s and smax, as illustrated next

6. As can be seen in Fig. 6.9, the average number
of merge-and-split processes per minute increases with the increase in speed, as expected.
This is because the higher is the speed, the more frequent are the network topology changes,
which in turn triggers coalitions to either merge or split more often. Moreover, the SRM-PA
criterion requires the highest average number of merge-and-split processes per minute. This
is due to the fact that the SRM-PA criterion results in the highest number of coalitions
among the different power allocation criteria and thus there is higher tendency to merge or
split coalitions in response to network topology changes.
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Figure 6.9: Average Number of Merge-and-Split Processes Under the Proposed Distributed Algo-
rithm - Network Density = 0.005 Nodes/Unit Square Area - RWP Mobility Model

Fig. 6.10 illustrates the average number of coalitions and number of nodes per coalition
as a function of time under the different power allocation criteria. As can be seen, the initial
network structure starts with 15 singleton coalitions after which network nodes merge (or
split) into larger (or smaller) coalitions. More importantly, the average number of coalitions
and number of nodes per coalition agree with Fig. 6.6 (i.e. for the static network). This
demonstrates that the proposed merge-and-split algorithm efficiently adapts to the nodes’
mobility and topology changes.

Based on Fig. 6.7, the proposed merge-and-split algorithm converge—for instance—under
the EPA criterion in about 170 iterations. To allow the proposed algorithm to converge faster
and reduce the communication and computational complexities, especially under mobility,
the algorithm time-index can be set to a maximum value of τmax. Fig. 6.11 shows that by
reducing the value of τmax, the degradation in the sum-rate is insignificant, even for τmax = 50
(which also reduces the number of nodes per coalition).

6It is noteworthy that the mobility of each node is sampled once every second.
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Figure 6.10: Average Number of Coalitions and Number of Nodes Per Coalition Under Proposed
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Figure 6.11: Network Sum-Rate and Number of Nodes Per Coalition, Coalitions and Iterations
Under the Proposed Distributed Algorithm - EPA Criterion with τmax

Fig. 6.12 shows the percentage of nodes belonging to each coalition size. Evidently,
decreasing the value of τmax prevents large coalitions from forming, which increases the
percentage of nodes remaining as singletons and decreases the percentage of nodes forming
coalitions of larger sizes.
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Figure 6.12: Percentage of Nodes Belonging to Each Coalition Size Under the Proposed Distributed
Algorithm - EPA Criterion with τmax - Network Density = 0.01 Nodes/Unit Square Area

An alternative method to speed up the convergence of the proposed algorithm is to restrict
the maximum coalition size to Cmax, as illustrated in Fig. 6.13. As before, when Cmax

decreases, the network sum-rate negligibly decreases but the average number of iterations
decreases significantly. Finally, Fig. 6.14 demonstrates the percentage of nodes belonging
to each coalition size. Clearly, as the value of Cmax decreases, more than half of the nodes
remain as singletons while the rest of the nodes mostly form coalitions of sizes 2 and 3.

6.10 Conclusions

In this chapter, the problem of altruistic coalition formation in cooperative ad-hoc wireless
networks is investigated. In particular, a coalitional game-theoretic framework to the study of
distributed altruistic coalition formations to improve the overall network sum-rate is applied.
In turn, a distributed merge-and-split algorithm has been designed based on the utilitarian
order and evaluated under different cooperative power allocation criteria. It has been shown
that the proposed algorithm allows network nodes to self-organize into disjoint coalitions
and that the sum-of-rates maximizing power allocation criterion results in the largest average
coalition size and number of nodes per coalition, among the different power allocation criteria.
Centralized power allocation and coalition formation are also investigated, where it shown
that the proposed algorithm achieves a network sum-rate that is comparable with that of a
centralized controller; however, with less computational complexity. Finally, the proposed
algorithm has been shown to efficiently adapt to nodes’ mobility and network topology
changes.
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Figure 6.13: Network Sum-Rate and Number of Nodes Per Coalition, Coalitions and Iterations
Under the Proposed Distributed Algorithm - EPA Criterion with Cmax
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Chapter 7

Summary, Conclusions and Future
Work

7.1 Summary and Conclusions

In this dissertation, the problems of efficient bandwidth utilization and optimal power
control in cooperative wireless networks have been studied. In particular, the main focus
has been on improving bandwidth utilization in multinode cooperative networks by means
of wireless network coding and optimal node selection. As for power control, optimal power
allocation has been formulated and computed via a centralized controller or distributively
achieved via game-theoretic algorithm designs. More specifically, the research work in this
dissertation has addressed the following problems.

In Chapter 2, bi-directional amplify-and-forward relay networks are studied. In the
particular, the conventional time-division bi-directional amplify-and-forward (TD-BD-AF)
scheme is compared with the multiple-access bi-directional amplify-and-forward (MA-BD-
AF) scheme. It is shown that the MA-BD-AF scheme is more bandwidth efficient than the
TD-BD-AF scheme; however, it requires stringent timing synchronization between the relay
nodes. To further improve network bandwidth efficiency and mitigate the effect of timing
synchronization errors, optimal-relay-selection bi-direction amplify-and-forward (ORS-BD-
AF) is considered such that the relay that maximizes the sum-of-rates of the source nodes
is selected. In addition, the suboptimal-relay-selection bi-directional amplify-and-forward
(SRS-BD-AF) scheme the approximately maximizes the sum-of-rates is proposed and shown
to be comparable to the ORS-BD-AF scheme and also achieve full diversity. More impor-
tantly, the SRS-BD-AF scheme is proven to outperform the TD-BD-AF and MA-BD-AF
schemes in terms of the achievable rate, even with timing offsets and thus serves as a poten-
tial relaying scheme for bi-directional relay networks.

The multinode amplify-and-forward cooperative communication is studied in Chapter
3 through the novel concept of many-to-many space-time network coding (M2M-STNC).
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Such a scheme is shown to allow N network nodes to communicate simultaneously over 2N
time-slots; however, it requires perfect timing synchronization between the network nodes,
which is extremely challenging in practice. In turn, the M2M-STNC with optimal-node-
selection (i.e. M2M-STNC-ONS) scheme is proposed to maximize the sum-rate and achieve
full diversity order; however, with less stringent timing synchronization requirement than
the M2M-STNC scheme and more resistance to channel estimation errors.

Chapter 4 treats the problem of distributed power allocation in single-relay cooperative
networks. In particular, the distributed power allocation is formulated as an ascending-clock
auction and two algorithms are proposed, namely the conventional ascending-clock auction
(C-ACA) and the alternative ascending-clock auction (A-ACA). It was proven that both the
C-ACA and A-ACA algorithms converge in a finite number of time-steps and also maximize
the social welfare. Furthermore, the A-ACA algorithm is shown to be superior to the C-
ACA algorithm as its enforces truthful power demands and thus lends itself to practical
implementation in ad-hoc wireless networks.

In Chapter 5, the multi-relay distributed power allocation problem is considered. Specif-
ically, a distributed ascending-clock auction algorithm is proposed for efficient power alloca-
tion among multiple source nodes. It has been shown that the proposed algorithm enforces
truthful power demands and converges in a finite number of time-steps to the Walrasian
equilibrium allocation that maximizes the social welfare. Such an algorithm is demonstrated
to yield performance that is closely comparable with that of a network with centralized
control.

In Chapter 6, altruistic coalition formation for cooperative relay networks has been inves-
tigated. A distributed merge-and-split algorithm based on coalitional game theory has been
proposed to allow network nodes to form disjoint independent coalitions. The impact of dif-
ferent cooperative power allocation criteria of coalition formations has also been considered.
It has been shown that the sum-of-rates maximizing power allocation results in the largest
average coalition size and number of nodes per coalition in comparison with the equal power
allocation and the max-min rate power allocation criteria. Centralized power allocation
and coalition formation have also been studied. Extensive simulations have shown that the
proposed distributed algorithm—when compared with centralized algorithms—offers a good
tradeoff between network sum-rate and computational complexity. Finally, the proposed
algorithm has been shown to efficiently adapt to network topology changes.

7.2 Main Contributions of the Dissertation

The main contributions of this dissertation are summarized as follows:

• Proposed the SRS-BD-AF scheme which approximately maximizes the sum-of-rates
in bi-directional relay networks. The proposed scheme is shown to be equivalent the
suboptimal sum-of-rates maximizing power allocation under the multiple-access multi-
relay bi-directional relaying scheme.
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• Analytically characterized the approximate probability of relay selection as well as
the SER performance of the proposed SRS-BD-AF scheme and provided diversity or-
der analysis. Furthermore, the achievable rate of the proposed scheme is shown to
be superior to the other bi-directional relaying schemes even with imperfect timing
synchronization.

• Proposed the M2M-STNC scheme with optimal node selection (i.e. M2M-STNC-ONS)
and analytically demonstrated that the conventional M2M-STNC scheme reduces to
the M2M-STNC-ONS scheme under the sum-of-rates maximizing power allocation.

• Analyzed the SER performance of the proposed M2M-STNC-ONS scheme and its di-
versity order. Moreover, the M2M-STNC-ONS scheme is shown to be more resistant to
timing offsets and channel estimation errors than its counterpart M2M-STNC scheme
and outperforms it in terms of the SER performance as well as the achievable rate.

• Formulated the single-relay multi-source sum-of-rates maximizing power allocation as
an auction game and proposed the C-ACA and A-ACA distributed algorithms. Fur-
thermore, the A-ACA algorithm is proven to enforce truthful power demands and
maximize the social welfare.

• Proposed a distributed ascending-clock auction-based algorithm for multi-source multi-
relay sum-of-rates maximizing power allocation. Furthermore, the proposed algorithm
is proved to converge to the Walrasian equilibrium, maximize the social welfare, enforce
truthful power demands and yield good tradeoff between speed of convergence and
social welfare.

• Proposed a distributed merge-and-split algorithm for altruistic coalition formation and
analyzed the impact of different cooperative power allocation criteria on coalition for-
mations and their stability.

• Formulated centralized max-min and sum-of-rates maximizing power allocation crite-
ria with coalition formations as mixed integer nonlinear programming problems and
showed that the proposed distributed merge-and-split algorithm results in good trade-
off between network sum-rate and computational complexity.

7.3 Publications

The following list summarizes the publications resulting from this dissertation:

• Journal papers:

– Mohammed W. Baidas and Allen B. MacKenzie, “Analysis and Modeling
of Coalition Formations in Cooperative Wireless Networks”, in preparation for
submission to the IEEE Transactions on Wireless Communications.
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– MohammedW. Baidas, Allen B. MacKenzie and R. Michael Buehrer, “Network-
Coded Bi-Directional Relaying for Amplify-and-Forward Cooperative Wireless
Networks: A Comparative Study”, in preparation for submission to the IEEE
Transactions on Signal Processing.

– Mohammed W. Baidas and Allen B. MacKenzie, “Many-to-Many Space-Time
Network Coding for Amplify-and-Forward Cooperative Networks: Node Selection
and Performance Analysis”, in preparation for submission to the IEEE Transac-
tions on Wireless Communications.

– Mohammed W. Baidas and Allen B. MacKenzie, “An Auction Mechanism for
Power Allocation in Multi-Source Multi-Relay Cooperative Wireless Networks”,
IEEE Transactions on Wireless Communications, submitted Sept. 2011, revised
Jan. 2012.

• Conference papers:

– Mohammed W. Baidas and Allen B. MacKenzie, “On the Impact of Power
Allocation on Coalition Formation in Cooperative Wireless Networks”, in prepa-
ration for submission to the IEEE Global Communications Conference (GLOBE-
COM), March. 2012.

– Mohammed W. Baidas, Allen B. MacKenzie and R. Michael Buehrer, “Per-
formance Analysis of Network-Coded Bi-Directional Relaying for Amplify-and-
Forward Cooperative Wireless Networks”, submitted to the IEEE 8th Interna-
tional Wireless Communications and Mobile Computing (IWCMC) Conference,
Jan. 2012.

– Mohammed W. Baidas and Allen B. MacKenzie, “Auction-Based Power Al-
location for Multi-Source Multi-Relay Cooperative Wireless Networks”, Proc. of
IEEE Global Communications Conference (GLOBECOM), Dec. 2011.

– Mohammed W. Baidas and Allen B. MacKenzie, “Auction-Based Power Allo-
cation for Many-to-One Cooperative Wireless Networks”, Proc. of IEEE Interna-
tional Wireless Communications and Mobile Computing (IWCMC) Conference,
Jul. 2011.

– Mohammed W. Baidas and Allen B. MacKenzie, “Space-time network coding
with optimal node selection for amplify-and-forward cooperative networks”, Proc.
of IEEE Consumer Communications and Networking Conference (CCNC), Jan.
2011.

7.4 Future Work

The future work based on this dissertation is detailed in the following subsections.
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7.4.1 Reinforcement Learning and Cooperation Stimulation in Co-
operative Wireless Networks

In ad-hoc wireless networks, users may communicate with each other by direct transmis-
sion or by cooperative relaying for each other without requiring centralized control or fixed
network infrastructure. Moreover, network users typically do not belong to a single authority
and may have different views of resource allocation and sharing. In such scenarios, assuming
full cooperative behaviors is unwarranted. Also, users often encounter each other more than
once and therefore must be able to adapt to each other’s strategies and play optimally so as
to maximize their individual utilities.

The future work in this direction considers the following two potential problems.

Reinforcement Learning

Most of the published research focuses on sharing transmission resource while assuming
fully unselfish cooperative behavior from all the network users. However, in practical sce-
narios, network users may have non-stationary behavior that includes cooperation and/or
defection. Therefore, the aim is to develop a game-theoretic framework with multinode re-
inforcement learning (RL) for the analysis of repeated interactions of network users [161].
This entails the design of an adaptive Q-learning RL algorithm that allows each node to
interact optimally against a variety of known and unknown opponents and maximize their
expected return value [162].

Cooperation Stimulation

Although rational network nodes are selfish by nature, they may be willing to share their
resources with other nodes if doing so could indirectly improve their utility. In other words,
a node could help relay other nodes’ data and build good reputation such that other nodes
may help it later. In turn, this incentivize nodes to share their resources and cooperate with
each other so as to promote altruism. This requires the design of a reputation policy that
takes into account the actions of the network nodes as well as an analysis of equilibrium and
steady state conditions.

7.4.2 Node Selection for Energy-Efficient Distributed Detection
in Wireless Sensor Networks

One of the key issues in designing wireless sensor networks is energy efficiency at each
sensor node, such that the sensor network’s lifetime is prolonged. In wireless sensor net-
works, a set of sensor nodes communicate their measurements to a sink (or equivalently,
a fusion center) for data processing and decision-making. However, due to the density of
such networks, sensor nodes are likely to capture spatio-temporally correlated measurements
that are not necessarily very informative to the sink. In such a case, employing some of the
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distributed nodes as relays could improve the reliability of communication and the detection
error performance of the network. It has been established that less transmission energy and
fewer sensor nodes are required in relay-based wireless sensor networks than in conventional
sensor networks, due to the achievable diversity gains [163] [164].

Figure 7.1: A Wireless Sensor Network

The future work in this direction aims at studying relay selection for energy-efficient
distributed detection in wireless sensor networks (see Fig. 7.1). Specifically, the study
involves formulating a binary hypothesis distributed detection problem and then deriving
closed-form expressions for energy utilization per node as a function of the spatio-temporal
correlation of the collected measurements, subject to a target probability of false alarm.
After that, optimally activating some network nodes as sensors or relays is formulated as an
mixed-integer programming (MIP) problem. As sensor networks are characterized by large
numbers of deployed nodes, solving an MIP problem may be practically prohibitive as the
complexity rises exponentially with the number of nodes. In turn, the design of an algorithm
that offers reasonable tradeoff between optimality and complexity is highly desirable and is
of ample importance.
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