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1.0 INTRODUCTION 
  

1.1 State of the Art 
  

Although the vast majority of physical systems are nonlinear, there 

exists no general method of analysis for such problems. Moreover, it is 

"the opinion of the great majority of workers in the field, that a 

general method of synthesis for nonlinear problems is impossible" [G-1]. 

Many techniques have been devised to handle particular nonlinear prob- 

lems or classes of problems; however, they usually suffer from being too 

specific and too approximate. 

Indeed, the control of a nonlinear plant in a noisy environment is 

an extremely complex problem. The powerful techniques of modern linear 

control theory do not generally apply to such problems. Traditionally, 

a unique controller is designed for each specific problem; hence a con- 

siderable amount of engineering is repeated each time a new problem 

arises. 

The existing techniques of nonlinear controi can be lumped loosely 

into two methodologies. First is the linearization approach. The 

nonlinear equations are expanded about some operating point via a 

Taylor series expansion. Linear control theory is then applied as 

though the approximate linear equations were exact. Linearization tech- 

niques are especially well-suited in stability analysis. For example, 

Oaks and Cook use a linearization method in the design of a controller 

for a nenlinear oscillator [0-1]. Unfortunately, many nonlinear systems 

are not amendable to linearizing, i.e. switching functions and other 

abrupt nonlinearities, tabular functions, and partially unknown or



ho
 

underspecified functions, to mention a few. 

The second general method is the adaptive controller approach. 

The motivation for this method is that a nonlinear plant can be thought 

of as a linear plant having unknown, time-varying parameters. The adap- 

tive controller first identifies these parameters and then formulates 

the control law. A wide variety of adaptive controllers have been devel- 

oped over the years. Several of the more recent designs will be dis- 

cussed later in this chapter. 

1.2 New Results 
  

This dissertation is concerned with the development of an adaptive 

state estimator that is capable of tracking rapidly changing plant con- 

figurations. As will be shown, nearly all nonlinear systems can be 

be approximated by a linear plant having a finite number of possible 

configurations. These plants are referred to as Swttched Linear Plants. 

For such nonlinear systems, the adaptive estimator to be developed will 

give very good performance and will offer significant implementation 

advantages over other existing estimators. In addition to its direct 

application as an estimator, the algorithm will be used in closed loop 

control applications. In this capacity the actual estimation is of 

secondary import to the adaptive identification capabilities of the 

method. 

Two adaptive estimators will be examined and applied in this dis- 

sertation. The first, a modification of the estimator introduced by 

Magill in 1965, is extended to nonlinear estimation in Chapter Three, 

and to nonlinear control in Chapter Four. The second method, developed



in Chapter Five, is based upon joint detection/estimation and approaches 

the accuracy of the unrealizable optimum adaptive estimator. The advant- 

ages and weaknesses of each method are analyzed, and it is found that a 

very accurate and reliable estimator can be formulated by combining the 

two methods. 

Chapter Two of this dissertation provides a review of modern and 

classical control theory, and estimation theory as they relate to the 

discussions and derivations in the later chapters. The "Parttttoned" 

Adaptive Estimator is analyzed in Chapter Three and modified for nonlin- 

ear estimation. Chapter Four develops an adaptive controller for non- 

linear systems. The Sliding Window Detector/Esttmator is developed in 

Chapter Five to track a rapidly switching linear plant. Chapter Six 

applies the previously developed algorithms to the closed loop control 

of a B737 aircraft in adverse weather conditions. The results and con- 

tributions of this dissertation are summarized in Chapter Seven. The 

remainder of the present chapter is devoted to a review of the various 

adaptive estimation methods that have been reported in the iiterature. 

1.3 Related Investigations and Applications 
  

The problem of estimating the state (position, velocity, etc.) of 

a system in a noisy environment was formulated and solved independently 

in the 1940s by Wiener [W-1] and Kolmogorov [K-1]. The estimator, 

referred to as the Wiener filter, is applicable to linear, continuous 

time, completely defined systems, and minimizes the mean square, steady 

State estimation error. Historically, the Wiener filter is widely 

acknowledged as being the first successful attempt to optimize the pro-



cess of extracting information from noisy measurements. It has been 

used extensively in a variety of applications. 

A second major advance in estimation theory came in 1961 with the 

work of Kalman and Bucy [K-2]. The well-known Kalman filter is the 

optimal estimator for linear systems in gaussian noise, in the sense 

that it minimizes the mean square estimation error at each point in time. 

The advent of high speed digital computers has led to wide scale usage 

of the Kalman filter. 

In the last decade, optimal filtering theory and its dual, optimal 

control theory, have been rigorously developed and extended to much 

broader classes of problems. One such class is that referred to as 

adaptive systems, which encompasses sytems that are capable of altering 

themselves in one way or another. A maneuvering target may be an example 

of an adaptive system. An adaptive estimator or adaptive controller has 

the ability to modify its behavior, depending upon the performance of 

the actual system. An excellent survey of different stochastic adaptive 

control methods was done in 1975 by Wittenmark [W-2]. Much of the term- 

inology to follow is taken from that work. 

Stochastic adaptive systems are those systems where the variations 

of the process parameters have been described by stochastic models and 

have been taken into account in the derivation of the estimation or con- 

trol algorithm. A stochastic adaptive controller can artificially be 

divided into two components, an estimator and a controller, the design 

of which may or may not be carried out independently. If the controller 

can be designed using variables for the unknown plant parameters, and 

if the controller remains optimal when the estimated plant parameters



are used in place of the design variables, then the controller is re- 

ferred to as a "Certainty Equivalence" controller. This condition is 

satisfied for nonadaptive linear plants in gaussian noise for quadratic 

cost functionals [W-2]. For adaptive plants, the "Certainty Equivalence" 

principle is not valid in general but has been successfully applied as 

an ad hoc suboptimal design method. A somewhat weaker requirement than 

the "Certainty Equivalence" principle was introduced in 1971 by Witsen- 

hausen and is known as the "Separation Principle" {W-3]. The principle 

is valid if it is possible to make a separation between the identifica- 

tion of the parameters in the process and the determination of the paranm- 

eters in the controller. Note that the requirement for optimality has 

been removed. Controllers designed on this principle are sometimes re- 

ferred to as being "cautious" because the parameters of the controller 

are often functions of the uncertainties of the identified plant parame- 

ters, as well as the parameters themselves [W-2]. 

A concept that has received recent attention is that of Dual control 

[T-1]. The basis of Dual control is that system identification and sys- 

tem control are, in general, conflicting processes. Identification is 

usually aided by using large variations in plant inputs to cause sizable 

transients in plant outputs, whereas good control usually requires small 

input and output fluctuations. By formulating a performance index that 

takes into account the probability distributions of future observations, 

a better overall controller can be designed. The drawback to this 

approach is the extreme complexity of the resulting equations. 

For purposes of classification, the methods of stochastic adaptive 

estimation developed by various investigators over the last decade will



be grouped into four categories. The first category will be referred 

to as "Partittoned Adaptive Estimators" [L-1]. The estimator discussed 

in Chapter Three is a member of this group. Techniques based upon 

approximating the unrealizable optimal estimator will comprise the sec- 

ond group. The detector/estimator developed in Chapter Five fits this 

classification. The third category will be referred to as bandwidth 

modulation filters. All other methods will be grouped together in the 

fourth category. The stochastic estimation techniques discussed in the 

following paragraphs are diagrammed in Figure 1.3.1. 

The adaptive estimation problem becomes more tractable when the 

unknown parameters are constrained to belong to a finite set. A plant 

identification problem of this type was investigated by Magill in 1965 

[M—-1]. Magill found that the optimal, minimum mean square error, state 

estimate is a weighted sum of elemental estimates derived from Kalman 

filters matched to the possible plant configurations. The weighting 

coefficients are nonlinear functions of the measurements, and the 

coefficient corresponding to the actual plant configuration approaches 

unity while the other coefficients approach zero. 

The method of computing the weighting coefficients was improved by 

Sims and Lainiotis [S-1] in 1969. A Bayesian derivation approach and 

usage of the measurement residual (rather than the measurement itself) 

resulted in a simplified recursive algorithm for the coefficients. Hil- 

born and Lainiotis [{H-1] further generalized the algorithm to include 

vector observations. 

Moose and Wang extended Magill's work to the identification of a 

randomly changing plant [M-2]. The plant configuration changes are
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modeled as a semi-Markov process [H-2], the statistics of which are in- 

corporated into a recursive algorithm for the calculation of the weight- 

ing coefficients. A modified version of this adaptive estimator is 

analyzed in detail in Chapter Three. See also[Z-1l]. 

Lainiotis formalized the finite parameter adaptive estimation 

problem in 1971 by stating and proving the "Partition Theorem" [L-1]. 

In addition to giving a recursive algorithm for calculating the weight- 

ing coefficients, the theorem also gives a formula for calculating the 

time-varying estimation error covariance matrix. 

Deshpande et al, in 1973, motivated the use of the partitioned 

adaptive estimator in closed loop applications [D-1]. It was shown that 

for unknown model parameters the separation principle does not generally 

hold, and the optimal stochastic controller is necessarily a nonlinear 

controller. The "Partitioned Adaptive Controller" was then derived by 

minimizing a cost functional. Although suboptimal in general, the con- 

troller has given very good performance in a number of different appli- 

cations [A-1]. Caglayan generalized the partitioning concept to adaptive 

systems influenced by non-gaussian statistics [C-1]. A summary of the _ 

partitioning method for stochastic adaptive estimation and control can 

be found in Lainiotis [L-2]. 

Athans et al applied the partitioned adaptive control method to the 

F~8c aircraft in 1975 as part of a National Aeronautics and Space Admin- 

istration program to examine modern control techniques [A-1]. The 

method, referred to as "Multiple Model Adaptive Control" by the investi- 

gators, was quite successful in controlling the aircraft in its various 

flight configurations. Several observations about the method were



pointed out. First, the identification portion of the method is very 

dependent on the regularity of the measurement residual behavior. Sec- 

ond, the weighting coefficients are not truly a posteriori probabilities. 

Rather, they should be interpreted as time sequences that have a reason- 

able physical interpretation. These observations are expanded upon in 

the following chapters and in reference [M-8]. 

A comparison of adaptive tracking filters for targets of variable 

maneuverability was carried out by Brown and Price in 1976 [B-1]. The 

target was characterized by a "Singer model" [S-2] having a low mode and 

a high mode of evasive accelerations. They found that the Partitioned 

adaptive estimator performed poorly because the weighting coefficients 

could not track the true hypothesis when it changed. This shortcoming 

was attributed to the weighting coefficients going to zero for those 

configurations not currently matched to the plant. An ad hoc method of 

adjusting the weights between measurements according to a Markov switch- 

ing relationship solved this problem and reliable tracking was achieved. 

A finite parameter adaptive plant that undergoes frequent changes 

in configuration is referred to as a "Switehed Linear Plant". The ina- 

bility of the Partitioned Adaptive Estimator to track rapid configura- 

tion changes is a major weakness of the method. Ad hoc methods, such 

as the previously described technique of Brown and Price, must be used 

to obtain satisfactory performance. These additions are usually specif- 

ic to one type of problem and often require trial and error tuning of 

various parameters. An example of this is shown in Chapter Three. 

A second approach used in tracking a switched linear plant involves 

direct simplification of the unrealizable optimal estimator for that



10 

plant. One of the earlier investigations of this type was that of Ack- 

erson and Fu in 1970 [A-2]. Their problem was to estimate the state of 

a plant in a randomly changing noise environment. The optimal estimator 

was found to be a weighted sum of an exponentially growing number of 

elemental estimators. They next developed a suboptimal algorithm by 

characterizing the state estimate as a gaussian distribution at each 

iteration rather than the actual weighted sum of gaussian distributions. 

The mean of the assumed distribution is the weighted sum of the elemen- 

tal estimates after one iteration. Similarly, the covariance of the 

distribution is approximated by a weighted sum of the elemental covari- 

ances after one iteration. After each iteration the elemental estima- 

tors are re-initialized with the above mean and covariance. The net 

effect is that the overall estimate will be taken predominantly from the 

elemental estimator currently matched to the plant. 

Sanyal and Shen investigated the problem of detecting the time of 

occurrence of impulses of unknown magnitudes [S-3]. Restricting the 

problem to only one impulse reduced the estimator complexity from an 

exponentially growing memory requirement to a linearly growing memory 

requirement. A Bayesian decision rule was applied to the weighting 

coefficients at each iteration to detect the impulse. One shortcoming 

of this technique is that the starting probabilities and Bayesian costs 

are often unknown. 

The optimal estimator for the general switched linear plant problem 

was rigorously formulated and solved by Fujishige and Sawaragi in 1974 

[F-1]. As before, the memory requirement of the estimator was found to 

increase exponentially with time. No attempt was made to simplify the



il 

estimator. Sawargi et al applied the optimal estimator to the problem 

of interrupted observations characterized by a Jump-Markov process [S-4]. 

Their solution, although mathematically rigerous, proved to be quite 

unwieldy. 

Willsky and Jones used a generalized likelihood ratio to detect 

failures modeled as jumps in state variables [W-4]. A finite "Data 

Window" was used to keep the memory requirements of the estimator at a 

manageable level. Upon detection of a failure, the state estimate and 

the covariance of the estimation error were readjusted. Chien and Adams 

used a sequential probability ratio test to detect system failures [C-1]. 

The method was successfully applied to the inertial measurement unit in 

the space shuttle vehicle. 

A less structured approach to adaptive estimation involves increas- 

ing the Kalman filter gains, the estimation error covariance or the sys- 

tem disturbance covariance to prevent divergence. These techniques are 

usually ad hoc in formulation and are often referred to as bandwidth 

modulation techniques because changing the Kalman gain changes the 

amount of high frequency noise that will be present in the estimate. 

For example, a larger Kalman gain makes a filter more responsive to 

plant changes at the expense of overall noisier performance. 

Jazwinski [J-1] prevented divergence due to modeling errors by 

incorporating an additional covariance term in the Kalman filter equa- 

tions. The additional term is adjusted sequentially by feeding back 

measurement residual information. Nahi and Schaeffer used a Neyman- 

Pearson decision rule to detect when the calculated estimation error 

covariances became inconsistent with the actual covariances [N-i]. A
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rational procedure was used to increase the estimation error covariance 

at the time of detection. 

McAulay and Denlinger used a generalized likelihood ratio to detect 

maneuvers in a target described by Singer's acceleration model [M-3]. 

The discriminant in the detection process is the measurement residual. 

They formulated a suboptimal recursive algorithm using a single Kalman 

filter that switches between a high bandwidth mode and a low bandwidth 

mode, depending on whether a maneuver has been detected. Gholson devel- 

oped an estimator for a maneuvering target that could be described by a 

semi-Markov process [G-1]. His analysis produced a filter, similar to 

a Kalman filter, but with an additional covariance term that maintained 

the filter gains at a level sufficient to track the maneuvers. 

Several other formulations of the stochastic adaptive problem have 

appeared in the literature. Pierce and Sworder used an optimal control 

formulation to derive a closed loop controller for the switched linear 

plant problem [P-1]. Their results appear to be of more theoretical 

than practical interest. Nahi and Knobbe derived the optimal linear 

estimator for the switched linear plant problem by augmenting the system 

to include all the possible configurations and then using the Orthogonal- 

Projection theorem to minimize the mean square estimation error [N-2]. 

Although interesting, their method is inferior to the previous nonlin- 

ear estimators. 

Additional comments on the above adaptive techniques will be made 

throughout the remainder of the dissertation.



2.0 FUNDAMENTAL BACKGROUND 

2.1 Introduction 
  

The purpose of this chapter is to review certain results of linear 

system theory and estimation theory that will be used in this disserta- 

tion. In addition, much of the notation used in the following chapters 

will be introduced here. Section 2.2 defines the basic linear control 

problem. State variable feedback is discussed in Section 2.3, and the 

optimal control formulation is reviewed in Section 2.4. The Kalman 

filter is analyzed in Section 2.5, with special emphasis given to the 

measurement residual characteristics. 

The above topics can be reviewed in greater detail in numerous 

excellent texts. Chen provides a very readable introduction to linear 

system theory [C-3]. Another good source is the text by Brogan [B-2]. 

Estimation theory is well covered by Meditch [M-4], Jazwinski [J-2] and 

Gelb [G-3]. The last text is especially recommended for its practical 

applications. 

2.2 The Basic Control Problem 
  

The state variable description of linear systems is at a high 

degree of development. An important advantage of this description is 

the reduction of the system differential equations to a single first 

order matrix equation, called the state equation. 

x = Ax + Bu 

z = Hx (2.2.1) 

where, 

x=nxl system state vector 

13
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x(k+1) = x(k) + Yuk) 

z(k+1) = Hx(k+1) (2.2.7) 

@=nxn state transition matrix 

Yrenxm input coefficient ma-rix 

measurement coefficient matrix wm il 4 ms 5 

2.3 State Variable Feedback 
  

The transient response of a linear system can be adjusted by the 

use of state variable feedback, i.e. 

u(k+l) = r(kt+l) + Fx(k+1) (2.3.1) 

where, . 

r(k+1) = m x 1 reference input 

u(kt1) = m x 1 total system input 

F m x n feedback gain matrix 

Substituting equation (2.3.1) into (2.2.5) and collecting terms gives 

x(kt1) = [6 + ¥F]x(k+1) + ¥r(k) (2.3.2) 

If the original system is controllable [C-3], then it is possible to 

find an F matrix such that [¢ + ¥F] has any desired set of eigenvalues. 

For multiple input systems F is non-unique. 

A method for determining F for a single input system is now given. 

Step 1. Find the characteristic equation of the original system, 

_ oN N-1 
l2I - A| =z + ay_12 +... t+ a,z + a: (2.3.3) 

This can be done directly by using Leverrier's algorithm [M-6] 

or indirectly by calculating the eigenvalues, his and multiply- 

ing out the expression
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u=mxl deterministic input vector 

z=rxl Measurement vector 

A=nxn system dynamics matrix 

B=nxm input coefficient matrix 

H=rxn measurement coefficient matrix 

The solution of the state equation is readily found by integrating 

(2.2.1). 
ft 

x(t) = exp(A(t-t)) x (t.) + I. exp (A(t-t))Bu(t)dt (2.2.2) 

O 

where 

2 3 
(At) + (At) exp(At) = I + At + ~~ 2! 3! + eo 2 @ 

and x(t) is the initial value of the state vector. 

In systems using a digital controller the sampled data version of 

2.2.1 is required. Holding the input constant between sample intervals 

reduces (2.2.3) to, 

t 
k+1 

x(ty 4) = exp (A(t, j-t,))x(t,) + I exp(A(t, ,)-7))dt Bu(k) 

k (2.2.4) 

Rewriting 2.2.4, 

x(k#1) = ox(k) + ¥u(k) (2.2.5) 

where, 

o = exp(A(t, )-t,)) 

el ] 
y= lf exp (A(t, ,,- 1) )dt/B (2.2.6) 

ty | 

The complete discrete time system description is,
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N 

I (z ~ i.) (2.3.4) 
i=l * 

Step 2. Construct the controllable canonical form for the original 

system using the characteristic equation of Step l. 

        

ie 1 0 tee o | To | 

0 0 1 see 0 

$ = : e 3 y = ° 
c s : Cc ® 

0 0 0 see 1 0 

-a -a ~a eee ~a La 
|p 9 06 nol, (2.3.5) 

Step 3. Compute the controllability matrices for the original system 

structure and the controllable structure. 

N-1 C, = (YOY pee OY] 

. _ : . N-1 
C, = [¥. : oY : oo ¥ (2.3.6) 

Step 4. Compute the transformation matrix P. 

P=c.c, (2.3.7) 
1°2 “— 

Step 5. For the desired closed loop poles, calculate the corresponding 

characteristic equation and controllable system structure. 

      

TO 1 0 ore QQ To] 

0 0 l wee 0 0 

eo =|: 2 ib Malt 
0 0 0 | 0 

—b -b, -b vee 1 
—_ t 2 Nel] (2.3.8)  
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Step 6. Equate the desired system's controllable structure to the orig- 

inal system's controllable structure with state variable feed- 

back, and solve for Fo: 

6, = [6 +¥ F } 
Cc ec 

        

2 

TO 1 0 -- oOo [| | 0 1 see 0 7 

0 0 Loo 69 0 0 wee 0 

0 0 O . 4 0 0 wee 1 

“BG By Bg ttt Bye} Fam 8g Fam 8g Eyre 
Lo tok “| 

f = a,47 bya (2.3.9) 

Step 7. Transform the feedback matrix from the controllability coordi- 

nate system to the original coordinate system. 

rere 
c 

2.4 Optimal Control Formulation 

As shown in Section 2.3, the feedback gain matrix, F, can be found 

by specifying the eigenvalues for the desired closed-loop system. An 

alternative means of determining F is via an optimal control formulation. 

This requires the specification of a quadratic cost functional to effect 

a trade-off between control effort and state variable performance. For 

example, the cost functional for the infinite time optimal regulator 

problem is given by, 

tal cK) Qx(k) + ul Ck) Ru(k) } (2.4.1) i=5 
k=0 i t

-
1
8
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�K�(�k�+�t�1�)� �=�n�x�r� �K�a�l�m�a�n� �f�i�l�t�e�r� �g�a�i�n� 

�P�(�k�)� �=�n�x�n� �c�o�v�a�r�i�a�n�c�e� �o�f� �t�h�e� �f�i�l�t�e�r�e�d� �s�t�a�t�e� �e�s�t�i�m�a�t�i�o�n� 

�e�r�r�o�r� 

�M�(�k�+�1�)� �=�e�n�x�n� �c�o�v�a�r�i�a�n�c�e� �o�f� �t�h�e� �p�r�e�d�i�c�t�e�d� �s�t�a�t�e� �e�s�t�i�m�a�t�i�o�n� 

�e�r�r�o�r� �(�2�.�5�.�7�)� 

�A� �b�l�o�c�k� �d�i�a�g�r�a�m� �o�f� �t�h�e� �K�a�l�m�a�n� �f�i�l�t�e�r� �i�s� �g�i�v�e�n� �i�n� �F�i�g�u�r�e� �2�.�5�.�1�.� 

�S�i�n�c�e� �t�h�e� �o�r�i�g�i�n�a�l� �w�o�r�k� �o�f� �K�a�l�m�a�n� �a�n�d� �B�u�c�y�,� �t�h�e� �o�p�t�i�m�a�l� �l�i�n�e�a�r� 

�f�i�l�t�e�r� �h�a�s� �b�e�e�n� �d�e�r�i�v�e�d� �t�h�r�o�u�g�h� �a� �v�a�r�i�e�t�y� �o�f� �f�o�r�m�u�l�a�t�i�o�n�s�.� �N�o�t�a�b�l�y�,� �i�t� 

�h�a�s� �b�e�e�n� �s�h�o�w�n� �t�h�a�t� �t�h�e� �o�p�t�i�m�a�l� �l�i�n�e�a�r� �f�i�l�t�e�r� �i�s� �i�s�o�m�o�r�p�h�i�c� �t�o� �t�h�e� �o�p�t�i�-� 

�m�a�l� �l�i�n�e�a�r� �r�e�g�u�l�a�t�o�r� �r�e�v�i�e�w�e�d� �i�n� �S�e�c�t�i�o�n� �2�.�4� �(�f�o�r� �e�x�a�m�p�l�e� �s�e�e� �[�G�-�3�]�)�.� 

�H�e�n�c�e�,� �b�y� �a� �s�i�m�p�l�e� �r�e�n�a�m�i�n�g� �o�f� �t�e�r�m�s� �t�h�e� �o�p�t�i�m�a�l� �r�e�g�u�l�a�t�o�r� �d�e�r�i�v�a�t�i�o�n�,� 

�v�i�a� �t�h�e� �R�i�c�a�t�t�i� �e�q�u�a�t�i�o�n�,� �i�s� �e�q�u�a�l�l�y� �v�a�l�i�d� �f�o�r� �t�h�e� �K�a�l�m�a�n� �f�i�l�t�e�r�.� �A� 

�m�a�j�o�r� �i�m�p�l�i�c�a�t�i�o�n� �o�f� �t�h�i�s�  ��d�u�a�l�i�t�y �� �i�s� �t�h�a�t� �t�h�e� �K�a�l�m�a�n� �f�i�l�t�e�r�,� �u�n�d�e�r� �f�a�i�r�-� 

�l�y� �l�o�o�s�e� �c�o�n�d�i�t�i�o�n�s�,� �i�s� �s�t�a�b�l�e�.� �R�e�w�r�i�t�i�n�g� �e�q�u�a�t�i�o�n� �(�2�.�5�.�2�)� �f�o�r� �u�(�k�)�=�0�,� 

�R�C�K�A�L�)� �=� �[�I�-�K�C�K�+�L�)�H�]� �O�R� �(�C�k�)� �+� �K�(�k�+�1�)�2�(�k�+�1�)� �(�2�.�5�.�8�)� 

�T�h�i�s� �i�s� �a� �f�i�r�s�t� �o�r�d�e�r� �d�i�f�f�e�r�e�n�c�e� �e�q�u�a�t�i�o�n� �w�i�t�h� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �s�e�q�u�e�n�c�e� 

�d�r�i�v�i�n�g� �t�h�e� �f�i�l�t�e�r� �d�y�n�a�m�i�c�s�.� �S�t�a�b�i�l�i�t�y� �i�m�p�l�i�e�s� �t�h�a�t� �t�h�e� �e�i�g�e�n�v�a�l�u�e�s� �o�f� 

�[�I�-�K�(�k�+�1�)�H�]� �a�r�e� �i�n�s�i�d�e� �t�h�e� �u�n�i�t� �c�i�r�c�l�e�.� �T�h�e� �i�n�h�e�r�e�n�t� �s�t�a�b�i�l�i�t�y� �o�f� �t�h�e� 

�K�a�l�m�a�n� �f�i�l�t�e�r� �i�s� �a�n� �i�m�p�o�r�t�a�n�t� �i�n�g�r�e�d�i�e�n�t� �i�n� �t�h�e� �o�p�e�r�a�t�i�o�n� �o�f� �t�h�e� �a�d�a�p�-� 

�t�i�v�e� �e�s�t�i�m�a�t�o�r� �a�n�a�l�y�z�e�d� �i�n� �C�h�a�p�t�e�r� �T�h�r�e�e�.� 

�I�n�c�r�e�a�s�i�n�g� �t�h�e� �K�a�l�m�a�n� �g�a�i�n� �i�s� �e�q�u�i�v�a�l�e�n�t� �t�o� �i�n�c�r�e�a�s�i�n�g� �t�h�e� �f�i�l�t�e�r� 

�b�a�n�d�w�i�d�t�h�.� �R�e�f�e�r�r�i�n�g� �t�o� �e�q�u�a�t�i�o�n� �(�2�.�5�.�8�)�,� �i�f� �k� �=� �0�,� �t�h�e�n� �&�(�k�+�1�)�=�6�8�(�k�)�.
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�2�2� 

�T�h�a�t� �i�s�,� �t�h�e� �e�s�t�i�m�a�t�e� �i�s� �n�o�t� �a�f�f�e�c�t�e�d� �b�y� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t�,� �a�n�d� �h�e�n�c�e�,� �t�h�e� 

�b�a�n�d�w�i�d�t�h� �i�s� �z�e�r�o�.� �A�s� �K� �i�n�c�r�e�a�s�e�s� �f�r�o�m� �z�e�r�o�,� �a� �l�a�r�g�e�r� �p�o�r�t�i�o�n� �o�f� �t�h�e� 

�n�o�i�s�y� �m�e�a�s�u�r�e�m�e�n�t� �i�s� �i�n�c�o�r�p�o�r�a�t�e�d� �i�n� �t�h�e� �e�s�t�i�m�a�t�e�,� �a�n�d� �t�h�e� �h�i�g�h�e�r� �f�r�e�-� 

�q�u�e�n�c�y� �f�l�u�c�t�u�a�t�i�o�n�s� �b�e�c�o�m�e� �v�i�s�i�b�l�e�.� �T�h�i�s� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �a� �h�i�g�h�e�r� �f�r�e�-� 

�q�u�e�n�c�y� �b�a�n�d�w�i�d�t�h�.� 

�T�h�e� �K�a�l�m�a�n� �f�i�l�t�e�r� �p�e�r�f�o�r�m�s� �t�w�o� �d�i�f�f�e�r�e�n�t� �f�u�n�c�t�i�o�n�s�.� �F�i�r�s�t�,� �a�s� 

�a�l�r�e�a�d�y� �m�e�n�t�i�o�n�e�d�,� �i�s� �n�o�i�s�e� �f�i�l�t�e�r�i�n�g�.� �T�h�e� �s�e�c�o�n�d� �f�u�n�c�t�i�o�n� �i�s� �s�t�a�t�e� 

�r�e�c�o�n�s�t�r�u�c�t�i�o�n� �f�r�o�m� �a� �m�e�a�s�u�r�e�m�e�n�t� �v�e�c�t�o�r� �h�a�v�i�n�g� �f�e�w�e�r� �e�l�e�m�e�n�t�s� �t�h�a�n� �t�h�e� 

�n�u�m�b�e�r� �o�f� �s�t�a�t�e�s�.� �F�o�r� �e�x�a�m�p�l�e�,� �l�e�t� �R� �=� �0� �i�n�d�i�c�a�t�i�n�g� �n�o� �m�e�a�s�u�r�e�m�e�n�t� 

�n�o�i�s�e�,� �t�h�e�n� 

�K�(�k�t�1�)� �=� �M�(�k�+�1�)� �8�°� �(�H�M� �(�k�+�1�)� �8�7�)� �7�7�.� �(�2�.�5�.�9�)� 

�S�u�b�s�t�i�t�u�t�i�n�g� �(�2�.�5�.�9�)� �i�n�t�o� �(�2�.�5�.�5�)� �g�i�v�e�s� 

�P�(�k�+�1�)� �=� �[�I� �-� �M�(�k�c�+�1�)� �8�°� �f�a�m�t�(�e�t�1�)� �a�2�]� �M�4�1�)� �(�2�.�5�.�1�0�)� 

�P�o�s�t�~�m�u�l�t�i�p�l�y�i�n�g� �b�y� �H�t�,� 

�P�(�k�+�L�)�H�-� �=� �M�(�k�t�l�)�B�)� �-� �M�(�k�+�1�)� �8�2� �[�H�M�(�k�+�1�)� �8�2�]� �a�M� �(�+�1�)� �H�E� 

�P�(�k�+�1�)� �H�E� �0� �(�2�.�5�.�1�1�)� 

�N�o�w� �i�f� �H� �h�a�s� �f�u�l�l� �r�a�n�k�,� �P�(�k�+�1�)� �=� �0� �i�n�d�i�c�a�t�i�n�g� �t�h�a�t� �o�n�c�e� �t�h�e� �z�(�k�+�1�)� 

�m�e�a�s�u�r�e�m�e�n�t� �i�s� �p�r�o�c�e�s�s�e�d� �t�h�e� �s�t�a�t�e� �i�s� �k�n�o�w�n� �e�x�a�c�t�l�y�.� �T�h�i�s� �i�s� �i�n�t�u�i�t�i�v�e�-� 

�l�y� �s�a�t�i�s�f�y�i�n�g�.� �O�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� �i�f� �H� �d�o�e�s� �n�o�t� �h�a�v�e� �f�u�l�l� �r�a�n�k�,� �t�h�e�n� 

�P�(�k�t�+�1�)� �i�s� �s�i�m�p�l�y� �t�h�e� �l�e�a�s�t�-�s�q�u�a�r�e�-�e�s�t�i�m�a�t�i�o�n�-�e�r�r�o�r� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� 

�o�b�s�e�r�v�i�n�g� �a� �r�e�d�u�c�e�d� �n�u�m�b�e�r� �o�f� �m�e�a�s�u�r�e�m�e�n�t�s�.� 

�T�h�e� �K�a�l�m�a�n� �f�i�l�t�e�r� �h�a�s� �a� �p�r�e�d�i�c�t�o�r�/�c�o�r�r�e�c�t�o�r� �s�t�r�u�c�t�u�r�e�.� �F�i�r�s�t�,� 

�t�h�e� �c�u�r�r�e�n�t� �f�i�l�t�e�r�e�d� �e�s�t�i�m�a�t�e� �i�s� �e�x�t�r�a�p�o�l�a�t�e�d� �t�o� �t�h�e� �n�e�x�t� �i�t�e�r�a�t�i�o�n�,� 

�a�n�d� �t�h�e�n� �a� �c�o�r�r�e�c�t�i�o�n� �t�e�r�m� �i�s� �a�d�d�e�d� �w�h�e�n� �t�h�e� �s�u�b�s�e�q�u�e�n�t� �m�e�a�s�u�r�e�m�e�n�t� �i�s� 

�p�r�o�c�e�s�s�e�d�.� �T�h�e� �a�m�o�u�n�t� �o�f� �c�o�r�r�e�c�t�i�o�n� �i�s� �d�e�t�e�r�m�i�n�e�d� �b�y� �s�u�b�t�r�a�c�t�i�n�g� �t�h�e� 

�a�c�t�u�a�l� �m�e�a�s�u�r�e�m�e�n�t� �f�r�o�m� �t�h�e� �p�r�e�d�i�c�t�e�d� �m�e�a�s�u�r�e�m�e�n�t�,� �a�n�d� �m�u�l�t�i�p�l�y�i�n�g� �b�y



�2�3� 

�t�h�e� �K�a�l�m�a�n� �g�a�i�n�,� �a�s� �s�h�o�w�n� �i�n� �e�q�u�a�t�i�o�n� �(�2�.�5�.�2�)�.� �T�h�e� �m�e�a�s�u�r�e�m�e�n�t� �r�e�s�i�d�u�a�l� 

�(�a�l�s�o� �c�a�l�l�e�d� �t�h�e�  ��'�i�n�n�o�v�a�t�i�o�n�'� �[�K�-�3�]� �i�s� �d�e�f�i�n�e�d� �a�s�,� 

�Z�(�k�+�1�)� �=� �z�(�k�t�1�)� �-� �H�&�(�k�+�1�/�k�)� �(�2�.�5�.�1�2�)� 

�I�t� �i�s� �n�o�w� �s�h�o�w�n� �t�h�a�t� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �r�e�s�i�d�u�a�l� �i�s� �a� �z�e�r�o� �m�e�a�n� �w�h�i�t�e� 

�g�a�u�s�s�i�a�n� �r�a�n�d�o�m� �p�r�o�c�e�s�s�.� �S�u�b�s�t�i�t�u�t�i�n�g� �f�o�r� �z�(�k�+�1�)� �u�s�i�n�g� �(�2�.�5�.�1�)� �a�n�d� 

�x�(�k�t�1�/�k�)� �u�s�i�n�g� �(�2�.�5�.�2�)� �g�i�v�e�s�,� 

�2�(�k�+�1�)� �H�[�O�x�(�k�)�+�¥�u�(�k�)�+�I�w�(�k�)�]� �+� �v�(�k�)� �-� �H�[�O�8�(�k�)�+�¥�u�(�k�)� �]� 

�H�O�(�x�(�k�)�-�&�(�k�)�)� �+� �H�I�w�(�k�)� �+� �v�(�k�)� �(�2�.�5�.�1�3�)� 

�T�a�k�i�n�g� �t�h�e� �e�x�p�e�c�t�e�d� �v�a�l�u�e� �o�f� �e�a�c�h� �s�i�d�e� �g�i�v�e�s�,� 

�E�{�2�(�k�+�1�)�}� �=� �H�O�(�E�{�x�(�k�)�}�-�%�(�k�)�)� �+� �H�T�E�{�w�(�k�)�}� �+� �E�f�{�v�(�k�)�}� 

�=� �(�2�.�5�.�1�4�)� 

�A�l�s�o�,� �u�s�i�n�g� �(�2�.�5�.�1�3�)�,� �a�n�d� �d�e�f�i�n�i�n�g� �¥�(�k�)� �=� �x�(�k�)�-�&�(�k�)�,� 

�7� �i�l� �E�{� �2�%� �H�O�E�(�E�(�k�)�&� �2� �(�k�)� �}�o!"�H�!� �+� �B�r�E�{�w�(�k�)�w�'� �(�k�e�)� �}�P� �o�H�?� �+� �E�f�v�v�!�}� 

�T� �T� �+� �H�r�o�r�t�y�?� �+�R� �H�O�P� �(�k�)� �0� �"�H� 

�H�{�o�P�(�k�)�o�!� �+� �r�o�r�7�j�H �� �+�R� �M�
 

�E�(�2�(�k�)�2� �7� �(�k�)�}� �=� �H�M�(�k�t�+�i�)�a �� �+�R� �(�2�.�5�.�1�5�)� 

�C�o�m�p�a�r�i�n�g� �e�q�u�a�t�i�o�n�s� �(�2�.�5�.�1�5�)� �a�n�d� �(�2�.�5�.�4�)�,� �i�t� �i�s� �s�e�e�n� �t�h�a�t� �t�h�e� �m�e�a�s�u�r�e�-� 

�m�e�n�t� �r�e�s�i�d�u�a�l� �c�o�v�a�r�i�a�n�c�e� �i�s� �a�v�a�i�l�a�b�l�e� �f�r�o�m� �t�h�e� �K�a�l�m�a�n� �f�i�l�t�e�r� �e�q�u�a�t�i�o�n�s�.� 

�T�h�e� �w�h�i�t�e�n�e�s�s� �o�f� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �r�e�s�i�d�u�a�l� �p�r�o�c�e�s�s� �i�s� �s�h�o�w�n� �b�y� 

�s�u�b�s�t�i�t�u�t�i�n�g� �e�q�u�a�t�i�o�n� �(�2�.�5�.�1�3�)� �i�n�t�o�,� 

�E�(�{�2�(�k�+�N�)� �2�7� �(�k�)� �}� 

�E�{�2�Z�(�k�+�N�)� �2�°� �(�k�)�}� �=� �[�H�O�X�(�k�+�N�-�1�)� �+� �H�I�w�(�K�H�N�-�1�)� �+� �v�(�k�+�N�-�1�)�]� 

�[�H�O�k�(�k�-�1�)� �+� �H�E�w�(�k�-�1�)� �+� �v�(�k�-�1�)�]�>� �(�2�.�5�.�1�6�)



�2�4� 

�B�e�c�a�u�s�e� �w� �a�n�d� �v� �a�r�e� �b�o�t�h� �w�h�i�t�e� �g�a�u�s�s�i�a�n� �p�r�o�c�e�s�s�e�s� �a�n�d� �a�r�e� �u�n�c�o�r�r�e�l�a�t�e�d�,� 

�E�f�w�(�k�+�N�-�L�)�w�!� �(�k�-�1�)�}� �=� �0� 

�E�{�w�(�k�+�N�-�1�)�v�'� �(�k�-�1�)�}� �=� �0� 

�A�l�s�o�,� �d�u�e� �t�o� �t�h�e� �o�p�t�i�m�a�l�i�t�y� �o�f� �t�h�e� �K�a�l�m�a�n� �f�i�l�t�e�r�,� �t�h�e� �e�s�t�i�m�a�t�i�o�n� �e�r�r�o�r� 

�i�s� �u�n�c�o�r�r�e�l�a�t�e�d� �w�i�t�h� �t�h�e� �n�o�i�s�e� �s�e�q�u�e�n�c�e�s� �w� �a�n�d� �v�.� �M�o�r�e�o�v�e�r�,� �t�h�e� �e�s�t�i�m�a�-� 

�t�i�o�n� �e�r�r�o�r� �h�a�s� �a�n� �a�u�t�o�-�c�o�r�r�e�l�a�t�i�o�n� �f�u�n�c�t�i�o�n� �(�s�e�e� �[�M�-�4�]�)�.� 

�E�(�k�+�N�,�k�)� �=� �P�(�k�)�d�(�N�)� �(�2�.�5�.�1�7�)� 

�H�e�n�c�e�,� 

�T�t� �E�{�2� �(�+�N�)� �2�)� �(�k�e�)� �}� �=� �H�O�E�{�E�(�K�+�N�-�1�)�%�!� �(�k�-�1�)� �}� �6� 

�=� �0� �(�2�.�5�.�1�8�)� 

�I�n� �t�h�e� �a�c�t�u�a�l� �c�o�m�p�u�t�a�t�i�o�n�s� �a� �b�e�t�t�e�r� �f�o�r�m�u�l�a� �i�s� �u�s�e�d� �i�n� �p�l�a�c�e� �o�f� 

�e�q�u�a�t�i�o�n� �(�2�.�5�.�5�)�.� �T�h�i�s� �e�q�u�i�v�a�l�e�n�t� �f�o�r�m�u�l�a� �i�s� 

�P�(�k�+�1�)� �=� �[�I�-�K�(�k�+�1�)�H�]�M�(�k�+�1�)� �(�I�-�K�(�k�+�1�)�H�]�7� �+� �x�r�K�t� �(�2�.�5�.�1�9�)� 

�E�q�u�a�t�i�o�n� �2�.�5�.�1�9� �i�s� �s�u�p�e�r�i�o�r� �t�o� �e�q�u�a�t�i�o�n� �(�2�.�5�.�5�)� �b�e�c�a�u�s�e� �i�t� �g�u�a�r�a�n�t�e�e�s� 

�t�h�a�t� �P�(�k�+�1�)� �r�e�m�a�i�n�s� �s�y�m�m�e�t�r�i�c� �d�e�s�p�i�t�e� �a�c�c�u�m�u�l�a�t�e�d� �c�o�m�p�u�t�e�r� �r�o�u�n�d�-�o�f�f� 

�e�r�r�o�r�s�.



�3�.�0� �T�H�E� �M�O�D�I�F�I�E�D� �P�A�R�T�I�T�I�O�N�E�D� �A�D�A�P�T�I�V�E� �E�S�T�I�M�A�T�O�R� 

�3�.�1� �I�n�t�r�o�d�u�c�t�i�o�n� 
� � 

�T�h�e� �m�a�i�n� �r�e�s�u�l�t� �o�f� �t�h�i�s� �c�h�a�p�t�e�r� �i�s� �t�h�e� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �a�n� �e�s�t�i�m�a�t�o�r� 

�f�o�r� �h�i�g�h�l�y� �n�o�n�l�i�n�e�a�r� �s�y�s�t�e�m�s� �b�a�s�e�d� �u�p�o�n� �t�h�e� �s�t�r�u�c�t�u�r�e� �o�f� �a� �s�t�o�c�h�a�s�t�i�c� 

�a�d�a�p�t�i�v�e� �e�s�t�i�m�a�t�o�r�.� �I�n� �a�d�d�i�t�i�o�n�,� �a� �d�e�s�i�g�n� �m�e�t�h�o�d� �w�i�l�l� �b�e� �p�r�e�s�e�n�t�e�d� 

�t�h�a�t� �w�i�l�l� �b�e� �a�p�p�l�i�c�a�b�l�e� �t�o� �a� �l�a�r�g�e� �c�l�a�s�s� �o�f� �n�o�n�l�i�n�e�a�r� �s�y�s�t�e�m�s�.� �T�h�e� 

�e�s�t�i�m�a�t�o�r� �h�a�s� �s�e�v�e�r�a�l� �k�e�y� �a�d�v�a�n�t�a�g�e�s� �o�v�e�r� �t�h�e� �o�t�h�e�r� �e�x�i�s�t�i�n�g� �m�e�t�h�o�d�s�.� 

�F�i�r�s�t�,� �t�h�e� �s�t�r�u�c�t�u�r�e� �o�f� �t�h�e� �a�d�a�p�t�i�v�e� �e�s�t�i�m�a�t�o�r� �i�s� �a�n� �a�r�r�a�n�g�e�m�e�n�t� �o�f� 

�l�i�n�e�a�r� �f�i�l�t�e�r�s�.� �T�h�i�s� �a�l�l�o�w�s� �t�h�e� �o�f�f�-�l�i�n�e� �c�o�m�p�u�t�a�t�i�o�n� �o�f� �a� �l�a�r�g�e� �p�e�r�-� 

�c�e�n�t�a�g�e� �o�f� �t�h�e� �f�i�l�t�e�r�i�n�g� �e�q�u�a�t�i�o�n�s�,� �t�h�u�s� �r�e�d�u�c�i�n�g� �t�h�e� �o�n�-�l�i�n�e� �c�y�c�l�e� 

�t�i�m�e� �o�f� �t�h�e� �e�s�t�i�m�a�t�i�o�n� �a�l�g�o�r�i�t�h�n�.� �F�u�r�t�h�e�r�m�o�r�e�,� �t�h�i�s� �s�t�r�u�c�t�u�r�e� �t�a�k�e�s� 

�a�d�v�a�n�t�a�g�e� �o�f� �t�h�e� �p�o�w�e�r�f�u�l� �m�e�t�h�o�d�s� �o�f� �l�i�n�e�a�r� �s�y�s�t�e�m�s� �a�n�d� �l�i�n�e�a�r� �e�s�t�i�m�a�-� 

�t�i�o�n� �t�h�e�o�r�y� �w�h�i�c�h� �a�r�e� �a�t� �a� �m�u�c�h� �h�i�g�h�e�r� �l�e�v�e�l� �o�f� �d�e�v�e�l�o�p�m�e�n�t� �a�s� �c�o�m�p�a�r�e�d� 

�t�o� �n�o�n�l�i�n�e�a�r� �e�s�t�i�m�a�t�i�o�n� �t�h�e�o�r�y�.� �S�e�c�o�n�d�,� �t�h�e� �e�s�t�i�m�a�t�o�r� �i�s� �r�e�a�d�i�l�y� �i�n�m�-� 

�p�l�e�m�e�n�t�e�d� �i�n� �a� �p�a�r�a�l�l�e�l� �p�r�o�c�e�s�s�i�n�g� �t�y�p�e� �o�f� �o�r�g�a�n�i�z�a�t�i�o�n�.� �T�h�i�s� �h�a�s� �a�d�-� 

�v�a�n�t�a�g�e�s� �i�n� �c�o�m�p�u�t�a�t�i�o�n�a�l� �s�p�e�e�d� �a�n�d� �e�s�t�i�m�a�t�o�r� �r�e�d�u�n�d�a�n�c�y�.� 

�T�h�e� �e�x�i�s�t�i�n�g� �e�s�t�i�m�a�t�o�r�s� �f�o�r� �n�o�n�l�i�n�e�a�r� �s�y�s�t�e�m�s� �c�a�n� �b�e� �g�r�o�u�p�e�d�,� 

�l�o�o�s�e�l�y�,� �i�n�t�o� �l�i�n�e�a�r�i�z�a�t�i�o�n� �m�e�t�h�o�d�s� �a�n�d� �a�d�a�p�t�i�v�e� �m�e�t�h�o�d�s�.� �T�h�e� �b�e�s�t� 

�k�n�o�w�n� �o�f� �t�h�e� �l�i�n�e�a�r�i�z�a�t�i�o�n� �m�e�t�h�o�d�s� �i�s� �t�h�e� �E�x�t�e�n�d�e�d� �K�a�l�m�a�n� �F�i�l�t�e�r� �(�E�K�F�)� 

�[�G�-�3�]�.� �T�h�i�s� �a�l�g�o�r�i�t�h�m� �r�e�q�u�i�r�e�s� �t�h�a�t� �t�h�e� �n�o�n�l�i�n�e�a�r� �e�q�u�a�t�i�o�n�s� �b�e� �e�x�-� 

�p�r�e�s�s�e�d� �i�n� �a� �T�a�y�l�o�r� �s�e�r�i�e�s� �e�x�p�a�n�s�i�o�n� �w�i�t�h� �t�h�e� �e�x�p�a�n�s�i�o�n� �p�o�i�n�t� �b�e�i�n�g� 

�t�h�e� �l�a�s�t� �s�t�a�t�e� �e�s�t�i�m�a�t�e�.� �T�h�e� �l�i�n�e�a�r� �t�e�r�m�s� �o�f� �t�h�e� �T�a�y�l�o�r� �s�e�r�i�e�s� �f�o�r�m� 

�t�h�e� �b�a�s�e�s� �f�o�r� �f�i�l�t�e�r�i�n�g� �e�q�u�a�t�i�o�n�s� �t�h�a�t� �a�r�e� �s�i�m�i�l�a�r� �t�o� �t�h�e� �K�a�l�m�a�n� �f�i�l�t�e�r�-� 

�i�n�g� �e�q�u�a�t�i�o�n�s�.� �I�f� �t�h�e� �n�o�n�l�i�n�e�a�r� �s�y�s�t�e�m� �i�s� �w�e�l�l� �s�p�e�c�i�f�i�e�d�,� �t�h�e�n� �t�h�e� �E�X�F� 

�c�a�n� �b�e� �v�e�r�y� �a�c�c�u�r�a�t�e�.� �H�o�w�e�v�e�r�,� �i�f� �t�h�e� �n�o�n�l�i�n�e�a�r� �s�y�s�t�e�m� �m�o�d�e�l� �i�s� �i�n�e�x�a�c�t�,� 
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�t�h�e�n� �t�h�e� �E�K�F� �w�i�l�l� �d�i�v�e�r�g�e�.� �T�h�e� �r�e�q�u�i�r�e�m�e�n�t� �f�o�r� �a� �p�r�e�c�i�s�e� �m�o�d�e�l� �i�s� �a� 

�m�a�j�o�r� �d�i�s�a�d�v�a�n�t�a�g�e� �o�f� �t�h�i�s� �m�e�t�h�o�d�.� �A�n�o�t�h�e�r� �d�i�s�a�d�v�a�n�t�a�g�e� �o�f� �t�h�e� �E�K�F� �i�s� 

�t�h�e� �f�o�r�m�i�d�a�b�l�e� �a�m�o�u�n�t� �o�f� �d�a�t�a� �p�r�o�c�e�s�s�i�n�g� �t�h�a�t� �i�s� �r�e�q�u�i�r�e�d� �b�e�t�w�e�e�n� �m�e�a�s�-� 

�u�r�e�m�e�n�t�s�.� �h�e� �T�a�y�l�o�r� �s�e�r�i�e�s� �t�e�r�m�s� �m�u�s�t� �b�e� �r�e�-�e�v�a�l�u�a�t�e�d� �a�t� �e�a�c�h� �i�t�e�r�a�-� 

�t�i�o�n� �a�n�d�,� �t�h�e�r�e�f�o�r�e�,� �t�h�e� �f�i�l�t�e�r� �e�q�u�a�t�i�o�n�s� �m�u�s�t� �b�e� �s�o�l�v�e�d� �o�n�-�l�i�n�e�.� 

�A� �m�o�t�i�v�a�t�i�o�n� �f�o�r� �a�p�p�l�y�i�n�g� �a�d�a�p�t�i�v�e� �t�e�c�h�n�i�q�u�e�s� �t�o� �t�h�e� �n�o�n�l�i�n�e�a�r� �e�s�-� 

�t�i�m�a�t�i�o�n� �p�r�o�b�l�e�m� �i�s� �t�h�a�t� �a� �n�o�n�l�i�n�e�a�r� �s�y�s�t�e�m� �c�a�n� �b�e� �t�h�o�u�g�h�t� �o�f� �a�s� �a� �l�i�n�-� 

�e�a�r� �s�y�s�t�e�m� �h�a�v�i�n�g� �u�n�k�n�o�w�n� �t�i�m�e� �v�a�r�v�i�n�g� �p�a�r�a�m�e�t�e�r�s�.� �I�f� �t�h�e�s�e� �p�a�r�a�m�e�t�e�r�s� 

�c�o�u�l�d� �b�e� �i�d�e�n�t�i�f�i�e�d� �a�t� �e�a�c�h� �i�t�e�r�a�t�i�o�n�,� �a� �l�i�n�e�a�r� �e�s�t�i�m�a�t�o�r� �c�o�u�i�d� �b�e� �c�o�n�-� 

�s�t�r�u�c�t�e�d� �t�h�a�t� �w�o�u�l�d� �g�i�v�e� �n�e�a�r�l�y� �o�p�t�i�m�a�l� �e�s�t�i�m�a�t�e�s�.� �S�e�v�e�r�a�l� �m�e�t�h�o�d�s� �h�a�v�e� 

�b�e�e�n� �d�e�v�e�l�o�p�e�d� �a�n�d� �a�p�p�l�i�e�d� �s�u�c�c�e�s�s�f�u�l�l�y� �t�o� �p�l�a�n�t�s� �h�a�v�i�n�g� �r�e�l�a�t�i�v�e�l�y� �s�m�a�l�l� 

�n�o�n�l�i�n�e�a�r�i�t�i�e�s�.� �T�h�a�t� �i�s�,� �t�h�e� �u�s�u�a�l� �t�r�a�j�e�c�t�o�r�y� �o�f� �t�h�e� �s�t�a�t�e� �v�e�c�t�o�r� �i�s� 

�s�u�c�h� �t�h�a�t� �t�h�e� �n�a�t�u�r�e� �o�f� �t�h�e� �p�l�a�n�t� �c�h�a�n�g�e�s� �s�l�o�w�l�y� �w�i�t�h� �t�i�m�e�.� �M�a�n�y� �o�f� 

�t�h�e�s�e� �m�e�t�h�o�d�s� �a�r�e� �b�a�s�e�d� �o�n� �t�h�e� �a�d�a�p�t�i�v�e� �e�s�t�i�m�a�t�o�r� �s�t�r�u�c�t�u�r�e� �i�n�t�r�o�d�u�c�e�d� 

�b�y� �M�a�g�i�l�l� �[�M�-�1�]� �a�n�d� �r�e�f�i�n�e�d� �b�y� �L�a�i�n�i�o�t�i�s� �e�t� �a�l�,� �a�n�d� �w�i�l�l� �b�e� �r�e�f�e�r�r�e�d� �t�o� 

�a�s� �"�P�a�r�t�i�t�i�o�n�e�d� �A�d�a�p�t�i�v�e� �E�s�t�i�m�a�t�o�r�s�"� �o�r� �s�i�m�p�l�y� �P�A�E�'�s� �[�L�-�2�]�.� �M�o�o�s�e� �a�n�d� 

�W�a�n�g� �d�e�v�e�l�o�p�e�d� �a�n� �e�s�t�i�m�a�t�i�o�n� �a�l�g�o�r�i�t�h�m� �f�o�r� �a� �l�i�n�e�a�r� �p�l�a�n�t� �u�n�d�e�r�g�o�i�n�g� 

�r�a�n�d�o�m� �c�o�n�f�i�g�u�r�a�t�i�o�n� �c�h�a�n�g�e�s� �t�h�a�t� �c�o�u�l�d� �b�e� �m�o�d�e�l�e�d� �a�s� �a� �s�e�m�i�~�M�a�r�k�o�v� 

�p�r�o�c�e�s�s� �[�M�-�2�]�.� �A� �m�a�j�o�r� �a�d�v�a�n�t�a�g�e� �o�f� �t�h�i�s� �m�e�t�h�o�d� �i�s� �t�h�a�t� �c�h�e� �d�e�s�i�g�n�e�r� 

�c�a�n� �u�t�i�l�i�z�e� �m�o�r�e� �o�f� �t�h�e� �a�v�a�i�l�a�b�l�e� �a� �p�r�i�o�r�i� �i�n�f�o�r�m�a�t�i�o�n� �r�e�g�a�r�d�i�n�g� �t�h�e� 

�p�l�a�n�t� �b�e�h�a�v�i�o�r� �t�o� �d�e�v�e�l�o�p� �a� �b�e�t�t�e�r� �e�s�t�i�m�a�t�o�r�.� �T�h�i�s� �e�s�t�i�m�a�t�o�r� �w�i�l�l� �f�o�r�m� 

�t�h�e� �b�a�s�i�s� �o�f� �t�h�e� �n�o�n�l�i�n�e�a�r� �e�s�t�i�m�a�t�i�o�n� �a�l�g�o�r�i�t�h�m� �d�e�v�e�l�o�p�e�d� �i�n� �t�h�i�s� �c�h�a�p�-� 

�t�e�r�.� 

�A�t�h�a�n�s� �e�t� �a�l� �a�p�p�l�i�e�d� �a�n� �a�d�a�p�t�i�v�e� �e�s�t�i�m�a�t�i�o�n� �t�e�c�h�n�i�q�u�e� �t�o� �t�h�e� �n�o�n�-� 

�l�i�n�e�a�r� �f�l�i�g�h�t� �d�y�n�a�m�i�c�s� �o�f� �t�h�e� �F�-�8�c� �a�i�r�c�r�a�f�t�.� �T�h�e� �e�s�t�i�m�a�t�o�r� �w�a�s� �p�a�r�t� �o�f� 

�a�n� �o�v�e�r�a�l�l� �a�d�a�p�t�i�v�e� �c�o�n�t�r�o�l�l�e�r� �r�e�f�e�r�r�e�d� �t�o� �a�s� �"�M�u�l�t�i�p�l�e� �M�o�d�e�l� �A�d�a�p�t�i�v�e



�C�o�n�t�r�o�l�"� �[�A�-�l�]�.� �I�t� �c�o�n�s�i�s�t�e�d� �o�f� �a� �b�a�n�k� �o�f� �K�a�l�m�a�n� �f�i�l�t�e�r�s�,� �e�a�c�h� �m�a�t�c�h�e�d� 

�t�o� �a� �s�p�e�c�i�f�i�c� �f�l�i�g�h�t� �c�o�n�d�i�t�i�o�n�.� �I�n� �a�d�d�i�t�i�o�n�,� �2� �l�e�a�r�n�i�n�g� �s�e�c�t�i�o�n� �u�t�i�l�-� 

�i�z�e�d� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �r�e�s�i�d�u�a�l� �o�f� �e�a�c�h� �f�i�l�t�e�r� �t�o� �i�d�e�n�t�i�f�y� �t�h�e� �a�c�t�u�a�l� 

�c�u�r�r�e�n�t� �p�l�a�n�t� �c�o�n�f�i�g�u�r�a�t�i�o�n�.� �T�h�e� �s�i�m�u�l�a�t�i�o�n�s� �t�h�a�t� �w�e�r�e� �c�o�n�d�u�c�t�e�d� �i�n�-� 

�d�i�c�a�t�e� �t�h�a�t� �t�h�e� �m�e�t�h�o�d� �w�o�u�l�d� �t�r�a�c�k� �t�h�e� �a�i�r�c�r�a�f�t� �c�o�n�f�i�g�u�r�a�t�i�o�n� �c�h�a�n�g�e�s� 

�p�r�o�v�i�d�e�d� �t�h�a�t� �s�u�f�f�i�c�i�e�n�t� �t�i�m�e� �w�a�s� �s�p�e�n�t� �i�n� �e�a�c�h� �c�o�n�f�i�g�u�r�a�t�i�o�n�.� �B�r�o�w�n� 

�a�n�d� �P�r�i�c�e� �a�p�p�l�i�e�d� �t�h�e� �P�A�E� �m�e�t�h�o�d� �t�o� �a� �m�a�n�e�u�v�e�r�a�b�l�e� �t�a�r�g�e�t� �d�e�s�c�r�i�b�e�d� �b�y� 

�S�i�n�g�e�r�'�s� �a�c�c�e�l�e�r�a�t�i�o�n� �m�o�d�e�l� �[�B�-�1�]�.� �T�h�e�y� �f�o�u�n�d� �t�h�a�t� �t�h�e� �e�s�t�i�m�a�t�o�r� �c�o�u�l�d� 

�n�o�t� �t�r�a�c�k� �t�h�e� �p�l�a�n�t� �w�h�e�n� �i�t� �u�n�d�e�r�w�e�n�t� �r�e�l�a�t�i�v�e�l�y� �r�a�p�i�d� �m�a�n�e�u�v�e�r�s�.� 

�T�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �P�A�E� �a�l�g�o�r�i�t�h�m� �c�a�n�n�o�t� �t�r�a�c�k� �a� �p�l�a�n�t� �u�n�d�e�r�g�o�i�n�g� 

�r�a�p�i�d� �c�o�n�f�i�g�u�r�a�t�i�o�n� �c�h�a�n�g�e�s� �i�s� �n�o�t� �s�u�r�p�r�i�s�i�n�g� �b�e�c�a�u�s�e�,� �a�s� �d�i�s�c�u�s�s�e�d� �i�n� 

�t�h�e� �s�e�c�t�i�o�n�s� �t�o� �f�o�l�l�o�w�,� �t�h�e� �a�l�g�o�r�i�t�h�m� �w�a�s� �n�o�t� �d�e�s�i�g�n�e�d� �t�o� �d�o� �s�o�.� �I�t� �i�s� 

�i�n�h�e�r�e�n�t�l�y� �a�n� �i�d�e�n�t�i�f�i�c�a�t�i�o�n� �a�l�g�o�r�i�t�h�m� �a�n�d� �w�o�r�k�s� �e�x�c�e�l�l�e�n�t�l�y� �i�n� �t�h�a�t� 

�t�y�p�e� �o�f� �p�r�o�b�l�e�m�,� �b�u�t� �p�o�o�r�l�y� �w�h�e�n� �r�e�q�u�i�r�e�d� �t�o� �t�r�a�c�k� �a� �r�a�p�i�d�l�y� �c�h�a�n�g�i�n�g� 

�p�l�a�n�t�.� 

�S�e�c�t�i�o�n� �3�.�2� �a�n�a�l�y�z�e�s� �t�h�e� �o�p�e�r�a�t�i�o�n� �o�f� �a� �s�p�e�c�i�f�i�c� �P�A�E� �a�l�g�o�r�i�t�h�m� 

�b�a�s�e�d� �u�p�o�n� �s�e�m�i�-�M�a�r�k�o�v�i�a�n� �p�l�a�n�t� �m�o�d�e�l�i�n�g�.� �T�h�i�s� �p�a�r�t�i�c�u�l�a�r� �a�l�g�o�r�i�t�h�m� 

�h�a�s� �f�e�a�t�u�r�e�s� �t�h�a�t� �e�n�a�b�l�e� �i�t� �t�o� �b�e� �r�e�a�d�i�l�y� �m�o�d�i�f�i�e�d� �t�o� �t�r�a�c�k� �r�a�p�i�d�l�y� 

�c�h�a�n�g�i�n�g� �p�l�a�n�t� �c�o�n�f�i�g�u�r�a�t�i�o�n�s�.� �T�h�i�s� �m�o�d�i�f�i�c�a�t�i�o�n� �i�s� �d�e�s�c�r�i�b�e�d� �i�n� 

�S�e�c�t�i�o�n� �3�.�3�,� �a�n�d� �a�n� �e�x�a�m�p�l�e� �i�s� �g�i�v�e�n�.� �T�h�e� �e�x�t�e�n�s�i�o�n� �o�f� �t�h�i�s� �m�o�d�i�f�i�e�d� 

�a�l�g�o�r�i�t�h�m� �t�o� �t�h�e� �n�o�n�l�i�n�e�a�r� �e�s�t�i�m�a�t�i�o�n� �p�r�o�b�l�e�m� �i�s� �s�t�r�a�i�g�h�t�f�o�r�w�a�r�d� �a�n�d� 

�i�s� �d�o�n�e� �i�n� �S�e�c�t�i�o�n� �3�.�4�,� �w�i�t�h� �a� �d�e�s�i�g�n� �e�x�a�m�p�l�e� �d�i�s�c�u�s�s�e�d� �i�n� �d�e�t�a�i�l�.� �T�h�e� 

�a�d�v�a�n�t�a�g�e�s� �a�n�d� �d�i�s�a�d�v�a�n�t�a�g�e�s� �o�f� �t�h�e� �m�e�t�h�o�d� �a�r�e� �d�i�s�c�u�s�s�e�d� �i�n� �S�e�c�t�i�o�n� �3�.�5�.



�2�8� 

�3�.�2� �T�h�e� �P�a�r�t�i�t�i�o�n�e�d� �A�d�a�p�t�i�v�e� �E�s�t�i�m�a�t�o�r� �w�i�t�h� �S�e�m�i�-�M�a�r�k�o�v� �P�l�a�n�t� �M�o�d�e�l�i�n�g� 

�T�h�e� �s�t�r�u�c�t�u�r�e� �o�f� �t�h�e� �P�a�r�t�i�t�i�o�n�e�d� �A�d�a�p�t�i�v�e� �E�s�t�i�m�a�t�o�r� �i�s� �s�h�o�w�n� �i�n� 

�F�i�g�u�r�e� �3�.�2�.�1�.� �F�i�r�s�t� �i�n�t�r�o�d�u�c�e�d� �b�y� �M�a�g�i�l�l� �[�M�-�1�]�,� �t�h�e� �e�s�t�i�m�a�t�o�r� �c�o�n�s�i�s�t�s� 

�o�f� �a� �b�a�n�k� �o�f� �K�a�i�m�a�n� �f�i�l�t�e�r�s�,� �c�a�l�l�e�d� �e�l�e�m�e�n�t�a�l� �e�s�t�i�m�a�t�o�r�s�,� �e�a�c�h� �m�a�t�c�h�e�d� 

�t�o� �a� �p�o�s�s�i�b�l�e� �p�l�a�n�t� �c�o�n�f�i�g�u�r�a�t�i�o�n�.� �I�n� �a�d�d�i�t�i�o�n�,� �a� �l�e�a�r�n�i�n�g� �o�r� �a�d�a�p�t�i�v�e� 

�s�e�c�t�i�o�n� �t�r�a�n�s�f�o�r�m�s� �t�h�e� �s�e�t� �o�f� �e�l�e�m�e�n�t�a�l� �e�s�t�i�m�a�t�e�s�,� �&�,� �(�k�K�)�,� �t�o� �a�n� �o�v�e�r�a�l�l� 

�e�s�t�i�m�a�t�e�,� �%�(�k�)�.� �T�h�e� �i�d�e�n�t�i�f�i�c�a�t�i�o�n� �p�r�o�b�l�e�m� �i�s� �d�e�f�i�n�e�d� �t�o� �b�e� �t�h�e� �j�o�i�n�t� 

�p�r�o�b�l�e�m� �o�f� �e�s�t�i�m�a�t�i�n�g� �t�h�e� �s�t�a�t�e� �a�n�d� �i�d�e�n�t�i�f�y�i�n�g� �t�h�e� �c�o�n�f�i�g�u�r�a�t�i�o�n� �o�f� �a� 

�l�a�n�t� �t�h�a�t� �i�s� �i�n� �a�n� �u�n�k�n�o�w�n�,� �b�u�t� �u�n�c�h�a�n�g�i�n�g�,� �c�o�n�f�i�g�u�r�a�t�i�o�n�.� �M�a�g�i�l�l� 

�p�r�o�v�e�d� �t�h�a�t� �t�h�e� �o�p�t�i�m�a�l� �e�s�t�i�m�a�t�e� �f�o�r� �t�h�e� �i�d�e�n�t�i�f�i�c�a�t�i�o�n� �p�r�o�b�l�e�m� �i�s� �a� 

�w�e�i�g�h�t�e�d� �s�u�m� �o�f� �t�h�e� �e�l�e�m�e�n�t�a�l� �e�s�t�i�m�a�t�e�s�.� �T�h�e� �t�i�m�e� �v�a�r�y�i�n�g� �w�e�i�g�h�t�i�n�g� 

�c�o�e�f�f�i�c�i�e�n�t�s�,� �T�s�5� �p�e�r�f�o�r�m� �t�h�e� �i�d�e�n�t�i�f�i�c�a�t�i�o�n� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �a�l�g�o�r�i�t�h�m�.� 

�S�e�v�e�r�a�l� �m�e�t�h�o�d�s� �e�x�i�s�t� �f�o�r� �c�a�l�c�u�l�a�t�i�n�g� �1�:� �T�h�e� �d�i�f�f�e�r�e�n�c�e�s� �a�r�e� �p�r�i�m�a�r�i�l�y� 

�d�u�e� �t�o� �t�h�e� �e�x�t�e�n�t� �o�f� �a� �p�r�i�o�r�i� �i�n�f�o�r�m�a�t�i�o�n� �t�h�a�t� �i�s� �a�s�s�u�m�e�d� �a�b�o�u�t� �t�h�e� 

�p�l�a�n�t�,� �a�n�d� �h�o�w� �t�h�i�s� �i�n�f�o�r�m�a�t�i�o�n� �i�s� �a�s�s�i�m�i�l�a�t�e�d� �i�n�t�o� �t�h�e� �c�a�l�c�u�l�a�t�i�o�n�s� 

�{�[�L�-�2�]�[�A�-�1�]� �[�M�-�2�]�.� 

�I�n� �o�p�e�r�a�t�i�o�n� �t�h�e� �e�l�e�m�e�n�t�a�l� �e�s�t�i�m�a�t�o�r�s� �a�r�e� �a�l�l� �i�n�i�t�i�a�l�i�z�e�d� �w�i�t�h� �t�h�e� 

�s�a�m�e� �i�n�i�t�i�a�l� �g�u�e�s�s� �a�n�d� �u�n�c�e�r�t�a�i�n�t�y� �c�o�v�a�r�i�a�n�c�e� �m�a�t�r�i�x�,� �a�n�d� �t�h�e� �w�e�i�g�h�t�i�n�g� 

�c�o�e�f�f�i�c�i�e�n�t�s� �a�r�e� �i�n�i�t�i�a�l�i�z�e�d� �t�o� �r�e�f�l�e�c�t� �t�h�e� �a� �p�r�i�o�r�i� �k�n�o�w�l�e�d�g�e�,� �i�f� �a�n�y�,� 

�o�£� �t�h�e� �s�t�a�r�t�i�n�g� �c�o�n�f�i�g�u�r�a�t�i�o�n�.� �A�s� �t�h�e� �p�l�a�n�t� �m�e�a�s�u�r�e�m�e�n�t�s� �a�r�e� �p�r�o�c�e�s�s�e�d�,� 

�t�h�e� �w�e�i�g�h�t�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s� �b�e�c�o�m�e� �t�i�m�e� �v�a�r�y�i�n�g� �a� �p�o�s�t�e�r�i�o�r�i� �p�r�o�b�a�b�i�l�i�-� 

�t�i�e�s� �o�f� �t�h�e� �p�l�a�n�t� �b�e�i�n�g� �i�n� �t�h�e� �r�e�s�p�e�c�r�i�v�e� �c�o�n�f�i�g�u�r�a�t�i�o�n�s�.� �H�a�w�k�e�s� �a�n�d� 

�M�o�o�r�e� �d�e�r�i�v�e�d� �a�n� �u�p�p�e�r� �b�o�u�n�d� �f�o�r� �t�h�e� �e�s�t�i�m�a�t�i�o�n� �m�e�a�n� �s�q�u�a�r�e� �e�r�r�o�r� �a�n�d� 

�p�r�o�v�e�d� �t�h�a�t� �t�h�e� �P�A�E� �a�l�g�o�r�i�t�h�m� �w�i�l�l� �c�o�n�v�e�r�g�e� �e�x�p�o�n�e�n�t�i�a�l�l�y� �t�o� �t�h�e� �m�e�a�n� 

�S�q�u�a�r�e� �e�r�r�o�r� �o�f� �a� �p�e�r�f�e�c�t�l�y� �m�a�t�c�h�e�d� �K�a�l�m�a�n� �f�i�l�t�e�r� �[�H�-�3�]�.� �A� �m�a�j�o�r� �i�m�p�l�i�-�~� 

�c�a�t�i�o�n� �o�f� �t�h�i�s� �r�e�s�u�l�t� �i�s� �t�h�a�t� �o�n�e� �o�f� �t�h�e� �w�e�i�g�h�t�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s� �w�i�l�l
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�P�l�a�n�t� �.� 
�M�o�d�e�l� �|�  �� �F�i�l�t�e�r� �1� �=�z� 

�S�]� �N�o�i�s�e� �1� 

�+� �:� �P�l�a�n�t� �+� �%�,� �A�d�a�p�t�i�v�e�!� �»� 
�M�o�d�e�l� �|�  � � ��~�0� �F�i�l�t�e�r� �2�  ��C�o�m�p�u�t�e�r� �>� 

�s�  �� �1� �2� �\�\� 

�|� �|� 
�{� �r�a�n�d�o�m� �|� 
�!� �s�w�i�t�c�h� 

�P�l�a�n�t� �Z� 

�M�o�d�e�l� �|� �F�i�l�t�e�r� �N� �5� 
�S�y� �y�r� � � � � � � � � � � 

� � 

�(�a�)� �T�h�e� �b�a�n�k �� �o�f� �K�a�l�m�a�n� �f�i�l�t�e�r�s�.� 

�a� �p�r�i�o�r�i� 
�i�n�f�o�r�m�a�t�i�o�n� 

�A�d�a�p�t�i�v�e� 
�1�,� �2�,�-�.�.�N�  � �� �>�"� �W�e�i�g�h�t�i�n�g� �j� 

 �� �\� �C�o�e�f�f�i�c�i�e�n�t� �P�,� �=�>� �1�,�2�,�.�.�.�N� �G�e�n�e�r�a�t�o�r� 
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�(�b�)� �T�h�e� �s�t�r�u�c�t�u�r�e� �o�f� �t�h�e� �a�d�a�p�t�i�v�e� �c�o�m�p�u�t�e�r�.� 

�F�i�g�u�r�e� �3�.�2�.�1� �T�h�e� �P�a�r�t�i�t�i�o�n�e�d� �A�d�a�p�t�i�v�e� �E�s�t�i�m�a�t�o�r� �S�t�r�u�c�t�u�r�e



�3�0� 

�a�p�p�r�o�a�c�h� �u�n�i�t�y�,� �t�h�u�s� �i�d�e�n�t�i�f�y�i�n�g� �t�h�e� �p�l�a�n�t� �c�o�n�f�i�g�u�r�a�t�i�o�n�.� 

�M�o�o�s�e� �e�x�t�e�n�d�e�d� �t�h�e� �P�A�E� �a�l�g�o�r�i�t�h�m� �t�o� �t�h�e� �s�w�i�t�c�h�e�d� �l�i�n�e�a�r� �p�l�a�n�t� �p�r�o�b�-� 

�l�e�m� �b�y� �i�n�c�o�r�p�o�r�a�t�i�n�g� �a� �s�t�a�t�i�s�t�i�c�a�l� �d�e�s�c�r�i�p�t�i�o�n� �o�f� �t�h�e� �p�l�a�n�t� �c�o�n�f�i�g�u�r�a�-� 

�t�i�o�n� �c�h�a�n�g�e�s� �i�n�t�o� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n� �o�f� �t�h�e� �w�e�i�g�h�t�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s� �[�M�-�2�]�.� 

�T�h�e� �n�e�t� �r�e�s�u�l�t� �i�s� �a�n� �i�d�e�n�t�i�f�i�c�a�t�i�o�n� �a�l�g�o�r�i�t�h�m� �t�h�a�t� �i�s� �s�e�n�s�i�t�i�z�e�d� �t�o� �t�h�e� 

�p�o�s�s�i�b�i�l�i�t�y� �t�h�a�t� �a� �c�o�n�f�i�g�u�r�a�t�i�o�n� �c�h�a�n�g�e� �c�a�n� �o�c�c�u�r�.� �F�o�r� �c�o�m�p�l�e�t�e�n�e�s�s�,� 

�t�h�e� �d�e�r�i�v�a�t�i�o�n� �o�f� �t�h�i�s� �m�e�t�h�o�d� �i�s� �s�y�n�o�p�s�i�z�e�d� �h�e�r�e�.� 

�G�i�v�e�n� �a� �s�w�i�t�c�h�e�d� �l�i�n�e�a�r� �p�l�a�n�t� �d�e�s�c�r�i�p�t�i�o�n�,� 

�x�(�k�t�+�1�)� �=� �x�(�k�)� �+� �¥�,�u�(�k�)� �+� �T� �w�k�)� 

�z�(�k�+�1�)� �=� �H�x�(�k�t�+�1�)� �+� �v�(�k�+�1�)� 

�o�e�{�9�)� �%�,� �0�)� 

�¥� �e�t�,� �¥�5� �a�e� 

�T�e�t�?�)� �r�,� �-�T� �(�3�.�2�.�1�)� 

�T�h�e� �s�y�s�t�e�m� �m�a�t�r�i�c�e�s� �s�w�i�t�c�h� �r�a�n�d�o�m�l�y� �a�m�o�n�g�s�t� �t�h�e� �M� �p�o�s�s�i�b�l�e� �p�l�a�n�t� �c�o�n�f�i�g�-� 

�u�r�a�t�i�o�n�s�.� 

�T�h�e� �o�p�t�i�m�a�l� �e�s�t�i�m�a�t�e� �o�f� �t�h�e� �s�t�a�t�e� �a�t� �t�i�m�e� �k�+�l� �i�s� 

�S�(�k�+�1�)� �=� �E�[�x�(�k�+�1�)�/�2�(�k�)�,� �z�(�k�t�1�)�]�,� �(�3�.�2�.�2�)� 

�R�(�k�+�1�)� �=� �f� �x� �p�[�x�(�k�+�l�)� �=� �x�/�R�(�k�)�,� �z�(�k�t�1�)� �]�d�x�.� �(�3�.�2�.�3�)� 
 ��_�O� 

�A�n�d� �u�s�i�n�g� �S�s�,� �(�k�)� �t�o� �r�e�p�r�e�s�e�n�t� �t�h�e� �y�e�h� �p�l�a�n�t� �c�o�n�f�i�g�u�r�a�t�i�o�n� �a�t� �t�i�m�e� �k�,� 

�N� 
�p�[�x�(�k�+�1�)�=�x�/�%�(�k�)�,� �z�(�k�t�1�)�}� �=� �5� �p�[�x�(�k�+�1�)�=�x�/�2�(�k�)�,� �z�(�k�+�t�1�)�,� �S�$�,� �(�k�+�1�)� �]�T�,� �(�k�+�1�)�,� 

�i�=�1� 
�(�3�.�2�.�4�)� 

�w�h�e�r�e� 

�I�,� �(�k�+�1�)� �=� �P�r�o�b�.� �{�s�,� �(�k�+�1�)� �/�2�(�k�)� �,� �z�(�k�t�+�1�)�}�.� �(�3�.�2�.�5�)� 

�T�h�e� �w�e�l�l� �k�n�o�w�n� �r�e�s�u�l�t� �t�h�a�t� �&�(�k�+�1�)� �i�s� �a� �w�e�i�g�h�t�e�d� �s�u�m� �o�f� �t�h�e� �i�n�d�i�v�i�d�u�a�l



�3�1� 

�p�a�r�a�m�e�t�e�r�-�c�o�n�d�i�t�i�o�n�e�d� �e�s�t�i�m�a�t�e�s� �i�s� �n�o�w� �f�o�r�t�h�c�o�m�i�n�g�.� �F�r�o�m� �(�3�.�2�.�2�)� �w�i�t�h� 

�e�x�p�r�e�s�s�i�o�n� �(�3�.�2�.�4�)� �u�s�e�d� �f�o�r� �t�h�e� �d�e�n�s�i�t�y� �f�u�n�c�t�i�o�n� 

�N� 
�R�C�k�K�+�1�)� �=� �=�F� �&�,� �C�K�+�1�)� �I�,� �(�k�+�l�)�,� �(�3�.�2�.�5�)� 

�i�=�1� �i� �i� 

�w�h�e�r�e� 

�&�,� �(�k�+�1�)� �=� �E�(�x�(�k�+�1�)�/�%�(�k�)�,� �z�(�k�t�1�)�,� �s�,� �(�k�t�)� �]�.� �(�3�.�2�.�7�)� 

�T�h�e� �k�e�y� �t�o� �(�3�.�2�.�5�)� �l�i�e�s� �i�n� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n� �o�f� �I�,� �(�+�1�)� �s�i�n�c�e� �&�,� �(�e�t�1�)� 

�c�a�n� �b�e� �o�b�t�a�i�n�e�d� �b�y� �t�h�e� �s�t�a�n�d�a�r�d� �K�a�l�m�a�n� �f�i�l�t�e�r� �a�l�g�o�r�i�t�h�m� �f�o�r� �i�=� �1�,� �2�,� 

�.�,� �N�.� �B�y� �B�a�y�e�s �� �r�u�l�e� 

�p�[�z�(�k�t�1�)�/�s�,� �(�k�+�l�)�,� �&�(�k�)� �]� �P�{�s�,� �(�k�+�l�)� �/�2�(�k�)� �}� 
�I�,� �(�k�t�1�)� �=� �,� �(�3�.�2�.�8�)� 

�p�[�z�(�k�t�1�)�/�2�(�k�)� �]� 
� � 

�®� 

�f�o�r� �e�a�c�h� �i�=� �1�,� �2�,� �.�.�.�,� �N�.� �S�i�n�c�e� �t�h�e� �d�e�n�o�m�i�n�a�t�o�r� �i�s� �n�o�t� �d�e�p�e�n�d�e�n�t� �o�n� �i�,� 

�t�h�e� �n�o�r�m�a�l�i�z�i�n�g� �c�a�n� �b�e� �d�o�n�e� �w�i�t�h�o�u�t� �c�a�l�c�u�l�a�t�i�n�g� �p�[�z�(�k�+�l�1�)�/�%�(�k�)�]� �t�h�r�o�u�g�h� 

�t�h�e� �r�e�l�a�t�i�o�n� 

�I�,�(�k�+�1�l�)� �f�o�r� �a�n�y� �k�.� �(�3�.�2�.�9�)� 
�i�=�l� �*� 

�T�h�e� �p�r�o�b�a�b�i�l�i�t�y� �d�e�n�s�i�t�y� �p�{�z�(�k�t�+�1�)�/�s�,� �(�k�+�l�)�,� �&�(�k�)�]� �i�s� �a�p�p�r�o�x�i�m�a�t�e�l�y� �n�o�r�m�a�l�l�y� 

�d�i�s�t�r�i�b�u�t�e�d� �a�n�d� �w�i�l�l� �b�e� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �a� �G�a�u�s�s�i�a�n� �d�e�n�s�i�t�y� �f�u�n�c�t�i�o�n� �w�h�o�s�e� 

�m�e�a�n� �a�n�d� �c�o�v�a�r�i�a�n�c�e� �a�r�e� �a�v�a�i�l�a�b�l�e� �f�r�o�m� �t�h�e� �p�a�r�a�m�e�t�e�r� �c�o�n�d�i�t�i�o�n�e�d� �K�a�l�m�a�n� 

�f�i�l�t�e�r� �a�l�g�o�r�i�t�h�m�.� �T�h�u�s�,� �s�e�p�a�r�a�t�e� �f�i�l�t�e�r�s� �a�r�e� �c�o�n�s�t�r�u�c�t�e�d�,� �o�n�e� �f�o�r� �e�a�c�h� 

�l�i�n�e�a�r�i�z�e�d� �r�e�g�i�o�n� �S�5�5� �1�=�1�,� �2�,� �.�.�.�,� �N�.� �T�h�e� �t�h� �f�i�l�t�e�r� �a�l�g�o�r�i�t�h�m� �i�s� 

�i�v�e�n� �b�y� �e�q�u�a�t�i�o�n�s� �(�3�.�2�.�1�0�)� �t�o� �(�3�.�2�.�1�3�)� �b�e�l�o�w� �[�M�-�4�]�.� 

�&�,� �(�e�t�l�)� �=� �2�,� �(�k�)� �+� �y�u�c�k�)� �+� �K�,� �(�k�t�1�)� �[�z� �(�k�t�1�)� �-� �H�,� �,�%�,� �(�x�)� �-� �H�¥�,�u�(�k�)�]�,� 

�(�3�.�2�.�1�0�)� 

�T� �T� 
�1� �=� �M�,� �(�k�t�h�)� �o�P�.� �(�k�)� �a�,� �+� �r�a�r�y�,� �(�3�.�2�.�1�1�)
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�_� �T� �T� �-�1� �>� 
�K�,� �(�c�t�l�)� �=� �M�,� �(�c�t�l�)� �H�,� �[�H�M� �(�k�t�+�1�)�H�,� �+�R�]� �7�,� �(�3�.�2�.�1�2�)� 

�P�,� �(�e�t�l�)� �=� �(�I� �-� �K�,� �(�k�t�+�1�)�H�,� �J�M�,� �(�k�+�l�)�,� �(�3�.�2�.�1�3�)� 

�w�h�e�r�e� �Q� �=� �E�[�w�(�k�)�w�"� �(�k�)� �]�,� �R�=� �E�(�v�(�k�)�v�!� �(�k�)�]�,� �a�n�d� �%�,� �(�0�)� �a�n�d� �P�,� �(�0�)� �a�r�e� �i�n�i�t�i�a�l� 

�c�o�n�d�i�t�i�o�n�s� �g�i�v�e�n� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �g�t�h� �m�o�d�e�l� �s�t�a�t�i�s�t�i�c�s�.� �U�s�i�n�g� �t�h�e� �a�b�b�r�e�-� 

�v�i�a�t�e�d� �n�o�t�a�t�i�o�n� �t�h�a�t� �f�o�r� �e�a�c�h� �i�=� �1�,� �2�,� �.�.�.�,� �N� 

�P�[�z�(�k�t�l�)�/�s�,� �(�k�+�l�)�,� �&�(�k�)�]� �=� �P� �(�2�C�k�t�1�)�)� �5� �(�3�.�2�.�1�4�)� 

�t�h�e�n�,� �f�r�o�m� �(�3�.�2�.�1�)� �a�n�d� �(�3�.�2�.�1�1�)� �t�h�e� �G�a�u�s�s�i�a�n� �d�e�n�s�i�t�y� �m�e�n�t�i�o�n�e�d� �a�b�o�v�e� �i�s� 

�1�.�T�,�,�-�1�l�.� �P�,� �(�2�)� �=� �D�,� �e�x�p�{�-� �3�2� �V�5� �z�h�,� �(�3�.�2�.�1�5�)� 

�w�h�e�r�e� �v�5� �=� �H�M�,� �(�+�1�)� �H�;� �+� �R� �a�n�d� �D�,� �i�s� �t�h�e� �a�p�p�r�o�p�r�i�a�t�e� �n�o�r�m�a�l�i�z�i�n�g� �c�o�n�-� 

�s�t�a�n�t� �f�o�r� �t�h�e� �d�e�n�s�i�t�y� �f�u�n�c�t�i�o�n�.� �T�h�e� �t�i�m�e� �d�e�p�e�n�d�e�n�c�e� �o�f� �Z� �i�n� �(�3�.�2�.�1�5�)� 

�w�a�s� �d�r�o�p�p�e�d� �t�o� �s�i�m�p�l�i�f�y� �t�h�e� �e�x�p�r�e�s�s�i�o�n�.� 

�F�i�n�a�l�l�y�,� �t�h�e� �n�u�m�e�r�a�t�o�r� �f�a�c�t�o�r� �P�{�s�,� �(�k�+�1�)�/�2�(�k�)� �}� �i�n� �(�3�.�2�.�8�)� �c�a�n� �b�e� �e�x�-� 

�p�a�n�d�e�d� �a�s� �f�o�l�l�o�w�s�:� 

�N� 
�P�{�s�,�(�k�t�1�)�/�&�(�k�)�}� �=� �a�a� �P�{�s�,� �(�k�t�l�)�/�s� �(�k�)�}�P�{�s�_� �(�k�)�/�R�(�k�-�1�)�,� �2�(�k�)�}�,� 

�"� �(�3�.�2�.�1�6�)� 

�w�h�e�r�e� �t�h�e� �c�o�n�d�i�t�i�o�n�i�n�g� �i�n�f�o�r�m�a�t�i�o�n� �&�(�k�)� �i�n� �t�h�e� �s�e�c�o�n�d� �f�a�c�t�o�r� �h�a�s� �b�e�e�n� 

�e�q�u�a�t�e�d� �t�o� �(�&�(�k�-�1�)�,� �z�(�k�)�)� �a�n�d� �t�h�e� �c�o�n�d�i�t�i�o�n�i�n�g� �o�n� �&�(�k�)� �i�n� �t�h�e� �f�i�r�s�t� �f�a�c�-� 

�t�o�r� �h�a�s� �b�e�e�n� �d�r�o�p�p�e�d� �b�e�c�a�u�s�e� �o�f� �i�t�s� �r�e�d�u�n�d�a�n�c�y� �w�i�t�h� �s� �6�%�)� �+� �T�h�u�s�,� �t�h�e� 

�f�i�r�s�t� �f�a�c�t�o�r�s� �o�f� �(�3�.�2�.�1�6�)� �r�e�p�r�e�s�e�n�t� �t�h�e� �s�e�m�i�-�M�a�r�k�o�v� �p�r�o�b�a�b�i�l�i�t�i�e�s� �o�f� �t�h�e� 

�p�l�a�n�t�'�s� �t�r�a�n�s�i�t�i�o�n�s�.� �T�h�e� �e�f�f�e�c�t� �o�f� �t�h�e�s�e� �t�r�a�n�s�i�t�i�o�n� �p�r�o�b�a�b�i�l�i�t�i�e�s� �w�i�l�l� 

�b�e� �d�i�s�c�u�s�s�e�d� �s�u�b�s�e�q�u�e�n�t�l�y� �i�n� �d�e�t�a�i�l�.� �T�h�e� �s�e�c�o�n�d� �f�a�c�t�o�r�s� �o�f� �(�3�.�2�.�1�6�)� 

�a�r�e� �t�h�e� �p�r�o�b�a�b�i�l�i�t�i�e�s� �T�s�)� �c�a�l�c�u�l�a�t�e�d� �a�t� �t�h�e� �p�r�e�v�i�o�u�s� �s�t�a�g�e� �f�o�r� �m�=� �1�,



�3�3� 

�2�,� �.�-�-�,� �N�.� 

�T�o� �s�u�m�m�a�r�i�z�e�,� �t�h�e� �a�d�a�p�t�i�v�e� �e�s�t�i�m�a�t�o�r� �d�e�s�c�r�i�b�e�d� �a�b�o�v�e� �c�o�n�s�i�s�t�s� �o�f� �a� 

�b�a�n�k� �o�f� �f�i�l�t�e�r�s� �a�n�d� �a� �s�e�p�a�r�a�t�e� �a�l�g�o�r�i�t�h�m� �w�h�i�c�h� �t�a�k�e�s� �i�n�p�u�t�s� �f�r�o�m� �t�h�e� 

�f�i�l�t�e�r�s� �t�o� �g�e�n�e�r�a�t�e� �t�h�e� �t�i�m�e�-�v�a�r�y�i�n�g� �p�r�o�b�a�b�i�l�i�t�i�e�s� �T�,� �C�k�)� �5� �i�=�l�,� �2�,� 

�N�.� �F�i�g�u�r�e� �3�.�2�.�2� �i�l�l�u�s�t�r�a�t�e�s� �t�h�e� �b�l�o�c�k� �d�i�a�g�r�a�m� �f�o�r� �t�h�e� �a�d�a�p�t�i�v�e� �e�s�t�i�m�a�-� 

�t�o�r�.� 

�T�h�e� �c�o�m�p�u�t�a�t�i�o�n�s� �f�o�r� �t�h�e� �p�r�o�b�a�b�i�l�i�t�i�e�s� �T�,� �(�k�)� �c�a�n� �b�e� �p�u�t� �i�n�t�o� �a� 

�m�o�r�e� �i�n�s�t�r�u�c�t�i�v�e� �r�e�c�u�r�s�i�v�e� �f�o�r�m� �a�s� �s�h�o�w�n� �i�n� �(�3�.�2�.�1�7�)�.� �F�r�o�m� �t�h�i�s� �s�t�r�u�c�-� 

�t�u�r�e� �t�h�e� �e�f�f�e�c�t� �o�f� �t�h�e� �t�r�a�n�s�i�t�i�o�n� �p�r�o�b�a�b�i�l�i�t�i�e�s� �O�5�4� �=� �P�{�s�,� �(�k�+�l�)� �/�s� �(�i�c�)� �}� 

�c�a�n� �b�e� �s�t�u�d�i�e�d�.� 

� � � � � � � � � � � � � � � � 

�i�T�,� �(�k�+�1�)� �|� �[�p�,� �(�2�(�k�+�1�)�)� �f�e�i�,� �8�,� �e�e� �O�y�]� �|� 

�(�c�t�)� �P�o� �(�2�(�k�+�1�)�)� �°� �8�1� �8�5�9� �t�e�s� �O�g�g� �|�|� �l�y� �C�k�)� 

�2� �|� �O�r�d� �-� �;� �:� �5� �|� �.� �:� �.� 

�y�e�r� �|� �P�y� �2�0�H�)� �|� �P�a� �B�o�n� �e�e�e� �P�r�a�s� �|� �E�v� �|� 

�(�3�.�2�.�1�7�)� 

�w�h�e�r�e� �p�,� �(�2�(�k�+�1�)�)� �=� �p�[�Z�(�k�t�+�1�)�/�s�,� �(�k�t�1�)�]� �a�n�d� �C�h�a�d� �i�s� �a� �n�o�r�m�a�l�i�z�i�n�g� �c�o�n�s�t�a�n�t� 

�c�a�l�c�u�l�a�t�e�d� �s�o� �t�h�a�t� �(�m�y�c�)� �©� �i�s� �a� �p�r�o�b�a�b�i�l�i�t�y� �s�e�t� �a�t� �e�a�c�h� �t�i�m�e� �k�.� 

�F�o�r� �a� �K�a�l�m�a�n� �f�i�l�t�e�r� �p�e�r�f�e�c�t�l�y� �m�a�t�c�h�e�d� �t�o� �a� �p�l�a�n�t� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� 

�r�e�s�i�d�u�a�l� �Z�(�k�+�1�)� �=� �z�(�k�+�1�)� �-� �H�[�$�&�(�k�)� �+� �T�u�(�k�)�]� �i�s� �a� �w�h�i�t�e�,� �z�e�r�o�-�m�e�a�n� �G�a�u�s�s�-� 

�i�a�n� �r�a�n�d�o�m� �s�e�q�u�e�n�c�e� �w�i�t�h� �c�o�v�a�r�i�a�n�c�e� �V� �=� �H� �M�(�k�+�1�)�H�?� �+� �R�,� �s�e�e� �(�3�.�2�.�1�1�)�.� 

�T�h�u�s�,� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �d�e�n�s�i�t�y� �f�u�n�c�t�i�o�n� �c�a�n� �b�e� �r�e�p�r�e�s�e�n�t�e�d� �a�s� �t�h�e� �s�c�a�l�a�r�-� 

�v�a�l�u�e�d� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �m�-�v�e�c�t�o�r� �Z�(�k�+�1�)� �b�y� 

�T� �p�(�z�)� �=�D� �e�x�p�{�-� �3� �v�i�t�s�t�,� �(�3�.�2�.�1�8�)
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�o�l�l�e�a�s�u�r�e�m�e�n�t�s� �_� 
�(�k�+�1�)� �-� �2� �|� �F�i�l�t�e�r� �1� �&�,� �(�+�1�)� �1�,� �(�k�+�1�)� 

�R�(�k�+�1�)� 

�F�i�l�t�e�r� �2� �&�,� �(�k�+�1�)� �~�-� �(�t�S� 

�P�l�a�n�t� 

�I�n�p�u�t�s� �(�|� �F�i�l�t�e�r� �N� �%�,�(�k�+�L�)� �M�y� �(�K�+�)� 
�O�-� �-� �4� 

�u�(�k�)� � � � � � � 

�R�e�s�i�d�u�a�l�s� �2�,� �(�k�+�1�)� �a�n�d� 

�E�r�r�o�r� �C�o�v�a�r�i�a�n�c�e� �M�a�t�r�i�c�e�s�  � �� �m�o�e� 

�P�,� �(�k�t�1�)� �C�|� 

�U�b� 

�C�=� �A�d�a�p�t�i�v�e� 
�S�e�m�i�-�M�a�r�k�o�v� �C�o�m�p�u�t�e�r� 

�P�a�r�a�m�e�t�e�r�s� 

� � � � � � � � � � � � � � �a
� 

� � � � � � � � 
� � � � 
� � � � � � 

� � 

�F�i�g�u�r�e� �3�.�2�.�2� �M�o�d�i�f�i�e�d� �P�a�r�t�i�t�i�o�n�e�d� �A�d�a�p�t�i�v�e� �E�s�t�i�m�a�t�o�r�,� 

�S�h�o�w�i�n�g� �S�e�m�i�-�M�a�r�k�o�v� �A�d�d�i�t�i�o�n�.



�3�5� 

�-�n� �l�i� 
�2� �2� �w�h�e�r�e� �D� �=� �(�2�m�)� �|�v�]� �t� �N�o�t�e� �t�h�a�t� �V�-� �i�s� �a�v�a�i�l�a�b�l�e� �f�r�o�m� �e�a�c�h� �s�e�p�a�r�a�t�e� 

�f�i�l�t�e�r� �a�l�g�o�r�i�t�h�m�,� �s�e�e� �(�3�.�2�.�1�2�)�.� 

�T�h�e� �p�a�r�a�m�e�t�e�r�s� �r�e� �r�e�p�r�e�s�e�n�t� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �t�h�e� �p�l�a�n�t�'�s� �c�h�a�n�g�-� 

�i�n�g� �f�r�o�m� �c�o�n�f�i�g�u�r�a�t�i�o�n� �S�s�,� �t�o� �c�o�n�f�i�g�u�r�a�t�i�o�n� �s�,� �d�u�r�i�n�g� �a� �s�a�m�p�l�e� �i�n�t�e�r�v�a�l�.� 

�T�h�e�s�e� �t�r�a�n�s�i�t�i�o�n� �p�r�o�b�a�b�i�l�i�t�i�e�s� �c�a�n� �b�e� �p�r�e�-�c�o�m�p�u�t�e�d� �e�x�a�c�t�l�y� �[�H�-�2�]� �i�f� �s�t�a�-� 

�t�i�s�t�i�c�a�l� �k�n�o�w�l�e�d�g�e� �i�s� �k�n�o�w�n� �c�o�n�c�e�r�n�i�n�g� �t�h�e� �c�h�a�n�g�e�s� �o�f� �c�o�n�f�i�g�u�r�a�t�i�o�n�.� 

�O�t�h�e�r�w�i�s�e�,� �t�h�e� �8�4�5� �m�a�y� �b�e� �a�d�j�u�s�t�e�d� �t�o� �a�c�h�i�e�v�e� �t�h�e� �d�e�s�i�r�e�d� �d�e�g�r�e�e� �o�f� �f�i�l�-� 

�t�e�r�i�n�g� �a�n�d� �s�p�e�e�d� �o�f� �l�e�a�r�n�i�n�g� �i�n� �a�n� �e�m�p�i�r�i�c�a�l� �m�a�n�n�e�r� �a�s� �s�u�g�g�e�s�t�e�d� �b�y� �t�h�e� 

�f�o�l�l�o�w�i�n�g� �a�n�a�l�y�s�i�s�.� 

�E�q�u�a�t�i�o�n� �(�3�.�2�.�1�7�)� �c�a�n� �b�e� �v�i�e�w�e�d� �a�s� �a� �d�i�s�c�r�e�t�e�-�t�i�m�e� �f�i�l�t�e�r� �w�h�e�r�e� �t�h�e� 

�c�o�e�f�f�i�c�i�e�n�t�s� �8�5� �p�r�o�v�i�d�e� �t�h�e� �c�o�u�p�l�i�n�g� �f�r�o�m� �o�n�e� �t�i�m�e� �s�t�e�p� �t�o� �a�n�o�t�h�e�r�.� 

�F�r�o�m� �(�3�.�2�.�1�7�)� 

�H�,� �(�k�+�l�)� �=� �[�c� �(�k�)� �I�p�,� �(�2�(�k�#�1�)�)�,� �(�3�.�2�.�1�9�)� 
�N� 

�k�t� �8�.� �,�f�l� 
�j�e�r� �J�t� �J� 

�f�o�r� �i�=�1�,� �2�,� �.�.�.�,� �N�.� �I�n� �g�e�n�e�r�a�l�,� �t�h�e� �t�i�m�e�-�v�a�r�y�i�n�g� �p�r�o�b�a�b�i�l�i�t�i�e�s� �I�,� �(�k�)� 

�w�i�l�l� �l�a�g� �t�h�e� �d�e�n�s�i�t�y� �v�a�l�u�e�s� �p�,� �(�2�)�.� �T�h�e� �e�x�t�e�n�t� �t�o� �w�h�i�c�h� �t�h�i�s� �i�s� �t�r�u�e� �i�s� 

�d�e�m�o�n�s�t�r�a�t�e�d� �b�y� �c�o�n�s�i�d�e�r�i�n�g� �t�w�o� �l�i�m�i�t�i�n�g� �c�a�s�e�s�,� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �n�o� �a� 

�p�r�i�o�r�i� �k�n�o�w�l�e�d�g�e� �a�n�d� �t�o� �t�o�t�a�l� �a� �p�r�i�o�r�i� �k�n�o�w�l�e�d�g�e�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �C�a�s�e� �1�:� 

�4�3� �=�a� �i�.�i� �=� �1�,� �2�,� �.�.�.�,� �N�.� �F�r�o�m� �(�3�.�2�.�1�9�)� 

�=� �i� �>� �I�,� �(�+�1�)� �=� �[�C�h�a�y� �y�p�,� �(�2�0�1�)�,� �(�3�.�2�.�2�0�)� 

�f�o�r� �i�=�i�1�,� �2�,� �.�.�.�,� �N�.� �I�n� �o�t�h�e�r� �w�o�r�d�s�,� �t�h�e� �r�a�w� �d�e�n�s�i�t�y� �v�a�l�u�e�s� �a�r�e� �n�o�r�m�-� 

�a�l�i�z�e�d� �t�o� �b�e� �t�h�e� �u�p�d�a�t�e�d� �p�r�o�b�a�b�i�l�i�t�i�e�s�.� �T�h�u�s�,� �(�3�.�2�.�2�0�)� �p�r�o�v�i�d�e�s� �n�o� �a�d�-� 

�d�i�t�i�o�n�a�l� �"�f�i�l�t�e�r�i�n�g�"� �a�n�d� �t�h�e� �v�a�r�i�a�t�i�o�n�s� �o�f� �t�h�e� �I�,� �(�k�)� �w�i�l�l� �a�p�p�e�a�r� �t�o� �b�e� 

�v�e�r�y� �n�o�i�s�y�.� �A�t� �t�h�e� �s�a�m�e� �t�i�m�e�,� �h�o�w�e�v�e�r�,� �t�h�e� �r�e�s�p�o�n�s�e� �t�i�m�e� �f�o�r� �d�e�t�e�c�t�i�n�g� 

�c�h�a�n�g�e�s� �i�n� �c�o�n�f�i�g�u�r�a�t�i�o�n� �w�i�l�l� �b�e� �m�i�n�i�m�a�l�.� �N�o�w� �c�o�n�s�i�d�e�r� �a� �s�e�c�o�n�d� �e�x�t�r�e�m�e



�3�6� 

�w�h�e�r�e� �t�h�e� �o�f�f�-�d�i�a�g�o�n�a�l� �t�e�r�m�s� �o�f� �t�h�e� �@�-�m�a�t�r�i�x� �a�r�e� �z�e�r�o�.� 

�1�,� �i�=� �j� 
�C�a�s�e� �2�:� �y�e�}� �o�e� 

�0�,� �i�#� �3�;� �i�,�j� �=� �1�,� �2�,� �.�.�.�,� �N�.� 

�A�g�a�i�n�,� �f�r�o�m� �(�3�.�2�.�1�9�)� 

�T�,� �(�k�+�1�)� �=� �[�C�,� �1�7�,� �C�s�)� �I�p�,� �(�2�C�k�+�1�)�)�,� �(�3�.�2�.�2�1�)� 

�f�o�r� �i�=�i�1�,� �2�,� �.�.�.�,� �N�.� �I�n� �t�h�i�s� �c�a�s�e� �t�h�e� �1�,� �w�i�l�l� �t�e�n�d� �t�o� �l�a�g� �t�h�e� �i�n�d�i�c�a�-� 

�t�i�o�n�s� �p�r�o�v�i�d�e�d� �b�y� �t�h�e� �p�,� �(�2�)�.� �A�s� �a�n� �e�x�t�r�e�m�e� �c�o�n�d�i�t�i�o�n�,� �w�i�t�h� �I�,� �=� �1� �a�n�d� 

�T�,� �=� �0� �f�o�r� �i� �#�1� �a�t� �s�o�m�e� �t�i�m�e�,� �t�h�e�r�e� �i�s� �n�o� �r�e�s�p�o�n�s�e� �t�o� �t�h�e� �r�e�s�i�d�u�a�l� �d�e�n�-� 

�s�i�t�i�e�s�.� �T�h�i�s� �t�o�t�a�l� �f�i�l�t�e�r�i�n�g� �c�o�n�d�i�t�i�o�n� �i�s� �i�n�t�u�i�t�i�v�e�l�y� �s�a�t�i�s�f�y�i�n�g� �b�a�s�e�d� 

�u�p�o�n� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �o�f� �t�o�t�a�l� �a� �p�r�i�o�r�i� �k�n�o�w�l�e�d�g�e�.� �I�n� �p�r�a�c�t�i�c�e�,� �t�h�e�r�e� �i�s� 

�n�e�v�e�r� �t�o�t�a�l� �c�e�r�t�a�i�n�t�y� �a�b�o�u�t� �t�h�e� �p�l�a�n�t� �c�o�n�f�i�g�u�r�a�t�i�o�n� �a�n�d� �i�f� �e�.�g�.� �I�,� �=� �1� 

�w�i�t�h� �T�,� �=� �1�0�°�7�9� �w�h�e�n� �a� �c�o�n�f�i�g�u�r�a�t�i�o�n� �c�h�a�n�g�e� �i�s� �m�a�d�e� �f�r�o�m� �S�,� �t�o� �S�5�>� �t�h�e�n� 

�f�r�o�m� �(�3�.�2�.�2�1�)� �a�q� �b�e�g�i�n�s� �t�o� �i�n�c�r�e�a�s�e� �(�s�i�n�c�e� �P�,� �>� �P�;�)�-� �H�o�w�e�v�e�r�,� �b�e�c�a�u�s�e� 

�q�,� �w�a�s� �i�n�i�t�i�a�l�l�y� �s�o� �s�m�a�l�l�,� �a� �n�u�m�b�e�r� �o�f� �i�t�e�r�a�t�i�o�n�s� �i�s� �r�e�q�u�i�r�e�d� �b�e�f�o�r�e� �q�,� 

�>� �I�s� �t�h�u�s� �i�n�d�i�c�a�t�i�n�g� �t�h�a�t� �a� �t�r�a�n�s�i�t�i�o�n� �h�a�s�,� �i�n� �f�a�c�t�,� �o�c�c�u�r�r�e�d�.� �T�h�i�s� 

�d�e�l�a�y� �i�s� �r�e�f�e�r�r�e�d� �t�o� �a�s� �t�h�e� �l�e�a�r�n�i�n�g� �t�i�m�e� �o�f� �t�h�e� �a�d�a�p�t�i�v�e� �e�s�t�i�m�a�t�o�r�.� 

�T�h�e� �t�w�o� �e�x�t�r�e�m�e� �c�a�s�e�s� �j�u�s�t� �c�o�n�s�i�d�e�r�e�d� �p�r�o�v�i�d�e� �s�o�m�e� �i�n�s�i�g�h�t� �i�n�t�o� �t�h�e� 

�l�e�a�r�n�i�n�g� �m�e�c�h�a�n�i�s�m�;� �b�u�t�,� �i�n� �g�e�n�e�r�a�l�,� �t�h�e� �O�4�4� �v�a�l�u�e�s� �w�i�l�l� �b�e� �c�h�o�s�e�n� �b�e�-� 

�t�w�e�e�n� �t�h�e�s�e� �l�i�m�i�t�i�n�g� �c�a�s�e�s�.� �I�t� �h�a�s� �b�e�e�n� �f�o�u�n�d� �e�m�p�i�r�i�c�a�l�l�y� �t�h�a�t� �a� �u�s�e�f�u�l� 

�f�o�r�m� �f�o�r� �t�h�e� �6� �m�a�t�r�i�x� �i�s� �t�o� �m�a�k�e� �t�h�e� �d�i�a�g�o�n�a�l� �t�e�r�m�s� �e�q�u�a�l� �a�n�d� �c�l�o�s�e� �t�o� 

�u�n�i�t�y� �a�n�d� �t�h�e� �o�f�f�~�d�i�a�g�o�n�a�l� �t�e�r�m�s� �e�q�u�a�l� �a�n�d� �s�m�a�l�l�.� �T�h�e� �o�f�f�-�d�i�a�g�o�n�a�l� 

�t�e�r�m�s�,� �a�l�t�h�o�u�g�h� �s�m�a�l�l�,� �a�r�e� �c�r�i�t�i�c�a�l� �i�n� �d�e�t�e�r�m�i�n�i�n�g� �t�h�e� �l�e�a�r�n�i�n�g� �t�i�m�e�.� 

�T�h�e�y� �a�c�t� �a�s� �a�n� �i�n�f�l�u�e�n�c�e� �o�n� �t�h�e� �l�o�w�e�r� �l�i�m�i�t�s� �t�o� �w�h�i�c�h� �t�h�e� �p�r�o�b�a�b�i�l�i�t�i�e�s� 

�c�a�n� �d�r�o�p�.� �T�h�i�s� �c�a�n� �b�e� �s�e�e�n� �f�r�o�m� �(�3�.�2�.�1�9�)� �b�y� �a�s�s�u�m�i�n�g� �t�h�a�t� �t�h�e� �p�l�a�n�t� �i�s� 

�h�o�l�d�i�n�g� �i�n� �c�o�n�f�i�g�u�r�a�t�i�o�n� �s�,� �(�t�h�u�s�,� �P�,� �>� �P�y� �a�n�d� �I�,� �=� �1�,� �a�n�d� �n�o�t�i�n�g� �t�h�a�t



�3�7� 

�P�.� 
�L�e�g� �p�h� �z�g�.� �«�e�f� �:�_� �2�S� 

�0�.�.�p�.� �L�i� �i�p�,� 
�4�3�°�3�4� �J� �J� �P�s� 

� � 

�I�,� �(�c�t�1�)� �2� �(�3�.�2�.�2�2�)� 

�w�h�e�r�e� �P�s� �i�s� �c�o�n�s�i�s�t�e�n�t�l�y� �s�m�a�l�l�.� �H�e�n�c�e�f�o�r�t�h�,� �I�.� �w�i�l�l� �r�e�m�a�i�n� �a�t� �t�h�i�s� �s�m�a�l�l� 

�v�a�l�u�e� �u�n�t�i�l� �t�h�e� �p�l�a�n�t� �c�h�a�n�g�e�s� �t�o� �a� �n�e�w� �c�o�n�f�i�g�u�r�a�t�i�o�n�.� 

�W�h�e�n� �c�h�o�o�s�i�n�g� �t�h�e� �9�4�5� �p�a�r�a�m�e�t�e�r�s�,� �a� �c�o�m�p�r�o�m�i�s�e� �m�u�s�t� �b�e� �m�a�d�e� �b�e�t�w�e�e�n� 

�e�s�t�i�m�a�t�o�r� �r�e�s�p�o�n�s�i�v�e�n�e�s�s� �a�n�d� �n�o�i�s�e� �i�m�m�u�n�i�t�y�.� �T�h�e� �s�m�a�l�l�e�r� �t�h�e� �o�f�f�-�d�i�a�g�o�n�-� 

�a�l� �t�e�r�m�s�,� �t�h�e� �l�o�n�g�e�r� �t�h�e� �l�e�a�r�n�i�n�g� �t�i�m�e�,� �b�u�t� �t�h�e� �l�e�s�s� �l�i�k�e�l�i�h�o�o�d� �o�f� �f�a�l�s�e� 

�i�d�e�n�t�i�f�i�c�a�t�i�o�n�.� 

�A� �p�r�o�g�r�a�m� �w�a�s� �w�r�i�t�t�e�n� �t�o� �q�u�a�n�t�i�t�a�t�i�v�e�l�y� �e�x�a�m�i�n�e� �t�h�e� �e�f�f�e�c�t� �o�f� �t�h�e� 

�s�e�m�i�-�M�a�r�k�o�v� �m�a�t�r�i�x� �o�n� �l�e�a�r�n�i�n�g� �t�i�m�e�.� �T�h�e� �r�e�s�u�l�t�s� �a�r�e� �s�u�m�m�a�r�i�z�e�d� �b�e�l�o�w�.� 

�E�x�a�m�p�l�e� �3�-�1� 

�V�e�r�i�f�i�c�a�t�i�o�n� �t�h�a�t� �o�f�f�-�d�i�a�g�o�n�a�l� �t�e�r�m�s� �b�e�i�n�g� �z�e�r�o� �w�i�l�l� �c�a�u�s�e� �q�l�,� �t�o� 

�a�p�p�r�o�a�c�h� �z�e�r�o� �f�o�r� �a�l�l� �b�u�t� �o�n�e� �p�r�o�b�a�b�i�l�i�t�y�.� �G�i�v�e�n�,� 

�-�2� �1� 
�1�0� �3� 

�~� �-�3� �1� 
�9� �=� �I�;� �p� �(�2�,� �)� �=� �1�1�0� �f�o�r� �a�l�l� �k�;� �1�(�Q�)� �=� �5� 

�-�5� �1� 
�1�0� �3� 

�T�a�b�l�e� �3�.�2�.�l�a� �g�i�v�e�s� �1�,� �(�k�)� �f�o�r� �t�h�e� �t�h�r�e�e� �c�o�n�f�i�g�u�r�a�t�i�o�n�s�.� �A�s� �e�x�p�e�c�t�e�d�,� �T�y� 

�r�a�p�i�d�l�y� �a�p�p�r�o�a�c�h�e�s� �u�n�i�t�y� �w�h�e�r�e�a�s� �I�L�,� �a�n�d� �I�,� �b�e�c�o�m�e� �a�s�y�m�p�t�o�t�i�c�a�l�l�y� �s�m�a�l�l�,� 

�w�i�t�h� �q�,� �a�p�p�r�o�a�c�h�i�n�g� �z�e�r�o� �f�a�s�t�e�r�.� 

�E�x�a�m�p�l�e� �3�-�2� 

�V�e�r�i�f�i�c�a�t�i�o�n� �t�h�a�t� �n�o�n�-�z�e�r�o� �o�f�f�-�d�i�a�g�o�n�a�l� �t�e�r�m�s� �w�i�l�l� �l�e�a�d� �t�o� �s�t�e�a�d�y� 

�s�t�a�t�e� �v�a�l�u�e�s� �f�o�r� �I�I�.� �G�i�v�e�n�,� 

�"�9�8� �O�l� �=�.� �O�L� �1�0�7�2� �4� 

�@�=�|�.�0�1� �.�9�8� �0�1�]�;� �p�(�2�,�)� �=� �1�0�-�2�]� �f�o�r� �a�l�l� �k�;� �1�(�0�)� �=� �+� 

�.�O�l� �.�O�1� �.�9�8� �1�0�7�>� �5



�3�8� 

�T�a�b�l�e� �3�.�2�.�1� �T�i�m�e�-�V�a�r�y�i�n�g� �W�e�i�g�h�t�i�n�g� �C�o�e�f�f�i�c�i�e�n�t�s� 
�F�o�r� �D�i�f�f�e�r�e�n�t� �S�e�m�i�-�M�a�r�k�o�v� �M�a�t�r�i�c�e�s� 

� � 

� � 

�(�a�)� �8� �=� �I�;� �w�e�i�g�h�t�s� �a�p�p�r�o�a�c�h� �z�e�r�o�.� 

�T�i�m�e� �T�y� �q�,� �I�,� 

�1� �3�.�3�3�3�E�-�0�1� �3�.�3�3�3�E�-�0�1� �3�.�3�3�3�E�-�0�1� 
�2� �9�.�0�8�3�E�-�0�1� �9�.�0�8�3�E�-�0�2� �9�.�0�8�3�E�-�0�4� 
�3� �9�.�9�0�1�E�-�0�1� �9�.�9�0�1�E�-�0�3� �9�.�9�0�1�E�-�1�7� 
�4� �9�.�9�9�0�E�-�0�1� �9�.�9�9�0�E�-�0�4� �9�.�9�9�0�E�-�1�0� 
�5� �9�.�9�9�9�E�-�0�1� �9�.�9�9�9�E�-�0�5� �9�.�9�9�9�E�-�1�3� 
�6� �1�.�0�0�0�E� �0�0� �1�.�0�0�0�E�-�0�5� �1�.�0�0�0�E�-�1�5� 
�7� �1�.�0�0�0�E� �0�0� �1�.�0�0�0�E�-�0�6� �1�.�0�0�0�E�-�1�8� 
�8� �1�.�0�0�0�E� �0�0� �1�.�0�0�0�E�-�0�7� �1�.�0�0�0�E�-�2�1� 
�9� �1�L�.�Q�0�0�E� �0�0� �1�.�0�0�0�E�-�0�8� �1�.�0�0�0�E�-�2�4� 

�1�0� �1�.�0�0�0�E� �0�0� �1�.�0�0�0�E�-�0�9� �1�.�0�0�0�E�-�2�7� 
�i�l� �1�.�0�0�0�E� �0�0� �1�.�0�0�0�E�-�1�0� �1�.�0�0�0�E�-�3�0� 
�1�2� �1�.�0�0�0�E� �0�0� �1�.�0�0�0�E�-�1�1� �1�.�0�0�0�E�-�3�3� 
�1�3� �1�.�0�0�0�E� �0�0� �1�.�0�0�0�E�-�1�2� �1�.�0�0�0�E�-�3�6� 
�1�4� �1�.�0�0�0�E� �0�0� �1�.�0�0�0�E�-�1�3� �1�.�0�0�0�E�-�3�9� 
�1�5� �1�.�0�0�0�E� �0�0� �1�.�0�0�0�E�-�1�4� �1�.�0�0�0�E�-�4�2� 
�1�6� �1�.�0�0�0�E� �0�0� �1�.�0�0�0�E�-�1�5� �1�.�0�0�0�E�-�4�5� 
�1�7� �1�.�0�0�0�E� �0�0� �1�.�0�0�0�E�-�1�6� �1�.�0�0�0�E�-�4�8� 
�1�8� �1�.�0�0�0�E� �0�0� �1�.�0�0�0�E�-�1�7� �1�.�0�0�0�E�-�5�1� 
�1�9� �1�.�0�0�0�E� �0�0� �1�.�0�0�0�E�-�1�8� �1�.�0�0�0�E�-�5�4� 
�2�0� �1�.�0�0�0�E� �0�0� �1�.�0�0�0�E�-�1�9� �1�.�0�0�0�E�-�5�7� 
�2�1� �1�.�0�0�0�E� �0�0� �1�.�0�0�0�E�-�2�0� �1�.�0�0�0�E�-�6�0� 
�2�2� �1�.�0�0�0�E� �0�0� �1�.�0�0�0�E�-�2�1� �1�.�0�0�0�E�-�6�3� 
�2�3� �1�.�0�0�0�E� �0�0� �1�.�0�0�0�E�~�2�2� �1�.�0�0�0�E�-�6�6� 
�2�4� �1�.�0�0�0�E� �0�0� �1�.�0�0�0�E�~�2�3� �1�.�0�0�0�E�-�6�9� 
�2�5� �1�.�0�0�0�E� �0�0� �1�.�0�0�0�E�-�2�4� �1�.�0�0�0�E�-�7�2� 

�(�b�)� �O�f�f�-�d�i�a�g�o�n�a�l� �8�4�5� �=� �.�0�1�;� �w�e�i�g�h�t�s� �h�a�v�e� �l�o�w�e�r� �b�o�u�n�d�s�.� 

�T�i�m�e� �T�y� �I�,� �I�,� 

�1� �3�.�3�3�3�E�-�0�1� �3�.�3�3�3�E�-�0�1� �3�.�3�3�3�E�-�0�1� 
�2� �9�.�0�8�3�E�-�0�1� �9�.�0�8�3�E�-�0�2� �9�.�0�8�3�E�-�0�4� 
�3� �9�.�8�9�1�E�-�0�1� �1�.�0�8�9�E�-�0�2� �1�.�2�0�8�E�-�0�5� 
�4� �9�.�9�7�9�E�-�0�O�1� �2�.�1�1�7�E�-�0�3� �1�.�0�3�1�E�-�0�5� 
�5� �9�.�9�8�8�E�-�0�1� �1�.�2�3�1�E�-�0�3� �1�.�0�2�2�E�-�0�5� 
�6� �9�.�9�8�8�E�-�0�1� �1�.�1�4�2�E�-�0�3� �1�.�0�2�1�E�-�0�5� 
�7� �9�.�9�8�9�E�-�0�1� �1�.�1�3�3�E�-�0�3� �1�.�0�2�1�E�-�0�5� 
�8� �9�.�9�8�9�E�-�0�1� �1�.�1�3�3�E�-�0�3� �1�.�0�2�1�E�-�0�5� 
�9� �9�.�9�8�9�E�-�0�1� �1�.�1�3�2�E�-�0�3� �1�.�0�2�1�E�-�0�5� 

�1�0� �9�.�9�8�9�E�-�0�1� �1�.�1�3�2�E�-�0�3� �1�.�0�2�1�E�-�0�5



�3�9� 

�T�a�b�l�e� �3�.�2�.�1�b� �v�e�r�i�f�i�e�s� �e�q�u�a�t�i�o�n� �(�3�.�2�.�2�2�)�,� �i�.�e�.� �1�,� �r�e�a�c�h�e�s� �a� �s�t�e�a�d�y� �s�t�a�t�e� 

�v�a�l�u�e� �o�f� 

�-�3� �T�y� �*� �8�,�5�P�y�(�2�)�/�p�,�(�2�)� �=� �(�.�0�1�)� �(�1�0�7�°�)� �/�1�0�7�*� �=� �1�0� 

�E�x�a�m�p�l�e� �3�-�3� 

�V�e�r�i�f�i�c�a�t�i�o�n� �t�h�a�t� �l�e�a�r�n�i�n�g� �t�i�m�e� �d�e�p�e�n�d�s� �o�n� �o�f�f�-�d�i�a�g�o�n�a�l� �e�n�t�r�i�e�s�.� 

�G�i�v�e�n�,� 

�9�9�8� �.�0�0�1� �.�0�0�1� �1�0�°�?� �1�0� �2�7�°� 

�@�=� �1�.�0�0�1� �.�9�9�8� �.�0�0�1�/�;� �p�(�z�)� �=� �|�1�0�°�°�|�;� �m�(�o�)� �=� �|� �1� 

�.�0�0�1� �.�0�0�1� �.�9�9�8� �1�0�°�?� �1�0�7� �2�°� 

�T�a�b�l�e� �3�.�2�.�2�a� �s�h�o�w�s� �t�h�a�t� �9� �i�t�e�r�a�t�i�o�n�s� �a�r�e� �r�e�q�u�i�r�e�d� �f�o�r� �T�L� �t�o� �c�h�a�n�g�e� �f�r�o�m� 

�1�0�°�2�9� �t�o� �a�p�p�r�o�x�i�m�a�t�e�l�y� �u�n�i�t�y�.� �F�o�r� 

�1� �1�0�1�9� �4�9�°�4�9� 

�a�=� �i�1�0�1� �4� �1�0�°�1�9� 

�1�0�9� �i�g� �t�?�®� �3� 

�1�6� �i�t�e�r�a�t�i�o�n�s� �a�r�e� �r�e�q�u�i�r�e�d� �a�s� �s�h�o�w�n� �i�n� �T�a�b�l�e� �3�.�2�.�2�b�.� �F�o�r� �a� �g�r�e�a�t�e�r� �d�i�f�f�-� 

�e�r�e�n�c�e� �i�n� �p�r�o�b�a�b�i�l�i�t�y� �d�e�n�s�i�t�y� �v�a�l�u�e�s�,� �t�h�e� �l�e�a�r�n�i�n�g� �t�i�m�e� �d�e�c�r�e�a�s�e�s�,� �a�s� 

�s�h�o�w�n� �i�n� �T�a�b�l�e� �3�.�2�.�2�c�.� 

�T�h�e� �P�A�E� �a�l�g�o�r�i�t�h�m� �w�i�t�h� �t�h�e� �a�d�d�i�t�i�o�n�a�l� �s�e�m�i�-�M�a�r�k�o�v� �i�n�g�r�e�d�i�e�n�t� �h�a�s� 

�b�e�e�n� �s�h�o�w�n� �t�o� �g�i�v�e� �g�o�o�d� �t�r�a�c�k�i�n�g� �p�e�r�f�o�r�m�a�n�c�e� �f�o�r� �p�l�a�n�t�s� �h�a�v�i�n�g� �c�o�n�f�i�g�u�-� 

�r�a�t�i�o�n� �c�h�a�n�g�e�s� �t�h�a�t� �o�c�c�u�r� �a�t� �a� �r�a�t�e� �t�h�a�t� �i�s� �l�o�w� �w�h�e�n� �c�o�m�p�a�r�e�d� �t�o� �t�h�e� 

�a�c�t�u�a�l� �p�l�a�n�t� �d�y�n�a�m�i�c�s� �[�M�-�2�]�[�M�-�5�]�.� �A� �l�a�r�g�e� �n�u�m�b�e�r� �o�f� �p�h�y�s�i�c�a�l� �s�i�t�u�a�t�i�o�n�s� 

�f�a�l�l� �i�n� �t�h�i�s� �c�a�t�e�g�o�r�y�.� �F�o�r� �e�x�a�m�p�l�e�,� �a�n� �a�i�r�c�r�a�f�t� �u�n�d�e�r�g�o�i�n�g� �a� �c�h�a�n�g�e� �i�n� 

�d�y�n�a�m�i�c�s� �d�u�e� �t�o�,� �s�a�y�,� �a� �c�h�a�n�g�e� �i�n� �a�l�t�i�t�u�d�e�.� �H�o�w�e�v�e�r�,� �f�o�r� �p�l�a�n�t�s� �h�a�v�i�n�g� 

�r�a�p�i�d� �c�o�n�f�i�g�u�r�a�t�i�o�n� �c�h�a�n�g�e�s�,� �t�h�e� �m�e�t�h�o�d� �w�i�l�l� �g�i�v�e� �p�o�o�r� �r�e�s�u�l�t�s�.� �T�h�i�s� �i�s� 

�t�h�e� �s�u�b�j�e�c�t� �o�f� �t�h�e� �n�e�x�t� �s�e�c�t�i�o�n�.



�4�0� 

�S�e�m�i�~�M�a�r�k�o�y� �M�a�t�r�i�c�e�s� �a�n�d� �D�i�f�f�e�r�e�n�t� �p�(�Z�)�.� 
�T�a�b�l�e� �3�.�2�.�2� �T�i�m�e�-�V�a�r�y�i�n�g� �W�e�i�g�h�t�i�n�g� �C�o�e�f�f�i�c�i�e�n�t�s� �f�o�r� �D�i�f�f�e�r�e�n�t� 

� � 

� � 

� � 

� � 

� � 

� � 

� � 

� � 

�(�a�)� �O�f�f�-�d�i�a�g�o�n�a�l� �6�,�,� �=� �.�0�0�1�;� �o�i�(�z�)� �=� �[�1�0�7� �1�0�7�2� �1�0�7�°�}�.� 
�T�i�m�e� �i�y� �I�,� �I�,� 

�1� �1�.�0�0�0�E�-�2�0� �1�.�0�0�0�E� �0�0� �1�.�0�0�0�E�-�2�0� 
�2� �9�.�9�1�1�E�-�0�3� �9�.�8�9�1�E�-�0�1� �9�.�9�1�1�E�-�0�4� 
�3� �9�.�9�1�1�E�-�0�2� �8�.�9�9�1�E�-�0�1� �1�.�8�1�1�E�-�0�3� 
�4� �5�.�2�5�8�E�-�0�1� �4�,�.�7�2�7�E�-�O�0�1� �1�.�4�7�8�E�-�0�3� 
�5� �9�.�1�7�1�E�-�0�1� �8�.�2�4�7�E�~�-�0�2� �4�.�3�1�9�E�~�-�0�4� 
�6� �9�.�9�0�8�E�-�0�1� �9�.�0�0�9�E�-�0�3� �1�.�5�4�9�E�-�0�4� 
�7� �9�.�9�8�9�E�-�0�1� �1�.�0�0�8�E�-�0�3� �1�.�1�6�6�E�-�0�4� 
�8� �9�.�9�9�7�E�-�0�1� �2�.�O�0�1�L�1�L�E�-�0�4� �1�.�1�1�9�E�-�0�4� 
�9� �9�.�9�9�8�E�-�O�1� �1�.� �2�0�3�E�-�0�4� �1�.�1�1�4�E�-�0�4� 

�1�0� �9�.�9�9�8�E�-�0�1� �1�.�1�2�2�E�-�0�4� �1�.�1�1�3�E�-�0�4� 
�1�1� �9�.�9�9�8�E�-�0�1� �1�.�1�1�4�E�-�0�4� �1�.�1�1�3�E�-�0�4� 
�1�2� �9�.�9�9�8�E�-�0�1� �1�.�1�1�3�E�-�0�4� �1�.�1�1�3�E�-�0�4� 

�(�b�)� �O�f�f�-�d�i�a�g�o�n�a�l� �F�e� �=� �1�0�°�1�9�,� �p�t� �(�z�)� �o�f� �P�a�r�t� �(�a�)�.� 

�T�i�m�e� �T�y� �I�,� �I�,� 

�1� �1�.�0�0�0�E�-�2�0� �1�.�0�0�0�E� �0�0� �1�.�0�0�0�E�-�2�0� 
�2� �1�.�0�0�0�E�-�0�9� �1�.�0�0�0�E� �0�0� �1�.�0�0�0�E�-�1�0� 
�3� �1�.�1�0�0�E�-�0�8� �1�.�0�0�0�E� �0�0� �2�.�0�0�0�E�-�1�0� 
�4� �1�.�1�1�0�Q�E�-�0�7� �1�.�0�0�0�E� �0�0� �3�.�Q�0�0�0�E�-�1�0� 
�5� �1�.�1�1�1�E�-�0�6� �1�.�0�0�0�E� �0�0� �4�.�0�0�0�E�-�1�0� 
�6� �1�.�1�1�1�E�-�0�5� �1�.�0�0�0�E� �0�0� �5�.� �0�0�0�E�-�1�0� 
�7� �1�.�1�1�1�E�-�0�4� �9�.�9�9�9�E�-�0�O�1� �5�.�9�9�9�E�-�1�0� 
�8� �-�1�.�,�1�L�L�O�E�-�0�3� �9�.�9�8�9�E�-�0�1� �6�.�9�9�2�E�-�1�0� 
�9� �1�.�0�9�9�E�-�0�2� �9�.�8�9�0�E�-�0�1� �7�.�9�1�3�E�-�1�0� 

�1�0� �1�.�0�0�0�E�-�0�1� �9�.�0�0�0�E�-�0�1� �8�.�1�1�1�E�-�1�0� 
�1�1� �5�.�2�6�3�E�-�0�1� �4�.�7�3�7�E�-�0�1� �4�,�.�7�9�5�E�-�1�0� 
�1�2� �9�.�1�7�4�E�-�0�1� �8�.�2�5�7�E�-�0�2� �1�.�0�1�0�E�-�1�0� 
�1�3� �9�.�9�1�L�1�L�E�-�0�1� �8�.�9�2�0�E�-�0�3� �2�.�1�7�2�E�-�1�1� 
�1�4� �9�.�9�9�1�E�-�0�1� �8�.�9�9�2�E�-�0�4� �1�.�2�2�7�E�-�1�1� 
�1�5� �9�.�9�9�9�E�-�0�1� �8�.�9�9�9�E�-�0�5� �1�.�1�2�4�E�-�1�1� 
�1�6� �1�.�0�0�0�E� �0�0� �9�.�0�0�0�E�-�0�6� �1�.�1�1�2�E�-�1�1� 
�1�7� �1�.�0�0�0�E� �0�0� �9�.�0�0�0�E�-�0�7� �L�.�1�L�L�L�E�-�1�1� 

�{�c�)� �6� �o�f� �P�a�r�t� �(�b�)�;� �p� �(�2�)� �=� �[�1�0�7�2� �1�0�7�°� �1�0�7�°�}�.� 
�T�i�m�e� �I�,� �I�,� �n�y� 

�1� �1�.�0�0�0�E�-�2�0� �1�.�0�0�0�E� �0�0� �1�.�0�0�0�E�~�-�2�0� 
�2� �1�.�0�0�0�E�-�0�7� �1�.�0�0�0�E� �0�0� �1�.�0�0�0�E�-�1�0� 
�3� �1�.�0�0�1�E�~�-�0�4� �9�.�9�9�9�E�-�0�O�1� �2�.�Q�0�0�E�-�1�0� 
�4� �9�.�0�9�9�E�-�0�2� �9�.�0�9�0�E�-�0�1� �2�.�7�2�7�E�-�1�0� 
�5� �9�.�9�0�1�E�~�-�0�1� �9�.�8�9�1�E�-�0�3� �4�.�0�5�6�E�-�1�2� 
�6� �1�.�0�0�E� �0�0� �9�.�9�9�0�E�-�0�6� �1�.�0�5�1�L�E�-�1�3� 
�7� �1�.�Q�0�0�E� �0�0� �9�.�9�9�0�E�-�0�9� �1�.�0�0�1�L�E�-�1�3� 
�8� �1�.�0�0�0�E� �0�0� �1�.�0�0�9�E�=�-�1�1� �1�.�0�0�1�E�-�1�3� 
� 



�4�1� 

�3�.�3� �M�o�d�i�f�i�e�d� �P�A�E� �A�l�g�o�r�i�t�h�m� 
� � 

�I�n�c�o�r�p�o�r�a�t�i�n�g� �t�h�e� �s�e�m�i�-�M�a�r�k�o�v� �s�t�a�t�i�s�t�i�c�s� �i�n�t�o� �t�h�e� �w�e�i�g�h�t�i�n�g� �c�o�e�f�f�i�-� 

�c�i�e�n�t� �c�a�l�c�u�l�a�t�i�o�n�s� �p�r�e�v�e�n�t�s� �t�h�e� �w�e�i�g�h�t�s� �f�r�o�m� �g�o�i�n�g� �t�o� �z�e�r�o�.� �T�h�i�s� �i�s� 

�n�e�c�e�s�s�a�r�y� �i�f� �t�h�e� �e�s�t�i�m�a�t�o�r� �i�s� �t�o� �t�r�a�c�k� �a� �p�l�a�n�t� �t�h�a�t� �w�i�l�l� �u�n�d�e�r�g�o� �c�o�n�f�i�g�-� 

�u�r�a�t�i�o�n� �c�h�a�n�g�e�s�.� �H�o�w�e�v�e�r�,� �t�h�e� �f�o�l�l�o�w�i�n�g� �a�n�a�l�y�s�i�s� �o�f� �t�h�e� �f�i�l�t�e�r� �o�p�e�r�a�t�i�o�n� 

�r�e�v�e�a�l�s� �t�h�a�t� �m�o�r�e� �i�s� �r�e�q�u�i�r�e�d� �i�f� �t�h�e� �e�s�t�i�m�a�t�o�r� �i�s� �t�o� �t�r�a�c�k� �a� �p�l�a�n�t� �t�h�a�t� 

�h�a�s� �c�o�n�f�i�g�u�r�a�t�i�o�n� �c�h�a�n�g�e�s� �o�c�c�u�r�r�i�n�g� �a�t� �a� �r�a�t�e� �c�o�m�p�a�r�a�b�l�e� �t�o� �i�t�s� �o�w�n� �d�y�-� 

�n�a�m�i�c�s�.� 

�A�s� �p�r�e�v�i�o�u�s�l�y� �d�i�s�c�u�s�s�e�d�,� �t�h�e� �P�A�E� �a�l�g�o�r�i�t�h�m� �c�o�n�s�i�s�t�s� �o�f� �a� �b�a�n�k� �o�f� 

�K�a�l�m�a�n� �f�i�l�t�e�r�s� �o�p�e�r�a�t�i�n�g� �i�n� �p�a�r�a�l�l�e�l� �o�n� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �d�a�t�a�.� �T�h�e� �K�a�l�-� 

�m�a�n� �f�i�l�t�e�r�s� �h�a�v�e� �a� �p�r�e�d�i�c�t�o�r�/�c�o�r�r�e�c�t�o�r� �s�t�r�u�c�t�u�r�e�.� �F�i�r�s�t�,� �t�h�e� �f�u�t�u�r�e� 

�S�t�a�t�e� �i�s� �p�r�e�d�i�c�t�e�d� �f�r�o�m� �t�h�e� �c�u�r�r�e�n�t� �e�s�t�i�m�a�t�e� �a�n�d� �a� �m�o�d�e�l� �o�f� �t�h�e� �p�l�a�n�t� 

�d�y�n�a�m�i�c�s�.� �S�e�c�o�n�d�,� �a� �c�o�r�r�e�c�t�i�o�n� �i�s� �a�d�d�e�d� �t�o� �t�h�i�s� �p�r�e�d�i�c�t�e�d� �v�a�l�u�e� �w�h�e�n� 

�t�h�e� �n�o�i�s�y� �m�e�a�s�u�r�e�m�e�n�t� �i�s� �r�e�c�e�i�v�e�d�.� �T�h�e� �a�m�o�u�n�t� �o�f� �c�o�r�r�e�c�t�i�o�n� �i�s� �d�e�t�e�r�-� 

�m�i�n�e�d� �b�y� �m�u�l�t�i�p�l�y�i�n�g� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �r�e�s�i�d�u�a�l� �b�y� �t�h�e� �K�a�l�m�a�n� �g�a�i�n�,� �i�.�e�.� 

�&�(�k�+�1�)� �=� �>�,� �8�k�)� �+� �K�,� �(�k�+�1�)� �[�z�(�k�+�1�)� �-� �H�,� �o�,� �2�0�x�)� �J� �(�3�.�3�.�1�)� 

�w�h�e�r�e� �K� �i�s� �g�i�v�e�n� �b�y� �e�q�u�a�t�i�o�n� �(�3�.�2�.�1�2�)�.� �R�e�g�r�o�u�p�i�n�g� �g�i�v�e�s� 

�&�(�k�+�1�)� �=� �(�1� �-� �K�H�,� �)�o�,�2�(�%�)� �+� �K�,�z�(�k�t�1�)�.� �(�3�.�3�.�2�)� 

�W�h�e�n� �t�h�e� �K�a�l�m�a�n� �f�i�l�t�e�r� �i�s� �i�n�i�t�i�a�l�i�z�e�d�,� �K� �i�s� �l�a�r�g�e� �a�n�d� �m�o�r�e� �m�e�a�s�u�r�e�m�e�n�t� 

�d�a�t�a� �i�s� �i�n�c�o�r�p�o�r�a�t�e�d� �i�n�t�o� �t�h�e� �e�s�t�i�m�a�t�e�s�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �t�h�e� �e�s�t�i�m�a�t�o�r� 

�c�o�n�v�e�r�g�e�s� �f�a�i�r�l�y� �q�u�i�c�k�l�y� �t�o� �t�h�e� �a�c�t�u�a�l� �p�l�a�n�t� �s�t�a�t�e�.� �T�h�e� �e�i�g�e�n�v�a�l�u�e�s� �o�f� 

�(�I�-�K�H�)� �c�a�n� �b�e� �s�h�o�w�n� �t�o� �l�i�e� �i�n�s�i�d�e� �t�h�e� �u�n�i�t� �c�i�r�c�l�e�,� �t�h�u�s� �t�h�e� �K�a�l�m�a�n� �f�i�l�-� 

�t�e�r�i�n�g� �a�l�g�o�r�i�t�h�m� �i�s� �i�n�h�e�r�e�n�t�l�y� �s�t�a�b�l�e�.� �S�e�e� �C�h�a�p�t�e�r� �T�w�o�.



�4�2� 

�A�s� �t�h�e� �K�a�l�m�a�n� �g�a�i�n�s� �d�e�c�r�e�a�s�e�,� �a�l�l� �t�h�e� �f�i�l�t�e�r�s� �e�x�c�e�p�t� �t�h�e� �o�n�e� 

�m�a�t�c�h�e�d� �t�o� �t�h�e� �p�l�a�n�t� �w�i�l�l� �d�i�v�e�r�g�e�.� �E�v�e�n�t�u�a�l�l�y�,� �t�h�e� �g�a�i�n�s� �w�i�l�l� �r�e�a�c�h� 

�s�t�e�a�d�y� �s�t�a�t�e�,� �a�n�d� �t�h�e� �d�i�v�e�r�g�i�n�g� �f�i�l�t�e�r�s� �w�i�l�l� �s�t�a�b�i�l�i�z�e� �a�r�o�u�n�d� �r�e�s�p�e�c�t�i�v�e� 

�l�e�v�e�l�s�.� �T�h�e� �d�i�f�f�e�r�e�n�c�e�s� �b�e�t�w�e�e�n� �t�h�e�s�e� �l�e�v�e�l�s� �a�n�d� �t�h�e� �a�c�t�u�a�l� �p�l�a�n�t� �s�t�a�t�e� 

�a�r�e� �r�e�f�e�r�r�e�d� �t�o� �a�s� �b�i�a�s� �e�r�r�o�r�s�.� �R�e�w�r�i�t�i�n�g� �e�q�u�a�t�i�o�n� �(�3�.�2�.�2�)�,� 

�&�,� �(�k�+�l�)� �=� �9�%�,� �(�k�)� �+� �K�,� �2�,� �(�k�+�l�)� 

�w�h�e�r�e�,� 

�Z�,� �(�c�t�1�)� �=� �z�(�k�+�t�l�)� �-� �H�,� �$�,�%�,� �(�k�)� �(�3�.�3�.�3�)� 

�A�t� �f�i�r�s�t� �Z�.� �i�s� �r�e�l�a�t�i�v�e�l�y� �s�m�a�l�l� �b�e�c�a�u�s�e� �a�l�l� �t�h�e� �f�i�l�t�e�r�s� �h�a�v�e� �c�o�n�v�e�r�g�e�d� 

�t�o� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �s�e�q�u�e�n�c�e�.� �T�h�e� �e�s�t�i�m�a�t�e�,� �&�s�>� �p�r�o�p�a�g�a�t�e�s� �m�a�i�n�l�y� 

�a�c�c�o�r�d�i�n�g� �t�o� �d�5�-� �I�f� �,� �i�s� �n�o�t� �t�h�e� �s�a�m�e� �a�s� �t�h�e� �p�l�a�n�t�,� �R�,� �d�i�v�e�r�g�e�s� �a�n�d� 

�Z�e� �i�n�c�r�e�a�s�e�s�.� �H�o�w�e�v�e�r�,� �K�,�Z�,� �a�c�t�s� �a�s� �a� �c�o�r�r�e�c�t�i�n�g� �t�e�r�m� �o�n� �&�,� �i�.�e�.� �i�f� �&� 
�i�v�i� 

�i�s� �d�i�v�e�r�g�i�n�g� �p�o�s�i�t�i�v�e�l�y� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �p�l�a�n�t�,� �t�h�e�n� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t�s� 

�o�n� �t�h�e� �p�l�a�n�t� �w�i�l�l� �b�e� �l�e�s�s� �t�h�a�n� �t�h�o�s�e� �p�r�e�d�i�c�t�e�d� �b�y� �t�h�e� �f�i�l�t�e�r�,� �Z�a� �<� 

�H�i� �$�,�%�,� �(�e�t�l�)�,� �a�n�d� �t�h�u�s� �2� �w�i�l�l� �b�e� �n�e�g�a�t�i�v�e�.� �E�v�e�n�t�u�a�l�l�y�,� �Z� �w�i�l�l� �b�e� �s�u�f�f�i�-� 

�c�i�e�n�t�l�y� �l�a�r�g�e� �s�o� �t�h�a�t� �t�h�e� �c�o�r�r�e�c�t�i�o�n� �a�t� �e�a�c�h� �i�t�e�r�a�t�i�o�n� �j�u�s�t� �o�f�f�s�e�t�s� �t�h�e� 

�a�d�d�i�t�i�o�n�a�l� �e�r�r�o�r� �i�n�t�r�o�d�u�c�e�d� �b�y� �t�h�e� �m�i�s�m�a�t�c�h�e�d� �d�y�n�a�m�i�c�s�,� �a�n�d� �a�n� �e�q�u�i�l�i�-� 

�b�r�i�u�m� �b�i�a�s� �e�r�r�o�r� �i�s� �a�t�t�a�i�n�e�d�.� �(�L�e�o�n�d�e�s� �a�n�d� �P�e�a�r�s�o�n� �d�e�r�i�v�e�d� �a�n� �u�p�p�e�r� 

�b�o�u�n�d� �f�o�r� �t�h�i�s� �b�i�a�s� �e�r�r�o�r� �d�u�e� �t�o� �m�i�s�m�a�t�c�h� �[�L�-�3�]�.�)� 

�A�t� �t�h�i�s� �p�o�i�n�t� �o�n�e� �f�i�l�t�e�r� �i�s� �t�r�a�c�k�i�n�g� �t�h�e� �p�l�a�n�t� �a�n�d� �t�h�e� �o�t�h�e�r�s� �a�r�e� 

�b�i�a�s�e�d� �o�f�f� �t�h�e� �p�l�a�n�t�.� �T�h�e� �w�e�i�g�h�t�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s� �i�n�d�i�c�a�t�e� �t�h�i�s� �b�y� �t�h�e�i�r� 

�v�a�l�u�e�s�;� �n�e�a�r�l�y� �u�n�i�t�y� �f�o�r� �t�h�e� �t�r�a�c�k�i�n�g� �f�i�l�t�e�r�,� �a�n�d� �a�p�p�r�o�x�i�m�a�t�e�l�y� �z�e�r�o� 

�f�o�r� �t�h�e� �c�t�h�e�r� �f�i�l�t�e�r�s�.� �N�o�w� �s�u�p�p�o�s�e� �a� �c�o�n�f�i�g�u�r�a�t�i�o�n� �c�h�a�n�g�e� �o�c�c�u�r�s�.� �O�n�e� 

�o�f� �t�h�e� �o�t�h�e�r� �f�i�l�t�e�r�s� �i�s� �n�o�w� �m�a�t�c�h�e�d� �t�o� �t�h�e� �p�l�a�n�t�,� �b�u�t� �i�s� �a�l�s�o� �g�i�v�i�n�g



�4�3� 

�b�a�d� �e�s�t�i�m�a�t�e�s� �d�u�e� �t�o� �i�t�s� �i�n�i�t�i�a�l� �b�i�a�s� �e�r�r�o�r�.� �M�o�r�e�o�v�e�r�,� �b�e�c�a�u�s�e� �t�h�e� �K�a�l�-� 

�m�a�n� �g�a�i�n� �i�s� �a�t� �a� �s�m�a�l�l� �s�t�e�a�d�y� �s�t�a�t�e� �v�a�l�u�e�,� �a� �l�a�r�g�e� �n�u�m�b�e�r� �o�f� �i�t�e�r�a�t�i�o�n�s� 

�w�i�l�l� �b�e� �r�e�q�u�i�r�e�d� �b�e�f�o�r�e� �t�h�e� �b�i�a�s� �e�r�r�o�r� �i�s� �s�u�b�t�r�a�c�t�e�d� �a�w�a�y�.� �E�v�e�n�t�u�a�l�l�y�,� 

�h�o�w�e�v�e�r�,� �t�h�e� �n�e�w�l�y� �m�a�t�c�h�e�d� �K�a�l�m�a�n� �f�i�l�t�e�r� �w�i�l�l� �c�o�n�v�e�r�g�e� �t�o� �t�h�e� �p�l�a�n�t� �a�n�d� 

�S�t�a�r�t� �t�r�a�c�k�i�n�g� �i�t� �w�i�t�h� �s�m�a�l�l� �e�r�r�o�r�.� �T�h�i�s� �i�s� �d�u�e� �t�o� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� 

�K�a�l�m�a�n� �f�i�l�t�e�r� �i�s� �s�t�a�b�l�e�,� �a�s� �m�e�n�t�i�o�n�e�d� �e�a�r�l�i�e�r�.� 

�T�h�e� �c�o�n�v�e�r�g�e�n�c�e� �t�i�m�e� �d�e�p�e�n�d�s� �o�n� �t�h�e� �s�t�e�a�d�y� �s�t�a�t�e� �v�a�l�u�e� �o�f� �K�-� �A� 

�l�a�r�g�e�r� �v�a�l�u�e� �w�i�l�l� �l�e�a�d� �t�o� �q�u�i�c�k�e�r� �c�o�n�v�e�r�g�e�n�c�e�.� �F�r�o�m� �e�q�u�a�t�i�o�n�s� �(�3�.�2�.�1�1�)�,� 

�(�3�.�2�.�1�2�)� �a�n�d� �(�3�.�2�.�1�3�)� �i�t� �i�s� �s�e�e�n� �t�h�a�t� �t�h�e� �g�a�i�n� �c�a�n� �b�e� �a�r�t�i�f�i�c�i�a�l�l�y� �i�n�-� 

�c�r�e�a�s�e�d� �b�y� �i�n�c�r�e�a�s�i�n�g� �t�h�e� �v�a�l�u�e� �o�f� �Q� �u�s�e�d� �i�n� �t�h�e� �s�y�s�t�e�m� �d�e�s�c�r�i�p�t�i�o�n�.� 

�T�h�e� �d�r�a�w�b�a�c�k� �t�o� �d�o�i�n�g� �t�h�i�s� �i�s� �t�h�a�t� �t�h�e� �s�t�a�t�e� �e�s�t�i�m�a�t�e� �w�i�l�l� �a�l�w�a�y�s� �c�o�n�-� 

�t�a�i�n� �m�o�r�e� �o�f� �t�h�e� �n�o�i�s�y� �m�e�a�s�u�r�e�m�e�n�t�.� 

�A� �b�e�t�t�e�r� �a�p�p�r�o�a�c�h� �i�s� �t�o� �d�e�t�e�c�t� �w�h�e�n� �a� �c�o�n�f�i�g�u�r�a�t�i�o�n� �c�h�a�n�g�e� �o�c�c�u�r�s� 

�a�n�d� �t�h�e�n� �r�e�-�i�n�i�t�i�a�l�i�z�e� �t�h�e� �e�r�r�o�r� �c�o�v�a�r�i�a�n�c�e� �m�a�t�r�i�c�e�s� �t�o� �a�p�p�r�o�p�r�i�a�t�e�l�y� 

�l�a�r�g�e� �v�a�l�u�e�s�,� �a�n�d� �t�h�e� �w�e�i�g�h�t�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s� �t�o� �t�h�e� �e�q�u�a�l� �u�n�c�e�r�t�a�i�n�t�y� 

�c�o�n�d�i�t�i�o�n�.� �A�l�l� �t�h�e� �f�i�l�t�e�r�s� �w�i�l�l� �t�h�e�n� �q�u�i�c�k�l�y� �c�o�n�v�e�r�g�e� �t�o� �t�h�e� �m�e�a�s�u�r�e�-� 

�m�e�n�t�s� �a�n�d� �t�h�e� �p�r�o�p�e�r� �f�i�l�t�e�r� �w�i�l�l� �b�e�g�i�n� �t�r�a�c�k�i�n�g� �t�h�e� �p�l�a�n�t�.� �S�h�o�r�t�l�y�,� 

�t�h�e� �K�a�l�m�a�n� �g�a�i�n�s� �w�i�l�l� �d�e�c�r�e�a�s�e� �t�o� �t�h�e�i�r� �s�t�e�a�d�y� �s�t�a�t�e� �v�a�l�u�e�s�,� �s�o� �t�h�a�t� 

�o�n�l�y� �d�u�r�i�n�g� �t�h�e� �r�e�-�i�n�i�t�i�a�l�i�z�a�t�i�o�n� �p�e�r�i�o�d� �w�i�l�l� �l�a�r�g�e� �n�o�i�s�e� �l�e�v�e�l�s� �b�e� 

�p�r�e�s�e�n�t� �i�n� �t�h�e� �e�s�t�i�m�a�t�e�.� �T�h�e� �a�d�a�p�t�i�v�e� �e�s�t�i�m�a�t�o�r� �a�s� �c�o�n�s�t�r�u�c�t�e�d� �c�o�n�t�a�i�n�s� 

�a�l�l� �t�h�a�t� �i�s� �n�e�e�d�e�d� �t�o� �d�e�t�e�c�t� �p�l�a�n�t� �c�o�n�f�i�g�u�r�a�t�i�o�n� �c�h�a�n�g�e�s�.� �T�h�e� �k�e�y� �o�b�-� 

�s�e�r�v�a�t�i�o�n� �i�s� �t�h�a�t�,� �w�h�e�n� �a� �t�r�a�n�s�i�t�i�o�n� �o�c�c�u�r�s�,� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �r�e�s�i�d�u�a�l� 

�v�a�l�u�e�s� �f�o�r� �t�h�e� �p�r�e�v�i�o�u�s�l�y� �t�r�a�c�k�i�n�g� �f�i�l�t�e�r� �w�i�l�l� �s�t�e�a�d�i�l�y� �i�n�c�r�e�a�s�e�.� �T�h�u�s�,� 

�m�o�n�i�t�o�r�i�n�g� �a� �f�i�l�t�e�r�e�d� �v�e�r�s�i�o�n� �o�f� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �r�e�s�i�d�u�a�l� �p�r�o�b�a�b�i�l�i�t�i�e�s�,� 

�i�.�e�.� �t�h�e� �w�e�i�g�h�t�i�n�g� �c�o�e�f�f�i�c�i�e�n�t� �f�o�r� �t�h�e� �t�r�a�c�k�i�n�g� �f�i�l�t�e�r�,� �w�i�l�l� �b�e� �s�u�f�f�i�-� 

�c�i�e�n�t� �t�o� �i�d�e�n�t�i�f�y� �a� �t�r�a�n�s�i�t�i�o�n�.� �T�o� �s�u�m�m�a�r�i�z�e�,� �I�,� �o�f� �t�h�e� �t�r�a�c�k�i�n�g
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�f�i�l�t�e�r� �w�i�l�l� �b�e� �m�o�n�i�t�o�r�e�d�.� �W�h�e�n� �q�,� �f�a�l�l�s� �b�e�l�o�w� �a� �p�r�e�d�e�t�e�r�m�i�n�e�d� �t�h�r�e�s�h�o�l�d�,� 

�a�l�l� �t�h�e� �f�i�l�t�e�r�s� �w�i�l�l� �b�e� �r�e�~�i�n�i�t�i�a�l�i�z�e�d�.� �A�f�t�e�r� �a� �b�r�i�e�f� �c�o�n�v�e�r�g�e�n�c�e� �t�i�m�e�,� 

�q� �o�f� �t�h�e� �n�e�w�l�y� �t�r�a�c�k�i�n�g� �f�i�l�t�e�r� �w�i�l�l� �b�e� �a�p�p�r�o�x�i�m�a�t�e�l�y� �u�n�i�t�y�.� �A�t� �t�h�i�s� 

�t�i�m�e�,� �H�t� �w�i�l�l� �b�e� �m�o�n�i�t�o�r�e�d� �t�o� �d�e�t�e�c�t� �a� �s�e�c�o�n�d� �c�o�n�f�i�g�u�r�a�t�i�o�n� �c�h�a�n�g�e�.� 

�A�n� �e�x�a�m�p�l�e� �w�i�l�l� �i�l�l�u�s�t�r�a�t�e� �t�h�e� �o�p�e�r�a�t�i�o�n� �o�f� �t�h�e� �f�i�l�t�e�r� �b�o�t�h� �w�i�t�h� 

�a�n�d� �w�i�t�h�o�u�t� �t�h�e� �g�a�i�n� �r�e�-�i�n�i�t�i�a�l�i�z�a�t�i�o�n� �m�e�c�h�a�n�i�s�m�.� 

�E�x�a�m�p�l�e� �3�-�4� 

�T�h�e� �p�l�a�n�t� �w�i�l�l� �s�w�i�t�c�h� �r�a�n�d�o�m�l�y� �a�m�o�n�g� �t�h�e� �t�h�r�e�e� �c�o�n�f�i�g�u�r�a�t�i�o�n�s�:� 

�x� �0� �1� �x�4� �0� �0� �u� �0� 
�s�,�:� �=� �+� �+� �w� �(�3�.�3�.�4�a�)� 

�X�o� �=�3�0� � �-�1�1� �|�x�,� �1� �-�6�3�.�2�}�{� �1� �1� 
�a� 

�K�y� �0� �1� �x�4� �)� �0� �u� �0� 
�S�,�:� �+� �+� �+� �W� �(�3�.�3�.�4�b�)� 

�X�>� �0� �-�1�|�|�x�,� �1� �0� �1� �1� � � 
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�x� �0� �1�l�|� �|�x� 
�s�.�:� �'� �=� �1� �+� �+� �W�w� �(�3�.�3�.�4�c�)� 

�x� �-�3�0� �-�l�i�|�x� �6�3�.�2� �1� �1� 
�|� �2�  �� �2�  �� 

�t� �W�h�e�r�e� �'�u�'� �i�s� �a� �d�e�t�e�r�m�i�n�i�s�t�i�c� �i�n�p�u�t�,� �a�n�d� �'�w�'� �i�s� �a� �r�a�n�d�o�m� �d�i�s�t�u�r�b�a�n�c�e� �i�n�-� 

� � 
�p�u�t�.� �N�o�t�i�c�e� �t�h�a�t� �c�o�n�f�i�g�u�r�a�t�i�o�n�s� �S�y� �a�n�d� �$�4� �d�i�f�f�e�r� �o�n�l�y� �i�n� �t�h�e�i�r� �i�n�p�u�t� 

�c�o�e�f�f�i�c�i�e�n�t� �m�a�t�r�i�x�.� 

�A�n� �a�d�a�p�t�i�v�e� �e�s�t�i�m�a�t�o�r� �u�s�i�n�g� �t�h�r�e�e� �K�a�l�m�a�n� �f�i�l�t�e�r�s� �w�a�s� �c�o�n�s�t�r�u�c�t�e�d� 

�a�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �p�r�e�v�i�o�u�s� �d�i�s�c�u�s�s�i�o�n�s�.� �A� �c�o�m�p�u�t�e�r� �s�i�m�u�l�a�t�i�o�n� �w�a�s� �p�e�r�-� 

�f�o�r�m�e�d� �u�n�d�e�r� �v�a�r�i�o�u�s� �c�o�n�d�i�t�i�o�n�s� �w�i�t�h� �t�h�e� �f�o�l�l�o�w�i�n�g� �r�e�s�u�l�t�s�.� 

�R�e�f�e�r�r�i�n�g� �t�o� �F�i�g�u�r�e� �3�.�3�.�1�,� �t�h�e� �p�l�a�n�t� �i�s� �i�n�i�t�i�a�l�l�y� �i�n� �c�o�n�f�i�g�u�r�a�t�i�o�n� 

�1�,� �w�i�t�h� �x�(�o�)� �=� �-�4�.�8�.� �N�o�i�s�y� �m�e�a�s�u�r�e�m�e�n�t�s� �a�r�e� �t�a�k�e�n� �o�n� �b�o�t�h� �p�o�s�i�t�i�o�n� �a�n�d� 

�v�e�l�o�c�i�t�y�;� �t�h�e� �n�o�i�s�e� �c�o�v�a�r�i�a�n�c�e� �i�s� �1�.�0� �f�o�r� �b�o�t�h� �p�o�s�i�t�i�o�n� �a�n�d� �v�e�l�o�c�i�t�y�;� 
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�t�h�e� �p�l�a�n�t� �i�s� �c�u�r�r�e�n�t�l�y� �i�n� �w�i�l�l� �p�r�o�v�i�d�e� �b�e�t�t�e�r� �e�s�t�i�m�a�t�e�s� �t�h�a�n� �t�h�e� �o�t�h�e�r� 

�K�a�l�m�a�n� �f�i�l�t�e�r�s�.� �T�h�i�s� �m�o�t�i�v�a�t�e�s� �t�h�e� �u�s�e� �o�f� �t�h�e� �a�d�a�p�t�i�v�e� �e�s�t�i�m�a�t�o�r� �s�t�r�u�c�-� 

�t�u�r�e� �d�i�s�c�u�s�s�e�d� �i�n� �S�e�c�t�i�o�n� �3�.�3� �f�o�r� �n�o�n�l�i�n�e�a�r� �s�y�s�t�e�m�s�.� 

�A� �g�e�n�e�r�a�l� �n�o�n�l�i�n�e�a�r� �p�l�a�n�t� �m�o�d�e�l� �i�s� �g�i�v�e�n� �b�y� 

�x� �=� �F�(�x�,�u�)� �(�3�.�4�.�1�)� 

�w�h�e�r�e� �x� �i�s� �a� �v�e�c�t�o�r� �o�f� �p�l�a�n�t� �s�t�a�t�e�s� �a�n�d� �u� �i�s� �t�h�e� �v�e�c�t�o�r� �o�f� �i�n�p�u�t�s�.� �T�h�e� 

�a�c�t�u�a�l� �n�o�n�l�i�n�e�a�r�i�t�i�e�s� �i�m�p�l�i�e�d� �b�y� �t�h�e� �f�u�n�c�t�i�o�n� �f� �i�n� �(�3�.�4�.�1�)� �a�r�e� �a�s�s�u�m�e�d� 

�t�o� �b�e� �k�n�o�w�n� �i�n� �s�o�m�e� �f�o�r�m�,� �t�y�p�i�c�a�l�l�y� �a�s� �c�u�r�v�e�-�f�i�t�t�e�d� �i�n�f�o�r�m�a�t�i�o�n� �f�r�o�m� 

�t�a�b�u�l�a�t�e�d� �d�a�t�a� �o�r� �a� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �t�a�b�u�l�a�t�e�d� �d�a�t�a� �a�n�d� �a�n�a�l�y�t�i�c�a�l� �e�x�-� 

�p�r�e�s�s�i�o�n�s�.� �F�r�o�m� �t�h�e� �n�o�n�l�i�n�e�a�r� �d�a�t�a�,� �l�i�n�e�a�r� �m�o�d�e�l�s� �a�r�e� �d�e�v�e�l�o�p�e�d� �b�y� �e�x�-� 

�p�a�n�d�i�n�g� �(�3�.�4�.�1�)� �i�n� �t�h�e� �n�e�i�g�h�b�o�r�h�o�o�d�s� �o�f� �a� �p�r�e�s�e�l�e�c�t�e�d� �s�e�t� �o�f� �p�o�i�n�t�s� �(�x�;�;� 

�u�,�)�>� �i�=�l�,� �2�,� �.�.�.�,� �N� �w�h�i�c�h� �r�e�p�r�e�s�e�n�t� �t�h�e� �"�c�e�n�t�e�r�s�"� �o�f� �a� �s�e�t� �o�f� �r�e�g�i�o�n�s� 

�w�h�i�c�h� �f�o�r�m�s� �a� �p�a�r�t�i�t�i�o�n� �s�e�t� �f�o�r� �t�h�e� �c�o�m�p�l�e�t�e� �c�o�n�f�i�g�u�r�a�t�i�o�n� �s�p�a�c�e�,� �i�.�e�.� 

�t�h�e� �s�p�a�c�e� �o�f� �p�o�i�n�t�s� �(�x�,�u�)�.� �U�s�i�n�g� �a� �T�a�y�l�o�r� �s�e�r�i�e�s� �e�x�p�a�n�s�i�o�n�,� �t�h�e� �s�e�t� �o�f� 

�l�i�n�e�a�r� �a�p�p�r�o�x�i�m�a�t�i�o�n�s� �b�e�c�o�m�e�s� 

�x�=� �A�.�x�+�B�.�u�+�C�,� �f�o�r� �i�=�l�,� �2�,� �.�.�.�,� �N�,� �(�3�.�4�.�2�)� �i� �i� �i� 

�a�f� �_� �o�f� �_� 
�(�x�,�,�U�,�)�,� �B�,� �=� �A�C�E� �r�e�,� �a�n�d� �C�;� �=� �f�(�x�,�,�u�,�)�-� �T�h�e� �e�x�p�r�e�s�s�i�o�n�s� �w�h�e�r�e� �A�,� �=� 

�i� �o�x �� �i�L� 

�g�i�v�e�n� �i�n� �(�3�.�4�.�2�)� �a�r�e� �u�s�e�d� �t�o� �a�p�p�r�o�x�i�m�a�t�e� �t�h�e� �p�l�a�n�t� �d�y�n�a�m�i�c�s� �f�o�r� �(�x�,�u�)� 

�i�n� �S�i� �d�e�f�i�n�e�d� �b�y� 

�S�,� �=� �(�(�x�,�u�)�:� �[�|�x� �-� �x�1� �<� �a�j�,� �[�l�u� �-� �u�,� �|�|� �<� �b�j�t�,� �(�3�.�4�.�3�)� 

�w�h�e�r�e� �a�,� �a�n�d� �b�y� �a�r�e� �c�h�o�s�e�n� �f�r�o�m� �a�n� �e�i�g�e�n�v�a�l�u�e� �s�e�n�s�i�t�i�v�i�t�y� �a�n�a�l�y�s�i�s� �t�o� 

�i�n�s�u�r�e� �t�h�a�t� �e�a�c�h� �a�p�p�r�o�x�i�m�a�t�i�n�g� �l�i�n�e�a�r�i�z�a�t�i�o�n� �(�3�.�4�.�2�)� �i�s� �w�i�t�h�i�n� �a�n� �a�c�c�e�p�t�-� 

�a�b�l�e� �t�o�l�e�r�a�n�c�e�.� �T�h�e� �a�c�t�u�a�l� �p�a�r�t�i�t�i�o�n� �r�e�g�i�o�n�s� �{�R�,�}�,� �i�=�l�,� �2�,� �.�.�.�,� �N� 

�a�r�e� �r�e�l�a�t�e�d� �t�o� �t�h�e� �s�p�h�e�r�i�c�a�l� �r�e�g�i�o�n�s� �{�s�,�}� �i�n� �(�3�.�4�.�3�)� �i�n� �t�h�e� �s�e�n�s�e� �t�h�a�t� 

�u�N� �R�,� �=� �o�S� �S�.�,� �b�u�t� �t�h�a�t� �t�h�e� �r�e�g�i�o�n�s� �R�,� �a�r�e� �t�a�k�e�n� �t�o� �b�e� �m�u�t�u�a�l�l�y� �d�i�s�-� 
�i�=�l�i� �1�=�1�l�i�i� �i
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�j�o�i�n�t�.� �I�n� �p�r�a�c�t�i�c�e�,� �i�t� �i�s� �n�o�t� �n�e�c�e�s�s�a�r�y� �t�o� �c�o�n�s�i�d�e�r� �t�h�e� �d�i�s�t�i�n�c�t�i�o�n� �b�e�-� 

�t�w�e�e�n� �R�y� �a�n�d� �S�i�.� 

�F�r�o�m� �t�h�e� �s�e�t� �o�f� �l�i�n�e�a�r� �a�p�p�r�o�x�i�m�a�t�i�o�n�s� �(�3�.�4�.�2�)� �e�q�u�i�v�a�l�e�n�t� �d�i�s�c�r�e�t�e�-� 

�t�i�m�e� �m�o�d�e�l�s� �a�r�e� �f�o�r�m�u�l�a�t�e�d�.� �T�h�u�s�,� �t�h�e� �s�e�t� �o�f� �a�p�p�r�o�x�i�m�a�t�i�o�n�s� �b�e�c�o�m�e�s� 

�x�(�k�+�1�)� �=� �d�(�T�)� �x�(�k�)� �+� �v�,� �(�T�)�u�t�k�)� �+� �9�,� �(�7�)�,� �:� �(�3�.�4�.�4�)� 

�f�o�r� �i�=�l�,� �a�y� �e�e� �N� �a�n�d� �w�h�e�r�e� �6�,�(�T�)� �=� �e�x�p� �{�A�,�T�}�,� �9�,�(�T�)� �=� �J� �®�,�(�t�)�B� �d�t� 

�a�n�d� �6�,� �(�T�)� �=� �I�,� �o�(�e�)�C�,�d�t�.� �T�h�e�s�e� �e�q�u�a�t�i�o�n�s� �(�3�.�4�.�4�)� �a�r�e� �e�q�u�i�v�a�l�e�n�t� �t�o� 

�t�h�o�s�e� �o�f� �(�3�.�4�.�2�)� �a�t� �t�h�e� �s�a�m�p�l�e� �t�i�m�e�s� �p�r�o�v�i�d�e�d� �t�h�a�t� �t�h�e� �i�n�p�u�t�s� �u�(�t�)� �a�r�e� 

�h�e�l�d� �c�o�n�s�t�a�n�t� �d�u�r�i�n�g� �t�h�e� �(�u�n�i�f�o�r�m�)� �s�a�m�p�l�e� �i�n�t�e�r�v�a�l�s�,� �i�.�e�.� �w�h�e�n� �u�(�t�)� �=� 

�u�(�k�T�)� �f�o�r� �k�T� �<� �t� �<� �k�I� �+� �T�.� �T�h�i�s� �i�s� �a� �r�e�a�s�o�n�a�b�l�e� �a�s�s�u�m�p�t�i�o�n� �w�h�e�n� �d�i�g�i�t�a�l� 

�c�o�n�t�r�o�l� �i�s� �t�o� �b�e� �u�s�e�d�.� 

�S�i�n�c�e� �t�h�e� �d�e�s�i�g�n� �m�u�s�t� �c�o�n�s�i�d�e�r� �t�h�e� �s�y�s�t�e�m�'�s� �r�a�n�d�o�m� �d�i�s�t�u�r�b�a�n�c�e�s�,� 

�d�i�s�c�r�e�t�e� �n�o�i�s�e� �p�r�o�c�e�s�s�e�s� �w�i�l�l� �b�e� �i�n�c�o�r�p�o�r�a�t�e�d� �i�n�t�o� �t�h�e� �a�p�p�r�o�x�i�m�a�t�i�n�g� 

�l�i�n�e�a�r� �m�o�d�e�l�s�.� �T�o� �d�o� �t�h�i�s� �t�h�e� �e�q�u�a�t�i�o�n�s� �(�3�.�4�.�4�)� �a�r�e� �u�s�e�d� �i�n� �a�d�d�i�t�i�o�n� �t�o� 

�a�n� �a�s�s�u�m�e�d� �m�e�a�s�u�r�e�m�e�n�t� �m�o�d�e�l� �w�h�i�c�h� �i�t�s�e�l�f� �h�a�s� �b�e�e�n� �l�i�n�e�a�r�i�z�e�d� �a�b�o�u�t� �t�h�e� 

�p�o�i�n�t�s� �(�x�,� �,�u�,�)� �a�s� �w�a�s� �d�o�n�e� �t�o� �o�b�t�a�i�n� �e�q�u�a�t�i�o�n�s� �(�3�.�4�.�2�)�.� �T�h�e� �c�o�m�p�l�e�t�e� 

�s�e�t� �o�f� �l�i�n�e�a�r�i�z�e�d� �m�o�d�e�l�s� �i�s� �g�i�v�e�n� �b�y� 

�x�(�k�+�1�)� �=� �o� �x�(�k�)� �+� �v�,� �u�k�)� �+� �8�,� �+� �w�(�k�)� �(�3�.�4�.�5�)� 

�z�(�k�)� �=� �H�,� �x�(�k�)� �+� �v�(�k�)� �(�3�.�4�.�6�)� 

�f�o�r� �(�x�(�k�)�,� �u�(�k�)�)� �i�n� �r�e�g�i�o�n� �S�s�.� �a�n�d� �f�o�r� �i�=� �1�,� �2�,� �.�.�.�,� �N�.� �T�h�e� �v�e�c�t�o�r�s� 

�w�(�k�)� �a�n�d� �v�(�k�)� �r�e�p�r�e�s�e�n�t� �t�h�e� �e�f�f�e�c�t�i�v�e� �p�l�a�n�t� �d�i�s�t�u�r�b�a�n�c�e� �a�n�d� �m�e�a�s�u�r�e�m�e�n�t� 

�n�o�i�s�e�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� 

�T�h�e� �b�a�s�i�c� �s�c�h�e�m�e� �f�o�r� �p�a�r�t�i�t�i�o�n�i�n�g� �t�h�e� �n�o�n�l�i�n�e�a�r� �p�l�a�n�t� �a�s�s�u�m�e�s� �a� 

�r�e�a�s�o�n�a�b�l�y� �a�c�c�u�r�a�t�e� �n�o�n�l�i�n�e�a�r� �m�o�d�e�l�.� �F�r�o�m� �t�h�i�s� �n�o�n�l�i�n�e�a�r� �m�o�d�e�l�,� �v�a�r�i�a�-� 

�t�i�o�n�s� �o�f� �t�h�e� �o�p�e�n�-�l�o�o�p� �e�i�g�e�n�v�a�l�u�e�s� �a�r�e� �p�r�e�c�o�m�p�u�t�e�d� �o�f�f� �l�i�n�e� �b�y� �c�a�l�c�u�l�a�t�-
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�i�n�g� �t�h�e� �e�i�g�e�n�v�a�l�u�e�s� �f�o�r� �a� �m�u�l�t�i�t�u�d�e� �o�f� �l�i�n�e�a�r�i�z�e�d� �c�o�n�d�i�t�i�o�n�s�.� �O�n�c�e� �t�h�e� 

�k�e�y� �p�a�r�a�m�e�t�e�r�s� �a�r�e� �i�s�o�l�a�t�e�d�,� �i�.�e�.� �t�h�o�s�e� �t�o� �w�h�i�c�h� �t�h�e� �p�l�a�n�t� �e�i�g�e�n�v�a�l�u�e�s� 

�a�r�e� �m�o�s�t� �s�e�n�s�i�t�i�v�e�,� �e�i�g�e�n�v�a�l�u�e� �v�a�r�i�a�t�i�o�n�s� �a�r�e� �t�h�e�n� �p�l�o�t�t�e�d� �v�e�r�s�u�s� �t�h�e�s�e� 

�p�a�r�a�m�e�t�e�r�s�.� �L�i�n�e�a�r� �r�e�g�i�o�n�s� �a�r�e� �t�h�e�n� �s�p�e�c�i�f�i�e�d� �a�c�c�o�r�d�i�n�g� �t�o� �a�l�l�o�w�a�b�l�e� 

�t�o�l�e�r�a�n�c�e�s� �i�n� �e�i�g�e�n�v�a�l�u�e� �l�o�c�a�t�i�o�n�.� 

�T�h�e� �p�r�e�s�e�n�t� �a�p�p�r�o�a�c�h�,� �w�h�i�l�e� �c�e�r�t�a�i�n�l�y� �n�o�t� �l�i�m�i�t�e�d� �t�o� �l�o�w�-�o�r�d�e�r� 

�p�l�a�n�t�s�,� �i�s� �m�o�s�t� �e�a�s�i�l�y� �c�o�m�p�r�e�h�e�n�d�e�d� �b�y� �d�e�v�e�l�o�p�i�n�g� �a� �s�i�m�p�l�e� �p�r�o�t�o�t�y�p�e� 

�e�x�a�m�p�l�e�.� �T�o� �t�h�i�s� �e�n�d�,� �c�o�n�s�i�d�e�r� �t�h�e� �s�i�m�p�l�e� �n�o�n�l�i�n�e�a�r� �o�s�c�i�l�l�a�t�o�r� �[�0�-�1�]� 

�y�r�y�r�t� �y�>� �=�u�,� �(�3�.�4�.�7�)� 

�w�h�e�r�e� �u� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �s�y�s�t�e�m� �i�n�p�u�t� �c�o�n�t�a�i�n�i�n�g� �b�o�t�h� �d�e�t�e�r�m�i�n�i�s�t�i�c� �a�n�d� 

�s�t�o�c�h�a�s�t�i�c� �t�e�r�m�s�,� �a�n�d� �y� �r�e�p�r�e�s�e�n�t�s� �a� �s�c�a�l�a�r� �p�o�s�i�t�i�o�n� �v�a�r�i�a�b�l�e�.� 

�A� �s�t�a�t�e� �m�o�d�e�l� �f�o�r� �(�3�.�4�.�7�)� �i�s� �g�i�v�e�n� �b�y� 

�x� �=� �X�o� �(�3�.�4�.�8�)� 

�k�=� �x�,� �-� �x�?� �+� �u�(�t�)� �(�3�.�4�.�9�)� 
�2� �2� �1�  �� 

�Z�z�,� �=� �X�y� �+� �v�y� �(�3�.�4�.�1�0�)� 

�Z�y� �=� �X�o� �+� �V�o� �(�3�.�4�.�1�1�)� 

�E�q�u�a�t�i�o�n�s� �(�3�.�4�.�1�0�)� �a�n�d� �(�3�.�4�.�1�1�)� �a�r�e� �t�h�e� �m�e�a�s�u�r�e�d� �v�a�r�i�a�b�l�e�s� �w�i�t�h� �V�i� �a�n�d� 

�V�v�,� �r�e�p�r�e�s�e�n�t�i�n�g� �a�d�d�i�t�i�v�e� �n�o�i�s�e�.� �I�f� �x� �i�s� �u�s�e�d� �a�s� �a�n� �e�x�p�a�n�s�i�o�n� �p�o�i�n�t�,� 
�2� �1�0� 

�t�h�e� �l�i�n�e�a�r�i�z�e�d� �s�y�s�t�e�m� �b�e�c�o�m�e�s� 

�x� �=� �9� �x� �+� �4� �(�3�.�4�.�1�2�)� 

�C�l�e�a�r�l�y�,� �t�h�e� �l�i�n�e�a�r�i�z�e�d� �s�y�s�t�e�m� �d�y�n�a�m�i�c�s� �d�e�p�e�n�d� �o�n� �t�h�e� �v�a�l�u�e� �o�f� �t�h�e� �p�a�-� 

�r�a�m�e�t�e�r� �X�1�9�:� �B�y� �e�s�t�a�b�l�i�s�h�i�n�g� �a�n� �o�p�e�r�a�t�i�n�g� �r�a�n�g�e� �f�o�r� �t�h�e� �s�y�s�t�e�m�,� �s�a�y� 

�|�x�,� �|� �<� �6�,� �t�h�e� �o�p�e�n�-�l�o�o�p� �s�y�s�t�e�m� �e�i�g�e�n�v�a�l�u�e�s� �v�a�r�y� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �3�.�4�.�1�.



�5�5� 

� � � � 

�(�c�o�m�p�l�e�x� �p�l�a�n�e�)� �I�m�a�g�i�n�a�r�y� 
�A� 

�+� �4�1�0� 

�R�e�g�i�o�n�s� 
�S�.�,� �S� 

�1� �3� �L�i�e� 

�/�\� �4� �3�6� 

�S�e�p�a�r�a�t�i�o�n� �L�s�,� 
�o�f� �r�e�g�i�o�n�s� �@ �� �~�~� �~�-!"� �m�m� �R�r� �r� �O�r�r� �~� 

�-�_� �4�2� 

�R�e�g�i�o�n�s� �S�o� 

�n�N� �7� 

�a �� �~� �R�e�a�l� �-�1� 

�|� 
�|� 
�|� � � 

�F�i�g�u�r�e� �3�.�4�.�1� �V�a�r�i�a�t�i�o�n� �i�n� �S�y�s�t�e�m� �E�i�g�e�n�v�a�l�u�e�s� �f�o�r� �t�h�e� �D�e�s�i�g�n� �E�x�a�m�p�l�e



�5�6� 

�N�o�t�e� �t�h�a�t� �x�,� �=� �6� �r�e�p�r�e�s�e�n�t�s� �a� �s�i�g�n�i�f�i�c�a�n�t� �r�e�s�t�o�r�i�n�g� �f�o�r�c�e�,� �c�o�r�r�e�s�p�o�n�d�i�n�g� 

�t�o� �a� �l�i�n�e�a�r� �s�p�r�i�n�g� �c�o�n�s�t�a�n�t� �o�f� �1�0�8�.� �M�o�t�i�v�a�t�e�d� �b�y� �t�h�e� �o�p�e�n�-�l�o�o�p� �e�i�g�e�n�-� 

�v�a�l�u�e� �v�a�r�i�a�t�i�o�n�,� �i�.�e�.� �r�o�u�g�h�l�y� �e�q�u�a�l� �e�i�g�e�n�v�a�l�u�e� �v�a�r�i�a�t�i�o�n�,� �t�w�o� �i�n�t�e�r�v�a�l�s� 

�w�e�r�e� �t�a�k�e�n�;� �v�i�z�.� 

�S�,� �=� �f�a�:� �O�<�a� �<� �1�5�}� �(�3�.�4�.�1�3�)� 

�a�n�d� 

�s�y� �=�{�a�:� �1�5� �<�a� �<� �1�0�8�}�,� �(�3�.�4�.�1�4�)� 

�w�h�e�r�e� �a� �i�s� �t�h�e� �e�f�f�e�c�t�i�v�e� �s�p�r�i�n�g� �c�o�n�s�t�a�n�t�.� �W�i�t�h� �t�h�i�s� �p�a�r�t�i�t�i�o�n� �t�h�r�e�e� 

�f�i�l�t�e�r�s� �a�r�e� �e�f�f�e�c�t�i�v�e�l�y� �u�s�e�d�,� �t�w�o� �d�i�f�f�e�r�i�n�g� �o�n�l�y� �i�n� �t�h�e� �i�n�p�u�t� �m�a�t�r�i�x� �a�s� 

�a� �r�e�s�u�l�t� �o�f� �d�i�f�f�e�r�e�n�t� �b�i�a�s� �o�f�f�s�e�t�s�.� �T�h�e� �p�o�i�n�t�s� �o�f� �e�x�p�a�n�s�i�o�n� �f�o�r� �S�,� �a�n�d� 
�2� 

�5�1� �a�n�d� �S�.� �w�e�r�e� �a� �=� �0� �a�n�d� �a� �=� �3�0�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� 

�F�i�g�u�r�e� �3�.�4�.�2� �i�l�l�u�s�t�r�a�t�e�s� �t�h�e� �t�h�r�e�e� �l�i�n�e�a�r� �a�p�p�r�o�x�i�m�a�t�i�o�n�s� �t�o� �t�h�e� 

�c�u�b�i�c� �n�o�n�l�i�n�e�a�r� �t�e�r�m�.� �I�t� �i�s� �s�e�e�n� �t�h�a�t� �t�h�e� �l�i�n�e�s� �i�n�t�e�r�s�e�c�t� �a�t� �a�p�p�r�o�x�i�-� 

�m�a�t�e�l�y� �x� �=� �2�.�2�,� �w�h�i�c�h� �v�e�r�i�f�i�e�s� �t�h�e� �b�o�u�n�d�a�r�y� �d�e�t�e�r�m�i�n�e�d� �v�i�a� �e�i�g�e�n�v�a�l�u�e� 

�<� �7�5�)�.� �v�a�r�i�a�t�i�o�n� �(�i�.�e�.� �f�o�r� �r�e�g�i�o�n� �S�5�5� �|�x�,� �|� 

�I�n�h�e�r�e�n�t� �i�n� �t�h�e� �K�a�l�m�a�n� �f�i�l�t�e�r� �a�l�g�o�r�i�t�h�m� �i�s� �t�h�e� �t�e�n�d�e�n�c�y� �o�f� �t�h�e� �f�i�l�-� 

�t�e�r� �g�a�i�n�s� �t�o� �b�e�c�o�m�e� �s�m�a�l�l� �a�s� �t�i�m�e� �p�r�o�g�r�e�s�s�e�s�.� �T�h�i�s� �o�c�c�u�r�s� �u�n�d�e�r� �c�o�n�t�i�-� 

�t�i�o�n�s� �o�f� �l�a�r�g�e� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �v�e�r�s�u�s� �s�m�a�l�l� �s�y�s�t�e�m� �n�o�i�s�e�.� �F�o�r� �k�n�o�w�n� 

�l�i�n�e�a�r� �p�l�a�n�t�s� �a�n�d� �t�h�e�i�r� �a�s�s�o�c�i�a�t�e�d� �K�a�l�m�a�n� �f�i�l�t�e�r�s�,� �t�h�i�s� �i�s� �u�s�u�a�l�l�y� �n�o�t� 

�a� �p�r�o�b�l�e�m�.� �B�u�t� �f�o�r� �n�o�n�l�i�n�e�a�r� �p�l�a�n�t�s�,� �o�r� �f�o�r� �l�i�n�e�a�r� �p�l�a�n�t�s� �w�i�t�h� �u�n�k�n�o�w�n� 

�p�a�r�a�m�e�t�e�r�s�,� �i�t� �i�s� �i�m�p�o�s�s�i�b�l�e� �t�o� �i�d�e�n�t�i�c�a�l�l�y� �m�a�t�c�h� �t�h�e� �f�i�l�t�e�r� �d�y�n�a�m�i�c�s� �t�o� 

�t�h�o�s�e� �o�f� �t�h�e� �p�l�a�n�t� �a�n�d� �a� �t�e�n�d�e�n�c�y� �t�o�w�a�r�d� �d�i�v�e�r�g�e�n�c�e� �c�a�n� �b�e� �e�x�p�e�c�t�e�d�.� 

�T�h�e� �g�a�i�n�s� �b�e�c�o�m�e� �s�m�a�l�l�,� �l�i�t�t�l�e� �n�e�w� �m�e�a�s�u�r�e�m�e�n�t� �i�n�f�o�r�m�a�t�i�o�n� �i�n� �i�n�c�o�r�p�o�-� 

�r�a�t�e�d� �i�n�t�o� �t�h�e� �e�s�t�i�m�a�t�e� �a�n�d� �t�h�e� �f�i�l�t�e�r� �v�a�l�u�e�s� �d�i�v�e�r�g�e� �f�r�o�m� �t�h�e� �a�c�t�u�a�l� 

�p�l�a�n�t� �v�a�l�u�e�s�.� �A� �c�o�m�m�o�n� �p�r�a�c�t�i�c�e� �i�s� �t�o� �a�r�t�i�f�i�c�i�a�l�l�y� �i�n�c�r�e�a�s�e� �t�h�e� �i�n�t�e�n�-� 

�s�i�t�y� �o�f� �t�h�e� �p�l�a�n�t� �d�i�s�t�u�r�b�a�n�c�e�,� �Q�,� �t�h�u�s� �i�n�s�u�r�i�n�g� �t�h�a�t� �t�h�e� �f�i�l�t�e�r� �g�a�i�n�s



�5�7� 

�3� 

�y�e�*� 
�6�0� �+� 

�R�e�g�i�o�n� �S�3� 

�y� �=� �3�0�x� �-� �6�3�.�2� 

�4�0� �4� 

�2�0� �+� 

�~�4� �-�3� �-�2� �-�1� 
� � � � 

�-�2�0� �>� � � � 
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�R�e�g�i�o�n� �S�y� 

�y� �=� �3�0�x� �+� �6�3�.�2� �-�4�0� �4� 

�-�6�0� �+� � � 
�F�i�g�u�r�e� �3�.�4�.�2� �T�h�e� �T�h�r�e�e� �L�i�n�e�a�r� �A�p�p�r�o�x�i�m�a�t�i�o�n�s� �f�o�r� �t�h�e� �C�u�b�i�c� 

�N�o�n�l�i�n�e�a�r�i�t�y



�5�8� 

�s�t�a�y� �r�e�a�s�o�n�a�b�l�y� �l�a�r�g�e�.� �U�s�u�a�l�l�y�,� �t�h�i�s� �i�s� �a� �t�r�i�a�l� �a�n�d� �e�r�r�o�r� �p�r�o�c�e�s�s�.� �A� 

�n�o�t�e�w�o�r�t�h�y� �e�x�c�e�p�t�i�o�n� �i�s� �t�h�e� �b�a�n�d�w�i�d�t�h� �m�o�d�u�l�a�t�i�o�n� �t�e�c�h�n�i�q�u�e� �d�e�v�e�l�o�p�e�d� �b�y� 

�J�a�z�w�i�n�s�k�i� �[�J�-�1�]�.� �H�i�s� �m�e�t�h�o�d� �u�s�e�s� �a�n� �a�d�d�i�t�i�o�n�a�l� �c�o�v�a�r�i�a�n�c�e� �t�e�r�m� �t�h�a�t� �i�s� 

�a�d�j�u�s�t�e�d� �s�e�q�u�e�n�t�i�a�l�l�y� �b�y� �f�e�e�d�i�n�g� �b�a�c�k� �m�e�a�s�u�r�e�m�e�n�t� �r�e�s�i�d�u�a�l� �i�n�f�o�r�m�a�t�i�o�n�.� 

�A� �m�o�r�e� �d�i�r�e�c�t� �m�e�t�h�o�d� �h�a�s� �b�e�e�n� �d�e�v�i�s�e�d� �s�p�e�c�i�f�i�c�a�l�l�y� �f�o�r� �t�h�e� �P�A�E� �a�l�-� 

�g�o�r�i�t�h�m�.� �F�r�o�m� �F�i�g�u�r�e� �3�.�4�.�2� �o�n�e� �c�a�n� �q�u�i�c�k�l�y� �t�a�b�u�l�a�t�e� �t�h�e� �e�r�r�o�r� �i�n� �x� �b�e�-� 

�t�w�e�e�n� �t�h�e� �e�x�a�c�t� �e�q�u�a�t�i�o�n� �a�n�d� �t�h�e� �a�p�p�r�o�x�i�m�a�t�i�o�n� �f�o�r� �a�n� �a�r�b�i�t�r�a�r�y� �n�u�m�b�e�r� 

�o�f� �p�o�i�n�t�s� �i�n� �a� �g�i�v�e�n� �r�e�g�i�o�n�.� �T�h�e� �a�v�e�r�a�g�e� �e�r�r�o�r� �f�o�r� �e�a�c�h� �r�e�g�i�o�n� �c�a�n� �t�h�e�n� 

�b�e� �c�a�l�c�u�l�a�t�e�d�,� �i�.�e�.� �t�h�e� �a�v�e�r�a�g�e� �e�r�r�o�r� �i�n� �r�e�g�i�o�n�s� �s�,� �a�n�d� �s�,� �i�s� �.�4�4�,� �a�n�d� 
�1� �3� 

�i�n� �r�e�g�i�o�n� �S�o� �i�s� �1�.�0�.� �T�h�e�s�e� �e�r�r�o�r�s� �a�r�e� �u�p�p�e�r� �l�i�m�i�t�s� �o�n� �t�h�e� �e�s�t�i�m�a�t�i�o�n� 

�a�c�c�u�r�a�c�y� �i�n� �t�h�e� �v�a�r�i�o�u�s� �r�e�g�i�o�n�s�.� �I�n� �a�d�d�i�t�i�o�n�,� �t�h�e� �m�o�d�e�l�i�n�g� �e�r�r�o�r� �v�a�l�u�e�s� 

�a�i�d� �i�n� �d�e�c�i�d�i�n�g� �h�o�w� �m�u�c�h� �a�d�d�i�t�i�o�n�a�l� �Q� �s�h�o�u�l�d� �b�e� �a�d�d�e�d� �t�o� �t�h�e� �f�i�l�t�e�r� 

�e�q�u�a�t�i�o�n�s� �t�o� �m�a�i�n�t�a�i�n� �d�e�s�i�r�e�d� �t�r�a�c�k�i�n�g� �p�e�r�f�o�r�m�a�n�c�e�.� �F�o�r� �e�x�a�m�p�l�e�,� �t�h�e�-� 

�p�r�e�d�i�c�t�e�d� �e�r�r�o�r� �c�o�v�a�r�i�a�n�c�e� �e�q�u�a�t�i�o�n�,� �(�3�.�2�.�1�1�)�,� �c�a�n� �b�e� �a�u�g�m�e�n�t�e�d� �a�s�,� 

�M�.�(�k�t�1�)� �=� �¢�.�P�.�(�k�)�o�.�2� �+� �r�.�o�r�.�7� �+� �Q� �(�3�.�4�.�1�5�)� 
�L� �i�i� �i� �i�v�i� !"� 

�w�h�e�r�e� �P� �i�s� �t�h�e� �e�r�r�o�r� �c�o�v�a�r�i�a�n�c�e�,� �Q� �t�h�e� �s�y�s�t�e�m� �d�i�s�t�u�r�b�a�n�c�e� �c�o�v�a�r�i�a�n�c�e� �a�n�d� 

�Q�a� �t�h�e� �a�d�d�i�t�i�o�n�a�l� �m�o�d�e�l�i�n�g� �e�r�r�o�r� �c�o�v�a�r�i�a�n�c�e�.� �T�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �Q�a� �i�s� 

�g�i�v�e�n� �a�p�p�r�o�x�i�m�a�t�e�l�y� �b�y� �t�h�e� �m�e�a�n� �s�q�u�a�r�e� �v�a�l�u�e� �o�f� �e�r�r�o�r� �i�n� �x�,� �i�.�e�.� �f�o�r� 

�r�e�g�i�o�n�s� �s�,� �a�n�d� �$�3�,� �Q� �=� �.�3�,� �a�n�d� �f�o�r� �r�e�g�i�o�n� �S�o�>� �Q�=� �1�.�5�.� �T�h�e� �r�e�l�a�t�i�v�e�l�y� 
�1� 

�l�a�r�g�e� �v�a�l�u�e� �i�n� �r�e�g�i�o�n� �s�,� �r�e�f�l�e�c�t�s� �t�h�e� �g�r�o�s�s� �a�p�p�r�o�x�i�m�a�t�i�o�n� �i�n� �t�h�a�t� �r�e�g�i�o�n�.� 
�2� 

�T�h�e� �m�o�d�i�f�i�e�d� �P�A�E� �a�l�g�o�r�i�t�h�m� �o�f� �t�h�i�s� �c�h�a�p�t�e�r� �w�a�s� �c�a�r�r�i�e�d� �o�u�t� �o�n� �t�h�e� 
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�n�o�n�l�i�n�e�a�r� �s�y�s�t�e�m�s� �t�h�e� �t�r�a�c�k�i�n�g� �s�h�o�u�l�d� �b�e� �e�v�e�n� �b�e�t�t�e�r�.� �[�I�n� �f�a�c�t�,� �i�f� �t�h�e� 

�p�l�a�n�t� �t�i�m�e� �c�o�n�s�t�a�n�t�s� �a�r�e� �l�a�r�g�e�r� �t�h�a�n� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �t�i�m�e�s� �o�f� �t�h�e� �f�i�l�-� 

�t�e�r�s�,� �t�h�e�n� �t�h�e� �s�w�i�t�c�h� �d�e�t�e�c�t�i�o�n� �p�a�r�t� �o�f� �t�h�e� �e�s�t�i�m�a�t�i�o�n� �a�l�g�o�r�i�t�h�m� �c�a�n� �b�e� 

�d�e�l�e�t�e�d� �w�i�t�h� �l�i�t�t�l�e� �l�o�s�s� �i�n� �o�v�e�r�a�l�l� �t�r�a�c�k�i�n�g� �a�c�c�u�r�a�c�y�.� �I�t� �s�h�o�u�l�d� �b�e� 

�p�o�i�n�t�e�d� �o�u�t�,� �h�o�w�e�v�e�r�,� �t�h�a�t� �t�h�i�s� �n�o�n�l�i�n�e�a�r� �e�s�t�i�m�a�t�i�o�n� �t�e�c�h�n�i�q�u�e� �i�s� �n�o�t� 

�i�n�t�e�n�d�e�d� �t�o� �c�o�m�p�e�t�e� �w�i�t�h� �t�h�e� �c�u�r�r�e�n�t� �m�e�t�h�o�d�s� �i�n� �t�e�r�m�s� �o�f� �a�c�c�u�r�a�c�y�.� 

�R�a�t�h�e�r�,� �i�t� �i�s� �a� �f�a�i�r�l�y� �s�t�r�a�i�g�h�t�f�o�r�w�a�r�d� �a�p�p�r�o�a�c�h� �w�i�t�h� �s�i�g�n�i�f�i�c�a�n�t� �a�d�v�a�n�t�-� 

�a�g�e�s� �i�n� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �t�h�a�t� �c�a�n� �b�e� �a�p�p�l�i�e�d� �t�o� �a� �l�a�r�g�e� �c�l�a�s�s� �o�f� �n�o�n�l�i�n�e�a�r� 

�e�q�u�a�t�i�o�n�s�.� 

�T�h�i�s� �m�e�t�h�o�d� �o�f� �n�o�n�l�i�n�e�a�r� �e�s�t�i�m�a�t�i�o�n� �i�s� �r�e�a�d�i�l�y� �i�m�p�l�e�m�e�n�t�e�d� �i�n� �a� 

�p�a�r�a�l�l�e�l� �p�r�o�c�e�s�s�i�n�g� �a�r�r�a�n�g�e�m�e�n�t�.� �E�a�c�h� �K�a�l�m�a�n� �f�i�l�t�e�r� �c�a�n� �a�c�t� �s�i�m�u�l�t�a�n�e�-� 

�o�u�s�l�y� �o�n� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �d�a�t�a� �(�r�a�t�h�e�r� �t�h�a�n� �c�o�n�s�e�c�u�t�i�v�e�l�y�,� �a�s� �w�a�s� �d�o�n�e� �i�n� 

�t�h�e� �s�i�m�u�l�a�t�i�o�n�s�)�.� �A� �s�u�p�e�r�v�i�s�o�r�y� �c�o�m�p�u�t�e�r� �w�o�u�l�d� �t�h�e�n� �w�e�i�g�h�t� �t�h�e� �i�n�d�i�v�i�d�-� 

�u�a�l� �p�r�o�c�e�s�s�o�r� �o�u�t�p�u�t�s� �(�s�t�a�t�e� �e�s�t�i�m�a�t�e�s�)� �t�o� �d�e�r�i�v�e� �t�h�e� �b�e�s�t� �n�o�n�l�i�n�e�a�r� 

�e�s�t�i�m�a�t�e�.� �I�n�h�e�r�e�n�t� �i�n� �t�h�i�s� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �i�s� �t�h�e� �e�a�s�e� �o�f� �a�d�d�i�n�g� �s�y�s�t�e�m� 

�r�e�d�u�n�d�a�n�c�y� �i�n� �t�h�e� �f�o�r�m� �o�f� �a�d�d�i�t�i�o�n�a�l� �p�a�r�a�l�i�e�l� �p�r�o�c�e�s�s�o�r�s�.� �G�r�e�a�t�e�r� 

�a�c�c�u�r�a�c�y� �i�s� �a�t�t�a�i�n�a�b�l�e� �b�y� �p�a�r�t�i�t�i�o�n�i�n�g� �t�h�e� �p�l�a�n�t� �i�n�t�o� �a� �l�a�r�g�e�r� �d�e�n�s�i�t�y� 

�o�f� �l�i�n�e�a�r� �a�p�p�r�o�x�i�m�a�t�i�o�n�s�.� �A�n�d� �i�f� �t�h�e� �p�a�r�a�l�l�e�l� �p�r�o�c�e�s�s�i�n�g� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� 

�i�s� �u�s�e�d�,� �t�h�i�s� �i�n�c�r�e�a�s�e� �i�n� �a�c�c�u�r�a�c�y� �w�i�l�l� �n�o�t� �s�i�g�n�i�f�i�c�a�n�t�l�y� �a�d�d� �t�o� �c�o�m�p�u�-�-� 

�t�a�t�i�o�n� �t�i�m�e�.� �E�a�c�h� �K�a�l�m�a�n� �f�i�l�t�e�r�,� �b�e�i�n�g� �l�i�n�e�a�r�,� �a�l�s�o� �a�l�l�o�w�s� �o�f�f�-�l�i�n�e� 

�p�r�e�c�a�l�c�u�l�a�t�i�o�n� �o�f� �K�a�l�m�a�n� �g�a�i�n�s�,� �t�h�u�s� �e�l�i�m�i�n�a�t�i�n�g� �m�u�c�h� �o�f� �t�h�e� �o�n�-�l�i�n�e� 

�c�o�m�p�u�t�a�t�i�o�n�a�l� �b�u�r�d�e�n�.� 

�S�e�v�e�r�a�l� �d�i�s�a�d�v�a�n�t�a�g�e�s�,� �h�o�w�e�v�e�r�,� �s�u�b�t�r�a�c�t� �f�r�o�m� �t�h�e� �g�e�n�e�r�a�l� �u�t�i�l�i�t�y� 

�o�f� �t�h�i�s� �m�e�t�h�o�d�.� �F�i�r�s�t�,� �t�h�e� �s�w�i�t�c�h� �d�e�t�e�c�t�i�o�n� �p�e�r�f�o�r�m�a�n�c�e� �i�s� �q�u�i�t�e� �s�e�n�s�i�-� 

�t�i�v�e� �t�o� �t�h�e� �t�h�r�e�s�h�o�l�d� �v�a�l�u�e�.� �I�f� �t�h�e� �f�i�l�t�e�r�s� �a�r�e� �r�e�-�i�n�i�t�i�a�l�i�z�e�d� �t�o�o� 

�o�f�t�e�n�,� �t�h�e�n� �t�h�e� �r�e�s�u�l�t�i�n�g� �e�s�t�i�m�a�t�e� �w�i�l�l� �b�e� �u�n�a�c�c�e�p�t�a�b�l�y� �n�o�i�s�y�.� �O�n� �t�h�e
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�o�t�h�e�r� �h�a�n�d�,� �a� �t�h�r�e�s�h�o�l�d� �v�a�l�u�e� �t�h�a�t� �i�s� �t�o�o� �l�o�w� �w�i�l�l� �a�l�l�o�w� �t�o�o� �m�u�c�h� 

�d�i�v�e�r�g�e�n�c�e�.� �U�n�f�o�r�t�u�n�a�t�e�l�y�,� �t�h�e� �o�n�l�y� �s�u�r�e� �w�a�y� �t�o� �a�c�h�i�e�v�e� �a� �s�a�t�i�s�f�a�c�t�o�r�y� 

�t�h�r�e�s�h�o�l�d� �v�a�l�u�e� �i�s� �b�y� �t�r�i�a�l� �a�n�d� �e�r�r�o�r�.� �A� �v�a�l�u�e� �t�h�a�t� �w�o�r�k�s� �w�e�l�l� �f�o�r� �o�n�e� 

�p�r�o�b�l�e�m� �m�a�y� �b�e� �u�n�s�a�t�i�s�f�a�c�t�o�r�y� �f�o�r� �a�n�o�t�h�e�r�.� 

�A� �s�e�c�o�n�d� �d�i�s�a�d�v�a�n�t�a�g�e� �i�s� �t�h�e� �n�o�i�s�e� �t�h�a�t� �i�s� �p�r�e�s�e�n�t� �i�n� �t�h�e� �e�s�t�i�m�a�t�e� 

�d�u�r�i�n�g� �r�e�-�i�n�i�t�i�a�l�i�z�a�t�i�o�n�.� �T�h�i�s� �d�e�g�r�a�d�a�t�i�o�n� �i�s� �d�u�e� �t�o� �t�h�e� �i�n�h�e�r�e�n�t� 

�i�n�a�b�i�l�i�t�y� �o�f� �t�h�e� �m�e�t�h�o�d� �t�o� �t�r�a�c�k� �r�a�p�i�d� �c�o�n�f�i�g�u�r�a�t�i�o�n� �c�h�a�n�g�e�s�.� �I�n� 

�C�h�a�p�t�e�r� �F�i�v�e� �a�n� �e�s�t�i�m�a�t�o�r� �w�i�l�l� �b�e� �d�e�v�e�l�o�p�e�d� �t�o� �r�e�m�e�d�y� �t�h�i�s� �p�r�o�b�l�e�m�.



�4�.�0� �S�T�O�C�H�A�S�T�I�C� �N�O�N�L�I�N�E�A�R� �C�O�N�T�R�O�L� 

�4�.�1� �I�n�t�r�o�d�u�c�t�i�o�n� 
� � 

�T�h�i�s� �c�h�a�p�t�e�r� �a�p�p�l�i�e�s� �t�h�e� �m�o�d�i�f�i�e�d� �P�A�E� �a�l�g�o�r�i�t�h�m� �o�f� �C�h�a�p�t�e�r� �T�h�r�e�e� �t�o� 

�t�h�e� �s�t�o�c�h�a�s�t�i�c� �n�o�n�l�i�n�e�a�r� �c�o�n�t�r�o�l� �p�r�o�b�l�e�m�.� �A� �m�a�j�o�r� �p�o�r�t�i�o�n� �i�s� �d�e�v�o�t�e�d� �t�o� 

�t�h�e� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �a� �d�e�s�i�g�n� �p�r�o�c�e�d�u�r�e� �f�o�r� �a� �s�p�e�c�i�f�i�c� �t�y�p�e� �o�f� �p�r�o�b�l�e�m� 

�r�e�f�e�r�r�e�d� �t�o� �a�s� �s�e�t�~�p�o�i�n�t� �c�o�n�t�r�o�l�.� �T�h�i�s� �p�r�o�c�e�d�u�r�e� �w�i�l�l� �b�e� �a�p�p�l�i�e�d� �t�o� �t�h�e� 

�n�o�n�l�i�n�e�a�r� �o�s�c�i�l�l�a�t�o�r� �i�n�t�r�o�d�u�c�e�d� �i�n� �C�h�a�p�t�e�r� �T�h�r�e�e�.� �R�e�f�e�r�r�i�n�g� �t�o� �t�h�e� 

�t�e�r�m�i�n�o�l�o�g�y� �o�f� �C�h�a�p�t�e�r� �O�n�e�,� �t�h�e� �n�o�n�l�i�n�e�a�r� �c�o�n�t�r�o�l�l�e�r� �t�o� �b�e� �d�e�v�e�l�o�p�e�d� �i�s� 

�a�n� �a�d�a�p�t�i�v�e� �c�o�n�t�r�o�l�l�e�r�.� �U�s�e� �i�s� �m�a�d�e� �o�f� �t�h�e� �S�e�p�a�r�a�t�i�o�n�-�P�r�i�n�c�i�p�l�e� �t�o� 

�s�u�b�d�i�v�i�d�e� �t�h�e� �i�d�e�n�t�i�f�i�c�a�t�i�o�n� �a�n�d� �t�h�e� �c�o�n�t�r�o�l� �a�s�p�e�c�t�s� �o�f� �t�h�e� �d�e�s�i�g�n�.� �I�n� 

�a�d�d�i�t�i�o�n�,� �t�h�e� �c�o�n�t�r�o�l�l�e�r� �i�s� �"�c�a�u�t�i�o�u�s�"� �i�n� �t�h�a�t� �t�h�e� �f�e�e�d�b�a�c�k� �g�a�i�n�s� �d�e�p�e�n�d� 

�o�n� �t�h�e� �d�e�g�r�e�e� �o�f� �u�n�c�e�r�t�a�i�n�t�y� �i�n� �t�h�e� �s�t�a�t�e� �e�s�t�i�m�a�t�e�s�.� �B�e�f�o�r�e� �d�i�s�c�u�s�s�i�n�g� 

�t�h�e� �a�d�v�a�n�t�a�g�e�s� �o�f� �t�h�e� �c�o�n�t�r�o�l�l�e�r�,� �a� �b�r�i�e�f� �d�e�s�c�r�i�p�t�i�o�n� �o�f� �t�h�e� �h�i�e�r�a�r�c�h�y� 

�o�f� �c�o�n�t�r�o�l� �p�r�o�b�l�e�m�s� �a�n�d� �a� �s�u�m�m�a�r�y� �o�f� �e�x�i�s�t�i�n�g� �s�t�o�c�h�a�s�t�i�c� �n�o�n�l�i�n�e�a�r� �c�o�n�-� 

�t�r�o�l�l�e�r�s� �i�s� �p�r�e�s�e�n�t�e�d�.� 

�T�h�e� �m�e�t�h�o�d�s� �o�f� �d�e�t�e�r�m�i�n�i�s�t�i�c� �l�i�n�e�a�r� �c�o�n�t�r�o�l� �a�r�e� �b�y� �f�a�r� �t�h�e� �m�o�s�t� 

�c�o�m�p�l�e�t�e�l�y� �d�e�v�e�l�o�p�e�d� �o�f� �a�l�l� �t�h�e� �c�o�n�t�r�o�l� �p�r�o�b�l�e�m�s�.� �G�i�v�e�n� �t�h�e� �p�l�a�n�t� �d�y�-� 

�n�a�m�i�c�s�,� �t�h�e� �p�r�o�b�l�e�m� �i�s� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �f�e�e�d�b�a�c�k� �g�a�i�n�s� �t�h�a�t� �w�i�l�l� �g�i�v�e� 

�t�h�e� �p�l�a�n�t� �t�h�e� �d�e�s�i�r�e�d� �c�l�o�s�e�d� �l�o�o�p� �p�e�r�f�o�r�m�a�n�c�e�.� �T�h�e� �f�e�e�d�b�a�c�k� �g�a�i�n�s� �c�a�n� 

�b�e� �f�o�u�n�d� �u�s�i�n�g� �c�l�a�s�s�i�c�a�l�,� �m�o�d�e�r�n� �o�r� �o�p�t�i�m�a�l� �t�e�c�h�n�i�q�u�e�s�.� �T�h�e� �s�e�p�a�r�a�t�i�o�n� 

�p�r�i�n�c�i�p�l�e� �a�l�l�o�w�s� �t�h�e� �s�t�a�t�e� �v�a�r�i�a�b�l�e� �f�e�e�d�b�a�c�k� �t�o� �b�e� �d�e�t�e�r�m�i�n�e�d�,� �a�s�s�u�m�i�n�g� 

�t�h�a�t� �a�l�l� �t�h�e� �s�t�a�t�e�s� �a�r�e� �a�v�a�i�l�a�b�l�e�,� �e�v�e�n� �t�h�o�u�g�h� �a� �s�t�a�t�e� �r�e�c�o�n�s�t�r�u�c�t�o�r� 

�(�o�b�s�e�r�v�e�r�)� �m�i�g�h�t� �b�e� �r�e�q�u�i�r�e�d�.� 

�S�t�o�c�h�a�s�t�i�c� �l�i�n�e�a�r� �c�o�n�t�r�o�l� �t�h�e�o�r�y� �i�s� �a�l�s�o� �v�e�r�y� �w�e�l�l� �d�e�v�e�l�o�p�e�d�,� �i�n� 

�t�h�e� �c�o�n�t�e�x�t� �o�f� �t�h�e� �l�i�n�e�a�r�-�q�u�a�d�r�a�t�i�c�-�G�a�u�s�s�i�a�n�,� �L�Q�G�,� �p�r�o�b�l�e�m�.� �T�h�a�t� �i�s�,� 
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�a� �l�i�n�e�a�r� �p�l�a�n�t� �h�a�v�i�n�g� �G�a�u�s�s�i�a�n� �d�i�s�t�r�i�b�u�t�e�d� �r�a�n�d�o�m� �p�r�o�c�e�s�s�e�s� �w�i�t�h� �t�h�e� 

�p�e�r�f�o�r�m�a�n�c�e� �i�n�d�e�x� �e�x�p�r�e�s�s�e�d� �a�s� �a� �q�u�a�d�r�a�t�i�c� �c�o�s�t� �f�u�n�c�t�i�o�n�a�l�.� �T�h�e� �s�e�p�a�r�a�-� 

�t�i�o�n� �p�r�i�n�c�i�p�l�e�,� �w�h�i�c�h� �h�o�l�d�s� �u�n�d�e�r� �t�h�e�s�e� �r�e�s�t�r�i�c�t�i�o�n�s�,� �a�l�l�o�w�s� �a� �K�a�l�m�a�n� 

�f�i�l�t�e�r� �o�b�s�e�r�v�e�r� �t�o� �b�e� �d�e�s�i�g�n�e�d� �i�n�d�e�p�e�n�d�e�n�t�l�y� �o�f� �t�h�e� �f�e�e�d�b�a�c�k� �g�a�i�n�s�.� 

�T�h�e�r�e� �a�r�e� �n�o� �g�e�n�e�r�a�l� �m�e�t�h�o�d�s� �f�o�r� �d�e�s�i�g�n�i�n�g� �a� �c�o�n�t�r�o�l�l�e�r� �f�o�r� �a� 

�d�e�t�e�r�m�i�n�i�s�t�i�c� �n�o�n�l�i�n�e�a�r� �p�r�o�b�l�e�m�.� �D�e�s�c�r�i�b�i�n�g� �f�u�n�c�t�i�o�n�s� �h�a�v�e� �b�e�e�n� �a�p�p�l�i�e�d� 

�s�u�c�c�e�s�s�f�u�l�l�y� �t�o� �a� �c�l�a�s�s� �o�f� �p�r�o�b�l�e�m�s�,� �p�r�i�m�a�r�i�l�y� �r�e�l�a�y� �t�y�p�e� �s�w�i�t�c�h�i�n�g� 

�f�u�n�c�t�i�o�n�s�.� �T�h�e� �m�e�t�h�o�d� �o�f� �i�n�p�u�t� �m�a�t�c�h�i�n�g� �[�J�-�3�]� �i�s� �e�f�f�e�c�t�i�v�e� �f�o�r� �c�o�n�t�r�o�l�l�-� 

�i�n�g� �p�l�a�n�t�s� �t�h�a�t� �c�a�n� �b�e� �d�e�s�c�r�i�b�e�d� �u�s�i�n�g� �a� �g�e�n�e�r�a�l�i�z�e�d� �i�n�p�u�t�/�o�u�t�p�u�t� �m�o�d�e�l�.� 

�F�o�r� �m�o�s�t� �p�r�o�b�l�e�m�s�,� �h�o�w�e�v�e�r�,� �t�h�e� �u�s�u�a�l� �a�p�p�r�o�a�c�h� �i�s� �t�o� �l�i�n�e�a�r�i�z�e� �t�h�e� �f�u�n�c�-� 

�t�i�o�n� �a�r�o�u�n�d� �s�o�m�e� �o�p�e�r�a�t�i�n�g� �p�o�i�n�t� �a�n�d� �t�h�e�n� �a�p�p�l�y� �l�i�n�e�a�r� �c�o�n�t�r�o�l� �t�h�e�o�r�y�.� 

�T�h�i�s� �m�e�t�h�o�d� �w�o�r�k�s� �w�e�l�l� �i�f� �t�h�e� �s�t�a�t�e� �o�f� �t�h�e� �p�l�a�n�t� �r�e�m�a�i�n�s� �i�n� �a� �n�e�i�g�h�b�o�r�-� 

�h�o�o�d� �o�f� �t�h�e� �o�p�e�r�a�t�i�n�g� �p�o�i�n�t�.� �B�u�t�,� �p�o�o�r� �p�e�r�f�o�r�m�a�n�c�e� �a�n�d� �p�o�s�s�i�b�l�e� �i�n�s�t�a�-� 

�b�i�l�i�t�y� �m�a�y� �r�e�s�u�l�t� �i�f� �t�h�e� �s�t�a�t�e� �i�s� �n�o�t� �s�o� �c�o�n�t�a�i�n�e�d�.� �O�a�k�s� �a�n�d� �C�o�o�k� �[�0�-�1�]� 

�d�e�v�e�l�o�p�e�d� �a� �d�e�s�i�g�n� �m�e�t�h�o�d� �f�o�r� �d�r�i�v�i�n�g� �a� �n�o�n�l�i�n�e�a�r� �p�l�a�n�t� �f�r�o�m� �o�n�e� �o�p�e�r�a�t�-� 

�i�n�g� �p�o�i�n�t� �t�o� �a�n�o�t�h�e�r�.� �T�h�e�i�r� �m�e�t�h�o�d� �r�e�q�u�i�r�e�d� �t�h�e� �d�e�t�e�r�m�i�n�a�t�i�o�n� �o�f� �r�e�g�i�o�n�s� 

�o�f� �s�t�a�b�i�l�i�t�y� �a�r�o�u�n�d� �t�h�e� �d�e�s�i�r�e�d� �a�n�d� �i�n�t�e�r�m�e�d�i�a�t�e� �o�p�e�r�a�t�i�n�g� �p�o�i�n�t�s� �b�y� 

�s�o�l�v�i�n�g� �L�i�a�p�u�n�o�v� �s�t�a�b�i�l�i�t�y� �e�q�u�a�t�i�o�n�s�.� �B�y� �o�v�e�r�l�a�p�p�i�n�g� �t�h�e�s�e� �r�e�g�i�o�n�s�,� 

�o�p�t�i�m�a�l� �t�r�a�j�e�c�t�o�r�i�e�s� �w�e�r�e� �d�e�t�e�r�m�i�n�e�d� �t�o� �c�o�n�n�e�c�t� �t�h�e� �i�n�i�t�i�a�l�,� �i�n�t�e�r�m�e�d�i�-� 

�a�t�e� �a�n�d� �f�i�n�a�l� �p�o�i�n�t�s�.� �A�l�t�h�o�u�g�h� �e�l�e�g�a�n�t�,� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� �b�u�r�d�e�n� �o�f� 

�t�h�e�i�r� �m�e�t�h�o�d�,� �e�v�e�n� �f�o�r� �l�o�w� �o�r�d�e�r� �p�r�o�b�l�e�m�s�,� �i�s� �e�x�c�e�s�s�i�v�e�.� 

�T�h�e� �s�t�o�c�h�a�s�t�i�c� �n�o�n�l�i�n�e�a�r� �c�o�n�t�r�o�l� �p�r�o�b�l�e�m� �h�a�s� �a�l�l� �t�h�e� �d�i�f�f�i�c�u�l�t�i�e�s� 

�o�f� �t�h�e� �d�e�t�e�r�m�i�n�i�s�t�i�c� �p�r�o�b�l�e�m� �p�l�u�s� �t�h�e� �c�o�m�p�l�i�c�a�t�i�o�n� �o�f� �r�a�n�d�o�m� �s�y�s�t�e�m� �d�i�s�-� 

�t�u�r�b�a�n�c�e�s� �a�n�d� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e�.� �T�h�e� �s�e�p�a�r�a�t�i�o�n� �p�r�i�n�c�i�p�l�e� �i�s� �n�o�t�,� �i�n� 

�g�e�n�e�r�a�l�,� �v�a�l�i�d� �f�o�r� �t�h�i�s� �p�r�o�b�l�e�m�.� �T�h�e�r�e� �a�r�e� �b�a�s�i�c�a�l�l�y� �t�w�o� �a�p�p�r�o�a�c�h�e�s� �o�f� 

�s�t�o�c�h�a�s�t�i�c� �n�o�n�l�i�n�e�a�r� �c�o�n�t�r�o�l�.� �T�h�e� �f�i�r�s�t� �m�e�t�h�o�d� �i�m�p�o�s�e�s� �t�h�e� �s�e�p�a�r�a�t�i�o�n
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�p�r�i�n�c�i�p�l�e�,� �v�a�l�i�d� �o�r� �n�o�t�,� �a�n�d� �t�h�e�n� �e�m�p�l�o�y�s� �a� �n�o�n�l�i�n�e�a�r� �o�b�s�e�r�v�e�r� �s�u�c�h� �a�s� 

�t�h�e� �E�K�F�,� �t�o� �r�e�c�o�n�s�t�r�u�c�t� �t�h�e� �s�t�a�t�e� �v�e�c�t�o�r� �f�o�r� �f�e�e�d�b�a�c�k� �p�u�r�p�o�s�e�s�.� �I�f� �a� 

�s�i�n�g�l�e� �f�e�e�d�b�a�c�k� �m�a�t�r�i�x� �i�s� �d�e�s�i�g�n�e�d� �t�o� �g�i�v�e� �s�u�i�t�a�b�l�e� �p�e�r�f�o�r�m�a�n�c�e� �f�o�r� �a�l�l� 

�p�l�a�n�t� �c�o�n�d�i�t�i�o�n�s�,� �t�h�e� �c�o�n�t�r�o�l�l�e�r� �i�s� �s�a�i�d� �t�o� �b�e� �"�R�o�b�u�s�t�"� �[�D�-�2�]�.� �A�l�t�e�r�-� 

 ��n�a�t�e�l�y�,� �a� �s�e�t� �o�f� �f�e�e�d�b�a�c�k� �g�a�i�n� �m�a�t�r�i�c�e�s� �c�a�n� �b�e� �c�a�l�c�u�l�a�t�e�d� �b�a�s�e�d� �u�p�o�n� 

�d�i�f�f�e�r�e�n�t� �l�i�n�e�a�r�i�z�a�t�i�o�n�s� �o�f� �t�h�e� �n�o�n�l�i�n�e�a�r� �p�l�a�n�t�.� �T�h�e�s�e� �g�a�i�n�s� �c�a�n� �t�h�e�n� 

�b�e� �s�c�h�e�d�u�l�e�d� �a�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �s�t�a�t�e� �e�s�t�i�m�a�t�e�s� �t�o� �g�i�v�e� �m�o�r�e� �p�r�e�c�i�s�e� �c�o�n�-�~� 

�t�r�o�l� �i�n� �t�h�e� �d�i�f�f�e�r�e�n�t� �r�e�g�i�o�n�s�.� �G�a�i�n� �s�c�h�e�d�u�l�i�n�g� �i�s� �p�r�o�b�a�b�l�y� �t�h�e� �m�o�s�t� 

�w�i�d�e�l�y� �u�s�e�d� �m�e�t�h�o�d�.� 

�A� �s�e�c�o�n�d� �a�p�p�r�o�a�c�h� �i�s� �t�o� �u�s�e� �a�d�a�p�t�i�v�e� �t�e�c�h�n�i�q�u�e�s� �t�o� �l�e�a�r�n� �k�e�y� 

�p�a�r�a�m�e�t�e�r�s� �i�n� �t�h�e� �p�l�a�n�t� �a�n�d� �f�o�r�m�u�l�a�t�e� �t�h�e� �c�o�n�t�r�o�l� �l�a�w� �a�c�c�o�r�d�i�n�g�l�y�.� 

�T�h�e�s�e� �n�o�n�l�i�n�e�a�r� �a�d�a�p�t�i�v�e� �c�o�n�t�r�o�l� �m�e�t�h�o�d�s� �a�r�e� �m�o�t�i�v�a�t�e�d� �b�y� �t�h�e� �o�b�s�e�r�v�a�-� 

�t�i�o�n� �t�h�a�t� �a� �n�o�n�l�i�n�e�a�r� �p�l�a�n�t� �c�a�n� �b�e� �t�h�o�u�g�h�t� �o�f� �a�s� �a� �l�i�n�e�a�r� �p�l�a�n�t� �h�a�v�i�n�g� 

�u�n�k�n�o�w�n�,� �t�i�m�e�-�v�a�r�y�i�n�g� �p�a�r�a�m�e�t�e�r�s�.� �T�h�e� �a�d�a�p�t�i�v�e� �a�p�p�r�o�a�c�h� �h�a�s� �s�e�v�e�r�a�l� 

�a�d�v�a�n�t�a�g�e�s� �o�v�e�r� �t�h�e� �l�i�n�e�a�r�i�z�a�t�i�o�n� �a�p�p�r�o�a�c�h�.� �F�i�r�s�t�,� �t�h�e� �p�l�a�n�t� �d�e�s�c�r�i�p�-� 

�t�i�o�n� �i�s� �o�f�t�e�n� �d�i�f�f�i�c�u�l�t� �t�o� �a�s�c�e�r�t�a�i�n�.� �T�h�e� �l�i�n�e�a�r�i�z�a�t�i�o�n� �o�f� �a� �n�o�n�l�i�n�e�a�r� 

�p�l�a�n�t� �a�s� �r�e�q�u�i�r�e�d� �b�y� �t�h�e� �E�K�F� �a�n�d� �b�y� �t�h�e� �f�e�e�d�b�a�c�k� �c�a�l�c�u�l�a�t�i�o�n�s� �c�a�n�n�o�t� �b�e� 

�c�a�r�r�i�e�d� �o�u�t� �e�f�f�e�c�t�i�v�e�l�y� �u�n�l�e�s�s� �t�h�e� �p�l�a�n�t� �e�q�u�a�t�i�o�n�s� �a�r�e� �a�c�c�u�r�a�t�e�l�y� �k�n�o�w�n�.� 

�O�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� �t�h�e� �a�d�a�p�t�i�v�e� �m�e�t�h�o�d� �i�s� �q�u�i�t�e� �t�o�l�e�r�a�n�t� �o�f� �p�l�a�n�t� �m�o�d�e�l� 

�i�n�a�c�c�u�r�a�c�i�e�s�.� �S�e�c�o�n�d�,� �g�a�i�n� �s�c�h�e�d�u�l�i�n�g� �p�e�r� �s�e� �d�o�e�s� �n�o�t� �t�a�k�e� �i�n�t�o� �a�c�c�o�u�n�t� 

�u�n�c�e�r�t�a�i�n�t�i�e�s� �i�n� �t�h�e� �s�t�a�t�e� �e�s�t�i�m�a�t�e�s�.� �U�s�i�n�g� �a�n� �i�n�a�p�p�r�o�p�r�i�a�t�e� �g�a�i�n� 

�b�e�c�a�u�s�e� �o�f� �n�o�i�s�e� �i�n� �t�h�e� �e�s�t�i�m�a�t�e� �c�o�u�l�d� �v�e�r�y� �p�o�s�s�i�b�l�y� �c�a�u�s�e� �a�n� �u�n�s�t�a�b�l�e� 

�s�i�t�u�a�t�i�o�n�.� �A�d�a�p�t�i�v�e� �c�o�n�t�r�o�l�l�e�r�s� �c�a�n� �b�e� �d�e�s�i�g�n�e�d� �t�o� �r�e�d�u�c�e� �t�h�i�s� �p�o�s�s�i�-� 

�b�i�l�i�t�y�.� 

�T�h�e� �m�o�t�i�v�a�t�i�o�n� �f�o�r� �u�s�i�n�g� �t�h�e� �P�A�E� �a�l�g�o�r�i�t�h�m� �i�n� �c�l�o�s�e�d� �l�o�o�p� �c�o�n�t�r�o�l� 

�i�s� �a�t�t�r�i�b�u�t�e�d� �t�o� �D�e�s�h�p�a�n�d�e� �e�t� �a�l� �[�D�-�l�]�.� �I�t� �w�a�s� �s�h�o�w�n� �t�h�a�t� �f�o�r� �u�n�k�n�o�w�n
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�m�o�d�e�l� �p�a�r�a�m�e�t�e�r�s� �t�h�e� �s�e�p�a�r�a�t�i�o�n� �p�r�i�n�c�i�p�l�e� �d�o�e�s� �n�o�t� �g�e�n�e�r�a�l�l�y� �h�o�l�d�,� �a�n�d� 

�t�h�a�t� �t�h�e� �o�p�t�i�m�a�l� �s�t�o�c�h�a�s�t�i�c� �c�o�n�t�r�o�l�l�e�r� �n�e�c�e�s�s�a�r�i�l�y� �h�a�s� �a� �n�o�n�l�i�n�e�a�r� �s�t�r�u�c�-� 

�t�u�r�e�.� �T�h�e� �"�P�a�r�t�i�t�i�o�n�e�d� �A�d�a�p�t�i�v�e� �C�o�n�t�r�o�l�l�e�r�"�,� �P�A�C�,� �w�a�s� �t�h�e�n� �m�o�t�i�v�a�t�e�d� 

�b�y� �a�r�g�u�m�e�n�t�s� �c�e�n�t�e�r�e�d� �a�r�o�u�n�d� �m�i�n�i�m�i�z�i�n�g� �a� �c�o�s�t� �f�u�n�c�t�i�o�n�a�l�.� �S�i�m�i�l�a�r� 

�a�p�p�r�o�a�c�h�e�s� �t�o� �t�h�e� �a�d�a�p�t�i�v�e� �c�o�n�t�r�o�l� �p�r�o�b�l�e�m� �w�e�r�e� �i�n�v�e�s�t�i�g�a�t�e�d� �b�y� �S�a�r�i�d�i�s� 

�a�n�d� �D�a�o� �[�S�-�5�]�,� �a�n�d� �S�t�e�i�n� �a�n�d� �S�a�r�i�d�i�s� �[�S�-�6�]�.� �A�t�h�a�n�s� �e�t� �a�l� �s�u�c�c�e�s�s�f�u�l�l�y� 

�a�p�p�l�i�e�d� �a�n� �e�q�u�i�v�a�l�e�n�t� �t�e�c�h�n�i�q�u�e�,� �c�a�l�l�e�d� �"�M�u�l�t�i�p�l�e� �M�o�d�e�l� �A�d�a�p�t�i�v�e� �C�o�n�t�r�o�l�"� 

�t�o� �t�h�e� �F�-�8�C� �a�i�r�c�r�a�f�t� �[�A�-�1�]�.� 

�T�h�e� �s�h�o�r�t�c�o�m�i�n�g�s� �o�f� �t�h�e� �P�A�C� �f�o�r�m�u�l�a�t�i�o�n� �a�r�e� �t�h�e� �s�a�m�e� �a�s� �t�h�o�s�e� �o�f� 

�t�h�e� �P�A�E� �a�l�g�o�r�i�t�h�m� �d�i�s�c�u�s�s�e�d� �i�n� �C�h�a�p�t�e�r� �T�h�r�e�e�.� �T�h�e� �m�a�i�n� �p�r�o�b�l�e�m� �b�e�i�n�g� 

�t�h�e� �i�n�a�b�i�l�i�t�y� �t�o� �t�r�a�c�k�,� �h�e�n�c�e� �c�o�n�t�r�o�l�,� �a� �p�l�a�n�t� �u�n�d�e�r�g�o�i�n�g� �r�a�p�i�d� �c�o�n�f�i�g�u�-� 

�r�a�t�i�o�n� �c�h�a�n�g�e�s�.� �H�o�w�e�v�e�r�,� �t�h�e� �m�o�d�i�f�i�e�d� �P�A�E� �a�l�g�o�r�i�t�h�m� �w�i�t�h� �s�e�m�i�-�M�a�r�k�o�v� 

�p�l�a�n�t� �m�o�d�e�l�i�n�g� �a�n�d� �g�a�i�n� �r�e�-�i�n�i�t�i�a�l�i�z�a�t�i�o�n� �e�l�i�m�i�n�a�t�e�s� �t�h�i�s� �p�r�o�b�l�e�m�.� 

�I�n� �t�h�i�s� �c�h�a�p�t�e�r� �a� �m�o�d�i�f�i�e�d� �P�A�C� �c�o�n�t�r�o�l�l�e�r� �b�a�s�e�d� �u�p�o�n� �t�h�e� �r�e�s�u�l�t�s� 

�o�f� �C�h�a�p�t�e�r� �T�h�r�e�e� �w�i�l�l� �b�e� �a�p�p�l�i�e�d� �t�o� �t�h�e� �s�t�o�c�h�a�s�t�i�c� �n�o�n�l�i�n�e�a�r� �c�o�n�t�r�o�l� 

�p�r�o�b�l�e�m�.� �S�e�c�t�i�o�n� �4�.�2� �d�e�s�c�r�i�b�e�s� �t�h�e� �b�a�s�i�c� �s�t�r�u�c�t�u�r�e� �o�f� �t�h�e� �m�o�d�i�f�i�e�d� �P�A�C� 

�c�o�n�t�r�o�l�l�e�r�.� �A� �s�p�e�c�i�f�i�c� �c�o�n�t�r�o�l� �p�r�o�b�l�e�m�,� �s�e�t�-�p�o�i�n�t� �c�o�n�t�r�o�l�,� �i�s� �s�o�l�v�e�d� 

�i�n� �S�e�c�t�i�o�n� �4�.�3�.� �T�h�e� �n�o�n�l�i�n�e�a�r� �o�s�c�i�l�l�a�t�o�r� �c�o�n�s�i�d�e�r�e�d� �b�y� �O�a�k�s� �a�n�d� �C�o�o�k� 

�i�s� �u�s�e�d� �a�s� �a� �d�e�s�i�g�n� �e�x�a�m�p�l�e�.� �S�e�c�t�i�o�n� �4�.�4� �g�i�v�e�s� �t�h�e� �r�e�s�u�l�t�s� �o�f� �s�e�v�e�r�a�l� 

�s�i�m�u�l�a�t�i�o�n�s� �o�f� �t�h�e� �m�o�d�i�f�i�e�d� �P�A�C� �c�o�n�t�r�o�l�l�e�r�.� �T�h�e� �a�d�v�a�n�t�a�g�e�s� �a�n�d� �d�i�s�a�d�-� 

�v�a�n�t�a�g�e�s� �o�f� �t�h�i�s� �m�e�t�h�o�d� �o�f� �s�t�o�c�h�a�s�t�i�c� �n�o�n�l�i�n�e�a�r� �c�o�n�t�r�o�l� �a�r�e� �d�i�s�c�u�s�s�e�d� 

�i�n� �S�e�c�t�i�o�n� �4�.�5�.� 

�4�.�2� �T�h�e� �M�o�d�i�f�i�e�d� �P�A�C� �C�o�n�t�r�o�l�l�e�r� 
� � 

�T�h�e� �s�t�r�u�c�t�u�r�e� �o�f� �t�h�e� �m�o�d�i�f�i�e�d� �P�A�C� �a�l�g�o�r�i�t�h�m� �i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� 

�4�.�2�.�1�.� �A� �b�a�n�k� �o�f� �K�a�l�m�a�n� �f�i�l�t�e�r�s� �o�p�e�r�a�t�e�s� �i�n� �p�a�r�a�l�l�e�l� �a�n�d� �i�n�d�e�p�e�n�d�e�n�t�l�y



�6�8� 

�o�n� �t�h�e� �n�o�i�s�y� �p�l�a�n�t� �m�e�a�s�u�r�e�m�e�n�t�s�,� �z�.� �E�a�c�h� �f�i�l�t�e�r� �p�r�o�d�u�c�e�s� �a�n� �e�s�t�i�m�a�t�o�r�,� 

�R�s�s� �f�o�r� �t�h�e� �s�t�a�t�e� �c�o�n�d�i�t�i�o�n�e�d� �o�n� �t�h�e� �p�l�a�n�t� �b�e�i�n�g� �m�a�t�c�h�e�d� �t�o� �t�h�a�t� �p�a�r�t�i�c�-� 

�u�l�a�r� �l�i�n�e�a�r�i�z�e�d� �m�o�d�e�l�,� �S�.�.� �U�n�l�i�k�e� �t�h�e� �P�A�E� �a�l�g�o�r�i�t�h�m�,� �h�o�w�e�v�e�r�,� �a� �w�e�i�g�h�t�e�d� 

�S�u�m� �s�t�a�t�e� �e�s�t�i�m�a�t�e� �i�s� �n�o�t� �c�a�l�c�u�l�a�t�e�d�.� �I�n�s�t�e�a�d�,� �e�a�c�h� �e�s�t�i�m�a�t�e� �i�s� �m�u�l�t�i�-� 

�p�l�i�e�d� �b�y� �f�e�e�d�b�a�c�k� �g�a�i�n�s�,� �F�i� �w�h�i�c�h� �a�r�e� �p�a�r�t�i�c�u�l�a�r� �t�o� �e�a�c�h� �l�i�n�e�a�r�i�z�e�d� 

�m�o�d�e�l�.� �T�h�e� �o�v�e�r�a�l�l� �s�t�a�t�e� �v�a�r�i�a�b�l�e� �f�e�e�d�b�a�c�k� �i�s� �t�h�e�n� �c�a�l�c�u�l�a�t�e�d� �a�s� �a� 

�w�e�i�g�h�t�e�d� �s�u�m� �o�f� �t�h�e� �e�l�e�m�e�n�t�a�l� �s�t�a�t�e� �v�a�r�i�a�b�l�e� �f�e�e�d�b�a�c�k�s�,� �u�,�-� �T�h�e� �w�e�i�g�h�t�-� 

�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s�,� �I�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �i�n� �e�x�a�c�t�l�y� �t�h�e� �s�a�m�e� �m�a�n�n�e�r� �a�s� �t�h�e�y� 

�w�e�r�e� �f�o�r� �t�h�e� �P�A�E� �a�l�g�o�r�i�t�h�m�.� �T�h�u�s�,� �t�h�e�y� �a�r�e� �n�o�n�l�i�n�e�a�r� �f�u�n�c�t�i�o�n�s� �o�f� �t�h�e� 

�m�e�a�s�u�r�e�m�e�n�t�s�.� �I�n� �a�d�d�i�t�i�o�n� �t�o� �t�h�e� �i�n�d�i�v�i�d�u�a�l� �f�e�e�d�b�a�c�k� �g�a�i�n�s�,� �e�a�c�h� �m�o�d�e�l� 

�w�i�l�l� �i�n� �g�e�n�e�r�a�l� �h�a�v�e� �a� �d�i�f�f�e�r�e�n�t� �l�i�n�e�a�r�i�z�a�t�i�o�n� �c�o�n�s�t�a�n�t� �a�s� �s�e�e�n� �i�n� 

�e�q�u�a�t�i�o�n� �(�3�.�4�.�2�)�.� �D�e�p�e�n�d�i�n�g� �o�n� �t�h�e� �c�o�n�t�r�o�l� �f�u�n�c�t�i�o�n� �t�o� �b�e� �i�m�p�l�e�m�e�n�t�e�d�,� 

�t�h�e�s�e� �b�i�a�s�e�s� �m�a�y� �h�a�v�e� �t�o� �b�e� �e�l�i�m�i�n�a�t�e�d� �b�y� �s�u�b�t�r�a�c�t�i�n�g� �t�h�e� �o�f�f�-�s�e�t� �v�a�l�u�e�s�,� 

�H�,�.� �F�o�r� �u�n�i�f�o�r�m� �s�t�e�a�d�y� �s�t�a�t�e� �p�e�r�f�o�r�m�a�n�c�e�,� �t�h�e� �a�c�t�u�a�l� �i�n�p�u�t�,� �r�,� �m�a�y� 

�r�e�q�u�i�r�e� �d�i�f�f�e�r�e�n�t� �s�c�a�l�e� �f�a�c�t�o�r�s�,� �G�,�;� �f�o�r� �t�h�e� �d�i�f�f�e�r�e�n�t� �l�i�n�e�a�r�i�z�e�d� �m�o�d�e�l�s�.� 

�T�h�e� �n�e�t� �p�l�a�n�t� �i�n�p�u�t� �i�s� �a� �w�e�i�g�h�t�e�d� �s�u�m� �o�f� �a�l�l� �t�h�r�e�e� �i�n�p�u�t�s�;� �a�c�t�u�a�l� �s�c�a�l�e�d� 

�i�n�p�u�t�,� �i�n�p�u�t� �o�f�f�-�s�e�t�s� �a�n�d� �f�e�e�d�b�a�c�k� �i�n�p�u�t�s�.� 

�T�h�i�s� �s�t�r�u�c�t�u�r�e� �i�s� �i�n�t�u�i�t�i�v�e�l�y� �s�a�t�i�s�f�y�i�n�g�.� �A�s� �l�o�n�g� �a�s� �t�h�e� �n�o�n�l�i�n�e�a�r� 

�p�l�a�n�t� �i�s� �i�n� �o�n�e� �p�a�r�t�i�c�u�l�a�r� �r�e�g�i�o�n�,� �t�h�e� �f�i�l�t�e�r� �m�a�t�c�h�e�d� �t�o� �t�h�a�t� �r�e�g�i�o�n� �a�n�d� 

�t�h�e� �f�e�e�d�b�a�c�k� �g�a�i�n�s� �f�o�r� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �l�i�n�e�a�r� �a�p�p�r�o�x�i�m�a�t�i�o�n� �a�r�e� �b�e�i�n�g� 

�u�s�e�d� �i�n� �a� �s�t�r�a�i�g�h�t�f�o�r�w�a�r�d� �s�t�a�t�e� �v�a�r�i�a�b�l�e� �f�e�e�d�b�a�c�k� �c�o�n�t�r�o�l� �s�c�h�e�m�e�.� �W�h�e�n� 

�t�h�e� �p�l�a�n�t� �m�o�v�e�s� �t�o� �a�n�o�t�h�e�r� �r�e�g�i�o�n�,� �t�h�e�n� �t�h�e� �w�e�i�g�h�t�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s� �w�i�l�l� 

�a�u�t�o�m�a�t�i�c�a�l�l�y� �u�p�d�a�t�e� �t�o� �i�d�e�n�t�i�f�y� �t�h�e� �b�e�s�t� �m�a�t�c�h�e�d� �K�a�l�m�a�n� �f�i�l�t�e�r�.� 

�B�e�c�a�u�s�e� �o�f� �t�h�e� �d�i�g�i�t�a�l� �c�o�m�p�u�t�e�r� �i�n� �t�h�e� �f�e�e�d�b�a�c�k� �l�o�o�p�,� �t�h�e� �c�o�n�t�r�o�l�-� 

�l�e�r� �h�a�s� �a� �s�a�m�p�l�e�d� �d�a�t�a� �c�o�n�t�r�o�l� �s�t�r�u�c�t�u�r�e�.� �M�o�r�e�o�v�e�r�,� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t�s� 

�t�h�e�m�s�e�l�v�e�s� �m�a�y� �b�e� �a�v�a�i�l�a�b�l�e� �o�n�l�y� �a�t� �d�i�s�c�r�e�t�e� �t�i�m�e�s�,� �s�u�c�h� �a�s� �a� �r�a�d�a�r
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�7�0� 

�s�i�g�n�a�l�.� �T�h�e� �c�o�n�t�i�n�u�o�u�s� �t�i�m�e� �l�i�n�e�a�r�i�z�a�t�i�o�n� �m�o�d�e�l�s� �m�u�s�t� �t�h�e�r�e�f�o�r�e� �b�e� �c�o�n�-� 

�v�e�r�t�e�d� �t�o� �d�i�s�c�r�e�t�e� �t�i�m�e� �m�o�d�e�l�s�.� �F�r�o�m� �t�h�e� �d�i�s�c�r�e�t�e� �t�i�m�e� �m�o�d�e�l�s�,� �t�h�e� 

�r�e�q�u�i�r�e�d� �s�a�m�p�l�e�d� �d�a�t�a� �f�e�e�d�b�a�c�k� �g�a�i�n�s� �c�a�n� �b�e� �d�e�t�e�r�m�i�n�e�d�.� �A� �v�a�r�i�e�t�y� �o�f� 

�t�e�c�h�n�i�q�u�e�s� �c�a�n� �b�e� �u�s�e�d� �t�o� �o�b�t�a�i�n� �t�h�e� �f�e�e�d�b�a�c�k� �g�a�i�n�s�.� �C�l�a�s�s�i�c�a�l� �c�r�i�t�e�r�i�a� 

�f�o�r� �t�h�e� �t�r�a�n�s�i�e�n�t� �r�e�s�p�o�n�s�e�,� �s�u�c�h� �a�s� �r�i�s�e�-�t�i�m�e�,� �o�v�e�r�s�h�o�o�t�,� �e�t�c�.� �c�a�n� �b�e� 

�s�p�e�c�i�f�i�e�d�,� �t�h�u�s� �l�o�c�a�t�i�n�g� �t�h�e� �c�l�o�s�e�d�-�l�o�o�p� �e�i�g�e�n�v�a�l�u�e�s�.� �I�n� �g�e�n�e�r�a�l�,� �e�a�c�h� 

�l�i�n�e�a�r�i�z�e�d� �r�e�g�i�o�n� �c�o�u�l�d� �h�a�v�e� �a� �d�i�f�f�e�r�e�n�t� �d�e�s�i�r�e�d� �p�e�r�f�o�r�m�a�n�c�e�,� �a�n�d� 

�t�h�e�r�e�f�o�r�e� �d�i�f�f�e�r�e�n�t� �e�i�g�e�n�v�a�l�u�e�s�.� �F�o�r� �l�a�r�g�e�r� �o�r�d�e�r� �s�y�s�t�e�m�s� �a�n� �o�p�t�i�m�a�l� 

�c�o�n�t�r�o�l� �f�o�r�m�u�l�a�t�i�o�n� �i�s� �m�u�c�h� �m�o�r�e� �v�e�r�s�a�t�i�l�e�.� �B�o�t�h� �t�e�c�h�n�i�q�u�e�s� �a�r�e� 

�r�e�v�i�e�w�e�d� �i�n� �C�h�a�p�t�e�r� �T�w�o�.� 

�4�.�3� �S�e�t� �P�o�i�n�t� �C�o�n�t�r�o�l� 
� � 

�A�n� �i�m�p�o�r�t�a�n�t� �c�l�a�s�s� �o�f� �t�r�a�c�k�i�n�g� �p�r�o�b�l�e�m�s� �c�o�n�s�i�s�t�s� �o�f� �t�h�o�s�e� �p�r�o�b�l�e�m�s� 

�i�n� �w�h�i�c�h� �t�h�e� �r�e�f�e�r�e�n�c�e� �v�a�r�i�a�b�l�e�s� �r�e�m�a�i�n� �c�o�n�s�t�a�n�t� �o�v�e�r� �p�e�r�i�o�d�s� �o�f� �t�i�m�e� 

�w�h�i�c�h� �a�r�e� �l�o�n�g� �r�e�l�a�t�i�v�e� �t�o� �d�e�s�i�r�e�d� �r�e�s�p�o�n�s�e� �t�i�m�e�s�.� �F�o�r� �s�u�c�h� �s�y�s�t�e�m�s� �i�t� 

�i�s� �c�u�s�t�o�m�a�r�y� �t�o� �c�a�l�l� �t�h�e� �c�o�n�s�t�a�n�t� �r�e�f�e�r�e�n�c�e� �v�a�r�i�a�b�l�e� �t�h�e� �s�e�t�-�p�o�i�n�t� �f�o�r� 

�t�h�e� �s�y�s�t�e�m�.� �T�h�e� �s�p�e�c�i�f�i�c� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �t�h�i�s� �s�e�c�t�i�o�n� �i�s� �t�h�a�t� �o�f� �s�e�t�-� 

�p�o�i�n�t� �c�o�n�t�r�o�l� �o�f� �n�o�n�l�i�n�e�a�r� �s�t�o�c�h�a�s�t�i�c� �s�y�s�t�e�m�s� �b�y� �w�h�i�c�h� �i�s� �m�e�a�n�t� �t�h�e� 

�d�e�s�i�g�n� �o�f� �a� �s�u�i�t�a�b�l�e� �c�o�n�t�r�o�l�l�e�r� �f�o�r� �t�h�e� �n�o�n�l�i�n�e�a�r� �p�l�a�n�t� �s�o� �t�h�a�t� �t�h�e� 

�c�o�n�t�r�o�l�l�e�d� �o�u�t�p�u�t� �r�e�s�p�o�n�d�s� �t�o� �s�t�e�p� �r�e�f�e�r�e�n�c�e� �i�n�p�u�t�s� �i�n� �a� �d�e�s�i�r�e�d� �m�a�n�n�e�r�.� 

�T�h�e� �t�w�o� �c�l�a�s�s�i�c�a�l� �c�o�n�s�i�d�e�r�a�t�i�o�n�s� �f�o�r� �s�u�c�h� �a� �r�e�s�p�o�n�s�e� �a�r�e� �t�h�e� �t�r�a�n�s�i�e�n�t� 

�a�n�d� �s�t�e�a�d�y�-�s�t�a�t�e� �b�e�h�a�v�i�o�r�.� �T�o� �t�h�e� �e�x�t�e�n�t� �t�h�a�t� �t�h�e�s�e� �c�o�n�c�e�p�t�s� �c�a�r�r�y� 

�o�v�e�r� �t�o� �n�o�n�l�i�n�e�a�r� �s�t�o�c�h�a�s�t�i�c� �c�o�n�t�r�o�l� �s�y�s�t�e�m�s�,� �t�h�e� �p�u�r�p�o�s�e� �o�f� �t�h�e� �p�r�e�s�e�n�t� 

�d�e�s�i�g�n� �w�i�l�l� �b�e� �t�o� �a�c�h�i�e�v�e� �'�z�e�r�o�'� �s�t�e�a�d�y�-�s�t�a�t�e� �e�r�r�o�r� �a�n�d� �a� �p�r�e�s�p�e�c�i�f�i�e�d� 

�r�i�s�e�-�t�i�m�e� �f�o�r� �t�h�e� �c�o�n�t�r�o�l�l�e�d� �r�e�s�p�o�n�s�e�.� �O�f� �c�o�u�r�s�e�,� �t�h�e� �a�c�t�u�a�l� �e�r�r�o�r� �w�i�l�l� 

�n�e�v�e�r� �b�e� �i�d�e�n�t�i�c�a�l�l�y� �z�e�r�o� �b�e�c�a�u�s�e� �o�f� �t�h�e� �d�i�s�t�u�r�b�a�n�c�e� �p�r�o�c�e�s�s� �w�h�i�c�h� �i�s



�7�1� 

�d�r�i�v�i�n�g� �t�h�e� �s�y�s�t�e�m� �i�n� �a� �r�a�n�d�o�m� �f�a�s�h�i�o�n�.� 

�O�n�c�e� �t�h�e� �c�o�n�f�i�g�u�r�a�t�i�o�n� �r�e�g�i�o�n�s� �h�a�v�e� �b�e�e�n� �e�s�t�a�b�l�i�s�h�e�d�,� �f�o�l�l�o�w�i�n�g� 

�t�h�e� �l�i�n�e�a�r�i�z�a�t�i�o�n� �p�r�o�c�e�d�u�r�e� �d�e�s�c�r�i�b�e�d� �i�n� �C�h�a�p�t�e�r� �T�h�r�e�e�,� �t�h�e� �n�e�x�t� �s�t�e�p� �i�n� 

�t�h�e� �c�o�n�t�r�o�l�l�e�r� �d�e�s�i�g�n� �i�s� �t�o� �c�o�n�s�t�r�u�c�t� �a� �s�e�t� �o�f� �f�e�e�d�b�a�c�k� �g�a�i�n�s�.� �I�t� �i�s� 

�d�e�s�i�r�a�b�l�e� �t�o� �m�a�i�n�t�a�i�n� �a� �u�n�i�f�o�r�m� �c�l�o�s�e�d�-�l�o�o�p� �s�y�s�t�e�m� �t�r�a�n�s�i�e�n�t� �r�e�s�p�o�n�s�e�.� 

�T�h�i�s� �i�s� �a�c�c�o�m�p�l�i�s�h�e�d� �b�y� �c�o�m�p�u�t�i�n�g� �t�h�e� �i�n�d�i�v�i�d�u�a�l� �f�e�e�d�b�a�c�k� �g�a�i�n�s� �F�i�3� �1� �=� 

�1�,� �2�,� �.�.�.�,� �N� �t�o� �g�i�v�e� �t�h�e� �s�a�m�e� �c�l�o�s�e�d�-�l�o�o�p� �e�i�g�e�n�v�a�l�u�e�s�.� 

�I�n� �o�r�d�e�r� �t�o� �c�o�m�p�l�e�t�e� �t�h�e� �c�o�n�t�r�o�l�l�e�r� �d�e�s�i�g�n�,� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �c�o�m�-� 

�p�e�n�s�a�t�e� �f�o�r� �t�h�e� �o�f�f�s�e�t� �t�e�r�m�s� �g�i�v�e�n� �b�y� �t�h�e� �m�a�t�r�i�c�e�s� �8�.� �i�n� �(�3�.�4�.�5�)�.� �I�n� 

�a�d�d�i�t�i�o�n�,� �d�e�s�i�g�n�i�n�g� �f�o�r� �a� �c�l�a�s�s�i�c�a�l� �t�y�p�e�-�l� �r�e�s�p�o�n�s�e� �g�e�n�e�r�a�l�l�y� �r�e�q�u�i�r�e�s� 

�t�h�e� �i�n�c�l�u�s�i�o�n� �o�f� �i�n�p�u�t� �g�a�i�n�s� �G�,� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �4�.�2�.�1�,� �i�.�e�.� �t�h�e� 

�r�e�f�e�r�e�n�c�e� �i�n�p�u�t� �m�u�s�t� �b�e� �w�e�i�g�h�t�e�d� �d�i�f�f�e�r�e�n�t�l�y� �f�o�r� �e�a�c�h� �r�e�g�i�o�n� �t�o� �a�c�h�i�e�v�e� 

�a� �z�e�r�o� �a�v�e�r�a�g�e� �s�t�e�a�d�y�-�s�t�a�t�e� �e�r�r�o�r� �t�o� �s�t�e�p� �c�o�m�m�a�n�d�s�.� �F�o�r� �e�x�a�m�p�l�e�,� �l�e�t� 

�t�h�e� �c�o�n�t�i�n�u�o�u�s� �t�i�m�e� �p�l�a�n�t� �d�e�s�c�r�i�p�t�i�o�n� �i�n� �r�e�g�i�o�n� �S�;� �b�e� �.� 

�x� �A�,�x� �+� �B�u� �+� �C�;� 

�u� 
�A�,�X� �+� �[�B�,�C�,�1�[�,�]� 

�~� �-�u� �A�,�x� �+� �B�i�]� �(�4�.�3�.�1�)� 

�T�h�e� �d�i�s�c�r�e�t�e� �t�i�m�e� �e�q�u�i�v�a�l�e�n�t� �i�s� 

�u� 
�i�1�*�i�2�)� �t�y�]� 

�I�f� �u� �=� �F�x�(�k�+�1�)� �+� �G�r� �+� �H�s� �t�h�e�n� �t�h�e� �c�l�o�s�e�d� �l�o�o�p� �s�y�s�t�e�m� �i�s� 

�x�(�k�+�l�)� �=� �>�,� �x�(�k�)� �+� �[�¥� �(�4�.�3�.�2�)� 

�G�t� �+� �H�y� 

�x�(�k�t�1�)� �=� �[�¢�,� �+� �¥� �5� �F�y� �l�x�)� �+� �[�Y�s�a� �%� �4�0�)� 

�1� 

�I�f� �t�h�e� �r�e�f�e�r�e�n�c�e� �i�n�p�u�t�,� �r�,� �i�s� �h�e�l�d� �c�o�n�s�t�a�n�t� �a�t� �a� �v�a�l�u�e� �t�y�:� �a�n�d� �i�f� �t�h�e� 

�c�l�o�s�e�d� �l�o�o�p� �s�y�s�t�e�m� �i�s� �s�t�a�b�l�e�,� �t�h�e�n� �x� �w�i�l�l� �r�e�a�c�h� �a� �s�t�e�a�d�y� �s�t�a�t�e� �v�a�l�u�e� 

�g�i�v�e�n� �b�y
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�x�,� �=� �[�(�I�-�9�,�-�¥� �I�G�p�r�,� �+� �P�r�e�e� �8� �F�e� �T�H�,� �+� �P�e� �8� �P�Y�]� 
�(�4�.�3�.�4�)� 

�i�?� �i�a� 

�T�h�e� �u�n�k�n�o�w�n� �s�c�a�l�e� �f�a�c�t�o�r�,� �G�y�:� �a�n�d� �o�f�f�s�e�t� �c�o�r�r�e�c�t�i�o�n�,� �H�j�»� �c�a�n� �b�e� �s�o�l�v�e�d� 

�f�o�r� �t�h�e� �z�e�r�o� �s�t�e�a�d�y� �s�t�a�t�e� �e�r�r�o�r� �c�a�s�e�,� �X�5�5� �7� �T�°� �T�h�e� �r�e�s�u�l�t� �i�s� 

�G�.�=� �[�(�1�-�8�,�-�¥�,� �F�Y�.�)� �H�,� �=� �G�,�[�(�1�-�0�,�-�¥�,�,�F�)�¥� �4�9�]� �(�4�.�3�.�5�)� 

�T�h�e� �m�o�d�i�f�i�e�d� �P�A�C� �a�l�g�o�r�i�t�h�m� �w�i�l�l� �b�e� �a�p�p�l�i�e�d� �t�o� �t�h�e� �n�o�n�l�i�n�e�a�r� �o�s�c�i�l�l�a�-� 

�t�o�r� �o�f� �C�h�a�p�t�e�r� �T�h�r�e�e�.� �I�t� �i�s� �d�e�s�i�r�e�d� �t�o� �a�c�h�i�e�v�e� �s�e�t�-�p�o�i�n�t� �c�o�n�t�r�o�l� �o�f� 

�j�+�y�t�y� �s�u� �(�4�.�3�.�6�)� 
�s�o� �t�h�a�t� �t�h�e� �c�l�o�s�e�d� �l�o�o�p� �p�e�r�f�o�r�m�a�n�c�e� �m�a�t�c�h�e�s� �t�h�a�t� �o�f� �t�h�e� �l�i�n�e�a�r�,� �c�r�i�t�i�-� 

�c�a�l�l�y� �d�a�m�p�e�d� �s�y�s�t�e�n�,� 

�y� �+� �2�0�y� �+� �1�0�0�y� �=� �u� �(�4�.�3�.�7�)� 

�T�h�i�s� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �a� �d�o�u�b�l�e� �p�o�l�e� �a�t� �s� �=� �-�1�0�,� �w�h�i�c�h� �i�n� �t�u�r�n� �y�i�e�l�d�s� �a� 

�r�i�s�e� �t�i�m�e� �o�f� �a�p�p�r�o�x�i�m�a�t�e�l�y� �0�.�4� �s�e�c�o�n�d�s�.� �I�n� �a�d�d�i�t�i�o�n�,� �i�t� �i�s� �d�e�s�i�r�e�d� �t�o� 

�h�a�v�e� �c�l�a�s�s�i�c�a�l� �t�y�p�e�-�l� �s�t�e�a�d�y� �s�t�a�t�e� �p�e�r�f�o�r�m�a�n�c�e�,� �i�.�e�.� �z�e�r�o� �t�r�a�c�k�i�n�g� �e�r�r�o�r� 

�f�o�r� �s�t�e�p� �i�n�p�u�t�s�.� �T�h�e� �f�o�l�l�o�w�i�n�g� �s�t�e�p�s� �o�u�t�l�i�n�e� �t�h�e� �d�e�s�i�g�n� �p�r�o�c�e�d�u�r�e�.� 

�S�t�e�p� �1�.� �D�e�c�i�d�e� �o�n� �t�h�e� �o�p�e�r�a�t�i�o�n�a�l� �l�i�m�i�t�s� �o�f� �t�h�e� �s�t�a�t�e� �v�a�r�i�a�b�l�e�s� 

�a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �n�o�n�l�i�n�e�a�r�i�t�i�e�s�.� �A�s� �i�n� �C�h�a�p�t�e�r� �T�h�r�e�e�,� �i�t� �i�s� 

�a�s�s�u�m�e�d� �t�h�a�t� �-�6� �<� �x� �<� �6�.� �L�a�t�e�r� �t�h�i�s� �r�a�n�g�e� �w�i�l�l� �b�e� �e�x�t�e�n�d�e�d� �t�o� 

�-�8� �<�x� �<� �8�.� 

�S�t�e�p� �2�.� �D�e�c�i�d�e� �o�n� �t�h�e� �n�u�m�b�e�r� �o�f� �l�i�n�e�a�r� �a�p�p�r�o�x�i�m�a�t�i�o�n�s� �r�e�q�u�i�r�e�d� �t�o� �r�e�p�-� 

�r�e�s�e�n�t� �t�h�e� �n�o�n�l�i�n�e�a�r� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�.� �T�h�e� �n�u�m�b�e�r� �a�n�d� 

�s�e�l�e�c�t�i�o�n� �o�f� �l�i�n�e�a�r� �a�p�p�r�o�x�i�m�a�t�i�o�n�s� �d�e�p�e�n�d�s� �p�r�i�m�a�r�i�l�y� �o�n� �t�w�o� 

�r�e�q�u�i�r�e�m�e�n�t�s�.� �F�r�o�m� �a�n� �e�s�t�i�m�a�t�i�o�n� �p�o�i�n�t� �o�f� �v�i�e�w� �t�h�e� �T�a�y�l�o�r� 

�s�e�r�i�e�s� �e�x�p�a�n�s�i�o�n� �p�o�i�n�t�s� �s�h�o�u�l�d� �b�e� �c�h�o�s�e�n� �c�l�o�s�e� �e�n�o�u�g�h� �t�o� �i�n�-� 

�s�u�r�e� �g�o�o�d� �a�c�c�u�r�a�c�y�.� �F�r�o�m� �a� �c�l�o�s�e�d� �l�o�o�p� �v�i�e�w�p�o�i�n�t� �i�t� �i�s� �n�e�c�e�s�-� 

�s�a�r�y� �t�h�a�t� �t�h�e� �f�e�e�d�b�a�c�k� �g�a�i�n�s� �c�a�l�c�u�l�a�t�e�d� �f�r�o�m� �t�h�e� �l�i�n�e�a�r� �a�p�p�r�o�x�-
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�i�m�a�t�i�o�n� �g�i�v�e� �s�u�i�t�a�b�l�e� �c�l�o�s�e�d� �l�o�o�p� �b�e�h�a�v�i�o�r� �o�v�e�r� �t�h�e� �r�a�n�g�e� �o�f� 

�t�h�e� �a�p�p�r�o�x�i�m�a�t�i�o�n�.� �M�o�r�e�o�v�e�r�,� �i�n� �s�e�t�-�p�o�i�n�t� �c�o�n�t�r�o�l� �i�t� �i�s� �n�e�c�e�s�-� 

�s�a�r�y� �t�h�a�t� �e�a�c�h� �r�e�g�i�o�n� �s�u�f�f�i�c�i�e�n�t�l�y� �o�v�e�r�l�a�p� �t�h�e� �a�d�j�a�c�e�n�t� �r�e�g�i�o�n�s� 

�s�o� �t�h�a�t� �t�h�e� �a�c�t�u�a�l� �s�t�e�a�d�y� �s�t�a�t�e� �o�f� �t�h�e� �n�o�n�l�i�n�e�a�r� �p�l�a�n�t�,� �u�s�i�n�g� 

�t�h�e� �f�e�e�d�b�a�c�k�s� �o�f� �a�n� �i�n�t�e�r�m�e�d�i�a�t�e� �r�e�g�i�o�n�,� �w�i�l�l� �a�l�s�o� �l�i�e� �i�n� �t�h�e� 

�d�e�s�i�r�e�d� �r�e�g�i�o�n�.� �T�h�i�s� �r�e�q�u�i�r�e�m�e�n�t� �i�n�s�u�r�e�s� �t�h�e� �c�o�n�t�r�o�l�l�e�r�'�s� 

�a�b�i�l�i�t�y� �t�o� �d�r�i�v�e� �t�h�e� �s�t�a�t�e� �f�r�o�m� �r�e�g�i�o�n� �t�o� �r�e�g�i�o�n�,� �a�n�d� �i�s� �s�i�m�i�-� 

�l�a�r� �t�o� �t�h�e� �o�v�e�r�l�a�p�p�i�n�g� �r�e�g�i�o�n�s� �o�f� �s�t�a�b�i�l�i�t�y� �c�o�n�s�t�r�a�i�n�t� �d�i�s�-� 

�c�u�s�s�e�d� �i�n� �[�0�-�1�]�.� �F�o�r�t�u�n�a�t�e�l�y�,� �t�h�e� �c�o�n�t�r�o�l� �r�e�q�u�i�r�e�m�e�n�t�s� �a�r�e� 

�u�s�u�a�l�l�y� �s�a�t�i�s�f�i�e�d� �i�f� �t�h�e� �l�i�n�e�a�r�i�z�a�t�i�o�n� �r�e�g�i�o�n�s� �a�r�e� �c�h�o�s�e�n� 

�s�o�l�e�l�y� �f�o�r� �e�s�t�i�m�a�t�i�o�n� �a�c�c�u�r�a�c�y�.� �T�h�e� �t�h�r�e�e� �l�i�n�e�a�r�i�z�e�d� �s�y�s�t�e�m�s� 

�o�f� �C�h�a�p�t�e�r� �T�h�r�e�e� �w�i�l�l� �b�e� �u�s�e�d� �i�n� �t�h�i�s� �d�e�s�i�g�n� �e�x�a�m�p�l�e� �a�n�d� �a�r�e� 

�r�e�p�e�a�t�e�d� �b�e�l�o�w�.� 
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�s�c� �|� �0� �1�]� �[�x� �0� �0� �u� �0� 
�S�y� �1� �=� �1� �+� �+� �W� 

�X�o� �~�3�0� �-�1� �L�y� �1� �-�6�3�.�2� �1� �1� 

�h�e�e�  ��t� 

�[ ��  ��T� 
�x�y� �0� �1� �f�a� �0� �0� �u� �[� �0� 

�S�o� �=� �+� �+� �W�w� 

�x� �0� �-�i�i�l� �l�x� �L�l� �0� �1� �a� 
�2� �2� 

�L�e� �a�l� �L� 

�T�T� �x� �0� �L�|� �i�x� �0� �0� �u� �u� 
�5�3� �1� �=� �1� �+� �+� �W�w� 

�i�e� �-�3�0� �-�1�|� �|�x�,� �1� �6�3�.�2�}�;� �1� �1� 
�_� � � 

�S�t�e�p� �3�.� �D�i�s�c�r�e�t�i�z�e� �t�h�e� �c�o�n�t�i�n�u�o�u�s� �t�i�m�e� �l�i�n�e�a�r� �m�o�d�e�l�s�,� �f�o�r� �a� 

�s�a�m�p�l�e� �t�i�m�e� �o�f� �.�0�7� �s�e�c�o�n�d�s�.� 

�x�,� �|� �9�2�9�.�0�6�6�]� �|�x�,� �0�0�2�4� �-� �.�1�4�2�]�}� �f�u� �-�0�0�2�4� 
�S�y� �=� �+� �+� �W�w� 

�|� �[�=�1�.�9�7�9� � �.�8�6�3�|� �|�x�,� �.�0�6�6� �-�3�.�9�6� �|� �j�l�)� �0�6�6� 

�k�t�L� �k



� � 

�l�x� �1�.� �.�0�6�8�[� �|�x� �.�0�0�2�4� �O�.�]�f� �u� �0�0�2�4� 
�1� �p�i�}� �1� 

�5�5� �=� �|� �+� �+� �W�w� 
�2� �0�.� �9�3�2� �X�o� �0�6�3�8� �O�.�;�|�.�1� �.�0�6�8� 

�k�+�1� �k� 

�[�x� �.�9�7�9� �.�0�6�6�|� �[�x� �0�0�2�4� �+� �.�1�4�2�]�)�[�u� �0�0�2�4� �L� �1� 
�5�3� �=� �+� �+� �W� 

�X�o� �1�.�9�7�9� �-� �8�6�3� �X�o� �.�0�6�6� �+�3�.�9�6� �1� �.�0�6�6� 

�k�L� �k� 

�S�t�e�p� �4�.� �U�s�i�n�g� �t�h�e� �S�V�F� �m�e�t�h�o�d� �o�u�t�l�i�n�e�d� �i�n� �S�e�c�t�i�o�n� �3�.�2�,� �c�a�l�c�u�-� 

�l�a�t�e� �t�h�e� �s�a�m�p�l�e�d� �d�a�t�a� �f�e�e�d�b�a�c�k� �g�a�i�n�s� �f�o�r� �e�a�c�h� �r�e�g�i�o�n�.� �F�i�r�s�t�,� 

�t�h�e� �d�e�s�i�r�e�d� �c�o�n�t�i�n�u�o�u�s� �t�i�m�e� �p�o�l�e�s� �s� �=� �-�1�0�,� �-�1�0�,� �t�r�a�n�s�f�o�r�m� �i�n�t�o� 

�t�h�e� �d�i�s�c�r�e�t�e� �t�i�m�e� �p�o�l�e�s� �z� �-�5�,� �.�5�.� �T�h�e� �f�e�e�d�b�a�c�k� �g�a�i�n�s� �a�r�e� �t�h�e�n� 

�F�,� �=� �[�-�2�4�.�2� �-�1�1�.�2�]� 
�1� 

�F�y� �=� �[�-�5�3�.�6� �-�1�2�.�0�]� 

�F�y� �=� �[�-�2�4�.�2� �-�1�1�.�2�]� �(�4�.�3�.�1�0�)� 

�S�t�e�p� �5�.� �C�a�l�c�u�l�a�t�e� �t�h�e� �r�e�q�u�i�r�e�d� �i�n�p�u�t� �s�c�a�l�i�n�g� �f�a�c�t�o�r�s� �a�n�d� �o�f�f�-� 

�s�e�t�s� �f�o�r� �e�a�c�h� �r�e�g�i�o�n� �t�o� �a�c�h�i�e�v�e� �z�e�r�o� �s�t�e�a�d�y� �s�t�a�t�e� �e�r�r�o�r�,� �u�s�i�n�g� 

�e�q�u�a�t�i�o�n� �(�4�.�3�.�5�)�.� 

�G�,� �=� �5�4�.�5� �H�y� �=� �6�3�.�2� 

�G�y� �=� �5�3�.�6� �H�o� �=� �0�.�0� 

�G�y� �=� �5�4�.�5� �H�.� �=� �-�6�3�.�2� �(�4�.�3�.�1�1�)� 

�S�t�e�p� �6�.� �D�e�c�i�d�e� �o�n� �t�h�e� �s�e�m�i�-�M�a�r�k�o�v� �m�a�t�r�i�x� �e�n�t�r�i�e�s�.� �T�h�e� 

�a�p�p�r�o�a�c�h� �t�a�k�e�n� �w�i�l�l� �b�e� �t�o� �o�b�t�a�i�n� �a� �b�a�l�a�n�c�e� �b�e�t�w�e�e�n� �n�o�i�s�e� 

�i�m�m�u�n�i�t�y� �a�n�d� �e�s�t�i�m�a�t�o�r� �r�e�s�p�o�n�s�i�v�e�n�e�s�s�.� �T�h�i�s� �w�i�l�l� �b�e� �d�o�n�e� 

�e�m�p�i�r�i�c�a�l�l�y�.� �A�n� �a�n�a�l�y�t�i�c�a�l� �d�e�r�i�v�a�t�i�o�n� �o�f� �t�h�e� �e�n�t�r�i�e�s�,� �a�s� �d�o�n�e� 

�i�n� �r�e�f�e�r�e�n�c�e� �[�M�-�5�]�,� �i�s� �n�o�t� �p�o�s�s�i�b�l�e� �b�e�c�a�u�s�e� �t�h�e� �M�a�r�k�o�v� �t�r�a�n�s�i�-� 

�t�i�o�n�s� �b�e�t�w�e�e�n� �r�e�g�i�o�n�s� �a�n�d� �t�h�e� �h�o�l�d�i�n�g� �t�i�m�e�s� �a�r�e� �v�e�r�y� �d�e�p�e�n�d�e�n�t� 

�o�n� �b�o�t�h� �t�h�e� �r�e�f�e�r�e�n�c�e� �i�n�p�u�t� �a�n�d� �o�n� �t�h�e� �d�i�s�t�u�r�b�a�n�c�e� �i�n�p�u�t�s�.
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�A�f�t�e�r� �t�r�y�i�n�g� �s�e�v�e�r�a�l� �d�i�f�f�e�r�e�n�t� �m�a�t�r�i�c�e�s�,� �t�h�e� �f�o�l�l�o�w�i�n�g� �s�e�m�i�-� 

�M�a�r�k�o�v� �m�a�t�r�i�x� �w�a�s� �c�h�o�s�e�n�.� 

�.� �9�9�6� �0�0�2� �.�0�0�2� 

�8� �=� �|�.�0�0�2� �.�9�9�6� �.�0�0�2� 

�0�0�2� �0�0�2� �9�9�6� 

�T�h�e� �r�e�s�u�l�t�s� �o�f� �S�t�e�p�s� �F�o�u�r� �a�n�d� �F�i�v�e� �a�r�e� �s�u�m�m�a�r�i�z�e�d� �i�n� �T�a�b�l�e� 

�4�.�3�.�1�.� 

�4�.�4� �S�i�m�u�l�a�t�i�o�n�s� 
� � 

�I�n� �t�h�i�s� �s�e�c�t�i�o�n� �s�e�v�e�r�a�l� �s�i�m�u�l�a�t�i�o�n� �r�e�s�u�l�t�s� �a�r�e� �p�r�e�s�e�n�t�e�d� �o�n� �t�h�e� 

�s�e�t�-�p�o�i�n�t� �c�o�n�t�r�o�l� �o�f� �t�h�e� �n�o�n�l�i�n�e�a�r� �o�s�c�i�l�l�a�t�o�r�.� �A� �n�o�n�l�i�n�e�a�r� �i�n�t�e�g�r�a�t�i�o�n� 

�r�o�u�t�i�n�e� �w�a�s� �u�s�e�d� �f�o�r� �t�h�e� �p�l�a�n�t� �[�V�-�2�]�.� �O�t�h�e�r�w�i�s�e�,� �t�h�e� �s�i�m�u�l�a�t�i�o�n� �f�o�l�l�o�w�s� 

�t�h�e� �a�d�a�p�t�i�v�e� �e�s�t�i�m�a�t�i�o�n� �a�n�d� �c�o�n�t�r�o�l� �a�l�g�o�r�i�t�h�m�s� �d�i�s�c�u�s�s�e�d� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� 

�s�e�c�t�i�o�n�s� �a�n�d� �i�n� �C�h�a�p�t�e�r� �T�h�r�e�e�.� �F�i�g�u�r�e� �4�.�4�.�1� �p�r�o�v�i�d�e�s� �a� �p�l�o�t� �o�f� �t�h�e� 

�o�s�c�i�l�l�a�t�o�r� �r�e�s�p�o�n�s�e� �t�o� �a� �r�e�f�e�r�e�n�c�e� �s�t�e�p� �o�f� �4� �u�n�i�t�s�,� �t�h�e� �a�m�p�l�i�t�u�d�e� �4� 

�i�n�s�u�r�i�n�g� �a� �s�t�r�o�n�g�l�y� �n�o�n�l�i�n�e�a�r� �r�e�s�p�o�n�s�e�.� �N�o�t�e� �t�h�e� �n�o�n�l�i�n�e�a�r� �e�f�f�e�c�t� �o�f� 

�t�h�e� �o�s�c�i�l�l�a�t�i�o�n� �p�e�r�i�o�d�'�s� �d�e�p�e�n�d�e�n�c�e� �o�n� �t�h�e� �a�m�p�l�i�t�u�d�e�.� �S�e�v�e�r�a�l� �c�l�o�s�e�d�-� 

�l�o�o�p� �s�i�m�u�l�a�t�i�o�n�s� �w�e�r�e� �m�a�d�e� �w�i�t�h� �t�h�e� �t�h�r�e�e� �d�e�s�i�g�n� �r�e�g�i�o�n�s� �a�n�d� �a�s�s�o�c�i�a�t�e�d� 

�p�a�r�a�m�e�t�e�r�s� �g�i�v�e�n� �i�n� �T�a�b�l�e� �4�.�3�.�1�.� �T�h�e� �t�h�r�e�e� �r�e�g�i�o�n�s� �i�n� �F�i�g�u�r�e� �4�.�4�.�1� �a�r�e� 

�W�?� �S�o� �a�n�d� �S�.� �a�r�e� �-�6� �t�o� �-�2�.�2�,� �-�2�.�2� 

�t�o� �2�.�2� �a�n�d� �2�.�2� �t�o� �6�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �F�i�g�u�r�e� �4�.�4�.�2� �i�l�l�u�s�t�r�a�t�e�s� �b�o�t�h� �t�h�e� 

�d�e�p�e�n�d�e�n�t� �o�n�l�y� �o�n� �p�o�s�i�t�i�o�n�;� �r�e�g�i�o�n�s� �S�$� 

�c�l�o�s�e�d�-�l�o�o�p� �s�y�s�t�e�m� �r�e�s�p�o�n�s�e� �t�o� �a� �r�e�f�e�r�e�n�c�e� �i�n�p�u�t� �s�t�e�p� �o�f� �4� �u�n�i�t�s� �a�m�p�l�i�-� 

�t�u�d�e�,� �a�n�d� �t�h�e� �r�e�l�a�t�i�v�e� �t�r�a�c�k�i�n�g� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �t�h�r�e�e� �f�i�l�t�e�r�s�.� �N�o�t�e� 

�t�h�a�t� �t�h�e� �p�r�o�p�e�r� �f�i�l�t�e�r� �f�o�r� �r�e�g�i�o�n� �3� �m�a�i�n�t�a�i�n�s� �a� �c�l�o�s�e� �t�r�a�c�k� �o�n� �t�h�e� �p�l�a�n�t� 

�t�r�a�j�e�c�t�o�r�y�.� �T�h�e� �i�n�i�t�i�a�l� �p�l�a�n�t� �s�t�a�t�e� �w�a�s� �t�a�k�e�n� �t�o� �b�e� �[�-�4�.�8� �o�t�,� �t�h�e� 

�i�n�p�u�t� �c�o�v�a�r�i�a�n�c�e� �Q� �=� �1�,� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �c�o�v�a�r�i�a�n�c�e� �R� �a�n�d� �s�e�m�i�-
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�T�a�b�l�e� �4�.�3�.�1� �D�e�s�i�g�n� �P�a�r�a�m�e�t�e�r�s� �f�o�r� �t�h�e� �S�e�t�-�P�o�i�n�t� �C�o�n�t�r�o�l� �E�x�a�m�p�l�e� 

� � 

�d�i�s�c�r�e�t�e� �t�i�m�e� �E�F�,� �o�f�f�s�e�t� �f�e�e�d�f�o�r�w�a�r�d� 
�f�e�e�d�b�a�c�k� �g�a�i�n�s� �c�o�r�r�e�c�t�i�o�n� �A�,� �g�a�i�n�s� �C�G�.� 

�R�e�g�i�o�n� �-� �1� �-�2�4�.�2�,� �-�1�1�.�2� �6�3�.�2� �5�4�.�5� 

�R�e�g�i�o�n� �-� �2� �-�5�3�.�6�,� �-�1�2�.�0� �0� �5�3�.�6� 

�R�e�g�i�o�n� �-� �3� �2�4�.�2�,� �-�1�1�.�2� �~�6�3�.�2� �5�4�.�5� 
�e� � � � � � � � 
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�M�a�r�k�o�v� �m�a�t�r�i�x� �a�r�e� 

�.�9�9�6� �0�0�2� �m�l� 

�R�=� �@� �=� �|�.�0�0�2� �.� �9�9�6� �-�0�0�2� �|� 
�0� �3� �|� 

�0�0�2� �0�0�2� �9�9�6� �(�4�.�4�.�1�)� 

�F�o�r� �c�o�n�v�e�n�i�e�n�c�e�,� �t�h�i�s� �f�o�r�m� �o�f� �w�i�l�l� �b�e� �d�e�n�o�t�e�d� �a�s� 

�8� �=� �{�d�i�a�g�o�n�a�l� �.�9�9�6�,� �o�f�f�-�d�i�a�g�o�n�a�l� �.�0�0�2�}� 

�T�h�e� �a�c�t�u�a�l� �p�o�s�i�t�i�o�n� �r�e�s�p�o�n�s�e� �c�l�o�s�e�l�y� �f�o�l�l�o�w�s� �t�h�e� �d�e�s�i�g�n� �g�o�a�l� �o�f� �a� �r�i�s�e� 

�t�i�m�e� �o�f� �0�.�4� �s�e�c�o�n�d�s�.� 

�T�h�e� �e�f�f�e�c�t� �o�f� �i�n�c�r�e�a�s�i�n�g� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �i�f� �p�r�e�s�e�n�t�e�d� �i�n� 

�F�i�g�u�r�e� �4�.�4�.�3�.� �O�n�l�y� �R� �h�a�s� �b�e�e�n� �c�h�a�n�g�e�d� �o�v�e�r� �t�h�e� �c�o�n�d�i�t�i�o�n�s� �o�f� �F�i�g�u�r�e� 

�4�.�4�.�2�.� �A� �h�i�g�h� �d�e�g�r�e�e� �o�f� �s�e�t�t�l�i�n�g� �i�s� �s�e�e�n� �e�v�e�n� �w�i�t�h� �l�a�r�g�e� �m�e�a�s�u�r�e�m�e�n�t� 

�e�r�r�o�r�s� �p�r�e�s�e�n�t�.� 

�I�n� �F�i�g�u�r�e� �4�.�4�.�4� �t�h�e� �i�n�i�t�i�a�l� �s�e�t�-�p�o�i�n�t� �i�s� �a�g�a�i�n� �R� �=� �4�,� �b�u�t� �a�f�t�e�r� 

�|� �2�.�8� �s�e�c�o�n�d�s� �t�h�e� �s�e�t�-�p�o�i�n�t� �i�s� �c�h�a�n�g�e�d� �t�o� �-�3�.� �F�o�r� �t�h�i�s� �s�i�m�u�l�a�t�i�o�n� 

�Q�=� �4�;� �R�=� �d�i�a�g�o�n�a�l� �{�3� �1�0�}�;� �9� �=� �{�d�i�a�g�o�n�a�l� �.�9�9�,� �o�f�f�-�d�i�a�g�o�n�a�l� �.�0�0�5�}�.� 

�H�e�r�e� �t�h�e� �s�e�m�i�-�M�a�r�k�o�v� �m�a�t�r�i�x� �h�a�s� �b�e�e�n� �m�o�d�i�f�i�e�d� �t�o� �b�e� �m�o�r�e� �s�e�n�s�i�t�i�v�e� �t�o� 

�c�o�n�f�i�g�u�r�a�t�i�o�n� �c�h�a�n�g�e�s�.� �I�t� �i�s� �i�n�t�e�r�e�s�t�i�n�g� �t�o� �f�o�l�l�o�w� �t�h�e� �p�l�a�n�t� �w�e�i�g�h�t�i�n�g� 

�c�o�e�f�f�i�c�i�e�n�t�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �4�.�4�.�4�b�.� �I�n�i�t�i�a�l�l�y�,� �f�i�l�t�e�r� �1� �p�r�o�v�i�d�e�s� �g�o�o�d� 

�e�s�t�i�m�a�t�e�s� �b�e�c�a�u�s�e� �t�h�e� �p�l�a�n�t� �p�o�s�i�t�i�o�n� �b�e�g�i�n�s� �a�t� �-�4�.�8�.� �I�n� �r�e�s�p�o�n�s�e� �t�o� 

�t�h�e� �s�e�t�-�p�o�i�n�t� �o�f� �4�,� �t�h�e� �p�o�s�i�t�i�o�n� �i�n�c�r�e�a�s�e�s� �t�h�r�o�u�g�h� �r�e�g�i�o�n� �S�s�.� �a�n�d� �i�n�t�o� 

�r�e�g�i�o�n� �S�3�-� �A�t� �2�.�8� �s�e�c�o�n�d�s� �t�h�e� �s�e�t�-�p�o�i�n�t� �s�w�i�t�c�h�e�s� �t�o� �-�3� �a�n�d� �a�f�t�e�r� �a� 

�l�e�a�r�n�i�n�g� �t�i�m�e� �o�f� �a�p�p�r�o�x�i�m�a�t�e�l�y� �0�.�8� �s�e�c�o�n�d�s� �r�e�g�i�o�n� �S�,� �i�s� �r�e�c�o�g�n�i�z�e�d�.� 
�1� 

�T�h�e� �o�v�e�r�s�h�o�o�t� �a�t� �t�h�i�s� �t�i�m�e� �(�F�i�g�u�r�e� �4�.�4�.�4�a�)� �i�s� �d�u�e� �t�o� �t�h�e� �l�e�a�r�n�i�n�g� �t�i�m�e� 

�o�f� �t�h�e� �c�o�n�t�r�o�l�l�e�r�.� �I�t� �i�s� �s�e�e�n� �t�h�a�t� �t�h�e� �w�e�i�g�h�t�i�n�g� �c�o�e�f�f�i�c�i�e�n�t� �f�o�r� �f�i�l�t�e�r� 

�3� �i�s� �d�o�m�i�n�a�n�t� �u�n�t�i�l� �a�b�o�u�t� �t� �=� �3�.�7� �s�e�c�o�n�d�s�,� �i�n�d�i�c�a�t�i�n�g� �t�h�a�t� �t�h�e� �c�o�n�t�r�o�l�-� 

�l�e�r� �i�s� �u�s�i�n�g� �t�h�e� �f�e�e�d�b�a�c�k� �a�n�d� �i�n�p�u�t� �g�a�i�n�s� �b�a�s�e�d� �o�n� �r�e�g�i�o�n�s� �S�4�3�,� �w�h�e�n� �i�n
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�4� �T�(�t�)� 

�1�  ��_� 

�O�D� 
�]� �4� 

�{� 
�0� �1� �t�  �� 

�1� �5� �t� 
�(�b�)� �(�s�e�c�)� 

�-�1�0� �|� � � �~�2�0� �T� 

� � 

� � 

�(�c�)� 

�F�i�g�u�r�e� �4�.�4�.�4� �(�a�)� �P�o�s�i�t�i�o�n� �R�e�s�p�o�n�s�e� �t�o� �S�e�t�~�P�o�i�n�t� �C�h�a�n�g�e�s�;� 
�(�b�)� �C�o�r�r�e�s�p�o�n�d�i�n�g� �T�i�m�e�-�V�a�r�y�i�n�g� �P�r�o�b�a�b�i�l�i�t�i�e�s� �T�y� �i�=�1�,� �2�,� �3� �a�n�d� 

�V�e�l�o�c�i�t�y� �R�e�s�p�o�n�s�e�.
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�a�c�t�u�a�l�i�t�y� �t�h�e� �p�l�a�n�t� �i�s� �m�o�v�i�n�g� �t�h�r�o�u�g�h� �r�e�g�i�o�n� �S�,� �a�n�d� �i�n�t�o� �r�e�g�i�o�n� �§� 
�2� �1�°� 

�T�h�i�s� �e�x�c�e�s�s�i�v�e� �c�o�m�p�e�n�s�a�t�i�o�n� �c�a�u�s�e�s� �t�h�e� �o�v�e�r�s�h�o�o�t�.� �T�h�e� �l�e�a�r�n�i�n�g� �t�i�m�e� 

�c�a�n� �b�e� �r�e�d�u�c�e�d� �b�y� �i�n�c�r�e�a�s�i�n�g� �t�h�e� �o�f�f�-�d�i�a�g�o�n�a�l� �e�n�t�r�i�e�s� �o�f� �t�h�e� �s�e�m�i�-�M�a�r�k�o�v� 

�M�a�t�r�i�x�.� �H�o�w�e�v�e�r�,� �t�h�i�s� �m�a�k�e�s� �t�h�e� �c�o�n�t�r�o�l�l�e�r� �m�o�r�e� �s�u�s�c�e�p�t�i�b�l�e� �t�o� �n�o�i�s�e�,� 

�a�s� �d�i�s�c�u�s�s�e�d� �e�a�r�l�i�e�r�.� �F�i�g�u�r�e� �4�.�4�.�4�b� �i�s� �a� �p�l�o�t� �o�f� �p�l�a�n�t� �v�e�l�o�c�i�t�y� �v�e�r�s�u�s� 

�t�i�m�e�.� �I�t� �i�s� �s�e�e�n� �t�h�a�t� �t�h�e� �v�e�l�o�c�i�t�y� �d�o�e�s� �i�n� �f�a�c�t� �a�p�p�r�o�a�c�h� �z�e�r�o� �w�h�e�n� �t�h�e� 

�p�o�s�i�t�i�o�n� �s�e�t�t�l�e�s� �o�u�t� �t�o� �t�h�e� �i�n�p�u�t� �v�a�l�u�e�.� 

�T�h�e� �q�u�e�s�t�i�o�n� �a�r�i�s�e�s� �a�s� �t�o� �h�o�w� �e�f�f�e�c�t�i�v�e� �w�i�l�l� �t�h�e� �c�o�n�t�r�o�l� �b�e� �w�h�e�n� 

�t�h�e� �s�e�t�-�p�o�i�n�t� �i�s� �b�e�t�w�e�e�n� �r�e�g�i�o�n�s�.� �F�o�r� �e�x�a�m�p�l�e�,� �a�n� �i�n�p�u�t� �o�f� �u� �=� �2�.�0� 

�a�t�t�e�m�p�t�s� �t�o� �d�r�i�v�e� �t�h�e� �p�l�a�n�t� �b�e�t�w�e�e�n� �r�e�g�i�o�n�s� �S�o� �a�n�d� �S�3�5� �s�o� �t�h�a�t� �n�e�i�t�h�e�r� 

�f�i�l�t�e�r� �2� �n�o�r� �3� �w�i�l�l� �b�e� �g�i�v�i�n�g� �g�o�o�d� �e�s�t�i�m�a�t�e�s�.� �T�h�e� �r�e�s�u�l�t�,� �F�i�g�u�r�e� �4�.�4�.�5�a�,� 

�s�h�o�w�s� �b�o�t�h� �p�o�o�r� �t�r�a�n�s�i�e�n�t� �r�e�s�p�o�n�s�e� �a�n�d� �s�t�e�a�d�y� �s�t�a�t�e� �r�e�s�p�o�n�s�e�,� �i�.�e�.�,� �t�h�e� 

�p�o�s�i�t�i�o�n� �s�e�t�t�l�e�s� �o�u�t� �t�o� �x� �=� �1�.�3�.� 

�B�e�t�t�e�r� �p�e�r�f�o�r�m�a�n�c�e� �b�e�t�w�e�e�n� �r�e�g�i�o�n�s� �c�a�n� �b�e� �a�c�h�i�e�v�e�d� �b�y� �a�l�t�e�r�i�n�g� �t�h�e� 

�l�i�n�e�a�r� �a�p�p�r�o�x�i�m�a�t�i�o�n� �m�e�t�h�o�d� �i�n� �o�n�e� �o�r� �m�o�r�e� �r�e�g�i�o�n�s�.� �T�h�e� �o�r�i�g�i�n�a�l� �m�e�t�h�o�d� 

�c�a�l�l�s� �f�o�r� �a� �T�a�y�l�o�r� �s�e�r�i�e�s� �e�x�p�a�n�s�i�o�n� �a�t� �t�h�e� �c�e�n�t�e�r� �o�f� �a� �r�e�g�i�o�n� �(�a� �s�l�o�p�e� 

�a�p�p�r�o�x�i�m�a�t�i�o�n�)�.� �A� �d�i�f�f�e�r�e�n�t� �a�p�p�r�o�a�c�h� �i�s� �t�o� �u�s�e� �a� �c�h�o�r�d� �a�p�p�r�o�x�i�m�a�t�i�o�n�.� 

�F�o�r� �e�x�a�m�p�l�e�,� �t�h�e� �c�u�b�i�c� �n�o�n�l�i�n�e�a�r�i�t�y� �i�n� �r�e�g�i�o�n� �S�,� �w�a�s� �o�r�i�g�i�n�a�l�l�y� �m�o�d�e�l�e�d� 
�2� 

�a�s� �a� �l�i�n�e� �h�a�v�i�n�g� �z�e�r�o� �s�l�o�p�e�.� �I�t� �w�a�s� �d�e�t�e�r�m�i�n�e�d� �g�r�a�p�h�i�c�a�l�l�y� �t�h�a�t� �a� 

�c�h�o�r�d� �h�a�v�i�n�g� �a� �s�l�o�p�e� �o�f� �2�.�5� �g�i�v�e�s� �l�e�s�s� �o�v�e�r�a�l�l� �m�o�d�e�l�i�n�g� �e�r�r�o�r� �t�h�r�o�u�g�h�o�u�t� 

�t�h�e� �r�e�g�i�o�n�.� �R�e�m�a�t�c�h�i�n�g� �f�i�l�t�e�r� �2� �t�o� �t�h�i�s� �n�e�w� �l�i�n�e�a�r� �a�p�p�r�o�x�i�m�a�t�i�o�n� �g�i�v�e�s� 

�t�h�e� �i�m�p�r�o�v�e�d� �r�e�s�u�l�t�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �4�.�4�.�5�b�.� �T�h�e� �p�l�a�n�t� �p�o�s�i�t�i�o�n� �s�e�t�t�l�e�s� 

�o�u�t� �f�a�s�t�e�r� �t�o� �a� �r�e�a�s�o�n�a�b�l�y� �c�l�o�s�e� �v�a�l�u�e� �o�f� �x� �=� �1�.�8�.� 

�A�t�t�e�m�p�t�i�n�g� �t�o� �d�r�i�v�e� �t�h�e� �p�l�a�n�t� �o�u�t�s�i�d�e� �t�h�e� �d�e�s�i�g�n� �r�a�n�g�e� �g�i�v�e�s� �u�n�d�e�r�-� 

�s�t�a�n�d�a�b�l�y� �p�o�o�r�e�r� �r�e�s�u�l�t�s�.� �F�i�g�u�r�e� �4�.�4�.�6� �s�h�o�w�s� �t�h�e� �p�o�s�i�t�i�o�n� �r�e�s�p�o�n�s�e� �t�o� �a
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� � 

� � 

�(�a�)� 

� � 
�F�i�g�u�r�e� �4�.�4�.�5� �S�e�t�-�P�o�i�n�t� �C�o�n�t�r�o�l� �f�o�r� �u� 

�O�r�i�g�i�n�a�l� �T�a�y�l�o�r� �S�e�r�i�e�s� �A�p�p�r�o�x�i�m�a�t�i�o�n�.� 

� � 

�y� 

�1� �2� 

�v� 

�3� �4� �t�i�m�e� 

�(�b�)� �C�h�o�r�d� �A�p�p�r�o�x�i�m�a�t�i�o�n�.� 

�=� �2�.�0� �U�s�i�n�g� �D�i�f�f�e�r�e�n�t� 

�A�p�p�r�o�x�i�m�a�t�i�o�n�s� �i�n� �R�e�g�i�o�n� �S�o�:



�8�4� 

�A�x� 

�s�e�t�-�p�o�i�n�t� �u� �=� �0�.� 

� � � � 
�1� �2� �3� �4� �t�i�m�e� 

�F�i�g�u�r�e� �4�.�4�.�6� �S�e�t�-�P�o�i�n�t� �O�u�t�s�i�d�e� �t�h�e� �D�e�s�i�g�n� �R�a�n�g�e�.



�8�5� 

�c�o�n�t�r�o�l� �i�n�p�u�t� �o�f� �u�=� �9�.� �I�t� �i�s� �s�e�e�n� �t�h�a�t� �t�h�e� �p�l�a�n�t� �p�o�s�i�t�i�o�n� �o�s�c�i�l�l�a�t�e�s� 

�a�r�o�u�n�d� �x� �=� �7�.�0�.� �T�h�e� �o�p�e�r�a�t�i�o�n�a�l� �r�a�n�g�e� �o�f� �t�h�e� �c�o�n�t�r�o�l�l�e�r� �c�a�n� �b�e� �e�x�t�e�n�d�e�d� 

�b�y� �a�d�d�i�n�g� �m�o�r�e� �K�a�l�m�a�n� �f�i�l�t�e�r�s� �m�a�t�c�h�e�d� �t�o� �l�a�r�g�e�r� �v�a�l�u�e�s� �o�f� �x�.� �A� �f�i�v�e�-� 

�r�e�g�i�o�n� �c�o�n�t�r�o�l�l�e�r� �w�a�s� �c�o�n�s�t�r�u�c�t�e�d� �a�n�d� �s�i�m�u�l�a�t�e�d� �f�o�r� �t�h�e� �p�o�s�i�t�i�o�n� �r�a�n�g�e� 

�o�f� �-�8� �t�o� �8�.� �T�h�e� �t�w�o� �a�d�d�e�d� �l�i�n�e�a�r� �a�p�p�r�o�x�i�m�a�t�i�o�n�s� �a�r�e� �g�i�v�e�n� �b�e�l�o�w�.� 

�x� �0� �1�{�;�x� �0� �0� �u� �0� 
�S�y� �1�)� �1� �+� �+� �W� 

�x� �-�1�0�8� �-�l�i�|� �|�x� �1� �~�4�3�2� �1� �1� 
�2� �2� 

�x�y� �0� �1� �x�y� �0� �0� �u� �0� 
�S�s� �=� �+� �+� �W� �(�4�.�4�.�2�)� 

�X�o� �-�1�0�8� �-�l� �X�o� �1� �+�4�3�2� �1� �1� 

�T�h�e� �t�h�r�e�e� �o�r�i�g�i�n�a�l� �r�e�g�i�o�n�s� �a�r�e� �n�o�w� �S� �S�.�,� �a�n�d� �S�y� �(�T�h�i�s� �i�n�c�r�e�a�s�e�d� �p�o�s�i�-�~� 
�2�°� �~�3� 

�t�i�o�n� �r�a�n�g�e� �r�e�p�r�e�s�e�n�t�s� �a� �d�o�u�b�l�i�n�g� �o�f� �t�h�e� �f�o�r�c�e�s� �i�n�v�o�l�v�e�d�.�)� �F�i�g�u�r�e� 

�4�.�4�,�.�7�a� �s�h�o�w�s� �h�o�w� �t�h�e� �p�l�a�n�t� �p�o�s�i�t�i�o�n� �f�o�l�l�o�w�s� �a�n� �i�n�p�u�t� �o�f� �u� �=� �8� �c�h�a�n�g�i�n�g� 

�t�o� �u� �=� �-�4�.� �T�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �f�i�v�e� �w�e�i�g�h�t�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s� �a�r�e� �p�l�o�t�t�e�d� 

�i�n� �F�i�g�u�r�e� �4�.�4�.�7�b�.� �(�T�o� �a�v�o�i�d� �c�o�n�f�u�s�i�o�n�,� �o�n�l�y� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� 

�f�i�l�t�e�r�s� �2� �a�n�d� �5� �a�r�e� �s�h�o�w�n� �c�o�n�n�e�c�t�e�d�.�)� �A�g�a�i�n�,� �t�h�e� �l�e�a�r�n�i�n�g� �t�i�m�e� �l�a�g� �i�s� 

�r�e�s�p�o�n�s�i�b�l�e� �f�o�r� �t�h�e� �o�v�e�r�s�h�o�o�t� �a�t� �t� �=� �3�.�1�5� �s�e�c�o�n�d�s�.� 

�T�h�e� �s�e�m�i�-�M�a�r�k�o�v� �m�a�t�r�i�x� �e�n�t�r�i�e�s� �b�a�l�a�n�c�e� �t�h�e� �c�o�n�t�r�o�l�l�e�r�s� �a�b�i�l�i�t�y� �t�o� 

�f�o�l�l�o�w� �c�o�n�f�i�g�u�r�a�t�i�o�n� �c�h�a�n�g�e�s�,� �w�i�t�h� �i�t�s� �n�o�i�s�e� �f�i�l�t�e�r�i�n�g� �a�b�i�l�i�t�y�.� �T�h�e� 

�a�b�o�v�e� �e�x�a�m�p�l�e�s� �u�s�e�d� �o�f�f�-�d�i�a�g�o�n�a�l� �e�l�e�m�e�n�t�s� �o�f� �.�0�0�2� �a�n�d� �.�0�0�5�.� �I�t� �w�a�s� 

�e�x�p�e�r�i�m�e�n�t�a�l�l�y� �d�e�t�e�r�m�i�n�e�d� �t�h�a�t� �t�h�e�s�e� �v�a�l�u�e�s� �g�a�v�e� �g�o�o�d� �o�v�e�r�a�l�l� �p�e�r�f�o�r�m�-� 

�a�n�c�e�.� �T�o� �i�l�l�u�s�t�r�a�t�e� �t�h�e� �e�f�f�e�c�t� �o�f� �l�a�r�g�e�r� �o�f�f�-�d�i�a�g�o�n�a�l� �e�n�t�r�i�e�s�,� �F�i�g�u�r�e� 

�4�.�4�.�8� �i�s� �a� �r�e�p�e�a�t� �o�f� �F�i�g�u�r�e� �4�.�4�.�5�b�,� �b�u�t� �w�i�t�h� �a� �s�e�m�i�-�M�a�r�k�o�v� �m�a�t�r�i�x� �o�f� 

�9� �=� �{�d�i�a�g�o�n�a�l� �.�8�,� �o�f�f�-�d�i�a�g�o�n�a�l� �.�1�}� 

�T�h�e� �p�l�a�n�t� �i�s� �c�l�e�a�r�l�y� �o�u�t� �o�f� �c�o�n�t�r�o�l�.� �T�h�e� �a�l�g�o�r�i�t�h�m� �i�s� �r�e�s�p�o�n�d�i�n�g� �t�o�o



�8�6� 

�-�4� �|� �Z�N �� 

�:� �-� 
�e�n�h� � � 
�1�.�0�5�.� �2�.�1�0� �3�.�1�5� �4�.�2�0� �5�.�2�5� �t�i�m�e� 

�(�a�)� �S�e�t�-�P�o�i�n�t� �C�h�a�n�g�i�n�g� �f�r�o�m� �u� �=� �8� �t�o� �u� �=� �=�4�.� 

�4� �P�r�o�b� 

�1�.�0�5� �.� �O�e� �f�i�l�t�e�r� �5� �|� �e�t�i�t�e�r� �3�D� 

� � �¢�3� 
�i�4� 

�1� �a�e� �|�!� 

�'� �r� �|� �\�f�  �!"� �.� �N�Y� �'� �v�i�l� 

�\� �y�s� �.�!� �\� �n�a� 

�1�.�0�5� �2�.�1�0� �3�.�1�5� �4�.�2�0� �5�.�2�5� �t�i�m�e� 

�(�b�)� �W�e�i�g�h�t�i�n�g� �C�o�e�f�f�i�c�i�e�n�t�s� 

�F�i�g�u�r�e� �4�.�4�.�7� �S�e�t�~�-�P�o�i�n�t� �C�o�n�t�r�o�l� �f�o�r� �E�x�t�e�n�d�e�d� �D�e�s�i�g�n� �R�a�n�g�e�.



�8�7� 

� � 
�1�.�0�5� �2�.�1�0� �3�.�1�5� �t�i�m�e� 

�F�i�g�u�r�e� �4�.�4�.�8� �S�e�t�-�P�o�i�n�t� �C�o�n�t�r�o�l� �f�o�r� �@� �=� �{�d�i�a�g�o�n�a�l� �.�8�,� �o�f�f�-�d�i�a�g�o�n�a�l� �.�1�}�.



�8�8� 

�m�u�c�h� �t�o� �t�h�e� �n�o�i�s�e� �i�n� �t�h�e� �s�y�s�t�e�m� �w�i�t�h� �t�h�e� �r�e�s�u�l�t� �t�h�a�t� �t�h�e� �f�e�e�d�b�a�c�k� �a�n�d� 

�i�n�p�u�t� �g�a�i�n�s� �a�r�e� �c�o�n�s�t�a�n�t�l�y� �b�e�i�n�g� �t�a�k�e�n� �f�r�o�m� �d�i�f�f�e�r�e�n�t� �r�e�g�i�o�n�s�.� 

�4�.�5� �S�u�m�m�a�r�y� 

�A� �m�e�t�h�o�d� �o�f� �n�o�n�l�i�n�e�a�r� �s�t�o�c�h�a�s�t�i�c� �c�o�n�t�r�o�l�,� �a�p�p�l�i�c�a�b�l�e� �t�o� �a� �l�a�r�g�e� 

�c�l�a�s�s� �o�f� �p�r�o�b�l�e�m�s�,� �a�n�d� �h�a�v�i�n�g� �s�i�g�n�i�f�i�c�a�n�t� �a�d�v�a�n�t�a�g�e�s� �i�n� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� 

�h�a�s� �b�e�e�n� �p�r�e�s�e�n�t�e�d�.� �T�h�e� �m�e�t�h�o�d� �i�s� �b�a�s�e�d� �o�n� �p�a�r�t�i�t�i�o�n�i�n�g� �t�h�e� �n�o�n�l�i�n�e�a�r� 

�p�r�o�b�l�e�m� �i�n�t�o� �r�e�g�i�o�n�s� �w�h�e�r�e� �b�a�s�i�c� �l�i�n�e�a�r� �c�o�n�t�r�o�l� �t�e�c�h�n�i�q�u�e�s� �a�n�d� �s�t�a�n�d�a�r�d� 

�K�a�l�m�a�n� �f�i�l�t�e�r�i�n�g� �t�h�e�o�r�y� �c�a�n� �b�e� �a�p�p�l�i�e�d�.� �T�h�e� �m�a�n�n�e�r� �i�n� �w�h�i�c�h� �t�h�e� �n�o�n�l�i�n�-� 

�e�a�r� �p�l�a�n�t�'�s� �s�t�a�t�e� �v�e�c�t�o�r� �m�o�v�e�s� �t�h�r�o�u�g�h� �t�h�e� �s�e�t� �o�f� �r�e�g�i�o�n�s� �(�c�a�l�l�e�d� �t�h�e� 

�c�o�n�f�i�g�u�r�a�t�i�o�n� �s�p�a�c�e�)� �a�n�d� �t�h�e� �p�r�o�b�a�b�l�e� �h�o�l�d�i�n�g� �t�i�m�e� �s�p�e�n�t� �i�n� �e�a�c�h� �r�e�g�i�o�n� 

�a�r�e� �i�n�c�o�r�p�o�r�a�t�e�d� �i�n�t�o� �t�h�e� �c�o�n�t�r�o�l�l�e�r�.� �T�h�i�s� �i�n�f�o�r�m�a�t�i�o�n� �i�s� �u�s�e�d� �i�n� �c�o�n�-� 

�j�u�n�c�t�i�o�n� �w�i�t�h� �t�h�e� �p�l�a�n�t� �m�e�a�s�u�r�e�m�e�n�t�s� �t�o� �l�e�a�r�n� �w�h�i�c�h� �r�e�g�i�o�n� �t�h�e� �p�l�a�n�t� �i�s� 

�i�n� �s�o� �t�h�a�t� �t�h�e� �p�r�o�p�e�r� �c�o�n�t�r�o�l� �c�a�n� �b�e� �a�p�p�l�i�e�d�.� 

�T�h�e� �s�t�r�u�c�t�u�r�e� �o�f� �t�h�e� �c�o�n�t�r�o�l�l�e�r� �i�s� �a� �b�a�n�k� �o�f� �K�a�l�m�a�n� �f�i�l�t�e�r�s� �e�a�c�h� 

�m�a�t�c�h�e�d� �t�o� �a� �r�e�g�i�o�n� �o�f� �t�h�e� �c�o�n�f�i�g�u�r�a�t�i�o�n� �s�p�a�c�e�.� �T�h�e� �f�i�l�t�e�r� �e�s�t�i�m�a�t�e�s� 

�a�r�e� �m�u�l�t�i�p�l�e�d� �b�y� �c�o�r�r�e�s�p�o�n�d�i�n�g� �f�e�e�d�b�a�c�k� �g�a�i�n�s� �(�d�i�f�f�e�r�e�n�t� �r�e�g�i�o�n�s� �r�e�q�u�i�r�e� 

�d�i�f�f�e�r�e�n�t� �g�a�i�n�s�)� �a�n�d� �t�h�e� �o�v�e�r�a�l�l� �s�t�a�t�e� �v�a�r�i�a�b�l�e� �f�e�e�d�b�a�c�k� �t�o� �t�h�e� �p�l�a�n�t� �i�s� 

�c�o�m�p�u�t�e�d� �a�s� �a� �w�e�i�g�h�t�e�d� �s�u�m� �o�f� �t�h�e� �i�n�d�i�v�i�d�u�a�l� �f�e�e�d�b�a�c�k� �v�a�l�u�e�s�.� 

�T�h�e� �n�u�m�b�e�r� �o�f� �r�e�g�i�o�n�s� �u�s�e�d� �i�n� �t�h�e� �f�o�r�m�u�l�a�t�i�o�n� �o�f� �t�h�e� �c�o�n�t�r�o�l�l�e�r� 

�d�e�p�e�n�d�s� �o�n� �t�h�e� �d�e�s�i�g�n� �c�r�i�t�e�r�i�a� �a�n�d� �o�n� �t�h�e� �n�a�t�u�r�e� �o�f� �t�h�e� �n�o�n�l�i�n�e�a�r� �s�y�s�t�e�m� 

�i�t�s�e�l�f�.� �F�o�r� �e�x�a�m�p�l�e�,� �a� �l�a�r�g�e�r� �o�p�e�r�a�t�i�o�n�a�l� �r�a�n�g�e� �o�r� �b�e�t�t�e�r� �a�c�c�u�r�a�c�y� �w�i�l�l� 

�r�e�q�u�i�r�e� �m�o�r�e� �r�e�g�i�o�n�s�.� �T�h�e� �t�y�p�e� �a�n�d� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �n�o�n�l�i�n�e�a�r�i�t�y� �w�i�l�l� 

�a�l�s�o� �i�n�f�l�u�e�n�c�e� �t�h�e� �n�u�m�b�e�r� �o�f� �r�e�g�i�o�n�s�.� �I�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�h�a�t� �t�h�e� �a�d�j�a�c�e�n�t� 

�r�e�g�i�o�n�s� �o�v�e�r�l�a�p� �i�n� �o�r�d�e�r� �t�o� �d�r�i�v�e� �t�h�e� �p�l�a�n�t� �f�r�o�m� �o�n�e� �r�e�g�i�o�n� �t�o� �a�n�o�t�h�e�r�;� 

�h�o�w�e�v�e�r�,� �t�h�i�s� �l�a�s�t� �r�e�q�u�i�r�e�m�e�n�t� �i�s� �u�s�u�a�l�l�y� �s�a�t�i�s�f�i�e�d� �i�f� �t�h�e� �n�u�m�b�e�r� �o�f



�8�9� 

�r�e�g�i�o�n�s� �i�s� �c�h�o�s�e�n� �s�o�l�e�l�y� �t�o� �g�i�v�e� �r�e�a�s�o�n�a�b�l�y� �g�o�o�d� �a�c�c�u�r�a�c�y�.� 

�E�a�c�h� �K�a�l�m�a�n� �f�i�l�t�e�r� �o�p�e�r�a�t�e�s� �i�n�d�e�p�e�n�d�e�n�t�l�y� �o�n� �t�h�e� �c�u�r�r�e�n�t� �m�e�a�s�u�r�e�m�e�n�t� 

�t�h�u�s� �m�a�k�i�n�g� �t�h�i�s� �c�o�n�t�r�o�l�l�e�r� �a�m�e�n�d�a�b�l�e� �t�o� �p�a�r�a�l�l�e�l� �p�r�o�c�e�s�s�i�n�g�.� �I�n� �a�d�d�i�-� 

�t�i�o�n�,� �t�h�e� �f�i�l�t�e�r� �g�a�i�n�s� �c�a�n� �b�e� �p�r�e�c�o�m�p�u�t�e�d� �a�n�d� �s�t�o�r�e�d� �i�n� �t�a�b�u�l�a�r� �f�o�r�m�a�t� 

�(�u�n�l�i�k�e� �m�o�s�t� �n�o�n�l�i�n�e�a�r� �f�i�l�t�e�r�s�,� �s�u�c�h� �a�s� �t�h�e� �E�K�F� �[�G�-�3�]�)�.� �T�h�e�s�e� �t�w�o� 

�a�d�v�a�n�t�a�g�e�s� �y�i�e�l�d� �a� �v�e�r�y� �l�o�w� �e�x�e�c�u�t�i�o�n� �t�i�m�e� �f�o�r� �t�h�e� �i�m�p�l�e�m�e�n�t�e�d� �c�o�n�t�r�o�l�l�e�r�.� 

�T�h�e� �m�o�d�i�f�i�e�d� �P�A�C� �a�l�g�o�r�i�t�h�m� �h�a�s� �s�e�v�e�r�a�l� �d�i�s�a�d�v�a�n�t�a�g�e�s�.� �F�i�r�s�t�,� �t�h�e� 

�P�A�E� �c�a�n�n�o�t�,� �n�o�r� �w�a�s� �i�t� �d�e�v�e�l�o�p�e�d� �t�o�,� �c�o�m�p�e�t�e� �w�i�t�h� �t�h�e� �E�K�F� �i�n� �t�e�r�m�s� �o�f� 

�a�c�c�u�r�a�c�y�.� �T�h�e� �e�s�t�i�m�a�t�i�o�n� �p�o�r�t�i�o�n� �o�f� �t�h�e� �c�o�n�t�r�o�l� �a�l�g�o�r�i�t�h�m� �i�s�,� �t�h�e�r�e�f�o�r�e�,� 

�S�i�m�i�l�a�r�l�y� �l�i�m�i�t�e�d�.� �S�e�c�o�n�d�,� �w�h�e�n� �t�h�e� �s�e�t�-�p�o�i�n�t� �i�s� �b�e�t�w�e�e�n� �t�h�e� �l�i�n�e�a�r�i�z�e�d� 

�r�e�g�i�o�n�s�,� �i�.�e�.� �b�o�t�h� �a�p�p�r�o�x�i�m�a�t�i�o�n�s� �a�r�e� �e�q�u�a�l�l�y� �b�a�d�,� �t�h�e� �e�r�r�o�r� �b�e�t�w�e�e�n� 

�t�h�e� �s�e�t�-�p�o�i�n�t� �a�n�d� �t�h�e� �a�c�t�u�a�l� �p�l�a�n�t� �s�t�e�a�d�y� �s�t�a�t�e� �c�a�n� �b�e� �u�n�a�c�c�e�p�t�a�b�l�e�.� �I�f� 

�r�e�a�l� �t�i�m�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� �c�o�n�s�t�r�a�i�n�t�s� �p�r�e�v�e�n�t� �a�d�d�i�n�g� �m�o�r�e� �l�i�n�e�a�r�i�z�e�d� �f�i�l�-� 

�t�e�r�s� �t�o� �r�e�d�u�c�e� �t�h�i�s� �e�r�r�o�r�,� �t�h�e�n� �a� �d�i�f�f�e�r�e�n�t� �m�e�t�h�o�d� �o�f� �c�o�n�t�r�o�l� �m�a�y� �h�a�v�e� 

�t�o� �b�e� �u�s�e�d�.



�5�.�0� �T�H�E� �D�E�T�E�C�T�I�O�N� �O�F� �P�L�A�N�T� �C�O�N�F�I�G�U�R�A�T�I�O�N� �C�H�A�N�G�E�S� 

�5�.�1� �I�n�t�r�o�d�u�c�t�i�o�n� 
� � 

�T�h�e� �P�A�E� �a�l�g�o�r�i�t�h�m� �d�e�s�c�r�i�b�e�d� �i�n� �C�h�a�p�t�e�r� �T�h�r�e�e� �p�e�r�f�o�r�m�s� �s�a�t�i�s�f�a�c�t�o�r�i�l�y� 

�f�o�r� �p�l�a�n�t�s� �h�a�v�i�n�g� �a� �l�o�w� �f�r�e�q�u�e�n�c�y� �o�f� �c�o�n�f�i�g�u�r�a�t�i�o�n� �c�h�a�n�g�e�s�.� �H�o�w�e�v�e�r�,� 

�w�h�e�n� �t�h�e� �c�h�a�n�g�e�s� �o�c�c�u�r� �a�t� �a� �r�a�t�e� �c�o�m�p�a�r�a�b�l�e� �t�o� �t�h�e� �a�c�t�u�a�l� �p�l�a�n�t� �d�y�n�a�m�i�c�s�,� 

�t�h�e� �e�s�t�i�m�a�t�o�r� �c�a�n� �l�o�s�e� �t�r�a�c�k�.� �F�o�r� �c�a�s�e�s� �o�f� �t�h�i�s� �t�y�p�e�,� �t�h�e� �m�e�t�h�o�d� �w�a�s� 

�a�p�p�l�i�e�d� �s�u�c�c�e�s�s�f�u�l�l�y� �o�n�l�y� �a�f�t�e�r� �a�n� �a�d� �h�o�c� �s�w�i�t�c�h� �d�e�t�e�c�t�i�o�n� �m�e�c�h�a�n�i�s�m� �w�a�s� 

�i�m�p�l�e�m�e�n�t�e�d� �t�o� �r�e�-�i�n�i�t�i�a�l�i�z�e� �t�h�e� �b�a�n�k� �o�f� �K�a�l�m�a�n� �f�i�l�t�e�r�s� �a�f�t�e�r� �e�a�c�h� �c�o�n�-� 

�f�i�g�u�r�a�t�i�o�n� �c�h�a�n�g�e�.� 

�I�n� �t�h�i�s� �c�h�a�p�t�e�r� �a�n� �a�l�g�o�r�i�t�h�m� �w�i�l�l� �b�e� �d�e�v�e�l�o�p�e�d� �t�o� �t�r�a�c�k� �a� �r�a�p�i�d�l�y� 

�c�h�a�n�g�i�n�g� �s�w�i�t�c�h�e�d� �l�i�n�e�a�r� �p�l�a�n�t�.� �F�i�r�s�t�,� �t�h�e� �o�p�t�i�m�a�l� �e�s�t�i�m�a�t�o�r� �w�i�l�l� �b�e� 

�d�e�r�i�v�e�d�.� �T�h�i�s� �e�s�t�i�m�a�t�o�r� �w�i�l�l� �c�o�n�s�i�s�t� �o�f� �a� �s�e�t� �o�f� �t�i�m�e�-�i�n�v�a�r�i�a�n�t� �l�i�n�e�a�r� 

�K�a�l�m�a�n� �f�i�l�t�e�r�s�.� �U�n�f�o�r�t�u�n�a�t�e�l�y�,� �t�h�e� �n�u�m�b�e�r� �o�f� �f�i�l�t�e�r�s� �i�n� �t�h�e� �s�e�t� �w�i�l�l� 

�i�n�c�r�e�a�s�e� �l�i�n�e�a�r�l�y� �w�i�t�h� �t�i�m�e�,� �w�h�i�c�h� �m�a�k�e�s� �t�h�e� �a�l�g�o�r�i�t�h�m� �u�n�r�e�a�l�i�z�a�b�l�e� �f�o�r� 

�a�l�l� �b�u�t� �t�r�i�v�i�a�l� �p�r�o�b�l�e�m�s�.� �N�e�x�t�,� �a� �p�r�a�c�t�i�c�a�l� �a�p�p�r�o�x�i�m�a�t�i�o�n� �t�o� �t�h�e� �o�p�t�i�-� 

�m�a�l� �e�s�t�i�m�a�t�o�r� �w�i�l�l� �b�e� �d�e�v�e�l�o�p�e�d� �b�a�s�e�d� �o�n� �t�h�e� �i�d�e�a� �o�f� �j�o�i�n�t� �e�s�t�i�m�a�t�i�o�n� 

�a�n�d� �d�e�t�e�c�t�i�o�n�.� �A� �c�o�n�s�t�a�n�t� �n�u�m�b�e�r� �o�f� �f�i�l�t�e�r�s� �w�i�l�l� �u�s�e� �t�h�e� �N� �m�o�s�t� �r�e�c�e�n�t� 

�m�e�a�s�u�r�e�m�e�n�t�s� �t�o� �d�e�t�e�c�t� �t�h�e� �p�l�a�n�t� �c�o�n�f�i�g�u�r�a�t�i�o�n� �a�n�d� �t�o� �e�s�t�i�m�a�t�e� �t�h�e� �p�l�a�n�t� 

�s�t�a�t�e�.� �V�a�r�i�o�u�s� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �c�o�n�s�i�d�e�r�a�t�i�o�n�s� �w�i�l�l� �b�e� �e�x�a�m�i�n�e�d� �t�o� �i�m�p�r�o�v�e� 

�e�s�t�i�m�a�t�i�o�n� �a�c�c�u�r�a�c�y� �a�n�d� �t�o� �p�r�e�v�e�n�t� �d�i�v�e�r�g�e�n�c�e�.� �T�h�r�e�e� �e�x�a�m�p�l�e�s� �w�i�l�l� �b�e� 

�g�i�v�e�n� �t�o� �c�l�a�r�i�f�y� �t�h�e� �o�p�e�r�a�t�i�o�n� �o�f� �t�h�e� �a�l�g�o�r�i�t�h�m�.� �I�n� �a�d�d�i�t�i�o�n�,� �t�h�e� �t�r�a�c�k�-� 

�i�n�g� �p�e�r�f�o�r�m�a�n�c�e� �w�i�l�l� �b�e� �c�o�m�p�a�r�e�d� �t�o� �t�h�e� �P�A�E� �a�l�g�o�r�i�t�h�m� �o�f� �C�h�a�p�t�e�r� �T�h�r�e�e�,� 

�a�n�d� �t�o� �a� �p�e�r�f�e�c�t�l�y� �m�a�t�c�h�e�d�,� �u�n�r�e�a�l�i�z�a�b�l�e� �K�a�l�m�a�n� �f�i�l�t�e�r�.� 

�A� �v�a�r�i�e�t�y� �o�f� �o�t�h�e�r� �i�n�t�e�r�e�s�t�i�n�g� �p�r�o�b�l�e�m�s� �s�i�m�i�l�a�r� �t�o� �t�h�e� �s�w�i�t�c�h�e�d� 

�p�l�a�n�t� �p�r�o�b�l�e�m� �h�a�v�e� �b�e�e�n� �s�t�u�d�i�e�d� �i�n� �t�h�e� �l�i�t�e�r�a�t�u�r�e�.� �A�c�k�e�r�s�o�n� �a�n�d� �F�u� �[�A�-�1�]� 

�9�0



�9�1� 

�f�o�r�m�u�l�a�t�e�d� �a�n� �e�s�t�i�m�a�t�o�r� �f�o�r� �a� �s�y�s�t�e�m� �i�n�f�l�u�e�n�c�e�d� �b�y� �r�a�n�d�o�m�l�y� �c�h�a�n�g�i�n�g� 

�n�o�i�s�e� �s�t�a�t�i�s�t�i�c�s�.� �T�h�e� �o�p�t�i�m�a�l� �e�s�t�i�m�a�t�e� �w�a�s� �f�o�u�n�d� �t�o� �b�e� �a� �w�e�i�g�h�t�e�d� �s�u�m� 

�o�f� �e�s�t�i�m�a�t�e�s� �t�a�k�e�n� �f�r�o�m� �a�n� �e�x�p�o�n�e�n�t�i�a�l�l�y� �g�r�o�w�i�n�g� �n�u�m�b�e�r� �o�f� �f�i�l�t�e�r�s�.� 

�M�c�A�u�l�a�y� �a�n�d� �D�e�n�l�i�n�g�e�r� �[�M�-�1�]� �e�m�p�l�o�y�e�d� �s�t�a�t�i�s�t�i�c�a�l� �d�e�c�i�s�i�o�n� �t�h�e�o�r�y� �t�o� 

�d�e�t�e�c�t� �m�a�n�e�u�v�e�r�s� �i�n� �a� �t�a�r�g�e�t� �t�r�a�c�k�i�n�g� �p�r�o�b�l�e�m�.� �T�h�e�i�r� �f�o�r�m�u�l�a�t�i�o�n� �s�u�c�-� 

�c�e�s�s�f�u�l�l�y� �m�e�r�g�e�d� �e�s�t�i�m�a�t�i�o�n� �t�h�e�o�r�y� �w�i�t�h� �a� �g�e�n�e�r�a�l�i�z�e�d� �l�i�k�e�l�i�h�o�o�d� �r�a�t�i�o� 

�t�e�s�t� �t�o� �o�b�t�a�i�n� �a� �p�r�a�c�t�i�c�a�l� �a�d�a�p�t�i�v�e� �t�r�a�c�k�e�r�.� �T�h�e� �p�r�o�b�l�e�m� �o�f� �d�e�t�e�c�t�i�n�g� 

�s�y�s�t�e�m� �c�o�m�p�o�n�e�n�t� �f�a�i�l�u�r�e�s�,� �m�o�d�e�l�e�d� �a�s� �j�u�m�p�s� �i�n� �c�e�r�t�a�i�n� �s�t�a�t�e� �v�a�r�i�a�b�l�e�s�,� 

�w�a�s� �s�o�l�v�e�d� �b�y� �W�i�l�l�s�k�y� �a�n�d� �J�o�n�e�s� �[�W�-�1�]�.� �A�g�a�i�n�,� �t�h�e� �o�p�t�i�m�u�m� �e�s�t�i�m�a�t�o�r� 

�p�r�o�v�e�d� �t�o� �b�e� �a� �g�r�o�w�i�n�g� �b�a�n�k� �o�f� �m�a�t�c�h�e�d� �f�i�l�t�e�r�s�.� �A� �"�f�i�n�i�t�e� �d�a�t�a� �w�i�n�d�o�w�"� 

�i�n� �c�o�n�j�u�n�c�t�i�o�n� �w�i�t�h� �a� �g�e�n�e�r�a�l�i�z�e�d� �l�i�k�e�l�i�h�o�o�d� �r�a�t�i�o� �t�e�s�t� �w�a�s� �u�s�e�d� �t�o� �o�v�e�r�-� 
 �� 

�c�o�m�e� �t�h�e� �i�n�f�i�n�i�t�e� �m�e�m�o�r�y� �p�r�o�b�l�e�m�.� �A�d�d�i�t�i�o�n�a�l� �d�i�s�c�u�s�s�i�o�n� �o�n� �t�h�e�s�e� �a�n�d� 

�o�t�h�e�r� �t�e�c�h�n�i�q�u�e�s� �i�s� �f�o�u�n�d� �i�n� �C�h�a�p�t�e�r� �O�n�e�.� 

�5�.�2� �T�h�e� �O�p�t�i�m�a�l� �E�s�t�i�m�a�t�o�r� �f�o�r� �t�h�e� �S�w�i�t�c�h�e�d� �L�i�n�e�a�r� �P�l�a�n�t� 
� � 

�C�o�n�s�i�d�e�r� �a� �l�i�n�e�a�r� �s�y�s�t�e�m� �d�e�s�c�r�i�b�e�d� �b�y� �t�h�e� �d�i�s�c�r�e�t�e� �t�i�m�e� �s�t�a�t�e� �e�q�u�a�-� 

�t�i�o�n�s�,� 

�X�4�1� �=� �o�(�k�+�1�)� �x�,� �+� �¥� �(�k�+�l�)� �u�a�,� �+� �P�(�k�+�1�)�w�,� 

�=� �H�(�k�t�1�)�x� �(�5�.�2�.�1�)� �Z�e�d� �i�t�l� �7� �V�e�t� 

�T�h�e� �o�p�t�i�m�a�l� �e�s�t�i�m�a�t�o�r� �f�o�r� �t�h�i�s� �s�y�s�t�e�m� �i�s� �s�i�m�p�l�y� �a� �m�a�t�c�h�e�d� �f�i�l�t�e�r� �(�K�a�l�m�a�n� 

�f�i�l�t�e�r�)�,� �g�e�n�e�r�a�l�i�z�e�d� �t�o� �i�n�c�l�u�d�e� �t�h�e� �t�i�m�e�-�v�a�r�v�i�n�g� �t�r�a�n�s�i�t�i�o�n� �a�n�d� �c�o�e�f�f�i�-� 

�c�i�e�n�t� �m�a�t�r�i�c�e�s�.� �T�h�e� �a�b�o�v�e� �s�y�s�t�e�m� �i�s� �d�e�t�e�r�m�i�n�i�s�t�i�c� �i�n� �t�h�e� �s�e�n�s�e� �t�h�a�t� �t�h�e� 

�s�y�s�t�e�m� �m�a�t�r�i�c�e�s� �a�r�e� �k�n�o�w�n� �f�u�n�c�t�i�o�n�s� �o�f� �t�i�m�e�.� 

�A� �s�e�c�o�n�d� �c�l�a�s�s� �o�f� �s�y�s�t�e�m�s� �i�s� �t�h�a�t� �s�e�t� �w�h�o�s�e� �s�y�s�t�e�m� �m�a�t�r�i�c�e�s� �a�r�e� 

�p�r�o�b�a�b�i�l�i�s�t�i�c� �f�u�n�c�t�i�o�n�s� �o�f� �t�i�m�e�.� �A� �f�r�e�q�u�e�n�t�l�y� �e�n�c�o�u�n�t�e�r�e�d� �e�x�a�m�p�l�e� �i�n



�9�2� 

�t�h�i�s� �c�l�a�s�s� �i�s� �t�h�e� �s�w�i�t�c�h�e�d� �l�i�n�e�a�r� �p�l�a�n�t� �p�r�o�b�l�e�m� �w�i�t�h� �t�h�e� �s�t�a�t�e� �v�a�r�i�a�b�l�e� 

�d�e�s�c�r�i�p�t�i�o�n�,� 

�a�y� �7� �U�H�,� �+� �C�p�,� �+� �Q�M�,� 

�Z�h�e� �~� �B�y� �F�O�V� 
�w�h�e�r�e�,� 

�o�e�{�%�,�,� �B�o�y� �v�e�e�r� �2�)� 

�¥�,�e�t�¥�,� �»� �V�o�s� �t�e�e�s� �Y�a� 

�P�e�t�t�,� �P�o�s� �s�e�e�s� �r� �(�5�.�2�.�2�)� 

�T�h�e� �s�y�s�t�e�m� �m�a�t�r�i�c�e�s� �s�w�i�t�c�h� �r�a�n�d�o�m�l�y� �a�m�o�n�g� �t�h�e� �e�l�e�m�e�n�t�s� �o�f� �t�h�e� �a�b�o�v�e� �t�h�r�e�e� 

�f�i�n�i�t�e� �s�e�t�s�.� �A� �p�r�o�b�a�b�i�l�i�s�t�i�c� �l�a�w� �g�o�v�e�r�n�i�n�g� �t�h�e� �s�w�i�t�c�h�i�n�g� �m�a�y� �o�r� �m�a�y� �n�o�t� 

�b�e� �g�i�v�e�n�.� �F�o�r� �c�o�n�v�e�n�i�e�n�c�e�,� �t�h�e� �e�l�e�m�e�n�t�s� �a�r�e� �r�e�g�r�o�u�p�e�d� �a�s�,� 

�s�,� �=� �(�¢�,�5� �¥�.�,� �T�.�)� �(�5�.�2�.�3�)� 

�w�h�e�r�e� �t�h�e� �3�-�t�u�p�l�e�s� �w�i�l�l� �b�e� �r�e�f�e�r�r�e�d� �t�o� �a�s� �c�o�n�f�i�g�u�r�a�t�i�o�n�s�,� �a�n�d� �t�h�e� �s�e�t�,� 

�S�,� �o�f� �3�-�t�u�p�l�e�s�,� �t�h�e� �c�o�n�f�i�g�u�r�a�t�i�o�n� �s�p�a�c�e�.� 

�S�s� �=� �{�S�5�5� �i�=�1�,� �m�}� 

�I�t� �i�s� �d�e�s�i�r�e�d� �t�o� �c�o�n�s�t�r�u�c�t� �a� �s�t�a�t�e� �e�s�t�i�m�a�t�o�r� �f�o�r� �t�h�e� �s�w�i�t�c�h�e�d� �l�i�n�-� 

�e�a�r� �p�l�a�n�t� �p�r�o�b�l�e�m�.� �F�i�r�s�t�,� �i�t� �i�s� �n�o�t�e�d� �t�h�a�t� �i�f� �t�h�e� �c�o�n�f�i�g�u�r�a�t�i�o�n� �c�h�a�n�g�e�s� 

�a�n�d� �t�h�e� �t�i�m�e�s� �t�h�e�y� �o�c�c�u�r� �a�r�e� �k�n�o�w�n� �e�x�a�c�t�l�y�,� �t�h�e�n� �t�h�e� �p�r�o�b�l�e�m� �r�e�d�u�c�e�s� �t�o� 

�t�h�e� �t�i�m�e� �v�a�r�y�i�n�g� �l�i�n�e�a�r� �s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n� �(�5�.�2�.�1�)�,� �a�n�d� �t�h�e� �e�s�t�i�m�a�t�o�r� 

�s�t�r�u�c�t�u�r�e� �i�s� �k�n�o�w�n� �i�m�m�e�d�i�a�t�e�l�y�.� �N�o�w� �c�o�n�s�i�d�e�r� �a� �s�w�i�t�c�h�e�d� �l�i�n�e�a�r� �p�l�a�n�t� 

�w�h�e�r�e� �t�h�e� �t�i�m�e�s� �o�f� �t�h�e� �c�o�n�f�i�g�u�r�a�t�i�o�n� �c�h�a�n�g�e�s� �a�r�e� �n�o�t� �k�n�o�w�n� �i�n� �a�d�v�a�n�c�e�.� 

�F�o�r� �n�o�w�,� �a�s�s�u�m�e� �t�h�a�t� �t�h�e� �i�n�i�t�i�a�l� �c�o�n�f�i�g�u�r�a�t�i�o�n� �o�f� �t�h�e� �p�l�a�n�t� �i�s� �g�i�v�e�n�.� 

�A�t� �s�o�m�e� �l�a�t�e�r� �t�i�m�e� �t�h�e� �p�l�a�n�t� �c�o�n�f�i�g�u�r�a�t�i�o�n� �m�a�y� �c�h�a�n�g�e� �t�o� �a�n�o�t�h�e�r� �o�f� �t�h�e



�9�3� 

�M� �p�o�s�s�i�b�l�e� �c�o�n�f�i�g�u�r�a�t�i�o�n�s�.� �I�n� �a�d�d�i�t�i�o�n�,� �i�t� �i�s� �a�s�s�u�m�e�d� �t�h�a�t� �t�h�e� �c�o�n�f�i�g�u�-� 

�r�a�t�i�o�n� �c�h�a�n�g�e� �c�a�n� �o�c�c�u�r� �o�n�l�y� �a�t� �d�i�s�c�r�e�t�e� �p�o�i�n�t�s� �i�n� �t�i�m�e�,� �a�n�d� �t�h�a�t� �o�n�l�y� 

�o�n�e� �c�h�a�n�g�e� �w�i�l�l� �o�c�c�u�r�.� �T�h�i�s� �l�a�s�t� �a�s�s�u�m�p�t�i�o�n� �w�i�l�l� �b�e� �r�e�m�o�v�e�d� �l�a�t�e�r� �i�n� 

�t�h�e� �c�h�a�p�t�e�r�.� 

�A�t� �e�a�c�h� �i�t�e�r�a�t�i�o�n� �t�h�e� �p�l�a�n�t� �c�a�n� �c�h�a�n�g�e� �i�n� �a�n�y� �o�f� �M�-�1� �d�i�r�e�c�t�i�o�n�s�.� 

�A�c�c�o�u�n�t�i�n�g� �f�o�r� �t�h�e� �p�o�s�s�i�b�i�l�i�t�y� �t�h�a�t� �n�o� �c�h�a�n�g�e� �i�s� �m�a�d�e� �d�u�r�i�n�g� �t�h�e� �N� �t�i�m�e� 

�i�n�t�e�r�v�a�l�s�,� �t�h�e� �t�o�t�a�l� �n�u�m�b�e�r� �o�f� �p�o�s�s�i�b�l�e� �p�a�t�h�s� �i�s� �(�N�)�(�M�-�1�)� �+� �1�.� �T�h�i�s� �i�s� 

�i�l�l�u�s�t�r�a�t�e�d� �i�n� �F�i�g�.� �5�.�2�.�1�,� �f�o�r� �a� �p�l�a�n�t� �h�a�v�i�n�g� �M�=�3� �c�o�n�f�i�g�u�r�a�t�i�o�n�s� �o�v�e�r� �a�n� 

�i�n�t�e�r�v�a�l� �o�f� �N�=�1�5� �i�t�e�r�a�t�i�o�n�s�.� �T�h�e� �p�l�a�n�t� �i�s� �i�n�i�t�i�a�l�l�y� �i�n� �S�y�>� �a�n�d� �a�t� �e�a�c�h� 

�s�u�c�c�e�e�d�i�n�g� �i�t�e�r�a�t�i�o�n� �a� �c�o�n�f�i�g�u�r�a�t�i�o�n� �c�h�a�n�g�e� �t�o� �s�,� �c�a�n� �o�c�c�u�r�,� �a�s� �i�l�l�u�s�-� 
�2� 

�t�r�a�t�e�d� �b�y� �a� �p�o�s�i�t�i�v�e� �s�l�o�p�e�d� �l�i�n�e� �b�r�a�n�c�h�i�n�g� �o�f�f� �a�t� �t�h�a�t� �i�t�e�r�a�t�i�o�n�.� �L�i�k�e�-� 

�w�i�s�e� �a� �c�o�n�f�i�g�u�r�a�t�i�o�n� �c�h�a�n�g�e� �t�o� �s�,� �i�s� �s�h�o�w�n� �a�s� �a� �n�e�g�a�t�i�v�e� �s�l�o�p�e�d� �l�i�n�e�.� 
�3� 

�O�n�c�e� �a� �c�h�a�n�g�e� �o�c�c�u�r�s�,� �h�o�w�e�v�e�r�,� �t�h�e� �p�l�a�n�t� �r�e�m�a�i�n�s� �i�n� �t�h�e� �n�e�w� �c�o�n�f�i�g�u�r�a�-� 

�t�i�o�n�.� �T�h�i�s� �i�s� �i�l�l�u�s�t�r�a�t�e�d� �b�y� �m�o�v�i�n�g� �c�o�n�t�i�n�u�a�l�l�y� �a�l�o�n�g� �t�h�e� �p�o�s�i�t�i�v�e� �o�r� 

�n�e�g�a�t�i�v�e� �s�l�o�p�e�d� �l�i�n�e� �f�o�r� �t�h�e� �r�e�m�a�i�n�i�n�g� �t�i�m�e� �a�f�t�e�r� �t�h�e� �c�h�a�n�g�e�.� �N�o� �c�o�n�-� 

�f�i�g�u�r�a�t�i�o�n� �c�h�a�n�g�e� �a�t� �a� �t�i�m�e� �i�n�t�e�r�v�a�l� �i�s� �s�i�g�n�i�f�i�e�d� �b�y� �m�o�v�i�n�g� �h�o�r�i�z�o�n�t�a�l�l�y� 

�a�l�o�n�g� �t�h�e� �t�i�m�e� �a�x�i�s�.� 

�A� �b�r�a�n�c�h� �i�s� �d�e�f�i�n�e�d� �t�o� �b�e� �a� �t�i�m�e� �h�i�s�t�o�r�y� �o�f� �p�o�s�s�i�b�l�e� �p�l�a�n�t� �c�o�n�f�i�g�-� 

�u�r�a�t�i�o�n�s� �o�v�e�r� �N� �t�i�m�e� �i�n�t�e�r�v�a�l�s�.� 

�B�,� �=� �{�s�(�k�)�:� �k� �=� �1�,�n�;� �w�h�e�r�e� �s�(�k�)� �¢� �S�}� �(�5�.�2�.�4�)� 

�F�o�r� �e�x�a�m�p�l�e�,� �t�h�e� �d�o�u�b�l�e� �l�i�n�e� �o�n� �F�i�g�.� �5�.�2�.�1� �i�s� �t�h�e� �g�r�a�p�h�i�c�a�l� �r�e�p�r�e�s�e�n�t�a�-� 

�t�i�o�n� �o�f� �a� �b�r�a�n�c�h� �d�e�f�i�n�e�d� �b�y�,� 

�S�,�S�,�S�,�S�,�8�.�S�.�q�}� �$�9�3� �9�8�9�8�9�8�0�5�0�5�0�5�2� �B�L� �=� �{�s�,�s� �S�.�S�,�S�,�S� �S�s� 
�7� �P�i�i�i�d�l� �2� 

�I�n� �t�h�i�s� �c�a�s�e�,� �t�h�e� �p�l�a�n�t� �i�s� �i�n� �s�,� �f�o�r� �s�i�x� �t�i�m�e� �i�n�t�e�r�v�a�l�s�.� �A�t� �t�h�e� �s�e�v�e�n�t�h� 
�1
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�i�t�e�r�a�t�i�o�n� �a� �c�o�n�f�i�g�u�r�a�t�i�o�n� �c�h�a�n�g�e� �i�s� �m�a�d�e� �t�o� �s�,�,� �a�n�d� �t�h�e� �r�e�m�a�i�n�i�n�g� �n�i�n�e� 
�h�a� 

�i�n�t�e�r�v�a�l�s� �a�r�e� �s�p�e�n�t� �i�n� �s� �I�f� �t�h�e� �p�l�a�n�t� �d�i�d� �i�n�d�e�e�d� �f�o�l�l�o�w� �t�h�i�s� �c�o�n�f�i�g�u�-� �9�°� 

�r�a�t�i�o�n� �h�i�s�t�o�r�y�,� �t�h�e�n� �a�f�t�e�r� �1�5� �i�t�e�r�a�t�i�o�n�s� �t�h�e� �p�l�a�n�t� �s�t�a�t�e� �w�o�u�l�d� �b�e� �g�i�v�e�n� 

�b�y� �B�L�.� 

�A� �T�R�E�E�,� �i�n�i�t�i�a�l�i�z�e�d� �a�t� �t�i�m�e� �k�,� �i�s� �d�e�f�i�n�e�d� �t�o� �b�e� �t�h�e� �s�e�t� �o�f� �a�l�l� 

�b�r�a�n�c�h�e�s�,� 

�T�(�k�)� �=� �{�B�5�3� �J�=�1�,� �(�N�)�(�M�-�1�)� �+� �1�}�.� �(�5�.�2�.�5�)� 

�T�h�e� �T�R�E�E� �i�n� �F�i�g�.� �5�.�2�.�1� �h�a�s� �3�1� �b�r�a�n�c�h�e�s�,� �n�u�m�b�e�r�e�d� �c�o�n�s�e�c�u�t�i�v�e�l�y� �f�r�o�m� �t�h�e� 

�t�o�p� �b�r�a�n�c�h� �d�o�w�n�.� 

�G�i�v�e�n� �a� �p�r�o�b�a�b�i�l�i�s�t�i�c� �d�e�s�c�r�i�p�t�i�o�n� �g�o�v�e�r�n�i�n�g� �t�h�e� �c�o�n�f�i�g�u�r�a�t�i�o�n� 

�c�h�a�n�g�e�s�,� �a� �m�i�n�i�m�u�m� �m�e�a�n� �s�q�u�a�r�e� �e�r�r�o�r�,� �m�m�s�e�,� �s�t�a�t�e� �e�s�t�i�m�a�t�o�r� �c�a�n� �b�e� 

�d�e�r�i�v�e�d� �u�s�i�n�g� �B�a�y�e�s�'�r�u�l�e�.� �L�e�t� �Z�i� �b�e� �a� �s�e�q�u�e�n�c�e� �o�f� �m�e�a�s�u�r�e�m�e�n�t�s� �o�n� �t�h�e� 

�S�t�a�t�e� �v�e�c�t�o�r� �t�a�k�e�n� �a�t� �t�h�e� �f�i�r�s�t� �k� �i�t�e�r�a�t�i�o�n�s�.� �T�h�e� �c�o�n�d�i�t�i�o�n�a�l� �m�e�a�n� �o�f� 

�t�h�e� �s�t�a�t�e� �v�e�c�t�o�r� �a�t� �t�i�m�e� �K� �c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �a�s� 

�x� �=� �[� �x�p� �(�x�,�=�x�/�Z�,� �d�x�.� �(�5�.�2�.�6�)� 

�T�h�e� �p�r�o�b�a�b�i�l�i�t�y� �d�i�s�t�r�i�b�u�t�i�o�n� �c�a�n� �b�e� �e�x�p�a�n�d�e�d� �u�s�i�n�g� �B�a�y�e�s�'� �r�u�l�e� �a�s� 

�f�o�l�l�o�w�s�.� 

�p�(�x�q�o�2�,�)� �C�N�)� �E�L�)� �4�1� �p�x�,� �.�2�,�,�5�3�,�)� 
�p�(�x�,� �/�2�,�.�)� �=� �a�e� �=� �S�e�o�n� �e�e� 

�1� 

�Y� �p�(�x�,� �/�Z�,� �5�3�5�)� �P�(�Z�,� �B�z�)� �/�p�(�Z�,�)� 
�B�y� 

�)� �p�(�x�,�/�Z�,� �,�B�5�)�p�(�B�5�/�Z�,�)� �(�5�.�2�.�7�)� 
�B� �J
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�S�u�b�s�t�i�t�u�t�i�n�g� �(�5�.�2�.�7�)� �i�n�t�o� �(�5�.�2�.�6�)� �g�i�v�e�s�,� 

�=� �{�,�x�a�x�]� �p�(�x�,� �=�x�/�Z�,� �,�B�,�)�p�(�B�,�/�Z�,�)� 
�J� 

�T�a�k�i�n�g� �x� �i�n�s�i�d�e� �t�h�e� �s�u�m�m�a�t�i�o�n� �a�n�d� �i�n�t�e�r�c�h�a�n�g�i�n�g� �t�h�e� �o�p�e�r�a�t�i�o�n�s� �o�f� �i�n�t�e�-� 

�g�r�a�t�i�o�n� �a�n�d� �s�u�m�m�a�t�i�o�n�,� �t�h�e� �c�o�n�d�i�t�i�o�n�a�l� �m�e�a�n� �b�e�c�o�m�e�s� 

�)� �[� �x�p� �(�x�,� �=�x�/�Z�,� �,�B�5�)�p�(�B�5�/�Z�,�)� �d�x� 

�B�y� 
�*� 

�u�l� �2� �P�C�B� �s�/�2�,�)� �L�P� �%�/� �A�y� �5�B�)� �d�x� 

�J� 

�T�h�e� �i�n�t�e�g�r�a�l� �o�n� �t�h�e� �r�i�g�h�t� �i�s� �t�h�e� �m�e�a�n� �o�f� �t�h�e� �s�t�a�t�e� �v�e�c�t�o�r�,� �c�o�n�d�i�t�i�o�n�e�d� 

�o�n� �t�h�e� �o�b�s�e�r�v�e�d� �m�e�a�s�u�r�e�m�e�n�t�s�,� �Z�e� �a�n�d� �o�n� �t�h�e� �b�r�a�n�c�h� �B�y�.� �I�t� �i�s� �t�h�e� �o�p�t�i�-�~� 

�m�a�l� �e�s�t�i�m�a�t�e� �(�m�i�n�i�m�u�m� �m�e�a�n� �s�q�u�a�r�e� �e�r�r�o�r�)� �o�f� �t�h�e� �s�t�a�t�e� �g�i�v�e�n� �t�h�a�t� �B�y� �i�s� 

�t�h�e� �c�o�n�f�i�g�u�r�a�t�i�o�n� �h�i�s�t�o�r�y� �o�f� �t�h�e� �p�l�a�n�t�.� �D�e�n�o�t�i�n�g� �t�h�i�s� �i�n�t�e�g�r�a�l� �b�y� 

�%� �(�B�y�)� �»� �t�h�e� �u�n�c�o�n�d�i�t�i�o�n�a�l� �o�p�t�i�m�a�l� �e�s�t�i�m�a�t�e� �i�s�,� 

� � 

�t�=� �2�B�)� �P�B�,�/�2�,�)� �(�5�.�2�.�8�)� 
�J� � � � � � � 

�U�s�i�n�g� �B�a�y�e�s�'� �r�u�l�e�,� �t�h�e� �a� �p�o�s�t�e�r�i�o�r�i� �p�r�o�b�a�b�i�l�i�t�y� �c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �a�s�,� 

�p�(�B�,�/�Z�,�)� �=� �p�(�Z�,�/�B�,�)�P�(�B�,�)�/�p�(�Z�,�)� �(�5�.�2�.�9�)� 

�T�h�e� �p�r�o�b�a�b�i�l�i�t�y� �d�i�s�t�r�i�b�u�t�i�o�n� �f�u�n�c�t�i�o�n� �g�o�v�e�r�n�i�n�g� �t�h�e� �c�o�n�f�i�g�u�r�a�t�i�o�n� 

�c�h�a�n�g�e�s�,� �p�(�B�)�»� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �k�n�o�w�n�.� �T�h�e� �c�o�n�d�i�t�i�o�n�a�l� �m�e�a�s�u�r�e�m�e�n�t� 

�d�e�n�s�i�t�y� �f�u�n�c�t�i�o�n�,� �p�(�Z�,�/�B�,�)�;� �c�a�n� �b�e� �e�x�p�a�n�d�e�d� �b�y� �r�e�p�r�e�s�e�n�t�i�n�g� �t�h�e� �s�e�q�u�e�n�c�e� 

�Z� �Z�,� �b�y� �Z�o� �2�1�9� �i�e�.� 
�k� 

�p�(�Z�,�/�B�5�)� �=� �p�(�z�,�,�2�Z�,�_�,�/�B�,�)� �=� �p�(�2�,�/�Z�,�_�,�,� �B�,�)�p�(�Z�,�_�,�/�B�,�;�)� �(�5�.�2�.�1�0�)
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�w�h�e�r�e� �z�y� �i�s� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �a�t� �t�i�m�e� �k�.� �I�t� �i�s� �r�e�a�d�i�l�y� �s�h�o�w�n� �i�n� �t�h�e� �d�e�r�i�-� 

�v�a�t�i�o�n� �o�f� �t�h�e� �K�a�l�m�a�n� �f�i�l�t�e�r� �(�s�e�e� �C�h�a�p�t�e�r� �2�)� �t�h�a�t�,� 

�p�(�z�,�/�Z�,� �.�,�B�.�)� �=� �N�C�,� �P�Y� �C�K�)�)� �(�5�.�2�.�1�1�)� 
�k�K�  ��k�-�1 ��?�°� �I� �k�?�  ��2� 

�J�,� �.� �J� �.� 
�w�h�e�r�e� �H�y� �i�s� �t�h�e� �p�r�e�d�i�c�t�e�d� �m�e�a�s�u�r�e�m�e�n�t�,� �a�n�d� �P� �f�k�)� �i�s� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� 

�r�e�s�i�d�u�a�l� �c�o�v�a�r�i�a�n�c�e�,� �g�i�v�e�n� �b�y�,� 

�J�.� 
�p�g� �J� 

�U�y� �H�[�®� �(�k�)�X�,�_� �G�B�y�)� �+� �¥� �(�k�K�)�u�,� �4�]� 

�P�U�(�k�)� �=� �H�P�U�(�k�/�k�-�1�)�H� �+�R� 

�T�h�e� �n�o�t�a�t�i�o�n� �0�7� �(�«�)�,�.� �2�7� �C�k�)� �o�r� �¥� �5� �C�x�)� �s�p�e�c�i�f�i�e�s� �t�h�e� �m�a�t�r�i�x� �¢�,� �[� �o�r� �¥�,� 

�a�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �c�o�n�f�i�g�u�r�a�t�i�o�n� �B�y� �a�t� �t�i�m�e� �k�.� �S�u�p�e�r�s�c�r�i�p�t� �J� �i�s� �c�h�o�s�e�n� �t�o� 

�d�i�f�f�e�r�e�n�t�i�a�t�e� �b�e�t�w�e�e�n� �9�5� �C�x�)� �w�h�i�c�h� �w�a�s� �p�r�e�v�i�o�u�s�l�y� �d�e�f�i�n�e�d� �t�o� �b�e� �c�o�n�f�i�g�u�-� 

�r�a�t�i�o�n� �i� �a�t� �t�i�m�e� �k�.� �P�Y� �(�k�/�k�-�1�)� �i�s� �t�h�e� �p�r�e�d�i�c�t�e�d� �s�t�a�t�e� �e�s�t�i�m�a�t�i�o�n� �e�r�r�o�r� 

�c�o�v�a�r�i�a�n�c�e� �c�o�n�d�i�t�i�o�n�e�d� �o�n� �B�,� �w�h�i�c�h� �w�a�s� �s�h�o�w�n� �i�n� �C�h�a�p�t�e�r� �T�w�o� �t�o� �b�e� 

�P�Y� �(�k�/�k�-�1�)� �=� �6�7� �(�k�)� �P�Y� �(�k�-�1�)� �6�7� �(�k�e�)� �7� �+� �r�i� �c�K�y�a�r�t� �(�e�y�?� 

�J� 
�T�h�e� �m�e�a�s�u�r�e�m�e�n�t� �r�e�s�i�d�u�a�l� �a�t� �t�i�m�e� �k� �i�s� �g�i�v�e�n� �b�y�,� �Z�,� �=� �Z�h� �-� �U�y� 

�k� 

�H�e�n�c�e�,� �t�h�e� �v�a�l�u�e� �o�b�t�a�i�n�e�d� �f�r�o�m� �e�v�a�l�u�a�t�i�n�g� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �r�e�s�t�d�u�a�l� 

�d�e�n�s�i�t�y� �f�u�n�c�t�i�o�n� �a�t� �2�,� �e�q�u�a�l�s� �t�h�e� �v�a�l�u�e� �o�b�t�a�i�n�e�d� �f�r�o�m� �e�v�a�l�u�a�t�i�n�g� �t�h�e� 
�k� 

�m�e�a�s�u�r�e�m�e�n�t� �d�e�n�s�i�t�y� �f�u�n�c�t�i�o�n� �a�t� �z� �i�.�e�.� �k�?� 

�/�B� �3� �(�2�,� �/�Z�,�_�1�>�B�5�)�-� �(�5�.�2�.�1�2�)� �)� �=�p� 
�2�1�2�)� �1� �9�B�,� �P�s�/�3�_�@� �I� �k� 

�T�h�e� �c�o�n�d�i�t�i�o�n�i�n�g� �o�n� �Z� �i�s� �n�o�t� �r�e�q�u�i�r�e�d� �o�n� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �r�e�s�i�d�u�a�l� 
�k�-�1� 

�d�e�n�s�i�t�y� �f�u�n�c�t�i�o�n� �s�i�n�c�e�,� �g�i�v�e�n� �B�r�a�n�c�h� �B� �i�t� �d�o�e�s� �n�o�t� �d�e�p�e�n�d� �e�x�p�l�i�c�i�t�l�y� �J �� 

�o�n� �t�h�e� �p�a�s�t� �h�i�s�t�o�r�y�,� �N�o�w�,
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�_� �N�i� �o�J�  ��s� �L�e�t� �J� �-�l�.�,� �_� �J� �P�a�y�a� �(�z�/�a�,�)� �~� �1�2�0� �[�P�o� �(�i�k�)� �|�]�  ��e�x�p� �[�2�°� �(�P�)�(�k�)�)� �2�]� �=� �N�(�O�,�P�*� �(�k�)�)� 
�(�5�.�2�.�1�3�)� 

�S�u�b�s�t�i�t�u�t�i�n�g� �(�5�.�2�.�1�2�)� �i�n�t�o� �(�5�.�2�.�1�0�)� �g�i�v�e�s�,� 

�p�(�Z�,�/�B�,�)� �=� �5�/�8� �(�2�,�,�/�B� �,�)� �e�n�a�!� �B�y� �(�5�.�2�.�1�4�)� 

�T�h�e� �f�o�r�m� �o�f� �t�h�e� �o�p�t�i�m�a�l� �s�t�a�t�e� �e�s�t�i�m�a�t�e� �i�s� �f�o�u�n�d� �b�y� �s�u�b�s�t�i�t�u�t�i�n�g� 

�(�5�.�2�.�1�2�)� �i�n�t�o� �(�5�.�2�.�1�0�)�,� �(�5�.�2�.�1�0�)� �i�n�t�o� �(�5�.�2�.�9�)�,� �a�n�d� �(�5�.�2�.�9�)� �i�n�t�o� �(�5�.�2�.�8�)�.� 

�H�F� �B�E�T� �(�B�p� �P�C�2�/�B�S�)� �P�C�B�S�)�?� �1�/�B�D� �(�5�.�2�.�1�5�)� 

�w�h�e�r�e� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �d�e�n�s�i�t�y� �f�u�n�c�t�i�o�n�'�s� �s�u�b�s�c�r�i�p�t�s� �h�a�v�e� �b�e�e�n� �r�e�m�o�v�e�d� 

�f�o�r� �s�i�m�p�l�i�c�i�t�y�.� �T�h�u�s�,� �f�o�r� �t�h�e� �s�w�i�t�c�h�e�d� �l�i�n�e�a�r� �p�l�a�n�t� �p�r�o�b�l�e�m�,� �t�h�e� �o�p�t�i�-� 

�m�a�l� �e�s�t�i�m�a�t�e� �i�s� �a� �w�e�i�g�h�t�e�d� �s�u�m� �o�f� �t�h�e� �c�o�n�d�i�t�i�o�n�a�l� �e�s�t�i�m�a�t�e�s� �t�h�a�t� �a�r�e� �o�b�-� 

�t�a�i�n�e�d� �f�r�o�m� �f�i�l�t�e�r�s� �m�a�t�c�h�e�d� �t�o� �a�l�l� �p�o�s�s�i�b�l�e� �b�r�a�n�c�h�e�s� �o�f� �t�h�e� �c�o�n�f�i�g�u�r�a�t�i�o�n� 

�t�r�e�e�.� �T�h�e� �w�e�i�g�h�t�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s� �a�r�e� �f�o�u�n�d� �r�e�c�u�r�s�i�v�e�l�y�.� �F�i�r�s�t�,� �p�(�Z�,�/�B� �,�)� 

�i�s� �f�o�u�n�d� �i�n� �e�q�u�a�t�i�o�n� �(�5�.�2�.�1�4�)� �b�y� �m�u�l�t�i�p�l�y�i�n�g� �p�(�Z�,�_�,�/�B�,�)�.� �f�r�o�m� �t�h�e� �l�a�s�t� 

�i�t�e�r�a�t�i�o�n�,� �b�y� �p�(�2�,�/�B� �5�)� �o�f� �e�q�u�a�t�i�o�n� �(�5�.�2�.�1�3�)�.� �T�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �a�r�e� �t�h�e�n� 

�c�o�m�p�u�t�e�d� �i�n� �e�q�u�a�t�i�o�n� �(�5�.�2�.�0�)� �b�y� �m�u�l�t�i�p�l�y�i�n�g� �p�(�Z�,� �/�B� �5�)� �b�y� �t�h�e� �a� �p�r�i�o�r�i� 

�b�r�a�n�c�h� �p�r�o�b�a�b�i�l�i�t�i�e�s�,� �p�(�B�,�)�;� �a�n�d� �n�o�r�m�a�l�i�z�i�n�g�.� �T�h�i�s� �l�a�s�t� �s�t�e�p� �m�a�k�e�s� �t�h�e� 

�a�c�t�u�a�l� �c�a�l�c�u�l�a�t�i�o�n� �o�f� �p�(�Z�,�)� �u�n�n�e�c�e�s�s�a�r�y�.� 

�5�.�3� �S�l�i�d�i�n�g� �W�i�n�d�o�w� �D�e�t�e�c�t�o�r�/�E�s�t�i�m�a�t�o�r�,� �S�W�D�E� 

�T�h�e� �e�s�t�i�m�a�t�o�r� �d�e�r�i�v�e�d� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �s�e�c�t�i�o�n� �i�s� �o�p�t�i�m�a�l� �i�n� �t�h�e� 

�s�e�n�s�e� �t�h�a�t� �i�t� �m�i�n�i�m�i�z�e�s� �t�h�e� �m�e�a�n� �s�q�u�a�r�e� �e�s�t�i�m�a�t�i�o�n� �e�r�r�o�r� �i�n� �t�h�e� �p�r�e�s�e�n�c�e� 

�o�f� �u�n�c�e�r�t�a�i�n�t�y� �r�e�g�a�r�d�i�n�g� �t�h�e� �p�l�a�n�t� �c�o�n�f�i�g�u�r�a�t�i�o�n�.� �T�h�i�s� �u�n�c�e�r�t�a�i�n�t�y� �i�s� 

�m�a�n�i�f�e�s�t�e�d� �b�y� �t�h�e� �i�n�c�o�r�p�o�r�a�t�i�o�n� �o�f� �a� �g�o�v�e�r�n�i�n�g� �p�r�o�b�a�b�i�l�i�t�y� �d�i�s�t�r�i�b�u�t�i�o�n� 

�f�u�n�c�t�i�o�n� �i�n�t�o� �t�h�e� �p�l�a�n�t� �d�e�s�c�r�i�p�t�i�o�n�.� �T�h�e�r�e� �a�r�e�,� �h�o�w�e�v�e�r�,� �s�e�v�e�r�a�l



�9�9� 

�r�e�a�s�o�n�s� �t�h�a�t� �m�a�k�e� �t�h�i�s� �m�e�t�h�o�d� �i�m�p�r�a�c�t�i�c�a�l�.� �F�i�r�s�t�,� �a� �p�r�o�b�a�b�i�l�i�s�t�i�c� 

�d�e�s�c�r�i�p�t�i�o�n� �g�o�v�e�r�n�i�n�g� �t�h�e� �c�o�n�f�i�g�u�r�a�t�i�o�n� �c�h�a�n�g�e�s� �m�i�g�h�t� �n�o�t� �b�e� �k�n�o�w�n�.� 

�S�e�c�o�n�d�,� �o�n�l�y� �s�i�n�g�l�e� �c�o�n�f�i�g�u�r�a�t�i�o�n� �c�h�a�n�g�e�s� �a�r�e� �a�l�l�o�w�e�d�.� �A�n�d�,� �t�h�i�r�d�,� �t�h�e� 

�o�r�d�e�r� �o�f� �t�h�e� �e�s�t�i�m�a�t�o�r� �g�r�o�w�s� �l�i�n�e�a�r�l�y� �w�i�t�h� �t�i�m�e�.� �T�h�i�s� �l�i�m�i�t�s� �t�h�e� �r�e�a�l� 

�t�i�m�e� �a�p�p�l�i�c�a�b�i�l�i�t�y� �o�f� �t�h�e� �a�l�g�o�r�i�t�h�m� �b�e�c�a�u�s�e� �o�f� �c�o�n�s�t�r�a�i�n�t�s� �o�n� �a�v�a�i�l�a�b�l�e� 

�c�o�m�p�u�t�e�r� �s�t�o�r�a�g�e� �a�n�d� �p�r�o�c�e�s�s�i�n�g� �s�p�e�e�d�.� 

�A� �d�i�f�f�e�r�e�n�t� �a�p�p�r�o�a�c�h� �t�o� �t�r�a�c�k�i�n�g� �a� �s�w�i�t�c�h�e�d� �l�i�n�e�a�r� �p�l�a�n�t� �i�s� �b�a�s�e�d� 

�u�p�o�n� �t�h�e� �d�e�t�e�c�t�i�o�n� �o�f� �c�o�n�f�i�g�u�r�a�t�i�o�n� �c�h�a�n�g�e�s�.� �T�h�e� �d�i�s�t�i�n�c�t�i�o�n� �b�e�t�w�e�e�n� 

�p�u�r�e� �e�s�t�i�m�a�t�i�o�n� �t�h�e�o�r�y� �a�n�d� �s�i�g�n�a�l� �d�e�t�e�c�t�i�o�n� �t�h�e�o�r�y� �i�s� �r�a�t�h�e�r� �a�r�b�i�t�r�a�r�y�.� 

�B�o�t�h� �s�t�r�i�v�e� �t�o� �e�x�t�r�a�c�t� �i�n�f�o�r�m�a�t�i�o�n� �f�r�o�m� �n�o�i�s�y� �e�n�v�i�r�o�n�m�e�n�t�s�.� �O�n�e� �t�a�n�g�i�-� 

�b�l�e� �d�i�f�f�e�r�e�n�c�e� �i�s� �t�h�a�t� �t�h�e� �d�e�t�e�c�t�i�o�n� �p�r�o�c�e�s�s� �i�s� �a� �c�h�o�i�c�e� �b�e�t�w�e�e�n� �a� 

�f�i�n�i�t�e� �n�u�m�b�e�r� �o�f� �h�y�p�o�t�h�e�s�e�s�,� �w�h�e�r�e�a�s� �t�h�e� �e�s�t�i�m�a�t�i�o�n� �p�r�o�c�e�s�s� �c�a�n� �h�a�v�e� �a� 

�c�o�n�t�i�n�u�u�m� �o�f� �p�o�s�s�i�b�l�e� �o�u�t�c�o�m�e�s�.� �I�n� �a�d�d�i�t�i�o�n�,� �d�e�t�e�c�t�i�o�n� �a�l�g�o�r�i�t�h�m�s� �o�f�t�e�n� 

�r�e�q�u�i�r�e� �l�e�s�s� �i�n�f�o�r�m�a�t�i�o�n� �a�b�o�u�t� �t�h�e� �s�y�s�t�e�m� �t�h�a�n� �d�o� �e�s�t�i�m�a�t�i�o�n� �a�l�g�o�r�i�t�h�m�s�.� 

�F�o�r� �e�x�a�m�p�l�e�,� �a� �N�e�y�m�a�n�~�-�P�e�a�r�s�o�n� �[�V�-�1�]� �a�l�g�o�r�i�t�h�m� �d�o�e�s� �n�o�t� �r�e�q�u�i�r�e� �a� �p�r�i�o�r�i� 

�p�r�o�b�a�b�i�l�i�t�i�e�s� �f�o�r� �t�h�e� �v�a�r�i�o�u�s� �h�y�p�o�t�h�e�s�e�s�.� �I�n� �t�h�i�s� �s�e�c�t�i�o�n�,� �a� �d�e�t�e�c�t�o�r� 

�w�i�l�l� �b�e� �c�o�n�s�t�r�u�c�t�e�d� �t�h�a�t� �w�i�l�l� �d�e�t�e�r�m�i�n�e� �w�h�e�n� �a� �c�o�n�f�i�g�u�r�a�t�i�o�n� �c�h�a�n�g�e� 

�o�c�c�u�r�s� �a�n�d� �w�h�a�t� �t�h�e� �n�e�w� �c�o�n�f�i�g�u�r�a�t�i�o�n� �i�s�.� �T�h�i�s� �i�n�f�o�r�m�a�t�i�o�n� �w�i�l�l� �t�h�e�n� �b�e� 

�u�s�e�d� �t�o� �f�o�r�m�u�l�a�t�e� �a� �s�t�a�t�e� �e�s�t�i�m�a�t�e� �f�o�r� �t�h�e� �p�l�a�n�t�.� �T�h�e� �a�l�g�o�r�i�t�h�m� �w�i�l�l� 

�n�o�t� �r�e�q�u�i�r�e� �a� �p�r�i�o�r�i� �k�n�o�w�l�e�d�g�e� �o�f� �c�o�n�f�i�g�u�r�a�t�i�o�n� �c�h�a�n�g�e�s�.� �I�n� �a�d�d�i�t�i�o�n�,� 

�a�f�t�e�r� �a� �c�h�a�n�g�e� �h�a�s� �b�e�e�n� �d�e�t�e�c�t�e�d�,� �t�h�e� �a�l�g�o�r�i�t�h�m� �c�a�n� �b�e� �r�e�-�i�n�i�t�i�a�l�i�z�e�d� �t�o� 

�d�e�t�e�c�t� �a� �s�e�c�o�n�d� �c�h�a�n�g�e�.� �T�h�u�s� �m�u�l�t�i�p�l�e� �c�h�a�n�g�e�s� �c�a�n� �b�e� �t�r�a�c�k�e�d�.� 

�T�h�e� �j�o�i�n�t� �d�e�t�e�c�t�i�o�n�/�e�s�t�i�m�a�t�i�o�n� �p�r�o�b�l�e�m� �c�a�n� �b�e� �s�o�l�v�e�d� �b�y� �g�r�o�w�i�n�g� 

�t�r�e�e�s� �o�f� �p�r�e�d�e�t�e�r�m�i�n�e�d� �s�i�z�e� �a�t� �e�a�c�h� �i�t�e�r�a�t�i�o�n� �s�i�m�i�l�a�r� �t�o� �t�h�e� �t�r�e�e� �i�n� 

�S�e�c�t�i�o�n� �5�.�2�.� �N�o�w�,� �h�o�w�e�v�e�r�,� �a�s� �t�i�m�e� �p�r�o�g�r�e�s�s�e�s�,� �t�h�e� �s�i�z�e� �o�f� �t�h�e� �t�r�e�e�s� 

�w�i�l�l� �b�e� �k�e�p�t� �c�o�n�s�t�a�n�t� �b�y� �p�r�u�n�i�n�g� �t�h�e� �b�r�a�n�c�h�e�s� �a�t� �e�a�c�h� �i�t�e�r�a�t�i�o�n� �a�c�c�o�r�d�i�n�g
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�t�o� �a� �d�e�c�i�s�i�o�n� �r�u�l�e�.� �A� �s�e�c�o�n�d� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �t�h�i�s� �s�e�c�t�i�o�n� �a�n�d� �S�e�c�t�i�o�n� 

�5�.�2� �i�s� �t�h�e� �m�e�t�h�o�d� �b�y� �w�h�i�c�h� �t�h�e� �e�s�t�i�m�a�t�e� �i�s� �d�e�t�e�r�m�i�n�e�d�.� 

�A�s�s�u�m�e� �t�h�a�t� �t�h�e� �c�o�n�f�i�g�u�r�a�t�i�o�n� �p�r�i�o�r� �t�o� �t�i�m�e� �k� �i�s� �k�n�o�w�n�.� �A�t� �t�i�m�e� �k� 

�t�h�e� �p�l�a�n�t� �c�a�n� �c�h�a�n�g�e� �t�o� �a�n�o�t�h�e�r� �o�f� �t�h�e� �M� �p�o�s�s�i�b�l�e� �c�o�n�f�i�g�u�r�a�t�i�o�n�s�.� �S�t�a�r�t�-� 

�i�n�g� �a�t� �t�=�k�,� �m�e�a�s�u�r�e�m�e�n�t�s� �a�r�e� �t�a�k�e�n� �a�t� �e�a�c�h� �i�t�e�r�a�t�i�o�n� �f�o�r� �N� �i�t�e�r�a�t�i�o�n�s�.� 

�A�t� �t�=�k�t�N�-�1�l� �a� �d�e�c�i�s�i�o�n� �i�s� �m�a�d�e� �r�e�g�a�r�d�i�n�g� �w�h�a�t� �c�h�a�n�g�e�s�,� �i�f� �a�n�y�,� �o�c�c�u�r�r�e�d� �a�t� 

�t�=�k�.� �T�h�e� �n�u�m�b�e�r� �o�f� �m�e�a�s�u�r�e�m�e�n�t�s� �u�s�e�d� �i�n� �m�a�k�i�n�g� �a� �d�e�c�i�s�i�o�n� �w�i�l�l�,� �h�e�n�c�e�-� 

�f�o�r�t�h�,� �b�e� �r�e�f�e�r�r�e�d� �t�o� �a�s� �t�h�e� �w�i�n�d�o�w� �w�i�d�t�h�,� �N�.� 

�A�l�l� �o�f� �t�h�e� �i�n�f�o�r�m�a�t�i�o�n� �r�e�q�u�i�r�e�d� �i�n� �t�h�e� �d�e�t�e�c�t�i�o�n�/�e�s�t�i�m�a�t�i�o�n� �p�r�o�c�e�s�s� 

�i�s� �a�v�a�i�l�a�b�l�e� �i�n� �a� �t�r�e�e� �T�(�k�)� �i�n�i�t�i�a�t�e�d� �a�t� �t�=�k�.� �T�h�e� �b�r�a�n�c�h�e�s� �o�f� �T�(�k�)� 

�c�o�r�r�e�s�p�o�n�d� �t�o� �a�l�l� �t�h�e� �p�o�s�s�i�b�l�e� �c�o�n�f�i�g�u�r�a�t�i�o�n� �h�i�s�t�o�r�i�e�s� �o�f� �t�h�e� �p�l�a�n�t� �f�r�o�m� 

�t�=�k� �t�o� �t�=�k�+�N�-�1�.� �A�s�s�o�c�i�a�t�e�d� �w�i�t�h� �e�a�c�h� �b�r�a�n�c�h� �a�r�e� �t�w�o� �t�y�p�e�s� �o�f� �i�n�f�o�r�m�a�t�i�o�n�.� 

�F�i�r�s�t�,� �a� �s�t�a�t�e� �e�s�t�i�m�a�t�e� �i�s� �p�r�o�p�a�g�a�t�e�d� �a�l�o�n�g� �e�a�c�h� �b�r�a�n�c�h�.� �E�v�e�r�y� �b�r�a�n�c�h� 

�s�h�a�r�e�s� �t�h�e� �s�a�m�e� �i�n�i�t�i�a�l� �s�t�a�t�e� �e�s�t�i�m�a�t�e� �c�a�l�l�e�d� �t�h�e� �s�e�e�d� �e�s�t�i�m�a�t�e�.� �T�h�e� 

�e�s�t�i�m�a�t�e� �a�l�o�n�g� �a�n�y� �g�i�v�e�n� �b�r�a�n�c�h� �i�s� �t�h�e� �o�p�t�i�m�u�m� �e�s�t�i�m�a�t�e� �p�r�o�v�i�d�e�d� �t�h�a�t� 

�t�h�e� �p�l�a�n�t� �f�o�l�l�o�w�e�d� �t�h�e� �c�o�n�f�i�g�u�r�a�t�i�o�n� �h�i�s�t�o�r�y� �d�e�f�i�n�e�d� �b�y� �t�h�a�t� �b�r�a�n�c�h�.� 

�S�i�n�c�e� �a�l�l� �c�o�n�f�i�g�u�r�a�t�i�o�n� �h�i�s�t�o�r�i�e�s� �a�r�e� �a�c�c�o�u�n�t�e�d� �f�o�r�,� �t�h�e� �o�p�t�i�m�u�m� �e�s�t�i�m�a�t�e� 

�i�s� �a�l�w�a�y�s� �a�v�a�i�l�a�b�l�e� �s�o�m�e�w�h�e�r�e� �i�n� �t�h�e� �t�r�e�e�.� �S�e�c�o�n�d�,� �p�r�o�b�a�b�i�l�i�t�y� �i�n�f�o�r�m�a�-� 

�t�i�o�n� �i�s� �p�r�o�p�a�g�a�t�e�d� �a�l�o�n�g� �e�a�c�h� �b�r�a�n�c�h�.� �I�n� �S�e�c�t�i�o�n� �5�.�2�,� �t�h�e�s�e� �p�r�o�b�a�b�i�l�i�-� 

�t�i�e�s� �w�e�r�e� �u�s�e�d� �i�n� �c�o�n�j�u�n�c�t�i�o�n� �w�i�t�h� �t�h�e� �a� �p�r�i�o�r�i� �b�r�a�n�c�h� �p�r�o�b�a�b�i�l�i�t�i�e�s� �t�o� 

�c�o�m�p�u�t�e� �t�h�e� �w�e�i�g�h�t�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s� �f�o�r� �t�h�e� �o�p�t�i�m�a�l� �e�s�t�i�m�a�t�o�r�.� �N�o�w� �t�h�e�y� 

�w�i�l�l� �b�e� �u�s�e�d� �i�n� �t�h�e� �d�e�t�e�c�t�i�o�n� �o�f� �c�o�n�f�i�g�u�r�a�t�i�o�n� �c�h�a�n�g�e�s�.� 

�A�t� �t�i�m�e� �t�=�k�+�N�~�1�l� �a� �d�e�c�i�s�i�o�n� �i�s� �m�a�d�e� �a�s� �t�o� �w�h�a�t� �c�o�n�f�i�g�u�r�a�t�i�o�n� �c�h�a�n�g�e�,� 

�i�f� �a�n�y�,� �o�c�c�u�r�r�e�d� �a�t� �t�=�k�.� �T�h�e� �n�u�l�l� �h�y�p�o�t�h�e�s�i�s�,� �H�o�:� �i�s� �t�h�a�t� �n�o� �c�h�a�n�g�e� �w�a�s� 

�m�a�d�e� �a�t� �t�=�k�.� �T�h�e� �H�y� �h�y�p�o�t�h�e�s�i�s� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �a� �c�h�a�n�g�e� �t�o� �c�o�n�f�i�g�u�r�a�t�i�o�n� 

�S�;� �a�t� �t�=�k�.� �T�h�u�s�,� �t�h�e� �n�u�l�l� �h�y�p�o�t�h�e�s�i�s� �e�n�c�o�m�p�a�s�s�e�s� �a�l�l� �c�h�a�n�g�e�s� �t�h�a�t� �c�o�u�l�d



�1�0�1� 

�o�c�c�u�r� �b�e�t�w�e�e�n� �t�=�k�+�t�l� �a�n�d� �t�=�k�+�N�-�1�,� �i�n�c�l�u�d�i�n�g� �t�h�e� �p�o�s�s�i�b�l�e� �o�u�t�c�o�m�e� �t�h�a�t� �n�o� 

�c�h�a�n�g�e� �i�s� �m�a�d�e� �d�u�r�i�n�g� �t�h�e� �N� �i�t�e�r�a�t�i�o�n�s�.� �F�o�r� �e�x�a�m�p�l�e�,� �F�i�g�u�r�e� �5�.�3�.�1�l�a� 

�s�h�o�w�s� �a� �t�r�e�e� �h�a�v�i�n�g� �a� �w�i�n�d�o�w� �w�i�d�t�h� �o�f� �n�=�6�.� �A�t� �t�h�e� �s�i�x�t�h� �i�t�e�r�a�t�i�o�n� �a� 

�d�e�c�i�s�i�o�n� �i�s� �m�a�d�e� �a�n�d� �o�n�e� �o�f� �t�h�e� �e�l�e�v�e�n� �b�r�a�n�c�h�e�s� �i�s� �c�h�o�s�e�n�.� �I�f� �B�y� �(�B�y�)� 

�i�s� �c�h�o�s�e�n�,� �t�h�e�n� �t�h�e� �h�y�p�o�t�h�e�s�i�s� �H�,� �(�H�3�)� �i�s� �a�c�c�e�p�t�e�d�.� �O�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� 

�i�f� �B�,� �t�h�r�o�u�g�h� �B� �2� �9� �i�s� �c�h�o�s�e�n�,� �t�h�e�n� �A�,� �i�s� �a�c�c�e�p�t�e�d�.� �1� 

�D�e�p�e�n�d�i�n�g� �u�p�o�n� �t�h�e� �d�e�c�i�s�i�o�n� �o�u�t�c�o�m�e� �a�t� �t�=�k�+�N�-�1�,� �o�n�e� �o�f� �t�w�o� �c�o�u�r�s�e�s� 

�o�f� �a�c�t�i�o�n� �w�i�l�l� �b�e� �t�a�k�e�n�.� �F�i�r�s�t�,� �i�f� �H� �i�s� �a�c�c�e�p�t�e�d�,� �t�h�e�n� �t�h�e� �s�t�a�t�e� �e�s�t�i�-� 

�m�a�t�e� �a�t� �t�=�k�+�N�~�-�1�l� �i�s� �t�a�k�e�n� �f�r�o�m� �t�h�e� �b�r�a�n�c�h� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �n�o� �c�o�n�f�i�g�u�r�a�-� 

�t�i�o�n� �c�h�a�n�g�e�s�,� �i�.�e�.� �b�r�a�n�c�h� �B�e� �i�n� �F�i�g�u�r�e� �5�.�3�.�l�a�,� �a�n�d� �t�h�e� �c�o�n�f�i�g�u�r�a�t�i�o�n� �t�r�e�e� 

�i�s� �p�r�o�p�a�g�a�t�e�d� �f�o�r�w�a�r�d� �o�n�e� �i�t�e�r�a�t�i�o�n�.� �T�h�e� �s�i�z�e� �o�f� �t�h�e� �t�r�e�e� �i�s� �k�e�p�t� �c�o�n�-� 

�s�t�a�n�t�,� �h�o�w�e�v�e�r�,� �b�y� �d�i�s�r�e�g�a�r�d�i�n�g� �t�h�e� �b�r�a�n�c�h�e�s� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �c�o�n�f�i�g�u�r�a�-� 

�t�i�o�n� �c�h�a�n�g�e�s� �a�t� �t�=�k�.� �T�h�i�s� �c�a�n� �b�e� �d�o�n�e� �b�e�c�a�u�s�e� �t�h�e� �d�e�c�i�s�i�o�n� �a�t� �t�=�k�+�N�-�1� 

�h�a�s� �e�l�i�m�i�n�a�t�e�d� �t�h�e�s�e� �p�o�s�s�i�b�i�l�i�t�i�e�s�.� �A� �t�e�s�t� �i�s� �t�h�e�n� �c�a�r�r�i�e�d� �o�u�t� �a�t� 

�t�=�k�+�N� �f�o�r� �a� �c�o�n�f�i�g�u�r�a�t�i�o�n� �c�h�a�n�g�e� �t�h�a�t� �m�a�y� �h�a�v�e� �o�c�c�u�r�r�e�d� �a�t� �t�=�k�t�+�t�l�.� �T�h�i�s� 

�f�o�r�w�a�r�d� �p�r�o�p�a�g�a�t�i�o�n� �o�f� �t�h�e� �c�o�n�f�i�g�u�r�a�t�i�o�n� �t�r�e�e� �c�o�n�t�i�n�u�e�s� �w�i�t�h� �e�a�c�h� �i�t�e�r�a�-� 

�t�i�o�n�.� �B�e�c�a�u�s�e� �t�h�e� �d�e�c�i�s�i�o�n� �p�r�o�c�e�s�s� �a�l�w�a�y�s� �u�s�e�s� �t�h�e� �N� �m�o�s�t� �r�e�c�e�n�t� �m�e�a�s�-�~�-� 

�u�r�e�m�e�n�t�s�,� �t�h�e� �a�l�g�o�r�i�t�h�m� �i�s� �r�e�f�e�r�r�e�d� �t�o� �a�s� �a� �s�l�i�d�i�n�g� �w�i�n�d�o�w� �d�e�t�e�c�t�o�r�/�e�s�t�i�-� 

�m�a�t�o�r� �(�S�W�D�E�)�.� �F�i�g�u�r�e� �5�.�3�.�1�b� �s�h�o�w�s� �t�h�e� �p�r�o�p�a�g�a�t�i�o�n� �o�f� �t�h�e� �t�r�e�e� �i�n� �F�i�g�u�r�e� 

�5�.�3�.�l�a� �o�v�e�r� �s�e�v�e�r�a�l� �i�t�e�r�a�t�i�o�n�s�.� 

�T�h�e� �s�e�c�o�n�d� �c�o�u�r�s�e� �o�f� �a�c�t�i�o�n� �i�s� �t�a�k�e�n� �w�h�e�n� �H�,� �i�s� �a�c�c�e�p�t�e�d�.� �T�h�e� �s�t�a�t�e� 

�e�s�t�i�m�a�t�e� �a�t� �t�=�k�+�N�-�1� �i�s� �n�o�w� �t�a�k�e�n� �f�r�o�m� �t�h�e� �b�r�a�n�c�h� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �a� �c�h�a�n�g�e� 

�t�o� �S�s�.� �a�t� �t�=�k�.� �F�o�r� �e�x�a�m�p�l�e�,� �i�n� �F�i�g�u�r�e� �5�.�3�.�l�a�,� �i�f� �H�y� �i�s� �a�c�c�e�p�t�e�d�,� �t�h�e�n� �t�h�e� 

�S�t�a�t�e� �e�s�t�i�m�a�t�e� �i�s� �t�a�k�e�n� �f�r�o�m� �b�r�a�n�c�h� �B�,�.� �I�n� �a�d�d�i�t�i�o�n�,� �a� �n�e�w� �c�o�n�f�i�g�u�r�a�t�i�o�n� 
�1� 

�t�r�e�e� �i�s� �g�r�o�w�n� �w�i�t�h� �s�,� �a�s� �t�h�e� �i�n�i�t�i�a�l� �c�o�n�f�i�g�u�r�a�t�i�o�n�,� �a�n�d� �w�i�t�h� �t�h�e� �e�s�t�i�m�a�t�e� 
�2� 

�a�t� �t�=�k�+�N�-�1� �b�e�i�n�g� �u�s�e�d� �a�s� �t�h�e� �n�e�w� �s�e�e�d� �e�s�t�i�m�a�t�e�.� �T�h�e� �s�e�a�r�c�h� �f�o�r� �a� �s�e�c�o�n�d



�1�0�2� 

�~� 

�~� �2�3�7� 
�H� �(�N�)� �(�M�-�1�)� �+�1� �3� �B�y� 

�(�a�)� �B�r�a�n�c�h� �B�4� �L�i�e�s� �i�n� �D�e�c�i�s�i�o�n� �R�e�g�i�o�n� �H�o� 

� � 

�A� � � 
�(�b�)� �T�i�m�e� �P�r�o�p�a�g�a�t�i�o�n� �o�f� �t�h�e� �D�e�c�i�s�i�o�n� �R�e�g�i�o�n�s�.� 

�F�i�g�.� �5�.�3�.�1� �T�h�e� �D�e�c�i�s�i�o�n� �R�e�g�i�o�n�s�,� �H�o�»� �H�o� �a�n�d� �H



�1�0�3� 

�c�o�n�f�i�g�u�r�a�t�i�o�n� �c�h�a�n�g�e� �c�a�n� �n�o�w� �c�o�m�m�e�n�c�e�.� 

�T�h�i�s� �m�e�t�h�o�d� �o�f� �j�o�i�n�t� �d�e�t�e�c�t�i�o�n�/�e�s�t�i�m�a�t�i�o�n� �i�n�s�u�r�e�s� �t�h�a�t� �t�h�e� �s�t�a�t�e� 

�e�s�t�i�m�a�t�e� �f�o�r� �t�h�e� �p�l�a�n�t� �i�s� �t�a�k�e�n� �f�r�o�m� �t�h�e� �o�p�t�i�m�u�m� �f�i�l�t�e�r�,� �e�x�c�e�p�t� �d�u�r�i�n�g� 

�t�h�e� �l�a�g� �t�i�m�e� �b�e�t�w�e�e�n� �a� �c�o�n�f�i�g�u�r�a�t�i�o�n� �c�h�a�n�g�e� �a�n�d� �d�e�t�e�c�t�i�o�n�.� �F�i�g�u�r�e� �5�.�3�.�2� 

�i�l�l�u�s�t�r�a�t�e�s� �t�h�e� �o�p�e�r�a�t�i�o�n� �o�f� �S�W�D�E� �o�v�e�r� �s�e�v�e�r�a�l� �c�o�n�f�i�g�u�r�a�t�i�o�n� �c�h�a�n�g�e�s�.� 

�F�o�r� �c�l�a�r�i�t�y�,� �a� �s�m�a�l�l� �w�i�n�d�o�w� �w�i�d�t�h� �w�a�s� �c�h�o�s�e�n�.� 

�5�.�4� �I�m�p�l�e�m�e�n�t�a�t�i�o�n� 
� � 

�I�t� �i�s� �a�s�s�u�m�e�d� �t�h�a�t� �t�h�e� �e�s�t�i�m�a�t�o�r� �k�n�o�w�s� �t�h�e� �i�n�i�t�i�a�l� �p�l�a�n�t� �c�o�n�f�i�g�u�r�a�-� 

�t�i�o�n� �a�n�d� �t�h�a�t� �s�t�e�a�d�y� �s�t�a�t�e� �f�i�l�t�e�r�i�n�g� �h�a�s� �b�e�e�n� �a�c�h�i�e�v�e�d�.� �T�h�i�s� �a�l�l�o�w�s� �t�h�e� 

�u�s�e� �o�f� �t�h�e� �s�t�e�a�d�y� �s�t�a�t�e� �v�a�l�u�e�s� �o�f� �K�a�l�m�a�n� �g�a�i�n� �a�n�d� �m�e�a�s�u�r�e�m�e�n�t� �r�e�s�i�d�u�a�l� 

�c�o�v�a�r�i�a�n�c�e�.� �I�f� �t�h�e�s�e� �a�s�s�u�m�p�t�i�o�n�s� �a�r�e� �n�o�t� �j�u�s�t�i�f�i�a�b�l�e�,� �t�h�e�n� �a�n� �i�n�i�t�i�a�l�i�-� 

�z�a�t�i�o�n� �a�l�g�o�r�i�t�h�m�,� �d�i�s�c�u�s�s�e�d� �l�a�t�e�r� �i�n� �t�h�e� �c�h�a�p�t�e�r�,� �c�a�n� �b�e� �u�s�e�d� �t�o� �b�r�i�n�g� 

�t�h�e� �s�y�s�t�e�m� �t�o� �t�h�e�s�e� �c�o�n�d�i�t�i�o�n�s�.� 

�A� �K�a�l�m�a�n� �f�i�l�t�e�r� �w�i�l�l� �b�e� �m�a�t�c�h�e�d� �t�o� �e�a�c�h� �b�r�a�n�c�h� �o�f� �t�h�e� �c�o�n�f�i�g�u�r�a�t�i�o�n� 

�t�r�e�e�.� �T�h�e� �i�n�f�o�r�m�a�t�i�o�n� �a�v�a�i�l�a�b�l�e� �f�r�o�m� �t�h�e�s�e� �f�i�l�t�e�r�s� �i�s� �u�s�e�d� �n�o�t� �o�n�l�y� �i�n� 

�o�b�t�a�i�n�i�n�g� �t�h�e� �s�t�a�t�e� �e�s�t�i�m�a�t�e�,� �b�u�t� �a�l�s�o� �i�n� �c�a�l�c�u�l�a�t�i�n�g� �t�h�e� �p�r�o�b�a�b�i�l�i�t�i�e�s� 

�r�e�q�u�i�r�e�d� �i�n� �t�h�e� �d�e�t�e�c�t�i�o�n� �a�l�g�o�r�i�t�h�m�.� �T�h�e� �r�e�q�u�i�r�e�d� �f�i�l�t�e�r� �m�a�t�r�i�c�e�s� �c�a�n� 

�b�e� �f�o�u�n�d� �b�y� �s�o�l�v�i�n�g� �t�h�e� �s�t�e�a�d�y� �s�t�a�t�e� �d�i�s�c�r�e�t�e� �t�i�m�e� �R�i�c�c�a�t�i� �e�q�u�a�t�i�o�n� �f�o�r� 

�e�a�c�h� �c�o�n�f�i�g�u�r�a�t�i�o�n�.� �T�h�e� �s�o�l�u�t�i�o�n� �w�i�l�l� �d�e�p�e�n�d� �o�n� �t�h�e� �n�o�i�s�e� �m�a�t�r�i�c�e�s� �Q� 

�a�n�d� �R�,� �a�s� �w�e�l�l� �a�s� �t�h�e� �s�y�s�t�e�m� �m�a�t�r�i�c�e�s� �$�,� �I�T� �a�n�d� �H�.� 

�O�r�d�i�n�a�r�i�l�y�,� �w�h�e�n� �a� �c�o�n�f�i�g�u�r�a�t�i�o�n� �c�h�a�n�g�e� �o�c�c�u�r�s� �i�n� �t�h�e� �p�l�a�n�t�,� �t�h�e� 

�c�o�r�r�e�s�p�o�n�d�i�n�g� �m�a�t�c�h�e�d� �f�i�l�t�e�r� �u�n�d�e�r�g�o�e�s� �a� �t�r�a�n�s�i�e�n�t� �p�e�r�i�o�d� �i�n� �w�h�i�c�h� �t�h�e� 

�f�i�l�t�e�r� �g�a�i�n�s� �a�n�d� �e�r�r�o�r� �c�o�v�a�r�i�a�n�c�e� �m�a�t�r�i�c�e�s� �c�h�a�n�g�e� �f�r�o�m� �t�h�e� �s�t�e�a�d�y� �s�t�a�t�e� 

�v�a�l�u�e�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �i�n�i�t�i�a�l� �c�o�n�f�i�g�u�r�a�t�i�o�n� �t�o� �t�h�e� �s�t�e�a�d�y� �s�t�a�t�e� 

�v�a�l�u�e�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �n�e�w� �c�o�n�f�i�g�u�r�a�t�i�o�n�.� �T�h�e� �s�e�t�t�l�i�n�g� �t�i�m�e� �f�o�r� �t�h�i�s
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�t�r�a�n�s�i�e�n�t� �i�s� �u�s�u�a�l�l�y� �f�a�i�r�l�y� �s�h�o�r�t�;� �t�h�e�r�e�f�o�r�e�,� �i�n� �t�h�e� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �o�f� 

�t�h�e� �d�e�t�e�c�t�o�r� �t�h�e� �t�r�a�n�s�i�e�n�t� �w�i�l�l� �b�e� �i�g�n�o�r�e�d�.� �T�h�a�t� �i�s�,� �w�h�e�n� �a� �c�o�n�f�i�g�u�r�a�-� 

�t�i�o�n� �c�h�a�n�g�e� �o�c�c�u�r�s� �a�l�o�n�g� �a� �b�r�a�n�c�h�,� �t�h�e� �a�s�s�o�c�i�a�t�e�d� �m�a�t�c�h�e�d� �f�i�l�t�e�r� �m�a�t�r�i�c�e�s� 

�w�i�l�l� �s�w�i�t�c�h� �i�m�m�e�d�i�a�t�e�l�y� �t�o� �t�h�e�i�r� �n�e�w� �s�t�e�a�d�y� �s�t�a�t�e� �v�a�l�u�e�s�.� �T�h�i�s� �p�r�e�c�l�u�d�e�s� 

�t�h�e� �c�a�l�c�u�l�a�t�i�o�n� �a�n�d� �s�t�o�r�i�n�g� �o�f� �t�h�e� �f�i�l�t�e�r� �m�a�t�r�i�c�e�s� �f�o�r� �t�h�e� �v�a�r�i�o�u�s� �t�r�a�n�-� 

�S�i�e�n�t� �s�i�t�u�a�t�i�o�n�s�.� 

�T�h�e� �d�e�t�e�c�t�i�o�n� �a�l�g�o�r�i�t�h�m� �r�e�q�u�i�r�e�s� �a� �r�e�l�a�t�i�v�e� �m�e�a�s�u�r�e� �o�f� �l�i�k�e�l�i�h�o�o�d� 

�f�o�r� �t�h�e� �v�a�r�i�o�u�s� �b�r�a�n�c�h�e�s�.� �I�n� �S�e�c�t�i�o�n� �5�.�2�,� �t�h�e� �s�e�t� �o�f� �w�e�i�g�h�t�i�n�g� �c�o�e�f�f�i�-� 

�c�i�e�n�t�s� �w�a�s� �s�u�c�h� �a� �m�e�a�s�u�r�e�.� �H�o�w�e�v�e�r�,� �i�n� �t�h�e� �c�u�r�r�e�n�t� �p�r�o�b�l�e�m� �a� �p�r�o�b�a�b�i�l�i�t�y� 

�d�i�s�t�r�i�b�u�t�i�o�n�,� �p�(�B�,�)�,� �g�o�v�e�r�n�i�n�g� �t�h�e� �c�o�n�f�i�g�u�r�a�t�i�o�n� �c�h�a�n�g�e�s� �i�s� �n�o�t� �a�v�a�i�l�a�-� 

�b�l�e�,� �a�n�d� �h�e�n�c�e� �t�h�e� �w�e�i�g�h�t�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s� �c�a�n�n�o�t� �b�e� �c�o�m�p�u�t�e�d�.� �S�e�e� 

�e�q�u�a�t�i�o�n� �(�5�.�2�.�9�)�.� �A� �m�o�r�e� �a�p�p�r�o�p�r�i�a�t�e� �m�e�a�s�u�r�e�,� �t�h�a�t� �d�o�e�s� �n�o�t� �r�e�q�u�i�r�e� �a� 

�p�r�i�o�r�i� �b�r�a�n�c�h� �i�n�f�o�r�m�a�t�i�o�n�,� �i�s� �t�h�e� �c�o�n�d�i�t�i�o�n�a�l� �m�e�a�s�u�r�e�m�e�n�t� �s�e�q�u�e�n�c�e� 

�p�r�o�b�a�b�i�l�i�t�y�.� 

�R�e�c�a�l�l� �t�h�a�t� �Z�u� �w�a�s� �d�e�f�i�n�e�d� �a�s� �a� �s�e�q�u�e�n�c�e� �o�f� �N� �m�e�a�s�u�r�e�m�e�n�t�s�.� �T�h�i�s� 

�d�e�f�i�n�i�t�i�o�n� �i�s� �n�o�w� �e�x�t�e�n�d�e�d� �b�y� �d�e�f�i�n�i�n�g� 

�Z�.� �(�K�k�)� �t�o� �b�e� �a� �s�e�q�u�e�n�c�e� �o�f� �N� �m�e�a�s�u�r�e�m�e�n�t�s� �Z�i� �Z�a�?� �Z�e�g�g�e� �c�t�s� �Z�a�n�y�:� 

�T�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �s�e�q�u�e�n�c�e� �c�o�n�d�i�t�i�o�n�e�d� �o�n� �b�r�a�n�c�h� �B�y� �i�s� 

�P�(�Z�,�.�/�B� �5�)�.� �E�x�p�a�n�d�i�n�g� �2�.� �(�k�)� �=� �{�z� �Z�y� �(�k�K�)�,� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �b�e�c�o�m�e�s�,� 
�n�t�k�-�1 �� 

�P�(�Z�.� �(�k�K�)� �/�B�5�)� �=� �p�l�z� �y�s� �2�y�_�y� �C�K�)� �/�B� �5�)� �(�5�.�4�.�1�)� 

�=� �p�l�z� �1�/�2�Z�y�_�1�(�k�)�,� �B�y�)�P�(�Z�y�_� �(�k�)�/�B�,�)� 
�(�5�.�4�.�2�)� 

�R�e�p�e�a�t�i�n�g� �t�h�e� �e�x�p�a�n�s�i�o�n� �f�o�r� �Z�y�_�7� �6�k�)� �Z�o� �6�K�)� �»� �e�t�c�.�,� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �i�s� 

�r�e�d�u�c�e�d� �t�o� �f�a�c�t�o�r�e�d� �f�o�r�m�,
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�P�(�Z�(�K�)�/�B�5�)� �=� �p�l�2�y� �4�/�2�5�3� �C�k�)� �B�y�)� �P�p� �(�2�,� �o�/�Z�y� �5� �(�k�)� �B�S�)� �-�.�-� 

�a�e� �p�(�z�,� �,�/�Z�,�(�k�)� �B�y�)� �p�(�z�,�/�B�5�)�.� �(�5�.�4�.�3�)� 

�N�o�w� �c�o�n�s�i�d�e�r� �a� �c�o�n�f�i�g�u�r�a�t�i�o�n� �t�r�e�e� �i�n�i�t�i�a�t�e�d� �a�t� �t�i�m�e� �k� �a�n�d� �h�a�v�i�n�g� �a� 

�w�i�n�d�o�w� �l�e�n�g�t�h� �o�f� �N�.� �I�t�e�r�a�t�i�o�n� �k� �i�s� �c�o�m�m�o�n� �t�o� �a�l�l� �b�r�a�n�c�h�e�s� �a�n�d� �t�h�e� �s�t�a�t�e� 

�e�s�t�i�m�a�t�e� �a�t� �t�i�m�e� �k� �i�s� �r�e�f�e�r�r�e�d� �t�o� �a�s� �t�h�e� �s�e�e�d� �e�s�t�i�m�a�t�e�.� �A�s� �t�h�e� �m�e�a�s�u�r�e�-� 

�m�e�n�t�s� �a�r�e� �p�r�o�c�e�s�s�e�d�,� �a� �s�t�a�t�e� �e�s�t�i�m�a�t�e� �i�s� �p�r�o�p�a�g�a�t�e�d� �a�l�o�n�g� �e�a�c�h� �b�r�a�n�c�h� �o�f� 

�t�h�e� �t�r�e�e�.� �I�n� �a�d�d�i�t�i�o�n�,� �e�q�u�a�t�i�o�n� �(�5�.�4�.�3�)� �i�s� �u�s�e�d� �t�o� �c�a�l�c�u�l�a�t�e� �t�h�e� �c�o�n�d�i�-� 

�t�i�o�n�a�l� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �o�b�t�a�i�n�i�n�g� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �s�e�q�u�e�n�c�e�,� �Z�(�K�)� �»� �f�o�r� �e�a�c�h� 

�b�r�a�n�c�h�.� 

�U�s�i�n�g� �t�h�e� �s�a�m�e� �r�e�a�s�o�n�i�n�g� �t�h�a�t� �r�e�s�u�l�t�e�d� �i�n� �e�q�u�a�t�i�o�n� �(�5�.�2�.�1�2�)�,� �e�a�c�h� 

�f�a�c�t�o�r� �o�f� �e�q�u�a�t�i�o�n� �(�5�.�4�.�3�)� �c�a�n� �b�e� �r�e�p�l�a�c�e�d� �w�i�t�h� �a�n� �e�q�u�i�v�a�l�e�n�t� �m�e�a�s�u�r�e�m�e�n�t� 

�r�e�s�i�d�u�a�l� �d�e�n�s�i�t�y� �f�u�n�c�t�i�o�n�,� �s�u�c�h� �t�h�a�t� �t�h�e� �v�a�l�u�e�s� �o�b�t�a�i�n�e�d� �b�y� �e�q�u�a�t�i�n�g� �a�r�e� 

�i�d�e�n�t�i�c�a�l�,� �.� 

�P�C�2�y� �(�e�y� �/�B�s�)� �=� �P�C�y� �s�y� �/�B�y�)�P�C�A�y� �y�p� �o�/�B�y�)� �+�+�.� 

�e�e�e� �p�(�Z�,� �,�/�B� �5�)� �P�p� �(�2�,� �/�B� �5�)� �(�5�.�4�.�4�)� 

�w�h�e�r�e� 

�-� �_� �J�o�.� 
�p�(�2�,� �/�B� �5�)� �=� �N�(�0�,�P�)� �(�i�)� �(�5�.�4�.�5�)� 

�a�n�d� �P�S� �(�k�)� �i�s� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �r�e�s�i�d�u�a�l� �c�o�v�a�r�i�a�n�c�e� �a�t� �t�i�m�e� �i�,� �f�o�r� �t�h�e� 

�f�i�l�t�e�r� �m�a�t�c�h�e�d� �t�o� �B�e� �E�q�u�a�t�i�o�n� �(�5�.�4�.�4�)� �i�s� �e�v�a�l�u�a�t�e�d� �f�o�r� �a�l�l� �(�N�)� �(�M�-�1�)�+�1� 

�b�r�a�n�c�h�e�s� �a�n�d� �t�h�e� �r�e�s�u�l�t�i�n�g� �p�r�o�b�a�b�i�l�i�t�i�e�s� �a�r�e� �r�e�f�e�r�r�e�d� �t�o� �a�s� �t�h�e� �r�e�l�a�t�i�v�e� 

�b�r�a�n�c�h� �p�r�o�b�a�b�i�l�i�t�i�e�s� �a�t� �t�i�m�e� �N�t�k�-�1�.� �S�i�m�i�l�a�r�l�y�,� �t�h�e� �r�e�l�a�t�i�v�e� �b�r�a�n�c�h� 

�p�r�o�b�a�b�i�l�i�t�i�e�s� �a�t� �t�i�m�e� �N�+�k� �a�r�e�,� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�i�m�e� �C�e�L�?
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�P�(�Z�y�(�K�+�1�)�/�B� �5�)� �=� �(�Z�u�,� �/�B�s�)� �+�+�+� �P�C�E�,� �4�5�/�B�s�)�P�(�2�,�4�,�/�B�,�)� �(�5�.�4�.�6�)� 

�C�o�m�p�a�r�i�n�g� �(�5�.�4�.�6�)� �t�o� �(�5�.�4�.�3�)�,� �i�t� �i�s� �s�e�e�n� �t�h�a�t�,� 

�p�(�Z�.� �(�k�+�1�)� �/�B� �5�)� �=� �P�(�Z�.� �4�,� �/�B� �5�)� �P�(�Z�y�(�k�)�/�B� �5�)� �/�p� �(�2�,� �/�B�y�)� �(�5�.�4�.�7�)� 

�H�e�n�c�e� �t�h�e� �r�e�l�a�t�i�v�e� �b�r�a�n�c�h� �p�r�o�b�a�b�i�l�i�t�y� �a�t� �t�i�m�e� �k�+�N� �i�s� �c�o�m�p�u�t�e�d� �f�r�o�m� �t�h�e� 

�r�e�l�a�t�i�v�e� �b�r�a�n�c�h� �p�r�o�b�a�b�i�l�i�t�y� �a�t� �t�i�m�e� �k� �b�y� �m�u�l�t�i�p�l�y�i�n�g� �b�y� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� 

�o�f� �t�h�e� �k�+�N� �m�e�a�s�u�r�e�m�e�n�t� �r�e�s�i�d�u�a�l� �a�n�d� �d�i�v�i�d�i�n�g� �b�y� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �t�h�e� 

�m�e�a�s�u�r�e�m�e�n�t� �r�e�s�i�d�u�a�l� �a�t� �t�i�m�e� �k�.� 

�T�h�e� �r�e�l�a�t�i�v�e� �b�r�a�n�c�h� �p�r�o�b�a�b�i�l�i�t�i�e�s� �a�r�e� �u�s�e�d� �d�i�r�e�c�t�l�y� �i�n� �t�h�e� �d�e�c�i�s�i�o�n� 

�m�a�k�i�n�g� �p�r�o�c�e�s�s�.� �R�e�f�e�r�r�i�n�g� �t�o� �F�i�g�u�r�e� �5�.�3�.�1�b�,� �t�h�e� �n�u�m�b�e�r� �o�f� �b�r�a�n�c�h�e�s� �a�t� 

�e�a�c�h� �i�t�e�r�a�t�i�o�n� �i�s� �a� �c�o�n�s�t�a�n�t� �g�i�v�e�n� �b�y� �(�N�)�(�M�-�1�)�+�1�.� �A� �v�e�r�t�i�c�a�l� �l�i�n�e� �d�r�a�w�n� 

�a�t� �e�a�c�h� �i�t�e�r�a�t�i�o�n� �i�d�e�n�t�i�f�i�e�s� �t�h�e� �b�r�a�n�c�h�e�s� �t�h�a�t� �a�r�e� �t�e�s�t�e�d� �a�t� �t�h�a�t� �i�t�e�r�a�-� 

�t�i�o�n�.� �T�h�e� �d�i�s�c�r�e�t�e� �d�i�s�t�a�n�c�e�s� �a�b�o�v�e� �o�r� �b�e�l�o�w� �t�h�e� �c�e�n�t�e�r�l�i�n�e�,� �d�e�f�i�n�e�d� �b�y� 

�t�h�e� �i�n�t�e�r�s�e�c�t�i�o�n�s� �o�f� �b�r�a�n�c�h�e�s� �a�n�d� �v�e�r�t�i�c�a�l� �l�i�n�e�s�,� �a�r�e� �r�e�f�e�r�r�e�d� �t�o� �a�s� 

�l�e�v�e�l�s�.� �T�h�e� �n�u�m�b�e�r� �o�f� �l�e�v�e�l�s� �e�q�u�a�l�s� �t�h�e� �w�i�n�d�o�w� �w�i�d�t�h�,� �N�.� �A� �c�o�n�f�i�g�u�r�a�-� 

�t�i�o�n� �c�h�a�n�g�e� �i�s� �t�h�u�s� �d�e�t�e�c�t�e�d� �w�h�e�n� �a�n�y� �l�e�v�e�l� �N� �b�r�a�n�c�h� �h�a�s� �a� �r�e�l�a�t�i�v�e� 

�p�r�o�b�a�b�i�l�i�t�y� �g�r�e�a�t�e�r� �t�h�a�n� �a�n�y� �o�t�h�e�r� �r�e�l�a�t�i�v�e� �b�r�a�n�c�h� �p�r�o�b�a�b�i�l�i�t�y� �t�e�r�m�i�n�a�t�-� 

�i�n�g� �o�n� �t�h�e� �s�a�m�e� �v�e�r�t�i�c�a�l� �l�i�n�e�.� 

�M�a�n�y� �f�a�c�t�o�r�s� �i�n�f�l�u�e�n�c�e� �t�h�e� �s�e�l�e�c�t�i�o�n� �o�f� �t�h�e� �w�i�n�d�o�w� �w�i�d�t�h�,� �N�.� �A� 

�w�i�d�e�r� �w�i�n�d�o�w� �g�i�v�e�s� �a� �s�m�a�l�l�e�r� �v�a�l�u�e� �o�f� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �e�r�r�o�r� �f�o�r� �d�e�t�e�c�t�i�o�n�,� 

�b�u�t� �c�a�n� �g�i�v�e� �p�o�o�r�e�r� �e�s�t�i�m�a�t�i�o�n� �r�e�s�u�l�t�s�.� �I�n� �a�d�d�i�t�i�o�n�,� �h�a�r�d�w�a�r�e� �c�o�n�-� 

�s�t�r�a�i�n�t�s� �w�i�l�l� �i�m�p�o�s�e� �a�n� �u�p�p�e�r� �l�i�m�i�t� �o�n� �w�i�n�d�o�w� �w�i�d�t�h�.� �F�i�r�s�t�,� �c�o�n�s�i�d�e�r� 

�e�s�t�i�m�a�t�o�r� �p�e�r�f�o�r�m�a�n�c�e� �d�u�r�i�n�g� �a� �c�o�n�f�i�g�u�r�a�t�i�o�n� �c�h�a�n�g�e�.� �P�r�i�o�r� �t�o� �t�h�e� 

�c�h�a�n�g�e�,� �t�h�e� �e�s�t�i�m�a�t�e� �i�s� �t�a�k�e�n� �f�r�o�m� �a� �f�i�l�t�e�r� �p�e�r�f�e�c�t�l�y� �m�a�t�c�h�e�d� �t�o� �t�h�e� 

�p�l�a�n�t�,� �a�n�d� �i�s� �t�h�e�r�e�f�o�r�e� �o�p�t�i�m�u�m�.� �W�h�e�n� �t�h�e� �c�h�a�n�g�e� �o�c�c�u�r�s�,� �t�h�e� �e�s�t�i�m�a�t�e



�1�0�8� 

�i�s� �s�t�i�l�l� �t�a�k�e�n� �f�r�o�m� �t�h�e� �a�b�o�v�e� �s�a�m�e� �f�i�l�t�e�r� �u�n�t�i�l� �N� �i�t�e�r�a�t�i�o�n�s� �h�a�v�e� 

�p�a�s�s�e�d�.� �A�t� �t�h�i�s� �t�i�m�e� �t�h�e� �c�o�n�f�i�g�u�r�a�t�i�o�n� �c�h�a�n�g�e� �i�s� �d�e�t�e�c�t�e�d�,� �a�n�d� �a� �n�e�w� 

�m�a�t�c�h�e�d� �f�i�l�t�e�r� �i�s� �u�s�e�d� �f�o�r� �t�h�e� �e�s�t�i�m�a�t�e�s�.� �B�e�f�o�r�e� �d�e�t�e�c�t�i�o�n� �o�c�c�u�r�s�,� �t�h�e� 

�e�s�t�i�m�a�t�e� �i�s� �d�i�v�e�r�g�i�n�g� �f�r�o�m� �t�h�e� �t�r�u�e� �s�t�a�t�e� �t�r�a�j�e�c�t�o�r�y�.� �H�e�n�c�e�,� �a� �w�i�d�e�r� 

�w�i�n�d�o�w� �w�i�l�l� �l�e�a�d� �t�o� �m�o�r�e� �d�i�v�e�r�g�e�n�c�e� �i�n� �t�h�e� �p�e�r�i�o�d� �i�m�m�e�d�i�a�t�e�l�y� �f�o�l�l�o�w�i�n�g� 

�a� �c�o�n�f�i�g�u�r�a�t�i�o�n� �c�h�a�n�g�e�.� 

�O�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� �N� �m�u�s�t� �b�e� �c�h�o�s�e�n� �w�i�d�e� �e�n�o�u�g�h� �t�o� �i�n�s�u�r�e� �t�h�e� �d�e�t�e�c�-� 

�t�i�o�n� �o�f� �c�o�n�f�i�g�u�r�a�t�i�o�n� �c�h�a�n�g�e�s�,� �a�s� �w�e�l�l� �a�s� �t�h�e� �r�e�j�e�c�t�i�o�n� �o�f� �f�a�l�s�e� �a�l�a�r�m�s�.� 

�A� �f�a�l�s�e� �a�l�a�r�m� �o�c�c�u�r�s� �w�h�e�n� �a� �c�o�n�f�i�g�u�r�a�t�i�o�n� �c�h�a�n�g�e� �i�s� �d�e�t�e�c�t�e�d� �w�h�e�n�,� �i�n� 

�f�a�c�t�,� �n�o�n�e� �o�c�c�u�r�r�e�d�.� �T�h�i�s� �i�s� �u�n�d�e�s�i�r�a�b�l�e� �b�e�c�a�u�s�e�,� �d�u�r�i�n�g� �t�h�e� �N� �i�t�e�r�a�-�~� 

�t�i�o�n�s� �f�o�l�l�o�w�i�n�g� �a� �f�a�l�s�e� �a�l�a�r�m�,� �t�h�e� �e�s�t�i�m�a�t�o�r� �c�a�n�n�o�t� �d�e�t�e�c�t� �a� �t�r�u�e� �c�o�n�-� 

�f�i�g�u�r�a�t�i�o�n� �c�h�a�n�g�e�.� �M�o�r�e�o�v�e�r�,� �t�h�e� �e�s�t�i�m�a�t�e�s� �w�i�l�l� �b�e� �t�a�k�e�n� �f�r�o�m� �t�h�e� �w�r�o�n�g� 

�f�i�l�t�e�r� �f�o�r� �a�t� �l�e�a�s�t� �N� �i�t�e�r�a�t�i�o�n�s�.� �A�f�t�e�r� �t�h�i�s� �i�n�t�e�r�v�a�l� �t�h�e� �e�s�t�i�m�a�t�o�r� �m�a�y� 

�o�r� �m�a�y� �n�o�t� �b�e� �a�b�l�e� �t�o� �r�e�c�o�v�e�r�.� �A� �m�i�s�s� �o�c�c�u�r�s� �w�h�e�n� �a� �c�o�n�f�i�g�u�r�a�t�i�o�n� 

�c�h�a�n�g�e� �i�s� �n�o�t� �d�e�t�e�c�t�e�d� �a�f�t�e�r� �N� �i�t�e�r�a�t�i�o�n�s� �h�a�v�e� �p�a�s�s�e�d�.� �T�h�i�s� �t�y�p�e� �o�f� 

�e�r�r�o�r� �i�s� �m�o�r�e� �s�e�r�i�o�u�s� �f�o�r� �t�h�e� �e�s�t�i�m�a�t�o�r� �b�e�c�a�u�s�e� �t�h�e� �o�p�t�i�m�u�m� �s�t�a�t�e� 

�e�s�t�i�m�a�t�e� �i�s� �i�r�r�e�t�r�i�e�v�a�b�l�y� �l�o�s�t�.� �W�h�e�n� �a� �m�i�s�s� �o�c�c�u�r�s�,� �t�h�e� �e�s�t�i�m�a�t�o�r� �w�i�l�l� 

�o�p�e�r�a�t�e� �e�r�r�a�t�i�c�a�l�l�y� �a�n�d� �m�a�y� �h�a�v�e� �t�o� �b�e� �r�e�i�n�i�t�i�a�l�i�z�e�d�,� �a�s� �d�i�s�c�u�s�s�e�d� 

�l�a�t�e�r� �i�n� �t�h�e� �c�h�a�p�t�e�r�.� 

�T�h�e� �f�a�l�s�e� �a�i�a�r�m� �a�n�d� �t�h�e� �m�i�s�s� �p�r�o�b�a�b�i�l�i�t�i�e�s� �a�r�e� �d�e�p�e�n�d�e�n�t� �u�p�o�n� �t�h�e� 

�d�e�g�r�e�e� �o�f� �o�v�e�r�l�a�p� �o�f� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �d�i�s�t�r�i�b�u�t�i�o�n�s� �a�l�o�n�g� �t�h�e� �v�a�r�i�o�u�s� 

�t�r�e�e� �b�r�a�n�c�h�e�s�.� �T�h�i�s�,� �i�n� �t�u�r�n�,� �i�s� �d�e�t�e�r�m�i�n�e�d� �b�y� �t�h�e� �v�a�l�u�e�s� �o�f� �s�y�s�t�e�m� 

�d�i�s�t�u�r�b�a�n�c�e� �a�n�d� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e�,� �a�n�d� �b�y� �h�o�w� �r�a�p�i�d�l�y� �t�h�e� �b�r�a�n�c�h�e�s� 

�d�i�v�e�r�g�e� �f�r�o�m� �o�n�e� �a�n�o�t�h�e�r�.� �T�h�i�s� �i�s� �i�l�l�u�s�t�r�a�t�e�d� �i�n� �F�i�g�u�r�e� �5�.�4�.�1�.� �A� 

�l�a�r�g�e�r� �d�e�g�r�e�e� �o�f� �d�i�v�e�r�g�e�n�c�e� �w�i�t�h� �m�o�d�e�r�a�t�e� �n�o�i�s�e� �i�s� �s�h�o�w�n� �i�n� �5�.�4�.�l�a�.� �T�h�e� 

�d�a�s�h�e�d� �l�i�n�e�s� �r�e�p�r�e�s�e�n�t� �t�h�e� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n�s� �o�f� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t�s�.� �I�f
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� � 

� � 
�(�a�)� �F�a�s�t�,� �w�i�t�h� �m�o�d�e�r�a�t�e� �n�o�i�s�e�.� 

� � 

� � 

�(�b�)� �S�l�o�w�,� �w�i�t�h� �h�i�g�h� �n�o�i�s�e�.� 

�F�i�g�.� �5�.�4�.�1� �B�r�a�n�c�h� �d�i�v�e�r�g�e�n�c�e�.
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�t�h�e� �p�l�a�n�t� �i�s� �a�c�t�u�a�l�l�y� �f�o�l�l�o�w�i�n�g� �b�r�a�n�c�h� �B�o�s� �t�h�e�n� �a�t� �t�h�e� �f�i�f�t�h� �i�t�e�r�a�t�i�o�n� 

�t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �w�i�l�l� �b�e�,� �o�n� �t�h�e� �a�v�e�r�a�g�e�,� �v�e�r�y� �d�i�s�t�a�n�t� �f�r�o�m� �b�r�a�n�c�h�e�s� �B�y� 

�a�n�d� �B� �t�h�e� �r�e�s�p�e�c�t�i�v�e� �p�r�o�b�a�b�i�l�i�t�y� �d�e�n�s�i�t�y� �v�a�l�u�e�s� �w�i�l�l� �b�e� �v�e�r�y� �s�m�a�l�l�,� �3�?� 

�a�l�l�o�w�i�n�g� �r�a�p�i�d� �d�e�t�e�c�t�i�o�n�.� �I�n� �c�o�n�t�r�a�s�t�,� �F�i�g�u�r�e� �5�.�4�.�1�b� �d�e�p�i�c�t�s� �s�l�o�w�l�y� 

�d�i�v�e�r�g�i�n�g� �b�r�a�n�c�h�e�s� �i�n� �a� �h�i�g�h�l�y� �n�o�i�s�y� �e�n�v�i�r�o�n�m�e�n�t�.� �I�t� �i�s� �s�e�e�n� �t�h�a�t� �a� 

�l�a�r�g�e�r� �n�u�m�b�e�r� �o�f� �m�e�a�s�u�r�e�m�e�n�t�s� �a�r�e� �n�e�e�d�e�d� �t�o� �d�i�s�c�r�i�m�i�n�a�t�e� �b�e�t�w�e�e�n� �t�h�e� 

�b�r�a�n�c�h�e�s�.� 

�T�h�e� �r�a�t�e� �a�t� �w�h�i�c�h� �t�h�e� �v�a�r�i�o�u�s� �b�r�a�n�c�h�e�s� �d�i�v�e�r�g�e� �i�s� �g�o�v�e�r�n�e�d� �b�y� 

�s�e�v�e�r�a�l� �f�a�c�t�o�r�s�.� �F�i�r�s�t�,� �i�f� �t�h�e� �s�a�m�p�l�e� �t�i�m�e� �i�s� �l�o�n�g� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� 

�d�y�n�a�m�i�c�s� �o�f� �t�h�e� �s�y�s�t�e�m�,� �t�h�e� �a�m�o�u�n�t� �o�f� �d�i�v�e�r�g�e�n�c�e� �b�e�t�w�e�e�n� �i�t�e�r�a�t�i�o�n�s� �w�i�l�l� 

�b�e� �g�r�e�a�t�e�r�.� �S�e�c�o�n�d�,� �s�t�r�o�n�g� �i�n�p�u�t�s� �u�s�u�a�l�l�y� �c�a�u�s�e� �r�a�p�i�d� �d�i�v�e�r�g�e�n�c�e�.� 

�T�h�i�r�d�,� �t�h�e� �d�y�n�a�m�i�c�s� �o�f� �t�h�e� �d�i�f�f�e�r�e�n�t� �c�o�n�f�i�g�u�r�a�t�i�o�n�s� �m�a�y� �c�a�u�s�e� �t�h�e� �s�t�a�t�e� 

�t�r�a�j�e�c�t�o�r�i�e�s� �t�o� �c�r�o�s�s� �o�n�e� �a�n�o�t�h�e�r�.� �W�h�e�n� �t�h�i�s� �o�c�c�u�r�s�,� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� 

�r�e�s�i�d�u�a�l�s� �c�a�n� �b�e�c�o�m�e� �m�i�s�l�e�a�d�i�n�g�l�y� �s�m�a�l�l�,� �t�h�u�s� �r�a�i�s�i�n�g� �t�h�e� �p�r�o�s�p�e�c�t� �o�f� �a� 

�f�a�l�s�e� �a�l�a�r�m�.� 

�T�h�e� �d�e�p�e�n�d�e�n�c�e� �o�f� �d�e�t�e�c�t�i�o�n� �o�n� �i�n�p�u�t� �m�a�k�e�s� �a�n� �a�n�a�l�y�t�i�c�a�l� �d�e�r�i�v�a�t�i�o�n� 

�o�f� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �f�a�l�s�e� �a�l�a�r�m� �v�e�r�y� �d�i�f�f�i�c�u�l�t�.� �A�n� �a�l�t�e�r�n�a�t�i�v�e� �m�e�t�h�o�d� �o�f� 

�d�e�t�e�r�m�i�n�i�n�g� �w�i�n�d�o�w� �w�i�d�t�h� �i�s� �t�o� �r�u�n� �a� �s�i�m�u�l�a�t�i�o�n� �f�o�r� �s�e�v�e�r�a�l� �h�u�n�d�r�e�d� �i�t�-� 

�e�r�a�t�i�o�n�s� �w�i�t�h�o�u�t� �a�n�y� �c�o�n�f�i�g�u�r�a�t�i�o�n� �c�h�a�n�g�e�s�.� �S�t�a�r�t� �w�i�t�h� �a� �w�i�n�d�o�w� �w�i�d�t�h� 

�l�a�r�g�e� �e�n�o�u�g�h� �t�o� �g�i�v�e� �n�o� �f�a�l�s�e� �a�l�a�r�m�s�,� �a�n�d� �d�e�c�r�e�a�s�e� �t�h�e� �w�i�d�t�h� �u�n�t�i�l� �f�a�l�s�e� 

�a�l�a�r�m�s� �j�u�s�t� �s�t�a�r�t� �t�o� �o�c�c�u�r�,� �t�h�e�n� �i�n�c�r�e�a�s�e� �t�h�e� �w�i�d�t�h� �a� �c�o�u�p�l�e� �o�f� �i�t�e�r�a�-� 

�t�i�o�n�s�.� �R�e�p�e�a�t� �t�h�i�s� �p�r�o�c�e�d�u�r�e� �f�o�r� �s�e�v�e�r�a�l� �m�o�n�t�e� �c�a�r�l�o� �s�i�m�u�l�a�t�i�o�n�s�,� �a�n�d� 

�u�s�e� �t�h�e� �w�o�r�s�t� �c�a�s�e� �(�l�a�r�g�e�s�t� �v�a�l�u�e�)� �w�i�n�d�o�w� �w�i�d�t�h�.



�l�i�l� 

�5�.�5� �W�e�i�g�h�t�e�d� �S�u�m� �E�s�t�i�m�a�t�i�o�n� 
� � 

�T�h�e� �m�e�t�h�o�d� �b�y� �w�h�i�c�h� �t�h�e� �S�W�D�E� �a�l�g�o�r�i�t�h�m� �d�e�t�e�r�m�i�n�e�s� �t�h�e� �s�t�a�t�e� �e�s�t�i�m�a�t�e� �|� 

�w�i�l�l� �b�e� �o�p�t�i�m�u�m� �a�t� �a�l�l� �t�i�m�e�s� �e�x�c�e�p�t� �f�o�r� �t�h�e� �i�n�t�e�r�v�a�l�s� �f�o�l�l�o�w�i�n�g� �c�o�n�f�i�g�u�-� 

�r�a�t�i�o�n� �c�h�a�n�g�e�s�.� �D�u�r�i�n�g� �t�h�e�s�e� �i�n�t�e�r�v�a�l�s�,� �e�q�u�a�l� �t�o� �t�h�e� �w�i�n�d�o�w� �w�i�d�t�h� �N�,� �t�h�e� 

�e�s�t�i�m�a�t�e� �w�i�l�l� �d�i�v�e�r�g�e� �u�n�t�i�l� �S�W�D�E� �d�e�t�e�c�t�s� �t�h�e� �c�h�a�n�g�e�.� �I�f� �t�h�e� �c�o�n�f�i�g�u�r�a�-� 

�t�i�o�n� �c�h�a�n�g�e�s� �o�c�c�u�r� �i�n�f�r�e�q�u�e�n�t�l�y�,� �t�h�e�n� �t�h�e� �o�v�e�r�a�l�l� �t�r�a�c�k�i�n�g� �w�i�l�l� �n�e�a�r�l�y� 

�a�l�w�a�y�s� �b�e� �o�p�t�i�m�u�m�.� �H�o�w�e�v�e�r�,� �i�f� �t�h�e� �c�o�n�f�i�g�u�r�a�t�i�o�n� �c�h�a�n�g�e�s� �o�c�c�u�r� �a�t� �a� 

�h�i�g�h� �f�r�e�q�u�e�n�c�y�,� �t�h�e� �o�v�e�r�a�l�l� �p�e�r�f�o�r�m�a�n�c�e� �w�i�l�l� �b�e� �s�e�r�i�o�u�s�l�y� �d�e�g�r�a�d�e�d� �b�y� 

�N�u�m�e�r�o�u�s� �d�i�v�e�r�g�e�n�c�e� �i�n�t�e�r�v�a�l�s�.� 

�T�h�e� �a�m�o�u�n�t� �o�f� �d�i�v�e�r�g�e�n�c�e� �c�a�n� �b�e� �s�u�b�s�t�a�n�t�i�a�l�l�y� �r�e�d�u�c�e�d� �b�y� �c�o�m�p�u�t�i�n�g� 

�t�h�e� �e�s�t�i�m�a�t�e� �a�s� �a� �w�e�i�g�h�t�e�d� �s�u�m� �o�f� �t�h�e� �i�n�d�i�v�i�d�u�a�l� �b�r�a�n�c�h� �e�s�t�i�m�a�t�e�s� �a�t� 

�e�a�c�h� �t�i�m�e�.� �T�h�e� �w�e�i�g�h�t�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s� �a�r�e� �s�i�m�p�l�y� �t�h�e� �r�e�l�a�t�i�v�e� �p�r�o�b�a�b�i�l�-� 

�i�t�i�e�s� �f�o�r� �t�h�e� �v�a�r�i�o�u�s� �b�r�a�n�c�h�e�s� �n�o�r�m�a�l�i�z�e�d� �s�o� �t�h�a�t� �t�h�e� �s�u�m� �o�f� �a�l�l� �t�h�e� �r�e�l�-� 

�a�t�i�v�e� �p�r�o�b�a�b�i�l�i�t�i�e�s� �i�s� �u�n�i�t�y�.� �T�h�u�s�,� 

�:� �&�,� �(�B�s�)� �p�(�Z�y�(�k�)� �/�B� �5�)� �(�5�.�5�.�1�)� 
�.� �o�d� 

�*�k� �Y�,� �p�(�Z�(�k�)� �/�B� �5� 
�B�y� 

� � 

�w�h�e�r�e� �p�(�Z�,� �(�k�)� �/�B� �5�)� �i�s� �g�i�v�e�n� �i�n� �e�q�u�a�t�i�o�n� �(�5�.�4�.�4�)�.� 

�I�n� �t�h�i�s� �m�a�n�n�e�r� �t�h�e� �e�s�t�i�m�a�t�e� �i�s� �a�l�w�a�y�s� �c�o�m�p�o�s�e�d� �o�f� �p�e�r�c�e�n�t�a�g�e�s� �o�f� 

�a�l�l� �t�h�e� �b�r�a�n�c�h� �e�s�t�i�m�a�t�e�s�,� �w�i�t�h� �t�h�e� �m�o�s�t� �l�i�k�e�l�y� �b�r�a�n�c�h� �b�e�i�n�g� �d�o�m�i�n�a�n�t�.� 

�T�h�e� �d�r�a�w�b�a�c�k� �t�o� �t�h�i�s� �m�e�t�h�o�d� �i�s� �t�h�a�t� �t�h�e� �e�s�t�i�m�a�t�e� �i�s� �n�o� �l�o�n�g�e�r� �o�p�t�i�m�u�m� �a�t� 

�t�h�o�s�e� �t�i�m�e�s� �w�h�e�n� �n�o� �c�o�n�f�i�g�u�r�a�t�i�o�n� �c�h�a�n�g�e� �i�s� �o�c�c�u�r�r�i�n�g�.� �F�u�r�t�h�e�r�m�o�r�e�,� �t�h�e� 

�o�v�e�r�a�l�l� �e�s�t�i�m�a�t�e� �w�i�l�l� �b�e� �n�o�i�s�i�e�r� �b�e�c�a�u�s�e� �t�h�e� �w�e�i�g�h�t�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s� �a�r�e� 

�d�i�r�e�c�t�l�y� �a�f�f�e�c�t�e�d� �b�y� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e�.



�1�1�2� 

�5�.�6� �I�n�i�t�i�a�l�i�z�a�t�i�o�n� �A�l�g�o�r�i�t�h�m� 
� � 

�I�n� �m�a�n�y� �c�a�s�e�s� �i�n�v�o�l�v�i�n�g� �a� �s�w�i�t�c�h�e�d� �p�l�a�n�t� �p�r�o�b�l�e�m�,� �t�h�e� �i�n�i�t�i�a�l� 

�c�o�n�f�i�g�u�r�a�t�i�o�n� �i�s� �n�o�t� �k�n�o�w�n�.� �M�o�r�e�o�v�e�r�,� �a�n� �a�c�c�u�r�a�t�e� �i�n�i�t�i�a�l� �v�a�l�u�e� �o�f� �t�h�e� 

�s�t�a�t�e� �v�e�c�t�o�r� �i�s� �s�e�l�d�o�m� �a�v�a�i�l�a�b�l�e�.� �T�h�u�s�,� �t�h�e� �S�W�D�E� �a�l�g�o�r�i�t�h�m� �i�n� �i�t�s� �p�r�e�s�-� 

�e�n�t� �f�o�r�m� �c�a�n�n�o�t� �b�e� �u�t�i�l�i�z�e�d�.� �E�v�e�n� �f�o�r� �w�e�l�l�-�d�e�f�i�n�e�d� �p�r�o�b�l�e�m�s� �w�h�e�r�e� �t�h�e� 

�a�l�g�o�r�i�t�h�m� �c�a�n� �b�e� �u�s�e�d�,� �t�h�e�r�e� �i�s� �a�l�w�a�y�s� �t�h�e� �p�o�s�s�i�b�i�l�i�t�y� �t�h�a�t� �a� �m�i�s�s� �w�i�l�l� 

�c�a�u�s�e� �t�h�e� �e�s�t�i�m�a�t�o�r� �t�o� �l�o�s�e� �t�r�a�c�k� �o�f� �t�h�e� �p�l�a�n�t�'�s� �s�t�a�t�e�.� �W�h�e�n� �t�h�i�s� �h�a�p�-� 

�p�e�n�s�,� �t�h�e� �a�l�g�o�r�i�t�h�m� �m�u�s�t� �b�e� �r�e�-�i�n�i�t�i�a�l�i�z�e�d�.� 

�T�h�e� �P�A�E� �a�l�g�o�r�i�t�h�m� �o�f� �C�h�a�p�t�e�r� �T�h�r�e�e� �c�a�n� �b�e� �u�s�e�d� �t�o� �s�o�l�v�e� �b�o�t�h� �t�h�e� 

�i�d�e�n�t�i�f�i�c�a�t�i�o�n� �a�n�d� �t�h�e� �r�e�-�i�n�i�t�i�a�l�i�z�a�t�i�o�n� �p�r�o�b�l�e�m�s�.� �I�n� �t�h�i�s� �a�l�g�o�r�i�t�h�n�,� 

�t�i�m�e�-�v�a�r�y�i�n�g� �w�e�i�g�h�t�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �f�o�r� �e�a�c�h� �o�f� �t�h�e� �p�l�a�n�t� 

�c�o�n�f�i�g�u�r�a�t�i�o�n�s�.� �A�s� �t�h�e� �p�l�a�n�t� �m�e�a�s�u�r�e�m�e�n�t�s� �a�r�e� �p�r�o�c�e�s�s�e�d�,� �t�h�e� �w�e�i�g�h�t� 

�a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �a�c�t�u�a�l� �p�l�a�n�t� �c�o�n�f�i�g�u�r�a�t�i�o�n� �w�i�l�l� �a�p�p�r�o�a�c�h� �u�n�i�t�y� �a�n�d� 

�t�h�e� �o�t�h�e�r� �w�e�i�g�h�t�s� �w�i�l�l� �g�o� �t�o� �z�e�r�o�.� �I�n� �a�d�d�i�t�i�o�n�,� �a�n� �o�p�t�i�m�a�l� �s�t�a�t�e� �e�s�t�i�-� 

�m�a�t�e� �i�s� �a�v�a�i�l�a�b�l�e� �a�t� �e�a�c�h� �i�t�e�r�a�t�i�o�n�.� �A�f�t�e�r� �a� �n�u�m�b�e�r� �o�f� �i�t�e�r�a�t�i�o�n�s� �t�h�e� 

�P�A�E� �a�l�g�o�r�i�t�h�m� �w�i�l�l� �r�e�a�c�h� �s�t�e�a�d�y� �s�t�a�t�e�.� �A�t� �t�h�i�s� �t�i�m�e�,� �t�h�e� �K�a�l�m�a�n� �f�i�l�t�e�r� 

�m�a�t�r�i�c�e�s� �w�i�l�l� �b�e� �a�t� �t�h�e�i�r� �c�o�n�s�t�a�n�t� �s�t�e�a�d�y� �s�t�a�t�e� �v�a�l�u�e�s� �a�n�d� �t�h�e� �s�t�a�t�e� 

�e�s�t�i�m�a�t�e� �w�i�l�l� �b�e� �t�a�k�e�n� �p�r�i�n�c�i�p�a�l�l�y� �f�r�o�m� �t�h�e� �f�i�l�t�e�r� �m�a�t�c�h�e�d� �t�o� �t�h�e� �a�c�t�u�-� 

�a�l� �p�l�a�n�t� �c�o�n�f�i�g�u�r�a�t�i�o�n�.� 

�C�o�n�f�i�g�u�r�a�t�i�o�n� �i�d�e�n�t�i�f�i�c�a�t�i�o�n� �a�n�d� �s�t�e�a�d�y� �s�t�a�t�e� �d�e�t�e�r�m�i�n�a�t�i�o�n� �i�n� �t�h�e� 

�P�A�E� �a�l�g�o�r�i�t�h�m� �i�s� �a�c�c�o�m�p�l�i�s�h�e�d� �b�y� �m�o�n�i�t�o�r�i�n�g� �t�h�e� �w�e�i�g�h�t�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s� 

�a�n�d� �t�h�e� �e�r�r�o�r� �c�o�v�a�r�i�a�n�c�e� �m�a�t�r�i�c�e�s�.� �I�n� �t�h�e� �i�m�p�l�e�m�e�n�t�a�t�i�o�n�,� �t�h�e� �w�e�i�g�h�t�i�n�g� 

�c�o�e�f�f�i�c�i�e�n�t�s� �a�r�e� �c�o�m�p�a�r�e�d� �t�o� �a� �t�h�r�e�s�h�o�l�d� �p�r�o�b�a�b�i�l�i�t�y� �v�a�l�u�e�.� �I�f� �a� �w�e�i�g�h�t� 

�e�x�c�e�e�d�s� �t�h�e� �t�h�r�e�s�h�o�l�d�,� �t�h�e�n� �t�h�e� �c�o�n�f�i�g�u�r�a�t�i�o�n� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�a�t� 

�w�e�i�g�h�t� �i�s� �i�d�e�n�t�i�f�i�e�d� �a�s� �b�e�i�n�g� �t�h�e� �a�c�t�u�a�l� �p�l�a�n�t� �c�o�n�f�i�g�u�r�a�t�i�o�n�.� �S�t�e�a�d�y� 

�s�t�a�t�e� �c�a�n� �b�e� �d�e�t�e�r�m�i�n�e�d� �b�y� �c�o�m�p�a�r�i�n�g� �t�h�e� �c�u�r�r�e�n�t� �e�r�r�o�r� �c�o�v�a�r�i�a�n�c�e� �m�a�t�r�i�x



�1�1�3� 

�w�i�t�h� �t�h�e� �c�o�v�a�r�i�a�n�c�e� �a�t� �t�h�e� �p�r�e�c�e�d�i�n�g� �i�t�e�r�a�t�i�o�n�.� �I�f� �t�h�e� �n�o�r�m� �o�f� �t�h�e� �d�i�f�-� 

�f�e�r�e�n�c�e� �i�s� �l�e�s�s� �t�h�a�n� �a� �g�i�v�e�n� �t�o�l�e�r�a�n�c�e�,� �t�h�e�n� �s�t�e�a�d�y� �s�t�a�t�e� �h�a�s� �b�e�e�n� 

�a�c�h�i�e�v�e�d�.� �A�l�t�e�r�n�a�t�e�l�y�,� �i�f� �t�h�e� �f�i�l�t�e�r� �m�a�t�r�i�c�e�s� �h�a�v�e� �b�e�e�n� �p�r�e�c�o�m�p�u�t�e�d� �o�f�f�-� 

�l�i�n�e�,� �t�h�e�n� �s�t�e�a�d�y� �s�t�a�t�e� �i�s� �d�e�t�e�r�m�i�n�e�d� �b�y� �s�i�m�p�l�y� �c�o�u�n�t�i�n�g� �t�h�e� �n�u�m�b�e�r� �o�f� 

�i�t�e�r�a�t�i�o�n�s�.� �T�h�e� �l�a�t�t�e�r� �m�e�t�h�o�d� �i�s� �u�s�e�d� �i�n� �t�h�e� �e�x�a�m�p�l�e�s�.� 

�O�n�c�e� �s�t�e�a�d�y� �s�t�a�t�e� �f�i�l�t�e�r�i�n�g� �a�n�d� �p�l�a�n�t� �i�d�e�n�t�i�f�i�c�a�t�i�o�n� �h�a�v�e� �b�e�e�n� 

�a�c�h�i�e�v�e�d�,� �t�h�e� �S�W�D�E� �a�l�g�o�r�i�t�h�m� �d�e�v�e�l�o�p�e�d� �i�n� �t�h�i�s� �c�h�a�p�t�e�r� �c�a�n� �b�e� �u�s�e�d� �t�o� 

�t�r�a�c�k� �a� �r�a�n�d�o�m�l�y� �s�w�i�t�c�h�i�n�g� �p�l�a�n�t�.� �I�f�,� �f�o�r� �w�h�a�t�e�v�e�r� �r�e�a�s�o�n�,� �t�h�e� �S�W�D�E� 

�a�l�g�o�r�i�t�h�m� �d�i�v�e�r�g�e�s� �f�r�o�m� �t�h�e� �a�c�t�u�a�l� �p�l�a�n�t� �s�t�a�t�e�,� �t�h�e�n� �t�h�e� �P�A�E� �a�l�g�o�r�i�t�h�m� 

�S�h�o�u�l�d� �a�g�a�i�n� �b�e� �e�x�e�c�u�t�e�d�.� 

�D�i�v�e�r�g�e�n�c�e� �c�a�n� �b�e� �r�e�a�d�i�l�y� �d�e�t�e�c�t�e�d� �b�y� �m�o�n�i�t�o�r�i�n�g� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� 

�r�e�s�i�d�u�a�l�.� �T�h�e� �m�e�a�s�u�r�e�m�e�n�t� �r�e�s�i�d�u�a�l� �o�f� �a� �p�e�r�f�e�c�t�l�y� �m�a�t�c�h�e�d� �f�i�l�t�e�r� �i�s� �a� 

�z�e�r�o� �m�e�a�n�,� �w�h�i�t�e� �g�a�u�s�s�i�a�n� �r�a�n�d�o�m� �v�a�r�i�a�b�l�e� �[�G�-�l�]�.� �W�h�e�n� �d�i�v�e�r�g�e�n�c�e� 

�o�c�c�u�r�s�,� �t�h�e� �r�e�s�i�d�u�a�l� �w�i�l�l� �l�o�s�e� �t�h�e�s�e� �a�t�t�r�i�b�u�t�e�s�.� �A� �v�a�r�i�e�t�y� �o�f� �s�t�a�t�i�s�t�i�-� 

�c�a�l� �t�e�s�t�s� �c�a�n� �b�e� �e�m�p�l�o�y�e�d� �t�o� �d�e�t�e�r�m�i�n�e� �d�i�v�e�r�g�e�n�c�e�,� �t�h�e� �s�i�m�p�l�e�s�t� �b�e�i�n�g� �a� 

�t�e�s�t� �f�o�r� �a� �n�o�n�-�z�e�r�o� �m�e�a�n�.� �H�o�w�e�v�e�r�,� �t�h�e� �p�r�o�b�l�e�m� �i�s� �c�o�m�p�l�i�c�a�t�e�d� �b�y� �t�h�e� 

�n�o�r�m�a�l� �o�p�e�r�a�t�i�o�n� �o�f� �t�h�e� �S�W�D�E� �a�l�g�o�r�i�t�h�m�,� �w�h�i�c�h� �p�r�o�d�u�c�e�s� �a� �d�i�v�e�r�g�i�n�g� 

�e�s�t�i�m�a�t�e� �f�o�r� �a� �n�u�m�b�e�r� �o�f� �i�t�e�r�a�t�i�o�n�s�,� �e�q�u�a�l� �t�o� �t�h�e� �w�i�n�d�o�w� �w�i�d�t�h� �N�,� �a�f�t�e�r� 

�e�a�c�h� �c�o�n�f�i�g�u�r�a�t�i�o�n� �c�h�a�n�g�e�.� �T�h�i�s� �p�r�o�b�l�e�m� �i�s� �r�e�s�o�l�v�e�d� �b�y� �c�a�l�c�u�l�a�t�i�n�g� �t�h�e� 

�m�e�a�n� �o�v�e�r� �s�e�v�e�r�a�l� �a�d�j�a�c�e�n�t� �i�n�t�e�r�v�a�l�s�,� �e�a�c�h� �c�o�n�t�a�i�n�i�n�g� �N� �i�t�e�r�a�t�i�o�n�s�.� �I�f� 

�a�l�l� �t�h�e� �m�e�a�n� �v�a�l�u�e�s� �a�r�e� �g�r�e�a�t�e�r� �t�h�a�n� �a� �g�i�v�e�n� �t�o�l�e�r�a�n�c�e�,� �t�h�e�n� �d�i�v�e�r�g�e�n�c�e� 

�i�s� �a�s�s�u�m�e�d� �a�n�d� �t�h�e� �P�A�E� �a�l�g�o�r�i�t�h�m� �i�s� �e�x�e�c�u�t�e�d�.� �I�f� �a� �w�e�i�g�h�t�e�d� �s�u�m� �e�s�t�i�m�a�t�e� 

�i�s� �u�s�e�d�,� �t�h�e�n� �t�h�e� �n�u�m�b�e�r� �o�f� �i�n�t�e�r�v�a�l�s� �o�v�e�r� �w�h�i�c�h� �t�h�e� �m�e�a�n� �i�s� �c�a�l�c�u�l�a�t�e�d� 

�c�a�n� �b�e� �r�e�d�u�c�e�d�.� �I�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �e�x�a�m�p�l�e�s�,� �t�w�o� �i�n�t�e�r�v�a�l�s� �w�e�r�e� �s�u�f�f�i�c�i�e�n�t� 

�t�o� �d�e�t�e�c�t� �e�s�t�i�m�a�t�o�r� �d�i�v�e�r�g�e�n�c�e�.� �A�p�p�e�n�d�i�x� �B� �c�o�n�t�a�i�n�s� �a� �f�l�o�w�c�h�a�r�t� �d�i�a�-� 

�g�r�a�m�m�i�n�g� �t�h�e� �c�o�m�p�u�t�e�r� �p�r�o�g�r�a�m� �i�m�p�l�e�m�e�n�t�e�d� �t�o� �a�c�c�o�m�p�l�i�s�h� �t�h�e� �a�b�o�v�e� �t�a�s�k�s�.



�1�1�4� 

�5�.�7� �O�p�t�i�m�a�l� �D�e�l�a�y�e�d� �E�s�t�i�m�a�t�i�o�n� 
� � 

�A� �m�e�t�h�o�d� �e�x�i�s�t�s� �t�o� �e�l�i�m�i�n�a�t�e� �e�n�t�i�r�e�l�y� �t�h�e� �d�i�v�e�r�g�e�n�c�e� �t�h�a�t� �o�c�c�u�r�s� �i�n� 

�t�h�e� �i�n�t�e�r�v�a�l� �i�m�m�e�d�i�a�t�e�l�y� �f�o�l�l�o�w�i�n�g� �a� �c�o�n�f�i�g�u�r�a�t�i�o�n� �c�h�a�n�g�e�.� �D�u�r�i�n�g� �t�h�i�s� 

�i�n�t�e�r�v�a�l�,� �w�h�i�c�h� �i�s� �e�q�u�a�l� �t�o� �t�h�e� �w�i�n�d�o�w� �w�i�d�t�h� �N�,� �t�h�e� �c�o�n�f�i�g�u�r�a�t�i�o�n� �t�r�e�e� 

�i�s� �g�r�o�w�n� �b�u�t� �t�h�e� �c�o�n�f�i�g�u�r�a�t�i�o�n� �c�h�a�n�g�e� �i�s� �n�o�t� �d�e�t�e�c�t�e�d� �u�n�t�i�l� �N� �i�t�e�r�a�t�i�o�n�s� 

�a�f�t�e�r� �i�t� �o�c�c�u�r�r�e�d�.� �I�n� �t�h�e� �r�e�a�l� �t�i�m�e� �e�s�t�i�m�a�t�i�o�n� �p�r�o�b�l�e�m� �c�o�n�s�i�d�e�r�e�d� �i�n� 

�t�h�e� �p�r�e�v�i�o�u�s� �s�e�c�t�i�o�n�s�,� �t�h�e� �e�s�t�i�m�a�t�e� �i�s� �a�v�a�i�l�a�b�l�e� �s�h�o�r�t�l�y� �a�f�t�e�r� �t�h�e� �c�u�r�-� 

�r�e�n�t� �m�e�a�s�u�r�e�m�e�n�t� �h�a�s� �b�e�e�n� �p�r�o�c�e�s�s�e�d�.� �H�o�w�e�v�e�r�,� �i�f� �a�n� �e�s�t�i�m�a�t�i�o�n� �d�e�l�a�y� 

�e�q�u�a�l� �t�o� �t�h�e� �w�i�n�d�o�w� �w�i�d�t�h� �c�a�n� �b�e� �t�o�l�e�r�a�t�e�d�,� �t�h�e�n� �a� �d�e�l�a�y�e�d� �e�s�t�i�m�a�t�e� �c�a�n� 

�b�e� �c�o�n�s�t�r�u�c�t�e�d� �t�h�a�t� �w�i�l�l� �b�e� �o�p�t�i�m�a�l� �a�t� �a�l�l� �i�t�e�r�a�t�i�o�n�s�.� 

�T�h�e� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �o�f� �t�h�i�s� �f�e�a�t�u�r�e� �r�e�q�u�i�r�e�s� �o�n�l�y� �s�l�i�g�h�t�l�y� �m�o�r�e� �c�o�m�-� 
�a� 

�p�u�t�e�r� �s�t�o�r�a�g�e� �a�n�d� �v�i�r�t�u�a�l�l�y� �n�o� �a�d�d�i�t�i�o�n�a�l� �p�r�o�c�e�s�s�i�n�g� �t�i�m�e�.� �R�e�c�a�l�l�,� �t�h�a�t� 

�w�h�e�n� �t�h�e� �c�o�n�f�i�g�u�r�a�t�i�o�n� �t�r�e�e� �i�s� �g�r�o�w�n�,� �t�h�e� �s�t�a�t�e� �e�s�t�i�m�a�t�e�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d� 

�a�t� �e�a�c�h� �i�t�e�r�a�t�i�o�n� �f�o�r� �e�v�e�r�y� �b�r�a�n�c�h�.� �I�f� �t�h�e�s�e� �e�s�t�i�m�a�t�e�s� �a�r�e� �s�t�o�r�e�d�,� �t�h�e�n� 

�a�t� �t�h�e� �t�i�m�e� �t�h�e� �c�o�n�f�i�g�u�r�a�t�i�o�n� �c�h�a�n�g�e� �i�s� �d�e�t�e�c�t�e�d�,� �t�h�e� �a�l�g�o�r�i�t�h�m� �c�a�n� �r�e�-� 

�t�r�a�c�e� �t�h�e� �o�p�t�i�m�a�l� �s�t�a�t�e� �e�s�t�i�m�a�t�e� �t�r�a�j�e�c�t�o�r�y�.� 

�T�h�e� �a�d�v�a�n�t�a�g�e� �o�f� �d�e�l�a�y�e�d� �e�s�t�i�m�a�t�i�o�n� �o�v�e�r� �w�e�i�g�h�t�e�d� �s�u�m� �e�s�t�i�m�a�t�i�o�n� �i�s� 

�t�h�a�t� �t�h�e� �f�o�r�m�e�r� �m�e�t�h�o�d� �e�l�i�m�i�n�a�t�e�s� �t�h�e� �d�i�v�e�r�g�e�n�c�e� �i�n�t�e�r�v�a�l�s� �w�i�t�h�o�u�t� �s�a�c�r�i�-� 

�f�i�c�i�n�g� �e�s�t�i�m�a�t�o�r� �p�e�r�f�o�r�m�a�n�c�e� �e�l�s�e�w�h�e�r�e�.� 

�5�.�8� �S�i�m�u�l�a�t�i�o�n�s� 
� � 

�T�h�e� �a�l�g�o�r�i�t�h�m�s� �d�e�v�e�l�o�p�e�d� �i�n� �t�h�i�s� �c�h�a�p�t�e�r� �w�e�r�e� �v�e�r�i�f�i�e�d� �b�y� �e�x�t�e�n�s�i�v�e� 

�o�f�f�-�l�i�n�e� �s�i�m�u�l�a�t�i�o�n� �o�n� �a� �d�i�g�i�t�a�l� �c�o�m�p�u�t�e�r�.� �T�h�r�e�e� �d�i�f�f�e�r�e�n�t� �p�l�a�n�t� �m�o�d�e�l�s� 

�a�r�e� �c�o�n�s�i�d�e�r�e�d� �i�n� �t�h�i�s� �s�e�c�t�i�o�n�.� �E�x�a�m�p�l�e� �O�n�e� �i�s� �t�h�e� �s�w�i�t�c�h�e�d� �l�i�n�e�a�r� �p�l�a�n�t� 

�t�h�a�t� �w�a�s� �e�x�a�m�i�n�e�d� �i�n� �C�h�a�p�t�e�r� �T�h�r�e�e�.� �E�x�a�m�p�l�e� �T�w�o� �i�s� �a� �p�l�a�n�t� �t�h�a�t� �h�a�s� �a� 

�p�a�r�a�m�e�t�e�r� �t�h�a�t� �c�a�n� �t�a�k�e� �o�n� �o�n�e� �o�f� �s�e�v�e�r�a�l� �p�o�s�s�i�b�l�e� �v�a�l�u�e�s�.� �T�h�e� �t�h�i�r�d



�1�1�5� 

�e�x�a�m�p�l�e� �a�p�p�l�i�e�s� �t�h�e� �S�W�D�E� �a�l�g�o�r�i�t�h�m� �t�o� �t�h�e� �n�o�n�l�i�n�e�a�r� �o�s�c�i�l�l�a�t�o�r� �o�f� �C�h�a�p�-� 

�t�e�r� �T�h�r�e�e�.� 

�E�x�a�m�p�l�e� �5�-�1�:� 

�G�i�v�e�n� �x� �=� �A�,�X� �+� �B�y�u� �+� �C�w� 

�z�Z�2�=� �H�x�t�v� 

�w�h�e�r�e�,� 

�0� �1� �0� �0� �0� 

 ��L�"� �f�i�s�g� �a�l� �E�a� �-�e�3�.�2�f� �2� �L�i� 

 �� �f�o� �1� �[�o� �o�O� �0� 
�A�.� �=� �B� �=� �C�c�,� �=� 

�2� �l�o� �-�1� �2� �i� �0� �2� �1� 

�0� �1� �0� �0� �0� 
�A�,� �=� �B�=� �C�,� �=� 

�3� �-�3�0� �-�1� �3� �1� �6�3�.�2� �3� �1� 

�1� �0� �3� �0� 
�H�=� �R� �=� �Q� �=� �4� 

�0� �1� �Q� �3� 

�T�h�e� �p�l�a�n�t� �i�s� �s�i�m�u�l�a�t�e�d� �f�o�r� �a�n� �i�n�p�u�t� �o�f� �U� �=� �4�.�0�,� �a�n� �i�n�i�t�i�a�l� �p�o�s�i�t�i�o�n� 

�o�f� �-�4�.�5� �a�n�d� �a�n� �i�n�i�t�i�a�l� �v�e�l�o�c�i�t�y� �o�f� �0�.� �U�n�k�n�o�w�n� �t�o� �t�h�e� �e�s�t�i�m�a�t�o�r�,� �t�h�e� 

�p�l�a�n�t� �c�h�a�n�g�e�s� �c�o�n�f�i�g�u�r�a�t�i�o�n� �a�p�p�r�o�x�i�m�a�t�e�l�y� �e�v�e�r�y� �t�w�o� �s�e�c�o�n�d�s�.� �A� �w�i�n�d�o�w� 

�w�i�d�t�h� �o�f� �N�=�7� �w�a�s� �f�o�u�n�d� �t�o� �b�e� �s�u�f�f�i�c�i�e�n�t� �t�o� �s�u�p�p�r�e�s�s� �f�a�l�s�e� �a�l�a�r�m�s�.� �T�h�e� 

�d�i�g�i�t�a�l� �s�i�m�u�l�a�t�i�o�n� �r�e�q�u�i�r�e�s� �t�h�e� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� �o�f� �t�h�e� �c�o�n�t�i�n�u�o�u�s� �t�i�m�e� 

�s�y�s�t�e�m�,� �a�n�d� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �s�t�e�a�d�y� �s�t�a�t�e� �K�a�l�m�a�n� �f�i�l�t�e�r� �e�q�u�a�t�i�o�n�s�.� 

�T�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�e�s�e� �t�w�o� �p�r�e�l�i�m�i�n�a�r�y� �s�t�e�p�s�,� �f�o�r� �a� �s�a�m�p�l�e� �t�i�m�e� �o�f� �T�=�.�0�7� 
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