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We prove that under short range potentials a semiclassical wave packet’s propaga-
tion is accurate for infinite times in thie— 0 limit. © 2004 American Institute of
Physics.[DOI: 10.1063/1.1780613

I. INTRODUCTION

Semiclassical analysis is the study of the connections between the quantum dynamics and the
corresponding classical dynamics in the- 0 limit. Consider the quantum dynamics determined
by the time dependent Schrédinger equation

2

ihgw(x,t) = {— %AX+V(X)}¢(x,t). (1)

Following the prescription defined in Refs. 1-5 one can construct approximate solutions to this
equation whose time propagation is determined by the corresponding classical mechanics. These
wave packets depend explicitly on the corresponding classical dynamics of the sgstand
position. These semiclassical wave packets can be used to approximate the quantum cfyrrﬁamics.
Here we present a result for the semiclassical wave packets that is uniform in time. This result is
an extension of a known restitio one and two space dimensions.

The organization of the paper is as follows: In Sec. Il we present the construction of the
semiclassical wave packets. In Sec. Ill we introduce the needed results from classical scattering
theory. In Sec. IV we state and prove Theorem 1, the main result of the paper foreferring
the reader to some technical lemmas from Sec. V. In Sec. VI we provide the necessary tools
needed to extend the proof to two dimensions.

Throughout we adopt standard multi-index notatiofihe inner products are linear in the
second term, conjugate linear in the first. Furthermore, we assume that our potential is “short
range,” i.e.,V(x) satisfies the short-range assumpti@® if for any multi-index @ such that/a|
=0,1,2,3,there existLC, >0, 0<v<1, such that

[(DV)(X)| < Cpyy(1 + Ix|)~Lalv.

Notice that if a potential is short range then

V(x) € LP(R") for p> max{i,l}
1+v

and

V(X)(l +X)—[(n/2)—1]+(v/2) e LZ(Rn).

So, forn=1,2 ourpotentials are in.?(R").
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Il. SEMICLASSICAL WAVE PACKETS

Here we present a definition of the semiclassical wave packets. Our construction is analogous
to the standard construction of the harmonic oscillator eigenstates using raising and lowering
operators. Greater detail on the construction presented here can be found in Ref.a4.7Let
e R", and% > 0. Furthermore assume thatand B are complexn X n matrices satisfying

AB-B'A=0, (2)

A*B+B*A=2l. (3)

Conditions(2) and (3) are known to be equivalent to the following four conditions assumed in
Ref. 1:

0] A andB are invertible;

(i)  the real and imaginary parts &A™ are both real symmetric;
(i) ReBA™lis strictly positive definite;

(iv) (ReBAY)™1=AAx,

Let p=-iAV, be the momentum operator. For amy C" we define associated raising and lower-
ing operators by

A(AB/,a,7,0)* = ——[(Bu,(x- ) - i(AT(P - m))]
V2h

and

l — o —
A(A,B,ﬁ,a, 7]10) = E[(BU’(X_ a)> + |<AU:(p_ 77)>]
\J
Let {g} be any orthonormal basis fdt", and define

Aj(A,B,,a,7)* = A(A,B,h,a,7,€)*,

Aj(A,B,f,a,7) = A(A,B,%,a,7,§).

Then we can define

1
A(ABA,a,7)*= —=[B* (x—a) —iA* (p- n)],
\2h

AAB/8 7) = —=[B(x-a) +iAp- )],
\2h

where the representation is in terms of the above basis. Défii#e B,7% ,a, 7, -) to be a normal-
ized vector with respect tb%(R") such that

A(A,B,h,a,7) do(AB,A,a, 7, -) =0.
It is seen that

&o(A,B,7i,a, 7,X) = (mh) A4(detl(A)) Yeexp{— ((x — a), BA X (x — a))/(24) +i{n,(x — a))/A}.

Here a particular choice of phase is being made. For any multi-ikdese define

& (A,B,,a,7,X) = %(.Al(A,B,ﬁ,a, 7)* )kl X -+ X (Ap(A,B,A,a,7) * )kn¢o(A,B,h,a, 7,X).
VK!
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Remark:The only ambiguity here is in the choice of sign @eiA))~*2, it is chosen depend-
ing on the initial conditions and continuity.

Remark:The functions¢y(A,B,%,a, 5, -) form an orthonormal basis af(RM).4

Let S(t) be inR, a(t), »(t) be vectors ik", A(t), B(t) be complexn X n matrices all governed
by the following system of ordinary differential equations:

a(t) = (1),
7(t) = - VV(a(),

A =iB(1), (4)
B(t) = iV@(a(t) A(b),
(7(1))?

2

suppose the initial conditions given such ti#40), B(0) together satisfy2) and(3) and S(0)=0.
It is known thatA(t), B(t) together still satisfy(2) and(3).4
Remark:Let

SUE - V(a(t)),

Wa() = V(@(t) + (VP (a(t), (x - am)) + 3((x - a(t), V@ (@) (x- a(v)),

the functionsy(x,t) =SV ¢, (A(t),B(1),%,a(t), 7(t),X) provide exact solutions to the time depen-
dent Schrodinger equation,

9 h?
|ha P(x,t)=— EAXL/I(X,U + Wy (X) (x,1).

We state a result about the wave packets that will be used later. The reference is Ref. 4.
Lemma 1: Suppose &C3(R") satisfies—C,<V(x)<C,e™< for some G, C, and M. Let
(At),B(t),a(t), n(t),S(t)) be a solution to the system (4) with appropriate initial conditions. Let

H(%)=—(%%/2)A+V(x). Then there exists somglCt) such that

e ™% 4, (A(0),B(0), %,a(0), 7(0),X) — €SV g (A1), B(1), A,a(t), 7(1),x)| < C(k,DAYZ. (5)

Using these semiclassical wave packets one can now attempt to provide a construction for
approximate solutions to the Schrédinger equation and prove accuracy estimates. For details on
this see Refs. 1-5.

Ill. CLASSICAL SCATTERING

Existence of scattering states in classical mechanics is crucial to our study.

Lemma 2: Let k) satisfy the short-range assumptiti). Given any(a_, 7_) € R?" such that
n-#0.Let A, and B. be complex X n matrices satisfying conditions (2) and (3) then there exist
a unique solutiofa(t), n(t),A(t),B(t),S(t)] to the system (4) such that

lim |a(t) —a_ - 7_t| =0,

t——o0

Jim |7(t) = 7| =0,
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lim |S(t) —t#%/2| =0, (6)
t——0

lim JA(t) - A_-iB_t|=0,

t——

lim [|B(t) - B_| = 0.
t——o

Moreover, there exists xin complex matrices AB, satisfying (2) and (3) and a closed set E of
measure zero contained iR?" such that(a_, 7_) e R>"\E implies the existence ¢&.,7,) € R?"
with #, # 0, S; e R such that

limla(t) —a, — 7,t|=0,

t—o

t"m|77(t) -nl=0,
lim[A(t) = A, —iB.,t]|=0, 7
t—o0

lim|B(t) - B.,||=0,

t—oe

lim|S(t) - S, - t#2/2| = 0.
t—oe

This result basically says that given an incoming free state we can find an interacting state that
approaches it at infinite negative time. Then for almost any free incoming state there exists a free
outgoing state that approximates the interaction state at infinite time. In the language of scattering,
the above theorem is existence, uniqueness of scattering operators coupled with asymptotic com-
pleteness. The proof of this for the position and momentum variabtgsz(t), is given in Ref. 8,
the proof for the spreading variablégt), B(t) and the action variabl&(t), is given in Ref. 1.

IV. STATEMENT AND PROOF OF THE MAIN RESULT FOR N=1
Let
h2
H#) =- EAX+V(X)
and
2

fi
Hy(t,h) =— EAX + Wy (%),

with corresponding unitary propagatdu$t) and U4(t,0), respectively. Recall

U1(t,0) ¢ho(A(0),B(0),72,a(0), 7(0),X) = €5V ho(A(t), B(1), 71, a(t), 7(1), ).

Theorem 1: If V(x) satisfies the short-range assumpti@), then there exists O\ >0, both
independent of t andl such that

IU(t) $o(A0),B(0),7,a(0), 7(0), -) — €5 po(A(),B(1),7,a(1), (1), -)||, =< CA*
forallt e (-,x), i € (0,1), any A0), B(0) satisfying Egs. (2) and (3) and almost all®, 7(0).
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Remark:The theorem is an analogous statement to that of lemma 2 for the semiclassical wave
packets.

The proof given in Ref. 1 that is restricted o= 3 uses the fact that the wave packet decays
ast™2, and thus the wave packet is itself it whenn=3. Forn=1 andn=2 we remove the
portion of the state that has small asymptotic momentum. This portion of the wave packet is
O(#Y?). The remaining portion of the wave packet decays fast enougloiprove the estimates
we need. Our idea is to write the wave packet as

Po(At),B(1).72,a(t), 7(t),x) = B¢0(A(t), B(t),f,a(t), 7(t) %) + p¢o(A(t), B(t),%,a(t), (t),%)

and then drop the second term at time 0 in order to get tt the asymptotics to cancel out correctly. The
intuition is that the second term above is on the order/ofat time zero and can be disregarded

in the semiclassical limit. The idea to write the wave packet in this way was inspired by Ref. 6 and
many ideas from this paper can be seen in the proof. We need the portion of the wave packet that
is not disregarded to be propogated exactly by the semiclassics given in Sec. Il, therefore we write
the wave packet as

(x-a(7)iB,

A7) 7,

_(x-a(n)iB,
A(7) 74

_ { L, x-al)ie,
A7) 7.

- —'B—*¢1(A(> B(),i,a(7), (7))

¢o(A(7),B(7),%i,a(7), 7(7),X) = {1 + }¢o(A(T),B(T),ﬁ,a(T), 7(7),%)

d)O(A(T)!B(T)vﬁ!a(T)! 77(7-)!)()

}¢O(A(T),B(T),h,a(r), 7(7),%)

= $o(A(7),B(7), fi,a(7), 7(7),X)
- —'B—*¢1(A( 2.B(7)h,a(7), 7)., %). ®

We have used the fact that in one dimension

2(x-a())
iAW)

The argument of the theorem almost exactly follows the argument in Ref. 1. Besides the intro-
duction of the modified wave packet the changes that we have made are imbedded in technical
lemmas 3 and 4.

Proof of Theorem 1 fornl: Letu<1, ee (0,%), and define

¢1(A1),B(1),A,a(t), 7(t),X) = \| -~ do(A(t),B(t),A,a(t), 7(t),%). 9

1 if [x—a()] = (1 +[ab)])uht?™,
0 otherwise.

xi(f,a(t),x) = {

Define x,(%,a(t),x)=1-y;(%,a(t),x). Now define?j;o(A(r),B(T),h,a(q-),r;(r),x) as above and
proceed to calculate. B§8) and since{U(t)—U,(t,0)} is bounded by lemma 2 it is clear that
< [HU(V) - Us(t,0)}bo(A(0),B(0),4,a(0), 7(0), )], + ki, (10)

where
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_ I

k .
\“E| 7|

By the fundamental theorem of calculus,

[{U(1) - Us(t,0)} bo(A(0),B(0), 72,a(0), 7(0), )

t
d ~
- f <LU(9 - Us(s.0}8o(A(0), B0)./,a(0), 7(0), -)ds
2

0
t
e ﬁ_lf V() = Was(-)}bo(A(S), B(S),71,a(s), 7(s), - ||z ds. 11
0

Analyzing the integrand in the last expression,

V(0 = Wa(s (0} bo(A(S), B(S),71,a(s), 7(S), X
< [{V(X) = Wae (0 hxa(h,a(s), x) do(A(S), B(S),4,a(s), 7(s), X
+[IVO) x2(f,a(s), ) do(A(s), B(9), 5,a(s), 7(9), X1
+[Wias)(X) xo(1,a(S), X) o(A(S), B(S) 7, a(S), 7(9),X)[[, = 1(5) + 11 (s) + 111 (5).  (12)

If |x—a(s)|=<(1+|a(s)|)uh'? then following the analysis from Ref. 1 we lete Z={z=rx+(1
-r)y} such that|z|<|z for all ze Z. By the fundamental theorem of calculus and the triangle
inequality it can be seen that

Va(x) = VoY) < Co(1 +|2) 7 Ix =y < Ca(1 +]y| = ly =2 ™7 < CL(X - ) (L +|yD™*7Ix -yl
(13

whereC; is taken from the short-range assumption. From here it follows that
Ixa(%,a(8), X (V(X) = Wy (X)) < Ca(L +a(s))) A%, 14

Hence

I(s) < Cy(1+ |a(s)|)_l_Vh3/2—3§<1 + k\/é) .

Again we follow the argument in Ref. 1. Due to continuity and asymptotics of the classical
quantitiesa(s), A(s) that

l1(s) < X2(ﬁ,a(3),X)exp{_iTA_(—§|(§f)L)2} ) X2(ﬁ,a(8),x)V(X)(1 + %)
X () A A(S) 2 ex ﬁ\_(—;‘ffff 2
= expl~ C'1729) (9 0V 1.+ %)
X (7)) Y4(A(s)) 12 eXp{_‘ﬁ;\_(—szs;i)z} K (15

whereC'’ is some constant independenténd#. By lemma 5.1 and dividing byA(s) %, there
existsCy, T, such that fors>T;,
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1] (S) < th—l/Z—v/Z exd_ C/ﬁ—25}|s|—l—vl2.
We can do the same thing with (8 as well. By lemma 5.2 there exis®s, Cy, such that for
s>T,,
I (s) < Cyh texp—- C'A2¢|s 1.

The theorem is now proven by takifig=maxT,, T,} and writing fort>T,

0 0

t T t
ﬁ‘lf (I(s)+II(s)+III(s))ds=h‘1{f (I(s)+||(s)+|||(s))ds+f (I(s)+||(s)+|||(s))ds}.
0

The first term is bounded by son@%'2 by lemma 1. The second term is bounded by some
Ch2 exp{-C'# 72+ C4h1/2=% by the work shown here. In order to propagate to large negative
times we write the modified wave packet with,B_ in place of n,,B, and the details are the
same. (]

V. TECHNICAL LEMMAS

Lemma 3: In space dimension one iy satisfies the short-range assumpti@y, then there
exists some constant C such that for t sufficiently lafge (0, 1),

- (x-a(t)?
4ADh

X, a0 VO A + (x - a1)iB.} () (A(D) 2 exp{

2
< Ch_llz_V/zt_Vlz,

where y»(#,a(t),x) is as defined in the proof of Theorem 1.
Proof: Let k;>0. By lemma 2 there exisf8 such that>T implies that

- (x-a()?
4AM) A

xa2(f,at), V{7, At) + (x = a(t))iB. } () " H4(A() 2 exn{

2

=

x2(h,a(t), V() - {7 (A, +iB.,t) + (X —a, — 7,1)iB,}

- (x-a(t))?
4AW)|%

+ kYA [TY2, (16)
2

% (7Tﬁ)_1/4(A(t))_1/2 exp{

Using the triangle inequality we find that

(1,80 V0 - (A + B.1) + (-1, — . 0IB.) () A 2 expy — 0
XZ I 1 7]+ + 7]+ + 4|A(t)|2ﬁ 5
< -1/4 A-112 - (x-a(t)? N
< |[VOOL7eA](rht) A (t))exp{ A0 h } 2+ x2(fi,a(t), X)V(X)[iB.+(x - a;)]
“1/a A-1/2, - (x-a(t)?
X (mh)THATHA(t))ex AP ., (17
SinceV(x) e LAR) we have some constaks such that for large enough
e —(x—a(t))Z} e
V[ A (rh) " VAA Yt —— | < khTVATY2, 18
OO e A(arh) ())eXp{ AP ||, = (18)

Similarly,
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_ _ 2
Xalh a0 VOB, (X m)](M)‘l"‘(A‘l’Z(t))exp{ XT;(Z?}

2

< ||iB+V(X)(X _ a+)1/2+v/2||2

- (x-a(t)?
Xexp{ aAD }

The first factor is a constant independent ahd#. Evaluating the second term further we see that

Yao(ti,a(t),x) (k) " YHAL) YA (x - a,) 122

(19

[

) ) ) - (x-a(t))?
xa(h,a(t), %) (k) YHA®D) VA x - a,) 22 eXp{ W}

o0

= ‘ XZ(ﬁ a(t) X) (X - a+)l/2_V/2 (X - a(t))l/Z—VIZ p{ _ (X _ a(t))z}

(x - a(t) 22 (at) P(AW) 2 TP aaw)

o0

_ (X _ a+)l/2_V/2 (X _ a(t))llz—vlz _ (X _ a(t))Z

= 020G g | |00 gy ex”{ AP } .

_ (ﬁ a(t) X) (X _ a4_)1/2—1//2 ﬁ-v/4+év/2 (X _ a(t))llz ox _ (X _ a(t))Z
DT = a) V22| (w1 + [at)]) 2| (k) P A)) 2 4A0PR .

(20)

The second norm in the last expression is bounded by a constant. For the first norm we see that

< max{l, } (21

(X _ a+) 1/2-v/2 (X _ a+)

x2(f,a(t),x) x2(f,a(t),x)

(x—a(t)*"? (x-a(t)
Now we see that
(x-a,) || _ (x-a(t) +a(t) -a,) (alt) —a,)
xela® 00—l = x0T L (a0 o
(at) -ay) —1/24m
<1+ )(2(,a(t),x)(1 al) i 2| < 1+kgt V22, (22)
whereks is a constant independent band#. The lemma now follows. O

Lemma 4: If \(x) satisfies the short-range assumpti@), then there exists some constant C
such that for large enough &nd# (0, 1),

@_(x—a(t))i&, ~1/4¢ p-112 ~ (x-a()? — ~p-L-1-v
Wa(t)(X)|:l+ A TAQIT. ](wﬁ) (A (t))exp{ HADPh } 2\Cﬁt :

Proof: SinceV(x) satisfies the short-range condition there ex@tsj=0,1,2such that




J. Math. Phys., Vol. 45, No. 11, November 2004 Semiclassical wave-packet scattering 4269

@(X_a(t))i& ~1/4¢ p-172
Wa“’(x)[1+ At AD7 ]Wl) A (t))exp{

2 X —
<S¢ e (aenli o il (X = &) )J _ A(t) (x—a(1)iB,
< ]EO Ci(L+a®h I |AQ) - 2 -7 <—2|A(t)|ﬁl’2 1+ A0 ROl

- (x—a(t))?
NGRS 2

_ _ 2
(x-a(b)) } | 3
2

-1/4 -1/2
X () A1) exp{ AR

By explicit evaluation, we see that the norms in the last expression are bounded by constants
independent of and#. O

VI. EXTENSION TO TWO DIMENSIONS

The extension of this result to two dimensions has a few complications due to the structure of
higher order states in more than one dimension. Here we point out the changes that need to be
made in the proof of Theorem 1 in order to extend ihto2. The techniques follow the construc-
tion given in Ref. 3. We present this in a less general manner for the sake of clarife; &} be
the standard basis fdk?. By the polar decomposition theorem for althere exists a unique
unitary matrixU,(t) such thatA(t)=|A(t)|U(t). We then define

ﬁl(v,x) =2(v,X)

and

He (A1:%) = Hy(Un(Deyx).
Now we proceed to define the higher order wave packet,

be, (A(D), B(D), 7,a(), 7(1),X) = 27 2Hg (AD); A7 AAD] ™ (x ~ a(t))) do(AD), B(D), A, (1), 7(1),X)
(24)

=2"2(UA(t)e, A7 AAD[TH(x — a(t)) dho( A1), B(1), A,a(t), 7(1),X).
(25)

Now define

iJA(t)|'B.(x—at))
<e11 77+>

> } ¢O(A(t)! B(t) ’ ﬁu a(t) 1 7](t) ’ X)
(26)

and the modified wave packet is again propagated as in Theorem 1. Since we have assumed that
7.# 0 we can use, instead ofe; if (e;, 7,)=0. Recall

;bO(A(t)! B(t)vh! a(t)! n(t)!x) = {1 + <UA(t)el:

Ua(t) = [AD[*A),
implying

Ut = A 0)|A®)],

and so similar to the analysis in one dimension we have
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o
Bo(AD.BO).,a), gt = | T2 4 (o OB 8 ) Bt 4,00, 9(0).0)

<el! 77+> <e1! 77+>
= (e, 7. + AHB)(x = a(1))iB.) do(A(t), B(t), A,a(t), 7(t),X)
<el1 7]+>
_ -1
" e 77+><el,A O{AM) 7.
+(x—a(t)iB.}) go(A(t),B(t),7i,a(t), 7(t),x). (27)
Noting that
V(X)(1 +x)"? e LAR?)
and thus

B V() (x—a,)",
is constant in place of

||I B+V(X) (X _ a+)1/2+vl2||2

in the one dimensional case, the proof is now analogous to the proof=fbr
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