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Computational and Machine Learning-Reinforced Modeling and De-

sign of Materials under Uncertainty

Md Mahmudul Hasan

(ABSTRACT)

The component-level performance of materials is fundamentally determined by the underly-
ing microstructural features. Therefore, designing high-performance materials using multi-
scale models plays a significant role to improve the predictability, reliability, proper function-
ing, and longevity of components for a wide range of applications in the fields of aerospace,
electronics, energy, and structural engineering. This thesis aims to develop new method-
ologies to design microstructures under inherent material uncertainty by incorporating ma-
chine learning techniques. To achieve this objective, the study addresses gradient-based and
machine learning-driven design optimization methods to enhance homogenized linear and
non-linear properties of polycrystalline microstructures. However, variations arising from
the thermo-mechanical processing of materials affect microstructural features and properties
by propagating over multiple length scales. To quantify this inherent microstructural un-
certainty, this study introduces a linear programming-based analytical method. When this
analytical uncertainty quantification formulation is not applicable (e.g., uncertainty propaga-
tion on non-linear properties), a machine learning-based inverse design approach is presented
to quantify the microstructural uncertainty. Example design problems are discussed for dif-
ferent polycrystalline systems (e.g., Titanium, Aluminium, and Galfenol). Though conven-
tional machine learning performs well when used for designing microstructures or modeling

material properties, its predictions may still fail to satisfy design constraints associated with



the physics of the system. Therefore, the physics-informed neural network (PINN) is devel-
oped to incorporate problem physics in the machine learning formulation. In this study, a
PINN model is built and integrated into materials design to study the deformation processes

of Copper and a Titanium-Aluminum alloy.



Computational and Machine Learning-Reinforced Modeling and De-

sign of Materials under Uncertainty

Md Mahmudul Hasan

(GENERAL AUDIENCE ABSTRACT)

Microstructure-sensitive design is a high-throughput computational approach for materi-
als design, where material performance is improved through the control and design of mi-
crostructures. It enhances component performance and, subsequently, the overall system’s
performance at the application level. This thesis aims to design microstructures for poly-
crystalline materials such as Galfenol, Titanium-Aluminum alloys, and Copper to obtain
desired mechanical properties for certain applications. The advantage of the microstructure-
sensitive design approach is that multiple microstructures can be suggested, which provide
a similar value of the design parameters. Therefore, manufacturers can follow any of these
microstructure designs to fabricate the materials with the desired properties. Moreover, the
microstructure uncertainty arising from the variations in thermo-mechanical processing and
measurement of the experimental data is quantified. It is necessary to address the resultant
randomness of the microstructure because it can alter the expected mechanical properties.
To check the manufacturability of proposed microstructure designs, a physics-informed ma-
chine learning model is developed to build a relation between the process, microstructure,
and material properties. This model can be used to solve the process design problem to

identify the processing parameters to achieve a given/desired microstructure.
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G i2Mi? "/I2MBM; " iBQ

**vbi HQ B2Mi iBQM

K#B2Mi i2KT2 im 2

h2bi . i

P'B2Mi iBQM .Bbi'B#miBQM 6mM+iBQM UP.6V
"B bQ7i?2 'iB7B+B HL2m H L2irQ FU LLV
aiB77M2bb K i Bt

*Qp "B M+2 K i'Bt Q7 i° BMBM; M/ i2bi/ i
Ji2°’B HT QT2 iv K i'Bt

LQ'K HBx iBQM p2+iQ"~

*QKTHB M+2 K i'Bt

g2B;?ib K i'Bt Q7 i?2 "iB7B+B HL2m ™ H L2irQ"FU LLV
"iB7B+B HL2m HL2irQ F

MBbQi'QTv iBQ

*S61* vbi HSH biB+Biv6BMBi2 1H2K2Mi

*ald.

*QKTH2i2 aQHmMIiBQM Q7 J i2 B Hb .2bB:M



R k HBbi Q7 ## 2pB iBQMb

.6h .2MbBiv 6mM+iBQM H h?2Q" v

l1"a. 1H2+i QM " +Fb+ ii2° .B77 +iBQM

6LL 622/ 6Q ' r '/ L2m  H L2irQ F

>*S >2t ;QM H*HQb2@S +F2/

A*J1AMiI2; i2/ *QKTmi iBQM HJ i2°'B Hb1M;BM22 BM;
F LmK#2 Q7 BM/2T2M/2Mi MQ/2b BM i?2 P.6 K2b?
G>aG iBM>vT2 +m#2 a KTHBM;

G_ GBM2 " _2;°2bbBQM

GahJGQM; a?Q i@h2 KJ2KQ v

J*a JQMi2 * "HQ aBKmH iBQM

JG J +?BM2 G2 MBM;

Ja.SPJB+ Qbi m+im 2 a2MbBiBp2 .2bB;M7Q S2 7Q K M+2 PTiBKB
P.6 P'B2Mi iBQM .Bbi'B#miBQM 6mM+iBQM
SALIS?vbB+b@AM7Q K2/ L2m  HL2irQ F

SP. S'QT2 P'i?Q;QM H .2+QKTQbBiBQM

~Jal _QQiJ2 Ma[m 21 "Q°

LL _2+m "2MiL2m H L2irQ F

aZS a2[m2MiB HZm /> iB+ S Q;  KKBM;

hB@dhBi MBmK@d riw HmKBMmK



HBbi Q7 ## 2pB iBQMb Rj

| Z IM+2°i BMivZm MiB7B+ iBQM
t h BMBM; / i
v EMQrM QmiTmi

v S '2/B+i2/ QmiTmi #v "iB7B+B HL2m  HL2irQ FU LLV



*?2 Ti2 R

AMIi Q/m+iBQM

Ji2'B Hb "2 ii?2?2 iQ7Qm / BHv HB72- M/ i?2v ;m > Mi22 i?2
/m> #BHBiv- b 72iv- M/ 2MpB QMK2Mi H +QKT iB#BHBiv Q7 HH i?2
pB+2b "QmM/ mbX h?2 TTHB+ iBQMb miBHBXBM: /p M+2/ K i2 B }
iQ 2M2 ;v- 2°QbT +2- mMiQKQiBp2- M/ #BQK2/B+ H 2M;BM22 BM; X
K i2'B Hb M/ 2M? M+BM; i?2B  T°QT2 iB2b rBHH #2 Q7 + BiB+ H B
im 2 2M;BM22 BM; bvbi2KbX SQHv+ vbi HHBM2 K2i Hb- BM+Hm/BM
UHV HHQvVb br2HH b: H72MQH- "2 rB/2Hv mb2/ BM i?2 2 °QbT +
>2°2-hB M/ H "2 mbm HHv + i2:Q°Bx2/ b 2°QbT +2 K i2'B HbX |
+Q "QbBQM M/ QtB/ iBQM “2bBbi M+2 rBi? ?B:? K2+? MB+ H bi 2M
PBOMKBMi P2 27Q°2- hB HHQvVb "2 miBHBx2/ 7Q° B+  7i bi m+i
2t KTH2 BM B '+ 7i bT'BM;b- im #BM2 +QKT 2bbQ I9X MM?2i2EB+QT
Qi?2°? M/- H HHQvVb "2r2HH@FMQrM 7Q i?2B HB;?i@r2B;?i M im
" iBQbi? i K F2i?2b2 HHQvb /2bB 2/ K i2 B Hp QA" /BB+B @M +HDHKV-Q
H@# b2/ HHQvVb 2 /p Mi ;2Qmb #2+ mb2 Q7 i?2B  HQr +Qbib M/ 2
"2mb2/BMK Mv/B772°2MiT 'ibQ7i?2 B+ 7i-bm+? brBM;b-im"#
7 M- +QKT 2bbQ - M/ + bBM;- iQ KPXmaRKiBH rMR:-?2i H72MQH + M #2
7Q /B772 2Mib2MbQ b M/ +im iQ b Q7 B+  7ibvbi2Kb QrBM; iQ E
72 im 2b +QKT "2/iQ Qi?2 /n8yXBHP2K 227 HKbN+2 Q7 i?2b2 K i2 B H
/2T2M/b QM i?2 mM/2 " HVBM: KB+ Qbi'm+im 2bX h?2°270Q°2-i?2 b2F

R9
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QTiBKmMK T°QT2'iB2b 7Q" #2ii2° T2 7Q K M+2 Bb i?2 F2v Tm ' TQb2
/2bB;MX h?2 BKT2'72+iBQMb Q++m "BM; /Im"BM; i?2 7 # B+ iBQM
iB+BT i2/i?2"K H M/ bi'2bb ;" /B2Mib "BbBM; 7 QK i?2 KQ@K2+7? N
p "B iBQMb BM KB+ Qbi'm+im™> H 72 im 2bX h?Bb mM+2"i BMiv Hb
KB+ Qbi m+im 2i? i+ MMQi #2/2b+ B#2/rBi? /2i2 " KBMBbiB+ 2T"
BM /B772 2Mi bi ;2b Q7 i’ /IBIBOQM H Q' //BiBp2 K Mm7 +im BM; i2-
M+v BM i?2 T '2/B+i2/ KB+ Q M/ K + Q@b+ H2 T QT2 &RR2PXM/ K i2°
Ai+ M2p2M H2 /iQK i2°'B H7 BHm 2 B7i?2 /2pB iBQMb BM i?2 + B
i BM HBKBiX h?2°27Q°2- "Q#mbi 2M;BM22°'BM; /2bB;Mb Hr vb i F2
BMi?2 KB+ ' Qbi'm+im'2 M/i?2T'QT ; iBQM Q7 i?Bb KB+ Qbi'm+im"
H2M:i? b+ H2bX h?2 QTiBKmK KB+ Qbi'm+im 2 + M #2 Q#i BM2/ i?"
T Q+2bbBM; bi2Th- BX2X-i2MbBQMf+QKT 2bbBQM M/ b?2 “HQ /b>
T K2i2°'b HbQ TH vb pBi H QH2BMK i2'B Hb/2bB;MX

RXR *QMi'B#miBQMb

J +?BM2 H2 "MBM; UJGV Bb QM2 Q7 i?2 KQbi 7 b+BM iBM; iQQHb
i72 iQQH#Qt Q7 K i2'B H b+B2M+2- i?2°27Q°2- Bib TTHB+ iBQM ?
2 NX h?Bb b2i Q7 bi iBbiB+ H i2+?MB[m2b ? b H 2 /v /2KQMbi i
+ MiHv bT22/ mT #Qi? 7mM/ K2Mi H M/ TTHB2/ '2b2 “+?X h" /BiB
b2imT Bb “2[mB 2/ iQ 7BM/ M/ +? * +i2 Bx2 M2r K i2 B Hb- r?B+? +
T°QHQM;2/ T°Q+2bbX JQ 2Qp2 - Bi K v '2[mB 2 ?B;? +Qbib 7Q" “2b
[2p2HQTK2Mi Q7 +QKTmi iBQM Hi2+2MB[m2b-T “iB+mH “Hvi?2 /2N
JQMi2* "HQ bBKmH iBQMb UJ*aV- M/ KQH2+mH " /vM KB+b- +QMi |
iBOQM H "2pQHmMIiBQM BMREYX2hB2HIlBK2B MM 22T@Mb2 bbQ+B i2/ rBi? |
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/I2bB;M ? p2 #22M bB;MB7B+ MiHv /2+ 2 b2/ #v +QK#BMBM; 2tT2 B
iBOMbX >Qr2p2°- +QKTmi iBQM H K2i?Q/b + M Q7i2M #2 2tT2MbBp2
+QM/BiB@®MBQ 2t KTH2- TQHvV+'vbi HHBM2 KB+ Qbi'm+im 2?2 b K
2H2/iQ +QKTmi2 Bib ?QKQ:2MBx2/ T QT2 iB2b- i?2 2#v H2 /IBM; iC
+QKTmi iBOQM H T'Q#H2KX AMp2biB; iBQM Q7 H *;2@/27Q K iBQM
Biv KQ/2HBM:V + M 7m i?2  BM+'2 b2 i?2 +QKTmi iBQM H 2tT2Mb2}
+ M#2 bmBi #H2 Hi2 M iBp2i? i+ M T 2+Bb2Hv + Tim 2i?2 mM/2
T'Q+2bb@UKB+ ' QVbi'm+im 2b@T QT2'ivX h?2°27Q 2- BMi"Q/m+B
K i2'B Hb /2bB;M M/ mM+2'i BMiv [m MiB7B+ iBQM Q7 KB+ Qbi m+
i?72 +QKTmi iBQM H 277B+B2M+v Q7 i?2b2 bim/B2bX AM i?Bb bim/
20KQ:2MBxXx2/ UK2bQ@b+ H2V K i2'B HT QT2 'iB2b 2 BMp2biB; i2/
+ ' Qbi m+im> HmM+2'i BMiv BbBM; 7 QK K Mm7 +im BM; T Q+2bb
Ki2’ZB HT'QT2'iB2b M/ T2'7Q K M+2 2 HbQ [m MiB7B2/X JQ 2Qg
QHQ;B2b "2 /2p2HQT2/iQ /2bB;M TQHvV+ vbi HHBM2 K i2°'B Hb mM/
AM //BiBQM- +'vbi H TH biB+Biv KQ/2HBM; Q7 K2i HHB+ KB+ Qbi
S?VbB+b@AM7Q K2/ L2m > H L2irQ ' F USALLV # b2/ bm "Q; i2 KQ/2H

h?2 Qp2° HH +QMi"B#miBQMb Q7 i?Bb bim/v BM i?2 7B2H/b Q7 KmH
i BMiv [m MiB7B+ iBQM- M/ /2bB;:M mM/2  mM+2'i BMiv "2 bmKK "B

C AMp2biB: iBQM2Q7 2PR+ H KEFKBIWbB+ H K i2'B HH TQQIAViB2b U
+HQbM 2D
CJB+'Qbi'm+im 2 /2bB;M Q7BhQH\GTBEI HRTQ iB2b

C AMp2biB; iBQM Q7 i?2 2772+ib Q7 7 # BwMiBXDMBMQ+Q b BB @@
+Qbi'm+im 2b M/ K i2'B HT QT2'iB2b

C AMp2biB; iBQM Q7 i?22772+ib Q7 7 # B rRQIMBMiQ - N\ bh BM/ 180 2



SYSY +Aaé 02 Oné Rd
bB;:M Q7 TQHv+ vbi HHBM2 K i2 B Hb
CJQ/2HBM; M/ BMp2 B2QZ2RBPNOQI7  m+im 2HBBMR T2 QW K2i Hb rBi-

/i @/'Bp2M bm " Q: i2mKIQ/2HAM+2"i BMiv

6B;MRXRDbQ bmKK "Bx2b i?2 Q#D2+iBp2b Q7 i?Bb bim/v #v BMi Q/m+
/2bB;M Q7 K i2°B Hb mM/2  mM+2'i BMivX

6B;m 2 RXR, a+?2K iB+ Q7 i?2 K +?BM2 H2 "MBM; "2BM7Q +2/ K
"B Hb M/ mM+2'i BMiv [m MiB7B+ iBQMX 6B;m 2 +Qm i2bv Q7 T~
U?iiTb,ffrrrXb+Qi7Q ;2X+QKfVX

h?2 Q' ; MBx iBQM Q7 i?Bb i?2bBb Bb b 7QHHQrbR7HP2m\b2@iNVb 222 B Q
HBi2 im 2 2pB2rQMi?2 KmHiB@b+ H2/2bB;M Q7K i2°'B Hb- mM+2
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JG TTHB+ iBQMb BM K i2 "B Hb/BRObBHEK2H?2AATAXK i?2K iB+ H# +F; Q
i?72 KB+ 'Qbi'm+im 2 KQ/2H mbBM; i?2 Q" B2Mi iBQM /Bbi'B#miBQM 7
MmK2'B+ HIZ KQ/2Hb- M/ /i @/ Bp2MjJGbtQBZ2K rF?2TKIB+ Qbi m+i
b2MbBiBp2 /2bB;M Q7 TQHv+ vbi HHBM2 K i2°'B Hb-r?B+? BMpQHp.
bi Mib M/ i?2 /2bB;M Q7 BbQi'QTB+ K i2'B Hb mbBM; ;" /IB2Mi@# b
MB[m2bX *9/Bb2mbb2b i?2 KQ/2HBM; Q7 KB+ Qbi m+im>- HmM+2 i E
QM ?QKQ:2MBx2/ K i2'B HT ' QT2'iB2b U2X:X- 2H biB+ +QMbi MibV
TT Q +? mbBM; M HviB+ H M/JG@# b2/1Z7Q KmH iBQMbX L2ti-i
Ki2 "B Hb/2bB;M Bb /2b+ B¢ ZBBMHRVFIiRZQM+HMbBQMb M/ i?2 TQi2
iI2MbBQMb iQ K i2°'B Hb /2bB;M T Q#H2Kb 7Q" K2+? MB+ H M/ K ;M:
BM *? TeéR"

RXk JmHiB@a+ H2 J i2 B Hb .2bB;M

h?2 7B2H/ Q7 KmHiB@b+ H2 K i2'B Hb /2bB;M BKb iQ B/2MiB7v i?2
QTiBKMK T'QT2'iB2b 7Q " bT2+B7B+ 2RKMBIMIX B2 TiTrH B 2 bi BYIMil? 2
H bi/2+ /2iQ /2bB;Mi?2Q 2iB+ HiQQHb 7Q  QTiBKBXxBM; K i2 B H
b KB+ Qbi'm+im 2@b2MbBiBp2 /2bB;M 7Q " T2 7RBRM+B?QTiBKB
K BM /p Mi ;2 Q7 i?Bb TT Q +? Bb Bib #BHBiviQ +'2 i2 /2bB:;Mb-
Q7 i?2/2bB 2/ T > K2i2 b-r?B+? HHQrb i?2 /2bB: M2 iQ b2H2+i i?2
/2bB;M T > K2i2'UbV7Q" T "iB+mH "RdR BXM2/BiBIY M HHAH 2KBb QTiB
bQHMIBQM + M #2 K TT2/ # +F iQ i?2 +Q "2bTQM/BM; KB+ Qbi m+ir
[2i2°KBM2 i?2 QTiBKMK K Mm7 +im BM; RQM i2nQ7i Q?2? K iBH ®i (QT|
Mim 2Q7 TQHv+ vbi HHBM2 K i2'B Hb-i?2 KB+ Qbi' m+im 2i? i T°C
[2bB 2/ T~ K2i2  U2X;X- biBIVYM20MOQ#MDi?MiQTiBKmK bQHMIiBQM 7
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T K2i2 QX X->Qr2p2 -i?Bb+? HH2M;2 HbQ + 2 i2b MQTTQ imM
Ki2 "B Hb /2bB;M iQ +?B2p2 T 2b+ B#2/ K i2' B HT QT2 iv7Q"

i BHQ BM; i?2 KB+ IQdkiRM himB R b2(b2 “+? "2 ? b#2+QK2KQ 2T 2p H
BMi'Q/m+iBQM Q7 i?2 AMi2;" i2/*QKTmi iBQM H JkiR TB'HB 14X BM2 2
_2+2Mi /2p2HQTK2Mib BM A*J1 ? p2 H2/iQ bB;MB7B+ Mi BKT Qp:
+QKTmi iBOM HK i2'B Hb b+B2M+2 M/ T Q+2bb 2M:BM22 ' BM: b i?
i?72 +Qbi M/ BbFb Q7 K Mm7 +ikFk®M; i2+?2MQHQ;V (

B772°2Mi TT Q +?2b ? p2 #22M TTHB2/ #v 2b2 “+?2 b iQ Q#i BM
iB2b mbBM; i?72 KB+ ' Qbi'm+im"2@b2MbBipRI/2b\B; MK2vhbMm#D X2 @i
MB M 2ikHXTTHB2/ T°'QT2° Q'i?Q;QM H /2+QKTQbBiBQM USP.V M/
BM Q/'B:m2b Q'B2Mi iBQM bT +2 iQ /2p2HQT i?2 "2/m+2/@Q /2" |
KB+ Qbi'm+im > H Q'B2Mi iBQMb BM TQHvV+'vbi HHBM2 K i2'B HX
bB;MB7B+ Mi +QKTmi iBQM H iBK2X h?2 K i2'B H/2bB;Mr b T2 7Q
KB+ Qbi m+im 2 #v [/ Kbi2iQWX?(;2M2" iBM; bT2+i H 2T 2b2Mi

P B2Mi iBQM .Bbi B#miBQM 6mM+iBQM UP.6V-r?B+? /27BM2b i?2 |
+'vbi HHBM2 K3ikk§B HOHBKBH ° TT'Q +?2r b /QTi2/ #vij§) HR/BM/B 2
I12bB;MBM; i?BM TH i2 rBi? +B +mH ~ ?QH2 BM i?2 +2Mi2 iQ K
+ VBM; + T +Biv Q7 i?2 TH i2 rBi?Qmi TH biB+ /27Q K iBQMX h?
/2bB;M K2i?Q/ r b TTHB2/iQ i?2 22t ;QM H +HQb2@T +F2/ U>*SV

2i HR(GQ Q#i BM i?2 /2bB;M bT +2 Q7 2H biQ@TH biB+ T'QT2 iB2b
Bb K /2 Q7 HT? @hBi MBmKX Pi?2" QTiBKBx iBQM bim/B2b "2TQ"
T'Qp2 K2+? MB+ HT ' QT2'iB2b Q7 TQHvV+"vbi HHBM2 Kjk)2 N8/ Hb mb 2
;C T?2@# b2/ K2jiIR /b (

JO 2 "2+2MiHv- HBM2 > T°Q; KKBM: H:Q Bi?K r b mb2/iQ 7BM/
i2tim 2b i? i H2 / iQ QTiBKmK ?2QKQ:2MBx2/ UpQHmMK2@ p2  :2/V T
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Q7 #mBH/BM; "2/m+2/@Q /2 /2bB;M bT +2- +jHHR][e)X2 A?DT2 iv
QTiBKBx iBQM i2+?MB[m2b + M HbQ #2 mb2/ rBi?BM i?Bb "2/m+2/t
T QT2iB2b #v /2bB;MBM; i?2 KB+ Qbi m+im™  Hi2tim 2X h?2 TTHB-
T2 7Q K2/ #v + @ BMXHm/BM; i?2 2t KTH2 Q7 7BM/BM; i?2 #2bi KB+
Q7 M B 7 K2 T M2H 7Q° Q#i BMBM; i?2 K tBKmK #m+FHBM; i2KT?:
2ti2M/2/iQ 7BM/ i?2 K tBKmK vVB2H/ bi'2M;i? Q7 i?2: H72MQH HHQ
i?72 pB#  iBQM imMBM; r2j@) ¥ QAWbB(Ri2+ b2b- i?2 T'QT2 iv +HQbm "
?QKQ;2MBx2/ biB77M2bb T ~ K2i2'br2°2 ;2M2" i2/ M/ miBHBx2/ 7Q
BMi2; i2b KB+ Qbi' m+im 2@b2MbBiBp2 K i2'B Hb /2bB;M rBi? K +
7 bi M/ 277B+B2Mi KmHIiB@b+ H2 KQ/2H i? i#mBH/b HBMF ;2 #2irz

RXj IM+2'i BMivZm MiB7B+ iBQM 7Q" SQHv+"
i2°B Hb

h?2 mM+2 i BMiB2b BM T?vbB+ H bvbi2Kb + M "Bb2 7' QK /B772 2N
72 im 2bX :2M2° HHv- mM+2°i BMiv+ M #2 +H bbB7B2/ b, UBV H2
i2KB+ mM+2 i BMivX H2 iQ B+ mM+2 i BMivBbi?2 M im> H > M/QKI
mM pQB/ #H2X AM i?2 + b2 Q7 K i2'B Hb b+B2M+2- i?72 K BM bQm~
i?2 p "B iBQMb bbQ+B i2/ rBi? i?2 KQ @jKi% T B #Hhn T i Q + BIQO\BIM B |/
bi'2bb M/ i?2 'K H; /B2Mib/m BM; K i2'B HT Q+2bbBM; + M + mb:
iIQKBbiB+- KQH2+mH - M/ K2bQ@b+ H2 bT2+ibX h?2 H2 iQ°B+ m
KmHIBTH2 H2M;i? b+ H2b- M/ 772+ii?2 KB+ Qbi m+im™ H 72 im 2k
i2tim 2X h?2Qm;? i?BbBM?2 2MimM+2"i BMivQ7i?2KB+"Qbi ' m+im"™
BM; 2ti2MbBp2 2tT2 BK2Mi H/ i + M [m MiB7v M/ T 2/B+ii?2 2772
p B #BHBivX PM i?2 Qi?2 ? M/- 2TBbi2KB+ mM+2 i BMiv "Bb2b 7
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2; 7/IBM; KQ/2H Q° bvbi2KX h?2°27Q°2- Bi Bb HbQ + i2;Q Bx2/

T K2i2° mM+2'i BMiv- Q° H;Q Bi?KB+ mM+2'i BMivX >Qr2p2 - H2 i
KQ 2 2ti2MbBp2HV BM i?2 HBi2° im 2 i? M)XTBbi2KB+ mM+2 i BMiv (

2T2M/IBM; QM i?22 ivT2 Q7 1?2 /2bB;M T Q#H2K-i?2 IM+2"i BMiv Zm
bB7B2/ b RV 7Q'r '/ 1Z T Q#H2K M/ BBV BMp2 b2 1Z T Q#H2KX h*
+QM+2Mi’ i2b QM i?2 T'QT ; iBQM Q7 i?2 mM+2'i BMiv QM i?2 Qmi
Ki27B HT QT2 iB2bV B7i?2T Q# #BHBiv/Bbi B#miBQMb Q7 i?2 BM
Ki2'B HT ' QT2'iB2bV "2 + Tim'2/X b “2bmHi- i?2 7Q°r '/ T Q#H:
iQ bi?2 mM+2 i BMiv T QT ; iBOM T 'Q#H2K BM i?2 7B2H/b Q7 K i2
BM:;®)K *QMp2 b2Hv- BMp2'b2 1Z T°'Q#H2Kb BK iQ mM/2 bi M/ i?2
T K2i2'b r?2M i?2 p "B iBQMb Q7 i?2 QmiTmi T ° K2i2'b U2X;X- p
iB2bV "2 + Tim 2/X 6Q  BMbi M+2- i?Bb T'Q#H2K 7Q+mb2b QM i B
biQ+? biB+BMTmibiQ Q#i BMi ";2i2/ K2bQ@b+ H2K i2'B HT QT2 i
KQ 2bmBi #H2 iQ #2 BMp2biB; i2/ #v MmK2 B+ HKQ/2Hb/m2iQ i?2B
Mim'2X M Qp2'pB2r Q7 i?27Q'r '/ M/ BMp2'b2 1Z T'Q#H2Kb 7Q" |
+QMM2+iBQMb Bb pBBkHBxXx2/ BM 6B ;X

h?2Dbi i2@Q7@i?2@ i miBHBx2b +QKTmi iBQM HHv@2tT2MbBp2 Mn
* "HQ aBKmH iBQM UJ*aV-biQ+? biB+ +QHHQ+ iBQM- M/ bT2+i  H
KB+ Qbi'm+im’ H big)X?*b2BxBiV2gRRHEK i2/i?2 mM+2"i BMivBM i?:
/m2iQi?2p "B iBQMbBM i?2 K2 bm 2/ TQH2 7B ;o8 ThQ@vVbB\2{ 322X G
bBM;H2 + vbi H KB+ Qbi'm+im 2b mbBM; i?2 SQiib J*a K2i?Q/ M/ b
Q7 i?2 T 2b2Mi2/ b KTHBM; bi® i2;v QM i?2 + H+mH iBQM Q7 /B772
> BMbBx2 M/;  BM7 +2 MmK#2  /Bbi B#miBQMX M 2ti2M/2/ 7BMBi|
J¥ar b bm;;2bi2/ #v >B BOMIQi[nHXIiB7v i?2 mM+2"i BMiv BM i?2 2Q
2H biB+ T ° K2i2'b Q7 KmHIB@T? b2 WI2ZXBKTIMX2¥m¥d T 2Q TH:Xi BQ M
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6B;m 2 RXk, Pp2 pB2r Q7 7Q ' r '/ M/ BMp2 b2 /2bB;M Q7 KB+ Qbi ™ m
#Qi? /12i2 KBMBbiB+ M/ biQHNKIB+ T Q#H2Kb (

KB+ Qbim+im> HmM+2 i BMivQM ?QKQ;2MBx2/ T ~ K2i2'b mbBM; ¢
+im H KB+ Qbim+im 2X JQ 2Qp2 -i?2v miBHBx2/ J*a iQ bim/v i?2
KQ/mHmb M/ SQBbbQM6éb ~ iBREMaE B/IiM2R2/HXTR2 im # iBQM@# b2/
MBx iBQM K2i?Q/iQ B/2MiB7v i?2BM7HmM2M+2 Q7 i?2 KB+ Qbi ' m+ir
T K2i2'b-bm+? buQmM;6b KQ/mHmb M/ SQBbbQM&b iBQX h?2v
i?72J*a TT°Q +?X AM MQi?2 bim9e- & FHB2i EXB;BM;@# b2/ TT'Q
iIBQMi? irb+QmTH2/ rBi? T Q# #BHBbiB+ /2MbBiv 7mM+iBQM iQ
K + ' Qb+QTB+ T°QT2iB2b Q7 +QKTQbBi2 K i2°'B Hb/m2 iQ i?2 KB+ "1
2i HXdO3 /2p2HQT2/ MmK2'B+ HbiQ+? biB+ M HvbBb b+?2K2 7Q°
Ki2'B Hb #v 2T 2b2MiBM; i?2 KB+ Qbi m+im 2 ;2QK2i v rBi? ?B;?
T K2i2°'bX JQ2Qp2° - EQm+BR2ZDBRENI2ZR2 HAHHQ+ iBQM TT Q +? iQ B
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MM+2'i BMiv Q7 i?2/27Q K iBQM #2? pBQ /m2iQi?2T Q+2bbBM; @
iB HKB+ Qbi'm+im '2X h?2/BbT2'bBQM M/ b2MbBiBpBiv M HvbBb
2t KBM2/ #v J /'B/8Qi#@X Mb2 Q7 i?2 mM+2'i BMiB2b BM i?2 KB+ Qb
bBM;H2@+ vbi H 2H biB+ +QMbi Mib- M/ + vbi HH@Q@R M7BM2/tim 2
i?72 KB+ Qbi m+im 2 bi iBbiB+ HHv M/ K2 bm 2/i?2 bi'm+im- Hp B
KB+ Qbi'm+im 2 T°QT2'iB2b "2 pBbm HBx2/ #vi?2bT +2Q7i?2 T B
"2 /2°b "2 727272/ 1Q 1?2 2ti2MbBp2 bmKKd)wWQ QBB /NI IR QZ7TaXi {2
1Z H;Q Bi?Kb miBHBx2/ BM bK HH@b+ H2 K i2°'B Hb b+B2M+2 T Q#|

h?2 MmK2 B+ HK2i?Q/bi? i "2 H 2 /v/2b+ B#2/ #Qp2 2 +QKTmi
i?2v mMiBHBx2/ b KTHBM; Q' BMi2 " TQH iBQM 7mM+iBQMb iQ 2tT 2bt
i?72° M/QKp B #H2bX AM //BiBQM-B7 i?2 MmK#2 Q7 p "B #H2b BI
i BMb /2bB;M +QMbi® BMib-i?2M i?2b2 K2i?Q/b "2 bbmK2/iQ #2 +(
6Q  BMbi M+2-i?2P.6 BMpQHpP2b H ;2 MmK#2 Q7 BM/2T2M/2Mip °
1?72?22t ;QM H+HQb2@T +F2/U>*SV hBi MBmK UhBV mbBM;i?2T 2b
BM i?Bb bim/vX JQ 2Qp2-i?2 P.6 M22/biQ b iBb7v i?2 pQHMK2 MC
2tTH BM2/ BM i?2 K i?2K iB+ HKKWRHABM2U0Q? ZI-rik?2 MmK2 B+ HIZ K
"2MQi277B+B2MiiQ[m MiB7vi?2mM+2 i BMivBMi?2 P8RXQ7 1?2 T
hQ Qp2 +QK2 i?2b2 HBKBi iBQMb- + " 8Y/Ta@MQbL2/ ;M pMHViIB+ H 7
KmH iBQM Q7 i?2 mM+2 i BMivBMi?2P.6/m2iQi?2p B iBQMb BM
IbBM; bBKBH ~ TT Q +?-i?2v[m MiB7B2/i?2 mM+2 i BMivBM i?2F
2°iB2b b "2bmHiIi Q7 i?2 biQ+? biB+BivBM i?2 2H2+B83PMM?Z2Fb+ ii
BMp2 b2 T Q#H2K Q7 B/2MiB7vBM; i?2 KB+ Qbi m+im> HmM+2 i BM
uQmM;6b KQ/mHmb M/ b?2 " KQ/mHmb p Hm2b r b bim/B2/ #v + -~ m
K2i?7Q8RkX bBKBH °~ TT Q +?2r b TTHB2/iQ /2i2 KBMBM; i?2 T QT
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i BMiv Qp2 i?72 KmHIiB@b+ H2 T'QT2 iB238Q&84Q@KHMQb Eii2? R "i2 * B bHb
[2p2HQT2/ HBM2 "T'Q;" KKBM;@# b2/ M HviB+ HK2i?Q/iQ 2p Hm
KB+ Qbi'm+im 2 M/ Bib T QT ; iBQM QM i?2 K i2'B HT QT2 iB2b i?
iBQM /27BMKiBQMW ( HbQ bim/B2/i?22772+ib Q7 i?2R/MBHE MK B22mM +
KB+ Qbi m+im 2 "2+QMbi m+iBQM mbBM; J eRQ@p + MIQREKM/BERZH?KIRIi?
bim/viQ +QKTmi2 i?2 T QT ; iBQM Q7 i?2 KB+ Qbi'm+im> HmM+2"i
"B HT QT2ZRB2Zb+tQmTHBM; "2HB #BHBiv +QMbi® BMib r&8§X M QTiBK
/2bB;M QTiBKBx iBQM T Q#H2Kr b HbQ bQHp2/iQ BMp2biB; i2i?2
QM i?2 KB+ Qbi'm+im 2i? i "Bb27 QKi?2K2 bm 2K2d)K Q7BIBM;H?2
bim/v BKbiQ /2p2HQT K +?BM2 H2 "MBM;@ '2BM7Q +2/1ZiQQHb 7¢
Q7 i?2 KB+ 'Qbi'm+im 2b M/ Bib 2772+ib QM i?2 K i2'B HT QT2 iB2

RX9 J +?BM2 G2 MBM;@_2BM7Q +2/J i2 B F

1ti° +iBM; mb27mH BM7Q K iBQM 7 QK 2tBbiBM; /i i?°Qm;? p "BQr
#2+QK2 MBKTQ'i MiT /B;KBM/B772 2Mi b+B2MiB7B+ /Bb+BTHB!
+Q;MBiBp2 b+B2M+2-e K POMIQRKBRM ¢2 "b-JG ? b #2+QK2 QM2 Q7 |
+BiBM; K2i?Q/b BM +QKTmi iBQM H K i2'B Hb b+B2M+2X AM i?2 T
?2 b#22M TTHB2/iQ /B772 2Mibim/B2b BM i?2 7B2H/beB2F-QHv+ vb
K i2°'B Hb /Bbed®@2 W( KB+ Qbi'm+im 2 /2bB:M 7Q" Q#i BMBM; bT2-
2i2 BNdyX h?Bb TT'Q +? 2 b HDbQ #22M 2ti2M/2/ iQ +QKTQbBi2 K
M HvbBRBKA)X AM i?2 + b2 Q7 K i2°B Hb /2bB;M mM/2  mM+2 i BMiv-
b T QKBbBMIXQ QP (2t KTH2- sBI® TiTHBR( JG iQ [m MiB7v i?2 m\
i BMiv "BbBM; 7°QK i?2 iQKB+ 2M2 ;v bm'7 +2b mbBM; i?2 iQKBbhi
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/IBQtBTDAVX 0 Bb? HBE®BNIPRbiIB; i2/ i?2 K i2’B H M/ bi'm+im> H mM
72+ib QM i?2 T2'7Q K M+2 Q7 7mM+iBQM HHv@: /2/ K i2'B H U6:.
MQM@BMi mbBp2 TT Q +?2X _2+2MiHv- M JG@# b2/ + vbi H TH bi
hB@d HUhBi MBmMK@d riw HmKBMmKY HHQW? B BN b hr2H R 122 /
H2 "MBM: i2+?MB[m2bX

PMi?2 Qi?2 2 M/- K Mv 2M;BM22 'BM; KQ/2Hb "2 #mBHi mTQM mM/
bQHMIBQMb Q7 i?2b2 KQ/2Hb HbQ M22/iQ b iBb7v #QmM/ v +QM/
iBQMbX 6Q i /BiBQM H/ i @/'Bp2M KQ/2HBM;- H ;2 KQmMi Q7
?2B:?@7B/2HBOXKQIRHR - /m2 iQ +QKTmi iBQM HiBK2 2[mB 2K2Mi
70  bQK2 KQ/2Hb HBF2 + vbi H TH biB+Biv KQ/2HBM; iQ T'Q/m+2 b
7B/2HBiv JG KQ/2HX JQ 2Qp2-i /BiBQM H/ i @/ 'Bp2M JG KQ/2HI
MM/2 HVBM; T?vbB+b@# b2/ /@B ;M +BMMHQ  BMib2 (22 T?2vbB+b Q7
H2K BMiQ i?2 JG KQ/2H iQ/BKTBM@ im?@®R2bb2 KQ/2H- M2r 7" K2rQ
+ HH2/ S?vbB+b@AM7Q K2/ L2m > HL2irQ F USALLVer9X BMIQQ 2m+2/
i?Bb bim/v- G22y27BHKXi (TTHB2/ M2m  H M2irQ ' F H;Q Bi?K iQ bQH
2[m iBQMbX 7i2  i? i- G ;3WBHQHpPA/XQ (BM v . M/ T iB H /B772 2\
iBQMb mbBM; ‘iB7B+B H M2m  H M2irQ FbX h?2v mb2/ bBKBH " K
p HM2 T'Q#H2Kb rBi? B " 2;®X G Q2 Ma B BRIMEN Q2Di2 HXT(2/ /22T
H2 "MBM: H;Q Bi?KiQbQHp2?B;:?@/BK2MbBQM HUmMT iQ kyy /BK2
iBQMb US.1bV rBi? #QmM/ v . M/ BMBiB H +QM/BiBQMbX SALL ? b ¢
i72 b+B2MiB7B+ +QKKmMBiv bBM+2 _ BbbB 2i HX Tm#HBb?2/ /2
bQHPBM; $91M( /Bb+Qp2 BIE§S.GbiZ - i?2v Tm#HBb?2/ M BMi2; i2
Q7 i?2 T'2pBQmb iedX iBmHRD[M2MiHv- SALLr b /QTi2/ BM /B772°
BM; TTHB+ iBQMb- bm+? BbQHBY-Kk2vBiMBFH @iB+BBNKNE/2HBM;
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7HMB/ K2+ ® RNENBNONB- 22 i i° MNE2M(MQ@QTiB+b- KEENBi2 B Hb |
K2/B+BIMRYYRYR M/ TQr2  bvByKKb 2+2MiHv- SALLr b HbQ TTHB2/
iB7v i?2 KQ/2H mMHZRYBRY)EK (AM kykR- iQi H Q7 Rjyy “iB+H2b
i?72 HBi2  im 2 "2H i2/iQ SALL-r?B+? Bb KQ 2 i? MRyB% h?P2b MmK#
MmK#2 b BKTHV i?2 BM+'2 bBM; bB;MB7B+ M+2 Q7 SALL BM i?2 +m
i?Bb bim/v- 7Q  i?2 7B bi iBK2- SALL Bb TTHB2/iQ KmHiB@b+ H2 K
i2°Qm;? KB+ Qbi'm+im 2 QTiBKBx iBQMX



*? Ti2 K

Ji?2K iB+ H" +F;"QmM/ 7Q"
JmHIiB@a+ H2 *QKTmi iBQM H J«

h?Bb +? Ti2 /2HBM2 i2b i?2 M2+2bb v K i?2K iB+ H# +F; " QmM/ 7
iBOM HKQ/2HBM; #v BMi"Q/m+BM; 7Q KmH iBQMb Q7 KB+ Qbi m+in
iB7B+ iBQM- M/ K +?BM2 H2 MBM; H;Q Bi?Kb 2KTHQv2/ BM i?Bb |
TT ' Q +2 i? i +QMM2+ib T'Q+2bbBM; T ° K2i2 b- KB+ Qbi'm+im’ H
?QKQ;2MBx2/ UpQHmMK2@ p2 ;2/VK i2'B HT QT2 iB2bBb TTHB2/
T Q# #BHBiv /2b+ BTiQ - P'B2Mi iBQM .Bbi’ B#nkiBR M+6 Bl BT2M U
P.6 KQ/2H- r?B+? [m MiB7B2b i?2 KB+ Qbi m+im  H i2tim 2 M/ Bb
2Q0KQ;2MBx2/ K i2°B HT QT2 iB2b Q7 TQHv+ vbi HHBM2 K i2'B Hb
2pQHMIBQM KQ/2H /m'BM; /27Q K iBQM T Q+2bbBM; mbBM; i?2 P.
+ Qbi m+im 2b + M /2KQMbi i2 BM?2 2Mi mM+2 i BMivX h?2 27Q"
MmMM+2°i BMiv[m MiB7B+ iBQM UIZV KQ/2Hbi? i "2mb2/iQ+ Tim 2K
"2 2tTH BM2/ BMXAQR +KBQMM2 H2 MBM; @/ Bp2M KmHiB@b+ H2 KQ
T 2/B+i ?QKQ;2MBx2/ K i2'B H T°QT2'iB2b M/ [m MiB7v KB+ Qbi"
iBQkMfBb+mbb2b i?2 K i?2K iB+ H# +F;"QmM/ Q7 i?2/ i @/ ' Bp2M K

kd
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kXR JQ/2HBM; Q7 JB+ Qbi m+im™  H h2tim 2 N\

HmiBQM .m BM; S Q+2bbBM;

TQHvV+ vbi HHBM2 K i2'B H+QMbBbib Q7 b2p2  H + vbi Hb ? pBM;
i iBQMb i? i /27BM2 i?2 KB+ Qbi'm+im> H i2tim 2X h?2 BM/BpB/m
i Hb + M #2 "2T 2b2Mi2/ #v i?2 M;H2@ tBb T ° K2i2 'Bx iBQM i2+?
/"B;mREp)K h?Bb K2i?Q/ 7QHHQrb /B772°2Mi TT ' Q +?2iQ 2T 2b2MiB
+QKT "BbQM iQ i?2 1mH2  M;HRER QK AW MIBIBEMA- i?2 KB+ Qbi m-
/2b+ B#2/ mbBM;i?2P.6-r?B+? /27BM2b i?2 pQHmMK2 /2MbBivQ7 2 +
BMi?2 KB+ Qbi'm+im 2X HQ+ H7BMBi2 2H2K2Mi /Bb+ 2iBx iBQM
_Q/'B:m2b T ° K2i2'Bx iBOM iQ +QKTmi2 i?2 K2bQ@b+ H2 T QT2 il
"2°272°°2/iQi?2bim/v #v RRWQ2I2HBKH2/ BM7Q K iBQM #Qmii?2
T K2i2'Bx iBQM Q7 KB+ Qbi'm+im> HbQHmMIBQM bT +2bX h?2 /27
Q7 i?2 pQHMK?2 /2MbBiB2b Q7 i?2 + vbi Hb- "2[mB 2b i?2 BKTH2K?2
+QMbi> BMii? i Bb 2tT 2bb2/ #v i?2 7TQHHQIrBM; 2[m iBQM,

(nt)dv=1 UkXRV

>2°2{rt) 2T 2b2Mib i?2 P.6 BM T “iB+mH " wmVvbi H207 BMIKBIBDM U
h?2 BMi2;" iBQM 7Q" i?2 ?QKQ;2MBx2/ T'QT2 iB2b Bb T2 '7Q K2/ Q
- #V +QMDbB/2 'BM; i?2 H iMB+Rp2aZM iBDMQ/ B;m2b Q B2Mi+iBIQM p2+i
#2 Q#i BM2/ rBi? i?2 7TQHHQrBM; 2tT 2bbBQM,

1rr(|(1 rr)y+2(r r+1 1r)) UkXkV
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>QKQ:;2MBx iBQM BKbiQ +QKTmi2 i?2 pQHmMK2@ p2 ;2/ T QT2 iB=
+ ' Qbi m+im 2b b 7mM+iBQM Q7 i?2 bBM;H2@+ vbi HT QT2 iB2b.
2biBK iIBRRi?2 pQHMK2@ p2° ;2/2KCWIB¥ PUXIZ;2ABI2IQmb TQHv+ vb
Ki2°'B Hb + M #2 Q#i BM2/ 7' QK i?2 7TQHHQrBM; 2[m iBQM,

C?M=<C> UkXjV

r?2°@Bbi?2biB77M2bb i2MbQ " @72B#?i P2V Kt QM Q7 p2  ;BM;X aBl|
B7 Mv T°QT2iv Q7 bEN:H2BF2EbH/2T2M/2Mi QM i?2 + vbi H Q B
FMQrM-i?2Mi?2 ?2QKQ;2MBx2/ TQRv+ v i#B MTIQTRBIM2/ #v T2 7Q K
i72 p2° ;BM; Qp2 i?2 P.6X J i?2K iB+ HHv-i?2 2tT 2bbBQM Bb,

z
< > = (r) (rnt)dv UkX9V

b K2MiBQM2/ 2 "HB2 - i?2 + vbi H Q' B2Mi iBQM Bb 2T 2b2Mi2/ #\
X iIBQM- r?B+? Bb Q#i BM2/ 7°QK i?2 b+ HBM; iQ7i iRR 2tBEb2Q B 2/QB MB
i2°Kb Q7 i?2 Q B2MMIBRIM+I2 Q7 "Qi bBOMtan( /2) X AM KDPXO(r)
"2T°2b2Mib i?2 bBM;H2@+ vbi HK i2'B HT QT2 iB2bX

h?2 2QKQ;:2MBx2/ UpQHmMK2@ p2  ;2/V T QT2 iB2b Q7 i?2 KB+ Qb
i?72 ;Bp2M 2tT 2bbBRM BMTLQHV+ vbi H T QT2 iv Q#k BKMA/XBbBM; 1|
+ M#2b?QrM BM i?2 HBM2 ~ 7Q K #v ijBpb T?2 RBiNBBX 2B QI2Mi /Bb +
iBQM Q7 i?2 KB+ Qbi'm+im> HQ B2Mi iBQXMRG £2 B pQM?B #B i 24 BB
+ vbi Hbvbi2KbX >2°2-2 +? BM/2T2M/2Mi MQ/ H TQBMi Q7 i?2 7BM
MMB[mM2 P.6 p Hm2 7Q" i?2 bbQ+B i2/ + vbi HX h?2 IKX® BA #2T 2b2\
r'Bii2M b 7QHHQrb,
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jy +Nzy 7 1Y Kz Nfez O«za#z«al n

Z
< > = (r) (rt)dv
B %Iem Xint (r ) (r )' JJJ 1 UkX8V
n=1 n=1 ) me e (1+ rm:rm)2

r?2 Reem Bb 1?72 MmK#2™ Q7 2H2K2Mib Q7 i?2 7TBMBIBMIR2KPBMIM2b
TQBMib BM 2 +? 2NERKRBWit?MP.6 p HmRi? iPi2;" iBQM TQBMirBi? ;H
+QQ /BM Q¥ iRR? 2H2KIMbXB% i?2 C +Q#B M Ki? BHQR 2™, Bb

i?72 BMi2;" iBQM r2Bi?BQMi2?2iBQM TQBMiX h?2 _Q/'B;m2b T ~ K2i2’
Bb ;Bp2M #v,

1
A+ rpirm)?

h?2 2tT 2bbBQMKMXBM 1B¥2M BM i2 Kb Q7 i?2 MQ/ H TQBMi p Hm2b- r

6B:m 2 kXR, 6BMBi2 2H2K2Mi /Bb+'2iBx iBQM Q7 i?2 Q'B2Mi iBQM
T +F2/ U>*SV KB+ Qbi'm+im 2 UhB@d HV M/ U#V 7 +2@+2Mi2 2/ N
M/ "**V KB+ Qbi'm+im 2b U H M/: H72MQHVX h?2 "2/@+QHQ 2/ M
T2M/2Mi P.6 p Hm2b r?BH2 i?2 #HM2@+QHQ 2/ MQ/2b BM/B+ i2 i?2
Q7 i?2 + vbi HHQ:;  T?BRRWKK2i B2b (
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/2 °Bp2/ BM i2 Kb Q7 i?2 T'QT2'iB2b /27BM2/<i »?2 BMi2"-iBQM TG
r?B+? Bb HBM2 " 7Q'KBMi2'Kb Q7 i?2P.6 i BMi2;" iBQM TQBMib,

H . . 1 In
s" = (n)! iJJiJ_(1+ )2 M7= Ar)

r?2° 2- B4R Ngr X NX¥e XX X

q?2M i?2 bvKK2i'v "BbBM; 7°QK i?2 + vbi HHBM2 bvbi2K Bb +QMb
[2T2M/2Mi MQ/ H TQBMib /2#2 2?8202 i®2iQ7 P.6 p Hm2b i i?2 BM/2’
MQ/2bi? i 2 Q#i BM2/ 7 QK i?2 BMi2AM i-BrphB MQ BRI iR iNM@2b- H 7BV
2H2K2Mi /27BMBiBQMX L2ti-i?2 T QT2 iB2b<+>M=b8 K TB-MW #22 KBT 2b 2
Q7 i?2BM/2T2M/2Mi MQ/ HTQBMi P.6 p Hm2bX h?2SMQ/ M THOEMi T°
#2 +QKTmMi2/ST AK>2"2- i?72 K2bQ @b+ H2 biB77M2bb i2MbQ" + M #2
KB+ Qbi'm+im 2?2QKQ;2MBx iBQM 20,T=28pB-QML,BRi?RTHRT @
2°iv K i'Bt Q7 i?2 bBM;H2@ €;7\bX H P2 HIl@ PM7 @B B,V /-mHVIn 2 @ Qi?2°

? M/- Bb BMp2'b2Hv "2H i2/iQ i?2 biBE:7M2bb rb2BRBb gBH2M #v
r?BHBDb i?72 +QKTHB M+2 K i 't C2'0BM22 B7Q 2- Bi Bb + HH2/ MQ|
T QT2 ivX aBKBH "Hv-i?2 MQ K HBXXBRQM¢2QMOi2BMBIMIP2KBM2 °
b[T =1X 6BM HHv-i?2 P.6 Kmbib iBb7vi?2 7TQHHQIEM; MEAM@M?2;
>2°2- M/[ "2 p2+iQ 1B BN K i'BtX h?2B  /BK2MbBQMb /2T2M/ QM i
BM/2T2M/2Mi MQ/2b BM i?2 Q ' B2Mi iBQM bT +2X 6Q  hB@d H- r?B-
i?72 /IBK2MbBOMBMQ@7 250 1)-(36 50) M{l 50)- "2bT2+iBp2HvX

.M BM; i?2 /27Q K iBQM T Q+2bb- i?2 P.6b +? M;2 /m2 iQ i?2 "2Q F
h?2v 2pQHp2 7 QK i?2 BMBiBt HOPVGI) W?2iBE® H /27Q K2/ P.6b U i |
t= ting VX h?22 2pQHMIBQM Q7 i?2 P.6 p Hm2b Bb ;Qp2 M2/ #vV i?2 P.6 -
r?B+? b iBb7B2b i?2 pQHMK2 MQ K H B XBRQIM m+ QBADNI? @ Mbi iQZ 1[X



jk  +RNzy 7 1Y Kz Nféez O«za#7«4l i é2AR K &8 OAb«zaf +féy On

N¢

IMH2'B M " i2 7Q°K Q7 i?2 +QMb2 p iBQM 2[m iBQM BM i?2 + vbi |

rBi? ;  IB2Mi QT2 iQRMP2M #v (
@((@r;tt)+r (nt) v(;0)+ (nt)r v(;t)=0 UkXeV

r?2 A 5t) Bbi?2 "2Q°'B2Mi iBQM p2HQ+BivX h?2 i2tim 2 2pQHmiBQM
KB+ Qbi'm+im 2 +QMbiBimiBp2 KQ/2H BM i&V KB7@MBpBRRXBH2 2" 1[K
#2HQrV- r?B+? Bl(HBMFEI?2Ch VHQ K + ' Q@KB+'Q HBMFBM; ?vTQi
BM/2T2M/2Mi +QMbiBimiBp2 KQ/2H Bb /QTi2/iQ +QKIRM2hi??2 “2Q E
2pQHMIBOQM Q7 +m (l2M7iQKm?2 BMBiB H,0pBmMbXQHp2/ #v i?2 +QMbi
imiBp2 KQ/2H M/ 7BMBi2 2H2K2Mi 2T 2b2Mi iBQM BM i?2 _Q/ B;m:

1 +? /27Q K iBQM T Q+2bb- bm+? b i2MbBQMf+QKT 2bbBQM M/ b
P.6 b QmiTmi 7i2° TTHVBM; HQ /7Q° bT2+B7B+ KQmMi Q7 iB
; IB2MNBH-7TQ° T "iB+mH " T Q+2bb Bb mb2/ #v i?2 + vbi HTH biB+B
P.6 2pQHMIBQM /m BM; i? i T'Q+2bbX h?2 p2HQ+Biv ;" /B2Mi Q7 +
r- + M#2r Bii2M b,

G=S+ _ _h T UkXdV

r?2°2 2T 2b2Mib i?2 H iirBB-M/BHFBINb i?2 H iiB+2MQi BBIQBRI+ i2 i?2
b?2 "BM; " i2 M/ a+?KB/i2MbQ 7Q 2A2TI2H BBIpR WX K

h?2 K + Q p2HQ+Biv ;" /B2Mi 2kKe&2 b BD KM BIT2MXBM i?2 7QHHQIrBM:
70°K 7Q° i?2 i2MbBQM{+QKT 2bX¥8 QM Bl +21BpUBQM Bb bFBTT2/ -
#°2pBivr?B+?2 + M #2 TRBM/ BM _27X (



	Titlepage
	Abstract
	General Audience Abstract
	Dedication
	Acknowledgements
	List of Figures
	List of Tables
	Introduction
	Contributions
	Multi-Scale Materials Design
	Uncertainty Quantification for Polycrystalline Materials
	Machine Learning-Reinforced Materials Design

	 Mathematical Background for Multi-Scale Computational Modeling
	Modeling of Microstructural Texture and Its Evolution During Processing
	Uncertainty Quantification (UQ) Models
	Analytical Modeling of Microstructural Uncertainty for Linear Properties
	Uncertainty Quantification using Numerical Models

	Data-Driven Machine Learning Models
	Training of the Network
	Bayesian Regularization


	Microstructure-Sensitive Design of Polycrystalline Materials
	Design Sampling in Property Space for Multi-scale Design
	Gradient-Based Optimization
	Optimization of a Linear Property 
	Optimization of a Non-Linear Property 
	Inverse Design Optimization

	Microstructure Design for Isotropic Properties
	Problem Statement
	Design for Isotropic Properties

	Machine Learning-Driven Optimization
	Training Data Generation from Property Closures
	Results and Discussions


	Stochastic Design of Polycrystalline Materials
	Forward Design under Uncertainty
	Inverse Design under Uncertainty
	Inverse Design for Linear Properties under Microstructural Uncertainty using the Analytical Model
	Inverse Design for Non-linear Properties under Microstructural Uncertainty using the ANN Model


	Crystal Plasticity Modeling with Physics-Informed Neural Networks
	Physics-Informed Neural Networks with LSTM
	Results and Discussions
	Forward Model of Crystal Plasticity Simulations
	Inverse Design of Crystal Plasticity Parameters


	Conclusions and Future Work
	Conclusions
	Future Work
	Complete Solution of Materials Design (CSMD)
	Uncertainty-Dominated Ferromagnetic-Paramagnetic Phase Transition


	Bibliography
	Appendices
	Appendix Covariance Correlation of ODFs
	Appendix Bayesian Regularization

