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Synopsis

In this paper, the theoretical interrelation between the ratio of dynamic moduli and the number and
distribution of relaxation times required to fit the generalized Maxwell model to the data was
investigated. Theorems were derived for making interval estimation of the relaxation times of the
generalized Maxwell model from the ratio of linear combinations of the dynamic moduli at different
frequencies. According to these theorems, given dynamic mé@uliandG”) at two frequencies

a andb or three frequencies, b, and @b) 12 one must select at least one relaxation time in the
relevant interval ¢p ,7g) for the model to fit the data precisely. As a result, from a set of dynamic
dataG’ andG”, one can determine a series ofa(, 7g) from which the minimum numbemNmin)

and distribution(interval estimation ofrj) of relaxation times of the model can be estimated. The
approach was applied to polystyrene data reported in the literature. The results were discussed and
compared with those of relevant work, especially the nonlinear regression model-fitting procedure.
© 2002 The Society of RheologyDOI: 10.1122/1.14852783

I. INTRODUCTION

Calculation of the relaxation time spectrum from viscoelastic data and an appropriate
viscoelastic model has been a subject of rheological interest for a long[$ieee for
example, the monograph by Fert$980]. The data and functions often used to deter-
mine the relaxation time spectrum are the dynamic moduli. With the generalized Maxwell
model, the storage and loss mod@i, (w) andG”(w), may be expressed as functions of
the discrete spectrum:

G'(w) = Go+ Y, G’ il(1+w?s), 1)
|

G'(w) = 2, Gor (1+w?7), )

whereGq is the equilibrium modulus an@; is the spectral strength associated with a
relaxation timer; . Based on Eqs(1) and(2) one can find the discrete relaxation time
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spectrum by fitting the equations ®’ and G” data. The parameter§; and 7;, are
determined such that the deviation (§etween predicted values and giveh andG”
data is a minimum:

M

1 G'(w)—Gl(wp) |2 [ G (wp)—Gl(wy)\?
s=— 3 N N — Min, (3
Mk<'1 G’ (wy) G (wy)
where
! N wETIZ " wkTI ! 1"
Grw) = 2 — 535G +Gy, Grw) = > — 535G, G'(w) andG"(wy)
i=11+awyT i=11l+twT

(k = 1,2,...M) are a dataset available from experiments. As shown in(Bgthe vari-
ables that may influence $and the calculated results include:

(1) G’ andG” data available,

(2) number of the relaxation model,

(3) relaxation timesrj (i = 1,2,...N), and

(4) spectrum strengtls; (i = 1,2,...N) andGg.

While many computational algorithms have been developed for calculating the dis-
crete relaxation spectrum, all of them can be separated into two categories according to
the ways in whichN and 7; (i = 1,2,...N) are determined. In the first approakhand
7 (i = 1,2,..N) are determined in a somewhat arbitrary way with all times being
equally distributed on a logarithmic time scale. Then, a linear regression procedure is
used to determin&; (i = 1,2,...N), as was done by Lau(i1986. To stabilize the ill
posedness of the problem, Honerkafi®89, Honerkamp and Weesg 989, Elster
et al. (1992, and Mead(1994 used different forms of regularization and recovered a
model with a large number of moded\. In the second approacN and 7; (i

= 1,2,..N), as well asG;, are determined by a nonlinear regression procedure. This
scheme was first developed by Baumgaertel and Wii@89 who believed that the
number and distribution of the relaxation times could not be preset but had to be opti-
mized through iterative computation. To determifigthe algorithms have to iterate from
either a large numbesay, two per decadgor alternatively from a small numbésay,

one, as Mustapha and Phillig2000 proposed until the minimum number oN that
allows a satisfactory fit is obtained. Keepihgsmall is required to suppress the repro-
duction of noise in the experimental data and the ill posedness and negative vatkies of
in the calculated spectrufiBaumgaertel and Wintei1989; Baumgaertekt al. (1990);
Winter (1997)].

In the present paper, we will discuss the influence of it€2h&nd(3) above, i.e., the
number and distribution of the relaxation times of the model. More specifically, we
attempt to answer the following questions:

Given a set of dynamic daf@&’ andG”), can we estimate the number of relaxation
modes(N) and the distribution of (i = 1,2,...N) in the generalized Maxwell model?

Differing from all regression methods mentioned above, we use analytical relations
derived from the ratio of dynamic moduli, not the numerical solution of Efjsand(2).

Our analysis does not includg; (i = 1,2,...N), but is focused on the influence of the
relaxation times only. Moreover, instead of dynamic mod@i’ (G”) themselves, the
ratio of a linear combination of dynamic moduli at different frequencies will be used as
a starting point for our analysis. It is found that the ratio of certain functions can reveal
some important relations that are difficult to obtain from dynamic moduli themselves.
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Il. RATIOS OF DYNAMIC MODULI AT DIFFERENT FREQUENCIES
A. Ratios of dynamic moduli for a Maxwell model

The storage and loss moduli for the Maxwell moc@l,’w(w) and G;\’,l(w), can be
expressed, respectively, as

, w’7?

Gy(w) = 1+szzG, (4)
” wT

Gy(w) = me- )

whereG is the elastic modulus associated withMe now introduce four functions based
on the ratio of linear combination of the dynamic mod@iy (w) and/orGy,(w):

o tiapa Gub)  GO*A(L+bP7) 1 (b?
17 hEeD = o e T eRA A | R Y ©
o tapa Gub)  Gbd1+b*?) a 1 (b a
2 = fa@bm) = G@ Gad(l+a®? b 1+b%2\a b/’ "
o - Gy (b)—Gy(a) _ mr b-a
3= 3(a,b,r) = G;\'/I(b)—l-G/,\l/l(a) = 1+m272 m (8)
b - Gym ~ m mr b-al> m
4~ ff@bn = G(@)+Gyy(b) atb |1+nPZ m | atb’ ®

wherea and b are two arbitrary frequencies anmd = (ab)l’z. To be specific, it is
assumed throughout this paper that< b. Note that for constanta andb, all of these
functions depend on the relaxation tim@nly. Equationg10) and(11) give the deriva-
tives of f1 andf, with respect tor, respectively:

gy 20%@%-bd)r

PP T o

g, 2b(@®—b?r "
e — <
or  a(l+b*)? (v

So, bothf; andf, decrease monotonically asncreases. From Eg&3) and(9) we have
gty (b—a)(1-mPr)
or (1P

oy 2b—a)m?

o (b+a)(l+mPr)

Clearly, in the region ofr < 1/m, dfz/d7 > 0, anddf,4/d7 > 0O; in the region ofr
> 1/m, ofz/dr < 0 anddf,/dr < 0. Whenr = 1/m, df3/dr = df4/97 = 0, fgand
f4 reach their supremumsh a)/(2m) and @+ b)/(4m), respectively. The plots df; ,
fo, f3, andf, as a function ofr are shown in Figs. 1-4, respectively.

12

(1—-mP7A). (13
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FIG. 1. f4[ = G,’v'(b)/G,’v,(a), ratio of the storage moduli for a Maxwell elemeat< b] as a function ofr.
F, is the value of the same ratio function for the generalized Maxwell systgnis the 7 coordinate of
intersection point of linéd, = F, and curvef; = f1(a,b,7). 71 andry represent the maximum and minimum
relaxation times of the system, respectively.

B. Ratios of dynamic moduli for a generalized Maxwell model

Corresponding to the ratio functions for a single Maxwell model, we ddfineF-,
F3, andF,4 to represent the four ratio functions for the generalized Maxwell model:

G'(b)

Fl = Fl(a,b) = m, (14)
G//(b)

F2 = FZ(a!b) = G”(a), (15)
G'(b)—G’

Fam Fah) = oo o & 16

" G'(@+G"(b)

Min(f)
a/b

»
>

IN T 71 T

FIG. 2. f5[ = Gy, (b)/Gy(a), ratio of the loss moduli for a Maxwell elemerat, < b] as a function ofr. F,

is the value of the same ratio function for the generalized Maxwell systera.the 7 coordinate of intersection
point of linef, = F, and curvef, = fy(a,b,7). 71 and 7y represent the maximum and minimum relaxation
times of the system, respectively.
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FIG. 3. fa[ = (Gpy(b) =Gy (@) 1/[Gy(b) +Gpy(a)], Gy(w) andGy,(w) are storage and loss moduli for a
Maxwell elementa < b, m = (ab)l/2 as a function ofr. F3 is the value of the same ratio function for the
generalized Maxwell systemp and rg are r coordinates of two intersection points of lifig = F3 and curve
f3 = f3(a,b,7), respectively.r, is one of the relaxation times of the system correspondingsta,b, )

= Max; < < N[f3(a,b,7)].

G!l(m)

G”(a)+G”(b) b (17)

F4 = F4(a,b) =

If G/ and G;' are used to represent the storage and loss moduli foitth&axwell
element, that is,

2 2
: il
Gi ((1)) = m(ﬁ y (18)
" e
Gi ((0) = mel , (19)

then the storage@’) and loss G”) moduli for a generalized Maxwell model can be
written as

fx

A

(a+b)/4m

Max(fs)

F4

m/(a+b)

»
»

TaTp1/m 18 T

FIG. 4. f4f = Gy (m)/(Gy(b)+Gpy(a)], Gpy(w) is loss moduli for a Maxwell elementa < b, m
= (ab) 12 55 a function ofr. F 4 is the value of the same ratio function for the generalized Maxwell system.
7a and g arer coordinates of two intersection points of lifg = F4 and curvef, = f4(a,b,7), respectively.

7p is one of the relaxation times of the system correspondinizte,b, 7p) = Max; < i < n[fa(a,b,7)].
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N
G'(w) = Got+ 2 G(w), (20)
i=1
N
G'(w) = > G(w). (21)
i=1
If 7g is associated with an infinite relaxation time, then it follows from Bd) that
Gy(w) wz% Gy=0G (22
O(w 1+w278 o~
Thus, Eq.(20) can be rewritten as
N
G'(w) = X Gl(w). (23)
i=o0

We have from Eqs(14) to (17) that
G'(b S G{ (b) B S of1(ab,m)G (@)

e e T T @ Ga 2
G’y 3G 3 fabnG@
FZ(a-b) - G//(a) - G/r(a) - Gr/(a) (25)
oy SO-C@ NGB -G@] _ L fyabm)C(@+ &b
" Gaien) T d@ido G"(2)+G'(b) |
(26
G 3L6m S f@bnlci@Gi(b)]
Pl = Gareo)  G@ra) G'(@)+G"(b)

Equations(24)—(27) imply that any ratio function based on the generalized Maxwell
model is the average of the functions for the elements with certain weighting functions.
As any average value can neither be less than the minimum value nor greater than the
maximum value of averaged quantities, the value of the ratio function of the generalized
Maxwell model is always between the minimum and maximum values of the function for
the elements. That is,

Min [fi(a,b,7)] < Fq(a,b) < Max [fqi(a,b,7)], (28
0<i=<N 0<i=<N

Min  [fy(a,b,7)] < Fa(a,b) < Max [fa(a,b,7)], (29
1<i<N l<isN

Min [fi(a,b,7)] < Fz(a,b) < Max [fa(a,b,7)], (30)
1<sis<N 1<sis<N

Min [fs(a,b,7)] < Fua(a,b) < Max [fu(a,b,7)]. (31
1<is<N 1<is<N

It can be shown that wheBy = 0, Eq.(28) becomes
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Min [fy(a,b,7)] < Fy(ab) < Max [fi(ab,7)]. (32

1<sis<N 1<sis<N

The proofs of these inequalities are simple and similar. The proof of inequabjyis
given as an example in Appendix A.

Ill. RELATIONSHIP BETWEEN THE RATIO OF DYNAMIC MODULI AND THE
RELAXATION TIMES

The functions and relations derived above can be used to correlate the ratios of dy-
namic moduli with the relaxation times of the generalized Maxwell model. We will now
present the theorems for estimating the relaxation times, and discuss briefly how to apply
these theorems to dynamic data when experimental errors should be considered. We will
also demonstrate the way these theorems are used to estimate the minimum number and
distribution of relaxation times when a set of dynamic data is available.

A. Theorems for estimating the relaxation times
For the generalized Maxwell model with discrete relaxation times, the storage modu-
lus G’ and loss modulu§&” can be expressed as
N
G'(w) = G0+i;1 Giwzriz/(l-l-sziz), (33

N

G'(w) = | Zl Gior [(1+ 7). (34)

If a andb represent two arbitrary frequenciea € b) andm = (ab)”z, we have the
following relaxation time localization theorems. Note that 74, or 7g used below do
not represent members ef= {r,72,73,...,7n}, Which is the collection of the relax-
ation times for the model.

1. Theorem 1

If 7={71,72,73,...,7n} (71 > 72 > 73 > ... > 7) is the collection of the relax-
ation times for the generalized Maxwell model whose ratio of dynamic madeyli
= G’'(b)/G’(a), then

™w<T, (35
where
1/a®—F4/b?
= _ (36)
Fi—1
If in addition Gg = 0, then
> T (37

In other words, the system contains at least one Maxwell element whose relaxation time
falls in the interval (Oz,), and at least another one element whose relaxation time falls in
(7r,%) whenGg = 0.
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2. Theorem 2

If 7={71,72,73,...,7n} (71 > 70 > 73 > ... > 7) is the collection of the relax-
ation times for the generalized Maxwell model whose ratio of dynamic madégli
= G”"(b)/G"(a), then

TN < TI' < Tl, (38)

B b—aF, 39
™~ N abbr,-a) 39

In other words, the system contains at least one Maxwell element whose relaxation time
falls in the interval (O7,), and at least one other element whose relaxation time falls in

(Tr !oo)'

where

3. Theorem 3

If 7={71,72,73,...,7n} IS the collection of the relaxation times for the generalized
Maxwell model whose ratio of dynamic modulFz = [G’(b)—G'(a)]/[G"(a)
+G”(b)], then there exists,e 7 and

A< Tp < T3, (40

where

b—a—+/(b—a)?—4abF3
AT 2abF3

: (41

b—a++/(b—a)?—4abF3

42
B 2abF, 42

In other words, the system contains at least one Maxwell element whose relaxation time
falls in the interval ¢p,7g).

4. Theorem 4

If 7= {r1,72,73,...,7n} IS the collection of the relaxation times for the generalized
Maxwell model whose ratio of dynamic modi, = G”(m)]/[G"(a)+G"(b)], then
there existsrpe 7 and

TA< Tp< TB, (43)

where

b—a—+/(b—a)°—4abR’
AT 2abR

, (44)

- b—a++/(b—a)’—4abR

, 45
B 2abR 49

where
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b)F
R A [@TPFs 46
m

In other words, the system contains at least one Maxwell element whose relaxation time
falls in the interval ¢a,7g).

Figures 1—4 are helpful in understanding the meaning of these theorems. In Fig. 1,
as defined by Eq(36), is the 7 coordinate of the intersection point of the lifig = F;
and the curve f; = fi(a,b,7). It is clear that =y = Min(7) < 7, because
fi(a,b,7n) = Maxq < < n[f1(a,b,7)] > F;, and 71 = Max(r)) > 7,  for
fi(a,b,m) = Miny < < n[f1(a,b,7)] < F1 whenGg = 0. Similarly, theorem 2 can
be deduced from Fig. 2 in which represents the coordinate of the intersection point
of the linef, = F, and the curvd, = f,(a,b,7). In Fig. 3, 77 and rg, as defined by
Egs.(41) and(42), are 7 coordinates of the two intersection points of the line= F3
and the curvefz = f3(a,b,7), and 7, is one of the relaxation times of the system
corresponding td3(a,b,7p) = Maxy < i < n[f3(a,b,7j)]. It is obvious thatry < 7,
< g for f3(a,b,7p) > F3. The conclusion and logical reasoning of theorem 4 are
similar to that of theorem 3 and can also be found from Fig. 4. The complete proof of

these theorems can be found in Appendix B of this paper.

B. Estimation of the minimum number of the relaxation times

The above theorems make it possible to get one intdtkial system contains at least
one Maxwell element whose relaxation time falls in the inten®l use of dynamic
moduli at two(a andb) or three[a, m, andb with m = (ab)l/z] frequencies. On this
basis, from a set of dynamic modus’ andG” at a number of frequencigsone may
get a number of such intervals corresponding to different choicesaoflb. From these
intervals one may find a group of intervals that do not overlap with each other, and the
number of Maxwell elements involved in the system cannot be smaller than the number
of intervals in this group. More specifically, we have the following corollary deduced
from the above theorems.

1. Corollary 1

Suppose fai, i) (i = 1,2,...) is any group of intervals obtained by use of theorems
1-4 and a set of dynamic moduls’ andG” at a number of frequencigsf a general-
ized Maxwell model with the relaxation times = {71,7,73,...,7n}. If intervals
(7aj,7i) (i = 1,2,...n) do not overlap with each other, that is, if

TAL < B1 = A2 < B2 = TA3 < B3 " = ’TAn< TBn: (47)

thenN = n.

We note that in the group of intervals of E@L7), only interval (ra1,7g1) and/or
(7an,7Bn) May be obtained from theorems 1 or 2. In this case, we define= 0,
781 = 7r andran = 71, TRn = ©.

2. Proof of the corollary 1
According to theorems 1-4 and E@.7), there arerpje 7(i = 1,2,...n) and
TALS Tpl < TBLS TA2 < Tp2 < TB2 S A3 < Tp3 < B3 " S Tan = Tpn < 7Bn-
(48)

So, the collectionsr = {71,72,73,...,7y} contains at leash different members, oN

= N.
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Even for the same dynamic dataset, diffenemay be obtained if the sampling and/or
calculation(depending on the theorem amagdb used methods used are different. The
estimation closest to the true val(d) obviously corresponds to the largest n available,
Of Nmax- In this paper we us&Nni, to represent the minimum number of Maxwell
elements involved in the system and M, = nmax.- Because the largest,,;, means
the best estimation dfl, and the use of theorems 1-4 comprehensively may lead to the
largest possiblen and, hence, the best estimation. This is why we introduced different
ratios with similar functions, such asz and F4. In Sec. IVA an example will be
provided to show howN i, is determined.

C. Estimating the relaxation times from dynamic data with error

We now consider the situation when the availaBle and G” data[and, hence, the
Fy(x = 1,2,3,4) contain experimental error. Here, the error toleranceRgrcan be
determined from the tolerance of the dynamic dé&d and G”), which are obtained
directly from the experiments. In the following, the tolerance Fgr(x = 1,2,3,4) is
represented by limit&, andFI, orF, < Fy =< F;{ (x = 1,2,3,4). Simply substitut-
ing F, or F;{ into Eq. (36) or (39), Egs.(41) and(42) or Egs.(44) and (45), one can
calculate corresponding relaxation times,, 7, , 75 , andrg , as well asrx and7g .

The influence of experimental error can be evaluated by comparing these values with
those calculated fronfr,. An example here shows hol, and F; (x = 1,2,3,4) are
determined from the error tolerance f@' and G". Let G'(w) and G"(w) be the
storage and loss modulus, respectively, of a generalized Maxwell model, aBd(le)

and G”(w) be the corresponding observed data. The limit of the experimental error is
given by

G (w)—G'(w)
Max |———| < d1, (49
w = a,b,m G (o)
G//(w)_Gll(w)
Max — | = 52. (50)
o = a,b,m G(w)

From the above equations we have for= a, b, andm
G (0)(1+8) < G'(w) < G (w)(1-8y), (51)
G'()(1+8,) < G"(w) < G"(w)(1-5)). (52

From these equatiorfs, ande+ (x = 1,2,3,4) can be defined. For example, from these
equations it follows that

G'b)1-8) _G'(b) _ G'(b)(1+3)
G'@l+s) G'@ G'@i-é)

(53

or

_ @G-8

" T o
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. G+

= 55
2 G'@1-65) 9

IV. APPLICATION OF THE METHOD: ANALYSIS OF POLYSTYRENE MELTS

A. Calculation of Fy(x=1,2,3,4), intervals and Npyjn

Now we apply the method to polystyrene mels 180 °Q to show how it works for
a given polymeric system. The modulus data were reported in tabulated dostep of
logw = 0.2) by Schausbergeet al. (1985. The samples denoted as PS-1 to PS-6 are
standard polystyrenes with different molecular weights. The detailed molecular param-
eters are available from the original article. Because the original data have been smoothed
and no error tolerance is available from the source, the error or noiséy {ix
= 1,2,3,4) was not considered here. Because the samples are polymeric melts, it is
assumed thay = 0 andF; can be used to estimate the maximum relaxation time as
indicated by theorem 1. In Table | is given the details of the calculation for PS-5 to
illustrate the procedure. The results for all samples are listed in Table II.

1. Choice of a, b and calculation of F

Although G’ and G” at any two frequencie$a and b) can be used to calculate
parameters, or 7o and g, the usefulness of the results differs with different choices of
a and b. Remember our goal is to find the largest number of intervals ,tg;) (i
= 1,2,...n) without overlap to make the best estimationNyf;i, - To reach this goal one
needs to determine intervals with the narrowest length, i.e., thg,{gj) with
(7gi/Tai) — min. It was found that-, and7g calculated fronG’ andG” at the nearest
frequencieg (b/a) — min] usually have the smallest-§/7,) under the condition that
m[ = (ab)¥?] is the same. So the neighborii® and G” data points were used to
calculateF, . For example, for PS-5, th&’ and G” data were available from lag
= —3.2t0+3.8 at a step of 0.2. Starting from lag= —3.2 to+3.6 at a step of 0.2, we
choose lo@ = logw and logb = loga+0.2 to calculateF; = G’(b)/G'(a), F»
= G"(b)/G"(a) and F3 =[G'(b)—G’'(a)]/[G"(a)+G"(b)]. To calculate F4
G"(m)/[G"(a)+G"(b)], for logw = —3.2 to +3.4 at a step of 0.2, log
= log w, logh = loga+0.4 and logn = loga+0.2 are used. The calculated results are
listed in Table I. The calculation for other samp(&S-1 to PS-4 and PS-& carried out
in the same way.

2. Calculation of 7, 74 and =g and N njn

OnceFy (x = 1,2,3,4) are available;, can be calculated by use of E@6) or (39),
whereasrp and rg can be calculated using Eqgll) and (42) or Egs.(44)—(46). The
most convenient way for calculating, (x = 1,2,3,4) andr, or 74 and 7g is using a
spreadsheet such as Microsoft Excel. To calculig, from these intervals, a group of
intervals without overlap need to be selected. As was discussed in Sec. IlI B, the selected
group should contain as many intervals as possible. The data with block and italic font in
Table | show a group of intervals thus determined. The groups for PS-1 to PS-6 are listed
in Table Il. Note that the way these intervals are determined may not be unique, provided
that different ways give rise to the sanNg,i,. Also listed in Table Il isSNpn, the
minimum number of relaxation modes one needs to select to fit the data. The value of
Nmin is equal to the number of the intervals in each graup,
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TABLE |. Estimation of the relaxation times for the polystyrene nie-5 at 180 °C?

Theorem 1-3 Theorem 4
logblloga F; logry F, lognr Fs log7a log7g logblloga Fs log7a log7g
3.8/3.6 1.1482 —3.318 1.2589 —3.942 0.1502 —4.135 —3.265 3.8/3.4 0.4914-4.055 -—3.145
3.6/3.4  1.1482 —3.118 1.2883 —3.773 0.1664 —3.875 —3.125 3.6/3.2  0.4844 —3.907 —2.893
3.4/32  1.0715-2.748 1.2883 —3.573 0.0966 —3.962 —2.638  3.4/3.0  0.4886-3.675 —2.725
3.2/3.0 1.0715 —2.548 1.3183 —3.406 0.1173 —3.667 —2.533 3.2/2.8 0.4815-3.530 —2.470
3.0/2.8  1.0715-2.348 1.3183 —3.206 0.1443 —3.358 —2.442  3.0/2.6  0.4734—-3.409 —2.191
2.8/2.6 1.0233 —1.897 1.2589 —2.942 0.0593 —3.586 —1.814 2.8/2.4 0.4870-3.086 -2.114
2.6/2.4  1.0233 —1.697 1.2589 —2.742 0.0730 —3.293 —1.707  2.6/2.2  0.4783-2.959 —1.841
2.4/2.2 1.0471 —1.654 1.2023 —2.487 0.1739 —2.646 —1.954 2.4/2.0 0.4870—-2.686 —1.714
2.2/20  1.0233 —1.297 1.1749 —2.261 0.1000 —2.746 —1.454  2.2/1.8  0.4840-2.510 —1.490
2.0/1.8  1.0233 -1.097 1.1220 -2.013 0.1123 —2.489 —1.311  2.0/1.6  0.4866-2.290 —1.310
1.8/1.6 1.0233 —0.897 1.0715 —1.767 0.1205 —2.253 —1.147 1.8/1.4 0.4827-2.120 —1.080
1.6/1.4  1.0471 —0.854 1.0000 —1.500 0.2411 1.6/1.2  0.4942 —1.835 —0.965
1.4/1.2 1.0233 —0.497 0.9772 —1.278 0.1151 —-1.876 -—0.724 1.4/1.0 0.4940-1.637 —0.763
1.2/1.0  1.0471 —0.454 0.9550 —1.056 0.2149 —1.274 —0.926  1.2/0.8  0.4875-1.483 —0.517
1.0/0.8 1.0233 —0.097 0.9120 —0.810 0.0968 —1.561 —0.239 1.0/0.6 0.4979-1.212 -0.388
0.8/0.6 1.0471 —0.054 0.9120 —0.610 0.1705 —1.059 -0.341 0.8/0.4 0.4979-1.012 -0.188
0.6/0.4  1.0471 0.146 0.9120-0.410 0.1485 —0.942 —-0.058 0.6/0.2  0.4979 —0.812  0.012
0.4/0.2 1.0471 0.346 0.9120-0.210 0.1294 —0.817 0.217 0.4/0.0 0.5042-0.574 0.174
0.2/0.0 1.0471 0.546 0.9333-0.033 0.1140 —0.681  0.481  0.2/0.2 0.4988 —0.406  0.406
0.0/~0.2 1.0715 0.652 0.9333 0.167 0.150#0.334 0.534 0.6/0.4 0.5050 —0.169 0.569
-0.2/~0.4 1.0715 0.852 0.9550 0.344 0.13280.203 0.803 —0.2/-0.6 0.4935 —0.041 0.841
—-0.4/-0.6 1.0965 0.983 0.9333 0.567 0.1542 0.080  0.9200.4/-0.8 0.4988 0.194  1.006
-0.6/~0.8 1.0965 1.183 0.9333 0.767 0.1313 0.191 1.2090.6/-1.0 0.5050 0.431 1.169
—-0.8/~1.0 1.1220 1.328 0.9550 0.944 0.1397 0.424  1.3760.8/~1.2 0.4935 0.559  1.441
—-1.0/~1.2 1.1749 1.442 0.9333 1.167 0.1609 0.705 1.4951.0/~1.4 0.5050 0.831 1.569
—1.2/-1.4 12303 1573 0.9550 1.344 0.16260.911  1.689 -1.2~1.6 05115 1.068  1.732
—1.4/~1.6 1.3490 1.661 1.0000 1.500 0.1785 1.171 1.8291.4/-1.8 0.5173 1.300 1.900
-1.6/~1.8 15488 1722 1.0715 1.633 0.1876 1.406  1.9941.6/~2.0 0.5307 1575  2.025
—-1.8/~2.0 1.7783 1.787 1.2303 1.686 0.1709 1542  2.2581.8/~-2.2 0.5116 1.669  2.331
-2.0/~2.2 1.9953 1.858 1.3804 1.718 0.1417 1.632 2.5682.0/-2.4 0.4863 1.708 2.692
—2.2/-2.4 21380 1.958 1.4791 1.748 0.1076 1.690  2.9102.2/-2.6 0.4673 1.714  3.086
—2.4/-2.6 22909 2.017 1.5136 1.854 0.0795 1.747 3.2532.4/-2.8 0.4631 1.843 3.357
—2.6/-2.8 23442 2148 15488 1.897 0.0540 1.771  3.6292.6/~3.0 0.4588 1.938  3.662
—-2.8~3.0 2.5119 1.5849 0.0378 1.813 3.987 —2.8/~-3.2 0.4513
-3.0~3.2 2.5119 1.5849 0.0238 1.811  4.389

aUnit for all 7is second. The source data were reported in tabulated fatistep of logo = 0.2) by Schaus-
berger etal. (1989. From these dataF; = G'(b)/G’'(a), F, = G"(b)/G"(a), F3z=[G'(b)
—~G'(a)]/[G"(a)+G"(b)], F4 = G"(M)/[G"(a)+G"(b)][m = (ab)¥?] and corresponding; or 74 and

7g are calculated according to theorems 1-4. From thesend (7 ,7g) one may find a group of intervals

that has the largest members of intervals without overlap, as indicated by the data with block and italic font in
the table. These intervals are listed in Table II.

V. DISCUSSION
A. Analysis of the results

Tables I-11l show that at the high-frequency ef@oundwmay), bothF;, andF, can
be used to estimate the shortest relaxation time, with F, giving a much better
prediction. The values of; estimated front, andF, at the end of low-frequency range
are similar except for PS-5. As a whole the estimated by the present method is close
to the 71 determined by the nonlinear regression method. Considering that our result is
actually the lower limit ofrq, it appears that for samples PS-1 to PS-3, our estimation is
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Relaxation times of polystyrene melts at 180 °C calculated by the present megfierto Table I,

Present method

Nonlinear regression method

Sample  Loga  Logb F Logr; Logmz  Nmin  NnR Log 7
PS-1 3.6 3.8 2 —o —3.813 3 3 —4.590
3.2 3.6 4 —3.750  —3.050 —3.292
2.0 2.4 4 —2.957 —1.443 —2.807
PS-2 3.6 3.8 2 —© —3.861 4 4 —4.307
3.0 3.4 4 —-3.662 —2.738 —3.517;-2.762
2.2 2.4 3 —2.521 —-1.879 —2.097
0.8 12 4 —1.862 —0.138
PS-3 36 38 2 - 3914 5 6 ~4.186
3.0 34 4 3702 —2.698 ~3.382
2.0 24 4 2678 1722 ~2.650-2.089
12 14 3 -1645 0955 ~1.479(—0.943
0.0 04 4  -0.902 0.502
PS-4 3.6 3.8 2 —o —3.942 7 8 —4.16
3.2 3.4 3 —3.872 —2.728 —3.256
2.0 2.4 4 —-2.690 —1.710 —2.514;-1.712
1.0 14 4 —-1.602 —-0.798 -0.971
0.2 0.6 4 —0.766  —0.034 —0.319
-0.4 0.2 3 0.018 0.582 0.269
-18 14 4 0.738 2.462 0.763
PS-5 3.6 3.8 2 - —3.942 8 9 -3.979
3.4 3.6 3 —-3.875 —3.125
2.4 2.8 4 —-3.086 —2.114 (—3.094,—2.223
1.2 1.6 4 —1.835 —0.965 —1.347
0.4 0.6 3 —0.942 —-0.058 —0.542
-0.6 -0.2 4 —0.041 0.841 0.182
-14 -1.2 3 0.911 1.689 0.947,1.682
-2.4 -2.0 4 1.708 2.692 2.225
PS-6 3.6 3.8 2 —o —3.989 10 12 —4.572
2.4 3.6 3 —3.981 —3.019 —3.427
2.2 2.6 4 —2.927 —1.873 —2.646
1.0 14 4 —1.700 —0.699 (—1.721,-0.889
0.0 0.4 4 —0.590 0.190 —0.135
-0.6 -0.4 3 0.369 0.631 0.624
—-14 -1.0 4 0.804 1.596 1.376
—2.2 -18 4 1.607 2.392 2.134
-3.0 —-2.8 3 2.574 3.226 2.867
-3.8 -3.4 4 3.308 3.892 3.425,3.892

aUnit for all 7is second. Nonlinear regression results were cited from Baumgasrédl (1990. Data with
bracket mean that the relaxation time from nonlinear regression method belongs to no intervals determined by
the present method.

more accurate than that obtained by the nonlinear regression, even though the present
method is simpler than the regression method. FunctignandF4, on the other hand,

are especially useful in determining the intervatg (7g) betweenr; andry. From the
percentage of intervals listed in TablesHl, appears to be more useful theg in most

cases.
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TABLE Ill. Longest relaxation time#;) and shortest relaxation timery) of polystyrene melts estimated by
different methods.

FromF, FromF, From NLR FromF, FromF;, From NLR
Sample log 71 > log 74 > log rp > log 7y < log 7y < log 7y
PS-1 —2.703 —2.703 —2.807 —3.427 —3.813 —4.590
PS-2 —2.052 —1.903 —2.097 —3.394 —3.861 —4.186
PS-3 —0.887 —0.946 —0.943 —3.358 —3.914 —4.160
PS-4 0.654 0.697 0.763 —3.318 —3.942 —3.979
PS-5 2.148 1.897 2.225 —3.318 —3.942 —4.572
PS-6 3.854 3.697 3.892 —3.318 —3.989 —4.572

aUnit for all 7 is second. Data from NLRnonlinear regressiormethod were reported by Baumgaertlal.
(1990 (refer to Table I).

B. Availability of 74 and 7g or 7,

From Table | one can see that for some data gratps 75 and rg are not available
(denoted by--- in the tablg. The reason is that when functiofis (x = 1,2,3,4) are
substituted into the equations, the items under the square-root sign become negative or
the items in the dominator are zero. However, it does not mean that there is anything
wrong with the equations. Rather, it tells us that a violation of consistency of the experi-
mental data was detected, which is actually another important purpose of the ratio func-
tions.

C. Comparison with the results from the nonlinear regression method

It is interesting to compare our results with the relaxation time distribution determined
by nonlinear regression developed first by Baumgaertel and Win&39, 1990, who
found that the model with a “parsimonious spectruiwith fewest possible elements
can adequately fit the dat&’ andG”) without ill posedness as long as the number and
distribution of the relaxation times are optimized through iterative computation. Also
listed in Table Il is the relaxation time distribution determined by Baumgaeital.
(1990. It can be seen that the,i, determined by the present method is equal or close
to the number of relaxation modes determined by the nonlinear regression method
(NNLR)- In addition, generally, one can find one relaxation time in each interval.

D. Relations between the relaxation times and the frequency window of the
given data

If ( @min@max represents the window in which the dynamic moduli are available, one
can see from Table Il that the values af,in( = 7) predicted by our method are all
smaller than kb may (PS-5, for examplery < 10~ 3% while Liwmayx = 10~ 39), which
is in good agreement withy determined by the nonlinear regression method. According
to our theorems, any generalized Maxwell model with= 1/wnax CaNNOt exactly re-
produce the dataset of these samples.

Recently, Davies and Anderséh997 reported that the interval on which the relax-
ation spectrum can be precisely determined is the interval
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(=,'7T/2/wmax <7< e_ﬂlzlwmin, (56)

which is shorter than the reciprocal frequency rangeo ki l/omin) over which the

data were obtained by 1.36 decades. However, it should be noted that, as was observed
by Mustapha and Phillipg2000, the dataset may not be fitted by the model in which
the relaxation times are restricted &% wmayx < 7< € ™2/ wmi,. This can now

be demonstrated by using the theoretical result presented in this paper. For
example, suppose one uses the generalized Maxwell model with
N = €™ wmay = €™410%8 = 1073117840 fit the dynamic data of the PS-5 system,
then according to Eqg7) and (29), one would find thaF, = G"(w = 10>%/G"(w

= 10*9 < f,(a,b,7y) = 0.6705. HereG" represents the loss modulus of the model.
This means that the ratio d&” reproduced by the generalized Maxwell model with
the restriction onr as imposed by Davies and Andersen is at best 53.3% of the experi-
mental value(1.2589, see Table).l Therefore, to allow adequate fit of the data and
determination of the relaxation spectrum by either of the two fitting metkiosgls linear

or nonlinear regression the contribution of relaxation times outside the range
™2/ wmax < < € ™% wmin must be included.

VI. CONCLUSIONS

The interrelation between the ratio of dynamic moduli at different frequencies and the
discrete relaxation times has been found. The ratio functions proposed in this paper can
be used to estimate the relaxation times of the generalized Maxwell model or, more
specifically, answer the following question:

Given a set of dynamic dat@’ andG”), can we estimate the number of relaxation
modes(N) and the distribution ofr (i = 1,2,...N) for the generalized Maxwell model
that can adequately fit the data?

The functions F4,x = 1,2,3,4) proposed are ratios of linear combination of the
dynamic moduli(G’ and G”) at two or three frequencies. Given dynamic moduli
(G’ and G”) at a and b, one must select at least one relaxation time in the interval
(7a,7g) for the model to fit the data precisely. Using the same method, from a set
of dynamic dataG’ and G” one can determine a series ofa(,7g) from which
the minimum numberNin) and distribution(interval estimation ofrj) of the relaxation
times of the model can be estimated. The approach was applied to polystyrene
data reported in the literature and compared with the nonlinear regression model-
fitting method. TheNn,n thus determined is equal or close to the number of relaxation
modes calculated by the nonlinear regression method. TRerg) can, in general,
predict the relaxation times calculated by nonlinear regression. In particular, the ratio
of storage or loss moduli at low frequencies might be used to estimate the longest
relaxation time of polymeric fluids easily and accurately. The new functions and method
are helpful for determining the discrete relaxation time distribution from dynamic
mechanical data.
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APPENDIX A: PROOF OF EQ. (30)
Note that in Eq.(26),

N N
2‘1 fa(ab,7)[G{(@)+G/(b)] < 2‘1 Max [f3(a,b,7j)][G{(a)+G] (b)]
- “+l1=<j=<N
N

Max [fs(a,b,7)] 2 [G{(a)+G{(b)]
1<j<N i=1

Max [fg(a,b,Tj)][G”(a)"r‘G”(b)]. (A1)

1<j=<N
On the other hand,
N N
2, @b AIG@T G > 2 Min [f3(a,b,7)JLG{(a)+ G (b)]
= “+tl=<j=<N
N
= Min [fy(ab,7)] > [G](a)+G](b)]
1<j<N i=1

I
=
5

[fa(a,b,m)I[G"(a)+G"(b)].  (A2)
N

Applying these inequalities to E§26) yields

Min [fz(a,b,7)] < F3(a,b) < Max [fsz(a,b,7)],

1<i=s<N 1<i=s<N
which is Eq.(30).
APPENDIX B: PROOF OF THEOREMS 1-4

1. Proof of theorem 1
From Egs.(6) and(28) we have

1 (1
14 ~|—=—1| = Max [fy(a,b,7)] > F;.

77
1+b%n \& 0<i=<N

Rearrangement of this inequality gives

1/a’>~F,/b
TN< ?: Tr.

On the other hand, whe@y = 0, we have from Eq(32) that

1

1+ —s
1+ bzri

b2
;_1) = Min [fq(a,b,7)] < F;.
1<is<N

The solution of the inequality is
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[11a2—F Ib?
>\ ———=7,.
T Fl—l Ty

Thus, theorem 1 is proved.

2. Proof of theorem 2
From Egs.(7) and(29) we have

28 = Max [hxab F
—t+——>%|-——=| = Max a,b, )] > F,.
b TieAla b) , x A@bml=F

Rearrangement of this inequality gives

b_aF2
N<\/—————— = 71,.
ab(bF,—a)

a, t ba Min  [f.(a,b =
—+——>|-——=| = Min a,b, )] < F,.
b 1+b%2la b KKN[ a@b,m)] < Fp

On the other hand,

The solution of the inequality is

b—aF,
7'1 > — - = TI‘ .
ab(bF,—a)
So, in conclusionyy < 77 < 71.
3. Proof of theorem 3

Givena andb, one can find a relaxation timep from collection+ such that

fyabm) = Max [fa(ab,7)], 7per

1<i<N
According to Egs(8) and(30) we have
mm, b—a

— = Max [fz(a,b,7y)] > F3.

Rearrangement of this inequality givésote thatm? = ab)
abFy75—(b—a)7,+F3 < 0.
The solution of the quadratic inequality is
A< Tp < 7B,

where

b—a— \/(b—a)2—4abF§
wT 2abF,
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b—a+ \/(b—a)2—4abF§
BT 2abF,

4. Proof of theorem 4
Givena andb one can find a relaxation timﬁ\p from collection7 such that

fyabm) = Max [fqab,7)], 7per

1<i<N

According to Eqs(9) and(31) we have

m m mr, b—a)\? M . b .
+ = ax a,n, 7 > .
a+b a+b 1+m27% m 1<i< N[ 4@b.m)] > Fq

Rearrangement of this inequality gives
mr, b—a (at+b)Fy
> 4/ -1=R
2 1
1+szp m m

abRi;—(b—a)7)+R < 0.

or

The solution of the quadratic inequality is

T < T < 78,
where
b—a— \/(b—a)2—4abR2
AT 2abR ’
b—a++/(b—a)°—4abR’
TB = y
2abR
where
(at+b)Fy
R=\/ ——1.
m
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