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(ABSTRACT) 

A simple, computationally efficient analysis approach is developed to predict the buckling of 

geodesically stiffened composite panels under in-plane loads. This procedure accounts for the dis- 

crete flexural contribution of each stiffener through the use of Lagrange multipliers in an energy 

method solution. An analysis is also implemented for the buckling of simply supported anisotropic 

rhombic plates. Examples are presented to verify results of the stability analyses and to demonstrate 

their convergence behavior. 

Analysis routines are coupled with a versatile numerical optimizer to create a package for the design 

of minimum-mass stiffened panels, subject to constraints on buckling of the panel assembly, local 

buckling of the stiffeners, and material strength failure. The design code is used to conduct a pre- 

liminary design study of structurally efficient stiffened aircraft wing rib panels. Design variables 

include thickness of the skin laminate, stiffener thickness, and stiffener height. Applied loads are 

uniaxial compression, pure shear, and combined compression-shear. Two different geodesically 

stiffened wing nib configurations with increasing numbers of stiffeners are considered. Results are 

presented in the form of structural efficiency curves and are compared with those for minimum- 

weight longitudinally stiffened panels and unstiffened flat plates. Trends in design parameters, in- 

cluding skin thickness and stiffener height, stiffener thickness, stiffener aspect ratio, stiffener load 

fraction, and stiffener mass fraction, are also examined for the geodesic panels under compression 

and shear. The effects ofeskin laminate geometry and anisotropy on the local buckling behavior 

of cross-stiffened geodesic panels are examined using the rhombic plate analysis.
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1.0 Introduction 

Flight performance of aerospace structures is highly weight sensitive. Reduction in vehicle struc- 

tural weight allows more payload to be carried, improves fuel efficiency, and increases maximum 

flight range. Weight reduction also has a multiplicative effect, in that decreasing the mass of one 

component may allow a corresponding reduction in the mass of its neighboring structure, and so 

on. Since design with metals is relatively mature, significant reduction in vehicle structural weight 

will require resorting to materials with improved elastic and strength properties. For airframe ap- 

plications the immediate future appears to lie with fibers such as graphite, boron, aramid, glass, or 

any combination thereof, in a polymeric matnx. For rocket-type launch vehicles and fighter-type 

aircraft, these materials have been adopted essentially without regard to cost. For their use to be 

widespread in commercial aircraft, however, it must be demonstrated that composites are compet- 

itive with metals, not just with respect to weight, but also from cost, reliability, durability, 

repairability, and numerous other standpoints. 

Concurrent with the adoption of advanced composite materials, innovative design concepts for 

aircraft structures must be investigated to realize the full potential of these materials. At first glance, 

the weight-specific stiffness and strength properties of the new generation fibers appear to be a 

phenomenal improvement over metals. However, when their properties are “diluted” by the requi- 

site matrix material, off-axis ply orientation for damage tolerance, bulky joints, reinforcement 
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around fasteners, and so forth, the advantage narrows considerably. Added to this is the high price 

of raw material, labor-intensive manual layup procedures, and costly autoclaving required for most 

composite materials systems. For these reasons, the direct replacement of metals with composites 

in existing designs is marginally successful at best. As far back as the 1940’s, attempts have been 

made to replace metallic aircraft components with fiber-reinforced plastic equivalents!. These first 

attempts ended in failure, with the plastic versions significantly heavier than their metallic counter- 

parts. Although this was due in part to a lack of really good fiber and matrix materials, it was also 

attributable to the retention of conventional metallic construction methods using many separate 

parts fastened together'. In more recent history, the similar practice of fastening standard quasi- 

isotropic graphite-epoxy laminates directly in place of metallic sheets has earned them the nickname 

of “black aluminum.” 

To put the problem of effective design with composites in perspective, it is worthwhile to briefly 

discuss metallic structure design practice. Metallic aircraft structures have traditionally used a 

framework of stiffeners running in two orthogonal, or near orthogonal, directions and covered by 

a stressed skin. Examples include stringer-nb panels for wings and stringer-frame shells for 

fuselages. The framework members are extruded, formed, or forged components connected together 

and to the skin by thousands of fasteners. The unique requirements of rocket-powered vehicles in 

the 1960’s caused a reassessment of this practice. The cylindrical walls for boosters had to be 

leakproof and, of course, as light as possible. The first requirement led to the adoption of an inte- 

grally stiffened shell structure for the case. The second requirement was met by the use of machined 

stiffeners in a square array, sometimes called a “waffle plate.” This orthogonal stiffening pattern can 

carry certain loads very efficiently. However, it was noted that orthogonal stiffening patterns are 

“inherently four bar links prevented from collapsing by the integral skin and as a result have little 

in-plane torsional resistance capability.“ A NASA-sponsored research project by McDonnell 

Douglas Astronautics Company concluded that the most promising alternative involved triangu- 

lation of the stiffening members to form what was called “isogrid.” Isogrid refers to the fact that a 

grid of stiffeners forming equilateral tnangles acts sumilar to an isotropic material. Isogrid was 
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subsequently used on two major space programs, the Thor-Delta launch vehicles and Skylab, and 

was tested for use on the Space Shuttle?. 

Several advantages have been cited for the use of metallic isogrid, including ease of analysis, struc- 

tural efficiency, damage tolerance, and maintainability? The equilateral triangular grid of stiffeners 

displays an overall isotropic nature and a Poisson’s ratio of 1/3, which is similar to that of many 

metals. In addition, the grid has many repeating cells so that smeared stiffener theory can be used 

to mathematically transform the stiffened sheet into an equivalent homogeneous material. This 

means that many existing analytical solutions for unstiffened isotropic plates can still be used for 

isogrid design. With regard to structural efficiency, isogrnid is claimed to display a high stiffness-to- 

weight ratio and to be efficient for both in-plane and bending loads. For compression-loaded cyl- 

inders, isogrid stiffeners were found to require less depth than a rectangular stiffening system for the 

same load-carrying capability?. As a result, for the same interior size the isogrid-stiffened cylinder 

had a smaller outside diameter and concomitant lower weight. An isogrid stiffener network forms 

a complete structure able to support in-plane tension, compression, and shear and out-of-plane 

bending loads. It can therefore be used either as stiffening for a skin or as an open lattice. It also 

means that cutouts in an attached skin can be accommodated without excessive weakening of the 

structure. Thirdly, the isogrid structure 1s considered highly damage tolerant due to the multiplicity 

of load paths. Since the stiffener grid does not rely on the skin for support, shear and tensile loads 

can be carried around a flaw by the redundant lattice system. It is also thought that if a separate 

lattice and skin are bonded together, this will prevent crack propagation from one to the other. 

Finally, applications requiring good torsional stiffness may use open isognd rather than closed 

torque boxes. This improves inspectability, access to all surfaces, and elimination of moisture 

entrapment. 

Since isogrid appears to be an efficient and practical structural configuration, its applicability to 

modern composite structures has been studied extensively. McDonnell Douglas conducted a pro- 

gram to test the feasibility of fabricating isogrid panels from short-fiber graphite and polyimide re- 

sin. The project involved the development of molding equipment and procedures, material 
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characterization, and fabrication of prototype panels. Compression testing of these panels, both 

open lattice and with bonded skin, revealed that local imperfections seem to dominate the buckling 

behavior’. McDonnell Douglas later developed another isogrid panel which was claimed to possess 

all the benefits of conventional isogrid stiffening as well as the advantages of high performance 

composites’. The new process involved weaving or braiding continuous fibers around a mandrel- 

like tool to produce what was called “continuous fiber advanced composite isogrid” [CFACI]. In 

addition to the structural advantages of continuous fiber placement, this process can be completely 

automated. Automation allows economical fabrication and ensures uniform, high quality parts 

which can be made in many different shapes. Scatter in experimental buckling loads for the pro- 

totype panels revealed that consistent part dimensions are critical. However, the authors felt that 

this would not pose a problem in a production environment‘. Correlation of experimental buckling 

loads and simplified theory gave reasonable agreement but indicated that transverse shear defor- 

mation effects are significant’. The weaving process renders the stiffeners nearly unidirectional, 

which is efficient as they carry primarily uniaxial loads. At the same time, the transverse shear 

stiffness ts relatively low as it is largely dependent on matrix properties. An experimental study 

involving the selective cutting of stiffeners in a compression panel revealed that CFACI is indeed 

highly damage tolerant’. It was further suggested that CFACI be used in applications prone to 

foreign object damage. A detailed summary of the experimental procedures and data for the 

CFACI tests can be found in the work by Reddy’. 

The studies on CFACI have demonstrated that filament-wound composite panels represent an ef- 

ficient integrally stiffened structure, make maximum use of the superior properties and flexibility 

of an advanced composite materials system, and are amenable to automated manufacturing tech- 

niques. The result is a weight efficient, damage tolerant, economical structure. As mentioned ear- 

lier, the isogrid concept was originally developed to improve the torsional stiffness of cylinders (or 

shear stiffness of panels) over conventional orthogonal stiffening. It was also mentioned that isogrid 

results in a structure which is essentially isotropic in nature, having no preferred stiffness direction. 

While this may be appropriate for some applications (such as pressure-loaded domes or spheres), 
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many structures have higher stiffness and strength requirements in specific directions. Indeed, the 

proponents of isogrid concede that “there will be some applications where weight penalty may be 

associated with isogrid’s uniformity of configuration and isotropic stiffening.”* As such, it is ex- 

pected that the efficiency of stiffened composite structures may be improved by going to more 

general stiffening arrangements, thereby further tailoring their properties to the application. This 

is the basis of the “geodesic” stiffening concept, where reinforcement is provided by a regular array 

of intersecting oblique stiffeners. Much as ply angles in a laminate are chosen to maximize certain 

stiffness or strength characteristics, varying stiffener orientations permits considerable geometric 

tailoring of component properties to the application. Geodesic stiffening still offers advantages in 

structural efficiency due to triangulation of stiffening members, in damage tolerance due to multiple 

load paths, and in production economy through filament winding and preform manufacturing 

techniques, which have been demonstrated for isognid. 

Research on filament-wound integral geodesic stiffening for aircraft primary structure appears to 

have focused primarily on fuselage applications. Of course, the large continuous cylindrical shape 

lends itself to filament winding techniques and the potential for production efficiency improvements 

through reduction in number of parts and fasteners is enormous. For example, a prototype 

geodesically stiffened fuselage section with integral bulkheads for the all-composite Beech Starship 

has been filament wound in only a few hours’. The geodesically stiffened fuselage concept is com- 

pared to a conventional fuselage in Figure 1. Flat, integrally stiffened panels such as wing spars, 

ribs, and covers (Figure 2) are also under consideration for use as primary load-bearing structure 

in future transport aircraft. Advances in automated material placement, such as filament winding 

techniques for CFACI, have meant that noncylindrical components of many shapes can be manu- 

factured economically. The details of an innovative manufacturing process for the geodesically 

stiffened wing spar are shown in Figure 3. 

Additional work is required to make the best use of geodesically stiffened composite panels, par- 

ticularly in the areas of structural analysis and design. To this end, the goal of the present research 

work is to examine methods for the analysis and design of flat, geodesically stiffened panels under 
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SKIN PANEL 

INTEGRALLY STIFFENED 

(PULTRUSION) 

   

  

   

  

   

INTERMEDIATE 

TRUSS SPAR 

(PULTRUSION) FRONT AND REAR SPAR 

FILAMENT WOUND 

GEODESIC STIFFENED 

ONE PIECE 
SPAR ASSY 

(GR/EP) 

    
Figure 2. Wing Box Assembly with Geodesically Stiffened Spar: [After Barrie, e¢ a/'®] 
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in-plane loads. The geodesic stiffening concept is then applied to the design of a representative 

aircraft structural component. To outline following chapters, Section 2.0, Design Study Methods, 

describes the aircraft component, a wing nb panel, chosen for the study and how it is modelled. 

Currently available structural analysis and design methods are reviewed for their applicability to this 

problem. The need for and subsequent development of a new design code developed as part of the 

research work are then described. Finally, the scope of the design study is outlined. Section 3.0, 

Analytical Development, describes in detail the theory behind the the analysis methods used in the 

design work. In Section 4.0, Verification and Examples, the analyses developed in Section 3.0 are 

compared against established analysis methods and published results, where they exist, for verifica- 

tion. Convergence studies are also conducted to demonstrate how analysis parameters can affect 

the results. In Section 5.0, Wing Rib Design Study Results, the new design code is used to conduct 

an optimization study seeking minimum-weight designs for the wing nb panel. Two geodesically 

stiffened configurations with varying numbers of stiffeners are designed for axial compression, shear, 

and combined loads and compared with equivalent flat and longitudinally stiffened panels. Results 

of the research work are summarized in Section 6.0, Concluding Remarks. 
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2.0 Design Study Methods 

As suggested in the introduction, the apparent advantages of applying geodesic stiffening concepts 

to composite structural components include high stiffness-to-weight ratio, tailorability, damage 

tolerance, and economy of manufacture. In order to examine the concept further, a representative 

aircraft component is to be designed with geodesic stiffening. Therefore, computationally efficient 

means of performing structural analysis and preliminary design optimization of this component, an 

aircraft wing rib panel, are sought. In Section 2.1, the geometry and load parameters for a typical 

wing rib are introduced. The manner in which the wing rib is modelled for the present study is also 

outlined. In Section 2.2, the choices in available design codes and structural analysis methods for 

use with geodesically stiffened panels are reviewed. The need to develop a new design code and the 

basis for the analysis approach of that code are subsequently presented. Finally, in Section 2.3, the 

scope of the present design study is established. 
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2.1 Geodesically Stiffened Wing Rib Panels 

A promising application for geodesic stiffening concepts appears to be the wing rib panel for a large 

transport aircraft (Figure 4). Essentially a wing nb is a short stiffened panel which separates the 

upper and lower skins of an aircraft wing. The wing rib under consideration is similar to a center 

wing box rib of a Lockheed C-130 transport aircraft. The rib closes a large torque-box formed by 

spars fore and aft and wing skins with stringers top and bottom. Aerodynamic loads acting on the 

wing surfaces and forces due to engines, fuel load, and so forth result in bending and twisting of the 

wing structure. Bending of the wing causes axial compressive loading of the rib, whereas twisting 

introduces shear loading. Some wing ribs also act as fuel cell close-out panels where they receive 

significant pressure loading from the fuel. 

For the present study, the wing nib is modelled as a rectangular panel 80 inches wide in the wing 

chord direction and 28 inches high in the wing thickness direction (Figure 5). The panel incorpo- 

rates a grid of integral blade stiffeners of constant rectangular cross-section. In view of the current 

trend towards filament winding manufacturing techniques, the stiffeners are assumed to be com- 

posed of unidirectional material oriented along each stiffener axis. Design details, such as stiffener 

flanges, intersection preforms, or stiffener wraps (as shown in Figure 3) are not considered. To 

eliminate bending-extension coupling, the skin is symmetrically laminated and stiffening nbs are 

located on both sides of the skin, symmetrical about the midplane of the skin laminate. This should 

not be an entirely impractical configuration, as a wing rib is not bound by any aerodynamic re- 

quirement to have one smooth surface. Also, the elimination of bending-extension coupling can 

improve the buckling performance of a component under axial load. To eliminate extension-shear 

coupling, the skin laminate is balanced (angle plies occur in + @ pairs only) and oblique stiffeners 

occur in pairs oriented at equal but opposite angles with respect to the panel coordinate axes. 

Regarding boundary conditions, the actual degree of elastic restraint against edge rotation around 

the perimeter of the wing rib is unknown and no doubt complex. To assure conservative designs, 
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Wing 

Skin 

  
Figure 4. General Wing Structure Diagram: {After Swanson!!} 
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the panel edges are treated as simply supported. Also, it is assumed that the structure surrounding 

the panel is sufficiently rigid that the overall panel extensional deformation in the X direction (due 

to Poisson effect under axial compression N,) is zero. This assumption does not affect shear re- 

sponse as there is no coupling between shear and extension for the panels under consideration. 

Further discussion of assumptions regarding the geometry and boundary conditions, plus their ef- 

fect on the analysis, may be found in Section 3. Finally, the uniform applied loads considered are 

uniaxial compression N,, pure shear N. xy, and combined compression-shear. Transverse pressure 

loading, due possibly to an adjacent fuel cell, is not considered. 

Four prospective configurations are considered for the wing nb panel: unstiffened flat plate, 

longitudinally stiffened panel, diagonally stiffened panel, and cross stiffened panel (Figure 6). The 

performance of the geodesically stiffened (diagonal and cross) arrangements will be evaluated using 

the more conventional flat plate and longitudinally stiffened panel for comparison. In Figure 6, the 

shaded portion of each stiffened panel indicates what is defined as a unit stiffened cell. It should 

be noted that this definition is arbitrary, but was chosen such that the edge distance between 

stiffeners is roughly equal between geometries with the same number of cells. Also, the maximum 

wavelength of inter-stiffener skin buckling modes is approximately equal for all three stiffened 

configurations. Each panel can have any number of stiffened cells (except for the longitudinally 

stiffened panel, where the one cell case is undefined). 

2.2 Analysis and Design Tools 

Preliminary design optimization studies are typically conducted using computerized design codes, 

which consist of two parts. The path taken by the design is controlled by an optimizer which at- 

tempts to improve the design, where “improvement” is generally defined as reducing the mass of the 

component. The optimizer varies specified design variables in accordance with mathematical opti- 

Design Study Methods 13



¢ Material Coordinate 
Yy, 48 system Convention 

L 
xX 

Yi 

R
_
<
 

  

  

  

; | 
N xy < FF | in 

= x   

rf ft ft ff 
= 80 in       

Orthotropic Blade 
Stiffener 

        

Section A-A 

symmetric, Balanced 

Laminated Skin 

Figure S. WingeRib Panel Model 
  

Design Study Methods 14



pret dad pt feted 
    

     
                      

    

    

  

  

  

  
  

vel 

fftfttt tt Pt ft ft td 
Flat Plate Longitudinally Stiffened 

pi et td d $s tb uue 

ft ?ttittt ft ft été t 
Diagonally Stiffened Cross Stiffened 

Unit Stiffened Cell Definition 

  

Figure 6. Flat Plate and Stiffened Pane! Geometries 
  

Design Study Methods 1S



mization principles to minimize the mass without violating the imposed constraints. For structural 

optimization, the constraints are generally limits on buckling, vibration, deflection, or fracture be- 

havior of the component. In conducting the design study a primary consideration 1s computational 

efficiency in the analysis package. This is due to the fact that the analysis often must be conducted 

many times over during the course of a typical design run. On the other hand, realistic and reliable 

constraints must be imposed on the design to prohibit infeasible configurations which would fail 

to meet the desired performance criteria. 

For complex component geometries, detailed structural analysis generally requires the use of finite 

element analysis techniques. Unfortunately, for optimization purposes finite element analysis is 

computationally too expensive and any change in planform geometry requires laborious, often 

manual, remeshing. As a result, design codes have often incorporated analyses which model the 

panel as an assemblage of rectangular plates for which closed-form or simple computational 

buckling solutions exist. One such code is PANDA2!"?, which finds minimum-weight designs for 

flat or curved panels or cylindrical shells with stiffeners in one or two orthogonal directions. An- 

other widely used design code is PASCO [Panel Analysis and Sizing Code]'?, which incorporates 

the optimizer CONMIN [Constrained Minimization] and the analysis code VIPASA [Vibration and 

Instability of Plate Assemblies including Shear and Anisotropy]'*. PASCO was used in a recent 

research project by Swanson" to conduct an extensive structural efficiency study of longitudinally 

corrugated, hat-stiffened, and blade-stiffened wing nb panels under compression, shear, and trans- 

verse pressure. Swanson also used VICON [Vipasa with Constraints]'5 to correct for shear and 

anisotropy effects which may cause VIPASA to give overly conservative buckling results. The use 

of these design packages for geodesic configurations is, however, not possible as they are incapable 

of modelling panels with stiffeners that are rotated with respect to the panel edges. The apparent 

lack of a suitable design or analysis code leads to the conclusion that it is necessary to develop a 

procedure with the capability to model panels with non-orthogonal, or oblique, stiffeners. 

The first step in developing an analysis procedure is identifying the relevant constraints which must 

be considered. Based on the results of previous studies for stiffened panels under in-plane loads, 
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four dominant failure modes have been isolated. The first failure mode is global buckling, where 

the skin and stiffeners deflect out-of-plane as one (Figure 7). The second mode, local skin 

buckling, occurs when the stiffeners deflect little, but the inter-stiffener skin sections buckle. The 

third possible mode addresses local buckling or crippling of the blade stiffeners. The fourth and final 

failure mode considered is material failure, where the strength of the material in the skin or stiffeners 

is exceeded. 

It is quite possible that at the stiffener intersection points there are highly localized and complex 

(possibly three-dimensional) stress concentrations that can cause failure of these panels. However, 

for a preliminary design study of this nature, inclusion of such failure modes may not be possible 

because of the degree of difficulty of the analysis. Due to the complex geometry of geodesically 

stiffened panels, the theory used for structural analysis (especially for preliminary design) is often 

approximate. For example, a geodesically stiffened cylindrical shell was designed by Reddy, et a/'® 

subject to constraints on general instability, skin buckling, and nb crippling only. For general in- 

stability, constitutive relations for the stiffened shell were found by smearing out the stiffeners and 

representing the cylinder as a homogeneous shell. Standard methods for the buckling of cylindrical 

shells were then used. For local skin buckling, the inter-stiffener skin section was treated as an 

orthotropic triangular plate with simply-supported edges under in-plane loads, for which an ap- 

proximate buckling solution can be found. Finally, the crippling load for the ribs was estimated 

using an approximate formula for the buckling of an orthotropic plate with fixed ends and simply- 

supported and free edges. A similar approach has also been used by Stroud and Agranoff” to model 

longitudinally corrugated and hat-stiffened panels as assemblies of orthotropic plate elements. 

An approach analogous to those described above was explored initially for the analysis of the 

geodesically stiffened panels in this study. A solution for the crippling of orthotropic stiffeners had 

recently been derived and implemented’*. As opposed to the study of Reddy, et a/, where only 

equilateral triangular plates were considered, the geodesic panels of the present study, as shown in 

Figure 6, have subsections which are both rhombic and isosceles triangular in shape. A detailed 

analysis for the buckling of anisotropic rhombic plates was therefore developed by the author. A 
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�s�h�a�p�e� �i�s� �a� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �b�o�t�h� �g�l�o�b�a�l� �a�n�d� �i�n�t�e�r�-�s�t�i�f�f�e�n�e�r� �s�k�i�n� �b�u�c�k�l�i�n�g�.� �(�I�t� �w�i�l�l� �b�e� �s�h�o�w�n� �i�n� �S�e�c�t�i�o�n� 

�4�.�1�.�2� �t�h�a�t� �t�h�e� �b�u�c�k�l�e�d� �s�h�a�p�e� �d�e�p�e�n�d�s� �o�n� �t�h�e� �r�e�l�a�t�i�v�e� �b�e�n�d�i�n�g� �s�t�i�f�f�n�e�s�s�e�s� �o�f� �t�h�e� �s�k�i�n� �a�n�d� �s�t�i�f�f�e�n�e�r�s�)�.� 

�A� �r�e�q�u�i�r�e�m�e�n�t� �o�f� �t�h�e� �L�M�M� �p�r�o�c�e�d�u�r�e� �i�s� �t�h�a�t� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �i�n�-�p�l�a�n�e� �l�o�a�d�s� �m�u�s�t� �b�e� �k�n�o�w�n� 

�b�e�f�o�r�e� �t�h�e� �s�t�a�b�i�l�i�t�y� �a�n�a�l�y�s�i�s� �c�a�n� �b�e� �p�e�r�f�o�r�m�e�d�.� �A�l�t�h�o�u�g�h� �a� �p�r�e�b�u�c�k�l�i�n�g� �s�t�a�t�i�c� �a�n�a�l�y�s�i�s� �u�s�i�n�g� �a� �f�i�n�i�t�e� 

�e�l�e�m�e�n�t� �c�o�d�e� �w�o�u�l�d� �p�r�o�v�i�d�e� �t�h�i�s� �i�n�f�o�r�m�a�t�i�o�n�,� �i�t� �w�o�u�l�d� �b�e� �a�d�v�a�n�t�a�g�e�o�u�s� �t�o� �e�l�i�m�i�n�a�t�e� �i�t� �s�o� �t�h�a�t� 

�l�i�m�i�t�a�t�i�o�n�s� �r�e�l�a�t�e�d� �t�o� �m�e�s�h� �g�e�n�e�r�a�t�i�o�n� �w�o�u�l�d� �n�o�t� �b�e� �e�n�c�o�u�n�t�e�r�e�d�.� �T�h�e� �s�m�e�a�r�e�d� �a�n�a�l�y�s�i�s� �a�p�p�r�o�a�c�h� 

�o�f� �R�e�d�d�y�,� �e�t� �a�/�'�®� �h�a�s� �t�h�e�r�e�f�o�r�e� �b�e�e�n� �u�s�e�d� �t�o� �o�b�t�a�i�n� �t�h�e� �l�o�a�d�-�d�i�s�t�r�i�b�u�t�i�o�n� �i�n�f�o�r�m�a�t�i�o�n�.� �I�t� �s�h�o�u�l�d� �b�e� 

�e�m�p�h�a�s�i�z�e�d� �t�h�a�t� �t�h�e�i�r� �a�p�p�r�o�a�c�h� �w�a�s� �t�o� �s�m�e�a�r� �b�o�t�h� �t�h�e� �i�n�-�p�l�a�n�e� �a�n�d� �f�l�e�x�u�r�a�l� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �s�t�i�f�f�-� 

�D�e�s�i�g�n� �S�t�u�d�y� �M�e�t�h�o�d�s� �1�9



�e�n�e�d� �p�a�n�e�l�;� �h�e�r�e� �o�n�l�y� �t�h�e� �i�n�-�p�l�a�n�e� �p�r�o�p�e�r�t�i�e�s� �a�r�e� �s�m�e�a�r�e�d�,� �w�h�i�l�e� �t�h�e� �o�u�t�-�o�f�-�p�l�a�n�e� �c�o�n�t�r�i�b�u�t�i�o�n�s� �o�f� 

�t�h�e� �s�t�i�f�f�e�n�e�r�s� �r�e�m�a�i�n� �d�i�s�c�r�e�t�e�.� �C�o�m�p�a�r�i�s�o�n� �o�f� �t�h�e� �s�m�e�a�r�e�d� �a�n�a�l�y�s�i�s� �w�i�t�h� �a� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �p�r�o�g�r�a�m� 

�i�n�d�i�c�a�t�e�s� �t�h�a�t� �t�h�e� �s�m�e�a�r�e�d� �a�n�a�l�y�s�i�s� �g�i�v�e�s� �g�o�o�d� �r�e�s�u�l�t�s� �f�o�r� �t�h�e� �i�n�-�p�l�a�n�e� �l�o�a�d� �d�i�s�t�r�i�b�u�t�i�o�n�.� �A�s� �s�u�c�h�,� �t�h�e� 

�s�m�e�a�r�e�d� �a�p�p�r�o�a�c�h� �h�a�s� �b�e�e�n� �a�d�o�p�t�e�d� �f�o�r� �t�h�e� �s�t�a�t�i�c� �a�n�a�l�y�s�i�s� �p�o�r�t�i�o�n� �o�f� �t�h�e� �L�M�M� �b�u�c�k�l�i�n�g� �a�n�a�l�y�s�i�s�.� 

�T�h�e� �l�o�a�d� �d�i�s�t�r�i�b�u�t�i�o�n� �r�e�s�u�l�t�s� �a�r�e� �a�l�s�o� �u�s�e�d� �t�o� �e�s�t�i�m�a�t�e� �s�t�r�e�s�s�e�s� �a�n�d� �s�t�r�a�i�n�s� �i�n� �t�h�e� �p�a�n�e�l� �c�o�m�p�o�n�e�n�t�s� 

�f�o�r� �u�s�e� �i�n� �t�h�e� �m�a�t�e�r�i�a�l� �f�a�i�l�u�r�e� �a�n�a�l�y�s�i�s�.� 

�A�t� �t�h�e� �p�r�e�s�e�n�t� �t�i�m�e�,� �t�h�e� �L�M�M� �b�u�c�k�l�i�n�g� �a�n�a�l�y�s�i�s� �c�a�n� �m�o�d�e�l� �o�n�l�y� �a� �s�p�e�c�i�a�l�l�y� �o�r�t�h�o�t�r�o�p�i�c� �s�k�i�n� �l�a�m�i�-� 

�n�a�t�e�,� �i�.�e�.� �t�h�e� �e�f�f�e�c�t�s� �o�f� �b�e�n�d�i�n�g�-�t�w�i�s�t�i�n�g� �c�o�u�p�l�i�n�g� �t�e�r�m�s� �D�,�,� �a�n�d� �D�,�,� �a�r�e� �n�o�t� �a�c�c�o�u�n�t�e�d� �f�o�r�.� �T�h�e� �e�f�f�e�c�t� 

�o�f� �t�h�e�s�e� �t�e�r�m�s� �c�a�n� �b�e� �s�i�g�n�i�f�i�c�a�n�t�,� �r�e�s�u�l�t�i�n�g� �i�n� �r�e�d�u�c�e�d� �b�u�c�k�l�i�n�g� �l�o�a�d�s� �a�n�d�,� �i�n� �p�a�r�t�i�c�u�l�a�r�,� �c�a�u�s�i�n�g� 

�s�e�n�s�i�t�i�v�i�t�y� �t�o� �t�h�e� �d�i�r�e�c�t�i�o�n� �o�f� �a�p�p�l�i�e�d� �i�n�-�p�l�a�n�e� �s�h�e�a�r�?� �2�4�.� �A�s� �s�u�c�h�,� �t�h�e� �r�h�o�m�b�i�c� �p�l�a�t�e� �a�n�a�l�y�s�i�s� �w�h�i�c�h� 

�h�a�s� �b�e�e�n� �d�e�v�e�l�o�p�e�d� �w�i�l�l� �b�e� �r�e�t�a�i�n�e�d� �t�o� �e�s�t�i�m�a�t�e� �t�h�e� �e�f�f�e�c�t� �o�f� �t�h�e�s�e� �t�e�r�m�s�.� �T�h�e� �r�h�o�m�b�i�c� �a�n�a�l�y�s�i�s� �w�i�l�l� 

�n�o�t� �b�e� �i�n�c�o�r�p�o�r�a�t�e�d� �i�n�t�o� �t�h�e� �d�e�s�i�g�n� �c�o�d�e�,� �b�u�t� �i�n�s�t�e�a�d� �w�i�l�l� �b�e� �u�s�e�d� �t�o� �a�n�a�l�y�z�e� �t�h�e� �f�i�n�a�l� �d�e�s�i�g�n�s�.� 

�T�o� �s�u�m�m�a�r�i�z�e�,� �t�h�r�e�e� �d�e�s�i�g�n� �c�o�n�s�t�r�a�i�n�t�s� �a�r�e� �c�o�n�s�i�d�e�r�e�d� �i�n� �t�h�e� �s�t�r�u�c�t�u�r�a�l� �a�n�a�l�y�s�i�s� �r�o�u�t�i�n�e�s�.� �T�h�e�s�e� �a�r�e� 

�b�u�c�k�l�i�n�g� �o�f� �t�h�e� �p�a�n�e�l� �a�s�s�e�m�b�l�y�,� �l�o�c�a�l� �b�u�c�k�l�i�n�g� �o�f� �t�h�e� �s�t�i�f�f�e�n�e�r�s�,� �a�n�d� �m�a�t�e�r�i�a�l� �s�t�r�e�n�g�t�h�.� �T�h�e� �i�n�-�p�l�a�n�e� 

�l�o�a�d� �d�i�s�t�r�i�b�u�t�i�o�n� �f�o�r� �t�h�e� �p�a�n�e�l� �i�s� �e�s�t�i�m�a�t�e�d� �b�y� �s�m�e�a�r�i�n�g� �t�h�e� �s�t�i�f�f�e�n�e�r�s�.� �U�s�i�n�g� �t�h�e� �L�M�M� �a�n�a�l�y�s�i�s�,� �t�h�e� 

�b�u�c�k�l�i�n�g� �l�o�a�d� �f�o�r� �a� �r�e�c�t�a�n�g�u�l�a�r� �o�r�t�h�o�t�r�o�p�i�c� �p�l�a�t�e� �w�i�t�h� �a� �n�u�m�b�e�r� �o�f� �o�b�l�i�q�u�e� �s�t�i�f�f�e�n�e�r�s� �i�s� �p�r�e�d�i�c�t�e�d�.� 

�B�u�c�k�l�i�n�g� �o�f� �t�h�e� �s�t�i�f�f�e�n�e�r�s� �i�s� �e�s�t�i�m�a�t�e�d� �b�y� �m�o�d�e�l�l�i�n�g� �t�h�e� �b�l�a�d�e� �a�s� �a� �r�e�c�t�a�n�g�u�l�a�r� �o�r�t�h�o�t�r�o�p�i�c� �p�l�a�t�e� 

�u�n�d�e�r� �u�n�i�f�o�r�m� �a�x�i�a�l� �c�o�m�p�r�e�s�s�i�v�e� �l�o�a�d�.� �F�i�n�a�l�l�y�,� �m�a�t�e�r�i�a�l� �f�a�i�l�u�r�e� �i�n� �t�h�e� �s�k�i�n� �o�r� �s�t�i�f�f�e�n�e�r�s� �i�s� �e�s�t�i�m�a�t�e�d� 

�u�s�i�n�g� �a� �m�a�x�i�m�u�m� �s�t�r�a�i�n� �c�r�i�t�e�r�i�o�n�.� 

�T�h�e� �a�n�a�l�y�s�i�s� �c�a�p�a�b�i�l�i�t�y� �d�e�s�c�r�i�b�e�d� �a�b�o�v�e� �i�s� �c�o�u�p�l�e�d� �w�i�t�h� �t�h�e� �g�e�n�e�r�a�l� �p�u�r�p�o�s�e� �o�p�t�i�m�i�z�a�t�i�o�n� �p�a�c�k�a�g�e� 

�A�D�S� �[�A�u�t�o�m�a�t�e�d� �D�e�s�i�g�n� �S�y�n�t�h�e�s�i�s�}�?� �t�o� �s�e�e�k� �m�i�n�i�m�u�m�-�w�e�i�g�h�t� �d�e�s�i�g�n�s� �f�o�r� �g�e�o�d�e�s�i�c�a�l�l�y� �s�t�i�f�f�e�n�e�d� 

�p�a�n�e�l�s� �s�u�b�j�e�c�t� �t�o� �t�h�e� �a�f�o�r�e�m�e�n�t�i�o�n�e�d� �c�o�n�s�t�r�a�i�n�t�s� �o�n� �b�u�c�k�l�i�n�g� �a�n�d� �m�a�t�e�r�i�a�l� �f�a�i�l�u�r�e�.� �T�h�e� �n�a�m�e� �g�i�v�e�n� 

�t�o� �t�h�i�s� �n�e�w� �p�a�c�k�a�g�e� �i�s� �P�A�N�S�Y�S� �(�P�a�n�e�l� �S�y�n�t�h�e�s�i�s� �S�y�s�t�e�m�)�.� �A�D�S� �a�l�l�o�w�s� �s�e�v�e�r�a�l� �c�h�o�i�c�e�s� �f�o�r� �e�a�c�h� 

�o�f� �t�h�e� �t�h�r�e�e� �p�a�r�t�s� �(�s�t�r�a�t�e�g�y�,� �o�p�t�i�m�i�z�e�r�,� �a�n�d� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �s�e�a�r�c�h�)� �o�f� �t�h�e� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �c�o�n�-� 

�s�t�r�a�i�n�e�d� �o�p�t�i�m�i�z�a�t�i�o�n� �p�r�o�b�l�e�m�.� �A�D�S� �a�l�s�o� �p�e�r�m�i�t�s� �m�a�n�y� �o�f� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �g�o�v�e�r�n�i�n�g� �c�o�n�v�e�r�g�e�n�c�e� 

�t�o� �b�e� �c�h�a�n�g�e�d� �f�r�o�m� �t�h�e� �d�e�f�a�u�l�t� �v�a�l�u�e�s�.� �A�l�g�o�r�i�t�h�m� �c�h�o�i�c�e� �a�n�d� �a�n�y� �o�v�e�r�-�r�i�d�i�n�g� �o�f� �d�e�f�a�u�l�t� �p�a�r�a�m�e�t�e�r�s� 

�D�e�s�i�g�n� �S�t�u�d�y� �M�e�t�h�o�d�s� �2�0



�a�r�e� �e�a�s�i�l�y� �s�p�e�c�i�f�i�e�d� �i�n� �t�h�e� �i�n�p�u�t� �f�i�l�e� �t�o� �P�A�N�S�Y�S�.� �A�n� �e�x�a�m�p�l�e� �i�n�p�u�t� �f�i�l�e� �f�o�r� �P�A�N�S�Y�S� �i�s� �s�h�o�w�n� �a�n�d� 

�e�x�p�l�a�i�n�e�d� �i�n� �A�p�p�e�n�d�i�x� �A�.� 

�2�.�3� �S�c�o�p�e� �o�f� �D�e�s�i�g�n� �S�t�u�d�y� 

�T�h�e� �o�v�e�r�a�l�l� �o�b�j�e�c�t�i�v�e� �o�f� �t�h�e� �d�e�s�i�g�n� �s�t�u�d�y� �i�s� �t�o� �s�e�c�k� �p�r�a�c�t�i�c�a�l�,� �m�i�n�i�m�u�m�-�w�e�i�g�h�t� �d�e�s�i�g�n�s� �f�o�r� �s�t�i�f�f�e�n�e�d� 

�w�i�n�g� �r�i�b� �p�a�n�e�l�s�.� �S�e�c�t�i�o�n� �2�.�2� �d�e�s�c�r�i�b�e�d� �t�h�e� �a�c�t�u�a�l� �w�i�n�g� �r�i�b�,� �t�h�e� �a�s�s�u�m�p�t�i�o�n�s� �a�n�d� �l�i�m�i�t�a�t�i�o�n�s� �i�n� �t�h�e� 

�m�o�d�e�l�l�i�n�g�,� �a�n�d� �t�h�e� �f�o�u�r� �g�e�o�m�e�t�r�i�e�s� �w�h�i�c�h� �w�o�u�l�d� �b�e� �c�o�n�s�i�d�e�r�e�d�.� �T�h�e� �s�c�o�p�e� �o�f� �t�h�e� �s�t�u�d�y�,� �u�s�i�n�g� �t�h�e� 

�d�e�s�i�g�n� �c�o�d�e� �P�A�N�S�Y�S�,� �i�s� �n�o�w� �o�u�t�l�i�n�e�d�.� 

�O�p�t�i�m�u�m� �d�e�s�i�g�n�s� �a�r�e� �s�o�u�g�h�t� �f�o�r� �t�h�e� �t�w�o� �g�e�o�d�e�s�i�c� �p�a�n�e�l�s� �(�d�i�a�g�o�n�a�l� �a�n�d� �c�r�o�s�s�,� �s�e�e� �F�i�g�u�r�e� �6�)� �a�n�d� �t�h�e� 

�l�o�n�g�i�t�u�d�i�n�a�l�l�y� �s�t�i�f�f�e�n�e�d� �p�a�n�e�l�.� �A�l�t�h�o�u�g�h� �a� �f�l�a�t� �p�l�a�t�e� �i�s� �a�l�s�o� �c�o�n�s�i�d�e�r�e�d�,� �t�h�e� �d�e�s�i�g�n� �p�r�o�b�l�e�m� �i�s� �t�r�i�v�i�a�l� 

�a�s� �t�h�e�r�e� �i�s� �o�n�l�y� �o�n�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�.� �T�h�e� �n�u�m�b�e�r� �o�f� �s�t�i�f�f�e�n�e�d� �c�e�l�l�s� �i�s� �v�a�r�i�e�d� �i�n�c�r�e�m�e�n�t�a�l�l�y� �u�p� �t�o� �a� 

�m�a�x�i�m�u�m� �o�f� �e�i�g�h�t� �c�e�l�l�s� �p�e�r� �p�a�n�e�l�;� �t�h�e� �c�o�m�p�l�e�t�e� �r�a�n�g�e� �o�f� �p�a�n�e�l� �g�e�o�m�e�t�r�i�e�s� �i�n� �t�h�e� �s�t�u�d�y� �i�s� �s�h�o�w�n� �i�n� 

�F�i�g�u�r�e� �8�.� �T�h�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �a�r�e� �t�h�e� �s�k�i�n� �t�h�i�c�k�n�e�s�s�,� �s�t�i�f�f�e�n�e�r� �h�e�i�g�h�t�,� �a�n�d� �s�t�i�f�f�e�n�e�r� �t�h�i�c�k�n�e�s�s�.� �O�n�l�y� 

�o�n�e� �s�k�i�n� �l�a�m�i�n�a�t�e� �i�s� �c�o�n�s�i�d�e�r�e�d�,� �w�i�t�h� �a� �q�u�a�s�i�-�i�s�o�t�r�o�p�i�c� �l�a�m�i�n�a�t�i�o�n� �s�e�q�u�e�n�c�e� �o�f� �[�-�4�5�/�4�5�/�9�0�/�0�]�,� �a�n�d� 

�a�l�l� �p�l�i�e�s� �o�f� �e�q�u�a�l� �t�h�i�c�k�n�e�s�s�.� �A� �m�i�n�i�m�u�m�-�g�a�u�g�e� �c�o�n�s�t�r�a�i�n�t� �o�f� �0�.�0�4�0� �i�n�c�h� �i�s� �i�m�p�o�s�e�d� �o�n� �t�h�e� �t�h�i�c�k�n�e�s�s� 

�o�f� �t�h�e� �s�k�i�n� �a�n�d� �s�t�i�f�f�e�n�e�r�s�.� �T�h�r�e�e� �l�e�v�e�l�s� �o�f� �e�x�t�e�r�n�a�l� �l�o�a�d�s� �a�r�e� �a�p�p�l�i�e�d� �i�n� �u�n�i�a�x�i�a�l� �c�o�m�p�r�e�s�s�i�o�n� �a�n�d� 

�p�u�r�e� �s�h�e�a�r�:� �1�0�0�,� �1�0�0�0� �a�n�d� �1�0�0�0�0� �p�o�u�n�d�s�-�f�o�r�c�e� �p�e�r� �i�n�c�h� �(�I�b�f�/�i�n�)�.� �F�o�r� �e�i�g�h�t� �c�e�l�l� �s�t�i�f�f�e�n�e�d� �p�a�n�e�l�s� �a�n�d� 

�t�h�e� �f�l�a�t� �p�l�a�t�e�,� �a� �c�o�m�b�i�n�e�d� �c�o�m�p�r�e�s�s�i�o�n�-�s�h�e�a�r� �c�a�s�e� �w�i�t�h� �l�o�a�d�s� �r�a�n�g�i�n�g� �f�r�o�m� �1�0�0� �t�o� �3�0�0�0�0� �I�b�f�/�i�n� �(�t�h�e� 

�l�a�t�t�e�r� �a� �w�o�r�s�t�-�c�a�s�e� �l�o�a�d�i�n�g� �s�c�e�n�a�r�i�o�)� �i�s� �a�l�s�o� �c�o�n�s�i�d�e�r�e�d�.� 

�P�r�o�p�e�r�t�i�e�s� �o�f� �a� �t�y�p�i�c�a�l� �g�r�a�p�h�i�t�e�-�e�p�o�x�y� �m�a�t�e�r�i�a�l� �s�y�s�t�e�m� �(�H�e�r�c�u�l�e�s� �A�S�4�/�3�5�0�2�)� �a�r�e� �u�s�e�d� �i�n� �a�l�l� �a�n�a�l�y�s�e�s�.� 

�M�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �f�o�r� �t�h�e� �s�t�i�f�f�e�n�e�r�s� �a�r�e� �a�s�s�u�m�e�d� �t�o� �b�e� �t�h�e� �s�a�m�e� �a�s� �t�h�o�s�e� �f�o�r� �t�h�e� �s�k�i�n� �l�a�m�i�n�a�e�.� �S�i�n�c�e� 

�t�h�e� �m�a�x�i�m�u�m� �s�t�r�a�i�n� �t�h�e�o�r�y� �i�s� �u�s�e�d� �t�o� �p�r�e�d�i�c�t� �m�a�t�e�r�i�a�l� �f�a�i�l�u�r�e�,� �t�h�e� �m�a�t�e�r�i�a�l� �s�t�r�e�n�g�t�h�s� �a�r�e� �e�x�p�r�e�s�s�e�d� 
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�1� �C�e�l�l� 

�2� �C�e�l�l�s� 

�3� �C�e�l�l�s� 

�4� �C�e�l�l�s� 

�5� �C�e�l�l�s� 

�6� �C�e�l�l�s� 
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�i�n� �t�e�r�m�s� �o�f� �m�a�x�i�m�u�m� �a�l�l�o�w�a�b�l�e� �s�t�r�a�i�n� �v�a�l�u�e�s�.� �T�h�e� �e�l�a�s�t�i�c�,� �s�t�r�e�n�g�t�h�,� �a�n�d� �p�h�y�s�i�c�a�l� �p�r�o�p�e�r�t�i�e�s� �u�s�e�d� 

�i�n� �t�h�e� �d�e�s�i�g�n� �s�t�u�d�y� �a�r�e� �s�h�o�w�n� �i�n� �T�a�b�l�e� �1�.� 

�T�a�b�l�e� �1�.� �A�S�4�/�3�5�0�2� �G�r�a�p�h�i�t�e�-�E�p�o�x�y� �M�a�t�e�r�i�a�l� �P�r�o�p�e�r�t�i�e�s� 

� � 

� � 

�E�l�a�s�t�i�c� �P�r�o�p�e�r�t�i�e�s�:� 

�L�o�n�g�i�t�u�d�i�n�a�l� �M�o�d�u�l�u�s� 
�T�r�a�n�s�v�e�r�s�e� �M�o�d�u�l�u�s� 
�I�n�-�P�l�a�n�e� �S�h�e�a�r� �M�o�d�u�l�u�s� 
�T�r�a�n�s�v�e�r�s�e� �S�h�e�a�r� �M�o�d�u�l�u�s� 
�I�n�-�P�l�a�n�e� �P�o�i�s�s�o�n ��s� �R�a�t�i�o� 

�S�t�r�e�n�g�t�h� �P�r�o�p�e�r�t�i�e�s�:� 

�L�o�n�g�i�t�u�d�i�n�a�l� �T�e�n�s�i�l�e� �S�t�r�a�i�n� �A�l�l�o�w�a�b�l�e� 
�L�o�n�g�i�t�u�d�i�n�a�l� �C�o�m�p�r�e�s�s�i�v�e� �S�t�r�a�i�n� �A�l�l�o�w�a�b�l�e� 
�T�r�a�n�s�v�e�r�s�e� �T�e�n�s�i�l�e� �S�t�r�a�i�n� �A�l�l�o�w�a�b�l�e� 
�T�r�a�n�s�v�e�r�s�e� �C�o�m�p�r�e�s�s�i�v�e� �S�t�r�a�i�n� �A�l�l�o�w�a�b�l�e� 
�S�h�e�a�r� �S�t�r�a�i�n� �A�l�l�o�w�a�b�l�e� 

�P�h�y�s�i�c�a�l� �P�r�o�p�e�r�t�i�e�s�:� 

�M�a�s�s� �D�e�n�s�i�t�y� 

�E�,� �=� �1�8�.�5� �x� �1�0�°� �I�b�f�/�i�n�?� 
�E�Z� �=�1�.�6�4�~�x� �1�0�°� �I�b�f�/�i�n�?� 
�G�i�,� �=� �0�.�8�7� �x� �1�0�°� �I�b�f�/�i�n�?� 
�G�j�,� �=� �0�.�5�4� �x� �1�0�8� �I�b�f�/�i�n�?� 
�v�i�.� �=� �0�.�3�0� 

�c�e�}� �=� �0�.�0�0�9�0� 
�e�f� �=� �0�.�0�0�8�0� 
�e�f� �=� �0�.�0�0�5�5� 
�e�§� �=�(�0�.�0�2�9�0� 
�¥�1�2� �=� �0�.�0�2�5�0� 

�p� �=� �0�.�0�5�7� �I�b�m�/�i�n�?� � � � � 

�S�o�u�r�c�e�s� �o�f� �D�a�t�a�:� �S�w�a�n�s�o�n�!�!�,� �K�n�i�g�h�t�2�3�,� �S�e�n�s�m�e�i�e�r�,� �e�t� �a�l� �2�4� 
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�3�.�0� �A�n�a�l�y�t�i�c�a�l� �D�e�v�e�l�o�p�m�e�n�t� 

�T�h�e� �p�u�r�p�o�s�e� �o�f� �t�h�e� �a�n�a�l�y�s�i�s� �p�o�r�t�i�o�n� �o�f� �a� �d�e�s�i�g�n� �c�o�d�e� �i�s� �t�o� �p�r�o�v�i�d�e� �m�e�a�n�i�n�g�f�u�l� �c�o�n�s�t�r�a�i�n�t�s� �o�n� �t�h�e� 

�d�e�s�i�g�n� �s�o� �t�h�a�t� �i�t� �w�i�l�l� �b�e� �f�e�a�s�i�b�l�e�,� �i�.�e�.� �n�o�t� �s�u�f�f�e�r� �s�t�r�u�c�t�u�r�a�l� �f�a�i�l�u�r�e� �u�n�d�e�r� �t�h�e� �a�p�p�l�i�e�d� �l�o�a�d�s�.� �T�h�r�e�e� 

�l�i�m�i�t�i�n�g� �f�a�i�l�u�r�e� �m�o�d�e�s� �f�o�r� �f�l�a�t� �a�n�d� �s�t�i�f�f�e�n�e�d� �p�a�n�e�l�s� �a�r�e� �c�o�n�s�i�d�e�r�e�d� �i�n� �t�h�e� �p�r�e�s�e�n�t� �a�n�a�l�y�s�i�s� �p�r�o�c�e�d�u�r�e�.� 

�T�h�e� �f�i�r�s�t� �f�a�i�l�u�r�e� �m�o�d�e� �i�s� �m�a�t�e�r�i�a�l� �s�t�r�e�n�g�t�h�,� �w�h�e�r�e� �f�i�r�s�t�-�p�l�y� �f�a�i�l�u�r�e� �i�n� �t�h�e� �s�k�i�n� �o�r� �s�t�i�f�f�e�n�e�r�s� �i�s� �a�s�s�u�m�e�d� 

�t�o� �o�c�c�u�r� �w�h�e�n� �s�p�e�c�i�f�i�e�d� �s�t�r�a�i�n� �v�a�l�u�e�s� �a�r�e� �e�x�c�e�e�d�e�d�.� �T�h�i�s� �p�r�o�c�e�d�u�r�e� �i�s� �d�i�s�c�u�s�s�e�d� �a�s� �p�a�r�t� �o�f� �t�h�e� �s�t�a�t�i�c� 

�a�n�a�l�y�s�i�s�,� �S�e�c�t�i�o�n� �3�.�1�,� �w�h�i�c�h� �c�o�n�s�i�d�e�r�s� �i�n�-�p�l�a�n�e� �d�e�f�o�r�m�a�t�i�o�n� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �p�a�n�e�l�.� �T�h�e� �s�e�c�o�n�d� 

�f�a�i�l�u�r�e� �m�o�d�e� �i�s� �p�a�n�e�l� �b�u�c�k�l�i�n�g�,� �w�h�e�r�e� �t�h�e� �s�k�i�n� �a�n�d� �s�t�i�f�f�e�n�e�r�s� �d�e�f�l�e�c�t� �o�u�t�-�o�f�-�p�l�a�n�e�,� �t�r�a�n�s�v�e�r�s�e� �t�o� �t�h�e� 

�s�u�r�f�a�c�e� �o�f� �t�h�e� �p�a�n�e�l�.� �T�h�e� �t�h�i�r�d� �a�n�d� �f�i�n�a�l� �f�a�i�l�u�r�e� �m�o�d�e� �c�o�n�c�e�m�s� �l�o�c�a�l� �b�u�c�k�l�i�n�g� �o�r� �c�r�i�p�p�l�i�n�g� �o�f� �t�h�e� 

�s�t�i�f�f�e�n�e�r�s�.� �B�u�c�k�l�i�n�g� �o�f� �f�l�a�t� �a�n�d� �s�t�i�f�f�e�n�e�d� �p�a�n�e�l�s� �a�n�d� �s�t�i�f�f�e�n�e�r� �c�r�i�p�p�l�i�n�g� �a�r�e� �t�r�e�a�t�e�d� �i�n� �S�e�c�t�i�o�n� �3�.�2�.� 

�S�e�c�t�i�o�n� �3�.�3� �c�o�n�s�i�d�e�r�s� �t�h�e� �b�u�c�k�l�i�n�g� �o�f� �a�n� �a�n�i�s�o�t�r�o�p�i�c� �r�h�o�m�b�i�c� �p�l�a�t�e�.� �T�h�i�s� �a�n�a�l�y�s�i�s� �i�s� �n�o�t� �i�n�c�o�r�p�o�-� 

�r�a�t�e�d� �i�n�t�o� �t�h�e� �d�e�s�i�g�n� �c�o�d�e�,� �b�u�t� �i�n�s�t�e�a�d� �i�s� �u�s�e�d� �p�o�s�t�-�d�e�s�i�g�n� �t�o� �e�s�t�i�m�a�t�e� �t�h�e� �e�f�f�e�c�t� �o�f� �a�n�i�s�o�t�r�o�p�i�c� 

�c�o�u�p�l�i�n�g� �t�e�r�m�s� �w�h�i�c�h� �t�h�e� �p�a�n�e�l� �b�u�c�k�l�i�n�g� �a�n�a�l�y�s�i�s� �o�f� �S�e�c�t�i�o�n� �3�.�2� �d�o�e�s� �n�o�t� �a�c�c�o�u�n�t� �f�o�r�.� �T�h�e� �r�h�o�m�b�i�c� 

�a�n�a�l�y�s�i�s� �i�s� �a�l�s�o� �u�s�e�d� �t�o� �e�x�a�m�i�n�e� �t�h�e� �e�f�f�e�c�t�s� �o�f� �s�k�e�w�i�n�g� �a�n�d� �l�a�m�i�n�a�t�e� �g�e�o�m�e�t�r�y� �o�n� �t�h�e� �l�o�c�a�l� �b�u�c�k�l�i�n�g� 

�b�e�h�a�v�i�o�r� �o�f� �t�h�e� �r�h�o�m�b�u�s�-�s�h�a�p�e�d� �s�k�i�n� �s�e�c�t�i�o�n�s� �i�n� �t�h�e� �c�r�o�s�s�-�s�t�i�f�f�e�n�e�d� �p�a�n�e�l�s�.� 
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�3�.�1� �S�t�a�t�i�c� �A�n�a�l�y�s�i�s� �o�f� �S�t�i�f�f�e�n�e�d� �P�a�n�e�l�s� 

�I�n� �o�r�d�e�r� �t�o� �p�e�r�f�o�r�m� �s�t�r�e�n�g�t�h� �o�r� �b�u�c�k�l�i�n�g� �a�n�a�l�y�s�e�s� �o�n� �g�e�o�d�e�s�i�c�a�l�l�y� �s�t�i�f�f�e�n�e�d� �p�a�n�e�l�s� �w�i�t�h� �t�h�e� �p�r�e�s�e�n�t� 

�a�p�p�r�o�a�c�h�,� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �d�e�t�e�r�m�i�n�e� �h�o�w� �e�x�t�e�r�n�a�l�l�y� �a�p�p�l�i�e�d� �l�o�a�d�s� �a�r�e� �d�i�s�t�r�i�b�u�t�e�d� �b�e�t�w�e�e�n� �t�h�e� �s�k�i�n� 

�a�n�d� �e�a�c�h� �o�f� �t�h�e� �s�t�i�f�f�e�n�e�r�s�.� �I�n� �S�e�c�t�i�o�n� �3�.�1�.�1�,� �s�i�m�p�l�e� �s�m�e�a�r�e�d� �s�t�i�f�f�e�n�e�r� �t�h�e�o�r�y� �i�s� �u�s�e�d� �t�o� �d�e�r�i�v�e� �a�p�-� 

�p�r�o�x�i�m�a�t�e� �c�o�n�s�t�i�t�u�t�i�v�e� �r�e�l�a�t�i�o�n�s� �f�o�r� �t�h�e� �i�n�-�p�l�a�n�e� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �t�h�r�e�e� �s�t�i�f�f�e�n�e�d� �p�a�n�e�l� �c�o�n�f�i�g�u�r�a�t�i�o�n�s� 

�u�n�d�e�r� �c�o�n�s�i�d�e�r�a�t�i�o�n�.� �I�n� �S�e�c�t�i�o�n� �3�.�1�.�2�,� �i�n�f�o�r�m�a�t�i�o�n� �f�r�o�m� �t�h�e� �l�o�a�d�-�d�i�s�t�r�i�b�u�t�i�o�n� �c�a�l�c�u�l�a�t�i�o�n�s� �i�s� �u�s�e�d� 

�t�o� �p�e�r�f�o�r�m� �t�h�e� �m�a�t�e�r�i�a�l� �f�a�i�l�u�r�e� �a�n�a�l�y�s�i�s�,� �w�h�e�r�e� �f�i�r�s�t�-�p�l�y� �f�a�i�l�u�r�e� �i�n� �t�h�e� �s�k�i�n� �o�r� �s�t�i�f�f�e�n�e�r�s� �i�s� �p�r�e�d�i�c�t�e�d� 

�u�s�i�n�g� �a� �m�a�x�i�m�u�m� �s�t�r�a�i�n� �c�r�i�t�e�r�i�o�n�.� 

�3�.�1�.�1� �L�o�a�d� �D�i�s�t�r�i�b�u�t�i�o�n� �A�n�a�l�y�s�i�s� 

�I�n� �s�m�e�a�r�e�d� �s�t�i�f�f�e�n�e�r� �t�h�e�o�r�y�,� �t�h�e� �c�o�n�t�r�i�b�u�t�i�o�n�s� �o�f� �t�h�e� �s�t�i�f�f�e�n�e�r�s� �t�o� �t�h�e� �i�n�-�p�l�a�n�e� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �p�a�n�e�l� 

�a�r�e� �a�v�e�r�a�g�e�d� �o�u�t� �s�o� �t�h�a�t� �t�h�e� �s�t�i�f�f�e�n�e�r� �n�e�t�w�o�r�k� �i�s� �r�e�p�r�e�s�e�n�t�e�d� �a�s� �a� �u�n�i�f�o�r�m� �f�l�a�t� �s�h�e�e�t� �w�i�t�h� �a�p�p�r�o�p�r�i�a�t�e� 

�e�l�a�s�t�i�c� �p�r�o�p�e�r�t�i�e�s�.� �T�h�i�s� �a�l�l�o�w�s� �f�o�r�c�e�-�d�i�s�p�l�a�c�e�m�e�n�t� �r�e�l�a�t�i�o�n�s� �(�e�q�u�i�v�a�l�e�n�t� �t�o� �t�h�e� �[�4�]� �m�a�t�r�i�x� �i�n� �c�l�a�s�s�i�c�a�l� 

�l�a�m�i�n�a�t�i�o�n� �t�h�e�o�r�y�)� �t�o� �b�e� �d�e�r�i�v�e�d� �f�o�r� �t�h�e� �o�v�e�r�a�l�l� �i�n�-�p�l�a�n�e� �b�e�h�a�v�i�o�r� �o�f� �a� �s�t�i�f�f�e�n�e�d� �p�a�n�e�l�.� �I�n� �t�h�e� �d�e�n�-� 

�v�a�t�i�o�n�,� �t�h�e� �s�m�e�a�r�e�d� �t�h�e�o�r�y� �i�s� �a�p�p�l�i�e�d� �t�o� �t�h�e� �i�n�-�p�l�a�n�e� �e�l�a�s�t�i�c� �a�n�a�l�y�s�i�s� �o�f� �a� �s�i�n�g�l�e� �s�t�i�f�f�e�n�e�d� �u�n�i�t�.� �I�t� �i�s� 

�a�s�s�u�m�e�d� �t�h�a�t� �t�h�e� �b�e�h�a�v�i�o�r� �o�f� �t�h�i�s� �u�n�i�t� �i�s� �r�e�p�r�e�s�e�n�t�a�t�i�v�e� �o�f� �t�h�e� �o�v�e�r�a�l�l� �r�e�s�p�o�n�s�e� �o�f� �a� �p�a�n�e�l� �w�i�t�h� �r�e�-� 

�p�e�t�i�t�i�v�e� �g�e�o�m�e�t�r�y�.� �R�e�s�t�r�i�c�t�i�o�n�s� �o�n� �t�h�e� �g�e�o�m�e�t�r�y� �a�n�d� �b�a�s�i�c� �a�s�s�u�m�p�t�i�o�n�s� �b�e�h�i�n�d� �t�h�e� �s�t�a�t�i�c� �a�n�a�l�y�s�i�s� 

�a�r�e� �l�i�s�t�e�d� �b�e�l�o�w�.� �A� �d�i�s�c�u�s�s�i�o�n� �o�f� �t�h�e� �r�e�a�s�o�n�s� �f�o�r� �a�d�o�p�t�i�n�g� �t�h�e�s�e� �c�o�n�d�i�t�i�o�n�s� �a�n�d� �t�h�e�i�r� �i�m�p�l�i�c�a�t�i�o�n�s� 

�f�o�l�l�o�w�s�.� 

�1�.� �T�h�e� �s�k�i�n� �i�s� �s�y�m�m�e�t�r�i�c�a�l�l�y� �l�a�m�i�n�a�t�e�d�.� �I�d�e�n�t�i�c�a�l� �s�t�i�f�f�e�n�e�r�s� �a�r�e� �l�o�c�a�t�e�d� �o�n� �b�o�t�h� �s�i�d�e�s� �o�f� �t�h�e� �s�k�i�n�,� 

�s�y�m�m�e�t�r�i�c�a�l� �a�b�o�u�t� �t�h�e� �m�i�d�p�l�a�n�e� �o�f� �t�h�e� �p�l�a�t�e�.� 

�2�.� �T�h�e� �s�k�i�n� �l�a�m�i�n�a�t�e� �i�s� �b�a�l�a�n�c�e�d�.� �O�b�l�i�q�u�e� �s�t�i�f�f�e�n�e�r�s� �o�c�c�u�r� �i�n� �p�a�i�r�s� �o�r�i�e�n�t�e�d� �a�t� �e�q�u�a�l� �b�u�t� �o�p�p�o�s�i�t�e� 

�a�n�g�l�e�s� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �p�a�n�e�l� �c�o�o�r�d�i�n�a�t�e� �a�x�e�s�.� 

�A�n�a�l�y�t�i�c�a�l� �D�e�v�e�l�o�p�m�e�n�t� �2�5



�3�.� �P�a�n�e�l� �d�e�f�o�r�m�a�t�i�o�n�s� �d�o� �n�o�t� �v�i�o�l�a�t�e� �s�m�a�l�l� �d�i�s�p�l�a�c�e�m�e�n�t� �t�h�e�o�r�y�.� 

�4�.� �P�a�n�e�l� �s�u�p�p�o�r�t�s� �a�r�e� �s�u�f�f�i�c�i�e�n�t�l�y� �r�i�g�i�d� �t�o� �e�n�s�u�r�e� �t�h�a�t� �t�h�e� �d�e�f�o�r�m�e�d� �p�a�n�e�l� �s�h�a�p�e� �r�e�m�a�i�n�s� �a� 

�p�a�r�a�l�l�e�l�o�g�r�a�m� �u�n�d�e�r� �a�x�i�a�l� �o�r� �s�h�e�a�r� �l�o�a�d�i�n�g�.� �E�x�t�e�n�s�i�o�n�a�l� �d�e�f�o�r�m�a�t�i�o�n� �o�f� �t�h�e� �p�a�n�e�l� �i�n� �t�h�e� �X� �d�i�-� 

�r�e�c�t�i�o�n� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �z�e�r�o�.� 

�5�.� �S�t�i�f�f�e�n�e�r�s� �a�r�e� �t�r�e�a�t�e�d� �a�s� �i�s�o�l�a�t�e�d� �s�t�r�u�c�t�u�r�a�l� �e�l�e�m�e�n�t�s� �w�h�i�c�h� �c�a�r�r�y� �o�n�l�y� �a�x�i�a�l� �f�o�r�c�e�s�.� �I�t� �i�s� �a�s�s�u�m�e�d� 

�t�h�a�t� �s�t�i�f�f�e�n�e�r�s� �h�a�v�e� �z�e�r�o� �f�l�e�x�u�r�a�l� �s�t�i�f�f�n�e�s�s� �f�o�r� �b�e�n�d�i�n�g� �i�n� �a� �p�l�a�n�e� �p�a�r�a�l�l�e�l� �t�o� �t�h�e� �s�u�r�f�a�c�e� �o�f� �t�h�e� 

�p�a�n�e�l�.� 

�T�h�e� �f�i�r�s�t� �a�s�s�u�m�p�t�i�o�n� �i�s� �a� �f�u�n�d�a�m�e�n�t�a�l� �r�e�q�u�i�r�e�m�e�n�t� �i�n� �a�p�p�l�y�i�n�g� �a� �l�i�n�e�a�r� �t�h�e�o�r�y� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� 

�i�n�t�e�r�n�a�l� �l�o�a�d� �d�i�s�t�r�i�b�u�t�i�o�n� �f�o�r� �t�h�e� �p�a�n�e�l� �a�t� �i�t�s� �c�r�i�t�i�c�a�l� �l�o�a�d�.� �I�t� �i�s� �w�e�l�l� �k�n�o�w�n� �t�h�a�t� �l�a�m�i�n�a�t�e�d� �p�l�a�t�e�s� 

�s�y�m�m�e�t�r�i�c� �a�b�o�u�t� �t�h�e� �m�i�d�p�l�a�n�e� �i�n� �a�l�l� �r�e�s�p�e�c�t�s� �h�a�v�e� �n�o� �c�o�u�p�l�i�n�g� �b�e�t�w�e�e�n� �i�n�-�p�l�a�n�e� �e�x�t�e�n�s�i�o�n� �a�n�d� 

�o�u�t�-�o�f�-�p�l�a�n�e� �b�e�n�d�i�n�g� �(�i�.�e�.� �B�,�=�0�)�.� �S�u�m�i�l�a�r�l�y�,� �p�l�a�c�i�n�g� �i�d�e�n�t�i�c�a�l� �s�t�i�f�f�e�n�e�r�s� �o�n� �b�o�t�h� �s�i�d�e�s� �o�f� �t�h�e� �s�k�i�n� 

�w�i�l�l� �p�r�e�s�e�r�v�e� �t�h�i�s� �s�y�m�m�e�t�r�y�,� �a�n�d� �t�h�e� �g�l�o�b�a�l� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �p�a�n�e�l� �w�i�l�l� �n�o�t� �e�x�h�i�b�i�t� �b�e�n�d�i�n�g�-�e�x�t�e�n�s�i�o�n� 

�c�o�u�p�l�i�n�g�.� �F�o�r� �p�l�a�t�e�s� �i�n� �w�h�i�c�h� �b�e�n�d�i�n�g�-�e�x�t�e�n�s�i�o�n� �c�o�u�p�l�i�n�g� �i�s� �p�r�e�s�e�n�t�,� �i�n�-�p�l�a�n�e� �l�o�a�d�s� �w�i�l�l� �r�e�s�u�l�t� �i�n� 

�l�a�r�g�e� �o�u�t�-�o�f�-�p�l�a�n�e� �d�e�f�o�r�m�a�t�i�o�n�s�.� �T�h�e� �b�u�c�k�l�i�n�g� �p�r�o�b�l�e�m� �r�e�q�u�i�r�e�s� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �c�o�u�p�l�e�d� �e�q�u�a�t�i�o�n�s� 

�g�o�v�e�r�n�i�n�g� �b�o�t�h� �t�h�e� �i�n�-�p�l�a�n�e� �a�n�d� �o�u�t�-�o�f�-�p�l�a�n�e� �r�e�s�p�o�n�s�e�.� �H�o�w�e�v�e�r�,� �f�o�r� �s�y�m�m�e�t�r�i�c� �g�e�o�m�e�t�r�i�e�s� �t�h�e� 

�i�n�-�p�l�a�n�e� �a�n�d� �b�e�n�d�i�n�g� �p�r�o�b�l�e�m�s� �u�n�c�o�u�p�l�e� �a�n�d� �t�h�e� �b�u�c�k�l�i�n�g� �p�r�o�b�l�e�m� �c�a�n� �b�e� �s�o�l�v�e�d� �b�y� �c�o�n�s�i�d�e�r�i�n�g� 

�j�u�s�t� �t�h�e� �o�u�t�-�o�f�-�p�l�a�n�e� �d�e�f�l�e�c�t�i�o�n� �w�.� �A�l�s�o�,� �a� �l�i�n�e�a�r� �d�e�f�o�r�m�a�t�i�o�n� �t�h�e�o�r�y� �b�a�s�e�d� �o�n� �t�h�e� �u�n�b�u�c�k�l�e�d� �g�e�-� 

�o�m�e�t�r�y� �o�f� �t�h�e� �p�a�n�e�l� �c�a�n� �b�e� �u�s�e�d� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �i�n�t�e�r�n�a�l� �l�o�a�d� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �t�h�e� �s�t�i�f�f�e�n�e�d� �p�a�n�e�l� 

�a�t� �t�h�e� �c�r�i�t�i�c�a�l� �p�o�i�n�t�.� 

�T�h�e� �s�e�c�o�n�d� �a�s�s�u�m�p�t�i�o�n� �e�l�i�m�i�n�a�t�e�s� �a� �s�e�c�o�n�d� �f�o�r�m� �o�f� �c�o�u�p�l�i�n�g�,� �b�u�t� �i�s� �i�m�p�o�s�e�d� �f�o�r� �p�r�a�c�t�i�c�a�l� �d�e�s�i�g�n� 

�r�e�a�s�o�n�s�.� �L�a�m�i�n�a�t�e�s� �w�i�t�h� �o�f�f�-�a�x�i�s� �p�l�i�e�s� �w�h�i�c�h� �d�o� �n�o�t� �o�c�c�u�r� �i�n� �+� �8� �p�a�i�r�s� �a�r�e� �u�n�b�a�l�a�n�c�e�d� �a�n�d� �w�i�l�l� �h�a�v�e� 

�n�o�n�z�e�r�o� �A�,�,� �a�n�d� �A�,�,� �s�t�i�f�f�n�e�s�s� �t�e�r�m�s�.� �T�h�e�s�e� �t�e�r�m�s� �i�m�p�l�y� �c�o�u�p�l�i�n�g� �b�e�t�w�e�e�n� �i�n�-�p�l�a�n�e� �e�x�t�e�n�s�i�o�n� �a�n�d� 

�i�n�-�p�l�a�n�e� �s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n�s�,� �w�h�i�c�h� �i�s� �g�e�n�e�r�a�l�l�y� �n�o�t� �d�e�s�i�r�a�b�l�e� �b�e�h�a�v�i�o�r� �f�o�r� �m�o�s�t� �s�t�r�u�c�t�u�r�a�l� �a�p�p�l�i�c�a�-� 

�t�i�o�n�s�.� �A�n�a�l�o�g�o�u�s� �t�o� �b�a�l�a�n�c�i�n�g� �p�l�i�e�s� �i�n� �a� �l�a�m�i�n�a�t�e�,� �p�l�a�c�i�n�g� �o�b�l�i�q�u�e� �s�t�i�f�f�e�n�e�r�s� �i�n� �p�a�i�r�s� �a�t� �e�q�u�a�l� �b�u�t� 

�o�p�p�o�s�i�t�e� �a�n�g�l�e�s� �w�i�l�l� �c�a�n�c�e�l� �t�h�e�i�r� �t�e�n�d�e�n�c�y� �t�o� �i�n�d�u�c�e� �e�x�t�e�n�s�i�o�n�-�s�h�e�a�r� �c�o�u�p�l�i�n�g�.� �I�n� �a�d�d�i�t�i�o�n�,� �t�h�e� 

�b�a�l�a�n�c�e�d� �s�t�i�f�f�e�n�e�r� �p�l�a�c�e�m�e�n�t� �m�i�n�i�m�i�z�e�s� �t�h�e� �d�i�r�e�c�t�i�o�n�a�l� �s�e�n�s�i�t�i�v�i�t�y� �o�f� �t�h�e� �p�a�n�e�l� �f�o�r� �b�u�c�k�l�i�n�g� �u�n�d�e�r� 

�s�h�e�a�r� �l�o�a�d�s�.� �T�h�i�s� �r�e�s�u�l�t�s� �f�r�o�m� �t�h�e� �s�t�i�f�f�e�n�e�r� �n�e�t�w�o�r�k� �h�a�v�i�n�g� �a�n� �e�q�u�a�l� �n�u�m�b�e�r� �o�f� �s�t�i�f�f�e�n�e�r�s� �i�n� �t�e�n�s�i�o�n� 
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�a�n�d� �c�o�m�p�r�e�s�s�i�o�n� �u�n�d�e�r� �p�o�s�i�t�i�v�e� �a�n�d� �n�e�g�a�t�i�v�e� �s�h�e�a�r�.� �(�S�e�n�s�i�t�i�v�i�t�y� �t�o� �s�h�e�a�r� �d�i�r�e�c�t�i�o�n� �w�i�l�l� �s�t�i�l�l� �o�c�c�u�r� 

�i�n� �t�h�e� �b�u�c�k�l�i�n�g� �a�n�a�l�y�s�i�s� �f�r�o�m� �b�e�n�d�i�n�g�-�t�w�i�s�t�i�n�g� �c�o�u�p�l�i�n�g� �i�f� �t�h�e� �s�k�i�n� �l�a�m�i�n�a�t�e� �h�a�s� �n�o�n�z�e�r�o� �D�,�,� �a�n�d� �D�,�,� 

�t�e�r�m�s�.� �T�h�i�s� �t�o�p�i�c� �i�s� �d�i�s�c�u�s�s�e�d� �i�n� �g�r�e�a�t�e�r� �d�e�t�a�i�l� �i�n� �S�e�c�t�i�o�n� �5�.�3�)�.� 

�T�h�e� �t�h�i�r�d� �a�s�s�u�m�p�t�i�o�n� �s�i�m�p�l�i�f�i�e�s� �t�h�e� �g�e�o�m�e�t�r�i�c�a�l� �a�s�p�e�c�t�s� �o�f� �t�h�e� �p�r�o�b�l�e�m� �a�n�d� �p�e�r�m�i�t�s� �m�u�l�t�i�p�l�e� �l�o�a�d�s� 

�t�o� �b�e� �c�o�n�s�i�d�e�r�e�d� �v�i�a� �s�u�p�e�r�p�o�s�i�t�i�o�n�.� �I�n� �d�e�r�i�v�i�n�g� �e�q�u�a�t�i�o�n�s� �g�o�v�e�r�n�i�n�g� �t�h�e� �e�q�u�i�l�i�b�r�i�u�m� �o�f� �e�l�a�s�t�i�c� 

�b�o�d�i�e�s�,� �i�t� �i�s� �c�o�m�m�o�n� �t�o� �m�a�k�e� �n�o� �d�i�s�t�i�n�c�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� �f�o�r�m� �o�f� �t�h�e� �b�o�d�y� �b�e�f�o�r�e� �l�o�a�d�i�n�g� �a�n�d� �t�h�e� 

�f�o�r�m� �o�f� �t�h�e� �b�o�d�y� �a�f�t�e�r� �l�o�a�d�i�n�g�.� �T�h�i�s� �a�s�s�u�m�e�s� �t�h�a�t� �t�h�e� �u�s�u�a�l�l�y� �s�m�a�l�l� �d�e�f�o�r�m�a�t�i�o�n� �d�i�s�p�l�a�c�e�m�e�n�t�s� �d�o� 

�n�o�t� �s�i�g�n�i�f�i�c�a�n�t�l�y� �a�f�f�e�c�t� �t�h�e� �a�c�t�i�o�n� �o�f� �t�h�e� �a�p�p�l�i�e�d� �f�o�r�c�e�s�.� �I�f� �t�h�i�s� �a�s�s�u�m�p�t�i�o�n� �i�s� �r�e�a�s�o�n�a�b�l�e�,� �c�a�l�c�u�l�a�t�i�o�n�s� 

�c�a�n� �b�e� �c�a�r�r�i�e�d� �o�u�t� �b�a�s�e�d� �o�n� �t�h�e� �i�n�i�t�i�a�l� �u�n�d�e�f�o�r�m�e�d� �p�l�a�t�e� �g�e�o�m�e�t�r�y�.� �T�h�e� �s�m�a�l�l� �d�i�s�p�l�a�c�e�m�e�n�t� �a�s�-� 

�s�u�m�p�t�i�o�n� �m�u�s�t� �a�l�s�o� �b�e� �v�a�l�i�d� �i�n� �o�r�d�e�r� �t�o� �j�u�s�t�i�f�y� �a�p�p�l�y�i�n�g� �t�h�e� �p�r�i�n�c�i�p�l�e� �o�f� �s�u�p�e�r�p�o�s�i�t�i�o�n� �t�o� �d�e�t�e�r�m�i�n�e� 

�t�o�t�a�l� �d�i�s�p�l�a�c�e�m�e�n�t�s� �u�n�d�e�r� �t�h�e� �a�c�t�i�o�n� �o�f� �m�u�l�t�i�p�l�e� �e�x�t�e�r�n�a�l� �l�o�a�d�s�.� �T�h�i�s� �p�r�i�n�c�i�p�l�e� �s�t�a�t�e�s� �t�h�a�t� �t�h�e� �t�o�t�a�l� 

�d�i�s�p�l�a�c�e�m�e�n�t�s� �o�f� �a� �b�o�d�y� �a�r�e� �m�e�r�e�l�y� �a� �l�i�n�e�a�r� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �o�b�s�e�r�v�e�d� �w�h�e�n� �e�a�c�h� 

�l�o�a�d� �i�s� �a�p�p�l�i�e�d� �i�n�d�e�p�e�n�d�e�n�t�l�y�*�.� 

�T�h�e� �f�o�u�r�t�h� �a�s�s�u�m�p�t�i�o�n� �r�e�f�l�e�c�t�s� �a�n� �i�d�e�a�l�i�z�a�t�i�o�n� �o�f� �t�h�e� �a�c�t�u�a�l� �r�e�s�t�r�a�i�n�t� �c�o�n�d�i�t�i�o�n�s� �a�t� �t�h�e� �e�d�g�e�s� �o�f� �t�h�e� 

�p�a�n�e�l�.� �T�h�e� �s�t�i�f�f�e�n�e�d� �p�a�n�e�l�s� �u�n�d�e�r� �c�o�n�s�i�d�e�r�a�t�i�o�n� �a�r�e� �i�n�t�e�n�d�e�d� �t�o� �b�e� �r�e�p�r�e�s�e�n�t�a�t�i�v�e� �o�f� �a� �n�b� �p�a�n�e�l� �f�o�r� 

�t�h�e� �w�i�n�g� �o�f� �a� �l�a�r�g�e� �t�r�a�n�s�p�o�r�t� �a�i�r�c�r�a�f�t�.� �A� �t�y�p�i�c�a�l� �l�o�a�d� �s�c�e�n�a�r�i�o� �f�o�r� �t�h�i�s� �p�a�n�e�l� �i�s� �c�o�m�p�r�e�s�s�i�o�n� �i�n� �t�h�e� 

�Y� �d�i�r�e�c�t�i�o�n� �d�u�e� �t�o� �b�e�n�d�i�n�g� �o�f� �t�h�e� �w�i�n�g�.� �U�n�d�e�r� �t�h�i�s� �l�o�a�d�i�n�g�,� �t�h�e� �p�a�n�e�l� �w�i�l�l� �a�t�t�e�m�p�t� �t�o� �e�x�p�a�n�d� �o�r� 

�c�o�n�t�r�a�c�t� �i�n� �t�h�e� �X� �d�i�r�e�c�t�i�o�n� �d�u�e� �t�o� �t�h�e� �P�o�i�s�s�o�n� �e�f�f�e�c�t�.� �I�n� �g�e�o�d�e�s�i�c�a�l�l�y� �s�t�i�f�f�e�n�e�d� �p�a�n�e�l�s� �o�f� �t�h�e� �t�y�p�e� 

�c�u�r�r�e�n�t�l�y� �u�n�d�e�r� �i�n�v�e�s�t�i�g�a�t�i�o�n�,� �t�h�i�s� �e�f�f�e�c�t� �m�a�y� �b�e� �s�e�v�e�r�e� �d�u�e� �t�o�  ��s�c�i�s�s�o�r�i�n�g �� �o�f� �t�h�e� �s�t�i�f�f�e�n�e�r�s�.� �W�h�e�n� 

�t�h�e� �p�a�n�e�l� �i�s� �i�n�s�t�a�l�l�e�d� �i�n� �a�n� �a�i�r�c�r�a�f�t� �i�t� �w�o�u�l�d� �b�e� �b�o�u�n�d�e�d� �b�y� �a� �n�e�t�w�o�r�k� �o�f� �s�p�a�r�s�,� �s�t�r�i�n�g�e�r�s�,� �a�n�d� �w�i�n�g� 

�c�o�v�e�r�s�.� �I�n�-�p�l�a�n�e� �d�e�f�o�r�m�a�t�i�o�n� �o�f� �t�h�e� �p�a�n�e�l� �i�s�,� �t�h�e�r�e�f�o�r�e�,� �r�e�s�t�r�a�i�n�e�d� �t�o� �a� �c�e�r�t�a�i�n� �d�e�g�r�e�e� �b�y� �t�h�e� �s�u�r�-� 

�r�o�u�n�d�i�n�g� �s�t�r�u�c�t�u�r�e�.� �H�o�w�e�v�e�r�,� �i�n� �t�h�e� �p�r�e�s�e�n�t� �a�n�a�l�y�s�i�s� �i�t� �i�s� �c�o�n�v�e�n�i�e�n�t� �t�o� �s�i�m�p�l�i�f�y� �t�h�e� �d�e�g�r�e�e� �o�f� �r�e�-� 

�s�t�r�a�i�n�t� �b�y� �a�s�s�u�m�i�n�g� �t�h�a�t� �t�h�e� �p�a�n�e�l� �e�d�g�e�s� �p�e�r�p�e�n�d�i�c�u�l�a�r� �t�o� �t�h�e� �X� �a�x�i�s� �a�r�e� �e�i�t�h�e�r� �c�o�m�p�l�e�t�e�l�y� �f�i�x�e�d� �i�n� 

�t�h�e� �X� �d�i�r�e�c�t�i�o�n� �o�r� �f�r�e�e� �o�f� �a�n�y� �r�e�s�t�r�a�i�n�t� �i�n� �t�h�e� �Y� �d�i�r�e�c�t�i�o�n�.� �C�l�e�a�r�l�y�,� �t�h�e�s�e� �a�s�s�u�m�e�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�-� 

�t�i�o�n�s� �r�e�p�r�e�s�e�n�t� �t�w�o� �e�x�t�r�e�m�e�s� �w�h�i�c�h� �b�o�u�n�d� �t�h�e� �a�c�t�u�a�l� �d�e�g�r�e�e� �o�f� �e�l�a�s�t�i�c� �r�e�s�t�r�a�i�n�t�.� �T�h�e� �f�i�x�e�d� �o�r� �z�e�r�o�-� 

�t�r�a�n�s�v�e�r�s�e�-�d�e�f�o�r�m�a�t�i�o�n� �c�o�n�d�i�t�i�o�n� �h�a�s� �b�e�e�n� �c�h�o�s�e�n� �a�s� �i�t� �i�s� �b�e�l�i�e�v�e�d� �t�o� �b�e� �c�l�o�s�e�r� �t�o� �t�h�e� �a�c�t�u�a�l� �d�e�g�r�e�e� 

�o�f� �r�e�s�t�r�a�i�n�t�,� �w�h�e�r�e�a�s� �t�h�e� �r�e�s�t�r�a�i�n�t�-�f�r�e�e� �c�o�n�d�i�t�i�o�n� �w�i�l�l� �r�e�s�u�l�t� �i�n� �e�x�c�e�s�s�i�v�e� �s�t�r�e�t�c�h�i�n�g� �o�f� �t�h�e� �p�a�n�e�l� �s�k�i�n� 
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�d�u�e� �t�o� �s�t�i�f�f�e�n�e�r� �s�c�i�s�s�o�r�i�n�g�.� �I�t� �i�s� �i�m�p�o�r�t�a�n�t� �t�o� �n�o�t�e� �t�h�a�t� �t�h�e� �p�r�e�c�e�d�i�n�g� �a�s�s�u�m�p�t�i�o�n� �d�o�e�s� �n�o�t� �a�f�f�e�c�t� 

�s�h�e�a�r� �r�e�s�p�o�n�s�e� �a�s� �t�h�e�r�e� �i�s� �n�o� �c�o�u�p�l�i�n�g� �b�e�t�w�e�e�n� �s�h�e�a�r� �a�n�d� �e�x�t�e�n�s�i�o�n� �f�o�r� �t�h�e� �p�a�n�e�l�s� �u�n�d�e�r� �c�o�n�s�i�d�e�r�-� 

�a�t�i�o�n� �(�s�e�e� �A�s�s�u�m�p�t�i�o�n� �#�2�)�.� 

�T�h�e� �f�i�f�t�h� �a�n�d� �f�i�n�a�l� �a�s�s�u�m�p�t�i�o�n� �s�i�m�p�l�i�f�i�e�s� �e�s�t�i�m�a�t�i�n�g� �t�h�e� �i�n�t�e�r�n�a�l� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �l�o�a�d�s� �i�n� �t�h�e� �s�t�i�f�f�e�n�e�d� 

�p�a�n�e�l�.� �I�n� �t�h�e� �a�c�t�u�a�l� �s�t�r�u�c�t�u�r�e�,� �w�h�e�r�e� �t�h�e� �s�k�i�n� �a�n�d� �s�t�i�f�f�e�n�e�r�s� �f�o�r�m� �a�n� �i�n�t�e�g�r�a�l� �u�n�i�t�,� �t�h�e� �s�t�r�e�s�s� �d�i�s�-� 

�t�r�i�b�u�t�i�o�n� �i�s� �v�e�r�y� �c�o�m�p�l�e�x�.� �B�y� �i�g�n�o�r�i�n�g� �a�n�y� �i�n�t�e�r�a�c�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� �s�k�i�n� �a�n�d� �s�t�i�f�f�e�n�e�r�s�,� �a�n�d� �b�e�t�w�e�e�n� 

�s�t�i�f�f�e�n�e�r�s� �w�h�e�r�e� �t�h�e�y� �c�r�o�s�s� �(�i�.�e�.� �c�o�m�p�o�n�e�n�t�s� �a�r�e� �a�s�s�u�m�e�d� �t�o� �b�e� �a�b�l�e� �t�o� �s�l�i�d�e� �a�c�r�o�s�s� �o�n�e� �a�n�o�t�h�e�r�)�,� �t�h�e� 

�p�a�n�e�l� �c�a�n� �b�e� �t�r�e�a�t�e�d� �a�s� �a� �t�r�u�s�s� �o�n� �t�o�p� �o�f� �a� �f�l�a�t� �p�l�a�t�e�,� �c�o�n�n�e�c�t�e�d� �o�n�l�y� �a�t� �t�h�e� �p�a�n�e�l� �p�e�r�i�m�e�t�e�r�.� �T�h�a�t� 

�i�s�,� �c�o�m�p�a�t�i�b�i�l�i�t�y� �o�f� �g�l�o�b�a�l� �s�t�r�a�i�n�s� �a�n�d� �e�q�u�i�l�i�b�r�i�u�m� �o�f� �f�o�r�c�e�s� �b�e�t�w�e�e�n� �t�h�e� �s�t�i�f�f�e�n�e�r� �n�e�t�w�o�r�k� �a�n�d� �t�h�e� 

�s�k�i�n� �a�r�e� �o�n�l�y� �e�n�f�o�r�c�e�d� �a�t� �t�h�e� �o�u�t�s�i�d�e� �e�d�g�e�s� �o�f� �t�h�e� �p�a�n�e�l�.� 

�T�h�e�r�e� �a�r�e� �f�o�u�r� �s�t�e�p�s� �i�n� �t�h�e� �l�o�a�d� �d�i�s�t�r�i�b�u�t�i�o�n� �a�n�a�l�y�s�i�s�.� �T�h�e� �f�i�r�s�t� �s�t�e�p� �i�s� �t�o� �d�e�f�i�n�e� �t�h�e� �c�o�n�s�t�i�t�u�t�i�v�e� 

�e�q�u�a�t�i�o�n�s� �f�o�r� �t�h�e� �p�a�n�e�l� �s�k�i�n�,� �w�h�i�c�h� �a�r�e� �g�i�v�e�n� �b�y� �c�l�a�s�s�i�c�a�l� �l�a�m�i�n�a�t�i�o�n� �t�h�e�o�r�y�.� �T�h�e� �n�e�x�t� �s�t�e�p� �i�s� �t�o� 
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�A�n�a�l�y�t�i�c�a�l� �D�e�v�e�l�o�p�m�e�n�t� �3�1



�w�a�r�d�s� �a�n�d� �t�o� �t�h�e� �n�g�h�t� �a�t� �a�n�g�l�e�  �� �¢�,� �i�s� �s�t�i�f�f�e�n�e�r� �#�2�.� �T�h�e� �t�o�t�a�l� �c�r�o�s�s�-�s�e�c�t�i�o�n�a�l� �a�r�e�a� �o�f� �e�a�c�h� �s�t�i�f�f�e�n�e�r� 

�o�f� �t�h�e� �p�a�i�r� �i�s� �t�h�e� �s�a�m�e� �a�n�d� �i�s� �d�e�n�o�t�e�d� �b�y� �A�.� �T�h�e� �a�p�p�r�o�a�c�h� �i�s� �t�h�e� �s�a�m�e� �a�s� �t�h�a�t� �f�o�r� �t�h�e� �l�o�n�g�i�t�u�d�i�n�a�l�l�y� 

�s�t�i�f�f�e�n�e�d� �e�x�a�m�p�l�e�,� �b�u�t� �i�t� �i�s� �c�o�m�p�l�i�c�a�t�e�d� �b�y� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �s�t�i�f�f�e�n�e�r�s� �a�r�e� �n�o�t� �p�a�r�a�l�l�e�l� �t�o� �t�h�e� �c�o�o�r�d�i�-� 

�n�a�t�e� �s�y�s�t�e�m�.� �A�s� �b�e�f�o�r�e�,� �t�h�e� �s�t�r�a�i�n�s� �f�o�r� �t�h�e� �p�a�n�e�l�,� �a�n�d� �t�h�e�r�e�f�o�r�e� �t�h�e� �r�e�p�r�e�s�e�n�t�a�t�i�v�e� �u�n�i�t�,� �i�n� �t�h�e� �x�  �� �y� 

�c�o�o�r�d�i�n�a�t�e� �s�y�s�t�e�m� �a�r�e� �d�e�n�o�t�e�d� �b�y� �¢�,�,�¢�,�,�y�,�,� �-� �T�h�e� �s�t�r�a�i�n�s� �i�n� �a� �l�o�c�a�l� �c�o�o�r�d�i�n�a�t�e� �s�y�s�t�e�m� �a�l�i�g�n�e�d� �w�i�t�h� 

�t�h�e� �s�t�i�f�f�e�n�e�r� �c�a�n� �b�e� �d�e�t�e�r�m�i�n�e�d� �u�s�i�n�g� �t�h�e� �s�t�a�n�d�a�r�d� �s�t�r�a�i�n� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �*� 

�E�s� �c�o�s ��@� �s�i�n�?�@� �s�i�n� �8� �c�o�s� �@� �E�y� 

�E�y� �=� �s�i�n ��@� �c�o�s ��6�  �� �s�i�n� �8� �c�o�s� �@� �b�y� �(�9�)� 

�Y�e�r�  ��2�s�i�n�@�c�o�s�@� �2�s�i�n�@�c�o�s�@� �c�o�s ��@�  ��s�i�n ��6� �Y�a�y� 

�w�h�e�r�e� �e�c�,� �d�e�n�o�t�e�s� �t�h�e� �s�t�r�a�i�n� �c�o�m�p�o�n�e�n�t� �p�a�r�a�l�l�e�l� �t�o� �t�h�e� �s�t�i�f�f�e�n�e�r� �a�x�i�s� �o�r� �l�o�n�g�i�t�u�d�i�n�a�l� �d�i�r�e�c�t�i�o�n� �a�n�d� �e�,� 

�t�h�e� �c�o�m�p�o�n�e�n�t� �p�e�r�p�e�n�d�i�c�u�l�a�r� �o�r� �t�r�a�n�s�v�e�r�s�e� �t�o� �t�h�e� �s�t�i�f�f�e�n�e�r�.� �I�n� �a�c�c�o�r�d�a�n�c�e� �w�i�t�h� �A�s�s�u�m�p�t�i�o�n� �#�5�,� 

�w�h�e�r�e� �s�t�i�f�f�e�n�e�r�s� �c�a�r�r�y� �a�x�i�a�l� �l�o�a�d�s� �o�n�l�y�,� �t�h�e� �a�x�i�a�l� �c�o�m�p�o�n�e�n�t� �o�f� �s�t�r�a�i�n� �f�o�r� �e�a�c�h� �s�t�i�f�f�e�n�e�r� �i�s� �t�h�e� �o�n�l�y� 

�q�u�a�n�t�i�t�y� �r�e�q�u�i�r�e�d�.� �T�o� �c�a�l�c�u�l�a�t�e� �t�h�e� �a�x�i�a�l� �s�t�r�a�i�n� �c�o�m�p�o�n�e�n�t� �f�o�r� �s�t�i�f�f�e�n�e�r� �#�1�,� �t�h�e� �a�n�g�l�e� �+� �¢� �1�s� �i�n�s�e�r�t�e�d� 

�i�n� �t�h�e� �f�i�r�s�t� �l�i�n�e� �o�f� �E�q�u�a�t�i�o�n� �(�9�)�,� �g�i�v�i�n�g� 

�f�)� �=� �c�o�s ��$�e�,� �+� �s�i�n �� �e�y� �+� �s�i�n�g� �c�o�s� �$�y�y�,� 

�2� �,� �(�1�0�)� 
�=�c�C�e�,� �t�+� �S�$� �t�y� �+� �S�C�Y� �x�y� 

�w�h�e�r�e� �s� �a�n�d� �c� �a�r�e� �s�h�o�r�t�h�a�n�d� �n�o�t�a�t�i�o�n�s� �f�o�r� �s�i�n� �¢� �a�n�d� �c�o�s� �@�¢�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�o� �c�a�l�c�u�l�a�t�e� �t�h�e� �a�x�i�a�l� �s�t�r�a�i�n� 

�c�o�m�p�o�n�e�n�t� �f�o�r� �s�t�i�f�f�e�n�e�r� �#�2�,� �t�h�e� �a�n�g�l�e�  �� �¢� �i�s� �n�o�w� �i�n�s�e�r�t�e�d� �i�n� �t�h�e� �f�i�r�s�t� �l�i�n�e� �o�f� �E�q�u�a�t�i�o�n� �(�9�)� �t�o� �g�i�v�e� 

�f�=� �c�o�s�?�(�  �� �p�t�e�,� �+� �s�i�n�?�(�  �� �p�j�e�y� �+� �s�i�n�( �� �¢�)�c�o�s�( �� �$�)�y�4�,� 

�=� �c�e�,� �+� �s�e�y�  �� �S�C�V� �x�y� 
�(�1�1�)� 

�N�o�t�e� �t�h�a�t� �E�q�u�a�t�i�o�n�s� �(�1�0�)� �a�n�d� �(�1�1�)� �d�i�f�f�e�r� �o�n�l�y� �i�n� �t�h�e� �s�i�g�n� �o�f� �t�h�e� �s�h�e�a�r� �s�t�r�a�i�n� �c�o�e�f�f�i�c�i�e�n�t�.� �S�t�i�f�f�e�n�e�r� 

�a�x�i�a�l� �f�o�r�c�e�s� �a�r�e� �f�o�u�n�d� �b�y� �m�u�l�t�i�p�l�y�i�n�g� �t�h�e� �a�x�i�a�l� �s�t�r�a�i�n� �f�o�r� �e�a�c�h� �s�t�i�f�f�e�n�e�r� �b�y� �t�h�e� �a�x�i�a�l� �e�l�a�s�t�i�c� �m�o�d�u�l�u�s� 

�E�,� �a�n�d� �c�r�o�s�s�-�s�e�c�t�i�o�n�a�l� �a�r�e�a� �A� 

�A�n�a�l�y�t�i�c�a�l� �D�e�v�e�l�o�p�m�e�n�t� �3�2



�F�,� �=� �A�E�,� �(�c�7�e�_� �+� �S�e�y� �+� �S�C� �y�x�y�)� �(�7� 

�F�,�=� �A�E�,� �(�c�7�e�,� �+� �S�t�y�  �� �S�C� �Y�x�y�)� 

�S�t�i�f�f�e�n�e�r� �a�x�i�a�l� �f�o�r�c�e�s� �a�r�e� �n�o�w� �r�e�s�o�l�v�e�d� �i�n�t�o� �o�r�t�h�o�g�o�n�a�l� �c�o�m�p�o�n�e�n�t�s�,� �a�s� �i�n�d�i�c�a�t�e�d� �i�n� �F�i�g�u�r�e� �1�0�-�B�.� 

�L�o�o�k�i�n�g� �a�t� �t�h�e� �v�e�r�t�i�c�a�l� �e�d�g�e� �o�f� �t�h�e� �u�n�i�t�,� �t�h�e� �f�o�r�c�e� �c�o�m�p�o�n�e�n�t�s� �i�n� �t�h�e� �x� �d�i�r�e�c�t�i�o�n� �a�r�e� �F�,� �c�o�s� �¢� �a�n�d� 

�F�,�c�o�s� �¢�.� �S�u�m�m�i�n�g� �t�h�e�s�e� �t�w�o� �f�o�r�c�e� �c�o�m�p�o�n�e�n�t�s� �g�i�v�e�s� �t�h�e� �t�o�t�a�l� �f�o�r�c�e� �i�n� �t�h�e� �x� �d�i�r�e�c�t�i�o�n�,� �F�,�.� �S�u�b�-� 

�s�t�i�t�u�t�i�n�g� �f�o�r� �F�,� �a�n�d� �F�;� �f�r�o�m� �E�q�u�a�t�i�o�n� �(�1�2�)� �t�o� �g�e�t� �t�h�e� �e�x�p�r�e�s�s�i�o�n� �i�n� �t�e�r�m�s� �o�f� �s�t�r�a�i�n�s� �g�i�v�e�s� 

�F�,� �=� �F�,� �c�o�s� �¢� �+� �F�y� �c�o�s� �$� 

�=� �(�A�E�,� �(�c�7�e�,� �+� �S�e�y� �+� �s�c� �Y�x�y�)� �c�o�s�¢� �+� �(�A�E�,� �(�c�7�e�,� �+� �S�e�y�  �� �S�C� �Y�x�y�)�J� �c�o�s� �¢� �(�1�3�)� 

�=� �2�A�E�,� �(�c�*�e�,� �+�  ¬�5�7�6�y�)� 

�I�t� �i�s� �i�m�p�o�r�t�a�n�t� �t�o� �n�o�t�e� �t�h�a�t� �t�h�e� �d�e�p�e�n�d�e�n�c�e� �o�n� �t�h�e� �s�h�e�a�r� �s�t�r�a�i�n� �d�r�o�p�s� �o�u�t�.� �A�n� �a�v�e�r�a�g�e� �f�o�r�c�e� �r�e�s�u�l�t�a�n�t� 

�f�o�r� �t�h�e� �s�t�i�f�f�e�n�e�r�s� �i�s� �a�g�a�i�n� �c�o�n�s�t�r�u�c�t�e�d� �b�y� �s�m�e�a�r�i�n�g� �t�h�e� �t�o�t�a�l� �f�o�r�c�e� �i�n� �t�h�e� �x� �d�i�r�e�c�t�i�o�n� �a�l�o�n�g� �t�h�e� �v�e�r�t�i�c�a�l� 

�e�d�g�e� �o�f� �t�h�e� �u�n�i�t�.� �T�h�e� �f�o�r�c�e� �p�e�r� �u�n�i�t� �l�e�n�g�t�h� �a�l�o�n�g� �t�h�e� �v�e�r�t�i�c�a�l� �e�d�g�e� �i�s� �f�i�n�a�l�l�y� 

�2�A� �E�,� 
�b� 

� � 

�F�,� 
�N�y�a� �=� �(�c�?�e�,� �+� �c�s�*�e�y�)� �(�1�4�)� 

�A� �n�o�r�m�a�l� �f�o�r�c�e� �r�e�s�u�l�t�a�n�t� �N�,� �i�n� �t�h�e� �y� �d�i�r�e�c�t�i�o�n� �i�s� �d�e�r�i�v�e�d� �i�n� �t�h�e� �s�a�m�e� �m�a�n�n�e�r� �a�s� �N�,�.� �S�u�m�m�i�n�g� �f�o�r�c�e� 

�c�o�m�p�o�n�e�n�t�s� �a�l�o�n�g� �t�h�e� �h�o�r�i�z�o�n�t�a�l� �e�d�g�e� �o�f� �t�h�e� �u�n�i�t�,� �d�i�s�t�r�i�b�u�t�i�n�g� �t�h�e� �r�e�s�u�l�t� �o�v�e�r� �t�h�e� �d�i�s�t�a�n�c�e� �a�,� �a�n�d� 

�s�i�m�p�l�i�f�y�i�n�g� �g�i�v�e�s� 

�F�y� �2�A�E�,� �N�,� �=� �(�s�c� �y� �a� �a� 
� � �e�,� �+� �S�e�y�)� �(�1�5�)� 

�T�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �s�h�e�a�r� �f�o�r�c�e� �r�e�s�u�l�t�a�n�t�,� �t�h�e� �f�o�r�c�e�s� �t�a�n�g�e�n�t�i�a�l� �t�o� �e�i�t�h�e�r� �t�h�e� �h�o�r�i�z�o�n�t�a�l� �o�r� �v�e�r�t�i�c�a�l� �f�a�c�e�s� 

�o�f� �t�h�e� �u�n�i�t� �c�a�n� �b�e� �u�s�e�d� �w�i�t�h� �i�d�e�n�t�i�c�a�l� �r�e�s�u�l�t�s�.� �C�o�n�s�i�d�e�r�i�n�g� �t�h�e� �v�e�r�t�i�c�a�l� �e�d�g�e� �o�f� �t�h�e� �u�n�i�t�,� �t�h�e� �t�a�n�g�e�n�t�i�a�l� 

�f�o�r�c�e� �c�o�m�p�o�n�e�n�t�s� �a�r�e� �F�,� �s�i�n� �¢� �i�n� �t�h�e� �p�o�s�i�t�i�v�e� �y� �d�i�r�e�c�t�i�o�n� �a�n�d� �F�,� �s�i�n� �¢� �i�n� �t�h�e� �n�e�g�a�t�i�v�e� �y� �d�i�r�e�c�t�i�o�n� 

�(�F�i�g�u�r�e� �1�0�-�B�)�.� �S�u�b�s�t�i�t�u�t�i�n�g� �F�,� �a�n�d� �F�,� �f�r�o�m� �E�q�u�a�t�i�o�n� �(�1�2�)� �g�i�v�e�s� 

�A�n�a�l�y�t�i�c�a�l� �D�e�v�e�l�o�p�m�e�n�t� �3�3



�F�Y� �=� �F�,� �s�i�n� �¢�@�  �� �F�y� �s�i�n� �¢� 

�=� �(�A�E�,� �(�c�7�e�,� �+� �S�t�y� �+� �s�c� �Y�x�y�)�J� �s�i�n�g�  �� �L�A�E�,� �(�c�7�e�,� �+� �S�t�y�  �� �S�C� �Y�x�y�)� �s�i�n� �(�1�6�)� 

�=� �2�A�E�,� �(�c�5�y� �x�y�)� 

�w�i�t�h� �t�h�e� �r�e�l�a�t�e�d� �f�o�r�c�e� �r�e�s�u�l�t�a�n�t� �f�o�l�l�o�w�i�n�g� 

� � �Y�x�y�)� �(�1�7�)� 

�N�o�t�e� �t�h�a�t� �t�h�e� �s�h�e�a�r� �f�o�r�c�e� �r�e�s�u�l�t�a�n�t� �d�e�p�e�n�d�s� �s�o�l�e�l�y� �o�n� �t�h�e� �s�h�e�a�r� �s�t�r�a�i�n�s�.� �C�l�e�a�r�l�y�,� �E�q�u�a�t�i�o�n�s� �(�1�4�)�,� 

�(�1�5�)�,� �a�n�d� �(�1�7�)� �s�h�o�w� �t�h�a�t� �t�h�e�r�e� �i�s� �n�o� �c�o�u�p�l�i�n�g� �b�e�t�w�e�e�n� �a�x�i�a�l� �a�n�d� �s�h�e�a�r� �r�e�s�p�o�n�s�e�.� �T�h�e� �c�o�n�s�t�i�t�u�t�i�v�e� 

�r�e�l�a�t�i�o�n�s� �f�o�r� �t�h�e� �c�r�o�s�s�e�d� �s�t�i�f�f�e�n�e�r�s� �c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �i�n� �t�h�e� �s�t�a�n�d�a�r�d� �m�a�t�r�i�x� �f�o�r�m� �a�s� 

�S� �5� �5� 
�N�y� �A�i�,� �A�j�,� �0� �b�x� 

�1�s�t� �=� �1�4�>�,� �A� �0� �v�}� �(�1�8�)� 
�S�s� �R�Y� 

�w�h�e�r�e� �t�h�e� �S� �s�u�p�e�r�s�c�r�i�p�t� �a�g�a�i�n� �d�e�n�o�t�e�s� �v�a�l�u�e�s� �f�o�r� �t�h�e� �s�t�i�f�f�e�n�e�r� �n�e�t�w�o�r�k�,� �a�n�d� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �a�r�e� �d�e�-� 

�f�i�n�e�d� �a�s� 

� � 

� � 

�2�A� �E�.� �2�A�E� �S� �¢� �3� �5�S� �¢� �2� 
�A�y�,� �=�>� �b� �c� �A�=� 

�2�A� �E�.� �2�A� �E�,� 
�A�>�,� �= �� �s�e�?� �A�y� �= �� �f� �3� �(�1�9�)� 

�2�A� �E�.� 
�A�g�s� �=� �£� �e�s�?� 

� � 

�N�o�t�e� �t�h�a�t� �t�h�e� �r�e�l�a�t�i�o�n�s�h�i�p�s� �f�o�r� �A�,�,�;� �a�n�d� �A�,� �a�p�p�e�a�r� �d�i�f�f�e�r�e�n�t�.� �H�o�w�e�v�e�r�,� �t�h�e� �g�e�o�m�e�t�r�i�c� �r�e�l�a�t�i�o�n�s�h�i�p� 

�+� �=� �=� �c�a�n� �b�e� �u�s�e�d� �t�o� �s�h�o�w� �t�h�a�t� �A�,�,� �=� �A�,�,� �a�n�d� �t�h�u�s� �t�h�e� �m�a�t�r�i�x� �i�s� �i�n�d�e�e�d� �s�y�m�m�e�t�n�i�c�,� �a�s� �e�x�p�e�c�t�e�d�.� 

�D�i�a�g�o�n�a�l�l�y� �S�t�i�f�f�e�n�e�d� �P�a�n�e�l�:� �F�o�r�t�u�n�a�t�e�l�y�,� �r�e�s�u�l�t�s� �f�o�r� �t�h�e� �c�r�o�s�s� �s�t�i�f�f�e�n�e�r�s� �c�a�n� �b�e� �a�d�a�p�t�e�d�,� �m�a�k�i�n�g� �i�t� 

�u�n�n�e�c�e�s�s�a�r�y� �t�o� �r�e�p�e�a�t� �t�h�e� �d�e�r�i�v�a�t�i�o�n� �p�r�o�c�e�s�s� �f�o�r� �d�i�a�g�o�n�a�l� �s�t�i�f�f�e�n�e�r�s�.� �I�n� �F�i�g�u�r�e� �1�1� �a� �d�i�a�g�o�n�a�l�l�y� 

�s�t�i�f�f�e�n�e�d� �p�a�n�e�l� �w�i�t�h� �o�n�e� �c�e�l�l� �i�s� �c�o�m�p�a�r�e�d� �w�i�t�h� �a� �c�r�o�s�s�-�s�t�i�f�f�e�n�e�d� �p�a�n�e�l� �w�i�t�h� �t�w�o� �c�e�l�l�s�.� �T�h�r�o�u�g�h� 
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� � �S�t�i�f�f�e�n�e�r� �#�1� 

�S�t�i�f�f�e�n�e�r� �#�2� 
�(�P�a�n�e�l� �W�i�d�t�h�)� 

�b� �(�N�o�.� �o�f� �C�e�l�l�s�)� 

�b� �=� �P�a�n�e�l� �H�e�i�g�h�t� 

� � �S�e� 
�X� 

� � 

�S�t�i�f�f�e�n�e�r� 
�C�r�o�s�s�-�S�e�c�t�i�o�n�a�l� �~� 
�A�r�e�a� �A� �S�S�  �� 

�S�e�c�t�i�o�n� �A�-�A� 

� � 

� � � � � � 

�(�A�)� 

�(�B�)� 

�F�i�g�u�r�e� �1�0�.� �C�r�o�s�s�-�S�t�i�f�f�e�n�e�d� �U�n�i�t� �f�o�r� �L�o�a�d� �D�i�s�t�r�i�b�u�t�i�o�n� �A�n�a�l�y�s�i�s�:� �A�)� �G�e�o�m�e�t�r�y� �B�)� �E�q�u�i�l�i�b�r�i�u�m� �o�f� 
�S�t�i�f�f�e�n�e�r� �F�o�r�c�e�s� 
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�s�u�p�e�r�p�o�s�i�t�i�o�n�,� �i�t� �i�s� �d�e�m�o�n�s�t�r�a�t�e�d� �t�h�a�t� �t�h�e� �c�r�o�s�s�e�d� �s�t�i�f�f�e�n�e�r� �n�e�t�w�o�r�k� �i�n� �t�h�e� �n�g�h�t�-�h�a�n�d� �c�o�l�u�m�n� �1�s� 

�m�e�r�e�l�y� �a� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �t�w�o� �m�i�r�r�o�r�-�i�m�a�g�e� �d�i�a�g�o�n�a�l� �s�t�i�f�f�e�n�e�r� �n�e�t�w�o�r�k�s� �i�n� �t�h�e� �l�e�f�t�-�h�a�n�d� �c�o�l�u�m�n�.� 

�T�a�k�i�n�g� �i�n�t�o� �a�c�c�o�u�n�t� �t�h�e� �d�i�f�f�e�r�e�n�c�e�s� �i�n� �n�u�m�b�e�r� �o�f� �s�t�i�f�f�e�n�e�r�s� �a�n�d� �e�f�f�e�c�t�i�v�e� �w�i�d�t�h�s�,� �e�q�u�i�v�a�l�e�n�t� �s�t�i�f�f�n�e�s�s� 

�c�o�e�f�f�i�c�i�e�n�t�s� �a�r�e� �o�b�t�a�i�n�e�d� �f�o�r� �t�h�e� �d�i�a�g�o�n�a�l� �n�e�t�w�o�r�k�.� 

�P�a�n�e�l� �C�o�n�s�t�i�t�u�t�i�v�e� �E�q�u�a�t�i�o�n�s� 

�N�o�w� �t�h�a�t� �c�o�n�s�t�i�t�u�t�i�v�e� �r�e�l�a�t�i�o�n�s� �a�r�e� �a�v�a�i�l�a�b�l�e� �f�o�r� �b�o�t�h� �t�h�e� �s�k�i�n� �a�n�d� �t�h�e� �s�t�i�f�f�e�n�e�r� �n�e�t�w�o�r�k�s�,� �i�t� �i�s� �p�o�s�-� 

�s�i�b�l�e� �t�o� �d�e�r�i�v�e� �e�q�u�a�t�i�o�n�s� �w�h�i�c�h� �p�r�e�d�i�c�t� �t�h�e� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �p�a�n�e�l� �a�s� �a� �w�h�o�l�e�.� �I�f� �i�t� �i�s� �a�s�s�u�m�e�d� �t�h�a�t� 

�t�h�e� �s�t�i�f�f�e�n�e�r� �n�e�t�w�o�r�k� �a�n�d� �s�k�i�n� �e�x�p�e�r�i�e�n�c�e� �i�d�e�n�t�i�c�a�l� �s�t�r�a�i�n�s�,� �e�q�u�i�l�i�b�r�i�u�m� �c�o�n�s�i�d�e�r�a�t�i�o�n�s� �i�n�d�i�c�a�t�e� �t�h�a�t� 

�t�h�e� �f�o�r�c�e� �r�e�s�u�l�t�a�n�t�s� �f�o�r� �t�h�e� �p�a�n�e�l� �w�i�l�l� �m�e�r�e�l�y� �b�e� �t�h�e� �s�u�m� �o�f� �t�h�o�s�e� �f�o�r� �t�h�e� �s�k�i�n� �a�n�d� �t�h�e� �s�t�i�f�f�e�n�e�r�s�,� �i�.�e�.� 

�N�,�=� �N�P� �+�N�9� 
�N�y�=�N�y� �+�p� �(�2�0�)� 

�P� �S� �N�y�y� �=� �N�y�y� �+� �N�a�y� 

�F�r�o�m� �t�h�i�s� �i�t� �f�o�l�l�o�w�s� �t�h�a�t� �t�h�e� �s�t�i�f�f�n�e�s�s� �c�o�e�f�f�i�c�i�e�n�t�s� �a�r�e� �a�l�s�o� �s�u�m�s� �o�f� �t�h�o�s�e� �f�o�r� �t�h�e� �s�k�i�n� �a�n�d� �s�t�i�f�f�e�n�e�r�s�.� 

�T�h�e�r�e�f�o�r�e� �t�h�e� �p�a�n�e�l� �c�o�n�s�t�i�t�u�t�i�v�e� �r�e�l�a�t�i�o�n�s� �m�a�y� �b�e� �s�u�m�m�a�r�i�z�e�d� �a�s� 

�N�y� �A�y�,� �A�y�,� �9�0� �E�x� 

�N�y� �=� �A�s�>� �A�>� �0� �f�y� �(�2�1�)� 

�N�y� �0� �0� �A�s�e� �V�y� 

�w�i�t�h� 

�P�p� �s� �P� �s� 
�A�y�,� �=�A�}�,� �+�4�)�,� �A�j�y�2� �=� �A�j�2� �+� �A�j�2� 

�(�2�2�)� �P�G�S� �P�p�.� �4�S� 
�A�g�.� �=� �A�g�)� �+� �A�d�y� �A�g�e� �=� �A�6�6� �+� �A�6�6� 

�E�x�p�l�i�c�i�t� �e�x�p�r�e�s�s�i�o�n�s� �f�o�r� �t�h�e� �A�>� �t�e�r�m�s� �a�r�e� �g�i�v�e�n� �i�n� �E�q�u�a�t�i�o�n� �(�8�)� �f�o�r� �t�h�e� �l�o�n�g�i�t�u�d�i�n�a�l�l�y� �s�t�i�f�f�e�n�e�d� �p�a�n�e�l� 

�a�n�d� �i�n� �E�q�u�a�t�i�o�n� �(�1�9�)� �f�o�r� �t�h�e� �c�r�o�s�s�-�s�t�i�f�f�e�n�e�d� �p�a�n�e�l�.� 
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�D�I�A�G�O�N�A�L� �S�T�I�F�F�E�N�E�R�S� �C�R�O�S�S�E�D� �S�T�I�F�F�E�N�E�R�S� 
�(�1� �C�e�l�l�)� �(�2� �C�e�l�l�s�)� 

� � �L�o� �[�3�d� � � 

�a�,� �=� �E�f�f�e�c�t�i�v�e� �W�i�d�t�h� �f�o�r� �D�i�a�g�o�n�a�l� �S�t�i�f�f�e�n�e�r�s� 
�a�.� �=� �E�f�f�e�c�t�i�v�e� �W�i�d�t�h� �f�o�r� �C�r�o�s�s�e�d� �S�t�i�f�f�e�n�e�r�s� 

�F�i�g�u�r�e� �1�1�.� �C�o�m�p�a�r�i�s�o�n� �o�f� �D�i�a�g�o�n�a�l� �a�n�d� �C�r�o�s�s�e�d� �S�t�i�f�f�e�n�e�r� �N�e�t�w�o�r�k�s� �f�o�r� �L�o�a�d� �D�i�s�t�r�i�b�u�t�i�o�n� �A�n�a�l�y�s�i�s� �.� 
� � 
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�I�n�t�e�r�n�a�l� �L�o�a�d� �D�i�s�t�r�i�b�u�t�i�o�n� 

�I�n� �f�o�l�l�o�w�i�n�g� �s�e�c�t�i�o�n�s�,� �i�t� �w�i�l�l� �b�e� �n�e�c�e�s�s�a�r�y� �t�o� �k�n�o�w� �w�h�a�t� �p�o�r�t�i�o�n�s� �o�f� �t�h�e� �e�x�t�e�r�n�a�l� �l�o�a�d�s� �o�n� �t�h�e� �p�a�n�e�l� 

�a�r�e� �c�a�r�r�i�e�d� �b�y� �t�h�e� �s�k�i�n� �a�n�d� �b�y� �e�a�c�h� �s�t�i�f�f�e�n�e�r�.� �T�h�e� �d�e�r�i�v�e�d� �s�t�i�f�f�n�e�s�s�e�s� �f�o�r� �t�h�e� �s�k�i�n�,� �s�t�i�f�f�e�n�e�r�s�,� �a�n�d� �p�a�n�e�l� 

�c�a�n� �b�e� �u�s�e�d�,� �i�n� �c�o�n�j�u�n�c�t�i�o�n� �w�i�t�h� �t�h�e� �a�s�s�u�m�e�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�,� �t�o� �e�s�t�i�m�a�t�e� �t�h�i�s� �i�n�t�e�r�n�a�l� �l�o�a�d� 

�d�i�s�t�r�i�b�u�t�i�o�n�.� �A�s� �w�a�s� �d�i�s�c�u�s�s�e�d� �i�n� �A�s�s�u�m�p�t�i�o�n� �#�4�,� �a� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n� �o�f� �z�e�r�o� �e�x�t�e�n�s�i�o�n�a�l� �d�e�f�o�r�-� 

�m�a�t�i�o�n� �i�n� �t�h�e� �X� �d�i�r�e�c�t�i�o�n� �h�a�s� �b�e�e�n� �a�s�s�u�m�e�d�.� 

�T�h�e� �o�v�e�r�a�l�l� �p�a�n�e�l� �r�e�s�p�o�n�s�e� �t�o� �a�n� �a�p�p�l�i�e�d� �a�x�i�a�l� �l�o�a�d� �N�,� �i�s� �f�i�r�s�t� �d�e�t�e�r�m�i�n�e�d�.� �T�o� �i�s�o�l�a�t�e� �t�h�e� �c�o�m�p�r�e�s�s�i�v�e� 

�r�e�s�p�o�n�s�e�,� �a� �s�h�e�a�r� �l�o�a�d� �o�f� �N�,�,� �=� �0� �i�s� �a�s�s�u�m�e�d�.� �I�n� �a�c�c�o�r�d�a�n�c�e� �w�i�t�h� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �o�f� �z�e�r�o� �t�r�a�n�s�v�e�r�s�e� 

�d�e�f�o�r�m�a�t�i�o�n�,� �«�,� �i�s� �s�e�t� �t�o� �z�e�r�o�.� �S�u�b�s�t�i�t�u�t�i�n�g� �t�h�e�s�e� �c�o�n�d�i�t�i�o�n�s� �i�n� �E�q�u�a�t�i�o�n� �(�2�1�)� �a�n�d� �s�o�l�v�i�n�g� �f�o�r� �t�h�e� 

�r�e�s�u�l�t�i�n�g� �s�t�r�a�i�n�s� �g�i�v�e�s� 

�E�x� �0� 
�N� 

�y� �i�7�5�7� �U�G�)� �}� �°� 
�Y�x�y� �0� 

�I�t� �i�s� �a�s�s�u�m�e�d� �t�h�a�t� �t�h�e� �s�k�i�n� �e�x�p�e�r�i�e�n�c�e�s� �u�n�i�f�o�r�m� �s�t�r�a�i�n�s� �i�d�e�n�t�i�c�a�l� �t�o� �t�h�o�s�e� �o�f� �t�h�e� �p�a�n�e�l� �a�s� �a� �w�h�o�l�e�.� 

�T�h�e�r�e�f�o�r�e�,� �t�h�e� �g�l�o�b�a�l� �s�t�r�a�i�n�s� �i�n� �E�q�u�a�t�i�o�n� �(�2�3�)� �a�r�e� �s�u�b�s�t�i�t�u�t�e�d� �i�n� �t�h�e� �s�k�i�n� �c�o�n�s�t�i�t�u�t�i�v�e� �E�q�u�a�t�i�o�n�s� �(�3�)� 

�t�o� �c�a�l�c�u�l�a�t�e� �t�h�e� �f�o�r�c�e� �r�e�s�u�l�t�a�n�t�s� �a�c�t�i�n�g� �u�p�o�n� �t�h�e� �s�k�i�n� �o�r� �p�l�a�t�e� 

�P� 
�A� 

�N�P� �=� �a� �N� 

�P� 

�4� �(�2�4�)� �N�P� �=� �2�2�2� �N� 
�y� �(� �A�y�)� �y� 

�P� �N�P� �=�0� 

�F�o�r� �p�a�n�e�l� �b�u�c�k�l�i�n�g� �a�n�d� �s�t�i�f�f�e�n�e�r� �b�u�c�k�l�i�n�g� �a�n�a�l�y�s�e�s� �i�n� �S�e�c�t�i�o�n� �3�.�2�,� �t�h�e� �a�x�i�a�l� �s�t�i�f�f�e�n�e�r� �f�o�r�c�e�s� �a�r�e� �r�e�-� 

�q�u�i�r�e�d�.� �T�o� �f�i�n�d� �t�h�e� �a�x�i�a�l� �l�o�a�d� �f�o�r� �t�h�e� �l�o�n�g�i�t�u�d�i�n�a�l� �s�t�i�f�f�e�n�e�r�,� �t�h�e� �s�t�r�a�i�n�s� �i�n� �E�q�u�a�t�i�o�n� �(�2�4�)� �a�r�e� �s�u�b�s�t�i�-� 

�t�u�t�e�d� �i�n� �E�q�u�a�t�i�o�n� �(�5�)�,� �g�i�v�i�n�g� 

�A�n�a�l�y�t�i�c�a�]� �D�e�v�e�l�o�p�m�e�n�t� �3�8



�F�=� �(� �a� �)�w�,� �(�2�5�)� 
�2�2� 

�U�s�i�n�g� �t�h�e� �d�e�f�i�n�i�t�i�o�n� �o�f� �A�S�,� �i�n� �E�q�u�a�t�i�o�n� �(�8�)�,� �t�h�i�s� �c�a�n� �b�e� �r�e�w�r�i�t�t�e�n� �a�s� �a� �r�a�t�i�o� �o�f� �t�h�e� �s�t�i�f�f�e�n�e�r� �a�n�d� �s�k�i�n� 

�s�t�i�f�f�n�e�s�s�e�s� 

�A�y�,� �F�=�a� �A�n� �N�y� �(�2�6�)� 

�F�o�r� �t�h�e� �c�r�o�s�s�e�d� �s�t�i�f�f�e�n�e�r�s�,� �t�h�e� �g�l�o�b�a�l� �s�t�r�a�i�n�s� �i�n� �E�q�u�a�t�i�o�n� �(�2�4�)� �a�r�e� �s�u�b�s�t�i�t�u�t�e�d� �i�n� �E�q�u�a�t�i�o�n� �(�1�2�)� �t�o� �f�i�n�d� 

�F�,� �a�n�d� �F�;�.� �T�h�e�y� �a�r�e� �t�h�e�n� �r�e�w�r�i�t�t�e�n� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �s�t�i�f�f�n�e�s�s�e�s� �u�s�i�n�g� �t�h�e� �d�e�f�i�n�i�t�i�o�n� �o�f� �A�§�,� �i�n� �E�q�u�a�t�i�o�n� 

�(�1�9�)� �w�i�t�h� �t�h�e� �r�e�s�u�l�t� 

�5� 

�_�p�_�b� �{� �A�r� �F�=�h�=�>� �(� �A� �)�s�;� �(�2�7�)� 

�N�o�t�e� �t�h�a�t� �F�,� �=� �F�,�,� �a�s� �e�x�p�e�c�t�e�d� �f�r�o�m� �s�y�m�m�e�t�r�y�.� �T�h�e� �a�x�i�a�l� �l�o�a�d�s� �f�o�r� �t�h�e� �d�i�a�g�o�n�a�l� �s�t�i�f�f�e�n�e�r�s� �f�o�l�l�o�w� 

�f�r�o�m� �t�h�o�s�e� �f�o�r� �t�h�e� �c�r�o�s�s�e�d� �s�t�i�f�f�e�n�e�r�s�.� 

�T�h�e� �p�a�n�e�l�,� �s�k�i�n�,� �a�n�d� �s�t�i�f�f�e�n�e�r� �r�e�s�p�o�n�s�e�s� �t�o� �s�h�e�a�r� �a�r�e� �d�e�t�e�r�m�i�n�e�d� �i�n� �t�h�e� �s�a�m�e� �m�a�n�n�e�r� �a�s� �t�h�e� �a�x�i�a�l� 

�r�e�s�p�o�n�s�e�.� �T�h�e� �g�l�o�b�a�l� �r�e�s�p�o�n�s�e� �t�o� �t�h�e� �a�p�p�l�i�e�d� �s�h�e�a�r� �l�o�a�d� �N�,�,� �a�n�d� �c�,� �=� �N�,� �=� �0� �i�s�,� �f�r�o�m� �E�q�u�a�t�i�o�n� �(�2�1�)� 

�S�e�l�b� �8� 
�S�u�b�s�t�i�t�u�t�i�n�g� �t�h�e� �s�t�r�a�i�n�s� �o�f� �E�q�u�a�t�i�o�n� �(�2�8�)� �i�n� �E�q�u�a�t�i�o�n� �(�3�)� �g�i�v�e�s� �t�h�e� �s�h�e�a�r� �l�o�a�d�s� �o�n� �t�h�e� �s�k�i�n� 

�A�n�a�l�y�t�i�c�a�l� �D�e�v�e�l�o�p�m�e�n�t� �3�9



�(�2�9�)� 

�T�h�e� �s�t�i�f�f�e�n�e�r� �a�x�i�a�l� �f�o�r�c�e�s� �d�u�e� �t�o� �t�h�e� �a�p�p�l�i�e�d� �s�h�e�a�r� �l�o�a�d� �a�r�e� �a�l�s�o� �f�o�u�n�d�.� �I�n� �E�q�u�a�t�i�o�n� �(�5�)� �t�h�e� �a�x�i�a�l� 

�f�o�r�c�e� �f�o�r� �a� �l�o�n�g�i�t�u�d�i�n�a�l� �s�t�i�f�f�e�n�e�r� �i�s� �o�n�l�y� �d�e�p�e�n�d�e�n�t� �o�n� �¢�,�.� �S�i�n�c�e� �s�,� �=� �0� �i�n� �E�q�u�a�t�i�o�n� �(�2�8�)� �f�o�r� �s�h�e�a�r� 

�l�o�a�d�i�n�g� �o�f� �t�h�e� �p�a�n�e�l�,� �t�h�e� �l�o�n�g�i�t�u�d�i�n�a�l� �s�t�i�f�f�e�n�e�r� �a�x�i�a�l� �f�o�r�c�e� �1�s� �z�e�r�o� �a�n�d� �t�h�e� �e�n�t�i�r�e� �s�h�e�a�r� �l�o�a�d� �i�s� �c�a�r�r�i�e�d� 

�b�y� �t�h�e� �s�k�i�n�.� �F�o�r� �c�r�o�s�s�e�d� �s�t�i�f�f�e�n�e�r�s�,� �t�h�e� �s�t�r�a�i�n�s� �i�n� �E�q�u�a�t�i�o�n� �(�2�8�)� �a�r�e� �s�u�b�s�t�i�t�u�t�e�d� �i�n� �E�q�u�a�t�i�o�n� �(�1�2�)� �t�o� 

�f�i�n�d� �t�h�e� �f�o�r�c�e�s� �F�,� �a�n�d� �F�,�.� �U�s�i�n�g� �A�g�,� �i�n� �E�q�u�a�t�i�o�n� �(�1�9�)�,� �t�h�i�s� �l�e�a�d�s� �t�o� 

�S� 
�-�_� �p�u� �[� �4�6�6� �F�i� �=�-�F�,�=� �5� �(�+�:� �)�%� �(�3�0�)� 

�A�g�a�i�n�,� �f�o�r�c�e�s� �f�o�r� �d�i�a�g�o�n�a�l� �s�t�i�f�f�e�n�e�r�s� �f�o�l�l�o�w� �d�i�r�e�c�t�l�y� �f�r�o�m� �t�h�o�s�e� �f�o�r� �t�h�e� �c�r�o�s�s�e�d� �s�t�i�f�f�e�n�e�r�s�.� 

�I�t� �i�s� �n�o�w� �p�o�s�s�i�b�l�e�,� �g�i�v�e�n� �a�p�p�l�i�e�d� �l�o�a�d�s� �N�,� �o�r� �N�,�,�,� �t�o� �c�a�l�c�u�l�a�t�e� �t�h�e� �p�o�r�t�i�o�n� �o�f� �e�a�c�h� �l�o�a�d� �c�a�r�r�i�e�d� �b�y� �t�h�e� �x�y �� 

�s�k�i�n� �a�n�d� �t�h�e� �s�t�i�f�f�e�n�e�r�s�.� �T�h�e� �r�e�s�u�l�t� �o�f� �c�o�m�b�i�n�e�d� �l�o�a�d�s� �i�s� �h�a�n�d�l�e�d� �b�y� �t�h�e� �p�r�i�n�c�i�p�l�e� �o�f� �s�u�p�e�r�p�o�s�i�t�i�o�n�;� 

�d�e�f�o�r�m�a�t�i�o�n�s� �a�n�d� �l�o�a�d�s� �a�r�e� �a� �l�i�n�e�a�r� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �t�h�o�s�e� �q�u�a�n�t�i�t�i�e�s� �w�h�e�n� �a�p�p�l�i�e�d� �i�n�d�e�p�e�n�d�e�n�t�l�y�.� 

�3�.�1�.�2� �M�a�t�e�r�i�a�l� �F�a�i�l�u�r�e� �A�n�a�l�y�s�i�s� 

�A� �p�o�s�s�i�b�l�e� �m�o�d�e� �o�f� �f�a�i�l�u�r�e�,� �i�n� �a�d�d�i�t�i�o�n� �t�o� �b�u�c�k�l�i�n�g�-�t�y�p�e� �f�a�i�l�u�r�e�s�,� �o�c�c�u�r�s� �w�h�e�n� �t�h�e� �s�t�r�e�n�g�t�h� �o�f� �t�h�e� 

�p�a�n�e�l� �i�s� �e�x�c�e�e�d�e�d�.� �I�n� �t�h�e� �f�i�e�l�d� �o�f� �c�o�m�p�o�s�i�t�e� �f�a�i�l�u�r�e� �m�e�c�h�a�n�i�c�s�,� �m�a�n�y� �c�r�i�t�e�r�i�a� �h�a�v�e� �b�e�e�n� �p�r�o�p�o�s�e�d� �t�o� 

�p�r�e�d�i�c�t� �t�h�e� �o�n�s�e�t� �o�f� �t�h�i�s� �f�a�i�t�u�r�e� �m�e�c�h�a�n�i�s�m�.� �S�o�m�e� �o�f� �t�h�e� �m�o�r�e� �w�e�l�l� �k�n�o�w�n� �o�f� �t�h�e�s�e� �i�n�c�l�u�d�e� �t�h�e� 

�m�a�x�i�m�u�m� �s�t�r�e�s�s� �c�r�i�t�e�r�i�o�n�,� �m�a�x�i�m�u�m� �s�t�r�a�i�n� �c�r�i�t�e�r�i�o�n�,� �T�s�a�i�-�H�i�l�l� �c�n�t�e�r�i�o�n�,� �a�n�d� �T�s�a�i�-�W�u� �t�e�n�s�o�r� 

�p�o�l�y�n�o�m�i�a�l� �c�r�i�t�e�r�i�o�n�*�®�.� �T�h�e� �m�a�x�i�m�u�m� �s�t�r�a�i�n� �f�a�i�l�u�r�e� �c�r�i�t�e�r�i�o�n�,� �w�h�e�r�e� �f�i�r�s�t�-�p�l�y� �f�a�i�l�u�r�e� �i�s� �p�r�e�d�i�c�t�e�d� 

�w�h�e�n� �a�n�y� �l�a�m�i�n�a� �s�t�r�a�i�n� �c�o�m�p�o�n�e�n�t� �e�x�c�e�e�d�s� �a� �p�r�e�s�c�r�i�b�e�d� �a�l�l�o�w�a�b�l�e�,� �i�s� �a�d�o�p�t�e�d� �f�o�r� �t�h�e� �p�r�e�s�e�n�t� �d�e�s�i�g�n� 

�A�n�a�l�y�t�i�c�a�l� �D�e�v�e�l�o�p�m�e�n�t� �4�0



�s�t�u�d�y�.� �A�l�t�h�o�u�g�h� �t�h�i�s� �c�r�i�t�e�r�i�o�n� �i�s� �r�a�t�h�e�r� �b�a�s�i�c� �a�n�d� �p�r�o�n�e� �t�o� �e�r�r�o�r� �u�n�d�e�r� �c�e�r�t�a�i�n� �l�o�a�d�i�n�g� �r�e�g�i�m�e�s�,� �i�t� 

�i�s� �s�i�m�p�l�e� �t�o� �i�m�p�l�e�m�e�n�t� �a�n�d� �p�r�o�v�i�d�e�s� �d�i�r�e�c�t� �i�n�f�o�r�m�a�t�i�o�n� �a�s� �t�o� �t�h�e� �f�a�i�l�u�r�e� �m�o�d�e�,� �e�.�g�.� �f�a�i�l�u�r�e� �i�n� �t�r�a�n�s�-� 

�v�e�r�s�e� �t�e�n�s�i�o�n�,� �l�o�n�g�i�t�u�d�i�n�a�l� �c�o�m�p�r�e�s�s�i�o�n�,� �s�h�e�a�r�,� �a�n�d� �s�o� �o�n�.� �I�n� �a�d�d�i�t�i�o�n�,� �t�h�e� �l�o�a�d� �d�i�s�t�r�i�b�u�t�i�o�n� �a�n�a�l�y�s�i�s� 

�i�n� �S�e�c�t�i�o�n� �3�.�1�.�1� �p�r�o�v�i�d�e�s� �o�n�l�y� �a�p�p�r�o�x�i�m�a�t�e�,� �a�v�e�r�a�g�e� �v�a�l�u�e�s� �f�o�r� �l�o�a�d�s� �i�n� �t�h�e� �p�a�n�e�l� �c�o�m�p�o�n�e�n�t�s�.� 

�H�o�w�e�v�e�r�,� �t�h�e� �s�t�r�e�s�s� �a�n�d� �s�t�r�a�i�n� �d�i�s�t�r�i�b�u�t�i�o�n�s� �i�n� �a� �s�t�i�f�f�e�n�e�d� �p�a�n�e�l� �a�r�e� �v�e�r�y� �c�o�m�p�l�e�x� �d�u�e� �t�o� �t�h�e� �a�b�r�u�p�t� 

�s�e�c�t�i�o�n� �c�h�a�n�g�e�s� �w�h�e�r�e� �s�t�i�f�f�e�n�e�r�s� �a�r�e� �a�t�t�a�c�h�e�d� �t�o� �t�h�e� �s�k�i�n�.� �I�n� �c�a�l�c�u�l�a�t�i�n�g� �t�h�e� �l�o�a�d� �d�i�s�t�r�i�b�u�t�i�o�n� �w�i�t�h� 

�t�h�e� �s�m�e�a�r�e�d� �a�n�a�l�y�s�i�s�,� �a�n�y� �i�n�t�e�r�a�c�t�i�o�n� �i�s� �i�g�n�o�r�e�d� �a�n�d� �i�t� �i�s� �a�s�s�u�m�e�d� �t�h�a�t� �t�h�e� �s�t�r�e�s�s� �d�i�s�t�r�i�b�u�t�i�o�n� �i�n� �t�h�e� 

�s�k�i�n� �i�s� �c�o�n�s�t�a�n�t� �o�v�e�r� �t�h�e� �p�l�a�n�f�o�r�m� �a�r�e�a�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e�s�e� �a�p�p�r�o�x�i�m�a�t�i�o�n�s� �i�n� �t�h�e� �l�o�a�d� �d�i�s�t�r�i�b�u�t�i�o�n� 

�a�n�a�l�y�s�i�s� �i�n�d�i�c�a�t�e� �t�h�a�t� �i�t� �w�o�u�l�d� �b�e� �i�n�a�p�p�r�o�p�r�i�a�t�e� �t�o� �i�m�p�l�e�m�e�n�t� �a� �m�o�r�e� �s�o�p�h�i�s�t�i�c�a�t�e�d� �f�a�i�l�u�r�e� �h�y�p�o�t�h�-� 

�e�s�i�s�.� 

�T�h�e� �m�a�x�i�m�u�m� �s�t�r�a�i�n� �c�r�i�t�e�r�i�o�n� �i�s� �u�s�e�d� �t�o� �p�r�e�d�i�c�t� �m�a�t�e�r�i�a�l� �f�a�i�l�u�r�e� �o�n� �a� �l�a�m�i�n�a� �l�e�v�e�l�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� 

�l�a�m�i�n�a�t�e� �s�t�r�a�i�n�s� �a�r�e� �t�r�a�n�s�f�o�r�m�e�d� �t�o� �s�t�r�a�i�n� �c�o�m�p�o�n�e�n�t�s� �i�n� �t�h�e� �p�r�i�n�c�i�p�a�l� �m�a�t�e�r�i�a�l� �d�i�r�e�c�t�i�o�n�s� �f�o�r� �e�a�c�h� 

�l�a�m�i�n�a� �u�n�d�e�r� �c�o�n�s�i�d�e�r�a�t�i�o�n�.� �T�h�e�s�e� �s�t�r�a�i�n� �c�o�m�p�o�n�e�n�t�s� �a�r�e� �t�h�e�n� �c�o�m�p�a�r�e�d� �w�i�t�h� �t�h�e� �s�t�r�a�i�n� �a�l�l�o�w�a�b�l�e�s�.� 

�F�a�i�l�u�r�e� �i�s� �p�r�e�d�i�c�t�e�d� �i�f� �o�n�e� �o�r� �m�o�r�e� �o�f� �t�h�e� �f�o�l�l�o�w�i�n�g� �i�n�e�q�u�a�l�i�t�i�e�s� �i�s� �n�o�t� �s�a�t�i�s�f�i�e�d� 
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�£�2� �<� �©�}�,� �a�l�l�o�w�a�b�l�e� 

�I�y�i�2�l� �<�<� � �¥�1�2�,� �a�l�l�o�w�a�b�l�e� 

�w�h�e�r�e� 

�£�1�.� �a�l�l�o�w�a�b�l�e� �(�£�1�,� �a�l�l�o�w�a�b�l�e�)� �=� �m�a�x�i�m�u�m� �a�l�l�o�w�a�b�l�e� �t�e�n�s�i�l�e� �(�c�o�m�p�r�e�s�s�i�v�e�)� �n�o�r�m�a�l� �s�t�r�a�i�n� �i�n� �|� �d�i�r�e�c�t�i�o�n� 

�£�4�.� �a�l�l�o�w�a�b�l�e� �(�£�2�,� �a�l�l�o�w�a�b�l�e�)� �=� �M�a�x�i�m�u�m� �a�l�l�o�w�a�b�l�e� �t�e�n�s�i�l�e� �(�c�o�m�p�r�e�s�s�i�v�e�)� �n�o�r�m�a�l� �s�t�r�a�i�n� �i�n� �2� �d�i�r�e�c�t�i�o�n� 
�Y� �1�2�,� �a�l�l�o�w�a�b�l�e� �=� �m�a�x�i�m�u�m� �a�l�l�o�w�a�b�l�e� �s�h�e�a�r� �s�t�r�a�i�n� �i�n� �t�h�e� �1�-�2� �p�l�a�n�e� 

�N�o�t�e� �t�h�a�t� �a� �p�r�o�v�i�s�i�o�n� �i�s� �m�a�d�e� �f�o�r� �t�h�e� �f�a�c�t� �t�h�a�t� �s�o�m�e� �m�a�t�e�r�i�a�l�s� �h�a�v�e� �d�i�f�f�e�r�e�n�t� �s�t�r�e�n�g�t�h�s� �u�n�d�e�r� �t�e�n�s�i�o�n� 

�a�n�d� �c�o�m�p�r�e�s�s�i�o�n�.� �A�l�s�o�,� �t�h�e� �m�a�x�i�m�u�m� �a�l�l�o�w�a�b�l�e� �s�h�e�a�r� �s�t�r�a�i�n� �c�n�t�e�r�i�o�n� �i�s� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �t�h�e� �d�i�r�e�c�-� 

�t�i�o�n� �o�f� �t�h�e� �a�p�p�l�i�e�d� �s�h�e�a�r� �s�t�r�a�i�n� �i�n� �t�h�e� �m�a�t�e�r�i�a�l� �c�o�o�r�d�i�n�a�t�e� �s�y�s�t�e�m�.� 

�A�n�a�l�y�t�i�c�a�l� �D�e�v�e�l�o�p�m�e�n�t� �4�1



�T�h�e� �p�r�o�c�e�d�u�r�e� �f�o�r� �i�m�p�l�e�m�e�n�t�i�n�g� �t�h�e� �m�a�x�i�m�u�m� �s�t�r�a�i�n� �c�r�i�t�e�r�i�o�n� �i�n� �t�h�e� �a�n�a�l�y�s�i�s� �o�f� �c�o�m�p�o�s�i�t�e� �p�a�n�e�l�s�,� 

�w�h�e�t�h�e�r� �f�l�a�t� �o�r� �s�t�i�f�f�e�n�e�d�,� �i�s� �q�u�i�t�e� �s�t�r�a�i�g�h�t�f�o�r�w�a�r�d�.� �I�n� �S�e�c�t�i�o�n� �3�.�1�.�1� �t�h�e� �e�q�u�i�v�a�l�e�n�t� �p�a�n�e�l� �s�t�i�f�f�n�e�s�s�e�s� 

�A�y�,� �A�i�,� �A�z�z�,� �a�n�d� �A�,� �w�e�r�e� �d�e�t�e�r�m�i�n�e�d�.� �O�f� �c�o�u�r�s�e�,� �f�o�r� �t�h�e� �u�n�s�t�i�f�f�e�n�e�d� �p�l�a�t�e�,� �t�h�e�s�e� �r�e�d�u�c�e� �t�o� 

�A�j�.�,�.�.�.�,�A�&�.� �T�h�e�s�e� �q�u�a�n�t�i�t�i�e�s� �c�a�n� �b�e� �i�n�v�e�r�t�e�d� �t�o� �c�a�l�c�u�l�a�t�e� �e�q�u�i�v�a�l�e�n�t� �p�a�n�e�l� �c�o�m�p�l�i�a�n�c�e�s�.� �T�h�e�n�,� �g�i�v�e�n� 

�t�h�e� �l�o�a�d�s� �a�p�p�l�i�e�d� �t�o� �t�h�e� �p�a�n�e�l�,� �t�h�e� �r�e�s�u�l�t�a�n�t� �p�a�n�e�l� �s�t�r�a�i�n�s� �c�a�n� �b�e� �c�a�l�c�u�l�a�t�e�d� �d�i�r�e�c�t�l�y�.� �F�o�r� �t�h�e� �s�k�i�n� 

�l�a�m�i�n�a�t�e�,� �t�h�e�s�e� �g�l�o�b�a�l� �s�t�r�a�i�n�s� �a�r�e� �t�r�a�n�s�f�o�r�m�e�d� �i�n�t�o� �p�r�i�n�c�i�p�a�l� �m�a�t�e�r�i�a�l� �d�i�r�e�c�t�i�o�n� �c�o�m�p�o�n�e�n�t�s� �f�o�r� �e�a�c�h� 

�p�l�y� �a�n�d� �t�h�e� �c�r�i�t�e�r�i�a� �i�n� �E�q�u�a�t�i�o�n� �(�3�1�)� �a�p�p�l�i�e�d� �t�o� �t�e�s�t� �w�h�e�t�h�e�r� �f�a�i�l�u�r�e� �h�a�s� �o�c�c�u�r�r�e�d�.� �F�o�r� �t�h�e� �s�t�i�f�f�e�n�e�r�s�,� 

�t�h�e� �g�l�o�b�a�l� �s�t�r�a�i�n�s� �a�r�e� �t�r�a�n�s�f�o�r�m�e�d� �t�o� �c�a�l�c�u�l�a�t�e� �t�h�e� �n�o�r�m�a�l� �s�t�r�a�i�n� �c�o�m�p�o�n�e�n�t� �c�o�i�n�c�i�d�e�n�t� �w�i�t�h� �e�a�c�h� 

�s�t�i�f�f�e�n�e�r� �a�x�i�s�.� �O�n�l�y� �t�h�e� �f�i�r�s�t� �t�w�o� �c�r�i�t�e�r�i�a� �i�n� �E�q�u�a�t�i�o�n� �(�3�1�)� �n�e�e�d� �b�e� �a�p�p�l�i�e�d�,� �a�s� �t�h�e� �s�t�i�f�f�e�n�e�r�s� �a�r�e� �a�s�-� 

�s�u�m�e�d� �t�o� �c�a�r�r�y� �a�x�i�a�l� �l�o�a�d�s� �o�n�l�y�.� �F�o�r� �t�h�e� �p�r�e�s�e�n�t� �s�t�u�d�y�,� �t�h�e� �s�t�r�a�i�n� �a�l�l�o�w�a�b�l�e�s� �f�o�r� �t�h�e� �s�t�i�f�f�e�n�e�r�s� �a�r�e� 

�a�s�s�u�m�e�d� �t�o� �b�e� �t�h�e� �s�a�m�e� �a�s� �t�h�o�s�e� �f�o�r� �t�h�e� �s�k�i�n� �l�a�m�i�n�a�e� �a�n�d� �n�u�m�e�r�i�c�a�l� �v�a�l�u�e�s� �a�r�e� �s�h�o�w�n� �i�n� �T�a�b�l�e� �|� 

�o�n� �p�a�g�e� �2�3�.� 

�3�.�2�.� �S�t�a�b�i�l�i�t�y� �A�n�a�l�y�s�i�s� �o�f� �S�t�i�f�f�e�n�e�d� �P�a�n�e�l�s� 

�T�w�o� �b�u�c�k�l�i�n�g� �a�n�a�l�y�s�e�s� �a�r�e� �p�e�r�f�o�r�m�e�d� �i�n� �t�h�e� �p�a�n�e�l� �d�e�s�i�g�n� �c�o�d�e�.� �T�h�e�s�e� �a�r�e� �b�u�c�k�l�i�n�g� �o�f� �t�h�e� �p�a�n�e�l� 

�a�s�s�e�m�b�l�y� �a�n�d� �l�o�c�a�l� �c�r�i�p�p�l�i�n�g� �o�f� �t�h�e� �s�t�i�f�f�e�n�e�r�s�.� �I�n� �S�e�c�t�i�o�n� �3�.�2�.�1�,� �t�h�e� �t�h�e�o�r�y� �a�n�d� �d�e�v�e�l�o�p�m�e�n�t� �a�r�e� �g�i�v�e�n� 

�f�o�r� �t�h�e� �b�u�c�k�l�i�n�g� �o�f� �f�l�a�t� �a�n�d� �s�t�i�f�f�e�n�e�d� �s�i�m�p�l�y�-�s�u�p�p�o�r�t�e�d� �o�r�t�h�o�t�r�o�p�i�c� �p�l�a�t�e�s� �u�n�d�e�r� �i�n�-�p�l�a�n�e� �l�o�a�d�s�.� �T�h�e� 

�s�t�i�f�f�e�n�e�r� �c�r�i�p�p�l�i�n�g� �a�n�a�l�y�s�i�s� �w�a�s� �d�e�v�e�l�o�p�e�d� �b�y� �a� �p�r�e�v�i�o�u�s� �r�e�s�e�a�r�c�h�e�r�.� �H�o�w�e�v�e�r�,� �i�n� �S�e�c�t�i�o�n� �3�.�2�.�2�,� �t�h�e� 

�b�a�s�i�s� �f�o�r� �t�h�e� �a�n�a�l�y�s�i�s� �i�s� �b�r�i�e�f�l�y� �r�e�v�i�e�w�e�d� �f�o�r� �c�o�m�p�l�e�t�e�n�e�s�s�.� 

�A�n�a�l�y�t�i�c�a�l� �D�e�v�e�l�o�p�m�e�n�t� �4�2



�3�.�2�.�1�.� �F�o�r�m�u�l�a�t�i�o�n� �o�f� �P�a�n�e�l� �B�u�c�k�l�i�n�g� �A�n�a�l�y�s�e�s� 

�O�n�e� �m�o�d�e� �o�f� �f�a�i�l�u�r�e� �f�o�r� �s�t�i�f�f�e�n�e�d� �p�a�n�e�l�s� �u�n�d�e�r� �i�n�-�p�l�a�n�e� �l�o�a�d�s� �i�s� �p�a�n�e�l� �b�u�c�k�l�i�n�g�,� �w�h�e�r�e� �b�o�t�h� �t�h�e� �s�k�i�n� 

�a�n�d� �s�t�i�f�f�e�n�e�r�s� �p�a�r�t�i�c�i�p�a�t�e� �i�n� �o�u�t�-�o�f�-�p�l�a�n�e� �d�e�f�l�e�c�t�i�o�n�s�.� �P�r�e�d�i�c�t�i�n�g� �t�h�e� �o�n�s�e�t� �o�f� �p�a�n�e�l� �b�u�c�k�l�i�n�g� �i�s� �i�m�-� 

�p�o�r�t�a�n�t� �a�s� �i�t� �m�a�y� �l�e�a�d� �t�o� �c�a�t�a�s�t�r�o�p�h�i�c� �f�a�i�l�u�r�e� �o�f� �t�h�e� �p�a�n�e�l�.� 

�I�n� �S�e�c�t�i�o�n� �3�.�2�.�1�.�1�,� �t�h�e� �b�a�s�i�c� �t�h�e�o�r�y� �o�f� �a�p�p�l�y�i�n�g� �e�n�e�r�g�y� �m�e�t�h�o�d�s� �a�n�d� �t�h�e� �R�a�y�l�e�i�g�h�-�R�i�t�z� �m�e�t�h�o�d� �t�o� 

�g�e�n�e�r�a�l� �p�l�a�t�e� �s�t�a�b�i�l�i�t�y� �p�r�o�b�l�e�m�s� �i�s� �r�e�v�i�e�w�e�d�.� �T�h�e� �u�s�e� �o�f� �L�a�g�r�a�n�g�e� �m�u�l�t�i�p�l�i�e�r�s� �i�n� �t�h�e� �c�o�n�s�t�r�a�i�n�e�d� 

�m�i�n�i�m�i�z�a�t�i�o�n� �o�f� �a� �g�e�n�e�r�a�l� �f�u�n�c�t�i�o�n�a�l� �i�s� �a�l�s�o� �e�x�p�l�a�i�n�e�d�.� �T�h�e� �t�w�o� �c�o�n�c�e�p�t�s� �a�r�e� �t�h�e�n� �c�o�m�b�i�n�e�d� �t�o� 

�p�r�o�v�i�d�e� �a� �m�e�t�h�o�d� �f�o�r� �s�o�l�v�i�n�g� �p�l�a�t�e� �b�u�c�k�l�i�n�g� �p�r�o�b�l�e�m�s� �w�i�t�h� �u�n�u�s�u�a�l� �c�o�n�s�t�r�a�i�n�t�s�,� �s�u�c�h� �a�s� �c�o�m�p�l�e�x� 

�b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �o�r� �a�t�t�a�c�h�e�d� �s�t�i�f�f�e�n�e�r�s�.� �I�n� �S�e�c�t�i�o�n� �3�.�2�.�1�.�2�,� �t�h�e� �R�a�y�l�e�i�g�h�-�R�i�t�z� �m�e�t�h�o�d� �i�s� �u�s�e�d� 

�t�o� �s�o�l�v�e� �f�o�r� �t�h�e� �b�u�c�k�l�i�n�g� �l�o�a�d� �o�f� �a� �s�i�m�p�l�y�-�s�u�p�p�o�r�t�e�d� �r�e�c�t�a�n�g�u�l�a�r� �o�r�t�h�o�t�r�o�p�i�c� �p�l�a�t�e� �u�n�d�e�r� �c�o�m�-� 

�p�r�e�s�s�i�o�n� �a�n�d� �s�h�e�a�r� �l�o�a�d�s�.� �T�h�i�s� �s�o�l�u�t�i�o�n� �a�l�l�o�w�s� �a� �f�l�a�t� �p�l�a�t�e� �c�a�p�a�b�i�l�i�t�y� �t�o� �b�e� �i�n�c�l�u�d�e�d� �i�n� �t�h�e� �d�e�s�i�g�n� 

�c�o�d�e� �a�n�d� �i�t� �a�l�s�o� �r�e�p�r�e�s�e�n�t�s� �a� �s�t�e�p� �i�n� �t�h�e� �d�e�v�e�l�o�p�m�e�n�t� �f�o�r� �a� �s�t�i�f�f�e�n�e�d� �p�a�n�e�l�.� �F�i�n�a�l�l�y�,� �i�n� �S�e�c�t�i�o�n� 

�3�.�2�.�1�.�3�,� �t�h�e� �m�e�t�h�o�d� �o�f� �L�a�g�r�a�n�g�e� �m�u�l�t�i�p�l�i�e�r�s� �i�s� �u�s�e�d� �t�o� �c�a�l�c�u�l�a�t�e� �t�h�e� �b�u�c�k�l�i�n�g� �l�o�a�d� �f�o�r� �a� �s�i�m�p�l�y� 

�s�u�p�p�o�r�t�e�d� �g�e�o�d�e�s�i�c�a�l�l�y� �s�t�i�f�f�e�n�e�d� �r�e�c�t�a�n�g�u�l�a�r� �p�a�n�e�l�.� 

�3�.�2�.�1�.�1� �T�h�e�o�r�y� �o�f� �E�n�e�r�g�y� �M�e�t�h�o�d�s� �w�i�t�h� �C�o�n�s�t�r�a�i�n�t�s� 

�M�e�t�h�o�d�s� �b�a�s�e�d� �o�n� �e�n�e�r�g�y� �p�r�i�n�c�i�p�l�e�s� �a�r�e� �v�e�r�y� �i�m�p�o�r�t�a�n�t� �f�o�r� �t�h�e� �a�n�a�l�y�s�i�s� �o�f� �p�l�a�t�e�-�t�y�p�e� �s�t�r�u�c�t�u�r�e�s�.� �I�n� 

�c�o�n�j�u�n�c�t�i�o�n� �w�i�t�h� �v�a�r�i�a�t�i�o�n�a�l� �c�a�l�c�u�l�u�s�,� �e�n�e�r�g�y� �p�r�i�n�c�i�p�l�e�s� �c�a�n� �b�e� �u�s�e�d� �t�o� �d�e�r�i�v�e� �t�h�e� �b�a�s�i�c� �g�o�v�e�r�n�i�n�g� 

�e�q�u�a�t�i�o�n�s� �a�n�d� �n�a�t�u�r�a�l� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �f�o�r� �a�n�i�s�o�t�r�o�p�i�c� �p�l�a�t�e�s ��.� �T�h�e� �p�r�a�c�t�i�c�a�l� �i�m�p�o�r�t�a�n�c�e� �o�f� 

�e�n�e�r�g�y� �m�e�t�h�o�d�s� �i�s� �t�h�e�i�r� �u�s�e� �i�n� �o�b�t�a�i�n�i�n�g� �a�p�p�r�o�x�i�m�a�t�e� �s�o�l�u�t�i�o�n�s� �t�o� �c�o�m�p�l�e�x� �p�l�a�t�e� �p�r�o�b�l�e�m�s�.� �T�h�e� 

�R�a�y�l�e�i�g�h�-�R�i�t�z� �m�e�t�h�o�d�,� �w�h�i�c�h� �i�s� �b�a�s�e�d� �o�n� �e�n�e�r�g�y� �m�e�t�h�o�d�s� �a�n�d� �i�s� �w�i�d�e�l�y� �u�s�e�d� �f�o�r� �t�h�e� �b�e�n�d�i�n�g�,� 

�b�u�c�k�l�i�n�g�,� �a�n�d� �v�i�b�r�a�t�i�o�n� �o�f� �p�l�a�t�e�s�,� �w�i�l�l� �b�e� �r�e�v�i�e�w�e�d�.� �A� �s�e�c�o�n�d� �t�o�p�i�c� �t�o� �b�e� �c�o�n�s�i�d�e�r�e�d� �i�s� �t�h�e� �u�s�e� �o�f� 

�L�a�g�r�a�n�g�e� �m�u�l�t�i�p�l�i�e�r�s� �i�n� �p�l�a�t�e� �p�r�o�b�l�e�m�s�.� �L�a�g�r�a�n�g�e� �m�u�l�t�i�p�l�i�e�r�s� �r�e�p�r�e�s�e�n�t� �a� �m�a�t�h�e�m�a�t�i�c�a�l� �t�e�c�h�n�i�q�u�e� 

�o�f� �i�m�p�o�s�i�n�g� �c�o�n�s�t�r�a�i�n�t�s� �o�n� �a�n�y� �g�e�n�e�r�a�l� �f�u�n�c�t�i�o�n�a�l�.� �E�n�e�r�g�y� �m�e�t�h�o�d�s� �d�e�f�i�n�e� �a� �s�i�n�g�l�e� �s�c�a�l�a�r� �f�u�n�c�t�i�o�n�a�l�,� 
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�t�h�e� �t�o�t�a�l� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y�,� �w�h�i�c�h� �g�o�v�e�r�n�s� �t�h�e� �e�n�t�i�r�e� �p�l�a�t�e� �p�r�o�b�l�e�m�.� �T�h�e�r�e�f�o�r�e�,� �L�a�g�r�a�n�g�e� �m�u�l�t�i�p�l�i�e�r�s� 

�c�a�n� �b�e� �u�s�e�d� �t�o� �s�o�l�v�e� �p�l�a�t�e� �p�r�o�b�l�e�m�s� �w�i�t�h� �u�n�u�s�u�a�l� �c�o�n�s�t�r�a�i�n�t�s� �s�u�c�h� �a�s� �c�o�m�p�l�e�x� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� 

�o�f�,� �i�n� �t�h�e� �p�r�e�s�e�n�t� �s�t�u�d�y�,� �a�t�t�a�c�h�e�d� �s�t�i�f�f�e�n�e�r�s�.� 

�E�n�e�r�g�y� �M�e�t�h�o�d�s�;� �E�n�e�r�g�y� �m�e�t�h�o�d�s� �a�r�e� �u�s�e�f�u�l� �i�n� �t�h�o�s�e� �p�l�a�t�e� �p�r�o�b�l�e�m�s� �w�h�e�r�e� �a� �d�i�r�e�c�t� �s�o�l�u�t�i�o�n� �t�o� 

�t�h�e� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n� �o�f� �e�q�u�i�l�i�b�r�i�u�m� �i�s� �n�o�t� �p�o�s�s�i�b�l�e�.� �T�h�e�s�e� �m�e�t�h�o�d�s� �a�r�e� �b�a�s�e�d� �o�n� �t�h�e� �l�a�w� �o�f� 

�c�o�n�s�e�r�v�a�t�i�o�n� �o�f� �e�n�e�r�g�y� �w�h�i�c�h� �r�e�q�u�i�r�e�s� �t�h�a�t� �t�h�e� �w�o�r�k� �d�o�n�e� �b�y� �e�x�t�e�r�n�a�l� �f�o�r�c�e�s� �o�n� �a�n� �e�l�a�s�t�i�c� �s�t�r�u�c�t�u�r�e� 

�b�e� �s�t�o�r�e�d� �i�n� �t�h�e� �f�o�r�m� �o�f� �s�t�r�a�i�n� �e�n�e�r�g�y�.� �T�h�i�s� �l�e�a�d�s� �t�o� �d�e�f�i�n�i�n�g� �t�h�e� �t�o�t�a�l� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �I�T� �a�s� �t�h�e� �s�u�m� 

�o�f� �t�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �i�n� �a� �p�l�a�t�e� �a�n�d� �t�h�e� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �o�f� �t�h�e� �l�o�a�d�s� �o�n� �t�h�e� �p�l�a�t�e�.� �F�o�r� �a� �p�l�a�t�e� �u�n�d�e�r� 

�i�n�-�p�l�a�n�e� �l�o�a�d�s� �t�h�i�s� �t�a�k�e�s� �t�h�e� �f�o�r�m� 

�(�u�,�v� �w�y� �U�+�V� �(�3�2�)� 

�w�h�e�r�e� �u�°�,� �v�°�,� �w� �a�r�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �i�n� �t�h�e� �x�,� �y�,� �z� �d�i�r�e�c�t�i�o�n�s�,� �U� �i�s� �t�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �o�f� �t�h�e� �p�l�a�t�e�,� �a�n�d� �V� 

�i�s� �t�h�e� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �o�f� �t�h�e� �i�n�-�p�l�a�n�e� �f�o�r�c�e� �r�e�s�u�l�t�a�n�t�s�.� �T�h�e� �e�x�i�s�t�e�n�c�e� �o�f� �a� �s�t�a�b�l�e� �e�q�u�i�l�i�b�r�i�u�m� �c�o�n�-� 

�f�i�g�u�r�a�t�i�o�n� �i�s� �d�e�f�i�n�e�d� �b�y� �t�h�e�  ��p�r�i�n�c�i�p�l�e� �o�f� �t�h�e� �s�t�a�t�i�o�n�a�r�y� �v�a�l�u�e� �o�f� �t�h�e� �t�o�t�a�l� �p�o�t�e�n�t�i�a�l �� �a�n�d� �t�h�e�  ��p�r�i�n�-� 

�c�i�p�l�e� �o�f� �t�h�e� �m�i�n�i�m�u�m� �t�o�t�a�l� �p�o�t�e�n�t�i�a�l�.� �T�h�e� �f�i�r�s�t� �p�r�i�n�c�i�p�l�e� �s�t�a�t�e�s� �t�h�a�t� �a�n� �e�l�a�s�t�i�c� �s�y�s�t�e�m� �i�s� �i�n� 

�e�q�u�i�l�i�b�r�i�u�m� �o�n�l�y� �i�f� �t�h�e� �t�o�t�a�l� �p�o�t�e�n�t�i�a�l� �h�a�s� �a� �s�t�a�t�i�o�n�a�r�y� �v�a�l�u�e� 

�T�l�(�u�°�,� �v�°�,� �w�)� �=� �s�t�a�t�i�o�n�a�r�y� �v�a�l�u�e� �(�3�3�)� 

�T�h�e� �s�e�c�o�n�d� �p�r�i�n�c�i�p�l�e� �s�t�a�t�e�s� �t�h�a�t� �o�n�l�y� �t�h�o�s�e� �k�i�n�e�m�a�t�i�c�a�l�l�y� �a�d�m�i�s�s�i�b�l�e� �d�e�f�o�r�m�a�t�i�o�n� �f�i�e�l�d�s� �w�h�i�c�h� �m�a�k�e� 

�t�h�e� �t�o�t�a�l� �p�o�t�e�n�t�i�a�l� �a� �m�i�n�i�m�u�m� �c�o�r�r�e�s�p�o�n�d� �t�o� �a� �s�t�a�b�l�e� �e�q�u�i�l�i�b�r�i�u�m�.� �T�h�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�i�s� �e�x�t�r�e�m�u�m� 

�p�r�o�b�l�e�m� �b�y� �a�n� �a�p�p�r�o�x�i�m�a�t�e� �m�e�t�h�o�d� �w�i�l�l� �n�o�w� �b�e� �c�o�n�s�i�d�e�r�e�d�.� 

�R�a�v�l�e�i�g�h�-�R�i�t�z� �M�e�t�h�o�d�:� �T�h�e� �R�a�y�l�e�i�g�h�-�R�i�t�z� �m�e�t�h�o�d� �(�s�o�m�e�t�i�m�e�s� �c�a�l�l�e�d� �s�i�m�p�l�y� �t�h�e� �R�i�t�z� �m�e�t�h�o�d�)� �i�s� 

�v�e�r�y� �u�s�e�f�u�l� �i�n� �f�i�n�d�i�n�g� �a�p�p�r�o�x�i�m�a�t�e� �s�o�l�u�t�i�o�n�s� �t�o� �b�o�u�n�d�a�r�y� �v�a�l�u�e� �p�r�o�b�l�e�m�s�.� �T�h�e� �m�e�t�h�o�d� �r�e�p�r�e�s�e�n�t�s� 

�p�l�a�t�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �i�n� �t�h�e� �f�o�r�m� �o�f� �f�i�n�i�t�e� �s�e�r�i�e�s� 
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�w�h�e�r�e� �4�,�,�,�,� �B� �p�g�?� �V�,�,� �a�r�e� �k�n�o�w�n� �f�u�n�c�t�i�o�n�s� �o�f� �t�h�e� �s�p�a�t�i�a�l� �C�,�,� �a�r�e� �u�n�d�e�t�e�r�m�i�n�e�d� �c�o�e�f�f�i�c�i�e�n�t�s� �a�n�d� �W�,�,�,�,� �U�,�,�,� 

�c�o�o�r�d�i�n�a�t�e�s� �x� �a�n�d� �y�.� �T�h�e�s�e� �f�u�n�c�t�i�o�n�s� �a�r�e� �u�s�u�a�l�l�y� �c�h�o�s�e�n� �i�n� �v�a�r�i�a�b�l�e�s� �s�e�p�a�r�a�b�l�e� �f�o�r�m� �X�{�(�x�)� �Y�,�(�y�)� �a�n�d� 

�m�u�s�t� �s�a�t�i�s�f�y� �a�t� �l�e�a�s�t� �t�h�e� �g�e�o�m�e�t�r�i�c� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�.� �I�n� �g�e�n�e�r�a�l�,� �t�h�e� �R�a�y�l�e�i�g�h�-�R�i�t�z� �m�e�t�h�o�d� �g�i�v�e�s� 

�a�p�p�r�o�x�i�m�a�t�e� �s�o�l�u�t�i�o�n�s� �a�s� �t�h�e� �e�q�u�i�l�i�b�r�i�u�m� �e�q�u�a�t�i�o�n�s� �a�r�e� �n�o�t� �c�o�m�p�l�e�t�e�l�y� �s�a�t�i�s�f�i�e�d�,� �a�n�d� �c�r�i�t�i�c�a�l� �v�a�l�u�e�s� 

�w�i�l�l� �b�e� �h�i�g�h�e�r� �t�h�a�n� �t�h�e� �t�r�u�e� �v�a�l�u�e�.� �A�l�t�h�o�u�g�h� �t�h�e� �c�h�o�i�c�e� �o�f� �s�h�a�p�e� �f�u�n�c�t�i�o�n�s� �i�s� �s�o�m�e�w�h�a�t� �a�r�b�i�t�r�a�r�y�,� 

�a� �j�u�d�i�c�i�o�u�s� �s�e�l�e�c�t�i�o�n� �m�a�y� �o�n�l�y� �r�e�q�u�i�r�e� �a� �f�e�w� �t�e�r�m�s� �f�o�r� �a�n� �a�d�e�q�u�a�t�e� �s�o�l�u�t�i�o�n�.� �I�f� �t�h�e� �f�u�n�c�t�i�o�n�s� �f�o�r�m� 

�a� �c�o�m�p�l�e�t�e� �s�e�t� �a�n�d� �s�a�t�i�s�f�y� �g�e�o�m�e�t�r�i�c� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�,� �t�h�e�n� �i�n� �t�h�e�o�r�y� �t�h�e� �e�x�a�c�t� �s�o�l�u�t�i�o�n� �w�i�l�l� �b�e� 

�o�b�t�a�i�n�e�d� �i�n� �t�h�e� �l�i�m�i�t�.� �I�n� �p�r�a�c�t�i�c�e� �h�o�w�e�v�e�r�,� �t�h�i�s� �i�s� �d�i�f�f�i�c�u�l�t� �t�o� �a�c�h�i�e�v�e� �(�p�a�r�t�i�c�u�l�a�r�l�y� �f�o�r� �a�n�i�s�o�t�r�o�p�i�c� 

�p�l�a�t�e�s�)� �a�n�d� �c�o�n�v�e�r�g�e�n�c�e� �w�i�l�l� �b�e� �v�e�r�y� �s�l�o�w�.� �I�t� �h�a�s� �b�e�e�n� �p�r�o�v�e�n�,� �f�o�r� �e�x�a�m�p�l�e�,� �t�h�a�t� �t�h�e� �d�e�f�l�e�c�t�i�o�n� �o�f� 

�a� �s�i�m�p�l�y� �s�u�p�p�o�r�t�e�d� �a�n�i�s�o�t�r�o�p�i�c� �p�l�a�t�e� �c�a�n�n�o�t� �b�e� �r�e�p�r�e�s�e�n�t�e�d� �i�n� �v�a�n�a�b�l�e�s�-�s�e�p�a�r�a�b�l�e� �f�o�r�m�?�!�.� �F�o�r�t�u�-� 

�n�a�t�e�l�y�,� �i�n� �m�a�n�y� �c�a�s�e�s� �r�e�a�s�o�n�a�b�l�e� �r�e�s�u�l�t�s� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� �f�o�r� �p�l�a�t�e� �d�e�f�l�e�c�t�i�o�n�s�,� �c�r�i�t�i�c�a�l� �l�o�a�d�s�,� �a�n�d� 

�v�i�b�r�a�t�i�o�n� �f�r�e�q�u�e�n�c�i�e�s� �u�s�i�n�g� �e�n�e�r�g�y� �m�e�t�h�o�d�s�.� �O�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� �q�u�a�n�t�i�t�i�e�s� �i�n�v�o�l�v�i�n�g� �t�h�e� �d�e�r�i�v�a�t�i�v�e�s� 

�o�f� �t�h�e� �f�u�n�c�t�i�o�n�s� �(�m�o�m�e�n�t�s�,� �s�t�r�a�i�n�s�,� �s�t�r�e�s�s�e�s�)� �m�a�y� �c�o�n�v�e�r�g�e� �s�l�o�w�l�y�,� �o�r� �n�o�t� �a�t� �a�l�l�? ��.� 

�I�n�t�r�o�d�u�c�i�n�g� �t�h�e� �a�s�s�u�m�e�d� �f�u�n�c�t�i�o�n�s� �(�3�4�)� �i�n�t�o� �E�q�u�a�t�i�o�n� �(�3�3�)� �r�e�d�u�c�e�s� �t�h�e� �s�t�a�b�i�l�i�t�y� �c�r�i�t�e�r�i�o�n� �t�o� �t�h�a�t� �o�f� 

�f�i�n�d�i�n�g� �t�h�e� �m�i�n�i�m�u�m� �o�f� �I� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �u�n�d�e�t�e�r�m�i�n�e�d� �c�o�e�f�f�i�c�i�e�n�t�s� 
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�O�A� �m�n� �7� �r�=�1�,�2�,�.�.�,�N� 

�=�1�,�2�,�.�.�,�P� 
�o�N� �_�9� �P� �(�3�5�)� 

�O�B�n�g� �q�=�1�,�2�,�.�.�,�Q�2� 

�e�f�i� �=�0� �r�=�1�,�2�,�.�.�,�R� 
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�T�h�e�s�e� �e�x�p�r�e�s�s�i�o�n�s� �d�e�f�i�n�e� �(�M�@�*�N� �+� �P�*�Q� �+� �R�*�S�)� �s�i�m�u�l�t�a�n�e�o�u�s� �a�l�g�e�b�r�a�i�c� �e�q�u�a�t�i�o�n�s� �i�n� �t�h�e� �(�M�*�N� �+� 

�P�*�Q� �+� �R�*�S�)� �u�n�d�e�t�e�r�m�i�n�e�d� �c�o�e�f�f�i�c�i�e�n�t�s� �A�,�,�,� �B�,�,�,�C�,�,�.� �I�n� �t�h�e� �c�a�s�e� �o�f� �b�u�c�k�l�i�n�g�,� �t�h�e�y� �c�o�n�s�t�i�t�u�t�e� �a�n� 

�e�i�g�e�n�v�a�l�u�e� �p�r�o�b�l�e�m� �w�h�o�s�e� �n�o�n�t�r�i�v�i�a�l� �s�o�l�u�t�i�o�n�s� �a�r�e� �f�o�u�n�d� �w�h�e�n� �t�h�e� �d�e�t�e�r�m�i�n�a�n�t� �o�f� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� 

�m�a�t�r�i�x� �v�a�n�i�s�h�e�s�.� �T�h�e� �u�s�e� �o�f� �t�h�i�s� �p�r�o�c�e�d�u�r�e� �w�i�l�l� �b�e� �d�e�m�o�n�s�t�r�a�t�e�d� �f�o�r� �t�h�e� �b�u�c�k�l�i�n�g� �o�f� �b�o�t�h� �f�l�a�t� �a�n�d� 

�s�t�i�f�f�e�n�e�d� �p�l�a�t�e�s�.� �F�o�r� �t�h�e�s�e� �p�r�o�b�l�e�m�s�,� �w�h�e�r�e� �o�n�l�y� �s�y�m�m�e�t�r�i�c�a�l�l�y� �l�a�m�i�n�a�t�e�d� �p�l�a�t�e�s� �a�r�e� �c�o�n�s�i�d�e�r�e�d�,� �t�h�e� 

�i�n�-�p�l�a�n�e� �(�u�°�,� �v�°�)� �a�n�d� �o�u�t�-�o�f�-�p�l�a�n�e� �(�w�)� �p�r�o�b�l�e�m�s� �u�n�c�o�u�p�l�e�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �c�o�n�t�r�i�b�u�t�i�o�n� 

�o�f� �t�h�e� �i�n�p�l�a�n�e� �d�e�f�o�r�m�a�t�i�o�n�s� �c�a�n� �b�e� �c�o�n�s�i�d�e�r�e�d� �a�n� �a�r�b�i�t�r�a�r�y� �c�o�n�s�t�a�n�t�,� �a�n�d� �o�n�l�y� �t�h�e� �f�i�r�s�t� �e�x�p�r�e�s�s�i�o�n� 

�o�f� �E�q�u�a�t�i�o�n�s� �(�3�4�)� �a�n�d� �(�3�5�)� �n�e�e�d� �b�e� �c�o�n�s�i�d�e�r�e�d�? ��.� 

�L�a�g�r�a�n�g�e� �M�u�l�t�i�p�l�i�e�r� �M�e�t�h�o�d�:� �T�h�e� �p�r�o�c�e�d�u�r�e� �f�o�r� �a�p�p�l�y�i�n�g� �t�h�e� �p�r�i�n�c�i�p�l�e� �o�f� �L�a�g�r�a�n�g�e� �m�u�l�t�i�p�l�i�e�r�s� 

�(�o�r� �u�n�d�e�t�e�r�m�i�n�e�d� �m�u�l�t�i�p�l�i�e�r�s�)� �a�s� �i�t� �a�p�p�l�i�e�s� �t�o� �t�h�e� �m�i�n�i�m�i�z�a�t�i�o�n� �o�f� �a� �g�e�n�e�r�a�l� �f�u�n�c�t�i�o�n�a�l� �s�u�b�j�e�c�t� �t�o� 

�a�d�d�i�t�i�o�n�a�l� �c�o�n�s�t�r�a�i�n�t�s� �o�n� �t�h�e� �f�u�n�c�t�i�o�n� �v�a�r�i�a�b�l�e�s� �i�s� �s�h�o�w�n� �b�e�l�o�w�.� �A�p�p�l�i�c�a�t�i�o�n� �o�f� �t�h�e� �L�a�g�r�a�n�g�e� �m�u�l�-� 

�t�i�p�l�i�e�r� �m�e�t�h�o�d� �t�o� �p�l�a�t�e� �p�r�o�b�l�e�m�s� �w�i�l�l� �t�h�e�n� �b�e� �d�i�s�c�u�s�s�e�d�.� �A� �p�r�o�o�f� �o�f� �t�h�e� �v�a�l�i�d�i�t�y� �o�f� �t�h�e� �m�e�t�h�o�d� �c�a�n� 

�b�e� �f�o�u�n�d� �i�n� �B�u�d�i�a�n�s�k�y� �a�n�d� �H�u�:�?�?�,� �a�s� �w�e�l�l� �a�s� �m�a�n�y� �t�e�x�t�s� �o�n� �o�p�t�i�m�i�z�a�t�i�o�n� �o�r� �t�h�e� �c�a�l�c�u�l�u�s� �o�f� �v�a�r�i�a�t�i�o�n�s�.� 

�I�t� �i�s� �r�e�q�u�i�r�e�d� �t�o� �m�i�n�i�m�i�z�e� �a� �f�u�n�c�t�i�o�n� �f� �o�f� �J� �v�a�r�i�a�b�l�e�s� �x�,�,� �x�,� �.�.�.� �,� �X�,� 

�S�y�s� �X�Q�y� �5� �X�p�)� �(�3�6�)� 

�s�u�b�j�e�c�t� �t�o� �J� �i�n�d�e�p�e�n�d�e�n�t� �c�o�n�s�t�r�a�i�n�t� �f�u�n�c�t�i�o�n�s� �g�,� �t�h�a�t� �r�e�q�u�i�r�e� 

�Z�i� �(�X�1�,� �X�Q�)�.� �»� �X�7�)� �=� �0� 

�B�(�X�1�,� �X�Q�,� �X�)� �=� �0� 
�(�3�7�)� 

�B�A�X�]�,� �X�Q�,� �+�,� �X�7�)� �=� �0� 

�A� �c�o�m�p�o�s�i�t�e� �f�u�n�c�t�i�o�n� �L� �c�a�l�l�e�d� �t�h�e� �L�a�g�r�a�n�g�i�a�n� �i�s� �n�o�w� �d�e�f�i�n�e�d� �a�s� 

�L�(�x�,� �y�)� �=�X�)� �+� �8� �(�4�)� �+� �y�2�8�2�(�%�)� �+� �+� �¥�y�8�%�)� 

�(�3�8�)� 
�J� 

�=�f�x�)�+� �>�)� �8�x�)� 
�j�=�1� 

�A�n�a�l�y�t�i�c�a�l� �D�e�v�e�l�o�p�m�e�n�t� �4�6



�w�h�e�r�e� �x� �d�e�n�o�t�e�s� �t�h�e� �v�e�c�t�o�r� �o�f� �v�a�r�i�a�b�l�e�s� �x�,�,� �x�,�,�.�.�.�,�x�,�;� �a�n�d� �y� �t�h�e� �v�e�c�t�o�r� �o�f� �u�n�d�e�t�e�r�m�i�n�e�d� �L�a�g�r�a�n�g�e� 

�m�u�l�t�i�p�l�i�e�r�s� �y�,�,� �y�2�,�.�.�.�,�y�,�.� �N�o�t�e� �t�h�a�t� �o�n�e� �L�a�g�r�a�n�g�e� �m�u�l�t�i�p�l�i�e�r� �y�,� �i�s� �r�e�q�u�i�r�e�d� �f�o�r� �e�a�c�h� �c�o�n�s�t�r�a�i�n�t� �g�.� �T�h�e� 

�n�e�c�e�s�s�a�r�y� �c�o�n�d�i�t�i�o�n�s� �f�o�r� �f�(�x�)� �t�o� �b�e� �a� �m�i�n�i�m�u�m� �w�h�i�l�e� �s�i�m�u�l�t�a�n�e�o�u�s�l�y� �s�a�t�i�s�f�y�i�n�g� �t�h�e� �c�o�n�s�t�r�a�i�n�t�s� �y� �a�r�e� 

� � 

� � 

�S�Y� �9� �f�a� �1�j�a�y�l� 
�O�x�;� �(�3�9�)� 

�O�L�(�x�,� �L�U�O� �9� �j�a�d� �J� 
�d�y�;� 

�S�u�b�s�t�i�t�u�t�i�n�g� �E�q�u�a�t�i�o�n� �(�3�8�)� �i�n� �E�q�u�a�t�i�o�n� �(�3�9�)� �a�n�d� �p�e�r�f�o�r�m�i�n�g� �t�h�e� �d�i�f�f�e�r�e�n�t�i�a�t�i�o�n� �r�e�s�u�l�t�s� �i�n� 

�A�x�)� �y� �°�e�)� �9� �1�2�,�0�4�1� �+� �=� �f�=� �1�,�2�,�.�.�.�,� 
�a�x�;� �&� �1� �a�x�,� �(�4�0�)� 

�&�{�x�)� �=�0� �f�=�1�,�2�,�.�.�,�d� 

�w�h�i�c�h� �r�e�p�r�e�s�e�n�t� �(�/� �+� �/�)� �s�u�m�u�l�t�a�n�e�o�u�s� �e�q�u�a�t�i�o�n�s� �i�n� �t�h�e� �(�/� �+� �/�)� �u�n�k�n�o�w�n�s� �x� �a�n�d� �y�.� �T�h�e�s�e� �e�q�u�a�t�i�o�n�s� 

�a�r�e� �t�h�e�n� �s�o�l�v�e�d� �f�o�r� �t�h�e� �o�r�i�g�i�n�a�l� �v�a�r�i�a�b�l�e�s� �x� �a�n�d�,� �i�f� �d�e�s�i�r�e�d�,� �t�h�e� �L�a�g�r�a�n�g�e� �m�u�l�t�i�p�l�i�e�r�s� �y�.� 

�T�h�e� �m�e�t�h�o�d� �o�f� �L�a�g�r�a�n�g�e� �m�u�l�t�i�p�l�i�e�r�s� �r�e�p�r�e�s�e�n�t�s� �a� �p�o�w�e�r�f�u�l� �a�n�a�l�y�s�i�s� �t�o�o�l�,� �p�a�r�t�i�c�u�l�a�r�l�y� �f�o�r� �a�p�p�l�i�c�a�t�i�o�n�s� 

�w�h�e�r�e� �v�a�r�i�a�t�i�o�n�a�l� �m�e�t�h�o�d�s� �c�a�n� �b�e� �u�s�e�d� �t�o� �e�x�p�r�e�s�s� �t�h�e� �p�r�o�b�l�e�m� �i�n� �t�h�e� �f�o�r�m� �o�f� �a� �f�u�n�c�t�i�o�n�a�l� �s�i�m�i�l�a�r� 

�t�o� �f�(�x�)�.� �C�l�e�a�r�l�y� �t�h�i�s� �i�s� �t�h�e� �c�a�s�e� �f�o�r� �e�n�e�r�g�y� �m�e�t�h�o�d� �s�o�l�u�t�i�o�n�s� �t�o� �p�l�a�t�e� �p�r�o�b�l�e�m�s� �w�h�e�r�e� �t�h�e� �f�u�n�c�t�i�o�n�a�l� 

�i�s� �t�h�e� �t�o�t�a�l� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �I�T�.� �T�h�e� �L�a�g�r�a�n�g�e� �m�u�l�t�i�p�l�i�e�r� �m�e�t�h�o�d� �c�a�n� �b�e� �a�p�p�l�i�e�d� �t�o� �p�l�a�t�e� �s�t�a�b�i�l�i�t�y� 

�p�r�o�b�l�e�m�s� �i�n� �s�e�v�e�r�a�l� �w�a�y�s�.� �F�o�r� �e�x�a�m�p�l�e�,� �t�h�e�y� �c�a�n� �b�e� �u�s�e�d� �w�h�e�r�e� �i�t� �i�s� �d�i�f�f�i�c�u�l�t� �t�o� �f�i�n�d� �a� �d�e�f�l�e�c�t�i�o�n� 

�f�u�n�c�t�i�o�n� �w�h�i�c�h� �c�a�n� �s�a�t�i�s�f�y� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �d�i�r�e�c�t�l�y�?� �*� �4�%�.� �A�j�-�S�h�a�r�e�e�d�a�h� �a�n�d� �S�e�i�r�e�g�*�*� �h�a�v�e� 

�e�v�e�n� �c�o�n�s�i�d�e�r�e�d� �p�r�o�b�l�e�m�s� �w�i�t�h� �m�i�x�e�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�l�o�n�g� �e�a�c�h� �e�d�g�e�.� �A� �s�e�c�o�n�d� �a�p�p�l�i�c�a�t�i�o�n� 

�o�f� �L�a�g�r�a�n�g�e� �m�u�l�t�i�p�l�i�e�r�s� �i�s� �t�o� �i�m�p�o�s�e� �a�d�d�i�t�i�o�n�a�l� �c�o�n�s�t�r�a�i�n�t�s� �o�n� �p�r�o�b�l�e�m�s� �w�h�e�r�e� �t�h�e� �d�e�f�l�e�c�t�i�o�n� �f�u�n�c�-� 

�t�i�o�n� �a�l�r�e�a�d�y� �s�a�t�i�s�f�i�e�s� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�.� �F�o�r� �e�x�a�m�p�l�e�,� �A�l�-�S�h�a�r�e�e�d�a�h� �a�n�d� �S�e�i�r�e�g�* �� �i�m�p�o�s�e�d� 

�z�e�r�o�-�d�i�s�p�l�a�c�e�m�e�n�t� �c�o�n�d�i�t�i�o�n�s� �i�n� �t�h�e� �i�n�t�e�r�i�o�r� �o�f� �a� �p�r�e�s�s�u�r�e�-�l�o�a�d�e�d� �p�l�a�t�e� �t�o� �r�e�p�r�e�s�e�n�t� �s�u�p�p�o�r�t�i�n�g� �c�o�l�-� 

�u�m�n�s� �u�n�d�e�r� �a� �f�l�o�o�r� �s�l�a�b�.� �T�h�i�s� �m�e�t�h�o�d� �h�a�s� �b�e�e�n� �u�s�e�d� �b�y� �t�h�e� �a�u�t�h�o�r� �t�o� �m�o�d�e�l� �t�h�e� �l�o�c�a�l� �b�u�c�k�l�i�n�g� 

�o�f� �v�a�r�i�o�u�s� �s�h�a�p�e�d� �s�k�i�n� �s�e�c�t�i�o�n�s� �o�f� �h�e�a�v�i�l�y� �s�t�i�f�f�e�n�e�d� �p�a�n�e�l�s� �b�y� �s�e�t�t�i�n�g� �w� �=� �0� �a�l�o�n�g� �l�i�n�e�s� �w�h�e�r�e� �t�h�e� 
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�s�t�i�f�f�e�n�e�r�s� �w�o�u�l�d� �b�e� �l�o�c�a�t�e�d�.� �I�n� �a� �t�h�i�r�d� �p�a�p�e�r�,� �A�l�-�S�h�a�r�e�e�d�a�h� �a�n�d� �S�e�i�r�e�g�®� �a�c�c�u�r�a�t�e�l�y� �p�r�e�d�i�c�t�e�d� �t�h�e� 

�t�r�a�n�s�v�e�r�s�e� �d�e�f�l�e�c�t�i�o�n� �o�f� �a� �p�r�e�s�s�u�r�e�-�l�o�a�d�e�d� �r�e�c�t�a�n�g�u�l�a�r� �i�s�o�t�r�o�p�i�c� �p�l�a�t�e� �w�i�t�h� �a�n� �o�b�l�i�q�u�e� �s�t�i�f�f�e�n�e�r�.� �T�h�e�y� 

�u�s�e�d� �L�a�g�r�a�n�g�e� �m�u�l�t�i�p�l�i�e�r�s� �t�o� �e�n�f�o�r�c�e� �t�r�a�n�s�v�e�r�s�e� �d�i�s�p�l�a�c�e�m�e�n�t� �c�o�n�t�i�n�u�i�t�y� �b�e�t�w�e�e�n� �t�h�e� �p�l�a�t�e� �a�n�d� 

�s�t�i�f�f�e�n�e�r� �a�t� �a� �f�i�n�i�t�e� �n�u�m�b�e�r� �o�f� �p�o�i�n�t�s�.� �I�n� �t�h�e� �p�r�e�s�e�n�t� �w�o�r�k�,� �t�h�e�i�r� �t�e�c�h�n�i�q�u�e� �i�s� �a�d�a�p�t�e�d� �a�n�d� �e�x�t�e�n�d�e�d� 

�t�o� �t�h�e� �s�t�a�b�i�l�i�t�y� �o�f� �o�r�t�h�o�t�r�o�p�i�c� �p�l�a�t�e�s� �w�i�t�h� �m�u�l�t�i�p�l�e� �o�r�t�h�o�t�r�o�p�i�c� �o�b�l�i�q�u�e� �s�t�i�f�f�e�n�e�r�s� �u�n�d�e�r� �t�h�e� �a�c�t�i�o�n� 

�o�f� �i�n�-�p�l�a�n�e� �l�o�a�d�s�.� 

�3�.�2�.�1�.�2� �B�u�c�k�l�i�n�g� �o�f� �F�l�a�t� �O�r�t�h�o�t�r�o�p�i�c� �P�l�a�t�e� 

�T�h�e� �m�e�t�h�o�d�o�l�o�g�y� �f�o�r� �a�p�p�l�y�i�n�g� �t�h�e� �R�a�y�l�e�i�g�h�-�R�i�t�z� �m�e�t�h�o�d� �t�o� �s�t�a�b�i�l�i�t�y� �p�r�o�b�l�e�m�s� �w�a�s� �r�e�v�i�e�w�e�d� �i�n� �t�h�e� 
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�w�h�e�r�e� �t�h�e� �c�o�m�m�a� �n�o�t�a�t�i�o�n� �d�e�n�o�t�e�s� �p�a�r�t�i�a�l� �d�i�f�f�e�r�e�n�t�i�a�t�i�o�n� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �s�u�b�s�c�r�i�p�t�e�d� �v�a�r�i�a�b�l�e�s� 

�a�n�d� �t�h�e� �i�n�-�p�l�a�n�e� �f�o�r�c�e� �r�e�s�u�l�t�a�n�t�s� �N�,� �a�n�d� �N�,� �a�r�e� �p�o�s�i�t�i�v�e� �w�h�e�n� �c�o�m�p�r�e�s�s�i�v�e�.� �T�h�e� �d�i�r�e�c�t�i�o�n� �o�f� �p�o�s�i�t�i�v�e� 

�s�h�e�a�r� �i�s� �a�l�s�o� �r�e�v�e�r�s�e�d� �f�r�o�m� �t�h�e� �s�t�a�n�d�a�r�d� �c�o�n�v�e�n�t�i�o�n�.� �I�n� �t�h�e� �p�r�e�s�e�n�t� �a�n�a�l�y�s�i�s�,� �i�t� �i�s� �a�s�s�u�m�e�d� �t�h�a�t� �t�h�e� 

�p�l�a�t�e� �i�s� �s�p�e�c�i�a�l�l�y� �o�r�t�h�o�t�r�o�p�i�c� �a�n�d� �t�h�e� �b�e�n�d�i�n�g�-�t�w�i�s�t�i�n�g� �c�o�u�p�l�i�n�g� �t�e�r�m�s� �D�,�,� �a�n�d� �D�,�,� �v�a�n�i�s�h�.� �F�o�r� �m�o�s�t� 
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�p�r�o�v�i�d�e� �a� �d�e�f�i�n�i�t�i�v�e� �l�i�s�t� �o�f� �l�a�y�u�p�s�,� �c�o�n�t�a�i�n�i�n�g� �u�p� �t�o� �2�1� �l�a�y�e�r�s�,� �w�i�t�h� �s�p�e�c�i�a�l� �o�r�t�h�o�t�r�o�p�y�.� �T�h�e�s�e� �r�e�s�u�l�t�s� 
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�i�s� �c�h�o�s�e�n�,� �a�l�l� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �i�n� �E�q�u�a�t�i�o�n� �(�4�3�)� �a�r�e� �e�x�a�c�t�l�y� �s�a�t�i�s�f�i�e�d�.� �I�t� �s�h�o�u�l�d� �b�e� �n�o�t�e�d� �t�h�a�t� 

�i�f� �t�h�e� �p�l�a�t�e� �w�e�r�e� �u�n�d�e�r� �t�h�e� �a�c�t�i�o�n� �o�f� �p�u�r�e� �c�o�m�p�r�e�s�s�i�o�n� �(�i�.�e�.� �V�,�,�=�0�)�,� �t�h�e� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n� �(�4�2�)� 

�w�o�u�l�d� �c�o�n�t�a�i�n� �o�n�l�y� �e�v�e�n� �d�e�r�i�v�a�t�i�v�e�s� �i�n� �x� �a�n�d� �y�.� �T�h�e� �f�u�n�c�t�i�o�n� �i�n� �E�q�u�a�t�i�o�n� �(�4�4�)� �w�o�u�l�d� �t�h�e�n� �e�x�a�c�t�l�y� 

�s�a�t�i�s�f�y� �b�o�t�h� �E�q�u�a�t�i�o�n�s� �(�4�2�)� �a�n�d� �(�4�3�)� �a�n�d� �t�h�e� �s�o�l�u�t�i�o�n� �c�o�u�l�d� �b�e� �f�o�u�n�d� �d�i�r�e�c�t�l�y� �v�i�a� �s�u�b�s�t�i�t�u�t�i�o�n� �i�n� �t�h�e� 

�d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�.� �A�p�p�l�y�i�n�g� �s�h�e�a�r�,� �h�o�w�e�v�e�r�,� �i�n�t�r�o�d�u�c�e�s� �o�d�d� �d�e�r�i�v�a�t�i�v�e�s� �i�n� �t�h�e� �d�i�f�f�e�r�e�n�t�i�a�l� 
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�W�h�i�t�n�e�y �� �e�x�p�r�e�s�s�e�s� �s�t�r�a�i�n� �e�n�e�r�g�y� �i�n� �b�e�n�d�i�n�g� �o�f� �a� �s�p�e�c�i�a�l�l�y� �o�r�t�h�o�t�r�o�p�i�c� �p�l�a�t�e� �a�s� 

�a�p�o� �U�T�]� �|� �[�i�r�r�e� �+� �D�i�a�l�w�r�a�N�w�y�)� �+� �D�i�a�l�w�y�y�)�?� �+� �4�D�s�o�l�i�g�)�*�]� �d�e� �d�y� �(�4�5�)� 

�a�n�d� �t�h�e� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �o�f� �e�x�t�e�r�n�a�l� �i�n�-�p�l�a�n�e� �l�o�a�d�s� �a�s� 

�A�n�a�l�y�t�i�c�a�l� �D�e�v�e�l�o�p�m�e�n�t� �4�9



�=�~� �v�=�-�3�)� �[� �[�N�C�W� �5�4�)� �+� �2�N�,�,�(�W�,�.�)�(�W�,�y�)� �+� �N�y� �(�W�a�y�)� �|� �d�x� �d�y� �(�4�6�)� 

�H�a�v�i�n�g� �c�h�o�s�e�n� �a� �d�i�s�p�l�a�c�e�m�e�n�t� �f�u�n�c�t�i�o�n�,� �e�x�p�l�i�c�i�t� �e�x�p�r�e�s�s�i�o�n�s� �f�o�r� �t�h�e� �e�n�e�r�g�i�e�s� �c�a�n� �b�e� �w�r�i�t�t�e�n�.� �T�h�e� 

�r�e�q�u�i�r�e�d� �s�e�c�o�n�d� �o�r�d�e�r� �d�e�r�i�v�a�t�i�v�e�s� �o�f� �w� �i�n� �E�q�u�a�t�i�o�n� �(�4�4�)� �a�r�e� �s�u�b�s�t�i�t�u�t�e�d� �i�n�t�o� �t�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �e�x�-� 

�p�r�e�s�s�i�o�n� �(�4�5�)� �a�n�d� �t�h�e� �p�r�o�d�u�c�t�s� �o�f� �t�h�e� �s�e�r�i�e�s� �e�x�p�a�n�d�e�d�.� �T�h�e� �o�r�d�e�r� �o�f� �s�u�m�m�a�t�i�o�n� �a�n�d� �i�n�t�e�g�r�a�t�i�o�n� 

�o�p�e�r�a�t�i�o�n�s� �a�r�e� �r�e�v�e�r�s�e�d� �a�n�d� �t�h�e� �t�r�i�g�o�n�o�m�e�t�r�i�c� �p�r�o�d�u�c�t�s� �e�v�a�l�u�a�t�e�d� �u�s�i�n�g� �t�h�e� �i�d�e�n�t�i�t�i�e�s� 

�(�4�7�)� 
� � 

�D�u�e� �t�o� �t�h�e� �o�r�t�h�o�g�o�n�a�l� �n�a�t�u�r�e� �o�f� �t�h�e� �t�r�i�g�o�n�o�m�e�t�r�i�c� �s�e�r�i�e�s�,� �o�n�l�y� �t�e�r�m�s� �i�n� �w�h�i�c�h� �b�o�t�h� �t�h�e� �x� �a�n�d� �y� 

�p�o�r�t�i�o�n�s� �h�a�v�e� �p�a�i�r�s� �o�f� �i�d�e�n�t�i�c�a�l� �i�n�d�i�c�e�s�,� �g�i�v�i�n�g� �s�i�n�?� �o�r� �c�o�s�?� �e�x�p�r�e�s�s�i�o�n�s�,� �r�e�m�a�i�n� �n�o�n�z�e�r�o�.� �A�f�t�e�r� �i�n�t�e�-� 

�g�r�a�t�i�o�n�,� �t�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �e�x�p�r�e�s�s�i�o�n� �s�i�m�p�l�i�f�i�e�s� �t�o� 

�4� �M� �N� 

�=� �2�b� �D�Y�)� �A�t�a�l� �D�i�s�(� �F�E�)� �+� �2�0�2� �+� �2�D�5�0�)�(� �2�)�?� �+� �D�n�(�F�)�?�]� �8�)� 
�m�=�]� �n�=�!� 

� � 

�T�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �V� �i�s� �f�o�u�n�d� �b�y� �s�u�b�s�t�i�t�u�t�i�n�g� �b�o�t�h� �f�i�r�s�t� �a�n�d� 

�s�e�c�o�n�d� �o�r�d�e�r� �d�e�r�i�v�a�t�i�v�e�s� �o�f� �w� �i�n�t�o� �E�q�u�a�t�i�o�n� �(�4�6�)� �a�n�d� �u�s�i�n�g� �t�h�e� �i�d�e�n�t�i�t�i�e�s� �i�n� �E�q�u�a�t�i�o�n� �(�4�7�)� �p�l�u�s� 

�s�i�n� �c�o�s�  � �� �d�x� �=�|� �a�(�i�?�  ��j�*�)� �(�4�9�)� 

�2�i�¢� �,� 

�|� �°� �.� �i�n�x� � �J�R�x� �»� �(�i� �+�s�)� �o�d�d� 
�¢� �¢� 

�0� �0�,� �(�i�+�/�)� �e�v�e�n� 

�t�o� �a�r�r�i�v�e� �a�t� 

�A�n�a�l�y�t�i�c�a�l� �D�e�v�e�l�o�p�m�e�n�t� �5�0



� � 

�(�5�0�)� 
� � 

�w�i�t�h� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� �o�f� �N�,�,� �n�o�n�z�e�r�o� �o�n�l�y� �w�h�e�n� �(�m�+� �p�)� �a�n�d� �(�n�+� �q�)� �a�r�e� �b�o�t�h� �o�d�d�.� �T�h�e� �e�n�e�r�g�y� �e�x�-� 

�p�r�e�s�s�i�o�n�s� �a�r�e� �n�o�w� �a�b�b�r�e�v�i�a�t�e�d� �a�s� 

� � 

� � 

�=�|� 

�M� �N� �M� �N� �M� �W�N� �(�5�1�)� 

�v�a�-�4� �Y�S� �a�R� �s�+� �S�Y� �>� �a�n�d�s� 
�m�=�]� �n�=�]� �m�=�)� �n�=�1�i� �p�=�)� �¢�g�=�1� 

�w�h�e�r�e� �t�h�e� �f�u�n�c�t�i�o�n�s� �o�f� �t�h�e� �i�n�d�i�c�e�s� �a�r�e� 

�4� 

�p�m� �=� �u�e� �[�u�(� �Z�e�)� �+� �2�(�D�\�2� �+� �2�D�o�e�)�(� �2�)�?� �+� �D�n�(� �+�)�*�|� 
�2� 

�R!"� �n�a�b� �E� �m� �+�5�(�4�)�)�]� 

�g�a�)� �A�G� �(�5�2�)� 
 �� �4�m�n�p�q� 

�g�m�n�p�a� �_�|�'� �1� �G�o�m�y�n�t�o� �g�y� �S�y�n� �a�g�? �� �(�m�+� �p�)� �a�n�d� �(�n� �+� �q�)� �o�d�d� 

�0�,� �o�t�h�e�r�w�i�s�e� 

�a�n�d� �a� �c�o�m�m�o�n� �m�u�l�t�i�p�l�i�c�a�t�i�v�e� �f�a�c�t�o�r� �A� �h�a�s� �b�e�e�n� �e�x�t�r�a�c�t�e�d� �f�r�o�m� �t�h�e� �a�p�p�l�i�e�d� �l�o�a�d�s� 

�N�,� �=�A�N�,� 
�N�y� �=� �A�N�,� �(�5�3�)� 

�N�y�x�y� �=� �A�N� �g�y� 

�A�d�d�i�n�g� �U� �a�n�d� �V� �f�r�o�m� �E�q�u�a�t�i�o�n�s� �(�5�1�)� �g�i�v�e�s� �t�h�e� �t�o�t�a�l� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �I�]� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �u�n�d�e�-� 

�t�e�r�m�i�n�e�d� �c�o�e�f�f�i�c�i�e�n�t�s� �A�,�,�,�.� �T�h�e� �s�o�l�u�t�i�o�n� �i�s� �d�e�t�e�r�m�i�n�e�d� �b�y� �s�a�t�i�s�f�y�i�n�g� �t�h�e� �c�o�n�d�i�t�i�o�n�s� 

�A�n�a�l�y�t�i�c�a�l� �D�e�v�e�l�o�p�m�e�n�t� �5�!



�O�T� 
�a�4� 

�1�2�,�.�.�,�M� 
�1�,�2�,�.�.�,�N� �(�9�4�)� 

�o�e�s� 

�y�o�r�e� �y�g� 

�i� 

�j� 

�C�a�r�r�y�i�n�g� �o�u�t� �t�h�e� �p�a�r�t�i�a�l� �d�e�r�i�v�a�t�i�v�e�s� �o�f� �E�q�u�a�t�i�o�n� �(�5�4�)� �o�n� �t�h�e� �t�o�t�a�l� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �r�e�s�u�l�t�s� �i�n� 

�h�y� �a� �i�=�1�,�2�,�.�.�,�M� �f�_� �i� �p�q� �m�n�i�j� �|� �_�_� �=�1�,�2�,�.�.�,� �2�4� �y�P� �1� �a�a� �+�2� �2� �A�v�e� �+�)�,� �2� �A�m�e�s� �f�e�o� �j�e�t�2� �N�y� �8�D� 

�E�x�a�m�i�n�i�n�g� �E�q�u�a�t�i�o�n� �(�5�2�)� �r�e�v�e�a�l�s� �t�h�a�t� �S�7�¥�¢� �=� �S�?�7!"�,� �s�o� �t�h�e� �t�w�o� �s�u�m�m�a�t�i�o�n�s� �i�n� �E�q�u�a�t�i�o�n� �(�5�5�)� �c�a�n� 

�b�e� �c�o�m�b�i�n�e�d�.� �E�l�i�m�i�n�a�t�i�n�g� �t�h�e� �c�o�m�m�o�n� �f�a�c�t�o�r� �o�f� �2� �a�n�d� �r�e�t�u�r�n�i�n�g� �t�o� �t�h�e� �o�r�i�g�i�n�a�l� �i�n�d�i�c�e�s� �m� �a�n�d� �n� 

�p�r�o�d�u�c�e�s� �t�h�e� �f�i�n�a�l� �e�x�p�r�e�s�s�i�o�n� 

�M�N� 
�A� �p�m� �_� �2� �A� �R!"� �+� �>� �y�y� �S�n�P�a� �_� �0� �m�=� �1�,� �2�,� �e�n�e�y� �M� �(�5�6�)� 

�m�a�n� �m�n� �a�a�,� �2�,�.�.�,�N� 

�w�h�e�r�e� �P!"�,� �R!"�,� �a�n�d� �S�$ �� �a�r�e� �a�s� �g�i�v�e�n� �b�y� �E�q�u�a�t�i�o�n� �(�5�2�)�.� �E�q�u�a�t�i�o�n� �(�5�6�)� �d�e�f�i�n�e�s� �a� �s�e�t� �o�f� �(�M�*�N�)� �a�l�-� 

�g�e�b�r�a�i�c� �e�q�u�a�t�i�o�n�s� �i�n� �t�h�e� �(�M�*�N�)� �u�n�k�n�o�w�n�s� �4�,�,�,�.� �T�h�i�s� �c�o�n�s�t�i�t�u�t�e�s� �a� �c�l�a�s�s�i�c�a�l� �e�i�g�e�n�v�a�l�u�e� �p�r�o�b�l�e�m�,� 

�w�h�i�c�h� �m�a�y� �b�e� �e�x�p�r�e�s�s�e�d� �i�n� �m�a�t�r�i�x� �f�o�r�m� �a�s� 

�[�L�K�]�  �� �A�L�M�]� �]�{�A�}� �=�0� �(�5�7�)� 

�F�o�r� �a� �n�o�n�t�r�i�v�i�a�l� �s�o�l�u�t�i�o�n� �(�i�.�e�.� �4�,�,�,� �¥� �0�)�,� �i�t� �i�s� �r�e�q�u�i�r�e�d� �t�h�a�t� �t�h�e� �d�e�t�e�r�m�i�n�a�n�t� �o�f� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� �m�a�t�n�x� 

�o�f� �{�A�}� �b�e� �z�e�r�o�.� �T�h�i�s� �w�i�l�l� �r�e�s�u�l�t� �i�n� �(�M�*�N�)� �e�i�g�e�n�v�a�l�u�e�s� �4�,� �w�i�t�h� �(�M�*�N�)� �a�s�s�o�c�i�a�t�e�d� �e�i�g�e�n�v�e�c�t�o�r�s� 

�{�A�}�,�.� �T�h�e� �s�m�a�l�l�e�s�t� �p�o�s�i�t�i�v�e� �e�i�g�e�n�v�a�l�u�e� �J�-�p�,� �w�h�e�n� �s�u�b�s�t�i�t�u�t�e�d� �i�n� �E�q�u�a�t�i�o�n� �(�5�3�)�,� �d�e�t�e�r�m�i�n�e�s� �t�h�e� �c�r�i�t�-� 

�i�c�a�l� �l�o�a�d�s� �f�o�r� �t�h�e� �p�l�a�t�e�.� �T�h�e� �e�i�g�e�n�v�e�c�t�o�r� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �c�r�i�t�i�c�a�l� �e�i�g�e�n�v�a�l�u�e� �s�p�e�c�i�f�i�e�s� �t�h�e� �d�e�-� 

�f�o�r�m�e�d� �s�h�a�p�e� �o�f� �t�h�e� �b�u�c�k�l�e�d� �p�l�a�t�e�,� �a�l�t�h�o�u�g�h� �t�h�e� �a�c�t�u�a�l� �d�i�s�p�l�a�c�e�m�e�n�t�s� �a�r�e� �i�n�d�e�t�e�r�m�i�n�a�t�e�.� 

�A�n�a�l�y�t�i�c�a�l� �D�e�v�e�l�o�p�m�e�n�t� �5�2



�3�.�2�.�1�.�3� �B�u�c�k�l�i�n�g� �o�f� �O�r�t�h�o�t�r�o�p�i�c� �P�l�a�t�e� �w�i�t�h� �O�b�l�i�q�u�e� �S�t�i�f�f�e�n�e�r�s� 

�A�s� �d�i�s�c�u�s�s�e�d� �i�n� �e�a�r�l�i�e�r� �s�e�c�t�i�o�n�s�,� �b�u�c�k�l�i�n�g� �a�n�a�l�y�s�e�s� �f�o�r� �s�t�i�f�f�e�n�e�d� �p�a�n�e�l�s� �(�a�n�d� �p�a�r�t�i�c�u�l�a�r�l�y� �s�o� �f�o�r� �o�b�-� 

�l�i�q�u�e� �s�t�i�f�f�e�n�i�n�g�)� �m�a�y� �r�e�s�o�r�t� �t�o� �s�m�e�a�r�i�n�g� �t�h�e� �s�t�i�f�f�e�n�e�r�s�.� �F�o�r� �p�a�n�e�l�s� �w�i�t�h� �o�n�l�y� �a� �f�e�w� �s�t�i�f�f�e�n�e�r�s�,� �h�o�w�e�v�e�r�,� 

�t�h�i�s� �a�p�p�r�o�a�c�h� �d�o�e�s� �n�o�t� �r�e�p�r�e�s�e�n�t� �a� �g�o�o�d� �a�p�p�r�o�x�i�m�a�t�i�o�n�.� �E�n�e�r�g�y� �m�e�t�h�o�d�s� �w�h�i�c�h� �t�r�e�a�t� �t�h�e� �s�t�i�f�f�e�n�e�r�s� 

�a�s� �d�i�s�c�r�e�t�e� �e�l�e�m�e�n�t�s� �w�e�r�e� �d�e�v�e�l�o�p�e�d� �f�o�r� �i�s�o�t�r�o�p�i�c� �p�a�n�e�l�s� �w�i�t�h� �l�o�n�g�i�t�u�d�i�n�a�l� �o�r� �t�r�a�n�s�v�e�r�s�e� �s�t�i�f�f�e�n�e�r�s� 

�a�t� �l�e�a�s�t� �f�o�r�t�y� �y�e�a�r�s� �a�g�o�;� �e�.�g�.� �T�i�m�o�s�h�e�n�k�o� �a�n�d� �G�e�r�e�*�5�,� �B�u�d�i�a�n�s�k�y� �a�n�d� �S�e�i�d�e ��,� �S�e�i�d�e� �a�n�d� �S�t�e�i�n�*�!�.� 

�T�h�e� �a�p�p�r�o�a�c�h� �i�s� �t�o� �m�i�n�i�m�i�z�e� �t�h�e� �t�o�t�a�l� �e�n�e�r�g�y� �o�f� �t�h�e� �s�t�i�f�f�e�n�e�d� �p�a�n�e�l�,� �w�h�i�c�h� �i�n�c�l�u�d�e�s� �s�t�r�a�i�n� �e�n�e�r�g�y� 

�o�f� �t�h�e� �f�l�a�t� �p�l�a�t�e�,� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �o�f� �t�h�e� �l�o�a�d�s� �o�n� �t�h�e� �p�l�a�t�e�,� �t�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �o�f� �e�a�c�h� �i�n�d�i�v�i�d�u�a�l� 

�s�t�i�f�f�e�n�e�r�,� �a�n�d� �t�h�e� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �o�f� �t�h�e� �l�o�a�d�s� �o�n� �e�a�c�h� �s�t�i�f�f�e�n�e�r�.� �S�i�n�c�e� �l�o�n�g�i�t�u�d�i�n�a�l� �a�n�d� �t�r�a�n�s�v�e�r�s�e� 

�s�t�i�f�f�e�n�e�r�s� �a�r�e� �p�a�r�a�l�l�e�l� �t�o� �t�h�e� �p�l�a�t�e� �c�o�o�r�d�i�n�a�t�e� �s�y�s�t�e�m�,� �i�t� �i�s� �e�a�s�y� �t�o� �o�b�t�a�i�n� �e�x�p�r�e�s�s�i�o�n�s� �f�o�r� �t�h�e� �s�t�i�f�f�e�n�e�r� 

�d�e�f�l�e�c�t�i�o�n�s� �i�n� �t�e�r�m�s� �o�f� �a� �s�i�n�g�l�e� �p�a�r�a�m�e�t�e�r�,� �t�h�e� �s�k�i�n� �d�e�f�l�e�c�t�i�o�n� �w�.� �W�h�e�n� �t�h�e� �s�t�i�f�f�e�n�e�r�s� �a�r�e� �o�r�i�e�n�t�e�d� 

�a�t� �s�o�m�e� �a�n�g�l�e� �t�o� �t�h�e� �c�o�o�r�d�i�n�a�t�e� �a�x�e�s�,� �h�o�w�e�v�e�r�,� �t�h�e� �r�e�q�u�i�r�e�d� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �s�k�i�n� �d�e�f�l�e�c�t�i�o�n� �a�l�o�n�g� 

�a�n� �a�r�b�i�t�r�a�r�y� �o�b�l�i�q�u�e� �l�i�n�e� �i�s� �r�a�t�h�e�r� �c�o�m�p�l�i�c�a�t�e�d�.� �T�h�e� �p�r�o�b�l�e�m� �i�s� �e�x�a�c�e�r�b�a�t�e�d� �w�h�e�n� �p�r�o�d�u�c�t�s� �o�f� �t�h�e� 

�d�e�r�i�v�a�t�i�v�e�s� �o�f� �t�h�a�t� �e�x�p�r�e�s�s�i�o�n� �a�r�e� �r�e�q�u�i�r�e�d� �i�n� �t�h�e� �e�n�e�r�g�y� �r�e�l�a�t�i�o�n�s�.� �H�o�f�m�e�i�s�t�e�r� �a�n�d� �F�e�l�t�o�n�*� �®� �s�o�l�v�e�d� 

�t�h�e� �b�u�c�k�l�i�n�g� �p�r�o�b�l�e�m� �i�n� �t�h�i�s� �m�a�n�n�e�r� �f�o�r� �a� �s�q�u�a�r�e� �i�s�o�t�r�o�p�i�c� �p�l�a�t�e� �w�i�t�h� �a� �s�i�n�g�l�e� �p�a�i�r� �o�f� �o�b�l�i�q�u�e� 

�s�t�i�f�f�e�n�e�r�s�.� �A�l�t�h�o�u�g�h� �v�i�a�b�l�e� �f�o�r� �o�n�e� �s�p�e�c�i�f�i�c� �g�e�o�m�e�t�r�y�,� �t�h�e�y� �s�t�a�t�e�d� �t�h�a�t� �t�h�i�s� �a�p�p�r�o�a�c�h� �w�a�s� �t�o�o� �i�n�-� 

�v�o�l�v�e�d� �f�o�r� �g�e�n�e�r�a�l� �s�t�i�f�f�e�n�e�r� �o�r�i�e�n�t�a�t�i�o�n�s�.� 

�A�n� �a�l�t�e�r�n�a�t�e� �a�p�p�r�o�a�c�h� �b�a�s�e�d� �o�n� �u�n�d�e�t�e�r�m�i�n�e�d�,� �o�r� �L�a�g�r�a�n�g�e�,� �m�u�l�t�i�p�l�i�e�r�s� �h�a�s� �b�e�e�n� �u�s�e�d� �b�y� �A�l�-� 

�S�h�a�r�e�e�d�a�h� �a�n�d� �S�e�i�r�e�g!"� �f�o�r� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �d�e�f�l�e�c�t�i�o�n� �o�f� �a� �p�r�e�s�s�u�r�e�-�l�o�a�d�e�d� �r�e�c�t�a�n�g�u�l�a�r� �i�s�o�t�r�o�p�i�c� �p�l�a�t�e� 

�w�i�t�h� �a�n� �o�b�l�i�q�u�e� �s�t�i�f�f�e�n�e�r�.� �R�a�t�h�e�r� �t�h�a�n� �e�x�p�r�e�s�s�i�n�g� �s�t�i�f�f�e�n�e�r� �d�e�f�l�e�c�t�i�o�n�s� �i�n� �t�e�r�m�s� �o�f� �c�o�m�p�l�i�c�a�t�e�d� 

�f�u�n�c�t�i�o�n�s� �o�f� �w�,� �t�h�e� �d�e�f�l�e�c�t�i�o�n� �o�f� �a� �s�t�i�f�f�e�n�e�r� �i�s� �e�x�p�a�n�d�e�d� �i�n� �a� �f�u�n�c�t�i�o�n� �d�e�f�i�n�e�d� �i�n� �a� �l�o�c�a�l� �c�o�o�r�d�i�n�a�t�e� 

�s�y�s�t�e�m� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �t�h�a�t� �f�o�r� �t�h�e� �s�k�i�n� �d�e�f�l�e�c�t�i�o�n�.� �T�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �o�f� �t�h�e� �s�t�i�f�f�e�n�e�r� �a�n�d� �p�o�t�e�n�t�i�a�l� 

�e�n�e�r�g�y� �o�f� �t�h�e� �s�t�i�f�f�e�n�e�r� �l�o�a�d�s� �a�r�e� �t�h�e�n� �e�a�s�i�l�y� �f�o�u�n�d� �i�n� �t�e�r�m�s� �o�f� �t�h�i�s� �s�i�m�p�l�e� �f�u�n�c�t�i�o�n�.� �C�o�n�t�i�n�u�i�t�y� �o�f� 

�o�u�t�-�o�f�-�p�l�a�n�e� �d�e�f�l�e�c�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� �s�k�i�n� �a�n�d� �t�h�e� �s�t�i�f�f�e�n�e�r� �i�s� �i�m�p�o�s�e�d� �a�t� �a� �f�i�n�i�t�e� �n�u�m�b�e�r� �o�f� �p�o�i�n�t�s� 

�a�l�o�n�g� �t�h�e� �s�t�i�f�f�e�n�e�r� �a�x�i�s� �u�s�i�n�g� �L�a�g�r�a�n�g�e� �m�u�l�t�i�p�l�i�e�r�s�.� �T�h�e� �t�o�t�a�l� �e�n�e�r�g�y� �o�f� �t�h�e� �s�y�s�t�e�m� �i�s� �t�h�e�n� �m�i�n�i�m�i�z�e�d� 

�t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �s�o�l�u�t�i�o�n� �f�o�r� �t�h�e� �s�t�i�f�f�e�n�e�d� �p�a�n�e�l� �a�s�s�e�m�b�l�y� �w�h�i�l�e� �s�i�m�u�l�t�a�n�e�o�u�s�l�y� �s�a�t�i�s�f�y�i�n�g� �a�l�l� �d�i�s�-� 

�A�n�a�l�y�t�i�c�a�l� �D�e�v�e�l�o�p�m�e�n�t� �$�3



�p�l�a�c�e�m�e�n�t� �c�o�n�s�t�r�a�i�n�t�s�.� �I�n� �t�h�e� �p�r�e�s�e�n�t� �w�o�r�k�,� �t�h�i�s� �t�e�c�h�n�i�q�u�e� �h�a�s� �b�e�e�n� �a�d�a�p�t�e�d� �t�o� �t�h�e� �s�t�a�b�i�l�i�t�y� �o�f� 

�o�r�t�h�o�t�r�o�p�i�c� �p�l�a�t�e�s� �w�i�t�h� �m�u�l�t�i�p�l�e� �o�r�t�h�o�t�r�o�p�i�c� �o�b�l�i�q�u�e� �s�t�i�f�f�e�n�e�r�s� �u�n�d�e�r� �t�h�e� �a�c�t�i�o�n� �o�f� �i�n�-�p�l�a�n�e� �l�o�a�d�s�.� 

�T�h�e�r�e� �a�r�e� �a� �n�u�m�b�e�r� �o�f� �a�s�s�u�m�p�t�i�o�n�s� �a�n�d� �l�i�m�i�t�a�t�i�o�n�s� �i�n�h�e�r�e�n�t� �t�o� �t�h�e� �L�a�g�r�a�n�g�e� �m�u�l�t�i�p�l�i�e�r� �m�e�t�h�o�d� 

�a�p�p�r�o�a�c�h�:� 

�1�.� �C�o�n�t�i�n�u�i�t�y� �o�f� �s�t�i�f�f�e�n�e�r�-�s�k�i�n� �d�i�s�p�l�a�c�e�m�e�n�t�s� �i�s� �i�m�p�o�s�e�d� �a�t� �a� �f�i�n�i�t�e� �n�u�m�b�e�r� �o�f� �i�n�f�i�n�i�t�e�s�i�m�a�l� �p�o�i�n�t�s�;� 

�t�h�e� �w�i�d�t�h� �o�r� �s�h�a�p�e� �o�f� �t�h�e� �s�t�i�f�f�e�n�e�r� �h�a�s� �n�o� �e�f�f�e�c�t� �o�t�h�e�r� �t�h�a�n� �t�h�a�t� �o�n� �t�h�e� �s�e�c�o�n�d� �m�o�m�e�n�t� �o�f� �i�n�-� 

�e�r�t�i�a� �o�f� �t�h�e� �s�t�i�f�f�e�n�e�r� �c�r�o�s�s�-�s�e�c�t�i�o�n�.� 

�2�.� �I�t� �i�s� �a�s�s�u�m�e�d� �t�h�a�t� �e�a�c�h� �s�t�i�f�f�e�n�e�r� �h�a�s� �z�e�r�o� �i�n�-�p�l�a�n�e� �f�l�e�x�u�r�a�l� �s�t�i�f�f�n�e�s�s� �(�i�.�e�.� �f�o�r� �b�e�n�d�i�n�g� �i�n� �a� �p�l�a�n�e� 

�p�a�r�a�l�l�e�l� �t�o� �t�h�e� �s�u�r�f�a�c�e� �o�f� �t�h�e� �s�k�i�n�)� �a�n�d� �z�e�r�o� �t�o�r�s�i�o�n�a�l� �s�t�i�f�f�n�e�s�s�.� 

�3�.� �S�m�a�l�l� �d�e�f�l�e�c�t�i�o�n� �t�h�e�o�r�y� �f�o�r� �b�e�n�d�i�n�g� �o�f� �t�h�e� �p�l�a�t�e� �a�n�d� �s�i�m�p�l�e� �b�e�a�m� �t�h�e�o�r�y� �f�o�r� �b�e�n�d�i�n�g� �o�f� �t�h�e� 

�s�t�i�f�f�e�n�e�r�s� �a�r�e� �u�s�e�d�.� 

�4�.� �T�h�e� �l�o�a�d� �d�i�s�t�r�i�b�u�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� �s�k�i�n� �a�n�d� �s�t�i�f�f�e�n�e�r�s� �m�u�s�t� �b�e� �k�n�o�w�n� �i�n� �a�d�v�a�n�c�e�.� 

�E�x�p�r�e�s�s�i�o�n�s� �f�o�r� �t�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �a�n�d� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �o�f� �e�x�t�e�r�n�a�l� �l�o�a�d�s� �f�o�r� �a� �r�e�c�t�a�n�g�u�l�a�r� �o�r�t�h�o�t�r�o�p�i�c� 

�p�l�a�t�e� �h�a�v�e� �a�l�r�e�a�d�y� �b�e�e�n� �d�e�r�i�v�e�d� �a�n�d� �s�u�m�m�a�r�i�z�e�d� �i�n� �E�q�u�a�t�i�o�n�s� �(�5�1�)� �a�n�d� �(�5�2�)�.� �T�h�e�r�e�f�o�r�e�,� �o�n�l�y� �e�n�e�r�g�y� 

�e�x�p�r�e�s�s�i�o�n�s� �f�o�r� �t�h�e� �d�e�f�o�r�m�a�t�i�o�n� �o�f� �t�h�e� �s�p�e�c�i�a�l�l�y� �o�r�t�h�o�t�r�o�p�i�c� �s�t�i�f�f�e�n�e�r�s� �a�r�e� �r�e�q�u�i�r�e�d�.� �I�n� �c�o�m�p�u�t�i�n�g� 

�t�h�e� �e�n�e�r�g�y� �e�x�p�r�e�s�s�i�o�n�s� �f�o�r� �t�h�e� �s�t�i�f�f�e�n�e�r�s�,� �i�t� �i�s� �a�s�s�u�m�e�d� �t�h�a�t� �e�a�c�h� �s�t�i�f�f�e�n�e�r� �b�e�h�a�v�e�s� �a�s� �a�n� �o�r�t�h�o�t�r�o�p�i�c� 

�b�e�a�m� �a�l�l�o�w�e�d� �t�o� �d�e�f�o�r�m� �o�n�l�y� �i�n� �o�u�t�-�o�f�-�p�l�a�n�e� �b�e�n�d�i�n�g�.� �S�p�e�c�i�a�l�l�y� �o�r�t�h�o�t�r�o�p�i�c� �b�e�a�m�s�,� �w�h�e�r�e� �a�l�l� 

�o�r�t�h�o�t�r�o�p�i�c� �p�l�i�e�s� �a�r�e� �o�r�i�e�n�t�e�d� �p�a�r�a�l�l�e�l� �t�o� �t�h�e� �a�x�i�s� �o�f� �t�h�e� �b�e�a�m� �(�c�r�o�s�s�-�p�l�y� �b�e�a�m�s� �a�r�e� �a�l�s�o� �s�p�e�c�i�a�l�l�y� 

�o�r�t�h�o�t�r�o�p�i�c�,� �b�u�t� �a�r�e� �n�o�t� �c�o�n�s�i�d�e�r�e�d� �i�n� �t�h�e� �p�r�e�s�e�n�t� �s�t�u�d�y�)�,� �c�a�n� �b�e� �a�n�a�l�y�z�e�d� �b�y� �c�l�a�s�s�i�c�a�l� �i�s�o�t�r�o�p�i�c� 

�b�e�a�m� �t�h�e�o�r�y� �i�f� �t�h�e� �i�s�o�t�r�o�p�i�c� �m�o�d�u�l�u�s� �o�f� �e�l�a�s�t�i�c�i�t�y� �E� �i�s� �r�e�p�l�a�c�e�d� �b�y� �£�,�,� �w�h�i�c�h� �i�s� �t�h�e� �l�o�n�g�i�t�u�d�i�n�a�l� 

�m�o�d�u�l�u�s� �o�f� �t�h�e� �p�l�i�e�s� �i�n� �a� �d�i�r�e�c�t�i�o�n� �p�a�r�a�l�l�e�l� �t�o� �t�h�e� �f�i�b�e�r�s ��.� �T�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �i�n� �b�e�n�d�i�n�g� �o�f� �a�n� 

�o�r�t�h�o�t�r�o�p�i�c� �b�e�a�m� �i�s� �t�h�e�n� �g�i�v�e�n� �b�y� �*� 

�E�,�l�,� �f�l� �S�|� �G�a�m� �(�5�8�)� � � 

�A�n�a�l�y�t�i�c�a�]� �D�e�v�e�l�o�p�m�e�n�t� �5�4



�w�h�e�r�e� �t�h�e� �S� �s�u�b�s�c�r�i�p�t� �i�n�d�i�c�a�t�e�s� �t�h�i�s� �c�o�m�p�o�n�e�n�t� �o�f� �t�h�e� �e�n�e�r�g�y� �i�s� �f�o�r� �a� �s�t�i�f�f�e�n�e�r�,�  ¬� �i�s� �t�h�e� �t�r�a�n�s�v�e�r�s�e� 

�d�e�f�l�e�c�t�i�o�n� �o�f� �t�h�e� �s�t�i�f�f�e�n�e�r�,� �a�n�d� �»� �i�s� �t�h�e� �c�o�o�r�d�i�n�a�t�e� �a�x�i�s� �o�r�i�e�n�t�e�d� �a�l�o�n�g� �t�h�e� �s�t�i�f�f�e�n�e�r� �o�f� �l�e�n�g�t�h� �L�.� �T�h�e� 

�t�o�t�a�l� �m�o�m�e�n�t� �o�f� �i�n�e�r�t�i�a� �/�,� �f�o�r� �t�h�e� �t�w�o� �s�t�i�f�f�e�n�e�r� �s�e�c�t�i�o�n�s� �(�o�n�e� �a�b�o�v�e� �a�n�d� �o�n�e� �b�e�l�o�w� �t�h�e� �s�k�i�n�)� �w�i�t�h� 

�r�e�s�p�e�c�t� �t�o� �a�n� �a�x�i�s� �c�o�i�n�c�i�d�e�n�t� �w�i�t�h� �t�h�e� �m�i�d�p�l�a�n�e� �o�f� �t�h�e� �s�k�i�n� �i�s� �c�a�l�c�u�l�a�t�e�d� �v�i�a� �t�h�e� �p�a�r�a�l�l�e�l� �a�x�i�s� �t�h�e�o�r�e�m�.� 

�T�h�e� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �o�f� �e�x�t�e�r�n�a�l� �f�o�r�c�e�s� �o�n� �a� �b�e�a�m� �i�s� �n�o�t� �d�e�p�e�n�d�e�n�t� �o�n� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s�,� �s�o� �t�h�e� 

�e�x�p�r�e�s�s�i�o�n� �w�i�l�l� �b�e� �s�a�m�e� �a�s� �t�h�a�t� �f�o�r� �a�n� �i�s�o�t�r�o�p�i�c� �b�e�a�m� �%� 

�F�P� �(�*� �5� 

�w�h�e�r�e� �F� �i�s� �t�h�e� �t�o�t�a�l� �a�x�i�a�l� �l�o�a�d� �o�n� �t�h�e� �s�t�i�f�f�e�n�e�r�.� 

�I�n� �S�e�c�t�i�o�n� �3�.�2�.�1�.�2�,� �s�i�m�p�l�y�-�s�u�p�p�o�r�t�e�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �w�e�r�e� �a�s�s�u�m�e�d� �f�o�r� �t�h�e� �r�e�c�t�a�n�g�u�l�a�r� �p�l�a�t�e�.� 

�C�o�n�s�i�s�t�e�n�t� �w�i�t�h� �t�h�i�s� �a�s�s�u�m�p�t�i�o�n�,� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �f�o�r� �a� �b�e�a�m� �w�i�t�h� �s�i�m�p�l�y�-�s�u�p�p�o�r�t�e�d� �e�n�d�s� 

�a�r�e� 

�E�=�0� 
�M� �=� �E�g�l�,�E� �s�u�n� �=� �|� �a�t� �y�=� �0�,�L� �(�6�9�)� 

�E�x�p�a�n�d�i�n�g� �t�h�e� �s�t�i�f�f�e�n�e�r� �d�e�f�l�e�c�t�i�o�n� �i�n� �a� �s�i�n�g�l�e� �s�i�n�e� �s�e�r�i�e�s� 

�K� 
�s�i�n� �k�n�y� �E�n�)� �=�)� �B�e�O�S� �S�L� �(�6�1�)� 

�k�=�]� 

�s�a�t�i�s�f�i�e�s� �t�h�e� �z�e�r�o� �d�e�f�l�e�c�t�i�o�n� �a�n�d� �m�o�m�e�n�t� �c�o�n�d�i�t�i�o�n�s� �a�t� �b�o�t�h� �e�n�d�s�.� �T�o� �c�a�l�c�u�l�a�t�e� �t�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �f�o�r� 

�e�a�c�h� �b�e�a�m�,� �t�h�e� �s�e�c�o�n�d� �d�e�r�i�v�a�t�i�v�e� �o�f� �E�q�u�a�t�i�o�n� �(�6�1�)� �i�s� �t�a�k�e�n� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �»� �a�n�d� �t�h�e� �r�e�s�u�l�t� �s�u�b�s�t�i�-� 

�t�u�t�e�d� �i�n� �E�q�u�a�t�i�o�n� �(�5�8�)�.� �A�s� �w�a�s� �t�h�e� �c�a�s�e� �f�o�r� �t�h�e� �p�l�a�t�e� �e�n�e�r�g�y� �e�x�p�r�e�s�s�i�o�n�s�,� �s�q�u�a�r�i�n�g� �t�h�e� �s�e�r�i�e�s� �a�n�d� 

�i�n�t�e�g�r�a�t�i�n�g� �u�s�i�n�g� �E�q�u�a�t�i�o�n� �(�4�7�)� �e�l�i�m�i�n�a�t�e�s� �a�l�l� �t�e�r�m�s� �e�x�c�e�p�t� �t�h�o�s�e� �w�i�t�h� �s�i�n�?�.� �T�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �i�n� 

�b�e�n�d�i�n�g� �o�f� �t�h�e� �b�e�a�m� �i�s� �t�h�e�n� 

�A�n�a�l�y�t�i�c�a�l� �D�e�v�e�l�o�p�m�e�n�t� �5�5



� � 

�n�r� �*� �E�y�l�,� �4� 
�=� �k�i� �R�B�?� �(�6�2�)� 

�4� �»� �7� 
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�[�K�y�,�J� �(�0�)� �[�A�y�3�]�}� �|� �{�4�}� �{�M�,�,�]� �[�0�]� �[�0�}�}� �|� �{�4�3� 

�[�0�]� �[�M�2�2�]� �[�X�o�3�]�}� �|� �{�8�}� �}�=�4�)� �[�0�]� �[�M�2�2�]� �[�0�]�}� �|� �{�8�}� �(�7�1�)� 

�(�A�3�;�]� �[�X�3�2�]� �[�0�]� �|� �|� �{�2�}� �(�O�J� �[�0�]� �[�0�]�}� �|� �{�#�}� 

�I�t� �i�s� �o�b�s�e�r�v�e�d� �t�h�a�t� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� �m�a�t�r�i�c�e�s� �a�r�e�,� �i�n� �f�a�c�t�,� �r�a�t�h�e�r� �s�p�a�r�s�e�.� �T�h�e� �f�i�r�s�t� �s�t�e�p� �i�n� �t�h�e� 

�c�o�n�d�e�n�s�a�t�i�o�n� �p�r�o�c�e�s�s� �w�i�l�l� �b�e� �t�o� �e�l�i�m�i�n�a�t�e� �{�u�z�}�.� �N�o�t�e� �t�h�a�t� �{�4�}� �1�s� �a�b�s�e�n�t� �f�r�o�m� �t�h�e� �t�h�i�r�d� �r�o�w�,� �s�o� �a�t�-� 

�t�e�n�t�i�o�n� �n�e�e�d� �o�n�l�y� �b�e� �p�a�i�d� �t�o� �t�h�e� �f�i�r�s�t� �t�w�o�.� �T�o� �i�s�o�l�a�t�e� �{�y�:�}� �f�r�o�m� �o�n�e� �o�f� �t�h�e�s�e� �e�q�u�a�t�i�o�n�s�,� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� 

�t�o� �i�n�v�e�r�t� �e�i�t�h�e�r� �[�X�,�,�]� �o�r� �[�X�,�,�]�.� �O�f� �c�o�u�r�s�e�,� �i�n� �o�r�d�e�r� �t�o� �i�n�v�e�r�t� �a� �m�a�t�r�i�x� �i�t� �m�u�s�t� �b�e� �s�q�u�a�r�e� �i�n� �d�i�m�e�n�s�i�o�n�.� 

�H�o�w�e�v�e�r�,� �[�X�,�,�]� �h�a�s� �d�i�m�e�n�s�i�o�n�s� �(�M�*�N�)� �b�y� �(�J�*�K�)� �w�h�i�l�e� �(�K�,�,�]� �i�s� �(�/�*�K�)� �b�y� �(�/�*�/�)�.� �R�e�q�u�i�r�i�n�g� �t�h�a�t� 

�(�M�*�N�)� �e�q�u�a�l� �(�/�*�K�)� �i�s� �n�o�t� �p�r�a�c�t�i�c�a�l� �a�s�,� �f�o�r� �e�x�a�m�p�l�e�,� �a� �p�a�n�e�l� �w�i�t�h� �o�n�l�y� �a� �f�e�w� �s�t�i�f�f�e�n�e�r�s� �(�s�m�a�l�l� �/�)� 

�w�o�u�l�d� �h�a�v�e� �t�o� �h�a�v�e� �a�n� �e�x�c�e�s�s�i�v�e� �n�u�m�b�e�r� �o�f� �t�e�r�m�s� �i�n� �t�h�e� �s�t�i�f�f�e�n�e�r� �f�u�n�c�t�i�o�n� �(�l�a�r�g�e� �K�)� �o�r� �o�n�l�y� �a� �f�e�w� 

�t�e�r�m�s� �i�n� �t�h�e� �s�k�i�n� �f�u�n�c�t�i�o�n�.� �A�l�t�e�r�n�a�t�i�v�e�l�y�,� �h�a�v�i�n�g� �(�/�*�K�)� �=� �(�/�*�!�)�,� �m�e�a�n�i�n�g� �K� �=� �/�,� �i�s� �n�o�t� �t�o�o� �r�e�s�t�r�i�c�-� 

�t�i�v�e�.� �T�h�a�t� �i�s�,� �a�s� �t�h�e� �n�u�m�b�e�r� �o�f� �c�o�n�s�t�r�a�i�n�t� �p�o�i�n�t�s� �p�e�r� �s�t�i�f�f�e�n�e�r� �i�s� �i�n�c�r�e�a�s�e�d�,� �t�h�e� �n�u�m�b�e�r� �o�f� �t�e�r�m�s� �i�n� 

�t�h�e� �s�t�i�f�f�e�n�e�r� �d�e�f�l�e�c�t�i�o�n� �f�u�n�c�t�i�o�n� �m�u�s�t� �i�n�c�r�e�a�s�e� �c�o�r�r�e�s�p�o�n�d�i�n�g�l�y�,� �b�u�t� �t�h�e� �t�h�e� �n�u�m�b�e�r� �o�f� �t�e�r�m�s� �i�n� �t�h�e� 

�s�k�i�n� �d�e�f�l�e�c�t�i�o�n� �f�u�n�c�t�i�o�n� �r�e�m�a�i�n�s� �i�n�d�e�p�e�n�d�e�n�t�.� �T�h�e�r�e�f�o�r�e�,� �i�t� �i�s� �m�o�r�e� �p�r�a�c�t�i�c�a�l� �t�o� �s�e�t� �K� �=� �/� �a�n�d� �i�n�v�e�r�t� 

�[�K�.�,�]�.� �M�u�l�t�i�p�l�y�i�n�g� �o�u�t� �t�h�e� �s�e�c�o�n�d� �r�o�w� �o�f� �E�q�u�a�t�i�o�n� �(�7�1�)� �a�n�d� �r�e�a�r�r�a�n�g�i�n�g� �t�o� �i�s�o�l�a�t�e� �{�u�}� 
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�{�u�t�}� �=� �(�K�o�3�)� �'�L�A�L�M�2�2�]�(�B�}�  �� �(�K�y�.� �]�(�B�}�]� �(�7�2�)� 

�T�h�i�s� �e�x�p�r�e�s�s�i�o�n� �c�a�n� �s�i�m�p�l�y� �b�e� �s�u�b�s�t�i�t�u�t�e�d� �i�n�t�o� �t�h�e� �f�i�r�s�t� �r�o�w� �o�f� �E�q�u�a�t�i�o�n� �(�7�1�)� �t�o� �e�l�i�m�i�n�a�t�e� �{�j�y�}�.� 

�P�r�o�c�e�e�d�i�n�g� �w�i�t�h� �t�h�i�s�,� �a�n�d� �t�h�e�n� �r�e�a�r�r�a�n�g�i�n�g� �t�o� �i�s�o�l�a�t�e� �n�o�n�l�o�a�d� �t�e�r�m�s� �o�n� �t�h�e� �l�e�f�t� �h�a�n�d� �s�i�d�e� �a�n�d� �t�h�e� 

�l�o�a�d� �t�e�r�m�s� �(�t�h�o�s�e� �w�i�t�h� �a� �A� �c�o�e�f�f�i�c�i�e�n�t�)� �o�n� �t�h�e� �r�i�g�h�t� �g�i�v�e�s� 

�[�K�i� �]�(�4�}�  �� �[�K�i�a�]� �(�K�o�a�)� �C�K� �2�2� �)�{�B�}� �=� �A�L�M� �1�4�}�  �� �A�L�K� �3�]� �[�K�o�a� �'�E�M�a�2� �{�8�}� �(�7�3�)� 

�T�h�e� �a�b�o�v�e� �e�q�u�a�t�i�o�n� �c�a�n� �b�e� �r�e�w�r�i�t�t�e�n� �b�y� �l�a�b�e�l�l�i�n�g� �t�h�e� �m�a�t�r�i�x� �p�r�o�d�u�c�t�s� �a�s� �n�e�w� �s�u�b�m�a�t�r�i�c�e�s�.� �A�l�o�n�g� 

�w�i�t�h� �t�h�e� �t�h�i�r�d� �r�o�w� �o�f� �E�q�u�a�t�i�o�n� �(�7�1�)�,� �t�h�e� �c�o�n�d�e�n�s�e�d� �s�e�t� �o�f� �e�q�u�a�t�i�o�n�s� �b�e�c�o�m�e�s� 

�a� �|� �a�e� �a� �a�4� 
�[�3�,�1� �(�[�K�3�2�]� �}� �|� �{�3�}� �[�0�]� �[�0�]� �{�B�}� 

�w�i�t�h� 

�[�K�,�2�]� �=�  �� �[�K�,�3�]� �[�K�o�3�)� �[�K�o�]� 
�(�7�5�)� 

�(�M�,�2�)� �=�  �� �[�K�,�3�]� �[�K�z�3�7� �'�L�M�2�2�]� 

�T�h�e� �s�e�c�o�n�d� �s�t�e�p� �o�f� �t�h�e� �c�o�n�d�e�n�s�a�t�i�o�n� �p�r�o�c�e�s�s� �e�l�i�m�i�n�a�t�e�s� �e�i�t�h�e�r� �{�A�}� �o�r� �{�8�}�,� �l�e�a�v�i�n�g� �t�h�e� �s�o�l�u�t�i�o�n� �o�n�l�y� 

�i�n� �t�e�r�m�s� �o�f� �t�h�e� �o�t�h�e�r�.� �I�n� �o�r�d�e�r� �t�o� �e�l�i�m�i�n�a�t�e� �{�A�}� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �i�n�v�e�r�t� �[�K�;�,�]�,� �w�h�i�c�h� �i�s� �u�n�d�e�s�i�r�a�b�l�e� 

�f�o�r� �p�r�e�v�i�o�u�s�l�y� �m�e�n�t�i�o�n�e�d� �r�e�a�s�o�n�s�.� �O�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� �r�e�m�o�v�i�n�g� �{�8�}� �i�n�v�o�l�v�e�s� �t�h�e� �i�n�v�e�r�s�i�o�n� �o�f� 

�[�K�3�,�]�.� �T�h�i�s� �m�a�t�r�i�x� �i�s� �a�l�r�e�a�d�y� �s�q�u�a�r�e� �d�u�e� �t�o� �a�s�s�u�m�p�t�i�o�n�s� �m�a�d�e� �i�n� �t�h�e� �f�i�r�s�t� �c�o�n�d�e�n�s�a�t�i�o�n� �s�t�e�p�,� �s�o� �n�o� 

�f�u�r�t�h�e�r� �r�e�s�t�r�i�c�t�i�o�n�s� �a�r�e� �n�e�c�e�s�s�a�r�y� �f�o�r� �t�h�i�s� �r�o�u�t�e�.� �C�h�o�o�s�i�n�g� �t�h�e� �l�a�t�t�e�r� �b�y� �e�l�i�m�i�n�a�t�i�n�g� �{�8�}�,� �t�h�e� �s�e�c�o�n�d� 

�r�o�w� �o�f� �E�q�u�a�t�i�o�n� �(�7�4�)� �i�s� �m�u�l�t�i�p�l�i�e�d� �o�u�t� �a�n�d� �r�e�a�r�r�a�n�g�e�d� �t�o� �i�s�o�l�a�t�e� �{�B�}� 

�(�B�}� �=�  �� �[�K�3�2�}� �'�[�K�3� �{�4�}� �(�7�6�)� 

�T�h�e� �a�b�o�v�e� �i�s� �s�u�b�s�t�i�t�u�t�e�d� �f�o�r� �{�8�}� �i�n� �t�h�e� �f�i�r�s�t� �r�o�w� �o�f� �E�q�u�a�t�i�o�n� �(�7�4�)� �t�o� �y�i�e�l�d� 

�(�0�K�)�  �� �£�K�y�2�]� �(�3�2�0�7�0�3�1�0�)� �(�4�3� �=� �4� �[�M�y�]�  �� �2�M� �y�o�]� �[�K�a� �2�0�7�'� �E�K�]� �{�4�}� �(�7�7�)� 

�A�n�a�l�y�t�i�c�a�l� �D�e�v�e�l�o�p�m�e�n�t� �6�1



�S�u�b�s�t�i�t�u�t�i�n�g� �f�o�r� �[�X�,�,�]� �a�n�d� �[�M�,�,�]� �f�r�o�m� �E�q�u�a�t�i�o�n� �(�7�5�)�,� �t�h�e� �f�i�n�a�l� �c�o�n�d�e�n�s�e�d� �s�o�l�u�t�i�o�n� �c�a�n� �b�e� �w�r�i�t�t�e�n� 

�i�n� �t�e�r�m�s� �o�f� �t�h�e� �o�r�i�g�i�n�a�l� �s�u�b�m�a�t�r�i�x� �c�o�m�p�o�n�e�n�t�s� �a�s� 

�[�K�"�]�{�4�}� �=� �4�M�"� �]�{�4�}� �(�7�8�)� 

�w�i�t�h� 

�[�K�"�]� �=� �[�K�y�]� �+� �0�K� �y�3�]� �(�K�o�3�7� �C�K� �9�9�]� �[�K�3�2�7� �[�K�a�y�]� 
�.� �(�7�9�)� 

�[�M�"�]�)� �=� �(�M�1� �,�]� �+� �[�K�,�3�]� �[�K�y�3�7� �[�M�2�2�]� �[�K�a�]� �'�E�K�a�i�]� 

�T�h�e� �o�r�d�e�r� �o�f� �t�h�e� �m�a�t�r�i�c�e�s� �t�o� �b�e� �s�o�l�v�e�d� �h�a�s� �b�e�e�n� �r�e�d�u�c�e�d� �f�r�o�m� �(�M�*�N� �+� �I�[�*�K� �+� �I�[�*�J�)� �t�o� �j�u�s�t� 

�(�M�*�N�)�,� �w�h�i�c�h� �c�o�n�s�i�d�e�r�a�b�l�y� �r�e�d�u�c�e�s� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� �t�i�m�e� �r�e�q�u�i�r�e�d� �b�y� �t�h�e� �e�i�g�e�n�v�a�l�u�e� �s�o�l�v�e�r�.� �T�h�i�s� 

�h�a�s� �b�e�e�n� �a�c�c�o�m�p�l�i�s�h�e�d� �t�h�r�o�u�g�h� �a� �s�m�a�l�l� �n�u�m�b�e�r� �o�f� �m�a�t�r�i�x� �o�p�e�r�a�t�i�o�n�s� �w�h�o�s�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� �t�i�m�e� �1�s�,� 

�i�n� �g�e�n�e�r�a�l�,� �m�o�r�e� �t�h�a�n� �o�f�f�s�e�t� �b�y� �t�h�e� �s�a�v�i�n�g� �i�n� �s�o�l�v�e�r� �t�i�m�e�.� �F�o�r� �e�x�a�m�p�l�e�,� �a� �t�y�p�i�c�a�l� �t�e�s�t� �p�r�o�b�l�e�m� �w�a�s� 

�r�u�n� �f�o�r� �a� �c�r�o�s�s�-�s�t�i�f�f�e�n�e�d� �p�a�n�e�l� �w�i�t�h� �5� �c�e�l�l�s�.� �T�h�e� �s�k�i�n� �d�e�f�l�e�c�t�i�o�n� �f�u�n�c�t�i�o�n� �h�a�d� �1�5� �t�e�r�m�s� �i�n� �t�h�e� �¥� �d�i�-� 

�r�e�c�t�i�o�n� �a�n�d� �9� �i�n� �t�h�e� �Y� �d�i�r�e�c�t�i�o�n�.� �E�a�c�h� �o�f� �t�h�e� �1�0� �s�t�i�f�f�e�n�e�r�s� �h�a�d� �7� �c�o�n�s�t�r�a�i�n�t� �p�o�i�n�t�s� �a�n�d� �c�o�n�s�e�q�u�e�n�t�l�y� 

�7� �t�e�r�m�s� �i�n� �i�t�s� �d�e�f�l�e�c�t�i�o�n� �s�e�r�i�e�s�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �g�o�v�e�r�n�i�n�g� �t�h�e� �p�r�o�b�l�e�m� �w�e�r�e� 

�M�=�1�5�,�N�=�9�,�1�/�=�1�0�,�/�=�7�,� �a�n�d� �K�=�7�.� �P�e�r�f�o�r�m�i�n�g� �t�h�e� �f�i�r�s�t� �s�t�a�g�e� �o�f� �c�o�n�d�e�n�s�a�t�i�o�n�,� �r�e�m�o�v�i�n�g� �{�y�}� 

�t�o� �o�b�t�a�i�n� �E�q�u�a�t�i�o�n� �(�7�4�)�,� �r�e�d�u�c�e�s� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� �m�a�t�n�x� �o�r�d�e�r� �f�r�o�m� �2�7�5� �t�o� �2�0�5�.� �D�e�s�p�i�t�e� �u�s�i�n�g� 

�c�o�m�p�u�t�e�r� �t�i�m�e� �f�o�r� �c�o�n�d�e�n�s�a�t�i�o�n� �m�a�t�r�i�x� �o�p�e�r�a�t�i�o�n�s�,� �t�h�e� �t�o�t�a�l� �s�o�l�u�t�i�o�n� �t�i�m�e� �1�s� �c�u�t� �t�o� �5�0�%� �o�f� �t�h�a�t� 

�r�e�q�u�i�r�e�d� �t�o� �s�o�l�v�e� �t�h�e� �f�u�l�l� �m�a�t�r�i�x� �i�n� �E�q�u�a�t�i�o�n� �(�7�1�)�.� �P�e�r�f�o�r�m�i�n�g� �t�h�e� �s�e�c�o�n�d� �c�o�n�d�e�n�s�a�t�i�o�n� �s�t�e�p�,� �r�e�-� 

�m�o�v�i�n�g� �{�8�}� �t�o� �y�i�e�l�d� �E�q�u�a�t�i�o�n� �(�7�8�)�,� �r�e�d�u�c�e�s� �t�h�e� �m�a�t�r�i�x� �o�r�d�e�r� �t�o� �1�3�5� �a�n�d� �t�h�e� �c�o�m�p�u�t�e�r� �t�i�m�e� �t�o� �j�u�s�t� 

�2�1�%� �o�f� �t�h�e� �o�r�i�g�i�n�a�l�.� 

�3�.�2�.�2� �S�u�m�m�a�r�y� �o�f� �S�t�i�f�f�e�n�e�r� �B�u�c�k�l�i�n�g� �A�n�a�l�y�s�i�s� 

�I�n� �S�e�c�t�i�o�n� �3�.�2�.�1�.�3�,� �t�h�e� �o�v�e�r�a�l�l� �o�r� �g�e�n�e�r�a�l�i�z�e�d� �b�u�c�k�l�i�n�g� �o�f� �a� �g�e�o�d�e�s�i�c�a�l�l�y� �s�t�i�f�f�e�n�e�d� �p�a�n�e�l� �w�a�s� �t�r�e�a�t�e�d�.� 

�A� �s�e�c�o�n�d� �p�o�s�s�i�b�l�e� �m�o�d�e� �o�f� �i�n�s�t�a�b�i�l�i�t�y� �f�o�r� �s�t�i�f�f�e�n�e�d� �p�a�n�e�l�s� �i�s� �l�o�c�a�l� �b�u�c�k�l�i�n�g� �o�r� �c�r�i�p�p�l�i�n�g� �o�f� �t�h�e� 

�s�t�i�f�f�e�n�e�r�s�.� �I�n� �t�h�i�s� �m�o�d�e�,� �t�h�e� �f�r�e�e� �e�d�g�e� �o�f� �t�h�e� �b�l�a�d�e� �s�t�i�f�f�e�n�e�r� �i�s� �a�s�s�u�m�e�d� �t�o� �d�e�f�l�e�c�t� �p�a�r�a�l�l�e�l� �t�o� �t�h�e� �p�l�a�n�e� 

�A�n�a�l�y�t�i�c�a�l� �D�e�v�e�l�o�p�m�e�n�t� �6�2



�o�f� �t�h�e� �p�a�n�e�l� �b�e�t�w�e�e�n� �t�h�e� �b�o�u�n�d�a�r�i�e�s� �(�s�e�e� �F�i�g�u�r�e� �7� �o�n� �p�a�g�e� �1�8�)�.� �T�h�e� �r�e�s�t�r�a�i�n�t� �c�o�n�d�i�t�i�o�n�s� �o�n� �t�h�e� 

�t�h�r�e�e� �s�u�p�p�o�r�t�e�d� �e�d�g�e�s� �r�e�p�r�e�s�e�n�t� �s�o�m�e� �u�n�k�n�o�w�n� �d�e�g�r�e�e� �o�f� �e�l�a�s�t�i�c� �r�e�s�t�r�a�i�n�t�,� �b�u�t� �f�o�r� �s�i�m�p�l�i�c�i�t�y� �c�l�a�s�s�i�c�a�l� 

�b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�r�e� �a�s�s�u�m�e�d�.� �T�h�e� �s�k�i�n� �i�s� �g�e�n�e�r�a�l�l�y� �q�u�i�t�e� �t�h�i�n�,� �s�o� �i�t� �p�r�i�m�a�r�i�l�y� �p�r�o�v�i�d�e�s� �r�e�s�t�r�a�i�n�t� 

�a�g�a�i�n�s�t� �t�r�a�n�s�l�a�t�i�o�n� �o�f� �t�h�e� �a�d�j�a�c�e�n�t� �s�t�i�f�f�e�n�e�r� �e�d�g�e�,� �b�u�t� �l�i�t�t�l�e� �r�e�s�i�s�t�a�n�c�e� �t�o� �e�d�g�e� �r�o�t�a�t�i�o�n�.� �A�l�s�o�,� �i�t� �i�s� 

�a�n�t�i�c�i�p�a�t�e�d� �t�h�a�t� �f�o�r� �a� �f�u�l�l�y� �c�o�n�s�t�r�a�i�n�e�d� �o�p�t�i�m�u�m� �p�a�n�e�l� �d�e�s�i�g�n�,� �s�t�i�f�f�e�n�e�r� �a�n�d� �s�k�i�n� �b�u�c�k�l�i�n�g� �w�i�l�l� �o�f�t�e�n� 

�o�c�c�u�r� �s�i�m�u�l�t�a�n�e�o�u�s�l�y�,� �a�l�l�o�w�i�n�g� �t�h�e� �e�d�g�e� �o�f� �e�a�c�h� �c�o�m�p�o�n�e�n�t� �t�o� �r�o�t�a�t�e� �w�i�t�h� �l�i�t�t�l�e� �m�u�t�u�a�l� �r�e�s�i�s�t�a�n�c�e�.� 

�T�h�e� �l�o�a�d�e�d� �e�n�d�s� �o�f� �t�h�e� �s�t�i�f�f�e�n�e�r� �t�y�p�i�c�a�l�l�y� �f�o�r�m� �a� �j�u�n�c�t�i�o�n� �w�i�t�h� �o�t�h�e�r� �s�t�i�f�f�e�n�e�r�s� �o�r� �t�h�e� �s�u�p�p�o�r�t�i�n�g� 

�s�t�r�u�c�t�u�r�e� �a�t� �t�h�e� �e�d�g�e�s� �o�f� �t�h�e� �p�a�n�e�l�.� �E�x�p�e�r�i�m�e�n�t�a�l� �t�e�s�t�s� �o�n� �i�s�o�g�r�i�d� �s�t�i�f�f�e�n�e�d� �a�l�u�m�i�n�u�m� �s�h�e�l�l�s� �i�n�d�i�c�a�t�e�d� 

�t�h�a�t� �t�h�e� �d�e�g�r�e�e� �o�f� �r�e�s�t�r�a�i�n�t� �a�t� �t�h�e� �e�n�d�s� �o�f� �t�h�e� �s�t�i�f�f�e�n�e�r�s� �w�a�s� �c�l�o�s�e� �t�o� �t�h�e� �c�l�a�m�p�e�d� �c�o�n�d�i�t�i�o�n�*�.� �O�n� 

�t�h�e� �o�t�h�e�r� �h�a�n�d�,� �m�a�n�y� �s�t�u�d�i�e�s� �i�n� �t�h�e� �l�i�t�e�r�a�t�u�r�e� �h�a�v�e� �a�s�s�u�m�e�d� �s�i�m�p�l�y� �s�u�p�p�o�r�t�e�d� �e�n�d�s�.� �S�i�n�c�e� �t�h�e� �s�i�m�p�l�e� 

�s�u�p�p�o�r�t� �a�s�s�u�m�p�t�i�o�n� �r�e�s�u�l�t�s� �i�n� �a� �c�o�n�s�e�r�v�a�t�i�v�e� �d�e�s�i�g�n�,� �t�h�i�s� �c�o�n�d�i�t�i�o�n� �i�s� �a�d�o�p�t�e�d� �f�o�r� �t�h�e� �p�r�e�s�e�n�t� �w�o�r�k�.� 

�T�h�e�r�e�f�o�r�e�,� �e�a�c�h� �b�l�a�d�e� �s�t�i�f�f�e�n�e�r� �i�s� �m�o�d�e�l�l�e�d� �a�s� �a� �r�e�c�t�a�n�g�u�l�a�r� �p�l�a�t�e� �w�i�t�h� �s�i�m�p�l�y� �s�u�p�p�o�r�t�e�d� �a�n�d� �f�r�e�e� 

�u�n�l�o�a�d�e�d� �e�d�g�e�s� �a�n�d� �s�i�m�p�l�y� �s�u�p�p�o�r�t�e�d� �l�o�a�d�e�d� �e�n�d�s� �u�n�d�e�r� �u�n�i�f�o�r�m� �a�x�i�a�l� �c�o�m�p�r�e�s�s�i�o�n� �(�F�i�g�u�r�e� �1�3�)�.� 

�I�t� �i�s� �a�s�s�u�m�e�d� �t�h�a�t� �t�h�e� �s�t�i�f�f�e�n�e�r� �b�u�c�k�l�e�s� �i�n� �a� �s�i�n�g�l�e� �h�a�l�f�-�w�a�v�e� �b�e�t�w�e�e�n� �t�h�e� �l�o�a�d�e�d� �e�n�d�s�.� �T�h�e� �e�n�d� �l�o�a�d� 

�i�s� �c�a�l�c�u�l�a�t�e�d� �u�s�i�n�g� �t�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�e� �i�n�-�p�l�a�n�e� �s�t�a�t�i�c� �a�n�a�l�y�s�i�s� �d�e�s�c�r�i�b�e�d� �i�n� �S�e�c�t�i�o�n� �3�.�1�.�1�.� 

�G�e�o�d�e�s�i�c�a�l�l�y� �s�t�i�f�f�e�n�e�d� �c�o�m�p�o�s�i�t�e� �p�a�n�e�l�s� �a�r�e� �o�f�t�e�n� �c�o�n�s�t�r�u�c�t�e�d� �u�s�i�n�g� �a� �f�i�l�a�m�e�n�t�-�w�i�n�d�i�n�g� �t�e�c�h�n�i�q�u�e�,� 

�a�s� �d�i�s�c�u�s�s�e�d� �i�n� �S�e�c�t�i�o�n� �1�.�0�.� �T�h�e� �p�n�m�a�r�y� �a�d�v�a�n�t�a�g�e� �o�f� �t�h�i�s� �m�e�t�h�o�d� �i�s� �r�e�d�u�c�e�d� �f�a�b�r�i�c�a�t�i�o�n� �c�o�s�t� 

�t�h�r�o�u�g�h� �a�u�t�o�m�a�t�i�o�n�.� �C�o�i�n�c�i�d�e�n�t�a�l�l�y�,� �i�t� �a�l�s�o� �p�r�o�d�u�c�e�s� �e�x�c�e�l�l�e�n�t� �s�t�i�f�f�n�e�s�s� �a�n�d� �s�t�r�e�n�g�t�h� �p�r�o�p�e�r�t�i�e�s� �i�n� 

�t�h�e� �p�r�i�m�a�r�y� �l�o�a�d�i�n�g� �d�i�r�e�c�t�i�o�n� �o�f� �e�a�c�h� �s�t�i�f�f�e�n�e�r� �b�y� �o�r�i�e�n�t�i�n�g� �t�h�e� �f�i�b�e�r�s� �a�l�o�n�g� �t�h�e� �s�t�i�f�f�e�n�e�r� �a�x�i�s�.� 

�H�o�w�e�v�e�r�,� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �s�h�e�a�r� �s�t�i�f�f�n�e�s�s� �o�f� �t�h�i�s� �a�r�r�a�n�g�e�m�e�n�t� �i�s� �g�o�v�e�r�n�e�d� �p�r�i�m�a�r�i�l�y� �b�y� �t�h�e� �n�g�i�d�i�t�y� �o�f� 

�t�h�e� �m�a�t�n�x� �m�a�t�e�r�i�a�l�,� �w�h�i�c�h� �i�s� �l�o�w� �f�o�r� �t�y�p�i�c�a�l� �h�i�g�h� �p�e�r�f�o�r�m�a�n�c�e� �c�o�m�p�o�s�i�t�e�s�.� �I�n� �a�d�d�i�t�i�o�n�,� �s�t�i�f�f�e�n�e�r�s� 

�a�r�e� �o�f�t�e�n� �q�u�i�t�e� �t�h�i�c�k� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e�i�r� �h�e�i�g�h�t� �a�n�d� �l�e�n�g�t�h�.� �I�t� �i�s� �w�e�l�l� �k�n�o�w�n� �t�h�a�t� �f�o�r� �p�l�a�t�e�s� �w�i�t�h� 

�l�o�w� �r�a�t�i�o�s� �o�f� �i�n�t�e�r�l�a�m�i�n�a�r� �s�h�e�a�r� �t�o� �i�n�-�p�l�a�n�e� �e�x�t�e�n�s�i�o�n�a�l� �m�o�d�u�l�i� �a�n�d� �l�o�w� �r�a�t�i�o�s� �o�f� �p�l�a�n�f�o�r�m� �t�o� 

�t�h�i�c�k�n�e�s�s� �d�i�m�e�n�s�i�o�n�s� �(�l�e�s�s� �t�h�a�n� �a�b�o�u�t� �1�0�)�,� �s�i�g�n�i�f�i�c�a�n�t� �e�r�r�o�r� �c�a�n� �b�e� �i�n�c�u�r�r�e�d� �b�y� �u�s�i�n�g� �c�l�a�s�s�i�c�a�l� �t�h�i�n� 

�p�l�a�t�e� �t�h�e�o�r�y�? ��.� �E�x�p�e�r�i�m�e�n�t�a�l� �t�e�s�t�s� �b�y� �R�e�h�f�i�e�l�d�,� �e�t� �a�/�*� �5� �o�n� �f�i�l�a�m�e�n�t�-�w�o�u�n�d� �i�s�o�g�n�d� �p�a�n�e�l�s� �h�a�v�e� 

�c�o�n�f�i�r�m�e�d� �t�h�a�t� �t�r�a�n�s�v�e�r�s�e� �s�h�e�a�r� �e�f�f�e�c�t�s� �a�r�e� �s�i�g�n�i�f�i�c�a�n�t�.� �T�h�e�r�e�f�o�r�e�,� �a� �f�i�r�s�t� �o�r�d�e�r� �s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n� 

�t�h�e�o�r�y� �[�F�S�D�T�]� �o�f� �p�l�a�t�e�s�,� �i�n� �w�h�i�c�h� �s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n� �i�s� �a�s�s�u�m�e�d� �t�o� �v�a�r�y� �l�i�n�e�a�r�l�y� �t�h�r�o�u�g�h� �t�h�e� 

�A�n�a�l�y�t�i�c�a�l� �D�e�v�e�l�o�p�m�e�n�t� �6�3
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�A�n�a�l�y�t�i�c�a�l� �D�e�v�e�l�o�p�m�e�n�t



�t�h�i�c�k�n�e�s�s� �o�f� �t�h�e� �p�l�a�t�e�,� �i�s� �u�s�e�d� �t�o� �f�o�r�m�u�l�a�t�e� �t�h�e� �e�q�u�a�t�i�o�n�s� �g�o�v�e�r�n�i�n�g� �t�h�e� �s�t�i�f�f�e�n�e�r� �s�t�a�b�i�l�i�t�y� �p�r�o�b�l�e�m�.� 

�A�l�t�h�o�u�g�h� �t�h�i�s� �f�o�r�m�u�l�a�t�i�o�n� �i�s� �m�o�r�e� �i�n�v�o�l�v�e�d� �t�h�a�n� �t�h�a�t� �f�o�r� �t�h�i�n� �p�l�a�t�e� �t�h�e�o�r�y�,� �u�n�i�d�i�r�e�c�t�i�o�n�a�l� �f�i�b�e�r� 

�o�r�i�e�n�t�a�t�i�o�n� �r�e�s�u�l�t�s� �i�n� �s�p�e�c�i�a�l�l�y� �o�r�t�h�o�t�r�o�p�i�c� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s�,� �s�i�m�p�l�i�f�y�i�n�g� �t�h�e� �e�q�u�a�t�i�o�n�s� �c�o�n�s�i�d�e�r�-� 

�a�b�l�y�.� �I�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �d�i�s�c�u�s�s�i�o�n�,� �F�S�D�T� �i�s� �i�n�t�r�o�d�u�c�e�d� �a�n�d� �t�h�e� �R�a�y�l�e�i�g�h�-�R�i�t�z� �s�o�l�u�t�i�o�n� �f�o�r� �t�h�e� 

�b�u�c�k�l�i�n�g� �o�f� �a� �s�t�i�f�f�e�n�e�r� �w�i�t�h� �s�i�m�p�l�y� �s�u�p�p�o�r�t�e�d� �e�n�d�s� �i�s� �s�u�m�m�a�r�i�z�e�d�.� �T�h�e� �c�o�m�p�l�e�t�e� �d�e�r�i�v�a�t�i�o�n� �f�o�r� �b�o�t�h� 

�s�u�m�p�l�y� �s�u�p�p�o�r�t�e�d� �a�n�d� �c�l�a�m�p�e�d� �e�n�d�s� �i�s� �g�i�v�e�n� �b�y� �S�t�o�l�l�!�®�.� 

�I�n� �F�S�D�T�,� �o�r� �M�i�n�d�l�i�n�-�t�y�p�e� �p�l�a�t�e� �t�h�e�o�r�y�,� �t�h�e� �d�e�f�o�r�m�a�t�i�o�n� �d�u�e� �t�o� �t�r�a�n�s�v�e�r�s�e� �s�h�e�a�r� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� 

�l�i�n�e�a�r� �t�h�r�o�u�g�h� �t�h�e� �t�h�i�c�k�n�e�s�s� �o�f� �t�h�e� �p�l�a�t�e�.� �T�h�e� �g�e�n�e�r�a�l� �d�i�s�p�l�a�c�e�m�e�n�t� �f�i�e�l�d� �t�a�k�e�s� �t�h�e� �f�o�r�m� 

�u�(�x�,�y�,�2�Z�)� �=� �u�e� �(�x�,�y�)� �+� �z�y� �(�x�y�)� 

�W�(�X� �y�,�Z�)� �=� �v�(�x�)� �+� �2�P�y�(�x�y�)� �(�8�0�)� 

�w�(�X�,�y�,�Z�)� �=� �w�(�x�)� 

�w�h�e�r�e� �u�,� �v�,� �a�n�d� �w� �a�r�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �i�n� �t�h�e� �x�,� �y�,� �a�n�d� �z� �d�i�r�e�c�t�i�o�n�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �M�i�d�p�l�a�n�e� �d�i�s�p�l�a�c�e�-� 

�m�e�n�t�s� �i�n� �t�h�e� �x� �a�n�d� �y� �d�i�r�e�c�t�i�o�n�s� �a�r�e� �u�°� �a�n�d� �v�°�,� �w�h�i�l�e� �t�h�e� �c�u�s�t�o�m�a�r�y� �a�s�s�u�m�p�t�i�o�n� �o�f� �n�e�g�l�i�g�i�b�l�e� �t�r�a�n�s�-� 

�v�e�r�s�e� �n�o�r�m�a�l� �s�t�r�a�i�n� �e�,� �i�m�p�l�i�e�s� �t�h�a�t� �w� �i�s� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �z�.� �T�h�e� �q�u�a�n�t�i�t�i�e�s� �y�,� �a�n�d� �y�w�,� �r�e�p�r�e�s�e�n�t� 

�r�o�t�a�t�i�o�n�s� �a�b�o�u�t� �t�h�e� �y� �a�n�d� �x� �a�x�e�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �o�f� �a� �l�i�n�e� �i�n�i�t�i�a�l�l�y� �p�e�r�p�e�n�d�i�c�u�l�a�r� �t�o� �t�h�e� �m�i�d�p�l�a�n�e� �s�u�r�-� 

�f�a�c�e�.� �I�n� �F�S�D�T�,� �t�h�e� �p�l�a�t�e� �d�e�f�o�r�m�a�t�i�o�n� �i�s� �e�x�p�r�e�s�s�e�d� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �f�i�v�e� �i�n�d�e�p�e�n�d�e�n�t� �v�a�r�i�a�b�l�e�s� 

�o� �o� �u ��,� �v�°�,� �w�,� �W�,�,� �w�,�.� �I�n� �c�o�n�t�r�a�s�t� �t�o� �c�l�a�s�s�i�c�a�l� �p�l�a�t�e� �t�h�e�o�r�y� �(�w�h�i�c�h� �h�a�s� �o�n�l�y� �t�h�r�e�e� �i�n�d�e�p�e�n�d�e�n�t� �v�a�r�i�a�b�l�e�s� 

�u�°�,� �v�°�,� �w�)�,� �F�S�D�T� �a�l�l�o�w�s� �t�h�e� �r�o�t�a�t�i�o�n�s� �o�f� �t�h�e� �m�i�d�p�l�a�n�e� �n�o�r�m�a�l� �l�i�n�e� �t�o� �v�a�r�y� �i�n�d�e�p�e�n�d�e�n�t�l�y� �o�f� �t�h�e� 

�m�i�d�p�l�a�n�e� �s�u�r�f�a�c�e� �d�e�f�o�r�m�a�t�i�o�n�.� �T�h�e� �t�w�o� �e�x�t�r�a� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� �m�e�a�n� �t�h�a�t� �p�l�a�t�e� �r�e�s�p�o�n�s�e� �p�r�e�d�i�c�t�e�d� 

�b�y� �F�S�D�T� �w�i�l�l� �a�l�w�a�y�s� �b�e�  ��s�o�f�t�e�r ��,� �a�n�d� �b�u�c�k�l�i�n�g� �l�o�a�d�s� �l�o�w�e�r�,� �t�h�a�n� �t�h�a�t� �p�r�e�d�i�c�t�e�d� �b�y� �c�l�a�s�s�i�c�a�l� �t�h�e�o�r�y�.� 

�U�s�i�n�g� �s�t�r�a�i�n�-�d�i�s�p�l�a�c�e�m�e�n�t� �a�n�d� �s�t�r�e�s�s�-�s�t�r�a�i�n� �r�e�l�a�t�i�o�n�s� �i�n� �c�o�n�j�u�n�c�t�i�o�n� �w�i�t�h� �t�h�e� �u�s�u�a�l� �d�e�f�i�n�i�t�i�o�n� �o�f� 

�f�o�r�c�e� �a�n�d� �m�o�m�e�n�t� �r�e�s�u�l�t�a�n�t�s� �l�e�a�d�s� �t�o� �t�h�e� �c�o�n�s�t�i�t�u�t�i�v�e� �r�e�l�a�t�i�o�n�s� �(�i�n� �a�b�b�r�e�v�i�a�t�e�d� �f�o�r�m�)� 

�b�e�l�l�a� �o�l� �{�h� �"� 
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�w�h�e�r�e� �{�N�}� �a�n�d� �{�M�}� �a�r�e� �f�o�r�c�e� �a�n�d� �m�o�m�e�n�t� �r�e�s�u�l�t�a�n�t�s� �a�n�d� �t�h�e� �m�i�d�p�l�a�n�e� �s�t�r�a�i�n�s� �a�n�d� �c�u�r�v�a�t�u�r�e�s� �a�r�e� 

�d�e�f�i�n�e�d� �a�s� 

� � 

� � 

� � � � 

�6�u�e�?� �a�e� 
�e�y� �O�x� �x� �x�.� �x� 

�°� �a�v�?� �°� �b�y� �y�=�)� �a�y� �y�=�)� �B�y� �(�8�2�)� 
�Y�x�y�°� �e�u�?� �+� �o�v�?� �K�x�y�°� �a�y�,� �O�y� 

�o�y� �O�x� �a�y� �x� 

�N�o�t�e� �t�h�a�t� �t�h�e� �r�e�l�a�t�i�o�n�s� �i�n� �E�q�u�a�t�i�o�n�s� �(�8�1�)� �a�n�d� �(�8�2�)� �a�r�e� �i�d�e�n�t�i�c�a�l� �t�o� �t�h�o�s�e� �f�o�r� �c�l�a�s�s�i�c�a�l� �l�a�m�i�n�a�t�i�o�n� 

�t�h�e�o�r�y�,� �e�x�c�e�p�t� �t�h�a�t� �t�h�e� �c�u�r�v�a�t�u�r�e�s� �x� �a�r�e� �d�e�f�i�n�e�d� �i�n� �t�e�r�m�s� �o�f� �y�,� �a�n�d� �y�,� �i�n�s�t�e�a�d� �o�f� �w�.� �I�n� �f�a�c�t�,� �i�f� �t�h�e� 

�r�o�t�a�t�i�o�n�s� �w�e�r�e� �a�s�s�u�m�e�d� �t�o� �t�a�k�e� �t�h�e� �f�o�r�m� 

�V�r�= �� �G�B�T� �v�y� �=�- � �� �(�8�3�)� 

�t�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s� �w�o�u�l�d� �r�e�d�u�c�e� �t�o� �t�h�o�s�e� �o�f� �c�l�a�s�s�i�c�a�l� �p�l�a�t�e� �t�h�e�o�r�y� �w�i�t�h� �o�n�l�y� �t�h�r�e�e� �i�n�d�e�p�e�n�d�e�n�t� 

�v�a�r�i�a�b�l�e�s�.� �C�o�n�s�t�i�t�u�t�i�v�e� �r�e�l�a�t�i�o�n�s� �g�o�v�e�r�n�i�n�g� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �s�h�e�a�r� �b�e�h�a�v�i�o�r� �a�r�e� �a�l�s�o� �r�e�q�u�i�r�e�d� �a�n�d� �t�a�k�e� 

�t�h�e� �f�o�r�m� 

�Q� �A�a�s� �A� �y� �{�P�t�e�u�|!"�  ��f�t� �(�8�4�)� 

�Q�O�.� �A�g�s� �A�s�s� �|� �L�Y�x�z� 

�w�h�e�r�e� 

�C�w� 
�y� �v�y� �+�= �� 

�y�y� �4�+� 

�Y�x�z� �x�"� �6�x� 

�a�n�d� 

�T�v� �(�4�)� 
�A�y�=� �|� �2� �C�y�d�z� �i�,� �f�=� �4�,�5� �(�8�6�)� 

�(� 
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�i�n� �w�h�i�c�h� �k�?� �i�s� �k�n�o�w�n� �a�s� �t�h�e� �s�h�e�a�r� �c�o�r�r�e�c�t�i�o�n� �f�a�c�t�o�r� �a�n�d� �7� �i�s� �t�h�e� �t�o�t�a�l� �t�h�i�c�k�n�e�s�s� �o�f� �t�h�e� �p�l�a�t�e�.� �N�o�t�e� 

�t�h�a�t� �i�f� �E�q�u�a�t�i�o�n� �(�8�3�)� �w�e�r�e� �s�u�b�s�t�i�t�u�t�e�d� �i�n� �E�q�u�a�t�i�o�n� �(�8�5�)�,� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �s�h�e�a�r� �s�t�r�a�i�n�s� �g�o� �t�o� �z�e�r�o�,� �a�s� 

�e�x�p�e�c�t�e�d�.� �F�o�r� �h�o�m�o�g�e�n�e�o�u�s�,� �s�p�e�c�i�a�l�l�y� �o�r�t�h�o�t�r�o�p�i�c� �m�a�t�e�r�i�a�l� �E�q�u�a�t�i�o�n� �(�8�6�)� �r�e�d�u�c�e�s� �t�o� 

�A�g�a� �=� �G�2�3�T�,� �A�s�s� �=� �G�3�7�,� �A�g�s� �=�0� �(�8�7�)� 

�F�S�D�T� �s�p�e�c�i�f�i�e�s� �a� �s�h�e�a�r� �s�t�r�a�i�n� �w�h�i�c�h� �i�s� �c�o�n�s�t�a�n�t� �t�h�r�o�u�g�h� �t�h�e� �p�l�a�t�e� �t�h�i�c�k�n�e�s�s�,� �b�u�t� �t�o� �a�c�c�o�u�n�t� �f�o�r� �t�h�e� 

�f�a�c�t� �t�h�a�t� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �s�h�e�a�r� �s�t�r�a�i�n�s� �a�r�e� �n�o�t� �c�o�n�s�t�a�n�t� �i�n� �e�a�c�h� �p�l�y� �o�f� �a� �l�a�m�i�n�a�t�e�,� �a� �s�h�e�a�r� �c�o�r�r�e�c�t�i�o�n� 

�f�a�c�t�o�r� �i�s� �u�s�e�d�*�.� �S�e�v�e�r�a�l� �a�p�p�r�o�a�c�h�e�s� �h�a�v�e� �b�e�e�n� �u�s�e�d� �i�n� �t�h�e� �l�i�t�e�r�a�t�u�r�e� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �s�h�e�a�r� �c�o�r�-� 

�r�e�c�t�i�o�n� �f�a�c�t�o�r�.� �T�h�e� �v�a�l�u�e� �o�f� �k�?� �=� �5�/�6�,� �d�e�r�i�v�e�d� �b�y� �c�o�n�s�i�d�e�r�i�n�g� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �s�h�e�a�r� �s�t�r�e�s�s� �d�i�s�t�r�i�b�u�t�i�o�n�s� 

�i�n� �a� �h�o�m�o�g�e�n�e�o�u�s� �o�r�t�h�o�t�r�o�p�i�c� �p�l�a�t�e� �u�n�d�e�r� �s�t�a�t�i�c� �b�e�n�d�i�n�g� �l�o�a�d�s�,� �i�s� �u�s�e�d� �i�n� �t�h�i�s� �s�t�u�d�y �� �®�.� �T�h�i�s� �v�a�l�u�e� 

�h�a�s� �b�e�e�n� �s�h�o�w�n� �t�o� �g�i�v�e� �a�c�c�e�p�t�a�b�l�e� �a�c�c�u�r�a�c�y� �f�o�r� �i�n�i�t�i�a�l� �b�u�c�k�l�i�n�g� �o�f� �m�o�d�e�r�a�t�e�l�y� �t�h�i�c�k� �m�u�l�t�i�l�a�y�e�r�e�d� 

�p�l�a�t�e�s�*�.� 

�T�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s� �a�n�d� �n�a�t�u�r�a�l� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �f�o�r� �t�h�e� �s�t�a�b�i�l�i�t�y� �o�f� �t�h�e� �s�h�e�a�r� �d�e�f�o�r�m�a�b�l�e� 

�p�l�a�t�e� �a�r�e� �d�e�r�i�v�e�d� �u�s�i�n�g� �t�h�e� �c�a�l�c�u�l�u�s� �o�f� �v�a�r�i�a�t�i�o�n�s� �i�n� �c�o�n�j�u�n�c�t�i�o�n� �w�i�t�h� �t�h�e� �p�r�i�n�c�i�p�l�e� �o�f� �m�i�n�i�m�u�m� �t�o�t�a�l� 

�p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y�.� �O�n�l�y� �t�h�e� �b�a�s�i�c� �s�t�e�p�s� �o�f� �t�h�e� �s�o�l�u�t�i�o�n� �a�r�e� �o�u�t�l�i�n�e�d� �h�e�r�e�;� �f�o�r� �t�h�e� �c�o�m�p�l�e�t�e� �p�r�o�c�e�d�u�r�e� 

�s�e�e� �S�t�o�l�l ��®�.� �R�e�s�t�r�i�c�t�i�n�g� �t�h�e� �p�r�o�b�l�e�m� �t�o� �s�p�e�c�i�a�l�l�y� �o�r�t�h�o�t�r�o�p�i�c� �m�a�t�e�r�i�a�l� �e�l�i�m�i�n�a�t�e�s� �t�h�e� �b�e�n�d�i�n�g�-� 

�e�x�t�e�n�s�i�o�n�a�l� �c�o�u�p�l�i�n�g� �t�e�r�m�s� �(�8�,� �=� �0�)�,� �a�l�l�o�w�i�n�g� �t�h�e� �o�u�t�-�o�f�-�p�l�a�n�e� �p�r�o�b�l�e�m� �t�o� �b�e� �s�o�l�v�e�d� �i�n�d�e�p�e�n�d�e�n�t�l�y� 

�o�f� �t�h�e� �i�n�-�p�l�a�n�e� �p�r�o�b�l�e�m�.� �T�h�e� �R�a�y�l�e�i�g�h�-�R�i�t�z� �p�r�o�c�e�d�u�r�e�,� �d�e�s�c�r�i�b�e�d� �i�n� �S�e�c�t�i�o�n� �3�.�2�.�1�.�1�,� �1�s� �i�n�t�r�o�d�u�c�e�d� 

�b�y� �a�s�s�u�m�i�n�g� �a�p�p�r�o�x�i�m�a�t�e� �s�o�l�u�t�i�o�n�s� �f�o�r� �t�h�e� �v�a�r�i�a�b�l�e�s� �w�,� �¥�,�,� �a�n�d� �w�,� �i�n� �t�h�e� �f�o�r�m� 

�N�y�,� �N�y�y� �N�y� 
�w�=� �D�A� �$�(�x�y�)� �x�=� �D�F� �x�y�)� �W�y�=� �2�G� �x�y�)� �(�8�8�)� 

�w�h�e�r�e� �$�(�(�x�,�y�)�,� �6�7�(�x�,�y�)�,� �a�n�d� �8�1�(�x�,�y�)� �a�r�e� �s�h�a�p�e� �f�u�n�c�t�i�o�n�s� �w�h�i�c�h� �s�a�t�i�s�f�y� �t�h�e� �g�e�o�m�e�t�r�i�c� �b�o�u�n�d�a�r�y� �c�o�n�d�i�-� 

�t�i�o�n�s� �a�n�d� �a�r�e� �p�a�r�t� �o�f� �a� �c�o�m�p�l�e�t�e� �s�e�t� �w�h�i�l�e� �A�,�,� �B�,� �a�n�d� �C�,� �a�r�e� �u�n�k�n�o�w�n� �c�o�n�s�t�a�n�t� �c�o�e�f�f�i�c�i�e�n�t�s�.� �T�h�e� 

�v�a�r�i�a�t�i�o�n�a�l� �p�r�o�c�e�d�u�r�e� �r�e�s�u�l�t�s� �i�n� �t�h�e� �s�y�s�t�e�m� �o�f� �a�l�g�e�b�r�a�i�c� �e�q�u�a�t�i�o�n�s� 
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�N�y�.� �N�,� 

�Y�i� �+� �D�A�B�;� �+� �i�e� �S�G�=� �A�y� �M�Y�A�,� �i�=� �1�,�2�,�.�u�M�y� 
�j�=�l� 

�w�m�,� �N�,� 

�Y�a�y� �+� �S�e� �A�+� �2� �R�B�G� �0� �P�=� �1�2�h� �N�y�,� �(�8�9�)� 

�N�y� �N�s� �.� 

�Y�i� �+� �D�i�y� �+� �2�K�i�G�=�0� �=� �P�=� �1�2�h� �N�y�,� 

�w�h�e�r�e� �t�h�e� �K�,�,� �(�«�,� �8� �=� �1�,�2�,�3�)� �a�n�d� �M�,�,� �a�r�e� �f�u�n�c�t�i�o�n�s� �i�n�v�o�l�v�i�n�g� �t�h�e� �a�r�e�a� �i�n�t�e�g�r�a�l� �o�v�e�r� �t�h�e� �p�l�a�t�e� �d�o�m�a�i�n� 

�o�f� �v�a�r�i�o�u�s� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �w�,� �¥�,�,� �,�,� �a�n�d� �t�h�e�i�r� �f�i�r�s�t� �d�e�r�i�v�a�t�i�v�e�s� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �x� �a�n�d� �y�.� �T�h�e� �s�e�t� 

�o�f� �E�q�u�a�t�i�o�n�s� �(�8�9�)� �c�a�n� �b�e� �w�r�i�t�t�e�n� �i�n� �s�y�m�b�o�l�i�c� �f�o�r�m� 

�(�K�y�;�]� �(�K�j�2�)� �(�A�y�3�)�|� �|� �{�4�}� �{�M�1�,�]� �[�0�]� �(�[�0�]�}� �|� �{�4�}� 

�[�K�i�2�]� �(�K�2�2�]� �( ¬�K�2�3�]�|� �|� �{�8�}� �}�=�4� �4�)� �[�0�]� �[�0�]� �[�0�)�]� �|� �{�3�}� �(�9�0�)� 

�[�K�i�3�]� �[�X�2�3�]� �[�K�3�3�]�]� �[�|� �{�Q�O� �[�0�]� �[�0�]� �[�0�]�]� �|�{�G� 

�w�h�e�r�e� �i�t� �s�h�o�u�l�d� �b�e� �n�o�t�e�d� �t�h�a�t� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� �m�a�t�r�i�c�e�s� �a�r�e� �s�y�m�m�e�t�r�i�c� �(�e�.�g�.� �[�K�,�,�]� �=�[�K�,�,�]�,� �e�t�c�)�.� �T�o� 

�r�e�d�u�c�e� �t�h�e� �s�i�z�e� �o�f� �t�h�e� �e�i�g�e�n�v�a�l�u�e� �p�r�o�b�l�e�m�,� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� �c�o�n�d�e�n�s�e� �t�h�e� �s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n�s�.� �D�u�e� 

�t�o� �t�h�e� �z�e�r�o�s� �o�n� �t�h�e� �n�g�h�t� �h�a�n�d� �s�i�d�e� �o�f� �t�h�e� �s�e�c�o�n�d� �a�n�d� �t�h�i�r�d� �r�o�w�s� �o�f� �E�q�u�a�t�i�o�n� �(�9�0�)�,� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� 

�s�o�l�v�e� �f�o�r� �b�o�t�h� �{�B�}� �a�n�d� �{�C�}� �i�n� �t�e�r�m�s� �o�f� �{�A�}�.� �W�h�e�n� �s�u�b�s�t�i�t�u�t�e�d� �i�n� �t�h�e� �f�i�r�s�t� �r�o�w� �o�f� �E�q�u�a�t�i�o�n� �(�9�0�)�,� �t�h�e� 

�s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n�s� �t�s� �a� �f�u�n�c�t�i�o�n� �o�f� �{�A�}� �o�n�l�y� 

�(�K�]�{�A�}� �=� �A�[�M�,�,� �}�{�A�}� �(�9�1�)� 

�w�h�e�r�e� �[�K�X�]� �i�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �s�u�b�m�a�t�r�i�c�e�s� �[�K�,�,�]� �(�a�,� �8� �=� �1�,�2�,�3�)� �a�n�d� �[�M�,�,�]� �i�s� �a�s� �b�e�f�o�r�e�.� �T�h�e� �o�r�d�e�r� 

�o�f� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� �m�a�t�r�i�c�e�s� �h�a�s� �n�o�w� �b�e�e�n� �r�e�d�u�c�e�d� �f�r�o�m� �(�N�,� �+� �N�,� �+� �N�,�)� �t�o� �j�u�s�t� �(�N�,�)�.� 

�T�h�e� �e�i�g�e�n�v�a�l�u�e� �p�r�o�b�l�e�m� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �E�q�u�a�t�i�o�n�s� �(�9�0�)� �o�r� �(�9�1�)� �i�s� �v�a�l�i�d� �a�s� �p�o�s�e�d� �f�o�r� �a� �r�e�c�t�a�n�g�u�l�a�r� 

�p�l�a�t�e� �u�n�d�e�r� �u�n�i�a�x�i�a�l� �l�o�a�d� �w�i�t�h� �a�n�y� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �s�i�m�p�l�y� �s�u�p�p�o�r�t�e�d�,� �c�l�a�m�p�e�d�,� �o�r� �f�r�e�e� �e�d�g�e�s�.� �T�h�e� 

�d�e�s�i�r�e�d� �c�o�n�f�i�g�u�r�a�t�i�o�n� �i�s� �i�m�p�o�s�e�d� �b�y� �t�h�e� �c�h�o�i�c�e� �o�f� �a�p�p�r�o�p�r�i�a�t�e� �s�h�a�p�e� �f�u�n�c�t�i�o�n�s� �t�o� �r�e�p�r�e�s�e�n�t� �t�h�e� �p�l�a�t�e� 
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�d�e�f�o�r�m�a�t�i�o�n�s�.� �T�h�e� �f�u�n�c�t�i�o�n�s� �$�(�x�,�y�)�,� �0�3�7�(�x�,�y�)�,� �a�n�d� �6�4�(�x�,�y�)� �a�r�e� �c�h�o�s�e�n� �i�n� �x� �a�n�d� �y� �v�a�r�i�a�b�l�e�s� �s�e�p�a�r�a�b�l�e� 

�f�o�r�m�.� �R�e�w�r�i�t�i�n�g� �E�q�u�a�t�i�o�n� �(�8�8�)� �i�n� �t�h�i�s� �f�a�s�h�i�o�n� �g�i�v�e�s� 

�N�e� �O�N� 

�w�=� �>�)� �2� �A�n�n� �b�m�n�&�W�)� �=� �n�(�®�8�n�0�)� 
�m�=�]� �n�=�l� 

�y� �N�y�.� �N�e� 

�x�=�)�,� �»� �2� �g�p�g� �O�x�y�)� �=�f� �(�x�8�,� �0�)� �(�9�2�)� 
�p�=�1� �q�=�1� 

�N�e�,� �N�e�y� 
�=�)� �G�e�,� �  �� �&�(�x�v�)� �=� �8�2�0�)� 

�r�=�]� �s�=�]� 

�F�o�r� �a� �p�l�a�t�e� �w�i�t�h� �t�h�r�e�e� �s�i�m�p�l�y� �s�u�p�p�o�r�t�e�d� �e�d�g�e�s� �a�n�d� �o�n�e� �f�r�e�e� �e�d�g�e� �a�t� �y� �=� �H�/� �(�s�e�e� �F�i�g�u�r�e� �1�3�)�,� �t�h�e� �g�e�-� 

�o�m�e�t�r�i�c� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �(�f�o�r� �t�h�e� �s�u�p�p�o�r�t�e�d� �e�d�g�e�s�)� �a�r�e� 

�w�(�0�y�)� �=� �w�(�L�y�)� �=� �w�(�x�,�0�)� �=� 
�¥� �,�(�x�,�0�)� �=� �0� �(�9�3�)� 

�¥� �(�0�7�)� �=� �¥� �(�L�y�)� �=�0� 

�w�h�i�c�h� �m�u�s�t� �b�e� �s�a�t�i�s�f�i�e�d� �b�y� �t�h�e� �s�h�a�p�e� �f�u�n�c�t�i�o�n�s� �o�f� �E�q�u�a�t�i�o�n� �(�9�2�)�.� �T�h�e� �n�a�t�u�r�a�l� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� 

�f�o�r� �t�h�e� �p�l�a�t�e� �a�r�e� 

�M�,�(�0�y�)� �=� �M�,�(�L�y�)� �=� 

�M�,�(�x�,�0�)� �=� �M�,�(�x�,�H�)� �=� �0� 
�i� �x�y�(�X�,�f�f�)� �=� �0� 

�O�,�(�x�,�H�)� �=� �0� 
�(�9�4�)� 

�A�s�s�u�m�i�n�g� �a� �s�i�n�g�l�e� �h�a�l�f�-�w�a�v�e� �b�u�c�k�l�i�n�g� �m�o�d�e� �s�h�a�p�e� �i�n� �t�h�e� �x� �d�i�r�e�c�t�i�o�n�,� �t�h�e� �o�n�e� �d�i�m�e�n�s�i�o�n�a�l� �s�h�a�p�e� 

�f�u�n�c�t�i�o�n�s� �u�s�e�d� �f�o�r� �t�h�i�s� �c�a�s�e� �a�r�e� 

�d�m�n�X�v�)�:� � �S�n�(�X�)� �=� �s�i�n�(�m �� �1�)�,� �g�a�y�)� �=�v�"� 
�B�p�g�l�x�y�)�:� �p�(�x�)� �=� �c�o�s�(�2�p �� �1�)� �=�~�,� �g�a�y� �=�y�?� �(�9�5�)� 

�(�x�y�)�:� �f�(�x�)� �=� �=� �s�i�n�(�2�r�  �� �1�)� �=�  �� �8�;� �(�9�)� �=� �y�e�)� 
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�A�l�l� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�,� �b�o�t�h� �g�e�o�m�e�t�r�i�c� �a�n�d� �n�a�t�u�r�a�l�,� �o�n� �t�h�e� �s�u�p�p�o�r�t�e�d� �e�d�g�e�s� �a�r�e� �s�a�t�i�s�f�i�e�d� �b�y� 

�E�q�u�a�t�i�o�n�s� �(�9�5�)�.� �H�o�w�e�v�e�r�,� �n�o�n�e� �o�f� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �o�n� �t�h�e� �f�r�e�e� �e�d�g�e�,� �w�h�i�c�h� �a�r�e� �a�l�l� �n�a�t�u�r�a�l�,� 

�i�s� �e�x�a�c�t�l�y� �s�a�t�i�s�f�i�e�d�.� �I�n� �o�r�d�e�r� �t�o� �s�o�l�v�e� �t�h�e� �s�t�a�b�i�l�i�t�y� �p�r�o�b�l�e�m� �n�u�m�e�r�i�c�a�l�l�y�,� �t�h�e� �f�u�n�c�t�i�o�n�s� �f�o�r� �¢�,�,�,�,� �9�%�,�,� 

�a�n�d� �@�7�,� �i�n� �E�q�u�a�t�i�o�n� �(�9�5�)� �a�r�e� �s�u�b�s�t�i�t�u�t�e�d� �i�n� �t�h�e� �i�n�t�e�g�r�a�l� �e�q�u�a�t�i�o�n�s� �f�o�r� �[�K�,�,�]� �(�a�,� �8� �=� �1�,�2�,�3�)� �a�n�d� �(�M�,�,�]� 

�(�n�o�t� �s�h�o�w�n� �h�e�r�e�)�.� �A�f�t�e�r� �e�v�a�l�u�a�t�i�n�g� �d�o�u�b�l�e� �i�n�t�e�g�r�a�l�s� �t�h�e� �s�y�s�t�e�m� �o�f� �E�q�u�a�t�i�o�n�s� �(�9�0�)� �o�r� �(�9�1�)� �i�s� �i�n� �a� �f�o�r�m� 

�w�h�i�c�h� �c�a�n� �b�e� �s�o�l�v�e�d� �o�n� �t�h�e� �c�o�m�p�u�t�e�r� �f�o�r� �t�h�e� �a�p�p�r�o�x�i�m�a�t�e� �c�r�i�t�i�c�a�l� �l�o�a�d� �o�f� �t�h�e� �s�t�i�f�f�e�n�e�r�.� �T�h�e� �a�c�c�u�-� 

�r�a�c�y� �o�f� �t�h�e� �s�o�l�u�t�i�o�n�,� �o�f� �c�o�u�r�s�e�,� �i�m�p�r�o�v�e�s� �a�s� �m�o�r�e� �t�e�r�m�s� �a�r�e� �t�a�k�e�n� �i�n� �t�h�e� �s�h�a�p�e� �f�u�n�c�t�i�o�n� �s�e�r�i�e�s�.� 

�3�.�3� �F�o�r�m�u�l�a�t�i�o�n� �o�f� �A�n�i�s�o�t�r�o�p�i�c� �R�h�o�m�b�i�c� �P�l�a�t�e� �B�u�c�k�l�i�n�g� 

�T�h�i�s� �s�e�c�t�i�o�n� �c�o�n�s�i�d�e�r�s� �t�h�e� �s�t�a�b�i�l�i�t�y� �o�f� �a�n�i�s�o�t�r�o�p�i�c� �r�h�o�m�b�i�c� �p�l�a�t�e�s� �u�n�d�e�r� �i�n�-�p�l�a�n�e� �l�o�a�d�s�.� �A�s� �d�i�s�c�u�s�s�e�d� 

�i�n� �S�e�c�t�i�o�n� �2�.�2�,� �A�n�a�l�y�s�i�s� �a�n�d� �D�e�s�i�g�n� �T�o�o�l�s�,� �t�h�e� �o�r�i�g�i�n�a�l� �i�n�t�e�n�t� �i�n� �d�e�v�e�l�o�p�i�n�g� �t�h�i�s� �s�o�l�u�t�i�o�n� �w�a�s� �t�o� �u�s�e� 

�i�t� �a�s� �a� �l�o�c�a�l� �b�u�c�k�l�i�n�g� �c�r�i�t�e�r�i�o�n� �f�o�r� �t�h�e� �s�k�i�n� �o�f� �a� �g�e�o�d�e�s�i�c�a�l�l�y� �s�t�i�f�f�e�n�e�d� �p�a�n�e�l�.� �T�h�i�s� �a�p�p�r�o�a�c�h� �m�o�d�e�l�s� 

�t�h�e� �p�o�r�t�i�o�n� �o�f� �t�h�e� �s�k�i�n� �b�e�t�w�e�e�n� �t�h�e� �s�t�i�f�f�e�n�e�r�s� �a�s� �a� �d�i�s�c�r�e�t�e� �p�o�l�y�g�o�n�a�l� �p�l�a�t�e� �u�n�d�e�r� �i�n�-�p�l�a�n�e� �l�o�a�d�s�.� �F�o�r� 

�d�e�s�i�g�n� �p�u�r�p�o�s�e�s� �t�h�e� �s�u�m�p�l�e� �s�u�p�p�o�r�t� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n� �i�s� �u�s�u�a�l�l�y� �c�h�o�s�e�n� �s�o� �t�h�a�t� �b�u�c�k�l�i�n�g� �l�o�a�d� �e�s�-� 

�t�i�m�a�t�e�s� �w�i�l�l� �b�e� �c�o�n�s�e�r�v�a�t�i�v�e�.� �T�h�e� �f�o�r�e�g�o�i�n�g� �i�d�e�a�l�i�z�a�t�i�o�n�s� �i�g�n�o�r�e� �c�o�n�t�i�n�u�i�t�y� �o�f� �t�h�e� �b�u�c�k�l�i�n�g� �m�o�d�e� 

�s�h�a�p�e� �b�e�t�w�e�e�n� �a�d�j�a�c�e�n�t� �e�l�e�m�e�n�t�s� �o�f� �t�h�e� �p�a�n�e�l� �a�n�d� �d�o� �n�o�t� �a�c�c�o�u�n�t� �f�o�r� �r�o�t�a�t�i�o�n�a�l� �r�e�s�t�r�a�i�n�t� �b�e�t�w�e�e�n� 

�t�h�e� �s�t�i�f�f�e�n�e�r�s� �a�n�d� �t�h�e� �s�k�i�n�.� �T�h�e� �m�a�t�t�e�r� �o�f� �i�n�t�e�r�-�e�l�e�m�e�n�t� �c�o�n�t�i�n�u�i�t�y� �w�a�s� �r�e�s�o�l�v�e�d� �w�h�e�n� �t�h�e� �L�a�g�r�a�n�g�e� 

�m�u�l�t�i�p�l�i�e�r� �m�e�t�h�o�d� �[�L�M�M�]� �a�n�a�l�y�s�i�s� �(�s�e�e� �S�e�c�t�i�o�n� �3�.�2�.�1�.�3�)� �w�a�s� �i�m�p�l�e�m�e�n�t�e�d� �f�o�r� �p�r�e�d�i�c�t�i�n�g� �b�u�c�k�l�i�n�g� 

�o�f� �s�t�i�f�f�e�n�e�d� �p�a�n�e�l�s�,� �a�s� �i�t� �m�o�d�e�l�s� �t�h�e� �s�k�i�n� �o�f� �t�h�e� �s�t�i�f�f�e�n�e�d� �p�a�n�e�l� �a�s� �a� �c�o�n�t�i�n�u�o�u�s� �s�h�e�e�t�.� �S�i�n�c�e� �t�h�e� 

�L�M�M� �a�n�a�l�y�s�i�s� �i�s� �c�a�p�a�b�l�e� �o�f� �m�o�d�e�l�l�i�n�g� �i�n�t�e�r�-�s�t�i�f�f�e�n�e�r� �s�k�i�n� �b�u�c�k�l�i�n�g�,� �t�h�e� �l�o�c�a�l� �b�u�c�k�l�i�n�g� �a�n�a�l�y�s�i�s� �u�s�i�n�g� 

�r�h�o�m�b�i�c� �p�l�a�t�e�s� �a�p�p�e�a�r�s� �t�o� �b�e� �s�o�m�e�w�h�a�t� �r�e�d�u�n�d�a�n�t�.� �H�o�w�e�v�e�r�,� �i�n� �i�t�s� �p�r�e�s�e�n�t� �f�o�r�m� �t�h�e� �L�M�M� �a�n�a�l�y�s�i�s� 

�c�a�n� �o�n�l�y� �h�a�n�d�l�e� �s�p�e�c�i�a�l�l�y� �o�r�t�h�o�t�r�o�p�i�c� �s�k�i�n� �l�a�m�i�n�a�t�e�s�,� �t�h�e�r�e�b�y� �i�g�n�o�r�i�n�g� �t�h�e� �e�f�f�e�c�t�s� �o�f� �b�e�n�d�i�n�g�-�t�w�i�s�t�i�n�g� 

�c�o�u�p�l�i�n�g� �t�e�r�m�s� �D�,�,� �a�n�d� �D�,�,�.� �I�t� �i�s� �w�e�l�l� �k�n�o�w�n� �t�h�a�t� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �t�h�e�s�e� �t�e�r�m�s� �c�a�n� �a�c�c�o�u�n�t� �f�o�r� �a� 

�c�o�n�s�i�d�e�r�a�b�l�e� �d�r�o�p� �i�n� �b�u�c�k�l�i�n�g� �l�o�a�d� �a�n�d� �s�e�n�s�i�t�i�v�i�t�y� �t�o� �t�h�e� �d�i�r�e�c�t�i�o�n� �o�f� �a�p�p�l�i�e�d� �s�h�e�a�r� �l�o�a�d�s�®� �2�!�.� 

�T�h�e�r�e�f�o�r�e�,� �t�h�e� �r�h�o�m�b�i�c� �p�l�a�t�e� �s�t�a�b�i�l�i�t�y� �a�n�a�l�y�s�i�s� �h�a�s� �b�e�e�n� �r�e�t�a�i�n�e�d� �t�o� �p�r�o�v�i�d�e� �a�n� �e�s�t�i�m�a�t�e� �o�f� �t�h�e� �e�f�f�e�c�t� 

�A�n�a�l�y�t�i�c�a�l� �D�e�v�e�l�o�p�m�e�n�t� �7�0



�o�f� �n�e�g�l�e�c�t�i�n�g� �b�e�n�d�i�n�g�-�t�w�i�s�t�i�n�g� �c�o�u�p�l�i�n�g� �i�n� �t�h�e� �g�e�o�d�e�s�i�c� �p�a�n�e�l� �d�e�s�i�g�n�s�.� �T�h�e� �f�o�l�l�o�w�i�n�g� �d�i�s�c�u�s�s�i�o�n� �r�e�-� 

�v�i�e�w�s� �t�h�e� �r�a�n�g�e� �o�f� �s�o�l�u�t�i�o�n� �m�e�t�h�o�d�s� �f�o�r� �r�h�o�m�b�i�c� �p�l�a�t�e� �b�u�c�k�l�i�n�g� �a�v�a�i�l�a�b�l�e� �i�n� �t�h�e� �l�i�t�e�r�a�t�u�r�e�.� �T�h�e� 

�p�r�o�c�e�s�s� �o�f� �t�r�a�n�s�f�o�r�m�i�n�g� �t�h�e� �p�r�o�b�l�e�m� �t�o� �a�n� �o�b�l�i�q�u�e� �c�o�o�r�d�i�n�a�t�e� �s�y�s�t�e�m� �a�n�d� �f�o�r�m�u�l�a�t�i�n�g� �t�h�e� �s�t�a�b�i�l�i�t�y� 

�c�r�i�t�e�r�i�o�n� �i�s� �t�h�e�n� �c�o�v�e�r�e�d� �i�n� �d�e�t�a�i�l�.� 

�A�n�a�l�y�s�i�s� �t�e�c�h�n�i�q�u�e�s� �f�o�r� �t�h�e� �b�u�c�k�l�i�n�g� �o�f� �r�e�c�t�a�n�g�u�l�a�r� �p�l�a�t�e�s� �a�r�e� �w�e�l�l� �d�o�c�u�m�e�n�t�e�d� �i�n� �t�h�e� �l�i�t�e�r�a�t�u�r�e�,� �b�u�t� 

�l�e�s�s� �w�e�l�l� �s�o� �f�o�r� �s�k�e�w� �o�r� �r�h�o�m�b�i�c� �p�l�a�t�e�s�.� �I�n� �t�h�e� �p�a�s�t�,� �s�o�m�e� �a�t�t�e�n�t�i�o�n� �h�a�s� �b�e�e�n� �p�a�i�d� �t�o� �p�a�r�a�l�l�e�l�o�g�r�a�m�,� 

�o�r� �s�k�e�w�,� �p�l�a�t�e�s� �a�s� �t�h�i�s� �s�h�a�p�e� �a�r�i�s�e�s� �f�o�r� �t�h�e� �s�k�i�n� �p�a�n�e�l�s� �o�f� �r�i�b� �a�n�d� �s�t�r�i�n�g�e�r� �s�t�i�f�f�e�n�e�d� �s�w�e�p�t� �w�i�n�g�s�.� 

�H�o�w�e�v�e�r�,� �t�h�e� �m�a�j�o�r�i�t�y� �o�f� �t�h�e�s�e� �r�e�f�e�r�e�n�c�e�s� �c�o�n�s�i�d�e�r� �o�n�l�y� �i�s�o�t�r�o�p�i�c� �p�l�a�t�e�s� �w�i�t�h� �c�l�a�m�p�e�d� �e�d�g�e�s�.� �F�o�r� 

�s�i�m�p�l�y� �s�u�p�p�o�r�t�e�d� �s�k�e�w� �p�l�a�t�e�s�,� �t�h�e� �n�o�n�r�e�c�t�a�n�g�u�l�a�r� �g�e�o�m�e�t�r�y� �m�a�k�e�s� �i�t� �v�e�r�y� �d�i�f�f�i�c�u�l�t� �t�o� �s�a�t�i�s�f�y� �t�h�e� 

�n�a�t�u�r�a�l� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�,� �e�v�e�n� �f�o�r� �i�s�o�t�r�o�p�i�c� �m�a�t�e�r�i�a�l�s�.� �O�n�l�y� �t�h�r�e�e� �r�e�l�e�v�a�n�t� �r�e�f�e�r�e�n�c�e�s� �h�a�v�e� �b�e�e�n� 

�f�o�u�n�d� �w�h�i�c�h� �c�o�n�s�i�d�e�r� �s�i�m�p�l�y� �s�u�p�p�o�r�t�e�d� �o�r�t�h�o�t�r�o�p�i�c� �s�k�e�w� �p�l�a�t�e�s�;� �t�h�a�t� �b�y� �D�u�r�v�a�s�u�l�a�* ��,� �w�h�o� �u�s�e�s� �t�h�e� 

�R�a�y�l�e�i�g�h�-�R�i�t�z� �m�e�t�h�o�d�,� �a�n�d� �t�w�o� �b�y� �K�e�n�n�e�d�y� �a�n�d� �P�r�a�b�h�a�k�a�r�a�*�®�  ��,� �w�h�o� �e�m�p�l�o�y� �t�h�e� �G�a�l�e�r�k�i�n� 

�m�e�t�h�o�d�.� 

�U�p�o�n� �e�x�a�m�i�n�i�n�g� �c�o�o�r�d�i�n�a�t�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �a�n�d� �s�o�l�u�t�i�o�n� �t�e�c�h�n�i�q�u�e�s� �f�o�r� �s�o�l�v�i�n�g� �s�k�e�w� �p�l�a�t�e� �p�r�o�b�-� 

�l�e�m�s�,� �i�t� �b�e�c�o�m�e�s� �a�p�p�a�r�e�n�t� �t�h�a�t� �s�o�l�u�t�i�o�n� �m�e�t�h�o�d�s� �f�o�r� �r�e�c�t�a�n�g�u�l�a�r� �p�l�a�t�e�s� �c�a�n� �a�l�s�o� �b�e� �a�p�p�l�i�e�d� �t�o� �s�k�e�w� 

�p�l�a�t�e� �p�r�o�b�l�e�m�s�.� �T�h�e� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n� �o�f� �e�q�u�i�l�i�b�n�i�u�m� �a�n�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�,� �e�x�p�r�e�s�s�e�d� �i�n� 

�t�e�r�m�s� �o�f� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �d�i�s�p�l�a�c�e�m�e�n�t� �a�n�d� �e�l�a�s�t�i�c� �p�r�o�p�e�r�t�i�e�s� �o�f� �a� �p�l�a�t�e�,� �f�u�l�l�y� �d�e�f�i�n�e� �t�h�e� �b�u�c�k�l�i�n�g� 

�p�r�o�b�l�e�m� �f�o�r� �s�y�m�m�e�t�r�i�c� �l�a�m�i�n�a�t�e�s� �i�n� �c�l�a�s�s�i�c�a�l� �t�h�i�n� �p�l�a�t�e� �t�h�e�o�r�y�.� �F�o�r� �s�k�e�w� �p�l�a�t�e�s�,� �t�h�e�s�e� �e�q�u�a�t�i�o�n�s� 

�a�r�e� �g�e�n�e�r�a�l�l�y� �t�r�a�n�s�f�o�r�m�e�d� �f�r�o�m� �C�a�r�t�e�s�i�a�n� �c�o�o�r�d�i�n�a�t�e�s� �t�o� �a�n� �o�b�l�i�q�u�e� �c�o�o�r�d�i�n�a�t�e� �s�y�s�t�e�m�.� �I�t� �w�i�l�l� �b�e� 

�s�h�o�w�n� �t�h�a�t� �t�h�e� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n� �a�n�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �f�o�r� �a� �r�e�c�t�a�n�g�u�l�a�r�,� �s�i�m�p�l�y� �s�u�p�p�o�r�t�e�d�,� 

�a�n�i�s�o�t�r�o�p�i�c� �p�l�a�t�e� �h�a�v�e� �t�h�e� �s�a�m�e� �f�u�n�c�t�i�o�n�a�l� �f�o�r�m� �i�n� �C�a�r�t�e�s�i�a�n� �c�o�o�r�d�i�n�a�t�e�s� �a�s� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� 

�e�q�u�a�t�i�o�n�s� �f�o�r� �a� �s�k�e�w� �p�l�a�t�e� �i�n� �s�k�e�w� �c�o�o�r�d�i�n�a�t�e�s�.� �A�s� �a� �r�e�s�u�l�t�,� �a�n�y� �m�e�t�h�o�d�s� �w�h�i�c�h� �h�a�v�e� �b�e�e�n� �d�e�v�e�l�-� 

�o�p�e�d� �f�o�r� �r�e�c�t�a�n�g�u�l�a�r� �a�n�i�s�o�t�r�o�p�i�c� �p�l�a�t�e�s� �c�a�n� �b�e� �a�d�a�p�t�e�d� �f�o�r� �u�s�e� �w�i�t�h� �s�k�e�w� �p�l�a�t�e�s�.� �U�n�f�o�r�t�u�n�a�t�e�l�y�,� �t�h�e� 

�s�a�m�e� �p�r�o�b�l�e�m�s� �w�h�i�c�h� �m�a�k�e� �t�h�e� �s�k�e�w� �p�l�a�t�e� �p�r�o�b�l�e�m� �d�i�f�f�i�c�u�l�t� �t�o� �s�o�l�v�e� �a�l�s�o� �o�c�c�u�r� �f�o�r� �r�e�c�t�a�n�g�u�l�a�r� 

�a�n�i�s�o�t�r�o�p�i�c� �p�l�a�t�e�s�.� �M�o�s�t� �s�o�l�u�t�i�o�n�s� �f�o�r� �r�e�c�t�a�n�g�u�l�a�r� �a�n�i�s�o�t�r�o�p�i�c� �p�l�a�t�e�s� �s�t�i�l�l� �e�m�p�l�o�y� �a�p�p�r�o�x�i�m�a�t�e� �e�n�-� 

�e�r�g�y� �m�e�t�h�o�d�s� �i�n� �c�o�n�j�u�n�c�t�i�o�n� �w�i�t�h� �b�e�a�m� �m�o�d�e� �f�u�n�c�t�i�o�n�s� �o�r� �t�i�g�o�n�o�m�e�t�n�i�c� �s�e�r�i�e�s�.� �H�o�w�e�v�e�r�,� �o�n�e� �a�l�-� 

�t�e�r�n�a�t�e� �t�e�c�h�n�i�q�u�e�,� �u�s�e�d� �b�y� �W�h�i�t�n�e�y� �5�!� �5�2� �5�3� �5� �f�o�r� �t�h�e� �b�u�c�k�l�i�n�g� �a�n�d� �v�i�b�r�a�t�i�o�n� �o�f� �b�o�t�h� �s�i�m�p�l�y� 

�A�n�a�l�y�t�i�c�a�l� �D�e�v�e�l�o�p�m�e�n�t� �7�1



�s�u�p�p�o�r�t�e�d� �a�n�d� �c�l�a�m�p�e�d� �r�e�c�t�a�n�g�u�l�a�r� �a�n�i�s�o�t�r�o�p�i�c� �p�l�a�t�e�s�,� �h�a�s� �b�e�e�n� �i�d�e�n�t�i�f�i�e�d�.� �I�n� �s�u�m�m�a�r�y�,� �t�h�r�e�e� �s�o�l�-� 

�u�t�i�o�n� �m�e�t�h�o�d�s� �a�r�e� �d�i�s�c�u�s�s�e�d� �f�o�r� �u�s�e� �o�n� �t�h�e� �s�k�e�w� �p�l�a�t�e� �p�r�o�b�l�e�m�:� �t�h�e� �s�t�a�n�d�a�r�d� �R�a�y�l�e�i�g�h�-�R�i�t�z� �s�o�l�u�t�i�o�n� 

�s�u�c�h� �a�s� �t�h�a�t� �u�s�e�d� �b�y� �D�u�r�v�a�s�u�l�a�,� �a� �F�o�u�r�i�e�r� �s�e�r�i�e�s� �s�o�l�u�t�i�o�n� �b�y� �W�h�i�t�n�e�y�,� �a�n�d� �a� �G�a�l�e�r�k�i�n� �s�o�l�u�t�i�o�n� �d�u�e� 

�t�o� �K�e�n�n�e�d�y� �a�n�d� �P�r�a�b�h�a�k�a�r�a�.� 

�T�h�e� �d�i�f�f�i�c�u�l�t�y� �i�n� �s�o�l�v�i�n�g� �s�i�m�p�l�y� �s�u�p�p�o�r�t�e�d� �s�k�e�w� �p�l�a�t�e� �a�n�d� �a�n�i�s�o�t�r�o�p�i�c� �r�e�c�t�a�n�g�u�l�a�r� �p�l�a�t�e� �p�r�o�b�l�e�m�s� �i�s� 

�i�n� �f�i�n�d�i�n�g� �a� �d�i�s�p�l�a�c�e�m�e�n�t� �f�u�n�c�t�i�o�n� �w�h�i�c�h� �w�i�l�l� �s�a�t�i�s�f�y� �b�o�t�h� �t�h�e� �g�e�o�m�e�t�r�i�c� �(�z�e�r�o� �d�i�s�p�l�a�c�e�m�e�n�t�)� �a�n�d� 

�n�a�t�u�r�a�l� �(�z�e�r�o� �b�e�n�d�i�n�g� �m�o�m�e�n�t�)� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�.� �A�s� �s�u�c�h�,� �a�p�p�r�o�x�i�m�a�t�e� �e�n�e�r�g�y� �m�e�t�h�o�d�s� �s�u�c�h� 

�a�s� �t�h�e� �R�a�y�l�e�i�g�h�-�R�i�t�z� �o�r� �G�a�l�e�r�k�i�n� �m�e�t�h�o�d�s�,� �i�n� �w�h�i�c�h� �t�h�e� �n�a�t�u�r�a�l� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�r�e� �n�o�t� �s�a�t�i�s�-� 

�f�i�e�d�,� �a�r�e� �o�f�t�e�n� �u�s�e�d�.� �T�h�i�s� �i�s� �t�h�e� �a�p�p�r�o�a�c�h� �(�R�a�y�l�e�i�g�h�-�R�i�t�z� �m�e�t�h�o�d�)� �u�s�e�d� �b�y� �D�u�r�v�a�s�u�l�a�* ��.� �H�o�w�e�v�e�r�,� 

�i�t� �i�s� �w�e�l�l� �k�n�o�w�n� �f�r�o�m� �a�n�i�s�o�t�r�o�p�i�c� �r�e�c�t�a�n�g�u�l�a�r� �p�l�a�t�e� �s�t�u�d�i�e�s� �t�h�a�t� �t�h�e�s�e� �m�e�t�h�o�d�s� �a�l�w�a�y�s� �y�i�e�l�d� �n�o�n�-� 

�c�o�n�s�e�r�v�a�t�i�v�e� �(�o�v�e�r�-�e�s�t�i�m�a�t�e�d�)� �c�r�i�t�i�c�a�l� �l�o�a�d�s� �a�n�d� �a�r�e� �s�l�o�w� �t�o� �c�o�n�v�e�r�g�e� �w�h�e�n� �t�h�e� �n�a�t�u�r�a�l� �b�o�u�n�d�a�r�y� 

�c�o�n�d�i�t�i�o�n�s� �a�r�e� �n�o�t� �s�a�t�i�s�f�i�e�d�? �� �5�,� �I�t� �i�s� �t�h�e� �b�e�n�d�i�n�g�-�t�w�i�s�t�i�n�g� �c�o�u�p�l�i�n�g� �t�e�r�m�s� �D�,�,� �a�n�d� �D�,�,� �w�h�i�c�h� �c�a�u�s�e� 

�t�h�e� �n�a�t�u�r�a�l� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �t�o� �r�e�m�a�i�n� �u�n�s�a�t�i�s�f�i�e�d� �f�o�r� �r�e�c�t�a�n�g�u�l�a�r� �a�n�i�s�o�t�r�o�p�i�c� �p�l�a�t�e�s�.� �F�o�r� �s�k�e�w� 

�p�l�a�t�e�s�,� �i�t� �w�i�l�l� �b�e� �d�e�m�o�n�s�t�r�a�t�e�d� �t�h�a�t� �s�i�m�i�l�a�r� �c�o�u�p�l�i�n�g� �b�e�t�w�e�e�n� �b�e�n�d�i�n�g� �a�n�d� �t�w�i�s�t�i�n�g� �c�u�r�v�a�t�u�r�e�s� �e�x�i�s�t�s� 

�w�h�i�c�h� �i�s� �a� �f�u�n�c�t�i�o�n� �o�f� �b�o�t�h� �t�h�e� �p�l�a�t�e� �s�k�e�w�n�e�s�s� �a�n�d� �t�h�e� �p�l�a�t�e� �m�a�t�e�r�i�a�l� �a�n�i�s�o�t�r�o�p�y�.� �F�o�r� �e�x�a�m�p�l�e�,� 

�i�n�c�r�e�a�s�i�n�g� �t�h�e� �a�n�i�s�o�t�r�o�p�y� �o�f� �a� �r�e�c�t�a�n�g�u�l�a�r� �p�l�a�t�e� �h�a�s� �b�e�e�n� �f�o�u�n�d� �t�o� �s�l�o�w� �c�o�n�v�e�r�g�e�n�c�e� �o�f� �t�h�e� 

�s�o�l�u�t�i�o�n ��.� �S�i�m�i�l�a�r�l�y�,� �T�r�o�i�t�s�k�y�*�*� �h�a�s� �n�o�t�e�d� �t�h�a�t� �i�n�c�r�e�a�s�i�n�g� �t�h�e� �s�k�e�w�n�e�s�s� �o�f� �a� �p�l�a�t�e� �h�i�n�d�e�r�s� �t�h�e� �c�o�n�-� 

�v�e�r�g�e�n�c�e� �o�f� �t�h�e� �s�k�e�w� �s�o�l�u�t�i�o�n�.� �I�n� �v�i�e�w� �o�f� �t�h�i�s�,� �i�t� �i�s� �u�n�c�l�e�a�r� �t�o� �w�h�a�t� �d�e�g�r�e�e� �m�a�t�e�r�i�a�l� �a�n�i�s�o�t�r�o�p�y� �a�n�d� 

�p�l�a�t�e� �g�e�o�m�e�t�r�y� �m�i�g�h�t� �a�f�f�e�c�t� �t�h�e� �r�e�s�u�l�t�s� �p�r�e�d�i�c�t�e�d� �b�y� �a� �s�t�a�n�d�a�r�d� �e�n�e�r�g�y� �m�e�t�h�o�d�.� �A�s� �a� �r�e�s�u�l�t�,� �t�h�e� �o�b�-� 

�j�e�c�t�i�v�e� �h�a�s� �b�e�e�n� �t�o� �d�e�v�e�l�o�p� �a�n� �a�n�a�l�y�s�i�s� �a�p�p�r�o�a�c�h� �w�h�i�c�h� �y�i�e�l�d�s� �c�o�n�s�e�r�v�a�t�i�v�e� �r�e�s�u�l�t�s�,� �i�n� �o�r�d�e�r� �t�o� �a�s�s�e�s�s� 

�t�h�e� �e�f�f�e�c�t�s� �o�f� �l�a�m�i�n�a�t�e� �a�n�i�s�o�t�r�o�p�y� �a�n�d� �p�l�a�t�e� �s�k�e�w�n�e�s�s� �o�n� �t�h�e� �c�r�i�t�i�c�a�l� �l�o�a�d� �o�f� �a� �s�i�m�p�l�y� �s�u�p�p�o�r�t�e�d� 

�a�n�i�s�o�t�r�o�p�i�c� �r�h�o�m�b�i�c� �p�l�a�t�e�.� 

�A�n� �a�l�t�e�r�n�a�t�i�v�e� �a�p�p�r�o�a�c�h� �u�s�e�d� �b�y� �W�h�i�t�n�e�y �� �5�!� �5�2� �5�3� �5�4� �a�p�p�e�a�r�s� �t�o� �g�i�v�e� �q�u�i�c�k�l�y� �c�o�n�v�e�r�g�e�n�t�,� �c�o�n�s�e�r�v�a�t�i�v�e� 

�r�e�s�u�l�t�s�.� �W�h�i�t�n�e�y� �a�s�s�u�m�e�s� �a� �g�e�n�e�r�a�l� �t�r�i�g�o�n�o�m�e�t�r�i�c� �s�e�r�i�e�s� �d�e�f�l�e�c�t�i�o�n� �f�u�n�c�t�i�o�n� �w�h�i�c�h� �s�a�t�i�s�f�i�e�s� �n�e�i�t�h�e�r� 

�g�e�o�m�e�t�r�i�c� �n�o�r� �n�a�t�u�r�a�l� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�.� �E�a�c�h� �h�i�g�h�e�r�-�o�r�d�e�r� �d�e�r�i�v�a�t�i�v�e� �i�s� �f�o�r�m�a�l�l�y� �e�x�p�a�n�d�e�d� �i�n� 

�a� �n�e�w� �F�o�u�r�i�e�r� �s�e�r�i�e�s�.� �T�h�e� �F�o�u�r�i�e�r� �c�o�e�f�f�i�c�i�e�n�t�s� �f�o�r� �t�h�i�s� �s�e�r�i�e�s� �a�r�e� �e�v�a�l�u�a�t�e�d� �u�s�i�n�g� �t�h�e�i�r� �d�e�f�i�n�i�t�i�o�n� �o�f� 

�a� �d�o�u�b�l�e� �i�n�t�e�g�r�a�l� �o�v�e�r� �t�h�e� �d�o�m�a�i�n� �o�f� �t�h�e� �p�r�o�b�l�e�m�.� �A� �p�a�r�t�i�a�l� �i�n�t�e�g�r�a�t�i�o�n� �r�e�d�u�c�e�s� �t�h�e� �a�r�e�a� �i�n�t�e�g�r�a�l� 

�A�n�a�l�y�t�i�c�a�l� �D�e�v�e�l�o�p�m�e�n�t� �7�2



�t�o� �b�o�u�n�d�a�r�y� �i�n�t�e�g�r�a�l�s� �a�l�o�n�g� �t�h�e� �e�d�g�e�s� �o�f� �t�h�e� �p�l�a�t�e�.� �T�h�e� �v�a�l�u�e� �o�f� �t�h�e�s�e� �b�o�u�n�d�a�r�y� �i�n�t�e�g�r�a�l�s� �a�c�c�o�u�n�t�s� 

�f�o�r� �t�h�e� �d�e�g�r�e�e� �o�f� �s�a�t�i�s�f�a�c�t�i�o�n� �o�f� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �o�f� �t�h�e� �p�l�a�t�e�.� �T�h�i�s� �t�e�c�h�n�i�q�u�e� �w�a�s� �o�r�g�i�n�a�l�l�y� 

�s�u�g�g�e�s�t�e�d� �b�y� �G�r�e�e�n � �� �5�*�.� �T�h�e�s�e� �d�e�r�i�v�a�t�i�v�e�s� �a�r�e� �t�h�e�n� �s�u�b�s�t�i�t�u�t�e�d� �i�n�t�o� �t�h�e� �g�o�v�e�r�n�i�n�g� �d�i�f�f�e�r�e�n�t�i�a�l� 

�e�q�u�a�t�i�o�n� �a�n�d� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �l�i�k�e� �f�o�r�m� �e�q�u�a�t�e�d�.� �C�o�n�s�t�r�a�i�n�t�s� �a�r�e� �t�h�e�n� �i�m�p�o�s�e�d� �o�n� �t�h�e� �u�n�k�n�o�w�n� �c�o�-� 

�e�f�f�i�c�i�e�n�t�s� �s�u�c�h� �t�h�a�t� �a�l�l� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�r�e� �s�a�t�i�s�f�i�e�d�.� �T�r�u�n�c�a�t�i�n�g� �t�h�e� �F�o�u�r�i�e�r� �s�e�r�i�e�s� �r�e�s�u�l�t�s� �i�n� �a� 

�f�i�n�i�t�e� �s�e�t� �o�f� �a�l�g�e�b�r�a�i�c� �e�q�u�a�t�i�o�n�s� �w�h�i�c�h� �c�a�n� �b�e� �s�o�l�v�e�d� �f�o�r� �t�h�e� �c�r�i�t�i�c�a�l� �l�o�a�d�.� �T�h�i�s� �s�h�o�u�l�d� �r�e�p�r�e�s�e�n�t� �a� 

�n�e�a�r� �e�x�a�c�t� �s�o�l�u�t�i�o�n� �i�n� �t�h�e� �s�e�n�s�e� �t�h�a�t� �b�o�t�h� �t�h�e� �e�q�u�i�l�i�b�r�i�u�m� �e�q�u�a�t�i�o�n� �a�n�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�r�e� 

�s�a�t�i�s�f�i�e�d�,� �a�n�d� �t�h�e� �o�n�l�y� �a�p�p�r�o�x�i�m�a�t�i�o�n� �i�s� �t�h�e� �t�r�u�n�c�a�t�i�o�n� �o�f� �t�h�e� �s�e�r�i�e�s�.� �W�h�i�t�n�e�y� �o�b�s�e�r�v�e�d� �t�h�a�t� �t�h�e� 

�m�e�t�h�o�d� �w�a�s� �r�a�p�i�d�l�y� �c�o�n�v�e�r�g�e�n�t� �a�n�d� �a�p�p�e�a�r�e�d� �t�o� �b�e� �c�o�n�s�e�r�v�a�t�i�v�e� �(�c�o�n�v�e�r�g�e�d� �f�r�o�m� �b�e�l�o�w� �t�h�e� �t�r�u�e� 

�s�o�l�u�t�i�o�n�)�.� �A�l�t�h�o�u�g�h� �t�h�i�s� �m�e�t�h�o�d� �c�o�u�l�d� �b�e� �a�p�p�l�i�e�d� �t�o� �t�h�e� �s�k�e�w� �p�l�a�t�e� �p�r�o�b�l�e�m�,� �t�h�e� �f�o�r�m�u�l�a�t�i�o�n� �i�s� 

�e�x�t�r�e�m�e�l�y� �c�o�m�p�l�e�x� �a�n�d� �i�n�v�o�l�v�e�s� �a� �l�a�r�g�e� �n�u�m�b�e�r� �o�f� �a�l�g�e�b�r�a�i�c� �e�q�u�a�t�i�o�n�s� �a�n�d� �u�n�k�n�o�w�n� �c�o�n�s�t�a�n�t�s�.� 

�A� �m�o�d�i�f�i�c�a�t�i�o�n� �o�f� �W�h�i�t�n�e�y ��s� �a�p�p�r�o�a�c�h� �h�a�s� �b�e�e�n� �u�s�e�d� �b�y� �K�e�n�n�e�d�y� �a�n�d� �P�r�a�b�h�a�k�a�r�a�®�  � �� �f�o�r� 

�o�r�t�h�o�t�r�o�p�i�c� �s�k�e�w� �p�l�a�t�e�s�.� �I�n� �t�h�e�i�r� �m�e�t�h�o�d� �a� �s�i�m�p�l�e�r� �d�e�f�l�e�c�t�i�o�n� �f�u�n�c�t�i�o�n�,� �s�a�t�i�s�f�y�i�n�g� �t�h�e� �g�e�o�m�e�t�r�i�c� 

�b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�,� �i�s� �c�h�o�s�e�n�.� �T�h�i�s� �a�l�l�o�w�s� �t�h�e� �G�a�l�e�r�k�i�n� �m�e�t�h�o�d� �t�o� �b�e� �u�s�e�d� �f�o�r� �t�h�e� �f�i�n�a�l� �s�o�l�u�t�i�o�n� 

�r�a�t�h�e�r� �t�h�a�n� �d�i�r�e�c�t� �s�o�l�u�t�i�o�n� �b�y� �a�l�g�e�b�r�a�i�c� �m�a�n�i�p�u�l�a�t�i�o�n� �o�f� �t�h�e� �e�q�u�i�l�i�b�n�u�m� �e�q�u�a�t�i�o�n�.� �H�i�g�h�e�r�-�o�r�d�e�r� 

�d�e�r�i�v�a�t�i�v�e�s� �o�f� �t�h�e� �d�e�f�l�e�c�t�i�o�n� �f�u�n�c�t�i�o�n� �a�r�e� �f�o�u�n�d� �u�s�i�n�g� �G�r�e�e�n ��s� �m�e�t�h�o�d�.� �A�l�t�h�o�u�g�h� �t�h�e� �u�s�e� �o�f� �a�n� �a�p�-� 

�p�r�o�x�i�m�a�t�e� �s�o�l�u�t�i�o�n� �m�e�t�h�o�d� �p�r�o�d�u�c�e�s� �a� �p�r�o�b�l�e�m� �w�h�i�c�h� �i�s� �s�l�o�w�e�r� �t�o� �c�o�n�v�e�r�g�e�,� �t�h�e� �s�o�l�u�t�i�o�n� �p�r�o�c�e�d�u�r�e� 

�i�s� �c�o�n�s�i�d�e�r�a�b�l�y� �s�i�m�p�l�i�f�i�e�d� �a�n�d� �t�h�e� �p�r�e�d�i�c�t�e�d� �c�r�i�t�i�c�a�l� �l�o�a�d�s� �s�t�i�l�l� �a�p�p�e�a�r� �t�o� �b�e� �c�o�n�s�e�r�v�a�t�i�v�e�.� �A�s� �a� �r�e�s�u�l�t�,� 

�K�e�n�n�e�d�y ��s� �m�e�t�h�o�d� �w�a�s� �s�e�l�e�c�t�e�d� �a�n�d� �a�d�a�p�t�e�d� �t�o� �a�n�i�s�o�t�r�o�p�i�c� �r�h�o�m�b�i�c� �p�l�a�t�e�s� �f�o�r� �t�h�e� �p�r�e�s�e�n�t� �w�o�r�k�.� 

�A� �d�e�t�a�i�l�e�d� �e�x�p�l�a�n�a�t�i�o�n� �o�f� �t�h�e� �s�k�e�w� �c�o�o�r�d�i�n�a�t�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �e�m�p�l�o�y�e�d�,� �t�h�e� �u�s�e� �o�f� �G�r�e�e�n ��s� �m�e�t�h�o�d� 

�i�n� �f�o�r�m�u�l�a�t�i�n�g� �d�e�r�i�v�a�t�i�v�e�s�,� �a�n�d� �K�e�n�n�e�d�y ��s� �m�e�t�h�o�d� �f�o�r� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �p�r�o�b�l�e�m� �f�o�l�l�o�w�.� 

�C�o�o�r�d�i�n�a�t�e� �T�r�a�n�s�f�o�r�m�a�t�i�o�n� 

�F�o�r� �t�h�e� �a�n�a�l�y�s�i�s� �o�f� �a� �s�k�e�w� �p�l�a�t�e� �i�t� �i�s� �a�d�v�a�n�t�a�g�e�o�u�s� �t�o� �t�r�a�n�s�f�o�r�m� �t�h�e� �g�o�v�e�r�n�i�n�g� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n� 

�a�n�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �i�n�t�o� �c�o�o�r�d�i�n�a�t�e�s� �m�o�r�e� �s�u�i�t�e�d� �t�o� �t�h�e� �p�l�a�t�e� �g�e�o�m�e�t�r�y�.� �T�h�e� �u�s�u�a�l� �p�r�o�c�e�d�u�r�e� 

�f�o�r� �t�r�a�n�s�f�o�r�m�i�n�g� �f�r�o�m� �r�e�c�t�a�n�g�u�l�a�r� �(�x�,�y�)� �t�o� �s�k�e�w� �(�u�,�v�)� �c�o�o�r�d�i�n�a�t�e�s�,� �w�h�i�c�h� �a�r�e� �p�a�r�a�l�l�e�l� �t�o� �t�h�e� �e�d�g�e�s� 

�o�f� �t�h�e� �s�k�e�w� �p�l�a�t�e�,� �i�s� �a�c�c�o�m�p�l�i�s�h�e�d� �b�y� �r�o�t�a�t�i�n�g� �t�h�e� �v� �a�x�i�s� �a�n� �a�n�g�l�e� �&� �f�r�o�m� �t�h�e� �y� �a�x�i�s� �(�F�i�g�u�r�e� �1�4�-�A�)�.� 
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�T�h�e� �l�o�a�d�s� �c�a�n� �a�l�s�o� �b�e� �e�x�p�r�e�s�s�e�d� �i�n� �t�e�r�m�s� �o�f� �o�b�l�i�q�u�e� �c�o�m�p�o�n�e�n�t�s�,� �b�u�t� �a�r�e� �u�s�u�a�l�l�y� �l�e�f�t� �a�s� �a�n� 

�o�r�t�h�o�g�o�n�a�l� �s�y�s�t�e�m� �a�s� �t�h�e�y� �r�e�t�a�i�n� �t�h�e�i�r� �t�r�u�e� �p�h�y�s�i�c�a�l� �s�i�g�n�i�f�i�c�a�n�c�e� �i�n� �t�h�i�s� �f�o�r�m�* ��.� �T�h�e� �c�o�n�v�e�n�t�i�o�n�a�l� 

�s�k�e�w� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �p�o�s�e�s� �a� �p�r�o�b�l�e�m� �f�o�r� �t�h�e� �p�r�e�s�e�n�t� �a�p�p�l�i�c�a�t�i�o�n� �b�e�c�a�u�s�e� �t�h�e� �d�i�r�e�c�t�i�o�n� �o�f� 

�c�o�m�p�r�e�s�s�i�v�e� �l�o�a�d� �a�p�p�l�i�c�a�t�i�o�n� �i�s� �a�l�w�a�y�s� �p�a�r�a�l�l�e�l� �w�i�t�h� �t�h�e� �t�h�e� �m�a�j�o�r� �a�x�i�s� �o�r� �b�i�s�e�c�t�o�r� �o�f� �e�a�c�h� �r�h�o�m�b�u�s� 

�i�n� �t�h�e� �p�a�n�e�l�.� �I�n� �v�i�e�w� �o�f� �t�h�i�s�,� �a�n� �a�l�t�e�r�n�a�t�e� �c�o�o�r�d�i�n�a�t�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �i�s� �i�n�t�r�o�d�u�c�e�d� �w�h�e�r�e� �t�h�e� 

�s�k�e�w�i�n�g� �o�f� �t�h�e� �p�l�a�t�e� �i�s� �s�p�e�c�i�f�i�e�d� �b�y� �a� �p�a�i�r� �o�f� �e�q�u�a�l� �h�a�l�f� �a�n�g�l�e�s� �¢� �(�F�i�g�u�r�e� �1�4�-�B�)�.� �U�n�d�e�r� �t�h�i�s� �t�r�a�n�s�-� 

�f�o�r�m�a�t�i�o�n� �t�h�e� �b�i�s�e�c�t�o�r� �o�f� �t�h�e� �r�h�o�m�b�u�s� �a�l�w�a�y�s� �r�e�m�a�i�n�s� �a�l�i�g�n�e�d� �w�i�t�h� �t�h�e� �m�a�t�e�r�i�a�l� �a�n�d� �e�x�t�e�r�n�a�l� �l�o�a�d� 

�r�e�f�e�r�e�n�c�e� �a�x�e�s�.� �H�e�n�c�e�f�o�r�t�h�,� �a�l�l� �r�e�f�e�r�e�n�c�e�s� �t�o� �s�k�e�w� �c�o�o�r�d�i�n�a�t�e�s� �w�i�l�l� �r�e�f�e�r� �t�o� �t�h�i�s� �n�e�w� �s�y�s�t�e�m�.� 

�I�n� �o�r�d�e�r� �t�o� �t�r�a�n�s�f�o�r�m� �t�h�e� �g�o�v�e�r�n�i�n�g� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n� �a�n�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �f�o�r� �t�h�e� �p�l�a�t�e� 

�f�r�o�m� �C�a�r�t�e�s�i�a�n� �(�x�,�y�)� �t�o� �s�k�e�w� �(�u�,�v�)� �c�o�o�r�d�i�n�a�t�e�s�,� �i�t� �i�s� �f�i�r�s�t� �n�e�c�e�s�s�a�r�y� �t�o� �d�e�r�i�v�e� �t�h�e� �e�q�u�i�v�a�l�e�n�t� �d�i�f�f�e�r�-� 

�e�n�t�i�a�l� �o�p�e�r�a�t�o�r�s�.� �B�a�s�i�c� �t�n�g�o�n�o�m�e�t�r�y� �g�i�v�e�s� �t�h�e� �f�o�l�l�o�w�i�n�g� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �e�q�u�a�t�i�o�n�s� 
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�G�u� �i�t� �u�b� �o�s�c� �a�x� �2� �s�e�c� �d� �a�y� �$� �(�9�9�)� 

�#�1� �s�o�o� �g� �W�e�l�s� �g� 
�O�x� �2� �o�p� �2� 

�S�u�b�s�t�i�t�u�t�i�n�g� �E�q�u�a�t�i�o�n� �(�9�9�)� �i�n� �E�q�u�a�t�i�o�n� �(�9�8�)� �g�i�v�e�s� �t�h�e� �r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �d�i�f�f�e�r�e�n�t�i�a�l� �o�p�e�r�a�t�o�r�s� �i�n� 

�t�h�e� �t�w�o� �c�o�o�r�d�i�n�a�t�e� �s�y�s�t�e�m�s� 

�Q�t� �O�o�,� �0� 
�a�x� �2� �s�e�c� �o�(� �d�u �� �d�v� �)� �(�1�0�0�)� 
�2� �w�L�e�s�e�g�(� �2�-�2�)� 
�O�y� �2� �O�v� �=�u� 

�H�i�g�h�e�r� �o�r�d�e�r� �d�e�r�i�v�a�t�i�v�e�s� �a�r�e� �o�b�t�a�i�n�e�d� �b�y� �r�e�p�e�a�t�e�d� �a�p�p�l�i�c�a�t�i�o�n�s� �o�f� �E�q�u�a�t�i�o�n� �(�1�0�0�)�.� �T�h�e�s�e� �r�e�l�a�t�i�o�n�s� 

�c�a�n� �n�o�w� �b�e� �u�s�e�d� �t�o� �t�r�a�n�s�f�o�r�m� �t�h�e� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n� �a�n�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �f�o�r� �a� �r�h�o�m�b�i�c� �p�l�a�t�e� 

�i�n�t�o� �t�h�e� �s�k�e�w� �c�o�o�r�d�i�n�a�t�e� �s�y�s�t�e�m�.� �T�h�e� �g�o�v�e�r�n�i�n�g� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n� �f�o�r� �a� �h�o�m�o�g�e�n�e�o�u�s� 

�a�n�i�s�o�t�r�o�p�i�c� �p�l�a�t�e�,� �o�r� �a� �s�y�m�m�e�t�r�i�c�a�l�l�y� �l�a�m�i�n�a�t�e�d� �c�o�m�p�o�s�i�t�e� �p�l�a�t�e�,� �e�x�p�r�e�s�s�e�d� �i�n� �o�r�t�h�o�g�o�n�a�l� �c�o�o�r�d�i�-� 

�n�a�t�e�s�,� �w�a�s� �i�n�t�r�o�d�u�c�e�d� �i�n� �S�e�c�t�i�o�n� �3�.�2�.�1�.�2� �a�s� 

�D�i� �W�i�x�x�x�x� �+� �A�D� �W�i� �x�e�x�y� �+� �(�D�1�.� �+� �2�D�6�6�)�W� 

�+� �N�e�W�i�g�g� �+� �2�N� �y�w� 
�I�X�X�Y�y� �+� �4�D�r�6�w� �+� �D�j�.�w� 

�+� �N�y�W�i�y�y� �=� �Q�O� 

�'�X�Y�Y�Y� �*�"�Y�V�Y�Y� �(�1�0�1�)� 
�x�y� 

�w�h�e�r�e� �t�h�e� �c�o�m�m�a� �n�o�t�a�t�i�o�n� �a�g�a�i�n� �d�e�n�o�t�e�s� �p�a�r�t�i�a�l� �d�i�f�f�e�r�e�n�t�i�a�t�i�o�n� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �s�u�b�s�c�r�i�p�t�e�d� 

�v�a�r�i�a�b�l�e�s� �a�n�d� �t�h�e� �i�n�-�p�l�a�n�e� �f�o�r�c�e� �r�e�s�u�l�t�a�n�t�s� �N�,� �a�n�d� �N�,� �a�r�e� �p�o�s�i�t�i�v�e� �w�h�e�n� �c�o�m�p�r�e�s�s�i�v�e�.� �T�h�e� �d�i�r�e�c�t�i�o�n� 

�o�f� �p�o�s�i�t�i�v�e� �s�h�e�a�r� �i�s� �a�l�s�o� �r�e�v�e�r�s�e�d� �f�r�o�m� �t�h�e� �s�t�a�n�d�a�r�d� �c�o�n�v�e�n�t�i�o�n�.� �A�b�b�r�e�v�i�a�t�i�n�g� �s�e�c�d� �a�n�d� �c�s�c�¢� �a�s� �5� 

�a�n�d� �c�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �E�q�u�a�t�i�o�n� �(�1�0�0�)� �g�i�v�e�s� �t�h�e� �d�e�r�i�v�a�t�i�v�e�s� �o�f� �w� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �s�k�e�w� �c�o�o�r�d�i�n�a�t�e�s� 
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�c� 

�y�~� �s�e�  ��x�y� 

�w�h�e�r�e� �M�,�,� �M�,�,� �a�n�d� �M�,�,� �a�r�e� �t�h�e� �u�s�u�a�l� �m�o�m�e�n�t� �r�e�s�u�l�t�a�n�t�s� �i�n� �t�h�e� �C�a�r�t�e�s�i�a�n� �c�o�o�r�d�i�n�a�t�e� �s�y�s�t�e�m�.� �T�h�e�s�e� 

�m�o�m�e�n�t�s� �c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �a�s� �f�u�n�c�t�i�o�n�s� �o�f� �c�u�r�v�a�t�u�r�e�s� �a�s� �f�o�l�l�o�w�s� �7 �� 

�M�,� �=�  �� �(�D�i�y�\�w�,�.� �+� �D�i�g�w�y�y� �+� �2�D� �1�6�W� �x�y�)� 

�M�y� �= �� �(�D�)�2�W�i�x�x� �+� �D�2�2�W�y�y� �+� �2�D� �6�W�1� �x�y�)� �(�1� �1�4�)� 

�M�y� �=� �(�D�i�e�s� �x�x� �+� �D�r�e�W�y�y� �+� �2�D� �5�6�1� �x�y�)� 

�S�u�b�s�t�i�t�u�t�i�n�g� �E�q�u�a�t�i�o�n� �(�1�1�4�)� �i�n� �E�q�u�a�t�i�o�n� �(�1�1�3�)� �a�n�d� �c�o�l�l�e�c�t�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �t�h�e� �c�u�r�v�a�t�u�r�e�s� �g�i�v�e�s� 

� � � � 

�5�C� �S�C� 
�c�e�?� �s�?� �c�e�?� �s�?� 

�D� �D� �2�D� �-�3�|� �1�6�,� �2�6� �_� �+�6�6� �f�e�s�s� 

�D� �D� �2�D� �D� �D� �2�D� �M�,�= ��|� �W�o�y� �S�1�2� �4�°�1�6� �f�o�u�a�-�|� �1�2�,�  ��2�2� �_�  ��1�/�2�6� �J�e�»� 

�(�1�1�5�)� 
� � 

�5�C� 
�c�e� �s�?� 

�S�u�b�s�t�i�t�u�t�i�n�g� �f�o�r� �w�,�,�,�,� �W�,�,�,�,� �a�n�d� �w�,�,�,� �f�r�o�m� �E�q�u�a�t�i�o�n� �(�1�0�2�)� �a�n�d� �g�a�t�h�e�r�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �w�,�,�,�,� �W�,�.�,�,� �a�n�d� 

�w�,�,�,� �g�i�v�e�s� �M�,� �c�o�m�p�l�e�t�e�l�y� �i�n� �t�e�r�m�s� �o�f� �s�k�e�w� �c�o�o�r�d�i�n�a�t�e�s� 
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�1�]� �s� �4� �4� �;� �M�,�=� �-�4� �7� �D�y�,�  ��S� �D�i�g� �+� �A�D� �2� �+� �2�D�e�6�)�  �� �=� �D�a�e� �+� �z� �D�i�a�m� 

�1� �|� �s�?� �¢� 
�4� �F�T� �P�u� �+� �2�D�)�2� �+�  �� �4�D�e�e�6� �+� �>� �P�a�p� �W�i� �(�1�1�6�)� �c� �s� 

�~�$�|� �0�-�2� �D�g� �+�E� �D�y�p ��-�F� �O�v�a� �r�n� 

�T�h�e� �g�e�o�m�e�t�r�i�c� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �f�o�r� �t�h�e� �p�a�i�r� �o�f� �s�u�m�p�l�y�-�s�u�p�p�o�r�t�e�d� �e�d�g�e�s� �u�n�d�e�r� �c�o�n�s�i�d�e�r�a�t�i�o�n� 

�(�u�=�Q�a�n�d� �u�=�a�)� �r�e�q�u�i�r�e� �t�h�a�t� �w�(�0�,�v�)�=�0� �a�n�d� �w�(�a�,�v�)�=�0�.� �T�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �f�u�n�c�t�i�o�n� �c�h�o�s�e�n� �f�o�r� 

�w�(�u�,�v�)� �m�u�s�t� �s�a�t�i�s�f�y� �t�h�e�s�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �i�n� �o�r�d�e�r� �t�o� �b�e� �a�n� �a�d�m�i�s�s�i�b�l�e� �f�u�n�c�t�i�o�n� �i�n� �t�h�e� �R�i�t�z� �o�r� 

�G�a�l�e�r�k�i�n� �s�o�l�u�t�i�o�n� �m�e�t�h�o�d�s�.� �A�s�s�u�m�i�n�g� �t�h�a�t� �w� �i�s� �e�q�u�a�l� �t�o� �z�e�r�o� �a�l�o�n�g� �t�h�e�s�e� �e�d�g�e�s�,� �t�h�e�n� �w�,�,�,� �m�u�s�t� 

�v�a�n�i�s�h� �a�l�o�n�g� �t�h�e� �e�d�g�e�s� �a�s� �w�e�l�l�.� �T�h�e� �s�e�c�o�n�d� �r�e�q�u�i�r�e�m�e�n�t� �f�o�r� �a� �s�i�m�p�l�y�-�s�u�p�p�o�r�t�e�d� �e�d�g�e� �i�s� �t�h�a�t� �t�h�e� 

�m�o�m�e�n�t� �n�o�r�m�a�l� �t�o� �t�h�a�t� �e�d�g�e�,� �M�,�,� �b�e� �z�e�r�o�.� �S�e�t�t�i�n�g� �w�,�,�,�=�0� �a�n�d� �M�@�,�=�0� �i�n� �E�q�u�a�t�i�o�n� �(�1�1�6�)� �a�n�d� 

�m�u�l�t�i�p�l�y�i�n�g� �t�h�r�o�u�g�h� �b�y� �s�e� �y�i�e�l�d�s� 
�2�2� 

�l� 
� � �[�s�*�D�1�y� �-� �4�5�°� �c�D�y�e� �+� �2�5�7�¢�?�(�D�1�5� �+� �2�D�¢�6�)� �-� �4�s�c�*� �D�y�,� �+� �D�a� �|�W�i�n� 

�'� �(�1�1�7�)� 
�+� �=� �[�s�*�D�j�,� �~� �2�s�*�c�D�i�g� �+� �2�s�c�?� �D�o�,� �-� �o�D� �W�y� �=� �0� 

�2�D�4�4� 

�I�t� �w�i�l�l� �b�e� �r�e�c�o�g�n�i�z�e�d� �f�r�o�m� �E�q�u�a�t�i�o�n� �(�1�0�4�)� �t�h�a�t� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� �o�f� �w�,�,�,� �1�s� �i�d�e�n�t�i�c�a�l� �t�o� �k�,� �a�n�d� �t�h�e� �c�o�-� 

�e�f�f�i�c�i�e�n�t� �o�f� �w�,�,�,� �i�s� �e�q�u�a�l� �t�o� �2�k�,�.� �T�h�u�s� �t�h�e� �r�e�q�u�i�r�e�m�e�n�t� �f�o�r� �m�o�m�e�n�t�-�f�r�e�e� �e�d�g�e�s� �c�a�n� �b�e� �s�u�m�m�a�r�i�z�e�d� �a�s� 

�2�k� 
�W�o� �=�  �� �W�i�n�g�y� �a�t� �u�=�0�,�a� �(�1�1�8�)� 

�k�y� 

�A�n� �a�n�a�l�o�g�o�u�s� �p�r�o�c�e�d�u�r�e� �f�o�r� �t�h�e� �o�t�h�e�r� �p�a�i�r� �o�f� �e�d�g�e�s� �y�i�e�l�d�s� 

�W�w�y�= ��-�T ��w�W�y�,�,� �a�t� �v�=�0�,�a� �(�1�1�9�)� 

�A�n�a�l�y�t�i�c�a�l� �D�e�v�e�l�o�p�m�e�n�t� �8�1



�A�s� �w�a�s� �d�o�n�e� �w�i�t�h� �t�h�e� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�,� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�r�e� �a�l�s�o� �c�o�n�v�e�r�t�e�d� �t�o� �n�o�n�d�i�-� 

�m�e�n�s�i�o�n�a�l� �f�o�r�m�,� �b�u�t� �t�h�e� �e�x�p�r�e�s�s�i�o�n�s� �r�e�m�a�i�n� �e�s�s�e�n�t�i�a�l�l�y� �u�n�c�h�a�n�g�e�d�.� �T�h�e� �n�o�n�d�i�m�e�n�s�i�o�n�a�l� �s�i�m�p�l�e� 

�s�u�p�p�o�r�t� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�r�e� 

�2�k�,� 
�w�=�Q�,� �W�E�E�S� �W�i�t� �a�t�  ¬�=�0�,�1� 

�2�k�,� �(�1�2�0�)� 

�w�=� �Q�,� �W�i�n�n� �=�  �� �R�e� �M�o�k� �a�t� �7� �=�0�,�1� 

�D�e�r�i�v�a�t�i�v�e�s� �o�f� �D�i�s�p�l�a�c�e�m�e�n�t� �F�u�n�c�t�i�o�n� 

�C�e�r�t�a�i�n� �m�e�t�h�o�d�s� �f�o�r� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �p�l�a�t�e� �s�t�a�b�i�l�i�t�y� �p�r�o�b�l�e�m�s�,� �i�n�c�l�u�d�i�n�g� �d�i�r�e�c�t� �s�u�b�s�t�i�t�u�t�i�o�n� �a�n�d� �t�h�e� 

�G�a�l�e�r�k�i�n� �m�e�t�h�o�d�,� �u�s�e� �t�h�e� �g�o�v�e�r�n�i�n�g� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n� �i�n� �a� �f�o�r�m� �s�i�m�i�l�a�r� �t�o� �t�h�a�t� �i�n� �E�q�u�a�t�i�o�n�s� 

�(�1�0�1�)� �o�r� �(�1�1�0�)�.� �F�o�r� �t�h�e�s�e� �m�e�t�h�o�d�s� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �d�i�f�f�e�r�e�n�t�i�a�t�e� �t�h�e� �c�h�o�s�e�n� �d�i�s�p�l�a�c�e�m�e�n�t� �f�u�n�c�t�i�o�n� 

�u�p� �t�o� �t�h�e� �f�o�u�r�t�h� �o�r�d�e�r� �i�n� �b�o�t�h� �s�p�a�t�i�a�l� �v�a�r�i�a�b�l�e�s�.� �W�h�e�n� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �f�u�n�c�t�i�o�n� �i�s� �e�x�p�r�e�s�s�e�d� �a�s� �a� 

�F�o�u�r�i�e�r� �s�e�r�i�e�s�,� �t�h�i�s� �p�r�o�c�e�s�s� �i�s� �g�e�n�e�r�a�l�l�y� �a�c�c�o�m�p�l�i�s�h�e�d� �v�i�a� �t�e�r�m�-�b�y�-�t�e�r�m� �d�i�f�f�e�r�e�n�t�i�a�t�i�o�n�.� �H�o�w�e�v�e�r�,� 

�G�r�e�e�n�® �� �5�8�,� �a�n�d� �l�a�t�e�r� �W�h�i�t�n�e�y�*�®� �5�!� �5�2� �5�3� �5�4�,� �S�u�n�®�,� �a�n�d� �K�e�n�n�e�d�y� �a�n�d� �P�r�a�b�h�a�k�a�r�a�*� �*� �h�a�v�e� �a�r�g�u�e�d� �t�h�a�t� 

�j�u�s�t�i�f�i�c�a�t�i�o�n� �f�o�r� �d�i�f�f�e�r�e�n�t�i�a�t�i�n�g� �a� �f�u�n�c�t�i�o�n� �i�n� �t�h�i�s� �m�a�n�n�e�r� �i�m�p�l�i�c�i�t�l�y� �a�s�s�u�m�e�s� �t�h�a�t� �t�h�e� �f�u�n�c�t�i�o�n� �s�a�t�i�s�f�i�e�s� 

�t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�.� �I�n� �a�n� �a�l�t�e�r�n�a�t�e� �m�e�t�h�o�d�,� �f�i�r�s�t� �p�r�o�p�o�s�e�d� �b�y� �G�r�e�e�n�* � ��,� �e�a�c�h� �d�e�r�i�v�a�t�i�v�e� �o�f� �t�h�e� 

�f�u�n�c�t�i�o�n� �i�s� �e�x�p�a�n�d�e�d� �i�n� �a� �n�e�w� �F�o�u�n�t�e�r� �s�e�r�i�e�s� �w�i�t�h� �u�n�k�n�o�w�n� �c�o�e�f�f�i�c�i�e�n�t�s� �t�h�a�t� �a�r�e� �d�e�f�i�n�e�d� �i�n� �t�h�e� �u�s�u�a�l� 

�w�a�y�.� �W�h�e�n� �t�h�e� �F�o�u�r�i�e�r� �c�o�e�f�f�i�c�i�e�n�t�s� �f�o�r� �a� �s�e�r�i�e�s� �d�e�f�i�n�i�n�g� �o�n�e� �o�f� �t�h�e� �d�e�r�i�v�a�t�i�v�e�s� �a�r�e� �e�v�a�l�u�a�t�e�d�,� �t�h�e�s�e� 

�c�o�e�f�f�i�c�i�e�n�t�s� �c�a�n� �b�e� �r�e�l�a�t�e�d� �t�o� �t�h�o�s�e� �o�f� �t�h�e� �o�r�i�g�i�n�a�l� �s�e�r�i�e�s� �t�h�r�o�u�g�h� �p�a�r�t�i�a�l� �i�n�t�e�g�r�a�t�i�o�n�.� �W�h�e�n� �t�h�i�s� 

�m�e�t�h�o�d� �i�s� �a�p�p�l�i�e�d� �t�o� �p�r�o�b�l�e�m�s� �w�h�e�r�e� �t�h�e� �f�u�n�c�t�i�o�n� �s�a�t�i�s�f�i�e�s� �a�l�l� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�,� �t�h�e� �r�e�s�u�l�t�i�n�g� 

�e�x�p�r�e�s�s�i�o�n� �i�s� �i�d�e�n�t�i�c�a�l� �t�o� �t�h�a�t� �f�o�u�n�d� �b�y� �t�e�r�m�-�b�y�-�t�e�r�m� �d�i�f�f�e�r�e�n�t�i�a�t�i�o�n�.� �H�o�w�e�v�e�r�,� �i�n� �p�r�o�b�l�e�m�s� �w�h�e�r�e� 

�t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�r�e� �n�o�t� �a�u�t�o�m�a�t�i�c�a�l�l�y� �s�a�t�i�s�f�i�e�d�,� �e�x�t�r�a� �t�e�r�m�s� �w�i�l�l� �a�p�p�e�a�r� �i�n� �t�h�e� �n�e�w� �F�o�u�r�i�e�r� 

�e�x�p�a�n�s�i�o�n�.� �T�h�e�s�e� �a�c�c�o�u�n�t� �f�o�r� �t�h�e� �u�n�s�a�t�i�s�f�i�e�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�n�d� �w�o�u�l�d� �n�o�t� �a�p�p�e�a�r� �f�o�r� �d�i�f�-� 

�f�e�r�e�n�t�i�a�t�i�o�n� �o�n� �a� �t�e�r�m�-�b�y�-�t�e�r�m� �b�a�s�i�s�.� 

�A�s� �a�n� �e�x�a�m�p�l�e�,� �l�e�t� �f�(�x�,�y�)� �b�e� �a� �f�u�n�c�t�i�o�n� �w�h�i�c�h� �c�a�n� �b�e� �e�x�p�a�n�d�e�d� �i�n� �a� �d�o�u�b�l�e� �s�i�n�e� �s�e�r�i�e�s� �o�v�e�r� �t�h�e� �r�e�g�i�o�n� 

�0�<�x�<�a�,�0�<�y�<�5�b!"� 
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�S�i�x�y�)� �=� �S� �J� �A�p� �s�i�n� �E�H� �n�x� �s�i�n� �(�0�<�x�<�a�,�0�<�y�<�b�)� �(�1�2�1�)� 
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�T�h�e� �d�e�r�i�v�a�t�i�v�e�s� �o�f� �w�,� �a�s� �l�i�s�t�e�d� �i�n� �E�q�u�a�t�i�o�n� �(�1�4�9�)�,� �a�r�e� �s�u�b�s�t�i�t�u�t�e�d� �i�n� �t�h�i�s� �e�q�u�a�t�i�o�n� �a�n�d� �t�h�e� �i�n�t�e�-� 

�g�r�a�t�i�o�n�s� �p�e�r�f�o�r�m�e�d�.� �S�i�n�c�e� �t�h�e� �a�p�p�r�o�x�i�m�a�t�i�o�n� �a�n�d� �w�e�i�g�h�t� �f�u�n�c�t�i�o�n�s� �a�r�e� �t�n�g�o�n�o�m�e�t�r�i�c� �f�u�n�c�t�i�o�n�s�,� 

�t�h�e�y� �a�r�e� �o�r�t�h�o�g�o�n�a�l� �a�n�d� �t�h�e� �i�n�t�e�g�r�a�t�i�o�n�s� �a�r�e� �r�e�l�a�t�i�v�e�l�y� �s�t�r�a�i�g�h�t�f�o�r�w�a�r�d�.� �T�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�e�s�e� �i�n�t�e�-� 

�g�r�a�t�i�o�n�s� �a�r�e� �a�b�b�r�e�v�i�a�t�e�d� �u�s�i�n�g� �t�h�e� �s�y�m�b�o�l�s� �d�e�f�i�n�e�d� �i�n� �E�q�u�a�t�i�o�n�s� �(�1�3�9�)� �a�n�d� �(�1�4�4�)�.� �C�o�m�m�o�n� �c�o�e�f�-� 

�f�i�c�i�e�n�t�s� �o�f� �s�u�m�m�a�t�i�o�n�s� �a�r�e� �c�o�l�l�e�c�t�e�d� �t�o� �p�r�e�s�e�n�t� �t�h�e� �f�i�n�a�l� �s�o�l�u�t�i�o�n� �i�n� �t�h�e� �f�o�r�m� 

�A�n�a�l�y�t�i�c�a�l� �D�e�v�e�l�o�p�m�e�n�t� �9�1



�w�l�a�t� �+� �b�e�h� �+� �k�s�j�*� �|�A�y� 

 ��1�6�8�5� �S� �A�m�y� �k�l�F� �O�E�D� �+� �k�e�l� �F� �Y� �4� �(�k�a�m�?� �+� �k�a�n ��)� �V�F� �F�Y�]� 
�a�n� �|� 

�+� �2�8�6� �Z�e�n�m�d� �A�R�?� �+� �k�e� �5� �T�O�R�R �� 
�m�=�)� �n�=�1� �(�1�5�1�)� 

�+� �2�5�6�0�)�.� �>� �d�n�a� �d�e�t� �Q�h�i�t�F�y�?� �+� �a�t�t�e� 
�m�=�]� �n�=�1� �p�=�1� �q�=�!�1� 

�~� �j�=�1�,�2�,�.�.�,�N� �_� �D�a�y� �s�2�a�y� �R�T� �L�p�w� �=� �1�,�4�,� �3� 
�3�4�0� �N�s� �t�j� �N�,�,�]�A�y� �+� �8�N�z�,� �>� �»� �A�n�a�s� �j�=� �1�,�2�,� �w�y� �N� 

�m�=�]� �n�=�]� 

�T�h�e� �c�o�n�s�t�a�n�t�s� �k�,�,�.�.�.�,� �;� �a�r�e� �d�e�f�i�n�e�d� �i�n� �E�q�u�a�t�i�o�n� �(�1�0�4�)� �a�n�d� �e�x�p�r�e�s�s�i�o�n�s� �f�o�r� �t�h�e� �f�a�c�t�o�r�s� �N�,�,� �N�,�,�,� �a�n�d� 

�N�,� �a�r�e� �s�h�o�w�n� �i�n� �E�q�u�a�t�i�o�n�s� �(�1�0�8�)� �a�n�d� �(�1�1�1�)�.� �T�o� �s�o�l�v�e� �t�h�e� �p�l�a�t�e� �s�t�a�b�i�l�i�t�y� �p�r�o�b�l�e�m� �i�t� �i�s�,� �o�f� �c�o�u�r�s�e�,� 

�n�e�c�e�s�s�a�r�y� �t�o� �t�r�u�n�c�a�t�e� �t�h�e� �i�n�f�i�n�i�t�e� �s�u�m�m�a�t�i�o�n�s� �s�h�o�w�n� �p�r�e�v�i�o�u�s�l�y�.� �T�h�e� �n�u�m�b�e�r� �o�f� �t�e�r�m�s� �i�s� �c�h�o�s�e�n� 

�s�u�c�h� �t�h�a�t� �t�h�e� �d�e�s�i�r�e�d� �d�e�g�r�e�e� �o�f� �s�o�l�u�t�i�o�n� �a�c�c�u�r�a�c�y� �h�a�s� �b�e�e�n� �a�c�h�i�e�v�e�d�.� �S�i�n�c�e� �t�h�e� �p�l�a�t�e� �i�s� �o�f� �e�q�u�a�l� �d�i�-� 

�m�e�n�s�i�o�n�s� �i�n� �t�h�e�  ¬� �a�n�d� �»� �d�i�r�e�c�t�i�o�n�s�,� �a�n� �e�q�u�a�l� �n�u�m�b�e�r� �N� �o�f� �t�e�r�m�s� �f�o�r� �m� �a�n�d� �v�n� �a�r�e� �u�s�u�a�l�l�y� �t�a�k�e�n� �i�n� 

�E�q�u�a�t�i�o�n� �(�1�2�5�)�.� �T�h�e�r�e�f�o�r�e� �E�q�u�a�t�i�o�n� �(�1�5�1�)� �r�e�p�r�e�s�e�n�t�s� �a� �s�e�t� �o�f� �(�N�?�)� �l�i�n�e�a�r� �e�q�u�a�t�i�o�n�s� �f�o�r� �t�h�e� �(�N�?�)� 

�u�n�k�n�o�w�n� �c�o�e�f�f�i�c�i�e�n�t�s� �A�,�,�,� �a�n�d� �c�o�n�s�t�i�t�u�t�e�s� �a� �c�l�a�s�s�i�c�a�l� �e�i�g�e�n�v�a�l�u�e� �p�r�o�b�l�e�m�.� �I�f� �t�h�e� �s�e�t� �o�f� �e�q�u�a�t�i�o�n�s� �t�s� 

�e�x�a�m�i�n�e�d�,� �i�t� �w�i�l�l� �b�e� �s�e�e�n� �t�h�a�t� �a�n�y� �e�q�u�a�t�i�o�n� �f�o�r� �w�h�i�c�h� �(�i�+�)� �i�s� �o�d�d� �w�i�l�l� �c�o�n�t�a�i�n� �o�n�l�y� �c�o�e�f�f�i�c�i�e�n�t�s� �4�,�,� 

�f�o�r� �w�h�i�c�h� �(�m�+� �7�)� �1�s� �a�l�s�o� �o�d�d�.� �A�l�s�o�,� �a�n�y� �e�q�u�a�t�i�o�n� �f�o�r� �w�h�i�c�h� �(�i�+� �/�/�)� �i�s� �e�v�e�n� �c�o�n�t�a�i�n�s� �o�n�l�y� �4�A�,�,�,� �f�o�r� 

�w�h�i�c�h� �(�7�+� �7�m�)� �i�s� �e�v�e�n�.� �T�h�u�s�,� �t�h�e�s�e� �t�w�o� �s�e�t�s� �o�f� �e�q�u�a�t�i�o�n�s� �a�r�e� �c�o�m�p�l�e�t�e�l�y� �u�n�c�o�u�p�l�e�d� �a�n�d� �c�a�n� �b�e� �s�p�l�i�t� 

�i�n�t�o� �t�w�o� �s�e�p�a�r�a�t�e� �s�e�t�s� �f�o�r� �s�o�l�v�i�n�g�.� �O�n�e� �s�e�t� �w�i�l�l� �c�o�n�t�a�i�n� �t�e�r�m�s� �i�n� �w�h�i�c�h� �(�i�+� �/�)� �a�n�d� �(�+� �1�)� �a�r�e� �b�o�t�h� 

�e�v�e�n�,� �w�h�i�l�e� �t�h�e� �o�t�h�e�r� �s�e�t� �w�i�l�l� �c�o�n�t�a�i�n� �t�e�r�m�s� �i�n� �w�h�i�c�h� �(�i�+�)� �a�n�d� �(�+� �2 ��)� �a�r�e� �b�o�t�h� �o�d�d�.� �P�h�y�s�i�c�a�l�l�y�,� 

�t�h�e� �m�o�d�e�s� �f�o�r� �w�h�i�c�h� �(�i�+�)� �a�r�e� �o�d�d� �r�e�p�r�e�s�e�n�t� �a�n�t�i�s�y�m�m�e�t�r�i�c� �m�o�d�e�s� �a�n�d� �t�h�o�s�e� �f�o�r� �(�i�+�)� �e�v�e�n� �a�r�e� 

�s�y�m�m�e�t�r�i�c� �m�o�d�e�s�.� �T�h�e� �c�r�i�t�i�c�a�l� �l�o�a�d� �f�o�r� �t�h�e� �p�l�a�t�e� �i�s� �t�h�a�t� �g�i�v�e�n� �b�y� �t�h�e� �l�o�w�e�r� �o�f� �t�h�e� �t�w�o� �d�i�s�t�i�n�c�t� �e�v�e�n� 

�a�n�d� �o�d�d� �g�r�o�u�p�s�.� 

�I�t� �i�s� �a�l�s�o� �i�n�t�e�r�e�s�t�i�n�g� �t�o� �c�o�m�p�a�r�e� �t�h�i�s� �s�o�l�u�t�i�o�n� �t�o� �t�h�o�s�e� �o�b�t�a�i�n�e�d� �b�y� �u�s�e� �o�f� �e�i�t�h�e�r� �t�h�e� �m�o�d�i�f�i�e�d� 

�G�a�l�e�r�k�i�n� �m�e�t�h�o�d� �w�i�t�h� �a�l�l� �d�e�r�i�v�a�t�i�v�e�s� �c�o�m�p�u�t�e�d� �v�i�a� �t�e�r�m�-�b�y�-�t�e�r�m� �d�i�f�f�e�r�e�n�t�i�a�t�i�o�n� �o�r� �t�h�e� �R�a�y�l�e�i�g�h�-� 

�R�i�t�z� �m�e�t�h�o�d�.� �I�f� �t�h�i�s� �i�s� �d�o�n�e�,� �s�o�l�u�t�i�o�n�s� �i�d�e�n�t�i�c�a�l� �t�o� �t�h�a�t� �i�n� �E�q�u�a�t�i�o�n� �(�1�5�1�)� �w�i�l�l� �b�e� �o�b�t�a�i�n�e�d�,� �e�x�c�e�p�t� 

�A�n�a�l�y�t�i�c�a�l� �D�e�v�e�l�o�p�m�e�n�t� �9�2



�t�h�a�t� �t�h�e� �t�e�r�m�s� �i�n� �t�h�e� �t�h�i�r�d� �a�n�d� �f�o�u�r�t�h� �r�o�w�s� �(�t�h�e� �t�e�r�m�s� �w�i�t�h� �a� �c�o�e�f�f�i�c�i�e�n�t� �o�f� �2�5�6�)� �w�o�u�l�d� �b�e� 

�m�i�s�s�i�n�g�*�®�.� �A�s� �a� �r�e�s�u�l�t�,� �c�o�m�p�a�r�i�s�o�n�s� �b�e�t�w�e�e�n� �t�h�e� �s�t�a�n�d�a�r�d� �s�o�l�u�t�i�o�n�s� �a�n�d� �K�e�n�n�e�d�y ��s� �s�o�l�u�t�i�o�n� �a�r�e� 

�e�a�s�i�l�y� �a�c�c�o�m�p�l�i�s�h�e�d� �b�y� �i�g�n�o�r�i�n�g� �o�r� �i�n�c�l�u�d�i�n�g�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �t�h�o�s�e� �e�x�t�r�a� �t�e�r�m�s�.� 
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�4�.�0� �V�e�r�i�f�i�c�a�t�i�o�n� �a�n�d� �E�x�a�m�p�l�e�s� 

�I�n� �S�e�c�t�i�o�n� �3�,� �a�n�a�l�y�t�i�c�a�l� �f�o�r�m�u�l�a�t�i�o�n�s� �w�e�r�e� �p�r�e�s�e�n�t�e�d� �f�o�r� �t�h�e� �p�r�e�b�u�c�k�l�i�n�g� �l�o�a�d� �d�i�s�t�r�i�b�u�t�i�o�n� �a�n�d� �s�t�a�-� 

�b�i�l�i�t�y� �o�f� �g�e�o�d�e�s�i�c�a�l�l�y� �s�t�i�f�f�e�n�e�d� �p�a�n�e�l�s�,� �t�h�e� �s�t�a�b�i�l�i�t�y� �o�f� �o�r�t�h�o�t�r�o�p�i�c� �s�t�i�f�f�e�n�e�r�s�,� �a�n�d� �t�h�e� �s�t�a�b�i�l�i�t�y� �o�f� 

�a�n�i�s�o�t�r�o�p�i�c� �r�h�o�m�b�i�c� �p�l�a�t�e�s�.� �S�i�n�c�e� �t�h�e�s�e� �r�e�p�r�e�s�e�n�t� �n�e�w� �d�e�v�e�l�o�p�m�e�n�t�s�,� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �d�e�t�e�r�m�i�n�e� 

�w�h�e�t�h�e�r� �t�h�e�y� �y�i�e�l�d� �r�e�s�u�l�t�s� �w�i�t�h� �r�e�a�s�o�n�a�b�l�e� �a�c�c�u�r�a�c�y�.� �W�h�e�r�e� �a�v�a�i�l�a�b�l�e�,� �r�e�s�u�l�t�s� �p�u�b�l�i�s�h�e�d� �i�n� �t�h�e� �l�i�t�-� 

�e�r�a�t�u�r�e� �a�r�e� �u�s�e�d� �a�s� �b�e�n�c�h�m�a�r�k�s� �t�o� �v�e�r�i�f�y� �t�h�e� �p�r�e�s�e�n�t� �m�e�t�h�o�d�s�.� �O�t�h�e�r�w�i�s�e�,� �r�e�s�u�l�t�s� �g�e�n�e�r�a�t�e�d� �w�i�t�h� 

�a�n� �e�s�t�a�b�l�i�s�h�e�d� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �p�r�o�g�r�a�m� �a�r�e� �u�s�e�d� �f�o�r� �c�o�m�p�a�r�i�s�o�n�.� �T�h�e� �a�n�a�l�y�s�i�s� �m�e�t�h�o�d� �f�o�r� �b�u�c�k�l�i�n�g� 

�o�f� �s�t�i�f�f�e�n�e�d� �p�a�n�e�l�s� �i�s� �t�r�e�a�t�e�d� �i�n� �S�e�c�t�i�o�n� �4�.�1� �a�n�d� �t�h�a�t� �f�o�r� �b�u�c�k�l�i�n�g� �o�f� �a�n�i�s�o�t�r�o�p�i�c� �r�h�o�m�b�i�c� �p�l�a�t�e�s� �i�n� 

�S�e�c�t�i�o�n� �4�.�2�.� �V�e�r�i�f�i�c�a�t�i�o�n� �a�n�d� �e�x�a�m�p�l�e�s� �f�o�r� �t�h�e� �s�t�i�f�f�e�n�e�r� �b�u�c�k�l�i�n�g� �a�n�a�l�y�s�i�s� �a�r�e� �c�o�v�e�r�e�d� �b�y� �S�t�o�l�l�! ��,� �s�o� 

�t�h�a�t� �t�o�p�i�c� �w�i�l�l� �n�o�t� �b�e� �d�i�s�c�u�s�s�e�d� �h�e�r�e�.� 

�4�.�1� �S�t�i�f�f�e�n�e�d� �P�a�n�e�l� �B�u�c�k�l�i�n�g� 

�T�h�e� �f�o�r�m�u�l�a�t�i�o�n� �f�o�r� �t�h�e� �s�t�a�b�i�l�i�t�y� �o�f� �a� �g�e�o�d�e�s�i�c�a�l�l�y� �s�t�i�f�f�e�n�e�d� �o�r�t�h�o�t�r�o�p�i�c� �p�a�n�e�l�,� �u�s�i�n�g� �t�h�e� �L�a�g�r�a�n�g�e� 

�m�u�l�t�i�p�l�i�e�r� �m�e�t�h�o�d� �[�L�M�M�]�,� �w�a�s� �p�r�e�s�e�n�t�e�d� �i�n� �S�e�c�t�i�o�n� �3�.�2�.�1�.�3�.� �S�i�n�c�e� �t�h�e� �L�M�M� �a�n�a�l�y�s�i�s� �r�e�p�r�e�s�e�n�t�s� �a� 

�n�e�w� �a�p�p�r�o�a�c�h� �t�o� �t�h�e� �b�u�c�k�l�i�n�g� �o�f� �s�t�i�f�f�e�n�e�d� �p�a�n�e�l�s�,� �t�h�e� �p�e�r�f�o�r�m�a�n�c�e� �o�f� �t�h�e� �m�e�t�h�o�d� �1�s� �s�t�u�d�i�e�d� �i�n� �d�e�t�a�i�l�.� 
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�I�n� �S�e�c�t�i�o�n� �4�.�1�.�1�,� �L�M�M� �a�n�a�l�y�s�i�s� �r�e�s�u�l�t�s� �f�o�r� �s�e�v�e�r�a�l� �d�i�f�f�e�r�e�n�t� �p�a�n�e�l� �c�o�n�f�i�g�u�r�a�t�i�o�n�s� �a�r�e� �c�o�m�p�a�r�e�d� �w�i�t�h� 

�r�e�s�u�l�t�s� �o�f� �o�t�h�e�r� �p�r�o�c�e�d�u�r�e�s� �f�o�r� �v�e�r�i�f�i�c�a�t�i�o�n� �o�f� �t�h�e� �m�e�t�h�o�d�.� �T�h�e� �f�i�r�s�t� �t�e�s�t� �c�a�s�e� �i�s� �a� �s�i�m�p�l�e� �i�s�o�t�r�o�p�i�c� 

�p�a�n�e�l� �w�i�t�h� �a� �s�i�n�g�l�e� �l�o�n�g�i�t�u�d�i�n�a�l� �b�l�a�d�e� �s�t�i�f�f�e�n�e�r� �u�n�d�e�r� �u�n�i�a�x�i�a�l� �c�o�m�p�r�e�s�s�i�o�n�.� �A�n� �a�n�a�l�y�t�i�c�a�l� �s�o�l�u�t�i�o�n� 

�t�o� �t�h�i�s� �p�r�o�b�l�e�m� �b�a�s�e�d� �o�n� �e�n�e�r�g�y� �m�e�t�h�o�d�s� �i�s� �a�v�a�i�l�a�b�l�e� �i�n�,� �a�m�o�n�g� �o�t�h�e�r�s�,� �T�i�m�o�s�h�e�n�k�o� �a�n�d� �G�e�r�e� 

�a�n�d� �S�e�i�d�e� �a�n�d� �S�t�e�i�n ��.� �T�h�e� �s�e�c�o�n�d� �t�e�s�t� �c�a�s�e� �i�s� �a� �s�q�u�a�r�e� �i�s�o�t�r�o�p�i�c� �p�l�a�t�e� �w�i�t�h� �s�e�v�e�r�a�l� �l�o�n�g�i�t�u�d�i�n�a�l� 

�b�l�a�d�e� �s�t�i�f�f�e�n�e�r�s� �u�n�d�e�r� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �c�o�m�p�r�e�s�s�i�o�n� �a�n�d� �s�h�e�a�r� �l�o�a�d�s�.� �T�h�i�s� �p�r�o�b�l�e�m� �h�a�s� �b�e�e�n� �a�n�a�-� 

�l�y�z�e�d� �b�y� �S�t�r�o�u�d�,� �e�t� �a�/�®� �u�s�i�n�g� �a� �d�e�t�a�i�l�e�d� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�o�d�e�l�.� �F�o�r� �t�h�e� �t�h�i�r�d� �e�x�a�m�p�l�e�,� �n�o� �r�e�f�e�r�e�n�c�e�s� 

�t�r�e�a�t�i�n�g� �t�h�e� �b�u�c�k�l�i�n�g� �o�f� �g�e�o�d�e�s�i�c�a�l�l�y� �s�t�i�f�f�e�n�e�d� �p�a�n�e�l�s� �h�a�v�e� �b�e�e�n� �f�o�u�n�d� �i�n� �t�h�e� �l�i�t�e�r�a�t�u�r�e�.� �T�h�e�r�e�f�o�r�e�,� 

�a� �t�h�r�e�e� �c�e�l�l� �c�r�o�s�s�-�s�t�i�f�f�e�n�e�d� �p�a�n�e�l� �u�n�d�e�r� �c�o�m�p�r�e�s�s�i�o�n� �i�s� �a�n�a�l�y�z�e�d� �u�s�i�n�g� �a�n� �e�s�t�a�b�l�i�s�h�e�d� �f�i�n�i�t�e� �e�l�e�m�e�n�t� 

�p�r�o�g�r�a�m�.� �I�n� �S�e�c�t�i�o�n� �4�.�1�.�2�,� �a� �c�o�n�v�e�r�g�e�n�c�e� �s�t�u�d�y� �i�s� �c�o�n�d�u�c�t�e�d� �f�o�r� �t�h�e� �L�M�M� �a�n�a�l�y�s�i�s� �t�o� �i�s�o�l�a�t�e� �t�h�e� 

�e�f�f�e�c�t� �o�f� �v�a�r�i�o�u�s� �p�a�r�a�m�e�t�e�r�s� �o�n� �t�h�e� �r�e�s�u�l�t�s�.� �T�h�e�s�e� �p�a�r�a�m�e�t�e�r�s� �i�n�c�l�u�d�e� �t�h�e� �n�u�m�b�e�r� �o�f� �c�o�n�s�t�r�a�i�n�t� 

�p�o�i�n�t�s� �a�l�o�n�g� �t�h�e� �s�t�i�f�f�e�n�e�r�s� �a�n�d� �t�h�e� �n�u�m�b�e�r� �o�f� �t�e�r�m�s� �i�n� �t�h�e� �s�k�i�n� �d�e�f�l�e�c�t�i�o�n� �f�u�n�c�t�i�o�n�.� �I�l�l�u�s�t�r�a�t�i�v�e� �e�x�-� 

�a�m�p�l�e�s� �a�r�e� �a�l�s�o� �p�r�e�s�e�n�t�e�d� �w�h�i�c�h� �d�e�m�o�n�s�t�r�a�t�e� �t�h�e� �i�n�f�l�u�e�n�c�e� �o�f� �s�t�i�f�f�e�n�e�r� �f�l�e�x�u�r�a�l� �n�g�i�d�i�t�y� �o�n� �t�h�e� �c�r�i�t�i�c�a�l� 

�l�o�a�d� �a�n�d� �b�u�c�k�l�e�d� �m�o�d�e� �s�h�a�p�e� �o�f� �a� �t�y�p�i�c�a�l� �g�e�o�d�e�s�i�c�a�l�l�y� �s�t�i�f�f�e�n�e�d� �p�a�n�e�l� �u�n�d�e�r� �c�o�m�p�r�e�s�s�i�o�n� �o�r� �s�h�e�a�r�.� 

�4�.�1�.�1� �V�e�r�i�f�i�c�a�t�i�o�n� �o�f� �A�n�a�l�y�s�i�s� �M�e�t�h�o�d� 

�T�h�r�e�e� �p�a�n�e�l� �c�o�n�f�i�g�u�r�a�t�i�o�n�s� �a�r�e� �c�o�n�s�i�d�e�r�e�d� �f�o�r� �v�e�r�i�f�i�c�a�t�i�o�n� �o�f� �t�h�e� �L�a�g�r�a�n�g�e� �m�u�l�t�i�p�l�i�e�r� �m�e�t�h�o�d� 

�[�L�M�M�]� �a�n�a�l�y�s�i�s�.� �T�h�e� �f�i�r�s�t� �e�x�a�m�p�l�e� �i�s� �a�n� �i�s�o�t�r�o�p�i�c� �p�l�a�t�e� �w�i�t�h� �a� �s�i�n�g�l�e� �l�o�n�g�i�t�u�d�i�n�a�l� �s�t�i�f�f�e�n�e�r�.� �T�h�i�s� 

�w�a�s� �t�h�e� �f�i�r�s�t� �p�r�o�b�l�e�m� �a�t�t�e�m�p�t�e�d� �d�u�r�i�n�g� �t�h�e� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e� �L�M�M� �a�n�a�l�y�s�i�s�,� �a�s� �a� �b�a�s�i�c� �v�e�r�i�f�i�c�a�-� 

�t�i�o�n� �o�f� �t�h�e� �c�o�n�c�e�p�t�.� �F�o�r� �t�h�i�s� �s�i�m�p�l�e� �g�e�o�m�e�t�r�y�,� �t�h�e� �s�t�a�b�i�l�i�t�y� �a�n�a�l�y�s�i�s� �c�a�n� �b�e� �a�c�c�o�m�p�l�i�s�h�e�d� �w�i�t�h�o�u�t� 

�t�h�e� �u�s�e� �o�f� �L�a�g�r�a�n�g�e� �m�u�l�t�i�p�l�i�e�r�s�.� �A�n� �e�n�e�r�g�y� �f�o�r�m�u�l�a�t�i�o�n� �f�o�r� �t�h�e� �p�l�a�t�e� �a�n�d� �l�o�n�g�i�t�u�d�i�n�a�l� �s�t�i�f�f�e�n�e�r�,� 

�s�i�m�i�l�a�r� �t�o� �t�h�a�t� �g�i�v�e�n� �i�n� �S�e�c�t�i�o�n� �3�.�2�.�1�,� �i�s� �s�t�i�l�l� �u�s�e�d�.� �R�e�c�a�l�l� �t�h�a�t� �i�n� �t�h�e� �L�M�M� �a�n�a�l�y�s�i�s�,� �t�h�e� �d�e�f�l�e�c�t�i�o�n� 

�o�f� �a� �s�t�i�f�f�e�n�e�r� �(�o�f�t�e�n� �o�b�l�i�q�u�e�)� �i�s� �e�x�p�r�e�s�s�e�d� �i�n� �a�n� �i�n�d�e�p�e�n�d�e�n�t� �f�u�n�c�t�i�o�n� �a�n�d� �t�h�e�n� �d�i�s�p�l�a�c�e�m�e�n�t� �c�o�m�-� 

�p�a�t�i�b�i�l�i�t�y� �w�i�t�h� �t�h�e� �s�k�i�n� �i�s� �i�m�p�o�s�e�d� �a�t� �a� �f�i�n�i�t�e� �n�u�m�b�e�r� �o�f� �p�o�i�n�t�s�.� �T�h�e� �d�e�f�l�e�c�t�i�o�n� �o�f� �a� �l�o�n�g�i�t�u�d�i�n�a�l� 

�s�t�i�f�f�e�n�e�r�,� �o�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� �c�a�n� �e�a�s�i�l�y� �b�e� �e�x�p�r�e�s�s�e�d� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �s�k�i�n� �d�e�f�l�e�c�t�i�o�n� �f�u�n�c�t�i�o�n� �w� �d�i�-� 

�r�e�c�t�l�y�,� �r�e�s�u�l�t�i�n�g� �i�n� �c�o�n�t�i�n�u�o�u�s� �s�k�i�n�-�s�t�i�f�f�e�n�e�r� �d�i�s�p�l�a�c�e�m�e�n�t� �c�o�m�p�a�t�i�b�i�l�i�t�y�.� �T�i�m�o�s�h�e�n�k�o� �a�n�d� �G�e�r�e�*� 
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�h�a�v�e� �s�o�l�v�e�d� �t�h�e� �b�u�c�k�l�i�n�g� �p�r�o�b�l�e�m� �f�o�r� �i�s�o�t�r�o�p�i�c� �p�l�a�t�e�s� �w�i�t�h� �a� �s�i�n�g�l�e� �c�e�n�t�r�a�l� �l�o�n�g�i�t�u�d�i�n�a�l� �s�t�i�f�f�e�n�e�r� 

�u�n�d�e�r� �u�n�i�a�x�i�a�l� �c�o�m�p�r�e�s�s�i�o�n�.� �T�h�e� �c�h�o�s�e�n� �t�e�s�t� �c�o�n�f�i�g�u�r�a�t�i�o�n� �i�s� �a� �p�l�a�t�e� �1�2� �i�n�c�h�e�s� �s�q�u�a�r�e� �a�n�d� �0�.�1� �i�n�c�h� 

�t�h�i�c�k� �w�i�t�h� �a� �s�t�i�f�f�e�n�e�r� �0�.�5�2�7� �i�n�c�h� �h�i�g�h� �b�y� �0�.�2�2�8� �i�n�c�h� �t�h�i�c�k�.� �T�i�m�o�s�h�e�n�k�o� �a�n�d� �G�e�r�e� �a�s�s�u�m�e� �t�h�a�t� �t�h�e� 

�s�t�i�f�f�e�n�e�r� �b�l�a�d�e� �i�s� �l�o�c�a�t�e�d� �o�n� �o�n�e� �s�i�d�e� �o�f� �t�h�e� �p�l�a�t�e� �o�n�l�y�,� �a�n�d� �c�a�l�c�u�l�a�t�e� �a�n� �e�f�f�e�c�t�i�v�e� �m�o�m�e�n�t� �o�f� �i�n�e�r�t�i�a� 

�f�o�r� �t�h�e� �s�t�i�f�f�e�n�e�r� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �s�u�r�f�a�c�e� �w�h�e�r�e� �i�t� �m�e�e�t�s� �t�h�e� �p�l�a�t�e�.� �F�i�n�a�l�l�y�,� �t�h�e� �p�l�a�t�e� �i�s� �f�r�e�e� �t�o� �e�x�-� 

�p�a�n�d� �i�n� �t�h�e� �X� �d�i�r�e�c�t�i�o�n� �u�n�d�e�r� �Y� �d�i�r�e�c�t�i�o�n� �c�o�m�p�r�e�s�s�i�o�n�.� �T�h�e� �b�u�c�k�l�i�n�g� �l�o�a�d� �p�r�e�d�i�c�t�e�d� �b�y� �t�h�e� �L�M�M� 

�a�n�a�l�y�s�i�s� �r�i�s�e�s� �a�s� �t�h�e� �n�u�m�b�e�r� �o�f� �c�o�n�s�t�r�a�i�n�t� �p�o�i�n�t�s� �i�n�c�r�e�a�s�e�s�,� �a�n�d� �e�x�a�c�t� �a�g�r�e�e�m�e�n�t� �w�i�t�h� �t�h�e� 

�T�i�m�o�s�h�e�n�k�o� �a�n�d� �G�e�r�e� �s�o�l�u�t�i�o�n� �i�s� �a�c�h�i�e�v�e�d� �w�i�t�h� �o�n�l�y� �t�h�r�e�e� �c�o�n�s�t�r�a�i�n�t� �p�o�i�n�t�s� �a�l�o�n�g� �t�h�e� �s�t�i�f�f�e�n�e�r� 

�(�T�a�b�l�e� �2�)�.� 

�T�a�b�l�e� �2�.� �C�o�m�p�a�r�i�s�o�n� �o�f� �B�u�c�k�l�i�n�g� �P�a�r�a�m�e�t�e�r�s� �f�o�r� �I�s�o�t�r�o�p�i�c� �P�l�a�t�e� �w�i�t�h� �O�n�e� �L�o�n�g�i�t�u�d�i�n�a�l� �S�t�i�f�f�e�n�e�r� 

� � 

� � 

� � 

�T�i�m�o�s�h�e�n�k�o� �a�n�d� �G�e�r�e �� �L�a�g�r�a�n�g�e� �M�u�l�t�i�p�l�i�e�r� �M�e�t�h�o�d� 

�B�u�c�k�l�i�n�g� �P�a�r�a�m�e�t�e�r� �|� �C�o�n�s�t�r�a�i�n�t� �|� �B�u�c�k�l�i�n�g� �P�a�r�a�m�e�t�e�r� �K�r� �s�e�a�e� 
�K�r�i�m�o�s�h�e�n�k�o� �P�o�i�n�t�s� �K�i�s� �K� �r�i�m�o�s�h�e�n�k�o� 

�1�.�1�7�0� �l� �0�.�4�5�7� �0�.�3�9�1� 
�1�.�1�7�0� �2� �0�.�8�1�3� �0�.�6�9�4� 
�1�.�1�7�0� �3� �1�.�1�7�0� �1�.�0�0�0� 
�1�.�1�7�0� �4� �1�.�1�7�0� �1�.�0�0�0� 
�1�.�1�7�0� �5� �1�.�1�7�0� �1�.�0�0�0� � � � � � � � � � � � � 

�I�n� �a� �s�e�c�o�n�d�,� �m�o�r�e� �d�e�m�a�n�d�i�n�g� �t�e�s�t�,� �r�e�s�u�l�t�s� �f�r�o�m� �t�h�e� �L�M�M� �a�n�a�l�y�s�i�s� �a�r�e� �c�o�m�p�a�r�e�d� �w�i�t�h� �d�a�t�a� �g�e�n�e�r�-� 

�a�t�e�d� �b�y� �S�t�r�o�u�d�,� �e�t� �a�/�®� �f�o�r� �s�q�u�a�r�e� �m�e�t�a�l�l�i�c� �p�l�a�t�e�s� �w�i�t�h� �l�o�n�g�i�t�u�d�i�n�a�l� �b�l�a�d�e� �s�t�i�f�f�e�n�e�r�s�,� �u�n�d�e�r� �c�o�m�-� 

�p�r�e�s�s�i�o�n� �a�n�d� �s�h�e�a�r�.� �A�l�t�h�o�u�g�h� �d�a�t�a� �f�o�r� �c�o�m�p�o�s�i�t�e� �b�l�a�d�e�-�s�t�i�f�f�e�n�e�d� �p�a�n�e�l�s� �i�s� �i�n�c�l�u�d�e�d� �i�n� �t�h�e� �r�e�p�o�r�t�,� 

�a�n� �a�n�g�l�e�-�p�l�y� �s�t�i�f�f�e�n�e�r� �l�a�y�u�p� �w�a�s� �u�s�e�d�,� �w�h�i�l�e� �t�h�e� �p�r�e�s�e�n�t� �a�n�a�l�y�s�i�s� �c�a�n� �o�n�l�y� �a�c�c�o�m�m�o�d�a�t�e� 

�u�n�i�d�i�r�e�c�t�i�o�n�a�l� �s�t�i�f�f�e�n�e�r� �m�a�t�e�r�i�a�l�.� �I�n�t�e�r�n�a�l� �l�o�a�d� �d�i�s�t�r�i�b�u�t�i�o�n�s� �a�n�d� �b�u�c�k�l�i�n�g� �l�o�a�d�s� �w�e�r�e� �c�o�m�p�u�t�e�d� �b�y� 

�S�t�r�o�u�d�,� �e�t�a�/� �u�s�i�n�g� �t�h�e� �l�i�n�k�e�d�-�p�l�a�t�e� �p�r�o�g�r�a�m� �P�A�S�C�O� �a�n�d� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �p�r�o�g�r�a�m�s� �E�A�L� �a�n�d� 

�S�T�A�G�S�.� �T�h�e� �t�e�s�t� �p�a�n�e�l�s� �w�e�r�e� �3�0� �i�n�c�h�e�s� �s�q�u�a�r�e� �w�i�t�h� �s�i�x� �e�q�u�a�l�l�y�-�s�p�a�c�e�d� �b�l�a�d�e� �s�t�i�f�f�e�n�e�r�s� �o�n� �o�n�e� �s�i�d�e� 

�o�f� �t�h�e� �s�k�i�n�.� �A�l�l� �f�o�u�r� �e�d�g�e�s� �o�f� �t�h�e� �p�a�n�e�l�,� �i�n�c�l�u�d�i�n�g� �b�o�t�h� �s�t�i�f�f�e�n�e�r�s� �a�n�d� �s�k�i�n�,� �w�e�r�e� �s�u�m�p�l�y� �s�u�p�p�o�r�t�e�d�.� 

�T�h�e� �l�o�a�d�s� �w�e�r�e� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �u�n�i�a�x�i�a�l� �c�o�m�p�r�e�s�s�i�o�n� �N�V�,� �a�n�d� �s�h�e�a�r� �N�,�,�.� �T�h�e� �p�a�n�e�l�s� �w�e�r�e� �m�o�d�e�l�l�e�d� 

�w�i�t�h� �t�h�e� �E�A�L� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �p�r�o�g�r�a�m� �u�s�i�n�g� �a� �f�o�u�r�-�n�o�d�e�,� �q�u�a�d�r�i�l�a�t�e�r�a�l�,� �c�o�m�b�i�n�e�d� �m�e�m�b�r�a�n�e� �a�n�d� 

�b�e�n�d�i�n�g� �e�l�e�m�e�n�t�.� �T�w�o� �e�l�e�m�e�n�t�s� �w�e�r�e� �u�s�e�d� �a�l�o�n�g� �t�h�e� �d�e�p�t�h� �o�f� �t�h�e� �b�l�a�d�e�,� �4� �e�l�e�m�e�n�t�s� �b�e�t�w�e�e�n� �t�h�e� 
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�b�l�a�d�e�s�,� �a�n�d� �3�6� �e�l�e�m�e�n�t�s� �a�l�o�n�g� �t�h�e� �s�t�i�f�f�e�n�e�r� �l�e�n�g�t�h�,� �f�o�r� �a� �t�o�t�a�l� �o�f� �1�2�9�6� �e�l�e�m�e�n�t�s� �a�n�d� �1�3�6�9� �n�o�d�e�s�.� �T�h�e� 

�g�e�o�m�e�t�r�y� �a�n�d� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�s�h� �f�o�r� �t�h�e� �s�t�i�f�f�e�n�e�d� �p�a�n�e�l�s� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �1�5�.� 
�a� 

�S�e�v�e�r�a�l� �m�o�d�i�f�i�c�a�t�i�o�n�s� �t�o� �t�h�e� �L�M�M� �a�n�a�l�y�s�i�s� �p�r�o�g�r�a�m� �w�e�r�e� �r�e�q�u�i�r�e�d� �t�o� �a�c�c�o�m�m�o�d�a�t�e� �t�h�e� �t�e�s�t� �p�a�n�e�l� 

�g�e�o�m�e�t�r�y�.� �T�h�e� �s�p�a�c�i�n�g� �o�f� �t�h�e� �l�o�n�g�i�t�u�d�i�n�a�l� �s�t�i�f�f�e�n�e�r�s� �i�n� �t�h�e� �p�a�p�e�r� �d�i�f�f�e�r�s� �f�r�o�m� �t�h�e� �c�o�n�v�e�n�t�i�o�n� �i�n� �t�h�e� 

�p�r�e�s�e�n�t� �d�e�s�i�g�n� �s�t�u�d�y�.� �A�l�s�o�,� �f�r�e�e� �e�x�p�a�n�s�i�o�n� �i�n� �t�h�e� �X� �d�i�r�e�c�t�i�o�n� �o�f� �t�h�e� �p�l�a�t�e� �u�n�d�e�r� �Y� �d�i�r�e�c�t�i�o�n� �c�o�m�-� 

�p�r�e�s�s�i�o�n� �w�a�s� �r�e�q�u�i�r�e�d�.� �T�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �s�t�i�f�f�e�n�e�r�s� �a�r�e� �o�n�l�y� �o�n� �o�n�e� �s�i�d�e� �o�f� �t�h�e� �p�l�a�t�e� �m�u�s�t� �a�l�s�o� �b�e� 

�a�c�c�o�u�n�t�e�d� �f�o�r�.� �V�a�r�i�o�u�s� �a�p�p�r�o�a�c�h�e�s� �h�a�v�e� �b�e�e�n� �s�u�g�g�e�s�t�e�d� �i�n� �t�h�e� �l�i�t�e�r�a�t�u�r�e� �t�o� �c�a�l�c�u�l�a�t�e� �a�n� �a�p�p�a�r�e�n�t� 

�o�r� �e�f�f�e�c�t�i�v�e� �m�o�m�e�n�t� �o�f� �i�n�e�r�t�i�a� �f�o�r� �s�t�i�f�f�e�n�e�r�s� �o�n� �o�n�e� �s�i�d�e� �o�f� �a� �p�l�a�t�e�.� �T�h�e�s�e� �a�t�t�e�m�p�t� �t�o� �a�c�c�o�u�n�t� �f�o�r� 

�t�h�e� �f�a�c�t� �t�h�a�t� �b�e�n�d�i�n�g� �o�f� �t�h�e� �p�a�n�e�l� �c�a�u�s�e�s� �t�h�e� �s�k�i�n� �t�o� �u�n�d�e�r�g�o� �s�i�g�n�i�f�i�c�a�n�t� �s�t�r�e�t�c�h�i�n�g�,� �t�h�e�r�e�b�y� �i�n�-� 

�c�r�e�a�s�i�n�g� �t�h�e� �a�p�p�a�r�e�n�t� �f�l�e�x�u�r�a�l� �n�g�i�d�i�t�y� �o�f� �t�h�e� �s�t�i�f�f�e�n�e�r�s�.� �T�h�e� �m�e�t�h�o�d� �p�r�o�p�o�s�e�d� �b�y� �T�i�m�o�s�h�e�n�k�o� �a�n�d� 

�G�e�r�e�*�®� �i�s� �t�o� �c�a�l�c�u�l�a�t�e� �t�h�e� �s�t�i�f�f�e�n�e�r� �m�o�m�e�n�t� �o�f� �i�n�e�r�t�i�a� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �s�u�r�f�a�c�e� �w�h�e�r�e� �t�h�e� �s�t�i�f�f�e�n�e�r� 

�m�e�e�t�s� �t�h�e� �p�l�a�t�e�.� �T�h�i�s� �c�o�n�v�e�n�t�i�o�n� �w�a�s� �u�s�e�d� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �e�x�a�m�p�l�e� �w�i�t�h� �t�h�e� �s�i�n�g�l�e� �l�o�n�g�i�t�u�d�i�n�a�l� 

�s�t�i�f�f�e�n�e�r�.� �F�o�r� �t�h�e� �m�u�l�t�i�p�l�e� �s�t�i�f�f�e�n�e�r� �p�a�n�e�l� �a�n� �e�f�f�e�c�t�i�v�e�-�w�i�d�t�h� �c�o�n�c�e�p�t� �d�e�s�c�r�i�b�e�d� �b�y� �D�o�n�n�e�l�l�*� �w�a�s� 

�c�h�o�s�e�n�.� �T�h�i�s� �a�p�p�r�o�a�c�h� �c�a�l�c�u�l�a�t�e�s� �a�n� �e�f�f�e�c�t�i�v�e� �m�o�m�e�n�t� �o�f� �i�n�e�r�t�i�a� �f�o�r� �e�a�c�h� �s�t�i�f�f�e�n�e�r� �d�e�p�e�n�d�e�n�t� �o�n� �i�t�s� 

�p�o�s�i�t�i�o�n� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �e�d�g�e�s� �o�f� �t�h�e� �p�a�n�e�l�.� �T�h�i�s� �r�e�s�u�l�t�s� �i�n� �a� �d�i�f�f�e�r�e�n�t� �m�o�m�e�n�t� �o�f� �i�n�e�r�t�i�a� �f�o�r� �e�a�c�h� 

�o�f� �t�h�e� �t�h�r�e�e� �(�u�s�i�n�g� �s�y�m�m�e�t�r�y�)� �s�t�i�f�f�e�n�e�r� �p�o�s�i�t�i�o�n�s�.� �T�h�e� �L�M�M� �a�n�a�l�y�s�i�s� �p�r�o�g�r�a�m�,� �h�o�w�e�v�e�r�,� �p�r�e�s�e�n�t�l�y� 

�a�s�s�u�m�e�s� �t�h�a�t� �t�h�e� �m�o�m�e�n�t� �o�f� �i�n�e�r�t�i�a� �i�s� �t�h�e� �s�a�m�e� �f�o�r� �e�v�e�r�y� �s�t�i�f�f�e�n�e�r�.� �F�o�r�t�u�n�a�t�e�l�y�,� �t�h�e� �t�h�r�e�e� �e�f�f�e�c�t�i�v�e� 

�m�o�m�e�n�t� �o�f� �i�n�e�r�t�i�a� �v�a�l�u�e�s� �c�a�l�c�u�l�a�t�e�d� �u�s�i�n�g� �t�h�e� �D�o�n�n�e�l�l� �m�e�t�h�o�d� �v�a�r�i�e�d� �v�e�r�y� �l�i�t�t�l�e�,� �s�o� �t�h�e�y� �w�e�r�e� �a�v�-� 

�e�r�a�g�e�d� �t�o� �a�r�r�i�v�e� �a�t� �a� �s�i�n�g�l�e� �v�a�l�u�e�.� �T�h�e� �c�h�a�n�g�e�s� �i�n� �s�t�i�f�f�e�n�e�r� �s�p�a�c�i�n�g�,� �t�r�a�n�s�v�e�r�s�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�,� 

�a�n�d� �s�t�i�f�f�e�n�e�r� �m�o�m�e�n�t� �o�f� �i�n�e�r�t�i�a� �w�e�r�e� �t�e�m�p�o�r�a�r�i�l�y� �i�m�p�l�e�m�e�n�t�e�d� �i�n� �t�h�e� �L�M�M� �a�n�a�l�y�s�i�s� �p�r�o�g�r�a�m� �f�o�r� 

�t�h�e� �p�u�r�p�o�s�e�s� �o�f� �t�h�i�s� �e�x�a�m�p�l�e�.� �T�h�e� �p�a�n�e�l�s� �w�e�r�e� �a�n�a�l�y�z�e�d� �w�i�t�h� �2�!� �a�n�d� �1�5� �t�e�r�m�s� �i�n� �t�h�e� �X� �a�n�d� �Y� �d�i�-� 

�r�e�c�t�i�o�n� �p�o�r�t�i�o�n�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �o�f� �t�h�e� �s�k�i�n� �d�e�f�l�e�c�t�i�o�n� �f�u�n�c�t�i�o�n� �(�M�f� �=� �2�1�,� �N�=� �1�5�)� �a�n�d� �1�5� �c�o�n�s�t�r�a�i�n�t� 

�p�o�i�n�t�s� �p�e�r� �s�t�i�f�f�e�n�e�r� �(�K� �=� �1�5�)�.� 

�T�w�o� �d�i�f�f�e�r�e�n�t� �p�a�n�e�l� �s�k�i�n� �t�h�i�c�k�n�e�s�s�e�s� �w�e�r�e� �c�o�n�s�i�d�e�r�e�d� �b�y� �S�t�r�o�u�d�,� �e�t� �a�l�.� �T�h�e� �f�i�r�s�t� �t�e�s�t� �p�a�n�e�l� �h�a�d� �a� 

�s�t�i�f�f�e�n�e�r� �h�e�i�g�h�t� �o�f� �1�.�3�5�2� �i�n�c�h� �(�m�e�a�s�u�r�e�d� �f�r�o�m� �t�h�e� �m�i�d�p�l�a�n�e� �o�f� �t�h�e� �s�k�i�n�)�,� �a� �s�t�i�f�f�e�n�e�r� �t�h�i�c�k�n�e�s�s� �o�f� �0�.�0�5�8� 

�i�n�c�h�,� �a�n�d� �a� �s�k�i�n� �t�h�i�c�k�n�e�s�s� �o�f� �0�.�0�8�4� �i�n�c�h�.� �T�h�e� �p�r�e�b�u�c�k�l�i�n�g� �i�n�t�e�r�n�a�l� �l�o�a�d� �d�i�s�t�r�i�b�u�t�i�o�n� �w�a�s� �c�a�l�c�u�l�a�t�e�d� 

�u�s�i�n�g� �P�A�S�C�O�,� �w�h�i�c�h� �w�a�s� �t�h�e�n� �i�n�p�u�t� �t�o� �E�A�L� �f�o�r� �t�h�e� �b�u�c�k�l�i�n�g� �a�n�a�l�y�s�i�s�.� �I�n� �t�h�e� �L�M�M� �a�n�a�l�y�s�i�s� �t�h�e� 
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�x�y� � � 
�3�0�,�0� �i�n�,� 

�(�7�6�.�2� �c�m�)� 

�(�A�)� � � 
�t�y� 

�3�0�,�0� �i�n�.� 
�{�7�6�.�2� �c�m�)� 

�a�.� 

� � 
�A�)� �G�e�o�m�e�t�r�y� �y�s�i�s� �L�o�n�g�i�t�u�d�i�n�a�l�l�y� �S�t�i�f�f�e�n�e�d� �I�s�o�t�r�o�p�i�c� �P�a�n�e�l� �f�o�r� �V�e�r�i�f�i�c�a�t�i�o�n� �o�f� �L�M�M� �A�n�a�l� 

�a�n�d� �L�o�a�d�i�n�g� �B�)� �F�i�n�i�t�e� �E�l�e�m�e�n�t� �M�e�s�h� �[�A�f�t�e�r� �S�t�r�o�u�d�,� �e�t� �a�/� �6�]� 
�F�i�g�u�r�e� �1�5�.� � � 
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�s�t�a�t�i�c� �l�o�a�d� �d�i�s�t�r�i�b�u�t�i�o�n� �i�s� �p�r�e�d�i�c�t�e�d� �b�y� �s�m�e�a�r�i�n�g� �t�h�e� �i�n�-�p�l�a�n�e� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �p�a�n�e�l�,� �a�s� �d�e�s�c�r�i�b�e�d� 

�i�n� �S�e�c�t�i�o�n� �3�.�1�.�1�.� �T�h�e� �s�k�i�n� �a�n�d� �s�t�i�f�f�e�n�e�r� �l�o�a�d�s� �c�o�m�p�u�t�e�d� �b�y� �t�h�e� �s�m�e�a�r�e�d� �a�n�a�l�y�s�i�s� �a�r�e� �c�o�m�p�a�r�e�d� �w�i�t�h� 

�t�h�e� �P�A�S�C�O� �r�e�s�u�l�t�s� �i�n� �T�a�b�l�e� �3�.� �F�o�r� �t�h�e� �c�o�m�b�i�n�e�d� �e�x�t�e�r�n�a�l�l�y� �a�p�p�l�i�e�d� �l�o�a�d� �o�f� �N�,� �=� �N�,�,� �=� �1�0�0�0� �I�b�f�/�i�n� 

�t�h�e� �t�w�o� �m�e�t�h�o�d�s�,� �a�s� �e�x�p�e�c�t�e�d�,� �a�r�e� �i�n� �p�e�r�f�e�c�t� �a�g�r�e�e�m�e�n�t�.� �N�o�t�e� �t�h�a�t� �t�h�e� �s�t�i�f�f�e�n�e�r� �s�h�e�a�r� �l�o�a�d� �f�o�r� �t�h�e� 

�s�m�e�a�r�e�d� �a�n�a�l�y�s�i�s� �i�s� �a�s�s�u�m�e�d�,� �n�o�t� �c�a�l�c�u�l�a�t�e�d�,� �t�o� �b�e� �z�e�r�o�.� 

�T�a�b�l�e� �3�.� �C�o�m�p�a�r�i�s�o�n� �o�f� �P�r�e�b�u�c�k�l�i�n�g� �I�n�t�e�r�n�a�l� �L�o�a�d� �D�i�s�t�r�i�b�u�t�i�o�n�s� �f�o�r� �L�o�n�g�i�t�u�d�i�n�a�l�l�y� �S�t�i�f�f�e�n�e�d� �I�s�o�t�r�o�p�i�c� 
�P�a�n�e�l�,� �T�h�i�c�k� �S�k�i�n� 

� � 

� � 

� � 

� � 

�L�o�a�d� �A�p�p�l�i�e�d� �t�o� �P�a�n�e�l�:� �N�,�=�N�,�,�=� �1�0�0�0� �l�b�f�/�i�n� 

�L�o�a�d� �T�e�p�e� �S�k�i�n� �L�o�a�d� �R�e�s�u�l�t�a�n�t� �(�I�b�f�/�i�n�)� �{�|� �S�t�i�f�f�e�n�e�r� �L�o�a�d� �R�e�s�u�l�t�a�n�t� �(�I�b�f�/�i�n�)� 

�P�A�S�C�O� �S�m�e�a�r�e�d� �P�A�S�C�O� �S�m�e�a�r�e�d� 

�C�o�m�p�r�e�s�s�i�o�n� �8�4�2�.�6�7� �8�4�2�.�6�7� �5�8�1�.�8�4� �5�8�1�.�8�4� 
�S�h�e�a�r� �1�0�0�0�.�0�0� �1�0�0�0�.�0�0� �0� �=�0� � � � � � � � � � � � � 
� � 

�T�h�e� �b�u�c�k�l�i�n�g� �l�o�a�d�s� �f�r�o�m� �t�h�e� �E�A�L� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d� �[�F�E�M�]� �a�n�a�l�y�s�i�s� �a�n�d� �t�h�e� �L�M�M� �a�n�a�l�y�s�i�s� 

�a�r�e� �c�o�m�p�a�r�e�d� �i�n� �T�a�b�l�e� �4�.� �F�o�r� �a�l�l� �a�p�p�l�i�e�d� �l�o�a�d� �c�o�m�b�i�n�a�t�i�o�n�s�,� �t�h�e� �L�M�M� �a�n�a�l�y�s�i�s� �c�r�i�t�i�c�a�l� �e�i�g�e�n�v�a�l�u�e�s� 

�a�r�e� �h�i�g�h�e�r� �t�h�a�n� �t�h�o�s�e� �p�r�e�d�i�c�t�e�d� �b�y� �t�h�e� �F�E�M� �a�n�a�l�y�s�i�s�,� �b�u�t� �d�i�f�f�e�r� �b�y� �o�n�l�y� �2�.�8�%� �t�o� �6�.�2�%�.� �B�u�c�k�l�e�d� 

�m�o�d�e� �s�h�a�p�e�s� �f�o�r� �t�h�e� �p�a�n�e�l� �l�o�a�d�e�d� �b�y� �p�u�r�e� �s�h�e�a�r� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �1�6�.� �T�h�e� �m�o�d�e�s� �p�r�e�d�i�c�t�e�d� �b�y� 

�t�h�e� �t�w�o� �m�e�t�h�o�d�s� �a�r�e� �v�e�r�y� �c�l�o�s�e� �i�n� �f�o�r�m�.� 

�T�a�b�l�e� �4�.� �C�o�m�p�a�r�i�s�o�n� �o�f� �B�u�c�k�l�i�n�g� �L�o�a�d�s� �f�o�r� �L�o�n�g�i�t�u�d�i�n�a�l�l�y� �S�t�i�f�f�e�n�e�d� �I�s�o�t�r�o�p�i�c� �P�a�n�e�l�,� �T�h�i�c�k� �S�k�i�n� 

� � 

� � 

� � 

� � � � � � 

�A�p�p�l�i�e�d� �L�o�a�d�s� �(�I�b�f�/�i�n�)� �C�r�i�t�i�c�a�l� �E�i�g�e�n�v�a�l�u�e�s� �A� �c�p� �S�i�m�m� 
�A�F�E�M� 

�C�o�m�p�r�e�s�s�i�o�n� �N�,� �|� �S�h�e�a�r� �N�,�,� �d�r�e�M� �A�r�y�a� 

�0� �1�0�0�0� �0�.�8�1�3�8� �0�.�8�3�6�2� �1�.�0�2�8� 
�4�0�0� �1�0�0�0� �0�.�7�1�9�5� �0�.�7�4�0�1� �1�.�0�2�9� 

�1�0�0�0� �1�0�0�0� �0�.�6�0�6�1� �0�.�6�2�3�7� �1�.�0�2�9� 
�2�0�0�0� �1�0�0�0� �0�.�4�4�4�4� �0�.�4�5�8�8� �1�.�0�3�3� 
�5�0�0�0� �1�0�0�0� �0�.�1�9�2�9� �0�.�2�0�4�9� �1�.�0�6�2� 
�1�0�0�0� �0� �0�.�9�7�5�9� �1�.�0�3�5�8� �1�.�0�6�]� � � � � � � 
� � 

�T�h�e� �s�e�c�o�n�d� �b�l�a�d�e� �s�t�i�f�f�e�n�e�d� �p�a�n�e�l� �s�t�u�d�i�e�d� �b�y� �S�t�r�o�u�d�,� �e�t� �a�/� �w�a�s� �i�d�e�n�t�i�c�a�l� �t�o� �t�h�a�t� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �e�x�-� 

�a�m�p�l�e�,� �e�x�c�e�p�t� �t�h�a�t� �a� �t�h�i�n�n�e�r� �s�k�i�n� �o�f� �0�.�0�5�0� �i�n�c�h� �w�a�s� �s�u�b�s�t�i�t�u�t�e�d� �f�o�r� �t�h�e� �0�.�0�8�4� �i�n�c�h� �s�k�i�n�.� �T�h�e� 

�p�r�e�b�u�c�k�l�i�n�g� �l�o�a�d� �d�i�s�t�r�i�b�u�t�i�o�n� �a�s� �g�i�v�e�n� �i�n� �t�h�e� �r�e�p�o�r�t� �a�n�d� �a�s� �c�a�l�c�u�l�a�t�e�d� �b�y� �t�h�e� �p�r�e�s�e�n�t� �s�m�e�a�r�e�d� �a�n�a�l�-� 

�V�e�r�i�f�i�c�a�t�i�o�n� �a�n�d� �E�x�a�m�p�l�e�s� �9�9
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�F�i�g�u�r�e� �1�6�.� �C�o�m�p�a�r�i�s�o�n� �o�f� �B�u�c�k�l�e�d� �M�o�d�e� �S�h�a�p�e�s� �f�o�r� �L�o�n�g�i�t�u�d�i�n�a�l�l�y� �S�t�i�f�f�e�n�e�d� �I�s�o�t�r�o�p�i�c� �P�a�n�e�l�,� �T�h�i�c�k� 
�S�k�i�n�,� �S�h�e�a�r�:� �A�)� �F�E�M� �A�n�a�l�y�s�i�s� �[�A�f�t�e�r� �S�t�r�o�u�d�,� �e�¢� �a�/� �3�]� �B�)� �L�M�M� �A�n�a�l�y�s�i�s� 
� � 

�V�e�r�i�f�i�c�a�t�i�o�n� �a�n�d� �E�x�a�m�p�l�e�s� �1�0�0



�y�s�i�s� �a�r�e� �a�g�a�i�n� �i�n� �e�x�a�c�t� �a�g�r�e�e�m�e�n�t�.� �T�h�e� �b�u�c�k�l�i�n�g� �a�n�a�l�y�s�i�s� �r�e�s�u�l�t�s�,� �h�o�w�e�v�e�r�,� �d�i�f�f�e�r� �f�r�o�m� �t�h�o�s�e� �i�n� �t�h�e� 

�t�h�i�c�k� �s�k�i�n� �e�x�a�m�p�l�e� �a�s� �a�l�l� �L�M�M� �b�u�c�k�l�i�n�g� �l�o�a�d�s� �a�r�e� �n�o�w� �m�o�r�e� �c�o�n�s�e�r�v�a�t�i�v�e� �t�h�a�n� �t�h�e� �F�E�M� �p�r�e�d�-� 

�i�c�t�i�o�n�s� �(�T�a�b�l�e� �5�)�.� �T�h�e� �L�M�M� �p�u�r�e� �s�h�e�a�r� �b�u�c�k�l�i�n�g� �l�o�a�d� �i�s� �a�b�o�u�t� �5�%� �l�o�w� �w�h�i�l�e� �a�l�l� �c�o�m�p�r�e�s�s�i�o�n�-� 

�l�o�a�d�e�d� �p�a�n�e�l� �L�M�M� �b�u�c�k�l�i�n�g� �l�o�a�d�s� �a�r�e� �v�e�r�y� �c�o�n�s�i�s�t�e�n�t� �b�u�t� �a�r�o�u�n�d� �1�0�%� �l�o�w�.� �T�h�e� �b�u�c�k�l�e�d� �m�o�d�e� 

�s�h�a�p�e�s� �p�r�e�d�i�c�t�e�d� �b�y� �e�a�c�h� �a�n�a�l�y�s�i�s� �m�e�t�h�o�d� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �1�7� �f�o�r� �p�u�r�e� �s�h�e�a�r� �a�n�d� �a�l�s�o� �i�n� 

�F�i�g�u�r�e� �1�8� �f�o�r� �u�n�i�a�x�i�a�l� �c�o�m�p�r�e�s�s�i�o�n�.� �F�o�r� �b�o�t�h� �l�o�a�d� �c�o�n�d�i�t�i�o�n�s� �t�h�e� �m�o�d�e� �s�h�a�p�e�s� �a�p�p�e�a�r� �v�i�r�t�u�a�l�l�y� 

�i�d�e�n�t�i�c�a�l�.� 

�T�a�b�l�e� �5�.� �C�o�m�p�a�r�i�s�o�n� �o�f� �B�u�c�k�l�i�n�g� �L�o�a�d�s� �f�o�r� �L�o�n�g�i�t�u�d�i�n�a�l�l�y� �S�t�i�f�f�e�n�e�d� �I�s�o�t�r�o�p�i�c� �P�a�n�e�l�,� �T�h�i�n� �S�k�i�n� 

� � 

� � 

� � 

�2� 
�A�p�p�l�i�e�d� �L�o�a�d�s� �(�I�b�f�/�i�n�)� �C�r�i�t�i�c�a�l� �E�i�g�e�n�v�a�l�u�e�s� �1�-�,� �>� 

�C�o�m�p�r�e�s�s�i�o�n� �N�,� �|� �S�h�e�a�r� �N�,�,� �A�r�e�w� �A�l�M�M� �P�E�M� 

�0� �1�0�0�0� �0�.�2�7�6�7� �0�.�2�6�3�3� �0�.�9�5�2� 
�4�0�0� �1�0�0�0� �0�.�2�4�9�1� �0�.�2�2�5�5� �0�.�9�0�5� 

�1�0�0�0� �1�0�0�0� �0�.�1�8�8�1� �0�.�1�6�9�3� �0�.�9�0�0� 
�2�0�0�0� �1�0�0�0� �0�.�1�2�5�3� �0�.�1�1�2�5� �0�.�8�9�8� 
�4�0�0�0� �1�0�0�0� �0�.�0�7�0�6�4� �0�.�0�6�3�3�2� �0�.�8�9�6� 
�1�0�0�0� �0� �0�.�2�9�6�5� �0�.�2�6�5�6� �0�.�8�9�6� � � � � � � � � � � � � � � 

�S�o�m�e� �o�b�s�e�r�v�a�t�i�o�n�s� �m�a�y� �b�e� �m�a�d�e� �r�e�g�a�r�d�i�n�g� �t�h�e� �L�M�M� �a�n�d� �F�E�M� �b�u�c�k�l�i�n�g� �a�n�a�l�y�s�i�s� �r�e�s�u�l�t�s�.� �I�n� �t�h�e� 

�f�i�r�s�t�,� �t�h�i�c�k�-�s�k�i�n� �e�x�a�m�p�l�e� �t�h�e� �p�a�n�e�l� �b�u�c�k�l�e�d� �i�n� �t�h�r�e�e� �h�a�l�f�-�w�a�v�e�s� �a�c�r�o�s�s� �t�h�e� �s�i�x� �s�t�i�f�f�e�n�e�r�s� �(�F�i�g�u�r�e� �1�6�)�.� 

�F�o�r� �t�h�i�s� �g�e�n�e�r�a�l�i�z�e�d� �o�u�t�-�o�f�-�p�l�a�n�e� �m�o�d�e� �w�i�t�h� �l�a�r�g�e� �s�t�i�f�f�e�n�e�r� �d�e�f�o�r�m�a�t�i�o�n�s�,� �t�h�e� �t�h�e� �L�M�[�M� �r�e�s�u�l�t�s� �w�e�r�e� 

�h�i�g�h�e�r� �b�u�t�,� �i�n� �m�o�s�t� �c�a�s�e�s�,� �c�o�m�p�a�r�a�b�l�e� �t�o� �t�h�e� �F�E�M� �r�e�s�u�l�t�s�.� �T�h�e� �s�e�c�o�n�d�,� �t�h�i�n�-�s�k�i�n� �p�a�n�e�l�,� �o�n� �t�h�e� 

�o�t�h�e�r� �h�a�n�d�,� �h�a�s� �b�u�c�k�l�i�n�g� �m�o�d�e�s� �w�h�i�c�h� �a�r�e� �m�o�r�e� �l�o�c�a�l�i�z�e�d�,� �p�a�r�t�i�c�u�l�a�r�l�y� �s�o� �f�o�r� �c�o�m�p�r�e�s�s�i�o�n�.� �T�h�e� 

�L�M�M� �b�u�c�k�l�i�n�g� �l�o�a�d�s� �a�r�e� �a�l�l� �c�o�n�s�e�r�v�a�t�i�v�e� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �F�E�M� �r�e�s�u�l�t�s�,� �b�u�t� �a�g�a�i�n� �t�o� �a� �g�r�e�a�t�e�r� 

�d�e�g�r�e�e� �w�h�e�n� �c�o�m�p�r�e�s�s�i�v�e� �l�o�a�d�s� �a�r�e� �p�r�e�s�e�n�t�.� �I�t� �i�s� �p�o�s�s�i�b�l�e� �t�h�a�t� �c�r�i�t�i�c�a�l� �l�o�a�d�s� �f�o�r� �l�o�c�a�l�i�z�e�d� �b�u�c�k�l�i�n�g� 

�m�o�d�e�s� �a�r�e� �u�n�d�e�r�e�s�t�i�m�a�t�e�d� �b�y� �t�h�e� �p�r�e�s�e�n�t� �L�M�M� �a�n�a�l�y�s�i�s� �d�u�e� �t�o� �t�h�e� �l�a�c�k� �o�f� �l�o�c�a�l� �r�e�s�t�r�a�i�n�t� �a�t� �t�h�e� 

�j�u�n�c�t�i�o�n� �o�f� �t�h�e� �s�k�i�n� �a�n�d� �s�t�i�f�f�e�n�e�r�s� �(�a� �r�e�s�u�l�t� �o�f� �n�e�g�l�e�c�t�i�n�g� �s�t�i�f�f�e�n�e�r� �t�o�r�s�i�o�n�a�l� �n�g�i�d�i�t�y�)�.� �C�a�u�t�i�o�n� �s�h�o�u�l�d� 

�b�e� �u�s�e�d� �i�n� �t�h�i�s� �i�n�t�e�r�p�r�e�t�a�t�i�o�n�,� �h�o�w�e�v�e�r�,� �a�s� �t�h�e� �L�M�M� �r�e�s�u�l�t�s� �f�o�r� �t�h�e�s�e� �t�w�o� �p�a�n�e�l�s� �a�r�e� �s�o�m�e�w�h�a�t� 

�d�e�p�e�n�d�e�n�t� �o�n� �t�h�e� �m�e�t�h�o�d� �o�f� �e�s�t�i�m�a�t�i�n�g� �t�h�e� �e�f�f�e�c�t�i�v�e� �m�o�m�e�n�t� �o�f� �i�n�e�r�t�i�a� �f�o�r� �t�h�e� �s�t�i�f�f�e�n�e�r�s�.� 

�V�e�r�i�f�i�c�a�t�i�o�n� �a�n�d� �E�x�a�m�p�l�e�s� �1�0�1
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�F�i�g�u�r�e� �1�8�.� �C�o�m�p�a�r�i�s�o�n� �o�f� �B�u�c�k�l�e�d� �M�o�d�e� �S�h�a�p�e�s� �f�o�r� �L�o�n�g�i�t�u�d�i�n�a�l�l�y� �S�t�i�f�f�e�n�e�d� �{�s�o�t�r�o�p�i�c� �P�a�n�e�l�,� �T�h�i�n� 
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�T�o� �c�o�m�p�l�e�t�e� �t�h�e� �v�e�r�i�f�i�c�a�t�i�o�n� �o�f� �t�h�e� �L�M�M� �a�n�a�l�y�s�i�s�,� �i�t� �w�a�s� �d�e�s�i�r�e�d� �t�o� �c�h�e�c�k� �r�e�s�u�l�t�s� �f�o�r� �a� �g�e�o�d�e�s�i�c�a�l�l�y� 

�s�t�i�f�f�e�n�e�d� �p�a�n�e�l�.� �H�o�w�e�v�e�r�,� �n�o� �r�e�f�e�r�e�n�c�e�s� �w�i�t�h� �b�u�c�k�l�i�n�g� �d�a�t�a� �f�o�r� �g�e�o�d�e�s�i�c�a�l�l�y� �s�t�i�f�f�e�n�e�d� �p�a�n�e�l�s� �w�e�r�e� 

�f�o�u�n�d� �i�n� �t�h�e� �l�i�t�e�r�a�t�u�r�e�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �p�r�o�g�r�a�m� �C�S�M� �T�e�s�t�b�e�d�®� �w�a�s� �u�s�e�d� �t�o� �a�n�a�l�y�z�e� 

�a� �t�y�p�i�c�a�l� �g�e�o�d�e�s�i�c� �p�a�n�e�l� �u�n�d�e�r� �u�n�i�a�x�i�a�l� �c�o�m�p�r�e�s�s�i�v�e� �l�o�a�d�.� �T�h�e� �t�e�s�t� �p�a�n�e�l�,� �8�0� �i�n�c�h�e�s� �l�o�n�g� �b�y� �2�8� 

�i�n�c�h�e�s� �h�i�g�h�,� �h�a�d� �t�h�r�e�e� �c�r�o�s�s�-�s�t�i�f�f�e�n�e�d� �c�e�l�l�s�.� �T�h�e� �q�u�a�s�i�-�i�s�o�t�r�o�p�i�c� �[�-�4�5�/�4�5�/�9�0�/�0�]�,� �s�k�i�n� �l�a�m�i�n�a�t�e� �w�a�s� �0�.�2� 

�i�n�c�h� �t�h�i�c�k�,� �t�h�e� �s�t�i�f�f�e�n�e�r�s� �w�e�r�e� �0�.�2� �i�n�c�h� �t�h�i�c�k�,� �a�n�d� �f�o�u�r� �d�i�f�f�e�r�e�n�t� �s�t�i�f�f�e�n�e�r� �h�e�i�g�h�t�s� �o�f� �0�.�5�,� �0�.�7�5�,� �1�.�0�,� �a�n�d� 

�1�.�2�5� �i�n�c�h� �w�e�r�e� �c�o�n�s�i�d�e�r�e�d�.� �M�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �u�s�e�d� �a�r�e� �a�s� �s�h�o�w�n� �i�n� �T�a�b�l�e� �1� �o�n� �p�a�g�e� �2�3�.� �F�o�r� �t�h�e� 

�F�E�M� �a�n�a�l�y�s�i�s�,� �t�h�e� �p�a�n�e�l� �w�a�s� �m�o�d�e�l�l�e�d� �w�i�t�h� �n�i�n�e�-�n�o�d�e� �c�o�m�b�i�n�e�d� �m�e�m�b�r�a�n�e� �a�n�d� �b�e�n�d�i�n�g� 

�q�u�a�d�r�i�l�a�t�e�r�a�l� �e�l�e�m�e�n�t�s�.� �A� �m�e�s�h� �1�8� �e�l�e�m�e�n�t�s� �l�o�n�g� �b�y� �6� �e�l�e�m�e�n�t�s� �w�i�d�e� �f�o�r� �t�h�e� �s�k�i�n� �a�l�o�n�g� �w�i�t�h� �6� �e�l�e�-� 

�m�e�n�t�s� �l�o�n�g� �b�y� �2� �e�l�e�m�e�n�t�s� �d�e�e�p� �m�e�s�h�e�s� �f�o�r� �e�a�c�h� �s�t�i�f�f�e�n�e�r� �w�a�s� �s�e�l�e�c�t�e�d�,� �f�o�r� �a� �t�o�t�a�l� �o�f� �1�8�0� �e�l�e�m�e�n�t�s�.� 

�T�h�e� �p�a�n�e�l� �g�e�o�m�e�t�r�y� �a�n�d� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�s�h� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �1�9�.� �T�h�e� �L�M�M� �a�n�a�l�y�s�i�s� �u�s�e�d� �1�7� 

�a�n�d� �9� �t�e�r�m�s� �i�n� �t�h�e� �X� �a�n�d� �Y� �d�i�r�e�c�t�i�o�n�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �s�k�i�n� �d�e�f�l�e�c�t�i�o�n� �f�u�n�c�t�i�o�n�s� �a�n�d� �1�3� �c�o�n�s�t�r�a�i�n�t� �p�o�i�n�t�s� 

�p�e�r� �s�t�i�f�f�e�n�e�r� �(�M� �=� �1�7�,� �N�=�9�,� �K� �=� �1�3�)�.� 

�T�h�e� �f�i�r�s�t� �s�t�e�p� �i�n� �t�h�e� �F�E�M� �a�n�a�l�y�s�i�s� �o�f� �t�h�e� �p�a�n�e�l� �t�s� �a� �s�t�a�t�i�c� �a�n�a�l�y�s�t�s�,� �w�h�e�r�e� �a� �u�n�i�f�o�r�m� �a�x�i�a�l� �d�i�s�p�l�a�c�e�-� 

�m�e�n�t� �i�n� �t�h�e� �Y� �d�i�r�e�c�t�i�o�n� �i�s� �i�m�p�o�s�e�d�.� �E�q�u�i�v�a�l�e�n�t� �l�o�a�d� �r�e�s�u�l�t�a�n�t�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �b�y� �s�u�m�m�i�n�g� �n�o�d�a�l� 

�r�e�a�c�t�i�o�n�s� �a�n�d� �a�v�e�r�a�g�i�n�g� �t�h�e� �t�o�t�a�l� �l�o�a�d� �o�v�e�r� �t�h�e� �p�a�n�e�l� �w�i�d�t�h�.� �T�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �t�h�e� �a�p�p�l�i�e�d� �l�o�a�d� 

�b�e�t�w�e�e�n� �t�h�e� �s�k�i�n� �a�n�d� �t�h�e� �s�t�i�f�f�e�n�e�r�s�,� �a�s� �p�r�e�d�i�c�t�e�d� �b�y� �t�h�e� �s�m�e�a�r�e�d� �a�n�a�l�y�s�i�s�,� �a�g�r�e�e�s� �c�l�o�s�e�l�y� �w�i�t�h� �t�h�e� 

�F�E�M� �r�e�s�u�l�t�s� �(�T�a�b�l�e� �6�)�.� 
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�F�E�M� �S�m�e�a�r�e�d� �F�E�M� �S�m�e�a�r�e�d� 

�0�.�5� �9�3�9�.�3� �9�3�9�.�4� �1�1�1�7� �1�1�1�5� 
�0�.�7�5� �9�1�1�.�6� �9�1�1�.�8� �1�0�8�4� �1�0�8�2� 
�1�.�0� �8�8�5�.�6� �8�8�5�.�8� �1�0�5�3� �1�0�5�1� 
�1�.�2�5� �8�6�1�.�0� �8�6�1�.�2� �1�0�2�4� �1�0�2�2� � � � � � � � � � � � � � � 

�T�h�e� �c�o�m�p�r�e�s�s�i�v�e� �b�u�c�k�l�i�n�g� �l�o�a�d�s� �p�r�e�d�i�c�t�e�d� �b�y� �t�h�e� �F�E�M� �a�n�d� �L�M�M� �a�n�a�l�y�s�e�s� �a�r�e� �c�o�m�p�a�r�e�d� �f�o�r� �t�h�e�s�e� 

�s�a�m�e� �p�a�n�e�l�s� �(�T�a�b�l�e� �7�)�.� �T�h�e� �L�M�M� �p�r�e�d�i�c�t�i�o�n� �i�s� �o�n�l�y� �6�0�%� �o�f� �t�h�e� �F�E�M� �r�e�s�u�l�t� �f�o�r� �t�h�e� �0�.�5� �i�n�c�h� 
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