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Higher Order Immersed Finite Element Methods for Interface
Problems

Haroun Meghaichi

(ABSTRACT)

In this dissertation, we provide a unified framework for analyzing immersed finite element

methods in one spatial dimension, and we design a new geometry conforming IFE space in

two dimensions with optimal approximation capabilities, alongside with applications to the

elliptic interface problem and the hyperbolic interface problem.

In the first part, we discuss a general m-th degree IFE space for one dimensional interface

problems with many polynomial-like properties, then we develop a general framework for

obtaining error estimates for the IFE spaces developed for solving a variety of interface

problems, including but not limited to, the elliptic interface problem, the Euler-Bernoulli

beam interface problem, the parabolic interface problem, the transport interface problem,

and the acoustic interface problem.

In the second part, we develop a new m-th degree finite element space based on the differ-

ential geometry of the interface to solve interface problems in two spatial dimensions. The

proposed IFE space has optimal approximation capabilities, easy to construct, and the IFE

functions satisfy the interface conditions exactly. We provide several numerical examples to

demonstrate that the IFE space yields optimally converging solutions when applied to the

elliptic interface problem and the hyperbolic interface problem with a symmetric interior

penalty discontinuous Galerkin formulation.



Higher Order Immersed Finite Element Methods for Interface
Problems

Haroun Meghaichi

(GENERAL AUDIENCE ABSTRACT)

Interface problems appear naturally in many physics and Engineering applications where

a physical quantity is considered across materials of different physical properties, such as

heat transfer or sound propagation through different materials. Typically, these physical

phenomena are modelled by partial differential equations with discontinuous coefficients

representing the material properties.

The main topics of this dissertation are about the development and analysis of immersed

finite element methods for interface problems. The IFE method can use interface independent

meshes, and employs approximating functions that capture the features of the solution at

the interface.

Specifically, we provide a unified framework for analyzing one-dimensional IFE problems, and

we design a new framework to construct geometry conforming IFE spaces in two dimensions,

with applications to the elliptic interface problem and the hyperbolic interface problem.
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2.9 The relative dissipation Ẽh(t) for 0 ≤ t ≤ 10γ and m = 1, 2, 3. . . . . . . . . 80

3.1 An illustration of an interface-fitted mesh (left), and an unfitted Cartesian

mesh (right). The interface Γ is shown in red. . . . . . . . . . . . . . . . . . 96

3.2 Two examples of interface elements K. . . . . . . . . . . . . . . . . . . . . . 97

3.3 The point x is represented as g(ξ) + ηn(ξ). Here, ηn(ξ) is shown in blue. . . 100

3.4 An illustration of a Jordan curve Γ (red), its tubular neighborhood (light

blue), and normal vectors on Γ (blue). . . . . . . . . . . . . . . . . . . . . . 104

3.5 A tubular neighborhood of Γ (red) with non-intersecting normal lines (blue)

and parallel curves (black). . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

3.6 A uniform mesh Th such that each interface element is in N0, where the

boundary of N0 is in dark blue. . . . . . . . . . . . . . . . . . . . . . . . . . 113

3.7 An illustration of an interface element K and its associated fictitious Frenet

element KF . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

3.8 The plot on the right shows an example of an interface K and its associated

local fictitious element KF . The plot on the right shows their images under

the inverse Frenet transformation R. . . . . . . . . . . . . . . . . . . . . . . 114

3.9 An illustration of the small cut element K(ε) with ε = 10−1 (solid), ε = 10−2

(dashed) and ε = 10−3 (dashed and dotted). . . . . . . . . . . . . . . . . . . 125
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Chapter 1

Introduction

Many physical phenomena occur over different media separated by interfaces, which are

typically points, curves or surfaces depending on the dimension of the ambient space, leading

to an interface problem. We start this chapter with an overview of interface problems, and

we provide a review of the previously developed immersed finite element and dG methods

for interface problems. After that, we describe the topics of this dissertation. At the end,

we outline the structure of the dissertation.

1.1 An Overview of Numerical Methods for Interface

Problems

Interface problems are ubiquitous in science and engineering where a physical quantity, such

as temperature or pressure, is considered across two or more mediums with different physical

properties, such as conductivity or density. In many instances, the physics is modeled by

ordinary or partial differential equations, where the material properties are coefficients in

the equations. In the presence of multiple materials, these coefficients can be discontinuous

across the interface between two different materials, which could introduce a challenge to

the numerical methods used to solve the differential equations.

There are two major approaches for solving interface problems using a finite element or a

1
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dG method: Fitted methods [21, 28, 102, 105], where the mesh is constructed according to

the interface such that each element is on one side of the interface, and unfitted methods

where the mesh is independent of the interface. See Figure 1.1 for an illustration of a fitted

mesh and a Cartesian unfitted mesh.

Typically, unfitted methods offer numerous advantages over interface-fitted meshes. For

instance, an unfitted mesh is easy to construct, whereas a fitted mesh can be expensive

when the geometry of the interface is complex, or when the problem requires successive re-

meshing, such as topology optimization problems [2, 68, 89] and moving interface problems

[93, 96]. Unfortunately, using the traditional finite element with an unfitted mesh usually

leads to suboptimally convergent approximations [20]. For this reason, researchers explored

alternative approaches to develop optimally converging unfitted methods. Among those

methods, we mention the extended finite element method (XFEM) [24, 31, 103], the Cut-

FEM method [38, 59, 60, 74], the generalized finite element method (GFEM) [109, 110], and

the immersed finite element method discussed in this dissertation.

(a) An interface fitted mesh (b) An unfitted mesh

Figure 1.1: An interface-fitted mesh (left) and an unfitted mesh (right). The interface is
shown in red.

The immersed finite element method is an unfitted method. Thus, the interface is allowed to

intersect the interior of some elements, called interface elements. On non-interface elements,

The IFE method employs the traditional finite element polynomial spaces to approximate
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the solution, whereas, on the interface elements, the IFE method uses a Hsieh-Clough-Tocher

type macro element [39], where each shape function is a piecewise polynomial constructed

according to the interface conditions satisfied by the solution.

The immersed finite element was first used to solve the elliptic interface problem using

piecewise linear shape functions in one dimension [76]. Since then, the IFE method evolved

in many directions and was applied to multiple interface problems. In one spatial dimension,

higher order finite element methods were introduced and analyzed for the elliptic interface

problem [7] and optimal interpolation estimates were derived. Cubic Hermite IFE methods

for the fourth order Euler-Beam equation were discussed in [81, 101] and analyzed in [78].

A fully discrete IFE scheme was proposed for the parabolic interface problem [70] and a

method of lines was devised for the parabolic interface problem with a moving interface [82].

Lastly, vector IFE functions of degree 1 ≤ m ≤ 4 were used to solve the acoustic interface

with a discontinuous Galerkin formulation in [8, 88].

In two dimensions, linear and bilinear IFE spaces were discussed for the elliptic interface

problem [36, 50, 61, 62, 63, 67, 77, 112] where the interface conditions are enforced at a

selected number of points on the interface. To reduce the L∞ error of the method around

the interface, partial penalization techniques were introduced and analyzed in [84, 111],

where a penalty term, borrowed from the interior penalty dG method, is added to the

discrete formulation. However, the penalization here is only applied on the edges cut by

the interface. Multiple IFE methods were proposed for the elasticity interface problem using

linear and bilinear IFE functions [53, 57, 79] and using the so-called rotated Q1 IFE functions

[83] for its desirable locking-free feature. Partially penalized methods were applied to the

parabolic interface problem with a static interface [80, 85], and with a moving interface

[64] without the need to regenerate the mesh at every time step [49]. The Stokes interface

problem was studied extensively and discontinuous immersed DG methods were developed in
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[11, 14, 33] as well as partially penalized IFE methods based on the P 2-P 1 pair [35]. Recently,

bilinear and biquadratic immersed dG methods were introduced for the acoustic interface

problem [9, 88] and discrete stability results were derived. In addition to single-physics

interface problems, the immersed dG method was applied recently to the acoustic-elastic

wave propagation problem [17] where the acoustic wave is modeled by a system of three

PDEs, whereas the elastic wave is modeled by a system of five PDEs. Also, higher order

methods were developed in [5, 12, 13, 16, 25, 48, 51, 113] using different approaches for the

construction and the analysis of the IFE space, and three-dimensional IFE methods were

explored in [34, 52, 58, 71, 99].

The main feature of the IFE method is the IFE space. Typically, the IFE method employs

polynomials to approximate the solution on elements away from the interface, and uses a

special space, called the IFE space, on the interface elements. The IFE space consists of

piecewise polynomial functions that satisfy the interface conditions exactly (in one dimen-

sion) or approximately (in two or three dimensions). As for the formulation, the IFE method

usually uses the standard FE or dG discrete formulation, with minor changes if any. There-

fore, the bulk of the research conducted in the IFE method revolves around studying IFE

spaces.

We can classify the trends of the recent developments of the IFE method over the last decade

into four major categories:

• Higher order IFE methods: Higher order methods typically outperform low order meth-

ods, with the same number of degrees of freedom, significantly. Furthermore, higher

order methods allow us to use coarse meshes while retaining the desired accuracy, the

cost of the construction of the IFE spaces reduces greatly.

• Higher dimensional problems: In higher dimensions, generating interface fitted meshes

is expensive. Thus, unfitted methods are highly desirable.
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• Analysis of the current methods: Several proposed IFE methods lack rigorous error

analysis. Recently, many new techniques to analyze IFE methods have appeared [16,

18, 55] and motivated researchers in this direction.

• Applications: After the success of the IFE method to solve interface problems, there

is ongoing research to use the IFE method for multi-physics simulations [17], plasma

simulation [58] and inverse problems [48, 54, 56].

One of the main issues in the IFE method is the lack of a unifying framework. In general, the

IFE space constructed for a specific interface problem cannot be used for a different interface

problem. Furthermore, there are multiple methods to construct an IFE space for the same

problem. In some methods, the interface conditions are imposed on a set of points [5, 79, 112],

whereas in other methods, the interface conditions are imposed weakly [12, 16, 51]. Each

approach requires a different set of techniques to obtain an error estimate, which ultimately

slows the progress of research.

Another concern revolves around higher order IFE methods. In one spatial dimension, it

is relatively easy to construct higher order spaces. The same is not true in two and three

dimensions, where the construction is significantly more demanding.

1.2 Topics of the Dissertation

The contributions reported in this dissertation are twofold. Firstly, we focus on IFE spaces

constructed for some one-dimensional interface problems, where we revisit multiple IFE and

IDG methods that were proposed in the past to solve different interface problems, and we

provide a set of mathematical tools that can be employed to analyze IFE methods for a set

of interface problems.
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Secondly, we develop a new approach to construct IFE functions for two-dimensional interface

problems based on a local curvilinear coordinate system using the differential geometry of

the interface. In this coordinate system, the interface is a vertical line segment.

1.3 Analysis of IFE Methods in One Dimension

In one spatial dimension, we can observe that the IFE methods such as those in [8, 70, 76, 81]

are based on an IFE space of piecewise polynomial functions satisfying a condition of the

form

φ(k)(α+) = rkφ
(k)(α−), k = 0, 1, . . . ,m, (1.1)

where (rk)k is a positive sequence that depends on the pertinent problem, and φ(k) is the

k-th derivative of φ. For example, the IFE space for the elliptic interface problem


βu′′ = f, in (a, α) ∪ (α, b)

u(α+)− u(α−) = 0,

β+u′(α+)− β−u′(α−) = 0,

β(x) =


β+, x > α,

β−, x < α,

(1.2)

consists of piecewise polynomial functions that satisfy (1.1) with r0 = 1 and rk = β−

β+ for

k ≥ 1, assuming that f is a smooth function. We also subject u to appropriate boundary

conditions.

The general form (1.1) allows us to understand the IFE spaces more abstractly, and to

develop a rich theory around them. Furthermore, this approach has other advantages:

• By considering the general form, we can prove the existence of a Lagrange basis of any

degree relatively easily. Previously, the research in this topic focused on constructing
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a Lagrange basis for a specific interface problem at a time. For instance, in the case of

the elliptic interface problem, the sequence (rk)k is constant starting from k = 1, which

was used extensively in [7] to prove the existence of a Lagrange basis of degree m by

showing that a certain matrix is invertible. A similar approach for a more complicated

sequence (rk)k proved to be extremely difficult as reported in [88]. Instead, the author

was only able to symbolically check the existence of the Lagrange basis for degrees

1 ≤ m ≤ 4. In our framework, we show that functions in the m-th degree IFE space

have at most m roots, which immediately implies the existence of the Lagrange basis.

• Similarly to the idea above, by considering the general case, we are able to derive

several important results about IFE spaces, such as the inverse inequality and the

trace inequality.

• A general theory allows us to consider a variety of projection operators for the analysis

of IFE and IDG methods. Moreover, it allows us to re-purpose the classical projec-

tions used for non-interface problem, such as the Radau projection and the Lobatto

projection, to analyze IFE and IDG methods.

• This framework allows us to extend the classical scaling argument to the analysis of

immersed methods, whereas the previous analysis techniques relied on the multipoint

Taylor expansion [7, 78], which leads to cumbersome and lengthy calculations, even

for the simplest interface problem.

The last point is crucial and highly non-trivial. In the traditional finite element and dG

methods, each element in the mesh is mapped to the same reference element, where the

reference FE space is constructed. On the other hand, in the IFE method, when an interface

element is mapped to the reference element [0, 1], the interface point α is then mapped to a

point α̌ ∈ (0, 1), which, under mesh refinement, α̌ changes position in (0, 1). For this reason,

we need to guarantee that the inequalities employed in the scaling argument, such as the
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operator norm of the projection and the inverse inequality, hold independently of α̌.

To achieve this, we start by considering the reference element Ǐ = [0, 1] with an interface

point α̌ ∈ (0, 1). Now, let Vmα̌,r(Ǐ) be the space of all piecewise polynomial function φ̌ such

that φ̌|[0,α̌) and φ̌|(α̌,1] are polynomials of degree not exceeding m, and

φ̌(k)(α̌+) = rkφ̌
(k)(α̌−), k = 0, 1, . . . ,m, (1.3)

where r0, r1, . . . , rm are positive constants. We show that Vmα̌,r(Ǐ) shares many properties

with the polynomial space Pm(Ǐ), such as

• The dimension of Vmα̌,r(Ǐ) is m + 1. Furthermore, there is a bounded invertible map

from Vmα̌,r(Ǐ) to Pm([0, α̌)).

• The inverse inequality: Given φ̌ ∈ Vmα̌,r(Ǐ), we have
∥∥φ̌(1)

∥∥
0,Ǐ

≤ C ‖φ̌‖0,Ǐ , where C is

independent of α̌, φ̌(1) is the piecewise derivative of φ̌, and ‖·‖0,Ǐ is the L2 norm.

• If φ̌ ∈ Vmα̌,r(Ǐ), then φ̌ has at most m roots, counting multiplicities. Consequently, given

any ξ0, ξ1, . . . , ξm, there is a Lagrange basis {Li}mi=0 of Vmα̌,r(Ǐ) such that Li(ξj) = δi,j.

• If φ̌ ∈ Vmα̌,r(Ǐ) is orthogonal to Vm−1
α̌,r (Ǐ), then ‖φ̌‖0,Ǐ ≤ C(|φ̌(0)| + |φ̌(1)|). Again, C

here is independent of α̌.

Next, we shift our attention to the interface element Ik0 = [xk0−1, xk0−1 + h] which con-

tains the interface point α. Then, the local interface element space Vmα,r(Ik0) is constructed

directly from the reference element space Vmα̌,r(Ǐ) using the standard affine transformation.

We consider the immersed Sobolev space Hm+1
α,r (Ik0), the space of piecewise functions u that

satisfy the interface conditions u(k)(α+) = rku
(k)(α−) for 0 ≤ k ≤ m, and we consider a

projection Pm
α,r : Hm+1

α,r (Ik0) → Vmα,r(Ik0). Then, we show that if Pm
α,r is uniformly bounded
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(see Definition 2.7), then

∥∥u− Pm
α,ru

∥∥
0,Ik0

≤ Chm+1|u|m+1,Ik0
, (1.4)

where C is independent of α, and |u|m+1,Ik0
denotes the m+1 broken Sobolev semi-norm of

u on Ik0 . At this point, we are ready to apply our theory to analyze IFE and IDG methods.

For each method, we construct a suitable projection, we prove that it is well-defined and

uniformly bounded, then we use the classical finite element and dG techniques to obtain an

error estimate.

Below, we list the interface problems discussed in Chapter 2 with a brief description of our

contributions.

• The elliptic interface problem βu′′ = f : An IFE method for this problem was fully

analyzed in [7] using a multipoint expansion technique. Nevertheless, we provide a

simpler approach based on the immersed Lobatto projection.

• The parabolic interface problem ut = βuxx: Low order IFE methods for this problem

were discussed in [70] but no error analysis appeared. Even though the interface

conditions here are more complicated than those for the elliptic interface problem (see

(2.52)), we are able to use the immersed Lobatto projection to produce an optimal

error estimate.

• The Euler-Bernoulli beam interface problem βu(4) = f : In the literature, only cubic

IFE spaces were constructed and studied [78, 81], we expand those results to any degree

m using the immersed Hermite projection.

• The transport interface problem ut + cux = 0: Since this problem has not appeared

in the IFE/IDG literature, we presented a full analysis using an immersed Radau

projection with numerical examples to showcase the accuracy and robustness of the
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IDG scheme.

• The acoustic interface problem ut+Aux = 0: HereA is a discontinuous matrix function.

An IDG method was proposed for this problem in [8, 88] without error estimates. Here,

we provide a full analysis of the method based on the vector Radau projection.

Here, we acknowledge that the success of our theory is due in part to the simplicity of the

geometry in one dimension, where the interface is a point. Nevertheless, our theory presents

a different approach for the construction and analysis of IFE spaces, where the structure of

the IFE space is of utmost importance. Generally speaking, one can view the IFE space as

a direct consequence of imposing the interface conditions on a finite dimensional space of

piecewise functions, independently of the finite element or dG scheme used. This is similar

to the history of the finite element method, where polynomials were studied extensively

for centuries before they were employed in the FE method. In result, the finite element

community benefited from the rich theory of polynomial functions, such as the interpolation

capabilities, the well-studied orthogonal families, the inverse and trace inequalities, among

other properties that we consider elementary today.

Yet, another reason for the success of the error analysis can be attributed to the local

conformity of the IFE space, meaning that the IFE functions satisfy the interface conditions

exactly, which eliminates the necessity of penalty terms on the interface in the numerical

scheme, and simplifies the analysis of said scheme greatly.

The two observations given above led us to consider a new approach to construct IFE spaces

in two dimensions, where the geometry is simplified through a coordinate transformation

based on the differential geometry of the interface and the IFE space is locally conforming,

which we discuss next.
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1.4 The Frenet IFE Method in Two Dimensions

In order to illustrate the situation in two dimensions, we consider a domain Ω split by an

interface Γ into Ω− and Ω+ such that Γ = ∂Ω− ∩ ∂Ω+, and we consider the following elliptic

interface problem 
−∇ · (β∇u) = f, in Ω− ∪ Ω+,

u|∂Ω = g,

(1.5)

where the diffusion coefficient β is a piecewise constant positive function

β(x) =


β+, x ∈ Ω+,

β−, x ∈ Ω−.

(1.6)

Then, the solution u is the piecewise function

u(x) =


u+(x), x ∈ Ω+,

u−(x), x ∈ Ω−,

(1.7)

where, the functions u± satisfy the following elliptic partial differential equation


β±∆u± = f |Ω± , in Ω±,

u± = g, on ∂Ω ∩ ∂Ω±.

(1.8)

Here, note that the boundary conditions given above do not cover the interface Γ = ∂Ω− ∩

∂Ω+. In an interface problem, the values of u+ and u−, and possibly their derivatives, are

related on the interface via the so-called interface conditions, also known in the literature

as jump conditions, or transmission conditions. In this dissertation, we restrict ourselves to
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studying the homogeneous interface conditions [21, 28, 77]

u+|Γ − u−|Γ = 0, (Continuity condition) (1.9a)(
β+∇u+ · n

)
|Γ −

(
β−∇u− · n

)
|Γ = 0, (Flux continuity condition) (1.9b)

where n is the unit normal vector on Γ. Now, consider a rectangular element K split by the

interface Γ into K− ⊂ Ω− and K+ ⊂ Ω+, as shown in Figure 1.2. Naturally, we would seek

to find a piecewise polynomial function φ : K → R such that

Γ

K−

K+

Figure 1.2: An illustration of an element K split by the interface Γ into K− and K+.

φ(x) =


φ+(x), x ∈ K+,

φ−(x), x ∈ K−,

(1.10)

where φ− and φ+ are polynomial functions that satisfy the interface conditions (1.9) on

Γ ∩K, that is,

φ+|Γ∩K − φ−|Γ∩K = 0, (1.11a)(
β+∇φ+ · n

)
|Γ∩K −

(
β−∇φ− · n

)
|Γ∩K = 0. (1.11b)

However, finding two polynomials φ− and φ+ such that (1.11) holds is not always possible,

even for simple interfaces Γ. For example, consider the case where φ± are picewise linear

functions, and the Interface Γ is a circle. Then, the continuity conditions (1.11a) implies

that φ+ = φ−. Hence, the flux continuity condition(1.11b) becomes (β+ − β−)∇φ+ · n = 0,
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which eventually leads to φ+ = φ− = 0. This observation led researchers to consider other

ways to enforce the interface conditions (1.9) as discussed in Section 1.1.

Another issue, that is not emphasized often, is the hidden complexity in (1.11b), which,

when expanded is equivalent to

β+
(
φ+
x n1 + φ+

y n2

)
|Γ∩K − β− (φ−

x n1 + φ−
y n2

)
|Γ∩K = 0, (1.12)

where (n1, n2) = n are the components of the normal vector, which complicates the construc-

tion procedure of the IFE space [10, 17, 25], and add additional challenges when discussing

the dimension of the IFE space [12].

We note that these two issues were not present in one dimensional case, since interface

conditions (1.1) are simple and can be satisfied exactly by a piecewise polynomial function

φ. Similarly, in two dimensions, we do not observe these issues when the interface is trivial,

such as when the interface is a vertical line. At first, this might suggest approximating the

interface locally with a line segment, as done in [62, 77]. However, this approximation is

not suitable for higher order IFE methods since it introduces a discretization error of order

O(h2). Instead, we propose a different approach which yields IFE functions that satisfy the

interface conditions (1.11) exactly, and simplifies (1.12) considerably. Additionally, this new

approach is capable of constructing IFE spaces of any degree efficiently and reliably, without

the need for any user chosen parameters.

The key idea here lies in the differential geometry properties of the interface: If we consider

a parametrization g : I ⊂ R → R2 of Γ, then every point x ∈ Γ is of the form x = g(ξ) for

some ξ ∈ I. However, if x 6∈ Γ, then there is no ξ such that g(ξ) = x. Instead, we can search
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for the closest point to x on the curve Γ, which leads to the following minimization problem

Find ξx ∈ I, ‖x − g(ξx)‖2 = min
ξ∈I

‖x − g(ξ)‖2 , (1.13)

where ‖·‖ denotes the Euclidean norm. Then, by considering derivative of the distance

function d(ξ) = ‖x − g(ξ)‖2 at ξx, we obtain

g′(ξx) · (x − g(ξx)) = 0,

which suggests that x − g(ξx) = ηxn(ξx), where n(ξx) is the unit normal vector on Γ at

g(ξx), and ηx is a real number. Therefore, we observe that x = g(ξx) + ηxn(ξx), i.e. x is

characterized by the ξ-value of the closest point on the curve, and its (signed) distance from

the curve. Here, note that we are assuming that g is differentiable and that g′ is never zero,

these conditions (and more) will be discussed in details in Chapter 3.

Now, we observe that we have two transformations P and R, where P : (η, ξ) 7→ g(ξ)+ηn(ξ),

and R : x →7→ (ηx, ξx). It is easy to see that P is well-defined on R× I. However, it is not

clear whether R is well-defined since the minimization problem (1.13) might have multiple

solutions. As we will see later in Section 5.1, the map R is well-defined in a neighborhood

of Γ by the tubular neighborhood theorem [1]. Furthermore, the maps P and R are inverses

of each other.

Next, consider the map R and a point x ∈ Γ, since the distance from x to Γ is zero, then

R(x) = (0, ξx) for some ξx ∈ I. Hence, R maps points on the interface to points on the

vertical axis in the (η, ξ) frame. Furthermore, when the transformation R is applied to an

element cut by the interface, such as the one shown in Figure 1.2, we obtain a curvilinear

element, which we denote K̂ = R(K), such that K̂ is split by the vertical line segment

Γ̂ = R(Γ) into K̂− and K̂+, as illustrated in Figure 1.3. More importantly, if u : K → R
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Γ

K−

K+

η = 0

R

R

K̂+

K̂−

Figure 1.3: The curved interface Γ (left) mapped to the vertical line η = 0 (right) by the
transformation R.

satisfies the interface conditions (1.9), then û = u ◦ P : K̂ → R satisfies

û+(0, ξ) = û−(0, ξ), (1.14a)

β+û+η (0, ξ) = β−û−η (0, ξ), (1.14b)

for all ξ ∈ R(Γ ∩ K), where û± = û|K̂± . Note here that the new interface conditions

(1.14) are extremely similar to the one dimensional interface conditions (1.1) with α = 0.

Furthermore, these new interface conditions are much simpler than (1.9) since the normal

derivative is now a derivative with respect to η, and the interface is merely a segment on the

line η = 0. Additionally, we note that it is relatively easy to construct a piecewise polynomial

function φ̂ : K̂ → R that satisfies (1.14) exactly, that is

φ̂+(0, ξ) = φ̂−(0, ξ), (1.15a)

β+φ̂+
η (0, ξ) = β−φ̂−

η (0, ξ). (1.15b)

For instance, the functions φ̂0, φ̂1 and φ̂2 shown below satisfy (1.15) exactly.

φ̂0(η, ξ) = 1, φ̂1(η, ξ) = ξ, φ̂2(η, ξ) =


η
β+ , (η, ξ) ∈ K̂+,

η
β− , (η, ξ) ∈ K̂−.

(1.16)
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Higher order basis functions can be obtained easily by adding the Laplacian interface con-

ditions (3.1d) to (1.11), yielding a Frenet IFE space V̂mβ (K̂) of dimension (m+ 1)2. Next, a

local Frenet IFE space Vmβ (K) is formed using the transformation R, that is, the local IFE

space consists of functions of the form φ = φ̂ ◦R where φ̂ ∈ V̂mβ (K̂).

Again, we recall that, unlike the traditional IFE functions, the functions in the local Frenet

IFE space are continuous since they satisfy (1.11) exactly. To see this more clearly, we

present in Figure 1.4 a bilinear IFE function constructed using [61, 62] on the left. On the

right, we present the newly introduced φ2 = φ̂2 ◦ R, where φ̂2 is defined in (1.16). The

former is only continuous at two points on the interface, whereas the latter is continuous

everywhere on the element.

(a) A traditional IFE function [77]. (b) The function φ̂2 from (1.16).

Figure 1.4: An illustration of a traditional IFE function (left) and a Frenet IFE function
(right).

Another advantage of the Frenet IFE method is the simplicity of the construction. In fact,

out of the (m+1)2 basis functions for V̂mβ (K̂), m(m+1) of them are given explicitly by the
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following formula

φ̂i,j(η, ξ) =


1
β+ ξ

iηj, (η, ξ) ∈ K̂+,

1
β− ξ

iηj, (η, ξ) ∈ K̂−,

0 ≤ i ≤ m, 1 ≤ j ≤ m.

Thus, it remains to construct the remaining m+1 basis functions by solving a linear system,

which is described thoroughly in Chapter 3.

In addition to its simplicity, the Frenet IFE space has optimal approximation capabilities: If

û : K̂ → R is smooth and satisfies the interface conditions on the flattened interface η = 0,

then ∥∥∥û− P̂hû
∥∥∥
0,K̂

≤ Chm+1|û|m+1,K̂ ,

where P̂hû is the L2 projection of û onto V̂mβ (K̂), and C is independent of the relative

position of the interface, the mesh size h, and the diffusion coefficients β±. Consequently, if

u : K → R satisfies the interface conditions on the physical interface Γ, then

‖u− Phu‖0,K ≤ Chm+1 ‖u‖m+1,K ,

where, Ph is the L2 projection onto Vmβ (K). Again, the constant C in the previous error

estimate is independent of the relative position of the interface, the mesh size h, and the

diffusion coefficients β±. We note here that the last inequality involves the (m+ 1) norm of

u, instead of the semi-norm.

Finally, we employ the Frenet IFE space to solve the elliptic interface problem and the hyper-

bolic interface problem using a symmetric interior penalty discontinuous Galerkin (SIPDG)

formulation. For both problems, the numerical scheme produces optimally converging so-

lutions. Furthermore, for the elliptic interface problem, the Frenet IFE method can be
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employed on extremely coarse meshes and produces highly accurate solutions when higher

order element are used. This leads to a significant cost reduction over the existing low order

IFE methods. For example, see the errors associated with the Frenet SIPDG method applied

to two interface problems on a 5× 5 mesh in Example 5.3.

1.5 Outline of the Dissertation

The dissertation is organized as follows.

In Chapter 2, we provide a unified framework to analyze one-dimensional IFE methods for

a variety of interface problems based on the immersed Bramble-Hilbert lemma developed in

Section 2.3. For each problem, we show that the IFE method converges optimally to the

solution by following the same three steps:

1. First, we construct a suitable projection operator for the IFE space associated with

the interface problem.

2. Second, we show that the projection operator is well-defined, and its norm is not

affected by the relative position of the interface.

3. Lastly, we use the immersed Bramble-Hilbert lemma and the classical finite element

arguments to derive an optimal error bound for the IFE method.

In Chapter 3, we present a new framework for constructing higher order IFE methods based

on the Frenet transformation. We begin the chapter by discussing the local curvilinear

coordinates system associated with the interface, and the relevant differential geometry and

calculus identities. Then, we describe the construction of the Frenet IFE space in detail.
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In Chapter 4, we investigate the approximation capabilities of the Frenet IFE space, and we

provide numerical examples at the end.

In Chapter 5, we introduce an interior penalty dG method based on the Frenet IFE space

to solve the elliptic and the hyperbolic interface problem, and provide numerical examples

that show the optimal convergence of the IFE method.

In Chapter 6, we summarize the contributions of this dissertation, and we propose some

future research directions pertaining to the Frenet IFE framework.



Chapter 2

Unified Analysis for One Dimensional

IFE Methods

In this chapter, we develop a framework for analyzing various IFE spaces for one-dimensional

interface problems. We start this chapter by describing multiple interface problems that we

are interested in studying. Next, we develop a general IFE space and an immersed Bramble-

Hilbert lemma for a general class of IFE projections, then we use this result to analyze the

IFE/IDG scheme for each interface problem.

The results in this chapter are partially reported in [18].

2.1 Motivation and Notation

In this chapter, we intend to investigate a few representative interface problems, which we

will list shortly. In all the problems below, let I = (a, b) be a bounded interval and let α ∈ I

be the interface point, splitting I into two subdomains I− = (a, α) and I+ = (α, b). We note

that although we are restricting our attention here to interface problems with one interface

point, the analysis extends naturally to interface problems with multiple interfaces.

Let β : I → R+ be a piecewise constant function such that β|Is = βs > 0, where s ∈ {+,−}.

To simplify the presentation, we use JfKa to denote the jump of a function f at a point z,

20



2.1. MOTIVATION AND NOTATION 21

that is,

JfKz = f(z+)− f(z−), where f(z±) = lim
x→z±

f(x).

Next, we briefly describe the interface problem discussed in this chapter below:

• The elliptic interface problem seeks to find a solution to


−β(x)u′′(x) = f(x), x ∈ I− ∪ I+,

u(a) = u(b) = 0,

(2.1a)

subject to the interface conditions JuKα = Jβu′Kα = 0.

• The Euler-Bernoulli beam interface problem is the fourth order analog of (2.1a), that

is 
β(x)u(4)(x) = f(x), x ∈ I− ∪ I+,

u(a) = u′(a) = u(b) = u′(b) = 0,

(2.1b)

subject to the interface conditions

JuKα = Ju′Kα =
q
βu(2)

y
α
=

q
βu(3)

y
α
= 0.

• The parabolic interface problem


ut(x, t) = β(x)uxx(x, t), x ∈ I− ∪ I+, t > 0,

u(a, t) = u(b, t) = 0, t > 0,

u(x, 0) = g(x), x ∈ (a, b),

(2.1c)

subject to the interface conditions Ju(·, t)Kα = Jβux(·, t)K = 0.
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• The transport interface problem


ut(x, t) + β(x)ux(x, t) = 0, x ∈ I− ∪ I+, t > 0,

u(a, t) = ua(t), t > 0,

u(x, 0) = u0(x), x ∈ (a, b),

(2.1d)

subject to the interface condition Ju(·, t)Kα = 0

• The acoustic interface problem: Let ρ, c : I → R+ be two positive piecewise constant

functions such that ρ|Is = ρs and c|Is = cs for s ∈ {−,+}. We seek u, p : I × [0,∞)

such that 
pt(x, t) = ρ(x)c(x)2ux(x, t), x ∈ I− ∪ I+, t > 0,

ρ(x)ut(x, t) = px(x, t), x ∈ I− ∪ I+, t > 0

p(x, 0) = p0(x), u(x, 0) = u0(x), x ∈ (a, b),

(2.1e)

subject to the interface conditions JpKα = JuKα = 0 and suitable boundary conditions

that will be discussed later.

IFE methods for most of the interface problems listed above have appeared in the literature

before. For instance, the first appearance of the IFE method in the literature can be traced

back to [76] where linear IFE spaces were introduced and analyzed for the elliptic inter-

face problem. Later, higher order methods were studied in [7] using some problem-specific

techniques. The Euler-Bernoulli beam interface problem received considerable attention

[78, 81, 101] from the IFE community for its many applications in mechanics. However, only

cubic immersed finite element space were developed and studied. On the other hand, only

low order IFE methods were developed for the parabolic and the acoustic interface problems

[8, 70, 88] and no IFE methods were developed for the transport interface problems to our
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knowledge.

In addition to the interface conditions listed above, one can derive extended interface con-

ditions that relate the k-th derivative of the solution on the two sides of the interface. In

general, the solutions to the interface problems described above can be shown to satisfy

u(k)(α+) = rku
(k)(α−), k = 0, 1, . . . . (2.2)

under suitable smoothness assumptions, where (rk) is a positive sequence that depends on

the interface problem. In general, we only need to consider finite sequences (rk)m̃k=0 for some

m̃ ≥ 1. However, to simplify the presentation, we will treat (rk) as an infinite sequence

(rk)
∞
k=0, while we use only a finite subsequence. Typically, we only need the subsequence

(rk)
m
k=0, where m the degree of the polynomials used in the construction of the m-th degree

IFE space.

The general form of the extended jump conditions (2.2) motivates us to define an immersed

Sobolev space, which we will use later to describe the solutions to the interface problems

and analyze the IFE solutions

Definition 2.1. Let m ≥ 0 be an integer, let (rk) be a positive sequence. Consider an

interval B ⊂ R that contains a point α, we use Hm+1
α,r (B) to denote the immersed Sobolev

space defined as

Hm+1
α,r (B) =

{
u | u|B± ∈ Hm+1(B±) and u(k)(α+) = rku

(k)(α−), ∀k = 0, 1, . . . ,m
}

We note here that in the definition above, the traces of u(k)|B± at α are well-defined for

k ≤ m since u(k)|B± ∈ Hm+1(I±) by the Sobolev trace theorem [4].

Now, we move to describing some notation that will be used in this chapter. For ease of
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presentation, we will use ∂x and ∂t to denote the differential operator with respect to x and

t, respectively. Additionally, we will use s ∈ {+,−} to denote a sign choice and s′ to denote

the dual of s, that is, if s = +, then s′ = −, and if s = −, then s′ = +.

When stating inequalities, we will use ≲ and ≳ to denote an inequality with a generic hidden

constant. That is a≲ b if there is a generic constant C such that a ≤ Cb, and we use a' b

to denote the equivalence a≲ b and b≲ a.

If the inequality involves the degree m, the sequence r = (rk), the interface location, the

physical parameters or other quantities, we will include them as subscript in the inequality

or equivalence notation. For example, we will use a≲β b (resp. a≳β b) if a ≤ Cb (resp.

a ≥ Cb) and C depends on β.

Throughout this chapter, we will consider a bounded open interval I = (a, b), and let α ∈ I

be the interface point dividing I into two open intervals I− = (a, α), I+ = (α, b). This

convention extends to any other open interval B ⊆ R with B− = B ∩ (−∞, α) and B+ =

B ∩ (α,∞). For every bounded open interval B not containing α, let Hm(B) be the usual

Sobolev space Wm,2(B) on B equipped with the norm ‖·‖m,B and the semi-norm | · |m,B. We

will use (·, ·)B and (·, ·)w,B to denote the classical and the weighted L2 inner product defined

as

(f, g)B =

∫
B

f(x)g(x) dx, (f, g)w,B =

∫
B

w(x)f(x)g(x) dx, w(x) > 0, ∀ x ∈ B.

Moreover, we use H1
0 (B) ⊂ H1(B) to denote the Sobolev space of functions with zero trace

on the boundary of B. Similarly, H2
0 (B) ⊂ H2(B) is the Sobolev space of functions u such

that u|∂B = u′|∂B = 0.
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Given a positive sequence r = (rk). We define

Vmα,r(B) =
{
p ∈ Hm+1

α,r (B) | p|B± ∈ Pm(B±)
}

(2.3)

to be the local immersed finite element space on B. Additionally, we use ‖·‖m,B and | · |m,B

to denote the broken Sobolev norms on B, that is

‖·‖2m,B = ‖·‖2m,B+ + ‖·‖2m,B− , | · |2m,B = | · |2m,B+ + | · |2m,B− .

We will use u′ to denote the piecewise derivative of u, i.e., given u ∈ Hm
α,r(B), u|′B± is the

classical derivative of u|B± , and it should not be confused with the distributional or the

weak derivative of u. This is important because the immersed Sobolev space Hm+1
α,r (B) is

not necessarily a subspace of H1(B).

By dividing I into N sub-intervals, we obtain the following mesh on I:

Ik = [xk−1, xk], Th = {Ik}Nk=1, a = x0 < x1 < · · · < xN = b, h = max
1≤k≤N

(xk − xk−1).

We will assume that there is k0 ∈ {1, 2, . . . , N} such that xk0−1 < α < xk0 , which is equivalent

to α ∈
◦
Ik0 . We define the discontinuous immersed finite element space Vmα,r(Th) as

Vmα,r(Th) =
{
φ | φ|Ik ∈ Pm(Ik) for k ∈ {1, . . . , N}\{k0} and φ|Ik0 ∈ Vmα,r(Ik0)

}
, (2.4)

where Pm(Ik) is the space of polynomials of degree at most m on Ik and Vmα,r(Ik0) is the local

immersed finite element (LIFE) space defined in (2.3).
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2.2 The Reference IFE Space

In the remainder of this chapter, let (rk)k≥0 be a positive sequence and let Ǐ = [0, 1] be the

reference element containing a reference interface point α̌ ∈ Ǐ. The interface point α̌ splits

the element Ǐ into two sub-elements Ǐ− = [0, α̌) and Ǐ+ = (α̌, 1]. We use Vmα̌,r(Ǐ) to denote

the reference IFE space defined as

Vmα̌,r(Ǐ) =
{
φ̌ : Ǐ → R | φ̌|Ǐs ∈ Pm(Ǐs), φ̌(k)(α̌+) = rkφ̌

(k)(α̌−), k = 0, 1, . . . ,m
}
. (2.5)

For a function φ̌ ∈ Vmα̌,r(Ǐ), we write φ̌ = (φ̌−, φ̌+) where φ̌± = φ̌|Ǐ± . Additionally, we will

use φ̌(k)
± (α̌) to denote the trace of φ̌(k)

± at α̌. More precisely,

φ̌
(k)
± (α̌) = lim

ϵ→0±
φ̌(k)(α̌ + ϵ).

Then, we can re-write the definition of Vmα̌,r(Ǐ) in terms of φ̌− and φ̌+ as

(φ̌−, φ̌+) ∈ Vmα̌,r(Ǐ) iff φ̌± ∈ Pm(Ǐ±) and φ̌
(k)
+ (α̌) = rkφ̌

(k)
− (α̌), k = 0, 1, . . . ,m. (2.6)

The reference IFE space (2.5) arises naturally when studying the local IFE space (2.3).

Typically, in the finite element method, we study the basis functions on a reference element,

then we map our results to the physical element. However, in the presence of an interface,

one has to account for the relative position of the interface in the interface element. That is,

even if the interface is fixed, the relative position of the interface inside the interface element

changes when the mesh is refined as illustrated in Figure 2.1. Therefore, we need to ensure

that the inequalities derived here are independent of α̌ since we cannot control its value.

Lemma 2.1. Let (rk) be a positive sequence, α̌ ∈ Ǐ and s ∈ {−,+}. Then,
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αa b

a bα

a bα

0 1α̌

0 1α̌

0 1α̌

Figure 2.1: Illustration of three meshes (left) and the associated reference interface elements
Ǐ (right).

1. Given φ̌s ∈ Pm(Ǐs), there is a unique φ̌s′ ∈ Pm(Ǐs
′
) such that (φ̌−, φ̌+) ∈ Vmα̌,r(Ǐ).

2. dimVmα̌,r(Ǐ) = m+ 1.

3. The set {N k
α̌,r}mk=0 of functions

N k
α̌,r =


(x− α̌)k, x ∈ Ǐ−,

rk(x− α̌)k, x ∈ Ǐ+
(2.7)

is basis of Vmα̌,r(Ǐ) that we will refer to as the canonical basis.

4. If rk = 1 for all 0 ≤ k ≤ m, then Vmα̌,r(Ǐ) = Pm(Ǐ).

5. Let φ̌ ∈ Vmα̌,r(Ǐ), then φ̌′ ∈ Vm−1
α̌,τ(r)(Ǐ), where τ is the left shift operator defined as

τ : (r0, r1, . . . ) 7→ (r1, r2, . . . ).

Proof. We will prove the statements in order:

1. Without loss of generality, consider φ̌− ∈ Pm(Ǐ−), then

φ̌−(x) =
m∑
k=0

ck
k!
(x− α̌)k.

Now, consider the problem of finding φ̌+ ∈ Pm(Ǐ+) such that (φ̌−, φ̌+) ∈ Vmα̌,r(Ǐ).
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First, we express φ̌+ as

φ̌+(x) =
m∑
k=0

dk
k!
(x− α̌)k,

for some coefficients {dk}mk=0. Then by the definition (2.6), we have

dk = φ̌
(k)
+ (α̌) = rkφ̌

(k)
− (α̌) = rkck,

which uniquely determines φ̌+ in terms of φ̌−.

2. Since every polynomial φ̌− ∈ Pm(Ǐ−) can be extended to (φ̌−, φ̌+) ∈ Vmα̌,r(Ǐ). Then,

dim(Vmα̌,r(Ǐ)) = dim(Pm(Ǐ−)) = m+ 1.

3. The set {N k
α̌,r}mk=0 is linearly independent since the set of restrictions {(N k

α̌,r)|Ǐ−}mk=0 is

a basis of Pm(Ǐ−). Additionally, the cardinality of {N k
α̌,r}mk=0 matches the dimension

of the space Vmα̌,r(Ǐ). Therefore, it forms a basis.

4. If rk = 1 for all 0 ≤ k ≤ m, then the set {N k
α̌,r}mk=0 forms a basis of Pm(Ǐ). Hence, we

have Vmα̌,r(Ǐ) = Pm(Ǐ).

5. Let ψ = φ̌′ and let ρ = τ(r), then by definition of Vmα̌,r(Ǐ), we have

ψ
(k)
+ (α̌) = φ̌

(k+1)
+ (α̌) = rk+1φ̌

(k+1)
− (α̌) = ρkψ

(k)
− (α̌), 0 ≤ k ≤ m.

Thus, ψ ∈ Vm−1
α̌,ρ (Ǐ), which is the desired result.

Remark 2.1. By definition, the canonical basis functions N k
α̌,r with k ≥ 1 are continuous.

However, the first basis function N 0
α̌,r can be discontinuous if r0 6= 1 as Figure 2.2 shows.

In light of Lemma 2.1, we introduce an extension operator that pairs a polynomial φ̌s ∈
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1

(b) N 1
α̌,r

y

x
α̌ 1

1

(c) N 2
α̌,r
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1
2

(d) N 3
α̌,r

Figure 2.2: An example of the first four canonical basis functions with rk = k + 1.

Pm(Ǐs) with a polynomial φ̌s′ ∈ Pm(Ǐs
′
), where s ∈ {−,+}, such that φ̌ = (φ̌−, φ̌+) ∈

Vmα̌,r(Ǐ). We note here that, since the intervals Ǐ± are disjoint, our use of the term extension

here is different from the standard one.

Definition 2.2. Let (rk) be a positive sequence, α̌ ∈ Ǐ and s ∈ {−,+}. We use Em,s
′

α̌,r to

denote the extension operator

Em,s
′

α̌,r : Pm(Ǐs) → Pm(Ǐs
′
)

defined as the unique φ̌s′ = Em,s
′

α̌,r (φ̌s) such that (φ̌−, φ̌+) ∈ Vmα̌,r(Ǐ).

It follows immediately from Lemma 2.1 that the extension operator is well-defined and

bijective. Furthermore, it is easy to show that

Em,+α̌,r ◦ Em,−α̌,r = Em,−α̌,r ◦ Em,+α̌,r = id,

where id is the identity operator. Next, we are interested in the operator norm of Em,sα̌,r since

it will be useful later to derive an inverse inequality on Vmα̌,r(Ǐ), that is, given φ̌s ∈ Pm(Ǐs),

we want to bound
∥∥∥Em,s′α̌,r φ̌s

∥∥∥
0,Ǐs′

in terms of ‖φ̌s‖0,Ǐs , for s ∈ {−,+}. First, we state a useful
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fact about polynomials.

Lemma 2.2. Let m ≥ 0 be an integer. Then,

‖p‖0,[0,1] ≳
m

max
0≤k≤m

∣∣p(k)(1)∣∣ ,
for any polynomial p ∈ Pm([0, 1]).

Proof. Let E : Pm([0, 1]) → [0,∞) be the map such that E(p) = max0≤k≤m
∣∣p(k)(1)∣∣ for all

p ∈ Pm([0, 1]), then E is a norm on Pm([0, 1]). By the norm equivalency property in finite

dimensional spaces [47], we have

E(p)≲
m
‖p‖0,[0,1] , ∀p ∈ Pm([0, 1]),

which is the desired result.

For ease of presentation, we use ȟ− = α̌ and ȟ+ = 1 − α̌ to denote the size of Ǐ− and Ǐ+,

respectively. Now, we are ready to state an estimate on the norm of the extension operator

Em,s
′

α̌,r .

Lemma 2.3. Let s ∈ {−,+} and let (rk) be a positive sequence. Then, the following

inequality holds

∥∥∥Em,s′α̌,r φ̌s

∥∥∥
0,Ǐs′

≲
m

√
ȟs′

ȟs

(
max
0≤i≤m

rs1i

)
max

(
1,

(
ȟs′

ȟs

)m)
‖φ̌s‖0,Ǐs , (2.8)

where s1 is 1 if s = + and is −1 if s = −.

Proof. Without loss of generality, we will assume that s = −. Since φ̌ = (φ̌−, φ̌+) ∈ Vmα̌,r(Ǐ),

then we can write φ̌ as φ̌ = c0N 0+ c1N 1+ . . . cmNm for some coefficients ck. Consequently,



2.2. THE REFERENCE IFE SPACE 31

we have

φ̌−(x) =
m∑
k=0

ck(x− α̌)k, φ̌+(x) =
m∑
k=0

rkck(x− α̌)k. (2.9)

Now, we estimate the L2 norm of φ̌+

‖φ̌+‖20,Ǐ− =

∫ 1

α̌

(
m∑
k=0

rkck(x− α̌)k

)2

dx =

∫ ȟ+

0

(
m∑
k=0

rkckz
k

)2

dz

≤ 2
m∑
k=0

∫ ȟ+

0

r2kc
2
kz

2kdz ≤ 2h+

m∑
k=0

r2kc
2
kȟ

2k
+

≤ 2ȟ+

(
max
0≤k≤m

rk

)2 m∑
k=0

c2kȟ
2k
+ . (2.10)

On the other hand, by matching the Taylor series coefficients of φ̌− with (2.9), we obtain

k!ck = φ̌
(k)
− (α̌). Therefore,

ck =
1

k!
φ̌k−(α̌) (2.11)

Now, let φ̂ ∈ Pm([0, 1]) such that φ̂(z) = φ̌−(ȟ−z) for all z ∈ [0, 1]. Then, by the chain rule

and a change of variables, we have

‖φ̂‖0,[0,1] = ȟ−1
− ‖φ̌−‖0,Ǐ− , and φ̂(k)(1) = ȟk−φ̌−(α̌), k = 0, 1, . . . ,m. (2.12)

Next, we apply Lemma 2.2 to φ̂ and use the (2.12) to obtain

‖φ̌−‖20,Ǐ = ȟ− ‖φ̂‖20,[0,1] ≳
m
ȟ− max

0≤k≤m
|φ̂(k)(1)|2,

≳
m
ȟ− max

0≤k≤m
ȟ2k− |φ̌(k)

− (α̌)|2,

≳
m
ȟ− max

0≤k≤m
ȟ2k− c

2
k, (2.13)

where the last line follows from (2.11). To finish the proof, we combine (2.10) and (2.13) to
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obtain

‖φ̌+‖20,Ǐ+ ≲
m
‖φ̌−‖20,Ǐ−

ȟ+

ȟ−

(
max
0≤k≤m

rk

)2 m∑
k=0

(
ȟ+

ȟ−

)2k

,

≲
m
‖φ̌−‖20,Ǐ−

ȟ+

ȟ−

(
max
0≤k≤m

rk

)2

max
(
1,

(
ȟ+

ȟ−

)2m
)
,

which is equivalent to (2.8) with s = −. The other case s = + can be obtained similarly.

The lemma above shows that the operator norm of Em,s
′

α̌,r depends on the ratio of the sizes

of the Ǐ− and Ǐ+. In particular, if we extend a polynomial from the smaller sub-element

to the larger sub-element, then the norm of the resulting polynomial might be significantly

larger than the original polynomial, especially if min(ȟ−, ȟ+) � 1. On the other hand, the

extension from the larger sub-element to the smaller one will always be bounded regardless

of ȟ−, ȟ+ as the following corollary shows.

Corollary 2.1. Let (rk) be a positive sequence and assume that ȟs ≥ ȟs′, then

∥∥∥Em,s′α̌,r φ̌s

∥∥∥
0,Ǐs′

≲
m,r

√
ȟs′ ‖φ̌s‖0,Ǐs , ∀φ̌s ∈ Pm(Ǐs). (2.14)

Proof. Since ȟs+ ȟs′ = 1 and ȟs > ȟs′ , it follows that ȟs ≥ 1
2
. Therefore, the inequality (2.8)

now reads ∥∥∥Em,s′α̌,r φ̌s

∥∥∥
0,Ǐs′

≲
m
( max
0≤k≤m

rs1k )

√
2ȟs′ ‖φ̌s‖0,Ǐs ≲

m,r

√
ȟs′ ‖φ̌s‖0,Ǐs .

We note here that we are choosing to obfuscate the dependence on the interface jump co-

efficients (rk) and the degree m, this allows us to present our inequalities in more compact

form. Next, we proceed to obtain an inverse inequality for the IFE space Vmα̌,r(Ǐ). First, we

recall the classical inverse inequality for polynomials.
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Lemma 2.4. Let m ≥ 0 and 0 ≤ i ≤ m be integers, then

|p|i,[a,b] ≲
m
(b− a)−i ‖p‖0,[a,b] , ∀p ∈ Pm([0, 1]).

Proof. This is a special case of Lemma 4.5.3 in [29].

The next natural step is to extend Lemma 2.4 to the IFE space Vmα̌,r(Ǐ). However, the direct

application of the classical inverse inequality leads to an inequality that depends on α̌:

|φ̌|i,Ǐ ≲ |φ̌|i,[0,α̌] + |φ̌|i,[α̌,1] ≲
m

(
α̌−i + (1− α̌)−i

)
‖φ̌‖0,Ǐ .

Here, the dependency on α̌ is problematic since α̌−i + (1 − α̌)−i grows unbdoundedly as

α̌ → 0+ or α̌ → 1−. To avoid this issue, we will use the classical trace inequality on the

largest sub-element of Ǐ, then we employ the stability of the extension operator derived in

Lemma 2.3 to obtain an inverse inequality independent of α̌.

Lemma 2.5. Let (rk) be a positive sequence and let 0 ≤ i ≤ m+1 be a positive integer, then

|φ̌|i,Ǐ ≲
m,r

‖φ̌‖0,Ǐ , (2.15)

for all φ̌ ∈ Vmα̌,r(Ǐ).

Proof. Without loss of generality, we assume that ȟ− ≥ ȟ+, and we will only consider the

case i = 1. The other case ȟ+ ≥ ȟ− follows similarly, and the case i ≥ 2 follows by induction.

Since ȟ− ≥ ȟ+, we conclude that ȟ− ≥ 1
2
. Therefore, Lemma 2.4 with a = 0 and b = ȟ−

yields

|φ̌−|1,Ǐ− ≲
m
ȟ−1
− ‖φ̌−‖0,Ǐ− ≲

m
2 ‖φ̌−‖0,Ǐ− ≲

m
‖φ̌−‖0,Ǐ− . (2.16)
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Now, we recall from Lemma 2.1 that φ̌′ ∈ Vm−1
α̌,τ(r). Then, by combining Lemma 2.3 and (2.16),

we have

|φ̌+|1,Ǐ+ =
∥∥φ̌′

+

∥∥
0,Ǐ+

≲
m,r

∥∥φ̌′
−
∥∥
0,Ǐ−

≲
m,r

‖φ̌−‖0,Ǐ− (2.17)

Finally, we conclude the proof by summing (2.16) and (2.17).

Remark 2.2. The inequalities (2.16) and (2.17) lead to an inequality stronger than (2.15).

More precisely, we have |φ̌|i,Ǐ ≲m,r ‖φ̌‖0,Ǐ− if ȟ− ≥ ȟ+.

Since Vmα̌,r(Ǐ) will be used later to construct an IFE space, we are interested in whether Vmα̌,r(Ǐ)

admits a Lagrange basis on the local (physical) element, that is, given a set of distinct points

{xi}mi=0 ⊂ Ǐ, is there a basis {Li}mi=0 of Vmα̌,r(Ǐ) such that Li(xj) = δi,j for all 0 ≤ i, j ≤ m?

This question is important since:

• It allows us to construct a C0 IFE space for the elliptic and the parabolic interface

problems.

• It will be used to construct a Radau projection in the analysis of immersed discontin-

uous Galerkin method for the acoustic interface problem.

In order to prove that Vmα̌,r(Ǐ) admits a Lagrange basis, we first show that any function

φ̌ ∈ Vmα̌,r(Ǐ) cannot have more than m roots (counting multiplicities). We note here that the

notion of multiplicity extends to α̌ since if α̌ is a root of φ̌− with multiplicity k, then it is a

root of φ̌+ with multiplicity k as well, where (φ̌−, φ̌+) ∈ Vmα̌,r(Ǐ).

Lemma 2.6. Let (rk) be a positive sequence, and let φ̌ ∈ Vmα̌,r(Ǐ) be a non-zero function,

then φ̌ has at most m zeros in Ǐ, counting multiplicities.

Proof. For the sake of conciseness, we will assume that the roots are always counted with

multiplicity in this proof. We will prove the statement by induction over m ∈ N∪{0}. First,

we consider the case φ̌ ∈ V0
α̌,r(Ǐ). In this case, there is a constant c 6= 0 such as φ̌(x) = c for
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all c ∈ Ǐ−. Therefore, by the interface conditions, we have φ̌(x) = r0c 6= 0 for all x ∈ Ǐ+.

Hence, φ̌ has no zeros.

Now, let m ≥ 1, and we assume that all non-zero functions ψ̌ ∈ Vm−1
α̌,r̃ (Ǐ) have at most m− 1

in Ǐ (counting multiplicities), for all positive sequences (r̃k), and let φ̌ ∈ Vmα̌,r(Ǐ).

To show that φ̌ has at most m roots (counting multiplicities), we argue by contradiction: We

assume that φ̌ has m+1 roots, then we show that this contradicts the induction hypothesis.

Let φ̌ = (φ̌−, φ̌+) ∈ Vmα̌,r(Ǐ) be a function with k distinct roots {zi}ki=1. Let mi be the

multiplicity of the root zi for 1 ≤ i ≤ m + 1. To argue by contradiction, we assume that

M = m1 +m2 + · · ·+mk > m.

Without loss of generality, we assume that z1 < z2 < · · · < zk. Therefore, there is 1 ≤ i0 ≤ k

such that zi0 ≤ α̌ < zi0+1. We define M− and M+ as the sum of multiplicities of the roots

of φ̌− in [0, α̌], and the roots of φ̌+ in zi0+1, respectively, that is

M− =

i0∑
i=1

mi, M+ =
k∑

i=i0+1

mi, M− +M+ =M ≥ m.

Since φ̌− and φ̌+ are polynomials, we know that φ̌′
− has M− − 1 roots in [0, α̌] and φ̌+ has

M+ − 1 roots in [zi0+1, 1]. Hence, we have shown so far that φ̌′ has M − 2 roots. In our next

step, we will show that φ̌′ has an additional root in the interval (zi0 , zi0+1).

If zi0 = α̌, then φ̌ is continuous at α̌. Then, by the mean value theorem, φ̌′ has a root in

(zi0 , zi0+1). On the other hand, if α̌ ∈ (zi0 , zi0+1). Then

0 = φ̌(zi0+1)− r0φ̌(zi0) =

∫ zi0+1

zi0

w(x)φ̌′(x) dx = 0, where w(x) =


r0, x ∈ (zi0 , α̌),

1, x ∈ (α̌, zi0+1).

Therefore, φ̌′ ∈ Vm−1
α̌,r (Ǐ) changes sign at some z∗ ∈ (zi0 , zi0+1). Since φ̌′ does not change sign
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at α̌, we conclude that φ̌′(z∗) = 0 since φ̌′ is continuous on I\{α̌}.

In conclusion, we have shown that φ̌′ ∈ Vm−1
α̌,r (Ǐ) has M −1 > m−1 roots, which contradicts

our induction hypothesis. Hence, φ̌ has at most m roots, which is the claim of the lemma.

Lemma 2.6 allows us to assert the existence of a Lagrange basis on Ǐ easily.

Theorem 2.1. Let (rk) a positive sequence, and let ξ0, ξ1, . . . , ξm be distinct points in Ǐ.

Then there exists a basis {Li}mi=0 of Vmα̌,r(Ǐ) that satisfies

Li(ξj) = δi,j =


1, i = j

0, i 6= j

, 0 ≤ i, j ≤ m.

Proof. Let {N i
α̌,r}mi=0 be the canonical basis defined by (2.7), and let A = (ai,j) be the

(m+ 1)× (m+ 1) matrix defined as

ai+1,j+1 = N i
α̌,r(ξj), 0 ≤ i, j ≤ m+ 1.

To prove the lemma, it is sufficient to show that A is invertible. Now, let c = (ci) be a

solution to the equation Ac = 0, and let

p =
m∑
i=0

ci+1N i
α̌,r ∈ Vmα̌,r(Ǐ).

Since Ac = 0, we have p(ξi) = 0 for all 0 ≤ i ≤ m. Therefore, by Lemma 2.6, we conclude

that p = 0. Consequently, c = 0 and A is invertible.

It is worth here to mention that a restricted version of Theorem 2.1 was proved previously in

[7, 8] by using specific properties of the sequence (rk) or by employing symbolic techniques
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to check the invertibility of the matrix A in the proof above for low values of m. However,

our construction here is general and accommodates all positive sequence (rk).

In addition to the Lagrange basis detailed in the previous theorem, we are also interested in

constructing and studying orthogonal bases on Vmα̌,r(Ǐ). Generally speaking, an orthogonal

basis leads to a diagonal mass matrix in the discontinuous Galerkin method, which is a

desired property when using an explicit time integrator. Furthermore, the analysis of the

immersed dG method in the later sections will require the use of an immersed Radau IFE

projection which employs orthogonal IFE functions, similar to the traditional approach for

the analysis of dG methods [107].

First, let w̌ : Ǐ → R+ be a piecewise constant function such that w̌|Ǐ± is constant. For

simplicity, we will use w̌± to denote w̌|Ǐ± , and we will use (·, ·)w̌,Ǐ to denote the weighted L2

inner product

(f, g)w̌,Ǐ =

∫
Ǐ

w̌(x)f(x)g(x) dx, f, g ∈ L2(Ǐ).

Additionally, let

V w̌,mα̌,r (Ǐ) =
{
φ̌ ∈ Vmα̌,r(Ǐ) | (φ̌, ψ̌)w̌,Ǐ = 0, ∀ψ̌ ∈ Vm−1

α̌,r (Ǐ)
}
, m ≥ 1. (2.18)

That is, V w̌,mα̌,r (Ǐ) is spanned an m-th degree IFE function φ̌ that is orthogonal to Vm−1
α̌,r (Ǐ)

with respect to the weighted L2 inner product (·, ·)w̌,Ǐ . It is worth noting here that in the

special case w̌ = 1 and r = 1, the space V w̌,mα̌,r (Ǐ) is the span of the m-th Legendre polynomial

[3] on [0, 1]. It is well known that the m-th orthogonal polynomial has m simple roots in the

interior of the domain. Below, we extend this result to orthogonal IFE functions, which will

be an important ingredient in the construction of the Radau and Lobatto projections later.

Lemma 2.7. Let (rk) be a positive sequence and let φ̌ ∈ V w̌,mα̌,r (Ǐ) be a non-zero function,

where m ≥ 1, then φ̌ has exactly m distinct roots in (0, 1).



38 CHAPTER 2. UNIFIED ANALYSIS FOR ONE DIMENSIONAL IFE METHODS

Proof. Let φ̌ ∈ V w̌,mα̌,r (Ǐ) be non-zero, and assume that φ̌ has k < m distinct roots Z =

{z1, z2, . . . , zk} ⊂ (0, 1). From Theorem 2.1, there is a function ψ̌ ∈ Vkα̌,r(Ǐ) such that Z

is the set of roots of ψ̌. Therefore, the function φ̌ψ̌ does not change sign on Ǐ. However,

(φ̌, ψ̌)w̌,Ǐ = 0. Therefore, φ̌ = 0, which contradicts our assumption. Hence, φ̌ has m distinct

roots in (0, 1).

To illustrate the lemma above, we consider the case where rk = k + 1 and plot an element

of V w̌,iα̌,r (Ǐ) for 0 ≤ i ≤ 4 with w̌|Ǐ± = w̌± in Figure 2.3. We observe that pi has exactly i

roots in (0, 1) for (w̌−, w̌+) = (1, 1) and (w̌−, w̌+) = (1, 10). The findings of Lemma 2.7 show

α̌ 1

−2

−1

1

2

3
p0 p1 p2 p3 p4

(a) (w̌−, w̌+) = (1, 1).

α̌ 1

−2

−1

1

2

p0 p1 p2 p3 p4

(b) (w̌−, w̌+) = (1, 10).

Figure 2.3: An illustration of an orthogonal basis pi ∈ V w̌,iα̌,r (Ǐ) with α̌ = 2/3 and rk = k + 1
for (w̌−, w̌+) = (1, 1) (left) and (w̌−, w̌+) = (1, 10) (right).

that φ̌ 7→ |φ̌(0)| + |φ̌(1)| is indeed a norm on V w̌,mα̌,r (Ǐ). Therefore, since V w̌,mα̌,r (Ǐ) is finite

dimensional, it follows that

|φ̌(0)|+ |φ̌(1)| ≳
α̌,w̌,m,r

‖φ̌‖0,Ǐ , ∀φ̌ ∈ V w̌,mα̌,r (Ǐ). (2.19)

However, in our analysis later, we will need (2.19) to hold independently of α̌, which is

described in the theorem below.
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Theorem 2.2. Let (rk) be a positive sequence and let m ≥ 0, then

|φ̌(0)|+ |φ̌(1)| ≳
w̌,m,r

‖φ̌‖0,Ǐ , ∀φ̌ ∈ V w̌,iα̌,r (Ǐ). (2.20)

Proof. Let (h−, h+) = (α̌, 1− α̌) be the length of the sub-intervals Ǐ± and let φ̌ = (φ̌−, φ̌+) ∈

φ̌ ∈ V w̌,iα̌,r (Ǐ) be a non-zero function. Without loss of generality, we assume that ȟ− ≥ ȟ+ in

the remainder of this proof. The other case ȟ− < ȟ+ can be done similarly. For the ease of

the reader, we will split this proof into three steps:

Step 1: Let p ∈ Pm(Ǐ+), then by the orthogonality of φ̌, we have

0 = w̌−(φ̌−, p)Ǐ− + w̌+
(
Em,+α̌,r (φ̌−), Em,+α̌,r (p)

)
Ǐ+

We rearrange the terms, and use Cauchy-Schwarz inequality and Lemma 2.3 to obtain

|(φ̌−, p)Ǐ− |≲
w̌

∥∥Em,+α̌,r (φ̌−, p)
∥∥
Ǐ−

∥∥Em,+α̌,r (p)
∥∥
Ǐ−

≲
w̌,m,r

ȟ+ ‖φ̌‖Ǐ− ‖p‖Ǐ− . (2.21)

Step 2: Let qi(x) = xi for 0 ≤ i ≤ m− 1, and we define φ̂− ∈ Pm(Ǐ−) as φ̂−(ξ) = φ̌−(ȟ−ξ),

then

|(φ̌−, qi)Ǐ− | = hi+1
−
∣∣(φ̂−, qi)[0,1]

∣∣ ≥ 2−m−1
∣∣(φ̂−, qi)[0,1]

∣∣ .
Therefore, by summing over all 0 ≤ i ≤ m− 1 and adding φ̌(0), we obtain

|φ̌(0)|+
m−1∑
i=0

|(φ̌−, qi)Ǐ− |≳
m
|φ̂−(0)|+

m−1∑
i=0

∣∣(φ̂−, qi)[0,1]
∣∣ . (2.22)

Now, consider the right-hand side of (2.22) as a map N : Pm([0, 1]) → [0,∞):

N(p) = |p(0)|+
m−1∑
i=0

∣∣(p, qi)[0,1]∣∣ ,
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then N is a norm on Pm([0, 1]). By the equivalence of norms in finite dimensional spaces, we

have N(p)≳m ‖p‖0,[0,1]. We substitute this inequality back into (2.22) and use Lemma 2.3

to obtain

|φ̌(0)|+
m−1∑
i=0

|(φ̌−, qi)Ǐ− |≳
m
‖φ̂−‖0,[0,1] ≳

m
‖φ̌−‖0,Ǐ− ≳

m,r
‖φ̌‖0,Ǐ .

Using (2.21), we can bound the left-hand side from above

|φ̌(0)|+ ȟ+ ‖φ̌‖0,Ǐ ≳
w̌,m,r

‖φ̌‖0,Ǐ .

Equivalently, we have
|φ̌(0)|2

‖φ̌‖20,Ǐ
+ ȟ2+ ≳

w̌,m,r
1. (2.23)

In the next step, w will show that the inequality (2.23) holds without the need for the ȟ+

term.

Step 3: Note that the quantity |φ̌(0)|2
∥φ̌∥2

0,Ǐ

does not depend on the choice of φ̌ in V w̌,mα̌,r (Ǐ) since

this space is one-dimensional. Therefore, we can consider a sequence {ψ̌iα̌,r}mi=0 generated via

the Gram-Schmidt process:

ψ̌0
α̌,r = 1, ψ̌iα̌,r = N i

α̌,r −
i−1∑
j=0

(
N i
α̌,r, ψ̌

j
α̌,r

)
w̌,Ǐ(

ψ̌jα̌,r, ψ̌
j
α̌,r

)
w̌,Ǐ

ψ̌jα̌,r, 1 ≤ i ≤ m,

then, by construction, each term φ̌i is in V w̌,iα̌,r (Ǐ). Then, by fixing m and r, we see that

ψ̌mα̌,r(0)
2 and

∥∥ψ̌mα̌,r∥∥20,Ǐ are rational functions in α̌. Therefore, the quotient ψ̌m
α̌,r(0)

2

‖ψ̌m
α̌,r‖2

0,Ǐ

is also a

rational function, that we denote

J (α̌) =
ψ̌mα̌,r(0)

2∥∥ψ̌mα̌,r∥∥20,Ǐ .
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By taking h+ → 0+ (Equivalently α̌ → 1−) in (2.23) with φ̂ = ψ̌mα̌,r, we obtain

lim
z→1−

J (z) ≳
w̌,m,r

1.

Therefore, since J is rational function, we conclude that

J (α̌) ≳
w̌,m,r

1, ∀α̌ ∈
[
1

2
, 1

)
,

which is the desired result.

At the end, we note that we have shown that |φ̌(0)|≳w̌,m,r ‖φ̌‖Ǐ when ȟ− ≥ ȟ+. Similarly, if

ȟ− ≤ ȟ+, we obtain

|φ̌(1)| ≳
w̌,m,r

‖φ̌‖Ǐ .

Therefore, when combining the two cases, we obtain (2.20).

2.2.1 Summary

In summary, we have shown that the reference IFE (RIFE) space Vmα̌,r(Ǐ) has several prop-

erties analogous to those of the polynomial space Pm(Ǐ). These similarities will allow us

to borrow the theoretical machinery of the traditional finite element method to analyze im-

mersed finite element methods in the remainder of this chapter. For this reason, it is useful

to summarize our finding in Table 2.1, where p ∈ Pm(Ǐ) and φ̌ ∈ Vmα̌,r(Ǐ).

Additionally, given a piecewise constant weight function, the behavior of the orthogonal IFE

functions is closely related to that of Legendre polynomials as summarized in Table 2.2,

where pm is the m-th Legendre polynomial on [0, 1]. Again, it is worth emphasizing that all

of our estimates in this summary are independent of the position of the interface point α̌.
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Property The polynomial space Pm(Ǐ) The RIFE space Vmα̌,r(Ǐ)
Dimension m+ 1 m+ 1

Derivative p′ ∈ Pm−1(Ǐ) φ̌′ ∈ Vm−1
α̌,τ(r)(Ǐ)

Inverse inequality ‖p′‖0,Ǐ ≲m ‖p‖0,Ǐ ‖φ̌′‖0,Ǐ ≲m,r ‖φ̌‖0,Ǐ
Maximum number of roots m if p 6= 0 m if φ̌ 6= 0

Admits an interpolatory basis ✓ (The Lagrange basis) ✓

Table 2.1: The similarities between the polynomial space and the RIFE space.

However, they may depend on the positive sequence (rk), the degree m and the weight w̌.

Property pm φ̌m ∈ V w̌,mα̌,r (Ǐ)
Number of interior roots m m

Trace inequality |pm(0)|+ |pm(1)|≳m ‖pm‖0,Ǐ |φ̌m(0)|+ |φ̌m(1)|≳w̌,m,r ‖φ̌m‖0,Ǐ

Table 2.2: Similarities between the m-th degree Legendre polynomial and m-th degree or-
thogonal IFE functions.

2.3 An Immersed Bramble Hilbert Lemma and Bounded

Projections

In this section, we introduce a generalization of Bramble-Hilbert lemma [27, 37] in one

spatial dimension that covers, in addition to polynomial-preserving operators, the projection

operators onto the reference IFE space. In the classical theory of the finite element method

and polynomial approximation [37, 43, 46], the Bramble-Hilbert lemma plays a crucial role

in deriving optimal residual estimates for various projection operators, such as Lagrange

interpolation, Hermite interpolation, L2 projection, Radau projection, among other maps

from a suitable Sobolev space to the space of polynomials. However, the Bramble-Hilbert

lemma does not apply directly to projections onto the IFE space discussed earlier since the
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function that we are interested in are not smooth around the interface, and the IFE space is

composed of piecewise polynomials, which introduces another hurdle. Nevertheless, we are

able to replicate the success of Bramble-Hilbert lemma in the context of IFE spaces.

First, we consider the reference interval Ǐ, a reference interface point α̌ ∈ Ǐ and a positive

sequence (rk). We recall that the immersed Sobolev Hm+1
α̌,r (Ǐ) consists of functions u that are

not necessarily smooth at α̌. In general, we do not expect the classical Poincaré inequality [4]

to hold for the function u. For this reason, we develop a new immersed Poincaré inequality for

immersed Sobolev space Hm+1
α̌,r (Ǐ), which will be used later to derive the immersed Bramble

Hilbert lemma.

Definition 2.3. Let α̌ ∈ Ǐ, let (rk) be a positive sequence, and let i be a non-negative

integer. We use ωiα̌,r to denote the function

ωiα̌,r(x) =


ri, x ∈ Ǐ−,

1, x ∈ Ǐ+.

(2.24)

By construction, if u ∈ Hm+1
α̌,r (Ǐ), then by multiplying it by the smoother function ωiα̌,r,

we obtain u(i)ωiα̌,r ∈ H1(Ǐ), which will allow us to obtain the following immersed Poincaré

inequality.

Theorem 2.3. Let (rk) be a positive sequence, and let v ∈ Hm+1
α̌,r (Ǐ). If

(
ωiα̌,r, v

(i)
)
Ǐ
= 0, ∀i = 0, 1 . . . ,m, (2.25)

then

‖v‖j,Ǐ ≲
m,r

|v|m+1,Ǐ , j = 0, 1, . . .m. (2.26)

Proof. Consider the function z = ω0
α̌,rv, then by construction of ω0

α̌,r and the assumption
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(2.25), we have

z ∈ H1(Ǐ), and
∫
Ǐ

z = 0,

which, by the Poincaré inequality [4], leads to ‖z‖0,Ǐ ≲ |z|1,Ǐ . Now, recall from (2.24) that

|ωiα̌,r| 'r 1. Hence,

‖v‖0,Ǐ ≲
r
‖z‖0,Ǐ ≲ |z|1,Ǐ ≲

r
|v|1,Ǐ . (2.27)

That is, we have proven Theorem 2.3 for j = 1. Since v′ ∈ Hm
α̌,τ(r)(Ǐ), the same approach

yields

‖v′‖0,Ǐ ≲
r
|v|2,Ǐ .

By using the same argument j times, we obtain (2.26).

In order to use Theorem 2.3 in our analysis, we introduce the following immersed Poincaré

projection.

Definition 2.4. Let (rk) be a positive sequence, α̌ ∈ Ǐ and m ≥ 0. Given a function

v ∈ Hm+1
α̌,r (Ǐ), we define π̌mα̌,rv ∈ Vmα̌,r(Ǐ) as the solution to the system

(
ωiα̌,r,

dk

dxk
π̌mα̌,rv

)
Ǐ

=

(
ωiα̌,r,

dkv

dxk

)
Ǐ

, ∀k = 0, 1, . . . ,m. (2.28)

For the definition above to make sense, we show that the map π̌mα̌,r is well-defined.

Lemma 2.8. Let (rk) be a positive sequence, α̌ ∈ Ǐ and m ≥ 0. Given a function v ∈

Hm+1
α̌,r (Ǐ), then there is a unique π̌mα̌,rv ∈ Vmα̌,r(Ǐ) that satisfies Definition 2.4.

That is, the projection π̌mα̌,r : Hm+1
α̌,r (Ǐ) → Vmα̌,r(Ǐ) is well-defined.

Proof. Let v ∈ Hm+1
α̌,r (Ǐ). By definition, π̌mα̌,rv is the solution to the system of m+1 equations
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(2.28). By expressing π̌mα̌,rv in terms of the canonical basis

π̌mα̌,rv =
m∑
i=0

ciN i
α̌,r,

the system (2.28) becomes

A



c0

c1
...

cm


=



(ω0
α̌,r, v)Ǐ

(ω1
α̌,r, v

′)Ǐ
...

(ωmα̌,r, v
(m))Ǐ


, where (A)i+1,j+1 =

(
ωiα̌,r,

di

dxi
N j
α̌,r

)
Ǐ

. (2.29)

Since N j
α̌,r is a piecewise j-th degree polynomial for 0 ≤ j ≤ m, the matrix A is upper

triangular, with diagonal entries

(A)i,i =

(
ωi−1
α̌,r ,

di−1

dxi−1
N i−1
α̌,r

)
Ǐ

= (i− 1)!ri−1 6= 0, i = 1, 2, . . . ,m+ 1.

Hence, the matrix A is invertible and the system (2.28) admits a unique solution. Since this

result applies to all v ∈ Hm+1
α̌,r (Ǐ), we conclude that π̌mα̌,r is well-defined.

The operator π̌mα̌,r is a projection, that is π̌mα̌,rv = v if and only if v ∈ Vmα̌,r(Ǐ). Furthermore,

if v is not in the RIFE space, then π̌mα̌,rv provides an approximation of v, where the error of

the approximation can be estimated using Theorem 2.3

∣∣v − π̌mα̌,rv
∣∣
j,Ǐ

≲
m,r

|v|m+1,Ǐ , j = 0, . . . ,m, ∀v ∈ Hm+1
α̌,r (Ǐ). (2.30)

It is crucial here that the error estimate above does not depend on the location of the

interface α̌. This is a key property that we want to extend to other projection operators.

Our strategy here is very similar to the non-interface case [46], in the sense that we use
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(2.30) and the triangle inequality to estimate the projection error. For example, consider a

projection P̌m
α̌,r : Hm+1

α̌,r (Ǐ) → Vmα̌,r(Ǐ), then

∥∥v − P̌m
α̌,rv
∥∥
j,Ǐ

≤
∥∥v − π̌mα̌,rv

∥∥
j,Ǐ

+
∥∥P̌m

α̌,r

(
v − π̌mα̌,rv

)∥∥
j,Ǐ
.

The first term on the right side can be bounded directly using (2.30), whereas the second

one will involve the operator norm of P̌m
α̌,r, which we will define below.

Definition 2.5. Let P̌m
α̌,r : Hm+1

α̌,r (Ǐ) → Vmα̌,r(Ǐ) be a linear map, we say that P̌m
α̌,r is j-bounded,

if

sup
{∥∥P̌m

α̌,r(v)
∥∥
0,Ǐ

| v ∈ Hm+1
α̌,r (Ǐ), ‖v‖j,Ǐ = 1

}
<∞, (2.31)

where 0 ≤ j ≤ m+ 1 is an integer.

If P̌m
α̌,r is j-bounded, then we use

∥∥P̌m
α̌,r

∥∥
0,j,Ǐ

to denote the supremum in (2.31), that is

∥∥P̌m
α̌,r

∥∥
0,j,Ǐ

= sup
{∥∥P̌m

α̌,r(v)
∥∥
0,Ǐ

| v ∈ Hm+1
α̌,r (Ǐ), ‖v‖j,Ǐ = 1

}
. (2.32)

Additionally, if P̌m
α̌,r is j-bounded, then

∥∥P̌m
α̌,rv
∥∥
i,Ǐ

≲
m,r

∥∥P̌m
α̌,rv
∥∥
0,Ǐ

≤
∥∥P̌m

α̌,r

∥∥
0,j,Ǐ

‖v‖j,Ǐ , ∀v ∈ Hm+1
α̌,r (Ǐ). (2.33)

Therefore, the norm ‖·‖i,j,Ǐ defined below

∥∥P̌m
α̌,r

∥∥
i,j,Ǐ

= sup
{∥∥P̌m

α̌,r(v)
∥∥
i,Ǐ

| v ∈ Hm+1
α̌,r (Ǐ), ‖v‖j,Ǐ = 1

}
, (2.34)

is finite for all integers 0 ≤ i ≤ m+ 1.

∥∥P̌m
α̌,r

∥∥
i,j,Ǐ

= sup
{∥∥P̌m

α̌,r(v)
∥∥
i,Ǐ

| v ∈ Hm+1
α̌,r (Ǐ), ‖v‖j,Ǐ = 1

}
,
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Now, we are ready to state the Immersed Bramble-Hilbert lemma.

Lemma 2.9. Let P̌m
α̌,r : Hm+1

α̌,r (Ǐ) → Vmα̌,r(Ǐ) be a j-bounded projection, then

∥∥v − P̌m
α̌,rv
∥∥
i,Ǐ

≲
m,r

(
1 +

∥∥P̌m
α̌,r

∥∥
i,j,Ǐ

)
|v|m+1,Ǐ , i = 0, 1, . . . ,m,

for all v ∈ Hm+1
α̌,r (Ǐ), where

∥∥P̌m
α̌,r

∥∥
i,j,Ǐ

is defined in (2.34)

Proof. Let v ∈ Hm+1
α̌,r (Ǐ), then by the triangle inequality, we have

∥∥v − P̌m
α̌,rv
∥∥
i,Ǐ

≤
∥∥v − π̌mα̌,rv

∥∥
i,Ǐ

+
∥∥P̌m

α̌,rv − π̌mα̌,rv
∥∥
i,Ǐ
.

Since P̌m
α̌,r is a projection, we have π̌mα̌,rv = P̌m

α̌,rπ̌
m
α̌,rv, which leads to

∥∥v − P̌m
α̌,rv
∥∥
i,Ǐ

≤
∥∥v − π̌mα̌,rv

∥∥
i,Ǐ

+
∥∥P̌m

α̌,r

(
v − π̌mα̌,rv

)∥∥
i,Ǐ

≤
∥∥v − π̌mα̌,rv

∥∥
i,Ǐ

+
∥∥P̌m

α̌,r

∥∥
i,j,Ǐ

∥∥v − π̌mα̌,rv
∥∥
j,Ǐ

≲
m,r

(1 +
∥∥P̌m

α̌,r

∥∥
i,j,Ǐ

)|v|m+1,Ǐ , (Using (2.30))

which is the desired result.

The lemma above is a generalization of the classical Bramble-Hilbert lemma in one-dimension

in the sense that if rk = 1 for all k = 0, 1 . . . ,m, then the RIFE space Vmα̌,r(Ǐ) is exactly

the polynomial space Pm(Ǐ), and the immersed Sobolev space Hm+1
α̌,r (Ǐ) is the Sobolev space

Hm+1(Ǐ).

Next, we extend the results of Lemma 2.9 to the local (physical) interface element Ik0 =

[xk0−1, xk0−1 + h], which contains the interface point α. To achieve this, we use F : Ǐ → Ik0
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to denote the affine map given by

F (ξ) = xk0−1 + hξ, ∀ξ ∈ Ǐ , (2.35)

and we use M : L2(Ik0) → L2(Ǐ) to denote the change of variables Mφ = φ ◦ F for all

functions in L2(Ik0). One key property of the map M is that it maps Hm+1
α,r (Ik0) to Hm+1

α̌,r (Ǐ)

and Vmα,r(Ik0) to Vmα̌,r(Ǐ) as shown in the lemma below

Lemma 2.10. Let v ∈ Hm+1
α,r (Ik0), then Mv ∈ Hm+1

α̌,r (Ǐ). In particular, if v ∈ Vmα,r(Ik0), then

Mv ∈ Vmα̌,r(Ǐ).

Proof. Let v ∈ Hm+1
α,r (Ik0) and let v̌ = Mv = v ◦ F . Then, since v̌|Ǐ± ∈ Hm+1(Ǐ±), and by

definition of the immersed Sobolev space, we have

v̌(k)(α̌+) = hkv(k)(α+) = rkh
kv(k)(α−) = rkv̌

(k)(α̌−), k = 0, 1, 2, . . . ,m.

Hence, v̌ ∈ Hm+1
α̌,r (Ǐ), which proves the first claim.

To prove the second claim, consider v ∈ Vmα,r(Ik0) and v̌ = Mv, then v̌|Ǐ± ∈ Pm(Ǐ±) since F

is affine, and v̌(k)(α̌+) = rkv̌
(k)(α̌−) for all 0 ≤ k ≤ m by our previous argument. Therefore,

v̌ ∈ Vmα̌,r(Ǐ).

It is worth noting here that the sequence (rk) associated with the local (physical) IFE space

is the same sequence associated with the reference IFE space. Hence, the immersed Bramble-

Hilbert lemma can be extended to the projections onto the local IFE space (LIFE) via the

scaling argument. Again, this step is very similar to arguments used in the traditional

finite element method. To be more precise, we are interested in projections Pm
α,r onto the

LIFE space that are constructed from a projection P̌m
α̌,r onto the RIFE space, such that

M◦Pm
α,r = P̌m

α̌,r◦M. However, we note here that under mesh refinement, the relative position
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of the interface within the local element changes, which in turn, changes the location of α̌ in

Ǐ. Therefore, we need to consider the norm of all P̌m
α̌,r for all α̌ ∈ Ǐ.

Definition 2.6. Let {P̌m
α̌,r}α̌∈Ǐ be a family of projections from Hm+1

α̌,r (Ǐ) onto Vmα̌,r(Ǐ). We

say that {P̌m
α̌,r}α̌∈Ǐ is a uniformly bounded family of RIFE projections if

∥∥P̌m
α̌,r

∥∥
0,j,Ǐ

≲
m,r

1, ∀α̌ ∈ Ǐ , (2.36)

for some integer 0 ≤ j ≤ m+ 1.

That is, {P̌m
α̌,r}α̌∈Ǐ is a uniformly bounded family of RIFE projections consists of projections

whose norms can be bounded independently of the interface location. This notion can be

extended to the local (physical) IFE space as well.

Definition 2.7. Let Ik0 be an element and let {Pm
α,r}α∈Ik0 be a family of projections from

Hm+1
α,r (Ik0) onto Vmα,r(Ik0). We say that {Pm

α,r}α∈Ik0 is a uniformly bounded family of LIFE

projections if {P̌m
α̌,r}α̌∈Ǐ is a uniformly bounded family of RIFE projections, where P̌m

α̌,r =

M◦ Pm
α,r ◦M−1 for all α ∈ Ik0 .

In other words, S is a uniformly bounded family of LIFE projections if the associated family

of RIFE projections is uniformly bounded. The main benefit of working with such projections

is that we can derive the following estimate for the residual of the projection.

Theorem 2.4. Let Ik0 be an element of size h and let {Pm
α,r}α∈Ik0 be a uniformly bounded

family of LIFE projections, then

|Pm
α,rv − v|i,Ik0 ≲

m,r
hm+1−i|v|m+1,Ik0

, ∀v ∈ Hm+1
α,r (Ik0), ∀α ∈ Ik0 ,

for all integer 0 ≤ i ≤ m.



50 CHAPTER 2. UNIFIED ANALYSIS FOR ONE DIMENSIONAL IFE METHODS

Proof. Let P̌m
α̌,r = M◦Pm

α,r ◦M−1 and let v̌ = Mv. Then Pm
α,rv = M−1P̌m

α̌,rv̌. Hence, by the

change of variable x 7→ F (x)

|Pm
α,rv − v|i,Ik0 = h−i|M−1

(
P̌m
α̌,rv̌ − v̌

)
|i,Ik0 = h−i|

(
P̌m
α̌,rv̌ − v̌

)
◦ F−1|i,Ik0

= h1−i|P̌m
α̌,rv̌ − v̌|i,Ǐ . (2.37)

Next, we use Lemma 2.9 and the uniform boundedness assumption to obtain

|Pm
α,rv − v|i,Ik0 ≲

m,r
h1−i(1 +

∥∥P̌m
α̌,r

∥∥
i,j,Ǐ

)|v̌|m+1,Ǐ ≲
m,r

h1−i|v̌|m+1,Ǐ

≲
m,r

h1−ihm+1h−1|v|m+1,Ik0
(using the change of variables x = F (ξ))

≲
m,r

hm+1−i|v|m+1,Ik0
,

which is the desired result.

The estimates derived above apply to many interesting and useful projections. In this dis-

sertation we will focus on the following projections, which are relevant to our analysis later:

• The L2 orthogonal projection Pm,ort
α,r maps a function v to the closest vh in the LIFE

space, in the sense of the L2 norm. Although, we will not use this projection in our

analysis, it will serve as a first example to illustrate the notion of uniformly bounded

family of LIFE projections.

• The immersed Radau projection Pm,Rad
α,r interpolates a function v at one endpoint,

plus some additional orthogonality conditions. This projection is similar to traditional

Gauss-Radau projection used to analyze DG methods [40, 87, 95], and will be used

to analyze the immersed discontinuous Galerkin method for the transport interface
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problem (2.1d).

• The immersed Lobatto projection Pm,Lob
α interpolates a function v at the two endpoints

of the element, which will be used to establish a C0-conforming IFE space for the elliptic

interface problem (2.1a) and the parabolic interface problem (2.1c).

• The immersed Hermite projection Pm,Her
α,r interpolates a function v and its derivative

at the endpoints, which will be used to construct C1-conforming IFE space for the

Euler-Bernoulli beam interface problem (2.1b).

We note that we are not discussing the IFE spaces and projections for the acoustic interface

problem here, and we will postpone that discussion since it will employ some problem-specific

techniques. Nevertheless, our approach in that section will be inspired by the immersed

Radau projection, and it will be similar to the analysis of the transport interface problem.

For each of the projections mentioned above, we will provide a precise definition, and we

prove that it is well-defined, then we show that the collection of all said projections forms

a uniformly bounded family of LIFE projection. Thus, they all provide an optimal approxi-

mation to functions v in the immersed Sobolev space Hm+1
α,r (Ik0). To illustrate this idea, we

study the L2 projection below and derive an optimal approximation capability result.

Definition 2.8. Let v ∈ L2(Ik0), we use Pm,ort
α,r v to denote the solution to the system

Pm,ort
α,r v ∈ Vmα,r(Ik0),

(
Pm,ort
α,r v, q

)
Ik0

= (v, q)Ik0 , ∀q ∈ Vmα,r(Ik0). (2.38)

Lemma 2.11. The L2 projection Pm,ort
α,r is a well-defined projection from L2(Ik0) onto

Vmα,r(Ǐ).

Proof. The existence of The L2 projection is a classical result of functional analysis [91].

Lemma 2.12. The family {Pm,ort
α,r }α∈Ik0 is a uniformly bounded family of LIFE projections.
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Proof. We only need to consider the associated RIFE projection P̌m,ort
α̌,r : Hm+1

α̌,r (Ǐ) → Vmα̌,r(Ǐ)

defined as (
P̌m,ort
α,r v, q

)
Ǐ
= (v, q)Ǐ , ∀q ∈ Vmα̌,r(Ǐ).

By choosing q = P̌m,ort
α,r v and using the Cauchy-Schwarz inequality, we obtain

∥∥P̌m,ort
α̌,r v

∥∥2
0,Ǐ

=
(
v, P̌m,ort

α̌,r v
)
Ǐ
≤
∥∥P̌m,ort

α̌,r v
∥∥
0,Ǐ

‖v‖0,Ǐ .

Therefore,
∥∥P̌m,ort

α,r v
∥∥
0,Ǐ

≤ ‖v‖0,Ǐ for all v ∈ Hm+1
α̌,r (Ǐ). Hence, the orthogonal L2 projection

is a uniformly bounded family of LIFE projections.

Now, we can derive an estimate for the error of the L2 projection onto the IFE space directly

from the lemma above and Theorem 2.4.

Corollary 2.2. Let v ∈ Hm+1
α,r (Ik0), then

∣∣v − Pm,ort
α,r v

∣∣
i,Ik0

≲
m,r

hm+1−i|v|m+1,Ik0
, i = 0, 1, . . . ,m.

The corollary above shows that the local IFE space provides an optimal approximation to

functions in the immersed Sobolev space, in the sense that the residual v − Pm,ort
α,r v decays

at rate of O(hm+1−i) in the i-th Sobolev semi-norm, which is similar to the classical case of

approximation functions with polynomials.

More importantly, the steps above illustrate a unified framework to study various IFE pro-

jections for different interface problems. More precisely, the steps that we will take for every

problem in the next section will be the following:

1. We define a projection operator Pm
α,r from an immersed Sobolev space onto a local

IFE space, which in turn, defines a family of projections {P̌m
α̌,r}α̌∈Ǐ from Hm+1

α̌,r (Ǐ) onto
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Vmα̌,r(Ǐ), where P̌m
α̌,r = M◦ Pm

α,r ◦M−1.

2. We show that P̌m
α̌,r is well-defined. Typically, this involves proving that a square linear

system admits a unique solution.

3. We prove that {P̌m
α̌,r}α̌∈Ǐ is a uniformly bounded family of RIFE projections.

After that, we can immediately derive an error estimate for the projection Pm
α,r that is

independent of α, and use it in the study of the IFE method.

2.4 Analysis of IFE Methods for Interface Problems

In this section, we develop and analyze arbitrary-order IFE methods for the interface prob-

lems (2.1a)-(2.1e). For each interface problem, we will describe the extended jump conditions

associated with the solution and the discrete weak formulation, then we will introduce a suit-

able projection to derive optimal convergence estimates for each method.

2.4.1 The Elliptic Interface Problem

Consider the following boundary value problem


−β(x)u′′(x) = f(x), x ∈ I− ∪ I+,

u(a) = u(b) = 0,

(2.39a)

where β is a piecewise constant function β|I± = β± > 0. At the interface point, we assume

that the solution satisfies the following interface conditions

JuKα = Jβu′Kα = 0. (2.39b)



54 CHAPTER 2. UNIFIED ANALYSIS FOR ONE DIMENSIONAL IFE METHODS

The first IFE method for the interface problem (2.39) was presented in [76], where the IFE

method was introduced. In that paper, the author only considered the first degree IFE space,

where the shape functions are linear functions on non-interface elements and piecewise linear

function on the interface element. Their construction was later extended to higher degree

IFE space in [7], where the authors constructed an m-th order IFE space with a Lagrange

basis. The key idea to construct higher order IFE spaces that the authors presented is to

restrict our attention to the case where f , the right-hand side of (2.39a), is smooth around

the interface. For instance, if f is continuous at α, we infer that Jβu′′Kα = 0. Similarly, if

f ∈ Cm−2(I), we obtain q
βu(k)

y
α
= 0, k = 1, 2, . . . ,m,

which is, when combined with u|I± ∈ Hm−1(I±), yields u ∈ Hm+1
α,re (I), where re = (rek) is the

sequence

re0 = 1, rek =
β−

β+
, k = 1, 2, . . . . (2.40)

Therefore, it is suitable here to consider the following global continuous IFE space

Vm,cont
α (Th) = Vmα,re(Th) ∩H1(I), (2.41)

where re is defined in (2.40). Here, we are dropping the sequence re from the notation

since it will remain unchanged in the remainder of this subsection. Now, the discrete weak

formulation can be posed as follows: Find uh ∈ Vm,cont
α (Th) ∩H1

0 (I) such that

(βu′h, v
′
h)I = (f, vh)I , ∀vh ∈ Vm,cont

α (Th) ∩H1
0 (I). (2.42)

The discrete formulation (2.42) is the same as the one used in [7], where the authors used

the special form of the sequence re to establish an estimate for the interpolation error,
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and consequently, an estimate for the error of the method. Our goal here is to provide an

alternative approach to analyzing the error ‖u− uh‖0,I based on the immersed Bramble-

Hilbert lemma, which is simpler, and generalizable to other methods.

The main ingredient in the analysis is to construct an optimally convergent projection Pm,cont

from the immersed Sobolev space Hm+1
α,re (I) onto the global continuous IFE space Vm,cont

α (Th).

Following the analysis of the classical finite element method, we choose Pm,contv|Ik to be the

Lagrange interpolant Pm,Lag of v on a non-interface element Ik. On the interface element

Ik0 , we propose the following immersed Lobatto projection for a function v ∈ Hm+1
α,re (I)


Pm,Lob
α v(xk0−1) = v(xk0−1),

Pm,Lob
α v(xk0) = v(xk0),

(Pm,Lob
α v, q)w,Ik0

= (v, q)w,Ik0
, ∀q ∈ Vm−2

α,τ2(re)(Ik0),

w(x) =


re1, x ∈ I−k0 ,

1, x ∈ I+k0 .

(2.43)

That is, the Lobatto projection Pm,Lob
α v interpolates the function v at the endpoints, and

Pm,Lob
α v− v is orthogonal to the space Vm−2

α,τ2(r)(Ik0) with respect to a weighted inner product.

The interpolation property ensures that the global projection

Pm,cont : v 7→ Pm,contv, Pm,contv|Ik =


Pm,Lag(v|Ik), k 6= k0

Pm,Lob
α (v|Ik), k = k0,

(2.44)

is indeed in the global continuous IFE space. The orthogonality condition is added to

ensure the uniqueness of the projection and to prove that the immersed Lobatto projection

is uniformly bounded.

First, recall that we only need to study the Lobatto projection on the reference element Ǐ,
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denoted P̌m,Lob
α̌ , which maps a function v ∈ Hm+1

α̌,r (Ǐ) into vh = P̌m,Lob
α̌ v, where


vh(0) = v(0),

vh(1) = v(1),

(vh, q)w̌,Ǐ = (v, q)w̌,Ǐ , ∀q ∈ Vm−2
α̌,τ2(re)(Ǐ),

w̌(x) =


re1, x ∈ Ǐ−,

1, x ∈ Ǐ+.

(2.45)

Lemma 2.13. The projection P̌m,Lob
α̌ : Hm+1

α̌,re (Ǐ) → Vmα̌,re(Ǐ) is well-defined.

Proof. Consider the system (2.45). By expressing vh = P̌m,Lob
α̌ v in terms of the canonical

basis, we obtain a square linear system. Therefore, it is enough to show that if v = 0, then

vh = 0 to prove that P̌m,Lob
α̌ is well-defined.

Now, suppose that v = 0 in (2.45), then vh(0) = vh(1) = 0, and (vh, w̌q)Ǐ = 0 for all

q ∈ Vm−2
α̌,τ2(re)(Ǐ). In particular, for q = v′′h, we have

(vh, w̌v
′′
h)Ǐ = 0.

By construction of Vmα̌,re , w̌v′′h is continuous. Therefore, using integration by parts and

vh(0) = vh(1) = 0, we obtain

0 = (v′h, w̌v
′
h)Ǐ =

∥∥∥√w̌v′h∥∥∥
0,Ǐ
.

Then, we have vh = 0 since vh(0) = 0.

Lemma 2.14. The family {Pm,Lob
α }α∈Ik0 is a uniformly bounded family of LIFE projections.

Proof. Here, it is enough to show that ‖vh‖0,Ǐ ≲m,β ‖v‖1,Ǐ , where vh = P̌m,Lob
α̌ v is given by

(2.45).
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Let q1 ∈ V1
α̌,re(Ǐ) be the unique IFE function in V 1

α̌,re(Ǐ) such that q1(0) = v(0) and q1(1) =

v(1). Then, it is easy [76] to check that

‖q1‖0,Ǐ ≤ |v(0)|+ |v(1)|≲ ‖v‖1,Ǐ (2.46)

Now, let q2 = vh − q1, then q2(0) = q2(1) = 0, and

(q2, w̌q)Ǐ = (v − q1, w̌q)Ǐ , ∀q ∈ Vm−2
α̌,τ2(re)(Ǐ).

Next, we substitute q with q′′2 , and integrate by parts

−(q′2, w̌q
′
2)Ǐ = (v − q1, q

′′
2)Ǐ .

At this step, we recall that w̌'β 1. Then

‖q′2‖
2
0,Ǐ ≲

β

|(q′2, w̌q′2)Ǐ |≲
β

‖v − q1‖0,Ǐ ‖q
′′
2‖0,Ǐ .

Next, we apply Friedrichs inequality to the left-hand side and the inverse inequality Lemma 2.5

to the right-hand side, and the Triangle inequality

‖q2‖20,Ǐ ≲
m,β

(
‖v‖0,Ǐ + ‖q1‖0,Ǐ

)
‖q2‖0,Ǐ ≲

m,β

‖v‖1,Ǐ ‖q2‖0,Ǐ , (2.47)

where the last inequality follows from (2.46). Finally, we combine (2.46) and (2.47) to obtain

‖vh‖0,Ǐ = ‖q1 + q2‖0,Ǐ ≤ ‖q1‖0,Ǐ + ‖q2‖0,Ǐ ≲
m,β

‖v‖1,Ǐ .

Hence, {Pm,Lob
α }α∈Ik0 is a uniformly bounded family of LIFE projections.
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From the immersed Bramble-Hilbert, we obtain the following error estimate for immersed

Lobatto projection.

Corollary 2.3. Let v ∈ Hm+1
α,re (Ik0), then

∣∣v − Pm,Lob
α v

∣∣
i,Ǐ

≲
m,β

hm+1−i|v|m+1,Ik0
, i = 0, 1, . . . ,m.

Now, we recall that Pm,cont is defined piecewisely on each element. Then, by summing over

all elements and using the traditional finite element estimates on non-interface elements, and

Corollary 2.3 on the interface element, we have

|v − Pm,contv|i,I ≲
m,β

hm+1−i|v|m+1,I , i = 0, 1. (2.48)

Here, we are only considering the first two Sobolev norms. However, we can extend this

result to higher-order norms easily by Theorem 2.4. Finally, we are ready to state the main

result of this subsection.

Theorem 2.5. Let u ∈ Hm+1
α,re (I) ∩ H1

0 (I) be the exact solution to (2.39), and let uh ∈

Vm,cont
α (Th) ∩H1

0 (I) be the solution to the discrete problem (2.42), then

|u− uh|1,I ≲
m,β

hm|u|m+1,I , (2.49)

and

|u− uh|0,I ≲
m,β

hm+1|u|m+1,I . (2.50)

Proof. The first inequality (2.49) follows from Céa’s lemma [29, 32, 69] and the approxima-

tion result (2.48), and the second inequality (2.50) follows from the duality argument [69],

also known as the Aubin-Nitche trick.
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Remark 2.3. It is worth noting that the results of Theorem 2.5 appeared in [7], where the

authors used a multipoint Taylor expansion technique to estimate the error of an immersed

Lagrange interpolation on interface elements. Our approach, which relies on the immersed

Lobatto projection, is much simpler and provides a similar approximation result.

Remark 2.4. We refer the reader to [7] for numerical examples illustrating the findings of

Theorem 2.5 for 1 ≤ m ≤ 5.

2.4.2 The Parabolic Interface Problem

Consider the following parabolic initial boundary value problem


ut(x, t) = β(x)uxx(x, t), x ∈ I− ∪ I+, 0 < t ≤ T,

u(a) = u(b) = 0,

u(x, 0) = u0(x), x ∈ I,

(2.51)

where β|I± = β± > 0 is a piecewise constant function that represent the heat conductivity

of a heterogeneous material, and u is assumed to satisfy the interface conditions Ju(·, t)Kα =

Jβux(·, t)Kα = 0. An IFE method for this problem was briefly discussed in [64, 70], where the

authors considered first order IFE methods based on the IFE space for the elliptic interface

problem (2.41). However, higher order IFE methods were not developed and analyzed for

this particular interface problem.

To derive the extended interface conditions for (2.51), we first restrict ourselves to the case

where the solution is smooth enough, except (possibly) at the interface. Recall that the

solution satisfies Ju(·, t)Kα = 0 for all 0 < t ≤ T , then if we differentiate with respect to t,
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we obtain

Jut(·, t)Kα = Jβuxx(·, t)K = 0.

Similarly, if we differentiate the Jβux(·, t)Kα = 0 with respect to t, we obtain an additional

interface condition

Jβutx(·, t)Kα =

s
β2∂

3u

∂x3
(·, t)

{
α

= 0,

which is different from the extended interface conditions for the elliptic interface problem.

Hence, we need to consider a slightly different immersed Sobolev space for the solution and

consequently, a slightly different IFE space. By continuing this process of differentiating

with respect to t, we obtain

∂ku

∂xk
(α+, t) = rdk

∂ku

∂xk
(α−, t), rdk =

(
β−

β+

)d k
2e
, k = 0, 1, . . . . (2.52)

where d·e is the ceiling function. Now, we restrict our analysis to the case where the ini-

tial condition u0 ∈ Hm+1
α,rd

(I), and the solution u(·, t) ∈ Hm+1
α,rd

(I) for all t ∈ (0, T ), where

the sequence rd = (rdk) is given by (2.52). In this case, the global continuous IFE space

Vm,cont
α (Th) differs from the one described in the elliptic interface problem only in the choice

of the sequence describing the interface conditions. Nevertheless, we use the same notation

to describe both spaces to avoid complicating our notation. Similarly, when we use Pm,cont

in this subsection, we are referring to the projection operator defined in (2.44), where the

sequence re is now replaced by rd from (2.52).

Remark 2.5. Note that the IFE space for the elliptic interface problem is identical to the

IFE space for parabolic interface problem for m ≤ 2, since the first three terms of rd match

those in re. Furthermore, the arguments used to derive Corollary 2.3 only use the first two



2.4. ANALYSIS OF IFE METHODS FOR INTERFACE PROBLEMS 61

terms of re explicitly. Therefore, we have

|u(·, t)− Pm,contu(·, t)|i,I ≲
m,β

hm+1−i max
0≤t≤T

|u(·, t)|m+1,I , i = 0, 1, . . . ,m.

Now, we are ready to state the discrete weak formulation to the problem (2.51): We are

seeking uh : [0, T ] → Vm,cont
α (Th) such that


(∂tuh(t), vh)I = − (∂xuh(t), ∂xvh)β,I , ∀vh ∈ Vm,cont

α (Th), 0 < t ≤ T,

uh(0) = Pm,contu0,

(2.53)

which is equivalent to a system of differential equations Mc′(t) = −Sc(t), where both M

and S are symmetric positive definite matrices. The analysis of the method then follows the

classical arguments for the traditional finite element method [97, pp. 5-10] to obtain

‖uh(t)− u(·, t)‖0,I ≲
m,β

hm+1

(
‖u0‖m+1,I + ‖u(·, t)‖m+1,I +

∫ t

0

‖ut(·, s)‖m+1,I ds

)
, (2.54)

for t ∈ [0, T ]. In the error estimate above, we are assuming that the time integration error

is either negligible, or comparable to the spatial discretization error. It is worth mentioning

here that an analysis of the fully discrete, higher order IFE method for the parabolic interface

problem (2.51) is highly desirable. However, it would require a careful choice of a higher order

time integration method that does not require excessively small time-steps. Such methods

for low order, two-dimensional IFE methods were explored recently in [80] and remain a

subject of active research. In the future, we will attempt to prove similar results for higher

order IFE methods.
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2.4.3 The Euler Bernoulli Beam Interface Problem

Consider the following interface problem


β(x)u(4)(x) = f(x), x ∈ I− ∪ I+,

u(a) = u′(a) = u(b) = u′(b) = 0,

(2.55a)

where the solution u satisfies the following jump conditions at α

JuKα = Ju′Kα = Jβu′′Kα = Jβu′′′Kα = 0. (2.55b)

Cubic Hermite IFE methods were developed to solve the interface problem (2.55) in [81, 101]

and analyzed in [78] using a multipoint Taylor expansion approach, which is cumbersome

and hard to extend to higher order IFE methods. In this subsection, we will provide an

alternative approach, based on the immersed Bramble-Hilbert lemma, to analyze m-th order

IFE spaces for this problem. Our approach here is very similar to the one we used for the

elliptic interface problem, in the sense that we only need to construct a suitable projection on

the interface element, and prove that this projection is uniformly bounded. The rest follows

from the immersed Bramble-Hilbert lemma and the classical finite element techniques.

First, we restrict our attention to the case where f ∈ Cm−3, where m ≥ 3 is the degree of

FE/IFE used. Then it follows from βu(4) = f , and the interface jump conditions (2.55b)

that
q
βu(k)

y
α
= 0 for k = 2, . . . ,m. Therefore, it is suitable to seek a solution to (2.55) in

Hm+1
α,rs (I), where rs = (rsk) is the sequence

rs0 = rs1 = 1, rsk =
β−

β+
, k = 2, . . . ,m. (2.56)

Now, the discrete weak formulation can be stated as follows: Find uh ∈ Vm,Her
α (Th) ∩H2

0 (I),



2.4. ANALYSIS OF IFE METHODS FOR INTERFACE PROBLEMS 63

such that

(u′′h, v
′′
h)I = (f, vh)I , ∀vh ∈ Vm,Her

α (Th) ∩H2
0 (I), (2.57)

where Vm,Her
α (Th) = Vmα,rs(Th) ∩ H2(I) and rs is given by (2.56). Next, we use Pm,Her :

Hm+1
α,rs (I) → Vm,Her

α (Th) to denote the global immersed Hermite projection constructed locally

on each element: On non-interface elements, this projection is merely the classical C1-

conforming m-th degree Hermite interpolation, and on the interface element, it is the local

immersed Hermite projection Pm,Her
α = M−1 ◦ P̌m,Her

α̌ ◦ M, where P̌m,Her
α̌ will be presented

shortly. To simplify the notation here, we use {σi}3i=0 to denote the four Hermite degrees of

freedom on Ǐ, that is,

σ0(v) = v(0), σ1(v) = v(1), σ2(v) = v′(0), σ3(v) = v′(1).

Using this notation, we can describe P̌m,Her
α̌ as the map that associates with a function v, an

IFE function vh ∈ Vmα̌,rs(Ǐ), such that


σi(vh) = σi(v), 0 ≤ i ≤ 3,

(vh, q)w̌,Ǐ = (v, q)w̌,Ǐ , ∀q ∈ Vm−4
α̌,τ4(rs)(Ǐ),

w̌(x) =


rs2, x ∈ Ǐ−,

1, x ∈ Ǐ+.

(2.58)

Remark 2.6. In the case where m = 3, the immersed Hermite projection (2.58) reduces

to the immersed cubic Hermite interpolation discussed in [81, 101], that is, our work here

extends their IFE space to higher degrees m.

Remark 2.7. In (2.58), we can replace τ 4(rs) with τ 2(rs) since these two sequences are

identical. We elected to use the former since, later in this subsection, we would substitute q

with v
(4)
h which is naturally in Vm−4

α̌,τ4(rs)(Ǐ).

Lemma 2.15. The immersed Hermite projection P̌m,Her
α̌ is well-defined.
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Proof. Let v ∈ Hm+1
α̌,rs (Ǐ). We recall that P̌m,Her

α̌ v is defined as vh, the solution to (2.58),

which is equivalent to a square linear system. Therefore, we only need to show that if v = 0,

then vh = 0.

Assume that v = 0, then

vh(0) = vh(1) = v′h(0) = v′h(1) = 0, (2.59)

and

(vh, w̌q)Ǐ = 0, ∀q ∈ Vm−4
α̌,τ4(rs)(Ǐ).

In particular, for q = v
(4)
h , we have

(
vh, w̌v

(4)
h

)
Ǐ
= 0. By construction, both vh and w̌v(4)h are

in C1(Ǐ). Then, by integrating by parts twice and using (2.59), we obtain

0 = (v′′h, w̌v
′′
h)Ǐ =⇒ v′′h = 0,

which when combined with (2.59) yields vh = 0 by Friedrichs inequality.

Now, we recall the following result from [81] about the immersed cubic Hermite basis.

Lemma 2.16. Let β± > 0 and α̌ ∈ Ǐ, then there is basis {Liα̌}
3
i=0 for V3

α̌,rs(Ǐ) such that

σi(L
j
α̌) = δi,j, 0 ≤ i, j ≤ 3.

Essentially, {Liα̌}
3
i=0 are similar to the classical cubic Hermite basis since it provides a C1

interpolation of a function v ∈ H2(Ǐ) at the endpoints, as the Figure 2.4 shows. In fact, in

the case where β− = β+, these two bases coincide.

Now, consider a function v ∈ H2(Ǐ), let vh ∈ V3
α̌,rs(Ǐ) be its immersed Hermite projection,
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(a) The classical cubic Hermite basis

α̌ 1
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α̌

(b) The immersed cubic Hermite basis with
(β−, β+) = (100, 1)

Figure 2.4: An illustration of the classical cubic Hermite basis (left) and the immersed cubic
Hermite basis (right).

that is σi(v) = σi(vh) for 0 ≤ i ≤ 3. Then, we have

‖vh‖0,Ǐ =

∥∥∥∥∥
3∑
i=0

σi(v)L
i
α̌

∥∥∥∥∥
0,Ǐ

≲ ‖v‖2,Ǐ
3∑
i=0

∥∥Liα̌∥∥0,Ǐ .
Then, to establish a bound on ‖vh‖0,Ǐ independently of α̌, we need to show that the right-

hand side of the inequality above is bounded independently of α̌.

Lemma 2.17. Let β± > 0 and α̌ ∈ Ǐ, then

−1 < Liα̌(x) < 1, ∀ x ∈ [0, 1], i = 0, 1, 2, 3, (2.60)

where {Liα̌}3i=0 is the immersed cubic Hermite basis described in Lemma 2.16.

Proof. This proof can be found in our paper [18], which we include here for the sake of

completeness. Let us start with p = L0
α̌, we have

p(0) = 1, p(1) = 0, p′(0) = 0, p′(1) = 0.



66 CHAPTER 2. UNIFIED ANALYSIS FOR ONE DIMENSIONAL IFE METHODS

By Lemma 2.6, p′ does not change sign in (0, 1) since p′ ∈ V2
α̌,τ(rs)(Ǐ) and p′(0) = p′(1) = 0.

Therefore, p is monotonically decreasing from p(0) = 1 to p(1) = 0. The same argument

applies to L1
α̌,r.

Next, we show that q = L2
α̌ is bounded between 0 and 1. We have

q(0) = 0, q(1) = 0, q′(0) = 1, q′(1) = 0.

By Rolle’s theorem, there is c ∈ (0, 1) such that q′(c) = 0. By Lemma 2.6, c the only

root of q′ in (0, 1). Now, by the generalized Rolle’s theorem, there is d ∈ (c, 1) such that

q′′(d−)q′′(d+) ≤ 0. If d 6= α̌, then q′′(d−) = q′′(d+) = q′′(d) because q is a polynomial on

either sides of α̌. In this case we have q′′(d) = 0. If d = α̌, then q′′(d−)q′′(d+) ≤ 0 and jump

condition implies

β−

β+

(
q′′(α̌−)

)2 ≤ 0,

from which we have q′′(α̌−) = 0 = q′′(α̌+). Hence, q′′(d) = 0. Furthermore, by Lemma 2.6,

d is the only root of q′′ since q′′ ∈ V1
α̌,τ2(r)(Ǐ). Since q′′ is a linear polynomial on either sides

of α̌, the jump condition satisfied by q further implies that q′′ does not change its sign (0, d)

and (d, 1). Because q′(0) = 1 and q′(c) = 0 and 0 < c < d, we know that q′ is decreasing

on (0, d) but increasing on (d, 1). These further imply that q′(x) ∈ [0, 1] for x ∈ [0, c] and

q′(x) ≤ 0 for x ∈ [c, d]; hence, q(x) ≤ q(c) for all x ∈ [0, d]. Furthermore, since q′(d) ≤

0, q′(1) = 0 and q′ is monotonic on [d, 1], we know that q′(x) ≤ 0 for all x ∈ [d, 1]. Hence,

0 = q(1) ≤ q(x) ≤ q(d) ≤ q(c) for all x ∈ [d, 1]. Consequently, q(c) ≥ q(x) for x ∈ [0, 1]. In

addition, since q has no local minimum point on (0, d), we have q(x) ≥ min{q(0), q(d)} ≥ 0
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for all x ∈ [0, d]. Thus, q(x) ≥ 0 ∀x ∈ [0, 1]. On the other hand,

q(x) ≤ q(c) =

∫ c

0

q′(x)dx ≤
∫ c

0

1dx = c < 1 ∀x ∈ [0, 1],

The last two estimates lead us to conclude that 0 ≤ q(x) = L2
α̌(x) < 1. Similarly, the proof

of −1 < L3
α̌ < 1 follows similar steps.

Now, we are ready to prove our main result about the immersed Hermite projection.

Lemma 2.18. Let β± > 0 and m ≥ 3. Then

∥∥P̌m,Her
α̌ v

∥∥
0,Ǐ

≲
m,β

‖v‖2,Ǐ ,

for all v ∈ Hm+1
α̌,rs (I).

Proof. Let v ∈ Hm+1
α̌,rs (I), and let q1 ∈ V3

α̌,rs(Ǐ) be the immersed cubic Hermite interpolation

of v, that is,

q1 =
3∑
i=0

σi(v)L
i
α̌.

By Lemma 2.17, we have

‖q1‖0,Ǐ ≲
3∑
i=0

|σi(v)|≲ ‖v‖2,Ǐ . (2.61)

Now, let vh = P̌m,Her
α̌ v, and consider q2 = vh − q1 ∈ Vmα̌,rs(Ǐ). By definition of vh and q1, we

have 
σi(q2) = 0, 0 ≤ i ≤ 3,

(q2, w̌q)Ǐ = (v − q1, w̌q)Ǐ , ∀q ∈ Vm−4
α̌,τ4(rs)(Ǐ).

(2.62)
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In particular, if we choose q = q
(4)
2 and integrate by parts twice, we obtain the following

∥∥∥√w̌q′′2∥∥∥2
0,Ǐ

= (v − q1, w̌q
(4)
2 )Ǐ .

Then by Cauchy-Schwarz, the inverse inequality Lemma 2.5, and the definition of w̌, we

have

‖q′′2‖
2
0,Ǐ ≲

β

(
‖v‖0,Ǐ + ‖q1‖0,Ǐ

)∥∥∥q(4)2

∥∥∥
0,Ǐ

≲
m,β

(
‖v‖0,Ǐ + ‖q1‖0,Ǐ

)
‖q′′2‖0,Ǐ ,

which, when combined with the inequality (2.61), and Friedrichs inequality, yields

‖q2‖0,Ǐ ≲ ‖q′′2‖
2
0,Ǐ ≲

m,β

‖v‖2,Ǐ . (2.63)

To finish the proof, we recall that vh = q1 + q2. Therefore, by the (2.61), (2.63) and the

triangle inequality, we have

‖vh‖0,Ǐ ≲
m,β

‖v‖2,Ǐ .

Again, the error estimate for the immersed Hermite projection follows immediately from

Theorem 2.4.

Corollary 2.4. Let v ∈ Hm+1
α,rs (Ik0), then

∣∣v − Pm,Her
α v

∣∣
i,Ik0

≲
m,β

hm+1−i|v|m+1,Ik0
, i = 0, 1, . . . ,m. (2.64)

Therefore, by summing over all elements, using the classical interpolation results for poly-

nomials on non-interface elements [37], and the error estimate (2.64) on interface elements,

we obtain ∣∣u− Pm,Her
α v

∣∣
i,I

≲
m,β

hm+1−i|v|m+1,I , i = 0, 1, . . . ,m, (2.65)

For all function v ∈ Hm+1
α,rs (I). Therefore, by using the classical finite element techniques, we
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can derive the following estimate for the IFE solution to (2.55).

Theorem 2.6. Let u ∈ Hm+1
α,rs (I) be the exact solution to (2.55), and let uh ∈ Vm,Her

α (Th) ∩

H2
0 (I) be the solution to the discrete problem (2.57), then

‖u− uh‖0,I ≲
m,β

hm+1|u|m+1,I .

Remark 2.8. We refer the reader to [81] for numerical examples illustrating the estimate

in Theorem 2.6 for m = 3.

2.4.4 The Transport Interface Problem

Consider the following transport equation with a discontinuous coefficient


ut(x, t) + c(x)ux(x, t) = 0, x ∈ I− ∪ I+, 0 < t ≤ T,

u(a, t) = ua(t), 0 < t ≤ T,

u(x, 0) = u0(x), x ∈ I,

(2.66a)

where c|I± = c± > 0 is a piecewise constant function, modeling the wave speeds in two

different mediums. Additionally, we assume that the solution is continuous at the interface,

that is JuKα = 0. To our knowledge, no IFE methods were developed for this specific interface

problem. Therefore, we will aim to provide a full overview of the discrete formulation,

stability analysis, error analysis, and numerical examples in this subsection.

First, we restrict our attention to the case where u is smooth enough around the interface,

except at the interface point itself, which allows us to derive additional interface conditions

that we usually refer to as the extended interface conditions. More precisely, since Ju(·, t)Kα =

0 for all 0 < t ≤ T , we have Jut(·, t)Kα = 0, then by (2.66a) is equivalent to JcuxKα = 0. By
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repeating this process m times, we obtain the following

s
ck
∂ku

∂xk

{
α

= 0, k = 0, 1, . . . ,m. (2.66b)

Then, the solution u is in the time-dependent immersed Sobolev space H1([0, T ],Hm+1
α,rh

(I)),

where rh = (rhk) is the sequence

rhk =

(
c−

c+

)k
, k = 0, 1, . . . . (2.67)

Additionally, we restrict our work to the case where u0 ∈ Hm+1
α,rh

(I), and to the case where the

inflow boundary condition is zero, that is u(a, t) = 0 for simplicity. Later, in the numerical

examples, we will describe briefly the case where u satisfies periodic boundaries conditions,

in the case of two interfaces.

For this problem, we propose the following semi-discrete discontinuous Galerkin scheme,

based on the upwind flux [65]: Find uh ∈ H1([0, T ],Vm
α,rh

(Th)) such that


M(∂tuh(·, t), vh) = B(uh(·, t), vh), ∀vh ∈ Vm

α,rh
(Th),

uh(0, t) = 0,

uh(·, 0) = Pm,ortu0,

(2.68)

where Pm,ort is the L2 projection, and M and B are the bilinear forms defined below

M(wh, vh) =

(
1

c
wh, vh

)
I

, (2.69)

B(wh, vh) =
N∑
k=1

(wh, v
′
h)Ik +

N∑
k=1

JvhKxk wh(x−k ), (2.70)
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for all wh, vh ∈ Vm
α,rh

(I). In the formula above, JvhKxk = v(x+k ) − v(x−k ) for k < n and

JvhKxn = −vh(x−n ). From the classical dG arguments [40, 65], it follows that

B(wh, wh) ≤ 0, ∀wh ∈ Vmα,rh(Th). (2.71)

Therefore, the solution to the discrete problem (2.68) is stable in the energy norm, that is

∥∥∥∥ 1√
c
uh(·, t)

∥∥∥∥2
0,I

≤
∥∥∥∥ 1√

c
uh(·, 0)

∥∥∥∥2
0,I

, 0 < t ≤ T. (2.72)

Now, to analyze the L2 error of this immersed dG scheme, we will follow a similar strategy to

the one used for the standard dG method [6, 40, 108]: We introduce a projection operator,

called the immersed Radau projection, which is a generalization of the classical right Radau

projection, then we follow the classical technique to derive an optimal error estimate for the

dG solution.

Definition 2.9. Let v ∈ Hm+1
α,rh

(I), we define Pm,Radv ∈ Vm
α,rh

(Th) to be the solution to


(Pm,Radv, q′)Ik = (v, q′)Ik , ∀q ∈ Vm−1

α,τ(rh)
(Th), ∀k ∈ {1, 2, . . . , N},

(Pm,Radv)(x−k ) = v(x−k ), ∀k ∈ {1, 2, . . . , N},
(2.73)

where Ik = [xk−1, xk] is the k-th element. To unpack this definition, consider a non-interface

element Ik with k 6= k0, then the immersed Radau projection on this element (Pm,Radv)|Ik is

simply the classical Radau projection. On the interface element, the local Radau projection

Pm,Rad
α = (Pm,Radv)|Ik0 is the solution to


(Pm,Rad

α v, q)Ik0
= (v, q)Ik0 , ∀q ∈ Vm−1

α,τ(rh)
(Ik0),

(Pm,Rad
α v)(x−k0) = v(x−k0).

(2.74)
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As usual, we need to show that the immersed Radau projection is well-defined and uniformly

bounded. In order to do so, we only need to show that P̌m,Rad
α̌ = M◦ Pm,Rad

α ◦M−1 is well-

defined and {P̌m,Rad
α̌ }α̌∈Ǐ is a uniformly bounded family of RIFE projections.

By definition, the immersed Radau projection P̌m,Rad
α̌ v of a function v is the solution vh ∈

Vmα̌ (Ǐ) to the system


(vh, q)Ǐ = (v, q)Ǐ , ∀q ∈ Vm−1

α̌,τ(rh)
(Ǐ),

vh(1) = v(1).

(2.75)

Lemma 2.19. The immersed Radau projection P̌m,Rad
α̌,rh

is well-defined.

Proof. Since the system (2.75) is a square linear system. It suffices to show that if v = 0,

then vh = 0.

First, recall that rhk =
(
c−

c+

)k
. Therefore, τ(rh) =

(
c−

c+

)
rh. In other words, if q ∈ Vm−1

α̌,τ(rs)(Ǐ),

then q = w̌q̃ for some q̃ ∈ Vm−1
α̌,rh

(Ǐ), where

w̌(x) =


1 x ∈ Ǐ−,

rh1 x ∈ Ǐ+.

(2.76)

We use this observation to rewrite (2.75) with v = 0 as


(vh, q̃)w̌,Ǐ = 0, ∀q̃ ∈ Vm−1

α̌,rh
(Ǐ),

vh(1) = 0.

(2.77)

The first equation means that vh ∈ V w̌,mα̌,r (Ǐ). By Lemma 2.7, it has exactly m interior roots

in Ǐ, but vh(1) = 0 which means that vh has m+ 1 roots. Hence, vh = 0 by Lemma 2.6.
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Lemma 2.20. Let c± > 0 and m ≥ 1. Then

∥∥P̌m,Rad
α̌ v

∥∥
0,Ǐ

≲
m,c

‖v‖1,Ǐ ,

for all v ∈ Hm+1
α̌,rh

(Ǐ).

Proof. Let v ∈ Hm+1
α̌,rh

(Ǐ), vh = P̌m,Rad
α̌ v, and let q1 ∈ Vm−1

α̌,rh
(Ǐ) be the solution to

(q1, q)Ǐ = (v, q)Ǐ ∀q ∈ Vm−1
α̌,τ(rh)

(Ǐ),

which is equivalent to

(q1, q̃)w̌,Ǐ = (v, q)Ǐ ∀q ∈ Vm−1
α̌,rh

(Ǐ), (2.78)

where w̌ is defined in (2.76). The system (2.78) admits a unique solution since it is equivalent

to an m×m linear system with a symmetric positive definite matrix. Furthermore, by setting

q = q1 in (2.78), we obtain the following inequality

‖q1‖20,Ǐ ≲
c
(q1, q1)w̌,Ǐ = (v, q1)Ǐ ≤ ‖v‖0,Ǐ ‖q1‖0,Ǐ . (2.79)

Hence, ‖q1‖20,Ǐ ≲c ‖v‖0,Ǐ . Next, let q2 = vh − q1, then

q2 ∈ V w̌,m
α̌,rh

(Ǐ), and q2(1) = v(1)− q(1). (2.80)

By the trace theorem (recall that v, q1 ∈ H1(Ǐ)), the inverse inequality Lemma 2.5, and

(2.79), we have

|q2(1)|≲ |v(1)|+ |q1(1)|≲ ‖v‖1,Ǐ + ‖q1‖1,Ǐ ≲
m,c

‖v‖1,Ǐ . (2.81)
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Next, to obtain a similar inequality for |q2(0)|, we recall that

(q2, q)Ǐ = 0, ∀Vm−1
α̌,τ(rh)

(Ǐ).

In particular, for q = q′2, we have

0 = (q2, q
′)Ǐ =

1

2
(q2(1)

2 − q2(0)
2).

Hence, |q2(0)| = |q2(1)|≲m,c ‖v‖1,Ǐ . Now, we can use Theorem 2.2 to conclude that

‖q2‖0,Ǐ ≲
m,c

|q2(0)|+ |q2(1)| ≲
m,c

‖v‖1,Ǐ . (2.82)

Finally, the desired result ‖vh‖0,Ǐ ≲m,c ‖v‖0,Ǐ follows immediately from (2.79) and (2.82) since

vh = q1 + q2.

By definition, it follows from Lemma 2.20 that {Pm,Rad
α }α∈Ik0 is a uniformly bounded family

of LIFE projections, which when combined with the error estimates for the classical Radau

projection [107], yields the following estimate for the global immersed Radau projection

∥∥v − Pm,Radv
∥∥
0,I

≲
m,c

hm+1|v|m+1,I , v ∈ Hm+1
α,rh

(Ǐ). (2.83)

Now, we are ready to state the main theorem of this subsection.

Theorem 2.7. Let u ∈ H1([0, T ],Hm+2
α,rh

(I)) be the exact solution to (2.66) with u0 ∈

Hm+1
α,rh

(I), and let uh be the solution to the semi-discrete problem (2.68), then

‖u(·, T )− uh(·, T )‖0,I ≲
m,c

hm+1

(
|u0|m+1,I + |u(·, T )|m+1,I + T max

0≤t≤T
|u(·, t)|m+2,I

)
.
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Proof. Our proof here follows the standard techniques for non-interface problems [40]. Let

e = uh − u, z = u− Pm,Radu, g = uh − Pm,Radu.

Then by construction of Pm,Rad, we have B(z, g) = 0. Hence,

B(g, g) = B(g − z, g) = B(e, g). (2.84)

Next, by (2.68) and (2.84), we have

M(zt(·, t), g(·, t)) =M(gt(·, t), g(·, t))−M(et(·, t), g(·, t))

=
1

2

d

dt

∥∥c−1/2g(·, t)
∥∥2
I
− B(e(·, t), g(·, t))

=
1

2

d

dt

∥∥c−1/2g(·, t)
∥∥2
I
− B(g(·, t), g(·, t))

=
1

2

d

dt

∥∥c−1/2g(·, t)
∥∥2
I
+ σ(t), (2.85)

where σ(t) ≥ 0 by (2.71). Let κ(t) =
∥∥c−1/2g(·, t)

∥∥
I
, then by the Cauchy-Schwarz inequality,

we have

|M (zt(·, t), g(·, t))| =
∣∣(zt(·, t), c−1g(·, t)

)
I

∣∣≲
c
‖zt(·, t)‖0,I κ(t). (2.86)

Following the ideas in the proof of Lemma 2.19, we can prove easily that ut = −cux ∈

Hm+1
α,rh

(I) since ux ∈ Hm+1
α,τ(rh)

(I). Therefore, by (2.83), we have

‖zt(·, t)‖0,I ≲
m,c

hm+1|u(·, t)|m+1,I . (2.87)

Now, we integrate (2.85) on [0, T ], and use the inequalities (2.86) and (2.87) to obtain

1

2
κ(T )2 − 1

2
κ(0)2 ≲

m,c
hm+1

∫ T

0

κ(s)|u(·, s)|m+2,I ds. (2.88)
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Using a generalized version of Gronwall’s inequality (see [22, p. 24]), we get the following

bound on κ(T )

κ(T ) ≲
m,c

κ(0) + hm+1

∫ T

0

|u(·, s)|m+2,I ds,

≲
m,c

κ(0) + hm+1T max
0≤t≤T

|u(·, t)|m+2,I . (2.89)

From (2.83), we have

κ(0)≲
c

∥∥u0 − Pm,Radu0
∥∥ ≲
m,c

hm+1|u0|0,I . (2.90)

Now, the inequality (2.89) combined with (2.90) yields

‖g(·, T )‖0,I ≲
c
κ(T ) ≲

m,c
hm+1

(
|u0|0,I + T max

0≤t≤T
|u(·, t)|m+2,I

)
. (2.91)

On the other hand, the error estimate (2.83) tells us that

‖z(·, T )‖0,I ≲
m,c

hm+1|u(·, T )|m+1,I . (2.92)

Finally, we combine (2.91) and (2.92) to obtain

‖e(·, T )‖0,I ≤ ‖z(·, T )‖0,I+‖g(·, T )‖0,I ≲
m,c

hm+1

(
|u0|m+1,I + |u(·, T )|m+1,I + T max

0≤t≤T
|u(·, t)|m+2,I

)
,

which is the desired result.

Since this particular immersed dG method has not appeared in the literature, we will finish

this subsection by including two numerical examples to illustrate multiple features of this

immersed dG method. Namely,

• The numerical solution converges to the true solution at a rate of hm+1 as shown in
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Theorem 2.7.

• By writing the discrete form (2.68) as a system of ordinary equations c′(t) = Kc(t).

We observe numerically that the spectral radius of K (i.e. the largest magnitude of

eigenvalues) grows at a rate of h−1 regardless of the degree m, which is comparable to

the standard dG method for non-interface problems [65]. This means that an explicit

time integrator will be stable if the time step ∆t ≤ Ch for some fixed constant C > 0

independent of h.

• The immersed dG (IDG) scheme is robust with respect to the relative position of α in

the interface element, that is, if we fix the mesh and vary α ∈ Ik0 , we do not observe

a noticeable difference in the error, nor in the spectral radius of the global matrix K.

• The IDG scheme can be applied to problems with multiple interfaces and different

boundary conditions, such as periodic boundary conditions.

• Our proposed scheme preserves the energy of the system remarkably well, especially

for degree m ≥ 2. This is observed when simulating a traveling wave through two

interfaces, subject to periodic boundary conditions for an extended period of time.

Example 1: Let us consider the interface problem (2.66) with I = (0, 4) and ua = 0.

For our first experiment, we choose α = π
3
, (c−, c+) = (1, 2) and u0(x) = f(3x − 1

2
), where

f(x) = x(1− x2)5 if |x| ≤ 1, zero otherwise. The exact solution to this problem is:

u(x, t) =


u0(x− c−t), x ≤ α,

u0

(
c−
c+

(x− c+t) + α

(
1− c−

c+

))
, x > α.

For an illustration of the solution at t = 0 and t = 1, see Figure 2.5. We use our proposed

IDG method for space discretization with degree m = 1, 2, 3 and adaptive RK45 for time

integration on the time interval [0, 1]. In Figure 2.6, we see that the L2 error decays at an
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1 2 3 4
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Figure 2.5: A plot of u(x, 0) (solid, red) and u(x, 1) (dashed, blue).
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Figure 2.6: A plot of the L2 error ‖u− uh‖0,[0,4] at t = 1 for m = 1, 2, 3 under mesh
refinement.

optimal rate of O(hm+1). We also observe in Figure 2.7 that the spectral radius of the global

matrix K grows at a rate of O(h−1) regardless of the degree m.

We note that throughout this experiment, the relative position of α within the interface

element denoted α̌ ∈ (0, 1) changes with h, but it did not affect the convergence rate. In

the previous example, we have 0.02 ≤ α̌ ≤ .75 for h = 2−i, i = 3, . . . , 9. To show this more

clearly, we fix h = 2−6, then the previously mentioned value of α = π
3

is in I68 = [68
26
, 69
26
].

Instead of keeping α fixed, we vary α ∈ I68 (Hence, we vary α̌ in [0, 1]), then we compute

the L2 error at t = 1 and the spectral radius of the global matrix K. In Figure 2.8, we can
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Figure 2.7: The spectral radius of the global matrix K for m = 1, 2, 3 under mesh refinement.

observe that the relative position of the interface does not affect the L2 error nor the spectral

radius of K.
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(a) ‖u− uh‖0,[0,4] at t = 1.
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(b) The spectral radius of the global matrix
K.

Figure 2.8: The L2 error (left) and the spectral radius of K (right) versus the relative position
of the interface α̌.

Example 2: Consider the following transport equation with two interfaces α1 < α2 and
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periodic boundary conditions


ut(x, t) + c(x)ux(x, t) = 0, t > 0, x ∈ (0, 4)\{α1, α2},

u(0, t) = u(4, t), t ≥ 0,

u(x, 0) = u0(x), x ∈ [0, 4],

c(x) =


1, x ≤ α1,

4, α1 < x ≤ α2,

1, x > α2,

where (α1, α2) =
(
π
3
, 2π

3

)
. Since u(4, t) = u(0, t), the energy of the exact solution E(t) =∥∥c−1/2u(·, t)

∥∥
0,[0,4]

is constant and u is periodic in time with period γ = 4 − π
6
≈ 3.48. To

analyze the dissipation of our numerical scheme, we fix h = 2−6 and plot the relative energy

Ẽh(t) = Eh(t)
Eh(0)

for 0 ≤ t ≤ 10γ, where Eh(t) =
∥∥c−1/2uh(·, t)

∥∥
0,[0,4]

in Figure 2.9. We observe

that our IDG method is dissipative when piecewise linear polynomials are used and highly

conservative when higher order polynomials are used. For instance, for m = 2, we have

1− Ẽh(10γ) ≤ 2 · 10−4, and for m = 3, we have 1− Ẽh(10γ) ≤ 10−8.

0 γ

0.9

0.95

1

10γ

t

Ẽ
h
(t
)

m = 1

m = 2

m = 3

Figure 2.9: The relative dissipation Ẽh(t) for 0 ≤ t ≤ 10γ and m = 1, 2, 3.
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2.4.5 The Acoustic Interface Problem

Consider the following acoustic interface problem



pt(x, t) = ρ(x)c(x)2ux(x, t),

ρ(x)ut(x, t) = px(x, t),

u(x, 0) = u0(x),

p(x, 0) = p0(x),

x ∈ I− ∪ I+, 0 < t < T, (2.93a)

where ρ|I± = ρ± > 0 and c|I± = c± > 0 are piecewise constant functions representing the

density and sound speed in a heterogeneous medium, respectively, and u, p represent the

velocity and the pressure. We consider the case where the velocity and the pressure are

continuous at the interface α, that is

JuKα = JpKα = 0. (2.93b)

Multiple immersed dG methods were designed for the interface problem (2.93) in [8, 88],

and the numerical experiments suggested that all of those immersed dG methods converge

optimally to the solution. In this subsection, we will provide a rigorous analysis of the L2

error of the immersed dG formulation using the immersed-Bramble Hilbert lemma.

First, we write the system (2.93a) in vector form by introducing u = (p, u)T and the matrix

A(x) =

 0 ρ(x)c(x)2

1
ρ(x)

0

 .
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Then, 
ut(x, t) + A(x)ux(x, t) = 0, x ∈ I− ∪ I+, 0 < t < T,

u(x, 0) = u0(x),

(2.94a)

where u0 = (p0, u0). Additionally, the interface conditions (2.93b) can be written more

compactly as

JuKα = 0. (2.94b)

Now, to derive the extended interface conditions, we recall that (2.94b) holds for all t ∈ (0, T ),

therefore by differentiating with respect to t and using (2.94a), we obtain

s
Ak

∂k

∂xk
u
{
α

= 0, k = 0, 1, . . . . (2.94c)

Finally, to describe the boundary conditions, we use A± = A|I± to denote the restrictions of

A to I±. We recall that A− and A+ are constant matrices, more precisely:

A− =

 0 ρ−c
2
−

ρ−1
− 0

 , A+ =

 0 ρ+c
2
+

ρ−1
+ 0

 . (2.94d)

The matrices A± can be decomposed as A± = P±Λ±P
−1
± , where Λ± = diag(−c±, c±). Using

this eigendecomposition, we define A+
± = P± diag(0, c±)P−1

± , A−
± = P± diag(−c±, 0)P−1

± , and

|A±| = P± diag(c±, c±)P−1
± to be the positive part, the negative part, and the absolute value

of A±, respectively. The acoustic interface problem that we are considering here is subject

to the following homogeneous inflow boundary conditions

A+
−u(a, t) = A−

+u(b, t) = 0, t ≥ 0. (2.94e)

In [88, 90], it was shown that the interface conditions (2.94c) can be decoupled into interface
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jump conditions on p and u separately

∂k

∂xk
p(α+, t) = rpk

∂k

∂xk
p(α−, t),

∂k

∂xk
u(α+, t) = ruk

∂k

∂xk
u(α−, t), (2.95)

where the sequences (rpk) and (ruk) are given by the following formulas

rp2k = rv2k =

(
c−
c+

)2k

, rp2k+1 =
ρ+
ρ−

(
c−
c+

)2k

, rv2k+1 =
ρ−
ρ+

(
c−
c+

)2k+2

. (2.96)

For k = 0, 1, . . . , then it is suitable to consider solutions u in the immersed vector Sobolev

space H1([0, T ],Hm+1
α,r (I)), where r = (rp, ru) and

Hm+1
α,r (I) = Hm+1

α,rp (I)×Hm+1
α,ru (I). (2.97)

Consequently, we define the local global IFE space as a product

Vm
α,r(Ik0) = Vmα,rp(Ik0)× Vmα,ru(Ik0), Vm

α,r(Th) = Vmα,rp(Th)× Vmα,ru(Th). (2.98)

Next, We use S to denote piecewise constant matrix function

S|I± = S±, S± =

ρ−1
± c−2

± 0

0 ρ±

 , (2.99)

and we use Ã to denote SA. Hence, we can rewrite ut + Aux = 0 as

S(x)ut(x, t) + Ãux(x, t) = 0, x ∈ I− ∪ I+, 0 < t < T.
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Here the matrix Ã is independent of x, and is given by

Ã =

0 1

1 0

 .

We define the following bilinear forms

M(w,v) =
N∑
k=1

(Sv,w)Ik , (2.100a)

B(w,v) =
N∑
k=1

(
v′, Ãw

)
Ik
+

N∑
k=0

JvKTxk S(xk)ŵ(xk), (2.100b)

where the numerical flux ŵ(xk) = A(xk)
+w(x−k ) + A(xk)

−w(x+k ) at the interior nodes, and

the jump at the interior nodes JvKxk = w(x+k )−w(x−k ). At the boundary, we have ŵ(xN) =

A(xN)
+w(x−N), ŵ(x0) = A(x0)

−w(x+0 ), JwKxN = −w(x−N) and JwKx0 = w(x+0 ).

Now we are ready to state the semi-discrete immersed DG formulation as: Find uh ∈

H1
(
[0, T ],Vm

α,r(Th)
)

such that

M(uh,t(·, t),vh) = B(uh(·, t),vh), ∀vh ∈ Vm
α,r(Th), 0 < t < T, (2.101a)

and

(uh(·, 0),vh)I = (u0,vh)I , ∀vh ∈ Vm
α,r(Th), (2.101b)

that is uh(·, 0) is the L2 projection of u0 onto the global IFE space vh ∈ Vm
α,r(Th). Therefore,

it follows from Corollary 2.2 that

‖uh(·, 0)− u0‖0,I ≲
m,c,ρ

hm+1|u0|m+1,I . (2.102)
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Additionally, it follows from the traditional dG techniques and our choice of the flux that

uh is stable in the energy norm. In other words

M(uh(·, t),uh(·, t)) =
∥∥∥√Suh(·, t)

∥∥∥2
0,I

≤
∥∥∥√Suh(·, 0)

∥∥∥2
0,I
. (2.103)

Remark 2.9. The discrete weak formulation (2.101) is equivalent to the IDPGFE scheme

described in [88], where the proof of (2.103) is discussed in detail.

The interface conditions (2.96) are quite complicated to work with directly as shown in the

calculations done in [88]. In fact, the nature of these coefficients is what drove us to study

the general form of the IFE space (2.5). Hence, we will avoid referring to them directly as

much as possible in the remainder of this subsection. Instead, we derive some interesting

facts about the matrices A± and S± from our paper [18] that we will use later. These facts

allow us to study the vector Radau projection, without the need for the explicit formula

(2.96). For the sake of completeness, we included the proof from [18].

Lemma 2.21. Let A± be the matrices defined in (2.94d) and let S± = diag(ρ−1
± c−1

± , ρ±),

then

(a) For any integer k ≥ 0, the matrix A−k
+ Ak− is diagonal with positive entries.

(b) Let s ∈ {+,−}, then there is an invertible matrix Ps such that As = Ps diag(−cs, cs)P−1
s

and Ss = P−T
s P−1

s .

(c) Let s ∈ {+,−}, then the matrices SsA+
s , SsA

−
s and Ss|As| are symmetric. Furthermore,

SsA
+
s is positive semi-definite, SsA−

s is negative semi-definite and Ss|As| is positive

definite.

(d) Let s, s̃ ∈ {+,−}, and let w ∈ R2, then
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(∥∥As̃sw∥∥2 + ∣∣∣wTSsA
s̃′

s w
∣∣∣ = 0

)
=⇒ w = 0. (2.104)

where ‖·‖ is Euclidean norm.

(e) Let s ∈ {+,−}. Then, there is a constant C(ρs, cs) > 0 such that

wTSsA
+
s w − wTSsA

−
s w ≳

ρ,c
‖w‖2 , ∀w ∈ R2. (2.105)

Proof. (a) We have A2
± = c2±Id2, where Id2 is the 2× 2 identity matrix. Therefore,

A2k
± = c2k± Id2, A2k+1

± = c2k± A±, k = 0, 1, . . . . (2.106)

Using (2.106), we immediately obtain A−2k
+ A2k

− =
(
c−
c+

)2k
Id2 and A−2k−1

+ A2k+1
− =(

c−
c+

)2k
A−1

+ A−. Finally, by direct computation, we have A−1
+ A− = diag

(
ρ+
ρ−
,
ρ−c2−
ρ+c2+

)
.

Hence, A−k
+ Ak− = diag(rpk, ruk), where rpk and rukare defined in (2.96).

(b) Let

Ps =
1√
2ρs

−csρs csρs

1 1

 , (2.107)

then, by a simple computation, we can show that Ss = P−T
s P−1

s andAs = Ps diag(−cs, cs)P−1
s .

(c) We have SsA+
s = P−T

s diag(0, cs)P−1
s , where Ps is defined in (2.107). Therefore, SsA+

s

is a symmetric semi-positive definite matrix. The other two claims can be proven

similarly.

(d) We will only consider the case s̃ = + here, the other case can be proven similarly.

Consider a vector w ∈ R2 that satisfies

∥∥A+
s w
∥∥2 + ∣∣wTSsA

−
s w
∣∣ = 0. (2.108)
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Now, let w̃ = Psw where Ps is defined in (2.107), then (2.108) can be written as

‖Ps diag(0, cs)w̃‖2 + ‖diag(−cs, 0)w̃‖2 = 0,

Since both norms are non-negative, we have diag(−cs, 0)w̃ = 0 and Ps diag(0, cs)w̃ = 0.

Ps being invertible, we get w̃ = 0. Consequently, w = P−1
s w̃ = 0.

(e) We have by direct computation

wTSs(A
+
s − A−

s )w = wT

ρ−1
s c−1

s 0

0 ρscs

w ≳
ρ,c

‖w‖ .

Now, it is time to introduce the global immersed vector Radau projection Pm,vec : Hm+1
α,r (I) →

Vm
α,r(Th). Following the lines of Definition 2.9 and the definition of B in (2.100b), we use

Pm,vecv to denote the solution vh to


(vh, Ãq′)Ik = (v, Ãq′)Ik , ∀q ∈ Vm

α,r(Th),

A(xk−1)
−vh(x+k−1) = A(xk−1)

−v(x+k−1)

A(xk)
+vh(x−k ) = A(xk)

+v(x−k ),

∀k ∈ {1, 2, . . . , N}.

Again, vh is chosen such that B(v−vh,q) = 0 for all q ∈ Vm
α,r(Th), and it can be constructed

locally on each element. On non-interface elements, it reduces to two Radau projections,

which are well known. Therefore, we will focus on the construction of the reference immersed

Radau projection on Ǐ denoted P̌m,vec
α̌ : v 7→ vh, where vh is the solution vh ∈ Vm

α̌,r(Ǐ) to
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the system 
(vh, Ãq′)Ǐ = (v, Ãq′)Ǐ , ∀q ∈ Vm

α̌,r(Ǐ),

A−
−vh(0) = A−

−v(0),

A+
+vh(1) = A+

+v(1).

(2.109)

Lemma 2.22. The immersed vector Radau projection P̌m,vec
α̌ : Hm+1

α̌,r (Ǐ) → Vm
α̌,r(Ǐ) is well-

defined.

Proof. First, note that the system (2.109) is a square linear system since the first condition

is equivalent to

(vh, Ãq)Ǐ = (v, Ãq)Ǐ , ∀q ∈ Vm−1
α̌,τ(r)(Ǐ),

where τ(r) = (τ(rp), τ(ru)). Hence, it is enough to show that if v = 0, then vh = 0. If v = 0,

then

(vh, Ãv′
h)Ǐ = 0 =⇒ vh(1)T Ãvh(1)− vh(0)T Ãvh(0) = 0, (2.110)

Now, we recall that Ã = S±A± and use

A−
−vh(0) = A+

+vh(1) = 0, (2.111)

to obtain

0 = vh(1)T Ãvh(1)− vh(0)T Ãvh(0) (2.112)

= vh(1)TS+A+vh(1)− vh(0)TS−A−vh(0) (2.113)

= vh(1)TS+A
−
+vh(1)− vh(0)TS−A

+
−vh(0). (2.114)
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But S+A
−
+ and −S−A

+
− are both negative semi-definite by Lemma 2.21 (part c), then

0 = vh(1)TS+A
−
+vh(1) = vh(0)TS−A

+
−vh(0), (2.115)

which when combined with (2.111) and Lemma 2.21 (part d), yields

vh(0) = vh(1) = 0. (2.116)

Now, Let us recall that

(vh, SAq′)Ǐ = 0, ∀q ∈ Vm
α̌,r(Ǐ),

which is, by (2.94c), equivalent to

(vh, Sq)Ǐ = 0, ∀q ∈ Vm−1
α̌,r (Ǐ). (2.117)

Since S is a diagonal matrix, the equation above is equivalent to vh ∈ V w̌
p,m

α̌,rp (Ǐ)×V w̌
u,m

α̌,ru (Ǐ),

where

w̌p =
1

ρc2
, w̌u = ρ.

Hence, each component of vh has m interior roots (by Lemma 2.7), but vh(1) = vh(0) = 0.

Therefore, vh = 0 by Lemma 2.6, which finishes the proof.

Lemma 2.23. The immersed vector Radau projection
{
P̌m,vec
α̌

}
α̌∈Ǐ is a uniformly bounded

family of RIFE projections.

Proof. Let v ∈ Hm+1
α̌,r (Ǐ) and let vh = P̌m,vec

α̌ v. Recall from the previous proof, that we have

(vh, Sq)Ǐ = (v, Sq), ∀q ∈ Vm−1
α̌,r (Ǐ).
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Now, let q1 ∈ Vm−1
α̌,r (Ǐ) such that

(q1, Sq)Ǐ = (v, Sq), ∀q ∈ Vm−1
α̌,r (Ǐ).

Then, by choosing q = q1 and Cauchy-Schwarz inequality. We obtain

‖q1‖0,Ǐ ≲
ρ,c

‖v‖0,Ǐ . (2.118)

Now, let q2 = vh − q1, then

(q2, Sq)Ǐ = 0, ∀q ∈ Vm−1
α̌,r (Ǐ) (2.119)

A+
+q2(1) = A+

+(v(1)− q1(1)), (2.120)

A−
−q2(0) = A−

−(v(0)− q1(0)), (2.121)

Therefore, by Theorem 2.2, we have

‖q2‖0,Ǐ ≤ |q2(0)|+ |q2(1)|. (2.122)

On the other hand, from (2.121), we have

∣∣q2(0)
TA−

−q2(0)
∣∣ ≤ ‖q2(0)‖

(
‖q1‖1,Ǐ + ‖v‖1,Ǐ

)
≲
ρ,c

‖q2(0)‖ ‖v‖1,Ǐ . (2.123)

Similarly, (2.120) leads to

∣∣q2(1)
TA+

+q2(1)
∣∣≲
ρ,c

‖q2(1)‖ ‖v‖1,Ǐ . (2.124)
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Now, by choosing q = Aq′
2 in (2.119) and integrating, we obtain

q2(1)S+A+q2(1)− q2(0)S−A−q2(0) = 0,

which can be rearranged as

q2(1)S+A
+
+q2(1)− q2(0)S−A

−
−q2(0) = q2(0)S−A

+
−q2(0)− q2(1)S+A

−
+q2(1).

q2(1)
TS+A

+
+q2(1)+q2(1)

TS+A
−
+q2(1)−q2(0)

TS−A
+
−q2(0)−q2(0)

TS−A
−
−q2(0) = 0. (2.125)

Now, from (2.105), we have

q2(0)
TS−A

+
−q2(0)− q2(0)

TS−A
−
−q2(0)≳

ρ,c
‖q2(0)‖2 , (2.126a)

q2(1)
TS+A

+
+q2(1)− q2(1)

TS+A
−
+q2(1)≳

ρ,c
‖q2(1)‖2 . (2.126b)

Next, we sum (2.125), (2.126a) and (2.126b) to obtain

q2(1)S+A
+
+q2(1)− q2(0)S−A

−
−q2(0)≳

ρ,c

(
‖q2(0)‖2 + ‖q2(1)‖2

)
. (2.127)

The left-hand side is bounded by (2.123) and (2.124)

‖v‖1,Ǐ (‖q2(0)‖+ ‖q2(1)‖)≳
ρ,c

‖q2(0)‖2 + ‖q2(1)‖2 . (2.128)

So, by Theorem 2.2, we have

‖q2‖0,Ǐ ≲
m,ρ,c

‖q2(0)‖+ ‖q2(1)‖≲
ρ,c

‖v‖1,Ǐ .
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Finally, we recall that vh = q1 + q2, then

‖vh‖0,Ǐ ≤ ‖q1‖0,Ǐ + ‖q2‖0,Ǐ ≲
m,ρ,c

‖v‖1,Ǐ .

Which proves the lemma.

It follows then, from Theorem 2.4 that

‖u − Pm,vecu‖0,Ǐ ≲
m,ρ,c

hm+1|u|m+1,I , (2.129)

for all u ∈ Hm+1
α,r (I). Here we note that the immersed Poincaré projection defined in Defi-

nition 2.4 and the immersed Bramble-Hilbert lemma extend naturally to the product space

Vmα,rp(Th)× Vmα,ru(Th) to give (2.129).

Finally, the global error estimate for the immersed DG solution for this problem follows from

the standard dG techniques used in Theorem 2.7.

Theorem 2.8. Let u be the solution of problem (2.94) and let uh ∈ H1([0, T ],Vm
α,r(Th)) be

the solution of (2.101). If u ∈ H1([0, T ];Hm+2
α,r (I)) and u0 ∈ Hm+1

α,r (I), then

‖u(·, T )− uh(·, T )‖0,I ≲
m,ρ,c

hm+1

(
|u0|m+1,I + |u(·, T )|m+1,I + T max

0≤t≤T
|u(·, t)|m+2,I

)
.

This theorem validates the results of the numerical experiments in [88].

2.5 Conclusion

In this chapter, we have developed a unified framework for studying immersed finite element

and immersed discontinuous Galerkin methods for a group of one dimensional problems.



2.5. CONCLUSION 93

This framework is based on an immersed Bramble-Hilbert lemma, which allowed us to use

the traditional scaling argument to analyze IFE methods for scalar and for vector interface

problems.



Chapter 3

The Frenet Immersed Finite Element

Space

In this chapter, we introduce a new approach for constructing high-order, locally conforming

IFE functions for two-dimensional interface problems. In this approach, the interface is

mapped via a nonlinear coordinate transformation into a straight line, then the IFE functions

are constructed in this new coordinate system, called the Frenet coordinates, then the IFE

functions are mapped back to the interface element. At the end, we provide a discussion of

the implementation of the Frenet transformation, as well as the construction of the Frenet

IFE basis.

The results in this chapter are partially reported in [19].

3.1 Introduction and Motivation

Let Ω ⊂ R2 be a domain split by an interface Γ into Ω+ ∪Ω− ∪ Γ, we consider the following

elliptic interface problem


−∇ · (β∇u) = f, on Ω+ ∪ Ω−,

u|∂Ω = g,

(3.1a)

94
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where β is a positive piecewise constant function

β(x) =


β+, x ∈ Ω+

β−, x ∈ Ω−.

(3.1b)

Additionally, we assume that u satisfies the following interface conditions on Γ

JuKΓ = Jβ∇u · nKΓ = 0, (3.1c)

where J·KΓ denotes the jump across the interface Γ, that is, if v± = v|Ω± for some function

v, then

JvKΓ = v+|Γ − v−|Γ,

and n is a normal vector on Γ. Furthermore, we assume that f is smooth around the

interface, which allows us to restrict our work to the case where u satisfies the following

extended interface conditions [12, 13, 51]

s
β
∂k

∂nk∆u
{
Γ

= 0, k = 0, 1, . . . ,m− 2, (3.1d)

for some integer m.

The interface problem (3.1) can be considered as the two-dimensional analogue to the one-

dimensional interface problem (2.39). However, unlike the one-dimensional case, where the

interface is a single point, the space of possible interfaces Γ is extremely rich in two di-

mensions, which introduces multiple challenges for unfitted methods. Having said that,

unfitted methods are extremely attractive since they tend to be computationally efficient,

while maintaining an optimal convergence rate. For instance, one can use a simple Cartesian

mesh, where the elements are merely a translation of each other. Thus, reducing the cost of
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meshing and assembly greatly. For a comparison between an interface-fitted mesh and an

unfitted mesh, see Figure 3.1.

(a) An example of an interface-fitted mesh (b) An example of an unfitted mesh

Figure 3.1: An illustration of an interface-fitted mesh (left), and an unfitted Cartesian mesh
(right). The interface Γ is shown in red.

Because of the previously mentioned advantages, numerous unfitted methods were developed

for this problem in the last thirty years. Unfitted finite difference methods, were developed

and analyzed in [45, 75, 104] amongst other papers. On the other hand, in the finite element

community, there are a few approaches to implementing an unfitted method. We mention

here the CutFEM method [30, 74], the extended finite element method (XFEM) [103], and

the immersed finite element method [13, 16, 51, 62, 76, 77, 84].

In the immersed finite element method, we consider an unfitted mesh, such as the one shown

in Figure 3.1b, and we distinguish two types of elements:

• Elements that are not cut by the interface, called non-interface elements.

• Elements that are cut by the interface, called interface elements.

On non-interface elements, polynomials are used to approximate the solution. Whereas,

on interface elements, a finite dimensional space called the local IFE space is constructed.
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Typically, the local IFE space consists of piecewise polynomials that satisfy the interface

conditions (3.1c) and (3.1d) in a certain weak sense.

Consider, for example, an interface element K, such as the ones shown in Figure 3.2 split by

the interface Γ into K− and K+, where ∂K− ∩ ∂K+ ⊂ Γ.

Γ

K−

K+

(a) Example I

Γ

K−

K+

(b) Example II

Figure 3.2: Two examples of interface elements K.

In general, it is impossible to find two polynomials p± such that p+ = p− and β+∇p+ · n =

β−∇p− · n on the interface Γ, unless the curve Γ is an algebraic curve (e.g. a line, a conic,

…). For this reason, the immersed finite element spaces in the literature focused on creating

spaces of piecewise polynomials

φ(x) =


p−(x), x ∈ K−,

p+(x), x ∈ K+,

where φ satisfies a weaker version of (3.1c). For illustration, we mention a few approaches

• In [77], the authors proposed a space of functions of piecewise linear functions φ, such

that

p+(D) = p−(D), p+(E) = p−(E), β+∇p+ (M) · n = β−∇p− (M) · n,

where D and E are the intersections of Γ with ∂K, M is the midpoint of D and E,

and n is a normal vector to the line DE. This construction was later extended to
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bilinear IFE functions [61, 62]. This idea of enforcing the interface conditions at a

finite number of points was later extended to higher degree IFE methods in [5] by

considering points D0, D1, . . . , Dm on Γ ∩K.

• In [13], the authors explored a weak formulation of the IFE conditions. That is, p+

and p− are chosen such that

∫
Γ∩K

p+q =

∫
Γ∩K

p−q, and
∫
Γ∩K

(β+∇p+·n)q =
∫
Γ∩K

(β−∇p−·n)q, , ∀q ∈ Pm(Γ∩K).

Similarly, the extended interface conditions (3.1d) are enforced weakly. This approach

is interesting since it considers the jump of φ on the entirety of Γ∩K, and it generalizes

naturally to all polynomial degrees. However, it was observed that this approach leads

to an ill conditioned system when Γ ∩K is very small.

• In [12], the authors proposed to state the interface conditions (3.1c) and (3.1d) as

minimization problem, that is, given a polynomial p− on K−, a polynomial p+ is

constructed such that it minimizes a positive definite quadratic form. One of the major

benefit of this approach is that the resulting local system is guaranteed to be consistent.

However, it was observed that this system suffers from a similar ill conditioning issue

to the one described in the previous approach. This issue was circumvented later by

enforcing the interface conditions on a larger element, called the fictitious element

[55, 114].

In each of the methods described above, and other methods in the literature, the immersed

finite element functions do not satisfy the interface conditions exactly, even the condition

JuKΓ = 0, which may necessitate the use of extra penalties on the interface [51] or on the

edges cut by the interface [84] in the discrete weak formulation, unless the interface is a line,

where the methods above produce IFE functions that satisfy JuKΓ = 0 exactly.
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Here, we make two observations regarding the IFE methods described above

• The IFE methods in the literature do not use all the properties of the curve, such as

the curvature, tangent vector and normal vector. These quantities are trivial in the

case of a linear interface, which explains why constructing higher order IFE functions

on linear interfaces is much easier than for general curved interfaces [25].

• To construct a finite dimensional space of functions that satisfy the interface conditions

(3.1c) exactly, one needs to consider non-polynomial functions.

With these two observations, we are motivated to introduce a coordinate transformation

that maps the interface locally onto a line segment, which will simplify the geometry greatly

and allow us to construct a locally conforming space of piecewise polynomials in these new

coordinates, then finally we map the newly constructed space back to the interface element.

Since this transformation is not necessarily affine, the resulting local IFE space is no longer

a space of piecewise polynomial functions as our second observation suggested.

To illustrate this idea, consider a curve Γ parametrized by a function g : I ⊂ R → Γ, and

let n(ξ) be the unit normal vector at g(ξ) for ξ ∈ I. Then, notice that a point x on the

interface can be associated with ξ ∈ I, such as g(ξ) = x. On the other hand, if x /∈ Γ, one

can consider finding a representation of x of the form g(ξ) + ηn(ξ), that is, (η, ξ) are the

coordinates of x in a curvilinear coordinate system. For instance, consider the unit circle

parametrized by g(ξ) = (cos(ξ), sin(ξ)), and consider x = (1, 1) which is not on the circle,

then x = g(ξ)+ηn(ξ) for ξ = π
4

and η =
√
2−1, as Figure 3.3 shows. Notice here that there is

another solution to g(ξ)+ηn(ξ) = (1, 1), namely ξ = 5π
4

and η = −
√
2−1. Therefore, we need

to be careful when discussing the invertibility of the map (η, ξ) 7→ g(ξ) + ηn(ξ). Generally

speaking, this map will be invertible in a tubular neighborhood around the interface, which

we will discuss later. For now, we can think of the map x = (x, y) 7→ (η, ξ) as a local change

of variables, where points on the interface are mapped into points on the vertical axis η = 0.



100 CHAPTER 3. THE FRENET IMMERSED FINITE ELEMENT SPACE

x

g(ξ)
η

Figure 3.3: The point x is represented as g(ξ) + ηn(ξ). Here, ηn(ξ) is shown in blue.

The last point is crucial in our construction since it transforms (3.1c) and (3.1d) into interface

conditions on a vertical line segment instead of a curve. To describe this construction in

detail, we first introduce the notation used in this chapter in Section 3.2, then we define and

analyze the Frenet transformation in Section 3.3. After that, we define the Frenet IFE space

in Section 3.4. Finally, we provide an overview of the computational aspects associated with

creating a basis for the Frenet IFE space in Section 3.5.

3.2 Notation and Assumptions

Without loss of generality, we assume that Ω ⊂ R2 is a rectangular domain, split by the

interface Γ into Ω− and Ω+. Given a subset B ⊂ Ω, we define B± = Ω±∩B. Additionally, we

use Hs(B) to denote the classical Sobolev space W s,2(B) equipped with the norm ‖·‖m,B, the

semi-norm | · |m,B and the L2 inner product (·, ·)B, and we use PHs(B) to denote the broken

Sobolev space consisting of functions u such that u|B± ∈ Hs(B±). The broken Sobolev space



3.2. NOTATION AND ASSUMPTIONS 101

is then equipped with the broken Sobolev norm and the broken Sobolev semi-norm

‖·‖2s,B = ‖·‖2s,B+ + ‖·‖2s,B− , | · |2s,B = | · |2s,B+ + ‖·‖2s,B− .

Additionally, we use 〈·, ·〉∂B to denote the L2 inner product on ∂B.

Given two vectors u = (u1, u2) and v = (v1, v2) in R2, we use ‖u‖ and u · v to denote the

Euclidean norm of u and the Euclidean dot product, respectively. In addition, we use u∧ v

to denote the wedge product u ∧ v = u1v2 − u2v1.

We partition the domain Ω into a uniform Cartesian mesh Th independent of the interface

Γ, where h is the diameter of each element. Given an element K ∈ Th, we say that K is a

non-interface element if K̊ ∩ Γ = ∅, where K̊ = K\∂K is the interior of K. Else, we call K

an interface element. We use T i
h to denote the set of all interface elements and T n

h to denote

the set of all non-interface elements. Additionally, we use Eh, E◦
h and Ebh to denote the set of

edges, the set of interior edges and the set of boundary edges, respectively.

We assume that the interface Γ is parametrized by g : [ξs, ξe] → R2, where g = (g1, g2) and

g1, g2 ∈ C3([ξs, ξe]). Furthermore, we restrict our work to the case where Γ is a simple Jordan

curve [1, 41, 98], that is

g(ξs) = g(ξe), and g|[ξs,ξe) is injective. (3.2)

However, as we will show later in the numerical examples, our methods applies to non

Jordan curves as well. In addition, we assume that the parametrization g is regular, meaning

g′(ξ) 6= 0 for any ξ ∈ [ξs, ξe], which allows us to define the unit tangent vector and the unit
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normal vectors at each point g(ξ) ∈ Γ

τ (ξ) =
1

‖g′(ξ)‖
g′(ξ), n(ξ) = Qτ (ξ), ξ ∈ [ξs, ξe], where Q =

 0 1

−1 0

 . (3.3)

We use κ to denote the curvature at the point g(ξ) ∈ Γ

κ(ξ) =
g′(ξ) ∧ g′′(ξ)

‖g′(ξ)‖3
=
g′1(ξ)g

′′
2(ξ)− g′2(ξ)g

′′
1(ξ)

(g′1(ξ)
2 + g′2(ξ)

2)
3
2

, ξ ∈ [ξs, ξe]. (3.4)

3.3 The Frenet Transform

Let P : [ξs, ξe]× R → R2 be the transformation given by

P (η, ξ) = g(ξ) + ηn(ξ), (η, ξ) ∈ R× [ξs, ξe], (3.5)

which we will refer to as the Frenet transformation. Then, P maps the vertical segment

{0} × [ξs, ξe] onto the interface Γ. Furthermore, for a fixed η0, {P (η0, ξ)}ξ∈[ξs,ξe] is a parallel

curve to Γ in the sense that ‖P (η0, ξ)− g(ξ)‖ remains constant. On the other hand, for a

fixed ξ0, {P (η, ξ0)}η∈R is a line orthogonal to g′(ξ0). Hence, one can view P , at least locally,

as a change of coordinates. However, one needs to be careful about the invertibility of P

since, as we have observed in the previous section, it may not be injective.

The transformation P appeared in differential geometry in the context of parallel curves

[98] and in the context of tubular neighborhoods [1, 66]. Also, a simplified version of P

was considered in [25] and in [67] for constructing IFE functions. Additionally, a different

version of this transformation, based on the Cartesian equation of the interface was discussed

recently for high-order CutFEM methods [74].
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First, we recall the following theorem about the invertibility of P , also known as the tubular

neighborhood theorem for Jordan curves.

Theorem 3.1. Let P be the Frenet transformation defined in (3.5). Then, there is ϵ > 0

such that

P |(−ϵ,ϵ)×[ξs,ξe)

is invertible.

Proof. See [1, p. 77] for a detailed proof.

In the theorem above, we note that we excluded ξe from the domain since we assumed that

Γ is Jordan curve (3.2). Hence, g(ξe) = g(ξs).

Remark 3.1. The theorem above is a special case of the tubular neighborhood theorem for

smooth manifolds [66].

Geometrically, Theorem 3.1 states that if the distance between a point x and the curve Γ is

less than ϵ, then x can be represented uniquely as P (η, ξ). Now, if you consider all points x

whose distance from Γ is at most ϵ, you obtain a tube containing Γ. Hence, the name of the

theorem. For a visual illustration, see Figure 3.4 and observe that the normal vectors do not

intersect each other within the tube, as expected from the tubular neighborhood theorem.

In the remainder of this chapter, we will use N(δ) to denote P ((−δ, δ)× [ξs, ξe)) for all δ > 0,

and use ϵ to denote the constant described in Theorem 3.1, which we will call the radius of

the tubular neighborhood. Thus, there is a mapping R : N(ϵ) → (−ϵ, ϵ)× [ξs, ξe) such that

P (R(x)) = x, ∀x ∈ N(ϵ). (3.6)

Next, we derive some useful calculus formulas for the derivatives of τ and n, also known
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Figure 3.4: An illustration of a Jordan curve Γ (red), its tubular neighborhood (light blue),
and normal vectors on Γ (blue).

as the Frenet-Serret formulas (in two dimensions). Even though the proof of these formulas

can be found in many differential geometry textbooks, we will include a proof here for the

sake of completion.

Lemma 3.1. Let τ and n be the unit tangent vector and unit normal vector defined in (3.3),

respectively, then

τ ′(ξ) = −κ(ξ) ‖g′(ξ)‖n(ξ), n′(ξ) = κ(ξ) ‖g′(ξ)‖ τ (ξ). (3.7)

Proof. By definition of τ , we have

τ ′(ξ) =
d

dξ

(
1√

g′(ξ) · g′(ξ)
g′(ξ)

)

=
g′(ξ) · g′′(ξ)

‖g′(ξ)‖3
g′(ξ)− 1

‖g′(ξ)‖
g′′(ξ), (3.8)
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On the other hand, τ (ξ) and n(ξ) form an orthonormal basis of R2, so

g′′(ξ) = (τ (ξ) · g′′(ξ))τ (ξ) + (n(ξ) · g′′(ξ))n

= ‖g′(ξ)‖−2
((g′(ξ) · g′′(ξ))g′ − (g′(ξ) ∧ g′′(ξ))Qg′(ξ))

= ‖g′(ξ)‖−2
(
(g′(ξ) · g′′(ξ))g′(ξ)− κ ‖g′(ξ)‖3 Qg′(ξ)

)
. (3.9)

Hence, by substituting (3.9) back into (3.8), we obtain

τ ′(ξ) = −κ(ξ)Qg′(ξ) = −κ(ξ) ‖g′(ξ)‖n(ξ),

which proves the first formula of (3.7). To prove the second formula, we recall that n(ξ) =

Qτ (ξ), and use Q2 = −I2 to conclude that

n′(ξ) = Qτ ′(ξ) = −κ(ξ) ‖g′(ξ)‖Q2τ (ξ) = κ(ξ) ‖g′(ξ)‖ τ (ξ).

Before deriving some other important calculus formulas, we note that we will be considering

derivatives with respect to x, y, as well as derivatives with respect to η and ξ. Therefore,

it is important for us to use different notations for the differential operators. As usual, we

will use ∇,∇·, J and ∆ to denote the gradient, divergence, Jacobian matrix and Laplacian,

respectively, with respect to the variables x, y. On the other hand, we use ∇̂, ∇̂·, Ĵ and ∆̂

to denote their counterparts with respect to η, ξ.

Lemma 3.2. Let P be the Frenet transformation defined in (3.5), then

ĴP (η, ξ) =

[
n(ξ) | g′(ξ) + ηn′(ξ)

]
, (3.10a)
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and

det
(
ĴP (η, ξ)

)
= ‖g′(ξ)‖ (1 + ηκ(ξ)) . (3.10b)

Proof. The formula for ĴP (η, ξ) follows by a direct computation. Hence, we will focus on

the second formula

det
(
ĴP (η, ξ)

)
= det[n(ξ) | g′(ξ) + ηn′(ξ)]

= n(ξ) ∧ g′(ξ) + ηn(ξ) ∧ n′(ξ) (By the definition of ∧)

= ‖g′(ξ)‖+ ηn(ξ) ∧ n′(ξ) (Using n = ‖g′(ξ)‖−1 Qg′(ξ))

= ‖g′(ξ)‖+ ηn(ξ) ∧ (κ(ξ) ‖g′(ξ)‖ τ (ξ)) (Using (3.7))

= ‖g′(ξ)‖ (1 + ηκ(ξ)n(ξ) ∧ τ (ξ))

= ‖g′(ξ)‖ (1 + ηκ(ξ)) .

The last equality follows from n(ξ) ∧ τ (ξ) = (Qτ (ξ))TQτ (ξ) = 1.

Next, we will derive a formula for the Jacobian of R. For the sake of conciseness, we will

treat η and ξ as functions of x, that is, R(x) = (η(x), ξ(x)) or simply R = (η, ξ), which will

allows us to describe R in terms of its components η and ξ.

Lemma 3.3. Let R = (η, ξ) be the inverse Frenet transformation (3.6), then

JR =

 n(ξ)T

‖g′(ξ)‖−1 (1 + ηκ(ξ))−1 τ (ξ)T

 , (3.11)

and

det(JR) = ‖g′(ξ)‖−1
(1 + ηκ(ξ))−1 . (3.12)

Proof. The formula for the determinant (3.12) follows immediately from Lemma 3.2. To



3.3. THE FRENET TRANSFORM 107

prove (3.12), we only need to show that JRĴP = I2. Since τ · n = 0 = n · n′ = 0, then

n(ξ)T

τ (ξ)T

[n(ξ) | g′(ξ) + ηn′(ξ)

]
=

1 0

0 ‖g′(ξ)‖+ ητ (ξ) · n′(ξ)

 .
Next, we use the Frenet-Serret formulas Lemma 3.1 to obtain

‖g′(ξ)‖+ ητ (ξ) · n′(ξ) = ‖g′(ξ)‖ (1 + ηκ(ξ)).

Hence, the formula (3.11) holds.

The quantity (1 + ηκ(ξ))−1 is of great importance to us since it will appear repeatedly in

the formulas to follow. For conciseness, we will use ψ(η, ξ) to denote it. Hence, the Jacobian

of R can be written compactly as

det(JR) = ‖g′(ξ)‖−1
ψ(η, ξ). (3.13)

In order to guarantee that ψ(η, ξ) is bounded, we will assume that 1 + ηκ(ξ) ≥ 1
2

for all

ξ ∈ [ξs, ξe], or simply,

|η| ≤ 1

2κ0
, κ0 = max

ξs≤ξ≤ξe
|κ(ξ)|. (3.14)

The condition (3.14) is a purely geometric condition, meaning that it is independent of the

choice of parametrization g since the maximum curvature κ0 is a property of the curve Γ,

and it is independent of g [1].

At this point, we recall that the inverse Frenet map is defined on the tubular neighbor-

hood N(ϵ). However, the condition (3.14) suggests considering a potentially smaller tubular
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neighborhood N0 where

N0 = N(ϵ0), ϵ0 = min
(
ϵ,

1

2κ0

)
. (3.15)

Thus, R|N0 is well-defined and | det(JR(x))| ≥ 1
2
‖g′(ξ(x))‖ for all x ∈ N0.

Remark 3.2. The choice of 1
2

in (3.14) can be replaced by any other c ∈ (0, 1).

Example 3.1. Consider the circle Γ = {(x, y) ∈ R2 | x2 + y2 = r} for some r > 0, then

g(ξ) = (r cos(ξ), r sin(ξ)) for ξ ∈ [0, 2π] is a regular parametrization of Γ. Then, by direct

computation, we have κ(ξ) = r−1. In this case, we can take ϵ0 = r
2

to obtain the tubular

neighborhood shown in Figure 3.5. In this special case, we can calculate ξ(x) and η(x)

explicitly: ξ(x) is the angle of x in polar coordinates, then g(ξ(x)) = rx
∥x∥ , and η(x) is the

(signed) distance between x and rx
∥x∥ ∈ Γ. To find an explicit formula for η(x), we recall that

n is defined by (3.3), then

n(ξ(x)) =

 0 1

−1 0


− sin(ξ(x))

cos(ξ(x))

 =
1

r
g(ξ(x)) = x

‖x‖ .

Now, we substitute n(ξ(x)) and g(ξ(x)) back in the definition of P to obtain

x = g(ξ(x)) + η(x)n(ξ(x)) = (r + η(x)) x
‖x‖ .

Hence, η(x) = ‖x‖ − r.

Remark 3.3. In Example 3.1, we are able to find an explicit formula for η(x) and ξ(x). In

general, such explicit formulae are hard to obtain. Nevertheless, we will describe later an

efficient numerical method to calculate η and ξ.

In the remainder of this section, we focus our attention on functions defined on subsets of
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Figure 3.5: A tubular neighborhood of Γ (red) with non-intersecting normal lines (blue) and
parallel curves (black).

N0, where R = (η, ξ) is well-defined and differentiable. For every domain D ⊂ N0, we will

use D̂ to denote R(D), and for every function u : D ⊂ N0 → R, we will use û to denote

u◦P : D̂ → R. Similarly, if u : D ⊂ N0 → Rd is a vector function, we use û to denote u◦P .

From Lemma 3.3, it follows that the gradients of η and ξ on N0 are given by

∇η = n(ξ), ∇ξ = ‖g′(ξ)‖−1
ψ(η, ξ)τ (ξ). (3.16)

Here we are dropping the variable x from the equation to avoid lengthy formulas. However,

it is important to remember that we are treating η and ξ as functions of x in this context.

Lemma 3.4. On N0, we have

∇ · n(ξ) = κ(ξ)ψ(ξ), ∇ · τ (ξ) = 0. (3.17)

Proof. Let us start with ∇ · n(ξ). From (3.16), we have

∇ · n(ξ) = ∇ξ · n′(ξ) = ψ(η, ξ) ‖g′(ξ)‖−1
τ (ξ) · n′(ξ).
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Next, we recall that n′(ξ) = κ(ξ) ‖g′(ξ)‖ τ (ξ), then

∇ · n(ξ) = κ(ξ)ψ(η, ξ).

The second formula ∇ · τ (ξ) = 0 follows from a similar argument

∇ · τ (ξ) = ∇ξ · τ ′(ξ)

= ψ(η, ξ) ‖g′(ξ)‖−1
τ (ξ) · τ ′(ξ)

= −ψ(η, ξ)κ(ξ)τ (ξ) · n(ξ)

= 0,

which concludes the proof.

Our next step is to derive some elementary calculus formulas for the gradient and Laplacian

of functions on N0 in terms of the Frenet coordinates η, ξ.

Lemma 3.5. Let u : N0 → R be differentiable, then û = u ◦ P is differentiable and

∇u = ûη(η, ξ)n(ξ) + ‖g′(ξ)‖−1
ψ(η, ξ)ûξ(η, ξ)τ (ξ). (3.18)

In particular

∇u · n(ξ) = ûη(η, ξ), and ∇u · τ (ξ) = ‖g′(ξ)‖−1
ψ(η, ξ)ûξ(η, ξ). (3.19)

Proof. This follows immediately from (3.16) since u = û ◦R = û(η, ξ).

Lemma 3.6. Let a, b : N0 → R be differentiable functions, and let â = a ◦ P , b̂ = b ◦ P and

u = an(ξ) + bτ (ξ), then
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∇ · u = âη(η, ξ) + κ(ξ)ψ(η, ξ)â(η, ξ) + ψ(η, ξ) ‖g′(ξ)‖−1
b̂ξ(η, ξ). (3.20)

Proof. We start first with ∇ · (an(ξ)), we have

∇ · (an(ξ)) = ∇a · n(ξ) + a∇ · n(ξ)

= âη(η, ξ) + â(η, ξ)κ(ξ)ψ(η, ξ), (3.21a)

where the last equality follows from (3.19) and (3.17). Similarly,

∇ · (bτ (ξ)) = ∇b · τ (ξ) + b∇ · τ (ξ)

= b̂ξ(η, ξ) ‖g′(ξ)‖−1
ψ(η, ξ) + 0. (3.21b)

Finally, by summing (3.21a) and (3.21b), we obtain (3.20).

Lemma 3.7. Let u : N0 → R be twice differentiable, and let û = u ◦ P , then

∆u = L (û)(η, ξ), (3.22a)

where

L (û)(η, ξ) = ûηη(η, ξ) + ρ0(η, ξ)ûξξ(η, ξ) + ρ1(η, ξ)ûη(η, ξ) + ρ2(η, ξ)ûξ(η, ξ), (3.22b)

and

ρ0(η, ξ) =

(
ψ(η, ξ)

‖g′(ξ)‖

)2

, ρ1(η, ξ) = κ(ξ)ψ(η, ξ),

ρ2(η, ξ) = −
(
ψ(η, ξ)

‖g′(ξ)‖

)2(
ηκ′(ξ)ψ(η, ξ) +

g′(ξ) · g′′(ξ)

‖g′(ξ)‖2

)
. (3.22c)
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Proof. From (3.5), we have

∆u = ∇ ·
(
ûη(η, ξ)n(ξ) +

ψ(η, ξ)

‖g′(ξ)‖
ûξ(η, ξ)τ (ξ)

)
.

By applying Lemma 3.6 and Lemma 3.4, we obtain

∆u = ûηη(η, ξ) + κ(ξ)ψ(η, ξ)ûη(η, ξ) +
ψ(η, ξ)

‖g′(ξ)‖
∂

∂ξ

(
ψ(η, ξ)

‖g′(ξ)‖
ûξ(η, ξ)

)
, (3.23a)

Next, we use ψξ(η, ξ) = −ηκ′(ξ)ψ(η, ξ)2 to obtain

∂

∂ξ

(
ψ(η, ξ)

|g′(ξ)|

)
= −ηκ′(ξ)ψ(η, ξ)2 ‖g′(ξ)‖−1 − ψ(η, ξ)(g′(ξ) · g′′(ξ)) ‖g′(ξ)‖−3

. (3.23b)

Thus, the desired formula (3.22) is obtained by substituting (3.23b) back into (3.23a).

3.4 The Frenet IFE Space

In this section, we proceed to construct an m-th degree Frenet immersed finite element space

using the Frenet transformation introduced in the previous section. First, we assume that

mesh size h < ϵ0 where ϵ0 is defined in (3.15). Hence, for each interface element K, the

inverse Frenet transformation R is well-defined and differentiable on K. For example, see

Figure 3.6, where every interface element is contained in the tubular neighborhood N0.

Now, consider an interface element K, then K is contained in a section of the tubular

neighborhood N0 of the form KF = P ([ξ0, ξ1]× [−h, h]), which we will call the local fictitious

Frenet element as shown in Figure 3.7. Additionally, we will call g([ξ0, ξ1]) = KF∩Γ fictitious

local interface and denote it by ΓKF
.

In accordance with the notation in the previous section, we will use K̂, K̂+ and K̂− to
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Figure 3.6: A uniform mesh Th such that each interface element is in N0, where the boundary
of N0 is in dark blue.

h

h

KF

K

Γ

Figure 3.7: An illustration of an interface element K and its associated fictitious Frenet
element KF .
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denote R(K), R(K+) and R(K−), respectively. Similarly, we will use K̂F , Γ̂KF
, K̂+

F and

K̂−
F to denote R(KF ), R(ΓKF

), R(K+
F ) and R(K−

F ) as shown in Figure 3.8. Then, K̂± is

contained in the rectangle K̂±
F , and more importantly, Γ̂KF

is a vertical line segment. This

last property is a key ingredient in the construction of the Frenet IFE functions. To illustrate

these observations, we consider the previously shown interface element in Figure 3.7, and we

apply the transformation R to K and KF to obtain K̂ and K̂F . Notice here that K̂ is not a

polygon since R is non-linear.

y

x

Γ̂KF

ξ
η

K̂F

K̂−
F K̂−

F

K̂
KF

K

Γ

Figure 3.8: The plot on the right shows an example of an interface K and its associated local
fictitious element KF . The plot on the right shows their images under the inverse Frenet
transformation R.

Now, consider a function u : KF → R that satisfies the interface conditions (3.1c) and (3.1d)

on ΓKF
and let û = u ◦ P and β̂ = β ◦ P , then by Lemma 3.5 and Lemma 3.7, we have

JûKΓ̂KF
= 0,

r
β̂ûη

z
Γ̂KF

= 0, (3.24a)

and s
β̂
∂j

∂ηj
L (û)

{
Γ̂KF

= 0, j = 0, 1, . . . ,m− 2. (3.24b)

Here, we note that the flattened interface conditions (3.24a) are simpler than the original
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interface conditions (3.1c) since ΓKF
is merely a line segment.

Next, we proceed to the construction of the Frenet IFE space on K̂F , which consists of

piecewise polynomial functions that satisfy (3.24a) exactly and (3.24b) weakly. To make our

presentation clear, we will use Qm(B) to denote the space of tensor-product polynomials of

degree at most m on B, that is,

Qm(B) =

{
p : B → R | p(η, ξ) =

m∑
i=0

m∑
j=0

ci,jη
jξi for some {ci,j}mi,j=0

}
.

Additionally, given a line segment I, we use Pm(I) to denote the space of univariate poly-

nomials of degree at most m on I.

We define the Frenet IFE space on K̂F as the space of piecewise polynomials φ̂ : K̂F → R

such that φ̂± = φ̂|K±
F
∈ Qm(K̂±

F ) such that

Jφ̂KΓ̂KF
= 0,

r
β̂φ̂η

z
Γ̂KF

= 0, (3.25a)

∫
Γ̂KF

s
∂j

∂ηj
L (φ̂)

{
Γ̂KF

v = 0, ∀v ∈ Pm(Γ̂KF
), j = 0, 1, . . . ,m− 2. (3.25b)

Then, φ̂ satisfies the interface conditions (3.24a) exactly, and the extended interface condi-

tions (3.24b) in a weak sense. This is because we cannot enforce the latter exactly since the

terms in (3.22) may be non-linear unless ΓKF
is a curve with a constant curvature, such as a

circle or a line. In general, the curvature κ(ξ) of Γ may be a non-polynomial function and so

is L (φ̂). Fortunately, the extended interface conditions do not affect the weak formulation

of the problem.

The following lemma shows that when φ̂− is given, the system (3.25) is uniquely solvable for

φ̂+, which is similar to the extension operator discussed in Chapter 2 for one-dimensional

problems.
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Lemma 3.8. Given a polynomial φ̂± ∈ Qm(K̂±
F ), there is a unique polynomial φ̂∓ ∈ Qm(K̂∓

F )

such that the piecewise polynomial function

φ̂ =


φ̂− on K̂−

F ,

φ̂+ on K̂+
F ,

satisfies the interface conditions (3.25).

Proof. Without loss of generality, we assume that φ̂− ∈ Qm(K̂−
F ) is given, and that β̂|K̂±

F
=

β±. Then the conditions (3.25) can be formulated as a linear system in the following way

∫
Γ̂KF

φ̂+(0, ξ)ξi dξ =

∫
Γ̂KF

φ̂−(0, ξ)ξi dξ, i = 0, 1, . . . ,m. (3.26a)

∫
Γ̂KF

β+φ̂+
η (0, ξ)ξ

i dξ =

∫
Γ̂KF

β−φ̂−
η (0, ξ)ξ

i dξ, i = 0, 1, . . . ,m. (3.26b)

∫
Γ̂KF

β+∂
jL (φ̂+)

∂ηj
(0, ξ)ξi dξ =

∫
Γ̂KF

β−∂
jL (φ̂−)

∂ηj
(0, ξ)ξi dξ, i = 0, 1, . . . ,m, j = 0, 1, . . . ,m−2.

(3.26c)

Then, the system (3.26) (and consequently (3.25)) is a square (m + 1)2 × (m + 1)2 linear

system. Therefore, it is enough to show that if φ̂− = 0, then φ̂+ = 0.

Assume that φ̂− = 0. Since φ̂+ ∈ Qm(K̂+
F ), it can be written as

φ̂+(η, ξ) =
m∑
j=0

ηjpj(ξ),

for some polynomials p0, p1, . . . , pm. Our goal is to show that all of these polynomials are

zero. First, it follows from (3.26a) and (3.26b) that p0 = 0 and p1 = 0. Next, we proceed by
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strong induction. Assume that pj = 0 for all j = 0, 1, . . . , j0 for some 1 ≤ j0 ≤ m. Therefore,

pi+j

∂ηj∂ξi
φ̂+(0, ·) = 0, 0 ≤ i ≤ m, 0 ≤ j ≤ j0. (3.27)

From (3.22), we have

∂j0−1

∂ηj0−1
L (φ̂+) =

∂j0+1

∂ηj0+1
φ̂+ +

∂j0−1

∂ηj0−1

(
ρ0φ̂

+
ξξ + ρ1φ̂

+
η + ρ2φ̂

+
ξ

)
,

=
∂j0+1φ̂+

∂ηj0+1
+

j0−1∑
l=0

(
j0 − 1

l

)(
∂j0−1−lρ0
∂ηj0−1−l

∂lφ̂+
ξξ

∂ηl
+
∂j0−1−lρ1
∂ηj0−1−l

∂l+1φ̂+

∂ηl+1
+
∂j0−1−lρ2
∂ηj0−1−l

∂lφ̂+
ξ

∂ηl

)
.

(3.28)

Now, we substitute (3.28) into (3.26c) and use (3.27) to obtain

∫
Γ̂KF

(j0 + 1)!pj0+1(ξ)ξ
i dξ = 0, ∀i = 0, 1, . . . ,m.

Therefore, pj0+1 = 0. Consequently, by strong induction, pj = 0 for all 0 ≤ j ≤ m, which

proves that φ̂+ = 0 and concludes this proof.

The lemma above shows that every polynomial φ̂− ∈ Qm(K̂−
F ) can be paired (uniquely) with

a polynomial φ̂+ ∈ Qm(K̂+
F ) such that the resulting piecewise polynomial φ̂ satisfies the

conditions (3.25). Hence, we introduce the Frenet IFE space as

V̂m
β̂
(K̂F ) =

{
φ̂ : K̂F → R | φ̂|K̂±

F
∈ Qm(K̂±

F ) and φ̂ satisfies (3.25)
}
. (3.29)

From our arguments in the previous proof, we can deduce more information about the

immersed Frenet IFE space, as stated in the following corollary.

Corollary 3.1. Let V̂m
β̂
(K̂F ) be the Frenet IFE space (3.29), then dim(V̂m

β̂
(K̂F )) = (m+1)2.

Additionally, if β+ = β−, then V̂m
β̂
(K̂F ) = Qm(K̂F ).
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Finally, we define the local Frenet IFE space on the interface element K as

Vmβ (K) =
{
φ̂ ◦R|K | φ̂ ∈ V̂m

β̂
(K̂F )

}
. (3.30)

Remark 3.4. Since R is non-linear (in general), the IFE functions in Vm
β̂
(K) are not piece-

wise polynomials. This is very closely related to the isoparametric finite element method

[26, 37] where the basis functions are mapped from a reference element to a curved element

via a non-linear transformation. The benefit is that all Frenet IFE functions satisfy the

interface conditions (3.1c) exactly, a property not shared by any other IFE method. More

precisely, for every function φ ∈ Vm
β̂
(K), both φ and β∇φ · n are continuous.

3.5 Computational Aspects of the Construction of the

Frenet IFE Space

A major part of every immersed finite element method is the construction of the local IFE

space. Since the number of interface elements grows as the mesh is refined, it is important for

us to design efficient numerical methods to obtain a basis of IFE functions on each interface

element. In this section, we describe an efficient and robust method to build a basis of

Frenet IFE functions. In fact, we show that, out of the (m+ 1)2 basis functions of the local

Frenet IFE space for each interface element, we are able to explicitly express m(m + 1) of

them. Hence, it remains to construct the remaining m + 1 functions by solving a linear

system. This is already a major advantage of the Frenet IFE over the classical higher order

IFE methods [5, 12, 13, 51]. Furthermore, we will numerically show that this linear system

is well conditioned even for small cut elements without the need for user-chosen parameters

[114].
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Additionally, we describe an efficient method to implement the inverse Frenet transformation,

as well as an overview of the quadrature rules on interface elements.

3.5.1 Constructing a Basis for the Frenet IFE Space

In this subsection, we will describe the construction of a basis for the local Frenet IFE space.

Since a basis of the local Frenet IFE space Vmβ (K) can be constructed directly from a basis

of V̂m
β̂
(K̂F ), we will only discuss a basis for the latter. First, recall that dim(V̂m

β̂
(K̂F )) =

(m+ 1)2, then, we need to find a basis

{φ̂i,j}mi,j=0

for the Frenet IFE space. Fortunately, we can express m(m + 1) elements of this basis

explicitly as the following lemma shows.

Lemma 3.9. Let 0 ≤ i ≤ m and 1 ≤ j ≤ m be integers, and let

φ̂i,j(η, ξ) =
1

β̂(η, ξ)
ηjξi, (η, ξ) ∈ K̂F .

Then, φ̂i,j ∈ V̂m
β̂
(K̂F ).

Proof. Let 0 ≤ i ≤ m and 1 ≤ j ≤ m, and let φ̂±
i,j = φ̂i,j|K̂±

F
∈ Qm(K̂±

F ).

Since j ≥ 1, we have φ̂+
i,j(0, ξ) = φ̂−

i,j(0, ξ) = 0 for all ξ ∈ Γ̂KF
. Therefore, Jφ̂i,jKΓ̂KF

= 0.

Next, consider q = β̂φ̂i,j, then q ∈ Qm(K̂F ). Consequently, we have

r
β̂φ̂i,j

z
Γ̂KF

= JqKΓ̂KF
= 0.



120 CHAPTER 3. THE FRENET IMMERSED FINITE ELEMENT SPACE

Then, φ̂i,j satisfies the interface conditions (3.25a) Similarly,

s
β̂
∂jL (φ̂i,j)

∂ηj

{
Γ̂KF

=

t
β̂∂jL (φ̂i,j)

∂ηj

|
Γ̂KF

=

s
∂jL (q)

∂ηj

{
Γ̂KF

= 0.

Hence, φ̂i,j satisfies (3.25b).

Remark 3.5. The functions φ̂i,j described in the lemma above satisfy the interface condi-

tions exactly, which is a stronger condition than (3.25). This is yet another advantage of

the Frenet IFE method.

Here, we observe that the set B1 = {φ̂i,j}mi=0,j=1 is a subset of V̂m
β̂
(K̂F ). Furthermore, the

set B1 is linearly independent by construction. Then, it remains to find a set B0 ⊂ V̂m
β̂
(K̂F )

with m+ 1 elements such that B = B0 ∪B1 is a basis for the Frenet IFE space.

In our subsequent derivation, we assume, without loss of generality, that β̂|K̂±
F

= β± to

simplify our presentation.

The key observation here is that the functions in Lemma 3.9 all vanish on the interface since

j ≥ 1. Then, to complete the basis, we need to construct a set {φ̂i,0}mi=0 such that

φ̂−
i,0(0, ξ) = pi(ξ), and φ̂i,0 ∈ V̂m

β̂
(K̂F ),

where {pi}mi=0 is a basis for Pm(ΓKF
). Consequently, according to (3.25), we seek φ̂+ ∈

Qm(K̂+
F ) such that

φ̂+
i,0(0, ξ) = φ̂−

i,0(0, ξ) = pi(ξ), ξ ∈ Γ̂KF
, (3.31a)

β+
∂φ̂+

i,0

∂η
(0, ξ) = β−∂φ̂

−
i,0

∂η
(0, ξ) = 0, ξ ∈ Γ̂KF

, (3.31b)

∫
Γ̂KF

β+ ∂j

∂ηj
L (φ̂+

i,0)v =

∫
Γ̂KF

β− ∂j

∂ηj
L (φ̂−

i,0)v, ∀v ∈ Pm(Γ̂KF
), j = 0, 1, . . . ,m− 2.

(3.31c)
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Therefore, from (3.31a) and (3.31b), the polynomial φ̂+
i,0 can be written as

φ̂+
i,0(η, ξ) = pi(ξ) +

m2−1∑
l=1

c
(i)
l Nl(η, ξ), (3.32)

where {Nl}m
2−1

l=1 is an enumeration of {ηjpi(ξ)}mi=0,j=2. In accordance with our paper [19], we

choose {Nl} to be the lexicographical ordering of {ηjpi(ξ)}, that is,

N1(η, ξ) = η2p0(ξ), Nm+2(η, ξ) = η3p0(ξ), · · · Nm2−m−1(η, ξ) = ηmp0(ξ)

N2(η, ξ) = η2p1(ξ), Nm+3(η, ξ) = η3p1(ξ), · · · Nm2−m(η, ξ) = ηmp1(ξ)

N3(η, ξ) = η2p2(ξ), Nm+3(η, ξ) = η3p2(ξ), · · · Nm2−m+1(η, ξ) = ηmp2(ξ)

... ... . . . ...

Nm+1(η, ξ) = η2pm(ξ), N2(m+1)(η, ξ) = η3pm(ξ), · · · Nm2−1(η, ξ) = ηmpm(ξ)

(3.33)

Now, we use the interface condition (3.31c) with v = p0, p1, . . . , pm, to obtain the following

system of equations

m2−1∑
l=1

c
(i)
l

∫
Γ̂KF

∂j

∂ηj
L (Nl)(0, ξ)pk(ξ)dξ =

β− − β+

β+

∫
Γ̂KF

∂j

∂ηj
L (pi(ξ))(0, ξ)pk(ξ)dξ, (3.34)

for all 0 ≤ k ≤ m and 0 ≤ j ≤ m− 2. The system (3.34) can be written in matrix form as

Ac(i) =
β− − β+

β+
b(i), (3.35)

where c(i) = (c
(i)
1 , c

(i)
2 , . . . , c

(i)

m2−1). The matrix A and the vector b(i) can be constructed from
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their row blocks

A =



A(0)

A(1)

...

A(m−2)


, b(i) =



b(0)(i)

b(1)(i)

...

b(m−2)(i)


. (3.36)

Each block of the matrix A is given by [19]

A(j)
k,l =

∫
Γ̂KF

∂j

∂ηj
L (Nl)(0, ξ)pk(ξ)dξ, 0 ≤ j ≤ m− 2, 1 ≤ l ≤ m2 − 1, 0 ≤ k ≤ m.

(3.37)

Similarly, each block of b is given by

b(j)
k (i) =

∫
Γ̂KF

∂j

∂ηj
L (pi(ξ))(0, ξ)pk(ξ)dξ, 0 ≤ j ≤ m− 2, 0 ≤ k ≤ m. (3.38)

We note here that the matrix A does not depend on i. Then, we can combine the systems

(3.35) for 0 ≤ i ≤ m in one matrix system

A
[
c(0) c(1) . . . c(m)

]
=
β− − β+

β+

[
b(0) b(1) . . . b(m)

]
. (3.39)

Next, we need to construct the matrix A and the vectors b(i). In both situations, one needs

to evaluate quantities of the form

∂j

∂ηj
L (v)(0, ξ), (3.40)
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where v is a polynomial (either Nl or pi). Similarly to (3.28), we can write (3.40) as [19]

∂j

∂ηj
L (v)(0, ξ) =

∂j+2v(0, ξ)

∂ηj+2
(3.41)

+

j∑
l=0

(
j

l

)(
∂lρ0(0, ξ)

∂ηl
∂j−lvξξ(0, ξ)

∂ηj−l
+
∂lρ1(0, ξ)

∂ηl
∂j−l+1v(0, ξ)

∂ηj−l+1
+
∂lρ2(0, ξ)

∂ηl
∂j−lvξ(0, ξ)

∂ηj−l

)
(3.42)

where ρ0, ρ1 and ρ2 are given by (3.22). Since v is a polynomial in our calculations, it is

relatively easy to evaluate

∂j+2v(0, ξ)

∂ηj+2
,
∂j−lvξξ(0, ξ)

∂ηj−l
,
∂j−l+1v(0, ξ)

∂ηj−l+1
,
∂j−lvξ(0, ξ)

∂ηj−l
.

Then, it remains to evaluate the l-th order derivatives of ρ0, ρ1 and ρ3 with respect to η.

First, by differentiating (3.22), we obtain

∂lρ0(η, ξ)

∂ηl
=

1

‖g′(ξ)‖2
∂lψ2(η, ξ)

∂ηl
, (3.43a)

∂lρ1(η, ξ)

∂ηl
= κ(ξ)

∂lψ(η, ξ)

∂ηl
, (3.43b)

∂lρ2(η, ξ)

∂ηl
= − κ′(ξ)

‖g′(ξ)‖2

(
η
∂lψ3(η, ξ)

∂ηl
+ l

∂l−1ψ3(η, ξ)

∂ηl−1

)
− g′(ξ) · g′′(ξ)

‖g′(ξ)‖4
∂lψ2(η, ξ)

∂ηl
. (3.43c)

The next step is to evaluate the l-th order derivatives of ψ, ψ2 and ψ3. In order to so, we

recall that ψ(η, ξ) = (1+ ηκ(ξ))−1, then by using the geometric series and its derivatives, we

obtain

ψ(η, ξ) =
∞∑
j=0

(−1)jκ(ξ)jηj, (3.44a)

(ψ(η, ξ))2 =
∞∑
j=0

(−1)j(j + 1)κ(ξ)jηj, (3.44b)
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(ψ(η, ξ))3 =
∞∑
j=0

(−1)j
(j + 1)(j + 2)

2
κ(ξ)jηj, (3.44c)

Then, by considering the coefficients of the Taylor expansion of each function in (3.44), we

obtain
∂lψ(0, ξ)

∂ηl
= (−1)ll!κ(ξ)l, (3.45a)

∂lψ2(0, ξ)

∂ηl
= (−1)l(l + 1)!κ(ξ)l, (3.45b)

∂l−1ψ3(0, ξ)

∂ηl−1
= (−1)l−1 (l + 1)!

2
κ(ξ)l−1, (3.45c)

∂lψ3(0, ξ)

∂ηl
= (−1)l

(l + 2)!

2
κ(ξ)l. (3.45d)

Now, we substitute (3.45) back into (3.43) to obtain the following

∂lρ0(0, ξ)

∂ηl
=

(−1)l(l + 1)!κ(ξ)l

‖g′(ξ)‖2
, (3.46a)

∂lρ1(0, ξ)

∂ηl
= κ(ξ)(−1)ll!κ(ξ)l, (3.46b)

∂lρ2(0, ξ)

∂ηl
= − κ′(ξ)

‖g′(ξ)‖2

(
l(−1)l−1 (l + 1)!

2
κ(ξ)l−1

)
− g′(ξ) · g′′(ξ)

‖g′(ξ)‖4
(−1)l(l + 1)!κ(ξ)l. (3.46c)

Note here that all the quantities in (3.46) are simple evaluations of g, κ and κ′. Therefore,

the assembly of the matrix A and the vectors b(i) can be done efficiently.

Since the construction of the Frenet IFE space relies on solving the linear system (3.35), it is

important to study the condition number of the matrix A. In the classical higher-order IFE

methods, it was observed [13] that the linear system associated with the IFE space tend to

be ill conditioned in cases where interface Γ is close to one of the edges or one of the vertices

of the interface element K, which are referred to as s small-cut element in the literature.

Possible solutions to this issue were explored in [114], where the authors explored imposing
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ε = 10−1

ε = 10−2
ε = 10−3

Figure 3.9: An illustration of the small cut element K(ε) with ε = 10−1 (solid), ε = 10−2

(dashed) and ε = 10−3 (dashed and dotted).

the interface conditions on a larger element, called the fictitious element. The fictitious

element is typically a homothetic scaling λ of the interface element K. However, the best

choice of the scaling factor λ remains a subject of ongoing research.

In our approach, the fictitious Frenet element K̂F is defined naturally, with no user-chosen

parameters. This has the added advantage that the condition number matrix A is not

affected greatly by the position of the interface. To illustrate this observation, we consider

the case where the interface Γ is a circle of radius 1 and the interface element is K(ε) =

1√
2
− ε+ [0, 1

2
]2 for some ε > 0. For an illustration, see Figure 3.9.

To investigate the condition number of IFE system, let A(m, ε) be the matrix described in

(3.36) and (3.37) with the interface element K(ε) described above. To construct the IFE

basis functions on the element K(ε), we use the basis {pi(ξ)}mi=0 = {Li(ξ)}mi=0 in (3.33),

where Li is the i-th degree Legendre polynomial on Γ̂KF
, which makes the matrix A(m, ε)
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block lower triangular because

(
∂k

∂ηk
L (ηjξi)

)
|η=0 = 0, if k > j.

Since the terms in (3.46) grows with l, it is beneficial to apply the Jacobi preconditioner

J = diag(A(m, ε)) to the matrix A(m, ε), and consider the condition number of the precon-

ditioned matrix Ã(m, ε) as well as the original matrix A(m, ε) and observe their behaviors

as ε → 0+ in Figure 3.10. We notice that the condition numbers of Ã(m, ε) is significantly

smaller that those of A(m, ε), which supports our choice of the preconditioner. Further-

more, we observe that the condition number of both A(m, ε) and Ã(m, ε) remains relatively

unchanged as the interface approaches the lower left vertex, i.e. as ε → 0+, which is an

additional benefit of using the Frenet IFE method.
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(a) The condition number of A(m, ε).
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(b) The condition number of Ã(m, ε).

Figure 3.10: Condition numbers of A(m, ε) and Ã(m, ε) for different degrees m versus ε.

Remark 3.6. The condition numbers reported in Figure 3.10 do not cover the case m = 1

because the matrix A is only needed to construct higher order Frenet IFE functions (m ≥ 2).

In the case of m = 1, a basis for V̂1
β̂
(K̂F ) is obtained as

V̂1
β̂
(K̂F ) = span

({
1, ξ,

1

β̂
η,

1

β̂
ηξ

})
. (3.47)



3.5. COMPUTATIONAL ASPECTS OF THE CONSTRUCTION OF THE FRENET IFE SPACE 127

To illustrate the idea in this section, we consider the element K = [0, 1]2, and the interface

Γ = {(x, y) ∈ R2 | x2 + y2 = r20} parametrized by g(ξ) = (r0 cos(ξ), r0 sin(ξ)), where

r0 = 1√
2
. The interface splits the element into K− = {(x, y) ∈ R2 | x2 + y2 < r20} and

K+ = {(x, y) ∈ R2 | x2 + y2 > r20}. Then, we construct a basis for the second order local

Frenet IFE space V2
β(K) according to Lemma 3.9, (3.31) and (3.30) with (β−, β+) = (1, 10).

We plot the resulting basis functions in Figure 3.11, where each sub-figure corresponds to

one basis function and the interface is shown in red.

(a) φ̌0,0 (b) φ̌1,0 (c) φ̌2,0

(d) φ̌0,1 (e) φ̌1,1 (f) φ̌2,1

(g) φ̌0,2 (h) φ̌1,2 (i) φ̌2,2

Figure 3.11: An instance of the basis functions for local Frenet IFE space V2
β(K).
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3.5.2 Implementation of the Inverse Frenet Transform

In this subsection, we describe an efficient algorithm to implement the inverse Frenet trans-

formation R on a given interface element.

First, consider an interface element K and let D and E the intersection points of the interface

with ∂K, and let x ∈ K, as shown in Figure 3.12. Our goal is to find x̂ = (η, ξ) ∈ K̂F such

that P (x̂) = x. Equivalently, x̂ = R(x). To initiate Newton’s iteration for solving P (x̂) = x,

Γ
E

D

x

Figure 3.12: The intersections of the interface with ∂K (blue) and a point x in the interface
element (black).

we need a good initial guess for x̂ = (η, ξ), namely x̂0 = (ξ0, η0). Naturally, we choose η0 = 0

since x is close to the interface.

Next, consider the points D and E: Since they are on the interface Γ, there are ξD, ξE ∈

[ξs, ξe], such that

g(ξD) = D, g(ξE) = E.

To find ξD and ξE, we perform a line search first. That is, given {zi}nz
i=1 ⊂ [ξs, ξe], we find

zD such that

‖g(zD)−D‖ = min
0≤i≤nz

‖g(zi)−D‖ ,

and similarly, we obtain zE. At this point, zD and zE are relatively good approximations

of ξE and ξD. To improve this approximation, we recall that ξD minimizes ‖g(·)−D‖2.

Hence, we can accelerate the process greatly by using the gradient descent method with
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Barzilai-Borwein step [23] to speed up the convergence



ξ0D = zD,

ξ1D = ξ0D − ‖g(ξ0D)−D‖2

2g′(ξ0D) · (g(ξ0D)−D)

ξn+1
D = ξnD − γn

‖g(ξnD)−D‖2

2g′(ξnD) · (g(ξnD)−D)
, n ≥ 1,

(3.48a)

where γn is the Barzilai-Borwein step given by

γn =

∣∣∣∣∣ ξn+1
D − ξnD

2g′(ξnD) · (2g′(ξnD)−D)− 2g′(ξn−1
D ) ·

(
2g′(ξn−1

D )−D
)∣∣∣∣∣ . (3.48b)

The iteration (3.48a) with the step (3.48b) converges typically in a few iterations, making it

a good choice for our algorithm. Next, we apply a similar iteration to find ξE.

After finding ξD and ξE, we choose x̂0 =
(
0, 1

2
(ξD + ξE)

)
as an initial guess for x̂ = R(x)

and use Newton’s iteration to approximate x̂:

x̂n+1 = x̂n + ĴP (x̂)−1 (x̂n − x) , (3.49)

where ĴP is the Jacobian matrix given in Lemma 3.2.

Remark 3.7. On each interface element, we save the initial guess
(
0, 1

2
(ξD + ξE)

)
obtained

from the iteration (3.48) to compute R(x) for any point x ∈ K using (3.49). Thus, we can

think of the gradient descent (3.48) as a way to obtain a good initial guess for the Newton

iteration (3.49).
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3.5.3 Comments about the Quadrature on Interface Elements

In this subsection, we explore the quadrature on both the interface element K and the Frenet

element K̂ = R(K). Typically, we are interested in evaluating integrals of the form

∫
K±

f(x) dx,

where f is either defined explicitly on K± or defined as f = f̂ ◦P for some function f̂ on K̂.

In either case, we need to construct a quadrature rule on K± then map the nodes to K̂± if

needed.

To generate a high order quadrature rule on K±, we have explored two possible approaches:

• The ALGOIM method [94]: In essence, this method only requires access to a level-set

function that describes the interface and its gradient. Using the Frenet coordinates,

we can view x 7→ η(x) as a level set function since η|ΓKF
= 0. After that, if needed, we

map the quadrature nodes (and weights) to K̂. For an illustatration of the quadrature

nodes generated by this method, we present an example in Figure 3.13. One of the

main benefits of this method is its adaptivity: The method splits the element into

rectangles recursively until a certain flatness condition is met [94]. This results in

dense set of nodes around the interface and a relatively sparse set of nodes away from

the interface as shown in Figure 3.13a.

• The traditional approach: We can split the interface element K into triangles (with

possibly curved edges), where each triangle lays in either K+ or K−, then we use a

high order quadrature method on each triangle. For instance, one can use the classical

Gauss-Legendre quadrature nodes on [0, 1]2, then map the nodes to a reference triangle,

which are then mapped to a curved triangle as discussed in [88]. The approach carries

multiple advantages. First, we can control the number of quadrature points exactly,
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(a) Quadrature nodes on K (b) Quadrature nodes on K̂

Figure 3.13: Quadrature nodes on the interface element (left) constructed using the ALGOIM
method, and their images under the inverse Frenet transformation (right).

see for instance Figure 3.14a where each triangle (straight or curved) contains exactly

9 nodes. Additionally, this approach employs the parametrization g directly and does

not require a level set function, and in our experience, this approach is slightly faster.

(a) Quadrature nodes on K (b) Quadrature nodes on K̂

Figure 3.14: Quadrature nodes on the interface element (left) constructed using the tradi-
tional method, and their images under the inverse Frenet transformation (right).

Having said that, in our numerical experiments, we did not observe any noticeable difference

between the two approaches. Although, we preferred using the second approach in our

implementation, we recognize that the ALGOIM method might be more suitable for interface
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problems in a higher spatial dimension since it can be implemented for any dimension.



Chapter 4

The Approximation Capabilities of

the Frenet IFE Space

In this chapter, we investigate the approximation capabilities of the Frenet IFE space in-

troduced in Chapter 3. In Section 4.1, we introduce additional notation for the relevant

immersed Sobolev space, further assumptions about the regularity of the interface, and

results about the geometry of Frenet elements that will be useful later. In Section 4.2, we

present an analysis of the approximation capabilities of the Frenet IFE space. In Section 4.3,

we provide numerical examples to illustrate our results.

The results in this chapter are reported partially in [19].

4.1 Notation and Preliminary Results

In addition to the notations used in Chapter 3, we will introduce more notations in this

section to simplify our presentation.

First, consider B ⊂ Ω cut by the interface into B+ and B−. We use H2
Γ,β(B) to denote the

space of functions u ∈ PH2(B) that satisfy the interface conditions (3.1c). More precisely,

H2
Γ,β(B) =

{
u ∈ PH2(B) | JuKΓ∩B = Jβ∇u · nKΓ∩B = 0

}
. (4.1)

133
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Additionally, for m ≥ 2, we use Hm+1
Γ,β (B) to denote the space of functions u ∈ H2

Γ,β(B) that

satisfy the extended interface conditions (3.1d), that is,

Hm+1
Γ,β (B) =

{
u ∈ H2

Γ,β(B) ∩ PHm+1(B) |
s
β
∂j∆u

∂nj

{
Γ∩B

= 0, j = 0, 1, . . .m− 2

}
. (4.2)

We extend these spaces to piecewise functions on the mesh by defining

H2
Γ,β(Th) =

{
u : Ω → R | u|K ∈ H2(K) if K ∈ T n

h ; else u|K ∈ H2
Γ,β(K)

}
, (4.3a)

and

Hm+1
Γ,β (Th) =

{
u : Ω → R | u|K ∈ Hm+1(K) if K ∈ T n

h ; else u|K ∈ Hm+1
Γ,β (K)

}
. (4.3b)

Now, using the Frenet transformation, we define the immersed Sobolev space on the fictitious

Frenet element K̂F as

Hm+1
β (K̂F ) =

{
u ◦ P : K̂F → R | u ∈ Hm+1

Γ,β (KF )
}
. (4.4)

Here we note that we dropped the interface from the notation Hm+1
β (K̂F ) since Γ̂K̂F

is merely

the vertical line segment η = 0 in the middle of K̂F .

Next, we define the global Frenet IFE space as

Vmβ (Th) =
{
u : Ω → R | u|K ∈ Qm(K) if K ∈ T n

h ; else u|K ∈ Vmβ (K)
}
. (4.5)

Following the notation used in Chapter 2, we will use ≲,≳ and ' to denote inequalities and

equivalences with hidden constants. Typically, the hidden constant in this section depends

solely on the degree m provided that the assumptions in the next paragraph hold.
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In this chapter, we assume that the mesh size h is smaller than ϵ0 where ϵ0 is defined in

(3.15). Thus,

• Every interface element is contained in the tubular neighborhood N0 of the interface

Γ.

• The inverse Frenet transformation is well-defined and differentiable on the local ficti-

tious element KF , and

|ψ(η, ξ)| ' 1, ∀(η, ξ) ∈ K̂F , ∀K ∈ T i
h . (4.6a)

The last point is a direct consequence of h < 1
2κ0

where κ0 is the maximum curvature of Γ.

Now, to analyze the approximation capabilities of the Frenet IFE space, we restrict ourselves

to the case where Γ is a Cm+2 curve and g ∈ Cm+2([ξs, ξe],R2) is a regular parametrization.

Therefore,

max
ξs≤ξ≤ξe

∥∥g(k)(ξ)
∥∥≲ 1, k = 0, . . . ,m+ 2, (4.6b)

and

max
ξs≤ξ≤ξe

‖g′(ξ)‖−1 ≲ 1. (4.6c)

Then, it follows from (3.4) that κ ∈ Cm([ξs, ξe],R) and |ψ(η, ξ)|≲ 1 for all (η, ξ) ∈ K̂F , for

any interface element K.

Next, let K be an interface element and let K̂F be its fictitious Frenet element. Then, by

construction, K̂F is a rectangle of the form [−h, h]× [ξ0, ξ1], where ξ0, ξ1 are the extrema of

ξ(K). In our analysis later, we will employ several inequalities, such as the trace inequality,

that involve the size of Γ̂KF
, which is ξ1 − ξ0. In general, we are not able to derive a closed

form expression for this quantity. Nevertheless, we can show that ξ1 − ξ0 is comparable to

the mesh size h.
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Lemma 4.1. Let K be an interface element, and let K̂F be the associated fictitious Frenet

element, and let Γ̂K = ({0} × R) ∩ K̂F . Then

|Γ̂KF
| 'h.

Proof. First, we recall that h is the diameter of K, then

h2 '
∫
K

dx =

∫
K̂

|D̂P (η, ξ)|dηdξ≲
∫
K̂

dηdξ ≤
∫
K̂F

dηdξ = |Γ̂KF
|h. (4.7)

Then, we divide both sides by h to obtain h≲ |Γ̂KF
|. Next, let x1,x2 ∈ K, then by the

multivariate mean value theorem, we have

|ξ(x1)− ξ(x2)| ≤
(

max
x∈K

‖∇ξ(x)‖
)
‖x1 − x2‖ ≤ h

(
max
x∈K

‖∇ξ(x)‖
)
.

We recall from (3.16) that ‖∇ξ‖ = ‖g′(ξ)‖−1 |ψ(η, ξ)|. By our assumptions (4.6), we have

‖g′(ξ)‖−1 |ψ(η, ξ)|≲ 1. Therefore,

|Γ̂KF
| = max

x1,x2∈K
|ξ(x1)− ξ(x2)|≲h. (4.8)

Combining (4.7) and (4.8), we obtain |Γ̂KF
| ' h.

Now, we show that the local fictitious element KF intersect a (uniformly) finite number of

elements.

Lemma 4.2. Let K be an interface element and let KF be its local fictitious element, then

KF intersects at most 72 elements in Th.

Proof. Let x ∈ KF , then x = g(ξ) + ηn(ξ) for some η ∈ [−h, h] and ξ ∈ [ξ0, ξ1]. By

construction of KF , there is η̃ ∈ [−h, h] such that y = g(ξ) + η̃n(ξ) ∈ K. Then, ‖x − y‖ =
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|η − η̃| ≤ 2h. In conclusion, we have KF ⊂ K +B(0, 2h).

Next, let ωK be the union of the 72 elements surrounding K (including K) as shown in

Figure 4.1. Then K +B(0, 2h) ⊂ ωK . Consequently, KF intersects at most 72 elements.

2h

h

h

KF

K

Γ

Figure 4.1: An illustration interface element K (blue) and its fictitious element KF (black).
Note the fictitious element is contained in the 72 elements highlighted in orange.

4.2 Approximation Capabilities

In this section, we prove the optimal approximate capabilities of the Frenet IFE space. First,

we consider a function û ∈ Hm+1
β (K̂F ), and we show that its L2 projection Π̂û ∈ V̂m

β̂
(K̂F )

satisfies ∣∣∣û− Π̂û
∣∣∣
i,K̂F

≲
m
hm+1−i|û|m+1,K̂F

, i = 0, 1, . . . ,m+ 1. (4.9)

It is worth highlighting here that the hidden constants in the inequality (4.9) are independent

of the diffusion coefficient β. This is yet another attractive property that the Frenet IFE

space possesses.

The ideas in our analysis below are inspired in part by the analysis carried in [51]. More



138 CHAPTER 4. THE APPROXIMATION CAPABILITIES OF THE FRENET IFE SPACE

precisely, we proceed by projecting û on Qm(K̂+
F ) and on Qm(K̂−

F ) separately. Then, we

show that these two projections satisfy the interface conditions (3.25) approximately, which

will be enough for us to prove (4.9). The proofs in this section are adapted from our paper

[19] with minor modifications to the notation, and an additional theorem at the end covering

the global projection error.

In the remainder of this section, we assume, without loss of generality, that K̂+
F = [0, h] ×

[ξ0, ξ1] and K̂−
F = [−h, 0]× [ξ0, ξ1] to avoid any confusion, and we use û± to denote û|K̂±

F
as

usual.

Now, Let s ∈ {+,−} and let Π̂s : Hm+1(K̂s
F ) → Qm(K̂s

F ) be the L2 projection, that is, for

us ∈ Hm+1(K̂s
F ), Π̂sus ∈ Qm(K̂s

F ) is the unique solution to

(
Π̂sus, vh

)
K̂s

F

= (us, vh)K̂s
F
, ∀vh ∈ Qm(K̂s

F ).

It is well known [37] that the L2 projection converges optimally as stated in the following

lemma.

Lemma 4.3. Let s ∈ {+,−} and let ûs ∈ Hm+1(K̂s
F ), then

∣∣∣Π̂sûs − ûs
∣∣∣
i,K̂s

F

≲
m
hm+1−i|ûs|m+1,K̂s

F
. (4.10)

For all integers 0 ≤ i ≤ m+ 1.

Now, since the dimensions of K̂±
F are comparable to h as shown in Lemma 4.1, the classical

trace inequality holds on H1(K̂s
F ) as expressed in the following lemma.

Lemma 4.4. Let s ∈ {+,−} and let ûs ∈ H1(K̂s
F ), then

‖ûs‖0,Γ̂KF
≲
m
h−1/2 ‖ûs‖K̂s

F
+ h1/2|ûs|1,K̂s

F
. (4.11)
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Next, we combine Lemma 4.3 and Lemma 4.4 to obtain an estimate on the projection error

on Γ̂KF
.

Corollary 4.1. Let s ∈ {+,−} and let ûs ∈ Hm+1(K̂s
F ), then

∣∣∣Π̂sûs − ûs
∣∣∣
i,Γ̂KF

≲
m
hm+ 1

2
−i|ûs|m+1,K̂s

F
, (4.12)

for all integers i = 0, . . . ,m.

Proof. Using (4.11), we have

∣∣∣Π̂sûs − ûs
∣∣∣
i,Γ̂KF

≲
m
h−1/2

∣∣∣Π̂sûs − ûs
∣∣∣
i,K̂s

F

+ h1/2
∣∣∣Π̂sûs − ûs

∣∣∣
i+1,K̂s

F

,

which is combined with (4.10) to obtain (4.12).

Next, we will use Corollary 4.1 to obtain some estimates on the Laplacian of the residual

Π̂sûs − ûs on Γ̂KF
.

Lemma 4.5. Let s ∈ {+,−} and let ûs ∈ Hm+1(K̂s
F ), then

∥∥∥∥ ∂j∂ηjL (Π̂sûs − ûs)

∥∥∥∥
0,Γ̂KF

≲
m
hm+ 1

2
−2−j|ûs|m+1,K̂s

F
, (4.13)

for all integers j = 0, 1, . . . ,m− 2.

Proof. Recall that from our assumptions (4.6), we have ‖g′‖ ' 1 and ‖g′‖ , ‖g′′‖ , |κ|, |κ′|≲ 1.

Therefore, it follows immediately from (3.22) that

∣∣∣∣∂lρi∂ηl
(0, ξ)

∣∣∣∣≲
m
1, ∀ξ ∈ Γ̂KF

, 0 ≤ l ≤ m− 2, 0 ≤ i ≤ 2. (4.14)



140 CHAPTER 4. THE APPROXIMATION CAPABILITIES OF THE FRENET IFE SPACE

Now, we use (3.28) and Corollary 4.1 to obtain

∥∥∥∥ ∂j∂ηjL (Π̂sûs − ûs)

∥∥∥∥
0,Γ̂KF

≲
m

∥∥∥Π̂sûs − ûs
∥∥∥
j+2,Γ̂KF

≲
m
hm+1/2−2−j|ûs|m+1,K̂s

F
.

We now consider a function û that satisfies the interface conditions (3.24), and we estimate

the discontinuities across the Frenet fictitious interface Γ̂KF
for its projection Π̂±û± in the

following lemma.

Lemma 4.6. Let û ∈ Hm+1
β (K̂F ) be a function that satisfies (3.24) and let Π̂sûs be the L2

projections of ûs onto Qm(K̂s
F ) for s ∈ {+,−}. Then

∥∥∥Π̂+û+ − Π̂−û−
∥∥∥
0,Γ̂KF

≲
m
hm+ 1

2 |û+|m+1,K̂F
, (4.15a)

∥∥∥β+(Π̂+û+)η − β−(Π̂−û−)η

∥∥∥
0,Γ̂KF

≲
m
(β+ + β−)hm− 1

2 |û+|m+1,K̂F
, (4.15b)

∥∥∥∥β+ ∂j

∂ηj
L (Π̂+û+)− β− ∂j

∂ηj
L (Π̂−û−)

∥∥∥∥
0,Γ̂KF

≲
m
(β+ + β−)hm− 3

2
−j|û+|m+1,K̂F

, (4.15c)

for j = 0, 1, . . .m− 2.

Proof. The first estimate follows from applying the triangle inequality to Corollary 4.1:

∥∥∥Π̂+û+ − Π̂−û−
∥∥∥
0,Γ̂KF

≤
∥∥∥Π̂+û+ − û+

∥∥∥
0,Γ̂KF

+
∥∥∥Π̂−û− − û−

∥∥∥
0,Γ̂KF

+
∥∥û+ − û−

∥∥
0,Γ̂KF︸ ︷︷ ︸

=0

≲
m
hm+ 1

2 |û+|m+1,K̂+
F
+ hm+ 1

2 |û−|m+1,K̂−
F
,
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where we used û+ = û− on Γ̂KF
. We can prove the second estimate similarly:

∥∥∥β+(Π̂+û+)η − β−(Π̂−û−)η

∥∥∥
0,Γ̂KF

≤ β+
∥∥∥(Π̂+û+ − û+)η

∥∥∥
0,Γ̂KF

+ β−
∥∥∥(Π̂−û+ − û−)η

∥∥∥
0,Γ̂KF

+
∥∥β+û+η − β−û−η

∥∥
0,Γ̂KF︸ ︷︷ ︸

=0

≲
m
β+hm− 1

2 |û+|m+1,K̂+
F
+ β−hm− 1

2 |û−|m+1,K̂−
F
.

The proof of the last estimate is similar and uses Lemma 4.5.

We have shown in Lemma 3.8 that for s ∈ {+,−} and a polynomial qs ∈ Qm(K̂s
F ), there is a

unique polynomial qs′ ∈ Qm(K̂s′
F ), where s′ is the dual of s, such that q = q+χK̂+

F
+ q−χK̂−

F
∈

V̂m
β̂
(K̂F ), where χ is the indicator function. For simplicity, we will use (q−, q+) to denote

q ∈ V̂m
β̂
(K̂F ). Next, we define Es : Qm(K̂s′

F ) → Qm(K̂s
F ) to be the unique mappings such

that

(q−, E+(q−)) ∈ V̂m
β̂
(K̂F ), (E−(q+), q+) ∈ V̂m

β̂
(K̂F ), ∀q− ∈ Qm(K̂−

F ) and ∀q+ ∈ Qm(K̂+
F ).

According to Lemma 3.8, the mappings Es for s ∈ {+,−} are well-defined. Furthermore,

they are linear. The next lemma shows that Π̂sûs and Es(Π̂s′ ûs
′
) are close to each other on

Γ̂KF
.

Lemma 4.7. Let û ∈ Hm+1
β (K̂F ) be a function that satisfies (3.24), then

∥∥∥∥ ∂j∂ηj (Π̂sûs − Es(Π̂s′ ûs
′
)
)∥∥∥∥

0,Γ̂KF

≲
m

(
1 +

βs
′

βs

)
hm+ 1

2
−j|û|m+1,K̂F

, (4.16)

for all j = 0, 2, . . . ,m and s ∈ {+,−}.

Proof. Without loss of generality, we will only consider the case s = +. To prove (4.16) for
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j = 0, we recall that E+(Π̂−û−) = Π̂−û− on Γ̂KF
, Therefore, by (4.15a), we have

∥∥∥Π̂+û+ − E+(Π̂−û−)
∥∥∥
0,Γ̂KF

=
∥∥∥Π̂+û+ − Π̂−û−

∥∥∥
0,Γ̂KF

≲
m
hm+ 1

2 |û|m+1,K̂F
.

Similarly, we have β+ ∂
∂η
E+(Π̂−û−) = β− ∂

∂η
(Π̂−û−) on Γ̂KF

. Hence, we can use (4.15b) to

obtain

∥∥∥∥ ∂∂η (β+Π̂+û+ − β+E+(Π̂−û−)
)∥∥∥∥

0,Γ̂KF

=

∥∥∥∥ ∂∂η (β+Π̂+û+ − β−Π̂−û−
)∥∥∥∥

0,Γ̂KF

≲
m
(β+ + β−)hm+ 1

2
−1|û|m+1,K̂F

, (4.17)

which implies (4.16) for j = 1. Next, we prove (4.16) for 2 ≤ j ≤ m using strong induction.

We assume that (4.16) holds for j = 0, 1, . . . , i0, where 1 ≤ i0 ≤ m, then we prove it for

j = i0 + 1.

To avoid lengthy expressions, we will use w to denote Π̂+û+ − E+(Π̂−û−). Hence, our

induction hypothesis can be written as

∥∥∥∥ ∂j∂ηjw
∥∥∥∥
0,Γ̂KF

≲
m

(
1 +

β−

β+

)
hm+ 1

2
−j|û|m+1,K̂F

, j = 0, 1, . . . , i0. (4.18)

Since w|Γ̂KF
∈ Pm(Γ̂KF

), we can use the classical 1D inverse inequality on polynomials [37]

to obtain

∥∥∥∥ ∂i+j

∂ξi∂ηj
w

∥∥∥∥
0,Γ̂KF

≲
m

(
1 +

β−

β+

)
hm+ 1

2
−j−i|û|m+1,K̂F

, j = 0, 1, . . . , i0, 1 ≤ i ≤ m. (4.19)

Now, we recall that (3.25b) with j = i0 − 1 yields

∫
Γ̂KF

β+ ∂i0−1

∂ηi0−1
L (E+(Π̂−û−))v =

∫
Γ̂KF

β− ∂i0−1

∂ηi0−1
L (Π̂−û−)v, ∀v ∈ Pm(Γ̂KF

).
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Therefore, for any v ∈ Pm(Γ̂KF
), we have

∫
Γ̂KF

β+ ∂i0−1

∂ηi0−1
L (w)v =

∫
Γ̂KF

β+ ∂i0−1

∂ηi0−1
L (Π̂+û+)v − β+ ∂i0−1

∂ηi0−1
L (E+(Π̂−û−))v

=

∫
Γ̂KF

(
β+ ∂i0−1

∂ηi0−1
L (Π̂+û+)− β− ∂i0−1

∂ηi0−1
L (Π̂−û−)

)
v

We apply Cauchy-Schwarz inequality and use (4.15c) to obtain

∣∣∣∣∣
∫
Γ̂KF

β+ ∂i0−1

∂ηi0−1
L (w)v

∣∣∣∣∣ ≤ ‖v‖0,Γ̂KF

∥∥∥∥β+ ∂i0−1

∂ηi0−1
L (Π̂+û+)− ∂i0−1

∂ηi0−1
β−L (Π̂−û−)

∥∥∥∥
0,Γ̂KF

≲
m
‖v‖0,Γ̂KF

(β+ + β−)hm+1/2−i0−1|û|m+1,K̂F
, (4.20)

Next, we combine (4.14), (3.28) and the triangle inequality to obtain

∥∥∥∥ ∂i0−1

∂ηi0−1
L (w)− ∂i0+1

∂ηi0+1
w

∥∥∥∥
0,Γ̂KF

≲
m

i0∑
j=0

i0−j+1∑
i=0

∥∥∥∥ ∂j+i

∂ξi∂ηj
w

∥∥∥∥
0,Γ̂KF

≲
m

(
1 +

β−

β+

)
hm+ 1

2
−i0−1|û|m+1,K̂F

,

(4.21)

where the last inequality follows from (4.19). Then, by (4.20), (4.21) and Cauchy Schwarz

inequality

∣∣∣∣∣
∫
Γ̂KF

∂i0+1w

∂ηi0+1
v

∣∣∣∣∣ ≤
∣∣∣∣∣
∫
Γ̂KF

(
∂i0−1

∂ηi0−1
L (w)− ∂i0+1

∂ηi0+1
w

)
v

∣∣∣∣∣+
∣∣∣∣∣
∫
Γ̂KF

∂i0−1

∂ηi0−1
L (w)v

∣∣∣∣∣ ,
≲
m
‖v‖0,Γ̂KF

(
1 +

β−

β+

)
hm+1/2−i0−1|û|m+1,K̂F

.
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Finally, we replace v with ∂i0+1w
∂ηi0+1 (0, ·), to get

∥∥∥∥∂i0+1w

∂ηi0+1

∥∥∥∥
0,Γ̂KF

≲
m

(
1 +

β−

β+

)
hm+1/2−i0−1|û|m+1,K̂F

,

which proves (4.16) for j = i0 + 1.

Lemma 4.8. Let û ∈ Hm+1
β (K̂F ) be a function that satisfies (3.24) and let s ∈ {+,−}, then

∣∣∣Π̂sûs − Es(Π̂s′ ûs
′
)
∣∣∣
i,K̂s

F

≲
m

(
1 +

βs
′

βs

)
hm+1−i|û|m+1,K̂F

, (4.22)

for i = 0, 1, . . . ,m+ 1.

Proof. As before, we will restrict our proof to the case s = +,and we let w = Π̂+û+ −

E+(Π̂−û−). Since w ∈ Qm(K̂+
F ), we have for any (η, ξ) ∈ K̂+

F

w(η, ξ) =
m∑
j=0

ηj

j!

∂jw

∂ηj
(0, ξ).

By taking the (k, l) derivative of w, we obtain

∂k+lw

∂ηk∂ξl
(η, ξ) =

m∑
j=k

ηj−k

(j − k)!

∂j+lw

∂ηj∂ξl
(0, ξ).

Then, we take the norm and use the triangle inequality on the right-hand side

∥∥∥∥ ∂k+lw∂ηk∂ξl

∥∥∥∥
0,K̂+

F

≲
m

m∑
j=0

(∫ h

0

η2(j−k)dη

)1/2 ∥∥∥∥ ∂j+lw∂ηj∂ξl

∥∥∥∥
0,Γ̂KF

≲
m

m∑
j=0

hj−k+1/2

∥∥∥∥ ∂j+lw∂ηj∂ξl

∥∥∥∥
0,Γ̂KF

≲
m

m∑
j=0

hj−k−l+1/2

∥∥∥∥∂jw∂ηj
∥∥∥∥
0,Γ̂KF

,
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where the last inequality follows from the one-dimensional inverse inequality for polynomials

[37]. Now, we apply Lemma 4.7 to the right-hand side

∥∥∥∥ ∂k+lw∂ηk∂ξl

∥∥∥∥
0,K̂+

F

≲
m

m∑
j=k

hj−k−l+1/2·hm+1/2−j
(
1 +

β−

β+

)
|û|m+1,K̂F

=

(
1 +

β−

β+

)
hm+1−l−k|û|m+1,K̂F

.

Finally, (4.16) follows from the sum of the estimate above over all non-negative integers

k + l = i.

At this point, we are ready to state our first result on the approximation capabilities of the

proposed IFE space. For simplicity, we will use Π̂û to denote the L2 projection of a function

û ∈ L2(K̂F ) onto V̂m
β̂
(K̂F ).

Theorem 4.1. Let û ∈ Hm+1
β (K̂F ) be a function that satisfies (3.24), then

∥∥∥Π̂û− û
∥∥∥
0,K̂F

≲
m
hm+1|û|m+1,K̂F

, (4.23)

Proof. Without loss of generality, we assume that β+ ≥ β−, then by (4.10) and (4.22), we

have

∥∥∥û+ − E+(Π̂−û−)
∥∥∥
0,K̂+

F

≲
m
hm+1|û|m+1,K̂F

.

Therefore, by choosing q = (Π̂−û−, E+(Π̂−û−)) and using (4.10), we get

‖q − û‖0,K̂F
≲
m
hm+1|û|m+1,K̂F

.

Since
∥∥∥Π̂û− û

∥∥∥
0,K̂F

≤ ‖q − û‖0,K̂F
, we obtain (4.23).

So far, we have investigated the approximation capabilities of the IFE space on K̂F . In the
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next step, we will use the mappings P and R to derive error bounds for the L2 projection

of a function u that satisfies the jump conditions (3.1c) and (3.1d). For that we essentially

follow the ideas in [115], where an analysis of an isoparametric finite element method was

discussed. Nevertheless, we will show the details for the sake of completeness. First, we

define the projection operator Π : L2(KF ) → Vmβ (KF ) using Π̂ in the following way

Πu = (Π̂û) ◦R, û = u ◦ P. (4.24)

Theorem 4.2. Let u ∈ Hm+1
Γ,β (KF ), then

‖Πu− u‖0,KF
≤ hm+1 ‖u‖m+1,KF

, 0 ≤ i ≤ m+ 1.

Proof. We recall that g ∈ Cm+2([ξs, ξe]) and hκΓ ≤ 1
2
. This implies that P,R ∈ Cm+1([ξs, ξe])

and

max
K̂F

∥∥∥∥ ∂k+lP∂ηk∂ξl

∥∥∥∥≲
m
1, max

KF

∥∥∥∥ ∂k+lR∂xk∂yl

∥∥∥∥≲ 1, (4.25)

where 0 ≤ k, l ≤ m+ 1. Now, we use (4.24) to obtain

‖Πu− u‖0,KF
=
∥∥∥(Π̂û− û

)
◦R
∥∥∥
0,KF

.

The change of variables P , the inequality |D̂P |≲ 1 and Theorem 4.1 leads to

‖Πu− u‖0,KF
≲
m

∥∥∥Π̂û− û
∥∥∥
0,K̂F

≲
m
hm+1|û|m+1,K̂F

. (4.26)

Now, to relate the right-hand side to u, we recall that û = u ◦ P . Therefore, applying the
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chain rule m+ 1 times yields

∣∣∣∣ ∂m+1û

∂ηj∂ξm+1−j (η, ξ)

∣∣∣∣ ≤
(
m+1∑
l,k=0

max
K̂F

∥∥∥∥ ∂k+lP∂ηk∂ξl

∥∥∥∥
)(

m+1∑
k,l=0

∣∣∣∣ ∂k+lu∂xk∂yl
(P (η, ξ))

∣∣∣∣
)
.

Finally, we take the L2 norm of both sides and use the change of variables R

|û|m+1,K̂F
≲ ‖u‖m+1,KF

,

which, when substituted into (4.26), completes the proof.

Unlike the traditional finite element approximation results, our estimate in Theorem 4.2

involves the m+ 1 norm, rather than the m+ 1 semi-norm. This is due to the non-linearity

of the Frenet transformation. Hence, we should not expect the L2 projection to be exact if

u is a polynomial. Nevertheless, this is not an issue since interface problems have piecewise

polynomial solutions only if the interface is an algebraic curve, the boundary data is a

piecewise polynomial, and the source term is a piecewise polynomial as well, which is rarely

the case. For example, see Example 5.2 where the interface and the boundary conditions are

designed such that the solution is a piecewise polynomial function.

To finish this section, we consider Theorem 4.2 on all interface elements, and use Lemma 4.2

to obtain the following approximation result on the whole mesh Th.

Theorem 4.3. Let u ∈ Hm+1
Γ,β (Th) and let Phu ∈ Vmβ (Th) be its L2 projection, then

‖u− Phu‖0,Ω ≲
m
hm+1 ‖u‖m+1,Ω . (4.27)
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Proof. For any non-interface element K, we have u ∈ Hm+1(K). Hence, by [37],

∑
K∈T n

h

‖u− Phu‖0,K ≲
m
hm+1

∑
K∈T n

h

|u|m+1,K . (4.28)

On the other hand, Theorem 4.2 combined with Lemma 4.2 us that

∑
K∈T i

h

‖u− Phu‖0,K ≲
m

∑
K∈T i

h

‖u− Phu‖0,KF

≲
m
hm+1

∑
K∈T i

h

‖u‖m+1,KF

≲
m
hm+1

∑
K∈T i

h

‖u‖m+1,K . (4.29)

Finally, we combine (4.28) and (4.29) to obtain (4.27).

4.3 Numerical Examples

To illustrate the results of the previous section, we propose two numerical examples. In

both examples, we present the L2 projection errors for different degrees m = 1, 2, 3, 4, and

for different contrast ratios β+/β− = 10, 100, 1000. Here, the mesh Th is an n × n uniform

mesh on the domain Ω. In both examples, we observe that our approximation result in

Theorem 4.3 holds true.

Example 4.1. In this example, we set the domain Ω = (−1, 1)2 and the interface Γ = {x ∈

Ω | ‖x‖ = r0}. The interface splits the domain Ω into Ω− = {x ∈ Ω | ‖x‖ < r0} and
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Ω+ = {x ∈ Ω | ‖x‖ > r0}, where r0 is set to 1√
3
, and we define u as

u(x) =


1

β− cos
(
π ‖x‖2

)
, x ∈ Ω−,

1

β+
cos
(
π ‖x‖2

)
+ cos

(
πr20
)( 1

β− − 1

β+

)
, x ∈ Ω+.

(4.30)

In this example, we fix β− and record the approximation error ‖u− Phu‖0,Ω for β+ =

10, 100, 1000. We observe in Table 4.1 that ‖u− Phu‖0,Ω ≲hm+1, as expected.

Example 4.2. In this example, we set the domain Ω = (−1, 1)2 and the interface

Γ = {x ∈ Ω | h(x) = 0} , (4.31)

where the function h is given by

h(x) = h(x1, x2) =

((
x1 +

π

6

)2
+
(
x2 +

π

6

)2)2

−
((

x1 +
π

6

)3
+
(
x2 +

π

6

)3)
. (4.32)

This interface is illustrated in Figure 3.1b, and it is parametrized by

g(ξ) =
((

cos3(t) + sin3(t)
)

cos(t)− π

6
,
(
cos3(t) + sin3(t)

)
sin(t)− π

6

)
, ξ ∈ [0, π],

(4.33)

and we define u as

u(x) =


1

β+
sin(h(x)) h(x) > 0,

1

β− sin(h(x)) h(x) ≤ 0,

(4.34)

We fix β− = 1, and we vary β+ ∈ {10, 100, 1000} and compute the projection errors presented

in Table 4.2. Again, we observe the optimal convergence of the L2 projection.
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m = 1
β+ = 10 β+ = 100 β+ = 1000

n ‖u− Phu‖0,Ω rate ‖u− Phu‖0,Ω rate ‖u− Phu‖0,Ω rate
20 3.4480e-03 NA 3.1139e-03 NA 3.1074e-03 NA
40 8.9495e-04 1.9459 8.1931e-04 1.9262 8.1818e-04 1.9252
60 4.0397e-04 1.9618 3.7171e-04 1.9492 3.7129e-04 1.9487
80 2.2852e-04 1.9805 2.1080e-04 1.9716 2.1058e-04 1.9712
100 1.4634e-04 1.9972 1.3510e-04 1.9939 1.3496e-04 1.9937

m = 2
β+ = 10 β+ = 100 β+ = 1000

n ‖u− Phu‖0,Ω rate ‖u− Phu‖0,Ω rate ‖u− Phu‖0,Ω rate
20 1.1304e-04 NA 8.7452e-05 NA 8.7157e-05 NA
40 1.4311e-05 2.9817 1.1150e-05 2.9714 1.1114e-05 2.9712
60 4.2550e-06 2.9914 3.3219e-06 2.9865 3.3112e-06 2.9864
80 1.7979e-06 2.9944 1.4050e-06 2.9912 1.4005e-06 2.9912
100 9.2124e-07 2.9966 7.2019e-07 2.9947 7.1790e-07 2.9947

m = 3
β+ = 10 β+ = 100 β+ = 1000

n ‖u− Phu‖0,Ω rate ‖u− Phu‖0,Ω rate ‖u− Phu‖0,Ω rate
20 4.9582e-06 NA 3.3572e-06 NA 3.3204e-06 NA
40 3.0703e-07 4.0133 2.2446e-07 3.9027 2.2294e-07 3.8966
60 6.0482e-08 4.0068 4.5508e-08 3.9357 4.5267e-08 3.9321
80 1.9128e-08 4.0016 1.4559e-08 3.9615 1.4488e-08 3.9602
100 7.8441e-09 3.9947 5.9999e-09 3.9728 5.9713e-09 3.9721

m = 4
β+ = 10 β+ = 100 β+ = 1000

n ‖u− Phu‖0,Ω rate ‖u− Phu‖0,Ω rate ‖u− Phu‖0,Ω rate
20 2.1740e-07 NA 1.6047e-07 NA 1.5879e-07 NA
40 6.6183e-09 5.0377 5.0443e-09 4.9915 5.0131e-09 4.9853
60 8.6876e-10 5.0079 6.7118e-10 4.9745 6.6811e-10 4.9705
80 2.0622e-10 4.9990 1.6059e-10 4.9713 1.5991e-10 4.9703
100 6.7909e-11 4.9779 5.3174e-11 4.9533 5.2954e-11 4.9527

Table 4.1: L2 projection errors and convergence rates with degree 4 Frenet IFE spaces for
Example 4.1.
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m = 1
β+ = 10 β+ = 100 β+ = 1000

n ‖u− Phu‖0,Ω rate ‖u− Phu‖0,Ω rate ‖u− Phu‖0,Ω rate
20 3.6641e-03 NA 9.9918e-04 NA 9.3392e-04 NA
40 9.4747e-04 1.9513 2.6308e-04 1.9252 2.4671e-04 1.9205
60 4.2385e-04 1.9839 1.1946e-04 1.9471 1.1229e-04 1.9413
80 2.3897e-04 1.9920 6.7783e-05 1.9698 6.3776e-05 1.9664
100 1.5312e-04 1.9947 4.3599e-05 1.9775 4.1046e-05 1.9749

m = 2
β+ = 10 β+ = 100 β+ = 1000

n ‖u− Phu‖0,Ω rate ‖u− Phu‖0,Ω rate ‖u− Phu‖0,Ω rate
20 4.5734e-04 NA 5.4938e-05 NA 3.0913e-05 NA
40 5.8379e-05 2.9697 7.1032e-06 2.9513 4.1071e-06 2.9120
60 1.7382e-05 2.9880 2.1281e-06 2.9727 1.2459e-06 2.9420
80 7.3458e-06 2.9939 9.0112e-07 2.9871 5.2958e-07 2.9739
100 3.7641e-06 2.9963 4.6240e-07 2.9901 2.7248e-07 2.9781

m = 3
n ‖u− Phu‖0,Ω rate ‖u− Phu‖0,Ω rate ‖u− Phu‖0,Ω rate
20 4.5408e-05 NA 4.5840e-06 NA 7.7734e-07 NA
40 3.0069e-06 3.9166 3.0326e-07 3.9180 4.9742e-08 3.9660
60 5.9988e-07 3.9755 6.0502e-08 3.9755 9.9247e-09 3.9752
80 1.9045e-07 3.9882 1.9209e-08 3.9880 3.1555e-09 3.9832
100 7.8132e-08 3.9930 7.8806e-09 3.9929 1.2954e-09 3.9899

m = 4
n ‖u− Phu‖0,Ω rate ‖u− Phu‖0,Ω rate ‖u− Phu‖0,Ω rate

0520 4.5734e-06 NA 4.5746e-07 NA 4.6890e-08 NA
40 1.4774e-07 4.9521 1.4778e-08 4.9522 1.5147e-09 4.9521
60 1.9565e-08 4.9861 1.9571e-09 4.9859 2.0178e-10 4.9716
80 4.6524e-09 4.9929 4.6540e-10 4.9928 4.8124e-11 4.9826
100 1.5259e-09 4.9957 1.5265e-10 4.9957 1.5784e-11 4.9959

Table 4.2: L2 projection errors and convergence rates for m = 1, 2, 3, 4 Frenet IFE spaces for
Example 4.2.



Chapter 5

Application of the Frenet IFE Space

to Interface Problems

In this chapter, we present a Frenet IFE based symmetric interior penalty discontinuous

Galerkin (SIPDG) method to solve the elliptic interface problem (3.1) and the hyperbolic

interface problem. In Section 5.1, we present an immersed SIPDG formulation for the elliptic

interface problem with numerical examples showing the optimal convergence of the numer-

ical solution. In Section 5.2, we re-use the SIPDG formulation to present a fully-discrete

immersed SIPDG method for the hyperbolic interface problem.

The results in this chapter are reported partially in [19].

152
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5.1 The immersed SIPDG Method for the Elliptic In-

terface Problem

We consider the elliptic interface problem (3.1), which we recall below



−∇ · (β∇u) = f, in Ω+ ∪ Ω−,

u|∂Ω = g,

JuKΓ = 0,

Jβ∇u · nKΓ = 0,

, (5.1)

where β|Ω± = β± > 0 is piecewise constant, and n is the unit normal vector on Γ.

From now on, we assume that the solution u to the problem (5.1) is in H2
Γ,β(Th), defined in

(4.3a). This allows us to characterize u ∈ H2
Γ,β(Th) as the solution to

ah(u, v) = Lh(v), ∀v ∈ H2
Γ,β(Th), (5.2a)

where ah : H2
Γ,β(Th)×H2

Γ,β(Th) → R is the following symmetric bilinear form

ah(u, v) =
∑
K∈Th

(β∇u,∇v)K

−
∑
e∈Eh

(
〈Jβ∇u · neKe , {{v}}e〉e + 〈{{u}}e , Jβ∇v · neKe〉e − σe

h
〈JuKe , JvKe〉e) , (5.2b)

and Lh : H2
Γ,β(Th) → R is the linear form defined as follows

Lh(v) = (f, v)Ω +
∑
e∈Eb

h

〈
−β∇v · ne +

σe
h
v, g
〉
e
. (5.2c)
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Here, ne is the unit normal vector on the edge e. On an interior edge e ∈ E◦
h, {{·}}e and J·Ke

denote the average of a function across an edge e. On a boundary edge e ∈ E bh, we take {{v}}e

and JvKe to be traces of v on e [92].

Since our local Frenet IFE space is locally conforming, meaning Vmβ (K) ⊂ H2
Γ,β(K) for every

interface element K, we use the weak formulation (5.2a) with no additional integrals on

the interface Γ for our discrete weak formulation. This is in contrast to other high order

IFE methods such as the one in [51], where penalties on the interface are needed. More

specifically, our Frenet symmetric interior penalty discontinuous Galerkin (SIPDG) scheme

is as follows

Find uh ∈ Vmβ (Th) such that ah(uh, vh) = Lh(vh), ∀vh ∈ Vmβ (Th). (5.3)

As with the standard interior penalty method [92], the discrete formulation (5.3) leads to a

sparse symmetric linear system Sc = b.

5.1.1 Numerical Examples

In this section, we demonstrate numerically that the proposed immersed SIPDG method con-

verges optimally. Following the estimates of the penalty parameters for the classical symmet-

ric interior penalty method in [42], we set σe = m2σ0β
e where σ0 = 4 and βe is the maximum

value of β on an edge e. In each example, we fix β− = 1 and vary β+ ∈ {10, 100, 1000}

and present the relative L2 errors for different degrees m = 1, 2, 3, 4 in Example 5.1 and

Example 5.2 and degrees m = 1, 2, . . . , 8 in Example 5.3.

Example 5.1. We re-use the interface and solution u from example Example 4.1 here to

study the accuracy of our proposed method. That is, we consider Ω = (−1, 1)2 split by the

interface Γ = {x ∈ Ω | ‖x‖ = r0}, where r0 = 1√
3
, and we set
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u(x) =


1

β− cos
(
π ‖x‖2

)
, x ∈ Ω−,

1

β+
cos
(
π ‖x‖2

)
+ cos

(
πr20
)( 1

β− − 1

β+

)
, x ∈ Ω+.

(5.4)

Here, again, Ω− = {x ∈ Ω | ‖x‖ < r0}, Ω+ = {x ∈ Ω | ‖x‖ > r0}, and f and g are obtained

from the solution u. We report the errors in the L2 norm and the broken H1 semi-norm in

Table 5.1 and Table 5.2, where we observe that ‖u− uh‖0,Ω ≲hm+1 and |u− uh|1,Ω ≲hm as

expected.

Example 5.2. In this example, we consider the problem discussed in [12], where Ω =

(.6, 1.6)× (.2, 1.2) and the interface is given by

Γ =

{
x ∈ Ω | L(x) := (x21 − x22)

2 − 4x21x
2
2 +

1

2
= 0

}
, (5.5)

with Ω+ = {x ∈ Ω | L(x) > 0} and let Ω− = {x ∈ Ω | L(x) < 0}. Next, we define L̃ to be

the harmonic conjugate of L given by L̃(x) = 4x1x2(x
2
1 − x22), and we choose f and g such

that

u(x) = 1

β(x)L(x) + L̃(x) + 1

β(x) L̃(x)L(x).

Thus, u is a piecewise 7-th degree bi-variate polynomial and the parametrization is given by:

g(ξ) = 1

2

(
4
√

2e2ξ + 1,

√
3
√
2e2ξ + 1− 4eξ

)
.

This example showcases the ability of the proposed IFE space to handle solutions that have

non-vanishing tangential derivatives on Γ as well as interfaces with non-linear curvature such

as (5.5). We report the errors in the L2 norm and the broken H1 semi-norm in Table 5.3

and Table 5.4, where we observe that the numerical solution converges optimally under mesh

refinement, that is ‖u− uh‖0,Ω ≲hm+1 and |u− uh|1,Ω ≲hm.
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m = 1
β+ = 10 β+ = 100 β+ = 1000

n ‖u− uh‖0,Ω rate ‖u− uh‖0,Ω rate ‖u− uh‖0,Ω rate
20 6.7734e-03 NA 6.2547e-03 NA 6.5613e-03 NA
40 1.7573e-03 1.9465 1.5923e-03 1.9739 1.6034e-03 2.0328
60 7.9840e-04 1.9457 7.1937e-04 1.9596 7.2024e-04 1.9738
80 4.5381e-04 1.9637 4.1415e-04 1.9193 4.0868e-04 1.9697
100 2.9197e-04 1.9765 2.6263e-04 2.0413 2.6220e-04 1.9890

m = 2
β+ = 10 β+ = 100 β+ = 1000

n ‖u− uh‖0,Ω rate ‖u− uh‖0,Ω rate ‖u− uh‖0,Ω rate
20 1.6129e-04 NA 1.2745e-04 NA 1.2724e-04 NA
40 2.0316e-05 2.9890 1.5978e-05 2.9958 1.5930e-05 2.9977
60 6.0461e-06 2.9892 4.7502e-06 2.9916 4.7357e-06 2.9918
80 2.5568e-06 2.9917 2.0076e-06 2.9937 2.0014e-06 2.9938
100 1.3108e-06 2.9941 1.0287e-06 2.9964 1.0255e-06 2.9964

m = 3
β+ = 10 β+ = 100 β+ = 1000

n ‖u− uh‖0,Ω rate ‖u− uh‖0,Ω rate ‖u− uh‖0,Ω rate
20 8.4093e-06 NA 5.9235e-06 NA 5.9654e-06 NA
40 5.1370e-07 4.0330 3.8131e-07 3.9574 3.7887e-07 3.9769
60 1.0050e-07 4.0238 7.6051e-08 3.9762 7.5548e-08 3.9767
80 3.1712e-08 4.0094 2.4186e-08 3.9822 2.3928e-08 3.9965
100 1.3027e-08 3.9870 9.9948e-09 3.9603 9.8832e-09 3.9625

m = 4
β+ = 10 β+ = 100 β+ = 1000

n ‖u− uh‖0,Ω rate ‖u− uh‖0,Ω rate ‖u− uh‖0,Ω rate
20 3.3540e-07 NA 2.5952e-07 NA 2.6142e-07 NA
40 9.8860e-09 5.0843 7.7100e-09 5.0730 7.6502e-09 5.0948
60 1.2857e-09 5.0308 9.9784e-10 5.0428 9.9014e-10 5.0427
80 3.0349e-10 5.0184 2.3595e-10 5.0123 2.3408e-10 5.0131
100 9.9876e-11 4.9808 7.8036e-11 4.9585 7.7484e-11 4.9546

Table 5.1: The L2 errors and convergence rates for the immersed SIPDG method applied to
Example 5.1.
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m = 1
β+ = 10 β+ = 100 β+ = 1000

n |u− uh|1,Ω rate |u− uh|1,Ω rate |u− uh|1,Ω rate
20 2.7328e-01 NA 2.4921e-01 NA 2.5429e-01 NA
40 1.3937e-01 0.9714 1.2807e-01 0.9604 1.2878e-01 0.9816
60 9.3961e-02 0.9724 8.6694e-02 0.9623 8.6895e-02 0.9702
80 7.0793e-02 0.9841 6.7027e-02 0.8944 6.7142e-02 0.8964
100 5.6661e-02 0.9979 5.2404e-02 1.1030 5.2507e-02 1.1018

m = 2
β+ = 10 β+ = 100 β+ = 1000

n |u− uh|1,Ω rate |u− uh|1,Ω rate |u− uh|1,Ω rate
20 1.3623e-02 NA 1.0497e-02 NA 1.0470e-02 NA
40 3.4355e-03 1.9875 2.6701e-03 1.9750 2.6619e-03 1.9757
60 1.5304e-03 1.9944 1.1927e-03 1.9876 1.1889e-03 1.9879
80 8.6171e-04 1.9964 6.7249e-04 1.9917 6.7036e-04 1.9917
100 5.5172e-04 1.9982 4.3086e-04 1.9951 4.2949e-04 1.9952

m = 3
β+ = 10 β+ = 100 β+ = 1000

n |u− uh|1,Ω rate |u− uh|1,Ω rate |u− uh|1,Ω rate
20 8.5365e-04 NA 5.7410e-04 NA 5.6758e-04 NA
40 1.0124e-04 3.0758 7.3574e-05 2.9640 7.2904e-05 2.9608
60 2.9395e-05 3.0500 2.2048e-05 2.9720 2.1919e-05 2.9639
80 1.2290e-05 3.0313 9.3552e-06 2.9801 9.2541e-06 2.9974
100 6.2763e-06 3.0115 4.8023e-06 2.9883 4.7407e-06 2.9976

m = 4
β+ = 10 β+ = 100 β+ = 1000

n |u− uh|1,Ω rate |u− uh|1,Ω rate |u− uh|1,Ω rate
20 4.5412e-05 NA 3.4274e-05 NA 3.3311e-05 NA
40 2.7136e-06 4.0648 2.0852e-06 4.0389 2.0542e-06 4.0193
60 5.3105e-07 4.0229 4.0987e-07 4.0121 4.0562e-07 4.0010
80 1.6726e-07 4.0159 1.2980e-07 3.9970 1.2863e-07 3.9920
100 6.8591e-08 3.9947 5.3462e-08 3.9751 5.3030e-08 3.9710

Table 5.2: The errors and convergence rates for the immersed SIPDG method applied to
Example 5.1 in the broken H1 semi-norm.
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m = 1
β+ = 10 β+ = 100 β+ = 1000

n ‖u− uh‖0,Ω rate ‖u− uh‖0,Ω rate ‖u− uh‖0,Ω rate
20 3.8004e-02 NA 3.7935e-02 NA 3.8109e-02 NA
40 9.9012e-03 1.9405 9.8826e-03 1.9406 9.8929e-03 1.9457
60 4.4961e-03 1.9470 4.4897e-03 1.9459 4.5113e-03 1.9366
80 2.5605e-03 1.9570 2.5574e-03 1.9563 2.5605e-03 1.9688
100 1.6518e-03 1.9645 1.6494e-03 1.9653 1.6543e-03 1.9575

m = 2
β+ = 10 β+ = 100 β+ = 1000

n ‖u− uh‖0,Ω rate ‖u− uh‖0,Ω rate ‖u− uh‖0,Ω rate
20 7.0794e-04 NA 7.0927e-04 NA 7.2730e-04 NA
40 8.9823e-05 2.9785 8.9832e-05 2.9810 9.1198e-05 2.9955
60 2.6746e-05 2.9878 2.6760e-05 2.9868 2.7065e-05 2.9960
80 1.1315e-05 2.9902 1.1325e-05 2.9890 1.1432e-05 2.9959
100 5.8013e-06 2.9940 5.7983e-06 3.0001 5.8313e-06 3.0166

m = 3
β+ = 10 β+ = 100 β+ = 1000

n ‖u− uh‖0,Ω rate ‖u− uh‖0,Ω rate ‖u− uh‖0,Ω rate
20 6.8882e-06 NA 6.9920e-06 NA 8.2335e-06 NA
40 4.4534e-07 3.9512 4.4696e-07 3.9675 4.9744e-07 4.0489
60 8.9038e-08 3.9702 8.9204e-08 3.9745 9.7205e-08 4.0266
80 2.8327e-08 3.9810 2.8388e-08 3.9799 3.0417e-08 4.0386
100 1.1639e-08 3.9861 1.1656e-08 3.9890 1.2243e-08 4.0784

m = 4
β+ = 10 β+ = 100 β+ = 1000

n ‖u− uh‖0,Ω rate ‖u− uh‖0,Ω rate ‖u− uh‖0,Ω rate
20 4.2601e-08 NA 5.6492e-08 NA 1.3885e-07 NA
40 1.3268e-09 5.0048 1.4842e-09 5.2503 2.9392e-09 5.5619
60 1.7473e-10 4.9999 1.8696e-10 5.1096 3.4886e-10 5.2563
80 4.3318e-11 4.8479 4.4602e-11 4.9816 8.8922e-11 4.7514
100 1.4993e-11 4.7549 1.6095e-11 4.5676 2.9143e-11 4.9991

Table 5.3: The L2 errors and convergence rates for the immersed SIPDG method applied to
Example 5.2.
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m = 1
β+ = 10 β+ = 100 β+ = 1000

n |u− uh|1,Ω rate |u− uh|1,Ω rate |u− uh|1,Ω rate
20 4.4156e+ 00 NA 4.4002e+ 00 NA 4.4020e+ 00 NA
40 2.1927e+ 00 1.0099 2.1847e+ 00 1.0102 2.1847e+ 00 1.0107
60 1.4581e+ 00 1.0064 1.4527e+ 00 1.0063 1.4532e+ 00 1.0055
80 1.0914e+ 00 1.0068 1.0874e+ 00 1.0069 1.0873e+ 00 1.0083
100 8.7202e-01 1.0057 8.6890e-01 1.0052 8.7433e-01 0.9770

m = 2
β+ = 10 β+ = 100 β+ = 1000

n |u− uh|1,Ω rate |u− uh|1,Ω rate |u− uh|1,Ω rate
20 1.2294e-01 NA 1.2342e-01 NA 1.3280e-01 NA
40 3.0657e-02 2.0037 3.0688e-02 2.0079 3.2771e-02 2.0188
60 1.3615e-02 2.0019 1.3634e-02 2.0010 1.4123e-02 2.0760
80 7.6564e-03 2.0009 7.6659e-03 2.0014 7.9088e-03 2.0155
100 4.8984e-03 2.0016 4.8994e-03 2.0062 5.0382e-03 2.0208

m = 3
β+ = 10 β+ = 100 β+ = 1000

n |u− uh|1,Ω rate |u− uh|1,Ω rate |u− uh|1,Ω rate
20 1.3728e-03 NA 1.4043e-03 NA 1.9398e-03 NA
40 1.7314e-04 2.9871 1.7465e-04 3.0073 2.2325e-04 3.1192
60 5.1503e-05 2.9903 5.1812e-05 2.9970 6.3749e-05 3.0911
80 2.1760e-05 2.9949 2.1888e-05 2.9952 2.5790e-05 3.1457
100 1.1150e-05 2.9964 1.1198e-05 3.0034 1.2674e-05 3.1838

m = 4
β+ = 10 β+ = 100 β+ = 1000

n |u− uh|1,Ω rate |u− uh|1,Ω rate |u− uh|1,Ω rate
20 1.1894e-05 NA 1.6671e-05 NA 4.9726e-05 NA
40 7.3619e-07 4.0140 8.5376e-07 4.2874 2.0989e-06 4.5663
60 1.4495e-07 4.0080 1.5926e-07 4.1412 3.7476e-07 4.2491
80 4.5826e-08 4.0028 4.9747e-08 4.0447 1.3046e-07 3.6681
100 1.8757e-08 4.0033 2.0358e-08 4.0041 5.0928e-08 4.2153

Table 5.4: The errors and convergence rates for the immersed SIPDG method applied to
Example 5.2 in the broken H1 semi-norm.
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Example 5.3. This example is for demonstrating the p-convergence of the proposed higher

degree immersed SIPDG method, that is, the convergence of the numerical solution with

respect to the degree m on a fixed mesh. Here, we refer to the problems in Example 5.1 and

Example 5.2 as Problem 1 and Problem 2, respectively. For both problems, the immersed

SIPDG solutions are produced on a mesh of size 5× 5 on Ω = [−1, 1]2 for Problem 1 and on

Ω = [0.6, 1.6]× [.2, 1.2]2 for Problem 2 as shown in Figure 5.1.

Γ

(a) A 5× 5 mesh for Problem 1

Γ

(b) A 5× 5 mesh for Problem 2

Figure 5.1: A 5× 5 mesh for solving Problem 1 (left) and Problem 2 (right).

The errors of the immersed SIPDG method versus the total number of degrees of freedom

shown in Figure 5.2 and Figure 5.3 in log-log scale demonstrate the exponential convergence

of the immersed SIPDG method with increasing degree m in the L2 norm and in the broken

H1 semi-norm. It is worth noting that the interface conditions (3.1c) are satisfied exactly

by the proposed IFE functions, and, we believe, such a desirable and distinct feature makes

it possible for this immersed SIPDG method to produce very accurate solutions on coarse

meshes such as those in Figure 5.1.

In terms of efficiency, this p-convergence enables the proposed immersed SIPDG method

to outperform other IFE methods by several orders of magnitude. For instance, when the

meshes shown in Figure 5.1 are used with the IFE space V8
β(Th), the total number of degrees

of freedom of the proposed method is 2025. Nevertheless, the IFE solutions produced by the

proposed method on such coarse meshes are more accurate than those produced by other

IFE methods in the literature, such as [12], requiring more than 100, 000 degrees of freedom.
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Figure 5.2: The relative errors (in log-log plot) of the immersed SIPDG method applied to
Problem 1 (left), and Problem 2 (right) in the L2 norm with a fixed mesh and varying degrees
1 ≤ m ≤ 8, the x-axis represent the total number of degrees of freedom DOF = 25(m+1)2.
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Figure 5.3: The relative errors (in log-log plot) of the immersed SIPDG method applied to
Problem 1 (left), and Problem 2 (right) in the broken H1 semi-norm with a fixed mesh and
varying degrees 1 ≤ m ≤ 8, the x-axis represent the total number of degrees of freedom
DOF = 25(m+ 1)2.
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5.2 The Immersed SIPDG Method for the Hyperbolic

Interface Problem

We consider the hyperbolic interface problem



utt = ∇ · (β∇u), in Ω+ ∪ Ω−, t > 0,

u|∂Ω = g, t ≥ 0,

u(·, 0) = u0, in Ω,

ut(·, 0) = v0, in Ω,

JuKΓ = 0, t ≥ 0

Jβ∇u · nKΓ = 0, t ≥ 0.

(5.6)

Here β = c2, where c|Ω± = c± represents the speed of sound in the mediums Ω+ and Ω−,

and u0, v0 represent the initial displacement and the initial velocity, respectively. Here, we

restrict ourselves to the case where u is smooth enough around the interface such that

Jβ∆uKΓ = 0. (5.7)

Hence, one can use bilinear and biquadratic Frenet IFE spaces to approximate the solution

in space. Next, we re-use the bilinear form ah from (5.2b) and the linear form Lh from (5.2c)

with f = 0 to express u as the solution to


(∂ttu, v)Ω + ah(u, v) = Lh(v),

(u(·, 0), v)Ω = (u0, v)Ω,

(∂tu(·, 0), v)Ω = (v0, v)Ω,

∀v ∈ H2
Γ,β(Th), (5.8)
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which yields the following semi-discrete immersed SIPDG method


(∂ttuh, vh)Ω + ah(uh, vh) = Lh(vh), t > 0,

(uh(·, 0), vh)Ω = (u0, vh)Ω,

(∂tuh(·, 0), vh)Ω = (v0, vh)Ω,

∀vh ∈ Vmβ (Th). (5.9)

However, this semi-discrete immersed SIPDG method leads to a stiff linear system of ordinary

differential equations. To alleviate this issue, we propose using an implicit fully-discrete

immersed SIPDG formulation based on [15, 73, 106].

More precisely, consider {ti}Ni=0 to be an equally spaced discretization of [0, T ] with a time-

step ∆t = T
N

, and let uih = uh(·, ti) be the numerical solution at time t = ti. Similarly, we

use gi to denote g(·, ti), and we use Lih to denote

Lih(v) =
∑
e∈Eb

h

〈
−β∇v · ne +

σe
h
v, gi

〉
e
. (5.10)

Now, we are ready to state the fully-discrete weak problem: Find {uih}Ni=0 such that

(
ui+1
h − 2uih + ui−1

h

(∆t)2
, vh

)
Ω

+ah

(
ui+1
h + 2uih + ui−1

h

4
, vh

)
=

1

4

(
Li+1
h (vh) + 2Lih(vh) + Li−1

h (vh)
)

(5.11)

For all vh ∈ Vmβ (Th) and all 1 ≤ i ≤ N − 1. We take u0h to be the L2 projection of u0, and

u1h = u0h +∆tvh0 +
(∆t)2

2
wh0 ,

where vh0 is the L2 projection of v0 and wh0 is an approximation of utt(·, 0) [15, 106, 113],
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obtained by solving the system

(wh0 , vh)Ω = ah(u0, vh), ∀vh ∈ Vmβ (Th).

5.2.1 Numerical Examples

In this section, we provide two numerical examples to demonstrate the convergence proper-

ties of the fully-discrete method (5.11). Since our time discretization is second order accu-

rate, that is, the time discretization error is of the order O(∆t2), we restrict our numerical

experiments to first and second order Frenet IFE spaces.

In the first example, we show that the numerical solution uh converges optimally to the true

solution u in the L2 norm. In the second example, we are unable to obtain reliable error

estimates since the solution is prohibitively expensive. However, we can observe from the

plots that the true solution and the numerical solution are in agreement.

Example 5.4. We consider the same domain and interface as in Example 5.1. That is

Ω = (−1, 1)2 and Γ is the circle centered at the origin with radius r0 = 1√
3
. Again, Ω+ =

{x ∈ Ω| ‖x‖ > r0} and Ω− = {x ∈ Ω| ‖x‖ < r0}.

To construct an exact solution for (5.6), we let β = c2, and we follow the techniques described

in [100]. First, we use u± to denote the restrictions of u to Ω±. We decompose u+ as the

sum of an incident wave ui and a reflected wave ur, and we set the incident wave to be

ui(r, θ, t) = eiωt−γ
+ir cos(θ), γ+ =

ω

c+
. (5.12)

That is, ui is traveling in the x direction with speed c+. Here, ω is a user-chosen constant

representing the frequency. Next, we expand ui in terms of Bessel functions of the first kind
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using the Jacobi-Anger formula

ui(r, θ, t) = eiωt
∞∑
k=0

εk(−i)kJk(γ+r) cos(kθ), (5.13a)

where ε0 = 1 and εk = 2 for k ≥ 1. Additionally, since the reflected wave propagates outside

the domain, we express it as series of Hankel functions of the second kind

ur(r, θ, t) = eiωt
∞∑
k=0

AkH
(2)
k (γ+r) cos(kθ), (5.13b)

where Ak will be discussed shortly. In the subdomain Ω−, the transmitted wave u− is then

given by the following series

u−(r, θ, t) = eiωt
∞∑
k=0

BkJk(γ
−r) cos(kθ), γ− =

ω

c−
. (5.13c)

Now, we enforce the interface conditions JuKΓ = Jβ∇u · nKΓ = 0 to obtain a 2 × 2 linear

system of Ak and Bk, namely


εk(−i)nJk(γ+r0) + AkH

(2)
k (γ+r0) = BkJk(γ

−r0),

c+
(
εk(−i)kJ ′

k(γ
+r0) + AkH

′(2)
k (γ+r0)

)
= c−BkJ

′
k(γ

−r0).

(5.13d)

Next, we truncate the series (5.13) when the coefficient Ak and Bk are smaller than the

machine epsilon. In our experiments, we set ω = 10, and we truncate the series into a sum

from 0 to 80 to obtain the exact solution

u(x, y, t) =


ui(x, y, t) + ur(x, y, t), (x, y) ∈ Ω+,

ut(x, y, t), (x, y) ∈ Ω−,

(5.14)
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which is illustrated in Figure 5.4. As for the initial and boundary conditions, we use u0 =

u(·, ·, t), v0 = ∂tu(·, ·, t) and g = u|∂Ω.

(a) t = 0 (b) t = 1

Figure 5.4: Particular solutions to the hyperbolic interface problem (5.6) at t = 0 (left) and
t = 1 (right), with (c−, c+) = (2, 1).

Now, we solve (5.6) using the fully-discrete weak formulation (5.11) on the time interval

[0, 1] with 6000 time-steps, and with degree m = 1 and degree m = 2 Frenet IFE spaces. In

both examples, we set (c−, c+) = (2, 1). We observe that the numerical solution converges

to the true solution optimally in the L2 norm and in the broken H1 semi-norm, as shown in

Table 5.5. Additionally, we report the relative error in the L2 norm and in the broken H1

semi-norm in Table 5.6.

m = 1 m = 2
n ‖u− uh‖0,Ω rate |u− uh|1,Ω rate ‖u− uh‖0,Ω rate |u− uh|1,Ω rate
20 2.7667e-1 NA 4.2045e-0 NA 5.6851e-3 NA 3.9273e-1 NA
40 7.9085e-2 1.8067 1.8022e-0 1.2221 6.6324e-4 3.0995 9.8582e-2 1.9942
60 3.6201e-2 1.9272 1.1285e-0 1.1545 1.9034e-4 3.0787 4.3691e-2 2.0069
80 2.0614e-2 1.9572 8.2335e-1 1.0959 7.9785e-5 3.0223 2.4348e-2 2.0324
100 1.3277e-2 1.9716 6.5298e-1 1.0389 4.0273e-5 3.0636 1.5396e-2 2.0539

Table 5.5: The errors and convergence rates of the immersed SIPDG method for the hyper-
bolic interface problem at t = 1 in the L2 norm and in the broken H1 semi-norm.
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m = 1 m = 2

n
∥u−uh∥0,Ω

∥u∥0,Ω
rate |u−uh|1,Ω

|u|1,Ω
rate ∥u−uh∥0,Ω

∥u∥0,Ω
rate |u−uh|1,Ω

|u|1,Ω
rate

20 2.2312e-1 NA 3.6560e-1 NA 4.5847e-3 NA 3.4150e-2 NA
40 6.3778e-2 1.8067 1.5671e-1 1.2221 5.3487e-4 3.0995 8.5723e-3 1.9942
60 2.9194e-2 1.9272 9.8130e-2 1.1545 1.5350e-4 3.0787 3.7992e-3 2.0069
80 1.6624e-2 1.9572 7.1595e-2 1.0959 6.4342e-5 3.0223 2.1172e-3 2.0324
100 1.0707e-2 1.9716 5.6780e-2 1.0389 3.2478e-5 3.0636 1.3387e-3 2.0539

Table 5.6: The relative errors and convergence rates of the immersed SIPDG method for the
hyperbolic interface problem at t = 1 in the L2 norm and in the broken H1 semi-norm.

Example 5.5. In this example, we set Ω = (−1, 1)2 and Γ is the circle centered at the origin

with radius r0 = π
10

. As before, Ω− = {x ∈ Ω | ‖x‖ < r0}, Ω+ = {x ∈ Ω | ‖x‖ > r0}, and

β = c2. For simplicity, we will set c+ = 1 in this example.

Consider the case where the incident wave is of the form ui(x, y, t) = f(t − x). First, we

expand f as a Fourier series

f(x) =
∑
l∈Z

cle
iωlx, ωl = lπ, cl =

1

2

∫ 1

−1

f(x)e−iωlx dx. (5.15)

Now, the incident wave in polar coordinates becomes

ui(r, θ, t) =
∑
l∈Z

cle
iωlte−iωlr cos(θ),

which, by the Jacobi-Anger formulas, can be written as a double sum

ui(r, θ, t) =
∑
l∈Z

cle
iωlt

∞∑
k=0

εk(−i)kJk(ωlr) cos(kθ). (5.16a)

Note here that this is an infinite sum of functions in the form (5.13a). Hence, the reflected
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and the transmitted waves are given by

ur(r, θ, t) =
∑
l∈Z

cle
iωlt

∞∑
k=0

A
(l)
k H

(2)
k (ωlr) cos(kθ), (5.16b)

ut(r, θ, t) =
∑
l∈Z

cle
iωlt

∞∑
k=0

B
(l)
k Jk

(ωl
c−
r
)

cos(kθ), (5.16c)

where A(l)
k and B

(l)
k are the solutions to


εk(−i)kJk(ωlr0) + A

(l)
k H

(2)
k (ωlr0) = B

(l)
k Jk

(ωl
c−
r0

)
,

c+
(
εk(−i)kJ ′

k(ωlr0) + A
(l)
k H

′(2)
k (ωlr0)

)
= c−B

(l)
k J

′
k

(ωl
c−
r0

)
.

(5.17)

Then, the series (5.16) are truncated both in l and k to produce an approximation of the

solution.

In this example, we choose f such that u(x, y, 0) = (x + .7)e−(15(x+.7))2 , we reduce the sum

over l ∈ Z to the sum over −200 ≤ l ≤ 200, we reduce the sum over k ≥ 0 to the sum

over 0 ≤ k ≤ 100, and we set c− = 2. Then, we take the real part of u. Thus, we obtain

an approximation uGFS of u as shown in the left half of Figure 5.5. As for the immersed

SIPDG solution, we solve the fully-discrete formulation (5.11) on a 120 × 120 mesh with

degree 2 Frenet IFE space as our spatial discretization and a time-step ∆t = 0.9
9000

to obtain

the numerical solution showed in the right half of Figure 5.5 at t = 0.7 and t = 0.9. At both

times, we observe that our numerical scheme preserves the behavior of the solution, and that

the two solutions are almost indistinguishable.

Remark 5.1. Unlike the previous example where the error tables are provided, it is ex-

tremely expensive to compute the exact solution u accurately in this example. Hence, we

only included the plots of the truncated generalized Fourier series of the solution and the

immersed SIPDG solution.
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(a) uGFS at t = 0
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(b) uh at t = 0
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(c) uGFS at t = 0.7
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(d) uh at t = 0.7
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(e) uGFS at t = 0.9

-1 -0.5 0 0.5 1
-1

-0.5

0

0.5

1

-0.05

-0.04

-0.03

-0.02

-0.01

0

0.01

0.02

0.03

0.04

(f) uh at t = 0.9

Figure 5.5: The generalized Fourier series approximation uGFS (left) and the immersed
SIPDG solution uh (right) at t = 0 (top), t = 0.7 (middle) and t = 0.9 (bottom).



Chapter 6

Conclusions and Future Research

6.1 Contributions

In this dissertation, we presented a unified framework to analyze various immersed finite

element methods of arbitrary polynomial degree in one spatial dimension, and we presented

a new approach to construct higher order IFE spaces in two spatial dimensions using the

differential geometry properties of the interface.

In one spatial dimension, we have extended the classical scaling argument techniques [29, 37]

to IFE methods, which allowed us to provide optimal error estimates for several immersed FE

and immersed dG methods, such as the elliptic interface problem [7], the parabolic interface

problem [70], the Euler-Bernoulli interface problem [78, 81], the transport interface problem,

and the acoustic interface problem [8]. Our main contribution in this chapter lies in the

construction and study of a general IFE space which encompasses the IFE spaces for various

interface problems, alongside with a series of theorems and properties allowing us to utilize

the already existing techniques to derive optimal error estimates.

In two spatial dimensions, we introduced a Frenet transformation to construct anm-th degree

Frenet IFE space for the elliptic interface problem with optimal approximation capability. In

the construction, we utilized several differential geometry features of the interface, such as the

curvature and the tubular neighborhood, to obtain an IFE space that is locally conforming
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to the weak formulation of the problem. Furthermore, the majority of the basis functions of

the Frenet IFE space can be constructed explicitly. Thus reducing the computational cost

of the construction of the IFE basis greatly. Additionally, we have shown that the Frenet

IFE space has optimal approximation capabilities in the L2 norm. When applied to the

elliptic interface problem, the Frenet IFE method exhibited an optimal convergence under

mesh refinement, and an exponential convergence under degree refinement. Furthermore, the

Frenet IFE space was applied to solve the hyperbolic interface problem successfully, which

showcases the versatility of this approach and its applicability to various interface problems.

6.2 Future Work

In the future, we plan to continue and expand the work presented in this dissertation.

Below, we list a few possible research directions involving the Frenet IFE space that we plan

to pursue.

6.2.1 Analysis of the Frenet SIPDG method

Through numerous numerical examples, we observed that the Frenet SIPDG method dis-

cussed in Section 5.1 provides an optimally convergent numerical approximation, that is

‖u− uh‖0,Ω = O(hm+1), where m is the degree, and uh is the numerical solution. In the

future, we plan to present a rigorous mathematical proof of this observation.

Since we proved the optimal approximation capabilities of the Frenet IFE space, it remains

to derive an inverse inequality for the Frenet IFE functions. More precisely, we are interested
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in proving the following inequality

‖β∇φ‖0,∂K ≤ Ch−1/2
∥∥∥√β∇φ

∥∥∥
0,K

, ∀φ ∈ Vmβ (K), (6.1)

where C is a constant independent of h. The inequality (6.1) will then be used to prove the

coercivity of the bilinear form ah (5.2b) for sufficiently large penalty parameter σ, and to

obtain an optimal error estimate.

6.2.2 Frenet IFE Spaces in Three Dimensions

Many applications in science and engineering require solving interface problems in three

spatial dimensions. Recently, extensive research is being conducted on unfitted methods

[52, 58, 74] for three-dimensional interface problems. In three dimensions, a surface is

parametrized by two variables (ξ, ζ) 7→ g(ξ, ζ), and the partial derivatives gξ and gζ pro-

vide tangent lines on the interface, which are linearly independent if the parametrization is

regular [41]. The normal line is then given by the normalized cross product

n(ξ, ζ) = gξ(ξ, ζ)× gζ(ξ, ζ)
‖gξ(ξ, ζ)× gζ(ξ, ζ)‖

.

Now, the Frenet transformation becomes

P (η, ξ, ζ) = g(ξ, ζ) + ηn(ξ, ζ).

Then, the inverse Frenet transformation R = P−1 maps the interface locally to a subset of

the plane η = 0. In the future, we plan to employ this idea to construct Frenet IFE spaces

for various interface problems in three dimensions following similar techniques to the ones

discussed in Section 3.5.
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6.2.3 Vector Interface Problems and Multi-physics Problems

In the future, we plan to extend the Frenet Framework to vector interface problems, such as

the acoustic interface problem [9, 86], the Stokes interface problem [11, 60] and the elasticity

interface problem [53, 79, 83] amongst others. Typically, vector PDEs are more challenging

than scalar PDEs since they require more degrees of freedom on the same mesh. Hence,

higher order unfitted methods are highly desirable. Furthermore, the interface conditions

for such problems often involve the normal and the tangent vectors on the interface, which

appear naturally in the Frenet framework.

After that, we plan to construct Frenet IFE spaces for a multitude of multi-physics models,

where the partial differential equations on Ω− and Ω+ are different in nature. For a start,

we intend to study the acoustic-elastic interface problem [17, 86, 102], and the Stokes-Darcy

interface problem [44, 72].
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