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Higher Order Immersed Finite Element Methods for Interface
Problems

Haroun Meghaichi

(ABSTRACT)

In this dissertation, we provide a unified framework for analyzing immersed finite element
methods in one spatial dimension, and we design a new geometry conforming IFE space in
two dimensions with optimal approximation capabilities, alongside with applications to the

elliptic interface problem and the hyperbolic interface problem.

In the first part, we discuss a general m-th degree IFE space for one dimensional interface
problems with many polynomial-like properties, then we develop a general framework for
obtaining error estimates for the IFE spaces developed for solving a variety of interface
problems, including but not limited to, the elliptic interface problem, the Euler-Bernoulli
beam interface problem, the parabolic interface problem, the transport interface problem,

and the acoustic interface problem.

In the second part, we develop a new m-th degree finite element space based on the differ-
ential geometry of the interface to solve interface problems in two spatial dimensions. The
proposed IFE space has optimal approximation capabilities, easy to construct, and the IFE
functions satisfy the interface conditions exactly. We provide several numerical examples to
demonstrate that the IFE space yields optimally converging solutions when applied to the
elliptic interface problem and the hyperbolic interface problem with a symmetric interior

penalty discontinuous Galerkin formulation.



Higher Order Immersed Finite Element Methods for Interface
Problems

Haroun Meghaichi

(GENERAL AUDIENCE ABSTRACT)

Interface problems appear naturally in many physics and Engineering applications where
a physical quantity is considered across materials of different physical properties, such as
heat transfer or sound propagation through different materials. Typically, these physical
phenomena are modelled by partial differential equations with discontinuous coefficients

representing the material properties.

The main topics of this dissertation are about the development and analysis of immersed
finite element methods for interface problems. The IFE method can use interface independent
meshes, and employs approximating functions that capture the features of the solution at

the interface.

Specifically, we provide a unified framework for analyzing one-dimensional IFE problems, and
we design a new framework to construct geometry conforming IFE spaces in two dimensions,

with applications to the elliptic interface problem and the hyperbolic interface problem.
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Chapter 1

Introduction

Many physical phenomena occur over different media separated by interfaces, which are
typically points, curves or surfaces depending on the dimension of the ambient space, leading
to an interface problem. We start this chapter with an overview of interface problems, and
we provide a review of the previously developed immersed finite element and dG methods
for interface problems. After that, we describe the topics of this dissertation. At the end,

we outline the structure of the dissertation.

1.1 An Overview of Numerical Methods for Interface

Problems

Interface problems are ubiquitous in science and engineering where a physical quantity, such
as temperature or pressure, is considered across two or more mediums with different physical
properties, such as conductivity or density. In many instances, the physics is modeled by
ordinary or partial differential equations, where the material properties are coefficients in
the equations. In the presence of multiple materials, these coefficients can be discontinuous
across the interface between two different materials, which could introduce a challenge to

the numerical methods used to solve the differential equations.

There are two major approaches for solving interface problems using a finite element or a
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dG method: Fitted methods [21, 28, 102, 105], where the mesh is constructed according to
the interface such that each element is on one side of the interface, and unfitted methods
where the mesh is independent of the interface. See Figure 1.1 for an illustration of a fitted

mesh and a Cartesian unfitted mesh.

Typically, unfitted methods offer numerous advantages over interface-fitted meshes. For
instance, an unfitted mesh is easy to construct, whereas a fitted mesh can be expensive
when the geometry of the interface is complex, or when the problem requires successive re-
meshing, such as topology optimization problems [2, 68, 89] and moving interface problems
(93, 96]. Unfortunately, using the traditional finite element with an unfitted mesh usually
leads to suboptimally convergent approximations [20]. For this reason, researchers explored
alternative approaches to develop optimally converging unfitted methods. Among those
methods, we mention the extended finite element method (XFEM) [24, 31, 103], the Cut-
FEM method [38, 59, 60, 74], the generalized finite element method (GFEM) [109, 110], and

the immersed finite element method discussed in this dissertation.

(a) An interface fitted mesh (b) An unfitted mesh

Figure 1.1: An interface-fitted mesh (left) and an unfitted mesh (right). The interface is
shown in red.

The immersed finite element method is an unfitted method. Thus, the interface is allowed to
intersect the interior of some elements, called interface elements. On non-interface elements,

The IFE method employs the traditional finite element polynomial spaces to approximate
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the solution, whereas, on the interface elements, the IFE method uses a Hsieh-Clough-Tocher
type macro element [39], where each shape function is a piecewise polynomial constructed

according to the interface conditions satisfied by the solution.

The immersed finite element was first used to solve the elliptic interface problem using
piecewise linear shape functions in one dimension [76]. Since then, the IFE method evolved
in many directions and was applied to multiple interface problems. In one spatial dimension,
higher order finite element methods were introduced and analyzed for the elliptic interface
problem [7] and optimal interpolation estimates were derived. Cubic Hermite IFE methods
for the fourth order Euler-Beam equation were discussed in [81, 101] and analyzed in [78].
A fully discrete IFE scheme was proposed for the parabolic interface problem [70] and a
method of lines was devised for the parabolic interface problem with a moving interface [82].
Lastly, vector IFE functions of degree 1 < m < 4 were used to solve the acoustic interface

with a discontinuous Galerkin formulation in [8, 88].

In two dimensions, linear and bilinear IFE spaces were discussed for the elliptic interface
problem [36, 50, 61, 62, 63, 67, 77, 112] where the interface conditions are enforced at a
selected number of points on the interface. To reduce the L* error of the method around
the interface, partial penalization techniques were introduced and analyzed in [84, 111],
where a penalty term, borrowed from the interior penalty dG method, is added to the
discrete formulation. However, the penalization here is only applied on the edges cut by
the interface. Multiple IFE methods were proposed for the elasticity interface problem using
linear and bilinear IFE functions [53, 57, 79] and using the so-called rotated Q' IFE functions
[83] for its desirable locking-free feature. Partially penalized methods were applied to the
parabolic interface problem with a static interface [80, 85], and with a moving interface
[64] without the need to regenerate the mesh at every time step [49]. The Stokes interface

problem was studied extensively and discontinuous immersed DG methods were developed in
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[11, 14, 33] as well as partially penalized IFE methods based on the P2-P! pair [35]. Recently,
bilinear and biquadratic immersed dG methods were introduced for the acoustic interface
problem [9, 88] and discrete stability results were derived. In addition to single-physics
interface problems, the immersed dG method was applied recently to the acoustic-elastic
wave propagation problem [17] where the acoustic wave is modeled by a system of three
PDEs, whereas the elastic wave is modeled by a system of five PDEs. Also, higher order
methods were developed in [5, 12, 13, 16, 25, 48, 51, 113] using different approaches for the
construction and the analysis of the IFE space, and three-dimensional IFE methods were

explored in [34, 52, 58, 71, 99].

The main feature of the IFE method is the IFE space. Typically, the IFE method employs
polynomials to approximate the solution on elements away from the interface, and uses a
special space, called the IFE space, on the interface elements. The IFE space consists of
piecewise polynomial functions that satisfy the interface conditions exactly (in one dimen-
sion) or approximately (in two or three dimensions). As for the formulation, the IFE method
usually uses the standard FE or dG discrete formulation, with minor changes if any. There-
fore, the bulk of the research conducted in the IFE method revolves around studying IFE

spaces.

We can classify the trends of the recent developments of the IFE method over the last decade

into four major categories:

o Higher order IFE methods: Higher order methods typically outperform low order meth-
ods, with the same number of degrees of freedom, significantly. Furthermore, higher
order methods allow us to use coarse meshes while retaining the desired accuracy, the
cost of the construction of the IFE spaces reduces greatly.

o Higher dimensional problems: In higher dimensions, generating interface fitted meshes

is expensive. Thus, unfitted methods are highly desirable.
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o Analysis of the current methods: Several proposed IFE methods lack rigorous error
analysis. Recently, many new techniques to analyze IFE methods have appeared [16,
18, 55] and motivated researchers in this direction.

o Applications: After the success of the IFE method to solve interface problems, there
is ongoing research to use the IFE method for multi-physics simulations [17], plasma

simulation [58] and inverse problems [48, 54, 56].

One of the main issues in the IFE method is the lack of a unifying framework. In general, the
IFE space constructed for a specific interface problem cannot be used for a different interface
problem. Furthermore, there are multiple methods to construct an IFE space for the same
problem. In some methods, the interface conditions are imposed on a set of points [5, 79, 112],
whereas in other methods, the interface conditions are imposed weakly [12, 16, 51]. Each
approach requires a different set of techniques to obtain an error estimate, which ultimately

slows the progress of research.

Another concern revolves around higher order IFE methods. In one spatial dimension, it
is relatively easy to construct higher order spaces. The same is not true in two and three

dimensions, where the construction is significantly more demanding.

1.2 Topics of the Dissertation

The contributions reported in this dissertation are twofold. Firstly, we focus on IFE spaces
constructed for some one-dimensional interface problems, where we revisit multiple IFE and
IDG methods that were proposed in the past to solve different interface problems, and we
provide a set of mathematical tools that can be employed to analyze IFE methods for a set

of interface problems.
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Secondly, we develop a new approach to construct IFE functions for two-dimensional interface
problems based on a local curvilinear coordinate system using the differential geometry of

the interface. In this coordinate system, the interface is a vertical line segment.

1.3 Analysis of IFE Methods in One Dimension

In one spatial dimension, we can observe that the IFE methods such as those in [8, 70, 76, 81]
are based on an IFE space of piecewise polynomial functions satisfying a condition of the
form

©® (™) = ree®(a7), k=0,1,...,m, (1.1)

where (1), is a positive sequence that depends on the pertinent problem, and ¢*) is the

k-th derivative of . For example, the IFE space for the elliptic interface problem

pu” = f, in (a,a) U (a,b)

u(at) —u(a™) =0, B(x) = (1.2)

Frl(a*) - fu(a”) = 0,

consists of piecewise polynomial functions that satisfy (1.1) with ro = 1 and r, = 5~ for

B+
k > 1, assuming that f is a smooth function. We also subject u to appropriate boundary

conditions.

The general form (1.1) allows us to understand the IFE spaces more abstractly, and to

develop a rich theory around them. Furthermore, this approach has other advantages:

o By considering the general form, we can prove the existence of a Lagrange basis of any

degree relatively easily. Previously, the research in this topic focused on constructing
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a Lagrange basis for a specific interface problem at a time. For instance, in the case of
the elliptic interface problem, the sequence (1) is constant starting from k = 1, which
was used extensively in [7] to prove the existence of a Lagrange basis of degree m by
showing that a certain matrix is invertible. A similar approach for a more complicated
sequence (ry)g proved to be extremely difficult as reported in [88]. Instead, the author
was only able to symbolically check the existence of the Lagrange basis for degrees
1 <m < 4. In our framework, we show that functions in the m-th degree IFE space
have at most m roots, which immediately implies the existence of the Lagrange basis.

o Similarly to the idea above, by considering the general case, we are able to derive
several important results about IFE spaces, such as the inverse inequality and the
trace inequality.

o A general theory allows us to consider a variety of projection operators for the analysis
of IFE and IDG methods. Moreover, it allows us to re-purpose the classical projec-
tions used for non-interface problem, such as the Radau projection and the Lobatto
projection, to analyze IFE and IDG methods.

o This framework allows us to extend the classical scaling argument to the analysis of
immersed methods, whereas the previous analysis techniques relied on the multipoint
Taylor expansion [7, 78], which leads to cumbersome and lengthy calculations, even

for the simplest interface problem.

The last point is crucial and highly non-trivial. In the traditional finite element and dG
methods, each element in the mesh is mapped to the same reference element, where the
reference FE space is constructed. On the other hand, in the IFE method, when an interface
element is mapped to the reference element [0, 1], the interface point « is then mapped to a
point & € (0, 1), which, under mesh refinement, ¢ changes position in (0, 1). For this reason,

we need to guarantee that the inequalities employed in the scaling argument, such as the
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operator norm of the projection and the inverse inequality, hold independently of ¢.

To achieve this, we start by considering the reference element I = [0, 1] with an interface

point & € (0,1). Now, let VE' (I) be the space of all piecewise polynomial function ¢ such

that ¢[j,s) and @|(4,1) are polynomials of degree not exceeding m, and
oW (@) = rp®™(@),  k=0,1,...,m, (1.3)

where rg,7rq,...,7, are positive constants. We show that ng,,(_f ) shares many properties

with the polynomial space P™ (), such as

e The dimension of ngr(f ) is m + 1. Furthermore, there is a bounded invertible map

from V7' (I) to P™([0, &)).
« The inverse inequality: Given ¢ € vg;(i), we have ||c,b(1)H0j < C|¢lly 7> where C' is
independent of &, (1) is the piecewise derivative of ¢, and |||, ;7 is the L? norm.

o« Ifp e ngT(Iv ), then ¢ has at most m roots, counting multiplicities. Consequently, given

any &o,&1, - - -, &m, there is a Lagrange basis { L;};~, of Vi',(I) such that L;(§;) = d; ;.
« If ¢ € VI (I) is orthogonal to Vi (1), then [@llo; < C(p(0)] + [@(1)]). Again, C

here is independent of a.

Next, we shift our attention to the interface element Iy, = [rg,—1,2Zk,—1 + h] which con-

tains the interface point o Then, the local interface element space V7. (Iy,) is constructed

directly from the reference element space ng‘r(lz ) using the standard affine transformation.

m+1

o (k) the space of piecewise functions u that

We consider the immersed Sobolev space H
satisfy the interface conditions u®)(a*) = ru®(a™) for 0 < k < m, and we consider a

projection P7 : H M (Ix,) — Vi (Ix,). Then, we show that if PJ" is uniformly bounded

a,T
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(see Definition 2.7), then

o= Eivlly s, < R b, Y

T

where C' is independent of «, and |u|,11, I, denotes the m -+ 1 broken Sobolev semi-norm of
won Iy,. At this point, we are ready to apply our theory to analyze IFE and IDG methods.
For each method, we construct a suitable projection, we prove that it is well-defined and
uniformly bounded, then we use the classical finite element and dG techniques to obtain an

error estimate.

Below, we list the interface problems discussed in Chapter 2 with a brief description of our

contributions.

o The elliptic interface problem Su” = f: An IFE method for this problem was fully
analyzed in [7] using a multipoint expansion technique. Nevertheless, we provide a
simpler approach based on the immersed Lobatto projection.

e The parabolic interface problem u; = fu,,: Low order IFE methods for this problem
were discussed in [70] but no error analysis appeared. Even though the interface
conditions here are more complicated than those for the elliptic interface problem (see
(2.52)), we are able to use the immersed Lobatto projection to produce an optimal
error estimate.

« The Euler-Bernoulli beam interface problem fu® = f: In the literature, only cubic
IFE spaces were constructed and studied [78, 81], we expand those results to any degree
m using the immersed Hermite projection.

o The transport interface problem u; + cu, = 0: Since this problem has not appeared
in the IFE/IDG literature, we presented a full analysis using an immersed Radau

projection with numerical examples to showcase the accuracy and robustness of the
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IDG scheme.
e The acoustic interface problem u;+Au, = 0: Here A is a discontinuous matrix function.
An IDG method was proposed for this problem in [8, 88] without error estimates. Here,

we provide a full analysis of the method based on the vector Radau projection.

Here, we acknowledge that the success of our theory is due in part to the simplicity of the
geometry in one dimension, where the interface is a point. Nevertheless, our theory presents
a different approach for the construction and analysis of IFE spaces, where the structure of
the IFE space is of utmost importance. Generally speaking, one can view the IFE space as
a direct consequence of imposing the interface conditions on a finite dimensional space of
piecewise functions, independently of the finite element or dG scheme used. This is similar
to the history of the finite element method, where polynomials were studied extensively
for centuries before they were employed in the FE method. In result, the finite element
community benefited from the rich theory of polynomial functions, such as the interpolation
capabilities, the well-studied orthogonal families, the inverse and trace inequalities, among

other properties that we consider elementary today.

Yet, another reason for the success of the error analysis can be attributed to the local
conformity of the IFE space, meaning that the IFE functions satisfy the interface conditions
exactly, which eliminates the necessity of penalty terms on the interface in the numerical

scheme, and simplifies the analysis of said scheme greatly.

The two observations given above led us to consider a new approach to construct IFE spaces
in two dimensions, where the geometry is simplified through a coordinate transformation
based on the differential geometry of the interface and the IFE space is locally conforming,

which we discuss next.
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1.4 The Frenet IFE Method in Two Dimensions

In order to illustrate the situation in two dimensions, we consider a domain €2 split by an
interface I" into Q~ and Q7 such that I' = 9Q~ NINT, and we consider the following elliptic

interface problem

_V - (BVu) = f, in Q- UQT,

(1.5)
uloq = g,
where the diffusion coefficient 5 is a piecewise constant positive function
g, xeQr,
Bx) = (1.6)
B, xe.

Then, the solution u is the piecewise function

ut(x), xe€Qt
u(x) = (1.7)

u(x), x€N,
where, the functions u* satisfy the following elliptic partial differential equation

BiAui = f|Qi7 in Qi7
(1.8)

ut =g, on 90 N ON*.

Here, note that the boundary conditions given above do not cover the interface I' = 92~ N
OO, In an interface problem, the values of ™ and u~, and possibly their derivatives, are
related on the interface via the so-called interface conditions, also known in the literature

as jump conditions, or transmission conditions. In this dissertation, we restrict ourselves to
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studying the homogeneous interface conditions [21, 28, 77]

u"lp—u |p =0, (Continuity condition) (1.9a)

(B*Vu' -n)|r— (B Vu -n)|p=0, (Flux continuity condition) (1.9b)

where n is the unit normal vector on I". Now, consider a rectangular element K split by the
interface I" into K~ C Q= and K C QF, as shown in Figure 1.2. Naturally, we would seek

to find a piecewise polynomial function ¢ : K — R such that

K+

r
K-

Figure 1.2: An illustration of an element K split by the interface I' into K~ and K.

t(x), xe KT,
o= 17 (1.10)
o (x), xe K™,

where ¢~ and ¢t are polynomial functions that satisfy the interface conditions (1.9) on

I'N K, that is,

¢ Irnx = ¢ |rni =0, (1.11a)

(B*Ve" 1) lrox — (87 1) |rrx = 0. (1.11b)

However, finding two polynomials ¢~ and ¢ such that (1.11) holds is not always possible,
even for simple interfaces I'. For example, consider the case where ¢* are picewise linear
functions, and the Interface I' is a circle. Then, the continuity conditions (1.11a) implies

that ¢ = ¢~. Hence, the flux continuity condition(1.11b) becomes (7 — 7 )Ve™ -n =0,
¥
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which eventually leads to ¢ = ¢~ = 0. This observation led researchers to consider other

ways to enforce the interface conditions (1.9) as discussed in Section 1.1.

Another issue, that is not emphasized often, is the hidden complexity in (1.11b), which,

when expanded is equivalent to

BT (pin + ©in2) lrnx — 67 (@zn1 + ¢, n2) |rax =0, (1.12)

where (n1,n2) = n are the components of the normal vector, which complicates the construc-
tion procedure of the IFE space [10, 17, 25], and add additional challenges when discussing

the dimension of the IFE space [12].

We note that these two issues were not present in one dimensional case, since interface
conditions (1.1) are simple and can be satisfied exactly by a piecewise polynomial function
. Similarly, in two dimensions, we do not observe these issues when the interface is trivial,
such as when the interface is a vertical line. At first, this might suggest approximating the
interface locally with a line segment, as done in [62, 77]. However, this approximation is
not suitable for higher order IFE methods since it introduces a discretization error of order
O(h?). Instead, we propose a different approach which yields IFE functions that satisfy the
interface conditions (1.11) exactly, and simplifies (1.12) considerably. Additionally, this new
approach is capable of constructing IFE spaces of any degree efficiently and reliably, without

the need for any user chosen parameters.

The key idea here lies in the differential geometry properties of the interface: If we consider
a parametrization g : I C R — R? of ', then every point x € I is of the form x = g(&) for

some £ € I. However, if x ¢ I, then there is no £ such that g(§) = x. Instead, we can search
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for the closest point to x on the curve I', which leads to the following minimization problem

Find &€ 1, |x — g(&II = minx — (&), (1.13)
where |[|-|| denotes the Euclidean norm. Then, by considering derivative of the distance

function d(€) = ||x — g(&)||* at &, we obtain

g/(§X> (x—g(&)) =0,

which suggests that x — g(&x) = nxn(&x), where n(&,) is the unit normal vector on I' at
g(&x), and 7y is a real number. Therefore, we observe that x = g(&) + nxn(&x), i.e. x is
characterized by the &-value of the closest point on the curve, and its (signed) distance from
the curve. Here, note that we are assuming that g is differentiable and that g’ is never zero,

these conditions (and more) will be discussed in details in Chapter 3.

Now, we observe that we have two transformations P and R, where P : (n,§) — g(§)+mm(¢),
and R :x —— (nx,&x). It is easy to see that P is well-defined on R x I. However, it is not
clear whether R is well-defined since the minimization problem (1.13) might have multiple
solutions. As we will see later in Section 5.1, the map R is well-defined in a neighborhood
of I" by the tubular neighborhood theorem [1]. Furthermore, the maps P and R are inverses

of each other.

Next, consider the map R and a point x € I, since the distance from x to I' is zero, then
R(x) = (0,&) for some & € I. Hence, R maps points on the interface to points on the
vertical axis in the (7,£) frame. Furthermore, when the transformation R is applied to an
element cut by the interface, such as the one shown in Figure 1.2, we obtain a curvilinear
element, which we denote K = R(K), such that K is split by the vertical line segment

I = R(T") into K~ and K+, as illustrated in Figure 1.3. More importantly, if u : K — R
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K+

n=20
Figure 1.3: The curved interface I' (left) mapped to the vertical line n = 0 (right) by the

transformation R.

satisfies the interface conditions (1.9), then & = uo P : K — R satisfies

0t (0,6)  =a(0,6), (1.14a)

BTy (0,€) = B4, (0,€), (1.14b)

for all ¢ € R(I' N K), where 4* = d|z.. Note here that the new interface conditions
(1.14) are extremely similar to the one dimensional interface conditions (1.1) with o = 0.
Furthermore, these new interface conditions are much simpler than (1.9) since the normal
derivative is now a derivative with respect to n, and the interface is merely a segment on the
line n = 0. Additionally, we note that it is relatively easy to construct a piecewise polynomial

function ¢ : K — R that satisfies (1.14) exactly, that is

¢7(0,§) =¢7(0,9), (1.15a)

BT¢y(0,€) = B7¢,(0,8). (1.15b)
For instance, the functions ¢g, 1 and ¢y shown below satisfy (1.15) exactly.

L (n,€) e K+,

@0(7775) = 17 @1(”76) = 57 @2(”76) = (116)

3= (& ek
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Higher order basis functions can be obtained easily by adding the Laplacian interface con-
ditions (3.1d) to (1.11), yielding a Frenet IFE space f)g‘(f() of dimension (m + 1)%. Next, a
local Frenet IFE space Vi'(K) is formed using the transformation R, that is, the local IFE

space consists of functions of the form ¢ = ¢ o R where ¢ € )A//g”(f( ).

Again, we recall that, unlike the traditional IFE functions, the functions in the local Frenet
IFE space are continuous since they satisfy (1.11) exactly. To see this more clearly, we
present in Figure 1.4 a bilinear IFE function constructed using [61, 62] on the left. On the
right, we present the newly introduced ps = ¢ 0 R, where ¢, is defined in (1.16). The
former is only continuous at two points on the interface, whereas the latter is continuous

everywhere on the element.

0.4

0.2

-0.2 :
-04

1.0 10
(a) A traditional IFE function [77]. (b) The function ¢y from (1.16).

Figure 1.4: An illustration of a traditional IFE function (left) and a Frenet IFE function
(right).

Another advantage of the Frenet IFE method is the simplicity of the construction. In fact,

out of the (m + 1)? basis functions for fig‘(f( ), m(m+ 1) of them are given explicitly by the
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following formula

: gl (n.€) € KT | |
@ij(n, &) = 0<i<m, 1<j<m.

=&, (n,6) e K-,

Thus, it remains to construct the remaining m + 1 basis functions by solving a linear system,

which is described thoroughly in Chapter 3.

In addition to its simplicity, the Frenet IFE space has optimal approximation capabilities: If
@ : K — R is smooth and satisfies the interface conditions on the flattened interface n =20,

then

i PhaH < CR™Yg
0,K

m+1,f(7

where Py is the L2 projection of 4 onto f/é”(f( ), and C' is independent of the relative
position of the interface, the mesh size h, and the diffusion coefficients 5*. Consequently, if
u : K — R satisfies the interface conditions on the physical interface I', then

= Putllg e < CH™ ull 1

where, P, is the L? projection onto VE“(K ). Again, the constant C' in the previous error
estimate is independent of the relative position of the interface, the mesh size h, and the
diffusion coefficients 5%. We note here that the last inequality involves the (m + 1) norm of

u, instead of the semi-norm.

Finally, we employ the Frenet IFE space to solve the elliptic interface problem and the hyper-
bolic interface problem using a symmetric interior penalty discontinuous Galerkin (SIPDG)
formulation. For both problems, the numerical scheme produces optimally converging so-

lutions. Furthermore, for the elliptic interface problem, the Frenet IFE method can be
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employed on extremely coarse meshes and produces highly accurate solutions when higher
order element are used. This leads to a significant cost reduction over the existing low order
IFE methods. For example, see the errors associated with the Frenet SIPDG method applied

to two interface problems on a 5 x 5 mesh in Example 5.3.

1.5 OQOutline of the Dissertation

The dissertation is organized as follows.

In Chapter 2, we provide a unified framework to analyze one-dimensional IFE methods for
a variety of interface problems based on the immersed Bramble-Hilbert lemma developed in
Section 2.3. For each problem, we show that the IFE method converges optimally to the

solution by following the same three steps:

1. First, we construct a suitable projection operator for the IFE space associated with

the interface problem.

2. Second, we show that the projection operator is well-defined, and its norm is not

affected by the relative position of the interface.

3. Lastly, we use the immersed Bramble-Hilbert lemma and the classical finite element

arguments to derive an optimal error bound for the IFE method.

In Chapter 3, we present a new framework for constructing higher order IFE methods based
on the Frenet transformation. We begin the chapter by discussing the local curvilinear
coordinates system associated with the interface, and the relevant differential geometry and

calculus identities. Then, we describe the construction of the Frenet IFE space in detail.
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In Chapter 4, we investigate the approximation capabilities of the Frenet IFE space, and we

provide numerical examples at the end.

In Chapter 5, we introduce an interior penalty dG method based on the Frenet IFE space
to solve the elliptic and the hyperbolic interface problem, and provide numerical examples

that show the optimal convergence of the IFE method.

In Chapter 6, we summarize the contributions of this dissertation, and we propose some

future research directions pertaining to the Frenet IFE framework.



Chapter 2

Unified Analysis for One Dimensional

IFE Methods

In this chapter, we develop a framework for analyzing various IFE spaces for one-dimensional
interface problems. We start this chapter by describing multiple interface problems that we
are interested in studying. Next, we develop a general IFE space and an immersed Bramble-
Hilbert lemma for a general class of IFE projections, then we use this result to analyze the

IFE/IDG scheme for each interface problem.

The results in this chapter are partially reported in [18].

2.1 Motivation and Notation

In this chapter, we intend to investigate a few representative interface problems, which we
will list shortly. In all the problems below, let I = (a,b) be a bounded interval and let o € 1
be the interface point, splitting I into two subdomains I~ = (a,«) and I™ = (a, b). We note
that although we are restricting our attention here to interface problems with one interface

point, the analysis extends naturally to interface problems with multiple interfaces.

Let 5 : I — R™ be a piecewise constant function such that §|;s = 8° > 0, where s € {+, —}.

To simplify the presentation, we use [f], to denote the jump of a function f at a point 2,

20
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that is,

If]. = f(z") = f(z7), where f(z%) = lim f(z).

x—2T

Next, we briefly describe the interface problem discussed in this chapter below:

o The elliptic interface problem seeks to find a solution to

—B(x)u(z) = f(x), wel UIT,
(2.1a)
subject to the interface conditions [u], = [Bv], = 0.

e The Euler-Bernoulli beam interface problem is the fourth order analog of (2.1a), that

is

Bz)u™(z) = f(z), rel UIT,
(2.1b)
u(a) = u'(a) = u(b) = u'(b) =0,
subject to the interface conditions
4] =[], = [8«®], = [5],, = 0.
o The parabolic interface problem
ur(z,t) = B(x)uge(x,t), x€I-UIT, t>0,
u(a,t) = u(b,t) =0, t>0, (2.1c)
u(z,0) = g(a), v € (a,h),

\

subject to the interface conditions [u(-,t)], = [Bu.(-,t)] = 0.
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o The transport interface problem

.

ug(z,t) + B(x)uy(z,t) =0, €l UIT t>0,

u(a,t) = u,(t), t>0, (2.1d)

\u(m,O) = up(z), x € (a,b),

subject to the interface condition [u(-,¢)], =0

«

e The acoustic interface problem: Let p,c: I — R, be two positive piecewise constant
functions such that p|;s = p® and ¢|;s = ¢ for s € {—,4+}. We seek u,p : I x [0,00)
such that

pi(z,t) = p(z)c(x)?us(z, t), rel~UIT, t>0,

\ p(@)ug(x, t) = po(z, 1), rel Ul t>0 (2.1e)

kp(xa()) :p(](x)a U(I,O) ZU’O(""E)? LS (a,b),
subject to the interface conditions [p],, = [u], = 0 and suitable boundary conditions

that will be discussed later.

IFE methods for most of the interface problems listed above have appeared in the literature
before. For instance, the first appearance of the IFE method in the literature can be traced
back to [76] where linear IFE spaces were introduced and analyzed for the elliptic inter-
face problem. Later, higher order methods were studied in [7] using some problem-specific
techniques. The Euler-Bernoulli beam interface problem received considerable attention
(78, 81, 101] from the IFE community for its many applications in mechanics. However, only
cubic immersed finite element space were developed and studied. On the other hand, only
low order IFE methods were developed for the parabolic and the acoustic interface problems

[8, 70, 88] and no IFE methods were developed for the transport interface problems to our
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knowledge.

In addition to the interface conditions listed above, one can derive extended interface con-
ditions that relate the k-th derivative of the solution on the two sides of the interface. In

general, the solutions to the interface problems described above can be shown to satisfy
u® () = ru® (), kE=0,1,.... (2.2)

under suitable smoothness assumptions, where (r) is a positive sequence that depends on
the interface problem. In general, we only need to consider finite sequences (1), for some
m > 1. However, to simplify the presentation, we will treat () as an infinite sequence
(11)72, while we use only a finite subsequence. Typically, we only need the subsequence
(1)1, where m the degree of the polynomials used in the construction of the m-th degree

IFE space.

The general form of the extended jump conditions (2.2) motivates us to define an immersed
Sobolev space, which we will use later to describe the solutions to the interface problems

and analyze the IFE solutions

Definition 2.1. Let m > 0 be an integer, let (ry) be a positive sequence. Consider an
interval B C R that contains a point a, we use ’HZ‘;“(B) to denote the immersed Sobolev

space defined as

HIY(B) = {u | ulps € H™(B*) and u® (o) = rpu®(a”), Yk =0,1,...,m}

We note here that in the definition above, the traces of u*)|p+ at a are well-defined for

k < m since u®|g= € H™+(I*) by the Sobolev trace theorem [4].

Now, we move to describing some notation that will be used in this chapter. For ease of
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presentation, we will use 0, and d; to denote the differential operator with respect to x and
t, respectively. Additionally, we will use s € {+, —} to denote a sign choice and s’ to denote

the dual of s, that is, if s = +, then s’ = —, and if s = —, then s’ = +.

When stating inequalities, we will use < and 2 to denote an inequality with a generic hidden
constant. That is a Sb if there is a generic constant C' such that a < Cb, and we use a ~b

to denote the equivalence a <b and b < a.

If the inequality involves the degree m, the sequence r = (ry), the interface location, the
physical parameters or other quantities, we will include them as subscript in the inequality
or equivalence notation. For example, we will use a Sgb (resp. a2z0) if a < Cb (resp.

a > Cb) and C depends on £.

Throughout this chapter, we will consider a bounded open interval I = (a,b), and let a € 1
be the interface point dividing I into two open intervals I~ = (a,«),It = («a,b). This
convention extends to any other open interval B C R with B~ = BN (—oo,a) and BT =
BN (a,00). For every bounded open interval B not containing «, let H™(B) be the usual
Sobolev space W™?(B) on B equipped with the norm [|-||,,, 5 and the semi-norm |- [, 5. We
will use (-, )5 and (-, "), p to denote the classical and the weighted L? inner product defined

as

(f.9)5 = / f@)g(@) dz,  (f.0)wp = /B w(z)f(@)g(z) dz,  w(z) >0, ¥ € B.

Moreover, we use Hg(B) C H*(B) to denote the Sobolev space of functions with zero trace
on the boundary of B. Similarly, HZ(B) C H*(B) is the Sobolev space of functions u such

that u|gp = u'|op = 0.
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Given a positive sequence r = (r). We define

Vo (B) = {p € Ha ' (B) | plps € P™(B¥)} (2.3)

a,r

to be the local immersed finite element space on B. Additionally, we use ||-|,, 5 and | - |m 5

to denote the broken Sobolev norms on B, that is

2 2 2
s =l + s> Tl =1 s + 1 s

We will use v’ to denote the piecewise derivative of u, i.e., given u € H (B), ul;z: is the
classical derivative of u|g+, and it should not be confused with the distributional or the
weak derivative of u. This is important because the immersed Sobolev space H[;'(B) is

not necessarily a subspace of H!(B).

By dividing I into N sub-intervals, we obtain the following mesh on I:

Iy =[xy, xi], Th= {Ik},]le, a=xo<x1<--<xNy=D0, h = 1I_<I}ga§}§v($k — Tg_1).

We will assume that thereis kg € {1,2,..., N} such that 24,1 < a < xy,, which is equivalent

to a € Iy,. We define the discontinuous immersed finite element space V.".(75) as

Ve (T) = {@ | eli, € P (Iy) for k€ {1L,..., NP\ [ko} and gy, € V(L) |, (2.4)

where P™(I}) is the space of polynomials of degree at most m on I, and V7", (I,) is the local

immersed finite element (LIFE) space defined in (2.3).
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2.2 The Reference IFE Space

In the remainder of this chapter, let (r))x=0 be a positive sequence and let I = [0,1] be the
reference element containing a reference interface point & € I. The interface point ¢ splits
the element I into two sub-elements I~ = [0, &) and It = (&, 1]. We use ngr(f) to denote
the reference IFE space defined as

v ()={g: 1 >R\

,T

€ P, pM(ah) =™ (a7), k=0,1,...,m}. (2.5)

For a function ¢ € Vg?r(f ), we write ¢ = (¢_, @) where ¢1 = @|;x. Additionally, we will

(k) )

use ¢y (&) to denote the trace of gb(f at &. More precisely,

AP (a) = lim ™ (@ + €).

e—0t

Then, we can re-write the definition of ngr(]v ) in terms of ¢_ and ¢, as

(P, ¢y) € VI () iff g € P™(IF) and ¢ (@) = g™ (@), k=0,1,...,m.  (2.6)
The reference IFE space (2.5) arises naturally when studying the local IFE space (2.3).
Typically, in the finite element method, we study the basis functions on a reference element,
then we map our results to the physical element. However, in the presence of an interface,
one has to account for the relative position of the interface in the interface element. That is,
even if the interface is fixed, the relative position of the interface inside the interface element
changes when the mesh is refined as illustrated in Figure 2.1. Therefore, we need to ensure

that the inequalities derived here are independent of ¢& since we cannot control its value.

Lemma 2.1. Let (r},) be a positive sequence, & € I and s € {—,+}. Then,
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f . { e
a «Q b 0 o' 1
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a o' b 0 & 1
f } o— i P
a o b 0 a1

Figure 2.1: Tllustration of three meshes (left) and the associated reference interface elements
I (right).

1. Given ¢, € P™(I°), there is a unique @y € P™(I*') such that (¢_,¢4) € VI (I).
2. dimVy,(I) =m+ 1.

3. The set {N% .}y of functions

(x — &)k, rel,
NE, = 2.7)

ri(r — &)k, welt
is basis of ngr(f) that we will refer to as the canonical basis.
4. If =1 for all 0 < k < m, then VI'.(I) = P™(I).

5. Let ¢ € Vi.(I), then ¢' € V7L (I), where T is the left shift operator defined as

&,7(r)

T (royr1y. ) = (11,72, ... ).
Proof. We will prove the statements in order:

1. Without loss of generality, consider ¢_ € Pm(f ~), then

o
el

(z — &)

p(x) =)

k=0

=

Now, consider the problem of finding ¢, € P™(I*) such that (p_,¢4) € V(1)
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First, we express ¢, as

E

(.13 - d)k7

3

!

¢ (x) = Z ‘

for some coefficients {dj}7",. Then by the definition (2.6), we have

which uniquely determines ¢, in terms of ¢_.

. Since every polynomial ¢_ € P™(I7) can be extended to (p_,¢;) € VI (I). Then,

dim(V7, (1)) = dim(P™(I7)) = m + 1.

. The set {N% }7, is linearly independent since the set of restrictions {(NV},)|;- i, is

a basis of P™(17). Additionally, the cardinality of {NE, }iy matches the dimension

of the space ngr(f ). Therefore, it forms a basis.

. If r; =1 for all 0 < k < m, then the set {N}¥ }7 ; forms a basis of P™(I). Hence, we

have V' (I) = P™(I).

. Let ¢ = ¢’ and let p = 7(r), then by definition of V™ (I), we have

P (@) = (@) = g™ V(@) = pe™(@),  0<k<m.

Thus, ¢ € Vi (I), which is the desired result. O

Remark 2.1. By definition, the canonical basis functions N}, with k& > 1 are continuous.

However, the first basis function Ngm can be discontinuous if rg # 1 as Figure 2.2 shows.

In light of Lemma 2.1, we introduce an extension operator that pairs a polynomial ¢y €
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& 1

| | T & 1

(a) NG, (b) N, (c) NZ, (d) N,

Figure 2.2: An example of the first four canonical basis functions with r, = k + 1.

P™(I*) with a polynomial ¢y € P™(I*), where s € {—,+}, such that ¢ = (p_,p4) €
ngr(f ). We note here that, since the intervals I* are disjoint, our use of the term extension

here is different from the standard one.
Definition 2.2. Let (r},) be a positive sequence, & € I and s € {—, +}. We use ng;,sl to
denote the extension operator
Em P — PIY)
defined as the unique ¢y = 8;?;3/(@) such that (p_, ¢4) € VI.(1).

It follows immediately from Lemma 2.1 that the extension operator is well-defined and
bijective. Furthermore, it is easy to show that

EXT ol =€ 0 &L =1d,
where id is the identity operator. Next, we are interested in the operator norm of £7'” since
it will be useful later to derive an inverse inequality on VZ' (1), that is, given ¢, € P™(I*),

we want to bound ‘ in terms of ||@sl[y z., for s € {—, +}. First, we state a useful

/
m,s’ <
go'z,r Ps 0.7

)
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fact about polynomials.

Lemma 2.2. Let m > 0 be an integer. Then,

||p||o,[0,1} 2 max |p(k)(1>|7

o~ 0<k<m

for any polynomial p € P™([0,1]).

Proof. Let E : P™([0,1]) — [0,00) be the map such that E(p) = maxo<p<n, [p*(1)] for all
p € P™([0,1]), then E is a norm on P™([0, 1]). By the norm equivalency property in finite

dimensional spaces [47], we have

E@)Slplopy:  Yp e P™([0,1]),
which is the desired result. O]

For ease of presentation, we use h- = & and h. = 1 — & to denote the size of I~ and I,

respectively. Now, we are ready to state an estimate on the norm of the extension operator

m,s’
Eam

Lemma 2.3. Let s € {—,+} and let (ry) be a positive sequence. Then, the following

inequality holds

, » h\"
;8 <, == sl 1, [ = Della 7 2.
o 57 (et (1 () Y10t o0

where s1 is 1 if s =+ and is —1 if s = —.

Proof. Without loss of generality, we will assume that s = —. Since ¢ = (p_, ¢4 ) € Vc’{fr(f ),

then we can write ¢ as @ = coN° + N+ ... ¢,, N for some coefficients c;. Consequently,
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we have
po@) =S e —a)f,  pule) = reexle —a) (2.9

< 2h, (0r<r}€a<>§n rk) chh% (2.10)

On the other hand, by matching the Taylor series coefficients of ¢_ with (2.9), we obtain
ke, = 3™ (). Therefore,

e = 3t () (2.11)

Now, let ¢ € P™(]0, 1]) such that ¢(z) = @_(h_z) for all z € [0, 1]. Then, by the chain rule

and a change of variables, we have
18l 01 = A= l@-llg - and ¢W(1) =hEp (@), k=0,1,...,m. (2.12)
Next, we apply Lemma 2.2 to ¢ and use the (2.12) to obtain

lp-llo.7 = - ||90||0[01]>h max |p" (1),

0<k<m

2 h- max h*|p"(a))?,

0<k<
>h_ max h2ke2, (2.13)
m <k<m

where the last line follows from (2.11). To finish the proof, we combine (2.10) and (2.13) to
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obtain
. 2 om v o\ 2k
“ 2 < |3 2 h+ +
Il Sl 5+ (e ) 2 (5)
N N 2m
h ? h
o2 + +
Slle- I 2= (mgn ) max (1, (h—) ) |
which is equivalent to (2.8) with s = —. The other case s = 4 can be obtained similarly. [

The lemma above shows that the operator norm of eg? ;,S/ depends on the ratio of the sizes
of the I~ and It. In particular, if we extend a polynomial from the smaller sub-element
to the larger sub-element, then the norm of the resulting polynomial might be significantly
larger than the original polynomial, especially if min(}VL,, 7L+) < 1. On the other hand, the
extension from the larger sub-element to the smaller one will always be bounded regardless

of h_, h, as the following corollary shows.

Corollary 2.1. Let (ry) be a positive sequence and assume that hs > hy, then

‘ £

m,s’ -
a,r Ps

o SV @alloes Vs € PRI, (2.14)

Proof. Since hy+hy =1and b, > iLS/, it follows that h, > % Therefore, the inequality (2.8)

We note here that we are choosing to obfuscate the dependence on the interface jump co-

now reads

/
m,s’ <
gd,r Ps

S( max Tlle) 2hy H@SHO,F S \/ iLS’ “@suo,is : u
m,r

0,7%" 7, "0<k<m

efficients (r1) and the degree m, this allows us to present our inequalities in more compact
form. Next, we proceed to obtain an inverse inequality for the IFE space ngr(.f ). First, we

recall the classical inverse inequality for polynomials.
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Lemma 2.4. Let m > 0 and 0 < i < m be integers, then

Pliesy SO =) Pllogy > Yp€P™(0,1]).
Proof. This is a special case of Lemma 4.5.3 in [29]. O

The next natural step is to extend Lemma 2.4 to the IFE space VF',(I). However, the direct

application of the classical inverse inequality leads to an inequality that depends on a:
2li1 S 1Glijoa + 1@lay S (@ + 1 —a)™) llo;-

Here, the dependency on & is problematic since &% + (1 — &)~* grows unbdoundedly as
& — 0" or &« — 17. To avoid this issue, we will use the classical trace inequality on the
largest sub-element of I, then we employ the stability of the extension operator derived in

Lemma 2.3 to obtain an inverse inequality independent of a.

Lemma 2.5. Let (1) be a positive sequence and let 0 < i < m+1 be a positive integer, then

2li; S N1@llos (2.15)
for all ¢ € VI ().
Proof. Without loss of generality, we assume that A_ > h,, and we will only consider the

case i = 1. The other case h, > h_ follows similarly, and the case i > 2 follows by induction.

Since h_ > 7L+, we conclude that A_ > % Therefore, Lemma 2.4 with a = 0 and b = h_
yields

(@-l1r- SAZo-llo - S2M-llo - SNp-llo z- - (2.16)
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Now, we recall from Lemma 2.1 that @’ € VT”_I). Then, by combining Lemma 2.3 and (2.16),

a,7(r
we have
D+l = (|8 oo S N0~ S N9-llos- (2.17)
Finally, we conclude the proof by summing (2.16) and (2.17). N

Remark 2.2. The inequalities (2.16) and (2.17) lead to an inequality stronger than (2.15).

More precisely, we have |, ; <, 1@l - if A > hy.

Since ng,,(f ) will be used later to construct an IFE space, we are interested in whether ng,,(f )
admits a Lagrange basis on the local (physical) element, that is, given a set of distinct points
{x;}"y C I, is there a basis {L;}1", of V'.(I) such that L;(z;) = &;; for all 0 < 7,5 < m?

This question is important since:

o It allows us to construct a C° IFE space for the elliptic and the parabolic interface
problems.
o It will be used to construct a Radau projection in the analysis of immersed discontin-

uous Galerkin method for the acoustic interface problem.

In order to prove that ngr(lz ) admits a Lagrange basis, we first show that any function
Q€ ng,,(f ) cannot have more than m roots (counting multiplicities). We note here that the
notion of multiplicity extends to & since if & is a root of ¢_ with multiplicity k, then it is a

root of ¢ with multiplicity k& as well, where (@_, @) € ngr(f ).

Lemma 2.6. Let () be a positive sequence, and let @ € ngr(f) be a non-zero function,

then @ has at most m zeros in I, counting multiplicities.

Proof. For the sake of conciseness, we will assume that the roots are always counted with
multiplicity in this proof. We will prove the statement by induction over m € NU{0}. First,

we consider the case ¢ € Vg,r([v). In this case, there is a constant ¢ # 0 such as @(z) = ¢ for
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all ¢ € I~. Therefore, by the interface conditions, we have ¢(x) = roc # 0 for all x € I*.

Hence, ¢ has no zeros.

Now, let m > 1, and we assume that all non-zero functions 1 € Ve (1) have at most m — 1

in I (counting multiplicities), for all positive sequences (7), and let ¢ € V7' (I).

To show that ¢ has at most m roots (counting multiplicities), we argue by contradiction: We

assume that ¢ has m+ 1 roots, then we show that this contradicts the induction hypothesis.

Let ¢ = (¢, 94) € ngr(f) be a function with & distinct roots {z}%,. Let m; be the
multiplicity of the root z; for 1 < ¢ < m + 1. To argue by contradiction, we assume that

M=mi+mqs+---+mp>m.

Without loss of generality, we assume that z; < zo < --+ < 2. Therefore, thereis 1 < iy < k
such that z;, < & < z,4+1. We define M_ and M, as the sum of multiplicities of the roots

of ¢_ in [0, @], and the roots of ¢y in z;, 41, respectively, that is

io k
M_=> m, My= Y m, M_+ M, =M>m.
i=1 i=ig+1
Since ¢_ and @, are polynomials, we know that ¢’ has M_ — 1 roots in [0, &| and ¢4 has
M, — 1 roots in [z;,41, 1]. Hence, we have shown so far that ¢’ has M — 2 roots. In our next

step, we will show that ¢ has an additional root in the interval (z;,, 2iy+1)-

If z;, = &, then ¢ is continuous at &. Then, by the mean value theorem, ¢’ has a root in

(Zigs Zig+1)- On the other hand, if & € (2, zi;+1). Then

Zig+1 To, X E (Zio,d),
0 = @(2ig+1) — T0P(24) = / w(z)P'(z) dv =0, where w(r) =
Fio ]_, WS (d,ZiO+1).

Therefore, ¢’ € Vg (1) changes sign at some 2* € (2, 2;,41). Since @' does not change sign
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at &, we conclude that ¢'(2*) = 0 since ¢’ is continuous on I\{a}.

In conclusion, we have shown that ¢’ € VZ''(I) has M —1 > m — 1 roots, which contradicts

our induction hypothesis. Hence, ¢ has at most m roots, which is the claim of the lemma. []

Lemma 2.6 allows us to assert the existence of a Lagrange basis on I easily.

Theorem 2.1. Let (r) a positive sequence, and let &y, &y, ..., &y be distinct points in I.

Then there exists a basis { L}y of V& .(I) that satisfies

L’L(éj) = (Si,j = 5 0 S Z,j <m.
0, i#]

Proof. Let {N},}7, be the canonical basis defined by (2.7), and let A = (a;;) be the

(m +1) x (m + 1) matrix defined as
Ay =NL(&), 0<i,j<m+1

To prove the lemma, it is sufficient to show that A is invertible. Now, let ¢ = (¢;) be a

solution to the equation Ac = 0, and let
p= ZCi+1Né,r e Vi, ().
=0

Since Ac = 0, we have p(&;) = 0 for all 0 < i < m. Therefore, by Lemma 2.6, we conclude

that p = 0. Consequently, c = 0 and A is invertible. [

It is worth here to mention that a restricted version of Theorem 2.1 was proved previously in

[7, 8] by using specific properties of the sequence (ry) or by employing symbolic techniques
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to check the invertibility of the matrix A in the proof above for low values of m. However,

our construction here is general and accommodates all positive sequence (ry).

In addition to the Lagrange basis detailed in the previous theorem, we are also interested in
constructing and studying orthogonal bases on Vgr(f ). Generally speaking, an orthogonal
basis leads to a diagonal mass matrix in the discontinuous Galerkin method, which is a
desired property when using an explicit time integrator. Furthermore, the analysis of the
immersed dG method in the later sections will require the use of an immersed Radau IFE
projection which employs orthogonal IFE functions, similar to the traditional approach for

the analysis of dG methods [107].

First, let w : I — R, be a piecewise constant function such that w|;= is constant. For
simplicity, we will use @* to denote |z, and we will use (-,-); ; to denote the weighted L

inner product

(f. 9w = / o) f(2)g(x) dz,  fog € LA(D).
Additionally, let

={p eVl | (¢, V)p; =0,V e VI D)}, m > 1. (2.18)

That is, V{;"(I) is spanned an m-th degree IFE function ¢ that is orthogonal to VI (I)

with respect to the weighted L? inner product (-,-) It is worth noting here that in the

w, I
special case w = 1 and r» = 1, the space V " (I) is the span of the m-th Legendre polynomial
[3] on [0, 1]. It is well known that the m-th orthogonal polynomial has m simple roots in the

interior of the domain. Below, we extend this result to orthogonal IFE functions, which will

be an important ingredient in the construction of the Radau and Lobatto projections later.

Lemma 2.7. Let () be a positive sequence and let 3 € Vi,"(I) be a non-zero function,

where m > 1, then ¢ has exactly m distinct roots in (0, 1).
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Proof. Let ¢ € VZYU " (I) be non-zero, and assume that ¢ has & < m distinct roots Z =
{z1,22,...,2,} C (0,1). From Theorem 2.1, there is a function ¢ € V& (I) such that Z
is the set of roots of ¢). Therefore, the function ¢¢ does not change sign on I. However,
(o, 1[1)1” i = 0. Therefore, ¢ = 0, which contradicts our assumption. Hence, ¢ has m distinct

roots in (0, 1). O

To illustrate the lemma above, we consider the case where r, = k£ + 1 and plot an element
of Vs],f(.f) for 0 < i < 4 with w|;x = w* in Figure 2.3. We observe that p; has exactly i

roots in (0,1) for (0=, w") = (1,1) and (v, w") = (1,10). The findings of Lemma 2.7 show

b

| /I ~—

[—r—pr—r—ps—pi] [—ro—pi—p2—ps—pi]

(a) (@, @) = (1,1). (b) (=, w*) = (1, 10).
Figure 2.3: An illustration of an orthogonal basis p; € V;”;(Iv) with & =2/3 and ry =k + 1
for (w—,w") = (1,1) (left) and (w~,w") = (1, 10) (right).
that @ — |@(0)] + |@(1)] is indeed a norm on V:;”Tm(f) Therefore, since V;”’Tm(_f) is finite
dimensional, it follows that

2O+l 2 ¢l Ve V(). (2.19)

a,ﬁ),m,

However, in our analysis later, we will need (2.19) to hold independently of ¢, which is

described in the theorem below.
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Theorem 2.2. Let (1) be a positive sequence and let m > 0, then

GOl +1eM] 2 llelos. Ve e Vard). (2.20)

w,m,r

Proof. Let (h_,hy) = (&, 1—¢) be the length of the sub-intervals I* and let ¢ = (¢_, p,) €
NS V;” “(I) be a non-zero function. Without loss of generality, we assume that h_ > h, in
the remainder of this proof. The other case h_ < hy can be done similarly. For the ease of

the reader, we will split this proof into three steps:

Step 1: Let p € P™(IF), then by the orthogonality of (, we have

0= (p,p);- + 0" (€457 (2-),E57 (D)) 14

We rearrange the terms, and use Cauchy-Schwarz inequality and Lemma 2.3 to obtain
(p—p)i-| S €T (-l [IEa Dl S P lll- lpll- - (2.21)

Step 2: Let ¢;(z) = 2’ for 0 < i < m — 1, and we define p_ € P™(I") as ¢_(&) = ¢_(h_¢&),
then

(P qi) -1 = R (6= @)oo > 2777 (6=, @), -

Therefore, by summing over all 0 < i < m — 1 and adding ¢(0), we obtain

m—1 m—1
20)] + > 18- a:) -1 2 18- (O] + > (¢ @) |- (2.22)
=0 m =0

Now, consider the right-hand side of (2.22) as a map N : P™([0,1]) — [0, 00):

m—1

N(p) = [p(0)] + Z [CXBIE

1=0
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then N is a norm on P™([0,1]). By the equivalence of norms in finite dimensional spaces, we

have N (p) Z,, IPllgjo.1)- We substitute this inequality back into (2.22) and use Lemma 2.3

to obtain
m—1
2O + > 1= @) -1 2 -llo o 2 N2-llos- 2 1llos -
i—0 m m m,r

Using (2.21), we can bound the left-hand side from above

GO+ hsll2llo; 2 N8l

Equivalently, we have
5(0 2 .
POF L j2 > g (2.23)
1&llo,z @mr

In the next step, w will show that the inequality (2.23) holds without the need for the h

term.

”@”35 does not depend on the choice of ¢ in V;”;”(_f) since

Step 3: Note that the quantity [2(0)
this space is one-dimensional. Therefore, we can consider a sequence {t% L} generated via

the Gram-Schmidt process:

-1 z )
70 2 : O”"’ w1 .
a,r ]'7 6477'7 1 S t S m,

=0 ar? ar) w,]

then, by construction, each term ¢; is in V;” “(I). Then, by fixing m and 7, we see that

~ m 2
w.(0)* and H@D Ho ; are rational functions in &. Therefore, the quotient # is also a

[
rational function, that we denote

) - DEL0?
Iz los
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By taking h, — 01 (Equivalently & — 17) in (2.23) with ¢ = ¢ , we obtain

m
a,r)

lim J(z) 2 1.
z—1— w,m,r

Therefore, since J is rational function, we conclude that

which is the desired result.

At the end, we note that we have shown that |@(0)] |3||; when h_ > h,. Similarly, if

>
~wW,m,r

h_ < ﬁ+, we obtain

B 2 N8l
Therefore, when combining the two cases, we obtain (2.20). ]

2.2.1 Summary

In summary, we have shown that the reference IFE (RIFE) space V'.(I) has several prop-
erties analogous to those of the polynomial space P™(I). These similarities will allow us
to borrow the theoretical machinery of the traditional finite element method to analyze im-
mersed finite element methods in the remainder of this chapter. For this reason, it is useful

to summarize our finding in Table 2.1, where p € P™(I) and ¢ € V(Tr(f)

Additionally, given a piecewise constant weight function, the behavior of the orthogonal IFE
functions is closely related to that of Legendre polynomials as summarized in Table 2.2,
where p,, is the m-th Legendre polynomial on [0, 1]. Again, it is worth emphasizing that all

of our estimates in this summary are independent of the position of the interface point c.
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Property The polynomial space P™([) | The RIFE space VF'.(1)
Dimension m + 1 m+ 1
Derivative p e P Y(I) Q€ Vg?;(}n)(])

Toverse Tnequaliy CINEARY, [5Tos Sme 9]0
Maximum number of roots mif p#£0 m if p #0
Admits an interpolatory basis | v" (The Lagrange basis) v

Table 2.1: The similarities between the polynomial space and the RIFE space.

However, they may depend on the positive sequence (ry), the degree m and the weight w.

Property DPm Gm € Var (1)
Number of interior roots m m
Trace inequality [P (O)] + [P (V)| 2, [Pl 7 | [P (0)] + 18 (D] 2 |97

Table 2.2: Similarities between the m-th degree Legendre polynomial and m-th degree or-
thogonal IFE functions.

2.3 An Immersed Bramble Hilbert Lemma and Bounded

Projections

In this section, we introduce a generalization of Bramble-Hilbert lemma [27, 37] in one
spatial dimension that covers, in addition to polynomial-preserving operators, the projection
operators onto the reference IFE space. In the classical theory of the finite element method
and polynomial approximation [37, 43, 46], the Bramble-Hilbert lemma plays a crucial role
in deriving optimal residual estimates for various projection operators, such as Lagrange
interpolation, Hermite interpolation, L? projection, Radau projection, among other maps
from a suitable Sobolev space to the space of polynomials. However, the Bramble-Hilbert

lemma does not apply directly to projections onto the IFE space discussed earlier since the
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function that we are interested in are not smooth around the interface, and the IFE space is
composed of piecewise polynomials, which introduces another hurdle. Nevertheless, we are

able to replicate the success of Bramble-Hilbert lemma in the context of IFE spaces.

First, we consider the reference interval I, a reference interface point & € I and a positive
sequence (ry,). We recall that the immersed Sobolev H2," (I) consists of functions u that are
not necessarily smooth at ¢. In general, we do not expect the classical Poincaré inequality [4]
to hold for the function u. For this reason, we develop a new immersed Poincaré inequality for
immersed Sobolev space Hg’f:fl(f ), which will be used later to derive the immersed Bramble

Hilbert lemma.

Definition 2.3. Let & € I, let (rr) be a positive sequence, and let i be a non-negative

integer. We use w}, . to denote the function

. Ty, T € IV77
ws () = (2.24)

a,r
1, zel".

)
a,r)

By construction, if u € ngl(i ), then by multiplying it by the smoother function w
we obtain uYwy € H'(I), which will allow us to obtain the following immersed Poincaré

inequality.

Theorem 2.3. Let (r},) be a positive sequence, and let v € HT(I). If

a,r

(Wi v™), =0, Vi=0,1...,m, (2.25)
then
loll; 7 £ Wlngrrs - 3=0,1,...m. (2.26)

0

Proof. Consider the function z = wg v, then by construction of wg and the assumption

r
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(2.25), we have
z€ HY(I), and /z =0,

I
which, by the Poincaré inequality [4], leads to ||z|[, ; S1z[1,7. Now, recall from (2.24) that

~.1. Hence,

W

||v||oz 12107 S 12 S 1ol i (2.27)

That is, we have proven Theorem 2.3 for j = 1. Since v' € H:;T(r)(f ), the same approach

yields

1 llo.7 S [0l
7

By using the same argument j times, we obtain (2.26). O

In order to use Theorem 2.3 in our analysis, we introduce the following immersed Poincaré

projection.

Definition 2.4. Let (r;) be a positive sequence, & € I and m > 0. Given a function

v E Hgf;fl(f), we define 77’,v € Vg},,(i) as the solution to the system

(w;r, e Zfﬂ) = (wgw, d—;;) , Vk=0,1,...,m. (2.28)
I I

For the definition above to make sense, we show that the map 77, is well-defined.

Lemma 2.8. Let (ry) be a positive sequence, & € I and m > 0. Given a function v €

HZ‘,TI(IV), then there is a unique 75, v € V', (1 [) that satisfies Definition 2.4.

That is, the projection 7', : H?jl(i) — V;”T(f) is well-defined.

Proof. Let v € HZ(I). By definition, #2",v is the solution to the system of m+1 equations
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(2.28). By expressing 7', v in terms of the canonical basis

m
~m o A/
Tant = g ciNg
i=0

the system (2.28) becomes

Co (wgc,ﬂv)f
c wé . A ) d? )

Al = War V1 ; where  (A)it1,j41 = (wém Nc]w) : (2.29)
Tdxt ™ i

Since /\/ZT is a piecewise j-th degree polynomial for 0 < j < m, the matrix A is upper

triangular, with diagonal entries

) di—1 .
A)i = (Wit —— N = (= Dlr_y #0, i=1,2,...,m+1.
) QT Ji—17 T ;

Hence, the matrix A is invertible and the system (2.28) admits a unique solution. Since this

result applies to all v € HE (1), we conclude that 77, is well-defined. O

a,r

The operator 77, is a projection, that is 77, v = v if and only if v € VQT(IV ). Furthermore,
if v is not in the RIFE space, then 77, v provides an approzimation of v, where the error of

the approximation can be estimated using Theorem 2.3
v =g, 0] ;S ol 5= 0,0m, Yo € HEFH(D). (2.30)
m,r

It is crucial here that the error estimate above does not depend on the location of the
interface &. This is a key property that we want to extend to other projection operators.

Our strategy here is very similar to the non-interface case [46], in the sense that we use
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(2.30) and the triangle inequality to estimate the projection error. For example, consider a

projection P : HIH'(I) — VI (I), then
lo = Paoll, ;< Nl = 7&oll,p + 1P (0 =72 0) -

The first term on the right side can be bounded directly using (2.30), whereas the second

one will involve the operator norm of POC”T, which we will define below.

Definition 2.5. Let 15074” P HEN(T) — \Z40] [) be a linear map, we say that Pm is j-bounded,
if

sup {1 (0) | v € H ), ol =1} < o0, (231)
where 0 < 7 < m + 1 is an integer.

If Pm is j-bounded, then we use H to denote the supremum in (2.31), that is

Trllo

||ng‘rH07jj:sup{| o ()| 7 10 € HEFD), ol = 1}. (2.32)
Additionally, if P2 is j-bounded, then
|2 UHZ ”Hoz | P Ho’j’ijHﬂ, Yo € HE (). (2.33)
Therefore, the norm |-, ; defined below
|2, = s {1 @), v € et (), ol =1} (2.34)

is finite for all integers 0 <7 < m + 1.

Pl = s {1 PE @), Lo e Hz (@), ol =1}
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Now, we are ready to state the Immersed Bramble-Hilbert lemma.

Lemma 2.9. Let P : HZ (1) — VI () be a j-bounded projection, then
Hv—éﬁﬂﬂii@+ﬂégmﬂ)wmﬂb i=01,...,m,
for all v € HEFH(I), where ||PEL ||, . ; s defined in (2.34)
Proof. Let v € HZH'(I), then by the triangle inequality, we have
o= Brvoll s < llo = amol,;+ [P — o]l
Since PP is a projection, we have #7,.v = P &7 v, which leads to

o,T oL

lo = Baoll, ;< llo = 7&oll, , +

o (v = 7aw0) [l 1

< HU - ﬁdm?‘””ii T

M ~m
a,THi,jj”U Wd,rv”jj

1+ || Hz][ |,U‘m+1 I (USlng (230))

m,r

which is the desired result. O]

The lemma above is a generalization of the classical Bramble-Hilbert lemma in one-dimension
in the sense that if r, = 1 for all kK = 0,1...,m, then the RIFE space ngr(lv) is exactly
the polynomial space P™(I), and the immersed Sobolev space ’HmH(f ) is the Sobolev space

H™(]).

Next, we extend the results of Lemma 2.9 to the local (physical) interface element I, =

[%ko—1, Ty —1 + h], which contains the interface point . To achieve this, we use F : [ — I,
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to denote the affine map given by
F(g) = Thy—1 t hga \V/€ € ja (235)

and we use M : L*(I;,) — L*(I) to denote the change of variables My = ¢ o F for all
functions in L?(Iy,). One key property of the map M is that it maps H; ! (Iy,) to Hi ' (1)

and V17!, (Ix,) to Vg?r(f ) as shown in the lemma below

Lemma 2.10. Let v € HT 1 (Iy,), then Mv € HE (D). In particular, if v € VI, (I, ), then
Mo € ngr(f).

Proof. Let v € HT'(Iy,) and let © = Mv = v o F. Then, since 9|+ € H™'(I*), and by

definition of the immersed Sobolev space, we have
i (@h) = B® (o) = mhFo®(a7) = ™ (@), k=0,1,2,...,m.

Hence, & € H2; ' (I), which proves the first claim.

To prove the second claim, consider v € V7 (I,) and & = Mo, then 0|+ € P™(I*) since FF
is affine, and o) (&) = r,0® (a~) for all 0 < k < m by our previous argument. Therefore,

veve(). O

It is worth noting here that the sequence (1) associated with the local (physical) IFE space
is the same sequence associated with the reference IFE space. Hence, the immersed Bramble-
Hilbert lemma can be extended to the projections onto the local IFE space (LIFE) via the
scaling argument. Again, this step is very similar to arguments used in the traditional
finite element method. To be more precise, we are interested in projections P7'. onto the

LIFE space that are constructed from a projection Pg}r onto the RIFE space, such that

Mo Py = Pgﬁroj\/l. However, we note here that under mesh refinement, the relative position
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of the interface within the local element changes, which in turn, changes the location of & in

I. Therefore, we need to consider the norm of all Pg}r for all & € 1.
Definition 2.6. Let {P7 T }aer be a family of projections from H2 (1) onto Vi (I). We
say that {Pg}r} aci is a uniformly bounded family of RIFE projections if

H ”0,],[ ~ 17 Vael, (2.36)

for some integer 0 < 7 < m + 1.

That is, {Pg}r} aci is a uniformly bounded family of RIFE projections consists of projections
whose norms can be bounded independently of the interface location. This notion can be

extended to the local (physical) IFE space as well.

Definition 2.7. Let I, be an element and let {P)".}ac 1, be a family of projections from
Ho' (k) onto VI (I,). We say that {P}" }acr,, is a uniformly bounded family of LIFE
projections if {ngr}de ;i is a uniformly bounded family of RIFE projections, where Pg} =

Mo P o M~ for all a € I,.

In other words, S is a uniformly bounded family of LIFE projections if the associated family
of RIFE projections is uniformly bounded. The main benefit of working with such projections

is that we can derive the following estimate for the residual of the projection.
Theorem 2.4. Let Iy, be an element of size h and let {ng}r}aelko be a uniformly bounded

family of LIFE projections, then

|P;:L7,U — UliJkO S hm+1_i|l}|m+171k07 Yu € HZZ:—I(IkO), Va € Ikm

m,r

for all integer 0 < i < m.
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Proof. Let Pg} = Mo Pl o M~! and let © = Mwv. Then PJ’.v = M1P? 9. Hence, by the

T

change of variable z — F'(x)

|P$TU — U‘i’jko == hjiilMil ( Vg?r@ - T)) |Z'Jk0 == h7Z| ( "o — 1?) e} F71|i

&,r

= h'" PO — 0, . (2.37)

Next, we use Lemma 2.9 and the uniform boundedness assumption to obtain

|POTTU - U’i,lko 5 hlii(l + HpozzrfrHi,jj>|ﬁ|m+1j 5 hlii’®|m+1j
m,r

)

< hl’ihmﬂh’lw\mﬂ,lko (using the change of variables z = F())
m,r
/S hm+17i|v‘m+1,1k07
m,r
which is the desired result. ]

The estimates derived above apply to many interesting and useful projections. In this dis-

sertation we will focus on the following projections, which are relevant to our analysis later:

« The L? orthogonal projection Pre® maps a function v to the closest vy, in the LIFE
space, in the sense of the L? norm. Although, we will not use this projection in our
analysis, it will serve as a first example to illustrate the notion of uniformly bounded
family of LIFE projections.

 The immersed Radau projection PJ%*¢ interpolates a function v at one endpoint,
plus some additional orthogonality conditions. This projection is similar to traditional
Gauss-Radau projection used to analyze DG methods [40, 87, 95|, and will be used

to analyze the immersed discontinuous Galerkin method for the transport interface
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problem (2.1d).

o The immersed Lobatto projection P °® interpolates a function v at the two endpoints
of the element, which will be used to establish a C°-conforming IFE space for the elliptic
interface problem (2.1a) and the parabolic interface problem (2.1c).

e The immersed Hermite projection PJ%"* interpolates a function v and its derivative
at the endpoints, which will be used to construct C'-conforming IFE space for the

Euler-Bernoulli beam interface problem (2.1b).

We note that we are not discussing the IFE spaces and projections for the acoustic interface
problem here, and we will postpone that discussion since it will employ some problem-specific
techniques. Nevertheless, our approach in that section will be inspired by the immersed

Radau projection, and it will be similar to the analysis of the transport interface problem.

For each of the projections mentioned above, we will provide a precise definition, and we
prove that it is well-defined, then we show that the collection of all said projections forms
a uniformly bounded family of LIFE projection. Thus, they all provide an optimal approxi-
mation to functions v in the immersed Sobolev space HJ' ' (Ii,). To illustrate this idea, we

study the L? projection below and derive an optimal approximation capability result.

Definition 2.8. Let v € L*(Iy,), we use P7%°"*v to denote the solution to the system
PchlortU € VZ}T(‘[}CO)7 (PCTvlortU’ q) Ik, - (U’ q)lko’ \V/q € VSZT(II‘?O)' <238)

Lemma 2.11. The L? projection Pt vis a well-defined projection from L*(Iy,) onto

ng(f).

Proof. The existence of The L? projection is a classical result of functional analysis [91]. [

Lemma 2.12. The family { P}, }acr,, s a uniformly bounded family of LIFE projections.



52 CHAPTER 2. UNTFIED ANALYSIS FOR ONE DiMENsTIONAL IFE METHODS

Proof. We only need to consider the associated RIFE projection P2 : HIH(I) — Vi (1)
defined as

(Bremo,q), = (v,q);,  Yae V(D).

By choosing ¢ = P;’f;“tv and using the Cauchy-Schwarz inequality, we obtain

m,ort 2 o HmMm,ort
1EE vl ;= (v, P 0); <

Py oo p vl -

Therefore, P;?frth 0f < [v]lo 7 for all v € HE ' 1(I). Hence, the orthogonal L? projection

is a uniformly bounded family of LIFE projections. [

Now, we can derive an estimate for the error of the L? projection onto the IFE space directly

from the lemma above and Theorem 2.4.

Corollary 2.2. Let v € H'(I,), then

m,ort m+1—1 -
‘U—P Ul, <h |v|m+1,1~k0, 1=0,1,...,m.

,r

The corollary above shows that the local IFE space provides an optimal approximation to
functions in the immersed Sobolev space, in the sense that the residual v — P, v decays
at rate of O(R™™'7%) in the i-th Sobolev semi-norm, which is similar to the classical case of

approximation functions with polynomials.

More importantly, the steps above illustrate a unified framework to study various IFE pro-
jections for different interface problems. More precisely, the steps that we will take for every

problem in the next section will be the following:

1. We define a projection operator P7'. from an immersed Sobolev space onto a local

IFE space, which in turn, defines a family of projections { P’ v Yacr from Hm+1( ) onto
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Vo (I), where PI" = Mo P o M1,

2. We show that ng is well-defined. Typically, this involves proving that a square linear

T

system admits a unique solution.

3. We prove that {ngr} sei 1s a uniformly bounded family of RIFE projections.

After that, we can immediately derive an error estimate for the projection P’ that is

independent of «, and use it in the study of the IFE method.

2.4 Analysis of IFE Methods for Interface Problems

In this section, we develop and analyze arbitrary-order IFE methods for the interface prob-
lems (2.1a)-(2.1e). For each interface problem, we will describe the extended jump conditions
associated with the solution and the discrete weak formulation, then we will introduce a suit-

able projection to derive optimal convergence estimates for each method.

2.4.1 The Elliptic Interface Problem

Consider the following boundary value problem

(2.39a)

where 3 is a piecewise constant function 3|+ = 8% > 0. At the interface point, we assume

that the solution satisfies the following interface conditions

[u], = [Bu], = 0. (2.30h)
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The first IFE method for the interface problem (2.39) was presented in [76], where the IFE
method was introduced. In that paper, the author only considered the first degree IFE space,
where the shape functions are linear functions on non-interface elements and piecewise linear
function on the interface element. Their construction was later extended to higher degree
IFE space in [7], where the authors constructed an m-th order IFE space with a Lagrange
basis. The key idea to construct higher order IFE spaces that the authors presented is to
restrict our attention to the case where f, the right-hand side of (2.39a), is smooth around
the interface. For instance, if f is continuous at «, we infer that [fu"], = 0. Similarly, if
f € C™%(I), we obtain
[Bu®] . =0, k=1,2,....,m,

which is, when combined with u|;+ € H™Y(I¥F), yields u € H2WH (), where r¢ = (r§) is the

o,re
sequence

ro=1, r; = k=1,2,.... (2.40)

B_+7

Therefore, it is suitable here to consider the following global continuous IFE space
Vi< (Th) = Ve (To) N H' (1), (2.41)

where r¢ is defined in (2.40). Here, we are dropping the sequence r¢ from the notation
since it will remain unchanged in the remainder of this subsection. Now, the discrete weak

formulation can be posed as follows: Find uj, € V7°**(T,) N H(I) such that
(Buj, i)y = (fon)r, Yow € Vareo™(Ta) N Hy(1). (2.42)

The discrete formulation (2.42) is the same as the one used in [7], where the authors used

the special form of the sequence ¢ to establish an estimate for the interpolation error,
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and consequently, an estimate for the error of the method. Our goal here is to provide an
alternative approach to analyzing the error ||u — uyl|,,; based on the immersed Bramble-

Hilbert lemma, which is simpler, and generalizable to other methods.

The main ingredient in the analysis is to construct an optimally convergent projection P™o"*

from the immersed Sobolev space H!(I) onto the global continuous IFE space V72 (T,).

o,re
Following the analysis of the classical finite element method, we choose P v|;_to be the
Lagrange interpolant P™€ of v on a non-interface element I;. On the interface element

Iy, we propose the following immersed Lobatto projection for a function v € H g}j&([ )

.
ngn’LObv(mko—l) = U<wko—1)7

r{, x¢€ Ik,_o,
Pmiody () = v(ay,), w(zr) = (2.43)

1, zel.

(PgL’LObUa Q)w,fko - (U’ Q)wvfko ’ Vq < V;'?T_;(Te)(]k())’

\

That is, the Lobatto projection Py interpolates the function v at the endpoints, and
P™Py — v is orthogonal to the space ngj(r)([ ko) With respect to a weighted inner product.

The interpolation property ensures that the global projection

Pmeg(v)), k£ ko
Pm,cont TN ‘Pm,contv7 Pm,contv|l — * (244)

k
Pgb’LOb(U’Ik)? k = ko,

is indeed in the global continuous IFE space. The orthogonality condition is added to
ensure the uniqueness of the projection and to prove that the immersed Lobatto projection

is uniformly bounded.

First, recall that we only need to study the Lobatto projection on the reference element I,
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denoted P5""*®, which maps a function v € HZ; (1) into v, = P§"***v, where
(
un(0) = v(0), )
ry, xzel,
un(1) = v(1), w(z) = ] (2.45)
1, xzel".
\(Uhv q)w,i = (v, q)w,iv Vg € Va 72(re) ([:)7

Lemma 2.13. The projection P{"* : HIHI) — VI

a,re a,re

(I) is well-defined.

prLob

Proof. Consider the system (2.45). By expressing v, = P;""°"v in terms of the canonical

basis, we obtain a square linear system. Therefore, it is enough to show that if v = 0, then

Hm,Lob
P

v, = 0 to prove that is well-defined.

Now, suppose that v = 0 in (2.45), then v,(0) = v,(1) = 0, and (vp,wq); = 0 for all

qe Vm 2(re) (I). In particular, for ¢ = v/, we have
(vp, wvy) ;= 0.

By construction of VI

&,re

wvy is continuous. Therefore, using integration by parts and

vp(0) = vp(1) = 0, we obtain

0 = (vh,wop); = |V

Then, we have v, = 0 since v,(0) = 0. N
Lemma 2.14. The family {P;“’mb}ae[ko is a uniformly bounded family of LIFE projections.

Hym,Lob
P

Proof. Here, it is enough to show that [|vsllo; <, 5 [[0]l1 7, Where vy = v is given by

(2.45).
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(I) be the unique IFE function in V}

Let ¢; € Vi CVY’TE(IV) such that ¢;(0) = v(0) and ¢ (1) =

a,re

v(1). Then, it is easy [76] to check that
laillos < [0(O)] + W) S llvlly z (2.46)
Now, let go = vy, — q1, then ¢2(0) = g2(1) = 0, and
(@2, 0q); = (v — qu,0q);, Vg€ Vit ().
Next, we substitute g with ¢4, and integrate by parts
—(¢2,0q2); = (v —q1,43) -

At this step, we recall that w~31. Then

|C]g||0j-

2 .
||q;||o,f§ (g3, wa5) | % v —ailloz

Next, we apply Friedrichs inequality to the left-hand side and the inverse inequality Lemma 2.5

to the right-hand side, and the Triangle inequality

2
laol3s 5 (el + sl ) laallo s S el gl (2.47)

m7ﬁ m7ﬁ

1,1

where the last inequality follows from (2.46). Finally, we combine (2.46) and (2.47) to obtain

0= lar + Q2||0j < HQ1||oj + HCDHOJ S v

m,

[on] L

Hence, { P} ,cy, is a uniformly bounded family of LIFE projections. O



5% CHAPTER 2. UNTFIED ANALYSIS FOR ONE DiMENsTIONAL IFE METHODS

From the immersed Bramble-Hilbert, we obtain the following error estimate for immersed

Lobatto projection.

Corollary 2.3. Let v € H X (Ih,), then

o,re

m,Lob m+1—q .
}U—Pa U{ij < h |U|m+1’]k0, i=0,1,...,m.

m,

Now, we recall that P™°"* is defined piecewisely on each element. Then, by summing over
all elements and using the traditional finite element estimates on non-interface elements, and

Corollary 2.3 on the interface element, we have

|U _ Pm,contv|i,1 5 hm+1—i|v|m+171’ 7 = ()’ 1. (248)

m7ﬁ

Here, we are only considering the first two Sobolev norms. However, we can extend this
result to higher-order norms easily by Theorem 2.4. Finally, we are ready to state the main

result of this subsection.

Theorem 2.5. Let u € HIHH(I) N HY(I) be the exact solution to (2.39), and let uj, €

a,r®

ym.eont (TN HY(I) be the solution to the discrete problem (2.42), then

lu— Uh|1,1 S W ulmr (2.49)
m75
and
|U - uh|0,1 N hm+1|u|m+1,l- (2.50)
m76

Proof. The first inequality (2.49) follows from Céa’s lemma [29, 32, 69] and the approxima-
tion result (2.48), and the second inequality (2.50) follows from the duality argument [69],

also known as the Aubin-Nitche trick. ]
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Remark 2.3. It is worth noting that the results of Theorem 2.5 appeared in [7], where the
authors used a multipoint Taylor expansion technique to estimate the error of an immersed
Lagrange interpolation on interface elements. Our approach, which relies on the immersed

Lobatto projection, is much simpler and provides a similar approximation result.

Remark 2.4. We refer the reader to [7] for numerical examples illustrating the findings of

Theorem 2.5 for 1 < m < 5.

2.4.2 The Parabolic Interface Problem

Consider the following parabolic initial boundary value problem

u(z,t) = B(x)uge(x,t), x€l-UIT, 0<t<T,

 u(a) = u(b) =0, (2.51)

u(z, 0) = uo(x), vel,

\

where 3|;+ = 8% > 0 is a piecewise constant function that represent the heat conductivity
of a heterogeneous material, and u is assumed to satisfy the interface conditions [u(-,t)], =
[Bus(-,t)], = 0. An IFE method for this problem was briefly discussed in [64, 70], where the
authors considered first order IFE methods based on the IFE space for the elliptic interface
problem (2.41). However, higher order IFE methods were not developed and analyzed for

this particular interface problem.

To derive the extended interface conditions for (2.51), we first restrict ourselves to the case
where the solution is smooth enough, except (possibly) at the interface. Recall that the

solution satisfies Ju(-,t)], = 0 for all 0 < ¢ < T, then if we differentiate with respect to ¢,
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we obtain

[[ut<'7t)]]a = [[ﬁum:(atﬂ] = 0.

Similarly, if we differentiate the [fu,(-,t)], = 0 with respect to ¢, we obtain an additional

interface condition

0L, = | #5000 =0

which is different from the extended interface conditions for the elliptic interface problem.
Hence, we need to consider a slightly different immersed Sobolev space for the solution and
consequently, a slightly different IFE space. By continuing this process of differentiating

with respect to ¢, we obtain

k
%(oﬁ',t) :r,‘fixu(a_,t), rd = (§—+> N , k=0,1,.... (2.52)
where [-] is the ceiling function. Now, we restrict our analysis to the case where the ini-
tial condition wuy € H;’fj}([), and the solution u(-,t) € H;’f;}([} for all t € (0,7), where
the sequence r¢ = (r) is given by (2.52). In this case, the global continuous IFE space
ymcont (T, ) differs from the one described in the elliptic interface problem only in the choice
of the sequence describing the interface conditions. Nevertheless, we use the same notation
to describe both spaces to avoid complicating our notation. Similarly, when we use P

in this subsection, we are referring to the projection operator defined in (2.44), where the

sequence 7¢ is now replaced by 7 from (2.52).

Remark 2.5. Note that the IFE space for the elliptic interface problem is identical to the
IFE space for parabolic interface problem for m < 2, since the first three terms of r¢ match

those in r¢. Furthermore, the arguments used to derive Corollary 2.3 only use the first two
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terms of r¢ explicitly. Therefore, we have

[u(-,t) — P™" (-, 1) 5,6’ pmti Loax, |u(-y ) [mt1.1, 1=0,1,...,m.

Now, we are ready to state the discrete weak formulation to the problem (2.51): We are

seeking wuy, : [0, T] — VI°"*(T,) such that

(atuh(t), ’Uh)I = — (&cuh(t), &Evh)ﬂl, Vvh c V;n’cont(ﬁ), O0<t< T, (2 53)

Uh(O) — Pm,contuo7

which is equivalent to a system of differential equations Mc'(t) = —Sc(t), where both M
and S are symmetric positive definite matrices. The analysis of the method then follows the

classical arguments for the traditional finite element method [97, pp. 5-10] to obtain

t
lun(t) = u( o S A7 (IIUoIIm+1,I+ ||U(wt)||m+1,z+/ [t (-5 8) 1.1 dS) ;o (254)
0

m?IB

for t € [0,T]. In the error estimate above, we are assuming that the time integration error
is either negligible, or comparable to the spatial discretization error. It is worth mentioning
here that an analysis of the fully discrete, higher order IFE method for the parabolic interface
problem (2.51) is highly desirable. However, it would require a careful choice of a higher order
time integration method that does not require excessively small time-steps. Such methods
for low order, two-dimensional IFE methods were explored recently in [80] and remain a
subject of active research. In the future, we will attempt to prove similar results for higher

order IFE methods.
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2.4.3 The Euler Bernoulli Beam Interface Problem

Consider the following interface problem

(2.55a)
u(a) = v (a) = u(b) = u'(b) =0,
where the solution u satisfies the following jump conditions at «
[u], = [«], = [Bu"], = [Bu"], = 0. (2.55D)

Cubic Hermite IFE methods were developed to solve the interface problem (2.55) in [81, 101]
and analyzed in [78] using a multipoint Taylor expansion approach, which is cumbersome
and hard to extend to higher order IFE methods. In this subsection, we will provide an
alternative approach, based on the immersed Bramble-Hilbert lemma, to analyze m-th order
IFE spaces for this problem. Our approach here is very similar to the one we used for the
elliptic interface problem, in the sense that we only need to construct a suitable projection on
the interface element, and prove that this projection is uniformly bounded. The rest follows

from the immersed Bramble-Hilbert lemma and the classical finite element techniques.

First, we restrict our attention to the case where f € C™ 3, where m > 3 is the degree of
FE/IFE used. Then it follows from fu® = f, and the interface jump conditions (2.55b)
that [[ﬁu(k)]]a =0 for k = 2,...,m. Therefore, it is suitable to seek a solution to (2.55) in

HZZ;T(I ), where 7* = (r§) is the sequence

5

7 k=2...,m. (2.56)

s _ s __ S __
ro =1 =1, T =

Now, the discrete weak formulation can be stated as follows: Find u;, € V™ (T, ) N HZ(I),
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such that

(u%, U;:)[ = (f, Uh)[, VU}L € VLn,Her(ﬁL) N Hg([), (257)

where VIHer(T) = ym

o,rs

(7o) N H?*(I) and r® is given by (2.56). Next, we use P™Her :
HEN(I) — VmEer(T,) to denote the global immersed Hermite projection constructed locally
on each element: On non-interface elements, this projection is merely the classical C-
conforming m-th degree Hermite interpolation, and on the interface element, it is the local
immersed Hermite projection P™Her = M~ o PI"" o M, where P"** will be presented

shortly. To simplify the notation here, we use {o;};_, to denote the four Hermite degrees of

freedom on I, that is,

Using this notation, we can describe P"#* as the map that associates with a function v, an

IFE function v, € V§',.(I), such that

oi(v) = 0;(v), 0<1i<3, () ry, xel, (258)
w(x) = )

(UhaQ)w,i = (an)w,ﬁ \V/q € Vg?’r_‘l4(r5)(j)’ 17 x € j+.

Remark 2.6. In the case where m = 3, the immersed Hermite projection (2.58) reduces
to the immersed cubic Hermite interpolation discussed in [81, 101], that is, our work here

extends their IFE space to higher degrees m.

Remark 2.7. In (2.58), we can replace 74(r®) with 72(r*) since these two sequences are
identical. We elected to use the former since, later in this subsection, we would substitute ¢

with 1124) which is naturally in Vg‘;f(rs)(f ).

Lemma 2.15. The immersed Hermite projection PI""" is well-defined.
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Proof. Let v € HTH(I). We recall that PJ"" v is defined as vy, the solution to (2.58),

a,rs
which is equivalent to a square linear system. Therefore, we only need to show that if v = 0,

then v, = 0.

Assume that v = 0, then
vr(0) = vy (1) = v5,(0) = vy, (1) = 0, (2.59)

and

&,14(rs

(Uhu UV)Q)f = 07 vq € Vﬁniél( )(j)

In particular, for ¢ = v}(;l), we have (vh, wv}(f)) _= 0. By construction, both v, and u“)v}(f) are
i

in C*(I). Then, by integrating by parts twice and using (2.59), we obtain
0 = (vy,wvy); = v, =0,
which when combined with (2.59) yields v, = 0 by Friedrichs inequality. N

Now, we recall the following result from [81] about the immersed cubic Hermite basis.

Lemma 2.16. Let 5% > 0 and & € I, then there is basis {L%},_, for V3 . (I) such that

O'z(Lé) = 51"]', 0 S Z,] S 3.

Essentially, {Lg}f’:() are similar to the classical cubic Hermite basis since it provides a C*
interpolation of a function v € H?(I) at the endpoints, as the Figure 2.4 shows. In fact, in

the case where 3~ = 7, these two bases coincide.

Now, consider a function v € H?(I), let v, € ngrs(fv ) be its immersed Hermite projection,
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— ) — Ll — 12—}

0.75 |

0.25
0.25

—_—

(b) The immersed cubic Hermite basis with
(a) The classical cubic Hermite basis (8~,B87) =1(100,1)

Figure 2.4: An illustration of the classical cubic Hermite basis (left) and the immersed cubic
Hermite basis (right).

that is 0;(v) = o;(vy) for 0 < i < 3. Then, we have

lvnllo,r =

3
Z Ui(’l))Lg
=0

3
Sl L& -
Fi i=0

0,

Then, to establish a bound on [lv ||, ; independently of &, we need to show that the right-

hand side of the inequality above is bounded independently of .

Lemma 2.17. Let f* > 0 and & € I, then
—1< Li(z) < 1, Varelo,1], i=0,1,2,3, (2.60)

where {LL}_, is the immersed cubic Hermite basis described in Lemma 2.106.

Proof. This proof can be found in our paper [18], which we include here for the sake of

completeness. Let us start with p = L2, we have
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By Lemma 2.6, p" does not change sign in (0, 1) since p’ € VO%J(TS)(IV) and p'(0) = p/(1) = 0.
Therefore, p is monotonically decreasing from p(0) = 1 to p(1) = 0. The same argument

applies to L ,.

Next, we show that ¢ = L2 is bounded between 0 and 1. We have

By Rolle’s theorem, there is ¢ € (0,1) such that ¢’(¢) = 0. By Lemma 2.6, ¢ the only
root of ¢’ in (0,1). Now, by the generalized Rolle’s theorem, there is d € (¢, 1) such that
¢"(d7)q"(d*) < 0. If d # @&, then ¢"(d7) = ¢"(d7) = ¢"(d) because ¢ is a polynomial on
either sides of &. In this case we have ¢"(d) = 0. If d = &, then ¢"(d")¢"(d") < 0 and jump

condition implies

gt
from which we have ¢"(a¢~) = 0 = ¢"(a"). Hence, ¢"(d) = 0. Furthermore, by Lemma 2.6,
d is the only root of ¢” since ¢” € Véﬁz (r)(lv ). Since ¢” is a linear polynomial on either sides
of &, the jump condition satisfied by ¢ further implies that ¢” does not change its sign (0, d)
and (d,1). Because ¢'(0) =1 and ¢/(¢) = 0 and 0 < ¢ < d, we know that ¢’ is decreasing
on (0,d) but increasing on (d,1). These further imply that ¢'(x) € [0,1] for = € [0, ¢] and
¢ (x) <0 for x € [¢,d]; hence, g(x) < ¢(c) for all x € [0,d]. Furthermore, since ¢'(d) <
0,¢'(1) = 0 and ¢’ is monotonic on [d, 1], we know that ¢/(z) < 0 for all € [d, 1]. Hence,
0=gq(1) <q(z) <q(d) <q(c) for all z € [d,1]. Consequently, q(c) > g(x) for x € [0,1]. In

addition, since ¢ has no local minimum point on (0, d), we have ¢(z) > min{q(0),¢(d)} >0
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for all = € [0,d]. Thus, ¢(z) > 0 Vz € [0,1]. On the other hand,

q(z)Sq(c):/ocq'(x)dxg/ocld:p:c<1 vV € 0,1],

The last two estimates lead us to conclude that 0 < g(x) = L?(z) < 1. Similarly, the proof

of —1 < L3 < 1 follows similar steps. O

Now, we are ready to prove our main result about the immersed Hermite projection.

Lemma 2.18. Let T > 0 and m > 3. Then

[P0l 7 < Mol
) m7ﬁ

for all v e HIHN(T).

a,rs

Proof. Let v e HZ (1), and let ¢ € V3

o,rs a,rs

(I) be the immersed cubic Hermite interpolation

of v, that is,
3
G = Z oi(v)L
i=0

By Lemma 2.17, we have

larllor < Z loi() S olly- (2.61)

pm,Her

v, and consider ¢, = v, — ¢1 € V' .(I). By definition of v, and ¢y, we

o,rs

Now, let v, =

have

0i(q2) = 0, 0<:<3,
(2.62)

(42,0q); = (v = qu,0q);, Vg € Vi (D).



68 CHAPTER 2. UNTFIED ANALYSIS FOR ONE DiMENsTIONAL IFE METHODS

In particular, if we choose ¢ = q§4) and integrate by parts twice, we obtain the following

v

2
. (4
e (v — qu, ") .

Then by Cauchy-Schwarz, the inverse inequality Lemma 2.5, and the definition of w, we

have

2 4
165155 (10l + llaulo ) [a€”]] . S (ellos + laallo.r) Nblo s
B 0.1 m.p

which, when combined with the inequality (2.61), and Friedrichs inequality, yields

o Sl 7 (2.63)

m,

l9allo.r < llg

To finish the proof, we recall that v, = ¢, + ¢2. Therefore, by the (2.61), (2.63) and the
triangle inequality, we have

lonllo.r S Moll,z - =
m’B

Again, the error estimate for the immersed Hermite projection follows immediately from

Theorem 2.4.

Corollary 2.4. Let v € H™ (I},), then

a,rs

{v — priery

S A0l g, i=0,1,...,m. (2.64)

0 m, 3

)

2,1y

Therefore, by summing over all elements, using the classical interpolation results for poly-
nomials on non-interface elements [37], and the error estimate (2.64) on interface elements,
we obtain

lu— By S R ol i=0,1,...,m, (2.65)

~
m,

m+1

o,rs

For all function v € H.'w (I). Therefore, by using the classical finite element techniques, we



2.4. ANaLysis oF IFE METHODS FOR INTERFACE PROBLEMS 69

can derive the following estimate for the IFE solution to (2.55).

Theorem 2.6. Let u € HW(I) be the exact solution to (2.55), and let up, € VI (T,) N

HZ(I) be the solution to the discrete problem (2.57), then

lu = wunllo; S ™l

m,

Remark 2.8. We refer the reader to [81] for numerical examples illustrating the estimate

in Theorem 2.6 for m = 3.

2.4.4 The Transport Interface Problem

Consider the following transport equation with a discontinuous coefficient

p

u(z,t) + c(x)ug(z,t) =0, ze€l - UIT, 0<t<T,

u(a,t) = uq(1), 0<t<T, (2.66a)
u(z,0) = uo(x), vel,
\
where ¢|;+ = ¢ > 0 is a piecewise constant function, modeling the wave speeds in two

different mediums. Additionally, we assume that the solution is continuous at the interface,
that is [u], = 0. To our knowledge, no IFE methods were developed for this specific interface
problem. Therefore, we will aim to provide a full overview of the discrete formulation,

stability analysis, error analysis, and numerical examples in this subsection.

First, we restrict our attention to the case where u is smooth enough around the interface,
except at the interface point itself, which allows us to derive additional interface conditions
that we usually refer to as the extended interface conditions. More precisely, since [u(-,t)], =

a

0 for all 0 < ¢t < T, we have [u(-, )], = 0, then by (2.66a) is equivalent to [cu,], = 0. By
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repeating this process m times, we obtain the following
oFu
k _ _
|lc axkﬂa =0, k=0,1,...,m. (2.66D)

Then, the solution w is in the time-dependent immersed Sobolev space H'([0, T], H™ (1)),

a,rh

where 7" = (rh) is the sequence

N\ k
r,@:(%), k=01,.... (2.67)

Additionally, we restrict our work to the case where ug € Hg“j,}([ ), and to the case where the
inflow boundary condition is zero, that is u(a,t) = 0 for simplicity. Later, in the numerical
examples, we will describe briefly the case where u satisfies periodic boundaries conditions,

in the case of two interfaces.

For this problem, we propose the following semi-discrete discontinuous Galerkin scheme,

based on the upwind flux [65]: Find u, € H'([0,T],V™ ,(Ts)) such that

a,rh

(

M (Opun(-;t),vn) = Blun(-,t),vn),  Von € Vi (Th),

,T

 un(0,1) =0, (2.68)

up(+,0) = P™°uy,
\

where P™°** is the L? projection, and M and B are the bilinear forms defined below

1
M(U}h, Uh) = (Ewh, Uh) y (269)
I

B(wp,vn) =Y (wn, v)y, + > [0l walzy), (2.70)

k=1
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for all wp, vy, € V', (I). In the formula above, [vn], = v(z}) — v(zy) for k < n and

[vn], = —vn(w;,). From the classical dG arguments [40, 65], it follows that
B(wh,wh) < 0, Ywy, € ngrh(n)- (271)
Therefore, the solution to the discrete problem (2.68) is stable in the energy norm, that is

. 0<t<T (2.72)

Now, to analyze the L? error of this immersed dG scheme, we will follow a similar strategy to
the one used for the standard dG method [6, 40, 108]: We introduce a projection operator,
called the immersed Radau projection, which is a generalization of the classical right Radau
projection, then we follow the classical technique to derive an optimal error estimate for the

dG solution.

Definition 2.9. Let v € H7%!(I), we define P™®4y € Y™  (T,) to be the solution to

(Pm’RadU,q,)]k = (U,q,)lk, VC] S Vm_l (771)7 vk € {1,27 - '7N}:

a,7(rh)

(2.73)
(P™Rdy)(zp) = v(xy), Vke{l,2,...,N},

where I}, = [x_1, x| is the k-th element. To unpack this definition, consider a non-interface
element I with k # ko, then the immersed Radau projection on this element (P"™"v)|;, is
simply the classical Radau projection. On the interface element, the local Radau projection

prmRad — (pmRady)| ) g the solution to

ko

_— . m—1
(Pa R dU, q)IkO = (Uy Q)Ikov \V/q S 1}cy,7'(7"h)<1k0)7 (274)

(Pv) () = v(wy,)-
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As usual, we need to show that the immersed Radau projection is well-defined and uniformly
bounded. In order to do so, we only need to show that P7"*% = M o PR o M1 is well-

defined and {P"**}._; is a uniformly bounded family of RIFE projections.

By definition, the immersed Radau projection PY""*% of a function v is the solution v, €

V(1) to the system

(2.75)

Lemma 2.19. The immersed Radau projection P;nﬁad is well-defined.

Proof. Since the system (2.75) is a square linear system. It suffices to show that if v = 0,

then v, = 0.

k .
First, recall that 7 = (%) . Therefore, 7(r") = (i—;) rk. In other words, if ¢ € V™1, (1),

&,7(rs)

then g = wgq for some ¢ € V", '(I), where

1 xzel,
w(r) = (2.76)

rh oz eIt

We use this observation to rewrite (2.75) with v = 0 as

(Uhan)wj:()a vqe ng;hl([v)a

(2.77)
Uh(l) =0.

The first equation means that v, € V;” " (I). By Lemma 2.7, it has exactly m interior roots

in I, but v, (1) = 0 which means that v, has m + 1 roots. Hence, v, = 0 by Lemma 2.6. [
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Lemma 2.20. Let ¢ >0 and m > 1. Then

[Pl < Mol

m,c

for allv € Hz:rhl(f)

Proof. Let v € HIHN(I), vy = Py"™%, and let ¢ € VI';'(I) be the solution to

(q17Q)f: (U7Q)j vqevgf;(}nh)(j)’
which is equivalent to
(41,0) g7 = (v,0); Vg e VIH(D), (2.78)

where  is defined in (2.76). The system (2.78) admits a unique solution since it is equivalent
to an m xm linear system with a symmetric positive definite matrix. Furthermore, by setting

¢ = ¢1 in (2.78), we obtain the following inequality
HCHH(Q),Ié(QLQI)w,f = (v,q0)7 < wllorllaulloz- (2.79)
Hence, qung Sellvllg 7o Next, let go = vy, — g1, then
g € VITI(D), and  g5(1) = (1) — g(1). (2.80)

By the trace theorem (recall that v,q; € H'(I)), the inverse inequality Lemma 2.5, and
(2.79), we have

(DS o+ la (WIS ol + Nl s S Mol s (2.81)

m,c
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Next, to obtain a similar inequality for |g2(0)|, we recall that
(ar =0, Wl (D),

In particular, for ¢ = ¢5, we have

= (02,41 = (@1 ~ 0:(0)?).

Hence, [¢2(0)| = |g2(1)| <

~m,c

|lv||, 7 Now, we can use Theorem 2.2 to conclude that

lg2llo.r < 1¢2(0)] + lg2(W)] < vl 7- (2.82)

m,c m,c

Finally, the desired result [|vp| 7 S, [[V]]o 7 follows immediately from (2.79) and (2.82) since

Vhp = q1 + qa2. [

By definition, it follows from Lemma 2.20 that {Py"%},c;, is a uniformly bounded family
of LIFE projections, which when combined with the error estimates for the classical Radau

projection [107], yields the following estimate for the global immersed Radau projection

H,U _ prmiRad < hm+1’U|m+1,17 v E Hgb:;}([v) (283)

UHO,I ~
m,

Now, we are ready to state the main theorem of this subsection.

Theorem 2.7. Let u € H([0,T], H™"2(I)) be the exact solution to (2.66) with uy €

a,rh

H;”:fhl(f), and let uy, be the solution to the semi-discrete problem (2.68), then

It T) — (T < A <|U0|m+1,1 T (s T) s + T i |u<-,t>|m+z,f) .

m,c 0<t<T
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Proof. Our proof here follows the standard techniques for non-interface problems [40]. Let

_ Pm,Rad Pm,Rad

e=u,—u, 2z=21u u, g =up— u.
Then by construction of P™#4 we have B(z,g) = 0. Hence,
B(g.9) = B(g — 2,9) = Bl(e, 9). (2.84)

Next, by (2.68) and (2.84), we have

M(Zt('vt)vg('at)) = M(Qt('?t)vg('at)) - M(et('>t)ag('7t))
1d

= —— ||Cil/2 HI B(€<7t)7g(7t>)
2dt
-2 ;t le 290 1)} = Bla(- ), 9(-.1))
14 1,
S e HI o(t), (2.85)

where o(t) > 0 by (2.71). Let x(t) = ||c=*?g(-, t)HI, then by the Cauchy-Schwarz inequality,

we have

M (ze(-, ), g, 1)) = [ (2, 1), (- )|<Wt B)llo.r R (). (2.86)

Following the ideas in the proof of Lemma 2.19, we can prove easily that v, = —cu, €

H™ () since u, € Herrh)( ). Therefore, by (2.83), we have

« T'h

||Zt('>t>H0,I 5 herl‘u('at)‘erl,I- (287)

m,c

Now, we integrate (2.85) on [0, 7], and use the inequalities (2.86) and (2.87) to obtain

-K(7u2-%ﬁxof < hm+1]g (3) (s 8) msns ds. (2.88)

2 m,c
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Using a generalized version of Gronwall’s inequality (see [22, p. 24]), we get the following

bound on (7))

< m+l .
7;:0/1(0) +h Torél%}(T |u(-, t)|mta.r- (2.89)
From (2.83), we have
H(O) S HUO — Pm’RaduOH S herl‘Uo‘oJ. (290)

Now, the inequality (2.89) combined with (2.90) yields

. < < pmtl .
el Tl S0 < 75 (ko + 7 g ol e ) 2.1

m,c

On the other hand, the error estimate (2.83) tells us that

||Z(7 T)HO,I S

~Y
m,c

R (e, T) |1t (2.92)
Finally, we combine (2.91) and (2.92) to obtain

He('vT)HO,I < HZ('?T)||0,I+||g('7T)”O,I 5 hm (|u0|m+1,l + |u('aT)|m+1,I + 7" max |u('7t)|m+2,f) )

e 0<t<T

which is the desired result. OJ

Since this particular immersed dG method has not appeared in the literature, we will finish
this subsection by including two numerical examples to illustrate multiple features of this

immersed dG method. Namely,

o The numerical solution converges to the true solution at a rate of h™*! as shown in
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Theorem 2.7.

« By writing the discrete form (2.68) as a system of ordinary equations c'(t) = Kc(t).
We observe numerically that the spectral radius of K (i.e. the largest magnitude of
eigenvalues) grows at a rate of h™! regardless of the degree m, which is comparable to
the standard dG method for non-interface problems [65]. This means that an explicit
time integrator will be stable if the time step At < C'h for some fixed constant C' > 0
independent of h.

o The immersed dG (IDG) scheme is robust with respect to the relative position of « in
the interface element, that is, if we fix the mesh and vary a € Ij,, we do not observe
a noticeable difference in the error, nor in the spectral radius of the global matrix K.

e The IDG scheme can be applied to problems with multiple interfaces and different
boundary conditions, such as periodic boundary conditions.

e Our proposed scheme preserves the energy of the system remarkably well, especially
for degree m > 2. This is observed when simulating a traveling wave through two

interfaces, subject to periodic boundary conditions for an extended period of time.
Example 1: Let us consider the interface problem (2.66) with I = (0,4) and u, = 0.

For our first experiment, we choose a = %, (c_,cy) = (1,2) and ug(x) = f(3z — 3), where

f(x) = x(1 — 2?)% if |#| < 1, zero otherwise. The exact solution to this problem is:

uo(x — c_t), r < a,

c_ c_
U <—(x—c+t)+oz<1——>>, x> a.
Cy Cy

For an illustration of the solution at ¢ = 0 and ¢ = 1, see Figure 2.5. We use our proposed

u(z,t) =

IDG method for space discretization with degree m = 1,2,3 and adaptive RK45 for time

integration on the time interval [0,1]. In Figure 2.6, we see that the L? error decays at an
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0.1 |

—0.1 1 v

Figure 2.5: A plot of u(z,0) (solid, red) and u(zx, 1) (dashed, blue).

10° - i

10—2 -

107

L? error

1076

1078

10—10 L

Figure 2.6: A plot of the L? error ||u—uh||0’[074] at t = 1 for m = 1,2,3 under mesh
refinement.

optimal rate of O(h™1). We also observe in Figure 2.7 that the spectral radius of the global

matrix K grows at a rate of O(h~1) regardless of the degree m.

We note that throughout this experiment, the relative position of a within the interface
element denoted & € (0,1) changes with h, but it did not affect the convergence rate. In
the previous example, we have 0.02 < & < .75 for h = 27%,i = 3,...,9. To show this more
clearly, we fix h = 27%, then the previously mentioned value of o = 3 isin Igg = [%, %].

Instead of keeping « fixed, we vary o € Igg (Hence, we vary & in [0,1]), then we compute

the L? error at t = 1 and the spectral radius of the global matrix K. In Figure 2.8, we can
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104 F

102 E

Figure 2.7: The spectral radius of the global matrix K for m = 1, 2, 3 under mesh refinement.

observe that the relative position of the interface does not affect the L? error nor the spectral

radius of K.
3000 "T—m=1——m=2—m=3] |
107 ¢
—m=
 m=2 2,000
5 107° F =
= F —m=3 =
=107} E
I ] 1,000 | 1
1077 E
o~ "~ ! | | | | |
‘ ‘ ‘ ‘ ‘ ] 0 02 04 06 08 1
0 02 04 06 08 1 a
“ (b) The spectral radius of the global matrix
(8) llu = unlo . at ¢ = 1. K.

Figure 2.8: The L? error (left) and the spectral radius of K (right) versus the relative position
of the interface a.

Example 2: Consider the following transport equation with two interfaces oy < as and
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periodic boundary conditions

( 4
Ut(.fb,t> + c(w)um(:c,t) =0, t>0, z¢€ (0,4)\{@1,&2}, L, z<ay,
u(0,t) = u(4,t), t>0, c(z) = 4, oy <z < s,
u(z,0) = up(x), x € [0,4], 1, x> as,

\ \

where (a1, a2) = (5, %). Since u(4,t) = u(0,t), the energy of the exact solution E(t) =

—1/2 is constant and u is periodic in time with period v = 4 — £ ~ 3.48. To

[e=!2u( 6

Do oy

analyze the dissipation of our numerical scheme, we fix h = 275 and plot the relative energy

Ey(t) = ::(%)) for 0 < ¢ < 10y, where E4(t) = || ?u, (-, 1), 0.4 0 Figure 2.9. We observe
that our IDG method is dissipative when piecewise linear polynomials are used and highly
conservative when higher order polynomials are used. For instance, for m = 2, we have

1 —Ep(109) < 21074, and for m = 3, we have 1 — E;(10y) < 1078,

1
—m=1
—~ 0951 —m =2
= —m=
e
09 =
| |
0o 7 10y

t

Figure 2.9: The relative dissipation Eh(t) for 0 <t <10y and m =1, 2, 3.
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2.4.5 The Acoustic Interface Problem

Consider the following acoustic interface problem

pi(z,t) = p(x)c(r)?uy (x, t),

p(‘r)ut(xat) :px(xut)7
rel UIT, 0<t<T, (2.93a)

u(z,0) = ug(x),

p(x,0) = po(x),

where p|;+ = p+ > 0 and c|;+ = cx > 0 are piecewise constant functions representing the
density and sound speed in a heterogeneous medium, respectively, and w,p represent the
velocity and the pressure. We consider the case where the velocity and the pressure are

continuous at the interface «, that is

[ul, = [p]., = 0. (2.93b)

Multiple immersed dG methods were designed for the interface problem (2.93) in [8, 88],
and the numerical experiments suggested that all of those immersed dG methods converge
optimally to the solution. In this subsection, we will provide a rigorous analysis of the L?

error of the immersed dG formulation using the immersed-Bramble Hilbert lemma.

First, we write the system (2.93a) in vector form by introducing u = (p,u)” and the matrix
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w(z,t) + A(x)u,(x,t) =0, rel UIT, 0<t<T,
(2.94a)

u(z,0) = ug(),
where uy = (po,up). Additionally, the interface conditions (2.93b) can be written more

compactly as

[u], =0. (2.94b)
Now, to derive the extended interface conditions, we recall that (2.94b) holds for all ¢ € (0,7),
therefore by differentiating with respect to ¢ and using (2.94a), we obtain

U = k=
S| =0, =0,1,.... (2.94c)

Finally, to describe the boundary conditions, we use Ay = A|;+ to denote the restrictions of
A to I*. We recall that A_ and A, are constant matrices, more precisely:

0 p_c® 0 c?
4 . A= Pl (2.94d)

p=t 0 pjrl 0

The matrices A can be decomposed as Ay = PLAL P, ! where Ay = diag(—ca4, cs). Using
this eigendecomposition, we define AL = P diag(0,cy)Py!, AL = Py diag(—c+,0)P:", and
|AL| = Py diag(ct,ce)PL! to be the positive part, the negative part, and the absolute value
of AL, respectively. The acoustic interface problem that we are considering here is subject

to the following homogeneous inflow boundary conditions
Atu(a,t) = ATu(b,t) = 0, t>0. (2.94e)

In [88, 90], it was shown that the interface conditions (2.94c) can be decoupled into interface
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jump conditions on p and u separately

ok ok ok ok

%p(aJr,t) = ri)%p(a_,t), @u(cﬁ,t) = TZ@U(CV_J% (2.95)

where the sequences (r}) and (r}) are given by the following formulas

o\ 2 oy (e \* p_ [\ 2+
v - + [ C= v - (<=
ok = Tk = ( ) , Toppr = P ( ) v Tokg1 = < > . (2.96)

C+ Ct+ P+ \C+

For k = 0,1,..., then it is suitable to consider solutions u in the immersed vector Sobolev

space H'([0, T], H}''(1)), where r = (1P, r*) and
HY TN = HEEH (D) < HIUEN(D). (2.97)
Consequently, we define the local global IFE space as a product

V$r<[k0) = V(Z?TP(IICO) X V(ZZT“([]?O% Vyozn,r(ﬁl) = VZ,LTP(,];I) X V(Z?r”(ﬁJ (298)

Next, We use S to denote piecewise constant matrix function

lei? 0
Slre = S, Sy = P : (2.99)

0 P+

and we use A to denote SA. Hence, we can rewrite u; + Au, = 0 as

S(x)uy(z,t) + Au,(x,t) =0, rel Ul 0<t<T.
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Here the matrix A is independent of z, and is given by

. 0 1
A pu—
10
We define the following bilinear forms
N
M(w,v)=> (Sv,w), , (2.100a)
k=1

Bw.v) =Y (Vg Aw) D IVIE, S(aw(a). (2.100D)

k=1
where the numerical flux w(zy) = A(zy)"w(z; ) + A(xx)"w(z]) at the interior nodes, and
the jump at the interior nodes [v], = w(z)) —w(x;). At the boundary, we have W(zy) =

Alzn)tw(zy), W(zo) = Alzo) w(xg), [W],, = —w(xy) and [w], = w(ag).

Now we are ready to state the semi-discrete immersed DG formulation as: Find u, €

H* ([0,T],V2.(Tx)) such that
M(upy(-,t),vi) = B(up(-,t), va), Y, € Vil (Th), 0<t<T, (2.101a)

and

(un(+,0), vi)r = (o, va)1, Vv € Vi (Th), (2.101Db)

that is uy(-,0) is the L* projection of ug onto the global IFE space v;, € V2,.(7T5). Therefore,

it follows from Corollary 2.2 that

[un(-,0) = uollg, < A" Huolmsrr- (2.102)

m,c,p
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Additionally, it follows from the traditional dG techniques and our choice of the flux that

uy, is stable in the energy norm. In other words

2

M (un (-, ), un (-, ) = |[VSuwi (-1 (2.103)

Z,I = H\/Euh(~,0)

01

Remark 2.9. The discrete weak formulation (2.101) is equivalent to the IDPGFE scheme

described in [88], where the proof of (2.103) is discussed in detail.

The interface conditions (2.96) are quite complicated to work with directly as shown in the
calculations done in [88]. In fact, the nature of these coefficients is what drove us to study
the general form of the IFE space (2.5). Hence, we will avoid referring to them directly as
much as possible in the remainder of this subsection. Instead, we derive some interesting
facts about the matrices AL and Sy from our paper [18] that we will use later. These facts
allow us to study the vector Radau projection, without the need for the explicit formula

(2.96). For the sake of completeness, we included the proof from [18].
Lemma 2.21. Let AL be the matrices defined in (2.94d) and let S» = diag(pi'ci', p+),
then

(a) For any integer k > 0, the matriz AjrkA’i is diagonal with positive entries.

(b) Lets € {+,—}, then there is an invertible matriz P, such that Ay = P, diag(—c, c,) P!
and S, = P;TPL.

(¢) Lets € {+,—}, then the matrices S;AL, SsA; and Sg|Ag| are symmetric. Furthermore,
S AT is positive semi-definite, SsA; is negative semi-definite and S|Ag| is positive

definite.

(d) Let s,s € {+,—}, and let w € R?, then
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(l[Azw]f® + [w"s,A7w| = 0) = w =0. (2.104)
where ||-|| is Euclidean norm.
(e) Let s € {+,—}. Then, there is a constant C(ps,cs) > 0 such that
wl S Afw — wl'S, A;w > ||w|?, vYw € R”. (2.105)
p,C
Proof.  (a) We have A2 = ¢11dy, where Id, is the 2 x 2 identity matrix. Therefore,

A% = 2F1d,, AP = 2R A k=0,1,.... (2.106)

ok
Using (2.106), we immediately obtain A;**A%* = <Z—J‘r) Idy and A7 1A =

2%
(C;> A7'A . Finally, by direct computation, we have AT'A_ = diag (’” p‘f*).

c+ p-7 prcy

Hence, A7FA* = diag(r?, r}*), where r} and rjare defined in (2.96).
(b) Let

P=—— : (2.107)

then, by a simple computation, we can show that S, = P77 Pt and A, = P, diag(—c,, c,) P, L.

(c) We have S,Af = P71 diag(0, c,) P!, where P, is defined in (2.107). Therefore, S, A
is a symmetric semi-positive definite matrix. The other two claims can be proven

similarly.

(d) We will only consider the case § = + here, the other case can be proven similarly.

Consider a vector w € R? that satisfies

[ASwl|* + |wPS,A; w| = 0. (2.108)
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Now, let w = P;w where P is defined in (2.107), then (2.108) can be written as
| P, diag(0, ¢, )W||* + ||diag(—cs, 0)w]||* = 0,

Since both norms are non-negative, we have diag(—cs,0)w = 0 and P; diag(0, ¢5)w = 0.

P, being invertible, we get w = 0. Consequently, w = P, 'w = 0.
(e) We have by direct computation

~1,.-1
Ps Cs

wlS,(Af — A))w=w" w2 ||wl|. O

0 PsCs p,C

Now, it is time to introduce the global immersed vector Radau projection P ¢ : Hg“il (1) —
Vi (Th). Following the lines of Definition 2.9 and the definition of B in (2.100b), we use

P™Ve¢y to denote the solution v, to

(

(Vha Aq/)fk = (Va Aq/)fm vq € VZL,I'(,];L)’

A(.Tk_l)_vh(x;:_l) = A(xk—l)_v<x]i__1) Vk € {1, 2,... ,N}.

Alze) " va(ey) = Alee) "v(zy),

\

Again, vy, is chosen such that B(v—vy, q) = 0 for all q € V', (75,), and it can be constructed
locally on each element. On non-interface elements, it reduces to two Radau projections,
which are well known. Therefore, we will focus on the construction of the reference immersed

Radau projection on I denoted P5""*° : v — vy, where vy, is the solution vj, € VZ'.(I) to
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the system

;

(Vh’ Aq/)f = (Vv Aq/)ﬁ Vq € ngr(j):

AZvp(0) = AZv(0), (2.109)

Atvy(1) = ATv(1).

\

Lemma 2.22. The immersed vector Radau projection P""*¢ : HE'H (1) — VT (1) is well-

defined.

Proof. First, note that the system (2.109) is a square linear system since the first condition

is equivalent to

(Vh7 Aq)f = (V7 AQ)j, Vq e V;n,;(lr)(i):

where 7(r) = (7(r?), 7(r")). Hence, it is enough to show that if v =0, then v, = 0. If v =0,
then

(v, AV}); = 0 = v, (1) T Avy(1) — v, (0)T Av,(0) = 0, (2.110)

Now, we recall that A= S+ AL and use

A=v,(0) = Atvi(1) = 0, (2.111)

to obtain
0= vp(1)TAvy,(1) — v1,(0)T Av,(0) (2.112)
= v ()T S, A vi(1) — v (0)TS_A_v,(0) (2.113)

= vi(1)TS; ATvi(1) — v, (0)7S_ATv,(0). (2.114)
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But Sy A7 and —S_AY are both negative semi-definite by Lemma 2.21 (part c), then
0=vu(1)"SLATv(1) = v4(0)"S_ATv,(0), (2.115)
which when combined with (2.111) and Lemma 2.21 (part d), yields
vi(0) = v4(1) = 0. (2.116)

Now, Let us recall that

(vi, SAq"); =0, Vq € Vzr(f),

which is, by (2.94¢), equivalent to
(v Sq); =0, VqeVvii(h) 2.117)

Since S is a diagonal matrix, the equation above is equivalent to v;, € V;U ) x VEMD,

where

Hence, each component of v, has m interior roots (by Lemma 2.7), but v (1) = v,(0) = 0.

Therefore, v, = 0 by Lemma 2.6, which finishes the proof. [

Lemma 2.23. The immersed vector Radau projection {Pén’vec} is a uniformly bounded

ael
family of RIFE projections.
Proof. Let v € HZ (1) and let v, = PY""*°v. Recall from the previous proof, that we have

a,r

(v, Sq); = (v,Sq),  Vqe V(D).
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Now, let q; € ng;l(_f) such that

(ai, 5q); = (v,Sq),  Vqe VI ().

Then, by choosing q = q; and Cauchy-Schwarz inequality. We obtain

laullor S Ivllor- (2.118)
p,C
NOW, let q2 = vV — q1, then

(a2,5q); =0, Vq € ng;l(f) (2.119)
Afax(1) = AL(v(1) — ai(1)), (2.120)
AZqx(0) = AZ(v(0) — a1(0)), (2.121)

Therefore, by Theorem 2.2, we have
azllo 7 < la2(0)] + [a2(1)]- (2.122)

On the other hand, from (2.121), we have

|a2(0)" AZqx(0)| < [la2(0)] <Hq1||1,f + |!VH1,f) S la O Ivily 7 - (2.123)

pyC

Similarly, (2.120) leads to

(1) AZae(D)] S a1 ;- (2.124)

pyC
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Now, by choosing q = Aqj in (2.119) and integrating, we obtain

q2(1)S1 A1 qa(1) — q2(0)S-A_q2(0) = 0,

which can be rearranged as
Q2(1)S+AIQ2(1) - Q2(0)S—AIQ2(0) = Q2(O)S—Af(l2(0) - Q2(1)S+AIQ2(1)-

a2(1)" 1 ATz (1) +aa(1)" 94 ATae(1) —qa(0)"S- AT qs(0) —g2(0)" S_AZqs(0) = 0. (2.125)

Now, from (2.105), we have

a2(0)"S-A%ay(0) — a2(0)"S-AZq2(0) Z [laz(0)]*, (2.126a)

psC

a2(1)"S: ALas(1) — ap(1)7S: ATax(1) 2 [laz (1)) (2.126b)

psc

Next, we sum (2.125), (2.126a) and (2.126b) to obtain

Q2(1)S1 ATqp(1) — q2(0)S-A~qa(0) 2 (laz(0)[* + [la=(1)]1%) - (2.127)

psC

The left-hand side is bounded by (2.123) and (2.124)

olly,7 (lazO)] + laz(WI) 2 laz(0)[* + llaz (L) (2.128)

pyC

So, by Theorem 2.2, we have

qello; < lla2(O)l + [la2 (DI < (vl ;-

m,p,c p,C
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Finally, we recall that v, = q; + q2, then

IVillor < lanllo s+ llazllor S [l

m,p,c

Which proves the lemma. O

It follows then, from Theorem 2.4 that

Jlu—P™ull,; < Al (2.129)

m,p,c

for all u € Hf*(I). Here we note that the immersed Poincaré projection defined in Defi-
nition 2.4 and the immersed Bramble-Hilbert lemma extend naturally to the product space

VI (Th) x Vi (Th) to give (2.129).

Finally, the global error estimate for the immersed DG solution for this problem follows from

the standard dG techniques used in Theorem 2.7.

Theorem 2.8. Let u be the solution of problem (2.94) and let w, € H*([0,T], V7 .(T4)) be
the solution of (2.101). Ifue H'([0,T|;Hy*(I)) and vy € HH(I), then

) = Dl S A (Il fae Dl + 7 g JuC,Dlsa )

mp,c <t<T

This theorem validates the results of the numerical experiments in [88].

2.5 Conclusion

In this chapter, we have developed a unified framework for studying immersed finite element

and immersed discontinuous Galerkin methods for a group of one dimensional problems.
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This framework is based on an immersed Bramble-Hilbert lemma, which allowed us to use
the traditional scaling argument to analyze IFE methods for scalar and for vector interface

problems.



Chapter 3

The Frenet Immersed Finite Element

Space

In this chapter, we introduce a new approach for constructing high-order, locally conforming
IFE functions for two-dimensional interface problems. In this approach, the interface is
mapped via a nonlinear coordinate transformation into a straight line, then the IFE functions
are constructed in this new coordinate system, called the Frenet coordinates, then the IFE
functions are mapped back to the interface element. At the end, we provide a discussion of
the implementation of the Frenet transformation, as well as the construction of the Frenet

IFE basis.

The results in this chapter are partially reported in [19].

3.1 Introduction and Motivation

Let Q C R? be a domain split by an interface I' into QT UQ~ UT, we consider the following

elliptic interface problem

-V .- (Vu)=f, on QTUQ,
(3.1a)

Ufaﬂ =9,

94
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where [ is a positive piecewise constant function

B, xeQt
B(x) = (3.1b)
B, xeQ .

Additionally, we assume that u satisfies the following interface conditions on I

[ul = [BVu - n]. =0, (3.1c)

where [-];- denotes the jump across the interface T', that is, if v* = v|q+ for some function

v, then

[v] = vF e —v7|r,

and n is a normal vector on I'. Furthermore, we assume that f is smooth around the
interface, which allows us to restrict our work to the case where u satisfies the following

extended interface conditions [12, 13, 51]

k
Hﬁ%mﬂ =0, k=0,1,...,m—2, (3.1d)
I

for some integer m.

The interface problem (3.1) can be considered as the two-dimensional analogue to the one-
dimensional interface problem (2.39). However, unlike the one-dimensional case, where the
interface is a single point, the space of possible interfaces I' is extremely rich in two di-
mensions, which introduces multiple challenges for unfitted methods. Having said that,
unfitted methods are extremely attractive since they tend to be computationally efficient,
while maintaining an optimal convergence rate. For instance, one can use a simple Cartesian

mesh, where the elements are merely a translation of each other. Thus, reducing the cost of
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meshing and assembly greatly. For a comparison between an interface-fitted mesh and an

unfitted mesh, see Figure 3.1.

(a) An example of an interface-fitted mesh (b) An example of an unfitted mesh

Figure 3.1: An illustration of an interface-fitted mesh (left), and an unfitted Cartesian mesh
(right). The interface I' is shown in red.

Because of the previously mentioned advantages, numerous unfitted methods were developed
for this problem in the last thirty years. Unfitted finite difference methods, were developed
and analyzed in [45, 75, 104] amongst other papers. On the other hand, in the finite element
community, there are a few approaches to implementing an unfitted method. We mention
here the CutFEM method [30, 74], the extended finite element method (XFEM) [103], and

the immersed finite element method [13, 16, 51, 62, 76, 77, 84].

In the immersed finite element method, we consider an unfitted mesh, such as the one shown

in Figure 3.1b, and we distinguish two types of elements:

o Elements that are not cut by the interface, called non-interface elements.

o Elements that are cut by the interface, called interface elements.

On non-interface elements, polynomials are used to approximate the solution. Whereas,

on interface elements, a finite dimensional space called the local IFE space is constructed.
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Typically, the local IFE space consists of piecewise polynomials that satisfy the interface

conditions (3.1c) and (3.1d) in a certain weak sense.

Consider, for example, an interface element K, such as the ones shown in Figure 3.2 split by

the interface I" into K~ and K, where 0K~ NOK*T C I

Kt K+
. : -
K~ K~
1
(a) Example I (b) Example 1T

Figure 3.2: Two examples of interface elements K.

In general, it is impossible to find two polynomials p* such that p* = p~ and f*Vp' -n =
f~Vp~ - n on the interface I', unless the curve I' is an algebraic curve (e.g. a line, a conic,
..). For this reason, the immersed finite element spaces in the literature focused on creating

spaces of piecewise polynomials

p(x), x€ K™,
p(x) =
pt(x), xe KT,

where ¢ satisfies a weaker version of (3.1c). For illustration, we mention a few approaches

 In [77], the authors proposed a space of functions of piecewise linear functions ¢, such

that

p"(D)=p~ (D), p"(E)=p (E), p'Vp (M) -n=p"Vp (M) n,

where D and E are the intersections of I' with 0K, M is the midpoint of D and F,

and n is a normal vector to the line DFE. This construction was later extended to
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bilinear IFE functions [61, 62]. This idea of enforcing the interface conditions at a
finite number of points was later extended to higher degree IFE methods in [5] by
considering points Dy, Dy,...,D,, on I'N K.

 In [13], the authors explored a weak formulation of the IFE conditions. That is, p™

and p~ are chosen such that

/izﬁqz/‘zﬁ% ami/ (BW@ﬁqu/ﬂ(ﬂY@-nM” Vg € P"(TNK).
I'nK I'nK I'nK I'nkK

Similarly, the extended interface conditions (3.1d) are enforced weakly. This approach
is interesting since it considers the jump of ¢ on the entirety of 'M K, and it generalizes
naturally to all polynomial degrees. However, it was observed that this approach leads
to an ill conditioned system when I' N K is very small.

o In [12], the authors proposed to state the interface conditions (3.1c) and (3.1d) as
minimization problem, that is, given a polynomial p~ on K, a polynomial p* is
constructed such that it minimizes a positive definite quadratic form. One of the major
benefit of this approach is that the resulting local system is guaranteed to be consistent.
However, it was observed that this system suffers from a similar ill conditioning issue
to the one described in the previous approach. This issue was circumvented later by
enforcing the interface conditions on a larger element, called the fictitious element

[55, 114].

In each of the methods described above, and other methods in the literature, the immersed
finite element functions do not satisfy the interface conditions exactly, even the condition
[u] = 0, which may necessitate the use of extra penalties on the interface [51] or on the
edges cut by the interface [84] in the discrete weak formulation, unless the interface is a line,

where the methods above produce IFE functions that satisfy [u. = 0 exactly.
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Here, we make two observations regarding the IFE methods described above

e The IFE methods in the literature do not use all the properties of the curve, such as
the curvature, tangent vector and normal vector. These quantities are trivial in the
case of a linear interface, which explains why constructing higher order IFE functions
on linear interfaces is much easier than for general curved interfaces [25].

« To construct a finite dimensional space of functions that satisfy the interface conditions

(3.1c) exactly, one needs to consider non-polynomial functions.

With these two observations, we are motivated to introduce a coordinate transformation
that maps the interface locally onto a line segment, which will simplify the geometry greatly
and allow us to construct a locally conforming space of piecewise polynomials in these new
coordinates, then finally we map the newly constructed space back to the interface element.
Since this transformation is not necessarily affine, the resulting local IFE space is no longer

a space of piecewise polynomial functions as our second observation suggested.

To illustrate this idea, consider a curve I' parametrized by a function g : I C R — I', and
let n(¢) be the unit normal vector at g(§) for & € I. Then, notice that a point x on the
interface can be associated with £ € I, such as g(¢) = x. On the other hand, if x ¢ I, one
can consider finding a representation of x of the form g(&) + nn(¢), that is, (n,£) are the
coordinates of x in a curvilinear coordinate system. For instance, consider the unit circle
parametrized by g(&) = (cos(£),sin(€)), and consider x = (1,1) which is not on the circle,
then x = g(&)+mm(§) for { = T andn = v/2—1, as Figure 3.3 shows. Notice here that there is
another solution to g(¢)-+mm(€) = (1, 1), namely ¢ = 5% and = —/2—1. Therefore, we need
to be careful when discussing the invertibility of the map (n, &) — g(&) + n(§). Generally
speaking, this map will be invertible in a tubular neighborhood around the interface, which

we will discuss later. For now, we can think of the map x = (z,y) — (n,£) as a local change

of variables, where points on the interface are mapped into points on the vertical axis n = 0.
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Figure 3.3: The point x is represented as g(&) + nn(&). Here, nn(€) is shown in blue.

The last point is crucial in our construction since it transforms (3.1c) and (3.1d) into interface
conditions on a vertical line segment instead of a curve. To describe this construction in
detail, we first introduce the notation used in this chapter in Section 3.2, then we define and
analyze the Frenet transformation in Section 3.3. After that, we define the Frenet IFE space
in Section 3.4. Finally, we provide an overview of the computational aspects associated with

creating a basis for the Frenet IFE space in Section 3.5.

3.2 Notation and Assumptions

Without loss of generality, we assume that Q C R? is a rectangular domain, split by the
interface I" into Q= and QF. Given a subset B C ), we define B* = Q*NB. Additionally, we
use H*(B) to denote the classical Sobolev space W*?(B) equipped with the norm [|-||,,, 5, the
semi-norm |- |, 5 and the L? inner product (-,-)p, and we use PH*(B) to denote the broken

Sobolev space consisting of functions u such that u|g+ € H*(B¥). The broken Sobolev space
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is then equipped with the broken Sobolev norm and the broken Sobolev semi-norm

2 2 2 2
s = s + 1 Tl =1 Epe + 115

Additionally, we use (-, -)sp to denote the L? inner product on 9B.

Given two vectors u = (uj,uz) and v = (vy,v7) in R? we use ||ul| and u - v to denote the
Euclidean norm of u and the Euclidean dot product, respectively. In addition, we use u A v

to denote the wedge product u A v = ujvs — ugv;.

We partition the domain €2 into a uniform Cartesian mesh 7, independent of the interface
I', where h is the diameter of each element. Given an element K € 7j,, we say that K is a
non-interface element if K N T = &, where K=K \OK is the interior of K. Else, we call K
an interface element. We use 7’ to denote the set of all interface elements and 7, to denote
the set of all non-interface elements. Additionally, we use &, &y and & to denote the set of

edges, the set of interior edges and the set of boundary edges, respectively.

We assume that the interface T' is parametrized by g : [&;,&.] — R?, where g = (g1, g2) and
g1, g2 € C3([&,,&.]). Furthermore, we restrict our work to the case where I is a simple Jordan

curve [1, 41, 98], that is

g(&s) = g(&), and gl c.) is injective. (3.2)

However, as we will show later in the numerical examples, our methods applies to non
Jordan curves as well. In addition, we assume that the parametrization g is regular, meaning

g'(&) # 0 for any & € [£;, €], which allows us to define the unit tangent vector and the unit
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normal vectors at each point g(§) € T’

1 0 1
g(€), mn(§)=9r(), ¢el& &), where Q= - (33

O =TzE o

We use k to denote the curvature at the point g(¢) € T’

() = QN _AOEO a0 ¢ e o) 5.4)

g’ (€)]° (91(6)2 + g5(€)?)

3.3 The Frenet Transform

Let P: [¢,,&] x R — R? be the transformation given by

Pn,§) =g(§) +m(&),  (n,§) e Rx[&, &, (3.5)

which we will refer to as the Frenet transformation. Then, P maps the vertical segment
{0} x [&, &] onto the interface I'. Furthermore, for a fixed 7o, {P(no, &) }ecpe, ¢.) is a parallel
curve to I' in the sense that ||P(no, &) — g(£)|| remains constant. On the other hand, for a
fixed &, {P(1,&o) }ner is a line orthogonal to g'(§y). Hence, one can view P, at least locally,
as a change of coordinates. However, one needs to be careful about the invertibility of P

since, as we have observed in the previous section, it may not be injective.

The transformation P appeared in differential geometry in the context of parallel curves
(98] and in the context of tubular neighborhoods [1, 66]. Also, a simplified version of P
was considered in [25] and in [67] for constructing IFE functions. Additionally, a different
version of this transformation, based on the Cartesian equation of the interface was discussed

recently for high-order CutFEM methods [74].
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First, we recall the following theorem about the invertibility of P, also known as the tubular

neighborhood theorem for Jordan curves.

Theorem 3.1. Let P be the Frenet transformation defined in (3.5). Then, there is € > 0

such that
Plcoxie.c)
is invertible.
Proof. See [1, p. 77| for a detailed proof. O

In the theorem above, we note that we excluded &, from the domain since we assumed that

[ is Jordan curve (3.2). Hence, g(&.) = g(&s).

Remark 3.1. The theorem above is a special case of the tubular neighborhood theorem for

smooth manifolds [66].

Geometrically, Theorem 3.1 states that if the distance between a point x and the curve I is
less than €, then x can be represented uniquely as P(n,&). Now, if you consider all points x
whose distance from I' is at most €, you obtain a tube containing I'. Hence, the name of the
theorem. For a visual illustration, see Figure 3.4 and observe that the normal vectors do not

intersect each other within the tube, as expected from the tubular neighborhood theorem.

In the remainder of this chapter, we will use N(4) to denote P((—¢,0) X [&,&)) for all 6 > 0,
and use € to denote the constant described in Theorem 3.1, which we will call the radius of

the tubular neighborhood. Thus, there is a mapping R : N(e) — (—¢,€) x [, &) such that

P(R(x)) = x, Vx € N(e). (3.6)

Next, we derive some useful calculus formulas for the derivatives of 7 and n, also known
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Figure 3.4: An illustration of a Jordan curve I' (red), its tubular neighborhood (light blue),
and normal vectors on I' (blue).

as the Frenet-Serret formulas (in two dimensions). Even though the proof of these formulas
can be found in many differential geometry textbooks, we will include a proof here for the

sake of completion.

Lemma 3.1. Let 7 and n be the unit tangent vector and unit normal vector defined in (3.3),

respectively, then

(&) = —r(&) I18"(O)In(),  n'(§) = (&) Ig" () T(£)- (3.7)

Proof. By definition of 7, we have

/ . i 1 /
™€) = ¢ ( GRIGE (é))

gO-g© . 1
=gl 29 el

g"(€), (3.8)
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On the other hand, 7(£) and n(¢) form an orthonormal basis of R?, so

= lg' (O (&) - &"(€)g — (g'(€) Ng"(€)Qg(€))
= lg'©1™ ((g’(f) -g"(€)g'©) sl ©I’ Qg’(é)) : (3.9)

Hence, by substituting (3.9) back into (3.8), we obtain

7'(§) = —r(§)Qe'(§) = —r(&) gl m(S),

which proves the first formula of (3.7). To prove the second formula, we recall that n(§) =

O1(£), and use Q* = —1I, to conclude that

n'(§) = Q7'(€) = —r(&) g/ ()] Q*7 (&) = x(&) lIg'(€)ll T(6).
0

Before deriving some other important calculus formulas, we note that we will be considering
derivatives with respect to z,y, as well as derivatives with respect to n and . Therefore,
it is important for us to use different notations for the differential operators. As usual, we
will use V, V-, J and A to denote the gradient, divergence, Jacobian matrix and Laplacian,
respectively, with respect to the variables z,y. On the other hand, we use @, @3 J and A

to denote their counterparts with respect to 7, £.

Lemma 3.2. Let P be the Frenet transformation defined in (3.5), then

Jp(n.€) = n(€) | (&) +m'(€)] (3.10a)
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and

det (Jp(n,€)) = Ilg/()] (1 +n1(€)) . (3.10b)

Proof. The formula for J p(n, &) follows by a direct computation. Hence, we will focus on

the second formula

det (Jp(n,€)) = detfn(€) | &(€) +nn'(€)

=n(&) Ag'(&) +nm(&) An'(€) (By the definition of A)
= |lg'(€)|l +mm(&) An'(€) (Using n = ||g'(€)[I™ Qg'(€))
= 118"l +m() A (x(&) 18"(E)II 7 (£)) (Using (3.7))

= [Ig" Il (1 +ns(&)n(§) AT(E))
= [Ig' Il (1 +nx(€)) -

The last equality follows from n(¢) A 7(€) = (Q7(£))T Q7 (¢) = 1. O

Next, we will derive a formula for the Jacobian of R. For the sake of conciseness, we will
treat 7 and £ as functions of x, that is, R(x) = (n(x),&(x)) or simply R = (n,¢), which will

allows us to describe R in terms of its components 1 and &.

Lemma 3.3. Let R = (1,£) be the inverse Frenet transformation (3.6), then

Jr = , (3.11)

and

det(Jr) = IO (1 + ne(€) " (3.12)

Proof. The formula for the determinant (3.12) follows immediately from Lemma 3.2. To



3.3. THE FRENET TRANSFORM 107
prove (3.12), we only need to show that JiJp = I,. Since 7-n=0=mn-n' = 0, then

") e 1810 + o) - | ’
(e 0 8] + () 2(©

Next, we use the Frenet-Serret formulas Lemma 3.1 to obtain

18" +n7(&) - 0'(§) = 18" (1 + 1k (8))-
Hence, the formula (3.11) holds. O

The quantity (1+ nx(£))~" is of great importance to us since it will appear repeatedly in
the formulas to follow. For conciseness, we will use ¥(n, §) to denote it. Hence, the Jacobian

of R can be written compactly as

det(Jr) = €' ()] ¥ (n.€). (3.13)

In order to guarantee that ¢(n,&) is bounded, we will assume that 1 + nk(§) > % for all

£ € [&, &), or simply,

1
< — =
S g o g WO (319

The condition (3.14) is a purely geometric condition, meaning that it is independent of the
choice of parametrization g since the maximum curvature kq is a property of the curve T,

and it is independent of g [1].

At this point, we recall that the inverse Frenet map is defined on the tubular neighbor-

hood N(¢). However, the condition (3.14) suggests considering a potentially smaller tubular
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neighborhood Ny where

1
No = N(ep), €p = min (e, —) . (3.15)
2/€0

Thus, R|y, is well-defined and | det(Jg(x))] > 1 ||g/(£(x))| for all x € Np.
Remark 3.2. The choice of § in (3.14) can be replaced by any other ¢ € (0, 1).

Example 3.1. Consider the circle I' = {(z,y) € R? | 2% + y* = r} for some r > 0, then
g(&) = (rcos(§),rsin()) for € € [0,2x] is a regular parametrization of I'. Then, by direct

1

computation, we have x(§) = r~'. In this case, we can take ¢y = % to obtain the tubular

neighborhood shown in Figure 3.5. In this special case, we can calculate {(x) and 7(x)
explicitly: £(x) is the angle of x in polar coordinates, then g(£(x)) = > and n(x) is the
(signed) distance between x and = € I'. To find an explicit formula for 7(x), we recall that

1]

n is defined by (3.3), then

0 1 —sin(&(x x
n(€(x)) = O ey = X
—1 0f [ cos(&(x)) r x|

Now, we substitute n(£(x)) and g(£(x)) back in the definition of P to obtain

ng@@D+M@Mﬂﬂ)=ﬁ+n@Dﬁﬁ-

Hence, n(x) = [|x|| — .

Remark 3.3. In Example 3.1, we are able to find an explicit formula for n(x) and £{(x). In
general, such explicit formulae are hard to obtain. Nevertheless, we will describe later an

efficient numerical method to calculate n and &.

In the remainder of this section, we focus our attention on functions defined on subsets of
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Figure 3.5: A tubular neighborhood of I' (red) with non-intersecting normal lines (blue) and
parallel curves (black).

Ny, where R = (n,§) is well-defined and differentiable. For every domain D C Ny, we will
use D to denote R(D), and for every function u : D C Ny — R, we will use @ to denote

uoP:D —R. Similarly, if u : D C Ny — R? is a vector function, we use @ to denote uo P.

From Lemma 3.3, it follows that the gradients of n and £ on N, are given by

Vn=n(), VE=|g©)] " v, &)T(©). (3.16)

Here we are dropping the variable x from the equation to avoid lengthy formulas. However,

it is important to remember that we are treating n and £ as functions of x in this context.

Lemma 3.4. On Ny, we have
V-n() = k(p(E),  V-7(§) =0. (3.17)
Proof. Let us start with V -n(§). From (3.16), we have

V-n(€) = VE-n'(€) = v(n,9) |Ig' €)™ T(€) - n'(€).
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Next, we recall that n’(§) = k(&) ||g'(&)]| T(§), then

V-n(§) = sy ((1,£).

The second formula V - 7(§) = 0 follows from a similar argument

V.T(€) = VE-T(€)
=9, g () - T'(€)
= —¢(n, )K(E)T(€) - n(€)

= 0’
which concludes the proof. [

Our next step is to derive some elementary calculus formulas for the gradient and Laplacian

of functions on Ny in terms of the Frenet coordinates 7, £.

Lemma 3.5. Let u: Ny — R be differentiable, then u = uwo P is differentiable and

Vu = a,(n, E)n() + &' () ©(n, ite(n, )7 (). (3.18)

In particular
Vu-n(§) = iy(n,€), and Vu-7(€) =g/ )" (1, &)ie(n, ). (3.19)
Proof. This follows immediately from (3.16) since u = @ o R = (1, ). O

Lemma 3.6. Let a,b: Ny — R be differentiable functions, and let a = a o P, b="boP and
u=an(§) + b7 (¢), then
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Vu=ay(n, €) + k(€)Y (n, €)an, &) +v(n,€) || (€)™ be(n. €). (3.20)

Proof. We start first with V - (an(§)), we have

V- (an(§)) = Va - n(£) +aV - n(g)

= an(n,€) + a(n,§)x(§)(n, €), (3.21a)

where the last equality follows from (3.19) and (3.17). Similarly,

V- (b7(£)) = Vb - 7(£) + 0V - 7(§)

= be(n,€) 19" ()" ¥(n,€) +0. (3.21b)

Finally, by summing (3.21a) and (3.21b), we obtain (3.20). O

Lemma 3.7. Let u: Ny — R be twice differentiable, and let & = uwo P, then
Au = 2Z(a)(n,£), (3.22a)

where

g(ﬁ) (na 6) = ﬁm?(na 5) =+ Po (na f)ﬁff(ﬂa 5) + p1 (na f)an(na 6) + P2(777 5)’&6(777 5)? (322b)

and
_ (0.9 _ .
__(P@ON g(€) - g"(€) .
po(:€) = (ngu) (” Ovln O+ = o ) (3-220)
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Proof. From (3.5), we have

AU==V'(ﬂAm€ﬁKOF

By applying Lemma 3.6 and Lemma 3.4, we obtain

A= i1, €) + K00 (&) + TS 2 (RS

' (E)]] 9€

Next, we use ¢(n, &) = —nr/ (€)1 (n, £)? to obtain

0 (1#(77,6)

¢ \g'(9)]

o ) = =i/ ()P0, ) I E)™ =L, E)(&€) - g"(E) Ig' . (3.:23b)

Thus, the desired formula (3.22) is obtained by substituting (3.23b) back into (3.23a). O

3.4 The Frenet IFE Space

In this section, we proceed to construct an m-th degree Frenet immersed finite element space
using the Frenet transformation introduced in the previous section. First, we assume that
mesh size h < ¢y where ¢, is defined in (3.15). Hence, for each interface element K, the
inverse Frenet transformation R is well-defined and differentiable on K. For example, see

Figure 3.6, where every interface element is contained in the tubular neighborhood Nj.

Now, consider an interface element K, then K is contained in a section of the tubular
neighborhood Ny of the form Kr = P([£o, &1] X [—h, h]), which we will call the local fictitious
Frenet element as shown in Figure 3.7. Additionally, we will call g([£o, &1]) = KpNT fictitious

local interface and denote it by I'k,.

In accordance with the notation in the previous section, we will use K ,K + and K~ to
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/
[
i\

Figure 3.6: A uniform mesh 7, such that each interface element is in Ny, where the boundary
of Ny is in dark blue.

)
=
&

Figure 3.7: An illustration of an interface element K and its associated fictitious Frenet
element K.
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denote R(K),R(K") and R(K~), respectively. Similarly, we will use Kp, g, , K7 and
K5 to denote R(Kp), R(T'k,), R(K;) and R(K;) as shown in Figure 3.8. Then, K* is
contained in the rectangle [A(f, and more importantly, r K is a vertical line segment. This
last property is a key ingredient in the construction of the Frenet IFE functions. To illustrate
these observations, we consider the previously shown interface element in Figure 3.7, and we
apply the transformation R to K and K to obtain K and Kp. Notice here that K is not a

polygon since R is non-linear.

13 Yy
L z
Ky
Kr
fl\’ P

Figure 3.8: The plot on the right shows an example of an interface K and its associated local
fictitious element K. The plot on the right shows their images under the inverse Frenet
transformation R.

Now, consider a function u : Kr — R that satisfies the interface conditions (3.1c) and (3.1d)
on 'k, and let &4 = uo P and B = [ o P, then by Lemma 3.5 and Lemma 3.7, we have

[alt,, =0, Hﬁﬁnﬂ =0, (3.24a)

I'kp

and

~ O . .
|[ﬁa—n]$(u)ﬂFK =0, 4j=0,1,....,m—2. (3.24b)

F

Here, we note that the flattened interface conditions (3.24a) are simpler than the original
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interface conditions (3.1c) since I'k,. is merely a line segment.

Next, we proceed to the construction of the Frenet IFE space on K r, which consists of
piecewise polynomial functions that satisfy (3.24a) exactly and (3.24b) weakly. To make our
presentation clear, we will use Q™ (B) to denote the space of tensor-product polynomials of

degree at most m on B, that is,

Q™(B) = {p :B—=R|pné) = chz‘,jﬂjfi for some {ci,j}?szo} .
i=0 j=0
Additionally, given a line segment I, we use P™(I) to denote the space of univariate poly-

nomials of degree at most m on I.

We define the Frenet IFE space on Kp as the space of piecewise polynomials ¢ : Kr >R

such that ¢* = 95’1(; e Q™(K3) such that

[l5,, =0, HB%H 0 =0 (3.25a)

/ Ha—j.g(@)ﬂ v=0  YoeP"Tg,), j=01,....m—2 (3.25h)
P, LOW Prc,

Then, ¢ satisfies the interface conditions (3.24a) exactly, and the extended interface condi-
tions (3.24b) in a weak sense. This is because we cannot enforce the latter exactly since the
terms in (3.22) may be non-linear unless I'x,. is a curve with a constant curvature, such as a
circle or a line. In general, the curvature x(§) of I may be a non-polynomial function and so

is Z (). Fortunately, the extended interface conditions do not affect the weak formulation

of the problem.

The following lemma shows that when ¢~ is given, the system (3.25) is uniquely solvable for
@, which is similar to the extension operator discussed in Chapter 2 for one-dimensional

problems.
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Lemma 3.8. Given a polynomial % € Qm(f(ljﬁ), there is a unique polynomial T € Q™ ( X )

such that the piecewise polynomial function

satisfies the interface conditions (3.25).

Proof. Without loss of generality, we assume that ¢~ € Qm(f(}?) is given, and that B ] iE=

3%, Then the conditions (3.25) can be formulated as a linear system in the following way

/f @0, 6)¢" de = A $7(0,6)¢ de,  i=0,1,...,m. (3.26a)
| sreega= [ sa000d  i-otm (3.261)
kg Pk p
A 5*6]3( )(oﬁ)fzdé A 6‘8]3( )(O§)£’d£ i=0,1,...,m, j=0,1,...,m—2.

(3.26¢)
Then, the system (3.26) (and consequently (3.25)) is a square (m + 1)® X (m + 1)? linear

system. Therefore, it is enough to show that if o~ = 0, then ¢ = 0.

Assume that ¢~ = 0. Since ¢+ € Q™(K7), it can be written as

= anpj(ﬁ)

for some polynomials pg, p1,...,pm. Our goal is to show that all of these polynomials are

zero. First, it follows from (3.26a) and (3.26b) that py = 0 and p; = 0. Next, we proceed by
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strong induction. Assume that p; =0 forall j =0,1,..., jo for some 1 < j, < m. Therefore,

i+j
apjagw(o,-):o, 0<i<m, 0<j< . (3.27)
/r] (2
From (3.22), we have
Hio—1 Hio+1 N Hio—1

Sy X + St +
Drpo 1 L) = 6773'0“('0 + o1 (pOSDgg + p1p, + Pz%%) ;

 piotipt . Joz—l o —1 §io—1-Ln, 619522 io—1-Ly GG+ . §io—1-1 p, al@;—
~ Onjotl l Onjo—1-1 ol Onjo—1-1 i+ onjo—1=1 gt |

=0
(3.28)

Now, we substitute (3.28) into (3.26¢) and use (3.27) to obtain

/ (jo + Dpjps1(6)E" d€ =0, Vi=0,1,...,m.
Prcp

Therefore, p;,+1 = 0. Consequently, by strong induction, p; = 0 for all 0 < j < m, which

proves that ¢ = 0 and concludes this proof. O

The lemma above shows that every polynomial ¢~ € Qm(f(;) can be paired (uniquely) with
a polynomial ¢* € Qm(_f(;f) such that the resulting piecewise polynomial ¢ satisfies the

conditions (3.25). Hence, we introduce the Frenet IFE space as

A

VI (Kp) = {@ Kp =R | @lgs € QU(KF) and ¢ satisfies (3.25)} . (3.29)

From our arguments in the previous proof, we can deduce more information about the

immersed Frenet IFE space, as stated in the following corollary.

Corollary 3.1. Let ]}gl(f(p) be the Frenet IFE space (3.29), then dlm(f)gb(f(F)) = (m+1)2
Additionally, if 8% = 8=, then ffg(f(F) = Q™(Kp).
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Finally, we define the local Frenet IFE space on the interface element K as
V(i) = {@o Rlx | ¢ € VI(Rr) | (3.30)

Remark 3.4. Since R is non-linear (in general), the IFE functions in Vgl(K ) are not piece-
wise polynomials. This is very closely related to the isoparametric finite element method
26, 37] where the basis functions are mapped from a reference element to a curved element
via a non-linear transformation. The benefit is that all Frenet IFE functions satisfy the
interface conditions (3.1c) exactly, a property not shared by any other IFE method. More

precisely, for every function ¢ € Vg“(K ), both ¢ and SV - n are continuous.

3.5 Computational Aspects of the Construction of the

Frenet IFE Space

A major part of every immersed finite element method is the construction of the local IFE
space. Since the number of interface elements grows as the mesh is refined, it is important for
us to design efficient numerical methods to obtain a basis of IFE functions on each interface
element. In this section, we describe an efficient and robust method to build a basis of
Frenet IFE functions. In fact, we show that, out of the (m + 1)? basis functions of the local
Frenet IFE space for each interface element, we are able to explicitly express m(m + 1) of
them. Hence, it remains to construct the remaining m + 1 functions by solving a linear
system. This is already a major advantage of the Frenet IFE over the classical higher order
IFE methods [5, 12, 13, 51]. Furthermore, we will numerically show that this linear system
is well conditioned even for small cut elements without the need for user-chosen parameters

114].
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Additionally, we describe an efficient method to implement the inverse Frenet transformation,

as well as an overview of the quadrature rules on interface elements.

3.5.1 Constructing a Basis for the Frenet IFE Space

In this subsection, we will describe the construction of a basis for the local Frenet IFE space.
Since a basis of the local Frenet IFE space Vi'(K) can be constructed directly from a basis
of f/g”(f( r), we will only discuss a basis for the latter. First, recall that dlm(f/gl(f( F)) =

(m + 1)?, then, we need to find a basis
{Séi,j};nj:o

for the Frenet IFE space. Fortunately, we can express m(m + 1) elements of this basis

explicitly as the following lemma shows.

Lemma 3.9. Let 0 <1t <m and 1 < j < m be integers, and let

Gi(n, &) = e, (n,€) € Kp.

1
B(n,§)
Then, sz‘,j € ]}gb(f(p)

Proof. Let 0 <i<mand 1< j <m, and let @fj = g5”|K}t € Qm(ffg)
Since j > 1, we have ¢;(0,£) = ¢;;(0,€) = 0 for all £ € I'k,. Therefore, [¢iilp, =0.
> > F

Next, consider ¢ = B@im then g € Qm(f( r). Consequently, we have

HB@i,jﬂ » = [[QHFKF =0.

F
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Then, ¢; ; satisfies the interface conditions (3.25a) Similarly,

[2260) 52 (3:,) S[2ze)
oy 'k o Py o 'k '

F F

Hence, ¢; ; satisfies (3.25b). O

Remark 3.5. The functions ¢; ; described in the lemma above satisfy the interface condi-
tions exactly, which is a stronger condition than (3.25). This is yet another advantage of

the Frenet IFE method.

Here, we observe that the set By = {¢;;} ;= is a subset of f/g%f( r). Furthermore, the
set B is linearly independent by construction. Then, it remains to find a set By C V;”(R' F)

with m + 1 elements such that B = By U B is a basis for the Frenet IFE space.

In our subsequent derivation, we assume, without loss of generality, that B | ikE = B* to

simplify our presentation.

The key observation here is that the functions in Lemma 3.9 all vanish on the interface since

j > 1. Then, to complete the basis, we need to construct a set {¢; o}, such that

2i0(0,€) = pi(€), and  @ig € VI'(Kp),

where {p;}I", is a basis for P"(I'k,). Consequently, according to (3.25), we seek ¢t €

Q™(K7) such that

270(0,6) = 9;0(0,6) = pi(€), € €Tk, (331a)
097, 09, _ 3
ﬁ+ 677 (075) - 5 877 (07€> - Oa 5 € 1—‘KFa (331b)

8j 7 - aj = m (T .
6+a_77j$<90i+70)v - /F B a_njg@i,o)va Vo € P"(T'k,), j=0,1,...,m— 2.
F (3.31¢)

Ik,
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Therefore, from (3.31a) and (3.31b), the polynomial ¢, can be written as

m2—1

P1a.€) = pi(€) + > " Ni(n,€), (3.32)

=1

where {N;}" ! is an enumeration of {n7p; (&)}, ;_,. In accordance with our paper [19], we

choose {N;} to be the lexicographical ordering of {n’p;(£)}, that is,

N(0,8) =1po(§), N2, €) =1°po(§), -+ Nazem1(0,€) = 1o (&)
No(0,8) = °p1(€), Nags(0, &) =°pr(€), -+ Nzom(n,6) = 1"p1(§)
Ns(0,8) = *pa(€), Nowss(0,8) = 0Ppa(€), -+ Nozemya(0,€) = n™pa(€) (3.33)
Nm+1(77> 5) = 7)2Pm(f), NQ(m+1)(n7 5) = n3pm(€)7 e Nm2—1(777 f) = nmpm(g)
Now, we use the interface condition (3.31c) with v = pg, p1, ..., pm, to obtain the following

system of equations

/r _'i” (N0, E)pi€)de _6+ / —»2” (i(€)(0,E)pel)dg,  (3.34)

forall 0 <k <mand 0 <j <m — 2. The system (3.34) can be written in matrix form as

Act) — ﬁ_ﬁ+ﬂ+b(z’), (3.35)

(c(i) ) I ). The matrix A and the vector b® can be constructed from

where ¢ = (c{”, ¢y, ..., 21
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their row blocks

A0 b©® ()
AWM b® (4)
A= , b(i) = . (3.36)
A(m—2) b(m—2) ()

Each block of the matrix A is given by [19]

—.L”NZ )(0,)pr(§)de,  0<j<m—2 1<I<m’—1, 0<k<m.

kl - FKF anj
(3.37)
Similarly, each block of b is given by
L B A
b)) = | 5 W€)O0.Om©dE,  0=j<m=2 0skSm (339

Prep
We note here that the matrix A does not depend on i. Then, we can combine the systems
(3.35) for 0 <4 < m in one matrix system

- _ B+
Alc® O C(m)} :%{bw) bD  pm|. (3.39)

Next, we need to construct the matrix A and the vectors b(7). In both situations, one needs
to evaluate quantities of the form
oI

a—nj.f(v)(o,f), (3.40)
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where v is a polynomial (either A; or p;). Similarly to (3.28), we can write (3.40) as [19]

o’ " 29(0,6)
a—mg(v)(o,f) = o (3.41)
z J alp()(o? g) ajilvﬁf(ov 5) 8lp1 (Oa 5) ajilJrlv(Oa 5) alp2(07 5) ajil?%(()a g)
i ; (l ) ( on' ot o Gt oy oy~ )
(3.42)

where pg, p1 and pe are given by (3.22). Since v is a polynomial in our calculations, it is

relatively easy to evaluate

ajJrzv(Oa 6) 8]'717]&5(07 6) ajilJrlU(O? 5) ajilvg(ov 5)
817j+2 ’ 8nj—l ’ 677j—l+1 ’ 677j—l ’

Then, it remains to evaluate the [-th order derivatives of pgy, p1 and p3 with respect to 7.

First, by differentiating (3.22), we obtain

Ipo(n, &) 1 9*n,¢)
oF lg©@rF o7 (3:430)
ol ol
—”g(n? &) _ m(g)—%(g; 8, (3.43D)
0'p2(n,€) _  K'(§) (8%3(77,5) lal‘1¢3(77,£))_g’(ﬁ)-g”(f)@W(n,f) A
o P \" ar T g gl or 00

The next step is to evaluate the I-th order derivatives of 1,12 and 3. In order to so, we

recall that (1, &) = (14 k(€))7 then by using the geometric series and its derivatives, we

obtain
W(n,€) = Z(—l)jfﬂ(ﬁ)jnj, (3.44a)
((n,9)* =D (=17 (j + Dr(&)’n’, (3.44b)

J=0
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W) =3 (-1 U2 e (3.440)

, 2
7=0

Then, by considering the coefficients of the Taylor expansion of each function in (3.44), we

obtain
%;’;5) = (—=1)"11(€)", (3.45a)

%;?’5) = (=D +1)'k()", (3.45b)

T8y g, (3.450)

P08 _ ay gy (3.450)

Now, we substitute (3.45) back into (3.43) to obtain the following

0'po(0,8) _ (=D'(I+1)!k(8)’

A PTG -

2008~ -1t (3.46b)

0p2(0.6) _ w&) (0 e EHDE i) 8 8" v et (3460
28 L (1 ) - BB e ()

Note here that all the quantities in (3.46) are simple evaluations of g, x and x’. Therefore,

the assembly of the matrix A and the vectors b® can be done efficiently.

Since the construction of the Frenet IFE space relies on solving the linear system (3.35), it is
important to study the condition number of the matrix A. In the classical higher-order IFE
methods, it was observed [13] that the linear system associated with the IFE space tend to
be ill conditioned in cases where interface I' is close to one of the edges or one of the vertices
of the interface element K, which are referred to as s small-cut element in the literature.

Possible solutions to this issue were explored in [114], where the authors explored imposing
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Figure 3.9: An illustration of the small cut element K(¢) with ¢ = 107! (solid), e = 1072
(dashed) and € = 107 (dashed and dotted).

the interface conditions on a larger element, called the fictitious element. The fictitious
element is typically a homothetic scaling A of the interface element K. However, the best

choice of the scaling factor A remains a subject of ongoing research.

In our approach, the fictitious Frenet element Ky is defined naturally, with no user-chosen
parameters. This has the added advantage that the condition number matrix A is not
affected greatly by the position of the interface. To illustrate this observation, we consider
the case where the interface I' is a circle of radius 1 and the interface element is K(e) =

\% — &+ [0, 1]? for some £ > 0. For an illustration, see Figure 3.9.

To investigate the condition number of IFE system, let A(m,¢) be the matrix described in
(3.36) and (3.37) with the interface element K(e) described above. To construct the IFE
basis functions on the element K(e), we use the basis {p;(&)}™, = {L:(§)}7, in (3.33),

where L; is the i-th degree Legendre polynomial on I'f,, which makes the matrix A (m,e)
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block lower triangular because
oF L ,
(a—nkef(ﬁjﬁz)) lp=0 =0, if k>3

Since the terms in (3.46) grows with [, it is beneficial to apply the Jacobi preconditioner
J = diag(A(m,¢)) to the matrix A(m,e), and consider the condition number of the precon-
ditioned matrix A(m,e) as well as the original matrix A(m,e) and observe their behaviors
as ¢ — 07 in Figure 3.10. We notice that the condition numbers of A(m, g) is significantly
smaller that those of A(m,¢), which supports our choice of the preconditioner. Further-
more, we observe that the condition number of both A(m, ) and A (m, ) remains relatively
unchanged as the interface approaches the lower left vertex, i.e. as ¢ — 0%, which is an

additional benefit of using the Frenet IFE method.

2339043

RSN

3693404

€))
3

cond(A(m,e))
(o]
(o]
(o]
(o]
cond(A(m,
2 3

wle . . . — | 10 ,.—0—0—0\.\.
10!
102
. l l . oo  —————
10°°¢ 107 107 1072 1072 10°1 10 10 10 10 10 10
€ €
(a) The condition number of A(m,e¢). (b) The condition number of A(m,e).

Figure 3.10: Condition numbers of A(m,¢) and A(m,¢) for different degrees m versus e.

Remark 3.6. The condition numbers reported in Figure 3.10 do not cover the case m =1
because the matrix A is only needed to construct higher order Frenet IFE functions (m > 2).

In the case of m = 1, a basis for f)g(f( ) is obtained as

AE(KF) = span <{1,§, %77, %775}) ) (3.47)
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To illustrate the idea in this section, we consider the element K = [0, 1]?, and the interface
I = {(z,y) € R? | 22 +y*> = r2} parametrized by g(§) = (rgcos(£),rpsin(€)), where
rog = \/LQ The interface splits the element into K~ = {(z,y) € R? | 2? + y* < 72} and
Kt ={(z,y) € R? | 22 + y* > r3}. Then, we construct a basis for the second order local
Frenet TFE space V3(K) according to Lemma 3.9, (3.31) and (3.30) with (8-, 5) = (1,10).

We plot the resulting basis functions in Figure 3.11, where each sub-figure corresponds to

one basis function and the interface is shown in red.

N

(a) $o,0

(2) P02 (h) P12 (i) @2,

Figure 3.11: An instance of the basis functions for local Frenet IFE space V3(K).
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3.5.2 Implementation of the Inverse Frenet Transform

In this subsection, we describe an efficient algorithm to implement the inverse Frenet trans-

formation R on a given interface element.

First, consider an interface element K and let D and E the intersection points of the interface
with 9K, and let x € K, as shown in Figure 3.12. Our goal is to find X = (1, £) € Kp such

that P(x) = x. Equivalently, x = R(x). To initiate Newton’s iteration for solving P(x) = x,

r

DT

Figure 3.12: The intersections of the interface with 0K (blue) and a point x in the interface
element (black).

we need a good initial guess for x = (1, ), namely xg = (§o, 10). Naturally, we choose 1y = 0

since x is close to the interface.

Next, consider the points D and E: Since they are on the interface I', there are £p, &g €

[557 ée]; such that

g(ép) = D, g(ée) = L.

To find &p and &g, we perform a line search first. That is, given {z;}2; C [&s,&], we find
zp such that

lg(zp) — DIl = min [lg(=i) — DI,

and similarly, we obtain zg. At this point, zp and zg are relatively good approximations
of &5 and €p. To improve this approximation, we recall that &5 minimizes ||g(-) — D|>.

Hence, we can accelerate the process greatly by using the gradient descent method with
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Barzilai-Borwein step [23] to speed up the convergence

(
5% = %D,
ls(¢) — D’
L =¢Y — 3.48a
P~ " og(eh) (alch) - D) s
= —In ) n > ]-7
(507 =T g - (elEp) — D)
where ,, is the Barzilai-Borwein step given by
n+1 _ gn
Vn U D (3.48b)

|2l e(eh) - D) - 2g(Eh ) ey ) - D) |

The iteration (3.48a) with the step (3.48b) converges typically in a few iterations, making it

a good choice for our algorithm. Next, we apply a similar iteration to find &g.

After finding £p and &g, we choose Xy = (0, % (&p + SE)) as an initial guess for x = R(x)

and use Newton’s iteration to approximate X:
Kns1 = Xn + Jp(X) 7 (X, — X) (3.49)

where Jp is the Jacobian matrix given in Lemma 3.2.

Remark 3.7. On each interface element, we save the initial guess (0, % (ép +¢& E)) obtained

from the iteration (3.48) to compute R(x) for any point x € K using (3.49). Thus, we can
think of the gradient descent (3.48) as a way to obtain a good initial guess for the Newton

iteration (3.49).
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3.5.3 Comments about the Quadrature on Interface Elements

In this subsection, we explore the quadrature on both the interface element K and the Frenet

element K = R(K). Typically, we are interested in evaluating integrals of the form

[ o) i,

where [ is either defined explicitly on K* or defined as f = f o P for some function f on K.
In either case, we need to construct a quadrature rule on K* then map the nodes to K*if

needed.
To generate a high order quadrature rule on K*, we have explored two possible approaches:

o The Arcomm method [94]: In essence, this method only requires access to a level-set
function that describes the interface and its gradient. Using the Frenet coordinates,
we can view x — 7)(x) as a level set function since n|r, = 0. After that, if needed, we
map the quadrature nodes (and weights) to K. For an illustatration of the quadrature
nodes generated by this method, we present an example in Figure 3.13. One of the
main benefits of this method is its adaptivity: The method splits the element into
rectangles recursively until a certain flatness condition is met [94]. This results in
dense set of nodes around the interface and a relatively sparse set of nodes away from
the interface as shown in Figure 3.13a.

« The traditional approach: We can split the interface element K into triangles (with
possibly curved edges), where each triangle lays in either K+ or K, then we use a
high order quadrature method on each triangle. For instance, one can use the classical
Gauss-Legendre quadrature nodes on [0, 1]?, then map the nodes to a reference triangle,
which are then mapped to a curved triangle as discussed in [88]. The approach carries

multiple advantages. First, we can control the number of quadrature points exactly,
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A,
A, Ag
° e ° e o ° ° °
e °
° ® o ° ° °

A,
(a) Quadrature nodes on K (b) Quadrature nodes on K
Figure 3.13: Quadrature nodes on the interface element (left) constructed using the ALgomm
method, and their images under the inverse Frenet transformation (right).
see for instance Figure 3.14a where each triangle (straight or curved) contains exactly

9 nodes. Additionally, this approach employs the parametrization g directly and does

not require a level set function, and in our experience, this approach is slightly faster.

A Aq
o "° ° °
°
°
° ° °
°
°
— ° °
e® e
° °
°
° ° ¢
°
°
N ° ° ° o L
[}

(a) Quadrature nodes on K (b) Quadrature nodes on K

Figure 3.14: Quadrature nodes on the interface element (left) constructed using the tradi-
tional method, and their images under the inverse Frenet transformation (right).

Having said that, in our numerical experiments, we did not observe any noticeable difference
between the two approaches. Although, we preferred using the second approach in our

implementation, we recognize that the ALcoim method might be more suitable for interface



132 CHAPTER 3. THE FRENET IMMERSED FINITE ELEMENT SPACE

problems in a higher spatial dimension since it can be implemented for any dimension.



Chapter 4

The Approximation Capabilities of
the Frenet IFE Space

In this chapter, we investigate the approximation capabilities of the Frenet IFE space in-
troduced in Chapter 3. In Section 4.1, we introduce additional notation for the relevant
immersed Sobolev space, further assumptions about the regularity of the interface, and
results about the geometry of Frenet elements that will be useful later. In Section 4.2, we
present an analysis of the approximation capabilities of the Frenet IFE space. In Section 4.3,

we provide numerical examples to illustrate our results.

The results in this chapter are reported partially in [19].

4.1 Notation and Preliminary Results

In addition to the notations used in Chapter 3, we will introduce more notations in this

section to simplify our presentation.

First, consider B C € cut by the interface into B* and B~. We use ’H% 5(B) to denote the

space of functions u € PH?(B) that satisfy the interface conditions (3.1c). More precisely,

H%,ﬁ(B> = {U € PHQ(B> | [u]pnp = [BVu 0] p = 0}- (4.1)

133
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Additionally, for m > 2, we use Hm+1( ) to denote the space of functions u € Hi 4(B) that

satisfy the extended interface conditions (3.1d), that is,

J
H'4 (B) = {u € Hi 4(B)n PH™(B) | ﬂﬁaﬁ”ﬂ =0,7=0,1,...m— 2} . (4.2)
0> lrap

We extend these spaces to piecewise functions on the mesh by defining
HE 5(Th) = {u: Q= R|ulx € H*(K) if K € T;"; else u|x € Hi 4(K)}, (4.3a)
and
H?El(ﬁ) ={u: Q> R|ulx € H"YK)if K € T)"; else ulg € Hm+1( )} (4.3Db)

Now, using the Frenet transformation, we define the immersed Sobolev space on the fictitious

Frenet element K F as
Hy () = {uwo Pi K - R | ue HEE (Kp) | (4.4)

Here we note that we dropped the interface from the notation HmH(K ) since T &, 1s merely

the vertical line segment n = 0 in the middle of Kp.

Next, we define the global Frenet IFE space as
Vi(Th) ={u: Q=R |ulx € Q"(K)if K € T;"; else ulg € Vi (K)}. (4.5)

Following the notation used in Chapter 2, we will use <, 2 and ~ to denote inequalities and
equivalences with hidden constants. Typically, the hidden constant in this section depends

solely on the degree m provided that the assumptions in the next paragraph hold.
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In this chapter, we assume that the mesh size h is smaller than €, where ¢y is defined in

(3.15). Thus,

o Every interface element is contained in the tubular neighborhood N of the interface
I
o The inverse Frenet transformation is well-defined and differentiable on the local ficti-

tious element K, and
|w(n7€)| = 17 v(naf) € KF; VK € 77; (46&)

The last point is a direct consequence of h < ﬁ where k¢ is the maximum curvature of T'.

Now, to analyze the approximation capabilities of the Frenet IFE space, we restrict ourselves

to the case where I' is a C™2 curve and g € C™2([,, ], R?) is a regular parametrization.

Therefore,

"] <1 k=0 +2 4.6b
a R ey , .
ax &™) ()] m (4.6b)
and
/ -1

ma; <1. 4.6¢
max 8@ S (4.60)

Then, it follows from (3.4) that k& € C™([&,, &],R) and [¢(n,€)| <1 for all (n,€) € Kp, for

any interface element K.

Next, let K be an interface element and let Kp be its fictitious Frenet element. Then, by
construction, K is a rectangle of the form [—h, h] x [£, €], where &y, & are the extrema of
¢(K). In our analysis later, we will employ several inequalities, such as the trace inequality,
that involve the size of f‘KF, which is & — &. In general, we are not able to derive a closed
form expression for this quantity. Nevertheless, we can show that & — &y is comparable to

the mesh size h.
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Lemma 4.1. Let K be an interface element, and let Kr be the associated fictitious Frenet

element, and let T'x = ({0} x R) N Kp. Then
|fKF| ~h.
Proof. First, we recall that h is the diameter of K, then

2 _ B < —IT
B e /K dx /K DP (1, €)|dnde < /K dnde < /K dnd = T (4.7)

Then, we divide both sides by h to obtain h < |fKF|. Next, let x;,x, € K, then by the

multivariate mean value theorem, we have

600) = €6l < (max 96001 ) s — ] < (e [VEG0] ).

We recall from (3.16) that | V€| = [|g/(€)]| " [¢(n,€)|. By our assumptions (4.6), we have

18" ()| 7" [¥(n, €)| < 1. Therefore,
i = max [§0a) = £0) Sh. (4.8)

Combining (4.7) and (4.8), we obtain |, |~ h. O

Now, we show that the local fictitious element Kp intersect a (uniformly) finite number of

elements.

Lemma 4.2. Let K be an interface element and let K be its local fictitious element, then

K intersects at most 7° elements in Tj,.

Proof. Let x € Kp, then x = g(§) + nn(§) for some n € [—h,h| and £ € [§,&]. By

construction of Kp, there is 77 € [—h, h] such that y = g(&) + 7m(§) € K. Then, ||x —y| =
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In — 7| < 2h. In conclusion, we have Kp C K + B(0,2h).

Next, let wg be the union of the 72 elements surrounding K (including K) as shown in

Figure 4.1. Then K + B(0,2h) C wg. Consequently, Kp intersects at most 72 elements.

2k

Figure 4.1: An illustration interface element K (blue) and its fictitious element Kp (black).
Note the fictitious element is contained in the 7% elements highlighted in orange.

4.2 Approximation Capabilities

In this section, we prove the optimal approximate capabilities of the Frenet IFE space. First,
we consider a function 4 € H?+1(KF), and we show that its L? projection IIi € VE”(IA(F)

satisfies

a—1a| <k
LWKr m

itk 1=01, . m+ 1, (4.9)

It is worth highlighting here that the hidden constants in the inequality (4.9) are independent
of the diffusion coefficient 5. This is yet another attractive property that the Frenet IFE

Space poSssesses.

The ideas in our analysis below are inspired in part by the analysis carried in [51]. More
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precisely, we proceed by projecting @ on Qm(f(;) and on Qm(_f(;) separately. Then, we
show that these two projections satisfy the interface conditions (3.25) approximately, which
will be enough for us to prove (4.9). The proofs in this section are adapted from our paper
[19] with minor modifications to the notation, and an additional theorem at the end covering

the global projection error.

In the remainder of this section, we assume, without loss of generality, that [A(;E = [0, h] x
[€0,&1] and K5 = [—h,0] x [&,&] to avoid any confusion, and we use 4% to denote @’K,% as

usual.
Now, Let s € {+,—} and let II* : H™"(K3%) — Q™(K3) be the L? projection, that is, for
u* € H™HY(K3), TIFu® € Qm(K3) is the unique solution to

(ﬂsus,w) B (W' vn)gy Vo€ Q™ (K}).

F

It is well known [37] that the L? projection converges optimally as stated in the following

lemma.

Lemma 4.3. Let s € {+,—} and let 05 € H™ ' (K3), then

‘ﬂsas 8 5 hm+1—i|as|

(4.10)

m+1,K5

For all integers 0 <1 <m + 1.

Now, since the dimensions of [A(f are comparable to A as shown in Lemma 4.1, the classical

trace inequality holds on H'(K3) as expressed in the following lemma.

Lemma 4.4. Let s € {+,—} and let 0* € H'(K}), then

[l S 02118 gy + B2, g, (4.11)

m
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Next, we combine Lemma 4.3 and Lemma 4.4 to obtain an estimate on the projection error

on I'g,.

Corollary 4.1. Let s € {+,—} and let &° € H™'(K}), then

Ir°a® —a®

SHE (4.12)
Z,FKF m

for all integers v =0,...,m.

Proof. Using (4.11), we have

ﬂsas — 8 < h—1/2 ‘ﬂsas — + h1/2 ﬂsas — :
iCicp m 0K i+1,K%
which is combined with (4.10) to obtain (4.12). O

Next, we will use Corollary 4.1 to obtain some estimates on the Laplacian of the residual

145 — a° on T'g,.
Lemma 4.5. Let s € {+,—} and let 05 € H™ ' (K3), then

i .
|t - )

ol

1 _o_ 1A
COSHTI L, (4.13)
0.0k, ™

for all integers 7 =0,1,...,m — 2.

Proof. Recall that from our assumptions (4.6), we have ||g'|| ~ 1 and ||g'||, ||1g” ||, |5|, || < 1.

Therefore, it follows immediately from (3.22) that

3 p; .
’87’;[(0,5)51, VEelk,, 0<I<m-—-2 0<i<2 (4.14)
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Now, we use (3.28) and Corollary 4.1 to obtain

8/\8 ,as) <II*0% — 4° < hm+1/2 2— ]| A5| o 0
a ] . ~ 2, ~ m+1,K%,
n OaFKF m J Kp m

We now consider a function @ that satisfies the interface conditions (3.24), and we estimate
the discontinuities across the Frenet fictitious interface I K for its projection [1£4* in the

following lemma.

Lemma 4.6. Let 4 € me+1(_f(F) be a function that satisfies (3.24) and let 11°0° be the L?

projections of u* onto Qm(K}) for s e {+,—}. Then

Hfﬁfﬁ—ﬁw HOPK SHM Rt e (4.152)
Fm
|t iy, = pmman),|| <@ AR i g, (415D)
Fm
o 9 . o
o s titran) g )| S i (415
00g, ™

for7=0,1,...m — 2.

Proof. The first estimate follows from applying the triangle inequality to Corollary 4.1:

it — i + e —a| et

log.,, <l =], s o
O»FKF O,FKF O:FK’F » Kp

=0

1, 1, .
5hm+2 |u+|m+1,f(; + hm+2 |U |m+17f(;’
m
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where we used 4" = 4~ on I',.. We can prove the second estimate similarly:

| iy, — iy, < ptfarat —at),| (Ot — i)

A = n A
O,FKF OerF
+5+ —n—
+ HB Uy -5 Uy HofK
N L F
Vv
=0

1. _ L1
§6+hm 2|u+|m+1’f(}- + B5-h™ 2|u ‘m—i—l,f(;'
m

+B“

K 07f‘KF

The proof of the last estimate is similar and uses Lemma 4.5. 0

We have shown in Lemma 3.8 that for s € {4, —} and a polynomial ¢* € Qm(f(;), there is a
unique polynomial ¢ € Q™(K3), where s’ is the dual of s, such that ¢ = ¢y ikt Ha Xg: €
lA/gl(f( r), where x is the indicator function. For simplicity, we will use (¢, ¢") to denote
q € lA};”(IA(F) Next, we define £ : Q™(K3) — Q™(K3) to be the unique mappings such

that
(¢ ,€M(q) € VR(KR), (E(¢"),q") € VP(Kr), Vg €Q™(Ky)and Vg" € Q™(K}).

According to Lemma 3.8, the mappings &£° for s € {+, —} are well-defined. Furthermore,
they are linear. The next lemma shows that II*3* and & S(flslﬂsl) are close to each other on

IV

e

Lemma 4.7. Let u € ’H?H(KF) be a function that satisfies (3.24), then

Hs ~s (ﬂs/as’>>

53) RN
T+ 2 sl o 4.16
Han] 0fx m( B | |m+1,KF ( )

forall j=0,2,...,m and s € {+,—}.

Proof. Without loss of generality, we will only consider the case s = 4. To prove (4.16) for
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j =0, we recall that Et(II"4~) = II" 4~ on Dk, , Therefore, by (4.15a), we have

Hfﬁfﬁ _et(ITan - Hfﬁfﬁ M

‘ <hm+2|u|

OFK fing m+1,Kp*

)Ho,fKF
Similarly, we have 6*(%5*(11_11_) = 321 4") on I'k,. Hence, we can use (4.15b) to
obtain

H(% <ﬁ+ﬂ+ﬁ+ _ ﬁ+5+(ﬂ_ﬁ_)>

- H@% <5+ﬂ+a+ - 5—ﬂ—a—>

O,f‘KF 07f‘KF

a1y~
SET+BOR Tl ks (4.17)

which implies (4.16) for j = 1. Next, we prove (4.16) for 2 < j < m using strong induction.
We assume that (4.16) holds for j = 0,1,... 4o, where 1 < i5 < m, then we prove it for
To avoid lengthy expressions, we will use w to denote IIta* — 8*( ~u~). Hence, our

induction hypothesis can be written as

(1 40 > WA e 5= 0,1, (4.18)

H o Gt

0.k,

Since wlp € P™k,), we can use the classical 1D inverse inequality on polynomials [37]
F

to obtain

ot
H agion "

(1 + B+> RG] e 5 =0,10 4, 1<i<m. (4.19)
0,k B ’

Now, we recall that (3.25b) with j =iy — 1 yields

aiofl . a’igfl " R
+ =0 — - —5 m
- g 8ni0_1$(5 (IT7a™))v = - g anio—lj(n W )v, Vo € P"(I'k,).
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Therefore, for any v € P™(I'x, ), we have

820 1 810 1 alo 1

Picp B g = Prcy P o LI o —05, L(E(Ta))

n 820 1 . B 87,0—1 A
:éKF (@ o L) — 5 (T ))v

We apply Cauchy-Schwarz inequality and use (4.15¢) to obtain

|5 gt < bolos,, % g 2 i) = St
: w)v| < ||vl|, ¢ ur) — — u-
Prcy 8772071 0k g 87710*1 0.0k,
S gy, (5% + SR i, (420

Next, we combine (4.14), (3.28) and the triangle inequality to obtain

aio—l aio-i-l i to—j+1 aj-i—i ﬂ_ 1.
— L (w) — W N o S (1 " _> AR TR
H anzo—l 877%04-1 O,fKF ™ ];0 ; 85287]3 O,fKF m /8"‘ +1,KF

(4.21)
where the last inequality follows from (4.19). Then, by (4.20), (4.21) and Cauchy Schwarz

inequality

aio—l

+ anio -1

(w)v

Y

aio-i-lw / ( aio—l a’io—l-l
/f,KF anlo-i-l fKF 87720—1 87710-1—1 fKF

B~ i1
5 ||’U||071:KF (1 + ,8_+ hm+1/2 10 1|u|m+17f(F.
m
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Finally, we replace v with dZT(O, -), to get

which proves (4.16) for j =i + 1. O

oty
o1

g (1 + /8_+) hm+1/2—io—1|a|m+1,KF’
O,fKF m 6

Lemma 4.8. Let u € ’Hﬁmﬂ(f(F) be a function that satisfies (3.24) and let s € {+,—}, then

ﬂsibs _ SS(ﬂSI’&S/)

65/ m+1—1i|
i K3 ”E’ (1 + B h (1 e (4.22)

fori=0,1,....m+1.

Proof. As before, we will restrict our proof to the case s = +,and we let w = T4t —

EY(II~a7). Since w € Q™(K7), we have for any (n,&) € K
7 83w
Z 4! a ] 0,8
By taking the (k,() derivative of w, we obtain

m . .
O+ ok ity

g (€)= : ——(0,8).
onrog! ]Z; (J — k)l onioé!

Then, we take the norm and use the triangle inequality on the right-hand side

m 1/2 ,
H Ity - Z </h 772(j_k)d7]> ity
PO o s =5 \Jo OO [l
S Xmi R~k +1/2 _aij_ < 3 pi—k—1+1/2 O'w
~Y ] [ ~Y ; Y
m i oo ||, Prp ™ g oni
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where the last inequality follows from the one-dimensional inverse inequality for polynomials

[37]. Now, we apply Lemma 4.7 to the right-hand side

Ikt < ihjkl+l/2'hm+l/2j 1+ /B; m‘ . =14+ 5; hm+lfl—km| .
—87]"“3§l okt > par B+ m+1,Kp B+ m+1,Kp"

Finally, (4.16) follows from the sum of the estimate above over all non-negative integers

E+1=1. ]

At this point, we are ready to state our first result on the approximation capabilities of the
proposed IFE space. For simplicity, we will use I14 to denote the L2 projection of a function

@ € L*(Kp) onto Vg([%p)

Theorem 4.1. Let u € HZLH(IA(F) be a function that satisfies (3.24), then

e —a

SH iy g (4.23)

0,Kr m

Proof. Without loss of generality, we assume that 5+ > §7, then by (4.10) and (4.22), we

have

N

m+1,f(p :

at — e (I A—)H < Bt g

A ~
0K} 'm

~

Therefore, by choosing ¢ = (II"4~, £+ (I1"47)) and using (4.10), we get

lg — ﬂ“o,f{F S hm+1|ﬂ|m+1,f<F'
m

Since Hﬂa — ﬁH <ll¢ —dlly %, we obtain (4.23). O

0,Kp

So far, we have investigated the approximation capabilities of the IFE space on Kr. In the
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next step, we will use the mappings P and R to derive error bounds for the L? projection
of a function u that satisfies the jump conditions (3.1c) and (3.1d). For that we essentially
follow the ideas in [115], where an analysis of an isoparametric finite element method was
discussed. Nevertheless, we will show the details for the sake of completeness. First, we

define the projection operator II : L*(Kp) — V§'(Kp) using IT in the following way

A~

[Mu = (I1u) o R, t=wuoP. (4.24)
Theorem 4.2. Let u € ’H’F'fgl([(p), then

I = wlly e, < B ] 0<i<m+l

m+1,Kp

Proof. We recall that g € C™2([&,&]) and hip < 3. This implies that P, R € C™ ™ ([&,, &)

and

okt p O R
— 1 — 4.2
X arac || w ST askagt|| N (4.25)
where 0 < k,1 < m + 1. Now, we use (4.24) to obtain
1Tt — ully ., = H (Ha - u) o RHO’KF .
The change of variables P, the inequality |ﬁP | <1 and Theorem 4.1 leads to
[T~ e, | S il (4.26)

Now, to relate the right-hand side to u, we recall that & = w o P. Therefore, applying the
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chain rule m + 1 times yields

am+1a m+1 ak_HP m+1 ak—Hu
G 17 ’ (l;]max onfag )(klz::o octay U “7’5))‘ '

Finally, we take the L? norm of both sides and use the change of variables R

(01 SNl g
which, when substituted into (4.26), completes the proof. ]

Unlike the traditional finite element approximation results, our estimate in Theorem 4.2
involves the m + 1 norm, rather than the m 4 1 semi-norm. This is due to the non-linearity
of the Frenet transformation. Hence, we should not expect the L? projection to be exact if
u is a polynomial. Nevertheless, this is not an issue since interface problems have piecewise
polynomial solutions only if the interface is an algebraic curve, the boundary data is a
piecewise polynomial, and the source term is a piecewise polynomial as well, which is rarely
the case. For example, see Example 5.2 where the interface and the boundary conditions are

designed such that the solution is a piecewise polynomial function.

To finish this section, we consider Theorem 4.2 on all interface elements, and use Lemma 4.2

to obtain the following approximation result on the whole mesh 7.

Theorem 4.3. Let u € ’Hm“(’ﬁl) and let Pyu € Vi (Ty) be its L projection, then

lu = Poullg.o <A™ [lul
m

mAle - (4.27)
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Proof. For any non-interface element K, we have u € H™"(K). Hence, by [37],

S Paullg e SE Sl (4.28)

Y
KeTn m KeTr

On the other hand, Theorem 4.2 combined with Lemma 4.2 us that

Z |u— PhUHo,K < Z Ju— PhuHO,KF
m

KeT) KeT)!
§hm+1 Z ||u”m+1,KF
" KET;!
SHEY e (4.20)
" KeT}
Finally, we combine (4.28) and (4.29) to obtain (4.27). O

4.3 Numerical Examples

To illustrate the results of the previous section, we propose two numerical examples. In
both examples, we present the L? projection errors for different degrees m = 1,2, 3,4, and
for different contrast ratios */5~ = 10,100, 1000. Here, the mesh 7y, is an n x n uniform
mesh on the domain 2. In both examples, we observe that our approximation result in

Theorem 4.3 holds true.

Example 4.1. In this example, we set the domain 2 = (—1,1)? and the interface I' = {x €

Q| |Ix|| = ro}. The interface splits the domain € into Q= = {x € Q | ||x]| < ro} and
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L

75 and we define u as

OF ={x € Q| ||x]| > ro}, where r¢ is set to

Bi_ cos (7 |1x|1%) , x €,
u(x) = . . ) (4.30)
7 cos (7 ||X||2) + cos (mr() (ﬁ_ — B—+) , xeQr.

In this example, we fix f~ and record the approximation error |u— Pyull,, for g+ =

10,100, 1000. We observe in Table 4.1 that [lu — Pyull, o Sh™!, as expected.

Example 4.2. In this example, we set the domain Q = (—1,1)? and the interface
I'={xe€ Q] hx)=0}, (4.31)
where the function A is given by

h(x) = h(z1,75) — ((xl +%)2+ <x2+%>2)2 - (<m1+%>3+ <x2+%>3) L (4.32)

This interface is illustrated in Figure 3.1b, and it is parametrized by

g(§) = ((COS3(t) + sin®(t)) cos(t) — %, (cos®(t) + sin’(t)) sin(t) — %) : ¢ € 10,7],
(4.33)
and we define u as
1
—sin(h(x h(x 0,
u(x) = 6; (b)) hlax) > (4.34)
7 sin(h(x)) h(x) <0,

We fix ~ = 1, and we vary 7+ € {10, 100, 1000} and compute the projection errors presented

in Table 4.2. Again, we observe the optimal convergence of the L? projection.
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m =1
pT =10 p* =100 pt = 1000
no|llu— Puly, rate |[lu— Pl Ttate ||lu— Puull,, rate
20 | 3.4480e-03 NA 3.1139e-03 NA 3.1074e-03 NA
40 | 8.9495e-04 1.9459 | 8.1931e-04 1.9262 | 8.1818e-04 1.9252
60 | 4.0397e-04 1.9618 | 3.7171e-04 19492 | 3.7129e-04  1.9487
80 | 2.2852e-04 1.9805| 2.1080e-04 19716 | 2.1058e-04  1.9712
100 | 1.4634e-04 1.9972| 1.3510e-04 1.9939 | 1.3496e-04 1.9937
m =2
BT =10 ST =100 ST = 1000
n | flu—Pulyg rate |[lu— Pl rate ||lu— Puull,, rate
20 1.1304e-04 NA 8.7452e-05 NA 8.7157e-05 NA
40 1.4311e-05  2.9817 | 1.1150e-05 2.9714 | 1.1114e-05 29712
60 | 4.2550e-06 2.9914 | 3.3219e¢-06  2.9865 | 3.3112e-06  2.9864
80 | 1.7979e-06  2.9944 | 1.4050e-06 2.9912 | 1.4005e-06  2.9912
100 | 9.2124e-07  2.9966 | 7.2019e-07  2.9947 | 7.1790e-07  2.9947
m =3
BT =10 ST =100 ST = 1000
n | |lu—Pulyo rate ||lu— Pullg rate ||u— Pully, rate
20 | 4.9582¢-06 NA 3.3572e-06 NA 3.3204e-06 NA
40 | 3.0703e-07  4.0133 | 2.2446e-07  3.9027 | 2.2294e-07  3.8966
60 | 6.0482e-08 4.0068 | 4.5508e-08  3.9357 | 4.5267e-08  3.9321
80 | 1.9128e-08 4.0016 | 1.4559e-08  3.9615 | 1.4488e-08  3.9602
100 | 7.8441e-09  3.9947 | 5.9999e-09 3.9728 | 5.9713e-09 3.9721
m =4
fT =10 ST =100 ST = 1000
n | |lu—Pullyq rate |[lu— Puully, rate ||lu— Pul,o rate
20 | 2.1740e-07 NA 1.6047e-07 NA 1.5879e-07 NA
40 | 6.6183e-09  5.0377 | 5.0443e-09 4.9915 | 5.0131e-09  4.9853
60 | 8.6876e-10 5.0079 | 6.7118e-10 4.9745| 6.6811e-10 4.9705
80 | 2.0622e-10  4.9990 | 1.6059e-10 4.9713 | 1.5991e-10 4.9703
100 | 6.7909e-11  4.9779 | 5.3174e-11  4.9533 | 5.2954e-11  4.9527

Table 4.1: L? projection errors and convergence rates with degree 4 Frenet IFE spaces for

Example 4.1.
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m =1
BT =10 ST =100 BT = 1000
no||lu—Puly, rate |[lu— Pul,q Trate ||lu— Puull,, rate
20 3.6641e-03 NA 9.9918e-04 NA 9.3392¢-04 NA
40 9.4747e-04  1.9513 | 2.6308e-04 1.9252 | 2.4671e-04 1.9205
60 4.2385e-04  1.9839 | 1.1946e-04 1.9471| 1.1229e-04 1.9413
80 | 2.3897e-04 1.9920 | 6.7783e-05 1.9698 | 6.3776e-05 1.9664
100 | 1.5312e-04  1.9947 | 4.3599e-05 1.9775| 4.1046e-05 1.9749
m =2
BT =10 ST =100 BT = 1000
n | |lu—Puly, rate |[u— Pul,q Trate ||lu— Pl rate
20 4.5734e-04 NA 5.4938e-05 NA 3.0913e-05 NA
40 | 5.8379e-05 2.9697 | 7.1032e-06 2.9513 | 4.1071e-06  2.9120
60 1.7382e-05  2.9880 | 2.1281e-06  2.9727 | 1.2459e-06  2.9420
80 7.3458e-06  2.9939 | 9.0112e-07  2.9871 | 5.2958e-07  2.9739
100 | 3.7641e-06  2.9963 | 4.6240e-07  2.9901 | 2.7248e-07 2.9781
m=3
n|llu—Pully, rate |[lu— Pl rate ||lu— Puull,o, rate
20 4.5408e-05 NA 4.5840e-06 NA 7.7734e-07 NA
40 | 3.0069e-06  3.9166 | 3.0326e-07  3.9180 | 4.9742e-08  3.9660
60 5.9988e-07  3.9755 | 6.0502e-08  3.9755 | 9.9247e-09  3.9752
80 1.9045e-07  3.9882 | 1.9209e-08  3.9880 | 3.1555e-09  3.9832
100 | 7.8132e-08  3.9930 | 7.8806e-09  3.9929 | 1.2954e-09  3.9899
m =4
n | |lu—Pully, Trate |[lu— Pl rate ||lu— Pul,o rate
0520 | 4.5734e-06 NA 4.5746e-07 NA 4.6890e-08 NA
40 1.4774e-07  4.9521 | 1.4778e-08 4.9522 | 1.5147e-09 4.9521
60 1.9565e-08  4.9861 | 1.9571e-09 4.9859 | 2.0178e-10 4.9716
80 4.6524e-09  4.9929 | 4.6540e-10  4.9928 | 4.8124e-11  4.9826
100 | 1.5259e-09  4.9957 | 1.5265e-10 4.9957 | 1.5784e-11  4.9959
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Table 4.2: L? projection errors and convergence rates for m = 1,2, 3, 4 Frenet IFE spaces for

Example 4.2.



Chapter 5

Application of the Frenet IFE Space

to Interface Problems

In this chapter, we present a Frenet IFE based symmetric interior penalty discontinuous
Galerkin (SIPDG) method to solve the elliptic interface problem (3.1) and the hyperbolic
interface problem. In Section 5.1, we present an immersed SIPDG formulation for the elliptic
interface problem with numerical examples showing the optimal convergence of the numer-
ical solution. In Section 5.2, we re-use the SIPDG formulation to present a fully-discrete

immersed SIPDG method for the hyperbolic interface problem.

The results in this chapter are reported partially in [19].
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5.1 The immersed SIPDG Method for the Elliptic In-

terface Problem

We consider the elliptic interface problem (3.1), which we recall below

(

V- (BVu) = f, inQTUQ,

1A89 =9,
[[u]]r =0,
[BVu-n]. =0,

\

where [|q+ = 8% > 0 is piecewise constant, and n is the unit normal vector on T..

(5.1)

From now on, we assume that the solution u to the problem (5.1) is in Hg 5(75), defined in

(4.3a). This allows us to characterize u € Hf. 5(75) as the solution to
ap(u,v) = Ly(v), Yo € H%’ﬁ('ﬁl),
where ay, : Hi 5(Th) X Hi 5(Th) — R is the following symmetric bilinear form

ap(u,v) = Z (BVu, Vv)

KeTy,

(5.2a)

-3 ({18Vu nl, ok, + b 5900, — 55 (lul, [el,),) . (5:20)

e€ly

and Ly, : ”H%’ﬁ(ﬁ) — R is the linear form defined as follows

Lu(®) = (f.v)o+ Y (=6Vo n.+ Fv.g) .

6652

(5.2¢)
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Here, n, is the unit normal vector on the edge e. On an interior edge e € &, {-}, and [-],
denote the average of a function across an edge e. On a boundary edge e € &}, we take {v},

and [v], to be traces of v on e [92].

Since our local Frenet IFE space is locally conforming, meaning Vi*(K) C Hi 4(K) for every
interface element K, we use the weak formulation (5.2a) with no additional integrals on
the interface I' for our discrete weak formulation. This is in contrast to other high order
IFE methods such as the one in [51], where penalties on the interface are needed. More
specifically, our Frenet symmetric interior penalty discontinuous Galerkin (SIPDG) scheme

is as follows

Find u, € Vg'(T) such that ap(up, vn) = Lu(vn),  Yon € V5'(Th). (5.3)

As with the standard interior penalty method [92], the discrete formulation (5.3) leads to a

sparse symmetric linear system Sc = b.

5.1.1 Numerical Examples

In this section, we demonstrate numerically that the proposed immersed SIPDG method con-
verges optimally. Following the estimates of the penalty parameters for the classical symmet-
ric interior penalty method in [42], we set 0, = m?0(3°¢ where 0y = 4 and 3¢ is the maximum
value of # on an edge e. In each example, we fix 3~ = 1 and vary gt € {10,100, 1000}
and present the relative L? errors for different degrees m = 1,2,3,4 in Example 5.1 and

Example 5.2 and degrees m = 1,2,...,8 in Example 5.3.

Example 5.1. We re-use the interface and solution u from example Example 4.1 here to

study the accuracy of our proposed method. That is, we consider = (—1,1)? split by the

interface I' = {x € Q | ||x|| = ro}, where ry = \/ig, and we set



5.1. THE iIMMERSED SIPDG METHOD FOR THE ELLIPTIC INTERFACE PROBLEM 155

ﬁi_cos (m IxIP%) x€q,
u(x) = ) ) ) (5.4)
7 cos (7 HXH2) + cos (7r{) (ﬁ__ - B_J“) , x€Qf.

Here, again, Q™ = {x € Q| ||x|| < ro}, QT ={x € Q| ||x]| > 70}, and f and g are obtained
from the solution . We report the errors in the L? norm and the broken H' semi-norm in

Table 5.1 and Table 5.2, where we observe that [[u — u|y o SA™ and |u — upl1,0 SH™ as

Y

expected.

Example 5.2. In this example, we consider the problem discussed in [12], where 0 =

(.6,1.6) x (.2,1.2) and the interface is given by

1
= {X € Q| L(x) = (27 — 23)? — 42?23 + 5= O} : (5.5)

with QT = {x € Q| L(x) > 0} and let Q= = {x € Q| L(x) < 0}. Next, we define L to be

the harmonic conjugate of L given by L(x) = 4z 25(2? — 23), and we choose f and g such

that
1 ~ 1 -
u(x) = ——L(x) + L(x) + %L(X)L(X).

Thus, u is a piecewise 7-th degree bi-variate polynomial and the parametrization is given by:

g(§) = % ((‘/2625 +1, \/3\/2626 +1-— 466) .

This example showcases the ability of the proposed IFE space to handle solutions that have
non-vanishing tangential derivatives on I as well as interfaces with non-linear curvature such

s (5.5). We report the errors in the L? norm and the broken H' semi-norm in Table 5.3
and Table 5.4, where we observe that the numerical solution converges optimally under mesh

refinement, that is [lu — up|lg o SA™ and |u —uslio SH™.
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m =1
fT =10 ST =100 ST = 1000
no|flu—wullyq rate |[lu—wunllyq rate |[u—wuly, rate
20 | 6.7734e-03 NA | 6.2547e-03 NA | 6.5613e-03 NA
40 | 1.7573e-03  1.9465 | 1.5923e-03 1.9739 | 1.6034e-03 2.0328
60 | 7.9840e-04 1.9457 | 7.1937e-04 1.9596 | 7.2024e-04 1.9738
80 | 4.5381e-04 1.9637 | 4.1415e-04 1.9193 | 4.0868e-04 1.9697
100 | 2.9197e-04 1.9765 | 2.6263e-04 2.0413 | 2.6220e-04 1.9890
m =2
pT =10 ST =100 BT = 1000
no|llu—unlyy rate |lu—wunllyq Tate |[lu—upl,o rate
20 | 1.6129e-04 NA 1.2745e-04  NA 1.2724e-04  NA
40 | 2.0316e-05 2.9890 | 1.5978e-05 2.9958 | 1.5930e-05 2.9977
60 | 6.0461e-06 2.9892 | 4.7502¢-06 2.9916 | 4.7357e-06 2.9918
80 | 2.5568e-06 2.9917 | 2.0076e-06 2.9937 | 2.0014e-06 2.9938
100 | 1.3108e-06 2.9941 | 1.0287e-06 2.9964 | 1.0255e-06 2.9964
m=3
gt =10 pT =100 B* = 1000
no|llu—unllyy rate |flu—wunllyq Tate |[lu—upl,o rate
20 | 8.4093e-06  NA | 5.9235e-06 NA | 5.9654e-06 NA
40 | 5.1370e-07 4.0330 | 3.8131e-07 3.9574 | 3.7887e-07 3.9769
60 | 1.0050e-07 4.0238 | 7.6051e-08 3.9762 | 7.5548e-08 3.9767
80 | 3.1712e-08 4.0094 | 2.4186e-08 3.9822 | 2.3928e-08 3.9965
100 | 1.3027e-08 3.9870 | 9.9948e-09 3.9603 | 9.8832¢-09 3.9625
m =4
3T =10 3T =100 T=1000
no|flu—wullyq rate |[lu—wullyq rate |[lu—wuly, rate
20 | 3.3540e-07  NA | 2.5952e-07 NA | 2.6142e-07 NA
40 | 9.8860e-09 5.0843 | 7.7100e-09 5.0730 | 7.6502e-09 5.0948
60 | 1.2857¢-09 5.0308 | 9.9784e-10 5.0428 | 9.9014e-10 5.0427
80 | 3.0349e-10 5.0184 | 2.3595e-10 5.0123 | 2.3408e-10 5.0131
100 | 9.9876e-11  4.9808 | 7.8036e-11 4.9585 | 7.7484e-11  4.9546

Table 5.1: The L? errors and convergence rates for the immersed SIPDG method applied to

Example 5.1.
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m=1

=

10

ST =100

B+ =1000

|U—Uh|1,9

rate

|u —up|1o rate

lu —up|1o rate

20

2.7328¢-01

NA

2.4921e-01  NA

2.5429e-01  NA

40

1.3937e-01

0.9714

1.2807e-01  0.9604

1.2878e-01 0.9816

60

9.3961e-02

0.9724

8.6694e-02 0.9623

8.6895e-02  0.9702

80

7.0793e-02

0.9841

6.7027e-02  0.8944

6.7142e-02 0.8964

100

5.6661e-02

0.9979

0.2404e-02 1.1030

5.2507e-02 1.1018

m =2

7=

10

B¥ =100

+=1000

\U—Uh|1,9

rate

|u —up|1o rate

lu —up|1o rate

20

1.3623e-02

NA

1.0497e-02  NA

1.0470e-02  NA

40

3.4355e-03

1.9875

2.6701e-03 1.9750

2.6619e-03 1.9757

60

1.5304e-03

1.9944

1.1927e-03 1.9876

1.1889e-03 1.9879

80

8.6171e-04

1.9964

6.7249e-04 1.9917

6.7036e-04 1.9917

100

5.5172e-04

1.9982

4.3086e-04 1.9951

4.2949e-04 1.9952

m=3

gt =

10

£ =100

ft =1000

|u — unl10

rate

|u —up|1o rate

lu —up|io rate

20

8.5365e-04

NA

5.7410e-04  NA

5.6758e-04 NA

40

1.0124e-04

3.0758

7.3574e-05 2.9640

7.2904e-05 2.9608

60

2.9395e-05

3.0500

2.2048e-05 2.9720

2.1919e-05 2.9639

30

1.2290e-05

3.0313

9.3552e-06 2.9801

9.2541e-06 2.9974

100

6.2763e-06

3.0115

4.8023e-06 2.9883

4.7407e-06 2.9976

m =4

pr =

10

BF =100

B+ =1000

n

|u — unl10

rate

|u —up|1o rate

lu —up|1o rate

20

4.5412e-05

NA

3.4274e-05 NA

3.3311e-05 NA

40

2.7136¢e-06

4.0648

2.0852e-06 4.0389

2.0542¢-06 4.0193

60

5.3105e-07

4.0229

4.0987e-07 4.0121

4.0562e-07 4.0010

80

1.6726e-07

4.0159

1.2980e-07  3.9970

1.2863e-07  3.9920

100

6.8591e-08

3.9947

5.3462e-08 3.9751

5.3030e-08 3.9710
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Table 5.2: The errors and convergence rates for the immersed SIPDG method applied to
Example 5.1 in the broken H' semi-norm.
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m =1
fT =10 ST =100 ST = 1000
no|flu—wullyq rate |[lu—wunllyq rate |[u—wuly, rate
20 | 3.8004e-02  NA | 3.7935e-02 NA | 3.8109e-02 NA
40 | 9.9012e-03 1.9405 | 9.8826e-03 1.9406 | 9.8929¢-03 1.9457
60 | 4.4961e-03 1.9470 | 4.4897e-03 1.9459 | 4.5113e-03 1.9366
80 | 2.5605e-03 1.9570 | 2.5574e-03 1.9563 | 2.5605e-03 1.9688
100 | 1.6518e-03 1.9645 | 1.6494e-03 1.9653 | 1.6543e-03 1.9575
m =2
pT =10 ST =100 BT = 1000
no|llu—unlyy rate |lu—wunllyq Tate |[lu—upl,o rate
20 | 7.0794e-04 NA | 7.0927e-04 NA | 7.2730e-04 NA
40 | 8.9823e-05 2.9785 | 8.9832¢-05 2.9810 | 9.1198e-05 2.9955
60 | 2.6746e-05 2.9878 | 2.6760e-05 2.9868 | 2.7065e-05 2.9960
80 | 1.1315e-05 2.9902 | 1.1325e-05 2.9890 | 1.1432e-05 2.9959
100 | 5.8013e-06 2.9940 | 5.7983e-06 3.0001 | 5.8313e-06 3.0166
m=3
gt =10 pT =100 B* = 1000
no|llu—unllyy rate |flu—wunllyq Tate |[lu—upl,o rate
20 | 6.8882e-06 NA | 6.9920e-06 NA | 8.2335e-06 NA
40 | 4.4534e-07 3.9512 | 4.4696e-07 3.9675 | 4.9744e-07 4.0489
60 | 8.9038e-08 3.9702 | 8.9204e-08 3.9745 | 9.7205e-08 4.0266
80 | 2.8327e-08 3.9810 | 2.8388e-08 3.9799 | 3.0417e-08 4.0386
100 | 1.1639e-08 3.9861 | 1.1656e-08 3.9890 | 1.2243e-08 4.0784
m =4
fT =10 ST =100 +=1000
no|flu—wullyq rate |[lu—wullyq rate |[lu—wuly, rate
20 | 4.2601e-08 NA 5.6492e-08 NA 1.3885e-07  NA
40 | 1.3268e-09 5.0048 | 1.4842¢-09 5.2503 | 2.9392¢-09 5.5619
60 | 1.7473e-10 4.9999 | 1.8696e-10 5.1096 | 3.4886¢e-10 5.2563
80 | 4.3318e-11 4.8479 | 4.4602e-11 4.9816 | 8.8922e-11 4.7514
100 | 1.4993e-11 4.7549 | 1.6095e-11 4.5676 | 2.9143e-11 4.9991

Table 5.3: The L? errors and convergence rates for the immersed SIPDG method applied to

Example 5.2.
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m=1
Bt =10 B+ =100 Bt = 1000
n lu — up|10 rate |u — un|10 rate |u — unl|10 rate
20 |4.4156e +00 NA |4.4002¢ +00 NA |4.4020e +00 NA
40 | 2.1927e +00 1.0099 | 2.1847¢ + 00 1.0102 | 2.1847¢ + 00 1.0107
60 |1.4581e+ 00 1.0064 | 1.4527¢+ 00 1.0063 | 1.4532e + 00 1.0055
80 | 1.0914e 4+ 00 1.0068 | 1.0874e + 00 1.0069 | 1.0873e + 00 1.0083
100 | 8.7202e¢-01  1.0057 | 8.6890e-01 1.0052 | 8.7433e-01 0.9770
m =2
Bt =10 B+ =100 T =1000
n lu — up|10 rate |u — un|10 rate |u — unl10 rate
20 1.2294e-01 NA 1.2342¢-01 NA 1.3280e-01 NA
40 | 3.0657e-02 2.0037 | 3.0688e-02 2.0079 | 3.2771e-02 2.0188
60 1.3615e-02 2.0019 | 1.3634e-02 2.0010 | 1.4123e-02 2.0760
80 | 7.6564e-03 2.0009 | 7.6659e-03 2.0014 | 7.9088e-03 2.0155
100 | 4.8984e-03 2.0016 | 4.8994e-03 2.0062 | 5.0382e-03  2.0208
m=3
BT =10 £t =100 BT = 1000
n lu — un|10 rate |u — un|10 rate |u — upl10 rate
20 1.3728e-03 NA 1.4043e-03 NA 1.9398e-03 NA
40 1.7314e-04 2.9871 | 1.7465e-04 3.0073 | 2.2325e-04 3.1192
60 | 5.1503e-05 2.9903 | 5.1812e-05 2.9970 | 6.3749e-05 3.0911
80 | 2.1760e-05 2.9949 | 2.1888e-05 2.9952 | 2.5790e-05 3.1457
100 | 1.1150e-05 2.9964 | 1.1198e-05 3.0034 | 1.2674e-05 3.1838
m=4
3T =10 BT =100 3T =1000
n lu — un|10 rate |u — up|10 rate |u — unl10 rate
20 1.1894e-05 NA 1.6671e-05 NA 4.9726e-05 NA
40 | 7.3619e-07 4.0140 | 8.5376e-07 4.2874 | 2.0989e-06 4.5663
60 1.4495e-07 4.0080 | 1.5926e-07 4.1412 | 3.7476e-07 4.2491
80 | 4.5826e-08 4.0028 | 4.9747e-08 4.0447 | 1.3046e-07 3.6681
100 | 1.8757e-08 4.0033 | 2.0358e-08 4.0041 | 5.0928e-08 4.2153
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Table 5.4: The errors and convergence rates for the immersed SIPDG method applied to
Example 5.2 in the broken H' semi-norm.
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Example 5.3. This example is for demonstrating the p-convergence of the proposed higher
degree immersed SIPDG method, that is, the convergence of the numerical solution with
respect to the degree m on a fixed mesh. Here, we refer to the problems in Example 5.1 and
Example 5.2 as Problem 1 and Problem 2, respectively. For both problems, the immersed
SIPDG solutions are produced on a mesh of size 5 x 5 on Q = [—1, 1]* for Problem 1 and on

Q =10.6,1.6] x [.2,1.2]* for Problem 2 as shown in Figure 5.1.

N
L r
(a) A 5 x 5 mesh for Problem 1 (b) A 5 x 5 mesh for Problem 2

Figure 5.1: A 5 x 5 mesh for solving Problem 1 (left) and Problem 2 (right).

The errors of the immersed SIPDG method versus the total number of degrees of freedom
shown in Figure 5.2 and Figure 5.3 in log-log scale demonstrate the exponential convergence
of the immersed SIPDG method with increasing degree m in the L? norm and in the broken
H' semi-norm. It is worth noting that the interface conditions (3.1c) are satisfied exactly
by the proposed IFE functions, and, we believe, such a desirable and distinct feature makes
it possible for this immersed SIPDG method to produce very accurate solutions on coarse

meshes such as those in Figure 5.1.

In terms of efficiency, this p-convergence enables the proposed immersed SIPDG method
to outperform other IFE methods by several orders of magnitude. For instance, when the
meshes shown in Figure 5.1 are used with the IFE space Vg(ﬁ), the total number of degrees
of freedom of the proposed method is 2025. Nevertheless, the IFE solutions produced by the
proposed method on such coarse meshes are more accurate than those produced by other

IFE methods in the literature, such as [12], requiring more than 100,000 degrees of freedom.
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Figure 5.2: The relative errors (in log-log plot) of the immersed SIPDG method applied to
Problem 1 (left), and Problem 2 (right) in the L? norm with a fixed mesh and varying degrees
1 < m < 8, the z-axis represent the total number of degrees of freedom DOF = 25(m + 1)

100 | - gt =10 - gt =10
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Figure 5.3: The relative errors (in log-log plot) of the immersed STIPDG method applied to
Problem 1 (left), and Problem 2 (right) in the broken H' semi-norm with a fixed mesh and
varying degrees 1 < m < 8, the z-axis represent the total number of degrees of freedom
DOF = 25(m + 1)2
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5.2 The Immersed SIPDG Method for the Hyperbolic

Interface Problem

We consider the hyperbolic interface problem

;

uy =V - (BVu), in QTUQ ¢t >0,

ulaq = g, t>0,
u(+,0) = uo, in €,
(5.6)
u(+,0) = v, in €,
[u] =0, t>0

[BVu-n]. =0, ¢>0.

Here 8 = ¢?, where c|gx = ¢* represents the speed of sound in the mediums QF and Q-
and ug, vy represent the initial displacement and the initial velocity, respectively. Here, we

restrict ourselves to the case where u is smooth enough around the interface such that
[BAu]p = 0. (5.7)

Hence, one can use bilinear and biquadratic Frenet IFE spaces to approximate the solution
in space. Next, we re-use the bilinear form a;, from (5.2b) and the linear form L; from (5.2¢)

with f = 0 to express u as the solution to

(Onu,v)q + ap(u,v) = Ly(v),

(u(-,0),v)a = (uo, v)e, Vo € Hi 5(Th), (5.8)

(9yu(-,0),v)q = (vo, ),

\
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which yields the following semi-discrete immersed SIPDG method

(

(Outun, vn)o + an(un, vn) = Lp(vy), t >0,
(un(-,0), vn)a = (uo, vn)a, Vou € Vi (Th).- (5.9)

(Orun(-,0),vn)0 = (vo, vn)q,

However, this semi-discrete immersed SIPDG method leads to a stiff linear system of ordinary
differential equations. To alleviate this issue, we propose using an implicit fully-discrete

immersed SIPDG formulation based on [15, 73, 106].

More precisely, consider {t;}X, to be an equally spaced discretization of [0, 7] with a time-
step At = ]Zv’ and let u}, = uy(-,t;) be the numerical solution at time ¢ = t;. Similarly, we

use ¢' to denote g(-,t;), and we use L} to denote

Liw) =Y <—5W ‘n, + %v,gi>e. (5.10)

66(‘:2

Now, we are ready to state the fully-discrete weak problem: Find {u} }Y, such that

i+1 7 i— i+1 7 i—1
uh+ — 2uh + uy, 1 ) a, uh+ + 2uh + uy, o) =
(At)? Q 4

(Lyt (vn) +2L5 (vn) + Ly, (0n))
(5.11)

1
4
For all v, € V§*(T,) and all 1 <4 < N — 1. We take u), to be the L? projection of ug, and

(A)?

5 Yo

uj, = uj + Atvg +

where vf is the L? projection of vy and w{ is an approximation of wuy(-,0) [15, 106, 113],
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obtained by solving the system

(wg, vp)a = ap(ug, vp), Vo € V5" (Th).

5.2.1 Numerical Examples

In this section, we provide two numerical examples to demonstrate the convergence proper-
ties of the fully-discrete method (5.11). Since our time discretization is second order accu-
rate, that is, the time discretization error is of the order O(A#?), we restrict our numerical

experiments to first and second order Frenet IFE spaces.

In the first example, we show that the numerical solution u, converges optimally to the true
solution u in the L? norm. In the second example, we are unable to obtain reliable error
estimates since the solution is prohibitively expensive. However, we can observe from the

plots that the true solution and the numerical solution are in agreement.

Example 5.4. We consider the same domain and interface as in Example 5.1. That is
Q = (—1,1)? and T is the circle centered at the origin with radius rq = \/Lg Again, O =
{x e Q||z|| >ro} and @~ = {x € Q| ||z|| < ro}.

To construct an exact solution for (5.6), we let 3 = ¢2, and we follow the techniques described
in [100]. First, we use u* to denote the restrictions of u to Q*. We decompose u™ as the

sum of an incident wave u' and a reflected wave u”, and we set the incident wave to be
ui(r,0,t) = trtirees®) gt = 2 (5.12)

That is, u’ is traveling in the z direction with speed ¢. Here, w is a user-chosen constant

representing the frequency. Next, we expand u’ in terms of Bessel functions of the first kind
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using the Jacobi-Anger formula

u'(r,0,t) MtZEk —i)* Je(v"r) cos(k), (5.13a)

k=0

where g = 1 and g, = 2 for £ > 1. Additionally, since the reflected wave propagates outside

the domain, we express it as series of Hankel functions of the second kind
(r,0,t) = et ZAk )(vtr) cos(kb), (5.13h)

where A, will be discussed shortly. In the subdomain 27, the transmitted wave v~ is then

given by the following series

u (r,0,t) ’thBka (v r) cos(k@), = —. (5.13¢)
k=0

Now, we enforce the interface conditions [u], = [fVu-n], = 0 to obtain a 2 x 2 linear

system of Ay and By, namely

en(—i)" T (vt o) + ALHE (Vo) = Brdi(y o),
(5.13d)

ct <5k(—i)kj,é(7+ro) + AkH,;(Q)(nyrro)) = ¢ ByJ, (v o).

Next, we truncate the series (5.13) when the coefficient A, and Bj are smaller than the
machine epsilon. In our experiments, we set w = 10, and we truncate the series into a sum

from 0 to 80 to obtain the exact solution

u'(z,y,t) +u(z,y,t), (z,y) €Qr,
u(,y,t) = (5.14)

u'(w,y,t), (z,y) € 7,
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which is illustrated in Figure 5.4. As for the initial and boundary conditions, we use uy =

u(+,+t), vo = (-, -, t) and g = ulgq.

l' ! L S0l &

Figure 5.4: Particular solutions to the hyperbolic interface problem (5.6) at ¢t = 0 (left) and

Tha. fal b
t =1 (right), with (¢7,¢") = (2,1).

(a)t=0 (b) t =1

Now, we solve (5.6) using the fully-discrete weak formulation (5.11) on the time interval
0, 1] with 6000 time-steps, and with degree m = 1 and degree m = 2 Frenet IFE spaces. In
both examples, we set (¢7,c¢t) = (2,1). We observe that the numerical solution converges
to the true solution optimally in the L? norm and in the broken H' semi-norm, as shown in
Table 5.5. Additionally, we report the relative error in the L? norm and in the broken H'

semi-norm in Table 5.6.

m =1 m =2

no|flu—wupllyq | rate ||Ju—wuplia| rate |[lu—wunllyq | rate ||u—wuulia| rate
20 | 2.7667e-1 NA | 4.2045e-0 | NA 5.6851e-3 NA 3.9273e-1 NA
40 | 7.9085e-2 | 1.8067 | 1.8022e-0 | 1.2221 | 6.6324e-4 | 3.0995 | 9.8582e-2 | 1.9942
60 | 3.6201e-2 | 1.9272 | 1.1285e-0 | 1.1545 | 1.9034e-4 | 3.0787 | 4.3691e-2 | 2.0069
80 | 2.0614e-2 | 1.9572 | 8.2335e-1 | 1.0959 | 7.9785e-5 | 3.0223 | 2.4348e-2 | 2.0324
100 | 1.3277e-2 | 1.9716 | 6.5298e-1 | 1.0389 | 4.0273e-5 | 3.0636 | 1.5396¢e-2 | 2.0539

Table 5.5: The errors and convergence rates of the immersed SIPDG method for the hyper-
bolic interface problem at ¢+ = 1 in the L? norm and in the broken H! semi-norm.
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n Tu—urlly 0 rate lu—un|1,0 Tu—unllo o lu—unl10
lullo.0 lul1,0 llullo,0 [ul1,0

20 | 2.2312e-1 | NA |3.6560e-1 | NA |4.5847e-3| NA |3.4150e-2| NA

40 | 6.3778e-2 | 1.8067 | 1.5671e-1 | 1.2221 | 5.3487e-4 | 3.0995 | 8.5723e-3 | 1.9942
60 | 2.9194e-2 | 1.9272 | 9.8130e-2 | 1.1545 | 1.5350e-4 | 3.0787 | 3.7992¢-3 | 2.0069
80 | 1.6624e-2 | 1.9572 | 7.1595e-2 | 1.0959 | 6.4342¢-5 | 3.0223 | 2.1172e-3 | 2.0324
100 | 1.0707e-2 | 1.9716 | 5.6780e-2 | 1.0389 | 3.2478e-5 | 3.0636 | 1.3387e-3 | 2.0539

rate rate rate

Table 5.6: The relative errors and convergence rates of the immersed SIPDG method for the
hyperbolic interface problem at ¢ = 1 in the L? norm and in the broken H! semi-norm.

Example 5.5. In this example, we set Q = (—1,1)? and T is the circle centered at the origin
with radius 7o = 5. As before, Q7 = {x € Q| [|x|| < ro}, Q7 = {x € Q| |x]| > 70}, and

B = c2. For simplicity, we will set ¢ = 1 in this example.

Consider the case where the incident wave is of the form u'(z,y,t) = f(t — x). First, we

expand f as a Fourier series

4 1 [t .
= che“”, w =lIm, ¢ = —/ f(z)e ™" dz. (5.15)

leZ

Now, the incident wave in polar coordinates becomes

U (7,7 07 t) _ § Clezwltefzwlr (:05(9)7

leZ

which, by the Jacobi-Anger formulas, can be written as a double sum

(r,6,t) Zc e“"lth‘k —i)* T (wir) cos(k6). (5.16a)

I€Z

Note here that this is an infinite sum of functions in the form (5.13a). Hence, the reflected
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and the transmitted waves are given by

(r,0,t) Zc e’wltZA 122) (wir) cos(k@), (5.16b)

leZ

(r,0,1) Zc et Z B Z)Jk (—T) cos(k0), (5.16¢)

leZ

where Ag) and B,(f) are the solutions to

gk(—i)kjk(wlro) + Ag)ngz) (wlTQ) = B Jk <—7’0>

(5.17)
+ <6k(—i)k<]]/€(wﬂ‘0) + A,gl)Hk(z)(wlmD =c B(l i (—r0>

Then, the series (5.16) are truncated both in [ and k to produce an approximation of the

solution.

In this example, we choose f such that u(z,y,0) = (x + .7)e"(13@+D)?

, we reduce the sum
over [ € 7Z to the sum over —200 < [ < 200, we reduce the sum over £ > 0 to the sum
over 0 < k < 100, and we set ¢~ = 2. Then, we take the real part of u. Thus, we obtain
an approximation ugprg of u as shown in the left half of Figure 5.5. As for the immersed
SIPDG solution, we solve the fully-discrete formulation (5.11) on a 120 x 120 mesh with
degree 2 Frenet IFE space as our spatial discretization and a time-step At = 9%30 to obtain
the numerical solution showed in the right half of Figure 5.5 at ¢ = 0.7 and ¢t = 0.9. At both

times, we observe that our numerical scheme preserves the behavior of the solution, and that

the two solutions are almost indistinguishable.

Remark 5.1. Unlike the previous example where the error tables are provided, it is ex-
tremely expensive to compute the exact solution u accurately in this example. Hence, we
only included the plots of the truncated generalized Fourier series of the solution and the

immersed SIPDG solution.



5.2. THE IMMERSED SIPDG METHOD FOR THE HYPERBOLIC INTERFACE PROBLEM 169

1
0025 0.025
0.02 0.02
05 0015 05 0015
001 001
0.005 0.005
0 0 0 0
-0.005 -0.005
0.01 001
0.5 -0.015 -05 -0.015
0.02 0.02
0.025 0.025
1 1
1 0.5 0 0.5 1 -1 05 0 0.5 1
(a) ugrs at t =0 (b) up at t =10
1 0.04 i 0.04
0.03 I 0.03
0.02 0.02
0.5 0.5
‘ 001 ‘ 001
0 0
0 001 0 ) -0.01
-0.02 -0.02
‘ -0.03 ‘ -0.03
0.5 05
-0.04 -0.04
-0.05 -0.05
1 : 1 .
1 0.5 0 05 1 -1 0.5 0 0.5 1
(¢c) ugrs at t = 0.7 (d) up at t =0.7
1r 0.04 1p 0.04
l 003 | 0.03
0.02 0.02
0.5 0.5
001 001
0 0
0 0
0.01 -0.01
0.02 -0.02
05 l -0.03 05 l -0.03
-0.04 -0.04
| -0.05 | -0.05
-1 : 1 .
1 0.5 0 0.5 1 -1 0.5 0 0.5 1
(e) ugrs at t =0.9 (f) up at t =0.9

Figure 5.5: The generalized Fourier series approximation ugpg (left) and the immersed
SIPDG solution wuy, (right) at t = 0 (top), t = 0.7 (middle) and ¢t = 0.9 (bottom).



Chapter 6

Conclusions and Future Research

6.1 Contributions

In this dissertation, we presented a unified framework to analyze various immersed finite
element methods of arbitrary polynomial degree in one spatial dimension, and we presented
a new approach to construct higher order IFE spaces in two spatial dimensions using the

differential geometry properties of the interface.

In one spatial dimension, we have extended the classical scaling argument techniques [29, 37]
to IFE methods, which allowed us to provide optimal error estimates for several immersed FE
and immersed dG methods, such as the elliptic interface problem [7], the parabolic interface
problem [70], the Euler-Bernoulli interface problem [78, 81], the transport interface problem,
and the acoustic interface problem [8]. Our main contribution in this chapter lies in the
construction and study of a general IFE space which encompasses the IFE spaces for various
interface problems, alongside with a series of theorems and properties allowing us to utilize

the already existing techniques to derive optimal error estimates.

In two spatial dimensions, we introduced a Frenet transformation to construct an m-th degree
Frenet IFE space for the elliptic interface problem with optimal approximation capability. In
the construction, we utilized several differential geometry features of the interface, such as the

curvature and the tubular neighborhood, to obtain an IFE space that is locally conforming

170



6.2. Future WORK 171

to the weak formulation of the problem. Furthermore, the majority of the basis functions of
the Frenet IFE space can be constructed explicitly. Thus reducing the computational cost
of the construction of the IFE basis greatly. Additionally, we have shown that the Frenet
IFE space has optimal approximation capabilities in the L? norm. When applied to the
elliptic interface problem, the Frenet IFE method exhibited an optimal convergence under
mesh refinement, and an exponential convergence under degree refinement. Furthermore, the
Frenet IFE space was applied to solve the hyperbolic interface problem successfully, which

showcases the versatility of this approach and its applicability to various interface problems.

6.2 Future Work

In the future, we plan to continue and expand the work presented in this dissertation.
Below, we list a few possible research directions involving the Frenet IFE space that we plan

to pursue.

6.2.1 Analysis of the Frenet SIPDG method

Through numerous numerical examples, we observed that the Frenet SIPDG method dis-
cussed in Section 5.1 provides an optimally convergent numerical approximation, that is
lu—upllyq = O(K™), where m is the degree, and wuy, is the numerical solution. In the

future, we plan to present a rigorous mathematical proof of this observation.

Since we proved the optimal approximation capabilities of the Frenet IFE space, it remains

to derive an inverse inequality for the Frenet IFE functions. More precisely, we are interested
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in proving the following inequality

18%lloone < CHY2 VBV o Ve V(). (6.1)

where C'is a constant independent of h. The inequality (6.1) will then be used to prove the
coercivity of the bilinear form a, (5.2b) for sufficiently large penalty parameter o, and to

obtain an optimal error estimate.

6.2.2 Frenet IFE Spaces in Three Dimensions

Many applications in science and engineering require solving interface problems in three
spatial dimensions. Recently, extensive research is being conducted on unfitted methods
[52, 58, 74] for three-dimensional interface problems. In three dimensions, a surface is
parametrized by two variables (£,() — g(&,(), and the partial derivatives g¢ and g pro-
vide tangent lines on the interface, which are linearly independent if the parametrization is

regular [41]. The normal line is then given by the normalized cross product

Now, the Frenet transformation becomes

Then, the inverse Frenet transformation R = P~! maps the interface locally to a subset of
the plane n = 0. In the future, we plan to employ this idea to construct Frenet IFE spaces
for various interface problems in three dimensions following similar techniques to the ones

discussed in Section 3.5.
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6.2.3 Vector Interface Problems and Multi-physics Problems

In the future, we plan to extend the Frenet Framework to vector interface problems, such as
the acoustic interface problem [9, 86|, the Stokes interface problem [11, 60] and the elasticity
interface problem [53, 79, 83] amongst others. Typically, vector PDEs are more challenging
than scalar PDEs since they require more degrees of freedom on the same mesh. Hence,
higher order unfitted methods are highly desirable. Furthermore, the interface conditions
for such problems often involve the normal and the tangent vectors on the interface, which

appear naturally in the Frenet framework.

After that, we plan to construct Frenet IFE spaces for a multitude of multi-physics models,
where the partial differential equations on Q= and Q" are different in nature. For a start,
we intend to study the acoustic-elastic interface problem [17, 86, 102], and the Stokes-Darcy

interface problem [44, 72].
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