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Registration of Images with Varying Topology using
Embedded Maps

Xiaoxing Li

(ABSTRACT)

In medical images, intensity changes caused by certain pathologgncchange the topology
of image level-sets and are thus commonly referred to epological changes Topological
changes cause false deformation in existing deformable registratadgorithms, which in turn
leads to unreliable observations in the clinical study that relies on thdeformation elds,
such as deformation based morphometry (DBM). In this work, weadelop a new deformable
registration algorithm for images with topological changes. In ourrpposed algorithm, 3D
images are embedded as 4D surfaces in a Riemannian space. Thetrag is therefore
conducted as a surface evolution, which is modeled by a di usion pess. Our algorithm
di ers from existing methods in the sense that it takes ara-priori estimation of areas with
topological change as an additional input and generates dense atafation vector elds
which are free of false deformation. In particular, the output of ur algorithm is composed
of a di eomorphic deformation eld and an intensity displacement whib corrects intensity
di erence caused by topological changes. By conducting multiple tseof experiments, we
demonstrate that our proposed algorithm is capable of accuratehggistering images with
considerable topological changes. More importantly, the resultindeformation eld is not
impacted by topological changes, i.e., there is no false deformation.
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Chapter 1

Introduction

1.1 Background.

Deformable registration algorithms use dense vector elds to cape detailed structural

di erences between anatomical brain images from magnetic resowwa imaging (MRI). The

resulting deformation elds are extremely informative in subsequérlinical studies of brain

shapes, such as deformation based morphometry (DBM), both irerms of cross-subject
variation and disease progression. Therefore, the design of rebdeformable registration
algorithms is regarded as an important research topic and has atited signi cant research
interest [3, 4, 5, 6, 7, 8].

However, many brain diseases or even natural aging will result in imtgity changes in certain
regions of anatomical brain images. For example, white matter multigp sclerosis (MS) lesions
appear to be dark spots in T1-weighted MR images, which are refed to as hypointensity
lesions. Leukoaraiosis (LA) lesions appear to be brighter than noamwhite matter in
T2-weighted images, and are referred to as hyperintensity white atter lesions. Tumors
can have di erent appearances in MR images; depending upon whigype they belong to.
Nevertheless, they usually will appear to be much brighter than noral brain tissue when
imaged with contrast agents. In Fig. 1.1, we provide some exampleE MR images with
these diseases to illustrate how they cause some local intensity mhes to certain regions of
the brain image.

Ideally, medical images with the same eld of view of healthy individualsantain the same
anatomical objects, whose level-sets should have the same togglaip to minor di erences



(@) (b) (€) (d)

Figure 1.1: Examples of brain MR images with local intensity change. )aa healthy brain.
(b): a brain with MS lesion. (c): a brain with LA lesion. (d): a brain with meningioma, one
type of brain tumor.

caused by noise. However, in the presence of intensity changessaliby brain diseases, the
topology of the image level-sets will be changed (which is what we wilfee to astopological
changeghroughout this work.). Fig. 1.2 gives an example of such topologicaehange, where
() and (b) show a pair of synthesized brain MR T1-weighted imagesittv and without a
simulated MS, respectively, while (c) and (d) give the iso-contourd the two brain images
in (a) and (b), respectively. Note that topological changes to therespective level-sets are
clearly visible, as pointed out by the arrows in the gure.

Such topological changes can caugalse deformation(refer to Sec. 3.1) in the resulting
dense vector elds from existing deformable registration algorithe[9]. For the subsequent
analysis, e.g., DBM, that relies on the dense vector elds, false defmation will be wrongly
associated with local growth or shrinkage [10]. In existing literaturghe issue of suppressing
the impact of topological changes on deformable registration hagdn approached in three
di erent ways:

Pre-processing: the lesion-a ected regions are removed and ti@genaining regions are
lled via in-painting. Deformable registration is then performed on tle repaired images.

Blend-into-registration: the registration algorithm can be particlarly designed to be-
have di erently when lesion is encountered. ldeally, identi ed lesionshall not cause
any spatial deformation.

Post-processing: regular deformable registration algorithms arbrectly applied on
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(@) (b) (€) (d)

Figure 1.2: lllustration of topological changes to the level-sets ofdin MRI under MS. (a)
and (b): a pair of synthesized brain MR T1-weighted images with andithout a simulated
MS, respectively. (c) and (d): iso-contour plots of (a) and (b),aspectively.

images with topological changes. False deformation is to be remoadterwards.

Of the three ways of handling topological changes, post-procesggis regarded as the most
di cult for the following two reasons. First, deformation elds that are useful in clinical
analysis need to satisfy certain constraints, e.g., di eomorphic (fer to Sec. 2.2.1). After
modifying part of the deformation eld in the false-deformation-renoval step following de-
formable registration, it is di cult to guarantee that such constraints are still satis ed. Sec-
ond, constraints such as di eomorphism need to be ensured by sotlonhess constraints. As a
result, the impact of lesion on the deformation eld is not focal, evewhen the lesion appears
to be focal, and can spread over a large region, depending on the gaacontrast. Hence,
identifying the boundary of a false deformation is very di cult, if not impossible. Due to
these concerns, the majority of methods handle false deformatifior deformable registration
using the rst and second categories, i.e., preprocessing and blentb-registration. In this
work, we take the second approach and design a registration alglom that handles topo-
logical changes naturally during the registration process. Compat with the pre-processing
methods based on in-painting, our algorithm has the following advaages:

First, in-painting cannot repair lesions which cover regions of nomiform intensity
pro les, such as part of both white matter (WM) and gray matter (GM). Our algo-
rithm, on the other hand, can copy the texture from the registexd moving image.
As a result, our algorithm can also be used to register images with tams and after
resection, which cannot be handled by in-painting based methods.

3



Second, in-painting is an additional pre-processing step, requiriagsophisticated algo-
rithm with high computational cost. On the other hand, our algoritim is an integrated
process which corrects the topological change (as a by-produdtring registration.

1.2 Contributions

Considering the state-of-the-art of deformable registration atgithms, our contributions in
this work are summarized as follows.

First, using two state-of-the-art deformable registration algathms, namely, di eomorphic
demons and large deformation di eomorphic metric mapping algorithex (LDDMM), we
speci cally show the impact of topological changes on their perfomnce and thus demon-
strate the necessity of handling topological changes. In particulawe use several simple
cases to demonstrate the false deformation issue associated wite two algorithms and
design a simple in-painting-based tool to show the possibility of remiog false deformation
in the targeted brain regions. However, it is demonstrated that tls simple method is not
robust enough to handle real-world data and thus not practical foclinical applications.

Second, we design a new deformable registration algorithm basedembedded maps that
is capable of accurately registering images with considerable strucl di erences while
suppressing the impact of topological changes on the deformabdgistration process. In our
proposed algorithm, 3D images are embedded as 4D surfaces in a Rieman space. The
registration is therefore conducted as a surface evolution, whith modeled by a di usion
process. Our algorithm diers from existing methods in the sense dh it takes a priori
estimation of areas with topological change as an additional input dngenerates dense
deformation vector elds which are free of false deformation. Ingsticular, the output of
our algorithm consists of a di eomorphic deformation eld and an intesity displacement
which corrects intensity di erence caused by topological changeB8y conducting extensive
experiments, we demonstrate that our proposed algorithm geres accurate registration
results for images with considerable topological changes caused dierent pathologies.
More importantly, the resulting deformation eld is not impacted by topological changes,
i.e., there is no false deformation.



1.3 Organization of this work

The remainder of this work is organized as follows. In Chapter 2, wavg a review on

existing deformable registration algorithms. We rst review the curently available registra-

tion algorithms that focus on handling topological changes. Then,emeview some of the
di usion-based deformable registration algorithms that con ne tke output of the registra-

tion algorithm to be a di eomorphic dense vector eld. These works se similar physical

models to our algorithm and thus are used for comparison purposds Chapter 3, we use
experiments to deonstrate the the false deformation that causéy topological changes using
existing deformable registration algorithms and investigate the cae of the false deforma-
tion. We designed a simple in-painting-like tool to show the possibility afemoving false
deformation for the targeted regions with topological changesn IChapter 4, we present our
new deformable registration algorithm based on embedded maps. efproposed algorithm is
extensively tested on multiple sets of experiments. The registratiaesults are compared to
other algorithms where topological changes are not speci cally hdied. Chapter 5 concludes
the dissertation and propose some future work.



Chapter 2
Related work and Preliminaries

Registration refers to the process of determining a spatial transform that npa points in one
image - source (moving) image - to their homologous points of the sarmbject in another
image - target ( xed) image [11]. Among the vast number of registteon methods, such
as rigid registration and a ne registration, deformable registrationallows an image to be
warped with high degree of freedom. Deformable registration hagdn found to pick up
detailed structural di erences among imaged subjects, and thusas triggered great research
interest [12, 13]. Deformable registration can be modeled in many dient ways, which
lead to distinct optimization processes and result in deformation ekl of di erent degrees
of elasticity. Over the past four decades or so, a huge number cffdrmable registration
methods have been proposed and investigated, many of which hdwether evolved into
di erent versions. In the past, several algorithms have been pposed to perform registra-
tion via surface labeling or marker matching [14, 15, 16], and demoretied encouraging
registration performance. Especially, FreeSurfer [17] is a well dgsed surface-registration-
based pipeline, which is composed of bias-correction, skull strippjngpn-linear smoothing,
gray/white matter segmentation, surface unfolding/ attening and morphing. A similar ap-
proach is High-Dimensional Image Warping (HDW) [18], where the defoation eld is
parameterized as piecewise a ne transformations within a nite elemnt mesh. Incorporat-
ing smoothing constraints, the registration is modeled as a procesfs nding the maximum
a posterior (MAP) estimate of the parameters.

The transformations in spline-based deformable registration metlds are de ned by a linear
combination of a set of basis functions, including thin-plate spline (T®), elastic body splines
(EBS), or B-splines. Among them, B-spline is the most commonly us&ushe [19, 20, 21]. For



B-spline-based methods, the degree of exibility is con ned by thepsicing of the grid of con-
trol points. Compared with algorithms using non-parametric tran®rmations, which rely on
a function de ned on certain physical properties of images to guidée registration process,
B-spline-based methods have only limited degrees of freedom, awrdtain constraints, e.g.,
smoothness, can be easily imposed. However, as a trade-o , thesécity of the deformation
is also limited and thus it may not be able to represent subtle structat changes that are
ner than the B-spline basis grid.

Aware of many di erent deformable registration algorithms, in this bapter, however, we only
focus our review on the methods that are closly related to our warke., either using a similar
di usion model, or trying to handle a similar problem. For a complete relew on deformable
registration algorithms, we refer interested readers to surveyapers [3, 4, 5, 6, 7, 8].

2.1 Deformable registration algorithms for images with
topological changes

As introduced in Chapter 1, it is very common to see medical images witopological
changes in clinical studies. The most frequently seen brain diseaties relate to topological
changes are multiple sclerosis (MS), leukoaraiosis, Alzheimer's, megnoma etc. All these
diseases are currently attracting intense research e orts in clirat studies. Algorithms such
as deformation-based morphometry (DBM) that rely on the denseector elds are widely
used in many large scale studies, which, however, is shown to be aegtby lesion induced
false deformation [10]. Speci cally, when the topology of the movingid the xed images do
not agree, the di usion process will attempt to shrink or expand aeagion with topological
change, depending on the intensity contrast, in order to minimize #intensity residual
as modeled by the objective function. However, topological chaegypresent in brain MRI
can be caused by dierent pathologies. For example, the growth @fimors pushes the
surrounding tissue aside. MS and Leukoaraiosis usually cause dgnsihanges of white
matter (and density change in gray matter as well in the case of sike), which in fact, is
independent of brain structural change. Consequently, duringeformable registration, the
spatial deformation that is generated to shrink or expand the tapogical changes is incorrect.
As a result, we refer to the topological-change-induced defornat as false deformation. In
addition, despite the shrinked area, regions with topological chaagvill not be completely
eliminated by spatially deforming the region. Instead, the shirnkingegion will persist with



its mass condensed during the entire registration process. Thesurces that are driving false
deformation will persist throughout the di usion process. As a rast, the energy caused by
false deformation is correlated to the length of the di usion. The loger the di usion process
is, the stronger the false deformation is.

In the past, in-painting was a commonly used method in DBM to removéalse deforma-
tion [10, 22]. However, as we discussed in Chapter 1, these workquiee a reasonably
accurate segmentation of lesions and a possibly sophisticated infpiag algorithm.

A notable algorithm that models image intensity evolution is metamorpbsis, proposed
in [23]. A metamorphosis is a Riemannian metric de ned on the space ofages to ac-
count for both geometric deformation and intensity changes. Itasembles an image morph-
ing process and is a pair of curves corresponding to a spatial defiation and a template
evolution, respectively. Using the concept of metamorphosis, tological changes can be
accommodated by template evolution, i.e., intensity displacement, Wi leads to a smooth
di usion even in the presence of severe topological changes. Téfere, it has been used in
facial morphing, medical image averaging [24], and brain atlas estin@t [25]. However, in
metamorphosis, input images are set to be the base points of thefaenation. Topological
changes will impact both spatial deformation and intensity displaceemt in this registration
process. As a result, false deformation is still expected to be peatin the deformation, i.e.,
metamorphosis is not specially designed to solve the false deformatmroblem.

Alternatively, some registration algorithms use pre-computed phblogy models to handle
topological changes [26]. However, the pre-computed model hasitéd application to spe-
ci c pathology types, e.g., a certain type of tumor. Note that brainresections or the pres-
ence of neurosurgical instruments can also be regarded as topgalal changes in general.
Several works are developed to register brain images with resesicdby matching subvol-
umes [27, 28], landmarks [29] or segmentation surfaces [30]. In aiddit the Expectation-
Maximization (EM) framework has been used for a joint estimation afesection region and
registration [31, 32]. These works rely on local features, and in ma®ses, their registra-
tion results have limited dimensionality rather than a dense deformain eld, due to the
computational complexity of EM. The work by Risholm et al. [29] usesrasotropic di usion
instead of Gaussian smoothing in a registration framework that gerates a deformation
eld that is free of the impact from resections. In their work, the aisotropic di usion is
regulated by di usion sinks, where it is permitted into the area (resgtion area) but not out.
In general, compared to resection, other topological changesaaccur in many regions of a
brain image. For instance, brain images of MS patients can contain masmall regions with



hypointensity. Each region then needs to be modeled as a separdi@sion sink, which will
induce heavy computational load to the registration process. Thegistration algorithm by
Cuzol et al. [33] models the topological change using a brightnessiagaon model. However,
with the additional luminance change function, the registration ne#s to be solved with a
generalized conjugated gradient process, which is not as stableaastrict gradient descent
process, and does not guarantee convergence to a true localimum.

We need to point out that, there are other commonly seen intensitpon-uniformities on
medical images, such as bias and noise. Bias is typically of low frequeand spread over
the entire image. Noise, on the other hand, is high frequency andgsibly non-stationary.
Improved performance in many medical image processing tasks, liting registration, is
linked to improved bias and noise correction. As a result, bias and neifias been studied
in previous work [34, 35] and can be included in the preprocessing bhical data. In our
work, unless segmented in the label map, bias and noise are not relgal as topological
changes. In fact, this segmentation will be very hard, especiallyrfbias. However, as will
be introduced in Chapter 4, during the registration process, if thenoving and target images
are well aligned and the di usion is not terminated, the intensity di erence caused by bias
and noise will be corrected to a certain extent.

2.2 Diusion-based deformable registration algorithms

In this section, we introduce some important constraints in deforable registration, i.e., dif-
feomorphism and symmetry. Their physical meaning and mathemasitforms are explained
in detail. Then we study two families of state-of-the-art deformdle registration algorithms,
i.e., di eomorphic demons and LDDMM.

2.2.1 Important physical constraints

In deformable registration, only a subgroup of all deformation eld is regarded as realis-
tic and useful. In other words, certain constraints are crucial ahneed to be satis ed in
the deformation elds obtained from deformable registration algégthms. The rst one is
Di eomorphism. Mathematically, a di eomorphism has the following de nition [36, 37, B8]:



Di eomorphism : given two manifoldsM and N, a bijective mapf from M to
N is called a di eomorphism if both

f:M! N

and its inverse

f1:N! M
are di erentiable (if these functions arer times continuously di erentiable, f is
called aC"-di eomorphism).

Two manifoldsM and N are di eomorphic if there is a smooth bijective magf
from M to N with a smooth inverse. They areC" di eomorphic if there is an
r times continuously di erentiable bijective map between them whose verse is
alsor times continuously di erentiable.

Di eomorphism is an important physical constraint in image registraton. From an anatom-
ical perspective, a di eomorphism ensures that there is no tearimy folding of the physical
space. For an image, it prevents the image from folding the grid ovéself and thus de-
stroying neighborhood structure. Also, a di eomorphism guaramtes the smoothness of the
deformation eld by eliminating spikes, which leads to a stable PDE evolion in di usion-
based methods. Fig. 2.1 gives an example to demonstrate the wargpiresults of an image
grid by a di eomorphic and a non-di eomorphic vector eld. The original image grid in 2-D
is given in Fig. 2.1(a). After deforming with a vector eld that is di eomorphic, although the
image grid has been distorted, as shown in Fig. 2.1(b), all the pixelsagtin the same order
in both the horizontal and the vertical directions as in the original gd. On the other hand,
as shown in Fig. 2.1(c), when the image grid is deformed with a defortiwan eld that is not
di eomorphic, then the order of the pixels in the horizontal axis hadeen broken, and thus
the grid folds over itself. Furthermore, for the folded area, thepatial grid and the image
intensity form a one-to-many mapping, which violates the fundameal physical formation
of an image.

It is well known that di eomorphisms do not form a vector space, buonly a Lie group [13]. A
Lie group is a group which is also a di erentiable manifold, with the propty that the group
operations are compatible with the smooth structure. Lie groupsr@a smooth manifolds and
are studied using di erential calculus. In discrete applications, snathing is always needed to
ensure the di eomorphism, such examples will be given later when weagnine two existing
algorithms in Sec. 2.2.2 and Sec. 2.2.3.
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Figure 2.1: lllustration of the Di eomorphism. (a) Original grids, = Id. (b) Deformed

grid with a di eomorphism. (c) Deformed grid with a non-di eomorphism.

The second constraint is called symmetry. In deformable registiah, symmetry refers to
the notion that the resulting deformation remains the same when ghmoving and the xed
images are swapped. In terms of practical implementation, symnmgtcan refer to symmetric
gradient or inverse consistency. Symmetric gradient is imposed aach individual updating,
and does not guarantee symmetry on the nal deformation eld. iverse consistency, on the
other hand, ensures strictly the same output regardless of theder of the moving and the
xed image. Inverse consistency is illustrated in Fig. 2.2.

To understand Fig. 2.2, it is important to be aware of the existencef oegistration residual.
During the registration process, ideally, if the moving and the xed irages, denoted by,
and I respectively, only di er in terms of structural changes, the redting spatial deforma-
tion is capable of perfectly aligning the two images, i.gjlm I+ jj.z2 = 0. However, the
intensity pro le of the moving and target images are typically not idetical. Even in cases
where the two input images have the same intensity pro le, during th registration process
certain physical constraints, such as smoothness or di eomorigim, are usually imposed on
the underlying deformation elds. As a result, the spatial deform@on may not be able to
perfectly align them, leading to certain residuals, measured as thdensity distance between
the deformed moving image and the target image. Another sourcésuch residual is the nu-
merical errors from the interpolation scheme used in sub-pixel ld\@omputation. Formally,
image residualrefers to the intensity di erence between the xed and the regigred moving
images:ro = jjly  Im  jjrz, andry = jjlyn Iy Lj 2 in Fig. 2.2.

Then we get back to the concept of thénverse consistencyconstraint: the order of source
and target images can be ipped and still result in the same deformian eld, i.e., °= %

11
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Inverse consistency can be ensured by modifying the registratiobjective as

1
Einverse consistent — E(E(If , Im ) + E(I ms If l)); (2-1)
which is important when the deformation eld is used as a metric betven the two images.

Despite the power of regularizing deformation in image registratiorthe di eomorphism
and symmetry constraints cause or enhance errors when registg images with topological
changes, since there will be no di eomorphism which can align them. Bir as we discussed,
smoothing of the deformation eld is always required to ensure a di@norphism. Therefore,
the impact of topological changes on the deformation eld will not beon ned to the region
of topological change. Rather, it will spread its impact over an enlged neighborhood.
Second, when the symmetry constraint is used in registration, tofpogical changes will cause
false deformation, regardless of whether they originate from ttmeoving or the xed images.

2.2.2 Demons algorithms

Thirion's demons algorithm [39] models the image-to-image matching asli usion process,
which is analogous to Maxwell's demons, based on local image chargstiEes. The resulting
force for evolving the deformation has the same form as opticalwoequations, and can be

12



solved using gradient descent.

Given a moving image ,, and a xed imagel;, the demons energy is de ned as

E(c;9 = iZSim(If;lm Q)+ %dist(s; 02+ %Reg(s); (2.2)
i X T

wheres represents the function of the transformation, and is a vector eld on the image grid
that realizes the transformations. The rstterm Sim(1¢;l, c) models the similarity between
the deformed moving and the xed images, and is sometimes refatr® as the faithfulness.
Reg(s) is the regularization constraint that can be imposed on theansformation, which is
usually used to ensure the smoothness @f dist(s,c) is the term that guarantees the quality
of the realizationc. The scalars 2, 2 and 2 balance the relative weights of the three
terms.

For medical images, thd., distance is the most common choice for Sim( 1, ¢) between
images of the same modality. Other metrics, for example, mutual mfmation [40] can be
used to register images of di erent modalities. Limited by the Cartean grid of images, the
actual transformation s can be only computed with the xed resolution of vector eldc,

where the sub-pixel level forces are obtained by interpolation. NMeover, under a gradient
descent frameworks is updated incrementally by an update eldu at each iteration. Thus
in practice the demons optimization of the energy functional becas the following updating
rule:

2
u=argmin Es=jjilf  In (s+ Wjj*+ —jjujj* (2.3)
u X
Based on (2.3), the demons algorithm pipeline can be written as follaws
Algorithm: Demons registration

Initialize the spatial transformation s in the form of a vector eld, (usually 11 and I,
are already a ne registered, ands is initialized as the identity.)

Iteration till convergence
1. Based on currents, compute update eld using

u= lflimzs\] (J is a function of the image gradients) (2.4)

jijiz+ =

2. If choose uid-like regularization, u  K; u, whereK, is a Gaussian smoothing
convolution kernel.

3.8 s+u
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4. If choosedi usion-like regularization, s K, s, whereK, is a Gaussian smooth-
ing convolution kernel.

In (2.4), if ?is set to the estimated value of image noise, controlling? can regularize the
maximum update step.J is the image gradient that indicates the direction of optical ow.
In the original Thirion's rule, it is only related to the gradient of the xed image:

J=1r I¢: (2.5)

Another form of J is de ned in the Gauss-Newton method, where the gradient of thearped
moving image is used
J=1 (In 9): (2.6)

The concept of demons registration provides a mathematical fraawork for non-parametric
registrations, and has quickly become popular. Over the past detsg researchers have
modi ed the demons algorithm by imposing various constraints to reder it anatomically
more realistic and mathematically more stable [13, 41]. Such constrannclude symmetry
and di eomorphism.

As discussed in Sec. 2.2.1, there is no straightforward method tcseine di eomorphism in the
normal registration formulation, since di eomorphisms do not forma vector space, but only
a Lie group [13]. As an alternative, optimization can be performed onlde group, which is
the space of di eomorphisms [42, 43]. Therefore, registration téts are di eomorphic when
the Lie algebra is applied during the optimization, which avoids the typal routine of adding
constraints into the objective. Speci cally, in thedi eomorphic demons algorithm[13], an
intrinsic updating step using the classic Newton-Raphson method ipg@lied, given by,

s s exp(u); (2.7)

instead of using the updating rule in (2.4). Here, is composition operation, and exp is
the vector eld exponential. The vector eld exponential can be e ciently computed for
di eomorphisms through compositions [44]:

Algorithm: Fast computation of Vector Field Exponentials
chooseN such that 2 Nu is close enough to 0, e.g., mg® Nujj 0:5;
Perform an explicit rst order integration: v(p) 2 Nu(p) for all pixels;
Do N recursive squaring o :v. v V.
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In order to make the inverse transform directly available, which is messary for subsequent
computations and analysis in many cases, theg-domain demons algorithnj41] has been
recently proposed. This algorithm adopts the Baker-Campbell-Hador (BCH) formula [45]
to update the transformations as the log of composed exponersia

v log(exp(v) exp(u)): (2.8)

Using this updating rule, both the forward and the inverse transfonation are immediately
accessible:

s=exp(v) and s '=exp( v): (2.9)

To further render the log-domain demons algorithm symmetric, thdemons energy function
has been modi ed by symmetrizing the positions of the moving and theed images:

S=argmn(E(l;;Im;S)+ E(lt:1m:s Y): (2.10)

where E stands for the typical demons energy given in (2.3). To solve this timization,
a forward and a backward updatepf®™W and uPacK are computed independently, and the
resulting updating rule in the symmetric log-domain demons algorithn1] can be written
as an average of the forward and backward updates:

uforw))

v }Kz (log(exp(v) exp(Ky log(exp( v) exp(<; uPacK)): (211

2

whereK ; and K, are the uid-like and di usion-like smoothing convolution kernels, repec-
tively, and are the same as those used in the original demons algonith

2.2.3 Large Deformation Di eomorphic Metric Mapping algor ithms

A di eomorphism is typically ensured by smoothing the deformation wetor eld. However,
over-smoothing can destroy the correspondence between imdgéails and increase registra-
tion error. To theoretically regulate the amount of smoothing on tb deformation eld, the
works by Dupuis [46] and Troue [47] provide a theory on the minimal amount of smooth-
ness required to ensure the eld to be continuous and at least oniene di erentiable, i.e.,
C!-di eomorphic. Using this theory, the Large Deformation Di eomoiphic Metric Map-
ping (LDDMM) method has been proposed [48], which is capable of ndinthe geodesic
path in the space of di eomorphisms, between images that corrempd to each other via
large deformation elds.
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In the work by Beg et al. [12], a complete LDDMM algorithm and its implemetation has
been provided. The LDDMM algorithm solves for a geodesic defornmat path  connecting
the moving imagel ,, and the xed imagel;, where it starts fr&m I|m attime t = 0 and arrives
at I+ whent = 1. This path can be computed as ; = ¢+ 01 v dt wherev; is the velocity
vector eld of ;. Using this formulation, the cost function of LDDMM has the form:
. Z 1 1
g=arg mn EM = jjwiiddt+ Sjjl Yy Imii?e (2.12)
vi( t)= + 0

In (2.12), the rst term models the cost of the length of the defanation, in the form of
an appropriate Sobolev spac& which ensures enough smoothness of the velocity eld.
This Sobolev norm can be converted into ah, norm using a di erential operator L =
( + ) Inn (> 15in 3-D space):

ifiiv =it i, (2.13)

The second term in (2.12) re ects the data faithfulness with the dermation eld , measured
in the L, space.

The variation of (2.12) with respect to an arbitrary perturbation h on the velocity deforma-
tion eld is chosen to be computed in Sobolev spadg, using Frechet derivative for stability,
giving the Euler-Lagrange equation:
Z, 2
@QE®®) = 200 K =D {qijr 3230 3 ;hy  dt=0; (2.14)
0 Vv

where K is the self-adjoint operator:K (LYL) = Id, and jD j is the Jacobian determinant
of deformation eld

@1 @i @1
@x @x @x
@2 @2 @2
jiD j= ©@x ©% @x (2.15)
@ @x "7 @x
Sinceh is a random perturbation, the unique solution to (2.15) is given by
2. :
(r ¢Eo)v = 2% K(—ZJD gljr ‘Jto(‘JtO JH) (2.16)
The LDDMM algorithm can be summarized as follows:
Algorithm LDDMM - Initialize at iteration k =0: (when N =20, t =1=N = 1=20)
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vt‘j =0;

r ve Ey, =0;
t;0 = Id;
;T = Id;

K =0.
Iteration k+1.

1. Calculate the new estimate of velocity at each time interval:

VA o By (2.17)

2. Reparametrize the velocity eld to be a constant speed after ery 10 iterations

Z
T oo
St= R———  jivjvdt (2.18)
o Ivijvdt o
1
hy = —; % = hyv, (2.19)
Shy

* an additional step: Compute allK .

N 1toj =0 the mapping {‘J*} +(y) using:

3. Calculate forj

Vk+1

vkrl
Ty M) (2.20)

Otoj =N 1the mapping {1 .o(y) using:

4. Calculate forj

vk+1

o)=Yy ) (2.21)

5. Calculate forj = N 1toj =0theimaged? = I, (5.

6. Calculate forj =0to j = N 1 the imageJ} = I {j"%

7. Calculate forj =0to j = N 1 the gradient of the imager J? = (@@l

@x @y

8. Calculate forj =0to j = N 1 the Jacobian of the transformationD ].
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9. Calculate forj =0to j = N 1 the gradientr .1 E for vk*1 using

vk+l .

. 2.
(r wen Ev =20 K (5D ¥y ir 30030 39 (2.22)

10. Calculate the norm of the new gradieijt «+: Ejj, Stop if below the threshold.

D( 1
jjr vk+1 Ejj = er ij+1 Ejj (223)
j=1
11. Calculate the new energy using
k+1 X 1-- k+1::2 1 X 10 T i2
E(VT) = divgiivt Prly) I i~ (2.24)
iz ] N1N2N3 y2

12. Re-iteratek = k + 1, until maximum iteration reached.
Post Processing and gather results:

1. Compute the nal velocity eld 4:

Z,
. : N 1. ..
¢ =arg szz'(r['J-u-wE(V) = jvdigdt+ Siilm Yo lrlics (2.25)

2. Calculate length of the path on the manifold (geodesic distance):
y( 1

Length(id; ¥)=  jivfjiv t (2.26)
j=0

Note that in the LDDMM algorithm, the operator L requires special attention to ensure
a di eomorphism, which is also chosen to be implemented in the Fourielothain for easy
computation. It is given by
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For image registration, L, the self-adjoint operator chosen to be of the Cauchy-Navier (e
and implemented as a discrete kernel:

2 3 2 3 2
01 0 000 0 0

L= 91 a1+ 01 08=9 a4+ £ (2.27)
01 0 000 0 0

Thus, the kernelK can be constructed asK = (LYL) !. SinceL = LY, K =(L?) % The
Fourier transform can then be taken on both sides inA?(K)F(K) = G(K). As a result,
F(K)= G(K)=A?(K), where

G(K) is the Fast Fourier transform (FFT) of g, which is a complex conjugate image;

A(K) is the FFT of L. We rst create a zero real imageC of sizea Db then tile
the kernel form ofL at the center of C. Take FFT of C and obtain A(K), which is a
complex conjugate image;

F (K) is the Fourier transform off . F(K) is obtained by complex number division of
F(K)xy = %. F(K) is a complex conjugate image;

f is obtained by taking iIFFT of F (K), which is a real image.

Although demonstrating a solid mathematical foundation, the origial LDDMM algorithm

in [12] is proven to be highly space- and time-consuming, when the detized time variable
t is su ciently ne (usually around 20 intervals). To deal with this prob lem, the stationary
parameterization framework [44] has been proposed to modify tleeiginal LDDMM algo-

rithm into stationary LDDMM [49, 50], where the LDDMM registration algorithm has been
greatly accelerated, without compromising its performance. Notihat certain versions of
LDDMM algorithm require prior information on the anatomy of the imaged object. For
instance, DARTEL [50] requires segmentation of the entire brain gsart of the inputs.
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Chapter 3

Impact of topological changes on
deformable registration algorithms

In order to register images with topological changes, it is importartb take two facts into
consideration. First, given a pair of source and target images, ifely di er from each other
in terms of both structural and topological changes, the two typs of di erences will cause
deformation simultaneously. Second, since the space of images tredspace of their possible
deformations are both of extremely high dimension, di usion-baseahethods have been the
most commonly used method in searching for the optimal registratid39, 12, 13, 41]. Due
to these two facts, if not handled properly, all discrepancies beden the pair of images,
including topological changes, will drive the gradient descent proge when searching for
the registration solution. If this is the case, the resulting registtéion will be a mixture of
deformations caused by image structural di erences and intengitli erences. In this chapter,
we take the di eomorphic demons and the LDDMM algorithms as exanm@s to demonstrate
the impact of topological changes on deformable registration. Wedsa design a simple in-
painting-based tool as a pilot study to show the possibility of removipfalse deformation in
targeted regions.
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3.1 Impact of topological changes on deformable reg-
istration methods

Among state-of-the-art registration algorithms, e.g., demons [141] and LDDMM [12, 49],
the evolution of the deformation eld is achieved by the minimization ofin objective energy
function, as described in Chapter 2. This minimization is performed usy gradient descent,
an iterative process that is driven by a PDE. In these works, inveesconsistency (the resulting
deformation eld will remain the same if the source and the target imges are swapped)
and di eomorphism (both the deformation eld and its inverse eld are continuous and
di erentiable) are the two commonly imposed constraints. With thes two constraints, the
energy function of demons is de ned as [51],

. 1
Edemons: Slm(lf ; Im; ) + _zReg( ); (3-1)
T
and that of LDDMM is given by [51],
Z,
Eroomv = Simiz(l¢;1m; )+ jivjjddt: (3.2)

0

Note that, in both equations, the rstterm is a symmetric image similaity measure, given by
Sim(l¢;lm; )= %(Sim(lf;lm B+Sim(1,;1; )), which ensures the inverse consistency.
The second term is a regularization term to ensure the di eomorphis. In these two works,
di eomorphism is realized di erently. Specically, in demons, a Gaussia kernel is used
on the deformation eld or the update of the deformation eld, resilting in di usion-like
or uid-like regularization, respectively, and a deformation eld conposition is used in the
updating rule. In LDDMM, di eomorphism is achieved by con ning the deformation within

a Lie group of di eomorphisms using a di erential operatorl.

When registering images of healthy subjects, both inverse consisty and di eomorphism
are important constraints to ensure that the results of the regigation algorithm are math-
ematically stable and physically realistic. However, both of them intecct with topological
changes and thus cause problems during the registration procedsg. 3.1 gives a simple
example to illustrate the problem. Suppose a pair of 2-D imagek, (Fig. 3.1(a)) and I¢
(Fig. 3.1(b)), are to be co-registered. Clearlyl, carries a topological change with much
lower intensity. The glyph views of the registration results using di emorphic demons are

1The implementation is from http://www.insight-journal.org/browse/  publication/644, by Vercauteren
et al..
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(b)
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Figure 3.1: Registration of simple images with topological change. (apoving imagel ., (b):

xed image I¢; (c): glyph view of the deformation eld generated from di eomorghic demons;
(d): zoom-in view of (c) around the region with topological change(e): the deformation
eld generated from symmetric LDDMM; (f) zoom-in view of (e) arowmd the region with
topological change.

shown in Fig. 3.1(c) and (d), and those using symmetric LDDMRare given in Fig. 3.1(e)
and (f). Note that a similar experiment has been conducted with HD\WWwhich also demon-
strates the same problem as discovered here: \pathology is ... cagleere the validity of
the registration is compromised" [18]. These results demonstrathat with the symmetric
intensity similarity measure, the intensity di erence caused by toplegical changes forces the
local neighborhood to deform in both algorithms. Note that these t@l deformations are
toward the inside of the associated topological change, followingetldirection of the gradi-
ent. Therefore, they are not related to the pathological naturef the topological change,
i.e., false deformations Furthermore, given a di eomorphism, the smoothing operations
generally spread false deformation over an enlarged neighborhood

2This is our implementation of the algorithm by Beg et al.[12], with the symmetric image similarity
measure in (3.2).
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3.2 A simple algorithm to suppress the impact of topo-
logical change through in-painting

As discussed earlier, it is not practical to model the growth of a tagogical change without
the prior knowledge of its pathological nature. Instead, a more geral approach is to
separate the regions a ected by topological changes, and perfothe registration without
the impact from these regions. Therefore, the result of a regiation algorithm designed
in such a fashion reveals only structural changes, while a segmeiaa label map, as a
by-product, is used to isolate the possible locations of the topologlcchanges for further
clinical study. To achieve this, we proposed a two-round registriain method that can be
incorporated onto any currently available iterative PDE-driven regstration methods. In the
following, we take symmetric LDDMM as an example to illustrate our prmposed method. The
proposed method does not interfere with the execution of the riefration process, so using
other registration algorithms, e.g., di eomorphic demons, will not cange the conclusion we
draw here. In addition, because the registration algorithm we use isverse consistent, we
assume the source imagk, is the one that contains topological change in the following
discussion. In other words, the same operation can be performmuthe target imagel;, if it
is the one that contains topological change, by simply exchangingetorward and backward
deformations.

We use simple 2-D images,, and I+ shown in Fig. 3.1 (a) and (b), respectively, as inputs
to explain the above algorithm. The rst round of registration takes the original input
images. Thus, due to the presence of topological changes, weestghat the registration
algorithm will not converge to the point where the energy gradientetreases to a su ciently
small value. Instead, we force the registration to terminate whethe energy gradient stops
decreasing. Because of this, we refer to this round of registrati@as coarse registration.
We can examine how image dissimilarity drops over iterations to modehe evolution of
the coarse registration process. Speci cally, we compute an ahge image residual Di
at iteration k, and sum up these image residuals from all the iterations during thearse
registration process to obtain a total di erence Di as shown in Fig. 3.2(a). Note that, all the
absolute image residuals are in the image space of the target imagewe thus need to back
propagate them into the image space df, by applying their corresponding deformation .
From Fig. 3.2(a), we can clearly observe that regions with intensityisagreement betweeh,
and |, which are due to structural di erences, gradually shrink as theagistration process
proceeds. Hence, these regions appear only in some of the,Biand consequently have a low
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(e) (9)

Figure 3.2: lllustration of our registration method. (a): total di erence Di ; obtained after
the coarse registration; (b): deformed; into the image space of ,,; (c): the edge map
GM of (b); (d): the probability map P of topological changes if,; (e): binary label map
of topological changes ify,; (f): 10 obtained after repairing; (g): the deformation eld
obtained after the ne registration; (h): the zoom-in view of (g) aound the topological
change inl,.

intensity in Di . On the other hand, those intensity disagreements caused by wpgical
changes persist throughout the deformation process and thuscamulate in Di ;. Other
sources of image disagreement that also get accumulated duringe thegistration process
include the interpolation error and local mismatch caused by smoatbss constraints. These
disagreements happen to the regions along object edges$;in To eliminate them, we deform
I+ into the image space of, in Fig. 3.2(b) and compute itsedgemapGM =1I (I ,) K
given in Fig. 3.2(c), whereK is a Gaussian smoothing kernel with a variance that is enough
to spread the edge over the mismatched band. By performing a pixgise multiplication
between the normalized Di; and GM, we obtain a probability map P shown in Fig.3.2(d) of
the topological changes in,,,. We threshold P (a threshold of 0.5 is used in both our 2-D and
3-D registration examples), followed by 1 to 2 rounds of 8-neightbmod dilation, to obtain
a binary label map (blue region in Fig. 3.2(e)) which indicates the topoffical change in
lo. The region corresponding to the topological change is then repéacby an interpolation
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of the intensity of pixels in its neighborhood. This operation therefe provides us with a
repaired imagel 2 given by Fig. 3.2(f). 12 and | are then taken as inputs to the deformable
registration algorithm with normal stopping criteria, which generagés the nal deformation
elds and ! Theresulting is shown in Fig. 3.2(g) and (h). By comparing these results
to those in Fig. 3.1(c)-(e), we observe that the false deformatiozaused by the topological
change has been eliminated.

3.3 Results

Our proposed method can be summarized in the following algorithm:

Algorithm: repairing lesion in deformable registration

Initialize total dierence Di ; =0
Coarse registration iteration k:

compute gradient of energy functionr E;

update deformation eld and its inverse: ¢ and kl :
compute absolute image di erence:

Di w=jlm * lj;

back propagate Di and update total di erence:

Di ++=Di ¢ «;

update energy function:E;

Coarse registration is forced to terminate with a loose stopping ceitia aftern iterations
with the resulting deformation elds , and

Coarse registration post-processing . repair I,

compute gradient magnitude of deformed target image:
GM=1r (I ,) K
normalize GM and Di ; to [0; 1];

compute probability map of topological changes:
P=Di { GM;
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(b)

Figure 3.3: Registration results of brain MRIs with MS, using our propsed method. (a):

target imagel; ; (b): source imagd ,, which contains MS and after a nonlinear deformation
from I ; (c): probability map of topological change P; (d): binary map of dected lesion in

Im; (e): an axial slice ofl ,,; (f) and (g): the magnitude of the deformation eld at the same
slice as in (e), after the coarse and ne registrations, respectiye Inside the green boxes:
regions with MS lesions. Regions within green boxes are enlarged a thottom.
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threshold P followed by a slight dilation, to obtain a binary label map of epo-
logical changes;

segmented topological changes are interpolated using the integsialues of their
neighborhood, leading to a repaired version of the input imadé, .

Fine registration replacel,, by its repaired version!|? to re-perform registration with
normal stopping criteria, and output deformation eld and 1.

This in-painting-based simple method is used to register two 3-D imag®lumes, where
one of them carries simulated MS lesions. These image volumes areaoidd from the
McConnell Brain Imaging Center Simulated Brain Database [52]. The Aal, Coronal and
Sagittal views of the healthy image volume are shown in Fig. 3.3(a), @mwe use it as the
target imagel;. To generate source imagh,, simulated MS lesion is introduced intd; [52],
followed by a nonlinear 3-D shape distortion, to simulate brain strudaral change. |, is
shown in Fig. 3.3(b).

We perform a coarse registration to obtain the total di erence Di;, which is then multiplied
by the edge map of deformed; to obtain the probability map of lesion P, as shown in
Fig. 3.3(c). P is then thresholded at the mid-level, i.e., 0.5, and dilatedf two rounds to
obtain a binary label map of possible lesions in,. This label map is shown as blue contours
in Fig. 3.3(d). From Fig. 3.3(d), we notice that our method is able to idetify major MS
lesions inl . However, several lesions, which have smaller intensity di erencesm the white
matter, are not successfully identi ed (can be seen from the axi&nage). We repair the
identi ed lesion regions via interpolating the intensity of their local neghborhoods, and re-
register the images to obtain a nal deformation eld. Fig. 3.3(e)-¢) provides a comparison
between the registration elds before and after lesion-repairingvhere the regions within the
green boxes are enlarged at the bottom-right corners for betteisualization. Fig. 3.3(f) and
(g) are color coded magnitude of the deformation elds after theoarse and ne registrations,
respectively, and they are of the same image slice as in Fig. 3.3(e). ¥ém observe that the
regions inside the green and red boxes in Fig. 3.3(f) contain false aefiation caused by the
lesions, whereas these false deformations are successfully reshdrom the deformation eld
of the ne registration, as shown in Fig. 3.3(g).

This simple method, as well as its registration results, demonstraethat it is necessary
to specially handle topological changes in deformable registration atghms. Despite the
e cacy of our proposed method, two major aspects require sommprovement. First, the
simple in-painting used above requires a relatively accurate segmeiin of lesion. However,
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clinical data usually have poorly de ned lesion boundaries, where agmise segmentation can
be di cult to obtain. Second, in practical situations, lesion can coveanatomical regions with
di erent intensity, for example, MS lesion usually covers areas whewhite matter appears to
be darker and joins the ventricle. In these cases, in-painting will aae a noticeable artifact.
These sharp boundaries and artifacts are essentially the same apdlogical changes, which
will cause false deformation in the registration. To illustrate this, tw samples of simple
in-painting results of lesion segmented by FreeSurfer are given in Fg4 (a) and (b). In
both sub gures, the rst row shows the brain MR image with a sevex lesion. The direct
in-painting repaired result is given in the second row, where the ardits are noticeable alone
the lesion segmentation boundaries. In addition, merely for compson purposes, in the third
row we include the desired lesion repair results, which are obtaineding our deformable
registration algorithm that will be discussed in Chapter 4. From thes gures, the lesion
repair result is apparently improved by using our deformable registtion algorithm.
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(b)

Figure 3.4. Samples of in-painting results of lesion segmented by Feefer. (a) and (b):
each gives Axial, Sagittal and Coronal views of one in-painting exatep In both (a) and
(b), the rst row shows the brain MR image with severe MS lesion. Thelirect in-painting
repaired results are given in the second row. In addition, the thirdow shows the desired
lesion repair results, obtained using our deformable registration algthm presented next in
Chapter 4.
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Chapter 4

Registration of Images with Varying
Topology using Embedded Maps

In this chapter, we describe a new registration method to handle pological changes by
suppressing their impact on the deformable registration process forain MRI. Speci cally,
images inR® Euclidian space are embedded as surfaces in Rfh Riemannian space. The
registration process is then conducted as surface deformatiovhere the rst three dimen-
sions of the resulting deformation eld correspond to the spatialrgl deformation in the
R3 Euclidian space, and the 4th dimension corresponds to the intensitisplacement. The
contribution includes two aspects. First, compared with metamotmsis, our embedding
models the two types of deformation in a metamorphosis, i.e., a spdtdeformation and a
template evolution, with a single partial di erential equation (PDE) evolution in a higher
dimensional space. This guarantees a smooth convergence ofdhasion to a local mini-
mum (refer to Sec. 4.2.2). Second and more importantly, by cardfuchoosing a scale-space
in the embedding, we are able to control the distribution of the defmation energy in a
way that topological changes are mainly attributed to intensity disfacement, while brain
structural changes are mostly captured by spatial grid deforntian. In doing so, topological
changes will not impact the spatial deformation and thus false defoation is e ectively sup-
pressed (refer to Sec. 4.2.1). The resulting spatial deformationasdi emorphism, evolved
using the intrinsic update step, as proposed in [13].
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4.1 Preliminaries

Our algorithm is derived from the Sochen-Kimmel-Malladi general nelinear di usion [1],
by choosing a particular embedding for our speci ¢ problem. The siace evolution follows
the Euler-Lagrange equation that minimizes the surface weight maaed by the Polyakov
functional. Speci cally, an image manifold ( ;g) in R® is embedded as aiR* feature-space
manifold (M; h), whereg and h are the positive de nite symmetric bilinear forms de ned on

and M, respectively. In Riemannian geometryg and h are called metrics, which de nes
an inner product on the corresponding manifold and are used to nwae distances on the
surfaces. In the embedding, the ma : ! M is chosen as

X =[xY:z;1(XY; 2)]; (4.1)

wherex; y; z are the local image Cartesian coordinates iR3, and | (x;y; z) is the intensity of
the pixel at (x;y; z). A exemplar embedding from a 2D image manifold to a 3D feature-spa
manifold is illustrated in Fig. 4.1.

We have the freedom of choosing a particular metrit on the embedded surfack! to achieve
a desired surface weight measurement (refer to Sec 4.2). Basedlee chosen mapX and
h, the metric g on the image manifold can be uniquely constructed. This is called the
pullbackprocedure, and is given in the following,

g =hj@X'@X!: (4.2)

Note that (4.2) uses Einstein summation convention, with; 2 fx;y;zg, i;j 2fx;y;z;lg
in our embedding. The summation convention will be used in all our egtians from now
on. In (4.2),g represents the (, )th element ofg and h; stands for the (, j)th element
of h, where bothg and h are in matrix form.

Using the above de nitions, the weight of the mapX : ! M is calculated as:
Z
SIX';g thyl=  d" Pgg @x'@xih;; (4.3)
whereg isthe (, ) element ofg 1, P g is the square root of the metriag's determinant,

and m is the dimension of . This equation is referred to as the Polyakov fuetional in Rie-
mannian geometry. The variation of the Polyakov functional with repect to the embedding

can be found by the Euler-Lagrange equation,
1 . S 1

P 51 = %@(p@g @xY+ “@x'@xig (4.4)
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dx

a b

Figure 4.1: Embedding and the length element [1]. A 2D image is embeddetb a 3D
surface, where the third dimension is the image intensity. The length elementds on the
embedded surface is to be computed via the metrig

where Ij K i;] 21x;y;z;1gare the elements in the Levi-Civita connection. In Riemannian
geometry, aconnectiondescribes how the frame is changed in nitesimally on the manifold.
A connection is said to be metric compatible if the covariant derivativ&of the metric on the
manifold vanish. Thus, the de nition of the Levi-Civita connection is gven by [1]:

The fundamental theorem of Riemannian geometry : on a Riemannian
manifold (M; g) there exists a unique symmetric connection which is compatible
with the metric g. This connection is called the_evi-Civita Connection  and
the components are given by the following expression:

= %hil(@hlk + @hy  @hik): (4.5)

Note that, in Equation (4.4) the factor multiplied before% is to simplify the mathemat-
ical expression and does not change the minimization solution. Equat (4.4) de nes the
gradient descent direction that minimizes the Polyakov functional,dllowing which the em-
bedded surface shrinks its area most rapidly. Therefore, (4.4) isferred to as the minimal
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surface ow. It has been shown that many image processing taséan be accomplished via
minimizing the Polyakov functional, e.g., image smoothing and segmetitan [1].

4.2 Registration method

In this chapter, we describe a new registration algorithm in the samspirit, i.e., via the

minimization of the Polyakov Functional. This algorithm di ers from exiging methods in

the sense that it uses a segmentation of the topological changesaa input and is capable
of registering brain MRI, while eliminating the false deformation. Thedllowing describes
the three major components of the proposed algorithm and themummarizes them into a
registration algorithm.

4.2.1 Choice of embedding

To establish a registration objective, we de ne the metrit to have the following form,

3
00 0

h:§0 ooz; “6)
00 O
00 0

where is a positive function that in uences the shape of a harmonic map, i.et, changes
the physical meaning of a minimal weight of the surface. provides us with the exibility of
adjusting the path of di usion, similar to the geodesic surfaces [53Nnd enables the minimal
surface ow to achieve the desired objective. de nes the scale-space of the embedding,
which is the relative magnitude between feature and space, i.e., imagensity and image
spatial Cartesian grid.

Taking inspiration from geodesic active contours [54], we note thabif a speci c choice of
metric, the Polyakov action measures the area of the surface ingtfspace M. This gives us
the freedom to use the target image of the registration to de nehie metric and thus in uence
the shape of the harmonic map. In this work, we choose= (1, 1;)? wherel,, and I
are the moving and the xed (target) images, respectively. The s@red image di erence
given by is the most commonly used error measurement in intensity-basedgigtration
works. The dierence is, in this work is not directly minimized; instead, is used to
modulate the metric h. Intuitively, within a speci c in nitesimal region on the embedded
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Figure 4.2: In uence of on the deformation eld.

surface, if the value of function decrease its value, the distance measure within this region
will decrease, and the surface area measure will also decreaseausTihe physical meaning of
the Polyakov function is no longer same as the commonly usedrface areain the Euclidian
space. Especially, when the moving and the xed images are perfigcaligned, will have
minimal-value everywhere and the surface area measured by thely@#ov functional will
achieve its minimal value. In other words, during the di usion, the stface area is attracted
by a potential well formed by , and our particular choice of transforms the Polyakov
functional into a registration objective.

The factor de nes the relative magnitude between the feature and the geotrnie space. The
choice of impacts the distribution of the deformation energy. This is illustrate in Fig. 4.2,
where we use red and blue curves to represent surface cut pre lef a moving and a target
image, respectively and the arrows denote gradient directions ofodving from the moving
image to the target image. In Fig. 4.2(a), is set to a small value, and thus image intensity
weight less in the pullback. When the moving image is evolved to the tagjimage, the
gradient direction will be better alignedwith the intensity axis, and the deformation energy
will be concentrated on intensity displacement. Alternatively as shn in Fig. 4.2(b), if
is set to a large value, the gradient direction evolving the moving image the target
image will be better aligned with the spatial grid axis, and the defornteon energy will be
more distributed to the spatial deformation. Based on this intuition if we have a function
p(x;y;z), whose value indicates the probability that point &;y;z) lies within topological
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changes, we can construct the function in the following form,

(x;y;2) = ;; (4.7)

p(x;y;z) +
where is a small positive value to avoid the ill-condition of division-by-zero. Wit this func-
tion, for image regions without topological changep(x;y;z) will have small values and
will have large values accordingly. Then the deformation in these riegs will mainly concen-
trate on spatial grid to capture the structural di erence betwesn the moving and the target
images. On the other hand, for image regions that do have topologichange,p(x; y; z) will
have large values and will thus have small values. Then intensity displacement will be
favored during the registration process to correct the appearee of topological changes in
these regions.

4.2.2 Computation of surface variation

Using the map given in (4.1) and the choseh, we can obtain the metricg through the

pullback procedure, 2 3

2
T+ 12 1y dy 1,

1+ 12 (4.8)

1yl
2
1+ |2

|l

Ixlz 1l

Then, the gradient direction
equation (4.4). We take the
variation,

@X

@t

that minimizes surface area is given byhé Euler-Lagrange
gradient descent approach to obtairhé equation for surface
2 kax'@xlg

2 _p
g@( gg @X*)+ (4.9)

Here,t is the time variable that represents a step in the di usion process. dfe that in (4.9),
the Euler-Lagrange equation is multiplied by 2 which is a positive function and will not
a ect the solution of the minimization.

Combining all the above de nitions, we can obtain the registration ugating rule:
2 3 2 3 2 3
I y

fesf v sk 0

I I 2
2 2 2
1 12+ 12+ 17 1

I'x

'y (4.10)
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where,

S1=lA+ 15+ 1)+ (1+ 13+ 11y +(@+ 15+ 1 )14]

2 3
—z(lxlylxy"'|x|z|x2+|y|z|yz)+2_(x|x+ ylyt 21 1);
S = 2—|;
S3 = 2—( xlx + y|y+ )@+ ),

— 2 2 2.
=1+ 12+ 12+ 12

Note that in (4.10), we intentionally assemble all the terms that areelated to the partial
derivatives of in S;. The rst three dimensions in (4.10) de ne the spatial grid defor-
mation, i.e., the structural di erences between the moving and thearget images. The
4th dimension in (4.10) de nes the intensity displacement, which is maly concentrated on
the pre-identi ed topological changes. The detailed derivation of4(10) can be found in Ap-
pendix A. We want to emphasize that when using (4.10), the distribudn of the deformation
energy in the intensity displacement and the spatial grid deformatiocan be directly con-
trolled by the function . This is the major reason that false deformation can be eliminated
from our resulting deformation eld. To better understand this, ifwe set to extreme values
of +1 and 0, we can obtain the following two equations (for details refer tAppendix B),

lim %t(z[le IyH I,H o (4.11)

where
_ o O (1 Iy H D) 2z 201kl t 2t Tyl 2l y2)]
(12+15+12)2
B xIx+ yly+ 2ly)
2012+ 12+12)

and

Ii!mo%::[le L, T 1,T 171% (4.12)
where

T= 1l 21,( I+ yly+ 1)

It is easy to observe that (4.11) and (4.12) agree with our expetian (refer to Sec. 4.2.1)
that when has very large values, the spatial grid deformation should contairhé most
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energy, whereas when has very small values, the intensity displacement should dominate
the deformation energy. Note that we do not require a precise lesisegmentation to form a
proper function. It can be based on any estimated probability functiorp(x;y; z). In real
applications, p(x;y; z) can be constructed from some lesion-likelihood measurements,aor
smoothed version of a rough lesion segmentation, given by

p: Kprob L; (4.13)

where K o, Is @ Gaussian kernel and. is the segmentation label map for lesions. In most
cases, after intensity displacement, the spatial deformation ofsien-a ected areas will be

lled by the interpolation of the deformation from their neighborhoal, due to the smoothness
constraints of the deformation eld. Thus, when we construct from a smoothed rough lesion
segmentation, slightly over- or under-segmentation is well toleradi.

4.2.3 Dieomorphism

Most state-of-the-art registration algorithms constrain the reulting deformation eld to be
in the group of di eomorphisms [13, 12]. As described in Chapter 2, a @omorphism is
a Lie group of invertible and di erentiable bijective mappings. A densealeformation eld
that is di eomorphic indicates no tearing or folding in the physical spee after deformation.
Constraining the evolution of deformation eld within the group of di eomorphism also
ensures a stable di usion process by avoiding spikes when solving tesociated PDE. A
subtle di erence in our registration is that, only the rst three dimensions of the surface
evolution represent spatial grid deformation, and thus are requd to be di eomorphic.
The 4th dimension, however, is the intensity displacement that is ergted to capture high
frequency variations and should not be con ned in the group of diemorphisms.

Clearly, in our method, adding explicit constraints only to the rst three dimensions of the
deformation is mathematically di cult. Instead, as proposed in the vork of di eomorphic

lideally, the intensity displacement is expected to have certain smothness to ensure a smooth PDE
evolution. In the algorithm step 5, note that there is a Gaussian kenel directly applied on the update of
intensity displacement. In all the experiments, a very small Gaussia kernel with ; = 0:4 for K, , was
used and always results in a stable diusion. However, di eomorphismis too strong for this smoothness
constraint. Imagine that, there are two pixels, left and right. If t he input image has a smaller intensity
on the left pixel, di eomorphism essentially ensures that after intensity displacement, the left pixel cannot
change to a larger intensity compared to the right pixel, i.e., maintaining the \ordering" of the intensities.
Our algorithm does allow the exibility of changing intensities and thus t he di eomorphism does not apply
to intensity displacement.
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demons [13], spatial deformation can be directly performed in the Lgroup of di eomor-
phisms. Thus, the registration results are di eomorphic when the ie algebra is applied
during the optimization, avoiding the typical routine of adding congtaints into the objec-
tive. Following this idea, we adopt theintrinsic updating rule:

s s exp() (4.14)

for the evolution of the spatial deformation eld. Here,s is the overall spatial deformation

and u contains the rst three components of the surface evolution (40): u = [ @ @X @X1o

The intensity displacement, on the other hand, is directly accumulad as follows

+ (4.15)
where is the overall intensity displacement, and is the last component of the surface
evolution (4.10): = %X:. After applying intensity displacement on the target image I+,
given by

B L (4.16)

wheret is the time variable, the intensity di erence caused by topological @nges will be
eliminated. As a result, we refer to this step astensity correction.

4.2.4 Registration algorithm

To summarize, we have the following registration algorithm:

Algorithm (Image Registration using Embedded Maps)

Initialization:

1. set the image with normal topology as moving image;;

2. set the image with topological change as xed imade;

3. construct using the binary label map of topological changd, (4.13) (4.7);
4,

set deformation elds = Id and intensity displacement =0.

iteration t:

1. compute the update for surface evolution (4.10u = [%‘i%ﬁ%ﬁf and = %‘:;

2. apply uid regularizatononu: u  Kygug U;
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update deformation eld:s s exp();

apply di usion regularizationons: s Ky  S;
update intensity displacement + Kint X
apply spatial deformation! 1 = s(1%);

apply intensity dispalcementl {** = I} + ;

I t+1:2.
f

1%

if (TotalError < thresholdjj t = maxliteration) break;

compute new total error: TotalError = jI !

© © N o 0 M

Note that u and are both normalized and multiplied by a chosen step size as in typical
registration methods. Following the convention in di eomorphic demis, the step size for

spatial deformation is set to a constant of 2 pixels, and the step sinf intensity displacement
maximum image intensity
can be set to number of iterations

4.3 Implementation details

The proposed algorithm is implemented using the C++ image processirdprary Insight
Toolkit (ITK) [11]. The implementation includes the following list of les:

REMRegistration.cxx
ExponentialDeformationFieldimageFilter.h
ExponentialDeformationFieldimageFilter.txx
GaussianSmoothingVectorFieldFilterByD.h
GaussianSmoothingVectorFieldFilterByD.txx

CMakelLists.txt
After collecting all the inputs, the source and target pass througan optional smoothing
step, where smoothing will result in low SNR but lose of image informatioto a certain

extent. This smoothing step is not suggested in most applications.h&n the source image
is histogram matched to the target image.
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Before entering the registration loop, several intermediate vaties are initialized, including
u, ,s, , warped moving image and . Then, within each iteration, we rst update
function via calling the itkSquaredDi erencelmageFilter The rst and second order partial
derivatives ofl, and are computed using thatkGradientRecursiveGaussianimageFilter
and the itkHessianRecursiveGaussianimageFilterThe surface variation is then computed
using (4.10).

The uid regularization and the di usion regularization are implemented using Gaussian
smoothing GaussianSmoothingVectorFieldFilterByD Then, both u and are normalized
and multiplied by the chosen step sizes. To map into the Lie group of di eomorphisms,
we used theExponentialDeformationFieldimageFilter which is originally included in the
di eomorphic demons package and was edited for our application. €update of the defor-
mation eld given in (4.14) is implemented by spatially warping the deforration eld s by
u using itk WarplmageFilter and then incorporateu using itkAddlmageFilter. The intensity
displacement is applied also usingkAddimageFilter.

After the update, imageL, residual is re-computed for the current iteration and function
is updated. This process repeats until the maximum iteration is rebed.

The arguments and their common values of our deformable regidian algorithm are listed
as follows:

1. argv[1] source image (healthy subject/template)

2. argv[2] target image (image with topological change)

3. argv[3] lesionprobability map

binary lesion segmentation smoothed using Gaussian kernel of vaga 1 works
for most cases.

4. argv[4] Boolen: smoothinput_image

0 not to smooth

1 smooth
5. argv[5] oat: sigma for uid-like regularization

0.8 when template used as source image

1.2 when healthy subject is used as source image.
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6. agrv[6] oat: sigma for di usion-like regularization

0.8 when template used as source image

1.2 when healthy subject is used as source image.
7. argv[7] oat: step Size for spatial deformation

2 works for almost all cases, same as in di eomorphic demons
8. argv[8] oat: step Size for intensity displacement

0 for healthy to healthy registration
0.05 for template to subject

0.01 for subject to subject.
9. agrv[9] oat: epsilon 0.02
10. agrv[10] int: number of iterations

30 for template to subject

100 for subject to subject.

11. argv[11] output pre X
In the following, we list a set of sample arguments used to generateetresults in Sec. 4.3.

Sample arguments for Sec. 4.4.1:

:=REMrederive OASISelderlyTemplate:nrrd OASIS _img0027nrrd
Oasis_0027lesionMap:nii 0 0:8 0:8 2 005 002 30templateT 0OASIS002Reg
Sample arguments for Sec. 4.4.2:

:=REMrederive Oasissubj_0116nrrd ADNI _brain0023nrrd

ADNI _lesionMap_0023nrrd 0 1:2 1:2 2 001 002 1000ASIS0116T oADNI 002FReg
Sample arguments for Sec. 4.4.5:

:=REMrederive Oasis_subj_0050nrrd Oasis _subj_0034nrrd
allZero_lesionMap:nrrd 0 1:2 1:2 2 0 Q02 10@ASIS0050r oOASIS003Reg

:=REMrederive OASISelderlyT emplate:nrrd Oasis_subj_0034nrrd
allZero_lesionMap:nrrd 0 0:8 0:8 2 0 Q02 30templateT 0OASIS0034Reg
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4.4 Experiments and results

In this section, the registration algorithm is tested using multiple setof experiments. The re-
sulting deformation elds are compared with those obtained using deomorphic demons [13],
where topological changes are not specially handled. Additional vts are given to demon-
strate the impact of false alarm and mis-detection of lesion in the csinuction of . Exper-
iments are also conducted for cases that are currently modeledy.e both moving and xed
images contain topological changes, to show the advantages a#l ag the limitations of the
algorithm.

4.4.1 Register template to brain MRIs with lesions.

In the rst set of experiments, we register a brain template to a seof 20 brain MR images
with lesions. The template was constructed for one of our early sties [55], which is obtained
by aligning and averaging a set of 130 MR images for healthy elderly getts (age above
58) from the OASIS dataset [56]. The testing set of 20 brain MR imagewith lesion were
also from the OASIS dataset, but none of them were used in the t@hate construction.

The template is a ne registered to the target images before applymour deformable registra-
tion algorithm using the Slicer3 [57Fast A ne Registration Module. Compared to MR im-
ages of individual subjects, brain templates are very smooth. Agesult, in the experiments,
we use small Gaussian kernels for the smoothing of deformation eld fyg = it = 0:8°
for Kquig and Kgigs . Lesions are segmented using the FreeSurfer tool [17] (segradnivith
the label white matter hypointensity lesio, and is then constructed with o, = 1 for
Kprob in (4.13); =0:01in (4.7). Other parameters are set as follows:yop = 1 for K prop
in (4.13); =0:01in (4.7) and i =0:4 for Ki, . In all of the 20 registration experiments,
the image residual stops dropping and begins oscillatingwithin 15-25 iterations, so we
terminate all the registrations at the 30th iteration. Sample curve plotting the registration
residual during the registration process are shown in Fig. 4.3(a)here the solid line plots
imageLl , residual after the spatial deformation eld of the current iteraton is applied to the
moving image, and the dashed line plots imade, residual after the intensity displacement
is additionally applied. From these curves, we observe a smooth di usion procdssth on

2All the parameter settings through this chapter are in pixel scale.
3Residual oscillation is a commonly seen phenomenon in gradient desadmased searching. The reason

mainly attributes to the over-shooting and back-and-forth searching when the current solution is close to
the true local minimum.
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Figure 4.3: Registration Residual for the rst set of registrations(a) Sample curves plotting
the registration residual during the registration process. The 8d line plots the imagel,
residual after the spatial deformation eld of the current iteraion is applied on the moving
image, and the solid line plots the imagé , residual when the intensity displacement is also
applied. (b) ImagelL, residuals before and after registration. The blue bars shows the
distance between the source and target image before deformatagistration. The red bars
show thelL, residual between spatially deformed moving image and the target ig@s. The
green bars show thd., residual after the intensity displacement is further applied to the
target image.
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the evolution of spatial deformation and on that of the intensity diplacement. The image
L, residuals before and after registration for all the 20 experimenégse shown in Fig. 4.3(b).
The blue bar shows thel, residual between the moving and the target images before our
deformable registration. The red bar shows the; residual between the spatially-deformed
moving image and the target image, where we can see a signi cant grof residual values
compared to the corresponding blue bar. We also observe a funttdrop of residual values
on the green bars, which are thé , residuals after the intensity displacement is applied to
the target image, in addition to spatial deformation. In other word, the green bar shows
the registration residual after removing the contribution from tke intensity di erence caused
by topological change.

Some samples of the registration results are given in Fig. 4.4 to Fig. 4Fig. 4.4 to Fig. 4.7
each shows the result of one registration experiment, where thest row shows the checker-
board image of the template and the target image. The second roWwasvs the checkerboard
image of the target image and the registered template, i.e., afteradal deformation. The tar-
get images all contain lesions, which are segmented using the Fre#&Suool [17] (segmented
with the label white matter hypointensity lesio, and marked out using blue contours, as
shown in the third rows. The fourth rows give the target images adt intensity displacement
is applied. The fth and sixth rows in Fig. 4.4 to Fig. 4.7 plot the iso-conburs of the mov-
ing image on top of the target image, before and after the spatiaketbrmation is applied,
respectively. These iso-contour plots help to better visualize thdignment of cortical gray
matter (GM) and white matter (WM). The three columns in Fig. 4.4 to Fig. 4.7 show the
Axial, Sagittal and Coronal views of each volume, respectively. Fall the cases, we can
see that the anatomical structures of the template are well aligdewith those on the target
images and the intensity within lesions in the target image is corrected become that of
healthy white matter.

Fig. 4.8 provides some samples of the resulting deformation vectoelds using a glyph
view*. The template image (the left-most column) is registered to two siyécts with severe
lesions (the second column). After the registration, the templatgnage is deformed to align
with the subjects, as shown in the third column. In the last column, & show a zoomed view
where the deformation elds are plotted as glyph elds on top of théarget image. For the
rst subject (the upper row), we focus on the lesions around thest ventricle, and for the
second subject (the lower row), we focus on the lesion around tlaeral ventricle. From

“Note that the arrows in the glyph plot are only for illustration, and ve ctor may not be length to scale,
to improve visualization. This applies to all the following glyph plots.
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Figure 4.4: Sample of registration results 1: from a template to sudgts with lesion from
OASIS dataset. The rst row shows the template image which is a nég aligned to the
target image. The second row shows the target images that cointeng lesions, which are
marked out with blue contours. The third row shows the spatially defrmed template image,
and the last row gives the target image after intensity displacemeid applied. The fth and
sixth rows plot the iso-contours of the moving image on top of the tget image, before and
after the spatial deformation is applied, respectively. The columnshow the Axial, Sagittal
and Coronal views, from left to right, respe2t5ively.



Figure 4.5: Sample of registration results 2. Sub gures are orgaaizin the same way as in
Fig. 4.4.
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Figure 4.6: Sample of registration results 3. Sub gures are orgaaizin the same way as in
Fig. 4.4.
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Figure 4.7: Sample of registration results 4. Sub gures are orgaaizin the same way as in
Fig. 4.4.
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Figure 4.8: Samples of the resulting deformation vector elds from gmplate to subjects
with lesion from OASIS dataset. Vector elds are shown using glyphd eft-most column: the
template image. Second column from left: two subjects with sevelesions. Third column
from left: the spatially deformed template image after registration Right-most column:
zoomed view of deformation elds on top of the target image. For #h rst subject (upper
row), zoomed region around the rst ventricle. For the second $ject (lower row), zoomed
region around the lateral ventricle.

both cases, we found no false deformation around the lesion areas

For comparison purposes, we also used the di eomorphic demonsaaithm to conduct these
experiments. However, in all the experiments, di eomorphic demans not successful in the
sense that the algorithm converges to the results that completeshrink the areas of white
matter into a spike. This has been seen in our previous study whenettsmoothness of the
moving and the target images di er signi cantly. In Fig. 4.9 and Fig. 4.D, we provide a
comparison of the registration results when our algorithm is set tche same con guration
as di eomorphic demons: no smoothing on both the moving and the tget images, g =
gt = 0:8 for K¢uig and Ky . Three resolutions are used in the di eomorphic demons
registration, where 50, 50 and 200 iterations are performed in &aesolution, respectively.
In Fig. 4.9 and Fig. 4.10, the rst column from left shows the templatémage, the second
column shows the target image, the third column gives the result otipalgorithm and the
fourth column gives that of di eomorphic demons. The rst and third rows show the images
in Axial and Coronal views, respectively. The second and fourthws show the glyph plots
of deformation elds in Axial and Coronal views, respectively. Fronthese examples, we nd
that our algorithm converges to reasonable results, whereas domorphic demons does not.
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Figure 4.9: First example of comparing our registration result with tat of di eomorphic
demons. The rst column from left shows the template image, the send column shows
the target image. The third column gives the result of our algorithm rad the right-most
column gives that from di eomorphic demons. The rst and third rowshows the images in
Axial and Coronal views, respectively. The second and fourth roshows the glyph plot of
deformation elds in Axial and Coronal views, respectively.
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Figure 4.10: Another example of comparing our registration resulsv di eomorphic demons.
Sub gures are organized in the same way as in Fig. 4.9.
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4.4.2 Register brain MRIs of healthy subject to that of Alzhe imer's
patients.

In this set of experiments, we register the brain MR image of an ag& healthy female
from OASIS dataset to a set of 20 brain MR images with lesions in the Aleimer's disease
Neuroimaging Initiative (ADNI) dataset®. The images from the ADNI dataset are skull-
stripped using the FSL (BET) tool [58].

In these experiments, because we are conducting subject-tdygct registration, the moving
image is noisier and sharper compared to the template image used irc.S€4.1.A. As a
result, we use larger Gaussian kernels for the smoothing of defation elds, compared
with those used in the previous set of experiments. Speci cally, wesel g = 4 =0:8
for Knuia and Kggr , respectively. Other parameters are: pop = 1 for Kpp in (4.13);
=0:02in (4.7) and iy =0:4 for K, . In the registration experiments, the moving image
was rst a nely registered to the target images, again using the Slier3 [57]Fast A ne
Registration Module. Then, when applying our deformable registration algorithnthe image
residual stopped dropping and started oscillating after 50-80 itations, so we terminate the
registration for all experiments at the 100th iteration. Sample cwes plotting the registration
residual during the registration process for one of the experintsrare shown in Fig. 4.11(b),
with the same con guration as that used in Fig. 4.11(a). The imagé residuals before and
after registration for all the 20 experiments are shown in Fig. 4.11), in the same fashion
as used in Fig. 4.3(b). Samples of registration results are shown in F§l12 - Fig. 4.15.
The sub gures are organized in the same fashion as in Fig. 4.4. We csae that in all the
cases, the moving images are spatially deformed and well aligned witettarget images,
and the lesions in the target images are corrected after the intetysdisplacement is applied.
As an alternative visualization, in Fig. 4.16 and Fig. 4.17, we provide thei erence images
between the moving and target images, before and after regidicm. The rst rows show

SData used in this chapter are selected from the Alzheimer's disease é\iroimaging Initiative (ADNI)
database (http://www. loni.ucla.edu/ADNI). The ADNI was launched in 2003 by the National Institute
on Aging (NIA), the National Institute of Biomedical Imaging and Bio engineering (NIBIB), the Food and
Drug Administration (FDA), private pharmaceutical companies and non-pro t organizations, as a $60 mil-
lion, 5-year public-private partnership. The primary goal of ADNI h as been to test whether serial mag-
netic resonance imaging (MRI), positron emission tomography (PET), other biological markers, and clinical
and neuropsychological assessment can be combined to measuhe tprogression of mild cognitive impair-
ment (MCI) and early Alzheimer's disease (AD). Determination of sersitive and speci ¢ markers of very
early AD progression is intended to aid researchers and clinicians toaVelop new treatments and monitor
their e ectiveness, as well as lessen the time and cost of clinical tria.
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the di erence images between the moving and target images befoegistration. The second
rows give the di erence images between the deformed moving imagalahe target image.
The third rows provide the di erence images between the deformadoving image and the
lesion-corrected target image. We observe from these resultbat the image di erences
caused by structural shape variation are removed after spatideformation, and the image
di erences caused by lesion are further removed after applying emsity correction.

For comparison purposes, we again used di eomorphic demons algon [13] to perform the
same set of registration experiments. Three resolutions are usedhe di eomorphic demons
registration, where 50, 50 and 200 iterations are performed in ga@solution, respectivel.
The variances used in the smoothing Gaussian kernel for uid and dision regularization
are both set to 12, the same as in our algorithm. In Fig. 4.11(b), we also use mageniarb to
show the registration residual after applying di eomorphic demongegistration. We can see
that in all cases, the residuals after applying di eomorphic demonsake values in between
the residuals before and after intensity displacements (the red @green bars, respectively).
It is intuitive to understand that, in di eomorphic demons, part of the spatial deformation
is contributed to local deformation that attempts to minimize the eror caused by intensity
di erence of lesions. This will in turn cause false deformation.

Now we demonstrate the e cacy of our algorithm in eliminating false dimrmation. Fig. 4.18
(@) and (b) show the registration results using our proposed algtitm and di eomorphic
demons. In both (a) and (b), the sub- gures in the upper row, om left to right, show
an axial view of the moving image, the target image, the registeredaving image (after
spatial deformation) using our algorithm, and the registered moviimage (after spatial
deformation) using di eomorphic demons. In both cases, we nd tt the di eomorphic
demons algorithm tries to deform the lateral ventricle into the whitematter areas with
lesions, which leads to an incorrect registration result. In contrgsthese errors are not seen
in our registration results. Furthermore, in both (a) and (b), theleft most sub- gure in the
lower row shows a zoomed region in order to visualize the deformatietd. The second and
third sub- gures in both lower rows of (a) and (b) give the glyph viewof the deformation
eld obtained using our method and di eomorphic demons, respectdly. For di eomorphic
demons, we observed a dense deformation energy concentraijapnormally long vectors)
around the lesion-a ected areas in the resulting deformation eldyhich is obviously false
deformation. On the other hand, such false deformation is sucs@sdly removed in the

6Such multiple resolutions scheme can also be applied to our algorithm wit helps to prevent convergence
to local minimums. However, this scheme is currently not yet implemeted.
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results obtained using our algorithm. We need to emphasize that, sfgte the advantages
of our algorithm shown by these results, our algorithm does take les segmentation as an
additional input which is important prior knowledge.

4.4.3 Impact of false alarm and mis-detection of lesion.

To eliminate false deformation, our registration method relies on aa-priori lesion estima-
tion. However, the lesion segmentation obtained from automatic g@entation tools may
contain errors, either poor segmentation or false alarm/min-detdon. Here, we provide
some examples to demonstrate the impact of these errors on olgaithm.

As explained in Sec. 4.2.2, is a function of a smoothed lesion segmentation. Fig. 4.19 shows
such a case in our second set of experiments (Sec. 4.4.2). From Ei@9 (a), we notice that
FreeSurfer underestimates the lesion-a ected areas (inside thkie contours), especially the
lesion region to the left of the ventricle. Fig. 4.19 (b) shows the smiting e ect during the
construction of the p(x;y; z) function. All the lesions in the target image are successfully
removed after intensity displacement, as shown in Fig. 4.19 (c). Filng in Fig. 4.19 (d), we
can see that the deformation eld is not a ected by the presencefa lesion, i.e., no false
deformation is observed.

However, if a lesion-a ected area is completely mis-detected, thegistration performance
will be a ected. An example is shown in Fig. 4.20(a), which gives the Conal view of a
moving image, a target image, and a registered moving image afterpipng the spatial

deformation, from left to right, respectively. We nd that the skull stripping of the target

image obtained from FSL (BET) is not perfect, where some extraanial tissue was kept as
part of the brain. This tissue is not part of the brain, and does not &aive a matching anatomy
structure in the moving image. Thus, it can be regarded as a topolegl change. In fact,
such errors are commonly seen in large scale studies. Fig. 4.20()veh the deformation
eld around this area, where we observe some false deformatiordedlly, if this area was
modeled in , it would be corrected by intensity displacement and should not caasany
spatial deformation.

Underestimation or even mis-detection is common in automatic lesioeg@nentation algo-
rithms, due to the minor intensity di erences of some lesions. Howe, it is relatively
uncommon to see false alarms during lesion detection, since it is expddhat there always
exists some intensity di erence. Thus, we do not have results to el the impact of false
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Figure 4.11: Registration residual for the second set of registian. (a): Sample curves
plotting the registration residual during the registration process The solid line plots the
image L, residual after the spatial deformation eld of current iteration isapplied on the
moving image, and the solid line plots the image, residual when the intensity displacement
is also applied. (b): ImageL, residuals before and after registration. The blue bars shows
the L, distance between the source and target image before deformaiggistration. The red
bars show thel , residual between spatially deformed moving image and the target iges.
The green bars show thd_, residual after the intensity displacement is further applied to
the target image. In addition, the magenta bars in this sub gure sbw the L, residual after
apply di eomorphic demons registration.
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Figure 4.12: Sample of registration results 1. from a template to sjdets with lesion from
ADNI dataset. The rst row shows the template image which is a nely aligned to the target
image. The second row shows the target images that contain lesipndich are highlighted
with blue contours. The third row shows the spatially deformed tenpte image, and the
last row gives the target image after intensity displacement is appliedlhe fth and sixth
rows plot the iso-contours of the moving image on top of the targémage, before and after
the spatial deformation is applied, respectively. The columns shoved Axial, Sagittal and
Coronal views, from left to right, respectivelglf.5



Figure 4.13: Sample of registration results 2. Sub gures are orgaed in the same way as
in Fig. 4.12.
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Figure 4.14: Sample of registration results 3. Sub gures are orgaed in the same way as
in Fig. 4.12.
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Figure 4.15: Sample of registration results 4. Sub gures are orgaed in the same way as
in Fig. 4.12.
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Figure 4.16: Sample of di erence images 1. The rst row shows the @irence images between
the moving and target images before registration. The second rgives the di erence images
between the deformed moving image and the target image. The thinew provides the
di erence images between the deformed moving image and the lesmorected target image.
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Figure 4.17: Sample of di erence images 2. Sub gures are organizadhe same way as in
Fig. 4.16.
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Figure 4.18: Impact of imprecise segmentation of lesion. In both (apd (b), the sub gures
in the upper row, from left to right, show an axial view of the moving imge, the target
image, the registered moving image (after spatial deformation) ing our algorithm, and the
registered moving image (after spatial deformation) using di eomphic demons. Also, in
both (a) and (b), the left most sub gure in the lower row indicate a egion that we zoom in
to visualize the deformation eld. The second and third sub guresrbm the left gives the
glyph view of the deformation eld obtained using our method and di @morphic demons,
respectively.
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(b)

Figure 4.19: Sample of registration with imprecise segmentation. (alesion segmentation
obtained using FreeSurfer, lesion areas are highlighted using bluentowirs, with part of

lesions underestimated. (b): the constructed function. (c): result after intensity displace-
ment applied on the target image. (d): the deformation eld.

alarm of lesion detection in the two sets of experiments here. Howeeyeven with false alarm,
we still expect our registration algorithm to perform normally. Imagne that if the intensities

of certain region on the moving and the target images are very clgosewill have small values
for these regions and no spatial deformation or intensity displacemt will be exerted, even
though p(x;y; z) has large values.

Finally, we point out that the current version of our algorithm only dels with lesions in

the target image and a normal anatomy of the moving image is expedt Fig. 4.21 shows
the registration results when both the moving image (Fig. 4.21 (a))ral the target image

(Fig. 4.21 (b)) have lesions (from the ADNI dataset). Only the lesiosegmentation for the

target image is modeled in . We can observe that around the left side of lateral ventricle,
the deformed moving image (Fig. 4.21 (c)) is not well aligned with the tget image after

registration, where false deformation can be observed, as showrfig. 4.21 (d).

4.4.4 Example of registering a template to a brain image with a
tumor.

In this experiment, we register a brain MR image template, as shown ie rst row of

Fig. 4.22, to a target image that carries a brain tumor of consider#b size, as shown in
the second row of Fig. 4.22. The template image was constructedngs 233 healthy young
subjects (mean age 34.58) from OASIS dataset in our previous &yu[55]. The brain image
with tumor was taken for a patient with a meningioma and is available in th testing data
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(b)

Figure 4.20: False deformation caused by the miss detection of tépgical change.
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(b) (d)

Figure 4.21: Sample registration when both moving and target imagearcy lesions. (a):
moving image with lesion. (b): target image with lesion. (c): deformenhoving image after
spatial deformation. (d): the deformation eld.

distributed within the Slicer3 [57] package. It was skull-stripped usm the FSL (BET)
tool[58]. As shown in the second row of Fig. 4.22, instead of a precisgmentation of the
tumor, our interface allows a physician to draw 3 pro le lines on the taet image to indicate
the location and size of the tumor (with orange line), which gives us allipsoid containing
the tumor region (blue contours).

The third row of Fig. 4.22 gives the checkerboard image of the tangenage and the template;
where the fourth row gives the checkerboard image of the targebhages and the registered
template, after applying spatial deformation. We nd that after registration, the template
is well aligned with the target image. The fth row shows the target inage after applying
intensity displacement, where we see the intensity of the tumor riem is replaced by that of
the co-aligned template imagé This step essentially provides us with a \tumor-repaired"
version of the target image, which is an estimation of the brain anatay had the tumor not
existed. We notice that in the target image, the growth of tumor pshes the surrounding
tissue aside and squeezes the ventricle. After intensity correctidhe healthy tissue is moved
back to the normal location and the ventricle is lifted. In the sixth rev, we plot the resulting

"Note that in the checkerboard images in the third and fourth rows, the target image appears to be much
darker compared to the template. The appearances of the targegmage before and after intensity correction,
as shown in the second and fth rows, are also very di erent. This isdue to the fact that the target image
has a very di erent intensity pro le because of the bright tumor. A s a result, the contrast of the whole image
is not good, where CSF appears to be dark and not really visible. Hower, if we pay some close attention,
it is easy to notice that major features, such as the separation bieveen gray matter and white matter and
the boundary of ventricle are all well aligned after the deformable egistration. Also, as shown in the fth
row, after the intensity of the tumor region is repaired, brain regions other than the tumor can be visualized
with a proper intensity contrast.

65



Figure 4.22: Sample registration of a brain template to the MRI of a nméngioma patient.
First row: a brain template, the moving image. Second row: target iage, MRI of a
meningioma patient. Third and fourth row: checkerboard image ofhe target and the
moving image, before and after spatial deformation, respectivelyhe fth row: the intensity
corrected target image after intensity displacement. The sixth m: glyph plot of the resulting
deformation eld. The 3 columns show the Axial, Sagittal and Coronaviews of the same
image. Note that the length of glyph is ampli ed for better visualization and is not in real
pixel scale.
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deformation eld using glyphs. Clearly, the tumor does not induce anfalse deformation,
despite the strong intensity gradient between the tumor region ahthe surrounding healthy
tissue. In view of these results, we believe that the proposed algiom might also be used
to register images of resections as well.

4.4.5 Registering images of normal topology.

We need to point out that although our algorithm is motivated by the reed for accurately
registering images with topological changes, our algorithm can alse bsed to register images
of normal topology, i.e., those without topological changes. The apal deformation, in this
case, contains all the deformation energy by setting the lesion [mability map p(x;y;z) to
zero everywhere and does not allow the intensity to deform.

In Fig. 4.23 to Fig. 4.26 we give 4 examples using our registration algdnm, where both
the moving and the target images have normal topology. In Fig. 4.2® Fig. 4.26, the
three columns give the Axial, Sagittal and Coronal views of the image The rst shows
the checkerboard image of the target image and the template; arlde second row shows
the checkerboard image of the target image and the deformed tplate, i.e., after applying
spatial deformation to the template. The third and fourth rows pld the iso-contours of the
moving image before and after applying the spatial deformation, dop of the target image.
Fig. 4.23 and Fig. 4.24 each shows the result of registering an elderlain template, the
same as used in Sec. 4.4.1, to a young and healthy subject from thASIS dataset (age
27 and 21). Note that the brains of young subjects are of signi o& structural di erence
from the elderly template, which is particularly noticeable in terms ofhie ventricle sizes. In
both cases the algorithm converges to very good alignments. Fig28 shows the results of
registering the elderly brain template to an elderly healthy subject IfOASIS, the same as
used in Sec. 4.4.2. Fig. 4.26 shows the result of registering the imagéhe subject used in
Fig. 4.23(b) to the subject used in Fig. 4.24(a). In all the cases, nntensity displacement
was allowed, and thus the spatial deformation carries all the defoation energy.

The parameters used in template-to-subject registrations, i.e.,id= 4.23 to Fig. 4.25 are set
the same as used in Sec. 4.4.1 and those used in subject-to-subvggistration, i.e., Fig. 4.26,
are set the same as in Sec. 4.4.2.
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Figure 4.23: Sample result of registering the elderly template to a yog and healthy subject
from OASIS. The rst and second rows give the checkerboard imagf the target image and
the template, before and after applying spatial deformation, rectively. The third and
fourth row plot the iso-contours of the template, before and aét registration, respectively,

on top of the target image.
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Figure 4.24: Another sample of registering the elderly template to aoyng and healthy
subject from OASIS. Sub gures are organized in the same way ashig. 4.23.
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Figure 4.25: Sample result of registering the elderly template to a Heegy elderly subject
from OASIS. Sub gures are organized in the same way as in Fig. 4.23.
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Figure 4.26: Sample result of registering a young and healthy sultjfom OASIS to another.
Sub gures are organized in the same way as in Fig. 4.23.

71



4.4.6 Smoothness of

In (4.13), we used a Gaussian kernel to construct the probability ap by slightly blurring the
boundary of the lesion segmentation. The purpose of this smootlgimperation is to provide
a smooth transition between the intensity corrected areas and eir neighborhood. It also
helps mitigate the adverse e ect of imprecise segmentation, as dissed in Sec. 4.4.3. In
clinical applications, this smoothing kernel should be selected basmathe type of lesion, i.e.,
if the lesion of interest has a clear boundary for a precise segmeita, a small smoothing
kernel can be used. On the other hand, for lesions that do not hea clear boundary, a larger
smoothing kernel should be used. Fig. 4.28 provides an example singwthe impact of the
smoothing kernel. In particular, we conduct two experiments, wihe the elderly template, the
same as used in Sec. 4.4.1, is registered to a brain image with lesions e@@ASIS dataset,
where pop, for Kyon, is set to be 0 and 1 in the two experiments, respectively. The rstow
in Fig. 4.28(a) shows the checkerboard image of the template andetltarget image before
registration. The second and third rows show the checkerboard &ages of the target image
and the registered template after applying spatial deformation,sing o, = 0 and prop = 1,
respectively. All other parameters are kept the same as thoseedsin Sec. 4.4.1. From
Fig. 4.28, we can see the registration algorithm converges to veimgngar spatial deformation
in the two experiments. However, the intensity displacement was acted by the choice of

prob- This can be visualized in Fig. 4.28(b). In particular, the rst row of Hg. 4.28(b)
shows a zoomed view of the region with lesion in the target image, wldhe boundary of
FreeSurfer lesion segmentation was marked by blue contours. Thecond and third rows
show the lesion-repaired target images using.e, = 0 and 0 = 1, respectively. From the
second row, we observe that there exists an artifact resultingofin lesion-repair along the
boundary of the lesion segmentation. This artifact, however, is nigated by smoothing the
label map, i.e., pop =1, @s can be seen in the third row. Also, even in the case Qfio, = O,
the sharp boundary inp(x; y; z) does not show a strong impact on the di usion process. This
can be observed in Fig. 4.27, which shows the imalge residual during the two experiments.
We see that image residuals in the two experiments decrease in a vsiyilar fashion.

4.4.7 Comparison with in-painting.

As we discussed in Chapter 1, many current DBM methods performaalditional step of in-
painting prior to the deformable registration. Speci cally, the brainMRI is rst segmented
into multiple classes. The classes corresponding to lesions are meligt proper anatomical
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Figure 4.27: Curves plotting image., residuals during the registration with ., = 0 and

prob = 1.

structures, e.g., white matter lesions will be merged into white matte Then, the segments
of each class will be in-painted by the average intensity on the entintass.

In order to compare with the performance of in-painting, we triedd register a young and
healthy subject, as shown in the rst row in Fig. 4.29, to a elderly suect with lesion, as
shown in the second row of Fig. 4.29, where both images are from #BNI dataset. The

moving image is rst registered to the target image using our algoritin, where the deformed
moving image is shown in the third row of Fig. 4.29. Then, we perform ipainting on

both the moving and the target image based on the segmentationstéts obtained using the
FreeSurfer tool. These in-painting results are shown in the rst ahsecond rows in Fig. 4.30.
The moving and target images after in-painting are then registeredsing di eomorphic

demons, where the deformed moving image is shown in the third rowro§. 4.30. Comparing
the corresponding rows in Fig. 4.29 and Fig. 4.30, we nd that the defmable registration

algorithms converge to reasonable results in both cases.

In Fig. 4.31(a), we show the glyph views of the deformation elds ohined through dif-
feomorphic demons after in-painting (left) and our registration algrithm (right). We nd
that in both cases, the lesions around the lateral ventricle did not @uce false deformation.
However, when we apply the deformation eld obtained through di emorphic demons after
in-painting on the original moving image, we notice certain artifacts ith blocks of uniform
intensities, as shown in the zoomed images in the upper row of Fig. 4131 This is not seen
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(@)

(b)

Figure 4.28: Example showing the impact of smoothing kern®o,. (a): The rst row
shows the checkerboard image of the template and target imagefdre registration. The
second and third row show the registered template after applyingatial deformation, using

orob = 0 and  op = 1, respectively. (b): the rst row shows a zoom-in view of the reign
with lesion in the target image, where the boundary of FreeSurferd®n segmentation was
marked by blue contours. The second and third rows show the lesiogpaired target images
using prob = 0 and  ,r0p = 1, respectively.
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in the result of our algorithm, as in the lower row of Fig. 4.31(b). Cledy, after in-painting,
the deformable registration algorithm is essentially registering imagaocks (segments) of
uniform intensities. The artifact is a consequence of this block-wisegistration. We believe
this provides some evidence that our registration algorithm maybeapable of capturing more
detailed shape di erence, compared with the matching between irafmted blocks.
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Figure 4.29: Sample registration result using our algorithm. First row moving image.
Second: target image. Third row: spatial deformed moving image.
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Figure 4.30: On the same registration experiment as in Fig. 4.29, regaion result when
in-painting is used. First row: moving image after in-painting. Secondtarget image after
in-painting. Third row: spatial deformed moving image, i.e., after apy the deformation
eld obtained using di eomorphic demons on the in-painted image.
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(b)

Figure 4.31: Impact of in-painting. (a) glyph view of the deformationeld obtained using
di eomorphic demons after in-painting (left) and our algorithm (right). (b) upper row:
result when the deformation eld obtained using in-painting is applied o the original moving
image; lower row: result when the deformation eld obtained using owlgorithm is applied
on the original moving image.
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Chapter 5

Conclusion and Future Work

Deformable registration is an important research eld in medical imag processing, since
the resulting dense deformation elds provide rich information forlmical and basic science
studies. As demonstrated in Chapter 3, topological changes caufalse deformation and
degrade the reliability of existing deformable registration algorithms This motivated the
development of a deformable registration algorithm that is capabld cegistering images with
topological changes, eliminating false deformation. We now summaginpur contributions in
tackling this research problem.

5.1 Research summary

In this work, we rst study the impact of topological changes on esting deformable regis-
tration algorithms, which demonstrates the necessity of supprgag false deformation. To
handle the issue, we develop a new deformable registration algorithar images with topo-
logical changes. The proposed algorithm is capable of using a segiaigon of the topological
changes as an additional input to eliminate false deformation in the selting deformation
eld. In particular, the registration is performed by embedding imags inR?® Euclidian space
into surfaces in anR* Riemannian space. Then the image registration is modeled as a suefac
evolution process. Using the information provided by the-priori segmentation, our algo-
rithm controls the distribution of the deformation energy betweerthe spatial deformation
and intensity displacement. By doing so, false deformation is e ecely suppressed, and the
intensity displacement, as a by-product of our algorithm, captusethe intensity di erence
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caused by the topological change. The algorithm was extensivelysted on di erent brain
MR image datasets containing minor to severe pathology. The regiation results are com-
pared with those obtained from di eomorphic demons, a represative modern algorithm
used in neuroimaging studies. The comparison demonstrates theaacy of our proposed
algorithm in terms of converging to a resonable registration in the psence of topological
changes. More importantly, the resulting deformation eld is freefdfalse deformation, which
correctly reveals the structural di erences between imaged hres.

The largest impact we foresee of the algorithm is an improved accuyaof DBM analysis
in the researches that has to deal frequently with lesions, includirggudies of aging, lupus,
MS, and Alzheimer's. As shown in Sec. 4.4.7, our proposed algorithnmoals the extra step
of in-painting that is commonly used in DBM, and is believed to capture ore detailed
shape di erences, compared with the matching between in-paintddocks. In addition, our
registration algorithm also outputs a lesion correction result, whichepairs the intensity of
topological changes in the input image. This by-product can also beeful in many clinical
studies, such as template building.

We also highlight the value of our proposed algorithm in terms of ease tmplement, ro-

bustness, fast convergence, intuitive parameter settings and lied memory space consump-
tion (around 1=40 of that required by the original LDDMM). As shown in Sec. 4.4.5, au
proposed algorithm is also capable of registering images with normapblogy, which proves
that our method is a generally applicable registration tool. Considergnall these merits, we
believe our proposed algorithm will nd its application in many large-sda group-wise or
longitudinal brain studies.

5.2 Future work

The current version of our implementation only allows the target imagto contain a topo-
logical change relative to the source image. A direct extension wout@ to symmetrize the
energy function and allow lesions in both the moving and the target ing&s to be modeled by
separate probability maps. If mutual information is used instead dhe L, image residual in
the embedding function , our proposed algorithm might also register images across di erent
modalities. In addition, as shown in Sec. 4.4.3, our algorithm can also heed to register
brain images that are not-skull stripped, where the brain mask calme modeled inp.

In the future, the proposed registration algorithms can be integted into the pipeline of
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studies related to group-wise analysis, or longitudinal study of diase progression. In our
research group, an automatic unsupervised classi cation algorithis currently being devel-
oped to distinguish brain MR images of AD patients from those of eldgrnormal controls.
The classi cation uses the metric computed from dense registratiovector elds, an exam-
ple result of which is illustrated by Fig. 5.1. However, the issue of falskeformation with
existing deformable registration algorithms degrades the classittan performance. Ideally,
the structural di erence and intensity di erence caused by lesios among brains are two
di erence sources in the analysis of brain variations. Our proposeeégistration algorithm
is well suited for this application, where it can provide two separate etrics for such clas-
si cation algorithms: one is the spatial deformation eld for brain stuctural changes that
is free of false deformation, and the other is the intensity displacemt which contains only
the intensity di erence caused by lesions. This well-separated andireched information is
expected to enhance the performance of classi cation and proeigiew information for severe
disease studies.
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Figure 5.1: Classi cation on dataset using whole-brain distances. (@l shift classi cation
result in the embedded space [2].
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Appendix A

Derivation of Euler-Lagrange equation

Given an image manifold and its metric (;g) in R, we embed it as feature-scale manifold
(M;h) in R* through the mapX : | M:

X =[xy;z;1(x%Y;2)]; (A.1)

where | is the image intensity feature, which is a spatial varying function withrespect to
the image local corrdinate; y; z.

To get a conformal area of the embedded surface that is apprape for a registration objec-
tive, we choose the following metirc irM :

.

where (Xx;y;z;l)is achosen embedding function. (x;y; z) is a scaling function that controls
the relative magnitude of the embedded scale-space. The elememtsh are indexed as

o
o o

O© O o
(622N XN

(A.2)

o O O
o O

0
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100 0
iz 0oloo
001 o0
0 00 L
whose elements are indexed &8 ;i;j =1;:::;4

Now we compute the metricg through the pullback procedure:

Note that Einstein summation convention is used, with; =1;2;3 andi;j =1;:::

Q11
O12
O13
021
022
Q23
031
O32
Q33

thus, we have

g =hj@X'@x':

hp@X'@X '+ hyu@X*@X* = (1+ 1 f);

hu@X*@X*= 1 «ly;
ha@X*@X*= | Iy
ha@X*@X* = 1 4ly;
h22@X?@X 2+ hu@X*@X*= (1+ 1))
ha@X*@X*= | I
ha@X*@X*= | Iy

h44@X4@X4= I ylz;
has@X 2@X 2+ hu@X *@X 4= (1+ 1 2)

2 3
T+ 12 Iy dy 1,

— 2
2
Ll Iyl 1412

The determinant of g is computed as:
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Y+ 1A+ 1D+ 1 )+2 HAAZ 22

3|2|2|2 3|2|2 3|2|2|2 3|2|2 3|2|2|2
xlylz ylz xlylz xly xlylz

igi
= A+ 12+ 02+ 1) (A.6)

Then, we get the inverse od:

— 2 2012 2 2 271212 212y - 2 2 2y.
022033 U32023 = + (Iy+ Iz)+ (Iylz Iylz)_ (1+ |y+ Iz)1
— 2 2 2 2 2 2 2 _ 2 .
0130932 012033 = leylz ley leylz - ley,
— 2 2 2 2 2 2 2 — 2 .
012023 O13022 = leylz Ixlz leylz— Ix|2y
— 2 2 2 2 2 2 2 _ 2 .
0230931 Op1033 = leylz ley leylz - ley,
— 2 2012 2 2 271212 212y - 2 2 2y.
011033 031013 = + (|x+|z)+ (lez lez)_ (1+ |x+ Iz)!
— 2 212 2 2 2)2 — 2 .
013021 G110 = Ixlylz Iylz |x|y|z— Iy|2y
— 2 2 2 2 2 2 2 — 2 .
021032 022031 = leylz lez leylz— lez,
— 2 212 2 2 212 — 2 .
012031 Q11932 = Ixlylz Iylz leylz— Iylz,
— 2 20 2 2 2 21212 212y - 2 2 2y.
011922 012001 = + (lx + Iy)+ (lxly ley - (1+ I X + | y)!
thus:
2 2 3
1 1+ 19+ 1 I xly I xI;
g'= ———— Luly 1+ 12+ 12 I, b (A7)
(1+ I xt I y + | z)
I« I« 1+ 12+ 12
xtz xtz X y
whose elements are indexed y , ; =1;2;3. The evolution of the embedded surface is

de ned through the Euler-Lagrange equation of the conformalusface area measured by the
Polykov Functional:

g - p5@’ g0 @x)+ * j@xiexty ; (A.8)

whose |, are the Levi-Civita connection coe cients, computed as:
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SO,

thus,

K = %h"(@hlk + @by @hi); (A.9)

:—2Lh11(@h11 + @h
2h(@hie + @y
%hll(@hls + @hyg
:—2Lh11(@h14 + @h1
:—2Lh11(@h11 + @hx
%hll(@hlz + @hyy
:—2Lh11(@h13 + @hay
1

éhll(@hm + @hy

1
éhll(@hll + @hs;

1
éhll(@hlz + @ha;

1
éhll(@hls + @ha;

1
éhll(@hm + @ha;

1
_hll(@hll + @ha

2
1
éhll(@hlz + @hyy
1
éhll(@hls + @has
1
2

hll(@hm + @hyy
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@hqq) =

2

_ .y
@hyo) = 5
@hy3) = 2—2
@ha) = 5+
@hyy) = 2—y
@hyy) = >
@hy3) =0
@h24) =0
@hzy) = R
@hs) =0
@hg3) = 2—X
@hz) =0
@hyy) = 2—2
@hs2) =0
@hs3) =0
@hu)= — X x



Similarly, we have

2
X y z
1=g§y . 0
2 : 0 X
| 0 0

2
y x O
Z:igx y z
24 0 L,
0 | 0

2
ZO X
3:g§0 oy
2 X y z
0 0 |

4 has a slightly di erent form:

1
= Zh*(@hsu + @his

= Zh*(@hs + @h14
h*(@hss + @hua

2
1
2
1
2
1
§h44(@h44 + @hyg
1
2

= Sh*(@hs + @hzs

1

= §h44(@h42 + @haa
1

= §h44(@h43 + @ha4
1

= §h44(@h44+ @h24
1

= §h44(@h41 + @hs,
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@hy) =

7

@hy) =0

@h13) =0

x Tt
@hy) = ———

@hz1) =0

@hy)=

i

@hy3) =0

@hyy) = Yy -y

@hz) =0

(A.10)

(A.11)

(A.12)



Thus, we have

1

Now we get back to Equation A.8:

%2 §h44(@h42 + @hss @hs) =0
1
33 §h44(@h43 + @hzs @hg3) = 2_|
1 +
§4 §h44(@h44+ @hzs  @hsg) = %
1 +
31 §h44(@h41+ @hys  @hsy) = %
1 +
ﬁz §h44(@h42+ @hss  @hg) = %
1 +
23 §h44(@h43+ @hss  @hag) = %
1
34 §h44(@h44+ @has  @hag) = 2_|
2 3
| 0 0 X
1 § 0 . 0
4- _+ y A.13
5 0 0 | ] (A.13)
xt x y+ y zt 2
@X. § = 1 2 1 i
“ot 19—@( gg @X7)+ L @XI@X*g (A.14)
We derive the two righthand terms in Equation A.14 separately:
@( gg @x*%)
@ go+ @ g + @ 5
( _
P+ 12+ 12 P, P,
@p———— @p @p
1+ 12+ 12+ 17 1+ 12+ 12+ 17 1+ 12+ 12+ 17

al » @‘FNJ
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2 3
—@4q L+ 12+ 132 5
@X " 1+ 12+ 12+ 12
1
= —[ @+ 12+ 1A+ 12+ 12+ 13
20 A+ 12+ 12+ 1P 7 Y ‘ X Y ’
+2 P )20y + 221 0) A+ T2+ 12+ 1 D)

2OxIE+2 g+ (12421 gy + (12+21 )1+ 12+ 12 (A15)
2 3
Q4 |y 5
@y "1+ 12+ 12+ 12
1
= —[ I ly@+ 124 12413
20 L+ 12+ 12+ 1P Y g Y ‘
+2 2yt Lyhg + Iy )@+ T2+ 172+ 15
2Ualy( 242 1y + JI2+2 1yl + 12421 ,1,)] (A.16)
3
@4” l XIZ 5
@2\1 2 2 2
(1+ |x+ |y+ Iz)
— 1 2 2 2
T2[ L+ 12+ 12+ gt 2 e et
+2 (ol t Lghe+ Tyl )@+ 12+ 12+ 1))
Ul AE+2 g+ AJ+2 1l + 12421 415,)] (A.17)

Based on A.15, A.16, A.17, we get

Smp%@(p@g @x*
B (N N (R [ R 9 QR IOV ISV Sy [
20+ 12+ 12+ 12
+2 (1+ |3+1|3+ |22)2[ 21 ol (1+ Ij+ 12y 21,0y@+ 12+ 13
21, 0L+ 124 12)+4 2200, +4 22,1,4 2011,
NI (A.18)

I)+ le

(Z+17+ 10 yhdy+ Ly

89



and,

Spp= % @x'@X*g
= 2( Lgh+2 Lg?e2 Lg¥42 Lilglh+ g+ 1L,gB+ L2+ Lg®)

+ (gt + |5922+ 129% + 21,1, 071 + 21,1,0% + 21,1,0%))
1

= 2 2 2
T2+ 12+ 12+ Izz)[2|X(XIX+ ylyt 21z )+ <@+ 15+ 17+ 17)
+ )12+ 12+ 12)] (A19)
To summarize,
@X
@t 11 12

L u[@+ 15+ 1 Dha+ @+ 12+ T DLy + 1+ 13+ 1)l
(12+ 12+ 12+1)2
2 2Ix(lxlylxy‘l'Ix'z'xz'*'lylzlyz)
(12+ 12+ 12+1)2
3|x(x|x+ y|y+ zlz I) 2le
21+ 12+ 12+ 1)

L@+ T2+ 17+ 10 xIx+ yly+ ,ly)

A.20
2L+ 12+ 12+ 122 (A.20)
Similarly, we have
@X*
——= S S
@t 21 22
S Y[ NI N T I O R I N [ RV O O B IR | P4
B (12+ 12+ 12+1)2
N 2 2Iy(lxlylxy+IXIZIXZ+IyIZIyZ)
(12+ 12+ 12+1)2
3|y(x|x+ y|y+ zlz I) 2I|y
20+ 12+ 12+ 12
Ly@+ 12+ 12+ 12 e+ yly+ 2ly) (A.21)

2L+ 12+ 12+ 122
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——= Sz S
L[+ 17+ 1 Db+ (X4 12+ 1 DLy +(1+ 17+ 1 )15
(12+ 12+ 12+1)2
2 2Iz(lxlylxy‘l'Ix'z'xz'*'lylzlyz)
(12+ 12+ 12+1)2
3|z(x|x+ y|y+ zlz I) 2Ilz
20+ 12+ 12+ 12

1,2+ 13+ 17+ 12+ yly+ ly)

20+ 12+ 12+ 12?2 (A22)
Now for the last term,
X 2 _ -
% ) g@(p gg @XH+ 2 j@X'@X*g =Su+ Ss (A.23)

where

2
Sy = ﬁ—g@(p gg @x*%

2
=p5l@C 5%+ g%y + gP1) + @C TG + 071y + )

+ @ ggty + g, + 1))

For convenience, we dividé,; into 3 terms:

S, = terml +term?2 + term3

_ P-4 P_ o1 P a1
terml—ﬁ—g(@ gg1|x+@ ggzlx'*'@ ggalx)

@R w2 P2 P o2
term2—p—g(@ gg1|x+@ ggzlx'*'@ ggalx)

PP « P_ o3 P - 33
term3—p—g(@ 99l + @ 91+ @ 9g°ly)
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Now we look at each of the three terms:

( p_ p p
2 @+ 12+ 12 12 12
terml =p— al y z n X'y n x!z
P P ivrzr iz 1z Prraizrrzr iz ooz 1712
= IX811+ R1
where
Ry = 1 22+ 12+ 124+ 13+ 12+ 12
T2 @+ 122+ 122 x Ty e y oo
2 20yly A+ 12+ 17+ 15
2 2lshe @+ 13+ 17+ 1 2)]
similarily:
term2 = |y821 + R,
— 1 2 2 2 2 2 2
R 1w 12+ gl G Lo Ty Ty ol
2 20yly A+ 12+ 17+ 15
2 2yl ly, L+ 12+ 12+ 12)
term3 = ,S31 + R3

1
T2 A+ 12+ 12+ 1 D)2
2 %l 0z A+ 15+ 17+ 17

2 210y, L+ 12+ 12+ 12

Rs 220+ 13+ 17+ 1A+ 17+ 115

To summarize:
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g
|

= terml +term2 + term3

[xS11 1ySz1 1;S;1+ Ri+ R+ Rg
1
T2 1+ 12+ 12+ |9(X'X+ yly* zl2)

[(1+ | 5+ | ZZ)IXX-I-(1+ | x2+ | Zz)lyy-l-(1+ | f+ | 3)'22 21 3 (Ixlyly+ a1yl 51y,)]
(L 1212+ 1 2)2

2 2 2
s Tze TEe THI A0y x ]

Then,
Sp= 2 | @X @X*g
= ‘1‘1911"'2 ‘1‘4(|xgll+ Iyglz"' |2913)+2 34(|x921+ |y922+ |2923)
+2 300+ 1,g%+ 1,0%) + 5,07+ 3,07
+ i4(|fgll+ |3922+ |22933+ |X|y912+ lezgl3+ |y|2923)
_ 1 2 2 2
T2 ez ige g (GrElarziyrzly
+21,( x+ x )*F21( ¢+ ¢y )+21,( .+ ;)
+ 12+ 12+ 1) (A.24)
So, overall,
@X
@ =S41 + Sa2

[(1+ 1 §+ | Dl HL+ 1241 D)lyyH 1+ | 2] j)lzz 21 x(Ixlyly+ Il ot 1yl 1y,)]
T+ 12+ 17+ 127
+3(x|x+ y|y+ zlz I) I(|3+|5+|22)
2 A+ 12+ 12+ 1)
(xlx+ yly+ L)@+ 15+ 12+ 1)
2 L+ 12+ 12+ 122

(A.25)

We immediately notice that Equation A.20, A.21, A.22, A.25 have the saenshape, and thus
the variation of the surface can be written in vector form:
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2 2 2
SO T R N S

where

[(1+ I )%'l' I zz)lxx+0-+ If"’ I zz)lyy+(1+ I)%" I 5)'22 2 (leylxy+|x|zlxz+|y|z|yz)]
(12+ 12+ 12+1)2
+3(x|x+ y|y+ zlz I)
20+ 12+ 12+ 13

1

S, = |
T2+ 12+ 12+ 12

(xlxt yly+ 2@+ 12+ 12+ 13
2 1+ 12+ 12+ 13

Ss

Note that in Equation A.26 we intentionally put all the terms that relate to the partial
derivatives of in the last term S;.
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Appendix B

Impact of

The value of decides the embedded feature-space.

@ S TN (o B o VIR B o TR G o B ) S J O I OO O R S I )

@t L+ 12+ 12+ 122
B xIx+ yly+ 215 214
20+ 12+ 12+ 1)
L@+ 12+ 17+ 1D xlx+ yly+ .ly)
2L+ 12+ 12+ 122
L[R2 2) o H 2L 2 )Ly H 2121215, 201yl el gt Lyl y2)]
T+ 12+12+12)72
3|x( x|x+ y|y+ ZIZ)+ 2 le
2+ 12+ 12+ 12) 2 (2+12+12+12)
Lx(BH 124124 12)( it yly+ 1Y)
2 (Z+12+12+12)

(when 11 )

I x[(|5+|22)|xx+(|x2+|zz)lyy+(|>%+|5)Izz 2(leylxy'l'lxlzlxz'HyIzIyz)]
(12+ 12+ 122

3|x( xlx + y|y+ zlz)
202+ 12+ 12)

Similarly, when 11 |
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@)@ - I y[(l)%+|zz)|xx+(|>%+|22)Iyy+(|>%+|5)lzz 2(|x|y|xy+|x|z|xz+|y|z|yz)]
@t (12+12+12)2
3Iy( x|x+ y|y+ zlz)
2012+ 12+12)

@)é — I Z[(I5+|22)IXX+(I)%+IZ2)IVY+(I)%I-I&)IZZ 2(|x|y|xy+|x|z|xz+|y|z|yz)]
@t (12+12+12)2
3l xIx+ yly+ ;1)
2012+ 12+12)

For the intensity deformation component,

@Xx _ [(1+ | 3+ | Dl HL+ 1241 DlyyH 1+ | 21 3)IZZ 21 x(Ixlyly+ Il a1yl 1y,)]
@t I+ 12+ 12+ 122
+3(x|x+ y|y+ zlz I) I(|3+|3+|22)
2 1+ 12+ 12+ 13
(xlxt yly+ L)@+ 12+ 17+ 1 D)
2 L+ 12+ 12+ 12)2
[+ 21 2) L H 2T D)1y 2+ 121 )15, 205 (Il y g+ gl oLt 1yl o1 y,)]
(L+12+12+12)2

3( x|x+ y|y+ zlz _I) |(|3+|5+|22)
2 (F+ TEr 1F 1))

Cxbt yly+ L)+ 12+ 12+ 10
2 (A 12+ 12+ 122

These results show that when is set to a very large value, the spatial grid deformation will
dominate. Now, we test the case when! O:
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@X _ I [(1+ 1 5+ | Dl HL+ 1241 D)1y H I+ | 5 §)IZZ 2 (Ixlylyy+ Il a1, 1y,)]
@t I+ 12+ 17+ 122
3|x(x|x+ y|y+ zlz) 2le
20+ 12+ 12+ 1)
L@+ 12+ 12+ 1 (It yly+ 2ly)
2L+ 12+ 12+ 122

(when 1 0)

= gl 21 x( xIx+ y|y+ 212)

Similarly, when ! 0
@%
@: iy 2|y( xlx + yly+ 212)
X
%: il 21 ,( «Ix+ y|y+ 212)

For the intensity deformation component,

@x _ [(1+Iy2+I22)IXX+(1+ | 21 21y H1+ IX2+Iy2)IZZ 21w (Ixlylyy+ gty 1y,)]
@t A+ 12+ 12+ 122
+3(x|x+ y|y+ zlz I) I(|3+|5+|22)
2 1+ 12+ 12+ 13
(xlx* yly+ 21)@+ 12+ 17+ 1)
2 (L+ 12+ 12+ 122

(when ! 0)

2 ( xlx + y|y+ zlz)
0

3
(o + lyy + 122) 7§+

=1

These results shows that when is set to a very small value, the intensity deformation will
dominate.
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