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Distinguishing Dynamical Kinds
An Approach for Automating Scientific Discovery

Colin R. Shea-Blymyer

(ABSTRACT)

The automation of scientific discovery has been an active research topic for many years.
The promise of a formalized approach to developing and testing scientific hypotheses has
attracted researchers from the sciences, machine learning, and philosophy alike. Leverag-
ing the concept of dynamical symmetries a new paradigm is proposed for the collection of
scientific knowledge, and algorithms are presented for the development of EUGENE — an
automated scientific discovery tool-set. These algorithms have direct applications in model
validation, time series analysis, and system identification. Further, the EUGENE tool-set
provides a novel metric of dynamical similarity that would allow a system to be clustered
into its dynamical regimes. This dynamical distance is sensitive to the presence of chaos,
effective order, and nonlinearity. I discuss the history and background of these algorithms,

provide examples of their behavior, and present their use for exploring system dynamics.
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Colin R. Shea-Blymyer

(GENERAL AUDIENCE ABSTRACT)

Determining why a system exhibits a particular behavior can be a difficult task. Some turn
to causal analysis to show what particular variables lead to what outcomes, but this can
be time-consuming, requires precise knowledge of the system’s internals, and often abstracts
poorly to salient behaviors. Others attempt to build models from the principles of the system,
or try to learn models from observations of the system, but these models can miss important
interactions between variables, and often have difficulty recreating high-level behaviors. To
help scientists understand systems better, an algorithm has been developed that estimates
how similar the causes of one system’s behaviors are to the causes of another. This similarity
between two systems is called their "dynamical distance” from each other, and can be used

to validate models, detect anomalies in a system, and explore how complex systems work.
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Chapter 1

Introduction

The automation of scientific discovery has been pursued by researchers for almost as long
as computers have been in the hands of scientists. Early attempts include Herbert Simon’s
efforts to use heuristics to discover chemical laws with BACON [7]. Modern approaches
rely on more sophisticated machine learning techniques, and are aided by more powerful

machinery [13, 15].

A year before he won an ACM Turing Award, Yann LeCun was asked about the diversity of
Al research during a public Reddit interview. He responded, "But really, we are missing at
least two things: (1) learning machines that can reason, not just perceive and classify, (2)
learning machines that can learn by observing the world, without requiring human-curated
training data, and without having to interact with the world too many times.”[18] It is in

the spirit of that second class of research that EUGENE is developed.

The algorithms presented in this thesis are fundamental parts of a greater endeavor in the
automation of scientific discovery. These methods largely serve as a similarity/distance
measure of a system’s underlying dynamics, and are certainly novel among its peers [8].
Further, they have already been used for causal discovery, and model validation [5, 12].
What likens these methods to LeCun’s second class of research, however, is that they are as
much the formalization of an experimental process as they are a metric over which one can

cluster data.



Chapter 2

Project History and Personal

Contributions

The EUGENE project is named after the Hungarian-American scientist Eugene Wigner
in the style of Simon’s BACON project to honor the inspiration received from his theory
of symmetry in physics. For a broad class of systems in fact, it is a subset of the Lie
symmetries (which underpin Wigner’s symmetry theory, and are named for the Norwegian
mathematician Marius Lie) of a system that determine its dynamical kind [2]. While a
system’s Lie symmetries can be determined analytically, the process to do so is intractable

in all but the simplest cases, and requires the system to be expressed mathematically.

During my undergraduate career, I joined Dr. Ben Jantzen’s EUGENE project and was
instructed to develop a symbolic regression routine in order to circumvent the limitations
of solving a system’s Lie symmetries by hand [16]. The other advantage of this approach
to discovering ”"dynamical symmetries” was that it could fit mathematical expressions to
raw data, allowing further analytic methods to be used. 1 developed this algorithm with
Joseph Mehr, another undergraduate student, and presented our results at the Virginia Tech
Undergraduate Research in Computer Science Spring Symposium. This genetic algorithm
could successfully find the symmetries of the logistic growth equation, but struggled with

more complex systems, and exhibited a troublesome fondness for the identity symmetry.

Between my senior year of my undergraduate program, and the beginning of my graduate



career, | continued to work on the EUGENE project, during which time I helped design
EUGENE v1 [3]. My primary contribution to this version is the development of a routine
referred to as "range cover” - a process designed to maximize the coincident regions of inputs,
so none would have a greater range than the others. Range cover effectively freed us from
having to hand tune simulation parameters in order to ensure that EUGENE could draw
comparisons between seemingly disparate systems. Version 1 of the EUGENE algorithm
is the direct precursor of the modern EUGENE algorithm, and is based upon the same
principles. This version of the algorithm showed that comparing the mapping of one system’s
untransformed and transformed trajectories to the mapping of another system, EUGENE
could determine, with a high degree of accuracy, even in the presence of noise, if the two

systems were of the same dynamical kind [4].

EUGENE v1 was limited, however, to deterministic, fully observable, fully controllable sys-
tems - conditions that are difficult to replicate in the real world. These limitations motivated
the development of the current EUGENE v2 set of algorithms. A generalization of the previ-
ous algorithm, EUGENE v2 has been designed to estimate two systems’ dynamical similarity,
even when lacking information, or control over a system. By treating each system’s input as
a distribution, I suggested that a statistical distance could be used to estimate the dynamical

similarity between the two systems.

With a generalized algorithm came a number of practical problems. The most prominent
was the computational complexity of the new approach. In calculating the Hellinger distance
between the two systems’ distributions, EUGENE was attempting to find each distribution’s
probability density function using kernel density estimation - a time consuming task [1, 17].
This problem was solved by switching, at Ben Jantzen’s suggestion, to the energy distance
between distributions, as it only required cumulative distribution functions, greatly reducing

the time needed to run the algorithm [11].



4 Chapter 2. Project History and Personal Contributions

One problem that gained importance as we dealt with real-world systems was the problem of
mis-matched dynamic range. If one system took too long to reach equilibrium, for instance,
and another - too short, then comparing the two would result in a distorted dynamical
distance. I had originally approached this problem with range cover (which remains part of
the EUGENE package), but Ben and I later developed a clipping algorithm (see chapter 3)

reminiscent of dynamic time warping [14].

The largest problems that arose from the generalized approach had to do with the lack of
control over passively observed systems. To select untransformed and transformed pairs
of distributions, Ben developed an algorithm to maximize the difference in the principal
components of the new selections (chapter 3). Similarly, when dealing with discrete data, I
developed an algorithm that would select near-optimal-length sets of data without overlap,
allowing for more accurate determination of kind similarity. Using these algorithms, I de-
veloped a tool that allows us to designate untransformed and transformed sets of data when

provided with specific experimental treatments.

As the project matured, I remained diligent in testing the bounds of the algorithm - com-
paring the trade-offs of various data-treatments and parameter selections, and testing per-
formance in the presence of measurement noise and stochasticity (see appendix A). T also
helped design a tool for detecting change in dynamical kind, inspired by algorithms like the
Matrix Profile [20]. To further the testing of the algorithm on stochastic systems, I developed
a stochastic differential equation that incorporated Brownian action into the Lotka-Volterra
systems of equations [19]. In fact, developing simulations became something of a specialty.
Each new feature of the project demanded a new system be tested on. In this pursuit I
developed multiple generalizations of the Kuramoto model [6] and a damped harmonic os-
cillator for the study of nonlinearity, a multiple-pendulum simulation for the study of chaos,

and deterministic Lotka-Volterra systems that allow for varying degrees of nonlinearity or
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effective model order.

Most recently, I have been responsible for a wide sweep of the parameter space of the Lotka-
Volterra equations. This has included use of Virginia Tech’s Advanced Research Computing
resources, and the development of a visualization of the similarity of systems in parameter

space using multi-dimensional scaling to reduce a distance matrix to color-space.

My contributions to the EUGENE project have indirectly contributed to multiple publica-
tions, directly to one published work (chapter 4), and two works in preparation (including

chapter 3).



SHEA-BLYMYER, ROY, AND JANTZEN

Chapter 3: A general metric for the similarity of stochastic
and deterministic system dynamics

Colin Shea-Blymyer COLINQVT.EDU
Department of Computer Science

Virginia Tech

Blacksburg, VA 24060, USA

Subhradeep Roy SDROY@QVT.EDU
Dept. of Philosophy (0126)

229 Major Williams Hall

Virginia Tech

220 Stanger St.

Blacksburg, VA 24060, USA

Benjamin C. Jantzen BJANTZEN@QVT.EDU
Dept. of Philosophy (0126)

229 Major Williams Hall

Virginia Tech

220 Stanger St.

Blacksburg, VA 24060, USA

Editor:

Abstract

abstract
Keywords: keywords

1. Introduction

A suite of problems of importance to those looking to model, predict, or control the behavior
of complex dynamical systems can be viewed as aspects of the problem of determining
whether two systems — real or simulated — are dynamically similar. For example, for system
identification it is often important to know at the outset whether the system in question can
be described with a linear model (CITATION). For contexts where acquiring data points in
a time series is expensive — such as community ecology — it’s important to know the effective
order of the dynamical process of interest in order to know how long of a time series will
be needed to fit a reliable model (CITATION). Relatedly, the degree of nonlinearity and
chaos exhibited by a system is essential for managing error in system control or prediction
(CITATION). Each of these problems — identifying effective order, nonlinearity, and chaos
— can be seen in terms of dynamical similarity. Whether a system is strongly nonlinear
is equivalent to asking whether and to what degree it is dynamically similar to a strongly
nonlinear system and mutatis mutandis for effective order and chaos.

Another prominent problem in the literatures of a number of fields (CITATIONS) is
that of change detection. It is often of interest to know when the causal structure of a
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dynamical system has changed, as for instance when an ecosystem (or climate) has been
perturbed by external forcing, or when a mechanical component has begun to fail. This
too can be seen as a problem of dynamical similarity, in this case determining whether
one and the same system at a later time is dynamically dissimilar to itself at an earlier
time. Importantly, this is not the same as asking whether, say, the statistics of the later
time evolution of the system differ from those of an earlier portion. Such differences may
simply reflect the fact that complex system has moved into a new region of its phase space.
While such superficial proxies may be useful in spotting changes, what is at issue is the
causal structure determining the time evolution. In general, we want to know whether the
system will continue to evolve and respond to perturbations in the same way as before. In
other words, we want to know whether the dynamics have changed. All of these problems
of dynamical similarity are exacerbated by sampling noise in deterministic systems, and
become significantly more challenging to address for stochastic systems.

We here describe a general metric of dynamical similarity that is well-posed for both
stochastic and deterministic dynamical systems and which is sensitive to the effective order
of dynamics, the degree of nonlinearity, and the presence of chaos. Importantly, this metric
can be informative of these dynamical features even when only partial information about
the dynamical state of a system is tracked, or a lossy function of the dynamical variables is
observed. We introduce a variety of algorithms to show that this metric can be learned in a
range of contexts, from situations in which one has full control of the dynamical system and
complete dynamical information to situations in which only partial information is available
for passively observed systems. We also demonstrate how this metric can be applied to the
problem of change detection in this range of circumstances, and how it can be deployed to
rapidly map out the varieties of dynamical behavior as a function of parameter space for a
given dynamical model.

2. Related work

Our algorithm’s determination of dynamical similarity is sensitive to nonlinearity, chaos,
and order of a system, among other features. These three structural qualities have rich
histories of research in identification.

2.1 Detecting nonlinearity

Model free approaches like transfer entropy [28] and mutual information, built on infor-
mation theoretic concept, have been proposed as effective methods to detect the nature
of coupling in dynamical systems. In [19], a transfer entropy based metric is proposed to
assess the degree of nonlinearity present in a systems dynamics. The metric is further com-
pared with time-delayed mutual information. The transfer entropy is found to be a more
effective indicator to detect the nonlinearity when compared to the mutual information for
both simulated and experimental data. A test for nonlinearity for multivariate time series
data has been proposed in [21], which combines an information-theoretic (redundancy) ap-
proach with the surrogate data technique. The univariate implementation of the method is
described in details in [20]. The basic idea associated with the surrogate-data-based non-
linearity test is to compute a nonlinear statistic from the given data and from an ensemble
of realizations of a linear stochastic process, which captures the “linear properties” of the
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data. If the comparison with the computed statistics reflect a significant difference, the
inference is drawn that the data are not generated by a linear process; otherwise the null
hypothesis is accepted, which means a linear model fully explains the data. In [13] the
use of a different test statistic, called the number of missing ordinal patterns, is used to
test nonlinearity in both model and experimental data. The idea is built on the previously
introduced concept of ordinal patterns in [2]. The challenge of detecting nonlinearity from
short and noisy data has been addressed in a recent work in [34], which uses the concept
of permutation entropy that contains information about the temporal structure associated
with the underlying dynamics of a time series.

2.2 Determining effective order

System order identification techniques that can be applied to the more challenging classes
of systems that our algorithm can be applied to (e.g. non-linear, stochastic systems) are
well documented [11]. One of the earliest approaches to determining the order of nonlinear,
autoregressive systems relied on the Akaike information criterion (AIC) of a candidate model
[30]. These methods regress toward an optimal model order, requiring further parameter
estimation of the model itself. The method of false nearest neighbors (FNN) embeds the
available data in a low-dimensional subspace, then compares the distance between neighbors
in the subspace to their distance in prediction-space. If the distance in prediction-space is
high, then they are considered false neighbors, and if there are many false neighbors, then
the dimension of the subspace is increased until nearly no false neighbors are present [23].
This method, and similar methods using Lipschitz numbers [3], are model-free, but still
require an iterative process of regressing to an optimal order. Subspace methods test the
smallest singular value of the crucial matrix of a system of data, increasing the rank of
the matrix until the test is passed [3]. Again, these methods are model free, but rely on
a sequence of tests. Further, while many of the above methods have been developed for
classes of models used to represent stochastic systems, their performance in the presence of
noise has been questioned [11].

2.3 Determining the degree of chaos in dynamical systems

In the literature, a variety of approaches have been proposed to study chaotic time-series
data such as correlation dimension analysis [22, 7], estimation of the largest Lyapunov
exponent [9], reconstruction of the dynamical system [26], and controlling chaos [10, 27]. The
correlation dimension analysis is based on the phase space reconstruction and quantification
of the strangeness of the attractors. The main limitation of the method is that it is a
data-hungry process and sensitive to the presence of measurement noise in the data. An
alternative approach has been proposed in [29] to analyze short time series data called
nonlinear forecasting, and utilizes a nearest-neighbor technique to predict the future state
of a dynamical system using the history of that time-series. A comparison between these
two methods in [33] demonstrate that nonlinear forecasting is more efficient and robust than
the correlation dimension for chaotic time series analysis in a noisy system.
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2.4 Dynamical similarity and change

Time series similarity measures are important in classification and change detection, for
example to characterize ecosystem dynamics, or explore genomes. An overview and quanti-
tative comparison of the similarity measures has been provided in [16]. The most common
measures used in literature include a number of distance measures (e.g. Manhattan, Eu-
clidean Minkowski and Mahalanobis, correlation), and transformation approaches (Principal
Component Analysis, and Fourier based similarities). Manhattan [4] and Euclidean distance
[6] measures quantify the absolute magnitude and the Euclidean distance of the difference
between time series, respectively, whereas Mahalanobis distance [5] measure additionally
accounts for nonstationarity of variance and temporal cross-correlation. Correlation dis-
tance [6] detects the degree of linear relationship between time series. Distance measures
based on principal component analysis [18] quantifies the difference between times princi-
pal components. Additionally, Fourier based similarities [8, 15] detect the shape similarity
based on Fourier transform derived amplitude and phase differences. Finally, these metrics
can be used for finding patterns in data [1], and the detection of anomalies [32]. These
similarity measures find applications in several time series clustering and change detection.

2.5 Dynamical kinds

Effective order, nonlinearity, and chaos are each aspects of the causal structure of a dynam-
ical system. The existing tests contrived to assess these aspects consider a target system
in isolation; the details of a particular system’s behavior are used to determine, e.g., the
effective order of its dynamics, and only after the fact is it recognized that two systems share
causal features in common. The theory of dynamical kinds offers an alternative approach:
by determining that two systems are of the same or different dynamical kinds, we learn
whether they share any of these dynamical properties. Information about any one can then
be transferred to the class.

Dynamical kinds were first defined in CITATION. The dynamical kinds theory partitions
the space of dynamical systems into equivalence classes — dynamical kinds — on the basis
of dynamical symmetry. A dynamical symmetry is an intervention — an externally induced
change in the values of the some of the dynamical variables of a system — that commutes
with any intervention on a chosen index variable. For dynamical systems for which we
are explicitly concerned with temporal dynamics, time is generally treated as the index

variable. In that case, a dynamical symmetry (with respect to time) is defined as follows
(CITATION):

Definition 1 (Dynamical symmetry with respect to time) Lett be the variable rep-
resenting time, and let V be a set of additional dynamical variables such that t ¢ V and
Q is the space of states that can be jointly realized by the variables in V. Let o : Q) — Q
be an intervention on the variables in Int C'V, and Ay, 4, the time-evolution operator that
advances the state of the system from ty to t1. The transformation o is a dynamical sym-
metry with respect to time if and only if for all intervals At and initial states w; € €, the
final state of the system Wy € Q) is the same whether o is applied at some time ty and the



SHEA-BLYMYER, ROY, AND JANTZEN

system evolved until to + At, or the system first allowed to evolve from ty to tg + At and
then o is applied. This property is represented by the following commutation diagram:

W —)U (,Ji
Atg,tg-kAJ/ lAtO,tO-FA (1)

o ~

wp —— Wy

To reiterate a trivial and oft-cited example, for an exponentially growing population of
bacteria, for which the population = changes according to dx/dt = rx, any transformation
that scales the population by a positive constant k is a dynamical symmetry of the system
— scaling by k and then allowing the bacteria to grow for At versus growing for At and then
scaling the resulting population by k results in the same final population.

The composition of any two dynamical symmetries (by successive intervention on the
variables of a system) is itself a dynamical symmetry, and for any given system, its dy-
namical symmetries typically exhibit non-trivial algebraic structure under composition. It
is the collection of symmetries and their structure under composition that characterizes a
dynamical kind (CITATION).

CITATION provided a method for determining whether or not two physical systems
with continuous deterministic dynamics belong to the same dynamical kind directly from
time series data without first constructing dynamical models of either system. The method
exploits two facts: (i) that a necessary condition for two systems to belong to the same kind
is that they share all of their dynamical symmetries, and (ii) that for every state-determined
system in the same dynamical kind, there exactly one symmetry maps the unique trajectory
passing through one point in phase space, &, to the trajectory passing through another point
Z. That is, even if Systems A and B exhibit different trajectories given initial conditions ¥
or ;1::’, the symmetry connecting these two trajectories for System A must be the same as that
for System B if they belong to the same kind. Numerically estimating and then comparing
these symmetries from time series data thus provides a sensitive test for the sameness of
dynamical kind that is robust under significant sampling noise (CITATION).

3. Dynamical distance

3.1 Stochastic dynamical kinds

I was suggested by CITATION that that the definition of dynamical similarity should be
generalized to accommodate stochastic dynamics as follows:

Definition 2 (Dynamical symmetry) Let V be a set of random variables, 2 the set
of states that can be jointly realized by the variables in V', and I' the space of probability
distributions over Q). Let o : I' — I be an intervention on the variables in Int C V. The
transformation o is a dynamical symmetry with respect to some index variable X € V — Int
if and only if o has the following property: for all initial joint distributions v; € I' and
marginal probability distributions f and g, the final joint probability distribution over V,
vr € I', is the same whether o is applied when the marginal distribution over X is given
by pz(z) = f(x) and then an intervention Af() gy : I' — T on X makes it such that
pe(x) = g(x), or the intervention on X is applied first, changing its marginal distribution

10
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from f(z) to g(x), and then o is applied. This property is represented in the following
commutation diagram:

g ~
Yi —— Vi
Af(mm(m)l lAf(m),g(m) (2)

fyf%ry*f

We accept this definition, and use it to develop a natural metric over dynamical systems,
as we develop below.

3.2 Constructing a metric of dynamical similarity

Consider a dynamical system described by n variables, some of which may be derivatives
or time-lagged versions of other variables. The states of such a system can be represented
by n-dimensional vectors & € X. Let F be the space of probability density functions over
X. We say that such a system is stochastically state-determined (SSD) if and only if the
(possibly stochastic) dynamics of the system is such that the probability density p; € F
over possible states at time t; > t; is completely determined by the density p; € F over
states at ¢1. In other words, for an SSD system there exists a map, Ay, ¢, : F — F that, for
any t; > t1 advances the probability density over states of the system from p;(Z) to p;(¥).
Any function, ¢ : F — F that commutes with this map is a dynamical symmetry of the
system. More precisely, o is a dynamical symmetry of a system if, for every t; > t;

o0 Ay 1, 0p1(T) = Mgy 1, 00 0 p1(%) (3)

where o o Ay, 4, o p1 is the probability distribution that results from successive application
of the maps A and then o to the original distribution, p; (and similarly for A, 4, 0 0 0 p1).
This commutation property is represented in Figure 1.

Figure 1: caption

~ — — A oty ~ — — —
P (&) =00 pi(F) —5 5i(@) = 00 Asy g, 0 p1(F) = Auyyr, 00 0 pr ()

o TU

Atl,t-
E—

7

p1(7) pi(T) = Aty ¢, 0 p(7)

Consider two probability densities connected by one such dynamical symmetry at time
t1: p1 and gop;. We focus on a particular probability density function that relates the time
evolution of these two initial densities. Specifically, if one of n distinct times, t1,...,t,,
in the evolution of the system is selected at random from a uniform distribution over the
n possibilities, we seek the probability density that the time-evolution beginning with an
initial state dictated by p; presents a system state & and the time-evolution beginning with

11
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an initial density o o p; at t; presents a system state Z. This joint density is given by:

p*(Z, %) = Z(prob. that p = p;)(prob. of & given p = p;)(prob. of & given p = o o p;)

= Z %Pi(f)a 0 pi(7). (4)

Denote the corresponding cumulative distribution by cdf*. This distribution for any
given dynamical system is shaped by its dynamical structure. In order to compare dynamical
structure, our approach is to compare cdf*. A suitable metric for doing so is the energy
distance [citations]. The energy distance for two cumulative distributions, cdf? and cdf B
is defined as follows:

D} (cdf*, cdf®) = 2B [|| x4 = XB||| + B [||X4 = X ~E[IX% - xZ||]. (5)

The square root of the right hand side of Equation 5, Dg, is a proper metric, and is zero if
and only if cdf# = cdfB. For two systems A and B, if at each time index i, p{(Z) = pP (%),
then the difference between p*(Z, 5:’) and pP*(Z, :%’) and thus any difference between cdf*
and cdf P, must be due entirely to the action of the respective symmetries, o4 and oZ. In
that case, measuring the energy distance D g(cdf A cdfB ) provides a quantitative comparison
of the symmetries of Systems A and B, and thus of the underlying casual structure that
gives rise to them. We call Dg(cdf*, cdf?) the dynamical distance between A and B.

3.3 Clipping

When the dynamic properties of a system are unknown, it can be difficult to predict when
one system reaches equilibrium. If a system reaches equilibrium before one it’s being com-
pared to, the vestigial data can lead to a decrease in the accuracy of the dynamical distance.
In order to mitigate this effect, we clip either p?(Z) or pP(#) to a length that minimizes
the energy distance between the two. This method is expressed in algorithm 1.

This algorithm can also be used to resample the system that produced the data to be
clipped in order to maintain a higher sample density, provided we have sufficient control
over the system.

The objective of clipping (to select a subsequence of one time-series that minimizes its
energy distance from another) is similar to the objective of dynamic time warping (to select
a mapping of the indices of one time-series to those of another that minimizes the sum of
differences between the index pairs) [25]. Further, dynamic time warping (DTW) preserves
the initial conditions of a time-series - an important caveat for some of our methods. While
we could adapt DTW as a replacement clipping algorithm, we’re uncertain how the warping
itself would impact the computation of dynamical distance, and so have elected to use the
presented algorithm.

4. Properties of dynamical distance

In order to better understand how our algorithm performed in detecting changes to features
of dynamical kinds, we performed a battery of tests using the Lotka-Volterra and Kuramoto
systems of equations.

12



GENERAL METRIC FOR DYNAMICAL SIMILARITY

Algorithm 1 Calculate clipping location of one curve minimizing energy distance to an-
other.
Require: p*(Z), p” (&), lmin, S

1: A < (len(p™(&)) — limin) /S

2: distance, < inf

3 min lmzn

4: for i < lyin to len(pA(Z)) step A do
5 6+ len(pP(@))/i+1

6: distances < ()

7. for j < 0toido

8: k< |j*d]

9: distances; < EnergyDistance(p?(%);, p? (Z)r)
10: end for
11:  distance < mean(distances)

12:  if distance < distance,,;, then
13: distancen, < distance

14: Ymim, < 1
15:  end if

16: end for
17: return distancemin, tmin

4.1 Difference in dynamical kind

Difference in dynamical kind can be caused by features of the system like nonlinearity, order,
and chaos (as discussed below), but can also be present in subtler transformations through
a system’s parameter space. In the Lotka-Volterra predator-prey equations [31], a change
in the carrying capacity leads to a change in dynamical kind, while uniformly scaling all
species’ growth rates does not [12]. These equations are generalized as:

dz; =00 TiN
o —nxz<1f T),z—()...n (6)

where z; denotes the population size of the i*" species, k; denotes its carrying capacity, r;
denotes the growth rate of the species, and a;; is the interaction coefficient of species j on
species 1.

To show that our metric reflects this variety of dynamical change created a test that
compares the change in distance between two systems caused by a multiplicative increase
of the carrying capacities of one system being compared to the change caused by the same
increase to the growth rates of another system. In this test, a two-species system is simulated
from ¢t = 0 to 15 in order to focus on the transition periods of the systems. One system
remains unchanged in all comparisons, and is referred to as system A. The other two systems
begin the test identical to system A. System B’s carrying capacities are scaled from 1 % k%
to 10x k4, while system C’s growth rates are scaled from 174 to 1074, If our metric does
capture the difference in kind caused by changing a system’s k values, then we expect to
see the distances between systems A and C to be much larger than those between systems
A and B.

13



SHEA-BLYMYER, ROY, AND JANTZEN

Distance Between Two Systems
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Figure 2: Dynamical distance between systems A and B (blue), and between systems A
and C (red) as B’s carrying capacities and C’s growth rates are scaled up.
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As seen in figure 2, the distances between systems A and B quickly grow to be more than
4 times the distances between systems A and C. This suggests that our metric is properly
reflecting the impact of changing a system’s carrying capacity on that system’s dynamical
kind.

4.2 Nonlinearity

Our distance metric can be said to be sensitive to changes in a system’s degree of linearity
if the distance grows as the change in linearity grows. To demonstrate this, we contrived
a modification of the Lotka-Volterra equations (equation 6) that allows us to modulate the
system’s degree of linearity:

dx 3
dt

" aiilx;
ZJOHN Com

=rix; (1 —
rx( m

(7)
where [ scales the linearity of the system. For this test, a two-species system is simulated,
and all species are provided with identical carrying capacities (k). System B received growth
rates (r) 1.5 times larger than those of System A - a difference that does not affect dynamical
kind. System A’s value of [ was set to 1, and was compared to system B, whose value of [
ranged from 0 to 1.8. These differential equations were solved from ¢t = 0 to 15 in order to
capture the behavior of the linear system, while remaining largely in the transitional phases
of the nonlinear systems. Each system’s untransformed initial population is 5 members,
and each transformed initial population is 8.

The results of this test, as seen in figure 3, show a minimum in dynamical distance where
the linearity factor is 1, and consequently, both systems are of the same kind. The distance
between the two systems seems to increase to a plateau as the linearity factor approaches
0, increasing slightly at zero. This increase at zero may be symptomatic of the complete
uncoupling of the populations in the system. As the value of [ increases to the right of
1, we see similarly sharp increase in the distances between system A and system B. This
intimates the fact that a large [ value overwhelms the effects of the natural growth rate of
each species, greatly changing the dynamics of the system.

4.3 Effective order

To show that our distance metric is sensitive to changes in the effective order of a system, we
constructed a test wherein a second-order version of the Lotka-Volterra equations (equation
6) is outfitted with a scaling variable (w) on its second-order term:

dd? — Y )
% = w(rixi(l - Z?_ZZW) - yi):i =0..n (9)

As w approaches infinity, the system approaches first-order dynamics. In this test, the
parameters of systems A and B are the same as the systems in 4.2, but for the absence of [
and the presence of w. System A, whose w value set to 1, was compared to system B as its
w value grew exponentially. These systems were also run from ¢ = 0 to 15 for our tests.
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10 Two Systems with Same Capacity and Different Linearity

distance
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linearity factor

Figure 3: Dynamical distance of system A (linearity factor = 1.00) from system B as lin-
earity factor of system B is changed.
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We expect to see that systems with similar effective order are close together. This is
shown in figure 4 - the distance between the two systems is smallest when the order factors
are close. Similarly, we expect that systems of different order will be farther apart. This is
evidenced in the figure - the distance between the two systems grows with the order factor,
leveling out as the large w value causes system B to approximate first-order dynamics.

4.4 Chaos

Testing the sensitivity of our distance metric to the presence of chaos requires us to compare
a known chaotic system to similarly parameterized systems while changing only one of the
parameters. We again expect two systems with similar parameters to be similar in dynamics,
but in chaotic regimes, we expect the systems to diverge more quickly.

We use the chaotic four-species Lotka-Volterra system referenced as (R, A1) in [24] as
system A for this test, with carrying capacities of 100. System B differs from system A in
that the a1 term varies from 2.319 to 2.519, while the corresponding value for system A
is kept at 2.419. To provide context for the behavior of the distance metric in this space
of systems, we performed the same test on a non-chaotic system for which the terms of the
interaction matrix differ from those in the chaotic system by less than 0.3. These systems
were run for longer (to ¢ = 100) than previous tests in order to capture more of the chaotic
behavior of the system. More comparisons were performed, as well, to allow us to see the
complex structure of their similarities.

The plot in figure 5 shows that, as expected, the smallest difference for both the chaotic
and the non-chaotic sets of systems is when there is no difference in their interaction terms.
The behavior of the distance between chaotic systems as compared to non-chaotic systems
is very interesting. Not only does the distance between a chaotic system and its neighbors
in parameter space increase more rapidly than those between non-chaotic systems, the char-
acter of the two behaviors is patently different. While the behavior in dynamical distances
observed in this test on the non-chaotic systems can be considered a smooth, symmetric
curve towards greater distances as their parameters grow farther apart, the correspond-
ing behavior for a chaotic system is neither smooth, nor symmetric. Indeed, the curve
produced when one system is chaotic seems to be non-monotonic, and non-differentiable.
Beyond showing that our distance metric is sensitive to the presence of chaos, the rich struc-
ture of how these distances grow across parameter space suggests that the metric retains
significant information about the structure of the chaotic behavior.

In section 2.3, it is mentioned that some alternative methods for detecting chaos struggle
to perform well in the presence of noise. To address this, we performed the above test with
the addition of measurement noise (M (u = 0,0 = 2)). The results are recorded in figure
6, and show that, even in the presence of significant noise, much of the structure of the
distance’s behavior remains in tact.

4.4.1 CHAOS AND THE l9 NORM

We further demonstrate our algorithm’s sensitivity to chaos by selecting a system between
two chaotic points in the Lotka-Volterra parameter space corresponding to (Ri, A1) and
(Rg2, Ag) in [24]. That system becomes system A, and is compared to systems that approach
(R1, A7) from system A’s position in parameter space. We also compare the performance
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Two Systems with Scaled Interaction Term through Chaos
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Figure 5: Dynamical distance of system A (change of interaction term = 0) from system
B as one interaction term of system B is changed. The case where system A is
chaotic is presented in red, and where system A is not chaotic in blue.
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Two Systems with Different Interaction Term through Chaos
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Figure 6: Dynamical distance of system A from system B with the introduction of mea-
surement noise.
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of our algorithm here to the performance of the ls norm of the difference between the
untransformed trajectories of system A and the other systems.

distance

Figure 7:
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Dynamical distance of system A from system B (left y-axis; blue) and Iy norm of
the difference between the untransformed trajectories of systems A and B (right

y-axis; red).

This result shows that both distance metrics pick up on the change of kind due to shifts
in the system’s interaction matrix, however, when the non-chaotic system A is compared
to the chaotic system B at a = 0, the distance given by our algorithm is relative to twice
the difference determined by the simple lo method. It’s notable, though, that the simpler
lo method does capture many of the more linear dynamics of the system.

4.5 Model Mapping: Lotka-Volterra

To explore how distances produced by our algorithm behave outside of isolation to a sin-
gle type of change in dynamical kind, we reproduced the parameter space researched in
[24]. This two-dimensional slice of the 24-dimensional parameter space of a four-species
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Lotka-Volterra system is constructed such that its corners lie in regions that exhibit chaotic
behavior.
For our experiments, we use the same parameter space that the [24] paper used:

(R,A) = (R1, A1)+ a(Ry — R, Ay — A1) + B(R3 — Ri, A3 — Ay)

where R, corresponds to the growth vector (containing r;), and A, corresponds to the
interaction matrices (containing a;;). The linear combination of (R, A;) is a mixture of
(R1, A1), (RQ, AQ), and (Rg, Ag)

Samples of the system are collected from regularly arranged points in the selected region.
At each such arrangement of system parameters, the simulation is run for two different sets
of initial species populations, forming two time-series per set of system parameters - one
untransformed representative, and one transformed.

We calculate the (R, A) values for o from 0 to 1.2 and for  from -0.2 to 1.2. For our
study we do a sweep over this a and § range with uniform step sizes.

For all systems we sample, we set the carrying capacity of each species to 100, set the
growth rates of each species to 5 for the untransformed systems, and to 8 for the transformed
systems. Each system is simulated for 4000 time-steps, with a At of 0.5. An untransformed
system and a transformed system is sampled for each coordinate of 50 «[0, 1.2] values and 50
B[—0.2,1.2] values. We then compute pairwise comparisons for each system, and a distance
matrix is produced. For visualization purposes, this distance matrix is reduced to three
dimensions using Multi-Dimensional Scaling (MDS), and displayed in color space, where
the = and y axes correspond to the o« and (8 values of the systems presented, and the
similarity in color of each system is representative of the dynamic similarity between them.

The results from [24] can be seen in figure 8, where the color of each pixel represents
the maximum number of coexisting species at the end of a large number of simulations
to 4000 time-steps. This demonstrates an attractive separation of the system’s parameter
space, while maintaining the presence of chaotic behavior. The results from our scan of
the parameter space are shown in figure 9. The similarity in color between two pixels in
our figure represents the closeness of the three-dimensional embedding of the corresponding
systems’ distance matrix entries.

While our figure displays a significant amount of structure in the space, few features
of its representation reflect features displayed in figure 8. Most noticeably, the chaotic
region at (0, 1) is nearly absent, save for some pips of outlying color. Curiously, though
we’ve shown that our distance metric is sensitive to the presence of chaos, and that moving
through a region of chaos presents swift changes in distance, the chaotic regions in our figure
are solidly colored. This might indicate that the distances incurred by moving through a
chaotic regime are smaller than those due to moving out of a chaotic regime, i.e. chaotic
systems are more similar to other chaotic systems (though still noticeably different) than to
non-chaotic systems. Similarly, while our algorithm catches the upper boundary of figure 8’s
large 2-species region, no other boundaries present there are reflected in figure 9. Instead,
whole, new regions are identified; some with surprisingly sharp boundaries.

Using a low-dimensional embedding, constructed without normalization, we have discov-
ered well-structured regions of similar dynamical structure, demonstrating the application
of our algorithms as a novel method for exploring a system’s behavior.
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1 species 2 species 3 species 4 species

Figure 8: Exploration of chaos and species survival rates in a section of parameter space,
as presented in [24]. The coordinates (0,0), (1,0), and (0,1) correspond to iden-
tified regions of chaos. The color of each pixel represents the maximum number
of surviving species (or maximum Lyapunov exponent, in case of chaos) of the
system in that pixel. Black regions correspond to non-competitive systems (i.e.
negative values are present in A).

23



SHEA-BLYMYER, ROY, AND JANTZEN

Figure 9:

Exploration of the same parameter space as figure 8. The color of each pixel
represents a three-dimensional embedding of that system’s position in the pairwise
dynamical distance matrix of the systems in the space. The x-axis is equivalent
to figure 8’s « axis, and the y-axis equivalent to the g axis.
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4.6 Change detection

A natural extension of a distance metric is its use for anomaly detection. By computing
the dynamical distance between each subsequence and its neighbors in a time-series, we can
expect to find peaks of dissimilarity when the target subsequence is of one dynamical kind,
but its neighbor is of a different kind. To test this straightforward approach, we simulated
a three-member Kuramoto system [14], generalized as:

N
do; K . .
o v + N ]E:O sin(f; — 6;),i=0..N (10)

where theta; is the angle of the i*" oscillator, w; is that oscillator’s natural frequency, N is
number of oscillators in the system, and K, the coupling coefficient, determines how much
the difference in angle between oscillators affects an oscillator’s future state.

2700 2800 2900 3000 3100 3200 3300

Figure 10: Data produced by Kuramoto model.

In this test, our three-member Kuramoto system began with a K value of zero; allowing
each member of the system to act independently until a time ¢ = .5t When the K
value was increased. Figure 10 displays the data we set our change detction algorithm
on. This algorithm takes a parameter that defines the size of each of its subsequences
called "width”, and another that determines how much space is kept between neighbor
subsequences called ”"lag”. Figure 11 shows the performance of this algorithm, while figure
12 shows the performance of the matrix profile algorithm for anomaly detection [32].

Though the matrix profile algorithm does succeed in detecting the change in the coupling
coefficient, the rest of its values fail to reflect that the system is behaving under the same
(and quite simple, for the first half) regime on either side of the spike. Our algorithm, which
is admittedly quite data-hungry (as discussed in section 5), not only discovers the change
in dynamics, but respects the self-similarity of either half of the time-series. Furthermore,
it is expected that a change to the system that would not change its dynamical kind (e.g. a
change to w values) would be detected as anomalous by the matrix profile, but would cause
little change in the moving dynamical distance.

5. Partial information and degrees of control

To make use of the dynamical similarity metric defined above to compare physical systems,
one needs an appropriate collection of time series. Ideally, these would consist of multiple
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width =1000000; lag = 100000

1000 2000 3000 4000 5000

Figure 11: Anomaly detection performed by dynamic change detection. Width = 1000000;
lag = 100000, for 12000000 data points.
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Figure 12: Anomaly detection performed by matrix profile on the same data.
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replicates for each system beginning from the same initial conditions ¥ and f, where the
each system is sampled over a length of time such that p{(Z) = pP () at each time index
i. If one has control over the initial conditions (the ability to intervene on the system),
this is manageable. But in many cases of interest, this is impossible. Furthermore, it is
often the case the variables in terms of which systems are described fail to satisfy the SSD
condition, typically because the set is incomplete or amounts to a non-invertible function
of an SSD set. We describe methods for applying our dynamical symmetry metric for every
combination of these conditions.

5.1 SSD variable set and full control of the initial distribution

In this case, we are provided a sufficiently observable, and fully controllable system. To
take samples of this system in order to satisfy pZA (Z) = pB(Z)Vt;, we simply need to reset
our system to our preferred untransformed and transformed initial conditions until we are
satisfied with the number of replicates we have collected for each system. These collections
can then be clipped and, as we have full control over the system, resampled, to minimize
the difference between p# () and p? (7.

To test this method, we constructed a stochastic version of the Lotka-Volterra equations
based on [17]:

2

Ai(t) = wi(t)r(t) (1= 3 ayga; (1)) At + oz (O& VAT + Toai(t) ((6(1)2 — 1) A (1)
j=0

where o; is the intensity of the noise for species ¢, and §; is a Gaussian random variable of
the form N(0,1).

In this test, three two-species systems were compared. The parameters of systems A
and B are identical, but for a scaled growth rate given to system B, and system C is
given a scaled growth rate, and an increased carrying capacity. These systems of stochastic
differential equations are then solved at 50 values up to ¢ = 15 for ten replicates. Systems
B and C are then compared to system A as ¢ is increased from 0.1 to 1 for all species.

As seen in figure 13, the metric remains accurate for stochastic systems with moderate
values of o, and full control makes the collection of replicates a simple task.

5.2 SSD variable set and no control of the initial distribution

This case mirrors passive sampling of a highly observable system. The method for cal-
culating distance in this case is used in section 4.6 to determine the distance between
subsequences. In this situation, we can not collect replicates by resetting the system, so
we must use algorithm 2, detailed in section 5.2.1 to select replicates from the previously
observed data.

5.2.1 SELECTING INITIAL CONDITIONS

When faced with partially observable, uncontrollable systems, the selection of initial con-
ditions becomes our surrogate for control. While we can not set the initial conditions of
a passively observed system the way we might with a simulation or experimental environ-
ment, we can imagine that subsequences within a time-series of observations are each an
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Figure 13: Dynamical distance between system A and a similar system B (blue), and be-
tween system A and a dissimilar system C (red), as stochastic magnitude in-
creases.
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initialization of that system. By carefully selecting such subsequences as instances of a sys-
tem’s untransformed and transformed states, we can study the system’s symmetries, and
compare them to those of another system.

In order to select subsequences from a time-series of observations we first arrange the ini-
tial conditions of all candidate subsequence, and find the group’s first principal component.
We then construct a normal distribution in the direction of the first principal component
to represent our desired distribution of untransformed initial conditions, and construct a
second normal distribution in the reverse direction for transformed initial conditions. A
desired number of initial conditions is sampled from each distribution, and comprise the
untransformed and transformed distributions necessary for the distance metric calculation.

Candidate subsequences are expected not to overlap each other, but, in cases where
data is sparse, the above process can be optimized in order to maximize the number of
subsequences investigated. Here, however, we present the case where sufficient data allows
the selection of many candidates at regular intervals.

Once replicates have been selected from the available data, we can set about calculating
the distance between systems as we would in section 5.1. As demonstrated in figure 11,
our algorithm can still detect changes in dynamical kind. However, as mentioned in section
4.6, this method assumes that sufficient data is available, since every serial subsection
of satisfactory length becomes a candidate replicate, but, even then, not all candidate
replicates are used.

5.3 non-SSD variable set and full control of the initial distribution

The conditions of this case are similar to those in section 5.1, but the system is now only
partially observable. While, again, satisfying p/}(Z) & pP(Z)Vt; is trivial, we do not know
if the variables we can observe carry sufficient information about the system’s symmetry
transformation to calculate a dynamical distance with any accuracy. Even if the variables
carry very little useful information, we can attempt to amplify that information by collect-
ing more replicates. Furthermore, many non-SSD variable sets seem to retain significant
information in this regard. As we’ll see in section 5.4, only one rectangular coordinate is
necessary to obtain good estimates of dynamical similarity for polar systems. Similarly,
even the average of a system’s output variables can be sufficient.

We test this latter claim similarly to the test presented in 5.1: three two-species stochas-
tic Lotka-Volterra systems are instantiated with the same parameters as before. This time,
however, we are only able to observe the average of the two species’ populations.

Figure 14 shows that, while this non-SSD variable set does provide less accurate results

than a fully SSD set, there is still a discernible difference between two systems of different
kinds.

5.4 non-SSD variable set and no control of the initial distribution

Representing the most difficult case our algorithm can be applied to, these systems are only
partially observable, and uncontrollable. In response, our method for gleaming information
about dynamical kind in such situations reflects both the method used in section 5.2, and
the attitude of section 5.3. In essence, we must perform the same procedure as in the case
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Algorithm 2 Choose untransformed and transformed representatives from data

Require: data,r, o,

W N NN N N KN DN NN N — = s e 2
@ L P TP T R wY PO O 0N R WD

© P Ty

Winaz < /maz(w)

€ < v[index(Wmagz € W)]
W g — Q¥ Wipay * €
[ 1o+ @k Wiy * €

: U, 8, v 4 svd(cov)

s+ Bxs

: covy = v - (u - diag(s))
:p(—@

]5(—@

: for all P € data do

g+ 0
for all ¥ € P do

append N (xg|u, covt) to g
end for
idx = index(sort(q))[—r :]
p < [data;|i € idx]
del(data;|i € idx)

. end for~
: for all P € data do

g0
for all Z € P do

append N (zo|f, covt) to ¢
end for
idx = index(sort(§))[—r ]
P« [datas|i € idx)

: end for
: return p,p

. po < mean(xg € T € P € data) #average of initial conditions
. covg < cov(xg € T € P € data)
:w, v 4+ eig(covy)

#covariance matrix of initial conditions
#compute eigenvalues and right eigenvectors
#select largest eigenvalue

#select eigenvector paired with wi,q.

#singular value decomposition of covgy

#value of N at xq
#select indices of r points with densest value in N

#remove already selected sequences from candidates
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Distance Between Two Stochastic Systems
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Figure 14: Dynamical distance between system A and a similar system B (blue), and be-
tween system A and a dissimilar system C (red), as stochastic magnitude in-
creases. Comparisons between fully observable systems are denoted by filled
circles, while comparisons between partially observable systems are denoted by
crosses.
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of SSD variables and no control and hope that the variables provide sufficient information,
or else try to extract more replicates from the observed data.

We demonstrate our method in this most restricted case by revisiting the Kuramoto
system that exhibits dynamical change part-way through its observation. For this test,
however, we only have access to one of the oscillator’s coordinates.

Partial information. width =1000000; lag = 100000

1000 2000 3000 4000 5000

Figure 15: Anomaly detection performed by dynamic change detection on a system whose
variables are non-SSD. Width = 1000000; lag = 100000, for 12000000 data
points.

Though many systems of interest in the real world have even less informative, observable
variables than the example given here, the high performance evidenced above suggests
significant robustness in the face of information loss. The results in figure 15 show a high
sensitivity to dynamical change, even when we have no control over the system, and lack
significant amounts of information.

6. Conclusion

In this paper, we have presented a theory and framework for calculating a similarity metric
for dynamical kinds. Further, we have shown that this metric is sensitive to simple changes
in dynamical kind, differences among systems’ linearity and effective order, and the presence
of chaos. When applied to chaotic systems, our method reveals striking dynamical structure
in the evolution of distances as comparisons are made throughout parameter space. To
that end, we demonstrate the use of our metric as a tool to explore regions of a system’s
parameterizations. We also compare our approach to the performance of the Iy norm for
detecting the difference in between chaotic and non-chaotic systems, proving our metric to
be more accurate in chaotic regimes. We also compare our algorithm’s capability to detect
changes in a system’s dynamical kind to the anomaly detecting power of the matrix profile
approach, showing the validity of our method for detecting salient changes, and suggesting
that matrix profile is more sensitive to changes that don’t affect kind. An exploration of
our metric’s performance as our knowledge and control of a system of interest changes is
also given; showing significant retention of accuracy in even the most trying cases.

Armed with this tool, we can determine if a model and the system it is meant to reflect
share the same degree of nonlinearity, or effective order without having to test candidate
solutions. With this tool, we can decide if two chaotic systems share the same parameters,
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or tell if a system’s causal structure has changed. This tool allows us to explore a system’s
parameter space with expectations about how similar certain regions that lie close together
may behave very differently, even in the absence of chaos.

However, this tool is no panacea for understanding the underlying structure of system
dynamics. Prominently, the method’s requirement for transformed and untransformed tra-
jectories (and, in some cases, multiples of each) means that an abundance of data is required
for most real-world explorations. Similarly, the process is computationally complex relative
to a simple norm, and seems to work just a well in cases with low degrees of nonlinearity.
This metric can also be confused by long observations of a system’s equilibrium, requiring
some fore-knowledge of simpler systems in order to avoid such behavior.

These challenges are not insurmountable, and there are many areas of application this
general metric and find use. In order to reduce the data requirements of this method,
optimizations can be performed on the clipping and initial condition selection routines -
trading computational complexity for data efficiency. To reduce overall complexity, it may
be possible to replace certain facets of the distance calculation with statistical estimations.
In the space of applications, the concept of control by dynamical kind seems promising as
a fault-tolerant approach to pursuing high-order or emergent behaviors. This tool is also
positioned well to act as a quick validation of a model of an observed phenomenon. Finally,
we suggest that the rich structure captured in our brief exploration of the parameter space
of the Lotka-Volterra system indicates the possibility of using this metric as a powerful tool
for explaining behavioral regimes in complex systems.
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ABSTRACT

In this paper, we explore a model of collective behavior us-
ing EUGENE, an algorithm for automated discovery of so-called
“dynamical kinds”. Two systems are of the same dynamical
kind if their underlying causal dynamics are similar, as defined
using dynamical symmetry. We apply EUGENE to simulation
data from a model capable of generating a range of qualitatively
different collective behaviors, from aligned motion to circular
milling. These behaviors are measured using both global and lo-
cal order parameters, and this data is analyzed with EUGENE.
We find that EUGENE is capable of differentiating between these
systems when global order parameters are used, and can only
identify more coarse characteristics when local order parame-
ters are considered.

INTRODUCTION

Collective behavior refers to group-level complexity that can
emerge from local interactions among multiple individuals. Be-
sides being studied extensively in natural animal groups [1], such
as bird flocks and fish schools, collective behavior is of interest
to the larger scientific community for its ability to generate de-
sired behaviors without directly controlling each individual in a
group. This work finds application in engineering in particular,
for example, in the design and control of robotic swarms, granu-
lar media, and engineered organisms [2—4].

Collective behavior can be generated in models for multi-
agent systems that apply agent-based rules [5] or view the group

*Address all correspondence to this author.
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as a continuum [6]. These models have been shown capable of
capturing a variety of behaviors that either replicate observations
of nature [7] or are relevant to an engineering application [8].
As an example, the model in [9] defines interactions among a
group of self-propelled particles through potential functions and
includes an external source to diversify the types of collective be-
haviors the model can produce. These behaviors include aligned
motion, unaligned swarming, and circular milling patterns, and
are distinguished by selecting model parameters.

For the model in [9] and in the literature in general, collec-
tive behavior is quantified by defining order parameters, whose
values capture the level of coordination in the group. Examples
of order parameters include linear momentum [10], angular mo-
mentum [7], and a measure of closeness in space [9]. A detractor
of such order parameters is that they are defined irrespective of
the system dynamics and take a human-centered, global perspec-
tive on the group’s behavior. Not only does this ubiquitous view
neglect the perspective of an individual (which would be relevant
to an animal group, for example), there has not been a rigorous
demonstration of the parameters’ optimality for measuring order
or complexity as far as we know. This open question on what
order parameters are appropriate to measure collective behavior
may be answered by using model-free data-driven methods to di-
rectly study collective dynamics without imposing any model on
the system.

Data-driven methods have been used to study collective be-
havior, at least in terms of pairwise relationships that can be used
to build an interaction network. For example, information flow
has been measured to detect animal group interactions among

Copyright © 2018 by ASME



fish [11,12] and insects [13] moving in groups, and time-delayed
embeddings have been used for studying causality in economic
systems [14] and neural networks [15]. These studies use a va-
riety of methods, such as entropy (based in information theory)
and manifold embedding (taken from dynamical systems). To a
lesser extent, tools from the field of causal discovery have been
used to learn about the causal structure of collectives in terms
of both individual-level relationships and connections between
high-level features of the collective [16, 17]. Recently, work
on the automated discovery of scientifically relevant kinds has
provided a set of tools for indirectly assessing the similarity of
underlying dynamics in complex systems [18]. However, these
tools have yet to be applied to the empirical investigation of col-
lective behavior.

To gain a broad understanding of how data-driven analytical
methods can be used to quantify collective behavior, it is nec-
essary to test a system for which the dynamics can be precisely
defined. To be useful for investigating collective behavior in real
systems where it is difficult or impossible to obtain accurate in-
formation about the behavior of all members, we ideally require
an analytical method that is sensitive to detailed causal structure
and insensitive to possible confounding factors. Such factors in-
clude the choice of variables used to describe the collective, mea-
surement noise, and stochasticity in the underlying dynamics. A
new algorithm in the EUGENE collection of automated discov-
ery tools [19] satisfies all of these desiderata.

In this paper, we seek to understand the potential of EU-
GENE to study collective behavior using an established model.
We demonstrate the application of EUGENE to measure different
behaviors generated by the self-propelled particle (SPP) model
in [9]. We show that this algorithm is capable of distinguish-
ing between different behaviors using low-dimensional parame-
ters as input, rather than the high-dimensional full state of the
system. In addition, we present a local version of such conven-
tional order parameters, to which EUGENE can be analogously
applied, and we find that results are less sensitive to behavioral
differences. We find that EUGENE can differentiate behaviors in
model data, even when the full state of the system is not given.
This work supports EUGENE’s use in future work to analyze
field data from animal groups for which the full dynamics may
be very difficult to observe and the rules governing interactions
cannot be known.

SELF-PROPELLED PARTICLE MODEL
SPP model with external leader particle

The self-propelled particle model used in this study investi-
gates the collective behavior of a multi-agent system interacting
with an external leader particle (ELP). This model is developed
and studied in [9] for the wide range of collective behaviors it
produces. The agents in the group are N identical, self-propelled
particles of mass m moving in two dimensions. The position

vector of the i-th particle is denoted as x;(¢), i = 1,...,N, and
its velocity as v;(t) = X;(r), where r € R is the time variable.
Interactions between particles are governed by attractive and re-
pulsive forces, and all agents also interact with a fixed ELP. The
dynamics of the i-th agent, i = 1,... N, are given by

mv; = (o — B||vi[|*)vi + F; + F? (D

with &, B > 0, av; is a self-acceleration term, and — 3 ||v;||?v; is
a friction term. The force between agents is

Z Vi, @(||xi]) 2)
J#l

where X;; = Xx; —X; and ® is a generalized Morse potential given
by ®(z) = —c,e /! + c,e %/ for a positive scalar z. The con-
stants ¢, ¢y, I, and [, give the strength and cut-off length for the
attractive and repulsive forces, labeled with a and r, respectively.
The force between the ELP and agent i is

F) = —yVy,@(||xi0]) 3)

where Xxjo = X; — X is the relative position with respect to the
ELP, and v is the strength of interaction between particles (y > 0).
By varying ¥ and the self-acceleration term ¢ in simulation, we
analyze the generated behaviors with EUGENE.

Global order parameters

In line with the analysis in [9], we compute three physics-
based order parameters using the state of the whole system of
particles. These parameters capture linear and angular momenta,
and hence alignment and rotation of the group with respect to
the ELP, and cohesion with respect to the ELP’s fixed position.
At time 7, the normalized group linear momentum (polarization)
P(t), the normalized group angular momentum M(¢), and a mea-
sure of cohesiveness C(¢) with respect to the ELP are defined as

1= vl

PO = S ol @
IR xol) < vi0)]

M) = ﬁv 0@ NTw0)] ®

Zl Xp { IIXlo(t)II} ©

a

We comment that, while the polarization is independent of the
ELP, the angular momentum and cohesion are defined based on
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relative velocities or positions with respect to the ELP. In [9], the
authors found that these parameters allowed for distinguishing
between distinct states better than considering analogous order
parameters defined with respect to the system’s center of mass,
which would be an intuitive alternate form. As a note, M and C
in this work correspond to M° and C° in [9].

Local order parameters

While we observe in [9] that the group’s state is qualitatively
well-described by these order parameters, it is often extremely
difficult to obtain such detailed information from a natural sys-
tem, particularly with very large groups. To complement these
global parameters, we also define local order parameters from
the perspective of an individual agent, with motivation that this
data may be more easily attainable and may in fact be useful to
recover the group-level behavior.

We define local order parameters with respect to a randomly-
chosen focal agent f, which is selected independently and used
for all time steps in a single simulation. Once this focal agent
is selected, we define a range R and consider all agents in the
ball of radius R centered at the focal agent’s position, x(r). We
call this set of agents NX(t). The local linear momentum (local
polarization) with this limited perspective is

| Eient () Vi)l
Pht) = e 7
D= i N0 @

The local angular momentum is defined using the relative posi-
tion of agents in N%(t) with respect to x. Specifically,

Ry
ME(1) =
0= T s QIO

®)

where Xx;r = X; — Xy is the relative position of the agents with
respect to the selected focal agent. The cohesion is similarly
defined with respect to the focal agent, as

exp [_ HXZI(;)']

where | | gives the cardinality of a set.
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Five distinct behavioral states

Since the goal of this paper is generating simulation data
evidencing different behaviors in a system of particles, we se-
lect model parameters based on the parameter study in [9] that
show a range of states. For these simulations, we take N = 50,
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TABLE 1. SYSTEM BEHAVIORS AND THEIR ASSOCIATED o«
AND y. THE TRIPLE [P, M,C] CORRESPOND TO GENERALLY
ORDERED (1) AND DISORDERED (0) STEADY STATES, AND IN-
CLUDE A SHORT DESCRIPTION OF THE BEHAVIOR.

State | « Y [P, M, C] Behavior
A 0.2 | 0.0001 | [0,0,0] No organized motion
B |002| 03 [0,0,1] | Cohesive unaligned motion
C 0.8 0.8 [0,1,1] Milling on a circle
D 0.5 4.0 [1,0,0] Cluster on a linear path
E 0.2 6.0 [1,1,1] Cluster on a circular path

0.8

0.6

0.4

0.2

A B Cc D E

FIGURE 1. MEAN VALUES OF STEADY-STATE GROUP MO-
MENTUM (P), ANGULAR MOMENTUM (M), AND COHESIVE-
NESS (C) WITHIN THE 5 BEHAVIORAL STATES.

m=1,=05,1=05,1,=2,¢,=0.5, and ¢, = 1. The
parameters ¢ and 7y are varied to obtain different group behav-
iors. We use two different sets of initial conditions to generate
random position and velocity vectors for the agents. The agents
are initially dispersed uniformly within a square of side length
2l, that is centered around the origin. For all simulations, the
same initial conditions are used to allow for the comparison that
EUGENE requires.

The simulation is run for the time interval [0,1000] and the
entire run (including the initial transient) is used for analysis.
This mostly transient data was selected since EUGENE relies on
creating maps between systems at a variety of states. In contrast
to most analyses for models of collective behavior, analysis with
EUGENE is much less informative when the system is in steady-
state.

We generate data for five different system behaviors (de-
noted A, B, C, D, and E) by varying o and 7y, summarized in

Copyright ©) 2018 by ASME
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FIGURE 2. SNAPSHOTS OF GROUP MOTION FOR THE FIVE BEHAVIORAL STATES (LABELED FOR EACH COLUMN). FIGURES IN
THE FIRST, SECOND, AND THIRD ROW ARE AT ¢ = 950, 960, AND 970, RESPECTIVELY. ELP IS LOCATED AT THE ORIGIN.

table 1. These simulations capture a range of behaviors. State
A acts as a control condition, since the particles show no strong
alignment, rotation, or cohesion about the ELP. State B shows
cohesive behavior, but with no alignment or organized milling.
State C shows particles moving on an approximately circular tra-
jectory, with agents distributed all along the circumference of the
circle similarly to motion on the rim of a wheel. State D shows
highly aligned motion of the group as a whole along a linear path.
State E shows motion again on an approximately circular trajec-
tory, but in contrast to State C, the particles are concentrated in
a cohesive group and move together in an aligned fashion. To
ensure that these model parameters generate the desired behav-
iors, we simulated the model for the time interval [0,1000] and
computed the order parameters over the last 750 seconds. These
values are given in figure 1 and summarized generally as “or-
dered” (1) or “disordered” (0) in table 1.

Snapshots of representative steady-state group motion over
time for these behaviors are shown in figure 2. Nevertheless,
the analysis detailed below is performed on the transient data for

each simulation. Time series showing this data for each com-
bination of order parameter and behavior are shown in figure 3,
with both the global and local order parameters for polarization,
angular momentum, and cohesion plotted over the time interval
[0,1000]. These data are used as input for the analysis with EU-
GENE.

EUGENE ALGORITHM FOR AUTOMATED DISCOVERY

EUGENE is an algorithm for determining the similarity be-
tween two systems’ underlying causal dynamics [18]. Unlike
examples in the existing literature which rely on low dimen-
sional [20] or time delay [21] embeddings, it leverages dynami-
cal symmetries - commutations between an evolution and trans-
formation of a system - to verify that two systems are of dif-
ferent kinds. The original algorithm, however, is not designed
for stochastic systems or cases of partial information, so we im-
plement an extension of EUGENE that compares samples from
carefully selected distributions over states of one system with the

Copyright © 2018 by ASME
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LINES ARE THE GLOBAL AND LOCAL ORDER PARAMETERS CALCULATED FOR EACH TIME SERIES.

corresponding distribution from another system. These distribu-
tions will be identical if and only if the two systems share the
same dynamical symmetry, and the degree to which the distribu-
tions diverge provides an informative measure of how much the
dynamics of one system diverges from that of the other.

Dynamical symmetries and kinds

As given in [22], a dynamical symmetry is a transformation
o on the variables of a system such that the final state of the
system is identical regardless of whether o is applied to the sys-
tem before or after an intervention on the system’s index variable
(e.g. transformation over time). This definition was generalized
in [18] to accommodate stochastic dynamics, which we adopt in
the following form:

Definition 1 (Dynamical symmetry). Let V be a set of ran-
dom variables. Let ¢ be an intervention on the variables in
Int C' V. The transformation & is a dynamical symmetry with
respect to some index variable X € V — Int if and only if ¢ has
the following property: for all probability distributions f and g,

the final probability distribution overV is the same whether G is
applied when the distribution of X is given by p,(x) = f(x) and
then an intervention on X makes it such that p,(x) = g(x), or the
intervention on X is applied first, changing its distribution from
f(x) 10 g(x), and then o is applied.

Dynamical symmetries are sensitive to both causal structure
(i.e., the set of relations indicating which variables directly influ-
ence which others) and the functional form of causal influence.
Thus, if the (possibly stochastic) dynamics underlying one sys-
tem is described by, say, a differential equation of slightly dif-
ferent form than that of another system, the two will generally
possess distinct yet similar dynamical symmetries. Thus, if one
can directly compare the dynamical symmetries between systems
with unknown dynamics, one can quantify their degree of dy-
namical similarity in a manner that is data-driven and model-free.

Current approach
The EUGENE algorithm that has been adapted from [19]
can detect differences in dynamical symmetries in this general
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FIGURE 4. SCHEMATIC OF EUGENE ALGORITHM. f; AND
f{ ARE COMPOSED OF MULTIPLE REALIZATIONS STARTING
FROM INITIAL CONDITIONS ic; AND ic;, RESPECTIVELY, AND
EVOLVING IN TIME HORIZONTALLY. RESULTING TIME SE-
RIES ARE VIEWED AS THE RED AND GRAY DYNAMIC DISTRI-
BUTIONS (SNAPSHOTS SHOWN CHANGING OVER TIME). EU-
GENE TAKES THE POINTWISE CUMULATIVE JOINT DISTRIBU-
TION BETWEEN THESE TWO FUNCTIONS TO CHARACTERIZE
SYSTEM A. THE SAME PROCESS IS PERFORMED FOR SYSTEM
B, AND THE ENERGY DISTANCE BETWEEN THE TWO DISTRI-
BUTIONS DEFINES DIFFERENCE IN DYNAMICAL KIND.

sense. To do so, the algorithm requires two sets of time series
for each of the systems A and B to be compared. Each set of
time series contains a realization of the evolution of the system
starting from the same initial condition. If the system is stochas-
tic (or if the variables in terms of which it is described are in-
complete), each realized time evolution in a set will be distinct.
However, the distribution over states at any given time is fixed
for each system (assuming the dynamics are unchanging). The
function that maps this distribution for one initial condition (ic)
to the distribution for another initial condition (ic;) in the same
system is a dynamical symmetry. By comparing the function for
system A with that for system B, we can assess the similarity of
their dynamics. Rather than estimate these functions directly, the
EUGENE algorithm compares the joint distribution over states
for system A at a time ¢ after ic; and at a time ¢ after ic, with
the corresponding distribution from system B. Cumulative den-
sity functions are compared by computing the energy distance
between them [23].

For analyzing data from the SPP model, the EUGENE al-
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gorithm requires two realizations of the simulation for each set
of parameter values of interest, where each realization is a multi-
dimensional time-series spanning a fixed amount of time, Az. The
first realization is computed for a certain initial condition, ic.
Using the same simulation parameters, a second set of realiza-
tions is produced using a second initial condition, ic;. We refer
to the time series of the first realization as fl , and that of the sec-
ond realization as fl', where each is of length n corresponding to
the number of samples in the series. Then, using a new set of sim-
ulation parameters, two more sets of realizations are given using
the same initial conditions used previously. These new sets of re-
alizations will be referred to as fg and fz’ Both fl and fl’ belong
to the first simulation configuration, while fz and fé belong to the
second. Similarly, ]?1 and ]?2 share initial conditions (ic;), while
fl’ and f;’ share a different set of initial conditions (ic>). Each pair
of time series elements f}; and f{; fori € {1,2,...,n} (that is,
each pair of values at a given time fora given system) is treated as
a realization of a pair random variables with a joint density func-
tion, p1,;(f1, f]). The same is true for pairs f>; and fz/,i which are
presumed to be governed by a joint density function, p, ;(f2, f3)-
Consider the cumulative distribution cd f4 over pairs of simulta-
neous values of fi and f], and cd f over pairs of values of f, and

F/
f3» where cd fa(Fi,F{) = XiLy 5[50 = prilfi fdfidf] and
cdfs(Fy, ) =Y", L 172 (™2 p) (£, £3)d frd f. Tf the marginal

i=1 75 J—o
distribution over Vahrlles of f1 is approximately the same as that
over f>, then the difference between cd f and cd fp is driven en-
tirely by the difference in dynamical symmetries between sys-
tems A and B. We compute a metric to quantify this difference.
Specifically, EUGENE computes an estimate of the energy dis-
tance between cd fy and cd fp [23]. A schematic for this algo-

rithm is given in figure 4.

RESULTS AND DISCUSSION

By using the SPP model as an input into EUGENE, we con-
firm that EUGENE is able to identify the distinct behavioral
states by distinguishing them as different dynamical kinds. In
figure 5, the pairwise distances between the five behavioral states
are shown as distance matrices for each of the global and local or-
der parameters. The color axis on the right denotes the pairwise
distances between the states, with distance = 0 corresponding to
the two states being of the same dynamical kind and distance > 0
corresponding to the states being of different dynamical kinds.
The magnitude of this difference is measured by the distance.

Despite the fact that the model has not converged to steady
state as seen in figure 3, EUGENE is able to pick up trends for
the global order parameters, which are shown in the first row of
figure 5. The expected trends for the five system behaviors are
the [P, M, C] values in table 1. For global polarization P, for ex-
ample, EUGENE finds that the behavioral States A, B, and C are
the same, which is to be expected since their P values are low.
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The algorithm also detects that State D and E are the same (with
high P values) and distinct from A, B, and C. When using angu-
lar momentum as the input, the States A and B are found to be
similar with low angular momentum, and likewise with States C
and E, which have high angular momentum. Interestingly, State
D seems to be more alike the behavioral states with high angular
momentum, despite having a low M value. For the cohesive-
ness parameter, behaviors with high cohesion, States B, C, and
E, are found to be the same. State D, even though it has a small
measure of C, appears closer to B, C, and E, likely due to its
clustering behavior on a linear path. Importantly, when using all
three global order parameters, EUGENE is able to distinguish
that all the behavioral states are different (minimum value for
off-diagonal entries > 0.5), which we expect to be true by de-
sign. However, these behaviors might be perceived differently if
considered from the point of view of an individual rather than a
group perspective.

When considering the local interactions, an individual might
interpret the polarization of the agents around it much differently
than if it could see the entirety of the group. EUGENE is able
to detect these differences in the distance matrix for local polar-
ization PL. Similarly to the global polarization, States A and B
are the same as each other, and likewise for States D and E. State

C, on the other hand, is now more similar to D and E. The dif-
ference in the local and global polarization parameter is seen in
figure 3, where State C distinctly changes from near zero, glob-
ally, to one, locally. The switch in similarity is likely because an
agent that is milling on a circle, as in State C, would see itself
as being more aligned with the individuals nearest to it. In the
local angular momentum ME, the individual would have more
difficulty detecting its angular momentum without knowing the
entirety of the group, and thus EUGENE finds that all the behav-
ioral states are nearly the same. For local cohesion C, the result
is similar with the behaviors having pairwise distances close to
zero. Finally, when considering all three local order parameters,
the distance matrix shows similar structures to the local polariza-
tion plot, which means the local interactions are dominated by
the P parameter.

Notably, EUGENE is able to distinguish between the five
states using only low-dimensional descriptors, rather than the
high-dimensional state of the system. However, even though we
select the previously defined order parameters as input, the re-
sults are not identical to the binary distinctions of steady-state
high or low values that are usually used to classify these param-
eters. This suggests that some of the emergent dynamics which
occur in the transient may be different or absent when only the
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asymptotic behavior of the system is considered. Since animal
group behavior may arguably never reach steady-state, EUGENE
may give a more realistic classification of these behaviors when
applied to biological data. We note that the absolute distances
when local parameters are used are low overall, and that the
states are generally grouped into two kinds. This suggests that
from the perspective of a single agent, these behaviors are not
distinct, which is understandable when superimposing a sensing
space (circle of radius 1) on any of the agents in figure 2. For
recovering these different group-level behaviors, other inputs for
EUGENE should be considered.

This work represents a first exploration of causal discovery
to understand qualitatively different behaviors using a model-
agnostic method for classifying the underlying dynamics driv-
ing the system. Here, we show that states known to be different
can be distinguished from their time series data. In future work,
this method will be used to study data from biological systems,
whose dynamics may be governed by observable and unobserv-
able variables, such as physiology and sociality, respectively.
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Chapter 5

Summary

In this work, I have introduced a novel algorithm for differentiating dynamical kinds among
complex systems. I have shown the algorithm’s performance as applied to various construc-
tions of the Lotka-Volterra and Kuramoto systems of equations, under circumstances where
control and observability of the system varied greatly. Further, the algorithm has been
shown to be able to detect shifts in dynamical kinds within a system that is only being pas-
sively observed. Finally, I presented an application of the algorithm as a tool for dynamic

systems analysis.

Given the wide applicability of the EUGENE algorithms, and their unique focus on an under-
explored approach to system analysis, I believe they have an opportunity to motivate some
very exciting research. The use of dynamical distance as a target metric for control problems
also seems promising - being more robust than optimizing over the norm of a trajectory, and
more principled than supervised learning. In a similar vein as chapter 4, I expect dynamical
similarity to find use as a tool to explore systems with complex, emergent behavior, and as
a tool to validate models meant to reflect such systems. With this metric’s sensitivity to
chaos in mind, we may also use it as a tool for validating models of chaotic behavior, such

as the reservoir computers used in [10] to model the Kuramoto-Sivashinsky equation.

Many significant improvements can be made to the algorithms as well. Subroutines like
clipping, and initial condition selection might benefit from a less data-hungry approach;

trading computational efficiency for data efficiency. Further, estimations might be used in
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46 Chapter 5. Summary

place of some more computationally complex procedures being performed as part of the
distance calculations. I am also interested in an attempt to train a model on data labeled
with a kind to test the effectiveness of a supervised kind classifier. Finally, with appreciation
for the number of applications for more standard distance metrics, I'm curious how dynamical
distance might perform in the place of other metrics, and what we might learn from doing

SO.
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Appendix A

Distance Characterization

To better understand the behaviors of the metric for dynamical similarity presented in this
work, I developed and executed more than 30 tests. Some of these are presented in chapter

3, and the rest shall be presented here to provide a deeper demonstration of the algorithm.

A.1 Lotka-Volterra Equations

The tests presented here use simulations of one of two versions of the Lotka-Volterra equa-

tions. The most commonly used system is the general Lotka-Volterra equation [19]:

i=0.n (A1)

where x; represents the population of species i, k; represents the carrying capacity of that
species, 1; represents the growth rate of the species, and a;; is the interaction coefficient of
species j on species 1.
The more specialized stochastic Lotka-Volterra equation modified from [9] is:

2

Aay(t) = wDru(t) (1= Y aay (1) A+ o O&EVAL+ Tl ((6(0)° 1) At (A2)

where the magnitude of the noise for species 7 is given by o;, and &; is a random sample from
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the distribution A/ (0,1).

A.2 Test Framework

In order to make comparisons across tests, most test parameters were kept as similar as
possible. Unless noted otherwise, assume the following hold true: Systems were simulated

until t = 5, with At = 0.01. The received data set is non-SSD.

System A:

and:

0.1

Note: most of these default values were chosen arbitrarily to provide an interesting, but

common system.
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A.3 Test Results

Results are grouped by their similarity to each other, and by complement.

A.3.1 Comparing Deterministic Systems as Data Increases

Distance Between Two Systems of Different Kind
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Figure A.1: Dynamical distance between system A and a different system B as sampling
rate increases.
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Distance Between Two Systems of the Same Kind
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Figure A.2: Dynamical distance between system A and a similar system B as sampling rate
increases.



54 Appendix A. Distance Characterization

Distance Between Two Systems of Different Kind with Noise
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Figure A.3: Dynamical distance between system A and a different system B as sampling
rate increases, and measurement noise is included.
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Distance Between Two Systems of the Same Kind with Noise
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Figure A.4: Dynamical distance between system A and a similar system B as sampling rate
increases, and measurement noise is included.
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Distance Between Two Systems of Different Kind without Clipping
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Figure A.5: Dynamical distance between system A and a different system B as sampling
rate increases, and clipping is not used.
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Distance Between Two Systems of the Same Kind without Clipping
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Figure A.6: Dynamical distance between system A and a similar system B as sampling rate

increases, and clipping is not used.
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Figure A.7: Dynamical distance between system A and a different system B as sampling
rate increases, measurement noise is included, and clipping is not used.
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Figure A.8: Dynamical distance between system A and a similar system B as sampling rate
increases, measurement noise is included, and clipping is not used.
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Figure A.9: Dynamical distance between system A and a different system B as sampling

rate increases.
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Figure A.10: Dynamical distance between system A and a similar system B as sampling rate
increases.
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Figure A.11: Dynamical distance between system A and a different system B as sampling
rate increases, without clipping.
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Figure A.12: Dynamical distance between system A and a similar system B as sampling rate
increases, without clipping.
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A.3.2 Comparing Stochastic Systems as Data Increases

A.3.3 Comparing Stochastic Systems as Number of Replicates In-

creases

Distance Between Two Stochastic Systems of Different Kind

3.2 1

3.0

2.8 1

distance

2.6 1

2.4 1

4 {
2.2 ° °

1 2 3 4 5 6 7 8 9
stochastic replications

Figure A.13: Dynamical distance between system A and a different system B as number of
replicates increases.
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Figure A.14: Dynamical distance between system A and a similar system B as number of
replicates increases.
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Figure A.15: Dynamical distance between system A and a different system B as number of
replicates increases, without clipping.



A.3. Test Results 67

Distance Between Two Stochastic Systems of the Same Kind without Clippin

{
2.45 A

2.40 A

2.35 A

2.30 A

distance

2.25 A

2.20 A

2.15 A

2.10 A

1 2 3 4 5 6 7 8 9
stochastic replications

Figure A.16: Dynamical distance between system A and a similar system B as number of
replicates increases, without clipping.
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Figure A.17: Dynamical distance between system A and a different system B as magnitude
of stochastic noise increases.
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Figure A.18: Dynamical distance between system A and a similar system B as magnitude
of stochastic noise increases.
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Figure A.19: Dynamical distance between system A and a different system B as magnitude
of stochastic noise increases, without clipping.
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Figure A.20: Dynamical distance between system A and a similar system B as magnitude
of stochastic noise increases, without clipping.
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A.3.4 Comparing Stochastic Systems as Magnitude of Stochastic
Noise Increases
A.3.5 Comparing Deterministic Systems with Different Levels of
Observability, as Sampling Rate Increases
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Figure A.21: Dynamical distance between system A and a different system B as sampling
rate increases. Red denotes a system with a SSD variable set. Blue denotes a system with
a non-SSD variable set.
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Figure A.22: Dynamical distance between system A and a similar system B as sampling
rate increases. Red denotes a system with a SSD variable set. Blue denotes a system with

a non-SSD variable set.
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Distance Between Two Systems of Different Kind without Clipping
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Figure A.23: Dynamical distance between system A and a different system B as sampling
rate increases, without clipping. Red denotes a system with a SSD variable set. Blue denotes
a system with a non-SSD variable set.
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Figure A.24: Dynamical distance between system A and a similar system B as sampling rate
increases, without clipping. Red denotes a system with a SSD variable set. Blue denotes a
system with a non-SSD variable set.
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Distance Between Two Systems of Different Kind with Rescan
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Figure A.25: Dynamical distance between system A and a different system B as sampling
rate increases. Data is clipped, and system is rescanned to maximize data resolution. Red
denotes a system with a SSD variable set. Blue denotes a system with a non-SSD variable

set.
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Figure A.26: Dynamical distance between system A and a similar system B as sampling
rate increases. Data is clipped, and system is rescanned to maximize data resolution. Red
denotes a system with a SSD variable set. Blue denotes a system with a non-SSD variable
set.
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A.4 Test Results Discussion

Tests in section A.3.1 show strong trends toward greater accuracy as the number of data
samples increases. Removing clipping for systems without noise stabilizes the distance, but

makes distances in noisy systems far less regular.

Sections A.3.2 and A.3.3 repeat these behaviors. As data resolution or replicates increase,
similar systems are identified as being more similar, and different systems are identified as
being more different. When clipping is removed, this trend is eliminated, though absolute

distance does remain in a smaller span, and within a reasonable range.

In section A.3.4, we see that different systems seem more similar as the noise is increased,
but the trend is not so clear for similar systems. The removal of clipping does not seem to

affect that.

Finally, section A.3.5 shows that more information makes it easier to tell two different systems
apart, while it does little to make similar systems appear more similar. Removing clipping
again stabilizes the distances, but in the case of comparing two systems of the same dynamical
kind, the introduction of more information decreases the performance of our algorithm below
the performance of the algorithm given non-SSD variables. When clipping is used to then
rerun the simulations to the clipped length, maintaining the original resolution of the data,

we see a similar response as the case where we use clipping but do not rescan.

In almost all of these results the distance between two systems that are of similar kind is
less than half the distance between two systems that are of different kind within the same

battery of tests.
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