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(ABSTRACT)

Measurement error (ME) in the factor levels of designed experimentsis often overlooked in
the planning and analysis of experimental designs. A familiar model for thistype of ME, called the
Berkson error modd, is discussed at length. Previous research has examined the effect of Berkson
error on two-level factorial and fractional factorial designs. This dissertation extends the
examination to designs for second order models. The results are used to suggest optimal values for
axial pointsin Central Composite Designs.

The proper analysis for experimental dataincluding ME is outlined for first and second
order models. A comparison of thisanalysisto atypical Ordinary Least Squares analysisis made
for second order models. The comparison is used to quantify the difference in performance of the
two methods, both of which yield unbiased coefficient estimates. Robustness to misspecification of
the ME variance is also explored.

A solution for experimental planning isaso suggested. A design optimality criterion, called
the D, criterion, is used to create a second-stage design when ME is present. The performance of
the criterion is compared to a D-optimal design augmentation. A final comparison is made between
methods accounting for ME and methods ignoring ME.
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1. Introduction

1.1 TheProblem

The objective of this research is to explore measurement error in the design factors of
designed experiments. The error occurs when a specified treatment level for a design factor differs
from the treatment amount received by the experimental unit. Measurement error affects the choice
of analysis of the experimental data. It can aso affect the properties of the experimental design.
This dissertation will address the problem of measurement error from both analysis and design
perspectives.

Measurement error in designed experiments exists in many different industries and areas of
research. One example is the field of toxicology. The methodology of some aquatic toxicology
experiments involves applying mixtures of aromatic hydrocarbons to experimental units. The
mixtures are applied directly to a laboratory environment such as a test tube or artificia stream.
Achieving the desired leve of chemica within a mixture can be practically impossible, since the
hydrocarbons evaporate quickly in an open environment and are not easily captured within the
atmospheres in which the aguatic organisms live. Another example is designed experiments for
food manufacturing processes. In some situations, maintaining a desired temperature setting for an
oven may be difficult or impossible. A third exampleisthe application of a fertilizer or chemical to
an agricultura plot. Thefertilizer may not be spread evenly across the experimental unit, leading to
observations of the response that are not equivaent to the response at the desired application leve.
In each of these situations, the measurement error is the result of failure to achieve desired design
levels for the experimenta unit. This error can lead to faulty conclusions in the analysis of the
experimental results, since the researcher unknowingly bases inferences on the designed levels
rather than the true levels achieved for each factor in the experiment.

Although it seems inappropriate to plan an experiment when measurement error is present
in the design factors, there are cases where information is desired and control of the factor settings
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isimpossible. This problem differs from Genichi Taguchi’s “noise variable problem” [Taguchi &
Wu (1980), Taguchi (1986, 1987)]. Noise variables can be controlled in a laboratory setting, so
that the experimental levels of the factors are received by the experimental unit without error.
However, to make use of the resulting optimal design factor levels is not possible. The factors are
considered uncontrollable in large-scale manufacturing settings or other “real life” situations.

In asituation involving measurement error in the experimental design, the factors are never
completely controllable. The same control over the factor level exists in both the experimental and
large-scale manufacturing situations. However, there may be opportunities to explore the variability
in the design factor. 1n each of the examples mentioned previoudy, post-experimental observations
of the deviationsin factor levels from the desired values may yield some idea of the inconsistencies
between design values and true factor settings for the experiment. Thisinformation may be used to
plan for future designs.

This research explores measurement error in designed experiments using several different
approaches. Initialy, the effect of measurement error on standard factorial designs is considered in
relation to the design propertiesfor first and second order models. This investigation reviews and
extends the work of G.E.P. Box (1963) as discussed in later sections of the dissertation. Since
accurate and precise information at each design point is especidly critica in Response Surface
designs such as the Central Composite Design (CCD) (Box & Wilson, 1951), Chapter 3 addresses
the effect of measurement error on CCDs and attempts to find measurement error optimal CCDs
for different situations. Chapter 4 outlines the correct analysis of experimental data involving
measurement error and explores effects of measurement error in many different Situations.
Robustness issues concerning misspecification of measurement error magnitude are addressed in
Chapter 5. Chapter 6 presents a design criterion for experimentd data involving measurement
error. Results are extended to two-factor designsin Chapters 7 and 8. Finally, the scope of future
research in thisareais summarized in Chapter 9.

1.2 Background

1.2.1 Errors-in-Variables Regression Models

The term measurement error (ME) refers to the inexact observation of some quantity which
may be either constant or variable in nature. Although a main assumption of linear models and their
corresponding regression analyses is that the independent variables are known constants, this

2



assumption is often idedlistic and even unattainable. Measurement error has been the subject of
investigation since the late 19th century, when Adcock (1877, 1878) considered the least squares
solution to
y =By + BX

when both x and y are subject to error. The scope of ME research includes variable relationships in
which x and y are interchangeable for modeling purposes as well as situationsin which a distinction
is made between the dependent (y) and independent (x) variable. The proposed research will involve
the latter type of relationship.

Severd different ME classifications exist. Each type of ME has distinguishing
characteristics, which can be illustrated by examples using the following smple linear regression
mode!:

Yi=BotBxte, 1=1,2..n, (11)

X=X +u,
wherey;, is the observed response having mean 3, + 3,X,,
3, and 3, are unknown parameters,
g isaN(0, o,?) random error in the response,
X; isthe observed value of the independent variable,
X, isthe true unobserved value of the independent variable, and
u isarandom error in the observed independent variable having mean 0 and variance 6 2.

Thevariable X is sometimes called the manifest variable, while the value x is referred to as
the latent variable. Asresearchinthefield of measurement error evolved, three basic models arose
which describe the error structure in the independent variable (Fuller, 1987). They are known asthe
structural model, the functional model, and the Berkson error model.

In a structural modd, the x are treated as random variables so that &l observations have a
common mean and a variance differing only through the measurement error, i.e,, E(x) = p. In this
model, the observed outcome of the independent variable is the difference between two random
values, X - U.

When the x, are fixed unknown values (or are considered deterministic variables), the model
is called a functional modd. In this case the observed outcome is the difference between a fixed
unknown value and arandom value.

Thethird situation occurs when the X, are design levels known to the experimenter, and the
x. may be either afixed or random factor. Then the relationship between the unknown x value and

3



the random error element is afixed difference, namely X.. Thistype of measurement error was first
considered by J. Berkson (1950) and has been appropriately named for him. Each of these
situations will be motivated by an example and examined in the smple linear regression setting.

An example of structural ME is the measurement of nitrogen content in arandom sample of
agricultural plots being used for experimentation throughout Virginia The actua content of
nitrogen in a field would be considered a random variable. The measurement would also contain
some error due to alack of uniformity of nitrogen acrossthefield. ThusX; is the observed amount
of nitrogenin field i, x is the random variable representing the true amount of nitrogen in field i, and
u, isthe random variable representing the ME incurred through the measuring device or location of
measurement. If specific fields are selected for the experiments (rather than a random sample of
fields), the true amount of nitrogen in the soil is a fixed unknown amount (x), and the randomness
associated with the observations (X,) is due entirely to the ME incurred (u). In this case a
functional model is appropriate for the ME.

In contrast to the above models, Berkson error occurs in an experimental design situation.
The error takes place when the experimenter assumes that the experimenta unit receives the
treatment level assigned to it in the experimental design. Suppose an experimenter wants to
measure the effect of afertilizer through a designed experiment. If the fertilizer is applied to afidd,
the amount required by the experiment is a fixed, known amount (X). The actua fertilizer amount
that reaches the soil (x;) isan unknown value, and the ME (u)) is the random vaue of the difference
between that true value and the stated setting. It is easy to see that x, and u, can no longer be
considered independent when we look a the moddl. The difference in the two unknown vaues is
equal to the fixed value of the design level (X).

In each of the previoudy described situations, the response (plant heights, leaf area, etc.) is a
function of unknown factor levels. However, the difference between the first two models and the
Berkson error model lies in the interpretation of the manifest variable. For the Berkson error
modd, there is no error in the observation of X.. The value is a constant. The error occurs only
within the observation of y, and the inferences about y based on the incorrect vaue X. For the
models where X is observed, error occurs in the observations of X as well as y, and subsequent
inferences. Another way of looking at these differences is to consider the effect of repeating the
experiment or observation many times. For the structural and functional models, the focus is on
E(X) = x, the expected value of the observed independent variable. However, the focus for the
Berkson error model is on E(x), the expected value of the true unobserved treatment leve, which is
known to be X..



To understand how these three models differ from a mathematica standpoint, Berkson
(1950) considered the Ordinary Least Squares (OLS) estimator for the dope in a smple linear
regression setting where both variables are centered:

b, = [Z Xy, 1[Z X7].

When the factor levels are observed, asin the functiona or structural cases, we insert the true factor
vauesin the estimator and see that

b, = [Z (X - W)WWI/Z (X - u)7] (12)
= [Zx(Bx + &) - Zu(B.x + e)l/[Z (x - u)7]
= [ZB" + Ix& - ZB U - Tue)l/[Z (% - u)],
and E [b)] = E[(B,Zx?)/(ZX7 - 25X, + Zu?)]
= BE[(XX)(ZX? - 22xu, + Zu?)] # B,
since E[(3x€ - ZBx U - Jue) /(Z (x+u)?)] = 0 and E[(Zx?)/(2x? - 2Zxu, + Zu?)] # L.
Asaresult, b, isabiased estimator of the slope in these two situations. Notice also that the
estimate of the dope is multiplicatively biased toward zero. In contrast, the Berkson error case in
which the values of the factors are controlled does not have this problem. The ME (as wdl as
random error) is manifested in the observations of the dependent variable alone. Accordingly the
estimate of the dopeis
b, =[Z Xy, 1/[Z X7] (13)
=[ZX (B +e)l/[Z X7]

=[Z X(B.(X +u) +e)]/[Z xiz]



= [B,(EX2+ ZXu) + Ze]/[X X7,
and since E[2Xu] = E[>e] =0,
E[b,] = B,E[(ZX?)/ (ZX?)] = B,

Thusthe OLS estimator of the regression coefficient is unbiased in the Berkson case. The result of
unbiased coefficient estimates for Berkson errors extends to more complex models, as will be
demonstrated in future sections of this dissertation.

1.2.2 Experimental Design

Designed experiments are used to estimate relationships among variables by controlling a
certain group of the variables. Factoria designs are a straightforward method of achieving this
result for severd variables simultaneously. However, if specific relationships among the variables
are known to be important, smaller and more efficient designs are capable of this estimation.
Examples of these smaller designs include fractional factoriad and incomplete block designs
(Hinkelmann & Kempthorne, 1995). These designs are usually considered for categorical factors
where main effects and interactions (both two-way and higher order) are the effects of interest.

However, for design variables with continuous factors, Response Surface Methodology
(RSM) allows the experimenter to create model-specific designs which achieve desirable estimation
and prediction properties. For instance, suppose an experimenter believes a model which is linear
in the coefficientsis correct for his or her situation. The experimenter desires information on linear
and quadratic effects for al factors and interaction effects for all factor pairs. He or she would then
choose a second order response surface model for the experiment. Early work on second order
designs includes the previoudy mentioned CCDs (Box & Wilson, 1951) and Box-Behnken
Designs (BBDs) (Box & Behnken, 1960).

Design properties are sometimes discussed in terms of the design moments (Myers &
Montgomery, 1995). Moments of the design may be defined as follows for ak factor design:

[1] :% Z X, are thefirst order momentsfor each factori =1, ..., k,
=1



n

[1j] =1 Z Xnm @€ the odd second order moments for factorsi, j =1, ..., k, i #j,

=1

>
3

n

[ii] :% Z X, are the even second order moments, and

m=1
N | c VT | c Lo 1 c 3
lij] == ; XX [il] == mzl X a0 [il] == mzl X

arethe third order momentsfor factorsi, j, | =1, ..., k, i #j £1.

The pattern continues for any moments ([iijj], [iiii], [ijlm], etc.) which are of interest. A
moment is considered odd if any power associated with a varigble is odd, so that [iijjl] is an odd
moment values. For instance, a rotatable design has the property of equivalent prediction variance
on spheres centered at the design center. For a second order mode which is linear in the model
coefficients, the moment requirements for rotatability are: (1) all odd moments through order 4 are
zero, and (2) [itii]/[iijj] = 3 (Myers & Montgomery, 1995). Many design optimdity criteria are
based on the design moment matrix

M =n(X’X),

where X is the n x p model matrix for the design, and (X’ X) is a p x p matrix containing the
moments outlined previoudy according to the specified model for the system. These design criteria
will be discussed in future sections of the dissertation.

The CCD will be an important design for the present research, so familiarity with the
properties of a CCD isimportant. The design may be broken down into three parts. (1) a two leve
factoria or suitable fractiona factoria in the k factors, with factor levels centered and scaled to 1
and -1, (2) two runs for each factor known as axia point runs, and (3) a certain number of
experimental runs at the design center known as center runs. Axial pointsare set at -d and d for the
specified factor, while all other factors are run a the center of the design. These points are so
named because they lie on the axes of each design factor if the designis plotted. Examples of two-
factor CCDsare shownin Table 1.1 and Figure 1.1.



Table1.1 Two-Factor Central Composite Design withd = 2

Run X Xo type of point
1 -1 -1 factorial
2 -1 1 “
3 1 -1
4 1 1
5 -2 0 axial
6 2 0 “
7 0 -2
8 0 2
9-n 0 0 center

The flexibility of a CCD liesin the choice of d (amost always 1 or greater) for the axid
points and in the number of center runs (n.) used. Different properties can be achieved with these
choices. The axid points give information about the quadratic effect for each factor, as do the
center runs. Therepetition of points in the center of the design also gives information about pure
error. The factoria portion of the design gives information about main effects and interactions.
Any design which allows al main effects and two factor interactions to be estimated is said to have
resolution V or higher. Thus an appropriate fractional factorial for a CCD will be of resolution V
or higher.

Figure 1.1 Two-Factor Central Composite Design with d = 4/2 and n=1
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1.2.2.1 Centering and Scaling

Whenever Response Surface methods are employed in an experimental design situation, the
design levels are dmost dways specified in standardized units. For this reason, it is important to
understand the effects of centering and scaling on the design factor levels. In later sections of the
dissertation, the effect of design in the presence of ME will be clarified. However, the feasibility of
using designs based on coded design variables must be established first. Since the designs in this
dissertation involve only first and second order models, a second order model will be considered.

A second order model involving Berkson error in al k variables can be written asfollows:

k k
BO+ z B (X” + ujl)+ Zl Z Bjm(x + uj|)(xm| + um|)+ z B”(X + u]|)2 + e ( 14)

The model can be rewritten to represent centered and scaled design variables with a new parameter
vector y asfollows:

k—1 k U —c
U —Cjo, DXJ|+UJ' CJQEXmi’fUmi—CmE

c;
]
dj H j= 1 m>j H dj HD dm U]

k 0Xji
Vo+z VIH JI

DXm| T Umni —Cm E2+ e.
5 dpny 0

+Z Yi O

Expansion of theindividua termsin the model revealsthat

Bll yll/d2
B = Yi/(4 @),
B = V/d) - (/A @,)c, - (2§/dAc,
k-1 k k
and [, = z s+ 2 3 OaldEeen+ 2 (/e



Thus the coefficients from analysis of the original dataare asmple linear transformation of
the coefficients from an analysis of the centered and scaled design factor levels. The coefficient
estimates may be calculated using either the origina or centered and scaled datafor X, and a smple
transformation will yield results in the desired scale. The same transformation can be used to
obtain variance estimates for the coefficients.

1.3 Reated Research

Severd statisticians have considered the ideas of ME in designed experiments as defined by
Berkson. G.E.P. Box (1963) first explored factorial and fractional factorial designsin the presence
of ME. Since 1963, the topics of Berkson error and its effect on experimenta design have
appeared infrequently throughout the literature. However, there are two papers after Box’s article
which consider design criteria in the presence of ME (Draper and Beggs, 1971; Vuchov and
Boyadjieva, 1983). The conclusions of these authors are discussed below.

Box (1963) examined the consequences of ME in relation to experimental design by
consdering factorial and fractional factorial designs. He describes the true relationship between y
and x as

Vi = 04Xy Xis -+ Xi) = Go(Xys + Uy, Xy + Uy, oy Xy + Uy), (15)
withY, =y +e,

Eu)=0?j=12..,N,andi=12,..,n,
E(U, Uy) = 000, 1, m=1,2,..., N,
E€®) =0/ i=12,..,n,

where N isthe total number of factors, and n isthe number of observations of the response. In this
study Box assumes there are k experimental factors, M factors held constant across dl
observations, and (N - k - M) “unrecognized” factors. The factors of relevance are the k
experimental factors being varied across the experimental design. The function g,(x’) is some

polynomial function of degree d in the X's. The observations are independent from response to
response.
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Box investigates the effect of ME for the first and second order modd in detail. He finds
(as does Berkson) that predicted values of the response based on a linear model are unaffected

Kk
except for an increase in the variance of y, var(y) = o, + ¥ B0 Asfor the quadratic mode,
=1
measurement error introduces a bias term in the predicted values of y.. For instance, in a two factor
quadratic modd,

yi = BO + leli + BZXZi + BlZ Xli X2i + Bllxli2 + B22X2i2 + ei ( 16)

= BO + Bl(xli + uli)+ GZ(XZi + u2i) + Blz(xli + uli)(XZi + u2i)
+ B(Xy +uy)? + By (Xy + Uy’ + 6

= BO + leli + BZXZi + BlZXliXZi + Bll)(li2 + BZZ X2i2+ B+ si’

where B = 3,,0,,0,0, + [3110-12 + [3'220-22 (1.7)

is the bias associated with the measurement error in the factors, and
E:i = el + Bluli + 2Bll)(liuli + BlZXZiuli + BZUZi + BleliUZi ( 18) +

2822X2iu2i + Blz (uliu2i - plzcloz) + Bll (uli2 - 0-12) + Bzz (uzi2 - 022)

=€ + Byuy + 2B XUy + BpXpUy + Bouy + BpXUy
2 2
+ 2B,,X5Uy + ByoUyUy + Byyuy” + Boyuy” - B.

isthe variability due to measurement error in the factors and overdl variability in they values. Thus

E(yl) = BO + leli + BZXZi + BlZXliXZi + [311)(1i2 + l322 X2i2+ B! ( 19)
E() =0,
and Var (si) = 002 + 0-12 [Bl+ BlZX2i+ 2Bll)(li]2 + 0-22[82-'- BlZXli+ 2822)(2i]2
+ 2p120102[BlB2+ B:LBIZXH + 2B1622 X2i + BZBIZXZi + BlZzXliXZi ( 110)

+ 2[312[322X2i2 + 2B, X, + 2[311[312)(1i2 +4B3,,B X X,] + K,

where K is a constant including the higher order moments of u, and u,. For this case as well as for
quadratic modelsinvolving k > 2 factors, the variance of predicted valuesinvolves design levels.

Box justifies the use of factorial and certain fractional factoria designs in the presence of
measurement error. He shows that any model effect coefficient estimate, such as b,,, has the

11



property of unbiasedness. Thisis demonstrated for first and second order models by considering
the properties of orthogonal, single degree of freedom contrasts which represent these effects. Note
that the biasin E[y] is constant for asecond order model, so that E(y,(X)) = E(y,(X)) + B. Because
contrasts are weighted sums of the E[y] and are constructed so that the sum of the coefficients is
zexo,

n n n n
E[ izl oy (¥)] = igl o,E[y,(X)] + BDizl a; = izl o, E[y,(X)] (111)

and any contrast would yield an unbiased estimate.

Box considers the effect of measurement error on the variance estimates for these model
effects by defining single degree of freedom “residual” effect contrasts which combine to estimate
the overall unexplained variationin y. The analysis of factoria designs can be completely defined
using (n-1) contrasts for an n point design. Box uses this idea and presents certain requirements
necessary for unbiased variance estimates. These requirementswill be stated specifically in Chapter
2. They are shown to hold for all two level factoria designs. A fraction of atwo level factoria with
resolution 2d + 1 will permit estimation of al effects in a polynomial of degree d without bias in
either coefficient estimates or variance of coefficient estimates. Blocking of designs can aso be
accomplished without complicating the estimates as long as the same odd design moments are
nonzero within each block. This can be accomplished by creating the resolution in the same way in
each block. Unequal replication of blocks is possible as wdl, if the “block design” is of
resolution 3, i.e., the block types (based on signs associated with the different estimable effects) are
not confounded with each other.

Box only explores the two leve factorial designs and does not investigate designs capable
of estimating a second order model. Response surface methodology often focuses on designs for
second order models such asthe CCD, since the factorial or fractional factorial design isuniversally
accepted as optimal for the first order model. Further investigation into the problems associated
with a second order model will be discussed in Chapter 2.

One nice contribution from Box is a general expression for the bias and variance of y; in the
presence of ME when the true mode! is a polynomia of order d in the x’s. The model is as
follows:

¥i = 0u(X) + € =04X) +B; +g,
where B, = E[g,(X)] - 94(X) and g, = g4(X) - E[g4(%)] + €.
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Using a Taylor Series expansion,

1 ur5)+0 9a(X)
Bi _E ZE(Uf1|Uf ZI) { Iy aXflasz} e

fl 2
1 N adgd(l/
+d!;;-";E(ufllufm"-ufdﬂ[ﬂ axflaxfz_"axfd}v

(1.12)
& = Zufli =G 1i)magd(5)/{xfl} to.

f1l

1 d
+EZ Z Z Ut 3% 25U~ BV 2 U ) 2° gd(i%(f Xy 5. 0] O

wherefl, 12, ...,fd=1, 2, ..., N are the placeholders for each factor contained in the polynomial term.
The expressions allow the researcher to explore new techniques for minimizing B, and E(g;?), two
main concerns of response surface designs. Box concludes that bias(y,) = B, is a function of
degree d - 2 inthe k experimenta factors and var(y)) = E(g) is a function of degree 2d - 2 in the
experimental factors. Thus the bias in predicted values from models with cubic or higher order
non-interaction termsis dependent upon the design, and variance of quadratic and higher models is
affected by design.

Several years after Box’ swork on factorial designs, Draper and Beggs (1971) considered a
design criterion based on

W, =Py (Xi) = Ix Xi) = X' [XX)'X"- (22)"Z]y, (1.13)

which is the difference between prediction based on the designed levels and prediction based on the
actud levels (denoted by Z) at apoint in the original design. The criterion minimizes the quantity
G= EerrorEy|error[zi Wiz],

which can be interpreted as an overall measure of expected discrepancy between the two surfaces in
terms of prediction at design points. Relying on the assumptions that third and higher order
powersin the errors may be ignored and that a matrix involving factor by factor error interactions
convergesto the null matrix, G is shown to be approximated by

GOPBE

(Z - XY XXX XA(Z - X)B + 02 tr (MUA'E, o [(Z- X)' (Z-X)]), (1.14)

error [ error[
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where M isthe design moment matrix. The criterion is applied to a first order model with severa
different cases. uncorrelated factor errors, al factor error correlations equa, and for two specia
groupings of factor error correlations. The resulting designs are reported in terms of design
moment requirements. For uncorrelated errors, the typical design with al odd moments a zero is
reported. Thisdesign agreeswith optimal first order designs in a linear modd ignoring ME. For
all other correlation structures, the first order moments are zero and the odd second order moments
are a function of the correlation between factors, the variance of the individua factors, and the
chosen vaue for the even second order design moments. These vaues increasingly differ from
zero asthe correlation between factorsincreases.

It should be noted that the designs given by Draper and Beggs will be robust for prediction
when ME is present, but the overall prediction performance of the designsis not discussed. Thus a
design may work very well at eliminating mideading information, but the quality of the information
(variance of coefficients, prediction variance, etc.) may suffer.

A few yearslater, Vuchov and Boyadjieva (1983) developed two new criteria for evauating
designs based on linear modelsin the presence of factor errors. Their work considers a model

y=FB +¢*, (115)
where G = Z - X, the difference between the true and the designed model matrix,
F=X+E][G],
ande =e+ (G- E[G])B.
Assuming the e and the u, (the variations from the designed values) are independent,

var(€)) =B'AB +0,,i=1,2, ..., n, (1.16)

where A = E[(g - E[g]) (@ - Elg])']-

If the design is for afirst order mode, then OLS yields the best linear unbiased estimates
for the coefficients. If, however, the designisnot linear in the factors, the following weighted least
squares estimates would be best:

b=(FW'F)'FWly,
where W = diag(e’,) . Supposing that the OL S estimates are used when measurement error in the
factors is present, a design robust to these weights would have very similar vaues of €, for dl i.
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The first criterion minimizes the heteroscedasticity of variance within the design employed, by
minimizing the maximum var(e’,) across the design. In most common cases this criterion is
equivalent to

. 4
Minimize ., : ""mMax; (A - 1),

where A, is the maximum root of det|A, - AA*| = 0and A* = avgy A, = n'y A. Asin the case of
the criterion proposed by Draper and Beggs, this method will produce a design which is robust to
measurement error but may or may not have other desirable design properties.

The second criterion is concerned with minimizing the trace of the covariance matrix of 3.
Since

V(E) =(F F)'lF’WF(F’ F)'l,
the trace of the covariance matrix of 3 can be written as
tr(V(B)) = tr(WF(F F)?F) = tr(WS),

where S= F(F F)?F . The authors provide a theorem which alows the traces from two designs to
be compared according to the quantity

B'ARB + 0,7Ar,

where AR = (Z AiS)designZ -(Z AiS)deﬂgnl’

Ar =(Z ) designz = (Z ) esign» @

§ isthei-th diagonal of the matrix S. If this quantity has positive value then design 1 has a smaller
trace than design 2 and is a better design in the presence of factor errors. Since the criterion
requires knowledge of the model coefficients, there are severa limitations to design comparisons.
If AR isapoditive definite matrix and Ar is a positive quantity, then design 1 is better than design 2
for any set of coefficients 3. If AR is positive definite and Ar is anegative quantity, then design 1 is
better than design two for certain B vectors outside of an ellipsoid based on the values of 6%, Ar,
and the eigenvalues of AR. If AR isnot positive definite, then the designs are incomparable by this
criterion.
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Vuchov and Boyadjieva concluded their research by comparing several well-known designs
based on the two developed criteria. In many cases, the two criteria chose different designs. Thisis
probably aresult of the different goals of the two criteria. The first criterion attempts to minimize
the effect of the ME, while the second criterion attempts to estimate the model coefficients
efficiently in the presence of ME.

Other areas of research incorporating the Berkson error model are coefficient estimation for
binary regression models (Burr, 1988) and Bayesian analysis of nonlinear regresson models
(Déllaportas and Stephens, 1995). Both papers focus on the analysis of regression models with
Berkson error rather than design of the controlled experiments, so these papers will not be
described further.
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2. ME and Variance Estimates in the Second Order Model

Box (1963) described the analysis of n-point factorial designs by creating n-1 single-degree
orthogonal contrasts. These contrasts represent both effects of interest in the model and effects not
appearing in the model. There are p-1 contrasts representing effects in a model containing p
coefficients, since the intercept is not considered here. The remaining n-p non-model contrasts
combineto form s?, the estimated residual variance of the response variable. This overal variance
estimate is used in the variance estimate for each model effect. Certain relationships within the set
of contrasts must occur in order to achieve an unbiased estimate of the model effect variance from
OLS analysis. These relationships, as stated below, are shown by Box to hold for dl two leve
factorial designs aswell as certain fractional factorial designs. 1t has been noted previoudly that the
OLS analysis of data from models containing only linear, quadratic and interaction effects yields
unbiased model effect estimates. However, the usual model effect variance estimates are biased for
asecond order model. Thiswill be shown in the following sections. Section 2.1 will introduce the
idea of residua variance as a function of residua contrasts. The next section will look at this
residual variance for 3% factorials. The effect of ME on the residual variance will be outlined in
Section 2.3, and this effect will be demonstrated by two examples in subsequent sections of the
chapter.

2.1 TheResidua Variance

Consider a second order response surface model with k factors as follows:

k k-1 k k )
Y =B+ Z Bjxji + Z Z Bjmxjixmi + Z Bjjxji t €,
j=1 =1 m>j j=1
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wheree ~ N(0, 6,?). Notice that the response surface is afunction of the true underlying vaues of
the design variables. We can write each moddl effect as a contrast

n
/\ Z_Z ai’k E[y|]!
i=1

which, in the presence of measurement error, has the unbiased estimate

n *
L=3 oy
2

for first and second order models (Box, 1963) when = a,” = 0. Notethat a model effect contrast is
signified by the coefficient a,", which will be important in distinguishing model effect coefficients
from residual contrast coefficients. Residual contrast coefficientswill be denoted by the coefficient
a,. Thevariance for each contrast (in the absence of ME) is estimated by

Var(L)=s’Za,?

where s* isthe estimated residual variance.

Recall that the entire set of n data points can be decomposed into n-1 single degree of
freedom contrasts. All contrasts which represent effects which are not included in the model are
assumed to have an expected value of 0 and avariance of 0% the variance of y. For this reason, s
may be written as the average of squared contrasts representing effects not included in the model.
As previoudly noted, the coefficients of these contrasts will be denoted o, g = 1,2, .., r = n - p, sO
that

r n
s?=Ur [y (Z agYi ).
g=1 i=1

In the absence of ME, Box indicated that the following properties must hold for these
residual contrasts:
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EL 3 0] =0 El

n n n
'21 a4y, )’ = 0% and E] '21 agY, _zl oYy 1=0,
- =

g=12, ..,r,andg#g.
These properties will hold when the following statements are true for each of ther contrasts:

(21) zl o, E[y] =0,

n
(22) 5 a=1and
2

|
n

(23) 5 a40,,=0,00g%7".
i=1

Since property ( 2.1 ) must hold for dl possible sets of coefficient values in E[y] = X'B, it is
equivalent to thefollowing :

(24) g a,; = 0,
i=1
n
i=1
(2.6) % agXX,;=0,0j#m,and
i=1

n
(27) 3 a,X2=0,0j.
i=1

These properties hold for a 3% unreplicated factorial design, as will be shown in the following
section.

2.2 TheResidua Variance for a3* Unreplicated Factorial Design

A guadratic model requires a three leved design for estimation of the model coefficients, so
the design discussed hereis an unreplicated 3 factorial with design levels a -1, 0, and 1. Because
the design is unreplicated, al information about the variance of the responsesis contained in s?, the
estimated residual variance. No estimate of pure variance is available. Each modd effect is
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represented by acontrast A\, and the coefficients for these contrasts are o, (B). For any 3* factoria
the model effects may be calculated using the following sets of contrast coefficients:
(1) for linear effects,

(ui*(Bj) | X;=-1) = -(2y'3h*,
(@(B) |X;=0)=0,and
(@'(B) 1%, =1) = (23",

(2) for quadratic effects,

(@, (B) 1%2= 1) = (239" and
(@ (By) | %= 0) = -2(2:39™** and

(3) for interaction effects,

(0 (B | XX = -1) = -(473<%) 72,
(ai*(Bjm) | inxmi =0)=0,and

(Gi*(Bjm) | inxmi = 1) = (423k'2)'ﬂ2.

n
Notethat T o*=1, whichwill be required for later statements and causes no loss of generality.
i=1

It is important to recognize that the contrast coefficients are closaly related to the design
variable values. For linear effects, the coefficients are proportional to the design levels X;. The
coefficients for interaction effect 3, are proportional to the values XX ; a each observation i. For
the quadratic effect [3;, the contrast coefficients are proportional to inz - R, where R is a congtant
which centers the squared values.

Theresidual contrasts may be obtained by multiplying the model effect contrast coefficients
for dl possible pairs not in the modd, i.e, al (linear, quadratic), (linear, interaction), (interaction,
interaction), and (interaction, quadratic) pairs. The entire set of

r=3-(2k + [k(k-1)/2] + 1)
residual contrasts may be obtained in this way. Thus, the residual contrasts are orthogonal to the
model effect contrasts and have the properties ( 2.4 ) and ( 2.3 ) as listed above. Property ( 2.2)
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only requires that the contrast coefficients be standardized. As for properties (2.5) - ( 2.7 ), we
employ the fact that X;; [J O(i*([3j) to recognize that for some constant C,,

n n

Z agX; = Cl_Z O Q; (B,) =0,

i=1 i=1

and likewise for constants C, and C,, X, X ; 0 o, (B,,) yields
n n .

_Zl O X X = Czcslzl O qiQ; (Bjm) =0.

1= 1=

Finaly, X.?- R O o, (B;) and aconstant C, imply that C, o."(B,) - R= X2 so0
ji i \Fjj 4 4 M \Fjj

ji 1
n ) n . n
> 0X =C, y azo(By)-RY a; =0.
i=1 i=1 i=1
Theresult isthat all properties required by Box for residual contrasts hold for 3 level factorials.

2.3 The Presence of Measurement Error in a Design for a Second Order Model

The following results extend to al data sets capable of estimating second order models. If
measurement error is present in the system, the relationship between the design levels (X;) and the
true unobserved values of the design variables (x;) is

Xi=x;-U, 1=12.,nadj=12 ..k,
E[y;] =0and Var[y] = ¢/”.

In the case of a second order model, there are further properties required for unbiased estimates of
model effect contrast variances. Consider the variance of an estimated contrast

n
VL) =3 a’’o)’

=1
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n
and the usual estimate of this quantity when y o'’ =1,
i=1

A n *
V(L) =s*y o=
i=1
It isno longer the case that 5% is an unbiased estimate of 0%, since

ElsT=Ur E[3 (3 a)1=Ur{3 (5 a,)o+ z (3, a,EDY.
g=1 i=1 i=1 g=1 i=

From property ( 2.1) of residual contrastsand ( 1.9),

n n n n
2 Oy Ely]=0 O 2 ay (Elylx] +B)=0 O 2 ay Ely;X] :O,SinceB.Z ag =0.

i=1 i=1 i=1 i=1

This simplifies the expected value of the residual variance estimate to

E[s =1r { Z (Z 04°)0%}
i=1 g=1

It follows that the additional requirement for E[ V(L)] = V(L) isfor

n n
Els*y o- Z o’ 262=0,0r,since ¥ o' r=1,
=1 i=1 i=1

(28) 3 [(3 04)-ra?]o?=
g=1

i=1

Because of the general notation for var[y] when y, is modeled by a polynomial of degree d
(see equation 1.12), we know that 0.” is a polynomial function of degree 2d - 2 in the designed
factor levels, so that (2.8 ) issatisfied iff
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(2.9)

n
1=

]
[( = Ggiz) - rai*z] =0,
1 o1

n
(210) 3 Il 7 0,")-1671%,=0,0]
i=1 o=
n
(211) 5 [( %1 0,°) - 121X, X, =0, 0] # m, and
bR

n
(212) 5 [(5 a5)-re?1%2=0, O],
i=1 o1

These four properties (( 2.9) - ( 2.12)) lead to the following resullt:

Theorem 1: For any orthogonal design capable of estimating a second order model, the bias in
every estimate of model coefficient variance is a function of the squared design levels.

n
Proof: Because of property (2.2) and therequirement S o' ?=1,(2.9)issatisfied. In order to
i=1

seethat (2.10) and ( 2.11) hold, recall the relationship between model effect contrast coefficients
(a,") and design values (X). It is evident that a,* is a function of even powers of design vaues.
Specificaly,
o %(B) O X
ui*z(Bjm) [ inz xmi27 and

o, %(B) O X" - 2R X + R%.

It follows by the construction of the residual contrast coefficients that a% g = 1, ..., r, ae aso
functions of even powers of the design values. Now consider the left-hand side of the expressions
in(210) and ( 211 ). These expressions are proportional to odd design moments. Since odd
design moments for afull factorial design are aways zero (notice that x, = x*** and x> = x* for k
=1,2,3..),both (2.10) and ( 2.11) are satisfied by 3“ factorial designs. The odd design moment
of aCCD are also zero, since the designs are constructed to be orthogonal aswell.

However, the same reasoning implies that the left-hand side of ( 2.12 ) is equivaent to an
even design moment. An even design moment is not zero for any interesting design; i.e,, for any
design other than a set of center runs. Therefore, the bias in every estimate of model coefficient
variance isafunction of the squared design values.
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The effect of this bias for two specific designs will be demonstrated in sections 2.3.1 and
2.3.3.

2.3.1 Example- 3 Factorial Design

Consider a 3° factoria design for which both design variables contain measurement error.
The model matrix for aquadratic model using thisdesignis

1 -1 -1 1 1 10
4-10 0 10
n -1 1 -1 1 10
30-10015
A o o o o oO (2.13)
5010015
4 1 -1 -1 1 10
0 0
1 1 0 0 1 of
H 1 1 1 1 1H

Using the expression for Var[y] from (1.10), it is evident that V(L) isunbiased iff

n r .
Z [( > agiz)_raiz]x
i=1 g-1

[O-O2 + 012 ([312+ I3122X2i2+ 4Blllei2) + 022([32+ 8122X1i2+ 4B222X2i2)
+ 2p120102 (BlBZ+ BlBlZXH + ZBlBZZ x2i + BZBlZXZi + BlszliXZi + 2812822X2i2 + 282811X1i
+ 2[311[312)<1i2 + 4BllBZZXliX2i) + 2811014 + 2822024] = 0!
where K isa constant of higher order moments for u, and u,. The equation above can be separated
into the following parts:
n r
(i) [0'02 + 012 |312 + 0'22[32 + 2p120-10-2[31[32 + 2[3110-14 + 2[322024] 'Zl [(gZ_l agiz) - rai*2 1

(i) [201,0,0,(B.B. + 28,8,,)] zl [(g%z1 0,?) - 1o %1%,
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n

() (20,0.0B:Pea+ 28800 3 1 Z 01) - I

(V) 200,087+ 4B,8.0) 3 [(3 0,101,

n r .
(v) [40,°B.)* + 0,°By," + 201,0,0,B1,B1,] ,Zl [( 21 agiz) -ra; 1%, and
i=1 o=

- n r *
(vi) [40,°B,," + 0,°B," + 20,,0,0,8,,B,,] _Zl [( Zl ag®) - a2 1%,
i=1 g=

Based on the previous work, (i), (ii), (iii), and (iv) are dl zero. Asaresult, the biasin V(L)
isafunction of the squared design levels, aswell as 0,%, 0,% P,,, By By @d B,,. The squared bias
of the estimated variance for each model effect contrast is listed in Table 2.1. To caculate the bias
involved in each contrast, the necessary contrast coefficients are formed for both model effects and
residuals. The effect contrasts are asfollows:
aBy)=13*{1,1,1,11111,1},

a(B) =0408248*{-1,-1,-1,0,0,0, 1, 1, 1},
a(B) =0408248*{-1,0,1,-1,0,1,-1,0, 1},
aPByp =5*{10,-1,00,0,-1,0,1},
a (B, =02357023*{1,1,1,-2,-2,-2,1,1, 1}, and
a (B, =02357023*{ 1,-2,1,1,-2,1,1,-2, 1}.
Theresidua contrasts satisfy all properties(2.9) - (2.12) and are asfollows:
., =0288675* { -1,2,-1,0,0,0,1,-2,1},
, =0.288675*{-1,0,1,2,0,-2,-1,0,1},
s =16*{1,-2,1,-2,4,-2,1,-2,1}.

2 I I
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Table 2.1 Squared Bias Termsfor V{a(B)) from a3? Factorial Design

Contrast Squared Bias*
a(B,) (-413K1 - U3K2)
a(B,) C13K1 - 413K2)
a(B,) (-4I3K1 - 413K 2)°
a (B (273K 1 - U3K2)
a(B,,) (-1/3K1 + 2/3K2)”

*K1=40,"B,," +0, B, +2p,0,0,B,,B,, K2 =140,°B,,° +0,B,," +20,,0,0,8,,8,,

2.3.2 CCD Example

To satisfy the Box requirements for a CCD, the contrast set is more difficult to express due
to unequal replications of design level combinations and possible unequal spacing for those levels
(-d, -1, 0, 1, d). Genera expressions for all modd effect and residual contrasts are given for two
factor CCDs in Appendix A and for three factor CCDs in Appendix B. Table 2.2 indicates the
amount of bias associated with each factor inaCCD withd=2and n, = 1.

It is evident from Table 2.1 and Table 2.2 that bias is a problem in both designs The
squared biasis greater for the CCD. However, the CCD analyzed has arbitrarily placed axial points
and only one center run. No attempt has been made to minimize the squared bias with respect to

the value of the axial point.
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Table2.2 Squared Bias Termsfor V(a(B)) from aCCD withd =2 and n.=1

[ Contrast Squared Bias*
a(B) C1//3K1 + 713K2)
a(B,) (7131 + 17/3[K2)°
a(BL) (3K + V3K
a(B) (173K 1+ SUAEEK2)
a(B,) (44115 1 - 527 15K2)°

* K:I-:401Z [311Z + GzzﬁlzZ + 2[3120102311[312, K2:402Z BzzZ + 01Z[312Z + 2p120102[322312

24 V(L) for aCCD with multiple center runs

The single center run in the previous example allowed for the estimate of the overall variance

to be stated in terms of residual contrasts. For n, > 1, anew V(L) expression is needed which

incorporates pure error from the replicated point. The estimate of the overall varianceis now

S -D(E (T O * G T I 5 -5

i=n-nc+l

wherey, isthe average response for the center runs. Thisleadsto abias expression of

EVID) V)= § [+ as 5 a0t (- )07,

where oznc isthe variance at a center run. Biasfor CCDswith n, > 1 would be calculated using this

expression.

25 Conclusions
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Thefocus of this chapter is to characterize the effect of ME on coefficient estimates in an
analysisignoring ME in the design factors. The problem appears as a bias in the variance estimate
for the coefficients. The form of this bias appliesto coefficients estimated by the contrasts outlined
inthis chapter. The impact of this bias on the choice of axial pointsfor two and three factor CCDs
will be explored in Chapter 3.
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3. Optima Vauesfor Axial Points of Two and Three Factor CCDsin the
Presence of ME

Severd factors must be considered in the determination of an optima vaue for the axial
point of a CCD with ME inthe design levels. First of dl, there is a different bias vaue associated
with the estimated variance of each modd effect. This indicates that the optima vaue of an axid
point may not be the same for the estimation of each coefficient. Also, the modd coefficients
themselves are involved in the bias terms, so that knowledge of the true coefficient values is
necessary to determine optima values. This may be smplified dightly by considering ratios of
coefficients rather than actual coefficient values, i.e., 3,,/3,,=3 rather than (B,,, B,,) = (1.5, 0.5), (3,
1), etc. Other considerations include the number of center runs, the number of factors in the
experiment, and the number of design factors affected by ME in the particular study. The CCDs in
this chapter contain ME in asingle factor and include a single center run. Optima vaues for axia
points are discussed for two- and three-factor CCDs in this chapter.

3.1 Two-Factor CCDs

Aninitial investigation focused on atwo factor, second order model. The nine-point design
was a single center run CCD with ME in one design factor. The squared bias of the variance
estimate was minimized for each model effect assuming a common value for the axia points of both
factors. The squared biastermin thissituation is

9 3 9 3
B = (4012 Buzmz [( Z agiz) - 3ai*2 ]Xli2 + BuzD_Z [( Z agiz) - 3(xi*2 ]X2i2)21 (3-1)
=1 g=1 =1 g¢g=1

3
where 3 ay% a;% and X? (j= 1, 2) dl contain d, the value of the axial point. Recall that o, are
g=1

the squared model effect contrast coefficients, and a,* are the squared residual contrast
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coefficients. Thus equation 3.1 isafunction of the value of the axia point through the model effect
of interest, al resdua effects, and the squared design levels of each factor in the design. Notice
that the presence of ME in only one of the factors smplifies the bias from the more genera
expressions (v) and (vi) in Section 2.4, so that the squared bias depends only on the coefficients 3, ,
and B,,.

Using the FindMinimum function in Mathematica® (1994), the squared bias expression was
minimized across arange of possible values for the axial points ( d [J (0,4)). The restriction to this
range was chosen because in some cases the squared bias for a certain modd effect was minimized
asd - o. The vaues of d which minimize expression 3.1 for severa ratios of f3,,/f3,, can be
found in Table 1.1 of Appendix B. However, trends among these values are hard to locate. Plots of
the squared bias for each ratio of true coefficient values (3,,/3,, are more informetive, so they are
presented in Figure 3.1. The plots represent squared bias as a function of d. Each plot is labeled
with the model coefficients used in the squared bias expression, which are represented by b12 and
b1l. For example, the plot in the lower left corner of the figure shows the squared bias expression
when 3,,= 1 and 3,,= 4. In Figure 3.1, d is constrained to be the same vaue for both design
factors (X, and X,). Most plots do not include the entire range of (0,4) on the x axis, because the
minimum d for al four contrasts of interest is insde that range. Each plot includes the contrasts

9
representing 3, B,, By;, and B,,. Because the vdue of 5 o, (B,,)X;”is 0 for j =1, 2 the

i=
squared bias for the interaction coefficient does not change for different vaues of (3,,/B,,. This
result is intuitive, since the axia points do not contribute to the estimation of interaction effects.
The model effect for interaction is not included in the tables and figures for this reason.

It is important to note that these contrasts are orthogonal and created sequentidly, so that
a(B,,) actually represents the effect of X,> beyond all other effects in the model. This could be an
explanation for the strange behavior of the squared bias for a(f3,,). There is no globa optimal
value for the axial points across all model effects. However, with the exception of estimation of the

coefficient 3,,, the plots seem to indicate that a vaue near d = J2=1.414 is agood compromise
value across all coefficient estimates. This value of d creates arotatable CCD, which is beneficia for
other reasons noted in previous chapters.

In some cases, more specific estimation goals may be of interest. If the coefficients for
linear effects (B,, 3,) are of more importance than the quadratic effects, the plots suggest that axia
points near +1 are best in most situations. This design is a 3% factorid. There is a range of values
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for which the squared biasiis relatively unchanged for either 3, or 3,, depending on the magnitude
of the interaction effect. For example, when 3,, = 1 and 3,; = 2, the squared bias is basically
minimized across a range of vaues for the axid points (1.0, 1.5). If the coefficient of interest is
quadratic (3,,), the plotsindicate that axia points between +1.5 and +2.2 are more beneficial.
However, the congtraint that both factors have the same value for axial points may defeat the
purpose of specifying the presence of ME in only X,. Itispossible that the vaue of the axia point
for the factor containing ME should differ from the other factorsincluded in the design.
Considering the same two factor, single center run situation, it was decided to dlow the
value of the axial pointsto differ for the two factors. The vaue d1 represents the vaue of the axial
point for X, (the factor affected by ME), and d2 represents the value of the axial point for X,. The
squared bias expressions generated with d1 and d2 were too complex to dlow any conclusions
when minimizing with respect to both axial point values smultaneously. For this reason, the vaue

of d2 was set a two different values (1, 4/2) which correspond to a 2° factoria and a rotatable
CCD. The squared bias expression was plotted in each situation with respect to d1. Figure 3.2 and
Figure 3.3 show theseresults. Tables 1.2 and 1.3 in Appendix C include d1 values which minimize
the squared bias for each of the contrasts represented by curves in Figure 3.2 and Figure 3.3. In
some cases, there are two values for the axia points which minimize the squared bias over the range
(O, 4).

Considering Figure 3.2, it is apparent that two Situations occur. When the quadratic effect
(B, is larger than the interaction effect ([3,,), the best overal choice for d1 is near or dightly
greater than avaue of 1. Since d2 is constrained to be 1 in this situation, the resulting design is
practically a 3° factorial. Thus a more conservative design (i.e., a smaller experiment within the
design region) isin order when d2 is constrained to be 1 than when the axia points are a common
valuefor adl design factors. However, interest in specific model effects may lead to different axia
point values. For ingtance, if 3, is large in relation to (3,,, and the effects of interest are the
quadratic effects, axia points at +1.3 are better than axial points a +1. When the interaction effect
islarger than the quadratic effect, the axial pointsfor X, should be placed somewhere between 1 and
1.4.

Notice that when dland d2 are not constrained to be the same number, the valuesfor dl1 are
very different depending on the specified value of d2. Figure 3.3 shows the patterns for optimal d1

valueswhen d2 = 4/2. For most coefficient ratiosin this case, the optimal d1 would be one or near

one. Notice that most of the values are less than or equal to /2, except for situations where the
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quadratic effect (3,,) does not exist. When the quadratic effect in X, is suspected to be larger than
the interaction effect, the optimal value of the axial point for detecting the 3,, coefficient is to have
the point include more center runs.

Unfortunately, there is no clear optimal vaue for the axia points of the factor containing
ME. In dmost dl stuations, however, the suggested axiad point vaue is on the interior of a
rotatable CCD. When an interaction effect is expected to be larger than the quadratic effect in X,,
the axial points should be closer to the edge of the design space than when the situation is reversed.
Because of the difference in the optimal valuesfor individual model effects, these results may be put
to better use when targeting a specific effect of interest than when deciding on a best axia point for
overdl estimation.

3.2 Three Factor CCDs

Three factor single center run CCDswere aso investigated for trends in optimal vaues for
axial points. ME was present in X, only. The squared bias in this situation can be expressed as

15 5 15 5
B = (4012 3112521 [( Zl agiz) - 5ai*2 ]x1i2 + BlzZD_Zl [( 21 agiz) - sai*2 ]X2i2

15 5 .
+ Blazm_zl [(gZ agiz) - 50, 2 ]X3i2)2. (3.2)

5

Similar to the two factor case, theexpressions y a,? a;% and X (j = 1, 2, 3) are dl functions of
g=1

d for the three factor situation. Notice that the bias expression is dependent only on B,,% B>, and
B’ Tables2.1-2.3in Appendix B indicate the grid of (B,,, B, Bys) coefficient values explored
for the three factor case. Figure 3.4 - Figure 3.9 contain plots for many of the coefficient
combinations across arange of values for the axial points. Squared bias for the B, B,, Ba, Biys Boos

9
and B,, contrasts is plotted. The vaue of 3 a?X;? = 0, j=1, 2, 3, for dl interaction effects
i=1

(a*(By), where k#l), and so the optimal value of d for a(3,) is aways 0. These model effects are
not included in the tables and figures. If the squared bias expression did not have a minimum vaue
in (0,6), then the value 6 isindicated in the table. Plotsin the figures aso include a range of (0, 6),
although some ranges are smaller so that the plots are more detailed. Table 2.1 shows the optimal
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vaue of the axia point when a common d is used for dl three factors, while Tables 2.2 and 2.3

indicate optimal values of d1 for d2 = 1 and d2 = +/3, respectively. In the three factor situation, d2
is the vaue of the axia point for the factors without measurement error. The d2 vaues chosen
represent typical valuesin 3 factor designs (a 3° fractional factorial and anearly rotatable CCD). In
each Situation, an increasein the true value of 3., had little effect on the optimal vaue of the axial
points. For thisreason, only 3,, values of O and 1 appear in the figures.

When all axia points have acommon value for the three factors, the optimal d is between 1
and 1.5. The contrast for 3, is problematic for reasons similar to the problem with the 3,, contrast
inthe 2 factor case. Since it represents very little of the systematic variability in the response, the
biasterm is very unstable and giveslittle information. In the case of a common vaue for the axia
points, the plots for various 3,, vaues were similar to (3,, vaues, so not dl plots are shown in
Figure 3.4 and Figure 3.5. Notethat for all combinations of true coefficient vaues, the optima d is

still smaler than %‘/5 =1.68, which isthe value of the axia point of arotatable 3 factor CCD.

When the vaue of the axia points for X, and X, are held a +/-1, the optimal d1 vaues
range between 1 and 2. In Situations where the true coefficients contain large interaction terms, the
optima values are pushed out closer to 2. The optimal values are pulled in near 1 when the
quadratic coefficient dominates.

When the axial points for X, and X, are set a +/3, most optimal d1 vaues are between 1
and 1.5, asin the common d situation. Thisindicates that the points should be pulled to the interior
of the design space for the factor containing ME.

Thereisno single value of the axial points which satisfiesall conditions, but there are some
genera conclusions which can be drawn. A typica rotatable CCD is a good starting point for a
design, but these plots suggest that putting the axial pointsin the interior of the design space for the
factor containing ME is preferable to a fully rotatable CCD. This is especidly beneficid if the
experimenter feels that the quadratic effect in the ME factor will be quite large. For stronger
interaction terms, conservative values for axia points for the ME factor are still worthwhile. A fina
reminder isthat these results are based on an analysis approach to the estimation of the coefficients
which ignores the ME in the design factors. More appropriate analysis techniques will be
discussed in future chapters of the dissertation.
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4. The Analysis of Designs Involving ME

The ME literature contains no satisfactory benchmark for the amount of ME which is
problematic in an OLS analysis of a second order system. For this reason, an exploration of the
importance of ME to these systems is warranted. “Importance” will be quantified by addressing
the following questions: (1) What is the appropriate approach to analyzing data sets in which ME
is present in the designed experiment? Emphasiswill be placed on those data sets with a quadratic
relationship between x and y. (2) Is it possible that, for smal magnitudes of ME, an anayss
ignoring the added variability will estimate the model as well as an analysis incorporating the ME?
(3) Along those same lines, at what point would one design improve upon another given equa ME
in the system? A simulation of various ME systems supplies the answers to these questions. Two
different analyses will be compared for the second order systems. OL S analysiswill be considered
the “naive” anaysis which ignores ME, and a second analysis will be presented as the correct
approach to the ME problem. The beginning of this chapter will outline this analysis for first and
second order models. Later sections will give the details of the smulations, as wel as the results
and conclusions from them.
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4.1 The Correct Analysis of Designs with ME

4.1.1 First Order ME Models

Recall that the first order ME model presented in Chapter 1 (see equation 1.1) isknown asa
Berkson error model. Berkson error models are a specia case in the class of regression models
with random coefficients. For the first order model containing Berkson error, only the intercept
coefficient israndom (Carroll, Ruppert, and Stefanski, 1995). Consider the first order linear model
with k regressors:

k
Y= Bo+ .21 Bixij +€,
i=

k k
ory; =B+ '21 BX; + '21 Biu; + €.
i= i=

This expression can be rewritten in the notation of Longford (1993) as
y=XB+XY +e, (4.1)

k
where X ey = {1 Xy Xy, -0 X} and Yy = { izl By, 0,0, ...,0}. Thusy can be thought

of as3; - Bwithy ~N,,,(0, ). Inthecase of afirst order model with independent ME among the
factors (i.e, E(u,u.)=001i,i Z1"), £ is amatrix of zeroes aside from the [1,1] eement, which is

k
2 B’o’.
=1

The analysis of random coefficient models can be performed utilizing Iteratively Weighted
Least Squares (IRWLYS) anaysiswhen an estimate of the ME variance is available. However, The
IRWLS analysis is usualy not useful, since the ME variance is unestimable from a data set
containing Berkson error (Carroll, Ruppert, and Stefanski, 1995). When the vaue of o
(i=1,2,...,K) isunknown , a secondary source isrequired to adequately estimate the ME variance. In
the case of a first order model, the OLS analysis yields unbiased estimates for the mode
coefficients.

4.1.2 Second Order Models



Second order models with Berkson error do not fit the format of random coefficient models,
because the intercept is no longer unbiased, i.e, the E(y) # 0. The models require an IRWLS
procedure for analysis. The development of this analysis for the second order model follows.

Consider the Generalized Least Squares (GL S) approach to estimating the coefficients of a
second order model with k design factors (regressors) in which al k factors involve Berkson error:

k-1 k
BO+Z B] J|+ Z mZ>J B]m)(] er Z B“ i i

1)

k
=X'B +j§1 B0 + ¢, where

k-1 k
& z (BJ i + 2I3JJ ji JI + BJJ (uji2 2)) + E mzj Bjmxml i

The GL S estimates are those which minimize

L=(y-p'Viy-p
where 4 = E[y] and V isthe covariance matrix for y. The mean response (E[y]) is now a function
of the ME variances, 6% as well as the design levels and the unknown parameters B. In this
Situation p is a vector whose " component is

“ ><| B + z B” j >_<| *,E’Whae
)_<i*’:)_<i +{Q’1xq’01’022'---’0k2}-
o : : kO
The model matrix of interest isthen redefinedtobe X*. Notethat q =1+ k + EEH so that only

the columns of the model matrix involving the quadratic terms of the design factors differ from the
usual model matrix X. V, the covariance matrix of y, is adiagonal matrix whosei" diagona is

k
V - C)-0 + z [(B + ZB” ji +mz>1 Bjmxmi)zlﬁ—j2 + 2Bjj20j4]' (42)

If V and the measurement error variances oj (=1 ...,k) ae assumed to be known, then the
estimates for 3 are solutions to the equations
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OL/OB= 20 0B V™ (y - ) = X*'V*(y - X*'B) =0,
or b = (X*'VIX*)!X*'Vly,

Note that E(b) = (X*'V*X*)*X*'V* X*B = B. It follows that the asymptotic covariance matrix
forbis

var(b) = (X*'V7*X*)?, (4.3)
and the estimated covariance matrix is

var(b) = (X*' V IX*)™,
The estimated covariance matrix would be both asymptotic and approximate due to the inclusion of
estimatesfor Bin V .

It isimportant to notice that because
¥ =X'b =X (X*"VIX*)X*'Vly,

and thusvar(y) = X’ (X*'VX*) X,
prediction variances contain both the typica and the modified model matrix. These variances are
more complicated than in atypical weighted regression setting.

4.1.3 A Note on Assumptions

The assumption that the ME variances are known can be a troublesome one, but it must be
made in the present situation. If the analysisisto be based on the design used in the study, then the
only observation of the ME variances occurs through the observation of the response. Because the
ME variances are insgparable from the random variation assumed in y (0,7, independent estimates
of the ME variances need to be supplied. For example, some type of pre-study or discussion with
the experimenter may yield satisfactory estimates for the g?>. For the purpose of these smulation
studies, the ME variance is assumed to be known.

The misspecification of these variances will be explored in the next chapter. Two
approaches to misspecification will be considered. These studieswill be aimed at the robustness of
the estimation procedure to incorrect ME variance estimates.

4.2 Simulation Details

Data sets for a second order modd involving ME in the design levels were simulated.
These data sets were used to compare the performance of OLS and IRWLS analyses.
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Observations were smulated over a range of experimenta design situations. The data sets were
created from a single variable second order model,
i =B+ Bx +Byx’+e, i=12..,n, (4.4)
X=X +Uu,
& ~N(, 1),
U~ N(O, 0-12),
wherevar(y,) isaspecia case of equation (1.10),

Var(y|) = 0-02 + 0-12 [Blz+ 4BlBllxi + 4Bllzxi2] + 2B112014' ( 45)

In order to observe an acceptable leve of precision in the smulations, a random number
generator was created (see Appendix D for details). To determine that al random data sets
generated were normal, the first through fourth moments were caculated and found to be within a
desired leve of precision. Covariance between the modd error and the ME error variable was also
evauated and found to be zero. To keep the variability of the variances at an acceptable leve, 2000
data sets were generated for each experimental Situation.  Twenty-five runs using 2000 data sets
showed that the simulated variances of the model error term were always within 1+0.066.

The parameters which were varied included model coefficients (3, and 3,,), design size and
point allocation, and the magnitude of ME as a percentage of the range of X. All combinations of
these parameters are displayed in Table 4.1. Because the magnitude of the measurement error is
dependent upon the model coefficients, valuesfor 3, and 3,, were varied over severad combinations
of integers between -3 and 3. The intercept remained a 3, = 1 throughout the smulations. The
magnitude of the ME in x was considered in relation to the range of x, which was 4. The standard
deviation of the ME is specified as a percentage of the range. For example, consider a system
containing 10% ME. A design level of -2 would take on avaluein the range (-2.4, -1.6) about 68%
of thetime, since 10% of 4is0.4. The possible o, valuesranged from 1.25% of the range (0.05)
to 10% of the range (0.40).

Since the measurement error is also dependent on the vaues of the design variable, various
designs were considered. The data sets ranged in size from 5 to 100 points. Balanced designs
were those with an equal sample size in the X variable a each point in the vector (-2, -1, 0, 1, 2).
Four unbalanced designs were considered (see Table 4.3).

The comparisons focused on the individual variances for b, and b,,, the estimates of 3, and
;- Each data set was analyzed by the OLS “naive” method and the correct method described in
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Section 4.1.2. The goa of the comparison was to determine a point a which the two analysis
methods yield practically different results. Since both methods lead to unbiased estimates of the
coefficients, only the variances of these estimates were considered. Table 4.2 describes the statistics
used to summarize the simulations for both 3, and 3,,. Each type of variance is explained, and dl
are used in the discussion of simulation results.

An experimenter ignoring the ME in the designed experiment would typically choose to
analyze these data setsusing OLS. The estimate of the variance of b, s would be

var(b, o = (X’ X) ' M SE.
Note that MSE is not an estimate of the variance of y, since the system has heterogenous variance
dueto ME. MSE isnot an estimate of o,° either, but it yields an idea of the average var(y) across
the designed experiment. The inflation in the variance is a function of the design and the true
coefficient values, as can be seen in equation 4.5. The true variance of the OL S estimatesis
var(dg 9 = (X' X)X VX(X'X)™,

whereV isthe variance-covariance matrix of y described in Section 4.1.2.

The correct analysis for the smulated data sets is IRWLS, as previoudy noted. The
IRWLS estimation procedure is based on the following relationship

H(B, %) = KB X) + Z; [OR(B, x)/ BB - B ).
whichisafirst order Taylor Series expansion of W(B, x;) around B = B, theinitia estimatesfor the
model coefficients. In the presence of ME, IRWLS estimates are produced by the following
agorithm: (1) OLS analysisis used to produce initial estimates for B, and zo. (2) Theinitid
estimates are used to estimate
¥, = OCVIXYXVY-9,)
where the diagonal valuesfor V are
Vi = MSE, + 0, [y + 40,9013 X + 4byy°X7] + 20y, 5°0," (4.6)

(3) Anupdated estimate for the mode! coefficientsis computed asby;, = b, + YO. (4) Steps (2) -
(3) are repeated until the difference in the resdua sum of squares from the find step and the
preceding step islessthan 10°, The estimates for B produced in the find iteration are the IRWLS
estimates.

Because of the asymptotic properties of the covariance matrix for B in an IRWLS andysis,
the ssimulation a so provided aidea of the sample size for which the matrix effectively represents the
true variance of the system. After the initia sample size study, further investigations into design
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impact and the effect of ME magnitude were explored using a sufficiently large design (see Section
4.3.1).

Table4.1 Simulation Parameters

Parameter Values Used in Smulation Results

B, 3, -1 1, 3

Bu 3, -1, 1, 3

ME (as percentage of xrange) | 1.25, 25, 5 7.5, 10

Balanced Design Levels** -2,-1,0, 1, 2

Balanced Design Size: n (n,) 5(2), 10(2), 25(5), 50 (10), 100 (20)

* All possible combinations of ['31 and ['311 were used.
**See Table 4.3 for other designs.
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Table 4.2 Types of Variance Calculations for Simulated Analysis Comparisons

estimated variance)

of (X" V1X)?

Variance Type Caculaion Use

2000 _ to compare the two analysis
IRWLS Variance Z(f;IRWLS -B)? methods

1999

2000 — same as above

OLSVariance Z(@OLSi - B)?
~ 1999
Asymptotic IRWLS diagonal vaues of to validate the smulation and check
Vaiance (X7VIXH)?t asymptotic results for the IRWLS
procedure

Asymptotic OLS diagonal vaues of to validate the smulation
Variance (X X)X VX (X' X)?
IRWLSAEV (average | averagediagona values | to compare the variance estimation

capability of the two methods

OLSAEV (average
estimated variance)

average diagond values
of (X’X)'MSE

same as above

4.3 Simulation Results

In many of the figures included in this section, the smulation atistic is plotted against
different sets of coefficients in the model. Because of the large number of combinations, the
horizontal axis does not label every point included on the graph. Since the individua points
represent a set of coefficients and a value representing the amount of ME in the system, a complete
listing of the coefficient values appears below. This pattern is repeated for each leve of ME

variance.

B, -3 -3 -3 -3
Bn: -3 -1

The following sections summarize results for the effects of sample size, the estimation of variability,

-1 -1
1 3 -3

-11 1 1

-11 3 -3 -1 1 3 -3

1 3 3 3 3
-1 1 3

the effects of ME magnitude, and the effects of design for the two analysis methods.
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43.1 SampleSize

The effects of sample size were studied using baanced 5-level designs with 1 to 20
observations at each level. The smulated variances of the coefficient estimates for 3, and 3,, were
compared for the two analysis methods. The results (for estimation of [3,,) for each design are
plotted in Figure 4.1 and are indicated by sample size in the legend. The difference in variance is
representative of datawith a ME standard deviation of 10% of the range of X,. Results for (3, are
smilar. According to smulation results, the two analyses of data which include ME show a
steadily decreasing difference in variance magnitude as the sample size increases. As expected, the
IRWLS variance is dmost always smaller than the OLS variance of the coefficients, but this
difference decreases as sample size increases.

The greatest differences occur for large absolute values of the 3,, coefficient. For example,
consider a5-point design. The difference in variance for the two analysis methods is 0.21 for the
true model E[y] = 1 - 3x, - 3x,%, while the differenceis only 0.04 for the true model E[y] = 1 - 3x,
+x,% However, the variances themselves are much smaller for the second model than for the first.
This result prompts a comparison of the differences relative to the size of the variances.

A measure of the relative difference between the analysesis calculated as

. . _OLSVa- IRWLSYar
Relative Difference = RWLS/ (4.7)

Figure 4.2 shows the rdlative difference in the OLS and IRWLS variances for (3,,. There is no
definite pattern in the relative difference with respect to sample size. For example, amodel with (3,
B,) = (-3, -1) hasaincrease in the relative difference of the variances as the sample size increases.
However, the results are reversed when the true model has (B,, B,;,) = (1, -3), so that the relative
differencein the variances decreases as the sample size increases. The relative differencesin Figure
4.2 are for a standard deviation of 10% of the range of X,. The results indicate that the OLS
variances are 5% - 28% greater than the variances of the IRWL S coefficient estimates.

Because of the conflicting results for the relative differences in the variances from the two
analysis methods, there is no compelling reason to suggest a particular sample size at which the
differences are irrdevant. The two methods yield differing results regardiess of sample size.
Notice that the true coefficient values are more relevant than sample size in the comparative
performance of the two analyses. For example, consider any specific sample size in Figure 4.1.
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Models which include a quadratic term with an absolute value of 3 show a greater disparity between
analyses than models with |3, =1. Another point of interest is that the plots are basically
symmetric with respect to positive and negative values of the coefficients. Because of therole of the
coefficients in the variance expression (see equation 4.5), thisresult isintuitive.

Sample size dso effects the convergence of the true IRWLS variance to the asymptotic
variance. As noted previoudy, the form of the variance based on IRWLS is an asymptotic result
(see equation 4.3). To examine the convergence rate of the smulated variance to the asymptotic
variance, the difference in these valuesis compared for each sample size. Plots of these differences
across severa coefficient combinations appear in Figures 4.3 and 4.4. Figure 4.3 shows these
differencesfor 3,, and Figure 4.4 shows the differences for 3,,. Both figures represent situations
in which the ME standard deviation is 10% of the range of X,. The difference between the
simulated and asymptotic values decreases dramaticdly with an increase in sample size in the
simulated situation. Thisistrue acrossall coefficient combinations. A 25-point design was chosen
for future comparisons, since the difference between the asymptotic and smulated variances is
fairly small at this sample size. For both 3, and 3,,, the difference in the simulated and asymptotic
variancesis 0.05 or less for a sample size of 25.
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4.3.2 Variance Estimates in the Presence of ME



Another consideration of the smulation concerned the variance estimates for individual data
sets. A comparison of each variance estimate to the corresponding smulated variance was
performed. The estimated variances were caculated for both OLS and IRWLS coefficients for
each of the 2000 simulated data sets, and an average estimated variance (AEV) was caculated (see
Table 4.2). The average estimated variances were then compared to the smulated variance of the
corresponding coefficient. The results appear in Figure 4.5 and Figure 4.6 for a 25-point design.

The variance for the OLS estimates is uniformly underestimated, while the variance for
IRWLS edtimates is consistently overestimated. This relationship holds true regardiess of the
coefficient values or the relative performance of the two analyses based on the smulated variances.
Thisresult isunfavorable for the use of either analysis, although the difference in average estimated
and true variancesisless of aproblem for the OLS analysis. Other simulations for smaller sample
sizesindicated that the disparity between the average estimates and the simulated variances increases
as the sample size decreases. As a result, the situations in which the IRWLS estimates appear to
have the greatest advantage over OLS analysis (i.e., small designs) are aso the situations in which
the variance estimates of the IRWL S analysis are poorest.

One cause of the overestimation of IRWLS AEVs could be the initial estimates used in the
weights for the analysis (see equation 4.6). The MSE from the OLS procedure is an inflated
estimate of 0%, but it isthe most reasonable initial estimate available.

4.3.3 Effect of ME Magnitude

The results reported to this point have considered a ME standard deviation equa to 10% of
the range of X,. To evaluate the effect of the ME magnitude on the performance of the two analysis
methods, several different values were considered for the ME standard deviation (see Table 4.1).
The smulation results pertaining to ME magnitude demonstrate a steady increase in the absolute
difference in the coefficient variances for the two analysis methods as ME magnitude increases.
This result is expected. In addition, the reative difference (see equation 4.7) increases steadily.
Figure 4.7 demonstrates this increase for both (3, and 3,, for a 25-point balanced design.

There is no jump in the effect of ME magnitude on these analyses, so the researcher can
decide on the advantage of the IRWLS analysis based upon a combination of ME magnitude,
suspected magnitude of coefficients, and the available sample size for the experiment. Figure 4.7
indicates that for the given design and certain coefficient combinations, a ME magnitude as small as
5% of the range of X may cause the variance in the OLS estimates to be 12% to 15% greater than
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the variance of the IRWLS estimates. A ME magnitude of 10% of the range leads to OLS
estimates that may be 20-25% greater than IRWLS estimates. Notice again that the effect of the
measurement error is directly related to the magnitude of 3,,.
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Recall that the previous results have been based on a design which is nicely balanced around
zero. To study the effect of design on the performance of the two analyses, the balanced design
was compared to other designs which are not so ideal. Each of these designs contains 25 points.
The designs are listed in Table 4.3. Design 1 is the balanced design considered in previous
evaluations. Designs 2 and 3 contain points placed asymmetrically around the center of the design
space, so that the odd design moments for these designs are not zero. Design 4 is balanced around
the design center but contains alarger percentage of center runs than Design 1.

The variance of the coefficients were compared for the four designs, and the results for 3,
and [3,, for each of the four designs are shown in Figures 4.7 - 4.10. The figures show the relaive
differencesin the variance of the estimates for agrid of coefficients and a range of ME magnitude.
The comparison indicates that the position of the design points is critical in determining the effect
of ME on the variance of coefficient etimates, even when the design differs very little from the
baanced design. For Design 1, the OLS variance for a coefficient is never more than 27% more
than the IRWLS variance. However, the OL S variances for Designs 3 and 4 are 60-70% greater
than the IRWL S variances in some cases. Results for Design 2 were similar to results for Design
1.

Table 4.3 Sample Sizesfor Different Unbalanced Designs

Design Levels Design 1 (n) Design 2 (n) Design 3 (n) Design 4 (n)
-2 5 9 0 4
-1 5 4 9 4
0 5 4 4 9
1 5 4 4 4
2 5 4 4 4
3 0 0 4 0

Figure 4.11 and Figure 4.12 show the differencesin the IRWLS variance of (3, and 3,, for
the three designs. Notice that the IRWLS variances are generally larger for the unbalanced designs.
Investigationsinto designs with smaller sample sizes show an even greater discrepancy between the
performances of the designs. Intuitively, a balanced design will increase the efficiency of the
estimation of coefficients. The comparison of OLS and IRWLS analyses shows that a balanced
design improvesthe efficiency of the OLS procedure even more than it improves the efficiency of
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the IRWLS anaysis. Of course, this also means that the IRWLS analysis is more robust to
changes in design than the OL S analysis.

44 Conclusions

ME in single factor design can significantly degrade the performance of OLS analysis in
comparison to IRWLS analysis. Even for a balanced design, the coefficient variances may be
inflated by as much as 25%. This percentage may increase to as much as 60-65% when aless ided
design is used. These results are for 25-point designs, and ME has an even larger impact on
smaller designs. At aME magnitude of 10% of the range of the design varigble, it is preferable to
use the IRWLS analysis.

However, there are a few reasons for caution when using the IRWLS anaysis. The
estimated variances for the coefficients are inflated, which weakens resulting significance testing.
Also, these results are based on arange of true coefficient values for the model. In some cases, the
ME hasllittle effect on the results of the iterative procedure. The coefficients in this example were
fairly small (|B/o,| < 3), so this result may not be typical for real experiments. This is especialy
true of designs for second order models, which are usually needed after significant design factors
have been identified in a screening experiment.

In general, the results of this chapter indicate that OLS analysisisfairly robust to ME in the
design factors when a balanced design is used. However, some increase in efficiency is possible
through the IRWLS analysis.
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5. Robustness of Analysisto ME Variance Misspecification

As dated in the previous chapter, the assumption that the ME variances are known is
unreglistic in many cases. Unfortunately, the analysis of designed experiments containing ME
requires an estimate of the ME variance for the estimation of the model coefficients. The ME
variance estimate must be independent of the data for the designed experiment, because the variation
in the design factor is indistinguishable from the variation in the response. Estimation procedures
for ME variance are not an immediate question in this research. However, the robustness of the
IRWLS estimation procedure to misspecification of the ME variance s of interest to experimenters
accustomed to “guesstimates’ of the ME variance in a particular situation. Two possibilities for
ME variance misspecification are explored in this chapter: the first considers the effect of
underestimating the ME variance, and the second focuses on the overestimation of the ME variance.
A comparison of the performance of the IRWLS analysis in relation to the OLS analysis is
summarized and presented. All robustnessissues are explored for the single variable second order
model presented in the previous chapter.

5.1 Underestimating the ME variance

Suppose the experimenter gives an estimate of the ME variance in afactor which islessthan
the actual variance within that design factor, 0,>. The estimation of the model coefficients is
affected through the covariance matrix of y,

V = diag[var(y)] =diag[a,’ + 0,2[B,2+ 4B,B,,X, + 4B,,2X7] + 2B,%0, ",
and the modified model matrix
X*=X+{0 0nx1 0.0}
Let V,and X * denote the covariance matrix for y and the modified model matrix when the estimate
of the ME varianceistoo small. The estimatesfor 3 using IRWLS are no longer unbiased, since
E(b) = (X' VX)XV IX*B Z B, (51)

nx1’
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s0 that
Bias(b,) = [(X*’V'1X*)'1X*’V'1 - (xu*'vu'lxu*)'lxu*’vu-l]x*g. (5.2)

The covariance matrix of the coefficientsis also affected and is now expressed as
Var(pu) = (XU* ’ VU_lXU* )_l XU* ’ V-lxu* (XU* ’ VU-le*)_l' ( 5'3 )

These expressions for expectation and variance of the coefficient estimates indicate that a mean-
squared-error (MSE) calculation is needed for the exploration of the robustness of IRWLS
analysisto ME variance misspecification. When the ME variance is underestimated, the MSE for a
particular model coefficient j is

MSE(b,) = Var(b,) + (Bias(b,))’

A relative efficiency can be calculated to compare the IRWLS and OL S analysis methods as
follows:
RE, = MSE(b)/Var(b,,)).

5.2 Overestimating the ME variance

An experimenter who uses an overestimate of the ME variance faces a problem smilar to
the case in which the ME variance is underestimated. A MSE measure of variability is required for
the overestimated coefficients, b,, and a relative efficiency can again be calculated to compare the
two analysis approaches for asingle model coefficient. Therelative efficiency is calculated as

RE, = MSE(b,)/Var(b,,).

5.3 Simulation Details

For the single factor design, severd degrees of ME variance underestimation were
smulated. The balanced design presented in the previous chapter is used for the robustness
comparisons (see Table 4.1). Thedesign sizeish = 25, so that al five design points are repeated
fivetimes. Therange of the design factor is4, since design levels are between -2 and 2. As in the
previous chapter, results are stated for a range of ME standard deviation values. ME standard
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deviation is specified as a percentage of the range. The amount of misspecification is varied as well
as the magnitude of the true ME variance. The data were analyzed using both OLS and IRWLS
analyses.

Table 5.1 - Table 5.4 list reative efficiencies for situations in which the ME variance is
underspecified. The first column in each table indicates the true magnitude of ME in the system,
while the second column indicates the amount specified in the weights for the IRWLS analysis.
The efficiencies are calculated over a grid of coefficient combinations which are listed in the first
row of each table. Table 5.1 and Table 5.2 contain efficiencies for estimation of 3,, while Table 5.3
and Table 5.4 contain efficiencies for 3,,.

Table 5.5 and 5.6 summarize the rdative efficiencies for the two analyses when the ME
magnitude is overspecified. The layout for these tables is smilar to the tables mentioned
previousy. Table5.5 contains relative efficiencies for estimation of (3, and Table 5.6 summarizes
the relative efficiencies for 3.

5.4 Simulation Results

54.1 Underspecified ME Magnitude

Results in Tables 5.1 - 5.4 show that, regardless of the ME magnitude or the amount of
underspecification of this magnitude, the IRWLS analyses are always more efficient than the OLS
analyses for estimation of 3, and 3,;. Thisis very encouraging, for athough the efficiency gained
by using the IRWLS analysisis sometimes very dight, there are no cases where the OLS analysis
actualy outperformsthe IRWLS analysis. The efficiencies in Tables 5.1 - 5.4 are never above 1,
although in some cases the efficiency of the two analysis methods is virtualy identical. Thus the
IRWLS anaysisis still a“safe” method of coefficient estimation, even when the ME standard
deviation may be underspecified.

It istrue, however, that the performance of the IRWLS analysis suffersin comparison to the
OLS andysis. In other words, the improvement in estimation gained by using the IRWLS
procedure decreases when the estimate for the ME variance is less than the true ME variance. For
example, when the true ME standard deviation is 10% of the range of X, but the specified ME
standard deviation isonly 5% of the range of X, the OLS analysis is 91 - 98% efficient relative to
the IRWLS analysis. When the specified ME variance is on target a 10%, the OLS analysis is

65



only 80 - 96% efficient relative to the IRWL S analysis. These redive efficiencies can be found in
Table5.1 and Table 5.3.

However, the disparity in the relative efficiencies decreases as the true magnitude of the ME
increases. Notice that when the true ME standard deviation is 25% of the range of X, the loss of
efficiency for the IRWLS analysis is only about 2% for (3, and a little less than 4% for (3,, when
the ME standard deviation is underspecified a 17.5% of the range. For example, when the ME
standard deviation is correctly specified and ((3,, 3,,) = (-1,-3), the relative efficiency for estimating
3, 1s88%. Thisefficiency increases to 90% when the ME is specified to be 17.5% (when the true
ME standard deviation is 25%). This is true across the range of coefficients in the study as is
evidenced in the last row of Table5.2 for 3, and Table 5.4 for 3,,.

Based on these results, the correct specification of ME seems very important to the relative
performance of the IRWLS analysis. The efficiency of the OLS analysis rdative to the IRWLS
analysis always increasesif the ME magnitude is underspecified. However, the results discussed in
the following section are more encouraging.

54.2 Overspecified ME Magnitude

When the magnitude of ME is overspecified, the performance of the IRWLS analysis is
often enhanced. The efficiency of the OLS analysis reldive to the IRWLS analysis decreases in
many situations. This is true across the board for ME standard deviations which are greater than
7.5% of the range of X, even when the specified ME standard deviation is amost double that of the
true magnitude. The few exception occur when the magnitude of the ME is small in relation to the
range of X (5% or less). In these cases, the difference between the analysis methods is negligible
from the tart.

Overspecifying the ME variance seems preferable in some cases where the true ME
magnitude is smal, but these situations are dependent upon the true coefficient values. For
example, consider atrue ME standard deviation of 5% of the range. The relative efficiency of OLS
analysis decreases for coefficients (3,, B,,) = (-1, -3), but the rdative efficiency increases for
coefficients (-1, -1). Thisisevident for the estimation of both 3, (see Table 5.5) and 3,, (see Table
5.6)

5.5 conclusions
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Misspecification of the ME variance does affect the performance of the IRWLS analysis.
When the specified variance is less than the true magnitude of the ME variance in the system, the
performance of the IRWLS analysis suffers in comparison to the OLS analysis. However, when
the specified ME variance is greater than the true ME variance, the performance of the IRWLS
analysis often improves. Thisisespecially true when the standard deviation of the ME is 7.5% of
the range of X or more. In the cases where the standard deviation of the ME is 5% of the range of
X or less, the IRWLS analysis offers only a dlight improvement over the OLS analysis anyway.
Based on these resullts, it seems beneficial for the experimenter to be conservative when specifying
the ME variance and use avalue that is too large rather than too small.
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Table5.1 Relative Efficienciesfor OLSvs. IRWLS [ME is Underspecified--3,]

B, -3 -3 -3 -1 -1 -1 -1 1 1 1 1 3 3
By -3 -1 3 -3 -1 1 3 -3 -1 1 3 -3 3
True | Spec
ME | ME

50 ] 50 J090] 099]090] 089|098 [098] 089] 089] 0.99]098 |0.88( 090 | 0.89

50 ] 25 0951 099]095]094]09 [099]095]094]099]099 |095 (095|096

6.251625 1086|098 088] 08509 | 097|087 [086] 097)098 | 087 088 0.88

62511251099 (099[099]099)099 |099[099[099]099)]099 |09 (099 0.9

751 75 1087] 098|087 085[096|097) 086] 085] 09 [ 096 [ 0.85]| 0.87 | 0.86

75 ] 50 1092] 098] 092091 (097 1097)091]091] 097 (097 [091] 092 0.92

751 25 1097 099|097 (097099 1099) 097] 097] 099 (099 [097] 097 | 097

10.0 J 10.0 1 0.85 | 096 | 0.86 [ 0.84 1093 1094 | 0841 084 [ 0941094 | 084 | 0.86 | 0.86

100] 75 1090 [ 098) 090 0.88]095]095]|089] 08909095 |0.88] 090] 0.90

100] 50 10941 098] 094093097 |097] 093] 093] 097097 [093] 094 ]| 094

100] 25 10981 099|098 | 097099 | 099 ]| 098] 098] 099 [ 099 [ 0.98 | 0.98 | 0.98

1251125 1086 096 | 086 [ 085] 092 1092 ]| 085 085 092 ]0.92 | 0.85| 0.87 | 0.86

125]10.0 1088 | 097 | 089 0871093 1093 | 087 | 087 | 093 ]0.93 | 0.87 | 0.89 | 0.88

1251 75 1092 [ 098] 092 090]095]095]091]091[09]095|0.90] 092] 0.92

1251 50 10951 099 ] 096 | 095|097 | 097 ] 0.95] 095 ] 097 [ 0.97 [ 0.95]| 0.96 | 0.95
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Table 5.2 Relative Efficienciesfor OLSvs. IRWLS Analyses When ME is Underspecified (3,)

B, -3 -3 -3 -1 -1 -1 -1 1 1 1 1 3 3
By -3 -1 3 -3 -1 1 3 -3 -1 1 3 -3 3
True | Spec
ME | ME

1501150 1086 ] 095] 086 | 0.85(0.90 | 091 ]| 0.85] 0.85] 090 { 0.90 [ 0.85 | 0.86 | 0.86
15011251088 ] 096 | 088 | 0.86 { 091 | 0.92 | 0.87 ] 087 ] 092 [ 0.92 | 0.87 | 0.89 | 0.88
15.0 1 10.0 J 0.90 | 0.97 | 091 [ 0.89 [ 0.93 | 094 ]| 089 ] 089 ] 094 [ 094 [ 089 | 091 | 0.91
150]) 75 10931 098|094 [ 093109509 | 093|093 [096]095)093] 094 | 094

1751751086 095]| 087 085|090 | 090 | 086 | 086 0.91 | 0.90 | 0.85 | 0.87 | 0.87
1751150 1088 ] 09 | 088 | 0.87 {091 | 091 | 087 ] 087 ] 091 [ 091 | 0.87 | 0.88 | 0.88
1751 10.0 1092 ] 098] 092 | 091 {094 | 094 091 ] 091 ] 094 ({094 [ 091 | 092 | 0.92

20.0 1200 J 087 [ 095[ 088 ] 0.86 | 0.89 | 091 | 0.87 [ 0.86 | 0.90 | 0.90 | 0.87 [ 0.88 [ 0.88
20011751088 09| 089] 08709 |091| 088 087]090)091|088( 0.89 [ 0.8
20.0 1150 1089 096 090] 088091 | 092 089 ]| 0.88 ] 0.92 [ 091 | 0.89 [ 0.90 | 0.89
20.0 125109109 091] 090092 )093[ 090 ] 090]093[094 090|091 091

2251225 1088|095] 089] 086|090 )| 090 086]| 087] 090|089 )|086 | 0.88]| 087
2251200 J089[ 09 [ 089] 08309 |091| 088 087]090)091|088| 0.8 0.89
2251150 1091 096 091]090)092 | 093|090 0.90]093)093|090( 092 091

2501250 089 094)089] 083|090 [090 | 0.88] 088 ]| 0.90] 090 | 0.88 | 0.89 [ 0.89
250 ] 225 088 095] 088 ] 0871089 [090| 0.87 ]| 087 | 090 ] 091 | 0.87 | 0.88 [ 0.89
2501200 J090] 096) 090] 089]091 {092 0.89] 089 ]| 091 ]091 | 0.8 | 0.90 [ 0.90
25011751091 (09 091]090)092]092| 090 090]092)092 ] 090 | 091 0.91
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Table 5.3 Relative Efficienciesfor OLS vs. IRWLS Anayses When ME is Underspecified ([3,,)

B, -3 -3 -3 -1 -1 -1 -1 1 1 1 1 3 3
By -3 -1 3 -3 -1 1 3 -3 -1 1 3 -3 3
True | Spec
ME | ME

50 ] 50 087 093] 088]091]09 [098]091]090) 098]099 |091( 087|087
50 ] 25 093] 096] 093] 09 |09 [099]| 096]| 0.96] 099099 | 09 | 094 [ 0.94

6.251625 1084|088 [084]083)09 |09 | 088 0.88] 097)097 |08 085 0.85
62511251098 (099[098]099)099 |099[099[099]099)]099 |09 [ 0.98][ 0.98

751 75 1083]083] 083[087[094]1094) 086] 088] 095093 [0.86]| 084 0.83
75 ] 50 1088] 089|089 092096 |096) 092] 092] 097 (097 (093] 0.89 | 0.89
751 25 1096] 09| 096 [ 097 (099 | 099 ) 098] 097 ] 099 [ 0.99 [ 0.98 | 0.96 | 0.96

10.0 J 10.0 1 0.83 ] 080 | 085 086|092 | 093 | 088 | 0.87 [ 0.93 ] 093 | 0.88 | 0.85 | 0.84
100 75 1086 085 087 090]094 1094 091 ] 090 0941094 | 090 | 087 | 0.86
100] 50 1091 ] 091] 092|094 (096 | 096] 095] 095] 096 [ 096 [ 094 ] 092 | 091
100] 25 1097 097] 097 [ 098099 | 099 ]| 098] 098] 099 [ 0.99 [ 0.98 | 0.97 | 0.97

1251251082 0771 083 0.85]0.88 | 090 | 086 | 085 0.90 ] 091 | 0.86 | 0.83 | 0.83
125]10.0 1085] 080 085 0891091 1091 ]| 089 | 0.90  0.92 ] 0.90 | 0.89 | 0.86 | 0.85
1251 75 1089 [ 085) 089 093|093 ]1093|092]093[094]093|0.92] 0.89 ] 0.89
125] 50 1093 [ 091) 094 [ 0.9 | 096 | 0.96 | 0.96 ] 0.96 [ 0.96 | 0.97 | 0.96 | 0.94 | 0.94
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Table 5.4 Relative Efficienciesfor OLSvs. IRWLS [ME is Underspecified--3,,]

B, -3 -3 -3 -1 -1 -1 -1 1 1 1 1 3 3
By -3 -1 3 -3 -1 1 3 -3 -1 1 3 -3 3
True | Spec
ME | ME

15011501083 ] 075] 082 087 0.89 | 0.88 | 0.86 | 087 | 0.88 [ 0.88 | 0.86 | 0.82 | 0.83

1501125 ]1085] 079] 087 089 (089 |091] 090] 090 ] 091091 [090] 087 | 0.86

15.0 1 10.0 1 088 ] 083 ] 089 { 091 {091 | 093] 092 ] 093] 092 [ 0.93 [ 092 | 0.89 | 0.89

150] 75 1091 088 092 0941094 1095] 0941 094[094]10941094]|092] 091

17511751083 [ 076) 084 | 087087 | 089 | 087 ] 087 | 0.88) 088 | 087 ]| 0.84 | 0.83

1751150 1086 ] 078 ]| 084 | 0.80 { 0.90 | 0.88 | 0.88 ] 0.89 | 0.89 [ 0.89 [ 0.89 | 0.85 | 0.85

1751 10.0 ] 090 ]| 0.85] 090 [ 093 (092 | 092 ]| 093] 093] 093 [ 0.92 [ 0.93 | 0.90 | 0.90

20.0 1200 J 083 | 0.76 { 0.83 ] 0.87 )| 0.87 | 0.87 | 0.87 [ 0.87 | 0.87 )| 0.87 | 0.87 | 0.83 [ 0.83

2001175 1085( 078 085]089)088 088|089 [089]088)088 | 08| 0.85][ 0.85

20.0 1150 1087|081 ] 086] 091090 | 089 0.90] 090] 089|089 |090| 087 087

200} 125 089 083 08910921091 {091 092] 092] 091 ]092 | 092 0.89 [ 0.89

2251225 )1085] 078 085] 089|077 {087 088] 089 | 088086 | 0.88 | 0.85 [ 0.85

2251200 1086 079 085]089)088 088|089 088 087)088 |08 085 086

2251150 1089 084 090] 092090 | 092|093 [092]091)092]092]( 0.90( 0.89

250]1 250 J085]0.79) 086 ] 0831087 [088| 0.89]| 088 | 087088 | 0.89 [ 0.86 [ 0.86

250] 2251087 081) 086] 090|089 [088]| 0.89] 089 | 0881089 | 090 | 0.86 [ 0.87

250} 200 J0.87]082) 087] 09|08 [08]090] 090]| 0.89]089 | 090 | 0.87 | 0.87

2501175 ]1089(083f{088] 09 091|089 091f091]090)090 | 091 0.8 0.89
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Table5.5 Relative Efficienciesfor OLSvs. IRWLS Analyses When ME is Overspecified (3,)

B, -3 -3 -3 -1 -1 -1 -1 1 1 1 1 3 3
By -3 -1 3 -3 -1 1 3 -3 -1 1 3 -3 3
True | Spec
ME | ME

251 25 1096] 099 | 095096 (099 1099 ) 095] 09 ] 099 [099 [095] 0.96 | 0.96
251 50 109% | 10 | 097 [ 095 10 | 10 ) 097]09% | 10 { 10 (098] 097 | 0.99

50 ] 50 1090|099 090]089[098)|098[ 089 089] 099|098 |0.88| 0.90| 0.89
501 75 J087[099[086]| 08709 | 098 086 087]099]099 | 0.86 | 0.87 | 0.86
50 1100 J083[099[085]083) 10 | 10 (085[084] 10| 10 | 086 085 0.87
50 }125]1083]103|08]083| 10| 10[085]084] 10| 11 | 086 0.85]| 0.87

751 75 1087 098] 087[085]096)097]| 08| 086 096|096 | 08| 087 | 0.86
75 ] 10 10841 097]084( 084096 |095)| 083]084]09 [095 [083] 085] 084
75 1125 ]1082] 097|082 083[0971095) 082] 083] 097 (096 [(082] 083 | 0.82
75 1150 ]1082] 097|081 082098 |09 ) 081] 082] 098 [09 [(081] 082 081

1251125 1086 [ 096 ) 086 085|092 | 0.92| 0.85] 085 092 092 | 0.85| 0.87 | 0.86
1251150 1084 09| 084 0831091 1091 ]| 083 083 091]090 )|082] 084 0.84
1251751083 095 083 0.82]090 1090 | 082] 082 091 ]0.90 | 0.82| 0.84 | 0.82
1251200 1082 | 095) 082081090090 | 081]082[091]089 |081] 083] 081

1751751086 095]| 087 085|090 | 090 | 086 | 086 0.91 | 0.90 | 0.85 | 0.87 | 0.86
175]120.0 ] 085] 095]| 086 | 0.84 ([ 0.88 | 0.89 | 0.84] 084 ] 090 [ 0.89 [ 0.84 | 0.86 | 0.85
175122510841 095] 085( 083088 |089]| 083] 083] 088|088 [083]085]| 084
17512501084 095] 084 [ 083[0.88 |088]| 083] 083] 088]088 [083]|]084]| 084

20.0 200 1 0.87 [ 0.95] 088 ] 086 [ 089 | 0.91 [ 0.87 | 0.86 | 0.90 [ 0.90 | 0.87 [ 0.88 | 0.88
2001250 J085( 095[086]084)088 089|084 [084]08)089 | 084 0.86 [ 0.86
2001275 ]1085(095({085]084)087|088|084[084]08)088]|084(0.86( 0.85
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Table 5.6 Relative Efficienciesfor OLS vs. IRWLS Analyses When ME is Overspecified (3,,)

B, -3 -3 -3 -1 -1 -1 -1 1 1 1 1 3 3
By -3 -1 3 -3 -1 1 3 -3 -1 1 3 -3 3
True | Spec
ME | ME

251 25 10941 099|094 (09 [099 1099) 097]097] 099 (099 [097] 095 0.95
251 50 1094] 10 |095[ 098 10 | 101 099]099] 10 { 10 ( 10| 097 ) 0.98

50 ] 50 1087 093] 088]091[099)|098[091]|090] 098|099 ]|091]|0.87]| 087
501 75 ]082[092[084]085)098 098|087 [085]099)09 | 087 084 0.85
50 1100 J082[092[083]08 )09 | 10 (086 086] 10| 10 | 087 085 0.85
50 ]125]1081]09% 083|084 10| 1008708 | 10 [ 10 | 087 | 0.85] 0.85

751 75 1083]083] 083[087[094]1094) 086] 087] 095093 [0.86]| 084 0.83
75 11001081 ] 084] 083|084 [096095)085]084]094[09 (084] 081 081
75 1125]1078] 081| 080f 079094 1094)081] 080] 095096 |(0.81] 0.80| 0.80
75 11501077 082] 079[ 0771094109 079]078[096]096 |079] 079] 0.79

1251251082 076 | 083 0.85]0.88 | 090 | 086 | 085 0.90 | 0.91 | 0.86 | 0.83 | 0.83
125]150 1081 073 080 084088 | 088 ]| 083 | 085 0.90 | 0.87 | 0.83 | 0.81 | 0.80
125117510791 073 ] 081|082 (089 |089]| 083] 083 ] 088089 [082] 080 | 0.79
12512001079 071] 080 081088 |089]| 082] 082] 088088 |081] 0.79 | 0.78

17511751083 [ 076 | 0.84 | 0.87 | 0.87 | 0.89 | 0.87 ]| 0.87 | 0.88 | 0.88 | 0.87 | 0.84 | 0.83
1751200 1082]| 074] 085 086 | 0.86 | 0.89 | 0.88 | 0.87 [ 0.89 | 0.88 | 0.87 | 0.84 | 0.83
17502251081 071|081 086|086 08| 08| 086 087]085]085| 082] 081
17512501081 [ 070) 080 085]086|085]| 084]085[087]084|084] 0.81] 0.80

200} 200 J0.83] 0.76 | 083 ] 0871087 [ 087 | 0.87| 087 | 087087 | 0.87 | 0.83 [ 0.83
200} 250 J0.83] 0.74] 085] 0871085 [ 088 | 088 0.88 | 0.88 | 0.88 | 0.88 | 0.85 | 0.84
200} 275 )082] 0.73] 085] 086 ] 0.85 [ 0.88| 0.88 | 0.87 | 0.88 | 0.87 | 0.87 [ 0.84 [ 0.83
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6. Design Criteriain the Presence of ME

Popular response surface designs, such as CCDs, have been discussed in earlier chapters.
As mentioned previoudly, these designs are prevaent due to certain characteristics. In many cases,
the characteristics are based on the performance of these designs for severa design optimality
criteria. Most of these criteria originate from the ideas of optima design theory, which is outlined
in the work of Kiefer (1959, 1961) and Kiefer and Wolfowitz (1959). Although experimental
designs involve severa choices about the number of design levels and the number of points a a
specified design levd, optimdity criteria are expressed as single values. The criterion vaue
represents the capabilities of a specific design. The criteria often focus on model estimation or
prediction. They usualy contain some summary of the coefficient variances or of the prediction
variance within a specific range of the design factors. Thisrange of the design factors is caled the
design space. Because many of these criteria are named by letters such as D, A, and Q, they are
often referred to as aphabetic design criteria. Many different design optimality criteria exist for
building response surface designs for both linear models (see Myers and Montgomery, 1995) and
nonlinear models [Letsinger (1995), Jia (1996), Chiacchierini(1996)], although the more frequently
used criteria evaluate designs for linear models.
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6.1 D-optimality

Perhaps the most commonly adopted design criterion is the D-optimality criterion. D-
optimality focuses on the estimation of model coefficients. Recall that in a linear modd with
homogeneous variance, the covariance matrix of the model coefficientsis

(X' X)'a?,
where X is the model matrix for the design and o? is the variance of y. When this vadue is
multiplied by n/o® (to eliminate the nuisance parameter and account for design size), the scaled
covariance matrix becomes

n(X’X)*=M™
This matrix is recognizable as the inverse of the design moment matrix, M, which was discussed
briefly in Chapter 1. The D-optimdlity criterion uses a norm of the M™ matrix to evauate its
properties. The determinant

a1

™ |‘||v||’
where|M|:|X ;<|

n

isthe focus of the D-optimality criterion. Note that p is the number of coefficients in the model, so
that X’ X isap x p matrix. The determinant of the inverse of the moment matrix is also known as
the scaled generaized variance of the coefficients (scaled by nP/a?). The determinant value gives an
overall measure of the variability in the coefficient estimates, so that a design which yields a small
generdized varianceis preferred over adesign with alarger generalized variance.

The D-optimality criterion is asfollows:

_ Minimize _, _ Maximize
P 40D W |' d 0D M1, (61)
where d isthe design which satisfies the criteriaout of al possible designs D for a specific design
space. It has been shown that minimizing the determinant of M™ is equivaent to minimizing the
volume of a (1-a)100% confidence dlipsoid on the coefficients when the parameter estimates are
asymptotically normal (Myers and Montgomery, 1995).
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A D-criterion value can be calculated for any design used to estimate a specified model. For
the model of interest, the D-optimality criterion allows the comparison of designs of different sizes,
since the value of the criterion isafunction of n. The D-efficiency of adesign d* can be expressed
as

p
%pLP(d*' Xe |5

Dty = Ef‘m‘;; - . (6.2)
Jaoo et g

An dttractive attribute of the D-optimality criterion is availability of the DETMAX algorithm
(Mitchell, 1974) for augmenting designs. It has been shown that the point which most greatly
increases the D-efficiency of a design is that point in the design space with the highest prediction
variance. The prediction varianceis given by the expression
var(y(Xo)) = Xy (X" X) %,

and can be calculated easily for any point in the design space. An experimenter with knowledge of
the design space and the modedl for agiven situation can augment an existing design easily. He or
she simply calculates the prediction variance at al practical pointsin the design space (referred to as
candidate points) and chooses the point with the greatest prediction variance.

Another attractive feature of the D criterion isthe availability of software which can produce
D-optimal designs. Procedures such as Proc OPTEX in SAS® (1996) and RS/Discover in RS/1°
(1996) are capable of creating D-optimal designs or augmenting existing designs to create the most
D-efficient designs based on alist of possible candidate points.

The effects of ME on the D criterion are discussed in the following sections.

6.2 D-optimal Designs for Systems Involving ME: First Order Models

Silvey (1980) outlines the theory of optima designs based on the idea of finite design
measures. The theory also outlines properties of optima designs for certain alphabetic design
criteria. 1t will be demonstrated in this section that the D-optimal design for afirst order model with
no ME in the design factorsis a so D-optimal when there is ME present in asingle design factor.

In order to define the property required for a D-optimal design, a few definitions are
required. The expression L(3, X) represents the likelihood function of the data. The information
matrix for the datais expressed as
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_ ?InLH
1(X,B) =-E %@

Theterm J(x, B) will represent the information matrix for asingle point in the design space. It may
be simpler to think of J(x, B) as the information a a candidate point in the design space. Using
these expressions, the requirement for a design to be D-optimal can be defined.

Consider an n-point design for a moddl with p coefficients. In the case of D-optimdlity, a
design d* is optimal for fixed B if and only if

nTrace(J(x, B)T(d*, By <p O xO %, (6.3)

where | (d*, B) istheinformation matrix for the designd*, J(x, B) is as previousy defined, and 7 is

the set of all possible design pointsin the design space. Because the model of interest isfirst order,
p=k+ 1. For alinear model with no ME in the design factors, the optimal design for a first order
model has been shown to be the orthogonal design with each factor containing n/2 points at the
greatest value in the design region and n/2 points at the least value in the design region (Myers and
Montgomery, 1995). When these values are conveniently coded to 1 and -1, respectively, the
information matrix for the design becomes

1(d* B) = n,,
o1 X1 X2 X3 - Xgi O
! 2 O
and J(x,B) = o X% XiXai XXa - XXkl (6.4)
Ko XiXai X725 XpiXg .o X2iXkig
DX XaiXai X2iXai  X%3 .. X3iXkiD
O 0
0 e g
EXki X1iXki X2iXki X3iXki - XTki 8

The expression in equation 6.3 becomes

nrace(J(x, B)I(d*, B)™*) = nTrace(J(x, B)@™ )

k
=Trace(J(x,B)) = 1+3 X, <p O x0Ozx
j=1
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with equality only at the design points which place al factors at the greatest or least vaue in the
design space, so that J(x,B) = 1.

Recall that for the first order model involving ME in the design levels, the variance of
individual observationsisinflated dueto the ME. Thisinflation is homogeneous across the design
region. Optimal design theory can be applied to the first order mode in certain situations. A first
order model with normal random errors and normally distributed Berkson error will be considered
here. Thefirst order model with k variablesand ME in variable x, is

Kk
V=Bt BX +Bu+g, i=1..,n
F1

g ~N(0,0,) andu ~N(0,0,%.

The likelihood for the Berkson error model can be expressed as follows (Carroll, Ruppert, and
Stefanski, 1995):

L:I f (y|%,B,03) CF (x| X, 0%)dx. (6.5)

1 1
Denoting ———=as k, and ———=as k,, the specified densities can be substituted and the
1/2I‘Io% ’ 1/2“0% '

expression smplified.

L = J’ f(y1xB,08)CF (ulof )ou

_(y-XB-Buy’ _u

=J’ kole 2% [k & 2%4u

(XY (©2B2+ 02 )u (28, 07y - XBl)u
= (kole 2% ) I Ky [® 20,0, ou
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_ 1012[y_xl3] 2 _

_(y-Xp)’ 22, 7 5 9:9%

= (kg 2% )I k=22 _S e :B:+ 0 au
af

0Ly XB]
o:Bi+0;

)2

ofpf + a5
(.07l ~XBIY
(y-XB) 0O _GB+o,

2 2 2
= kO (@ 20, (e 20,0, 0

Op
27, 7
01B1 + 0p

1 __(y-Xpy
) 2(61B1+0§) .

) J2n(0282 + of)

(6.6)

From equation (6.6), it can be seen that
Y~ N( )_<i’ E' 0-12812 + 0-02)

when € and u are both normally distributed and the mean of y can be expressed as a first order
model in X. The Fisher Information matrix for this model is expressed as

On n n n n 0

0 _21 z Xy z Xy z X3i z Xy O

0=l i=1 i=1l i=1 i O

— A-10O n n n 0

IO, B) =A" J5xy I X2+C 3 XgXg 3 XiXs e 3 Xy Xii gy (6.7)

Dzl i=l i=l i= i3 0O

05 xo 5 XiXa 3 X3 X X5 S X Xy D

ag 2 2 X1iXpi 2 X3i 2 AXg e 3 XoiXi 0

el i9 el =1 ia A

n n

U8 Xai 8 XyXsi SXaXsi  YXE ... ¥XgXgU

G=1 i=1 i=1 i=1 i= O

0 n n no, O

OF Xki 2 XiXki 2 Xa Xk T XgiXyi ... I Xjg O

0=1 i=1 = i=1 i4 O

2 42 .46 4

BZoy0g - 2B of - of o
> 2 0 '
Bio1 +0p

where A = 0,3+ 0,5, andC =0+
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To show that the D-optimal design in the case of no ME is sill optima in this case,
consider thevaue of I (d*, B)* and J(x, B) for the casein which ME is present:

m 0 0 0 .. 0O
- - 0
(@, B)t=ntP a+ror o o .. of (6.8)
= 0 1 0 .. 00
o 0o 0 1 ..o0p
D e e e ew O
o 0 0 0 .. 17
m o o o 00
0y 2 O
Jx,B)= XX+ 0 0 05, (6.9)
— D o x% o0 0D
B o 0 X% 0o f
.. U
0 5 O
oo 0 0 0 X%k O

S0 that

nTrace(J(x, B)I(d*, B)7) = 1+ (X*; + O)L+ C) " + ; X%
j=2

<p=k+1,
with equality only at the design points which place dl factors a +1. Thus the D-optima design
remains the same regardless of ME in the first design factor.

6.3 Designsfor Systems Involving ME: Second Order Models

In the case of a second order model, the likelihood for even the simplest single design factor
experiment involving ME in the design levels is much more complex. The maximum likelihood
expressions involve mixtures of normal and chi-squared distributions. The development of design
optimality from aclassica perspective is unfortunately impractical. However, the ideas behind the
previoudy developed design criterion can lead to interesting design solutions when certain
information is available about the moddl.

Consider asingle factor situation involving ME in the design levels. Recal the covariance
matrix of 3, the vector of model coefficients, is

Var(B) = (X*'V7IX*)™
It is obvious that information about the mode coefficients themselves is required to completely
specify the covariance matrix in this situation, since V isafunction of at least a subset of 3. Work
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summarized in Chapters 4 and 5 indicates that balanced designs are often robust to the effect of
incorrect analysisin a ME situation. 1n other words, the difference between the correct (IRWLS)
and naive (OLS) analyses of the data is negligible unless the standard deviation of the ME is a
significant percentage of the range of X.

Based on these results, atwo stage procedure was developed to make use of the information
about the model coefficientsfrom a “good” first stage design. The criterion for the procedure is
outlined in the following section. The development of the criterion will be restricted to situations in
which only one of the design variables involves ME.

6.4 TheD,,. Augmentation Criterion

This section presents adesign criterion smilar to the D criterion, because it is based on the
generalized variance of the model coefficients. It isassumed that ME is present in the design levels
of X;. Since the generdized variance is a function of the model coefficients as previously
mentioned, information about 3 isrequired. The criterion presented hereis specificaly designed to
compare augmented designsin atwo-stage procedure. The D, criterion minimizes the determinant
of the covariance matrix of the model coefficients for a complete two-stage design. However, the
minimization is conditional on the design implemented in the intial stage of the experiment. The
criterion is expressed asfollows:

Minimize D wn_1,+ V1
e = n DET(X Y% x) (6.10)
do|d,; OD

Maximize 1 R
= —DETX V X )
dy|d; OD pP

where D isthe set of all possible designs for the given situation, d, is the initial design chosen by
the experimenter, and d, is one possible second-stage design. Note that n is the number of design

pointsin the entire design, so that Ng + Ng =n. This design criterion requires knowledge of the

ME variance, but only through the estimate of V. The modified model matrix, X, may be replaced
by the usual model matrix X. The following theorem provesthisresult.
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Theorem 2: Consider a k-factor experimental design for a second order model with ME in a
single design factor. The determinant of the covariance matrix of the coefficients depends on the
ME variance only through the variance of y..

Proof: Recal theformof the model matrix X™. In atwo-factor Situation where ME is present in
thefirst design variable, the model matrix isasfollows:

Ei X113 Xop Xq1 Koy XA +07 X%lg
2 . 2 2
=0 X2 Xz XppDXpp Xz +0f  X»O
[l LT
5 ... ., .0
B Xin Xon XinXon  Xip+toi XonQE

Notice that only the column involving the quadratic term in X, differs from the model matrix in a
non-ME situation, X. This is true regardless of the number of factors in the design if only X,
involves ME. Then the model matrix X" can be rewritten as

x*:x+|E_) 000 o?x[ Q],

where X[,1] isthefirst column of X.

Now consider the form of the matrix (X~ V™1X"):

2., 2 2
g a1 Xij X3 Exlixzi gxn‘ +0j X3 E
O =V i Vi i=1 Vi =1 Vi ERY i Vi O
30Xy X2 Xqi X X2 Xqi n X3 + Xy 0% nXiX3 g
g isvj ERZ iS1 Vi =Y ET i3 Vi g
g 2 Xa 2 X5 Xz 5 X5 5 XaiX5 p XEXa + Xai0f 5 X3 o
E i=1 Vi i=1 Vj i=1Vj i=1 Vj i Vi i=1 Vi B
2 2 2y 2 3 2 3
E]Z X1 UXpi n Xj Ky X1i X3 X1i X2i gxlix2i + Xy X501 Z”XJJ X3 %
=1 Vi i=1 Vi i=1 Vi i=1 Vi i=1 Vi i=1 Vi
X2 +02 nX3+x0f  _X2Xy + X002 _ X3X, + X5 X502 nXE+ofexZ+o?) 2y2 %2520
O Xq 01 ] 1i01 g 2i 2i01 g 2i iR201 3 2 1& R 01 Exj_i 2i 2 1%
=1 Vi e Vi =1 Vi El Vi i Vi i Vi
B n x2 N Xy (X2 x3 Xq X3 X2X2 + x2g2 x4 B
0 z_z zu 3_2 &M ELZ':L E_Z 0
O iz Vi i1 Vi i=1 Vi izl Vi = Vi i3 Vi O

= (X' V7IX) + 020X VTIX)[5),
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={(X' V7IX) + 020X VTIX)[5]} + 020X VXY [5], (6.11)

where (X’ V™1X)[,5] is the fifth column of (X’ V™1X), and (X’ V"1X)[5] is the fifth row of the

matrix (X’ V"1X) + 020X’ V"IX)[ 5.
It istruefor any nx n matrix that if a scalar multiple of any row (or column) of the matrix is

added to any other row (or column) of the matrix, the determinant of the matrix remains unchanged
(Basilevsky, 1983). Then

X' VIX] = (X VTIX)|

x1 (N, — * 1
= X" VX = —
()(*I\A/_lx*)

Thus the determinant of the covariance matrix of the coefficients depends on the ME variance only
through the variance of y.

The theorem indicates that the D,,. design criterion only requires knowledge of the ME
variance through the V matrix, which is encouraging from a design standpoint. Results from
Chapter 5 suggest that overestimation of the ME variance is more desirable than underestimation, so
aresearcher may want to use this guideline when deciding on the specification of ME for the design
augmentation as well.

6.4.1 Criterion Methodology

Suppose a researcher wants to augment an existing design, but he or she fedls that there is
ME associated with a particular design variable. A list of candidate points for the design space is
required in order to choose the best point for augmentation. Using the variance information from
theinitial design, an optimal point isidentified and the experiment takes place at the chosen settings.
The model coefficients are re-estimated and the next point is chosen based on the current coefficient
estimates. This design augmentation procedure requires an experimental situation in which the
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experimental runs are not performed ssimultaneously. For this reason, the D, criterion may not be
suitable for all experimental designs, but it can be advantageousin some situations.

6.4.2 Design Efficiency for the D, criterion: Single Factor Designs

The performance of designs chosen by the D, criterion was evauated for a single factor,
second order modedl (see equation 4.4). The augmented designs chosen by the criterion were
compared to the “best” augmented design ignoring ME in the design levels. For this reason, each
design chosen by the D, criterion was compared to a corresponding D-optimal design which
ignored the presence of ME.

Initialy, an Ny -point design was chosen for the first stage of the experiment. Then a D-

optimal design was created using the DETMAX agorithm (Mitchell, 1974) to augment the design
of choice by ng_ points. Next aD,,--optimal design was created using the methodology outlined in

the Section 6.4.1. Both designs were analyzed using IRWLS and accounting for the ME present in
the design levels. By including the ME in the analysis of each design, the difference in the
performance of the two designsis strictly based on the criterion used to choose the second stage of
the design.

The comparison of D-optimal and D,,.-optimal designs was based on the ratio of the
determinants of the covariance matrices for the designs,
ﬁ/B
- B : (6.12)

H
This ratio expresses the efficiency of the D-optima design in relation to the D,,-optimal design.
Note that the 1/3 power of the ratio of the determinants is required, because there are three
coefficients estimated for the model (3, B,, B,y)-

However, the second stage design based on the D, criterion isarandom variable, since it is

X *'\/ —1X * )[—)1
D/D, . efficiency = |(X*'V"1X) _1M
E D

afunction of the variance information obtained in the first stage. In order to evaluate the design, the
variance of the coefficients (b) must be evaluated in the presence of the random variable, d,. If X2
is the partition of the model matrix pertaining to the second stage design d,, the variance of b can be
expressed as follows:

Var(b) = E[ Var(b| X2)] +Var,[ E(b[X2)]. (6.13)
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Because the coefficient estimates are the result of Generalized Least Squares, they are unbiased
regardless of the model matrix X". This means the second term in the right-hand side of equation
(6.13) reducesto Var,,[ B ] =0, so that

Var(b) = E,,[ Var(b| X2)].

The resulting expression indicates that the covariance matrix must be averaged across the designs
created during simulation in order to accurately arive at the covariance matrix for b. Thus the
covariance matrices are calculated for each smulated data set, and then the determinant of the
average covariance matrix is calculated for the D, design criterion. Note that the covariance matrix
remains unchanged for the D-optimal design, so no smulation is necessary to cdculate the
determinant.

Several different design Situations were considered for the comparison of the D, criterion
to the D criterion. For each design, the initial design, candidate points, and D-optimal second stage
design are presented in Table 6.1. In the first comparison, the five-point balanced design
considered in Chapter 4 was used asthefirst stage design. The design was augmented to ten points
by both methods. A second comparison augmented the ten-point balanced design to twenty points.
Thethird design situation involved augmenting the five-point balanced design to fifteen points. A
fourth comparison augmented a fifteen-point design with seven center runsto thirty points. Each of
the designs were augmented from a list of candidate points which included values between and
including -2 and 2 in increments of 0.10. Finaly, the last comparison augmented an unbalanced
ten-point design to twenty points. The candidate points for this design were dl vaues between and
including -1 to 3 by 0.10.

Results for the design criterion comparisons are summarized in Table 6.2 - Table 6.4. The
design efficiencies appear in Table 6.2, and the efficiencies of individua coefficient estimation are
presented in Table 6.3 (B,) and Table 6.4 (3,,). The results of these comparisons show little
difference in the estimation performance of the D,,. and the D criteria. However, in the case of the
unbalanced design (Design 5), the efficiencies and the individua coefficient variances are dightly
better for the designs based on the D, criterion. Performance evaluation for the D,,. criterion with
atwo factor design is presented in Chapter 8.
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Table 6.1

Designsfor D and D,,. Criterion Comparison

Design 1
Initial Design 2,-1, 0, 1, 2
Candidate Points -2t02by 0.10
D-optima 2™ Stage Design 2,2, 0, 2, 2
Design 2
Initiad Design 2,-2,-1,-1, 0,0, 1, 1, 2, 2
Candidate Points -2t02by 0.10
D-optimal 2™ Stage Design 2, -2,-2,-2, 0,0, 2, 2, 2
Design 3
Initial Design 2,-1, 0, 1, 2
Candidate Points -2to2by 0.10
D-optimal 2™ Stage Design 2,-2,-2,0,0, 0 2 2 2 2
Design 4
Initid Design 2,-2,-1,-1, 0,0, 0, 0,00 0, 1, 1, 2 2
Candidate Points -2t02by 0.10
D-optimal 2™ Stage Design 2, -2, -2, -2, -2, -2, -2, 0, 2, 2, 2 2, 2 2 2
Design 5
Initiad Design -1,-1, 0,0 1, 1, 2, 2 3 3
Candidate Points -1to3by 0.10

D-optimal 2™ Stage Design

-1, -1, -1, -1, 1, 1,

3, 3 3 3
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Table 6.2 Design Efficienciesfor D-optimal vs. D,,. Designs

Design 1
(B, Bw) (L) | (L2 | 13 | (1,1 | (L2 [ (173
ME (% of Range)
5% 1.0006 1.0011 1.0018 1.0005 1.0005 1.0016
10% 0.9974 0.9973 1.0017 0.9974 0.9973 1.0017
15% 0.9916 0.9981 1.0066 0.9913 0.9984 1.0068
20% 0.9910 1.0039 1.0112 0.9909 1.0032 1.0103
Design 2
(B, B1) (L) | (L2 | 13 | (1,1 | (L2 [ (13
ME (% of Range)
5% 0.9993 0.9986 0.9964 0.9993 0.9988 0.9964
10% 0.9943 0.9880 0.9868 0.9943 0.9880 0.9869
15% 0.9859 0.9853 0.9902 0.9859 0.98%4 0.9904
20% 0.9836 0.9911 0.9967 0.9828 0.9904 0.9964
Design 3
(B, B1) (L) | (L2 | 13 | (1,1 | (L2 [ (173
ME (% of Range)
5% 0.9987 0.9969 0.9967 0.9984 0.9965 0.9966
10% 0.9894 0.9884 0.9938 0.9883 0.9885 0.9944
15% 0.9792 0.9893 1.0015 0.9783 0.9893 1.0013
20% 0.9776 0.9967 1.0075 0.9766 0.9969 1.0077
Design 4
(B, Bw) (L) | (L2 | 13 | (1,1 | (L2 [ (173
ME (% of Range)
5% 1.0000 0.9989 0.9991 1.0000 0.9989 0.9991
10% 0.9975 0.9967 0.9970 0.9975 0.9967 0.9970
15% 0.9947 0.9957 0.9975 0.9948 0.9957 0.9975
20% 0.9935 0.9968 0.9987 0.9936 0.9968 0.9988
Design 5
(B, B1) (L) | (L2 | 13 | (1,1 | (L2 [ (13
ME (% of Range)
5% 0.9993 0.9874 0.9677 0.9948 0.9798 0.9663
10% 0.9943 0.9581 0.9440 0.9801 0.9634 0.9605
15% 0.9859 0.9521 0.9474 0.9733 0.9643 0.9631
20% 0.9828 0.9598 0.9573 0.9731 0.9671 0.9655
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Table 6.3 Ratio of IRWLS Var (3,) to OLSVar (B,

Design 1
(B, B (LY [ (L2 | L3 | (L1 | (12 | (13
ME (% of Range)
5% 1.0916 1.0746 1.0717 1.0819 1.0560 1.0487
10% 1.0083 1.0139 1.0347 1.0226 1.0418 1.0710
15% 1.0611 1.0295 1.0302 1.0682 1.0529 1.0456
20% 0.9812 0.9881 0.9897 0.9575 0.9895 1.0135
Design 2
(Bli Bll) ('11 1) | (_11 2) | (_11 3) | (l, l) | (11 2) | (17 3)
ME (% of Range)
5% 1.0011 1.0073 1.0193 0.9803 1.0429 1.0569
10% 1.0208 1.0101 1.0302 1.0362 1.0464 1.0409
15% 1.0281 1.0524 1.0564 0.9669 0.9563 0.9619
20% 1.0415 1.0927 1.0923 1.0623 1.0633 1.0906
Design 3
(B.. Bw) Ly [ L2 [ 13 | (1 | (L2 | (L3
ME (% of Range)
5% 0.9799 0.9740 0.9725 0.9958 0.9985 1.0151
10% 0.9717 1.0043 1.0246 1.1242 1.0452 1.0417
15% 0.9231 0.9242 0.9533 1.0547 1.0094 1.0106
20% 0.9708 0.9730 0.9780 1.0686 1.0239 1.0040
Desgn4
(B.. B (LY [ (L2 | L3 | (L1 | (12 | (13
ME (% of Range)
5% 1.0044 1.0240 1.0222 0.9380 0.9654 0.9707
10% 0.9498 0.9368 0.9260 1.0013 0.9693 0.9574
15% 0.9813 0.9479 0.9399 0.9621 0.9380 0.9278
20% 0.9942 1.0235 1.0393 0.9891 1.0184 1.0224
Design 5
(Bli Bll) ('11 1) | (_11 2) | (_11 3) | (l, l) | (11 2) | (17 3)
ME (% of Range)
5% 1.0292 1.0093 0.9843 1.0551 1.0179 0.9668
10% 0.9469 0.9529 0.9391 0.9511 0.9187 0.9070
15% 0.9506 0.9045 0.8874 0.8735 0.8560 0.8625
20% 0.9374 0.9201 0.9022 0.9171 0.8867 0.8927
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Table 6.4 Ratio of IRWLS Var (3, to OLSVar (B,,)

Design 1
(B, B (LY [ (L2 | L3 | (L1 | (12 | (13
ME (% of Range)
5% 0.9592 1.0039 1.0143 0.9345 0.9214 0.9376
10% 0.9820 1.0558 1.0317 1.0231 1.0177 1.0276
15% 1.0012 1.0357 1.0360 0.9567 1.0431 1.0273
20% 0.9961 1.0106 1.0456 0.9789 1.0130 1.0254
Design 2
(Bli Bll) ('11 1) | (_11 2) | (_11 3) | (l, l) | (11 2) | (17 3)
ME (% of Range)
5% 1.0310 1.0372 1.0420 1.0131 0.9864 0.9609
10% 0.9455 1.0158 1.0280 0.9511 1.0033 1.0182
15% 0.8570 0.9023 0.9144 0.8754 0.9373 0.9317
20% 0.9337 0.9631 0.9896 0.9374 0.9818 0.9945
Design 3
(B.. Bw) Ly [ L2 [ 13 | (1 | (L2 | (L3
ME (% of Range)
5% 1.0430 1.0541 1.0603 0.9850 0.9760 0.9665
10% 1.0004 1.0186 1.0516 1.0210 1.0000 0.9888
15% 0.9628 0.9766 0.9955 0.9995 0.9967 1.0275
20% 0.8718 0.9152 0.9633 0.9138 0.9163 0.9345
Desgn4
(B.. B (LY [ (L2 | L3 | (L1 | (12 | (13
ME (% of Range)
5% 1.0568 1.0487 1.0644 1.0220 1.0066 1.0046
10% 0.9904 0.9985 0.9987 1.0564 1.0475 1.0334
15% 1.0270 1.0120 0.9942 1.0409 1.0238 0.9900
20% 0.9624 0.9942 0.9877 0.9738 0.9864 0.9748
Design 5
(Bli Bll) ('11 1) | (_11 2) | (_11 3) | (l, l) | (11 2) | (17 3)
ME (% of Range)
5% 1.0131 0.9586 0.9338 1.0172 0.9489 0.9309
10% 0.9511 0.9413 0.9165 0.9022 0.8929 0.8862
15% 0.8754 0.8405 0.8413 0.8080 0.8105 0.8217
20% 0.9374 0.9100 0.8979 0.9308 0.8862 0.8875
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7. Anaysisof Two-Factor Designs

In this chapter, the results from Chapter 4 are extended to designs involving two factors.
The focus of this chapter isto evaluate designs for a second order model which involves ME in x,
only. The model isasfollows:

Yo = Bo BuXy +BXo BiXXo + BuXy® + B’ t €, i=1,2..n, (7.1)
Xy = Xy + Uy,
& ~N(0, 1),
u;; ~N(O, 012)!

wherevar(y,) isaspecia case of equation (1.10),
Var(yi) = 0-02 + 0-12 [I31+ BlZX2i+ 2I311>(1i]2 + 2B112014' ( 72)

Notice that the variance is a function of al coefficients for model terms involving X,, the design
factor containing ME.

7.1 Simulaion Details

The correct analysis for this type of data is presented for a k-factor model in Section 1 of
Chapter 4, so the reader should refer to that section for details of the analysis. The correct analysis
of the datawill be compared to the OLS analysis as in Chapter 4. Performance results for the two
analyses based on ME magnitude will be presented in this chapter.

The design used in the simulations was an eleven-point CCD with three center runs and the
vaue of the axia point at £2. The simulations included 2500 data sets for each design situation.
The magnitude of the ME was varied so that the standard deviation of the ME was between 2.5%
and 20% of the range of X,. Coefficient combinations were varied aswell.
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There are six model coefficients for the full second order model. For this reason, many
different coefficient combinations were considered in the comparison. However, only a few of
these combinations appear in the summary figures, because many of the combinations have very
similar results when comparing the two analysis methods.

The coefficient combinations are listed in the legend for each figure. The vector of numbers
for each entry in the legend represent {3,, B, B, B, B}. The plotted values represent the
proportion of efficiency gained by analyzing the data using the IRWLS analysis described in
Chapter 4 instead of the typical OLS analysis.

7.2 Results and Conclusions

The effect of ME on the estimation of (3,, 3,,, and 3,, issummarized in Figure 7.1 - Figure
7.3. The most interesting effect which is apparent in al three figures is the leveing off in
performance of the IRWLS analysis after ME reaches a certain magnitude. Notice that for aimost
al coefficient combinations, the relative improvement gained by using the IRWLS analysis
stabilizes or declines after the M E magnitude reaches 15-17.5% of the range of X. Note that this is
the relative improvement, so the absolute variances of the IRWLS coefficients are still smaller than
the OL S variances of coefficients.

There is quite a difference in the performance of the IRWLS analysis based on the
coefficients of the true model. At a ME magnitude of 10% of the range of X,, the amount of
improvement varies greatly for 3, (2.5% to 32%), 3,, (7% to 23%) and (,, (8% to 26%).
However, it is interesting that the level of improvement is different across the coefficient variances
for the same set of true model coefficients. For example, consider the true coefficient vector B° =
{1,31,11,1}. At aME magnitude of 10% of the range of X,, the improvement for the IRWLS
procedure is only 4% for 3,, but the improvement is 20% for 3,, and 24% for (3,,. For the
coefficient vector B’ ={1,1,1,1,3,1}, theimprovement is 32% for 3, and 23% for B,;, but it is only
10% for B,,. This result seems to suggest that the improvement in estimation of an individual
coefficient must be considered in relation to the estimation of other coefficients.

In generd, the IRWLS analysis improves upon the OLS analysis by 15-30% when a ME
magnitude reaches 10% or more of the range of X.
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8. Two-Factor Results for the D,z Criterion

The D, criterion for designs to estimate second order models is developed in Chapter 6.
The performance of the criterion is evauated for single-factor designs. However, the development
of the criterion in Chapter 6 is for a more genera k-factor design situation, providing that only a
single variable contains ME. In this chapter, the performance of the D,,. design criterion will be
explored for designs with two factors. The model used for the dataiis presented in equation (7.1).

This chapter also includes a comprehensive comparison of design methods accounting for
ME in the design factor versus design methods ignoring ME. Method 1, which accounts for ME,
will include an initial design which is augmented by the D,,. criterion method. The resulting data
set will be analyzed using the IRWLS procedure outlined in Chapter 4. Method 2 will ignore ME
in the design factor, and the sameinitial data set used in Method 1 will be augmented using the D-
optimality criterion. The design datafrom this procedure will be analyzed using OLS analysis. An
example from the semiconductor industry will illustrate the differences in the designs and resulting
estimated models.

8.1 Two Factor Design Details

Two different design augmentations are considered. Both situations include an eeven-point
CCD for theinitial design. The CCD has three center runs and axial points at £2 for both factors.
Candidate points are all combinations of points between -2 and 2 at intervals of 0.5 for both factors.
The grid of candidate points is less dense than for the single factor augmentation procedure
presented in Chapter 6. However, a simulation using a finer grid of candidate points (points
between -2 and 2 at intervals of 0.10) showed little difference from the larger grid in terms of
design efficiency.

The two designs considered here differ in the number of points in the second stage of the
design. Design 1 is augmented to 22 points, while Design 2 is augmented to 30 points. The
standard deviation of the ME ranges from 5-20% of the range of X. As usual, severa coefficient
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combinations are considered. The D-optima second stage designs appear in Table 8.1. Design
efficiencies are calculated as

/6
2. 8.1)
H

Efficiency results appear in Table 8.2. The efficiencies show a dlight improvement when
using aD,,. design rather than a D-optimal design. The improvement is more apparent for a two-
factor design than for the single factor design presented in Chapter 6. However, there is little
evidence to support the use of the D, criterion for augmenting an initial design. This is especially
true if the experimenter intends to account for the ME in the data analysis.

Although the improvement in efficiency may be negligible, there are other reasons that the
D,,z-0optimal design may be more éttractive than the D-optimal design. The example in Section 8.3
demonsirates the difference in the second stage designs for the two criteria (D and D,,z). The
design based on the D, criterion is unique and more intuitive than the design based on the D
criterion.  In many cases, there are several design augmentations which may have the same D-
efficiency. The choice of the best design isthen arbitrary. A unique design which accounts for ME
is more appealing than one design of severa which does not account for ME.

X *y iy xy

ME

D/D,,. efficiency =
ME §|(X*'V _1)(*)[_)1
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Table 8.1 D-optimal Second Stage Designs

Design D-optima Second Stage Design (X, X,)
Design 1 (22 points) | (2,2), (2,2), (2,-2), (2,-2), (2,-2), (-2,2), (-2,2), (-2,2), (-2,-2),
(-2,-2), (-2,-2)

Design 2 (30 points) | (2,2), (2.2), (22), (22), (2-2), (2-2), (2-2), (2-2), (-2,2), (-2,2), (-
2,2),(-2,2), (-2-2), (-2,-2), (-2,-2), (-2,-2),(0,-2), (0,2), (2,0)

Table 8.2 Design Efficiencies for D-optimal vs. D,,c Designs: Two Factors

Design1
(Bs, B2 Bias Burs [(2,1,2,1,1) ((2,2,1,2,1)((3,1,1,1,1) {(2,1,1,-2,1)((1,1,1,3,1) | (2,2,2,-2,- [(1,1,3,1,1)
B) 2)
ME (% of Range)
5% 0.9921 0.9552 0.9886 0.9447 0.9305 0.9558 0.9825
10% 0.9604 0.9094 0.9605 0.8959 0.8884 0.9135 0.9497
15% 0.9441 0.9097 0.9517 0.8961 0.9015 0.9097 0.9325
20% 0.9447 0.9273 0.9553 0.9135 0.9254 0.9218 0.9365
Design 2
By, B2 Bias Burs [(2,1,2,1,1) ((2,2,1,2,1)((3,1,1,1,1) |(2,1,1,-2,1)((1,1,1,3,1) | (2,2,2,-2,- (1,1,3,1,1)
B) 2)
ME (% of Range)
5% 0.9848 0.9776 0.9941 0.9677 0.9446 0.9647 0.9776
10% 0.9560 0.9312 0.9681 0.9221 0.9025 0.9266 0.9347
15% 0.93%4 0.9266 0.9569 0.9171 0.9140 0.9203 0.9127
20% 0.9367 0.9425 0.9571 0.9347 0.9366 0.9326 0.9116

8.2 Accounting for ME: A Method Comparison

Thework in this section evaluates the D, design criterion by comparing it to a design and
analysis method which completely ignore ME. This comparison isvalid because most practitioners
would ignore ME in the analysis of experimental data as well as the planning stages of the design.
This design Situation involves ME in the design factor X,. For Method 1, the case accounting for
MEin X, aD,,c optimal design will be created based on aninitial design. The datawill be analyzed
using the appropriate IRWLS analysis. For Method 2, the naive case, a D-optimal second stage
design will be added to an initid design. The resulting data set will be analyzed using OLS
analysis. Efficienciesfor these procedures will be calculated as
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where s%isthe average M SE for the data sets created by the D-optimal design. Efficiencies appear
in Table 8.3. When both design and analysis are combined into a total ME method, it is apparent
that the efficiency of the method is much greater than the design/analysis method ignoring ME,
especialy for ME standard deviations of 10% of the range of X, or more.

Table 8.3 Total Efficienciesfor D-optimal vs. Dy, Designs: Two Factors

Design 1
(B, B P By [(2,1,2,1,1)](2,2,1,2,1)[(3,1,1,1,1)[(2,1,1,-2,1)[(1,1,1,3,1)| (2,2,2,-2,- [(1,1,3,1,1)
Bz 2)
ME (% of Range)
5% 0.9344 0.8685 0.9279 0.7894 0.7494 0.7318 0.8920
10% 0.7215 0.6685 0.7112 0.5912 0.5617 0.5303 0.6542
15% 0.6454 0.6371 0.6130 0.5486 0.5768 0.4871 0.5606
20% 0.6083 0.6731 0.5731 0.5790 0.6484 0.5102 0.5242
Design 2
By, By Bix Bun [(2,1,2,1,1)](2,2,1,2,1)[(3,1,1,1,1)[(2,1,1,-2,1)[(1,1,1,3,1)[ (2.2.2,-2,- [(1,1,3,1,1)
B) 2)
ME (% of Range)
5% 0.8465 0.8211 0.8772 0.7957 0.7062 0.73225 0.8049
10% 0.6103 0.6087 0.6373 0.5822 0.5150 0.5204 0.5507
15% 0.5107 0.5624 0.5151 0.5425 0.5240 0.4826 0.4499
20% 0.4850 0.5972 0.4855 0.5866 0.5938 0.5255 0.4230

In the following section, an example from the semiconductor industry is presented. The
datain the example are smulated, but the experimental goals outlined in the discussion are relevant
to the manufacturing processesin the industry. The example will illustrate the performance of the
ME methodology developed in this dissertation. The performance will be compared to a design
plan and analysis which ignore the ME.

8.3 Example
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The creation of a semiconductor isavery complex process. Semiconductors are composed
of numerous layers of different chemicals. Each layer contains a maze-like pattern which directs
the flow of electrons. Theselayersare “built” sequentially on top of a disc made of pure slicon,
caled awafer. There are many individua semiconductors, each of whichiscalled a die, on a wafer
which has completed all process steps. Process improvement teams constantly strive to increase the
dieyidd of awafer, which isameasure of the number of functioning die on a completed wafer.

At each step in the manufacturing process, there are parameters which are directly related to
thedieyield of awafer. Because of the extremely smal dimensions of the pattern on a layer, the
specifications for the thickness of each layer are very precise and important. A thickness

measurement, measured in angstroms (,& ), isrecorded after every layer is deposited or grown onto
thewafer. It is essentia that the layer thickness is correct for each die on the wafer, so thickness
uniformity across the wafer is also an important measure for each layer. Uniformity is often

measured as the absolute difference in thickness at wafer center and thickness at wafer edge (| Ac -

Ae |).

The response surface experiment in this example focuses on minimizing the uniformity of
the silicon dioxide (SIO,) layer. SiO, is grown by diffusing oxygen into the bare silicon wafer.
This process takes place inside adiffusion furnace. Extremely high temperatures (around 1000° C)
and relatively long periods of time (10-12 hours) are required for the successful growth of alayer.

Length of time inside the diffusion furnace and sustained temperature inside the furnace are
experimental factors which grestly influence the uniformity of the SiO, layer thickness.
Information from previous experiments indicates that data from this system follow a second order
model. Previous process characterization has provided information about ranges for time and
temperature.

For acertain thickness of the SO, layer, the length of time a wafer must remain inside the
diffusion furnace is known to be between 570 and 690 minutes. The current temperature for the
processis 1100° C, but the experimental range for the process is between 960° C and 1240° C. The
processing time can be controlled exactly for the purposes of experimentation. However, the
temperature cannot be controlled completely in the manufacturing setting. Many wafers are
processed simultaneously within alarge furnace. The size of the diffusion furnace causes a dight
variation in temperature across the group of wafers in the same process step, so that the sustained
temperature for atypical wafer iswithin theinterval 1100 + 42° C.
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Theinitia nine-point design is a CCD with axia points at +2 and a single center run (see
Table 1.1). The design points in coded and natural units appear in Table 8.4. For each
experimental run, a randomly chosen wafer was measured for uniformity. The responses are
included in Table 8.4 asy,. Fortunately, production schedules allowed for an additiona nine design
runs, so an augmentation procedure was required. Because the temperature factor could not be
controlled completely, a D,,. design augmentation procedure was chosen. The design was
augmented according to the methodology outlined in Section 6.4.1, using the coefficient estimates
from theinitial design and a ME standard deviation of 42 (15% of the range). The candidate points
included al vaues between -2 and 2 in 0.10 increments. The resulting second-stage design is
presented in
Table 8.5. It is evident that this design differs greatly from a typica D-optima design, because
several design points occur in the interior of the design. For a D-optimal design, augmented points
are dmogt always at the design edges, with an occasional augmented design point at the design
center.

Results for the experiment involving the D,,. augmentation were then compared to a
separate experiment which ignored ME in the temperature factor. The sameinitial design was used,
and the responses appear in Table 8.4 asy,. Based on the initial design, the DETMAX (Mitchell,
1974) algorithm was used to create a D-optimal nine-point augmentation. The second stage design
points and responses are summarized in Table 8.5.

Table 8.4 Example: Initial Design Points and Responses

X (coded) [X,CC) [ X (coded [ MM [V.(0pc) % D)
-2 570 0 1100 103.37 90.41
-1 600 -1 1030 53.04 42.38
-1 600 1 1170 62.28 85.76
0 630 -2 960 66.73 80.22
0 630 0 1100 35.02 37.43
0 630 2 1240 43.47 45.85
1 660 -1 1030 63.25 70.68
1 660 1 1170 35.69 37.78
2 690 0 1100 70.41 50.85
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Table 8.5 Example: Second Stage Design Points and Responses

D, design |D,,- design (°C A D design D design Y,

(coded) min) (coded) (°C, min)

(11, 2 (663, 1240) 46.20 (-2, -2) (570, 960) 107.18
(-1.1, -2) (597, 960) 66.64 (-2, -2) (570, 960) 89.46
(2, 2 (690, 1240) 72.50 (-2, -2) (570, 960) 96.62
(2,-2) (690, 960) 150.01 (-2, 2 (570, 1240) 112.94
(-2, -2) (570, 960) 105.26 (-2, 2 (570, 1240) 116.79
(-2, 2 (570, 1240) 157.52 2, -2) (690, 960) 113.92
(-0.5, -2) (615, 960) 64.75 2, -2) (690, 960) 110.69
(0.9, 2 (657, 1240) 45.90 2, 2 (690, 1240) 56.73
(0.2, 0) (636, 1100) 32.66 2, 2 (690, 1240) 59.71

After completing both experiments, the results were andyzed. The data from the design
cregted by the D, criterion was anayzed using IRWLS analysis, while the results from the D
criterion were analyzed using OL S analysis. Table 8.6 presents the true model used to smulate the
data and the model coefficient estimates from the two analyses. The true minimum uniformity

(29.63 ,&) occurs at {X;, X,} = {0.38, 0.47}, or 1126.6° C and 644.1 minutes. The predicted
minimum for the D, datais 31.47 A , and it occurs at {0.27, 0.50} ={1118.9° C, 645 minutes} .

The predicted minimum for the D-optimal datais 39.15 A, and it occurs a {0.62,0.68} ={1143.4°
C, 650.4 minutes}.

Table 8.6 True and Estimated Models for Two-Factor Experiment

True MOdeI BO Bl BZ BlZ Bll BZZ 0-0
_ 315 -4.72 -4.14 -6.8 10.44 7.13
Eimated Modds | b, b, b, b, b, b, S
Dy design 33.05 -4.06 -4.12 -7.78 14.79 6.18 -
D-opt design 42.63 -6.08 -4.69 -4.89 7.58 5.68 115

Contour plots of the true and estimated surfaces are shownin Figure 8.1 - Figure 8.3. Itis
evident that the contours of the estimated surface from the ME methods are much closer to the true
surface than the contours of the naive method. Augmented designs for the two methods are
superimposed over the true surface in Figure 8.4 and Figure 8.5. The figures show that the design
augmentation of the naive method ignores the true surface, placing points at the edge of the design.
The design augmentation for the ME method places points on the interior of the design for X,
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which is the variable containing ME. Note also that the points are placed in areas where the
contours are less steep. This result corresponds to placing the points in areas of smaller variance.
To see the connection between flatter contours and smaler variance, consider the variance
expression in equation 7.2. The relationship between the coefficient magnitudes and the variance

magnitudes is apparent. A final point for the design is placed near the center, but dightly in the
direction of the minimum.
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Figure 8.1 Contour Plot of True Response Surface

-2 -1 0 1 2

Figure 8.2 Contour Plot of the Estimated Surface (D,,. Design, IRWLS Analysis)

7
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Figure 8.3 Contour Plot of the Estimated Surface (D-optimal Design, OLS Analysis)
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Figure 8.4 Augmented Design for Naive Method
(Vaueindicates number of points at each new design point)

Figure 8.5 Augmented Design for ME Method
(A * indicates the new design point)
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9. Future Research

9.1 AnalysisIssues

One assumption of this research is that the ME variance for the affected design factor is a
known vdue. This assumption is idedigtic, as assumptions often are. Creating an unbiased
estimate for the ME variance is a straightforward problem. However, the parameter 6, appears in
the modified model matrix for the IRWLS anaysis. Replacing this parameter with an estimate in
the model matrix complicates the properties of the IRWLS analysis. These theoretical properties
need to be developed. Another approach to the ME variance problem might be a Bayesian analysis
which assumes a prior distribution on the ME variance.

Another area of interest is modification of the initial weights appearing in the IRWLS
andysis. Recall that the weights have the form in equation 4.6. Replacing the model variance o,
with the MSE from an OL S analysis actually inflates these weights. Thisis true because E(MSE, )
>0/, evenin thefirst order case. The MSE from an OLS analysis represents the average variance
across the design, rather than the error in y which is unexplained by the model. A better estimate
for a,? could improve the initial weights for the IRWLS analysis. This may also create average
estimated variances for B, s Which are much closer to the true variances observed through
simulation. This improvement would increase the apped of the IRWLS analysis to practitioners,
since the current analysis yieldsinflated variance estimates for the coefficients.

9.2 Design Issues

Investigation into the D, design efficiency for designs with more than 2 factors is also of
interest. The efficienciesfor one- and two factor designs were not impressive, but the improvement
in efficiency from one to two factors was evident. Note that as the design space increases in
dimension, thevar(y;) for a full second order model becomes more complex across that region. In
other words, more of the coefficient terms appear in the variance expression and so the variance is
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more dependent on the true response surface. Perhaps this could increase the performance of
design criterion accounting for ME in adesign factor.

The results in this dissertation refer to designs in which only one design factor contains
ME. Outlining results for designs with ME in more than one factor would be another natural
extension of this research.

Another possibility is to creaste other design criteria for designs involving ME. One
example is a criterion which minimizes the variance of y; across the design. The results of the
example in Section 8.3 suggest that the D,,. augmentation procedure places points where the
contours of the response surface are shalow. If smply minimizing the slope of the response
surface is used as a criterion, then information about the ME magnitude is not required.

9.3 Model Issues

Theresultsin this dissertation refer to a specific model for ME. Other models for ME in
designed experiments may be more relevant in certain disciplines. Exploration into properties for
these models, especially for the first order case, is an appropriate avenue of further research for ME
in designed experiments.

105



References

Adcock, R. J., (1877) “Note on the Method of Least Squares,” Analyst, 4, 183-184.
Adcock, R. J., (1878) “A Problem in Least Squares,” Analyst, 5, 53-54.

Baslevsky, A. (1983) Applied Matrix Algebra in the Satistical Sciences, Elsevier Science
Publishing Company, New York, NY.

Berkson, J. (1950) “Are There Two Regressions?” Journal of the American Satistical
Association, 45, 164-180.

Box, G. E. P. (1963) “The Effects of Errors in the Factor Levels and Experimental Design,”
Technometrics, 5, 247-262.

Box, G. E. P,, and Behnken, D. W. (1960) “Some New Three-Level Designs for the Study of
Quantitative Variables,” Technometrics, 30, 1-40.

Box, G. E. P, and Wilson, K. B. (1951) “On the Experimenta Attainment of Optima
Conditions,” Journal of the Royal Satistical Society, Series B, 13, 1-45.

Burr, D. (1988) “On Errors-in-Variables in Binary Regression--Berkson Case,” Journal of the
American Satistical Association, 83, 739-743.

Carroll, R. J.,, Ruppert, D., and Stefanski, L. A., (1995) Measurement Error in Nonlinear Models,
Chapman & Hall, London, UK.

Chiacchierini, L. M. (1996) “Experimental Design Issues in Impaired Reproduction Applications,”
unpublished dissertation, Virginia Tech.

106



Dellaportas, P., and Stephens, D. A. (1995) “Bayesian Analysis of Errors-in-Variables Regression
Models,” Biometrics, 51, 1085-1095.

Draper, N. R., and Beggs, W. J, (1971) “Error in the Factor Levels and Experimental Design,”
The Annals of Mathematical Satistics, 41, 46-58.

Fuller, W. A., (1987) Measurement Error Models, John Wiley & Sons, New York, NY.

Hinkelmann, K. H., and Kempthorne, O., (1995) Design and Analysis of Experiments, John Wiley
& Sons, New York, NY.

Ja, Y. (1996) “Optimal Experimental Designs for Two-Variable Logistic Regression Models,”
unpublished dissertation, Virginia Tech.

Kiefer, J. (1959) “Optimum Experimental Designs,” Journal of the Royal Satistical Society,
Series B, 21, 272-304.

Kiefer, J. (1961) “Optimum Designs in Regression Problems,” Annals of Mathematical Statistics,
32, 298-325.

Kiefer, J. and Wolfowitz, J. (1959) “Optimum Designs in Regression Problems,” Annals of
Mathematical Satistics, 30, 271-294.

Letsinger, W. (1995) “Optimal One and Two-Stage Designs for the Logistic Regression Model,”
unpublished dissertation, Virginia Tech.

Longford, N. T., (1993) Random Coefficient Models, Oxford University Press, New York, NY.
Mathematica® version 2.2.3 (1994) Wolfram Research, Incorporated, Champaign, Illinois.
Mitchdl, T. J, (1974) “An agorithm for the Construction of D-optimal Experimental Designs,”

Technometrics, 20, 203-210.

107



Myers, R. H., and Montgomery, D. C., (1995) Response Surface Methodology: Process and
Product Optimization Using Designed Experiments, John Wiley & Sons, New York, NY.

RY1®, Domain Solutions Corporation, Cambridge, MA.

Silvey, S. D. (1980) Optimal Design: An Introduction to the Theory for Parameter Estimation,
Chapman & Hall, New York, NY.

Taguchi, G. (1986) Introduction to Quality Engineering, Asian Productivity Organization,
UNIPUB, White Plains, NY.

Taguchi, G. (1987) System of Experimental Design: Engineering Methods to Optimize Quality
and Minimize Cost, UNIPUB/Kraus International, White Plains, NY .

Taguchi, G., and Wu, Y. (1980) Introduction to Off-line Quality Control, Centra Japan Quality
Control Association, Nagoya, Japan.

The SAS® System version 6.11 (1996) SAS® Institute Incorporated, Cary, NC.

Vuchkov, I. N., and Boyadjieva, L. N., (1983) “The Robustness of Experimental Designs Against
Errorsin the Factor Levels,” Journal of Satistical Computing and Smulation, 17, 31-41.

108



Appendix
Appendix A
Contrasts for Two Factor CCDs

For the two factor CCD with axia points a d and -d and n, center runs , the general
expressions for orthogona contrasts representing model effect estimates follow. They ae
presented using the notation of Chapter 2.

1'={1,1111111n},
)_(1’ = {-l,-l, 1, l, d,'d, Os 0, Q’ 1x nt‘} !
)_(2’ = {-l, 1-1,1,0,0,d,-d, 9’ 1x nc} J

oa*(B) = [B]** 1,

a*(By) = [AI"*x,

a*(B,) = [AI"* x,

a*(By) = [V2] x X,

o*(B.y) = [(2C)/B] ™ [x,* - (A/B)1], and

o*(B,) = [(2Dd)/C] ™ [, - (E/C) x* + ((A/B)(E/C - 1))1],

where A = 4 + 2df,

B=8+n2

C=(8- 8 +6d* +2n2 + d'n?),

D =16 - 16d* + 4d* + 4n? + d*n?, and
E=2(4-4d- d* +n?.

The residual effects may be written smilarly. Theresidua effect coefficients (o) for atwo
factor CCD are asfollows:

o, = [BATAT™ [x% %, - (41A) X,
a, = [BAFIAIY? [x, %2 - (4/A) x], and
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a, = [(4d'n2)/D]" [x° x? + ((E + PA)C)(ED - 1) x? - ((E + dPA)D) x> + {(E +
d?A)/D)(A/B) + (((E + d°A)/C)(A/B)(1 - E/D)) - (4/B)} 1].

If the axial point values are allowed to differ for the two factors and only a single center run
isincluded, the effect contrasts may be written asfollows:

a*(By) = [9177 1,

a*(By) = [4+2d17 " x,

a*(B,) = [4+2d2°]" x,

a* (B) =[12] X %o

o* (B = [(2A)/9]"2 [x” - ((4 + d1%)/9)1], and

a*(By,) = [(2B)/A ™Y [x2 - ((-10 + 4d1? + 4d2? + 2d1%d2%)/A) x,* + ((4d1? + 4d1* - 4d2° -
d1‘d2%/A))1],

where

A, =10- 8d1* + 14d1*, and

B, = 6d1* + 8d1%d2* -8d1'd2? + 6d2* - 8d1°d2* + 5d1*d2".
The corresponding residua effects are

a, =[8d2%(4 +2d2%)]™ [x,* X, - (4/(4 + 2d2?)) x,],

a, =[8d1%/(4 + 2d1%)]* [x,° X, - (4/(4 + 2d1%)) x,], and

a, = [(4d1* d2%)/B,]™2 [x2 % + ((2d2%(-2012 -3d2” +2d1°d2%))/B,) X - ((2d1%(-3d1? - 2d2° +
2d12d29))/B,)x,2 + ((4d12d2%(d12 + d2? - d1%d2? ))/B,)1].
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Appendix B
Contrasts for Three Factor CCDs

For the three factor CCD with axia points a d and -d and a single center run, genera
expressions for orthogonal contrasts representing model effect estimates are presented using the
notation of Section 4.

1'={121111111111111},

x' ={-1-1-1-1,1,1,1,1,d-d,0,0,0, 0, O},
x ={-1-1,1,1-1-1,1,1,0,0,d,-d, 0, O, O},
X ={-1,1-1,1-1,1-1,1,0,0,0,0,d.-d, O},

a*(By) = [15]" 1
a*(B,) = [8+207 " x,
a*(By) = [8+2d7 " x,
a*(By) = [8+2d7T " %
a* By = [8]-1/2 X%
a* (Bya) = [8]_1/2 XX
o*(By) = [8]"* %, %

(B, = [ 2B D) e (BT
= e 15 = 5 A
a*(B,) = [2d4(56—32d2+1]d4)]_1,2 b - 28-16d 2 - 2d* i (8+2d2)1) .
= 0 28-16d2 +13d% = 28-16d2 +13d4 5 4
(8+2d2)l]
15
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a*(B) = [6d4(28—16d2+3d4)]_1,2 e {(28—16d2—2d4 i (8+2d2
= 56 —32d2 +11% = 28-16d2 +13d4 15

{(28—16d2—2d4){ - 28 -16d 2 - 2d* 2 (8+2d2)l])+(8+2d2

56-32d2 +11% " " 28-16d2 +13d% " 15 15
8+ 2d?
1

(— 4
The corresponding residud effects are
o, =0*(By)= [8] "2 %, % X

16d?2
a, =o* = x - X
=2 = ([3122) [8+2d2] [_l)_(Z)_(Z (8+2d2)_l]
0, = 0t (B = 210, x5, - (—— ]
Oy =a* Rad=l = T 1T e X % (=%
T e 0 PR LA
a, =a* (B 5242 %X (T 7k
2 4
8d 8d* - 28

o = 0*(Buse)=l I X X % % +( _X
== = T T 308 -16d2 +3d%) moms B e ed? +13dd

8d* - 28 , 8d* - 28

8
+ 2.(—=)1
(56—32d2+11d4 = (84—48d2+9d4))'(3 (15)1]
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Appendix C

The tables below contain the optimal values for axia points based on the true moddl and a
particular contrast of interest. In afew cases, two vaues are listed as optimal values. In these cases,
the squared bias for the variance estimate of a particular contrast was the same for both values. Not
al true models yield two optimal vaues for a contrast, since the bias was minimized on a certain
interval of sensible valuesfor the axia points.

Table1.1 2 Factor Optimal Vauesfor Axia Point (Common Value for Both Factors)

True Values Contrast for Coefficient [3,
[312/[311 [31 [32 Bll [322
B.=0 97 12 22 26
B.=0 14 .78 15 .09
Bu/Bu=1 97 15 21 0
BBy =12 97 13 22 0
BBy =13 97 13 22 32
BBy = LA 97 12 22 29
B/Biu=2 .96 .96 18 0
B/Bi=3 17 .85 17 0
BL/Bu=4 16 82 16 0

Table1.2 2 Factor Optimal Valuesof Axia Point for X1whend2=1

True Values Contrast for Coefficient [3;

BlZIBll Bl [32 Bll BZZ

B,=0 97 12 .78, 1.3 .81, 1.3

B, =0 1.1 4* 11 67
BB =1 11 14 .83, 1.3 .87, 1.2
BBy =12 .99 12 79, 1.3 .82, 1.3
BBy =13 .98 12 .78, 1.3 .82, 1.3
BBy, =14 .98 12 .78, 1.3 .82, 1.3
Bu/Bu=2 12 17 94, 1.5 46
BB =3 14 22 1, 18 6
BB =4 13, 2 26 1, 22 63

*The squared bias expression is minimized as d — co.
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Table1.3 2 Factor Optimal Values of Axial Point for X1 when d2 = /2

True Vaues Contrast for Coefficient [3,
BBy B, B, By Bz
B,=0 1.1 76 71, 14 0
Bn.=0 92 4* 12 .86
Bu/Bi=1 115 97 .80, 1.4 12
BBy =12 11 82 73, 14 0
BBy =13 11 635 .69, 14 0
BB =14 11 61 .69, 14 0
BulBi =2 1.0, 1.5 4x 11, 1.5 .80
BB =3 92, 19 4* 13,18 .89, 2.1
BB =4 .88, 2.4 4* 13, 22 .93, 1.8

Table2.1 3 Factor Optima Vauesfor Axia Point (Common Vaue for Both Factors)

True Vaues Contrast for Coefficient [3;
B12 B13 Bll Bl BZ BS Bll BZZ BSB
0 0 1 11 13 13 77 77 .38,1.9
1 0 0 1.32 1.096 1.32 10 14 .38,1.9
0 1 0 13 13 11 10 14 .38, 1.9
1 1 1 1.45 14, 2.8 14, 2.8 84, 1.4 99, 2.7 .36
1 1 2 12 135 135 79, 1.3 82, 1.1 37
1 1 3 11 13 13 .78, 1.3 79, 1.1 37
1 1 4 11 13 13 .78, 1.3 .79 37
2 1 1 17 17 1.4, 3.6 .90, 1.6 19 37
3 1 1 1.6, 2.0 15 14, 4.6 .95, 1.9 17 37
4 1 1 15, 2.6 13 13 99, 2.3 16 37
1 2 1 16 14, 3.6 14, 3.6 .90, 1.6 3.0 35
1 3 1 1.6, 2.0 14, 4.6 15 .955, 1.9 34 A
1 4 1 15, 2.6 1.35 13 .99, 2.3 3.9 34
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Table2.2 3 Factor Optimal Vauesof Axial Point for X, when d2=1

True Values Contrast for Coefficient [3,
BIZ BI_S Bll [31 BZ BS Bll BZZ [33_3
0 0 1 .95 2.0 2.0 72, 1.3 93, 1.7 .96
1 0 0 17 6* 6* 10 .79 13
0 1 0 17 6* 6* 1.04 1434 .8876
1 1 1 11 2.7 2.7 81, 1.3 1.0, 16 10
1 1 2 .99 2.2 2.2 75, 1.3 .96, 1.65 .98
1 1 3 97 21 2.1 73, 13 94, 1.7 97
1 1 4 96 2.05 2.05 72, 13 94, 1.7 97
2 1 1 12 5.15 35 90, 1.4 13 13
3 1 1 14 6* 5.3 96,1.6 54 155
4 1 1 17 6* 6* 99,1.95 67 17
1 2 1 12 35 5.15 895, 1.4 12, 1.7 0
1 3 1 14 5.3 6* 96, 1.7 13 19 0
1 4 1 17 6* 6* .99, 1.95 14, 2.2 .66
* The sguared bias expression isminimized asd — .
Table2.3 3 Factor Optimal Values of Axial Point for X, when d2 = 4/3
True Values Contrast for Coefficient [3,

[312 B13 Bll Bl BZ BS Bll [322 B33
0 0 1 11 80 80 54,14 0 90
1 0 0 99 6* 0 12 15 11
0 1 0 99 0 6* 12 11, 15 1.2, 2.6
1 1 1 12 11 11 79, 15 0 0
1 1 2 11 91 91 615, 1.4 0 85
1 1 3 11 85 85 575, 1.4 0 88
1 1 4 11 83 83 56, 1.4 0 89
2 1 1 14 37 91 99, 1.6 12 0
3 1 1 1.2, 19 6* 59 1.1, 1.95 17 Y]
4 1 1 11, 24 6* 0 12, 24 16 10
1 2 1 14 91 37 99, 1.6 0 82
1 3 1 1.2, 19 59 6* 1.1, 1.95 12 10
1 4 1 11, 2.4 0 6* 12, 2.4 1.2 11

* The squared bias expression isminimized asd — .
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Appendix D

/‘k‘k****‘k‘k****‘k‘k****‘k‘k****‘k‘k****‘k‘k****‘k‘k****‘k‘k****‘k‘k*****‘k*****‘k

R R R R R R R R R R R R I I I I I R I R I I I

** This program compares designs based on the D-me criterion **
** to D-optimal designs for two-factor second order models. **
* x * *
** The program produces results for one set of parameter *x
** values and a specific design situation. In this example, **
** the vector of true coefficient values is ol
** {betal, betal, beta2, betal2, betall, beta22} = * K
** {1, 2, 1, 2, 1, 1}, and the initial design is a CCD with **
** axial points at 2 and -2 and 3 center runs. wx

KAk kA h kA hkhkhkhkhkhk bk hkh ko hk bk hkhkhkhkkhkdhkh ko hk kb hkhkdkhkdhkrhkhkhkhkrhkhkhkhkhhkkkkkkhkxk*x*kk

*‘k‘k****‘k‘k****‘k‘k****‘k‘k****‘k‘k****‘k‘k****‘k‘k****‘k‘k****‘k‘k*****‘k*****/

options nodate 1s=80 formdlim='_"';

/********‘k'k*************‘k'k*********************************** *khkkkkhkkkhkkkkhkkkkx*k

** Generating random numbers to use as seeds for the simulation data sets. K

** Note: ndata should be large enough to complete the simulation following. **
*‘k‘k****‘k‘k****‘k‘k****‘k‘k****‘k‘k****‘k‘k****‘k‘k****‘k‘k****‘k‘k****‘k‘k*****‘k*****‘k****‘k‘k**/

data random;
ndata=140005;
array randi{90} temporary ;
do 1 = 1 to ndata;
if i = 1 then do j=1 to 90;
randi{j} = ranuni(1l2);
end;
ran=ranuni (123) ;
pos=int (ran*90) + 1;
X = ran;
ran = randi{pos};
randi{pos} = x;
output;
end;
drop 1 j ran pos ndata;
run;

/**‘k*'k**************************

** Starting the IML procedure **
*******************************/

proc iml;

/*********~k*************************************************************
** Creating the module: nsim is the number of simulated data sets in **
** the simulation, fct is the standard deviation of the ME variable, * %
** ndata is the number of random numbers generated for the simulation,**
** and n is the number of design points in the initial design. Note: *x

** ndata should be the same value used in the preceding data step. et
**********************~k***********~k***********~k************************/

start main(nsim, fct,ndata,n,ns);

*declaring the covariance matrices;
tvar=7j(6,6,0); vtbeta=j(6,6,0);

/‘k‘k****‘k‘k****‘k‘k****‘k‘k****‘k‘k****‘k‘k****‘k‘k****‘k‘k****‘k‘k****‘k‘k*****‘k*****‘k*

** Creating the vector of random numbers from the data set "random" **
*********************************************************************/

use random; read all into data; data=1000*data;
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/*‘k‘k*****‘k‘k‘k*‘k***‘k‘k*****‘k‘k******‘k‘k******‘k****

** Begin the do loop to simulate data sets **
**‘k‘k*****‘k‘k‘k*****‘k‘k*****‘k‘k******‘k‘k*****‘k‘k‘k**/

do sim= 1 to nsim;
/*‘k‘k*****‘k‘k‘k*****‘k‘k*****‘k‘k‘k*****‘k‘k*****

** Generating the intial ME data set **
**‘k‘k*****‘k‘k‘k*****‘k‘k*****‘k‘k‘k*****‘k‘k****/

*specifying initial design;

*={-2 0, 2 0, -1 -1, -1 1, 11, 1 -1, 0 -2, 0 2,0 0,0 0,0 O};
*Creating model terms;

int=x[,1]1#x[,2];

quadl = x#x;

ones = j(n,1,1); onep=ones ;

*Creating model matrix;

xm = ones]| |x]||int]||quadl; =xmp= xm ; xpxinv=inv (xmp*xm) ;
Xp=X";

*Declaring the vectors needed to store simulation data;

vsbeta=j (6,1,0); svar=j(6,1,0);
varbl=3(1,1,0); varbll=j(1,1,0);
varibl=j(1,1,0); varibll=j(1,1,0);
bshat=73(6,1,0); bsihat=73(6,1,0);
inf=3(6,1,0); sfact=9(1,1,0);

*Creating vectors of errors for y and ME variable;

e = normal (data[l:ns+n,]);
el = normal (data[ns+n+1:2* (n+ns),]);

*Updating the vector of random numbers;

data=datal[2* (n+ns)+1:ndata, ];
ndata= ndata - (2* (n+ns));

*Establishing parameters for the model;
factor = fct;
beta = 1//2//1//2//1//1;

*Note: sigma=1 for the variance of y;

*Creating the model matrix which includes ME to generate the data;

ul=el[l:n,]*factor;

xme = x[,1] + ull|x[,2];
intme=xme[,1]#x[,2];

quad2 = xme#xme;

xmem = ones| |xme| |intme| |quad2;

*Generating the data;
yl =xmem * beta + e[l:n,];

/***'k*****'k*****'k*****'k*****'k************************

** Computing OLS estimates of coefficients and MSE **

** as intial estimates for the IRWLS procedure. *x
*‘k‘k****‘k‘k*****‘k****‘k‘k*****‘k****‘k‘k*****‘k*****‘k*****‘k*/

*Computing variance of coefficients for OLS;
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bhat=xpxinv*xmp*yl;

yhat=xm*bhat;

mse= (onep* ( (yl- yhat)#(yl- yhat)))/(n-6);
vcvb=xpxinv*mse;

vbl=vcvb[2,2]; vbll=vcvb[5,5];

/*‘k‘k*****‘k‘k‘k*‘k****‘k*****‘k‘k******‘k‘k******

** TRWLS analysis of initial data set **
**‘k‘k*****‘k‘k‘k*****‘k‘k*****‘k‘k******‘k‘k*****/

*creating the new model matrix;
sgfct=factor**2;
adl=j (n,1,sqgfct);ad2=3j(n,1,0);
ad=adl| |ad2; quad3=quadl+ad;
xml = ones| |x||int]||quad3; xmpl= xml’;

*computing variance of coefficients for IRWLS;

constant=2* ( (factor**4)) *bhat[5,1]**2;

vary=(
(mse#ones)
+(((bhat[2,1]) *ones + bhat[4,1]1*x[,2]+ 2*(bhat[5,1])*(x[,1]1))#
((bhat[2,1]) *ones + bhat[4,1]1*x[,2]+ 2*(bhat[5,1])*(x[,1])))* (factor**2)
+constant) ;

vcevy=diag (vary) ;

vinvy=inv (vcvy) ;

msen=mse;

varyn=vary;

VCVYyNn=vcvy;

vinvyn=vinvy;

val=1l; k=1; cnt=j(1,1,1);
vhati=yhat;

thethat=bhat;

*the interative procedure;

do until (val < 10E-8);

vev=inv (xmpl*vinvyn*xml) ;
gamhat=vcv*xmpl*vinvyn* (yl-yhati);
thethat=thethat+gamhat;

thl=thethat[2,1];

thll=thethat[5,1];

thl2=thethat[4,1];
yhatn=xm*thethat;
msen= (onep* ((yl- yhatn)# (yl- yhatn)))/(n-6);
const=2* ((factor**4))*thll**2;
varyn= (msenf#ones +

((thl*ones + thl2*x[,2] + 2*thll*(x[,1]))

#(thl*ones + thl2*x[,2] + 2*thll*(x[,1])))* (factor**2)+const);

vecvyn=diag (varyn) ;
vinvyn=inv (vcvyn) ;

val=abs ((onep* ((yl- vyhati)#(yl- yhati)))-((n-6)*msen));
yvhati=xm*thethat;
k=k+1;

if k=250 then val=-1;
if k=250 then print k beta factor;
end;

/‘k‘k****‘k‘k****‘k‘k****‘k‘k****‘k‘k****‘k‘k****‘k‘k*****‘k*****‘k*

** Creating the D-me optimal design, where optirw **
** is the optimal point for augmentation, and *x

** nirwls is the optimal determinant. ok
*‘k‘k****‘k‘k****‘k‘k****‘k‘k****‘k‘k****‘k‘k****‘k*****‘k‘k******/

*augmenting the n-point design with n more points;

118



j=1;

do 3 = 1 to ns;
nirwls=0;
optirw={5 5 5 5 5 5};

*checking the grid of candidate points;

do newxl=-2 to 2 by .5;
do newx2=-2 to 2 by .5;

*the model term for the candidate point;

quadxl=newxl*newxl;

quadx2=newx2*newx?2;

newint=newxl*newx2;

x0=1| |newxl| |newx2| |newint| |quadxl| |quadx2;
newxm=xm//x0; newxmp= newxm ;
newones=newxml[,1];

xcol=newxml[,2];

quadcol=newxm[,3];

*the covariance matrix for the data;

const=2* ((factor**4))*thll**2;
varynew= (msen#newones
+((thl*newones + thl2*newxm[,3] + 2*thll* (xcol)
# (thl*newones + thl2*newxm[,3] + 2*thll* (xcol)))* (factor**2)+const);
vecvynew=diag (varynew) ;
vinvynew=inv (vcvynew) ;

*the covariance matrix for the coefficients and its determinant;

newxpxi=newxmp*vinvynew*newxm;
dirwls=det (newxpxi) ;

*comparing each candidate point to find the optimal;

if (dirwls = nirwls) then do;
optirw=optirw//xo;
end;

if (dirwls > nirwls) then do;
optirw=xo;
nirwls=dirwls;

end;

end;
end;

*the error values for y and x in the augmented data set;

e2 = e[n+j,1;
e3 = el[n+3j,];

*new data point;

newxme= optirw[,2] + factor*e3;
square=newxme*newxmne;
inte=optirw([, 3] *newxme;
y2= 1 + betal[2,]*newxme + betal[3,]*optirw[, 3]
+ betal4,]*inte + betal5,]*square + betal6,]*optirw[,6] + e2;
yl=yl//y2;
xm= xm//optirw; xmp=xm’;

*the OLS estimates for the new data set;
o=j(n+j,1,1);0p=0";

xpxinv=inv (xmp*xm) ;
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bhato=xpxinv*xmp*yl;

yhato=xm*bhato;

mseo=(op* ((yl- yhato) # (yl- yhato)))/ (n+j-6);
vcvbo=xpxinv*mseo;

vblo=vcvbo[2,2];

vbllo=vcvbo[5,5];

*creating augmented new model matrix for the IRWLS procedure;
optirw([,5]=optirw[,5] + factor*factor;
xml = xml//optirw; xmpl= xml";
x = x//optirw[,2:3];

*computing covariance matrix of y for IRWLS procedure;

constant=2* ( (factor**4)) *bhato[5,1]**2;
varyn= (mseo#o

+((bhato[2,1]*0 + bhato[4,1]1*x[,2] + 2*bhato[5,1]*(x[,1]))
# (bhato[2,1]*0 + bhato[4,1]*x[,2] + 2*bhato[5,1]*(x[,1]))

) * (factor**2)+const) ;
vcevyn=diag (varyn) ;
vinvyn=inv (vcvyn) ;
msen=mseo;
val=1; k=1; cnt=3(1,1,1);
vhati=yhato;
thethat=bhato;

*the iterative procedure;

do until (val < 10E-8);
vev=inv (xmpl*vinvyn*xml) ;
gamhat=vcv*xmpl*vinvyn* (yl-yhati) ;
thethat=thethat+gamhat;
thl=thethat[2,1];
thll=thethat[5,1];
thl2=thethat[4,1];
yhatn=xm*thethat;
msen= (op* ((yl- vyhatn)# (yl- yhatn)))/(n+j-6);
const=2* ((factor**4))*thll**2;
varyn= (msen#o + ((thl*o + thl2*x[,2] + 2*thll*(x[,1]))

#(thl*o + thl2*x[,2] + 2*thll*(x[,1])))* (factor**2)+const);

vevyn=diag (varyn) ;
vinvyn=inv (vcvyn) ;

val=abs ((op* ((yl- yhati)#(yl- yhati)))-((n+j-6)*msen));
yhati=xm*thethat;
k=k+1;

if k=250 then val=-1;
if k=250 then print k beta factor;
end;
*end of augmentation procedure;

end;
*final calculation of coefficients for D-me Optimal design;

quad=x#x;

intne=x[,11#x[,2];

xme=x[,1]+ (factor*el);

qud=xme#xme;

int=xme#x[,2];

xmem=o | |xme| |x[,2] | |int| |qud]| |quad[,2];
yl=xmem*beta + e;
xmod=o| | x| |intne| |quad; xmodp=xmod’;

*the OLS estimates for initial values in the IRWLS procedure;
invxprx=inv (xmodp*xmod) ;

bhat=invxprx*xmodp*yl;
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yhat=xmod*bhat;
mse= (op* ((yl - vyhat)#(yl - yhat)))/(ns+n-6);

*the new model matrix for the IRWLS procedure;

xmodadd=xmod [, 5] + factor*factor#o;

xmodl=xmod[,1:4] | |xmodadd| | xmod[, 6]; xmodlp=xmodl " ;

cons=2* ((factor**4))*bhat[5,1]**2;

vary=(mse#o + ((bhat[2,1]1*oc + bhat[4,1]1*x[,2] + 2*bhat[5,1]1*(x[,1]1))

# (bhat[2,1]1*0 + bhat[4,1]1*x[,2] + 2*bhat[5,1]1*(x[,1]1)))*(factor**2)+cons);
vcevy=diag (vary) ;

vinvy=inv (vcvy) ;

val=1l; k=1; cnt=3(1,1,1);

vhati=yvhat;

thethat=bhat;

*the iterative procedure;

do until (val < 10E-8);
vev=inv (xmodlp*vinvy*xmodl) ;
gamhat=vcv*xmodlp*vinvy* (yl-yhati);
thethat=thethat+gamhat;
thl=thethat[2,1];
thll=thethat[5,1];
thl2=thethat[4,1];
yhatn=xmod*thethat;
mse= (op* ((yl- yhatn)#(yl- yhatn)))/(ns+n-6);
const=2* ( (factor**4))*thll**2;
vary=(mse#o + ((thl*o + thl2*x[,2] + 2*thll*(x[,1]1))
#(thl*o + thl2*x[,2] + 2*thll*(x[,1]1)))*(factor**2)+const);
vcevy=diag (vary) ;
vinvy=inv (vcvy) ;

val=abs ((op* ((yl- yhati)#(yl- yhati)))-((ns+n-6)*mse));
yhati=xmod*thethat;
k=k+1;

if k=250 then val=-1;
if k=250 then print k beta factor;
end;

*calculation of covariance matrix and individual variances;

vbeta=inv (xmodlp*vinvyn*xmodl) ;
vil=vbetal2,2];
vill=vbetal[5,5];
tconst=2* ((factor**4))*betal[5,]**2;
tvaryn=(o + ((betal2,]*o + betal4d4,]*x[,2] + 2*betal5,1*(x[,1])
# (beta[2,]1*0 + betal[4,]1*x[,2] + 2*betal[5,]1*(x[,1])))*(factor**2)+tconst) ;
tvevyn=diag (tvaryn) ;
tvinvyn=inv (tvcvyn) ;
vbeta=inv (xmodlp*tvinvyn*xmodl) ;

*storing IRWLS covariance matrix and coefficients and from the data set;

vsbeta=vsbeta| | vbeta;
bsihat=bsihat| |thethat;
varibl=varibl| |vil;
varibll=varibll| |vill;

/‘k‘k****‘k‘k****‘k‘k****‘k‘k****‘k‘k****‘k‘k****‘k‘k*****‘k****

** Computing IRWLS estimates based on the *x

** D-optimal design ignoring measurement error **
****'k*****'k*****'k*****'k*************************/

*the data;
*x={-2 0, 2 0, -1 -1, -1 1, 11, 1 -1, 0 -2, 0 2,0 O,
-2 -2, -2 -2, -2 -2, -2 2, =2 2, 2 -2, 2 =2, 2 2, 2 2};

*x={-2 0, 2 0, -1 1, -1 -1, 1 -1,

11,
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x={-2 0, 2 0, -1 1, -1 -1, 1 -1, 1 1, 0 -2, 0 2,
o o o0 0 O 0 0=-2, 0 2, 2 -2, 2 =2, 2 -2,
2 -2, 2 2, 2 2, 2 2, 2 2, =2 -2, =2 =2, =2 =2, =2 -2,
-2 0, -2 2, -2 2, -2 2, -2 2};
quad=x#x;

intne=x[,11#x[,2];

xme=x[,1]+ (factor*el);

qud=xme#xme;

int=xme#x[,2];

xmem=o | |xme| |x[,2] | |int| |qud]| |quad[,2];
olsy=xmem*beta + e;
xmod=o| | x| |intne| |quad; xmodp=xmod’;

*the OLS estimates for initial values in the IRWLS procedure;

invxprx=inv (xmodp*xmod) ;
bhat=invxprx*xmodp*olsy;

yhat=xmod*bhat;

mse=(op* ((olsy - yhat)#(olsy - yhat)))/(ns+n-6);

*the new model matrix for the IRWLS procedure;

xmodadd=xmod [, 5] + factor*factor#o;

xmodl=xmod[,1:4] | |xmodadd| | xmod[, 6]; xmodlp=xmodl " ;

cons=2* ((factor**4))*bhat[5,1]**2;

vary= (mse#o + ((bhat[2,1]1*oc + bhat[4,1]1*x[,2] + 2*bhat[5,1]1*(x[,1]1))

# (bhat[2,1]1*0 + bhat[4,1]1*x[,2] + 2*bhat[5,1]1*(x[,1]1)))*(factor**2)+cons);
vcevy=diag (vary) ;

vinvy=inv (vcvy) ;

val=1l; k=1; cnt=3(1,1,1);

vhati=yvhat;

thethat=bhat;

*the iterative procedure;

do until (val < 10E-8);

vev=inv (xmodlp*vinvy*xmodl) ;
gamhat=vcv*xmodlp*vinvy* (olsy-yhati);
thethat=thethat+gamhat;

thl=thethat[2,1];

thll=thethat[5,1];

thl2=thethat[4,1];
yhatn=xmod*thethat;
mse= (op* ( (olsy- vhatn)# (olsy- yhatn)))/ (ns+n-6);
const=2* ((factor**4))*thll**2;
vary=(msefo + ((thl*o + thl2*x[,2] + 2*thll*(x[,1]))

#(thl*o + thl2*x[,2] + 2*thll*(x[,1])))* (factor**2)+const);

vcevy=diag (vary) ;
vinvy=inv (vcvy) ;

val=abs ((op* ((olsy- yhati)# (olsy- yhati)))-((ns+n-6)*mse));
yhati=xmod*thethat;
k=k+1;

if k=250 then val=-1;
if k=250 then print k beta factor;
end;

*the covariance matrix and coefficients of the D-optimal design;

bhat=thethat;
var=inv (xmodlp*vinvy*xmodl) ;
vbl=var[2,2]; vbll=var[5,5];
tconst=2* ((factor**4)) *betal5,1**2;
tvary=(o + ((betal[2,]*0 + betal4,]1*x[,2] + 2*betal5,1*(x[,1])

# (betal2,]*0 + betal4,]1*x[,2] + 2*betal5,]*(x[,1])))* (factor**2)+tconst) ;
tvevy=diag (tvary) ;
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tvinvy=inv (tvcvy) ;
var=inv (xmodlp*tvinvy*xmodl) ;

*storing OLS covariance matrix and coefficients;

bshat=bshat| |bhat;
svar=svar| |var;
varbl=varbl| |vbl;
varbll=varbll]| |vbll;

*storing information from this data set;

tvar=tvar+svar([,2:7];
vtbeta=vtbetatvsbetal,2:7];
blthat=blthat//bshat[2,];
bllthat=bllthat//bshat([5,];
bltihat=bltihat//bsihat[2,];
blltihat=blltihat//bsihat[5,];
vartbl=vartbl//varbl;
vartbll=vartbll//varbll;
varitbl=varitbl//varibl;
varitbll=varitbll//varibll;

*end of the simulation;

end;

/‘k‘k****‘k‘k****‘k‘k****‘k‘k****‘k‘k****‘k‘k****‘k‘k****‘k‘k*****‘k*****‘k**

** Computing variance information for the simulated data **
** sets based on the coefficients and covariances of the **

** D and D-me design augmentation procedures. X
*‘k‘k****‘k‘k****‘k‘k****‘k‘k****‘k‘k****‘k‘k****‘k‘k****‘k‘k****‘k‘k*****‘k*/

s=1/nsim; si=1/(nsim-1);

add=j (1,nsim, s);

ave=j (l,nsim,si);

avebl=add*blthat;

abl=repeat (avebl,nsim, 1) ;

varbl=ave* ((blthat-abl) # (blthat-abl)) ;
avebll=add*bllthat;

abll=repeat (avebll,nsim,1);

varbll=ave* ((bllthat-abll) # (bllthat-abll));
avebli=add*bltihat;

abli=repeat (avebli,nsim,1);

varbli=ave* ((bltihat-abli) # (bltihat-abli));
aveblli=add*blltihat;

ablli=repeat (aveblli,nsim,1);

varblli=ave* ((blltihat-ablli)# (blltihat-ablli));
avevbl=add*vartbl;

avevbll=add*vartbll;

avevibl=add*varitbl;

avevibll=add*varitbll;

matave=s*tvar;

matiave=s*vtbeta;

detave=det (matave) ;

detiave=det (matiave) ;
deff=(detave/detiave) ** (1/6) ;

print fct beta;
print deff detave detiave varbl varbll varbli varblli avevbl avevbll avevibl avevibll;

*deff=the D-efficiency of the D-optimal design in relation to the Dme-optimal designs;
*detave=determinant of the average covariance matrix for the D-optimal design;
*detiave=determinant of the average covariance matrix for the Dme-optimal designs;
*varbl,varbll:variances of the simulated model coefficients from the D-optimal design;
*varbli,varblli:variances of the simulated model coefficients from the Dme-optimal design;
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*avevbl,avevbll:average estimated variances of the model coefficients--D-optimal design;
*avevibl,avevibll: AEVs of the model coefficients--Dme-optimal design;

finish main;

run main(2000,.2,140005,11,19);
run main (2000, .4,140005,11,19);
run main(2000,.6,140005,11,19)
run main (2000, .8,140005,11,19)

7

*Note: module parameters are defined at the beginning of the IML procedure;

quit;
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