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(ABSTRACT) 

Optimization methods are used to find areas of maximum disagreement between the fail- 

ure criteria of Tsai and Hart-Smith. The Tsai criterion is quadratic in the stresses and 

employs a selective and progressive ply-by-ply degradation scheme to predict ultimate 

load. Hart-Smith’s criterion is based on a fiber shear failure of the fibers and also predicts 

ultimate load. Both compression-compression and tension-shear combinations are identi- 

fied as areas of large difference in predicted failure loads. Graphite-epoxy specimens are 

designed to maximize the difference in the failure loads computed from the two criteria 

under uniaxial tension. Both on-axis and ten-degree off-axis specimens are designed and 

tested. The laminates that maximize the difference in these criteria exploit the manner in 

which they treat the effect of in-plane shear on the failure prediction. Test results indicate 

little difference in the failure prediction for the on-axis test. However, the off-axis tests 

show that the Tsai criterion predicts failure much closer to the test results.
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Chapter | : Introduction 

1.1 Background 

It is common in the fields of engineering and the physical sciences to make extensive use 

of experimental data for predicting the response of physical phenomena. Sometimes 

purely empirical models are obtained by interpolating experimental data. More commonly, 

models of physical phenomena are derived analytically, but these models are either veri- 

fied by experiment or have had their theoretical assumptions validated by experiment. 

When different models of the same phenomenon exist, experimental data is very persua- 

sive in showing relative merit. A whole discipline, called system identification, has grown 

from the practice of improving analytical models based on experimental results. 
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Clearly, the use of experiment in model building, verification, comparison of models and 

acquiring basic properties is well established. Different uses for experimental data exist 

but as experiments are typically very expensive and time consuming, it is in all cases of 

considerable concern that the least number of tests produces the most significant data. 

Optimization techniques are often used in design and analysis of systems, but are also use- 

ful in the test and design process. 

One field for which competing models of the same phenomenon abound is failure predic- 

tion for composite materials. In one survey, [1, pp. 71-125], 22 criteria are described. 

Unlike for metals, no failure theory has been generally accepted. Composite materials dis- 

play many different failure modes, including fiber, matrix and interface failures, making 

prediction difficult. Even for simple in-plane loading under plane stress conditions, a gen- 

erally accepted theory is lacking. The issue of comparing and evaluating the relative merit 

of these criteria now arises. In this study the differences between two composite failure 

criteria are accentuated by using optimization methods to find areas of greatest disagree- 

ment. Experiments are then conducted in one of these areas to find which model performs 

best. 

1.2 Optimization and experiments 

Multiple connections between optimization and experiments occur at various stages of 

analysis and design. These stages include model building, design optimization, design val- 

idation, system identification, and quality control. In summary, the discussions given by 

Haftka [2] on these stages are: 

¢ In model building optimization can be used to a) reduce the number of experiments 

needed to verify the model, b) reduce the number of experiments needed to find con- 

stants associated with the model, and c), design experiments that will discriminate 

between competing models and improve their accuracy. 

¢ Experimental results can be used directly to design optimal systems in cases where 

models are either unavailable, inaccurate, or too expensive to use. 

e System identification employs optimization to determine model constants that best 

match experimental results. 
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e In quality control, optimization can be used to design a sampling system for optimizing 

the reliability required of a product. 

A field known as parameter estimation [3] exists, and in its simpest form 1s concerned with 

finding the parameters associated with a model of a phenomenon observed. This process is 

similar to system identification. In parameter estimation the model is already known, but 

certain parameters are needed to fit the model to the observations. Part of parameter esti- 

mation is the problem of design of experiments. Here the known experimental conditions 

are optimized, so as to maximize the sensitivity of unknown parameters that are to be esti- 

mated. 

Of many connections between optimization and experiments itemized above, experimen- 

tal design for maximum sensitivity to unknown parameters and discriminating between 

competing models are the most germane to the present study. 

1.2.1 Sharpening the differences between competing models 

Typical ways of designing experiments to validate theory include arbitrary selection of test 

cases or use of standard tests. For example, the use of standard tests is common in the field 

of finite element development. As discussed by Haftka and Kao [4], some of these tradi- 

tional approaches to verifying new models may be inherently flawed. In the case of arbi- 

trary selection of test cases it is suggested that a form of “natural selection” can conspire 

against researchers. Different researchers may independently try an idea for a new model. 

If the model is not good most investigators will conclude this from their experiments. It is 

possible though, that one person will pick test conditions where the model coincidentally 

agrees with experiment. Only this researcher is likely to publish the results, leading others 

to believe the model has general validity. 

The practice of using standard tests can also be flawed. For the common case of standard 

tests being used to check new models it is suggested [4] that primarily models doing well 

for the specific test cases will be selected, as opposed to those with general validity. The 

idea of using test cases is of course to test general validity, but this may only be possible 

when a large number of standard tests are required. 

Instead of using arbitrary experiments or standard test cases, Haftka and Kao suggest that 

new models should be compared to old ones to find areas of greatest disagreement. The 
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search for such areas could be done either analytically or by using optimization tech- 

niques. Performing a test in the area of greatest disagreement is most likely to provide a 

challenging test. As an example, Haftka and Kao maximized the difference between two 

finite element models of beam deflections by varying the load distribution on the beam. 

One model used Bernoulli-Euler beam elements while the other used plane-stress ele- 

ments. The optimization problem was to find the load distribution causing the greatest dif- 

ference in strain energy for the two models. A load distribution exploiting the fact that the 

Bernoulli-Euler solution ignores shear deformation was found by the optimizer, correctly 

identifying the weakness of this model. 

Optimization can be used to find test conditions that accentuate the difference between 

two competing models of the same phenomenon. Haftka and Kao’s illustration for this use 

of optimization involve two composite material failure criteria, the first-ply failure criteria 

of Tsai-Hill and Tsai-Wu. First, the set of in-plane stresses that result in the largest ratio of 

failure indices was found, with the stresses treated as independent design variables in the 

optimization. Then a model of a plate with a hole was considered. Here four geometric 

and load design variables were varied to find the largest difference in failure indices. For 

the laminate containing a hole, the stress components are of course not individually vari- 

able but change as result of chages in the design variables. Even so, a failure index ratio 

close to the theoretical maximum (laminate without a hole) was found. However, it is 

noted by Haftka and Kao that the critical ply changes as a function of the design variables, 

leading to a non-smooth optimization problem. 

The case being studied here is similar in concept to maximizing the difference between the 

Tsai-Hill citerion and the Tsai-Wu criterion discussed above. But this study differs in 

some important details and in its scope with respect to the example given by Haftka and 

Kao, as is enumerated in the following section. 

1.3 Objectives and approach 

The objectives of this study are twofold. 

e First, the study will focus on the use of optimization techniques to design experiments 

that differentiate between competing models of the same phenomenon. 
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e Second, this idea will be applied to failure criteria for filamentary composite materials 

with the objective of examining their relative merit when compared to experiment. 

The failure criteria compared are those of Tsai and of Hart-Smith. Explanation of this 

choice is given later. The approach used is to first select suitable types of tests that can be 

performed in the Virginia Tech Aerostructures Axial-Torsional Test Facility, and then 

design optimal specimens that yield the greatest difference in predicted failure load. A 

series of experiments using the optimal specimens are conducted, and the actual failure 

loads are compared to predictions. It is hoped that this will provide insight into both the 

experiment design process and the relative merit of the two failure criteria under consider- 

ation. 

The specific criterion proposed by Tsai [5, ch. 8, 9] considered here includes final ply fail- 

ure employing an iterative ply degradation scheme. Hart-Smith's criterion [6, 7] is based 

on fiber failure in shear, and is represented by a hexagonal envelope in strain space. For 

the Hart-Smith failure criterion, the failure envelope is not a simple analytic function of 

the stress components. As a result, an analytic solution of the optimization problem is not 

feasible. Design variables include the applied load ratio and the laminate stacking 

sequence. 

1.4 Organization of the report 

In this chapter the topic of using optimization in the design of experiments was intro- 

duced. The following chapter focuses more closely on composite material failure predic- 

tion, and in particular provides all the information needed to implement the criteria of Tsai 

and Hart-Smith. The subjects of Chapter three are the test design, related optimization 

problems, and the examination of different solutions. Chapter four is concerned with the 

experimental process itself and gives information on manufacturing of test specimens, 

equipment used and the test procedures. Test results are presented in Chapter five, includ- 

ing comparison with prediction and discussion of the meaning of what was found. Future 

work is also discussed in Chapter five. Finally the work is rounded off with a short sum- 

mary of the work, and a conclusions section. 
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Chapter 2 : Failure Criteria 

2.1 Introduction 

Failure prediction in composite materials is an area of great importance. Knowing how to 

accurately predict failure leads to the opportunity of using a material safely and to its full 

potential. Typically one needs to be able to assess the strength of a structure with complex 

geometry, different lamination sequences, and different load cases. For composite materi- 

als however, failure prediction is not simple, even at the lamina level. Orthotropy and a 

non-homogeneous microstructure complicates matters greatly. 

Considering a filamentary composite material at the lamina level, it is obvious that at least 

three modes of failure may be possible. Either the fibers, matrix, or the fiber-matrix inter- 
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face can fail. In addition, the failure mode for tension and compression loading can be dif- 

ferent for both the fiber and matrix. Available strength data would typically be based on 

uniaxial load tests, but these tests would mainly trigger a single mode of failure. In prac- 

tice, however, the lamina is likely to be loaded at least biaxially. As a result one has to pre- 

dict how the lamina would respond to states of combined loading. For materials 

orthotropic in strength and stiffness, a simple rotation of stresses to principal axes, as is a 

common first step for isotropic materials, is no longer helpful. Everything depends on the 

orientation of the loads and properties with respect to the fiber direction. The failure crite- 

rion now needs to predict how the different elements of loading will interact to cause fail- 

ure. The use of uniaxial data for predicting the strength in biaxial loading cases is the 

central problem in composite failure criteria. 

At the laminate level additional difficulties arise. It is possible to use classical lamination 

theory to find the stresses in each lamina and simply apply a lamina failure criterion ply by 

ply. The effect of lamination, however is then ignored. It is well known, for example, that 

failure of one ply does not necessarily lead to catastrophic failure of the laminate. In this 

case some form of progressive damage model, or a model that directly predicts total fail- 

ure is needed. Stacking sequence is also known to have an effect on laminate strength. For 

example, laminates with too many contiguous plies of the same orientation often crack in 

the matrix, even under thermal stresses during cool-down alone. Interlaminar failure, or 

delamination, is also a common and insidious mode of failure initiation in many laminated 

structural components. 

For these reasons a fully analytic failure criterion, integrating the different failure modes 

into a rational prediction methodology has yet to be developed. There is no dearth of 

attempts at failure criteria, though, with some references describing 22 distinct proposals 

[1, pp. 71-125]. Most criteria treat the material to some extent as a homogeneous orthotro- 

pic body. Empirical means of interpolating uniaxial data for biaxial cases are common. 

Simply checking each of the stresses in fiber coordinates against the stress at failure in the 

uniaxial test is the simplest form of composite strength prediction. This is the well known 

maximum stress criterion [8, pp. 72-74]. As interaction of failure modes is entirely 

ignored, this method is of little value, beyond quick qualitative inspection of stress levels. 

Checking each strain component in a similar way is known as the maximum strain crite- 

rion. It is also known to be inaccurate [8, pp. 74-76], yet it is widely used, with appropri- 
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ately large safety factors, in the aerospace industry. This is less of a compliment for the 

criterion than a measure of how little industry believes the more complex criteria. Accord- 

ing to Hart-Smith [9], this criterion is accurate in the tension-tension and compression- 

compression quadrants, but known to be unconservative in the other two. Nevertheless, he 

refers to it as “until now.... the best failure model available for fibrous composites”. 

Some of the earliest attempts at failure prediction for anisotropic materials were made to 

characterize wood [1, p. 75]. In 1950 Hill generalized the distortion energy yield criterion 

of von Mises for anisotropic materials [8, pp. 76-80], [1, pp. 89-90]. Hill's work was on 

the anisotropy in rolled metals, where the properties become directional with respect to the 

rolling axis. Three important differences with composites should be noted: first, the degree 

of anisotropy is fairly small, second, the rolled material remains homogeneous, and 

finally, the model was developed to predict yield while most composites fail in a brittle 

fashion with little or no yielding. Even so, Tsai and Azzi adopted Hill's criterion for use 

with composite materials [10]. This “Tsai-Hill” criterion accounts only for equal tensile 

and compressive strengths, but was adapted by Hoffman[11] in 1967 to accommodate 

unequal strengths. 

In an attempt to achieve better prediction by allowing more terms in the prediction equa- 

tion some authors introduced the use of strength tensors. One of the first proposals using 

strength tensors was by Gol’denblat and Kopnov [12]. Tsai and Wu published a tensor the- 

ory in 1971 [13]. The theory can be recognized as a simplification of the more general 

Gol’denblat and Kopnov work with the highest rank stress tensor now being 4" order as 

opposed to the Gol’denblat and Kopnov 6" order one. Known as the Tsai-Wu theory, it 

uses the usual five strength terms and in addition, a term related to the extent of interaction 

between failure modes. Ideally this term should be obtainable from biaxial tests, but as 

these tests are quite hard to do properly, the term is more commonly empirically deter- 

mined. 

During the late eighties, Tsai has been extending the Tsai-Wu criterion to include progres- 

sive evaluation of failure, introducing first- and last-ply predictions, [5, ch. 9], [14, ch. 11]. 

Some lesser known work by Puppo and Evenson and Wu and Scheulein proposed direct 

laminate strength theories [1, p. 75]. Recently Hart-Smith proposed a criterion intended 

purely to predict fiber failures in laminates [6], [7], and [15]. Hart-Smith argues that none 

of the criteria to date are truly able to include distinct failure modes. He limits the use of 
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his criterion to fiber dominated laminates, defined as laminates that are so dominated by 

fiber strength that matrix effects are unimportant, arguing that matrix-dominated laminates 

are by definition bad, removing the desire to quantify their strength. 

The list of criteria mentioned above is by no means exhaustive, but includes the popular 

ones and is intended to highlight the different approaches to failure prediction. 

Among the criteria offered, the Tsai-Wu theory is the most widely taught one, and is 

included in several finite-element codes. Various versions including degradation are avail- 

able in composite analysis codes [5, Appendix B]. The latest version, [5, ch. 9], includes 

complete ply-by ply failure sequences. 

The criterion of Hart-Smith has recently begun to attract considerable attention, among 

other things for its physical basis. Hart-Smith is quite outspoken in his papers on the 

unsuitability of “curve-fit” type criteria, (his characterization of tensorial criteria), criticiz- 

ing them for not being grounded in physical arguments and therefore being unscientific. 

For the sake of this investigation into experiment design, the criteria of Hart-Smith and 

Tsai (including progressive failure) have been selected for comparison. The criteria are 

very current, with new material on both criteria having been published as recently as 1992. 

The methods of analysis of failure are also completely different, creating the prospect of a 

non-trivial optimization problem. 

The following two sections are devoted to explaining the basis and application of the two 

criteria. 

2.2 Strain-based maximum shear stress failure criterion of 

Hart-Smith 

Hart-Smith's criterion is based on the well known Tresca maximum shear stress yield cri- 

terion for ductile isotropic homogeneous metals. This criterion is first expressed in strain 

form and then interpreted for composite materials. Tresca's criterion is based on failure by 

a shear mechanism, and Hart-Smith presents evidence that some typical reinforcements, 

like carbon fibers, fail by the same mechanism [7]. The central idea separating this crite- 

rion from most previous composite failure criteria is that separate failures are allowed for 

the matrix, fiber, and fiber-matrix interface. To date the theory only accounts for fiber fail- 
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ures. According to Hart-Smith, failure of the different constituents should be treated sepa- 

rately, and their contributions superimposed in strain space to find the lamina or laminate 

criterion. The empirical means by which Tsai and others draw smooth curves through the 

failure points of the different constituents is rejected as unscientific. 

Hart-Smith states that a truly general failure criterion should be a two-phase theory, with 

different criteria for each constituent superimposed. As only the fiber criterion is available 

to date, certain limitations must be placed on laminates to be analyzed by this criterion. 

Only fiber dominated laminates are to be considered. These are defined as laminates for 

which structurally significant failures of the matrix does not precede fiber failure. Hart- 

Smith reasons that this is not too strict a limitation, as laminates that fail in the matrix are 

by definition bad, removing the desire to predict their strength. In addition he states that a 

similar restriction should apply to the traditional homogenized theories, as they too are 

incapable of differentiating between good and bad laminates. To quote Hart-Smith [7]: 

It does not seem realistic to delay the application of the most realistic failure 

model for conventional fibrous composites merely because the theory is valid only 

for structurally efficient laminates and, like all the theories that preceded it, cannot 

of itself identify structurally inefficient fiber patterns. 

In order to ensure fiber dominated laminates, at least 12.5% of fibers in each of the 0°, 90°, 

45°, and -45°, directions are required. In addition, it is recommended that the number of 

plies in each set of perpendicular directions be similar; i.e., as many +45° plies as —-45° 

plies, etc. 

2.2.1 Tresca failure criterion 

The Tresca criterion, or maximum shear-stress criterion, assumes that yielding for isotro- 

pic homogeneous materials occurs whenever the maximum shear stress reaches the value 

it has when yielding occurs in a tensile test. The maximum shear stress is one-half the dif- 

ference between the maximum and minimum principal stresses, and it occurs on faces 

inclined at 45° to the faces on which the maximum and minimum principal stresses act. In 

. , . % . . 
the tensile test the maximum shear stress is z where 6g is the normal stress at yield. 

Thus, the Tresca criterion states that yielding occurs when 
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Fig. 2.1 Tresca criterion in stress space for an isotropic material; o3=0. 
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in which 6; or G; denotes one of three the principal stresses at a point. 

In the principal stress space (67, 62, 63) the Tresca criterion is represented as a hexagonal 

cylinder with the cylinder’s axis coincident with the ray through the origin and passing 

through coordinate (1,1,1); 1. e., the ray in principal stress space associated with the hydro- 

static state of stress. The intersection of this hexagonal cylinder with the 0 ;-o> plane (63 = 

0) is shown in Fig. 2.1. In this figure the 45° lines are associated with yield in the 1-2 

plane, while the vertical and horizontal lines correspond to maximum shear stresses occur- 

ring in the 1-3 and 2-3 planes, respectively. 

The criterion can also be expressed in terms of critical shear strain, or equivalently, a crit- 

ical normal strain difference. To find this strain difference, consider the state of uniaxial 

tensile stress represented by point A in Fig. 2.1. From Hooke’s law for the stress at point 

A, e =e lmax 
i 0= E> and €5 = — V &, in which EF is the modulus of elasticity and v is   
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Poisson’s ratio. The critical strain difference is €, —-€, = (1+) €,. Using this critical 

strain difference Fig. 2.2 can be drawn. The points labeled A, B, ..., F in Fig. 2.2 are the 

  

      

  

  

B=arctan(v) 

E 

B 

45° 

Bp \ & 
A 

45° 

F 

D 
¥   

Fig. 2.2 Tresca criterion in strain space for an isotropic material. 

strain states corresponding the similarly labeled stress states in Fig. 2.1. For isotropic 

materials the directions of principal stress and strain coincide, so the axes in Fig. 2.2 corre- 

spond to principal strains. (Note that £3 # 0, since in plane stress £3 = —v (0; + 02)/E.) 

Points A and C correspond to pure tensile and compressive stress states in the /-direction, 

respectively, while points B and D are correspond to similar states of stress in the 2-direc- 

tion. These points do not lie on the principal strain axes due to the effect of the material 

Poisson's ratio. To derive the slope of line A-E and C-F consider loading the material 

transversely from point A, the point of maximum longitudinal stress. At this point the crit- 

ical difference is generated simultaneously in the 7-2 and 7-3 planes. When the axial stress 

is held constant and the transverse stress is increased, the 7-2 plane ceases to be critical but 

the /-3 plane remains critical. At point E the 7-3 and 2-3 planes become simultaneously 

critical. The slope of the lines is defined by the Poisson's ratio, as shown in the figure. The 

same argument can be used to find lines C-F. Note that the figure is doubly symmetric 
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about the lines at 45° with the axes. This symmetry is due to the isotropy of the material, 

with only one Poisson's ratio being present. For the new theory this symmetry is lost. 

AS was mentioned, this theory was proposed to predict yielding for ductile isotropic mate- 

rials and applied using the principal stresses. None of these conditions hold for fiber rein- 

forced composites. The theory has however been reinterpreted by Hart-Smith in such a 

way that the traditional case becomes a special case of a new more general theory. 

2.2.2 Hart-Smith interpretation of Tresca's criterion 

Hart-Smith reinterprets Tresca's criterion for fiber failures in composite laminates. The 

failure envelope is drawn for a single fiber in strain space, but a simplifying assumption is 

made later so as to use the same figure for a unidirectional lamina. To justify the use of a 

shear based failure mechanism Hart-Smith refers to work at McDonnell Douglas [7], and 

to work by Drzal [16] which show scanning electron micrographs of failed carbon and 

boron fibers with characteristic 45° shear-failure surfaces. 

When referring to fiber strains the axes are labeled L, T, and N for longitudinal, transverse 

and normal, respectively. It is assumed the fiber is transversely isotropic in the T-N plane, 

and that plane stress conditions exist (6, = 0 yy, = Onz = 0). 

The complete failure envelope is shown in Fig. 2.3, with each labeled vertex point corre- 

sponding to a similar point in the isotropic case (Fig. 2.2). The whole figure is generated 

from a single failure strain, as was the case for isotropic materials; once again the single 

mechanism of shear failure is assumed. Uniaxial fiber failure is used to find the critical 

strain differential, which in turn is used throughout the figure. Consider an uniaxial load in 

the fiber direction, with failure occurring at stress 67,4, At this point the strain in the lon- 

  

Oo 
gitudinal direction will be €, = & = imax , and the strains in the T and N directions 0 E, 

both —v, , €,, since the fiber is transversely isotropic, (Vi7 = Vzy). In these expressions 

E,, is the longitudinal modulus of elasticity, and v, 7 is the major, or longitudinal, Pois- 

son’s ratio. The critical strain differential in both the L-T and L-N planes will accordingly 

be €, (1 +V,-7) . This strain differential, based on uniaxial tension failure of a fiber, is 

used to define the entire envelope. It is referred to as ¥,,;, [6,7], and defined as 
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Fig. 2.3 Hart-Smith strain-based maximum shear stress failure criterion for a 
transversely isotropic fiber. 

Yerit = ©o (1+ Vir) 2.2 

The points A and C once again represent uniaxial loading in the L-direction. Poisson's 

ratio V; 7 defines the slope of line AC. The lines A-D and B-C are at 45° to the L-T axes 

through the uniaxial points A and C and represent the critical, and constant, €;-E7 = Yori 

difference in the L-T plane. It must be stressed that this strain difference does not imply a 

constant stress difference, unlike for the isotropic case. The material is not isotropic and 

has different E, and E7 values, with E; the modulus of elasticity in the transverse direc- 
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�i�n�t�e�r�p�r�e�t�a�t�i�o�n� �t�h�e� �c�o�n�t�r�i�b�u�t�i�o�n� �o�f� �o�r� �t�o� �t�h�e�  ¬�7�,� �-�  ¬�y� �s�t�r�a�i�n� �d�i�f�f�e�r�e�n�t�i�a�l�,� �(�V�,�,�, ��V�_�,�)� �E�,� �i�n� 

�E�q�.� �2�.�6�,� �i�s� �n�e�g�l�e�c�t�e�d�,� �r�e�s�u�l�t�i�n�g� �i�n�  ¬�,�- ¬�y� �r�e�m�a�i�n�i�n�g� �c�o�n�s�t�a�n�t� �w�h�e�n� �6�7� �i�s� �i�n�c�r�e�a�s�e�d� �f�o�r� �f�i�x�e�d� 

�6�,�.� �T�h�i�s� �n�e�w� �g�e�n�e�r�a�l� �d�e�f�i�n�i�t�i�o�n� �o�f� �t�h�e� �c�r�i�t�i�c�a�l� �s�t�a�i�n� �d�i�f�f�e�r�e�n�t�i�a�l� �h�a�s� �n�o� �e�f�f�e�c�t� �o�n� �t�h�e� �4�5�°� 

�l�i�n�e�s� �a�s� �t�h�e� �o�n�l�y� �s�t�r�e�s�s�e�s� �a�r�e� �i�n� �t�h�e� �p�l�a�n�e� �o�f� �c�r�i�t�i�c�a�l� �s�t�r�a�i�n� �d�i�f�f�e�r�e�n�c�e�,� �p�l�a�n�e� �L�-�T�.� �L�i�n�e� �C�-�F� 

�i�s� �f�o�u�n�d� �i�n� �s�i�m�i�l�a�r� �f�a�s�h�i�o�n� �t�o� �A�-�E�.� 

�L�i�n�e�s� �B�-�E� �a�n�d� �D�-�F� �a�r�e� �f�o�u�n�d� �s�i�m�i�l�a�r�l�y�,� �b�y� �k�e�e�p�i�n�g� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �s�t�r�e�s�s� �o�7� �c�o�n�s�t�a�n�t� �a�t� �t�h�e� 

�l�e�v�e�l� �a�t� �B� �a�n�d� �D� �w�h�i�l�e� �i�n�c�r�e�a�s�i�n�g� �o�r� �d�e�c�r�e�a�s�i�n�g� �6�7�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� 

�T�h�i�s� �c�o�n�c�l�u�d�e�s� �t�h�e� �b�a�s�i�c� �f�i�g�u�r�e� �f�o�r� �s�h�e�a�r� �b�a�s�e�d� �f�i�b�e�r� �f�a�i�l�u�r�e�.� 

�T�o� �a�p�p�l�y� �t�h�i�s� �c�r�i�t�e�r�i�o�n� �t�o� �p�r�e�d�i�c�t� �f�i�b�e�r� �f�a�i�l�u�r�e� �w�i�t�h�i�n� �a� �l�a�m�i�n�a�,� �o�n�e� �w�o�u�l�d� �t�y�p�i�c�a�l�l�y� �n�e�e�d� �t�o� 

�r�e�l�a�t�e� �l�a�m�i�n�a� �s�t�r�a�i�n�s� �t�o� �f�i�b�e�r� �s�t�r�a�i�n�s� �u�s�i�n�g� �m�i�c�r�o�m�e�c�h�a�n�i�c�s�.� �F�o�r� �c�e�r�t�a�i�n� �t�y�p�e�s� �o�f� �m�a�t�r�i�x� 

�m�a�t�e�r�i�a�l�,� �H�a�r�t�-�S�m�i�t�h� �i�n�t�r�o�d�u�c�e�s� �a� �s�i�m�p�l�i�f�y�i�n�g� �a�s�s�u�m�p�t�i�o�n� �t�o� �b�y�p�a�s�s� �t�h�i�s�.� �A�s�s�u�m�i�n�g� �s�t�r�o�n�g�,� 

�s�t�i�f�f� �f�i�b�e�r�s� �i�n� �a� �s�o�f�t� �m�a�t�r�i�x�,� �t�h�e� �f�i�b�e�r� �s�t�r�a�i�n�s� �a�r�e� �s�i�m�p�l�y� �a�s�s�u�m�e�d� �t�o� �b�e� �e�q�u�a�l� �t�o� �t�h�e� �l�a�m�i�n�a� 

�s�t�r�a�i�n�s�.� �T�h�e� �a�x�i�a�l� �s�t�r�a�i�n�s� �o�f� �t�h�e� �f�i�b�e�r� �a�n�d� �m�a�t�r�i�x� �a�r�e� �b�y� �n�e�c�e�s�s�i�t�y� �c�o�m�m�o�n�,� �s�o� �n�o� �a�s�s�u�m�p�-� 

�t�i�o�n�s� �o�n� �l�o�n�g�i�t�u�d�i�n�a�l� �f�i�b�e�r� �v�s�.� �l�a�m�i�n�a� �s�t�r�a�i�n�s� �a�r�e� �r�e�q�u�i�r�e�d�.� �F�o�r� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �p�r�o�p�e�r�t�i�e�s� �t�h�i�s� 

�i�s� �n�o�t� �t�h�e� �c�a�s�e�.� �F�o�r� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �o�f� �s�t�r�o�n�g�,� �s�t�i�f�f� �f�i�b�e�r�s� �i�n� �a� �s�o�f�t� �m�a�t�r�i�x�,� �t�h�e� �t�r�a�n�s�v�e�r�s�e� 

�m�a�t�r�i�x� �s�t�i�f�f�n�e�s�s�e�s� �w�i�l�l� �b�e� �l�e�s�s� �o�r� �e�q�u�a�l� �t�o� �t�h�o�s�e� �o�f� �t�h�e� �f�i�b�e�r�.� �I�f� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �s�t�i�f�f�n�e�s�s�e�s� �a�r�e� 

�t�h�e� �s�a�m�e�,� �t�h�e� �f�i�b�e�r� �a�n�d� �m�a�t�r�i�x� �w�i�l�l� �s�h�a�r�e� �t�h�e� �s�a�m�e� �t�r�a�n�s�v�e�r�s�e� �s�t�r�a�i�n�s�,� �w�h�i�l�e� �f�o�r� �a� �s�o�f�t�e�r� 

�m�a�t�r�i�x� �t�h�e� �f�i�b�e�r� �s�t�r�a�i�n� �w�i�l�l� �b�e� �l�e�s�s� �t�h�a�n� �t�h�e� �m�a�t�r�i�x� �s�t�r�a�i�n�.� �T�h�u�s�,� �a�c�c�o�r�d�i�n�g� �t�o� �H�a�r�t�-�S�m�i�t�h�,� 

�n�e�g�l�e�c�t�i�n�g� �m�i�c�r�o�m�e�c�h�a�n�i�c�s� �r�e�s�u�l�t�s� �i�n� �e�i�t�h�e�r� �a� �c�o�n�s�e�r�v�a�t�i�v�e� �s�i�t�u�a�t�i�o�n�,� �w�i�t�h� �t�h�e� �f�i�b�e�r�s� �l�e�s�s� 

�s�e�v�e�r�e�l�y� �l�o�a�d�e�d� �b�e�c�a�u�s�e� �o�f� �t�h�e� �m�a�t�r�i�x� �s�t�r�a�i�n�i�n�g� �m�o�r�e�,� �o�r� �t�h�e� �t�w�o� �s�i�t�u�a�t�i�o�n�s� �b�e�i�n�g� �e�q�u�i�v�a�-� 

�l�e�n�t� �w�h�e�n� �t�h�e� �m�a�t�r�i�x� �a�n�d� �f�i�b�e�r� �t�r�a�n�s�v�e�r�s�e� �p�r�o�p�e�r�t�i�e�s� �a�r�e� �s�i�m�i�l�a�r�.� �I�t� �s�h�o�u�l�d� �b�e� �n�o�t�e�d� �t�h�a�t� �t�h�i�s� 

�m�a�y� �n�o�t� �b�e� �c�o�n�s�e�r�v�a�t�i�v�e� �i�n� �t�h�e� �c�a�s�e� �o�f� �t�h�e� �s�t�r�a�i�n�s� �u�s�e�d� �t�o� �c�a�l�c�u�l�a�t�e� �s�t�r�a�i�n� �d�i�f�f�e�r�e�n�t�i�a�l�s� 

�b�e�i�n�g� �o�f� �t�h�e� �s�a�m�e� �s�i�g�n�.� �I�n� �t�h�i�s� �c�a�s�e� �t�h�e� �c�a�l�c�u�l�a�t�e�d� �s�t�r�a�i�n� �d�i�f�f�e�r�e�n�t�i�a�l�s� �m�a�y� �b�e� �s�m�a�l�l�e�r� �t�h�a�n� 

�t�h�o�s�e� �a�c�t�u�a�l�l�y� �e�x�p�e�r�i�e�n�c�e�d� �b�y� �t�h�e� �f�i�b�e�r�s�.� �T�h�e� �p�r�i�c�e� �p�a�i�d� �f�o�r� �t�h�e� �c�o�n�v�e�n�i�e�n�c�e� �o�f� �b�y�p�a�s�s�i�n�g� 

�m�i�c�r�o�m�e�c�h�a�n�i�c�s� �i�s� �t�h�e� �a�d�d�e�d� �r�e�s�t�r�i�c�t�i�o�n� �t�h�a�t� �t�h�e� �c�r�i�t�e�r�i�o�n� �i�s� �o�n�l�y� �a�p�p�l�i�c�a�b�l�e� �t�o� �c�o�m�p�o�s�i�t�e�s� 

�F�a�i�l�u�r�e� �C�r�i�t�e�r�i�a� �1�6



�w�i�t�h� �s�t�i�f�f� �f�i�b�e�r�s� �i�n� �s�o�f�t� �m�a�t�r�i�c�e�s�.� �M�e�t�a�l�-�m�a�t�r�i�x� �c�o�m�p�o�s�i�t�e�s� �a�r�e� �e�x�c�l�u�d�e�d� �b�y� �t�h�i�s� �r�e�q�u�i�r�e�-� 

�m�e�n�t� �w�h�i�l�e� �c�o�m�p�o�s�i�t�e�s� �w�i�t�h� �m�o�r�e� �c�o�n�v�e�n�t�i�o�n�a�l� �m�a�t�r�i�c�e�s� �l�i�k�e� �e�p�o�x�y� �a�r�e� �a�c�c�e�p�t�a�b�l�e�.� 

�T�h�i�s� �a�s�s�u�m�p�t�i�o�n� �i�s� �a�d�o�p�t�e�d� �b�y� �H�a�r�t�-�S�m�i�t�h� �a�n�d� �t�h�e� �d�i�s�c�u�s�s�i�o�n� �w�h�i�c�h� �f�o�l�l�o�w�s� �w�i�l�l� �r�e�s�u�m�e� 

�t�h�e� �1�-�2�-�3� �n�o�t�a�t�i�o�n� �c�u�s�t�o�m�a�r�y� �f�o�r� �l�a�m�i�n�a� �p�r�i�n�c�i�p�a�l� �a�x�e�s�,� �w�i�t�h� �1� �a�l�i�g�n�e�d� �w�i�t�h� �t�h�e� �f�i�b�e�r�s�,� �2� 

�t�r�a�n�s�v�e�r�s�e� �t�o� �t�h�e� �f�i�b�e�r�s�,� �a�n�d� �3� �t�h�r�o�u�g�h� �t�h�e� �t�h�i�c�k�n�e�s�s� �o�f� �t�h�e� �l�a�m�i�n�a�.� �B�a�s�e�d� �o�n� �t�h�i�s� �a�s�s�u�m�p�-� 

�t�i�o�n�,� �t�h�e� �l�a�m�i�n�a� �f�a�i�l�u�r�e� �c�r�i�t�e�r�i�o�n� �i�s� �t�h�e� �s�a�m�e� �a�s� �F�i�g� �2�.�3�,� �w�i�t�h� �1�-�2�-�3� �r�e�p�l�a�c�i�n�g� �L�-�T�-�N� �i�n� �t�h�e� 

�a�x�i�s� �l�a�b�e�l�s� �a�n�d� �P�o�i�s�s�o�n ��s� �r�a�t�i�o�s�.� 

�T�h�e� �b�a�s�i�c� �c�r�i�t�e�r�i�o�n�,� �F�i�g�.� �2�.�3�,� �m�o�d�e�l�s� �a� �s�i�n�g�l�e� �f�a�i�l�u�r�e� �m�o�d�e�,� �f�i�b�e�r� �f�a�i�l�u�r�e� �b�y� �s�h�e�a�r�.� �T�h�e� 

�s�t�r�e�n�g�t�h� �u�n�d�e�r� �t�h�i�s� �m�o�d�e� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �t�h�e� �s�a�m�e� �f�o�r� �t�e�n�s�i�o�n� �a�n�d� �c�o�m�p�r�e�s�s�i�o�n�.� �I�f� �t�h�e� 

�v�a�l�u�e�s� �o�f� �c�o�m�p�r�e�s�s�i�o�n� �a�n�d� �t�e�n�s�i�o�n� �s�t�r�e�n�g�t�h� �d�i�f�f�e�r� �i�n� �e�x�p�e�r�i�m�e�n�t�a�l� �d�a�t�a� �i�t� �i�s� �a�s�s�u�m�e�d� �t�h�a�t� 

�d�i�f�f�e�r�e�n�t� �f�a�i�l�u�r�e� �m�o�d�e�s� �a�r�e� �p�r�e�s�e�n�t� �a�n�d� �c�a�u�s�e� �t�h�e� �d�i�f�f�e�r�e�n�c�e�;� �e�.�g�.�,� �m�i�c�r�o�-�b�u�c�k�l�i�n�g� �i�n� �c�o�m�-� 

�p�r�e�s�s�i�o�n� �m�a�y� �r�e�d�u�c�e� �t�h�e� �c�o�m�p�r�e�s�s�i�v�e� �s�t�r�e�n�g�t�h�.� �T�h�e�s�e� �s�e�c�o�n�d�a�r�y� �m�o�d�e�s� �w�i�l�l� �b�e� �a�c�c�o�u�n�t�e�d� 

�f�o�r� �b�y� �s�u�p�e�r�p�o�s�i�t�i�o�n� �o�f� �c�u�t�o�f�f�s� �o�n� �t�h�e� �b�a�s�i�c� �f�i�g�u�r�e�.� �T�h�e� �s�h�e�a�r� �f�a�i�l�u�r�e� �m�e�c�h�a�n�i�s�m� �i�s� 

�a�s�s�u�m�e�d� �t�o� �b�e� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �l�a�r�g�e�r� �o�f� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �t�e�n�s�i�o�n� �a�n�d� �c�o�m�p�r�e�s�s�i�o�n� 

�s�t�r�e�n�g�t�h�s�,� �h�e�n�c�e� �t�h�e� �l�a�r�g�e�r� �v�a�l�u�e� �i�s� �u�s�e�d� �i�n� �f�i�n�d�i�n�g� �¥�,�,�;�;�.� 

�A�t� �l�a�m�i�n�a� �l�e�v�e�l�,� �w�e� �k�n�o�w� �o�f� �m�a�n�y� �m�a�t�e�r�i�a�l�s� �f�o�r� �w�h�i�c�h� �t�h�e� �m�e�a�s�u�r�e�d� �f�i�b�e�r� �d�i�r�e�c�t�i�o�n� �t�e�n�-� 

�s�i�o�n� �a�n�d� �c�o�m�p�r�e�s�s�i�o�n� �s�t�r�e�n�g�t�h�s� �a�r�e� �n�o�t� �t�h�e� �s�a�m�e�.� �M�i�c�r�o�-�b�u�c�k�l�i�n�g� �o�f� �s�m�a�l�l�-�d�i�a�m�e�t�e�r� �f�i�b�e�r�s� 

�i�n� �c�o�m�p�r�e�s�s�i�o�n� �i�s� �c�o�m�m�o�n�,� �f�o�r� �e�x�a�m�p�l�e�.� �T�h�e� �a�p�p�r�o�a�c�h� �u�s�e�d� �b�y� �H�a�r�t�-�S�m�i�t�h� �t�o� �a�c�c�o�m�o�d�a�t�e� 

�t�h�i�s� �d�i�f�f�e�r�e�n�c�e� �i�s� �t�o� �s�u�p�e�r�i�m�p�o�s�e� �a� �c�u�t�-�o�f�f� �f�o�r� �e�a�c�h� �f�a�i�l�u�r�e� �m�e�c�h�a�n�i�s�m� �p�r�e�s�e�n�t�.� �I�n� �t�h�i�s� �w�a�y� 

�f�i�b�e�r� �t�e�n�s�i�l�e� �o�r� �c�o�m�p�r�e�s�s�i�v�e� �w�e�a�k�n�e�s�s� �i�s� �a�c�c�o�m�m�o�d�a�t�e�d� �w�h�e�n� �n�e�e�d�e�d� �b�y� �s�u�p�e�r�i�m�p�o�s�i�n�g� �a� 

�c�u�t�-�o�f�f� �a�t� �t�h�e� �a�p�p�r�o�p�r�i�a�t�e� �p�o�s�i�t�i�o�n�.� �T�h�i�s� �i�s� �i�l�l�u�s�t�r�a�t�e�d� �i�n� �F�i�g�s�.� �2�.�4� �a�n�d� �2�.�5�.� 

�I�n� �F�i�g�.� �2�.�4� �t�h�e� �c�o�m�p�r�e�s�s�i�v�e� �f�a�i�l�u�r�e� �s�t�r�a�i�n� �i�s� �g�i�v�e�n� �b�y�  ¬�g�,�.� �T�h�e� �c�u�t�o�f�f� �l�i�n�e� �i�s� �d�r�a�w�n� �p�a�r�a�l�l�e�l� 

�t�o� �t�h�e�  ¬�9� �a�x�i�s�,� �a�s� �H�a�r�t�-�S�m�i�t�h� �a�s�s�u�m�e�s� �t�h�e� �c�o�m�p�r�e�s�s�i�v�e� �f�a�i�l�u�r�e� �m�e�c�h�a�n�i�s�m� �n�o�t� �t�o� �b�e� �d�e�p�e�n�-� 

�d�e�n�t� �o�n� �t�r�a�n�s�v�e�r�s�e� �s�t�r�a�i�n�,� �a�s� �w�o�u�l�d� �b�e� �t�h�e� �c�a�s�e� �f�o�r� �m�i�c�r�o�-�b�u�c�k�l�i�n�g� �o�f� �t�h�e� �f�i�b�e�r�s�,� �f�o�r� �e�x�a�m�-� 

�p�l�e�.� �F�o�r� �t�h�e� �l�e�s�s� �c�o�m�m�o�n� �c�a�s�e� �o�f� �s�m�a�l�l�e�r� �t�e�n�s�i�l�e� �t�h�a�n� �c�o�m�p�r�e�s�s�i�v�e� �s�t�r�e�n�g�t�h� �t�h�e� �c�u�t�o�f�f� �m�a�y� 

�b�e� �d�r�a�w�n� �p�a�r�a�l�l�e�l� �t�o� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �l�o�a�d� �l�i�n�e�,� �i�f� �i�t� �i�s� �k�n�o�w�n� �t�h�a�t� �t�h�e� �m�e�c�h�a�n�i�s�m� �i�n�v�o�l�v�e�d� �i�s� 

�m�o�r�e� �l�i�k�e�l�y� �t�o� �b�e� �a� �s�t�r�e�s�s� �r�e�l�a�t�e�d� �l�i�m�i�t� �(�S�e�e� �F�i�g�u�r�e� �2�.�5�)�.� �I�n� �t�h�i�s� �w�a�y� �t�h�e� �e�f�f�e�c�t� �o�f� �d�i�s�t�i�n�c�t� 

�f�a�i�l�u�r�e� �m�o�d�e�s� �a�r�e� �i�s�o�l�a�t�e�d� �t�o� �t�h�e� �a�r�e�a� �w�h�e�r�e� �t�h�e�y� �o�c�c�u�r�,� �w�i�t�h�o�u�t� �i�n�f�l�u�e�n�c�i�n�g� �f�a�i�l�u�r�e� �p�r�e�d�i�c�-� 

�t�i�o�n� �i�n� �o�t�h�e�r� �a�r�e�a�s�.� 

�T�h�e� �c�r�i�t�e�r�i�a� �s�h�o�w�n� �i�n� �F�i�g�s�.� �2�.�3�,� �2�.�4� �o�r� �2�.�5� �c�a�n� �b�e� �d�i�r�e�c�t�l�y� �a�p�p�l�i�e�d� �a�s� �a� �p�l�y�-�b�y�-�p�l�y� �f�a�i�l�u�r�e� 

�c�r�i�t�e�r�i�o�n�.� �O�n�e� �a�s�p�e�c�t� �o�f� �t�h�e� �s�h�a�p�e� �i�s� �h�o�w�e�v�e�r� �l�i�k�e�l�y� �t�o� �d�r�a�w� �p�r�o�t�e�s�t� �f�r�o�m� �t�h�o�s�e� �a�c�c�u�s�t�o�m�e�d� 
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�F�i�g�.� �2�.�4� �C�u�t�o�f�f� �f�o�r� �l�o�w� �c�o�m�p�r�e�s�s�i�v�e� �s�t�r�e�n�g�t�h� 

�t�o� �t�h�e� �l�o�w� �t�r�a�n�s�v�e�r�s�e� �s�t�r�a�i�n� �t�o� �f�a�i�l�u�r�e� �o�f� �t�r�a�n�s�v�e�r�s�e�l�y� �l�o�a�d�e�d� �u�n�i�d�i�r�e�c�t�i�o�n�a�l� �c�o�m�p�o�s�i�t�e�s�.� �F�o�r� 

�m�a�t�r�i�x� �m�a�t�e�r�i�a�l�s� �s�u�c�h� �a�s� �m�o�s�t� �e�p�o�x�i�e�s�,� �f�o�r� �e�x�a�m�p�l�e�,� �t�e�s�t�i�n�g� �c�o�u�p�o�n�s� �i�n� �t�h�e� �9�0�°� �d�i�r�e�c�t�i�o�n� 

�r�e�s�u�l�t� �i�n� �f�a�i�l�u�r�e�s� �a�t� �s�t�r�a�i�n�s� �t�y�p�i�c�a�l�l�y� �m�u�c�h� �l�o�w�e�r� �t�h�a�n� �t�h�e� �s�t�r�a�i�n�s� �t�o� �f�a�i�l�u�r�e� �i�n� �t�h�e� �f�i�b�e�r� �d�i�r�e�c�-� 

�t�i�o�n�.� �T�h�e� �p�r�e�s�e�n�t� �m�e�t�h�o�d� �w�o�u�l�d� �t�y�p�i�c�a�l�l�y� �p�r�e�d�i�c�t� �s�t�r�a�i�n�s� �s�o�m�e�w�h�a�t� �h�i�g�h�e�r� �t�h�a�n� �t�h�e� �f�i�b�e�r� 

�s�t�r�a�i�n� �i�n� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �d�i�r�e�c�t�i�o�n�.� �H�a�r�t�-�S�m�i�t�h� �c�o�n�t�e�n�d�s� �t�h�a�t� �t�h�e� �l�o�w� �s�t�r�a�i�n� �t�o� �f�a�i�l�u�r�e� �o�f� �9�0�°� 

�u�n�i�d�i�r�e�c�t�i�o�n�a�l� �l�a�m�i�n�a�t�e�s� �i�s� �d�u�e� �t�o� �t�h�e� �c�o�m�m�o�n� �t�e�s�t� �m�e�t�h�o�d� �w�h�i�c�h� �u�s�e�s� �e�x�t�r�e�m�e�l�y� �c�r�a�c�k�-� 

�s�e�n�s�i�t�i�v�e� �a�l�l� �9�0�°� �l�a�m�i�n�a�t�e�s�.� �I�t� �i�s� �a�r�g�u�e�d� �t�h�a�t� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �t�h�e� �f�i�b�e�r�s� �a�c�t� �a�s� �s�e�v�e�r�e� �s�t�r�e�s�s� 

�r�a�i�s�e�r�s�,� �p�a�r�t�i�c�u�l�a�r�l�y� �a�t� �t�h�e� �f�r�e�e� �e�d�g�e�s�,� �c�a�u�s�i�n�g� �p�r�e�m�a�t�u�r�e� �f�a�i�l�u�r�e�.� �A� �b�e�t�t�e�r� �t�e�s�t� �m�e�t�h�o�d� �i�s� 

�p�r�o�p�o�s�e�d� �i�n� �[�1�7�]� �w�h�e�r�e� �b�a�c�k�i�n�g�-�o�u�t� �t�r�a�n�s�v�e�r�s�e� �p�r�o�p�e�r�t�i�e�s� �f�r�o�m� �t�e�s�t�s� �o�n� �0�°�/�9�0�°� �l�a�m�i�n�a�t�e�s� �i�s� 

�p�r�o�p�o�s�e�d� �i�n�s�t�e�a�d� �o�f� �p�u�r�e� �9�0�°� �l�a�m�i�n�a�t�e�s�.� �I�t� �i�s� �t�h�o�u�g�h�t� �t�h�a�t� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �t�h�e� �o�r�t�h�o�g�o�n�a�l� 
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� � �|� �D� � � � � 
�F�i�g�.� �2�.�5� �C�u�t�o�f�f� �f�o�r� �l�o�w� �f�i�b�e�r� �t�e�n�s�i�l�e� �s�t�r�e�n�g�t�h�.� 

�p�l�i�e�s� �p�r�e�v�e�n�t� �p�r�e�m�a�t�u�r�e� �s�t�r�u�c�t�u�r�a�l�l�y� �s�i�g�n�i�f�i�c�a�n�t� �m�a�t�r�i�x� �c�r�a�c�k�i�n�g�.� �F�o�r� �t�h�i�s� �r�e�a�s�o�n� �H�a�r�t�-� 

�S�m�i�t�h� �r�e�q�u�i�r�e�s� �p�l�i�e�s� �t�o� �a�l�w�a�y�s� �b�e� �u�s�e�d� �i�n� �p�e�r�p�e�n�d�i�c�u�l�a�r� �s�e�t�s�,� �a�n�d� �t�h�a�t� �t�h�e� �l�a�m�i�n�a�t�e� �b�e� �i�n�t�e�r�-� 

�s�p�e�r�s�e�d� �a�s� �w�e�l�l� �a�s� �p�o�s�s�i�b�l�e�.� 

�U�p� �t�o� �n�o�w� �o�n�l�y� �a�x�i�a�l� �s�t�r�e�s�s�e�s� �i�n� �t�h�e� �f�i�b�e�r� �p�r�i�n�c�i�p�a�l� �a�x�e�s� �h�a�v�e� �b�e�e�n� �c�o�n�s�i�d�e�r�e�d�.� �O�b�v�i�o�u�s�l�y�,� 

�c�o�n�d�i�t�i�o�n�s� �a�r�i�s�e� �f�o�r� �w�h�i�c�h� �t�h�e� �p�r�i�n�c�i�p�a�l�,� �(�n�o� �s�h�e�a�r� �s�t�r�e�s�s�)� �p�l�a�n�e�s� �d�o� �n�o�t� �l�i�n�e� �u�p� �w�i�t�h� �t�h�e� 

�f�i�b�e�r�s�,� �o�r� �e�q�u�i�v�a�l�e�n�t�l�y� �s�h�e�a�r� �s�t�r�a�i�n� �i�n� �t�h�e� �f�i�b�e�r� �a�x�e�s� �e�x�i�s�t�.� �F�o�r� �t�h�i�s� �c�a�s�e� �t�h�e� �r�e�q�u�i�r�e�m�e�n�t� �t�h�a�t� 

�+�4�5�°� �f�i�b�e�r�s� �a�c�c�o�m�p�a�n�y� �a�l�l� �0�°�/�9�0�°� �f�i�b�e�r�s� �i�s� �i�n�v�o�k�e�d�.� �R�e�c�a�l�l� �t�h�a�t� �p�u�r�e� �s�h�e�a�r� �i�n� �o�n�e� �r�e�f�e�r�e�n�c�e� 

�s�y�s�t�e�m� �t�r�a�n�s�l�a�t�e�s� �t�o� �p�u�r�e� �b�i�a�x�i�a�l� �t�e�n�s�i�o�n�-�c�o�m�p�r�e�s�s�i�o�n� �i�n� �t�h�e� �s�e�t� �o�f� �a�x�e�s� �a�t� �4�5�°� �t�o� �i�t�.� �T�h�e�r�e� 

�w�o�u�l�d� �t�h�e�r�e�f�o�r�e� �a�l�w�a�y�s� �b�e� �+�4�5�°� �f�i�b�e�r�s� �p�r�e�s�e�n�t� �t�o� �t�a�k�e� �t�h�e� �b�r�u�n�t� �o�f� �t�h�e� �s�h�e�a�r� �l�o�a�d�s� �i�n� �p�u�r�e� 

�t�e�n�s�i�o�n�-�c�o�m�p�r�e�s�s�i�o�n�.� �I�n� �a�d�d�i�t�i�o�n�,� �w�h�e�n� �c�o�n�s�i�d�e�r�i�n�g� �t�h�e� �e�f�f�e�c�t� �o�f� �i�n� �p�l�a�n�e� �s�h�e�a�r� �o�n� �t�h�e� �0�°�/� 
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�9�0�°� �l�a�y�e�r�s� �t�h�e� �a�r�g�u�m�e�n�t� �o�f� �s�t�i�f�f� �f�i�b�e�r�s� �i�n� �a� �s�o�f�t� �m�a�t�r�i�x� �i�s� �u�s�e�d�.� �I�t� �i�s� �e�x�p�e�c�t�e�d� �t�h�a�t� �f�o�r� �s�o�f�t� 

�m�a�t�r�i�c�e�s� �m�o�s�t� �o�f� �t�h�e� �s�h�e�a�r� �s�t�r�a�i�n� �w�i�l�l� �b�e� �l�i�m�i�t�e�d� �t�o� �t�h�e� �m�a�t�r�i�x�,� �b�e� �w�e�l�l� �b�e�l�o�w� �t�h�e� �m�a�t�r�i�x� 

�s�h�e�a�r� �l�i�m�i�t�,� �a�n�d� �t�h�e�r�e�f�o�r�e� �n�o�t� �a�f�f�e�c�t� �t�h�e� �f�i�b�e�r�s� �u�n�d�u�l�y�.� �H�a�r�t�-�S�m�i�t�h� �s�t�a�t�e�s� �c�a�t�e�g�o�r�i�c�a�l�l�y� �t�h�a�t� 

�t�h�i�s� �a�s�s�u�m�p�t�i�o�n� �w�o�u�l�d� �h�o�l�d� �f�o�r� �g�l�a�s�s�-�,� �c�a�r�b�o�n�-� �a�n�d� �b�o�r�o�n�-�f�i�b�e�r�s� �i�n� �e�p�o�x�y� �r�e�s�i�n�s�.� �O�n�c�e� 

�a�g�a�i�n� �m�o�r�e� �e�x�o�t�i�c� �m�a�t�e�r�i�a�l�s� �l�i�k�e� �m�e�t�a�l� �m�a�t�r�i�x� �c�o�m�p�o�s�i�t�e�s� �a�r�e� �e�x�c�l�u�d�e�d� �f�r�o�m� �t�h�e� �c�r�i�t�e�r�i�o�n�.� 

�A�s� �a� �r�e�s�u�l�t� �t�h�e� �l�a�m�i�n�a� �l�e�v�e�l� �c�r�i�t�e�r�i�o�n� �i�s� �u�n�b�o�u�n�d�e�d� �a�l�o�n�g� �t�h�e� �i�n�-�p�l�a�n�e� �s�h�e�a�r� �a�x�i�s�,� �i�n� �a�n�t�i�c�i�-� 

�p�a�t�i�o�n� �o�f� �f�i�b�e�r� �f�a�i�l�u�r�e�s� �o�c�c�u�r�r�i�n�g� �i�n� �t�h�e� �a�x�e�s� �a�t� �+�4�5�°� �t�o� �t�h�e� �l�a�m�i�n�a� �u�n�d�e�r� �c�o�n�s�i�d�e�r�a�t�i�o�n�.� 

�2�.�2�.�3� �A�p�p�l�i�c�a�t�i�o�n� �o�f� �H�a�r�t�-�S�m�i�t�h� �c�r�i�t�e�r�i�o�n� 

�W�h�e�n� �t�h�e� �f�a�i�l�u�r�e� �e�n�v�e�l�o�p�e�s� �f�o�r� �0�°�,� �9�0�°�,� �a�n�d� �+�4�5�°� �l�a�m�i�n�a�e� �a�r�e� �t�r�a�n�s�l�a�t�e�d� �i�n�t�o� �t�h�e� �x�-�y� �l�a�m�i�-� 

�n�a�t�e� �c�o�o�r�d�i�n�a�t�e�s�,� �a�n�d� �t�h�e� �s�u�p�e�r�i�m�p�o�s�e�d� �e�n�v�e�l�o�p�e� �p�r�o�j�e�c�t�e�d� �o�n� �t�o� �t�h�e� �x�-�y� �l�a�m�i�n�a�t�e� �c�o�o�r�d�i�-� 

�n�a�t�e�s�,� �w�i�t�h� �t�h�e� �0�°� �f�i�b�e�r�s� �a�l�i�g�n�e�d� �w�i�t�h� �t�h�e� �x�-�a�x�i�s�,� �e�t�c�.�,� �F�i�g�.� �2�.�6� �r�e�s�u�l�t�s�.� �N�o�t�e� �t�h�a�t� �m�a�t�r�i�x� 

�f�a�i�l�u�r�e�s� �a�r�e� �n�o�w� �t�y�p�i�c�a�l�l�y� �t�r�u�n�c�a�t�e�d� �b�y� �f�i�b�e�r�s� �i�n� �t�h�e� �p�e�r�p�e�n�d�i�c�u�l�a�r� �d�i�r�e�c�t�i�o�n� �f�a�i�l�i�n�g� �f�i�r�s�t�.� 

�F�o�r� �t�h�e� �c�a�s�e� �o�f� �e�q�u�a�l� �t�e�n�s�i�o�n� �a�n�d� �c�o�m�p�r�e�s�s�i�o�n� �s�t�r�e�n�g�t�h� �p�l�o�t�t�e�d�,� �n�o�t�e� �a�l�s�o� �t�h�e� �s�y�m�m�e�t�r�y� �i�n� 

�t�h�e� �t�e�n�s�i�o�n�-�t�e�n�s�i�o�n� �a�n�d� �c�o�m�p�r�e�s�s�i�o�n�-�c�o�m�p�r�e�s�s�i�o�n� �q�u�a�d�r�a�n�t�s�.� �C�o�n�s�i�d�e�r�i�n�g� �t�h�e� �e�f�f�e�c�t� �o�f� �i�n�-� 

�p�l�a�n�e� �s�h�e�a�r�,� �w�i�t�h� �s�h�e�a�r� �p�l�o�t�t�e�d� �a�l�o�n�g� �t�h�e� �t�h�i�r�d� �a�x�i�s�,� �F�i�g�.� �2�.�7� �r�e�s�u�l�t�s�.� �T�h�e�  ��r�o�o�f �� �o�f� �t�h�e� �f�i�g�-� 

�u�r�e� �i�s� �d�e�f�i�n�e�d� �b�y� �f�a�i�l�u�r�e�s� �o�f� �t�h�e� �+�4�5�°� �p�l�i�e�s�,� �w�h�i�l�e� �t�h�e� �s�i�d�e�s� �a�r�e� �d�e�f�i�n�e�d� �b�y� �f�a�i�l�u�r�e�s� �a�s� �s�h�o�w�n� 

�i�n� �F�i�g�.� �2�.�6�.� 

�A�p�p�l�y�i�n�g� �H�a�r�t�-�S�m�i�t�h ��s� �c�r�i�t�e�r�i�o�n� �f�o�r� �i�n�-�p�l�a�n�e� �l�o�a�d�i�n�g� �c�a�n� �b�e� �d�o�n�e� �i�n� �t�w�o� �w�a�y�s�.� �T�h�e� �l�a�m�i�n�a� 

�f�a�i�l�u�r�e� �c�r�i�t�e�r�i�a� �c�a�n� �b�e� �s�u�p�e�r�i�m�p�o�s�e�d� �t�o� �f�i�n�d� �t�h�e� �l�a�m�i�n�a�t�e� �f�a�i�l�u�r�e� �c�r�i�t�e�r�i�o�n�,� �d�e�f�i�n�e�d� �b�y� �t�h�e� 

�i�n�n�e�r� �e�n�v�e�l�o�p�e� �o�f� �F�i�g�.� �2�.�6�,� �a�n�d� �i�l�l�u�s�t�r�a�t�e�d� �i�n� �t�h�r�e�e� �d�i�m�e�n�s�i�o�n�s� �i�n� �F�i�g�.� �2�.�7�,� �a�s� �l�o�n�g� �a�s� �t�h�e� 

�S�t�r�a�i�n�s� �a�r�e� �u�n�i�f�o�r�m� �t�h�r�o�u�g�h� �t�h�e� �t�h�i�c�k�n�e�s�s�.� �T�h�e� �s�u�p�e�r�i�m�p�o�s�e�d� �c�r�i�t�e�r�i�o�n�,� �F�i�g�.� �2�.�7�,� �c�a�n� �b�e� 

�a�p�p�l�i�e�d� �d�i�r�e�c�t�l�y� �t�o� �t�h�e� �l�a�m�i�n�a�t�e� �s�t�r�a�i�n�s� �o�f� �a� �l�a�m�i�n�a�t�e� �c�o�n�t�a�i�n�i�n�g� �e�a�c�h� �o�f� �t�h�e� �f�o�u�r� �r�e�q�u�i�r�e�d� 

�f�i�b�e�r� �a�n�g�l�e�s�.� 

�A�l�t�e�r�n�a�t�i�v�e�l�y�,� �t�h�e� �l�a�m�i�n�a� �c�r�i�t�e�r�i�o�n�,� �F�i�g�.� �2�.�3�,� �c�a�n� �b�e� �a�p�p�l�i�e�d� �p�l�y� �b�y� �p�l�y�.� �T�h�i�s� �a�p�p�r�o�a�c�h� �i�s� 

�u�s�e�d� �h�e�r�e�.� �F�o�r� �a� �b�a�s�e� �l�o�a�d� �c�o�n�d�i�t�i�o�n� �a�n�a�l�y�z�e�d�,� �p�l�y� �l�e�v�e�l� �s�t�r�a�i�n�s� �a�r�e� �c�o�m�p�u�t�e�d� �i�n� �t�h�e� �f�i�b�e�r� 

�c�o�o�r�d�i�n�a�t�e� �s�y�s�t�e�m� �1�-�2�.� �T�h�e� �s�t�r�e�n�g�t�h� �r�a�t�i�o�,� �R�,� �i�s� �d�e�f�i�n�e�d� �a�s� �t�h�e� �r�a�t�i�o� �b�y� �w�h�i�c�h� �l�a�m�i�n�a� �l�e�v�e�l� 

�s�t�r�a�i�n�s� �m�u�s�t� �b�e� �m�u�l�t�i�p�l�i�e�d� �t�o� �r�e�a�c�h� �f�a�i�l�u�r�e�;� �i�.�e�.�,� �R�, ¬�,�,� �w�i�t�h�  ¬�,� �t�h�e� �v�e�c�t�o�r� �o�f� �l�a�m�i�n�a� �s�t�r�a�i�n�s� 

�f�o�r� �l�a�m�i�n�a� �n�,� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �a� �b�a�s�e� �l�o�a�d�,� �w�i�l�l� �c�a�u�s�e� �f�a�i�l�u�r�e� �i�n� �l�a�m�i�n�a� �n�.� �R�,�,� �i�s� �f�o�u�n�d� �f�o�r� 

�e�a�c�h� �v�e�c�t�o�r� �o�f� �l�a�m�i�n�a� �s�t�r�a�i�n�s�,� �b�y� �f�i�n�d�i�n�g� �t�h�e� �m�u�l�t�i�p�l�i�e�r� �o�f� �t�h�e� �r�a�y� �i�n� �t�h�e� �1�-�2� �p�l�a�n�e� �f�o�r�m�e�d� 

�b�y�  ¬�;� �a�n�d�  ¬�5�,� �n�e�e�d�e�d� �t�o� �i�n�t�e�r�s�e�c�t� �t�h�e� �f�a�i�l�u�r�e� �e�n�v�e�l�o�p�e�.� �S�h�e�a�r� �s�t�r�a�i�n�,� �Y�;�,� �i�s� �n�o�t� �c�o�n�s�i�d�e�r�e�d� �a�t� 

�F�a�i�l�u�r�e� �C�r�i�t�e�r�i�a� �2�0
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�I�n�n�e�r� �e�n�v�e�l�o�p�e�:� �L�a�m�i�n�a�t�e� 

�c�r�i�t�e�r�i�o�n� 

�+� �4�5� �°� �p�l�i�e�s� 
�0� �°� �p�l�i�e�s� 

�9�0� �°� �p�l�i�e�s� 

�w�e�e�o�w�e�e�u�a�e�u�e� 

�o�e� �e�w� �e�w�e�v�e�c�v�e� 

�F�i�g�.� �2�.�6� �S�u�p�e�r�p�o�s�i�t�i�o�n� �o�f� �0�°� �,� �9�0�°�,� �+�4�5�°� �l�a�m�i�n�a� �f�a�i�l�u�r�e� �c�r�i�t�e�r�i�a� �o�f� �H�a�t�-�S�m�i�t�h� �i�n� �l�a�m�i�n�a�t�e� 
�c�o�o�r�d�i�n�a�t�e�s� 

�t�h�e� �l�a�m�i�n�a� �l�e�v�e�l�,� �a�s� �t�h�e�r�e� �m�u�s�t� �b�e� �f�i�b�e�r�s� �a�t� �+� �4�5�°� �t�h�a�t� �c�a�r�r�y� �t�h�e� �i�n� �p�l�a�n�e� �s�h�e�a�r� �i�n� �t�e�n�s�i�o�n�-� 

�c�o�m�p�r�e�s�s�i�o�n�,� �a�s� �e�x�p�l�a�i�n�e�d� �b�e�f�o�r�e�.� �T�h�u�s�,� �R� �<� �J� �m�e�a�n�s� �t�h�e� �a�p�p�l�i�e�d� �s�t�r�a�i�n� �e�x�c�e�e�d�s� �t�h�e� �m�a�x�i�-� 

�m�u�m� �a�n�d� �i�s� �n�o�t� �a�l�l�o�w�a�b�l�e�,� �R� �=� �/� �i�s� �f�a�i�l�u�r�e�,� �a�n�d� �R� �>� �J� �i�m�p�l�i�e�s� �t�h�e� �a�p�p�l�i�e�d� �s�t�r�a�i�n� �c�a�n� �b�e� 

�i�n�c�r�e�a�s�e�d� �b�y� �t�h�e� �f�a�c�t�o�r� �R� �b�e�f�o�r�e� �f�a�i�l�u�r�e�.� �T�h�e� �s�t�r�e�n�g�t�h� �r�a�t�i�o� �R� �i�s� �n�o�w� �c�a�l�c�u�l�a�t�e�d� �f�o�r� �e�a�c�h� �p�l�y� 

�u�n�d�e�r� �t�h�e� �a�p�p�l�i�e�d� �l�o�a�d�i�n�g�;� �i�.�e�.�,� �R�,�,�,� �n�=�1�,� �2�,� �.�.�,� �n�p�l�y�,� �w�i�t�h� �n�p�l�y� �t�h�e� �n�u�m�b�e�r� �o�f� �p�l�i�e�s� �p�r�e�s�e�n�t�.� 

�T�h�e� �f�a�i�l�u�r�e� �r�a�t�i�o� �f�o�r� �t�h�e� �l�a�m�i�n�a�t�e� �i�s� �t�h�e� �m�i�n�i�m�u�m� �v�a�l�u�e� �o�f� �R�,�,�;� 

�R� �L�a�m�i�n�a�t�e� 

�F�a�i�l�u�r�e� �C�r�i�t�e�r�i�a� 

�=� �M�i�n�{�R�,�:�n� �=� �]�,�.�.�.�.�.�.� �,� �n�p�l�y� �}� �2�.�7� 
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 ��e�s� �e� � � � � � � � � � � 
�e�y� 

�F�i�g�.� �2�.�7� �H�a�r�t�-�S�m�i�t�h� �l�a�m�i�n�a�t�e� �f�a�i�l�u�r�e� �c�r�i�t�e�r�i�o�n� �f�o�r� �0�°�,� �9�0�°� �a�n�d� �+� �4�5�°� �p�l�i�e�s�,� �w�i�t�h� �l�a�m�i�n�a�t�e� �i�n�-� 
�p�l�a�n�e� �s�h�e�a�r� �p�l�o�t�t�e�d� �o�n� �t�h�e� �v�e�r�t�i�c�a�l� �a�x�i�s�.� 

�1�.�e�.�,� �t�h�e� �R�,�,� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �p�l�y� �t�h�a�t� �w�i�l�l� �f�a�i�l� �f�i�r�s�t�.� �T�h�e� �a�p�p�l�i�e�d� �b�a�s�e� �l�o�a�d� �c�a�n� �b�e� �m�u�l�t�i�-� 

�p�l�i�e�d� �b�y� �R�y� �g�m�i�n�a�t�e� �t�o� �f�i�n�d� �t�h�e� �l�a�m�i�n�a�t�e� �f�a�i�l�u�r�e� �l�o�a�d� �l�e�v�e�l�.� 

�2�.�2�.�4� �C�r�i�t�i�c�i�s�m� �o�f� �o�t�h�e�r� �f�a�i�l�u�r�e� �c�r�i�t�e�r�i�a� �b�y� �H�a�r�t�-�S�m�i�t�h� 

�I�n� �h�i�s� �v�a�r�i�o�u�s� �p�a�p�e�r�s�,� �H�a�r�t�-�S�m�i�t�h� �s�p�e�n�d�s� �c�o�n�s�i�d�e�r�a�b�l�e� �t�i�m�e� �e�x�p�l�a�i�n�i�n�g� �w�h�y� �h�e� �t�h�i�n�k�s� �o�t�h�e�r� 

�f�a�i�l�u�r�e� �c�r�i�t�e�r�i�a� �a�r�e� �i�n�c�o�r�r�e�c�t�.� �I�n� �p�a�r�t�i�c�u�l�a�r� �t�h�e� �n�o�t�i�o�n�,� �c�o�m�m�o�n� �t�o� �m�o�s�t� �f�a�i�l�u�r�e� �t�h�e�o�r�i�e�s�,� �t�h�a�t� 

�i�t� �i�s� �r�e�a�s�o�n�a�b�l�e� �t�o� �t�r�e�a�t� �t�h�e� �m�a�t�e�r�i�a�l� �a�t� �l�a�m�i�n�a� �l�e�v�e�l� �a�s� �a� �h�o�m�o�g�e�n�e�o�u�s� �o�r�t�h�o�t�r�o�p�i�c� �b�o�d�y� �f�o�r� 

�t�h�e� �p�u�r�p�o�s�e� �o�f� �f�a�i�l�u�r�e� �p�r�e�d�i�c�t�i�o�n�,� �i�s� �r�e�j�e�c�t�e�d�.� �I�n� �[�1�7�]�,� �a� �l�i�s�t� �o�f� �p�r�o�b�l�e�m�s� �w�i�t�h� �t�h�e� �o�t�h�e�r� �t�h�e�-� 

�o�r�i�e�s� �i�s� �g�i�v�e�n�,� �s�o�m�e� �o�f� �w�h�i�c�h� �a�r�e� �s�u�m�m�a�r�i�z�e�d� �b�e�l�o�w�:� 

�F�a�i�l�u�r�e� �C�r�i�t�e�r�i�a� �2�2



�1�)�  ��T�h�e� �a�b�s�e�n�c�e� �o�f� �r�e�s�i�d�u�a�l� �c�u�r�i�n�g� �s�t�r�e�s�s�e�s� �w�i�t�h�i�n� �a� �l�a�m�i�n�a � � �� 

�A�l�t�h�o�u�g�h� �i�t� �i�s� �c�o�m�m�o�n� �t�o� �c�a�l�c�u�l�a�t�e� �r�e�s�i�d�u�a�l� �c�u�r�i�n�g� �s�t�r�e�s�s�e�s� �a�t� �l�a�m�i�n�a� �l�e�v�e�l� �d�u�e� �t�o� �l�a�m�i�n�a�e� 

�c�o�n�t�r�a�c�t�i�n�g� �d�i�f�f�e�r�e�n�t�l�y� �w�i�t�h�i�n� �a� �l�a�m�i�n�a�t�e�,� �h�o�m�o�g�e�n�i�z�i�n�g� �t�h�e� �l�a�m�i�n�a� �l�e�a�v�e�s� �n�o� �o�p�p�o�r�t�u�n�i�t�y� 

�t�o� �i�n�c�l�u�d�e� �t�h�e� �r�e�s�i�d�u�a�l� �t�h�e�r�m�a�l� �s�t�r�e�s�s�e�s� �w�i�t�h�i�n� �t�h�e� �l�a�m�i�n�a�.� �H�a�r�t�-�S�m�i�t�h� �s�t�a�t�e�s� �t�h�a�t� �f�o�r� �t�y�p�i�c�a�l� 

�A�S�-�4�/�3�5�0�1�-�6� �i�n�t�e�r�n�a�l� �c�u�r�i�n�g� �s�t�r�e�s�s�e�s� �i�n� �t�h�e� �m�a�t�r�i�x� �c�a�n� �b�e� �a�s� �h�i�g�h� �a�s� �1�5�-�k�s�i� �t�e�n�s�i�l�e� �a�l�o�n�g� 

�t�h�e� �f�i�b�e�r� �a�n�d� �6�-�k�s�i� �a�r�o�u�n�d� �t�h�e� �f�i�b�e�r�s�.� �C�o�m�p�a�r�e�d� �t�o� �t�h�e� �4�-�5� �k�s�i� �t�y�p�i�c�a�l�l�y� �n�e�e�d�e�d� �t�o� �c�r�a�c�k� �t�h�e� 

�l�a�m�i�n�a�t�e� �t�r�a�n�s�v�e�r�s�e�l�y�,� �t�h�e�s�e� �a�r�e� �h�i�g�h� �s�t�r�e�s�s�e�s�.� �Y�e�t� �i�n� �t�h�e� �p�r�o�g�r�e�s�s�i�v�e� �f�a�i�l�u�r�e� �m�o�d�e�l� �b�y� �T�s�a�i�,� 

�t�h�e�s�e� �s�t�r�e�s�s�e�s� �a�r�e� �i�g�n�o�r�e�d� �i�n� �c�a�l�c�u�l�a�t�i�n�g� �f�i�r�s�t�-�p�l�y� �f�a�i�l�u�r�e�,� �w�h�i�c�h� �i�s� �o�f�t�e�n� �b�y� �m�a�t�r�i�x� �c�r�a�c�k�s�.� 

�T�h�i�s� �m�e�t�h�o�d� �i�s� �r�e�j�e�c�t�e�d� �a�s� �u�n�s�c�i�e�n�t�i�f�i�c�.� 

�2�)�  ��T�h�e� �d�r�a�w�i�n�g� �o�f� �s�m�o�o�t�h� �c�o�n�t�i�n�u�o�u�s� �f�a�i�l�u�r�e� �c�u�r�v�e�s� �t�h�r�o�u�g�h� �t�e�s�t� �d�a�t�a� �c�h�a�r�a�c�t�e�r�i�z�-� 

�i�n�g� �d�i�f�f�e�r�e�n�t� �m�o�d�e�s� �o�f� �f�a�i�l�u�r�e �� 

�R�e�f�e�r�e�n�c�e� �i�s� �m�a�d�e� �t�o� �H�i�l�l�'�s� �c�l�a�s�s�i�c�a�l� �w�o�r�k� �o�n� �p�r�e�d�i�c�t�i�n�g� �y�i�e�l�d� �f�o�r� �a�n�i�s�o�t�r�o�p�i�c� �m�e�t�a�l�s�,� 

�w�h�e�r�e� �t�h�e� �f�a�i�l�u�r�e� �c�u�r�v�e�s� �a�r�e� �s�m�o�o�t�h�.� �S�i�n�c�e� �H�i�l�l� �w�a�s� �w�o�r�k�i�n�g� �w�i�t�h� �a� �s�i�n�g�l�e� �m�o�d�e� �o�f� �f�a�i�l�u�r�e�,� 

�t�h�i�s� �i�s� �a�c�c�e�p�t�a�b�l�e�,� �b�u�t� �t�h�e� �e�x�t�e�n�s�i�o�n� �t�o� �n�o�n�-�h�o�m�o�g�e�n�e�o�u�s� �m�a�t�e�r�i�a�l�s�,� �f�a�i�l�i�n�g� �u�n�d�e�r� �m�u�l�t�i�p�l�e� 

�f�a�i�l�u�r�e� �m�o�d�e�s�,� �i�s� �r�e�j�e�c�t�e�d�.� �T�h�e� �m�a�i�n� �r�e�a�s�o�n� �f�o�r� �r�e�j�e�c�t�i�n�g� �t�h�i�s� �i�d�e�a� �i�s� �t�h�e� �f�a�c�t� �t�h�a�t� �i�n� �t�h�e�s�e� 

�c�u�r�v�e�-�f�i�t� �t�y�p�e� �c�r�i�t�e�r�i�a� �a� �c�h�a�n�g�e� �i�n� �o�n�e� �r�e�f�e�r�e�n�c�e� �s�t�r�e�n�g�t�h� �r�e�s�u�l�t�s� �i�n� �c�h�a�n�g�e� �o�f� �a�l�l� �p�o�i�n�t�s� �o�n� 

�t�h�e� �b�o�u�n�d�a�r�y�,� �w�i�t�h� �t�h�e� �e�x�c�e�p�t�i�o�n� �o�f� �t�h�e� �o�t�h�e�r� �r�e�f�e�r�e�n�c�e� �s�t�r�e�n�g�t�h�s�.� �A�n� �e�x�a�m�p�l�e� �o�f� �a�n� 

�i�n�c�r�e�a�s�e�d� �b�i�a�x�i�a�l� �c�o�m�p�r�e�s�s�i�o�n� �s�t�r�e�n�g�t�h� �r�e�s�u�l�t�i�n�g� �f�r�o�m� �a� �d�e�c�r�e�a�s�e� �o�f� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �t�e�n�s�i�o�n� 

�s�t�r�e�n�g�t�h� �i�s� �g�i�v�e�n�.� 

�3�)�  ��T�h�e� �a�b�i�l�i�t�y� �o�f� �f�i�b�e�r�s� �t�o� �e�x�c�e�e�d� �t�h�e�i�r� �m�e�a�s�u�r�e�d� �s�t�r�a�i�n� �t�o� �f�a�i�l�u�r�e�. �� 

�T�w�o� �p�o�i�n�t�s� �a�r�e� �m�a�d�e� �h�e�r�e�.� �T�h�e� �f�i�r�s�t� �i�s� �t�h�a�t� �f�o�r� �0�°� �/� �9�0�°� �/� �+�4�5�°� �l�a�m�i�n�a�t�e�s� �a�l�l� �t�h�e� �f�i�b�e�r�s� �a�r�e� 

�f�u�l�l�y� �s�t�r�a�i�n�e�d� �a�t� �t�h�e� �b�i�a�x�i�a�l� �t�e�n�s�i�o�n� �a�n�d� �c�o�m�p�r�e�s�s�i�o�n� �p�o�i�n�t�s�,� �a�s� �c�a�n� �b�e� �s�e�e�n� �i�n� �F�i�g�.� �2�.�7�.� �T�h�i�s� 

�i�m�p�l�i�e�s� �t�h�a�t� �a�n�y� �a�d�d�i�t�i�o�n�a�l� �l�o�a�d�i�n�g� �w�o�u�l�d� �r�e�s�u�l�t� �i�n� �f�a�i�l�u�r�e�.� �F�o�r� �t�h�i�s� �r�e�a�s�o�n� �t�h�e� �e�n�v�e�l�o�p�e� 

�s�h�o�u�l�d� �b�e� �p�o�i�n�t�e�d� �a�t� �t�h�e� �b�i�a�x�i�a�l� �p�o�i�n�t�s� �b�u�t� �t�h�e� �T�s�a�i�-�W�u� �f�i�r�s�t� �p�l�y� �f�a�i�l�u�r�e� �c�u�r�v�e�s� �a�r�e� �b�l�u�n�t�,� 

�i�m�p�l�y�i�n�g� �t�h�a�t� �t�h�e� �+�4�5�°� �f�i�b�e�r�s� �t�h�a�t� �a�r�e� �a�l�r�e�a�d�y� �c�r�i�t�i�c�a�l�l�y� �s�t�r�a�i�n�e�d� �b�y� �t�h�e� �0�°� �a�n�d� �9�0�°� �l�o�a�d�s� �c�a�n� 

�s�o�m�e�h�o�w� �w�i�t�h�s�t�a�n�d� �a�d�d�i�t�i�o�n�a�l� �l�o�a�d�s�.� �I�n� �t�h�e� �c�a�s�e� �o�f� �b�i�a�x�i�a�l� �c�o�m�p�r�e�s�s�i�o�n� �i�t� �i�s� �c�l�e�a�r� �b�y� �l�o�o�k�-� 

�i�n�g� �a�t� �F�i�g�.� �2�.�7� �t�h�a�t� �t�h�e� �m�e�a�s�u�r�e�d� �f�i�b�e�r� �s�t�r�a�i�n�s� �t�o� �f�a�i�l�u�r�e� �w�i�l�l� �h�a�v�e� �t�o� �b�e� �e�x�c�e�e�d�e�d� �f�o�r� �T�s�a�i�'�s� 

�a�n�a�l�y�s�i�s� �t�o� �b�e� �c�o�r�r�e�c�t�.� 

�F�a�i�l�u�r�e� �C�r�i�t�e�r�i�a� �2�3



�4�)�  ��I�n�a�b�i�l�i�t�y� �o�f� �f�i�b�e�r�s� �t�o� �a�c�h�i�e�v�e� �t�h�e�i�r� �m�e�a�s�u�r�e�d� �s�t�r�a�i�n�s� �t�o� �f�a�i�l�u�r�e�. �� 

�L�o�o�k�i�n�g� �a�l�o�n�g� �t�h�e� �b�i�a�x�i�a�l� �l�i�n�e� �o�f� �F�i�g�.� �2�.�7�,� �t�h�e� �e�n�v�e�l�o�p�e� �a�p�p�e�a�r�s� �r�e�c�t�a�n�g�u�l�a�r� �f�o�r� �e�v�e�r�y� �c�r�o�s�s� 

�s�e�c�t�i�o�n�.� �I�n� �a�d�d�i�t�i�o�n�,� �o�n�l�y� �o�n� �t�h�e�  ��r�o�o�f �� �o�f� �t�h�e� �f�i�g�u�r�e� �a�r�e� �t�h�e� �4�5�°� �d�e�g�r�e�e� �p�l�i�e�s� �c�r�i�t�i�c�a�l�l�y� 

�l�o�a�d�e�d�.� �L�o�o�k�i�n�g� �a�t� �T�s�a�i�'�s� �f�i�g�u�r�e� �a�l�o�n�g� �t�h�e� �s�a�m�e� �a�x�i�s�,� �t�h�e� �w�a�l�l�s� �s�l�o�p�e� �i�n�w�a�r�d� �f�o�r� �a�l�l� �s�t�a�t�e�s� 

�o�f� �i�n�-�p�l�a�n�e� �b�i�a�x�i�a�l� �s�h�e�a�r�.� �T�h�i�s� �i�m�p�l�i�e�s� �t�h�a�t� �f�o�r� �i�n�-�p�l�a�n�e� �s�h�e�a�r� �l�o�a�d�s� �t�h�e� �l�a�m�i�n�a�t�e� �f�a�i�l�s� 

�b�e�f�o�r�e� �t�h�e� �f�i�b�e�r�s� �r�e�a�c�h� �t�h�e�i�r� �m�e�a�s�u�r�e�d� �s�t�r�a�i�n�s� �t�o� �f�a�i�l�u�r�e�.� 

�5�)�  ��F�a�i�l�u�r�e� �t�o� �l�i�m�i�t� �s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e� �v�a�r�i�a�t�i�o�n�s�. �� 

�H�a�r�t�-�S�m�i�t�h� �s�t�a�t�e�s� �t�h�e� �w�e�l�l� �k�n�o�w�n� �f�a�c�t� �t�h�a�t� �i�t� �i�s� �i�m�p�o�r�t�a�n�t� �t�o� �l�i�m�i�t� �t�h�e� �n�u�m�b�e�r� �o�f� �a�d�j�a�c�e�n�t� 

�p�l�i�e�s� �w�i�t�h� �t�h�e� �s�a�m�e� �o�r�i�e�n�t�a�t�i�o�n� �t�o� �a�v�o�i�d� �e�x�c�e�s�s�i�v�e� �m�a�t�r�i�x� �c�r�a�c�k�i�n�g�.� �A�l�t�h�o�u�g�h� �h�e� �a�d�m�i�t�s� 

�t�h�a�t� �h�i�s� �c�r�i�t�e�r�i�o�n� �c�a�n�n�o�t� �o�f� �i�t�s�e�l�f� �p�r�e�d�i�c�t� �w�h�e�n� �m�a�t�r�i�x� �c�r�a�c�k�i�n�g� �w�i�l�l� �b�e� �a� �p�r�o�b�l�e�m�,� �h�e� �p�l�a�c�e�s� 

�s�e�v�e�r�e� �r�e�s�t�r�i�c�t�i�o�n�s� �o�n� �t�h�e� �s�u�i�t�a�b�l�e� �l�a�m�i�n�a�t�e�s� �t�o� �a�v�o�i�d� �j�u�s�t� �t�h�a�t� �p�r�o�b�l�e�m�.� �T�h�e� �o�t�h�e�r� �c�r�i�t�e�r�i�a� 

�a�r�e� �s�i�m�i�l�a�r�l�y� �i�n�c�a�p�a�b�l�e� �o�f� �p�r�e�d�i�c�t�i�n�g� �s�e�v�e�r�e� �m�a�t�r�i�x� �c�r�a�c�k�i�n�g�,� �b�u�t� �t�h�e�i�r� �a�u�t�h�o�r�s� �m�a�k�e� �n�o� 

�a�t�t�e�m�p�t� �t�o� �r�e�s�t�r�i�c�t� �t�h�e� �u�s�e� �o�f� �t�h�e� �c�r�i�t�e�r�i�a� �t�o� �l�a�m�i�n�a�t�e�s� �i�n� �w�h�i�c�h� �t�h�i�s� �w�i�l�l� �n�o�t� �b�e� �a� �p�r�o�b�l�e�m�.� 

�T�h�i�s� �c�o�n�c�l�u�d�e�s� �t�h�e� �d�i�s�c�u�s�s�i�o�n� �o�f� �H�a�r�t�-�S�m�i�t�h ��s� �f�a�i�l�u�r�e� �c�r�i�t�e�r�i�o�n�.� �T�h�e� �c�r�i�t�e�r�i�o�n� �o�f� �T�s�a�i� �w�i�l�l� 

�n�o�w� �b�e� �d�e�s�c�r�i�b�e�d�.� 

�2�.�3� �T�s�a�i� �f�a�i�l�u�r�e� �c�r�i�t�e�r�i�o�n� 

�T�h�e� �c�r�i�t�e�r�i�o�n� �d�e�s�c�r�i�b�e�d� �h�e�r�e� �i�s� �t�h�e� �l�a�t�e�s�t� �v�e�r�s�i�o�n� �o�f� �t�h�e� �w�e�l�l� �k�n�o�w�n� �T�s�a�i�-�W�u� �f�a�i�l�u�r�e� �c�r�i�t�e�-� 

�r�i�o�n� �f�o�r� �l�a�m�i�n�a�t�e�d� �c�o�m�p�o�s�i�t�e� �m�a�t�e�r�i�a�l�s�.� �T�h�e� �o�r�i�g�i�n�a�l� �c�r�i�t�e�r�i�o�n� �p�u�b�l�i�s�h�e�d� �b�y� �S�.�W�.� �T�s�a�i� �a�n�d� 

�E�.�M�.� �W�u� �i�n� �1�9�7�1� �[�1�3�]� �i�s� �u�s�e�d� �a�s� �t�h�e� �s�t�a�r�t�i�n�g� �p�o�i�n�t�,� �w�i�t�h� �l�a�t�e�r� �v�e�r�s�i�o�n�s� �f�o�u�n�d� �i�n� �t�h�e� �b�o�o�k�s� 

�o�f� �T�s�a�i� �[�1�4�,� �c�h�.� �1�1�]�,� �[�5�,� �c�h�.� �9�]�,� �i�n�c�l�u�d�i�n�g� �e�x�p�a�n�s�i�o�n� �t�o� �i�n�c�l�u�d�e� �d�e�g�r�a�d�a�t�i�o�n� �a�n�d� �p�r�o�g�r�e�s�s�i�v�e� 

�f�a�i�l�u�r�e�s�.� �T�h�e� �v�e�r�s�i�o�n� �d�e�s�c�r�i�b�e�d� �h�e�r�e� �i�s� �f�o�u�n�d� �i�n� �t�h�e� �b�o�o�k�  ��T�h�e�o�r�y� �o�f� �C�o�m�p�o�s�i�t�e�s� �D�e�s�i�g�n ��,� 

�1�9�9�2�,� �b�y� �S�.�W�.� �T�s�a�i� �[�5�]�.� �T�h�i�s� �v�e�r�s�i�o�n� �h�a�s� �e�v�o�l�v�e�d� �t�h�r�o�u�g�h� �s�e�v�e�r�a�l� �s�t�e�p�s�,� �w�i�t�h� �T�s�a�i�'�s� �p�r�e�v�i�-� 

�o�u�s� �b�o�o�k�  ��C�o�m�p�o�s�i�t�e�s� �D�e�s�i�g�n ��,� �1�9�8�8� �[�1�4�]�,� �c�o�n�t�a�i�n�i�n�g� �a� �s�i�m�p�l�e�r� �v�e�r�s�i�o�n� �o�f� �t�h�e� �d�e�g�r�a�d�a�-� 

�t�i�o�n� �m�o�d�e�l�.� �T�s�a�i� �p�r�o�p�o�s�e�s� �a� �m�u�l�t�i�s�t�e�p� �m�e�t�h�o�d� �o�f� �d�e�t�e�r�m�i�n�i�n�g� �f�a�i�l�u�r�e�.� �T�h�e� �f�i�r�s�t� �s�t�e�p� �i�s� �t�o� 

�f�i�n�d� �t�h�e� �f�i�r�s�t� �p�l�y� �t�o� �f�a�i�l�,� �b�a�s�e�d� �o�n� �t�h�e� �m�e�t�h�o�d� �o�f� �t�h�e� �1�9�7�1� �p�a�p�e�r� �[�1�3�]�.� �A�f�t�e�r� �t�h�i�s� �f�i�r�s�t� �p�l�y� �f�a�i�l�-� 

�u�r�e� �h�a�s� �b�e�e�n� �d�e�t�e�c�t�e�d�,� �a�n� �i�t�e�r�a�t�i�v�e� �p�r�o�c�e�d�u�r�e� �i�s� �u�s�e�d� �t�o� �d�e�t�e�c�t� �t�h�e� �s�e�q�u�e�n�c�e� �a�n�d� �l�o�a�d� �l�e�v�e�l�s� 

�o�f� �s�u�b�s�e�q�u�e�n�t� �f�a�i�l�u�r�e�s�,� �w�i�t�h� �t�h�e� �p�r�o�p�e�r�t�i�e�s� �o�f� �f�a�i�l�e�d� �p�l�i�e�s� �b�e�i�n�g� �s�e�q�u�e�n�t�i�a�l�l�y� �d�e�g�r�a�d�e�d� �a�n�d� 

�s�t�r�e�s�s� �d�i�s�t�r�i�b�u�t�i�o�n� �r�e�c�a�l�c�u�l�a�t�e�d� �a�f�t�e�r� �e�a�c�h� �f�a�i�l�u�r�e�.� �T�h�i�s� �p�r�o�c�e�s�s� �i�s� �c�o�n�t�i�n�u�e�d� �u�n�t�i�l� �a�l�l� �p�l�i�e�s� 

�h�a�v�e� �f�a�i�l�e�d�,� �o�r� �s�o�m�e� �f�i�n�a�l� �f�a�i�l�u�r�e� �t�e�s�t� �i�s� �s�a�t�i�s�f�i�e�d�.� �T�h�e� �m�e�t�h�o�d� �m�a�k�e�s� �i�t� �p�o�s�s�i�b�l�e�,� �a�t� �l�e�a�s�t� �i�n� 
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�p�r�i�n�c�i�p�l�e�,� �n�o�t� �o�n�l�y� �t�o� �p�r�e�d�i�c�t� �l�a�m�i�n�a�t�e� �f�a�i�l�u�r�e�,� �b�u�t� �a�l�s�o� �t�h�e� �s�t�r�e�s�s�-�s�t�r�a�i�n� �h�i�s�t�o�r�y� �o�f� �a� �l�a�m�i�-� 

�n�a�t�e� �b�e�i�n�g� �l�o�a�d�e�d� �t�o� �f�a�i�l�u�r�e�,� �s�h�o�w�i�n�g� �a� �d�e�c�r�e�a�s�e� �i�n� �s�t�i�f�f�n�e�s�s� �a�s� �s�u�c�c�e�s�s�i�v�e� �p�l�i�e�s� �f�a�i�l�.� 

�T�s�a�i� �p�l�a�c�e�s� �n�o� �r�e�s�t�r�i�c�t�i�o�n�s� �o�n� �t�h�e� �p�l�y� �o�r�i�e�n�t�a�t�i�o�n�s� �c�o�n�s�i�d�e�r�e�d�,� �n�o�r� �i�s� �t�h�e� �s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e� 

�a�n�d� �i�n�t�e�r�s�p�e�r�s�i�o�n� �o�f� �p�l�i�e�s� �t�a�k�e�n� �i�n�t�o� �a�c�c�o�u�n�t� �w�h�e�n� �a�p�p�l�y�i�n�g� �h�i�s� �c�r�i�t�e�r�i�o�n�.� �A�n�a�l�y�s�i�s� �i�s� �s�i�m�-� 

�p�l�y� �d�o�n�e� �p�l�y� �b�y� �p�l�y�.� �F�i�v�e� �l�a�m�i�n�a�t�e� �s�t�r�e�n�g�t�h�s� �a�n�d� �a�n� �i�n�t�e�r�a�c�t�i�o�n� �t�e�r�m� �a�r�e� �n�e�e�d�e�d� �t�o� �d�o� �t�h�e� 

�o�r�i�g�i�n�a�l� �T�s�a�i�-�W�u� �a�n�a�l�y�s�i�s�,� �w�h�i�l�e� �m�i�c�r�o�m�e�c�h�a�n�i�c�a�l� �d�a�t�a� �i�s� �n�e�e�d�e�d� �f�o�r� �t�h�e� �d�e�g�r�a�d�a�t�i�o�n� 

�m�o�d�e�l�.� 

�T�h�e� �m�e�t�h�o�d� �i�s� �d�e�s�c�r�i�b�e�d� �i�n� �d�e�t�a�i�l� �b�e�l�o�w�,� �s�t�a�r�t�i�n�g� �w�i�t�h� �t�h�e� �o�r�i�g�i�n�a�l� �T�s�a�i�-�W�u� �c�r�i�t�e�r�i�o�n� �a�s� 

�b�a�s�i�s� �f�o�l�l�o�w�e�d� �b�y� �d�e�t�a�i�l�s� �o�f� �t�h�e� �d�e�g�r�a�d�a�t�i�o�n� �p�r�o�c�e�d�u�r�e� �a�n�d� �s�u�p�p�o�r�t�i�n�g� �a�r�g�u�m�e�n�t�s�.� 

�2�.�3�.�1� �B�a�s�i�c� �T�s�a�i�-�W�u� �c�r�i�t�e�r�i�o�n� 

�T�h�e� �b�a�s�i�c� �c�r�i�t�e�r�i�o�n� �i�s� �n�o�t� �b�a�s�e�d� �o�n� �a� �s�p�e�c�i�f�i�c� �p�h�y�s�i�c�a�l� �o�r� �t�h�e�o�r�e�t�i�c�a�l� �t�h�e�o�r�y� �o�f� �f�a�i�l�u�r�e� �b�u�t� �i�s� 

�a�n� �a�t�t�e�m�p�t� �t�o� �f�i�t� �e�x�p�e�r�i�m�e�n�t�a�l� �f�a�i�l�u�r�e� �d�a�t�a� �b�e�t�t�e�r� �t�h�a�n� �p�r�e�v�i�o�u�s� �m�o�d�e�l�s�.� �T�s�a�i� �w�r�i�t�e�s�:� 

�I�t� �s�h�o�u�l�d� �b�e� �e�m�p�h�a�s�i�z�e�d� �t�h�a�t� �f�a�i�l�u�r�e� �c�r�i�t�e�r�i�a� �a�r�e� �e�m�p�i�r�i�c�a�l� �s�c�h�e�m�e�s� �m�a�d�e� �t�o� �f�i�t� �a�v�a�i�l�-� 
�a�b�l�e� �e�x�p�e�r�i�m�e�n�t�a�l� �d�a�t�a�.� �S�i�n�c�e� �t�h�e�y� �a�r�e� �n�o�t� �d�e�r�i�v�e�d� �f�r�o�m� �f�u�n�d�a�m�e�n�t�a�l� �p�r�i�n�c�i�p�l�e�s�,� �i�t� �i�s� 
�n�o�t� �a� �q�u�e�s�t�i�o�n� �o�f� �h�a�v�i�n�g� �a� �c�o�r�r�e�c�t� �o�r� �i�n�c�o�r�r�e�c�t� �c�r�i�t�e�r�i�o�n�.� �T�h�e� �q�u�a�d�r�a�t�i�c� �c�r�i�t�e�r�i�o�n� �i�s� 
�b�e�t�t�e�r� �b�e�c�a�u�s�e� �i�t� �i�s� �e�a�s�i�e�r� �t�o� �u�s�e� �a�n�d� �m�o�r�e� �f�l�e�x�i�b�l�e�.�[�5�,� �p�.� �8�-�1�7�]� 

�T�h�e� �b�a�s�i�c� �c�r�i�t�e�r�i�o�n� �p�r�o�v�i�d�e�s� �a�n� �e�q�u�a�t�i�o�n� �w�i�t�h� �p�a�r�a�m�e�t�e�r�s� �d�e�p�e�n�d�e�n�t� �o�n� �b�o�t�h� �t�h�e� �s�t�r�e�n�g�t�h� 

�p�r�o�p�e�r�t�i�e�s� �a�n�d� �o�n� �i�n�t�e�r�a�c�t�i�o�n� �b�e�t�w�e�e�n� �s�o�m�e� �o�f� �t�h�e�m�.� �D�i�f�f�e�r�e�n�t� �t�e�n�s�i�l�e� �a�n�d� �c�o�m�p�r�e�s�s�i�o�n� 

�s�t�r�e�n�g�t�h�s� �c�a�n� �b�e� �a�c�c�o�m�m�o�d�a�t�e�d� �w�i�t�h� �e�a�s�e�.� �T�h�e� �b�a�s�i�c� �e�q�u�a�t�i�o�n� �i�n� �t�h�e� �s�t�r�e�s�s�e�s� �i�s� �g�i�v�e�n� �b�y�:� 

�F�j�,�0�,�0�,�+� �F�,�6�,� �=� �1�,� �w�i�t�h�i�,�j�=�1�,�.�.�.�.�,�6� 

�T�h�i�s� �s�c�a�l�a�r� �e�q�u�a�t�i�o�n� �i�n� �t�h�e� �s�t�r�e�s�s�e�s� �d�e�s�c�r�i�b�e�s� �a� �f�a�i�l�u�r�e� �s�u�r�f�a�c�e� �i�n� �t�h�r�e�e� �d�i�m�e�n�s�i�o�n�a�l� �s�t�r�e�s�s� 

�s�p�a�c�e�,� �w�i�t�h� �c�o�n�t�r�a�c�t�e�d� �n�o�t�a�t�i�o�n� �b�e�i�n�g� �u�s�e�d�,� �i�.�e�.�,� �0�)�,� �O�>�,� �0�3� �a�r�e� �s�t�r�e�s�s�e�s� �p�a�r�a�l�l�e�l� �t�o� �t�h�e� 

�f�i�b�e�r�s�,� �t�r�a�n�s�v�e�r�s�e�,� �a�n�d� �t�h�o�u�g�h� �t�h�e� �t�h�i�c�k�n�e�s�s� �o�f� �a� �l�a�m�i�n�a�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �w�h�i�l�e� �0�4�,� �6�5�,� �G�6� �a�r�e� 

�s�h�e�a�r� �s�t�r�e�s�s�e�s�.� �T�h�e� �F�j�;� �a�n�d� �F�;� �t�e�r�m�s� �a�r�e� �f�o�u�r�t�h� �a�n�d� �s�e�c�o�n�d� �o�r�d�e�r� �s�t�r�e�n�g�t�h� �t�e�n�s�o�r�s�,� �r�e�s�p�e�c�-� 

�t�i�v�e�l�y�.� �F�o�r� �t�h�e� �c�a�s�e� �o�f� �p�l�a�n�e� �s�t�r�e�s�s� �f�o�r� �a�n� �o�r�t�h�o�t�r�o�p�i�c� �l�a�m�i�n�a�,� �(�6�3� �=� �6�4� �=� �6�5� �=� �0�)�,� �t�h�e� �e�q�u�a�-� 

�t�i�o�n� �r�e�d�u�c�e�s� �t�o�:� 

�2� �2� �2� �_� �P�O�)� �+� �F�9�0�5� �+� �P�e�g� �0�6�4�+� �2�F�1�6�,�0�,�+� �F�\�6�,�+�F�,�0�,� �=� �1� �2�.�8� 
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�T�h�e� �F�j�;� �t�e�r�m�s� �c�a�n� �b�e� �f�o�u�n�d� �b�y� �s�e�q�u�e�n�t�i�a�l�l�y� �s�e�t�t�i�n�g� �d�i�f�f�e�r�e�n�t� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �t�h�e� �s�t�r�e�s�s�e�s� �t�o� 

�z�e�r�o� �a�n�d� �s�o�l�v�i�n�g�,� �u�s�i�n�g� �s�t�r�e�n�g�t�h� �d�a�t�a� �f�o�r� �t�h�e� �n�o�n� �z�e�r�o� �s�t�r�e�s�s�e�s�.� �I�n� �t�h�i�s� �w�a�y� �w�e� �f�i�n�d�:� 

�F�o�r� �6�;� �#�0�:� 

�1� 
�P�u� �=� �x�y� 

�1� �1� 

�F�o�r� �6�7� �#�0� 

�1� 
�F�y� �=� �y�y� 

�1� �1� 
�n�=� �y�y� 
�F�o�r� �0�¢� �#� �0�:� 

�1� 
�F�e�e� �=� �3� 

�X� �a�n�d� �X �� �a�r�e� �t�h�e� �l�a�m�i�n�a� �t�e�n�s�i�l�e� �a�n�d� �c�o�m�p�r�e�s�s�i�o�n� �s�t�r�e�n�g�t�h�s� �i�n� �t�h�e� �f�i�b�e�r� �d�i�r�e�c�t�i�o�n�,� �r�e�s�p�e�c�-� 

�t�i�v�e�l�y�,� �Y� �a�n�d� �Y �� �a�r�e� �t�h�e� �t�e�n�s�i�l�e� �a�n�d� �c�o�m�p�r�e�s�s�i�o�n� �s�t�r�e�n�g�t�h�s� �t�r�a�n�s�v�e�r�s�e� �t�o� �t�h�e� �l�a�m�i�n�a�,� �a�n�d� �S� �i�s� 

�t�h�e� �i�n�-�p�l�a�n�e� �s�h�e�a�r� �s�t�r�e�n�g�t�h�.� �T�h�e� �s�i�x�t�h� �t�e�r�m�,� �F�7�7�,� �c�a�n�n�o�t� �b�e� �d�e�t�e�r�m�i�n�e�d� �f�r�o�m� �a� �u�n�i�a�x�i�a�l� �t�e�s�t�,� 

�a�s� �i�t� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �b�e�t�w�e�e�n� �f�a�i�l�u�r�e� �i�n� �t�h�e� �1� �a�n�d� �2� �d�i�r�e�c�t�i�o�n�s�.� �I�n� �p�r�i�n�c�i�p�l�e� �a�t� 

�l�e�a�s�t�,� �i�t� �c�a�n� �b�e� �d�e�t�e�r�m�i�n�e�d� �f�r�o�m� �b�i�a�x�i�a�l� �t�e�s�t� �d�a�t�a�,� �w�i�t�h� �b�o�t�h� �0�)� �a�n�d� �6�»� �n�o�n�-�z�e�r�o� �a�t� �f�a�i�l�u�r�e�.� 

�I�n� �p�r�a�c�t�i�c�e� �t�e�s�t�s� �l�i�k�e� �t�h�e�s�e� �a�r�e� �v�e�r�y� �h�a�r�d� �t�o� �p�e�r�f�o�r�m� �a�n�d� �t�h�e� �t�e�r�m� �i�s� �u�s�u�a�l�l�y� �f�i�r�s�t� �w�r�i�t�t�e�n� �i�n� 

�t�h�e� �f�o�r�m�:� 

�*� 

�F�i�g� �=� �F�i�n� �f�F�)� �F� �2�2� 

�a�n�d� �F� �2� �t�h�e�n� �c�h�o�s�e�n� �e�m�p�i�r�i�c�a�l�l�y�.� �T�s�a�i� �r�e�c�o�m�m�e�n�d�s� �t�h�a�t� �t�h�e� �v�a�l�u�e� �F� �D� �=� �-�0�.�5� �b�e� �u�s�e�d�,� 

�b�a�s�e�d� �o�n� �a�r�g�u�m�e�n�t�s� �o�n� �t�h�e� �a�d�m�i�s�s�i�b�l�e� �r�a�n�g�e� �f�o�r� �t�h�e� �t�e�r�m� �[�5�,� �p�.� �8�-�1�1�]�.� 
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�D�u�e� �t�o� �t�h�e� �l�a�r�g�e� �a�n�i�s�o�t�r�o�p�y� �i�n� �s�t�r�e�n�g�t�h� �f�o�r� �c�o�m�p�o�s�i�t�e�s� �a� �p�l�o�t� �o�f� �t�h�i�s� �c�r�i�t�e�r�i�o�n� �i�n� �s�t�r�e�s�s� 

�s�p�a�c�e� �h�a�s� �a� �v�e�r�y� �e�l�o�n�g�a�t�e�d� �s�h�a�p�e�.� �I�t� �i�s� �t�h�e�r�e�f�o�r�e� �m�o�r�e� �c�o�m�m�o�n�l�y� �p�l�o�t�t�e�d� �i�n� �s�t�r�a�i�n� �s�p�a�c�e� 

�a�n�d� �a� �t�y�p�i�c�a�l� �s�h�a�p�e� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� �2�.�8�.� �T�h�e� �p�o�i�n�t�s� �l�a�b�e�l�e�d� �A� �a�n�d� �C� �a�r�e� �t�h�e� �f�i�b�e�r� �d�i�r�e�c�t�i�o�n� 

� � 
�F�i�g�.� �2�.�8� �T�s�a�i�-�W�u� �f�i�r�s�t� �p�l�y� �f�a�i�l�u�r�e� �c�r�i�t�e�r�i�o�n� �i�n� �s�t�r�a�i�n� �s�p�a�c�e�.� 

�t�e�n�s�i�o�n� �a�n�d� �c�o�m�p�r�e�s�s�i�v�e� �f�a�i�l�u�r�e� �p�o�i�n�t�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �a�n�d� �B� �a�n�d� �D� �a�r�e� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �t�e�n�-� 

�s�i�o�n� �a�n�d� �c�o�m�p�r�e�s�s�i�o�n� �f�a�i�l�u�r�e� �p�o�i�n�t�s�.� �T�h�u�s�,� �t�h�e� �f�a�i�l�u�r�e� �e�n�v�e�l�o�p�e� �p�a�s�s�e�s� �t�h�r�o�u�g�h� �t�h�e� �p�o�i�n�t�s� 

�d�e�f�i�n�e�d� �b�y� �u�n�i�a�x�i�a�l� �l�a�m�i�n�a� �f�a�i�l�u�r�e� �i�n� �b�o�t�h� �t�h�e� �f�i�b�e�r� �a�n�d� �t�r�a�n�s�v�e�r�s�e� �d�i�r�e�c�t�i�o�n�s�.� �T�h�e� �e�n�v�e�l�o�p�e� 

�a�l�s�o� �p�a�s�s�e�s� �t�h�r�o�u�g�h� �t�h�e� �s�h�e�a�r� �f�a�i�l�u�r�e� �p�o�i�n�t�s�,� �a�n�d� �h�a�s� �a� �s�i�m�i�l�a�r� �s�h�a�p�e� �t�o� �t�h�a�t� �i�n� �F�i�g�.� �2�.�8� 

�w�h�e�n� �p�l�o�t�t�e�d� �f�o�r� �t�h�e� �s�h�e�a�r� �a�x�i�s� �r�e�p�l�a�c�i�n�g� �o�n�e� �o�f� �t�h�e� �a�x�e�s� �i�n� �F�i�g�.� �2�.�8�.� 

�I�n� �o�r�d�e�r� �t�o� �f�i�n�d� �t�h�e� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �s�t�r�e�s�s�e�s� �t�h�a�t� �w�i�l�l� �c�a�u�s�e� �f�a�i�l�u�r�e� �t�h�e� �s�t�r�e�n�g�t�h� �r�a�t�i�o� �R�,� �i�s� 

�i�n�t�r�o�d�u�c�e�d�,� �a�s� �d�i�s�c�u�s�s�e�d� �i�n� �s�e�c�t�i�o�n� �2�.�3�.� �E�a�c�h� �o�f� �t�h�e� �a�p�p�l�i�e�d� �s�t�r�e�s�s� �c�o�m�p�o�n�e�n�t�s� �i�s� �m�u�l�t�i�-� 

�p�l�i�e�d� �b�y� �R� �a�n�d� �t�h�e� �v�a�l�u�e� �t�h�a�t� �c�a�u�s�e�s� �f�a�i�l�u�r�e� �i�s� �f�o�u�n�d�.� �S�u�b�s�t�i�t�u�t�e� �o�/ �� �=� �R�o�f�P�P�!�¢�4� �i�n�t�o� �E�q�.� 

�2�.�8� �t�o� �f�i�n�d�:� 

�2� �=� 
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�w�h�i�c�h� �i�s� �a� �q�u�a�d�r�a�t�i�c� �e�q�u�a�t�i�o�n� �i�n� �R�,� �0�; ��s� �b�e�i�n�g� �t�h�e� �a�p�p�l�i�e�d� �s�t�r�e�s�s�e�s�.� �S�o�l�v�i�n�g� �f�o�r� �t�h�e� �p�o�s�i�t�i�v�e� 

�q�u�a�d�r�a�t�i�c� �r�o�o�t� �o�f� �R� �p�r�o�v�i�d�e�s� �t�h�e� �r�a�t�i�o� �b�y� �w�h�i�c�h� �e�a�c�h� �o�f� �t�h�e� �a�p�p�l�i�e�d� �s�t�r�e�s�s� �v�a�l�u�e�s� �m�u�s�t� �b�e� 

�m�u�l�t�i�p�l�i�e�d� �f�o�r� �f�a�i�l�u�r�e� �l�e�v�e�l� �t�o� �b�e� �r�e�a�c�h�e�d�.� �E�q�u�i�v�a�l�e�n�t�l�y�,� �i�f� �w�e� �a�p�p�l�y� �a� �c�o�n�s�t�a�n�t� �r�a�t�i�o� �o�f� �b�a�s�e� 

�l�o�a�d�i�n�g�s�,� �N�,� �:� �N�y� �:� �N�y�,� �f�o�r� �e�x�a�m�p�l�e�,� �m�u�l�t�i�p�l�y�i�n�g� �e�a�c�h� �b�y� �R� �w�i�l�l� �g�e�n�e�r�a�t�e� �f�a�i�l�u�r�e�.� �T�o� �f�i�n�d� 

�t�h�e� �f�i�r�s�t� �p�l�y� �f�a�i�l�u�r�e� �l�o�a�d� �f�o�r� �a� �l�a�m�i�n�a�t�e�,� �a� �b�a�s�e� �l�o�a�d� �v�e�c�t�o�r� �i�s� �a�p�p�l�i�e�d�,� �t�h�e� �s�t�r�e�s�s�e�s� �i�n� �e�a�c�h� 

�p�l�y� �c�a�l�c�u�l�a�t�e�d�,� �a�n�d� �t�h�e� �p�o�s�i�t�i�v�e� �r�o�o�t� �o�f� �R� �i�n� �E�q�.� �2�.�9� �i�s� �c�o�m�p�u�t�e�d� �i�n� �e�a�c�h� �p�l�y�.� �F�i�r�s�t� �p�l�y� �f�a�i�l�-� 

�u�r�e� �l�o�a�d� �i�s� �f�o�u�n�d� �b�y� �m�u�l�t�i�p�l�y�i�n�g� �t�h�e� �b�a�s�e� �l�o�a�d� �v�e�c�t�o�r� �b�y� �t�h�e� �m�i�n�i�m�u�m� �v�a�l�u�e� �o�f� �R� �i�n� �t�h�e� 

�l�a�m�i�n�a�t�e�.� 

�2�.�3�.�2� �T�s�a�i� �p�r�o�g�r�e�s�s�i�v�e� �f�a�i�l�u�r�e� �m�o�d�e�l�.� 

�T�h�e� �n�e�e�d� �t�o� �e�x�t�e�n�d� �T�s�a�i�-�W�u� �t�o� �i�n�c�l�u�d�e� �d�e�g�r�a�d�a�t�i�o�n� �a�n�d� �p�r�o�g�r�e�s�s�i�v�e� �f�a�i�l�u�r�e�s� �s�t�e�m�s� �f�r�o�m� 

�t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �l�o�w� �t�r�a�n�s�v�e�r�s�e� �t�e�n�s�i�l�e� �s�t�r�a�i�n� �t�o� �f�a�i�l�u�r�e� �o�f� �u�n�i�d�i�r�e�c�t�i�o�n�a�l� �l�a�m�i�n�a�e�,� �m�e�a�s�u�r�e�d� 

�i�n� �e�x�p�e�r�i�m�e�n�t�s�,� �i�s� �t�y�p�i�c�a�l�l�y� �n�o�t� �o�b�s�e�r�v�e�d� �f�o�r� �l�a�m�i�n�a�t�e�s�.� �F�o�r� �a� �0�°�/�9�0�°� �s�p�e�c�i�m�e�n� �i�n� �p�u�r�e� �t�e�n�-� 

�s�i�o�n�,� �t�h�e� �T�s�a�i�-�W�u� �c�r�i�t�e�r�i�o�n� �w�o�u�l�d� �p�r�e�d�i�c�t� �f�a�i�l�u�r�e� �a�t� �c�l�o�s�e� �t�o� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �s�t�r�a�i�n� �t�o� �f�a�i�l�u�r�e� 

�f�o�r� �a� �l�a�m�i�n�a�,� �a�s� �w�a�s� �i�n�p�u�t� �i�n� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �s�t�r�e�n�g�t�h� �Y�.� �T�h�i�s� �w�o�u�l�d� �f�o�r� �m�a�n�y� �m�a�t�r�i�x� �s�y�s�-� 

�t�e�m�s�,� �f�o�r� �e�x�a�m�p�l�e� �t�h�e� �e�p�o�x�i�e�s�,� �r�e�s�u�l�t� �i�n� �f�a�i�l�u�r�e� �b�e�i�n�g� �p�r�e�d�i�c�t�e�d� �w�e�l�l� �b�e�f�o�r�e� �t�h�e� �f�i�b�e�r� �a�n�d� 

�t�h�e�r�e�f�o�r�e� �f�i�n�a�l� �f�a�i�l�u�r�e� �i�s� �r�e�a�c�h�e�d�,� �a�n�d� �w�i�t�h� �t�h�e� �s�p�e�c�i�m�e�n� �s�t�i�l�l� �s�t�r�u�c�t�u�r�a�l�l�y� �i�n�t�a�c�t�.� �I�n� �o�r�d�e�r� �t�o� 

�r�e�c�o�n�c�i�l�e� �t�h�i�s� �m�e�a�s�u�r�e�d� �l�a�m�i�n�a� �f�a�i�l�u�r�e� �s�t�r�a�i�n� �i�n� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �d�i�r�e�c�t�i�o�n� �w�i�t�h� �t�h�e� �a�b�s�e�n�c�e� 

�o�f� �d�r�a�s�t�i�c� �f�a�i�l�u�r�e� �f�o�r� �l�a�m�i�n�a�t�e�s�,� �a� �p�r�o�g�r�e�s�s�i�v�e� �d�e�g�r�a�d�a�t�i�o�n� �s�c�h�e�m�e� �h�a�s� �b�e�e�n� �d�e�v�e�l�o�p�e�d�.� �T�h�e� 

�s�i�m�p�l�e�s�t� �v�e�r�s�i�o�n� �o�f� �t�h�i�s� �w�o�u�l�d� �b�e� �t�o� �s�e�t� �t�h�e� �m�a�t�r�i�x� �p�r�o�p�e�r�t�i�e�s� �t�o� �z�e�r�o� �i�n� �t�h�e� �f�i�r�s�t� �p�l�y� �f�a�i�l�u�r�e� 

�p�l�y�,� �r�e�d�o� �t�h�e� �a�n�a�l�y�s�i�s�,� �f�i�n�d� �n�e�x�t� �p�l�y� �f�a�i�l�u�r�e�,� �s�e�t� �p�r�o�p�e�r�t�i�e�s� �t�o� �z�e�r�o�,� �a�n�d� �s�o� �o�n�.� �T�h�i�s� �s�t�r�a�t�e�g�y� 

�d�o�e�s� �h�o�w�e�v�e�r� �n�o�t� �m�a�t�c�h� �w�i�t�h� �r�e�a�l�i�t�y�,� �a�s� �t�h�e� �m�a�t�r�i�x� �r�e�t�a�i�n�s� �m�u�c�h� �o�f� �i�t�s� �l�o�a�d� �c�a�r�r�y�i�n�g� �c�a�p�a�-� 

�b�i�l�i�t�y� �b�e�y�o�n�d� �t�h�e� �p�r�e�d�i�c�t�e�d� �f�i�r�s�t� �p�l�y� �f�a�i�l�u�r�e� �p�o�i�n�t�.� �I�n�s�t�e�a�d�,� �T�s�a�i� �h�a�s� �d�e�v�e�l�o�p�e�d� �a� �s�c�h�e�m�e� �t�o� 

�d�e�g�r�a�d�e� �t�h�e� �m�a�t�r�i�x�-�d�o�m�i�n�a�t�e�d� �p�r�o�p�e�r�t�i�e�s� �t�o� �t�y�p�i�c�a�l�l�y� �2�0�%� �o�f� �t�h�e�i�r� �i�n�t�a�c�t� �v�a�l�u�e�s�,� �o�n�c�e� �f�i�r�s�t� 

�p�l�y� �f�a�i�l�u�r�e� �h�a�s� �b�e�e�n� �r�e�a�c�h�e�d�.� 

�T�h�e� �f�l�o�w�c�h�a�r�t� �i�n� �F�i�g�.� �2�.�9� �g�i�v�e�s� �a�n� �o�u�t�l�i�n�e� �o�f� �h�o�w� �t�h�e� �p�r�o�g�r�e�s�s�i�v�e� �d�e�g�r�a�d�a�t�i�o�n� �s�c�h�e�m�e� �i�s� 

�i�m�p�l�e�m�e�n�t�e�d�.� �T�o� �s�t�a�r�t� �f�i�r�s�t� �p�l�y� �f�a�i�l�u�r�e� �i�s� �c�a�l�c�u�l�a�t�e�d� �a�s� �d�e�s�c�r�i�b�e�d� �b�e�f�o�r�e�.� �I�f� �t�h�e� �t�r�a�n�s�v�e�r�s�e� 

�n�o�r�m�a�l� �s�t�r�a�i�n� �i�n� �t�h�e� �c�r�i�t�i�c�a�l� �p�l�y� �i�s� �p�o�s�i�t�i�v�e�,� �i�.�e�.�  ¬�>� �>� �0�,� �i�t� �i�s� �a�s�s�u�m�e�d� �t�h�a�t� �m�a�t�r�i�x� �c�r�a�c�k�s� �h�a�v�e� 

�f�o�r�m�e�d�.� �F�a�i�l�u�r�e� �i�s� �d�e�f�i�n�e�d� �a�s� �a� �m�a�t�r�i�x� �f�a�i�l�u�r�e�,� �a�n�d� �t�h�e� �m�a�t�r�i�x� �p�r�o�p�e�r�t�i�e�s� �d�e�g�r�a�d�e�d� �i�n� �t�h�e� 

�c�r�i�t�i�c�a�l� �p�l�y�.� �I�f�  ¬�>� �<� �0�,� �i�t� �i�s� �a�s�s�u�m�e�d� �t�h�a�t� �t�h�e� �m�a�t�r�i�x� �h�a�s� �n�o�t� �c�r�a�c�k�e�d�,� �a�n�d� �f�i�b�e�r� �f�a�i�l�u�r�e� �i�s� 

�a�s�s�u�m�e�d�,� �F�i�b�e�r� �p�r�o�p�e�r�t�i�e�s� �a�r�e� �t�h�e�n� �d�e�g�r�a�d�e�d� �i�n� �t�h�e� �c�r�i�t�i�c�a�l� �p�l�y�.� �A�f�t�e�r� �t�h�e� �d�e�g�r�a�d�a�t�i�o�n� �s�t�e�p�,� 

�t�h�e� �s�t�r�e�s�s�e�s� �o�r� �s�t�r�a�i�n�s� �i�n� �t�h�e� �p�l�i�e�s� �a�r�e� �r�e�c�a�l�c�u�l�a�t�e�d� �f�o�r� �t�h�e� �l�a�m�i�n�a�t�e� �w�i�t�h� �m�i�x�e�d� �b�a�s�e�l�i�n�e� �a�n�d� 

�d�e�g�r�a�d�e�d� �p�r�o�p�e�r�t�i�e�s�,� �a�n�d� �T�s�a�i�-�W�u� �a�p�p�l�i�e�d� �a�g�a�i�n�.� �O�n�c�e� �a�g�a�i�n� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �s�t�r�a�i�n� �i�s� 
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�F�i�b�e�r� �m�o�d�e�  ��<�_ � �� 

�|� �|� �d�e�g�r�a�d�e� �4� 

�E�,�,� �E�,�,� �V�i�o�»� �G�1�5�.�X�'�,�F� �1�2� � � � � � � 
�F�i�g�.� �2�.�9� �S�e�l�e�c�t�i�v�e� �a�n�d� �p�r�o�g�r�e�s�s�i�v�e� �p�l�y�-�b�y�-�p�l�y� �d�e�g�r�a�d�a�t�i�o�n� �a�l�g�o�r�i�t�h�m� �f�o�r� �i�n�-�p�l�a�n�e�,� 
�p�r�o�p�o�r�t�i�o�n�a�l� �l�o�a�d�i�n�g� �o�f� �s�y�m�m�e�t�r�i�c� �l�a�m�i�n�a�t�e�s� �(�n�o� �b�e�n�d�i�n�g�)�.� �A�d�a�p�t�e�d� �f�r�o�m� �T�s�a�i� �[�5�]�.� 

�c�h�e�c�k�e�d� �a�n�d� �d�e�g�r�a�d�a�t�i�o�n� �p�e�r�f�o�r�m�e�d�.� �I�f� �a� �c�r�i�t�i�c�a�l� �p�l�y� �h�a�s� �h�a�d� �i�t�s� �m�a�t�r�i�x� �p�r�o�p�e�r�t�i�e�s� �d�e�g�r�a�d�e�d� 

�b�e�f�o�r�e�,� �a�n�d� �h�a�s� �a� �p�o�s�i�t�i�v�e� �t�r�a�n�s�v�e�r�s�e� �s�t�r�a�i�n�,� �a� �f�i�b�e�r� �f�a�i�l�u�r�e� �i�s� �n�o�w� �d�e�f�i�n�e�d�.� �T�h�i�s� �s�e�q�u�e�n�c�e� �o�f� 

�d�e�g�r�a�d�a�t�i�o�n� �a�n�d� �r�e�a�n�a�l�y�s�i�s� �i�s� �p�e�r�f�o�r�m�e�d� �u�n�t�i�l� �s�o�m�e� �s�t�o�p�p�i�n�g� �c�r�i�t�e�r�i�o�n� �f�o�r� �f�i�n�a�l� �l�a�m�i�n�a�t�e� 

�f�a�i�l�u�r�e� �i�s� �s�a�t�i�s�f�i�e�d�.� �O�n�e� �m�a�y� �s�i�m�p�l�y� �l�e�t� �t�h�e� �a�n�a�l�y�s�i�s� �c�o�n�t�i�n�u�e� �u�n�t�i�l� �a�l�l� �p�l�i�e�s� �h�a�v�e� �r�e�a�c�h�e�d� 

�f�i�b�e�r� �f�a�i�l�u�r�e�.� �A�l�t�e�r�n�a�t�i�v�e�l�y�,� �t�h�e� �f�i�r�s�t� �p�l�y� �t�o� �r�e�a�c�h� �f�i�b�e�r� �f�a�i�l�u�r�e�,� �o�r� �t�h�e� �f�i�r�s�t� �t�i�m�e� �a� �s�u�b�s�e�q�u�e�n�t� 

�f�a�i�l�u�r�e� �l�o�a�d� �i�s� �l�e�s�s� �t�h�a�n� �t�h�e� �p�r�e�s�e�n�t� �v�a�l�u�e� �m�a�y� �b�e� �t�a�k�e�n� �a�s� �f�i�n�a�l� �l�a�m�i�n�a�t�e� �f�a�i�l�u�r�e�.� �I�n� �t�h�e� 

�p�r�e�s�e�n�t� �s�t�u�d�y�,� �l�a�m�i�n�a�t�e� �f�a�i�l�u�r�e� �i�s� �d�e�f�i�n�e�d� �a�s� �t�h�e� �f�i�b�e�r� �f�a�i�l�u�r�e� �l�e�a�d�i�n�g� �t�o� �a� �d�r�o�p� �i�n� �t�h�e� �l�o�a�d�.� 

�F�a�i�l�u�r�e� �C�r�i�t�e�r�i�a� �2�9



�T�w�o� �d�i�f�f�e�r�e�n�t� �t�y�p�e�s� �o�f� �d�e�g�r�a�d�a�t�i�o�n� �a�r�e� �u�s�e�d�,� �a� �m�a�t�r�i�x� �m�o�d�e� �a�n�d� �a� �f�i�b�e�r� �m�o�d�e�.� �T�h�e� �d�e�g�r�a�d�a�-� 

�t�i�o�n� �m�o�d�e�l� �i�s� �p�r�e�s�e�n�t�e�d� �n�e�x�t�.� 

�2�.�3�.�3� �T�s�a�i� �d�e�g�r�a�d�a�t�i�o�n� �m�o�d�e�l� 

�T�h�e� �m�a�t�r�i�x� �m�o�d�e� �o�f� �d�e�g�r�a�d�a�t�i�o�n� �i�s� �b�a�s�e�d� �o�n� �t�h�e� �f�o�r�m�a�t�i�o�n� �o�f� �m�i�c�r�o�c�r�a�c�k�s� �i�n� �t�h�e� �m�a�t�r�i�x� �o�f� 

�a� �l�a�m�i�n�a� �l�o�a�d�e�d� �i�n� �t�r�a�n�s�v�e�r�s�e� �t�e�n�s�i�o�n�.� �T�h�e� �l�o�s�s� �o�f� �s�t�i�f�f�n�e�s�s� �i�n� �t�h�e� �l�a�m�i�n�a� �1�s� �m�o�d�e�l�e�d� �b�y� 

�d�e�g�r�a�d�i�n�g� �t�h�e� �m�a�t�r�i�x� �d�o�m�i�n�a�t�e�d� �p�r�o�p�e�r�t�i�e�s�,� �u�s�i�n�g� �m�i�c�r�o�m�e�c�h�a�n�i�c�s� �e�q�u�a�t�i�o�n�s�.� 

�M�o�d�i�f�i�e�d� �r�u�l�e� �o�f� �m�i�x�t�u�r�e�s� �e�q�u�a�t�i�o�n�s� �a�r�e� �u�s�e�d� �t�o� �f�i�n�d� �t�r�a�n�s�v�e�r�s�e� �p�r�o�p�e�r�t�i�e�s�,� �a�s� �g�i�v�e�n� �b�e�l�o�w�:� 

� � � � 

�»� �*� 

 ��_� �a�n� �l�E�t�E� �2�.�1�0� 
�*� 

�1� �1� �1� �V�p� �|� �=� �+� �2�.�1�1� 
�G�y� �(�1�+�0�,�,�°�)� �a�e� �G�r�n� 

�w�i�t�h� �E�y� �a�n�d� �G�7�»� �t�h�e� �l�a�m�i�n�a� �t�r�a�n�s�v�e�r�s�e� �a�n�d� �i�n�-�p�l�a�n�e� �s�h�e�a�r� �m�o�d�u�l�i�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� �q�u�a�n�-� 

�t�i�t�i�e�s� �w�i�t�h� �s�u�b�s�c�r�i�p�t�s� �f�a�n�d� �m� �r�e�f�e�r� �t�o� �f�i�b�e�r� �a�n�d� �m�a�t�r�i�x� �p�r�o�p�e�r�t�i�e�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �w�i�t�h� �E�y� �t�h�e� 

�t�r�a�n�s�v�e�r�s�e� �f�i�b�e�r� �s�t�i�f�f�n�e�s�s�,� �e�t�c�.� �T�h�e� �p�r�o�p�e�r�t�y� �v�;� �i�s� �r�e�l�a�t�e�d� �t�o� �s�t�r�e�s�s� �p�a�r�t�i�t�i�o�n�i�n�g� �p�a�r�a�m�e�t�e�r�s�,� 

�n�j�,� �d�e�f�i�n�e�d� �i�n� �[�1�8�,� �p�.� �3�9�3�]�,� �w�h�i�c�h� �a�c�c�o�u�n�t� �f�o�r� �t�h�e� �d�i�f�f�e�r�e�n�t� �f�i�b�e�r� �a�n�d� �m�a�t�r�i�x� �s�t�r�e�s�s�e�s� �a�t� 

�m�i�c�r�o�m�e�c�h�a�n�i�c�a�l� �l�e�v�e�l� �f�o�r� �a� �t�r�a�n�s�v�e�r�s�e�l�y� �l�o�a�d�e�d� �f�i�b�e�r�-�m�a�t�r�i�x� �s�y�s�t�e�m�.� �T�h�e� �7�; ��s� �a�r�e� �d�e�f�i�n�e�d� 

�f�r�o�m� 

�O�n� �=� �1�5�9� 

�a�n�d� 

�T�a� �=� �N�y�t�:� 

�T�h�e� �v�a�l�u�e� �o�f� �t�h�e� �1�;� �t�e�r�m�s� �a�r�e� �m�a�i�n�l�y� �d�e�p�e�n�d�e�n�t� �o�n� �t�h�e� �g�e�o�m�e�t�r�y� �o�f� �t�h�e� �f�i�b�e�r�-�m�a�t�r�i�x� �s�y�s�-� 

�t�e�m�,� �a�n�d� �c�a�n� �b�e� �t�r�e�a�t�e�d� �a�s� �e�m�p�i�r�i�c�a�l� �c�o�n�s�t�a�n�t�s� �f�o�r� �m�o�s�t� �u�n�i�d�i�r�e�c�t�i�o�n�a�l� �f�i�b�e�r�-�m�a�t�r�i�x� �s�y�s�-� 

�t�e�m�s�.� �T�s�a�i� �s�u�g�g�e�s�t�s� �t�h�e� �v�a�l�u�e�s� �1�)� �=� �0�.�5�1�6�1� �a�n�d� �7�)� �7�2� �=� �0�.�3�1�6�2�.� 
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�T�h�e� �v�;�S� �a�r�e� �d�e�f�i�n�e�d� �a�s�:� 

�*� �m� �v�o�,� �=�7� �2� �2� �M�i� 

�*� �V�i�n� �.� �.� �.� �.� 
�V�p� �=� �N�p� �T�>� �w�i�t�h� �v�,�,� �a�n�d� �v�e�t�h�e� �m�a�t�r�i�x� �a�n�d� �f�i�b�e�r� �v�o�l�u�m�e� �f�r�a�c�t�i�o�n�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� 

�f� 

�T�h�e� �q�u�a�n�t�i�t�i�e�s� �E�>� �a�n�d� �G�y�7�2� �a�r�e� �t�y�p�i�c�a�l�l�y� �n�o�t� �a�v�a�i�l�a�b�l�e� �b�u�t� �a�r�e� �b�a�c�k�-�c�a�l�c�u�l�a�t�e�d� �f�r�o�m� �E�q�.� 

�2�.�1�0� �a�n�d� �2�.�1�1�,� �u�s�i�n�g� �u�n�d�e�g�r�a�d�e�d� �p�r�o�p�e�r�t�i�e�s�.� �T�h�e� �b�a�s�i�s� �o�f� �t�h�e� �d�e�g�r�a�d�a�t�i�o�n� �s�c�h�e�m�e� �i�s� �t�h�a�t� 

�o�n�l�y� �t�h�e� �m�a�t�r�i�x� �m�o�d�u�l�u�s� �E�,�,�,� �i�s� �d�e�g�r�a�d�e�d�,� �a�n�d� �t�h�e� �i�n�f�l�u�e�n�c�e� �o�n� �t�h�e� �o�t�h�e�r� �p�r�o�p�e�r�t�i�e�s� �c�a�l�c�u�-� 

�l�a�t�e�d� �f�r�o�m� �t�h�e� �e�q�u�a�t�i�o�n�s� �g�i�v�e�n�.� �T�h�e� �m�a�t�r�i�x� �d�e�g�r�a�d�a�t�i�o�n� �f�a�c�t�o�r�,� �E�n� �i�s� �d�e�f�i�n�e�d� �a�s� 

�E�d�e�s�r�a�d�e�d� 

�E�_�*� �=�  ��*�_�_�,� �a�n�d� �i�s� �t�r�e�a�t�e�d� �a�s� �a�n� �e�m�p�i�r�i�c�a�l� �c�o�n�s�t�a�n�t�,� �a�n�d� �t�h�e� �v�a�l�u�e� �s�u�g�g�e�s�t�e�d� �b�y� �T�s�a�i� 
�m� �b�a�s�e�l�i�n�e� 

�E� �m� 

�i�s� �l�i�s�t�e�d� �i�n� �T�a�b�l�e� �2�.�1�.� �T�o� �c�a�l�c�u�l�a�t�e� �E�>�4�°�8!"�e�¢� �a�n�d� �G�,�,�9�¢�8�4�e�¢�,� �F �� �i�s� �u�s�e�d� �t�o� �d�e�g�r�a�d�e� �E�,�,� 

�a�n�d� �G�,�,�,� �i�n� �e�q�u�a�t�i�o�n�s� �2�.�1�0� �a�n�d� �2�.�1�1� �t�o� �f�i�n�d�:� 

� � �s�_�_� �s�s� �_�_�]� �J�y� �a� �2�.�1�2� 
�E�f�e�s�r�a�d�e�d� �~� �(�1�+� �V�y� �)� �E�n� �E�n� �E�n� �°� 

�1� �_� �1� �1�,� �V�i�2� �3�1�3� 
�G�i�c�s�r�a�d�e�d� �(�1�+� �V�i�o� �)� �G�r�o� �E�.�,� �G�.� �"� 

�w�h�e�r�e� �G�,�,� �i�s� �a�l�s�o� �d�e�g�r�a�d�e�d� �b�y� �d�i�r�e�c�t� �m�u�l�t�i�p�l�i�c�a�t�i�o�n� �b�y� �E�m� �«� �T�h�e� �d�e�g�r�a�d�a�t�i�o�n� �f�a�c�t�o�r�s� �E�>�"� 

�a�n�d� �G�;� �>� �a�r�e� �d�e�f�i�n�e�d� �i�n� �t�h�e� �s�a�m�e� �w�a�y� �a�s� �E�,�,� �"�I�n� �a�d�d�i�t�i�o�n� �t�o� �d�e�g�r�a�d�a�t�i�o�n� �o�f� �m�a�t�r�i�x�-�d�o�m�i�-� 

�n�a�t�e�d� �s�t�i�f�f�n�e�s�s� �p�r�o�p�e�r�t�i�e�s�,� �t�h�e� �f�i�b�e�r� �d�i�r�e�c�t�i�o�n� �c�o�m�p�r�e�s�s�i�v�e� �s�t�r�e�n�g�t�h� �X ��,� �i�s� �d�e�g�r�a�d�e�d�.� �T�h�i�s� �i�s� 

�b�a�s�e�d� �o�n� �t�h�e� �a�r�g�u�m�e�n�t� �t�h�a�t� �t�h�e� �c�o�m�p�r�e�s�s�i�v�e� �s�t�r�e�n�g�t�h� �w�i�l�l� �b�e� �a�f�f�e�c�t�e�d� �b�y� �l�o�s�s� �o�f� �s�t�i�f�f�n�e�s�s� �o�f� 

�t�h�e� �m�a�t�r�i�x� �a�s� �t�h�e� �f�i�b�e�r�s� �w�i�l�l� �b�e� �m�o�r�e� �l�i�k�e�l�y� �t�o� �b�u�c�k�l�e�.� �T�h�i�s� �i�s� �q�u�a�n�t�i�f�i�e�d� �b�y� �a� �p�o�w�e�r� �l�a�w� 

�e�q�u�a�t�i�o�n�:� 

�h� �d� �\�"� �x�X� �d�e�g�r�a�d�e�d� �_� �s�2�]� �_� �G� �.� �\�"� �a� 

�x�X�  ��A�G�p�)� �P�P� 
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�T�h�e� �e�x�p�o�n�e�n�t� �n� �i�s� �a�n� �e�m�p�i�r�i�c�a�l� �c�o�n�s�t�a�n�t�.� �F�i�n�a�l�l�y� �t�h�e� �t�e�r�m� �F�;� �>� �a�n�d� �t�h�e� �P�o�i�s�s�o�n ��s� �r�a�t�i�o� �v�7� 

�a�r�e� �d�e�g�r�a�d�e�d� �b�y� �m�u�l�t�i�p�l�y�i�n�g� �w�i�t�h� �E�m� �«� 

�F�i�b�e�r� �d�e�g�r�a�d�a�t�i�o�n� �m�o�d�e�l�s� �f�i�b�e�r� �f�a�i�l�u�r�e�s� �i�n� �a� �p�l�y�.� �A� �s�i�m�i�l�a�r� �a�p�p�r�o�a�c�h� �t�o� �m�a�t�r�i�x� �d�e�g�r�a�d�a�t�i�o�n� 

�i�s� �u�s�e�d�.� �I�n� �t�h�i�s� �c�a�s�e� �b�o�t�h� �t�h�e� �f�i�b�e�r� �a�n�d� �m�a�t�r�i�x� �p�r�o�p�e�r�t�i�e�s� �a�r�e� �d�e�g�r�a�d�e�d� �b�y� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �a�n� 

�e�m�p�i�r�i�c�a�l� �f�i�b�e�r� �d�e�g�r�a�d�a�t�i�o�n� �f�a�c�t�o�r� �E�F� �.� �E� �i�s� �d�e�g�r�a�d�e�d� �b�y� �d�i�r�e�c�t� �m�u�l�t�i�p�l�i�c�a�t�i�o�n� �w�i�t�h� �E�,� �.� �E�>� 

�a�n�d� �G�7�»� �a�r�e� �d�e�g�r�a�d�e�d� �b�y� �m�u�l�t�i�p�l�y�i�n�g� �t�h�e� �m�a�t�r�i�x� �p�r�o�p�e�r�t�i�e�s�,� �E�,�,� �a�n�d� �G�,�,� �i�n� �e�q�u�a�t�i�o�n�s� �2�.�1�2� 

�a�n�d� �2�.�1�3� �b�y� �E�y� �i�n�s�t�e�a�d� �o�f� �E�,�,� �*� �I�n� �a�d�d�i�t�i�o�n� �t�h�e� �t�e�r�m� �F� �1�2�"� �a�n�d� �t�h�e� �P�o�i�s�s�o�n ��s� �r�a�t�i�o� �v�;�>� �a�r�e� 

�d�e�g�r�a�d�e�d� �b�y� �m�u�l�t�i�p�l�y�i�n�g� �w�i�t�h� �E�F�.� �X �� �i�s� �d�e�g�r�a�d�e�d� �a�s� �i�n� �E�q�.� �2�.�1�4�,� �w�i�t�h� �t�h�e� �G� �D�2� �v�a�l�u�e� �c�a�l�c�u�-� 

�l�a�t�e�d� �f�r�o�m� �E�y� �n�o�w� �u�s�e�d�.� 

�A�s� �m�e�n�t�i�o�n�e�d�,� �t�h�e� �s�t�r�e�s�s� �p�a�r�t�i�t�i�o�n�i�n�g� �p�a�r�a�m�e�t�e�r�s�,� �N�y� �a�n�d� �1� �7�,� �t�h�e� �d�e�g�r�a�d�a�t�i�o�n� �f�a�c�t�o�r�s� �E� �.� 

�E�F�,� �a�n�d� �t�h�e� �e�x�p�o�n�e�n�t� �n� �a�r�e� �e�m�p�i�r�i�c�a�l� �c�o�n�s�t�a�n�t�s�.� �T�h�e� �v�a�l�u�e�s� �f�o�r� �t�h�e�s�e� �a�r�e� �g�i�v�e�n� �b�y� �T�s�a�i� �f�o�r� 

�a� �n�u�m�b�e�r� �o�f� �m�a�t�e�r�i�a�l�s�.� �F�o�r� �T�3�0�0�/�5�2�0�8� �t�h�e�s�e� �a�r�e� �r�e�p�o�r�t�e�d� �i�n� �T�a�b�l�e� �2�.�1�.� 

�T�A�B�L�E� �2�.�1� �E�m�p�i�r�i�c�a�l� �c�o�n�s�t�a�n�t�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �T�s�a�i� �d�e�g�r�a�d�a�t�i�o�n� �m�o�d�e�l�.� 
� � 

� � 

� � 

�E�m�p�i�r�i�c�a�l� 
�c�o�n�s�t�a�n�t� �V�a�l�u�e� 

�N�2� �0�.�5�1�6�1� 

�N�7�2� �0�.�3�1�6�2� 

�E�m�.� �0�.�1�5� 
�E�f� �0�.�0�1� 

�n� �0�.�1� 
� � 

� � 

�A�n� �o�v�e�r�v�i�e�w� �o�f� �t�h�e� �m�a�t�r�i�x� �d�e�g�r�a�d�a�t�i�o�n� �s�c�h�e�m�e� �a�n�d� �t�y�p�i�c�a�l� �v�a�l�u�e�s� �o�f� �d�e�g�r�a�d�a�t�i�o�n� �i�s� �g�i�v�e�n� 

�i�n� �T�a�b�l�e� �2�.�2�,� �a�n�d� �t�h�e� �s�a�m�e� �i�n�f�o�r�m�a�t�i�o�n� �f�o�r� �f�i�b�e�r� �d�e�g�r�a�d�a�t�i�o�n� �i�s� �g�i�v�e�n� �i�n� �T�a�b�l�e� �2�.�3�.� �A�d�d�i�-� 

�t�i�o�n�a�l� �p�r�o�p�e�r�t�i�e�s� �m�e�n�t�i�o�n�e�d� �a�r�e� �t�h�e� �p�r�o�p�e�r�t�i�e�s� �n�e�e�d�e�d� �t�o� �a�p�p�l�y� �t�h�e� �d�e�g�r�a�d�a�t�i�o�n� �m�o�d�e�l�,� 

�b�e�y�o�n�d� �t�h�o�s�e� �n�e�e�d�e�d� �t�o� �d�o� �f�i�r�s�t�-�p�l�y� �f�a�i�l�u�r�e� �p�r�e�d�i�c�t�i�o�n�.� 

�F�a�i�l�u�r�e� �C�r�i�t�e�r�i�a� �3�2



�T�A�B�L�E� �2�.�2� �S�u�m�m�a�r�y� �o�f� �T�s�a�i� �m�a�t�r�i�x� �d�e�g�r�a�d�a�t�i�o�n� �m�o�d�e�l�.� 
� � � � 

� � 

� � � � 

� � � � 

� � 

�P�r�o�p�e�r�t�y� �D�e�g�r�a�d�a�t�i�o�n� �m�e�t�h�o�d� �A�d�d�i�t�i�o�n�a�l� �p�r�o�p�e�r�t�i�e�s� �T�y�p�i�c�a�l� 
�n�e�e�d�e�d� �d�e�g�r�a�d�a�t�i�o�n� 

�f�a�c�t�o�r� 

�E�}� �N�o�n�e� �N�o�n�e� �1�.�0� 

�E�>� �M�i�c�r�o�m�e�c�h�a�n�i�c�s�,� �E�q�.� �2�.�1�2� �E�m� �V�p� �Y�m� �N�1�2� �0�.�2�4�3� 

�V�q�2� �D�i�r�e�c�t� �m�u�l�t�i�p�l�i�c�a�t�i�o�n� �b�y� �E�,�,�"� �N�o�n�e� �0�.�1�5� 
�G�j�?� �M�i�c�r�o�m�e�c�h�a�n�i�c�s�,� �E�q�.� �2�.�1�3� �E�m� �V�p� �V�m�»� �N�7�2� �0�.�2�0�6� 

�x� �N�o�n�e� �N�o�n�e� �1�.�0� 

�x �� �E�m�p�i�r�i�c�a�l�,� �E�q� �2�.�1�4� �A�s� �f�o�r� �G�7�9�,�n� �0�.�8�5� 
�Y� �N�o�n�e� �N�o�n�e� �1�.�0� 

�Y� �N�o�n�e� �N�o�n�e� �1�.�0� 

�S� �N�o�n�e� �N�o�n�e� �1�.�0� 

�F�y�  �� �D�i�r�e�c�t� �m�u�l�t�i�p�l�i�c�a�t�i�o�n� �b�y� �E�m�.� �N�o�n�e� �0�.�1�5� 

�T�A�B�L�E� �2�.�3� �S�u�m�m�a�r�y� �o�f� �T�s�a�i� �f�i�b�e�r� �d�e�g�r�a�d�a�t�i�o�n� �m�o�d�e�l�.� 

�P�r�o�p�e�r�t�y� �D�e�g�r�a�d�a�t�i�o�n� �m�e�t�h�o�d� �A�d�d�i�t�i�o�n�a�l� �p�r�o�p�e�r�t�i�e�s� �T�y�p�i�c�a�l� 
�n�e�e�d�e�d� �d�e�g�r�a�d�a�t�i�o�n� 

�f�a�c�t�o�r� 

�E�)� �D�i�r�e�c�t� �m�u�l�t�i�p�l�i�c�a�t�i�o�n� �b�y� �E�y� �N�o�n�e� �0�.�0�1� 
�E�>� �M�i�c�r�o�m�e�c�h�a�n�i�c�s�,� �E�f� �u�s�e�d� �i�n� �E�q�.�2�.�1�2� �E�m� �V�p� �Y�i� �N�2� �0�.�0�1�8� 

�v�7�2� �D�i�r�e�c�t� �m�u�l�t�i�p�l�i�c�a�t�i�o�n� �b�y� �E�f� �N�o�n�e� �0�.�0�1� 
�G�j�]�?� �M�i�c�r�o�m�e�c�h�a�n�i�c�s�,� �E�f� �u�s�e�d� �i�n� �E�q�.� �2�.�1�3� �E�m� �V�p� �V�m� �N�1�2� �0�.�0�1�5� 

�x� �N�o�n�e� �N�o�n�e� �1�.�0� 

�x �� �E�m�p�i�r�i�c�a�l�,� �E�q�.� �2�.�1�4� �A�s� �f�o�r� �G�7�9�,� �n� �0�.�6�6� 

�Y� �N�o�n�e� �N�o�n�e� �1�.�0� 

�Y� �N�o�n�e� �N�o�n�e� �1�.�0� 

�S� �N�o�n�e� �N�o�n�e� �1�.�0� 

�F�j�.� �D�i�r�e�c�t� �m�u�l�t�i�p�l�i�c�a�t�i�o�n� �b�y� �E�r� �N�o�n�e� �0�.�0�1� 
� � � � 

�T�h�i�s� �c�o�n�c�l�u�d�e�s� �t�h�e� �d�i�s�c�u�s�s�i�o�n� �o�n� �f�a�i�l�u�r�e� �c�r�i�t�e�r�i�a�.� �T�h�e� �n�e�x�t� �c�h�a�p�t�e�r� �d�e�t�a�i�l�s� �t�h�e� �a�n�a�l�y�s�e�s� �a�n�d� 

�o�p�t�i�m�i�z�a�t�i�o�n� �u�s�e�d� �i�n� �d�e�s�i�g�n�i�n�g� �o�p�t�i�m�a�l� �e�x�p�e�r�i�m�e�n�t�a�l� �l�a�m�i�n�a�t�e�s�.� 

�F�a�i�l�u�r�e� �C�r�i�t�e�r�i�a� �3�3



�C�h�a�p�t�e�r� �3� �:� �A�n�a�l�y�s�i�s� �a�n�d� �O�p�t�i�m�a�l� �T�e�s�t� 
�D�e�s�i�g�n� 

�3�.�1� �I�n�t�r�o�d�u�c�t�i�o�n� 

�T�h�e� �o�b�j�e�c�t�i�v�e� �o�f� �t�h�i�s� �s�t�u�d�y� �i�s� �t�o� �f�i�n�d� �c�o�n�d�i�t�i�o�n�s� �t�h�a�t� �o�p�t�i�m�a�l�l�y� �d�i�f�f�e�r�e�n�t�i�a�t�e� �b�e�t�w�e�e�n� �t�h�e� 

�p�r�e�d�i�c�t�e�d� �f�a�i�l�u�r�e� �l�o�a�d�s� �o�f� �t�w�o� �c�o�m�p�o�s�i�t�e� �f�a�i�l�u�r�e� �c�r�i�t�e�r�i�a�.� �T�h�e� �t�h�e�o�r�e�t�i�c�a�l� �m�e�t�h�o�d�o�l�o�g�y� �f�o�r� 

�f�i�n�d�i�n�g� �s�u�c�h� �c�o�n�d�i�t�i�o�n�s� �w�i�l�l� �b�e� �a�d�d�r�e�s�s�e�d� �h�e�r�e�.� �A�s� �i�s� �t�y�p�i�c�a�l� �i�n� �o�p�t�i�m�i�z�a�t�i�o�n� �p�r�o�b�l�e�m�s� �t�h�e� 

�p�a�r�a�m�e�t�e�r�s� �t�o� �b�e� �o�p�t�i�m�i�z�e�d� �a�r�e� �r�e�f�e�r�r�e�d� �t�o� �a�s� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �a�n�d� �t�h�e�s�e� �m�a�y� �i�n�c�l�u�d�e� 

�a�p�p�l�i�e�d� �s�t�r�e�s�s�e�s�,� �l�o�a�d� �c�o�m�b�i�n�a�t�i�o�n�s� �o�r� �r�a�t�i�o�s�,� �l�a�m�i�n�a�t�e� �p�l�y� �a�n�g�l�e�s�,� �o�r� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� 

�t�h�e�s�e�.� �T�h�e� �O�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �i�s� �t�h�e� �r�a�t�i�o� �o�f� �f�a�i�l�u�r�e� �l�o�a�d�s� �f�o�r� �t�h�e� �t�w�o� �c�r�i�t�e�r�i�a�.� �C�o�n�s�t�r�a�i�n�t�s� 

�o�n� �t�h�e� �p�r�o�b�l�e�m� �m�a�y� �t�a�k�e� �m�a�n�y� �f�o�r�m�s�,� �f�o�r� �e�x�a�m�p�l�e� �l�i�m�i�t�a�t�i�o�n�s� �o�n� �p�l�y� �a�n�g�l�e�s� �a�l�l�o�w�e�d�,� �l�i�m�-� 

�A�n�a�l�y�s�i�s� �a�n�d� �O�p�t�i�m�a�l� �T�e�s�t� �D�e�s�i�g�n� �3�4



�i�t�a�t�i�o�n� �o�f� �l�o�a�d� �t�y�p�e�s� �a�l�l�o�w�e�d�,� �l�i�m�i�t�i�n�g� �a� �l�a�m�i�n�a�t�e ��s� �s�u�s�c�e�p�t�i�b�i�l�i�t�y� �t�o� �d�e�l�a�m�i�n�a�t�i�o�n�,� �e�t�c�.� �I�n� 

�t�h�i�s� �w�a�y� �t�h�e� �m�o�s�t� �g�e�n�e�r�a�l� �p�r�o�b�l�e�m� �m�a�y� �b�e� �s�t�a�t�e�d�:� 

�R�y�a�r�t�-�S�m�i�t�h� �F�i�n�d� �t�h�e� �e�x�t�r�e�m�u�m� �o�f� �F�(�Q�,�N�)� �=� �R� 
�T�s�a�i� 

�>� 

�s�u�b�j�e�c�t� �t�o� �Q�e� �C�,� 

�w�i�t�h� �Q� �t�h�e� �v�e�c�t�o�r� �o�f� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �d�e�f�i�n�i�n�g� �t�h�e� �l�a�m�i�n�a�t�e�,� �a�n�d� �N� �t�h�e� �v�e�c�t�o�r� �o�f� �d�e�s�i�g�n� 

�v�a�r�i�a�b�l�e�s� �d�e�f�i�n�i�n�g� �t�h�e� �a�p�p�l�i�e�d� �l�o�a�d�i�n�g�.� �C� �i�s� �t�h�e� �c�o�n�s�t�r�a�i�n�e�d� �s�e�t� �c�o�n�t�a�i�n�i�n�g� �t�h�e� �f�e�a�s�i�b�l�e� �l�a�m�-� 

�i�n�a�t�e� �d�e�s�i�g�n�s�.� �T�h�e� �R ��s� �a�r�e� �t�h�e� �s�t�r�e�n�g�t�h� �r�a�t�i�o�s� �d�e�f�i�n�e�d� �i�n� �C�h�a�p�t�e�r� �2�,� �f�o�r� �t�h�e� �t�w�o� �f�a�i�l�u�r�e� �c�r�i�t�e�-� 

�r�i�a�;� �i�.�e�.�,� �f�o�r� �t�h�e� �l�a�m�i�n�a�t�e� �i�n� �q�u�e�s�t�i�o�n�,� �N�R�y�o�r�t�-�s�m�i�t�h� �a�n�d� �N�R�7�s�q�j� �c�a�u�s�e� �f�a�i�l�u�r�e�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� 

�T�h�e� �o�b�j�e�c�t�i�v�e� �o�f� �f�i�n�d�i�n�g� �c�o�n�d�i�t�i�o�n�s� �t�h�a�t� �o�p�t�i�m�i�z�e� �t�h�e� �r�a�t�i�o� �o�f� �p�r�e�d�i�c�t�e�d� �f�a�i�l�u�r�e� �l�o�a�d�s� �m�a�y� 

�b�e� �p�u�r�s�u�e�d� �f�o�r� �t�w�o� �r�e�a�s�o�n�s�.� �T�h�e� �f�i�r�s�t� �i�s� �t�o� �g�a�i�n� �t�h�e�o�r�e�t�i�c�a�l� �i�n�s�i�g�h�t� �i�n�t�o� �t�h�e� �d�i�f�f�e�r�e�n�c�e�s� 

�b�e�t�w�e�e�n� �t�h�e� �t�w�o� �f�a�i�l�u�r�e� �c�r�i�t�e�r�i�a�.� �T�h�i�s� �m�a�y� �b�e� �d�o�n�e� �b�y� �s�e�l�e�c�t�i�n�g� �t�h�e� �m�o�s�t� �g�e�n�e�r�a�l� �s�e�t� �o�f� 

�l�o�a�d�s� �a�n�d� �l�a�m�i�n�a�t�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �p�o�s�s�i�b�l�e� �u�n�d�e�r� �t�h�e� �c�o�n�s�t�r�a�i�n�t�s� �o�f� �t�h�e� �t�h�e�o�r�i�e�s�.� �T�h�i�s� 

�t�h�e�o�r�e�t�i�c�a�l� �o�p�t�i�m�u�m� �w�i�l�l� �b�e� �i�m�p�o�r�t�a�n�t� �a�s� �i�t� �p�r�o�v�i�d�e�s� �i�n�s�i�g�h�t� �i�n�t�o� �t�h�e� �a�r�e�a� �o�f� �g�r�e�a�t�e�s�t� �d�i�s�-� 

�a�g�r�e�e�m�e�n�t�,� �a�n�d� �m�a�y� �s�u�g�g�e�s�t� �t�h�e� �s�t�r�e�n�g�t�h�s� �a�n�d� �w�e�a�k�n�e�s�s�e�s� �o�f� �t�h�e� �t�w�o� �t�h�e�o�r�i�e�s�.� �I�n� �t�h�i�s� �c�o�m�-� 

�p�a�r�i�s�o�n� �t�h�e� �e�x�t�r�e�m�u�m� �v�a�l�u�e�s� �o�f� �t�h�e� �f�a�i�l�u�r�e� �r�a�t�i�o�s� �a�r�e� �o�f� �i�n�t�e�r�e�s�t�.� �H�o�w�e�v�e�r�,� �s�i�n�c�e� �d�i�f�f�e�r�e�n�t� 

�p�a�r�t�s� �o�f� �t�h�e� �c�r�i�t�e�r�i�a� �r�e�p�r�e�s�e�n�t� �d�i�f�f�e�r�e�n�t� �t�y�p�e�s� �o�f� �l�o�a�d�i�n�g�,� �i�t� �i�s� �a�l�s�o� �i�m�p�o�r�t�a�n�t� �t�o� �i�n�v�e�s�t�i�g�a�t�e� 

�l�o�c�a�l� �o�p�t�i�m�a� �i�n� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e�.� �T�h�i�s� �m�a�y� �b�e� �a�c�h�i�e�v�e�d� �b�y� �l�i�m�i�t�i�n�g� �t�h�e� �l�o�a�d� �p�a�r�a�m�e�t�e�r�s� 

�u�s�e�d�,� �f�o�r� �e�x�a�m�p�l�e� �o�n�l�y� �i�n�-�p�l�a�n�e� �l�o�a�d�s� �w�i�t�h� �n�o� �s�h�e�a�r� �m�a�y� �b�e� �s�e�l�e�c�t�e�d�,� �o�r� �o�n�l�y� �l�o�n�g�i�t�u�d�i�n�a�l� 

�l�o�a�d�s� �o�f� �a� �c�e�r�t�a�i�n� �s�i�g�n�.� 

�T�h�e� �s�e�c�o�n�d� �r�e�a�s�o�n� �f�o�r� �p�e�r�f�o�r�m�i�n�g� �t�h�e� �o�p�t�i�m�i�z�a�t�i�o�n� �i�s� �t�o� �f�i�n�d� �a� �s�e�t� �o�f� �c�o�n�d�i�t�i�o�n�s� �u�n�d�e�r� 

�w�h�i�c�h� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� �c�o�n�d�u�c�t� �a�n� �e�x�p�e�r�i�m�e�n�t�.� �O�n�c�e� �t�h�e� �f�i�r�s�t� �p�r�o�b�l�e�m� �i�s� �s�o�l�v�e�d�,� �t�h�a�t� �o�f� 

�f�i�n�d�i�n�g� �g�e�n�e�r�a�l� �o�p�t�i�m�u�m� �l�o�a�d�s�-�a�n�d� �l�a�m�i�n�a�t�i�o�n� �a�n�g�l�e�s�,� �t�h�e�r�e� �i�s� �n�o� �g�u�a�r�a�n�t�e�e� �t�h�a�t� �i�t� �w�i�l�l� �b�e� 

�p�r�a�c�t�i�c�a�l� �t�o� �a�c�h�i�e�v�e� �t�h�e� �r�e�q�u�i�r�e�d� �c�o�n�d�i�t�i�o�n�s� �i�n� �a�n� �e�x�p�e�r�i�m�e�n�t�.� �D�e�c�i�d�i�n�g� �o�n� �t�h�e� �p�a�r�a�m�e�t�e�r�s� 

�s�u�i�t�a�b�l�e� �f�o�r� �d�o�i�n�g� �a� �t�e�s�t� �m�a�y� �b�e� �b�a�s�e�d� �o�n� �t�h�e� �c�o�m�p�l�e�x�i�t�y� �o�f� �t�e�s�t� �t�h�a�t� �c�a�n� �b�e� �c�o�n�d�u�c�t�e�d� �a�n�d� 

�o�n� �t�h�e� �a�s�p�e�c�t� �o�f� �t�h�e� �c�r�i�t�e�r�i�a� �u�n�d�e�r� �i�n�v�e�s�t�i�g�a�t�i�o�n�.� �U�s�e� �o�f� �d�a�t�a� �o�b�t�a�i�n�e�d� �i�n� �t�h�e� �m�o�r�e� �g�e�n�e�r�a�l� 

�c�o�m�p�a�r�i�s�o�n�s� �m�a�y� �g�u�i�d�e� �t�h�e� �s�e�a�r�c�h� �f�o�r� �i�n�t�e�r�e�s�t�i�n�g� �t�e�s�t�s�.� �T�h�e� �a�p�p�r�o�a�c�h� �u�s�e�d� �h�e�r�e�,� �t�h�e�r�e�f�o�r�e�,� 

�i�s� �t�o� �f�i�r�s�t� �f�i�n�d� �a� �t�h�e�o�r�e�t�i�c�a�l� �l�i�m�i�t� �o�r� �l�i�m�i�t�s� �f�o�r� �F� �a�n�d� �t�h�e�n�,� �b�a�s�e�d� �o�n� �i�n�f�o�r�m�a�t�i�o�n� �g�a�i�n�e�d� 

�d�e�c�i�d�e� �o�n� �a� �p�r�a�c�t�i�c�a�l� �t�e�s�t� �t�y�p�e�,� �d�e�f�i�n�e� �a� �n�e�w� �o�p�t�i�m�i�z�a�t�i�o�n� �p�r�o�b�l�e�m�,� �a�n�d� �s�o�l�v�e� �t�o� �f�i�n�d� �t�h�e� 

�o�p�t�i�m�u�m� �e�x�p�e�r�i�m�e�n�t�.� 

�A�n�a�l�y�s�i�s� �a�n�d� �O�p�t�i�m�a�l� �T�e�s�t� �D�e�s�i�g�n� �3�5



�T�h�e� �o�p�t�i�m�i�z�a�t�i�o�n� �p�r�o�b�l�e�m� �i�s� �s�o�l�v�e�d� �i�n� �t�w�o� �s�t�e�p�s�.� �T�h�e� �f�i�r�s�t� �s�t�e�p� �i�s� �t�o� �r�e�l�a�t�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� 

�t�o� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �a�n�d� �t�h�e� �s�e�c�o�n�d� �i�s� �t�o� �m�o�d�i�f�y� �t�h�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �s�o� �a�s� �t�o� �o�p�t�i�m�i�z�e� 

�t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n�.� �T�h�e� �s�t�e�p�s� �a�r�e� �r�e�f�e�r�r�e�d� �t�o� �a�s� �t�h�e� �a�n�a�l�y�s�i�s� �a�n�d� �o�p�t�i�m�i�z�a�t�i�o�n� �p�r�o�b�l�e�m�s�,� 

�r�e�s�p�e�c�t�i�v�e�l�y�,� �a�n�d� �a�r�e� �d�e�s�c�r�i�b�e�d� �n�e�x�t�.� 

�3�.�2� �A�n�a�l�y�s�i�s� 

�A�s� �t�h�e� �o�b�j�e�c�t� �o�f� �t�h�i�s� �s�t�u�d�y� �i�s� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �c�o�m�p�a�r�i�s�o�n� �o�f� �f�a�i�l�u�r�e� �c�r�i�t�e�r�i�a� �i�t� �m�a�y� �b�e� 

�a�r�g�u�e�d� �t�h�a�t� �t�h�e� �s�t�a�t�e� �o�f� �s�t�r�a�i�n� �i�n� �t�h�e� �l�a�m�i�n�a�t�e�s� �t�e�s�t�e�d� �s�h�o�u�l�d� �b�e�s�t� �b�e� �s�p�a�t�i�a�l�l�y� �h�o�m�o�g�e�-� 

�n�e�o�u�s�,� �s�o� �t�h�a�t� �f�a�i�l�u�r�e� �i�s� �m�o�r�e� �l�i�k�e�l�y� �t�o� �b�e� �a� �g�l�o�b�a�l�,� �a�s� �o�p�p�o�s�e�d� �t�o� �a� �l�o�c�a�l�,� �e�v�e�n�t�.� �T�h�e� �c�r�i�t�e�-� 

�r�i�o�n� �o�f� �T�s�a�i�,� �f�o�r� �e�x�a�m�p�l�e�,� �r�e�c�a�l�c�u�l�a�t�e�s� �t�h�e� �s�t�r�a�i�n� �d�i�s�t�r�i�b�u�t�i�o�n� �e�a�c�h� �t�i�m�e� �a� �p�l�y� �h�a�s�  ��f�a�i�l�e�d � ��,� 

�e�v�e�n� �i�f� �t�h�e� �f�a�i�l�u�r�e� �i�s� �n�o� �m�o�r�e� �t�h�a�n� �m�a�t�r�i�x� �c�r�a�c�k�i�n�g�.� �I�f� �t�h�e� �s�p�e�c�i�m�e�n�s� �t�h�e�r�e�f�o�r�e� �h�a�d� �l�a�r�g�e� 

�g�r�a�d�i�e�n�t�s� �i�n� �t�h�e� �g�l�o�b�a�l� �o�r� �p�l�y� �l�e�v�e�l� �s�t�r�a�i�n�s�,� �t�h�e� �f�a�i�l�u�r�e� �p�r�o�c�e�s�s� �m�a�y� �b�e� �t�o�o� �c�o�m�p�l�i�c�a�t�e�d� �t�o� 

�p�r�e�d�i�c�t� �a�c�c�u�r�a�t�e�l�y�.� �I�n� �t�h�e� �c�a�s�e� �o�f� �H�a�r�t�-�S�m�i�t�h�,� �e�v�e�n� �t�h�o�u�g�h� �h�e� �s�t�a�t�e�s� �t�h�a�t� �h�i�s� �c�r�i�t�e�r�i�o�n� �i�s� 

�s�u�i�t�a�b�l�e� �f�o�r� �u�s�e� �o�n� �a� �p�l�y�-�b�y�-�p�l�y� �b�a�s�i�s�,� �h�e� �c�e�r�t�a�i�n�l�y� �a�d�v�o�c�a�t�e�s� �i�t� �m�o�s�t� �s�t�r�o�n�g�l�y� �f�o�r� �l�a�m�i�n�a�t�e�s� 

�w�h�e�r�e� �t�h�e� �s�t�r�a�i�n�s� �f�o�r� �t�h�e� �d�i�f�f�e�r�e�n�t� �p�l�i�e�s� �a�r�e� �t�h�e� �s�a�m�e�.� �I�n� �t�h�e� �e�x�t�r�e�m�e� �c�a�s�e� �w�h�e�r�e� �t�h�e�r�e� �a�r�e� 

�s�t�r�o�n�g� �s�t�r�a�i�n� �g�r�a�d�i�e�n�t�s� �t�h�r�o�u�g�h� �t�h�e� �t�h�i�c�k�n�e�s�s�,� �h�i�s� �a�r�g�u�m�e�n�t� �o�f� �p�l�i�e�s� �i�n� �t�h�e� �p�e�r�p�e�n�d�i�c�u�l�a�r� 

�d�i�r�e�c�t�i�o�n� �s�t�a�b�i�l�i�z�i�n�g� �m�a�t�r�i�x� �c�r�a�c�k�i�n�g� �i�n� �t�r�a�n�s�v�e�r�s�e�l�y� �l�o�a�d�e�d� �p�l�i�e�s� �m�a�y� �b�e� �i�n�v�a�l�i�d�.� 

�A�n� �e�x�a�m�p�l�e� �o�f� �a� �s�t�a�t�e� �o�f� �s�t�r�a�i�n� �s�o�m�e�w�h�a�t� �u�n�s�u�i�t�a�b�l�e� �f�o�r� �e�x�p�e�r�i�m�e�n�t�a�l� �v�e�r�i�f�i�c�a�t�i�o�n� �m�a�y� �b�e� 

�f�o�u�n�d� �i�n� �t�h�e� �p�a�p�e�r� �b�y� �H�a�f�t�k�a� �a�n�d� �K�a�o�[�4�]�.� �A� �r�e�c�t�a�n�g�u�l�a�r� �l�a�m�i�n�a�t�e�d� �p�l�a�t�e� �w�i�t�h� �a� �h�o�l�e� �i�s� �a�n�a�-� 

�l�y�z�e�d� �w�i�t�h� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d�,� �a�n�d� �c�o�n�d�i�t�i�o�n�s� �f�o�r� �a� �t�h�e�o�r�e�t�i�c�a�l� �l�a�r�g�e� �f�a�i�l�u�r�e� �l�o�a�d� 

�r�a�t�i�o� �a�r�e� �f�o�u�n�d�.� �I�n� �t�h�e�i�r� �s�t�u�d�y� �t�h�i�s� �w�a�s� �u�s�e�d� �a�s� �a�n� �e�x�a�m�p�l�e� �f�o�r� �d�o�i�n�g� �t�h�e� �a�n�a�l�y�s�i�s�,� �n�o�t� �a�s� �a� 

�s�u�g�g�e�s�t�e�d� �t�e�s�t� �s�p�e�c�i�m�e�n�.� �I�t� �w�i�l�l� �b�e� �i�n�s�t�r�u�c�t�i�v�e�,� �h�o�w�e�v�e�r� �t�o� �c�o�n�s�i�d�e�r� �a� �t�e�s�t� �o�n� �s�u�c�h� �a� �s�p�e�c�i�-� 

�m�e�n�.� �T�h�e� �g�e�o�m�e�t�r�y� �i�m�p�l�i�e�s� �t�h�a�t� �t�h�e� �t�h�e�o�r�e�t�i�c�a�l� �c�r�i�t�i�c�a�l� �c�o�n�d�i�t�i�o�n�s� �f�o�r� �f�a�i�l�u�r�e� �a�r�e� �r�e�a�c�h�e�d� 

�l�o�c�a�l�l�y�,� �i�n� �a� �s�p�e�c�i�f�i�c� �e�l�e�m�e�n�t�.� �F�o�r� �t�h�e� �a�c�t�u�a�l� �p�l�a�t�e� �l�o�a�d�e�d� �t�o� �t�h�e� �s�a�m�e� �l�e�v�e�l� �t�h�e� �f�a�i�l�u�r�e� 

�w�o�u�l�d� �b�e� �a� �v�e�r�y� �l�o�c�a�l� �e�v�e�n�t�,� �a�n�d� �m�a�y� �n�o�t� �n�e�c�e�s�s�a�r�i�l�y� �b�e� �d�e�t�e�c�t�a�b�l�e�.� �P�r�e�d�i�c�t�i�n�g� �p�r�o�g�r�e�s�s�i�v�e� 

�f�a�i�l�u�r�e� �u�s�i�n�g� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �s�c�h�e�m�e� �t�o� �c�a�l�c�u�l�a�t�e� �l�o�c�a�l� �d�e�g�r�a�d�a�t�i�o�n� �a�n�d� �c�o�r�r�e�s�p�o�n�d�i�n�g� 

�r�e�d�i�s�t�r�i�b�u�t�e�d� �l�o�a�d�s� �w�o�u�l�d� �r�e�q�u�i�r�e� �a�n� �e�x�t�r�e�m�e�l�y� �f�i�n�e� �m�e�s�h�.� �T�h�e�r�e�f�o�r�e�,� �f�r�o�m� �t�h�e� �p�o�i�n�t� �o�f� 

�v�i�e�w� �o�f� �o�b�t�a�i�n�i�n�g� �r�e�l�i�a�b�l�e� �t�e�s�t�s�,� �a� �m�o�r�e� �o�r� �l�e�s�s� �h�o�m�o�g�e�n�e�o�u�s� �s�t�a�t�e� �o�f� �s�t�r�a�i�n� �t�h�r�o�u�g�h�o�u�t� �t�h�e� 

�l�a�m�i�n�a�t�e� �i�s� �a�d�v�a�n�t�a�g�e�o�u�s�.� 

�F�o�r� �t�h�e� �r�e�a�s�o�n�s� �g�i�v�e�n�,� �l�a�m�i�n�a�t�e�-�l�o�a�d� �c�o�m�b�i�n�a�t�i�o�n�s� �w�i�l�l� �b�e� �l�i�m�i�t�e�d� �t�o� �t�h�o�s�e� �y�i�e�l�d�i�n�g� �s�p�a�-� 

�t�i�a�l�l�y� �h�o�m�o�g�e�n�e�o�u�s� �s�t�r�a�i�n� �f�i�e�l�d�s�.� �F�o�r� �s�u�c�h� �s�t�r�a�i�n� �f�i�e�l�d�s� �a� �s�i�m�p�l�e� �t�h�e�o�r�y�,� �s�u�c�h� �a�s� �c�l�a�s�s�i�c�a�l� 

�A�n�a�l�y�s�i�s� �a�n�d� �O�p�t�i�m�a�l� �T�e�s�t� �D�e�s�i�g�n� �3�6



�l�a�m�i�n�a�t�i�o�n� �t�h�e�o�r�y� �(�C�L�T�)�,� �[�8�,� �p�p�.� �1�4�7�-�1�5�6�]�,� �w�i�l�l� �b�e� �s�u�i�t�a�b�l�e�.� �M�o�r�e� �a�d�v�a�n�c�e�d� �m�e�t�h�o�d�s� �a�r�e� 

�u�s�e�d� �o�n�l�y� �w�h�e�r�e� �n�e�e�d�e�d� �t�o� �v�e�r�i�f�y� �t�h�e�s�e� �r�e�s�u�l�t�s�.� 

�W�h�e�n� �o�n�l�y� �u�s�i�n�g� �i�n�-�p�l�a�n�e� �l�o�a�d�i�n�g� �a�n�d� �s�y�m�m�e�t�r�i�c� �l�a�m�i�n�a�t�e�s� �t�h�e� �m�i�d�d�l�e� �s�u�r�f�a�c�e� �s�t�r�a�i�n�s�,� 

�e�,�?�,� �g�,�?� �a�n�d� �Y�a�y �� �m�a�y� �b�e� �r�e�l�a�t�e�d� �t�o� �t�h�e� �a�p�p�l�i�e�d� �s�t�r�e�s�s� �r�e�s�u�l�t�a�n�t�s�,� �N�,�,� �N�y� �N�,� �b�y� �t�h�e� �w�e�l�l� 

�k�n�o�w�n� �e�x�t�e�n�s�i�o�n�a�l� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x�,� �A� �[�8�,� �p�.� �1�5�5�]�.� �T�h�a�t� �i�s�,� 

�0� 
�N�y� �A�i� �A�y�2� �A�i�g�}� �|� �&�x� 
�N�y�}� �=� �|�A�q�2� �A�o� �A�o�g�|�|�  ¬�,� �>� �3�.�1� 
�N� �A�y�e� �A�r� �A� �0� �x�y� �1�6� �*�*�2�6�  ��"�6�6� �Y�,� 

�F�o�r� �i�n�-�p�l�a�n�e� �l�o�a�d�i�n�g� �o�f� �s�y�m�m�e�t�r�i�c� �l�a�m�i�n�t�e�s�,� �p�l�y� �s�t�r�a�i�n�s� �a�n�d� �m�i�d�d�l�e� �s�u�r�f�a�c�e� �s�t�r�a�i�n�s� �a�r�e� �t�h�e� 

�s�a�m�e�,� �w�i�t�h� �l�a�m�i�n�a� �s�t�r�a�i�n�s� �s�t�i�l�l� �g�i�v�e�n� �i�n� �t�h�e� �l�a�m�i�n�a�t�e� �c�o�o�r�d�i�n�a�t�e�s�.� �T�h�e� �u�s�u�a�l� �r�o�t�a�t�i�o�n� �t�o� �l�a�m�-� 

�i�n�a� �c�o�o�r�d�i�n�a�t�e�s� �a�n�d� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �t�h�e� �l�a�m�i�n�a� �s�t�r�e�s�s�-�s�t�r�a�i�n� �l�a�w� �y�i�e�l�d�s� �p�l�y� �s�t�r�e�s�s�e�s�.� �A� �m�o�r�e� 

�c�o�m�p�l�e�t�e� �t�r�e�a�t�m�e�n�t� �o�f� �t�h�i�s� �w�e�l�l� �k�n�o�w�n� �t�h�e�o�r�y� �m�a�y� �b�e� �f�o�u�n�d� �i�n� �[�8�,� �c�h�.� �4�]�.� 

�O�n�c�e� �l�a�m�i�n�a� �s�t�r�a�i�n�s� �a�r�e� �k�n�o�w�n� �i�n� �e�a�c�h� �p�l�y�,� �a� �p�r�e�d�i�c�t�i�o�n� �o�f� �t�h�e� �f�a�i�l�u�r�e� �l�o�a�d� �c�a�n� �b�e� �m�a�d�e�.� 

�T�h�i�s� �w�a�s� �e�x�p�l�a�i�n�e�d� �i�n� �d�e�t�a�i�l� �i�n� �c�h�a�p�t�e�r� �t�w�o�.� �R�e�c�a�l�l� �t�h�a�t� �f�o�r� �b�o�t�h� �c�r�i�t�e�r�i�a� �a� �s�t�r�e�n�g�t�h� �r�a�t�i�o� �R� 

�i�s� �c�a�l�c�u�l�a�t�e�d� �f�o�r� �e�a�c�h� �p�l�y�,� �a�n�d� �t�h�e� �l�o�w�e�s�t� �v�a�l�u�e� �o�b�t�a�i�n�e�d� �i�n� �t�h�e� �l�a�m�i�n�a�t�e� �c�a�n� �b�e� �m�u�l�t�i�p�l�i�e�d� 

�d�i�r�e�c�t�l�y� �b�y� �t�h�e� �a�p�p�l�i�e�d� �l�o�a�d� �v�e�c�t�o�r� �t�o� �f�i�n�d� �l�a�m�i�n�a�t�e� �f�a�i�l�u�r�e� �l�o�a�d�s�.� �I�n� �t�h�e� �c�a�s�e� �h�e�r�e�,� �s�i�n�c�e� �t�h�e� 

�l�o�a�d� �v�e�c�t�o�r� �f�o�r� �t�h�e� �t�w�o� �f�a�i�l�u�r�e� �a�n�a�l�y�s�e�s� �i�s� �t�h�e� �s�a�m�e�,� �t�h�e� �r�a�t�i�o� �o�f� �t�h�e� �t�w�o� �m�i�n�i�m�u�m� �R� �v�a�l�u�e�s� 

�i�s� �t�h�e� �r�a�t�i�o� �o�f� �t�h�e� �f�a�i�l�u�r�e� �l�o�a�d�s�,� �F�.� 

�3�.�3� �O�p�t�i�m�i�z�a�t�i�o�n� 

�T�h�e� �o�p�t�i�m�i�z�a�t�i�o�n� �p�r�o�b�l�e�m� �h�a�s� �b�e�e�n� �s�t�a�t�e�d� �i�n� �t�h�e� �i�n�t�r�o�d�u�c�t�i�o�n� �t�o� �t�h�i�s� �c�h�a�p�t�e�r�.� �B�e�f�o�r�e� �d�e�c�i�d�-� 

�i�n�g� �o�n� �a�n� �o�p�t�i�m�i�z�a�t�i�o�n� �t�e�c�h�n�i�q�u�e� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �n�a�t�u�r�e� �o�f� �t�h�e� �p�r�o�b�l�e�m�.� 

�T�h�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �a�r�e� �a� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �l�a�m�i�n�a�t�e� �a�n�d� �l�o�a�d� �v�a�r�i�a�b�l�e�s�.� �T�h�e� �p�l�y� �a�n�g�l�e� �v�a�r�i�-� 

�a�b�l�e�s� �w�i�l�l� �b�e� �d�i�s�c�r�e�t�e�,� �a�s� �t�h�e� �p�o�s�s�i�b�i�l�i�t�i�e�s� �a�r�e� �l�i�m�i�t�e�d� �t�o� �f�o�u�r� �b�a�s�i�c� �a�n�g�l�e�s� �a�t� �4�5�°� �t�o� �e�a�c�h� 

�o�t�h�e�r�.� �T�h�e� �l�o�a�d� �p�a�r�a�m�e�t�e�r�s� �a�r�e� �c�o�n�t�i�n�u�o�u�s� �v�a�r�i�a�b�l�e�s�,� �b�u�t� �m�a�y� �b�e� �a�p�p�r�o�x�i�m�a�t�e�d� �b�y� �d�i�s�c�r�e�t�e� 

�n�u�m�b�e�r�s� �i�f� �a� �s�u�f�f�i�c�i�e�n�t�l�y� �f�i�n�e� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� �s�c�h�e�m�e� �i�s� �u�s�e�d�.� �T�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �i�s� �a� 

�n�o�n�l�i�n�e�a�r� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s�,� �a�n�d� �i�s� �i�n� �a�d�d�i�t�i�o�n� �n�o�n�-�s�m�o�o�t�h�.� �W�e� �m�a�y� �a�s�s�u�m�e� 

�t�h�i�s� �b�a�s�e�d� �o�n� �t�h�e� �f�a�c�t� �t�h�a�t� �H�a�r�t�-�S�m�i�t�h ��s� �c�r�i�t�e�r�i�o�n� �i�s� �a� �n�o�n�-�s�m�o�o�t�h� �f�i�g�u�r�e� �i�n� �s�t�r�a�i�n� �s�p�a�c�e�,� 

�a�n�d� �b�e�c�a�u�s�e� �t�h�e� �p�l�y� �w�h�e�r�e� �f�a�i�l�u�r�e� �i�s� �i�n�i�t�i�a�t�e�d� �c�a�n� �c�h�a�n�g�e� �d�u�r�i�n�g� �t�h�e� �o�p�t�i�m�i�z�a�t�i�o�n�.� �C�o�n�-� 

�A�n�a�l�y�s�i�s� �a�n�d� �O�p�t�i�m�a�l� �T�e�s�t� �D�e�s�i�g�n� �3�7



�s�t�r�a�i�n�t�s� �o�n� �t�h�e� �p�r�o�b�l�e�m� �i�n�c�l�u�d�e� �l�i�m�i�t�a�t�i�o�n�s� �o�n� �p�l�y�-�a�n�g�l�e�s� �p�r�e�s�e�n�t� �a�n�d� �p�o�s�s�i�b�l�y� �l�i�m�i�t�a�t�i�o�n�s� 

�d�u�e� �t�o� �d�e�l�a�m�i�n�a�t�i�o�n� �p�a�r�a�m�e�t�e�r�s�.� 

�T�h�e� �p�r�o�b�l�e�m� �i�s� �f�a�i�r�l�y� �c�o�m�p�l�e�x�,� �w�i�t�h� �d�i�s�c�r�e�t�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s�,� �a� �n�o�n�l�i�n�e�a�r�,� �n�o�n�-�s�m�o�o�t�h� 

�o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �a�n�d� �c�o�m�p�l�e�x� �c�o�n�s�t�r�a�i�n�t�s�.� �I�n� �a�d�d�i�t�i�o�n� �t�h�e�r�e� �i�s� �n�o� �r�e�a�s�o�n� �t�o� �e�x�p�e�c�t� �t�h�a�t� 

�l�o�c�a�l� �o�p�t�i�m�a� �w�i�l�l� �n�o�t� �e�x�i�s�t�.� �C�o�n�v�e�n�t�i�o�n�a�l� �o�p�t�i�m�i�z�a�t�i�o�n� �t�e�c�h�n�i�q�u�e�s� �e�m�p�l�o�y�i�n�g� �s�e�a�r�c�h�e�s� 

�b�a�s�e�d� �o�n� �g�r�a�d�i�e�n�t�s� �c�a�n�n�o�t� �b�e� �e�x�p�e�c�t�e�d� �t�o� �b�e� �o�f� �m�u�c�h� �u�s�e� �h�e�r�e�.� 

�A�n� �o�p�t�i�m�i�z�a�t�i�o�n� �p�r�o�c�e�s�s� �s�u�i�t�a�b�l�e� �f�o�r� �p�r�o�b�l�e�m�s� �o�f� �t�h�i�s� �n�a�t�u�r�e� �i�s� �h�o�w�e�v�e�r� �a�v�a�i�l�a�b�l�e�.� �G�e�n�e�t�i�c� 

�a�l�g�o�r�i�t�h�m�s� �a�r�e� �s�u�i�t�a�b�l�e� �f�o�r� �o�p�t�i�m�i�z�a�t�i�o�n� �p�r�o�b�l�e�m�s� �w�i�t�h� �d�i�s�c�r�e�t�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �a�n�d� �n�o�n�s�-� 

�m�o�o�t�h� �o�r� �d�i�s�j�o�i�n�t� �d�e�s�i�g�n� �s�p�a�c�e�s�.� �T�h�e�s�e� �a�l�g�o�r�i�t�h�m�s� �w�i�l�l� �b�e� �u�s�e�d� �i�n� �t�h�e� �g�e�n�e�r�a�l� �o�p�t�i�m�i�z�a�t�i�o�n� 

�p�r�o�b�l�e�m� �a�n�d� �a�r�e� �d�e�s�c�r�i�b�e�d� �b�e�l�o�w�.� 

�3�.�3�.�1� �G�e�n�e�t�i�c� �A�l�g�o�r�i�t�h�m�s� 

�G�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m�s� �[�2�0�]�,� �[�2�1�]�,� �a�n�d� �[�2�2�]�,� �a�r�e� �s�e�a�r�c�h� �t�e�c�h�n�i�q�u�e�s� �m�i�m�i�c�k�i�n�g� �t�h�e� �b�i�o�l�o�g�i�c�a�l� 

�p�r�o�c�e�s�s�e�s� �o�f� �e�v�o�l�u�t�i�o�n�.� �T�h�e� �a�l�g�o�r�i�t�h�m�s� �a�p�p�l�y� �D�a�r�w�i�n ��s� �p�r�i�n�c�i�p�l�e� �o�f�  ��s�u�r�v�i�v�a�l� �o�f� �t�h�e� �f�i�t�t�e�s�t �� 

�t�o� �p�o�p�u�l�a�t�i�o�n�s� �o�f� �d�e�s�i�g�n�s�,� �c�r�e�a�t�i�n�g� �n�e�w� �g�e�n�e�r�a�t�i�o�n�s� �b�y� �s�e�l�e�c�t�i�v�e�l�y� �u�s�i�n�g� �g�o�o�d� �c�h�a�r�a�c�t�e�r�i�s�-� 

�t�i�c�s� �f�r�o�m� �o�l�d� �d�e�s�i�g�n�s�.� �T�h�e� �m�e�t�h�o�d� �i�s� �i�n�h�e�r�e�n�t�l�y� �p�r�o�b�a�b�i�l�i�s�t�i�c�.� �S�o�m�e� �o�f� �t�h�e� �m�a�i�n� �f�e�a�t�u�r�e�s� �o�f� 

�t�h�e� �a�l�g�o�r�i�t�h�m�s� �a�r�e�:� 

�¢� �D�i�s�c�r�e�t�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �a�r�e� �c�o�m�m�o�n�l�y� �u�s�e�d�.� 

�e� �N�o� �d�e�r�i�v�a�t�i�v�e� �i�n�f�o�r�m�a�t�i�o�n� �i�s� �u�s�e�d� 

�A� �p�o�p�u�l�a�t�i�o�n� �o�f� �o�p�t�i�m�a�l� �o�r� �n�e�a�r� �o�p�t�i�m�a�l� �d�e�s�i�g�n�s� �i�s� �p�r�o�d�u�c�e�d�.� 

�T�h�e� �m�e�t�h�o�d� �i�s� �i�n�s�e�n�s�i�t�i�v�e� �t�o� �d�i�s�c�o�n�t�i�n�u�o�u�s� �o�r� �d�i�s�j�o�i�n�t� �d�e�s�i�g�n� �s�p�a�c�e�s� 

�T�h�e� �m�e�t�h�o�d� �i�s� �i�n�s�e�n�s�i�t�i�v�e� �t�o� �t�h�e� �m�e�a�n�i�n�g� �o�f� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s�.� 

�T�h�e� �a�l�g�o�r�i�t�h�m�s� �w�o�r�k� �w�i�t�h� �a� �s�e�t� �o�f� �d�e�s�i�g�n�s� �a�n�d� �p�e�r�f�o�r�m�s� �g�e�n�e�t�i�c� �o�p�e�r�a�t�o�r�s� �o�n� �t�h�e� �d�e�s�i�g�n�s� 

�t�o� �i�t�e�r�a�t�i�v�e�l�y� �i�m�p�r�o�v�e� �t�h�e� �s�e�t�.� �T�h�e� �p�r�o�c�e�s�s� �i�s� �a�p�p�l�i�e�d� �u�n�t�i�l� �a� �s�e�t� �c�o�n�t�a�i�n�i�n�g� �a� �s�u�i�t�a�b�l�y� �g�o�o�d� 

�d�e�s�i�g�n� �i�s� �o�b�t�a�i�n�e�d�.� �T�h�e� �p�r�o�c�e�s�s� �i�s� �d�e�s�c�r�i�b�e�d� �i�n� �m�o�r�e� �d�e�t�a�i�l� �b�e�l�o�w�.� 

�T�h�e� �b�a�s�i�c� �f�o�r�m� �i�n� �w�h�i�c�h� �t�h�e� �a�l�g�o�r�i�t�h�m� �r�e�p�r�e�s�e�n�t�s� �a�n�d� �w�o�r�k�s� �w�i�t�h� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �i�s� �a� 

�s�t�r�i�n�g�,� �a�l�s�o� �c�a�l�l�e�d� �a� �p�e�r�s�o�n�,� �w�h�i�c�h� �c�o�n�t�a�i�n�s� �r�e�p�r�e�s�e�n�t�a�t�i�o�n�s� �o�f� �i�n�d�i�v�i�d�u�a�l� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� 

�s�t�r�u�n�g� �t�o�g�e�t�h�e�r�.� �E�a�c�h� �p�e�r�s�o�n� �r�e�p�r�e�s�e�n�t�s� �a� �d�e�s�i�g�n�.� �T�h�i�s� �i�s� �a�n�a�l�o�g�o�u�s� �t�o� �c�h�r�o�m�o�s�o�m�e�s� �u�s�e�d� 

�i�n� �b�i�o�l�o�g�y� �t�o� �s�t�o�r�e� �g�e�n�e�t�i�c� �i�n�f�o�r�m�a�t�i�o�n�.� �I�n�s�i�d�e� �e�a�c�h� �p�e�r�s�o�n� �a� �s�i�n�g�l�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e� �c�a�n� �b�e� 

�A�n�a�l�y�s�i�s� �a�n�d� �O�p�t�i�m�a�l� �T�e�s�t� �D�e�s�i�g�n� �3�8



�c�o�d�e�d� �b�y� �e�i�t�h�e�r� �a� �s�i�n�g�l�e� �n�u�m�b�e�r�,� �o�r� �b�i�t�,� �o�r� �b�y� �a� �s�u�b�-�s�t�r�i�n�g� �o�f� �n�u�m�b�e�r�s�.� �F�o�r� �e�x�a�m�p�l�e� �a� 

�b�i�n�a�r�y� �s�t�r�i�n�g� �m�a�y� �b�e� �u�s�e�d� �t�o� �r�e�p�r�e�s�e�n�t� �a� �d�e�s�i�g�n� �w�i�t�h� �t�h�r�e�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s�:� 

�1�0�1�1�]� �0�1�1�0�1�]� �1�1� 

�R�e�p�r�e�s�e�n�t�i�n�g� �x�;�=�1�0�1�1�,� �x�2�=�0�1�1�0�1�,� �x�;�=�1�1�.� �N�o�t�e� �t�h�a�t� �t�h�e� �s�u�b�-�s�t�r�i�n�g�s� �n�e�e�d� �n�o�t� �b�e� �o�f� �t�h�e� 

�s�a�m�e� �l�e�n�g�t�h�.� �E�a�c�h� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e� �t�a�k�e�s� �a� �c�e�r�t�a�i�n� �p�o�s�i�t�i�o�n� �i�n� �t�h�e� �s�t�r�i�n�g� �a�n�d� �i�s� �r�e�p�r�e�s�e�n�t�e�d� 

�b�y� �a� �b�i�n�a�r�y� �s�t�r�i�n�g�.� �I�n�s�t�e�a�d� �o�f� �b�i�n�a�r�y� �n�u�m�b�e�r�s� �a�n�o�t�h�e�r� �b�a�s�e� �m�a�y� �b�e� �u�s�e�d�.� �T�o� �r�e�p�r�e�s�e�n�t� �t�h�e� 

�f�o�u�r� �p�l�y� �a�n�g�l�e�s�,� �0�°�,� �9�0�°� �4�5�°� �a�n�d� �-�4�5�°� �b�a�s�e� �4� �n�u�m�b�e�r�s� �a�r�e� �a�p�p�r�o�p�r�i�a�t�e�,� �w�i�t�h� �e�a�c�h� �n�u�m�b�e�r� 

�r�e�p�r�e�s�e�n�t�i�n�g� �a� �p�l�y� �a�n�g�l�e�:� 

�0 ��-� �0�°�,� 

�1�  �� �9�0�°�,� 

�2�  �� �4�5�°�,� 

�3�  �� �-�4�5�°�,� 

�f�o�r� �e�x�a�m�p�l�e�.� �I�f� �a� �c�o�n�t�i�n�u�o�u�s� �v�a�r�i�a�b�l�e� �m�u�s�t� �b�e� �c�o�d�e�d�,� �i�t� �m�u�s�t� �b�e� �d�i�s�c�r�e�t�i�z�e�d� �f�i�r�s�t�.� �F�o�r� �e�x�a�m�-� 
�L� �U� �p�l�e� �t�o� �c�o�d�e� �a� �b�a�s�e� �n� �v�a�r�i�a�b�l�e� �w�i�t�h� �r�a�n�g�e� �f�r�o�m� �x�;�~� �t�o� �x�;�~� �w�i�t�h� �a� �r�e�q�u�i�r�e�d� �m�i�n�i�m�u�m� �i�n�c�r�e�-� 

�m�e�n�t� �o�f� �x�;�,�-�,� !"�m� �n�u�m�b�e�r�s� �a�r�e� �n�e�e�d�e�d� �i�n� �t�h�e� �s�u�b� �s�t�r�i�n�g�,� �w�i�t�h� �m� �o�b�t�a�i�n�e�d� �f�r�o�m� �[�2�1�]�:� 

�U� �L� �x�X�:� �-�X�:� 
�r�e�)� �P�4�1�}�:� �3�.�2� 

�i�n�c�r� 
�x� 

�F�o�r� �e�x�a�m�p�l�e� �t�o� �c�o�d�e� �a� �b�a�s�e� �4� �v�a�r�i�a�b�l�e� �w�i�t�h� �r�a�n�g�e� �-�5� �t�o� �5� �w�i�t�h� �a� �r�e�q�u�i�r�e�d� �i�n�c�r�e�m�e�n�t� �o�f� �0�.�2�,� 

�3� �d�i�g�i�t�s� �a�r�e� �n�e�e�d�e�d�,� �g�i�v�i�n�g� �a�n� �a�c�t�u�a�l� �i�n�c�r�e�m�e�n�t� �o�f� �0�.�1�5�8�7�.� 

�T�h�e� �g�e�n�e�t�i�c� �o�p�e�r�a�t�o�r�s� �a�p�p�l�i�e�d� �t�o� �a� �p�o�p�u�l�a�t�i�o�n� �a�r�e� �k�n�o�w�n� �a�s� �s�e�l�e�c�t�i�o�n�,� �c�r�o�s�s�o�v�e�r� �a�n�d� �m�u�t�a�-� 

�t�i�o�n�.� �T�o� �s�t�a�r�t� �t�h�e� �p�r�o�c�e�s�s�,� �a� �r�a�n�d�o�m� �s�e�t� �o�f� �d�e�s�i�g�n�s� �i�s� �p�r�o�d�u�c�e�d�,� �a�l�s�o� �c�a�l�l�e�d� �a� �p�o�p�u�l�a�t�i�o�n�,� 

�w�i�t�h� �e�a�c�h� �p�e�r�s�o�n� �i�n� �t�h�e� �p�o�p�u�l�a�t�i�o�n� �r�e�p�r�e�s�e�n�t�i�n�g� �a� �d�e�s�i�g�n� �c�o�d�e�d� �a�s� �a� �r�a�n�d�o�m� �s�e�l�e�c�t�i�o�n� �o�f� 

�d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s�.� �T�h�e� �i�n�i�t�i�a�l� �p�o�p�u�l�a�t�i�o�n� �o�f� �d�e�s�i�g�n�s� �i�s� �t�h�e�n� �a�n�a�l�y�z�e�d�,� �a�n�d� �f�o�r� �e�a�c�h� �d�e�s�i�g�n� �a�n� 

�o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �v�a�l�u�e� �i�s� �f�o�u�n�d�.� �T�h�e� �d�e�s�i�g�n�s� �a�r�e� �e�a�c�h� �a�s�s�i�g�n�e�d� �a� �r�e�l�a�t�i�v�e� �f�i�t�n�e�s�s� �n�u�m�b�e�r�,� 

�c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �a� �m�e�a�s�u�r�e� �o�f� �t�h�e� �d�e�s�i�g�n�s� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n�,� �o�r� �r�e�l�a�t�i�v�e� �w�o�r�t�h�.� �T�h�e� �f�i�t�-� 

�n�e�s�s�e�s� �a�r�e� �g�e�n�e�r�a�l�l�y� �n�u�m�b�e�r�s� �a�d�d�i�n�g� �u�p� �t�o� �o�n�e�,� �a�n�d� �m�a�y� �s�i�m�p�l�y� �b�e� �t�h�e� �n�o�r�m�a�l�i�z�e�d� �o�b�j�e�c�-� 

�A�n�a�l�y�s�i�s� �a�n�d� �O�p�t�i�m�a�l� �T�e�s�t� �D�e�s�i�g�n� �3�9



�t�i�v�e� �f�u�n�c�t�i�o�n�s�.� �O�t�h�e�r� �m�e�a�n�s� �o�f� �r�a�n�k�i�n�g� �a�r�e� �o�f�t�e�n� �u�s�e�d�,� �f�o�r� �e�x�a�m�p�l�e� �t�h�e� �d�e�s�i�g�n�s� �m�a�y� �b�e� 

�r�a�n�k�e�d� �f�r�o�m� �b�e�s�t� �t�o� �w�o�r�s�t�,� �a�n�d� �t�h�e� �n�o�r�m�a�l�i�z�e�d� �p�o�s�i�t�i�o�n� �i�n� �t�h�e� �r�a�n�k� �u�s�e�d� �a�s� �f�i�t�n�e�s�s�.� 

�O�n�c�e� �r�e�l�a�t�i�v�e� �f�i�t�n�e�s�s�e�s� �h�a�v�e� �b�e�e�n� �d�e�t�e�r�m�i�n�e�d�,� �s�e�l�e�c�t�i�o�n� �i�s� �p�e�r�f�o�r�m�e�d�.� �A� �n�e�w� �p�o�p�u�l�a�t�i�o�n� �i�s� 

�r�a�n�d�o�m�l�y� �s�e�l�e�c�t�e�d� �f�r�o�m� �t�h�e� �o�l�d� �o�n�e�,� �b�u�t� �t�h�e� �s�e�l�e�c�t�i�o�n� �i�s� �b�i�a�s�e�d� �t�o�w�a�r�d�s� �d�e�s�i�g�n�s� �w�i�t�h� �h�i�g�h� 

�f�i�t�n�e�s�s�.� �T�h�i�s� �m�a�y� �b�e� �v�i�s�u�a�l�i�z�e�d� �b�e�s�t� �b�y� �i�m�a�g�i�n�i�n�g� �r�e�p�e�a�t�e�d�l�y� �s�p�i�n�n�i�n�g� �a� �r�o�u�l�e�t�t�e� �w�h�e�e�l� �t�o� 

�r�a�n�d�o�m�l�y� �s�e�l�e�c�t� �a� �n�e�w� �p�o�p�u�l�a�t�i�o�n� �f�r�o�m� �t�h�e� �o�l�d�,� �w�i�t�h� �s�e�c�t�o�r�s� �o�f� �v�a�r�y�i�n�g� �a�r�e�a� �c�o�r�r�e�s�p�o�n�d�i�n�g� 

�t�o� �t�h�e� �f�i�t�n�e�s�s� �o�f� �e�a�c�h� �o�r�i�g�i�n�a�l� �d�e�s�i�g�n�.� �A� �n�e�w� �p�o�p�u�l�a�t�i�o�n� �o�f� �d�e�s�i�g�n�s�,� �b�i�a�s�e�d� �t�o�w�a�r�d�s� �t�h�e� 

�g�o�o�d� �o�n�e�s� �i�n� �t�h�e� �o�l�d� �s�e�t�,� �i�s� �f�o�u�n�d� �i�n� �t�h�i�s� �w�a�y�.� 

�I�n� �o�r�d�e�r� �t�o� �i�m�p�r�o�v�e� �t�h�e� �g�e�n�e�t�i�c� �m�a�t�e�r�i�a�l� �a�v�a�i�l�a�b�l�e�,� �c�r�o�s�s�o�v�e�r� �1�s� �n�o�w� �p�e�r�f�o�r�m�e�d� �o�n� �t�h�e� �n�e�w� 

�s�e�t�.� �M�e�m�b�e�r�s� �o�f� �t�h�e� �p�o�p�u�l�a�t�i�o�n� �a�r�e� �p�a�i�r�e�d� �o�f� �r�a�n�d�o�m�l�y� �t�o� �p�a�r�t�i�c�i�p�a�t�e� �i�n� �c�r�o�s�s�o�v�e�r�,� �a�n�d� �t�h�i�s� 

�o�p�e�r�a�t�o�r� �i�s� �a�p�p�l�i�e�d� �w�i�t�h� �a� �h�i�g�h� �p�r�o�b�a�b�i�l�i�t�y�.� �T�h�e� �p�a�i�r�s� �a�r�e� �c�a�l�l�e�d� �p�a�r�e�n�t�s� �a�n�d� �t�h�e� �o�f�f�s�p�r�i�n�g�,� 

�n�o�t� �s�u�r�p�r�i�s�i�n�g�l�y�,� �c�h�i�l�d�r�e�n�.� �T�h�i�s� �o�p�e�r�a�t�o�r� �i�s� �a�n�a�l�o�g�o�u�s� �t�o� �b�i�o�l�o�g�i�c�a�l� �o�r�g�a�n�i�s�m�s� �r�e�p�r�o�d�u�c�i�n�g� 

�t�o� �f�o�r�m� �n�e�w� �o�r�g�a�n�i�s�m�s� �t�h�a�t� �s�h�a�r�e� �s�o�m�e� �o�f� �t�h�e� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �p�a�r�e�n�t�s�.� �F�i�r�s�t� �a� �c�r�o�s�s�o�v�e�r� 

�p�o�i�n�t�,� �o�r� �p�o�i�n�t�s� �a�r�e� �r�a�n�d�o�m�l�y� �s�e�l�e�c�t�e�d�,� �a�n�d� �t�h�e� �b�i�t�s� �o�f� �e�a�c�h� �s�t�r�i�n�g� �i�n�t�e�r�c�h�a�n�g�e�d� �a�f�t�e�r�,� �o�r� 

�b�e�f�o�r�e� �t�h�e� �c�r�o�s�s�o�v�e�r� �p�o�i�n�t�.� �A�n� �i�l�l�u�s�t�r�a�t�i�o�n� �o�f� �c�r�o�s�s�o�v�e�r� �i�s� �s�h�o�w�n� �b�e�l�o�w�.� 

�C�r�o�s�s�o�v�e�r� �p�o�i�n�t� �|� 

�P�a�r�e�n�t�1� �0�1�2�3�}�3�3�3� 

�P�a�r�e�n�t�2� �2�2�2�2�|� �1�2�3� 

�A�f�t�e�r� �c�r�o�s�s�o�v�e�r�:� 

�C�h�i�l�d�1� �0�1�2�3�]� �1�2�3� 

�C�h�i�l�d� �2� �=� �2�2�2�2�|� �3�3�3� 

�M�o�r�e� �t�h�a�n� �o�n�e� �c�r�o�s�s�o�v�e�r� �p�o�i�n�t� �i�s� �a�l�s�o� �p�o�s�s�i�b�l�e�.� �T�h�e� �i�d�e�a� �b�e�h�i�n�d� �c�r�o�s�s�o�v�e�r� �i�s� �t�o� �p�r�o�v�i�d�e� 

�n�e�w� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �g�e�n�e�t�i�c� �m�a�t�e�r�i�a�l�,� �f�r�o�m� �a� �p�o�p�u�l�a�t�i�o�n� �a�l�r�e�a�d�y� �s�e�l�e�c�t�e�d� �f�o�r� �i�t�s� �g�o�o�d� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�,� �i�n� �t�h�e� �h�o�p�e� �t�h�a�t� �s�o�m�e� �o�f� �t�h�e� �g�o�o�d� �p�a�r�t�s� �w�i�l�l� �c�o�m�b�i�n�e� �t�o� �y�i�e�l�d� �e�v�e�n� �b�e�t�t�e�r� 

�d�e�s�i�g�n�s�.� �O�f� �c�o�u�r�s�e� �t�h�e� �b�a�d� �p�a�r�t�s� �m�a�y� �a�l�s�o� �c�o�m�b�i�n�e�,� �b�u�t� �t�h�e�s�e� �w�i�l�l� �b�e� �f�i�l�t�e�r�e�d� �o�u�t� �i�n� �t�h�e� 

�n�e�x�t� �s�e�l�e�c�t�i�o�n� �s�t�e�p�.� 

�A�s� �c�a�n� �b�e� �s�e�e�n�,� �t�h�e� �s�t�e�p�s� �s�o� �f�a�r� �w�o�r�k� �e�x�c�l�u�s�i�v�e�l�y� �w�i�t�h� �t�h�e� �b�i�t�s� �m�a�k�i�n�g� �u�p� �t�h�e� �o�r�i�g�i�n�a�l� �p�o�p�-� 

�u�l�a�t�i�o�n�.� �T�h�e�r�e� �i�s� �n�o� �g�u�a�r�a�n�t�e�e� �t�h�a�t�,� �e�v�e�n� �b�y� �r�e�c�o�m�b�i�n�i�n�g� �t�h�e�m� �i�n� �a�l�l� �p�o�s�s�i�b�l�e� �c�o�m�b�i�n�a�-� 

�A�n�a�l�y�s�i�s� �a�n�d� �O�p�t�i�m�a�l� �T�e�s�t� �D�e�s�i�g�n� �4�0



�t�i�o�n�s�,� �t�h�a�t� �t�h�e� �e�n�t�i�r�e� �d�e�s�i�g�n� �s�p�a�c�e� �c�a�n� �b�e� �r�e�p�r�e�s�e�n�t�e�d�.� �I�n� �a�d�d�i�t�i�o�n� �t�h�e� �s�e�l�e�c�t�i�o�n� �p�r�o�c�e�s�s� �m�a�y� 

�f�i�n�d� �i�n�d�i�v�i�d�u�a�l�s� �t�h�a�t� �d�o�m�i�n�a�t�e� �t�h�e� �c�u�r�r�e�n�t� �p�o�p�u�l�a�t�i�o�n� �a�f�t�e�r� �a� �n�u�m�b�e�r� �o�f� �c�y�c�l�e�s�.� �F�o�r� �t�h�i�s� �r�e�a�-� 

�s�o�n�,� �a�n�d� �a�g�a�i�n� �m�i�m�i�c�k�i�n�g� �n�a�t�u�r�e�,� �t�h�e� �o�p�e�r�a�t�o�r� �o�f� �m�u�t�a�t�i�o�n� �i�s� �i�n�t�r�o�d�u�c�e�d�.� �T�h�i�s� �o�p�e�r�a�t�o�r� �i�s� 

�a�p�p�l�i�e�d� �w�i�t�h� �a� �v�e�r�y� �l�o�w� �p�r�o�b�a�b�i�l�i�t�y� �t�o� �r�a�n�d�o�m�l�y� �s�e�l�e�c�t� �a� �b�i�t�,� �a�n�d� �r�a�n�d�o�m�l�y� �c�h�a�n�g�e� �i�t�s� 

�v�a�l�u�e�.� �T�h�i�s� �i�s� �i�l�l�u�s�t�r�a�t�e�d� �b�e�l�o�w�:� 

�R�a�n�d�o�m� �m�u�t�a�t�i�o�n� �s�i�t�e� �:� �n�l� 

�R�a�n�d�o�m�l�y� �s�e�l�e�c�t�e�d� �p�e�r�s�o�n�:� �1�0�2�3�0�1�2� 

�P�e�r�s�o�n� �a�f�t�e�r� �m�u�t�a�t�i�o�n� �:� �1�0�2�3�3�1�2� 

�T�h�e�s�e� �t�h�r�e�e� �o�p�e�r�a�t�o�r�s� �a�r�e� �a�p�p�l�i�e�d� �s�e�q�u�e�n�t�i�a�l�l�y� �u�n�t�i�l� �a� �s�t�o�p�p�i�n�g� �c�r�i�t�e�r�i�o�n� �i�s� �s�a�t�i�s�f�i�e�d�.� �F�o�r� 

�e�x�a�m�p�l�e� �i�t� �m�a�y� �b�e� �r�e�q�u�i�r�e�d� �t�h�a�t� �t�h�e� �b�e�s�t� �d�e�s�i�g�n� �i�n� �e�a�c�h� �s�u�c�c�e�s�s�i�v�e� �p�o�p�u�l�a�t�i�o�n� �n�o�t� �c�h�a�n�g�e� 

�f�o�r� �a� �c�e�r�t�a�i�n� �n�u�m�b�e�r� �o�f� �c�y�c�l�e�s�.� �A�l�t�e�r�n�a�t�i�v�e�l�y�,� �o�n�e� �m�a�y� �s�i�m�p�l�y� �l�i�m�i�t� �t�h�e� �n�u�m�b�e�r� �o�f� �c�y�c�l�e�s� 

�a�l�l�o�w�e�d�.� 

�A�s� �i�n� �a�n�y� �o�p�t�i�m�i�z�a�t�i�o�n� �p�r�o�c�e�s�s� �c�o�n�s�t�r�a�i�n�t�s� �m�a�y� �h�a�v�e� �t�o� �b�e� �i�m�p�o�s�e�d�.� �I�n� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m�s� 

�t�h�i�s� �i�s� �m�o�s�t� �c�o�m�m�o�n�l�y� �a�c�h�i�e�v�e�d� �b�y� �d�e�s�i�g�n�i�n�g� �t�h�e� �c�o�d�i�n�g� �s�u�c�h� �t�h�a�t� �o�n�l�y� �f�e�a�s�i�b�l�e� �d�e�s�i�g�n�s� 

�a�r�e� �p�o�s�s�i�b�l�e�,� �o�r� �i�f� �t�h�i�s� �i�s� �i�m�p�o�s�s�i�b�l�e�,� �b�y� �a� �p�e�n�a�l�t�y� �f�u�n�c�t�i�o�n� �a�p�p�r�o�a�c�h�.� �A� �i�n�f�e�a�s�i�b�l�e� �d�e�s�i�g�n� 

�m�a�y� �h�a�v�e� �i�t�s� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �p�e�n�a�l�i�z�e�d� �b�y� �m�u�l�t�i�p�l�y�i�n�g� �b�y� �a� �p�e�n�a�l�t�y� �p�a�r�a�m�e�t�e�r�,� �s�o� �a�s� �t�o� 

�d�i�s�c�o�u�r�a�g�e� �s�e�l�e�c�t�i�o�n� �i�n� �t�h�e� �n�e�x�t� �r�o�u�n�d�.� 

�D�u�e� �t�o� �t�h�e� �p�r�o�b�a�b�i�l�i�s�t�i�c� �n�a�t�u�r�e� �o�f� �t�h�e� �s�e�a�r�c�h� �i�t� �i�s� �q�u�i�t�e� �p�o�s�s�i�b�l�e� �t�h�a�t� �a� �g�o�o�d� �d�e�s�i�g�n� �m�a�y� �b�e� 

�e�n�c�o�u�n�t�e�r�e�d�,� �b�u�t� �n�o�t� �s�e�l�e�c�t�e�d� �i�n� �t�h�e� �n�e�x�t� �r�o�u�n�d�,� �a�n�d� �l�o�s�t�.� �T�o� �c�o�u�n�t�e�r� �t�h�i�s� �p�o�s�s�i�b�i�l�i�t�y�,� �a�n� 

�e�l�i�t�i�s�t� �s�t�r�a�t�e�g�y� �m�a�y� �b�e� �f�o�l�l�o�w�e�d�,� �w�h�i�c�h� �m�o�n�i�t�o�r�s� �e�a�c�h� �c�y�c�l�e�,� �a�n�d� �k�e�e�p�s� �t�r�a�c�k� �o�f� �t�h�e� �b�e�s�t� 

�d�e�s�i�g�n� �t�o� �d�a�t�e� �i�n� �a� �s�e�p�a�r�a�t�e� �r�e�g�i�s�t�e�r�.� �A�s� �a�p�p�l�i�e�d� �h�e�r�e� �t�h�i�s� �s�e�p�a�r�a�t�e� �r�e�g�i�s�t�e�r� �w�a�s� �o�f�f�e�r�e�d� �f�o�r� 

�s�e�l�e�c�t�i�o�n� �b�a�s�e�d� �o�n� �a� �f�r�e�q�u�e�n�c�y� �d�e�t�e�r�m�i�n�e�d� �b�y� �t�h�e� �o�p�e�r�a�t�o�r� �o�f� �t�h�e� �c�o�d�e�.� �I�t� �w�a�s� �f�o�u�n�d� �t�h�a�t� 

�u�s�i�n�g� �a�  ��p�u�r�e �� �e�l�i�t�i�s�t� �s�t�r�a�t�e�g�y�,� �w�i�t�h� �t�h�e� �e�l�i�t�e� �b�e�i�n�g� �o�f�f�e�r�e�d� �e�v�e�r�y� �c�y�c�l�e� �o�f�t�e�n� �l�e�a�d�s� �t�o� �p�r�e�-� 

�m�a�t�u�r�e� �d�o�m�i�n�a�t�i�o�n� �o�f� �t�h�e� �p�o�p�u�l�a�t�i�o�n� �b�y� �o�n�e� �d�e�s�i�g�n�.� �F�o�r� �t�h�i�s� �r�e�a�s�o�n� �t�h�e� �e�l�i�t�e� �d�e�s�i�g�n� �w�a�s� 

�o�n�l�y� �o�f�f�e�r�e�d� �f�o�r� �s�e�l�e�c�t�i�o�n� �e�v�e�r�y� �f�e�w� �c�y�c�l�e�s�,� �s�o� �a�s� �t�o� �a�l�l�o�w� �t�h�e� �s�e�a�r�c�h� �t�o� �m�o�v�e� �a�w�a�y� �f�r�o�m� 

�t�h�e� �p�r�e�v�i�o�u�s� �b�e�s�t�,� �b�u�t�  ��r�e�m�i�n�d �� �i�t� �p�e�r�i�o�d�i�c�a�l�l�y� �o�f� �p�r�e�v�i�o�u�s� �g�o�o�d� �d�e�s�i�g�n�s�,� �i�n� �c�a�s�e� �t�h�e� �n�e�w� 

�s�e�a�r�c�h� �a�r�e�a� �p�r�o�v�e�s� �u�n�p�r�o�d�u�c�t�i�v�e�.� 

�A�n�a�l�y�s�i�s� �a�n�d� �O�p�t�i�m�a�l� �T�e�s�t� �D�e�s�i�g�n� �4�1



�I�t� �c�a�n� �b�e� �s�e�e�n� �t�h�a�t� �t�h�e� �o�n�l�y� �r�e�q�u�i�r�e�m�e�n�t�s� �f�o�r� �a�n� �o�p�t�i�m�i�z�a�t�i�o�n� �p�r�o�b�l�e�m� �t�o� �b�e� �a�n�a�l�y�z�e�d� �b�y� �a� 

�g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m� �a�r�e� �t�h�a�t� �t�h�e� �d�e�s�i�g�n� �b�e�i�n�g� �o�p�t�i�m�i�z�e�d� �c�a�n� �b�e� �c�o�d�e�d� �a�s� �a� �s�t�r�i�n�g� �o�f� �d�i�s�c�r�e�t�e� 

�d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s�.� �F�o�r� �a� �p�a�r�t�i�c�u�l�a�r� �d�e�s�i�g�n� �a�n� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �e�v�a�l�u�a�t�i�o�n� �m�u�s�t� �b�e� �p�o�s�s�i�b�l�e�,� 

�a�n�d� �a� �t�e�s�t� �f�o�r� �f�e�a�s�i�b�i�l�i�t�y� �o�f� �a� �d�e�s�i�g�n� �m�u�s�t� �e�x�i�s�t� �w�h�e�n� �n�e�e�d�e�d�.� �T�h�e� �n�a�t�u�r�e� �o�f� �t�h�e� �p�r�o�b�l�e�m�,� �b�e� 

�i�t� �n�o�n�l�i�n�e�a�r�,� �d�i�s�j�o�i�n�t�,� �o�r� �n�o�n�s�m�o�o�t�h� �i�s� �n�o�t� �i�m�p�o�r�t�a�n�t�.� 

�S�o�l�u�t�i�o�n� �o�f� �t�h�e� �p�r�o�b�l�e�m� �a�t� �h�a�n�d� �i�s� �n�o�w� �d�e�s�c�r�i�b�e�d�.� �I�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �s�e�c�t�i�o�n� �n�o�m�i�n�a�l� �m�a�t�e�-� 

�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �f�o�u�n�d� �i�n� �[�5�]� �f�o�r� �T�3�0�0�-�5�2�0�8�,� �c�l�o�s�e� �t�o� �t�h�e� �i�n�t�e�n�d�e�d� �t�e�s�t� �m�a�t�e�r�i�a�l�,� �a�r�e� �u�s�e�d�.� �I�n� 

�a�d�d�i�t�i�o�n�,� �h�y�g�r�o�-�t�h�e�r�m�a�l� �e�f�f�e�c�t�s� �a�r�e� �i�g�n�o�r�e�d�.� 

�3�.�3�.�2� �O�p�t�i�m�i�z�a�t�i�o�n� �o�f� �t�h�e� �g�e�n�e�r�a�l� �p�r�o�b�l�e�m� 

�A�s� �s�t�a�t�e�d� �i�n� �t�h�e� �i�n�t�r�o�d�u�c�t�i�o�n� �t�h�e� �t�h�e�o�r�e�t�i�c�a�l� �o�p�t�i�m�u�m� �m�a�y� �b�e� �f�o�u�n�d� �b�y� �u�s�i�n�g� �t�h�e� �m�o�s�t� �g�e�n�-� 

�e�r�a�l� �s�e�t� �o�f� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �f�o�r� �t�h�e� �p�r�o�b�l�e�m�.� �I�n�-�p�l�a�n�e� �l�o�a�d�s� �o�n�l�y� �w�i�l�l� �b�e� �c�o�n�s�i�d�e�r�e�d�,� �a�s� �o�u�t�-� 

�o�f� �p�l�a�n�e� �l�o�a�d�s�,� �w�i�t�h� �s�t�r�a�i�n�s� �v�a�r�y�i�n�g� �t�h�r�o�u�g�h� �t�h�e� �t�h�i�c�k�n�e�s�s�,� �m�a�y� �v�i�o�l�a�t�e� �H�a�r�t�-�S�m�i�t�h ��s� 

�a�s�s�u�m�p�t�i�o�n� �t�h�a�t� �t�r�a�n�s�v�e�r�s�e� �f�i�b�e�r�s� �s�u�p�p�o�r�t� �m�a�t�r�i�x� �f�a�i�l�u�r�e�s� �i�n� �a�d�j�a�c�e�n�t� �p�l�i�e�s�.� �T�h�e� �u�s�e� �o�f� �i�n �� 

�p�l�a�n�e� �l�o�a�d�s� �o�n�l�y� �r�e�d�u�c�e�s� �t�h�e� �c�o�m�p�l�e�x�i�t�y� �o�f� �t�h�e� �o�p�t�i�m�i�z�a�t�i�o�n� �f�o�r� �a�n�o�t�h�e�r� �i�m�p�o�r�t�a�n�t� �r�e�a�s�o�n�.� 

�A�s� �l�a�m�i�n�a�t�i�o�n� �s�e�q�u�e�n�c�e�,� �a�s� �o�p�p�o�s�e�d� �t�o� �p�l�y� �c�o�n�t�e�n�t� �h�a�s� �n�o� �e�f�f�e�c�t� �o�n� �t�h�e� �i�n�-�p�l�a�n�e� �r�e�s�p�o�n�s�e� 

�o�f� �s�y�m�m�e�t�r�i�c� �l�a�m�i�n�a�t�e�s�,� �i�t� �i�s� �s�u�f�f�i�c�i�e�n�t� �t�o� �s�i�m�p�l�y� �f�i�n�d� �t�h�e� �n�u�m�b�e�r� �o�f� �p�l�i�e�s� �i�n� �e�a�c�h� �d�i�r�e�c�t�i�o�n�.� 

�T�h�e� �l�a�m�i�n�a�t�e� �i�s� �l�i�m�i�t�e�d� �t�o� �t�h�e� �f�o�u�r� �b�a�s�i�c� �p�l�y� �a�n�g�l�e�s� �r�e�q�u�i�r�e�d� �b�y� �H�a�r�t�-�S�m�i�t�h�;� �0�°�,� �9�0�°�,� �4�5�°�,� 

�a�n�d�  ��4�5�°� �a�n�d� �i�s� �r�e�q�u�i�r�e�d� �t�o� �b�e� �b�a�l�a�n�c�e�d� �a�n�d� �s�y�m�m�e�t�r�i�c�.� �I�n� �a�d�d�i�t�i�o�n�,� �a�t� �l�e�a�s�t� �1�2�.�5�%� �o�f� 

�f�i�b�e�r�s� �a�r�e� �r�e�q�u�i�r�e�d� �i�n� �e�a�c�h� �o�f� �t�h�e� �f�o�u�r� �d�i�r�e�c�t�i�o�n�s�.� �T�h�i�s� �n�a�t�u�r�a�l�l�y� �l�e�a�d�s� �t�o� �u�s�e� �o�f� �l�a�m�i�n�a�t�e�s� 

�w�i�t�h� �m�u�l�t�i�p�l�e�s� �o�f� �1�6� �p�l�i�e�s�,� �a�s� �a� �1�6�-�p�l�y� �l�a�m�i�n�a�t�e� �w�i�l�l� �s�a�t�i�s�f�y� �t�h�e� �p�l�y�-�p�e�r�c�e�n�t�a�g�e� �c�o�n�s�t�r�a�i�n�t� 

�s�i�m�p�l�y� �b�y� �h�a�v�i�n�g� �a�t� �l�e�a�s�t� �a� �s�i�n�g�l�e� �p�l�y� �i�n� �e�a�c�h� �d�i�r�e�c�t�i�o�n� �i�n� �t�h�e� �s�y�m�m�e�t�r�i�c� �s�u�b�-�l�a�m�i�n�a�t�e�.� �T�h�e� 

�o�p�t�i�m�i�z�a�t�i�o�n� �i�s�,� �t�h�e�r�e�f�o�r�e�,� �l�i�m�i�t�e�d� �t�o� �i�n�-�p�l�a�n�e� �l�o�a�d�s� �o�n� �a� �s�y�m�m�e�t�r�i�c�,� �b�a�l�a�n�c�e�d� �1�6�-�p�l�y� �l�a�m�i�-� 

�n�a�t�e�,� �w�i�t�h� �f�i�b�e�r�s� �i�n� �e�a�c�h� �o�f� �t�h�e� �f�o�u�r� �b�a�s�i�c� �d�i�r�e�c�t�i�o�n�s�.� 

�T�h�e� �m�o�s�t� �g�e�n�e�r�a�l� �s�e�l�e�c�t�i�o�n� �o�f� �l�o�a�d� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �m�a�y� �b�e� �t�h�e� �s�e�l�e�c�t�i�o�n� �o�f� �t�h�e� �t�h�r�e�e� �l�a�m�-� 

�i�n�a� �i�n�-�p�l�a�n�e� �s�t�r�e�s�s�e�s� �o�r� �s�t�r�a�i�n�s�.� �T�h�i�s� �a�p�p�r�o�a�c�h� �w�a�s� �u�s�e�d� �b�y� �H�a�f�t�k�a� �a�n�d� �K�a�o� �[�4�]� �i�n� �t�h�e�i�r� 

�c�o�m�p�a�r�i�s�o�n� �o�f� �t�h�e� �c�r�i�t�e�r�i�a� �o�f� �T�s�a�i�-�W�u� �a�n�d� �T�s�a�i�-�H�i�l�l�.� �T�h�e�y� �n�o�t�e� �t�h�a�t� �i�n� �t�h�i�s� �m�a�n�n�e�r� �a� �t�h�e�o�-� 

�r�e�t�i�c�a�l� �u�p�p�e�r� �a�n�d� �l�o�w�e�r� �b�o�u�n�d� �o�n� �t�h�e� �f�a�i�l�u�r�e� �r�a�t�i�o� �m�a�y� �b�e� �f�o�u�n�d�.� �I�n� �t�h�e� �c�a�s�e� �u�n�d�e�r� �c�o�n�s�i�d�-� 

�e�r�a�t�i�o�n� �h�e�r�e� �u�s�i�n�g� �/�a�m�i�n�a� �s�t�r�e�s�s�e�s� �a�r�e� �n�o�t� �a�p�p�r�o�p�r�i�a�t�e�.� �B�o�t�h� �c�r�i�t�e�r�i�a� �p�r�e�d�i�c�t� �l�a�m�i�n�a�t�e� 

�f�a�i�l�u�r�e� �a�n�d�,� �f�o�r� �e�x�a�m�p�l�e� �i�n� �t�h�e� �c�a�s�e� �o�f� �T�s�a�i�,� �d�e�g�r�a�d�a�t�i�o�n� �o�f� �a� �t�r�a�n�s�v�e�r�s�e�l�y� �l�o�a�d�e�d� �s�i�n�g�l�e� 

�l�a�m�i�n�a� �i�s� �n�o�t� �d�e�f�i�n�e�d�.� �H�a�r�t�-�S�m�i�t�h� �r�e�q�u�i�r�e�s� �t�h�a�t� �p�l�i�e�s� �i�n� �f�o�u�r� �m�a�i�n� �d�i�r�e�c�t�i�o�n�s� �b�e� �p�r�e�s�e�n�t�.� �F�o�r� 

�t�h�i�s� �c�a�s�e� �a� �v�e�c�t�o�r� �o�f� �n�o�r�m�a�l�i�z�e�d� �i�n�-�p�l�a�n�e� �s�t�r�e�s�s� �r�e�s�u�l�t�a�n�t�s� �N�,� �w�i�t�h� 

�A�n�a�l�y�s�i�s� �a�n�d� �O�p�t�i�m�a�l� �T�e�s�t� �D�e�s�i�g�n� �4�2



�N�,� 

�N� �=� �|�N�.�|�,�a�n�d� �/�N�7�+�N�7�4�+�N�2�,� �=� �1� 
�y�|�?� �x� �y� �x�y� 

�N�,� 

�i�s� �u�s�e�d�.� 

�F�o�r� �s�o�l�u�t�i�o�n� �b�y� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m� �t�h�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �m�u�s�t� �b�e� �c�o�d�e�d� �a�s� �d�i�s�c�r�e�t�e� �n�u�m�b�e�r�s�.� 

�T�h�e� �l�a�m�i�n�a�t�e� �v�a�r�i�a�b�l�e�s� �a�r�e� �b�y� �n�a�t�u�r�e� �i�n�t�e�g�e�r�s�,� �b�u�t� �t�h�e� �l�o�a�d�s� �n�e�e�d� �t�o� �b�e� �d�i�s�c�r�e�t�i�z�e�d�.� �I�n� �t�h�i�s� 

�c�a�s�e� �w�h�e�r�e� �o�n�l�y� �t�h�e� �p�l�y� �c�o�n�t�e�n�t� �a�n�d� �n�o�t� �t�h�e� �s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e� �i�s� �i�m�p�o�r�t�a�n�t� �t�h�e� �n�u�m�b�e�r� �o�f� 

�p�o�s�s�i�b�l�e� �l�a�m�i�n�a�t�e�s� �i�s� �l�i�m�i�t�e�d� �t�o� �9�.� �T�h�i�s� �m�a�y� �s�u�g�g�e�s�t� �a� �b�a�s�e� �9� �s�y�s�t�e�m� �b�e� �u�s�e�d� �f�o�r� �t�h�e� 

�g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m� �c�o�d�i�n�g�.� �H�o�w�e�v�e�r�,� �t�h�i�s� �m�e�a�n�s� �t�h�e� �l�a�m�i�n�a�t�e� �i�s� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �a� �s�i�n�g�l�e� 

�n�u�m�b�e�r� �i�n� �t�h�e� �o�p�t�i�m�i�z�a�t�i�o�n� �s�t�r�i�n�g�.� �I�t� �i�s� �m�o�r�e� �c�u�s�t�o�m�a�r�y� �i�n� �c�o�d�i�n�g� �o�f� �d�e�s�i�g�n�s� �t�o� �u�s�e� �l�o�n�g�e�r� 

�s�t�r�i�n�g�s�,� �a�l�l�o�w�i�n�g� �m�o�r�e� �c�h�a�n�c�e�s� �o�f� �m�i�x�i�n�g� �t�h�e� �v�a�r�i�o�u�s� �p�r�o�p�e�r�t�i�e�s�.� �U�s�i�n�g� �a� �b�a�s�e� �3� �s�y�s�t�e�m�,� 

�t�h�e� �n�i�n�e� �c�a�n�d�i�d�a�t�e�s� �c�a�n� �b�e� �c�o�d�e�d� �m�o�s�t� �e�f�f�i�c�i�e�n�t�l�y�,� �a�s� �t�w�o� �d�i�g�i�t�s� �i�n� �b�a�s�e� �3� �c�a�n� �e�x�a�c�t�l�y� 

�a�c�c�o�m�m�o�d�a�t�e� �t�h�e� �d�e�s�i�g�n�s�.� �H�o�w�e�v�e�r�,� �a�s� �a� �c�o�d�e� �u�s�i�n�g� �b�a�s�e� �4� �w�a�s� �a�v�a�i�l�a�b�l�e� �f�r�o�m� �p�r�e�l�i�m�i�-� 

�n�a�r�y� �w�o�r�k� �o�n� �t�h�e� �p�r�o�b�l�e�m�,� �i�t� �w�a�s� �d�e�c�i�d�e�d� �t�o� �c�o�n�t�i�n�u�e� �w�i�t�h� �t�h�i�s� �c�o�d�i�n�g�.� �U�s�i�n�g� �a� �s�u�b�-�s�t�r�i�n�g� 

�o�f� �t�w�o� �b�a�s�e� �4� �n�u�m�b�e�r�s�,� �1�6� �l�a�m�i�n�a�t�e�s� �c�a�n� �b�e� �r�e�p�r�e�s�e�n�t�e�d�.� �T�h�e� �s�c�h�e�m�e� �c�o�d�e� �t�h�e� �d�e�s�i�g�n�s� �i�s� 

�s�h�o�w�n� �i�n� �T�a�b�l�e� �3�.�1�.� 

�T�h�e�  ��J�u�m�p �� �p�a�r�a�m�e�t�e�r� �i�n� �T�a�b�l�e� �3�.�1� �w�a�s� �u�s�e�d� �t�o� �h�a�n�d�l�e� �t�h�e� �f�a�c�t� �t�h�a�t� �m�o�r�e� �t�h�a�n� �t�h�e� �r�e�q�u�i�r�e�d� 

�n�i�n�e� �d�e�s�i�g�n�s� �c�a�n� �b�e� �c�o�d�e�d� �b�y� �t�h�i�s� �s�u�b�-�s�t�r�i�n�g�.� �T�h�e� �J�u�m�p� �p�a�r�a�m�e�t�e�r� �w�a�s� �u�s�e�d� �t�o� �e�n�t�i�r�e�l�y� 

�s�k�i�p� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �e�v�a�l�u�a�t�i�o�n� �f�o�r� �d�e�s�i�g�n�s� �f�o�r� �w�h�i�c�h� �J�u�m�p� �=� �1�,� �a�n�d� �t�o� �a�s�s�i�g�n� �a�n� 

�u�n�c�o�m�p�e�t�i�t�i�v�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �v�a�l�u�e� �t�o� �t�h�e�s�e� �u�n�o�c�c�u�p�i�e�d� �c�o�d�i�n�g�s�.� �T�h�i�s� �e�n�s�u�r�e�s� �t�h�e� 

�d�e�s�i�g�n� �i�s� �l�i�k�e�l�y� �t�o� �b�e� �f�i�l�t�e�r�e�d� �o�u�t� �b�y� �s�e�l�e�c�t�i�o�n�.� �I�n� �t�h�i�s� �w�a�y� �c�o�m�p�u�t�a�t�i�o�n�a�l� �c�o�s�t� �i�s� �r�e�d�u�c�e�d�,� �a�s� 

�i�n�f�e�a�s�i�b�l�e� �d�e�s�i�g�n�s� �a�r�e� �i�d�e�n�t�i�f�i�e�d� �b�e�f�o�r�e� �a�n�a�l�y�s�i�s� �b�e�g�i�n�s�,� �a�n�d� �w�i�t�h�d�r�a�w�n� �f�r�o�m� �t�h�a�t� �s�t�e�p�.� 

�T�h�e� �t�h�r�e�e� �n�o�r�m�a�l�i�z�e�d� �s�t�r�e�s�s� �r�e�s�u�l�t�a�n�t�s� �c�a�n� �b�e� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �t�w�o� �s�p�h�e�r�i�c�a�l� �c�o�o�r�d�i�n�a�t�e� 

�p�a�r�a�m�e�t�e�r�s� �a�n�d� �@�,� �w�i�t�h� �N�,�,� �N�,�,�a�n�d� �N�,�,� �g�i�v�e�n� �b�y�:� 

�N�,� �=� �c�o�s�(�o�)�c�o�s�(�@�)�;� 

�N� �y�=� �c�o�s�(�)�s�i�n�(�@�)�;� 

�N�a�y� �=� �s�i�n�(�9�)�.� 

�A�n�a�l�y�s�i�s� �a�n�d� �O�p�t�i�m�a�l� �T�e�s�t� �D�e�s�i�g�n� �4�3



�T�A�B�L�E� �3�.�1� �C�o�d�i�n�g� �o�f� �l�a�m�i�n�a�t�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s�.� 
� � 

� � 

� � 

�+�4�5�°�p�l�y� �J�u�m�p� 
�C�o�d�i�n�g� �s�t�a�c�k�s� �0�°� �p�l�i�e�s� �9�0�°� �p�l�i�e�s� �p�a�r�a�m�e�t�e�r� 

�0�0� �1� �1� �5� �0� 

�0�1� �1� �2� �4� �0� 

�0�2� �1� �3� �3� �0� 

�0�3� �1� �4� �2� �0� 

�1�0� �1� �5� �1� �0� 

�1�1� �n�/�a� �n�/�a� �n�/�a� �1� 

�1�2� �n�/�a� �n�/�a� �W�a� �1� 

�1�3� �n�/�a� �n�/�a� �n�/�a� �1� 

�2�0� �0� 

�2�1� �0� 

�2�2� �2� �3� �0� 

�2�3� �n�/�a� �n�/�a� �n�/�a� �1� 

�3�0� �3� �1� �1� �0� 

�3�1� �n�/�a� �n�/�a� �n�/�a� �1� 

�3�2� �n�/�a� �n�/�a� �n�/�a� �1� 

�3�3� �n�/�a� �n�/�a� �n�/�a� �1� 
� � 

� � 

�w�i�t�h� �o� �=� �0�°� �t�o� �9�0�°� �a�n�d� �w� �=� �4�5�°� �t�o� �2�2�5�°� �p�r�o�v�i�d�i�n�g� �t�h�e� �n�e�c�e�s�s�a�r�y� �r�a�n�g�e�s� �f�o�r� �t�h�e� �s�t�r�e�s�s� �r�e�s�u�l�t�-� 

�a�n�t�s� �w�h�e�n� �e�x�p�l�o�i�t�i�n�g� �s�y�m�m�e�t�r�y�.� �T�h�e� �p�h�y�s�i�c�a�l� �m�e�a�n�i�n�g� �o�f� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �i�s� �t�h�a�t� �o� �c�o�n�t�r�o�l�s� 

�t�h�e� �r�a�t�i�o� �o�f� �a�x�i�a�l� �t�o� �s�h�e�a�r� �l�o�a�d�s�,� �a�n�d� �@� �c�o�n�t�r�o�l�s� �t�h�e� �r�a�t�i�o� �o�f� �x �� �a�n�d� �y�-�d�i�r�e�c�t�i�o�n� �a�x�i�a�l� �l�o�a�d�s�.� 

�T�h�e�s�e� �p�a�r�a�m�e�t�e�r�s� �a�r�e� �d�i�s�c�r�e�t�i�z�e�d� �b�y� �u�s�i�n�g� �b�a�s�e� �4� �n�u�m�b�e�r�s� �w�i�t�h� �t�h�r�e�e� �d�i�g�i�t�s� �u�s�e�d� �f�o�r� �@� �a�n�d� 

�f�o�u�r� �f�o�r� �@�.� �T�h�i�s� �r�e�s�u�l�t�s� �i�n� �a�n�d� �@� �b�e�i�n�g� �d�i�s�c�r�e�t�i�z�e�d� �w�i�t�h� �i�n�c�r�e�m�e�n�t�s� �o�f� �1�.�4�2�9�°� �a�n�d� 

�0�.�7�0�5�9�°�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� 

�T�h�e� �t�o�t�a�l� �l�e�n�g�t�h� �o�f� �t�h�e� �c�o�d�i�n�g� �i�s� �n�i�n�e� �d�i�g�i�t�s�,� �t�w�o� �d�i�g�i�t�s� �f�o�r� �t�h�e� �l�a�m�i�n�a�t�e�,� �t�h�r�e�e� �f�o�r� �t�h�e� �a�x�i�a�l� 

�t�o� �s�h�e�a�r� �r�a�t�i�o�,� �a�n�d� �f�o�u�r� �f�o�r� �t�h�e� �a�x�i�a�l� �l�o�a�d� �r�a�t�i�o�.� �T�h�e� �d�e�s�i�g�n� �s�p�a�c�e� �t�h�e�r�e�f�o�r�e� �c�o�n�s�i�s�t�s� �o�f� 

�a�p�p�r�o�x�i�m�a�t�e�l�y� �2�.�6� �x� �1�0�°� �d�e�s�i�g�n�s�.� 

�I�n� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �p�r�o�b�l�e�m� �b�y� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m�,� �t�h�e� �p�o�p�u�l�a�t�i�o�n� �s�i�z�e� �w�a�s� �c�h�o�s�e�n� �a�s� �1�2� 

�p�e�r�s�o�n�s�,� �w�i�t�h� �1�0�0� �c�y�c�l�e�s� �t�y�p�i�c�a�l�l�y� �n�e�e�d�e�d� �t�o� �o�b�t�a�i�n� �c�o�n�v�e�r�g�e�n�c�e�,� �m�e�a�n�i�n�g� �l�e�s�s� �t�h�a�n� �0�.�5�%� 

�o�f� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e� �i�s� �t�y�p�i�c�a�l�l�y� �s�a�m�p�l�e�d�.� �T�h�i�s� �i�s� �s�t�i�l�l� �o�n� �t�h�e� �h�i�g�h� �s�i�d�e� �f�o�r� �g�e�n�e�t�i�c� �a�l�g�o�-� 

�r�i�t�h�m�s�,� �b�u�t� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e� �i�s� �o�f� �f�a�i�r�l�y� �m�o�d�e�s�t� �p�r�o�p�o�r�t�i�o�n�s�,� �a�n�d� �l�a�r�g�e�r� �p�r�o�b�l�e�m�s� �o�f�t�e�n� �l�e�a�d� 

�t�o� �d�e�c�l�i�n�i�n�g� �p�e�r�c�e�n�t�a�g�e�s� �o�f� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e� �n�e�e�d�e�d� �t�o� �b�e� �s�a�m�p�l�e�d�.� 

�A�n�a�l�y�s�i�s� �a�n�d� �O�p�t�i�m�a�l� �T�e�s�t� �D�e�s�i�g�n� �4�4



�O�p�t�i�m�a�l� �d�e�s�i�g�n�s� �o�b�t�a�i�n�e�d� �b�y� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m� �a�r�e� �s�h�o�w�n� �i�n� �t�a�b�l�e�s� �3�.�2� �a�n�d� �3�.�3�.� 

�T�A�B�L�E� �3�.�2� �L�a�m�i�n�a�t�e�-�l�o�a�d� �c�o�m�b�i�n�a�t�i�o�n�s� �m�i�n�i�m�i�z�i�n�g� �f�a�i�l�u�r�e� �l�o�a�d� �p�r�e�d�i�c�t�i�o�n� �r�a�t�i�o� �F�.� 
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�+�4�5�°� �p�l�i�e�s� �9�0�°� �p�l�i�e�s� �0�°� �p�l�i�e�s� �N�x� �N�y� �N�x�y� �I�t�e�r�a�t�i�o�n�s� �r�a�t�i�o�,� �F� 

�1� �2� �4� �-�0�.�7�9�6�2� �-�0�.�6�0�5�1� �0�.�0� �2�5�0�°� �0�.�4�0�0�8�0� 

�2� �2� �2� �-�0�.�7�4�9�3� �-�0�.�6�6�2�2� �0�.�0� �6�8� �0�.�4�0�0�8�1� 

�1� �3� �3� �-�0�.�7�6�5�4� �-�0�.�6�4�3�6� �0�.�0� �8�6� �0�.�4�0�0�8�2� 

�1� �1� �5� �-�0�.�9�2�8�8� �-�0�.�3�6�9�7� �0�.�0�2�4�9� �7�0� �0�.�4�0�0�8�2� 
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�+�4�5�°� �p�l�i�e�s� �9�0�°� �p�l�i�e�s� �0�°� �p�l�i�e�s� �N�x� �N�y� �N�x�y� �I�t�e�r�a�t�i�o�n�s� �r�a�t�i�o�,� �F� 

�1� �1� �5� �-�0�.�4�3�8�4� �0�.�7�8�7�1� �0�.�4�3�3�9� �5�8� �1�.�8�8�9�7� 

�1� �1� �5� �-�0�.�4�1�8�9� �0�.�7�9�7�7� �0�.�4�3�3�9� �5�5� �1�.�8�8�8�2� 

�1� �1� �5� �-�0�.�3�7�9�1� �0�.�8�1�7�3� �0�.�4�3�3�9� �3�5�0�°� �1�.�8�8�5�4� 

�1� �1� �5� �0�.�1�1�0�4� �0�.�9�1�4�8� �0�.�3�8�8�4� �2�0�0� �1�.�8�7�3�9� 

�1� �1� �5� �-�0�.�2�8�5� �0�.�8�2�9�2� �0�.�4�7�8�3� �1�1�5� �1�.�8�7�2�6� 

�1� �1� �5� �0�.�0�1�9�7� �0�.�9�1�1�3� �0�.�4�1�1�3� �8�8� �1�.�8�7�0�9� 
� � 
� � 

�a� �E�x�e�c�u�t�i�o�n� �h�a�l�t�e�d� �a�t� �3�5�0� �i�t�e�r�a�t�i�o�n�s�.� 

�N�o�t�e� �t�h�a�t� �a� �n�u�m�b�e�r� �o�f� �n�e�a�r ��o�p�t�i�m�u�m� �c�a�s�e�s� �a�r�e� �p�r�e�s�e�n�t�e�d�,� �w�h�i�c�h� �i�s� �a� �f�e�a�t�u�r�e� �o�f� �g�e�n�e�t�i�c� 

�a�l�g�o�r�i�t�h�m�s�.� 

�T�h�e� �g�r�e�a�t�e�s�t� �r�a�t�i�o� �o�f� �p�r�e�d�i�c�t�e�d� �f�a�i�l�u�r�e� �l�o�a�d� �o�c�c�u�r�s� �i�n� �t�h�e� �m�i�n�i�m�i�z�a�t�i�o�n� �c�a�s�e�,� �r�e�p�r�e�s�e�n�t�i�n�g� 

�a�r�e�a�s� �o�f� �t�h�e� �f�a�i�l�u�r�e� �c�r�i�t�e�r�i�a� �w�h�e�r�e� �t�h�e� �T�s�a�i� �f�a�i�l�u�r�e� �l�o�a�d� �i�s� �h�i�g�h�e�r� �t�h�a�n� �t�h�e� �H�a�r�t�-�S�m�i�t�h� �f�a�i�l�u�r�e� 

�l�o�a�d�.� �T�h�e� �l�o�a�d�i�n�g�s� �a�r�e� �a�l�l� �c�h�a�r�a�c�t�e�r�i�z�e�d� �b�y� �t�h�e� �a�b�s�e�n�c�e� �o�r� �v�i�r�t�u�a�l� �a�b�s�e�n�c�e� �o�f� �i�n�-�p�l�a�n�e� 

�s�h�e�a�r�,� �a�n�d� �b�y� �b�i�a�x�i�a�l� �c�o�m�p�r�e�s�s�i�o�n�.� �T�h�i�s� �i�s� �n�o� �s�u�r�p�r�i�s�e� �a�s� �t�h�e� �t�w�o� �c�r�i�t�e�r�i�a� �d�i�f�f�e�r� �g�r�e�a�t�l�y� �i�n� 

�t�h�e� �c�o�m�p�r�e�s�s�i�o�n ��c�o�m�p�r�e�s�s�i�o�n� �q�u�a�d�r�a�n�t�.� �I�t� �i�s� �i�n�t�e�r�e�s�t�i�n�g� �t�o� �n�o�t�e� �t�h�a�t� �i�n� �t�h�e� �c�a�s�e�s� �w�h�e�r�e� �t�h�e� 

�l�a�m�i�n�a�t�e� �c�o�n�t�a�i�n�s� �e�q�u�a�l� �n�u�m�b�e�r�s� �o�f� �p�l�i�e�s� �i�n� �t�h�e� �0�°� �a�n�d� �9�0�°� �d�i�r�e�c�t�i�o�n�s�,� �t�h�e� �l�o�a�d�i�n�g� �i�s� �c�l�o�s�e� 

�t�o� �p�u�r�e� �b�i�a�x�i�a�l� �c�o�m�p�r�e�s�s�i�o�n�,� �b�u�t� �n�o�t� �e�x�a�c�t�l�y� �s�o�.� �T�h�i�s� �w�a�s� �a�p�p�a�r�e�n�t� �a�n�o�m�a�l�y� �w�a�s� �i�n�v�e�s�t�i�-� 

�A�n�a�l�y�s�i�s� �a�n�d� �O�p�t�i�m�a�l� �T�e�s�t� �D�e�s�i�g�n� �4�5



�g�a�t�e�d� �b�y� �c�a�l�c�u�l�a�t�i�n�g� �t�h�e� �v�a�l�u�e� �o�f� �F� �f�o�r� �p�u�r�e� �b�i�a�x�i�a�l� �c�o�m�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �s�e�c�o�n�d� �l�a�m�i�n�a�t�e� �i�n� 

�T�a�b�l�e� �3�.�2�.� �T�h�e� �r�e�s�u�l�t� �c�o�n�f�i�r�m�s� �t�h�e� �o�p�t�i�m�i�z�a�t�i�o�n�,� �f�o�r� �a� �[� �0�2� �/� �9�0�2� �/�+�4�5�,� �]�,� �l�a�m�i�n�a�t�e� �t�h�e� �v�a�l�u�e� 

�o�f� �F� �u�n�d�e�r� �p�u�r�e� �b�i�a�x�i�a�l� �c�o�m�p�r�e�s�s�i�o�n�,� �(�N�,�/�N�,�=�1�)�,� �i�s� �0�.�4�1�0�0�2�,�a�s� �c�o�m�p�a�r�e�d� �t�o� �0�.�4�0�0�8�1� �f�o�r� 

�N�,�/�N�y�=�1�.�1�3�1�5�,� �a�s� �i�n� �T�a�b�l�e� �3�.�2�.� 

�A� �s�e�c�o�n�d� �c�h�e�c�k� �o�n� �t�h�e� �o�p�t�i�m�i�z�a�t�i�o�n� �r�e�s�u�l�t� �w�a�s� �p�e�r�f�o�r�m�e�d� �b�y� �c�a�l�c�u�l�a�t�i�n�g� �t�h�e� �f�a�i�l�u�r�e� �l�o�a�d� 

�r�a�t�i�o� �F�,� �f�o�r� �t�h�e� �f�i�r�s�t� �l�a�m�i�n�a�t�e� �i�n� �T�a�b�l�e� �3�.�2�,� �w�h�e�n� �v�a�r�y�i�n�g� �t�h�e� �p�a�r�a�m�e�t�e�r� �@� �a�n�d� �k�e�e�p�i�n�g� �o� 

�f�i�x�e�d� �a�t� �z�e�r�o�.� �U�s�i�n�g� �a�n� �i�n�c�r�e�m�e�n�t� �i�n� �@� �o�f� �0�.�0�1�°� �t�h�e� �l�o�w�e�s�t� �v�a�l�u�e� �o�f� �F� �w�a�s� �f�o�u�n�d� �t�o� �b�e� 

�0�.�4�0�0�8�0�3�8�1�,� �a�t� �N�,� �:� �N�y� �:� �N�y�y� �e�q�u�a�l� �t�o� �-�0�.�7�9�6�3�2� �:� �-�0�.�6�0�4�8�8� �:� �0�.�0�.� �T�h�i�s� �r�e�s�u�l�t� �i�s� �v�e�r�y� �c�l�o�s�e� �t�o� 

�t�h�e� �o�n�e� �f�o�u�n�d� �i�n� �t�h�e� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m� �s�e�a�r�c�h�,� �a�n�d� �i�s� �w�i�t�h�i�n� �t�h�e� �r�e�s�o�l�u�t�i�o�n� �o�f� �t�h�e� �d�i�s�c�r�e�t�i�-� 

�z�a�t�i�o�n� �s�c�h�e�m�e� �u�s�e�d�.� 

�T�h�e� �r�e�a�s�o�n� �f�o�r� �t�h�e� �l�a�r�g�e� �d�i�f�f�e�r�e�n�c�e� �i�n� �c�o�m�p�r�e�s�s�i�o�n�-�c�o�m�p�r�e�s�s�i�o�n� �p�r�e�d�i�c�t�i�o�n�s� �f�o�r� �t�h�e� �t�w�o� 

�c�r�i�t�e�r�i�a� �i�s� �i�l�l�u�s�t�r�a�t�e�d� �i�n� �F�i�g� �3�.�1�.� �T�h�e� �l�a�m�i�n�a� �f�a�i�l�u�r�e� �e�n�v�e�l�o�p�e�s� �o�f� �H�a�r�t�-�S�m�i�t�h� �a�n�d� �T�s�a�i� �a�r�e� 

�d�r�a�w�n� �t�o� �s�c�a�l�e�,� �a�n�d� �b�o�t�h� �t�h�e� �T�s�a�i� �f�i�r�s�t�-�p�l�y� �e�n�v�e�l�o�p�e� �a�n�d� �t�h�e� �e�n�v�e�l�o�p�e� �f�o�u�n�d� �w�h�e�n� �u�s�i�n�g� 

�m�a�t�r�i�x� �d�e�g�r�a�d�a�t�i�o�n� �a�r�e� �i�n�c�l�u�d�e�d�.� �I�t� �i�s� �o�b�v�i�o�u�s� �t�h�a�t� �t�h�e� �l�a�r�g�e�s�t� �d�i�f�f�e�r�e�n�c�e� �i�n� �p�r�e�d�i�c�t�e�d� �f�a�i�l�-� 

�u�r�e� �o�c�c�u�r�s� �i�n� �t�h�e� �c�o�m�p�r�e�s�s�i�o�n�-�c�o�m�p�r�e�s�s�i�o�n� �q�u�a�d�r�a�n�t�.� �H�a�r�t�-�S�m�i�t�h ��s� �e�n�v�e�l�o�p�e� �i�s� �s�y�m�m�e�t�r�i�c� 

�i�n� �c�o�m�p�r�e�s�s�i�o�n�-�c�o�m�p�r�e�s�s�i�o�n� �a�n�d� �t�e�n�s�i�l�e�-�t�e�n�s�i�l�e� �s�t�r�a�i�n�s� �t�o� �f�a�i�l�u�r�e�,� �w�h�e�n� �t�h�e� �f�i�b�e�r� �d�i�r�e�c�t�i�o�n� 

�t�e�n�s�i�l�e� �a�n�d� �c�o�m�p�r�e�s�s�i�v�e� �s�t�r�a�i�n�s� �t�o� �f�a�i�l�u�r�e� �a�r�e� �t�h�e� �s�a�m�e�.� �I�n� �t�h�e� �c�a�s�e� �o�f� �T�s�a�i ��s� �c�r�i�t�e�r�i�o�n�,� �h�o�w�-� 

�e�v�e�r�,� �e�v�e�n� �t�h�o�u�g�h� �t�h�e� �f�i�b�e�r� �d�i�r�e�c�t�i�o�n� �t�e�n�s�i�l�e� �a�n�d� �c�o�m�p�r�e�s�s�i�v�e� �s�t�r�a�i�n�s� �t�o� �f�a�i�l�u�r�e� �a�r�e� �t�h�e� 

�s�a�m�e�,� �t�h�e� �e�n�v�e�l�o�p�e� �i�s� �n�o�t� �s�y�m�m�e�t�r�i�c� �i�n� �c�o�m�p�r�e�s�s�i�o�n�-�c�o�m�p�r�e�s�s�i�o�n� �a�n�d� �t�e�n�s�i�o�n�-�t�e�n�s�i�o�n�.� 

�D�i�f�f�e�r�e�n�t� �t�r�a�n�s�v�e�r�s�e� �t�e�n�s�i�l�e� �a�n�d� �c�o�m�p�r�e�s�s�i�v�e� �s�t�r�a�i�n�s� �t�o� �f�a�i�l�u�r�e� �c�a�u�s�e� �t�h�e� �f�i�g�u�r�e� �t�o� �b�e�c�o�m�e� 

�u�n�s�y�m�m�e�t�r�i�c�.� �T�h�i�s� �c�a�n� �b�e� �s�e�e�n� �i�n� �F�i�g� �3�.�1�,� �w�h�e�r�e� �t�h�e� �f�i�b�e�r� �d�i�r�e�c�t�i�o�n� �s�t�r�a�i�n�s� �t�o� �f�a�i�l�u�r�e� �a�r�e� 

�e�q�u�a�l�,� �b�u�t� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �s�t�r�a�i�n�s� �t�o� �f�a�i�l�u�r�e� �a�r�e� �n�o�t�.� �T�h�e� �a�p�p�a�r�e�n�t� �a�n�o�m�a�l�y� �t�h�a�t� �r�e�d�u�c�i�n�g� �t�h�e� 

�t�r�a�n�s�v�e�r�s�e� �t�e�n�s�i�o�n� �s�t�r�a�i�n� �t�o� �f�a�i�l�u�r�e� �r�e�s�u�l�t�s� �i�n� �a� �p�r�e�d�i�c�t�e�d� �i�n�c�r�e�a�s�e� �i�n� �c�o�m�p�r�e�s�s�i�o�n�-�c�o�m�p�r�e�s�-� 

�s�i�o�n� �s�t�r�a�i�n� �t�o� �f�a�i�l�u�r�e� �i�s� �o�n�e� �r�e�a�s�o�n� �w�h�y� �H�a�r�t�-�S�m�i�t�h� �r�e�j�e�c�t�s� �T�s�a�i ��s� �c�r�i�t�e�r�i�o�n� �a�s� �u�n�s�c�i�e�n�t�i�f�i�c� 

�[�1�7�]�.� 

�I�n� �T�a�b�l�e� �3�.�3� �t�h�e� �r�e�s�u�l�t�s� �o�f� �m�a�x�i�m�i�z�a�t�i�o�n� �a�r�e� �p�r�e�s�e�n�t�e�d�.� �D�e�s�i�g�n�s� �h�e�r�e� �r�e�p�r�e�s�e�n�t� �c�a�s�e�s� �w�h�e�r�e� 

�H�a�r�t�-�S�m�i�t�h� �f�a�i�l�u�r�e� �l�o�a�d� �i�s� �h�i�g�h�e�r� �t�h�a�n� �T�s�a�i� �f�a�i�l�u�r�e� �l�o�a�d�.� �A�l�l� �l�o�a�d�i�n�g�s� �a�r�e� �c�h�a�r�a�c�t�e�r�i�z�e�d� �b�y� 

�u�n�e�q�u�a�l� �a�x�i�a�l� �l�o�a�d�s�,� �c�o�m�b�i�n�e�d� �w�i�t�h� �a� �s�i�g�n�i�f�i�c�a�n�t� �i�n�-�p�l�a�n�e� �s�h�e�a�r� �l�o�a�d�.� �T�h�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �o�f� 

�t�h�e� �f�a�i�l�u�r�e� �c�r�i�t�e�r�i�a� �e�x�p�l�o�i�t�e�d� �h�e�r�e� �i�s� �t�h�e� �t�r�e�a�t�m�e�n�t� �o�f� �i�n�-�p�l�a�n�e� �s�h�e�a�r�.� �H�a�r�t�-�S�m�i�t�h� �m�a�i�n�t�a�i�n�s� 

�t�h�a�t� �a�d�d�i�n�g� �i�n�-�p�l�a�n�e� �s�h�e�a�r� �t�o� �l�a�m�i�n�a�t�e�s� �a�l�r�e�a�d�y� �c�r�i�t�i�c�a�l�l�y� �l�o�a�d�e�d� �b�y� �a�x�i�a�l� �l�o�a�d�s� �d�o�e�s� �n�o�t� 

�r�e�d�u�c�e� �t�h�e� �a�x�i�a�l� �l�o�a�d� �c�a�r�r�y�i�n�g� �c�a�p�a�b�i�l�i�t�y�,� �s�e�e� �F�i�g�.� �2�.�7� �i�n� �C�h�a�p�t�e�r� �2�.� �T�s�a�i ��s� �c�r�i�t�e�r�i�o�n� �a�l�w�a�y�s� 

�r�e�d�u�c�e�s� �t�h�e� �a�x�i�a�l� �c�a�p�a�c�i�t�y� �f�o�r� �i�n�c�r�e�a�s�e�d� �i�n�-�p�l�a�n�e� �s�h�e�a�r�.� 

�A�n�a�l�y�s�i�s� �a�n�d� �O�p�t�i�m�a�l� �T�e�s�t� �D�e�s�i�g�n� �4�6
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�-� �T�s�a�i� �f�i�r�s�t�-�p�l�y� �-� 
�~� �f�a�i�l�u�r�e� �-� 

�0�.�0�3� �|� �p�r�a�v�l�a�u�r�a�s� 

�-�0�.�0�3� �0�.�0�1� �0�.�0�2� � � 
�F�i�g�.� �3�.�1� �S�u�p�e�r�i�m�p�o�s�e�d� �f�a�i�l�u�r�e� �e�n�v�e�l�o�p�e�s� �f�o�r� �T�s�a�i� �a�n�d� �H�a�r�t�-�S�m�i�t�h� 

�I�t� �w�o�u�l�d� �b�e� �m�o�s�t� �i�n�t�e�r�e�s�t�i�n�g� �t�o� �t�e�s�t� �t�h�e� �c�a�s�e� �o�f� �g�r�e�a�t�e�s�t� �d�i�s�a�g�r�e�e�m�e�n�t�,� �t�h�a�t� �o�f� �b�i�a�x�i�a�l� �c�o�m�-� 

�p�r�e�s�s�i�o�n�.� �I�t� �i�s� �w�e�l�l� �k�n�o�w�n�,� �h�o�w�e�v�e�r�,� �t�h�a�t� �c�o�m�p�r�e�s�s�i�o�n ��c�o�m�p�r�e�s�s�i�o�n� �t�e�s�t�i�n�g� �i�s� �v�e�r�y� �d�i�f�f�i�-� 

�c�u�l�t�,� �i�f� �n�o�t� �i�m�p�o�s�s�i�b�l�e� �w�i�t�h� �p�r�e�s�e�n�t� �t�e�c�h�n�o�l�o�g�y�.� �F�o�r� �t�h�i�s� �r�e�a�s�o�n� �a� �t�e�s�t� �t�o� �e�v�a�l�u�a�t�e� �t�h�e� �o�t�h�e�r� 

�c�a�s�e�,� �o�f� �m�a�x�i�m�u�m� �f�a�i�l�u�r�e� �l�o�a�d� �r�a�t�i�o�,� �i�s� �c�o�n�s�i�d�e�r�e�d� �i�n�s�t�e�a�d�.� �I�t� �i�s� �n�o�t�e�d� �t�h�a�t� �t�h�e� �l�o�a�d�i�n�g�s� �a�l�l� 

�c�o�n�t�a�i�n� �a� �d�o�m�i�n�a�n�t� �a�x�i�a�l� �l�o�a�d� �a�n�d� �a� �s�m�a�l�l�e�r� �t�r�a�n�s�v�e�r�s�e� �a�x�i�a�l� �l�o�a�d� �o�f� �e�q�u�a�l� �o�r� �o�p�p�o�s�i�t�e� �s�i�g�n�,� 

�c�o�m�b�i�n�e�d� �w�i�t�h� �a� �s�i�g�n�i�f�i�c�a�n�t� �i�n�-�p�l�a�n�e� �s�h�e�a�r� �l�o�a�d�.� �T�h�i�s� �l�o�a�d�i�n�g� �t�y�p�e� �m�a�y� �b�e� �a�p�p�r�o�x�i�m�a�t�e�d� 

�b�y� �u�n�i�a�x�i�a�l� �l�o�a�d�i�n�g� �o�f� �a�n� �o�f�f�-�a�x�i�s� �s�p�e�c�i�m�e�n�.� �I�n� �p�a�r�t�i�c�u�l�a�r� �t�h�e� �f�o�u�r�t�h� �c�a�s�e� �i�n� �T�a�b�l�e� �3�.�3� �i�s� 

�A�n�a�l�y�s�i�s� �a�n�d� �O�p�t�i�m�a�l� �T�e�s�t� �D�e�s�i�g�n� �4�7



�m�o�s�t� �r�e�m�i�n�i�s�c�e�n�t� �o�f� �t�h�i�s� �k�i�n�d� �o�f� �l�o�a�d�i�n�g�,� �a�n�d� �h�a�s� �a� �F� �v�a�l�u�e� �o�f� �c�l�o�s�e� �t�o� �t�h�e� �o�p�t�i�m�u�m�.� 

�D�e�s�i�g�n�i�n�g� �a� �t�e�s�t� �u�s�i�n�g� �t�h�i�s� �s�i�m�p�l�e�r� �l�o�a�d�i�n�g� �c�a�s�e� �i�s� �d�i�s�c�u�s�s�e�d� �i�n� �t�h�e� �n�e�x�t� �s�e�c�t�i�o�n�.� 

�3�.�3�.�3�.� �O�p�t�i�m�i�z�a�t�i�o�n� �w�i�t�h� �u�n�i�a�x�i�a�l� �l�o�a�d�i�n�g�:� 

�A�n� �o�f�f�-�a�x�i�s� �l�a�m�i�n�a�t�e� �l�o�a�d�e�d� �u�n�d�e�r� �u�n�i�a�x�i�a�l� �t�e�n�s�i�o�n� �t�h�a�t� �i�s� �p�r�a�c�t�i�c�a�l� �f�r�o�m� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� 

�p�e�r�s�p�e�c�t�i�v�e� �i�s� �n�o�w� �d�e�s�i�g�n�e�d� �t�o� �m�a�x�i�m�i�z�e� �t�h�e� �p�r�e�d�i�c�t�e�d� �f�a�i�l�u�r�e� �l�o�a�d� �r�a�t�i�o� �F�,� �a�s� �d�e�f�i�n�e�d� 

�b�e�f�o�r�e�.� 

�I�n� �a� �u�n�i�a�x�i�a�l� �t�e�s�t� �t�h�e� �t�h�r�e�e� �s�t�r�e�s�s� �r�e�s�u�l�t�a�n�t�s� �a�r�e� �n�o� �l�o�n�g�e�r� �i�n�d�e�p�e�n�d�e�n�t� �a�s� �i�n� �t�h�e� �c�a�s�e� �o�f� �g�e�n�-� 

�e�r�a�l� �l�o�a�d�i�n�g�.� �D�e�n�o�t�i�n�g� �t�h�e� �l�o�a�d� �a�x�i�s� �w�i�t�h� �X� �a�n�d� �t�h�e� �s�p�e�c�i�m�e�n� �p�r�i�n�c�i�p�a�l� �f�i�b�e�r� �a�x�e�s� �b�y� �a� �x�-�y� 

�s�y�s�t�e�m�,� �t�h�e� �a�x�i�a�l� �s�t�r�e�s�s� �r�e�s�u�l�t�a�n�t� �N�y� �i�s� �r�e�l�a�t�e�d� �t�o� �l�a�m�i�n�a�t�e� �r�e�s�u�l�t�a�n�t�s� �t�o� �N�,�,� �N�,�,� �a�n�d� �N�,�,� 

�t�h�r�o�u�g�h� �t�h�e� �o�f�f�-�a�x�i�s� �a�n�g�l�e� �©� �b�e�t�w�e�e�n� �X� �a�n�d� �x�,� �a�s� �f�o�l�l�o�w�s�:� 
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�T�h�e� �a�n�g�l�e� �©� �h�a�s� �t�h�e� �r�a�n�g�e� �0�°� �t�o� �2�2�.�5�°�,� �a�s� �t�h�e�r�e� �a�r�e� �a�l�w�a�y�s� �f�i�b�e�r�s� �a�t� �4�5�°� �t�o� �e�a�c�h� �o�t�h�e�r� 

�p�r�e�s�e�n�t�.� �T�h�e� �c�o�o�r�d�i�n�a�t�e� �s�y�s�t�e�m�s� �u�s�e�d� �h�e�r�e� �a�r�e� �i�l�l�u�s�t�r�a�t�e�d� �i�n� �F�i�g�.� �3�.�2�.� �T�h�e� �o�p�t�i�m�i�z�a�t�i�o�n� 
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� � �>� �x�X� 
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�F�i�g�.� �3�.�2� �L�o�a�d�-�,� �p�r�i�n�c�i�p�a�l� �l�a�m�i�n�a�t�e�-�,� �a�n�d� �l�a�m�i�n�a� �f�i�b�e�r�-�c�o�o�r�d�i�n�a�t�e� �s�y�s�t�e�m� �d�e�f�i�n�i�t�i�o�n�s� �a�n�d� 
�n�o�m�e�n�c�l�a�t�u�r�e�.� 

�A�n�a�l�y�s�i�s� �a�n�d� �O�p�t�i�m�a�l� �T�e�s�t� �D�e�s�i�g�n� �4�8



�p�r�o�b�l�e�m� �n�o�w� �r�e�d�u�c�e�s� �t�o� �f�i�n�d�i�n�g� �t�h�e� �o�f�f�-�a�x�i�s� �l�o�a�d� �a�n�g�l�e� �©� �c�o�m�b�i�n�e�d� �w�i�t�h� �t�h�e� �l�a�m�i�n�a�t�e� �g�i�v�-� 

�i�n�g� �t�h�e� �l�a�r�g�e�s�t� �f�a�i�l�u�r�e� �l�o�a�d� �r�a�t�i�o�.� �F�o�r� �p�r�a�c�t�i�c�a�l� �r�e�a�s�o�n�s� �i�n�c�r�e�m�e�n�t�s� �o�f� �l�e�s�s� �t�h�a�t� �o�n�e� �d�e�g�r�e�e� �i�n� 

�©� �a�r�e� �u�n�r�e�a�s�o�n�a�b�l�e�,� �a�n�d� �a�s� �n�o�t�e�d� �e�a�r�l�i�e�r� �o�n�l�y� �p�l�y� �c�o�n�t�e�n�t�,� �n�o�t� �s�e�q�u�e�n�c�e�,� �i�s� �i�m�p�o�r�t�a�n�t�.� �F�o�r� 

�1�6�-�p�l�y� �s�y�m�m�e�t�r�i�c�,� �b�a�l�a�n�c�e�d� �l�a�m�i�n�a�t�e�s� �m�e�e�t�i�n�g� �t�h�e� �r�e�q�u�i�r�e�m�e�n�t�s� �s�e�t� �b�y� �H�a�r�t�-�S�m�i�t�h�,� �a�n�d� 

�u�s�i�n�g� �o�n�e� �d�e�g�r�e�e� �i�n�c�r�e�m�e�n�t�s� �i�n� �©�,� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e� �r�e�d�u�c�e�s� �t�o� �o�n�l�y� �2�0�7� �c�a�n�d�i�d�a�t�e�s�.� �T�h�e� 

�o�p�t�i�m�u�m� �w�a�s� �f�o�u�n�d� �b�y� �s�i�m�p�l�y� �t�r�y�i�n�g� �a�l�l� �c�a�s�e�s�.� �R�e�s�u�l�t�s� �a�r�e� �p�r�e�s�e�n�t�e�d� �i�n� �F�i�g�.� �3�.�3�.� 
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�O�f�f�-�A�x�i�s� �a�n�g�l�e�,� �d�e�g�r�e�e�s� 

�F�i�g�.� �3�.�3� �F�a�i�l�u�r�e� �l�o�a�d� �m�a�x�i�m�i�z�a�t�i�o�n� �f�o�r� �o�f�f�-�a�x�i�s� �a�n�g�l�e�s� �o�f� �s�e�l�e�c�t�e�d� �l�a�m�i�n�a�t�e�s� �u�n�d�e�r� 
�u�n�i�a�x�i�a�l� �t�e�n�s�i�l�e� �l�o�a�d�i�n�g� 

�I�n� �t�h�e� �F�i�g�.� �3�.�3� �t�h�e� �f�a�i�l�u�r�e� �l�o�a�d� �r�a�t�i�o� �F�,� �i�s� �p�l�o�t�t�e�d� �a�g�a�i�n�s�t� �t�h�e� �o�f�f�-�a�x�i�s� �a�n�g�l�e� �©�,� �a�n�d� �t�h�e� �l�a�m�i�-� 

�n�a�t�e� �f�o�r� �w�h�i�c�h� �t�h�e� �m�a�x�i�m�u�m� �v�a�l�u�e� �o�f� �F� �i�s� �f�o�u�n�d� �i�s� �s�h�o�w�n�.� �T�h�e� �m�a�x�i�m�u�m� �i�s� �f�o�u�n�d� �a�t� �t�h�e� 

�o�f�f�-�a�x�i�s� �a�n�g�l�e� �2�2�°�,� �w�i�t�h� �F� �=� �1�.�8�3�2�,� �f�o�r� �t�h�e� �l�a�m�i�n�a�t�e� �[� �0� �/� �9�0�5� �/�+�4�5� �]�,�.� �A�s� �m�a�y� �b�e� �e�x�p�e�c�t�e�d� 

�t�h�e� �m�a�x�i�m�u�m� �o�b�t�a�i�n�e�d� �i�n� �s�e�c�t�i�o�n� �3�.�2�,� �u�n�d�e�r� �g�e�n�e�r�a�l� �l�o�a�d�i�n�g�,� �o�f� �F� �=� �1�.�8�8�9�7� �i�s� �n�o�t� 

�A�n�a�l�y�s�i�s� �a�n�d� �O�p�t�i�m�a�l� �T�e�s�t� �D�e�s�i�g�n� �1�9



�a�c�h�i�e�v�e�d�,� �b�u�t� �t�h�e� �d�i�f�f�e�r�e�n�c�e� �i�s� �q�u�i�t�e� �s�m�a�l�l�.� �A�l�l� �t�h�e� �l�a�m�i�n�a�t�e�s� �i�n� �F�i�g�.� �3�.�2� �a�r�e� �c�h�a�r�a�c�t�e�r�i�z�e�d� 

�b�y� �t�h�e� �f�a�c�t� �t�h�a�t� �a�l�l� �c�o�n�t�a�i�n� �t�h�e� �m�i�n�i�m�u�m� �n�u�m�b�e�r� �o�f� �£�4�5�°� �p�l�i�e�s�.� �A�s� �t�h�e� �d�i�f�f�e�r�e�n�c�e� �i�s� �i�n�-� 

�p�l�a�n�e� �s�h�e�a�r� �r�e�s�p�o�n�s�e�,� �t�h�i�s� �i�s� �n�o�t� �s�u�r�p�r�i�s�i�n�g�,� �a�s� �t�h�e� �+�4�5�°� �p�l�i�e�s� �s�t�i�f�f�e�n� �t�h�e� �l�a�m�i�n�a�t�e� �w�i�t�h� 

�r�e�s�p�e�c�t� �t�o� �s�h�e�a�r�.� 

�F�o�r� �t�e�s�t�i�n�g� �p�u�r�p�o�s�e�s� �n�o�t� �o�n�l�y� �i�s� �t�h�e� �m�a�x�i�m�u�m� �d�i�f�f�e�r�e�n�c�e� �i�n� �f�a�i�l�u�r�e� �l�o�a�d�s� �i�m�p�o�r�t�a�n�t�,� �i�t� �i�s� 

�a�l�s�o� �i�m�p�o�r�t�a�n�t� �t�o� �h�a�v�e� �a� �s�p�e�c�i�m�e�n� �t�h�a�t� �i�s� �e�a�s�y� �t�o� �m�a�n�u�f�a�c�t�u�r�e�,� �a�n�d� �p�r�o�m�i�s�e�s� �g�o�o�d� �b�e�h�a�v�i�o�r� 

�u�n�d�e�r� �t�e�s�t�.� �T�h�e� �l�a�m�i�n�a�t�e� �d�o�m�i�n�a�t�i�n�g� �F�i�g�.� �3�.�2� �h�a�s� �f�i�v�e� �9�0�°� �p�l�i�e�s� �f�o�r� �e�a�c�h� �0�°� �p�l�y�.� �W�i�t�h� �t�h�i�s� 

�l�a�m�i�n�a�t�e� �i�t� �w�i�l�l� �b�e� �h�a�r�d� �t�o� �p�r�o�p�e�r�l�y� �i�n�t�e�r�s�p�e�r�s�e� �t�h�e� �l�a�y�e�r�s�,� �a�s� �r�e�q�u�i�r�e�d� �b�y� �H�a�r�t�-�S�m�i�t�h�,� �a�n�d� 

�t�o� �l�i�m�i�t� �d�e�l�a�m�i�n�a�t�i�o�n� �s�e�n�s�i�t�i�v�i�t�y�.� �F�o�r� �t�h�i�s� �r�e�a�s�o�n�,� �t�h�e� �l�a�m�i�n�a�t�e� �a�p�p�e�a�r�i�n�g� �a�t� �1�0�°� �o�f�f�-�a�x�i�s� 

�a�n�g�l�e�,� �n�a�m�e�l�y� �[� �0�3�/�9�0�3� �/�+�4�5� �]�,� �w�a�s� �s�e�l�e�c�t�e�d� �f�o�r� �t�e�s�t�i�n�g�.� �T�h�i�s� �l�a�m�i�n�a�t�e� �h�a�s� �a� �p�r�e�d�i�c�t�e�d� �f�a�i�l�-� 

�u�r�e� �l�o�a�d� �r�a�t�i�o� �o�f� �1�.�5�7�8�5�4�,� �w�h�i�c�h� �s�h�o�u�l�d� �b�e� �e�a�s�i�l�y� �m�e�a�s�u�r�a�b�l�e� �e�x�p�e�r�i�m�e�n�t�a�l�l�y�,� �a�n�d� �i�s� �e�a�s�y� 

�t�o� �i�n�t�e�r�s�p�e�r�s�e� �p�r�o�p�e�r�l�y�.� �I�n� �a�d�d�i�t�i�o�n� �t�o� �1�0�°� �o�f�f�-�a�x�i�s� �t�e�s�t�s� �t�h�e� �s�a�m�e� �l�a�m�i�n�a�t�e� �w�i�l�l� �a�l�s�o� �b�e� 

�t�e�s�t�e�d� �o�n�-�a�x�i�s�,� �t�o� �c�o�m�p�a�r�e� �t�h�e� �t�w�o� �c�r�i�t�e�r�i�a� �u�n�d�e�r� �s�i�m�p�l�e� �l�o�a�d�i�n�g�.� �F�o�r� �t�h�i�s� �t�y�p�e� �o�f� �l�o�a�d�i�n�g� 

�t�h�e� �f�a�i�l�u�r�e� �l�o�a�d� �r�a�t�i�o� �i�s� �1�.�1�4�9�0�5�.� 

�O�n�l�y� �t�h�e� �n�u�m�b�e�r� �o�f� �p�l�i�e�s� �o�f� �e�a�c�h� �o�r�i�e�n�t�a�t�i�o�n� �i�n� �t�h�e� �l�a�m�i�n�a�t�e� �h�a�s� �b�e�e�n� �d�e�t�e�r�m�i�n�e�d� �s�o� �f�a�r�,� �a�s� 

�t�h�e� �s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e� �h�a�s� �n�o� �i�n�f�l�u�e�n�c�e� �o�n� �m�e�m�b�r�a�n�e� �r�e�s�p�o�n�s�e�.� �S�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e� �i�s� �n�o�w� 

�c�h�o�s�e�n�,� �b�a�s�e�d� �o�n� �a�n� �a�p�p�r�o�x�i�m�a�t�e� �d�e�l�a�m�i�n�a�t�i�o�n� �a�n�a�l�y�s�i�s� �g�i�v�e�n� �b�y� �P�i�p�e�s� �a�n�d� �P�a�g�a�n�o� �[�1�9�]�.� 

�T�h�e� �p�a�r�a�m�e�t�e�r� �u�s�e�d� �f�o�r� �d�e�l�a�m�i�n�a�t�i�o�n� �s�e�n�s�i�t�i�v�i�t�y� �c�o�m�p�a�r�i�s�o�n� �i�s� �t�h�e� �p�e�a�l�i�n�g� �s�t�r�e�s�s� �6�,� �a�t� �t�h�e� 

�l�a�m�i�n�a�t�e� �f�r�e�e� �e�d�g�e�s�.� �T�h�e� �p�e�a�l�i�n�g� �s�t�r�e�s�s� �6�,� �i�s� �r�e�q�u�i�r�e�d� �c�l�o�s�e� �t�o� �t�h�e� �e�d�g�e� �d�u�e� �t�o� �t�h�e� �l�a�c�k� �o�f� 

�m�o�m�e�n�t� �e�q�u�i�l�i�b�r�i�u�m� �a�r�o�u�n�d� �t�h�e� �x�-�a�x�i�s�,� �c�a�u�s�e�d� �b�y� �t�h�e� �f�r�e�e� �e�d�g�e� �c�o�n�d�i�t�i�o�n� �r�e�q�u�i�r�i�n�g� �G�y� �t�o� 

�b�e� �z�e�r�o� �a�t� �t�h�e� �e�d�g�e�.� �F�r�o�m� �t�h�e� �e�d�g�e� �m�o�m�e�n�t� �r�e�q�u�i�r�e�d� �t�o� �b�a�l�a�n�c�e� �o�,�,� �6�,� �c�a�n� �b�e� �c�a�l�c�u�l�a�t�e�d� �i�f� 

�i�t ��s� �d�i�s�t�r�i�b�u�t�i�o�n� �i�s� �k�n�o�w�n�.� �T�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �a�s�s�u�m�e�d� �b�y� �P�i�p�e�s� �a�n�d� �P�a�g�a�n�o� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� 

�3�.�4�,� �a�n�d� �t�h�e� �v�a�l�u�e� �o�f� �6�,� �i�s� �c�a�l�c�u�l�a�t�e�d� �f�o�r� �e�a�c�h� �i�n�t�e�r�f�a�c�e� �i�n� �t�h�e� �l�a�m�i�n�a�t�e�.� �T�h�e� �m�a�x�i�m�u�m� �t�e�n�-� 

�s�i�l�e� �6�,� �v�a�l�u�e� �i�n� �t�h�e� �l�a�m�i�n�a�t�e� �i�s� �t�a�k�e�n� �a�s� �i�n�d�i�c�a�t�i�v�e� �o�f� �t�h�e� �t�h�e� �l�a�m�i�n�a�t�e ��s� �d�e�l�a�m�i�n�a�t�i�o�n� �s�e�n�s�i�-� 

�t�i�v�i�t�y�.� �F�o�r� �t�h�e� �l�a�m�i�n�a�t�e� �i�n� �q�u�e�s�t�i�o�n� �a�l�l� �p�o�s�s�i�b�l�e� �s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e�s� �w�e�r�e� �t�r�i�e�d� �a�n�d� �t�h�e� 

�l�a�m�i�n�a�t�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� �s�m�a�l�l�e�s�t� �t�e�n�s�i�l�e� �o�,� �a�t� �t�h�e� �f�r�e�e� �e�d�g�e� �w�a�s� �s�e�l�e�c�t�e�d�.� �C�o�n�s�e�-� 

�q�u�e�n�t�l�y�,� �t�h�e� �s�i�x�t�e�e�n�-�p�l�y� �l�a�m�i�n�a�t�e� �s�e�l�e�c�t�e�d� �f�o�r� �t�e�s�t�i�n�g� �h�a�s� �t�h�e� �s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e� �o�f� �[�0�/�9�0�/� 

�4�5�/�0�/�9�0�/�-�4�5�/�9�0�/�0�]�s�.� 

�A�n�a�l�y�s�i�s� �a�n�d� �O�p�t�i�m�a�l� �T�e�s�t� �D�e�s�i�g�n� �5�0
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�i�n�t�e�r�f�a�c�e� �2� �a�s�s�u�m�e�d� �t�o� � � �c�o�u�n�t�e�r� �m�o�m�e�n�t� 
�P�R�R� �e�e� �e�e� �R�E�T�R�O� �N� �O�N� �N�e� �e�R�e� �E�R�E� �N�E� �R�E� �R�E�E� �T�E�N�E� �N�e� �U�E� �U�E� �N�E�N�T� �U�E� �e�e� �N�e�e�r� �U�N�E� �T�e� �e�e�e� 

�c�a�u�s�e�d� �b�y� �o�,� �=� �0� 

�a�t� �f�r�e�e� �e�d�g�e� 

�F�i�g�.� �3�.�4� �F�r�e�e� �b�o�d�y� �d�i�a�g�r�a�m� �o�f� �p�l�i�e�s� �a�t� �f�r�e�e� �e�d�g�e� �s�h�o�w�i�n�g� �f�r�e�e�-�e�d�g�e� �s�t�r�e�s�s�e�s� �n�e�e�d�e�d� 
�f�o�r� �e�q�u�i�l�i�b�r�i�u�m�.� 

�T�h�i�s� �c�o�n�c�l�u�d�e�s� �t�h�e� �d�i�s�c�u�s�s�i�o�n� �o�n� �s�p�e�c�i�m�e�n� �d�e�s�i�g�n�.� �T�h�e� �n�e�x�t� �t�w�o� �c�h�a�p�t�e�r�s� �w�i�l�l� �f�o�c�u�s� �o�n� �t�h�e� 

�e�x�p�e�r�i�m�e�n�t�s� 

�A�n�a�l�y�s�i�s� �a�n�d� �O�p�t�i�m�a�l� �T�e�s�t� �D�e�s�i�g�n� �5�1



�C�h�a�p�t�e�r� �4� �:� �E�x�p�e�r�i�m�e�n�t�s� 

�E�x�p�e�r�i�m�e�n�t�s� �w�e�r�e� �c�o�n�d�u�c�t�e�d� �o�n� �t�h�r�e�e� �s�p�e�c�i�m�e�n� �t�y�p�e�s�.� �U�n�i�d�i�r�e�c�t�i�o�n�a�l� �s�p�e�c�i�m�e�n�s� �l�o�a�d�e�d� �i�n� 

�t�h�e� �f�i�b�e�r� �d�i�r�e�c�t�i�o�n� �w�e�r�e� �u�s�e�d� �t�o� �v�e�r�i�f�y� �f�i�b�e�r� �d�o�m�i�n�a�t�e�d� �t�e�n�s�i�l�e� �p�r�o�p�e�r�t�i�e�s�.� �T�h�e� �l�a�m�i�n�a�t�e� 

�c�h�o�s�e�n� �i�n� �t�h�e� �o�p�t�i�m�i�z�a�t�i�o�n� �p�r�o�c�e�s�s�,� �[�0�/�9�0�/�4�5� �/�0�/�9�0�/�-�4�5�/�9�0�/�0�]�,�,� �w�a�s� �t�e�s�t�e�d� �b�o�t�h� �o�n�-� 

�a�x�i�s� �a�n�d� �a�t� �t�h�e� �s�e�l�e�c�t�e�d� �o�f�f�-�a�x�i�s� �a�n�g�l�e� �o�f� �1�0�°�.� �S�p�e�c�i�m�e�n� �d�e�s�i�g�n�,� �p�r�e�p�a�r�a�t�i�o�n�,� �m�a�t�e�r�i�a�l� �u�s�e�d� 

�a�n�d� �e�x�p�e�r�i�m�e�n�t�a�l� �e�q�u�i�p�m�e�n�t� �a�n�d� �p�r�o�c�e�d�u�r�e�s� �a�r�e� �d�e�t�a�i�l�e�d� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �s�e�c�t�i�o�n�s�.� 

�4�.�1� �M�a�t�e�r�i�a�l� 

�A�l�l� �t�e�s�t�s� �w�e�r�e� �p�e�r�f�o�r�m�e�d� �o�n� �s�p�e�c�i�m�e�n�s� �m�a�d�e� �f�r�o�m� �B�A�S�F� �G�3�0�-�5�0�0�/�5�2�0�8� �p�r�e�-�i�m�p�r�e�g�n�a�t�e�d� 

�u�n�i�d�i�r�e�c�t�i�o�n�a�l� �t�a�p�e�.� �A� �s�u�p�p�l�y� �o�f� �t�h�i�s� �m�a�t�e�r�i�a�l� �w�a�s� �o�b�t�a�i�n�e�d� �a�s� �a� �g�i�f�t� �f�r�o�m� �B�A�S�F� �S�t�r�u�c�t�u�r�a�l� 

�M�a�t�e�r�i�a�l�s�,� �I�n�c�.� �I�t� �w�a�s� �s�e�l�e�c�t�e�d� �b�a�s�e�d� �o�n� �a�v�a�i�l�a�b�i�l�i�t�y� �a�n�d� �g�r�e�a�t� �s�i�m�i�l�a�r�i�t�y� �o�f� �p�r�o�p�e�r�t�i�e�s� �t�o� �t�h�e� 

�E�x�p�e�r�i�m�e�n�t�s� �5�2



�T�3�0�0�/�5�2�0�8� �m�a�t�e�r�i�a�l�.� �I�n� �T�s�a�i ��s� �b�o�o�k� �[�5�]� �a�l�l� �t�h�e� �n�e�c�e�s�s�a�r�y� �m�i�c�r�o�m�e�c�h�a�n�i�c�a�l� �a�n�d� �m�a�c�r�o�m�e�-� 

�c�h�a�n�i�c�a�l� �p�r�o�p�e�r�t�i�e�s� �o�f� �T�3�0�0�/�5�2�0�8� �m�a�t�e�r�i�a�l� �a�r�e� �g�i�v�e�n�.� �S�i�n�c�e� �t�h�e� �B�A�S�F� �m�a�t�e�r�i�a�l� �w�a�s� �a�v�a�i�l�-� 

�a�b�l�e� �a�n�d� �h�a�s� �p�r�o�p�e�r�t�i�e�s� �v�e�r�y� �c�l�o�s�e� �t�o� �T�3�0�0�/�5�2�0�8� �i�t� �w�a�s� �d�e�c�i�d�e�d� �t�o� �u�s�e� �t�h�i�s� �m�a�t�e�r�i�a�l�.� �T�h�e� 

�5�2�0�8� �r�e�s�i�n� �s�y�s�t�e�m� �i�s� �a� �t�h�e�r�m�o�s�e�t� �e�p�o�x�y� �w�h�i�l�e� �G�3�0�-�5�0�0� �f�i�b�e�r�s� �a�r�e� �s�t�a�n�d�a�r�d� �m�o�d�u�l�u�s� �c�a�r�b�o�n� 

�f�i�b�e�r�s�.� �N�o�m�i�n�a�l� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �s�u�p�p�l�i�e�d� �b�y� �B�A�S�F� �f�o�r� �G� �3�0�-�5�0�0� �/�5�2�0�8� �a�n�d� �t�h�e� �T�3�0�0�/� 

�5�2�0�8� �m�a�t�e�r�i�a�l� �s�y�s�t�e�m�s� �a�r�e� �g�i�v�e�n� �i�n� �T�a�b�l�e� �4�.�1� �f�o�r� �c�o�m�p�a�r�i�s�o�n� �a�n�d� �r�e�f�e�r�e�n�c�e�.� �T�h�e� �B�A�S�F� 

�m�a�t�e�r�i�a�l� �w�a�s� �s�u�p�p�l�i�e�d� �a�s� �5�.�9�8� �i�n�c�h� �w�i�d�e� �t�a�p�e�.� 

�T�A�B�L�E� �4�.� �1� �N�o�m�i�n�a�l� �r�o�o�m�-�t�e�m�p�e�r�a�t�u�r�e� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �s�u�p�p�l�i�e�d� �b�y� �B�A�S�F� 
�S�t�r�u�c�t�u�r�a�l� �M�a�t�e�r�i�a�l�s�,� �I�n�c�.� 
� � 

� � 

� � 

�G�3�0�-�5�0�0�/� 
�P�r�o�p�e�r�t�y� �5�2�0�8� �T�3�0�0�/�5�2�0�8� 

�E�j�,�M�s�i� �-� �2�0�.�8� �2�0�.�5� 
�E�>�,� �M�s�i� �1�.�2�5� �1�.�2�4� 
�X�,� �k�s�i� �2�3�0� �2�2�1� 
�X�,� �k�s�i� �2�1�8� �2�1�5� 
�Y�,� �k�s�i� �7�.�5� �7�.�6� 
�S�,� �k�s�i� �1�1�.�3� �1�1�.�1�5� 
� � 

� � 

�4�.�2� �O�b�l�i�q�u�e� �t�a�b�s� 

�I�n� �C�h�a�p�t�e�r� �3� �t�h�e� �d�e�s�i�g�n� �p�r�o�c�e�s�s� �r�e�s�u�l�t�s� �i�n� �t�w�o� �s�p�e�c�i�m�e�n�s� �t�o� �b�e� �t�e�s�t�e�d�.� �B�o�t�h� �h�a�v�e� �t�h�e� �s�a�m�e� 

�l�a�y�u�p�,� �b�u�t� �o�n�e� �i�s� �t�o� �b�e� �t�e�s�t�e�d� �o�n�-�a�x�i�s� �a�n�d� �t�h�e� �o�t�h�e�r� �u�n�d�e�r� �1�0�°� �o�f�f�-�a�x�i�s� �l�o�a�d�i�n�g�.� �D�u�e� �t�o� �t�h�e� 

�d�i�r�e�c�t�i�o�n�a�l� �n�a�t�u�r�e� �o�f� �c�o�m�p�o�s�i�t�e� �m�a�t�e�r�i�a�l�s� �o�f�f�-�a�x�i�s� �c�o�u�p�o�n�s� �e�x�h�i�b�i�t� �e�x�t�e�n�s�i�o�n�-�s�h�e�a�r� �c�o�u�-� 

�p�l�i�n�g�,� �g�i�v�i�n�g� �r�i�s�e� �t�o� �p�r�o�b�l�e�m�s� �o�f� �g�r�i�p�p�i�n�g� �t�h�e�s�e� �c�o�u�p�o�n�s� �f�o�r� �t�e�s�t�i�n�g�.� �T�h�e� �p�r�o�b�l�e�m� �a�m�o�u�n�t�s� 

�t�o� �f�i�n�d�i�n�g� �p�h�y�s�i�c�a�l� �m�e�a�n�s� �o�f� �p�r�o�v�i�d�i�n�g� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �t�o� �a�l�l�o�w� �t�h�e� �s�p�e�c�i�m�e�n� �t�o� 

�d�e�f�o�r�m� �i�n� �t�h�e� �r�e�q�u�i�r�e�d� �f�a�s�h�i�o�n�.� �T�h�e� �a�p�p�r�o�a�c�h� �m�o�s�t� �c�o�m�m�o�n�l�y� �u�s�e�d� �t�o� �o�v�e�r�c�o�m�e� �t�h�i�s� �p�r�o�b�-� 

�l�e�m� �i�s� �t�o� �u�s�e� �l�o�n�g�,� �t�a�p�e�r�e�d� �t�a�b�s�.� �T�h�e�s�e� �a�l�l�o�w� �t�h�e� �l�o�a�d� �t�o� �b�e� �i�n�t�r�o�d�u�c�e�d� �g�r�a�d�u�a�l�l�y�,� �a�l�l�o�w�i�n�g� 

�t�h�e� �d�e�f�o�r�m�a�t�i�o�n�s� �t�o� �i�n�c�r�e�a�s�e� �s�l�o�w�l�y� �w�i�t�h�i�n� �t�h�e� �t�a�b�b�e�d� �a�r�e�a�.� �L�o�n�g� �t�a�p�e�r�e�d� �t�a�b�s� �a�r�e� �h�o�w�e�v�e�r� 

�e�x�p�e�n�s�i�v�e� �a�n�d� �d�i�f�f�i�c�u�l�t� �t�o� �m�a�k�e�,� �a�n�d� �t�h�e�y� �o�n�l�y� �r�e�d�u�c�e� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �p�r�o�b�l�e�m�.� 

�I�n� �a� �r�e�c�e�n�t� �p�a�p�e�r� �b�y� �S�u�n� �a�n�d� �C�h�u�n�g� �[�2�3�]� �t�h�e� �u�s�e� �o�f� �b�o�n�d�e�d�,� �o�b�l�i�q�u�e� �t�a�b�s� �w�a�s� �i�n�t�r�o�d�u�c�e�d� 

�f�o�r� �u�n�i�a�x�i�a�l� �t�e�s�t�i�n�g� �o�f� �o�f�f�-�a�x�i�s� �s�p�e�c�i�m�e�n�s�.� �T�h�e� �a�p�p�r�o�a�c�h� �i�s� �b�a�s�e�d� �o�n� �m�a�t�c�h�i�n�g� �c�o�n�t�o�u�r�s� �o�f� 

�c�o�n�s�t�a�n�t� �a�x�i�a�l� �d�i�s�p�l�a�c�e�m�e�n�t� �o�f� �t�h�e� �s�p�e�c�i�m�e�n� �w�i�t�h� �t�h�e� �t�a�b�s�,� �s�o� �t�h�a�t� �t�h�e� �h�o�m�o�g�e�n�e�o�u�s� �d�e�f�o�r�-� 

�m�a�t�i�o�n� �f�i�e�l�d� �i�n� �t�h�e� �s�p�e�c�i�m�e�n� �c�a�n� �b�e� �m�a�t�c�h�e�d� �b�y� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�.� 

�E�x�p�e�r�i�m�e�n�t�s� �5�3



�F�o�r� �a� �s�y�m�m�e�t�r�i�c� �l�a�m�i�n�a�t�e� �s�u�b�j�e�c�t� �t�o� �a� �s�p�a�t�i�a�l�l�y� �u�n�i�f�o�r�m� �u�n�i�a�x�i�a�l� �t�e�n�s�i�l�e� �l�o�a�d� �N�y� �,� �t�h�e� �a�x�i�a�l� 

�d�i�s�p�l�a�c�e�m�e�n�t� �u�g� �i�s� 

�u�,� �=� �(�A�y�)� �X�+�A�j�6�Y�)� �N�y� �4�.�1� 

�i�n� �w�h�i�c�h� �A�l�l� �a�n�d� �A�l�e� �a�r�e� �t�h�e� �i�n�v�e�r�s�e� �c�o�m�p�o�n�e�n�t�s� �o�f� �t�h�e� �m�e�m�b�r�a�n�e� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x� �A� �i�n� 

�t�h�e� �X� �-� �Y� �c�o�o�r�d�i�n�a�t�e� �d�i�r�e�c�t�i�o�n�s�.� �T�h�e� �c�o�o�r�d�i�n�a�t�e� �s�y�s�t�e�m�s� �u�s�e�d� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�.� �4�.�1�,� �w�i�t�h� �X� 

�a�l�i�g�n�e�d� �w�i�t�h� �t�h�e� �l�o�a�d� �a�x�i�s�,� �a�n�d� �x� �a�l�l�i�g�n�e�d� �w�i�t�h� �t�h�e� �0�°� �f�i�b�e�r� �a�x�i�s�.� �I�t� �c�a�n� �b�e� �s�e�e�n� �t�h�a�t� �a�l�o�n�g� �a� 

�l�i�n�e� �a�t� �a�n�g�l�e� �y� �w�i�t�h� �t�h�e� �X�-�a�x�i�s�,� �w�i�t�h� �y� �g�i�v�e�n� �b�y�:� 

�c�o�t�y� �=� �- � � �� �4�.�2� 

�t�h�e� �X�-�d�i�r�e�c�t�i�o�n� �a�x�i�a�l� �c�o�m�p�o�n�e�n�t� �o�f� �d�i�s�p�l�a�c�e�m�e�n�t� �i�s� �m�a�i�n�t�a�i�n�e�d� �u�n�i�f�o�r�m�l�y�;� �1�.�e�.�,� �l�i�n�e�s� �a�t� 

�a�n�g�l�e� �y� �a�r�e� �c�o�n�s�t�a�n�t� �u�g� �c�o�n�t�o�u�r�s� �f�o�r� �t�h�e� �s�p�e�c�i�m�e�n�.� �R�i�g�i�d�l�y� �s�u�p�p�o�r�t�i�n�g� �a� �t�e�s�t� �s�p�e�c�i�m�e�n� 

�a�l�o�n�g� �t�h�i�s� �l�i�n�e� �s�h�o�u�l�d� �o�v�e�r�c�o�m�e� �t�h�e� �p�r�o�b�l�e�m� �o�f� �a�x�i�a�l�-�s�h�e�a�r� �c�o�u�p�l�i�n�g�.� �I�n� �t�h�i�s� �w�a�y� �S�u�n� �s�u�g�-� 

�g�e�s�t�s� �u�s�i�n�g� �o�b�l�i�q�u�e�,� �b�o�n�d�e�d� �t�a�b�s� �o�n� �s�p�e�c�i�m�e�n�s� �l�o�a�d�e�d� �o�f�f�-�a�x�i�s�.� �S�u�n� �n�o�t�e�s� �t�h�a�t� �t�h�e� �P�o�i�s�s�o�n� 

�c�o�n�t�r�a�c�t�i�o�n� �i�n� �t�h�e� �Y� �d�i�r�e�c�t�i�o�n� �c�a�n�n�o�t� �b�e� �a�c�c�o�m�m�o�d�a�t�e�d� �u�s�i�n�g� �b�o�n�d�e�d� �t�a�b�s�.� �T�h�i�s� �i�s� �h�o�w�e�v�e�r� 

�t�h�e� �c�a�s�e� �f�o�r� �a�l�l� �t�a�b�b�e�d� �s�p�e�c�i�m�e�n�s�,� �a�n�d� �i�s� �n�o�t� �c�o�n�s�i�d�e�r�e�d� �a�n� �i�m�p�o�r�t�a�n�t� �e�f�f�e�c�t�.� �T�h�e� �u�s�e� �o�f� 

�o�b�l�i�q�u�e� �t�a�b�s� �w�a�s� �a�d�o�p�t�e�d� �f�o�r� �t�h�e� �o�f�f�-�a�x�i�s� �s�p�e�c�i�m�e�n�s� �u�s�e�d� �h�e�r�e�.� �F�o�r� �t�h�e� �1�0�°� �o�f�f�-�a�x�i�s� �l�a�m�i�-� 

�n�a�t�e� �[�0�/�9�0�/�4�5�/�0�/�9�0�/�-�4�5� �/�9�0�/�0� �]�,� �w�i�t�h� �n�o�m�i�n�a�l� �p�r�o�p�e�r�t�i�e�s� �a�s� �u�s�e�d� �i�n� �C�h�a�p�t�e�r� �3�,� �t�h�e� 

�o�f�f� �a�x�i�s� �a�n�g�l�e� �w�a�s� �f�o�u�n�d� �t�o� �b�e� �g�i�v�e�n� �b�y� �y� �=� �6�3�.�5�°�.� 

�y�  �� �L�a�m�i�n�a�t�e� �a�x�i�s� 
�(� �x� 

�P�V�\�)� �f�f� �N�U� �s�o� �/� �>� 
� � 

� � � � 

� � � � � � 

� � � � 

�,� �t� �t� �i� �i� �}� �;� 

�/� �:�  �� �Z� �i� �i� �L� �[� �x�X� 

�t� �L�o�a�d� �a�x�i�s� 

�C�o�n�t�o�u�r�s� �o�f� �c�o�n�s�t�a�n�t� �u�-�d�i�s�p�l�a�c�e�m�e�n�t� 

 ��_ ��I�Z�1� �L�L� 
 � � � � ��  � � � � �� 
� � 

� � 

�F�i�g�.� �4�.�1� �O�b�l�i�q�u�e� �b�o�n�d�e�d� �t�a�b�s�.� 

�E�x�p�e�r�i�m�e�n�t�s� �5�4



�4�.�3� �S�p�e�c�i�m�e�n� �p�r�e�p�a�r�a�t�i�o�n� 

�T�w�o� �1�1 �� �b�y� �1�1 �� �p�a�n�e�l�s� �o�f� �t�h�e� �l�a�m�i�n�a�t�e� �[� �0�/�9�0�/�4�5� �/�0�/�9�0�/�-�4�5�/�9�0�/�0�]�,� �a�n�d� �o�n�e� �1�1 �� �b�y� 

�1�1 �� �8�-�p�l�y� �u�n�i�d�i�r�e�c�t�i�o�n�a�l� �p�a�n�e�l� �w�e�r�e� �m�a�n�u�f�a�c�t�u�r�e�d� �f�r�o�m� �B�A�S�F� �G�3�0�-�5�0�0� �/� �5�2�0�8� �m�a�t�e�r�i�a�l� �i�n� 

�a� �p�r�e�s�s�-�c�l�a�v�e�,� �u�s�i�n�g� �t�h�e� �m�a�n�u�f�a�c�t�u�r�e�r ��s� �r�e�c�o�m�m�e�n�d�e�d� �c�u�r�e� �c�y�c�l�e�,� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �4�.�2�.� 

 � �� �t�e�m�p�e�r�a�t�u�r�e� 

�c�u�r�e� �p�a�r�a�m�e�t�e�r� �-�-�-�-� �p�r�e�s�s�u�r�e� 

�A�  �� �v�a�c�u�u�m� 

�h�e�a�t� �r�i�s�e� �a�t� �1�-�3� �F� �p�e�r� �m�i�n�u�t�e� 

�a� �h�o�l�d� �a�t� �3�5�0� �+�1�0� �F� �f�o�r� �1�2�0� �m�i�n�u�t�e�s� 

�c�o�o�l� �d�o�w�n� �a�t� �3�-�5� �F� �p�e�r� �m�i�n�u�t�e� � � � 

� � 

�:� �c� �y�e� �r�e�l�e�a�s�e� �p�r�e�s�s�u�r�e� �o�n�l�y� 
�h�o�l�d� �p�r�e�s�s�u�r�e� �a�t� �8�5� �-� �1�0�0� �p�s�i� �\�}� �a�f�t�e�r� �1�4�0� �F� �i�s� �r�e�a�c�h�e�d� 

�\� �>� 
�t�i�m�e� 

� � � � 

� � �\ ��_�_� �2�2� �i�n� �H�g� �v�a�c�u�u�m� �u�n�t�i�l� �p�r�e�s�s�u�r�e� �r�e�a�c�h�e�s� �2�5� �p�s�i� � � 
�F�i�g�.� �4�.�2� �R�e�c�o�m�m�e�n�d�e�d� �c�u�r�e� �c�y�c�l�e� �f�o�r� �B�A�S�F� �G�3�0�-�5�0�0� �/� �5�2�0�8�.� 

�T�h�e� �p�r�e�s�s�-�c�l�a�v�e�,� �s�e�e� �F�i�g�.� �4�.�3�,� �i�s� �e�s�s�e�n�t�i�a�l�l�y� �a� �m�i�n�i�a�t�u�r�e� �a�u�t�o�c�l�a�v�e�.� �I�t� �i�s� �u�s�e�d� �b�e�t�w�e�e�n� �t�h�e� 

�p�l�a�t�e�n�s� �o�f� �a� �h�o�t�-�p�r�e�s�s� �w�h�i�c�h� �s�u�p�p�l�y� �h�e�a�t� �a�n�d� �c�l�a�m�p�i�n�g� �f�o�r�c�e�,� �a�n�d� �u�s�e�s� �a�n� �i�n�t�e�r�n�a�l� �m�e�m�-� 

�b�r�a�n�e� �t�o� �a�p�p�l�y� �p�r�e�s�s�u�r�e� �t�o� �t�h�e� �p�a�n�e�l� �b�e�i�n�g� �m�a�d�e�.� �I�n� �t�h�i�s� �w�a�y� �s�m�a�l�l� �f�l�a�t� �p�a�n�e�l�s� �c�a�n� �b�e� �m�a�d�e� 

�e�c�o�n�o�m�i�c�a�l�l�y� �a�n�d� �w�i�t�h� �b�e�t�t�e�r� �c�o�n�t�r�o�l� �o�f� �t�e�m�p�e�r�a�t�u�r�e� �t�h�a�n� �i�s� �p�o�s�s�i�b�l�e� �i�n� �a�n� �a�u�t�o�c�l�a�v�e�.� �A�l�l� 

�f�i�n�i�s�h�e�d� �p�a�n�e�l�s� �w�e�r�e� �i�n�s�p�e�c�t�e�d� �f�o�r� �d�e�f�e�c�t�s� �u�s�i�n�g� �u�l�t�r�a�s�o�n�i�c� �C�-�s�c�a�n�.� �T�h�e� �1�6�-�p�l�y� �l�a�m�i�n�a�t�e�s� 

�w�e�r�e� �f�o�u�n�d� �t�o� �b�e� �v�i�r�t�u�a�l�l�y� �p�e�r�f�e�c�t�,� �w�h�i�l�e� �t�h�e� �8�-�p�l�y� �u�n�i�d�i�r�e�c�t�i�o�n�a�l� �p�a�n�e�l� �s�h�o�w�e�d� �s�o�m�e� �e�v�i�-� 

�d�e�n�c�e� �o�f� �p�o�r�o�s�i�t�y�.� �T�h�e� �i�n�d�i�c�a�t�e�d� �p�o�r�o�s�i�t�y� �w�a�s� �h�o�w�e�v�e�r� �j�u�d�g�e�d� �s�a�t�i�s�f�a�c�t�o�r�y� �a�s� �i�t� �i�s� �n�o�r�m�a�l� 

�f�o�r� �s�u�c�h� �p�a�n�e�l�s� �n�o�t� �t�o� �a�c�h�i�e�v�e� �c�o�m�p�l�e�t�e� �h�o�m�o�g�e�n�e�i�t�y�,� �d�u�e� �t�o� �t�h�e� �d�i�f�f�i�c�u�l�t�y� �o�f� �e�x�t�r�a�c�t�i�n�g� �a�l�l� 

�v�o�i�d�s� �f�r�o�m� �t�h�i�n� �u�n�i�d�i�r�e�c�t�i�o�n�a�l� �p�a�n�e�l�s�.� �T�h�e� �p�a�n�e�l�s� �w�e�r�e� �t�r�i�m�m�e�d� �t�o� �a� �r�e�c�t�a�n�g�u�l�a�r� �p�l�a�n�f�o�r�m� 

�w�i�t�h� �e�d�g�e�s� �p�a�r�a�l�l�e�l� �o�r� �p�e�r�p�e�n�d�i�c�u�l�a�r� �t�o� �t�h�e� �f�i�b�e�r� �d�i�r�e�c�t�i�o�n�s�.� 
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�F�l�e�x�i�b�l�e� �m�e�m�b�r�a�n�e� 
�M�r�i� �P�o�r�o�u�s� �b�l�e�e�d�e�r� �c�l�o�t�h� 

�R�R�M� �F�O�O�l�p�l�a�t�e� 
�r�r�e�e�c�e�c�r�e�c�c�c�o�o�r�e�s�.� �N�o�n�-�p�o�r�o�u�s� �t�e�f�l�o�n� �s�u�r�f�a�c�e� �p�l�y� 
�n�e� �C�O�M�p�O�s�i�t�e� �p�a�n�c�l� 

�F�i�g�.� �4�.�3� �S�c�h�e�m�a�t�i�c� �s�h�o�w�i�n�g� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �a� �p�r�e�s�s�-�c�l�a�v�e� �u�s�e�d� �t�o� �m�a�n�u�f�a�c�t�u�r�e� �f�l�a�t� 
�c�o�m�p�o�s�i�t�e� �p�a�n�e�l�s�.� 

�S�t�a�n�d�a�r�d� �3�/�3�2�-�i�n�c�h�-�t�h�i�c�k� �G�-�1�0� �g�l�a�s�s�-�e�p�o�x�y� �t�a�b� �m�a�t�e�r�i�a�l� �w�a�s� �u�s�e�d� �f�o�r� �a�l�l� �t�h�e� �s�p�e�c�i�m�e�n�s�.� 

�T�h�e� �t�a�b�s� �w�e�r�e� �a�l�l� �n�o�m�i�n�a�l�l�y� �2�.�4� �i�n�c�h�e�s� �l�o�n�g�,� �a�s� �r�e�q�u�i�r�e�d� �f�o�r� �t�h�e� �g�r�i�p�s� �o�f� �t�h�e� �t�e�s�t�i�n�g� 

�m�a�c�h�i�n�e�.� �T�a�b� �m�a�t�e�r�i�a�l� �w�a�s� �b�o�n�d�e�d� �t�o� �t�h�e� �p�a�n�e�l�s� �o�n�e� �s�i�d�e� �a�t� �a� �t�i�m�e� �s�o� �t�h�a�t� �t�h�e� �t�a�b� �a�r�e�a� �m�a�y� 

�b�e� �g�r�o�u�n�d� �d�o�w�n� �t�o� �t�h�e� �c�o�r�r�e�c�t� �t�h�i�c�k�n�e�s�s� �b�e�f�o�r�e� �t�h�e� �o�t�h�e�r� �s�i�d�e ��s� �t�a�b�s� �a�r�e� �a�p�p�l�i�e�d�.� �T�a�b� �m�a�t�e�-� 

�r�i�a�l� �w�a�s� �b�o�n�d�e�d� �t�o� �w�h�o�l�e� �p�a�n�e�l�s� �u�s�i�n�g� �3�-�M� �D�P�-�4�6�0� �h�i�g�h�-�t�o�u�g�h�n�e�s�s� �r�o�o�m� �t�e�m�p�e�r�a�t�u�r�e� 

�c�u�r�e� �e�p�o�x�y�.� �C�o�n�t�r�o�l� �o�f� �t�h�e� �b�o�n�d�-�l�i�n�e� �t�h�i�c�k�n�e�s�s� �w�a�s� �a�c�h�i�e�v�e�d� �b�y� �i�n�s�e�r�t�i�n�g� �l�e�n�g�t�h�s� �o�f� �0�.�0�0�7 �� 

�d�i�a�m�e�t�e�r� �c�o�p�p�e�r� �w�i�r�e� �i�n� �t�h�e� �b�o�n�d�l�i�n�e�,� �s�p�a�c�e�d� �a�p�p�r�o�x�i�m�a�t�e�l�y� �2 �� �a�p�a�r�t�.� �A�l�l� �t�a�b�s� �h�a�d� �r�e�c�t�a�n�-� 

�g�u�l�a�r� �e�d�g�e�s�,� �w�i�t�h� �t�h�e� �s�h�a�r�p� �e�d�g�e� �d�i�r�e�c�t�l�y� �a�d�j�a�c�e�n�t� �t�o� �t�h�e� �p�a�n�e�l� �b�e�i�n�g� �c�h�a�m�f�e�r�e�d� �b�y� �l�i�g�h�t� 

�s�a�n�d�i�n�g�.� �P�r�e�p�a�r�a�t�i�o�n� �f�o�r� �b�o�n�d�i�n�g� �w�a�s� �a�c�h�i�e�v�e�d� �b�y� �s�a�n�d�-�b�l�a�s�t�i�n�g� �t�h�e� �t�a�b� �m�a�t�e�r�i�a�l�,� �l�i�g�h�t�l�y� 

�s�a�n�d�i�n�g� �t�h�e� �b�o�n�d�i�n�g� �a�r�e�a� �o�n� �t�h�e� �c�o�m�p�o�s�i�t�e� �p�a�n�e�l�s�,� �a�n�d� �c�l�e�a�n�i�n�g� �b�o�t�h� �s�u�r�f�a�c�e�s� �w�i�t�h� �a�c�e�-� 

�t�o�n�e�.� �T�h�e� �t�a�b� �m�a�t�e�r�i�a�l� �w�a�s� �l�o�c�a�t�e�d� �o�n� �t�h�e� �p�a�n�e�l� �u�s�i�n�g� �a� �l�e�n�g�t�h� �o�f� �a�d�h�e�s�i�v�e� �t�a�p�e� �a�l�o�n�g� �t�h�e� 

�e�d�g�e� �a�d�j�a�c�e�n�t� �t�o� �t�h�e� �s�p�e�c�i�m�e�n� �g�a�g�e� �s�e�c�t�i�o�n�.� �T�h�i�s� �t�a�p�e� �a�l�s�o� �s�e�r�v�e�d� �a�s� �a�  ��m�o�l�d �� �t�o� �f�o�r�m� �a� �f�i�l�-� 

�l�e�t� �o�f� �a�d�h�e�s�i�v�e� �t�o� �s�m�o�o�t�h� �t�h�e� �t�r�a�n�s�i�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� �t�a�b� �a�n�d� �s�p�e�c�i�m�e�n�.� �T�a�b� �m�a�t�e�r�i�a�l� �w�a�s� 

�b�o�n�d�e�d� �o�n�t�o� �t�h�e� �p�a�n�e�l�s� �u�s�i�n�g� �a� �t�o�o�l�p�l�a�t�e� �a�n�d� �s�m�a�l�l� �a�l�u�m�i�n�u�m� �r�e�c�t�a�n�g�l�e�s� �t�o� �l�o�c�a�t�e� �t�h�e� �t�a�b� 

�r�e�l�a�t�i�v�e� �t�o� �t�h�e� �p�a�n�e�l�,� �a�n�d� �t�h�e� �t�a�b� �m�a�t�e�r�i�a�l� �u�n�i�f�o�r�m�l�y� �p�r�e�s�s�e�d� �i�n�t�o� �t�h�e� �3�-�M� �a�d�h�e�s�i�v�e� �u�s�i�n�g� �a� 

�s�e�c�o�n�d� �t�o�o�l�p�l�a�t�e�.� �N�o� �v�a�c�u�u�m� �b�a�g�g�i�n�g� �o�r� �h�i�g�h� �t�e�m�p�e�r�a�t�u�r�e� �c�u�r�e� �w�a�s� �u�s�e�d�,� �t�h�e� �a�d�h�e�s�i�v�e� �w�a�s� 
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�s�i�m�p�l�y� �a�l�l�o�w�e�d� �t�o� �c�u�r�e� �u�n�d�e�r� �a�m�b�i�e�n�t� �p�r�e�s�s�u�r�e� �a�n�d� �t�e�m�p�e�r�a�t�u�r�e�.� �A�f�t�e�r� �t�h�e� �f�i�r�s�t� �s�i�d�e� �o�f� �a� 

�p�a�n�e�l� �w�a�s� �t�a�b�b�e�d� �a�n�d� �g�r�o�u�n�d� �t�h�i�s� �w�a�s� �r�e�p�e�a�t�e�d� �f�o�r� �t�h�e� �o�t�h�e�r� �s�i�d�e�,� �g�i�v�i�n�g� �a� �f�i�n�a�l� �t�h�i�c�k�n�e�s�s� 

�i�n� �t�h�e� �t�a�b� �a�r�e�a� �o�f� �0�.�2�5�0 �� �+�0�.�0�0�2 �� �a�s� �r�e�q�u�i�r�e�d� �f�o�r� �t�h�e� �h�y�d�r�a�u�l�i�c� �g�r�i�p�s� �u�s�e�d� �(�M�T�S� �M�o�d�e�l� 

�6�4�6�.�2�5�)�.� �F�o�r� �t�h�e� �o�f�f�-�a�x�i�s� �s�p�e�c�i�m�e�n�s� �t�h�e� �t�a�b� �m�a�t�e�r�i�a�l� �w�a�s� �a�p�p�l�i�e�d� �i�n� �t�w�o� �s�a�w�t�o�o�t�h�-�p�a�t�t�e�r�n� 

�p�i�e�c�e�s� �p�e�r� �s�i�d�e�,� �s�o� �a�s� �t�o� �a�c�h�i�e�v�e� �a� �l�o�n�g�e�r� �g�a�g�e� �l�e�n�g�t�h�.� 

�S�p�e�c�i�m�e�n� �d�i�m�e�n�s�i�o�n�s� �w�e�r�e� �b�a�s�e�d� �o�n� �A�S�T�M� �s�t�a�n�d�a�r�d� �D� �3�0�3�9�.� �T�h�e� �u�n�i�d�i�r�e�c�t�i�o�n�a�l� �s�p�e�c�i�-� 

�m�e�n�s� �w�e�r�e� �0�.�5 �� �w�i�d�e� �w�i�t�h� �a� �6�.�0 �� �g�a�g�e� �s�e�c�t�i�o�n�,� �a�n�d� �2�.�4 �� �t�a�b�s�.� �B�o�t�h� �t�h�e� �o�n�-�a�x�i�s� �a�n�d� �1�0�°� �o�f�f�-� 

�a�x�i�s� �s�p�e�c�i�m�e�n�s� �w�e�r�e� �1�.�0 �� �w�i�d�e�,� �w�i�t�h� �g�a�g�e� �s�e�c�t�i�o�n� �l�e�n�g�t�h�s� �o�f� �6�.�0 �� �a�n�d� �5�.�5 ��,� �r�e�s�p�e�c�t�i�v�e�l�y�,� 

�a�n�d� �2�.�4 �� �n�o�m�i�n�a�l� �t�a�b�s�,� �(�s�e�e� �F�i�g� �4�.�4�)�.� �A�f�t�e�r� �t�a�b�b�i�n�g�,� �t�h�e� �o�n�-�a�x�i�s� �a�n�d� �1�0�°� �o�f�f�-�a�x�i�s� �s�p�e�c�i�m�e�n�s� 

�w�e�r�e� �c�u�t� �f�r�o�m� �t�h�e� �p�a�n�e�l�s� �s�l�i�g�h�t�l�y� �o�v�e�r�s�i�z�e� �u�s�i�n�g� �a� �d�i�a�m�o�n�d�-�b�l�a�d�e�d� �b�a�n�d�s�a�w�.� �T�h�e� �e�d�g�e�s� 

�w�e�r�e� �t�h�e�n� �p�r�e�c�i�s�i�o�n� �g�r�o�u�n�d� �u�s�i�n�g� �a� �d�i�a�m�o�n�d� �d�r�e�s�s�i�n�g� �s�t�o�n�e� �t�o� �a�c�h�i�e�v�e� �t�h�e� �f�i�n�a�l� �w�i�d�t�h�.� �D�u�e� 

�t�o� �m�a�n�u�f�a�c�t�u�r�i�n�g� �d�e�l�a�y�s�,� �t�h�e� �u�n�i�d�i�r�e�c�t�i�o�n�a�l� �s�p�e�c�i�m�e�n�s� �w�e�r�e� �c�u�t� �f�r�o�m� �t�h�e� �p�a�n�e�l�s� �u�s�i�n�g� �a� 

�d�i�a�m�o�n�d�-�b�l�a�d�e�d� �c�i�r�c�u�l�a�r� �s�a�w�,� �a�n�d� �t�h�e� �e�d�g�e�s� �s�a�n�d�e�d� �s�m�o�o�t�h� �o�n� �a� �f�l�a�t� �s�u�r�f�a�c�e�.� �A�l�l� �t�h�e� �s�p�e�c�-� 

�i�m�e�n�s� �w�e�r�e� �n�u�m�b�e�r�e�d�,� �m�e�a�s�u�r�e�d� �u�s�i�n�g� �a� �m�i�c�r�o�m�e�t�e�r�,� �a�n�d� �d�i�m�e�n�s�i�o�n�s� �w�e�r�e� �r�e�c�o�r�d�e�d� �T�h�e� 

�d�i�m�e�n�s�i�o�n�s� �o�f� �t�h�e� �s�p�e�c�i�m�e�n�s� �a�r�e� �s�h�o�w�n� �i�n� �T�a�b�l�e�s� �4�.�2�,� �4�.�3�,� �a�n�d� �4�.�4� �f�o�r� �t�h�e� �u�n�i�d�i�r�e�c�t�i�o�n�a�l�,� 

�o�n�-�a�x�i�s�,� �a�n�d� �o�f�f�-�a�x�i�s� �s�p�e�c�i�m�e�n�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �w�i�t�h� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �p�o�s�i�t�i�o�n�s� �s�h�o�w�n� �i�n� 

�t�h�e� �a�d�j�a�c�e�n�t� �i�l�l�u�s�t�r�a�t�i�o�n�s�.� �T�h�e� �u�n�i�d�i�r�e�c�t�i�o�n�a�l� �s�p�e�c�i�m�e�n�s� �h�a�d� �s�l�i�g�h�t�l�y� �m�o�r�e� �v�a�r�i�a�t�i�o�n� �i�n� �t�h�e� 

�w�i�d�t�h� �t�h�a�n� �t�h�e� �o�t�h�e�r� �s�p�e�c�i�m�e�n�s�,� �h�e�n�c�e� �t�h�e� �t�w�o� �w�i�d�t�h� �m�e�a�s�u�r�e�m�e�n�t�s�.� �L�i�k�e�w�i�s�e�,� �t�h�e� �t�h�i�c�k�e�r� 

�o�n�-�a�x�i�s� �a�n�d� �1�0�°� �o�f�f�-�a�x�i�s� �s�p�e�c�i�m�e�n�s� �h�a�d� �l�a�r�g�e�r� �t�h�i�c�k�n�e�s�s� �v�a�r�i�a�t�i�o�n�s� �t�h�a�n� �t�h�e� �u�n�i�d�i�r�e�c�t�i�o�n�a�l� 

�s�p�e�c�i�m�e�n�s�,� �s�o� �t�h�r�e�e� �t�h�i�c�k�n�e�s�s� �m�e�a�s�u�r�e�m�e�n�t�s� �w�e�r�e� �t�a�k�e�n�.� �T�h�e� �u�n�i�d�i�r�e�c�t�i�o�n�a�l� �s�p�e�c�i�m�e�n�s� 

�w�e�r�e� �l�a�b�e�l�e�d� �U�D� �1� �t�h�r�o�u�g�h� �U�D�8�,� �t�h�e� �o�n�-�a�x�i�s� �s�p�e�c�i�m�e�n�s� �a�s� �A�1�-�A�8�,� �a�n�d� �t�h�e� �o�f�f�-�a�x�i�s� �s�p�e�c�i�-� 

�m�e�n�s� �a�s� �B�1�-�B�6�.� 

�F�r�o�m� �a�r�e�a�l� �f�i�b�e�r� �w�e�i�g�h�t�,� �d�e�f�i�n�e�d� �a�s� �t�h�e� �m�a�s�s� �o�f� �d�r�y� �f�i�b�e�r�s� �p�e�r� �u�n�i�t� �p�l�a�n�f�o�r�m� �a�r�e�a� �o�f� �p�r�e�-� 

�p�r�e�g� �m�a�t�e�r�i�a�l�,� �r�e�s�i�n� �v�o�l�u�m�e� �f�r�a�c�t�i�o�n�,� �n�o�m�i�n�a�l�,� �a�s�-�c�u�r�e�d� �p�l�y� �t�h�i�c�k�n�e�s�s�,� �a�n�d� �f�i�b�e�r� �s�p�e�c�i�f�i�c� 

�g�r�a�v�i�t�y�,� �a�l�l� �s�u�p�p�l�i�e�d� �b�y� �t�h�e� �m�a�n�u�f�a�c�t�u�r�e�r�,� �a�n�d� �t�h�i�c�k�n�e�s�s� �m�e�a�s�u�r�e�m�e�n�t�s� �o�f� �t�h�e� �f�i�n�i�s�h�e�d� �p�a�n�-� 

�e�l�s�,� �t�h�e� �f�i�b�e�r� �v�o�l�u�m�e� �f�r�a�c�t�i�o�n� �V�f� �o�f� �f�i�n�i�s�h�e�d� �p�a�n�e�l�s� �w�e�r�e� �c�a�l�c�u�l�a�t�e�d� �a�s� �0�.�7� �+� �1�%� �f�o�r� �a�l�l� �t�h�r�e�e� 

�p�a�n�e�l�s�.� �T�h�e� �a�r�e�a�l� �f�i�b�e�r� �w�e�i�g�h�t� �s�u�p�p�l�i�e�d� �w�a�s� �1�3�2� �g�r�a�m�s� �(�m�e�t�r�i�c�)� �p�e�r� �s�q�u�a�r�e� �m�e�t�e�r� �o�f� �p�r�e�-� 

�p�r�e�g�,� �t�h�e� �r�e�s�i�n� �v�o�l�u�m�e� �f�r�a�c�t�i�o�n� �3�2�%� �a�n�d� �f�i�b�e�r� �s�p�e�c�i�f�i�c� �g�r�a�v�i�t�y� �w�a�s� �1�.�7�5�.� �T�h�e� �n�o�m�i�n�a�l�,� �a�s�-� 

�c�u�r�e�d� �p�l�y� �t�h�i�c�k�n�e�s�s� �w�a�s� �s�u�p�l�i�e�d� �a�s� �0�.�0�0�5�5 ��.� 
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�N�S� 

�>� �-� �_� �1�.�0 �� 
�|� �a�t� �|� �1�.�0� �|� 

�U�D�n� �A�n� �B�n� 

�U�n�i�d�i�r�e�c�t�i�o�n�a�l� �O�n�-�a�x�i�s� �1�0�°� �O�f�f�-�a�x�i�s� 

�F�i�g�.� �4�.�4� �N�o�m�i�n�a�l� �s�p�e�c�i�m�e�n� �d�i�m�e�n�s�i�o�n�s�,� �p�o�s�i�t�i�o�n� �a�n�d� �n�u�m�b�e�r�i�n�g� �o�f� �s�t�r�a�i�n� �g�a�g�e�s� 
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�T�A�B�L�E� �4�.�2� �U�n�i�d�i�r�e�c�t�i�o�n�a�l� �8�-�p�l�y� �s�p�e�c�i�m�e�n� 
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�d�i�m�e�n�s�i�o�n�s� 

�S�p�e�c�i�m�e�n� �w�l� �w�2� �t� 
�i�n�c�h� �w�l� �w�2� 

�U�D�1� �0�.�5�2�5�5� �0�.�5�2�5�3� �0�.�0�4�1�6� �|� �{� �{� �{� �|� 

�U�D�2� �0�.�5�2�8�7� �0�.�5�2�9�0� �0�.�0�4�1�8� 

�U�D�3� �0�.�5�3�3�0� �0�.�5�3�0�0� �0�.�0�4�1�5� �|� 

�U�D�4� �0�.�5�2�7�0� �0�.�5�2�7�0� �0�.�0�4�2�2�  ��  � � � �� 

�U�D�S�5� �0�.�5�3�0�0� �0�.�5�3�3�0� �0�.�0�4�1�6� �t� 
�U�D�6� �0�.�5�3�1�0� �0�.�5�2�9�0� �0�.�0�4�2�0� 

�U�D�7� �0�.�5�2�9�0� �0�.�5�2�9�0� �0�.�0�4�2�0� 

�U�D�8� �0�.�5�3�0�0� �0�.�5�2�9�0� �0�.�0�4�1�8� 

�A�v�e�r�a�g�e� �0�.�5�2�9�0� �A�v�e�r�a�g�e� �0�.�0�4�1�8�2� 
�w�i�d�t�h� �i�n�c�h� �t�h�i�c�k�n�e�s�s� �i�n�c�h� 

�T�A�B�L�E� �4�.�3� �1�6 ��P�l�y� �o�n�-�a�x�i�s� �s�p�e�c�i�m�e�n� �d�i�m�e�n�s�i�o�n�s� �T�)� �|� 

�S�p�e�c�i�m�e�n� �t�1� �2� �(�3� �w� �- �� 

�i�n�c�h�.� �t�T ��  ��~� 

�A�l� �0�.�0�8�2�9� �.�0�.�8�3�0� �0�.�0�8�2�6� �1�.�0�0�2� 

�A�2� �0�.�0�8�3�0� �0�.�0�8�3�6� �0�.�0�8�3�4� �1�.�0�0�1�5� �w� 

�A�3� �0�.�0�8�3�4� �0�.�0�8�3�6� �0�.�0�8�3�9� �1�.�0�0�1� �a�  ��2� �~�~� 

�A�4� �0�.�0�8�3�0� �0�.�0�8�9�0� �0�.�0�8�3�8� �1�.�0�0�1� 

�A�S� �0�.�0�8�3�9� �0�.�0�8�3�1� �0�.�0�8�4�1� �1�.�0�0�1� 

�A�6� �0�.�0�8�3�9� �0�.�0�8�4�3� �0�.�0�8�3�8� �1�.�0�0�0� �3�"�  ��_� 

�A�T� �0�.�0�8�3�8� �0�.�0�8�4�2� �0�.�0�8�3�8� �1�.�0�0�0� �-�  �� �|� 
�A�8� �0�.�0�8�3�1� �0�.�0�8�3�7� �0�.�0�8�3�6� �1�.�0�0�0� �|� �1� 

�A�v�e�r�a�g�e� �0�.�0�8�3�7�7� �A�v�e�r�a�g�e� �1�.�0�0�0�8� 
�t�h�i�c�k�n�e�s�s� �i�n�c�h� �w�i�d�t�h� 
� � 

� � 
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�T�A�B�L�E� �4�.�4� �1�6�-�P�l�y� �1�0�°� �o�f�f�-�a�x�i�s� �s�p�e�c�i�m�e�n� �d�i�m�e�n�s�i�o�n�s�.� �g�e� �|� �|� 

�S�p�e�c�i�m�e�n� �t�1� �t�2� �t�3� �w� �u�d� �l�l� 

�i�n�c�h�.� 

�B�l� �0�.�0�8�4�4� �0�.�0�8�3�7� �0�.�0�8�4�0� �1�.�0�0�0�5� �w� 

�B�2� �0�.�0�8�4�8� �0�.�0�8�5�6� �0�.�0�8�5�5� �0�.�9�9�7�5� �a� 
�B�3� �0�.�0�8�4�8� �0�.�0�8�4�4� �0�.�0�8�4�1� �1�.�0�0�0�5� 

�B�4� �0�.�0�8�4�8� �0�.�0�8�4�8� �0�.�0�8�5�1� �0�.�9�9�8�0� 

�B�S� �0�.�0�8�4�7� �0�.�0�8�5�1� �0�.�0�8�5�2� �1�.�0�0�0�0� �1� �t�3� �|� �P� 

�B�6� �0�.�0�8�4�3� �0�.�0�8�4�1� �0�.�0�8�3�9� �1�.�0�0�0�5� �i� 

�A�v�e�r�a�g�e� �0�.�0�8�4�6�1� �A�v�e�r�a�g�e� �0�.�9�9�9�5�  �� 
�t�h�i�c�k�n�e�s�s� �w�i�d�t�h� 
� � 

� � 

�4�.�4� �T�e�s�t� �e�q�u�i�p�m�e�n�t� �a�n�d� �i�n�s�t�r�u�m�e�n�t�a�t�i�o�n�.� 

�E�x�p�e�r�i�m�e�n�t�s� �w�e�r�e� �p�e�r�f�o�r�m�e�d� �u�s�i�n�g� �a� �M�T�S� �s�e�r�v�o�-�h�y�d�r�a�u�l�i�c� �t�e�s�t�i�n�g� �s�y�s�t�e�m�.� �T�h�i�s� �s�y�s�t�e�m� �i�s� 

�c�o�m�p�r�i�s�e�d� �o�f� �a� �M�o�d�e�l� �3�1�9�.�5� �a�x�i�a�l�-�t�o�r�s�i�o�n�a�l� �l�o�a�d� �u�n�i�t�,� �e�q�u�i�p�p�e�d� �w�i�t�h� �M�o�d�e�]� �6�4�6�.�2�5� 

�h�y�d�r�a�u�l�i�c� �g�r�i�p�s�.� �C�o�n�t�r�o�l� �o�f� �t�h�e� �s�y�s�t�e�m� �i�s� �e�i�t�h�e�r� �d�i�r�e�c�t�l�y� �f�r�o�m� �a� �M�o�d�e�l� �4�5�8�.�2�0� �M�i�c�r�o�-�C�o�n�-� 

�s�o�l�e�,� �w�i�t�h� �a�s�s�o�c�i�a�t�e�d� �A�C� �a�n�d� �D�C� �c�o�n�t�r�o�l�l�e�r�s� �a�n�d� �a� �f�u�n�c�t�i�o�n� �g�e�n�e�r�a�t�o�r�,� �o�r� �f�r�o�m� �a� �D�E�C� 

�M�o�d�e�l� �P�D�P� �1�1�/�5�3� �M�i�n�i�-�C�o�m�p�u�t�e�r�,� �i�n�t�e�r�f�a�c�e�d� �t�h�r�o�u�g�h� �a� �M�T�S� �M�o�d�e�l� �4�6�8�.�0�1� �i�n�t�e�r�f�a�c�e�,� 

�p�r�o�v�i�d�i�n�g� �c�o�m�p�u�t�e�r� �c�o�n�t�r�o�l� �o�f� �t�h�e� �t�e�s�t� �a�n�d� �s�i�m�u�l�t�a�n�e�o�u�s� �d�a�t�a� �a�c�q�u�i�s�i�t�i�o�n�.� �A�x�i�a�l� �a�n�d� �t�o�r�-� 

�s�i�o�n�a�l� �c�a�p�a�c�i�t�y� �o�f� �t�h�e� �f�r�a�m�e� �i�s� �1�0�0�,�0�0�0� �I�b�.� �a�x�i�a�l� �a�n�d� �5�0�,�0�0�0� �I�b�s�-�i�n�.� �t�o�r�s�i�o�n�a�l� �l�o�a�d�i�n�g�,� 

�r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� �M�o�d�e�l� �6�4�6�.�2�5� �h�y�d�r�a�u�l�i�c� �g�r�i�p�s� �a�c�c�e�p�t� �g�r�i�p�p�i�n�g� �c�o�l�l�e�t�s� �f�o�r� �e�i�t�h�e�r� �r�o�u�n�d� 

�s�p�e�c�i�m�e�n�s� �o�r� �f�l�a�t� �s�p�e�c�i�m�e�n�s� �o�f� �d�i�f�f�e�r�e�n�t� �t�h�i�c�k�n�e�s�s�e�s�.� �F�o�r� �e�a�c�h� �s�e�t� �o�f� �c�o�l�l�e�t�s� �p�r�e�c�i�s�e� �c�o�n�t�r�o�l� 

�o�f� �s�p�e�c�i�m�e�n� �t�h�i�c�k�n�e�s�s� �o�r� �r�a�d�i�u�s� �i�s� �e�s�s�e�n�t�i�a�l�,� �w�i�t�h� �t�h�i�c�k�n�e�s�s� �t�o�l�e�r�a�n�c�e�s� �i�n� �t�h�e� �g�r�i�p�p�i�n�g� �a�r�e�a� 

�o�f� �t�h�e� �s�p�e�c�i�m�e�n� �o�f� �t�y�p�i�c�a�l�l�y� �+�0�.�0�0�2 ��.� �T�h�e� �g�r�i�p�s� �a�r�e� �h�o�w�e�v�e�r� �t�h�e�n� �g�u�a�r�a�n�t�e�e�d� �t�o� �p�r�o�v�i�d�e� 

�c�o�r�r�e�c�t� �a�l�i�g�n�m�e�n�t� �o�f� �a� �s�p�e�c�i�m�e�n�.� �G�r�i�p�p�i�n�g� �p�r�e�s�s�u�r�e� �o�f� �t�h�e�s�e� �h�y�d�r�a�u�l�i�c� �g�r�i�p�s� �c�a�n� �b�e� �s�e�t� �t�o� 

�s�u�i�t� �t�h�e� �t�y�p�e� �o�f� �t�e�s�t�s�.� �I�n� �a�l�l� �c�a�s�e�s� �t�h�e� �g�r�i�p� �s�u�p�p�l�y� �p�r�e�s�s�u�r�e� �w�a�s� �s�e�t� �t�o� �a�p�p�r�o�x�i�m�a�t�e�l�y� �2�0�0�0� 

�p�s�i�.� 

�T�h�e� �t�e�s�t�s� �w�e�r�e� �c�o�n�t�r�o�l�l�e�d� �i�n� �a�l�l� �c�a�s�e�s� �f�r�o�m� �t�h�e� �M�i�c�r�o�-�C�o�m�p�u�t�e�r�.� �D�a�t�a� �c�h�a�n�n�e�l�s� �s�a�m�p�l�e�d� 

�w�e�r�e� �f�o�r� �a�x�i�a�l� �l�o�a�d� �a�n�d� �d�i�s�p�l�a�c�e�m�e�n�t�,� �t�o�r�q�u�e� �a�n�d� �r�o�t�a�t�i�o�n�,� �a�n�d� �a� �n�u�m�b�e�r� �o�f� �s�t�r�a�i�n� �g�a�g�e� 
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�c�h�a�n�n�e�l�s�,� �u�p� �t�o� �s�e�v�e�n� �(�7�)� �i�n� �t�o�t�a�l�.� �T�h�e� �l�o�a�d� �a�n�d� �d�i�s�p�l�a�c�e�m�e�n�t� �i�n�f�o�r�m�a�t�i�o�n� �w�a�s� �a�c�q�u�i�r�e�d� 

�d�i�r�e�c�t�l�y� �f�r�o�m� �t�h�e� �m�a�c�h�i�n�e ��s� �i�n�t�e�r�n�a�l� �l�o�a�d�,� �t�o�r�q�u�e�,� �d�i�s�p�l�a�c�e�m�e�n�t� �a�n�d� �r�o�t�a�t�i�o�n� �t�r�a�n�s�d�u�c�e�r�s�,� 

�w�h�i�c�h� �h�a�v�e� �b�e�e�n� �r�e�c�e�n�t�l�y� �c�a�l�i�b�r�a�t�e�d� �b�y� �a� �c�o�m�p�a�n�y� �r�e�p�r�e�s�e�n�t�a�t�i�v�e�.� �S�t�r�a�i�n� �i�n�f�o�r�m�a�t�i�o�n� �w�a�s� 

�s�a�m�p�l�e�d� �u�s�i�n�g� �M�i�c�r�o�-�M�e�a�s�u�r�e�m�e�n�t�s� �(�M�M�)� �C�E�A�-�0�6�-�1�2�5�-�X�X�-�3�5�0� �s�t�r�a�i�n� �g�a�g�e�s�,� �u�s�e�d� �i�n� 

�q�u�a�r�t�e�r� �b�r�i�d�g�e� �c�o�n�f�i�g�u�r�a�t�i�o�n� �w�i�t�h� �a� �t�h�r�e�e� �l�e�a�d�w�i�r�e� �a�r�r�a�n�g�e�m�e�n�t�,� �a�n�d� �a� �s�e�t� �o�f� �M�M� �2�1�2�0�A� 

�s�t�r�a�i�n� �g�a�g�e� �c�o�n�d�i�t�i�o�n�e�r�s�.� �S�t�r�a�i�n� �g�a�g�e� �e�x�c�i�t�a�t�i�o�n� �v�o�l�t�a�g�e� �w�a�s� �s�e�t� �t�o� �t�h�r�e�e� �(�3�)� �v�o�l�t�s�,� �a�n�d� �c�a�l�i�-� 

�b�r�a�t�i�o�n� �w�a�s� �d�o�n�e� �u�s�i�n�g� �i�n�t�e�r�n�a�l� �s�h�u�n�t� �r�e�s�i�s�t�a�n�c�e�s� �i�n� �t�h�e� �M�M� �2�1�2�0� �A� �c�o�n�d�i�t�i�o�n�i�n�g� �u�n�i�t�s�,� 

�t�a�k�i�n�g� �a�c�c�o�u�n�t� �o�f� �i�n�d�i�v�i�d�u�a�l� �g�a�g�e� �f�a�c�t�o�r�s�,� �a�n�d� �a�u�t�o�m�a�t�i�c�a�l�l�y� �c�o�m�p�e�n�s�a�t�i�n�g� �f�o�r� �l�e�a�d�w�i�r�e� 

�r�e�s�i�s�t�a�n�c�e�.� �T�h�e� �M�T�S� �M�o�d�e�l� �4�6�8�.�0�1� �i�n�t�e�r�f�a�c�e� �r�e�q�u�i�r�e�s� �i�n�p�u�t� �s�i�g�n�a�l�s� �o�f� �+� �1�0� �v�o�l�t�s�,� �c�o�n�s�e�-� 

�q�u�e�n�t�l�y� �t�h�e� �g�a�i�n� �o�n� �t�h�e� �M�M� �2�1�2�0�A� �c�o�n�d�i�t�i�o�n�e�r�s� �w�e�r�e� �a�d�j�u�s�t�e�d� �t�o� �p�r�o�v�i�d�e� 

�<� �v�o�l�t� �/� �1�0�0�0�,� �t�h�u�s� �a�l�l�o�w�i�n�g� �f�o�r� �+� �1�5�,�0�0�0� �p�e� �t�o� �b�e� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �+� �1�0� �v�o�l�t�.� �S�t�r�a�i�n� �g�a�g�e� 

�l�e�a�d�w�i�r�e�s� �w�e�r�e� �c�o�n�n�e�c�t�e�d� �t�o� �t�h�e� �M�M� �2�1�2�0�A� �s�t�r�a�i�n� �g�a�g�e� �c�o�n�d�i�t�i�o�n�e�r�s� �t�h�r�o�u�g�h� �a� �s�e�t� �o�f� 

�p�u�s�h�-�p�i�n� �c�o�n�n�e�c�t�o�r�s� �a�d�j�a�c�e�n�t� �t�o� �t�h�e� �g�r�i�p�s�,� �a�n�d� �h�a�r�d�w�i�r�e�d� �t�o� �t�h�e� �c�o�n�d�i�t�i�o�n�e�r�s�.� 

�B�o�t�h� �t�h�e� �u�n�i�d�i�r�e�c�t�i�o�n�a�l� �s�p�e�c�i�m�e�n�s�,�U�D�1�-�U�D�8�,� �a�n�d� �o�n�-�a�x�i�s� �s�p�e�c�i�m�e�n�s�,� �A�1�-�A�8�,� �w�e�r�e� �s�t�r�a�i�n� 

�g�a�g�e�d� �b�y� �a� �s�i�n�g�l�e� �0�°�/�9�0�°� �M�M� �C�E�A�-�0�6�-�1�2�5�-�U�T�-�3�5�0� �g�a�g�e�,� �w�i�t�h� �-�1�2�5�-� �r�e�f�e�r�r�i�n�g� �t�o� �t�h�e� 

�0�.�1�2�5 �� �g�a�g�e� �l�e�n�g�t�h� �o�f� �t�h�e�s�e� �g�a�g�e�s�,� �b�o�n�d�e�d� �t�o� �t�h�e� �c�e�n�t�e�r� �o�f� �t�h�e� �t�e�s�t� �s�e�c�t�i�o�n�.� �T�h�e� �o�f�f�-�a�x�i�s� 

�s�p�e�c�i�m�e�n�s�,� �B�1�-�B�6�,� �w�e�r�e� �i�n�s�t�r�u�m�e�n�t�e�d� �b�y� �a� �s�i�n�g�l�e� �M�M� �C�E�A�-�0�6�-�1�2�5�-�U�R�-�3�5�0� �r�o�s�e�t�t�e� �i�n� �t�h�e� 

�c�e�n�t�e�r� �o�f� �t�h�e� �g�a�g�e� �s�e�c�t�i�o�n�.� �I�n� �a�d�d�i�t�i�o�n� �s�p�e�c�i�m�e�n� �B�1� �a�n�d� �w�a�s� �i�n�s�t�r�u�m�e�n�t�e�d� �m�o�r�e� �c�o�m�-� 

�p�l�e�t�e�l�y� �t�o� �c�h�e�c�k� �t�h�e� �u�n�i�f�o�r�m�i�t�y� �o�f� �t�h�e� �s�t�r�a�i�n� �f�i�e�l�d� �p�r�o�d�u�c�e�d�.� �I�n� �S�u�n� �a�n�d� �C�h�u�n�g ��s� �p�a�p�e�r� �t�h�e�i�r� 

�s�p�e�c�i�m�e�n�s� �a�r�e� �i�n�s�t�r�u�m�e�n�t�e�d� �w�i�t�h� �a�x�i�a�l� �g�a�g�e�s� �c�l�o�s�e� �t�o� �t�h�e� �o�b�l�i�q�u�e� �t�a�b�s� �o�n� �b�o�t�h� �s�i�d�e�s� �o�f� �t�h�e� 

�s�p�e�c�i�m�e�n� �t�o� �c�h�e�c�k� �f�o�r� �a�n� �i�n�-�p�l�a�n�e� �m�o�m�e�n�t� �t�h�a�t� �w�o�u�l�d� �r�e�s�u�l�t� �f�r�o�m� �t�h�e� �o�b�l�i�q�u�e� �t�a�b�s� �f�a�i�l�i�n�g� 

�t�o� �s�u�p�p�l�y� �t�h�e� �a�p�p�r�o�p�r�i�a�t�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�.� �T�h�i�s� �w�a�s� �r�e�p�e�a�t�e�d� �o�n� �s�p�e�c�i�m�e�n� �B�1� �u�s�i�n�g� 

�t�w�o� �M�M� �C�E�A�-�0�6�-�1�2�5�-�U�N�-�3�5�0� �g�a�g�e�s�.� �I�n� �a�d�d�i�t�i�o�n� �a�x�i�a�l� �g�a�g�e�s� �w�e�r�e� �a�p�p�l�i�e�d� �a�w�a�y� �f�r�o�m� �t�h�e� 

�t�a�b�s�,� �r�e�c�o�r�d�i�n�g� �t�h�e� �g�a�g�e� �s�e�c�t�i�o�n� �a�x�i�a�l� �s�t�r�a�i�n� �t�o� �c�h�e�c�k� �f�o�r� �u�n�i�f�o�r�m�i�t�y� �a�n�d� �c�o�m�p�a�r�i�s�o�n� �t�o� �t�h�e� 

�s�t�r�a�i�n�s� �m�e�a�s�u�r�e�d� �a�t� �t�h�e� �t�a�b�s�.� �T�h�e� �l�o�c�a�t�i�o�n� �o�f� �s�t�r�a�i�n� �g�a�g�e�s� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�.� �4�.� �4� �a�n�d� �F�i�g�.� 

�4�.�5�.� 

�4�.�5� �P�r�o�c�e�d�u�r�e�s� 

�D�u�r�i�n�g� �t�e�s�t�i�n�g� �t�h�e� �f�o�l�l�o�w�i�n�g� �p�r�o�c�e�d�u�r�e�s� �w�e�r�e� �f�o�l�l�o�w�e�d�.� �T�h�e� �s�p�e�c�i�m�e�n�s� �w�e�r�e� �i�n�s�e�r�t�e�d� �i�n� 

�t�h�e� �h�y�d�r�a�u�l�i�c� �g�r�i�p�s�,� �w�i�t�h� �t�h�e� �c�o�m�p�l�e�t�e� �t�a�b�b�e�d� �a�r�e�a� �i�n� �c�o�n�t�a�c�t� �w�i�t�h� �t�h�e� �c�o�l�l�e�t�s�.� �O�n�e� �s�i�d�e� �o�f� 

�t�h�e� �s�p�e�c�i�m�e�n� �w�a�s� �g�r�i�p�p�e�d� �a�n�d� �t�h�e� �s�t�r�a�i�n� �g�a�g�e� �l�e�a�d�s� �c�o�n�n�e�c�t�e�d� �t�o� �t�h�e� �c�o�n�d�i�t�i�o�n�e�r� �i�n�p�u�t�s�.� 

�E�x�p�e�r�i�m�e�n�t�s� �6�1
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�F�i�g�.� �4�.�5� �P�h�o�t�o�g�r�a�p�h� �s�h�o�w�i�n�g� �p�o�s�i�t�i�o�n� �o�f� �s�t�r�a�i�n� �g�a�g�e�s� �o�n� �f�i�n�a�l� �s�p�e�c�i�m�e�n�s�.� 
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�A�l�l� �g�a�g�e�s� �w�e�r�e� �t�h�e�n� �c�a�l�i�b�r�a�t�e�d�,� �t�h�e� �g�a�i�n� �a�d�j�u�s�t�e�d�,� �a�n�d� �t�h�e� �b�r�i�d�g�e� �b�a�l�a�n�c�e�d�,� �a�s� �d�e�s�c�r�i�b�e�d� �i�n� 

�s�e�c�t�i�o�n� �4�.�4�,� �b�e�f�o�r�e� �t�h�e� �s�p�e�c�i�m�e�n� �w�a�s� �g�r�i�p�p�e�d� �a�t� �t�h�e� �o�t�h�e�r� �e�n�d�.� �T�h�e� �a�x�i�a�l� �a�c�t�u�a�t�o�r� �w�a�s� �c�o�n�-� 

�t�r�o�l�l�e�d� �i�n� �d�i�s�p�l�a�c�e�m�e�n�t� �f�o�r� �a�l�l� �t�e�s�t�s�,� �w�i�t�h� �d�i�s�p�l�a�c�e�m�e�n�t� �r�a�t�e� �s�e�t� �t�o� �a�c�h�i�e�v�e� �a�p�p�r�o�x�i�m�a�t�e�l�y� 

�1�%� �s�t�r�a�i�n� �p�e�r� �m�i�n�u�t�e�.� �T�e�s�t� �p�a�r�a�m�e�t�e�r�s� �s�u�c�h� �a�s� �n�u�m�b�e�r� �o�f� �c�h�a�n�n�e�l�s� �s�a�m�p�l�e�d�,� �l�o�a�d�i�n�g� �r�a�t�e�,� 

�d�a�t�a� �f�i�l�e� �n�a�m�e�s�,� �e�t�c�.�,� �w�e�r�e� �e�n�t�e�r�e�d� �i�n�t�o� �t�h�e� �t�e�s�t� �c�o�m�p�u�t�e�r�,� �a�n�d� �t�h�e� �t�e�s�t� �s�t�a�r�t�e�d�.� �D�u�r�i�n�g� �t�e�s�t�-� 

�i�n�g� �t�h�e� �s�p�e�c�i�m�e�n� �w�e�r�e� �o�b�s�e�r�v�e�d� �c�l�o�s�e�l�y�,� �f�r�o�m� �b�e�h�i�n�d� �a� �t�r�a�n�s�p�a�r�e�n�t� �s�c�r�e�e�n�.� �A�n�y� �p�r�e�m�a�t�u�r�e� 

�f�a�i�l�u�r�e�s�,� �d�e�l�a�m�i�n�a�t�i�o�n�s� �o�r� �u�n�e�v�e�n� �f�a�i�l�u�r�e�s� �o�b�s�e�r�v�e�d� �w�e�r�e� �r�e�c�o�r�d�e�d�,� �a�n�d� �u�s�e�d� �t�o� �j�u�d�g�e� �t�h�e� 

�q�u�a�l�i�t�y� �o�f� �t�h�e� �t�e�s�t�.� 

�R�e�s�u�l�t�s� �o�f� �e�x�p�e�r�i�m�e�n�t�s�,� �p�h�o�t�o�g�r�a�p�h�s� �o�f� �f�a�i�l�e�d� �s�p�e�c�i�m�e�n�s�,� �a�n�d� �d�e�s�c�r�i�p�t�i�o�n� �o�f� �f�a�i�l�u�r�e�s� �a�r�e� 

�g�i�v�e�n� �i�n� �c�h�a�p�t�e�r� �5�.� 
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�C�h�a�p�t�e�r� �5� �:� �E�x�p�e�r�i�m�e�n�t�a�l� �R�e�s�u�l�t�s� �a�n�d� 
�D�i�s�c�u�s�s�i�o�n� 

�I�n� �t�h�i�s� �c�h�a�p�t�e�r� �d�e�t�a�i�l�s� �a�n�d� �r�e�s�u�l�t�s� �o�f� �e�x�p�e�r�i�m�e�n�t�s� �a�n�d� �c�o�m�p�a�r�i�s�o�n� �w�i�t�h� �p�r�e�d�i�c�t�i�o�n�s� �a�r�e� �p�r�e�-� 

�s�e�n�t�e�d� �a�n�d� �d�i�s�c�u�s�s�e�d�.� �E�x�p�e�r�i�m�e�n�t�s� �o�n� �u�n�i�d�i�r�e�c�t�i�o�n�a�l� �s�p�e�c�i�m�e�n�s� �a�r�e� �d�i�s�c�u�s�s�e�d� �f�i�r�s�t�,� �a�n�d� 

�m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �u�s�e�d� �i�n� �t�h�e� �f�i�n�a�l� �a�n�a�l�y�t�i�c�a�l� �p�r�e�d�i�c�t�i�o�n�s� �a�r�e� �t�h�e�n� �e�s�t�a�b�l�i�s�h�e�d�.� �T�h�e� �p�r�e�-� 

�d�i�c�t�e�d� �f�a�i�l�u�r�e� �l�o�a�d�s� �f�o�r� �o�n�-�a�x�i�s� �a�n�d� �1�0�°� �o�f�f�-�a�x�i�s� �t�e�s�t�s� �a�r�e� �r�e�p�o�r�t�e�d�.� �T�h�e� �r�e�s�u�l�t�s� �o�f� �o�n�-�a�x�i�s� 

�t�e�s�t�s� �a�n�d� �1�0�°� �o�f�f�-�a�x�i�s� �t�e�s�t�s� �a�r�e� �p�r�e�s�e�n�t�e�d� �n�e�x�t�,� �w�i�t�h� �d�e�t�a�i�l�s� �o�f� �f�a�i�l�u�r�e� �l�o�a�d�s�,� �s�t�r�e�s�s�-�s�t�r�a�i�n� 

�i�n�f�o�r�m�a�t�i�o�n�,� �e�t�c�.�,� �c�o�m�p�a�r�e�d� �t�o� �t�h�e�o�r�y�.� �E�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� �a�n�d� �c�o�m�p�a�r�i�s�o�n�s� �a�r�e� �t�h�e�n� �d�i�s�-� 

�c�u�s�s�e�d�,� �c�o�n�c�l�u�s�i�o�n�s� �d�r�a�w�n�,� �a�n�d� �s�u�g�g�e�s�t�i�o�n�s� �f�o�r� �f�u�t�u�r�e� �w�o�r�k� �a�r�e� �g�i�v�e�n�.� 

�E�x�p�e�r�i�m�e�n�t�a�l� �R�e�s�u�l�t�s� �a�n�d� �D�i�s�c�u�s�s�i�o�n� �6�4



�5�.�1� �U�n�i�d�i�r�e�c�t�i�o�n�a�l� �s�p�e�c�i�m�e�n�s� �a�n�d� �m�e�a�s�u�r�e�d� �m�a�t�e�r�i�a�l� 
�p�r�o�p�e�r�t�i�e�s� 

�E�i�g�h�t� �u�n�i�d�i�r�e�c�t�i�o�n�a�l� �s�p�e�c�i�m�e�n�s� �a�s� �d�e�s�c�r�i�b�e�d� �i�n� �c�h�a�p�t�e�r� �4�,� �F�i�g�.� �4�.�4�,� �w�i�t�h� �d�i�m�e�n�s�i�o�n�s� 

�r�e�c�o�r�d�e�d� �i�n� �T�a�b�l�e� �4�.�2�,� �w�e�r�e� �t�e�s�t�e�d� �t�o� �f�a�i�l�u�r�e� �u�n�d�e�r� �a�x�i�a�l� �t�e�n�s�i�o�n�.� �D�u�r�i�n�g� �t�e�s�t�i�n�g�,� �l�o�n�g�i�t�u�d�i�-� 

�n�a�l� �a�n�d� �t�r�a�n�s�v�e�r�s�e� �s�t�r�a�i�n�s�,� �a�n�d� �a�x�i�a�l� �l�o�a�d�,� �w�e�r�e� �r�e�c�o�r�d�e�d� �i�n� �0�.�5� �s�e�c�o�n�d� �i�n�c�r�e�m�e�n�t�s� �o�v�e�r� �t�h�e� 

�1�0�0� �s�e�c�o�n�d� �d�u�r�a�t�i�o�n� �o�f� �t�h�e� �t�e�s�t�s�.� �L�o�a�d�i�n�g� �w�a�s� �u�n�d�e�r� �d�i�s�p�l�a�c�e�m�e�n�t� �c�o�n�t�r�o�l�,� �w�i�t�h� �a� �c�o�n�s�t�a�n�t� 

�c�r�o�s�s�-�h�e�a�d� �s�p�e�e�d� �s�e�t� �t�o� �a�c�h�i�e�v�e� �a�p�p�r�o�x�i�m�a�t�e�l�y� �1�%� �s�t�r�a�i�n� �p�e�r� �m�i�n�u�t�e�.� �O�f� �t�h�e� �e�i�g�h�t� �s�p�e�c�i�-� 

�m�e�n�s� �t�e�s�t�e�d�,� �U�D�1�-�U�D�8�,� �t�w�o� �f�a�i�l�e�d� �i�n� �a� �m�a�n�n�e�r� �c�o�n�s�i�d�e�r�e�d� �u�n�r�e�p�r�e�s�e�n�t�a�t�i�v�e�,� �w�i�t�h� �t�h�e� �f�a�i�l�-� 

�u�r�e� �c�l�e�a�r�l�y� �i�n�i�t�i�a�t�i�n�g� �a�t� �o�n�e� �s�i�d�e� �o�f� �t�h�e� �s�p�e�c�i�m�e�n� �a�t� �c�o�n�s�i�d�e�r�a�b�l�y� �l�e�s�s� �t�h�a�n� �t�h�e� �a�v�e�r�a�g�e� 

�f�a�i�l�u�r�e� �l�o�a�d�,� �a�n�d� �t�h�e� �s�p�e�c�i�m�e�n�  ��t�e�a�r�i�n�g �� �f�r�o�m� �o�n�e� �s�i�d�e� �t�o� �t�h�e� �o�t�h�e�r�.� �T�h�e�s�e� �s�p�e�c�i�m�e�n�s�,� �U�D�3� 

�a�n�d� �U�D�8�,� �w�e�r�e� �w�i�t�h�d�r�a�w�n� �f�r�o�m� �c�o�n�s�i�d�e�r�a�t�i�o�n�.� �F�a�i�l�u�r�e� �i�n� �t�h�e� �o�t�h�e�r� �s�p�e�c�i�m�e�n�s� �w�a�s� �t�y�p�i�-� 

�c�a�l�l�y� �i�n�i�t�i�a�t�e�d� �b�y� �l�o�n�g�i�t�u�d�i�n�a�l� �s�p�l�i�t�s� �f�o�r�m�i�n�g� �t�h�r�o�u�g�h� �t�h�e� �l�e�n�g�t�h� �o�f� �t�h�e� �s�p�e�c�i�m�e�n�,� �p�a�r�a�l�l�e�l� 

�t�o� �t�h�e� �f�i�b�e�r�s�,� �a�n�d� �n�o�r�m�a�l�l�y� �c�l�o�s�e�r� �t�o� �o�n�e� �s�i�d�e� �t�h�a�n� �t�h�e� �o�t�h�e�r�,� �f�o�l�l�o�w�e�d� �b�y� �a� �s�u�d�d�e�n�,� �d�r�a�-� 

�m�a�t�i�c� �e�x�p�l�o�s�i�o�n� �o�f� �t�h�e� �s�p�e�c�i�m�e�n�.� �A� �p�h�o�t�o�g�r�a�p�h� �o�f� �a� �f�a�i�l�e�d� �s�p�e�c�i�m�e�n� �i�s� �g�i�v�e�n� �i�n� �F�i�g�.� �5�.�1�,� 

�d�e�m�o�n�s�t�r�a�t�i�n�g� �t�h�e� �v�i�o�l�e�n�t� �n�a�t�u�r�e� �o�f� �f�a�i�l�u�r�e�.� �J�u�d�g�i�n�g� �w�h�e�t�h�e�r� �t�h�e� �f�a�i�l�u�r�e� �o�c�c�u�r�r�e�d� �i�n� �t�h�e� 

�g�a�g�e� �s�e�c�t�i�o�n� �w�a�s� �v�i�r�t�u�a�l�l�y� �i�m�p�o�s�s�i�b�l�e� �d�u�e� �t�o� �t�h�e� �v�i�o�l�e�n�t� �n�a�t�u�r�e� �o�f� �t�h�e� �e�v�e�n�t�.� �A�s� �n�o�t�e�d�,� 

�h�o�w�e�v�e�r�,� �s�o�m�e� �s�p�e�c�i�m�e�n�s� �d�i�d� �n�o�t� �f�a�i�l� �i�n� �t�h�i�s� �d�r�a�m�a�t�i�c� �f�a�s�h�i�o�n� �a�n�d� �t�h�e�s�e� �w�e�r�e� �j�u�d�g�e�d� �t�o� 

�h�a�v�e� �f�a�i�l�e�d� �i�n� �a� �m�a�n�n�e�r� �i�n�c�o�n�s�i�s�t�e�n�t� �w�i�t�h� �f�i�b�e�r�-�s�t�r�e�n�g�t�h� �d�o�m�i�n�a�t�e�d� �f�a�i�l�u�r�e�.� 

�T�h�r�e�e� �m�e�c�h�a�n�i�c�a�l� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �m�a�t�e�r�i�a�l� �a�r�e� �e�x�t�r�a�c�t�e�d� �f�r�o�m� �t�h�e� �m�e�a�s�u�r�e�d� �d�a�t�a�.� �T�h�e�s�e� 

�a�r�e� �f�i�b�e�r� �d�i�r�e�c�t�i�o�n� �m�o�d�u�l�u�s� �E�;�,� �f�i�b�e�r� �d�i�r�e�c�t�i�o�n� �t�e�n�s�i�l�e� �s�t�r�e�n�g�t�h� �X�,� �a�n�d� �P�o�i�s�s�o�n ��s� �r�a�t�i�o�,� �V�5�.� 

�S�p�e�c�i�m�e�n� �m�o�d�u�l�u�s� �a�n�d� �P�o�i�s�s�o�n ��s� �r�a�t�i�o� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �f�r�o�m� �t�h�e� �a�v�e�r�a�g�e� �c�r�o�s�s�-�s�e�c�t�i�o�n�a�l� 

�a�r�e�a� �a�n�d� �t�h�e� �s�t�r�e�s�s� �a�n�d� �s�t�r�a�i�n� �a�t� �6�6�%� �o�f� �f�a�i�l�u�r�e� �l�o�a�d�.� �A� �l�e�a�s�t� �s�q�u�a�r�e�s� �f�i�t� �o�f� �t�h�e� �s�t�r�e�s�s�-�s�t�r�a�i�n� 

�d�a�t�a� �c�o�u�l�d� �a�l�s�o� �b�e� �e�m�p�l�o�y�e�d�,� �b�u�t� �s�i�n�c�e� �t�h�e� �s�t�r�e�s�s�-�s�t�r�a�i�n� �p�l�o�t�s� �w�e�r�e� �q�u�i�t�e� �l�i�n�e�a�r�,� �s�e�e� �F�i�g�.� 

�5�.�2�,� �t�h�i�s� �w�a�s� �j�u�d�g�e�d� �u�n�n�e�c�e�s�s�a�r�y�.� �T�h�e� �m�e�a�s�u�r�e�d� �m�o�d�u�l�i� �a�n�d� �P�o�i�s�s�o�n ��s� �r�a�t�i�o�s� �a�r�e� �g�i�v�e�n� �i�n� 

�T�a�b�l�e�s� �5�.�1� �a�n�d� �5�.�2�.� 

�E�x�p�e�r�i�m�e�n�t�a�l� �R�e�s�u�l�t�s� �a�n�d� �D�i�s�c�u�s�s�i�o�n� �6�5
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�F�i�g�.� �5�.�1� �P�h�o�t�o�g�r�a�p�h� �s�h�o�w�i�n�g� �f�a�i�l�e�d� �u�n�i�d�i�r�e�c�t�i�o�n�a�l� �s�p�e�c�i�m�e�n�.� 

�E�x�p�e�r�i�m�e�n�t�a�l� �R�e�s�u�l�t�s� �a�n�d� �D�i�s�c�u�s�s�i�o�n� �6�6


