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(ABSTRACT) 

The polarization-maintaining properties of single crystal sapphire fibers are investigated and 

a polarimetric optical sensor for high temperature measurements is designed. The 

polarization-maintaining properties of single crystal sapphire fibers are investigated 

experimentally for different modal power distributions and different fiber lengths. 

Experimental results indicate that linearly polarized light launched along one of the principal 

axes of the birefringence can be partially maintained. The polarization-maintaining ability 

(PMA) has been measured to be 6 dB and 3 dB for 7 cm and 32 cm long sapphire fibers, 

respectively. The temperature coefficient of the differential phase delay between the 

orthogonal polarization modes has been measured to be 0.0208 rad / °C m. A resolution of 

2 “C has been obtained over the measurement range of 25 C to 800 ©. It is also observed 

that the PMA is strongly dependent on the mode-coupling parameter. The design of the 

polarimetric sapphire fiber sensor for high temperature measurements is based on the 

properties of withstanding high temperatures, polarization preservation and temperature 

dependence of phase delay. Since the temperature dependence of phase delay is 

proportional to the fiber length, consideration of a similar strain sensor is expected in the 

near future.
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Chapter I - Introduction 

1.1 Background 

Since ancient times, human beings have been utilizing several methods of communication 

between each other. Fire was the signal form, air the transmission medium and the eyes of 

the observer were the receiving device. Communication systems have been improved since 

the late 1900’s. The wire cable was used instead of air for the transmission medium owing 

to the invention of the telegraph in 1838, which started the new epoch of the electrical 

communication systems (1.1). Further, electromagnetic waves were utilized for conveying 

information. For larger information capacity, high frequencies ( short wavelength ) were 

employed, which led to the birth of television, radar, and microwave links. Looking at the 

electromagnetic spectrum (1.2), the portion of the spectrum corresponding to higher 

frequencies ( shorter wavelengths ) is the optical region from 50 nm ( ultraviolet ) to 100 

iim ( infrared ). Great interest in communicating at optical frequencies was created in 

1960’s with the advent of the laser (1.3), which made available a coherent optical source. 

Later, investigation of optical fiber provided a reliable and versatile optical channel as a 

transmission medium by reducing the attenuation of fiber gradually. The development and 
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application of optical fiber systems grew from the combination of semiconductor 

technology, which provided the necessary light sources, photodetectors, and optical 

waveguide technology. 

Since the 1970’s, optical fibers have been attributed as sensors owing to their properties of 

environmental perturbation sensitivities. Magnetic, acoustic, pressure, temperature, 

displacement, acceleration, gyro, torque, current, fluid level, photo acoustic, and strain are 

among the fiber optic sensor types being investigated. In comparison with other sensors, 

optical fiber sensors offer many advantages: 

* low weight and small size, 

low transmission loss and wide bandwidth, 

¢ environmental ruggedness such as utility in high temperature, high voltage, corrosive, or 

other stressing environments, 

¢ immunity to electromagnetic interference, 

* geometric versatility which allows fiber sensors to be configured in arbitrary shapes. 

These attractive advantages of optical fiber sensors justify the increase in the need for these 

sensors in such areas as aerospace, defense, manufacturing, medicine, and construction. 

Different types of optical fiber sensors have been developed substantially in the past few 

years. In the following sections, the distinct kinds of optical fiber sensors are discussed. 
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1.2 Classification of Optical Fiber Sensors 

Optical fiber sensors can be divided into two basic classes, intrinsic and extrinsic. An 

intrinsic sensor relies on external perturbations directly affecting the light traveling within 

the optical waveguide. Mode coupling due to strain in elliptical core fibers is an example of 

an intrinsic effect. In extrinsic sensors, fibers are used as information carriers which 

transmit the optical energy altered from outside the fiber. An intensity based sensing of 

alignment losses between two fiber endfaces is the typical example of the extrinsic effect. 

Optical fiber sensors can also be categorized into amplitude (intensity) and phase 

(interferometric) sensors. In the former case, the physical perturbation interacting with the 

fiber or some device attached to the fiber directly modulates the intensity of the light in the 

fiber. In the latter case, the interferometric sensor depends on some perturbation 

modulating the phase of the light propagating in the fiber. The advantages of intensity 

sensors are the simplicity of construction and implementation owing to the simple 

modulation techniques. Both single-mode and multimode fibers can be used. The limitation 

of intensity based sensors is the lesser sensitivity than the interferometric sensors. 

However, extreme sensitivity is not required for most applications. As these devices are 

competitive with existing devices, a large market appears to exist for this class of sensor. 

Compared with intensity based sensors, interferometric sensors are based upon monitoring 

the phase of light propagating in a fiber. Thus as known, a reference light beam is required 

to monitor the phase of a sensing light beam. To accomplish this, phase sensors are usually 

constructed with two separate optical fibers, a sensing arm and a reference arm. 
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Light propagating through the two separate arms is combined together, and the output 

intensity becomes a function of the interference between the two coherent beams. When the 

beams are in phase, the output interisity is a maximum, and when they are out of phase, the 

output is a minimum. It should be mentioned that the input is single mode or linearly 

polarized light, as the divided sensing and reference beams have to be mutually coherent. 

As the phase sensor is more sensitive than the amplitude sensor, the former has been 

utilized extensively. The typical phase sensors are of the Mach-Zehnder and Michelson 

interferometric configurations. In order to explain phase sensors more clearly, the principle 

of interferometry with respect to the Mach-Zehnder configuration as an example is 

discussed in chapter 2. For the purpose of designing a new phase sensor for high 

temperature measurements, a new material of single crystal sapphire is introduced in 

chapter 3. In chapter 4, the polarimetric analysis of birefringent sapphire fiber and its 

application for high temperatures are discussed. The experimental setup, processing and 

results are also discussed. Chapter 5 forms the conclusion and discusses future 

developments of the research in this area of fiber optic sensors. 
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Chapter 2 - Principles of Interferometric Sensors 

2.1 Introduction 

Interferometric sensors have the highest sensitivity and best flexibility of application due to 

the utilization of the interference between two coherent polarized beams. Any change in the 

environment can be recorded as the phase difference between two arms or the interference 

fringes, and detected by a photodetector. The Mach-Zehnder fiber sensor is the most 

popular interferometric sensor, and is discussed in the following section. 

2.2 Two-Arm Mach-Zehnder Fiber Interferometer 

As shown in figure 2.2.1, the Mach-Zehnder fiber interferometer generally consists of two 

pieces of single mode fiber. The input linearly polarized light is divided into a sensing arm 

and a reference arm after passing through a 2 x 2 single mode fiber coupler, and combined 

together at the second coupler. The sensing arm experiences a perturbation environment 

such as temperature, pressure, strain, and electromagnetic field, which can change the 

length and refractive index of the fiber, and thereby the phase of the light, while the 
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reference arm maintains an unperturbed state. Because they carry the same single mode 

(treated as a plane wave), the sensing and reference arms have the same linearly polarized 

light leading to a stable phase difference. 

Sensing Fiber 
Lens 

2x2 Coupler 
    

  

  

      
Laser Detecter 
        

Reference fiber 

Figure 2.2.1: Two-fiber Mach-Zehnder Interferometer 

A theoretical analysis (2.1) of the interferometric arrangement is presented in the following 

section. 

The input linearly polarized light or electric field is 

E;, (r,t) = Ep cos (ker - @t+0) 

= Ey cos (kz - wt +) (2.2.1) 

where Ep is the amplitude of the light, k = 2 n/ A is the propagation constant, A is the 

wavelength in the vacuum, 6 is the initial phase angle, and propagation in the z-direction 

along the fiber length is assumed. 
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The linearly polarized light in the reference arm is 

E, (r,t) =Eo, cos ( k,z, - ot + 4, ) (2.2.2) 

The linearly polarized light in the sensing arm is 

E, (r,t) = Ep, cos (k,z, - ot + 0, ) (2.2.3) 

The combined amplitude at the output is 

Eon (ft) = E, (r,t) +E, (nt) (2.2.4) 

The output intensity is the time average of the output electric field squared 

Tout = < Eout2 > (2.2.5) 

where 

Fou? =Eout * Eout 

=E2+ E,2+2E,°E, (2.2.6) 

where | 

E.° E, = Ep, * Ep, cos ( k,z, - ot +, ) cos ( kz, - Mt + O, ) 

= 1/2 Eo, * Eo, ( cos ((k,z, - Ot + 0, ) + (k,z, - @t + 0, )) 

+ cos ((k,z, - Ot + 0, ) - (k,z, - @t +, ))) 

= 1/2 Eo, * Eo, ( cos ((k,z, + k,z, ) + (o,+ 0,) - 20t ) 

+ cos ((k,z, - k,z; ) + (,- 5)) ) 

(2.2.7) 
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After averaging Eq. (2.2.7) with respect to time we have 

<E,° E, >= 1/2 Eo, Eo, cos ( ( k,z, - k,z, ) +(0,- 5 )) 

(2.2.8) 

supposing that < cos 2@t > = 0, and < sin 2m@t > = 0. 

Averaging Eq. (2.2.6) with respect to time 

<Euut >= <E2>+ < E,2>+2<E,°E, > 

= <E2>4 < E,2>+Ep, * Eo, cos ( (kz, - kz, ) +(0,- 0, )) 

=<E2>+ < E,2>+E,, *Ep,cos6 

(2.2.9) 

where 

d= (kz, - kz) + (0, - os) 

= 20 /X (n, 2,- Dy Z, ) + (0, - 9, ) (2.2.10) 

is the phase difference arising from initial phase angle difference (@,- ,) and optical path 

length difference (n,z, - n,Z, ) between the two arms owing to the perturbation of the 

sensing environment. | 

As mentioned in Eq. (2.2.5), I, and I, can be expressed as 

I =< E?2> 

I,=< E,2> 
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and letting 

Ij9=2<E,*E,>=Ep, * Ep, cos 6 (2.2.11) 

Eq. (2.2.9 ) can be represented by 

Inn = E+ 1, + Tie (2.2.12) 

Notice that if Ep, and Eo, are perpendicular, I,.=0 and I,,,=1,+ 1,, if Eo, parallels to 

Eo;, liz = Eo, Eos cos 6. This can be written in a more convenient way by noticing that 

I. =<E2>=Eo2/2 

I, =< E,2 >=Ep,2 /2 

The interference term becomes 

Lo =2 (1,1, )}/2 cos 8 (2.2.13) 

The output intensity is then 

Inn = +, +2 (LI, )4/2 cos & (2.2.14) 

When 6 = 0 or 2mn, two arms of light are in phase, where m is an integer 
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Imax = 1, + Ly +2 (1, I, )!/2 (2.2.15) 

When 6 = 2(m+1)z, two arms of light are out of phase 

Imin = 1, +1, - 2 (1,1, 4? (2.2.16) 

When 2mn <6 < 2(m+1)z, the output intensity will vary from I,,,; to Lnin- 

If the amplitudes Eo, and Eo, are equal, or I. = I, = Ip, Eq. (2.2.15) can be written as 

[=2Ig9(1+cosd)=4 Ip cos? (5/2) (2.2.17) 

from which it follows that Ia, =4 19, Imin = 0. In order to evaluate the clearness of the 

interference fringes, the visibility or contrast of the fringes is defined as 

V =(CTnax - Lin) / Cmax + Imin ) (2.2.18) 

When the two arms of light are in phase, I,,,, = 4 Ip, and out of phase, Ii, = 0, the 

interference fringes will have the maximum contrast, 

provided that the amplitudes of the signals in the two arms of light are equal; otherwise, one 

has 

V<i 
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2.3 Summary 

As we discussed, the Mach-Zehnder interferometer as an example of a phase sensor, or a 

two-fiber interferometer has an advantage of being the most sensitive configuration for the 

detection of perturbations in the sensing environment. On the other hand, it has a 

disadvantage in that the reference arm could easily accumulate false phase information 

owing to the perturbation of the reference environment. Thus, extreme care must be taken 

to insure that no perturbation affects the reference arm of the sensor. Moreover, the two 

arms of the fiber interferometer require maintenance of the same state of polarization from 

the input over a considerably long distance. If the polarization states of the two arms are 90° 

apart, the interference term becomes 

Ij9=2<E,¢ E, > = Eo, ¢ E>, cos 6 =0 

and complete fading can _ result. To prevent this disadvantage, one-fiber 

interferometers or birefringent sensors have been invented lately. The advantage of the one- 

fiber interferometer is that both the interfering beams see exactly the same perturbation 

conditions. Another advantage is its extremely simple construction. It requires only two 

polarizers for the splitting and recombination of the two interfering beams. The 

disadvantage of the one-fiber interferometer is that it is less sensitive than the two-fiber 
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interferometer. The one-fiber interferometer consists of a birefringent fiber and two 

polarizers. It is designed on the basic principle that one fiber carries two linearly polarized 

beams which propagate along its slow and fast axes separately and exhibit a phase delay in 

response to an external force. The sapphire fiber is one of these birefringent fibers. It is a 

single crystal fiber possessing a large birefringence of 0.008, as well as a new material for 

high temperatures and high power delivery applications. Therefore, a design utilizing this 

sapphire fiber interferometric sensor for high temperature measurements was initiated and is 

discussed in chapter 4. For this purpose, the properties of birefringent single crystal 

sapphire fibers are introduced in the following chapter 3. 
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Chapter 3 - Birefringent Single Crystal Sapphire 

Fibers 

3.1 Introduction 

As optical fibers posses the attributes of low weight, small size, low power, environmental 

ruggedness, immunity to electromagnetic interference, good performance specifications, 

and low cost, optical fiber sensors have been developed rapidly in the areas of 

electromagnetic, acoustics, pressure, temperature, acceleration, and photoacoustic 

measurement. While progress has been great, the technology is not yet fully exploited. For 

example, silica fiber becomes soft when its operation temperature exceeds 1000 °C, so 

silica fiber sensors are strictly limited to low-temperature applications. As the need for 

optical fiber sensors in high temperatures areas such as aerospace and defense increases, a 

new material, sapphire fiber, has been investigated, which has a high temperature melting 

point of 2040° C. Sapphire fibers have not only high temperature benefits, but also many 

attractive chemical, mechanical, and optical properties that make them well suited for certain 

sensor and power delivery applications. In this chapter, this new fiber is investigated. In 

particular, the properties and growth methods of sapphire are discussed. 
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3.2 Properties of Birefringent Single Crystal Sapphire Fibers 

3.2.1 Birefringent Properties of Single Crystal Sapphire 

Sapphire is single crystal aluminum oxide (Al,O3) and exhibits anisotropic or birefringent 

properties. Table 3.2.1.1 lists the properties of Czochralski grown sapphire. In order to 

describe the birefringent properties of the single crystal of sapphire, we introduce some 

basic principles of this crystal. 

¢ Uniaxial and biaxial crystal 

Cubic crystals have the same dimensions in all three principal directions, and they are 

generally isotropic. However, most crystals are anisotropic. Those in which one dimension 

is different from the other two are uniaxial. Those crystals in which all three dimensions are 

different are biaxial. Sapphire is a uniaxial crystal because of its hexagonal crystalline 

structure. 

¢ Birefringence of crystal 

Birefringence or double refraction is explained by assuming that the crystal has two 

different indices of refraction. Thus light can be refracted into two different directions as it 

enters the crystal. The indices for this double refraction are referred to as the ordinary wave 

(o-wave) and extraordinary wave (e-wave) indices, as shown in Fig. 3.2.1.1 (b). 

Polarization of the o-wave is always normal to the optic z axis and its refractive index is 

called n,. The polarization of the e-wave is generally at an angle to z, and its 
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Pe 
Extraordinary ray 

Ordinary ray 
  

Figure 3.2.1.1(a): Double refraction in a calcite prism 

c-wave 

0-Wwave 

L
y
 

  

Ve(Pe) 

D Optic axis z 

Figure 3.2.1.1(b): Wavelets in a negative uniaxial crystal 
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refractive index is called n,(@,), when its polarization is parallel to z, its refractive 

index is called n,. Using Snell’s law, we have 

sin 89 /sin @, =n, (3.2.1.1) 

and 

sin 6 / sin ®, = n.(@,) (3.2.1.2) 

The extraordinary index n,(@,) depends on the direction of propagation @, as shown in 

Fig. 3.2.1.1.(a). If ne > no the crystal is called positive; otherwise, it is termed negative. 

¢ The optic axis 

There is one (two) direction of propagation in a uniaxial (biaxial) crystal for which double 

refraction does not occur. This is the direction of the optic z axis, and the index of refraction 

for both polarizations is n, for propagation along this axis. 

¢ The index ellipsoid 

The index of refraction for different polarizations can be represented by the distance from 

the center of an ellipsoid to this surface , as is seen in Fig. 3.2.1.2. For propagation down 

one axis, say x, there is a value of n for the y component (polarization in the y direction) of 

electric field, E,, and another for E,. These will be plotted on the y and z axes, 

respectively. Since the index depends on the polarization of the wave but not on its direction 

of propagation, the axes of the ellipsoid refer to polarization states. 

For cubic crystals, n, =n, =n, and the index ellipsoid degenerates into a sphere, but in a 
y 

uniaxial crystal, n, = ny, so that the figure representing these materials is an ellipsoid of 

revolution. For biaxial crystals, each value of n is different and we have a general ellipsoid. 
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Ny 

        

Figure 3.2.1.2: The index ellipsoid for different symmetries 

In uniaxial crystals, for propagation in the z-direction (the optic axis), the indices of 

refraction are represented by the x, y plane. The figure circumscribed is a circle, indicating 

that both polarizations have the same value of n,. For propagation along x, on the other 

hand, the intersection with the surface is an ellipse, giving distinct values for n, and n,. As 

the direction of propagation changes in the xz plane, one index is always n, but the other 

changes from n, to n,. Thus, the extraordinary index depends on the direction of 

propagation and is given by the equation 
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1/(n,2 (0) ) = (cos? 6 )/n,?2 + (sin? 8 )/ n,2 (3.2.1.3) 

where 8 is the angle between the optic axis and k (the vector propagation constant). This is 

summarized in Fig. 3.2.1.3, where the two values of n are plotted for each direction of 

propagation. At 8 = 0, both indices are shown equal to n). 

\ 
Optic axis z 

Figure 3.2.1.3: Plot of two indices of refraction for a 

wave propagating in a uniaxial crystal. 6 is the direction 

of propagation with respect to the optic z axis. 
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¢ Birefringence of a single crystal of sapphire 

Sapphire is a negative single crystal for n.< n, (n,=1.760, n,=1.768), with a difference 

between refractive indices of 0.008. The axis along which the polarization has the refraction 

index n, is called the slow axis. On the other hand, the axis along which the polarization 

has the refraction index n, is called fast axis. The yz plane of the index ellipsoid of a 

negative single crystal sapphire is shown in Fig. 3.2.1.4. It is noted that the polarization 

properties of the sapphire crystal depend on the shape of the index ellipsoid. If the 

refractive index of the crystal is not changed with the application of an external effect, the 

shape of the index ellipsoid will be stable. When linearly polarized light is propagated along 

either the slow (n,) or fast (n,) axis of the crystal, linear polarization will be maintained 

during an external effect. 

    

  

Figure 3.2.1.4: The yz plane of the index ellipsoid of 

the negative single crystal sapphire 
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�t�5� �2� �3� �4� �5� �1�0� �1�S� �2�0� �3�0� �4�0� �5�0� �7�0� 
�W�a�v�e�l�e�n�g�t�h� �M�i�c�r�o�n�s� 

�T�r�a�n�s�m�i�s�s�i�o�n� �v�s� �W�a�v�e�l�e�n�g�t�h� 

�F�i�g�.� �3�.�2�.�4�.�3�:� �T�r�a�n�s�m�i�t�t�a�n�c�e� �f�o�r� �S�a�p�p�h�i�r�e� 

�3�.�2�.�5� �P�h�y�s�i�c�a�l� �P�r�o�p�e�r�t�i�e�s� �o�f� �S�a�p�p�h�i�r�e� �F�i�b�e�r�s� 

�T�h�e� �p�h�y�s�i�c�a�l� �p�r�o�p�e�r�t�y� �o�f� �a� �h�i�g�h� �t�e�m�p�e�r�a�t�u�r�e� �m�e�l�t�i�n�g� �p�o�i�n�t� �o�f� �2�0�4�0� �°�C� �e�n�a�b�l�e�s� �s�a�p�p�h�i�r�e� 

�f�i�b�e�r�s� �t�o� �b�e� �u�s�e�d� �i�n� �h�i�g�h� �t�e�m�p�e�r�a�t�u�r�e� �(�>�1�0�0�0� �°�C�)� �a�p�p�l�i�c�a�t�i�o�n�s�.� �I�n� �h�i�g�h� �t�e�m�p�e�r�a�t�u�r�e� 

�m�e�a�s�u�r�e�m�e�n�t�s� �t�h�e� �i�n�d�e�x� �d�i�f�f�e�r�e�n�c�e� �o�r� �b�i�r�e�f�r�i�n�g�e�n�c�e� �(�A�n� �=� �n�,�-�n�,� �)� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� 

�t�e�m�p�e�r�a�t�u�r�e� �i�s� �v�e�r�y� �i�m�p�o�r�t�a�n�t�.� �E�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� �i�n�d�i�c�a�t�e� �t�h�a�t� �n�,� �a�n�d� �n�,� �i�n�c�r�e�a�s�e� �w�h�e�n� 

�t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �i�s� �i�n�c�r�e�a�s�e�d�,� �a�s� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� �3�.�2�.�5�.�1�.� �R�e�s�u�l�t�s� �a�l�s�o� �s�u�g�g�e�s�t� �t�h�a�t� �t�h�e� 

�b�i�r�e�f�r�i�n�g�e�n�c�e� �i�n�c�r�e�a�s�e�s� �w�h�e�n� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �i�s� �i�n�c�r�e�a�s�e�d� �b�u�t� �t�h�e� �c�h�a�n�g�e� �o�f� �t�h�e� 

�b�i�r�e�f�r�i�n�g�e�n�c�e� �d�e�p�e�n�d�e�n�c�e� �o�n� �t�e�m�p�e�r�a�t�u�r�e� �i�s� �s�m�a�l�l�.� 

� � 

�C�h�a�p�t�e�r� �3� �-� �B�i�r�e�f�r�i�n�g�e�n�t� �S�i�n�g�l�e� �C�r�y�s�t�a�l� �S�a�p�p�h�i�r�e� �F�i�b�e�r�s� �2�3



�A�n� �(�1�0�-�2�)� �:� �P�a� 
�1� �5�  �� �a �� 

� � 
� � 

�0� �2�0�0� �4�0�0� �6�0�0� �8�0�0� �T�(�°�C�)� 

�8�0� �s� 

�T� �6�0� 

�A�n� �(�1�0� �4� �4�0� �|� 

�2�0� �T�
v� 

� � 

� � �h�e�a�v�e� 

�0� �1�0�0� �2�0�0� �3�0�0� �T� �(�°�C�)� 

�F�i�g�.� �3�.�2�.�5�.�1�:� �T�e�m�p�e�r�a�t�u�r�e� �d�e�p�e�n�d�e�n�c�e� �o�f� �r�e�f�r�a�c�t�i�v�e� �i�n�d�i�c�e�s� �n�,� �(�a�)� �a�n�d� �n�,� �(�b�)� 

�f�o�r�  �� �=� �5�7�9�.�1� �n�m� 

� � 

�C�h�a�p�t�e�r� �3� �-� �B�i�r�e�f�r�i�n�g�e�n�t� �S�i�n�g�l�e� �C�r�y�s�t�a�l� �S�a�p�p�h�i�r�e� �F�i�b�e�r�s� �2�4



�T�h�i�s� �p�r�o�p�e�r�t�y� �i�n�d�i�c�a�t�e�s� �t�h�a�t� �t�h�e� �s�h�a�p�e� �o�f� �t�h�e� �i�n�d�e�x� �e�l�l�i�p�s�o�i�d� �o�f� �c�r�y�s�t�a�l� �s�a�p�p�h�i�r�e� �f�i�b�e�r� �h�a�s� �a� 

�s�m�a�l�l� �c�h�a�n�g�e� �i�n� �h�i�g�h� �t�e�m�p�e�r�a�t�u�r�e�s�.� �T�h�u�s�,� �w�h�e�n� �l�i�n�e�a�r�l�y� �p�o�l�a�r�i�z�e�d� �l�i�g�h�t� �p�r�o�p�a�g�a�t�e�s� �a�l�o�n�g� 

�o�n�e� �o�f� �t�h�e� �p�r�i�n�c�i�p�a�l� �a�x�e�s� �o�f� �t�h�e� �s�a�p�p�h�i�r�e� �f�i�b�e�r� �t�h�e� �s�t�a�t�e� �o�f� �t�h�e� �l�i�n�e�a�r� �p�o�l�a�r�i�z�a�t�i�o�n� �w�i�l�l� �b�e� 

�p�a�r�t�i�a�l�l�y� �m�a�i�n�t�a�i�n�e�d� �a�t� �h�i�g�h� �t�e�m�p�e�r�a�t�u�r�e�s�.� 

�3�.�2�.�6� �P�r�o�p�e�r�t�i�e�s� �o�f� �T�e�f�l�o�n�-�c�l�a�d� �S�a�p�p�h�i�r�e� �F�i�b�e�r�s� 

�S�a�p�p�h�i�r�e� �f�i�b�e�r�s� �a�r�e� �n�o�r�m�a�l�l�y� �g�r�o�w�n� �a�s� �c�o�r�e�-�o�n�l�y� �f�i�b�e�r�s�,� �w�h�i�c�h� �h�a�v�e� �l�a�r�g�e� �l�o�s�s�e�s�.� 

�C�l�a�d�d�i�n�g� �i�s� �e�f�f�e�c�t�i�v�e� �i�n� �p�r�e�v�e�n�t�i�n�g� �l�e�a�k�a�g�e� �o�f� �e�n�e�r�g�y� �f�r�o�m� �t�h�e�s�e� �f�i�b�e�r�s� �i�n�t�o� �a�b�s�o�r�b�i�n�g� 

�e�n�v�i�r�o�n�m�e�n�t�s� �t�h�a�t� �m�a�y� �s�u�r�r�o�u�n�d� �t�h�e� �f�i�b�e�r�.� �T�h�e� �T�e�f�l�o�n�-�c�l�a�d� �s�a�p�p�h�i�r�e� �f�i�b�e�r�,� �T�e�f�l�o�n�-�F�E�P� 

�(�p�e�r�f�l�u�o�r�i�n�a�t�e�d� �e�t�h�y�l�e�n�e� �p�r�o�p�y�l�e�n�e�)� �w�h�e�n� �a�p�p�l�i�e�d� �t�o� �s�a�p�p�h�i�r�e� �f�i�b�e�r� �a�s� �a� �c�l�a�d�d�i�n�g�,� �h�a�s� �t�h�e� 

�f�o�l�l�o�w�i�n�g� �p�r�o�p�e�r�t�i�e�s�:� 

�¢� �t�h�e� �i�n�f�r�a�r�e�d� �s�p�e�c�t�r�u�m� �o�f� �T�e�f�l�o�n�-�F�E�P� �s�h�o�w�s� �t�h�a�t� �t�h�e� �s�t�r�o�n�g� �a�b�s�o�r�p�t�i�o�n� �b�a�n�d�s� �o�f� �F�E�P� �l�i�e� �i�n� 

�t�h�e� �s�p�e�c�t�r�a�l� �r�e�g�i�o�n� �b�e�y�o�n�d� �t�h�e� �3�.�5� �u�m� �w�a�v�e�l�e�n�g�t�h� �s�h�o�w�n� �i�n� �F�i�g�.� �3�.�2�.�6�.�1�.� �T�h�e� �s�t�r�o�n�g� 

�a�b�s�o�r�p�t�i�o�n� �a�t� �3�.�5� �u�m� �i�s� �d�u�e� �t�o� �C�-�F� �b�o�n�d�s �� �a�b�s�o�r�p�t�i�o�n�,� 

�¢� �t�e�f�l�o�n� �c�l�a�d�d�i�n�g� �c�a�n� �p�r�o�t�e�c�t� �s�a�p�p�h�i�r�e� �f�i�b�e�r�s� �f�r�o�m� �e�n�v�i�r�o�n�m�e�n�t�a�l� �a�b�s�o�r�p�t�i�o�n� �a�n�d� 

�p�e�r�t�u�r�b�a�t�i�o�n�,� �a�n�d� 

�«� �b�e�n�d�i�n�g� �l�o�s�s�e�s� �a�r�e� �d�u�e� �t�o� �t�h�e� �e�n�e�r�g�y� �c�o�u�p�l�i�n�g� �i�n�t�o� �t�h�e� �T�e�f�l�o�n� �c�l�a�d�d�i�n�g�.� 

� � 

�C�h�a�p�t�e�r� �3� �-� �B�i�r�e�f�r�i�n�g�e�n�t� �S�i�n�g�l�e� �C�r�y�s�t�a�l� �S�a�p�p�h�i�r�e� �F�i�b�e�r�s� �2�5
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�F�i�g�.� �3�.�2�.�6�.�1�:� �I�n�f�r�a�r�e�d� �a�b�s�o�r�p�t�i�o�n� �s�p�e�c�t�r�u�m� �o�f� �T�e�f�l�o�n�-�F�E�P� 

�3�.�3� �G�r�o�w�t�h� �M�e�t�h�o�d�s� �o�f� �S�a�p�p�h�i�r�e� �F�i�b�e�r�s� 

�3�.�3�.�1� �G�r�o�w�t�h� �M�e�t�h�o�d�s� �o�f� �C�o�r�e�-�o�n�l�y� �S�a�p�p�h�i�r�e� �F�i�b�e�r�s� 

�T�h�e� �g�r�o�w�t�h� �o�f� �c�o�r�e�-�o�n�l�y� �s�a�p�p�h�i�r�e� �f�i�b�e�r�s� �c�a�n� �b�e� �d�i�v�i�d�e�d� �i�n�t�o� �t�w�o� �p�r�i�m�a�r�y� �m�e�t�h�o�d�s� �(�3�.�7�)�:� 

�¢� �T�h�e� �p�u�l�l�i�n�g� �o�f� �f�i�b�e�r�s� �e�i�t�h�e�r� �f�r�o�m� �m�o�l�t�e�n� �s�t�a�r�t�i�n�g� �m�a�t�e�r�i�a�l�s� �o�r� �f�r�o�m� �t�h�e� �m�o�l�t�e�n� �z�o�n�e� �o�f� 

�c�r�y�s�t�a�l� �i�n�g�o�t�s�,� 

�¢� �T�h�e� �r�e�c�r�y�s�t�a�l�l�i�z�a�t�i�o�n� �o�f� �p�o�l�y�c�r�y�s�t�a�l�l�i�n�e� �f�i�b�e�r�s�.� 

�G�r�o�w�t�h� �m�e�t�h�o�d�s� �c�a�n� �a�l�s�o� �b�e� �c�a�t�e�g�o�r�i�z�e�d� �a�c�c�o�r�d�i�n�g� �t�o� �t�y�p�e� �o�f� �g�r�o�w�t�h� �t�e�c�h�n�i�q�u�e�;� �t�h�e�r�e� �a�r�e� 

�f�o�u�r� �m�a�i�n� �g�r�o�u�p�s� �(�3�.�8�)�:� 

� � 

�C�h�a�p�t�e�r� �3� �-� �B�i�r�e�f�r�i�n�g�e�n�t� �S�i�n�g�l�e� �C�r�y�s�t�a�l� �S�a�p�p�h�i�r�e� �F�i�b�e�r�s� �2�6



�¢� �B�r�i�d�g�m�a�n� �m�e�l�t� �m�e�t�h�o�d�,� 

�¢� �C�z�o�c�h�r�a�l�s�k�i� �m�e�l�t� �m�e�t�h�o�d�,� 

�¢� �f�l�o�a�t�i�n�g� �z�o�n�e� �m�e�t�h�o�d�s�,� �a�n�d� 

�¢� �V�e�r�n�e�u�l�l�i� �v�a�p�o�r� �p�r�o�c�e�s�s�.� 

�I�n� �g�r�o�w�i�n�g� �s�i�n�g�l�e� �c�r�y�s�t�a�l� �f�r�o�m� �a� �m�e�l�t�,� �o�n�e� �e�n�d� �o�f� �a� �s�e�e�d� �c�r�y�s�t�a�l� �i�s� �p�l�a�c�e�d� �a�t� �o�r� �n�e�a�r� �a� �m�o�l�t�e�n� 

�m�a�t�e�r�i�a�l�.� �T�h�e� �o�t�h�e�r� �e�n�d� �o�f� �t�h�e� �s�e�e�d� �c�r�y�s�t�a�l� �i�s� �p�l�a�c�e�d� �i�n� �d�i�r�e�c�t� �c�o�n�t�a�c�t� �w�i�t�h� �a� �h�e�a�t� �s�i�n�k�,� 

�a�l�l�o�w�i�n�g� �e�x�t�r�a�c�t�i�o�n� �o�f� �h�e�a�t� �t�h�r�o�u�g�h� �t�h�e� �g�r�o�w�i�n�g� �c�r�y�s�t�a�l�.� �H�e�a�t� �m�u�s�t� �b�e� �r�e�m�o�v�e�d�,� �w�h�i�l�e� �a�t� 

�t�h�e� �s�a�m�e� �t�i�m�e� �p�r�e�v�e�n�t�i�n�g� �s�u�p�e�r�c�o�o�l�i�n�g� �w�h�i�c�h� �c�a�u�s�e�s� �c�o�m�p�e�t�i�n�g� �c�r�y�s�t�a�l�s� �t�o� �n�u�c�l�e�a�t�e�.� �T�h�e� 

�s�e�e�d� �c�r�y�s�t�a�l� �a�l�s�o� �d�e�t�e�r�m�i�n�e�s� �c�r�y�s�t�a�l� �a�x�i�s� �o�r�i�e�n�t�a�t�i�o�n�.� 

�T�h�e� �V�e�r�n�e�u�l�l�i� �v�a�p�o�r� �p�r�o�c�e�s�s� �m�e�t�h�o�d� �i�s� �t�o� �c�o�n�t�r�o�l� �t�h�e� �c�o�n�d�e�n�s�a�t�i�o�n� �o�f� �v�a�p�o�r�s�.� �I�n� �t�h�e� 

�V�e�r�n�e�u�l�l�i� �f�l�a�m�e� �f�u�s�i�o�n� �p�r�o�c�e�s�s�,� �a� �f�l�a�m�e� �g�i�v�e�s� �o�f�f� �c�o�m�b�u�s�t�i�o�n� �p�r�o�d�u�c�t�s� �w�i�t�h� �t�h�e� �d�e�s�i�r�e�d� 

�c�o�m�p�o�s�i�t�i�o�n�.� �T�h�e�s�e� �c�o�m�b�u�s�t�i�o�n� �p�r�o�d�u�c�t�s� �t�h�e�n� �c�o�n�d�e�n�s�e� �o�n� �a� �s�e�e�d� �c�r�y�s�t�a�l�,� �i�n�i�t�i�a�t�i�n�g� �a�n� 

�e�p�i�t�a�x�i�a�l� �g�r�o�w�t�h�.� 

�T�h�e�r�e� �a�r�e� �a�l�s�o� �t�w�o� �o�t�h�e�r� �m�e�t�h�o�d�s�:� 

�¢� �T�h�e� �l�a�s�e�r� �h�e�a�t�e�d� �p�e�d�e�s�t�a�l� �g�r�o�w�t�h� �(�L�H�P�G�)� �m�e�t�h�o�d� �(�3�.�9�)�,� �a�n�d� 

�¢� �S�t�e�p�a�n�o�v ��s� �m�e�t�h�o�d� �(�3�.�1�0�)�.� 

�I�n� �t�h�e� �L�H�P�G� �m�e�t�h�o�d�,� �t�h�e� �t�i�p� �o�f� �a� �r�o�d� �o�f� �s�o�u�r�c�e� �m�a�t�e�r�i�a�l� �i�s� �h�e�a�t�e�d� �b�y� �a� �f�o�c�u�s�e�d� �C�O�,� �l�a�s�e�r�,� 

�f�o�r�m�i�n�g� �a� �m�o�l�t�e�n� �l�i�q�u�i�d� �d�r�o�p�l�e�t�.� �B�y� �d�i�p�p�i�n�g� �a�n� �o�r�i�e�n�t�e�d� �s�e�e�d� �c�r�y�s�t�a�l� �(�w�h�o�s�e� �c�-�a�x�i�s� �i�s� �a�l�o�n�g� 

�t�h�e� �g�r�o�w�t�h� �a�x�i�s�)� �i�n�t�o� �t�h�e� �d�r�o�p�l�e�t�,� �a� �s�u�s�p�e�n�d�e�d� �m�o�l�t�e�n� �z�o�n�e� �i�s� �p�r�o�d�u�c�e�d� �w�i�t�h� �a� �s�h�a�p�e� 

�g�o�v�e�r�n�e�d� �b�y� �s�u�r�f�a�c�e� �t�e�n�s�i�o�n�.� �G�r�o�w�t�h� �c�a�n� �t�h�e�n� �b�e� �s�t�a�r�t�e�d�,� �b�y� �c�a�r�e�f�u�l�l�y� �c�o�n�t�r�o�l�l�i�n�g� �t�h�e� �r�a�t�i�o� 

�o�f� �t�h�e� �s�p�e�e�d�s� �a�t� �w�h�i�c�h� �a� �s�o�u�r�c�e� �r�o�d� �i�s� �p�u�s�h�e�d� �i�n�t�o� �t�h�e� �z�o�n�e� �a�n�d� �t�h�e� �f�i�b�e�r� �i�s� �p�u�l�l�e�d� �o�u�t�,� �a�s� 
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�s�h�o�w�n� �i�n� �F�i�g�.� �3�.�3�.�1�.�1�.� �T�h�e� �f�i�b�e�r�s� �g�r�o�w�n� �s�h�o�u�l�d� �b�e� �o�f� �t�h�e� �s�a�m�e� �p�u�r�i�t�y� �a�s� �t�h�e� �s�o�u�r�c�e�-� 

�m�a�t�e�r�i�a�l� �s�i�n�c�e� �t�h�e�r�e� �i�s� �n�o� �c�o�n�t�a�c�t� �o�f� �t�h�e� �l�i�q�u�i�d� �z�o�n�e� �w�i�t�h� �c�r�u�c�i�b�l�e�s� �o�r� �d�i�e�s�.� �A�n�o�t�h�e�r� �n�e�w� 

�L�H�P�G� �t�e�c�h�n�i�q�u�e� �i�s� �i�n�t�r�o�d�u�c�e�d� �i�n� �r�e�f�e�r�e�n�c�e� �(�3�.�1�1�)�.� 

�I�n� �S�t�e�p�a�n�o�v ��s� �m�e�t�h�o�d�,� �c�a�p�i�l�l�a�r�i�e�s� �a�n�d� �d�i�e�s� �a�r�e� �u�s�e�d� �t�o� �c�o�n�t�r�o�l� �t�h�e� �g�r�o�w�t�h� �o�f� �s�i�n�g�l�e� �c�r�y�s�t�a�l� 

�f�i�b�e�r�s�.� �M�o�r�e� �i�n�f�o�r�m�a�t�i�o�n� �c�a�n� �b�e� �f�o�u�n�d� �i�n� �s�t�a�n�d�a�r�d� �b�o�o�k�s� �o�n� �c�r�y�s�t�a�l� �g�r�o�w�t�h� �(�.�1�2�-�3�.�1�3�)�.� 

� � � � � 

� � � 
�F�r�e�e�z�i�n�g� �[� 
�i�n�t�e�r�f�a�c�e� 

�C�O�?�2� �\� �C�O�2� 
�a� �L�a�s�e�r� �m�Y� 

� � � � � �M�o�l�t�e�n� �z�o�n�e� 

�M�e�l�u�n�g� 
�i�n�t�e�r�f�a�c�e� 

� � 

� � �S�o�u�r�c�e� �r�o�d� 

�F�i�g�.�3�.�3�.�1�.�1�:� �T�h�e� �l�a�s�e�r�-�h�e�a�t�e�d� �p�e�d�e�s�t�a�l� �g�r�o�w�t�h� �p�r�o�c�e�s�s� 

�3�.�3�.�2� �G�r�o�w�t�h� �M�e�t�h�o�d� �o�f� �T�e�f�l�o�n�-�c�l�a�d� �S�a�p�p�h�i�r�e� �F�i�b�e�r�s� 

�T�h�e� �g�r�o�w�t�h� �o�f� �T�e�f�l�o�n�-�c�l�a�d� �s�a�p�p�h�i�r�e� �f�i�b�e�r�s� �i�s� �a� �n�e�w� �t�e�c�h�n�i�q�u�e�.� �M�a�n�y� �c�o�n�c�e�p�t�s�,� �s�u�c�h� �a�s� �j�o�n� 

� � 
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�d�i�f�f�u�s�i�o�n� �(�3�.�1�4�)� �a�n�d� �p�o�l�y�m�e�r� �c�l�a�d�d�i�n�g�,� �h�a�v�e� �b�e�e�n� �m�e�n�t�i�o�n�e�d� �f�o�r� �p�r�e�p�a�r�i�n�g� �c�o�r�e�-�c�l�a�d� 

�s�a�p�p�h�i�r�e� �s�t�r�u�c�t�u�r�e�s�.� �T�h�e� �m�o�l�t�e�n� �z�o�n�e�,� �f�r�o�m� �w�h�i�c�h� �t�h�e� �c�r�y�s�t�a�l� �f�i�b�e�r�s� �a�r�e� �p�u�l�l�e�d�,� �c�o�n�t�a�i�n�s� 

�r�a�p�i�d�l�y� �m�o�v�i�n�g� �c�o�n�v�e�c�t�i�v�e� �f�l�o�w� �p�a�t�t�e�r�n�s� �t�h�a�t� �p�r�o�h�i�b�i�t� �t�h�e� �g�r�o�w�t�h� �o�f� �c�o�r�e�-�c�l�a�d� �f�i�b�e�r�s� �f�r�o�m� 

�r�o�d�-�i�n�-�t�u�b�e� �s�o�u�r�c�e� �r�o�d�s�.� �O�n�c�e� �t�h�e� �s�o�u�r�c�e� �r�o�d�s� �w�e�r�e� �m�e�l�t�e�d�,� �t�h�e�i�r� �g�e�o�m�e�t�r�y� �w�a�s� �l�o�s�t�,� �a�n�d� 

�t�h�e� �c�o�m�p�o�s�i�t�i�o�n� �o�f� �t�h�e� �f�i�b�e�r� �t�h�a�t� �g�r�o�w�s� �w�a�s� �e�s�s�e�n�t�i�a�l�l�y� �t�h�a�t� �o�f� �t�h�e� �e�n�t�i�r�e� �m�o�l�t�e�n� �z�o�n�e�.� �T�h�e� 

�m�e�t�h�o�d� �e�x�p�l�o�r�e�d� �f�o�r� �c�l�a�d�d�i�n�g� �s�a�p�p�h�i�r�e� �f�i�b�e�r�s� �w�a�s� �m�e�l�t� �e�x�t�r�u�d�i�n�g� �p�e�r�f�l�u�o�r�i�n�a�t�e�d� �e�t�h�y�l�e�n�e� 

�p�r�o�p�y�l�e�n�e� �(�T�e�f�l�o�n�-�F�E�P� �1�0�0�)� �o�n�t�o� �t�h�e� �c�o�r�e�-�o�n�l�y� �f�i�b�e�r�.� �A� �s�m�a�l�l� �p�i�s�t�o�n� �d�r�i�v�e� �e�x�t�r�u�d�e�r� �w�a�s� 

�f�i�t�t�e�d� �w�i�t�h� �a� �c�o�m�m�e�r�c�i�a�l� �c�r�o�s�s�h�e�a�d� �t�o� �h�o�t� �e�x�t�r�u�d�e� �T�e�f�l�o�n� �o�n�t�o� �t�h�e� �f�i�b�e�r�.� �T�h�e� �e�x�t�r�u�s�i�o�n� 

�t�e�m�p�e�r�a�t�u�r�e� �w�a�s� �3�8�5� �°�C�,� �a�n�d� �t�h�e� �c�o�a�t�i�n�g� �s�p�e�e�d� �w�a�s� �a�b�o�u�t� �1� �m� �/� �m�i�n�.� 

�3�.�4� �C�o�n�c�l�u�s�i�o�n� 

�S�e�v�e�r�a�l� �p�r�o�p�e�r�t�i�e�s� �o�f� �s�a�p�p�h�i�r�e� �f�i�b�e�r�s� �e�n�a�b�l�e� �t�h�e�m� �t�o� �b�e� �a�p�p�l�i�c�a�b�l�e� �i�n� �h�i�g�h�-�t�e�m�p�e�r�a�t�u�r�e� �a�n�d� 

�r�u�g�g�e�d� �e�n�v�i�r�o�n�m�e�n�t�s�:� �i�t�s� �m�e�l�t�i�n�g� �p�o�i�n�t� �o�f� �2�0�4�0� �°�C� �a�n�d� �t�h�e� �c�h�e�m�i�c�a�l� �r�e�s�i�s�t�a�n�c�e�.� �S�e�v�e�r�a�l� 

�m�e�t�h�o�d�s� �o�f� �g�r�o�w�i�n�g� �s�i�n�g�l�e� �c�r�y�s�t�a�l� �s�a�p�p�h�i�r�e� �f�i�b�e�r�s� �w�e�r�e� �a�l�s�o� �i�n�t�r�o�d�u�c�e�d�.� �C�o�m�p�a�r�a�t�i�v�e�l�y�,� �t�h�e� 

�c�o�s�t� �o�f� �s�a�p�p�h�i�r�e� �f�i�b�e�r�s� �i�s� �m�o�r�e� �t�h�a�n� �t�h�a�t� �o�f� �s�i�l�i�c�a� �f�i�b�e�r�s�,� �b�u�t� �t�h�e� �s�p�e�c�i�a�l� �a�p�p�l�i�c�a�t�i�o�n�s� �o�f� 

�s�a�p�p�h�i�r�e� �f�i�b�e�r�s� �m�o�r�e� �t�h�a�n� �c�o�m�p�e�n�s�a�t�e�s� �f�o�r� �t�h�e� �a�d�d�i�t�i�o�n�a�l� �c�o�s�t�.� �T�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �s�m�a�l�l� 

�c�h�a�n�g�e� �i�n� �b�i�r�e�f�r�i�n�g�e�n�c�e� �a�t� �h�i�g�h� �t�e�m�p�e�r�a�t�u�r�e�s� �s�u�g�g�e�s�t�s� �t�h�a�t� �s�t�a�t�e�s� �o�f� �l�i�n�e�a�r� �p�o�l�a�r�i�z�a�t�i�o�n� �w�i�l�l� 

�b�e� �p�a�r�t�i�a�l�l�y� �m�a�i�n�t�a�i�n�e�d� �i�n� �h�i�g�h� �t�e�m�p�e�r�a�t�u�r�e�s�.� �I�n� �o�r�d�e�r� �t�o� �u�t�i�l�i�z�e� �t�h�e�s�e� �p�r�o�p�e�r�t�i�e�s� �f�o�r� �s�p�e�c�i�a�l� 

�a�p�p�l�i�c�a�t�i�o�n�s�,� �p�o�l�a�r�i�m�e�t�r�i�c� �a�n�a�l�y�s�i�s� �a�n�d� �o�p�t�i�c�a�l� �s�e�n�s�o�r�s� �f�o�r� �h�i�g�h� �t�e�m�p�e�r�a�t�u�r�e�s� �a�r�e� �e�x�p�l�o�r�e�d� 

�a�n�d� �d�i�s�c�u�s�s�e�d� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �c�h�a�p�t�e�r�.� 
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�1� 

�S�o�p�p�h�i�r�e�,� �s�i�n�g�l�e� �c�r�y�s�t�a�l� �s�j�u�m�i�n�u�n� 
�o�x�i�d�e�.� �t�s� �c�l�a�s�s�e�d� �a�s� �a� �r�h�o�m�b�o�t�e�d�r�n�l� 
�s�t�r�u�c�t�u�r�e� �b�u�t� �t�s� �n�o�r�m�o�U�y� �i�n�d�e�x�e�d� �o�n� 
�h�e�x�a�g�o�n�a�l� �e�x�e�s�.� �O�p�t�i�c�o�l�l�y�,� �W�t� �d�s� �a� 
�n�e�g�o�t�l�v�e�,� �u�n�i�o�x�i�o�l� �c�r�y�s�t�a�l� �i�n� �t�h�e� �v�i�s�i�b�l�e�;� 

�i�t� �e�x�t�u�b�l�t�a� �a�n�i�s�a�t�r�o�p�y� �I�n� �t�t�s� �p�h�y�s�i�c�a�l�,� 
�t�h�e�r�m�a�l�.� �a�n�d� �d�e�c�l�e�e�t�r�i�c� �p�r�o�p�e�r�t�i�e�s�.� �A�n� 
�a�m�p�h�o�t�e�r�i�c� �s�e�m�i�c�o�n�d�u�c�t�o�r�,� �s�a�p�p�h�i�r�e�s� 
�e�n�e�r�g�y� �b�a�n�d� �g�a�p�,� �a�p�p�r�o�x�i�m�a�t�e�l�y� �1�0� �e�V�,� 
�w�h�i�c�h� �I�s� �o�n�o� �o�f� �t�h�e� �l�a�r�g�e�s�t� �f�o�r� �o�x�a�d�e� 
�c�r�y�s�t�a�l�s�,� �p�e�r�m�i�t�s� �u�s�e�f�u�l� �o�p�t�i�c�a�l� �t�r�a�n�s�-� 
�m�i�a�s�i�o�n� �t�o� �e�x�t�e�n�d� �f�r�o�m� �a�b�o�u�t� �1�4�5�0� �A� �t�o� 
�$�.�$� �u�m�.� 
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�T�a�b�l�e� �3�.�2�.�4�.�1�:� �R�e�s�u�l�t�s� �o�f� �t�h�e� �l�o�s�s� �m�e�a�s�u�r�e�m�e�n�t�s� �m�a�d�e� �f�o�r� �f�i�b�e�r�s� �g�r�o�w�n� �i�n� �a�i�r�.� 

�T�h�e� �d�a�t�a� �i�n� �p�a�r�e�n�t�h�e�s�i�s� �w�a�s� �m�e�a�s�u�r�e�d� �f�o�r� �a� �f�i�b�e�r� �g�r�o�w�n� �i�n� �o�x�y�g�e�n�.� 
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�W�a�v�e�l�e�n�g�t�h� �S�c�a�t�t�e�r�i�n�g� �l�o�s�s� �|�]� �W�a�v�e�l�e�n�g�t�h� �A�b�s�o�r�p�u�o�n� �l�o�s�s� 
�n�m� �d�B�/�m� �n�m� �d�B�/�i�n� 
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�1�0�6�4� �0�.�1�7�8�+�0�.�0�3� �1�0�6�-�4� �0�.�2�8�4�0�.�0�8� 

�2�9�3�6� �1�.�7� �2�0�.�2� �(�0�.�8�8� �+�0�.�2� �)� � � � � � � � � � � 

�T�a�b�l�e� �3�.�2�.�4�.�2�:� �E�x�p�e�r�i�m�e�n�t�a�l� �S�a�p�p�h�i�r�e� �A�b�s�o�r�p�t�i�o�n� �C�o�e�f�f�i�c�i�e�n�t� 
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�C�h�a�p�t�e�r� �3� �-� �B�i�r�e�f�r�i�n�g�e�n�t� �S�i�n�g�l�e� �C�r�y�s�t�a�l� �S�a�p�p�h�i�r�e� �F�i�b�e�r�s



�C�h�a�p�t�e�r� �4� �-� �E�x�p�e�r�i�m�e�n�t�a�l� �S�e�t�u�p�s�,� �R�e�s�u�l�t�s� �a�n�d� 

�A�n�a�l�y�s�e�s� 

�4�.�1� �I�n�t�r�o�d�u�c�t�i�o�n� 

�A�s� �w�e� �m�e�n�t�i�o�n�e�d� �i�n� �c�h�a�p�t�e�r� �2�,� �o�n�e�-�f�i�b�e�r� �M�a�c�h�-�Z�e�h�n�d�e�r� �i�n�t�e�r�f�e�r�o�m�e�t�e�r�s� �o�r� �b�i�r�e�f�r�i�n�g�e�n�t� �f�i�b�e�r� 

�s�e�n�s�o�r�s� �o�f�f�e�r� �t�h�e� �a�d�v�a�n�t�a�g�e� �o�f� �b�o�t�h� �a�r�m�s� �h�a�v�i�n�g� �e�x�a�c�t�l�y� �t�h�e� �s�a�m�e� �p�e�r�t�u�r�b�a�t�i�o�n� �c�o�n�d�i�t�i�o�n�s� �a�s� 

�w�e�l�l� �a�s� �s�i�m�p�l�e� �c�o�n�s�t�r�u�c�t�i�o�n�.� �T�h�e� �c�o�n�s�t�r�u�c�t�i�o�n� �r�e�q�u�i�r�e�s� �o�n�l�y� �o�n�e� �f�i�b�e�r� �a�n�d� �t�w�o� �p�o�l�a�r�i�z�e�r�s� �f�o�r� 

�t�h�e� �s�p�l�i�t�t�i�n�g� �a�n�d� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �t�h�e� �t�w�o� �c�o�h�e�r�e�n�t� �s�i�g�n�a�l�s� �f�r�o�m� �t�h�e� �l�i�n�e�a�r�l�y� �p�o�l�a�r�i�z�e�d� �i�n�p�u�t�.� 

�S�a�p�p�h�i�r�e� �f�i�b�e�r� �i�s� �o�n�e� �o�f� �t�h�e� �b�i�r�e�f�r�i�n�g�e�n�t� �f�i�b�e�r�s� �w�h�i�c�h� �c�a�n� �c�o�n�s�t�i�t�u�t�e� �t�h�i�s� �s�e�n�s�o�r�.� �I�n� �t�h�i�s� 

�s�e�n�s�o�r�,� �t�w�o� �o�r�t�h�o�g�o�n�a�l�l�y� �p�o�l�a�r�i�z�e�d� �s�i�g�n�a�l�s� �p�r�o�p�a�g�a�t�e� �a�l�o�n�g� �t�h�e� �s�l�o�w� �a�n�d� �f�a�s�t� �a�x�e�s� �o�f� �t�h�e� 

�b�i�r�e�f�r�i�n�g�e�n�t� �f�i�b�e�r� �s�e�p�a�r�a�t�e�l�y� �a�n�d� �p�r�o�d�u�c�e� �a� �p�h�a�s�e� �d�e�l�a�y� �d�e�p�e�n�d�e�n�t� �u�p�o�n� �t�h�e� �r�e�f�r�a�c�t�i�v�e� �i�n�d�e�x� 

�a�n�d� �p�a�t�h� �d�i�f�f�e�r�e�n�c�e�,� �w�h�i�c�h� �i�n� �t�u�r�n� �a�r�e� �a�f�f�e�c�t�e�d� �b�y� �t�h�e� �e�x�t�e�r�n�a�l� �p�e�r�t�u�r�b�a�t�i�o�n�.� �T�h�e�y� �a�r�e� 

�c�o�m�b�i�n�e�d� �i�n�t�o� �d�i�f�f�e�r�e�n�t� �e�l�l�i�p�t�i�c�a�l� �s�i�g�n�a�l�s� �b�e�f�o�r�e� �t�h�e� �a�n�a�l�y�z�e�r� �a�n�d� �i�n�t�e�r�f�e�r�e�n�c�e� �a�f�t�e�r� �t�h�e� 

�a�n�a�l�y�z�e�r�.� �T�h�i�s� �k�i�n�d� �o�f� �s�e�n�s�o�r� �c�a�n� �a�l�s�o� �b�e� �c�a�l�l�e�d� �a� �b�i�r�e�f�r�i�n�g�e�n�t� �f�i�b�e�r� �p�o�l�a�r�i�m�e�t�r�i�c� 

�i�n�t�e�r�f�e�r�o�m�e�t�e�r� �b�e�c�a�u�s�e� �t�h�e� �v�a�r�i�a�t�i�o�n� �o�f� �o�u�t�p�u�t� �p�o�l�a�r�i�z�a�t�i�o�n� �s�t�a�t�e�s� �i�s� �e�x�p�l�o�i�t�e�d� �a�s� �a� �m�e�a�s�u�r�e� 

�o�f� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �a�n� �e�x�t�e�r�n�a�l� �e�f�f�e�c�t�.� �A�s� �s�a�p�p�h�i�r�e� �i�s� �w�e�l�l�-�k�n�o�w�n� �f�o�r� �h�i�g�h� 

�t�e�m�p�e�r�a�t�u�r�e�s�,� �a� �b�i�r�e�f�r�i�n�g�e�n�t� �s�a�p�p�h�i�r�e� �f�i�b�e�r� �p�o�l�a�r�i�m�e�t�r�i�c� �i�n�t�e�r�f�e�r�o�m�e�t�e�r� �f�o�r� �h�i�g�h� �t�e�m�p�e�r�a�t�u�r�e�s� 

�i�s� �d�e�s�i�g�n�e�d� �a�n�d� �d�i�s�c�u�s�s�e�d� �i�n� �t�h�i�s� �c�h�a�p�t�e�r�.� 
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�4�.�2� �P�o�l�a�r�i�z�a�t�i�o�n� �o�f� �L�i�g�h�t� 

�T�h�e� �s�t�a�t�e�s� �o�f� �p�o�l�a�r�i�z�a�t�i�o�n� �a�r�e� �b�a�s�i�c� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �l�i�g�h�t�,� �a�n�d� �t�h�e�y� �a�r�e� �o�f�t�e�n� �u�s�e�d� �i�n� �t�h�e� 

�p�o�l�a�r�i�m�e�t�r�i�c� �i�n�t�e�r�f�e�r�o�m�e�t�e�r�.� �B�e�f�o�r�e� �d�i�s�c�u�s�s�i�n�g� �t�h�i�s� �s�e�n�s�o�r� �t�h�e� �i�n�t�r�o�d�u�c�t�i�o�n� �o�f� �t�h�e� 

�p�o�l�a�r�i�z�a�t�i�o�n� �p�r�o�p�e�r�t�i�e�s� �o�f� �l�i�g�h�t� �i�s� �r�e�q�u�i�r�e�d�.� 

�P�o�l�a�r�i�z�a�t�i�o�n� �i�s� �o�n�e� �o�f� �t�h�e� �m�o�s�t� �i�m�p�o�r�t�a�n�t� �p�r�o�p�e�r�t�i�e�s� �o�f� �l�i�g�h�t�.� �T�h�e� �s�t�a�t�e�s� �o�f� �p�o�l�a�r�i�z�a�t�i�o�n� �a�r�e� 

�l�i�n�e�a�r�,� �e�l�l�i�p�t�i�c�a�l�,� �o�r� �c�i�r�c�u�l�a�r�.� 

�4�.�2�.�1� �L�i�n�e�a�r� �P�o�l�a�r�i�z�a�t�i�o�n� 

�A� �p�l�a�n�e� �o�r� �l�i�n�e�a�r�l�y� �p�o�l�a�r�i�z�e�d� �e�l�e�c�t�r�i�c� �w�a�v�e� �t�r�a�v�e�l�i�n�g� �i�n� �t�h�e� �z� �d�i�r�e�c�t�i�o�n� �c�a�n� �b�e� �r�e�p�r�e�s�e�n�t�e�d� �b�y� 

�E� �(�1�,�t�)�=�E�,�)� �c�o�s� �(�a�t�-�k�e�r� �+�0�)� 

�=� �E�p� �c�o�s� �(�a�t� �k�z� �+�9�)� �(�4�.�2�.�1�.�1�)� 

�T�h�e� �c�o�m�p�o�n�e�n�t�s� �o�f� �t�h�e� �e�l�e�c�t�r�i�c� �f�i�e�l�d� �c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �a�s� 

�E�,� �(�z�,�t�)� �=�E�p�,� �c�o�s� �(� �w�t� �-� �k�z� �)� �(�4�.�2�.�1�.�2�)� 

�a�n�d� 

�E�y� �(�z�t�)� �=�E�p�,� �c�o�s� �(�t�-�k�z� �+�8�)� �(�4�.�2�.�1�.�3�)� 
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�w�h�e�r�e� �E�,� �a�n�d� �E�,� �r�e�p�r�e�s�e�n�t� �t�h�e� �e�l�e�c�t�r�i�c� �f�i�e�l�d�s� �i�n� �t�h�e� �x� �a�n�d� �y� �d�i�r�e�c�t�i�o�n�s� �s�e�p�a�r�a�t�e�l�y�,� �E�o�,� �a�n�d� 

�E�o�y� �a�r�e� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �a�m�p�l�i�t�u�d�e�s�,� �w� �=� �2�7�f�,� �w�h�e�r�e� �f� �i�s� �t�h�e� �f�r�e�q�u�e�n�c�y� �o�f� �t�h�e� �l�i�g�h�t�,� �k� �=� 

�2�x� �/� �X�,� �w�h�i�c�h� �i�s� �t�h�e� �w�a�v�e� �p�r�o�p�a�g�a�t�i�o�n� �c�o�n�s�t�a�n�t� �w�i�t�h� �A� �b�e�i�n�g� �t�h�e� �w�a�v�e�l�e�n�g�t�h� �o�f� �t�h�e� �l�i�g�h�t�,� �6� 

�i�s� �t�h�e� �r�e�l�a�t�i�v�e� �p�h�a�s�e� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �w�a�v�e�s�,� �p�r�o�v�i�d�i�n�g� �t�h�a�t� �o�n�e� �o�f� �t�h�e� �i�n�i�t�i�a�l� �p�h�a�s�e� 

�a�n�g�l�e� �o�f� �t�h�e� �e�l�e�c�t�r�i�c� �f�i�e�l�d� �c�o�m�p�o�n�e�n�t� �i�s� �z�e�r�o�.� �T�h�e� �r�e�s�u�l�t�a�n�t� �w�a�v�e� �o�f� �t�h�e� �t�w�o� �o�r�t�h�o�g�o�n�a�l�l�y� 

�i�n�d�e�p�e�n�d�e�n�t� �c�o�m�p�o�n�e�n�t�s� �i�s� �t�h�e�n� �s�i�m�p�l�y� 

�E� �(�z�,�t�)� �=�E�,� �(�z�,�t�)�+�E�,� �(�z�,�t�)� �(�4�.�2�.�1�.�4�)� 

�I�f� �5� �i�s� �z�e�r�o� �o�r� �a�n� �i�n�t�e�g�e�r� �m�u�l�t�i�p�l�e� �o�f� �2�7�,� �t�h�e� �t�w�o� �c�o�m�p�o�n�e�n�t�s� �a�r�e� �i�n� �p�h�a�s�e�.� �E�q�u�a�t�i�o�n� 

�(�4�.�2�.�1�.�4�)� �i�s� �t�h�e�n� �a�l�s�o� �a� �l�i�n�e�a�r�l�y� �p�o�l�a�r�i�z�e�d� �w�a�v�e� �w�i�t�h� �a� �p�o�l�a�r�i�z�a�t�i�o�n� �v�e�c�t�o�r� �m�a�k�i�n�g� �a�n� �a�n�g�l�e� 

�®� �=� �a�r�c�t�a�n� �(� �E�o�,� �/� �E�o�,� �)� �(�4�.�2�.�1�.�5�)� 

�w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �x� �a�x�i�s�,� �a�n�d� �h�a�v�i�n�g� �a� �m�a�g�n�i�t�u�d�e� 

�E�=�(�E�%�o�,� �+� �E�o�,� �y�i�/�2� �(�4�.�2�.�1�.�6�)� 

�T�h�i�s� �c�a�s�e� �i�s� �s�h�o�w�n� �s�c�h�e�m�a�t�i�c�a�l�l�y� �i�n� �F�i�g�.� �4�.�2�.�1�.�1�.� �C�o�n�v�e�r�s�e�l�y�,� �j�u�s�t� �a�s� �a�n�y� �t�w�o� �o�r�t�h�o�g�o�n�a�l� 

�p�l�a�n�e� �w�a�v�e�s� �c�a�n� �b�e� �c�o�m�b�i�n�e�d� �i�n�t�o� �a� �l�i�n�e�a�r�l�y� �p�o�l�a�r�i�z�e�d� �w�a�v�e�,� �a�n� �a�r�b�i�t�r�a�r�y� �l�i�n�e�a�r�l�y� �p�o�l�a�r�i�z�e�d� 

�w�a�v�e� �c�a�n� �b�e� �r�e�s�o�l�v�e�d� �i�n�t�o� �t�w�o� �i�n�d�e�p�e�n�d�e�n�t� �o�r�t�h�o�g�o�n�a�l� �p�l�a�n�e� �w�a�v�e�s� �t�h�a�t� �a�r�e� �i�n� �p�h�a�s�e�.� 
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�F�i�g�.�4�.�2�.�1�.�1�:� �A�d�d�i�t�i�o�n� �o�f� �t�w�o� �l�i�n�e�a�r�l�y� �p�o�l�a�r�i�z�e�d� �w�a�v�e�s� 

�h�a�v�i�n�g� �z�e�r�o� �r�e�l�a�t�i�v�e� �p�h�a�s�e� �b�e�t�w�e�e�n� �t�h�e�m� 

�4�.�2�.�2� �E�l�l�i�p�t�i�c�a�l� �a�n�d� �C�i�r�c�u�l�a�r� �p�o�l�a�r�i�z�a�t�i�o�n�s� 

�F�o�r� �g�e�n�e�r�a�l� �v�a�l�u�e�s� �o�f� �6� �a�n�d� �@� �t�h�e� �w�a�v�e� �g�i�v�e�n� �b�y� �E�q�.� �(�4�.�2�.�1�.�4�)� �i�s� �e�l�l�i�p�t�i�c�a�l�l�y� �p�o�l�a�r�i�z�e�d�.� �T�h�e� 

�r�e�s�u�l�t�a�n�t� �f�i�e�l�d� �v�e�c�t�o�r� �E� �w�i�l�l� �b�o�t�h� �r�o�t�a�t�e� �a�n�d� �c�h�a�n�g�e� �i�t�s� �m�a�g�n�i�t�u�d�e� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� 

�a�n�g�u�l�a�r� �f�r�e�q�u�e�n�c�y� �w�.� �F�r�o�m� �E�q�s�.� �(�4�.�2�.�1�.�2�)� �a�n�d� �(�4�.�2�.�1�.�3�)� �w�e� �c�a�n� �s�h�o�w� �t�h�a�t� �f�o�r� �a�n�y� �g�e�n�e�r�a�l� 

�v�a�l�u�e� �o�f� �6� 

�(�E�,� �/�E�p�,� �)�?� �+� �(�E�y� �/�E�o�y� �)�?�-�2� �(�E�x� �/�E�o�x� �)� �(�E�y� �/�E�g�y� �)� �c�o�s� �8� �=� �s�i�n�?� �6� 

�(�4�.�2�.�2�.�1�)� 

�w�h�i�c�h� �i�s� �t�h�e� �g�e�n�e�r�a�l� �e�q�u�a�t�i�o�n� �o�f� �a�n� �e�l�l�i�p�s�e�.� �T�h�u�s� �a�s� �F�i�g�.� �4�.�2�.�2�.�1� �s�h�o�w�s�,� �t�h�e� �e�n�d�p�o�i�n�t� �o�f� �E� 
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�w�i�l�l� �t�r�a�c�e� �o�u�t� �a�n� �e�l�l�i�p�s�e� �a�t� �a� �g�i�v�e�n� �p�o�i�n�t� �i�n� �s�p�a�c�e�.� �T�h�e� �a�x�i�s� �o�f� �t�h�e� �e�l�l�i�p�s�e� �m�a�k�e�s� �a�n� �a�n�g�l�e� �a� 

�r�e�l�a�t�i�v�e� �t�o� �t�h�e� �x� �a�x�i�s� �g�i�v�e�n� �b�y� 

�t�a�n� �2� �a� �=� �(�2� �E�o�,� �E�g�y� �c�o�s� �8�)� �/�(� �E�2�0�,� �-� �E�*�o�y� �)� �(�4�.�2�.�2�.�2�)� 

�T�o� �g�e�t� �a� �b�e�t�t�e�r� �p�i�c�t�u�r�e� �o�f� �E�q�.� �(�4�.�2�.�2�.�1�)�,� �l�e�t� �u�s� �a�l�i�g�n� �t�h�e� �p�r�i�n�c�i�p�a�l� �a�x�i�s� �o�f� �t�h�e� �e�l�l�i�p�s�e� �w�i�t�h� �t�h�e� 

�x� �a�x�i�s�.� �T�h�e�n� �a� �=�0�,� �o�r� �e�q�u�i�v�a�l�e�n�t�l�y�,� �6� �=� �(�2�m�+�1�)� �m� �/� �2� �,� �w�h�e�r�e� �m� �i�s� �i�n�t�e�g�e�r�,� �s�o� �t�h�a�t� �E�q�.� 

�(�4�.�2�.�2�.�1�)� �b�e�c�o�m�e�s� 

�(�E�x� �/�E�o�,� �)�?� �+� �(�E�y� �/�E�g�y� �)�?� �=� �1� �(�4�.�2�.�2�.�3�)� 

�T�h�i�s� �i�s� �t�h�e� �e�q�u�a�t�i�o�n� �o�f� �a�n� �e�l�l�i�p�s�e� �w�i�t�h� �t�h�e� �o�r�i�g�i�n� �a�t� �t�h�e� �c�e�n�t�e�r� �a�n�d� �s�e�m�i�a�x�e�s� �E�p�,� �a�n�d� �E�p�,� �.� 

�W�h�e�n� �6� �=� �4�5�°�,� �E�o�x� �=� �E�o�y� �=� �E�o� 

�E�,�2� �+� �E�y�?� �=� �E�p�?� �(�4�.�2�.�1�0�)� 

�c�i�r�c�u�l�a�r�l�y� �p�o�l�a�r�i�z�e�d� �l�i�g�h�t� �i�s� �f�o�r�m�e�d�.� 
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�F�i�g�.� �4�.�2�.�2�.�1�:� �E�l�l�i�p�t�i�c�a�l�l�y� �p�o�l�a�r�i�z�e�d� �l�i�g�h�t� �r�e�s�u�l�t�s� �f�r�o�m� �t�h�e� �a�d�d�i�t�i�o�n� �o�f� �t�w�o� �l�i�n�e�a�r�l�y� �p�o�l�a�r�i�z�e�d� 

�w�a�v�e�s� �o�f� �u�n�e�q�u�a�l� �a�m�p�l�i�t�u�d�e� �h�a�v�i�n�g� �a� �n�o�n�z�e�r�o� �p�h�a�s�e� �d�i�f�f�e�r�e�n�c�e� �5� �b�e�t�w�e�e�n� �t�h�e�m� 

�4�.�3� �T�h�e� �B�i�r�e�f�r�i�n�g�e�n�t� �S�a�p�p�h�i�r�e� �F�i�b�e�r� �P�o�l�a�r�i�m�e�t�r�i�c� 

�I�n�t�e�r�f�e�r�o�m�e�t�e�r� 

�T�h�e� �b�i�r�e�f�r�i�n�g�e�n�t� �s�a�p�p�h�i�r�e� �f�i�b�e�r� �p�o�l�a�r�i�m�e�t�r�i�c� �i�n�t�e�r�f�e�r�o�m�e�t�e�r� �i�s� �t�h�e� �s�a�m�e� �a�s� �t�h�e� �o�n�e�-�f�i�b�e�r� 

�M�a�c�h�-�Z�e�h�n�d�e�r� �i�n�t�e�r�f�e�r�o�m�e�t�e�r�.� �I�t� �c�o�n�s�i�s�t�s� �o�f� �t�w�o� �p�o�l�a�r�i�z�e�r�s� �a�n�d� �o�n�e� �p�i�e�c�e� �o�f� �s�a�p�p�h�i�r�e� �f�i�b�e�r� 

�w�h�i�c�h� �i�s� �p�o�s�i�t�i�o�n�e�d� �b�e�t�w�e�e�n� �t�h�e� �f�o�r�m�e�r�,� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �4�.�3�.�1�.� �A� �l�i�n�e�a�r�l�y� �p�o�l�a�r�i�z�e�d� �l�i�g�h�t� 

�o�f� �a�m�p�l�i�t�u�d�e� �E�g� �w�i�t�h� �a�n� �a�n�g�l�e� �@� �t�o� �t�h�e� �f�i�b�e�r� �p�r�i�n�c�i�p�a�l� �a�x�i�s� �(�s�l�o�w� �a�x�i�s�)� �i�s� �s�p�l�i�t� �i�n�t�o� �t�w�o� 

�o�r�t�h�o�g�o�n�a�l�l�y� �p�o�l�a�r�i�z�e�d� �c�o�m�p�o�n�e�n�t�s� �p�r�o�p�a�g�a�t�i�n�g� �a�l�o�n�g� �t�h�e� �s�l�o�w� �a�x�i�s� �o�f� �x� �a�n�d� �f�a�s�t� �a�x�i�s� �o�f� �y� 

�s�e�p�a�r�a�t�e�l�y�.� �T�h�e� �a�m�p�l�i�t�u�d�e�s� �o�f� �t�h�e� �c�o�m�p�o�n�e�n�t�s� �a�r�e� �E�g� �s�i�n� �8� �a�n�d� �E�g�c�o�s� �0�.� �A� �p�h�a�s�e� �d�e�l�a�y� �6� �i�s� 

�p�r�o�d�u�c�e�d� �a�t� �t�h�e� �e�n�d� �o�f� �t�h�e� �f�i�b�e�r� �b�e�c�a�u�s�e� �o�f� �t�h�e� �d�i�f�f�e�r�e�n�c�e� �o�f� �r�e�f�r�a�c�t�i�v�e� �i�n�d�i�c�e�s� �b�e�t�w�e�e�n� �t�h�e� 

�t�w�o� �c�o�m�p�o�n�e�n�t�s� �a�n�d� �t�h�e� �l�e�n�g�t�h� �o�f� �t�h�e� �f�i�b�e�r�,� �w�h�i�c�h� �i�s� �e�x�p�r�e�s�s�e�d� �a�s� 
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�5� �=� �2�m� �(�m�o�-�n�,�)� �L�/�A� �=� �2�m� �A�n�L�/�A� �(�4�.�3�.�1�)� 

�T�h�e� �t�w�o� �o�r�t�h�o�g�o�n�a�l�l�y� �p�o�l�a�r�i�z�e�d� �c�o�m�p�o�n�e�n�t�s� �a�r�e� �c�o�m�b�i�n�e�d� �i�n�t�o� �d�i�f�f�e�r�e�n�t� �p�o�l�a�r�i�z�e�d� �s�i�g�n�a�l�s� 

�b�e�f�o�r�e� �p�a�s�s�i�n�g� �t�h�e� �a�n�a�l�y�z�e�r�,� �w�h�i�c�h� �a�r�e� �d�e�p�e�n�d�e�n�t� �o�n� �t�h�e� �p�h�a�s�e� �d�i�f�f�e�r�e�n�c�e� �6�.� �I�f� �5� �=� �m�z�,� 

�w�h�e�r�e� �m� �i�s� �z�e�r�o� �o�r� �i�n�t�e�g�e�r�,� �t�h�e� �l�i�g�h�t� �i�s� �l�i�n�e�a�r�;� �i�f� �5� �=� �(�2�m�+�1�)�x� �/�2�,� �i�t� �i�s� �c�i�r�c�u�l�a�r� �f�o�r� �9� �=� �4�5�°�,� 

�o�t�h�e�r�w�i�s�e�,� �i�t� �i�s� �e�l�l�i�p�t�i�c�a�l� �l�i�g�h�t�.� �T�h�e� �t�w�o� �o�r�t�h�o�g�o�n�a�l�l�y� �p�o�l�a�r�i�z�e�d� �s�i�g�n�a�l�s� �a�r�e� �d�e�c�o�m�p�o�s�e�d� �a�f�t�e�r� 

�p�a�s�s�i�n�g� �t�h�e� �a�n�a�l�y�z�e�r�,� �a�n�d� �t�h�e�n� �i�n�t�e�r�f�e�r�e� �o�w�i�n�g� �t�o� �t�h�e�i�r� �c�o�h�e�r�e�n�c�e�.� �®� �i�s� �t�h�e� �a�n�g�l�e� �b�e�t�w�e�e�n� 

�t�h�e� �s�l�o�w� �a�x�i�s� �x� �o�f� �t�h�e� �f�i�b�e�r� �a�n�d� �t�h�e� �t�r�a�n�s�m�i�s�s�i�o�n� �a�x�i�s� �p�»� �o�f� �t�h�e� �a�n�a�l�y�z�e�r�.� �T�h�e� �p�l�o�t� �o�f� 

�d�e�c�o�m�p�o�s�i�t�i�o�n� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� �4�.�3�.�2�.� �T�h�e� �a�m�p�l�i�t�u�d�e�s� �o�f� �t�h�e� �d�e�c�o�m�p�o�s�e�d� �c�o�m�p�o�n�e�n�t�s� �a�r�e� 

�E�p� �s�i�n�®� �s�i�n�g� �a�n�d� �E�p� �c�o�s�@� �c�o�s�@�.� 

�A�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �E�q�.� �(�2�.�2�.�1�4�)�,� �t�h�e� �o�u�t�p�u�t� �i�n�t�e�n�s�i�t�y� �o�f� �t�h�e� �p�o�l�a�r�i�m�e�t�r�i�c� �i�n�t�e�r�f�e�r�e�n�c�e� �i�s� 

�r�e�p�r�e�s�e�n�t�e�d� �b�y� 

�T�o�u�t� �=� �(�E�p� �s�i�n�®� �s�i�n�g� �)�2� �+� �(� �E�y� �c�o�s�®� �c�o�s� �)�2� �-� �2� �E�p�?� �(�s�i�n�®� �s�i�n�d� �c�o�s�®� �c�o�s�)� �c�o�s� �6� 

�=� �I�p� �(�c�o�s�?� �(�0� �+� �)� �+� �s�i�n� �2�0� �s�i�n�2�6� �s�i�n�?� �(�6�/�2�)� �)� 

�(�4�.�3�.�2�)� 

�w�h�e�r�e� �I�p� �i�s� �t�h�e� �i�n�p�u�t� �i�n�t�e�n�s�i�t�y�.� 
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�F�i�g�.�4�.�3�.�1�:� �G�e�o�m�e�t�r�y� �o�f� �t�h�e� �b�i�r�e�f�r�i�n�g�e�n�t� �f�i�b�e�r� �p�o�l�a�r�i�m�e�t�r�i�c� �i�n�t�e�r�f�e�r�o�m�e�t�e�r� 

�a�n�d� �s�e�t�u�p� �o�f� �s�a�p�p�h�i�r�e� �f�i�b�e�r� �s�e�n�s�o�r� �f�o�r� �p�o�l�a�r�i�m�e�t�r�i�c� �a�n�a�l�y�s�e�s� 

�T�r�a�n�s�m�i�s�s�i�o�n� �a�x�i�s� 
�o�f� �p�o�l�a�r�i�z�e�r� �P�,� 

�E�o� � � � � 
� � � 

� � � 

�F�a�s�t� �a�x�i�s� �y� �o�f� �t�h�e� �f�i�b�e�r� �S�l�o�w� �a�x�i�s� �x� �o�f� �t�h�e� �f�i�b�e�r� 

�E�p� �c�o�s� �8� 

� � 
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�0� �p� �T�r�a�n�s�m�i�s�s�i�o�n� �a�x�i�s� 
�o�f� �a�n�a�l�y�s�e�r� �P�»� 

�E�p� �c�o�s� �8� �c�o�s� �o� 

�F�i�g�.� �4�.�3�.�2�:� �G�e�o�m�e�t�r�y� �o�f� �d�e�c�o�m�p�o�s�i�t�i�o�n� �o�f� �i�n�p�u�t� �l�i�n�e�a�r�l�y� �p�o�l�a�r�i�z�e�d� �l�i�g�h�t� 
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�4�.�4� �P�o�l�a�r�i�m�e�t�r�i�c� �A�n�a�l�y�s�e�s� �o�f� �S�i�n�g�l�e� �C�r�y�s�t�a�l� �S�a�p�p�h�i�r�e� �F�i�b�e�r�s� 

�4�.�4�.�1� �I�n�t�r�o�d�u�c�t�i�o�n� 

�S�i�n�c�e� �t�h�e� �s�a�p�p�h�i�r�e� �f�i�b�e�r� �i�s� �a� �n�a�t�u�r�a�l� �b�i�r�e�f�r�i�n�g�e�n�t� �s�i�n�g�l�e� �c�r�y�s�t�a�l�,� �a�s� �w�e� �m�e�n�t�i�o�n�e�d� �i�n� �c�h�a�p�t�e�r� 

�3�,� �i�t� �c�a�n� �b�e� �u�s�e�d� �a�s� �a� �b�i�r�e�f�r�i�n�g�e�n�t� �f�i�b�e�r� �p�o�l�a�r�i�m�e�t�r�i�c� �p�h�a�s�e� �i�n�t�e�r�f�e�r�o�m�e�t�e�r�,� �i�n� �w�h�i�c�h� �t�h�e� 

�o�u�t�p�u�t� �p�o�l�a�r�i�z�a�t�i�o�n� �s�t�a�t�e� �c�a�n� �b�e� �c�h�a�n�g�e�d� �d�u�e� �t�o� �a�n� �e�x�t�e�r�n�a�l� �e�f�f�e�c�t�.� �M�a�n�y� �p�a�p�e�r�s� �h�a�v�e� 

�e�x�p�l�o�i�t�e�d� �t�h�e� �p�o�l�a�r�i�m�e�t�r�i�c� �p�r�o�p�e�r�t�i�e�s� �a�n�d� �a�p�p�l�i�c�a�t�i�o�n�s� �o�f� �s�i�n�g�l�e�-�m�o�d�e� �b�i�r�e�f�r�i�n�g�e�n�t� �i�n�d�u�c�e�d� 

�f�i�b�e�r�s� �i�n� �r�e�c�e�n�t� �y�e�a�r�s� �(�4�.�1�-�4�.�1�0�)�,� �b�u�t� �t�h�e� �s�a�p�p�h�i�r�e� �f�i�b�e�r� �h�a�s� �n�o�t� �y�e�t� �b�e�e�n� �i�n�v�e�s�t�i�g�a�t�e�d�.� 

�S�a�p�p�h�i�r�e� �f�i�b�e�r�s� �a�r�e� �b�a�r�e� �m�u�l�t�i�m�o�d�e� �f�i�b�e�r�s� �a�b�o�u�t� �1�0�0� �u�m� �i�n� �c�o�r�e� �d�i�a�m�e�t�e�r�.� �I�n� �o�r�d�e�r� �t�o� 

�e�m�p�l�o�y� �m�u�l�t�i�m�o�d�e� �s�a�p�p�h�i�r�e� �f�i�b�e�r�s� �f�o�r� �h�i�g�h� �t�e�m�p�e�r�a�t�u�r�e�s� �u�s�i�n�g� �t�h�e� �p�o�l�a�r�i�m�e�t�r�i�c� 

�i�n�t�e�r�f�e�r�o�m�e�t�r�i�c� �m�e�t�h�o�d�,� �a�n� �i�n�v�e�s�t�i�g�a�t�i�o�n� �o�f� �t�h�e� �p�o�l�a�r�i�m�e�t�r�i�c� �p�r�o�p�e�r�t�i�e�s� �o�f� �s�a�p�p�h�i�r�e� �f�i�b�e�r�s� �i�s� 

�r�e�q�u�i�r�e�d�.� �T�h�e� �e�x�p�e�r�i�m�e�n�t� �c�o�n�d�u�c�t�e�d� �a�n�d� �a�n�a�l�y�s�e�s� �p�r�o�d�u�c�e�d� �a�r�e� �d�e�s�c�r�i�b�e�d� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� 

�s�u�b�s�e�c�t�i�o�n�s�.� 

�4�.�4�.�2� �S�e�t�u�p� 

�A�s� �s�h�o�w�n� �i�n� �F�i�g�.� �4�.�3�.�1�,� �a� �H�e�-�N�e� �l�a�s�e�r� �w�i�t�h� �a� �5� �m�w� �o�u�t�p�u�t� �a�t� �A� �=� �0�.�6�3�2�8� �L�u�m� �w�a�s� �u�s�e�d� �a�s� 

�a� �l�i�g�h�t� �s�o�u�r�c�e�.� �A� �p�i�e�c�e� �o�f� �s�a�p�p�h�i�r�e� �f�i�b�e�r� �w�a�s� �s�a�n�d�w�i�c�h�e�d� �b�e�t�w�e�e�n� �t�w�o� �p�o�l�a�r�i�z�e�r�s�.� �A�f�t�e�r� 

�c�o�u�p�l�i�n�g� �i�n�t�o� �a� �1�0�0�/�1�4�0� �i�m� �m�u�l�t�i�m�o�d�e� �f�i�b�e�r� �c�o�n�n�e�c�t�e�d� �t�o� �t�h�e� �p�o�l�a�r�i�z�e�r�,� �t�h�e� �l�i�g�h�t� �p�a�s�s�e�d� 

�t�h�r�o�u�g�h� �t�h�e� �p�o�l�a�r�i�z�e�r�,� �a�n�d� �w�a�s� �t�h�e�n� �c�o�u�p�l�e�d� �i�n�t�o� �t�h�e� �s�a�p�p�h�i�r�e� �f�i�b�e�r�.� �T�h�e� �e�x�i�t�i�n�g� �l�i�g�h�t� �f�r�o�m� 

�t�h�e� �f�i�b�e�r� �p�a�s�s�e�d� �t�h�r�o�u�g�h� �t�h�e� �a�n�a�l�y�z�e�r� �a�n�d� �w�a�s� �c�o�u�p�l�e�d� �i�n�t�o� �a�n�o�t�h�e�r� �m�u�l�t�i�m�o�d�e� �f�i�b�e�r� 

� � 
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�t�e�r�m�i�n�a�t�i�n�g� �a�t� �t�h�e� �p�h�o�t�o�d�e�t�e�c�t�o�r�.� 

�4�.�4�.�3� �P�r�o�c�e�s�s�i�n�g� �a�n�d� �R�e�s�u�l�t�s� 

�A�s� �w�a�s� �d�i�s�c�u�s�s�e�d� �i�n� �s�e�c�t�i�o�n� �4�.�3�,� �f�o�r� �a�r�b�i�t�r�a�r�y� �6� �a�n�d� �0�,� �t�h�e� �t�w�o� �o�r�t�h�o�g�o�n�a�l�l�y� �p�o�l�a�r�i�z�e�d� 

�c�o�m�p�o�n�e�n�t�s� �a�r�e� �c�o�m�b�i�n�e�d� �i�n�t�o� �g�e�n�e�r�a�l�l�y� �e�l�l�i�p�t�i�c�a�l� �l�i�g�h�t� �b�e�f�o�r�e� �p�a�s�s�i�n�g� �t�h�e� �a�n�a�l�y�z�e�r�.� 

�W�h�e�n� �t�h�e� �l�i�n�e�a�r�l�y� �p�o�l�a�r�i�z�e�d� �l�i�g�h�t� �i�s� �l�a�u�n�c�h�e�d� �i�n� �s�u�c�h� �a� �w�a�y� �t�h�a�t� �t�h�e� �p�o�l�a�r�i�z�a�t�i�o�n� �i�s� �p�a�r�a�l�l�e�l� 

�t�o� �t�h�e� �s�l�o�w� �o�r� �f�a�s�t� �a�x�i�s� �(�p�r�i�n�c�i�p�a�l� �a�x�i�s�)� �o�f� �t�h�e� �s�a�p�p�h�i�r�e� �f�i�b�e�r�,� �a� �s�t�a�t�e� �o�f� �l�i�n�e�a�r� �p�o�l�a�r�i�z�a�t�i�o�n� �i�s� 

�o�b�t�a�i�n�e�d�.� �H�o�w�e�v�e�r�,� �w�h�e�n� �t�h�e� �p�o�l�a�r�i�z�a�t�i�o�n� �i�s� �l�a�u�n�c�h�e�d� �a�t� �a�n� �a�n�g�l�e� �9� �t�o� �t�h�e� �p�r�i�n�c�i�p�a�l� �a�x�i�s�,� 

�t�h�e� �p�o�l�a�r�i�z�a�t�i�o�n� �s�t�a�t�e� �w�i�l�l� �c�h�a�n�g�e� �p�e�r�i�o�d�i�c�a�l�l�y� �f�r�o�m� �l�i�n�e�a�r� �t�o� �e�l�l�i�p�t�i�c�a�l� �t�o� �l�i�n�e�a�r�.� �A�f�t�e�r� �p�a�s�s�i�n�g� 

�t�h�r�o�u�g�h� �t�h�e� �a�n�a�l�y�z�e�r� �t�h�e� �o�u�t�p�u�t� �i�n�t�e�r�f�e�r�e�n�c�e� �i�n�t�e�n�s�i�t�y� �f�o�l�l�o�w� �E�q�.� �(�4�.�3�.�2�)� �a�n�d� �i�s� �e�x�p�r�e�s�s�e�d� �a�s� 

�T�o�u�t� �=� �I�p� �(�c�o�s�?� �(�@� �+� �)� �+� �s�i�n� �2�0� �s�i�n� �2�6� �s�i�n�?� �(�8�/�2�)� �)� 

�=� �I�p� �(�c�o�s�?� �(�6� �+� �)� �+� �s�i�n� �2�6� �s�i�n� �2� �s�i�n�?� �(�t�n� �A�n�L�/�A�)� �)� 

�(�4�.�4�.�3�.�1�)� 

�w�h�e�r�e� �I�p� �_� �i�s� �t�h�e� �i�n�t�e�n�s�i�t�y� �o�f� �i�n�p�u�t� �l�i�n�e�a�r�l�y� �p�o�l�a�r�i�z�e�d� �l�i�g�h�t�,� �6� �=� �2�x� �A�n� �L�/� �A� �i�s� �t�h�e� �p�h�a�s�e� 

�d�i�f�f�e�r�e�n�c�e�,� �8� �(�o�r� �6�)� �i�s� �t�h�e� �a�n�g�l�e� �b�e�t�w�e�e�n� �t�h�e� �t�r�a�n�s�m�i�s�s�i�o�n� �a�x�i�s� �P�,� �(�o�r� �P�>�)� �o�f� �t�h�e� �p�o�l�a�r�i�z�e�r� 

�(�o�r� �a�n�a�l�y�z�e�r�)� �a�n�d� �t�h�e� �s�l�o�w� �a�x�i�s� �o�f� �t�h�e� �f�i�b�e�r�,� �L� �i�s� �t�h�e� �p�r�o�p�a�g�a�t�i�o�n� �l�e�n�g�t�h� �o�f� �t�h�e� �l�i�g�h�t� �i�n� �t�h�e� 

�f�i�b�e�r�,� �A� �i�s� �t�h�e� �o�p�e�r�a�t�i�n�g� �w�a�v�e�l�e�n�g�t�h� �i�n� �v�a�c�u�u�m�,� �a�n�d� �A�n� �i�s� �t�h�e� �b�i�r�e�f�r�i�n�g�e�n�c�e� �o�f� �t�h�e� 

�s�a�p�p�h�i�r�e� �f�i�b�e�r�.� �I�t� �i�s� �c�l�e�a�r� �t�h�a�t� �t�h�e� �o�u�t�p�u�t� �i�n�t�e�n�s�i�t�y� �f�o�l�l�o�w�s� �a� �s�q�u�a�r�e�d� �s�i�n�u�s�o�i�d�a�l� 

�v�a�r�i�a�t�i�o�n� �w�h�i�c�h� �d�e�p�e�n�d�s� �o�n�t�h�e� �a�n�g�l�e� �8� �a�n�d� �6�,� �a�n�d� �t�h�e� �p�h�a�s�e� �d�i�f�f�e�r�e�n�c�e� �5�.� �S�i�n�c�e� �t�h�e� 

� � 
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�r�e�l�a�t�i�v�e� �o�p�t�i�c�a�l� �p�a�t�h� �A�n�L� �i�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �m�e�a�s�u�r�a�n�d� �p�r�o�p�e�r�t�i�e�s� �t�h�a�t� �i�n� �t�u�r�n� �a�r�e� �d�u�e� �t�o� 

�f�a�c�t�o�r�s� �s�u�c�h� �a�s� �t�h�e� �K�e�r�r� �a�n�d� �P�o�c�k�e�l�s� �e�f�f�e�c�t�s�,� �p�h�o�t�o�e�l�a�s�t�i�c�i�t�y�,� �s�t�r�a�i�n�,� �p�r�e�s�s�u�r�e� �o�r� 

�t�e�m�p�e�r�a�t�u�r�e�,� �t�h�e� �o�u�t�p�u�t� �i�n�t�e�n�s�i�t�y� �i�s� �a� �s�i�n�e� �s�q�u�a�r�e�d� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �m�e�a�s�u�r�a�n�d� �i�f� �t�h�e� �a�n�g�l�e�s� 

�@� �a�n�d� �©� �a�r�e� �n�o�t� �c�h�a�n�g�e�d�.� �I�n� �a� �h�i�g�h� �t�e�m�p�e�r�a�t�u�r�e� �e�x�p�e�r�i�m�e�n�t�,� �A�n�L� �i�s� �d�e�p�e�n�d�e�n�t� �o�n� �t�h�e� 

�t�e�m�p�e�r�a�t�u�r�e�,� �a�n�d� �t�h�e� �o�u�t�p�u�t� �i�n�t�e�n�s�i�t�y� �i�s� �a� �s�q�u�a�r�e�d� �s�i�n�u�s�o�i�d�a�l� �f�u�n�c�t�i�o�n� �o�f� �t�e�m�p�e�r�a�t�u�r�e� �w�h�e�n� 

�t�h�e� �a�n�g�l�e�s� �8� �a�n�d� �a�r�e� �f�i�x�e�d�.� �H�o�w�e�v�e�r�,� �a�t� �r�o�o�m� �t�e�m�p�e�r�a�t�u�r�e�s� �w�i�t�h�o�u�t� �o�t�h�e�r� �e�x�t�e�r�n�a�l� �e�f�f�e�c�t�s�,� 

�A�n�L� �i�s� �c�o�n�s�t�a�n�t�,� �a�n�d� �t�h�e� �o�u�t�p�u�t� �i�n�t�e�n�s�i�t�y� �i�s� �j�u�s�t� �a� �s�q�u�a�r�e�d� �s�i�n�u�s�o�i�d�a�l� �f�u�n�c�t�i�o�n� �o�f� �0� �a�n�d� �9�.� 

�W�h�e�n� �t�h�e� �a�n�g�l�e� 

�=� �0�°� �o�r� �9�0�°�,� �t�h�e� �t�r�a�n�s�m�i�s�s�i�o�n� �a�x�i�s� �o�f� �t�h�e� �a�n�a�l�y�z�e�r� �P�,� �i�s� �r�o�t�a�t�e�d� �p�a�r�a�l�l�e�l� �o�r� �p�e�r�p�e�n�d�i�c�u�l�a�r� �t�o� 

�t�h�e� �s�l�o�w� �a�x�i�s� �o�f� �t�h�e� �f�i�b�e�r� �(�t�h�e�r�e� �i�s� �n�o� �d�e�c�o�m�p�o�s�i�t�i�o�n� �o�n� �t�h�e� �P�,�)�,� �a�n�d� �t�h�e� �s�t�a�t�e� �o�f� �o�u�t�p�u�t� 

�p�o�l�a�r�i�z�a�t�i�o�n� �i�s� �g�e�n�e�r�a�l�l�y� �a�n� �e�l�l�i�p�s�e� �d�e�p�e�n�d�e�n�t� �o�n� �t�h�e� �a�n�g�l�e� �8�,� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �4�.�4�.�3�.�1�.� �T�h�e� 

�o�u�t�p�u�t� �i�n�t�e�n�s�i�t�y� �i�s� �t�h�e�n� �r�e�d�u�c�e�d� �t�o� �M�a�r�l�u�s �� �l�a�w� 

�T�o�u�t� �=� �I�p� �c�o�s�?� �@� �(�4�.�4�.�3�.�2�)� 

�w�h�e�r�e� �6� �=� �0�°�,� �a�n�d� 

�L�u�z� �I�p� �s�i�n�?� �6� �(�4�.�4�.�3�.�3�.�)� 

�w�h�e�r�e� �o� �=� �9�0�°� 

�I�n� �o�u�r� �e�x�p�e�r�i�m�e�n�t�,� �w�h�e�n� �9� �w�a�s� �r�o�t�a�t�e�d� �t�o� �0�°�,� �9�0�°�,� �1�8�0�°�,� �o�r� �2�7�0�°�,� �t�h�a�t� �w�a�s�,� �w�h�e�n� �t�h�e� �l�i�n�e�a�r� 

�p�o�l�a�r�i�z�e�d� �l�i�g�h�t� �p�r�o�p�a�g�a�t�e�d� �a�l�o�n�g� �t�h�e� �s�l�o�w� �o�r� �f�a�s�t� �a�x�i�s� �o�f� �t�h�e� �f�i�b�e�r�,� �t�h�e� �o�u�t�p�u�t� �p�o�l�a�r�i�z�a�t�i�o�n� 

�w�a�s� �l�i�n�e�a�r�;� �o�t�h�e�r�w�i�s�e�,� �e�l�l�i�p�t�i�c�a�l�.� �O�u�t�p�u�t� �i�n�t�e�n�s�i�t�y� �v�a�r�i�e�d� �s�i�n�u�s�o�i�d�a�l�l�y� �a�s� �6� �c�h�a�n�g�e�d� �f�r�o�m� �0�°� 

�t�o� �3�6�0�°�,� �a�s� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.�4�.�4�.�3�.�2� �(�a�)� �(�1�)�.� �T�h�e� �g�o�o�d�,� �b�u�t� �n�o�t� �i�d�e�a�l� �p�e�r�i�o�d�i�c� �s�i�n�u�s�o�i�d�a�l� 

�v�a�r�i�a�t�i�o�n� �i�n�d�i�c�a�t�e�s� �t�h�a�t� �t�h�e� �l�i�n�e�a�r� �p�o�l�a�r�i�z�a�t�i�o�n� �w�a�s� �m�a�i�n�t�a�i�n�e�d� �p�a�r�t�i�a�l�l�y�.� �T�h�e� �d�e�g�r�e�e� 
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�o�f� �l�i�n�e�a�r� �p�o�l�a�r�i�z�a�t�i�o�n� �i�s� �d�e�f�i�n�e�d� �a�s� 

�P� �=� �(�I�m�a�x� �-� �L�m�i�n�)� �/� �U�m�a�x� �+� �L�m�i�n�)� �(�4�.�4�.�3�.�4�)� 

�w�h�e�r�e� �[�,�,�,�,� �a�n�d� �I�,�;�,� �a�r�e� �t�h�e� �m�a�x�i�m�u�m� �a�n�d� �t�h�e� �m�i�n�i�m�u�m� �o�u�t�p�u�t� �i�n�t�e�n�s�i�t�y�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� 

�T�o� �g�e�t� �a� �g�o�o�d� �c�u�r�v�e� �o�f� �s�i�n�u�s�o�i�d�a�l� �v�a�r�i�a�t�i�o�n�,� �t�h�e� �l�a�u�n�c�h�i�n�g� �c�o�n�d�i�t�i�o�n� �m�u�s�t� �b�e� �a�c�c�u�r�a�t�e�,� 

�o�t�h�e�r�w�i�s�e�,� �t�h�e� �c�u�r�v�e� �w�o�u�l�d� �n�o�t� �f�o�l�l�o�w� �t�h�e� �s�i�n�u�s�o�i�d�a�l� �v�a�r�i�a�t�i�o�n� �s�h�o�w�n� �i�n� �F�i�g�.�4�.�4�.�3�.�2� �(�b�)� 

�(�1�)�.� �T�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �i�n�t�e�n�s�i�t�y� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �t�h�e� �g�o�o�d� �c�u�r�v�e� �u�n�d�e�r� �t�h�e� �a�c�c�u�r�a�t�e� 

�l�a�u�n�c�h�i�n�g� �c�o�n�d�i�t�i�o�n� �w�a�s� �e�s�s�e�n�t�i�a�l�l�y� �a� �u�n�i�f�o�r�m� �p�a�t�t�e�r�n� �w�i�t�h� �s�t�r�o�n�g�e�r� �i�n�t�e�n�s�i�t�y� �i�n� �t�h�e� �c�e�n�t�e�r� 

�t�h�a�n� �t�h�e� �s�u�r�r�o�u�n�d�i�n�g� �a�r�e�a�,� �a�s� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.�4�.�4�.�3�.�2� �(�a�)� �(�2�)�,� �a�n�d� �t�h�e� �t�h�e� �p�o�o�r� �c�u�r�v�e� �u�n�d�e�r� 

�t�h�e� �o�f�f�s�e�t� �l�a�u�n�c�h�i�n�g� �c�o�n�d�i�t�i�o�n� �w�a�s� �a� �d�o�n�u�t�-�l�i�k�e� �p�a�t�t�e�r�n� �s�h�o�w�n� �i�n� �F�i�g�.�4�.�4�.�3�.�2� �(�b�)� �(�2�)�.� �I�t� 

�w�a�s� �a�l�s�o� �o�b�s�e�r�v�e�d� �t�h�a�t� �t�h�e� �q�u�a�l�i�t�y� �o�f� �t�h�e� �c�u�r�v�e� �a�n�d� �f�i�e�l�d� �d�i�s�t�r�i�b�u�t�i�o�n� �w�e�r�e� �d�e�p�e�n�d�e�n�t� �o�n� 

�n�o�t� �o�n�l�y� �t�h�e� �l�a�u�n�c�h�i�n�g� �c�o�n�d�i�t�i�o�n� �b�u�t� �a�l�s�o� �o�n� �t�h�e� �c�o�r�e� �d�i�a�m�e�t�e�r�,� �l�e�n�g�t�h�,� �a�n�d� �s�u�r�f�a�c�e� 

�u�n�i�f�o�r�m�i�t�y� �o�f� �t�h�e� �s�a�p�p�h�i�r�e� �f�i�b�e�r�.� �F�i�g�u�r�e� �4�.�4�.�3�.�2� �s�h�o�w�s� �t�h�e� �r�e�s�u�l�t�s� �o�f� �a� �t�e�s�t�e�d� �f�i�b�e�r� �7� �c�m� �i�n� 

�l�e�n�g�t�h�,� �9�7� �[�1�m� �i�n� �d�i�a�m�e�t�e�r�,� �0�.�5� �d�B�/�m� �i�n� �a�t�t�e�n�u�a�t�i�o�n�,� �p�r�o�d�u�c�e�d� �b�y� �t�h�e� �m�a�n�u�f�a�c�t�u�r�e�r� �U�S�F�.� 

�C�o�m�p�a�r�a�t�i�v�e�l�y�,� �F�i�g�.�4�.�4�.�3�.�3� �c�o�r�r�e�s�p�o�n�d�e�d� �t�o� �a� �s�a�p�p�h�i�r�e� �f�i�b�e�r� �w�h�i�c�h� �w�a�s� �3�2� �c�m� �i�n� �l�e�n�g�t�h�,� 

�1�1�2� �u�m� �i�n� �d�i�a�m�e�t�e�r�,� �3�.�7� �d�B�/�m� �i�n� �a�t�t�e�n�u�a�t�i�o�n�,� �a�n�d� �p�r�o�d�u�c�e�d� �b�y� �t�h�e� �s�a�m�e� �m�a�n�u�f�a�c�t�u�r�e�r�,� 

�U�S�F�.� �A�c�c�o�r�d�i�n�g� �t�o� �E�q�.� �(�4�.�4�.�3�.�4�)� �t�h�e� �p�o�l�a�r�i�z�a�t�i�o�n� �e�x�t�i�n�c�t�i�o�n� �r�a�t�i�o� �t�e�s�t�e�d� �i�s� �6� �d�B� �f�o�r� �t�h�e� �f�i�b�e�r� 

�7� �c�m� �l�o�n�g�,� �a�n�d� �i�s� �3� �d�B� �f�o�r� �t�h�e� �f�i�b�e�r� �3�2� �c�m� �l�o�n�g�.� 
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