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Modeling And Analysis Of A Cantilever Beam Tip Mass System

Vamsi C. Meesala

ABSTRACT

We model the nonlinear dynamics of a cantilever beam with tip mass system subjected to
different excitation and exploit the nonlinear behavior to perform sensitivity analysis and
propose a parameter identification scheme for nonlinear piezoelectric coefficients.

First, the distributed parameter governing equations taking into consideration the nonlin-
ear boundary conditions of a cantilever beam with a tip mass subjected to principal para-
metric excitation are developed using generalized Hamilton’s principle. Using a Galerkin’s
discretization scheme, the discretized equation for the first mode is developed for simpler
representation assuming linear and nonlinear boundary conditions. We solve the distributed
parameter and discretized equations separately using the method of multiple scales. We de-
termine that the cantilever beam tip mass system subjected to parametric excitation is highly
sensitive to the detuning. Finally, we show that assuming linearized boundary conditions
yields the wrong type of bifurcation.

Noting the highly sensitive nature of a cantilever beam with tip mass system subjected to
parametric excitation to detuning, we perform sensitivity of the response to small variations
in elasticity (stiffness), and the tip mass. The governing equation of the first mode is derived,
and the method of multiple scales is used to determine the approximate solution based on
the order of the expected variations. We demonstrate that the system can be designed so
that small variations in either stiffness or tip mass can alter the type of bifurcation. Notably,
we show that the response of a system designed for a supercritical bifurcation can change
to yield a subcritical bifurcation with small variations in the parameters. Although such a
trend is usually undesired, we argue that it can be used to detect small variations induced
by fatigue or small mass depositions in sensing applications.

Finally, we consider a cantilever beam with tip mass and piezoelectric layer and propose a
parameter identification scheme that exploits the vibration response to estimate the nonlinear
piezoelectric coefficients. We develop the governing equations of a cantilever beam with tip
mass and piezoelectric layer by considering an enthalpy that accounts for quadratic and
cubic material nonlinearities. We then use the method of multiple scales to determine the
approximate solution of the response to direct excitation. We show that approximate solution
and amplitude and phase modulation equations obtained from the method of multiple scales
analysis can be matched with numerical simulation of the response to estimate the nonlinear
piezoelectric coefficients.
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GENERAL AUDIENCE ABSTRACT

The domain of structural dynamics involves the evaluation of the structures response when
subjected to time-varying loads. This field has many applications. For instance, by observing
specific variations in the response of a structure such as bridge or a structural element such
as a beam, one can diagnose the state of the structure or one of its elements. At much
smaller scales, one can use a device to observe small variations in the response of a beam
to detect the presence of bio-materials or gas particles in air. Additionally, one can use the
response of a structure to harvest energy of ambient vibrations that are freely available.

In this thesis, we develop a mathematical framework for evaluating the response of a can-
tilever beam with a tip mass to small variations in material properties caused by fatigue and
to small variations in the tip mass caused by additional mass that gets bound to the struc-
ture. We also exploit the response of the beam to evaluate nonlinear material properties of
piezoelectric materials that have been suggested for use in charging micro sensors, vibration
control, load sensing and for high power energy transfer applications.
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Chapter 1

Introduction

1.1 Motivation

To emphasize the importance of modeling and simulation of dynamical systems, I would like
to start with the definition of Model by Professor Marvin Minsky:

“A model (M) for a system (S) and an experiment (E) is anything to which E can be applied
in order to answer the questions about (S).”

Abiding by the above definition, understanding a physical system is a process that involves
performing experiments to provide an insight into the principles governing the system and
their respective models. Although scientists are interested in understanding the system by
observing and developing a model for it, engineers are focused on applying and modifying
them it to their advantage [1]. Particularly, insights from models and experiments play an
important role in the prognosis of design, as they allow the designer to develop a mathemat-
ical model and simulate it. With the computational capabilities of the current digital age,
these simulations can provide a quick way to predict a behavior and control it accordingly,
which otherwise is done by performing time-consuming and arduous experiments.

Depending on the nature of the response, any mathematical model of a mechanical system
(equation/s of motion) can be classified into linear or nonlinear dynamical system. In most
cases, a complete mathematical description of the dynamical system is inherently nonlinear,
which under specified conditions may be reduced to a linear description. Some of the stan-
dard examples of mechanical systems exhibiting nonlinear response or nonlinear dynamics
can be found in [2–5]. In structures, the nonlinearities in the equation/s of motion arise
either due to large deformations (geometric nonlinearity), or due to the inertia of motion
(inertial nonlinearity) or due to the nonlinear constitutive relation between stress and strain
(material nonlinearity) or all of them together. A typical free and un-damped equation
of motion of a system including the inertial and geometric nonlinearities until third order

1
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approximation is of the form:

¨q(t) + ω2q(t) + δ
[
q(t)q̇(t)2 + q(t)2q̈(t)

]
+ αq(t)3 = 0

In this work, the nonlinear dynamics of a cantilever beam with tip mass are modeled and
exploited for interesting objectives as will be discussed in the following paragraphs.

1.2 Background - cantilever beam and tip mass

system

The cantilever beam with a tip mass is a generic system to study and assess different as-
pects of structural dynamics. It is utilized to model robotic arms [6,7], antenna masts [8,9],
wings with store configurations [10–15], energy harvesting devices [16–22], vibrating beam
gyroscopes [23, 24] and bio/chemical sensors [25–31]. In all these applications, there is a
need to validate the mathematical model developed with experimental results to facilitate
the analysis and optimize the design for better performance. Moreover, most of the applica-
tions mentioned above utilize the dynamic resonant response or are implicitly nonlinear, that
produce large strains and induce geometric nonlinearity. This calls for accurate modeling
by considering the inherently present geometric nonlinearity up to an appropriate approx-
imation. Also, the dynamic resonant response is highly dependent on the geometric and
material properties of the device. Any uncertainty in the beam’s stiffness, the mass value
or material properties associated with operational conditions such as environmental thermal
effects, and fatigue induced by cyclic loading or manufacturing tolerances (or defects) can
result in discrepancies between the proposed cantilever beam-mass model and predicted val-
ues and experimental results; thereby compromising the fidelity of the model representing
the device. Such discrepancies can be anticipated by performing a sensitivity analysis of
the response to small variations in the parameters, which will strengthen the model. The
information of sensitivity can be precious as it can be used to detect damage or to sense a
target mass using bio/mass sensors.

The problem of nonlinearity in the case of the cantilever beam with tip mass energy harvesters
is even more complicated. This is because the piezoelectric material commonly employed
for energy harvesting applications [17], can behave in a nonlinear manner by exhibiting
amplitude dependent resonant frequency, super-harmonics in the response, saturation and
hysteresis behaviors [32–34]. It is important to understand the nature of the nonlinearity by
estimating the nonlinear parameters in the constitutive relations. An optimized curve fitting
procedure can be used to identify the parameters causing the nonlinear behavior. Yet, there
is a need for more parameter identification procedures that exploit the vibration response.
We cater to all ideas and issues mentioned above in this work with the following objectives.
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1.3 Objectives

The primary objectives of this work are:

• To accurately develop the governing equation of a cantilever beam tip-mass system
subjected to parametric excitation with particular consideration of nonlinear boundary
conditions and their effects on governing equation.

• To perform sensitivity of the parametric response of the cantilever beam tip-mass sys-
tem to small variations for design purposes or for exploring specific response dynamics
to detect variations.

• To propose a parameter identification scheme based on direct excitation of a cantilever
beam tip-mass system to identify and quantify the nonlinear piezoelectric coefficients
in constitutive relations.

We solve all the above-mentioned objectives using the framework of the method of multiple
scales.



Chapter 2

Response variations of a cantilever
beam tip mass system with nonlinear
and linearized boundary conditions

A crucial step in the design of any structure is to understand its dynamic response. This typ-
ically includes determining its natural frequencies, corresponding mode shapes, and dynamic
stresses. Such an exercise can be performed by reduced order mathematical models that pre-
dict this response. The cantilever beam with a tip mass has been used as a generic system to
assess modeling needs in different applications or as a structural system whose response can
be exploited for different purposes. For example, treating the boundary conditions at the
free end of the cantilever beam tip mass system can shed light on how to treat wing/store
configurations in flutter analysis of fighter aircraft [10–14]. In energy harvesting of ambient
vibrations, the tip mass is added to cantilevered piezoelectric layered beam structure to in-
duce large strains thereby generating high power density [16,17]. In microelectro mechanical
systems, adding a tip mass decreases the natural frequency, which otherwise would be of the
order of few GHz’s [18–22]. In gas/mass sensors, the response of the cantilever beam in con-
junction with added target mass can be used to sense the presence of bio-materials [25–31].
It is also modeled to understand coupling and energy transfer phenomenon in structures for
control purposes [35–37].

The governing equations and boundary conditions of continuous systems, which are usually
integro-partial differential equations, can be solved numerically using the Finite Element
Methods [38]. Alternatively, a reduced-order model or representation of the system’s dy-
namics can be treated analytically by using perturbation methods. The advantages of these
methods is their flexibility to investigate stability and characteristics of nonlinear response.
Direct [39–43] and Discretization [41,44,45] approaches can be used when implementing these
methods. In the direct approach, the method of multiple scales is directly applied to the
governing partial differential equation. By isolating the secular terms and using the adjoint

4
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description, solvability conditions are developed from which amplitude and phase modula-
tion equations that govern the system’s response are obtained [46]. In the discretization
approach, a Galerkin weighted residual method is used to develop the governing equation of
n modes from the distributed system given by the partial differential equation and boundary
conditions. Then, the governing equations are solved using the method of multiple scales
to develop amplitude and phase modulation equations by eliminating the secular terms [41].
That is, for an excitation near a particular mode, the problem of solving a PDE and boundary
conditions in the direct approach is reduced to one or more ODE in discretized approach.

It is usually assumed that linearizing the boundary conditions is justified especially when
the interest is in finding linear mode shapes and natural frequency of system. On the other
hand, it is fair to expect that the nature of the response of a nonlinear system may vary
significantly from the true one if the boundary conditions were linearized. This chapter
examines the extent of such variations in the response of a cantilever beam with tip mass
system. Furthermore, particular attention is paid to the effect of linearization on the dis-
cretized governing equations and their solution. Towards this objective, we develop the
distributed parameter governing equations and boundary conditions for a parametrically ex-
cited cantilever beam and tip mass system using the generalized Hamilton’s principle [47].
We then employ Galerkin discretization to the distributed model and determine the gov-
erning equation of the first mode (discretized equation) to study the principal parametric
resonance by considering and neglecting nonlinear boundary conditions. Thereafter, we solve
the distributed parameter system and discretized equation with nonlinear boundary condi-
tions using the method of multiple scales and compare the resulting modulation equations
with those obtained from the PDE solution to validate the discretization.

2.1 Mathematical Modeling

A schematic of the cantilever beam with a tip mass subjected to parametric excitation is
presented in figure 2.1. The beam with length l, width b, thickness h and mass per unit
length ρ, is clamped at the base where it is subjected to a harmonic excitation at twice its
natural frequency. Below, we derive the governing equation of the beam’s response, with
both the generalized Hamilton’s principle and Newton’s second law with the assumptions
that the Euler-Bernoulli beam theory is applicable, i.e., the beam has a higher length to depth
ratio so that the rotational effects of the differential element and the angular distortion can
be neglected [47], and that the beam can be subjected to large bending motion without a
significant axial deformation, i.e., the beam is inextensible [4].
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2.1.1 Generalized Hamilton Principle

The generalized Hamilton’s principle is expressed as:∫ t2

t1

(δT − δΠ + δWnc) dt = 0 (2.1)

where δT , δΠ and δWnc are variations in kinetic energy, potential energy and virtual work
by non-conservative forces respectively. Neglecting the gravity effects, the potential energy
of the system considering only the strain energy due to bending is given by

Π =
1

2

∫ l

0

∫
A

Ez2κ2 dAds (2.2)

where E is the beam’s modulus of elasticity, z is distance from the neutral axis, s is the

Z

x

ub(t)

s
l

w(s, t)

um=u(l,t)

p1

p1'dw

ds

ds

du

α(s)

ρ 

m

h

Figure 2.1: Schematic of the cantilever beam-mass system. The vertical line represents the
undeformed state and the curved line represents a general deformed state. The schematic on
the right hand side is used to define the geometry and depict the in-extensibility condition,
pp1 = pp′1

curvilinear coordinate along the length of the beam and κ is the radius of curvature. Based
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on the assumption that the beam is in extensible, the curvature is expressed as

κ =
∂

∂s
α(s, t) = w(2,0)(s, t) +

1

2
w(2,0)(s, t)w(1,0)(s, t)2 + ... (2.3)

where the notation (.)(n1,n2)(s, t) denotes nth1 derivative of (.) with respect to s and nth2
derivative of (.) with respect to t. This notation is followed quite extensively from here on.
Squaring equation 2.3 yields

κ2 =
[
w(2,0)(s, t)

]2
+
[
w(2,0)(s, t)w(1,0)(s, t)

]2
+ ... (2.4)

Dropping all terms that give rise to nonlinearities with order larger than three, i.e., O ([.]n>3) =
0, the potential energy, Π is re-written as

Π =
1

2

∫ l

0

∫
A

Ez2
([
w(2,0)(s, t)

]2
+
[
w(2,0)(s, t)w(1,0)(s, t)

]2)
dAds (2.5)

and noting that the area moment of inertia about the Y-axis is given by IY =
∫
A
z2 dA, we

write the potential energy as

Π =
1

2

∫ l

0

EIY
[
w(2,0)(s, t)

]2
ds+

1

2

∫ l

0

EIY
[
w(1,0)(s, t)w(2,0)(s, t)

]2
ds (2.6)

The kinetic energy of the beam-tip mass system is given by

T =
1

2
m

(
[u̇m(t)]2 +

[
∂w(l, t)

∂t

]2
)

+
1

2

∫ l

0

ρ

([
u(0,1)(s, t)

]2
+

[
∂w(s, t)

∂t

]2
)
ds (2.7)

where u(s, t) and um(t) represent respectively the vertical displacements of the beam and tip
mass. The relations between these displacements is determined from the geometry of figure
2.1. We write

α(s, t) = sin−1
(
w(1,0)(s, t)

)
, and (2.8)

cos(α(s, t)) =
∂s− ∂u(s, t)

∂s
= 1− u(1,0)(s, t) (2.9)

Expanding the inverse trigonometric and trigonometric functions, we re-write equations 2.8-
2.9 as

α(s, t) = w(1,0)(s, t) +
1

6

[
w(1,0)(s, t)

]3
+ ... , and (2.10)

u(1,0)(s, t) =
1

2
[α(s, t)]2 − 1

24
[α(s, t)]4 − ... (2.11)

Substituting equation 2.10 into equation 2.11, we obtain

u(1,0)(s, t) =
1

2

[
w(1,0)(s, t)

]2
+O

([
w(1,0)(s, t)

]5)
(2.12)
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where O
([
w(1,0)(s, t)

]5)
is used to represent higher order terms that are neglected in the

subsequent analysis. Representing the harmonic excitation of the base by ub, the vertical
displacement of the tip mass is then given by

um(t) =

∫ l

0

1

2

[
w(1,0)(s, t)

]2
ds− ub(t) (2.13)

Similarly, the vertical displacement of any element on the beam at a distance s from the
base is given by

u(s, t) =

∫ s

0

1

2

[
w(1,0)(y, t)

]2
dy − ub(t) (2.14)

Substituting the values of um and us from equations 2.13 and 2.14 into equation 2.7, we
obtain

T =
1

2
m

[∫ l

0

1

2

∂

∂t

(
∂w(s, t)

∂s

)2

ds− u̇b(t)

]2

+
1

2

∫ l

0

ρ

[∫ s

0

1

2

∂

∂t

(
∂w(y, t)

∂y

)2

dy − u̇b(t)

]2

ds

+
1

2
m

(
∂w(l, t)

∂t

)2

+
1

2

∫ l

0

ρ

(
∂w(s, t)

∂t

)2

ds (2.15)

It has been assumed that the tip mass is treated as a point mass and, hence, the rotational
effects are not included when determining the kinetic energy.

The virtual work done by the non conservative forces is given by

δWnc = −
∫ l

0

c1w
(0,1)(s, t)δw(s, t) ds (2.16)

where, c1 is structural damping coefficient.

Substituting equations 2.6, 2.15 and 2.16 into equation 2.1, we obtain the equation of motion
as

− ρẅ − c1ẇ −
ρw′

2

∫ s

0

∂2

∂t2
(
w′2
)
dy + ρübw

′ − EIY (w′′′′ + w′′3 + 4w′w′′w′′′ + w′2w′′′′)

+ w′′
(
ρ

2

∫ l

s

∫ θ

0

∂2

∂t2
(
w′2
)
dy dθ +m

∫ l

0

∂2

∂t2

(
w′2

2

)
ds−müb − (l − s)ρüb

)
= 0 (2.17)

In deriving equation 2.17, we used the integration by parts as
∫ l

0

∫ s
0
G(y) dy ds =

∫ l
0
(l −

s)G(s) ds, where G(x) is any continuous function.

Using (w′(w′w′′)′)′ = w′′3+4w′w′′w′′′+w′2w′′′′ and ρ
2

(
w′
∫ s
l

∫ θ
0

∂2

∂t2
(w′2) dy dθ

)′
=
ρw′

2

∫ s
0

∂2

∂t2
(w′2) dy

+ w′′
ρ

2

∫ l
s

∫ θ
0

∂2

∂t2
(w′2) dy dθ, equation 2.17 is further simplified to obtain
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ρẅ + c1ẇ + EIY (w′′′′ + [w′(w′w′′)′]′) +mübw
′′ +

ρ

2

(
w′
∫ s

l

∫ θ

0

∂2

∂t2
(
w′2
)
dy dθ

)′
− ρüb (w′ + (s− l)w′′)− mw′′

2

∫ l

0

∂2

∂t2
(
w′2
)
ds = 0 (2.18)

where üb = −1
2
fΩ2

[
ej(ΩT0+τe) + e−j(ΩT0+τe)

]
and f is displacement of the excitation and Ω is

the forcing frequency. The natural nonlinear boundary conditions at s = l are determined
from the moment and the shear boundary conditions as(

EIYw
′′w′2 + EIYw

′′) |s=l = 0 =⇒ w(2,0)(l, t) = 0 (2.19)(
mübw

′ −mw′
∫ l

0

∂2

∂t2

(
w′2

2

)
ds+ EIY

(
w′′′w′2 + w′′2w′ + w′′′

)
−mẅ

)∣∣∣∣
s=l

= 0 (2.20)

Since the beam is clamped, the geometric boundary conditions at s = 0 are given by

w(0, t) = 0 (2.21)

∂w(s, t)

∂s

∣∣∣∣
s=0

= 0 (2.22)

We shall note that in the above derivation, E, IY , l, ρ and m are assumed to be constants,
that y and θ are dummy variables, and that the primes and dots represent derivatives of
w(s, t) with respect to the coordinate s and time t respectively. The MATHEMATICA code
Genhamilton1.0.nb, used for the complete derivation can be found in Appendix A.

2.1.2 Newton’s Second Law

The procedure of Nayfeh and Pai [4] is followed below to derive the fully nonlinear governing
equations of initially straight Euler-Bernoulli beams. A local orthogonal co-ordinate system
ξyη is considered for a better representation of the forces. The free body diagram of an
element of beam of length ds is shown in the figure 2.2 where F1 and F2 are surface traction
forces along the ξ and η directions respectively. If ix and iz are unit vectors along x and
z axes and iξ and iη are unit vectors along the ξ and η axes, there exists a transformation
matrix T , such that, {

ix
iz

}
= [T ]

{
iξ
iη

}
, [T ] =

[
cosα sinα
− sinα cosα

]
(2.23)

By considering u(s, t) and w(s, t) as the displacements along the x and z axes respectively
and using the in-extensibility condition, we write,[

1− u(1,0)(s, t)
]2

+ w(1,0)(s, t)2 = 1
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F1

F1+F1'ds

F2

F2+F2'ds

M

M+M'ds

    

    
x

z

A

B

B’

A’

u

w

w+dw

u+du

α  

ds

ds

Figure 2.2: Figure showing the free body diagram of an element in the beam of length, ds
and the displacements

∴ u(s, t) =

∫ s

0

(
1−

√
1− w(1,0)(y, t)2

)
dy ≈

∫ s

0

1

2
w(1,0)(y, t)2 dy (2.24)

From figure 2.2, we have

sin(α(s, t)) = w(1,0)(s, t) =⇒ α(s, t) = sin−1(w(1,0)(s, t)) (2.25)

cos(α(s, t)) = 1− u(1,0)(s, t) =
√

1− w(1,0)(s, t)2 (2.26)

From Newton’s second law and figure 2.2, we have

∂(F1iξ + F2iη)

∂s
ds = ρds(u(0,2)

g (s, t)ix + w(0,2)(s, t)iz) (2.27)

where ug(s, t) = −u(s, t) + ub(t). The negative sign is the consequence of contraction
of the beam due to the in-extensibility condition. Using equation 2.23 and equating the
components along ix and iz, the above equation is rewritten as:

∂

∂s
[F1 cos(α(s, t))]− ∂

∂s
[F2 sin(α(s, t))] = −ρu(0,2)(s, t) + ρüb(t) (2.28)

∂

∂s
[F1 sin(α(s, t))] +

∂

∂s
[F2 cos(α(s, t))]− c1w

(0,1)(s, t) = ρw(0,2)(s, t) (2.29)

where c1 is the linear structural damping coefficient.
Consistent with section 2.1.1, the rotational effects of the beam and the tip mass are ne-
glected. Therefore, the equilibrium of moments with respect to the to y − axis is,

ds
∂

∂s
M(s, t) + F2ds = 0 =⇒ F2 = − ∂

∂s
M(s, t) (2.30)
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The bending moment of a beam is given by the relation, M = EIY k = EIY α
(1,0)(s, t) and

equation 2.25. Equation 2.30 is re-written as

F2 = −EIY α(2,0)(s, t) = −EIY
∂

∂s
sin−1(w(1,0)(s, t)) (2.31)

Since the beam is clamped at s = 0, the boundary conditions at s = 0 are

w(0, t) = 0

w(1,0)(0, t) = 0

Applying the Newton’s second law at s = l, we write

F1

F2

M

    

    

m

x

α  

Figure 2.3: Figure showing the free body diagram at the tip of the beam, s = l

− F1 cos(α(l, t)) + F2 sin(α(l, t)) = −mu(0,2)(l, t) +müb(t) (2.32)

− F1 sin(α(l, t))− F2 cos(α(l, t)) = mw(0,2)(l, t) (2.33)

From moment equilibrium, we have

M(l, t) = 0 =⇒ α(1,0)(l, t) = 0 (2.34)

Integrating equation 2.28 with respect to s from l to s and using equation 2.32, we obtain

F1 cos(α(s, t))− F2 sin(α(s, t))−mu(0,2)(l, t) +müb(t) = −ρ
∫ s

l

u(0,2)(s, t) ds+ (s− l)ρüb(t)

(2.35)
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From equations 2.24 and 2.35, the expression for F1 is obtained as

F1 =
1

cos(α(s, t))

[
−ρ

2

∫ s

l

∫ θ

0

∂2

∂t2
(
w(1,0)(y, t)2

)
dy dθ + (s− l)ρüb(t)

]
+

1

cos(α(s, t))

[
F2 sin(α(s, t)) +

m

2

∫ l

0

∂2

∂t2
(
w(1,0)(s, t)2

)
ds−müb(t)

]
(2.36)

Substituting the expression for F1 in equation 2.29 and using the trigonometric relations in
equations 2.25 and 2.26, we obtain

− ρ

2

∂

∂s

(
w(1,0)(s, t)√

1− w(1,0)(s, t)2

∫ s

l

∫ θ

0

∂2

∂t2
(
w(1,0)(y, t)2

)
dy dθ

)
− c1w

(0,1)(s, t)

− c2w
(0,1)(s, t)|w(0,1)(s, t)|+ ∂

∂s

(
ρüb(t)(s− l)w(1,0)(s, t)√

1− w(1,0)(s, t)2

)
+

∂

∂s

(
F2√

1− w(1,0)(s, t)2

)

+
∂

∂s

(
w(1,0)(s, t)√

1− w(1,0)(s, t)2

[
m

2

∫ l

0

∂2

∂t2
(
w(1,0)(s, t)2

)
ds−müb(t)

])
= ρw(0,2)(s, t) (2.37)

Substituting the expression for F2 from equation 2.31, using Taylor series expansion of inverse
trigonometric functions and retaining the expression up to the third order, we obtain

ρẅ + c1ẇ + c2|ẇ|ẇ + EIY (w′′′′ + (w′(w′w′′)′)′) +mübw
′′ +

ρ

2

(
w′
∫ s

l

∫ θ

0

∂2

∂t2
(
w′2
)
dy dθ

)′
− ρüb(t) (w′ + (s− l)w′′)− mw′′

2

∫ l

0

∂2

∂t2
(
w′′2
)
ds = 0 (2.38)

Substituting the expressions for F1, F2, cos(α(s, t)), α(1,0)(s, t) and sin(α(s, t)) into the
boundary conditions at s = l i.e., equations 2.33 and 2.34, we obtain the modified boundary
conditions as

w′′(l, t) = 0 (2.39)(
mübw

′ −mw′
∫ l

0

∂2

∂t2

(
w′2

2

)
ds+ EIY

(
w′′′w′2 + w′′2w′ + w′′′

)
−mẅ

)∣∣∣∣
s=l

= 0 (2.40)

The dashes and dots represent derivatives of w(s, t) with respect to s and time, t respectively,
and y and θ are dummy variables.
We observe that equations 2.18 - 2.20 and 2.38 - 2.40, representing governing equation and
boundary conditions derived using Newton’s second law exactly agree with those derived
using the generalized Hamilton’s principle.
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2.2 Reduced order model - Galerkin discretization

Next, we perform modal analysis by solving for the exact mode shapes and orthogonal
equations. Then, we use the Galerkin discretization procedure to derive and note the differ-
ences in the governing equation of the first mode when considering linearized and nonlinear
boundary conditions.

2.2.1 Modal analysis

Modal analysis, used to determine the mode shapes and frequencies of the beam-mass sys-
tem, is performed by considering the linear undamped free vibration problem obtained by
dropping the damping, forcing and nonlinear terms in equations 2.18-2.22, which reduces
the equation of motion to

ρẅ + EIYw
′′′′ = 0 (2.41)

and the boundary conditions to
w(0, t) = 0 (2.42)

∂w(s, t)

∂s

∣∣∣∣
s=0

= 0 (2.43)(
EIYw

′′w′2 + EIYw
′′) |s=l = 0 =⇒ w′′|s=l = 0 (2.44)

(EIYw
′′′ −mẅ) |s=l = 0 (2.45)

Considering equation 2.41, we observe that the spatial and temporal derivatives of w(x, t)
can be explicitly decomposed into two degenerate equations. So, w(x, t) is decomposed into
a product of independent spatial and temporal functions and written as

w(s, t) = φ(s)q(t) (2.46)

Substituting equation 2.46 into equation 2.41 and realizing that q̈ = −ω2
nq, where ωn is the

natural frequency of the nth-mode, we obtain,

φ′′′′ = λ4φ (2.47)

whose general solution is of the form

φ(s) = A cos(λs) +B sin(λs) + C cosh(λs) +D sinh(λs) (2.48)

where λ =
(
ω2
nρ

EIY

) 1
4

and the linear boundary conditions are given by

φ(0) = φ′(0) = φ′′(l) = 0 (2.49)(
EIY φ

′′′ +mω2φ
)
|s=l = 0 (2.50)
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Substituting the general solution in the linear boundary conditions and solving for non-trivial
solution yields the characteristic equation as:

ρ [cos (λl) cosh (λl) + 1] +mλ [cos (λl) sinh (λl)− sin (λl) cosh (λl)] = 0 (2.51)

The characteristic equation is a transcendental equation. It has infinite solutions for λ (and
ω) and, hence, an infinite number of modes. For any two distinct modes, p and q, equation
2.47 follows the orthogonality conditions [47]:∫ l

0

ρφp(s)φq(s) ds+mφp(l)φq(l) = δpq∫ l

0

EIY φ
′′
p(s)φ

′′
q(s) ds = δpqω

2
q

(2.52)

where δpq is the Kronecker delta, defined as unity when p is equal to q and zero otherwise.
Using the above discretization, the solution is then approximated by the sum of a finite
number of modes, i.e.

w(s, t) =
M∑
i=1

φi(s)qi(t) (2.53)

where the basis function φi(s) represents the mode shape, qi(t) represents the modal coordi-
nate, and M is the number of modes under consideration. We note that the basis function
is a comparable function as it satisfies the linear boundary conditions.

2.2.2 Third order non-linear equation of motion

To develop the third order non-linear equation of motion of modal coordinates, which from
now, will be referred as temporal amplitudes, we substitute w(s, t) =

∑M
i=1 φi(s)qi(t) for

w(s, t) into equation 2.18, which yields

ρ
M∑
i=1

q̈iφi + c1

M∑
i=1

q̇iφi + EIY

[
M∑
i=1

φ′′′′i qi +
M∑

i,j,k=1

qiqjqk(φ
′
i(φ
′
jφ
′′
k)
′)′

]
+müb

M∑
i=1

φ′′i qi

+
ρ

2

M∑
i,j,k=1

(
φ′iqi

∫ s

l

∫ θ

0

φ′jφ
′
k

d2

dt2
(qjqk) dy dθ

)′
− ρüb

M∑
i=1

qi (φ
′
i + (s− l)φ′′i )

−
M∑

i,j,k=1

mφ′′i qi
2

∫ l

0

φ′jφ
′
k

d2

dt2
(qjqk) ds = 0 (2.54)

By considering only M modes, the discretization doesn’t fully satisfy equation 2.18 in that
the right hand side may differ from zero. One could then represent this difference in equa-
tion 2.54 by a residue R on its right hand side. We employ Galerkin’s weighted residual
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procedure, for the formulation of the equation/s governing temporal amplitudes qi(t) that
require the residue to be orthogonal to the comparison functions φi(s), linear mode shapes
or basis functions [48,49]. Therefore, the equation is multiplied with a mode shape φr(s) and
integrated over the length of the beam. This procedure not only accounts for the residue but
also enables us to employ the orthogonality conditions as stated in equation 2.52 to develop
the governing equation/s of the temporal amplitudes.

Considering only one mode(M = 1) and using the orthogonal properties of the linear modes,
the individual terms in equation 2.54 are simplified as shown below:

q̈1

∫ l

0

ρφ1φ1 ds = q̈1 −mq̈1φ1(l)2

c1q̇1

∫ l

0

φ2
1 ds = c1q̇1

∫ l

0

φ2
1 ds

EIY q1

∫ l

0

φ1φ
′′′′
1 dx = ω2

1q1 + EIY q1φ
′′′
1 (l)φ1(l)

EIY q
3
1

∫ l

0

φ1(φ′1(φ′1φ
′′
1)′)′ ds = (EIY q

3
1φ1φ

′2
1 φ
′′′
1 )|s=l − EIY q3

1

∫ l

0

φ′21 (φ′1φ
′′
1)′ ds

mübq1

∫ l

0

φ1φ
′′
1 ds = mübφ

′
1(l)q1φ1(l)−mübq1

∫ l

0

φ′21 ds

ρq1(q̇2
1 +q1q̈1)

∫ l

0

φ1

(
φ′1

∫ s

l

∫ θ

0

φ′21 dy dθ

)′
ds = −ρq1(q̇2

1 +q1q̈1)

∫ l

0

φ′21

(∫ s

l

∫ θ

0

φ′21 dy dθ

)
ds

−ρübq1

∫ l

0

φ1(φ′1 + (s− l)φ′′1) ds = −ρübq1

∫ l

0

(l − s)φ′21 ds

−mq1(q1q̈1+q̇2
1)

∫ l

0

φ1φ
′′
1

(∫ l

0

φ′21 dy

)
ds = mq1(q1q̈1+q̇2

1)

[
−(φ′1φ1

∫ l

0

φ′21 ds)|s=l +

(∫ l

0

φ′21 ds

)2
]

The governing equation of first modal co-ordinate, q1, is then written as:

q̈1 + c1q̇1

∫ l

0

φ2
1 ds+ ω2

1q1 − EIY q3
1

∫ l

0

φ′21 (φ′1φ
′′
1)′ +mq1(q1q̈1 + q̇2

1)

[∫ l

0

φ′21 ds

]2

−mübq1

∫ l

0

φ′21 ds− ρq1(q1q̈1 + q̇2
1)

∫ l

0

φ′21

(∫ s

l

∫ θ

0

φ′21 dy dθ

)
ds− ρübq1

∫ l

0

(l − s)φ′21 ds

+φ1

(
−mq̈1φ1 + EIY q1φ

′′′
1 (1 + q2

1φ
′2
1 )−mq1(q1q̈1 + q̇2

1)

[∫ l

0

φ′21 ds

]
φ′1 +mübq1φ

′
1

)
|s=l = 0

(2.55)

The subscripts representing the mode shape are disregarded in the following sections for the
sake of convenience.
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2.2.3 Governing equations assuming linear boundary conditions

The linear boundary conditions corresponding to the shear balance at s = l is given by

(EIYw
′′′ −mẅ) |s=l = 0 (2.56)

Separating the variables, we rewrite equation 2.56 as

(EIY φ
′′′q −mφq̈) |s=l = 0

Using the linear boundary conditions, the governing equation 2.55 is re-written as

q̈ + c1q̇

∫ l

0

φ2 ds+ ω2q − EIY q3

∫ l

0

φ′2(φ′φ′′)′ +mq(q1q̈1 + q̇2
1)

[∫ l

0

φ′2 ds

]2

−mübq
∫ l

0

φ′2 ds− ρq(q1q̈1 + q̇1
2)

∫ l

0

φ′2
[∫ s

l

∫ θ

0

φ′2 dy dθ

]
ds− ρübq

∫ l

0

(l − s)φ′2 ds

+ φ

(
EIY φ

′′′φ′2q3
1 −mq(qq̈ + q̇2)

[∫ l

0

φ′2 ds

]
φ′ +mübq1φ

′
)∣∣∣∣

s=1

= 0 (2.57)

where q and φ are used respectively instead of q1 and φ1 for the sake of convenience.

The governing equation is then simplified to

q̈ + ω2q + 2µ1q̇ + δlq(qq̈ + q̇2) + αlq(t)
3 = ηlqf cos(Ωt+ τe) (2.58)

where

µ1 =
1

2
c1

∫ l

0

φ2 ds,

δl = −mφ′(l)φ(l)

(∫ l

0

φ′2 ds

)
+m

(∫ l

0

φ′2 ds

)2

+ρ

∫ l

0

φ′2
(∫ l

s

∫ θ

0

φ′2 dy dθ

)
ds, and (2.59)

αl = EIY φ
′′′(l)φ′2(l)φ(l)− EIY

∫ l

0

φ′2(φ′φ′′)′ ds (2.60)

Equation 2.58 constitutes a balance of forces that includes 2µ1q̇ which represents the force
due to linear damping, δlq(q̇

2 + qq̈) which represents the inertial force exerted by the tip
mass on the beam, and is a function of the beam’s displacement, and αlq

3 which represents
the force caused by geometric nonlinearities as a result of nonlinear strains arising from
large displacements. For a sinusoidal excitation with amplitude f and frequency Ω, the base
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acceleration is given by ub = f cos(Ωt+ τe), which yields üb = −fΩ2 cos(Ωt+ τe). As such,
we have

ηl = −Ω2

[
mφ′(l)φ(l) +m

∫ l

0

φ′2 ds+ ρ

∫ l

0

(l − s)φ′2 ds
]

(2.61)

where ηlqf cos(Ωt + τe) represents the effect of the external excitation, which is a function
of the displacement of the beam and tip mass.

2.2.4 Governing equations assuming non-linear boundary condi-
tions

The nonlinear boundary condition obtained by balancing the shear force at s = l is given by(
mübw

′ −mw′
∫ l

0

∂2

∂t2

(
w′2

2

)
ds+ EIY

(
w′′′w′2 + w′′2w′ + w′′′

)
−mẅ

)∣∣∣∣
s=l

= 0 (2.62)

Separating the variables, equation 2.62 is re-written as(
−mq̈φ+ EIY qφ

′′′(1 + q2φ′2)−mφ′q(qq̈ + q̇2)

(∫ l

0

φ′2 ds

)
+mübqφ

′
)
|s=l = 0

Using the nonlinear boundary conditions, the governing equation 2.55 is re-written as,

q̈ + ω2q + c1q̇

∫ l

0

φ2 ds+ q(qq̈ + q̇2)

[
m

(∫ l

0

φ′2 ds

)2

+ ρ

∫ l

0

φ′2
(∫ l

s

∫ θ

0

φ′2 dy dθ

)
ds

]

− EIY q3

∫ l

0

φ′2(φ′φ′′)′ ds = qüb

[
m

∫ l

0

φ′21 ds+ ρ

∫ l

0

(l − s)φ′2 ds
]

(2.63)

where q and φ are used to represent q1 and φ1 respectively for the sake of convenience. The
governing equation is then simplified to

q̈ + ω2q + 2µ1q̇ + δq(qq̈ + q̇2) + αq3 = ηqf cos(Ωt+ τe) (2.64)

where

µ1 =
1

2
c1

∫ l

0

φ2 ds, (2.65)

δ = m

(∫ l

0

φ′2 ds

)2

+ ρ

∫ l

0

φ′2
(∫ l

s

∫ θ

0

φ′2 dy dθ

)
ds, (2.66)

α = −EIY
∫ l

0

φ′2(φ′φ′′)′ ds, and (2.67)

For a sinusoidal excitation with amplitude f and frequency Ω, the base acceleration is given
by, ub(t) = f cos(Ωt+ τe), which yields üb(t) = −fΩ2 cos(Ωt+ τe). As such, we have

η = −Ω2

[
m

∫ l

0

φ′2 ds+ ρ

∫ l

0

(l − s)φ′2 ds
]

(2.68)
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2.3 Principal parametric resonance

In this section, we determine the steady response of beam tip-mass system subjected to
a principal parametric resonant excitation using the method of multiple scales. First, we
attack the distributed parameter system as represented in equations 2.18 - 2.22 with MMS
- which from now on will be referred as direct approach. Later, we attack the governing
equations of the first mode represented by equations 2.64 or 2.58 with MMS - which from
now on will be referred as discretized approach.

2.3.1 Approximate solution - Direct approach

Finding a closed form solution for the governing equation 2.18 and the boundary conditions
2.19 - 2.22 is a magnum opus, if not impossible. So, we apply the method of multiple scales
directly to the partial integro-differential equations similar to Yabuno et al. [42] and study
the response and stability characteristics of principle parametric response of the beam-mass
system. The first step in the Method of Multiple Scales is to scale the equation of motion
with a bookkeeping parameter, ε, that signifies the level to which the different terms in
equations affect the response [46,50]. To do so, we re-write the equations as:

ρẅ + εc1ẇ + EIYw
′′′′ + εEIY [w′(w′w′′)′]′ + ε

ρ

2

(
w′
∫ s

l

∫ θ

0

∂2

∂t2
(
w′2
)
dy dθ

)′
− εmw

′′

2

∫ l

0

∂2

∂t2
(
w′2
)
ds+ εüb [mw′′ − ρ (w′ + (s− l)w′′)] = 0 (2.69a)

(
εmübw

′ − εmw′
∫ l

0

∂2

∂t2

(
w′2

2

)
ds+ εEIY

(
w′′′w′2 + w′′2w′

)
+ EIYw

′′′ −mẅ
)∣∣∣∣

s=l

= 0

(2.69b)

w(2,0)(l, t) = 0,
∂w(s, t)

∂s

∣∣∣∣
s=0

= 0, and w(0, t) = 0 (2.69c)

The parametric resonance of the cantilever beam mass system occurs when the excitation
frequency is assumed to be close to twice of natural frequency. As such, we represent the
nearness to the principal parametric resonant frequency as:

Ω = 2ω + εσ

where ω is the first natural frequency of beam and tip mass system and σ is a detuning factor,
ε is used to signify that the excitation frequency is very close to 2ω. This representation
has the advantage of identifying secular or nearly secular terms that lead to non-physical
solutions [50].
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To tackle the different rate of contributions in the system, we introduce two independent
fast and slow time scales T0 and T1 defined by

Tn = εnt n = 0, 1

It follows that t ≡ t(T0, T1). Using the chain rule of differentiation, we let

D

Dt
=

∂

∂T0

+ ε
∂

∂T1

≡ D0 + εD1 (2.70a)

and
D2

Dt2
=

∂2

∂T 2
0

+ 2ε
∂2

∂T1∂T0

+ ε2
∂2

∂T 2
1

≡ D2
0 + 2εD0D1 + ε2D2

1 (2.70b)

The solution of w(s, t) is then expressed as a series in ε of the form

w(s, t, ε) = w0(s, T0, T1) + εw1(s, T0, T1) + ε2w2(s, T0, T1) + ... (2.71)

Next, we substitute equations 2.70a, 2.70b and 2.71 into the governing equation and bound-
ary conditions and retain terms up-to ε1. Because ε is a small number, terms of the order ε0

and ε1 on the left and right hand sides of equations after making the substitutions must be
equal, which yields the O(ε0) equation and boundary conditions as

ρD2
0w0 + EIYw

′′′′
0 = 0 (2.72a)

w0|s=0 = 0 w′0|s=0 = 0 (2.72b)

w′′0 |s=l = 0 |EIYw′′′0 = mD2
0w0|s=l (2.72c)

Equations 2.72a - 2.72c represents a free vibration eigen value problem whose characteristic
equation 2.74 is transcendental and hence the solution is an infinite series. Since, this is
a principal parametric excitation, the contribution of higher modes will decay due do the
damping in system. Therefore, the solution of w0 considering only the first mode can be
represented as:

w0 = φ0(s)
[
A(T1)ejωT0 + cc

]
(2.73a)

φ0(s) = sin (λ1s)− sinh (λ1s)−
[

sin (λ1l) + sinh (λ1l)

cos (λ1l) + cosh (λ1l)

]
(cos (λ1s)− cosh (λ1s)) (2.73b)

where, λ1 =
(
ω2
1ρ

EIY

)
is the smallest solution of the characteristic equation.

ρ [cos (λl) cosh (λl) + 1] +mλ [cos (λl) sinh (λl)− sin (λl) cosh (λl)] = 0 (2.74)

The O(ε1) equation and boundary conditions are written as

ρD2
0w1 + EIYw

′′′′
1 = −c1D0w0 − 2ρD0D1w0 −

1

2
ρ

(
w′0

∫ s

l

∫ θ

0

D2
0w
′2
0 dy dθ

)′
+

1

2
mw′′0

∫ l

0

D2
0w
′2
0 ds− EIY

(
w′′30 + 4w′0w

′′
0w
′′′
0 + w′20 w

′′′′
0

)
+

1

2
fΩ2

[
ej(ΩT0+τe) + e−j(ΩT0+τe)

]
(−ρ(w′0 + (s− l)w′′0) +mw′′0) (2.75a)



Vamsi C. Meesala Chapter 2. Modeling vibrations of nonlinear continuous systems 20

w1|s=0 = 0 w′1|s=0 = 0 w′′1 |s=l = 0 (2.75b)

∣∣∣∣−mD2
0w0 + EIYw

′′′
0 = 2mD0D1w0 +

1

2
fmΩ2w′0

[
ej(ΩT0+τe) + e−j(ΩT0+τe)

]
+

1

2
mw′0

∫ l

0

D2
0w
′2
0 ds− EIY (w′0w

′′2
0 + w′20 w

′′′
0 )

∣∣∣∣
s=l

(2.75c)

The solution of w1 free of secular terms can be represented as:

w1(s, T0, T1) = φ1(s, T1)ejωT0 + c.c (2.76)

To identify secular terms and yield the solvability conditions, we multiply and integrate the
equation 2.75a with e−jωT0 . This treatment will retain only the secular terms in the equation
2.75a. Using Ω = 2ω + εσ and εT0 = T1, we re-write the O(ε) equations as

− ρω2φ1 + EIY φ
′′′′
1 = −jωAc1φ0 − 2jρωφ0A

′ + 2ω2ρA2A

(
φ′0

∫ s

l

∫ θ

0

φ′20 dy dθ

)′
− 2mω2A2Aφ′′0

∫ l

0

φ′20 ds− 3EIYA
2A
(
φ′′30 + 4φ′0φ

′′
0φ
′′′
0 + φ′20 φ

′′′′
0

)
+

1

2
f(2ω + εσ)2ej(σT1+τe)A (−ρ(φ′0 + (s− l)φ′′0) +mφ′′0) ≡ H1 (2.77a)

φ1(0) = 0 φ′1(0) = 0 φ′′1(l) = 0 (2.77b)

∣∣∣∣mω2φ1 + EIY φ
′′′
1 = 2jmωφ′0A

′ +
1

2
fm(2ω + εσ)2ej(σT1+τe)Aφ′0

−2mω2A2Aφ′0

∫ l

0

φ′20 ds− 3EIYA
2Aφ′0(φ′′20 + φ′0φ

′′′
0 )

∣∣∣∣
s=l

≡ H2 (2.77c)

Next, we multiply an adjoint solution, u(s), which will be specified later, by equation 2.77a
and integrate it over the domain, which yields∫ l

0

(−ρω2φ1 + EIY φ
′′′′
1 )u ds =

∫ l

0

H1u ds (2.78a)

using integration by parts, the integrals are transferred to u as,∫ l

0

(−ρω2u+ EIY u
′′′′)φ1 ds+ [EIY φ

′′′
1 u− EIY φ′′1u′ + EIY φ

′
1u
′′ − EIY φ1u

′′′]
s=l
s=0 =

∫ l

0

H1u ds

(2.78b)
The adjoint equation of the homogeneous equation of 2.77a (H1=0) is defined as the coeffi-
cient of φ1 in the integrand on left-hand side as:

− ρω2u+ EIY u
′′′′ = 0 (2.78c)
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Considering the homogeneous boundary conditions in equations 2.77b, 2.77c and 2.78c
(H2=0), equation 2.78b can simplified to[

−(mω2u+ EIY u
′′′)φ1 + EIY φ

′
1u
′′]
s=l
− [EIY φ

′′′
1 u− EIY φ′′1u′]s=0 = 0 (2.78d)

The available boundary conditions don’t provide any information about φ1(l), φ′1(l), φ′′′1 (0)
and φ′′1(0). Nevertheless, irrespective of their values, equation 2.78d should be uniquely
satisfied. This imposes the boundary condition on the adjoint solution as:

u(0) = 0 u′(0) = 0 u′′(l) = 0 (2.78e)

[mω2u+ EIY u
′′′]s=l = 0 (2.78f)

From the adjoint system represented by the equations 2.78c, 2.78e and 2.78f and homo-
geneous O(ε1) system, it can be said that the O(ε1) equations are a self-adjoint system.
Equations 2.78c, 2.78e and 2.78f are identical to O(ε) equations, therefore, the non-trivial
solution of the adjoint system is:

u(s) = φ0(s) (2.79)

Because the homogeneous system has a non-trivial solution, the non-homogeneous system
requires a solvability condition for determined the solution [46], which is determined as
follows. Using the well-defined adjoint system from equations 2.78c - 2.78f and considering
the actual boundary conditions of φ1, equation 2.78b can be re-written as:∫ l

0

H1φ0 ds = H2φ0(l) (2.80a)

∫ l

0

[
−jωAc1φ0 − c2g1φ

2
0 − 2jρωφ0A

′ + 2ω2ρA2A

(
φ′0

∫ s

l

∫ θ

0

φ′20 dy dθ

)′
−2mω2A2Aφ′′0

∫ l

0

φ′20 ds− 3EIYA
2A
(
φ′′30 + 4φ′0φ

′′
0φ
′′′
0 + φ′20 φ

′′′′
0

)
+

1

2
f(2ω + εσ)2ej(σT1+τe)A (−ρ(φ′0 + (s− l)φ′′0) +mφ′′0)

]
φ0 ds = φ0 [2jmωφ0A

′

+
1

2
fm(2ω + εσ)2ej(σT1+τe)Aφ′0 − 2mω2A2Aφ′0

∫ l

0

φ′20 ds− 3EIYA
2Aφ′20 φ

′′′
0

]∣∣∣∣
s=l

(2.80b)

Using the polar representation of A, as A(T1) = 1
2
a(T1)ejβ(T1), equation 2.80b can be simpli-
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fied as:∫ l

0

[
−1

2
jωac1φ0 − jρωφ0 (a′ + jβ′a) +

1

4
ω2ρa3

(
φ′0

∫ s

l

∫ θ

0

φ′20 dy dθ

)′
−1

4
mω2a3φ′′0

∫ l

0

φ′20 ds−
3

8
EIY a

3
(
φ′′30 + 4φ′0φ

′′
0φ
′′′
0 + φ′20 φ

′′′′
0

)
+

1

4
f(2ω + εσ)2ej(σT1+τe)ae−2jβ (−ρ(φ′0 + (s− l)φ′′0) +mφ′′0)

]
φ0 ds = φ0 [jmωφ0 (a′ + jβ′a)

+
1

4
fm(2ω + εσ)2ej(σT1+τe)ae−2jβφ′0 −

1

4
mω2a3φ′0

∫ l

0

φ′20 ds−
3

8
EIY a

3φ′20 φ
′′′
0

]∣∣∣∣
s=l

(2.81)

Separating the real and imaginary parts yields

aβ′
[∫ l

0

ρωφ2
0 ds+mωφ0(l)2

]
= a3

[
−
∫ l

0

1

4
ω2ρ

(
φ′0

∫ s

l

∫ θ

0

φ′20 dy dθ

)′
φ0 ds

+

∫ l

0

1

4
mω2φ′′0

(∫ l

0

φ′20 ds

)
φ0 ds+

3

8

∫ l

0

EIY (φ′0(φ′0φ
′′
0)′)′φ0 ds−

1

4
mω2φ0(l)φ′0(l)

(∫ l

0

φ′20 ds

)
−3

8
EIY φ0(l)φ′20 (l)φ′′′0 (l)

]
+

1

4
af(2ω+εσ)2 cos(σT1+τe−2β)

[∫ l

0

(ρ[φ′0 + (s− l)φ′′0]−mφ′′0)φ0 ds

+mφ0(l)φ′0(l)] (2.82a)

a′ω

[
−
∫ l

0

ρφ2
0 ds−mφ0(l)2

]
=

1

2
aωc1

(∫ l

0

φ2
0 ds

)
+

1

4
af(2ω + εσ)2 sin(σT1 + τe − 2β)

[∫ l

0

(ρ[φ′0 + (s− l)φ′′0]−mφ′′0)φ0 ds+mφ0(l)φ′0(l)

]
(2.82b)

Defining

γ = σT1 + τe − 2β =⇒ D1β =
1

2
[−D1γ + σ]

µ1D =
1

2

c1

∫ l
0
φ2

0 ds∫ l
0
ρφ2

0 ds+mφ0(l)2

αD =

∫ l
0
EIY (φ′0(φ′0φ

′′
0)′)′φ0 ds− EIY φ0(l)φ′20 (l)φ′′′0 (l)∫ l
0
ρφ2

0 ds+mφ0(l)2
=
−
∫ l

0
EIY φ

′2
0 (φ′0φ

′′
0)′ ds∫ l

0
ρφ2

0 ds+mφ0(l)2

δD =
ρ
∫ l

0

(
φ′0
∫ s
l

∫ θ
0
φ′20 dy dθ

)′
φ0 ds−m

[∫ l
0
φ′′0

(∫ l
0
φ′20 ds

)
φ0 ds− φ0(l)φ′0(l)

(∫ l
0
φ′20 ds

)]
∫ l

0
ρφ2

0 ds+mφ0(l)2
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which can be re-written as

δD =
ρ
∫ l

0
φ′20

(∫ l
s

∫ θ
0
φ′20 dy dθ

)
ds+m

(∫ l
0
φ′20 ds

)2

∫ l
0
ρφ2

0 ds+mφ0(l)2

and

ηD =
−(2ω + εσ)2

[∫ l
0

(ρ[φ′0 + (s− l)φ′′0]−mφ′′0)φ0 ds+mφ0(l)φ′0(l)
]

∫ l
0
ρφ2

0 ds+mφ0(l)2

which can be re-written as

ηD =
−(2ω + εσ)2

[
ρ
∫ l

0
(l − s)φ′20 ds+m

∫ l
0
φ′20 ds

]
∫ l

0
ρφ2

0 ds+mφ0(l)2

yields the amplitude and phase modulation equations as:

a

(
σω

2
− 1

2
ωγ′
)
− a3

(
3αD

8
− δDω

2

4

)
= −1

4
afηD cos(γ) (2.83a)

ωa′ + aµ1Dω =
1

4
afηD sin(γ) (2.83b)

and the approximate solution is given by

w(s, t) ≈ 1

2
φ0(s)ae

1
2
j(Ωt+τe−γ) + ... (2.84)

2.3.2 Approximate solution - Discretized approach

Next, we tackle the discretized equation of the first mode determined in the previous section
2.2.4 with the method of multiple scales. To this end, we scale equations 2.64 in a similar
way to the equation 2.69 and write

q̈ + ω2q + 2εµ1q̇ + εδq(q̇2 + qq̈) + εαq3 = εηqf cos(Ωt+ τe) (2.85)

Using the same time scales defined in section 2.3.1 and expressing the solution of q(t) is then
expressed as a series in ε of the form

q(t, ε) = q0(T0, T1) + εq1(T0, T1) + ε2q2(T0, T1) + ... (2.86)

we obtain the order ε0 and ε1 equations as:
O(ε0) equation

D2
0q0 + q0ω

2 = 0 , and (2.87)
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O(ε1) equation

D2
0q1 + q1ω

2 = −δq0 (D0q0)2 − δq2
0D

2
0q0 − 2µ1D0q0 − 2D0D1q0 − αq3

0

+
1

2
fηq0e

iτe+iT0Ω +
1

2
fηq0e

−iτe−iT0Ω (2.88)

The solution of linear differential equation 2.87 is of the form:

q0 = A(T1)ejωT0 + Ā(T1)e−jωT0 = A(T1)ejωT0 + cc (2.89)

Using this solution, we rewrite the different terms that contain q0 in equation 2.88 as

−δq0 (D0q0)2 = δω2A3e3jT0ω − δω2A2ĀejT0ω + cc

−δq2
0D

2
0q0 = δω2A3e3jT0ω + 3δω2A2ĀejT0ω + cc

−2µ1 (D0q0) = −2jωAµ1e
jT0ω + cc

−2 (D0D1q0) = −2jωA′ejT0ω + cc

−αq3
0 = −αA3e3jωT0 − 3ejT0ωαA2Ā+ cc

Using Ω = 2ω + εσ, the excitation terms are written as

1

2
fηq0e

jτe+iT0Ω +
1

2
fηq0e

−jτe−iT0Ω =
1

2
fηAe−jσT1−jωT0−jτe +

1

2
fηAejσT1+3jωT0+jτe + cc

Because the solution is assumed to be periodic, the sum of all secular terms, which lead
to non-periodic solutions, is equated to zero. To this end, upon substituting the above
expansions into the equation 2.88, we obtain

− 3A2αĀ+
1

2
ejσT1+jτefηĀ+ 2A2δω2Ā− 2jωD1A− 2jAωµ1 = 0, and (2.90)

− 3Ā2αA+
1

2
e−jσT1−jτefηA+ 2Aδω2Ā2 + 2jωD1Ā+ 2jĀωµ1 = 0 (2.91)

These two equations provide valuable information about D1A and D1Ā that can be used
to study the progression of the amplitude of the response in time. The two equations are
complex conjugates to each other, so satisfying one equation will automatically satisfy the
other.

Substituting 1
2
aejβ for A and 1

2
ae−jβ for Ā into equation 2.90 yields,

− 2jω

(
1

2
a′ +

1

2
jaβ′

)
− 3

8
αa3 +

1

4
a3δω2 − jaµ1ω +

1

4
afηejγ − g1µ2 = 0 (2.92)
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where −2β(T1) + τe + σT1 is replaced by γ(T1) to remove the explicit dependence on T1.
Therefore, β′(T1) = 1

2
[−γ′(T1) + σ]. Substituting for the value of β′ and separating the real

and imaginary parts, we obtain the amplitude and phase modulation equations as

a

(
σω

2
− 1

2
ωγ′
)
− a3

(
3α

8
− δω2

4

)
= −1

4
afη cos(γ) (2.93a)

ωa′ + aµ1ω =
1

4
afη sin(γ) (2.93b)

It is noted that the parameters µ1,α,δ,η defined above are equivalent to µ1D,αD,δD,ηD used
in the section 2.3.1. Therefore, amplitude and phase modulation equations 2.83a and 2.83b
derived using direct method by determining solvability conditions are identical to amplitude
and phase modulation equations 2.93a and 2.93b derived using the Galerkin discretization
and by considering nonlinear boundary conditions. This re-affirms the importance of con-
sidering the nonlinear boundary conditions while applying modal analysis.

The steady state equations are obtained by setting ȧ = 0 and γ̇ = 0 in equations 2.93a and
2.93b. Squaring and adding these equations yields a relation between the amplitude of the
response, a, and the system’s parameters as a function of the detuning parameter, σ, and
the amplitude of the response f . By squaring and adding the , we obtain the amplitude
response function [

σω

2
+ a2

(
−3α

8
+
δω2

4

)]2

+ ω2µ2
1 =

η2f 2

16
(2.94)

2.4 Results and discussion

In this section, we evaluate the importance of considering and neglecting nonlinear boundary
conditions while developing the discretized governing equations.

2.4.1 Linear vs non-linear boundary conditions

Comparing equations 2.59 - 2.61 with equations 2.66 - 2.68, we note assuming linearized
boundary conditions has resulted in additional terms for the forces related to geometric
nonlinearities, inertial nonlinearities and the external excitation. As will be shown below, the
options of considering or not considering these terms yield significantly differing responses.
To emphasize this, we consider a carbon fiber/epoxy resin composite beam and tip mass
system with the physical properties listed in Table 2.1.
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Table 2.1: Material and geometric properties of the beam-tip mass system.

Parameter [units] Value

Mass per unit length, ρ [g/m] 21

Young’s modulus, E) [GPa] 43

Length, l [mm] 150

Thickness, h [mm] 0.5

Width, b [mm] 30

Tip mass, m [gm] 5

Area moment of inertia, IY = 1
12
bh3 [mm4] 312.5

Using the characteristic equation 2.51 and modal analysis presented in section 2.2.1, we
determine that

φ(s) ≈ 14.67 [ sinh(7.55s)− sin(7.55s) ] + 15.76 [ cos(7.55s)− cosh(7.55s) ]

Using equations 2.59 - 2.61 and the expression for φ(s), we obtain

δl ≈ −1149.91 Kg−1m−2, αl ≈ −1.48× 107 Kg−1m−2s−2, and ηl ≈ −16.91Ω2 m−1s−2

(2.95)
Using equations 2.66 - 2.68 and the expression for φ(s), we obtain

δ ≈ 10776.1 Kg−1m−2, α ≈ 1.6× 107 Kg−1m−2s−2, and η ≈ −8.31Ω2 m−1s−2 (2.96)

Although there are considerable differences between the parameter values generated by con-
sidering linear or nonlinear boundary conditions, we note that the coefficients of cubic non-
linearities are affected the most. Particularly we note the change in its sign that suggests
a change from a softening response when linear boundary conditions are assumed to hard-
ening response when nonlinear boundary conditions are accounted for. From equations
2.59, 2.60, 2.66 and 2.67, the change in sign of coefficient of cubic nonlinearities can be

attributed to the fact that φ′′′(l)φ′2(l)φ(l) <<
∫ l

0
φ′2(φ′φ′′)′ ds and mφ′(l)φ(l)

(∫ l
0
φ′2 ds

)
>

m
(∫ l

0
φ′2 ds

)2

+ ρ
∫ l

0
φ′2
(∫ l

s

∫ θ
0
φ′2 dy dθ

)
ds. Also, we note that the change in this behavior

is independent of E and IY but has an implicit dependence on ρ, m and l. From equation
2.94, the steady state amplitude response relation is determined as:

µ2
1 +

1

4

(
σ + 17316.63a2

)2
= 8.6Ω2f 2 × 10−3 (2.97)

when assuming linearized boundary conditions, and
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µ2
1 +

1

4

(
σ − 217475.36a2

)2
= 2.07Ω2f 2 × 10−3 (2.98)

when the nonlinearities are accounted for in the boundary conditions.
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Figure 2.4: Principal parametric response of beam and tip mass system when µ1 = 0.05 s−1

and for (a) positive detuning εσ = 0.038 rad/s and (b) negative detuning εσ = −0.038 rad/s.
The response is represented as micro strain at 2 cm from the base excitation and appropriate
η or ηl has been chosen to nondimensionalize the forcing.

Figure 2.4(a) shows comparison the response of beam with a tip mass system for a positive
detuning, σ = 0.038 rad/s for linearized and nonlinear boundary conditions. It is noted that
the response assuming nonlinear boundary conditions is of sub-critical bifurcation type and
that of assuming linear boundary conditions is of supercritical bifurcation type. The nature
of response is reversed when considering a negative detuning, σ = −0.038 rad/s as shown in
figure 2.4(b).

2.5 Conclusions

In this chapter, we presented an extensive theoretical modeling of beam with a tip mass
system subjected to parametric excitation. We showed that the modulation equations de-
termined when the PDE and boundary conditions are directly attacked with the method of
multiple scales are equivalent to those determined when implementing the method of mul-
tiple scales onto discretized ODE which is developed by assuming full nonlinear description
of boundary conditions. We also showed that neglecting the nonlinear boundary conditions
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while developing the discretized governing equation of temporal modes can significantly alter
the response. In particular, we demonstrated that for the problem under consideration, the
sign of the cubic nonlinearity coefficients are opposite to the one obtained when assuming
linearized boundary conditions are neglected to that of when considered. From figure 2.4(a)
and 2.4(b) we showed that, nature of Hopf bifurcation is exactly opposite and the amplitudes
of response are considerably different when considering linearized and nonlinear boundary
conditions. From the analysis and results discussed in this chapter, it can be concluded that,
though neglecting nonlinear boundary conditions can simplify the math in determining the
governing equations, the representation of response can be significantly altered.



Chapter 3

Parameter sensitivity of cantilever
beam with tip mass to parametric
excitation

The cantilever beam with a tip mass configuration has been used to model robotic arms
[6,7], antenna masts [8,9], wings with store configurations [10–15], energy harvesting devices
[16–22], vibrating beam gyroscopes [23,24] and bio/chemical sensors [25–31]. In all of these
applications, there is a need for matching the system’s response with a predicted value
in order to determine a quantity of interest. For instance, in a bio/chemical sensor, the
objective would be to detect the presence of target bio-materials by assessing a very small
change in the static or dynamic response of the beam-mass system caused by the binding of
the bio-material mass to the beam. In the static response, the bending or deflection of the
beam is related to the value of the additional mass. In the dynamic resonant response, the
presence of the added mass is detected by measuring a shift in the resonance frequency of the
cantilever beam. Although the analysis seems straightforward, determining the resonance
frequency may require additional evaluation because the dynamic resonant response depends
on small variations in the beam’s dimensions, material properties, operational conditions
such as environmental thermal effects, and fatigue induced by cyclic loading. Subsequently,
any uncertainty in the beam’s dimensions, the mass value or material properties can result
in inaccurate estimates of the natural frequency, which may induce discrepancies between
the proposed cantilever beam-mass model and predicted values and experimental results,
thereby compromising the fidelity of the model representing the device.

The effects of discrepancies in representative parameters on the response of a beam mass
system can be quantified by performing a sensitivity analysis of the response to variations in
these parameters. Alternatively, one may think of exploiting these effects in order to detect
changes in the parameters that can be associated with additional mass and manufacturing
or operational conditions such as the ones discussed above. The sensitivity analysis becomes

29
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more challenging in applications where nonlinear effects cannot be neglected or are of pri-
mary interest. For example in the case of the bio mass sensor, Younis and Nayfeh [51] noted
that accurate frequency response requires accurate representation of the nonlinearities of an
electrically actuated micro beam subjected to axial loading. Zhang et al. [30] and Zhang
and Turner [31] showed that the jump phenomenon in the principal parametric resonance
of a micro cantilever can be utilized for mass sensing with significantly higher sensing ca-
pability in comparison to linear resonant type sensors. Often, when considering a nonlinear
response, the type and point of bifurcation are highly sensitive to the system’s nonlinearities.
Perturbation analysis around this point provides a capability to assess the sensitivity of the
response to small variations in the model parameters.

In this chapter, we consider a cantilever beam with a tip mass under parametric excitation
and use the mathematical model developed in chapter 2 to assess its nonlinear response and
perform sensitivity analysis of the nonlinear response to variations in the elasticity (stiff-
ness) and additional mass of the beam and tip mass system. Using a discretized form of
the governing equation, we evaluate this sensitivity by implementing the Method of Mul-
tiple Scales [46, 50]. We choose the discretized equation as the analysis is more intuitive
in comparison to the direct approach, which involves solving five nonlinear integro-partial
differential equations. Particular attention is paid to determining the effects of varying the
system’s parameter on changing the type of bifurcation under different resonance conditions.
Although nonlinear and damping terms in the governing equation are of O(ε) and hence one
could assume that a solution considering the modulation equations up to O(ε) is appropriate,
the small uncertainties in the nonlinear parameter are of the order O(ε2) in the governing
equation, which requires a solution considering the modulation equations up to O(ε2). To
be consistent and identify the sensitivity of the response from equilibrium solution, we will
compare the O(ε2) solutions for the governing equations with and without small variations
in their parameters.

3.1 Governing equations

A schematic of the cantilever beam with a tip mass subjected to parametric excitation is
presented in figure 3.1. The beam with length l, width b, thickness h, and mass per unit
length ρ, is clamped at the base where it is subjected to a harmonic excitation at twice its
natural frequency. Assuming that the beam is in-extensible and that the Euler-Bernoulli
beam theory is applicable the governing equation, derived in chapter 2, is written as
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ρẅ + c1ẇ + EIY (w′′′′ + [w′(w′w′′)′]′) +mübw
′′ +

ρ

2

(
w′
∫ s

l

∫ θ

0

∂2

∂t2
(
w′2
)
dy dθ

)′
− ρüb (w′ + (s− l)w′′)− mw′′

2

∫ l

0

∂2

∂t2
(
w′2
)
ds = 0 (3.1)

where the modulus of elasticity E, the damping coefficient c1, the second moment of the
area IY , l, ρ, and tip mass m are assumed to be constants, and üb is the base acceleration.
The primes and dots represent respectively the derivatives of w(s, t) with respect to the
coordinate s and time t, and y and θ are used as dummy variables. The natural nonlinear
boundary conditions at s = l are determined from the moment and the shear boundary
conditions and are given by(

EIYw
′′w′2 + EIYw

′′) |s=l = 0 =⇒ w′′(l, t) = 0 (3.2)

(
mübw

′ −mw′
∫ l

0

∂2

∂t2

(
w′2

2

)
ds+ EIY

(
w′′′w′2 + w′′2w′ + w′′′

)
−mẅ)|s=l = 0 (3.3)

At s = 0, the essential boundary conditions are written as

w(0, t) = 0
∂w(s, t)

∂s

∣∣∣∣
s=0

= 0 (3.4)

Implementing the Galerkin discretization, the governing equation of the first mode is written
as:

q̈ + ω2q + q(qq̈ + q̇2)

[
m

(∫ l

0

φ′2 ds

)2

+ ρ

∫ l

0

φ′2
(∫ l

s

∫ θ

0

φ′2 dy dθ

)
ds

]

− EIY q3

∫ l

0

φ′2(φ′φ′′)′ ds+ c1q̇

∫ l

0

φ2 ds

= qüb

[
m

∫ l

0

φ′21 ds+ ρ

∫ l

0

(l − s)φ′2 ds
]

(3.5)

where q and φ are respectively the temporal modal displacement and linear mode shape
corresponding to the first mode. The governing equation is alternatively written as:

q̈ + ω2q + 2µ1q̇ + δq(qq̈ + q̇2) + αq3 = ηqf cos(Ωt+ τe) (3.6)

where

µ1 =
1

2
c1

∫ l

0

φ2 ds ≡ ζω, (3.7)
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Figure 3.1: Schematic of the beam with tip mass system. The vertical line represents the
undeformed state and the curved line represents a general deformed state. The schematic on
the right hand side is used to define the geometry and depict the in-extensibility condition,
pp1 = pp′1

δ = m

(∫ l

0

φ′2 ds

)2

+ ρ

∫ l

0

φ′2
(∫ l

s

∫ θ

0

φ′2 dy dθ

)
ds, (3.8)

α = −EIY
∫ l

0

φ′2(φ′φ′′)′ ds, and (3.9)

For a sinusoidal excitation with amplitude f and frequency Ω, the base acceleration is given
by ub(t) = f cos(Ωt+ τe), which yields üb(t) = −fΩ2 cos(Ωt+ τe). As such, we write

η = −Ω2

[
m

∫ l

0

φ′2 ds+ ρ

∫ l

0

(l − s)φ′2 ds
]

(3.10)
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3.2 Sensitivity analysis

Next, we employ the method of multiple scales to determine the approximate solution and to
study the stability characteristics of the response governed by equation 3.6 when subjected
to small variations in elasticity and tip mass. First, we investigate the principal parametric
resonance response characteristics of the beam tip mass system without any variations in
its parameters by appropriately scaling contributions of the different terms in the governing
equation 3.6 as:

q̈ + ω2q + 2εµ1q̇ + εδq
(
q̇2 + qq̈

)
+ εαq3 = εηqf cos(Ωt+ τe) (3.11)

where the forcing frequency is given by Ω = 2ω + εσ. Here, εσ is a small detuning param-
eter that quantifies the difference between the excitation frequency and twice the natural
frequency of the first mode of the beam and tip mass system.

As discussed above, any small uncertainty in the nonlinear parameters due to variations in
elasticity and tip mass is of order O(ε2) in the governing equation 3.11, which requires the
derivation of the modulation equations up to O(ε2) to capture their influence. As such, we
first compare the approximate solutions and response functions of the original system, with
no parameter variations, when implementing O(ε) and O(ε2) approximations.

3.2.1 Approximate solution

To obtain an approximate solution using the method of multiple scales, we introduce three
independent time scales T0, T1 and T2 defined by

Tn = εnt n = 0, 1, 2

Using the chain rule of differentiation, we expand the derivatives up to O(ε2) and write:

D

Dt
=

∂

∂T0

+ ε
∂

∂T1

+ ε2
∂

∂T2

≡ D0 + εD1 + ε2D2 (3.12a)

and

D2

Dt2
=

∂2

∂T 2
0

+ 2ε
∂2

∂T1∂T0

+ ε2
(

2
∂2

∂T0∂T2

+
∂2

∂T 2
1

)
≡ D2

0 + 2εD0D1

+ ε2
(
D2

1 + 2D0D2

)
(3.12b)

The solution of q(t) is then expressed as

q(t, ε) = q0(T0, T1, T2) + εq1(T0, T1, T2) + ε2q2(T0, T1, T2) + ... (3.13)
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Substituting equations 3.12a, 3.12b and 3.13 into the equation 3.11, retaining terms up-to
O(ε2) and equating terms of the order ε0, ε1 and ε2 on the left and right hand sides of equa-
tion 3.11, we obtain

ε0− order equation:
D2

0q0 + q0ω
2 = 0 , (3.14)

ε1− order equation:

D2
0q1 + q1ω

2 = −2D0D1q0 − δq0D0q
2
0 − δq2

0D
2
0q0 − δq0 (D0q0)2 − αq3

0 − 2µ1D0q0

+
1

2
fηq0e

iτe+iT0Ω +
1

2
fηq0e

−iτe−iT0Ω, and (3.15)

ε2− order equation:

D2
0q2 + q2ω

2 = −2D0D1q1 −D2
1q0 − 2D0D2q0 − 2δq0D0q0D0q1 − 2δq0D0q0D1q0

− δq1D0q
2
0 − 2δq2

0D0D1q0 − δq1D0q
2
0 − 2δq0q1D

2
0q0 − 3αq1q

2
0 − 2µ1D0q1 − 2µ1D1q0

+
1

2
fηq1e

iτe+iT0Ω +
1

2
fηq1e

−iτe−iT0Ω (3.16)

By eliminating the secular terms that result from substituting the solution of q0 from equa-
tion 3.14 into the ε1-order equation 3.15, we obtain the amplitude and phase modulation
equations as:

ȧ = ε
fη

4ω
a sin γ − εµ1a, and (3.17a)

γ̇ = εσ + ε
fη

2ω
cos γ − ε(3α− 2δω2)

4ω
a2 (3.17b)

where the steady state equations are obtained by setting ȧ = 0 and γ̇ = 0. Squaring
and adding these equations yields a relation between amplitude of the response, a, and the
system’s parameters as a function of the detuning parameter, σ, and the amplitude of the
response f .

µ2
1 +

[
1

2
σ − (3α− 2δω2)

8ω
a2

]2

=
f 2η2

16ω2
(3.18)

Carrying the same procedure to the ε2−order, i.e., finding the solution of q1, and substituting
it in equation 3.16, we obtain the following amplitude and phase modulation equations

ȧ = m11a sin γ +m21a
3 sin γ +m31a

3 +m41a, and (3.19a)

γ̇ = εσ −m12 cos γ −m22a
2 cos γ −m32a

2 −m42 −m52a
4 (3.19b)

where

m11 = −εfη(εσ − 2ω)

8ω2
, m21 = −ε2fη(5α + 6δω2)

64ω3
,
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m31 = ε2
(3α + 2δω2)µ1

8ω2
, m41 = −εµ1, m12 = ε

fη(εσ − 2ω)

4ω2
,

m22 = −ε2fη(α− 6δω2)

16ω3
, m32 = ε

(3α− 2δω2)

4ω
,

m42 = ε
3εf 2η2 − 32εω2µ2

1

32ω3
, and m52 = 3ε2

−5α2 − 12αδω2 + 12δ2ω4

128ω3
. (3.20a)

Squaring the steady state equations, obtained by setting ȧ = 0 and γ̇ = 0 and neglecting the
higher order terms [52], we obtain

32µ2
1ω

2 [a2ε (3α + 2δω2)− 4ω2]

[a2ε (5α + 6δω2) + 8ω(σε− ω)]
− a2 (3α− 2δω2)− 4σω

16 [a2ε (α− 6δω2) + 4ω(ω − σε)]
[
3ε
(
5a4α2

−4f 2η2
)

+ 12a2αω2
(
3a2δε− 4

)
+ 4a2δω4

(
8− 9a2δε

)
+ 64σω3 + 128µ2

1ω
2ε
]

= f 2η2 (3.21)

Table 3.1: Material and geometric properties of the beam-tip mass system.

Parameter [units] Value

Mass per unit length, ρ [g/m] 21

Young’s modulus, E) [GPa] 43

Length, l [mm] 150

Thickness, h [mm] 0.5

Width, b [mm] 30

Tip mass, m [gm] 5

Area moment of inertia, IY = 1
12
bh3 [mm4] 312.5

The sensitivity of the approximate solution to solving for the steady state amplitude of re-
sponse, a0, up to O(ε) and O(ε2) can be determined by comparing the amplitude response
functions of equations 3.18 and 3.21 with numerical solutions of the governing equations as
shown in figures 3.2(a) and 3.2(b). The goemetric and material propoerties of the beam and
tip mass are presented in Table 3.1. Figure 3.2(a) shows the sub-critical type principal para-
metric response of the beam and tip mass system for a positive detuning, εσ = 0.038 rad/s
and figure 3.2(b) shows the supercritical type response for a negative detuning εσ = −0.038
rad/s. The plots also show that the response predicted from the numerical simulations are
in excellent agreement with the steady state response predicted with equation 3.21.
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Figure 3.2: Principal parametric response of the beam and tip mass, represented as micro
strain at 2 cm from the base excitation where s/l = 0.133, when (a) εσ = 0.038 rad/s, (b)
εσ = −0.038 rad/s. The dots and circles represent respectively the numerically simulated
results of backward and forward sweeps.

3.2.2 Sensitivity to stiffness variation

From the linear eigenvalue problem and equation 3.9, the natural frequency and geometric
non linearity coefficients are a function of the linear stiffness through the following relations

ω =

(
EIY λ

4

ρ

) 1
2

, and (3.22)

α = −EIY
∫ l

0

φ′2(φ′φ′′)′ ds (3.23)

Given that the beam is in-extensible and the tip-mass and density of the beam are not altered,
the mode shape should not be affected. For the sake of analysis, we vary the elasticity and
write

E ′ = E(1 + εσE)

where, εσE represents the non dimensional change in the elasticity and ε denotes that the
term is smaller than 1. Consequently, we write

ω′
2

= ω2 + ω2εσE = ω2(1 + εσE), and (3.24)

α′ = α + αεσE = α(1 + εσE) (3.25)
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The forcing frequency is based on the natural frequency of the system and such that Ω =
2ω+ εσ. Incorporating the change in the parameters into the governing equation, we rewrite
the governing equation of the first mode as,

q̈ + ω′
2
q + 2εµ1q̇ + εδq

(
q̇2 + qq̈

)
+ εα′q3 = εηqf cos(Ωt+ τe) (3.26)

where α′ and ω′2 have been defined in equations 3.24 and 3.25.

Implementing the method of multiple scales as explained in the previous section, we obtain
the

ε0− order equation:
D2

0q0 + q0ω
2 = 0 , (3.27)

ε1− order equation:

D2
0q1 + q1ω

2 = −2D0D1q0 − δq2
0D

2
0q0 − δq0 (D0q0)2 − αq3

0 − q0σEω
2 − 2µ1D0q0

+
1

2
fηq0e

iτe+iT0Ω +
1

2
fηq0e

−iτe−iT0Ω, and (3.28)

ε2− order equation:

D2
0q2 + q2ω

2 = −2D0D1q1 −D2
1q0 − 2D0D2q0 − 2δq0D0q0D0q1 − 2δq0D0q0D1q0

− δq1D0q
2
0 − 2δq2

0D0D1q0 − δq1D0q
2
0 − 2δq0q1D

2
0q0 − 3αq1q

2
0 − αq3

0εσE − q1σEω
2

− 2µ1D0q1 − 2µ1D1q0 +
1

2
fηq1e

iτe+iT0Ω +
1

2
fηq1e

−iτe−iT0Ω (3.29)

By finding the solution of q0 and q1 while eliminating the secular terms that result from
substituting q0 and q1 respectively into the ε-order equation 3.28 and ε2-order equation
3.29, we obtain the amplitude and phase modulation equations as:

ȧ = m11a sin γ +m21a
3 sin γ +m31a

3 +m41a, and (3.30a)

γ̇ = εσ −m12a cos γ −m22a
3 cos γ −m32a

3 −m42a−m52a
5 (3.30b)

where

m11 = −εfη(εσ − 2ω)

8ω2
, m21 = −ε2fη(5α + 6δω2)

64ω3
,

m31 = ε2
(3α + 2δω2)µ1

8ω2
, m41 = −εµ1, m12 = ε

fη(εσ − 2ω)

4ω2
,

m22 = −ε2fη(α− 6δω2)

16ω3
, m32 = ε

(3α− 2δω2)(2 + εσE)

8ω
,

m42 = ε
3εf 2η2 + 32ω4σE − 8εω4σ2

E − 32εω2µ2
1

32ω3
, and
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m52 = 3ε2
−5α2 − 12αδω2 + 12δ2ω4

128ω3
. (3.30c)

Squaring the steady state equations, obtained by setting ȧ = 0 and γ̇ = 0 in equations 3.30a
and 3.30b, we obtain:

32µ2
1ω

2 [a2ε (3α + 2δω2)− 4ω2]

a2ε (5α + 6δω2) + 8ω(σε− ω)
− a2 (3α− 2δω2) + 4σEω

2 − 4σω

16 [a2ε (α− 6δω2) + 4ω(ω − σε)]
[
3ε
(
5a4α2

−4f 2η2
)

+ 12a2αω2
(
3a2δε− 4

)
+ 4a2δω4

(
8− 9a2δε

)
+16ω2

[
σE
(
a2ε
(
2δω2 − 3α

)
+ 2σEω

2ε− 4ω2
)

+ 8µ2
1ε
]

+ 64σω3
]

= f 2η2 (3.31)
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Figure 3.3: Sensitivity of the parametric response of the beam-tip mass system to small
variations in elasticity E = 43 GPa and Ω = 2ω − 0.038 rad/s

Figure 3.3 shows the change in the amplitude response function when the modulus of elas-
ticity is varied. Of particular interest is the notion that small variations can induce a drastic
change in the response in terms of the type of bifurcation. For properties used in this partic-
ular problem, a decrease in elasticity by 0.167% of the actual value (i.e., εσE ≈ −1.67×10−3)
changes the behavior from a supercritical Hopf bifurcation to a sub-critical one. In other
words, the extent of damage, represented by small reduction in the beam’s stiffness of a
beam-tip mass system that is designed for a supercritical response can be quantified by
testing it for a subcritical response under the same detuning conditions.

It is important to note the closeness of the bifurcation points for the original system and
for the one where the modulus of elasticity is reduced by 0.167%. It can be explained by
investigating the change in parameters governing the response of system. When the elasticity
is decreased by 0.167%, the value of modulus of elasticity is changed from E = 43 GPa to
E ′ = 42.928 GPa causing the natural angular frequency to decrease from ω = 45.596 rad/s
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to ω′ = 45.558 rad/s. Because the set detuning is, εσ = −0.038 rad/s and the excitation
frequency is Ω = 2ω+εσ = 91.154 rad/s, the change in natural frequency alters the detuning
that is being exerted on the system, which is hereafter referred as the effective detuning. This
effective detuning (σeff ) can be calculated from ω′ = 45.558 rad/s, which yields, εσeff =
Ω−2ω′ = 0.038 rad/s ≈ |εσ|. The minimum excitation amplitude that is required to produce
a non-zero response depends on the absolute magnitude of the detuning that is being exerted
on the system. As demonstrated above, since εσeff ≈ |εσ|, the bifurcation point, representing
the excitation amplitude at which the system produces a non-zero response in the original
system and when the elasticity decreases by 0.167% are approximately the same.

3.2.3 Sensitivity to variations in tip mass

The tip mass affects the natural frequency and mode shapes in a complicated way. Because
the mode shape influences all the coefficients in the governing equation, we develop the
governing equation for each value of the tip mass. Figures 3.4(a) and 3.4(b) show the
sensitivity of response to small variations in the tip mass for a particular forcing frequency
in each case. In particular, figure 3.4(a) presents the sensitivity of the response to changes
in the tip mass without changing the forcing frequency when the unaltered system (m = 5
gm) has a positive detuning of εσ = 0.038 rad/s. As the tip-mass is slightly increased it can
be seen that the limits of the sub-critical response change. This change can be attributed
to the fact that the increase in mass decreases the natural frequency of the system, thereby
increasing the effective detuning for a constant forcing frequency. Figure 3.4(b) presents
the sensitivity of response to a small change in the tip mass without changing the forcing
frequency when the unaltered system has a negative detuning of εσ = −0.038 rad/s. As
explained above, increasing the tip mass increases the effective detuning of the system. For
a system that initially had a negative detuning, an increase in the tip mass can potentially
make the effective detuning positive and thereby alters the bifurcation from a supercritical
Hopf bifurcation to a subcritical one as seen when the tip mass is increased to m = 5.0096
gm. This is quite drastic change in the behavior for a very small change in tip mass (about
0.19% in this case) and can potentially be exploited in MEMS application for mass sensing
or detection.

Couple of sample MATHEMATICA files, mass vary.nb and mass vary 0p0096.nb are in the
Appendix A.

3.3 Shift in bifurcation behavior - summary

In figures 3.3 and 3.4(b), we noted that a system excited with an expected response that
follows a supercritical bifurcation behavior can shift to a sub-critical behavior due to a
reduction in stiffness or the addition of tip mass. Next, we examine the extent to which this
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Figure 3.4: Sensitivity of parametric response of the beam-tip mass system to small variations
in tip mass when the excitation frequency (a) Ω = 2ωm=5 +0.038 rad/s and (b) Ω = 2ωm=5−
0.038 rad/s. The parameters chosen for nondimensionalizing acceleration are ω = 45.596
rad/s and η = −69127.320 m−1s−2 for postive detuning and η = −69012.193 m−1s−2 for
negative detuning.

change can be exploited to detect and quantify mass or stiffness variations. To this end, we
consider that a shift in bifurcation behavior can be detected when the bifurcation point of
the sub-critical curve meets the bifurcation point of actual supercritical curve exhibited by
the system. For instance, in the case of sensitivity of response to small variations in tip mass
retaining the stiffness as E = 43 GPa, as represented in figure 3.4(b), we consider the shift
in bifurcation behavior to be detectable when the tip mass is increased by 0.19%.

For a fixed stiffness, tip-mass values and a given initial detuning value, εσ, figure 3.5 shows
the range by which E, m or both of them should change to yield the change in the type of
bifurcation behavior. The results show that at higher detuning values, a larger change must
take place before a shift in the type of bifurcation takes place.

3.4 Conclusions

We performed a sensitivity analysis of the beam with a tip mass system subjected to para-
metric excitation for small variations in the values of the elasticity and tip mass. The analysis
was carried out by solving the system using the method of multiple scales with the objective
of detecting small variations in nonlinear parameters due small uncertainty in elasticity and
tip mass. For the problem considered, we illustrated that a decrease in elasticity can alter
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Figure 3.5: Required variation in stiffness and tip-mass to observe the change in the type of
bifurcation behavior for the considered beam and tip mass system (E = 43 GPa and m = 5
gm) for various values of initial detuning in the system.

the response of a system that is designed to yield a supercritical bifurcation to result in a
sub-critical bifurcation. We explained this change in the response by defining effective de-
tuning, which accounts for the fact that the change in elasticity affects the natural frequency
of the system and thereby affects the actual detuning. From the sensitivity analysis of tip
mass, we showed that a very small change of the order of 0.19% in the tip mass can cause
an appreciable effect in the response by changing the type of bifurcation. This observation
can potentially be applied for using parametrically excited micro-cantilever beams as sens-
ing devices. Introspecting the definition of effective detuning suggests that the sensitivity to
change in the tip mass is directly proportional to the closeness of the excitation frequency to
twice the natural frequency of original system, i.e., the detuning parameter σ. In the light
of this observation, we noted that the sensitivity of tip mass can be increased by decreasing
σ.



Chapter 4

Identification of nonlinear
piezoelectric coefficients

Attention to piezoelectric materials has increased dramatically in recent years. This interest
rises from their potential for their use in many applications for various objectives. They
have been suggested for developing self powered micro systems and sensors [53–58], active-
passive vibration control and damping systems [59–64], broadband energy harvesters [65–68]
and impedance based structural health monitoring devices [57, 69, 70]. In more recent stud-
ies, piezoelectric/ceramic materials have been proposed in biomedical applications as load
and wear sensors for knee joints [71, 72] and as receivers to oxygenate tumors and charge
pacemakers [73–75]. To augment the power generated, specific designs have been proposed
that produce large strains and thereby generating more power [76–78]. Extending the realm
of applications of piezoelectric materials comes with a price, as large strains can cause the
material to behave in a nonlinear manner and exhibit amplitude-dependent resonant fre-
quencies, super-harmonics in the response, saturation and hysteresis behaviors. As such,
identification of the nonlinear electromechanical constitutive relation must be performed to
design, analyze, optimize and/or exploit such behaviors.

Aurelle et al. [32] and Guyomar et al. [33] presented a nonlinear electromechanical consti-
tutive relation to study the saturation and hysteresis behavior that they observed in their
experiments on ultrasonic transducers. Wagner and Hagedorn [34] derived an equation for
the electric enthalpy density that accounts for nonlinearities in piezoelectric response. They
demonstrated that a bi-morph cannot be used to study the quadratic nonlinearities because
the symmetrical nature of the bi-morph eliminates the effects of quadratic nonlinearities. A
review of the nonlinear behavior of piezoelectric materials was presented by Leadenham and
Erturk [79]. We note that the most common approach employed to estimate the parame-
ters governing the nonlinear behavior in the above mentioned references has consisted of an
optimized curve fitting procedure and, postulate that there is a need to develop a holistic
parameter identification scheme that utilizes the vibration behavior.

42
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Analyzing the vibration behavior is probably the most insightful and physical way for pa-
rameter identification. Free vibration tests are commonly used for estimating damping ratio
of a structure and in piezoelectric energy harvesters. The frequency response functions of
displacement and voltage generated are used to identify characteristic capacitance and elec-
tromechanical coupling of the harvester. Nayfeh [80] presented a parameter identification
procedure for a generic nonlinear coupled oscillator that exploits the hysteresis and sub crit-
ical bufurcation exhibited by a generic oscillator. Zavodney [81] generalized the theory to
identify and estimate the nonlinearity in the system from random excitations and forcing
and frequency sweeps. Hajj et al. [82] combined perturbation techniques and bispectral
analysis to characterize nonlinear damping from experimental data of three beam and two
mass system. A concise review of nonlinear system identification in structural dynamics is
presented by Kerschen et al. [83]. To date, the parameter identification work for smart and
intelligent systems has concentrated on micro resonators, where the system is represented
as a Duffing oscillator with geometric nonlinearity [84, 85] without a specific approach to
identify nonlinear piezoelectric coefficients.

In this paper, we consider an unsymmetrical piezoelectric energy harvester and propose a
parameter identification scheme to identify nonlinear piezoelectric coefficients by exploiting
the principal mode resonant response. We consider a beam with tip mass and a single
piezoelectric layer subjected to direct excitation as an unsymmetrical piezoelectric energy
harvester and first derive the governing equations of the first mode using the electric enthalpy
density representation introduced by Wagner and Hagedorn [34]. We then use the method of
multiple scales [46, 50] to determine the approximate solution of the response to a principal
mode resonant excitation and under open circuit conditions (i.e., high load resistance). We
argue that the characteristic nonlinear response of the harvester predicted by the method of
multiple scales as approximate solution and steady state amplitude response relations can
be used for estimating nonlinear parameters and propose a holistic parameter identification
scheme. By choosing a numerical example, we validate the proposed parameter identification
scheme and estimate the material parameters governing the nonlinear behavior.

4.1 Mathematical Modeling

A cantilever beam system with a tip mass m, partially covered with piezoelectric layer,
subjected to direct excitation is considered for the analysis as shown in the figure 2.1. The
beam with length l, width bp, thickness hs and mass per unit length ρs is bonded with a
piezoelectric layer of length l1, width b, thickness hp and mass per unit length ρp that is
connected to a load resistance, R. To derive the governing equation and energy harvested,
we employ the generalized Hamilton principle for electronic transducers [34,86–89], which is
written as: ∫ t2

t1

(δT − δ∆ + δWnc) dt = 0 (4.1)
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Assuming that the beam is in-extensible, the horizontal displacement, u(s, t) can be repre-
sented as u(s, t) = 1

2

∫ s
0
w′2 ds [4]. Therefore, the kinetic energy of the system can be written

as:

T =
1

2
m

[∫ l

0

1

2

∂

∂t

(
w′2
)
ds

]2

+
1

2

∫ l1

0

ρeq

[∫ s

0

1

2

∂

∂t

(
w′2
)
dy

]2

ds+
1

2

∫ l

l1

ρs

[∫ s

0

1

2

∂

∂t

(
w′2
)
dy

]2

ds

+
1

2
m

[
∂w(l, t)

∂t
+ u̇b

]2

+
1

2

∫ l1

0

ρeq [ẇ + u̇b]
2 ds+

1

2

∫ l

l1

ρs [ẇ + u̇b]
2 ds (4.2)

where ρeq = ρs + ρp. The neutral axis of the system is discontinuous because of the presence
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um=u(l,t)
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Figure 4.1: Schematic of the beam and tip mass system with a piezoelectric layer. The
dashed circle represents the initial undeformed position of the tip mass.

of partial piezoelectric layer and as such, it can be derived by recalling that the stresses
through the cross section must be in equilibrium. By defining the neutral axis y0, as shown
in figure 4.1, we write:

y0 =

{
Y p
11hp(hs+hp)

2(Y s
11hs+Y p

11hp)
0 ≤ s ≤ l1

0 l1 < s ≤ l
(4.3)

The corresponding strain up to the third order approximation can be written as [4],

ε11 = − [y − y0]κ = − [y − y0]w′′
(

1 +
1

2
w′2
)

As discussed above, we wish to identify nonlinear coefficients in the constitutive relation of
the piezoelectric material, which can be represented by the electric enthalpy. To accomplish



Vamsi C. Meesala Chapter 4. Parameter identification 45

this, we account for the potential energy and use the electric enthalpy derived by Wagner
and Hagedorn [34] and write

∆ =

∫ (
1

2
Y s

11ε
2
11 +

1

2
Y p

11ε
2
11 − e31ε11E3 −

1

2
α3E3ε

2
11 −

1

2
εS33E

2
3 +

1

6
α1ε

3
11 −

1

6
α2ε

3
11E3 +

1

8
α4ε

4
11

)
dv

(4.4)
where Y s

11, Y p
11, e31 and εS33 are respectively the Young’s modulus of elasticity of the beam

(substrate), Young’s modulus of piezoelectric material, piezoelectric coupling co-efficient and
dielectric (or piezoelectric permittivity) constant. E3 is the induced electric field and is given
by

E3 =

{
−VH

hp
hs
2
≤ y ≤ hs

2
+ hp

0 −hs
2
≤ y < hs

2

(4.5)

where VH(s, t) = V (t) [H(s)−H(s− l1)] = V (t)Hf(s), VH(s, t)n = V (t)n [H(s)−H(s− l1)] =
V (t)nHf(s) and H(x) is Heaviside step function.

The electric enthalpy in equation 4.4 can be re-written as:

∆ =
1

2

∫ l1

0

Y Ieqw
′′2 [1 + w′2

]
ds−

∫ l1

0

e31Λ1w
′′(1 +

1

2
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V 2
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Y s
11Isw
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ds (4.6)

where Y Ieq = (Y I)s + Y p
11Ip,

(Y I)s =

∫ hs
2

−hs
2

Y s
11b (y − y0)2 dy = Y s

11

b

3

[(
hs
2
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hs
2
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, (4.7a)

Ip =
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2

+hp
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2
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bp
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Λ3 =
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2
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)5

−
(
hs
2
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)5
]
, and Is =

b

12
h3
s. (4.7d)

The virtual work done by the non conservative forces is represented by

δWnc = −
∫ l

0

c1w
(0,1)(s, t)δw(s, t) ds (4.8)
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where c1 is structural damping coefficient. Substituting equations 4.2, 4.6, and 4.8 into
equation 4.1, we obtain the piece-wise distributed parameter governing equation of motions
as

− ρeqẅ − c1ẇ − Y Ieq(w′′′′ + [w′(w′w′′)′]′)− ρeq
2

[
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∫ s
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0
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for 0 < s < l1,

− ρsẅ − c1ẇ − Y s
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for l1 < s < l, and the corresponding electrical equation is

e31Λ1
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w′′

hp
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]
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Since the beam is clamped at s = 0, the essential boundary conditions at s = 0 are given by

w(0, t) = 0 w(1,0)(0, t) = 0 (4.12)

and the natural nonlinear boundary conditions at s = l, which are moment and shear force
balance equations, obtained from the generalized Hamilton principle are written as

Y s
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(
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The generalized Hamilton’s principle also yields us the moment and shear force balance
equations at s = l1, which serve as the compatibility conditions at s = l1 and are written as
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4.1.1 Reduced order model - Galerkin discretization

To simplify the representative model and to study the response to a principal mode resonance
excitation, we employ a Galerkin discretization and perform weighted residual method to
determine the governing equation of the first mode. To this end, we determine the linear
mode shapes of the system by considering the undamped, unforced, short circuited [V (t) = 0]
and linear free vibration description of motion as{

ρeqẅ + Y Ieqw
′′′′ = 0 0 < s < l1

ρsẅ + Y s
11Isw

′′′′ = 0 l1 < s < l
(4.17)

Assuming the discretization as

w(s, t) =

{ ∑M
i=1 φi(s)qi(t) 0 < s < l1∑M
i=1 ψi(s)qi(t) l1 < s < l

(4.18)

and substituting into equation 4.17, while realizing that q̈ = −ω2
nq, where ωn is the natural

frequency of the nth-mode, we obtain

φi
′′′′ = λ1iφi 0 < s < l1 (4.19a)

ψi
′′′′ = λ4

2iψi l1 < s < l (4.19b)

whose general solution is of the form

φi(s) = A1 cos(λ1is) +B1 sin(λ1is) + C1 cosh(λ1is) +D1 sinh(λ1is) 0 < s < l1 (4.20a)
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ψi(s) = A2 cos(λ2is) +B2 sin(λ2is) + C2 cosh(λ2is) +D2 sinh(λ2is) l1 < s < l (4.20b)

where λ1i =
(
ω2
i ρeq
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) 1
4
, λ2i =
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ω2
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) 1
4

and the linear short circuited boundary conditions are

given by
φ(0) = φ′(0) = 0, ψ′′(l) = 0, and (4.21a)(
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The continuity relations and linear compatibility conditions are written as

φ(l1) = ψ(l1), φ′(l1) = ψ′(l1), (4.22a)
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Moreover, for any two distinct modes, p and q, we assume
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Adding equations 4.23a and 4.23b and using the compatibility conditions, the orthogonality
relations are written as∫ l1
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ρeqφp(s)φq(s) ds+
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(4.24)

where δpq is the Kronecker delta, defined as unity when p is equal to q and zero otherwise.
Using the above discretization, the solution is approximated as the sum of a finite number
of modes, i.e.,

w(s, t) =

{ ∑M
i=1 φi(s)qi(t) 0 < s < l1∑M
i=1 ψi(s)qi(t) l1 < s < l

(4.25)

where the basis functions φi(s) and ψi(s) represent the mode shape, qi(t) represents the
modal coordinate (temporal amplitude) and M is the number of modes under consideration.
For any given problem, the natural frequency ωi and mass normalized mode shapes can be
uniquely determined by solving for non-trivial solution of eight equations 4.21a - 4.22b in
conjunction with the orthogonality relations represented by equation 4.24.
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Using the piece-wise description of w(s, t) from the equation 4.25, and the Galerkin-weighted
residual method, the equation of motion is written as
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i,j=1

qiqjφ
′′′′
i φ
′′
j

V Hf

hp

]

+α1Λ2

M∑
i,j=1

qiqj
[
φ′′′i φ

′′′
j + φ′′i φ

′′′′
j

]
−α3Ip

[
M∑
i=1

φ′′i qi
V Hf ′′

hp
+

M∑
i=1

qiφ
′′′
i

2V Hf ′

hp
+

M∑
i=1

qiφ
′′′′
i

V Hf

hp

]

+ α4Λ3

M∑
i,j,k=1

qiqjqk

[
−3φ′′i φ

′′′
j φ
′′′
k −

3

2
φ′′i φ

′′
jφ
′′′′
k

]
+

M∑
i,j,k=1

ρs
2
φ′′i qi

∫ l

l1

∫ θ

0

ψ′jψ
′
k

∂2

∂t2
(qjqk) dy dθ

− ρeqüb = 0 (4.26)

− ρs
M∑
i=1

ψiq̈i − c1

M∑
i=1

ψiq̇i − Y s
11Is

(
M∑
i=1

ψ′′′′i qi +
M∑

i,j,k,l=1

qiqjqk[ψ
′
i(ψ
′
jψ
′′
k)′]′

)

−ρs
2

M∑
i,j,k,l=1

[
ψ′iqi

∫ s

l

∫ θ

0

ψ′jψ
′
k

∂2

∂t2
(qjqk) dy dθ

]′
+

M∑
i,j,k=1

m

2
ψ′′i qi

∫ l

11

ψ′jψ
′
k

∂2

∂t2
(qjqk) ds−ρsüb = 0

(4.27)

and the corresponding electrical equation is written as

e31Λ1

[
M∑
i=1

qi

∫ l1

0

φ′′i
1

hp
ds+

M∑
i,j,k=1

qiqjqk

∫ l1

0

φ′iφ
′
jφ
′′
k

1

2hp
ds

]
+α2Λ2

M∑
i,j,k=1

qiqjqk

∫ l1

0

φ′′i φ
′′
jφ
′′
k

1

6hp
ds

+

∫ l1

0

ε33V b

hp
ds− α3Ip

M∑
i,j=1

qiqj

∫ l1

0

φ′′i φ
′′
j

1

2hp
ds = Q(t) (4.28)

By considering only one mode(M = 1) and using the orthogonal properties of the linear
modes, the individual terms in equation 4.26 and 4.27 are simplified as shown below:
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Y Ieqq1

∫ l1

0

φ1φ
′′′′
1 dx = Y Ieqq1

∫ l1

0

φ′′1φ
′′
1 ds+ Y Ieqq1φ

′′′
1 (l1)φ1(l1)− Y Ieqq1φ

′′
1(l1)φ′1(l1) (4.29)

Y Ieqq
3
1

∫ l1

0

φ1(φ′1(φ′1φ
′′
1)′)′ ds = (Y Ieqq

3
1φ1φ

′2
1 φ
′′′
1 + Y Ieqq

3
1φ1φ

′
1φ
′′2
1 )|s=l1

− (Y Ieqq
3
1φ
′3
1 φ
′′
1)|s=l1 + 2Y Ieqq

3
1

∫ l1

0

φ′21 φ
′′2
1 ds (4.30)

ρeqq1(q̇2
1+q1q̈1)

∫ l1

0

φ1

(
φ′1

∫ s

l1

∫ θ

0

φ′21 dy dθ

)′
ds = −ρeqq1(q̇2

1+q1q̈1)

∫ l1

0

φ′21

(∫ s

l1

∫ θ

0

φ′21 dy dθ

)
ds

(4.31)

−mq1(q1q̈1 + q̇2
1)

∫ l1

0

φ1φ
′′
1

(∫ l1

0

φ′21 dy +

∫ l

l1

ψ′21 dy

)
ds =

mq1(q1q̈1 + q̇2
1)

[
− (φ′1φ1)|s=l1

∫ l

l1

ψ′21 ds+

∫ l1

0

φ′21 ds

∫ l

l1

ψ′21 ds

]
+mq1(q1q̈1 + q̇2

1)

[
−
(
φ′1φ1

∫ l1

0

φ′21 ds

)∣∣∣∣
s=l1

+

(∫ l1

0

φ′21 ds

)2
]

(4.32)

−e31IIpq
2
1

V

2hp

∫ l1

0

φ1φ
′2
1 Hf

′′ ds = −e31Λ1q
2
1

V

2hp
φ′21 φ1Hf

′ |s=l1+e31Λ1q
2
1

V

hp

∫ l1

0

φ1φ
′
1φ
′′
1Hf

′ ds

+ e31Λ1q
2
1

V

2hp

∫ l1

0

φ′31 Hf
′ ds

= −e31Λ1q
2
1

V

2hp
φ′21 φ1Hf

′ |s=l1 + e31Λ1q
2
1

V

hp

∫ l1

0

φ1φ
′
1φ
′′
1Hf

′ ds

+ e31Λ1q
2
1

V

2hp
φ′31 Hf |s=l1 − e31Λ1q

2
1

3V

2hp

∫ l1

0

φ′21 φ
′′
1Hf ds (4.33)

−e31Λ1
V

hp

∫ l1

0

φ1Hf
′′ ds = − e31Λ1

V

hp
φ1Hf

′
∣∣∣∣
s=l1

+e31Λ1
V

hp
φ′1Hf.

∣∣∣∣
s=l1

−e31Λ1
V

hp

∫ l1

0

φ′′1Hf ds

(4.34)
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−α2Λ2q
2
1

V

2hp

∫ l1

0

φ1φ
′′
1

2Hf ′′ ds = −α2Λ2q
2
1

V

2hp
φ1φ

′′
1

2Hf ′|s=l1+α2Λ2q
2
1

V

hp

∫ l1

0

φ1φ
′′
1φ
′′′
1 Hf

′ ds

+ α2Λ2q
2
1

V

2hp
φ′1φ

′′
1

2Hf

∣∣∣∣
s=l1

− α2Λ2q
2
1

V

2hp

∫ l1

0

(
φ′′′1

3 + 2φ′1φ
′′
1φ
′′′
1

)
Hf ds (4.35)

− α2Λ2q
2
1

V

hp

∫ l1

0

φ1φ
′′
1φ
′′′
1 Hf

′ ds = −α2Λ2q
2
1

V

hp
φ1φ

′′
1φ
′′′
1 Hf

∣∣∣∣
s=l1

+ α2Λ2q
2
1

V

hp

∫ l1

0

(
φ′1φ

′′
1φ
′′′
1 + φ1φ

′′′
1

2 + φ1φ
′′
1φ
′′′′
1

)
Hf ds (4.36)

− α1Λ2q
2
1

∫ l1

0

φ1φ
′′
1φ
′′′′
1 ds = − α1Λ2q

2
1φ1φ

′′
1φ
′′′
1

∣∣
s=l1

+ α1Λ2q
2
1

∫ l1

0

φ1φ
′′′
1

2 ds

+ α1Λ2q
2
1φ
′
1φ
′′
1φ
′′
1

∣∣
s=l1
− α1Λ2q

2
1

∫ l1

0

(
φ′′1

2 + φ′1φ
′′′
1

)
φ′′1 ds

since,−α1Λ2q
2
1

∫ l1

0

φ′1φ
′′
1φ
′′′
1 ds = −1

2
α1Λ2q

2
1φ
′
1φ
′′
1

2|s=l1 +
1

2
α1Λ2q

2
1

∫ l1

0

φ′′1
3 ds

− α1Λ2q
2
1

∫ l1

0

φ1φ
′′
1φ
′′′′
1 ds = − α1Λ2q

2
1φ1φ

′′
1φ
′′′
1

∣∣
s=l1

+ α1Λ2q
2
1

∫ l1

0

φ1φ
′′′
1

2 ds

+ α1Λ2q
2
1φ
′
1φ
′′
1φ
′′
1

∣∣
s=l1
− 1

2
α1Λ2q

2
1φ
′
1φ
′′
1

2|s=l1 −
1

2
α1Λ2q

2
1

∫ l1

0

φ′′1
3 ds (4.37)

α3Ip
V

hp
q1

∫ l1

0

φ1 (φ′′1Hf
′′ + φ′′′′1 Hf + 2Hf ′φ′′′1 ) ds = − α3Ip

V

hp
q1Hfφ

′
1φ
′′
1

∣∣∣∣
s=l1

+ α3Ip
V

hp
q1 (Hf ′φ1φ

′′
1 +Hfφ1φ

′′′
1 )

∣∣∣∣
s=l1

+ α3Ip
V

hp
q1

∫ l1

0

Hfφ′′1
2 ds (4.38)

α4Λ3q
3
1

∫ l1

0

(
3φ1φ

′′
1φ
′′′2
1 +

3

2
φ1φ

′′
1

2φ′′′′1

)
ds =

3

2
α4Λ3q

3
1φ1φ

′′
1

2φ′′′1

∣∣∣∣
s=l1

− 1

2
α4Λ3q

3
1φ
′
1φ
′′3
1

∣∣∣∣
s=l1

+
1

2
α4Λ3q

3
1

∫ l1

0

φ′′41 ds (4.39)
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−ρs(q̇2
1+q1q̈1)

∫ l1

0

φ1φ
′′
1q1

(∫ l

l1

∫ θ

0

ψ′21 dy dθ

)
ds = −ρs(q̇2

1+q1q̈1)φ1(l1)φ′1(l1)

(∫ l

l1

∫ θ

0

ψ′21 dy dθ

)
+ ρs(q̇

2
1 + q1q̈1)

[∫ l1

0

φ1
′2 ds

](∫ l

l1

∫ θ

0

ψ′21 dy dθ

)
(4.40)

Y s
11Isq1

∫ l

l1

ψ1ψ
′′′′
1 ds = Y s

11Isq1

∫ l

l1

ψ′′1ψ
′′
1 ds+ Y s

11Isq1ψ
′′′
1 ψ1|s=ls=l1

− Y s
11Isq1ψ

′′
1ψ
′
1|
s=l
s=l1

(4.41)

Y s
11Isq

3
1

∫ l

l1

ψ1(ψ′1(ψ′1ψ
′′
1)′)′ ds = (Y s

11Isq
3
1ψ1ψ

′2
1 ψ
′′′
1 + Y s

11Isq
3
1ψ1ψ

′
1ψ
′′2
1 )|s=ls=l1

− (Y s
11Isq

3
1ψ
′3
1 ψ
′′
1)|s=ls=l1

+ 2Y s
11Isq

3
1

∫ l

l1

ψ′21 ψ
′′2
1 ds (4.42)

ρsq1(q̇2
1+q1q̈1)

∫ l

l1

ψ1

(
ψ′1

∫ s

l

∫ θ

0

ψ′21 dy dθ

)′
ds = −ρsq1(q̇2

1+q1q̈1)

∫ l

l1

ψ′21

(∫ s

l

∫ θ

0

ψ′21 dy dθ

)
ds

+ ρsq1(q̇2
1 + q1q̈1)ψ1(l1)ψ′1(l1)

(∫ l

l1

∫ θ

0

ψ′21 dy dθ

)
(4.43)

−mq1(q1q̈1 + q̇2
1)

∫ l

l1

ψ1ψ
′′
1

(∫ l1

0

φ′21 dy +

∫ l

l1

ψ′21 dy

)
ds =

mq1(q1q̈1 + q̇2
1)

[
− (ψ′1ψ1)|s=ls=l1

∫ l1

0

φ′21 ds+

∫ l

l1

ψ′21 ds

∫ l1

0

φ′21 ds

]
+mq1(q1q̈1 + q̇2

1)

[
−
(
ψ′1ψ1

∫ l

l1

ψ′21 ds

)∣∣∣∣s=l
s=l1

+

(∫ l

l1

ψ′21 ds

)2
]

(4.44)

From continuity, compatibility and the nonlinear boundary conditions along with normal-
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ization conditions, we write the equation of motion of the first mode as

q̈1 + c1q̇1

(∫ l1

0

φ2
1 ds+

∫ l

l1

ψ2
1 ds

)
+ ω2

1q1

+ 2q3
1

(
Y Ieq

∫ l1

0

φ′21 φ
′′2
1 ds+ Y s

11Is

∫ l

l1

ψ′21 ψ
′′2
1 ds

)
+mq1(q1q̈1 + q̇2

1)

[(∫ l1

0

φ′21 ds

)2

+ 2

∫ l1

0

φ′21 ds

∫ l

l1

ψ′21 ds+

(∫ l1

0

ψ′21 ds

)2
]

− e31Λ1q
2
1

3V

2hp

∫ l1

0

φ′21 φ
′′
1 ds− e31Λ1

V

hp

∫ l1

0

φ′′1 ds− α2Λ2q
2
1

V

2hp

∫ l1

0

φ′′′1
3 ds

− 1

2
α1Λ2q

2
1

∫ l1

0

φ′′1
3 ds+ α3Ip

V

hp
q1

∫ l1

0

φ′′1
2 ds+

1

2
α4Λ3q

3
1

∫ l1

0

φ′′41 ds

+ρs(q̇
2
1+q1q̈1)

[∫ l1

0

φ1
′2 ds

](∫ l

l1

∫ θ

0

ψ′21 dy dθ

)
−ρeqq1(q̇2

1+q1q̈1)

∫ l1

0

φ′21

(∫ s

l1

∫ θ

0

φ′21 dy dθ

)
ds

−ρsq1(q̇2
1+q1q̈1)

∫ l

l1

ψ′21

(∫ s

l

∫ θ

0

ψ′21 dy dθ

)
ds = −üb

[
mψ1(l) + ρeq

∫ l1

0

φ1 ds+ ρs

∫ l

l1

ψ1 ds

]
(4.45)

and the corresponding electrical equation as

e31Λ1

[
q1

hp

∫ l1

0

φ′′1 ds+
q3

1

2hp

∫ l1

0

φ′1
2φ′′1 ds

]
+ α2Λ2

q3
1

6hp

∫ l1

0

φ′′1
3 ds

+

∫ l1

0

ε33V b

hp
ds− α3Ip

q2
1

2hp

∫ l1

0

φ′′1
2 ds = Q(t) (4.46)

Using the electrical damping arising from dissipation from the load resistance [88], Q̇ = −V
R

,
we modify the above equation to write

e31Λ1

[
q̇1

hp

∫ l1

0

φ′′1 ds+
3q2

1 q̇1

2hp

∫ l1

0

φ′1
2φ′′1 ds

]
+ α2Λ2

q2
1 q̇1

2hp

∫ l1

0

φ′′1
3 ds

+

∫ l1

0

ε33V̇ b

hp
ds− α3Ip

q1q̇1

hp

∫ l1

0

φ′′1
2 ds+

V

R
= 0 (4.47)

4.2 Approximate solution - Method of Multiple Scales

To determine the nonlinear response to principal mode resonance and to study the stability
characteristics of the system, we employ the method of multiple scales. To this end, we scale
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the contributions of the different terms in the governing equations 4.45 and 4.46 appropriately
and, by defining ub = f cos(Ωt+ τe), we re-write them as

q̈+ ω2q+ 2ε2µ1q̇+ εθ̂V + εδ1q
2 + ε2δ2qV + ε2δ3q

3 + ε2δ4q(q̇
2 + qq̈) = εηf cos(Ωt+ τe) (4.48)

− θ̂v q̇ + CpV̇ − εδ2vqq̇ + ε
V

R
= 0 (4.49)

where

ε2µ1 =
1

2
c1

(∫ l1

0

φ2
1 ds+

∫ l

l1

ψ2
1 ds

)
≡ ζω, εθ̂ ≡ θ̂v = −e31Λ1

1

hp

∫ l1

0

φ′′1 ds, (4.50a)

Cp =
ε33bl1
hp

, εδ1 = −1

2
α1Λ2

∫ l1

0

φ′′1
3 ds, ε2δ2 ≡ εδ2v =

1

hp
α3Ip

∫ l1

0

φ′′1
2 ds, (4.50b)

ε2δ3 = 2Y Ieq

∫ l1

0

φ′21 φ
′′2
1 ds+ 2Y s

11Is

∫ l

l1

ψ′21 ψ
′′2
1 ds+

1

2
α4Λ3

∫ l1

0

φ′′41 ds, (4.50c)

ε2δ4 = m

[(∫ l1

0

φ′21 ds

)2

+ 2

∫ l1

0

φ′21 ds

∫ l

l1

ψ′21 ds+

(∫ l1

0

ψ′21 ds

)2
]

+

ρs

[∫ l1

0

φ1
′2 ds

](∫ l

l1

∫ θ

0

ψ′21 dy dθ

)
− ρeq

∫ l1

0

φ′21

(∫ s

l1

∫ θ

0

φ′21 dy dθ

)
ds

− ρs
∫ l

l1

ψ′21

(∫ s

l

∫ θ

0

ψ′21 dy dθ

)
ds, (4.50d)

η = Ω2

[
mψ1(l) + ρeq

∫ l1

0

φ1 ds+ ρs

∫ l

l1

ψ1 ds

]
, and Ω = ω + εσ. (4.50e)

We note that the subscripts representing mode numbers were removed from the equations
for the sake of convenience.

We note that the piezoelectric coupling is usually small and one can scale the q2V terms to
O(ε3) in equation 4.48 and to O(ε2) in equation 4.49. We realize that this effect is not sig-
nificant and can often be in the range of electrical and mechanical noise during experiments,
hence these terms are neglected in the analysis.

To solve the equations 4.48 and 4.49, we introduce three independent time scales T0, T1 and
T2 defined by

Tn = εnt n = 0, 1, 2

and expand the derivatives up to O(ε2) and write:

D

Dt
=

∂

∂T0

+ ε
∂

∂T1

+ ε2
∂

∂T2

≡ D0 + εD1 + ε2D2 (4.51a)
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and

D2

Dt2
=

∂2

∂T 2
0

+ 2ε
∂2

∂T1∂T0

+ ε2
(

2
∂2

∂T0∂T2

+
∂2

∂T 2
1

)
≡ D2

0 + 2εD0D1

+ ε2
(
D2

1 + 2D0D2

)
(4.51b)

The solutions of q(t) and V (t) are then expressed as

q(t, ε) = q0(T0, T1, T2) + εq1(T0, T1, T2) + ε2q2(T0, T1, T2) + ... (4.52a)

V (t, ε) = V0(T0, T1, T2) + εV1(T0, T1, T2) + ε2V2(T0, T1, T2) + ... (4.52b)

Substituting equations 4.51a, 4.51b and 4.52a into the equations 4.48 and 4.49, retaining
terms up-to O(ε2), we obtain

ε0− order equation:
D2

0q0 + q0ω
2 = 0, (4.53a)

CpD0V0 − θ̂vD0q0 = 0, (4.53b)

ε1− order equation:

D2
0q1 + ω2q1 = −2 (D0D1q0)− δ1q

2
0 − θ̂V0 +

1

2
fηeiτe+iT0Ω +

1

2
fηe−iτe−iT0Ω, (4.54a)

RCpD0V1 +RCpD1V0 − δ2vRq0D0q0 −Rθ̂vD0q1 −Rθ̂vD1q0 + V0 = 0, (4.54b)

ε2− order equation:

D2
0q2 + ω2q2 = −δ4q

2
0D

2
0q0 − δ4q0 (D0q0) 2 − 2µ1D0q0 − 2D0D1q1 −D2

1q0

− 2D0D2q0 − δ3q
3
0 − 2δ1q1q0 − δ2V0q0 − θ̂V1, and (4.55a)

RCpD0V2 +RCpD1V1 +RCpD2V0 − δ2vRq0D0q1 − δ2vRq0D1q0 − δ2vRV1D0q0

−Rθ̂vD0q2 −Rθ̂vD1q1 −Rθ̂vD2q0 + V1 = 0. (4.55b)

From ε0− order equations, we obtain,

q0(T0, T1, T2) = A(T1, T2)ejωT0 + c.c, and (4.56a)

V0 =
θ̂v
Cp
A (T1, T2) ejT0ω + c.c. (4.56b)
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By substituting q0 and V0 in ε1− order equation 4.54a and eliminating secular terms we
obtain

D1A =
j

4ωCp

(
2A1θ̂θ̂v − fηCpejτe+iσT1

)
(4.57)

and solving for q1 and V1 yields

q1 = −Aδ1Ā

ω2
+
A2δ1e

2iT0ω

3ω2
+ c.c, and (4.58a)

V1 =
1

6Rω2C2
p

[
3δ2vRω

2CpA
2
1e

2iT0ω + 2θ̂v
(
A2

1δ1RCpe
2iT0ω + 3iA1ωe

iT0ω
)]

+ c.c. (4.58b)

Next, by using q1 and V1 in the ε2− order equation, 4.55a, and eliminating the secular
terms, we obtain the relation for D2A. Using the relations for D1A and D2A, we obtain the
amplitude and phase modulation equations as

Ȧ = εD1A+ ε2D2A (4.59)

writing the complex amplitude, A, in polar coordinates, A(T1, T2) = 1
2
a(T0, T2)ejβ(T1,T2) and

defining γ = εσt+ τe − β to remove the explicit dependence of time in amplitude and phase
modulation equations, we obtain

ȧ = −εfη(Ω− 3ω)

4ω2
sin γ + ε2

[
1

2
a

(
− θ̂θ̂v
Rω2C2

p

− 2µ1

)
− fηθ̂2

8ω3Cp
sin γ

]
, and (4.60)

γ̇ = −ε

[
−σ +

θ̂θ̂v
2ωCp

+
fη(Ω− 3ω)

4aω2
cos γ

]

+ ε2

[
a2 (6δ4ω

4 − 9δ3ω
2 + 10δ2

1)

24ω3
+

θ̂2θ̂2
v

8ω3C2
p

− fηθ̂θ̂v
8aω3Cp

cos γ

]
. (4.61)

To consider the steady state amplitude a0, for a given excitation, we set ȧ = 0 and γ̇ = 0
and eliminate γ in equations 4.60 and 4.61 to obtain the following steady state amplitude
response relation

16a2
0ω

2ε2
(

2µ1Rω
2C2

p + θ̂θ̂v

)2

f 2η2R2C2
p

(
2ωCp(3ω − Ω)− θ̂εθ̂v

)2

+
a2

0

(
−C2

p [a2ε (6δ4ω
4 − 9δ3ω

2 + 10δ2
1) + 24σω3] + 12θ̂ω2Cpθ̂v − 3θ̂2εθ̂2

v

)2

9f 2η2C2
p

(
2ωCp(3ω − Ω)− θ̂εθ̂v

)2 = 1 (4.62)
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where the approximate solutions are written as

w(s, t) =


φ1(s)

[
a0 cos (Ωt+ τe − γ0) + ε

a20δ1
6ω2 cos (2 [Ωt+ τe − γ0])− εa

2
0δ1

2ω2 + ...
]

0 ≤ s ≤ l1

ψ1(s)
[
a0 cos (Ωt+ τe − γ0) + ε

a20δ1
6ω2 cos (2 [Ωt+ τe − γ0])− εa

2
0δ1

2ω2 + ...
]

l1 < s ≤ l

(4.63a)

V (t) =
a0θ̂v
Cp
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+ ε
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0δ2v

4Cp
cos (2 [Ωt+ τe − γ0]) + ... (4.63b)

or can alternatively be represented in frequency domain as

w(s, ν) =


φ1(s)

[
a0δ(ν − Ω) + ε
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]
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(4.64a)
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δ(ν − 2Ω) + ... (4.64b)

where δ is the dirac delta function.

4.3 Parameter identification

In this section, we propose a systematic methodology to estimate material nonlinear param-
eters in the considered enthalpy density representation, i.e., α1, α2 and α3. We assume that
the linear parameters in governing equation including the damping ratio, natural frequency,
capacitance and coupling coefficients can be estimated from free vibration tests, impedance
measurements or frequency response functions under linear excitation. To this end, we point
out that from the steady state amplitude response relation and the approximate solutions
of equations 4.62, 4.63 and 4.64, contain δ1, δ2 and δ3. Furthermore, these coefficients in
the governing equations relate to the quantities of interest as shown in equations 4.50b and
4.50c. We wish to exploit the resonant response of the cantilever beam with tip mass sys-
tem to identify δ1, δ2 and δ3 and estimate the material nonlinear piezoelectric coefficients as
described in the following paragraphs.

From the approximate solution of the transverse displacement w(s, t), presented in equations
4.63a and 4.64a, it is interesting to note that the quadratic non linearity gives rise to a non-
zero mean in the solution which corresponds to zero frequency in the frequency domain.
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That is, in an experiment one can estimate a0 from the component of the displacement at
forcing frequency and then estimate δ1 from the D.C component. The parameter α1 can
then be calculated from the estimated δ1 value using the equation 4.50b. Once a0 and
δ1 are estimated with a reasonable confidence, we analyze the voltage generated to gather
more knowledge about the system. In particular, inspecting the approximate solution of
voltage V , presented in the equations 4.63b and 4.64b, if δ2v(≡ δ2) is significant, it can be
extracted from the component of voltage corresponding to twice the excitation frequency
in the frequency domain. The parameter α3 can then be calculated from the estimated δ2v

using equation 4.50b.

w(s,ν), 
V(ν)

w(s,ν), 
V(ν)

w(s,Ω) = ϕ1(s)a0w(s,Ω) = ϕ1(s)a0

|w(s,0)| = ϵ ϕ1(s)                    |w(s,0)| = ϵ ϕ1(s)                    

V(2\Omega)V(2\Omega)

Fourier 
transform

Steady state amplitude 
response relation

δ3(α4) 

Collect 
experimental 

data :
 w(s,t), V(t)

Collect 
experimental 

data :
 w(s,t), V(t)

Figure 4.2: Flowchart presenting the systematic approach of analyzing data for parameter
identification.

The parameter δ3 corresponds to cubic nonlinearity and is a function of geometric nonlinear-
ity due to curvature and material nonlinear parameter α4. Although, δ3 explicitly doesn’t
appear itself in the approximate solution of the response, it implicitly affects the amplitude
of response, which can be understood by inspecting amplitude and phase modulation equa-
tions. In other words, for a given excitation conditions, one can solve for δ3 from steady
state amplitude response relation given by equation 4.62 by using estimates of the parame-
ters of a0, δ1 and δ2 obtained with the procedure defined above. The strategy and important
relations discussed in this section towards parameter identification are summarized in figure
4.2.

4.4 Validation of parameter identification procedure

In this section, we consider a steel beam (substrate) and tip mass system with a piezoelectric
layer and implement the parameter identification strategy mentioned in section 4.3. The
geometric and material properties of the harvester are presented in table 4.1. Assumed
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Table 4.1: Material and geometric properties of the energy harvester.

Parameter [units] Value

Mass per unit length of substrate, ρs [g/m] 40.13

Mass per unit length of piezo, ρp [g/m] 20.28

Young’s modulus of substrate, Y s
11) [GPa] 210

Young’s modulus of piezo, Y p
11 [GPa] 66

Length of substrate, l [mm] 60

Length of piezo, l1 = 9l
10

[mm] 54

Thickness of substrate, hs [mm] 0.5

Thickness of piezo, hp [mm] 0.26

width, b [mm] 10

Tip mass, m [gm] 10

Piezoelectric coupling coefficient, e31 [C/m2] −12.54

Piezoelectric permittivity, ε33 [F/m] 1.328× 10−8

Damping ratio, ζ 0.08

Load resistance, R [M Ohm] 10

values of the nonlinear constitutive parameters are presented in table 4.2. These parameters
will be used in performing numerical simulations for the purpose of validating the proposed
approach for parameter identification.

Table 4.2: Assumed nonlinear piezoelectric coefficients

Parameter [units] Value

α1 [Pa] 1× 1014

α3 [C/m2] −5× 103

α4 [Pa] −5× 1016

For the geometric and material property parameters presented in tables 4.1 and 4.2, the
coefficients in the governing equation of the first mode and the electrical circuit responses
are listed in table 4.3. The corresponding mass normalized linear mode shapes are determined
as

φ1(s) = 14.56 [cos(16.71s)− cosh(16.71s)] + 15 [sinh(16.71s)− sin(16.71s)] ∀ 0 ≤ s ≤ l1
(4.65a)
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ψ1(s) = 22.7 cos(17.98s)− 27.26 cosh(17.98s)− 17.63 sin(17.98s)

+ 30.69 sinh(17.98s) : ∀ l1 < s ≤ l (4.65b)

Table 4.3: Coefficients in the governing equations corresponding to the parameters presented
in tables 4.1 and 4.2.

Parameter [units] Value

ω [rad] 238.68

ε2µ1 [s−1] 1.91

εθ̂ ≡ θ̂v [CKg−
1
2 m−1] −9.71× 10−3

εδ1 [Kg−1/2m−1s−2] 41.15× 106

ε2δ2 ≡ εδ2v [CKg−1 m−2] −7.23

ε2δ3 [Kg−1 m−2s−2] −4.83× 1010

ε2δ4 [Kg−1 m−2] 8.37× 105

εη [Kg−1/2s−2] −0.11Ω2

Cp [nF] 27.58

First, we examine the response and investigate the significance of material and geometric
nonlinearities. In particular, by inspecting figures 4.3(b) and 4.3(d), we note the spectral
content in the response at twice and thrice the forcing frequency. The response at twice
the forcing frequency is related to the quadratic nonlinearity and that at thrice the forcing
frequency is related to the cubic terms. Although not explicit in the response, as discussed
earlier, the cubic nonlinearity affects the response at forcing frequency by causing internal
resonances which can be noted by inspecting the equation 4.62.

Following the parameter identification strategy described in section 4.3, we first identify the
component of the displacement at forcing frequency as w(s,Ω)|s=5 cm ≈ 1.097 mm, which is
used to calculate a∗0 = 1.51× 10−4 Kg1/2m. From figure 4.3(b), w(s, 0)|s=5cm ≈ 6.58× 10−2

mm, which yields

w(s, 0) = φ1(s)
a∗0

2εδ∗1
2ω2

=⇒ εδ∗1 = 45.33× 107 Kg−1/2m−1s−2 (4.66)

We then use equation 4.50b to evaluate α∗1 ≈ 1.1× 1014 Pa.

Next, we estimate ε2δ2(≡ εδ∗2v) from the voltage generated in the frequency domain presented
in the figure 4.3(d), by noting that the parameters Cp, ω and θv are known and that V (2Ω) =
2.53 V and by using equation 4.64b

V (2Ω) =
a∗20

2Cp

√
(εδ∗1)2 θ̂2

v

9ω4
+

(εδ2v)
2

4C2
p

(4.67)
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Figure 4.3: Principal mode resonant response represented by the displacement at 5 cm away
from the fixed end and the corresponding harvested voltage for a detuning value εσ = 5
rad/s and excitation amplitude of fΩ2 = 2 m/s2 in time domain (a and c) and frequency
domain (b and d).

and the values of a∗0 and εδ∗1 and V (2Ω), we determine εδ∗2v ≈ −7.54 CKg−1 m−2. Using
equation 4.50c, we evaluate α∗3 ≈ −5.22× 103 C/m2.

As discussed in section 4.3, equation 4.62 has to be used to estimate α4 which requires the
value of ε2δ4. We point that for a given problem, we can numerically evaluate ε2δ4 using
the equation 4.50d. Using all the necessary parameters and by numerically solving for ε2δ3,
we obtain two solutions as ε2δ∗3 ≈ −4.49 × 1010 Kg−1 m−2s−2 and ε2δ∗3 ≈ 7.39 × 1010 Kg−1

m−2s−2 respectively corresponding to a softening and hardening response. One solution can
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be eliminated by performing a frequency sweep for various values of detuning εσ. In this
analysis, we assume a softening response and hence choose the solution for cubic nonlinear
parameter as ε2δ∗3 ≈ −4.49 × 1010 Kg−1 m−2s−2. Subsequently, using equation 4.50c, we
determine α4 ≈ −4.85× 1016 Pa.

Table 4.4: Summary of the results and efficiency of the parameter identification scheme
proposed.

Parameter [units] Value Parameter [units] Value % error

α1 [Pa] 1× 1014 α∗1 [Pa] 1.1× 1014 10

α3 [C/m2] −5× 103 α∗3 [C/m2] −5.22× 103 4.4

α4 [Pa] −5× 1016 α∗4 [Pa] −4.85× 1016 3

Table 4.4 compares the identified values of nonlinear piezoelectric coefficients with values
used in the numerical simulations. It is noted that, the nonlinear constitutive relation
parameters are estimated with a maximum error of 10%. We shall note here that using
different values of the detuning parameters can reduce the percentage errors or yield a trend
in the identification procedure that can be effectively exploited for more accurate prediction.

The MATHEMATICA file firstmodeeqs9lby10, and the MATLAB file final.m, used for gen-
erating the results can be found in Appendices A and B.

4.5 Conclusions

In this paper, we considered a beam with tip mass and a piezoelectric layer subjected to
direct excitation as an unsymmetrical energy harvester to identify nonlinear piezoelectric
coefficients. We derived the governing equations considering the electric enthalpy density
derived by Wagner and Hagedorn [34] followed by a Galerkin weighted residual method. We
note that the cubic nonlinearity is a combined affect of material and geometric nonlinearity
and that the geometric nonlinearity can be determined from the equations 4.50c and 4.50d.
Next, we used the method of multiple scales and determined the steady state amplitude
response relation and approximate solutions for displacement and voltage generated. We
then used the response characteristics in the frequency domain and approximate solutions
obtained with the method of multiple scales to implement a systematic procedure to identify
the nonlinear piezoelectric coefficients in section 4.3 and summarized it in the figure 4.2.
Next, we chose a numerical example, with properties of the beam with tip mass energy
harvester as mentioned in the tables 4.1-4.2 and performed numerical simulations to illustrate
the nonlinear response of the system. We showed that the proposed identification scheme
estimates the nonlinear parameters with a maximum error of 10%.
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Conclusions and future work

In this work, we first presented theoretical modeling of a cantilever beam with tip mass
system subjected to parametric excitation. We showed that, though neglecting nonlinear
boundary conditions can simplify the math in determining the governing equations, the
representation of the response can be significantly altered. In particular, we demonstrated
that for the problem under consideration, the nature of the Hopf bifurcation is exactly
opposite and that the amplitude of the response is considerably different.

We then performed a sensitivity analysis of a cantilever beam with tip mass system subjected
to parametric excitation for small variations in the values of the elasticity and tip mass. For
the problem considered, we illustrated that a decrease in elasticity and very small increase in
tip mass can alter the response of a system that is designed to yield a supercritical bifurcation
to result in a sub-critical bifurcation. This observation can potentially be applied for using
parametrically excited micro-cantilever beams as sensing devices. We also noted that the
sensitivity to small variations in the tip mass can be increased by decreasing σ.

Finally, we considered the cantilever beam with tip mass and a piezoelectric layer subjected
to direct excitation as an unsymmetrical energy harvester to identify nonlinear piezoelectric
coefficients. We derived the governing equations considering the electric enthalpy density
derived by Wagner and Hagedorn [34]. We then used the response characteristics in the
frequency domain and approximate solutions obtained with the method of multiple scales
to implement a systematic procedure to identify the nonlinear piezoelectric coefficients. By
choosing a numerical example, we showed that the proposed identification scheme estimates
the nonlinear parameters with a maximum error of 10%.

For future work, it is proposed that approaches and results presented here are to be validated
further with experiments and higher-fidelity models such as finite elements.
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Appendix A

MATHEMATICA files

Below are the hyperlinked MATHEMATICA files:

• Genhamilton1.0

• mass vary

• mass vary 0p0096

• Genhamilton2.0

• firstmodeeqs9lby10

These above listed files are tested in MATHEMATICA 11.2 and 11.3.
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Appendix B

MATLAB files

Below are the hyperlinked MATLAB files:

final.m, which needs the following two functions:

• ppx.m

• forced43peizoWHD9lby10.m
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