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(ABSTRACT) 

In this paper we consider the problem of designing dynamic compensators to control 

a class of nonlinear parabolic distributed parameter systems. We concentrate on a sys- 

tem with unbounded input and output operators governed by Burgers’ equation. This 

equation provide a one dimensional model for certain convection—diffusion phenomena. A 

linearized model is used to compute a robust controller (MinMax), a LQG controller and a 

fixed-order-finite-dimensional control law (Optimal Projection) by minimizing various en- 

ergy functionals. These control laws are then applied to the nonlinear model. Different 

approximation schemes are used to design suboptimal active feedback controllers. This 

approach provides important practical information. In particular, we show how functional 

gains can be used to locate new sensors. 

Numerical results are given to illustrate the basic ideas and to compare the various 

controllers.
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Chapter 1 

INTRODUCTION 

1.1 Review of Literature 

In recent years considerable attention has been devoted to the problem of using feedback 

to control fluid dynamic systems. This problem is complex and particularly difficult when 

one is faced with phenomena such as shocks. Moreover, these systems are governed by 

nonlinear partial differential equations so that the natural state of the system is infinite 

dimensional. If one assumes that “full state feedback” is necessary to design practical 

controllers, then one would conclude that feedback control of fluid dynamic systems is 

“not practical”. However, it is well known that even in finite dimensional control systems 

one rarely has the ability to accurately sense all states, so that some form of dynamic 

compensation must be used. 

This idea clearly extends to infinite dimensional problems and there is a growing lit- 

erature on observers/compensators for distributed parameter systems. In this paper we 

consider a boundary control problem governed by Burgers’ equation. We selected this 

problem because Burgers’ equation is an infinite dimensional model that captures some 

phenomena (e.g., shocks) often observed in fluid flows and because it is simple enough to



provide real insight into the problem. The goal is to show that it is possible to use modern 

control theory to produce practical dynamic compensators for boundary control of nonlinear 

partial differential equations of the type that occur naturally in fluid dynamics. 

We shall present short summaries of three approaches (LQG, MinMax and the opti- 

mal projection method) and show how these approaches can be used in conjunction with 

standard numerical schemes to produce realizable controllers. 

In the infinite-dimensional system theory literature, the attention was primarily focussed 

on the standard linear quadratic Gaussian (LQG) problem. In [13], Gibson and Adamian 

presented an approximation theory for the LQG optimal control problem for flexible struc- 

ture whose distributed models have bounded input and output operators. 

As noted above it is almost impossible to observe the whole state. Controls and sensors 

are limited to a few points or segments of the boundary, so it is necessary to construct 

an appropriate observer (estimator) of the state and design a feedback control law (called 

a compensator) based on the information available from the observed (estimated) state 

variable. Boundary control and observation often lead to unbounded input and output 

operators. Stabilization by dynamic feedback (or compensation) has been considered by 

Curtain [7], Fujii [12], and Nambu [25] for classes of parabolic as well as hyperbolic systems, 

including control and observation at the boundary. An advance was made by Pritchard and 

Salamon [27], when they introduced an interesting class of systems in order to solve the 

linear quadratic regulator problem for several infinite-dimensional systems with unbounded 

input and output operators. This class of systems is now commonly referred to as the



Pritchard-Salamon class. The reason for its popularity is that it is an extension of the 

“bounded class” including many “unbounded” examples, such that most of the system 

theoretic properties of the bounded class are retained. In particular, its structure is rich 

enough to solve the linear quadratic Gaussian problem and the H™-control problem. 

State-space results for the H™—-control problem for infinite-dimensional systems were 

obtained by Pritchard and Townley [28], Van Keulen et al. [19] and McMillan and Triggiani 

[23, 24]. 

Pritchard and Townley [28] were the first to consider the infinite-dimensional H™- 

control problem with state feedback. Van Keulen [19] and McMillan and Triggiani [23, 

24] also restrict their work to the state feedback only. Paper [19] treats the bounded 

input/output case and in [23, 24] boundary control systems are considered. 

The measurement—feedback (or compensator) problem is solved by Van Keulen [16, 17, 

18] and Curtain [9] for several classes of infinite-dimensional systems. Van Keulen [17, 18] 

and Curtain [9] solved the problem for semigroup control systems with bounded input and 

output operators, whereas Van Keulen [16] solved the problem for the Pritchard—Salamon 

class using the procedures that were developed in [17, 18, 19]. 

All of these approaches produce stabilization schemes that either have the same finite or- 

der as that of a high-order approximate model, or alternatively, open-loop model reduction 

or closed-loop contro! reduction techniques are applied to achieve a lower-order compen- 

sator. An advance was made by Schumacher [29], when he gave a theory for designing 

finite-dimensional compensators for a large class of systems, including parabolic and delay



systems. However, in his theory it was assumed that the control and observation operators 

are bounded. Curtain [6] presented an alternative compensator design which applied to the 

same class of systems, except that unbounded inputs and outputs were allowed. 

The optimal projection method is one of many approaches to this problem. We shall 

make use of this method because a very nice theory has already been developed (for bounded 

input and output operators) and we are more interested in illustrating that recent results 

in distributed parameter control theory can be used to design practical feedback laws, than 

in discussing the “best” approach to the problem. 

The possibility of applying this approach to distributed parameter systems was first 

suggested by Johnson [14] and Pearson [26]. The idea of fixing the order of the finite- 

dimensional compensator, while retaining the distributed parameter model was expanded 

and developed by Bernstein and Hyland in [3] and Rosen in [4]. The method extends the 

full order LQG case to an “optimal fixed-finite-order compensator” characterized by four 

equations; two modified Riccati equations and two modified Lyapunov equations, coupled 

by an oblique projection whose rank is precisely equal to the order of the compensator. 

Bernstein and Hyland assumed that the control and observation operators were bounded 

and hence boundary control and observations were not covered by their theory. Thus, one 

naturally is led to the problem of obtaining a fixed—finite-dimensional compensator for 

infinite-dimensional systems with unbounded input and output operators. We show that, 

in certain cases, the Bernstein/Hyland theory can be extended to unbounded control and 

observation.



1.2 Summary of the Main Results 

The main results obtained in this thesis may be summarized as follows: 

e Theorem 2.3.3 provides the basic theory for MinMax problems of Pritchard—Salamon 

class. This result is a generalization of the results given in [16, 23, 24]. In particular, 

the structure of the proof emerges from a combination of ideas in [16] and [10] where 

we show that under certain conditions the existence of a dynamic compensator that 

solves the MinMax problem is equivalent to the solvability of two coupled Riccati 

equations. 

e Theorem 2.4.1 is an extension of Bernstein/Hyland theory to systems of Pritchard- 

Salamon class. 

e We present a comprehensive computational study of all three approaches (LQG, MinMax, 

Optimal Projection). In particular, we apply these methods to the nonlinear Burgers’ 

equation, examine the performance of each method and investigate the affects of 

various approximations to the optimal design. 

1.3 Notation 

If (X, ||-lLy) and (Y, |l-lly.) are normed linear spaces, then £(X,Y) will denote the space 

of all bounded linear operators from X to Y. For any A € L(X,Y), |All or All ocx Y) 

will denote the operator norm on the space £(X,Y). In the event that X = Y we denote 

L(X,Y) by L(X). From time to time we will use ||-|| without any subindex for vector



or operator norm. In all cases the appropriate index for |]-|| will be understood from the 

context. For a Hilbert space X, we denote the inner product on X x X by < -,- > x. 

Given a linear operator A from X into itself, we denote its domain, spectrum, resolvent and 

adjoint by D(A), o(A), p(A) and A*, respectively. For real numbers a and 6b with a < 5, 

L?(a,b; X), 1 < p < oo, will be the space of all Lebesgue measurable functions f from 

(a,b) to X such that ||f|lz>(4.) = (HK |f (x)? dz)? < oo. The space H*(a, b) is the standard 

Sobolov space defined by H*(a,b) = {f € L?(a,b)|f) € L?(a,b); j =0,1,---,k}.



Chapter 2 

COMPENSATION: LQG, MINMAX AND 

OPTIMAL PROJECTION THEORIES 

In this chapter, we present a summary of three approaches that will be used in designing 

a compensator for Burgers’ equation with Neumann boundary control and Dirichlet bound- 

ary observation. Moreover, we will explore the possibility of obtaining a closed-loop system 

with an exponential decay rate independent of the viscosity parameter e > 0. 

In Section 2.1 an abstract framework for a distributed parameter linear quadratic- 

Gaussian problem is given. The results in Section 2.1 will be applied to the Burgers’ 

equation in Section 2.2. A short summary of the linear quadratic differential game theory 

will be presented in Section 2.3. Finally, a third approach based on the optimal projection 

method due to Bernstein and Hyland will be given in Section 2.4.



2.1 Distributed Parameter Linear Quadratic-Gaussian Problems 

We consider the following abstract Cauchy problem 

z(t) = Az(t)+ Bu(t)+ Ain(t) 2(0)=2.€H (2.1.1) 

y(t) = Cz(t) + Hon(t) (2.1.2) 

w(t) = E,2z(t) + Eou(t) (2.1.3) 

where H is a Hilbert space, u(-) € L?(0 T;U), y(-) € L7(0 T;Y), and w(-) € L*(0 T; H) 

denote respectively, the input control, the measured output and the controlled output. In 

addition, assume that the state and measurements are corrupted by zero-mean Gaussian 

white noise y(t) in the Hilbert space 8, H,; € C(X, H) and He € L(X, Y). Moreover, we 

assume that the disturbance and measurements are independent, i.e., Hi; Hj = 0 and that 

Vi = H, Hy € L(A) and Vo = He He € L(Y) is positive definite. Also, it is assumed that 

there is no cross weighting between the state and control input, i.e., Ej, = 0 and that 

R, = ExE, € L(H), Ro = EXE: € L(U) are positive definite and that E, € C(H,H) and 

E € L(U, H). 

We assume the operator A is the infinitesimal generator of analytic semigroup S(t) on 

H, generally unstable, with exponential growth rate 

wo = lim £7" log [|S(#)Ilcun > 0, (2.1.4) 

so that 

IS@llcun < Met! forall e€>0, 20 (2.1.5)



for some constant M = M(wo,€) > 1. Throughout the remainder of this paper we let 

A denote the translation A = —A + wI, where w is fixed and w > wo, so that A has 

well-defined fractional powers (A)# on H and —A is the generator of a strongly continuous 

analytic contraction semigroup S(t) on H satisfying 

IS(@®llcan < Me™, t>0 w= w—wo>0. (2.1.6) 

In order to allow for unbounded operators B and C, we assume that B € C(U, Z) and 

C € L(W,Y), where W and Z are also Hilbert spaces such that 

D(A)QCWOHGZ (2.1.7) 

are continuous dense injections. More precisely, we assume that B* is [A*]’-bounded, or 

equivalently, 

(H-1-a) [AJ 7BeEL(U,H) forsome 0<7<1. (2.1.8) 

Similarly, for the operator C we assume that 

(H-1-b) C[A]""€ L(H,Y) forsome 0<r<1. (2.1.9) 

Solutions of (2.1.1) are given by the variations of parameter formula. In particular, the 

solution z(t) is given by 

2(t) = S(t)zo+ [ S(t—s)Bu(s)ds, O<t<T (2.1.10) 

and formally the output by 

y(t) = C'S(t)z + cf S(t — s)Bu(s)ds, (2.1.11) 

9



which will be discussed later in more details. Equation (2.1.11) is consistent in the sense 

that the restriction of S(t) to W and its extension to Z defines an analytic semigroup on 

W and Z respectively, so we will use the one symbol for all three S(t) and its generator, A. 

Also, we suppose that B € L(U, Z) and C € L(W,Y) induce a smooth controllability and 

observability map with respect to W and Z on [0, T] for all finite T, respectively i.e., 

(H-2) For each T > 0, there exists a constant b(T) > 0 such that for u € L*(0,T;U), 

Ji S(T - s)Bu(s)ds € W and 

    

T 

[[ ser-sBucsyas| < very luC aa rw (2.1.12) 

(H-3) For each T > 0, there exists a constant c(T) > 0 such that for every zt € W 

T 
[ tes@alivat < (rye (2.1.13) 

Remark 2.1.1 (i) We remark that (H-2) and (H-3) are dual conditions in the sense that 

B satisfies (H-2) condition with respect to S(t) if and only if B* satisfies (H-3) condition 

with respect to S*(t). 

(ii) Hypothesis (H-2) implies that z(-) is a continuous function on [0 , T] with values in 

W and the function y(-) defined by equation (2.1.2) is well defined and continuous on [0, T| 

with values in Y. However, if z € Z, then z(-) is a continuous function with values in Z. 

In this case the output function y(-) will make sense only if hypothesis (H-3) is satisfied. In 

10



particular for any z). € Z, we define y(-) in (2.1.2) as the continuous extension to Z of the 

mapping z € W > y(-) € L7(0,T;Y). 

We consider the steady-state performance index 

J(u) 
_ 1 ft 
lim—/] E tens) 11%] ds 
t+oo t Jo 

t 
= lim al E[< Riz(s), z(s) > + < Rou(s), u(s) > | ds, (2.1.14) 

too t Jo 

where Rz € L(U) satisfies the inequality < Rou,u >y> d,|lu||2, for some d,; > 0 and for 

every u € U and E[-] is the expectation function. 

The linear quadratic-Gaussian problem is: 

(LQG) To design an infinite-dimensional compensator of the form 

Z(t) = Apze(t) + Bey(t) z-(0) = 2, (2.1.15) 

u(t) = Ce2e(t) (2.1.16) 

for which system (2.1.1)—(2.1.2) can be stabilized by the input control 

u(-) € L*(0,00;U) that minimizes the cost functional given by equation (2.1.14). 

In order to obtain an admissible control u and an infinite-dimensional compensator of 

the form (2.1.15)-(2.1.16) such that J(u) < oo and that the closed-loop system in H = 

H x Hi given by 

d|2z z A BC 
— =A where A= (2.1.17) 

Zc Ze B.C A, 

is exponentially stable, we need the following hypotheses (H-4)-(H-5): 

11



(H-4) Stabilizability Condition (S.C.) 

There exists an operator K € £(H,U) such that Ax = A+ BK generates an analytic 

— e(A+BR)t semigroup Sx(t) and Sx(t) is exponentially stable on H, i-e., 

Sk) Icu < Mre~’'*, for wK > 0. (2.1.18) 

(H-5) Detectability Condition (D.C.) 

There exists an operator G € L(Y, H) such that Ag = A — GC generates an analytic 

semigroup Sg(t) = e(4-@©)t and Sg(t) is exponentially stable on H, i.e., 

ISe@llecay < Mce-“¢, for wg > 0. (2.1.19) 

In fact, if (H-1)-(H-5) hold, then there exists an infinite-dimensional compensator for 

system (2.1.1) in the form 

£ 2e(t = (A+BK —GC)z,(t) + Gy(t) 

u(t) = Kz,(t) (2.1.20) 

which leads to a stable closed-loop system in H. Indeed, if we define e = z — z,, then (2.1.1) 

and (2.1.20) can be written as 

£2(t) (A + BK)z(t) — BKe(t) (2.1.21) 

d qett) = (A-GC)e(t) (2.1.22) 

Thus, hypotheses (H-4)-(H-5) imply the existence of a dynamic compensator and moreover 

the semigroup S(t) generated by A is exponentially stable in H, i.e., there exist a constant 

12



M> 1 and a constant w, > 0 such that 

IS@Olicayn <Me"" = t20 (2.1.23) 

where w, < min(wxK,wag). We will construct a stabilizing feedback and observer gain oper- 

ators kK € £(H,U) and G € L(Y, H) respectively, by solving the linear quadratic-Gaussian 

problem. In order to guarantee unique solvability, we assume the following stabilizabil- 

ity /detectability conditions 

(C-1) (A, £1) is detectable (A, H1) is stabilizable (2.1.24) 

Next, we state the main theorem of this section (see [13] and [16]): 

Theorem 2.1.2 Let (H-1)-(H-5) and (C-1) be satisfied. Then there is a unique optimal 

dynamic compensator z,(-) for the linear quadratic-Gaussian (LQG) problem, satisfying 

equations (2.1.1) and (2.1.15) where the unique optimal control u(-) € L?(0 T;U) is given 

by the feedback law 

u(t) = —Rz!B*Pz(t) = —Kz,(t),  t20 (2.1.25) 

and the unique optimal observer operator G € L(H) is given by 

G=Qc'v,! (2.1.26) 

where P and Q € C(H) are the unique nonnegative self-adjoint solutions of the following 

Algebraic Riccati Equations (ARE): 

13



0 = < Pr,Ay>q_g+<Az,Py>xy+< Rit,y >x - 

< PBR;z!B*Pr,y >x V(z, y) € D(A) (2.1.27) 

0 = <Qz,A*y>H+< AXz,Qy >o+<Viz,y >a - 

<QC*V,'CQz,y>H V(t, y) € D(A") (2.1.28) 

Moreover, the closed-loop semigroup S(t) € £(H), generated by A, decays exponentially. 

Next, if we let C, = —K and B, = G given by equations (2.1.25) and (2.1.26) respec- 

tively, then we obtain the following well-posedness result for the connected system (2.1.1) 

and (2.1.15). This result and proof may be found in [6]. 

Proposition 2.1.3 Let (H-1)-(H-3) be satisfied, then for all z., z., € W there exists a 

unique solution pair z(t) and z,(t) of (2.1.1) and (2.1.15). This means that z(t) is continuous 

in H and absolutely continuous in Z, that (2.1.1) is satisfied for almost every t > 0 where 

u(t) is given by (2.1.16), and that z,(t) € H is continuously differentiable and satisfies 

(2.1.15) where y(t) is given by (2.1.2). 

To apply the above result to a nonlinear problem such as Burgers’ equation, we must 

linearize the problem. In particular, we start with a nonlinear system (with f (0) = 0) 

£2(t) = Az(t)+ f(z(t)) + Bu(t) 

y(t) = Cz(t) (2.1.29) 

z(0) = 2 

14



and construct the linearized system 

d 
ae!) = Az(t)+ Bu(t) 

y(t) = C2(t) (2.1.30) 

z(0) = 2. 

We then construct a linear controller of the form (2.1.15)—(2.1.16) for (2.1.30). The system 

(2.1.15)—(2.1.16) is “extended” to the nonlinear compensator 

© et = A-z(t) + f(ze(t)) + Bey(t) 
(2.1.31) 

u(t) = C.z-(t) 

yielding a non-linear controller (linear feedback with non-linear observer). 

2.2 Applications to Burgers’ Equation 

We consider the following Burgers’ equation, with Neumann boundary control and 

Dirichlet boundary observation on a finite interval [0, ¢] given by 

< 2(2,t) = Palast) - 2(0,1) 22,9), z€(0,2) t>0 (2.2.1) 

u(t) = -<-2(0,1), (2.2.2) 

u(t) = =2(t,t), (2.2.3) 

z(z,0) = 20(z), (2.2.4) 

15



and we observe on the boundary 

y(t) = me | 200 (2.2.5) 
ya(t) z(é,t) 

where € = Re > 0, and Re is the Reynolds number. Initially, we will consider the linearized 

system 

5 2(2,1) = Pxla,0), xz € (0, £) t>0 (2.2.6) 

with boundary control and boundary observation as given in (2.2.2)—(2.2.3) and (2.2.5), 

respectively. 

In order to put the problem (2.2.3)-(2.2.4) and (2.26) into the abstract setting of the 

proceeding section, we introduce the following operators and spaces. We let z(t)(-) = z(-,t) 

and H = L*(0,£). We define the operator Ae on H = L?(0, 2) by 

Aed = €¢” (2.2.7) 

for all ¢ € D(A) = {¢ € H7(0,2) : ¢/(0) = ¢/(2) = 0}. Here U = R? = Y. It is well 

known that A¢ is a self-adjoint operator that generates an analytic semigroup S(t) on H. 

Moreover, the spectrum o(A¢) of Ae consists of all eigenvalues A,, n = 0,1, 2,---, given by 

An = <a and the corresponding eigenfunctions ¢,, given by 

2 
$o(z) = 1, ¢,(z) = /2 cos(—=) for n = 1,2,---. (2.2.8) 

In addition, since the operator A¢ is self-adjoint, the semigroup S(t) can be presented by 

the following formula 

oe €n2 1? t 

S(t)z =< 2,¢) > dot Die F< 2,bn > bn (2.2.9) 
n=l 
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for all z € H, where ¢,,’ s are defined by equation (2.2.8). Also, it is easy to see that the 

uncontrolled system (2.2.2)—(2.24) i.e., uy = ug = 0, is not asymptotically stable. Indeed, 

the function zo(z) = 1 is in the domain of A¢ since it is H?(0, 2) and satisfies the boundary 

conditions and the differential equation for all time, but the norm does not go to zero for 

increasing time since in this case by using equation (2.2.9) we can show that 

Iz@llay =IS@lle =ISOlla=1, £20. (2.2.10) 

Next, we define the Hilbert space V to be the completion of D(A¢) with respect to a new 

inner product < -,- >y that will be defined below. Thus, if we introduce a sesquilinear 

form a(-,-): V x V + @ defined by 

e 
a(z,w) = [ ez'(r)w'(x)dz, Vz,wEev (2.2.11) 

0 

where V = H'(0, £) then, it is easy to see that the sesquilinear form a(-,-) is V-coercive,i.e., 

IA
 ja(z, w)| €|lzIly llwlly (Continuity) (2.2.12) 

Re a(z,z)+Allzll > ellzlly (2.2.13) 

for all z,w € V and A > 0. It follows from the above inequalities that there exists a unique 

operator Ae € L(V, V*) such that 

a(z,w) = (-4ez,w) (2.2.14) 

a(z,w) = (-Agw,z) V for all z,weEV (2.2.15) 
3 

and in this case, the inner product on V is defined by 

(v1, v2)y = (-Aev1,v2) for v1,v2 € D(Ae). 
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Now, to lift system (2.2.6) to a variational differential equation in V’, we make use of Green’s 

formula. In particular, for all v € V = H'(0, 2) 

fy Acelude = —a(z,v) +6 [| S 2(t)udT 

—a(z,v) +e [ u(odr 

where in this case Q= (0, 2) and T= ({0}, {2}). Thus, for all v € V 

0 
hyena = —a(z,v) +6 f u(odr + f fle(t))vde (2.2.16) 

z(0) = 2 (2.2.17) 

where f(z(t)) = 22! is defined on the space V = H}(Q). Here, we define the control operator 

B:U-V' as follows 

< Bu,d >y= cf ublpar ucu, eV. (2.2.18) 

Notice that not only is B in £L(U, V’) but also B belongs to L(U, [H?+2°(9)] ), for all p > 0, 

since the trace operator 

¢3¢lp : H7+2°(Q) + (Pr) =U (2.2.19) 

is continuous. Moreover, if we let Ae = —Ae + w/ as in Section 2.1, then 

<( aa(2 ! 
H2+20(Q) = D(AG*)) and BEL (u, [pcac**”| ) (2.2.20) 

Therefore, (H-1-a) is satisfied with the choice of y= i + p. Since 

< Bu, >y=< u, B*$ >y=e kf udlpal, (2.2.21) 
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(1 
it follows that B*? = e¢|p and B* € £ (Dat +P), u'). Also, Cd = $|p = 1B*¢ for all 

me 
@€V and Y =U, implying that CE L (D(a +P)) y) and that (H-1-b) is satisfied with 

r= i +pand moreover, y¥+r < 1 for small p> 0. 

From above, we can formulate equations (2.2.1) and (2.2.5) as the abstract Cauchy 

problem 

rae = Aez(t)+ Bu(t)+ f(2@), 20) = 2 (2.2.22) 

y(t) = C2(t) (2.2.23) 

in the space H = L*(Q) = L?(0,£), where Ae = ef" for all ¢ € D(Ae), B € L(U,Z) and 

C € L(W,Y) where W = 2! = D(A‘tt?)) and V = H1(Q). With these definitions, one has 

the imbeddings 

D(A)CVGWHH=H GOZ=aW' GOV". (2.2.24) 

Now we consider the following weighted linear quadratic-Gaussian problem for the lin- 

earized Burgers’ equation 

d 
att) Aez(t) + Bu(t), 2(0) = z (2.2.25) 

y(t) = Cz(t) (2.2.26) 

where Ag, B and C are defined as above. 

(LQG),: Design an optimal infinite-dimensional compensator for the linearized system 

(2.2.25) by minimizing the following performance index 

_, 1 ft 2 2] ,2as Jo(u) = Jim = J E [Rs llz(9)llir + Re llu(s)lig | ePo%ds (2.2.27) 
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such that the closed-loop system is exponentially stable. 

Remark 2.2.1 The weight function e“ in the definition of the cost functional J,(.) will 

play an important role in the exponential decay rate of the closed-loop system. 

For the control problem (LQG),, we introduced an “a -shifted” control system. Let 

Z(t) = z(t)e™, a(t) = u(t)e™, g(t) = y(t)e™, we then have the following modified LQG 

problem 

(LQG): Find an admissible controller i(.) € L*(0,00;U) minimizing the cost functional 

» 1 ft . . i(@) = Jim 5 I E [Ry |12(s)lI3 + Re lla(s)I2, | ds (2.2.28) 
t- 00 

subject to 

£ a(t = (Ae +al)z(t)+ Bat), 2(0) = 2, 

g(t) = C2z(t) t20 (2.2.29) 

where #i(.) is the output estimate of the observer system given by 

d. . a 
ae!) = (A, + al)Z-(t) + Beg(t), 

a(t) = C,Z-(t) (2.2.30) 

and 2,(t) = z,(t)e®. 

If we solve (LQG) and apply 

Ua(t) = a(tle"™", t>0 (2.2.31) 
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to the original control system (2.2.25), then the resulting optimal trajectories pair 

(z“(t), z&(t)) will satisfy the inequality 

z*(t) z 
< Me~* ° (2.2.32) 

zo(t co (t) 1 Py 

where M > 1 is a constant and a > 0 is the desired degree of stability. 

Remark 2.2.2 We can see that the spectrum o(A¢ + aJ) of the infinitesimal generator 

A¢ + al consists of all eigenvalues Aon, n = 0,1,2,---, given by 

en? x? 
Nan = a- 2 (2.2.33) 

? 

  

and for each n the eigenfunction ¢, , corresponding to Ag,n are given by 

  

2 
bao(z) = 1, ban (z) = 7 7 cos(—=) forn = 1,2,---. (2.2.34) 

Let a > 0 be given and let 

-y en? x? 
Nq =maxin€ IN: rAgn =A — 2 >0 (2.2.35) 

Since A¢ is self-adjoint and the set {¢,,, :n =0,1,---} is a basis for H = L?(0, 2), we can 

express the spaces W and Z as 

co 

WwW = {2 EH: >> I< 2; Pen >| < oo} (2.2.36) 
n=0 

Z = {* EH: >) Br" |< z, ban >|" < cof (2.2.37) 
n=0 

  

where By = Yo = 1 and 7, = 6; =n, for n = 1,2,--- , since W = Z’, and the injection 

H ~— Z is given by identifying z € H with the sequence { < Zz, bon >} cN € Z. Assume 
n 
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that the sequences b, € U, cn € Y satisfy 

co co 

>~ Bn llballZ < 00, >> vn? llenll} < 00 (2.2.38) 
n=0 n=0 

and that the operators B € L(U, Z) and C € L(W,Y) are given by 

oo 

Cz=> ta <2,¢an >, and Bu={< bp,u >}nen. (2.2.39) 
n=0 

In this case it is easy to see that for each n = 0,1,:--, 

Cn = S < banlDs Pa,j >= C(ba,n) = boanlL- (2.2.40) 

7=0 

Since c, € Y = IR”, we have that c, = [cl,c2] where each pair of components has the form 

co=[1,1], ca = V2 [1,(—1)"], for all n=1,2,---. (2.2.41) 

Similar arguments leads to b, = ec! . 

Lemma 2.2.3 For each T > 0, both hypotheses (H-2) and (H-3) hold true for the a—shifted 

ee, i a 

system (LQG), where W = Z' = D(A? +P ), H = L7(0, 2) and S(t) is the analytic semigroup 

generated by Ae + al. 

Proof: 

Since the infinitesimal generator Ae + a! of S(t) is self-adjoint, the semigroup S(t) can 

be represented by 

S(t) = Ye" < 2,$an >H San: (2.2.42) 
n=0 
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By the Schwartz inequality 

    

  

    

  

2 00 2 
T . T dr 

[ S(T — s)Bi(s)ds = >In (/ efa.n( “Monae 

Na T oo 
Y 2) wey2 S [Sor [ [Portas] foal? + So 528 Weal? | llallze¢oru7 

=0 0 _ 2|ra n| n= n=ngtl ? 

Na 2 2 2 oo 2 Tn (-2renaT — 1) lal’ | (re +1) lent” \ we y2 
< ay (ern 1 +5 .—J l@llz2(0,7; 

(3 2Aa,n ( ) Yn 2|Ac,na +1 a Yn LO,TWU) 

2 2 oo Ma (2AanaT (no +1) 2) y-12 < [so (CO e* — 1) + b(- a , 

< (7) lallZ2 00,70) 

where we used the facts that @, = 7 and that 

oo 2 b 2 1 2 oo 

Wall c Met SB, lal? < 00. (2.2.43) 
n=natl | a,n| Yn | a,n| n=Nnatl 

Finally, the duality between (H-2) and (H-3) implies (H-3) holds. 

Remark 2.2.4 Lemma 2.2.3 together with the fact that 

co 

1 
n=notl1 |Aa,n|? 

show that the system (2.2.25)—(2.2.26) characterized by the operators A¢, B and C defined 

above, is of Pritchard—Salamon-class with respect to the Hilbert spaces Z and W where 

the operators B and C' are defined, respectively. Hence, in order to solve the shifted 

linear quadratic-Gaussian problem (LQG), it suffices to show that the system (2.2.29) is 

stabilizable and detectable. 

The following lemma is an application of stability and detectability results of Pritchard 

and Salamon [27]. Note that in [5] Burns and Kang used the results of Triggiani in [22] 
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to establish stabilizability for the Dirichlet boundary control problem which, unlike system 

(2.2.29), is not defined by a system of Pritchard—Salamon class. 

Lemma 2.2.5 (i) The system (2.2.29) is stabilizable in the space Z if and only if b, 4 0 

for each n = 0,1, 2,---,1q. 

(ii) The system (2.2.29) is detectable through the unbounded output operator C : W + 

Y if and only if c, # 0 for each n = 0,1, 2,---, mq. 

Proof: 

(i) We know that the spectrum o(Ae + al) of Ae + al consists of all eigenvalues 

Aan = a— en?x?/é > 0 for all n = 0,1,2,---,nq. Let Hy, be the linear space spanned 

by the eigenfunctions $, 9,---,;¢a.n,- Then the dimension of H, is no + 1 and hence the 

system (2.2.29) is stabilizable if and only if the projected system (2.2.29) on H,, is control- 

lable, i.e., if and only if bh =< b(-),¢..n >#0 for n=0,1,--+,na. 

(ii) By the duality statements of (i) system (2.2.29) is detectable through C € L(W,Y) 

if and only if c, # 0 for n = 0,1,---,7¢. 

Hence, the controllability and stabilizability of system (2.2.29) follow from the representa- 

tions (2.2.41) of b, € U and cy € Y, respectively.ll 

Now we return to the original weighted problem (LQG), and state the main results. 

Theorem 2.2.6 Let a > 0 be fixed and assume that (H-1)—(H-5) and (C-1) are satisfied. 

Then there is a unique optimal dynamic compensator for the problem (LQG), such that 
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qe t) = A,z¢(t) + Bey® (t) 

u(t) = C.z2(t) (2.2.45) 

where 

A, = Ae+BC;,-B,C (2.2.46) 

B. = QaC*V,} (2.2.47) 

C. = —Rz!B*P, (2.2.48) 

and Pa, Qa are the unique nonnegative self-adjoint operators satisfying the following alge- 

braic Riccati equations 

0 = < Pot, (Ae +al)y >o + < (Ae +al)z, Pay >a + < Riz,y >a - 

< PyBRz'B*P,t,y>H W(x,y) € D(Ae) (2.2.49) 

0 = <Qat,(Aetal)*y >y + < (Ae +al)*2,Qay > + < Viz,y > - 

< QaC* Vs 'CQat,y >H V(x, y) € D(A®). (2.2.50) 

Moreover, the closed-loop semigroup S,(t) € £(H) satisfies the following stability property 

IISa(#)Icqy) SMe", = tD0 (2.2.51) 

for some constants M = M(a,e) > 1 and w = w(a,e) > 0. 
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Proof: 

By Lemmas 2.2.3 and 2.2.5 we know that the a—shifted control system (2.2.29) satisfies 

all the hypotheses (H-1)-(H-5) and (C-1) with z(t), y(t), u(t), Ae, S(t), z-(t) and J(-) 

replaced by 2(t), g(t), a(t), Aetal, S(t), Z(t) and J(-), respectively. Hence, by Theorem 

2.1.2 there is a unique optimal compensator for the (LQG) problem and the corresponding 

closed-loop semigroup S(t) decays exponentially, i.e., there exist M = M(a,e) > 1 and 

w = w(a,e) > 0 such that 

|S@| cy SMe", #20. (2.2.52) 

Now, since the semigroup S(t) is generated by 

. I 0 
A=Ata (2.2.53) 

0! 

and the infinitesimal generator of the closed-loop system (2.2.25) is A, then Sa (t) = S(t)e~™* 

and by the relation (2.2.52), S,(t) satisfies the inequality (2.2.51) with M = M. Moreover, 

the optimal controller u®(t) for the (LQG), is given by the formula (2.2.45), since 

u(t) = eW a(t) = C.2,(t)e™ = Cpz%(t) (2.2.54) 

where z°(t) = 2,(t)e™ is the corresponding optimal trajectory estimate for the original 

system (2.2.25). This completes the proof. ff 

The optimal dynamic compensator is characterized by the feedback and observer oper- 

ators C,, B. € C(H) given in equations (2.2.47) and (2.2.48), respectively. We recall that 
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H = L?(0,4) and U = Y = R?. Thus, it follows from the Ritz Representation Theorem 

that there is a unique feedback gain function Kg(-) = [k@(-),k¢(-)] € L7(0,2) x L7(0, 2) 

given by 

Ke d 
Kaz = Jo Bo (s)a(s)ds (2.2.55) 

Ig Ff (s)2(s)ds 

for all z € H = L*(0,2). Similarly, by duality there is a unique observer function gain 

La) = [€¢(-), £2(-)] € £7(0, 2) x L?(0, 2) such that 

Lay = £5 (z)yi + £4 (2) ye (2.2.56) 

for all y = [yi, yo]? € IR?. 

Corollary 2.2.7 Let a > 0 be given and let Ka, La € L?(0,) x L*(0,2£) be given by the 

formulas (2.2.55) and (2.2.56). For any initial pair of data z,, z,, € L?(0,2£) there is a 

unique solution of the closed-loop system 

a oe 
57% t) = en 9 2(z; t) 

-£.2(0,0) = - [rg (o)zel0,t)ds (2.2.57) 
Salt) = - [Ke ()zc0,0ds 

z(z,0) = 2z(x) € L7(0,2) (2.2.58) 

2(0, 
y(t) = (0,4) (2.2.59) 

z(@, t) 

where z,(z,t) satisfies the observer system given by 
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© 2el2 t) = Sada, t) — £5(x)z-(0, t) — Lf z-(2, t) + 25.2(0, t) + £fz(Z, t) 

£ 

_-2 0,1) = - [ k2(s)ze(s, t)ds (2.2.60) 
Ox 0 

d , d —z,(Z, =- — a - jt a” (2, t) [ 1(s)Ze(s, t)ds 

ze(r,0) = 2,(x) € L7(0,2). 

7 

z(t) z(-,t) 
Moreover, the solution pair (.) = satisfies the inequality 

Z(t) Z¢(-, t) 

z(t)(-) Zo 
< Mae (ete) (2.2.61) 

c t)(- Co Zc(t)(+) 4 Zee | lay   
for some constant M, = M(a,e) > 1 and w = w(a,e) > 0. 

Proof: 

If e(z, t) = z(x, t) — z-(a, t) denotes the estimate error, then from equations (2.2.57) and 

(2.2.60) we obtain 

9 92 . 
Biel t) = én 2e(2, t) — f5e(0, t) — ffe(Z, t) 

o 

0 
an oe t) = 0 

e(z,0) = 2(r) — 2,(r) = €o(x) € L7(0, £). 
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With this estimator error e(z, t), it is easy to show that the closed-loop system is equivalent 

to (2.2.62) coupled with 

£ 2(2,t) = Poel 

e £ 
-£ 2(0,1) = -f k5 (s)z(s, t)ds + I ki (s)e(s, t)ds (2.2.63) 

Zale) = — ft oals,tdot [H(oels, tae 

Therefore, the existence and uniqueness of a strong solution z(t)(-) = z(-,t) follow from 

the fact that the closed-loop system of the coupled equations (2.2.62) and (2.2.63) is char- 

acterized by the semigroup S,,(t) generated by Ag — L,C, which is strongly (uniformly 

exponentially) stable and that the system (2.2.63) generates an exponential stable analytic 

semigroup Sx,(t) on H. The stability results in (2.2.61) follows from the inequality given 

by equation (2.2.51).8 
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2.3. Linear Quadratic Differential Game Problem 

In the previous section, we treated the linear quadratic-Gaussian problem, which arises 

when the disturbance signals either are fixed or have a fixed power spectrum. In this 

section we discuss the design of a robust controller for the worst case disturbance signals. 

The optimal control problem to be considered here is the infinite dimensional version of 

the so-called “soft-constraint quadratic differential game” or “MinMax/H® problem” as 

described in [1]. The game theoretic analogy is intuitively appealing for, in the MinMax 

problem, the disturbance input and the control input can be viewed as strategies employed 

by opposing players in a game. The disturbance input is chosen to maximize the norm of 

the output while the control input is chosen to minimize it. The basic assumptions needed 

for this problem are the same as those required for the LQG problem. However, there are 

significant differences that reflect the fact that MinMax criterion corresponds to designing 

for the worst case disturbance signals. One important difference here is that the algebraic 

Riccati equations that arise in the theory of linear quadratic differential game approach 

contains terms that are not sign definite. Therefore, we can not guarantee the solvability 

of those Riccati equations unless sufficient additional conditions are imposed. 

The main objective of this section is to design an infinite-dimensional dynamic compen- 

sator, in the presence of a worst-case disturbance signal 7(-), of the form 

© elt) = A,z-(t) + Bey(t) 

u(t) = C,z;(t) (2.3.1) 
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which minimizes the steady-state “disturbance—-augmented” cost functional 

Joo(ujn) = fin =f E [Ri lle( + Rella(o\lG - Pin] ds (2.3.2 

subject to 

z(t) = Az(t)+ Bu(t) + Ain(t) z(0)=2z,€H (2.3.3) 

y(t) = C2z(t) + Hon(t) (2.3.4) 

w(t) = Ey2(t) + Eou(t). (2.3.5) 

Here y € R is a fixed positive constant. This parameter is selected so that the design 

produces an exponentially stable closed-loop system and such that the closed-loop transfer 

function from the output w(t) to the input y(t) denoted by Ty satisfies the H°-norm 

bound, ||Twn||,, < y. Defining the spaces U = L(0,00;U) and 8 = L?(0,00;), the linear 

quadratic differential game (or MinMax problem) is to find 

inf sup J,,(u, 
wed NER (a7) (2.3.6) 

subject to dynamics governed by (2.3.3) and (2.3.4). 

Definition 2.3.1 A solution (u°Pt, 7°Pt) is called a saddle point of Joo(u,7) if and only if 

Joo(uP*,n) < Joo(uP*, n°P*) < Joo(uynP*),  V(uyn) EO xR (2.3.7) 

Remark 2.3.2 (i) All assumptions made in Section 2.1 will hold unless otherwise noted. 

(ii) It will be understood from the context that the term admissible controller will be taken 

to mean that a dynamic compensator exists such that the closed-loop is exponentially stable. 
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The MinMax problem for the linearized Burgers’ equation can be stated as follows: 

(MM): Find an admissible controller for system (2.3.3)-(2.3.4) such that ||Tuy||,, < 7. 

Next, in the following theorem we state sufficient conditions which guarantee the existence 

of an admissible controller to the MinMax problem outlined above. 

Theorem 2.3.3 Assume (H-1)-(H-5) and (C-1) hold. Then, there exists a critical value 

7. > 0 such that 

a) If0 <7 < 7,, then taking the supremum in 7(-) as in (2.3.6) leads to +-00, i.e., there is 

no finite solution of the game theory problem. 

b) If y > 7, then, there exists an admissible controller such that |Z ll. < ¥ only if 

(i) There exist unique nonnegative self-adjoint operators, P = P* € £(H) and 

Q = Q" € L(A), as solutions to the following algebraic Riccati equations (ARE) 

0 = <Pr,Ay>at+<Az,Py>xg+< Rit,y > - 

< PBRz'B*Pz,y>q +72 <PViPt,y>q V(z,y)ED(A) (2.3.8) 

° lI < Q2, A*y >y + < A*2t,Qy >o +<Vizyy >a 

< QC*Vs'CQz,y>H +7? <QRiQz,y>H V(x,y) € D(A*) (2.3.9) 

(ii) and such that P — y?Q7! <0 or p(QP) < 7’. 

Moreover, when these conditions hold, the unique saddle point for the differential game 

problem is given by 
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uPt(t) = —Rz!B*Pz,(t) = C.2-(t) (2.3.10) 

n°Pt(t) = Hi Pz-(t) (2.3.11) 

where z,(t) is the optimal dynamic compensator given by 

2-(t) = Ac-z-(t) + MBy(t) (2.3.12) 

and 

Ap = Ae+7~°Hi HiP + BC. — MB,.C (2.3.13) 

B. = QC*V,} (2.3.14) 

C. = —R;'B*P and M =(I-7QP)"}. (2.3.15) 

Remark 2.3.4 To emphasize the relationship between the MinMax and the LQG controller 

formulas, the MinMax controller can be written as 

Z(t) = Aeze(t) + Ay jworst(t) + Bu(t) + MB. (y(t) — Cze(t)) (2.3.16) 

u(t) = Crz(t), fiworst (t) = 1? Hi Pz¢(t). (2.3.17) 

These equations have the structure of an observer-based compensator. The obvious ques- 

tions that arise, when those formulas are compared to LQG’s ones, are as follows: 

1) Where does the term Hifjworst(t) come from? 

2) Why MB, instead of B, as observer gain? 
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The formula nyorst (t) = 77H} Pz(t) is, in some sense, a worst-case disturbance input that 

maximizes the quantity ||w||? — ? |In||? in J(u, 7) for the minimizing value of u(t) = C,z(t). 

Furthermore, MB, is actually the optimal observer gain for estimating C,z(t), which is the 

optimal feedback control input, in the presence of this worst-case disturbance input. It is 

therefore not surprising that MB, should enter in the controller equation instead of B, as 

in the LQG problem where the resulting equations are much simpler. This is because there 

is no such worst-case disturbance in J(u). 

Proof of Theorem 2.3.3: 

Here we first need to show that under the above conditions the closed-loop system 

generates an exponential stable semigroup on H. If we define new disturbance and control 

variables r = 7 — y~*HjPz(t), v = u+B*P2(t), and the estimate error e(t) = z(t) — z-(t), 

then the systems (2.3.3) and (2.3.12) can be written as 

d| 2(4) Atem + BC, —BC, z(t) A, 
= + dt r(t) (2.3.18) 

e(t) 0 Atem — MB.C || e(t) Hi — MB.Ho 

where Atem = A+ y~?H. 1H{P. Therefore, it is sufficient to prove that both (Atem + BC,) 

and (Atem—M B,C) generates an exponential semigroup on H, then by perturbation theory 

it can be concluded that the closed-loop system given by equations (2.3.3) and (2.3.12) is 

the infinitesimal of an exponential semigroup on H. First, the controller (ARE) given by 

(2.3.8) can be written as 

0 = (Px, Ary)y + (Art, Py) x +? (PM Hy Px, y) _y + (CpCrz,y) x 5 (2.3.19) 
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where Ap = A+ BC, and Cr = E, + EoC.. Then, since (A, M1) is stabilizable and by 

virtue of the fact that P exists and is a nonnegative self-adjoint operator, we can apply 

Lemma 1.4 in [10] and obtain that Ar + y—?H. 1HfP = Atem + BC, is exponentially stable. 

Next, since p(QP) < y” holds, then the inverse (I—y~2QP)—! = M is well-defined. If we 

let Yien = M Q then we know that Y:-m is a nonnegative self-adjoint operator. Moreover, it 

can be verified that Yiem satisfies the following modified observer algebraic Riccati equation 

0 = <Yitemz, (Atem _ YiemC* Vx !C)*y PH+< (Atem _ YiemC*V>'C)*x, Yiemy >H + 

7? < ViemC* Ry CcViemt,y > + < BLBtz,y >a, (2.3.20) 

where B; = H, —-M B* He. Using duality and Lemma 1.4 in [10], we conclude that Atem — 

YiemC"™ Vz 1c = Atem -MB.C is exponentially stable. To complete the proof of this theorem 

we need to show that the transfer function of the closed-loop system satisfies the bound 

||Zw7 ll> < y. Note that since Q~! = Y,,! + y~-?P the operator 

—1 —1 
def Q —Yiem 

kw 

—Yiem  Yiem 

can be written as 

Yiem P 0 
K = [Yiem —Yiew| +77? 

—Yiem 0 0 

Moreover, it can be verified that K satisfies the following closed-loop algebraic Riccati 

equation for all Z EH 

0 =< KZ,AZ >y + < AZ,KZ >4) + < KBB*KZ,Z >4 +77? < C°CZ,Z >4y (2.3.21) 
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where B = [H, M B.H2]" and C = [E, E2C,]. Then the transfer function from the 

disturbance 7(-) to the controlled output w(-) is given by 

Twn = C (sZ — A) B. (2.3.22) 

However, we proved that A is stable and the operator K satisfying the algebraic Riccati 

equation (2.3.21), is a nonnegative self-adjoint operator, therefore from Theorem 1.1 in [10] 

we have 

|Zunllo <7: (2.3.23) 

This completes the proof. 

Now, as in the case of the LQG problem we consider an “a—shifted” MinMax problem 

for the linearized Burgers’ equation, stated as follows 

(MM): Find an admissible controller a(-) € L?(0, 2) minimizing the disturbance- aug- 

mented cost functional 

en _ 1 ft 5 - . Jooliiyf) = Jim 5 fB[Rille(o)llze + Rella(syle — PUA] ds (2.3.24) 

subject to 

‘ a(t) = (Ae +al)a(t) + Ba(t) + Malt) 

y(t) = C2(t) + Ho7(t) (2.3.25) 

where t(.) is the output estimate of the observer system given by 

Salt) = (Actal)ic(t) + MB.G(?) 

a(t) = C,é(t) (2.3.26) 
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where 2,(t) = 2¢(t)e™ such that ||T.n||,, < 7. 

If we solve MM and apply 

Ug(t) = a(t)e™™, t>0 (2.3.27) 

to the original control system (2.3.3), then the resulting optimal trajectories pair 

(z(t), z&(t)) will satisfy the inequality 

z%(t) “at Zo 
< Me ® (2.3.28) 

o(t ze (t) H eo H 

where M > 1 is a constant and a > 0 is the desired degree of stability. 
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2.4 Optimal Fixed-Finite-Dimensional Compensator 

In this section we consider the problem of designing a fixed-finite-dimensional compen- 

sator for a class of distributed parameter system governed by Burgers’ equation. We shall 

present a short summary of one approach (the optimal projection method due to Bern- 

stein and Hyland) and show how this approach can be used in conjunction with standard 

numerical schemes to produce a realizable low order controller. 

2.4.1 A Theoretical Existence Result 

We consider the following abstract Cauchy problem 

z(t) = Az(t)+ Bu(t), 2(0)=z2E€H (2.4.1) 

y(t) = Cz(t) t>0 (2.4.2) 

where H is a Hilbert space, u(-) € L7(0, T;IR™), y(-) € L?(0, T;IR*), and A is the in- 

finitesimal generator of analytic semigroup S(t) on H. Also, assume that all hypotheses and 

assumptions made in the previous sections hold here. 

We now give sufficient conditions which imply that the system (2.4.1)—(2.4.2) can be 

stabilized by a finite-dimensional compensator of the form 

Z(t) = Acz-(t) + Bey(t) 2-(0) = Ze, (2.4.3) 

u(t) = C,z,(t) (2.4.4) 

where A, € IRN«*Ne, B, € IRNeX™, and C, € IR“ are suitably chosen matrices. 
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In addition to hypotheses (H-1)-(H-5) and (C-1), we assume: 

(H-6) Assume that there exists a finite-dimensional subspace Y C W, with dim < N, 

such that 

(i) Sx(t)# C 4, for all t > 0, 

(ii) Range GC 2, 

(iti) X C D(Ax). 

Moreover, there exist linear maps i: IR“* + ¥, 7: X 4 IR: such that 

ni =IN., ing =x for EX. (2.4.5) 

Note that (H-6) implies that 7A xi is a well defined linear map on IRNe. We will show that 

the system 

z(t) = m(Ax —GC)iz,(t) + rGy(t), z-(0) = ze, (2.4.6) 

u(t) = Fiz,(t) (2.4.7) 

defines a stabilizing compensator for the Cauchy problem (2.4.1)—-(2.4.2). The following 

result is an extension of Theorem 2.5 in [11] for unbounded inputs and outputs. 

Theorem 2.4.1 If (H-1)-(H-6) are satisfied, then the closed-loop system defined by (2.4.1)- 

(2.4.2) and (2.4.6)—(2.4.7) is exponentially stable. 

Proof: Note that without loss of generality we can assume that dim ¥ = N,. By Propo- 

sition 2.1.3 it follows that the closed-loop system is a well-posed Cauchy problem. Let 
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Zo € W, z, € IR™ and z(t), 2-(t) be defined by (2.4.1)-(2.4.2) and (2.4.6)-(2.4.7), respec- 

tively. Since z(t) € W, if x(t) is defined by 

z(t) = iz(t)—z(t) t>0, 

then x(t) belongs to W and it is straightforward to show that 

ig(t) = t Axize(t) —eGC x(t). (2.4.8) 

Therefore, 

z(t) = inSx(t)iz, — [ in Sx(t—s)inGCx(s)ds — z(t) 

= Sx(t)ize, — [ * Sx(t—s)GC2(s)ds — z(t) 

= S(thiws— [ S(t — s) [BK iz,(s) +GC 2(s)] ds 

~ §(t) 29 + [ S(t — s) Bu(s) ds 

= §(t)z(0)- [ S(t — s) GC z(s) ds, 

which implies that z(t) = Sg(t) z(0). The stability of z(t), z.(t) and z(t) follows.l 

2.4.2 Optimal Projection Theory 

Consider the steady-state fixed-order dynamic compensator problem, defined by the 

infinite-dimensional control system 

2(t) = Az(t) + Bu(t) + Hin(t) (2.4.9) 

with measurements 

y(t) = C2z(t) + Hon(t). (2.4.10) 
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The objective is to design a finite-dimensional fixed-order dynamic compensator 

Z(t) = Acze(t) + Bey(t) (2.4.11) 

u(t) = C.z-(t) (2.4.12) 

which minimizes the steady-state performance criterion 

I(Ac,BeyCe) lim - I E[(Ri2(s) ,z(s)) + (Rou(s), u(s)) ds (2.4.13) 

= fin 5 f E[Ri lle); + Rolluod] as 

where all operators satisfy all the assumptions given in section 2.1. The compensator will be 

assumed to be of fixed, finite order N, (i.e., z-(t) € IR“©) and the optimization is performed 

over A, € IRNeXNe, B. € IRNe*! and C, € IR™*Ne, 

If one introduces the augmented state space H = H x R<, then the closed-loop system 

becomes a linear system on H. Consequently, define the closed-loop operator A : D(A) € 

H — H on the dense domain D(A) = {(z,z.) € H: Az + BC.z. € H; B.Cz+ Acz € H} 

by 

A BO A 0 0 BC, 

A= = + 

B.C A, 0 0 BC A. 

Since the operator 

A 0 
: D(A) 7 H, 

0 0 

generates an analytic semigroup



and that A,, BC., B.C are of finite rank, then A is also closed and generates an analytic 

semigroup e“* on H (see [15]). To guarantee that J is finite and independent of initial 

conditions we restrict our attention to the set of admissible compensators defined by 

S = {(A,, Be,C.) : e4A* is exponentially stable}. (2.4.14) 

If (A., B-, Cc) € S, then there exist M > 1 and w > 0 such that 

le“*] < Me“ = t > 0. (2.4.15) 

Moreover, we know from Theorem 2.4.1 above that S is non-empty. We now state some 

results found in [3] and [4]. 

Lemma 2.4.2 If Q@ and P € L(H) have finite rank and are nonnegative definite, then 

OP is nonnegative semi-simple. Furthermore, if rank (OP) = N,, then there exist G and 

T € C(H,IR™) and a positive semi-simple matrix M € IRNe*%e such that 

QP = G*MT (2.4.16) 

TG" = Iy,. 
c 

(2.4.17) 

Proof: Bernstein and Hyland give a complete proof of this result in [3]. Here we outline 

their proof in order to illustrate the form of the factorization of OP and to provide a 

description of the operators G and I’. Since Q and P have finite rank, there exists a finite 

dimensional subspace Z C H such that QZ C Z,QZ+ =0, PZ Cc Zand PZ+ =0. Hence 

there exists an orthonormal basis for H and in this basis Q and P have the infinite matrix 
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representations 

Q = ’ p= ’ 

0 0 0 0 

where Qj, P, € IR™*" and r = dim Z. Consequently, there exists an invertible @ € IR™™" 

such that A = 6—!Q,P,® is nonnegative and diagonal and QP is nonnegative and semi- 

simple. If rank (QP) = N-, then it is clear that ® can be chosen so that 

_ [A 0 
A= 

0 0 

where A € IR‘c*%e ig positive and diagonal. Hence, 

In, 
_.. S 0 o! 9 
QP= 0 0 [an 0 0 ; 

0 Ie 0 Ie 
0 

(led l[ 
M = SAS, 

for any invertible S € IR‘«*%<, then G, I and M provide the desired factorization and this 

completes the proof. 
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Throughout the paper we will refer to G, [T and M satisfying the above lemma as 

a (G— M —T)-factorization of QP. For convenience we define © = BRz'B* and © = 

C*V,'C and let Ivy, and Iy denote respectively the N, x N, identity matrix and the 

identity operator on H, respectively. We state Bernstein’s and Hyland’s main theorem 

which provides a set of necessary conditions that characterize the optimal steady-state 

fixed order dynamic compensator for bounded input and output operators (see [3]). 

Theorem 2.4.3 Let B and C be bounded operators and let N, be given and suppose that 

there exists a controllable and observable dynamic compensator (A;,, B,C.) € S of order 

N. which minimizes J given by (2.4.13), then there exist nonnegative definite operators 

Q, P, O, and P on H such that A,., B., and C, are given by 

Ae = T(A—QS-— =P)G"* (2.4.18) 

Be. = TQC*V,! (2.4.19) 

C. = —R,'B*PG" (2.4.20) 

for some (G — M —T)-factorization of QP and such that, with r = G’T € L(H), the 

following conditions are satisfied: 

Q : D(A*) > D(A) P : D(A) D(A*) 

Q: H-+D(A) P : H>D(A*) 

rank (Q) = rank (P) = rank (QP) = N, 

44



and 

0 = (A—7TQE)Q+Q(A—-7Q¥)* +VY+7QEQr* (2.4.21) 

0 = (A—DPr)*P+P(A-UPr)+R,+7*P&Pr (2.4.22) 

0 = [(A ~OP)Q+Q(A-=P)* + QzQ| r (2.4.23) 

0 = [(4 — QE)*P + P(A- QE) + P=P| t. (2.4.24) 

Note that these necessary conditions consist of a system of four operator equations, 

including a pair of modified Riccati equations and a pair of modified Lyapunov equations 

which are coupled by the operator 7 € L(H). The operator 7 is idempotent, since r? = 

TT = GTG*T = G*Iy TI = G*T =T. In general 7 is an oblique projection and may not 

be orthogonal since there is no requirement that 7 be self-adjoint. Moreover, we note that 

in view of Lemma 2.4.2, Theorem 2.4.3 applies to (SA-S~!, SB,.,C,S~!) for any invertible 

S € IRNexNe | since the (G — M —TI)-factorization of QP, used to determine A,, B, and C., 

is not unique. However, the operator 7 remains invariant over the class of factorizations. 

An easy computation yields the following identities: 

Q=7Q and P= Pr. (2.4.25) 

It is helpful to have an alternative form of the optimal projection equations to actually 

compute the optimal fixed-order compensator of the approximating finite-dimensional plant. 

The following result for bounded input bounded output operators may be found in [3]. 
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Proposition 2.4.4 If B and C are bounded, then the optimal projection equations 

(2.4.21)—(2.4.24) are equivalent, respectively, to 

0 = AQ+QA*+V,-Q5Q +7, QEQri (2.4.26) 

0 = A*P+PA+R,— POP +71 POP, (2.4.27) 

0 = A,Q+QA,+QzEQ —7,.QUQri (2.4.28) 

0 = A*P+PA,+ PUP —1{PUPry (2.4.29) 

where 

7, = Iy —-7, Ap=A-—UZUP and Ay =A-Q. (2.4.30) 

This form of the optimal projection equations shows that there is a connection between 

Theorem 2.4.3 and the standard LQG result when dim H = N < oo. In this case, we 

note that the (G — M —T)-factorization of QP when N, = N is given by G=T = In 

and M = QP. Since r = Iy and rT, = 0, it follows that ( 2.4.26)—(2.4.27) reduce to the 

standard observer and regulator Riccati equations. 

To obtain a geometric interpretation of the optimal projection we introduce the “quasi- 

full-state” estimate 

3(t) = G*z,(t) € H, (2.4.31) 

so that 72(t) = Z(t) and z,(t) = T'2(t). Hence, the closed-loop system can be written as 

z(t) = Az(t)+ BC,ri(t) (2.4.32) 

z(t) = 7(A+BC, — B,C)ri(t) +7B.C2(t) (2.4.33) 
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where 

B.=QC*V,! and C,=—R;z!B*P. (2.4.34) 

This shows that the geometric structure of the quasi-full-order compensator is dictated 

by the projection 7. Sensor inputs 7B.Cz are annihilated unless they are contained in 

R(r*) = N(r)+, while 7Z employed in the control input is contained in R(r). Consequently, 

R(r) and R(r*) are the control and observation subspaces of the compensator, respectively. 

Remark 2.4.5 Also, in the case of fixed-finite-dimensional compensator, we solved the a— 

shifted problem, then we applied the controller to the original problem with the weighted 

performance criterion. 
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Chapter 3 

CONVERGENCE AND STABILITY OF 

THE APPROXIMATING SYSTEM 

3.1 Introduction 

The main goal of this chapter is to construct a finite-dimensional dynamic compensator 

z*, which will be based on a finite element approximation of the original problem, such that 

the finite-dimensional control feedback 

un(t) = Chz*(t) (3.1.1) 

once inserted into the original system, would produce the solutions which are uniformly 

exponentially stable in h. 

In order to establish the appropriate convergence and stability results for the compen- 

sator, the techniques recently developed in the context of finite element approximations of 

Riccati Equations with unbounded control input and output operators (see [21]) will be 

used in an essential way and will be discussed in Section 3.2. In Section 3.3, we will apply 

these approximations to the Burgers’ equation and present the finite-dimensional matrix 

representations that will be used for the numerical experiments of the three approaches 

discussed in Chapter II. 
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3.2 Approximations of Spaces and Operators 

We suppose that H, W, Z, U, Y and H are separable Hilbert spaces, that A : D(A) C 

H — H is the infinitesimal generator of a semigroup S(t) on H and that 

BELU,Z) and CEL(W,Y) 

satisfying hypotheses (H-1)-(H-3). 

Consider a control problem given by 

£ 2(t) = Az(t)+ Bu(t) + Ain(t) 

y(t) = Cz(t) + Hon(t) 

wt) = E,z(t)+ Equ(t) 

and an associated steady-state performance index 

. lf Hu) = jin =f B [Ri lle(op ly + Re luo) | a 

The abstract linear quadratic-Gaussian problem is stated as 

(3.2.1) 

(3.2.2) 

(3.2.3) 

(P): Find an admissible controller u(-) € L?(0,00;U) minimizing J(u) subject to the 

system (3.2.2) such that the closed-loop is exponentially stable. 

The following theorem can be viewed as a revised version of Theorem 2.1.2. 

Theorem 3.2.1 Assume that (A,B) and (A, Hj) are stabilizable and that (A,C) and 

(A, £,) are detectable. Then the minimum of J in (3.2.3) is attained by the optimal 
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feedback control 

u(t) = —Ry'B*Pz-(t) 

where P is the unique self-adjoint solution of the algebraic Riccati equation 

0 = <Pr,Ay>y+<At,Py >a +< Riz,y>xA 

< PBRz'B*Pz,y > V(z,y) € D(A). 

z-(t) is defined by 

z-(t) = (A - QC*V,'C — BRz*B*P)z-(t) + QC*V, *y(t) 

where Q is the unique self-adjoint solution of 

0 = <Qz,A*y>Ho+< A*t,Qy >o + <Viz,y >A — 

<QC*V,'CQz,y>H =V(z,y) € D(A’). 

(3.2.4) 

(3.2.5) 

(3.2.6) 

(3.2.7) 

Moreover, the semigroup S(t) generated by the closed-loop system operator A is exponen- 

tially stable. 

We next formulate a sequence of approximate linear quadratic-Gaussian problems and 

present a convergence result for the corresponding Riccati operators. In order to study 

convergence and stability of the approximating compensator we introduce a family of ap- 

proximating subspaces V, C HN D(B*)N D(A"), where h is a parameter of discretization 

which tends to zero, h < ho. Let 2; be the orthogonal projection of V into V;, with the 

usual approximating property: 

[mnz — 2|q < Nh® |zld(4» forsome s>0O and constant N > 0. 
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We then consider the family of linear quadratic-Gaussian problems 

(P*) : Find an admissible controller u(-) € L?(0,00;U) for the control system 

dia hh h h qa? (t) = A®z"(t) + Beu(t) + Ay n(t) 

y(t) = Chz'(t) + Hbn(t) (3.2.9) 

w(t) = Ebz*(t)+ Bbu(t) 

by minimizing 

J*(u) = Jim - [ 'B [Rt l2*(o)|f° + Re mold ds (3.2.10) 
oo 0 

so that the closed—loop system is exponentially stable. 

Remark 3.2.2 If, for any h < ho, (A*, B*) and (A", H*) are stabilizable and (A®,C") and 

(A*, E*) are detectable, then by Theorem 3.2.1, there is a unique optimal controller given 

by 

u(t) = —Rz!(B")*P*z*(t) (3.2.11) 

where P* is the unique self-adjoint solution of the algebraic Riccati equation 

0 = (A*)*P* + P* A’ — Pp? BRS 1(B*)*P* + RP. (3.2.12) 

z(t) is defined by 

z(t) = [A" — Q*(C")*Vz'C® — BYR31(B")*P*]z2(t) + Q*(C*)*Va *y"(t) (3.2.13) 

where Q’ is the unique self-adjoint solution of 

0 = A*Q* + QhA’)* — Q*(c*)*v!c8'g* + Vi. (3.2.14) 
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For the finite-dimensional approximation systems, it is not clear that (A”, B”) is stabi- 

lizable even if the original system (A, B) is stabilizable. Similar observations can be made 

for the detectability conditions, by duality. Therefore, the question we have to consider here 

is the convergence of the approximates P” and Q* and subsequently, the convergence of the 

approximate control u’(t) to the infinite-dimensional solutions P, Q and u(t), respectively. 

These issues are at the heart of all approximation theories that have been developed for 

control. We shall use the theory developed by Lasiecka [20] for parabolic problems. We 

summarize her main results here and refer to [20] for proofs. 

Let A, : V;, — Va, be approximations of A satisfying: 

(A-1) There exist w € JR and 0,,7/2 < 0, < m such that the spectrum o(A) of A contains 

a sector Sw 6, defined by 

Swo, ={AEC:A#w and arg (A— w)| < 4} (3.2.15) 

and then there exists hw such that for all 0 < h < hw we have o(A;),) = spectrum of 

An C Sw, 

qu N |R(A, An) AY | cn Spowee 60WAE Sy, 

(A-2) [n,A-} - A, Th < Nh’. 
loam 

In addition, we assume that B and C satisfy: 

(A-3) (i) |B*zaly <NATY |znly, = zh © Vi 

(ii) |Arzal < Nh-" |zal ay 

02



(A-4) (i) [B* (a, — Dzly < NhAG-1)s lzIDcas) 

(ii) [A(t — Dz|y S NAO lel) 

(A-5) (i) |B*tazly < N|A*V2|, 

(ii) |A*m,z|, < N|A*z|,. 

Lasiecka also requires the following conditions to hold for the approximations of operators 

B, and C, 

(A-6) The operator C? : V, > U satisfies one of the following conditions: 

(i) either C’x;, + C, strongly and B*R(\o, A*) is compact 

Cha, —Ce — 0 as h->0 
    

(ii) or else Cun) 

(A-7) Similarly, for B. : Y 4 Vz 

(i) either B’ —+ B, strongly and CR(Ao, A) is compact 

— 0 as h-+0 (ii) or else |B’ — B, 
    L(Y,H) 

Consider the following finite-dimensional dynamic compensator 

z-(t) = (Anth + m,BC' mp, — B'C)z,(t) + B’Cz(t) (3.2.16) 

when coupled with the associated control system 

z(t) = Az(t)+ BCn2(t) (3.2.17) 

z(0) = zE€EH. 

The following result. may be found in [20]. 
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Theorem 3.2.3 Assume hypotheses (H-1)-(H-5) and (C-1) hold along with the approxi- 

mation conditions (A-1)-(A-7). Moreover, assume y +r < 1. Then, the systems (3.2.16) 

and (3.2.17) represented by 

A BC'm, 
An = (3.2.18) 

BC Anan +7,BC'n, — BC 

generate an uniformly exponentially stable analytic semigroup on H with 

jeAs Me7*t, (3.2.19) I cca s 

where M and wo are independent of h. 

We now return to the problem (P") where we recall recent results from [21] and [22] on 

solvability and approximations of the algebraic Riccati equations arising in control dynamics 

with unbounded input/output operators. 

By the virtue of Theorem 3.2.1 under hypotheses (H-1)-(H-5) and (C-1), we know that there 

exist unique solutions P and Q € L(H) such that B*P € £(H,U) and QC* € L(Y, H) and 

that both (A — BR;'B*P) and (A—QC*V, _'C) generate analytic and exponentially stable 

semigroups. On the other hand, the approximating properties (A-1)—-(A-7) guarantee (see 

(21]) that the approximating ARE corresponding to the the infinite-dimensional ARE given 

by (3.2.5) and (3.2.7) are uniquely solvable with P;,, and Q, € L(V,). Moreover, if we take 

B* = 1,B and C* = Cr, then we will have B*P,1, € £L(H,U) and CQ;m, € L(H,Y) 

uniformly in h > 0 and 

[Paap _ Pleun + |B* (Path _ P)l curv) —>0 as h-0 (3.2.20) 
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IC(Qnth — MD cury) — 0 as h-0. (3.2.21) 

Thus, we are in a position to apply the results of Theorem 3.2.3 with the specific feedback 

law 

Ch =-—R;'B*P, and B=Qzm,C*V,?. (3.2.22) 

Indeed, part (ii) of assumptions (A-6)-(A-7) are satisfied by the convergence results given 

by equations (3.2.20) and (3.2.21) with C, = —R3!B*P and B, = Qc*v,} and C*, Bh as 

in (3.2.22). Thus we have the following result. 

Corollary 3.2.4 If hypotheses (H-1)—-(H-5), (C-1), assumptions (A-1)—(A-7) hold and 

y+r <1, then the conclusions of Theorem 3.2.3 hold with C® and B® given by (3.2.22). 

Remark 3.2.5 For approximations of the MinMax problem, one can follow the same pro- 

cedure since B, and C, have the structure as that of the (LQG) problems and the new 

operator M is given as a function of the operators P and Q. Although the MinMax prob- 

lem produces more complex Riccati equations, condition b-(ii) in Theorem 2.3.3 reduces 

the problem to a form where a straight forward generalization of Lasiecka’s proofs yields 

convergence. 

3.3. Approximations of Burgers’ Equation 

In this section, we apply the approximation results discussed in the previous section to 

the linearized Burgers’ equation. The governing equation is given by 
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£ 2(2,t) = eZ xl2,t) + W(2)n(t 

-£2(0,1) = u(t) (3.3.1) 

Alt) = up(t) 

2z(z, 0) = 2z.(z) € H, 

and the output is given by 

yi(t) z(0, t) 

Yy2 (t) 2 (, t) 

y(t) = + Hon(t) (3.3.2) 

where H = L7(0,£). In Section 2.2, we formulated the above system as an abstract system 

£2(t) = Aez(t) + Bu(t) + Hin(t) 

y(t) = Cz(t) + Hon(t) (3.3.3) 

in the space H = L*(0,£). Here, Aed = ed” for all ¢ € H7(0,4)N H'(0,4), B € LU, Z) 

and C € L(W.Y), where spaces W = Z' = D(A‘) and B*é = «Cb = edlp for all 

GEV=HOQNCWCH. 

To apply the approximation framework above, we introduce V, C V = H1(0,2£) to be 

the space of piecewise linear splines which comply with the usual approximation properties: 

|rpz— Z| H* (0,0) < Nhe-* lz [are » s <2, s—k>0, 0<k<1 (3.3.4) 

[D*(z — Tz) < Nho-*-2 |z| 8 <s<2, k=0,1 (3.3.6) 
12(T) = He» 2 -” _   
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[Dz SNA? alo, b=0,1 (3.3.7) 
12([) ~   

The approximating finite-dimensional representation A? of A¢ is obtained by restricting the 

sesquilinear form a(-,-) (presented in section 2.2) to V, x V,. We obtain a representation 

A® of Ae satisfying 

a(z,w) =< —A*z,w > (3.3.8) 

and 

a(z,w) =< —(A")*w, z > (3.3.9) 

for all z, w € V,. It is well known from the condition of uniform analyticity and classical 

results on approximation of elliptic problems that assumptions (A-1)-(A-2) hold with s = 2. 

Next, since B*z = ez|p, property (i) of assumptions (A-3)—-(A-4) follow from (3.3.7) applied 

to the case k = 0. Also, (A-5)(i) holds, since 

where we have used (3.3.4) and the trace theorem (see [2]). Since 

|Aez| 52°92) = Zl z2*Q) ’ (3.3.11) 

the part (ii) of (A-3)-(A-5) follows from (3.3.4) and (3.3.5). Assumptions (A-6)-(A-7) 

hold with C? and B* taken as the projections of C, and B, respectively, i.e., C* = Comp, 

Bh = x;,B,. Therefore, all of the hypotheses in Theorem 3.2.3 are satisfied. 

Now, consider the matrix representations of operators on the space V;. Throughout the 

rest of the section we assume that = 1 and the discretization parameter h is taken to be 
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h= Wa for convenience. We divide the unit interval (0, 1] into N + 1 equal subintervals 

[zi, 2541], 2 = We i=0,1,2,---,N+1. For each i,0<i< N +1, let hN (x) denote the 

linear spline basis function defined by 

f 

—(N zZ— 2}), <2r< nN (2) - (N + 1)( 21), t<r<2y (3.3.12) 

0, otherwise 

(N+1)(@-Zj-1), t-1<52 <2; 

AM(z) = 9 -(N41)(e—zi41), tS 2S Big (3.3.18) 

0, otherwise. 

for 1<i<WN and 

(N+1)(a@-2y), INS ES TN41 
hNai(z) = : (3.3.14) 

0, otherwise.   
Let V™ be the (N + 2)-dimensional finite element space given by 

N+1 

vWY= {> zh (x) : z € R, f= 01.20 4a}. (3.3.15) 
#=0 

The approximate solution z (z,t) of z(x,t) on V% is given by 

N+1 

z\(z,t) = > zi (t)h (2), (3.3.16) 
i=0 

with z‘(t) € R, i=0,1,---,N +1. Standard finite element/Galerkin procedures applied 

to equations (3.3.3) and (3.3.16) yield the following finite dimensional ODE system 

d ~ ~ - 
(w] fe" (} = [AY] {2% (t)} + [B*] u(t) + [2] nt) (3.3.17) 

where {2 (t)} = [2 (t),--- 2h 1 (t)]", 

08



    

    

N]) = N,N 
[v | 7 I< yom >| vay xcaran 

r2 1 0 =O -- 07 

14 1 =O .-. Q 

01 4 1 + 0 
1 oo 

~ 6(N+1) Ts Ts 3.3.1 
SC pp GSTS) 

0 1 4 1 

+O OF 2 Tsay xc +2) 
F-1 1 0 0 07 

1 -2 1 O 0 
0 1 —2 1 --. QO 

[A] = e(N +1) ve, mete , (3.3.19) 

0 1 -—2 1 

. 0 0 1 -! J 42) x (+2) 

T 
~ T eee 

|B] = € [cr] =€ ; } tas ; : | 9 (3.3.20) 

2x(N+2) 

ry 
T 

[AN] = [< Rng >, <A AY >, <R hha >], (3.3.21) 

where < hi, hN >= fo h(z)hN (x)dz, 0<i < N+1. Since [wr is invertible, by multiplying 

-1 
[wr from the left side of equation (3.3.17), we get 

ge") = [AX ]z%(t) + [B™]u(t) + [Af In(¢), (3.3.22) 

yX(t) = [CX]{z%(t)} + [HQ In(t), (3.3.23) 

{2z™(0)} = {20°}, (3.3.24) 

where 

[AX] = [8% fA™), [BX] =[8* 7B), (AN) = (8) 1a] (3.3.25) 
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{24} = [GW] [< 2, ht >,-++,< zo, hh, >]. (3.3.26) 

Since the computational algorithm for the LQG and MinMax problems is different from 

the computational method needed for the optimal projection problem, we will discuss their 

matrix representations separately. 

3.3.1 Approximation of the LQG and MinMax Compensator 

We consider here the MinMax problem, since the LQG problem can be obtained by 

letting the disturbance attenuation parameter y approach +oo. From above, the approxi- 

mating a-—shifted MinMax problem can be stated as 

(MM)¥ : Find a finite dimensional controller that minimizes the performance criterion 

. 1 Ft 2 
J (tes) = lim = | E|RY |z(s)_ + Re llua(s)ili —7? IIna(s)ll| ds 

too t Jo V 

(3.3.27) 

subject to 

d 
Giza (t) = (AN +al™ 20 (t) + BY ua(t) + Ai’ na(t), 

ya (t) = CX 2N(t) + Hp’ na(t), (3.3.28) 

za(0) = 2, 

such that ||Twnllo < y for a suitably chosen ¥. 

Here, a > 0 and every parameter with subscript a is defined by multiplying it by e®*, e.g., 

z(t) = z(t)e*', where z(t) is the solution of the original problem. Therefore, we can 

60



write the finite dimensional Riccati operator equations as 

0 = (AN + aI%)*PN + PN(AN + aI) — PN[BY R71(BY)* — y~-2V,N] PX + RN (3.3.29) 

0 = (AN + aI%)QY + QU(A™ + al™)* — QU [(C®)*Vz*CN — y?RTQs + Vi" (3.3.30) 

and the approximating optimal controller which is characterized by the feedback gain, ob- 

server gain and operator AN, given by 

CN = -Ry(BY)*PY, MBE =(IN -— 7 ?QaPa) ‘'Qa(C%)*Vy + (3.3.31) 

AN = A+ 7HN(HN)*PN + BNCN —~ MNBNCN. (3.3.32) 

Recall that adjoints have the matrix representations 

(AN)* =— (DN)-1(AN)T GN (BY)* _— (BY)T YN 

(C’)* = (BN)-1(CN)T (HN )* — (HN)T UN (3.3.33) 

(EN)* = (8%) ef)?. 

Therefore, if we define 

Py = WN PY, QF = Qa (U")*, RY = (EP) EN, VN =HN(HY)", — (3.3.34) 

then the Riccati operator equations (3.3.29)—(3.3.30) are equivalent to the Riccati matrix 

equations that are solved numerically: 

O= (AN +aI%)? PN 4 PN(AN + aI) — PX[BN RZ1(BY)? — y-? V5] PX + RN (3.3.35) 

0= (AN + aI™)Q9 + Qa (AN + aI)? — QI[(CN)7Vz 7 C*% — yA RNIOI + Vi". (3.3.36) 

61



The corresponding gains and operator AX are given by 

CX = —Rz'(BN)'PY, M™ BY = (IN — 7 ?QaPa)'Qa(C™)" V5 (3.3.37) 

AN = AN 44-2HN (HNTB, + BEN — IN BNCN, (3.3.38) 

Moreover, since the functional gains Kg and Lg are elements of VN x V%, they can be 

written as 

N+1 k? N+1 £0 

Ky (2) = >- h(z), La (2) = >) hi (2). (3.3.39) 
=0 | pl =0 | gl 

Then the coefficients k9, k}, £2 and é} in equation (3.3.39) can be determined, using the 

numerical solutions of C’ and MBN given by equation (3.3.37), by the formulas 

  

4T 
KO, ss, Ray = (")-1PY BN RoI, (3.3.40) 

kos ots ENad 
4T 

Bynes, O44 _ (IN — y-2ON PX) 1948 (CXF, (3.3.41) 

fh, oe, fn | 

Finally, we apply the control laws defined by the functional gains in(3.3.39) obtained from 

the shifted MinMax problem (MM), to Burgers’ equation (3.3.3). The resulting finite 

dimensional (nonlinear) approximating closed-loop system becomes 

a| 2) AN = BNCN || 2X2) HN FN (z%(t)) 
on = + n(t) + 

zp (t) MBNCN AY zp (t) MB.HY FN (2 (t)) 
(3.3.42) 

with initial data 

z (0) = 2, 2 (0) = 2 
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where the nonlinear term in the observer is given by 

FN (2% (t)) = (W*) 1 F" (2% (0), (3.3.43) 

with 

—2( zg" (t))? + 2gY (th2f (t) + (2%)? 

— (29 (t))? — 26" (taf! (t) + 2! AN) + (22"(O)? 

p=
 

F (2% (t)) = = . (3.3.44) | 

—(2N-10))? — Na ®2NO + eh OeN a) + eNO)? 

(28 (8)? — 28 (Dz 41 (8) + 22%)? 

The closed-loop system is defined by substituting z(t) into (3.3.43) yielding (3.3.42). 

    
Theorem 3.2.3 implies that for sufficiently large N the finite dimensional LQG controller will 

stabilize the (linearized) problem defined by the heat equation. Although this has not be 

shown to stabilize the nonlinear system, we shall present numerical results that suggest that 

the linear controller with nonlinear observer will perform well on the nonlinear problem. 

3.3.2 Approximations of the Fixed-Order Compensator 

In general, the optimal projection equations (2.4.26)—(2.4.29) are infinite dimensional 

operator equations. In order to use these equations to compute the optimal fixed-finite-order 

compensator, a finite dimensional approximation is needed (see [4] for details). 

Let AN € £(V%), BX € C(IR™, V%), CN € civ’, IR*), RY € L(V) and V,% € 

L(V) be given as before. Consider the approximating system 

zX(t) = ANZN(t) + BNuN (t) 4+ HN a(t) (3.3.45) 
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y(t) = CZ (t)+ HN n(t). (3.3.46) 

The goal is to design a sequence of finite-dimensional dynamic compensators of fixed order 

N,. of the form 

aN (t) = ANZN(t)+ BY y* (2) (3.3.47) 

uN (t) CN ZN (t), (3.3.48) 

which minimizes the performance criterion 

t 
JN( AN, BN CN) def jim “| B| (RY 2" (3) ,2%(s)) + u(s)"Rau(s)) e2t ds. (3.3.49) 

Here, the observations made above for the LQG and MinMax problems hold. In particular, 

(AN)* = (G%)-1(AN)TON (BX)* = (BY)THN 

(CX)* = (WX)-1(CN)T (c%) = BYR 1(BN)TON (3.3.50) 

CY) = ON) NTWN EN) = CNTY 0% 
and if we define the (N + 2) x (N + 2) nonnegative definite matrices 

Qy S Qy@yy+ PY Sw pN 

ON def ON (wN)-1 PN def UN pN 

(3.3.51) 

VN ZS vNeN) 1 RY S wNRY 

oY S BYR (B’)T To SF (CX)Tv;y 10%, 

then the matrix equivalence of the operator equations (2.4.26)—(2.4.29) become 

0= (AN + aI%)QY + QU (AN + al) + VOY — QNE9 OF + rN QYEy Qh (rN) (3.3.52) 

0 = (AN +aI%)' PN + PN(AN + aI®) + RN — PRON PN 4 (08) PN oY PNT (3.3.53) 
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A A aN TN 
0= (AN + al Qi + Q9 (AN + aI%)" + QQ Ep QF — 11 Q0' Eo Q0 (11) (3.3.54) 

O= (AN + al)" Py + PN (AN + a1”) + PDQ PyY — (7X) ' PSG Po’ rt’. (3.3.55) 

The approximating optimal dynamic compensator (A, B,C) of order N; is then given 

by 

AN = TW¥(AN — QYE - DY PN )(GN)" (3.3.56) 

BY = TYQg(C*)'Vy" (3.3.57) 

CY = —R;'(BY)'PN(Gt)" (3.3.58) 

where 'V, GN € IRNex(N+2) and MW € IRNeXNe provide a (GN — MY — P')-factorization 

of QN PN . The resulting approximating nonlinear closed-loop system is given by 

a} 2X(t) AN BNCN z(t) FN (2% (t)) 
— = + (3.3.59) 

ze (t) BYCN Ad ze (t) Tq [F* (Go 22 (@))] 

zN(0) = 2, z§(0) =ry za (3.3.60) 

where F¥(-) = (¥%)-1F” (-) is defined by (3.3.44). 

Remark 3.3.1 We shall apply this reduced order controller to Burgers’ equation. In par- 

ticular, numerical results will be given that indicate that a result similar to Theorem 3.2.3 

holds, if one uses the optimal projection method to construct a finite-dimensional control 

law. However, one must either develop an alternative approach to the proof of conver- 

gence, or else one must show that B™ and CY in (3.3.56)-(3.3.57) satisfy (A-6) and (A-7), 

respectively. We shall not address this issue here. 
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Chapter 4 

NUMERICAL RESULTS 

4.1 Introduction 

In this chapter numerical results will be presented for the LQG, MinMax and Fixed- 

Order compensations discussed in the preceding chapters. The numerical schemes were 

implemented on an IBM PC computer. Most of the numerical experiments were done 

using MATLAB and various MATLAB routines from the Control Toolbox for computing 

the functional gains by solving the Riccati equations and for solving the nonlinear ODE 

systems using the 4th-5th order Runge-Kutta method. Also, in the case of the Fixed- 

order compensator experiment, we used FORTRAN Codes interfaced with the HOMPACK 

subroutines in solving the four optimal projection equations (3.3.52)—(3.3.55) since they are 

coupled by the oblique projection matrix and the well-known HOMPACK subroutines use 

the homotopic continuation method to handle these kind of problems. In Section 4.2, four 

feedback schemes are introduced. Numerical results will be shown in Section 4.3 where a 

comparison of the three methods will be made. 
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4.2 Approximation Schemes 

From Sections 2.1, 2.3 and 3.3, we know that the optimal control u(-) € L?(0,1), in the 

cases of the linear quadratic-Gaussian and quadratic differential game problems, is given 

by a feedback form 

u(t) = —Kz,(t) (4.2.1) 

and the feedback operator K € C(H,U) can be presented by 

1 40/5 Z-(s)ds 
Kz,(t) = fo B(s)ze(s) (4.2.2) 

fo k}(s)z,(s)ds 

for some k°(-), k!(-) € H, where H = L?(0,1), U = Y = IR? and z,(t)(-) = zc(-,t) is the 

corresponding optimal observer trajectory. Next, we introduce four numerical schemes for 

approximating the feedback law defined by the optimal L?-gain functions k°(-), k}(-) in 

equation (4.2.2). We use step functions averaging k°(-), k!(-) on each interval I; = (%j-1, Z;) 

and acting on the optimal state trajectory z(z,t) where 9 = 0, £4741 = 1, the average value 

of k°(-), k1(-) on each center point £; of J; and acting on the optimal state trajectory 2(£;,t) 

evaluated at that center point of each interval, and finally, we use the third approximations 

except we use a compensator to estimate the states at £;. 

Scheme 1. First, we consider the feedback form (4.2.2), say Kopt, corresponding to the 

optimal control Uopt (t). Then, on V", K opt is determined by 

N AN N 
Yo > V1 9°93 YN 41 

N AN N 
Bo By sts Ona) 

= R;'[BY]"Py (4.2.3) 

N. — 
Kopt — 
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and hence 

N41} oY 
uspt (t) =— opt2e. “=->> zN (t). (4.2.4) 

1=0 Bi 

Remark 4.2.1 Numerical results presented for Scheme 1 include all three methods dis- 

cussed in Chapter II. Schemes 2-4 are designed only for the MinMax problem. Of course, 

those schemes can be applied to the other methods too. 

Scheme 2. Consider the following feedback form K,: 

1 | M41 ay 

Ka = | > X1,(s) | 2(t, s)ds (4.2.5) 
0 | a! 

where Zp = 0, 241 = 1, forj=1,::-,M+1and/=0,1 

ead l l 
a; = > k'(s)ds 4.2.6 4 (=a) Ji, (s) (4.2.6) 

= the average of k'(x) over the interval J,, 

1, zed; 
Xi = 

J 

0, otherwise 

where for each j, OX j < M-+1, Z; is the location of a sensor measuring the flow z(Z;,t). 

Then, on V, the control function u(t) becomes 

ug(t) = —Ky2%(t) 

1} M+1 a} 
= -f > x7 (8) z(t, s)ds 

° | s=1 | gl 
j 

N+1 Tre N 

= — » z; (t) (4.2.7) 
i= ul’,



where 

+ N+1 

uN, = af, AN (a)de, a = ———— oH | nN (x)de), (4.2.8) 
j-1 n=0 3 

for 1 = 0,1. Thus, the feedback operator K can be represented by 

N_,,N N 
U U eee Uu 

0,0> U0,19 °° > VON41 
KN = an (4.2.9) 

N_,,N N 
U1 0 U1 UL N41 

and the finite dimensional closed-loop system is given by 

SaN(t) = (AN — BNKY)2(t) + Hin (t) 
(4.2.10) 

zN(2,0) = 2%. 

Scheme 3. Consider the feedback form 

M+1 ay 
Kapz= >> z(4;, t) (4.2.11) 

j=l al 
j 

where ai,’s, for 1 = 0,1, are the same as Scheme 2 and for each j7, 1 <7 < M +1, @; is the 

center point of the interval I; = (£j-1,%;) and z(4;,t) = Se, z(s,t)ds. Then, it follows 

that on V%, we have 

Uap (t) = —KXz (t) 

M+1 at 

= — > 2(4;, t) 

i=l | ql 

N+1 M+1 a} &; 
= -» HOY [ nN (s)ds 

1=0 a} 7j-1 
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= -yx#voO>d hy (4;) Az; 
i= j=l a} 

N+1 ow, 
’ N 

= — > 2; (t) 
i= of’, 

where 

M+1 ' 
N — N(a.\Az. ~~. — (m—._s. v1, = > a;hy (4;) Az; and Az; = (Z; — Z;-1). 

j=l 

Hence, 

N,N N 
KN = %0,07 40,19 °°" » Y0,N+1 

ap ~— 

N,N N 
1,09 Y1,19 °° "9 U1,N41 

and the finite dimensional closed-loop system becomes 

d 

Get) = (AY ~ BNKG)2" (t) + Hin" (t) 

z\(2,0) = 2X. 

(4.2.12) 

(4.2.13) 

(4.2.14) 

(4.2.15) 

Scheme 4. Here we use the approximations in Scheme 3, except we use the compensator 

to estimate the states at Z;. In particular, we have 

N+1 

ag) (t) = —Kapze (t) = — D> oN 2X (0). i 

4.3. Numerical Results 

(4.2.16) 

In this section, we discuss numerical results for the disturbed Burgers’ equation, with 

Neumann boundary control and Dirichlet observation. First, we fixed certain parameters 
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and used the selected values throughout all computations. Namely, we chose Re = 60, r; = 

vj = 1 and rq = v2 = 1073, that is, Ry = EVE, = 119, Ro = EjE2 = rola,Vi = 11H AT 

and V2 = H2H3 = vel2 and the disturbance input function was chosen to be A(x) = «+1. 

We also worked with two different initial conditions, namely cos(mz) and — cos(mz). As for 

the desired degree of stability a, we set a = 0.15. 

Plots of the trajectories for open-loop and closed-loop solutions, use the N** order 

approximation for all cases and methods. The corresponding trajectories are plotted from 

t = 0.0 to t = 10.0. Figures 4.3.1-4.3.4 illustrate the response of the nonlinear system 

with no controls and in the absence of disturbance. In these cases, we can see that all 

solutions converge to zero except for the case when the initial condition is z) = cos(7z). In 

Schemes 2-4, we have chosen M = 3 where the end points of each subinterval I; were set 

to z; = 0.15, 0.5, 0.85 for 7 = 1, 2,3 along with the two end points of the domain. That is, 

the center points of each interval I; are set to 2; = 0.075, 0.325, 0.675, 0.925. 

Remark 4.3.1 With the above choices, it is easy to check that the hypotheses and condi- 

tions that were assumed throughout this paper hold. In fact, we know that the hypotheses 

(H-1)—(H-5) are satisfied with our parameters choice. Also, we know that part of condition 

(C-1) is satisfied,i.e., the detectability of the pair (A, E)), since we chose the identity opera- 

tor for £1, but on the other hand we have to make sure that the pair (A, H;) is stabilizable. 

Indeed, fi(x) = z +1 satisfies the stabilizability condition for any desired degree of stability 

a > 0, since as we did for the coefficients b,, n = 0,1,---, the coefficients fh, representing 
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the disturbance input function f(-) are not zero,i.e., 

1 

in =< A), dal) >1200,0= f (t+ Yban(2)de #0 (4.3.1) 

for all n = 0,1,---, where ¢,,, are the eigenfunctions presented in Section 2.2. 

Example 4.3.1 (LQG/MinMax Problems) 

All control laws “converged” for N = 32 elements. The converged feedback functional 

gain K,(-) and observer functional gain L,(-) are given in Figures 4.3.5 and 4.3.6, respec- 

tively. Since we are controlling the flux at each end point z = 0 and z = 1, we have two 

feedback functional gains. From these plots, one can easily see that the control actions are 

concentrated on the location of the boundary control points where the solid lines represent 

flux control gains obtained from the MinMax problem and the dashed lines are the flux con- 

trol obtained from the LQG problem. Similarly, since we are sensing the flow at the origin 

and the end point, we have two observer gains (solid lines for the MinMax observer gains 

and dashed lines for the LQG observer gains). We also compared the maximum singular 

value of the transfer functions of the LQG and MinMax linear closed-loop system in Figure 

4.3.7. This figure shows that the MinMax controller yields a closed-loop system satisfying 

the H™ disturbance attenuation bound y = 4.6. This value is obtained by decreasing 7 

until solutions to the Riccati equations (3.3.36)—(3.3.37) with the required properties fail 

to exist. Next, these controllers were then applied to the disturbed Burgers’ equation re- 

sulting in the nonlinear closed-loop trajectories depicted in Figures 4.3.8 — 4.3.11. For each 

initial condition, we observe that the resulting solutions (Figures 4.3.8-4.3.9) obtained by 
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the linear quadratic Gaussian controllers are not stable in the presence of disturbances. On 

the other hand, Figures 4.3.10—-4.3.11 show that the MinMax controllers provide stability 

margins sufficient to accommodate the degree of disturbances introduced. Figure 4.3.12 

shows the control function u(t) for the LQG and MinMax problems. These preliminary 

results indicate that the control laws designed using the linear quadratic differential game 

outperform the standard LQG controllers in the presence of disturbance signals. This is 

not surprising because disturbances were not introduced in the performance criterion as in 

the case of MinMax design. 

Example 4.3.2. (Finite-Fixed-Order Compensator) 

In the fixed-order case, we considered the accuracy of the impulse and step responses of 

the various reduced order compensator designs compared to the corresponding responses of 

the full order LQG design. Figure 4.3.13 illustrates the linear closed-loop impulse response 

for the full-order LQG and reduced order compensator (of order N, = 16) designs. The 

impulse response of the linear closed-loop system for the 16th-order compensator is in perfect 

agreement with the LQG response. Note that in Figure 4.3.13 we see only one plot for both 

designs because both plots are essentially the same. Similar trends are seen (Figure 4.3.14) 

in the comparisons of the step responses (for the same design case) with the corresponding 

LQG responses. 

For the nonlinear closed-loop response, the 16th-order compensator was applied to Burgers’ 

equation and we see (in Figures 4.3.15—4.3.16) excellent agreement with the full order closed- 

loop trajectory response. Hence, replacing the 32nd-order optimal LQG controller by a 16th- 
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order compensator produces a closed-loop system with minor performance degradation. 

We also compared the performances of the closed-loop system of the 4th-order compensator 

with the full order LQG responses. Figures 4.3.17 and 4.3.18 are the impulse and step 

responses of the linear closed-loop system, respectively. If one compares these responses 

with the corresponding responses for the full order LQG controller shown in Figures 4.3.13 

and 4.3.14, then it is clear that the 4th-order compensator performs almost as well as the 

full order LQG controller. Similar comments hold for the nonlinear closed-loop responses. 

For example, the 4th-order compensator response (Figures 4.3.19 and 4.3.20) compares well 

to the LQG response, especially after time T = 1.0. 

Example 4.3.3. ( Suboptimal Feedback Designs ) 

We considered the feedback functional gains obtained from the MinMax problem and 

applied Schemes 2-4. The closed-loop solutions are given in Figures 4.3.22—4.3.27. Figures 

4.3.22—4.3.24 illustrate the average of the gain functions in Figure 4.3.5 and the correspond- 

ing closed-loop solutions (Scheme 2). The average values were estimated on each subinterval 

(4;-1,%;), where Z; = 0, 0.15, 0.5, 0.85, 1.0 for 7 = 0,1, 2,3, 4, respectively. Also, Schemes 

3 and 4 were applied to obtain Figures 4.3.25 and 4.3.27. The basic observation to be made 

here is that each one of the Schemes 2, 3 and 4 works well compared with Scheme 1, all 

drive the state to the zero equilibrium position and reduce the gradient of the solution in 

the presence of disturbances. On the other hand, from a practical point of view, Scheme 

3 is the most efficient, since in this case we require only data that can be obtained from 

the sensors placed at the boundary. Indeed, if we compare the trajectory obtained from 
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Scheme 3 (Figure 4.3.25), to the one from Scheme 1 (Figure 4.3.10), we can see that they 

are almost identical. 
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4.4 Summary 

In this paper, we showed that dynamic compensators can be used to control a nonlinear 

partial differential equation. In particular, we selected a boundary control problem gov- 

erned by Burgers’ equation with boundary observations. The controllers were based on a 

linearization of the nonlinear equation. We discussed three different approaches. The infi- 

nite dimensional Linear Quadratic-Gaussian (LQG) and linear quadratic differential game 

theory (H™ /MinMax) approaches presented in Sections 2.1 and 2.3 respectively, yield infi- 

nite dimensional compensators which are then approximated by finite dimensional compen- 

sators. In contrast, the optimal projection theory presented in Section 2.4 fixes the (finite) 

order of the compensator prior to the design process. The numerical results indicate that 

the LQG, MinMax and optimal projection approaches can work well in practice. However, 

the theory for the boundary control problems considered here is not complete. 

A “shifted quadratic cost” problem was used to construct feedback and observer gains 

which produce a fixed decay rate. In particular, this approach produces a closed-loop 

system satisfying the estimate 

z(z, t; Zo) t 2o 
< Me * 

2¢(2, t; ce) H 2Co H 

where a@ > 0 does not depend on the Reynolds number. However, My = M(a,e) will, in 

general, depends on the viscosity parameter e€ > 0. 

We developed a numerical scheme for computing the feedback and observer functional 

gains and several numerical experiments were performed. The following observations were 
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made: 

1) The nonlinear closed-loop system was stabilized by all of the nonlinear controllers (linear 

feedback and nonlinear observer). 

2) A comparison between LQG and MinMax designs shows that the latter outperforms 

the former (in disturbance attenuation) and provides a stability margin sufficient to 

accommodate the degree of disturbances introduced. 

3) One does not have to sense the entire “flow” to control the “flow”. The numerical 

experiments based on Schemes 2-4 illustrate that by a proper location of sensors and 

the use of low order observers one can control a distributed parameter system with a 

finite number of controllers and measurements. 

These preliminary results provided some evidence that robust “linear” controllers can be 

used to control complex nonlinear distributed parameter systems. On the other hand, there 

are several interesting questions that need further study. In particular, we have established 

the following: 

e The existence of MinMax controllers for systems of Pritchard—Salamon Class (Theorem 

2.3.3). 

e The stability of the approximating closed-loop system (Theorem 3.2.3). 

e The existence of optimal projection controllers for systems of Pritchard—Salamon Class 

(Theorem 2.4.1). 
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On the other hand, there are several areas that require further work. In particular, one 

needs; 

e A theory for problems that are not of Pritchard—Salamon Class. In particular, a theory 

is needed for the MinMax and optimal projection approaches. 

e To establish the convergence of finite element approximations of the MinMax and optimal 

projection problem. 

e To find alternative conditions (other than those given by Hypothesis (H-6) in Section 

2.4) that guarantee the optimal projection equations have solutions. 

e To prove the stability of the nonlinear approximating closed-loop system. 
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