Dynamic Compensators for A Nonlinear

Conservation Law
by
Hamadi Marrekchi
Dissertation submitted to the faculty of the
Virginia Polytechnic Institute and State University
in partial fulfillment of the requirements for the degree of
DOCTOR OF PHILOSOPHY
in
Mathematics

©Hamadi Marrekchi and VPI & SU 1993

ﬂ John A. Burns, Chairman

APPROVED:

{

Com MLy /ng.@ Lcs/q\ *

Eugene M. Cliff ! Janet S. Peterson
‘L.u-gf Z N—«—LQ:M.M NREL & nwlack
Terry L. Herdman Robert L. Wheeler

September, 1993

Blacksburg, Virginia



Dynamic Compensators for A Nonlinear Conservation Law
by
Hamadi Marrekchi
Committee Chairman: John A. Burns

Mathematics

(ABSTRACT)

In this paper we consider the problem of designing dynamic compensators to control
a class of nonlinear parabolic distributed parameter systems. We concentrate on a sys-
tem with unbounded input and output operators governed by Burgers’ equation. This
equation provide a one dimensional model for certain convection—diffusion phenomena. A
linearized model is used to compute a robust controller (MinMax), a LQG controller and a
fixed-order-finite-dimensional control law (Optimal Projection) by minimizing various en-
ergy functionals. These control laws are then applied to the nonlinear model. Different
approximation schemes are used to design suboptimal active feedback controllers. This
approach provides important practical information. In particular, we show how functional
gains can be used to locate new sensors.

Numerical results are given to illustrate the basic ideas and to compare the various

controllers.
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Chapter 1

INTRODUCTION

1.1 Review of Literature

In recent years considerable attention has been devoted to the problem of using feedback
to control fluid dynamic systems. This problem is complex and particularly difficult when
one is faced with phenomena such as shocks. Moreover, these systems are governed by
nonlinear partial differential equations so that the natural state of the system is infinite
dimensional. If one assumes that “full state feedback” is necessary to design practical
controllers, then one would conclude that feedback control of fluid dynamic systems is
“not practical”. However, it is well known that even in finite dimensional control systems
one rarely has the ability to accurately sense all states, so that some form of dynamic
compensation must be used.

This idea clearly extends to infinite dimensional problems and there is a growing lit-
erature on observers/compensators for distributed parameter systems. In this paper we
consider a boundary control problem governed by Burgers’ equation. We selected this
problem because Burgers’ equation is an infinite dimensional model that captures some

phenomena (e.g., shocks) often observed in fluid flows and because it is simple enough to



provide real insight into the problem. The goal is to show that it is possible to use modern
control theory to produce practical dynamic compensators for boundary control of nonlinear
partial differential equations of the type that occur naturally in fluid dynamics.

We shall present short summaries of three approaches (LQG, MinMax and the opti-
mal projection method) and show how these approaches can be used in conjunction with
standard numerical schemes to produce realizable controllers.

In the infinite-dimensional system theory literature, the attention was primarily focussed
on the standard linear quadratic Gaussian (LQG) problem. In [13], Gibson and Adamian
presented an approximation theory for the LQG optimal control problem for flexible struc-
ture whose distributed models have bounded input and output operators.

As noted above it is almost impossible to observe the whole state. Controls and sensors
are limited to a few points or segments of the boundary, so it is necessary to construct
an appropriate observer (estimator) of the state and design a feedback control law (called
a compensator) based on the information available from the observed (estimated) state
variable. Boundary control and observation often lead to unbounded input and output
operators. Stabilization by dynamic feedback (or compensation) has been considered by
Curtain [7], Fujii [12], and Nambu [25] for classes of parabolic as well as hyperbolic systems,
including control and observation at the boundary. An advance was made by Pritchard and
Salamon [27], when they introduced an interesting class of systems in order to solve the
linear quadratic regulator problem for several infinite-dimensional systems with unbounded

input and output operators. This class of systems is now commonly referred to as the



Pritchard-Salamon class. The reason for its popularity is that it is an extension of the
“bounded class” including many “unbounded” examples, such that most of the system
theoretic properties of the bounded class are retained. In particular, its structure is rich
enough to solve the linear quadratic Gaussian problem and the H*°-control problem.

State-space results for the H>—control problem for infinite—dimensional systems were
obtained by Pritchard and Townley [28], Van Keulen et al. [19] and McMillan and Triggiani
23, 24].

Pritchard and Townley [28] were the first to consider the infinite-dimensional H®°-
control problem with state feedback. Van Keulen [19] and McMillan and Triggiani [23,
24] also restrict their work to the state feedback only. Paper [19] treats the bounded
input/output case and in [23, 24] boundary control systems are considered.

The measurement—feedback (or compensator) problem is solved by Van Keulen [16, 17,
18] and Curtain [9] for several classes of infinite—dimensional systems. Van Keulen [17, 18]

and Curtain [9] solved the problem for semigroup control systems with bounded input and

output operators, whereas Van Keulen [16] solved the problem for the Pritchard-Salamon
class using the procedures that were developed in [17, 18, 19].

All of these approaches produce stabilization schemes that either have the same finite or-
der as that of a high-order approximate model, or alternatively, open-loop model reduction
or closed-loop control reduction techniques are applied to achieve a lower-order compen-
sator. An advance was made by Schumacher [29], when he gave a theory for designing

finite-dimensional compensators for a large class of systems, including parabolic and delay



systems. However, in his theory it was assumed that the control and observation operators
are bounded. Curtain [6] presented an alternative compensator design which applied to the
same class of systems, except that unbounded inputs and outputs were allowed.

The optimal projection method is one of many approaches to this problem. We shall
make use of this method because a very nice theory has already been developed (for bounded
input and output operators) and we are more interested in illustrating that recent results
in distributed parameter control theory can be used to design practical feedback laws, than
in discussing the “best” approach to the problem.

The possibility of applying this approach to distributed parameter systems was first
suggested by Johnson [14] and Pearson [26]. The idea of fixing the order of the finite-
dimensional compensator, while retaining the distributed parameter model was expanded
and developed by Bernstein and Hyland in [3] and Rosen in [4]. The method extends the
full order LQG case to an “optimal fixed-finite-order compensator” characterized by four
equations; two modified Riccati equations and two modified Lyapunov equations, coupled
by an oblique projection whose rank is precisely equal to the order of the compensator.
Bernstein and Hyland assumed that the control and observation operators were bounded
and hence boundary control and observations were not covered by their theory. Thus, one
naturally is led to the problem of obtaining a fixed—finite-dimensional compensator for
infinite-dimensional systems with unbounded input and output operators. We show that,
in certain cases, the Bernstein/Hyland theory can be extended to unbounded control and

observation.



1.2 Summary of the Main Results

The main results obtained in this thesis may be summarized as follows:

e Theorem 2.3.3 provides the basic theory for MinMax problems of Pritchard-Salamon
class. This result is a generalization of the results given in [16, 23, 24]. In particular,
the structure of the proof emerges from a combination of ideas in [16] and [10] where
we show that under certain conditions the existence of a dynamic compensator that
solves the MinMax problem is equivalent to the solvability of two coupled Riccati

equations.

e Theorem 2.4.1 is an extension of Bernstein/Hyland theory to systems of Pritchard-

Salamon class.

e We present a comprehensive computational study of all three approaches (LQG, MinMax,
Optimal Projection). In particular, we apply these methods to the nonlinear Burgers’
equation, examine the performance of each method and investigate the affects of

various approximations to the optimal design.

1.3 Notation

If (X, |-l x) and (Y, |||ly) are normed linear spaces, then £(X,Y’) will denote the space
of all bounded linear operators from X to Y. For any A € L(X,Y), |4 or ||A||£(X Y)
will denote the operator norm on the space £(X,Y). In the event that X =Y we denote

L(X,Y) by L(X). From time to time we will use ||| without any subindex for vector



or operator norm. In all cases the appropriate index for ||-|| will be understood from the
context. For a Hilbert space X, we denote the inner product on X x X by < -,- >x.
Given a linear operator A from X into itself, we denote its domain, spectrum, resolvent and
adjoint by D(A), o(A), p(A) and A*, respectively. For real numbers a and b with a < b,
LP(a,b;X), 1 < p < oo, will be the space of all Lebesgue measurable functions f from
(a,b) to X such that || f[|1s(p) = (f: |f(a:)|”dz)% < 00. The space H*(a, b) is the standard

Sobolov space defined by H*(a,b) = {f € L%(a,b)|f9 € L%(a,b); j =0,1,-- k}



Chapter 2

COMPENSATION: LQG, MINMAX AND
OPTIMAL PROJECTION THEORIES

In this chapter, we present a summary of three approaches that will be used in designing
a compensator for Burgers’ equation with Neumann boundary control and Dirichlet bound-
ary observation. Moreover, we will explore the possibility of obtaining a closed-loop system
with an exponential decay rate independent of the viscosity parameter ¢ > 0.

In Section 2.1 an abstract framework for a distributed parameter linear quadratic-
Gaussian problem is given. The results in Section 2.1 will be applied to the Burgers’
equation in Section 2.2. A short summary of the linear quadratic differential game theory
will be presented in Section 2.3. Finally, a third approach based on the optimal projection

method due to Bernstein and Hyland will be given in Section 2.4.



2.1 Distributed Parameter Linear Quadratic-Gaussian Problems

We consider the following abstract Cauchy problem

#(t) = Az(t)+Bult)+Hint) 20)=z€H (2.1.1)
y(t) = Cz(t)+ Han(t) (2.1.2)
w(t) = Ejz(t) + Eau(t) (2.1.3)

where H is a Hilbert space, u(-) € L2(0 T;U), y(-) € L?(0 T;Y), and w(-) € L2(0 T; H)
denote respectively, the input control, the measured output and the controlled output. In
addition, assume that the state and measurements are corrupted by zero-mean Gaussian
white noise 77(t) in the Hilbert space R, H; € L(R, H) and Hs € L(R, Y). Moreover, we
assume that the disturbance and measurements are independent, i.e., H; H3 = 0 and that
Vi = HiH{ € L(H) and Vo = Hy H3 € L(Y) is positive definite. Also, it is assumed that
there is no cross weighting between the state and control input, i.e., E3E; = 0 and that
R, = E}E) € L(H), Ry = E3E> € L(U) are positive definite and that E; € L(H, H) and
Ey € L(U, H).

We assume the operator A is the infinitesimal generator of analytic semigroup S(t) on

H, generally unstable, with exponential growth rate

-1 -1
wo = lim ¢ log ||S(#)l| c(ay > O, (2.1.4)
so that
IS@) ey < MeM@9t forall €>0,¢t>0 (2.1.5)



for some constant M = M(wg,e) > 1. Throughout the remainder of this paper we let
A denote the translation A = —A + wI, where w is fixed and w > wg, so that A has
well-defined fractional powers (A)” on H and —A is the generator of a strongly continuous

analytic contraction semigroup S(t) on H satisfying
ISOllcy < Me™, t>0 @=w—wy>0. (2.1.6)

In order to allow for unbounded operators B and C, we assume that B € £(U, Z) and

C € L(W,Y), where W and Z are also Hilbert spaces such that
DA ACW—H—Z (2.1.7)

are continuous dense injections. More precisely, we assume that B* is [A*]7-bounded, or

equivalently,

(H-1-a) [A7"Be L(U,H) forsome 0<y<1. (2.1.8)
Similarly, for the operator C we assume that

(H-1-b) Cl[A] "€ L(H,Y) forsome 0<r<]1. (2.1.9)

Solutions of (2.1.1) are given by the variations of parameter formula. In particular, the

solution z(t) is given by
2(t) = S(t)z + /0 "S(t - s)Bu(s)ds, 0<t<T (2.1.10)
and formally the output by
y(t) = CS(t)z0 +C /0 " S(t - 5)Bu(s)ds, (2.1.11)

9



which will be discussed later in more details. Equation (2.1.11) is consistent in the sense
that the restriction of S(t) to W and its extension to Z defines an analytic semigroup on
W and Z respectively, so we will use the one symbol for all three S(t) and its generator, A.
Also, we suppose that B € L(U, Z) and C € L(W,Y) induce a smooth controllability and

observability map with respect to W and Z on [0, T7] for all finite T, respectively i.e.,

(H-2) For each T > 0, there exists a constant b(T") > 0 such that for u € L?(0,T;U),

fOT S(T — s)Bu(s)ds € W and

“ /0 " S(T - 5)Bu(s)ds

- < b(D)lu()l 20 T30 (2.1.12)

(H-3) For each T > 0, there exists a constant ¢(T") > 0 such that for every z € W
T
| 1es®alvdt < @)l (2.1.13)

Remark 2.1.1 (i) We remark that (H-2) and (H-3) are dual conditions in the sense that
B satisfies (H-2) condition with respect to S(t) if and only if B* satisfies (H-3) condition
with respect to S*(t).

(i) Hypothesis (H-2) implies that z(-) is a continuous function on [0 , T] with values in
W and the function y(-) defined by equation (2.1.2) is well defined and continuous on [0, T
with values in Y. However, if 2, € Z, then z(-) is a continuous function with values in Z.

In this case the output function y(-) will make sense only if hypothesis (H-3) is satisfied. In

10



particular for any 2, € Z, we define y(-) in (2.1.2) as the continuous extension to Z of the

mapping z € W = y(-) € L*(0,T;Y).
We consider the steady-state performance index

.1t
lim - [ E [||w(s)||%] ds

t=oo t Jo

J(u)

lim ! tE [< R1z(s),2(s) > + < Rou(s),u(s) > ]ds, (2.1.14)

t-—o00 t Jo

where Ry € L(U) satisfies the inequality < Rou,u >y> d1|IU||2U for some d; > 0 and for
every u € U and E[] is the expectation function.

The linear quadratic-Gaussian problem is:

(LQG) To design an infinite-dimensional compensator of the form

z.(t) = Aczc(t) + Bey(t) 2:(0) = 2z, (2.1.15)

u(t) = Cez(t) (2.1.16)

for which system (2.1.1)-(2.1.2) can be stabilized by the input control

u(-) € L?(0, 00; U) that minimizes the cost functional given by equation (2.1.14).

In order to obtain an admissible control u and an infinite-dimensional compensator of
the form (2.1.15)-(2.1.16) such that J(u) < oo and that the closed-loop system in H =

H x H given by

d | = z A BC.
— =A where A= (2.1.17)
Zc Zc BcC Ac

is exponentially stable, we need the following hypotheses (H-4)-(H-5):

11



(H-4) Stabilizability Condition (S.C.)
There exists an operator K € L(H,U) such that Ax = A+ BK generates an analytic

semigroup Sk (t) = elA*+BK)t and Sg(t) is exponentially stable on H, i.e.,
ISkl ey < Mye VKt for wg > 0. (2.1.18)
(H-5) Detectability Condition (D.C.)

There exists an operator G € L(Y, H) such that AgG = A — GC generates an analytic

semigroup Sg(t) = e(4=GO)t and S;(t) is exponentially stable on H, i.e.,
||Sg(t)||,;(H) < Mge™"ct, for wg > 0. (2.1.19)

In fact, if (H-1)-(H-5) hold, then there exists an infinite-dimensional compensator for

system (2.1.1) in the form

ditzc(t) = (A+BK - GC)z(t) + Gy(t)
) = Ka) (2.1.20)

which leads to a stable closed-loop system in H. Indeed, if we define e = z — 2., then (2.1.1)

and (2.1.20) can be written as

Sa(t) = (A+BK)s(t) - BKe(t) (2.1.21)

d
Ze(t) = (A=-GO)e(t) (2.1.22)

Thus, hypotheses (H-4)-(H-5) imply the existence of a dynamic compensator and moreover

the semigroup S(t) generated by A is exponentially stable in H, i.e., there exist a constant

12



M?> 1 and a constant w, > 0 such that
IS@lgayy < Me ™ t20 (2.1.23)

where w, < min(wg,wg). We will construct a stabilizing feedback and observer gain oper-
ators K € L(H,U) and G € L(Y, H) respectively, by solving the linear quadratic-Gaussian
problem. In order to guarantee unique solvability, we assume the following stabilizabil-

ity /detectability conditions
(C-1) (A, Ey) is detectable (A, Hy) is stabilizable (2.1.24)
Next, we state the main theorem of this section (see [13] and [16]):

Theorem 2.1.2 Let (H-1)-(H-5) and (C-1) be satisfied. Then there is a unique optimal
dynamic compensator 2.(-) for the linear quadratic-Gaussian (LQG) problem, satisfying
equations (2.1.1) and (2.1.15) where the unique optimal control u(-) € L?(0 T;U) is given

by the feedback law
u(t) = —R;'B*Pz(t) = —Kz.(t), t>0 (2.1.25)
and the unique optimal observer operator G € L(H) is given by
G=QC*V; ! (2.1.26)

where P and Q € L(H) are the unique nonnegative self-adjoint solutions of the following

Algebraic Riccati Equations (ARE):

13



0 = <Pzx,Ay>p +<Az,Py>yg + < Riz,y >g —
< PBR;'B*Pz,y>p  V(z,y) € D(A) (2.1.27)
0 = <Qzr,A"y>p+<A'r,Qy>g +<Viz,y>yg —

<QC'Vs'CQz,y>g  V(z,y) € D(A*) (2.1.28)
Moreover, the closed-loop semigroup S(t) € L(#H), generated by A, decays exponentially.

Next, if we let C. = —K and B. = G given by equations (2.1.25) and (2.1.26) respec-
tively, then we obtain the following well-posedness result for the connected system (2.1.1)

and (2.1.15). This result and proof may be found in [6].

Proposition 2.1.3 Let (H-1)-(H-3) be satisfied, then for all z,, z,, € W there exists a
unique solution pair z(t) and z.(t) of (2.1.1) and (2.1.15). This means that z(¢) is continuous
in H and absolutely continuous in Z, that (2.1.1) is satisfied for almost every ¢ > 0 where
u(t) is given by (2.1.16), and that z.(t) € H is continuously differentiable and satisfies

(2.1.15) where y(t) is given by (2.1.2).

To apply the above result to a nonlinear problem such as Burgers’ equation, we must

linearize the problem. In particular, we start with a nonlinear system (with f(0) = 0)

220) = Az(t)+ f(2(8) + Bu)
y(t) = Cz(t) (2.1.29)
z(0) = 2z

14



and construct the linearized system

ditz(t) = Az(t) + Bu(t)
y(t) = Cz(t) (2.1.30)

z(0) = 2z,

We then construct a linear controller of the form (2.1.15)—(2.1.16) for (2.1.30). The system

(2.1.15)—(2.1.16) is “extended” to the nonlinear compensator

%zc(t) = Acze(t) + f(z:(t)) + Bey(t)
(2.1.31)
u(t) = Cczc(t)

yielding a non-linear controller (linear feedback with non-linear observer).

2.2 Applications to Burgers’ Equation

We consider the following Burgers’ equation, with Neumann boundary control and

Dirichlet boundary observation on a finite interval [0, £] given by

%z(m, t) = e%z(z, t) — z(:z:,t)g;z(z,t), z€(0,0) t>0 (2.2.1)
u(t) = - 532:-2(0, t), (2.2.2)
ug(t) = %z(l, t), (2.2.3)

Z(I,O) = zo(z)’ (224)

15



and we observe on the boundary

y(t) = n® = #0:0) : (2.2.5)

y2(t) z(" t)

where € = l%é > 0, and Re is the Reynolds number. Initially, we will consider the linearized

system
i) o2
5;2(3:, t) = ng—ZZ(z,t), T e (0,[) t>0 (226)

with boundary control and boundary observation as given in (2.2.2)—(2.2.3) and (2.2.5),
respectively.

In order to put the problem (2.2.3)-(2.2.4) and (2.26) into the abstract setting of the
proceeding section, we introduce the following operators and spaces. We let 2(t)(:) = z(-, ¢)

and H = L2(0,£). We define the operator A¢ on H = L2(0,£) by

Acp = e¢” (2.2.7)
for all ¢ € D(A) = {¢ € H2(0,£) : ¢'(0) = ¢'(¢) = 0}. Here U = R2 =Y. It is well
known that A¢ is a self-adjoint operator that generates an analytic semigroup S(t) on H.
Moreover, the spectrum o(A¢) of A¢ consists of all eigenvalues A\,, n =0,1,2,---, given by

Ap = —6—";”—2 and the corresponding eigenfunctions ¢,, given by

do(z) =1, o (z) = \/g cos(ntﬂ) forn=1,2,---. (2.2.8)
In addition, since the operator Ae¢ is self-adjoint, the semigroup S(t) can be presented by

the following formula

i _(€n27r2 )t
St)z=<z¢9>¢g+ Y €' & " <z,¢,> ¢, (2:2.9)

n=1

16



for all z € H, where ¢,’ s are defined by equation (2.2.8). Also, it is easy to see that the
uncontrolled system (2.2.2)—(2.24) i.e., u; = uz = 0, is not asymptotically stable. Indeed,
the function 2z,(z) = 1 is in the domain of A¢ since it is H2(0,£) and satisfies the boundary
conditions and the differential equation for all time, but the norm does not go to zero for

increasing time since in this case by using equation (2.2.9) we can show that
lz®llg = I1S®)zollp = I1SBNg =1, t=0. (2.2.10)

Next, we define the Hilbert space V' to be the completion of D(Ae) with respect to a new
inner product < -,- >y that will be defined below. Thus, if we introduce a sesquilinear

form a(:,-) : V xV — C defined by
¢

a(z,w) = / e (z)w'(z)dz, VzweV (2.2.11)
0

where V = H!(0,£) then, it is easy to see that the sesquilinear form a(-, ) is V-coercive,i.e.,

IA

la(z, w)]| ellzlly lwlly (Continuity) (2.2.12)

Re a(z,2) + A |zll% > ell=l% (2.2.13)
for all z,w € V and X > 0. It follows from the above inequalities that there exists a unique
operator A¢ € L(V,V*) such that

a(z,w) = <—jez,w>v.v (2.2.14)

a(z,w) = (—fizw,z>v. v forall z,weV (2.2.15)

and in this case, the inner product on V is defined by

(v1,v2)y = <—fievl,v2>H, for v1,ve € D(A4e).
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Now, to lift system (2.2.6) to a variational differential equation in V', we make use of Green’s

formula. In particular, for all v € V = H1(0,£)

/;erz(t)vd:c = —a(z,v)+e/l_‘a—ax-z(t)vdI‘

—a(z,v) +€/Fu(t)vdl1

where in this case Q= (0,£) and I'= ({0}, {£}). Thus, forallv eV

A)%z(t)vdz = —a(z,'v)+6A‘u(t)vdr+‘42f(z(t))vdx (2.2.16)

z(O) = 2 (2217)

where f(z(t)) = z2' is defined on the space V = H!(Q2). Here, we define the control operator

B :U — V! as follows
< Bu,p>y=c /r uplpdl  weU, g€ V. (2.2.18)

Notice that not only is B in £L(U, V') but also B belongs to £(U, [H%*’?p(ﬂ)]’), for all p > 0,

since the trace operator

¢ dlp : HIT2P(Q) o LX) =U (2.2.19)
is continuous. Moreover, if we let A¢ = —A¢ + wl as in Section 2.1, then
(L _x(L !
H3*2°(Q) = D(A%P)  and Ber (U, [D(Ae(‘+p))] ) : (2.2.20)

Therefore, (H-1-a) is satisfied with the choice of y= % + p. Since

< Bu,¢ >y=<u,B*$ >y=c¢ /1‘ u|pdr, (2.2.21)
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it follows that B*¢ = e¢|p and B* € £ (’D(fie%ﬂ))), U') . Also, C¢ = ¢|p = %B"‘(ﬁ for all
¢ €V and Y = U, implying that C € £ (D(Aﬁ*”)),y) and that (H-1-b) is satisfied with
r= % + p and moreover, v+ r < 1 for small p > 0.

From above, we can formulate equations (2.2.1) and (2.2.5) as the abstract Cauchy

problem

%z(t) = Aez(t)+ Bu®) + f(z(t)),  2(0) = z (2.2.22)

y(t) = Cz(t) (2.2.23)

in the space H = L?() = L%(0,£), where A¢ = €¢” for all ¢ € D(A¢), B € L(U, Z) and

C € L(W,Y) where W = 2’ = D(A*P) and V = H!(Q). With these definitions, one has
the imbeddings

DACVaaWasH=HSZ=W <V, (2.2.24)

Now we consider the following weighted linear quadratic-Gaussian problem for the lin-

earized Burgers’ equation

d
az(t) Aez(t) + Bu(t), 2(0) = z, (2.2.25)

y(t) = Cz(t) (2.2.26)
where A¢, B and C are defined as above.

(LQG),: Design an optimal infinite-dimensional compensator for the linearized system

(2.2.25) by minimizing the following performance index
T 1t 2 2 2as
Jaw) = Jim > | B [Bullz()I% + Ba llu(s)l1F | e*ds (2.2.27)
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such that the closed-loop system is exponentially stable.

Remark 2.2.1 The weight function e2** in the definition of the cost functional J,(.) will

play an important role in the exponential decay rate of the closed-loop system.

For the control problem (LQG),, we introduced an “a -shifted” control system. Let
2(t) = z(t)e*, a(t) = u(t)e*, §(t) = y(t)e*!, we then have the following modified LQG

problem

(LaG): Find an admissible controller i(.) € L?(0, c0; U) minimizing the cost functional

.1t i i
J@) = Jim 3 /0 E [Ry I12(s)II% + Re lla(s)I ] ds (2.2.28)

t—o00
subject to

%2@) = (Ae+al)i(t) + Ba(t), £(0) = z

gt) = Cz(t) t20 (2.2.29)

where 4(.) is the output estimate of the observer system given by

d,
Ezc(t)

(Ac + aI)fc(t) + Bcg(t)»

at) = Coi(b) (2.2.30)
and Z.(t) = z.(t)e*.
If we solve (LaG) and apply

uo(t) = a(t)e ™, t>0 (2.2.31)
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to the original control system (2.2.25), then the resulting optimal trajectories pair

(z%(t), 22(t)) will satisfy the inequality

z%(t) 2
Met|| ~° (2.2.32)

Zg (t) Zc

H * 1A
where M > 1 is a constant and a > 0 is the desired degree of stability.

Remark 2.2.2 We can see that the spectrum o(Ae + al) of the infinitesimal generator

A¢ + al consists of all eigenvalues Aqn, n =0,1,2,---, given by

en27r2

Aa,n =a- £2 (2.2-33)

and for each n the eigenfunction @, , corresponding to A, are given by

bap@ =1,  don(z)= \/g cos(nlﬁ) forn=1,2,--. (2.2.34)

Let a > 0 be given and let

2.2
g = max {n EN:Agp=a— “‘l;’ > 0} (2.2.35)

Since Ag is self-adjoint and the set {¢,, : n =0,1,---} is a basis for H = L?(0,£), we can

express the spaces W and Z as

had 2
W = {z €H:S v, |< 2 bam >| < oo} (2.2.36)
n=0
ad 2
Z' = {z €EH: Zﬁ;l |< 2, ban >| < oo} (2.2.37)
n=0
where 8y = 79 = 1 and v, = B;! = n, for n = 1,2,--- , since W = Z’, and the injection

H < Z is given by identifying z € H with the sequence { <2z,04n >} N € Z. Assume
n
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that the sequences b, € U, ¢, € Y satisfy

[o o] oo
S Balbald <00, Y A7t llenll? < oo (2.2.38)

n=0 n=0

and that the operators B € L(U, Z) and C € L(W,Y) are given by

00
Cz= Z cn < 2,$5pn >, and Bu = {< by, u >}nen. (2.2.39)

n=0

In this case it is easy to see that for each n=0,1,::-,

Cn = Z < ¢a,nlI" ¢a,] >= C(¢a,n) = ¢a,n|[" (2.2.40)
j=0

Since ¢, € Y = IR?, we have that ¢, = [cl, cZ] where each pair of components has the form

co=1[1,1], cn= \/g [1,(-1)"], forall n=1,2,:--. (2.2.41)

Similar arguments leads to b, = ecg,'.

Lemma 2.2.3 For each T' > 0, both hypotheses (H-2) and (H-3) hold true for the a—shifted
— _1 o
system (LQG), where W = Z' = D(A} P ), H = L2(0,£) and S(t) is the analytic semigroup

generated by Ae¢ + al.

Proof:

Since the infinitesimal generator A¢ + al of S(t) is self-adjoint, the semigroup S(t) can
be represented by

St =3 err < 2,800 >H an- (2.2.42)

n=0
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By the Schwartz inequality

T 2 00 T 2
& N Aan(T—3)7 =
/ S(T — s)Ba(s)ds| = D 7, (/ etem bnu(s)ds)
0 w n=0 0
Na T [e <}
Y n
< ([ ePertds ) leal?+ Y S bal? | NilEaoir
=0 0 _ 2|Aa nI
n= n=nqg+1 ’
Na 2 2 2 oo 2
Tn 22 a,naT llBall (na +1) ll6nl ~112
< e2AanaT _ 1 + 4 ;
(nz:o Pham ( ) T 2Pamati] n=nza+1 T |l L2(0,T3U)
2 2 00
Mo (,2XanaT (na +1) 2| a2
S |gx— &7’ = 1)+ b(: 4 .
[2,\01’"“ ( )+ o] 2 alBOIP il
< O(T) laliFa 0.0y
where we used the facts that 8, = ’YL and that
oo 2 b 2 1 2 oo
2Bl Pt D75~ gl < oo (2.2.43)
n=n,+1 | a,"l 7" | a,nl n=na+1

Finally, the duality between (H-2) and (H-3) implies (H-3) holds.l

Remark 2.2.4 Lemma 2.2.3 together with the fact that

[e <]
& Balleall (2.2.44)

1
n=no+1 |)‘a,n|"'

show that the system (2.2.25)—(2.2.26) characterized by the operators A¢, B and C defined
above, is of Pritchard-Salamon—class with respect to the Hilbert spaces Z and W where
the operators B and C are defined, respectively. Hence, in order to solve the shifted
linear quadratic-Gaussian problem (L/Q\G), it suffices to show that the system (2.2.29) is

stabilizable and detectable.

The following lemma is an application of stability and detectability results of Pritchard

and Salamon [27]. Note that in [5] Burns and Kang used the results of Triggiani in [22]
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to establish stabilizability for the Dirichlet boundary control problem which, unlike system

(2.2.29), is not defined by a system of Pritchard—Salamon class.

Lemma 2.2.5 (i) The system (2.2.29) is stabilizable in the space Z if and only if b, # 0
foreach n =10,1,2,--- ,n,.
(ii) The system (2.2.29) is detectable through the unbounded output operator C : W —

Y if and only if ¢, # 0 for each n =0,1,2,---,n,.

Proof:

(i) We know that the spectrum o(A¢ + al) of Ae¢ + al consists of all eigenvalues
Aan = a — en27r2/l >0 for alln =0,1,2,---,n,. Let H, be the linear space spanned
by the eigenfunctions ¢, g, -, P n,- Then the dimension of Hy is ne + 1 and hence the
system (2.2.29) is stabilizable if and only if the projected system (2.2.29) on H,, is control-
lable, i.e., if and only if by =< b(-), ¢y, ># 0for n=0,1,,n,.

(ii) By the duality statements of (i) system (2.2.29) is detectable through C € L(W,Y)
if and only if ¢, #0 for n =0,1,-- -, n,.

Hence, the controllability and stabilizability of system (2.2.29) follow from the representa-
tions (2.2.41) of b, € U and ¢, €Y, respectivelyl

Now we return to the original weighted problem (LQG), and state the main results.

Theorem 2.2.6 Let a > 0 be fixed and assume that (H-1)-(H-5) and (C-1) are satisfied.

Then there is a unique optimal dynamic compensator for the problem (LQG), such that
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% (8) = Azl (t)+ Bey®(?)
u*(t) = Coz%(t) (2.2.45)
where
A. = Ae¢+BC.-B.C (2.2.46)
B, = Q.C'V;! (2.2.47)
C. = —-R;'B*P, (2.2.48)

and P,, Q. are the unique nonnegative self-adjoint operators satisfying the following alge-

braic Riccati equations

0 = <Puz,(Ae+al)y>pg+ < (Ae+al)z,Poy > + < Riz,y > —
< P,BR;'B*P,z,y>ng  V(z,y) € D(A¢) (2.2.49)
0 = <Qaz,(Ae+al)'y>p+ < (Ae+al)*z,Quy >g + < Viz,y >g —

<QuC"V5'CQoz,y>n  V(z,y) € D(4Y). (22.50)
Moreover, the closed-loop semigroup Sq(t) € L(#) satisfies the following stability property
18a ()l (3 < Mo, ¢20 (2:251)

for some constants M = M(a,¢) > 1 and w = w(a,€) > 0.
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Proof:

By Lemmas 2.2.3 and 2.2.5 we know that the a—shifted control system (2.2.29) satisfies
all the hypotheses (H-1)-(H-5) and (C-1) with z(t), y(t), u(t), Ae, S(t), z.(t) and J(-)
replaced by (), §(t), @(t), Ae+al, S(t), 2.(t) and J(-), respectively. Hence, by Theorem
2.1.2 there is a unique optimal compensator for the (L?Q\G) problem and the corresponding
closed-loop semigroup S(t) decays exponentially, i.e., there exist M = M(a,¢) > 1 and

w = w(a, €) > 0 such that
Q 7, —wt
"8(t)" cop SMe 120 (2.2.52)

Now, since the semigroup S(t) is generated by

. I0
A=A+a (2.2.53)

0 I

and the infinitesimal generator of the closed-loop system (2.2.25) is A, then S, (t) = S(t)e~**
and by the relation (2.2.52), S,(t) satisfies the inequality (2.2.51) with M = M. Moreover,

the optimal controller u®(t) for the (LQG), is given by the formula (2.2.45), since
u®(t) = e®*i(t) = Cozc(t)e® = C.22(t) (2.2.54)

where z2(t) = 2.(t)e“ is the corresponding optimal trajectory estimate for the original
system (2.2.25). This completes the proof. I
The optimal dynamic compensator is characterized by the feedback and observer oper-

ators C¢, B, € L(H) given in equations (2.2.47) and (2.2.48), respectively. We recall that

26



H = L?(0,£) and U = Y = R2. Thus, it follows from the Ritz Representation Theorem
that there is a unique feedback gain function K,(-) = [k§(-), kE(-)] € L?(0,£) x L?(0,£)

given by

£ ko d
Koz = Jo kg (s)z(s)ds (2.2.55)

J§ k5 (5)2(s)ds

for all z € H = L?(0,£). Similarly, by duality there is a unique observer function gain

Lo () = [£8(-), £5(-)] € L2(0,£) x L?(0,£) such that
Lay = £5(z)y1 + £7 (z)y2 (2.2.56)

for all y = [y1,2]T € R2.

Corollary 2.2.7 Let a > 0 be given and let K4, L, € L2(0,£) x L?(0,£) be given by the
formulas (2.2.55) and (2.2.56). For any initial pair of data z,, z., € L?(0,£) there is a

unique solution of the closed—loop system

3} &2
az(:c,t) = emz(:c, t)

A
—(%z(o,t) S /0 kS ()ze(s, t)ds (2.2.57)
£
Sa(t)) = - || K @zeta, s
2(z,0) = z,(z) € L*(0,8) (2.2.58)
2(0,
yt) = ©.9) (2.2.59)
z(L,1)

where z.(z, t) satisfies the observer system given by
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2zc(ﬂv,t) = fﬁzc(x,t) — £5(2)2(0,t) — €7 zc(L, ) + £52(0,t) + £72(¢, 1)
ot oz?

—%zc(o,t) - - /0 * k2 (5) (s, )ds (2.2.60)
%zc(l,t) = —/(;Zkf(s)zc(s,t)ds

z(z,0) = z.,(z) € L*(0,0).

2(t) z(-1)
Moreover, the solution pair ()= satisfies the inequality
zc(t) ze(:,t)
z(t)() Zo
< Mye~(otw)t (2.2.61)
C t)(- Co
ze(t)() y 2o ||y,

for some constant M, = M(a,¢) > 1 and w = w(a,€) > 0.

Proof:

If e(z,t) = 2(z,t) — 2¢(z, t) denotes the estimate error, then from equations (2.2.57) and

(2.2.60) we obtain

) 82 o
ae(m,t) = ewe(x,t) — £5e(0,t) — £5e(L,t)
17

o

a—ze(l, t) =0

e(z,0) = 2(z)— 2,(z) = e5(z) € L2(0, £).
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With this estimator error e(z, t), it is easy to show that the closed-loop system is equivalent

to (2.2.62) coupled with

gt—z(z, t) = eaixz-z(a:, t)
’4 '
_86_1:2(0’ t) = —/0 kg (s)z(s,t)ds + /0 kG (s)e(s,t)ds (2.2.63)
:—zz(l, t) = -— /ot kf(s)z(s,t)ds + /: kS (s)e(s,t)ds.

Therefore, the existence and uniqueness of a strong solution z(t)(-) = 2(:,t) follow from
the fact that the closed-loop system of the coupled equations (2.2.62) and (2.2.63) is char-
acterized by the semigroup S (t) generated by Ae¢ — L,C, which is strongly (uniformly
exponentially) stable and that the system (2.2.63) generates an exponential stable analytic
semigroup Sk, (t) on H. The stability results in (2.2.61) follows from the inequality given

by equation (2.2.51).1
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2.3 Linear Quadratic Differential Game Problem

In the previous section, we treated the linear quadratic-Gaussian problem, which arises
when the disturbance signals either are fixed or have a fixed power spectrum. In this
section we discuss the design of a robust controller for the worst case disturbance signals.
The optimal control problem to be considered here is the infinite dimensional version of
the so-called “soft-constraint quadratic differential game” or “MinMax/H® problem” as
described in [1]. The game theoretic analogy is intuitively appealing for, in the MinMax
problem, the disturbance input and the control input can be viewed as strategies employed
by opposing players in a game. The disturbance input is chosen to maximize the norm of
the output while the control input is chosen to minimize it. The basic assumptions needed
for this problem are the same as those required for the LQG problem. However, there are
significant differences that reflect the fact that MinMax criterion corresponds to designing
for the worst case disturbance signals. One important difference here is that the algebraic

Riccati equations that arise in the theory of linear quadratic differential game approach

contains terms that are not sign definite. Therefore, we can not guarantee the solvability
of those Riccati equations unless sufficient additional conditions are imposed.
The main objective of this section is to design an infinite-dimensional dynamic compen-

sator, in the presence of a worst—case disturbance signal 7(-), of the form

;_tzc(t) = Acz.(t) + B.y(t)

u(t) = Cez:(t) (2.3.1)
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which minimizes the steady-state “disturbance-augmented” cost functional

Toon) = Jim 3 [ B [RiIz + Relw(o)l} = 2 Ino)If]ds  (232)
subject to
3(t) = Az(t)+Bu(®)+Hin(t) 2(0)=z¢€H (2.3.3)
y(t) = Cz(t)+ Han(t) (2.3.4)
w(t) = Eiz2(t) + Eou(t). (2.3.5)

Here v € R is a fixed positive constant. This parameter is selected so that the design
produces an exponentially stable closed-loop system and such that the closed-loop transfer
function from the output w(t) to the input 7(t) denoted by Ty satisfies the H°°-norm
bound, ||Twn||, < 7. Defining the spaces U = L2(0,00;U) and R = L?(0, oo; R), the linear
quadratic differential game (or MinMax problem) is to find

inf sup J(u,

uelU neRr () (2.3.6)
subject to dynamics governed by (2.3.3) and (2.3.4).
Definition 2.3.1 A solution (u®Pt, n°Pt) is called a saddle point of Joo(u,n) if and only if

Joo(u%P ) < Joo(uOP%, nOPYy < Joo(u,n°PY),  V(u,n) € T x R (2.3.7)

Remark 2.3.2 (i) All assumptions made in Section 2.1 will hold unless otherwise noted.
(ii) It will be understood from the context that the term admissible controller will be taken

to mean that a dynamic compensator exists such that the closed-loop is exponentially stable.
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The MinMax problem for the linearized Burgers’ equation can be stated as follows:
(MM): Find an admissible controller for system (2.3.3)-(2.3.4) such that ||Twy|_ < 7.

Next, in the following theorem we state sufficient conditions which guarantee the existence

of an admissible controller to the MinMax problem outlined above.

Theorem 2.3.3 Assume (H-1)-(H-5) and (C-1) hold. Then, there exists a critical value

v > 0 such that

a) If 0 < v < 7., then taking the supremum in 7(-) as in (2.3.6) leads to +o0, i.e., there is
no finite solution of the game theory problem.
b) If ¥ > <. then, there exists an admissible controller such that ||Tw17 ||°° < 7 only if

(i) There exist unique nonnegative self-adjoint operators, P = P* € L(H) and

Q = Q" € L(H), as solutions to the following algebraic Riccati equations (ARE)y

0 = <Pz,Ay>pg+<Az,Py>pg + < Riz,y > —
< PBR;'B*Pz,y>p + v 2<PViPz,y>p V(z,y) € D(A) (2.3.8)
0 = <Qzr,A'y>g+<A'z,Qy>g +<Viz,y>g —

<QC'V;!'CQz,y>p + 7 2<QRiQz,y>x  V(z,y) € D(4*) (2.3.9)

(ii) and such that P —y2Q~! < 0 or p(QP) < 7.

Moreover, when these conditions hold, the unique saddle point for the differential game

problem is given by
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uOP(t) = —R5;'B*Pz(t) = C.z(t) (2.3.10)

n°Pt(t) = 4 2H}Pz(t) (2.3.11)

where 2.(t) is the optimal dynamic compensator given by

2:(t) = Acze(t) + MB.y(t) (2.3.12)
and
A. = Ae+~"’HH}P+ BC.— MB.C (2.3.13)
B. = QC'V,! (2.3.14)
C. = —-R;'B"P and M=(I-y72QP)L. (2.3.15)

Remark 2.3.4 To emphasize the relationship between the MinMax and the LQG controller

formulas, the MinMax controller can be written as

z2(t) = Aezc(t) + Hifjworst(t) + Ba(t) + MB. (y(t) — Cz:(t)) (2.3.16)

a(t) = Cez(t), fworst(t) = "/'2H’1“ch(t). (2.3.17)

These equations have the structure of an observer-based compensator. The obvious ques-

tions that arise, when those formulas are compared to LQG’s ones, are as follows:

1) Where does the term Hjfjyorst(t) come from?

2) Why M B, instead of B, as observer gain?
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The formula 7yorst (t) = Y~2Hj P2(t) is, in some sense, a worst-case disturbance input that
maximizes the quantity |[w||% =2 ||9l|? in J(u,7) for the minimizing value of u(t) = C,z(t).
Furthermore, M B, is actually the optimal observer gain for estimating C.z(t), which is the
optimal feedback control input, in the presence of this worst-case disturbance input. It is
therefore not surprising that M B, should enter in the controller equation instead of B, as
in the LQG problem where the resulting equations are much simpler. This is because there

is no such worst-case disturbance in J(u).

Proof of Theorem 2.3.3:

Here we first need to show that under the above conditions the closed-loop system
generates an exponential stable semigroup on H. If we define new disturbance and control
variables r = 1 — y"2H; Pz(t), v = u+ B*Pz(t), and the estimate error e(t) = z(t) — z.(t),

then the systems (2.3.3) and (2.3.12) can be written as

d| 2@ Atem + BC, —-BC, z(t) H;
— = + r(t) (2.3.18)
e(t) 0 Apern — MB.C || e@t) | | Hi - MB.H,
where At = A+ v 2H H{ P. Therefore, it is sufficient to prove that both (Asem + BC,)
and (A¢em — M B.C) generates an exponential semigroup on H, then by perturbation theory
it can be concluded that the closed-loop system given by equations (2.3.3) and (2.3.12) is

the infinitesimal of an exponential semigroup on #. First, the controller (ARE) given by

(2.3.8) can be written as

0 = (Pz,Ary)y + (Arz, Py)y + 7‘2 (PH{H{Pz,y)y + (CrCFz,y) g, (2.3.19)
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where Ar = A+ BC. and Cr = E; + E3C.. Then, since (A, Hy) is stabilizable and by
virtue of the fact that P exists and is a nonnegative self-adjoint operator, we can apply
Lemma 1.4 in [10] and obtain that Ap + v 2H\H TP = Atem + BC, is exponentially stable.

Next, since p(QP) < 72 holds, then the inverse (I—y~2QP)~! = M is well-defined. If we
let Yiem = M Q@ then we know that Y;.,, is a nonnegative self-adjoint operator. Moreover, it

can be verified that Y;.,, satisfies the following modified observer algebraic Riccati equation

0 = <Yiemz, (Aiem - Y'temc*‘/z—lc)*y >+ < (Atem - Y'temc*%—lc)*my},temy >H +

772 < YiemCi R;'1CoYieme,y >g + < BLB}z,y >H, (2.3.20)

where By = H, — M B} H,. Using duality and Lemma 1.4 in [10], we conclude that Asem, —
YgemC*V{IC = Atem—M B.C is exponentially stable. To complete the proof of this theorem
we need to show that the transfer function of the closed-loop system satisfies the bound

||Tw17 " o <7- Note that since Q'l = Yt;}, + 7_2P the operator

P d_éf Q_l —},t;nll
~Yiem  Yiem
can be written as
Yiem P o
K= [Yir = Yien] +772
~Yiem 00

Moreover, it can be verified that K satisfies the following closed-loop algebraic Riccati

equation for all Z € H

0=<KZ,AZ >3 + < AZ,KZ >3, + < KBB'KZ,Z >4y +7"2 < CCZ,Z >4, (2.3.21)
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where B = [Hy M BcHg]T and C = [E; E2C.). Then the transfer function from the

disturbance 7(-) to the controlled output w(-) is given by
Ty = C(sZ — A)~!B. (2.3.22)

However, we proved that A is stable and the operator K satisfying the algebraic Riccati

equation (2.3.21), is a nonnegative self-adjoint operator, therefore from Theorem 1.1 in [10]

we have

| Twn |, < 7- (2.3.23)

This completes the proof.l
Now, as in the case of the LQG problem we consider an “a-shifted” MinMax problem

for the linearized Burgers’ equation, stated as follows
(MM): Find an admissible controller 4(-) € L2(0,£) minimizing the disturbance- aug-
mented cost functional
Jool 1) = lim / E [R 56 + Rala@)I - li()lI}] ds  (2.3.29)
=00 t Jo
subject to
d 5 " A
Ez(t) = (Ae+al)z(t) + Bii(t) + Hyi(t)
9(t) = Cz(t) + Hai(t) (2.3.25)
where 4(.) is the output estimate of the observer system given by
d, . A
EEZC(t) = (Ac+al)i.(t)+ MB.j(t)
w(t) = Coz.(t) (2.3.26)
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where 2(t) = z.(t)e** such that |Typ|_, <.
If we solve MM and apply
uq(t) = a(t)e™, t>0 (2.3.27)
to the original control system (2.3.3), then the resulting optimal trajectories pair
(z%(t), 28(t)) will satisfy the inequality

Za(t) 20
< Me™et (2.3.28)

zg (t) % zCo H

where M > 1 is a constant and a > 0 is the desired degree of stability.
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2.4 Optimal Fixed-Finite-Dimensional Compensator

In this section we consider the problem of designing a fixed-finite-dimensional compen-
sator for a class of distributed parameter system governed by Burgers’ equation. We shall
present a short summary of one approach (the optimal projection method due to Bern-
stein and Hyland) and show how this approach can be used in conjunction with standard

numerical schemes to produce a realizable low order controller.

2.4.1 A Theoretical Existence Result

We consider the following abstract Cauchy problem

z(t)

Az(t)+ Bu(t), 200)=2z,€ H (2.4.1)
y(t) = Cz(t) t>0 (2.4.2)
where H is a Hilbert space, u(-) € L2(0, T;IR™), y(-) € L%(0, T;IR%), and A is the in-

finitesimal generator of analytic semigroup S(¢) on H. Also, assume that all hypotheses and

assumptions made in the previous sections hold here.

We now give sufficient conditions which imply that the system (2.4.1)-(2.4.2) can be
stabilized by a finite-dimensional compensator of the form

z.(t) = Aczc(t) + Bey(t) 2¢(0) = z, (2.4.3)

u(t) = Cez(t) (2.4.4)

where A, € R¥*¥e B. € R¥*™ and C, € IR are suitably chosen matrices.
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In addition to hypotheses (H-1)-(H-5) and (C-1), we assume:
(H-6) Assume that there exists a finite-dimensional subspace X C W, with dimX < N,
such that
(i) Sk(t)X Cc X, for all t > 0,
(ii) Range G C &,
(iii) X C D(Ak).

Moreover, there exist linear maps i: R¥e = X, 7 : X = IR" such that

mi = Iy, ITT =1 for z € X. (2.4.5)

Note that (H-6) implies that m A1 is a well defined linear map on IRYe. We will show that

the system
z2.(t) = 7w(Ax — GC)iz(t) +nGy(t), 2:(0) = 2z, (2.4.6)
u(t) = Fiz/(t) (2.4.7)

defines a stabilizing compensator for the Cauchy problem (2.4.1)-(2.4.2). The following

result is an extension of Theorem 2.5 in [11] for unbounded inputs and outputs.

Theorem 2.4.1 If (H-1)-(H-6) are satisfied, then the closed-loop system defined by (2.4.1)—

(2.4.2) and (2.4.6)—(2.4.7) is exponentially stable.

Proof: Note that without loss of generality we can assume that dim & = N.. By Propo-

sition 2.1.3 it follows that the closed-loop system is a well-posed Cauchy problem. Let
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20 € W, z,, € R and 2(t), z.(t) be defined by (2.4.1)-(2.4.2) and (2.4.6)—(2.4.7), respec-

tively. Since z(t) € W, if z(t) is defined by
z(t) = dz(t)—2() t>0,
then z(t) belongs to W and it is straightforward to show that
20(t) = 7 A i 2e(t) — w GC z(t). (2.4.8)
Therefore,
2(t) = inSg(t)iz, —fot imSg(t—s)inGCa(s)ds — 2(t)
= Sk(t)iz, — /0 " Sk(t—s)GC(s)ds — x(t)
= suﬁwo—A:su—snBKw%@y+ch@nm
—-S(t)zp + /Ot S(t — s) Bu(s)ds

= S(t)z(0) - /0 " S(t— 5)GC () ds,

which implies that z(t) = Sg(t) £(0). The stability of z(t), z.(t) and z(t) follows.l

2.4.2 Optimal Projection Theory

Consider the steady-state fixed-order dynamic compensator problem, defined by the

infinite-dimensional control system
#(t) = Az(t) + Bu(t) + Hyn(t) (2.4.9)

with measurements
y(t) = Cz(t) + Han(t). (2.4.10)
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The objective is to design a finite-dimensional fixed-order dynamic compensator
z(t) = Acze(t)+ Bey(t) (2.4.11)

u(®) = Cozelt) (2.4.12)

which minimizes the steady-state performance criterion

J(AeBo,C) % lim 1 tE[(Rlz(s),z(s))+(Rw(s),u(s))] ds  (2.4.13)

t=oo t Jp
= Jm 1 [(B[RlOI + Rellu()} ] ds
t—oo t Jo
where all operators satisfy all the assumptions given in section 2.1. The compensator will be
assumed to be of fixed, finite order N, (i.e., z.(t) € IR"*) and the optimization is performed
over A, € RN<*Ne B e RN*t and C, € R™*Ne,
If one introduces the augmented state space H = H x R, then the closed-loop system
becomes a linear system on H. Consequently, define the closed-loop operator A : D(A) C
‘H — H on the dense domain D(A) = {(z,2.) € H: A2+ BC.2. € H; B.Cz+ A.z. € H}

by

A BC. A O 0 BC.
A=

I
+

B.C A, 0 0 B.C A,

Since the operator

[
AO
: D(A) - H,
00
generates an analytic semigroup
edt 0
t>0,
0 Iy,




and that A., BC,, B.C are of finite rank, then A is also closed and generates an analytic
semigroup e’ on M (see [15]). To guarantee that J is finite and independent of initial

conditions we restrict our attention to the set of admissible compensators defined by
S = {(Ac, Be,C.) : e is exponentially stable}. (2.4.14)
If (A¢, B.,C.) € S, then there exist M > 1 and w > 0 such that
let]l < Me ™t t>0. (2.4.15)

Moreover, we know from Theorem 2.4.1 above that S is non-empty. We now state some

results found in [3] and [4].

Lemma 2.4.2 If Q and P € L(H) have finite rank and are nonnegative definite, then
Qﬁ’ is nonnegative semi-simple. Furthermore, if rank (Qﬁ) = N,, then there exist G and

I' € £(H,IR") and a positive semi-simple matrix M € IR¥<*N¢ such that

QP = G*MT (2.4.16)

IG* = Iy,.

[

(2.4.17)

Proof: Bernstein and Hyland give a complete proof of this result in [3]. Here we outline
their proof in order to illustrate the form of the factorization of Qf’ and to provide a
description of the operators G and I'. Since Q and P have finite rank, there exists a finite
dimensional subspace Z C H such that QZ CZ, QZJ- =0, PZ C Z and PZ! = 0. Hence

there exists an orthonormal basis for H and in this basis Q and P have the infinite matrix
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representations

Q = y P= ’
0 o0 0 o0
where Ql, P, € R™" and r = dim Z. Consequently, there exists an invertible & € IR™*"

such that A = & 1Q, P, ® is nonnegative and diagonal and QP is nonnegative and semi-

simple. If rank (Qﬁ) = N,, then it is clear that ® can be chosen so that

Ao
A=
0 0

where A € R¥<*¥e ig positive and diagonal. Hence,

In,
. ® 0 o1 0
QP = 0 AHINc 0] 0] ;
0 I 0 Iy
0

SIEDDI

M = S7IAS,

for any invertible S € IRNe*Me_ then G, I and M provide the desired factorization and this

completes the proofl
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Throughout the paper we will refer to G, I' and M satisfying the above lemma as
a (G — M —I')factorization of QP. For convenience we define ¥ = BR;'B* and T =
C*Vz_IC’ and let Iy, and Iy denote respectively the N, x N, identity matrix and the
identity operator on H, respectively. We state Bernstein’s and Hyland’s main theorem
which provides a set of necessary conditions that characterize the optimal steady-state

fixed order dynamic compensator for bounded input and output operators (see [3]).

Theorem 2.4.3 Let B and C be bounded operators and let N, be given and suppose that
there exists a controllable and observable dynamic compensator (A., B;,C.) € S of order
N, which minimizes J given by (2.4.13), then there exist nonnegative definite operators

Q, P, Q, and P on H such that A., B., and C, are given by

A. = T(A-QT-ZP)G* (2.4.18)
B, = IrQc*v;1 (2.4.19)
C. = —-R;'B*PG* (2.4.20)

for some (G — M — I')-factorization of QP and such that, with 7 = G*I' € L£(H), the
following conditions are satisfied:

Q : D(A*) - D(A) P : D(A) - D(AY)

Q : H-DA P : HDAY)

rank (Q) = rank (P) = rank (QP) = N,
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and

0 = (A-71Q2)Q+Q(A-T1QY)* +V; + 71QEQT* (2.4.21)
0 = (A-ZPr)*P+P(A—XPr)+ R, + 7" PTPr (2.4.22)
0 = [(A-ZP)Q+Q(A-ZP)" +QTQ| (2.4.23)
0 = [(A-QT)P+P(4-QF)+PSP|r. (2.4.24)

Note that these necessary conditions consist of a system of four operator equations,
including a pair of modified Riccati equations and a pair of modified Lyapunov equations
which are coupled by the operator 7 € L(H). The operator 7 is idempotent, since 72 =
77 = G*T'G*T = G*IN.,I' = G*T = 7. In general 7 is an oblique projection and may not
be orthogonal since there is no requirement that 7 be self-adjoint. Moreover, we note that
in view of Lemma 2.4.2, Theorem 2.4.3 applies to (SA.S™1, SB.,C.S™!) for any invertible
S € IRM<*Ne_since the (G — M — TI')-factorization of QP, used to determine A., B.and C,,

is not unique. However, the operator T remains invariant over the class of factorizations.

An easy computation yields the following identities:
Q=7Q ad P=Pr (2.4.25)

It is helpful to have an alternative form of the optimal projection equations to actually
compute the optimal fixed-order compensator of the approximating finite-dimensional plant.

The following result for bounded input bounded output operators may be found in [3].
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Proposition 2.4.4 If B and C are bounded, then the optimal projection equations

(2.4.21)—(2.4.24) are equivalent, respectively, to

0 = AQ+QA*+V, —-QTQ+7.QXQr} (2.4.26)
0 = AP+ PA+R;-PZP+7}PTPT) (2.4.27)
0 = A4,0+QA4,+QTQ-7.QTQr} (2.4.28)
0 = A}P+PAy+PTP—-1{PTPT, (2.4.29)
where
1, =1Ig -, Ap=A-TP and A;=A-Q%. (2.4.30)

This form of the optimal projection equations shows that there is a connection between
Theorem 2.4.3 and the standard LQG result when dim H = N < oo. In this case, we
note that the (G — M — I')-factorization of QP when N, = N is given by G =T = Iy
and M = QP. Since 7 = Iy and 7, = 0, it follows that ( 2.4.26)—(2.4.27) reduce to the
standard observer and regulator Riccati equations.

To obtain a geometric interpretation of the optimal projection we introduce the “quasi-
full-state” estimate

2(t) = G*z(t) € H, (2.4.31)

so that 72(t) = 2(t) and z.(t) = I'2(t). Hence, the closed-loop system can be written as

#(t) = Az(t)+ BC.ri(t) (2.4.32)
z2(t) = 7(A+BC. - B.C)r3(t) + 1B.C2(t) (2.4.33)
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where

B.=qQCc*V;!  and C.=-R;!B*P. (2.4.34)

This shows that the geometric structure of the quasi-full-order compensator is dictated
by the projection 7. Sensor inputs 7B.Cz are annihilated unless they are contained in
R(1*) = N(7)*, while 72 employed in the control input is contained in R(7). Consequently,

R(7) and R(7*) are the control and observation subspaces of the compensator, respectively.

Remark 2.4.5 Also, in the case of fixed-finite-dimensional compensator, we solved the a—
shifted problem, then we applied the controller to the original problem with the weighted

performance criterion.
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Chapter 3

CONVERGENCE AND STABILITY OF
THE APPROXIMATING SYSTEM

3.1 Introduction

The main goal of this chapter is to construct a finite-dimensional dynamic compensator
2" which will be based on a finite element approximation of the original problem, such that

the finite-dimensional control feedback
up(t) = Ch2h(2) (3.1.1)

once inserted into the original system, would produce the solutions which are uniformly
exponentially stable in hA.

In order to establish the appropriate convergence and stability results for the compen-
sator, the techniques recently developed in the context of finite element approximations of
Riccati Equations with unbounded control input and output operators (see [21]) will be
used in an essential way and will be discussed in Section 3.2. In Section 3.3, we will apply
these approximations to the Burgers’ equation and present the finite-dimensional matrix
representations that will be used for the numerical experiments of the three approaches

discussed in Chapter II.

48



3.2 Approximations of Spaces and Operators

We suppose that H, W, Z, U, Y and H are separable Hilbert spaces, that A : D(A) C

H — H is the infinitesimal generator of a semigroup S(¢) on H and that
Be LU, 2) and CeL(WY)

satisfying hypotheses (H-1)-(H-3).

Consider a control problem given by

%z(t) = Az(t) + Bu(t) + Hin(t)
y(t) = Cz(t) + Ha(t)

w(t) = E12(t) + Equ(t)
and an associated steady-state performance index

.1t
T = Jim 3 [ B [Ra =l + Re (o)} ] ds.

The abstract linear quadratic-Gaussian problem is stated as

(3.2.1)

(3.2.2)

(3.2.3)

(P): Find an admissible controller u(-) € L2(0,00;U) minimizing J(u) subject to the

system (3.2.2) such that the closed-loop is exponentially stable.

The following theorem can be viewed as a revised version of Theorem 2.1.2.

Theorem 3.2.1 Assume that (A, B) and (A, H;) are stabilizable and that (4,C) and

(A, E;) are detectable. Then the minimum of J in (3.2.3) is attained by the optimal
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feedback control

u(t) = —R; ' B*Pz(t)
where P is the unique self-adjoint solution of the algebraic Riccati equation

0 = <Pz,Ay>p+< Az,Py>g + < Riz,y >g —

< PBR;'B*Pz,y >y V(z,y) € D(A).
zc(t) is defined by
c(t) = (A= QC*V51C — BR;1B*P)z:(t) + QC*V, 1y(t)
where @ is the unique self-adjoint solution of

0 = <Qz,A'y>g+< A'z,Qy>yg + < Viz,y >g —

<QCV;CQz,y>n  V(z,y) € D(A).

(3.2.4)

(3.2.5)

(3.2.6)

(3.2.7)

Moreover, the semigroup S(t) generated by the closed-loop system operator A is exponen-

tially stable.

We next formulate a sequence of approximate linear quadratic-Gaussian problems and

present a convergence result for the corresponding Riccati operators. In order to study

convergence and stability of the approximating compensator we introduce a family of ap-

proximating subspaces V;, C H N D(B*) N D(A"), where h is a parameter of discretization

which tends to zero, h < hg. Let 7, be the orthogonal projection of V into Vj with the

usual approximating property:

|mhz — z|g < Nh*|2|p(4) for some s> 0 and constant N > 0.
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We then consider the family of linear quadratic-Gaussian problems
(Ph) : Find an admissible controller u(-) € L2(0, 00; U) for the control system
d n hh h h
prid (t) = A"2"(t)+ B"u(t) + Hin(t)
') = Ch(t) + Hiq(b) (3.2.9)
wh(t) = EP2P(t)+ Eru(t)
by minimizing
JHw) = lim % / ‘B [R{' |G|}, + 72 ||u(s)||2U] ds (3.2.10)
0
so that the closed—-loop system is exponentially stable.

Remark 3.2.2 If, for any h < hg, (A?, B*) and (A*, H}) are stabilizable and (A4*, C") and
(A", E}) are detectable, then by Theorem 3.2.1, there is a unique optimal controller given
by

u(t) = —R; 1 (Bh)*Phzh (1) (3.2.11)

where P” is the unique self-adjoint solution of the algebraic Riccati equation
0= (AM)*P" 4+ PR A* — P*B"R;1(B")*P" + R}. (3.2.12)
21 (t) is defined by
z(t) =[A" - Q"CMyVy 'C* — B*Ry (BM)*PMzp () + QM (CM' VW ())  (3:2.13)
where Q" is the unique self-adjoint solution of
0 = A"Q" + Q" (AM)* — Q*(Ch)* vy i@t + Vi (3.2.14)
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For the finite-dimensional approximation systems, it is not clear that (4", B*) is stabi-
lizable even if the original system (A, B) is stabilizable. Similar observations can be made
for the detectability conditions, by duality. Therefore, the question we have to consider here
is the convergence of the approximates P? and Q" and subsequently, the convergence of the
approximate control u”(¢) to the infinite-dimensional solutions P, Q and u(t), respectively.
These issues are at the heart of all approximation theories that have been developed for
control. We shall use the theory developed by Lasiecka [20] for parabolic problems. We
summarize her main results here and refer to [20] for proofs.

Let Ay, : V), = V}, be approximations of A satisfying:

(A-1) There exist w € R and 6,,7/2 < 6, < 7 such that the spectrum o(A) of A contains

a sector Sy, 0, defined by
Swp,={A€C:A#w and |arg (A —w)| < 6,} (3.2.15)

and then there exists hw such that for all 0 < h < hw we have 0(Ap) = spectrum of
Ap C SW,B,
ik N
|R(A,A},)Ah WhlL(H) S m VA ¢ SW,O.,

(A-2) |1rhfi—1 - A < Nk,

m‘lc(m
In addition, we assume that B and C satisfy:
(A-3) (i) IB*zh|U < Nh~7s |2 2R €V
(i) |A72n| y < NA=" |24l

52



(A-4) (i) |B*(mp — I)z|y < NRO-D)s |2lp(av

(ii) |A"(wp = I)2|y < Nha(-7)s lle(A)

(A-5) (i) |B*mpzly < N |[A72|,
(ii) |/§*1rhz|H <N |/i'z|H .
Lasiecka also requires the following conditions to hold for the approximations of operators
B. and C.
(A-8) The operator C? : Vj, = U satisfies one of the following conditions:
(i) either Chn, = C. strongly and B*R()\g, A*) is compact

Chmy - C. — 0 as h—0

(ii) or else L)

(A-7) Similarly, for B.: Y =V},
(i) either B» — B, strongly and CR(\, A) is compact
Bg - Bc

(ii) or else — 0 as h—0

LY,H)

Consider the following finite-dimensional dynamic compensator
%c(t) = (Apmh + TR BCPry, — BRC)z(t) + BC2(t) (3.2.16)
when coupled with the associated control system

#(t) = Az(t)+ BCMrpz(t) (3.2.17)
z(0) = 2z, € H.
The following result may be found in [20].
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Theorem 3.2.3 Assume hypotheses (H-1)-(H-5) and (C-1) hold along with the approxi-
mation conditions (A-1)-(A-7). Moreover, assume ¥ + r < 1. Then, the systems (3.2.16)

and (3.2.17) represented by

A BChny,
Ap = (3.2.18)
BhC Apmp + 7pBChry — BEC

generate an uniformly exponentially stable analytic semigroup on H with

< Me™wo!

|| e < : (3.2.19)

=

where M and wq are independent of h.

We now return to the problem (P*) where we recall recent results from [21] and [22] on
solvability and approximations of the algebraic Riccati equations arising in control dynamics
with unbounded input/output operators.

By the virtue of Theorem 3.2.1 under hypotheses (H-1)-(H-5) and (C-1), we know that there
exist unique solutions P and Q € L(H) such that B*P € L(H,U) and QC* € L(Y, H) and
that both (A— BR;'B*P) and (A— QC*V; 'C) generate analytic and exponentially stable
semigroups. On the other hand, the approximating properties (A-1)-(A-7) guarantee (see
[21]) that the approximating ARE corresponding to the the infinite-dimensional ARE given
by (3.2.5) and (3.2.7) are uniquely solvable with P, and Qp € £(V},). Moreover, if we take
B" = 1,B and C* = Cry, then we will have B*P,m), € L(H,U) and CQpmp, € L(H,)Y)

uniformly in A > 0 and

|Ph7"h - PLC(H) + |B*(Ph1rh - P)Iﬁ(H,U) —0 as h—0 (3.2.20)
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|C(Qpmy — Q)lﬂ(}],y) —0 as h—0. (3.2.21)

Thus, we are in a position to apply the results of Theorem 3.2.3 with the specific feedback
law

Ct=-R;'B'P, and B!=QwmC"V;. (3.2.22)

Indeed, part (ii) of assumptions (A-6)-(A-7) are satisfied by the convergence results given
by equations (3.2.20) and (3.2.21) with C, = —R; ' B*P and B, = QC*V; ! and C?, B! as

c

in (3.2.22). Thus we have the following result.

Corollary 3.2.4 If hypotheses (H-1)-(H-5), (C-1), assumptions (A-1)—(A-7) hold and

v+ r < 1, then the conclusions of Theorem 3.2.3 hold with C* and B? given by (3.2.22).

Remark 3.2.5 For approximations of the MinMax problem, one can follow the same pro-
cedure since B, and C, have the structure as that of the (LQG) problems and the new
operator M is given as a function of the operators P and Q. Although the MinMax prob-
lem produces more complex Riccati equations, condition b-(ii) in Theorem 2.3.3 reduces
the problem to a form where a straight forward generalization of Lasiecka’s proofs yields

convergence.

3.3 Approximations of Burgers’ Equation

In this section, we apply the approximation results discussed in the previous section to

the linearized Burgers’ equation. The governing equation is given by
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%z(w,t) = e%z(z, t) + h(z)n(t)
B a% 0.0 = wl) (3.3.1)
aa—zz(l, t) = wus(t)

2(:1:,0) = zo(x)EH)

and the output is given by

n (t) Z(O’ t)
y(t) = = + Hon(t) (3.3.2)
ya(t) z(¢,t)

where H = L?(0,£). In Section 2.2, we formulated the above system as an abstract system

d
;l_iz(t) = A¢ez(t) + Bu(t) + Hin(t)

y(t) = Cz(t) + Han(t) (3.3.3)

in the space H = L?(0,£). Here, A¢¢p = €¢” for all ¢ € H?(0,£) N H(0,£), B € L(U, 2)

and C € L(W,Y), where spaces W = 2’ = D(ASH?) and B*¢ = eC¢ = el for all
$EV =H 0,f) CWCH.

To apply the approximation framework above, we introduce V, C V = H(0,£) to be

the space of piecewise linear splines which comply with the usual approximation properties:

|mhz — 2| gr(o g < NR* 7% 2. 8<2, s—k>0, 0<k<1 (3.34)

lthHa S N IZhILz(O,l) y 0 S a < 1 (3.3.5)

|D’°(z — ThZ) < NR** 2|4 3 cs<2 k=01 (3.3.6)
) = He> 2 =" ’ s
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| D¥2 Nh™* 7|zl 20y, k=0,1 (3.3.7)

2l <

The approximating finite-dimensional representation A? of A¢ is obtained by restricting the
sesquilinear form a(-,-) (presented in section 2.2) to V;, x Vj,. We obtain a representation
Al of A¢ satisfying

a(z,w) =< —Akz w> (3.3.8)

and

a(z,w) =< —(A)*w,z > (3.3.9)

for all z, w € Vj. It is well known from the condition of uniform analyticity and classical
results on approximation of elliptic problems that assumptions (A-1)—(A-2) hold with s = 2.
Next, since B*z = ez|[, property (i) of assumptions (A-3)—-(A-4) follow from (3.3.7) applied

to the case k = 0. Also, (A-5)(i) holds, since

IB*""hzle(I‘) < fl'”hzl[‘ <N |7rhz|H§+zp(Q) <N Ile(ﬁ§+p) ) (3.3.10)
where we have used (3.3.4) and the trace theorem (see [2]). Since
I“izzle(Q) =~ Iz|H2r(Q) ) (3.3.11)

the part (ii) of (A-3)-(A-5) follows from (3.3.4) and (3.3.5). Assumptions (A-6)—(A-7)
hold with C* and B" taken as the projections of C, and B, respectively, i.e., Ch = C.my,
B! = 7, B... Therefore, all of the hypotheses in Theorem 3.2.3 are satisfied.

Now, consider the matrix representations of operators on the space V;,. Throughout the

rest of the section we assume that £ = 1 and the discretization parameter h is taken to be
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h = ﬁ for convenience. We divide the unit interval [0, 1] into N + 1 equal subintervals

[zi, zit1), i = N;i-l’ i=0,1,2,---,N+1. For each 4,0 < i < N + 1, let k) (z) denote the

linear spline basis function defined by

,

-(N+1)(z—z1), <z<z
R (z) = ¢ (¥ +1X th sz <m (3.3.12)

L 0, otherwise

(N+1)(z-7i-1), zia1<zc<uz

W' (@) = § —(N+1)(z—2ip1), @i <z < zig1 (3.3.13)
0, otherwise.

for 1<:< N and
(N+1)(z—zn), v <z <zTN4

hyi(e) = 4 (3.3.14)
t 0, otherwise.

Let VV be the (N + 2)-dimensional finite element space given by
N+1
VN = {E zh¥(z):z€R, i=0,1,2,---,N + 1}. (3.3.15)
=0
The approximate solution 2V (z,¢) of z(z,t) on V¥ is given by
N+1
2N(z,t) = > 2N ()R (z), (3.3.16)
=0

with zV¥(t) € R, i =0,1,--+, N + 1. Standard finite element/Galerkin procedures applied

to equations (3.3.3) and (3.3.16) yield the following finite dimensional ODE system
N d N AN N SN N
[27] SN0} = [A¥] (=N )} + [B] u() + [EN] n(2) (3.3.17)

where {zV(t)} = [’ (t),--- ,211\\/,+1(t)]Ts
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[4"]

[2"]

A1)

6(N +1)

= e¢N+1)

[<hN BN >

Jom (N+2)x(N+2)

1
0
1

o=

[< hh3 >, <hRY > .-

[ 2 1

T
<hhiy >,

0 0 oo 07
4 1 0 -+ 0
4 1 P 0
1 4 1
0 1 21 yigxse)
1 0 O cee 0T
-2 1 0 0
1 -2 1 0
1 -2 1
0 1 -1l (N+2)x (N+2)
10 -0 0]
’
0001 2% (N+2)

(3.3.18)

(3.3.19)

(3.3.20)

(3.3.21)

where < i, AN >= fol h(z)h¥ (z)dz, 0 < i < N+1. Since [\IIN ] is invertible, by multiplying

-1
[\IIN ] from the left side of equation (3.3.17), we get

where

[AY]

d
E{ZN(t)}
¥V (t)
{z"(0)}

[eN]~HA"],

[AN]2 (8) + [BNJu(t) + [H{ In(2),

= [CV{ZN(®)} + [HY In(t),

= {z'}

[BY] ="' (B"], [H
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1= "' EN]

(3.3.22)
(3.3.23)

(3.3.24)

(3.3.25)



{zév} = [‘I’N]_1[< 20, h(I)v >,y < 2o, h%-}-l >]T~ (3326)

Since the computational algorithm for the LQG and MinMax problems is different from
the computational method needed for the optimal projection problem, we will discuss their

matrix representations separately.

3.3.1 Approximation of the LQG and MinMax Compensator

We consider here the MinMax problem, since the LQG problem can be obtained by
letting the disturbance attenuation parameter v approach +o0o. From above, the approxi-

mating a—shifted MinMax problem can be stated as

(MM)Y : Find a finite dimensional controller that minimizes the performance criterion

. 1t 2
T (arna) = Jim 7 [B[RY |22 G + Fellua(@f ~7* Ina(9)IR] ds

(3.3.27)
subject to
d
T2 M = (AY +aIM)z] () + BV ua(t) + H{'1(2),
ya () = CN2Y(t)+ Hy no(t), (3.3.28)

2 (0) = z,
such that ||Tyypllec < for a suitably chosen 7.

Here, @ > 0 and every parameter with subscript « is defined by multiplying it by e*¢, e.g.,

2 (t) = 2V (t)e*, where z¥ (t) is the solution of the original problem. Therefore, we can
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write the finite dimensional Riccati operator equations as
0= (AY 4+ aI¥)*PY + PY (AN + aI¥) - PY[BYR;}(BY)* — v~ 2V{"|PY + R} (3.3.29)
0= (A" +aI™)QY + QY (AN + aI™)* - QY (c™)*v; eV — v ?RY1QY + VY (3.3.30)

and the approximating optimal controller which is characterized by the feedback gain, ob-

server gain and operator AY, given by

c¥ = -R'(B¥yPY, MVBY =" - 7QuPa)"'Qu(CY)Vs (3:3.31)

AN = A+ 2HN@HYY'PY + BN - MVBNCN. (3.3.32)

Recall that adjoints have the matrix representations
(AN)"‘ = (\IIN)_I(AN)T\IIN (BN)* — (BN)T\I,N
vy = @M emr @ty = @E)rey (3.3.33)
(BN = (@N)U(ENT.

Therefore, if we define

BY =w"PY, Q) =) (¥), RY = (B)TEY, W' = HY(H)T,  (3.3.34)

then the Riccati operator equations (3.3.29)—(3.3.30) are equivalent to the Riccati matrix

equations that are solved numerically:

0= (AN + aI™)TPY + PY (AN + oI™) — PYIBYR;1(BN)T — "2V N1BY + RN (3.3.35)

0= (A" +aI™)QF + Q7 (4" + aI™)T - QJI(C)TV5ICN — y2RYIQY + V. (3.3.36)
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The corresponding gains and operator AY are given by
CY = —Ry'(BMTF), MVBY =(I" - 77?QaPa)™'Qa(CY)TV5 (33.37)

AV AN + 4 2HN (HNT P, + BCN - MNBNCN. (3.3.38)

Moreover, since the functional gains K, and L, are elements of V¥ x V¥, they can be

written as
N+1 | k9 N+1| £
KJ(2)=)_ (@), Ly(@)=Y hY (). (3.3.39)
1=0 kzl =0 lgl

Then the coefficients k?, k!, £) and £} in equation (3.3.39) can be determined, using the

numerical solutions of C¥ and MBY given by equation (3.3.37), by the formulas

AT
0 ... 0
k(), ’ kN+1 - (@N)—lpévBNR‘{l, (3340)
k(l,, e, k11v+1

qT

) y Ny ~2AN BNV—17 -
= (UN-y2QIPNTIQYECMTL (3341)

a8, ..., e}\'+1

Finally, we apply the control laws defined by the functional gains in(3.3.39) obtained from

the shifted MinMax problem (MM), to Burgers’ equation (3.3.3). The resulting finite

dimensional (nonlinear) approximating closed-loop system becomes

al Z2¥@ AN BNCYN 2N (t) HY FN (N (1))
T = + n(t) +
zN(¢) MBYcN AV zN(t) MB.HY FN (N (¢)
(3.3.42)

with initial data
2N(0) =2, 2Y(0) =2
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where the nonlinear term in the observer is given by
FNEN (1) = (@) @ o), (3.3.43)

with

2 (@) + 2 O O + (' 1)
~ O - F DA O+ OA O + (0
M) =3 ; | (3.3.44)
(o 0)2 = A O @)+ H O O + (F a0

—(2§ (1)? = 2§ ()2} 11 (1) + 2(2] 11 (1))

The closed-loop system is defined by substituting z¥ (¢) into (3.3.43) yielding (3.3.42).

Theorem 3.2.3 implies that for sufficiently large IV the finite dimensional LQG controller will
stabilize the (linearized) problem defined by the heat equation. Although this has not be
shown to stabilize the nonlinear system, we shall present numerical results that suggest that

the linear controller with nonlinear observer will perform well on the nonlinear problem.

3.3.2 Approximations of the Fixed-Order Compensator

In general, the optimal projection equations (2.4.26)—(2.4.29) are infinite dimensional
operator equations. In order to use these equations to compute the optimal fixed-finite-order
compensator, a finite dimensional approximation is needed (see [4] for details).

Let AN € c(VN), BN € L(R™, VN),CVN € (vN, RY), RY € £(VV) and V¥ €
L(VN) be given as before. Consider the approximating system

Ny = ANN() + BYuN(t) + HY 5(2) (3.3.45)
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yV (@) = CNZN(t)+ Hn(t). (3.3.46)

The goal is to design a sequence of finite-dimensional dynamic compensators of fixed order

N, of the form

Nty = ANZN@)+BNyN (1) (3.3.47)

u™(t)

cl2N (1), (3.3.48)

which minimizes the performance criterion

t
¥ (A, BY,C) % tim % /O E[(Rf’ 2N(s), 2V (s)) + u(s)TRgu(s)]e2°‘t ds. (3.3.49)

Here, the observations made above for the LQG and MinMax problems hold. In particular
3 p p s
(AN)* = (lIIN)_l(AN)T‘IIN (BN)* = (BN)T\I'N
(CN)* — (\I’N)_I(CN)T (EN) — BNREI(BN)T\I’N (3,3_50)
(o = @MEhHTeY B = @) eM Ty led
and if we define the (N + 2) x (N + 2) nonnegative definite matrices
Q(I)V def QN(\I’N)_I Pdv’ def oN pN
Qév def QN (TN)-! p&v def N pN
(3.3.51)
iV = v¥eMt RY ¥ eVRY
def

€ BYR;!(BMT T, ¥ (cM)TwloY,

then the matrix equivalence of the operator equations (2.4.26)—(2.4.29) become
0= (4" +aI™)QY + QY (4" +aa™)T + V¥ - QIS0 Q) + ' QI'TY QY (+I)T (3.3.52)
0=(AY +aIM)TPN + PN (AN + aI™)+ RY — PYSYPY + («) PN =Y P+ (3.3.53)
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A A =N =N
0=(AY +aI™QY + QY (A} +aI™)" + Q)'Ty Q) — 7YY T Q) (+1)T (3.3.54)
0=(AY +aI™)TBY + B (AN + aI™) + PSPy — (v ) TP S Py’ o' (3.3.55)

The approximating optimal dynamic compensator (A, BY,C¥) of order N, is then given

by
AY = 4N - Q=) - P @GY)T (3.3.56)
BY = 1Myt (3.3.57)
cy = -R'BM)TRYGY)T (3.3.58)

where I'Y, GY € RNx(V +2) and MY € RM<*Ne provide a (GY — M{' — ') )—factorization

of Qév Isdv . The resulting approximating nonlinear closed-loop system is given by

d 2N (1) ~ AN BNCN 2N (1) . FN (N () 5.3.59)
N ¥y v || e | | oEN T )
2Ny = ¥, 2l (0) =T{ 2y (3.3.60)

where FV () = (V)1 () is defined by (3.3.44).

Remark 3.3.1 We shall apply this reduced order controller to Burgers’ equation. In par-
ticular, numerical results will be given that indicate that a result similar to Theorem 3.2.3
holds, if one uses the optimal projection method to construct a finite-dimensional control
law. However, one must either develop an alternative approach to the proof of conver-
gence, or else one must show that BY and CY in (3.3.56)-(3.3.57) satisfy (A-6) and (A-7),

respectively. We shall not address this issue here.
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Chapter 4

NUMERICAL RESULTS

4.1 Introduction

In this chapter numerical results will be presented for the LQG, MinMax and Fixed-
Order compensations discussed in the preceding chapters. The numerical schemes were
implemented on an IBM PC computer. Most of the numerical experiments were done
using MATLAB and various MATLAB routines from the Control Toolbox for computing
the functional gains by solving the Riccati equations and for solving the nonlinear ODE
systems using the 4th-5th order Runge-Kutta method. Also, in the case of the Fixed-
order compensator experiment, we used FORTRAN Codes interfaced with the HOMPACK
subroutines in solving the four optimal projection equations (3.3.52)—(3.3.55) since they are
coupled by the oblique projection matrix and the well-known HOMPACK subroutines use
the homotopic continuation method to handle these kind of problems. In Section 4.2, four
feedback schemes are introduced. Numerical results will be shown in Section 4.3 where a

comparison of the three methods will be made.
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4.2 Approximation Schemes

From Sections 2.1, 2.3 and 3.3, we know that the optimal control u(-) € L2(0,1), in the
cases of the linear quadratic-Gaussian and quadratic differential game problems, is given
by a feedback form

u(t) = —Kz.(t) (4.2.1)
and the feedback operator K € L(H,U) can be presented by

140(s 2:.(8)ds
Kzo(t) = Jo ¥(e)ze(o) (4.2.2)

fol kl(s)zc(s)ds

for some k9(-), k!(-) € H, where H = L?(0,1), U =Y = R? and 2.(t)(-) = z(-,t) is the
corresponding optimal observer trajectory. Next, we introduce four numerical schemes for
approximating the feedback law defined by the optimal L2-gain functions k°(-), k!(-) in
equation (4.2.2). We use step functions averaging k%(-), k!(-) on each interval I; = (%;_1, %)
and acting on the optimal state trajectory z(z,t) where Z9 = 0, Zp+1 = 1, the average value
of k%(-), k(-) on each center point £; of I; and acting on the optimal state trajectory z(%;, t)
evaluated at that center point of each interval, and finally, we use the third approximations
except we use a compensator to estimate the states at ;.

Scheme 1. First, we consider the feedback form (4.2.2), say Kopt, corresponding to the

optimal control "opt(t)- Then, on V¥, K gpt is determined by

N N N
Y0715 YN+

N N
ﬂO aﬂfl,"',ﬁN.{-]

= Ry'[BM"PY (4.2.3)

N
Kopt -
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and hence

N N _N N N
uopt(t) = —Kopt 2 (t)=—- Z zz (2). (4.2.4)
=0 ﬂN
Remark 4.2.1 Numerical results presented for Scheme 1 include all three methods dis-

cussed in Chapter II. Schemes 2—4 are designed only for the MinMax problem. Of course,

those schemes can be applied to the other methods too.

Scheme 2. Consider the following feedback form K,:

M+1| g9

1
Ka= / S| 7 | xg6) | 22, 5)ds (4.2.5)
0 '_1 a]:
J
where 29 =0, Zy41 =1, forj=1,--- M +1and(=0,1
d = — 1 [ Ks)ds (4.2.6)

(2j — £j-1) Ji;

= the average of k/(z) over the interval I;,

1, =z EI]'
X, =

J
0, otherwise

where for each j, 0 < j < M +1, &; is the location of a sensor measuring the flow z(Z;,t).

Then, on V¥, the control function u¥ (t) becomes

ul(t) = -KYZV()
1| M+1 ag
= —/ > Xﬁ(s) 2N (¢, s)ds
0 | j=1] 41
J
N+1 u(l)\,fi .
= -> 2N (t) (4.2.7)
1= u{\’fi



where
M+1 1 N+1
=3 d [ W @ds, o= ——— 3 k([ ' (e)dz),
' j=1 I Tj—ZTj-1 I;

n=0

for I = 0,1. Thus, the feedback operator K~ can be represented by

N N N
KN Up,0y U0,1> """ » U, N 41

a

N .N N
U1,00U1,15° " H UL N+1

and the finite dimensional closed-loop system is given by

%z’v(t) = (¥ -BYKN)N (@) + H'n (1)

2N(z,00 = 2.

Scheme 3. Consider the feedback form

M+1 a_(i’

KaPz = Z Z((i!j,t)
J=1 al.
J

(4.2.8)

(4.2.9)

(4.2.10)

(4.2.11)

where a;-’s, for I = 0,1, are the same as Scheme 2 and for each j, 1 < j < M + 1, ; is the

center point of the interval I; = (%;-1,%;) and 2(%j,t) = fif_l z(s,t)ds. Then, it follows

that on V¥, we have

'uz,(t) = -—Kg,zN(t)
M+1| o0
= - Z z("i"J’t)
i=1 | 41
N+1 N M+1 a 3 N
= -3 DY / RN (s)ds
i=0 i=1 | g4l Fi-1
3



= - 2'® ) h (2;)A%;
i=0 j=1 1
a;
N+1 v(I)V‘.
= - 2" (2)
= N
) Vi
where
N ! 11N
Vi = E ajh,- (:f:j)Af:j and Azj = (:l:j - .’ij_l).
i=1
Hence,
N N N
N Y0,0- V0,15 " " " » Vo,N+1
K, =

N N N
V1,00 V1,10 " U1 N4

and the finite dimensional closed—loop system becomes
%ZN (t) = (AY =B KD)N(t)+ H V()

2V (z,0) N

Z, -

(4.2.12)

(4.2.13)

(4.2.14)

(4.2.15)

Scheme 4. Here we use the approximations in Scheme 3, except we use the compensator

to estimate the states at Z;. In particular, we have

N+1
a(t) = —Kapz () = = Y v 21 (2).
~

4.3 Numerical Results

(4.2.16)

In this section, we discuss numerical results for the disturbed Burgers’ equation, with

Neumann boundary control and Dirichlet observation. First, we fixed certain parameters
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and used the selected values throughout all computations. Namely, we chose Re = 60, r) =
vi =1 and 79 = v9 = 1073, that is, R = ElE) = r1lIg,Ry = E5Ey = r9l,V; = viH HY
and V2 = HoH; = voI5 and the disturbance input function was chosen to be fi(z) = z + 1.
We also worked with two different initial conditions, namely cos(nz) and — cos(wnz). As for
the desired degree of stability a, we set a = 0.15.

Plots of the trajectories for open-loop and closed-loop solutions, use the Nt order
approximation for all cases and methods. The corresponding trajectories are plotted from
t = 0.0 to t = 10.0. Figures 4.3.1-4.3.4 illustrate the response of the nonlinear system
with no controls and in the absence of disturbance. In these cases, we can see that all
solutions converge to zero except for the case when the initial condition is z, = cos(nz). In
Schemes 2-4, we have chosen M = 3 where the end points of each subinterval I; were set
to £; = 0.15, 0.5, 0.85 for j = 1,2, 3 along with the two end points of the domain. That is,

the center points of each interval I; are set to £; = 0.075, 0.325, 0.675, 0.925.

Remark 4.3.1 With the above choices, it is easy to check that the hypotheses and condi-
tions that were assumed throughout this paper hold. In fact, we know that the hypotheses
(H-1)-(H-5) are satisfied with our parameters choice. Also, we know that part of condition
(C-1) is satisfied,i.e., the detectability of the pair (A, E), since we chose the identity opera-
tor for E1, but on the other hand we have to make sure that the pair (A, H;) is stabilizable.
Indeed, fi(z) = z + 1 satisfies the stabilizability condition for any desired degree of stability

a > 0, since as we did for the coefficients b,, n = 0,1, - - -, the coefficients h,, representing
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the disturbance input function %(-) are not zero,i.e.,

1
i =< B()y ban() >120= [ @+ Dean(@)de #0 (43.)
for all n =0,1,---, where ¢, ,, are the eigenfunctions presented in Section 2.2.

Example 4.3.1 (LQG/MinMax Problems)

All control laws “converged” for N = 32 elements. The converged feedback functional
gain K, (-) and observer functional gain L4(-) are given in Figures 4.3.5 and 4.3.6, respec-
tively. Since we are controlling the flux at each end point z = 0 and =z = 1, we have two
feedback functional gains. From these plots, one can easily see that the control actions are
concentrated on the location of the boundary control points where the solid lines represent
flux control gains obtained from the MinMax problem and the dashed lines are the flux con-
trol obtained from the LQG problem. Similarly, since we are sensing the flow at the origin
and the end point, we have two observer gains (solid lines for the MinMax observer gains
and dashed lines for the LQG observer gains). We also compared the maximum singular
value of the transfer functions of the LQG and MinMax linear closed-loop system in Figure
4.3.7. This figure shows that the MinMax controller yields a closed-loop system satisfying
the H* disturbance attenuation bound v = 4.6. This value is obtained by decreasing vy
until solutions to the Riccati equations (3.3.36)—(3.3.37) with the required properties fail
to exist. Next, these controllers were then applied to the disturbed Burgers’ equation re-
sulting in the nonlinear closed-loop trajectories depicted in Figures 4.3.8 — 4.3.11. For each

initial condition, we observe that the resulting solutions (Figures 4.3.8-4.3.9) obtained by

72



the linear quadratic Gaussian controllers are not stable in the presence of disturbances. On
the other hand, Figures 4.3.10-4.3.11 show that the MinMax controllers provide stability
margins sufficient to accommodate the degree of disturbances introduced. Figure 4.3.12
shows the control function u(t) for the LQG and MinMax problems. These preliminary
results indicate that the control laws designed using the linear quadratic differential game
outperform the standard LQG controllers in the presence of disturbance signals. This is
not surprising because disturbances were not introduced in the performance criterion as in
the case of MinMax design.

Example 4.3.2. (Finite-Fixed-Order Compensator)

In the fixed-order case, we considered the accuracy of the impulse and step responses of
the various reduced order compensator designs compared to the corresponding responses of
the full order LQG design. Figure 4.3.13 illustrates the linear closed-loop impulse response
for the full-order LQG and reduced order compensator (of order N, = 16) designs. The
impulse response of the linear closed-loop system for the 16th-order compensator is in perfect
agreement with the LQG response. Note that in Figure 4.3.13 we see only one plot for both
designs because both plots are essentially the same. Similar trends are seen (Figure 4.3.14)
in the comparisons of the step responses (for the same design case) with the corresponding
LQG responses.

For the nonlinear closed-loop response, the 16th-order compensator was applied to Burgers’
equation and we see (in Figures 4.3.15-4.3.16) excellent agreement with the full order closed-

loop trajectory response. Hence, replacing the 32nd-order optimal LQG controller by a 16th-
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order compensator produces a closed-loop system with minor performance degradation.
We also compared the performances of the closed-loop system of the 4th-order compensator
with the full order LQG responses. Figures 4.3.17 and 4.3.18 are the impulse and step
responses of the linear closed-loop system, respectively. If one compares these responses
with the corresponding responses for the full order LQG controller shown in Figures 4.3.13
and 4.3.14, then it is clear that the 4th-order compensator performs almost as well as the
full order LQG controller. Similar comments hold for the nonlinear closed-loop responses.
For example, the 4th-order compensator response (Figures 4.3.19 and 4.3.20) compares well
to the LQG response, especially after time T = 1.0.

Example 4.3.3. ( Suboptimal Feedback Designs )

We considered the feedback functional gains obtained from the MinMax problem and
applied Schemes 2-4. The closed-loop solutions are given in Figures 4.3.22-4.3.27. Figures
4.3.22-4.3.24 illustrate the average of the gain functions in Figure 4.3.5 and the correspond-
ing closed—loop solutions (Scheme 2). The average values were estimated on each subinterval
(£j-1,%;), where £; = 0, 0.15, 0.5, 0.85, 1.0 for j = 0,1, 2, 3, 4, respectively. Also, Schemes
3 and 4 were applied to obtain Figures 4.3.25 and 4.3.27. The basic observation to be made
here is that each one of the Schemes 2, 3 and 4 works well compared with Scheme 1, all
drive the state to the zero equilibrium position and reduce the gradient of the solution in
the presence of disturbances. On the other hand, from a practical point of view, Scheme
3 is the most efficient, since in this case we require only data that can be obtained from

the sensors placed at the boundary. Indeed, if we compare the trajectory obtained from
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Scheme 3 (Figure 4.3.25), to the one from Scheme 1 (Figure 4.3.10), we can see that they

are almost identical.
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Open—Loop Response (No Disturbance)
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Figure 4.3.1: Open Loop Response (No Disturbance) (2,(z) = cos(nz))
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Open—Loop Response (With Disturbance)
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Figure 4.3.3: Open Loop Response (With Disturbance) (2,(z) = cos(nz))
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— cos(mz))

Figure 4.3.9: LQG Closed Loop Response (z,(z)



MinMax Closed—Loop Response (With Disturbance)
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Figure 4.3.10: MinMax Closed Loop Response (z,(z) = cos(7z))
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— cos(7z))

Figure 4.3.11: MinMax Closed Loop Response (2,(z)
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Closed—Loop Response of the Fixed

16th—0Order Compensator

90

16, z,(z) = cos(7z))

Figure 4.3.15: Closed-Loop for the Fixed-Order Cases, (N,
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Closed—Loop Response of the Fixed

4th—Order Compensator
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cos(nz))

Figure 4.3.19: Closed-Loop for the Fixed-Order Cases, (N.=4, 2z,(z)
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— cos(rz))

Figure 4.3.20: Closed-Loop for the Fixed-Order Cases, (N.=4, z,(z)
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MinMax Closed—l oop Response
(Scheme 2)
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Figure 4.3.23: MinMax Closed Loop Response (Scheme 2), (2,(z) = cos(nz))
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MinMax Closed—lLoop Response
(Scheme 3)
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Figure 4.3.25: MinMax Closed Loop Response (Scheme 3), (z,(z) = cos(nz))
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MinMax Closed—Loop Response
(Scheme 4)
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Figure 4.3.27: MinMax Closed Loop Response (Scheme 4), (2,(z) = cos(nz))



4.4 Summary

In this paper, we showed that dynamic compensators can be used to control a nonlinear
partial differential equation. In particular, we selected a boundary control problem gov-
erned by Burgers’ equation with boundary observations. The controllers were based on a
linearization of the nonlinear equation. We discussed three different approaches. The infi-
nite dimensional Linear Quadratic-Gaussian (LQG) and linear quadratic differential game
theory (H /MinMax) approaches presented in Sections 2.1 and 2.3 respectively, yield infi-
nite dimensional compensators which are then approximated by finite dimensional compen-
sators. In contrast, the optimal projection theory presented in Section 2.4 fixes the (finite)
order of the compensator prior to the design process. The numerical results indicate that
the LQG, MinMax and optimal projection approaches can work well in practice. However,
the theory for the boundary control problems considered here is not complete.

A “shifted quadratic cost” problem was used to construct feedback and observer gains
which produce a fixed decay rate. In particular, this approach produces a closed-loop

system satisfying the estimate

z(z, t; 2z,) ; Zo
< Mge™@

ze(z,t; 2c,) by Zes |[|lgy
where a > 0 does not depend on the Reynolds number. However, M, = M(a,¢) will, in
general, depends on the viscosity parameter € > 0.

We developed a numerical scheme for computing the feedback and observer functional

gains and several numerical experiments were performed. The following observations were
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made:

1) The nonlinear closed—-loop system was stabilized by all of the nonlinear controllers (linear

feedback and nonlinear observer).

2) A comparison between LQG and MinMax designs shows that the latter outperforms
the former (in disturbance attenuation) and provides a stability margin sufficient to

accommodate the degree of disturbances introduced.

3) One does not have to sense the entire “flow” to control the “flow”. The numerical
experiments based on Schemes 2-4 illustrate that by a proper location of sensors and
the use of low order observers one can control a distributed parameter system with a

finite number of controllers and measurements.

These preliminary results provided some evidence that robust “linear” controllers can be
used to control complex nonlinear distributed parameter systems. On the other hand, there
are several interesting questions that need further study. In particular, we have established

the following:

e The existence of MinMax controllers for systems of Pritchard-Salamon Class (Theorem

2.3.3).

e The stability of the approximating closed-loop system (Theorem 3.2.3).

e The existence of optimal projection controllers for systems of Pritchard-Salamon Class

(Theorem 2.4.1).
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On the other hand, there are several areas that require further work. In particular, one

needs;

e A theory for problems that are not of Pritchard—-Salamon Class. In particular, a theory

is needed for the MinMax and optimal projection approaches.

o To establish the convergence of finite element approximations of the MinMax and optimal

projection problem.

e To find alternative conditions (other than those given by Hypothesis (H-6) in Section

2.4) that guarantee the optimal projection equations have solutions.

e To prove the stability of the nonlinear approximating closed-loop system.
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