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SPACE-SHUTTLE WINDWARD SURFACE LAMINAR 

VISCOUS SHOCK-LAYER FLOWS IN EQUILIBRIUM AIR 

AT HIGH .Z\NGLES-OF-ATTACK 

by 

Rajiv R Thareja 

(ABSTRACT) 

A recently developed viscous shock-layer method (VSLSl) 

has been applied to predict laminar viscous flows over the 

windward surface of a shuttle-like vehicle with a perfect 

gas and an equilibrium air model at high angles-of-attack to 

simulate reentry conditions. The predictions of wall pres-

sure and heat-transfer data compare well with the limited 

experimental data available requiring relatively short com-

puting times compared to parabolized Navier-Stokes ( PNS) 

methods. Velocity, pressure and enthalpy profiles are com-

pared at some stations on the body. This method can be used 

to predict viscous flows over general lifting bodies during 

reentry. 
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NOMENCLATURE 

a acceleration 

C*p specific heat at constant pressure 
A ei unit vector of a general orthogonal coordinate 

system 

f body force 

g determinant of coordinate metric tensor 

vector orthogonal to ~ and gk ; i I j, i t k 

-coordinate metric tensor, g. • g. ; i, j = l, 2, 3 
I I 

~- ..... 
g•. gl ; i,j = 1,2,3 

vector in g1 (streamwise) direction 

h 

H 

vector in g2 (normal) direction 

vector in g3 (circumferential) 

total enthalpy, H*/U*! 

static enthalpy, h*/U*~ 

heat-transfer coefficient, 

M~ freestream Mach number 

direction 

nsh shock standoff distance, nsh*/Rn* 

p pressure, p*/Pref 

Pref reference pressure I p J, u;,,2 

Pr Prandtl number 

Qw convective heat-transfer rate, Btu/ft 2 -sec 

r local body radius 

Rn* body nose radius of curvature 
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s 

T 

-1 freestream unit Reynolds number, ft 

surface distance coordinate neasured along the body 

from nose-tip, s*/Rn* 

temperature, T*/T*~ 
2 

T*ref reference temperature, ( Y - 1 ) M00 T00 or U*00 /C*p 

U* CX> 

u,v,w 

v 
z,r,<P 

()(. 

y 

E 

dimensional freestream velocity 

streamwise, normal and crossflow velocity components 

nondimensionalizesd by the freestream velocity U*00 

local velocity vector, ug; + vg; + wg; 

cylindrical coordinates 

angle of attack, degree 

ratio of specific heats 

Reynolds number parameter, E 2 = /L *ref / P ~ U*cn Rn* 

viscosity, µ,*/µ,*ref 

µ*ref reference viscosity, µ,*(T*ref 

• shear stress 

; 1 , g2 , g3 computational coordinates 

p density, P *I P*oo 

{/k} Christoffel symbol of the second kind (Appendix B), 

1 I: 9;m [agmk + agmj _ agjk] 
2 m asj ask asm 

Subscript 

B Bade 

c Cohen 

ix 



w 

0 

00 

wall value 

stagnation condition 

freestream value 

Superscript 

* dimensional quantity 

x 



Chapter I 

INTRODUCTION 

Numerous methods exist to analyse viscous flows over axi-

symmetric bodies. Most reentry vehicles, though, are far 

from axisymmetric. Complex geometries present new difficul-

ties in geometry definitions, grid generation and analysis 

of flow around such vehicles, of which the shuttle orbiter 

is a classical example. 

Reentry vehicles operate through a wide range of flow 

conditions. The complex hypersonic flowfield is bounded by 

the body and the bow shock. Due to the high angles-of-at-

tack usually present, crossf low separation may be present, 

and the viscous effects may predominate over the entire 

flowfield. For very low Reynolds numbers, the full Navier-

Stokes equations must be considered. These equations are 

elliptic in all three space directions, and a numerical so-

lution is difficult and requires large computing times and 

storage. For moderately high values of Reynolds numbers 

there is no need to solve the full Navier-Stokes equations. 

The classical approach to solving such a flowfield is to di-

vide the flow into an outer inviscid region and a viscous 

boundary-layer region. The wall values of the inviscid so-

lution are used as edge conditions for the viscous calcula-

1 
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tions. This approach works well for low altitude supersonic 

high Reynolds number flows in which the boundary-layer is 

thin compared to the shock-layer thickness. At higher alti-

tudes, the boundary-layer assumptions become increasingly 

inaccurate as the Reynolds number decreases. At hypersonic 

low Reynolds number conditions, the viscous layer may extend 

right up to the shock, especially in the stagnation region, 

and the displacement effect must be modeled by interacting 

the viscous calculations with the inviscid solution. Anoth-

er problem with this approach is determining the edge condi-

tions for the boundary-layer calculations. Methods such as 

streamline-tracking and entropy-layer swallowing have been 

used to help solve this problem. The parabolized Navier-

Stokes (PNS) approach uses a parabolic approximation in the 

streamwise direction, thus enabling a wide variety of prob-

lems to. be solved by using a streamwi se marching scheme. 

The PNS method .involves large matrix solutions due to its 

elliptic nature in the crossflow direction, and the comput-

ing times are sti 11 quite large. The viscous shock- layer 

{VSL) equations treat the entire flowfield uniformly with 

one set of equations and have no problems with displacement 

effects. The edge conditions for the shock-layer approach 

are easily obtained from the Rankine-Hugoniot equations. 

Another major advantage of the shock-layer approach is that 
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the equations are parabolic in both the streamwise and 

crossflow directions and can be solved easily by direct, 

highly efficient finite-difference methods. Since the 

crossflow momentum equation is parabolic, the crossflow se-

parated region on the leeward side cannot be treated. Ne-

vertheless, the solution for the windward region up to 

crossflow separation is accurate and the computing times are 

relatively small. As a result, the viscous shock-layer 

method treats all higher-order boundary-layer effects (dis-

placement, vorticity interaction, longitudinal and tran-

sverse curvature, including proper matching conditions) in a 

straight-forward and consistent manner, making the viscous 

shock-layer approach especially attractive for design stu-

dies. 

In recent years, the viscous shock-layer equations have 

been applied to a wide range of problems by a number of in-

vestigators. Davis 1 solved the shock-layer equations for 

laminar, perfect gas flows over analytical bodies such as 

hyperboloids for which the pressure distributions were near-

ly Newtonian. Whitehead and Davis 2 considered the problem 

of inert gas injection through porous walls of analytic 

shapes. Miner and Lewis 3 - 4 extended the method for a seven-

species air mixture with finite-rate chemical reactions over 

non-analytic blunt bodies for which the shock shape differed 
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from the body shape. They used the viscous shock-layer 

equations to obtain a solution f o~ the windward plane of the 

shuttle. Anderson and Moss 7 added turbulence to the shock-

layer equations for axisymmetric blunt bodies. Eaton and 

Larson8 and Eaton and Kaestner 9 extended the equations to 

consider the windward and leeward planes of symmetry on bod-

ies at angle-of-attack. Srivastava, Werle and Davis 10 

treated the problem of the curvature discontinuity on a 

sphere-cone and applied an ADI technique to iterate on the 

shock standoff di stance. Waskiewicz and Lewis 11 used the 

viscous shock-layer approach to provide a blunt-body solu-

tion for a PNS method for sphere-cones at large angles-of-

attack. Waskiewicz, Murray and Lewis 12 developed a coupling 

scheme for the continuity and normal momentum equations to 

improve the solution. Murray and Lewis 13 - 14 developed the 

viscous shock-layer equations for three-dimensional bodies 

at large angles-of-attack and substantiated this development 

with a wide range of conditions. 15 Murray and Lewis 16 added 

the effects of heat and/or mass transfer by modifying the 

boundary conditions of the viscous shock-layer equations. 

Gogineni, Murray and Lewis 17 computed the aerodynamic coef-

ficients of slender cones with mass-transfer and low Rey-

nolds numbers to study the limits of the range of the vis-

cous shock-layer applicability. Tree, Melson and Lewis 18 
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used non-equilibrium chemistry in the viscous shock-layer 

solution for the NASA Jovian entry probe, a 45 degree spher-

ically blunted cone. Gogineni and Lewis 19 combined the ad-

vantages of both the VSL and PNS methods to develop a hybrid 

VSLPNS code, in which the VSL solution was obtained up to 

crossf low separation, and the f lowfield data prior to cross-

f low separation was saved and used to start a PNS solution 

on the remaining lee side. Szema and Lewi s 2 0 extended the 

VSL3D method to include transitional and/or turbulent flows. 

A two-layer eddy-viscosity model proposed by Cebeci 21 and 

the transition model developed by Dhawan and Narasimha 22 

were included in their analysis, which was applicable for a 

perfect gas only. Tharej a, Szema and Lewis 23 modified the 

VSL3D analysis for axisymmetric flows to include the effects 

of air in chemical equilibrium for which the thermodynamic 

and transport properties of air are obtained from tables or 

from curve-fits. Szema and Lewis 24 - 25 developed the viscous 

shock-layer equations for a nonorthogonal, body-oriented 

coordinate system in which the three velocity components 

were defined in the nonorthogonal coordinate directions 

which made it possible to solve for a non-spherical nose and 

treat general lifting bodies at high angles-of-attack in a 

perfect gas. 
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The purpose of this work is to apply the method of Szema 

and Lewis 24 - 25 to analyse the flow over the windward surface 

of a shuttle-like vehicle lor perfect gas and equilibrium 

air in typical reentry conditions. 

Calculations have been made for a perfect gas model at 

two angles-of-attack and the predictions are compared with 

inviscid solutions and some experimental data from the Ar-

nold Engineering Development Center (AEDC) where tests were 

conducted on models of the , shuttle orbi ter26 - 28 in tunnels 

at the von Karman Gas Dynamics Facility to simulate reentry 

conditions. Since experimental· data were not available for 

the equilibrium air case, the computed results are compared 

with the inviscid equilibrium air solution. Profiles normal 

to the body in the windward plane are compared for some sta-

tions. 

Chapter 2 presents the analysis of the. problem and the 

solution procedure used in this method. Chapter 3 discusses 

the results obtained for the sample cases, while Chapter 4 

stresses the main conclusions and recommendations for furth-

er study. The derivation of the viscous shock-layer equa-

tions for laminar flow from the steady Navier-Stokes equa-

tions in a general non-orthogonal coordinate system is given 

in Appendix A. The grid generation procedure is given in 

more detail in Appendix B. 



Chapter II 

.n.NALYSIS 

For a general three-dimensional vehicle like the shuttle 

orbiter, an accurate geometry definition is a prerequisite 

for any analysis of flow over the vehicle. Using the method 

developed by Vachris and Yaeger29 called QUICK, the geometry 

of the orbiter was represented by a series of analytical 

functions in a cylindrical coordinate system (z,r, ¢ ). A 

moving map axis was necessary to define the center of the 

coordinate system as a function of z to ensure a unique va-

lue of r for a given angle ¢ around the body. The primary 

region of interest was the windward surface. Using QUICK, 

two versions of the space shuttle orbiter were obtained. 

The first conformed as close as possible to the actual vehi-

cle (Figure 1), with the exception that the canopy and 

tail-sections were removed. The second geometry had the 

same lower surface and upper-symmetry plane profile (Figure 

2) For both geometries the wing was swept back to 55 de-

grees from the design value of 45 degrees to avoid an imbed-

ded subsonic region at the wing-body juncture which cannot 

be handled by the inviscid method used here. However, the 

region between the strake and wing leading edge and the up-

per-symmetry plane surface was filled in with elliptic 

7 
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curves. Nevertheless, the geometry is a good representation 

of the space shuttle up to about ¢ = 80 degrees. Because 

the region of interest was the windward surface only, the 

latter geometry version has been used in this analysis. 

Large changes in transverse curvature are present at the 

wing leading edge as seen in cross-sections of the modified 

shuttle-like geometry (Figure 3). It must also be mentioned 

here that the location of the transverse curvature discon-

tinuity moves from ¢ = 65 degrees to about </> = 80 degrees 

in the latter half of the vehicle. 

An inviscid time-dependent method called BLUNT 3 0 devel-

oped by Moretti was used to obtain a solution over the non-

spherical nose and an initial data plane was obtained at a 

station (Z/Rn=3), where the axial mach number was entirely 

supersonic. Then an inviscid marching method STEIN devel-

oped by Marconi and Yaeger 31 was used to solve the inviscid 

flowfield over the entire shuttle-like geometry downstream 

of the supersonic initial data plane. 
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2.1 GOVERNING EQUATIONS 

The basic equations are derived from the steady Navier-

Stokes equations expressed in general body-oriented (Figure 

4) tensor form. One of the coordinates, g1 is chosen in 

the general axial direction, another g2 in a direction 

normal to the body, and the third, g3 , around the body. 

The coordinate system requires orthogonality only at the 

body surface. The normal velocity v and the normal coordi-

nate g2 are assumed to be of order € , and all terms which 

are of higher order than € are neglected. These equations 

are parabolic in the streamwise and crossflow directions. 

The methods of obtaining these equations are discussed by 

Szema and Lewis. 24 - 25 The nondimensional form of the viscous 

shock-layer equations (Appendix A) that are applicable in 

the present study can be written as follows : 

Continuity Equation: 

0 ( 1/2 0 ( 1/2) + _E__ ( 1/2) ag1 pug ) + ag2 p vg dg3 p wg = 0 

g1 -Momentum Equation: 

pu ou 
ag1 

+ pv ou + ae2 

+ 2uw I 1 I + v 2 J 1 ) l1 3J i2 2f 

P w cu + p [u2 I 1 I + 2uv I 1 I 
(lg3 11 1\ 11 2~ 

( 1 ) 
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+ 922 [g33 dp - g13 dp J 
g ~1 cig3 

2 [ ~' dU 
2 J = E + µ (fo ( 2) 

922 0{2 citl 

~-Momentum Equation: 

+ p v ov + p w ov + p [u2J 2 l + 2uv} 2 j 
-.,.,:: -.,.;:, {1 1 l1 2 
0<:.2 0':>3 ~ 

+ 2uw ! 1 2 
3 ) + v2 J 2 ! + 2vw J 2 J + w2 J 2 ]J 

l2 2; t2 3 l3 3 

+ ( 3) 

g3 -Momentum Equation: 

+ 2uw J 3 l + v2 f 3 l (1 3 ~2 2 

+ :22 [ g11 (Jp g13 dP] 
c,g3 (Jg1 

= 2 [~ ow + /L d~J (4) E 

922 0~2 (jg2 og; 
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Energy Equation: 

pu ch + pv ch + pw oh [ u dP + v cP + w (lp] 
ct1 at2 .~g3 ct1 (Jg2 (Jg3 

= €2 
[ d~2 (;r) dh + µ <fh] - oq2 Pr d <: 2 922 S2 

+ €2µ 
[ •11 (~§.)' + 2 g13 cu ow 

922 ~2 ~2 

+ (~rJ] ( 5) 933 

In the governing equation I i l are the Christoffel sym-! j k j 
bols of the second kind, and the metric g ij can be obtained 

numerically from the grid generation procedure (Appendix B). 

In these equations, u, v and w are the tensor velocity 

components. The physical components are obtained by multi-

plying the re spec ti ve term by ~ . 

For a perfect gas the Prandtl number is assumed constant 

everywhere and is a function of pressure and enthalpy for a 

gas in chemical equilibrium. 

Equation of State: 

p = p (p,h) ( 6 ) 

For a perfect gas, equation (6) has the analytical form 

p = y p/ [ ( Y - 1) T] ( 7) 
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where Y is the ratio of specific heats. For air in chemi-

cal equilibrium, the functional relation may be given by a 

table or an approximate analytical expression (curve-fit); 

the forms of which are given in detail in Section 2.3. 

2.2 BOUNDARY CONDITIONS 

In order to solve the above set of governing equations, 

it is essential to specify appropriate boundary conditions 

at the body surface and at the shock. At the body surface 

(wall), no-slip and no-temperature jump conditions were 

used. Consequently, at the wall 

Uw = Vw = Ww = 0, and 

( 6) 

The conditions immediately behind the shock were obtained 

by using the Rankine-Hugoniot relations. 

2.3 THERMODYNAMIC AND TRANSPORT PROPERTIES 

For a perfect gas, the thermodynamic properties for spe-

cific heat and enthalpy can be expressed as 

Cp = y R / ( Y - 1 ) and h = Cp T. 

The viscosity is calculated from Sutherland's viscosity 

law: 
3/2 

~ = 2.27 E-8 T / ( T + 198.6) slug/ft-sec 

The Prandtl number is assumed constant everywhere. 
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For air in chemical equilibrium a table look-up procedure 

or curve-fit data is used to provide the thermodynamic and 

transport properties as a function of pressure and enthalpy. 

Table Look-Up 

A two-dimensional table was generated for the properties 

using the method developed by Miner, Anderson and Lewis. 3 2 

For a given pressure and temperature, the enthalpy and den-

sity are determined using the reservoir calculations of Lor-

di, Mates and Moselle. 33 The viscosity is obtained from 

curve-fits from the Wilke semi-empirical formula, while the 

Prandtl number is obtained by interpolation of the Hansen 34 

data. 

Cohen curve-fits 

Curve-fit data are based on Cohen's fit 35 of Hansen's ta-

bles for the transport properties and Moeckel's tables 36 for 

the thermodynamic properties of equilibrium air. 

Density: The enthalpy dependence of the density is given 

by the curve-fit: 

;' = 1.0 - 1.0477 [ 1.0 - ( ~J6123 ] 

This fit is reasonably good for the enthalpy range 
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0.0152 ~ h/hE ~ 2.0. The maximum deviation in this range is 

about 25 percent at low enthalpy, and the average deviation 

for all data is about six percent. 

The pressure dependence is given by the following: 

PE = 0. 0294 
Pc 

This fit has a deviation of less than one-half percent 

over the range of pressure 1.E-4 ~ p/p ~ 10.0. c 

Viscosity: The enthalpy dependence for the viscosity-den-

sity product is given by the curve-fit: 

1.0 - 1.0213 = 

This fit has considerably better agreement than that for 

the density. The maximum deviation over the enthalpy range 

0. 0152 ~ h/he ~ 2. 0 is about 8 percent, and the average 

deviation is about three percent. 

For the pressure dependence the following was used: 

0.225 
= 

This fit too has a deviation of about one-half percent. 
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Prandtl Number: The dependence of Prandtl number on 

pressure is neglected, and its variation with enthalpy (Fig-

ure 5) is assumed to be a fit of Hansen's data. 34 A precon-

di ti on for the validity of an effective Prandtl number is 

that the gas must be in local thermodynamic equilibrium. 

Bade curve-fits 

The density curve-fits from Cohen are not in good agree-

ment at low enthalpy. Better values of density are obtained 

using curve-fits suggested by Bade 37 : 

( p ) ( p ) ( h )-x 
Pa = Pa hB 

where 

x = 0.70 + 0.04 log 10 (p/p8 ) if 31.9 5 h/RTo 5 480 

x = 0.94 if h/RTo 5 31. 9 

The fits have a maximum deviation of seven percent. 

The viscosity and Prandtl number are then evaluated as in 

the Cohen curve-fits. 

Reference Quantities in Curve-fits 

The following reference quantities were used in the cal-

culations: 

= 2.119 E8 2 sec = 8465 Btu/lbm 
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Pc = 1. 0 atm 

µc = 3.584 E-7 slugs/ft-sec 

Pc = 2.498 E-3 " ;-t3 S.LUgs I 

PB = 0.01 lb/f-t3 

hB 1080 Btu/lb = 31. 9 RTo 

PB = 1. 0 atm 

2.4 COORDINATE GENERATION 

Based on··· the qeneral curvilinear coordinate governing 

equations, a body-oriented nonorthogonal coordinate system 

is constructed. This is first done on the surface of the 

body, where g2 = 0, and then extended to points away from the 

surface of the body. The coordinate system requires orthog-

onali ty only at the body surface. At all points the 

coordinate is orthogonal to both The approach 

used is an extension of that presented by Blottner, 38 and a 

detailed discussion of a similar procedure can be found in 

References 14 and 39. 
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2. 5 SHOCK-SHAPE CALCUL}\.TIONS 

For the viscous shock-layer method, an initial shock 

shape is necessary for which an inviscid shock shape can be 

used as an initial guess. If this inviscid shock shape is 

not too different from the viscous shock shape, global iter-

ations can be avoided, otherwise it may be necessary to it-

erate on the shock shape computed by the viscous shock-layer 

method. 

Using QUICK, 29 normals to the body were constructed, and 

the intersections of these normals with the three-dimension-

al inviscid shock surface were computed to give the shock 

standoff di stance in each plane as a function of z and s, 

the surface distance in that plane. The shock standoff dis-

tance, the derivative cnsh/cs and the shock angle 0- were 

smoothed by using a four-point Lagrangian walking least-

squares fit. 

2.6 METHOD OF SOLUTION 

Davis 1 presented an implicit finite-difference method to 

solve the viscous shock-layer equations for axially symme-

tric flows. Murray and Lewis 13 - 14 extended the method to 

three-dimensional high angle-of-attack conditions. The pre-

sent method of solution has been developed by Szema and Le-

wis. 25 Therefore, only an overview of the solution procedure 

is presented. 
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The g1 -momentum, g3 -momentum and energy equations are 

written in the standard form 

2 
A ~ + A aw + A W + n -r' o a,;2 1 a,;2 2 '-\3 

2 

where W is the independent variable. 

The derivatives are evaluated by the finite-difference 

expressions used by Frieders and Lewis 40 • 

where 

a2w _ 2[w2,j+l - (l+k) w2,j + kw2,j_1J 
as;~ - (s2,j+1 - s2,j)2 + k(s2,j - s2,j-1)2 

w = ~J2 . ,J 

aw - = [W2 . as:, ,J 

2 - (1-k ) W2 . - k2W2 ._,J ,J ,J 
2 - sz . ) + k ( sz . - s2 . -1 ) ,J ,J ,J 

w3 .J;ti,;1 ,J 

~~3 = [(w4,j - w3,j) + (w2,j - w1 ,j)J/2tis;3 

k = (s2,j+1 - sz,j)/(sz,j - s2,j-1) 

The subscripts 1, 2, 3 and 4 in the above finite-differ-

ence expressions for the derivatives represent grid points 

in the computational domain as shown in Figure 6. 

With these expressions, the parabolic equation in a fi-

nite-difference form is obtained as 
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A.W2 . 1 + B.W2 . + c.w2 ~+1 = o. J ,J- J ,J. J ,J J 

The solution to this equation has been developed by 

Richtmyer, and the general solution is 

where 

W2 . ,J 
= E. w2 . l + F · J ,J+ J 

E = --C./[A.E. , + B.l, and 
j J J J-1 J 

The boundary conditions are specified by defining E1 and 

when the wall values are known 

and as E1 = 1 and F1 = 0 when ( bW/bg2 )w = 0. The con-

tinui ty and g2 -momentum equations are solved by a similar 

method, but they are coupled together. The continuity egua-

tion is integrated to give the shock standoff distance. 

The solution begins on the blunt nose by obtaining an ap-

proximate stagnation solution in a wind-fixed coordinate 

system. At a specified location the data are rotated and an 

initial data plane formed. The three-dimensional solution 

begins on the windward plane and marches around the body ob-

taining a converged solution in each ~ plane. After a com-
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plete sweep in the g3 directior.., i:ne procedure then steps 

downstream in g1 and then begins the next ¢ sweep. At each 

point the equations are solved in t.he following order: 

(i)g3 -momentum gives w, (ii) energy gives h or T, 

iii) g1 -momentum gives u, (iv) integration of continuity 

gives nsh, and (v) coupled continuity and g2 -momentum gives 

p and v. 



Chapter III 

RESULTS AND DISCUSSION 

Three cases are presented to substantiate the recently 

developed VSL81 code. The freestream conditions for all 

three cases are summarized in Table 1. 

Case A was for the shuttle orbiter at an angle-of-attack 

of 25 degrees with a perfect gas model. Case B was nearly 

the same Mach number, but the freestream pressure was much 

higher and the angle-of-attack was 44 degrees with a perfect 

gas model. Finally, Case C was a slightly higher Mach num-

ber at an angle-of-attack of 25 degrees with an equilibrium 

air model (Bade curve-fits). This Mach number was not high 

enough to bring out many of the equilibrium effects. 

Case A 

The inviscid and viscous shock standoff distance for var-

ious planes around the body indicate a slightly thinner 

shock-layer for the viscous case (Figure 7). 

The wall pressure in the windward symmetry plane for the 

viscous and the inviscid STEIN 31 solutions are in good 

agreement (Figure 8) . At an axial station of about Z/L = 

0.75, there is a slight drop in both the inviscid and vis-

cous wall pressure predictions due to an expansion region on 
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the vehicle. The predicticns for the viscous shock-layer 

solution for other planes are shown in Figure 9. On much of 

the windward side, the body is relatively flat and the tran-

sverse curvature changes rapidly between ¢ = 65 and 80 de-

grees depending on the axial distance. Over most of the 

lower surface, due to the flatness, the wall pressure is 

nearly constant, increasing a little around the wing leading 

edge and then rapidly decreasing beyond that. 

The heat-transfer rate compares very well with experimen-

tal data obtained by Martindale 2 7 and Herrera 2 8 in an AEDC 

wind tunnel for the windward symmetry plane (Figure 10) . 

Hardly any experimental data are available off this plane, 

so the viscous shock-layer results around the body could not 

be substantiated. Due to the rapid change in the transverse 

curvature at the wing leading edge, there was an increase in 

the heat-transfer compared to the windward value (Figure 

11). After the wing leading edge, the heat-transfer dropped 

off rapidly around the body. It should be noted that due to 

the shift of the wing leading edge from ¢ = 65 to 80 de-

grees along the axial direction, the heat-transfer predic-

tions for ¢ = 50 degrees decrease while those for cp = 80 

degrees increase very rapidly after Z/L = 0.6. 

The u-velocity profiles normal to the body in the wind-

ward symmetry plane for two axial stations are shown in Fig-



23 

ure 12. The pressure profiles show a nearly uniform pres-

sure across the shock- layer (Figure 13) . The enthalpy pro-

files indicate a large gradient at the wall due to the low 

value of the wall temperature (Figure 14). 

Case B 

For an angle-of-attack of 44 degrees, since we were una-

ble to obtain an inviscid solution at such a high angle-of-

attack, the shock shape from the 25 degree inviscid solution 

was rotated to 44 degrees in a body-fixed coordinate system 

and used as input. 

in the flowfield. 

This procedure caused some oscillations 

Inspite of these oscillations, the pred-

ictions are quite good. The advantage of this procedure is 

that it is possible to obtain viscous solutions for various 

angles-of-attack that are substantially higher than that for 

which an inviscid solution can be easily obtained. 

The wall pressure in the windward symmetry plane compares 

well with an Euler solution41 (Figure 15), which was availa-

ble at the present time for only half the length of the veh-

icle. Wall pressure predictions in other planes around the 

orbiter from the viscous shock-layer and Euler solutions 41 

are also in good agreement (Figure 15). 

In the windward symmetry plane the heat-transfer predic-

tions from the viscous shock-layer compare well with the 



24 

AEDC 28 data (Figure 17). In other planes around the orbiter 

too, the heat-transfer rate shows higher values at the wing 

leading edge (Figure 18). 

The u-velocity (Figure 19), pressure (Figure 20) and en-

thalpy (Figure 21) profiles normal to the body in the wind-

ward plane show trends similar to those for Case A. 

Case C 

The inviscid flowfield code STEIN 31 uses different 

curve-fits for the thermodynamic properties than those used 

in the VSL code. Different curve-fits of these data is pro-

bably the reason why the wall pressure predictions from the 

inviscid code are quite different from the viscous shock-

layer values in the windward symmetry plane (Figure 22), 

while they are in quite good agreement for some other planes 

around the body (Figure 23). 

No experimental data were available to compare the heat-

transfer rate predictions for this case. The viscous 

shock-layer results for the windward (Figure 24) and other 

planes around the body indicate that the peaking at the 

wingtip noted in the previous cases is not as pronounced. 

In the windward plane, the u-velocity (Figure 25), pres-

sure (Figure 26) and enthalpy (Figure 27) profiles normal to 

the body showed slight jumps that might be caused by the 
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Prandtl number variation with temperature, which changes 

quite rapidly near the body. 

Execution Times 

The grid in the normal direction consisted of 101 uneven-

ly spaced points in geometric progression so as to obtain 

better resolution at the wall where the gradients are large. 

Around the body the computational planes were evenly spaced, 

each 10 degrees apart (Figure 3). This procedure resulted 

in fairly large steps near the wingtip. A nonconstant dis-

tribution is needed to. obtain better resolution in regions 

of large transverse curvatures such as near the wingtips. 

To keep computational costs down and because of the fairly 

large circumferential grid size, a maximum streamwise step 

size of S/Rn = 0.5 was used. Near the wingtip, where rapid 

changes are present, such a large step size is not desira-

ble. The execution times (Table 1) for flowfield solutions 

on the windward surface, with some planes dropped on the 

leeward side, are relatively small compared to other time-

dependent methods available. It must be noted that it takes 

approximately two hours of CDC 7500 time for a sphere nose 

when using the time dependent method developed by Kutler. 42 

For the eguilirium air model, Thareja, Szema and Lewis 23 

found that by using Bade curve-fits substantial reduction in 
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execution time was obtained when compared to the table 

look-up results without much loss of accuracy. Because of 

the large computing times involved in these cases, the Bade 

curve-fits were used for the equilibrium case. 

Because of the good agreement for the predictions using 

an inviscid shock shape for a = 25 degrees, after rotation 

in a body-fixed coordinate system to a = 44 degrees as an 

initial guess of the shock shape at a= 44 degrees, it is 

shown that predictions can be made (i) at large angles-of-

attack where it may be difficult to obtain inviscid solu-

tions, and (ii) through an angle-of-attack range to simulate 

various lifting body orientations during a typical reentry 

flight trajectory for perfect gas and equilibrium air condi-

tions for laminar flows. Since the major objective of this 

study is to predict the hypersonic flowfield over the wind-

ward surface of a lifting reentry vehicle such as the space 

shuttle, this method has been shown to yield good predic-

tions of wall pressure and heat-transfer rates in reasonable 

computing times (about 35 minutes) on a general purpose com-

puter (IBM 370/3032). The viscous shock-layer method has 

been shown to produce results of engineering accuracy and 

can be successfully used for a variety of potential applica-

tions. 



Chapter IV 

CONCLUSIONS AND RECOMMENDATIONS 

The main objective of ....... 
<..~"11 s study is to investigate the 

influence of noncircular bodies on the viscous shock-layer 

flow phenomena within reasonable computing times. A general 

nonorthogonal shock-layer analysis is used. Even with a re-

latively large grid, the present viscous shock-layer surface 

pressure, shock standoff distance and convective heat-trans-

fer rate predictions are in good agreement with inviscid so-

lutions and existing experimental data. The viscous shock-

layer technique (VSL81) requires much less computing time 

than the time-dependent method. It should also be noted 

that the present VSL81 method can be used to predict the 

flowfield and heat-transfer distribution over the windward 

side only of a shuttle-like vehicle (not computing the lee-

side flowfield) and thus it is possible to compute many 

flowfields with VSL81, which cannot presently be computed 

with any known PNS solution technique. For equilibrium air, 

curve-fits can be used with computing times that are compa-

rable to the perfect gas model without much loss in accura-

cy. 

Further development is necessary to have a nonconstant 

distribution of ¢ planes around the body. For better pred-

ictions, a finer grid size is also recommended. 
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Appendix A 

VISCOUS SHOCK-LAYER EQUATIONS 

The basic equations are derived from the steady Navier-

Stokes equations in general body-oriented tensor form. The 

coordinate system requires orthogonality only at the body 

surface. The normal velocoity v and normal coordinate 

are assumed to be of order e , and all terms which are of 

higher order than e are neglected. For these equations and 

general tensor theory, Reference 43 can be useful. 

Momentum Equations; 

We have 

(Al) 

Assuming steady flow and no body forces, after non-dimen-

sionalizing Al, we have: 

Denoting 

f 2 
;;; 

- µref 
i~ UC: R·~ 

we have .. . . 
E2 er- ,Le} • ~c( + <tLJ P, t -- ' 0- (A2) 
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• 
In A2, the av can be written as 

a..L= ~/- v~ + 1J_ \} v.i-vt • L= 1, 2, o 
from which we get 

For the stress terms, 

where 

and 

e,,,.,,.= ~ (V-w.,"' + V1;1.,1M) w\tf\ 

V™ = Cf'W\k.. V k 

(A4) 

(AS) 

(A6) 
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Note that ~ 1'2. : CJ--i \ =:. 0, OJAd 

~23 = S}-?2 = C 1 , Ov\d 

11 q q\2:::: 0 q'-o:::: q. -== 2.2 9?>3 
ca-

ca-2' = 0 
q22 :=:. i q.2'?> = -q2-Z-

~~I= -922g13 q'2:. 0 q 3?>-:::: 

CJ-. 

with 

From A6, we have 

Retaining terms of order at least ( 1/ E) I 

e11 - 0 

e,'2. - .i [~II CJ~ + qr:s ()W-J 
2 o~z. . 2'~2. 

e,"3 - ~[ q11 Ou. + qr:,%':;; J 
0~? ~? 

e21 - e,2 -
e22 ~2.l 9LL + q . cJv .. - 22 -

0'~2. (f~l-

-qi.i q13 
er-

0 (A7) 

qt I CJ'22. 
9-

(A8) 

we get 

(A9) 
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ei.?> = i [ 922 av- + 9 :ii o'-L + C[:;:, aw-J 
2 0~-o C.Y'?).. 0~2 

e-01 :::. e,3 

e-s2 - e'l3 

e33 _ q."31 3 Lt + 9- ~?> o'N'-
2> ~ ·0 0~3 

From AS, A6, A7 and A9, we get , , 
e -

12 e = 

e''"3 = 

e22 -

e31 -

-q22. q10 QLl 
q- 0-~3 

i ou. Ctj-2.2. q 1 ?> c ·v--
2 qi2 t)~i. 2't 0~2. 
q1\ Ctl-i2. Q\..L - q2'lq1-o ow 
'2~ 0~3 

i av-
~22 a·~i. 

i ~ 
·2~2 0~2. 

e'o 

-2CJ- 0~3 

e-:02 = e23 

(AlO) 
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- ov- + 
0~2-
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Assuming Stokes' Hypothesis (i.e., A-2~=0), and from A4, 
~ 

A7, AlO and All, we get 

cc13 = !-{- ~ ~2~']-13 ow" + ~ ct2 2 CJ I-:) 8v------aiz, "3 CJ- ~2 
+ can ~'22 a~ J 

8~3 t 
'2.1 1'2. re - 'L -

'C12 = [ ± -1.. Ov- 2 i a~J f :; '1-2 2 2r4 :i. -75 Cj-22 2)1?6 

(All) 

(Al2) 
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Now, 

(Al3) 

The right" hand side of A2 contains all the viscous ef-

fects. Keeping only terms that are of order and dropping 

all terms that make the equations elliptic in the streamwise 

and crossflow directions, we get from A2, A3, Al2, and Al3: 

~1 -Momentum Equation: 

+ 2uw .J 1 l + v2.I 1 l + 2 f 1 l + w2 J 1 ~] l1 3 l vwl2 3 l3 3{ 
l l 2 2 l \ I 

+ 9 22 [g Op - g13 Op] 
9 33 ag1 ~3 

2 [ ~. cu + 
!' ~] = E 

922 0~2 og2 
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g2 -Momentum Equation: 

+ 2uw I 2 i + v2 I 2 ) + 2vw I 2 ) + w2 J 2 }] 
1 3 2 2 2 3 i3 3~ 

+ _!_ dp = 0 
922 ~2 

g3 -Momentum Equation: 

pu dW + p V OW 
~1 og2 

+ p w aw + p [u 2 I 3 ~ + 2uv I 3 1 
~ (1 1} l1 2( 
0~3 \ } 

+ 2 uw ! 3 i + v2 ~ 3 l 
1 3J l2 2~ 

+ :22 [ g11 oP - g13 dP] 
aI3 ag1 

2 

[ ~2 ow + /L d~] € 
cg2 ag22 922 

= 

(Al4) 

(AlS) 

(Al6) 
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Energy Equation: 

~ D"'- _ DP = - &.,v-~ + ¢ 
Dt Dt (Al 7) 

' . 
Since DA = 'QA + VA., A, L we have 

Dt o:t 
• • g Vt h , i_ - V ~ P, J_, : - d.A,V- q, + y5° ( Al8) 

Nondimensionalizing, we get: 

~~~.:~ [ '5 V ;_ R,, L - VL P, ~ = ~~~ 1f!2[-c4"'<f+~ 
e>i, <? v Lt-' i.. - v L P, .{, = f 2. [- d.i..,-v- 't + ~ (Al 9) 

Also, __,...... 

15 = re <("icu:i V 
i.i- y.. . 

- ~. {J .c, d-
== <[·l} e LJ 

From A9, Al2 and A20, we get: 

(A20) 
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The terms in square brackets are of higher order than 

and are therefore neglected. 

¢ =:@ fpu_ \2 + 2 <;/.;?_1 Ou 'Ow + 1%[°' /aw· )2 

fl ~2.1~ 3~) c;fri. 0'~2- a~2 '-1.-2 \o~l.-

- ctiv g; -c:U.v- \:_- k_/Cp qzo.ct k] 

- dA.v-- [ /-L/Pr qw-d ~ 
c4v- [fLI Pr ~ l 

o~i.-

= _i_ \,a ~u) a e,__ + ~ 82h l 9-ii La~~~rr 0~2 rrr a~:-J 

From Al9, A21 and A22, we get: 

pu ch + P v ch + pw ch - [ u (lp + v (lp + w (lp ] 
Cif1 2lf2 df3 2lf1 2lf2 cf3 

= €2 [ a ( µ) dh + µ o'h] 
922 cf2 Pr Cig2 Pr d~2 -2 

+ €2µ [•11 (tJ + 
2 g13 du cw 

922 (jf2 ~2 

(A21) 

(A22) 
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(A23) 

Continuity Equation: 

For steady flow, 

ct.i..v- c ~ v) = o 

(A24) 

Equation of State: 

p = p (p,h) (A25) 

Prandtl Number: 

(A26) 



CURVILINEAR COORDINATES AND GRID GENERATION 

This appendix gives a brief description of curvilinear 

coordinates in three dimensions related to the development 

of the main computer code. Of particular importance are the 

metric functions, since these define the length of and angle 

between the coordinate lines. 

In a body-oriented cylindrical coordinate system (z,r,¢), 

we use the notation; ,, = z, , 2 = r, , 3 =¢ and correspon-

ing vectors 7;,."Y;, 1;, and j~j = 1, l"Y;l= 1, l7Y;I = r. 

Now define general curvilinear coordinates from the cyl-

indrical coordinates. Let g1 , g2 , g3 be the three indepen-

dent directions with direction vectors ~, g;, g;. Then 
-> d'm-> 
gk Ym 

()gk 
(Bl) 

Now 

ds 2 ( dg, - dg2 - df3 - )2 = g, + g2 + g3 

= g,, d st, dg, + g12 dg1 dg2 + g13 d g, dg3 

+ g21 dg2 dg, g22 ct;2 ct e2 + g23 d g2 dg3 

+ g31 dg3 dg1 + g32 dg3 dg2 + g33 d g3 dg3 (B2) 

where 

- dZ ()z Cir Cir 2 c¢ d <P 
gij = gi. gj =- - + -- + r - (B3) 

cf eigj cgi 'QE. cf cf I - J I J 
It is noted that gij = gji for i I j = 1,2,3 (symmetric pro-

perty), and the metric is expressed as a function of the 

curvilinear coordinate, i • e • / % = gij (g1,g2,g3). 
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If g ii = 0 for i =f j everywhere, "then the coordinate system 

is orthogonal, but in general it will be non-orthogonal. 

Also in general, the ~ vectors are not unit vectors. 

In addition to the~ ,g2 ,~ vectors, it is useful to have 

vectors perpendicular to these, i.e. 

-+ 
To construct these vectors, gi can be written as 

gi = 2: gik ~ 
k 

since g1 ,g2 ,g3 form a basis. Then 

0; = g i • g,. = 2: gi k g k • g. = 
k I 

or 

g13 1 0 0 

= 0 1 0 

g33 0 0 1 

To find the gii then simply invert the ( g km) matrix. 

present streamline coordinate system, 

g11 = 922 933 
9 

g 13 - - 922 q33 
- 9 

g33 

where 

- 1 
- <322 

= _!u_ 
9 

(BS) 

(B6) 

(B7) 

In the 

(B8) 

(B9) 
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To derive the Navier-Stokes equations in curvilinear 

coordinates, we utilize 

l g = L;: { jid ~ aej k 

where 

I: gim 
m 

and 

[ 09mk + ar - J 

These relations may be found in Reference 39. 

(BlO) 

(Bll) 

(B12) 

In order to generate the non-orthogonal coordinates, we 

start at the body and calculate out to the shock. Since 

there is symmetry about the pitch plane, only one side of 

the body needs to be considered. The surface of the body is 

written in cylindrical coordinates in the form 

r = r (z, <f>) (B13) 

On the body surface, constant g3 lines are obtained from 

the intersection of a constant cf> plane with the body, so 

that ~ 3 = <P From the QUICK geometry definition, for a 

given s in a plane, the value of z and r for the body is 

known. In order to obtain the coordinates in the region 

from the body surface to the shock surface, we start by tak-
-+ 

ing the cross product, If • f 
l J 

-+· • t 
J I are unit 

vectors in the cylindrical coordinates, then the coordinate 

vectors are given by: 
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~ - -- o<b 'j{t' I gm = oz i' + or j I + r m=l,2,3 (Bl4) 
agm agm ;,gm 

Defining ... the product between - and -n as cross g3 g1 I we 

have 

_..... __... -- -n = n 1 i' + n 2j' + n 3k' (BlS) 

where 

n1 = r ( or 'O<P o<P or ) 
ag3 ag1 ag3 ag1 

n2 = r ( oz o<P oz o<P ) 
og1 og3 og3 oe1 

(Bl6) 

na = (oz or or oz ) 
og3 og1 og3 ag1 

Setting g;- /~2 = 7; 1riJ , we obtain 

oz = n1~2 I lnJ I 

og2 

or = n2~2 
og2 

I lrtf I (Bl7) 

o<P = na~2 I r lfil, 
0~2 

Equations Bl7 are integrated from the body surface ~= 0 

to the sho~k surface. With the coordinates constructed in 

h . ~ . 1 h 1 -- -t 1s manner, g2 1s a ways ort Ogona to g3 and g 1 ( i • e • / g 23 

= 0), but q.;-- is not necessarily orthogonal to q;-
By setting~2 = 1, the shock will correspond to ~ = 1. 

Once the coordinates of the computational mesh 



49 

everywhere, the metrics can be obtained by numerical differ-

entiation: 

= + + i,j=l,2,3 

'( B18) 

From Bl8, we can compute the following important guanti-

ties used in the viscous shock-layer equations. These are 

the determinant of the metric, g, which for our system is: 

(Bl9) 

and the Christoffel symbols of the second kind: 

= ! L gim [ dgmk + 
2 m cf 

J (B20) 

where the gii are defined by 

= a~ 
J 

(B21) 



TABLE 1 

Test Case Conditions 

================================================================== 
CASE A CASE B CASE C 

Mach Number 7.92 7.93 9.50 

a I deg 25 44 25 

Too ' R 94.87 93.24 485.78 

Poo I psi a 0.0119030 0.0226010 0.0115686 ln 
0 

p 
00 I slug/ft l.0528E-5 2.0341E-5 1.9984E-6 

Tw I R 540 550 2000 

Re 00 , ft-1 5.5697E5 1. 9014E6 5.7752E4 

Gas Model perfect gas perfect gas equilibrium air 
BADE 

t1 steps 111 118 105 

Comp Time*, min 31 31 37 

================================================================== 
* IBM 370/3032 with FORTHX opt(2) compiler 





Figure 2: Modified shuttle orbiter geometry using QUICK 
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z 

Figure 3: Cross-sections of the modified shuttle orbiter 
geometry 
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Figure 4: Body coordinate system 
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Figure 5: Prandtl number variation with enthalpy for curve-
fits 
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Figure 7: Shock standoff di stance for d> = 0 degrees 
(Case A) 
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Figure 8: Wall pressure distribution for ¢ = 0 degrees 
(Case A) 
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Figure 9: Wall pressure distribution (Case A) 
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Figure 10: Wall heat-transfer rate for <P = 0 degrees 
(Case A) 
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Figure 11: Wall heat-transfer rate (Case A) 
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Figure 12: U-velocity profile (Case A) 
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Figure 13: Pressure profile {Case A) 
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Figure 14: Enthalpy profile (Case A) 
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Figure 15: Wall pressure distribution for ¢ = 0 degrees 
(Case B) 
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Figure 16: Wall pressure distribution (Case B) 
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Figure 17: Wall heat-transfer rate for ¢ = 0 degrees 
(Case B) 
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Figure 18: Wall heat-transfer rate (Case B) 
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Figure 19: U-velocity profile (Case B) 
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Figure 20: Pressure profile (Case B) 
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Figure 21: Enthalpy profile (Case B) 
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Figure 22: Wall pressure distribution for ¢ = 0 degrees 
(Case C) 
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Figure 23: Wall pressure distribution (Case C) 
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Figure 24: Wall heat-transfer rate (Case C) 
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Figure 25: U-velocity profile (Case C) 
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Figure 26: Pressure profile (Case C) 
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Figure 27: Enthalpy profile (Case C) 
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