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Motion Planning For Autonomous Vehicles In Non-Signalized Inter-
sections

Darshit Patel

(ABSTRACT)

Real-time path generation, including collision checks, is vital in critical driving scenarios

such as navigating non-signalized intersections. These intersections lack organized traffic

flow, which raises the risk of accidents. Rapidly Exploring Random Trees (RRT) is a widely

adopted algorithm in robotics for motion planning due to its simplicity and probabilistic com-

pleteness. Over the years, researchers have made modifications to the basic RRT algorithm to

improve its performance in dynamic environments, making it a favored planning algorithm

for autonomous driving. Among these variants, probabilistic RRT (pRRT) demonstrates

promising capabilities for efficient online replanning. The first part of the thesis thoroughly

studies the pRRT algorithm and compares its performance to the standard RRT and RRT*

algorithms through Python simulations. The pRRT algorithm outperformed the RRT and

RRT* algorithms in terms of success rate and time to find a safe trajectory. The algorithm

was implemented experimentally on scaled cars for the validation of its feasibility. The ex-

perimental results show good sim-to-real transfer for this algorithm.

The second part of the thesis proposes a novel algorithm for path planning. The algorithm

outperforms the standard RRT and pRRT techniques in terms of optimality and conformance

to human instincts. The generated paths are much smoother and easier for the controller

to track. The AV implementation combines the probabilistic RRT with the RRT-Connect

algorithm to mitigate the problem of parameter tuning of the standard pRRT algorithm.

The idea is to generate intermediate critical points around the obstacles to grow multiple



trees between these points which are then eventually connected if a safe trajectory is found.

The algorithm was tested in simulation and showed comparatively better performance in

handling obstacles.



Motion Planning For Autonomous Vehicles In Non-Signalized Inter-
sections

Darshit Patel

(GENERAL AUDIENCE ABSTRACT)

Due to uncontrolled traffic flow, non-signalized intersections are critical for autonomous

driving. Motion planning is responsible for the vehicle’s decision-making and generating ac-

tions based on its surroundings. Rapidly Exploring Random Trees (RRT) is one of the most

widely used algorithms for motion planning in robotics due to its simplicity and a guarantee

of finding a collision-free path if it exists. Due to the randomness of the algorithm, the time

to find a collision-free path increases rapidly as the surrounding environment complicates.

In this thesis, we thoroughly study a modified version of RRT called the probabilistic RRT

(pRRT) for motion planning of autonomous vehicles. The pRRT algorithm reduces the ran-

domness of the standard RRT algorithm and takes into account the destination location and

the positions of the obstacles to find a path around the obstacles and toward the destination

point. The algorithm was experimentally validated and confirmed the simplistic transfer

from simulations to reality.

In the second part of the thesis, we propose a novel algorithm that combines the proper-

ties of pRRT and another well-known algorithm called RRT-Connect. This algorithm plans

collision-free paths from the start, and the goal points towards free space around the ob-

stacles simultaneously and then combines these fragmented paths. This reduces the overall

planning time and was found to be better at providing smooth paths.
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The US transportation department reported a total of 33244 fatal motor crashes during 2019,

leading to the death of 36096 individuals. Federal Highway Administration (FHWA) of the

United States Department of Transportation(USDoT) reported that human error accounted

for 94% of all the fatalities caused by driving incidents [1]. Autonomous driving has emerged

as a groundbreaking technology that promises to revolutionize the transportation industry

and redefine how we perceive mobility. With the rapid advancements in artificial intelligence,

sensor technologies, and connectivity, autonomous vehicles have the potential to enhance

road safety, reduce traffic congestion, and provide new opportunities for improved efficiency

and convenience [2].

Autonomous driving research has gained a lot of traction in recent years due to better

computation and the rapid development of efficient hardware. The Society of Automotive

Engineers (SAE) has categorized autonomous vehicles into six types starting from level 0

through level 5 [3]. Level 0 indicates no autonomy and complete manual control of the

vehicle. Although, the vehicle can provide warnings and safety messages to drivers and

can be classified as a vehicle with Driver’s alert system. In levels one and two, the vehicle

provides steering and/or braking assistance, depending on the conditions. For example, lane

1
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centering or cruise control mode. When either one is present, it can be said as level 1, and

when both, then it is level 2. From level 3 onwards, we start getting vehicles that drive

on their own. Level 3 indicates minimum self-driving capabilities and that the driver needs

to be aware with hands on the steering wheel at all times, while level 5 indicates complete

autonomy and does not require human supervision.

Figure 1.1: The software stack of an Autonomous Vehicle

Currently, there is no vehicle available commercially that can be classified as a level 5 self-

driving car. To be classified as fully self-driving, the vehicle needs to have many capabilities

to emulate a human driver. Figure 1.1 summarizes the different modules of a self driving

car. Three overall components of autonomous driving are Perception, Planning, and Control

[4, 5, 6]. Perception represents the eyes of a human driver, and the major task of this compo-

nent is to understand the environment and break it down into objects of relevance. Recent

developments have seen many new learning-based methods for environment perception like
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the attention neural network [7] and reinforcement learning based (RL) methods [8]. Cam-

eras, lidars, and radars are the most commonly used perception sensors in this component

of autonomous driving. Vehicle communication technologies like V2X (Vehicle To Vehicle)

and V2I (Vehicle To Infrastructure) are popular for combining the information obtained by

different vehicles and remote units to share an overall understanding of the environment.

[55]

The planning module can be considered the brain of autonomous driving. It uses the infor-

mation obtained by the perception module and uses it to obtain a set of actions to complete

the task of driving. This is one of the most active areas of research, as making safe and

efficient driving decisions better than a human brain or at least emulating it is much more

difficult. The path planning task can be further categorized into high-level route planning,

low-level behavioral planning, path generation, and path tracking. The overall planning

module satisfies the planning hierarchy in that given order. In the first step of route plan-

ning, an overall route from start to destination is obtained. This includes deciding which

roads to take and optimizing the route. Once the route is obtained, the low-level planner

makes decisions at each segment of the route [9]. For example, once the AV reaches an

intersection, the low-level planner decides the plan to pass through the intersection [10].

Depending on the behavioral decision made by the low-level planner, a collision-free path is

generated [11]. This generated path may consist of the cartesian coordinates that the vehicle

needs to follow in order to pass through safely. In the trajectory generation step, a sequence

of desired states and waypoints required for the vehicle to follow the path is generated. This

stage provides the AV with control inputs at each time step which requires the algorithms

to consider the vehicle dynamics and the road conditions [12].

The control module tracks the trajectory generated by the planning module. This module

needs to account for the uncertainties and unexpected factors that may influence the vehicle’s
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motion. Simultaneous Localization and Mapping (SLAM) is often used to track the vehicle

in the world frame and ensure the trajectory is safely followed [13].

Between 2017 and 2021, the National Highway Traffic Safety Administration (NHTSA) re-

ported a staggering total of 31,297,306 traffic crashes. Among these crashes, there were

43,857 fatal crashes out of a total of 177,409, and 4,329,379 injury-only crashes out of a total

of 9,019,571, that were reported to have occurred at intersections [14]. This highlights the

significant impact of intersection-related incidents on road safety.

Furthermore, out of all the fatal crashes that occurred at intersections, approximately two-

thirds were reported to have taken place at uncontrolled intersections. This indicates the

importance of implementing effective intersection control measures to enhance safety. A

striking statistic is that 97% of these intersection-related crashes involved drivers who were

not paying proper attention. This emphasizes the critical role of driver attentiveness. Hence,

for autonomous driving, it becomes important to develop methods that can handle such

critical scenarios effectively.

A non-signalized intersection, also known as an unsignalized intersection, refers to an in-

tersection where traffic movements are not regulated by traffic signals or traffic lights. De-

veloping planning algorithms for autonomous vehicles at non-signalized intersections poses

several challenges that need to be addressed. Some of these challenges include:

At non-signalized intersections, it is difficult

for autonomous vehicles to accurately predict the intentions of other vehicles, such as whether

they will yield or proceed. This uncertainty adds complexity to the planning process and
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requires robust algorithms to handle different possible scenarios.

Non-signalized intersections often involve

intricate traffic interactions, such as right-of-way rules, yielding, merging, and conflicting

movements. Planning algorithms need to account for these complex interactions while en-

suring safe and efficient navigation through the intersection.

The visibility of sensors may be limited due to occlusions,

parked vehicles, or obstructed views at non-signalized intersections. This limitation makes

it challenging to perceive and detect all relevant objects and accurately assess the traffic

situation. Algorithms must be capable of handling incomplete or noisy sensor data.

Communication between autonomous vehi-

cles and human drivers, pedestrians, or cyclists becomes crucial at non-signalized intersec-

tions. Algorithms need to account for potential ambiguity in communication signals, such

as hand gestures or eye contact, and make appropriate decisions based on this information.

Non-signalized intersections require rapid decision-making

to navigate safely and efficiently. Planning algorithms must operate in real-time, efficiently

searching and evaluating potential trajectories while considering various factors like vehicle

dynamics, traffic conditions, and environmental constraints.

Hence, non-signalized intersections pose a major threat to autonomous vehicles as the chances

of accidents with non-autonomous vehicles increase in such an unregulated traffic flow [15].

The present technologies pertaining to low-level planning face several difficulties. The tra-

ditional optimization-based techniques are computationally heavy and ineffective for online
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planning in complex scenarios. Some simpler algorithms, like graph-based algorithms, do not

scale well with the environment and fail to handle dynamic scenarios effectively. Learning-

based algorithms have gained attention in motion planning but rely heavily on previous data

and tend to learn incorrect behaviors.

The probabilistic Rapidly Exploring Random Trees (pRRT) algorithm was proposed for the

online planning of autonomous vehicles in intersections [16]. It adds the property of goal bi-

asing to the standard RRT to obtain faster solutions in intersection environments. However,

it is not known how well the algorithm performs compared to the widely used closed-loop

RRT and RRT* algorithms in terms of efficiency and optimality. The current research on

pRRT does not indicate the algorithm’s scalability for bigger environments and multiple

obstacles. The pRRT algorithm requires tuning of a few parameters, which makes the algo-

rithm to be specifically designed for different scenarios. Due to this, handling multiple static

obstacles is challenging.

This thesis addresses these problems, and the following major contributions are made to this

field of research:

• A thorough sensitivity study of the various parameters of the pRRT algorithm to

recognize a favorable range of values for autonomous driving.

• A comprehensive evaluation framework for comparing the motion planning algorithms

that provide a standardized and objective way to compare the performance of different

algorithms in driving scenarios.

• Developing a simulation framework to deploy any sampling-based or graph-based al-

gorithm on non-signalized intersections with multiple lanes, multiple obstacles, and

different vehicle speeds scenarios in real-time.
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• Experimentally evaluating the pRRT algorithm to confirm the feasibility of the sim-

to-real capabilities of the algorithm.

• Developing a new path planning algorithm for smoother paths for self-driving cars to

overcome the difficulties of existing discrete path planning methods.

• Combining the strategies of the new algorithm, the standard pRRT, and the standard

RRT Connect algorithms to mitigate a few difficulties encountered in the standard

pRRT technique for motion planning.

The overall aim of this thesis is to obtain a good low-level local planner for autonomous

driving, especially in the critical scenarios of non-signalized intersections. The thesis is

organized as follows:

This chapter reviews the existing low-level planning algorithms and explains

the merits and demerits of those techniques

This chapter introduces the popular sampling-based algorithms, RRT, RRT*,

and pRRT, and their implementation for path planning. The chapter also describes the

implementation of these algorithms for autonomous driving conditions.

This chapter analyzes and discusses those algorithms for non-signalized inter-

section scenarios and makes a thorough comparison of their efficiency and safety in driving.

This chapter shows the details about the experimental evaluation of the pRRT

algorithm and shows the simulation-to-reality capabilities of this technique.

This chapter introduces a new discrete path-planning algorithm to generate
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smoother paths that are easier to track than the ones generated by traditional algorithms.

Using this technique, a modification to the standard pRRT technique is introduced to miti-

gate some of the design difficulties of the algorithm.

This chapter summarizes the overall work presented in this thesis and outlines

some of the future aspects that can enhance the work done in this thesis.



The movement of an autonomous vehicle (AV) from its starting point to its destination is

guided by a decision-making hierarchy. At the lower level, behavioral decision-making is

employed to determine a short-term plan for specific situations like overtaking. Once the

decision is made, the motion planner generates a collision-free path and trajectory to navigate

through the traffic [17]. The process of motion planning consists of two main stages: path

planning and trajectory planning. Over the years, various algorithms have been developed

and tested to obtain feasible paths for mobile robots [18]. According to Zhou et al., path-

planning algorithms can be classified into two broad categories: machine learning-based

approaches and traditional approaches [19].

Figure 2.1: Classification of low-level planning methods

Data-driven learning-based algorithms are characterized by their reliance on extensive train-

9
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�7���b�i�2�` �+�Q�M�p�2�`�;�2�M�+�2 �7�Q�` �T�H���M�M�B�M�; �B�M �/�v�M���K�B�+ �2�M�p�B�`�Q�M�K�2�M�i�b�X �>�Q�r�2�p�2�`�- �B�i �B�b �B�K�T�Q�`�i���M�i �i�Q �+�Q�M�@

�b�B�/�2�` �i�?�2 �+�Q�K�T�m�i���i�B�Q�M���H �+�Q�K�T�H�2�t�B�i�v ���M�/ �T�Q�i�2�M�i�B���H �i�`���/�2�@�Q�7�7�b �r�?�2�M �b�2�H�2�+�i�B�M�; �i�?�2 ���T�T�`�Q�T�`�B���i�2

�K�2�i�?�Q�/ �7�Q�` �� �;�B�p�2�M ���T�T�H�B�+���i�B�Q�M�X



�*�?���T�i�2�` �j

�a���K�T�H�B�M�; �"���b�2�/ �S�H���M�M�B�M�; ���H�;�Q�`�B�i�?�K�b

�h�?�B�b �+�?���T�i�2�` �B�M�i�`�Q�/�m�+�2�b �i�?�2 �H�Q�r�@�H�2�p�2�H �T�H���M�M�B�M�; �T�`�Q�#�H�2�K �7�Q�` ���m�i�Q�M�Q�K�Q�m�b �/�`�B�p�B�M�; �B�M �b�2�+�i�B�Q�M�j�X�R�X

�h�?�2 ���H�;�Q�`�B�i�?�K�B�+ �/�2�i���B�H�b �Q�7 �i�?�2 �T�Q�T�m�H���` �b���K�T�H�B�M�;�@�#���b�2�/ �T�H���M�M�B�M�; ���H�;�Q�`�B�i�?�K�b�- �_�_�h �U�_���T�B�/�H�v

�1�t�T�H�Q�`�B�M�; �_���M�/�Q�K �h�`�2�2�b�V ���M�/ �_�_�h� �- ���`�2 �b�m�K�K���`�B�x�2�/ �B�M �b�2�+�i�B�Q�M�j�X�k�X �h�Q �K�B�i�B�;���i�2 �b�Q�K�2 �Q�7

�i�?�2�B�` �/�`���r�#���+�F�b�- �i�?�2 �T�_�_�h �U�S�`�Q�#���#�B�H�B�b�i�B�+ �_�_�h�V ���H�;�Q�`�B�i�?�K �r���b �B�M�i�`�Q�/�m�+�2�/ �#�v �q�m �2�i ���H�X �B�M

�(�R�e�)�X �� �#�`�B�2�7 �B�M�i�`�Q�/�m�+�i�B�Q�M �i�Q �i�?�2 �T�_�_�h �i�2�+�?�M�B�[�m�2 �B�b �T�`�2�b�2�M�i�2�/ ���b �r�2�H�H�X �A�K�T�H�2�K�2�M�i���i�B�Q�M �Q�7

�i�?�2�b�2 ���H�;�Q�`�B�i�?�K�b �7�Q�` �i�?�2 �T�m�`�T�Q�b�2 �Q�7 ���m�i�Q�M�Q�K�Q�m�b �/�`�B�p�B�M�; �B�b �T�`�Q�p�B�/�2�/ �B�M �b�2�+�i�B�Q�M�j�X�j�X

�j�X�R �S�`�Q�#�H�2�K �.�2�7�B�M�B�i�B�Q�M

�� �b�i���i�2�@�b�T���+�2�-X � Rn �- ���M�/ ���M �B�M�T�m�i�@�b�T���+�2�-U � Rm �- ���`�2 �/�2�7�B�M�2�/ �b�m�+�? �i�?���ix(t) 2 X

���M�/u(t) 2 U ���`�2 �i�?�2 �b�i���i�2�b ���M�/ �i�?�2 �B�M�T�m�i�b �Q�7 �i�?�2 �b�v�b�i�2�K ���i �i�B�K�2 �i �`�2�b�T�2�+�i�B�p�2�H�v�X �h�?�2

�+�Q�Q�`�/�B�M���i�2 �b�T���+�2 �B�b �/�B�p�B�/�2�/ �B�M�i�Q �i�r�Q �/�B�b�D�Q�B�M�i �b�2�i�b�-Xf ree (t) �/�2�M�Q�i�B�M�; �Q�#�b�i���+�H�2�@�7�`�2�2 �`�2�;�B�Q�M ���M�/

Xobs(t) �/�2�M�Q�i�B�M�; �`�2�;�B�Q�M �r�B�i�? �Q�#�b�i���+�H�2�b�- �b�m�+�? �i�?���iXf ree [ X obs = X �X �h�?�2 �T�m�`�T�Q�b�2 �Q�7 �i�?�2

�K�Q�i�B�Q�M �T�H���M�M�B�M�; �T�`�Q�#�H�2�K �B�b �i�Q �7�B�M�/ �� �b�2�i �Q�7 �B�M�T�m�i�bu(t) �b�m�+�? �i�?���i �i�?�2 �2�;�Q �p�2�?�B�+�H�2 �7�Q�H�H�Q�r�b ��

�b�2�`�B�2�b �Q�7 �b�i���i�2�bx(t) 2 X f ree (t) �i�Q �`�2���+�? �� �;�Q���H �b�i���i�2xgoal 2 X f ree (t)�- �7�`�Q�K ���M �B�M�B�i�B���H �b�i���i�2

x0 2 X f ree (t = 0) �- �B�M �� �7�B�M�B�i�2 �i�B�K�2 �B�M�i�2�`�p���H[0; t f ] �r�?�B�H�2 �Q�#�2�v�B�M�; �i�?�2 �b�v�b�i�2�K �/�v�M���K�B�+�b�X �h�?�2

Xf ree ���M�/Xobs ���`�2 �/�v�M���K�B�+ �/�m�2 �i�Q �i�?�2 �K�Q�p�B�M�; �i�`���7�7�B�+ �2�M�p�B�`�Q�M�K�2�M�i�X �h�?�B�b �+�Q�Q�`�/�B�M���i�2 �b�T���+�2 �B�b

�/�B�b�+�`�2�i�B�x�2�/ �b�m�+�? �i�?���i �i�?�2 �?�Q�`�B�x�Q�M�i���H ���M�/ �p�2�`�i�B�+���H �/�B�b�i���M�+�2 �#�2�i�r�2�2�M �i�r�Q ���/�D���+�2�M�i �T�Q�B�M�i�b �B�b� �X

�R�d



�R�3 �+�Ñ�ž�ÿ���¶�� �k�Y �b�ž�è�ÿ�ã�Ô�é�Ì �#�ž���¶�² �T�ã�ž�é�é�Ô�é�Ì ���ã�Ì�ñ���Ô���Ñ�è��

�j�X�k �.�2�i���B�H�b �Q�7 �i�?�2 ���H�;�Q�`�B�i�?�K�b

�j�X�k�X�R �_���T�B�/�H�v �1�t�T�H�Q�`�B�M�; �_���M�/�Q�K �h�`�2�2�b �U�_�_�h�V

�_�_�h �+�Q�M�b�i�`�m�+�i�b �� �i�`�2�2 �B�M �i�?�2 �7�`�2�2 �b�T���+�2Xf ree �i�Q �+�Q�M�M�2�+�i ���M �B�M�B�i�B���H �b�i���i�2 �i�Q �� �;�Q���H �T�Q�b�B�i�B�Q�M�X

�A�i �7�Q�H�H�Q�r�b �� �?�2�m�`�B�b�i�B�+ ���T�T�`�Q���+�? �i�Q �#�m�B�H�/�B�M�; �i�?�B�b �i�`�2�2 ���b �/�2�b�+�`�B�#�2�/ �#�2�H�Q�r�,

�6�B�`�b�i�- �� �i�`�2�2�-T(N; E )�- �B�b �B�M�B�i�B���H�B�x�2�/ �r�B�i�?x0 ���b �i�?�2 �`�Q�Q�i �M�Q�/�2�X �>�2�`�2 �L �`�2�T�`�2�b�2�M�i�b �i�?�2 �i�`�2�2�ö�b

�M�Q�/�2�b�- ���M�/ �1 �`�2�T�`�2�b�2�M�i�b �i�?�2 �2�/�;�2�b �Q�7 �i�?�2 �i�`�2�2�X �h�?�2 �i�`�2�2 �;�`�Q�r�b �B�i�2�`���i�B�p�2�H�v �m�M�i�B�H �i�?�2 �;�Q���H �b�i���i�2

xgoal �B�b �`�2���+�?�2�/�X �A�i �+�Q�M�b�2�+�m�i�B�p�2�H�v �B�K�T�H�2�K�2�M�i�b �i�?�2 �7�Q�H�H�Q�r�B�M�; �7�m�M�+�i�B�Q�M�b �B�M �Q�`�/�2�` �i�Q �;�2�M�2�`���i�2 ��

�b�m�+�+�2�b�b�7�m�H �T���i�?�X

�a���K�T�H�B�M�;�,�.�m�`�B�M�; �2���+�? �B�i�2�`���i�B�Q�M�- �� �T�Q�B�M�i �B�b �`���M�/�Q�K�H�v �b���K�T�H�2�/ �b�m�+�? �i�?���ip(X; Y ) 2 X �-

�r�?�2�`�2x ���M�/y �/�2�M�Q�i�2�b �i�?�2 �T�Q�B�M�i �+�Q�Q�`�/�B�M���i�2�b �B�M �i�?�2 �b�m�`�`�Q�m�M�/�B�M�; �2�M�p�B�`�Q�M�K�2�M�i �+���H�H�2�/xsample �X

�h�?�B�b �b���K�T�H�B�M�; �B�b �m�M�B�7�Q�`�K�- ���M�/ �2�p�2�`�v �T�Q�B�M�i �B�M �i�?�2 �2�M�p�B�`�Q�M�K�2�M�i �?���b ���M �2�[�m���H �T�`�Q�#���#�B�H�B�i�v �Q�7

�;�2�i�i�B�M�; �b���K�T�H�2�/�X

�L�2��� �̀2�b�i �L�2�B�;�?�#�Q�m�`�,�P�M�+�2 �� �T�Q�B�M�i �B�b �b���K�T�H�2�/�- �i�?�B�b �T�`�Q�+�2�/�m�`�2 �7�B�M�/�b �� �M�Q�/�2 �b�i���i�2 �B�M �i�?�2

�;�`�Q�r�B�M�; �i�`�2�2�-xnearest 2 T(N; E )�- �r�?�B�+�? �?���b �i�?�2 �H�Q�r�2�b�i �1�m�+�H�B�/�2���M �/�B�b�i���M�+�2 �i�Q �i�?�2 �b���K�T�H�2�/

�T�Q�B�M�i �#�v �+�Q�K�T���`�B�M�; �i�?�2 �/�B�b�i���M�+�2�b �i�Q ���H�H �i�?�2 �M�Q�/�2�b �Q�7T(N; E )�X

�a�i�2�2�`�,�h�?�B�b �7�m�M�+�i�B�Q�M �;�2�M�2�`���i�2�b �� �M�2�r �M�Q�/�2xnew �7�`�Q�Kxnearest �i�Q�r���`�/�b �i�?�2 �b���K�T�H�2�/ �T�Q�B�M�i

xsample �X �h�Q ���p�Q�B�/ �H���`�;�2 �2�/�;�2�b ���M�/ �K���B�M�i���B�M �i�?�2 ���#�B�H�B�i�v �i�Q �7�B�M�/ �T���i�?�b ���`�Q�m�M�/ �i�?�2 �Q�#�b�i���+�H�2�b�-

�i�?�2 �K���t�B�K�m�K �H�2�M�;�i�? �Q�7 �i�?�2 �M�2�r �2�/�;�2�b �B�b �H�B�K�B�i�2�/ �i�Q �i�?�2 �b�T���+�B�M�; �#�2�i�r�2�2�M �i�?�2 �/�B�b�+�`�2�i�2 �T�Q�B�M�i�b

�U� �V�X �*�Q�M�b�B�/�2�`�B�M�; �i�?�2 ���#�Q�p�2 �`�m�H�2�b�- �i�?�2 �M�2�r �M�Q�/�2xnew �B�b �;�2�M�2�`���i�2�/�X

�*�Q�H�H�B�b�B�Q�M �*�?�2�+�F�,�� �M�2�r �2�/�;�2 �B�b �+�`�2���i�2�/ �#�2�i�r�2�2�Mxnearest ���M�/xnew �X �A�7 �i�?�B�b �2�/�;�2 �/�Q�2�b �M�Q�i

�H�B�2 �B�MXf ree (t)�- �i�?�2 �2�/�;�2 ���M�/xnew �r�B�H�H �#�2 �/�B�b�+���`�/�2�/�- ���M�/ �i�?�2 ���H�;�Q�`�B�i�?�K �+�Q�M�i�B�M�m�2�b �r�B�i�? �Q�i�?�2�`

�B�i�2�`���i�B�Q�M�b�X �A�7 �i�?�2 �2�/�;�2 �/�Q�2�b �H�B�2 �B�MXf ree (t)�- �i�?�2 �M�2�r �b�i���i�2 �B�b ���/�/�2�/ �i�Q �i�?�2 �i�`�2�2�-T(N; E )�- ���b ��

�M�2�r �M�Q�/�2 �r�B�i�?xnearest ���b �B�i�b �T���`�2�M�i �M�Q�/�2�X



�k�Y�l�Y �/�¶���ž�Ô�ã�� �ñ�Å ���Ñ�¶ �ž�ã�Ì�ñ���Ô���Ñ�è�� �R�N

�U���V �U�#�V

�U�+�V

�6�B�;�m�`�2 �j�X�R�, �S���i�? �T�H���M�M�B�M�; �m�b�B�M�; �_�_�h �B�M ���M �2�K�T�i�v �B�M�i�2�`�b�2�+�i�B�Q�M �2�M�p�B�`�Q�M�K�2�M�i�, ���V ���b �i�?�2
�2�/�;�2 �;�2�M�2�`���i�2�/ �#�v �i�?�2 �M�2�r�H�v �b���K�T�H�2�/ �T�Q�B�M�i ���M�/ �i�?�2 �;�`�Q�r�B�M�; �i�`�2�2 �B�b �B�M �i�?�2 �7�`�2�2 �b�T���+�2�- �i�?�2
�2�/�;�2 �B�b ���/�/�2�/ �i�Q �i�?�2 �;�`�Q�r�B�M�; �i�`�2�2�c �#�V �L�2�r �2�/�;�2 �B�b �M�Q�i �7�Q�`�K�2�/ �#�v �i�?�2 �b���K�T�H�2�/ �T�Q�B�M�i ���b �i�?�2
�2�/�;�2 �;�2�M�2�`���i�2�/ �#�v �i�?�2 �b���K�T�H�2�/ �T�Q�B�M�i ���M�/ �i�?�2 �;�`�Q�r�B�M�; �i�`�2�2 �`�2�b�m�H�i�b �B�M �� �+�Q�H�H�B�b�B�Q�M �r�B�i�? �i�?�2
�B�M�i�2�`�b�2�+�i�B�Q�M �#�Q�m�M�/���`�v�c �+�V �h�?�2 �7�B�M���H �T���i�? �;�2�M�2�`���i�2�/ �#�v �i�?�2 �_�_�h ���H�;�Q�`�B�i�?�K

�*�Q�M�p�2� �̀;�2�M�+�2 �*�`�B�i�2�`�B���,�� �i�?�`�2�b�?�Q�H�/ �`���/�B�m�b�-dgoal�- �B�b �/�2�7�B�M�2�/ �b�m�+�? �i�?���i �B�7 �i�?�2 �/�B�b�i���M�+�2

�#�2�i�r�2�2�M �i�?�2 �M�2�r �M�Q�/�2�-xnew �- ���M�/ �i�?�2 �;�Q���H �b�i���i�2�-xgoal�- �#�2�+�Q�K�2�b �H�2�b�b �i�?���Mdgoal�- �i�?�2 �B�i�2�`���i�B�p�2

�H�Q�Q�T �B�b �i�2�`�K�B�M���i�2�/ ���M�/ �� �T���i�? �B�b �b�m�+�+�2�b�b�7�m�H�H�v �Q�#�i���B�M�2�/�X ���H�i�2�`�M���i�B�p�2�H�v�- �K���t�B�K�m�K ���H�H�Q�r���#�H�2

�B�i�2�`���i�B�Q�M�b ���`�2 �/�2�7�B�M�2�/ �b�Q �i�?���i �i�?�2 ���H�;�Q�`�B�i�?�K �/�Q�2�b �M�Q�i �2�M�i�2�` ���M �B�M�7�B�M�B�i�2 �B�M �+���b�2 �� �7�2���b�B�#�H�2



�k�y �+�Ñ�ž�ÿ���¶�� �k�Y �b�ž�è�ÿ�ã�Ô�é�Ì �#�ž���¶�² �T�ã�ž�é�é�Ô�é�Ì ���ã�Ì�ñ���Ô���Ñ�è��

���H�;�Q�`�B�i�?�K �R�_���T�B�/�H�v�@�1�t�T�H�Q�`�B�M�; �_���M�/�Q�K �h�`�2�2

T  InitializeT ree (x0)
it = 0
�r�?�B�H�2it � maxIter �/�Q

xsample  random�nstate(x f ree )
xnearest  nearest�nnode(xsample )
xnew  steer(x f ree ; xrand )
�B�7�*�Q�H�H�B�b�B�Q�M�Uxnearest ; xnew �V �4 �6���H�b�2�i�?�2�M

T  InsertNode(xnew )
T  InsertEdge(xnearest ; xnew )

�B�7dist(xnew ; xgoal) � rgoal �i�?�2�M
�#�`�2���F

it = it + 1

�b�Q�H�m�i�B�Q�M �/�Q�2�b �M�Q�i �2�t�B�b�i�X

�6�B�;�m�`�2�j�X�R�b�?�Q�r�b ���M �2�t���K�T�H�2 �Q�7 �� �T���i�? �;�2�M�2�`���i�2�/ �#�v �i�?�2 �_�_�h ���H�;�Q�`�B�i�?�K�X �h�?�2 �i�`�2�2 �b�i���`�i�b

�;�`�Q�r�B�M�; �7�`�Q�K �i�?�2 �b�i���`�i �T�Q�B�M�i ���M�/ �2�t�T�H�Q�`�2�b �i�?�2 �B�M�i�2�`�b�2�+�i�B�Q�M �2�M�p�B�`�Q�M�K�2�M�i �m�M�i�B�H �B�i �+���M �7�B�M�/ ��

�b���7�2 �T���i�? �i�Q �i�?�2 �;�Q���H �T�Q�B�M�i�X ���H�;�Q�`�B�i�?�K�R�b�?�Q�r�b �i�?�2 �b�i�2�T�b �7�Q�` �i�?�2 �_�_�h �K�Q�i�B�Q�M �T�H���M�M�B�M�;

�K�2�i�?�Q�/�X

�j�X�k�X�k �_�_�h� 

�_�_�h� �B�b �� �K�Q�/�B�7�B�2�/ �p�2�`�b�B�Q�M �Q�7 �i�?�2 �b�i���M�/���`�/ �_�_�h �r�B�i�? �� �7�2�r ���/�/�B�i�B�Q�M���H �b�i�2�T�b �i�Q �Q�#�i���B�M ���M

�Q�T�i�B�K���H �T���i�? ���b �i�?�2 �i�B�K�2 ���T�T�`�Q���+�?�2�b �B�M�7�B�M�B�i�v�X �� �M�2�r �p���`�B���#�H�2�-cost�- �B�b ���/�/�2�/ �i�Q �i�?�2 �M�Q�/�2�b �B�M

���/�/�B�i�B�Q�M �i�Q �i�?�2 �+���`�i�2�b�B���M �+�Q�Q�`�/�B�M���i�2�b�X �_�_�h� ���H�;�Q�`�B�i�?�K �+�Q�M�p�2�`�;�2�b �i�Q�r���`�/�b �� �`�2�/�m�+�2�/ �T�H���M�@

�M�B�M�; �+�Q�b�i�X �h�Q �7�B�M�/ �i�?�2 �b�?�Q�`�i�2�b�i �T���i�?�- �r�2 �+�Q�M�b�B�/�2�` �i�?�2 �+�m�K�m�H���i�B�p�2 �1�m�+�H�B�/�2���M �/�B�b�i���M�+�2 �i�Q �i�`���p�2�H

�7�`�Q�Kx0 �i�Qxnew ���b �i�?�2 �+�Q�b�i �Q�7xnew �X �6�Q�` �T�H���M�M�B�M�;�- �� �i�`�2�2�-T(N; E )�- �B�b �B�M�B�i�B���H�B�x�2�/ ���M�/ �7�Q�H�H�Q�r�b

�i�?�2 �b���K�2 ���`�+�?�B�i�2�+�i�m�`�2 ���b �_�_�h �m�M�i�B�H �i�?�2 �b�i�2�2�`�B�M�; �b�i�2�T �i�Q �Q�#�i���B�Mxnew �X ���7�i�2�` �Q�#�i���B�M�B�M�;xnew �-

�i�?�2 ���H�;�Q�`�B�i�?�K �T�2�`�7�Q�`�K�b �i�?�2 �7�Q�H�H�Q�r�B�M�; �i���b�F�b �i�Q �Q�#�i���B�M ���M �Q�T�i�B�K���H �T���i�? �i�Q �i�?�2 �;�Q���H �M�Q�/�2�X

�6�B�M�/�B�M�; �*�H�Q�b�2 �L�2�B�;�?�#�Q�`�b�,�:�B�p�2�M �� �M�2�r �b�i���i�2xnew �- �� �i�`�2�2T(N; E )�- ���M�/ �� �b�2���`�+�? �`���@

�/�B�m�br �- �i�?�B�b �T�`�Q�+�2�/�m�`�2 �+�`�2���i�2�b �� �+�B�`�+�H�2 �r�B�i�? �`���/�B�m�br �7�`�Q�K �i�?�2 �+�2�M�i�2�`xnew ���M�/ �7�B�M�/�b ���H�H �i�?�2



�k�Y�l�Y �/�¶���ž�Ô�ã�� �ñ�Å ���Ñ�¶ �ž�ã�Ì�ñ���Ô���Ñ�è�� �k�R

�U���V �U�#�V

�6�B�;�m�`�2 �j�X�k�, �S���i�? �T�H���M�M�B�M�; �m�b�B�M�; �_�_�h� �B�M ���M �2�K�T�i�v �B�M�i�2�`�b�2�+�i�B�Q�M �2�M�p�B�`�Q�M�K�2�M�i�, ���V �.�2�K�Q�M�@
�b�i�`���i�B�Q�M �Q�7 �i�?�2 �ô�+�?�Q�Q�b�2 �T���`�2�M�i�ô �b�i�2�T �Q�7 �i�?�2 �_�_�h� ���H�;�Q�`�B�i�?�K�c �#�V �h�?�2 �7�B�M���H �T���i�? �;�2�M�2�`���i�2�/ �#�v
�i�?�2 �_�_�h� ���H�;�Q�`�B�i�?�K

�M�Q�/�2�b �Q�7 �i�?�2 �;�`�Q�r�B�M�; �i�`�2�2 �r�B�i�?�B�M �i�?�B�b �+�B�`�+�H�2�X ���H�H �i�?�2�b�2 �+�H�Q�b�2 �M�2�B�;�?�#�Q�`�B�M�; �M�Q�/�2�b ���`�2 �b�i�Q�`�2�/ �B�M

near�nnodes�X

�*�?�Q�Q�b�2 �S��� �̀2�M�i�,�h�?�B�b �T�`�Q�+�2�/�m�`�2 �+���H�+�m�H���i�2�b �i�?�2 �+�Q�b�i �Q�7 �`�2���+�?�B�M�;xnew �7�`�Q�K ���H�H �i�?�2 �M�Q�/�2�b

�B�Mnear�nnodes ���M�/ �b�2�H�2�+�i�b �i�?�2 �M�Q�/�2 �r�B�i�? �i�?�2 �H�Q�r�2�b�i �+�Q�b�i �i�Q �#�2 �i�?�2 �T���`�2�M�i �Q�7xnew �X �q�?�B�H�2

�+�?�Q�Q�b�B�M�; �i�?�2 �T���`�2�M�i �M�Q�/�2�- �i�?�2 �T�`�Q�+�2�/�m�`�2 ���H�b�Q �K���F�2�b �b�m�`�2 �i�?���i �i�?�2 �2�/�;�2 �+�`�2���i�2�/ �#�2�i�r�2�2�Mxnew

���M�/ �i�?�2 �T���`�2�M�i �M�Q�/�2 �H�B�2�b �B�MXf ree (t)�X

�_�2�r�B� �̀2�,�h�?�B�b �T�`�Q�+�2�/�m�`�2 �+�?�2�+�F�b �2���+�? �M�Q�/�2 �B�Mnear�nnodes�i�Q �b�2�2 �B�7 �i�?�2 �Q�p�2�`���H�H �+�Q�b�i �7�Q�` �;�Q�B�M�;

�i�Qxnear �B�Mnear�nnodes �p�B��xnew �B�b �H�Q�r�2�` �i�?���M �;�Q�B�M�; �7�`�Q�Kxnear �i�Qxnew �X �6�Q�` �b�m�+�? �� �M�Q�/�2�-

�i�?�B�b �T�`�Q�+�2�/�m�`�2 �K�Q�/�B�7�B�2�b �i�?�2 �i�`�2�2 �i�Q �K���F�2xnew �i�?�2 �T���`�2�M�i �Q�7xnear ���M�/ ���i�i���+�?�2�b �i�?�B�b �2�/�;�2 �i�Q

�i�?�2 �;�`�Q�r�B�M�; �i�`�2�2T(N; E )�X

�6�B�;�m�`�2�j�X�k�b�?�Q�r�b �i�?�2 �;�`�Q�r�i�? �Q�7 �i�?�2 �i�`�2�2 �m�b�B�M�; �_�_�h� ���H�;�Q�`�B�i�?�K�X �h�?�2 ���H�;�Q�`�B�i�?�K �+�Q�M�p�2�`�;�2�b

�i�?�2 �b���K�2 �r���v ���b �T�`�2�p�B�Q�m�b�H�v �/�2�b�+�`�B�#�2�/ �B�M �i�?�2 �b�i���M�/���`�/ �_�_�h ���H�;�Q�`�B�i�?�K�X �>�2�M�+�2�- �i�?�2 �+�Q�M�p�2�`�@

�;�2�M�+�2 �+�`�B�i�2�`�B�� �r�2 �m�b�2 �/�Q �M�Q�i �H�2�i �i�?�2 ���H�;�Q�`�B�i�?�K �+�Q�M�p�2�`�;�2 �i�Q �� �;�H�Q�#���H�H�v �Q�T�i�B�K���H �b�Q�H�m�i�B�Q�M�X �h�?�B�b

���H�;�Q�`�B�i�?�K �B�b �T�`�Q�#���#�B�H�B�b�i�B�+ �+�Q�K�T�H�2�i�2�- �K�2���M�B�M�; �B�i �+���M �+�Q�M�p�2�`�i �i�Q �� �;�H�Q�#���H�H�v �Q�T�i�B�K���H �b�Q�H�m�i�B�Q�M ���b

�i�B�K�2 ���T�T�`�Q���+�?�2�b �B�M�7�B�M�B�i�v�X �6�B�;�m�`�2�j�X�j�b�?�Q�r�b �i�?�2 �`�2�r�B�`�B�M�; �b�i���;�2 �Q�7 �i�?�2 �_�_�h� ���H�;�Q�`�B�i�?�K�X �h�?�B�b



�k�k �+�Ñ�ž�ÿ���¶�� �k�Y �b�ž�è�ÿ�ã�Ô�é�Ì �#�ž���¶�² �T�ã�ž�é�é�Ô�é�Ì ���ã�Ì�ñ���Ô���Ñ�è��

�U���V �U�#�V �U�+�V

�6�B�;�m�`�2 �j�X�j�, �_�2�r�B�`�B�M�; �Q�7 �i�?�2 �i�`�2�2�X �P�M�2 �#�`���M�+�? �Q�7 �i�?�2 �i�`�2�2 �`�2�r�B�`�2�b ���M�/ �+�?���M�;�2�b �B�i�b �b�?���T�2 �/�m�2
�i�Q �i�?�2 �`�2�r�B�`�B�M�; �b�i�2�T�X

�b�i�2�T �7�B�M�/�b �i�?���i �i�?�2 �M�2���`�2�b�i �M�Q�/�2 �+���M �#�2 �`�2���+�?�2�/ �7���b�i�2�` �7�`�Q�K �i�?�2 �b���K�T�H�2�/ �T�Q�B�M�i ���M�/ �?�2�M�+�2

�`�2�b�?���T�2�b �i�?�2 �i�`�2�2 �B�M �i�?���i �`�2�;�B�Q�M�X �h�?�2 �b�m�K�K���`�v �7�Q�` �i�?�2 �_�_�h� �K�2�i�?�Q�/ �B�b �Q�m�i�H�B�M�2�/ �B�M ���H�;�Q�`�B�i�?�K

�k�X

���H�;�Q�`�B�i�?�K �k�_�_�h� 

T  InitializeT ree (x0)
it = 0
�r�?�B�H�2it � N �/�Q

xrand  random�nstate(x f ree )
xnearest  nearest�nnode(xrand )
xnew  steer(x f ree ; xrand ; � t)
near�nnodes= f ind �nneighbors(xnew ; T; r)
xparent  ChooseParent(xnew ; near�nnodes; xnearest )
�B�7�*�Q�H�H�B�b�B�Q�M�Uxnearest ; xnew �V �4 �L�l�G�G�i�?�2�M

T  InsertNode(xnew )
T  InsertEdge(xparent ; xnew )

�B�7dist(xnew ; xgoal) � rgoal �i�?�2�M
�#�`�2���F

T  Rewire(T; near�nnodes; xnew )
it = it + 1
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�j�X�k�X�j �S�`�Q�#���#�B�H�B�b�i�B�+ �_�_�h

�S�`�Q�#���#�B�H�B�b�i�B�+ �_�_�h �?���b �� �b�B�K�B�H���` �b�i�`�m�+�i�m�`�2 ���b �_�_�h�X �h�?�2 �K���B�M �/�B�7�7�2�`�2�M�+�2 �Q�+�+�m�`�b �B�M �b���K�T�H�B�M�; ��

�`���M�/�Q�K �T�Q�B�M�i �B�M �i�?�2 �2�M�p�B�`�Q�M�K�2�M�i�X �6�Q�` �#���b�B�+ �_�_�h�- �i�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7 �`���M�/�Q�K �T�Q�B�M�i�b �B�M �i�?�2

�2�M�p�B�`�Q�M�K�2�M�i �B�b �m�M�B�7�Q�`�K�- �r�?�B�H�2 �7�Q�` �T�_�_�h�- �i�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M �B�b �#�B���b�2�/ �i�Q�r���`�/�bxgoal ���M�/ ���r���v

�7�`�Q�K �Q�#�b�i���+�H�2�b �m�b�B�M�; �� �S�Q�b�B�i�B�Q�M �S�`�Q�#���#�B�H�B�i�v �J���T�X

�S�Q�b�B�i�B�Q�M �S�`�Q�#���#�B�H�B�i�v �J���T �U�S�S�J�V

�A�i �B�b ���b�b�m�K�2�/ �i�?���i �i�?�2 �T�Q�b�B�i�B�Q�M�b �Q�7 �i�?�2 �Q�#�b�i���+�H�2�b ���`�2 �F�M�Q�r�M �i�Q �m�b�X �l�b�B�M�; �i�?�B�b �B�M�7�Q�`�K���i�B�Q�M

���H�Q�M�; �r�B�i�? �i�?�2 �F�M�Q�r�M �;�Q���H �T�Q�b�B�i�B�Q�M�- �i�?�2 �S�S�J �+�`�2���i�2�b �� �T�Q�b�B�i�B�p�2 �#�B���b �7�Q�` �`���M�/�Q�K �T�Q�B�M�i

�b���K�T�H�B�M�; �i�Q�r���`�/�b �i�?�2 �/�2�b�i�B�M���i�B�Q�M ���M�/ �� �M�2�;���i�B�p�2 �#�B���b �i�Q�r���`�/�b �i�?�2 �Q�#�b�i���+�H�2 �T�Q�b�B�i�B�Q�M�b�X �h�?�B�b

�+���M �b�B�;�M�B�7�B�+���M�i�H�v �`�2�/�m�+�2 �i�?�2 �M�m�K�#�2�` �Q�7 �B�i�2�`���i�B�Q�M�b ���b �m�M�M�2�+�2�b�b���`�v �T�Q�B�M�i�b ���`�2 �M�Q�i �b���K�T�H�2�/�-

���M�/ �K�Q�`�2 �T�Q�B�M�i�b ���`�2 �b���K�T�H�2�/ �i�Q�r���`�/ �i�?�2 �;�Q���H �b�i���i�2�X �q�?�B�H�2 �b���K�T�H�B�M�; �i�?�2 �T�Q�B�M�i�b �Q�M�H�v ���i �i�?�2

�;�Q���H �T�Q�b�B�i�B�Q�M �r�Q�m�H�/ �/�`���b�i�B�+���H�H�v �`�2�/�m�+�2 �i�?�2 �M�m�K�#�2�` �Q�7 �B�i�2�`���i�B�Q�M�b�- �B�i �r�Q�m�H�/ �M�Q�i �T�`�2�b�2�`�p�2 �i�?�2

���H�i�2�`�M���i�B�p�2 �2�/�;�2�b �T�`�Q�T�2�`�i�v �Q�7 �_�_�h �B�M �+���b�2 �`�2�T�H���M�M�B�M�; �B�b �`�2�[�m�B�`�2�/ �/�m�2 �i�Q �i�?�2 �b�m�/�/�2�M �2�M�i�`�v �Q�7

���M �Q�#�b�i���+�H�2 �p�2�?�B�+�H�2�X �h�?�B�b ���H�i�2�`�M���i�B�p�2 �2�/�;�2 �T�`�Q�T�2�`�i�v �Q�7 �_�_�h ���H�H�Q�r�b �i�?�2 �p�2�?�B�+�H�2 �i�Q �2�t�T�H�Q�`�2 �i�?�2

�2�M�p�B�`�Q�M�K�2�M�i �K�Q�`�2 �i�?�Q�`�Q�m�;�?�H�v �B�M �+���b�2 �� �b�B�K�T�H�2 ���M�/ �b�i�`���B�;�?�i�7�Q�`�r���`�/ �T���i�? �B�b �B�M�7�2���b�B�#�H�2�X

�h�?�B�b �b���K�T�H�B�M�; �#�B���b �B�b �B�M�+�Q�`�T�Q�`���i�2�/ �i�?�`�Q�m�;�? �� �T�Q�b�B�i�B�Q�M �T�`�Q�#���#�B�H�B�i�v �K���T �U�S�S�J�V �i�?���i �K�B�t�2�b

�:���m�b�b�B���M �S�`�Q�#���#�B�H�B�i�v �.�2�M�b�B�i�v �6�m�M�+�i�B�Q�M�b �U�S�.�6�b�V �Q�7 �i�?�2 �;�Q���H ���M�/ �Q�#�b�i���+�H�2�b ���b �b�?�Q�r�M �B�M �(�8�d�)�X

�*�Q�M�b�B�/�2�`�B�M�;� dest ���b �i�?�2 �/�2�b�i�B�M���i�B�Q�M �H�Q�+���i�B�Q�M�- ���M�/� 2;dest ���b �� �m�b�2�`�@�/�2�7�B�M�2�/ �+�Q�p���`�B���M�+�2 �K���i�`�B�t�-

�i�?�2 �/�2�b�i�B�M���i�B�Q�M �T�/�7 �B�b �2�t�T�`�2�b�b�2�/ ���b�,

� goal = N (� goal; � 2;goal) �U�j�X�R�V

�a�B�K�B�H���`�H�v�- �i�?�2 �S�.�6�b �7�Q�` �Q�#�b�i���+�H�2�b ���M�/ �i�?�2�B�` �T�`�2�/�B�+�i�B�Q�M�b �+���M �#�2 �/�2�7�B�M�2�/ �m�b�B�M�; �i�?�2�B�` �T�Q�b�B�i�B�Q�M�b
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�6�B�;�m�`�2 �j�X�9�, �6�Q�`�K���i�B�Q�M �Q�7 �i�?�2 �T�Q�b�B�i�B�Q�M �T�`�Q�#���#�B�H�B�i�v �K���T �m�b�B�M�; �:���m�b�b�B���M �/�B�b�i�`�B�#�m�i�B�Q�M�b

� i ���M�/ �i�?�2�B�` �+�Q�p���`�B���M�+�2 �K���i�`�B�+�2�b� 2;i �7�Q�Ǹ �Q�#�b�i���+�H�2�b �B�M �i�?�2 �2�M�p�B�`�Q�M�K�2�M�i ���b �7�Q�H�H�Q�r�b�,

� i = N (� i ; � 2;i ) �U�j�X�k�V

�l�b�B�M�; �i�?�2�b�2 �S�.�6�b�- �i�?�2 �7�B�M���H �T�`�Q�#���#�B�H�B�i�v �K���T �7�Q�` �i�?�2 �B�M�i�2�`�b�2�+�i�B�Q�M �+���M �#�2 �Q�#�i���B�M�2�/ ���b �7�Q�H�H�Q�r�b�,

� map = � �
� min

� goal
max

� � goal �
nX

i =0

� �
� min

� i
max

� � i + � min �U�j�X�j�V

�r�?�2�`�2�-

� max = max(� ) ���M�/ � min = min (� i
max ji = 1; 2; ::; n) �U�j�X�9�V

�>�2�`�2� �B�b �i�?�2 �#�B���b �T���`���K�2�i�2�` �i�?���i �/�B�+�i���i�2�b �i�?�2 �T�Q�B�M�i �b���K�T�H�B�M�; �#�B���b �i�Q�r���`�/�b �i�?�2 �;�Q���H �T�Q�b�B�i�B�Q�M�X

�h�Q �;�2�i �x�2�`�Q �T�`�Q�#���#�B�H�B�i�v �/�2�M�b�B�i�v ���i �i�?�2 �2�t���+�i �T�Q�b�B�i�B�Q�M�b �Q�7 �P�o�b�- ���H�H �i�?�2 �S�.�6�b �r�2�`�2 �`�2�@�b�+���H�2�/

�m�b�B�M�; �i�?�2�B�` �K���t�B�K�m�K �p���H�m�2�b�X �h�?�B�b �T�`�Q�+�2�b�b �+���M �#�2 �b�2�2�M �B�M �7�B�;�m�`�2�j�X�9�X �>�2�`�2 �i�?�2 �:���m�b�b�B���M �Q�7

�Q�#�b�i���+�H�2 �T�Q�b�B�i�B�Q�M�b ���`�2 �B�M�p�2�`�i�2�/ �b�m�+�? �i�?���i �i�?�2 �T�`�Q�#���#�B�H�B�i�v ���i �i�?�2 �K�2���M �T�Q�b�B�i�B�Q�M �B�b �y�X �h�?�2�

�T���`���K�2�i�2�` �/�2�7�B�M�2�b �i�?�2 �`�2�H���i�B�p�2 �b�+���H�2 �Q�7 �i�?�2 �;�Q���H �#�B���b �r�?�B�H�2 �i�?�2� �T���`���K�2�i�2�` �/�2�7�B�M�2�b �i�?�2 �r�B�/�i�?

�Q�7 �i�?�2 �:���m�b�b�B���M �/�B�b�i�`�B�#�m�i�B�Q�M�b�X �>�2�`�2 �m�M�B�7�Q�`�K �p���`�B���M�+�2 �r���b �+�Q�M�b�B�/�2�`�2�/ �#�m�i �i�?�2 �p���`�B���M�+�2�b ���M�/



�k�Y�l�Y �/�¶���ž�Ô�ã�� �ñ�Å ���Ñ�¶ �ž�ã�Ì�ñ���Ô���Ñ�è�� �k�8

�K�2���M�b �+���M �#�2 �p���`�B�2�/ �B�M�/�B�p�B�/�m���H�H�v �7�Q�` �2���+�? �Q�#�b�i���+�H�2 �/�2�T�2�M�/�B�M�; �Q�M �i�?�2 �m�M�+�2�`�i���B�M�i�v �Q�7 �i�?�2�B�`

�T�Q�b�B�i�B�Q�M �2�b�i�B�K���i�B�Q�M�b�X

�6�B�;�m�`�2�j�X�8�b�?�Q�r�b ���M �2�t���K�T�H�2 �Q�7 �� �T�Q�b�B�i�B�Q�M �T�`�Q�#���#�B�H�B�i�v �K���T�X �h�?�2 �T�`�Q�#���#�B�H�B�i�v �/�2�M�b�B�i�v ���i

�6�B�;�m�`�2 �j�X�8�, �1�t���K�T�H�2 �Q�7 �� �S�Q�b�B�i�B�Q�M �S�`�Q�#���#�B�H�B�i�v �J���T �r�B�i�?� = 5 ���M�/� = 0:25�X

�U���V �U�#�V �U�+�V

�6�B�;�m�`�2 �j�X�e�, �a���K�T�H�B�M�; �Q�7 �8�y�y �T�Q�B�M�i�b �m�b�B�M�; �i�?�2 �T�`�Q�#���#�B�H�B�i�v �T�Q�b�B�i�B�Q�M �K���T �r�B�i�?�Q�m�i ���M�v �Q�#�b�i���+�H�2�b
�B�M �i�?�2 �B�M�i�2�`�b�2�+�i�B�Q�M �2�M�p�B�`�Q�M�K�2�M�i �r�B�i�?� = 0:25�, ���V� = 10�c �#�V� = 100�c �+�V� = 1000

�+�m�`�`�2�M�i ���M�/ �T�`�2�/�B�+�i�2�/ �Q�#�b�i���+�H�2�b �p�2�?�B�+�H�2 �T�Q�b�B�i�B�Q�M�b �B�b �y�- �r�?�B�H�2 �B�i �B�b �K���t�B�K�m�K ���i �i�?�2 �;�Q���H

�T�Q�b�B�i�B�Q�M�X �h�?�2 �T�`�Q�#���#�B�H�B�i�v �T�Q�b�B�i�B�Q�M �K���T �/�2�T�2�M�/�b �Q�M �i�?�2� ���M�/� �T���`���K�2�i�2�`�b�X �h�?�2 �2�7�7�2�+�i�b

�Q�7 �i�?�2�b�2 �T���`���K�2�i�2�`�b ���`�2 �`�2�T�Q�`�i�2�/ �B�M �i�?�2 �m�T�+�Q�K�B�M�; �+�?���T�i�2�`�b�X �6�Q�` �i�?�2 �T�_�_�h ���H�;�Q�`�B�i�?�K�- �i�?�2

�b���K�T�H�B�M�; �Q�7 �`���M�/�Q�K �T�Q�B�M�i�b �Q�+�+�m�`�b ���+�+�Q�`�/�B�M�; �i�Q �i�?�2 �M�Q�M�@�m�M�B�7�Q�`�K �/�B�b�i�`�B�#�m�i�B�Q�M �Q�#�i���B�M�2�/ �m�b�B�M�;



�k�e �+�Ñ�ž�ÿ���¶�� �k�Y �b�ž�è�ÿ�ã�Ô�é�Ì �#�ž���¶�² �T�ã�ž�é�é�Ô�é�Ì ���ã�Ì�ñ���Ô���Ñ�è��

�U���V �U�#�V

�6�B�;�m�`�2 �j�X�d�, �S���i�? �T�H���M�M�B�M�; �m�b�B�M�; �T�_�_�h �B�M ���M �2�K�T�i�v �B�M�i�2�`�b�2�+�i�B�Q�M �2�M�p�B�`�Q�M�K�2�M�i

�i�?�2 �S�`�Q�#���#�B�H�B�i�v �S�Q�b�B�i�B�Q�M �J���T�X �h�?�2 �`�2�b�i �Q�7 �i�?�2 ���H�;�Q�`�B�i�?�K�ö�b �b�i�`�m�+�i�m�`�2 �B�b �b�B�K�B�H���` �i�Q �i�?�2 �b�i���M�/���`�/

�_�_�h ���H�;�Q�`�B�i�?�K�X �6�B�;�m�`�2�j�X�d�b�?�Q�r�b �i�?�2 �;�`�Q�r�i�? �Q�7 �i�?�2 �i�`�2�2 �m�b�B�M�; �i�?�2 �T�_�_�h ���H�;�Q�`�B�i�?�K�X �h�?�2

�T�`�Q�+�2�/�m�`�2 �B�b �b�B�K�B�H���` �i�Q �_�_�h�- �#�m�i �i�?�2 �b���K�T�H�B�M�; �B�b �/�Q�M�2 �m�b�B�M�; �i�?�2 �S�S�J�X �h�?�2 �b�i�2�T�@�#�v�@�b�i�2�T

�T�`�Q�+�2�/�m�`�2 �B�b �H�B�b�i�2�/ �B�M ���H�;�Q�`�B�i�?�K�j�X

���H�;�Q�`�B�i�?�K �j�T�_�_�h

T  InitializeT ree (x0)
it = 0
�7�Q�`�Q�#�b�i���+�H�2i �/�Q

P i ; � i  Gaussian(obstacle)

PPM  generateMAP(P1::N ; � 1::N )
�r�?�B�H�2it � maxIter �/�Q

xrand  random�nstate(PPM )
xnearest  nearest�nnode(xrand )
xnew  steer(xnearest ; xrand ; � t)
�B�7�*�Q�H�H�B�b�B�Q�M�Uxnearest ; xnew �V �4 �L�l�G�G�i�?�2�M

T  InsertNode(xnew )
T  InsertEdge(xnearest ; xnew )

�B�7dist(xnew ; xgoal) � rgoal �i�?�2�M
�#�`�2���F

it = it + 1



�k�Y�k�Y �B�è�ÿ�ã�¶�è�¶�é���ž���Ô�ñ�é �Å�ñ�� �ž�����ñ�é�ñ�è�ñ���� �²���Ô�&�Ô�é�Ì �k�d

�j�X�j �A�K�T�H�2�K�2�M�i���i�B�Q�M �7�Q�` ���m�i�Q�M�Q�K�Q�m�b �/�`�B�p�B�M�;

�h�?�2 �T�`�2�p�B�Q�m�b �b�2�+�i�B�Q�M�b �/�2�b�+�`�B�#�2�/ �i�?�2 �;�2�M�2�`���H �b���K�T�H�B�M�;�@�#���b�2�/ ���H�;�Q�`�B�i�?�K�b�X ���b �b�2�2�M �#�2�7�Q�`�2�- �i�?�2�v

�`�2�b�m�H�i �B�M �/�B�b�+�Q�M�i�B�M�m�Q�m�b �T���i�?�b�- �r�?�B�+�? ���`�2 �Q�7�i�2�M �M�Q�i �7�2���b�B�#�H�2 �7�Q�` �p�2�?�B�+�H�2 �K�Q�p�2�K�2�M�i�X �h�Q �K�B�i�B�;���i�2

�i�?�B�b �T�`�Q�#�H�2�K�- �+�H�Q�b�2�/�@�H�Q�Q�T �_�_�h �U�*�G�@�_�_�h�V �r���b �B�M�i�`�Q�/�m�+�2�/ �(�9�N�)�X �h�?�B�b ���H�;�Q�`�B�i�?�K �m�b�2�b �p�2�?�B�+�H�2

�/�v�M���K�B�+�b �B�M �i�?�2 �b�i�2�2�`�B�M�; �b�i�2�T �Q�7 �_�_�h�X �A�M�b�i�2���/ �Q�7 �+�`�2���i�B�M�; �� �b�i�`���B�;�?�i �H�B�M�2 �7�`�Q�K �i�?�2 �M�2���`�2�b�i

�M�Q�/�2 �i�Q �i�?�2 �b���K�T�H�2�/ �T�Q�B�M�i�- �i�?�2 ���H�;�Q�`�B�i�?�K �m�b�2�b �i�?�2 �p�2�?�B�+�H�2 �K�Q�/�2�H �i�Q �;�2�M�2�`���i�2 �� �M�2�r �M�Q�/�2

���M�/ �� �M�2�r �2�/�;�2 �#�2�i�r�2�2�M �i�?�2 �M�2���`�2�b�i �M�Q�/�2 ���M�/ �i�?�2 �b���K�T�H�2�/ �T�Q�B�M�i�X �h�Q �/�2�b�+�`�B�#�2 �i�?�2 �p�2�?�B�+�H�2

�K�Q�/�2�H�- �r�2 �/�2�7�B�M�2 �i�?�2 �b�i���i�2 �b�T���+�2 ���bX � R4�- ���M�/ �2���+�? �b�i���i�2x �+�Q�M�b�B�b�i�b �Q�7 �� �H�Q�+���H �?�Q�`�B�x�Q�M�i���H

�+�Q�Q�`�/�B�M���i�2X �- �� �H�Q�+���H �p�2�`�i�B�+���H �+�Q�Q�`�/�B�M���i�2Y �- �� �v���r ���M�;�H�2 �- ���M�/ �� �H�Q�+���H �p�2�H�Q�+�B�i�vv�X �h�?�2

�+�Q�M�i�`�Q�H �b�T���+�2 �B�b �/�2�7�B�M�2�/ ���bU � R2�- ���M�/ �2�p�2�`�v �+�Q�M�i�`�Q�H �B�M�T�m�iu �B�M�+�H�m�/�2�b �� �b�i�2�2�`�B�M�; ���M�;�H�2� ���M�/

�i�?�2 �p�2�?�B�+�H�2 �p�2�H�Q�+�B�i�vv�X

x = [ X; Y;  ; v ]

u = [ u1; u2] = [ �; v in ]
�U�j�X�8�V

�h�?�2 �M�Q�/�2 �7�Q�` �i�?�2 ���H�;�Q�`�B�i�?�K�b �B�b �+�Q�K�T�`�B�b�2�/ �Q�7 �B�i�b �T���`�2�M�i �M�Q�/�2�- �i�?�2 �b�i���i�2 �Q�7 �i�?�2 �p�2�?�B�+�H�2�- �i�?�2

�+�Q�M�i�`�Q�H �B�M�T�m�i ���i �B�i�b �T���`�2�M�i �M�Q�/�2�- ���M�/ �i�?�2 �i�Q�i���H �T���i�? �H�2�M�;�i�? �7�`�Q�K �i�?�2 �b�i���`�i �T�Q�b�B�i�B�Q�M �i�Q �i�?�2

�M�Q�/�2�X �l�b�B�M�; �i�?�B�b�- �i�?�2 �M�2�r �b�i�2�2�`�B�M�; �b�i�2�T �Q�7 �i�?�2 ���H�;�Q�`�B�i�?�K�b �7�Q�` ���m�i�Q�M�Q�K�Q�m�b �/�`�B�p�B�M�; �+���M �#�2

�/�2�7�B�M�2�/ ���b�,

�a�i�2�2�`�,�h�?�B�b �7�m�M�+�i�B�Q�M �;�2�M�2�`���i�2�b �� �+�Q�M�i�`�Q�H �B�M�T�m�i�-u�- �i�Q �/�`�B�p�2 �i�?�2 �b�v�b�i�2�K �7�`�Q�Kxnearest �i�Qxrand

�r�?�B�H�2 �Q�#�2�v�B�M�; �i�?�2 �/�v�M���K�B�+ �K�Q�/�2�H �+�Q�M�b�i�`���B�M�i�b ���M�/ �i�?�2 �B�M�T�m�i �+�Q�M�b�i�`���B�M�i�b�X �.�m�2 �i�Q �� �+�Q�M�b�i���M�i

�i�B�K�2�@�b�i�2�T� t�- �i�?�2 �b�v�b�i�2�K �K�B�;�?�i �M�Q�i �`�2���+�? �i�?�2 �b���K�T�H�2�/ �b�i���i�2�X �� �M�2�r �b�i���i�2�-xnew �r�Q�m�H�/ �#�2

�;�2�M�2�`���i�2�/ �m�b�B�M�;xnew = xnearest + f v(xnearest ; u)� t �r�?�2�`�2 �i�?�2 �p�2�?�B�+�H�2 �K�Q�i�B�Q�M �K�Q�/�2�H �B�b �/�2�7�B�M�2�/

���b _x = f v(x; u)�X �A�M �i�?�B�b �i�?�2�b�B�b�- �r�2 �m�b�2 �i�?�2 �F�B�M�2�K���i�B�+ �#�B�+�v�+�H�2 �K�Q�/�2�H �7�Q�` �i�?�2 �p�2�?�B�+�H�2 �K�Q�/�2�H

���b �/�2�b�+�`�B�#�2�/ �B�M �(�8�e�)�X �h�?�2 �+�Q�M�i�`�Q�H �B�M�T�m�i �m �7�Q�` �;�2�M�2�`���i�B�M�; �i�?�2 �M�2�r �M�Q�/�2 �B�b �b�2�H�2�+�i�2�/ �m�b�B�M�; �i�?�2

�Q�T�i�B�K���H �+�Q�M�i�`�Q�H �T�`�Q�#�H�2�K �/�2�7�B�M�2�/ �#�2�H�Q�r�,

�*�Q�M�i� �̀Q�H �B�M�T�m�i �b�2�H�2�+�i�B�Q�M�,�h�?�B�b �+�Q�M�i�`�Q�H �T�`�Q�#�H�2�K �i�`�B�2�b �i�Q �K���t�B�K�B�x�2 �i�?�2 �p�2�?�B�+�H�2 �b�T�2�2�/ ���M�/



�k�3 �+�Ñ�ž�ÿ���¶�� �k�Y �b�ž�è�ÿ�ã�Ô�é�Ì �#�ž���¶�² �T�ã�ž�é�é�Ô�é�Ì ���ã�Ì�ñ���Ô���Ñ�è��

�6�B�;�m�`�2 �j�X�3�, �"�B�+�v�+�H�2 �E�B�M�2�K���i�B�+ �J�Q�/�2�H

�K�B�M�B�K�B�x�2 �i�?�2 �i�B�K�2 �i�Q �`�2���+�? �i�?�2 �b���K�T�H�2�/ �T�Q�B�M�i�X �h�?�2 �b�i�2�2�`�B�M�; ���M�;�H�2 ���M�/ �p�2�H�Q�+�B�i�v �#�Q�m�M�/�b �r�2�`�2

�+�Q�M�b�B�/�2�`�2�/ ���b �i�?�2 �+�Q�M�b�i�`���B�M�i�b �i�Q �i�?�2 �+�Q�M�i�`�Q�H �T�`�Q�#�H�2�K�X �h�?�2 �Q�#�D�2�+�i�B�p�2 �7�m�M�+�i�B�Q�M �B�b �/�2�7�B�M�2�/ ���b�,

uoptimal = �K�B�M
u

J (x; u) s:t: � � max � u1 � � max

0 � u2 � vmax :
�U�j�X�e�V

�>�2�`�2 �C �B�b �i�?�2 �+�Q�b�i �7�m�M�+�i�B�Q�M ���M�/ �B�b �/�2�7�B�M�2�/ �i�Q �K�B�M�B�K�B�x�2 �i�?�2 �+�?���M�;�2 �B�M �+�Q�M�i�`�Q�H �B�M�T�m�i�b ���M�/

�H���i�2�`���H ���+�+�2�H�2�`���i�B�Q�M ���M�/ �K���t�B�K�B�x�2 �i�?�2 �/�B�b�i���M�+�2 �+�Q�p�2�`�2�/ �B�M �i�?�2 �7�B�t�2�/ �/�m�`���i�B�Q�M �Q�7� t�X �h�?�2 �+�Q�b�i

�2�t�T�`�2�b�b�B�Q�M �B�b �/�2�7�B�M�2�/ �#�2�H�Q�r�,

J = w1

( �
u1 � u1;near

� max

� 2

+
�

u2 � u2;near

vmax

� 2
)

+ w2

�
v2

near

R

� 2

+

w3

�
v � vmax

vmax

� 2

+ w4 (distnew � dist ref )2

�U�j�X�d�V



�k�Y�k�Y �B�è�ÿ�ã�¶�è�¶�é���ž���Ô�ñ�é �Å�ñ�� �ž�����ñ�é�ñ�è�ñ���� �²���Ô�&�Ô�é�Ì �k�N

�>�2�`�2�-R �`�2�7�2�`�b �i�Q �i�?�2 �i�m�`�M�B�M�; �`���/�B�m�b �Q�7 �i�?�2 �p�2�?�B�+�H�2 ���M�/ �+���M �#�2 �Q�#�i���B�M�2�/ �m�b�B�M�; �i�?�2 �7�Q�H�H�Q�r�B�M�;

�2�t�T�`�2�b�b�B�Q�M�,

R2 =
(l f + l r )2

�i���M2 �
+ l2

r �U�j�X�3�V

�l�b�B�M�; �i�?�2 �b���K�2 �p�2�H�Q�+�B�i�v �B�M�T�m�i ���b �i�?�2 �T�`�2�p�B�Q�m�b �T�Q�B�M�i �U�M�2���`�2�b�i �M�Q�/�2�V ���M�/ �y �b�i�2�2�`�B�M�; ���M�;�H�2�-

uref = [0; u2;near ] �� �`�2�7�2�`�2�M�+�2 �b�i���i�2 �B�b �Q�#�i���B�M�2�/ �m�b�B�M�; �i�?�2 �p�2�?�B�+�H�2 �K�Q�/�2�H�-xref = f v(xnear ; uref )�X

�h�?�2 �1�m�+�H�B�/�2���M �/�B�b�i���M�+�2 �#�2�i�r�2�2�M �i�?�2 �`�2�7�2�`�2�M�+�2 �b�i���i�2 ���M�/ �i�?�2 �b���K�T�H�2�/ �T�Q�B�M�i �B�b �+�Q�M�b�B�/�2�`�2�/ ���b

�i�?�2 �`�2�7�2�`�2�M�+�2 �/�B�b�i���M�+�2�-dist ref �- �B�M �2�[�m���i�B�Q�M�j�X�d�Xdistnew �B�b �i�?�2 �1�m�+�H�B�/�2���M �/�B�b�i���M�+�2 �#�2�i�r�2�2�M

�i�?�2 �M�2�r �b�i���i�2 ���M�/ �i�?�2 �b���K�T�H�2�/ �T�Q�B�M�i�X

�l�b�B�M�; �i�?�2 �Q�T�i�B�K���H �+�Q�M�i�`�Q�H �B�M�T�m�i �i�Q �/�2�i�2�`�K�B�M�2 �i�?�2 �M�2�r �M�Q�/�2 �7�Q�` �i�?�2 ���H�;�Q�`�B�i�?�K�b �`�2�b�m�H�i�b �B�M

�� �/�v�M���K�B�+���H�H�v �7�2���b�B�#�H�2 �2�/�;�2 �Q�7 �i�?�2 �i�`�2�2�X �>�2�M�+�2 �i�?�2 �7�B�M���H �i�`�2�2 ���M�/ �i�?�2 �7�2���b�B�#�H�2 �i�`���D�2�+�i�Q�`�v

�;�2�M�2�`���i�2�/ ���`�2 �b�K�Q�Q�i�?�2�` ���M�/ �r�B�i�?�Q�m�i ���M�v �/�B�b�+�Q�M�i�B�M�m�B�i�B�2�b�X �h�?�2 �M�2�t�i �+�?���T�i�2�` �2�t�T�H���B�M�b �i�?�2

�i�`���D�2�+�i�Q�`�B�2�b �;�2�M�2�`���i�2�/ �#�v �i�?�2 ���H�;�Q�`�B�i�?�K�b �B�M �/�2�i���B�H�X

�j�X�j�X�R �S�`�2�/�B�+�i�B�Q�M �Q�7 �Q�#�b�i���+�H�2 �p�2�?�B�+�H�2�b�ö �K�Q�i�B�Q�M

Xobs �7�Q�` �� �`�Q���/ �b�+�2�M���`�B�Q �B�b �/�2�7�B�M�2�/ �#�v �i�?�2 �`�Q���/ �#�Q�m�M�/���`�B�2�b ���M�/ �i�?�2 �T�Q�b�B�i�B�Q�M�b �Q�7 �i�?�2 �Q�#�b�i���+�H�2

�p�2�?�B�+�H�2�b ���M�/ �i�?�2�B�` �T�`�2�/�B�+�i�B�Q�M�b�X �h�?�2 �b�i�m�/�v �B�b �+�Q�M�/�m�+�i�2�/ �Q�M �� �M�Q�M�@�b�B�;�M���H�B�x�2�/ �B�M�i�2�`�b�2�+�i�B�Q�M�c

�?�2�M�+�2�- �i�?�2 �#�Q�m�M�/���`�B�2�b ���`�2 �b�i���i�B�Q�M���`�v�X �.�m�2 �i�Q �i�?�2 �+�Q�M�b�B�/�2�`���i�B�Q�M �Q�7 �7�H�Q�r�B�M�; �i�`���7�7�B�+�- �i�?�2 �P�o

�b�T���+�2 �B�b �i�B�K�2�@�/�2�T�2�M�/�2�M�i�X �:���m�b�b�B���M �S�`�Q�+�2�b�b �_�2�;�`�2�b�b�B�Q�M �U�:�S�_�V �B�b �m�b�2�/ �i�Q �T�`�2�/�B�+�i �i�?�2 �H�Q�+���i�B�Q�M

�Q�7 �P�o�b �B�M �i�?�2 �2�M�p�B�`�Q�M�K�2�M�i ���b �b�?�Q�r�M �B�M �(�8�d�) �m�b�B�M�; �i�`���B�M�B�M�; �/���i���X ���+�+�Q�`�/�B�M�; �i�Q �:�S�_�- �� �K�Q�/�2�H

�B�b �i�`���B�M�2�/ �m�b�B�M�; �� �i�`���B�M�B�M�; �/���i���b�2�iD = f (x1; y1); (x2; y2); �� ; (xn ; yn )g�- �r�?�2�`�2x i �B�b �i�?�2 �p�2�?�B�+�H�2

�b�i���i�2 �B�M�T�m�i ���M�/yi �B�b �i�?�2 �T�`�2�/�B�+�i�2�/ �Q�m�i�T�m�i�X

f � gp(m(x); k(x; x0)) �U�j�X�N�V



�j�y �+�Ñ�ž�ÿ���¶�� �k�Y �b�ž�è�ÿ�ã�Ô�é�Ì �#�ž���¶�² �T�ã�ž�é�é�Ô�é�Ì ���ã�Ì�ñ���Ô���Ñ�è��

�r�?�2�`�2m(x) �B�b �i�?�2 �K�2���M �7�m�M�+�i�B�Q�M ���M�/k(x; x0) �B�b �i�?�2 �+�Q�p���`�B���M�+�2 �7�m�M�+�i�B�Q�M �r�?�B�+�? �/�2�b�+�`�B�#�2�b

�i�?�2 �+�Q�`�`�2�H���i�B�Q�M �#�2�i�r�2�2�M �i�?�2 �7�m�M�+�i�B�Q�M �p���H�m�2�b ���i �i�r�Q �/�B�7�7�2�`�2�M�i �B�M�T�m�i �T�Q�B�M�i�bx ���M�/x0�X �:�B�p�2�M

�� �M�2�r �B�M�T�m�ix�- �i�?�2 �i�`���B�M�2�/ �K�Q�/�2�Hf �T�`�2�/�B�+�i�b �i�?�2 �Q�m�i�T�m�i�X �h�?�2 �?�Q�`�B�x�Q�M�i���H �+�Q�Q�`�/�B�M���i�2X ���M�/

�i�?�2 �p�2�`�i�B�+���H �+�Q�Q�`�/�B�M���i�2Y ���`�2 �T�`�2�/�B�+�i�2�/ �m�b�B�M�; �i�r�Q �/�B�7�7�2�`�2�M�i �i�`���B�M�2�/ �K�Q�/�2�H�b�-gpx ���M�/gpy �-

�`�2�b�T�2�+�i�B�p�2�H�v�X �A�i �B�b ���b�b�m�K�2�/ �i�?���i �i�?�2 �+�m�`�`�2�M�i �b�i���i�2�b �Q�7 �i�?�2 �P�o�b ���`�2 �F�M�Q�r�M �i�Q �i�?�2 �2�;�Q �p�2�?�B�+�H�2

�U�m�b�B�M�; �o�k�A �Q�` �o�k�o �i�2�+�?�M�B�[�m�2�b�V�- �r�?�B�+�? �B�M�+�H�m�/�2�b �i�?�2 �T�Q�b�B�i�B�Q�M�- �v���r ���M�;�H�2�- ���M�/ �p�2�H�Q�+�B�i�v�X �:�B�p�2�M

�i�?�2 �+�m�`�`�2�M�i �b�i���i�2 �Q�7 �i�?�2 �P�o�b�- �i�?�2 �:�S�_ �K�Q�/�2�H�b �T�`�2�/�B�+�i �i�?�2�B�` �H�Q�+���i�B�Q�M ���7�i�2�` �� �/�2�b�B�`�2�/ �i�B�K�2 �;���T

dt



�*�?���T�i�2�` �9

�a�B�K�m�H���i�B�Q�M �`�2�b�m�H�i�b ���M�/ �/�B�b�+�m�b�b�B�Q�M

�A�M �i�?�B�b �+�?���T�i�2�`�- �r�2 �?���p�2 �+�Q�K�T���`�2�/ �i�?�2 �T�2�`�7�Q�`�K���M�+�2 �Q�7 �_�_�h�- �_�_�h� �- ���M�/ �T�_�_�h �7�Q�` �� �M�Q�M�@

�b�B�;�M���H�B�x�2�/ �B�M�i�2�`�b�2�+�i�B�Q�M �2�M�p�B�`�Q�M�K�2�M�i�X �a�2�+�i�B�Q�M�9�X�R�+�Q�M�/�m�+�i�b �� �i�?�Q�`�Q�m�;�? �b�B�K�m�H���i�B�Q�M �b�i�m�/�v �i�Q

�p���H�B�/���i�2 �i�?�2 �7�2���b�B�#�B�H�B�i�v �Q�7 �i�?�2 �T�_�_�h ���H�;�Q�`�B�i�?�K �7�Q�` ���m�i�Q�M�Q�K�Q�m�b �/�`�B�p�B�M�;�X

�9�X�R �a�B�K�m�H���i�B�Q�M �a�i�m�/�v

�9�X�R�X�R �a�B�K�m�H���i�B�Q�M �a�2�i�m�T

�_�_�h�- �_�_�h� �- ���M�/ �T�_�_�h �r�2�`�2 �+�Q�K�T���`�2�/ �i�?�`�Q�m�;�? �b�B�K�m�H���i�B�Q�M�b �B�M �� �S�v�i�?�Q�M �2�M�p�B�`�Q�M�K�2�M�i�X �6�Q�m�`�@

�r���v �B�M�i�2�`�b�2�+�i�B�Q�M�b �r�2�`�2 �;�2�M�2�`���i�2�/ ���b �b�?�Q�r�M �B�M �6�B�;�m�`�2�9�X�R�X �h�?�2 �2�;�Q �p�2�?�B�+�H�2 �B�b �`�2�T�`�2�b�2�M�i�2�/ �B�M

�`�2�/�- �r�?�B�H�2 �i�?�2 �Q�#�b�i���+�H�2 �p�2�?�B�+�H�2�b ���`�2 �B�M�/�B�+���i�2�/ �B�M �#�H���+�F�X �h�?�2 �B�M�B�i�B���H �T�Q�b�B�i�B�Q�M �7�Q�` �i�?�2 �p�2�?�B�+�H�2 �B�b

�7�B�t�2�/ ���i �i�?�2 �#�Q�i�i�Q�K �2�M�i�`�v�X �.�2�T�2�M�/�B�M�; �Q�M �i�?�2 �b�+�2�M���`�B�Q�- �i�?�2 �2�;�Q �p�2�?�B�+�H�2 �2�B�i�?�2�` �;�Q�2�b �b�i�`���B�;�?�i

�i�Q�r���`�/ �i�?�2 �i�Q�T �2�t�B�i �Q�` �i�m�`�M�b �i�Q �i�?�2 �H�2�7�i �Q�` �`�B�;�?�i �2�t�B�i�X �h�?�2 �B�M�i�2�`�b�2�+�i�B�Q�M �B�b �M�Q�i �`�2�;�m�H���i�2�/ �#�v ��

�i�`���7�7�B�+ �b�B�;�M���H �Q�` �b�i�Q�T �b�B�;�M�b �B�M�/�B�+���i�B�M�; �� �M�Q�M�@�b�v�b�i�2�K���i�B�+ �7�H�Q�r �Q�7 �i�`���7�7�B�+�X �h�?�2 �r�B�/�i�? �Q�7 �i�?�2 �H���M�2

�r���b �+�Q�M�b�B�/�2�`�2�/ ���b �R�k �7�i�X �B�M ���+�+�Q�`�/���M�+�2 �i�Q �(�e�k�)�X ���p�2�`���;�2 �+���` �r�B�/�i�? �Q�7 �e �7�i�X �r���b �m�b�2�/ �7�Q�` �i�?�2

�b�B�K�m�H���i�B�Q�M�X �6�Q�` �b�B�K�m�H���i�B�Q�M �b�B�K�T�H�B�+�B�i�v ���M�/ �T�`�Q�p�B�b�B�Q�M �7�Q�` �7�m�i�m�`�2 �2�t�T�2�`�B�K�2�M�i���H �i�2�b�i�b�- �i�?�2 �r�?�Q�H�2

�b�2�i�m�T �r���b �b�+���H�2�/ �/�Q�r�M �#�v �� �7���+�i�Q�` �Q�7 �j�y�X �>�2�M�+�2 �R �m�M�B�i �B�M �i�?�2 �b�B�K�m�H���i�B�Q�M �`�2�T�`�2�b�2�M�i�b �� �`�2���H

�/�B�K�2�M�b�B�Q�M �Q�7 �j�y�7�i�X

�h�?�2 �T���i�? �Q�7 �Q�#�b�i���+�H�2 �p�2�?�B�+�H�2�b �B�b �T�`�2�@�/�2�7�B�M�2�/ �m�b�B�M�; �� �#�2�x�B�2�` �+�m�`�p�2 �/�2�T�2�M�/�B�M�; �Q�M �i�?�2 �b�+�2�M���`�B�Q�X

�j�R



�j�k �+�Ñ�ž�ÿ���¶�� �:�Y �b�Ô�è���ã�ž���Ô�ñ�é ���¶�����ã���� �ž�é�² �²�Ô���«�������Ô�ñ�é

�6�B�;�m�`�2 �9�X�R�, �a�B�K�m�H���i�B�Q�M �2�M�p�B�`�Q�M�K�2�M�i �7�Q�` �M�Q�M�@�b�B�;�M���H�B�x�2�/ �B�M�i�2�`�b�2�+�i�B�Q�M

�h�?�2 �H�Q�M�;�B�i�m�/�B�M���H ���M�/ �H���i�2�`���H �+�Q�M�i�`�Q�H �7�Q�` �P�o �i�`���+�F�B�M�; �B�b �/�Q�M�2 �m�b�B�M�; �J�S�* ���M�/ �a�i���M�H�2�v �+�Q�M�i�`�Q�H�-

�`�2�b�T�2�+�i�B�p�2�H�v�- ���b �/�2�b�+�`�B�#�2�/ �B�M �(�R�e�)�X �.�2�T�2�M�/�B�M�; �Q�M �i�?�2 �+�m�`�`�2�M�i �b�i���i�2 �Q�7 �i�?�2 �P�o�- �:�S�_ �B�b �m�b�2�/ �i�Q

�T�`�2�/�B�+�i �B�i�b �T�Q�b�B�i�B�Q�M �7�Q�` �7�m�i�m�`�2 �i�B�K�2 �b�i�2�T�b�- �`�2�T�`�2�b�2�M�i�2�/ �#�v �i�?�2 �/�Q�i�i�2�/ �#�H���+�F �H�B�M�2�b �B�M �7�B�;�m�`�2�9�X�R�X

�L�Q �.�2�b�+�`�B�T�i�B�Q�M �S�m�`�T�Q�b�2 �*���b�2�b

�R

�h�`���D�2�+�i�Q�`�v �;�2�M�2�`���i�B�Q�M

�B�M �� �Q�M�2�@�H���M�2 �B�M�i�2�`�b�2�+�@

�i�B�Q�M �r�B�i�? �M�Q �Q�#�b�i���+�H�2�b

�.�2�K�Q�M�b�i�`���i�2 �i�?�2 �#���b�2�@

�H�B�M�2 �T�2�`�7�Q�`�K���M�+�2 �Q�7

�i�?�2 ���H�;�Q�`�B�i�?�K�b

�k

�h�`���D�2�+�i�Q�`�v �;�2�M�2�`���i�B�Q�M

�B�M �h�r�Q ���M�/ �i�?�`�2�2�@�H���M�2

�B�M�i�2�`�b�2�+�i�B�Q�M�b �r�B�i�?�Q�m�i

�Q�#�b�i���+�H�2�b

�.�2�K�Q�M�b�i�`���i�2 �i�?�2 �b�+���H�@

���#�B�H�B�i�v �Q�7 �i�?�2 ���H�;�Q�@

�`�B�i�?�K�b

�*�Q�M�i�B�M�m�2�/ �Q�M �M�2�t�i �T���;�2



�:�Y�S�Y �b�Ô�è���ã�ž���Ô�ñ�é �b�����²�- �j�j

�h���#�H�2 �9�X�R �� �+�Q�M�i�B�M�m�2�/ �7�`�Q�K �T�`�2�p�B�Q�m�b �T���;�2
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�h�?�2 �b�+�2�M���`�B�Q �r�?�2�`�2 �i�?�2 �2�;�Q �p�2�?�B�+�H�2 �i���F�2�b �� �H�2�7�i �i�m�`�M�- ���M�/ �i�?�2 �Q�#�b�i���+�H�2 �p�2�?�B�+�H�2 �K���F�2�b �� �b�i�`���B�;�?�i

�H�B�M�2 �K���M�2�m�p�2�` �7�`�Q�K �i�Q�T �2�M�i�`�v �i�Q �2�t�B�i �B�b �b�?�Q�r�M �B�M �6�B�;�m�`�2�9�X�k�X �h�?�B�b �b�+�2�M���`�B�Q �r���b �m�b�2�/ �i�Q �b�i�m�/�v

�/�B�7�7�2�`�2�M�i �Q�#�b�i���+�H�2 �p�2�?�B�+�H�2 �b�T�2�2�/�b ���M�/ �2�;�Q �p�2�?�B�+�H�2 �K���t�B�K�m�K �b�T�2�2�/�b�X �h�?�2 �K���t�B�K�m�K �b�T�2�2�/�b

�m�b�2�/ �7�Q�` �2�;�Q ���M�/ �Q�#�b�i���+�H�2 �p�2�?�B�+�H�2�b �r�2�`�2 �R�y ���M�/ �k�y �K�B�H�2�b �T�2�` �?�Q�m�`�X �.�B�7�7�2�`�2�M�i �p�2�?�B�+�H�2�b �?���p�2

�/�B�7�7�2�`�2�M�i �/�2�+�2�H�2�`���i�B�M�; �+���T���#�B�H�B�i�B�2�b�- �b�Q15f t / s2 ���M�/30f t / s2 �r�2�`�2 �i�2�b�i�2�/�X �h�?�2 �#�B���b �p���H�m�2 �7�Q�`

�i�?�2 �T�_�_�h ���H�;�Q�`�B�i�?�K �r���b �b�2�H�2�+�i�2�/ �i�Q �#�2� = 103 ���M�/ �i�?�2 �b�i���M�/���`�/ �/�2�p�B���i�B�Q�M ���b� = 0:05�X

�J���t�B�K�m�K ���H�H�Q�r���#�H�2 �B�i�2�`���i�B�Q�M�b �7�Q�` �i�?�2 ���H�;�Q�`�B�i�?�K�b �r�2�`�2 �H�B�K�B�i�2�/ �i�Q �k�8�y�- �i�`���M�b�H���i�B�M�; �i�Q �� �*�S�l

�i�B�K�2 �Q�7 �y�X�8�b �7�Q�` �_�_�h ���M�/ �T�_�_�h ���H�;�Q�`�B�i�?�K�b�X �A�7 �i�?�2 �T�H���M�M�2�` �+���M�M�Q�i �+�Q�M�p�2�`�;�2 �i�Q �� �b�Q�H�m�i�B�Q�M�- �B�i

�+�H�2���`�b �i�?�2 �7�Q�`�K�2�/ �i�`�2�2 ���M�/ �`�2�b�i���`�i�b �i�?�2 �i�`�2�2 �7�Q�`�K���i�B�Q�M �7�`�Q�K �i�?�2 �B�M�B�i�B���H �T�Q�b�B�i�B�Q�M�X

�J�m�H�i�B�T�H�2 �Q�#�b�i���+�H�2 �p�2�?�B�+�H�2�b�6�B�;�m�`�2�9�X�R�b�?�Q�r�b ���M �2�t���K�T�H�2 �Q�7 ���M �B�M�i�2�`�b�2�+�i�B�Q�M �r�B�i�? �i�r�Q

�Q�#�b�i���+�H�2 �p�2�?�B�+�H�2�b�X �a�+�2�M���`�B�Q�b �r�B�i�? �K�m�H�i�B�T�H�2 �H���M�2�b �r�2�`�2 ���H�b�Q �i�2�b�i�2�/�X �L�Q�M�@�b�B�;�M���H�B�x�2�/ �B�M�i�2�`�b�2�+�i�B�Q�M�b

���`�2 �T�`�Q�M�2 �i�Q �+�`�B�i�B�+���H �b�B�i�m���i�B�Q�M�b �r�?�2�`�2 �Q�i�?�2�` �p�2�?�B�+�H�2�b �K�B�;�?�i �b�m�/�/�2�M�H�v ���T�T�2���` �B�M �B�M�i�2�`�b�2�+�i�B�Q�M�b�-

�+���m�b�B�M�; �� �+�Q�H�H�B�b�B�Q�M �i�?�`�2���i�X �>�2�M�+�2�- �b�+�2�M���`�B�Q�b �r�B�i�? �K�m�H�i�B�T�H�2 �p�2�?�B�+�H�2�b �r�B�i�? �� �?�B�;�?�2�` �`�B�b�F �Q�7

�+�Q�H�H�B�b�B�Q�M �?���p�2 �#�2�2�M �i�2�b�i�2�/ ���M�/ �T�`�2�b�2�M�i�2�/ �B�M �i�?�2 �`�2�b�m�H�i�b �b�2�+�i�B�Q�M�X �h�?�2 �B�M�i�2�`�b�2�+�i�B�Q�M �r�B�i�? �� �b�i���i�B�+

�Q�#�b�i���+�H�2 �r���b ���H�b�Q �m�b�2�/ �7�Q�` �b�B�K�m�H���i�B�M�; �i�`���7�7�B�+ �b�+�2�M���`�B�Q�b �i�Q �2�p���H�m���i�2 �B�7 �i�?�2 ���H�;�Q�`�B�i�?�K�b �+���M �?���M�/�H�2

�b�i���i�B�+ ���M�/ �/�v�M���K�B�+ �Q�#�b�i���+�H�2�b �2�7�7�2�+�i�B�p�2�H�v�X

�9�X�k �_�2�b�m�H�i�b ���M�/ ���M���H�v�b�B�b

�9�X�k�X�R �a�i���i�B�+ �1�M�p�B�`�Q�M�K�2�M�i

�h�?�2 �i�?�`�2�2 ���H�;�Q�`�B�i�?�K�b �r�2�`�2 �`�m�M �R�y�y �i�B�K�2�b �2���+�? �B�M �i�?�2 �2�K�T�i�v �B�M�i�2�`�b�2�+�i�B�Q�M �b�+�2�M���`�B�Q�b �/�2�b�+�`�B�#�2�/

�B�M �i�?�2 �i���#�H�2�9�X�R�X ���b �i�?�2�b�2 ���H�;�Q�`�B�i�?�K�b ���`�2 �T�`�Q�#���#�B�H�B�b�i�B�+ �+�Q�K�T�H�2�i�2�- �r�2 �m�b�2�/ �� �i�?�`�2�b�?�Q�H�/ �Q�7 �k�y�y�y
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�U���V �U�#�V

�U�+�V �U�/�V

�6�B�;�m�`�2 �9�X�j�, �G�2�7�i �i�m�`�M �Q�M �� �Q�M�2�@�H���M�2 �B�M�i�2�`�b�2�+�i�B�Q�M�, ���V �T�_�_�h�- �#�V �_�_�h�- �+�V �_�_�h� �- �/�V �G�2�;�2�M�/

�B�i�2�`���i�B�Q�M�b �7�Q�` �i�?�2 ���H�;�Q�`�B�i�?�K�b�X �h�?�2 ���H�;�Q�`�B�i�?�K�b �r�2�`�2 �2�p���H�m���i�2�/ �m�b�B�M�; �i�?�2 �7�Q�H�H�Q�r�B�M�; �K�2�i�`�B�+�b�,

�b�m�+�+�2�b�b �`���i�2 �Q�m�i �Q�7 �R�y�y �`�m�M�b �7�Q�` �2���+�? �b�+�2�M���`�B�Q�- �i�?�2 ���p�2�`���;�2 �M�m�K�#�2�` �Q�7 �*�S�l�@�#���b�2�/ �7�H�Q���i�B�M�;

�T�Q�B�M�i �Q�T�2�`���i�B�Q�M�b �U�6�G�P�S�b�V�- ���p�2�`���;�2 �*�S�l �i�B�K�2�- ���M�/ �i�?�2 ���p�2�`���;�2 �M�m�K�#�2�` �Q�7 �B�i�2�`���i�B�Q�M�b�X �h�?�2

�Q�T�i�B�K���H�B�i�v �Q�7 �i�?�2 �i�`���D�2�+�i�Q�`�B�2�b �r���b �2�p���H�m���i�2�/ �m�b�B�M�; �i�?�2 �T���i�? �H�2�M�;�i�? �r�?�B�+�? �r���b �+�Q�M�b�B�/�2�`�2�/ ���b

�i�?�2 �+�Q�b�i �7�m�M�+�i�B�Q�M �7�Q�` �_�_�h� �X �h�?�2 �b���K�T�H�2 �T�Q�B�M�i �b�T���+�B�M�; �U� �V �r���b �F�2�T�i ���i �y�X�y�8�K �7�Q�` ���H�H �i�?�2

�b�+�2�M���`�B�Q�b�X �h�?�2 �T�_�_�h ���H�;�Q�`�B�i�?�K �m�b�2�/� = 103 ���M�/� = 0:01 ���b �B�i�b �T���`���K�2�i�2�`�b�X



�:�Y�l�Y �`�¶�����ã���� �ž�é�² ���é�ž�ã�-���Ô�� �j�N

�6�B�;�m�`�2�9�X�j�b�?�Q�r�b �i�?�2 �i�`���D�2�+�i�Q�`�B�2�b �;�2�M�2�`���i�2�/ �#�v �i�?�2 �i�?�`�2�2 ���H�;�Q�`�B�i�?�K�b �7�Q�` �� �H�2�7�i �i�m�`�M �b�+�2�M���`�B�Q �Q�M

�� �b�B�M�;�H�2�@�H���M�2 �B�M�i�2�`�b�2�+�i�B�Q�M�X �.�m�2 �i�Q �� �`�2�H���i�B�p�2�H�v �?�B�;�? �#�B���b �p���H�m�2 ���M�/ �i�?�2�`�2 �#�2�B�M�; �M�Q �Q�#�b�i���+�H�2�b �B�M

�i�?�2 �B�M�i�2�`�b�2�+�i�B�Q�M�- �T�_�_�h �;�2�M�2�`���i�2�b �� �p�2�`�v �B�M�i�m�B�i�B�p�2 �i�`���D�2�+�i�Q�`�v �r�B�i�? �7�2�r �B�i�2�`���i�B�Q�M�b�X �h�?�2�`�2 �B�b �M�Q

�M�2�2�/ �i�Q �7�B�M�/ ���H�i�2�`�M���i�B�p�2 �T���i�?�b ���M�/ �?�2�M�+�2 �i�?�2 �i�`�2�2 �7�Q�`�K�2�/ �#�v �B�i �B�b �7���B�`�H�v �b�B�K�T�H�B�b�i�B�+ ���M�/ �K�B�M�B�K���H�X

�"�2�+���m�b�2 �i�?�2�`�2 �B�b �M�Q �#�B���b �B�M �i�?�2 �b�i���M�/���`�/ �_�_�h ���H�;�Q�`�B�i�?�K�- �B�i ���H�b�Q �2�t�T�H�Q�`�2�b �m�M�M�2�+�2�b�b���`�v �`�2�;�B�Q�M�b

���M�/ �`�2�i�m�`�M�b �� �?�m�;�2 �i�`�2�2 �r�B�i�? �m�M�B�K�T�Q�`�i���M�i �#�`���M�+�?�2�b�X

�U���V �U�#�V �U�+�V

�6�B�;�m�`�2 �9�X�9�, �h�`���D�2�+�i�Q�`�v �;�2�M�2�`���i�B�Q�M ���`�Q�m�M�/ �b�i���i�B�+ �Q�#�D�2�+�i�b�, ���V �T�_�_�h�- �#�V �_�_�h�- �+�V �_�_�h� 

�q�?�2�M �� �b�i���i�B�+ �Q�#�D�2�+�i�- �H�B�F�2 �� �T�Q�i�?�Q�H�2 �Q�` �� �i�`���7�7�B�+ �+�Q�M�2�- �#�H�Q�+�F�b �i�?�2 �m�b�m���H �/�`�B�p�B�M�; �T���i�?�- �i�?�2

�`���M�/�Q�K�M�2�b�b �Q�7 �_�_�h ���M�/ �T�_�_�h �?�2�H�T�b �7�B�M�/ ���M ���H�i�2�`�M���i�B�p�2 �T���i�? ���`�Q�m�M�/ �i�?�2 �Q�#�b�i���+�H�2�- ���b �b�?�Q�r�M

�B�M �7�B�;�m�`�2�9�X�9�X �*�Q�K�T���`�2�/ �i�Q �_�_�h�- �T�_�_�h �;�B�p�2�b �K�Q�`�2 �Q�T�i�B�K���H �i�`���D�2�+�i�Q�`�B�2�b�X �6�Q�` �� �H�2�7�i �i�m�`�M

���`�Q�m�M�/ �� �b�i���i�B�+ �Q�#�D�2�+�i�- �i�?�2 �i�`���D�2�+�i�Q�`�B�2�b �Q�#�i���B�M�2�/ �#�v �T�_�_�h ���M�/ �_�_�h �7�Q�` �j�y �i�`�B���H�b ���`�2 �b�?�Q�r�M

�B�M �7�B�;�m�`�2�9�X�8�X �h�?�2 �m�M�B�7�Q�`�K �b���K�T�H�B�M�; �`�2�b�m�H�i�b �B�M �H�Q�M�;�2�` ���M�/ �K�Q�`�2 �/�B�b�i�Q�`�i�2�/ �i�`���D�2�+�i�Q�`�B�2�b �7�Q�`

�_�_�h�- �r�?�B�H�2 �i�?�2 �T�_�_�h �i�`���D�2�+�i�Q�`�B�2�b ���`�2 �7���B�`�H�v �+�Q�M�b�B�b�i�2�M�i ���M�/ �T�`�2�/�B�+�i���#�H�2�X

�h�?�2 �_�_�h� ���H�;�Q�`�B�i�?�K �r�Q�`�F�b �b�B�K�B�H���`�H�v �i�Q �_�_�h �#�m�i �i�`�B�2�b �i�Q �7�B�M�/ ���M �Q�T�i�B�K���H �b�Q�H�m�i�B�Q�M�X �.�m�2 �i�Q

�i�?�2 �i�?�`�2�b�?�Q�H�/ �i�Q �K���t�B�K�m�K ���H�H�Q�r���#�H�2 �B�i�2�`���i�B�Q�M�b�- �_�_�h� �+�Q�m�H�/ �M�Q�i �`�2���+�? �� �;�H�Q�#���H�H�v �Q�T�i�B�K���H

�b�Q�H�m�i�B�Q�M�X �A�M �7�B�;�m�`�2�9�X�e�- �r�2 �+���M �b�2�2 �i�?���i �i�?�2 �Q�p�2�`���H�H �T���i�? �H�2�M�;�i�? �Q�#�i���B�M�2�/ �#�v �_�_�h� �B�b �b�K���H�H�2�`

�i�?���M �i�?�2 �Q�M�2 �#�v �_�_�h�X �h�?�2 �_�_�h� ���H�;�Q�`�B�i�?�K �i�`�B�2�b �i�Q �K�B�M�B�K�B�x�2 �i�?�2 �Q�p�2�`���H�H �T���i�? �H�2�M�;�i�? �7�Q�` ��
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�U���V �U�#�V

�6�B�;�m�`�2 �9�X�8�, �*�Q�K�T���`�B�M�; �i�?�2 �b�m�+�+�2�b�b�7�m�H �i�`���D�2�+�i�Q�`�B�2�b �;�2�M�2�`���i�2�/ �#�v �T�_�_�h ���M�/ �_�_�h ���`�Q�m�M�/ ��
�b�i���i�B�+ �Q�#�b�i���+�H�2 �Q�p�2�` �j�y �i�`�B���H�b�, ���V �T�_�_�h�- �#�V �_�_�h

�h���#�H�2 �9�X�k�, ���p�2�`���;�2 �T���i�? �H�2�M�;�i�? �7�Q�` �i�`���D�2�+�i�Q�`�B�2�b �U�B�M �b�B�K�m�H���i�B�Q�M �m�M�B�i�b�V

�R�@�G���M�2�k�@�G���M�2�j�@�G���M�2�a�i���i�B�+ �P�#�D�2�+�i
�_�_�h �R�X�k�3�y �k�X�y�d�e �k�X�8�R�j �k�X�N�3�N
�_�_�h� �R�X�k�e�3 �R�X�N�y�3�k�X�8�y�j �k�X�e�y
�T�_�_�h �R�X�j�y�R�R�X�3�j�3 �k�X�j�d�N �k�X�d�8�y

�h���#�H�2 �9�X�j�, ���p�2�`���;�2 �M�m�K�#�2�` �Q�7 �6�G�P�S�a �7�Q�` �b�m�+�+�2�b�b�7�m�H �i�`���D�2�+�i�Q�`�B�2�b �U�t106�V

�R�@�G���M�2�k�@�G���M�2�j�@�G���M�2�a�i���i�B�+ �P�#�D�2�+�i
�_�_�h �k�y�X�d�j �k�9�X�R�3�8�y�X�R�y �j�N�X�9�d
�_�_�h� �k�d�N�X�y �k�R�y�X�j �k�e�e�X�R �k�k�y�X�e
�T�_�_�h �y�X�N�9�y �R�X�8�y�3�k�X�j�j�k �R�3�X�e�d

�b���K�T�H�2�/ �T�Q�B�M�i�- �r�?�B�H�2 �_�_�h �+�Q�M�M�2�+�i�b �B�i �/�B�`�2�+�i�H�v �i�Q �i�?�2 �M�2���`�2�b�i �M�Q�/�2�X �.�m�2 �i�Q �i�?�B�b �T�`�Q�T�2�`�i�v�-
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