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Slamming of High Speed Craft: A Parametric Study of Severe Cases

Robert J Van Erem

(ABSTRACT)

High-speed planing craft slamming into waves can cause structural damage to the vessel as

well as hinder or injure personnel onboard. As a result, it is one of the primary constraints

that limit the operating envelope of high-speed surface vessels. The controlled motion ex-

periments presented in this thesis were designed to be an intermediate step between vertical

water entry tests of a wedge and a traditional tow tank experiment of a planning hullform in

waves. This allowed a deeper study of the hydrodynamic loads that occur during slamming.

A planing hull model was subjected to controlled motions in the vertical plane to replicate

the types of slamming motions that a vessel may experience in the ocean. The slamming

events investigated were chosen based on towing tank experiments previously conducted at

the U.S. Naval Academy. Hydrodynamic forces were measured globally and also at partic-

ular locations near the bow. The vertical motions were programmed into a pair of linear

actuators that were rigidly mounted to the towing carriage. The towing carriage prescribed

the horizontal motion. Each actuator was independently controlled and capable of moving

at 1.3 m/s and 15 m/s2. Pressure sensors were used to measure the pressure time history

at discrete points on the model. Force sensors mounted beneath the actuators were used to

compute the overall slamming load and moments induced by the slam event. A combination

of other sensors were used to verify the accuracy of the prescribed motion profile. The results

suggested that total impact velocity is correlated with the load growth rate. In addition, the

velocity normal to the keel was found to be most impactful on the magnitude of the peak

force.
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(GENERAL AUDIENCE ABSTRACT)

The goal of this thesis was to understand the effect of high-speed boats impacting waves.

These wave slamming events can harm the boat and make people sea sick onboard. Conse-

quently, the top speed at which these high-speed boats can operate safely is often limited

by these wave impacts. The approach taken for this study involved using a model boat

that had similar features to high-speed boats seen in the real world. The model underwent

specific movements to replicate the impact that occurs when a real boat encounters waves

at sea. This method sought to identify important parameters that determine the severity

of the slam event. A Vertical Planar Motion Mechanism simulated the slamming motion,

allowing the model boat to move at high speeds relative to its size. A variety of sensors

located throughout the model collected data on the slam event. The combination of these

sensors helped paint a picture of what is occurring during the entire slam event. This study

focused on the dynamics that are measured by the sensors. This included the pressure at

important locations, the force on the whole model, and the way that the model moves. The

Office of Naval Research provided both financial and intellectual support that makes this

research possible. Beyond the ONR, many other academic, commercial, and military groups

had given their support for this work.



�.�2�/�B�+���i�B�Q�M

�h�Q ���H�H �K�v �7�`�B�2�M�/�b ���M�/ �7���K�B�H�v�c �i�?���M�F �v�Q�m �7�Q�` ���H�r���v�b �#�2�B�M�; �#�v �K�v �b�B�/�2�X

iv



���+�F�M�Q�r�H�2�/�;�K�2�M�i�b

I would like to first thank my parents for giving me every opportunity to succeed with this

project. They were supportive every day no matter what happened. This was only possible

because of their gentle push and massive safety net.

I also couldn’t haven’t done this without my close friends. They kept me going when things

were good and made me laugh when things were not.

I want to thank all those part of the Hydroelasticity lab group that helped me through the

many challenging problems. Special thanks to everyone involved with the seaplane project

that greatly propelled the lab forward.

I would like to thank Dr. Gilbert and all the members of my committee for being attentive

and motivating. Your incredible expertise helped me expand what I thought was possible.

To the Office of Naval Research, thank you for the support and funding of Grant N00014-

20-1-225.

v



�*�Q�M�i�2�M�i�b

�G�B�b�i �Q�7 �6�B�;�m�`�2�b �t�B

�G�B�b�i �Q�7 �h���#�H�2�b �t�p

�R �A�M�i�`�Q�/�m�+�i�B�Q�M �R

1.1 Major Stakeholders of the Slamming Problem . . . . . . . . . . . . . . . . . 1

1.2 Approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.3 Thesis Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

�k �G�B�i�2�`���i�m�`�2 �_�2�p�B�2�r �8

2.1 Early Work Using Momentum Theory . . . . . . . . . . . . . . . . . . . . . 5

2.1.1 The von Karman Approach . . . . . . . . . . . . . . . . . . . . . . . 5

2.1.2 The Wagner Method . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2.1.3 The Vorus Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.2 Findings From Towing Tank Testing . . . . . . . . . . . . . . . . . . . . . . 8

2.2.1 Early Parametric Study on Planing Hulls . . . . . . . . . . . . . . . 8

2.2.2 Towing Tank Tests with Further Complexity . . . . . . . . . . . . . . 9

2.3 Developing Relationships to the Spray Root Propagation . . . . . . . . . . . 10

2.3.1 Spray Root Analysis on Flat Plates . . . . . . . . . . . . . . . . . . . 10

vi



2.3.2 Spray Root Analysis on V-Shaped Wedges . . . . . . . . . . . . . . . 11

2.4 Categorizing the Slamming Events . . . . . . . . . . . . . . . . . . . . . . . 12

2.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

�j �_�2�H���i�B�p�2 �.�v�M���K�B�+�b �J�Q�/�2�H �R�e

3.1 Setting the Point of Reference . . . . . . . . . . . . . . . . . . . . . . . . . . 16

3.2 Equating the Inertial Frame to the Body Frame . . . . . . . . . . . . . . . . 17

3.3 VPMM Verification Study Experimental Matrix . . . . . . . . . . . . . . . . 21

3.4 Kinematic Motion Parametric Study Experimental Matrix . . . . . . . . . . 25

�9 �J�2�i�?�Q�/�Q�H�Q�;�v �k�d

4.1 Virginia Tech Advanced Towing Tank and Carriage . . . . . . . . . . . . . . 27

4.2 Vertical Planar Motion Mechanism . . . . . . . . . . . . . . . . . . . . . . . 29

4.2.1 Linear Actuator Design . . . . . . . . . . . . . . . . . . . . . . . . . 29

4.2.2 Linear Actuator Drive System . . . . . . . . . . . . . . . . . . . . . . 30

4.2.3 Linear Actuator Control System . . . . . . . . . . . . . . . . . . . . . 31

4.2.4 Homing System . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

4.2.5 Heave Staff Assembly . . . . . . . . . . . . . . . . . . . . . . . . . . 33

4.3 Generic Prismatic Planing Hull . . . . . . . . . . . . . . . . . . . . . . . . . 34

4.3.1 Creation of the Hullform . . . . . . . . . . . . . . . . . . . . . . . . . 34

4.3.2 Model Mounting Setup . . . . . . . . . . . . . . . . . . . . . . . . . . 35

vii



4.4 Instrumentation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

4.4.1 String Potentiometer . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

4.4.2 Inclinometer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

4.4.3 Load Cells . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

4.4.4 Pressure Sensors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

4.4.5 GoPro Camera . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

4.4.6 High-Speed Camera . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

4.4.7 DAQ System . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

4.5 Local Ethernet Network . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

4.5.1 Common Origin for Time and Position . . . . . . . . . . . . . . . . . 42

4.5.2 Automated Delay to Start Linear Actuators . . . . . . . . . . . . . . 42

4.6 Verification Study Experimental Matrix . . . . . . . . . . . . . . . . . . . . 44

4.7 Parametric Study Experimental Matrix . . . . . . . . . . . . . . . . . . . . . 44

�8 �_�2�b�m�H�i�b ���M�/ �.�B�b�+�m�b�b�B�Q�M �9�e

5.1 Verification Study Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

5.1.1 Model Dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

5.1.2 Factors for Nondimensionalization . . . . . . . . . . . . . . . . . . . 49

5.1.3 Dynamic Pressure Analysis . . . . . . . . . . . . . . . . . . . . . . . 50

5.1.4 Force Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

viii



5.2 Parametric Study Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

5.2.1 Model Dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

5.2.2 Dynamic Pressure Analysis . . . . . . . . . . . . . . . . . . . . . . . 64

5.2.3 Force Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

5.3 System Limitations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

�e �*�Q�M�+�H�m�b�B�Q�M�b �3�e

6.1 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

6.1.1 Vertical Planar Motion Mechanism and Carriage . . . . . . . . . . . 86

6.1.2 Generic Prismatic Planing Hull . . . . . . . . . . . . . . . . . . . . . 86

6.1.3 Relative Dynamic Model . . . . . . . . . . . . . . . . . . . . . . . . . 87

6.1.4 Verification Study Conclusions . . . . . . . . . . . . . . . . . . . . . 88

6.1.5 Parametric Study Conclusions . . . . . . . . . . . . . . . . . . . . . . 89

6.1.6 System Limitations Summary . . . . . . . . . . . . . . . . . . . . . . 90

6.2 Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

�"�B�#�H�B�Q�;�`���T�?�v �N�j

���T�T�2�M�/�B�+�2�b �N�e

���T�T�2�M�/�B�t �� ���H�H �o�2�`�B�7�B�+���i�B�Q�M �a�i�m�/�v �h�`�B���H�b �:�`���T�?�2�/ �N�d

���T�T�2�M�/�B�t �" �o�S�J�J �*�Q�M�i�`�Q�H ���M�/ �.���i�� ���+�[�m�B�b�B�i�B�Q�M �a�Q�7�i�r���`�2 �R�9�R

ix



���T�T�2�M�/�B�t �* �_�2�H���i�B�p�2 �.�v�M���K�B�+ �J�Q�/�2�H �J���h�G���" �*�Q�/�2�b �R�3�d

���T�T�2�M�/�B�t �. �:�S�S�> �J�Q�/�B�7�B�+���i�B�Q�M �7�Q�` �J�Q�m�M�i�B�M�; �R�N�9

x



�G�B�b�i �Q�7 �6�B�;�m�`�2�b

3.1 Visual Representation of the Reference Frame Rotation . . . . . . . . . . . . 17

3.2 Traditional Towing Tank Experimental Setup in the Inertial Frame . . . . . 18

3.3 Virginia Tech Experimental Setup in the Body Reference Frame . . . . . . . 19

3.4 Visualization of Relative Dynamic Model MATLAB Calculation . . . . . . . 22

3.5 USNA Run 81 Impact Moment . . . . . . . . . . . . . . . . . . . . . . . . . 23

3.6 USNA Run 90 Impact Moment . . . . . . . . . . . . . . . . . . . . . . . . . 23

3.7 USNA Run 97 Impact Moment . . . . . . . . . . . . . . . . . . . . . . . . . 23

4.1 Virginia Tech Towing Tank Carriage and VPMM Setup, Courtesy of DLBA. 28

4.2 Vertical Planar Motion Mechanism CAD Drawing, Courtesy of DLBA. . . . 30

4.3 Towing Carriage and VPMM Overview Cartoon . . . . . . . . . . . . . . . . 33

4.4 Sheer Plan and Principle Characteristics of the Generic Prismatic Planing

Hullform, (Ikeda Judge (2014), used with permission [5]) . . . . . . . . . . . 35

4.5 Side View of Sensor Layout and Mounting Configuration . . . . . . . . . . . 36

4.6 Top Down View of Sensor Layout . . . . . . . . . . . . . . . . . . . . . . . . 37

4.7 Sequence of Events For System Synchronization . . . . . . . . . . . . . . . . 43

5.1 Verification of Steady State Velocity at Impact for Condition 1 . . . . . . . . 47

5.2 Verification of Heave Deceleration During Impact for Condition 1 . . . . . . 48

xi



5.3 Verification of Position and Velocity of Each Actuator for Condition 1 . . . . 49

5.4 Pressure Distribution For All Conditions in the Verification Study. Error Bars

Represent Standard Deviations in Pressure Rise Time Instant (Horizontal)

and in Peak Pressure Magnitude (Vertical). . . . . . . . . . . . . . . . . . . 52

5.5 High-Speed Video Snapshots from Condition 1 Trial 1: (a) at impact start,

(b) at time of P11 peak pressure, (c) at time of P12 peak pressure, (d) of time

P22 peak pressure, and (e) at time of peak submergence. . . . . . . . . . . . 53

5.6 Display of Repeatability of Pressure Sensor P11 for USNA Run 81 . . . . . . 55

5.7 Display of Repeatability with Five Repeated Trials Overlaid on Graph, Black

Dashed Lines Represent USNA Range . . . . . . . . . . . . . . . . . . . . . 56

5.8 Bow Pressure Distribution For All Conditions in the Verification Study. Error

Bars Represent Standard Deviations in Pressure Rise Time Instant (Horizon-

tal) and in Peak Pressure Magnitude (Vertical). . . . . . . . . . . . . . . . . 57

5.9 Dimensionless Bow Pressure Distribution For All Conditions in the Verifica-

tion Study. Black Dashed Lines Represent USNA Range, Error Bars Repre-

sent Standard Deviations in Pressure Rise Time Instant (Horizontal) and in

Peak Pressure Magnitude (Vertical). . . . . . . . . . . . . . . . . . . . . . . 58

5.10 Force and Position Distribution For All Conditions in the Verification Study.

Dashed Line Represents Position. Vertical Line Represents the End of Steady

State Window. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

5.11 Dimensionless Force and Position Distribution For All Conditions in the Ver-

ification Study. Dashed Line Represents Position. Vertical Line Represents

the End of Steady State Window. . . . . . . . . . . . . . . . . . . . . . . . . 61

xii



5.12 Pressure Distribution When Varying Surge Velocity. Trim angle is 0° and

Heave Velocity is 1 m/s . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

5.13 Dimensionless Pressure Distribution When Varying Surge Velocity. Trim an-

gle is 0° and Heave Velocity is 1 m/s . . . . . . . . . . . . . . . . . . . . . . 66

5.14 Pressure Distribution When Varying Heave Velocity. Trim Angle is 0° and

Surge Velocity is 7 m/s . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

5.15 Dimensionless Pressure Distribution When Varying Heave Velocity. Trim

Angle is 0° and Surge Velocity is 7 m/s . . . . . . . . . . . . . . . . . . . . . 69

5.16 Pressure Distribution When Varying Trim Angle at Impact. Surge Velocity

is 7 m/s and Heave Velocity is 1 m/s . . . . . . . . . . . . . . . . . . . . . . 70

5.17 Dimensionless Pressure Distribution When Varying Trim Angle at Impact.

Surge Velocity is 7 m/s and Heave Velocity is 1 m/s . . . . . . . . . . . . . . 71

5.18 Peak Pressure Summary Plot - Varying Heave Velocity . . . . . . . . . . . . 73

5.19 Peak Pressure Summary Plot - Varying Trim Angle . . . . . . . . . . . . . . 74

5.20 Force Distribution When Varying Surge Velocity. Trim Angle is 0° and Heave

Velocity is 1 m/s . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

5.21 Dimensionless Force Distribution When Varying Surge Velocity. Trim Angle

is 0° and Heave Velocity is 1 m/s . . . . . . . . . . . . . . . . . . . . . . . . 76

5.22 Force Distribution When Varying Heave Velocity. Trim Angle is 0° and Surge

Velocity is 7 m/s . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

5.23 Dimensionless Force Distribution When Varying Heave Velocity. Trim Angle

is 0° and Surge Velocity is 7 m/s . . . . . . . . . . . . . . . . . . . . . . . . 79

xiii



5.24 Force Distribution When Varying Trim Angle. Surge Velocity is 7 m/s and

Heave Velocity is 1 m/s . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

5.25 Dimensionless Force Distribution When Varying Trim Angle. Surge Velocity

is 7 m/s and Heave Velocity is 1 m/s . . . . . . . . . . . . . . . . . . . . . . 81

5.26 Peak Force Summary Plots: Varying Heave Velocity (Left) and Varying Trim

Angle (Right). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

xiv



�G�B�b�i �Q�7 �h���#�H�2�b

3.1 Key Parameters Taken from USNA DAQ Data . . . . . . . . . . . . . . . . . 24

3.2 Translated Motion Parameters for Body Reference Frame . . . . . . . . . . . 24

3.3 Translated Motion Parameters for Body Reference Frame, Eliminating Wave

celerity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

3.4 Parametric Study Experimental Matrix . . . . . . . . . . . . . . . . . . . . . 26

4.1 Vertical Planar Motion Mechanism Load Estimates, Courtesy of DLBA. . . 29

4.2 Verification Study Experimental Matrix . . . . . . . . . . . . . . . . . . . . 44

4.3 Parametric Study Experimental Matrix . . . . . . . . . . . . . . . . . . . . . 45

5.1 Full Table of Parametric Study Parameters . . . . . . . . . . . . . . . . . . . 63

A.1 Full Table of Parametric Study Parameters . . . . . . . . . . . . . . . . . . . 98

xv



�G�B�b�i �Q�7 ���#�#�`�2�p�B���i�B�Q�M�b

� Sum of Running Trim and Wave Impact Angle

� Density of water

� Running Trim Angle

� Wave Impact Angle

A0 Linear Actuator 0 Force (reactionary)

A1 Linear Actuator 1 Force (reactionary)

C Towing Carriage Force (reactionary)

CAD Computer Aided Design

G Force of Gravity

g Acceleration of Gravity

GPPH Generic Prismatic Planing Hull

LCG Longitudinal Center of Gravity

M Moment induced by Force

N Normal Force

S Slamming Force

Sw Wetted Surface Area

xvi



USNA United States Naval Academy

V Total Impact Velocity

VH Heave Velocity

VS Surge Velocity

VZ 0 Velocity in the Z 0 direction

VPMM Vertical Planar Motion Mechanism

xvii



�*�?���T�i�2�` �R

�A�M�i�`�Q�/�m�+�i�B�Q�M

The effects of slamming continue to be one of the primary constraints on the operating enve-

lope of high-speed planing craft. Slamming between the hull body and the free surface occurs

when the high-speed vessel encountering waves emerges from the surface and then re-enters.

Frequent slamming events cause structural damage to the vessel, damage instrumentation

on board, and increase the risk of injury and seasickness among the crew. Most classification

societies have little to no regard for hydroelasticity in their current design criteria for high-

speed craft. This leads to designs that are overly conservative in their structural thickness to

handle slamming and therefore have a heavier weight. Further understanding of the physics

of slamming events and the hydroelasticity of the hull can allow for designs that are lighter

in weight, mitigate the severity of slamming events, and increase the operation envelope.

�R�X�R �J���D�Q�` �a�i���F�2�?�Q�H�/�2�`�b �Q�7 �i�?�2 �a�H���K�K�B�M�; �S�`�Q�#�H�2�K

Planing hullforms take advantage of hydrodynamic forces to allow the vessel to sustain

higher speeds. The rise in popularity of planing hull boats has made this slamming problem

increasingly relevant to government, private, and commercial stakeholders that need to have

high-speed vessels. The coast guard is one such stakeholder that uses these planing vessels

regularly in situations where time is limited and high-speed is necessary. Imagine the scenario

of a coast guard vessel that receives a call to rescue passengers onboard a sinking boat in a

1
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storm. In this life saving mission, the time it takes to make it to the sinking boat will be

critical. The coast guard cannot afford to delay their arrival to be successful. However, the

current overly conservative slamming models used in design result in reduced top speed. As

a result, these current models can directly limit mission success.

The slamming problem is something that recreational high-speed boat owners face often.

Repeated wave slamming causes frequent acceleration spikes that will make passengers un-

comfortable and possibly sea sick. This forces the owner to either significantly reduce their

speed or turn home and end the day on the water. The scenario reduces the value of the

vessel for the customer and the reputation of the boat maker.

The slamming problem also extends to the world of autonomy, with the recently increasing

desire for unmanned high-speed vessels. The autonomous vessels rely on control systems

that are reactive since models to predict the ship dynamics of these slam events are limited.

Further understanding of the physics behind the slamming problem can allow for better

models to be developed and faster reacting feed forward controls to be implemented. These

are just a small set of examples of the many scenarios that are severely impacted by wave

slamming events.

The Office of Naval Research has made it a priority to develop better models to predict the

effects of wave slamming events, particularly on high-speed planing hullforms. This research

is a small part of the ONR slamming research project being carried out by multiple naval

offices and universities across the country. Being a part of such a large and organized effort

has provided this novel research with the necessary resources and foundation to further the

understanding of these slamming events from a new perspective.
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�R�X�k ���T�T�`�Q���+�?

Slamming tests performed at the Virginia Tech Impact Basin will utilize a deterministic

approach to increase the understanding of slamming events. Utilizing a dynamic model that

sets the water surface as the reference point, the relative surge, heave, and pitch of the boat

can be calculated for a particular type of slam. These relative motion parameters applied

to the vessel slamming into calm water simulate an equivalent slam of a moving vessel into

a traveling wave. This relative dynamics model allows for equivalent physical data to be

collected on the slamming event without the use of a wavemaker. Currently, the Virginia

Tech Advanced Towing Facility is equipped with a carriage that allows for controlled surge

motion on an attached model. The Vertical Planar Motion Mechanism (VPMM), which

is attached to the carriage, will allow for simultaneous control of surge, heave, and pitch

motion of an attached model. This thesis pertains to surface models; however, the VPMM

is capable of subsurface model control as well. The control of these key motion parameters

will allow for more complexity to be incorporated into the dynamics involved in slamming

events compared to the traditional wedge drop experiments. The data collected during this

study will be used to determine key motion parameters in slamming events and the severity

of their effects.

�R�X�j �h�?�2�b�B�b �P�p�2�`�p�B�2�r

The introduction of these thesis includes a discussion on who is impacted by the slamming

problem and an approach to further understand it. This discussion was just presented here

in Chapter 1. Chapter 2 contains a literature review on relevant background information

collected in previous research. The next chapter, Chapter 3, goes over the dynamic theory
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and equations used to develop the novel test method. Chapter 4 discusses the experimental

setup of the towing tank carriage, vertical planar motion mechanism, data acquisition system,

and generic prismatic planing hull model. All the systems and associated equipment are

reviewed in detail. Chapter 5 presents the collected data and a discussion of the results.

Also included in that chapter are the limitations of the system that were discovered through

testing. Chapter 6 contains the conclusions drawn from the collected data and suggestions

for future work to move this research forward.



�*�?���T�i�2�` �k

�G�B�i�2�`���i�m�`�2 �_�2�p�B�2�r

The broad impact and complexity of the wave slamming problem have led to many re-

searchers attempting to gain a better understanding. The following chapter will dive into

the past research that laid the groundwork for the work presented in this thesis.

�k�X�R �1���`�H�v �q�Q�`�F �l�b�B�M�; �J�Q�K�2�M�i�m�K �h�?�2�Q�`�v

�k�X�R�X�R �h�?�2 �p�Q�M �E���`�K���M ���T�T�`�Q���+�?

Early research to study the water entry of seaplanes laid the groundwork for studying planing

hull vessels slamming into waves. von Karman (1929) utilized momentum theory to devise

a method for estimating the peak pressure during water entry [1]. The von Karman method

was applied to a horizontal cylindrical body with a wedge shaped submerged section as it

struck a horizontal surface of water. The added mass applied to the wedge as it enters the

water is approximated as half the mass of fluid contained in a cylinder with a diameter

equal to the width of the wedge. von Karman assumed the effect of air suction as the wedge

enters the water to be negligible, thereby halving the overall mass by discounting the added

mass. After a mathematical derivation using momentum theory, von Karman arrived at the

conclusion that the average pressure seen on the wedge is equal to

5
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p = P
2x = � �p20

2
� �+�Q�i�U� �V

�

� �t2
2W +1

� 3 ,

where P is the force of impact, x is the width of the wedge, g is the acceleration of gravity,

� is the density of water, v0 is the velocity at the moment of first contact, � is the deadrise

angle, 
 = � g, and W is the weight of the body per unit length. The term pv2
0

2
represents

the dynamic pressure corresponding to the impact velocity, and the term � cot(� ) is the

theoretical factor of increase. This average pressure formula implies that the maximum

pressure occurs along the centerline of the wedge, where the width approaches zero. The

formula for the maximum pressure on the plate is

p�K���t = � �p30
2

� cot(� ).

This method assumed a horizontal water surface, or calm water. von Karman predicted that

the waves may cause pressure of the same order as the results calculated using this pressure

formula. In the conclusion of the 1929 paper, von Karman suggested future research on the

variation of the pressure with time and the variation of the pressure over the length of the

wedge would be of importance. This thesis work will cover both of these topics in the results

and discussion contained in Chapter 5.

�k�X�R�X�k �h�?�2 �q���;�M�2�` �J�2�i�?�Q�/

Soon after von Karman derived these equations, the theory was applied to the landing of

seaplanes in rough sea conditions. The report “Landing of Seaplanes” written by Wagner

(1932) discussed the theoretical and practical aspects of seaplanes landing on water [2].

Wagner noted that significant forces occur in the early moments of the slam event. When

the keel of a seaplane touches the water surface, it experiences an initial impact force. This

impact force is a function of the velocity profile, the angle of impact, and the properties of the



�l�Y�S�Y �2�ž���ã�- �r�ñ���á �m���Ô�é�Ì �K�ñ�è�¶�é�����è �i�Ñ�¶�ñ���- 7

water surface. After the initial impact, hydrodynamic forces become more prominent. These

hydrodynamic forces are also functions of the velocity of the seaplane as it moves through

the water. At the end of the report, Wagner emphasizes the importance of understanding

the slamming forces to ensure the safe design and use of seaplanes operating in harsh sea

states.

�k�X�R�X�j �h�?�2 �o�Q�`�m�b �J�2�i�?�Q�/

Vorus (1996) improved upon the early theories to predict the hydrodynamic effects during

slamming events by incorporating computation [3]. Vorus sought to find the balance between

direct numerical simulation of complex governing equations and the asymptotic theories

developed by Wagner (1932) [2]. Unlike asymptotic methods, this method produced one

solution space due to the governing analytical equations. Vorus’s theory assumed uniform

first-order geometric linearity, in line with Wagner’s asymptotic theory. In addition, the

theory incorporated the hydrodynamic nonlinearity and transverse flow perturbations found

in the governing equations. This meant that as objects became flatter and approached

geometric linearity, their transverse velocity increased. Linear asymptotic theories did not

previously account for this phenomenon. The theory allowed for numerical simulations that

were both stable and computationally feasible. In his 1996 paper, Vorus applied this theory

to the study of a flat-cylinder impacting water. This work demonstrated the evolution of

early theories to incorporate modern analytical and numerical techniques. This evolution

has further progressed today with the inclusion of computational fluid dynamic simulations

that continue to develop and improve. These computational methods provide an alternative

to physical experiments and provide new insights into slamming phenomena.

Wagner’s and Vorus’s findings can be applied to planing craft because of the close similarity
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in geometry and wave interaction to seaplanes. The Wagner and Vorus methods can be used

to predict the hydrodynamic effects on an infinitesimally thin slice of the boat’s transverse

cross section. In this model, only the downward motion of the vessel is considered. The

hydrodynamic effect on the whole hullform can later be calculating with the use of 2D + t

theory or strip theory.

�k�X�k �6�B�M�/�B�M�;�b �6�`�Q�K �h�Q�r�B�M�; �h���M�F �h�2�b�i�B�M�;

�k�X�k�X�R �1���`�H�v �S���`���K�2�i�`�B�+ �a�i�m�/�v �Q�M �S�H���M�B�M�; �>�m�H�H�b

In later years, surface vessels would develop the planing hullform to more efficiently achieve

high speeds by utilizing hydrodynamic effects. While this planing hullform performed ex-

ceptionally in calm water, Fridsma (1969) noticed that this hullform often had reduced

performance in rough sea states [4]. Fridsma sought to identify what hullform parameters

led to the reduction in performance through a series of towing tank tests on planing hull

models. The models were towed through calm water, regular waves, and irregular waves.

Fridsma found that as the vessel progressed from displacement speeds to planing speeds, the

vessel’s motions transitioned from following the wave to skimming across the crests of the

wave. This change in hull-wave interaction led to the severe slamming phenomena.

As the vessel moved at planing speeds, the bow of the vessel naturally emerged from the

water. This crest impact into the exposed bow led to an increase in acceleration due to

slamming and more violent motions seen by the vessel. The collected data revealed that, in

general, the added resistance, motion response, and accelerations are nonlinear functions of

the wave height. The collected data revealed exceptions to this trend, especially when the

wave lengths were significantly shorter or longer than the vessel’s length. For example, there



�l�Y�l�Y �7�Ô�é�²�Ô�é�Ì�� �7���ñ�è �i�ñ�'�Ô�é�Ì �i�ž�é�á �i�¶�����Ô�é�Ì 9

was a tendency for the accelerations to be linear with wave height when the wavelength was

relatively long. Fridsma found that even when the wave height was relatively small, large

and intolerable accelerations could develop on the hull. This phenomenon was particularly

evident when the deadrise angle was low, specifically 10° for this testing. The data revealed

that the accelerations increase as the square of the velocity for the 10° deadrise model but

are linear with speed for the 30° deadrise model. The VT Impact Basin can be used to

validate this finding by controlling both the model’s experienced velocity and acceleration.

�k�X�k�X�k �h�Q�r�B�M�; �h���M�F �h�2�b�i�b �r�B�i�? �6�m�`�i�?�2�` �*�Q�K�T�H�2�t�B�i�v

A straightforward method to test the slamming impact on a particular model is to perform

tow tank experiments in combination with a wavemaker. Unfortunately, this method can

be challenging because it requires extensive and high quality equipment to reliably capture

the physics of the slam event. Judge �2�i ���H�Xsought to overcome these hurdles and conduct

extensive model testing using this method at the USNA towing tank [5, 6, 7]. A deterministic

approach was taken that sought to analyze each slamming event individually rather than

statistically. Multiple models were tested under a variety of test conditions. The models

were towed at various Froude numbers through calm water, regular waves, and irregular

waves. A variety of sensors and a high-speed camera were used to capture data for each run.

The model motion and the spray root were recorded using high-speed video. The impact

pressures were recorded using both point pressure sensors and pressure pad sensors. The

model accelerations were recorded at the bow, at a midpoint between the bow and the center

of gravity, and at the center of gravity. The model heave and trim angle were recorded using

potentiometers.

The Judge �2�i ���H�Xexperiments were able to correlate particular pre-impact motion parameters
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with higher accelerations and peak pressures. The results of their testing suggest that large

pitch angles just before impact lead to more severe accelerations and pressures. The results

also suggest that the peak accelerations occur near the minimum pitch angle. The time of the

peak pressure measurements at each of the point sensors suggests a relationship between the

peak pressure and the spray root propagation. The peak pressure occurs slightly after the

spray root has propagated past the sensor. The peak pressure value also decreases slightly

along the bottom of the hull. Pressure sensors located near the keel see higher peaks than

pressure sensors located near the chine.

One goal of this research is to verify this novel test by validating its data against the results

collected by Judge �2�i ���H�XCareful note of the planing hull model dimensions and its data

collection system has been taken to maintain consistency. The model used for this thesis was

developed to be as similar as possible to the 1.22 m generic prismatic planing hull (GPPH)

model used by Judge �2�i ���H�XIn addition, the point pressure sensors are located in the same

positions. The data collected for the model motion parameters will be used to ensure the

same dynamics occur during this thesis testing. More specifics about the experimental setup

for this thesis are presented in the Methodology sections located in Chapter 4.

�k�X�j �.�2�p�2�H�Q�T�B�M�; �_�2�H���i�B�Q�M�b�?�B�T�b �i�Q �i�?�2 �a�T�`���v �_�Q�Q�i �S�`�Q�T�@

���;���i�B�Q�M

�k�X�j�X�R �a�T�`���v �_�Q�Q�i ���M���H�v�b�B�b �Q�M �6�H���i �S�H���i�2�b

The propagation of the spray root and its relation to pressure are key to understanding

the physics of the slamming problem. As such, spray root propagation is a primary focus

of Wang and Duncan at the University of Maryland [8, 9]. In order to properly study the
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propagation rate of the spray root, Wang and Duncan use a system of controlled motors

to ensure a constant speed throughout the test trial. Motors mounted on a towing tank

carriage attach to the flat plate. The motors provide controlled heave motion, and the

carriage provides controlled surge motion. A computer-based control system drives the plate

through a programmable motion profile throughout the impact. This allows for consistent

motion throughout the changing loading of the slam event. This novel system allows for the

study of spray formation within a highly controllable parameter space.

Wang and Duncan noted trends that suggest that the location of the spray root is synony-

mous with the location of the peak pressure as the vessel enters the water. In the collected

data, an interesting region of spray root propagation presented itself. The region is where

the local inclination angle is lower than the deadrise angle. Within this region, a more se-

vere local impact is created by a greater local peak pressure due to the greater dimensionless

pressure at smaller inclination angles. In addition, the reduced inclination also results in a

faster propagation speed of the spray root and a greater expansion rate of the area under

hydrodynamic pressure.

Wang and Duncan’s fundamental approach analyzes each of these phenomena individually

with their flat plate experimentation. When more complex geometry is considered, such as a

modern planing hullform, these phenomena can occur in culmination. The use of the GPPH

model should allow for new analysis of the coupled nature of these spray root phenomena.

�k�X�j�X�k �a�T�`���v �_�Q�Q�i ���M���H�v�b�B�b �Q�M �o�@�a�?���T�2�/ �q�2�/�;�2�b

Another approach to understanding the hydroelasticity of slamming events is to study the

vertical impact of a V-shaped wedge on calm water. This approach greatly simplifies the

dynamics of a real world slamming event to isolate the fluid-structure interaction. Javaherian
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�2�i ���H�X�b�Q�m�;�?�i �i�Q �m�M�/�2�`�b�i���M�/ �i�?�2 �`�Q�H�2 �Q�7 �b�i�`�m�+�i�m�`���H �/�2�7�Q�`�K���i�B�Q�M �Q�M �i�?�2 �b�T�`���v �`�Q�Q�i �T�`�Q�T���;���i�B�Q�M

�(�R�y�-�R�R�)�X �1�t�T�2�`�B�K�2�M�i���i�B�Q�M �r���b �T�2�`�7�Q�`�K�2�/ �Q�M �� �7�H�2�t�B�#�H�2 �r�2�/�;�2 �r�B�i�? �� �k�y�ê �/�2���/�`�B�b�2 ���M�;�H�2 ���i

�i�?�2 �o�B�`�;�B�M�B�� �h�2�+�? �>�v�/�`�Q�2�H���b�i�B�+�B�i�v �G���#�X �h�?�2 �7�H�2�t�B�#�H�2 �r�2�/�;�2 �r���b �/�`�Q�T�T�2�/ �B�M �7�`�2�2 �7���H�H ���i �2�p�2�M

�F�2�2�H �B�M �+���H�K �r���i�2�` �i�Q �2�t�T�2�`�B�K�2�M�i���H�H�v �/�2�i�2�`�K�B�M�2 �i�?�2 �`�2�H���i�B�Q�M�b�?�B�T �#�2�i�r�2�2�M �i�?�2 �b�T�`���v �`�Q�Q�i�-

�T�2���F �T�`�2�b�b�m�`�2�- ���M�/ �b�i�`�m�+�i�m�`���H �`�2�b�T�Q�M�b�2�X �h�?�2 �`�B�;�B�/ �r�2�/�;�2 �r���b �/�`�Q�T�T�2�/ �B�M �i�?�2 �b���K�2 �K���M�M�2�` �i�Q

���H�H�Q�r �7�Q�` �+�Q�K�T���`���i�B�p�2 ���M���H�v�b�B�b �Q�7 �i�?�2 �2�7�7�2�+�i �Q�7 �7�H�2�t�B�#�B�H�B�i�v�X �.���i�� �+�Q�H�H�2�+�i�2�/ �7�`�Q�K �i�?�B�b �2�t�T�2�`�B�K�2�M�i

�b�?�Q�r �i�?���i �i�?�2 �b�T�`���v �`�Q�Q�i �T�`�Q�T���;���i�B�Q�M �B�b ���H�K�Q�b�i �B�/�2�M�i�B�+���H ���i �i�?�2 �B�M�B�i�B���H �b�i���;�2�b �Q�7 �T�2�M�2�i�`���i�B�Q�M

�m�M�i�B�H �`�Q�m�;�?�H�v �k�y�W �Q�7 �i�?�2 �i�B�K�2 �/�m�`���i�B�Q�M �Q�7 �i�?�2 �r�2�/�;�2 �2�M�i�`�v �B�M�i�Q �i�?�2 �7�`�2�2 �b�m�`�7���+�2 �?���b �T���b�b�2�/�X

�>�Q�r�2�p�2�`�- ���7�i�2�` �i�?�B�b �K�Q�K�2�M�i�- �i�?�2 �b�T�`���v �`�Q�Q�i �T�`�Q�T���;���i�B�Q�M �7�Q�` �i�?�2 �7�H�2�t�B�#�H�2 �r�2�/�;�2 �H���;�b �#�2�?�B�M�/

�i�?�2 �`�B�;�B�/ �Q�M�2�X �a�B�M�+�2 �i�?�2 �/�2�7�H�2�+�i�B�Q�M �+���m�b�2�b �� �+�m�`�p���i�m�`�2 �B�M �i�?�2 �#�Q�i�i�Q�K �T�H���i�B�M�; �Q�7 �i�?�2 �r�2�/�;�2�- �i�?�2

�b�T�`���v �`�Q�Q�i ���i�i���+�?�2�/ �i�Q �i�?�2 �7�H�2�t�B�#�H�2 �r�2�/�;�2 �K�m�b�i �i�`���p�2�H �H�Q�M�;�2�` �+�Q�K�T���`�2�/ �i�Q �i�?�2 �`�B�;�B�/ �Q�M�2�X �h�?�2

�M�Q�M�/�B�K�2�M�b�B�Q�M���H �b�T�2�2�/ �7�Q�` �T�`�Q�T���;���i�B�Q�M �Q�7 �i�?�2 �b�T�`���v �`�Q�Q�i �Q�M �i�?�2 �7�H�2�t�B�#�H�2 �r�2�/�;�2 �B�b �`�2�/�m�+�2�/ �m�T

�i�Q �9�W �/�m�2 �i�Q �7�H�m�B�/�@�b�i�`�m�+�i�m�`�2 �B�M�i�2�`���+�i�B�Q�M�b�X �h�?�2�b�2 �`�2�b�m�H�i�b �?�B�;�?�H�B�;�?�i �i�?�2 �+�Q�m�T�H�2�/ �`�2�H���i�B�Q�M�b�?�B�T

�#�2�i�r�2�2�M �b�i�`�m�+�i�m�`���H �7�H�2�t�B�#�B�H�B�i�v�- �i�?�2 �b�T�`���v �`�Q�Q�i �T�`�Q�T���;���i�B�Q�M�- ���M�/ �i�?�2 �T�`�2�b�b�m�`�2 �/�B�b�i�`�B�#�m�i�B�Q�M�X

�k�X�9 �*���i�2�;�Q�`�B�x�B�M�; �i�?�2 �a�H���K�K�B�M�; �1�p�2�M�i�b

�� �F�2�v ���b�T�2�+�i �Q�7 ���H�H �b�H���K�K�B�M�; �2�p�2�M�i�b �B�b �i�?�2 �/�v�M���K�B�+�b �Q�7 �i�?�2 �?�B�;�?�@�b�T�2�2�/ �p�2�b�b�2�H ���M�/ �i�?�2 �r���p�2�b

�B�i �B�K�T���+�i�b�X �a�H���K�K�B�M�; �2�p�2�M�i�b �+���M �Q�+�+�m�` �B�M �K���M�v �p���`�B���i�B�Q�M�b�- ���M�/ �i�?�B�b �+�`�2���i�2�b �i�?�2 �M�2�2�/ �7�Q�`

�+���i�2�;�Q�`�B�x���i�B�Q�M�X �_�B�H�2�v ���M�/ �*�Q���i�b �U�k�y�R�d�V �T�`�Q�T�Q�b�2�/ �i�?�`�2�2 �#���b�B�+ �+���i�2�;�Q�`�B�2�b �Q�7 �b�H���K�K�B�M�; �2�p�2�M�i�b
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�+���m�b�2�b �� �/�Q�r�M�r���`�/ �T�B�i�+�?�B�M�; �K�Q�i�B�Q�M �D�m�b�i �T�`�B�Q�` �i�Q �B�K�T���+�i�X �h�v�T�2 �"�`���p�Q �2�p�2�M�i�b ���`�2 �b�B�K�B�H���`�c

�?�Q�r�2�p�2�`�- �i�?�2 �b�i�2�`�M �K���v �`�2�K���B�M �B�M �i�?�2 �r���i�2�` �r�B�i�? �M�2�;�H�B�;�B�#�H�2 �#�Q�r �/�Q�r�M �T�B�i�+�?�B�M�; �K�Q�i�B�Q�M �T�`�B�Q�`
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�i�Q �B�K�T���+�i�X �S�`�Q�T�2�H�H�2�` �2�K�2�`�;�2�M�+�2 �K���v �`�2�b�m�H�i �B�M �� �`�2�/�m�+�i�B�Q�M �Q�7 �i�?�`�m�b�i �7�Q�` �#�Q�i�? ���H�T�?�� ���M�/

�"�`���p�Q �2�p�2�M�i�b�X �A�M �� �*�?���`�H�B�2 �b�H���K�- �i�?�2 �#�Q���i �`�2�K���B�M�b �B�M �i�?�2 �r���i�2�`�- �i�?�2�`�2 �B�b �H�B�i�i�H�2 �i�Q �M�Q �#�Q�r�@

�/�Q�r�M �T�B�i�+�?�B�M�; �K�Q�i�B�Q�M �#�2�7�Q�`�2 �B�K�T���+�i�- ���M�/ �i�?�2�`�2 �B�b �M�Q �H�Q�b�b �Q�7 �i�?�`�m�b�i�X �_���i�?�2�` �i�?���M �H���M�/�B�M�; �Q�M

�i�?�2 �r���p�2�- �i�?�2 �p�2�b�b�2�H �`�m�M�b �B�M�i�Q �i�?�2 �r���p�2 ���M�/ �?���b �� �`���T�B�/ �#�Q�r �m�T �T�B�i�+�?�B�M�; �K�Q�i�B�Q�M�X

�h�?�2 �7�B�`�b�i �b�2�+�i�B�Q�M �Q�7 �i�?�2 �b�H���K�K�B�M�; �2�p�2�M�i �B�b �T�`�B�K���`�B�H�v �B�M�7�H�m�2�M�+�2�/ �#�v �i�?�2 �B�M�B�i�B���H �K�Q�i�B�Q�M �T���`���K�@

�2�i�2�`�b �Q�7 �i�?�2 �p�2�b�b�2�H�X �h�?�2 �M�2�t�i �T�?���b�2 �B�M�+�H�m�/�2�b �i�?�2 �`���T�B�/ �b�T�B�F�2 �B�M �p�2�`�i�B�+���H ���+�+�2�H�2�`���i�B�Q�M �;�Q�p�2�`�M�2�/

�#�v �i�?�2 �r���p�2 �B�K�T���+�i�X ���7�i�2�` �i�?�2 �r���p�2 �B�K�T���+�i�- �#�m�Q�v���M�+�v �T�H���v�b �� �F�2�v �`�Q�H�2 �B�M �/�2�i�2�`�K�B�M�B�M�;

�i�?�2 �p�2�b�b�2�H �K�Q�i�B�Q�M�X �A�M �b�2�2�K�B�M�;�H�v �`���M�/�Q�K �r���p�2 �T���i�i�2�`�M�b �B�M �/�B�7�7�2�`�2�M�i �b�2�� �b�i���i�2�b�- �i�?�2 �`�2�b�T�Q�M�b�2

�K�Q�i�B�Q�M�b �Q�#�b�2�`�p�2�/ �#�v �i�?�2 �p�2�b�b�2�H �7�Q�H�H�Q�r �`�2�T�2���i���#�H�2 �T���i�i�2�`�M�b �i�?���i ���`�2 �+�Q�M�b�B�b�i�2�M�i�H�v �Q�#�b�2�`�p�2�/ �B�M

���+�+�2�H�2�`���i�B�Q�M �/���i���X �_�B�H�2�v �+�Q�K�K�2�M�i�b �Q�M �i�?�2 �H�B�K�B�i���i�B�Q�M�b �Q�7 �7�m�H�H �b�+���H�2 �i�`�B���H�b �#���b�2�/ �Q�M �i�?�2 �H�B�K�B�i�2�/

���#�B�H�B�i�v �i�Q �K�2���b�m�`�2 �i�?�2 �+���m�b�2�@�2�7�7�2�+�i �`�2�H���i�B�Q�M�b�?�B�T �Q�7 �b�H���K�K�B�M�; ���M�/ �i�?�2 ���p���B�H���#�B�H�B�i�v �Q�7 �r�2���i�?�2�`

�+�Q�M�/�B�i�B�Q�M�b �i�Q �;�2�M�2�`���i�2 �b�2�� �b�i���i�2�b�X �h�Q ���/�/�`�2�b�b �i�?�B�b �B�b�b�m�2 �r�B�i�? �b�2�� �b�i���i�2 �;�2�M�2�`���i�B�Q�M �i�?�2 �`�2�H���i�B�p�2

�/�v�M���K�B�+�b �K�Q�/�2�H �r�B�H�H �#�2 �m�b�2�/ �i�Q ���H�H�Q�r �7�Q�` �i�?�2�b�2 �b�H���K�K�B�M�; �2�p�2�M�i�b �i�Q �Q�+�+�m�` �B�M �+���H�K �r���i�2�`�X

�_�B�H�2�v ���M�/ �*�Q���i�b �U�k�y�R�d�V ���H�b�Q �2�t�T�H���B�M �i�?���i ���+�+�2�H�2�`���i�B�Q�M �/���i�� �+�Q�H�H�2�+�i�2�/ �/�m�`�B�M�; �`�Q�m�;�? �r���i�2�`

�b�2���F�2�2�T�B�M�; �i�`�B���H�b �B�b �`�Q�m�i�B�M�2�H�v �m�b�2�/ �7�Q�` �+�Q�K�T���`�B�M�; �r���p�2 �B�K�T���+�i �b�2�p�2�`�B�i�v�X �h�?�B�b �/���i�� �B�b �m�b�2�/ �i�Q

�+�Q�K�T���`�2 �/�B�7�7�2�`�2�M�i �+�`���7�i�b�- �/�B�7�7�2�`�2�M�i �H�Q�+���i�B�Q�M�b �B�M �� �+�`���7�i�- �/�B�7�7�2�`�2�M�i �b�T�2�2�/�b�- �r�B�i�? �Q�` �r�B�i�?�Q�m�i �`�B�/�2

�+�Q�M�i�`�Q�H �b�v�b�i�2�K�b�- ���M�/ �/�B�7�7�2�`�2�M�i �b�2�� �b�i���i�2�b ���M�/ �?�2���/�B�M�; �+�Q�M�/�B�i�B�Q�M�b�X �h�?�2 �/���i���#���b�2 �?���b �`�2�p�2���H�2�/

�B�K�T�Q�`�i���M�i �H�2�b�b�Q�M�b�- �#�m�i �i�?�2 �b�2���F�2�2�T�B�M�; �i�`�B���H�b ���`�2 �H�B�K�B�i�2�/ �B�M �b�+�Q�T�2�- ���b �T�`�2�p�B�Q�m�b�H�v �K�2�M�i�B�Q�M�2�/�X

�_�B�H�2�v �+�H���B�K�b �i�?���i �b�+���H�2 �K�Q�/�2�H �i�2�b�i�B�M�; ���M�/ �+�Q�K�T�m�i���i�B�Q�M���H �7�H�m�B�/ �/�v�M���K�B�+�b �U�*�6�.�V ���`�2 �M�2�2�/�2�/ �i�Q

�`�2�b�2���`�+�? ���M�/ �/�2�i�2�`�K�B�M�2 �?�Q�r �p���`�v�B�M�; �T���`���K�2�i�2�`�b ���7�7�2�+�i �+���m�b�2 ���M�/ �2�7�7�2�+�i �`�2�H���i�B�Q�M�b�?�B�T�b�X �J�Q�/�2�H

�b�+���H�2 �i�2�b�i�B�M�; �Q�7�i�2�M �`�2�H�B�2�b �Q�M �� �/�2�i�2�`�K�B�M�B�b�i�B�+ ���T�T�`�Q���+�? �m�b�2�/ �i�Q �b�i�m�/�v �r���p�2 �B�K�T���+�i�b �Q�M�2 ���i �� �i�B�K�2

�i�Q �/�2�i�2�`�K�B�M�2 �i�?�2 �T�?�v�b�B�+�b �#�2�?�B�M�/ �B�M�/�B�p�B�/�m���H �`�2�b�T�Q�M�b�2�b �i�Q �r���p�2 �B�K�T���+�i �H�Q���/�b�X ���H�i�2�`�M���i�B�p�2�H�v�-

�i�?�2 �/�2�p�2�H�Q�T�K�2�M�i �Q�7 �*�6�. �2�p�Q�H�p�2�/ �r�B�i�? �� �`�2�H�B���M�+�2 �Q�M �b�i���i�B�b�i�B�+���H �T���`���K�2�i�2�`�b �i�Q �[�m���M�i�B�7�v �i�?�2

�r���p�2 �B�K�T���+�i �2�M�p�B�`�Q�M�K�2�M�i�X �_�B�H�2�v �2�K�T�?���b�B�x�2�b �i�?�2 �M�2�+�2�b�b�B�i�v �Q�7 �m�i�B�H�B�x�B�M�; �#�Q�i�? �K�2�i�?�Q�/�b �i�Q

�7�m�`�i�?�2�` �m�M�/�2�`�b�i���M�/ �b�H���K�K�B�M�; �2�p�2�M�i�b�X �h�?�2 �o�B�`�;�B�M�B�� �h�2�+�? ���/�p���M�+�2�/ �h�Q�r�B�M�; �6���+�B�H�B�i�v�- �r�B�i�? �i�?�2
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���/�/�B�i�B�Q�M �Q�7 �i�?�2 �o�S�S�J�- �r�B�H�H �#�2 ���#�H�2 �i�Q �T�`�Q�p�B�/�2 �m�b�2�7�m�H �/���i�� �Q�M �K�Q�/�2�H �b�+���H�2 �i�2�b�i�B�M�; �i�?���i �+���M

�#�2 �m�b�2�/ �i�Q �b�i�m�/�v �i�?�2 �T�?�v�b�B�+�b �Q�7 �b�H���K�K�B�M�; �2�p�2�M�i�b ���M�/ �p�2�`�B�7�v ���M�/ �p���H�B�/���i�2 �*�6�. �T�`�Q�;�`���K�b�X

�k�X�8 �a�m�K�K���`�v

�h�?�2 �b�H���K�K�B�M�; �T�`�Q�#�H�2�K �?���b �#�2�2�M �b�i�m�/�B�2�/ �b�+�B�2�M�i�B�7�B�+���H�H�v �7�Q�` ���H�K�Q�b�i �� �?�m�M�/�`�2�/ �v�2���`�b�- �v�2�i �i�?�2�`�2

�B�b �b�i�B�H�H �K�m�+�? �i�Q �H�2���`�M�X �h�?�2 �2���`�H�v �r�Q�`�F �#�v �p�Q�M �E���`�K���M �m�b�2�/ �K�Q�K�2�M�i�m�K �i�?�2�Q�`�v �i�Q ���M���H�v�x�2 �i�?�2

�T�`�2�b�b�m�`�2 �Q�M �� �b�B�K�T�H�2 �r�2�/�;�2 �;�2�Q�K�2�i�`�v �/�m�`�B�M�; �r���i�2�` �2�M�i�`�v�X �h�?�B�b �K�2�i�?�Q�/ �H���B�/ �i�?�2 �;�`�Q�m�M�/�r�Q�`�F

�7�Q�` �i�?�2 ���M���H�v�b�B�b �Q�7 �i�?�2 �b�H���K�K�B�M�; �2�p�2�M�i �m�b�B�M�; �K���i�?�2�K���i�B�+�b ���M�/ �T�?�v�b�B�+�b�X �h�?�2 �r�Q�`�F �i�?���i

�7�Q�H�H�Q�r�2�/ �p�Q�M �E���`�K���M�ö�b �`�2�b�2���`�+�? �Q�M �i�?�2 �b�H���K�K�B�M�; �2�p�2�M�i �B�M�p�Q�H�p�2�/ �K�Q�`�2 �+�Q�K�T�H�2�t �2�t�T�2�`�B�K�2�M�i�b

�i�?���i �B�M�+�Q�`�T�Q�`���i�2�/ ���/�/�B�i�B�Q�M���H �T�?�v�b�B�+���H �T�?�2�M�Q�K�2�M���X �6�`�B�/�b�K�� �M�Q�i�2�/ �i�?���i �b�H���K�K�B�M�; �2�p�2�M�i�b �r�2�`�2

�2�b�T�2�+�B���H�H�v �B�K�T���+�i�7�m�H �Q�M �T�H���M�B�M�; �?�m�H�H �7�Q�`�K�b�X ���b �p�2�b�b�2�H�b �i�`���M�b�B�i�B�Q�M�2�/ �7�`�Q�K �/�B�b�T�H���+�2�K�2�M�i �b�T�2�2�/�b

�i�Q �T�H���M�B�M�; �b�T�2�2�/�b�- �i�?�2�v �r�2�M�i �7�`�Q�K �7�Q�H�H�Q�r�B�M�; �� �r���p�2 �i�Q �b�F�B�K�K�B�M�; ���+�`�Q�b�b �i�?�2 �+�`�2�b�i�b�X �h�?�B�b

�+�?���M�;�2 �H�2�/ �i�Q �b�2�p�2�`�2 �b�H���K�K�B�M�; �T�?�2�M�Q�K�2�M���- �2�p�2�M �r�?�2�M �i�?�2 �r���p�2 �r���b �`�2�H���i�B�p�2�H�v �b�K���H�H�X �C�m�/�;�2

�2�i ���H�X�H�2�/ ���M �2�t�i�2�M�b�B�p�2 �K�m�H�i�B�@�B�M�b�i�B�i�m�i�B�Q�M �T�`�Q�D�2�+�i �i�Q �i�2�b�i �p���`�B�Q�m�b ���b�T�2�+�i�b �Q�7 �� �T�H���M�B�M�; �b�H���K�K�B�M�;

�2�p�2�M�i �b�B�K�m�H�i���M�2�Q�m�b�H�v�X �h�?�2�B�` �2�t�T�2�`�B�K�2�M�i �r���b ���#�H�2 �i�Q �+�Q�`�`�2�H���i�2 �T���`�i�B�+�m�H���` �T�`�2�@�B�K�T���+�i �K�Q�i�B�Q�M

�T���`���K�2�i�2�`�b �r�B�i�? �T�Q�b�i �B�K�T���+�i ���+�+�2�H�2�`���i�B�Q�M�b ���M�/ �T�`�2�b�b�m�`�2�b�X �q���M�; ���M�/ �.�m�M�+���M�ö�b �r�Q�`�F �+�H�Q�b�2�H�v

�2�t���K�B�M�2�/ �i�?�2 �T�2���F �T�`�2�b�b�m�`�2�b �;�2�M�2�`���i�2�/ �#�v �i�?�2 �b�T�`���v �`�Q�Q�i�- �� �T�`�Q�K�B�M�2�M�i �T�?�v�b�B�+���H �T�?�2�M�Q�K�2�M�Q�M�X

�h�?�2�v �7�Q�m�M�/ �i�?���i �i�?�2 �H�Q�+���i�B�Q�M �Q�7 �i�?�2 �b�T�`���v �`�Q�Q�i �B�b �b�v�M�Q�M�v�K�Q�m�b �r�B�i�? �i�?�2 �H�Q�+���i�B�Q�M �Q�7 �i�?�2 �T�2���F

�T�`�2�b�b�m�`�2 ���b �i�?�2 �p�2�b�b�2�H �2�M�i�2�`�b �i�?�2 �r���i�2�`�X �h�?�2�B�` �r�Q�`�F ���H�b�Q �7�Q�m�M�/ �� �;�2�Q�K�2�i�`�B�+ �`�2�H���i�B�Q�M�b�?�B�T

�#�2�i�r�2�2�M �i�?�2 �/�2���/�`�B�b�2 ���M�;�H�2 ���M�/ �i�?�2 �b�T�`���v �`�Q�Q�i �B�M�+�H�B�M���i�B�Q�M ���M�;�H�2 �i�?���i �H�2�/ �i�Q �B�M�+�`�2���b�2�/ �T�2���F

�T�`�2�b�b�m�`�2 �K���;�M�B�i�m�/�2�b�X �A�M �� �#�`�Q���/�2�` �b�+�Q�T�2�- �_�B�H�2�v ���M�/ �*�Q���i�b �`�2�b�2���`�+�?�2�/ �i�?�2 �+�Q�`�`�2�H���i�B�Q�M �#�2�i�r�2�2�M

�i�?�2 �i�v�T�2 �Q�7 �B�K�T���+�i ���M�/ �i�?�2 ���+�+�2�H�2�`���i�B�Q�M�b �i�?���i �2�M�b�m�2�/�X �6�`�Q�K �i�?�B�b �+�Q�`�`�2�H���i�B�Q�M�- �_�B�H�2�v ���M�/ �*�Q���i�b

�/�2�p�2�H�Q�T�2�/ �i�?�`�2�2 �+���i�2�;�Q�`�B�2�b �i�?���i �+���M �#�2 �m�b�2�/ ���b �� �#���b�B�b �7�Q�` �7�m�`�i�?�2�` ���M���H�v�b�B�b�X �h�?�2�B�` �r�Q�`�F ���H�b�Q

�b�i�`�2�b�b�2�/ �i�?�2 �H�B�K�B�i���i�B�Q�M�b �Q�7 �2�t�B�b�i�B�M�; �/���i�� �b�2�i�b ���M�/ �i�?���i �K�Q�`�2 �K�Q�/�2�H �b�+���H�2 �i�2�b�i�B�M�; ���M�/ �*�6�.
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���`�2 �M�2�2�/�2�/�X �h�?�2 �7�Q�H�H�Q�r�B�M�; �+�?���T�i�2�`�b �/�2�b�+�`�B�#�2 �� �M�Q�p�2�H �K�Q�/�2�H �b�+���H�2 �i�2�b�i �K�2�i�?�Q�/ �/�2�p�2�H�Q�T�2�/ ���i

�o�B�`�;�B�M�B�� �h�2�+�? �i�?���i �#�m�B�H�/�b �Q�M �i�?�B�b �T�`�2�p�B�Q�m�b �r�Q�`�F �7�Q�` �7�m�`�i�?�2�` �m�M�/�2�`�b�i���M�/�B�M�;�X �h�?�2 �+�?���T�i�2�`

�B�K�K�2�/�B���i�2�H�v �T�`�Q�+�2�2�/�B�M�; �/�2�b�+�`�B�#�2�b �i�?�2 �i�?�2�Q�`�v �#�2�?�B�M�/ �i�?�2 �M�Q�p�2�H �i�2�b�i�B�M�; �K�2�i�?�Q�/�X
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� �6X = C � N �b�B�M(� �V �@ �a �b�B�M(� �V

� �6Z = N �+�Q�b(� �V �@ �a �+�Q�b(� �V

� �J LCG = MN + MS
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�7�Q�`�+�2�b ���T�T�H�B�2�/ �#�v �i�?�2 �H�B�M�2���` ���+�i�m���i�Q�`�b�XC �`�2�T�`�2�b�2�M�i�b �i�?�2 �7�Q�`�+�2 ���T�T�H�B�2�/ �#�v �i�?�2 �i�Q�r�B�M�; �+���`�`�B���;�2�X

G �`�2�T�`�2�b�2�M�i�b �i�?�2 �7�Q�`�+�2 �/�m�2 �i�Q �;�`���p�B�i�v�- ���M�/S �`�2�T�`�2�b�2�M�i�b �i�?�2 �7�Q�`�+�2 �Q�7 �b�H���K�K�B�M�;�X �h�?�2 �b�v�K�#�Q�H

� �`�2�T�`�2�b�2�M�i�b �i�?�2 ���M�;�H�2 �Q�7 �B�K�T���+�i �r�?�2�`�2� = � � � �7�`�Q�K �i�?�2 �B�M�2�`�i�B���H �7�`���K�2�X �P�M�+�2 ���;���B�M�- �i�?�2

�G�*�: �`�2�T�`�2�b�2�M�i�b �i�?�2 �H�Q�M�;�B�i�m�/�B�M���H �+�2�M�i�2�` �Q�7 �;�`���p�B�i�v�X �L�Q�i�B�+�2 �i�?���i �i�?�2 �K�Q�m�M�i�B�M�; �+�Q�M�7�B�;�m�`���i�B�Q�M

�7�Q�` �i�?�B�b �b�2�i�m�T �+�?���M�;�2�b �r�?�2�`�2 �i�?�2 �i�Q�r�B�M�; �+���`�`�B���;�2 �7�Q�`�+�2 �B�b ���T�T�H�B�2�/�- �B�M�/�m�+�B�M�; �� �K�Q�K�2�M�i �i�?���i

�K�m�b�i �#�2 ���+�+�Q�m�M�i�2�/ �7�Q�`�X �h�?�2 �b�m�K �Q�7 �i�?�2 �7�Q�`�+�2�b ���M�/ �K�Q�K�2�M�i�b ���T�T�H�B�2�/ �i�Q �i�?�2 �:�S�S�> �B�M �i�?�B�b

�7�`���K�2 ���`�2 ���b �7�Q�H�H�Q�r�b

� �6X 0 = ( G � A0 � A1 � S) �b�B�M(� ) + C �+�Q�b(� )

� �6Z 0 = ( A0 + A1 + S � G) �+�Q�b(� ) + C �b�B�M(� )

� �J LCG = MA0 + MA1 + MS + MC

�A�M �Q�`�/�2�` �7�Q�` �i�?�B�b �/�v�M���K�B�+ �K�Q�/�2�H �i�Q �#�2 �p���H�B�/�- �i�?�2 �7�Q�`�+�2�b �B�M �i�?�2 �B�M�2�`�i�B���H �`�2�7�2�`�2�M�+�2 �7�`���K�2 �M�2�2�/

�i�Q �#�2 ���+�+�Q�m�M�i�2�/ �7�Q�` �B�M �i�?�2 �#�Q�/�v �`�2�7�2�`�2�M�+�2 �7�`���K�2�X �h�?�2 �K���i�?�2�K���i�B�+���H �T�`�Q�Q�7 �i�?���i �`�2�H���i�2�b �i�?�2
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�1�[�m���i�B�M�; �i�?�2 �7�Q�`�+�2�b �B�M �i�?�2X �/�B�`�2�+�i�B�Q�M �Q�7 �i�?�2 �B�M�2�`�i�B���H �7�`���K�2 �i�Q �i�?�2 �#�Q�/�v �`�2�7�2�`�2�M�+�2 �v�B�2�H�/�b

� �6X = � �60
X �+�Q�b(� ) � � �60

Z �b�B�M(� )

�* �@ �L�b�B�M(� ) � S �b�B�M(� ) =

�U�U�:�@���y�@���R�@�a�V�b�B�M(� ) + C �+�Q�b(� )) �+�Q�b(� )

�@�U�U���y�Y���R�Y�a�@�:�V�+�Q�b(� ) + C �b�B�M(� )) �b�B�M(� )

�h�?�2 �2�[�m���H�B�i�v �+���M �#�2 �b�B�K�T�H�B�7�B�2�/ �#�v ���T�T�H�v�B�M�; �/�Q�m�#�H�2 ���M�;�H�2 �i�`�B�;�Q�M�Q�K�2�i�`�v �B�/�2�M�i�B�i�B�2�b�X �"���b�B�+

���H�;�2�#�`�� �B�b �i�?�2�M �m�b�2�/ �i�Q �;�`�Q�m�T �i�?�2 �+�Q�M�i�`�Q�H�H���#�H�2 �7�Q�`�+�2 �i�2�`�K�b �Q�M �i�?�2 �H�2�7�i �b�B�/�2 ���M�/ �i�?�2 �T�?�v�b�B�+���H

�7�Q�`�+�2�b �Q�M �i�?�2 �`�B�;�?�i �b�B�/�2�X

�U���y�Y���R�V �b�B�M(2� ) + 2 C�b�B�M2(� ) =

�: �b�B�M(2� ) + N �b�B�M(� ) + S(�b�B�M(� ) � �b�B�M(2� ))

�h�?�B�b �b���K�2 �K�2�i�?�Q�/ �B�b ���T�T�H�B�2�/ �i�Q �i�?�2 �7�Q�`�+�2�b �B�M �i�?�2Z �/�B�`�2�+�i�B�Q�M �Q�7 �i�?�2 �B�M�2�`�i�B���H �`�2�7�2�`�2�M�+�2 �7�`���K�2�X

�h�?�2 �2�[�m���H�B�i�v �i�Q �i�?�2 �#�Q�/�v �`�2�7�2�`�2�M�+�2 �7�`���K�2 �B�b ���b �7�Q�H�H�Q�r�b
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� �6Z = � �60
X �b�B�M(� ) + � �60

Z �+�Q�b(� )

�L�+�Q�b(� ) � S �+�Q�b(� ) =

�U�U�:�@���y�@���R�@�a�V�b�B�M(� ) + C �+�Q�b(� )) �b�B�M(� )

�Y�U�U���y�Y���R�Y�a�@�:�V�+�Q�b(� ) + C �b�B�M(� )) �+�Q�b(� )

�P�M�+�2 ���;���B�M�- �/�Q�m�#�H�2 ���M�;�H�2 �i�`�B�;�Q�M�Q�K�2�i�`�v �B�/�2�M�i�B�i�B�2�b ���`�2 �m�b�2�/ �i�Q �b�B�K�T�H�B�7�v �i�?�2 �2�[�m���H�B�i�v�X �h�?�2

�+�Q�M�i�`�Q�H�H���#�H�2 �7�Q�`�+�2�b ���`�2 �;�`�Q�m�T�2�/ �Q�M �i�?�2 �H�2�7�i �b�B�/�2 ���M�/ �i�?�2 �T�?�v�b�B�+���H �7�Q�`�+�2�b ���`�2 �;�`�Q�m�T�2�/ �Q�M �i�?�2

�`�B�;�?�i �b�B�/�2�X

�U���y�Y���R�V �+�Q�b(2� ) + C �b�B�M(2� ) =

�: �+�Q�b(2� ) + N �+�Q�b(� ) � S(�+�Q�b(� ) + �+�Q�b(2� ))

�� �J���h�G���" �+�Q�/�2�- �T�`�2�b�2�M�i�2�/ �B�M ���T�T�2�M�/�B�t�*�- �T�2�`�7�Q�`�K�b �i�?�2 �M�2�+�2�b�b���`�v �+���H�+�m�H���i�B�Q�M�b �i�Q �i�`���M�b�H���i�2

�� �p�2�b�b�2�H�ö�b �K�Q�i�B�Q�M �`�2�H���i�B�p�2 �i�Q �i�?�2 �T�Q�B�M�i �Q�7 �B�K�T���+�i �Q�M �� �`�2�;�m�H���` �r���p�2 ���M�/ �`�Q�i���i�2 �i�?�2 �7�`���K�2 �Q�7

�`�2�7�2�`�2�M�+�2 ���+�+�Q�`�/�B�M�;�H�v�X �h�?�2 �B�M�T�m�i�b �7�Q�` �i�?�2 �p�2�b�b�2�H�ö�b �K�Q�i�B�Q�M ���M�/ �i�?�2 �T���`���K�2�i�2�`�b �7�Q�` �i�?�2 �r���p�2

�+���M �#�2 �p���`�B�2�/ �i�Q �b�i�m�/�v �/�B�7�7�2�`�2�M�i �b�H���K�K�B�M�; �2�p�2�M�i�b�X �h�?�2 �Q�m�i�T�m�i �Q�7 �i�?�B�b �`�2�H���i�B�p�2 �K�Q�i�B�Q�M �+�Q�/�2

�B�b �i�?�2 �b�m�`�;�2�- �?�2���p�2�- ���M�/ �B�K�T���+�i ���M�;�H�2 �i�?�2 �K�Q�/�2�H �M�2�2�/�b �i�Q �?���p�2 �i�Q �+���T�i�m�`�2 �i�?�2 �b���K�2 �T�?�v�b�B�+�b

�Q�7 �i�?�2 �b�H���K �2�p�2�M�i�X �� �p�B�b�m���H �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �i�?�B�b �K�Q�/�2�H ���T�T�H�B�2�/ �i�Q ���M ���`�#�B�i�`���`�v �b�H���K �2�p�2�M�i

�B�b �b�?�Q�r�M �#�2�H�Q�r �B�M �6�B�;�m�`�2�j�X�9�X

�j�X�j �o�S�J�J �o�2�`�B�7�B�+���i�B�Q�M �a�i�m�/�v �1�t�T�2�`�B�K�2�M�i���H �J���i�`�B�t

�h�?�2 �o�S�J�J ���M�/ �+���`�`�B���;�2 �b�Q�7�i�r���`�2 �+���M �m�b�2 �i�?�2 �K�Q�i�B�Q�M �`�2�[�m�B�`�2�K�2�M�i�b �+���H�+�m�H���i�2�/ �#�v �i�?�2 �`�2�H���i�B�p�2

�K�Q�i�B�Q�M �/�v�M���K�B�+�b �K�Q�/�2�H ���b �B�M�T�m�i�b �i�Q �T�2�`�7�Q�`�K �� �b�T�2�+�B�7�B�+ �b�H���K �2�p�2�M�i�X �h�?�2 �p���H�B�/�B�i�v �Q�7 �i�?�B�b �M�Q�p�2�H

�i�2�b�i�B�M�; �K�2�i�?�Q�/ ���M�/ �i�?�2 �o�S�J�J �b�2�i�m�T �+���M �#�2 �p�2�`�B�7�B�2�/ �#�v �K���i�+�?�B�M�; �i�2�b�i �`�2�b�m�H�i�b �+�Q�H�H�2�+�i�2�/ �#�v

�i�?�2 �o�h �A�K�T���+�i �"���b�B�M �r�B�i�? �i�?�Q�b�2 �Q�7 ���M�Q�i�?�2�` �i�`�m�b�i�2�/ �7���+�B�H�B�i�v�X �h�?�2 �i�2�b�i�B�M�; �+�Q�M�/�m�+�i�2�/ �#�v �C�m�/�;�2
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�6�B�;�m�`�2 �j�X�9�, �o�B�b�m���H�B�x���i�B�Q�M �Q�7 �_�2�H���i�B�p�2 �.�v�M���K�B�+ �J�Q�/�2�H �J���h�G���" �*���H�+�m�H���i�B�Q�M

�2�i ���H�X�(�8�-�e�-�d�) ���i �i�?�2 �l�a�L�� �r�B�H�H �#�2 �m�b�2�/ �i�Q �p�2�`�B�7�v �i�?�2 �2�t�T�2�`�B�K�2�M�i���H �b�2�i�m�T �?�2�`�2 ���i �o�B�`�;�B�M�B��

�h�2�+�?�X �h�?�2 �l�a�L�� �m�b�2�/ �� �i�`���/�B�i�B�Q�M���H �i�2�b�i�B�M�; �K�2�i�?�Q�/ �i�Q �K�2���b�m�`�2 �i�?�2 �b�H���K�K�B�M�; �b�2�p�2�`�B�i�v �Q�M ��

�R�X�k�k �K �:�S�S�> �K�Q�/�2�H�X ���b �T�`�2�p�B�Q�m�b�H�v �K�2�M�i�B�Q�M�2�/�- �i�?�2 �l�a�L�� �:�S�S�> �b�2�`�p�2�/ ���b �i�?�2 �K�Q�H�/ �7�Q�`

�i�?�2 �o�h �:�S�S�>�- �`�2�b�m�H�i�B�M�; �B�M �M�2���`�H�v �B�/�2�M�i�B�+���H �K�Q�/�2�H�b�X

�h�?�2 �`���r �/���i�� �+�Q�H�H�2�+�i�2�/ �/�m�`�B�M�; �i�?�2 �l�a�L�� �i�2�b�i�B�M�; �r���b �`�2���M���H�v�x�2�/ �i�Q �B�/�2�M�i�B�7�v �i�?�2 �p�2�b�b�2�H �K�Q�@

�i�B�Q�M �T���`���K�2�i�2�`�b�- �i�?�2 �r���p�2 �+�?���`���+�i�2�`�B�b�i�B�+�b�- ���M�/ �i�?�2 �B�K�T���+�i �T�Q�B�M�i �#�2�i�r�2�2�M �i�?�2 �p�2�b�b�2�H ���M�/ �i�?�2

�i�`���p�2�H�B�M�; �r���p�2�X �h�?�2 �7�B�`�b�i �b�i�2�T �i�Q �+�Q�H�H�2�+�i�B�M�; �i�?�2�b�2 �T���`���K�2�i�2�`�b �r���b �i�Q �B�/�2�M�i�B�7�v �i�?�2 �K�Q�K�2�M�i

�Q�7 �B�K�T���+�i �7�`�Q�K �i�?�2 �l�a�L�� �?�B�;�?�@�b�T�2�2�/ �+���K�2�`�� �p�B�/�2�Q�X �h�?�2 �i�?�`�2�2 �b�M���T�b�?�Q�i�b �#�2�H�Q�r �b�?�Q�r �i�?�2

�b�2�H�2�+�i�2�/ �7�`���K�2 �Q�7 �B�K�T���+�i�- �r�B�i�? �i�?�2 �B�/�2�M�i�B�7�B�2�/ �T�Q�B�M�i �Q�7 �B�K�T���+�i �+�B�`�+�H�2�/ �B�M �Q�`���M�;�2�X

�h�?�B�b �B�K�T���+�i �K�Q�K�2�M�i �;���p�2 �i�?�2 �i�B�K�2 �Q�7 �B�K�T���+�i �`�2�H���i�B�p�2 �i�Q �i�?�2 �/���i�� �+�Q�H�H�2�+�i�2�/�X �h�?�B�b �i�B�K�2 �Q�7

�B�K�T���+�i �r���b �i�?�2�M �m�b�2�/ �i�Q �2�t�i�`���+�i �i�?�2 �.���Z �/���i�� ���b�b�Q�+�B���i�2�/ �r�B�i�? �i�?���i �T���`�i�B�+�m�H���` �b�H���K �2�p�2�M�i�X

�h���#�H�2�j�X�R�- �T�`�2�b�2�M�i�2�/ �#�2�H�Q�r�- �/�B�b�T�H���v�b �i�?�2 �F�2�v �T���`���K�2�i�2�`�b �2�t�i�`���+�i�2�/ �7�`�Q�K �i�?�2 �+�Q�H�H�2�+�i�2�/ �l�a�L��

�.���Z �/���i�� ���i �i�?�2 �i�B�K�2 �Q�7 �B�K�T���+�i�X
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�6�B�;�m�`�2 �j�X�8�, �l�a�L�� �_�m�M �3�R �A�K�T���+�i �J�Q�K�2�M�i

�6�B�;�m�`�2 �j�X�e�, �l�a�L�� �_�m�M �N�y �A�K�T���+�i �J�Q�K�2�M�i

�6�B�;�m�`�2 �j�X�d�, �l�a�L�� �_�m�M �N�d �A�K�T���+�i �J�Q�K�2�M�i
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�h���#�H�2 �j�X�R�, �E�2�v �S���`���K�2�i�2�`�b �h���F�2�M �7�`�Q�K �l�a�L�� �.���Z �.���i��

�_�m�M �3�R �_�m�M �N�y �_�m�M �N�d

�a�m�`�;�2 �U�K�f�b�V �e�X�j�N �e�X�j�N �e�X�j�N

�A�M�B�i�B���H �h�`�B�K �U�ê�V�9�X�3�N �9�X�9�j �d�X�j�k
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�+�Q�M�/�B�i�B�Q�M�X �6�Q�` �2���+�? �+�Q�M�/�B�i�B�Q�M�- �� �+�2�`�i���B�M �?�2���p�2 �p�2�H�Q�+�B�i�v ���M�/ �b�m�`�;�2 �p�2�H�Q�+�B�i�v ���`�2 �T�`�2�b�+�`�B�#�2�/ �i�Q

�i�?�2 �:�S�S�> �K�Q�/�2�H�X ���i �i�?�2 �i�B�K�2 �Q�7 �B�K�T���+�i�- �r�?�2�Mt = 0�- �2���+�? �Q�7 �i�?�2�b�2 �p�2�H�Q�+�B�i�B�2�b ���`�2 �B�M ��

�b�i�2���/�v �b�i���i�2�X �h�?�B�b �b�i�2���/�v �b�i���i�2 �p�2�H�Q�+�B�i�v �B�b �?�2�H�/ �/�m�`�B�M�; �b�m�#�K�2�`�;�2�M�+�2 �7�Q�` ���b �H�Q�M�; ���b �T�Q�b�b�B�#�H�2

�i�Q �/�2�p�2�H�Q�T �i�?�2 �H���`�;�2�b�i �r�B�M�/�Q�r �r�B�i�? �i�?�B�b �+�Q�M�/�B�i�B�Q�M�X �6�B�;�m�`�2�8�X�R�/�B�b�T�H���v�b �i�?�2 �K�Q�i�B�Q�M �T�`�Q�7�B�H�2 �7�Q�`
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�/�2�+�2�H�2�`���i�B�Q�M �Q�M �i�?�2 �H�B�M�2���` ���+�i�m���i�Q�` �+�H�Q�b�2�` �i�Q �i�?�2 �#�Q�r�- ���M�/ �i�?�2 �`�2�/ �H�B�M�2 �`�2�T�`�2�b�2�M�i�b �i�?�2 �H�B�M�2���`
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���7�i�2�` �`�2���+�?�B�M�; �i�?�2 �K���t�B�K�m�K �b�m�#�K�2�`�;�2�M�+�2 �/�2�T�i�?�- �i�?�2 �K�Q�/�2�H �r���b �`���B�b�2�/ �Q�m�i �Q�7 �i�?�2 �r���i�2�` �7�Q�`

���M �2�t�i�`�� �H�2�p�2�H �Q�7 �b���7�2�i�v�X �h�?�2 �K�Q�/�2�H �r���b �T�`�2�b�+�`�B�#�2�/ �i�Q �`�B�b�2 �Q�m�i �Q�7 �i�?�2 �r���i�2�` ���i �� �?�2���p�2 �p�2�H�Q�+�B�i�v
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�K�B�M�B�K�B�x�2�/ �i�?�2 �/�m�`���i�B�Q�M �Q�7 �?�B�;�? �H�Q���/�b �Q�M �i�?�2 �b�2�M�b�Q�`�b ���M�/ �i�?�2 �K�Q�/�2�H�X ���M �2�t���K�T�H�2 �K�Q�i�B�Q�M
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�_�2�+���H�H �i�?���i �i�B�K�2 ���M�/ �T�Q�b�B�i�B�Q�M ���`�2 �2�[�m���H �i�Q �x�2�`�Q ���i �i�?�2 �K�Q�K�2�M�i �i�?�2 �K�Q�/�2�H �7�B�`�b�i �2�M�i�2�`�b �i�?�2
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�6�B�;�m�`�2 �8�X�j�, �o�2�`�B�7�B�+���i�B�Q�M �Q�7 �S�Q�b�B�i�B�Q�M ���M�/ �o�2�H�Q�+�B�i�v �Q�7 �1���+�? ���+�i�m���i�Q�` �7�Q�` �*�Q�M�/�B�i�B�Q�M �R

�8�X�R�X�k �6���+�i�Q�`�b �7�Q�` �L�Q�M�/�B�K�2�M�b�B�Q�M���H�B�x���i�B�Q�M
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VT = ( V 2
H + V 2

S )1/2
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�:�S�S�> �+�`�2���i�2�/ �#�v �i�?�2 �l�a�L���X �h�?�2 �b�m�#�K�2�`�;�2�M�+�2 �/�2�T�i�? �7�Q�` �2���+�? �i�`�B�K ���M�;�H�2 �r���b ���b�b�m�K�2�/ �i�Q
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