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Heavy Tails and Anomalous Diffusion in Human Online Dynamics

Xiangwen Wang

(ABSTRACT)

In this dissertation, I extend the analysis of human dynamics to human movements in online

activities. My work starts with a discussion of the human information foraging process based

on three large collections of empirical search click-through logs collected in different time

periods. With the analogy of viewing the click-through on search engine result pages as a

random walk, a variety of quantities like the distributions of step length and waiting time as

well as mean-squared displacements, correlations and entropies are discussed. Notable dif-

ferences between the different logs reveal an increased efficiency of the search engines, which

is found to be related to the vanishing of the heavy-tailed characteristics of step lengths

in newer logs as well as the switch from superdiffusion to normal diffusion in the diffusive

processes of the random walks. In the language of foraging, the newer logs indicate that

online searches overwhelmingly yield local searches, whereas for the older logs the forag-

ing processes are a combination of local searches and relocation phases that are power-law

distributed. The investigation highlights the presence of intermittent search processes in

online searches, where phases of local explorations are separated by power-law distributed

relocation jumps. In the second part of this dissertation I focus on an in-depth analysis of

online gambling behaviors. For this analysis the collected empirical gambling logs reveal

the wide existence of heavy-tailed statistics in various quantities in different online gam-

bling games. For example, when players are allowed to choose arbitrary bet values, the

bet values present log-normal distributions, meanwhile if they are restricted to use items as

wagers, the distribution becomes truncated power laws. Under the analogy of viewing the

net change of income of each player as a random walk, the mean-squared displacement and



first-passage time distribution of these net income random walks both exhibit anomalous

diffusion. In particular, in an online lottery game the mean-squared displacement presents

a crossover from a superdiffusive to a normal diffusive regime, which is reproduced using

simulations and explained analytically. This investigation also reveals the scaling charac-

teristics and probability reweighting in risk attitude of online gamblers, which may help

to interpret behaviors in economic systems. This work was supported by the US National

Science Foundation through grants DMR-1205309 and DMR-1606814.
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Heavy Tails and Anomalous Diffusion in Human Online Dynamics

Xiangwen Wang

(GENERAL AUDIENCE ABSTRACT)

Humans are complex, meanwhile understanding the complex human behaviors is of crucial

importance in solving many social problems. In recent years, sociophysicists have made

substantial progress in human dynamics research. In this dissertation, I extend this type of

analysis to human movements in online activities. My work starts with a discussion of the

human information foraging process. This investigation is based on empirical search logs and

an analogy of viewing the click-through on search engine result pages as a random walk. With

an increased efficiency of the search engines, the heavy-tailed characteristics of step lengths

disappear, and the diffusive processes of the random walkers switch from superdiffusion to

normal diffusion. In the language of foraging, the newer logs indicate that online searches

overwhelmingly yield local searches, whereas for the older logs the foraging processes are

a combination of local searches and relocation phases that are power-law distributed. The

investigation highlights the presence of intermittent search processes in online searches, where

phases of local explorations are separated by power-law distributed relocation jumps. In the

second part of this dissertation I focus on an in-depth analysis of online gambling behaviors,

where the collected empirical gambling logs reveal the wide existence of heavy-tailed statistics

in various quantities. Using an analogy of viewing the net change of income of each player as

a random walk, the mean-squared displacement and first-passage time distribution of these

net income random walks exhibit anomalous diffusion. This investigation also reveals the

scaling characteristics and probability reweighting in risk attitude of online gamblers, which

may help to interpret behaviors in economic systems. This work was supported by the US

National Science Foundation through grants DMR-1205309 and DMR-1606814.
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Chapter 1

Introduction

1.1 Sociophysics

Human behaviors and their interactions form our human society, but humans are complex.

Understanding these complex human behaviors is of crucial importance to mankind. Provid-

ing models that precisely describe human beings not only contributes to better predictions

of human activities and solutions for social problems, but also helps to interpret human

intelligence and explain social evolution. For such reasons, the study of human behaviors

has led to the emergence of research areas including economics, sociology, politics, as well

as psychology, anthropology, and behavioral science. Traditionally, those different research

areas investigate different aspects of humans, but scientists begin to realize the importance of

cooperation among different disciplines. Yet subject barriers still exist. Most of the studies

in these areas focus on qualitative descriptions of human behaviors. However, qualitative

descriptions cannot meet the requirements for precise predictions. On the other hand, statis-

tical physicists have proposed theories which provide satisfying quantitative descriptions of

systems that consist of large numbers of particles. Despite the similarities with systems that

consist of large numbers of elements, usually those theories cannot be directly applied to

model social problems, since compared to particles, humans have emotions and intelligence,

and there are strong interactions between individuals and their peers, as well as strong in-

teractions between individuals and the environment. Therefore new approaches based on

1
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modifications of the theories in statistical physics are required.

Sociophysics is a field in which physicists and scientists from other disciplines work together

to use the conceptual theories and tools of statistical physics to describe and interpret the

complex systems resulting from human activities. Compared to traditional research, the

advantage of sociophysics research resides in its possibilities to provide quantitative analysis

and analytic solutions for social problems. Generally speaking, sociophysics aims to extract

the characteristics of the abstract concepts and rules in social phenomena and summarize

them into quantitative laws. With that said, a lot of current sociophysics studies are still ex-

ploring the qualitative features of human behaviors. For example, in social systems there is a

co-existence of order and disorder. How and why transitions happen between the two states

is a question needed to be addressed by sociophysicists [1]. Another example is the study of

the emergence of scaling and universality in human behaviors. With the introduction of fresh

physics concepts and analogies, mathematical tools and topology, nowadays sociophysics has

become a large and vastly growing area, in which sociophysicists have already achieved fruit-

ful research results addressing different social applications [1], especially in the past decade.

Once again we should realize that sociophysics is not restricted to physicists, the knowledge

and prior work from other disciplines are essential for building realistic individual and social

models, leading to the critical needs for persistent inter-disciplinary cooperation [2].

1.2 Human dynamics

From a high-level overview, there are in general two sub-branches in sociophysics research:

one is to capture the underlying mechanism behind the dynamics of the individual human

behaviors, known as Human Dynamics; whereas the other one focuses more on the outcome of

the interactions among individuals, known as Social Dynamics. This dissertation particularly
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focuses on the analysis of human dynamics. Statistical physics is built upon the fact that the

behaviors of the fundamental elements in physical systems, particles, are well understood.

On the other hand, the fundamental elements in society are human beings. However, the

physiological and psychological complexities of human individuals lead to erratic nature of

individual behaviors, as well as to a huge diversity among individuals [1]. The complex

patterns behind the behaviors still remain largely uninvestigated. Laws quantifying the

activity patterns of human beings are crucial for applying statistical physics analogies and

models to social problems; they therefore become an important research topic in sociophysics.

There are mainly two paths in the studies of human dynamics: one is dedicated to the

empirical analysis of real-world human activities for the purpose of uncovering unknown

spatiotemporal patterns, based on which new assumptions and models are proposed; the

other one aims at modifying existing assumptions and models, and relies on computational

simulations to reproduce social phenomena. My work mainly follows the first path.

For empirical analysis in human dynamics research, many studies stick with the modeling

of the patterns at the aggregate level. Studies have shown signs of the existence of solid

regularities across different human activities [3], meanwhile there are also studies showing

that those regularities might not hold at the individual level. Statistical physics relies on

the law of large numbers [4]. Often, good estimations of the mean behaviors of elements can

provide satisfying predictions on global behaviors, therefore analyses at the population level

can be good starting points for the studies of human dynamics.

1.3 Data-driven research

Information technology has made tremendous progress in the past three decades, which

includes the advancements of information capturing, storing, and analyzing methods and
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tools. As a result, extensive amounts of information and data have been collected and dig-

itized. For example, ubiquitous portable sensors and online loggers enable large collections

of human-related data. The abundant data leads to a new methodology for performing

scientific studies, data-driven research, which follows three steps: first, use automated pro-

grams to clean and parse the massive and usually unstructured raw data; second, obtain

statistics, including features and relations, from the prepared data using advanced statisti-

cal methods; third, explore reasons and infer insights from the statistics obtained. Jim Gray

described data-driven research as the fourth paradigm of science, after the empirical, theo-

retical, and computational branches, and his view has been widely accepted [5]. With this

new paradigm which focuses on data-intensive systems, countless new findings emerged in

different research areas. Nonetheless, there are still lots of discussions between the different

methodologies for performing research (such as the comparison between data-driven research

and problem-driven or hypothesis-driven research [6, 7]).

On the other hand, data-driven research also brings new challenges. One usually finds

cleaning and processing large amounts of data to be difficult, not only because of the fact

that empirical data usually comes with noise, correlations, and heterogeneity [8], but also due

to the incomplete development of big-data analytic techniques. Luckily physicists have long

been working on analyzing large and complex datasets, such as those collected in particle

physics or astrophysics studies, and when physicists expand their research to sociophysics,

some techniques and intuitions can still be applied. However, through data analysis one only

obtains statistics or evidence, not insights. To address this, we should realize that disciplinary

knowledge and theories are important for exploring reasons and inferring insights from the

statistics of the data [2, 9], therefore are essential for data-driven research.

Scientific experiments and observations usually cost considerable amounts of time and re-

sources, meanwhile the data obtained in one experiment/observation sometimes can be used
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for different research topics. In recent years, there has been an increasing trend towards

the open-data movements [10, 11, 12]. More and more research facilities, companies, and

governments begin to make their collected data publicly available, which reduces the overall

data collection workload of academic research. Sociophysics research can also take advan-

tage of open data. The massive online activity and social statistics data, usually published

by major companies or research facilities, enable the studies of human activity pattern to a

large but detailed scale. With more open data being published online, more new findings

related to sociophysics will emerge in the future.

1.4 Structure of this dissertation

This dissertation is structured as follows. In Chapter 1, I present high-level overviews of the

research topics in this dissertation, including introductions to sociophysics, human dynamics,

and data-driven research. In Chapter 2, I give literature reviews of the history and recent

progress in human dynamics, which also includes the discussions of candidate distribution

models and appropriate statistical methods for performing analysis. Then, three projects

about human dynamics will be discussed separately, in all of which I consider certain human

activities as random walk processes. This analogue enables the connection between human

activities and the random walk models as well as the diffusive theories discussed in statistical

physics. In Chapter 3, we analyze the click-through behaviors on search engine result pages,

from which we extract the human information foraging pattern. We consider the search-

ing process as a random walk on a one-dimensional half line and observe a switch from a

superdiffusive searching pattern to a normal diffusive one when the search engine ranking

algorithm is improved. In Chapter 4, we collect online gambling logs from an online lottery

game, where we treat the change of gamblers’ net income as a random walk, and observe a
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crossover from superdiffusion to normal diffusion. This crossover can be reproduced using

simulations with two conditions: finite individual wealth and conserved total wealth. We

further provide analytic explanations for this crossover. In Chapter 5, we extend the analy-

sis of gambling dynamics to more general online gambling games, in which we report some

commonalities of online gambling behaviors, including the log-normal wager distribution,

the scaling characteristics of risk attitude, and the anomalous diffusive pattern. Finally, in

Chapter 6, I summarize the findings and potential applications of the work presented in this

dissertation.



Chapter 2

Literature Review

2.1 A quick review of the history of sociophysics

Starting from the 19th century, sustained efforts have been made in studying and understand-

ing complex human behaviors. In the 1830s, Quetelet adopted mathematical tools, including

probability theory, to describe some of the basic phenomena in human society with empirical

data [13], and he pointed out the wide existence of normal distributions in social problems.

Around 1860, Carey published three volumes [14, 15, 16], in which he considered humans as

the molecules in society, and proposed a gravity law to describe the demographic interactions

in society, which involves the concentration of individuals (mass) and a “distance.” During

the first half of the 20th century, with the increasing development of physics theories and

related mathematical tools, scientists began to realize the importance of research related to

sociophysics. Typical results include Pareto’s law for the social income distribution [17], and

the demographic/retail gravitation theories [18, 19], etc. Around 1950, there were a series of

introductory articles published by Stewart focusing on the subject “social physics,” in which

he listed the bases [20], suggested principles [21], concerns [22], and developments [23] of

this new area. Sociophysics research began to accelerate after 1960s with the emergence of

cellular automata models [24] which provide a practical tool for performing simulations of

social dynamics, and the adoption of new topology, for example complex networks [25, 26],

which renders the structures of social interactive models more realistic compared to those

7
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built on lattice structures. In addition, the introduction of advanced theories and concepts

in statistical physics, such as self-organization [27] and critical phenomena (order-disorder

phase transition) [28], helps to better interpret complex social behaviors, therefore further

boosts the research of sociophysics. Today, sociophysics has become a widely accepted sci-

ence subject, and it has flourished into a wide range of research topics, which covers human

dynamics [29, 30], opinion dynamics [31, 32], language dynamics [33, 34], traffic flow model-

ing [35, 36], etc. As this dissertation focuses mainly on human dynamics, I refer those who are

interested in the other research topics to articles/books which provide more comprehensive

sociophysics reviews [1, 3].

2.2 Recent findings in human dynamics

2.2.1 Temporal patterns

The burst of human dynamics research began with Barabási’s Nature publication in 2005 [37],

in which he studied the temporal patterns of email communications, and pointed out that

the response time of replying emails and waiting time between sending emails both follow

power-law distributions with exponents close to 1.5, meaning that the email sending/re-

sponding behaviors present short-time bursts and long-time silences. In the same paper

Barabási also proposed a queuing model with a fixed and finite queue length as the gener-

ative mechanism for these power-law distributions. Later Vázquez [38] provided an exact

solution for this model. There are dozens of follow-up studies confirming the wide existence

of similar power-law waiting time distributions in other interactive human activities, such

as in mail correspondences among famous scientists [29], message communications [39], on-

line communications [40], etc. However, these studies also showed that the exponents are
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not restricted to 1.5. At the same time, power-law distributed inter-event waiting times

are also observed in non-interactive human activities, such as in web browsing [41], rating

movies [30], computer usage [42], etc. Vázquez summarized the above results into interac-

tive and non-interactive groups, respectively with an exponent of 1.5 and 1, and proposed

two queuing models with different queue lengths to explain the exponents [43]. However, as

mentioned earlier the exponents are not fixed for one group of activities, therefore Vázquez’s

conclusion is faulty. Apart from the queuing models, sociophysicists also proposed other

explanations based on characteristics of human behaviors for the power-law distributions of

waiting time, including memory effects [44], seasonality [45], and human interactions [46].

On the other hand, whether the waiting times indeed follow power-law distributions is still

debated. Several studies [47, 48, 49] suggested that other types of heavy-tailed distribu-

tions can better describe the waiting times mentioned above, and Malmgren [50] proposed

a cascading non-homogeneous Poisson model for explaining the heavy tails observed.

2.2.2 Spatial patterns

The investigation of human mobility patterns started with the publication [51] by Brockmann

et al. in Nature in 2006 in which they indirectly studied the trajectories of individuals by

tracking bank notes and observed that the jump-length distribution at the population level

follows a power-law distribution. They further pointed out that the movements of bank notes

follow an ultra-slow diffusion, and proposed a continuous-time random walk (CTRW) model

to describe the spatial-temporal pattern of human movements. Using cellphone location data,

which provides better and consistent tracking, González [52] observed that the displacements

in human movements follow a power-law distribution with an exponential cutoff. The paper

also revealed the bounded nature and temporal regularities in human movements. More fine-

grained results were obtained by analyzing the GPS logs of human daily movements [53, 54],
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and similar scaling properties were reported. Rhee [53] further observed that as the time scale

increases, there is a crossover from superdiffusion to subdiffusion in human movements. Aside

from the daily movements, the foraging pattern of hunters and food gatherers in Africa [55]

and marine fishers [56] also presented power-law distributed displacements, similar to those

observed in animal foraging processes [57]. To explain the generative mechanism of the

power laws of the displacement distributions, Song proposed an exploration and preferential

return model [58], Han gave an alternative explanation based on the hierarchical structure

of the traffic systems [59, 60], and Zhao suggested that the cause is due to the mixture

of different transportation modes [61]. On the other hand, studies have shown that the

scaling characteristics no longer hold at the individual level [62]. And even at the population

level, certain movements (such as taxi trips [63] and driving [64]) only provide exponentially

distributed jump lengths. The inconsistency here reveals the fact that human mobility

patterns can hardly be captured by simple generative mechanisms.

The above analysis focuses on human movements in real space. Sociophysicists also looked

into the movement patterns in mental/cognitive spaces [65]. Rhodes [66] studied human’s

lag time when recalling information, and found that it follows a power-law distribution.

Considering the lag time as the traveling distance in mental space, Rhodes concludes that

human memory retrieval is similar to Lévy flights. Another study by Radicchi [67] focused

on an online auction game called “Lowest Unique Bid,” in which players try to find the

unmatched lowest price for a product. The researchers investigated how players adjust

their proposed prices (bids), and found that the change of the prices follow a power-law

distribution, which suggests that the mental searching process of the “correct” price can be

described by a Lévy flight. Radicchi further proposed an evolutionary model for explaining

the price searching strategies [68].
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2.3 Heavy-tailed distributions and proper statistical meth-

ods for distribution analysis

I have repeatedly mentioned power-law distributions in the above sections, which is one of

the key findings in recent human dynamics research. However, one can easily confuse a

power-law distribution with other types of heavy-tailed distributions [69]. Heavy-tailed dis-

tributions are those distributions which have tails decaying slower than exponential functions

e−µx [70]. A power-law distribution P (x) ∼ x−α is a typical example, which has been seen in

many physical, biological and social systems, such as the wealth distribution in a society [71].

One characteristic of a power-law distribution is scale invariance, therefore it is also referred

to as a scaling law. In practical, empirical data usually comes with an upper boundary,

and due to the finite-size effect, the power-law distribution sometimes is truncated with an

exponential tail. Although a power-law distribution with exponential cutoff P (x) ∼ x−αe−µx

is not strictly a heavy-tailed distribution according to the mathematical definition, it still

presents the scaling property within a certain range and the data following that distribution

still present a large inequality. For that reason, we often keep using the term “heavy-tailed”

for that distribution. Another example of heavy-tailed distribution is the log-normal distri-

bution [72], in which the logarithm of the data follows a normal distribution. It is widely

found in biological, economic, and physical systems, such as the rainfall size distribution [73].

Due to its connection with the normal distribution, a log-normal distribution can be gener-

ated with a multiplicative process [74]. Some other examples of heavy-tailed distributions

include the Weibull distribution, stretched exponential distribution, t-distribution, etc.

A commonly used method for identifying a power-law distribution and the corresponding

parameters is through a graphical approach. The most naive graphical method is to draw the

probability distribution curve under a double logarithmic scale, and a power-law distribution
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will appear as a straight line. However, empirical data usually are affected by noise, which

leads to noisy distribution curves, from which it is hard to identify lines. To remove the

noise, one can adopt logarithmic binning techniques, in which the points on the curves are

averaged within equal logarithmic intervals [75]. Instead of directly drawing the probability

distribution curves, an improved method relies on using the complementary cumulative dis-

tribution function (CCDF) curves F̄ (x) = P (X > x), which vastly reduces the influence of

noise [76]. Yet it is not perfect, as a graphical approach always relies on visual judgment,

which is inaccurate [77].

To address this, Clauset [69] proposed a standard procedure for performing the distribu-

tion analysis for heavy-tailed distributed data. The first step is to estimate parameters for

candidate distributions using maximum likelihood estimation (MLE)

θ̂ = arg max
θ

L(θ|x) , (2.1)

where θ̂ are the estimated parameters, L(θ|x) is the likelihood of the parameters θ given

observed data x, and arg max
y

G(y) represents finding the y that maximizes the value of

G(y). The likelihood is a function of the parameters θ of a distribution. When assuming

the observed data are independent, the likelihood can be calculated as the probability of the

observed data under that distribution which uses the parameters θ

L(θ|x) =
n∏

i=1

Pθ (xi) . (2.2)

Once we obtain the estimated parameter, we calculate the Akaike information criterion

(AIC) of the distribution,

AIC = 2np − 2 ln L̂ , (2.3)

where np is the number of parameters in that distribution. AIC is widely used for model
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comparison. Among the candidate distribution models, the one which provides the lowest

AIC is preferred. AIC rewards good fittings to the observed data (with − ln L̂), at the same

time it penalizes the complexity of the distribution (with np). Then, we can calculate the

Akaike weights for each of the distributions

wi =
exp ((AICmin − AICi)/2)∑
j

exp ((AICmin − AICj)/2)
. (2.4)

Obtained Akaike weight is the relative probability that the data follows that distribution.

The most likely distribution is the one with the greatest Akaike weight. The last issue needed

to be addressed is the determination of the start of the “tails.” The suggested method is

to choose the value that minimizes the Kolmogorov–Smirnov (K-S) distance between the

CCDFs of the fitted distribution and the empirical distribution [69]. I will come back to

these procedures in Ch. 3.



Chapter 3

Foraging Patterns in Online Searches

The contents in this chapter were copied with permission from our publication [78]

X. Wang and M. Pleimling, Physical Review E 95, 032145 (2017). APS-Copyrighted.

Under Dr. Michel Pleimling’s supervision, I contributed all the contents in this chapter.
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3.1 Introduction

An increasingly large part of our day is devoted to online activities. It is therefore not sur-

prising that in recent years online mobility patterns have emerged as a new interdisciplinary

research area. Much attention has been given to scaling and non-Markovian features of web

browsing [79, 80, 81, 82, 83, 84], to the features of mobility in online games [85, 86] as well

as to emerging scaling properties in e-commerce [87].

Each day, tens of billions of clicks are generated on search engines. Understanding human

online search click-through behavior can therefore be of central importance to improve rank-

ing algorithms, rearrange page layout for search engines, and reduce advertisement spending

for enterprises. Click-through data, which are extracted from the click logs of search engines,

contain information on the links clicked by a user as a result of a query submitted to a search

engine. These data have been exploited in a variety of studies that aimed at optimizing web

searches and at improving retrieval quality [88, 89, 90, 91].

Our daily experience with web searches shows that a fully deterministic search strategy

usually does not optimize the search outcome. Instead, there is often some degree of ran-

domness involved in choosing the links to click on among those provided by a search engine.

It is therefore tempting to investigate web searches from the point of view of random search

strategies.

Studies of search strategies [92] in animal foraging [57, 93, 94, 95, 96, 97] hint at intriguing

connections between movement patterns and availability of prey. Roughly speaking, one can

distinguish between two different cases. If prey are abundant, then the predator tends to

perform a random walk and only explores a rather restricted territory. On the other hand,

if prey are scarce, evidence has been found that the pattern changes to a Lévy walk (or,

alternatively, to an intermittent search process that includes Lévy movements [98, 99]) that
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allows one to cover much larger areas or volumes and to optimize search efficiency when

resources are sparsely distributed. It has been claimed that Lévy movement patterns also

show up in human foraging [55, 100] as well as in the migration of bacteria [101, 102] and T

cells [103]. Of course, the simple relationship between displacement pattern and availability

of prey only prevails on large scales, and a much more complex and subtle picture emerges

when going beyond such a coarse-grained description [104, 105, 106, 107].

Analyzing extensive click-through data sets from different search engines collected in different

years, we consider in this chapter online searches as foraging processes on a straight semi-

infinite line and find a transition in the search patterns from a behavior that includes long-

range relocations to a purely local Brownian-type motion with increasing efficiency of the

search engines. A more detailed analysis reveals a behavior that is more complex than simple

Lévy flights or Brownian motions.

In the next Section we describe the click-through data as trajectories on a semi-infinite

line. Section 3.3 analyzes these data as foraging processes on the semi-infinite line through

the study of numerous quantities, ranging from probability distributions and complemen-

tary cumulative distribution functions of displacement and waiting time to mean-squared

displacements and entropies. Our analysis indicates that the character of online searches

changes with increasing efficiency of search engines, shifting from processes that include

power-law distributions to a Brownian-type behavior.

3.2 Click-through data sets

Our study of human online search patterns is based on three click-through data sets collected

by different commercial search engine providers. The sets Sogou-08 and Sogou-11 were

collected on the Chinese search engine Sogou in 2008 and 2011 respectively, whereas the set
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Yahoo-10 was collected on Yahoo in 2010. For a detailed description of the data sets and of

the data preparation we refer the reader to Appendix A.
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Figure 3.1: Illustration of the terms used in this study: clicking order n, rank r, time of
nth click tn, and step-length dn between successive clicks on results provided by the search
engine.

As explained in Appendix A and illustrated in Fig. 3.1, for each query submitted to one

of the search engines we assign to every click on a search result a pair of “space”-“time”

coordinates where the “time” is the time in seconds passed since the first click (i.e., for the

first click, t1 = 0), whereas the “space” coordinate is the rank of the search result, i.e.,

its position when treating all search results as points on a semi-infinite line, where the top

result is assigned the rank r = 1. The nth click is therefore characterized by the pair (tn, rn).

Subsequent clicks for a given search then correspond to subsequent steps along the semi-

infinite line where the rank difference ∆rn = |rn+1 − rn| is the step-length dn = ∆rn. The

sign of rn+1 − rn provides us with the direction of the steps. As we will see later, the data

show a strong bias in the forward direction. In a similar way we define as waiting time τn
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the time interval between two successive clicks 1: τn = tn+1 − tn.

Usually a query ends when the user finds the relevant information. In the language of foraging

the relevant information is therefore the resource. We know from our own experience that

users occasionally terminate a search early once they are convinced that the search term is

unlikely to yield the expected result. The limitations of the data bases used in this study do

not allow to identify these instances. We therefore do not try to distinguish between these

cases and treat all queries in the same way, with the resource being located at the site r = rf

that corresponds to the rank of the last search result clicked by the user. Of interest is also

the number of clicks (steps) needed to reach the resource. As we discuss below, the resource

location rf and the clicking number Nc provide simple ways of evaluating the efficiency of

a search engine. Both rf and Nc would presumably change slightly if we would be able to

identify those searches that resulted in the user finding the information they were looking

for.

In the following we focus on probability distributions and on complementary cumulative

distribution functions (CCDF(x) is the probability P (X > x) that the random variable X

has a value larger than x) in order to analyze the motion patterns emerging from online

searches. We take a population level approach and base our analysis on population-averaged

distributions. As we are dealing with millions of queries for every search engine, see Table 3.1,

we expect that distribution functions provide a very reliable characterization of the foraging

patterns in online searches.

1The waiting time consists of two parts: the time for viewing the previously clicked result and the time
needed to select the next link on the search result pages. Our data do not allow us to distinguish between
these two contributions.
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3.3 Model selection and parameter estimation

In the following we model the distributions of various quantities in the large-value limit with

a variety of models and select the best model using the Akaike information criterion (AIC).

As the quantities derived from the click-through data sets take on positive integers only, we

consider only discrete versions of the models.

As a power-law model we use the discrete power-law (DPL) distribution

P (k) =
k−α

ζ(α, kmin)
∼ k−α, k ≥ kmin, α > 1, (3.1)

where the normalizing factor

ζ(α, kmin) =
∞∑

m=kmin

m−α (3.2)

is the incomplete ζ-function [108]. For the exponential model we use the “shifted” geometric

(SG) distribution

P (k) = p(1− p)k−kmin , k ≥ kmin, 1 ≥ p > 0, (3.3)

=
(
1− e−λ

)
e−λ(k−kmin) ∼ e−λk, λ > 0, (3.4)

where λ = − ln(1− p).

We also included in the model selection the power law with exponential cutoff (PEC) model:

P (k) =
1

Liα(e
−λ)−

kmin−1∑
i=1

i−αe−λi

k−αe−λk ∼ k−αe−λk, k ≥ kmin, λ > 0, α > 0, (3.5)

where Liα(z) is the polylogarithm function, the discrete log-normal model (DLN) [109]:



20 Chapter 3. Foraging Patterns in Online Searches

P (k) =

Φ

(
ln(k + 1)− µ

σ

)
− Φ

(
ln(k)− µ

σ

)
1− Φ

(
ln(kmin)− µ

σ

) , k ≥ kmin, σ > 0, (3.6)

where Φ(·) is the standard normal cumulative distribution function, the Yule-Simon (YS)

distribution [69, 110]

P (k) = (α− 1)
Γ (kmin + α + 1)

Γ (kmin)

Γ(k)

Γ(k + α)
, k ≥ kmin, α > 1, (3.7)

which for k sufficiently large yields P (k) ∼ k−α, and the conditional Poisson (CP) distribu-

tion [69]

P (k) =

[
eµ −

kmin−1∑
m=0

µm

m!

]−1

µk

k!
, k ≥ kmin, µ > 0. (3.8)

Finally, we also considered a pairwise power-law (PPL) distribution, which consists of two

power-law regions that are connected at k = ktrans:

P (k) =


C k−α, kmin ≤ k < dktranse

Ckβ−α
trans k

−β, dktranse ≤ k

, α, β > 1, ktrans > kmin, (3.9)

with the normalization factor

C =
(
ζ(α, kmin)− ζ(α, dktranse) + kβ−α

transζ(β, dktranse)
)−1

. (3.10)

Due to the ceiling function dxe this distribution does not strictly sum up to 1. Still, as we

will see in the following, it does provide in many instances a good fit to our data.

Inspection of these distributions reveals the presence of a minimal value kmin that determines

the start of the ‘tail’ used for the modeling. In many cases kmin can be determined as the

value that minimizes the Kolmogorov-Smirnov statistics between the empirical distributions
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and the fitted distributions [69].

Due to the large size of our data we directly use the formula AIC = −2 ln L̂ + 2np for the

Akaike information criterion. Here np is number of parameters in each distribution model

and L̂ is the maximum likelihood of the model (see Appendix B). The Akaike weight wi

[111] for each model is

wi =
exp ((AICmin − AICi)/2)∑
j

exp ((AICmin − AICj)/2)
, (3.11)

with the model with the largest Akaike weight being the most likely model.

Although we show in the following plots of the probability distribution functions (with loga-

rithmic binning) and of the complementary cumulative distribution functions as illustration,

we do not use them directly for parameter estimation. Instead we estimate parameters from

the distribution models with the maximum likelihood method. The maximum likelihood

estimators (MLE) for the different parameters are summarized in Appendix B.

3.4 Results

3.4.1 Search engine efficiency

Before delving into a detailed analysis of foraging related quantities like step-lengths and

waiting times, we will first briefly characterize in a straightforward way the efficiency of the

different search engines (or of the same search engine in different years) through the clicking

number, i.e., the number of clicks needed before the user ends the query.

From the point of view of a user submitting a query to a search engine, what matters is the

number of links they have to click on before retrieving the needed information. The clicking

number Nc should therefore directly reflect the efficiency of a search engine to provide the
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user with the relevant information.

Table 3.1: Comparison of the search engine efficiency based on the clicking number Nc. The
third line provides the total number of queries analyzed in our study. As a default the search
engines provide 10 links per page.

Sogou-08 Sogou-11 Yahoo-10
year 2008 2011 2010

search engine provider Sogou Sogou Yahoo
number of valid queries (in millions) 14.6 30.4 53.8

〈Nc〉 1.741 1.433 1.130
max(Nc) 299 23 19

P (Nc > 10) 0.626% 0.000033% 0.00655%

Table 3.1 summarizes some of our findings for the clicking number. Inspection of the table

reveals immediately striking differences when comparing Sogou-08 with the other, newer,

sets. Both the average clicking number 〈Nc〉 and the largest clicking number found in the

millions of queries forming the different sets point to an impressive increase of the efficiency

when going from Sogou-08 to the newer sets. The most striking difference is provided by

the probability P (Nc > 10) that more than 10 clicks are needed for accessing the relevant

information. Whereas for Sogou-08 around 0.63% of the queries result in more than 10 clicks

on links provided by the search engine, only a very small number of searches in Sogou-11

and Yahoo-10 result in the inspection of more than 10 links.

The distribution CCDF(Nc) shown in Fig. 3.2 reveals the dramatic differences between

the efficiency (as measured by Nc) of the different search engines. Note that the error of

the obtained probability values of heavy-tailed distributions is not normally distributed.

Although there exist several statistical methods for estimating the confidence intervals of

those probability values, including data tilting [112] and bootstrap [113], our adoption of

logarithmic binning techniques for smoothing the distribution curves further complicated the

error estimation. To simplify our analysis, we will omit the error bars from the distribution

plots.
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Figure 3.2: Complementary cumulative distribution function of the clicking number Nc

obtained from the different sets. (a) Log-log plot of CCDF(Nc) for Sogou-08 and compar-
ison with the distributions obtained from three different models, see Table 3.2: power law
with exponential cutoff (PEC), exponential model (SG), and pairwise power law (PPL).
(b) Linear-log plot of CCDF(Nc) for Sogou-11 and Yahoo-10. For Sogou-11 the probability
distribution displays a dramatic drop for Nc ≥ 10. The lines indicate an exponential decay.
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Table 3.2: Model selection using AIC and maximum likelihood estimators for the parameters
in the most likely models of Nc and rf . In the table ln L̂ and AIC are rounded to integers.
See the main text for the meaning of the acronyms.

Set model ln L̂ AIC wi most likely model kmin MLE

Nc

Sogou-08

YS −722852 1445707 0.000

PPL 7
α̂ = 3.488

β̂ = 4.280

k̂trans = 39.234

DPL −722912 1445825 0.000
SG −746099 1492200 0.000
CP −1000863 2001728 0.000

DLN −723126 1446255 0.000
PEC −722760 1445524 0.000
PPL −722739 1445484 1.000

Sogou-11

YS −3637855 7275713 0.000

SG 3 λ̂ = 0.855
DPL −3671768 7343538 0.000
SG −3603146 7206293 1.000
CP −3659310 7318621 0.000

Yahoo-10

YS −789652 1579305 0.000

SG 4 λ̂ = 0.732
DPL −794101 1588203 0.000
SG −786042 1572086 1.000
CP −803599 1607199 0.000

rf Sogou-08

YS −1657346 3314695 0.000

PPL 16
α̂ = 2.108

β̂ = 2.948

k̂trans = 139.580

DPL −1657674 3315350 0.000
SG −1734486 3468975 0.000
CP −9745388 19490777 0.000

DPL −1655263 3310530 0.000
PEC −1654553 3309109 0.000
PPL −1654359 3308723 1.000

As reported in Table 3.2, we find using AIC that the probability distribution for Sogou-

08 follows a pairwise power-law distribution with the maximum likelihood estimations α̂ =

3.448, β̂ = 4.280, whereas the transition happens at k̂trans = 39.234. For Sogou-11 and Yahoo-

10, however, the distributions rapidly show exponential decay. This exponential decay stops

at Nc = 10 for Sogou-11, indicating that with a very few exceptions all queries are finished

within 10 clicks. This discontinuity does not happen in Yahoo-10 which instead shows a

smooth behavior. The jump in Sogou-11 reveals that with a few exceptions users found

within the links provided on the very first page with results the information they were

looking for.

One also expects from an efficient search engine that the relevant result is included in the very
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Figure 3.3: (a) Probability distribution P (rf ) where rf is the rank of the link that is clicked
as last in a given search. rf therefore corresponds to the position of the resource on the semi-
infinite line. Large differences can be observed between the tails of Sogou-08 and Sogou-11.
(b) Complementary cumulative distribution function CCDF(rf ) for Sogou-08 as well as the
corresponding distributions obtained from three different models, see Table 3.2: power law
with exponential cutoff (PEC), exponential model (SG), and pairwise power law (PPL).



26 Chapter 3. Foraging Patterns in Online Searches

first suggested links. Fig. 3.3 compares for our three data sets the probability distribution

P (rf ) where rf is the rank of the final click (i.e., the position of the resource on the semi-

infinite line). We first note that for Yahoo-10 75% of the searches end with a click on the

very first link on the search result page provided by the search engine. For Sogou-11 this

number is 47%, very similar to the 45% of searches that end with a click on the very first

link for Sogou-08. For Sogou-11 and Yahoo-10 almost all resources (99.997% for Sogou-11

and 99.864% for Yahoo-10) are located on the first page with 1 ≤ rf ≤ 10. For these two

cases one also observes large changes between P (rf = 10) and P (rf = 11), illustrating the

fact that only for a negligible number of searches the resource is found for rf > 10. This is

different for Sogou-08 where P (rf > 10) = 3.661% and P (rf > 100) = 0.224%, resulting in

a much smoother shape with a pairwise power-law tail. The probability distribution P (rf )

indicates that for Sogou-11 and Yahoo-10 only a local exploration on the first page is needed

in order to reach the resource. As we will see in the following, this difference yields different

space-time patterns during the searches.

3.4.2 Step-lengths and waiting times

In the following analysis we view as a random walk on the semi-infinite line the exploration

by the user of the links provided by the search engine. Focusing on the step-length and

waiting time distributions, we will see that the difference in efficiency noticed in the previous

subsection yields different space-time processes.

A way to distinguish between Brownian-type motion and Lévy movement is to investigate

the probability distribution P (d) of the step-length d, which should display a heavy tail in

the form of a power law

P (d) ∼ d−α (3.12)
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Table 3.3: Model selection using AIC and maximum likelihood estimators for the parameters
in the most likely model for the step-lengths. See the main text for the meaning of the
acronyms.

Set model ln L̂ AIC wi most likely model kmin MLE

d

Sogou-08

YS −2090805 4181612 0.000

PPL 10
α̂ = 2.169

β̂ = 3.417

k̂trans = 91

DPL −2091568 4183137 0.000
SG −2187409 4374821 0.000
CP −7645269 15290541 0.000

DLN −2088146 4176295 0.000
PEC −2087035 4174075 0.000
PPL −2085243 4170491 1.000

Sogou-11

YS −22684073 45368149 0.000

SG 1 λ = 0.544
DPL −23284589 46569181 0.000
SG −21326460 42652922 1.000
CP −22894455 45788912 0.000

Yahoo-10

YS −12128059 24256120 0.000

SG 1 λ = 0.540
DPL −12450282 24900567 0.000
SG −11415241 22830484 1.000
CP −12326037 24652076 0.000

din Sogou-08

YS −16506000 33012001 0.000

SG 1 λ = 0.550
DPL −16924868 33849738 0.000
SG −15652590 31305183 1.000
CP −16985431 33970864 0.000

dout Sogou-08

YS −1232283 2464569 0.000

PPL 1
α̂ = 2.353

β̂ = 3.226

k̂trans = 9.000

DPL −1225123 2450249 0.000
SG −1435452 2870906 0.000
CP −1943098 3886197 0.000

DLN −1235756 2471516 0.000
PEC −1223417 2446838 0.000
PPL −1221825 2443655 1.000
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Figure 3.4: Step-length probability distribution functions and (in the inset) complementary
cumulative distribution functions. (a) For Sogou-08 the distributions display a pairwise
power-law tail, whereas (b) for Sogou-11 and Yahoo-10 they decay exponentially; see Ta-
ble 3.3. The lines in the inset of panel (a) show the following fitted models: PEC (solid blue
line), SG (dot-dashed red line), and PPL (dashed green line). The solid black line in the
inset of panel (b) represents an exponentially decaying function.



3.4. Results 29

with 1 < α < 3 for superdiffusive Lévy flights.

Fig. 3.4 shows the probability distributions for the step-length derived from the data at our

disposal. Focusing first on Sogou-08, our model selection procedure shows that the pairwise

power-law model provides a good absolute fit, see Fig. 3.4a as well as Fig. 3.5b. From the

maximum likelihood estimation we obtain that the transition between the two power laws

happens at dtrans = 91. The exponent in the first power-law region is given by α = 2.169, a

value that is within the Lévy-flight range 1 < α < 3, i.e., between 10 < d < dtrans we have a

long-range search pattern that is consistent with the power-law distribution of a Lévy flight.

This behavior does not persist for the largest values of d. Instead, the exponent in the second

power-law region is β = 3.417, which is outside the Lévy-flight range. This value guarantees

a finite variance for step-lengths and suggests that the very long-range movements have the

properties of normal diffusion. We believe that this change in behavior around dtrans = 91

is due to the layout of the search engine result pages, since the search engines used in our

study list 10 pages at the bottom of a result page. For Sogou-11 and Yahoo-10, 99.997%

and 99.890% of steps have a length d < 10. The distributions for d < 10 are exponential

which points to the overwhelming predominance of local searches where only a small “area”

is explored.

Interestingly, even for Sogou-08 an exponential decay is hidden in the distribution shown in

Fig. 3.4a. Separating the jumps within a page from those between pages, we discover in

Fig. 3.5 a more complex behavior. Restricting ourselves to jumps within a given page, where

we denote by din the corresponding step-length, we find for Sogou-08 an exponential decay

of the step-length distribution. The difference between Sogou-08 and the other sets therefore

mainly results from searches where the resource is not readily found, yielding jumps between

different pages with a pairwise power-law probability distribution for the out-of-page step-

length d ≥ 10. As shown in Fig. 3.5b, the page difference dout of out-of-page jumps still
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Figure 3.5: (a) Step-length distribution for jumps within a page for Sogou-08. An exponential
decay is observed for local searches, similar to the distributions encountered for Sogou-11
and Yahoo-10. (b) Distribution of the page difference for jumps between pages for Sogou-
08. From the model selection follows that these data are described by a pairwise power-law
distribution, indicated by the green dashed line (see also Table 3.3).
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yields a pairwise power-law distribution.

The fact that Sogou-08 yields a switch between a local (i.e., on one page with search results)

Brownian search and a relocation phase that is power-law distributed is very reminiscent

of an intermittent search process that includes Lévy strategies [98, 99]. Intermittent search

processes have been proposed as search strategies in cases where the targets are hidden [114,

115, 116]. They are characterized by switches between two different phases: careful searches

around one location, followed by rapid relocations to some other areas. The careful searches

are usually described as Brownian searches whereas the relocations are often assumed to be

either ballistic or Lévy distributed. The set-up of search engines queries has many obvious

direct connections with an intermittent search process. This is especially true for Sogou-08

for which we observe relocations over large distances.

Backward Forward

Yahoo-1027% 73%

Sogou-1119% 81%

Sogou-0817% 83%

Turn backward Turn forward

Yahoo-1040% 60%

Sogou-1146% 54%

Sogou-0847% 53%

Figure 3.6: Upper part: fraction of jumps in the forward and backward directions. Lower
part: fraction of turns that change the direction from forward to backward and of turns that
change the direction from backward to forward.

For any of the processes usually discussed in the context of foraging, one generally assumes

the movement to be unbiased, i.e., that jumps are happening with a direction independent

probability distribution. As we know from our own experience and as shown in Fig. 3.6 for

the different data sets, this is not the case in online searches, where users have a tendency to
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start at the top of a page with research results and proceed to the bottom of the page (i.e., to

move preferentially in one direction, see top of Fig. 3.6). While there is a clear directionality

in how a user exploits search results, a much smaller bias is observed in the ’turning angles,’

i.e., in the changes of direction from forward to backward and from backward to forward.

On the semi-infinite line, which provides the landscape for online foraging, moving forward

usually means exploring new results, while moving backwards often means revisiting pre-

viously viewed results. The bias of foraging means that there is much more exploration of

new results than revisitation of already viewed ones. Meanwhile, since most of the initial

movements are forward when users start to view results from a search, the much weaker bias

in turning angles indicates that a revisitation is usually followed by another exploration.
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Figure 3.7: Waiting time distributions P (τ) for the different sets, with τ measured in seconds.
For all three cases the distribution exhibits a power-law tail, with an exponent around
1.9, followed by an exponential cutoff. The different sets have different upper limits for
the waiting times: one day for Sogou-08 and Sogou-11 and one hour for Yahoo-10. Inset:
the corresponding complementary cumulative distribution functions and the fits (solid and
dashed lines) obtained from power-law models with exponential cutoffs.

Other differences between online searches and models for foraging emerge when considering
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the probability distribution P (τ) of the waiting time τ , i.e. the time elapsed between two

consecutive clicks on links provided by the search engine. The time between two clicks on the

links provided by the search engine is mainly the time spent by the user viewing a web site.

The average time spent on selecting the next link on the search result pages is indeed small

compared to the average time spent on a selected web site. Inspection of Fig. 3.7 reveals

that P (τ) is well modeled by a power-law distribution with exponential cutoff, see inset.

This is especially true for Yahoo-10 where our model selection indeed finds that a power-law

distribution with exponential cutoff provides the best fit. For Sogou-08 and Sogou-11 AIC

yields the log-normal distribution as the most probable one, but the log-normal distribution

does not at all capture the behavior for large τ , which instead is well described by a power-

law distribution with exponential cutoff, see the black lines in the inset of Fig. 3.7. This

exponential cutoff in P (τ) is due to upper limits for the waiting time set by the session

expiration time (one hour for Yahoo-10 and one day for Sogou-08 and Sogou-11) 2.

3.4.3 Mean-squared displacement

For Brownian motion and Lévy flights the mean-squared displacement shows a character-

istic behavior, increasing linearly with the number of jumps for the first case, whereas for

the second case a superdiffusive behavior is expected, with a power-law increase where the

exponent is larger than one.

Regarding a query again as a motion along the semi-infinite line where the rank of a click

r corresponds to the position whereas the clicking order n counts the number of jumps and

2Whereas for Sogou-08 and Sogou-11 the logs are divided into different days, yielding a cutoff of 86,400
seconds for the waiting time, for Yahoo-10 the longest allowed time for a search is one hour. These cutoffs
are readily seen in Fig. 3.7.
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Figure 3.8: Mean-squared displacement σ(n) as a function of the clicking order n. (a) A
superdiffusive behavior is observed for Sogou-08. (b) For Sogou-11 and Yahoo-10 a slightly
subdiffusive behavior is revealed by σ(n).

therefore serves as a proxy for “time,” we can calculate the mean-squared displacement as

σ(n) = 〈(r(n)− r(1))2〉 (3.13)
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where r(1) is the rank of the first clicked result. In (3.13) the average is over the different

trajectories along the semi-infinite line.

Fig. 3.8 shows for the different sets the variation of the mean-squared displacement with

increasing clicking order n. For Sogou-08, see Fig. 3.8a, we do find for n ≤ 30 the expected

superdiffusive behavior, σ(n) ∼ na, with an exponent a ≈ 1.95. For Sogou-11 and Yahoo-10

reliable data are only available for small values of n due to the fact that the resource is

usually found after only a few clicks. For n < 10 we find for Sogou-11 an exponent a = 0.92,

whereas for Yahoo-10 the value of the exponent is a = 0.75. These values, which indicate a

slight subdiffusive behavior, are rather close to the value a = 1 of normal diffusion.

As we know from the click-through logs the time elapsed between any two consecutive clicks,

we can also calculate the mean-squared displacement as a function of the real time measured

since the very first click:

σ(t) = 〈(r(t)− r0))
2〉 (3.14)

where r0 is the rank of the first click at time t = 0. We know from Fig. 3.7 that for all three

sets the distributions of waiting times, which are composed by the times spent on selecting

the next link on the search result pages and the times spent viewing the previously selected

website, are rather complicated. This will of course impact the time dependence of σ(t).

Our result for Sogou-08 shown in Fig. 3.9a indicates that for that case the time-dependent

mean-squared displacement varies in the time interval 100 s < t < 2000 s like a power law

with an exponent close to 1.30. For Sogou-11 and Yahoo-10, however, σ(t) roughly varies

logarithmically with time in the interval 10 s < t < 500 s, see Fig. 3.9b.



36 Chapter 3. Foraging Patterns in Online Searches

10
0

10
1

10
2

10
3

10
4

t

10
0

10
1

10
2

10
3

10
4

σ
(t

)
Sogou-08

10
0

10
1

10
2

10
3

10
4

t

5

10

15

20

σ
(t

)

Sogou-11

Yahoo-10

(a)

(b)

Figure 3.9: Mean-squared displacement σ(t) as a function of time t (measured in seconds)
elapsed since the very first click on a link provided by the search engine. Whereas for Sogou-
08 a power law with an exponent close to 1.30 is observed in the time interval 100 s < t <
2000 s, for Sogou-11 and Yahoo-10 σ(t) is found to vary logarithmically with time for 10 s
< t < 500 s.
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Figure 3.10: Joint probability P (t, d) for Sogou-08 (left panel), Sogou-11 (middle panel), and
Yahoo-10 (right panel). Note the sharp transition at d = 10 for Sogou-11 and Yahoo-10, due
to the rather few jumps between different pages. t is the time measured in seconds since the
first click on a link and d is the step-length between two consecutive clicks.

3.4.4 Entropy

The differences between the different sets can also be highlighted through the study of time-

dependent entropies. We can for example start from the conditional probability P (d|t) =

P (t, d)/P (t), which is the probability that the step-length is d given that the jump takes

place at time t. Here P (t, d) is the joint probability of the time t elapsed since the first click

and the step-length d, whereas P (t) is the probability that the event happens at time t. This

allows us to define the time-dependent entropy

Sd(t) = −
∞∑
d=1

P (d|t) lnP (d|t) (3.15)

We could also start from a different conditional probability distribution, e.g., P (d|n) where

n is the clicking order,

Sd(n) = −
∞∑
d=1

P (d|n) lnP (d|n) . (3.16)

Fig. 3.10 compares the joint probabilities P (t, d) for the different sets. We note again that

for Sogou-11 and Yahoo-10 almost all displacements are local with d < 10, which is reflected

by the very low or even vanishing joint probability P (t, d) for d ≥ 10 for these cases. We also
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note that for d ≤ 9 the probabilities are very similar for the different sets, which indicates

that the properties of local searches are rather set independent. The probability for Sogou-08

reveals the emergence and distribution of long-range relocations. Finally, for all cases P (t, d)

changes as a function of time, as expected for a search process that is taking place far from

equilibrium.

The time dependence of the entropy Sd(t) defined in Eq. (3.15) is shown in Fig. 3.11a. We

first note that for all three sets the entropy shows a strong increase at early times. For Sogou-

11 and Yahoo-10, characterized by mostly local searches on the first page with links, this

increase rapidly weakens and Sd reaches a plateau for times t > 50 seconds. For Sogou-08,

where the motion is formed by a combination of local searches and long relocation jumps,

the entropy keeps increasing up to t ≈ 2000 seconds before reaching a plateau. Sd(t) is

therefore another quantity that allows to easily distinguish between Brownian-like searches

and searches that are characterized by power-law distributions.

Fig. 3.11b shows the entropy Sd(n) defined in Eq. (3.16). For Sogou-08, Sd(n), after an

initial increase for small n, rapidly reaches a plateau for n ≥ 11. The process is therefore

stationary for n ≥ 11. In contrast to this, for Sogou-11 and Yahoo-10 the entropy does not

reach a well defined plateau, and the processes therefore do not reach a stationary state.

3.4.5 Correlations

Correlation coefficients allow us to gain additional insights into the relationships between

different quantities (see Appendix C for the definitions of the correlation coefficients dis-

cussed in the following). This is of interest as Brownian motions and Lévy flights, which

are commonly used to model human dynamics, assume that space and time are uncorrelated

and that the random walks are memoryless. Studying correlation coefficients will allow us
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Figure 3.11: (a) Time dependence of the entropy Sd(t) for the different sets. The early time
regime is characterized by a strong increase of Sd(t). For Sogou-11 and Yahoo-10 a plateau
is reached much earlier than for Sogou-08 (of the order of a minute for Sogou-11 and Yahoo-
10 and of the order of an hour for Sogou-08). For Sogou-08 the increase of the entropy at
intermediate times is due to the predominance of long relocation jumps in this regime. (b)
Entropy Sd(n) as a function of the clicking order n. For Sogou-08, Sd(n) reaches a plateau
for n ≥ 11.
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to see to what extent these assumptions are fulfilled in human online search processes.

Well suited correlation coefficients for our purpose are Kendall’s tau [117], τK , and Spear-

man’s rho [118], ρS, as these two non-parametric measures are distribution-free and can

handle power-law distributed quantities. Both coefficients are rank-based and measure the

correspondence of two series of ordinal numbers. Series for waiting times and displacements

are of course readily obtained from the original search engine click-through logs.

Table 3.4: Correlations between step-length and waiting time for the different data sets. The
positive correlation coefficients indicate that for human online search processes spatial and
temporal activities are not independent, with stronger correlations emerging for Sogou-08
than for Sogou-11 and Yahoo-10.

Sogou-08 Sogou-11 Yahoo-10
τK(d, τ) 0.1273 0.0914 0.0878
ρS(d, τ) 0.1721 0.1224 0.1175

Table 3.4 shows our results for the correlations between step-length d and waiting time τ .

Both Kendall’s tau and Spearman’s rho provide correlation coefficients close to or larger

than 0.10, indicating a weak positive correlation between step-length and waiting time.

We also note that the correlations for Sogou-08 are larger than for Sogou-11 and Yahoo-

10, illustrating again that different mechanisms underlie the different click-through logs.

The positive correlation indicates that the assumption of independence between spatial and

temporal activities, valid for both Brownian motion and Lévy flights, does not hold in a

strict sense for human online search processes.

We can also check whether a process is memory-less or not. In order to do so we define for

every step-length series {di} = {d1, d2, · · · } sets {di+m} = {d1+m, d2+m, · · · } with m > 0 and

calculate the correlation coefficient τK({di} , {di+m}) and ρS({di} , {di+m}). For a completely

memory-less process these two coefficients should be zero. As we have previously seen that

Sd(n) exhibits a plateau, characteristic of a stationary process, only for Sogou-08 and n ≥ 11,
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Table 3.5: Correlations between successive displacements. The positive correlation coeffi-
cients indicate the presence of long-term memory effects in human online searches. We only
calculated correlations for {di} with i ≥ 11.

correlation Sogou-08
m τK ({di}, {di+m}) ρs ({di}, {di+m})
1 0.2763 0.3511
2 0.2761 0.3496
3 0.2653 0.3358
4 0.2608 0.3297
5 0.2568 0.3243
6 0.2519 0.3176
7 0.2509 0.3157
8 0.2506 0.3149
9 0.2476 0.3105
10 0.2477 0.3102
20 0.2433 0.3001
30 0.2343 0.2852
40 0.2321 0.2784
50 0.2227 0.2638

we performed this analysis only for Sogou-08 and series {di} with i ≥ 11. The results shown

in Table 3.5 and Fig. 3.12 reveal positive correlations even for large values of m. Long-term

memory effects therefore permeate online human searches.

3.5 Discussion and conclusion

Online activities are an integral part of our daily lives. In many cases these activities involve

search queries submitted to one of the search engines. In this chapter we proposed to view the

exploration of the results (i.e., links) provided by the search engine as a foraging process on

a semi-infinite line where the rank of a link corresponds to a coordinate on that line. Using

a variety of space- and time-dependent quantities we investigated three different publicly

available click-through logs.
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Figure 3.12: τK and ρS as a function of m for Sogou-08, see main text. These correlations
decrease for increasing m but remain positive even for large m, revealing the presence of
long-term memory effects in online human searches.

Our study reveals a sharp contrast between the oldest log and the two logs obtained more

recently. For the two newer sets almost all queries can be understood as local searches

restricted to a single page. These local searches have many characteristics of a Brownian

random walk, as for example an exponential decay of the step-length distribution or a mean-

square displacement that increases almost linearly with the clicking order. However, there

are also marked differences, as a power-law behavior of the waiting time distribution or

the directionality of the jumps along the semi-infinite line. A very interesting behavior

emerges for the oldest data set, where both local searches as well as long-range power-law

distributed jumps are found. This behavior is reminiscent of intermittent processes with Lévy

strategies that have been proposed to describe searches with hidden targets. Interestingly,

the waiting time distributions, i.e., the distributions of the times elapsed between successive

clicks, are very similar for all three click-through logs and reveal a power-law behavior with

an exponential cutoff as that encountered in other areas of human activities.
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The different properties of the different data sets point to the evolution of the search engines

over the years. Until recently search engines were of limited efficiency and as a result a sizable

number of queries ended up with the user jumping from one page with links to another. These

searches are therefore best characterized as a combination of local explorations and power-

law distributed relocations. The more recent logs reveal an increased efficiency of the search

engines where the overwhelming part of the queries yield only local searches on the first page

of results. These local searches have some characteristics of Brownian motion.

The online search behavior clearly changes as a function of the efficiency of a search engine.

Whereas efficient search engines result in an overwhelmingly large number of local searches,

earlier engines prompted searches where local explorations and long-range, power-law dis-

tributed, relocations processes are combined. This scenario shows many common features

with those of intermittent search processes which have been proposed as search strategies

for finding hidden resources.

The description of online searches as foraging processes yields some interesting insights, but

our results also reveal notable deviations from the simple models used to describe foraging

processes. It remains a challenge to come up with a more realistic foraging model that is

capable of reproducing the results we obtain from our analysis of the different click-through

logs.
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Appendix

3.A Data description and preparation

For our study we analyzed three different click-through data sets. In the following we briefly

describe these sets as well as how we prepared the data and used them in our study.

Sogou-08 and Sogou-11 refer to the data sets Search Engine Click-through Log Version 2008

and Search Engine Click-through Log Version 2011 [119] which are parts of the “Sogou

Lab Data.” These two data sets provide millions of users’ search queries and click-through

activities on Sogou (www.sogou.com), which is one of the largest Chinese search engines.

Sogou-08 has been collected in June 2008, whereas Sogou-11 contains queries submitted

from 12/30/2011 to 01/01/2012. For Sogou-08 respectively Sogou-11 we get 51, 537, 388

respectively 43, 545, 440 lines of record, each corresponding to an individual click and con-

sisting of the following components [119]:

Time of click User ID User query Ranking of clicked result Order of click URL of clicked result

where “click” refers to the event of the user clicking on a link on the search engine result

pages, whereas “time” is the calendar time of the click event.

Yahoo (YahooL18 [120]) is the data set Anonymized Yahoo! Search Logs with Relevance

Judgments version 1.0 provided by Yahoo! Labs [121] as part of the Yahoo! Webscope

program [122] (“Approval for Access” granted October 7, 2013). It provides users’ search

click-through logs on Yahoo Search (search.yahoo.com) collected in July 2010. Yahoo-10

contains 80, 779, 266 lines, where each line corresponds to an individual search and contains

the following information (separated by “\t”) [120]:
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Query Cookie Timestamp List of URLs Number of “clicks” List of time and click position/type pairs

where the “List of URLs” is the list of web links on the first result page. “Click” refers to

any type of click on the result pages, including clicking on a search result, clicking at the top

of a result page (unspecified; this can include clicking on the “also-try” button, on a spell

correction suggestion, on an advertisement located at the top of the page, etc.), clicking at

the bottom of a result page (unspecified, this can include clicking on next page button, on

the bottom “also-try” button, on an advertisement located at the bottom of the page, etc.).

For the “time and click position/type pairs,” the “time” is the time (in seconds) since the

beginning of the search. Since we do not know the specific activities done when clicking at

the top or the bottom of a result page, we ignore the clicks at the top of result pages but

assume that a click at the bottom of a result page is on the next page button.

From all these sets we removed entries with missing values for the first click as well as (for

Sogou-08) unusual cases where a click was on a link of rank 1000 or above. For entries with

successive clicks on the same link, we only kept the first click and jumped to the next click

on a different link. The total number of queries retained after this procedure are listed in

Table 3.1.

After this data cleaning all clicks belonging to the same search were grouped together and

the corresponding (time, rank) pairs were calculated based on the order of the clicks. Time

is the time passed in seconds since the click on the first result. In this way we end up for

each search with a series of (time, rank) pairs

(t1, r1) (t2, r2) (t3, r3) (t4, r4) · · ·

with t1 = 0. These series were then used as the starting point for our study.
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3.B Maximum likelihood estimators

Let us consider first the discrete power-law distribution

P (k) =
k−α

ζ(α, kmin)
. (3.17)

For a given data set {ki}, we have the likelihood

L(α|k) =
n∏

i=1

P (ki) =

(
n∏

i=1

ki

)−α

ζ (α, kmin)
n , (3.18)

where n is the number of data points. The log-likelihood is then given by

lnL(α|k) = −α
n∑

i=1

ln ki − n ln ζ(α, kmin) , (3.19)

and the maximum likelihood estimator (MLE) for α is obtained numerically from [123]

α̂ = arg max
α

lnL(α|k) = arg max
α

(
−α

n∑
i=1

ln ki − n ln ζ(α, kmin)

)
. (3.20)

We used the L-BFGS-B method for parameter optimization, see for example Ref. [124].

For the “shifted” geometric distribution

P (k) = p(1− p)k−kmin , k ≥ kmin, (3.21)

the likelihood is given by

L(p|k) =
n∏

i=1

P (ki) = (1− p)

n∑
i=1

ki−nkmin
pn, (3.22)
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where n is again the size of the data. The maximum likelihood estimator for p is

p̂ =
n

n∑
i=1

ki − nkmin + n
=

1

k̄ − (kmin − 1)
, (3.23)

where k̄ is the mean of ki’s. Finally, for the exponential form

P (k) =
(
1− e−λ

)
e−λ(k−kmin), (3.24)

we obtain

λ̂ = − ln(1− p̂) = − ln
(
1− 1

k̄ − (kmin − 1)

)
, (3.25)

when k̄ > kmin, since λ = − ln(1− p) and MLE is invariant to this transformation.

The MLE for parameters in the other distributions are obtained in similar ways. For the

Yule-Simon distribution the MLE for the shape parameter α is

α̂ = arg max
α

(
n ln(α− 1) + n lnΓ (kmin + α + 1)−

n∑
i=1

lnΓ (ki + α)

)
; (3.26)

whereas for the conditional Poisson distribution the MLE for µ is

µ̂ = arg max
µ

(
−nµ− n ln (1− Fµ(kmin − 1)) +

n∑
i=1

ki lnµ

)
, (3.27)

where Fµ(·) is the cumulative distribution function of a Poisson distribution with rate pa-

rameter µ.

Finally for the distributions with more than one parameter, one has the following:
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power-law with exponential cutoff

{α̂, λ̂} = arg max
α,λ

(
−n ln

(
Liα(e

−λ)−
kmin−1∑
i=1

i−αe−λi

)
− α

n∑
i=1

ln ki − λ
n∑

i=1

ki

)
; (3.28)

discrete log-normal

{µ̂, σ̂} = arg max
µ,σ

(
n∑

i=1

ln
(
Φ

(
ln(ki + 1)− µ

σ

)
− Φ

(
ln(ki)− µ

σ

))
− n ln

(
1− Φ

(
ln(kmin)− µ

σ

)))
;

(3.29)

and pairwise power law,

{α̂, β̂, k̂trans} = arg max
α,β,ktrans

n lnC − α
n∑

i=1

ln ki − (β − α)
∑

ki≥dktranse

(ln ki − ln ktrans)

 .

(3.30)

3.C Correlation coefficients

3.C.1 Kendall’s tau

Kendall’s tau provides a measure of rank correlation. Assuming a set of observations (x1, y1),

(x2, y2), · · · of two joint random variables x and y (step-length and waiting time, for ex-

ample), Kendall’s tau compares the number P of concordant pairs with the number Q of

discordant pairs:

τK(x, y) =
P −Q

P +Q
. (3.31)

Two pairs (xl, yl) and (xm, ym) are concordant if (1) xl < xm and yl < ym or (2) xl > xm and

yl > ym. If, however, xl < xm and yl > ym or xl > xm and yl < ym, then they are discordant.

In the case of data with tied ranks (which is the case for our series), Kendall’s tau can be
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calculated as

τK(x, y) =

∑
i<j

sgn [(xi − xj)(yi − yj)]√
1

2
n(n− 1)− U

√
1

2
n(n− 1)− V

, (3.32)

where sgn is the signum function, whereas U and V are the numbers of x-tied pairs and

y-tied pairs.

3.C.2 Spearman’s rho

Spearman’s rho is Pearson’s correlation coefficient between ranked variables. Denoting by

ui the rank of xi and by vi the rank of yi, then Spearman’s rho can be expresses as:

ρS(x, y) =

n∑
i=1

(ui − ū)(vi − v̄)√
n∑

i=1

(ui − ū)2

√
n∑

i=1

(vi − v̄)2

, (3.33)

where

ū =
1

n

n∑
i=1

ui, v̄ =
1

n

n∑
i=1

vi. (3.34)

While Spearman’s rho and Kendall’s tau usually yield different numbers, they work the same

way.
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4.1 Introduction

Recent years have seen a tremendous increase in online gambling, as witnessed by the emer-

gence of numerous online gambling sites. This surge has yielded numerous recent scientific

studies, with a focus on legal, social and psychological aspects, see Refs. [126, 127, 128, 129,

130, 131, 132, 133, 134, 135, 136, 137, 138, 139, 140, 141] for some recent references. In

parallel to this, the quick expansion of the video gaming industry has resulted in the forma-

tion of a huge market for virtual (in-game) items. Due to its easy accessibility, low barriers

to entry, and immediate outcomes, virtual item gambling has become popular among game

players. In virtual item gambling, instead of directly using cash, gamblers place bets with

virtual items as virtual currencies [138, 139, 140]. The virtual items here particularly refer

to in-game cosmetic skins from video games like Counter-Strike: Global Offensive, Team

Fortress 2, DOTA 2, etc., which can be obtained through regular gameplay, in-game pur-

chase, community market purchase, or trading among players. Based on current estimates,

the virtual item gambling industry has reached the multi-billion-dollar level [142] and is

expected to continue increasing. For such a booming industry, it becomes important to

be able to model the complex virtual item gambling behaviors at both the individual and

the aggregate levels. Indeed, understanding online gambling patterns is quickly becoming

a pressing need for adolescent gambling prevention, virtual gambling regulation, and online

irrationality research.

In this chapter we apply the methods of statistical physics in order to develop an under-

standing of the behavior of online gamblers. This is supplemented by the study of different

random walk models that allow to recover some of the features extracted from the empir-

ical data. While we are not aware of any previous similar attempts to investigate online

gambling, we point out that related approaches have been used in the past in the study of

horse race betting [143, 144]. More recently, online lowest unique bid auctions have been the
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subject of different studies that successfully applied the toolbox of statistical and nonlinear

physics [65, 67, 68, 145, 146, 147].

In the following we focus on a specific type of virtual item gambling, namely jackpot, a

lottery style game which occupies about half of the virtual item gambling market [142]. Our

analysis is based on the publicly available gambling logs from a medium-sized skin gambling

site [148]. The rules of jackpot gambling are simple: players purchase lottery tickets with

skins, there will be only one winning ticket, and the winner takes it all. In another way

of speaking, this is a parimutuel betting type of gambling, where players place wagers in a

pool, whereas only one player is chosen as the winner and wins all the wagers in the pool.

The chance of winning equals the share of the player’s wagers to the total wager pool.

In the next Section we provide a more in-depth discussion of jackpot gambling and of the

data used in our analysis. We also discuss the models used for describing the distributions

of different quantities as well as the model selection and parameter estimation. Section 4.3

summarizes results that we obtain from a statistical analysis of the gambling logs. In Sec-

tion 4.4 we view the net income of players as random walks, whereas in Section 4.5 we discuss

some random walk models that allow us to understand some of the behavioral data at the

aggregate level. We conclude in Section 4.6.

4.2 Data and methods

4.2.1 Online jackpot game and gambling logs

The rules of the jackpot game are very simple. The gambling site constantly hosts a single

jackpot game that any player can attend. A round can last from a few seconds to several

minutes. To take part in the game, a player needs to place a bet with lottery tickets
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purchased with one or several in-game skins deposited to the gambling site. Each ticket is

usually equivalent to 1 US cent, and the values of the skins are calculated based on their

prices listed in the community market. There is only one winning ticket in each round of

the game. This winning ticket is drawn when the total number of skins deposited as wagers

in that round exceeds a certain threshold. The draw is based on a uniformly distributed

random number with a range equal to the total number of tickets purchased in that round.

The player who holds the winning ticket will be the winner. The winner wins all the wagers,

which are the deposited skins in that round, after a site cut (percentage cut) has been

subtracted.

From the rules follows that in each round a player’s winning chance is determined by the

fraction their bet contributes to the total wager value of that round. With a site cut c the

expected payoff η for one player with bet value b in a round with total wager j is then

η = (1− c) j × b

j
− b = −c b, (4.1)

which is always negative due to the site cut. If the random number generator is well designed,

then winning or losing a game is totally chance based, with no skill effort, similar to roulette

in casinos. It is interesting to explore the players’ gambling behaviors knowing that the

expected net income is always negative. Fig. 4.1 provides an example of the total net

income for a typical gambler. The movement consists of a large amount of small steps and a

few large jumps which suggest the use of a random walk based model to describe the change

of net income.

The publicly available gambling logs used in the following are published in the history page of

the gambling site [148]. We collected the logs of 118590 gambling rounds, containing 943216

bets placed by 105307 players in 232 days, from March 10, 2015, the date the site was
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Figure 4.1: Net income vs the number of rounds played by an online gambler. Typically,
these curves exhibit a large amount of small steps and a small amount of large steps.

established, to October 28, 2015. The total wager in our study sums to 2029835330 tickets,

which is equivalent to about 20 million U.S. dollars, as calculated based on the players’

deposited skin values. The competition is exclusively among players: The gambling site only

takes cuts (3% of the total wager in each round), but is not directly involved in gambling,

except through the drawing of the winning tickets. In each round, the winning ticket will be

drawn when there are more than 50 skins placed as wagers. The dataset contains information

on bet ID, round index, player ID, time stamp, number of tickets purchased, and winner ID.

Various other quantities, such as current total number and final total number of purchased

tickets, winning chance, net gain or net loss with and without site cut, can be calculated

from these data.

The gamblers’ wealth data have been collected in June 2017 from the game statistics site

CS:GO BACKPACK [149], which provides the gamblers’ inventory values based on the item

prices listed in the community market in June 2017. The wealth data therefore have been

collected two years after the gambling activities. In this way we obtained information on the
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wealth data of 83249 out of the 105307 players that gambled in the time frame given above.

4.2.2 Ethics of data analysis

The data we analyzed in our study only contains publicly available information of gambling

logs and in-game inventories, with no personally identifiable information included. On each

data set, we performed a passive analysis with completely no interaction with any human

subject. Before using the data, we acquired consent from the website administrators who

host the data. We are not associated with any of those websites in any way. The purpose

of our study is to help future researchers better understand human gambling behaviors in

order to prevent adolescent gambling and problematic gambling.

4.2.3 Distributions and fitting models

Our analysis focuses on the probability distribution functions as well as on the comple-

mentary cumulative distribution functions (CCDF) of various quantities extracted from the

empirical data. Whereas P (X = x) is the probability that a random variable X takes on

the value x, the corresponding complementary cumulative distribution function is given by

F (x) = 1− P (X ≤ x) = P (X > x) . (4.2)

Power-law distributions and their variants have been found in previous studies of very differ-

ent human activities [37, 52, 67, 78]. In online gambling quantities of interest often take on

discrete values, which needs to be taken into account when selecting possible fitting models.

We consider six different fitting models in our distribution analysis. The discrete version of
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a power-law distribution is given by [69]

P1(x) =
1

ζ(α, xmin)
x−α, (4.3)

with x ≥ xmin, α > 1, and ζ(·, ·) is the incomplete Zeta function. Here and in the following

x is a positive integer value taken on by a random variable X. For some data sets a fat

tail is terminated by an exponential decay, which can be taken into account by the discrete

power-law distribution with exponential cutoff [78]

P2(x) =
1

Liα
(
e−λ
)
−

xmin−1∑
k=1

k−αe−λk

x−αe−λx, (4.4)

where x ≥ xmin, λ > 0, α > 0, and Liα(·) is the polylogarithm function. Another heavy-tailed

distribution is the log-normal distribution with the discrete version [78]

P3(x) =
Φ
(

ln(x+1)−µ
σ

)
− Φ

(
ln(x)−µ

σ

)
Φ
(

ln(xmin)−µ
σ

) , (4.5)

where x ≥ xmin, σ > 0, and Φ(·) is the normal cumulative distribution. A forth basic model

is the discrete exponential function [69]

P4(x) = (1− e−λ)eλxmine−λx, (4.6)

where x ≥ xmin and λ > 0. Finally, we also consider two more complex models, namely the

discrete shifted power-law distribution with exponential cutoff

P5(x) = C
(x− δ)−α

1 + eλ(x−β)
, (4.7)
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where x ≥ xmin, λ > 0, δ < xmin, β > xmin, and

C =

(
∞∑

k=xmin

(k − δ)−α

1 + eλ(k−β)

)−1

(4.8)

is the normalization factor, and the discrete pairwise power-law model [78]

P6(x) =


C x−α, xmin ≤ x < xtrans,

Cxβ−α
trans x

−β, xtrans ≤ x,

(4.9)

where α > 0, β > 1, xtrans > xmin, and the normalizing factor

C =
(
ζ(α, xmin)− ζ(α, xtrans) + xβ−α

transζ(β, xtrans)
)−1

. (4.10)

We note that all these probability distributions contain a minimal value xmin that defines

the range of values used for the modeling. For most quantities we choose as xmin the value

of x that minimizes the Kolmogorov-Smirnov statistics between the empirical and fitted

distributions [69].

For a given data set we estimate for each distribution the model parameters with the maxi-

mum likelihood method. The best fitting model is then selected using the Akaike Information

Criterion (AIC). We refer the interested reader to Appendix B in Ref. [78] for a detailed

discussion.
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4.3 Behavioral analysis

4.3.1 Some basic statistics

In Table 4.1 we provide some basic statistics for the data used in our study. The huge

diversity of the data is obvious from the very large values of the standard deviations. A

meaningful analysis of the gambling data needs to consider probability distributions (or,

equivalently, complementary cumulative distribution functions).

Table 4.1: Basic statistics for the gambling data used in this study.

mean minimum maximum standard deviation 50% percentile
bet value 2309.86 2 278247 8429.46 91
total net income −578.88 −773524 751635 15513.36 −150
number of rounds a player attended 8.34 1 1931 31.94 2
number of players in a round 7.41 1 25 2.15 7
jackpot value 17116.41 100 396760 24399.50 7548

4.3.2 Distributions

A fundamental quantity for our analysis is the bet value, and the distribution of bet values

allows one to gain a quick understanding of betting patterns. As shown in Fig. 4.2, the

complementary cumulative distribution function for the bet value at the aggregate level is

described by a shifted power law with an exponential cutoff: Bet values smaller than β ∼

4.6×104 follow a power-law distribution, whereas very large bets are distributed exponentially

(such guaranteeing a finite variance). The heavy-tail property of the bet distribution is also

readily identified when studying the bet value distributions of individual gamblers. Fig.

4.3 shows the wager distribution for the nine players which played the largest numbers of

rounds (between 1931 and 1286). While there is some variability in these distributions,

they all exhibit heavy tails in the form of power laws with exponents typically in the range

[1.1, 1.7].



4.3. Behavioral analysis 59

10
1

10
2

10
3

10
4

10
5

b

10
-5

10
-4

10
-3

10
-2

10
-1

10
0

F(
b)

data
fit

Figure 4.2: The complementary cumulative distribution function for bet values. The best fit
is obtained for a shifted power law with an exponential cutoff, see Eq. (4.7), with bmin = 25
and the maximum likelihood estimators α = 1.297, λ = 3.429 × 10−5, δ = 9.905, and
β = 4.629× 104.

In gambling a player’s wealth provides a natural upper limit for possible bet values. Studies

have shown that the net wealth distribution in human society follows a distribution that

combines an exponential decay for small values and a power-law tail for large values [150].

For the online gamblers’ wealth, this is different, see Fig. 4.4. We still have a power-law tail

for large values (with an exponent β = 2.442), but for small values the exponential decay is

replaced by a power-law decay with an exponent α = 1.128. For this figure we computed

the wealth of each player by taking the sum of the values (community market price) of the

skins in each player’s inventory.

In each round a gambler either loses their wager or wins the whole pool (minus the site

cut), resulting in the random walk like behavior of the net income shown in Fig. 4.1. The

probability distribution of the pool size is described by a power-law distribution with an

exponent a = 0.650 that ends in an exponential cutoff, see Fig. 4.5. The same functional
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Figure 4.3: Wager probability distributions for the nine players with the largest numbers of
bets (ranging from 1931 bets for player 1 to 1286 for player 9). Heavy tails are present in
all nine distributions.

form is found if we consider the wins instead of the pool sizes (see Section 4.4).

The available logs also allow to discuss time dependent quantities, as for example the wait-

ing time tw, defined as the time measured in seconds between successive bets by the same

user, or the number of rounds r played by individual gamblers. The waiting time proba-

bility distribution shown in Fig. 4.6 has some interesting features. The plateau for P (tw)

close to tw = 105 indicates that a sizable portion of gamblers play bets day after day (24

hours correspond to 86,400 seconds). The heavy tail of the distribution reveals that some

persons restart gambling after a month-long hiatus, which illustrates some of the challenges

gambling prevention faces. Fig. 4.7 shows that the number of rounds played by individual

players during the 232 days covered by the gambling logs is well described by a log-normal

distribution. Remarkably, a sizable number of gamblers placed a thousand and more bets
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Figure 4.4: The complementary cumulative distribution function of the gambler’s wealth w,
where one unit corresponds to 1 US Cent. These data have been collected in June 2017 from
the game statistics site CS:GO BACKPACK [149]. The best fit of the data is achieved with
a pairwise power-law distribution (4.9) with the maximum likelihood estimator α = 1.128
and β = 2.442 as well as with the parameters wmin = 100 and wtrans = 33928.
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Figure 4.5: The complementary cumulative distribution function of the pool size (i.e., the
total wager in one round) p. The fitting curve is a power law with exponential cutoff (4.4)
with the maximum likelihood estimators α = 0.650 and λ = 2.577× 10−5.
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Figure 4.6: The probability distribution of the waiting time between successive gambles.
The waiting time is measured in seconds.
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Figure 4.7: The complementary cumulative distribution function of the number of rounds
r played by individual players. The data are best fitted by a log-normal distribution (4.5)
with the maximum likelihood estimators µ = −1.777 and σ = 2.238.

during the time frame covered by the logs.

Besides discussing data at the population level, we can also identify different sub-groups of
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Figure 4.8: Comparison of the betting patterns of heavy gamblers and one-time players.
Shown is the complementary cumulative distribution function for bet values.

gamblers and discuss differences between these groups. Fig. 4.8 provides one example where

we confront the distribution of bets of one-time players with that of heavy gamblers (defined

as having played at least 600 rounds). Obviously one-time players are much more risk-averse

and are therefore unlikely to bet large amounts.

4.3.3 Correlations

Correlation coefficients help to understand the relationships between the different quanti-

ties. As our quantities, be it outcomes, bets, and profits, all follow heavy-tailed distribu-

tions, the standard Pearson’s product-moment correlation coefficient may provide erroneous

results. More appropriate are rank-based correlation coefficients, such as Kendall’s tau [117]

or Spearman’s rho [118]. We verified that the same conclusions are obtained from these two

coefficients. For that reason we will only discuss Kendall’s tau in the following. Assuming a

set of observations {(xi, yi)} of two joint variables x and y, Kendall’s tau can be calculated
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as

τK(x, y) =

∑
i<j

sgn [(xi − xj)(yi − yj)]√
1

2
n(n− 1)− U

√
1

2
n(n− 1)− V

, (4.11)

where sgn is the signum function, whereas U and V are the numbers of x-tied pairs and

y-tied pairs.

For each player the gambling history can be summarized as a sequence {(bi, oi)}, where bi is

the value of the i-th bet and oi is the outcome of that round. When losing the round, then

the outcome is the negative of the bet value, whereas for a winning round oi is the total bet

value minus the winner’s wager and the site cut. Focusing on the 2,318 players that attended

more than 60 rounds, we can obtain from these data different correlation coefficients.
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Figure 4.9: The relative frequencies for the three correlation coefficients discussed in the
text. Left panel: Correlation between successive bets, with the mean value 0.260. Center
panel: Correlation between the sign of a bet outcome and the next bet, with the mean value
0.181. Right panel: Correlation between the profit and the subsequent bet, with the mean
value 0.107.

The correlation between successive bets τK(bi, bi+1) is positive for most players, with an

average value τK = 0.260. The relative frequency of a given value of τK(bi, bi+1) is displayed

in the left panel of Fig. 4.9. In order to understand this graph we remark that a negative

value is obtained when a gambler places larger and smaller bets in turn, whereas placing bets

randomly yields a value close to zero. From the graph follows that only a few gamblers have

these types of gambling behaviors. Instead, for most gamblers bets are not independent but
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indicate some level of memory. Indeed, positive correlation indicates a consistent betting

behavior without dramatic changes from bet to bet.

Also shown in Fig. 4.9 are the relative frequencies for the correlation between the sign of

a bet outcome and the next bet, τK(sgn oi, bi+1), and the correlation between the profit pi

(i.e., the value of the outcome in case it is positive) and the subsequent bet, τK(pi, bi+1).

The first correlation coefficient helps us to understand how gaining or losing money affects

the next bet, whereas the second one shows whether a bet value is affected by the value of

the previous profit. Profit corresponds to positive outcome, so that for the computation of

τK(pi, bi+1) we remove all bets with a negative outcome oi. For both correlations we restrict

ourselves to players who made profit in at least 15 rounds and had negative outcomes in

also at least 15 rounds. This yields 1,608 eligible players. The relative frequencies shown in

the center and right panels of Fig. 4.9 reveal for most players a weak positive correlation

between the betting value and the outcome or profit. There is a tendency for gamblers

to place larger (respectively, smaller) bets in case the outcome in the preceding round was

positive (respectively, negative).

4.4 Net income viewed as a random walk

As we have already seen in Fig. 4.1, the net income of a player changes at each round

where they place a bet, due to winning or losing that round. This then generates a time

series where “time” is increased by one at each round played by the gambler and suggests

a description as a random walk in the one-dimensional space of net income. Of course the

random walkers are not independent as the loss of one gambler will be part of the gain of

another one. Also, the fact that every gambler has a finite wealth will put constraints on

the random walk.
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Figure 4.10: The complementary cumulative distribution function of the winning amounts.
The fitting curve is a power law with exponential cutoff (4.4) with the maximum likelihood
estimators α = 1.063 and λ = 3.192× 10−5.

The jumps done by our random walkers have the peculiarity that they follow different distri-

butions depending on whether they jump “left” (net income decreases after losing a round)

or “right” (net income increases after winning a round). “Left” and “right” indicate the

relative decrease or increase with respect to the value of the net income before the round

is played. The distribution of losses is very similar to the distribution of bet values (as in

a given round all bets result in losses with the exception of the winning bet). As shown in

Fig. 4.2, this distribution is described at the aggregate level by a shifted power law with

an exponential cutoff. Power laws are also observed in Fig. 3 for individual gamblers. The

distribution of winning amounts shown in Fig. 4.10 is well described by a power-law dis-

tribution with an exponential cutoff, albeit with a different power-law exponent α. The

fact that the distributions for jumps in both directions, albeit not identical, are power-law

distributions indicates that the random walk of the net income should follow a truncated

Lévy flight pattern.
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Figure 4.11: Mean-squared displacement when viewing the net income of the gamblers as a
random walk, with time measured in numbers of rounds played. Independent on whether
the site cut is considered or not, two different regimes are observed, with the early one
being superdiffusive with an exponent close to 1.45, whereas the later one is close to normal
diffusion.

Fig. 4.11 shows that the mean-squared displacement of the net income random walk displays

a first regime that is superdiffusive with an exponent close to 1.45. We show two curves in

that figure, one where we consider as winning amount the total pool size in a round and one

where we subtract the site cut and take the remaining amount as the length of the jump. At

very late times this first regime goes over into a normal diffusion regime, with the measured

slope close to 1 in the log-log plot. This crossover from superdiffusion to normal diffusion is

in fact expected for truncated power-law distributions [151, 152] and has been observed in a

variety of systems (see, e.g., Refs. [153, 154, 155]).

A quantity of much interest is the first-passage time [156], i.e., the time needed for a stochas-

tic variable (in our case the net income viewed as a random walker) to take on for the first

time a given value. Indeed, the first-passage time distribution can help to determine the dif-

fusive behavior of a stochastic process [151, 152]. For our stochastic process Nr, r = 1, · · · , R,
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Figure 4.12: First-passage time distribution obtained from the data of 387 players that
gambled in more than 200 rounds. The superdiffusive regime is revealed by a power-law
decay with an exponent larger than 3/2. Error bars result from log-binning averaging and
indicate 95% confidence intervals.

representing the net income with R being the maximum number of rounds played, the first-

passage time is defined by t = min {r > r0;Xk = ±Nfp}, where Nfp is the target value. As

shown in Ref. [152], the first passage time distribution P (t), defined as the survival proba-

bility that, starting from r = r0, the series Nr stays within the range [Nr0 −Nfp, Nr0 +Nfp]

up to the round r = r0 + t, is given by the expression

P (t) = lim
R−→∞

1

R

R∑
r=1

Θ(|Nr+t −Nr| −Nfp)− lim
R−→∞

1

R

R∑
r=1

Θ(|Nr+t−1 −Nr| −Nfp) , (4.12)

where Θ(x) is the Heaviside step function.

As Eq. (4.12) requires sufficiently long time series, we focus on the 387 players that played

at least 200 rounds and choose Nfp = 500. The resulting first-passage time distribution is

still very noisy. In order to reduce the noise we use the log-binning technique which yields
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the distribution shown in Fig. 4.12. Inspection of that figure reveals that after some initial

time regime a superdiffusive regime prevails, as indicated by a slope larger than 3/2, the

characteristic value for a Gaussian process. As already mentioned, for any truncated heavy-

tail distribution the long-time behavior should be normal diffusion, and we do observe the

crossover from a superdiffusive to a normal diffusive behavior in Fig. 4.11 for the mean-

squared displacement. For the first-passage time distribution obtained from the gambling

logs the long-time normal diffusion decay with an exponent 3/2 is not readily observed, due

to the shortness of the available time series.

4.5 Modeling online gambling through random walk

models

In order to better understand this switch from a superdiffusive to a normal diffusive behavior

in the net income random walk we discuss in the following three different random walk

models. The aim of this investigation is not so much to find the best parameter sets to

reproduce the empirical data, but instead to gain insights into the necessary ingredients to

obtain from these models data with qualitative similar properties as those derived from the

gambling logs.

In all three models we consider that at each round four players interact (this is mostly useful

for the numerical simulations; the analytical results for the simpler models are valid for any

number of gamblers interacting in a round). For each round the gamblers place a bet with

a value taken from the continuous power-law distribution with exponential cutoff

P (b) =
λ1−α

Γ (1− α, λbmin)
b−αe−λb, (4.13)
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with λ > 0 and b ≥ bmin (we choose bmin = 1), whereas Γ (·, ·) is the incomplete Gamma

function. This distribution (4.13), motivated by the data from the gambling logs that show

a power-law behavior with an exponential cutoff, is the continuous version of the discrete

distribution (4.4). For the results discussed in the following we fix the mean 〈b〉 = 100. The

two parameters α and λ are then not independent but related through that mean bet value

as 〈b〉 = Γ(2−α,λ)
λΓ(1−α,λ)

. We vary α between 1.2 and 1.6. We verified that qualitatively our results

are unchanged if instead of using the distribution (4.13) we use a power-law distribution

with a sharp truncation:

P (b) = C b−α, (4.14)

with b ∈ [bmin, bmax] and C = α−1
b1−α
min−b1−α

max
where bmax and α are related when fixing the mean

bet value.

Our first two models are focusing on a single gambler with infinite wealth. In model 1 1.

we fix the winning chance of this gambler to be 1/4 (in a generalization to n interacting

gamblers, the winning chance would be 1/n). This model does not take into account that in

the online game the winning chance is proportional to the bet value. We therefore consider

a more realistic model 2 which implements this relationship between the bet value and the

winning chance. Model 3, finally, is a more sophisticated version of model 2 where, similarly

to the online game, a large pool of gamblers is available (the data shown below have been

obtained for N = 1, 000, 000) and at each round n = 4 gamblers are selected randomly to

play the round. We calculate quantities for all players, which are no longer independent, in

contrast to models 1 and 2, and after each round we update the net income of all 4 players

involved in that round. We also take into account in model 3 that the wealth of each player

is finite: before the first round is played every gambler is assigned a wealth taken from the

1We thank an anonymous referee for suggesting this model.
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power-law probability distribution

P (w) =
1

wmin

(
w

wmin

)−2

, (4.15)

with wmin = 1. As in model 3 the gamblers have been provided with finite wealth, and

the individual net income random walks all have an absorbing state of zero wealth. As

soon as the wealth of a gambler is zero, this gambler is removed from the pool. While it is

tempting to discuss our random walkers in the context of previous studies of random walk

type motion with absorbing boundaries [157, 158, 159, 160], it is crucial to realize that our

random walkers are not independent, but instead at each round the winner’s step length is

correlated to those of the losers.

Similarly to our analysis of the empirical data, we compute in the following for the different

models the mean-squared displacement (MSD) of the net income as well as the distribution

of the first-passage time at which the income of a gambler takes on a given target value.

We start by noting that for models 1 and 2 the mean-squared displacement as a function of

time (i.e., the number of rounds played) can be computed exactly, see Appendix. For rounds

involving each time n gamblers and a fixed mean bet value 〈b〉, the MSD is given for model

1 by

MSD(t) =

(
2(n− 1)

n
µ2 +

(n− 1)(n− 2)

n
〈b〉2

)
t , (4.16)

with µ2 being the second moment of the bet distribution, whereas for model 2 one obtains

MSD(t) = (n− 1) 〈b〉2 t . (4.17)

Fig. 4.13(a) and 4.13(b) display these curves for three different values of the parameter α

found in the bet distribution (4.13), with 〈b〉 = 100 and n = 4.
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Figure 4.13: The mean-squared displacement for (a) model 1, (b) model 2, and (c) model
3. For models (1) and (2), the net income of each gambler performs an independent random
walk where the step length is related to the bet distribution (4.13). In these two cases the
mean-squared displacement increases linearly with time (i.e. the number of rounds played),
in agreement with prior results. Model 3, on the other hand, reveals a crossover from
superdiffusion to diffusion. The different curves are for different values of the parameter α
in the continuous power-law distribution with an exponential cutoff (4.13).

Several comments are in order. First we note that although we consider a truncated power-

law distribution, we obtain that the MSD increases linearly with time. This is in agreement

with an early observation of a linearly increasing MSD encountered in simulations of trun-

cated Lévy flights in two dimensions [161]. This linear time dependence is very general as

the bet (i.e. step length) distribution only enters through the mean and the second moment.

Especially for model 2 any distribution with the same mean yields the same MSD as expres-

sion (4.17) does not depend on the variance. While we are focusing on the two truncated



4.5. Modeling online gambling through random walk models 73

power-law distributions (4.13) and (4.14), even a distribution with finite mean and infinite

second moment yields for model 2 a finite MSD growing linearly with time. This is differ-

ent for model 1 as the second moment explicitly enters in expression (4.16). As a result of

this dependence, the MSDs for different values of α, see Fig. 4.13a, are shifted vertically,

due to the fact that changing α while keeping 〈b〉 constant changes the value of the second

moment, see Appendix. We further note that these two models do not allow to obtain a

behavior similar to that observed in Fig. 4.11 for the empirical data, namely a crossover

from a superdiffusive behavior with an exponent larger than 1 to a normal diffusive behavior

characterized by a linear increase of the MSD. This, however, is different for model 3 where

we indeed observe a crossover from superdiffusion to normal diffusion, see Fig. 4.13c for data

obtained for one million gamblers playing 50 million rounds, with each round involving four

randomly selected gamblers. As we can not compute the MSD analytically for this model,

we can only provide a heuristic argument for this observation. We note that in model 3 all

gamblers have finite wealth taken from the distribution (4.15). One of the consequences of

this is that we add an absorbing boundary (a gambler is removed once their wealth becomes

zero), another one is that initially many players have a small wealth and therefore can only

bet small amounts. Consequently, at early rounds the mean bet value of active players is

smaller than the mean of the bet distribution (4.13), which makes the MSD to be smaller

than what one obtains for models 1 and 2. As time increases, some gamblers are eliminated

as their wealth hits the absorbing boundary. As a result, the wealth of the active gamblers

increases until their mean bet values are getting close to the mean value of the bet distri-

bution (4.13). At this point the MSD for model 3 shows a crossover from a superdiffusive

behavior to a normal diffusive one.

Fig. 4.14 shows our results for the first-passage time distributions obtained from simulations

of the three different models with the bet distribution (4.13). For models 1 and 2 we simulate
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Figure 4.14: The first-passage time distribution for (a) model 1, (b) model 2, and (c) model
3. For all three models we observe a crossover from a superdiffusive behavior, revealed
by a decay faster than t−3/2, to a normal diffusive behavior proportional to t−3/2. Error
bars indicate 95% confidence intervals. The different curves are for different values of the
parameter α in the bet distribution (4.13).

a gambler who plays 50 million rounds, which yields a time series of their net income of

length 50 million. The data shown in Fig. 4.14(a) and 4.14(b) result from averaging over

300 independent runs for α = 1.2, 250 independent runs for α = 1.4, and 75 independent

runs for α = 1.6. These difference in the number of independent runs reflects an increase of

computational costs when α increases, due to a decrease of the acceptance rates for generating

random numbers. For model 3 we only made one run with 1 million players and 50 million

rounds. For all three models we use n = 4, 〈b〉 = 100, and Nfp = 20.

Interestingly, all three models show in the first-passage time distribution the expected



4.6. Summary 75

crossover from a superdiffusive behavior at early times, characterized by a decay with an

effective exponent larger than 3/2, to a normal diffusive long-time behavior, where the dis-

tribution decays as t−3/2. This crossover is rather sharp for model 1, whereas it is more

gradual for the other two models. As already mentioned in Ref. [152], the first-passage

time distribution does not suffer from the same restrictions than the MSD and is therefore

the superior quantity for identifying the crossover between a superdiffusive and a normal

diffusive regime.

4.6 Summary

The quickly increasing video gaming industry has led to the development of other types of

online entertainment, the prime example being online gambling. We considered in this work

an online jackpot game as an example of virtual item gambling. Publicly available gambling

logs permit a behavioral analysis at both the aggregate and individual levels. We analyzed

the probability distribution functions and correlation coefficients in order to elucidate the

relationships between some quantities derived from the gambling logs. Viewing the changes

of the net income of a gambler as a random walk, the mean-squared displacement of the

net income displays a crossover from a superdiffusive to a diffusive behavior. We discussed

three different models, two of which are simple random walk models for a gambler with

infinite wealth, whereas the third one considers many gamblers with finite wealth. All three

models show a crossover from superdiffusive to normal diffusive behavior in the first-passage

time distribution, but only the model with finite wealth displays a similar crossover in the

mean-squared displacement.
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Appendix

4.A Mean-squared displacements

In the following we briefly discuss the exact calculation of the mean-squared displacements

for models 1 and 2. In both models we consider n players with infinite wealth who gamble

with identically and independently distributed bet values b taken from a distribution P (b). In

the main text we consider a power-law distribution (4.13) as well as a power-law distribution

with a sharp truncation (4.14).

Let A,B,C, · · · be the n players attending one round. We are going to focus on player A

and compute the mean-squared displacement of their net income. For simplicity, we will

also use A,B,C, · · · to represent the bet values of the corresponding players. We denote by

A1, A2, · · · , At the bet values of player A in t rounds and call Ω1,Ω2, · · · ,Ωt the sum of the

bet values of the other players in the corresponding rounds. We use at to represent the net

income of player A after t rounds and note that before the first round played the net income

is zero, i.e., a0 = 0. The mean-squared displacement is then given by

MSD(t) =
〈
(at − a0)

2〉 = 〈a2t〉 . (4.18)

When player A wins round t, then their net income increases by Ωt = Bt +Ct + · · · , but the

net income decreases by −At in case of a loss. Models 1 and 2 now differ by the probability to

win the round, with this probability being given by 1/n for model 1 and by At/(Bt+Ct+· · · )

for model 2.

Let us first look at model 2. In that case the mean-squared displacement at round t is given
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by

MSD(t) =

∫
A1,Ω1,··· ,At,Ωt

P (A1,Ω1, · · · , At,Ωt)

(
A1

A1 + Ω1

· · · At

At + Ωt

(Ω1 + · · ·+ Ωt)
2

+
Ω1

A1 + Ω1

· · · At

At + Ωt

(−A1 + · · ·+ Ωt)
2 + · · ·+ A1

A1 + Ω1

· · · Ωt

At + Ωt

(Ω1 + · · · − At)
2

+
Ω1

A1 + Ω1

· · · Ωt

At + Ωt

(−A1 − · · · − At)
2

)
dA1dΩ1 · · · dAtdΩt.

After expanding the squared terms most terms cancel out, yielding after some simple alge-

braic manipulations

MSD(t) =

∫
A1,Ω1,··· ,At,Ωt

P (A1,Ω1, · · · , At,Ωt) (A1Ω1 + · · ·+ AtΩt) dA1dΩ1 · · · dAtdΩt,

=

∫
A1,Ω1

P (A1,Ω1)A1Ω1dA1dΩ1 + · · ·+
∫

At,Ωt

P (At,Ωt)AtΩtdAtdΩt.

All these t terms are identical and are given by

∫
A,Ω

P (A,Ω)AΩdAdΩ =

∫
A,B,C,···

P (A)P (B)P (C) · · · (A(B + C + · · · )) dAdBdC · · · ,

=

∫
A

P (A)AdA

∫
B

P (B)BdB +

∫
C

P (C)CdC + · · ·

 ,

= µ ((n− 1)µ) = (n− 1)µ2,

where µ = 〈A〉 =
∫
A

P (A)AdA. This then yields the final result

MSD(t) = (n− 1) 〈A〉2 + · · ·+ (n− 1) 〈A〉2 = (n− 1) 〈A〉2 t.

We note that for model 2 the MSD grows linearly in time. As the MSD is independent of

the second moment of the bet distribution, it is the same for any bet distribution with the
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same mean, including distributions with finite mean and infinite second moment.

The calculation for model 1 closely follows that of model 2, but with the major change that

for gambler A the probability of winning a round is 1/n, whereas the probability of losing

that round is (n−1)/n, with n being the number of gamblers involved in a round. This then

yields the expression

MSD(t) = 〈a2t 〉 =
∫

A1,Ω1,··· ,At,Ωt

P (A1,Ω1, · · · , At,Ωt)

(
1

n
· · · 1

n
(Ω1 + · · ·+ Ωt)

2

+
n− 1

n
· · · 1

n
(−A1 + · · ·+ Ωt)

2 + · · ·+ 1

n
· · · n− 1

n
(Ω1 + · · · − At)

2

+
n− 1

n
· · · n− 1

n
(−A1 + · · · − At)

2

)
dA1dΩ1 · · · dAtdΩt ,

and after some algebraic manipulations,

MSD(t) =

∫
A1,Ω1,··· ,At,Ωt

P (A1,Ω1, · · · , At,Ωt)

(
n− 1

n
A2

1 +
1

n
Ω2

1 + · · ·+ n− 1

n
A2

t +
1

n
Ω2

t

)
dA1dΩ1 · · · dAtdΩt,

=

∫
A1,Ω1

P (A1,Ω1)

(
n− 1

n
A2

1 +
1

n
Ω2

1

)
dA1dΩ1 + · · ·

+

∫
At,Ωt

P (At,Ωt)

(
n− 1

n
A2

t +
1

n
Ω2

t

)
dAtdΩt.
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Again, these t terms are identical, with

∫
A,Ω

P (A,Ω)

(
n− 1

n
A2 +

1

n
Ω2

)
dAdΩ

=

∫
A,B,C,···

P (A,B,C, · · · )
(
1

n
(B + C + · · · )2 + n− 1

n
A2

)
dAdBdC · · · ,

=
n− 1

n

∫
A

P (A)A2dA+
1

n

∫
B+C+···

P (B)P (C) · · ·
(
B2 + C2 + 2BC + · · ·

)
dBdC · · · ,

=
n− 1

n
µ2 +

1

n

∫
B

P (B)B2dB +

∫
C

P (C)C2dC + · · ·

+
1

n

 ∫
B,C

P (B)P (C) 2BC dBdC + · · ·

 ,

=
n− 1

n
µ2 +

1

n
(n− 1)µ2 +

1

n

(n− 1)(n− 2)

2
2µ2,

=
2(n− 1)

n
µ2 +

(n− 1)(n− 2)

n
µ2,

with the mean µ = 〈A〉 =
∫
A

P (A)AdA and the second moment µ2 = 〈A2〉 =
∫
A

P (A)A2dA.

It follows that the MSD for model 1 is given by

MSD(t) =

(
2(N − 1)

N
µ2 +

(N − 1)(N − 2)

N
µ2

)
t,

and is therefore still proportional to t, but now the pre-factor depends on both the mean

and the second moment.

The table below provides the interested reader with the mean values and second moments for

the two bet distributions considered in this work. Γ (·, ·) is the incomplete Gamma function.
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Table 4.2: Mean and second moment for the different bet value distributions.

distribution model mean µ second moment µ2

power law with exponential cutoff (4.13) 1

λ

Γ(2− α, λbmin)

Γ(1− α, λbmin)

1

λ2

Γ(3− α, λbmin)

Γ(1− α, λbmin)

power law with sharp truncation (4.14) 1− α

2− α

b2−α
min − b2−α

max

b1−α
min − b1−α

max

1− α

3− α

b3−α
min − b3−α

max

b1−α
min − b1−α

max
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5.1 Introduction

Gambling, as a form of games, appeared at a very early age in human history. Today, it has

become a huge industry and has a huge social impact. According to a report by the Amer-

ican Gaming Association [162], commercial casinos in the United States alone made total

revenue of over 40 billion US dollars in 2017. On the other hand, different studies reported

that 0.12% − 5.8% of the adults and 0.2% − 12.3% of the adolescents across different coun-

tries in the world are experiencing problematic gambling [163, 164]. Studying the gamblers’

behavior patterns not only contributes to the prevention of problematic gambling and ado-

lescent gambling, but also helps to a better understand human decision-making processes.

Researchers have put lots of attention on studying gambling-related activities. Economists

have proposed many theories about how humans make decisions under different risk con-

ditions. Several of them can also be applied to model gambling behaviors. For example,

the prospect theory introduced by Kahneman and Tversky [165] and its variant cumulative

prospect theory [166] have been adopted in modeling casino gambling [167]. In parallel to the

theoretical approach, numerous studies focus on the empirical analysis of gambling behav-

iors, aiming at explaining the motivations behind problematic gambling behaviors. However,

parametric models that quantitatively describe empirical gambling behaviors are still miss-

ing. Such models can contribute to evaluating gambling theories proposed by economists,

as well as better understanding of the gamblers’ behaviors. In this chapter, our goal is to

provide such a parametric model for describing human wagering activities and risk attitude

during gambling from empirical gambling logs. However, it is very difficult to obtain gam-

bling logs from traditional casinos, and it is hard to collect large amounts of behavior data

in a lab-controlled environment. Therefore in this chapter we will mainly focus on analyzing

online gambling logs collected from online casinos.

Recent years have seen an increasing trend of online gambling due to its low barriers to entry,
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high anonymity and instant payout. For researchers of gambling behaviors, online gambling

games present two advantages: simple rules and the availability of large amounts of gambling

logs. In addition to the usual forms of gambling games that can be found in traditional

casinos, many online casinos also offer games that follow very simple rules, which makes

analyzing the gambling behavior much easier as there are much fewer degrees of freedom

required to be considered. On the other hand, many online casinos have made gambling

logs publicly available on their websites, mainly for verification purposes, which provides

researchers with abundant data to work on. Due to the high popularity of online gambling,

in a dataset provided by an online casino there are often thousands or even hundreds of

thousands of gamblers evolved. Such a large scale of data can hardly be obtained in a lab

environment. Prior research has begun to make use of online gambling logs, for example,

Meng’s thesis [168] presented a pattern analysis of typical gamblers in Bitcoin gambling.

It’s worth arguing that although our work only focuses on the behaviors of online gamblers,

there is no reason to think that our conclusions cannot be extended to traditional gamblers.

Naturally, we can treat the changing cumulative net income of a player during their gambling

activities as a random walk process. We are particularly interested in the diffusive character-

istics of the gambler’s net income. This is another reason why we want to analyze the wager

distribution and risk attitude of gamblers, since both distributions are closely related to

the displacement distribution for the gambler’s random walks. Within this chapter, we will

mainly focus on the analysis at the population level. Physicists have long been studying dif-

fusion processes in different systems, and recently, anomalous diffusive properties have been

reported in many human activities, including human spatial movement [53, 169, 170], and

information foraging [78] (see in Ch. 3). In Chapter 4, we have shown that in a parimutuel

betting game (where players gamble against each other), a gambler’s net income displays

a crossover from superdiffusion to normal diffusion. We have reproduced this crossover in
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simulations by introducing finite and overall conserved gamblers’ wealth. However, this ex-

planation cannot be used in other types of gambling games where there is no interaction

among gamblers (e.g., fixed-odds betting games, which will be introduced below), as they

violate the conservation of gamblers’ overall wealth. In this chapter, we want to expand

the scope of our study to more general gambling games, check the corresponding diffusive

properties, and propose some explanations for the observed behaviors.

5.1.1 Game Types and Rules

To uncover the commonalities behind the behavior patterns of online gambling, we analyze

the data from different online gambling systems. The first one is skin gambling, where the

bettors are mostly video game players and where cosmetic skins from online video games

are used as virtual currency for wagering [125, 171]. The other system is crypto-currency

gambling, where the bettors are mostly crypto-currency users, and different types of crypto-

currencies, for example Bitcoin, are used for wagering. As the overlap of these two communi-

ties, video game players and crypto-currency users, is relatively small for now, the common

features of gambling patterns between these two gambling systems are possible to be common

features among online gamblers.

Not only do we consider different gambling systems, but also we discuss different types of

gambling games. In this chapter, we discuss four types of solely probability-based gambling

games, whose outcomes in theory will not benefit from the gamblers’ skill or experience

when the in-game random number generators are well designed. In general, there are two

frameworks of betting in gambling: fixed-odds betting, where the odds is fixed and known

before players wager in one round; and parimutuel betting, where the odds can still change

after players place the bets until all players finish wagering. In fixed-odds betting, usually



5.1. Introduction 85

players bet against the house/website, and there is no direct interaction among players; and

in parimutuel betting, usually players bet against each other. The four types of games we

discuss in this chapter will cover both betting frameworks.

When a player attends one round in any of those games, there are only two possible outcomes:

either win or lose. When losing, the player will lose the wagers they placed during that round;

whereas when winning, the prize winner receives equals their original wager multiplied by

a coefficient. This coefficient is generally larger than 1, and in gambling terminology, it

is called odds in decimal format [172, 173]. Here we will simply refer to it as odds. Note

that the definition of odds in gambling is different than the definition of odds in statistics,

and in this chapter, we follow the former one. When a player attends one round, their

chance of winning is usually close to, but less than the inverse of the odds. The difference is

caused by the players’ statistical disadvantage in winning compared to the house due to the

design of the game rules. In addition, the website usually charges the winner with a site cut

(commission fee), which is a fixed percentage of the prize.

We further define the payoff op to be the net change of one player’s wealth after they attend

one round. Although the four types of games are based on different rules, the payoff all

follow the same expression

op =


− b, with probability p = 1− 1

m
+ fm,

(1− η)(m− 1)b, with probability q = 1− p =
1

m
− fm,

(5.1)

where b > 0 is the wager the player places, m > 1 is the odds, 1 > η ≥ 0 corresponds to the

site cut, and fm is a non-negative value based on the odds representing the players’ statistical

disadvantage in winning we mentioned earlier. At least either η or fm are non-zero.
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From Eq. (5.1), we can obtain the expected payoff of attending one round

E (op|m, b) =
(
− (1− 1/m+ fm) + (1− η)(m− 1)(1/m− fm)

)
b,

= −
(
(1− η)mfm + (1− 1/m+ fm)η

)
b ≡ −ξb,

(5.2)

which is always negative since either η or fm are non-zero. In gambling terminology, ξ is

called the house edge, from which the websites make profits. The house edge represents

the proportion the website will benefit on average when players wager. In the four types of

games we discuss, the house edge ξ ranges from 1% to 8%. If there is no house edge ξ = 0,

that means it is a fair game. In a fair game or when we ignore the house edge, the expected

payoff would be 0. Below, we list the detailed rules of the different games:

Roulette We focus on a simplified version of roulette games that appears in online

casinos, where a wheel with multiple slots painted with different colors will be spun, after

which a winning slot will be selected. Each slot has the same probability to be chosen as the

winning slot. Players will guess the color of the winning slot before the game starts. The

players have a certain time for wagering, after which the game ends and a winning slot is

selected by the website. Those players who successfully wagered on the correct color win,

the others lose. As the chance of winning and odds for each color are directly provided by

the website, roulette is a fixed-odds betting game.

Crash “Crash” describes a type of gambling games mainly hosted in online casinos.

Before the game starts, the site will generate a crash point mC , which is initially hidden to

the players. With a lower boundary of 1, the crash point is distributed approximately in an

inverse square law. The players need to place their wager in order to enter one round. After

the game starts, on the player’s user interface a number, called multiplier, will show up and

gradually increase from 1 to the predetermined crash point mC , after which the game ends.
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During this process, if the player “cash-outs” at a certain multiplier m, before the game ends,

they win the round; otherwise they lose. This multiplier m they cashed out at is the odds,

which means when winning, the player will receive a prize equals his wager multiplied by

m. When mC is generated with a strict inverse-square-law distribution, the winning chance

exactly equals the inverse of the player-selected odds m.

The player can also set up the cash-out multipliers automatically before the game starts, to

avoid the possible time delay of manual cash-out. Since in a manual cash-out scenario, after

the game starts, the multiplier will show up on the screen; at a given moment, the decision

of the cash-out multiplier is based on the player’s satisfaction with the current multiplier,

and involves more complicated dynamics of decision-making processes. Meanwhile, in an

auto cash-out scenario, the multiplier m is chosen before the game starts, which means the

decision making is more “static.” In this manuscript, due to the lack of high-resolution

temporal information, when discussing the risk attitude in crash games, we will only focus

on the auto cash-out scenario. In order to include more data, when discussing the wager

distribution, both scenarios will be included in our analysis, since in both scenarios, the

players need to wager first before the game starts. Crash is also a fixed-odds betting game

where the odds are player-selected.

Satoshi Dice Satoshi Dice is one of the most popular games in crptocurrency gambling.

In 2013, the transactions resulting from playing Satoshi Dice games accounted for about

60% of overall Bitcoin transactions [174]. When playing Satoshi Dice, the player needs to

pick a number A within a range (L,U) provided by the website when they wager. The odds

can be calculated with the expression (U − L)/(A− L). Once the player finishes wagering,

the website will pick another number B which is uniformly distributed on (U,L). If B is less

than A, then the player wins the round, otherwise they lose.

Satoshi Dice is a fixed-odds betting game. In some online casinos, players cannot choose A
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arbitrarily, but instead, they have to select A from a preset list provided by the gambling

website. Since the odds m is determined from A, we are more interested in the case where

the players can choose A arbitrarily, from which we can obtain a more detailed distribution

of the odds m, which helps us to understand the players’ risk attitude.

According to the rules of Satoshi Dice games, the maximum allowed bet is proportional to

the inverse of A, which means the accepted range of wager is directly related to the odds.

To simplify our modeling work, in wager distribution analysis, we will only focus on the bets

that are wagered on the same odds.

Jackpot Unlike the games discussed above, Jackpot is a parimutuel betting game, where

players gamble against each other. During the game, each player attending the same round

will deposit their wager to a pool. The game-ending condition varies across different websites,

it could be a certain pool size, a certain amount of players, or a preset time span. When

the game ending condition is reached, each player’s winning chance will be determined by

the fraction of their wager in the wager pool, based on which one player will be chosen as

the winner by the website. The winner will obtain the whole wager pool as the prize, after

excluding the site cut. The odds can be calculated by the pool size divided by the player’s

wager, but it is unknown to the players at the moment they wager. In the previous chapter,

we have already discussed the player’s behavior in Jackpot games of skin gambling where

in-game skins are directly used as wagers. In this chapter, we will extend the analysis to

other cases.

5.2 Data Summary

For each type of game, we collect two datasets. In total, we analyze 8 datasets collected

from 4 different online gambling websites, and the number of bet logs contained in each
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dataset ranges from 0.3 million to 19.2 million. Due to the high variation of market prices

of crypto-currencies and in-game skins, the wager and deposits are first converted into US

cents based on their daily market prices.

CSGOFAST From the skin gambling website CSGOFAST [175], we collected four

datasets on the Roulette, Crash and Jackpot games (csgofast-Double, csgofast-X50, csgofast-

Crash, csgofast-Jackpot) it provides.

csgofast-Double (A) is a Roulette game in which players can bet on 3 different colors (Red,

Black, Green), which respectively provide odds of (2, 2, 14). The data were collected in two

different time periods, and the only difference between them is a change of the maximum

allowed bet values. csgofast-X50 (B) is also a Roulette game in which players can bet on 4

different colors (Red, Blue, Green, Gold), which respectively provide odds of (2, 3, 5, 50).

csgofast-Crash (C) is a Crash game. As we mentioned earlier, when analyzing the risk at-

titude of gamblers in Crash game, we are more interested in how players set up the odds

(multiplier) with the automatically cash-out option. On CSGOFAST, under the automati-

cally cash-out option, players can only setup odds ranging from 1.10 to 50. The interesting

point about this dataset is that even if the player loses the round, if they used the auto-

matically cash-out option, it still displays the player-selected odds (which is set before the

game starts); meanwhile if they used the manually cash-out option, no odds is displayed.

Therefore in early-crashed games (mC < 1.10), all the displayed odds that is larger than 1.10

were placed with automatically cash-out option. These displayed odds will be used in odds

distribution analysis. The data are also collected in two different periods, where the only

difference is still a change of the maximum allowed bet value. Roulette and Crash games on

CSGOFAST all use virtual skin tickets for wagering.
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csgofast-Jackpot (H) is a Jackpot game, where in-game skins are directly placed as wagers.

Each skin has a market value that ranges from 3 to 0.18 million US cents. A player can

place at most 10 skins in one round.

CSGOSpeed From skin gambling website CSGOSpeed [176], we collected one dataset

from its Jackpot game csgospeed-Jackpot (G), in which arbitrary amounts of virtual skin

tickets can be used as wagers. The difference between datasets (H) and (G) focuses on

whether the wagers are in-game skins or virtual skin tickets.

ethCrash ethCrash [177] is a cryto-currency gambling website providing a Crash game

ethCrash (D). Players need to place wagers in Ethereum (ETH), one type of crypto-currency.

SatoshiDice SatoshiDice [178] is a cryto-currency gambling website which accepts Bitcoin

Cash (BCH) as wagers. It provides a Satoshi Dice game satoshidice (E), where only 11 preset

odds can be wagered on, ranging from 1.05 to 1013.74. Among the preset odds, we find that

more than 30% of the bets are placed under the odds 1.98, and we will analyze those bets

for wager distribution.

Coinroll Coinroll [179] is a cryto-currency gambling website which accepts Bitcoin (BTC)

as wagers. It provides a Satoshi Dice game Coinroll (F), where players can either wager on the

8 preset odds listed by the website, or choose an odds of their own. When further analyzing

the data, we find that a few players placed an unusual large amount of bets, where the top

player placed more than 11 million bets. Although these large number of bets again prove

the heavy-tailed distribution of the number of bets of individuals, we have doubts that these

players are playing for the purpose of gambling. Indeed, prior studies have raised suspicion

about the use of crypo-currency gambling websites as a way for money laundering [180]. We

will therefore exclude from our analysis gamblers who placed more than half a million bets.

For bets wagered on the preset odds, we find that more than 57% are placed under the odds
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1.98, and we use these bets to analyze the wager distribution.

On the other hand, since player-selected odds show a better spectrum about the risk attitude

of gamblers, we will focus on the odds distribution of the player-selected odds. However,

we find that more than 78% of the bets on player-selected odds are placed by the top 40

gamblers, which only account for less than 1% of the players who try player-selected odds.

Each of those top 40 gamblers placed at least half a million bets within years, therefore these

bets have most likely been placed by programs, which is also a method offered by the website

for wagering. As we have pointed out, all the games discussed in this chapter have negative

expected payoffs, so these large amounts of bets are not likely to be placed for the purpose

of gambling. As already mentioned, we will exclude the bets from these players from our

odds distribution analysis.

Although crypto-currency has gained decent popularity in the financial and technological

world, in this chapter we still measure the wager/wealth deposited in forms of crypto-

currencies in US dollars, since the wagers in skin gambling are measured in US dollars.

The historical daily price data of crypto-currencies (Bitcion, Ethereum, Bitcoin Cash) are

obtained from CoinDesk [181] (for Bitcoin) and CoinMetrics [182] (for Ethereum and Bitcoin

Cash).

5.2.1 Ethics for Data Analysis

The data collected and analyzed in this chapter are all publicly accessible on the internet, and

we collect the data either with the consent of the website administrators or without violating

the terms of service or acceptance usage listed on the hosting website. The data we use do

not include any personally identifiable information (PII), and we further anonymize account-

related information before storing them into our databases to preserve players’ privacy. In



92
Chapter 5. Wagering Distribution, Risk Attitude and Anomalous Diffusion in Online

Gambling of Pure Chance

addition, our data collection and analysis procedures are performed solely passively, with

absolutely no interaction with any human subject. To avoid abusing the hosting websites

(i.e., the gambling websites), the request rates of data-collecting are limited to 1 request per

second. Considering the legal concerns and potential negative effects of online gambling [126,

135, 138, 183, 184, 185, 186, 187], our analysis aims only to help better prevent adolescent

gambling and problem gambling.

5.3 Parameter Estimation and Model Selection

In our analysis, the parameters of different distribution models are obtained by applying

Maximum Likelihood Estimation (MLE). To select the best-fit distribution, we compare the

models’ Akaike weights derived from Akaike Information Criterion (AIC). Note that analyz-

ing the fitting results, we constantly found that players show a tendency of using simple num-

bers when allowed to place wagers with arbitrary amounts of virtual currency. As a result,

the curves of probability distribution functions appear to peak at simple numbers, and the

corresponding cumulative distribution function shows a stepped behavior. This makes the

fitting more difficult, especially for the determination of the start of the tail. To address this

issue, we choose the start of the tail xmin such that we obtain a small Kolmogorov–Smirnov

(K–S) distance between the empirical distribution and the fitting distribution, while main-

taining a good absolute fit between the complementary cumulative distribution functions

(CCDF) of the empirical distribution and the best-fitted distribution. Candidate models for

model selection in this chapter include exponential distribution, power-law distribution, log-

normal distribution, power-law distribution with sharp truncation, power-law distribution

with exponential cutoff, and pairwise power-law distribution. More details about parameter

fitting and model selection can be found in Ch. 3.
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5.4 Wager Distribution

From the viewpoint of the interaction among players, the games discussed in this chapter

can be grouped into two classes: in Roulette, Crash, and Satoshi Dice games, there is little

or no interaction among players, whereas in Jackpot games, players need to gamble against

each other.

At the same time, from the viewpoint of wager itself, the games can also be grouped into

two classes: In games (A-G), the wagers can be an arbitrary amount of virtual currencies,

such as virtual skin tickets or crypto-currency units, whereas in game (H), the wagers are

placed in the form of in-game skins, which means the wager distribution further involves the

distributions of the market price and availability of the skins.

Furthermore, from the viewpoint of the odds, considering the empirical datasets we have,

when analyzing the wager distribution, there are three situations: i) For Roulette and Satoshi

Dice games, the odds are fixed constants, and wagers placed with the same odds are analyzed

to find the distribution. ii) For Crash games, the odds are selected by the players, and

wagers placed with different odds are mixed together during distribution analysis. iii) For

the Jackpot game, the odds are not fixed at the moment when the player wagers.

In Table 5.1 we categorize the 8 datasets based on the above information. At the same

time, for each dataset we perform a distribution analysis of wagers at the aggregate level.

Within the same dataset wagers placed under different maximum allowed bet values are

discussed separately. We plot the complementary cumulative distribution function (CCDF)

of the empirical data and the fitted distribution to check the goodness-of-fit, see Fig. 5.1.

CCDF, sometimes also referred to as the survival function, is given by F̄ (x) = P (X > x) =

1− P (X ≤ x).

It turns out that when players are allowed to place arbitrary wagers (games A-G in Ta-
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Table 5.1: The best-fitted distribution and estimated parameters of wagers. For games (A,
B, C, E, F, G) the best-fitted model is a log-normal distribution, and for game (D) the log-
normal distribution is truncated at a maximum value. For game (H) the wager distribution
follows a power law - exponential - power law pattern.

Game
Name

Game
Category

Wager
Currency

Arbitrary
Bet Max Bet Odds Best-Fitted

Model Parameters

csgofast-
Double

(A)
Roulette Virtual

Skin
Ticket

Yes

500, 000
(A1)

2
(Red)

Log-normal

µ = 3.689, σ = 1.952
xmin = 21

2
(Black)

µ = 3.807, σ = 1.922
xmin = 21

14
(Green)

µ = 3.972, σ = 1.647
xmin = 21

50, 000
(A2)

2
(Red)

µ = 2.936, σ = 2.108
xmin = 11

2
(Black)

µ = 3.175, σ = 2.118
xmin = 12

14
(Green)

µ = 2.633, σ = 2.113
xmin = 14

csgofast-
X50
(B)

50, 000

2
(Blue)

µ = 2.734, σ = 1.930
xmin = 11

3
(Red)

µ = 2.450, σ = 2.030
xmin = 12

5
(Green)

µ = 2.814, σ = 1.999
xmin = 12

50
(Gold)

µ = 3.416, σ = 1.548
xmin = 11

csgofast-
Crash
(C)

Crash

10, 000
(C1) Player-

Selected

µ = 1.647, σ = 2.226
xmin = 15

20, 000
(C2)

µ = 1.932, σ = 2.143
xmin = 11

Ethcrash
(D) Crypto-

currency

0.25 ETH µ = −7.186, σ = 6.356
xmin = 1

Satoshi
dice
(E)

Satoshi
Dice

10 BCH
1.98

µ = 5.910, σ = 2.691
xmin = 34

Coinroll
(F) 3 BTC µ = 1.930, σ = 2.638

xmin = 2

csgospeed
(G) Jackpot

Virtual
Skin

Ticket
500, 000 Not-fixed

µ = 5.167, σ = 1.301
xmin = 23

csgofast-
jackpot

(H)

In-game
Skin No

15 items
180, 000
per item

Power Law -
Exponential -
Power Law

α = 0.802, δ = 2.457× 102

β = 7.080× 10−3, η = 3.783
λ = 8.625× 10−5, xmin = 250

ble 5.1), the wager distributions can be in general best-fitted by log-normal distributions. In

particular, in games (A, B, C, E, F, G), the wager distribution can be approximated by the
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following expression

P (x) =

Φ

(
ln(x+ 1)− µ

σ

)
− Φ

(
ln(x)− µ

σ

)
1− Φ

(
ln(xmin)− µ

σ

) , (5.3)

with xmin ≤ x and σ > 0. Φ(·) is the cumulative distribution function of the standard normal

distribution. Meanwhile in game (D), the fitted log-normal distribution is truncated at an

upper boundary xmax, which might result from the small maximum allowed bet value and

the huge variation of the market price of crypto-currencies.

During model selection, we notice that when we select different xmin, occasionally power-

law distribution with exponential cutoff is reported to be a better fit, but often it does not

provide a decent absolute fit on the tail, and overall the log-normal distribution provides

smaller K-S distances.

On the other hand, as we have pointed out in Ch. 4, when players are restricted to use

in-game skins as wagers for gambling, the wager distribution can be best fitted by a shifted

power law with exponential cutoff. Now, with a similar situation in game (H), where wagers

can only be in-game skins, we find that the early part of the curve can be again fitted by a

power law with exponential cutoff, as shown in Fig. 5.1(H). However, this time it does not

maintain the exponential decay of its tail; instead, it changes back to a power-law decay.

The overall distribution contains six parameters, given by the expression

P (x) =


1

c1 + c2c3

(x− δ)−α

1 + eλ(x−β)
, for x ≤ xtrans,

c3
c1 + c2c3

x−η, for x > xtrans,

(5.4)

where c1 =
xtrans∑
x=xmin

(x− δ)−α

1 + eλ(x−β)
, c2 = ζ (η, xtrans), and c3 = xη

trans
(xtrans − δ)−α

1 + eλ(xtrans−β)
.
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Figure 5.1: In games (A-G), where players are allowed to choose arbitrary bet values, the
wager distribution can be best fitted by log-normal distributions (5.3). In game (D), the
log-normal distribution is truncated at its maximum bet value, indicated by ∗. The fitting
lines represent the log-normal fittings. Wagers placed under the different maximum allowed
bet values are discussed separately, e.g., in game (A), (A1) has a maximum bet value of
500, 000, and (A2) has a maximum bet value of 50, 000. On the other hand, in game (H)
where wagers can only be in-game skins, the wager distribution can be captured by a shape
in a pairwise power law with an exponential transition, see Eq. (5.4). The red dotted line
represents the log-normal fitting and the blue solid line represents the fitting of a pairwise
power law with an exponential transition.
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We believe that when players are restricted to use in-game skins as wagers, the decision to

include one particular skin in their wager is further influenced by the price and availability

of that skin. These factors make the wager distribution deviate from the log-normal dis-

tribution, which is observed in games (A-G). This is very clear when comparing the wager

distributions of games (G) and (H) as both games are jackpot games of skin gambling, and

the only difference is whether players are directly using skins as wagers or are using virtual

skin tickets obtained from depositing skins. The power-law tail, which was not observed in

the previous chapter, might result from the increment of the maximum allowed skin price

(from $400 to $1800).

The above discussions, including the results for games (A-G) in Table 5.1, show that the

wager distributions in pure probability-based gambling games, no matter whether the game

follows parimutuel betting or fixed-odds (preset/player-selected) betting, stay log-normal as

long as the players are allowed to place arbitrary amounts of wagers. This commonality of

log-normal distribution no longer holds when this arbitrariness of wager value is violated,

e.g., in the scenario where the player can only wager items (in-game skins).

Log-normal distribution has been reported in a wide range of economic, biological, and so-

ciological systems [73], including income, species abundance, family size, etc. Economists

have proposed different kinds of generative mechanisms for log-normal distributions (and

power-law distributions as well). One particular interest for us is the multiplicative pro-

cess [74, 188]. Starting from an initial value X0, random variables in a multiplicative process

follow an iterative formula

Xi+1 = exp(νi)Xi or lnXi+1 = lnXi + νi. (5.5)

If the vi has finite mean and variance, and is independent and identically distributed, then
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according to the central limit theorem, for large i, lnXi will follow a normal distribution,

which equivalently means Xi will follow a log-normal distribution.

If we want to check whether gamblers follow multiplicative processes when they wager, we

can first check the correlation between consecutive bets (bi, bi+1). Due to the large variances

of the wager distributions, Pearson’s correlation coefficient may perform poorly. Instead,

we adopt two rank-based correlation coefficients, Kendall’s Tau τK and Spearman’s Rho

ρS. At the same time, we also check the mean and variance of the log-ratios ln(bi+1/bi)

between consecutive bets. These statistics can be found in Table 5.2. The results reveal that

the values of consecutive bets exhibit a strong positive correlation, with all the correlation

coefficients larger than 0.5. It shows that players’ next bet values are largely dependent on

their previous bet values. At the same time, the bet values are following gradual changes,

rather than rapid changes. These conclusions can be confirmed by the small mean values

and small variances of log-ratios between consecutive bets.

Table 5.2: Correlation analysis shows that there is a strong positive correlation between
consecutive bets, along with the small mean values and variances of log-ratio between con-
secutive bets. Satoshi Dice (E) is excluded here as individual gamblers in the dataset are
not distinguishable. csgofast-Jackpot (H) is excluded in the calculation of P (bi = bi+1) due
to the low precision of bet values in this dataset.

Dataset τK(bi, bi+1) ρs(bi, bi+1) 〈log10(bi+1/bi)〉 var(log10(bi+1/bi)) P (bi = bi+1)
csgofast-Double (A) 0.596 0.737 0.010 0.183 0.342

csgofast-X50 (B) 0.692 0.803 0.007 0.102 0.512
csgofast-Crash (C) 0.858 0.909 0.004 0.038 0.802

ethCrash (D) 0.866 0.949 0.000 0.147 0.549
Coinroll (F) 0.826 0.925 0.000 0.282 0.497

csgospeed-Jackpot (G) 0.522 0.675 0.002 0.288 0.136
csgofast-Jackpot (H) 0.591 0.759 0.002 0.206 −

Further analysis of the distribution of ν shows an exponential decay on both of its tails,

see Fig. 5.2. This means that ν approximately follows a Laplace distribution. However,

compared to a Laplace distribution, the empirical log-ratio distribution shows a much higher

probability at ν = 0, whose value can be found in the last column of Table 5.2. We also
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Figure 5.2: The distribution of the logarithmic of the ratio (log-ratio) between consecutive
bet values. For games (A, B, C), the log-ratio can be described by a Laplace distribution.
For games (D, F, G, H), the log-ratio presents bell-shaped distribution. In general, the
distributions are symmetric with respect to the y-axis, except in games (D) and (F).

observe that ν presents higher probability densities around small integers/half-integers and

their inverses. Due to the existence of these differences, we will skip the parameter fitting

for the distribution of ν. The high probability of staying on the same wager is therefore one

of the common strategies adopted by gamblers in fixed-wager betting.

Meanwhile, the high positive auto-correlations, along with the higher probability densities

at small integers/half-integers and their inverses, provide evidence that gamblers also often

follow a multiplicative process when wagering. The multiplication process can be explained
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by the wide adoption of multiplicative betting systems. “Betting system” here refers to the

strategy of wagering where the following bet value depends on the previous bet value and

previous outcome [189]. Although betting systems will not provide a long-term benefit, as

the expected payoff will always be 0 in a fair game, still they are widely adopted among

gamblers. The most well-known multiplicative betting system is the Martingale (sometimes

called as geometric progression) [189]. In Martingale betting, starting with an initial wager,

the gambler will double their wager each time they lose one round, and return to the initial

wager once they win. Martingale is a negative-progression betting system, meaning that the

gambler will increase their wager when they lose, and/or decrease their wager when they

win, which is opposite to a positive-progression betting system.

Apart from multiplicative betting, there are many other types of betting systems, such as

additive betting and linear betting [189]. The reasons why multiplicative betting systems

are dominant in our datasets are: 1) Martingale is a well-known betting system among

gamblers; 2) Many online gambling websites provide a service for changing the bet value in

a multiplicative way. For example, for the Crash games csgofast-Crash (C) and ethCrash

(D), both websites provide a simple program for automatically wagering in a multiplicative

way. For the Roulette games and Coinroll (F), the websites provide an interface with which

the gambler can quickly double or half their wager. However, for Satoshi Dice (E) and

csgospeed-Jackpot (G), no such function is provided, yet we still observe similar results,

indicating that gamblers will follow a multiplicative betting themselves.

Fig. 5.2 provides us with the distribution of ν, however, it will not tell us whether the

gamblers adopt the negative/positive-progression betting systems. Therefore we further

analyze the effect on the bet values of winning/losing a round. How the gamblers adjust

their wager after winning/losing rounds is shown in Table 5.3. We can see that although

there is a high probability for sticking to the same bet values, the most likely outcome after
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losing a round is that the gambler increases their wager. When winning one round, gamblers

are more likely to decrease their wager. This means that negative-progression strategies are

more common among gamblers than positive-progression strategies.

Table 5.3: Statistics about how gamblers change their bet values after winning/losing rounds.
Apart from fixed-wagering betting, a comparison between the probabilities suggests gamblers
prefer negative-progression betting rather than positive-progression betting. Satoshi Dice (E)
and csgofast-Jackpot(H) are excluded from the analysis due to the reasons mentioned in the
caption of Table 5.2.

Dataset After Losing After Winning
P (bi+1 > bi) P (bi+1 = bi) P (bi+1 < bi) P (bi+1 > bi) P (bi+1 = bi) P (bi+1 < bi)

csgofast-Double (A) 0.432 0.319 0.249 0.228 0.383 0.388
csgofast-X50 (B) 0.293 0.500 0.207 0.167 0.541 0.292

csgofast-Crash (C) 0.201 0.685 0.114 0.076 0.854 0.069
ethCrash (D) 0.566 0.401 0.033 0.079 0.690 0.231
Coinroll (F) 0.560 0.377 0.061 0.121 0.606 0.274

csgospeed-Jackpot (G) 0.478 0.159 0.374 0.415 0.104 0.480

5.5 Risk Attitude

We now turn to the following question: When a player is allowed to choose the odds them-

selves in a near-fair game, how would they balance the risk and potential return? Higher

odds means a lower chance of winning and higher potential return, for example, setting odds

of 10 means that the winning chance is only 1/10, but the potential winning payoff equals 9

times the original wager. In our analysis, we can examine such behaviors based on the gam-

bling logs from Crash and Satoshi Dice games. For the Crash game, only CSGOFAST.COM

provides the player-selected odds even when players lose that round, therefore we can an-

alyze the distribution of player-selected odds (from those rounds where every player with

player-selected odds lost). For the Satoshi Dice game, only Coinroll accepts player-selected

odds. We will focus on the data collected on these two websites. For the Crash game on

CSGOFAST.COM, the odds can only be set as multiples of 0.01, whereas for the Satoshi
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Dice game on Coinroll, the odds can be set to 0.99 · 65536/i where i is a positive integer

less than 64000. To simplify our modeling work, we will convert the odds on Coinroll to be

multiples of 0.01 (same as the Crash game).

It turns out that in both cases the odds can be modeled with a truncated shifted power-law

distribution, which has the expression

P (m) =


( m− δ)−α

ζ(α, mmin − δ)
, for mmin ≤ m < mmax,

ζ(α, mmax − δ)

ζ(α, mmin − δ)
, for m = mmax,

(5.6)

where ζ(·, ·) is the incomplete Zeta function, and mmax is the upper truncation. Note that

there is a jump at mmax, meaning that the players are more likely to place bets on the

maximum allowed odds than on a slightly smaller odds. The estimated parameters can be

found in Table 5.4. From the comparison between the CCDFs of empirical data and fitting

curves, as shown in Fig. 5.3, we can see that the truncated shifted power law can capture

the overall decaying trends of odds distribution. Some noticeable deviations, including the

stepped behavior, result from the gamblers’ preference of simple numbers.

Table 5.4: The odds distribution can be best fitted by a truncated shifted power-law distri-
bution, and the exponents are both smaller than 2.

Game
Name

Game
Category

Wager
Currency

Best-Fitted
Model Parameters

csgofast-
Jackpot Crash Virtual

Skin Ticket Truncated Shifted
Power Law

α = 1.881, δ = 0.849
mmin = 1.15

Coinroll Satoshi Dice Bitcoin α = 1.423, δ = 2.217
mmin = 2.58

A distribution that is close to a power law indicates that a gambler’s free choice on odds shows

scaling characteristics (within the allowed range) in near-fair games. It also means that when

gamblers are free to determine the risks of their games, although in most times they will stick
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to low risks, showing a risk-aversion attitude, they still present a non-negligible probability

of accepting high risks in exchange for high potential returns. The scaling properties of

risk attitude might not be unique to gamblers, but also may help to explain some of the

risk-seeking behaviors in stock markets or financial trading.

Now we re-examine the distributions from the point of view of estimating the crash point

mC (Satoshi Dice games can be explained with the same mechanism). The true distribution

of mC generated by the websites follow a power-law decay with an exponent of 2 (with some

small deviation due to the house edge). Meanwhile, a closer look at the fitted exponents listed

in Table 5.4 gives us two empirical exponents of 1.423 and 1.881, both of which are smaller

than 2. The smaller exponents reveal that gamblers believe that they have a larger chance

to win a high-odds game than they actually do. Or equivalently, it means the gamblers

over-weight the winning chance of low-probability games. At the same time, the “shifted”

characteristics here lead to more bets on small odds, which also indicates that the gamblers

over-estimate the winning chance of high-probability games. As a result, they under-weight

the winning chances of mild-probability games. These are clear empirical evidence of proba-

bility weighting among gamblers, which is believed to be one of the fundamental mechanisms

in economics [167].

5.6 Wealth Distribution

In the previous study of skin gambling [125], we pointed out that the wealth distribution of

skin gamblers shows a pairwise power-law tail. This time, by considering the players’ deposits

to the gambling site as the wealth data, we find that the pairwise power-law tails are also

observed for bitcoin gambling. We find that on the gambling website Coinroll, starting from

5660 cents, the players’ wealth distribution follows a pairwise power-law distribution, with



104
Chapter 5. Wagering Distribution, Risk Attitude and Anomalous Diffusion in Online

Gambling of Pure Chance

m

F (
m
)

100 101
10−2

10−1

100 (C)

101 102 103 104
10−2

10−1

100 (F)

Figure 5.3: Odds distributions can be well-fitted by truncated shifted power-law distribu-
tions.

the power of the first regime to be 1.585, and the power of the second regime to be 3.258,

see Fig. 5.4. The crossover happens at 1.221 × 105 cents. As both wealth distributions of

skin gambling and bitcoin gambling can be approximated by a pairwise power distribution,

we believe that it is a good option for modeling the tails of gambler wealth distribution in

different scenarios.
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Figure 5.4: The tail of the wealth distribution of Bitcoin gamblers follows a pairwise power-
law distribution.
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Figure 5.5: In all datasets, the distributions of the number of bets placed by individual
players present heavy-tailed properties. Closer inspection also shows that the cryto-currency
gamblers, i.e., in games (D) and (F), tend to place more bets (heavier tails) when comparing
to gamblers in skin gambling.

5.7 Removing the Effects of Inequality of the Number

of Bets

In the above sections, we have analyzed the distributions of several quantities at the pop-

ulation level. However, as shown in Fig. 5.5, there is a huge inequality of the number of

placed bets among gamblers. We therefore wonder whether those distributions we obtain

result from the inequality of number of bets among individuals. To remove the effects of

this inequality, we randomly sample in each dataset the same number of bets from heavy

gamblers. We re-analyze the wager distribution and odds distribution with the sample data

to see if we obtain the same distribution as before. In each dataset we randomly sample 500

bets from each of those gamblers who placed at least 500 bets above bmin given in Table 5.1.

Some datasets are excluded here as either they don’t have enough data or we cannot identify

individual gamblers. When re-analyzing the odds distribution, to ensure we have enough

data, we respectively sample 100 and 2000 bets from each of those gamblers in games (C) and
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(F) who have at least 100 and 2000 valid player-selected odds above mmin given in Table 5.4.

According to the results in Fig. 5.6, the wager distributions after removing the inequality

can still be approximated by log-normal distributions, but some deviation can be observed.

Similarly, the odds distributions after removing the inequality, as shown in Fig. 5.7, again

follow truncated shifted power-law distributions. These results demonstrate that the shape

of the distributions we obtained in the above sections is not a result of the inequality of the

number of bets.
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Figure 5.6: The wagers obtained from random sampling of top gamblers’ bets still present
log-normal distributions, although there are some observable deviations.

Now our question becomes whether the conclusion of the distribution at the population level

can be extended to the individual level. Here due to the limitation of data, we will only

discuss the wager distribution. Analyzing the individual distribution of top gamblers, we find

that although heavy-tailed properties can be widely observed at the individual level, only a

small proportion of top gamblers presents log-normal distributed wagers. In Fig. 5.8, we show
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Figure 5.7: The player-selected odds obtained from the random samples of top gamblers’
selected odds still present truncated shifted power-law distributions, with observable devia-
tion at the far tails of the distributions. The exponents are respectively 1.712 and 1.394 for
games (C) and (F).

the wager distribution of several typical gamblers whose wager distributions respectively

follow a log-normal distribution, a power-law distribution, a power-law distribution with

exponential cutoff, a pair-wise power-law distribution, an irregular heavy-tailed distribution,

and one that only has a few values. The diversity of the wager distribution at the individual

level suggests a diversity of individual betting strategies. Also, it indicates that a gambler

may not stick to only one betting strategy. It follows that the log-normal wager distribution

observed at the population level is very likely to be an aggregate result.

5.8 Diffusive process

For an individual player’s gambling sequence we define “time” t as the number of bets one

player has placed so far, and define as net income the sum of the payoffs of those bets. In all

the games we analyze, there are only two possible outcomes: a win or a loss. The player’s

net income will change each time they place a bet in a round, with the step length to be the

payoff from that bet. We can treat the change of one player’s net income as a random walk
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Figure 5.8: Although heavy-tailed properties can be commonly observed in wager distribu-
tions, the log-normal distribution is not universal at the individual level. In the figure, we
show 6 typical gamblers whose wager distributions respectively follow a log-normal distribu-
tion: (F )-15; a power-law distribution: (D)-25; a power-law distribution with exponential
cutoff: (D)-28; a pair-wise power-law distribution: (G)-12; an irregular heavy-tailed distri-
bution: (D)-8; and one that only has a few values: (C1)-3. The figure label indicates the
index of the gambler based on the dataset and on the number of bets they placed, e.g.,
(F )-15 means the gambler placed 15th most bets in dataset (F).

in a one-dimensional space. The time t will increase by 1 when the player places a new bet,

therefore the process is a discrete-time random walk. Now, let us focus on the analysis of

the diffusive process of the gamblers’ net incomes, starting with the analysis of the growth

of the mean-squared displacement (MSD), defined as

MSD(t) =
〈
(∆w(t))2

〉
=

〈(
t∑

i=1

op(i)

)2〉
, (5.7)

where ∆w(t) is the cumulative change of a player’s wealth after they attend t rounds, and

op(i) represents the payoff from the ith round the player attended. 〈·〉 represents an ensemble
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average over the population, i.e., over all the players who placed bets. For a normal diffusive

process, MSD(t) ∼ t, otherwise it means the random walk follows an anomalous diffusive

behavior. More specifically, when the MSD growth is faster (respectively, slower) than linear,

we call it superdiffusion (respectively, subdiffusion).
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Figure 5.9: The growth of mean-squared displacement in different datasets presents different
diffusive behaviors. In the figures, the error bars represent 95% confidence intervals, blue
dashed lines follow linear functions (slope = 1), and green dotted lines follow quadratic
functions (slope = 2).

In Fig. 5.9, we present the growth of the mean-squared displacement against time for each

of the datasets. To reduce the coarseness, MSD curves are smoothed with log-binning tech-

nique. The error bars in Fig. 5.9 represent 90% confidence intervals computed with boot-
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strapping using 2000 independent re-sampling runs. It is interesting to see that for different

datasets we observe different diffusive behaviors. For games csgofast-Crash (C) and cs-

gospeed (G) we observe that the MSD grows approximately as a square law with time,

suggesting superdiffusive behavior. Meanwhile, for games csgofast-Double (A), ethCrash

(D), and csgofast-Jackpot (H), the MSD first presents a superdiffusive regime, followed by

a crossover to a normal diffusive regime. For games csgofast-X50 (B) and Coinroll (F),

although the MSD roughly present a linear and a sublinear growth, a careful inspection sug-

gests that both curves consist of several convex-shaped regimes, indicating a more complex

behavior.

In Ch. 4, we argued that the crossover from a superdiffusive regime to a normal diffusive

regime in a parimutuel game is due to the limitation of individuals’ wealth and the conser-

vation of total wealth. A similar crossover is observed in the same game (H), a parimutuel

betting game using skins as wagers, where the same explanation can be applied. However,

the crossover is not seen in the other parimutuel betting game (G). On the other hand, this

crossover is found in a roulette game and in a Crash game, where there is no interaction

among gamblers. The limitation of an individual’s wealth can still be a partial explanation,

but the conservation of total wealth no longer holds. A different explanation needs to be

proposed to model this crossover.

In general, the diverse diffusive behaviors found in different datasets indicate that human

gambling behavior is more complex than random betting and simple betting systems. Further

studies of gambling behaviors are required in order to fully understand the differences.
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5.9 Modeling

In this section, we want to discuss how we can obtain from different gambling models the

different diffusive processes observed in the previous section. We will not attempt to re-

produce the parameters we obtained from the gambling logs, but rather try to explore the

possible reasons for the anomalous diffusion we reported.

For a gambling process, if the gambler’s behavior is independent among different rounds,

i.e., the wager and odds are respectively independent and identically distributed (IID), with

no influence from the previous outcomes, and if the wager b has finite variance and the odds

m has finite mean, then MSD’s growth will be a linear function of time t.

MSD(t) = (〈m〉 − 1)
〈
b2
〉
t, (5.8)

where 〈m〉 is the mean value of odds distribution and 〈b2〉 is the second moment of the wager

distribution. But normal diffusion is only found in few datasets, the remaining datasets

presenting anomalous diffusion which conflicts with the IID assumption.

Having shown the popularity of betting systems among gamblers, we would like to check

how different betting systems affect diffusive behaviors. First, we simulate gamblers that

follow Martingale strategies in a Crash game. We assume that the selection of odds follows a

power-law distribution with an exponent α, with a minimum odds of 1 and a maximum odds

of 50, where the maximum odds is set to ensure a finite variance of the odds distribution.

Starting from a minimum bet of 1, we multiply wagers by a ratio γ each time the gamblers

lose one round and return to the minimum bet each time they win. Once the wager reaches

a preset maximum bet value 10000, we reset the gambler with a minimum bet. MSDs

obtained from 10 billion individual simulations are shown in Fig. 5.10. Different curves

correspond to different exponents in odds distribution. We can see that the MSD initially
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presents an exponential-like growth, before the growths reduce to a linear function. It is

easy to explain the exponential growth since many gamblers lose the rounds and therefore

increase their wager by the factor γ, which leads to an increase in the average bet value.

The superdiffusion here suggests that Martingale strategy increases gamblers’ risks of huge

losses. Considering the wide adoption of Martingale among gamblers, this could be a reason

for the superdiffusion as well as the crossover to normal diffusion we found in several datasets.

Comparison of the MSD curves of different α suggests that a more aggressive risk attitude

leads to a higher risk of huge losses (as well as higher potential winnings).
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Figure 5.10: A betting system similar to Martingale will lead to a crossover from superdiffu-
sion to normal diffusion according to the growth of mean-squared displacement. Comparison
between curves of different parameters shows that higher γ and lower α both will lead to a
higher chance of huge losses/winnings.

However, as has been pointed out by Meng [168], gamblers show a huge diversity of betting

strategies, and even individual gamblers constantly change their betting strategy. Differences

in the fractions of gamblers playing in different betting strategies could be a reason why we

see the different diffusive behaviors in different datasets.
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5.10 Discussion

In this chapter, we have shown that log-normal distributions can be widely used to describe

the wager distributions of online gamblers at the aggregate level. Also the risk attitude of

online gamblers shows scaling properties, which indicates that although most gamblers are

risk-averse, they sometime will take large risks in exchange for high potential gains.

Our analysis of the growth of the mean-squared displacement of net income shows different

diffusive behaviors in different datasets, indicating that the gamblers’ behaviors are more

complex than simple betting systems. We propose some explanation for the anomalous

diffusion we found, but more work is required to fully understand the gamblers’ behaviors.



Chapter 6

Conclusions

I have presented three projects in this dissertation studying the behavior patterns in certain

human online activities: the first one focuses on information foraging on search engines, and

the other two discuss online gambling behaviors. All of these projects provide evidence for the

wide existence of heavy-tailed properties in human online behaviors, such as when describing

jump lengths, waiting times, gambling wagers, risk attitudes, etc. Detailed distributions for

each quantity are also provided. Using the analogy of viewing the behavior dynamics as

random walk processes, I reported that those activities all present anomalous diffusion.

With further discussions about correlations and entropy, I showed that the quantities are

not independent, and the systems are not at stable states. These investigations can help to

infer insights about the commonalities among human online dynamics.

For the analysis of information foraging patterns, we found a switch from Lévy-flight-like

superdiffusion to Brownian-motion-like normal diffusion when the search engine ranking al-

gorithm was improved. Further analysis shows that when the resource is sparse, the foraging

processes are a combination of local searches and relocation phases that are power-law dis-

tributed. Our investigation therefore highlights the presence of intermittent search processes

in online searches, where phases of local explorations are separated by power-law distributed

relocation jumps. These results in general provide a better understanding of how humans

perform searching tasks, and search engine providers can benefit from our findings to improve

their services, especially when designing the layouts of result pages. On the other hand, the
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switch between the diffusive patterns can be useful when designing an adaptive searching

algorithm which takes into account of the resource distribution so that it can maintain its

efficiency no matter the resource is abundant or sparse.

For the analysis of gambling behaviors, we provided a quantitative description of the wager-

ing patterns of online gamblers. In general, when gamblers are allowed to place arbitrary

amounts of wagers, the bet values at the aggregate level approximately follow a log-normal

distribution; and when gamblers can only wager items, the wager distribution is affected by

the market price and availability of those items. The analysis of individual wager distri-

butions also reported heavy-tailed characteristics, however the diversity of the wager distri-

bution at the individual level suggests a diversity of individual betting strategies. On the

other hand, by analyzing the growth of mean-squared displacement, we showed that different

games present different diffusive behaviors. In particular, in an online lottery game (Jack-

pot) that uses in-game skins as wagers, the mean-squared displacement presents a crossover

from a superdiffusive to a normal diffusive regime, which is reproduced using simulations

and explained analytically. These results can be used to propose better models of describing

how and why humans gamble, which may help to prevent problem gambling and adolescent

gambling behaviors. In addition, due to the similarities between the gambling and economic

behaviors, the scaling characteristics and probability re-weighting in risk attitude we found

among online gamblers may help to interpret similar behaviors in economic systems.

In my dissertation, although I only studied certain types of online activities, our findings in

those projects reveal very complex humans behaviors. In Chapter 1, I have addressed the

importance of studying human behavior patterns to sociophysics research. Clearly, to better

understand human behaviors we need to put more attention into the research of human

dynamics. And I hope that my work can provide inspirations for others that are interested

in this field.
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