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Symbol

IT. LIST OF SYWE0LS

 Definition

square or rectangular metrix

‘column matrix o

elenent in i*" row and jth column of fa] _

element in i row of {A}

determinant of [4]

algebraic sumnation of horizental shears in\tqp of
columns of the i®P story; positive to right |
relaﬁive stiffness of member 1j; equal to the moment
of inertia divided by the length if the member is
prismatic

summation of the relative‘§tiffnesses of all members
méeting at,joiht i

height of it" story.

‘bending moment at Joint i in member 1j; positive

sense, clockwise on the member

algebraic summaﬁion'of'bending‘moments at joint i
(i‘literal); or summation of end moments in columns
of the iM story (i‘numerical)‘ z
fixed-end moment at joint i in member ij

algebraic summation of fixed-end moments at joint i

(i literal); or sumation of fixed-end moments in

columns of ! story (i numerical)



Symbol Definition
norxu [A] (' -square root of the sum of the sguares of the elements
| of [}l]

r order of a square submatrix

s f order of a séuaré submatrix

(r,s) ‘ order of a rectangular matrix; r columhs, s rows
@i - rotation,‘in radians; of joint i,.positivevsense,k
| cloékWiSe | |

2E6;, wher: E is Young's modulus of elasticity
Ay lateral translation of joint i; in simple frames,

positive to left; in complex frames, sign convention

optional
a3 6EAi
N Li :
z © . algebraic summation

Special matrices gre defined when introduced.
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IXI. INTRODUCTION

Any analysis of a statically indeterminate structure re-
guires the solution of a number of simultaneous linear equations,
the number depending upon the degree of indeterminagy. One of the

most familiar forms for the expression of these equations, in the
case 6f rigidlywcoﬁnected plane frames, employs joint_rotétiens and
translations as redundants. Using these slope-deflection eéuatiéns
for a pectangular frame, it is necessary to determine the rotation

of each joint, and each indepeﬁdeﬁt joint tfanslation. The équations
most commonly solved iﬁvolve‘the equilibriﬁm of bending moments ét
each.rotating Jjoint and the shear eqﬁilibrium of one frse-body for
eéch independent tﬁanslatiano

| Matrix nététicn haS'loﬁg been used for the-compacf,repreu
?entatibn of’systéms of simulbtanecus linear'equ&tiﬁné. in tha'strucf
tural field,’éa U. Benscoter(l)?\has publishéd matrix analyses of
continuous beams, and Pei-Ping Chan(B) has discussed mabrix analysis
of pin-connected structures. Most engineers, inéluding a,majorityb
of those who discussed the articles of Benscoter and Chen, have con-
sidered this compacthess of notation to be the only advantage pos-
éeésed by matrix methods. Actual sclution of matrixvequations re~
" guirss the inversiqn of matrices, a time%cGRSuming précess when
classical metheds are used. Coﬁsequenﬁly, for matrix methods to

be feasiﬁlebrapid routines for inversion are essential,

* Humbers'ref@r to Bibliography.

v



The purpose of the present thesis is te'ihvestiggﬁe the

feasibility of mobrix methods of analysis for rigidly~connected
| structurai.frames in one and two dimensions. Frames are analyzed
Ey means of the slope—deflectioh cquations, expressed in matrix
nofaﬁion. Solution of the matrix equations by alternative éethods
of inversion is investigatéd. The various routines for inversion
are compared_with each other and with more familiar methods of
analjsis,ufrom the vi¢wp0ints‘6f $im§licit§ of operations, rapidity,
aﬁd accuracy. |

| The vélue of matrix methods of énalysis will Se jﬁdged,
not by studgntiengineers,,but by design engineers and‘eﬁgineéring
feculties. Both groups, the aathof feels, are intimately acquainted
with>common énalyﬁidal grccedufés such as m&ment dist?ibution(s), and
the presentation of such methodé in these pages wuuld serve. no useful
purpose. If convincéd of the utility of métrix methods, structﬁral’
engihéers would be wiliing.té‘learn the funﬁamentéls'of matrix‘aia
gebra; It would be aundacious of the'auﬁhor %0 a%témpt to present
thesé fﬁndam@ntaléiin a paper 6f this nature, wheﬁ they are’ so
thoféughly and adequétely discussed in"sﬁch texts as that of Ffazerg

Duncan, and qular(g)o



1V, THE REVIEW OF LITERATURE

S. U, Benscoter(l) brcached the p0331b111ty of using mhyix
methods for the analysis of statically 1nde[ermlnate structures. ‘His

article, "Matrix Analyszs of Continuous Beasas,¥ appeared in the

Trensactions, American Socisty of Civil Enzineers, in 1947, and was
devoted explusiveiy to_the analysis of continuougswbeams on non- .
settling supports. ' Benscober discussed the matrix representation
of the'slopéndefleétioﬁ‘equations, methoé of threé moments, method
of three slopes, and mmmehﬁ distribution. In each form of analysis,
the matrix equations included a squarc-"si;ffnegsﬁ mabrix, wh1ch had
o be inverted to solve the equatiors, |
| Benscoter inverted the stiffness matrix by the classical
method of detprmlnlng the adjoimt and dividing by the determinanﬁ3
of the ma&flx,‘ ThlS methed of inveﬂslon, the only method prelented
in many texis(yz), is no more econﬂtlcal of time than solution of
\the simnltaheous equataons by det»vminanns, a not orlously Limee
consuming method. .Eenscoter suggestad'the possibility of de@reasing
the time required for inversien by wsing a mgtrix powér series solu-
tion, but did not discuss converge ce of uhe series,

Most of the discussers ol Benvcoterﬂs a?ulcl@ seemed to
consider the matrlx methods tq be of academlc 1nterest only, be= -
cause of the time required for matrix inversion. Benscoter, himself,
concluded thatvthe metﬁods vere préctical only in the case‘df frames

with a number of loadings exceeding the number of rotating joints.



Metrix metheds of onelysis have bsen applied %o pin-
connected structurss by Pei-Ping Chen{3), whose article, "Matriz

dunlyeie of Fin-Connscted Structures,” sppsared in 1949 in the

@Emmsagﬁi@msg‘ﬁmériean Seviety of Clvwil Engﬁn@efs, Chen, like

- Bengcoter, smployad the classical meﬁhé& af %nv@rsiomg and con-
bcimﬂaé that hisAméﬁhéds were practical omly for structures gubject
%o the mmlﬁiple loadings. The aﬁv&nﬁag@ @f’%hs mesriz m@ﬁh@dg ac=
cording to Chen, ie ﬁha% o |

? = o= «v%h@ Sruse ma? bs solwvsd for 2 large variedty af

loadings with 1it6le sdditional 1@@«»% whersss elenderd methods
generally @@q&ifé %h@vr@ps%iti@n @f.aﬁmos% all cemputations for

each get of loads.

- # Chen, Pei-Ping, WMmtrix Analysie of Pin-Conmected Structures,”
Transactions, American 3ociety ¢f Civil Engineers, vol 1i4
{1949}, p 192, , ‘ '
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| The only source of difficulty in solv1ng the matrix form. of
' the'slope~deflegtion equations is the inversion of a natiffness" matrix.
 Because of the special neturé of this.matrix, it was believed that
approximate methode of inversion should yield results rapidly, with
acouraqy accsptable to the structursl engineer. The investigation was.
'init&ally intended to deternmne the suitsbility of such apprbximétions,
‘from the stendpéint of accuracy coupled wlth economv of time.

| Early in the nnvestipation, it became apparent that the pOWer
1 serieévapproximﬁtlons being studied would not be completely satisfactory.
A segrch of the matrix iiterature indicated the existeﬁce of fairly rapid
.dirgct nethods of inversion. Consequently, the scoPG of the inﬁestigation
is'broadéned to consider the fessibility snd comparétive ugefulness of
direct, as well.asvof‘épprcximate, metheds éf inversibn, as applied to.

the structural problem of plene rigid frame analysis.

Be_Development of the Slope-Deflection Fauations
in Mptrix Notation |

| Avderivation of the scaiar slope~deflection equéﬁions may be
found in any text on staticelly indeterminate btructures.( 1) The
notation used herein departs slight Ly from the most common notatdon,
: end the resder is referred to the list of symbolu, page 5.

In thg freme of Flgure 1, the moment in member AR at'joint i\

is given by:

Myp = 2 Kup Py + K 4n fp *Kgp 0 * Wyp - = - -~ - - (la)
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Similarlys-
Myp = yp By * Kyp Wy o mmm e (1)
Myp = 2y Fy * Kpp 0y * Wyp -t To=T (2e)

These three equations express the moments at joint 4 in the members
‘1ntersect1ng at 4, indirectly in terms of the Joznt rotatlons and
translations and of the fixed-end moments at 8.
For joint & to be in equilibrlum, the algebraic summetlon of
‘ bendlng moments at A must equal zero. In terms of the modlfied slope» S
_vdeflection redundants? |
My = 25K, f) + .KAB P * Kap P * Kap @ " By % * 'y = 0

R — D
or ’

' ) ! - s 9 . e» em
2K By + Ky B * Kn-ﬁn Y Rp ot KAB\az R 1)

Simllarly, for equllibrium of joznts By C; and D, respectively.,

7 Kyp By +2sz¢ *KBGfJ “zg“wa -=e=eee(2)

Kac’”s*zzxcgc*xcng * X “2“”“”0”””“‘“’"‘(3)
Kanﬁa‘*xcnﬂc*zmnﬁn KDE%*K o, = =M, “""(4)

if the portion of the frame above section 1l=1 is congidered
a8 8 free—body, the sum of the horizontal forces on this portion must
equal zero. The horizontal forces wmll.consist of column shesrs in the

firstestory columns, and of any external horizontel loads or load



o= j]..é .

compon@nts;‘ The sumation of the external horlvoﬁual forces above
@GﬁlOﬂ 1-31 will be calied bh@ story- sheayr, ﬂe&ignateﬂ by ng and is .
considered positive when directed to.the right. If the columns of - the
£irst stcrylare.cf equal length, as iﬁ the freme of Figure 1, the sum
" the colann ghcprg is egual to the sum of the calumn end. moments
divided by the column length. The equaﬁién of gheax equilibriﬁm'thsn

beconess

EMJ . ,lé.!&r el M A 3 MD% 4 i“fgﬁ . o f ) e o - oo e - ({-‘ﬂ)
I, L : 1 | : ’

i 1

In the modified slope=deflection notation:

reny
=a
%
3
pa
=t
]

My = 3Kyp fy * Ty Fp * 2y oq Wy = e By = oo (57)

or
G+ 28K 6, = - L ‘:wl - e oo e (5)

oF By gy By v 25K o) v o HL

Similaxly, Por shesr equilibrium of the portion of the frame above

- + 2K % 3 @+ 9%K g =
BE{éBgQ »ABQSB ’{Gﬁ;}j v 13},%}'} a,a-g(} &f

=BT - M ' e e e oo e o (6)

unﬁtibhs {1} throtgh (6) ave solved simultonecusly for the

‘m'-

six redundants, which ave then substituted into eguations of the form
£ {1a), (1b), (lc), etc., to determine the final end mements in each

TMEMber .
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The mcéifiéd elopeodeflectionvequa‘tions,, as ﬁresentéd above,

are not the most genéral foim; but, afe yalid if 1l mewbers of the |
frame are prismetic, or if an avevage stiffhéss velue is assumed for
each member. |

In matrix notation, the above six equations may be represented

bys
— : o —eres .
2K, Ky 0 Ky Ky Kgp # -y
Xyp 2%p K O 07 K| o |fy - Mg
0 Ky 2Ky Ky O Eyy NN w
Kp O Ky 2y Kne Kep | (Fa| |-y
Fyp O O 3y 22K O | ajL |- e L,
Fp P Fep Fep ¢ 2Byl o, = Miy-i L,

or, in compa;:t notations {K:g x {fd} = {a M“} oo e s (70)

The single mgtrix equation is solved for g;ﬁ}' by pre-~
| mul‘tiplyirig both sides by [K] Gﬁl, the inverse of [K:ﬁ o

(o}« [ e fow} eeeeee-@

Onée the column matrix g 95} haz been determined, giving .-‘che ;joint
‘yrota;hions and translations, all end moments may be rapidiy‘ computed,
‘using equations of the form of Equations .(13)9 (Ib), etc. These‘l
compu’ca%ions may be expz‘éséed by four matrix equations, solving, inl
the first matrix equation, for the end' moments to the right of each
joiﬁt; in the second, for the end moments sbove sach joints and in the

other two matrix equations, for the end moments to ﬁhé left of and
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below the”joints'o 1f these moments be expressed as elements of column

matrices {MI} R {MII} . {MIII] > {Mﬁf} , Tespectively, them, in

~ the frame of Figure 1:

[Mo] . [Zw 0 0 Epo o . g, NE" @(9)
Yoo 0 Wy B 0 0 Of bg | [ Mgl
#y
a3
Oz
A (M )= %)= ()« {ug
Similarly - | |
- - | S
Mp | By O 0 O Ky O} | ¥
M 2. K o O 0 X g | (M
4B } _[TAB CaB T Bl |TB e wﬁB ~ (10)
Yoo 0 0 Ky AWy 0 Kyl 15 1c
M 0 0 o Ky Ky 0| [ | |¥e
4
) ‘ . : . R ‘ \ﬂz
R TR " R—
10 Kop 2Kpe O 0 O M |
¥cp R Bc 2Kpg "{M* oBl . 1)



e

Mypl  |2gp O AF Miar|
M K 2K 0 0 0 K M|
¥y aB AB 4B |, {¢} . ’BA - (12)
[¥ep 0 0 Mg Ky 0 K| M'op
M 0 o 0 2K_ 0 Mt
] I KDE ) " | DE

L meem- e (120)

§ HIV } [va] = {M w}

When the slopeadefleetlon equations are written in metrix
notation, we shall refer to the gguare meLrix !:K~B, or any of the
rectangular mstrices designated by [K] with a Réman subscript, as the
sﬁiffnsss_matriﬁ; the cbiumn_mstrix §v¢ } . as the rotation matrixg the
column matfix {é»?ﬁﬂz as fhe fiiedwend moment méiriﬁg and any of the
'column matrices %-M % with a subseript aé the end moment matrixa.

If joint trsnslation is absent or is negligible, the rotation

matrix will not include terms o, and 05, and the last two rows and

1

colums of the stiffness matrix will disappesr. Thus, the first r rows
an& coiumns of the stiffness matrix, wherg'r is the nﬁmber of rotating’
joints,kgive the stiffhess matrix for the speeial case of zero joint

tranéiation. It will be nobiced that this speclal stiffrness matrix is

Inspection of
.th

symmetric if members are assumed to be pr;smatxc.

th

Equation (7) shows that the element kij’ in the 1™ row and j column,

‘is‘equal~to the relative stiffness of member ij. being zero if'm@mber ij

Element k Hence, these elements may be

ii
written directly from inspection of the framee

does not exist. s BZKio

The last s vows and columns of the stiffness matrix, where s

is the mumber of independent joint translastions, sre necessitated by
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translation of the joints. Theée,elements also may be written from
-inspection, provided each story hes a constant column heighty. as in‘
the frame of Figure i. The eoefficient of a;in the 1D row,Awheré
3 % r, is the relative stiffness of the column of the j* story which
meets at‘joint i, The coefficient of a in the principal disgonal ié
QZKja The ceefficient of @iim row T + j is three times the relative
stiffness of the column of the jthvstcry meeting joint i, being zero
if no such structural column exists. |

If any story hes columns of unegual lengihs, or if vertical
jéint trenslations are pessible, the analyst must use care in writing the
equations of shear equilibrium to insure thet the réws and columns of the
stiffness matrix due té translatioﬁ are correct. Also, when vertical
trénslationsvmust be censideféd;'ar when all horizontal trénslétions are'4

' not in the seme sense, care must be used in estsblishing a sign conventiens



Co ¢ Mutions af %he ;@g@@Deflectior Eguetions in Matrix Form

L. Inversionm by & Matrix Power ﬂ@¢i%f Arproximation

T4 will be noted thet, except for the step of inverting the

gtiffness wmetrix, all steps of the sclution involve only metrizx milii-

are readily end repidly performed on &

pe. The inverse stiffness metrix, {K}‘”l
sd=end Toment mgmijﬁi V}} to obtain the
» 13 ,hen obtainad

Py

T f < . .
s matris %Ki1 by %ffgamd-gddlng the Fixed-
) : ,

ation and addition are processes re-

thematicel maturity, i1t has been suggested

sez might biﬁﬁ%

(1}

Ho T gt B s R L Rp— &
thet 8 methnd of inversic

r» Bensséter

&
o
W

or dnvert

I U & )

corresponding to the principal

bl

& Temein aar matrii.

e e e o oo {15

D7) DI} ----- s

n e
Then - b

L
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= 1+ {EI} - (213t} =3 . (iﬁ“')
EKE =] {[1] - m} Ao (1)

From enelogy to the correspondiﬁg‘scalar power series, ﬁ:I} - EQ]} -1

mey be expressed rs o matrix power seriess

([11 -Cel}™ = [x] + [0d+ [0)%+ [@]% -~ - o)
provided the sefies convergese lBenacéter. suggests that it may be an
' easy métter to deté”miﬂe whether or not ﬁhé gevies converges in any
partlcular problem, but gives no criterion for 1nvesp1gphing convergenceo

(8)

Frazer, Duncan, and Collar have shown thst a necessery and
sufficlent condition for the GOHVergcnce of tne above series is that all
la tent roons of EQ} be less then unlty in ghsolute value. The necessity
for 1nvest;ga»1ng this condition would mllify any saving in time whiph
might resﬁit‘frcm using the seriés‘appreximaﬁion. Hotelling (10) has
pointed out a sufficient, thgugh‘not necas&ar’; condition for the con-
vergence of such a power seriésg- He defines the norm of a real matrix
r(harm E:Q:E ) 28 the square root of tﬁe sum of the équares of ﬁhe matriz
elements. If noim EQ] 1s less Ehﬁﬂ umty9 the serles CONYEYgese
Hotelling's norm test for“cpnvergemce geens well=guited for
oractical use. ﬁlthough‘thé series mey converge for noxﬁsEQ] slightly in
excess of unity, the ?cscnh investigetion has shown extremely-slgﬁ con=
vergence when uh@ norm epprosches unity. Congequently, a norm of.unity
would ezppesr to represent the upper limit for practical appchatl@H of

12

the power series approximation.



e D] e
Accepting unity es the upper ﬁérﬁissible limit of norm :[@]'9
it is possible to‘investigaﬁeglet least approximately, the degree of
complexity e frame may have wiﬁhéﬁt causing the power series to diverge.
If the elements ﬁ i‘of tﬁe rotetion matrix be replsced by 2ZK1¢£,.the |
princi§a1 diggonal élemenis of the étiffnessvmatrix becoﬁerunity@

Thén, following Benscoter's suggesﬁian,'ﬁéa ﬁmy’be expressed ag
1 - [&] . - |
(o] = B[ -] -

Hence, the power serles may be expected ta'converge'if the sum of the

er e e s oo e~ (17)
squeres of the nen-diagonsl elements of EK@] ‘does not exceed unity,
Wwhere EK@]' is the motrix obtained by dividing the elements of each
column of EK] by the principsl disgonal element of thet column.

4 igy i, o/ Kes
Thet igt k ij B‘ kia /’kﬁs

To interpret the above convérgenca condition in terms of
K struc%ﬁral frame, assume that‘an~aVerége of three effective membhers
meet af each joiny, en effective memﬁer being 6me both ends of which ére
free to rotate; assume, aiso, thet all members meeting £t o joing ere
‘ of equal stiffness. Three members per joint-means'that the auxiliary
étiffness métrﬁﬁ [}éﬂ will have three non-zerc, non-diageonal eleménts
in each row end colﬁmn, when sidesway is neglecte&aa If all members

sre of equal stiffneség each element kgij will equal 1/6. Then

norm [Ri} 32‘;139". ”””””””””” ‘”“;”"'(18)



o= DD

where n is the oréer of the stiffness motrix. Thug, for ready

i

convergenée, B TY-T for norm . Rﬁ} += 1, the stiffness mstrix méy be
of the twelfth order only, limiting the use of this methed to fremes
hrving é maximum of twelve rotating jOints; Thié'limitetioh is sd
mitte&ly an epﬁro_x‘imatioﬁs but the'existence"of a2 limitation is
undebatable. |
| If four members of equsl stiffness meet at esch joint,

Sixteen‘rotating‘joints are pe?missible for certain convergence, since
foui nbnwzero elements, each equal to 1/8, will appest in‘each row of
the remsinder matrixr’[ﬁf} . Sihte, in 5 rectargulsr frame, no more
than four members may meet o1t any jpint,‘sixteen rotating jointg are
all that can be analyzed by Benscoter's method without modificétibnsg
In a;préctical'frame, of COurség all ﬁembers‘will not'bé of equal
5tiffnessa " The effec% of ﬁnequal stiffnesses is to reéuce the per-
fmissible brdef of the stiffness matrixe. That such is true is evident
from an ingpection of the auxiliér? stiffness matrix {Kf} . Tt is
- seen that thé sum of the non-diagonal eleﬁents of'each Tow or column
is 1/2, if sidesway is neglected and if ell members are effecti#eg
regardless of the relstive magnitudes of the individual meﬁbér stiff~ .
nesses. The sum of the squarés of the elememts,'ahd therefore the‘norm,
is a minimum wheh all elements are e@ua;, which is to say, when all
stiffnesses are equalo

Similarly, it.cpﬁ}be shown thet the power series will converge
for any freme ;f not“mére than four rotating joints, if'joinﬁ trans-

letion is negligible. The upper limiting value of non-diagonel elements -



off the‘auxiliafﬁ tiffness matrix is 1/2, 14d¢eat ng one menber meet-
ing at GFCh'jﬁinta In such a case, norm [R“] « n , indicsting that
the order n mey be four for morm | RY] « 1.

When joint tremsls’ion is considered, definite 'mumericel limits
may not Se placed upon tﬁe order of the stiffness matrix, since the‘effe@c
of the additionel elemen"‘cs“ due to :‘ﬁ;‘ahsla'bion is a function of the ge'ometz'y
of ﬁhe structure; In genéwal,_hbw@ver, the addiﬁion of a row'an& column
toithe stiffhess matrix, necessibated by joint transiation, appears to
increase norm [}W} more than the addition of e row and co umn ﬂ@ceSSlm
teted Ly an sdditional roteting ‘;join’be Qualiwtively, this effect is
apparent, since considerstion of trensletion sdds nom-zero elements ié
the origin&l stiffness matrix {K] without a .corresporiding incresse
in the princlpal diagonal elementse

"1t shonld be noted thab the remainder metrix {ﬁﬁ} » Cbltained
from the guxiliary stiffness matrix [K{! » 1z identical with the matrix

[Q} ; obtained from the'original stiffness matrix {ﬁ} e Conséquenﬁa
1y, the above dlscu331on of convergence epplies éﬂrectly to Bensccter“s
suggested method of inversion.

A slight varistion of the abov@.meﬁhod permits‘its exﬁenﬁién
to frameé of highér order. Insitesd of expressing the suxilisry Stiffa
ness mririx EK{}. as the difference between the unit matrix and a re-

: mainder‘matrix, ve may conslider it as the difference between~aitriangular

metrix and a remainder matrix. Thet is

(] = [ - () - - - S EEEEEPEEPRRY O



o Db, =
. Here, [T] ig the trigngular metrix obtained by eliminating from [K“]
&ll elements above the principsl diagonal. The inverse of a triangular

(8

matrix is eass.ly oh'ualned, althdugh not so resdily aé the inverse of

a2 diasgonal matrix»_ Then
o] = [zé?j}[w]*l---”---u-a-—--.—u-w--f-a«zzoy

[x] -t [Tj 2 {[1] - me]}“l _______ e 2)

The power series approicimation ;E’or {EI] - [:Qz]} ~1 may ogein be used,
¢s in Equation (16);., provided the series convergese | o

| dssuming three members oi‘ equal gtiffness meeting at each joint,
and neglec“sing sldesway, each non~zero, nonadlagon?l element of [K} will
equal 1/6. Each disgonal element of ET] -1 will be unity, end the non~
disgonsl elementg will ‘bé powerd of 1/6, the first powerg being negetives
Postnmltiplicstion of [P&ﬂ by [T] -1 will heve the effect of deereasing
m&m [Rv‘ﬂji . Thet 18, nerm o] < nerm [ﬁ'ﬁ Consequently, if norm {R"}
does not execeed unity, ﬂ*xe pover serieskwill‘convergeo Since the non=
zero elements of ER"} are each f{_;;/&': ?;‘ then [R“‘] mey have 36 non-gero
elements. Ther@f‘ore,,: [K?} nay hsve.»"?z nonééeré, nonmﬂiaganal elements,
or mey be of the 24th order. Thus, 24 roteting joims are permigsible, or
somevwhat fevwer if sideswéy is considered. This order, ss béfores should
bg congideved 28 8 rather roﬁgh ajppro:;:imatioﬁo |
i Since Benséoter origiﬁally _éuggesi:ed use of the péwer series
lagrapz'oxiinationbf’or the anslysis of continuous besms, it is ﬂvo.rth while to
investigate convergencé in thet special one-dimensionel cﬂse.-._Eech

interior joint of a continucus besm is effective, and two mewbers meet
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at each effective joint. Cousequently, if“all members are of egqual stiff=

ness, esg non-}zero, vnon%d:i,agoml elément of the auxiliéry stiffness matr;‘;.x'

) [i{ﬂ | equalé.l/‘{*; The first and last rows end columns of [Kﬂ éoﬁtain
. One non=zZero, nonediagonal element each, all ether rows end- columns con=

toining two.éuch elements éach. Hence, if [Kﬂ is ;expréssé& as [I] = Eﬁﬂ ,,‘

norm ERﬂ = 1 when the 'order of the stiffness mairix is nine. Thus, |

using Bensdofhér"s sugpested method without ﬁa&ificatien, '.t',ha matrix power

series converges for contin_uous 'beams‘ with ‘mf.en vspans, oz' fewer if members

differ aépreciably in stiffness.

If the pméer series converges sié:_»wly, a method suggested by

(8)

Frazer, Duncan and Collar will accelerate the convergence. If [C o} .
isens srroximate inversye of [Kj P 'the‘approjcima%ion tﬁey be improved by

' computing

This secyence converges 1o EK“‘ =1. 3¢ the latent roots of {I} EKE EC }

are all Less then unity in absolute valueg and, thervefore, if norm

g[:l'} v EK} EC ]j < 1, 1If EG }is an appmximate' inverse of the
suxilisvy stiffness metrix ﬁ.i{“_] , obtained by the power series

appmxinntion, then

[CRISRIO R A
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Thus, one cycle of’the ebove corrvection method is eéuivplent’%o
doubllng the number of terms of tne power series. Actuelly, if the
COmpUﬁaulGrs sre performed usi ing o con&tzﬁf rumbur of computer plsc@sg
as is commen, the accurscy obtained from cne cycle of correction is better
~than that cbteined by doubling the number of terms of the series, sinc@
th@r@.is iless opportunity for waking computetionsl ervors rnd fntroducing
errors of rounding. | | R |
The improvement method reguires two metrix mltiplications per.

cycla. Goﬁaequenﬁlyg it sevee time-only if the iﬁitial epproximate in=
verse includes ot 1éast three termskof the power series. It prdves"most
veluable when the power series rpproximstion is used for inverting metrices -
of high order; vhere s lerge number of terms of the §ower series may be
necessary to insure Tesscnable 8CCUTACY .

X A W@llaﬁnoﬁm-direct method éf inversion, bssed upon the
Ceyley-Hrmilion equsﬁian,(Q) requires only n-l metrix multiplications,
where n is the order of the metrix to be inverted. Hence, the power
series method is difficult to justify if tﬁe number of terms fequired

exceeds the order of the mstrix. Such has proved to be the case for
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meny stiffness wmetrices considered in the course of the present

investigetion.

2. _Inversion by Dwyer's Methqgmm 

Psul Duyer (6, 7 )hgﬁr, diécusseﬂ' ) moﬂifie@ form of the
Doolittle method for the solution of simultanecus equations for which
the metrix of coefficients is symmetric, snd the sdasption of this method
to the determinéticn of the inverse of a symmetrﬁe’matrixa The ﬁetheﬁ
is direct, recsonably rspié;_snd compaet in forme
The original problem is the solution of the sysﬁem of
' equaﬁions ,
ina ) ai,] R, ® an.g.l; 3 {d-= 192‘9”.»,_'11)0’- o e e e o (2!,;)
These'equatiené sre sclved bg intreducing suxilisry equetions, esch of -
which_ﬁas’one varisble less than the preceding egustion, due te the
sucecessive elimination of Xy, Xgp sees Hpop oo & finél‘augiliary eqﬁation
in %, alone is solve§; ond the other 3 obtaiﬁéd by subsiituting inteo the
auxiliaﬁy equatibné in inverse orﬁera This method is illustrated in
Teble lo | |

In the first n lines of Table 1, the n eguations of (24) ave

writbtens The first egustion of (24) is written in-line n + 1, and

divided by its leeding coefficient a,; to obtain
-1 , .

1

it
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’Th@n Form

SR A X,
4=l i2.1 i

L]

#l, 2.1 VheTe: a5, T ag; ~ 8yby - - - (26)

n B K E‘b . her h«, = Bs '
i=]l i2.1 M1 1‘&-192»1 wnere ld;ul 2;3“22; o e e (263)
822.1
- In generals
M oay. .. % = . S | -
ge1 Lded=2 71 ntl, joj-i (§.~ LsRseney @) mmmmmmmm (277)
and
n g
A R R T Y I R (277)
where
81jed=l ~ %13 7231 Bgp = B3 Byp .y To o o =y 51, 3e2D), jel.j2
= = (27°7)
and
b.n s = 854, jel
1Jed=l 2o dz L. R, w  {27rrr)

333 3

Table 1, due to Dwyer, (7) 1llustrotes ﬁh@'solution of the following

\

system of equationss

1.0000 x; + 0.4000 x5 + 0.5000 x, + 06000 x, = 0.2000

0.4000 x7 + 1.0000 xp + 0.3000 x5 + 0.4000 x, = 0.4000

A

05000 37 + 0.3000 x5 + 1:0000 %3 + 02000 3x, = 0,600

v

0060100 Xl k3 Oal}OOO ‘{2 + 0.2000 X3 ¢ 1.0000 X‘{i’ = Q(AEOQO



R Only the diagongl and suﬁerbdiagonal elements.éf tﬁe matrix of coefficients
are shown in Teble 1, to represent avsymmetric matrix.

To determine the inverse of a symmetric matrix, the column
metrix ,{é} is replacéa by the columns of the.unit matrix in succession,
n sets of equationsibeing sblvad simplténeousl&. This method ﬁill be
illustrated in a leter section.of the paper, when fraﬁes which heve been

analyzed are presented.
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TABLE 1

DWYER'S METHOD FOR SOLVING SIMULTANEOUS EQUATIONS

/

X3 ‘ X2 xa x‘["‘ : . “ a

a;7 | 140000 | 0.4000 | 0.5000 | 0.6000 | 0,200

8y, 1.0000 | 0.3000 { 0.4000 | 044000
855 11,000 | 0.2000 | 0.6000
814 . 1.0000 038000

a;7 | 2.0000 | 0.4000 | 0.5000 | 0.6000 | 0.2000

bsq | 1.0000 10,4000 | 0.5000 | 0.6000 | 0.2000

8y5.9 | ° - | 048400 | 0,1000 | 0.1600 | 0.3200
Bipg | | 2.0000 | 0.119 | 0,1905 | 0.3810
233,2 . 0.7381 {0,190 | 0.4619
b | | 1,0000 |-0.1612 | 06258
31403 v | 005903 006935
Byya| T | 20000 | 1,1748

Hence from biIM'B X, = 101748
from byy,, X3 = 0:6258 - (- 0.2612) x,
" from by, y % = 0.3810 = (0.1905) x, = (0.1190) x,

from by, X, * 02000 = (006000)_x4_a (005000) x5
- (0.4000) x,
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Duyer's ﬁethod yiélds the inverse of a symmetric matrix
rapidly,:the éccuracy of the inverse depehding upon the number of
computer pleces used in ihe computatione Since, as has been menticned,
the stiffness matrix is symmetric if joint tresnsletion is neglected,
Dwyef;a’ method is directly applicabla to the analysis of & great.number
of prectical’frémes° Corn@sh(A) has poirited out thét joint t:anslations
due to a.symmet:y of vertical loads usually have a negligible effect.upbn ‘
final end moments, when all 1oadsAare considered. _GonseQuently, frames |
 not subject to lateral loads, and particulérly low building frames,

_ for_ﬁhich wind loads may be negligible, may be analyzed neglecting
Tsidesway,'to teke full advantage of the rapiéiﬁy‘of ﬁqyer“s inversion

methoao

(When

. frame composed of prismatic or symmetrically Hainclied
members -is subject to joint transletion, the stiffnéss metrix is non-
symmetric, but.has a symmetric submatrix. This submatrix may be inverted
readily b§, Dwyer's method. Inversion of the ébnwsymmetrié stiffness
metrix follows fairly reedily, if the number of joint translations is

: comparétiveiy smallg by vse of the method oprartiticning'or of’subé'
matrices, as described by Frazer, Dunéén, and Collare(s)

Given the non-symmetric matrix [x] » of Qfder n, having a

symmetric submstrix E?lig s of order r, partition [K]' as followss

g3 K15

(r, ¥) ! (>r, s) |

[x]-

vhere r + 8= n = === == (28)
KZl . K22 é ’ .

_(_fs r) (s ﬁ?__




S'imilarly, partition [Bj =
(8] =

siee (5]
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Thus, [ﬁ] is completely detefmined irf [Ku] a]f aod [G] -1 existe
They will exist if the matrix [K] is honwsingolar, and if [K] hes no
gero elements in the prinoipal.diagonal. The stiffness matrix always
meets these requirements. | | '

The numerical work is most conveﬁi’ently performed. by ueing

the following tebular forms

Kn Ky
1 | -1
X=Xy Ko Ky K12
el Yer. K. 6=k, ~YK
» 2 2 12

+Xx0ty
[:3° Sk ; -
L,»e"l r o g™l _J

| Inversion of [S] » which, in general, is non-gymmetric, is
repid only if [e] is of iow ordeio anc'e a metrix of the second order ,
.i»s reedily inverted, ’the pertitioning process may be osed repeatedly so
that, in esch cycle, [8] 1is of the second order. The order of |[6]
is equal to ﬁhe number of independent joint trenolations. Hence, the
method of partitioning becomes tedious if @ la'rgfe numosr of translations
must be c:ons:l.tiiered;9 unless a ropid me'ﬁhod for ihverting a non»syxmneﬁrio
matrix is aveilable. | |

e Invers:llon: by Zurmuhlts Method

Rudolph Zurmuhlilé) has discussed s method of matrix 1nversion

which is similer to Duyer°s method in that. it solves a system of
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similtaneous linear equations bybthe introduction of suxiliary equations

featuring a decreasing'number of veriasbles, thesé‘auxiliary equations

being solved in reverse order. The method is more general than ﬁﬂyer's,

however, in thet is is spplicsble to the inversion of non-symmetric

matrices.

taneous linear equations expressed by the metrix equetion

1811
21

MR N

anl'

e B0 ()

812 .
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 81n
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wonntzal

Equation (36) ‘may be trensferred

811

21
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az21 .

a2

as2
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8n2
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81n ‘

22n
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Car]

a 2.

o=

L

The original problem is the solution of the system of

simul=

- (36)

- (36")

= (37)

8

- (37%)

: [A] -is considered as the product of two triangular matrices [G] and

[BJ. Similarly, [A"]’ is the product of [C] end [B'] .
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Since a ? is ascumed to be non-singular, D@t',gé §~§ Os

et

] (e} =[] [ (%) - (o)
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Qr | | E? } {gﬁ}
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by by eee Diplixg By
O by cee by ixy %

= - o e === (42
{} O . [N &v-!'fﬂ'ﬁ OG'G ® 20
O 0 RS X
Since Ef E = Ecﬁg"gwﬁj ,
n
55 " kil ik bkj s mm=e=ee {43)
- But since be*th,ﬁzﬁja ‘and ECE are triangular, N

moximum gy = ey n ' {&3 )

meXimm bkj = bjj . L = e e e - === (4377}

Computing a,, starting with the elements of the first column, and pro-

ii

>

ceeding from the flvst to the last row, then in each of the equations

of (43) one. new unknown element by g or @'5]' is introduced.

TR

Ca

Y 7 >'~z o cs.—..]—‘um i - N ] ' <o -4,
I? 1 “ﬁfjg Dij = 11 (Bij ] \’C.il bij = gog = Ui;i;:—’l biflpj {A‘#ﬁ)

7

= (44b)

LT £ % 2 - = 3 :a = hco =
AP 1=y eyy = ey, megy by mey, Y i bjmlsj
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Table 2, due to Zurmubl, shows the methed of .application of
FEqustions (44). To gpply Bgustion {44) to the eclumns of a; and by

-aggume

g}

For the first column of Jj

(&} = (j. = 19 29 ccog g Il"’l) o= = o= (458)

11 841

For the first row of EBZ} 5

8; 5 A
b,p s = i, : (j = 1” 2: sesy DNy n"}’l} = e em e S m e (Asb)
4 ayy | - . ‘



TABLE. 2
ZURMU}HJA METHOD FOR SOLVING SIMULTANEOU:@ EOUATIOI\E@ '
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In Teble 2, matrices ECE and EBFE, are combined in one square, the

- principal disgonal iﬁcluﬂing only the elements of ‘Ecgg since each

 diagonsl element of EBEE equels unity. This square metrix may be

celled the [CB'| matrix.

After the iﬁﬁf} matrix has been cbtained,; the equations of

(42) are solved in reverse ordev for xi; Since bii =1,

v o=
n bn

Xi = bi - X, bin =% 4 bipnml = eso = %s09 bipi%l

If matrix ga:gis symmetricy
. [

a,, & a

1] i
®11 % %1
B, = 214 _ 85 _ G131
) “11 C11- Cun
‘ C;q ©
il ~21
R & - 3 b T e
12 ¥ %12 T % P12 T f5p 7 T
11
el €i2
Doy & = {%r > B 0D Q) = =sS
<1 @22 2 21 Vii (,22

e,
i3

P VT

« = = (46b)

The computation, in the symmetric cese, may be performed exactly

. as when using fSuyer*s'mﬂthodo Censequently, the above derivation of

Zurmuhl s method serves slso ss a justificetion of Dwyer's method.
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TABLE._3

TLLUSTIATION_OF ZURMUHL'S_METHOD

xé = 0014045

Xy = =0001.4489

x, = 0,002307

4

43.57 xq = 2334 %, = 51065 %y + 19:44 %, = 07362
6289 1y + 84097 xy + 2LeBL X3 = 39.35 x, = 1.1872
37048 x) *+ 93424 Xy + B4.39 x5+ 26,75 x, = 0.3875
19037 %y *+ 54038 x, + 1459 x3 + 6285 x, = 0,5738
y=1 2 3 4 83010% x,10%
B= et e == = ‘ :
43 o 570 '9’23 ® 8443.0 @516 ‘55@ 190440 ’73 ° 620
62890 840970 21.840 | <39.350 | 118.720
37480 930240 84,0350 26,750 38,750
=190370 545380 14590 62850 574380
43,570 | <0.5472 | ~1.1854 | 0.4462 | 1.6897 | 0.6377
62.850 | 119.3812 0.8074 | ~0.5647 | 0.1043 1e4045
37 4E0 1137477 | 36.9764 | 2.0083 | =0.9857 =1 4489
190370 4307814 | ~43.7225 | 184.0189 | 0.2307 0.2307 |
7y = 0.006¥77
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Inversion‘of a matrix by Zurmuhi“s,methodg_as when using‘
Duyer's, ccnsiste of solving the n sets of n simultaméous equations
resulting from the éxpénwionlof E:K]ﬁ:Kt§=l = [IJ .

‘Tabie 3 illustrates Zurmuhl's methc& as used in the solution
of a single set of simulianeocus equatiéna for which:the matrix of
c@éfficiehts is nonwsyﬁmetric - use of the method f@i inversion of &
non@symmétfic matrix ié ilﬁustraﬁed in » later section of the paper.

The guthor éoﬁsiders the most satisfactory combingtion for
the inversion of the stiffness metrix, when meny Joints tranélateg té
-be the method of partitioning. Zurmuhl's m@thod méy be used to invert
the {usually) n@hasyﬁmetmic submatrix ‘{QQ}Q and Duyer's method, which
is o sp@cial case of Zurmuhl'sg to invert the\symmetria submatrix {Klik e
If Zurmuhl'svmethod is uﬁeé'cn the oriéinal'nonésymmetric stiffness
matrix, little saving of timé accrues from the existence 6f a‘sizeable'
- symmetric submstrix. Zurmuhlts méthoﬂg applied to the original stiffness
matrix, is recommended only whén-thé number of joint rotations is small
‘c@mpé?ed to the number of tranglations, 2 situation which will rarely

be encountered in any frsme which ig to be eompletely analyzed.



Since the purrose of %he iﬁv@sﬁizz&ﬁi&n of the matrix power
series wag primerily to deternine rates of eonvergenee, very few frames
wvere completely éna,lymeé by this method. F‘The gbiffness mtrix vas
és%ablishe-& for frames of varying mmber of joints and for xﬁid@?.y varying
sﬁlffn@ss ratics, ﬁ”zrsﬁ me:ﬂ.exetmg and then including sir‘?em:@vu The BOWET
sories a.ppz"oﬁmaﬁion was used Lo invert she stiffness :v:i'sm«f {or awriiiary
st17fness matrix).

The acouraey of the approzximate inverse was checked by sompubing

2

ths ?f@ﬁm’h ﬁ"} ﬂ' Khﬁ% and "acsmﬁg its deviation from the walt metriv,

“

Tn the few frames uﬁ“‘i ch wers c,“e’mmjlfe‘\w 1y amalyzed, the maximm 2rrsr in

any end mement was found *a’m be msg than four pereent of the maximm:

: B T i el s S
end moment when the elemsnbs f = L?ﬁﬁ‘“l agreed with the elements of
Eﬂ ] o three decimals Tﬁ’i@”‘@ftﬁbz*&? the investimmtion of the mate of

convergence congisted of d@{‘se rmining the number of termz of the nower
gories and the time of mamm& ion veguir eﬂ t2 obtain mz’hl arreemant,
If the ﬁmn%ex’ of tewns riaguired em@éd@c‘i the order of the metrix, The
computation was halted as what biﬂta ' Tu the case of maivices for vindch
the power ssries diverged, %h@ eomrutation wms stonped as scon as the
divergence was mmistaké@ﬁy evident, AlL é@mpu‘%atimg were carried out
uging five sompuier d%srzsthzraigs@

¥i gm‘e 2 illusirates the frames im@stiqaﬁeﬁ in this mapner,
The relaﬁvsa stiffness of ecach -memheﬁ is indieated by a circlsd nERBaT,

Inversion of the auxiliary stiffness matrix for the frame of
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FIGURE 2

FRAMES INVESTIGATED BY MATRIX POWER SERIES |
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Figare 2(k) by the power series method is indicated below, sidesiay
beingnegleetedo Oniy the diagonal and superdiagoml elements are weitten,

sinece the matrix is gymmatrie.

e 3 o 2

8 i 0

gl = o
[x) _ s
o 18 |

porsaetine emcreay

1.00000 0.37500  0.00000  0,1111L
L0000 0,12500  0.00000

1.00000 0. 16667

1.00000

()= (- 6]

0.00000 2.37500  0,00000 0.,11111

1

3.00000 0.12500 0.00000

0,00000  0,166A7

- 0500000

Norm {R’]‘ & 1.5089, The series ig not necessarily conversent.

lo-omss N,00000  0.0885, 000000 |

| L 9 ' 0.07639  0.00000 0.03935
RY|% = |

0.,07639  0.00000

0.07485 |
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tecar e

0.00000  0.03848  ©.00000  0,02307
B0 -

L | | osmeo;o;_ |

0.00000 0.02431 0.00000
0.00000  0.01739

rﬂ!“ ) ) TN
0.009C8 0.00000 0.01339  0,00000

0.00945  0,00000  0,00336

[ri]4 = |

| | 000945 0.00000
" 0.0nc08 |

0.00006 - 0,00503  0.00000 0.00433

FR ']5 0.00000  0.00341 0,00000

) 0.00000 ~ 0.00252

- 0.00000

10.00143 . 0.00000  0.0018,  0.00000

28 | 0.00126  0,00000  0.00104

. 0.00126  0,00000

- L | o ,000@1@;
L (] 4 [ode s (302 Lot 405 4 (66,

1.085%6  -0.41851  0.10377  -0.13851 |
108710 - -0,15272  0.04925
| 1.02710  «0,19658

| :r.6,«3%%53_;{{«,1
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0.91307

g

- 4 <

‘“'0&00538

0,91110

0.02577
0.02208

1.03691

- 1.0%987]

0.00055
=0,02601
0.00047

To illustrate the value of vhe Fraser, Dunean, Collar

Bed
- |

11,00000

orrun

TS

106@@'3

beociann

FEmoe

0,91312

| 1.07639

~0,03848

.1¢00175

=0.41917
1.08771

«0,00211
0.91341

T[] s [

) “"’O ® 3?5@@

C.08854
«0,12500
1..07639

0.00000

"“G & 0%;31
1,00174

' 0.10209

~0.15269

1.08%71

6.02357
0.02136
1.03681.

=0,15072(

. 0.00135 |

011711
0.03935
=0.16667 |

L0735

<0.02308
0.03537
=0,01732

1,00000]

= me

6,08%4,2
=0, 1@@7 )
108706t .

£.00312

C.00089

1.03853 |
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- Thus, it is evident that ome eyele of this correction method,
which theoretically shovld be the eovnivalent of considering the firsﬁ
six terms of the power geries, actua*ly gives hetter accuracy than the

first seven terms, when a constant mmber of computer dec..m'ls is used,

B

Since Duyer's mathod and the method of pa.rtit.z.oni'lg are dirvect,
rather than approximate, methods of inversion, the accmcy of the
inverse ‘matrix depends only upon the number of significant figures used
in computation. Invérsion by these methods was performed for the purpose
of -detemihihg the time recuired for solution, an& the acéuracy obtainable
| using‘a.- fixed mmber of computer decimals, rather than a fixed number of
 significant figwesa '

The fmmes of Figure 3 were eomnletely analyzed, inversion of
the stiffness matrix being performed by using the method of partitioning,
with Duyer's method used for inverting {:KM}O Final end moments in all | |
members vere éompﬁte& for thé loadings shoun, and compared with published
values, C@mpa:éative solutions for the frames of (3a) ﬁhroug;:t {34d) were
o‘b’c&ine_d from an article b’y w:ﬁ.son(w) o Who ané.lyzed ﬁhe framss by using
slop@«defléction methods combined with superposition to reduée ‘&;hé nmbér
of simultansous equations to be solved, The frame of (3¢) ws analyzsd
by ‘CQmiéh (4) using moaﬁsnﬁ balance, an approximate method. His results
are a&mi'ktédly inaccurats, both becaus:’e\he neglected sidesway and because
he uged énly o éycles ‘of balancing.

A complete_analjsis of the frame of (3c) followss
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6 1 o 1 1 1]
11 4 1 o o 1
k1= |o 1 4 1 o 1]
1 0 1 6 11
i 0o o 3 4 ol
oz s 3 o 4
Inversion of @Lj]by Duyar's Method ‘

1 1 2 | 3 3 5 6 7 8
841 6 | 1 0 1| 2 0 0 0
8y, 4 1 0 0 1 0 0
as3 4 1 0 0 1 0
2y | 6 o| o o | ‘1
ag1  |600000 | 1,0000 | 0.0000| 1.0000| 1.0000
by |1.0000 [ 0.16¢7 | 0.0000| 0.1667| 0.1667
8309 | 3.8333 | 1.0000{~0.1667 [0.1667| 1.0000|
byog | 140000 | 0,2609| ~0.0435 |=0.0435| 0,2609
2550 3.7391| 140435 | 0.0435[<0.2609] 1.0000]
b13.2 1,0000| 0.2791 | 0,0116 ~0,0698| 0,267,

| ages | 5.5348 [~0.1861] 0.1163]~0.2791| 1.0000
Y143 10000 [+0,0336 | 0,0210{~0,0504] 0,1807
0.1807[<0.0504| 0.0210]~9.0336
. 0.2816|-0.0757| 0.0210

0.2815(~0,0504 |
0.1807
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T1,0002  0.0002 ~¢;0601 0.0001 |
(K[ 1.0003 -00003 050000
0.9999  0.0001
B 1.0002 |
Inversion of [K] by partitioniﬁg: | ‘
[ 3.0000 | 0.0000 | 0.0000] 3.0000 | 4.0000 | 0.0000
3.0000 | 3.0000 | 3.0000| 3.0000{ 0.0000 | 4.0000]
0.1471 | 0,177 | 0.1807 |=0,0504 | 0.0210 | ~0,0336 | 1.0000 | 1.0000
~0.02%% | 0.1765 | ~0.0504 | 0.2816 |=0.0757 | 0.0210 0.0000 | 1.0000
~0.0204 | 0.1765| 0.0210 {~0.0757 | 0.2815 | =0.0504 | 00000 | 1.0000
0,471 | 0.1177| =0,0336 | 0.0210 |~0.0504| 0.1807 | 1.0000 | 1.0000
| 0.3455 | 0.1092| 0.4413 |-0.0882 |-0.0882| 0.4413 | 3.1174 |-0.7062 |
0.1092 | 0.4819| 0.3531 | 0.5295 | 0.5292] 0.3531 | -017062 | 2.2351
[0.2345 -0.0175 0,0539  0.0202  -0.0637  ~0.0728 |
-0.0175  0.3241 =0.0332  0.0539  =0.0091  =0,0818
[K]"l % on539 0.0332  0.32%1 =0.0175  =0.0091  ~0.0813
00202  0.0539 =0.0175 002345  =0.0637  =0.0728
-0.1910  =0.0273 =0.0273 =0.1910  0.3455 0,102
| -0.2183 0.2455 -0.2455 -0.2183  0.1092 0448:}?_
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wy] [2 o o o 1 o 9.9 |
Hop 1 2 0o 0o o0 1 ~60,02 | |

Moments ave in foo‘&-kips. Bécmise of the symmetry of the _
struct.ﬁre » bthe above moments are the only ones 1t is ne,cessary to compute.
Note that; in practice, it 'is not neéessgry to rewrite any matrix in _prdex;
to perform the various multiplicatiohs necessary. If the two matrices to
be multiplied have been written once, the multiplication may be performed
without confusion by use of Q gimple aid which is rapidly construdted.
This aid may consist simply of two str:f.ps of cardboard, one containing

ia horizohﬁal sliﬁ, the @tﬁer a vertical slit, as indicated :ln Figure 4(a).
The ho}izoptal slit is me'ed to separate the row of the pz?emultiplie:, and
the vertical slit, the column of the postmultiplier. Figure 4(b) .
illustrates a refinement of the miltiplication aid which the author

found convexiient in muliaipiying matrices of varying orders. ‘Made of |
wood, the device consists of a horizontal and vortical bar, each equipped
vith a slide to facilitate setting the order of the matrix. The matrix
multiplier®, as used by the author, provides a space of three-quarters by
one-quarter inch for each matrix element. In use, the element (a) of |

the horizontal row is multiplied by element (a) df the vertical rov, ebe,

3o By Zurmil's Method R
The nmnber‘ of opérations and, consequen‘bly, the time required |
for inversion using Duyer's method, the method of partitioning, or
Zurmuhl's method, varies as thé square of the order of the matrix. To -
the author's mind, the relative merit of Zurmubl'e method, as compared
' o the combined method of the preceding section, could be determined by
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inverting & very few mairices b& both m@thads; and extrapolating the
results. The stiffness matrices of the frames Qf'ﬁigure 3{b) and B(é}
© were, therefors, inverted by both me%hoés9 the accuwracy of the two methods
being investigated by a comparison of the products [K]ﬁﬁ}“le

Tnversion of the stiffress mabrix of the frame of Figure 3(b)

is illustrated belows

6 2 o 1

2 10 2 1
[KJ 2 v

o 2 & 1

3 3 3 6

6,0000] 2,0000 0.0000 | 1.0000 | 21,0000 | 0.0000 | 0.0000 | 0.0000

2.0000 [10,0000 | 2.0000 | 1,0000 | 0,0000 | 1,0000 | 00000 | 0.0000

0,0000 | 2.0000 | 4.0C00 | 1.000D | 0.0000 | 0.0000 | 1.0000 | 0.0000

30000 3.0000 3.0000 | 6.0000 G;GGG@ 0.,0000 | 0,0000 | 1.0000

6.0000 | 0.3333 | ©,0000 | 0.1667 | 0.1667

20000 903334 0o2143 | 0.0714 1=0.0357 | 0.1071

AT T e

0.0000 2.0000 |- 5.5714 0.1539 | 0.0128 | =0.0384 | 0.1795
e

3.0000 205000 203234 | 4.9641 |=0.0887 | =0.0360 |«0,0839 | €.2014 i

51932 =0.0320  0,0257 =0,0310 |

c 3‘1 | 2060350  0.1167 «0.0352 «=0.0077
Cxhel . |

0.0265 «0.0320 0.1924 ~0,0310

-0,0887 <0360 =0.0839 0,201 |
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e

1.0001

0.0007
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0,999
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000543
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00310

0.2016 |
0.0000

00000

1.0002



T

o Reﬂ‘t;ﬁg
Since ess enimy a: £fcrent 13i~ob10ms ﬁei*e involved in using
the three nothods of invorsion, a mai!‘om mo‘thoc_ of prese 1_1‘,& tion of
results is not Peasible, Henco,'"ﬂeszla,a of the threc scparate investi-
gations avc pmuerted below in Tarying forms, .

1. Ma Matrix D oweSemes & yoroxination

It is not enouzh to Lkrnow, for a given fra}:le, that the ma‘trm
‘power serics will converge. Some indication of the time requived o
obtain acceptable sccuracy is css‘eﬁ‘bial, if this method is to be come

' pmd with other aralybical methods. ' The time réquired for imversion,
‘using a desk caleulator nd a cons tant number of @ompum::e decimals, is
ahzzos‘b direetly broportional to the mmber of scaolar products @ompute&,,
Henee, the ‘tmc of inversion is indieated ﬁ*ap'"omma‘tely by the o*’der of
the s‘b.a.ffmss natrix and the mmber of &cms of the powcr scries To=
q_u:xred for reasonablc acturacy.

Table 4, Eelow, presents  the mmber of terms roguired and the
time of inversion for each of the frames of Figure 2} together with the
order-of "che,;zatrix a'-mci uha norm of atrm EQ} which appoa;eq in the
power series. Théscj regilts night be more readily understandsble if
presented in the form: of CULTVOS, for each natrix ovder, of the mmber of |
terng required _cz* a g"'v"ix? accuracy plobtled against norm [@ The
mmber of frames of each order imfesﬁigateé is oo sr.z.all o pexm:?;t guch
curvos to be draune TE‘ha;b nore frames were not inﬁé'esmgated is due to

the largely negative vesults of these early stages of ths investigation,



TABLE 4

Framc® | Order of fornf[q] | Torms of | Time of Ermr‘?f'#
‘ gtiffness power series | imversion
‘matrix o | eomputed (mimates)
,a(a)' 3 | 0.0721 3 B 36. ~ oooooo}é
2(b) 3 0015 | 8 80 | 0.00170
2(e) | 4 0,320 | 5 | 95 -~ 0,00090
2q) | 3 13995 | . 17 166 | 0.86899
2(e) % 09312 | 10 175 | 0,00415
29 | 5 1.3236 6 175 0.05447
2(g) 5 L0004 6 175 0,02911
2(h) 6 1,0650 5 210 0.02186
2(3) " 6 1,231 5 210 | 0.04630
2(x) 6 19969 7 270 | 0.,08890
(1) 6 15744 6 250 i Divergent
2(m) 8 0.4 | 10 660 | o.00172

# hmbers identify frapes of Piguve 2, v
“%% Error is the naximm difference betueen the elcmentu of [K:g LK =

anc. the cov :mooond,np e:iemcnto of [ﬂ
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2. Duysrs liethod Plus Partitionins

as indiéa‘ted in an abéve section, the t‘IlO rét;uired 3’:‘025 ine
version of s symmetvrie mra:isrix by Duyeris me‘i}hod, for a given constant
mmber of comput ver decinals, varies as the sguare of the order ol the
natriz, Using four decimals, the aub hor found the tine f.’OQLled for
inversion to be appm:dmétely n”/2 mimrtos, n being the ovder of the
natriz, This tine is afiected only slighily By the muber of zero ele-
ments in the matrix, but deponds, of course, pon the a.nr..l 7ot'S  prow
ficiengy in the usc of a caleula"boro

The timo roam:wea for conpleting the inversion of‘ a NoN=
syme’tmc nabrix by perbtitioning, alter the Symne Brie su’tmabrix hag been
inverbted, depends both upon the ordor of the original mnnwymneww
natrix and upon the ovder of the gymetric submatrixg, In the present
investigation, the author has limited the use of this methed of iaversion
'i:.{.:,»v stiffness natrices having only two rows and columns due to sidesuay.
For such mabtrices, the overall time of inversion is spproximately twiee |
the time foquired to imvert the symetric subnatrix. Thus, the time of
vinversion in ninmtes, for the au“ché:zﬂ, is | given atpprézdmat«ely by the
square of the order of the natrix, It is estinated that frends with
stiffness natricos of intermedia‘&e ordef,f say ten to twenly, can be
sclved by a comemm aralySu in stightly less then hall this time, on
‘?che average, uSJ.Iﬁ noment distribution and successive corrections

“l‘able 5 presents the :Pesults of the investigations using
fhis combined method of invorsion., The freme mmbers identify frames

of Figure 3, The "check velue® colunn represents end nonents obbained,



for frames 3(a) through 3{(d), by I{lfilson(lg) s uging a theoretically
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exact solution, and for frame 3(e), by Gornish(z'“) s using an approximete

nethod and neglecting s:‘s’.dc‘sway@» 411 computations were performed using

four computer decimels,

RESULTS USTHG DYWIRR'S MUTHOD LPARTITIONING

T | |
g g | B3 . o g
3(a) | 3 5" 12 o010 | B | lsa 5720
| | BA | =512 | =5410
B | 545 | 5410
B | 6195 | 6120 | 0.2
D | -6150 ~6180 B
DC | =7120 | 7110 |
) | 4 8 15 | L0007 | B | 397 | 30| 1w
BA | 969 | 963 |
BG ~969 <963
CB ' | 2133 2135
: 0 | =930 | -933
I CE | -1200 | ~1202
DC | =552 | =557
EC | -136 | =137
EF 135 137
FE -

=197
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SRS TR IO it O I - g
g |gaf | g55 | %98 M8 |98 |as 0D
B eds ,%%-5 Eud [HED | B EEK £ g‘gﬁ
s o g B ol e o | Eoy | = [ N & SR
3e)| 5 10 16 | .0004 | AB | «1200 | =1200
B | -800 | 800
BE 1201 1200 | 0.08
B | w00 | -s00]
B | =600 | =600
CD 600 600

| 6 20 35 0003 | 4B | 2832 | -2838

| - DA | <2326 | 2345

BC 2320 | <2345 | 1,06
oB | 1608 | 612|
0D | -1614 | -1612
- DC 830 799
DE .'.11.(01.,‘ weld,
DF | 2211 | 2203
D | 112 | 1109
FG ;,1112 ;1.109
o | a3 |-
ED .'.,1956 =195/,

3e) |, 6 20 40 0018 GD =636 o

(sidesway - : f .

DG | -1272 | «1300

neglected)
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- i) Eremos were completely ‘.analy'zeégi by Zurmuhl's method,  The
gtiffness matrices of the frames of Figure 3(b) and 3(c) were inverted
by Zurmuhl®s nethod to ccmpare the accuracy _amd time. requ.:&ed with
those of Dyyer's nethod, us:?_n'{,f the seme mmiber of computer deéimalé@
Referring to the imversion of freme 3(b) » indicated above under "Franes
Anolyzed®, it is seen that, using the seme mmber of decinals throughe
oub, Dwyer's me’chodl.z with partitioning giveé a slightly nore accux%:te :
invéj:*se than Zﬁxﬁtmhl“s nethod, Fragzer, Dtimang andﬁollargg} note that
the nethod of partitioning doss improve the accuracy of an inverse,

. Using Zuwrmhlts nethod f_er iavertin’ the non-gymetrie
atiffness matrix, no econouy of time resulls fron the fact that the |
ma'bri-x inclndes a symetric sul:mia'briﬁco Thus, u?ing Zuanhl’s nethod,
‘more tine is spont on the elenents of the symmetric subnatrix than vhen .
‘using D;wyerw's nethod. A part of this 105% tine is vegained in the
conputations involwing the ﬁonmsymmetﬂc eimonﬁsg since Zurmuhlts
nethod requires less time than the method of partitioning, Extrepc-
1a'éing from afnittedly sught' evidence, it appoafs that Zurmibl's nethod
requires more time than Dyyerts methodvand par"'i‘isioniﬁg, if no more than
two rows and colwmns of ﬁle stifiness ua'i;zfix are due to sidesway, The
neaguved diffevence in time for 'i‘Jie two Prenes investigated by both |
me‘éhéds was slight, leading the author o bollieve that Zurmuhl!s nethod
’muld be slightly more rapid if noro chan mb or three eolwms and rows

ave due to sidesuay,
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VI. DISCUSSION OF RESULTS

Results of the investigation of the matfix power series
‘method of inversibn ere largely negative. Table indicatés an
unréasonable length of time_réquired for inverting matrices, even
~ when the“norm test indicates fairly rapid convergencé. The only
cpnceivable situation in which this method might prove advantageous
is one in which thé differénée in pay_scales between engineers and
caléulator operators is extéemely great, Invéuch a case, it might
- prove advantageous to have an engineer set up the matrix equations,.
using the inexpensi#e labor to perform the inversion. Thejauthbr‘
does not considér thié_situatien extremely probable. If it shouldj
arise, however, then curves indiéatihgfthe rate of convérgence\of
the series for any value of norm {:Q} and any order matrlx might
be worth developlng ‘ ‘ - -
The method of partitlonlna, with Dwyer's method uéed to
_ invert the symmetrlc submatrix, is reasbnably rapid if the number
. of rows.and,qolumns_qf the stiffﬁess matrix due to_sideéway is
small. Even thougﬁ ﬁﬁe matrix method réquires‘mbre time_than mo-
mend diStributionifbr the analysis of a single ioadiﬁg‘condition,
the matrix,method may be more economical of tiﬁe wﬁen_many loa&ing
vconditions'are to be analyéedo Such is the case with a great number
of modern structures, whlch are analyzed separately for dead load,
snow and ice loads, and varying wind loads and live loads, in order

to determine the worst condition for each member. In such cases, it



freqﬁently is ecoabmical»pfjtime ﬁo compute moment cbefficients;
- -giving the ehd moménts in each member due to a unit unbélanéed
fixéd—end moment at_each'joinﬁ.‘ When such moment coefficients
are determined by moment distribution, a separate analysis is
"neceésary for each Joint. Using the matrix methbd,‘joint rétation
coefficiénts appear directly in the invérse stiffness matrix, giving
the rotation of each joint for a unit unbalanced fixedfégd moment
~at any joint. vDeterminatioﬁ of these joint roﬁation coefficienté
requires only one ahélysis by the matrix m.ethod° ,ConSe§uently, the
value of 'such coefficients in a given framé prdvides a‘good ipdex
to the value of the matrix methods. o
Zurmuhlis method appears inferior to Dwyerﬂs;method ﬁsed
with partitioning wheﬁ the number of rows and columns due té.sidea
swéy is’small as compared to the ordervof‘the stiffness matrjxo
When the number of joint translations approaches the numbe¥ of ro=
-tations, Zurnuhl's method is advantageous. For matrices of high
: order, including many joint translatlons, Zurmuhl 'g method may be
used to advantage in :mvertmg the submatrix EQ} Dwyer“s method
being used to 1nvert the symmetric submatrix, and these two inverse
" matrices belng used with the method of partitianing to 1nvert the

orlginal stiffness matrix.
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VII. CONCLUSIONS o ,

The matrix power series method of inversion is impractical,
sincé the series diﬁerges, or converges exxremely slowly, except in-
the analysis of very special and, usually, impragﬁicaliframeso

Dwyerﬁsvmethod, Zurmuhl's method, and the method of par-
titioning, used with diserimination, suffice to invert any stlff- '
ness matrix w1th satisfactory rapidity. These methods are rapid
enough to compete with»moﬁent distriﬁutionvwhen a frame is to be
analyzed for'mahy loaaing conditions. This condition is met fre-
quently enough to mak% a study of matrix algebra worth while for
the structural engineer°

Both Dwyer?s method and Zurmuhl's method yield reasonable
accu;acy when four :significant figures are‘used-in the original
étiffness matrix and Tour d@cimals are used throughout the cOmpu»

tations, provided the stiffnesses of the frame members do not

differ extremelyo
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