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Nonlinear transverse vibrations of centrally clamped rotating circular disks

Piergiuseppe Manzione

(ABSTRACT)

A study is presented of the instability mechanisms of a damped axisymmetric circular disk
of uniform thickness rotating about its axis with constant angular velocity and subjected to
various transverse space-fixed loading systems. The natural frequencies of spinning floppy
disks are obtained for various nodal diameters and nodal circles with a numerical and an
approximate method. Exploiting the fact that in most physical applications the thickness of
the disk is small compared with its outer radius, we use their ratio to define a small parameter.
Because the nonlinearities appearing in the governing partial-differential equations are cubic,
we use the Galerkin procedure to reduce the problem into a finite number of coupled weakly
nonlinear second-order equations. The coefficients of the nonlinear terms in the reduced
equations are calculated for a wide range of the lowest modes and for different rotational
speeds. We have studied the primary resonance of a pair of orthogonal modes under a
space-fixed constant loading, the principal parametric resonance of a pair of orthogonal
modes when the disk is subject to a massive loading system, and the combination parametric
resonance of two pairs of orthogonal modes when the excitation is a linear spring. Considering
the case of a spring moving periodically along the radius of the disk, we show how its
frequency can be coupled to the rotational speed of the disk and lead to a principal parametric
resonance. In each of these cases, we have used the method of multiple scales to determine
the equations governing the modulation of the amplitudes and phases of the interacting
modes. The equilibrium solutions of the modulation equations are determined and their

stability is studied.
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Chapter 1

Introduction

1.1 Background and Motivation

Interest in rotating circular disks arises from different applications in many engineering sys-
tems, such as turbine rotors, circular saws, and memory disk units. Turbine rotors and
circular saws are subject to load systems that can be reasonably represented by transverse
external forces. On the other hand, the head system of a memory disk drive can be modeled
taking into account its own inertia, damping, and stiffness. In the first case, the system
loses stability at certain speeds of rotation, which depend only on the natural frequencies of
vibration of the disk. In the second case, other instabilities can occur at speeds other than
the classical critical speeds of the disk.

One of the assumptions widely adopted is that the velocity of the moving mass is much less
than any of the critical velocities of the structure so that it can be assumed to be constant
in time.

The present work presents a study of the instability mechanisms of a damped axisymmet-
ric spinning disk subjected to various transverse space-fixed loading systems. Because the
nonlinearities appearing in the governing partial-differential equations are cubic, we use the

Galerkin procedure to reduce them into a finite number of nonlinear second-order ordinary-
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differential equations. The coefficients of the nonlinear terms in the reduced equations are
calculated for a wide range of the lowest modes and for different rotational speeds.
Exploiting the fact that in most physical applications the thickness of the disk is small com-
pared with its outer radius, we use their ratio to define a small nondimensional parameter.
This choice allows us to use the method of multiple scales to develop an approximate solution
of the reduced nonlinear equations.

We have studied primary resonance of a pair of orthogonal modes under a space-fixed con-
stant loading, principal parametric resonance of a pair of orthogonal modes when the disk
is subject to a massive loading system, and combination parametric resonance of two pairs
of orthogonal modes when the excitation is a linear spring. Considering the case of a spring
moving periodically along the radius of the disk, we show how its frequency can be coupled to
the rotational speed of the disk and subject the system to a principal parametric resonance.
Sets of nonlinear ordinary-differential equations governing the modulation of the amplitudes
and phases of the interacting modes for all of the previous cases are determined and the

equilibrium solutions of these equations and their stability are studied.

1.2 Literature review

The first linear analysis of rotating disks was performed by Lamb and Southwell[13]. He cal-
culated the natural frequencies and mode shapes of the transverse vibrations of a complete
disk, accounting for the effects of the centrifugal and bending stresses. In a subsequent pa-
per, Southwell[25] extended the previous results to the case of a centrally clamped annulus.
Eversman and Dodson[9] analyzed free vibrations of a centrally clamped spinning circular
disk by using a power-series solution. Using a series solution, Adams|1] calculated the critical
speeds at which a uniform flexible elastic disk is unable to support arbitrary spatially fixed
transverse loads. He also accounted for the effect of an elastic foundation; he found that it
raises the critical speed of rotation. Barasch and Chen[2] used a numerical method to reduce

and integrate the equations of motion of a freely rotating disk.
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The influence of moving massive loads on stationary circular disks was first studied by
Iwan and Stahl[12] and later extended by Iwan and Moeller|[11] to the case of spinning elas-
tic disks. In a recent work, Yang and Hutton[26] analyzed the vibrations of an elastically
constrained rotating disk using a power-series expansion for the eigenfunctions. Cole and
Benson|7] proposed a technique for determining the forced response to spatially fixed loads
using an eigenfunction approach that predicts, in advance, the modes that dominate disk de-
flections. Chen and Bogy[6] obtained the derivatives of the eigenvalues of a flexible spinning
disk with a stationary load with respect to certain parameters in the system. Chen[4] em-
phasized the effect of the relative motion between the disk and the edge load on the stability
and natural frequencies of the loaded disk. He[5] later analyzed the parametric resonance of
a spinning disk under space-fixed pulsating edge loads. Huang and Chiou[10] analyzed the
vibration of a spinning disk subject to a moving head which is modeled as a harmonically

varying load traveling in the radial direction.

Nowinski[21] investigated the nonlinear transverse vibrations of a spinning disk using the
large-deflection theory of thin plates, as developed by von Karman. Eftstathiades[8] ana-
lyzed the large-amplitude transverse vibrations of imperfect circular disks using the Galerkin
procedure; he accounted for nonlinearities due to the strains associated with plate rotations
and in-plane displacements. Yasuda and Uno[28] investigated the nonlinear axisymmetric
dynamic response of a circular membrane to a primary resonance excitation. Yasuda, Torii,
and Shimizu[27] analyzed theoretically as well as experimentally the phenomenon of self-
excited oscillations of a circular disk. Shen and Mote[23] analyzed the stability mechanisms
of a stationary circular plate subjected to rotating forces. Benson[3] discussed the steady de-
flection of a transversely loaded, extremely flexible spinning disk using a hybrid of membrane
and plate theories when the bending stiffness of the disk is small. Shen and Song[24] used
the method of multiple scales to predict the transverse vibration and stability of a rotating

circular plate subjected to stationary, in-plane concentrated edge loads. Other perturbation
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solutions were obtained by Renshaw and Mote[22] and Mignolet, Eick, and Harish[15] for
the free vibrations of a rotating disk and the nonlinear equilibrium and stability of a rotating

disk subject to an in-plane edge load.

1.3 Summary of Contributions

The present work presents a study of the instability mechanisms of a damped axisymmetric
spinning disk subjected to various transverse space-fixed loading systems. The analysis has
been conducted using a perturbation approach at different steps of its development.

The scaling, using a small parameter proportional to the square of the ratio of the thickness of
the disk to its outer radius, played a key role in the development of this work. First, we sepa-
rated the stress function into a static term due to the centrifugal effect of rotation and another
term due to the vibration of the disk. Next, we calculated numerically and approximately
the natural frequencies and corresponding mode shapes by solving the linear self-adjoint
eigenvalue problem. Finally, we reduced the equations governing the transverse vibrations
of the disk into a finite number of weakly nonlinear second-order ordinary-differential equa-
tions. We transformed the reduced-order models using convenient variable transformations
and obtained sets of equations whose solution has been found analytically.

We found that, in the case of space-fixed point force exciting the disk through a primary
resonance, the nonlinear frequency-response curves are always of the hardening type. When
the loading is a spring-mass-dashpot system, the disk could be excited through a principal
parametric resonance. As the rotational speed increases, the trivial solution experiences first
a supercritical pitchfork bifurcation and then a subcritical pitchfork bifurcation. When the
disk is subject to a spring moving along its radius, we obtained a similar behavior, leading
us to conclude that even a small frequency of this motion can activate a principal parametric
resonance. Hence neglecting the motion of the spring, as usually done in the literature, can

lead to a significant error in the analysis. Finally, in the case of combination parametric res-
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onance of a pair of modes, we found that, for some instability conditions, the trivial solution
experiences first a supercritical Hopf bifurcation and then a subcritical Hopf bifurcation. All
of the results found hold for any mode considered because all of the nonlinear coefficients

are negative for any rotational speed.



Chapter 2

Centrally Clamped Rotating Circular
Disks

2.1 Problem Formulation

In this chapter, the partial-differential equations governing the nonlinear transverse vibra-
tions of a circular disk rotating about its axis with a constant angular velocity {2 are presented

and the corresponding boundary conditions are given.

The disk is clamped at the inner radius and free at the outer radius; it is shown in
Fig. 2.1. Nowinski[21] derived the equations governing the dynamics of these disks using a
polar coordinate system r and 6, embedded in and rotating with the disk, whose origin is
located at the center of the mid-plane of the disk itself. Adding forcing and damping terms

to Nowinski’s equations, we have

8w by _ 10 ow 10 (. ow
phgr + DV Tar<Na—>+—za—<N%>

10 ow 10 ow ow
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where

o T rar T o
Here p is the density, & is the thickness, D = Eh?/[12(1 — 1/?)], ¢ is the damping coefficient,

F' is the forcing function, F is Young’s modulus, v is Poisson’s ratio, and w is the deflection
of the middle surface. The natural frequencies of the in-plane modes are assumed to be
large compared with the frequencies of the excited transverse modes so that the radial and
hoop accelerations 0%*u/0t? and 9%v/0t? can be neglected. Then, the equilibrium equations

governing in-plane deflections become

ON, 10N,y N, — Ny 2.

5 +r 50 + " +ph¥r = 0 (2.2)
10N, 0Ny N
“ 20 T o +2 = 0 (2.3)

where N, is the radial force, Ny is the hoop force, and N, is the shear force.

The equilibrium equations (2.2) and (2.3) can be satisfied exactly by introducing the

stress function ®(r, 0,t) defined by
1 @_CD 1020 1

_ 1 Lo 1520
Ny = r or s 00? Qth " (2.4)
e 1 5 9
1 0%® 1 00
Neo = =500 " o0 (2:6)

Assuming a Hookean isotropic material, one can relate the in-plane forces to the strains

e, €9, and e,y of the midplane as

Eh

N, = m(er + veg) (2.7)
Eh

N@ = m(ee + I/€7~) (28)
Eh

Ny = ———e, 2.9

T (29)

The midplane strains are related to the transverse displacement w, the radial displacement

u, and the hoop displacement v by

ou 1 [ow\?
€ = E+§<E) (210)
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Figure 2.1: Centrally clamped rotating circular disk.
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v 10v 1 [ow)?
ep = _+;%+ﬁ<%) (2.11)
10u Ov v 10wow

A ] (212)

Solving equations (2.7)-(2.9) for e,, eg, and e,9 and using (2.4)-(2.6), we obtain

1 (100 10°® e 1 2 9
“ = Tn ( o Crae Ve gl ) (2.13)
1 0*® 10d 1 0%® 1 9 9
€ = [a—_< or +_87> — 3T ] (214)
B 2(1+u) 109 1 0%
“ = ~hn [ﬁ% B ;arae] (215)

The moments and transverse shear forces are related to w by

w  vow v o*w
M, = =D (67“2 + ;E + ﬁW) (2.16)

10w 1 0%w 0*w
107w 1 (9w
_ 9 o2
Q. = _DE(V w) (2.19)
DI
Qo = —7%(V w) (2.20)
Substituting equations (2.4)—(2.6) into equation (2.1) yields
B0 vt 4 Lowra2v? 2w
ﬁ + DViw + Qpth \Y w+pth (9
L Pu (100 1) 0% (10w 10
o2 \ror 12002 87“ ror r2 007
1 0%*® 100\ (1 0%w 1 ow ow
-7 (2 oo 7@) (; oo 7@) Toge Eme @2

The compatibility equation in polar coordinates can be expressed as

e, Plrew) | 0 500\ e, (Pw  10w\' OPw( 0w Ow
@ oo o\ ) "o = \aas a0 o2 \"or " o0

which upon using equations (2.13)—(2.15) becomes

1w 1ow)' Sw(ldw 10w\l g
rorod 12 00 or2 \r or  r2 002 '

(2.22)

Vio — 2(1 — v)phQ? = Eh
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2.2 Nondimensionalization

It is convenient to rewrite the governing equations in terms of nondimensional variables,

denoted by asterisks, which are defined as follows:

2 4
T—T*R t—R2(gL>]/2t*, W—%w*a (u,v) ZS(U v )
24(1 — 12 . 12(1 — v2)Dh* Bl

where R is the outer radius of the disk. We are concerned with generating an approximate
solution which is valid as h/R approaches zero; each of the nondimensional variables defined
above is assumed to be O(1) in this limit. In addition, we define €}, e;, ey, N, Ng, N,

My, My, M}, QF and @, which are also assumed to be O(1) as h/R approaches zero, as

follows:
h4
(€r, €g, 67“9) = ﬁ(ej, €os 6:9)’
(NraN97Nr9> R4 (N Nea re)a
En® Q; @
MraMaMTa [ = TAaa o\ a2 M:aM*a :7_T7_
( 0 Mro: Qr Qo) 12(1—;/2)}%3( 00 R R)

Substituting these definitions into equations (2.21) and (2.23) and dropping the asterisks

in the result, one obtains

*w 2 922 o Ow
W + Viw Q Vew + Q TE
pufim 100\ B0 (10w 1o
n or?2 \r or  r2 00? 67“2 ror  r? 002
1 0%°® 109\ (1 0%w 1 Ow ow
-2 (F@rae - 7@) <Fé)r69 - 7@) QCE] TErOD (22
1o 2= (100w 10w\ S (1ow 1 Pw
vie € ~\rorod  r2 00 or?2 \r or + r2 002 (2.25)
where ¢ = 12(1 — v?)h%/R? and
100 10%® ¢ 1—v 5 o
GT_FE+2092 o T Tae 2w (2.26)
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_Z = _ it - Q2 2
“o v r Or + r2 002 2¢ "

or?
100 109
r200 rordd

_ou 10wy’
eriﬁr 2\ Or

u 10v 1<0w)2
ep=—+——+

0*d (18@ 182(I)>_1—1/

er9_2(1+y>[

roordl 22\ 90

10u Ov v 10wow

700 ar T roron
Pw vow v O*w

Mr——< + + )

€ro

o2 ror | r2 902
M I 18_w+la2_w+,/a2_w
o= ror 1?2002 or?

1 0%w 1 Ow
Mo =—(1-) <;m 7@)
_ a 2
_ 10 o
Qe —;%(V w)

11

(2.27)

(2.28)
(2.29)

(2.30)
(2.31)
(2.32)
(2.33)
(2.34)

(2.35)

(2.36)

In this work, we consider a memory disk of outer radius R and inner radius bR, which is

clamped at the inner radius and free at the outer radius. Hence the boundary conditions at

the inner radius are

w =0, (9_w:O at r=>

or
0*P 100 1 0%°® I
o7 ! (;EWaez)‘ g 0t r=h
Fd  10°P 100 24v 02 34+vdd 1—v

a3 o Ear | oo B o

D?r=0at r=2»%

At the outer radius, the boundary conditions are

Pw vow v o*w

UL I B g at =1
or? + r Or +T2 002 avr
[ 1—v & (0w w
(97"<vw)+ r2 892<8r 7“) 0 atr
2
a(I)Jrl—aq)—lQQTg:OatT:l

Or ' r o022

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)
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’d 100

2.3 Static Solution

It follows from equations (2.25), (2.38), (2.39), (2.42), and (2.43) that the function ® can
be expressed as the sum of two terms: a term of order O(%) that is only function of r and a
term of order O(1) that is a function of r, 0, t; that is:

2

® WE)Q + Bo(r, 0, 1) (2.44)

Substituting equation (2.44) into (2.25), (2.38), (2.39), (2.42), and (2.43) and equating co-

efficients of like powers of € yields

Problem governing g

2 1d\
(W + ;%) g=2(1-v) (2.45)
" v, 1 2
g —gg = §(l—y)b at r=> (2.46)
q" + %g” — b%g' =(1—-v)bat r=0»> (2.47)
1
g = 5 at r=1 (2.48)
Problem governing @
1 0*w 1ow\® 0w (10w 1 0%w
4@ . _ —— - —— —_— 2.49
V%o rorod r? o0 or? \r or + r2 002 ( )
0>, 100, 1 0%,
W"’(iaﬁﬁaez —0atr=b (2:50)
(93<I>o 1 62q>0 1 6@0 2+ v (93<I>o 3+v 62q)0
or? +; a2 r2 or i 2 ord0r 3 002 “0atr=b (251)
0P 10%®
T Ty 0atr=1 (252)
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We note that the boundary condition (2.43) does not yield a boundary condition for g, and

hence g can be determined only to within an arbitrary constant. However, as shown below,
we do not need ¢ but its derivatives.

Substituting equation (2.44) into equation (2.24) yields

O*w " 9 2e9 , Ow , 0%w 5 Ow 5 0w
W—Fv w + —= Q Vaw + Q°r 87” 987“2 QaT_ 9892
L [Pu(1on 10w Pe (100 10
N or2 \r or r2 002 or?2 \ror r2 002
10°®, 100\ (1 0*w 1 ow ow
- (Farae T2 00 ) (Farae - ﬁ%) Ot] RSy (250

Multiplying equation (2.45) with r and integrating once yields

d (d? 1d
(Grot8

— 1—v)r? 2.55
rd?" dr? rdr) ( vjri+a ( )

Evaluating equation (2.55) at » = b and comparing the result with equation (2.47), we

conclude that ¢; = 0. Then, we rewrite equation (2.55) as

d (d*q 1dg
— = =(1— 2.56
dr (dr2 e r dr) (1=v)r (2.56)
which, upon integration, yields
d’g  ldg 1 )
— 1— 2.57
dr? ~ rdr 2( vt (2.57)

Multiplying equation (2.57) with r and integrating once, we have
1 1
g = g(1 — )+ Fer + % (2.58)

Imposing the boundary conditions (2.46) and (2.48) yields

1 n 3+ v

—Cy + 3 =

27T
1 1+v 1
5(1—y)02—( 2 >c3_§(1—y2)b2
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whose solution is
1+v)B3+v+ (1 —v)
AN+ v+ (1 —v)b?
(A =)p*B3+v— (1 + )b
81+ v+ (1 —rv)b?

Cy —

C3 —

2.4 Linear Eigenfunctions

The plate response w(r, 6, t) can be represented, in general, through an eigenfunction expan-

sion in the form

w(r,0,t) = i i[nmn(t) cos Nl + Cn (1) SIN 10| (1) (2.59)

m=0n=0

But in the presence of damping, all of the modes that are not directly excited or indirectly
excited through an internal resonance decay with time. Hence, only a small number of these
modes will contribute to the steady-state response[20]. In equation (2.59) the ¢, (r) are
the linear-free transverse vibration modes corresponding to the linear undamped natural
frequencies w,,,. They are given by the eigenvalue problem

1
Vionm + §Q%2v2¢nm+92r¢;m

"

- gylﬂ%ﬁm - %QQ(T%m = 1% Ppm) — W G = 0 (2.60)
Gnm = 0 and ¢/, =0 at r=5 (2.61)
o+ Pl — (1420 —n*)d, 4+ n (3 — 1) =0 at r =1 (2.62)
Oy V(B — 10pm) =0 at 7 =1 (2.63)

For ease of notation, we drop the subscript nm.

Next we prove that the eigenvalue problem, equations (2.60)-(2.63), is self-adjoint and
hence the eigenfunctions corresponding to different eigenvalues are orthogonal. Multiplying

both sides of equation (2.60) by the factor r, we can express it in the form

p4¢//// + p3¢/// + p2¢// + 2 ¢/ + p0¢ =0 (2.64)
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Table 2.1: Representative memory disk properties.

Properties | Floppy Disk
R(mm) 66.7
bR(mm) 13.34
h(mm) 0.076
p(Ns?/m?) 1400
E(MN/m?) 3800
1% 0.23
where
by o= T (2.65)
p3 = 2 (2.66)
2 4 2 _ 492
by = — + ”QT Ty (2.67)
2+ 4n? 4 3riQ)?
o = = — 02" (2.68)
2 _ 94 2,.40)2 2002
- _8n n 3+n7“ +n A (2.69)
2r r

One can easily show that the coefficients p; satisfy the following conditions:
ps=2p) ; Py=2p) ;5 p=-p; +1 (2.70)

and hence equation (2.60) is self-adjoint. Moreover the adjoint boundary conditions are the
same as (2.61)-(2.63). Consequently, the adjoint problem is the same as (2.60)-(2.63), which
is self-adjoint.

We normalize the ¢,,, such that

[ S0 (1) = 2.11)

where 0,,; is the Kronecker delta.
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2.4.1 Numerical solution

The solution of the eigenvalue problem (2.60)-(2.63) is determined numerically by first trans-
forming the fourth-order problem into a system of four first-order differential equations. The
general solution ¢(r) is expressed as a linear combination of four linearly independent solu-

tions ¢; by choosing four sets of linearly independent initial conditions as

¢ = a1 + aspz + azds + asy (2.72)

Each set of the initial conditions chosen corresponds to a column in a (4x4) identity matrix.
The boundary conditions (2.61)-(2.63) lead to a homogeneous system of four algebraic equa-
tions for the unknowns a, as, az and a4. Setting the determinant of the coefficient matrix
of this system equal to zero and imposing the normalization condition (2.71), we uniquely
determine the eigenvalues and eigenfunctions. In Fig. 2.6, we display the eigenfunctions for
different number of nodal circles and nodal diameters.

Employing the method described above, we determine the critical speed corresponding to
the lowest speed for which w = 0 in a non-rotating reference frame. This is the speed at
which the spinning disk, in a linear analysis, is unable to support an arbitrary spatially
stationary load distribution. For a disk having the properties in Table 2.1, {2 = 5.14265; this
is the operational speed of the floppy disks. Furthermore, it can be noted that this critical
condition corresponds to a primary resonance excitation of an applied constant forcing or
a principal parametric resonance of an applied spring-mass-dashpot system. The present
results indicate that there are no critical speeds for modes with m = 0 when n < 2. These
results are consistent with those of Adams|[1].

For the sake of comparison with the results obtained by Eversman and Dodson[9], the lowest
three natural frequencies were found numerically for each n-mode and the frequency param-
eter F%5 = ((w*2 + (1 + 3v)n?Q*?)/8)%% is plotted in Figs. 2.2-2.5 as a function of the ratio
b of the inner radius to the outer radius for values of the spin rigidity Fy = (3 + 1)Q*?/8
varying from 0 to 1000 and for n = 1 and n = 2 nodal diameters. The computations were

carried out using a Poisson’s ratio v = 0.3. These figures show that the agreement between
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Figure 2.2: Frequency parameter % as a function of the ratio b of the inner radius to the
outer radius for n =1, 2 nodal diameters and m =0, 1, 2 nodal circles with F, = 0 (from

Nayfeh, Jilani and Manzione[19]).

the present analysis and that of Eversman and Dodson is excellent.

2.4.2 Assumed modes solution

The eigenvalue problem (2.60)-(2.63) can be solved using and approximate approach, such
as the "method of weighted residuals”. Multiplying equation (2.60) by r, we rewrite it as

d* d? d?

LCZ)(T) = <p4ﬁ +p3s——= + D2

d
e +pi— + qo) o(r) = Aor (2.73)

dr? dr
where py, p3, p» and p; are given by equations (2.65)-(2.68) and go = po + rw? from equa-
tion (2.69). Here L is the resulting self-adjoint linear operator and A = w?. We seek an

approximate solution of equation (2.73) and the boundary conditions (2.61)-(2.63), in the
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Figure 2.3: Frequency parameter % as a function of the ratio b of the inner radius to the
outer radius for n =1, 2 nodal diameters and m =0, 1, 2 nodal circles with F, = 10 (from

Nayfeh, Jilani and Manzione[19]).
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Figure 2.4: Frequency parameter F'%? as a function of the ratio b of the inner radius to the
outer radius for n =1, 2 nodal diameters and m =0, 1, 2 nodal circles with I, = 100 (from

Nayfeh, Jilani and Manzione[19]).
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Figure 2.5: Frequency parameter F'%? as a function of the ratio b of the inner radius to the
outer radius for n =1, 2 nodal diameters and m =0, 1, 2 nodal circles with F, = 1000 (from

Nayfeh, Jilani and Manzione[19]).
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Figure 2.6: Eigenfunctions (n=1,2,3 m=0,1,2) (n=nodal diameters; m=nodal circles)



Piergiuseppe Manzione Chapter 2. Centrally Clamped Rotating Circular Disk 22

form
n

o(r) = 6™ (r) = 3" aid(r) (2.74)

i=1
where the ¢;(r) are functions that approximate the shape of the eigenfunctions. We require

these functions to satisfy the geometrical boundary conditions (the clamp at the inner rim);

that is, we select them from the class of "admissible functions”.

We define the residual R(¢™ (1), r)
R(@™(r),r) = (Lo (r) = A™rg (r)) (2.75)

Requiring this residual to be orthogonal to every approximate function ¢;(r), in the spirit

of the Galerkin method, and taking advantage of the relation (2.74), we obtain

/b] ¢;(r)Rdr = /b] o;(r) (L™ (r) — AXVrd™ (1)) dr
= [ o (Z aiLgi(r) A<n>ri§;ai¢>j<r>) dr

= Y ai(ki=A"m;) =0 j=1,2..n (2.76)
=1
where
- b] (N Los(r)dr  ij—=1,2,.m (2.77)
mj,i_/b] & (M) oy(r)rdr 0§ =1,2,...,m (2.78)

Integrating equation (2.77) by parts and taking advantage of the fact that any ¢}(b) =
¢;(b) = 0, we have

bi = [ [ii)9! — (056, 6 + 640!+ a6l + o)
o6 (1)~ pa(1)6 (D6 (1)
— PSME0) + ps(1)6, (D (1) (2.79)

Consequently, we have reduced the maximum order of the derivatives from 4 to 2, thereby

justifying the choice of the trial functions from the class of admissible functions.
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\J

Figure 2.7: Trial functions adopted in the Galerkin approximation.

N \

Table 2.2: Comparison between numerical and approximate solutions.

Q=0 | Numerical | Galerkin | Error (%)
n=0| 510983 5.35439 4.8
n=11| 4.80427 5.44337 13.3
n=2| 6.65473 11.4872 72.6

We solve the algebraic eigenvalue problem (2.76) using equation (2.79) to obtain an approx-
imate estimation of the values of the eigenvalue w. Using simply the four trial functions in
Fig. 2.7, we obtain for {2 = 0 the results summarized in Table 2.2 and compare these results
with the "exact” values calculated with the numerical method described above for a disk
having the properties listed in Table 2.1.  Clearly the error increases for higher values of n.
This result can be improved by choosing a larger number of trial functions and optimizing
the trial functions themselves.

The general behavior of the eigenvalues is captured in Fig. 2.8 in which the real parts of the

eigenvalues are plotted as functions of the rotational speed 2 for n=1,2,3.
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Figure 2.8: Real parts of the two lowest (m=0, m=1) eigenvalues for n=1, n=2, n=3 as

functions of the rotational speed €.



Chapter 3

Rotating Disk With An Applied Point

Force

3.1 Problem Formulation

We consider the physical system shown in Fig. 3.1 consisting of a spinning elastic axisym-
metric disk in contact with a stationary point force. The nondimensional equation of motion
governing the transverse dynamics of a disk clamped at the inner radius and free at the outer

radius and subject to a transverse force f applied at r = rg is

2
68—;;) + Viw + %QQTQVQUJ + 927“68—1:
e ey se o 1)
or2 \r or = r? 002 orz \r or  r?% 002
oy <1 e la_q)) (1 Ow la_w> 0w
rorod  r? 00 rorod  r?2 00 ot

d(r —1)d(0 — Q) A} (3.1)

f
To

25
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Figure 3.1: Rotating disk with an applied constant point-force fixed in space.

where @ is given by equation (2.44),w(r,0,t) is the transverse displacement, J is the Dirac
delta function, and f is a nondimensional constant point-force fixed in space. The dimen-
sional force is
Rf
Dh*12(1 — v2)

3.2 Galerkin’s Condensation

We consider the case of primary resonance of a pair of orthogonal modes having n nodal
diameters. Because, in the presence of viscous damping, only the pair of modes involved will

contribute to the steady-state response, we approximate w(r,6,t) by

w(r,0,t) ~ [n(t) cosnd + ((t) sinnd|p(r) (3.2)
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where the subscript has been dropped from ¢,,,, to simplify the notation. The ¢,,, are given
by the eigenvalue problem already analyzed in Chapter 2. The subscript mn specify, respec-
tively, the number of nodal circles and diameters.

Because the nonlinearity is cubic, as shown below, we use the Galerkin procedure to con-
dense the partial-differential equations and their boundary conditions into two second-order

nonlinear ordinary-differential equations. Substituting equation (3.2) into equation (2.49)

vields
Vie, = E(@ —1%) cos 2n6 — ¢ sin 2n9} Xa(r) + %(772 +¢)xa(r) (3.3)
where
= e - o - Gd o)
v = |6 = 07+ G o)

We seek a solution that satisfies equations (3.3) and (2.50)—(2.53) in the form

1 1 .
@0 = SO ()0 + C) + (¢ = P)n(r) cos2n — nCus(r)sin2nd  (3.4)
where 11 and 15 are governed by the following two boundary-value problems:

function 1

<d2 1 d) o = (3.5)

dr? ~ rdr
- —zp] =0 at r=0b (3.6)
U+ 1/} 1/} =0 at r=5b (3.7)
¢1 =0 at r=1 (3.8)

function

2 2\ 2
(£ Ld ey, 59

dr?  rdr



Piergiuseppe Manzione Chapter 3. Rotating Disk With An Applied Point Force 28

2
g_%<¢;_%¢2>_o at r=b (3.10)

1 1 4(2 + v)n? 4(3 + v)n?
/2//+E¢é/_b_2¢é_—( b2) %4_%1/)2—0 at r=2>b (3.11)
Yh—4dn*Py =0 at r=1 (3.12)
Wh—1hy =0 at r=1 (3.13)

Again, the boundary condition (2.50) does not yield a boundary condition for 1; and hence
it can be determined only to within an arbitrary constant. However, as shown below, we do

not need 1), but its derivatives.

3.3 Solution of the Boundary-Value Problems

We note that the boundary conditions (3.12) and (3.13) are equivalent to ¢4 = 1, = 0 at
r = 1. We describe below a procedure for determining the solution of the boundary-value
problem (3.9)-(3.13). A similar procedure is used to determine the solution of the boundary-
value problem (3.5)-(3.8). We divide y» into two parts Axs and Bys such that A4+ B = 1.

then, we express 1), as a linear combination of the two functions 1,1 (r) and ¥4 4(r) as

Po(r) = Atha 1 (1) + Bipaa(r) (3.14)

where 191 () and 1, 5(r) are the solutions of the two initial-valued problems consisting of

equation (3.9) and the initial values

(% 0 (L% 0
! 0 : 0

Yar | : Vi | at r=1 (3.15)
51 1 59 0
n a " 1

2,1 2,2
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The parameter a is determined as part of the solution. Substituting equation (3.14) into

equations (3.10) and (3.11) yields

( 027] 0272 ) ( A ) ( 0 )
= (3.16)
Dyy Das B 0

where
1 2 + vn 4(3 4+ v)n?
77Z}//l ¢ ﬁwé’] _ ( ) ¢2 p ( b3 ) #}27].
. v, n2 ‘
Coy =, — b Py — ?Qz)zj atr=bforj=1,2 (3.17)

Setting the determinant of the coefficient matrix in equation (3.16) equal to zero yields an
equation for a. Then, solving one of the equations in (3.16) and A + B = 1 yields a unique
solution for A and B.

3.4 Reduced-Order Model

We condense the partial-differential equations and their boundary conditions into two second-
order nonlinear ordinary-differential equations. Substituting equations (3.2) and (3.4) into
equation (3.1), multiplying the result with r¢ cosn@ and r¢ sinnf, respectively, integrating
the outcomes from € = 0 to § = 27 and r = b to r = 1, and using the normalization condition

for the eigenfunctions, we obtain

i)+ (t) = e(=2u(0) +n(0) [an(0)? + axC(0)?] + feos(T)  (3.18)

O +Ct) = e(=20ul (1) + () [an () + aan(t)?] + f sin(6h)) (3.19)

where the coefficients a1 and a5 of the nonlinear terms, the damping coefficient of the disk

i, the forcing factor f, and the scaled rotational speed Q are given by
o = / 1[50t + 0") — (0 + ')
1 (0 07— Sout + o)
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Table 3.1: Values of a; for n = 1, 4 nodal diameters and m = 0, 4 nodal circles for the
floppy disk.

Q=0
n m =0 m=1 m =2 m=3 m=4
0 | -2.798295E+00 | -1.120919E+02 | -1.496053E+03 | -6.766271E+03 | -2.045121E+04
1 | -2.768986E-01 | -1.453237E402 | -1.491740E403 | -6.984326E403 | -2.164722E+04
2 | -6.080990E+00 | -2.322417E+02 | -2.093987E+03 | -9.340873E+03 | -2.896908E+04
3 | -5.522506E+01 | -5.005976E+02 | -3.118373E+03 | -1.165581E+04 | -3.441087E+04
4 | -2.226445E+02 | -1.091750E+03 | -5.168652E+03 | -1.574177E+04 | -4.156831E+04
O* =10
n m=20 m =1 m=2 m=3 m=4
0 | -2.491445E+00 | -1.563001E+02 | -1.434736E+03 | -6.569057E+03 | -2.005897E+04
1| -2.274244E-01 | -1.437001E+02 | -1.432494E+03 | -6.792165E+03 | -2.123503E+04
2 | -6.110993E+00 | -2.250186E+02 | -2.017112E+03 | -9.095027E+03 | -2.843648E+04
3 | -5.578525E+01 | -4.824211E+02 | -3.033854E+03 | -1.141986E+04 | -3.385137E+04
4 | -2.267653E+02 | -1.053057E+03 | -5.059757E+03 | -1.551907E+04 | -4.102082E+04
Q* =20
n m =0 m=1 m=2 m=3 m=4
0 | -2.376043E+00 | -1.521176E+02 | -1.306564E+03 | -6.088320E+03 | -1.898238E+04
1 | -2.011154E-01 | -1.398237E402 | -1.306454E403 | -6.296525E+03 | -2.009770E+04
2 | -6.151633E+00 | -2.131403E+02 | -1.846424E+03 | -8.477459E+03 | -2.698361E+04
3 | -5.659770E+01 | -4.493449E+02 | -2.825425E+03 | -1.079349E+04 | -3.228261E+04
4 | -2.338335E+02 | -9.771476E+02 | -4.762045E+03 | -1.489021E+04 | -3.945212E+04
Q* =30
n m =0 m=1 m =2 m=3 m=4
0 | -2.358726E+00 | -1.489408E+02 | -1.190179E+03 | -5.530905E+03 | -1.754913E+04
1| -1.937795E-01 | -1.372015E4-02 | -1.191043E403 | -5.709592E+03 | -1.855336E+04
2 | -6.174957TE+00 | -2.049523E+02 | -1.680013E+03 | -7.728341E+03 | -2.494930E+04
3 | -5.713294E+01 | -4.240417E+02 | -2.598441E+03 | -1.000299E+04 | -3.014131E+04
4 | -2.393815E+02 | -9.146053E+02 | -4.398514E+03 | -1.402554E+04 | -3.724260E+04

2 2
- S ov) + Srom| i (3.20
2

a= [ role) | gt o) - ot (321
p= c (3.22)

~ nf)
0 - = A (3.23)
f = 7’0% fo(r —ro)prdr = f¢7(:O> (3.24)
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Table 3.2: Values of as for n = 1, 4 nodal diameters and m = 0, 4 nodal circles for the

floppy disk.
O*=0
n m=20 m =1 m=2 m=3 m=4
0 | -1.865530E+00 | -1.048927E+02 | -9.973687E+02 | -4.506471E+03 | -1.361330E+04
1| -1.801610E-01 | -9.530682E401 | -9.654142E+402 | -4.464097E+03 | -1.380429E+04
2 | -6.053230E+00 | -1.236077E+02 | -1.065160E+03 | -4.650251E+03 | -1.472211E+04
3 | -5.521489E+01 | -3.304922E+02 | -1.774074E+03 | -5.895392E+03 | -1.734459E+04
4 | -2.226303E+02 | -8.405762E+02 | -3.551392E+03 | -9.329098E+03 | -2.305232E+04
Q* =10
n m =0 m=1 m =2 m=3 m=4
0 | -1.660963E+00 | -1.042001E+02 | -9.564907E+02 | -4.379371E+03 | -1.337965E+04
1| -1.468584E-01 | -9.426557E+01 | -9.275409E+02 | -4.345373E+03 | -1.354444E+04
2 | -6.088273E+00 | -1.194169E+02 | -1.027739E+03 | -4.530008E+03 | -1.444531E+04
3 | -5.577721E401 | -3.132379E+02 | -1.727480E+03 | -5.783857E+03 | -1.704190E+04
4 | -2.267486E+02 | -7.968542E+02 | -3.468667E+03 | -9.212466E+03 | -2.272390E+04
Q* =20
n m=20 m =1 m=2 m=3 m=4
0 | -1.584029E+00 | -1.014117E+02 | -8.710425E+02 | -4.058880E+03 | -1.265492E+04
1| -1.282340E-01 | -9.174699E401 | -8.466370E+02 | -4.034379E+03 | -1.282825E+04
2 | -6.135214E+00 | -1.124740E+02 | -9.438551E+02 | -4.235206E+03 | -1.370510E+04
3 | -5.659275E+01 | -2.797294E+02 | -1.602175E+03 | -5.479103E+03 | -1.618811E+04
4 | -2.338127E+02 | -7.060665E+02 | -3.224587E+03 | -8.854833E+03 | -2.179553E+04
Q* =30
n m=20 m =1 m=2 m=3 m=4
0 | -1.572484E+00 | -9.929384E+01 | -7.936929E+02 | -3.688960E+03 | -1.169942E+04
1| -1.222367E-01 | -9.004047E401 | -7.727296E+02 | -3.664027E+03 | -1.185750E+04
2 | -6.161848E+00 | -1.076171E+02 | -8.614452E+02 | -3.875307E+03 | -1.265465E+04
3 | -5.713000E+01 | -2.516040E+02 | -1.453825E+03 | -5.079221E+03 | -1.503643E+04
4 | -2.393602E+02 | -6.235750E+02 | -2.901884E+03 | -8.313253E+03 | -2.046357E+04
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3.5 Nonlinear Solution

To investigate the nonlinear dynamics of the disk, we calculate the parameters a; and as in
equations (3.18) and (3.19). The results are listed in Tables 3.1 and 3.2 for n = 0, 1, 2, 3,
4 nodal diameters and m = 0, 1, 2, 4 nodal circles for the floppy disk for different values of
the rotational speed 2*.

We use the method of multiple scales [16, 17] to determine a first-order approximate solution
of equations (3.18) and (3.19) for the case of primary resonance for small- but finite-amplitude

motions. To this end, we introduce the two time scales
To=t and Ty = et (3.25)
In terms of these scales, the time derivatives become

d
4 pyrenit- (3.26)

d2
= D2 +2¢DoDy + - - - (3.27)
where D,, = 0/JT,,. We consider a primary resonance excitation such that

Q=1+c¢co (3.28)

where o is a detuning parameter. We summarize in Table 3.3 the rotational speeds giving
this condition and the coefficients of the cubic nonlinearities appearing in equations (3.18)
and (3.19) for a floppy disk having the properties listed in Table 2.1.

We seek a first-order uniform approximation to the solution of equations (3.18) and (3.19)

in the form

n(t;e) ~no(To, Tv) + em (1o, T1) (3.29)
C(tye) ~ Co(To, Th) + e (To, Th) (3.30)

Substituting equations (3.25)—-(3.30) into equations (3.18) and (3.19) and equating coeffi-

cients of like powers of € leads to the following problems:
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Table 3.3: Coefficients of the nonlinearities for the case of primary resonance for m = 0 and
n=2,3.

n=2 n=23
5.14265 | 5.80984
w | 10.2530 | 17.42951
oy | -6.09525 | -55.5622
s | -6.06914 | -55.5529

)

Order €Y
Dl + = 0 (3.31)
Digéo + Go= 0 (3.32)

Order €'
D + m =—2pDono — 2DoDing + anny + aanoa + f cos(QTy) (3.33)
D3¢+ G =2uDoCo — 2DoDyGo + i G + aanilo + f sin(QT) (3.34)

The solutions of equations (3.31) and (3.32) can be expressed as
no = A1 (T1)e™™ + cc and (5 = Ax(Ty)e™ + cc (3.35)

where cc indicates the complex conjugate of the preceding terms. Substituting equations
(3.35) into equations (3.33) and (3.34) and eliminating the secular terms, we obtain the

following modulation equations:

— _ _ 1. .

20A] = —2ipA; + 301 ATA; + 20041 Ay Ay + ap AZA; + 3 felh (3.36)
_ _ 1.

QZA,Q — —QZMAQ + 30[] A%AQ + 20[214] AQA] + OZQA%AQ - aifengl (337)

where the prime indicates the derivative with respect to Tj.
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3.6 Equilibrium Solutions and Their Stability

We note that equations (3.36) and (3.37) do not admit single-mode solutions and the forcing

appears in both equations. Using the transformation
1 , 1 .
we obtain the equivalent modulation equations

2iB = —2iuB+ (3 + a)B(BB 4 20C) + 3(a — ap)C?B + % fel "t (3.39)
2iC" = —2iuC + (3 + a)C(2BB + CO) + 3(a; — ap) B*C (3.40)

where the forcing appears in one equation only.
To analyze the solutions of equations (3.39)and (3.40), we use the Cartesian transformation

B = [n(T) (M) €= Jen(Ty) — iea(T))e" (3.41)

separate real and imaginary parts, and obtain
/ 1 2 | 22 1 2
bl = - /Lb] — 0'b2 — g(SO&] =+ Oég)bg(bl =+ b2> - g(SOq + 50(2)[)201

1 1
— 1(3041 — 30&2)[)16102 — 5(9041 — Oég)bgcg (342)

1 1
b,2 = — ,ubg + O'b] + g(ga] + Oég)b] (b% + b%) + g(SO&] + 50[2)[)1 C%

1 1 1
+ 1(3041 — 30&2)[726102 + 5(9041 — ag)blcf + §f (343)

1 1
&= — e —ocy — g(?)oq + ag)ey(cf +c3) — g(?)oq + 5oy ) cob?
1 1
— 1(3041 — 30&2)01[)1[)2 — §(9a1 — OéQ)Cng (344)

1 1
Gy= — puce+oc + §(3a1 + ag)er (e 4 c3) + g(Sm + 5a)c b3

1 1
+ Z(SO&] - 30(2>Cgb1 bg + g(qu - Oég)C] b% (345)

Alternatively, we introduce the polar transformation

1 . 1 .
B= éb(T])eZ(‘m_W . O = Ec(Tl)el(”Tl_”) (3.46)
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into equations (3.39) and (3.40), separate real and imaginary parts, and obtain

¥ = —pbt 2 (o — an)besin(2( — 7)) + 5 sin() (3.47)
by = ob+ %(3041 + ap)b(b? + 2¢%) + g(al — ap)bc? + %f cos(71) (3.48)
¢ = —pet oo — an)ebsin(2(n — ) (3.49)
Yy = oc+ é(i’)al + ) (20 + ) + g(al — a)ch? (3.50)
where
=0T - B i=1,2 (3.51)

Next, we look for solutions corresponding to ¢ = 0. It follows from equations (3.47) and

(3.48) that they are given by the two-dimensional dynamical system

1
bV = —ub+ Ef sin(71) (3.52)
1
by, = ob+ab®+ §f cos(m1) (3.53)
where
1
a = 5(3041 + 042) (354)

Because ay and ay are always negative for any combination of m,n, ) (see Tables 3.1 and
3.2), the coefficient « is always negative.
Equations (3.52) and (3.53) have the same form as the modulation equations governing

the amplitude and phase of the response of the Duffing oscillator to a primary resonance

excitation[16, 17, 20].

The equilibrium solutions of equations (3.52) and (3.53) correspond to " = 0 and ~; = 0.
Rearranging the result and squaring and summing the outcome, we obtain the frequency-
response equation. In Fig. 3.2 we display typical frequency-response and force-response
curves. The dashed lines indicate unstable solutions and the solid lines indicate stable
ones. The points A and B are saddle-node bifurcations. To determine the stability of these

equilibrium solution, we investigate the eigenvalues of the Jacobian matrix of the system
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1.2

b
b b 0.8 —| \\\\\\
\\ B
0.0 ‘ I I 00 I I
o f
Figure 3.2: Bifurcation diagrams for the mode with m = 0 nodal circles, n = 2 nodal

diameters, 2 = 5.14265, ;1 = 0.5. (a) The control parameter used is o and f = 1. (b) The

control parameter used is f and o = 3.
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(3.42)-(3.45) with ¢; and ¢, being equal to zero. The eigenvalues are

1
Mo = —pt g\/—3b4(3041 +ap)? — 3202(3 + )0 — Gdo? (3.55)

where b = 1/b? + b3. The equilibrium solutions undergo saddle-node bifurcations when one
of the \; crosses the imaginary axis into the right-half of the complex plane along the real
axis. One of the eigenvalues in equation (3.55) is positive on the dashed branch of Fig. 3.2,
and hence it is unstable (saddle). As result the response experiences a jump from a stable
branch to another at the turning points A and B.

Next, we investigate the stability of the solution ¢ = 0. To this end we let
1 1 .
B = Ebez(”Tﬁ'yl) C= 5(61 —icy)ettoTimm) (3.56)

where b and 7, correspond to an equilibrium solution, in equation (3.40), separate real and

imaginary parts, and obtain
1
¢ = —pcy —ocy — g(SOzl + bag) cob? (3.57)
1
¢y = —pcy+oc + §(9oz1 — ag)erb? (3.58)

The eigenvalues of the Jacobian matrix of equations (3.57) and (3.58) are

1
Ao = —p+ g\/b4(3041 + Bag) (o — 9a1) — 3202(3ay + a)o — 6402 (3.59)

Because these eigenvalues are negative for all of the equilibrium values of b, the trivial
solution corresponding to C' is always asymptotically stable. As a result in the long-time
response,

Ay = iA, (3.60)

Then it follows from equation (3.38) that B = A;. Moreover, it follows from equations

(3.28)-(3.30), (3.35), and (3.56) that
1 - 1 -
n = abel(m_”) +cc and (= —iibel(m_“) + cc (3.61)
Substituting equations (3.61) into equation (3.2), we obtain

w(r, 0,1) & bppm (1) cos(Qt —nb — v1) (3.62)

Therefore, the long-time behavior is a traveling wave.



Chapter 4

Rotating Disk with an Applied

Spring-Mass-Dashpot System

4.1 Problem Formulation

We consider the physical system shown in Fig. 4.1, consisting of a spinning elastic axisym-
metric disk in contact with a stationary mass, spring, and dashpot at the nondimensional

radial distance r = ry. The nondimensional equation governing the dynamic of the disk is:

2
aa_g + Viw+ %QQTQVQ’LU + QQraa—I:
R Y L N Ty
or2 \ror 1?2002 or2 \r or  r? 002
(LS 1oy (15w 1on) o
rordd 200 rordd  r? o0 ot
o o(r 7"0)7“((5)(9 Qt)f(t)} (1.1)

38
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where ® is governed by equation (2.44) and ¢ is the Dirac delta function. We express f(¢)

in terms of the displacement u of the mass as

d*u du

where the dimensional mass, damping coefficient, and spring constant are

]{ZR5 . C]R3 . mR
Dh212(1 —12) ' 24(1 — UQ)(phésp)% T12(1 = vA)R3p

The nondimensional displacement of the attached mass is equal to that of the disk at the

point of contact; that is,

u(t) = w(rg, Q,t) (4.3)

The time derivatives in equation (4.2), when 7 is constant in time, are

oo (0= ) (05 + =

du ow Ow d?u 0 0 ow Ow
dt 00 ot dt? 00 Ot 00 ot

Hence equation (4.2) can be rewritten as

B ) B 2\?

4.2 Reduced-Order System

We condense the partial-differential equations and their boundary conditions into two second-
order nonlinear ordinary-differential equations. Substituting equations (3.2) and (3.4) into
equation (4.1), multiplying the result with r¢ cosné and r¢ sin né, respectively, integrating
the outcomes from 6 = 0 to 0 = 27 and r = b to r = 1, and using the normalization condition

for the eigenfunctions, we obtain

i) +n(t) = = 2en(t) + en(t) [an(t)* + as¢(1)?]
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Figure 4.1: Rotating disk with attached spring-mass-dashpot system.

40
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— eB{20wEC(t) + (& — Q) n(t) + 204 (1) + 2087 (1) + (1)

+ sin(201) [ (@2 — Q) ¢(1) — 20wen(t) + 2EC(1) — 2(t) + ()]

+ cos(20) [20WEC() + (@ — Q) n(t) + 20C(t) + 2€n(t) +ij(t)] [4.5)

C)+C() = — 2epC(t) +€C(t) [arC(1)? + agn(t)?]

— B {(@* = Q) ¢(t) — 20meEn(t) + 204 (1) — 2(t) + { (1)

— cos(201) [ (@ — Q) ¢(t) — 20w&n (1) + 2EC () — 2m(1) + (1))

+ sin(208) [20w8¢(1) + (©* = Q) (1) + 20(t) + 208n0(1) +ii(t)] }(4.6)
where the coefficients a; and as of the nonlinear terms have the same expressions as in
equation (3.20) and (3.21), the damping coefficient p of the disk and the scaled rotational
speed () are given, respectively, by equations (3.22) and (3.23). Moreover the common

coefficient of the loading terms 3, the natural frequency of the spring-mass-dashpot system

w, and the viscous damping factor £ are given by

m¢(r0)2
= (4.7)
_ 1 [k
£ = 2 (1.9

4.3 Principal Parametric Resonance

We use the method of multiple scales to determine a first-order approximate solution of
equations (4.5) and (4.6) for the case of principal parametric resonance for small- but finite-

amplitude motions. To this end, we introduce the time scales
To=t and Ty = et (4.10)

In terms of these scales, the time derivatives become

d
4Dy, - (4.11)
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d2
o5 = D§+2eDoDy + - (4.12)

where D, = 0/JT,. To describe quantitatively the nearness of the principal parametric

resonance, we introduce the detuning parameter o defined by

Q=1+e0 (4.13)

We seek a first-order uniform approximation to the solution of equations (4.5) and (4.6) in
the form
n(t; E) ~ UO(T(), Tl) +en (To, Tl) (414)
C(t, 6) ~ Co(To,T1) + GC] (To,T]) (415)

Substituting equations (4.10)—(4.15) into equations (4.5) and (4.6) and equating coefficients

of like powers of €, we obtain

Order €Y
Dino + o= 0 (4.16)
D3¢+ (=0 (4.17)
Order €'
D +m = — 2DoDing — 2uDono + o [041778 + 042§(ﬂ
- B {QQ@&b + (@2 - Q2) no + 2QDoCo + 20E Doy + D3ng
SHI(QQt) [(@2 - 522) CO - 2@@6770 + 2@€DOCO - QQD()?]O + D3C0i|
COS(QQLL) [2(2&)5@) + (@2 — QQ) To + QQDogo
+ 2@51)0770 + Dgno]} (418)
DG +C = — 2DgDiCo — 2uDolo + o [041 G+ 042773]

- p { (@2 - QQ) Co — 2Qwéng + 2wE Doy — 2QDony + Do
— cos(201) [(@2 - QQ) Co — 20y + 20EDoCo — 2Q0Dono + Dggo}
SIH(QQt) [2@@5{0 + ((IJQ — QQ) To + QQD()Q)

+  20EDo0 + Dinol } (4.19)
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The solutions of equations (4.16) and (4.17) can be expressed as
no = A1(T1)e™™ + cc and (5 = Ax(Ty)e™ + cc (4.20)

where cc indicates the complex conjugate of the preceding terms. Substituting equations
(4.20) into equations (4.18 ) and (4.19) and eliminating the secular terms, we obtain the

following modulation equations:

20A] = —2ipA; + 301 A2 A + 200 A1 Ao Ay + an ASAL 4 B(2 — @7 — 2i€0) Ay

— 28(i + E@) Ay — %ﬁw‘lle”“TI + %w?/‘xgﬁe%ﬂ (4.21)
2iA, = —2ipAy + 30q AZAy + 20041 Ag Ay + an AT A, + 26(1 4 E0) Ay

+ B2 —@* — 20) Ay + %m?Al Be*olt 4 %ﬁ@QAQe%Tl (4.22)

where the prime indicates the derivative with respect to T7.

4.3.1 Cartesian Transformation of the Modulation Equations

To analyze the solutions of equations (4.21) and (4.22), we introduce the Cartesian trans-
formation
1

A, = Q[pk(ﬂ) —iqp(Ty)])e"™, k=1,2 (4.23)

separate real and imaginary parts, and obtain

3 1
Py =—ipr — oG — a1 qu(pi + ¢7) — zea(Paq + 2pipage + 30143)

8 8
1 1
—B&wp; + 15(5)2 —4)q + Zﬁ(@Q — 4)py + BEwqy (4.24)
) 3 2 2 1 2 2
¢ = —Hq +opi+ gaipy (p +aqi) + g%(pgpl + 2¢1p2q2 + 3p1G3)
1 1
+15(4 — 30%)py — Béwq — BEwpy — 15(4 + &%) g (4.25)

3 1
Py =—pp2 = 06 = Sara(py + 63) — 5a(Pide + 2pagr + 30201)

F2B(& + wipr — B2 — HEDps + (3" — D (1.26)
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3 1
do = =142 + 0Py + garpa(py + 43) + S2(aipe + 2016291 + 3papi)

gy — 2B(& ~ ) — 70— A)ps — ey,

4.3.2 Polar Transformation of the Modulation Equations
Alternatively we introduce the polar transformation
1 (1)
Akiiak<T]>€ kA , ]{3:1,2
into equations (4.21 ) and (4.22), separate real and imaginary parts, and obtain

1 ) _
ay = — pap+ gagalag sin(2vy, — 2v,) — Béway — Blcos(yr — a)az

. 1 _ 1_
+ wazsin(y —72) + ZW%] sin(271) — ZW2G2 cos(y1 + 72)]

1 1 1
a1y = + oa+ gal(Salaf + 2042(13) +—a15(2 — @2) + galagag cos(2y1 — 272)

2
) 1_
— Bléwas cos(y — y2) — agsin(yy — o) + Zw2a1 cos(2v)
1
+ szag sin(y1 + 72)]
1 . _
ay = — pag— gagaga% sin(2vy, — 2v9) — Béwag + Blas cos(y — 7o)

) 1_ ) 1.
— &waysin(y — ) + Zuﬂag sin(2vq) + Zuﬂa] cos(y1 + 7o)

1 1 1
ayy, = + oas+ gag(Salag + 2000%) + —as3(2 — @2) + gOéQCLQCL% cos(2y1 — 272)

2

) 1
+ [léway cos(yr — o) + aq sin(yy — o) + Zchag cos(27;)

1 .
— szal sin(vyy + 72)]

where

n=0li =0 ; =0l —753

44

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)
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4.4 Complex Representation

We can write the equations of motion (4.5) and (4.6) in terms of the complex variable v(t)

defined as follows:
v(t) = n(t) —ic(t) (4.34)

We multiply equation (4.6) by ¢, and subtract the result from equation (4.5), employ the
Euler formula to transform the trigonometric functions into exponential functions, and obtain

the following compact form for the equations of motion:

.1 1
i(t) +o(t) = — 2euv+ 7€ (3v%0 + °) + Zeag(v%—) + %)
+ B[O - 2100 — @*)v — (200 + 26@)i + )]
+ eBe MM (P + 26w — ©2)0 + (210 — 26@) — 1 (4.35)
which is in agreement with that derived by Shen and Mote[23].
Next, we employ the method of multiple scales to determine a first-order approximate

solution of equation (4.35) for the case of principal parametric resonance for small- but

finite-amplitude motions in the form
v(t;€) ~ vo(To, Th) + vy (To, Th) (4.36)

Substituting equations (4.10)—(4.13) and (4.36) into equation (4.35) and equating coefficients
of like powers of €, we obtain

Order €Y
Divo + vo= 0 (4.37)
Order €':

1 1
ngl +v1 = — 2DgDyvg — 2uDgvy + 1041 (003 + 31)3170) + ZO&Q(’US’EO — ’US)

+ B(0? = 2iQc0 — @)vg — B(2iQ + 26@) Dovg — BD3vg

+ BTN (02 + 2i060 — 2?)To + (202 — 26@) Dotio — D3To]  (4.38)
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The solution of equation (4.37) can be expressed as
Ug = B] (T])GiTO + BQ (T] >€_iTO (439)

where the complex-valued functions B; and By are not complex conjugates, as in the pre-
ceding section, because v is a complex-valued function. Substituting equation (4.39) into

equation (4.38), defining the complex-valued functions B; and B as
Bl = Al — ZAQ ) BQ == 14_11 — ZAQ (440)

and eliminating the secular terms, we obtain equations (4.21)and (4.22) obtained by attack-

ing the real-valued discretized equations.

We consider the case of principal parametric resonance of the two modes n = 2 and
n = 3. The coefficients of the cubic nonlinearities in equation (4.5) and (4.6) for a floppy

disk having the properties listed in Table 2.1 are given in Table 3.3.

4.5 Equilibrium Solutions and Their Stability

The four-dimensional system (4.24)-(4.27) always admits the trivial solution. In fact, setting
P, and ¢, equal to zero, one finds that the trivial solution always satisfies the resulting system
of algebraic equations.

We first investigate static bifurcations of this trivial solution. Such bifurcations occur
when a real eigenvalue crosses the imaginary axis from the left-half into the right-half of the
complex plane. In this case the determinant of the Jacobian matrix is equal to zero.

We consider the same parameters utilized by Iwan and Stahl[12] for the spring-mass-

. . - 048043 ¢ _
dashpot system. Performing the necessary transformations, we obtain w = 7722, § = 0.25,
and m = 1363.3. Assuming that the application point of the spring-mass-dashpot system is
ro = 0.5, such that B(ry) = 230.19, we find two bifurcation points: o, ~ 4.7089 * 10~> and

0. ~ 53.0913.
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To determine the type of these bifurcations, we calculate the normal form of the mod-
ulation equations in their vicinity. Using the method of multiple scales, we reduce the

four-dimensional system (4.24)-(4.27) to the one-dimensional system
7 =e (0 —a)r +ar® (4.41)

When ¢ = 0., the two coefficients (¢, a1) in equation (4.41) are (530.913,-808.145), a charac-
teristic of a supercritical bifurcation. When o = 0.9, the coefficients are (-530.913,2424.44),
a characteristic of a subcritical bifurcation.

We note that equations (4.21) and (4.22) do not admit single-mode solutions. Using the

transformations given by equation (3.38), we obtain the equivalent modulation equations

2iB = —2iuB+ (3aq + az) B(BB +2CC) + 3(aq — a3)C*B

— Bw?B — BBe*h (4.42)
2iC" = —2iuC + (3a; + ag)C(2BB + CC) + 3(a; — as) B*C

+ B4 — ditw — *)C (4.43)

where the parametric excitation appears in one equation only. To analyze the solutions of
equations (4.42) and (4.43), we use the Cartesian transformation given by equation (3.41),

separate real and imaginary parts, and obtain

Vi= — by —oby— %(3041 + )by (b3 + b3) — é(?)a] + 5ag)byc?

- 3(3041 —3ag)biciey — é(9a1 — qa)byc (4.44)
by = — pby+0b + é(3041 + )by (b7 + b3) + %(3041 + 5a)bi e

+ %(3041 — 3ag)bocicy + %(9041 — ay)bic? — Bbyw? (4.45)
= — pep—ocyg— é(?)oq + ag)ep(ef 4 c3) — %(3041 + 5ag ) cob?

— i(Sal — 3ag)c1biby — é(Qal — ao)epbs — B(2cy + 26we; + % — @%cy) (4.46)
¢y = — pcx+oc+ %(3041 +ag)er (S +e3) + é(?)a] + 5a)c b3

1 1 1
+ Z(SO&] - 3a2>62b1 bg + 5(9051 - 062)01 b% + ﬁ(QC] - 26@62 - 5@261> (447)
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Alternatively, we introduce the polar transformation

1 ‘ 1 .
B= éb(T])eZ(‘m_W . O = §C(Tl)el(”Tl_”) (4.48)

into equations (4.42) and (4.43), separate real and imaginary parts, and obtain

bV = —ub+ g(al — )b sin(2(y1 — 72)) — %ﬁwa sin(2v,) (4.49)
b, = ob+ é(?)oq + ag)b(b* + 2¢%) + g(oq — a)bc? — %ﬁaﬂb(l +cos(2y1)) (4.50)
d = —puc+ g(al — ap)ch?*sin(2(y; — 12)) — 28w (4.51)
vy = oc+ %(3041 + ag)e(26® + ) + g(oq — ag)eb? — %ﬁ@Qc (4.52)
where
=0Ty =B i=1,2 (4.53)

Next, we look for solutions corresponding to ¢ = 0. It follows from equations (4.49) and

(4.50) that they are given by the two-dimensional dynamic system

b = —pb— %ﬁ&ﬁb sin(2v) (4.54)
1
by = ob+ab’ — 5[3@26(1 + cos(2m)) (4.55)
where
1
a = g(SO&] + 062) (456>

Because a; and ay are always negative for any combination of m,n, <) (see Tables 3.1 and
3.2), the coefficient « is always negative.

The equilibrium solutions of equations (4.54) and (4.55) correspond to &’ = 0 and 7] = 0.
Dividing both equations by b # 0, rearranging the result, and squaring and summing the

outcome, we obtain the frequency-response equation, which can be expressed as

1
o=3 0?3 — 2aa® + /0432 — 4/4 (4.57)

To determine the stability of the solutions(4.57) to disturbances in b and 7, we investigate

the eigenvalues of the Jacobian matrix of the system (4.44)-(4.47) with ¢;, and ¢z being equal
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to zero. The eigenvalues are

1
Mz= = pEg {30 (o + az) — 320°(3n + ag)o — 640
1
+ 88w[(b? + 203) (B0 + az) + 8]} (4.58)

where b = \/m The equilibrium solutions undergo saddle-node bifurcations when one
of the \; crosses the imaginary axis into the right-half of the complex plane along the real
axis.

First we calculate analytically the location of the saddle-node bifurcation of the trivial
solution. Setting b = 0 and by = 0 in equation (4.58), we obtain an expression for the

eigenvalues governing the stability of the trivial solution:

A2 = —p+/Bow? — o2 (4.59)

Because ;1 > 0 one of the two eigenvalues will always have a negative real part. This
fact eliminates the possibility of a pair of purely imaginary eigenvalues and, hence, a Hopf
bifurcation to occur. The system can only experience a saddle-node bifurcation for the values

of o that render (4.59), taken with the positive sign, equal to zero; that is,

0. — % {5@2 + /3t — 4u2} (4.60)

These values are in agreement with the numerical results employed in equation (4.41). In
Fig. 4.2, we display the bifurcation set in the o-w? plane for u between 0.2 and 1.0.

Next, we investigate the stability of the solutions given by equation (4.57). It follows
from equation (4.58) that 3b% > b? + 2b3 > b%. Hence, both eigenvalues of the nontrivial
solutions have negative real parts and one of the eigenvalues is always positive on the other
branch. The frequency-response curve is displayed in Fig. 4.3. The same picture has been
obtained by using a sequential continuation scheme on the full set of equations.

Finally, we investigate the stability of the solution ¢ = 0. To this end, we let

1, 1 ,
B = Ebel(”Tl_“) C= 5(61 — icy)beeTi=) (4.61)
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€

Figure 4.2: Loci of the saddle-node bifurcation of the trivial solution in the o-@? plane for

different values of 4 when n = 2, ro = 0.5 and 8 = 230.19.

-50

Figure 4.3: Frequency-response curves for n=2 when p = 0.05,0 = g:ﬁg‘ég,ﬁ = 0.25,m =

1363.3 and ry = 0.5: solid lines indicate stable branches while dashed lines indicate unstable

branches.
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Figure 4.4: Orthogonal modes in the complex plane.

where b and 7, correspond to an equilibrium solution, in equation (4.43), separate real and

imaginary parts, and obtain

¢ = —pep—ocy — é(SOzl + 5ag)eab? — %/602(4 — %) — 2B¢wcy (4.62)
dy = —pcg+oc + %(9041 — ag)e b + %ﬁc] (4 — @) — 2B&0cy (4.63)
The eigenvalues of the Jacobian matrix of equations (4.62) and (4.63) are
AMo= — p—28¢w+ é {b"(3en + Bag) (e — 9an) — 16b* (301 + az)[20 — B(&? — 4)]
— 16[20 — B(&* — 4)]2}% (4.64)

Because these eigenvalues are negative for all of the equilibrium values of b, the trivial
solution corresponding to C' is always asymptotically stable. As a result in the long-time
response,

Ay = 1Ay (4.65)
as shown in Fig. 4.4. Then it follows from equation (3.38) that B = A;. Moreover, it follows
from equations (4.13)-(4.15), (4.20), and (4.61) that

1. .6 1 e
n = ébel(m_”) +cc and (= —Eibel(m_m + cc (4.66)
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Substituting equation (4.66) into equation (3.2), we obtain

w(r, 0,1) & b (1) cos(Qt —nd — ;)

Therefore, the long-time behavior is a traveling wave, as in the case of point force.

52

(4.67)



Chapter 5

Rotating Circular Disk with an

Applied Moving Spring

5.1 Problem Formulation

In this Chapter, we analyze the influence of a moving loading system on the characteristics
of a rotating disk, removing the classical hypothesis that the velocity of the system being
much less than any critical velocity of the disk does not play any role on its behavior. For
simplicity we consider that the loading system consists of a linear spring. The physical
system is shown in Fig. 5.1; it consists of a spinning elastic axisymmetric disk in contact
with a spring that is moving along the radius of the disk. The nondimensional equation of

motion governing the transverse displacement w(r,@,t) of the disk is

0*w 4 1 5 9cn , Ow
5z + Vw+§QTVw+QTE
Ofw (10D 1 9°P 0?d (10w 1 0*w

- 6{%(;5*?@)*@(?5%@)

53
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Figure 5.1: Rotating disk with an attached moving spring.

B 2(1 0% 18@) (1 0*w 18w> 5 ow

roro0 200 ) \roro0 " 2 o0 ) ““ot
d(r — 7“0)745(9 — Q) k:u(t)} (5.1)
0

where ® is given by equation (2.44), ¢ is the Dirac delta function, and & is the nondimensional
spring constant. We assume that the displacement of the end of the attached spring is equal

to that of the disk at the point of contact; that is,

u(t) = wlre(t), Qt, t] (5.2)

5.2 Reduced-Order Model

We consider the case of principal parametric resonance of a pair of orthogonal modes having

n nodal diameters. Thus, following steps similar to those in the preceding chapters, we
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obtain the reduced-order equations

i) +n(t) = =2e(t) + en(t) (am(t)® + ax((1)?)

— €B(t) [(1 + cos(208))(t) + sin(224)¢ ()] (5.3)
) +¢(1) = —2euC(t) + e¢(t) (arC()* + amm(1)?)

— eB(t) [sin(2Q)n(t) + (1 — cos(2Q1))¢(1)] (5.4)

where the coefficients of the nonlinear terms «; and as, the damping coefficient of the disk
1, and the scaled rotational speed Q are given by the already reported expressions and the

coefficient ((t) of the forcing terms is

kg[ro(t)]*

Blt) = == (5.5)

In Fig. 5.2, we show the behavior of 3 for a floppy disk as a function of the application
point r¢ for n = 1, k = 31.467 (value excerpted by Iwan and Stahl[12]), and Q = 5 (value
close to the principal parametric condition for n = 2). We analyze the case when ry moves

periodically along the radius of the disk with frequency wy, according to

ro(t) = %(1 —b) coswst + %(1 +b) (5.6)

Substituting equation (5.6) into equation (5.5), we obtain the behavior described by the
dashed line in Fig. 5.2, which can be approximated by

3= %ﬁmu + cos wyt) (5.7)

Because the motion of the spring is periodic, we can obtain a close approximation to B
employing a Fourier series expansion. The expression (5.7) represents an approximation of

the first two terms of that expansion.

5.3 Analytical Solutions

We use the method of multiple scales to determine a first-order approximate solution of

equations (5.3) and (5.4) for the case of combination parametric resonance for small- but
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25 25
20 20
15 15

10 10

0.2 0.4 0.6 0.8 1 0 2 4 6 8 10 12

Figure 5.2: Variation of the coefficient B with (a) the application point r¢ for n = 1, k =
30, © =6 and (b) time: dashed line represents the effective behavior while the solid line

represents the approximate behavior adopted.

finite-amplitude motions. To this end, we introduce a small nondimensional parameter ¢ as

a bookkeeping device and the time scales
To=t and Ty = et (5.8)
In terms of these scales, the time derivatives become

d

2
at?
where D,, = 0/9T,,. We consider the two combinations of the rotational speed Q of the disk

= D2+ 2cDoDy + - - (5.10)

and the frequency of the motion of the spring w, such that
20V +w, =2+ ¢o (5.11)

where o is a detuning parameter. We seek a first-order uniform approximation to the solution

of equations (5.3) and (5.4) in the form
n(t;€) ~no(To, Th) + e (To, Th) (5.12)

C(tye) ~ Co(To, Th) + e (To, Th) (5.13)



Piergiuseppe Manzione Chapter 5. Applied moving spring 57

Substituting equations (5.8)—(5.13) into equations (5.3) and (5.4) and equating coefficients

of like powers of ¢ leads to the following problems:

Order ¢:
D21 + 1= 0 (5.14)
Do + Go=0 (5.15)
Order ¢':
Dgm +m = — 2DogDing — 21Dt + 1o {041773 + 042C(ﬂ

— %ﬁmm(l + cosw,Tp) {(1 + cos(2QT0))mo + sin(QQt)Co} (5.16)
DG+ G = — 2DoDiCo — 2pDolo + Co [oqug + 04277(2)}

1 3 3
— 5 Bmar(1+ cosw,T) [sin(20T0)no + (1 — cos(2074))Go|  (5.17)
The solutions of equations (5.14) and (5.15) can be expressed as

no = A1 (T1)e™™ + cc and (5 = Ax(Ty)e™ + cc (5.18)

where cc indicates the complex conjugate of the preceding terms. Substituting equations
(5.18) into equations (5.16) and (5.17) and eliminating the secular terms, we obtain the

following modulation equations for both conditions (5.11):

2iA] = —2ipA; + 301 ATA; + 200 A1 Ag Ay + ap A3 Ay

- %ﬁmfh + éﬁmem”(mg —A) (5.19)
20A, = —2ipAy + 301 A3As + 200 A1 Ap Ay + an AT A,

- %ﬁm/&z + éﬁmaxeﬁ“’(iﬁl + Ay) (5.20)

where the prime indicates the derivative with respect to T7.

In the case of a space fixed spring, applying the same procedure when

20=2+¢co (5.21)
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we obtain the modulation equations

20A, = —2ipA; + 301 ATA; + 20041 Ay Ag + an A3 A,

— B(To)Al + %B(To)eiTw(iAQ — Ay) (5.22)
2iAy = —2ipAy + 301 AZA + 200 A1 Ay Ay + ap AT A,

B0 A+ B (A + ) (5.23)

Comparing equations (5.19) and (5.20) with equations (5.22) and (5.23), one can easily see
that they have the same form. This leads us to the conclusion that even a small value of w;
can activate this resonance, and hence neglecting this influence in the model can lead to a

significant error in the analysis.

5.3.1 Cartesian Transformation of the Modulation Equations

To analyze the behavior of the solutions, we introduce the Cartesian transformation

1 . i=0
A= 5[p(T) — ige(T))™, & =1,2 (5.24)

into equations (5.19) and (5.20) and obtain

Pyo= —upn - %aql + 1—16ﬂmm(pz +3q) — gom 0 (pi +qf)

- éag(pgql + 2p1p2g + 3q165) (5.25)
¢ = —pqt %Upl - 1_16ﬁmaw(q2 +5p1) + goﬂpl (P +q7)

+ éag(pgpl + 2q1p2g2 + 3p1G3) (5.26)
Py = —pp2— %fﬂm + 1—166mm(p1 +5qz) — gon a2(p5 + q3)

- éO@(P%QQ + 2p1paqy + 3q247) (5.27)
G = —pgat %UPQ - 1—165max(Q1 + 3pa) + 2041]92(193 +43)

1
+ gozz((ﬁpz + 2q1qop1 + 3pap?) (5.28)
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5.3.2 Polar Transformation of the Modulation Equations

Alternatively, we introduce the polar transformation
1 (1)
A = §ak(T1)€ MEDS kB =1,2 (5.29)

into equations (5.19 ) and (5.20) and obtain

1 ) 1 ) 1 1
ay = — pa+ 32 sin(y1 — y2)a1a3 — 1—65max sin(vy1)ar — 008(5% + 5’72)@ (5.30)
1 1 1
ay; = + oap+ Zal(Salcﬁ + 2042@%) + Zag cos(y, — ”yg)alag — §ﬁmma1
1 1 1
- gﬁmaw {COS(V])G] + Sln(§% + 5’72)(12:| (531)
, 1 , 1 , 11
ay = — pag — gOéQ sin(vy; — vy2)agaj + 1_6@”” {sm(yg)ag + COS(é’Yl + 5’72)(11 (5.32)
ayy, = + oaz+ Zag(SalaQ + 2a0a7) + Zag cos(y; — 7Ya)asaj — §ﬁmma2
1 | 1
+ gﬁmaw {COSCYZ)GQ - Sln(§% + 572)(1] (533)
where
nm=0Ty =261 ; =0l —205 (5.34)

5.4 Equilibrium Solution and Their Stability

Given the similarity between the present condition and that where the spring is space-fixed,

all of the results obtained in the preceding chapter hold in this case if we let

Bt =6 ; £=0 (5.35)



Chapter 6

Combination Resonance of a Rotating

Disk

6.1 Problem Formulation

The nondimensional equation of motion governing the response of the disk subject to a

transverse space-fixed spring applied at » = rg is given by

+ Viw + lQQTQVQ@U + QQra—w
2 or
Pw (100 1 0°®

‘ [a— (25 " —07)

0*d (1811) n 1 82w>

or2 \r or = r2 062

(e 1) (1 Loy
rordd r2900 ) \rorod r2 00

ow  §(r —rp)d(0 — Qt)

- 2 Cor o kw] (6.1)

G
ot?

60
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where @ is governed by equation (2.44) and ¢ is the Dirac delta function.
We consider the case of combination parametric resonance of the additive type of two pairs
of orthogonal modes having respectively n and p nodal diameters where p > n > 0. Thus,

we approximate w(r, 0,t) by

w(r, 0,t) = [, (t) cosnl + G, (t) sinnb]p,, (1) + [1n,(t) cos pd + ¢, (1) sin pd|p, () (6.2)

where the subscripts n and p give the number of nodal diameters (while the nodal cir-
cle considered m is equal to zero in order to consider only the lowest modes) and the
¢;(r) are given by the solution of the eigenvalue problem (2.60)-(2.63). We condense the
partial-differential equations and their boundary conditions into four second-order nonlinear

ordinary-differential equations. Substituting equation (6.2) into equation (2.49) yields

1 . 1

Vid, = b((ﬁ — 113) 08 2pf) — 1y, sin 2199} Xap(r) + 55+ G)x1,5(r)
1 . 1
{g(éﬁ — 1) cos 2n8 — 1, sin 2n9} Xon(r) + 5 (0 + G)Xan(r)

+cos((p +n)0)(Cpln — Mpnn) x3(r) + sin((p + n)0) (MG + Cprin) xa(r)

+ cos((p = n)0)(CpCn + M) x5 (7) + sin((p = 1)) (pCn = Gptm) x6(r)  (6.3)

where
n’ / o Pl 2
X1, = F(T@ —¢i)" — r_Q(T¢i —n°g;)
n® P
v = | Sd -0+ Lol -0
X3 = _51(_p7 n, T) + 52(_]7, n, T) + 53(]77 n, T)
X4 = 5] (pa —-n, T) - 52(p7 —n, T) - 53(])7 n, T)
X5 = 51 (pa n, T) - 52<p7 n, T) - 53(]97 —-n, T)
X6 = —51(197 n, T) + 52(p7 n, T) + 53(_]7,”,7“) (64)
and

24
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nn(2pg, — nréy)

(52(}9, n, T) = 27"3
2pnd @, + 1(¢Ler,)
Bpm.r) = Lt 1) (65)

We note that ¢; = ¢_;.
We seek a solution that satisfies equation (6.3) and its associated boundary conditions

in the form

o, = [%({5 — 77?,) cos 2pf — 1, sin 2p9} Yo (1) + %(n; + Qg)zﬁl,p(r)
+ [%(gﬁ —n?) cos 2n0 — 1,(, sin 2n9} Pan(r) + %(77,% + )by (1)
+ cos((p+ n)0)(CpCn — Mpnn)¥a(r) + sin((p +1)0) (1pCn + Cptn)t0a(r)

+ cos((p = 1)0)(Cpn + Mp11a) 5 (r) + sin((p — 1)0) (G — Gt )¥6(r)  (6.6)
where Y ;, V24, V3, 14, V5 and s are governed by the following boundary-value problems:

function ¥ ;

2 1d\°
(@ + ;a) Vi = X1, (6.7)
fim gUhi=0 at r=b (6.8)
" 1 " 1 /
1,¢+5¢17i_§¢m‘:0 at =0 (6.9)
W, =0 at r=1 (6.10)

Again, the boundary conditions are not sufficient to determine a unique solution for v ;,
and hence it can be determined only to within an arbitrary constant. However, as shown

below, we do not need 1, ; but its derivatives.

function g,

2 1d  4an?\’
(ﬁ oo 7"—2> Va2 = X2, (6.11)
2
5,71‘ - % < /22 - %1/}2,2') =0 at r= (6.12)
1 1 4(2 + v)n? 4(3 4 v)n?
2i+ 72— Vi — %%,i + %ﬂm =0 at r=b (6.13)
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Yy, — An*ihy; =0 at r=1 (6.14)
¢IQ,Z' — QZ)ZZ' = 0 at r= 1 (615)
function 3, Y4, V5, 1s;

VAW%‘ = Xi (6-16)

KQ
;/_%<¢;_T¢Z> =0 at r=0b (617)

1 1 2+ v)K? 3+1v)K?

¢£1/+g¢;/_b_2 ;_ ( b2) ¢g+%¢i—0 at r=2> (6.18)
V=K% =0 at r=1 (6.19)
@Z;;—wi:O at r=1 (6.20)

dr? rdr 72

. 2
where V* = (d—2 1d _ K—Q) and K = (p+n) fori=3,4and K = (p—n) for i = 5,6.

Substituting equations (6.2) and (6.6) into equations (2.44) and (6.1), multiplying the result
with ¢, cosnf and r¢, sinnf,and with r¢, cos pf and r¢,sin pf, integrating the outcomes

from @ =0 to 0 = 2m and r = b to r = 1, and using equation (2.71), we obtain

T - Wl =26t + € (@10 Q210G+ QGG+ QT + A5 1G]

—  €|Ban(cos 2nQt + 1)ny, + Bon(sin 2nQ) ¢, + Brp(cos(n + p)Qt

+ cos(n — p)Qt)n, + Bup(sin(n + p)Q2 + sin(n — p)Qt)(,) (6.21)
G whln=—2641G + € [Q10C3 + Q2. Ca + Q3 ipCpllp + A mpCaGo + Q5 Gt

—  €|Bun(sin 2nQ)n, + Brn(1 — cos 2nt)(, + Brp(sin(n + p)Q2

+ sin(n — p)Qt)n, + Bup(— cos(n + p)Qt + cos(n — p)Q2t) () (6.22)
T+ W2iy=—2€ 10y + € [0, + Q271G + Q3T GpGn + Capn2lp + 5G]

— €|Bpn(cos(n + p)Qet + cos(n — p)QUU) 0y, + Byn(sin(n + p)QUt + sin(n — p)QU) ¢,

+ Bpp(cos 2pQt + 1)n, + Byp(sin 2pQt)C,) (6.23)
Cp + WaCp=—2641,Cp + € [Oél,pC;’ + .G + 3 pnCallptin + A pnCap + Oés,pnCpﬁﬂ

— €|Bpn(sin(n + p)Qt + sin(n — p)Qt)n, + Bpn(— cos(n + p)Qt + cos(n — p)Q)(,

+  Bup(sin 2pQ2)n, + Bpp(— cos 2pQt + 1)¢,)| (6.24)
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where

aut/ { ¢WﬁW%J——w%ﬂwwM
Z@¢w+W%f—@Wﬁ—@%J

- L (Ot + dith,) + qmzm] dr

AU% [ (Gl ) — @%Jdr

0427

.

0= ‘Alr¢z ) 5 (604 + 04+ 0+ 0¥
— o L2065+ U+ ) + (W + )i — )]
— O [(Ws + a) (i + §)2 — (5 + ) (i — )]
— 20+ Ul + ) )
b i [0 ) (i 9) + (s + o) — )Y
(0 )G+ )+ s+ ) )]
awiy= [ r6ir) [ (=0 + vh+ 1))
55 12664 [+ ) + 40— )]
& [wsli+ 4)* = ws(i = )]
+ o — vl — 2ot}
— S it + ) — sl = Y
b lignlyalih ) — gsli— )] dr
asai = | 161(r) [~ (v + v+ 01 )Y
o {206 =i+ ) — Ui — )
— & [ali+ 3)? = ve(i — 5]
— 2o —vf) + Peav) )
b {0l ) — veli = )Y

64

(6.25)

(6.26)

(6.27)

(6.28)
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- %{wi[wg(iﬂ)—w(i—j)]} dr (6.29)
e e = W (6.30)

6.2 Solution of the Boundary-Value Problems

We note that equation (6.19) and (6.20) are equivalent to ¢, = 0 and ¢; = 0 at r = 1. Hence,
we employ the same method described in Chapter 3 to solve the boundary-value problem

(6.16)-(6.20). To this end, we redefine equation (3.17) as

1 1 2+v)K? 3+ v)K?
Dy =t Ly = Ly 2AORC | B AR,
b b b b
1 I/ ! K2 . .
Cij = 77Z}i,j b @Z}m’ - Tibm‘ atr=bfori=3,4,5,6 and j = 1,2

6.3 Coefficients of the Nonlinearities

Equations (6.25) - (6.29) can be drastically simplified by recognizing that
di(—j, k,r) =6;(4,—k,r) for i=1,2,3 and jk=1,23.. (6.31)
Therefore,
X3=—=X4 ; X5= X6 (6.32)
It follows that, if ¢; (i = 3,5) and 9; (j = 4, 6) are solutions of the boundary-value problem
(6.16)-(6.20), then
Yy ==ty 5 5= —1s (6.33)
due to equation (6.32). We substitute (6.33) into equations (6.25) - (6.29) and obtain
ag; =0 5 ;= asgj (6.34)

Consequently there are only 6 independent nonlinear coefficients in equations (6.21)-(6.24).
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Table 6.1: Modal interaction instability conditions for the four lowest modes.

110 NO NO 0.301 0.301
210 NO NO 0.799 0.799
310 NO NO 3.152 3.152
211 8.087 NO 0.622 2.017
311 7.193 NO 2.065 4.405
3|2 5.591 NO 1.255 6.416

6.4 Instability Conditions

It follows from equations (6.21)-(6.24) that combination parametric resonances occur when-

ever
w, tw
N="2—""" 6.35
- (6.35)
This instability is called "modal interaction instability”[23]. In Table 6.1, we show the
rotational speed at which a floppy disk having the physical characteristics listed in Table 2.1

undergoes an instability of the type given by equation (6.35). We note that some of these

Wptwn
p—n

conditions are never satisfied. In particular, the condition €2 = will never be satisfied
for the case of interaction among any pair of the lowest four modes. In fact, variation of the

frequencies w; with the rotational speed 2 leads us to conclude that
w; > ) (6.36)

Hence,

.2
Q-rten 2 g (6.37)
p—n p—n

will not be satisfied unless
p—n>2 (6.38)

Wp“rwn

among modes
p—n

This result excludes the instability condition of the additive type €2 =
whose nodal diameters differ by 0, 1, 2.
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Figure 6.1: FEigenfunctions (n=1, m=0) and (n=2, m=0) (n=nodal diameters m=nodal

circles)

6.4.1 The Case n=1 and p=2

The shapes of the eigenmodes considered are displayed in Fig. 6.1. In this case, the four
conditions (6.35) reduce to only 3. In fact we have to discard the condition Q = wy + ws
because, as already discussed, both w; and w, are always larger than (2. We summarize in
Table 6.2 the results for a floppy disk having the properties listed in Table 2.1. In Fig.
6.2, we show plots of the nonhomogenous terms in the boundary-value problems (6.7)-(6.16),

and in Fig. 6.3 we show their solutions.

6.5 Analytical Solutions

We use the method of multiple scales to determine a first-order approximate solution of
equations (6.21) - (6.24) for the case of combination parametric resonance for small but

finite-amplitude motions. To this end, we introduce a small nondimensional parameter ¢ as
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Table 6.2: Coefficients of the nonlinearities for combination resonance conditions.
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3QZWQ+W1 Q:CL)Q_CL)l 3Q:w2—w1
Q 8.08718 2.01697 0.62230
WA 10.2503 5.31441 4.85519
wWo 14.0112 7.33138 6.72208
o1 -0.240388 -0.274929 -0.278367
Qg1 -0.15641 -0.179375 -0.181656
a2 -6.10656 -6.08838 -6.08579
a2 -6.08236 -6.06091 -6.05808
Q12 0.751504 0.851557 0.862117
Qv 21 -0.286788 -0.297304 -0.298898
0 80 80
- 10 60 60
-20 40 0
-30 20
- 40 0 20
- 50 -20 V 0
0.2 04 0.6 0.8 1 0.2 04 0.6 0.8 1 0.2
80 0
60
40 0 - 10 V
20 20 -20
0 0 - 30
0.2 04 0.6 0.8 1 0.2 04 0.6 0.8 1 0.2

Figure 6.2: Functions 1.1, X1.2, X2,15 X2.2; X35 X5-
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In terms of these scales, the time derivatives become

d
—:DO—I-EDl—I—"'

dt

2

dt

d
—2:D8+2€D0D]+

(6.39)

(6.40)

(6.41)

where D,, = 0/0T,,. We consider the following three conditions on the rotating speed that

lead to combination resonances:

30 =wy +wi + €0

30 =wy —w; + €0

QA =wy—w; +¢€o

where o is a detuning parameter.

(6.42)
(6.43)
(6.44)

We seek a first-order uniform approximation to the solution of equations (6.21)-(6.24) in

the form

ni(t; €) ~n;0(To, Th) + ens i (To, Th)

(6.45)
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Gty €e) ~ Go(To, Th) + €Gia (To, Th) (6.46)
where ¢ = 1,2. Substituting equations (6.45) and (6.46) into equations (6.21) - (6.24) and

equating coefficients of like powers of € leads to the following problems:

Order ¢
ng,o + W12771,0: 0 (6.47)
DaCio+wiCi =0 (6.48)
Dinao + winzo= 0 (6.49)
D20+ wiCao=0 (6.50)
Order ¢':
Do2 T+ w1277171 = — 2DgDimo—2pDomo— Briamo— cos(2Q1) b1 M0
— sin(2) 811 G0 + sin(Qt) 12 (o0 — sin(321) B2 (a0
— cos(Qt) Branmo — cos(30) Branao + a1 (o’ Mo + sz Cao’ Mo
+ a1 ,03 + Q41270 7]2702 (6.51)
Do2 Cm + W%Cm = — 2DyD CLO —2p Dy Cuo - 51,1 Cl,o + COS(QQt) 5171 Cl,o
— sin(2Q) Br1m o — cos(2) Br2 (a0 + sin(Qt) 2120
— sin(382) Braneo + cos(3Q2) Bra oo+ 011 Cl,o3 + ay12Cio Cz,o2
+ a21Ciom 702 +ay12Cio 7]2702 (6.52)
Do2 N2, + W%UQJ = — 2DyD 72,0 — 2 4 Dy 2,0 — 5272 2,0 — COS(4Qt) 5272 2,0
— sin(4€2) B2 o0 — cos(Qt) Brom o + sin(Qt) B2 1o
— sin(30Q1) B2 (1o — cos(30) Branio + 22 (o0’ Moo + Qa1 Go” N2
+ Qg1 M 702 2,0 + Q12 772703 (6.53)
DO2 C2J + W%Cm = — 2DyD C270 —2pu Dy C270 - 52,2 C2,0 - sin(4Qt) 52,2 2,0

+ cos(4QL) Bag (a0 + cos(Qt) By 2 Cro + cos(302) Br2Cro
+ sin(Qt) Bramo — sin(3Q) Bramo + s Go” Coo + a2 Cap’

+ s C20m 702 + a9 a0 772702 (6.54)
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The solutions of equations (6.47)-(6.50) can be expressed as

Mo = A1 (T1)e™ 10 + ce and (o = Ago(Th)e™ ™ + cc

71

(6.55)

where cc indicates the complex conjugate of the preceding terms and k£ = 1,2 is the mode

number. Substituting equations (6.55) into equations (6.51)—(6.54) and eliminating the sec-

ular terms, we obtain the following modulation equations:

_|_
_|_
_|_
+
+
+

+

+

. 1 _
29 pwAvy — B + 55172RT1 +3a1, AL]QA],]
2 g1 A1,1 A1,2 /_11,2 + Qg 141,22 /_11,1
20412011 (A2,1 1‘_12,1 + Agg 1‘_12,2)

. 1 _
2ipwiArg— BiaAie + 551,2RT2 +3a11 A1p? ALy
2 Qg1 A1,1 A1,2 /_11,1 + Qg 141,12 /_11,2
200410 A1 (A271 121271 + Ago Azz)

. 1 _
24 pwaAgy — BapAan + 551,2RT3 + 310 Ag1? Ay
2 99 A2,1 A272 A272 + Qg9 A2722 121271
20491 Ao (Am 121171 + Ago Azz)

. 1 _
24 pwaAgo — BapAs2 + 551,2RT4 + 319 Agg® Agy
2099 Agq Ago 121271 + Qg9 A2712 A272

20491 Aao (Al,l A1+ Ago /_12,2)

(6.56)

(6.57)

(6.58)

(6.59)

where the prime indicates the derivative with respect to 7} and the RT; depend on the

resonance condition being considered. They are listed below.

a) Condition (6.42):

RT] = €iT10 (iAQQ - AQJ) X RT2 = eiT]0<A272 + Z'AQJ) )

RT3 = €iTla (7;1‘_11’2 — /_11,1) ) RT4 — eiT]” (1211,2 + 2./_1171)

b) Condition (6.43):

RT, = —e 7 (Ag1 +iAz0) 5 RTy = —e e (121 — Agp)

RT; = —¢h° (A —iA1p) 3 RTy = ehe (iA11+ Ai2)

(6.60)

(6.61)
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c¢) Condition (6.44):

RT1 = eiiTIU (7;14272 — Ag’l) , RT2 S 672’T10 (iAQ,l - AQ,Q) ;
RT; = —e'° (Am + iA1,2) ; RT,= —e'he (iAl,l + A1,2) (6.62)

6.5.1 Cartesian Form of the Modulation Equations

To determine the equilibrium solutions of the modulation equations and their stability, we

introduce the Cartesian transformation

1 ; 510 .
Ay = 5lpes(Th) — igr (T)]e2™™, k=1,2 j=1,2 (6.63)
in the case of condition (6.42) and
1 . —Liomy 1 . LioTy ;
Ay = §[P1,j(T1) —iqu(Th)]e 271, Ay = §[p2,j(T1) —iga j(T1)]e? Jj=1,2(6.64)

in the case of conditions (6.43) and (6.44). Substituting these transformations into equations
(6.56)-(6.59) and separating real and imaginary parts, we obtain
, 3 1

bip= — HPia— S—MOQJQM(P%J + CI12,1) - %04271(611711)%2 +2qi2p1ap2 + 3%,1%272)
1 2 2 2 2 q1,1 B
— T Q4124911 (p271 + p2’2 + qg’l + QQ’Q) + —— + Terml (665)
4W1 2w1
/ 3 2 2 1 2 2
Gp= — Mot 3 aapa(Pia +qig) + =21 (Pragis + 2p12qi1q12 + 3p1api o)
w1 8(4)1
1 2 2 2 2 b1 51,1
+ Q2P (Do + Poo + o1+ Ghg) — + Term?2 (6.66)
4W1 2w1
3 1
Pio= — Hpra— 8w, ar1q2(ply + gl o) — 8w, a1 (2Pt + 2q111ap12 + 31267 )
1 2 2 2 2 q1,2 5171
— 044712(]1,2(])271 + p2’2 + qg’l + QQ’Q) + —=——= + Term3 (667)
4&)] 2&)]
/ 3 2 2 1 2 2
Q2= — HG2+ Y a11p12(pia + ¢ia) + 8w, 2,1(P1,2g1 1 + 2P1,1G1,1G1,2 + 3p1ap )
1 2 2 2 2 P12 51,1
+ 1 au12p12(P21 + P2a+ a1 + @) — + Term4 (6.68)
w1 2w1
/ 3 2 2 1 2 2
P = — Hp21— S0 12G2,1(P31 +G31) — 8o @2,2(q2,1P5 9 + 2¢2,2P2,1P2,2 + 342,105 2)
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+

q2,1 B2,2

where the Termj are given by

a) Condition (6.42):

1
Terml = ——oq;; +

1
Termb5 = ——o0qy; +

1
T 044,21612,1(17%1 + p%z + %271 + Q1272) + 900y + Term5 (6.69)
3 2 2 1 2 2
Hg2,1 + 2 a1,2p2,1 (P21 + @21) + T—22(P21G32 + 2P2,2G2,1G2,2 + 3p2,1P3 )
W Bws
1 2 2 2 2 P21 52,2
Qig.21P21 (Pi+Pia+ais +ais) — + Term6 (6.70)
4w2 bl 7 7 7 2(_4()2
3 2 2 1 2 2
P22 = 5= 1 ,2G22(Pog + Go0) — s —22(qo2Py 1 + 2G21P21 P22 + 342,205 1)
Wo 8wy
1 5;
o (PP + Py + @+ @Ry) + P22 Term? (6.71)
4(.&)2 3 3 3 3 2w2
3 2 2 1 2 2
fg2,2 + s—a19paa(Pag + Gaa) + T—022(P2205 1 + 2P2,102,12,2 + 3P2,2p5 1)
Sws 8wa
1 2 2 2 2 D22 52,2
04472117272(171 VP @ TG y) — + Term8 (6.72)
4(.&)2 3 ) ) ) 2w2
B2 1 B2
[l _ . T 2 == _ e
9 1o, (P22 —q21) ; Term 20291,1 o, (P21 + q2.2)
1 ﬁl 2 1 ﬁl 2
Term3 = —— —= - Term4 = = 2z _
20611,2 + 1o, (P21 +q22) 20}71,2 + Ao, (P22 — q21)
B2 1 B2
[l _ . T 6 = — _ e
9 1wy (p12—q11) ; Term 20292,1 1oy (p1g+qi2)
B, i,

1 1
Term7 = —50612,2 + —2(]9171 +¢12) ; Term8 = 50172,2 + —2(P1 2= 1) (6.73)
2 2

4w 4w

b) Condition (6.43):

1 1
Terml = +§UCI1,1 - %ﬁ(pm - CI2,1) ; Term?2 = —50191,1 - %;i(pm + CI2,2)
1 B2 1 B2
erm +20ng o, (P21 + q22) ; Term 20]91 21 e (P22 — q21)
1 1
Term5 = 50021 + 4ﬁ]_£(p1’2 +q1) ; Term6 = +§0p2,1 - f]—i(mﬂ —q12)

1 1
Term7 = —~0gys + (11— qi2) ; Term8 = +-opys +
2

b bz, baq)  (6.74)

2 4w 2 4o

c¢) Condition (6.44):

P2

1 1
Terml = +—o0q1 1 + —=(p22+q1) ; Term2 = ——op; — —=(p21 — @22)

2 4w 2

B2
1 4w,
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1 1
Term3 = +§UCI1,2 + %‘j(pz,l +¢22) ; Term4 = —50]91,2 — %}’j(m,z —q21)
Term5:—10%l —@(pm—(hl) ; Term6:+lap21 —ﬂ(pn + ¢ 2)

2 ’ 4(_4)2 ’ ’ ! 2 ’ 4w2 ’ y

1 1
Term?7 = —§0q272 — Z%’z(pm —q12) ; Term8 = —|—§ap2,2 - %;(pl,z +q1) (6.75)



Chapter 7

Stability of the Trivial Solution for

Combination Resonances

7.1 Introduction

The eight-dimensional system (6.65)-(6.72) always admits the trivial solution. As shown
below, in presence of viscous damping, a static bifurcation never occurs, and hence the only

possible instabilities are of the dynamic type.

We modify the modulation equations (6.56)-(6.59) in the case of combination resonance

of the additive type 32 = wy + w; using the transformation

1 1
B; = 5(141',2 +1dia) 5 Ci= §(Ai,1 —idip) =12 (7.1)

and obtain the equivalent modulation equations
QiW1 Bq = — 2i,LLCU] B] + 30&]71 (312 =+ C?)B] =+ (60&]7101 é] + OégJB] B])B]

75
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+
inlC{ = -
+
QiWQBé = —
_l_
QiCUQCé = -
+
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Q21 (2B, C, —3C,B,)C + 044712(3232 + CyCo) By — BBy
B1.9Bye T (7.2)
2ipw Cy + 3oy 1 (B + O3 Cy + (6ay1 B1 By + ap1C1C1) Oy
9.1(2C1 By — 3B1CY) By + ay12(Ba By + CoCy)Cy — By 1 Ch (7.3)
2ipwy By + 3aig5( B3 + C3) By + (6a99C5Cly + a1 2By By) By
a1,9(2B2Cy — 305 Bo)Cy + ay01(By By + C1Cy) By — B2.9Bs
BraBre " (7.4)
2ipiwy Co + 304272(322 + CHCOy + (6aig.2 By By + ay 2CoC4) Cy
a1 2(205By — 3ByCs) By + o1 (B1 By + C1Ch)Co — B25Co - (7.5)

Next, we introduce the polar transformation

1
Bi:—
2

1

by (T)e’(2oTh i) Cl-:ici(Tl)e"(%"T“%*?) i=1,2 (7.6)

into equations (7.2)-(7.5), separate real and imaginary parts, and obtain a set of 8 first-order

nonlinear differential equations.

We look for solutions corresponding to the ¢; = 0. They are given by the four-dimensional

dynamic system

by = —
by = +
by = —
b27é71 = +

by — iﬁm sin(y1,1 + 7Y2,1)b2 (7.7)
%Ub] + 8—5))](3041,1 + 04271)5? + 2—;0447125153 - 2—;51,151
o cos(in + ) (7.38)
fiby — 2%025172 sin(y11 + 72.1)b1 (7.9)
%052 + 8%)2(3041,2 + 04272)53 + 2—302044721 525% - 2%)252,252
2—;52,2 cos(y11 + 72.1) (7.10)

We set the b; = 0 and ~;; = 0 in equations (7.7)-(7.10) and look for the equilibrium solutions.

We note that equations (7.7) and (7.9) demand that

W
by = /—b A1
2 1/w2 1 (7.11)
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Substituting equation (7.11) into equations (7.8) and (7.10), we find that they are not sat-

isfied unless

w1 1 w9 1

— (3 - = —(3 - 7.12

8w2( Qi+ ago) + 2044,21 8w1( apy +agg)+ 2044,12 ( )
1 1
— a2 = —[ia (7.13)
w9 w1

However, these conditions are not, in general, satisfied. Hence the only possible constant
solution is the trivial one. Analogous calculations can be done for the other resonance con-
ditions.

Next, we analyze the response of a disk to small disturbances when a combination para-

metric resonance is activated among the modes characterized by one or two nodal diameters.

7.2 The Case 32 = wy + wq

We first investigate the possibility of a static bifurcation. Checking the possibility of satis-
fying conditions (7.12) and (7.13) for many values of the parameters (u, k,79), we find that
these conditions are never satisfied and hence rule out static bifurcations.

Next, we investigate the possibility of occurrence of a dynamic instability (Hopf bifur-
cation). In Fig. 7.1, we summarize the results obtained. In Fig. 7.1a, we show the loci of
the Hopf bifurcations for ro = 0.5 in the k — o plane. Calculating the normal form of the
modulation equations in the vicinity of the bifurcations, as described below, we conclude
that the branch H; is supercritical while the branch H, is subcritical. The two branches
define the region of dynamic instability of the trivial solution. They separate the £k — o
plane into two regions. The trivial solution is stable below the branches H; and H, and
unstable above them. As the damping coefficient i increases, it follows from Fig. 7.1a that
the unstable region decreases.

We note that, for a given p, there is a threshold value of k£ below which the trivial solu-
tion is always stable for any value of o. This value is represented in Fig. 7.1b in the plane

k — p and in Fig. 7.1c in the plane k — o. The two relations are fairly linear and represent a
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straight line in the space of parameters (k, o, pt). It represents the lower limit of the two-fold
surface separating the stable region from the unstable region of dynamic instabilities of the
trivial solution.

In Fig. 7.1d, we investigate how the application point r¢ of the spring affects the insta-
bility region when p = 0.5 and k = 500. Clearly, the branch H; is independent of ry, while
H, strongly depends on 7.

To determine the types of the Hopf bifurcations, we calculate the normal form of the
modulation equations in the vicinity of the bifurcations. Using the method of multiple scales,

we reduce the eight-dimensional system (6.65)-(6.72) to the two-dimensional system

v =e (0 —a)r +ar® (7.14)

0 = ex(0 — 0.) + agr? (7.15)

where 7 is a measure of the amplitude of the born limit cycle and o, is the Hopf bifurcation
value. The bifurcation is generic if ¢; # 0 and supercritical if a; < 0 and subcritical if
a; > 0. The born limit cycle is stable or unstable, depending on whether the bifurcation is
supercritical or subcritical.

For example, when £ = 100, ro = 0.5, and p = 0.05, as the detuning parameter o increases
and crosses 0. ~ 0.023861, the trivial solution loses stability with a pair of complex conjugate
eigenvalues crossing the imaginary axis from the left-half into the right-half of the complex
plane. The coefficients in equations (7.14) and (7.15) are (e1,a;) = (2.37185, —0.0525247)
and (€9, as) = (0,—0.0133993). Because ¢; # 0, the pair of complex conjugate eigenvalues
crosses transversely the imaginary axis and hence ¢ = o, is a generic Hopf bifurcation.
Because a; is negative, the Hopf bifurcation is supercritical and the born limit cycles are
stable. Consequently, as ¢ increases past ., a stable limit cycle is born. Its amplitude is

given by
.o |alo—a) (7.16)
s
which gradually grows as o increases.

When o decreases past g, >~ 0.972601, the trivial solution loses stability with a pair of
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Figure 7.1: Loci of the Hopf bifurcations of the trivial solution (H; represents supercritical
bifurcations and Hs represents subcritical bifurcations). In (a,b,c), 7o = 0.5. In (b,c) we
show two-dimensional projections of the threshold values of the Hopf bifurcation onto the

k—p and k — o planes. In (d), we show variations of Hy and Hy with rq for g = 0.5, k = 500.
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complex conjugate eigenvalues crossing the imaginary axis from the left-half into the right-
half of the complex plane. The coefficients in equations (7.14) and (7.15) are (e1,a1) =
(—2.37195,0.0525247) and (€2, as) = (0, —0.0133993). Because ¢; # 0, the pair of complex
conjugate eigenvalues crosses transversely the imaginary axis and hence ¢ = o, is a generic
Hopf bifurcation. Because a; is positive, the Hopf bifurcation is subcritical and the born
limit cycles are unstable.

We explore the dynamic behavior between the two Hopf bifurcations. As predicted by
the normal form, when o increases past Hy, a supercritical Hopf bifurcation occurs, resulting
in a small stable limit cycle. As o is increased further, we find, by solving numerically the
modulation equations, that the limit cycles grow and encounter a cyclic-fold bifurcation at
o = 1.9767. As o is increased more, the response jumps to the stable trivial solution, as
illustrated in the schematic representation of Fig. 7.2. Analogously, when o is decreased
past 0. >~ 0.972601, the trivial solution loses stability and the response jumps to a large
stable limit cycle, as displayed in Fig. 7.2.

The numerical simulations indicate that the trivial solution has a symmetric behavior
similar to that already discussed in the previous chapters for the resonances involving only
a pair of modes. Exploiting this symmetry, we reduce the eight-dimensional system (6.65)-
(6.72) to a four-dimensional system and calculate analytically the four eigenvalues of the

trivial solution. The result is

1

A= — p=x SN {517160%(20601 — Bi1) + Boawi (20w — Bo)
1
+ 2(4)]&)2(612’2 - 02&)]&)2) + ALQ} : (717)
where
Ajg = (w2bi1 — wy 5272)\/(0025171 + wi B2 — dowiwa)? — 4W1W2512,2 (7.18)

Employing equation (7.17) and the numerical values summarized in Table 6.2, we obtain
the same results shown in Fig. 7.1. The traces of the real and imaginary parts of the two
eigenvalues that lead to instability are displayed in Fig. 7.3. We show a numerical simulation

of the system when o is between the two Hopf bifurcations. In Fig. 7.4 and 7.5, we show
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jump

19767

Figure 7.2: A schematic bifurcation diagram for p = 0.5,k = 100,y = 0.5, illustrating the
relative location of the bifurcations of the limit cycles in the neighborhood of the unstable
foci between H; and H,. The H; denote Hopf bifurcations and C'F' denotes a cyclic-fold

bifurcation.
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Figure 7.3: Traces of the real and imaginary parts of the pair of eigenvalues leading to the

Hopf bifurcation of the trivial solution (32 = w; + wy).
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Figure 7.4: (From left to right and from top to bottom) variation of p1,q11,p1,2,¢1.2, D21,

G2,1, P22, 2.2 With time for p = 0.5,k = 500, 0 = 1.

how the system response (u = 0.5,k = 500,0 = 1) after a short transient reaches a stable

dynamic response represented by the limit cycle of Fig. 7.6.

7.3 The Cases 32 = ws —wy and 2 = wy — wq

Employing numerical techniques, we simulate the system dynamics for a wide range of values
of the control parameters k, o, 7. We find that the trivial solution is stable and, in particular,

corresponds to a stable focus.
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Figure 7.5: (From left to right and from top to bottom) variation of (p11 — q11), (P12 —

¢12), (P21 — q2.1), (P22 — g2,2) With time for = 0.5,k = 500,0 = 1.

ERYEN
NPANY,
ERYEN
VAN,

Figure 7.6: (From left to right and from top to bottom) two-dimensional projections of the

obtained limit cycles onto the (p11 — ¢11), (P12 — ¢12), (P21 — @21), (P22 — q22) planes for

=05,k =500,0=1.
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As already done in the preceding case, we exploit the symmetry relations among the variables
in order to obtain an analytical expression for the eigenvalues corresponding to the trivial

solution. When 32 = wy — wq, the result is
1 .
)\1,2 = —Uu + 2—Z’O'CU1 + ﬁl,l’ (719)
w1
1
/\3’4 = —u :i: Q_L(JQi’O-WQ — ﬁzg’ (720)

When () = wy — wy, the result is

1

A= - +t ——— | = fiawi (20w + — W (20w +
1% SN { Braws (20w + B11) — Paswi 20wy + Ba2)
1
— wiwn(Biy +20°wiws) £ Tip)? (7.21)
where
F172 = |W26]71 - W1ﬁ272 + 200)] (.4)2‘\/((_4)26]7] + W1ﬁ272>2 + 4W1W2ﬁ12’2 (722>

Equation (7.19)-(7.22) confirm our conclusion that the trivial solution is a branch of stable

foci. Plotting the results given by equations (7.21) as functions of o, we obtain Fig. 7.7.
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Figure 7.7: Traces of the real and imaginary parts of the eigenvalues for 2 = wy — wy.



Chapter 8

Conclusions and Recommendations

for Future Work

8.1 Summary and Concluding Remarks

In this thesis we presented a study of the instability mechanisms of a damped axisymmetric
spinning disk subjected to various transverse space-fixed loading systems and to a spring
periodically moving along a radius of the disk.

In the recent literature spinning disks in storage systems of modern computers have received
considerable attention. The most difficult problem encountered in flexible disk drives is the
interaction between the spinning disk and the recording head. Many researchers have formu-
lated this problem using different approaches. In this thesis, we based our formulation on the
Von Karman plate theory in its nonlinear form and used different models for the recording
head. The analysis was conducted using a perturbation approach, the method of multiple

scales, using a small parameter, which is proportional to the square of the ratio of the thick-
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ness of the disk to its outer radius. First, we separated the stress function into a static term
due to the centrifugal effect of rotation and another term due to the vibration of the disk.
Next, we calculated numerically and approximately the natural frequencies and correspond-
ing mode shapes by solving the linear self-adjoint eigenvalue problem. Finally, we reduced
the partial-differential equations governing the transverse vibrations of the disk into a set of
finite number of weakly nonlinear second-order ordinary-differential equations. We used the
method of multiple scales to determine sets of nonlinear first-order equations governing the
modulation of the amplitudes and phases of the interacting modes for different loading condi-
tions. We transformed the modulation equations using convenient variable transformations,
obtained sets of equations, and solved them analytically and numerically. We reproduced
many known results and predicted the critical speeds of spinning disks. While linear analy-
ses do not model the system response at these critical speeds, we found frequency-response
curves that give large but finite transverse disk displacements, as observed experimentally
by many researchers. For these critical speeds, the recording head was modeled both as a
constant point-force and as a spring-mass-dashpot system. In both cases, we found, in a
reference frame rotating with the disk, traveling waves which correspond stationary waves,
in a space fixed reference frame. The character of the response is independent of the mode
being considered.

Next, we described the influence of a periodically moving spring along a radius of the disk
on the response. When the frequency of this motion is coupled with the rotational speed of
the disk, we obtained a behavior similar to that obtained in the case of principal parametric
excitation, leading us to conclude that even a small frequency of the loading system can
activate principal parametric resonance when the rotational speed of the disk is close to its
critical value. Hence neglecting the motion of the spring, as usually done in the literature,
can lead to a significant error in the analysis.

Finally we investigated interactions among different modes of the disk and showed that crit-
ical speeds other than the classical ones exist. In this case, the trivial solution experiences

first a supercritical Hopf bifurcation and then a subcritical Hopf bifurcation.
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For all the previous cases, we discussed the influence of different parameters, such as the
forcing level, the stiffness of the spring, the application point of the loading system, the
damping of the disk, the damping of the applied system, and its mass, on the instability

regions.

8.2 Suggestions for Future Research

Several areas of research are still open for further theoretical and experimental investigation.
First, other types of resonances, such as the fundamental resonance condition, for a space-
fixed spring-mass-dashpot system need to be investigated.

Second, the result obtained for a moving spring can be extended to the cases of a moving
spring-mass-dashpot system and a periodically moving constant point-force. The influence
of a moving load system on the modal interaction instability needs to be investigated. Third
interactions among a wider range of modes can be analyzed and the influence of mode sym-

metry can be assessed.

An open field is the experimental validation of the theoretical results obtained. We note
that there are no experimental results for SMD systems and for combination resonances.
Finally, for design purposes, strategies of control can be developed in order to allow disks
to operate even with rotational speeds region above those proven to be unsafe because of
possible mechanical failure or where the head system is not able to read or store data in the

spinning disk.
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