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(ABSTRACT)

85 We present an abstract framework for state space formulation and a generalized
§ theorem on well-posedness which can be applied to a class of partial functional
) differential eduations which arise in the modeling of viscoelastic and certain thermo-
@) viscoelastic systems. Examples to which the theory applies include both second- and
fourth-order equations with a variety of boundary conditions. The theory presented

here allows for singular kernels as well as flexibility in the choice of state space.
We discuss an approximation scheme using splines in the spatial variable and an
averaging scheme in the delay variable. We compare a uniform mesh to a non-
uniform mesh and give numerical results which indicate that the non-uniform mesh,
which gives a better approximation of the kernel near the singularity, yields faster
convergence. We give a proof of convergence of the simulation problem for singu-

lar kernels and of the control problem for bounded kernels. We use techniques of

semigroup theory to establish the results on well-posedness and convergence.
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Chapter I Introduction and Notation

1.1 Introduction.

In this paper we consider a general class of linear qua.dré,tic optimal control prob-

lems. Our goal is to minimize a quadratic cost functional of the form

J(z,u) = /m [(Wz,z); + (Ru, u)] dt (1.1.1)
0
subject to the linear system dynamics

5(t) = Az(t) + Bu(t), (1.1.2)

2(0) = 2. (1.1.3)

Usually, the control space U is R™, and R is a diagonal matrix where r;; > 0 is the
weight or penalty on the ith controller. The operator W : Z — Z is self-adjoint and
nonnegative. Frequently W has the form W = C*C where C is an output operator
which measures various quantities related to the system. For example, if (1.1.2)
describes the motion of a vibrating beam and the goal is to drive the beam to a
state of rest, then C could be chosen to measure the deflection and velocity at several
locations on the beam.

It can be shown (see [7]) that the unique control u* € L3(0,00; R™) which mini-

mizes (1.1.1) is given by state feedback; in particular, u*(t) has the form

u'(t) = -R™'B*Qz(t), 0<t<oo (1.1.4)

1



where Q is the solution to the algebraic Riccati equation
AQ + QA—-QBR™IB*Q+ W =0. (1.1.5)

Since in actual applications we are usually dealing with infinite dimensional systems,
it is necesary to find a sub-optimal control u;,(¢) which, when applied to the infinite
dimensional system, results in a stable closed-loop system whose response is “close”
to optimal. We do this by approximating the operators A, B and W by A,, B, and

W, and then solving the corresponding finite dimensional algebraic Riccati equation
ATQn+QnAn — QuBART BIQn + W = 0. (1.1.6)

In [7], Gibson showed that uj(t) given by
up(t) = =R B Qnza(t) (1.1.7)

converges in an appropriate sense to u*(t) if the Q»’s converge strongly. In order to
guarantee strong con'vergence of the Q,’s, it is sufficient to show that W, — W and
B, — B and that Ty(-) and T3(-), the semigroups generated by A, and A7, converge

strongly to T'(-) and T*(-), the semigroups generated by A and A*, respectively.

1.2 Relationship to Previous Work.

The main emphasis of this paper is to study the control problem (1.1.1) - (1.1.3)

for a general class of partial functional differential equations arising in the modeling



of viscoelastic systems. The results that we present below can be extended to include

models of thermo-viscoelasticity; for example (see [9]), coupled equations of the form

i [ 0 0
o t0) = 2 [rauta) + [ o) Zute+ 5,216

0
— 71529t 2) + b(z)u(t), (L21)
) d? g
&o(t’z) = ng_ga(t’ z) - 70003z6ty(ta z)' (1'2'2)

Several researchers have studied coupled systems of hyperbolic and parabolic partial
functional differential equations such as (1.2.1) - (1.2.2) (see [9, Chapter 6] for a
summary of the literature). Most of the previous work is devoted to the basic
questions of existence, uniqueness and continuous dependence of solutions and to
the qualitative theory of these solutions and, moreover, is based on. the assumption
that the kernel function g(s) is smooth on [~r,0]. In [9, p. 361] one can find a
theorem on the well-posedness of an abstract form of such equations. This theorem
and its proof, however, are incorrect.

Equations of viscoelasticity (e.g., (1.2.1) with 4 = 0) have a special structure
which we can exploit. For example, (1.2.1) with ¥ = 0 can be written as

agt—z,y(t,z)= 36—:, ty(t, ) + [ g(s)y(t+s,z)ds] + b(z)u(?), (1.2.3)

or, in abstract form, as

g+ a [+ [ atoies o] = 0 (124)



where A is a positive definite, self-adjoint, closed linear operator on a Hilbert space
Y. In [6] Fabiano and Ito consider equations of this form with singular kernels (i.e.,
g € Ly(-r,0)) and establish well-posedness when the state space is taken to be
D(AY?) x Y x Ly(—r,0; D(AY?)). Unfortunately, the thermo-viscoelastic equations
(1.2.1) - (1.2.2) cannot be written in the form of (1.2.4), so the results in [6] cannot
be applied.

In Section 2.2 we develop an abstract framework and a generalized well-posedness
theorem which applies to equations of the form (1.2.4) and can also be applied
to other n;ore general equations. Qur approach allows a singular kernel, and it
also has the advantage that it does not require explicit knowledge of the domain
of A'/? in order to write down the state space. This property can be useful in
applications where A'/2 is not a differential operator. We also remark that our
general framework can be applied to certain finite delay systems similar in form
to the infinite delay systems considered by Miller and Desch in [10]. Miller and
Desch prove well-posedness for a class of equations in which the kernel is completely
monotonic.

Although we present a generalized well-posedness theorem, the main goal of this
paper is to develop a practical computational scheme for optimal control problems in
which the system is governed by an equation of the form of (1.2.4). Approximation

of such systems generally consists of two steps: first approximate the spatial variable



(e.g., by means of splines) to reduce the system to a hereditary differential system
on R", then use the averaging scheme considered by Banks and Burns ([1]) to
approximate the “history” or “memory” term (i.e., the integral term in (1.2.4)).
The idea of the “AVE” scheme is essentially to approximate the kernel g(s) by a
step function: partition [—r,0] into M subintervals and take the integral average in
each subinterval. Fabiano and Ito show that the approximation scheme converges
for an L, kernel using a uniform partition of [—r, 0], but they give numerical results
which indicate that a different partition using a finer mesh near the singularity at
zero yields much faster convergence. In Chapter 3 we modify the proof given by
Fabiano and Ito for singular kernels and a uniform mesh to include singular kernels
and the non-uniform mesh. We also establish convergence of the adjoint system
under the restriction that g € Ly(—r,0). Convergence of the adjoint for L, kernels
is not yet established and remains an open question. In Chapter 4 we present some

numerical results illustrating the theory developed in Chapters 2 and 3.

1.3 Notation.

We will use the following notation. If X is a linear space, then ||| x and (-, -) x will
denote the norm and inner product on X. If T is a linear operator from a space X
to a space Y, we denote the domain of T by D(T) and the range of T by R(T). We

denote the resolvent set of T by p(T). For a Hilbert space Z, the set of all square



integrable functions defined on [a, b] with values in Z will be denoted by L,(a, b; Z).
The space of all absolutely continuous functions f € Lj(a,b; Z) with jth derivative
fU) absolutely continuous for j = 1,2,...,k—1 and f® € Ly(a,b; Z) is denoted by
H*(a,b; Z). The symbol H}(a,b; Z) denotes the set of all H* functions which vanish
at the left end-point of the interval; i.e., H}(a,b; Z2) = {f € H'(a,b; Z) | f(a) = 0}.
Similarly, Hi(a,b; Z) = {f € H'(a,5; Z) | f(b) = 0}. For a function z : [~r,a) —
X, r,a > 0, the symbol z, for t € [0, @) represents the function z, : [-r,0] = X
defined by z,(s) = z(t + s). If A is the infinitesimal generator of a Cp semigroup
T(-) on a Hilbert space Z satisfying ||T'(t)||; < Me”, then we write A € G(M, B).

Finally, z, =%+ z means that z, converges strongly to =.



Chapter II Well-Posedness

In this chapter we present a well-posedness theorem for a general class of abstract
ordinary differential equations. We then apply this result to a general class of
partial functional differential equations (PFDE’s) which arise, for example, in the
Boltzmann model of linear viscoelastic systems. Finally we show how the theory -
developed in this chapter applies to several specific examples; namely, the distortion
of a uniform bar, the torsional vibrations of a viscoelastic shaft with an attached
tip-mass, and the transverse vibrations of an Euler-Bernoulli beam, also with a

tip-mass.

2.1 State Space Formulation and Results from Semigroup Theory.

Our approach, given a PFDE, will be to reformulate the system as an abstract -
Cauchy problem on an appropriately chosen Hilbert space; i.e., to cast the problem

in the form
z(t) = Az(t) + Bu(t) (2.1.1)
where z is an element of some Hilbert space Z (the state space), and u is in some

control space U. The system (2.1.1) - (2.1.2) is well-posed; i.e., it has a unique

solution which depends continuously on the initial data, if and only if A generates



a Cp semigroup on Z. A standard result from the theory of semigroups often used

to establish well-posedness is the Lumer-Phillips Theorem:

THEOREM 2.1.1. Let A be a densely defined operator on a Banach space X. If A
is dissipative and there exists Ag > 0 such that the range of Aol — A is all of X, then

A is the infinitesimal generator of a Cy semigroup of contractions on X.

The proof of this theorem may be found in [11]. We will use the following corollary

to prove the general result on well-posedness.

COROLLARY 2.1.2. Let A be a closed densely defined linear operator on a Hilbert
space H. If there exists B € R such that (Az,z) < B{z,z) for all z € D(A), and
R(XoI — A) is dense in H for some Ay > f3, then A is the infinitesimal generator of

a Co semigroup T'(t)-on H satisfying || T(t)|| < e*.
PROOF: The operator B defined by
D(B) = D(A), B=A-p31

is closed and densely defined. If £ € D(B), then (Bz,z) = (Az,z) — B(z,z) <0,

so B is dissipative. Set A\; = A9 — 3. Then A; > 0, and
R(MI = B) = R[(Ao — B)I — (A — BI)] = R(Ao] — A)

is dense in H. Set T = \MI — B = XAl — A. If £ € D(A) and z # 0, then

(Az,z) < B(z,z) < do({z,z) which implies that 0 < {(Ao] — A)z,z) = (T'z,z).



Therefore, T is injective. Now, for z € D(T) = D(B),
\Tz||* = (Tz,Tz)

= A2||z||* = A\, (Bz,z) — A\ (z, Bz) + || Bz||®

> A=l
so T-! is continuous. Since T-! is also closed, its domain must be closed. Thus,
R(MI — B) is both closed and dense in H, so it must be all of H. Hence, by
Theorem 2.1.1, B generates a Cy semigroup of contractions, S(t), on H. If we
define T'(t) = €#S(t), then T'(t) is a Co semigroup whose infinitesimal generator is
A, and [[T(2)]| < €. u

In order to motivate the statement of the general theorem, let us consider the

viscoelastic shaft with tip-mass mentioned at the beginning of this chapter. The

equation describing the motion of the shaft (see [4] where the kernel g(s) is assumed
to be in H') is
o? o[ o 0
9 _9 (.9 9 t 1.
aatzy(t, z) 32 [Tazy(t’ z) + Eg(s)azy(t + s,x)ds] +b(z)uy(t), (2.1.3)
while the boundary conditions are given by
y(t,0) =0, (2.1.4)
i 0 i}
Ingmy(t ) = - [Tg;y(t,l) + /: 9(s)zoyt + s,l)d8] + uy(t).

(2.1.5)

Here o is the product of the density of the shaft with its polar moment of inertia,

7 is the product of the shear modulus and the polar moment of inertia, I is the
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moment of inertia of the tip mass, and the delay r > 0 is assumed to be finite. The
function g : [-r,0) — R satisfies the conditions

(1) g<0, ¢ <0on [-r,0),

(2) g € Ly(-r,0),and a=T1+ jf, g(s)ds > 0.
Set w(t,s,z) = y(¢,z) — y(t + s,7), and let go(s) = —21g(s). We can then rewrite

(2.1.3) and (2.1.5) and combine them into the the single equation

i (y(t, )
ot \ y(t,z)
0 —#6D, y(t, 1) /" w(t, s, 1) ) 5ua(t)
. m ’ o v d '™
(o D3 ) (Glea) + Lo (o) )+ (s
(2.1.6)
where D, = Ba:a.nd Sip = (1) for p € C(0,1). Observe that (2.1.6) has the form
7 =A@ +CB) + Bu (2.1.7)
where % satisfies
=7 + Dsi. (2.1.8)

We wish to recast (2.1.7) - (2.1.8) as a first order system. Let Y be the Hilbert
space R x L3(0,1), let X = H}(0,1), and let W = L3(—r,0; X). Let S & Y be given
by

S= {(:z) €Y|ve H},(o,z),¢(z)=7}.

Definej:§ — X by j(]) =v,andi: X - Whyiz=z. lweset 2=,y =§

v
¥
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and (s, z) = ( w(s, I) ) and define Cw = jC®, then

w(s, z)

z =}y, (2.1.9)

§j=9=A4(G"'z+C®)+ Bu

= Aj~)(z + jCB) + Bu = A(z + Cw) + Bu, (2.1.10)

and

© s - 2
gt_(w(s,l)) =m=g+Dsﬁ=y+(a,w(s,l))

w(s, z) 2w(s,z)
which implies
@ = ijy + Dw. (2.1.11)
Thus, if we set Z =X x Y x W and define the operator A: D(A) C Z — Z by

(= y € S,w € D(C) N D(D),
D(A)={(,’,’,)EZ‘ (z + Cw) € D(A) }

Jy
Az +Cw) |,
1jy + Dw

then we can write (2.1.3) - (2.1.5) in the form of (2.1.1) where B : U — Z is given

0
Bu=| Bu |.
0

Observe that the boundary condition (2.1.4) is incorporated into the definition of

h'S
N
gwe
N——
]

by

the state space Z.
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2.2 A General Theorem on Well-Posedness.

We now turn our attention to the question of well-posedness of systems of the
form (2.1.1) - (2.1.2). Suppose that X, Y and W are Hilbert spaces, and set
Z= Xx Y x W. Let S be a subspace of Y, and suppose we have the following

linear operators:

Ag:D(A)CY =Y, A :DA)CX Y,

1: X =W, _ j: S - X,

where 1 is continuous and j is injective with j~! : R(j) — Y continuous. Define A
and C by A = AgA,, C = AoC), and define A’ by

DA = {(Z';) EXxW I z € D(A),w € D(Cy), A1z + CLw € D(Ao)}

A (;) = Ag(A1z + CLw).

z y € S,w € D(D),
D(A)E{(Z))GZ‘ (;)GD(A’) }a

A(3)=( )

ijy + Dw
Finally, for A € p(D), define Ly : D(Ly) € X — Y by

Define A by

D(L,) = {z € R(j) | (z,Aj "'z, (A = D)7'idz)T € D(A)},

LA$ = Azj"l:c— A, ((AI—B)-IZ/\Q) .
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We are now ready to state the main result of this chapter.

THEOREM 2.2.1. Suppose
(1) D(A) is dense in X, S is dense in Y and D(C) N D(D) is dense in W.
(2) j(S) is closed in X.
(3) A’ and D are closed.
(4) There exists 8 € R such that (z, Az), < B(z,z); for all z € D(A).
(5) There exists Ao > B, Ao € p(D), such that R(L),) is dense in Y.
(6) (Aol — D)[D(C)ND(D)) is dense in W.
Then A is the infinitesimal generator of a Co semigroup T(t) on Z satisfying
IT@) < .
PROOF: We must show that A is closed and densely defined and that R(Aol — A)
is dense in Z. Set D = D(A) x S x (D(C)ND(D)). Then D C D(.A) and D is dense
in Z, so D(A) is dense in Z.
ZTn Zn \ T ZTn Pn 7
Next,let { yn | €ED(A), { yn | = |y Jand A| v = %n | = | ¥ |-
wﬂ Wy w Wy on 0
Then y, € S and jy, = @n — . Since j(S) is closed, ¢ € j(S); i.e., there exists

7 € S such that j§ = . But j~! is bounded, so

7=yl N7 = ynll + llyn = ¥ll
=i e =i eall + llyn — vl

<57 lle = @all + lyn ~ yll = 0 as n — oco.
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Therefore, y = ¥; i.e., y € S and jy = ¢. Now, (;’;) € D(A'), (;’;) - (:’;),

and A’ (;:) =9, — ¥ as n — oo. Thus, (;) € D(A’) and A’ (:’;) = . Since

Jyn — jy and ¢ is continuous, we have zjy, — ijy. We also have :jy, + Dw, — 6.

Thus, Dw, — 8 — ijy. But D is closed, so w € D(D) and Dw = 6 — ijy whichl

implies that ijy + Dw = 8. Therefore (:) € D(A) and A ( ;) = (1‘2), ie, A
w w

is closed.
] 4
Finally, let (15) 1L R(AoI — A); i.e,,
2oz = v+ (Woday =4 (5 ))_+(6,0al = Dyw = ijahyy =0
Y
for all ( v ) (A) (L) ( Ao -1
or y | € D(A). Let z € D(Ly,).- Then Jj 'z € D(A),
w (AoI— D)-liAo.’L') ( )
so <¢, Nj~lz— A ((,\01_5)-1i/\0x)>y = (¥, Lyz)y = 0 for all z € D(Ly,).
z
By (5), ¥ = 0. Thus, (@, Aoz — jy) x + (0, (Aol — D)w — ijy)y = 0 for all (y) €
w
D(A). Let z =0, y = 0. Then (8,(Xo] — D)w)y, = 0 for all w € D(C) N D(D).
T
Thus, § = 0 by (6). Now let z € D(A),y = 0,w = 0. Then (0) € D(A),
0
s0 {p,doz)y = 0 for all z € D(A). By (1) this implies that ¢ = 0. Therefore,

R(XoI — A) is densein Z. &

Observe that if C) can be factored as Cy = A;C where C : p(‘é) C W — X, then
A (;) = AO(A-IZ + Clw) = Ao(A1I + Aléw) = A(z + 5w),

and A has the form given in the example in Section 2.1.
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2.3 Well-Posedness of a General Class of PFDE’s.
Let Y be a Hilbert space and consider the equation

g+ A[rv+ [ alopuads] = 500 (23.1)

where g < 0, ¢ <0 on [-r,0), g € L(—r,0), and a = 7 + jf,g(s)ds > 0. Set

W(s) = y —ys and ga(s) = —1g(s). Substituting into (2.3.1) we get

§+aA [y-l- f ga(8)W(s)ds| = f(t). (2.3.2)

Assume that 4 is a closed, densely defined, positive, self-adjoint, injective linear
operator.

A standard technique (see e.g., [6]) for reformulating (2.3.2) as an abstract Cauchy

problem is essentially to set X = D(A!?) where the inner product on X satisfies

(z1,22) x = (Zl/ 24, Z‘”z,)y and to take the state space to be
Z=Xx Y x Ly(-r0; X).

The approach we take here is similar except that it avoids the necessity of discussing
the square root of A Itis only necessary to know that the square root exists. Our
approach also allows more flexibility in the choice of state space in that it is not
necessary that X be contained in Y, although X will be in one-to-one correspondence
with a subspace of Y.

With this discussion in mind, let S be a subspace of Y such that § 2 D(:l), and let

o(+,-) be a symmetric bilinear form on S such that o(y1,y2) = <°‘Z Y1, y2>y when-
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ever y; € D(Z) and y; € S. Let X be a Hilbert space and j : S — X a bijective lin-
ear operator such that ;=1 : X — Y is continuous and (z,, z2)x = o( i~ 21,5 22).
Let W = Ly(—r,0; X) with (wy,ws)y = jf,_ 9a(8) (w1(8), wa(s)) x ds. Set

(2)

2

Z=XxYxW with |z]lz= = |zl + llwlly + llwllie-

z
Define A: D(A)C X - Y by
D) ={zeX | iz eD@A)}, = —aAjl.
Then 2(t) € Z satisfies
. d
Ez(t) = Az(t) + col(0, f(t),0), (2.3.3)

where A is given by

D(.A)E{(;) €z

z jy
A ( ] ) =] A (z + ff, ga(s)w(s)ds)

w jy+ 3

y€S, we Hi(-r0;X),
(z + jf . ga(s)w(s)ds) € D(A) } ’

LEMMA 2.3.1. The operator D given by
D(D) = Hp(-r,0; X), D=—
is dissipative in W.

The following proof is due to Fabiano and Ito (see [6}).
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PROOF: For w € D(D),

Doty = [ aa) (o) ulo)) ds

=3 [ su0)52 (o)l ds

Let € > 0 and consider

L=3 [ a5 kel

= 390a(=0) (=0l = 50al=r) hu( - = 5 [ le) o)y

1
< 59a(—€) llw(=e)ll% -
Since w(—e) = w(0) — [° Dw(s)ds = — M . Dw(s)ds, by the Cauchy-Schwarz in-

equality

lo(=9)ll% < f g% [ s@lIDuls)lds.

Note that g,(—¢) /0 ga(= e)ds < ¢. Thus, we obtain

- ga(S) e 9a(s)
Lse [ 0 1Dulo)l ds
for all € > 0. Therefore
(Dw,w)y = 135“" <0. &1
THEOREM 2.3.2. A generates a Cy semigroup on Z.
PROOF: Let A, D and j be as above and consider the operators:

D(é’) =W, Cw= jjga(s)w(s)ds;

t: X — W given by iz = z.
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Clearly ¢ is continuous. By assumption, j~=! : R(j) = X — Y is continuous. In
order to apply Theorem 2.2.1, we must show that A can be factored as A = AgA;.
Since A : ’D(Z) C Y — Y is positive and self-adjoint, it has a positive square root

A2, Define Ao and A, by

D(Ao) = D(AY?), Ao = —aA)?

D) ={z€X|j'ce DAV}, A =AV45

Clearly, A = ApA,.
We now verify the six conditions of Theorem 2.2.1.
(1) A is densely defined and S D D(A), so S is dense in Y. Suppose T L D(A).

Then for all z € D(A4),
- ~ - cel T 2 =1 [ PN
0= (.‘L‘, z)X = U(J T,J z) =a <AJ z,J 3>Y ’

which implies that <Zy, j‘13>y =0forall ye€ D(Z) But A is self-adjoint and
one-to-one, so R(A) is dense in Y ([13, Theorem 13.11]). Thus j~'Z = 0 which
implies that Z = 0. Therefore, D(A) is dense in X. Finally, D(C) N D(D) =
D(AC) N D(D) = H}(~r,0; D(A)) which is dense in W.

(2) Obvious since R(j) = X.

(3) D is densely defined and dissipative. Let 2 € W and set w(s) = ¢° f: e~?h(o)do.
Then (I — D)w = h, so D generates a Co semigroup of contractions on W by the

Lumer-Phillips Theorem. In particular, D is closed.
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To show that A’ is closed, let (Z’)’:‘) € D(A), (;’;) - (;’;)’ and A’ (:):) =

Yn — Y. Set

P =51 (:c,. + / i ya(s)wn(s)d")

-

and

g=j" (:t + /0 ga(s)w(s)ds) :

-r

Since |jw, — w||yy — 0 as n — oo, f_)rga(s) lwa(s) = w(s)|l5 ds — 0 as n — oo,
which implies that ||wa(s) — w(s)||x — 0 as n — oo for a.e. s € [-r,0). Thus,
I , |wa(s) —w(s)|[xds — 0 as n — oo by the Dominated Convergence Theo-
rem. Now, [g —lly < 157011 [len = zlx + 1%, 4a(s) l1on(s) — w(s)] ds] — 0
asn — oo. Also, ¥, € ’D(Z) and —cA §, = A'(i’;) = yn — y. Since
A is closed, § € D(A) and —adj = y; ie., z + ff, 9a(8)w(s)ds € D(A) and

A (:c + ff . ga(s)w(s)ds) = y. Thus, A’ is closed.
z

(4) Let ( y ) € D(A). Then, using the definition of (-, '),

w

<A (2) , (2» = Gna)x+ (4 (e+ [ sa(s)o(s)is V)

+ [ o) (jv+ o) uls)) s
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= (ine+ [ salshu(s)ds)
—a <Zj" (z + [ ga(S)w(S)ds) ,y>y
+ [ aale) (Zotedwte)) as

= [ 0ule) (Zutshu(e)) as.

But jf, 9a(8) (£w(s), w(s)), ds < 0 by Lemma 2.3.1. Thus (Az,z); < 0 for all
z € D(A).

(6) We will take A\g = 1. Since D generates a Cp semigroup of contractions, Ag €
p(D) by the Hille-Yosida Theorem (see [11]). Let h € D(AC) and set w(s) =
e [J e~*h(o)do. Then w € H}(—r,0;D(A)) = D(AC)ND(D), and (I — D)w = h.
Thus, D(AC) C (I — D)[D(AC) N D(D)], and D(AC) is dense in W since D(A) is
dense in X.

(5) Let z € D(L,). Set w(s) = (1 — e3)z. Then w € D(D), and Dw = —e®z, so

z

(I - D)w =z, or (I - D)™z = (1 — €%)z. Thus, (( j'lig ) € D(A), and

1-é€%)z

Liz=j"z—-A (:: + [ ga(3)(1 - e")zds)

= jlz + aAj? (z + /0 ga(8)(1 = es)zds)

=j 1z + apAj 'z
where ap = a — [, g(s)(1 — e%)ds =7+ f° g(s)e®ds > 0. Let T be defined by

D(T)={yeS|jye D)}, T=I+aA
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It is easy to see that D(A) = D(T) and R(T) = R(L,). By the Cauchy-Schwarz
Inequality, for y € D(T), |Tyll - lyll = [(Ty,0)| = [{7+aody, )| = Iyll* +
ag <7ly,y> > ||lyl|> which implies ||Ty|| = |ly||, and so T is one-to-one. Also, T* =
I+ aoZ)‘ = I + agA* = I + apA = T. Thus, by (13, Theorem 13.11}, R(T') is

densein Y. 3

2.4 Examples.

In this section we will use Theorem 2.3.2 to establish well-posedness of the three
examples mentioned at the beginning of the chapter. We begin with the viscoelastic

shaft which satisfies equations (2.1.3) - (2.1.5). Let Y = R x L,(0,1) with

2 {
it = (3)] =+ [0
Then (2.1.3) - (2.1.5) can be written as
g+ A+ [ aloads] = 0 (2.41)

—’:u:(t)
where f(t) = (;}l:(z)ul(t))’ and

o) ={(3) e¥|vemO.DNEODHD =1},

1(3)-(59)
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Clearly, D(A) is dense in Y. Let ( ;) € D(A). Then
(A(3):(3))=vawo - [wo= [y

z-f;/o'v/:’z% (;’,) “so.
@I =AEE)IG)
(and A-! is continuous). Let ( ,‘211 ) , ( ;}}2 ) € D(A). Then

A(2). (7)) =wowo- [ v
‘ =[%%

=m0 - [wt=((3)4(%)):
so A is symmetric.

~ z b
Let (?/;) € Y. Define 9(z) = /o [/: a¢(€)d§+Im‘i] dt. Then %(0) = 0,

'] -~
¥(z) = / o(€)dE + 1,75 which implies /(1) = I3, and $() = —o%(z). Thus,

2
< , S0 A is one-to-one

~ . .rr 2
Thus, A is positive and ]

('bg)) € D(Z), and A (¢$)) = (g), so R(A) = Y. Therefore, by Theorem
13.11 in [13], A* = A. Finally, D(A™!) = R(4) = Y, so A-1 is closed, and
hence A is closed. Now let § = {(;l) eY | Y € H(0,)), ()= 7}, and define
‘ ~
Y 0t = Y T Y2
o (('ﬁi) , (1;2)) = a/o P, for (¢1) , (¢2) € S. Then, S 2 D(A) and
o(y1,y2) = (a;iyl,yg>y whenever y; € D(A),y2 € S. Let X = H}(0,1) with

(z1,22)x = aj:z'lz'z, and define j : S — X by 3 (¢$)) = 9. Clearly ; is a
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bijective linear operator, and

(T1,2Z2)x = a./: Tz =0 ((z;(ll)) , (zzz(:))) =0 (j7 21,5 2) .

For z € X, |7~ z|> = mz’(l)+a'f(: z? < (2—1"“21}”'—2) lz)|%- Thus, j=* is continuous.

Now, define Z = H}(0,1) x R x L3(0,) x Ly(—r,0; H}(0,1)) with

2
¥$

! i ! 2
v =a 2 o 2 s —a—w zds
3| - [@r+mtso [6+ [ 0 [ (gut) dus
zZ
and define
w Y€ Hi(ov l)a "/’(I) =7,
py=37] ez | w € Hy(=r,0; HH(0,D), ,
w/ ('(z) + [2, 9a(s)Zw(s, z)ds) € H'(0,1)
v
c‘;; £ [(Pl(l) +ff,ga(s)%w(s, l)ds]
A ¢ = F:) ' ;)
v 7| 22 [¢@+ L2 ga() e 2)ds)

P+ 5
The operator A generates a C semigroup on Z by Theorem 2.3.2.

Now suppose we replace equation (2.1.5) by

z,,gt—z,y(t,z)=—[ky(t,z)+r5%y(t,1)+ f g(s)ga;y(tw,l)ds] +ualt), (242)

where k > 0; i.e., we include a term representing a spring at the end of the shaft. We

can formulate the system (2.1.3), (2.1.4), (2.4.2) as the abstract Cauchy problem
2(t) = Az + Bu

z(0) =z
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where D(A) = D(A) and

U4
1= [ke) + o () + & [2, ga(s) (s, Dds]

32 [¢1)+ 2, go(0)uts, 210
| b+ 5

b
g€ €€

Observe that A = A + A; where D(A,) = Z, and

¢ D
vl _ | )
Al ,¢’ -— 0
w 0
Now, [l Aizllz = £¢%(1) < £illelik < £Ll2l%- Thus, |4 < ,s0 Aisa

bounded perturbation of A. By Theorem 1.1 in [11, Chapter 3], :l generates a Cy
semigroup S(t) on Z satisfying ||S(¢)|| < eVPlInat,

For our next example we will consider the longitudinal distortion of a uniform
bar. This problem has been studied by Fabiano (see [3], [5]) using a formulation in

which the state variable z(¢) corresponds to

@
2%
32
(yg)

For this problem the PFDE describing the motion of the bar is the same as in the

previous example (i.e., equation (2.1.3)), while the boundary conditions are

y(t,0) = 0 = y(¢, D. (2.4.3)
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We take Y to be Ly(0,1) with (y1,¥2)y =& folylyg, and define A by

1 92

T o0z?

D(A) = HN0,)) n H*(0,1), A

Using the same arguments as before, we can show that A satisfies the conditions
of Theorem 2.3.2. Set S = HX(0,1), and define o(yy,32) = @ J) yi35 for y1,y; € S.
Take X = H}(0,1) with (z1,z2)x = aj:z;x',, and define j : S — X by jy = y. As
in the previous example, o(,-) satisfies (z;,z2)y = o(j 121,77 2;) and o(y1,¥3) =

<aZy1, y3>y whenever y; € 'D(Z), and j~! is continuous. Thus, if we set

Z = H}(0,1) x Ly(0,1) x Ly(—r,0; H}(0,1))

and define A by
"4 ¢ € H&(Ov l)a
D(A) = { (1/;) €Z | w € HL(—r,0; H3(0,1)), } ,
w (‘P,(z) + ff,- 90(3)%“’(3’ z)ds) € HI(O’ 0

¥
22 [¢@) + L2, gals) Zuls,2)ds] |,
¥+ 2

then A generates a Cp semigroup on Z.

For our final example we consider the transverse vibrations of an Euler-Bernoulli

beam with a tip-mass. The beam deflection is given by the equation
i 6’ i i
patzy(t z) = [EIB sy(t, ) + ‘/‘:g(s)a;-;y(t + s,z)ds] . (2.4.4)
The left-hand boundary conditions are

y(,0)=0= %y(t,o), (2.4.5)
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and at the right-hand end we have the equations giving the rotation of the tip-mass:

2 (0 52 52
13 (Zven) = Bt + [ a2t +onds,  (249)

and the transverse motion of the tip-mass:

& d & &
M.zmy(t ) = o= [Elﬁy(t,lH [ g(s)@y(tﬂ,l)ds]. (2.4.7)

z

To cast (2.4.4) — (2.4.7) in the form of (2.3.1), we set

(3)

~ € :
D(A) = {(Z) €Y |$eBOONEOD, YO =1, 2b(0)= e} :

2

{
,=I¢£’+Mcn’+p/¢’,
Y (1]

Y =R x R x Ly(0,!0) with

let 7 = EI, and define A by

n | =] -mZe()
li‘_,/,
p Ozt

/¢ — a2z (D)
“(3)

Once again it is easy to see that Ais densely defined, closed, positive, self-adjoint

and one-to-one. We set

s={(§)eyl¢eHz(o,z), W) =1, 5%¢(1)=s},

§ . '
and define j : S = X = HZ(0,) by 5 (n) = 1. Here the inner product on X is
P

given by (z,,22)y = & 0‘:1:’1’3:’2'. The operator A defined on

Z = HZ(o,1) x R? x Ly(0,1) x Ly(—r,0; H(0,1))
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¢ veH:, v()=1 £v()=¢
D(A) = n|€Z l w € HL(-r,0; HE), ,
y [¢" + 2, ga(s)Zrw(s, z)ds] € H?
¥
") + I°. ga(3)Zw(s, 1)ds]
Z200"() + [2, ga(s)Zrw(s, 1)ds]
M.

- %‘[‘P"(z) + Jf,. ga(s)%w(s, z)ds]
v+

generates a Cj semigroup on Z.



Chapter III Approximation

In this chapter we consider the problem of finding approximate solutions to equa-
tion (2.3.1). We do this by approximating the operator A in (2.3.3). We construct
a sequence of operators A" such that A" génera.tes a Cy semigroup T™(t). We then
show that T"(t) — T(t), the semigroup generated by A, using the Trotter-Kato
theorem. We are also interested in approximating the feedback gain, but this re-
quires that we approximate T*(¢) as well as T'(t). Thus, in Section 3.2 we discuss
the convergence of the adjoint semigroup. We then apply the theory to the example

of the viscoelastic shaft considered in the previous chapter.

3.1 An Approximation Scheme for the Abstract PFDE.

We will use the following version of the Trotter-Kato theorem:

THEOREM 3.1.1. Let A € G(M, B) be the infinitesimal generator of a Co semigroup
T(t) on a Hilbert space Z. Forn =1,2,..., let Z" be a finite dimensional subspace
of Z such that P* -3 I as n — oo where P™ is the orthogonal projection of Z onto
Z™. Suppose
H1) A® € G(M, B) is the infinitesimal generator of a Co semigroup T"(t) on Z™
forn=1,2,....
H2) For all z € Z, (M — A®)™1P"z — (A — A)™'z as n — co.

28
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Then for all z € Z, T*(t)P"*z — T'(t)z as n — oo, and the convergence is uniform

on bounded t-intervals.

This theorem follows from Theorem 4.2 in [11, Chapter 3]. Recall that the oper-

ator A we seek to approximate is given by
y €S, w € Hp(-r,0; X),
(.1:+ ffr ga(s)w(s)ds) eD(A) [’

D(A)={(;)ez
w
Jy

A ( v ) |4 (z +J2, ga(s)w(s)ds)

w . Ow
Jy+ Ds
Recall also that g, € Li(-r,0), go > 0, and ¢/, > 0 on [—r,0).

If we define the operator Ag: D(Ag) S X XY — X XY by

D(Ao)={(;)eXxY|zeD(A),yes},

w(3)= (%)

then we can write A in the form

(3)- (10 Lo ()

w y —_—
Iy + 55

b

which suggests a two-stage approximation of A: We first approximate Ao by dis-

cretizing the spatial variable, typically by means of spline functions. We then ap-

ow

Os

averaging scheme for the second stage.

proximate by discretizing the delay variable. In this paper we will use an
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Let us now proceed with the first stage of the approximation. Define the bilinear

form oo(+,-) on X x S by

o ((3):(3)) 2o nie0 - o670

where ¢ is the bilinear form on S discussed in Section 2.3. Observe that for (;: ) €

D(Ad), (f,;) € X x§,

(()- (1)) = () (2))

Now for each positive integer N, let XV and YV be finite dimensional subspaces
of X and Y with YV C S, and define WY = Ly(—r,0; XV). We define AY :

XV x YN = XV x YN by restricting oo to XN x YV i.e.,
(A(),qu,vN>xXY = 0y (uN,vN) for uV, vV € XV x YV,
Now set ZV¥ = XN x YN x WV and define AN : D(AN) € ZV — ZN by

D(AY) = XN x YN x Hy(-r,0; XV),

() [#1F) Lo (8)4]

. 9 N
Jy +6sw

For each positive integer M partition the interval [—r, 0] into subintervals [t},t¥ ],

Jj=12,...,M, where

—r=th <t <<tV <t =0. (3.1.1)
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We will say more later about how the t¥ are chosen. Set o} =t}

M, —tMforj=

1,2,...,M, let x} denote the characteristic function of [tM,t},) for j =2,..., M,
and let xM denote the characteristic function of [tM,0]. Let BM(t),i =0,1,...,M
be the usual linear spline functions satisfying BM(tM) = §;;. Define the finite

dimensional subspaces WNM and WNM of W by

M
WANM = {w eEW I w=3 aMxM, o GXN-} ,
=1

_ (3.1.2)
— M
WNM = {wéWIw: S ¥MBM, b?’EXN}.
i=1
Define the operator DNM  NM _, [yNM by
-~ M1 '
DM = 3 0 (58, — B (3.13)

i=1 !

M ~
where w™M = Y 0MBM and ¥ = 0. Define the isomorphism VM : WNM
=1

M
NM o NM — be’xf"

=1
Now define DNM . WNM _, WNM by DNM = DNM (VM )-1. To complete the
approximation, set Z¥M = XN x YN x WNM and for MM = (zV,yV, wMM )T €

ZNM_ define

e (R [G)+ [0 (759)

ij + DN,MwN.M
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M
If wNM = Y wMyxM, then

=1
M
N Eak: Z(ga)ngw
ANM NM _ A ( '=;N )

JW'*'E"LT'X?’
t

i=1

(3.1.4)

tM

where (ga)M = [i" ga(s)ds.
In order to prove convergence of our approximation scheme, we must impose some
conditions upon the spaces XV and YV and upon the partitions of [—r,0]. Thus,

we make the following assumptions:

Al) Let P{ and P} be the orthogonal projections of X and Y onto XV and Y7,
respectively. Then PY =+ 1,and PY -2+1 whefe I is the appropriate identity
operator.

A2) For each positive integer M let M = {tM | j =0,1,..., M} be a partition
of [—r,0] satisfying (3.1.1), and set AM = {1,2,...,M}. Then there exist
positive constants €, ¢; and C independent of M such that AM = AY U AY

where

AY = {j e AM | oM < ru-rer],

If j € AY, then (g.)¥ < -1%, and AY contains at most M!~¢ elements of

AM . Furthermore, aﬁl(gc)j-" < (ga)jbﬂlaf’ forj =2,3,...,M,andif j € AM,

then 1,2,...,5 —1 € AM,
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REMARK 3.1.2. Suppose t¥ = % forj =0,1,...,M. Then o = _Ar? for all
j € AM, so A2) is satisfied with ¢, = 1, €3,C > 0 arbitrary since A¥ = § and
(9a)M < (92)M,.

LEMMA 3.1.3. Let C = ff . 9a(8)ds, and suppose that the t}“ are chosen so that

(9)M = XCI- for j =1,2,...,M. Then for ¢, = 1, e = } the partition TI™ satisfies

A2) for all positive integers M.

PROOF: Since g, > 0, g/, > 0 it is clear that o} > o¥_, > --- > oM. Thus, if

AM £ @, then AM = {1,2,...,n—=1}and AM = {n,n+1,...,M} for somen > 1. If
for some M, ITM does not satisfy A2), then A} contains more than M3/4 elements.

Thus,
0> t2ly = (tly — ) + (¢a" — %) + -+ + (th — 13) +¢]
=a,,M+anM+l+---+aﬁ—r
>TM-3/4+TM-3/4+"'+T’M-3/4-'1'

> MM (rM-3M) —r=0. W

For the remainder of this section we will assume that we have a partition which

satisfies A2).
LEMMA 3.1.4. ANM € G(1,0) for all N, M.

PROOF: It is sufficient to show that AMM is dissipative in ZVM. Let VM =
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N
( ;NM> with wV'¥ = EwaM Then

’ =1

M
(ANMNM NMY ([3’”4"_;(%)?”«0?‘] NEA )
e[ 3]

M M
fga(8)<1y +ng‘ v MY wMy! >
X

=1 ‘ =1

= ( (;(ya)’” M),y ) fya(S) <sz" > wM x?’>xds

=1
M oM
+/aga(s)< ‘-1 Xt ’EwMXt > ds
i i=1 i=1

%I

(ga)¥ (W, — w}M,wM),

I/\

IA

M

> 2

=1

M M

g"*’) [l = ]
l

2

(el [l I

1 (92)¥s (ga)z 2 (ga)

L [z o (e - O) — oty | <o

where we used the Cauchy-Schwarz Inequality and the inequality 2ab < a? + %, and
from A2) the fact that (ga)¥:/alf; < (ga)M /M fori=1,2,....M -1. &
LEMMA 3.1.5. PXMh — has N,M — oo forallh e W.

PROOF: Recall from the proof of Theorem 2.3.1 that the operator D given by
D(D) = Hi(-r,0; X), Dw = %—:', generates a Co semigroup of contractions on W.

Thus, D(D?) is dense in W by Theorem 2.7 in [11, Chapter 1. If w € D(D?) and
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s < §, then

() 1DwI = 9a(s) | [ 27

= ga(s) /o \/Tvga( Dzw(é‘)df

< [ [0 ol o < 1ol

For w € D(D?), set w¥'M(t) = Z w™ (tM,)xM(t) where w" = PY¥w. Note that for

w € D(D),
w¥(1) = PYott) = PY [ Dulerat = | " P Du(€)dt

which implies that w" € D(D) and Dw" = PYDw. Thus, if w € D(D?), then

w" € D(D?) and || D?*w"l},, < || D?w||yy. Now, for w € D(D?),
oo — w4l < fo = ¥, + o = ],
Estimating the first term on the right-hand side,
o=y = [ 5u(6) o — Pl ds 0 as N = co
by the Dominated Convergence Theorem. For the second term,
o = w4, = [ ) () = ¥ (6)

= Z / gals) [l () = w (¢, | ds = $1 + 5

=1
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il
where S; = Z /u 1g"(.s) IIwN(s)—wN(t?fl)”; ds for j = 1,2. By the Mean
t

i€AM T

Value Theorem, for s € (tM,tM,) there exists £(s) € (s,tM,) such that w"(s) —

wV (M) = DwM(£)(s — tM,). Thus,

Si= 3 [ oalo) [Dw¥ (@) (s - tr)7ds

i€EAM N

<rlpully, T [ - yas

i€AM VT
1
=r|| D%, 3@
ieAM

1 r 3

By an argument similar to the proof that g, (s) | Dw(3)||% < r || D?w||}y, there exists

a constant v independent of M such that

552 [ 0ulo) [l + ™[] s

M
ieAM V%

tM,
ga(8)ds
M

< 2y||Dwlly, > /

ieAM V%

2
<2yDuly 3 2 < 2L s pr - oo,

ieAM
Hence, for w € D(D?),
-] <l -],

'52||w—wNM”W—+0a.sN,M—>oo.
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Since D(D?) is dense in W and ”PxM” <1,

||h-P$’Mh"W-+oasN,M—»oofora.uheW. .

Let P,I}"M be the orthogonal projection of W onto W¥ M ] Pév "M denotes the
orthogonal projection of Z oﬁto ZNM  then for z = (z,y,w)T € Z, Pg'Mz =
(P}(vx,P{}'y,Pg'Mw)T. Thus, Pg’MirI as N,M — oo by assumption Al) and
the previous lemma.

ﬁwe define AN : XN — YN by (AV2V,yN), = o (7712, y"), then it is easy
to see that A{,v(;ﬁ) = (;13:”) for (“;x) € XV x YV. Define the bilinear
form a(-,-) on D(D) x W by a(w, k) = jfr ga(8) (Dw, k) ds, and the bilinear form
a¥M(.,.) on WNM x WNM by oNM (wN M pNM) = <I)N'MwN'M,hN'M>W where

DNM ig given by (3.1.3). Using the definition it is clear that a™¥M (w™N"M, RN:M)

)

= [, ga(s) (DWNM, KNM), ds.

z
For z = (y ) € D(A) and Re) > 0, consider the equation (A] — A)z = (

w

>€-6

or equivalently,

Az — jy = o, (3.1.5)
Ay—-A (:c + /0 ga(s)w(s)ds> = 1, (3.1.6)
o — jy — % —h (3.L.7)

From (3.1.7), w(s) = j;’e"(s")(jy + h(£))dé, and from (3.1.5), jy = Az — ¢, or
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y = Aj~lz — 771, Substituting into (3.1.6) we get

Aj"lz - A [z+/aga(s)/\/oe’\(3'€)zd£ds]
-r 3

=437 -4 [ a) /° o=y — h(¢))deds.

Using the fact that j;’ 3-8 d¢ = 1 — *S we obtain

ANz =9+ r"1p— A/a ga(8)(AI — D)~} (p — h(s))ds (3.1.8)

where
AN = A% - iA (r + f e*“’g(s)ds) : (3.1.9)

Now, for zNM = (2N, yN,wNM )T € ZMM and Rel > 0, consider the equation

(AT — ANM) NM = (N N pNM )T. We have the equations

AN — N =V, (3.1.10)

M
Ayt — AN (z" + Y (9)¥ W?') =y, (3.1.11)

=1

1
)\w,M—"N—_wﬂ —wM)=hMfori=1,2,...,.M
il (G ) (3.1.12)

M M
where w¥M = 35" wMyxM and VM = 3 AMxM. From (3.1.12),

=1 =1

1 1 .
(A + a_M) w) = WweM-l + 3y + A,

or

wM = (1+r.\zf"z\)_l [w?fl +aM (ij +h§w)] fori=1,2,..., M,
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where w} = 0. By induction, w¥ = [ MTA+aM))” ] a (jyV + h}¥). From
k=1 =k
(3.1.10), jyVN = AzN — " which implies yV = A\j~'zV — j-1oN. Substituting into

(3.1.11) we obtain

M I i
NN _ AN (z” A @MY [H (1+ a,MA)“] MN)

=1 k=1 Li=k

=y + X7V - E(ga)”A"Z [H 1+ a?’/\)-l] o (P - ). (3.1.13)
i=k
By induction, A Z': [fl (1+ a{”A)'l] a¥=1- f[ (1 + aM))™". Define
k=1 Li=k k=1

ANM() = X571 - A [1 3w (1 - H(1 +aw)")]

=1

. M M 1 T
Then, since Y (ga)M =—= | g(s)ds=- -1,
: i=1 a ., a

ANM(2) = N35! — éAN ['r + /0 g(s)eM(/\,s)d.s] (3.1.14)
where
eM(),s) = Z (H (1+a})) _1) xM(s).
Let (AI — DVM)™! (N — pN:M) = . Then

oV — RVM = (I - DN'M)Zfof“ Z[Ae’” =7 (65 - 6.4“)] XM

i=1 t=1
which implies

N_pM oM L

~QM(€c—l—£ ) fori=1,2,...,M.
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Thus, ¢M = (1+ AaM) ™" [eM, + oM (" — hM)], or, by induction,

=y [f[ 1+ Aa,M)“] ol (N = Kl

k=1 Li=k

M M
Now, [ gals) 3 €M = $(auMeM, s
/oga(s) (AI— DN,M)-I ((pN _ hN.M) ds

M H t
= S5t 3 [T (0" - 9. @139

i=1 k=1 Li=k

Therefore, from (3.1.13), (3.1.14) and (3.1.15) we obtain

ANM(N)zN = ¢V 4 21N — AN /0 ga(s) (AT - DN'M)"1 (N — RNM) ds.

(3.1.16)

LEMMA 3.1.6. For A >0, (A = D¥M)™' PYMh — (A\I = D)k for all he W.

PROOF: Recall from the proof of Lemma 3.1.4 that DV*M is dissipative in WNM,
Since dim(WN'M) < oo, |1 = o~ < % Let w = (Al — D)~k and w™M =
(M - DNM)™! pEMp o equivalently (A — D)w = h and (A — DNM)NM =
PY™h. Thus,

A(w, 7))y — a(w,7) = (h, 1)y forally € W, (3.1.17)

and for all yYNM ¢ WNM |

A(NMGNM MMy GNM (N M, yNMY = < pYMp, 7N.M>w
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where WM = (#V:M)~1yN:M_ Choosing ¥ = vV in (3.1.17) we obtain
M0 7MY = o) = MM Y e (0,
which implies that for every &M € WNM

AGNM (GNM _ GNMY 7N,M)w — M (GNM _ GNM NI
= a (10, Y"M) = VM (VM GNMY ) (1 NMGNM o NMY
for all YN*M € WNM_ Using the definitions of a™¥ and DV'M we see that

(AT — D) VM (VM — VM) 4,
= a (w,7yVM) — VM (GNM VMY _ )\ (1 — iNMGNM (VMY
Let ANM = (] — DNM) iNM (GN.M _ GNM) Then

VM (GNM _ GNMY = (A] — DNM)TIRNM

which implies that |[{% (@M — G¥ M), < < [A%M| . Define I™M < WM

by
T = {47 e WM | ||lM|, <1}
Then,
TNM — TNM _NM
[F], =, 222, (7).

< sup [la(w,yMM) = oM (@M, oMM

+A|{w- iN,MaN,M,,YN.M)Wl]
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which implies
[ (@¥M - B |,

<

> | =

sup I a (w, YN M) — gNM (GNM ,7N,M)|
yN.MerM

+A[| P (w - iVMGNM) ||w] : (3.1.18)
Take &M = [° Pjy™(Dw)d¢. Then
a (10, 7"4) — MM (@M,7"H) = [ go(a) (D — PF(Du), 1) da =0

for all Y™ € WNM_ For this VM

[lw = VM@ < flw - @Y, + [ - MBI,

3
/ (Dw - P (Dw)) d{” +[|[@NM - VMM
0 w

Now,

2

ds
X

Lo

1 N.M ’
< /° ga(s)( | T /e@ [0 - B (Dw)||xde) ds
< [[0u9) [ % [ su(e) [P - A (D) s

< [ [ e lom-rerool,
1.2
=3

/o- ’ [Dw - P%’M(Dw)] d¢

~ PiiM(Dw)|

IDw PNM(Dw)” —0as NNM - 0
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by Lemma 3.1.5. Set Py (Dw) = Z{-'M and @VM(s) = 2 bM BM(s). Then,

=1
j
for j = 1,2,..., M, M = GVM(eM) = / SO M (et = - 3 eMal. Now,
=1 i=1
NMBGNM = Ebef" Since VM = ZbM
s=1 =1
oVM(s) = oM + bff_;;wbj” (s —t}) for s € [t},t})).
Hence, oNM — {NMGNM 2}El%.-;bﬁ(s—t;“) on [tM,tM,) for j = 1,2,..., M.
3
Thus,
l-l 2
e — g2, - 3 / gul) [ (s -4
=1
1 1 M
wty O, =80 = i (S el - S epratr) =gt 0

M g._‘:
o4 - s, = 3 [ ) 64 (s = #0)7ds = S1 4 52
=1 v
We estimate the term S; by

51 (M) / gals) [1€M 1%

sGAM
< M”’fl Z/ 9a(3) ”&M”x ds
i=1
r’ 2

2
Define the norm || - [l on W by |||} = [° ||lw(s)||% ds. Then "PN’M(Dw)" =

[

s e 4= 3 / €1 ds = 3= o |- For w € W, ol =
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2 1 2 gg=—1 _ w|? us
[ o ds < s [ gute) (o)l ds = Ly T

o ||e|l% < || P v < == [|P¥*(Dw)||. < — = IDwll .

= ga(-r) 0( r)
Thus, for s € [i,84), lE¥[I% (s = #1)° < ('l < o 10wl

Hence,

$1< Y —"— || Dwl? ‘/t‘!’ (s)ds < TIP2IwC oo ar oo
2L W f IS g M !

€A
so "w—iN'MfDN'M"W — 0as N,M — oo. Thus, from (3.1.18) it follows that

|wNM — iNMGNM|| . — 0 as N, M — oo. Therefore,
[|w — “’NMHW < flw- iNM'T’N'M"w

+ "iN’MGN'M - wN'M”w —0as N,M—00. 1§

LEMMA 3.1.7. f 9a(s) |** — eM(A,s)| ds — 0 as M — oo.

bY H(1+a

=1

PROOF: /oga(s) |e*8 — eM(),3)| ds = Z/ ga(8) le

2
= 9; + 52. Let € > 0. Choose My so that if M > My, then —— ¢

M€ <€,

2,7\
e,\(r/M(1+u)/2) —-1< _;_ and (_7'2.’.\1‘)4781 < % For M > M,,

S < Z / 9a(s) [ 8 4 H(l + aM/\)"l]

€A} =1

<22/ ga(s)ds$F<e
ieA)
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Let AM = {1,2,...,n} and suppose s € [t¥,0]. Then for some i € AM, t¥ < s <
tM_ which implies that e < &8 < M1 50 0 < &8 — M < MM (e""fw - 1) <

<. But, tM = — Z;_l o which implies

2
MM H (1+ a;-w/\)—l = He'A":M - H (1+¢]
i=1 j=1 j=1
<T@ +ex) -]
j=1 j=1

1
Now, o = (1+ M) + Ee"fi (/\c:zf,-”)2 for some &; between 0 and . Set a; =

(1+ XaM) and b; = -;-e"fi (AaM)’. Then

=[] a; - [J(a;

i=1 J=1

I +ay) - [

j=1 j=1

By induction, [] a; — H(a, +b;)=- E b; H (@x + ) H a;. Thus,

1=1 j=1  k=j+1
i i i i-1
It +et) - [T - 3 he 0y [T et e
j=1 i=1 j=1 k=341 =1
1 o M 1, Ar -
<= 3¢ ; (A ) < 3¢ oM. (—__M(1+61)/2) = <3 <3

i j=1
since e*: H o’ H (1+aMr) < 2 [ et T & = M < ™. Hence,

k=j+1 =1 k=j+1 I=1
S < E / ga(S) [ AS _ e,\wl + [er H(l +aMA) ]
teA i=1

< eE/ Ja(8)ds = e/o gda(8)ds. B

i=1

We are now ready to prove the main result of this section.
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THEOREM 3.1.8. For all z € Z, e"N'M'Pg'Mz — T(t)z as N,M — oo, uniformly

on bounded t-intervals.
PROOF: We have only to establish H2) of Theorem 3.1.1. Define the bilinear forms
l‘(" ) and “M("') on X by

p(xlv z?) = (A(A)zlvj_lz‘l)y ’

pM (21, z3) = (AVM(N)z1,57023),, -

Then

R e A f Sga(s)ds) ol a1, 572a),

a

and

uM(21,33) = N (721, 7 a)y + (ﬁ B f M), S)Qa(s)dS) (5 21,5 22)
for 1,22 € X. Thus,

|6™ (21, 72) — B(z1,22)| < (/:ga(s) |e*® — eM(A, 8)] d-S) lo(G ™ 21,57 22)]

< ([ 0a(0)1e = H05)| ) Bl - Feale
- (3.1.19)

and

pM(z,z) > N ||j'lz||; +w|z]}  for somew > 0. (3.1.20)
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w

4 z
Now, for z = (t}l;) € Z,let (M- A)1z = (y), and (AI — ANVM)-1pNM, _

N
. Then, by (3.1.8), for all u € X,
(w%NM> en, by (3.1.8), for all u

plz,u) = (P + Aj 0,7 u),

+ (57 [ 5ule) A1 = D)7 (= ) do, 7).
and by (3.1.16), for all u¥ € XV,

pM(zN, u) = (B + 257N, i),

+o (j-* f ga(s) (AL = DVM) ™ (oM — R¥M(s)) ds,r‘u") :

‘PN
where P)"Mz = ( vN |. Let Z¥ = PYz. Then, taking u = u" in the first
RNM

equation, we get

#M (ffN - :z:N, uN)
=M @V, u") = M (2,6") + 4 (2,07) — b (2,6")
+ (¢' - ¢'N7j-1uN>y + A (j_l ((P - ‘PN) ’j-luN>y
+o (5 [ 5a(6) [0 = Do - (o)

— (L= DYMY Y = (5] ds, 7).
(3.1.21)

Now, by (3.1.20), w |7V — :cN"; < uM(FN — gV N — £V), Taking u¥ =2ZV — 2V
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in (3.1.21) we get

#M(EN - :L'N,EN - ZN)

< [WMEY - 2,2Y - )| + |uM (2,3 — M) - u(z, 3 — V)|
+ 19 ="Ml 11BN =2+ AR - e = Vg - 12N - 2V,

+ f 6a(s) | (AT = D) — B)

= (M- DMyt PRM(p — b)|| ds- |[E¥ - 2V, -
Estimating the first term in the right-hand side we get,
Al 28" - )| < (57 + 2) 2 - allx - 3 - ||% :
By (3.1.19),

|p™(z, 2N — 2V) — p(z, 2N — V)|

< ([ ool - o s)lds) Izl - 12 = 2]
By Holder’s Inequality

/: 9al(8) | (A = D)Mo = b) = (A = D¥M) 1 PFM(p — )| _ds

1/2
< ([ aal0)ds) " 1= Dy = 1y = (1 - DYy EY M - )
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Thus,
12~ - =[x
< {11+ 2) 1Y =l + ([ aato) e = 00 )l
s w X — o ’ X
- N 2 1/2
#1570 = 8+ 050 o=+ () getas)
||ar = Dyt — By = (A1 = D) REM(p )| ] - 0
as N,M — oo, so ||z—a:N"x < ||z—a:N"x + ||z —zN"x — 0as N,M — oc.

Now, y = A\j~1z — j~1¢, and yV = Aj~1zV — j~1¢N which implies

ly ="l < 57 (A fl= = =" + ||<p #"||x) = 0 as N,M — co.

Finally, (\] — D)w = h + jy = h + Az — ¢, and (AI — DVM)yNM = pNM 4 jouN =

PM(h - @) + Az". Thus,

o —w™|l,, < [| A = DYk = ¢) - AL - D¥) 2 PFM(h - )|
+A||(\ = D)z — (\ - D)™z,

+2 "(/\I — D)V — (\I — DNM)-1 pNM N ||W -0
as NNM — 0. 1

3.2 Convergence of the Adjoint Semigroup.

In this section we will restrict the kernel function g(s) to be in Ly(—r,0) rather

than in L,(—r,0). With this restriction the norm |[|-||, on W defined by |wl|? =
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f_) _|lw(s)ll% ds is equivalent to the original norm |||, on W. We define the norm
Illz, on Z by ||2l7, = llzlix + llylly + llwll; where z = (z,y,w)T € Z. Since this
norm is equivalent to the norm ||-||; on Z, we will use it to prove convergence of the

adjoint semigroup.

THEOREM 3.2.1. The adjoint of A with respect to the norm ||-||, is given by

I Y y €S, z+ [° w(s)ds € D(A),
”‘A"{(Z,)ezl w € Hi(—r,0;X) }

z —=Jy
A (y) = -A(z-i-ff,w(s)d.s)

w —ga(s)jy — &2

PROOF: Let (z,y,w)T € D(A*). Then there exists (¢, %, k)7 € Z such that

(4(8)-(2)),-{@)-C),

z @
for all Z = (%,7,®)T € D(A), and in this case, A* <y) = (t’/:) . Thus,

w

(¥, 2)x + <A (5 + [ ya(S)iB(s)ds) ,y>y + /_0 <j'y‘ + %&7(3), w(3)>x ds

= @+ @9+ [ @) heNrds. (321

Suppose 7 = 0 and @ = 0. Then (AZ,y)y, = (Z,p)x for all T € D(A) But,
5,0)x = 0(71Bi79) = (A%, i)y, s (AZ,y)y = (A, i)y for all

7 € D(A). Since R(A) is dense in Y (see proof of Theorem 2.3.1), y = —j 'y which
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implies y € S and ¢ = —jy. Hence,

<A (a+ [ ga(s)ﬁ}(s)ds) ,y>y =-0 (j" (55 + [ ga(s)@(s)ds) ,y)
=G+ [ a=(e)B(e), )

69,215~ [ sule) @ohiv)ds+ [ (374 Zohw(s)) ds

Substituting into (3.2.1) we get

=@+ [ @K cds (322
for all 7 € D(A). Now suppose @ = 0. Then (j§,z)x + J°, (i7, w(s)) x ds = (7, %)y
for all § € S which implies & (g 1 (a: + [, w(s)ds) ) = (5, ¥}y In pasticular, for
7 € D(A), (7, %)y = (az‘g, - (:c +° w(s)ds) )Y. Thus, j~1 (z +° w(s)ds) €

D(A*) and ¢ = aA*j~! (z +° w(s)ds); ie.

(a: + /: w(s)ds) €D(A) and Yp=-A (:c + /: w(s)ds) .

Substituting into (3.2.2) we obtain

-~ i a -~
/ [(w(s),ya(s)w +h(s))x — <‘a;w(3), w(3)> ] ds=0
- x
for all @ € Hj(—r,0; X). By the Fundamental Lemma of the Calculus of Variations,

w € H}(-r,0; X) and —ga;w(s) = go(8)jy + h(s) which implies h(s) = —ga(s)jy —
ow
Os’

Next, let (a:”,y”,wN'M)T € ZNM_ Then, since dim(ZM) < oo,

(AVMYT RM (4N M) (z:

0 )+ (a4 () + ooy (L5):



52

Vv o
Let (AN'M)'( 0 ) = ¥ |. Then, for all 2%:¥ = (zV, 5V, &™) T € ZVM,

0 RNM
N
= (VM :'ZN .
’ hN.M , ]

N
0 Z
ie, GFV, V), = (@, ")y + G, V), + (GNM,hN'M)e. Taking V¥ = 0,
7V = 0, we see that A¥'M = 0, and then taking ¥¥ = 0 we see that ¢ = 0.
Thus, (j7V,zV), = (F",¢"), for all ¥ € Y¥ which implies (§V,%V), =

o (FV,j1z"V) = - (§V,AVz"),.. Hence ¢V = —ANzV.

(08 oy
Next, let (ANM)*{ 4V | =| oV |. As above
0 BN M

M
<A” (’f" +_(g)lal ) ,y"> = (&% @)+ @0y + (@A),
Y

=1

for all VM ¢ ZNM where VM = it’ﬁf"xf“ Taking ¥ = 0, &"M = 0,
we get YV = 0. Taking VM = 0, we get (AVZV,y"V), = (2N,oV), for all
Z¥ € XV which implies (ZV,¢"), = — (Z¥,jy") 4, and so oV = ~jyN. Thus,
<AN g:l(ga)f”ﬁ?’,ylv>y ?:laM (@M, kM), where AVM = ’-zth . Hence, for

eachi=1,2,..., M,
<wa 7hM)x = (AN(ga)?J'T’?” y~>y = —(ga)i‘w (ﬁ)?’,jy”)x

for all @ € XV which implies A} = (g") jyN which implies ANM = —gMjyN
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0 @~
Finally, let (ANM)” ( N.M) = ( W ), where wNM = ZwM xM. Then,

hN.M =1

(545 ot )
= (@0 )x + (@ 0N )y + @RV,

Taking 7V = 0, @M = 0, we get ¢~ = 0. Now let %M = 0. Then, (_7"37"’,10"”’)e

= (F,9V), forall F¥ € YV; e,

(), = <ﬁ~,ias"wr> _- <a~,A~za:-"w:“>
X Y

=1 =1

M
which implies ¥V = —AN 3" aMwM = — AN [° wNM(s)ds. Finally,

i=1

z (w,_l @?{,W.M)x = iaﬁw (w, ) hM)x

i=1 =1

which implies o (M, h) = (@, wlfy — w)  s0 Bl = 7 (u — )

for i =1,2,...,M where w}f,, = 0. Thus, we have proved

THEOREM 3.2.2. For zNM = (z",y",wN'M)T € ZNM

0 N
—=JY
M
(AN’M).ZN'M = —AN (2N+‘§QMU)M)

—gMiyN — E aM (wM w:+1) xM

i=1

Let WNM be as in (3.1.2) and define WNM C W by

M-1
Wf’“s{wéWlw:ZbMB,M, bf"eXN}
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Define DNM : WNM _, yNM by

DN'M WM = Z Py (bz-l - bfw) Xf’w

i=1 ‘

M=1 _ _
where w¥'M = Y bMBM and b} = 0. Define the isomorphism :¥-M : WNM _,
=0
WNM by

NM NM = th—IXt .
=1

Now deﬁné DNM . NM _, yNM by DNM = DN.M (if"M)-l. We can now write
(ANM)® in the form
()= (1) L (34
Wt —gM iy — DI MM

We wish to prove convergence of the adjoint semigroup using the method of the
previous section. Thus, we assume Al) and A2). Let W, and Z, be W and Z
equipped with the norms -l and [|-[|z,, respectively, and let ng" and PN’M be
the orthogonal projections of W, onto WM™ and Z. onto Z¥M. Since ||| and

PNM

I-]l, are equivalent norms and -2, I with respect to the norm ||-||;;, we have

LEMMA 3.2.3. PZ’M -5 I with respect to the norm ||- 5,

Let D. be defined by D(D.) = Hi(-r,0;X), D. = (%. Define the bilinear

form a.(-,-) on D(D,) x W by a.(w,h) = —jfr (D.w,h)yx ds, and the bilinear

form a?¥'M(.,-) on va'M x WM by VM (yN:M pNMY = <—13£V'MwN'M, hN'M> =

- 2 (DM, RNMY | ds.
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€6

z
For z = ( Y ) € D(A*) and Re) > 0, consider the equation (A — A*)z = (
w

)

or

Az +jy=0, (3.2.3)
Ay+ A (z + /0 w(s)ds) =1, (3.2.4)

Sw :
Aw + g, Jy + s = h. (3.2.5)

From (3.2.5) w(s) = — [ X€~%) (g, (£)jy — h(£)) d¢, and from (3.2.3), jy = —Az+

@, or y = —Aj~1z + j~1p. Substituting into (3.2.4) we get

Az ==+ Ao - A [ (M +D.)™ [ga(s)cp - h(s)] ds (3.2.6)

where A()) is given by (3.1.9).
Now, for zMM = (gN, yV, WM )T € ZNM and Re) > 0, consider the equation

(M - (AN'M)') VM = (cpN,zl)N,hN'M)T. We have

M
\o 4+ A (zN ns aﬁ-“wf-“) =, (3.28)
=1
/\w‘ (ga) ]y + — (,w ﬂl) =h£.w for 1=1,2,...,M
aM (3.2.9)

where WM = Z wMxM and RNM = Z hMxM. From (3.2.9),

=1 =1

1 1 xjg o
(34 ) ot = grotts = S+

]
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or

wh = (1+2a¥) ™ [wl, - (0)¥i0" +ahM], i=1,2,...,.M

where w3, = 0. In order to find a formula for w¥ in terms of the kM, we first

observe that

wh_ =1+ Aaff_)” - [wﬁfl-(i—l) — (9a)M=i JY™ + i3],

for:=0,1,...,M — 1. Then, by induction,

wi_i = Z [H (1 + ’\O‘M-l)-l] [aM-khM-k (9a) M-k JyN ] .

k=0 Li=k

Thus, uf = 3° [11(1+3a1)™] - [alHf = @)}y, From (3:27), iv" =

k=t Li=i
" — Az" which implies ¥V = j~1¢" — Aj~'z¥. Substituting into (3.2.8) we obtain

M M k
A2j-1gN AN (zN + Z oM z [H (1+ /\a{”)-l] /\(ga)f‘”zN)

=1 k=t Li=¢

M M k
= - + 27" — AV Y oMy [H (142 )“] (g™ — ol RY].

i=1 k=i Li=i

By reversing the order of summation on the left-hand side, we get
ANMNZN = — N 425 1N -AN /0 (AL + DYM)™" (gMN — pNM) ds (3.2.10)

where ANM()\) is given by (3.1.14).

LEMMA 3.2.4. For A > 0, (A + DNM)™' pVMp (AT + D) h for all h € W.
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M
PROOF: We first show that —DN'M is dissipative. Let w¥'™ = Y~ wMxM. Then

i=1

(~D i, = [ <z 7 (ol - i+1)xz~',iw.-ﬂfx:“>xds

=1 ! i=1

M
—Z(w,+1 w}, w] )x

i=1

- 2
<3 [loMall - ol = N3]

=1

1 < M |12 M||2 1y a2
<33 [l — lwMy] = -5 oIk <

=1

Thus, || (A + D27 < :1\- Let
w=M+D.)""h and w™M = (A + DNM)™ PYMp,
or equivalently
(M+D)w=h and (M +DNM)uNM = pPMp,

Set WM = (if"M).l wVM and VM = {7”’” € WNM | ||7N'M|L < 1}. Following
the proof of Lemma 3.1.6 we can show that

i (@4 = ), < 3 mp o (™) M (@)
+ || B (o - vy (3.2.11)

3
for all M € WNM_ Take VM = | Py (D.w)dé. Then

-

[ (w7 7NM) NM (wNMv 7NM) /0 D w) - tha'y >X ds=0
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for all yYN'M € WNM_ Since |||l and ||-||, are equivalent norms there exist constants
1,72 > 0 such that 7 ||Jw]|, < |lwllw < 12 {lwl|, for all w € W. Thus,

7 [ — ilMEVH|, < [lw - M@,

< lw = @™y + [[B%H - M@, -

Again following the proof of Lemma 3.1.6 we see that

[l — @[l <

= | p.w - PEM(D. w)"

< (7"‘12)2
- 2

- P{:,'f*’(D.w)"e ~0as N,M — .

Set PY™(D,w) = z EMyM and GNM(s) = z'l BMBM(s). Then
t,‘.‘ M M
=My = [T SOk = Y Mo forj=0,1,. M1
- =1 i=j41

M=1
Now, iNMpNM — Zlex, Since @V M = Y bMBM,
i=0

=1

. WM, — oM
@VM(s) = B}, - S (ty —s) for s € [, 8,).
2
- v
Hence, VM — iNMpNM = _ I— 1 (t,_1 —s)on [tM,t4 ) forj =1,2,..., M.
Thus,
2
|a™™ — i’_V.M{,;N.M” E / ga(s) (t,_1 s)| ds.
=1 X
M —bM
But, "laM : (Z E tMa M) =¢M, 50
] i Jj=1 j=id

M g‘.‘i
o — ey = 5 [ 0 |41} (2 = de = 1.5
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Once again, as in the proof of Lemma 3.1.6, S; — 0 and S — 0 as M — oo, so
|w— MBNM|| . — 0 as N,M — oo which implies |w = iMBVM|| — 0 as
N,M — oo. Therefore, from (3.2.11), "wN'M - if,v'MfBN'M”e —+0as N,M — oo,

and 50 [|w — w¥M|| —0as N,M — cc. 8

THEOREM 3.2.5. For all z € Z, 4™ ) PY'M; — T*(t)z as N, M — oo, uniformly

on bounded t-intervals.

14
PROOF: Let u(-,-) and u™(-,-) be as in the proof of Theorem 3.1.8. For z = (1}6) €

T N
Z,let M- A*)"1z= (y), and (A — (ANM)*) 1Pz = ( %\ZM) Then, by

w w
(3.2.6), for all u € X,

l‘(z’ u) = (-'l’ + Aj-l(p’j_lu)y

+o (i /" (M + D)™ galoho = he)lds, i),
and by (3.2.10), for all u¥ € XV,

pMa,u) = (=9 + AN Ty
+o (j“ /0 (M + DYM)™ [ ()™ — AV (s)] ds,j“u") :
oN

where Pg’Mz = ( YN

. The rest of the proof is analogous to the proof of
hN-M

Theorem 3.1.8 once we observe that PN;M(ga(s)tp) = gM(s)p". To see that this is
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true, let u¥ € XV. Then for: =1,2,...,M,

M

(ga(s)p, u xM(s)), = ( [:-l ga(S)dS) (0, u") y = (g)¥ (", uN)

= /o <g£{(3)‘PNa uNX?{>x ds.

Thus, (ga(s)p, ANM)_ = (gM(s)e™,ANM)_for all RN-M € WM. g

3.3 Approximation of a Viscoelastic Shaft.

Recall from Section 2.4 that the system described by (2.1.3) - (2.1.5) can be

written in the form

g+ [ry+ f s(sluads| = 10 |

on the Hilbert space Y = R x L;(0,!) where

o) ={(3) e |seat@onawn, v =1},
(3)-(59).

rualt) \
fie) = (%&z)ul(t)) '

We will take the kernel function g to be g(s) = —e*%/(5/—s). Clearly g €

and

Ly(-r,0), g < 0 and ¢’ < 0 on [~7,0). In order to satisfy A2) we require that t
be chosen large enough that a = 7+ jf _g(s)ds > 0. We will use the uniform mesh
described in Remark 3.1.2 and the non-uniform mesh described in Lemma 3.1.3, so

A2) will be satisfied.
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The space X is H}(0,!) with norm |j¢||} = a_];(cp’)z._ The space Y is as above

2

(J)) =Iv*+0 j: 42, For the first stage of the approximation we
Y

use a linear spline scheme as follows. For each positive integer N let zV¥ = % for

i=0,1,...,N, and let AY(-) be the unique continuous, piecewise linear function on

with norm

[0, 1] satisfying A)(zY) = ;. For simplicity of notation we denote hN(-) by h; and

% (AN (-)) by h!. Define the spaces X~ and YV by
N
XN = {¢€X|¢=Za.'hi},
i=1

’ N
Y"s{(g,) eY|¢'=§ﬂ.~h.-, 7=¢(1)=ﬂ~}-
Observe that YN C S.

We now show that PY =+ 1 and P} -2+ 1.

DEFINITION 3.3.1. For f € C(0,1) let f¥ denote the piecewise linear interpolate of
f;i.e, fN is linear on each interval [z¥,,z¥], and f¥(z¥) = f(z)),i=0,1,...,N.
LEMMA 3.3.2. There exist positive constants v,,7v; such that if f € C*(0,1), then

W) 1 = Fliaon < 3 1N zagony

(2) “% -9 < % "N L, 00):

La(0J)

PROOF: See [15, Theorem 2.5].

THEOREM 3.3.3. (1) Ifp € X, then |Pf¢ —¢||, — 0 as N — co.

(2) If(;z) €Y, then || P} (;z) - (l)

—+0as N — co.
Y
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PROOF: (1) Let § € CX0,0) N H}(0,). Then [[p— P3|l < [6-Vll, =

1/2
2| L @ -2, < O!N‘72 I@"}|lL, = 0as N — cc. Let ¢ > 0. Since C*N Hj is

dense in H}, there exists § € C2N H} such that |l¢ — 3|y < % Thus,

e - P¥ellx < llp - Blix + |2 - PR8Il + |1 PX? — PXollx

< % +||# — PYP||x <€ for N sufficiently large.

(2) Let % € C*(0,1). Define ¥ to be the piecewise linear function satisfying & (=)
=9 (zF) for j =0,1,...,N -1, and ¢V ¥¥ (z§) = 7. Thus, ¢N #Y on [0,zN_,].
Now,

1(3)-7(3)],

12 -~ ”~
o [f-3

<|(3)- (&),

<o ([B-],,+ 7 -3

)=Il+Ig.

By Lemma 3.3.2, [ < ”IN/?‘ "'7;”":., —~0as N —oco. Let k= l—, - @(1)[. Then

Beo [

By a density argument similar to that used in part (1),

#(3)-()

Thus, Al) and A2) both hold so the approximation converges. In the next chapter

—+0as N —+o00 forall (;Z)GY. ]

Y

we will discuss implementation of this algorithm.
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REMARK 3.3.4. The above spline estimates are standard. A similar argument can
be used to prove convergence if we use cubic splines instead of linear splines. The

above arguments can also be applied to the other examples given in Section 2.4.

If we wish to include the spring term in the right-hand boundary condition (i.e.,
use (2.4.2)), then in order to approximate the resulting system, we simply add the
operator A, to AV, The semigroups generated by AMM + A, converge to the

semigroup generated by A as the following theorem shows.

THEOREM 3.3.5. Suppose A, Z, A*,Z™ and P" satisfy Theorem 3.1.1 and B is a

bounded linear operator on Z. If S(t) is the Co semigroup generated by A + B

and S™(t) is the Cy semigroup generated by A® + B on Z", then for all z € Z,

S™(t)P"z — S(t)z as n — oo, uniformly on bounded t-intervals.

PROOF: A, A™ € G(M, 8). By Theorem 13.4.1 in [8], S(t) = 2_ Si(t) where So(t) =
k=0

T(t) and Sy(t)z = [{ T(t — 5)BSk-1(s)zds for k = 1,2,..., and S™(t) = ,,Z:o Si()

where the ST are defined similarly. Furthermore,

< M(M||B|y*+F+1e (K + 1)

- K
"s"(t) DG
k=0

_ where f; = 8+ M - ||B]|. Let € > 0. Since CX/K! — 0 as K — oo, there exists a

constant Ky independent of n such that for fixed z € Z,

€ €
<Z and <Z.

Ko
Sit)z= Y Si(t)z

"S"(t)P"z - i SP(t)P"z
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Ko '
Thus, ||S™(t)P"z — S(t)z]| < g + 3 |ISp() Pz — Si(t)z||. Define
k=0

¢4 LBLMEED e g0,

f(ﬂ)g{t(HIIBH-M), it =0,

Choose § > 0 so that 5§[f(ﬂ)]" < ; Since T"(t)P"z — T(t)Z uniformly on
bounded t-intervals for all Z € Z, there exists Ny such that if n > N, then
|IT™(s)P"z — T(s)z]| < &
and
1T (t — s)P™BSi(s)z — T(t — s)BSk(s)zl| < 6

for k =0,1,...,Ko — 1 and for all s € [0,%]. Suppose ||SF(s)P"z — Si(s)z]| < C

where C > § for all s € [0, ). Then
S22 = Seus(oe]
< /o ’ (IT(s — 0)BS}(0)P"z — T*(s — o) P"BSi(0)z
+ [T™(s — 0)P*BSi(0)z — T(s — 0)BSy(0)2]] do
< [ lo-1Bl- M=) + 8] do
< A ‘ [C-IB||- MP*=) + 6] do
<0 [ (1Bl M) +1) dz = ().
Thus, [|SFE)Pz - Sk(t)z]| < 8[F(B)]* for k =1,2,..., Ko. Therefore,

Ko
IS(t)P"z = S()zll < = +6 3 [FBN' <e W
k=0



Chapter IV Numerical Results

In this chapter we discuss the implementation of the Finite Element/Averaging

approximation scheme for the viscoelastic shaft with tip-mass. We describe how to

construct the matrices for the simulation problem and the control problem, and we

compare the results obtained using the uniform mesh to the results from the non-

uniform mesh. The computer codes described in this chapter were implemented on

a Vax 8800 and an IBM 3090.
4.1 Simulation.
We consider the system given by the equation
i af o /]
o, = o [rat, )+ [ o) 2t +,2)ds] + e

with boundary conditions

y(t,0) =0,

Zort0 == [r 20+ [ atelnte+2,0ds] +uat)

Imét_gy
and initial conditions
y(01 .'L') = 3(3)7 0<z<],

%y(o,z) = v(z), 0<z<l,

yo(-’, :L') = h(37z)9 0<z<l, -r<s<0.

(4.1.1)

(4.1.2)

(4.1.3)

(4.1.4)
(4.1.5)

(4.1.6)
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Recall that the spaces X and Y are given by
l
X = H}(0,) with norm floly =a [ (@) dz,
0

2 l
Y =R x L;(0,!) with norm “ (;Z’) =Inyt + a'/ ¥ (z)dz,
Y 0

and that S = {(J,) €Y I Y € HL(0,1), v(1) = 7}. The first step in the approx-
imation is to construct finite dimensional subspaces XV C X and YV C §, then
to compute the matrix representation of A) with respect to a basis for XV x YV,

Since we are using linear splines, we choose: as basis elements

| eN=(’5‘) and - eV (h(l))
(] 0 N4gi — )

fori =1,2,...,N and set XV x YV = span{el |i=1,2,...,2N}. Observe that
this definition agrees with the choice of X" and YV given in Section 3.3. Suppose

N € XN x YV is given by uV Za"e,, and let vV = A},qu where vV =
t=1

aN
S BNel. Then, fori =1,2,...,2N,

i=1

(Ve ) xur = (A uN,el) gy = 00 (u",€l'),
or, equivalently,

2N
Y B (e, e ) gy = Za oo (¥, e (4.1.7)

j=1 i=1

Define the N x N matrices D and H by
I
Dy = (el = [ Bl
0

i l
Hi = (i i) roy = Inhs(OB() + 0 / hy(@)hi(a)dz
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fort=1,2,...,N. Then we can rewrite (4.1.7) as the 2N x 2N system MB = F&

where
_|D 0 _1 0 D
M-[o H] and F—[-D o]°
Thus, [AY], the matrix representation of AY, is given by
I
[4d] = H-l D 0] (4.1.8)

If we take g(s) = 0 in (4.1.1) and (4.1.3) and set 0 = 7 = I,, = | = 1, then we

arrive at the system

2
Zont,n) = Ziu(t,2) + bau) (4.0.9)
y(t, 0) = 0, : (4.1.10)
Zue)=-Zye+u. (41.11)

Using the standard separation of variables technique, we find that the eigenvalues
of the system (4.1.9) — (4.1.11) are i\; where ); are the solutions of the equation
X = cot A. In Table 4.1.1 we compare the first eighf eigenvalues of the system to the
computed eigenvalues of [AON] for several values of N. Observe that approximating
the higher frequencies requires large values of N. Using a la.rgeAva.lue of N (eg.,
N = 64) to approximate the system with damping included (i.e., g(s) ; 0) would
result in a prohibitively large system of equations. Thus, since we are interested
in controlling the modes corresponding to the lower frequencies, we will use small

values of N (e.g.; N = 8 or 16) for computations estimating the eigenvalues of the
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damped system. Note that the error in the fourth frequency is 5.8% for N = 8 and
only 1.5% for N = 16.

For the second stage of the approximation, we choose a positive integer M and
construct the matrix representation of the operator AN given by (3.1.4). We will

denote this matrix by AMM. Using (4.1.8) it is clear that AMM has the form

0 I 0 0 e e e e 0 T
~-H-'D 0 —H-1D1 —H-1D3 e e e e —H-IDM
0 I —;};I 0 e e e 0
0 I oI —3I
a3 az
ANM — 0 I 0 ;};I
—-;yl—I 0
Me=1
0 I 0 .« . . 0 ;hI —;lyI
e M M -

where D; = (ga)MD for i = 1,2,...,M. Notice that AMM is a square matrix of
order (M +2)- N. |

If we replace (4.1.3) by (2.4.2), then to approximate the resulting system we must
approximate the operator 4, defined in Section 2.4 and add its matrix representation
to ANM_ Using the same method used above to find [AY], it is easy to see that

ANMM has the form

where K,'J' = kh.(l)h,(l)
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We can compare the computed eigenvalues of [A{,v ] to the eigenvalues of the
undamped system with the spring added just as we did for the system (4.1.9) -

(4.1.11). Note that the right-hand boundary condition is given by

izy(tv 1) =—(y1)+ -q-y(t, 1) ) + ua(t). (4.1.12)
ot oz

Applying separation of variables to (4.1.9), (4.1.10) and (4.1.12), we see that the
imaginary parts of the eigenvalues are given by the solutions to A\/(A\? — 1) = tan \.
Table 4.1.2 gives the approximations to the eigenvalues of the system with k = 1.
Again we observe that N = 16 yields a reasonably accurate approximation of the
first four modes. Observe also that in the higher frequencies, the spring term has
virtually no impact. |

As mentioned in Remark 3.3.4, we can use cubic splines instead of linear splines.
The procedure is exactly the same as above except for the way in which we incor-
porate the boundary condition (4.1.2). For linear splines we simply discard ko since
it is the only one of the “hat” functions for which h;(0) # 0. Let B; denote the ith
cubic spline basis function, ¢ = —1,0,...,N +1; i.e,

(3 - zi—2)3a T € [zi—% zi-l]
B3 4 3h%(z — zim1) + 3h(z — 2i21)? — 3(z — zim1)?, T € [Zio1, 7]
hs + 3h2(a:,-+1 - z) + 3’2(2.'.,.1 - 1)2 - 3($;+1 - 2)3, z € [z,-,z.-+1]

(Zip2 — 2)3, T € [Tip1, Tisa)

1
B,'(:L') = Ea-

where b = I/N (see [12]). Observe that B_;(0) = B;(0) = 1 and Bo(0) = 4.

Thus, if we set b(-) = Bo(-) = 4B-1(-), b2(-) = 4B1(-) — Bo(+) and b;(-) = Bi-1(-)
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TABLE 4.1.1 Eigenfrequencies of Ay with ¥ = 0 using linear splines

A Mox@ Ne am e

1

J

1 .86033 .86078 .86045 .86036 .86034 .86034 .86033
2 3.4256 3.5142 3.4479 3.4312 3.4270 3.4260 3.4257
3 6.4373 7.0856 6.6033 6.4788 6.4477 6.4399 6.4379
4 9.5293 11.327 10.083 9.6675 9.5638 9.5379 9.5315
5 12.645 — 13.937 12.972 12.727 12.666 12.650
6 15.771 —_ 18.177 16.409 15.930 15.811 15.781
7 18.902 — 22.552 20.004 19.177 18.971 18.919
8 22.036 — 26.213 23.779 22.472 22.145 22.064

TABLE 4.1.2 Eigenfrequencies of Ap with k = 1 using linear splines

te

by A N8 am o je g

1.2078 1.2091 1.2081 1.2079 1.2078 1.2078 1.2078
3.4482 3.5363 3.4705 3.4538 3.4496 3.4486 3.4483
6.4410 7.0887 6.6069 6.4824 6.4513 6.4435 6.4416
9.5305 11.328 10.084 9.6687 9.5650 9.5391 9.5326

oo«:c:cn-hwwr—lu.

12.646 13.937 12.972 12.727 12.666 12.651
15.772 —— 18.177 16.409 15.930 15.811 15.781
18.903 —— 22.552 20.004 19.177 18.971 18.920
22.037 —— 26.213 23.779 22.472 22.145 22.064
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for i = 2,3,...,N + 2 then b;(0) = 0 for all ¢, so we can choose as our basis for

XN x YN the set {e) |i=1,2,...,2N + 4} where

bi(-) 0
e’-v = an eN . == b,- {
' ( 8 ) d N (5-8)

fori=1,2,...,N+2. The N +2 x N + 2 matrices D and H are defined exactly
as above. Observe that the matrix AMM has order (M + 2) - (N + 2) when using
cubic splines. In order to compare the results obtained using cubic splines to the
results from linear splines we will use two fewer cubic spline elements at each step
so that the corresponding matrices will be the same size for both schemes. Table
4.1.3 gives the eigenvalues of system (4.1.9) - (4.1.11) (i.e., k¥ = 0) on the left and
the eigenvalues for the system with k = 1 on the ﬁgﬁt. Comparing Table 4.1.3 to
Tables 4.1.1 and 4.1.2, we see that cubic splines give a significant improvement over
linear splines. For the case with & = 0, using six cubic spline elements gives a better
approximation to the first five modes than using sixteen linear spline elements, and
fourteen cubic spline elements does better than 128 linear spline elements in the
first eight modes. A similar improvement can be observed in the case with k = 1.
We next compute the eigenvalues of the AVE matrix (i.e., ANM when k¥ = 0
and ANM 4 ANM when k = 1) to see the effect of damping and to compare the
rate of convergence for the two mesh schemes discussed above. We set g(s) =
—e%3/(5+/—=3). Note that g € L,(—r,0) and that g has a singularity at zero. We use

cubic splines with N = 6 and set k = 0. Figure 4.1.4 shows the open loop eigenvalues
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TABLE 4.1.3 Eigenfrequencies of Ay using Cubic Splines

Aj

k=0

P\

1

14
Ai

.86033
3.4256
6.4373
9.5293
12.645
15.771
18.902
22.036

.86033
3.4256
6.4375
9.5349
12.695
15.954
22.181
23.770

.86033
3.4256
6.4373
9.5294
12.645
15.772
18.906
22.050

Y

14
Ai

1.2078
3.4482
6.4412
9.5360
12.696
15.954
22.181
23.770

1.2078
3.4482
6.4410
9.5305
12.646
15.772
18.906
22.050
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of AVE using the uniform mesh with M = 4,8,12,16,24 and 32. Observe that
the plots for M = 24 and M = 32 are “close” together. Figure 4.1.5 shows the
eigenvalues obtained using the non-uniform Mesh with M = 4,8 and 12. The plots
for M = 16 and M = 24 are nearly indistinguishable from the plot for M = 12,
so the scheme appears to have “converged.” However, the plot obtained using the
uniform mesh is considerably to the left of the plot from the non-uniform mesh.
Since both schemes are approximating the same system, we expect to get the same
eigenvalues, so one of the schemes must not have converged. In Figure 4.1.6 we show
the eigenvalues for the uniform mesh with M = 48, 64,80 and 96. Observe that the
eigenvalues are moving toward those in Figure 4.1.5, but that even for M = 96 they
are still too far to the left. It is interesting to note that the smallest interval in the
case with M = 12 using the non-uniform mesh has length .001924. Achieving the
same size interval using the uniform mesh would require setting M = 520. Thus, it

appears that the non-uniform mesh is far superior to the uniform mesh.
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hseuyGes

FIGURE 4.1.4 Uniform mesh, 6 cubic splines
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Isaginary

o 1 1 L L 1 1

0.7 0.6 0.5 0.4 0.3 0.2 0.

Real
FIGURE 4.1.5 Non-uniform mesh, 6 cubic splines
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Inaginary

o 1 1 1 ’ - 1 1

<.7 0.6 <0.5 0.4 0.3 0.2 0.1 0
Real

FIGURE 4.1.6 Uniform mesh, 6 cubic splines

-
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4.2 Control.

For the control problem we must approximate the operator .A* as well as A. Since

the theory does not guarantee convergence of the adjoint for an L, kernel, we replace

g by the function g, defined by

_ a(s), for —r<s< —p,
9(s) = { 9(=p)+d'(-p)-(s+p), for —p<s<0

where 0 < p < r. We will take p = 2710,
The operator B : R? — Z is given by

0

0
B= 0 1/1,
T 1l/eb(z) O

0

For this paper, we will take b(z) = z%. Let B ( 32) = Y a;f; where {f;} is

a basis for ZVM. Then Y o; (fj, fi); = <B ( 0 ) ,f.-> for all ¢, which implies
z

U2

0
Y ajlee) ey = < (I/Imuz) , e,-> where {e;} is a basis for XV x Y. Thus,
0 XxY

- 0
a= (%':qu"Bz) where (B;); = Inhi(l).

' 0
Now, let B (161) = 3 B;f;. Then, 3- B;(ej, ei) xxy = <(1/a b(zz)ul) ’ei> ,
XxY

which implies 3 = ( Ly, I?-l Bl) where (B,); =0 fol b(z)hi(z)dz. Thus,

0 0
) BN'M = (%H-lBl ﬁH-lBg) .
0 0
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We will take W = C*C where

7 P
cl 1] =] Por®
¥ PM.3
w PM.p

where P = diag(py,...,pn), pi > 0 for i = —1,0,...,n, and the operator M, :
Ly(0,1) — R" is defined by

1 f(z)dz

1 —~¢

M¢f=
z..+e f(z)dz

Za—c
where 0 < z; < -+- < 2o < l. Thus, M,3) measures the average displacement at
each of the.z,-, and M,y measures the average velocity. In order to construct the
approximation to C, we merely have to integrate the “approximate delta functions”
&% defined by

e 1 .
6:' = '2_6X[z.'—¢..r.-+¢], 1= 1, 2, .

against each of the basis functions. For the runs described below, we used n = 4
with z; = .25, 29 = .32, 23 = .5 and z, = .677. We set ¢ = .01 and took all the
weights to be 1.

We use Potter’s method (see [14]) to solve the finite dimensional algebraic Riccati
equation (1.1.6). To simplify ﬁota.tion, let A, B and C denote the approximations
of A, B and C, respectively, and set W = CTC. The first step in Potter’s method is

to form the matrix

p| AT W
BR'BT —A|"
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Next, find the eigenvalues and eigenvectors of P and form the matrix Z = [)}ﬁ]
where the columns of Z are the eigenvectors of P corresponding to the eigenvalues
with positive real part. When eigenvalues occur in complex conjugate pairs, so do
the eigenvectors. In this case, the real and the imaginary part of the eigenvector
each forms a column of Z. Finally, the solution to the Riccati equation is given
by @ = XY~1. Once we have found @, we can compute the “gain” matrix K =
—R™'BTQ and the “closed-loop” matrix A + BK.

Figure 4.2.1 shows the closed-loop eigenvalues for 6 cubic splines and the non-
uniform mesh with M = 4,8,12 and 16. As expected based on our experience with
the open-loop eigenvalues, there is a negligible difference between the case with
M =12 and the case with M = 16. Since Potter’s method involves computing the
eigenvectors of an order 2 (N +2) - (M + 2) matrix, we want to keep M small while
increasing N. Figure 4.2.1 indicates that we can expect reasonably accurate results
for M as small as 8. Figure 4.2.2 shows the closed-loop eigenvalues for larger values
of N.

Although it may appear that the scheme is converging, the ultimate goal is to find
approximations to the gain operator K, so the real test for convergence is whether the
gains converge. Given the gain matrix K, we wish to find a representation of the gain
operator K. Since u*(t) = (u{(t)) = Kz(t), there exist operators K; : Z — R such

u3(?)
that uf(t) = K;z(t) for i = 1,2. By the Riesz-Representation Theorem, there exist
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Kia(-)
% € Z such that K;z(t) = (3, 2(2)) 5. Let % = KKgf) . Our goal is to find ap-
Ki,3’(') )

proximations to the “ODE gains” Ko and the “functional gains” Kj;,, K; 3 and Kj .
Let {fJN’M} be a basis for Z¥M and let KVM = T~ VM fN'M be given. Suppose we
wish to find a matrix representation, which we will denote by [K N 'M] , of the opera-
tor T : ZV'M — R defined by Tz = (KVM,z) .. Let z = S a¥M VM Then Tz =
(Z ﬂ;_v,M ff”M,E oM f"N'M>z = (B’N,M)T GENM where Gi; = < f;vm’ f"N'M>z'
Thus, [KN'M] = (ENM)TG which implies [KN'M]T = GT,B'N'M = GEN'M. Now,
suppose that we know the matrix representation [K™] with respect to the basis
{7} Then the coefficients A} are given by F™M = G-! [K¥M]". Using the

basis for WN'M that we used in Section 4.1 to compute the projection operator, it

is easy to see that the matrix G is given by

D 0 0 0

0 H 0 0
G= 0 0 (ga)lle :

: .. 0

0o o0 e 0 (9.)¥D

In Table 4.2.3 we show the “ODE” gains K;o and K30, and in Figures 4.2.4 -
4.2.10, we show plots of several of the gain functionals. All runs used the non-
uniform mesh. From Table 4.2.3 it appears that M does not have to be very large
for the non-uniform mesh. However, N, the number of subdivisions for the spatial
variable, must be quite large before we observe convergence. We observe the same

phenomena in the plots of the functional gains. Thus, although a small number of
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elements gives a very good approximation of the eigenvalues, a good approximation
of the optimal control requires a large number of elements. Observe also from the
plots of K;1(z) that a small number of elements yields a result radically different

from the “converged” gain functional.
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TABLE 4.2.3 ODE Gains

N M Kio Ko

6 8 -—.7046 —2.520
6 12 -.705¢ —2.521
6 16 =.7057 —2.522
8 16 —.4982 -1.714
12 16 —.4790 -1.582
16 12 —5093 —-1.630
20 10 -.5271 -1.658
24 8§ -.5382 —1.676
27 8  —.5447 —1.687
30 7 —-.5496  —1.695
34 6  —.5546 -1.703
40 5 = -5601 —1.712
45 4  —-5628 -1.716
47 4  -5641 -1.719
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FIGURE 4.2.4 K1,1(x), Non-uniform mesh, 6 cubic splines
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FIGURE 4.2.5 K1,1(x), Non-uniform mesh, N cubic splines
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FIGURE 4.2.8 K1,2(x), Non-uniform mesh, N cubic splines




90

J 1 I 1 1 I ¥ )
c- N=f2 H=16 |
see N'E‘."'B
- N=d, W=5 |
— N=d], N=d
it
3,
A ./*‘:"'. G i
Cd . N /] : .
Ve [ ’I \\’ ,I-\ o .:. “.: -:
o n .o o Yoo v €/% % <8 2. [ K
- . R ! Nl * \'.& 3
¥ g [ L g NS had
\ ? [ 4
\‘ ] -’
\/’

0.5 0.6

0.3

0.4

FIGURE 4.2.9 K2,1(x), Non-uniform mesh, N cubic splines



91

_i.a L L 1 1 1 1 1 L 1

o o4 02 03 04 05 06 07 08 09 |

FIGURE 4.2.10 K2,2(x), Non-uniform mesh, N cubic splines
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4.3 Conclusions.

In this paper we have developed an abstract framework for state space formulation
and proved a generalized result on well-posedness which we applied to an abstract
viscoelastic model with a singular kernel in the memory term. We also developed
an approximation scheme and showed that the “non-uniform” mesh proposed in
[6] yields a convergent scheme. We also showed that the adjoint system converges
for bounded kernels. We applied our scheme to a viscoelastic shaft with tip-mass
and developed computer codes to estimate the eigenvalues and solve the closed-loop
system.

There is much room for further study. In particular we plan to

(1) plot the gain functionals K;3 to see if they appear to converge at the same
rate as K;; and K;,;

(2) investigate the convergence of the adjoint for singular kernels;

(3) find an estimate on the rate of convergence for the non-uniform mesh;

(4) study some of the other examples (e.g., beams, thermo-viscoelastic systems)

mentioned in the paper.
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