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(ABSTRACT)

ig · We present an abstract f1·amework for state space formulation and a generalized

ä
theorem on well·posedness which can be applied to a class of partial functional

diiferential equations which arise in the modeling of viscoelastic and certain thermo-
${3)

viscoelastic systems. Example to which the theory applies include both second- and

fourth~order equations with a variety of boundary conditions. The theory presented

here allows for singular kemels as well as Hexibility in the choice of state space.

We discuss an approximation scheme using spline in the spatial variable and an

averaging scheme in the delay variable. We compare a uniform mesh to a non-

uniform mesh and give numerical results which indicate that. the non-uniform meh,

which give a better approximation of the kernel near the singularity, yields faster

convergence. We give a proof of convergence of the simulation problem for singu-

lar kernels and of the control problem for bounded kernels. We use technique of

semigroup theory to establish the results on well-posedness and convergence. .
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Chapter I Introduction and Notation

1.1In

this paper we consider a general class of linear quadratic optimal control prob-

lems. Our goal is to minimize a quadratic cost functional of the form

J(2, u) =
’/N

[(W2,z)z + (Ru,u)U] dt (1.1.1)
o

subject to the linear system dynamics

2(t) = A2(t) + Bu(t), (1.1.2)

2(O) = 20. (1.1.3)

Usually, the control space U is R'", and R is a diagonal matrix where r;; > 0 is the

weight or penalty on the ith controller. The operator W : Z —» Z is self-adjoint and

nounegative. Frequently W has the form W = C*C where C is an output operator

which measures various quantities related to the system. For example, if (1.1.2)

describes the motion of a vibrating beam and the goal is to drive the beam to a

state of rest, then C could be chosen to measure the deflection and velocity at several

locations on the beam.

It can be shown (see that the unique control u' E Lg(0, oo;R"‘) which mini-

mizes (1.1.1) is given by state feedback; in particular, u"(t) has the form

u‘(t) = —R-1B*QZ(t), 0 $ t < oo (1.1.4)

1
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where Q is the solution to the algebraic Riccati equation

A*Q + QA — QBR"B*Q + W = 0. (1.1.5)

Since in actual applications we are usually dealing with infinite dimensional systems,

it is necesary to find a sub-optimal control uQ(t) which, when applied to the infmite

dimensional system, results in a stable closed·loop system whose response is “close”

to optimal. We do this by approximating the operators A, B and W by A„, B„ and

W„ and then solving the corresponding finite dimensional algebraic Riccati equation

AQQ„ + Q„A„ — Q„B„R'1BQ'Q„ + W„ = 0. (1.1.6)

In, [7], Gibson showed that uQ(t) given by

uQ(t) = —R"BQQ,,z„(t) (1.1.7)

converges in an appropriate sense to
u"‘(t)

if the
Q„’s

converge strongly. In order to

guarantee strong convergence of the
Q„’s,

it is suäcient to show that W„ —> W and

B„ —> B and that T„(·) and the semigroups generated by A„ and AQ, converge

strongly to and T'(·), the semigroups generated by A and A', respectively.

1-2 LQ Brauns; @-

The main emphasis of this paper is to study the control problem (1.1.1) - (1.1.3)

for a general class of partial functional differential equations arising in the modeling
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of viscoelastic systems. The results that we present below can be extended to include

models of thermo-viscoelasticity; for example (see [9]), coupled equations of the form

0* (1.2.1)

ä0(t,z) = 7c;%9(t, 1:) — 7000%y(t, 1:). (1.2.2)
l

Several researchers have studied coupled systems of hyperbolic and parabolic partial

functional differential equations such as (1.2.1) — (1.2.2) (see [9, Chapter 6] for a

summary of the literature). Most of the previous work is devoted to the basic

questions of existence, uniqueness and continuous dependence of solutions and to

the qualitative theory of these solutions and, moreover, is based
on.

the assumption

that the kernel function g(s) is smooth on [—r,0]. In [9, p. 361] one can find a.

theorem on the well·posedness of a.n abstract form of such equations. This theorem

and its proof, however, are incorrect.

Equations of viscoelasticity (e.g., (1.2.1) with 7 = 0) have a special structure

which we can exploit. For example, (1.2.1) with 7 = 0 can be written as

o·äy(t,z) = Ä [·ry(t,1:) +
fl

g(.s)y(t+ .s,:¤)d.s] + b(1:)u(t), (1.2.3)
6t* 6172 ,,

or, in abstract form, as

7 + A [711 + y(¤)11(# + -¤)d-1] = f(¢)- (1-2-4)
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where A is a positive definite, self-adjoint, closed linear operator on a Hilbert space

Y. In [6] Fabiano and Ito consider equations of this form with singular kernels (i.e.,

g E L1(—r, 0)) and establish well·posedness when the state space is taken to be

’D(A1/2) >< Y x L2(—1·, 0; D(AV Unfortunately, the thermo-viscoelastic equations

(1.2.1) — (1.2.2) cannot be written in the form of (1.2.4), so the results in [6] cannot

be applied.

In Section 2.2 we develop an abstract framework and a generalized well-posedness

theorem which applies to equations of the form (1.2.4) and can also be applied

to other more general equations. Our approach allows a singular kernel, and it

also has the advantage that it does not require explicit knowledge of the domain

of A1/2 in order to write down the state space. This property can be useful in

applications where A1/2 is not a differential operator. We also remark that our

general framework can be applied to certain finite delay systems similar in form

to the infinite delay systems considered by Miller and Desch in [10]. Miller and

Desch prove well-posedness for a class of equations in which the kernel is completely

monotonic.

Although we present a generalized well·posedness theorem, the main goal of this

paper is to develop a practical computational scheme for optimal control problems in

which the system is governed by an equation of the form of (1.2.4). Approximation

of such systems generally consists of two steps: first approximate the spatial variable
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(e.g., by means_ of splines) to reduce the system to a hereditary differential system

on R", then use the averaging scheme considered by Banks and Burns to

approximate the “history” or “memory” term (i.e., the integral term in (1.2.4)).

The idea of the “AVE” scheme is essentially to approximate the kernel g(s) by a

step function: partition [—r, 0] into M subintervals and take the integral average in

each subinterval. Fabiano and Ito show that the approximation scheme converges

for an L1 kernel using a uniform partition of [—r, 0], but they give numerical results

which indicate that a different partition using a finer mesh near the singularity at

zero yields much faster convergence. In Chapter 3 we modify the proof given by

Fabiano Ito for singu1a.r kemels and a. uniform mesh to include singular kernels

and the non-uniform mesh. We also establish convergence of the adjoint system

under the restriction that g E L2(-r, 0). Convergence of the adjoint for L1 kernels

is not yet established and remains an open question. In Chapter 4 we present some

numerical results iHustrating the theory developed in Chapters 2 and 3.

1.3 .

We will use the following notation. If X is a linear space, then X and (·, X will

denote the norm and inner product on X. If T is a linear operator from a space X

to a space Y, we denote the domain of T by 'D(T) and the range of T by ’R.(T). We

denote the resolvent set of T by p(T). For a Hilbert space Z, the set of a.ll square
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integrable fimctions defined on [a, b] with values in Z will be denoted by L2(a, b; Z).

The space of all absolutely continuous functions f 6 L2(a, b; Z) with jth derivative

fm absolutely continuous forj = 1,2, . . . , k - 1 and fm 6 L2(a, b; Z) is denoted by

H'°(a, b; Z The symbol H},(a, b; Z) denotes the set of all H1 functions which vanish

at the left end—p0int of the interval; i.e., H}J(a,b; Z) E {f 6 H'(a, b; Z) | f(a) = 0}.

Similarly, H},(a,b; Z) E {f 6 H1(a,b; Z) | f(b) = 0}. For a function 2 : [-1*, oz) —»[

X, 1*,a > 0, the symbol 2, for t 6 [0,a) represents the function 2, : [-1*,0] —» X

defined by 2,(s) E 2(t + s). If A is the iniinitesimal generator of a Co semigroup

on a Hilbert space Z satisfying Z $ Meß', then we write A 6 G(M, ß).

Finally, 2,, 2 means that 2,, converges strongly to 2.



Chapter II Well-Posedness

In this chapter we present a well·posedness theorem for a general class of abstract

ordinary differential equations. We then apply this result to a general class of

partial functional differential equations (PFDE’s) which arise, for example, in the

Boltzmann model of linear viscoelastic systems. Finally we show how the theory ·

developed in this chapter applies to several specific examples; namely, the distortion

of a uniform bar, the torsional vibrations of a viscoelastic shaft with an attached

tip·mass, and the transverse vibrations of an Euler-Bernoulli beam, also with a

tip~ma.ss.

Our approach, given a PFDE, will be to reforrnulate the system as an abstract ·

Cauchy problem on an appropriately chosen Hilbert space; i.e., to cast the problem

in the form

C
2(t) = Az(t) + Bu(t) (2.1.1)

z(0) = zo (2.1.2)

where z is an element of some Hilbert space Z (the state space), and u is in some

control space U. The system (2.1.1) — (2.1.2) is well-posed; i.e., it has a unique

solution which depends continuously on the initial data, if and only if A generates

7
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a. Co semigroup on Z. A standard result from the theory of semigroups often used

to establish well—posedness is the Lumer-Phillips Theorem:

THEOREM 2.1.1. Let A be a densely defined operator on a Banach space X. If A

is dissipative and there exists «\0 > 0 such that the range of «\0I -— A is all ofX, then

A is the generator of a Cc semigroup of contractions on X.

The proofof this theorem may be found in [11]. We will use the following corollary

to prove the general result on we1l—posedness.

ACOROLLARY2.1.2. Let A be a closed densely defined linear operator on a Hilbert

space H. If there exists ß 6 R such that (A:1:,a:) S ß(:z:,x) for all 2: 6 'D(A), and

’R.(«\0I - A) is dense in H for some Ag > ß, then A is the infinitesimal generator of

a Co semigroup T(t)·on H satisfying S ef".

PROOF: The operator B defined by

’D(B) E ’D(A), B E A — ßI

is closed and densely defined. If :1: 6 17(B), then {B:z:,a:) = (A:r,x) — ,ß(a:,x) S 0,

so B is dissipative. Set A1 E Ao — ,6. Then A; > 0, and

'R·()~1I — B) = 'R·[(«\¤ - ß)! ·· (A ·— BU] = 'R(«\¤I - A)

is denseinH. Set T E «\1I—B = «\0I—A. Ifx 6 'D(A) and 2: 96 0, then

(.*13},12) S ß(a:,z) < Ag (1:, 2:) which implies that 0 < ((«\0I — A)x,x) = (T:::,:c).



9Therefore,T is injective. Now, for :1: E D(T) = D(B),

_ ||T:z:||z = (T:z:,Ta:)

= Äillßllz — M (BI,I) - M (I, BI) + llB$ll2

2 '\ill$[l2,

so T" is continuous. Since
T"‘

is also closed, its domain must be closed. Thus,

'R(),;I — B) is both closed and dense in H, so it must be all of H. Hence, by

Theorem 2.1.1, B generates a Co semigroup of contractions, S(t), on H. If we

define T(t) E
eß‘S

(t), then T(t) is a Cg semigroup whose infinitesimal generator is

A, and ||T(t)" S eß*. |

In order to motivate the statement of the general theorem, let us consider the

viscoelastic shaft with tip·mass mentioned at the beginning of this chapter. The

equation describing the motion of the shaft (see [4] where the kernel g(s) is assumed

to be in H1) is

0%y(t,:1:) = [r§?y(t,:z:) + /jg(s)äy(t + s,:z:)ds] + b(:1:)u1(t), (2.1.3)

while the boundary conditions are given by

y(t,0) = 0, (2.1.4)

Here 0 is the product of the density of the shaft with its polar moment of inertia,

*r is the product of the shear modulus and the polar moment of inertia, I„, is the
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moment of inertia of the tip mass, and the delay r > 0 is assumed to be finite. The

function g : [—r, 0) —> R satisfies the conditions

(1) sv < 0. y' S 0 ¤¤ [-1*,0),

(2) g E L1(—r,0), and cx E ·r + jf, g(s)d.s > 0.

Set w(t,.s,x) E y(t,x) — y(t + s,x), and let g„(s) E —§g(s). We can then rewrite

(2.1.3) and (2.1.5) and combine them into the the single equation

1)
ö1° y(¢. ¤=)

0 y(t I) w(t sI)=m 7
a

7 7
d

m

(0 -«g (8) (w(t•~%¢)) si + }b(¤=)¤1(f)
(2.1.6)

where D, E 5%-hand 6)<p E <p(I) for ep 6 C(0, I). Observe that (2.1.6) has the form

. ä: im + @8) + Bu (2.1.7)

where {I2 satisfies

G = j+ Dsiö. (2.1.8)

We wish to recast (2.1.7) - (2.1.8) as a first order system. Let Y be the Hilbert

space R x L2(0, I), let X E H},(0, I), and let W E L;(—r, 0; X). Let S Q Y be given

by

= 7 1 = ,
(

S-6Y I ¢1 6 H1,(0J),¢(I) 7)

Definej:S-—>Xbyj(;) E¢·,andi:X—>Wbyi:z:E:z:. Ifweset2:=j§,y=§)
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and iB(s,2:) = and define Cw E jÖz'D, then

.
(

é = jy, (2.1.9)

g öa) + Bu

= Äj'1(1: +jÜ1T:) + Bu = A(x + Cw) + Bu, (2.1.10)

and ·

Ü w(s,l) _ A _ A ^
Aät-<w(8,$))

_ w —y+Dsw = y+
(äw(s,2:)

which implies

12: = ijy + Dw. (2.1.11)

Thus, if we set Z E X x Y x W and define the operator A : D(A) Q Z —+ Z by

$ S, D C F1 D D ,1>(.4)E y eziye we () ().
„, (9: + Cw) 6 D(A)

3 jy
A y E A(x + Cw) ,

w ijy + Dw

then we can write (2.1.3) — (2.1.5) in the form of (2.1.1) where B : U —» Z is given

by
0Bu E (Bu) .
0

Observe that the boundary condition (2.1.4) is incorporated into the definition of

the state space Z.
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2.2 A Qenerel Ihemzem

enWenow turn our attention to the question of well-posedness of systems of the

form (2.1.1) — (2.1.2). Suppose that X, Y a.nd W are Hilbert spaces, and set

Z E X x Y x W. Let S be a subspace of Y, and suppose we have the following

linear operators:

A0:D(A0)QY—»Y§ AI:D(AI)QX—»Y§

CI:D(CI)QW—»K D:’D(D)QW—»W,

i : X -» W, E j : S —» X,

where i is continuous and j is injective with
j“‘

: 7Z(j) —+ Y continuous. Define A

and C by A E AOAI, C E AOCI, and define A' by

6 X >< W I :1: 6 D(AI),w 6 ‘D(CI),AI:1: + CIw 6 D(Ao)}

A' 5 Ao(AI1: + GIw).

Define A by
J7 Z y€5'„w€7?(D)»

iz::1:A ( I,) E A'( lf,) .
w ijy + Dw

Finally, for ). 6 p(D), define LI : D(L,\) Q X —> Y by

D(LI) E {a: 6 6 D(A)} ,
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We are now ready to state the main result of this chapter.

THEOREM 2.2.1. Suppose

(1) D(A) is dense in X, S is dense in Y and D(C) FI D(D) is dense in W.

(2) j(S) is closed in X.

(3) A' and D are closed.

(4) There exists ß E R such that (2, Az)Z S ß (z,z)z for all z E D(A).

(5) There exists A0 > ß, Ag 6 p(D), such that ’R.(L,\,,) is dense in Y.

(6) («\0I — D)[D(C) 0 D(D)] is dense in W.

Then A is the infinitesimal generator of a CO semigroup T(t) on Z satisfying

||T(¢)l| S <="‘- _

PROOF: We must show that A is closed and densely defined and that ’R.(«\0I — A)

is dense in Z. Set D E D(A) x S x (D(C)f"ID(D)). Then D Q D(A) and D is dense

in Z, so D(A) is dense in Z.

...,.,1.. . „..„, ... ....1 ..(;;;) - (tg)..w,,
w,, w w,, 0,, 0

Then y„ E S and jy,, = <p„ —> cp. Since j(S) is closed, ap E j(S); i.e., there exists

'§ E S such that fg] = cp. But j" is bounded, so

Ilii — vll S Il? — y»|| + ||y» - vll

= ||i"<P —i"<p„|| + Hy,. — vll

° S I|i"|| · I|<p—s<>»lI+IIz1„—yII ->0 aß ¤—·<>¤·
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Therefore, y = ij; i.e., y E S and jy = cp. Now, E D(A’),—>and

A' = gb„ —> gb as n —» oo. Thus, E D(A') and A' = gb. Since

jy„ —» jy and i is continuous, we have ijy„ —» ijy. We also have ijy„ + Dw„ —» 0.

Thus, Dw„ —> 0 — ijy. But D is closed, so w E D(D) and Dw = 0 — ijy which
1:

implies that ijy +Dw = 0. Therefore (y) E D(A) and A A
w w 0

is closed.
_ ‘P

Fmally, let .L 'R.(«\0I — A); i.e.,

A' 0. 061 — mw -11y>,„ = 0
Y

forall y ED .Let:¤EDL .Then j'x EDA,
( 00 < > ( A6 z‘

so 0 for all :1: E D(L,\„).
x

By (5), gb = 0. Thus, (<p,«\0:c —jy)x + (0,(«\0I - D)w — ijy)W = 0 for all (y) E
w

D(A). Let :1: = 0, y = 0. Then (0,(«\0I— D)w)W = 0 for all w E D(C) O D(D).
x

Thus, 0 = 0 by Now let x E D(A),y = 0,w = 0. Then E D(A),

so (<p,«\0:z:)x = 0 for all 2: E D(A). By (1) this implies that cp = 0. Therefore,

'R(«\oI — A) is dense in Z. |

Observe that if C1 can be factored as C'; = AIÜ where Ü : Q W —-» X, then

A,
= A0(A;m + Clw) = A0(A;x + Alöw) = A(:z: + Öw),

and A has the form given in the example in Section 2.1.
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2•3 9.f a äneizal Qlxs nf BEDEls-

Let Y be a Hilbert space and consider the equation
U

1] + Ä [ty +
fi

g(s)y,gds] = f(t) (2.3.1)

where g < 0, g' S 0 on [—r,0), g E L1(—r,0), and cz E ·r + jig(s)ds > 0. Set

‘lTI(8) E y — ys and g„(.s) E —ég(s). Substituting into (2.3.1) we get

3}+aÄ [y +
fl

g,,(s)ü”1(s)ds] = (2.3.2)
l

••f

Assume that Ä is a closed, densely defined, positive, self-adjoint, injective linear

operator.

A standard technique (see e.g., for reformulating (2.3.2) as an abstract Cauchy

problem is essentially to set X = D(Ä‘/2) where the inner product on X satisfies

(::1,:1:2)X = (Eil/2x1,
Äl/’a:2>Y

and to take the state space to be

Z=X x Y x L2(—r,0;X).

The approach we take here is similar except that it avoids the necessity of discussing

the square root of It is only necessary to know that the square root exists. Our

approach also allows more flexibility in the choice of state space in that it is not

necessary that X be contained in Y, although X will be in one-to-one correspondence

with a subspace of Y.

With this discussion in mind, let S be a subspace of Y such that S Q D(Ä), and let

0(·, be a symmetric bilinear form on S such that 0(y1,y2) = <ozÄ y1, y2>Y when-
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ever y; 6 and yg 6 S. Let X be a Hilbert space and j : S —> X a bijective lin-

ear operator such that j" : X -> Y is continuous and (2:1,2:2)X = o·( j—1$}_,j—1Ig).

Let W E L2(-r, 0; X) with (w1,w;)w = jf, g„(s) (w1(s),w2(s))xds. Set

I 2
Z E X >< Y >< W With Ilzllä = 2/ E ||¤=|I§: + Hull? + I|wlI€v·

w z

DefineA:D(A)QX—»Yby

X v(A) E {2 6 x Ira 6 1>(Ä)}, A E -¤71r*.

Then z(t) 6 Z satisfies

‘
%z(t) = Az(t) + col(0, f(t),0), (2.3.3)

where A is given by

2: y 6 S, w 6 H};(-r,0; X),
DM) = ff, E Z I 6 1>(A) *

iv
A g A (2: + jf,g,(s)w(s)ds)) _

"’ 2 iv +
%'”;

LEMMA 2.3.1. The operator D given by

I
D(D)=H‘(—r 0-X) D=£R 1 1 1 68

is dissipative in W.

The following proof is due to Fabiano and lto (see
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P11oo1=‘: For w 6 D(D),

6(Dw,w)W = /0g,,(s) <äw(s),w(s)> ds

1 ° 6
‘

= E / s¤(s)g I|w(s)l|§ ds-

Let 6 > 0 and consider

L = ä Ä ac-(0;; IIw(s)I|§ ds

1 2 1 2 1 -° I 2= ;s1¤(—¢)IIw(—s)I|x — ;a«(—r) l|w(—··)I|x - g _ a.„(s) IIw(s)I|x ds
1S ;y¤(—s) |Iw(—¤)Il}-

Since w(—6) = w(0) - fi Dw(s)ds = — _/1 Dw(s)ds, by the Cauchy·Schwarz in-

equality . .

I|w(—s)II} S /5:ä s¤(s)I|Dw(s)I|}ds-

Note that g,,,(—6) jf; :1-;% = Ä ds $ 6. Thus, we obtain '

L S s /0 s«(s) lIDw(s)Il} ds

for all 6 > 0. Therefore

(Dw,w)W :12%], $ 0. l

THEOREM 2.3.2. A generates a Co semigroup on Z.

PROOF: Let A, D and j be as above and consider the operators:

D(Ü) = W3 Üw =
/0

y¤(s)w(s)ds;

i:X—»Wgivenbyia:=z.
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Clearly i is continuous. By assumption,
j°‘

: ‘R.(j) = X —> Y is continuous. In

order to apply Theorem 2.2.1, we must show that A can be factored as A = AOAI.

Since IÄ : Q Y —» Y is positive and self·adjoint, it has a positive square root

_ AV'. Define A0 and A, by

1>(4„) E D(ÄV'), 4., E -a.’4=/=

_.1>(.4,) E {5: 6 x | 5-% 6 1>(Ii*/=)}, .4, E Jil/*5-1. .

Clearly, A = AOAI.

We now verify the six conditions of Theorem 2.2.1.

(1) A is densely defined and S Q 'D(A), so S is dense in Y. Suppose E .L D(A).

Then for all x E D(A),

0 = (¢»?)x = ¤(i°‘==J"$) = ¤ (Äi"=¤„i"’=F)Y„

which implies that <Ay,j'1?E)Y = 0 for all y E But Ä is self-adjoint and

one-to-one, so 7Z(A) is dense in Y ([13, Theorem 13.11]). Thus j"?c“ = 0 which

implies that FE = 0. Therefore, D(A) is dense in X. Finally, ’D(C') O D(D) =

D(AÖ) V1 D(D) = H},(—r,0; 'D(A)) which is dense in W.

(2) Obvious since 'R.(j) = X.

(3) D is densely defined and dissipative. Let h E W and set w(s) E es
Ä e"h(6)do·.

Then (I — D)w = h, so D generates a Co semigroup of contractions on W by the

Lumer·Phillips Theorem. In particular, D is closed.
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To show that A' is closed, let 6 'D(A’), —> and A' =
y„ —> y. Set

o
gn =

j—* (xn 4-/ _q„(s)w„(s)ds)

and

o
§]=j'1 (1v+/ g,,(s)w(s)ds> .

· *7

Since ||w„ —w||w —> 0 as n —» oo, _[ig,,(s) ||w„(s) —w(s)||§ ds -> 0 as fl —> oo,

which implies that ||w„(s) —w(s)||X —» 0 as n —» oo for a.e. s 6 [-1-,0). Thus,

jfT ||w„(s) -w(s)||X ds —> 0 as rz —> oo by the Dominated Convergence Theo-

rsm- N¤w1 llän —§lIy S ll1"ll · [Ilm — sllx + ff. 1111-(s) Il=m(s) — w(s)llx ds] —· 0

as n —> oo. Also, Q], 6 and -01A
'y”„

=
A’(;")

= y„ —> y. Since

A is closed, Q7 6 and
—aAy‘

= y; i.e., :1: + fi g„,(s)w(s)ds 6 D(A) and

A (m + fi g,_,,(s)w(s)ds) = y. Thus, A' is closed.

:1:
(4) Let y 6 D(.A). Then, using the definition of (·, X,

w

:1: :1: _ 0A 11 „ 11 =(111„w)X+(A (s+/ a¤(s)w(s)ds) 111)
U} [Ü Z

‘7° Y

, Ü+ y„(s) 1u+ gw(s)1w(s) ds
-g•

X
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= <iy,=+f y,,(s)w(s)ds)_}
X

- a <Äj'1 (: +
fl

g„,(s)w(s)ds) ,y>
gf

Y

+
/0

a«(s) (2w(s),w(s)) ds_,. Ös X

=
fl

s1¤(s) (£·w(s),w(s)> ds-_, ös X

But j1_g,(s) ds S 0 by Lemma 2.3.1. Thus (.Az,z)z S 0 for all

z 6 D(.A).

(6) We will take ÄQ = 1. Since D generates a C0 semigroup of contractions, A0 6

p(D) by the Hille-Yosida. Theorem (see [11]). Let h 6 D(AÜ) and set w(s) =

68 j;) 6”'h(o‘)d0. Then w 6 H};(-r,0;D(A)) = 17(AÖ) f'1D(D), and (I-D)w = h.

Thus, D(AÖ) Q (I — D)[’D(AÜ) fl D(D)], and 'D(AÜ) is dense in W since D(A) is

dense in X. X
(5) Let : 6 D(L1). Set w(s) E (1 - 68):. Then w 6 D(D), and Dw = -8827, so ‘

° :
(I - D)w = :, or (I — D)": = (1- 68):. Thus, j'1<¤ 6 D(A), and

(1 - 68):

Liz = i"== — A (w +
fl y¤(s)(1 — s’)sds)

=
j'°‘:

+
aÄj°‘

(2: +
/0

g„,,(s)(1 — 68):ds)

= I": + ¤¤Äi"==

where ao E Q — jf, g(3)(1 — e8)d3 = 7* + _/fr g(s)csds > O. Let T be defined by

@(T) E {sr E S Iiv E @@1)}, T E T+ ¤oA·
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It is easy to see that = D(T) and ’R.(T) = 7?.(L1). By the Cauchy-Schwarz

1¤<-=<1¤¤liw, f¤r 11 6 7?(T), IlTy|| · Ilyll 2 I(Tz1„y)| = [(1 + ¤¤Äv, 21)] = I|z1II’ +
010 <Äy,y> 2 ||y]]2 which implies ]|Ty|| 2 ]|y||, and so T is one-to-one. Also, T* =

(I + 0:0Ä)* = I + 0021* = I + 010:11 = T. Thus, by [13, Theorem 13.11], ’R.(T) is

dense in Y. |

2.4 Examxilss '

In this section we will use Theorem 2.3.2 to establish well·posedness of the three

examples mentioned at the beginning of the chapter. We begin with the viscoelastic

shaft which satisfies equations (2.1.3) — (2.1.5). Let Y = R. X L2(0, I) with

2
2Y

0

Then (2.1.3) - (2.1.5) can be written as

iv +
(Ä [Ty +

fi y(8)ysd8] = f(¢) (24-1)

-1-u2(t)h z = ’··· , d

?(Ä) = 6 Y [ ¢· 6 HMOJ) V1 H°(0J),¢(1) = *1},
1„ -1;; 14 (4) ‘ (21-)*) ‘
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Clearly, is dense in Y. Let E Then

<Ä
I 2 2

Thus, Ä is positive and ä $ · so Ä is one-to·one

(and Ä°1 is continuous). Let , E Then

.. ¢ ·
A 71 » 11 = ¢i(I)¤/·*¤(I) — 1/#7%$1 $2 0

_, I

0

I
~

·soÄ is symmetric.
^ 1: I ^Let E Y. Define 1ß(z) E

/ [/ 01/v(§)dE+I,„7] dt. Then 1/>(0) = 0,
0 {

1b' (:1:) =
/1

0$(§)d§ + 1,,,7 which implies 1// = I„,7, and 1//’(:1:) = -01,/;(a:). Thus,

($121)) E D(Ä), and so Y. Therefore, by Theorem

13.11 in [13], 71* = Finally, D(Ä°1) = = Y, so
Ä“1

is closed, and

hence Ä is closed. Now let S = E Y] 1/1 E HI1(0, I), 1/;(I) = 7}, and define

0 E for E S. Then, S Q and
0(yhyg) = <aÄy1,y2)Y whenever yl E D(Ä),y2 E S. Let X = HI{(0,I) with

(z1,a:2)X = a_]:xQxQ, and definej : S —+ X by j E 1/. Clearlyj is a
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bijective linear operator, and

1

1Form 6 X, ||j"1m||; = I„,mz(I)+c·j: mz $ Thus, j" is continuous.

Now, define Z = H}J(0, I) x R x Lg(0, I) x L2(—r,0;H},(0,I)) with

2
1 1 1 6 27 1/1z +

fl
y¤(¤) 4/ —w(¤) d¤=d8„

ll" 0 0 -r 0 öx
w z

and define

77(A) = ,7, 6 Z
l

w E Hä(·*‘»0; H1(0J))„ ,
w (<p'(m) + jf', g„(s)%w(s,m)ds) 6 H‘(0, I)

'!' .
A Y; —ü

sä¢·
+ Q}

The operator A generates a Co semigroup on Z by Theorem 2.3.2.

Now suppose we replace equation (2.1.5) by

I äy(t I) = — Icy(t I) +·r£y(t I) +
/°„1„)l„11+. I)d.s] +u2(t) (2.4.2)Matz 7 7 az 7 _, am 7 7

where k > 0; i.e., we include a term representing a spring at the end of the shaft. We

can formulate the system (2.1.3), (2.1.4), (2.4.2) as the abstract Cauchy problem

é(t) = Az + Bu

z(0) = zo
‘
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where = D(A) and

e/¤

Ä
Y} _ —ä [kw) + ¤=<p’(l) + ¤ !1’,g„(¤>£w(¤.1)ds]

Z; äé [s¤’(¤=) + jf, s1¤(¤)%w(8, ¤¤)d—¤] °

«/¤ + @2,%

Observe that A = A + A1 where 'D(A1) = Z, and

<p ,,0
7 - —;<P(l) Vee Ne) · ( ee ) V
w 0

N¤w„ umen; = äwm 6 äeupnn; 6 änuzue; Thum nnmnu 6 ,/;*3;. so 2 is 4
bounded perturbation of A. By Theorem 1.1 in [11, Chapter 3], In generates a CO

semigroup S(t) on Z satisfying

eVForour next example we will consider the longitudinal distortion of a uniform

V bar. This problem has been studied by Fabiano (see [3], using a formulation in

which the state variable z(t) corresponds to

Q
ä .

Öa: yi
aß?

>
For this problem the PFDE describing the motion of the bar is the same as in the

previous example (i.e., equation (2.1.3)), while the boundary conditions are

y(t,0) = 0 = y(z, 1). (2.4.3)
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We take Y to be L2(0, I) with (y1,y2)Y = 0 jäylyg, and define Ä by

E H1(0 I) FI H2(0 I) ÄE°
° ° ° 0ö:1:2

Using the same arguments as before, we can show that Ä satisfies the conditions

of Theorem 2.3.2. Set S = Hä(0, I), and define 0(y1,y2) E oz ßy{y; for y1,y2 6 S.

Take X = H§(0, I) with (::1,2:2)); = aj;z§:z:Q, and definej : S —> X by jy = y. As

in the previous example, 0(·, satisfies (:z:1,::2)x = 0(j"1:1, j":z:2) and 0(yhyg) =

<aÄy1,yg)y whenever y; E 'D(Ä), and j'} is continuous. Thus, if we set

Z = Hä(0, I) X L2(0, I) X L2(—r,0;Hä(0,_

and define A by

D(A) = (zb) 6 Z
I

w E Hä(—¤0;Hä(0J))» ,
w (¢p’(z) + fi g,,,(s)%w(s, ::)ds) E H‘(0, I)

‘p
6

lb
6A 1/> =

$5thenA generates a Co semigroup on Z.

For our final example we consider the transverse vibrations of an Euler-Bernoulli

beam with a tip-mass. The beam deüection is given by the equation

pg:-ä-y(t, 1:) = -5% IEI§%y(t,:z:) +
/6

g(s)£;-i;y(t + s,a:)dsI . (2.4.4)

The left-hand boundary conditions are

y(i O) = O = £y(t O) (2.4.5)7 ax ‘
7 7
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and at the right·ha.nd end we have the equations giving the rotation of the tip·mass:

8* 8 8* 8*
12% ($34:, 1)) = EIg1;y(t,I) + Ä.

_q(.s)%34t + 6, 1)d.s, (2.4.6)

and the transverse motion of the tip-mass:

8* 8 8* 8*
Mcäy(t,I) = 5; [EIäy(t,I) + Ä:

g(.s)%34t + 6,1)d.s] . (2.4.7)

To cast (2.4.4) — (2.4.7) in the form of (2.3.1), we set

E 2
·Y=RxRxL„(0,1) with =I„£*+M„n2+p/ z/:2,

¢ Y
G

let ·r = EI, and define Ä by

~ f „ . 6= 6 Y ¢ 6 Hz.(OJ)V)H (OJ), ¢(I) = *1, gi/>(I) =E , _

p 8:*

Once again it is easy to see that Ä is densely defined, closed, positive, self-adjoint

and one—to-one. We set

E 2 6$= E Y ¢· E HL(OJ), w) = n, gw) =§ ,

and definej : S —> X E H},(0, I) by j = ¢~. Here the inner product on X is

given by (:1:1,::2),: = oz jä xfxg. The operator A defined on

· Z E H§_(o,l) x R2 x L2(0,I) x L2(—r,0; H§(0,l))
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by

FM) = 77 6 Z I w 6 Hä(—r,0; HE), ,
Z; [ap" E H2

1/,

2

A 1;Z

generatcs a Co semigroup ou Z.
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Chapter III Approximation

In this chapter we consider the problem of iinding approximate solutions to equa-

tion (2.3.1). We do this by approximating the operator A in (2.3.3). We construct

a sequence of operators A" such that A" generates a Co semigroup T"(t). We then

show that T"(t) —> T(t), the semigroup generated by A, using the Trotter-Kato

theorem. We are also interested in approicimating the feedback gain, but this re-

quires that we approximate T*(t) as weH as T(t). Thus, in Section 3.2 we discuss

the convergence of the adjoint semigroup. We then apply the theory to the example

of the viscoelastic shaft considered in the previous chapter.

3.1 An Seheme fer the Abetrest RED.E.

We will use the following version of the Trotter·Kato theorem:

THEOREM 3.1.1. Let A E G(M, ,8) be the inßnitesimalgenerator ofa Co semigroup

T(t) on a Hilbert space Z. For n = 1, 2, . . . , let Z" be a finite dkuensional subspace

of Z such that P"L I as n -» oo where P" is the orthogonal projection ofZ onto

Z". Suppose

H1) A" E G(M,,ß) is the iniinitesimal generator of a CO semigroup T"(t) on Z"

for n = 1, 2,....

H2) For all z E Z, (AI — A")"P"z —> (AI — A)"‘z as n —» oo.
·

28
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Then for all z E Z, T"(t)P"z -1 T(t)z as n -1 oo, and the convergence is uniform

on bounded t-intervals.

This theorem follows from Theorem 4.2 in [11, Chapter 3]. Recall that the oper-

ator A we seek to approximate is given by

A
:1: y E S, w E HM-1*,0;X),

D = E Z ,( ) Z, I (¤ + fÄ°,v¤(¤)w(8)d8) 6 P(A)

iv
I A (2:+ jf g„(s)w(s)ds)

A y = ' .
U} • öwav

+Recallalso that g, E L1(—r,0), g, > 0, and gg 2 0 on [-1*,0).

u
Ifwe define the operator A0 :’D(A0) Q X x Y -1 X x Y by

· w - iv
‘

A° (v) ’ (A-)

then we can write A in the form

¤·A
y = -1- ’
w

• öw
[

Jv + E
which suggests a two-stage approximation of A: We first approximate A0 by dis-

cretizing the spatial variable, typically by means of spline functions. We then ap-

proximate by discretizing the delay variable. In this paper we wiH use an

averaging scheme for the second stage. ·
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Let us now proceed with the first stage of the approximation. Define the bilinear

form 6o(·,·) on X x S by

S

vowhere6 is the bilinear form on S discussed in Section 2.3. Observe that for 6

17(A0), (1:*) 6 X x S,y2

$1 $2 _ $1 $2(^*·(y.) (1.)).,. - 6 ((1.) » (1.))
Now for each positive integer N, let X

"
and Y" be finite dimensional subspaces

of X and Y with Y" Q S, and define W" E L2(—1*,0;X"). We define
AQ,

:

X" x Y" —» X" x Y" by restricting 60 to X" x Y"; i.e.,

(A§'u",v"}Xx,, E 6;, (u",v") for u",v" 6 X" x Y".

Now set Z" EX" x Y" x W" and define A" : D(.A") Q Z" -1 Z" by

v(A”) E x" X Y" X H},(-r,o;x^'),

N
0««~(?i)E "’l(?”)*Ä.“·‘*>(””B"))d8] _

“’N iv" +
äw”

For each positive integer M partition the interval [-1*, 0] into subintervals , tgl],

j = 1,2,...,M, where

-»·=¢%<¢’,{,'_,<---<¢§°'<:{,°'=0. (3.1.1)
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We will say more later about how the tf are chosen. Set oz? E tft, — tf for j =

1, 2, . . . , M, let X? denote the characteristic function of , tx,) for j = 2, . . . ,M,

and let X? denote the characteristic function of [t?, 0]. Let B?(t), i = 0, 1, . . . , M

be the usual linear spline fxmctions satisfying B?) = 6,5. Define the finite

dimensional subspaces WN*M and WN? of W by

MWN·M E {ur E W I
w.= Za?X?, a? E XN} ,

6=1
M

. (3.1.2)
WM; {„„ew|„„=;6g«6g¤, z„g¤ex~).

i=1

Define the operator ÜN? : WNM —> WN·M by

~N,M NM
M 1 M M M

I n

D w I
g

(b;_1 * biXiM

Q.,
where wN·M = and b? = 0. Deiine the isomorphism iN·M : WN·M —»

€=1

WNM by
M

iN'MwN*M
Ei=1

Now define DN·M ; WN·M -» WN·M by DN·M E ÜN? (iN·M)-1. To complete the

approximation, set ZN·M E XN x YN x WN·M, and for zN·M = (2:N,yN,wN·M)T E

ZN·M, define

N wN,MA2
0jyN+

DN,MwN,M
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IfwN·M = then

MAg (4** + §(ga)£"w€”)
„4”·Mz^'·M = yN (3.1.4)

1„~where(ga)? g„,(s)ds.

In order to prove eonvergence of our approximation scheme, we must impose some

conditions upon the spaces XN and YN and upon the partitions of [-1*,0]. Thus,
I

we make the following assumptions:

A1) Let P? and Pßf be the orthogonal projections of X and Y onto XN and YN,

respectively. Then P}! Ä-> I, and Pßr iv I whaaa I is the appropriate identity

operator.

A2) For each positive integer M let HM = |j = 0,1,... ,M} be a partition
u

of [-1*,0] satisfying (3.1.1), and set AM E {1,2,...,M Then there exist

positive constants 61, 6; and C independent of M such that AM = AM U Ay

where _
Ay = {1 a AM | ay

SIfj 6 AQ", then (ga)? $ EZ-, and Ay contains at most
M1“€°

elements of

AM. Furthermore, forj = 2,3,. . . ,M, and ifj 6 AM,

then 1,2,...,j -1 6 AM
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REMARK 3.1.2. Suppose ty = forj = 0,1,...,M. Then aj! = for all

j E AM, so A2) is satisfied with 61 = 1, 62,C > 0 arbitrazjy since Ay = 0 and

(ga)? S (ga)?£1'

LEMMA 3.1.3. Let C = fi g,,(s)ds, and suppose that the ty are chosen so that

(g„)y = X5- forj = 1,2,. . .,M. Then for 61 = ä, 62 = f the partition HM satisfies

A2) for al] positive integers M.

Puoor: Since ga > 0, gf, 2 0 it is clear that aß Z aß_1 2 ay. Thus, if

Ay 76 0, then Ay = {1,2,...,n—1} and Ay = {n,n+1,...,M} for somen 2 1. If

for some M, HM does not satisfy A2), then Ay contains more than M3/‘ elements.

Thus,

=ay+aä1+···+aß—r

> ..r

«~ = 0. ¤

For the remainder of this section we will assume that we have a partition which

satisfies A2).

LEMMA 3.1.4. ANM 6 G(1,0) {or all N, M.

PROOF: It is sufiicient to show that .AN·M is dissipative in ZN'M. Let zN'M =
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wit •
= , X, . en( ZM ) 1. „„~M §‘;.„M M ThM

.
ao 2r" [IN]y"y"

1
· N

M wg!1 ‘w1" M
M

M M
1

+ s1¤(s) 511 + Z?-—-x. .2w. x. ds_'
i=1 i i=1 X

M M= —¤ (5* ds
i=1 - °' i=1 X

M M - „,M M
+/0y„(s) ds_'

i=1
'

i=l X

M 1= §g(g¤)£”(w£°I. —wM„w!"),,

M (y„)MSZ
QMi=!.'
1 M (gs-)M 226
21

M4 2 (y )M (y )M 2 (y )M
=- MM (*+1- ‘*·)-wM "M go2 II IIX QM1 QM ll MIIX QM,

where we used the Cauchy-Schwarz Inequality and the inequality 2ab S az + b2, and

from A2) the fact that (g„,){‘_[_,/0:fMH S for i = 1,2, . .. ,M - 1. |

LEMMA 3.1.5. P„^,.1'Mh -» 6 as 1v,M -» 66 {M all 1. 6 W.

PROOF: Recall from the proof of Theorem 2.3.1 that the operator D given by

D(D) X), Dw generates a Co semigroup of contractious on W.

Thus, D(D2) is dense in W by Theorem 2.7 in [11, Chapter 1]. If w E D(D2) and



V 35

s S ä, then

2yam nwyymuäa =yamx
1 2

=9¤(8) l,—x/gy(6)l7°w(6)d6
8

X

a(s)
fl

2 25 $--6 ,, D2 6 5 D2 .Ä gem 6 5 ¤ (6) Il w(6)||x 6 ·‘ II wllw

For w E D(D2), set wN•M(t) E E wN(t{t‘_1)Xf"(t) where wN = P?w. Note that for
i=1

n
w E 'D(D),

U
e 6w”(¢) =Py’2’w(#) =

P?whichimplies that wN E D(D) and DwN = P};VDw. Thus, if w E D(D2), then

wN E ’D(D2) and ||D2wN"‘W S ||D2w||w. Now, for w E D(D’),

Ilw ” "’N°M"w S llw ' “’N"w + "“’N ' wN°MIIw •

_Estima.ting the first term on the right-hand side,

Hw—wN":V = Äg„(s) ||w—P}[vwl|;ds —» 0 as N —-> oo

by the Dominated Convergence Theorem. For the second term,

ds .
M ffii 2

= 2 [M g„(s) ||„„^'(y) - w^'(yM,)||X ds = s, + s,
i=1 6
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1 $1 2where S; = /2; g¤(-S) ||wN(s) —wN(tf‘f,)||X ds for j = 1,2. By the Mean
een?

‘¤

Value Theorem, for s E ,t{‘f1) there exists §(s) E (s,t{°11) such that wN(s) —

2$2 fu y¤(—1)IIDw”(€)IIx(8 — ¢?l2)°d—1
i6A{*‘ °¢

2
tägl

S r ./
(s.

i€/klu ‘i‘

="**D2’·"**:v
E 5(°=¥”)° ·i€Af‘

1 r 3

By an argument similar to the proof that g„(s) ||Dw(§)||g( S r ||D2w||;v, there exists

a constant 7 independent of M such that

B tx!
N 2 wN M 2S1 S 2 E /„ ¤¤(~‘·) [llw (8)||2 + II (te-JIIX] dsi6A,^‘ ‘¤

2 ifix
S21**Dw*lw—

2
S27||Dw||;V %Se>0a.sM—>oo.

EEILIM

Hence, for w E D(D2),
B

S
0 a.s N,M—» oo.
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Since D(D2) is dense in W and $ 1,

uh-P$’Mh"W-+0asN,M—>ooforallh€W |

Let PQÖM be the orthogonal projection of W onto WN. If
P§r’M

denotes the

A orthogonal projection of Z onto ZN·M, then for z = (x,y,w)T E Z, P;'Mz =

Thus, as N,M —> oo by assumption A1) and

the previous lemma.

Ifwe define AN : XN -» YN by (AN1:N,yN)Y E -6 (j"xN,yN), then it is easy _

to see that for E XN x YN. Define the bilinear
3/ A 2: UN

form a(·, on D(D) x W by a(w, h) E jf, g„(s) (Dw, h)X ds, and the bilinear form

aN·M(·,·) on WNM x WN·M by aN·M (wN·M,hN·M) E (ÜN·MwN·M,hN·M) whereW
bw is given by (3.1.3). Using the definition it is clear that aN·M (wN·M,hN·M)

= jf, g„(s) (DwN·M, hN·M)x ds.
$

‘P

For z = (y 6 D(A) and Re/\ > 0, consider the equation («\I — A)z = ,
w ,

or equivalently,

Xx - jy = ap, (3.1.5)

Ay - A (:6 +
/0

g„,(.s)w(s)ds> = gb, (3.1.6)

«\w -jy - Z-? = h. (3.1.7)

From (3.1.7), w(s) =
j§c’\(8-0(jy + h(£))d§, and from (3.1.5), jy = Aa: — go, or
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y = Aj *12: - j°‘<p. Substituting into (3.1.6) we get

A2j'1:c —A [2:+ /0g„,(s)AfeÄ(8'€)zd§ds]
-r 8

= ¢ + Mw — A g.<s) ·=^“·°<¢ — h<6>)A6d.··.

Using the fact that jf Ae"("“€)d§ = 1 - e"" we obtain

A(A):c = zb + Aj"1<p —
A/0

g„,(s)(AI — D)"(<p — h(s))ds (3.1.8)

where

. 1 ·
A(A) = Azfl — EA (T +

/0
c"‘°g(.s)d.s) . (3.1.9)

Now, for zN·M = (:1:N, yN, wN'M)T
E ZN•M and ReA > 0, consider the equation

(AI - .AN•M) zN·M = ((pN,1bN, hN*M)T. We have the equations

MN - 5yN = «pN, (3.1.10)
M

„\yN - AN (xN + 2(g„)§"w¥) = ¢N, (3.1.11)
i=1

1A N- ‘·yN-——( M
-w;”

=hyfori=1,2,...,Mw J ¤£" w 1 ) (3.1.12)

M M M NM M M Mwhere wN· = äwyxi and h •
= äh, Xi . From (3.1.12),

1 M 1 M .
wi =Ww;,1+JyN+ {1

or

wy = (1 + ayA)_1[wy1 + ay (jyN + for i = 1,2,. ..,M,
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where wg! = 0. By induction, = (1 +
a{"’A) -1] af? (jyN + hf? From

(3.1.10), jyN = A:1:N —<pN which implies yN = Aj‘l:1:N — j'l<pN. Substituting into

(3.1.11) we obtain

M 6 6A’j°‘¤:^' — A" (z" + A
(1i=1kl I=I¢

M 6 6
= «//" + Aj'l<pN — 2:(g„)f“A” (1 + e6}**A)'l] 61,*}* (6,6” - bf'). (3.1.13)

i=l kl l=k

By induction, A (1 + oz{l{A)—l] af! = 1 — (1 +
aQ‘,\)-l.

Define
kl I=Ic k=l

M 6 1AN’M(»\) E Vfl — AN [1+ 2:(9e)€” (1 — H (1 + ¤=lZl«\)- ·
i=l kl

. M M 1 1*
l

Then, since z(g,,); = —— g(s)ds = — —- 1, ·
.

€=l G ·-r a

AN*M(A) = A2j'l - iA" [1* +
fl

g(s)eM(«\,s)ds] (3.1.14)

where
M 6
(1€=l

kl

M
Let (AI - 12**1***)" (6,6** - 1N·M) : E 5}**,5}*. Then

i=l

N N ' N,M
M

M M
M

M 1 M M M‘P6:1
6:1

‘

which implies

6**- 16}** -5}**) ren 6 : 1,2,...,M.
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Thus, fy = (1 + Aay) -1 [fg, + ay — hy , or, by induction,

gf" (1 +„\ai")”1]¤i’(«pN— hi").
k=1 l=k

M M M M
N°w» X6 SO

/0
g„(s) (AI - 1>N·N')" («,„N - hN·N) dä

M 6 6 1· = Z(g„)y (1 + Aai") (1°:{(§0N — hi") . (3.1.15)
€=1

k=1 I=k

Therefore, from (3.1.13), (3.1.14) and (3.1.15) we obtain

ANM(A)xN = 6pN + Aj"‘«p” - AN /0
g„,(.s,) (AI - DN'M)-1 (6pN - hN·M) 61.6.

' (3.1.16)

LEMMA 3.1.6. For A > 0, (AI — DNJ")-1 P$'Mh —> (AI - D)'1h for all h E W.

PROOF: Recall from the proof of Lemma 3.1.4 that DN·M is dissipative in wN·M.

Since dim(WN·M) S 6;-., ||(A1 - DN-M)·‘|| S Let „„ = (AI—D)°1h 666.1 „„~-M =

(AI or equivalently (AI — D)w = h and (AI - DN·M)wN·M =

P#’Mh. Thus,

A (w, 7)w -· a(w, 7) = (h, 7)W for all 7 E WQ (3.1.17)

and for all 7N*M E wN·N,

aN,M
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where iI1N·M E (iN·M)"1wN·M. Choosing 7 = 7N·M in (3.1.17) we obtain

^
<w»whichimplies that for every 1T1N·M 6

(w__for

all 1N*M 6 WN•M. Using the definitions of aN·M and DN·M we see that

(W — Dm) ¢”·” (=?·^’·” — ·7»”*“)
v'7N”M)w

= a (w,·y”·”) -
a”·” (iü^’·M,·y”·^') — A (w — i”·M«’ü”·“,7”·M)w

.

Let ÄNM E (AI — DNM) i”·M (ü“,~^’·“ — H/"·M). Then

s^'·M (MM - MM) = (AI - 1>^'·M)" Z^'·M

which implies um ||6MM (M·M - MM)||„, g Define r{"·M g WMM

by

HAM E {,,/N.M E WN,M
I

"_,YN,M|Iw S 1} _

Then,

^~.M - ^~,M N.MIlh II„S
Sup [IG (w,‘1N'M) — GN’M (QTJNM, 'YN’M)|

7^'·“6I‘§v'“

+ Ä Kw _
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which implics

||¢"'” (=?»”“” — ü’>""") IIW

Ii
Nzuplvu Ia aN,M

·v · eI‘,·

. + A ||P,’,‘i·^' (w (3.1.18)

Take MM = jf 1¤,';’,^'(12w)4g. Then H

<· gem (vw ds = ¤

for a.l1 7N*M E WN·M. For this 2T2N·M,

Ilw — ¢^"”·2”'”I|w
S Ilw -

·?·"“"||w
+

||@”“"
-

*”“=?·”“"||w
k

8 (pw - 1¤,c;·M(12„„))
4gHWNow,

s 2 6 NM 2
[Dw d§HX ds

0 W -•·

2

S HDW df) ds

S

4 12 -
1¤”·“

12w W

—+ 0 as N,M —+ oo
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by Lemma. 3.1.5. Set P£’M(Dw) = and {BN·M(s) = Then,

:4* M 5
f¤r5

Ä,
NOW,

i=1 i=1

iN•M{BN·M = Since {BMM = äbfwßfd,
i=1 i=l

,. bdi ·—W
(s for sE1

W —W
Hence, {BN·M -iN•MzBN·M on 1,2,...,M.

5

Thus,

M gßf-· bM _bM 2
·~.M_·1v.M·~.M*= " rm;. -M||wN 2 wN HW älr g„(s) (s t‘ ds.

B11, J- 011. -110 = J- izesw- äfdad -61,10¤£”
¤£" 1-1

’ ’
1-1

’ ’

M gä

i=1 6

We estimate the term S1 by

diS1 S E
(¤=é”)°

/„ *1-01) I|€5" II}
iezxf *6

1*2 M ‘ä¤
2

S ds

< -i 12 s 0 M- MM, ll wllw —· as —> <><>-
2

Deiine the norm · H1 OH W by jf, ds. Then "P%'M(Dw)“1 =

2 M *?Ä Mds Fss ds E W· llwlli =
•y•

$= fa |=
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/1
||w(s)||} ds S —L /,0

sh-(s) |Iw(s)||} ds = #1¤w¤¤1„. T111111 X
-„ y«(—r) -„ y.„(—r)

¤=*’
Ilé’*’II“ < ||1=”“"<1>~»>|\’ < J- l|P"·“<vw>|]’ < J. npwns .

X
’ ’ X " W 1 ' g¤(-1*) W W W

1111111 f<>1 s E l¢?’»¢%1>» II€§"lI} (s — #5")° S (¤?’)2 ||€§”||§ S ||Dw||¥·«·
Hence,

WL r||Dw||° Gs< -l—1>°/·,,.1s<——‘LoM ,2 ga(_1_) II wllw ty 9 (·’) — ga(3,.)M6,
“’ as "’

°°

so uw-iN•M1TvN•M||w —» 0 as N,M —» oo. Thus, from (3.1.18) it follows that

||wN·M — iN·M1TvN·M||W -> 0 as N,M —> oo. Therefore,

Ilw
—·s”'“||w S Ilw

—¢”“1?·””||w X

+ ||iN'M1.”öN'M - wN'M||w -> 0 as N,M —> oo. l

LEMMA 3.1.7.
fl

g,,(s) ICAS — 6M(«\,s)| ds —» 0 as M —> oo. _

xs M M tg' A3
W

M -1
PROOF: g„,(s)|6 -6 6 —H(1+aj A) ds

-r
•= ti j=1

, 2C
= S1 —I·· S;. Let 6 > 0. Choose Mo so that 1f M 2 Mg, then < 6,

c Ä 2 r„\6^<*/M"* ""> -1 and %% For M 3 Mo,

WL A8
W

M
W

1S2 $ g„(s) 6 +H(1+aj «\)" ds
;€A2M ty j=l

”

2C
S 2 g°,(8)d8 S <

€.
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Let AM = 1,2,...,n and suppose s 6 6M,o . Then for some i 6 AM, tM S s S1 n 1 •

tgl which implies that
c"‘?‘

S e"" S
e’“£¤,

so 0 S e""
— ew!

S
e"‘?‘ (e"°’1v — 1) <

ä. But, tf! = — EL, which implies

i=1 i=1 i=1

_ “ He J •<!1iI(1.j. MA b
MM!

j=1 j=1

Now,
e^°‘;‘

= (1 + + éeäf («\cz§‘)2
for some fj between 0 and Set aj =

(1 + Auf') and bj = gew (,\a§‘)2. Then

!H (1 bi)!
·

_ j=1 j=1 j=l j=1
”

6 6 6 6 ‘-1
By induction, H aj — H(aj + bj) = — E bj H (ak + bk)

JH
aj. Thus,

j=1 j=1 j=l k=j+ll=16

6 6 6 i-1

!H (1 +¤=?’^) — 1'I·=^"1‘I= Z§·=^‘*(1¤d”)° H H(1 +¤?"^)
j=1 j=1

~
j=1 k=j-|-1 l=1

1 ,, b 2 1 ,, Ar 2 e"'(«\r)2 6$6* ZQ(^“?’> $6* M =Üz7wT<'§’
:=

6 ‘— 6 ‘-1
since 6*% H

c"°‘£‘
JI-E (1 + cx{”«\) S

e’\°'£l
H

e"°'7·“ JH e"°‘?‘
=

e"‘?‘
S e"'. Hence,

k=j+1 l=1 k=j+l l=1

tb; M 6M i
M -1

SIS !+
e’\¤

—H(1+aj A) ds
i6Af‘ *6 i=1

M ¢£i„
S 62 ·/M g,(s)d.s =

6/,
g„,(s)ds. |

i=1 ti
_'

We are now ready to prove the main result of this section.
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THEOREM 3.1.8. For all z E Z,
c^N'“‘Pg'Mz

—> T(t)z as N,M —» oo, unjformly

on bounded t-intervals.

PROOF: We have only to establish H2) of Theorem 3.1.1. Define the bilincar forms

#(-1-) ¤—¤d #’"(·„·) ¤¤ X by

#(2:11 $2) 1

u"(@1, sz) E (A"'”(«\)¤=1„i"==¤),. -

Then

andfor

xl, xg E X. Thus,

I#“(=¤1.¤=¤) — 1s(¤¤1„==¤)I S ds) I¤(J"=¤1.i"¤=¤)I

S g„_(s)
Is^’

- sM(»\,s)I ds) ||==1l|x · ||=¤2||x»
" (3.1.19)

and
2

I
);M(x,z) 2 A2 ||j”2x||:, + w for some w > 0. (3.1.20)
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lp 3 NMNow, for z = rg 6 Z, let (AI — .A)"z = y , and (AI — .AN·M)”‘PZ’ z =
ID

Then, by (3.1.8), for all u E X,

+ G <i°‘ /0 y«(G) (AI — D)" (sG — h(G)) dG,i°‘~) ,

and by (3.1.16), for all uN 6 XN,

#M(¤=”„¤”) = (¢" +
Ai"<G”„i"¤‘”),„

+ 0 (j'1
fl

g,(.s) (AI — DN·M)'1(«p” — hN'M(s)) ds,j'1uN) ,

NM
(PN

,„ . .where PZ z = ¢N . Let :1:N = P?:1:. Then, takmg u = uN 1n the firsthN•M

equation, we get

=„M (äE”,u^’)—-p" (z,«”)+pM (z,u^’)-;1(z,u^') .

+ (¢ — =//°,i”‘¤")Y + A (i" (sG - 6G") ,j"¤”),„

+ G (i"
fl y.„(G) [(A! — D)"(<p — h(¤))

- (AI - D”M)"(«p" — h^’·^'(s))] ds,
5·‘u”)

.

(3.1.21)

Now, by (3.1.20), w — IN"; S l1M(EN — INÄÜN -
$N)• Taking

“N
=

EN
'

IN
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in (3.1.21) we get °

S I1»N(EN — MEN — =N)I + Iß“(M=“N — EN) — l‘($»EN - ¤N)I

+ H8 - ·/JNIIY · ||5°‘II · IIEN — ¤N||X + ^ IIJ°°‘|I° · Ilv - «¤”|lX
· IIEN — ENIIX

+
/01.48)

||<A1—v>·‘<«»—h>-
(A1 - 0^W)·*1>,^,f·“(„p - 1.)||x ds - [[;=s” - $^'[[x.

Estimating the first term in the right·ha.ud side we get,

|1·“(8¤‘" — ¤„@" — ¤=”>|
S IIEN — ¤=||„ · IIEN -

=”||x·

By (3.1.19),

Iu”(=„EN — =N) — #(MEN — =¤N)l

S
(/0

g,,(4)

[@8ByHölder’s Inequality

/0 g..<«> ||<M - v>·‘<«¤ — ro — (M -
v"-“>·‘P$§·“<¢ — h>||X ds

0/2
NM NMS y«(8)d8) II(«V— D)"(s¤ — h) — (M · D ' )"Pw’ (<P —· h)lIW·
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Thus,

MEN “ $NMx

S EM11
l¢”

- ·=M(^»¤)l) ||==||x

--1 N --1 2 N
1/2

+||1 || · ||¢-#1 Il- +^ II: ll ·||<P-<P llx + (/ig-(Nds) ·
- ||(A1 - 12)-%,- - 11) - (A1 - 1>”·M)—11>,')'·M(„,- - h)||W]

-
o

as N,M -» oe, so ||a:-:¤"||X 5 ||z—?E"||X + ||’i^’—z^’||x —» 0 as N,M -» oo.

Now, y = «\j'°‘::
—j'°‘<p,

and y" = Aj":cN —j"<pN which implies

Ilv -1 0 as N-M -1 ¤¤-

Finally, («\I—D)w = h +jy = h +«\z —<p, and («\I — DN·M)wN·M = hN•M+jyN =

PQ,-"M(h — cp) + «\:z:N. Thus,

M"'
‘ wN’MMw S "(M — D)-1(h * <P) —(M+

A ||(A1 - D)"a: - (A1 - D)":1:N||w

+ A "(A1 - 0)-11-N - (A1 HW -
o

as N,M —> oo. |

3-2 9.f th: Adinint Ssnüznonu-

In this section we will restrict the kernel f1mction g(s) to be in L2(-1*,0) rather

than in L1(—r,0). With this restriction the norm on W defined by
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fi ds is equivalent to the original norm on W. We deüne the norm

||·||z. sh Z by llsllé. E Ilsllä + IIv||¥· + Ilwlli whsrs s = (mz-w)T E Z- Sihss this

norm is equiva.lent to the norm Z on Z, we will use it to prove convergence of the

adjoint semigroup.

THEOREM 3.2.1. The adjoint of A with respect to the norm Z_ is given by

, Z S, d D A ,pw; „ ez] is =+ßQ-s<s> ss (1 ,
w wEHL(—r,0;X)

—fy
Z ‘
"’

—s1„(s)iy — %"f-

PROOF: Let (:z:,y,w)T E D(A"). Then there exists (go,¢,h)T E Z such that

ä s E ts
A gg

-
:1 = y_

-
tb

w w Z_ w h Z_

A /5 Q A T
• •

I $

for all z = (z,y,w) E D(A), and in this case, A* y = wg . Thus,
ID

.,. ,. ,. .,. 6 ,.(1y„¤=)x + A s + y„(s)w(s)ds ,:1 + ay + ;w(s)„w(s) ds
-r Y -·r 8 X

= (’¤?-<p)x + (’zi,¢)y +
fi

(t7¤(s)-h(s))x ds- (3-2-1)

Suppose y = 0 and 1T: = 0. Then (A'a?,y)Y = (':E,<p)X for all E E But,

($•‘P)x
= ¢(i"'¤?,j"§p) = (—A?¤“,j“‘<p)y, so (A$,y)y = (A5,

-j·‘«p)Y
for all

E E D(A). Since 7?„(A) is dense in Y (see proof of Theorem 2.3.1), y = —j'1<p which
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implies y E S and go = -jy. Hence,

<A (FE-}-
/0

g„,(s)ü“:(s)ds) ,y> = -0 <j" (E+
ja

g„,(s)iB(s)ds) ,y)
-1- Y -1-

= (2 +
jo

a¤(s)¤’ö(s),<p) -
. tf X

Substituting into (3.2.1) we get
F

.,. ,. . .,„ 6 .„
(ms); — 0¤(s) (w(s)„1v)x ds + (1:1 + gw(s),w(s))X ds

= ('27s¢‘)y +
fl

(=?>(s)- h(s))x ds(3-2-2)for

all E 6 D(.A). Now suppose {B = 0. Then (ff, z)X + jf, (jii, w(s))X ds = (§j,¢v),,

for all jf E S which implies 0 (ff, j" (2: + jf, w(s)ds)) = (ij, 1ß)Y. In particular, for

ii 6 D(Ä), (jf, 1ß)y = <o:Ä§,j“1 (:1: + jf, w(s)ds) >Y. Thus,
j"‘

(:6 + jf, w(s)ds) E

‘D(Ä') and 1/: = ozÄ"j'1 (:1: + jf, w(s)ds); i.c.,

(:1: + f
w(s)ds) E D(A) and zb = -A (rc +

jo
w(s)ds) .

Substituting into (3.2.2) we obtain

,. . Ü „./° [<w<s>.g.<s>w + 0<s>>X — (;,;d<s>.·s<s>) ] ds = 0
—g•

X

for all {I2 E H},(—r, 0; X By the Fundamental Lemma of the Calculus of Variations,

w E Hi(—r„¤; X) d¤d —§;w(s) = y..(s)iy + h(s) which implies Ms) = —y„(s)iy —

all
IÖs ° ”

Next, let (a:N,yN,wN·M)T E ZN·M. Then, since dim(ZN•M) < oo,

0 0
w^’·M
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z" <,oN
Let (.4^'·M)*( 0 ) = ,p~ . Then, for a11EN·M = (2N,y”,0/"·M)T 6 z^'·M,

Q hN•M
l

N N

Q Z. hN,M Z

1.e., (j5^',n^')X = (2”,«p”)X + (ü”,¢^’),, + (0¤^'W,h”·M)c. Taking z" = 0,
”3]N

= 0, we see that hN*M = 0, and then taking EN = 0 we see that <pN = 0.

Thus, <j”§N,a:N)X = (§N,z/2N>Y for all ZEN E YN which implies {§N,¢•N)Y =

0 ('§N,j“1:1:N) = — <§]N,AN:rN)Y. Hence ¢N = —AN:z:N.

. 0 ¢”
Next, let (.AN·M) 3[N = ¢N . As above _

0 };N·M

{=l Y

M
for all ENM E ZN'M where z7vN·M = Taking EN = 0, 1’BN·M = 0,

i=1

we get 1ßN = 0. Taking {üN·M = 0, we get (ANEN,yN)Y = (EN,<pN>X for all

EN E XN which implies <EN,¢pN>X = -{EN,jyN)x, and so <pN = —jyN. Thus,

M M
<AN ay <1T1y,hy)X where hN·M hyxy. Hence, for

{:1 Y {:1 {:1

eachi=1,2,...,M,

X

M
for all E xN which implies hy = —Q§%jyN which impliez hN·M = —gyjyN

M M -
wheregy E
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Finally, let where wN·M wMXM. Thenw^'·M ;,~.M
’

6:6

(wi-1“wi )Xi vw=

(?"» <¤”)X
+ (ü", ·/·”)y

+
<ü>"‘“» '=”'”).·

Taking EIN = 0,
ü”1N·M

= 0, we get gpN = 0. Now let {5N*M = 0. Then, (jEIN,wN·M)¢

= (§N,¢vN)Y for all EIN E YN; i.e.,

M M
<0~,6~>, = (M.Zasw) = - (0~.A~ 36606)

.
€=l

X i=l Y

M
which implies ¢N = —AN = —AN jf, wN·M(s)ds. Finally,

i=l

M M
l

_2(=?»€‘L —=’F¤€"6w€”),,
= Z¤¤€”(·T>§"„hä”),,

i=1 i=1

whi¤h ww,. so w = -$ <~»6· —~»61.>
for i = 1,2, . . . , M where w^„'{+1 = 0. Thus, we have proved

TuEo11EM 3.2.2. For
z”·M

=
(«;”,y”,w”·M)T

6
Z”·M

-111;
(AN,M)' z1v,M =

—AN·
M. 1 (wi" — wär) x£”

Let WN·M be as in (3.1.2) and define Q W by

___ M-1
Wf"·Ms{w6W|w= 2:b§"B{",

b§"6X”)

6:0
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Define -v WN·M by

~1v,M N.M
M 1 M M MD- w E ;@(b6-1-be )x;

M•1 _,___
.

where wN·M = B;M and bß = 0. Define the isomorphism i{V·M : WfV·M —v
i=0

WN·M by
M¢i"“”w^"“

E Zb?f.xf"-
i=l _

U
Now define D{V•M : WN·M —v WN·M by DTM E DÜM (i{V·M)_1. We can now write

(.AN•M)— in the form

. ==N -,4*** =N) f)<w”’“(8))d]<0”0”>(«~)= 0 0.·~”·“
0-0:·j0~—¤c“·M0~·~·

We wish to prove convergence of the adjoint sernigroup using the method of the

previous section. Thus, we assume A1) and A2). Let W, and Z, be W and Z

equipped with the norms and Z_, respectively, and let PQQM and P§:'M be

the orthogonal projections of W, onto WN•M and Z, onto ZN·M. Since and

¢ are equivalent norms and PQDM lvl with respect to the norm we have

LEMMA 3.2.3. PÄM lvl with respect to thenormLet

D._ be defined by D(D.) E H}_(—r, 0; X), D. E ä. Define the bilinear

form a,(·,·) on D(D,) >< W by a,(w, h) E
—·f3,

(D,w,h)X ds, and the bilinear

form a§’·M(·, ·) on WNM x
W^’·M

by

jf, (1>,w^'M, h^'·M)X ds.
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I (P
For z = (3;) 6 D(A') and RAeA > 0, consider the equation (AI — A') z = (1/:),

w h
or

Az + jy = go, _ (3.2.3)

Ay + A (:1: +
/0

w(s)ds) = z/2, (3.2.4)

. öw '

n
Aw + 9aJy + ä - h. (3.2.5)

From (3.2.5) w(s) = — fi c^(('*’) (g,,,(§)jy — h(§)) df, and from (3.2.3), jy = —-A:r+

cp, or y = —Aj":c + j‘°‘<p. Substituting into (3.2.4) we get

A(A):r = —zb Aj"«p - A
fl

(AI +
D.)'1 [g„(.s)¢p — h(s)]d.s (3.2.6)

where A(A) is given by (3.1.9).

Now, for z"·M = (z",y",wN•M)T 6 ZN·M and ReA > 0, consider the equation

(AI zN•M = (<pN,1/>",h"·M)T. We have

Az" + jy" = zb", (3.2.7)
M

Ay" + A" (z" + Zaywy) = zb", (3.2.8)
i=1

for i= 1,2,...,M
¤$"

¤£”
(3.2.9)

M M
where wN*M = and h"·M = E

hf”X§"‘.
From (3.2.9),

i=1 i=l

I

(A + 5) wr = 5wx. — %;2—+h~ + A9
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or

wi! = (1 i= 1,2,---,M

where w^A'§+1 = 0. In order to find a formula for in terms of the hf", we first

observe that

wM-1 = (1 + MM-.)" [MM-(1-1, — (MM-. Ju" + <¤M-J=M-.] ,

for i = 0, 1, . . . , M — 1. Then, by induction,

(1k=0I=k

M 1+ M -, M MQ .(1 + ^¤=1 ) ‘ [MMM1. — (M1. Ju"]- F1<>¤¤ (32-7), w" =
1pN ·— A:cN which implies yN = j’1<pN — Aj"‘:1:N. Substituting into (3.2.8) we obtain

M M 1- 1A2j'1:z:N — AN (1:111 + Zu?'2 (1+ Aug)- A(g,,,)Q':1:N)
€=1 ]¢=i l=i

M M 1, 1= —¢" +
M"<p”

- A”Z¤£"2 [H(1i=1k=i I=i

By reversing the order of summation on the left-hand side, we get

A^'·M(A)„M = -,pM+Aj-1,,,N-AN
/0

(AI + 0i"·M)" (g;“',p^'
- 1,^'·M) ,1., (3.2.10)

where AN·M(A) is given by (3.1.14).

LEMMA 3.2.4. For A > 0, (AI +
Df’•M)'1 P,];,’;Mh

—> (AI +
D,)°1 h for a.I1 h E W.
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PROOF: We first show that —DfV·M is dissipative. Let wN·M =
gl:

xy. Then
i=1

_ M 1 M(wg —w€°i1)xg„Zwgxg> ds_'
i=1

‘
i=1 X

M

i=1

M
M M M 2S E [|Iw.+1||x·||w« llx — llwt Ilx]

i=l

1
M

M 2 M 2 1 M 2S 5 E Illwmllx — ||w« IIXI = -5 Hwt IIX S °·
i=1 '

_]
1Thue, 5 X.Letw

= (A1 + 0.)** 1; and www = (A1 + 1>£"·M)" Pgllwh,

or equivalently

(A1 + 12.) w = 1. and (A1 +
1J£’·M) MM = 1¤,Q,’;^'1t.

Set &3^'·M E
(if’·”)°‘w”•M

and
I‘§’·“ E

{·y”·^‘
6

W”·M
I 5 1}. Fouewing

the proof of Lemma 3.1.6 we can show that

I|ii"'“ (¤?>”·’” — ü'>”·”)||. S 5 S“P„„ |¤— (w»·1""”) — <=i"“"
(=?>^’“"«1"“”)|

.YN,ll€]_‘· •

+ ||1>,$;M („„ - 1y·Me~·M) (3.2.11) _

for au 5;,N.M Take 5;,N.M =
/8

P&M(D,w)d§. Then

ds = 0
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for all 7N*M 6 WN·M. Since and are equivalent norms there exist constants

71,7; > 0 such that 71 S ||w||W S 72 for all w E W. Thus,

S1 Ilw — ¢€’“"=T>^""’||. S Ilw —*i'”·?>"”"||w
S Ilw — ·T>^"’”

IlwAgainfollowing the proof of Lemma 3.1.6 we see that

,3 2_ ^,Mnw„„~ uw S 2
||11.„„ p,.,_ (11.„„)||w

2 "D,w -» 0 as N,M —-> oo.

NM M M-1
Set Pw; (D,w) = Zffwxfw and 1TvN·M(6) = E b{"Bf“(s). Then

6=1 6=o

M -1vM M
if M

M M
M

M M ·bj =w’ (¢j)= Z€.xj(£)d£= Zinn f<>r1=0„1,---,M—1-
·'s=1M

M-1
Now, Since 1TvN•M = Z b{"B{",-€=1 €=0

bj! -bM
6) for 6 6 [tjbßtff,).

· 1

W -W
Hence, -6) on forj = 1,2,...,M.

.i

Thus,

M 2
2 tg-8||zw (1 lx

W - W 1 M MS =.... MM- MM =gM,“ SM SMM
gg SWS = $1 + $1-

i=1 ti
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Once again, as in the proof of Lemma 3.1.6, S1 -> 0 and S2 —+ 0 a.s M —> oo, so

||w-if„V·M{öN·M||w —> 0 as N,M —> oo which implies —> 0 as

N,M —> oo. Therefore, from (3.2.11), ||wN·M — i{V·M1T:N·M||¢ —> 0 as N,M —> oo,

andso||w—wN·M||e—»0asN,M—>oo. |
L

THEOREM 3.2.5. For allz E Z, e(^N'M)°‘P2’M2 —+ T*(t)z as N,M —> oo, uniformly

on bounded t-intervals.

‘P

PROOF: Let ,u(·, and pM(·, be as in the proofof Theorem 3.1.8. For 2 = E

== „„ ==”
Z, let («\I - .A*)"z = y , and («\I — (AN·M)")"PZ_’ 2 = yN . Then, by

w wN•M
· (3.2.6), for all u E X,

u(¤,¤) = (-¢ + «\i"<m"¤)Y

+ U <i"
{/0

(Mand

by (3.2.10), for all uN E XN,

= +

__whereP;v,MZ = ¢N . The rest of the proof is analogous to the proof of

ITheorem3.1.8 once we observe that P&M(g„(s)¢p) = g§'(.s)epN. To see that this is
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true, let uN E XN. Then for i = 1,2,...,M,

N ‘fi1(y¤(s)<p„ ¤ xf"(s)), = (Lt gs-(s)ds) (v-¤”),, = (gs)? (s¤”„¤”)X

=
fl

(yi"(s)<p”-¤”x€")„ ds-

Thus, (g„,,(s)cp,hN•M)c = (g§'(s)«p”,h^’·M)c for all
h^’·M

6
W”·M.

|

3.3 nf a Shaft.

Recall from Section 2.4 that the system described by (2.1.3) — (2.1.5) ca.n be

written in the form

ü + Ä In: +
[1 y(s)ysdsI = f(¢)

on the Hilbert space Y E R x L2(0, I) where -

D(Ä) 6 Y I
¢‘ 6 HHG.!) Vl H2(0»I)- ¢'(I) = 7} -

Ä _
(g¢·<0)¢ " -1¢~

’

and

fm = },;¤¤(¢) Ä
%b(=)¤1(¢) Ä

We will take the kernel function g to be g(.s) E -658/(5y/—-s). Clearly g E

L1(-r, 0), g < 0 and g' < 0 on [-r, 0). In order to satisfy A2) we require that 1·
l

be chosen large enough that cr E ·r + fi g(s)ds > 0. We will use the uniform mesh

described in Remark 3.1.2 and the non-uniform mesh described in Lemma 3.1.3, so

A2) will be satisüed. ·
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The space X is H}l(0, I) with norm = a_];](<p’)2.- The space Y is as above

with norm = 1„,72 + 0 jä ¢2. For the first stage of the approximation we

use a linear spline scheme as follows. For each positive integer N let xfv = for

i = 0, 1, . . . , N, and let hfv be the unique continuous, piecewise linear function on

[0,]] satisfying For simplicity of notation we denote hfv by h, and

ä by h§. Define the spaces XN and YN by

1v
XNE{<p6X]<p=;o1,h,}, ~

. _ “"
N

WeObservethat YN Q S.

We how show that py 4+ 1 ma py 4+ 1.

DEFINITION 3.3.1. For f 6 C(0,]) let ff), denote the piecewise linear interpolate of

f; i.e., ffv is linear on each interval [1:fi1,:1:{"], and = f(1·{°), i = 0, 1, . . . ,N.

LEMMA 3.3.2. There exist positive constants 71,72 such that iff 6 C2(0, I), then

(1) IIf{' — fII,„(,,,,, S %¤¤1”¤¤,„,.,„,„
ur — 1>[|m S y ¤¤1~¤¤..,,.,„,.

Puoop: See [15, Theorem 2.5].

Tußoxmu 3.3.3. (1) Ifep 6 X, then ||P,(’«p — «p||X —» 0 as N —» eo.

(2) If 6 Y, then — -> 0 as N —> oo.
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Puoop; (1) Let Q3 6 C°(0,l) V1 Hy{(0,l). Then llß
— PÄXÖIIX S II? — WIIX =

1/2

¤1"’||£ (1%- ${*’)||,_„ 5 $7.2 ll$"l|L„ —» 0 as N -» oa Let 6 > 0. sam 62:1111,5 is

dense in Hä, there exists $ 6 C2 0 Hä such that ||<p — < Thus,

ne — 1=.'ä«¤II.. s Pivällx + IIP.¥¢ - PMI!.
0

< —
Pylgällx < 6 for N suäciently large.

(2) Let ß E C’(0, I). Deiine 1Zy to be the piecewise linear function satisfyingErg=

‘Zf01'j= 0,1,...,N- 1, and
1,/;f'

= 7. Thus, = on[0,z1§_,].

Now,

1-N1"1(.1 YS Y
0 nd) ¢"I|L¤ · .

ß 1/2 ^ _ ^ ^1v _ ^N
=

_5 1- (||·1» ·1£'||h + ||¢. 1, 1. + 1.
¤"’·v.

·~ _ ·~By Lemma 3.3.2, .1. 5 ||.p”||h -» 0 6. N -» Oo. Let 1: = |·, - ¢(1)|. Then

I2 I ^N ^N I ^N ^~ dk!2:0* asN—>oo.
¤ =£'.-.

By a density argument similar to that used in part (1),

forall I
Y

Thus, A1) and A2) both hold so the approximation converge:. In the next chapter

we will discuss implementation of this algorithm.
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REMARK 3.3.4. The above splme estimates a.re standard. A similar argument can

be used to prove convergence if we use cubic splines instead of linear splines. The

above arguments can also be applied to the other examples given in Section 2.4.

If we wish to include the spring term in the right-hand boundary condition (i.e.,

use (2.4.2)), then in order to approximate the resulting system, we simply add the

operator A1 to .AN·M. The semigroups generated by .AN·M + A1 converge to the

semigroup generated by :4 as the following theorem shows.

THEOREM 3.3.5. Suppose A, Z, A", Z" and P" satisfy Theorem 3.1.1 and B is a

bounded linear operator on Z. If S(t) is the CO semigroup generated by A + B

and S"(t) is the C0 semigroup generated by A" + B on Z", then for all z 6 Z,

S"(t)P"z —> S(t)z as n —> oo, unifoimly on bounded t·intervals.

Pnoor: A, A" 6 G(M, ß). By Theorem 13.4.1 in [8], S(t) = ä:°S;,(t) where S0(t) = .

T(t) and S;,(t):r = j;:T(t — s)BS;,..1(s)::ds for k = 1,2,. . . , and S"(t)

=wherethe S: are defined similarly. Furthermore,

·~ K
S M(M ||B||)K+‘tK+‘eß"/(K + l)!

1=o

. where ,81 = ß + M · Let 6 > 0. Since CK/K! —-» 0 as K —> oo, there exists a

constant Kg independent of n such that for fixed z 6 Z,

Kg 6 Kg E
[[S"(t)P"z — gS,Q‘(t)P"z[[ < E

and [[S(t)z —
gS;,(t)z/Il <



64Thus,\|S"(t)P"z — S(t)z|| < §+ ||S,;‘(t)P"z - S1,(t)z]|. Deiine

t(1 + ||B|| · M), if ß = 0.

Choose 6 > 0 so that 6 §)[f(ß)]" < Since T"(t)P"’£ —-» T(t)E uniformly on

bounded t-intervals for all E 6 Z, there exists No such that if n > No, then

||T"(s)P"z — T(s)z[| < 6

and

||T"(t - s)P"BS,,(s)z — T(t — s)BS1,(s)z|| < 6

for k = 0, 1,...,Ko — 1 and for all s E [0,t]. Suppose ]|S,§‘(s)P"z — S1,(s)z|| < C

·WhCI'8 C > 6 for all s E [0, t]. Then
I

Il$T+i(¤)P"= — $1+1 (¤)=|I

S l|ITÜ‘(~·= — v)B$'L‘(v)P"= — T"(—·¤ - v)P"B$1-(v)¤|I '

+ |]T"(s - 6)P"BS,,(a)z - T(s — 0)BS1,(0)z||] dc

g [0- [[6]] - Meß<···> + 6] da 1 _

5
Ä!

[0- ||B|| ·
Me"(*"') + 6] da

S v[111ß11-M-ß<‘··>+ 1] dv = 6'f(ß)-
6

Thus, ||S;‘(t)P"z — S;,(t)z|| 5 6 [f(ß)]" for k = 1,2,..., Ko. Therefore,

||$"(¢)P"= — 5’(¢)=|I < §+ 6 I
1



Chapter IV Numerical Results

In this chapter we discuss the implementation of the Finite Element/Averaging

. approximation scheme for the viscoelastic shaft with tip·mass. We describe how to

construct the matrices for the simulation problem and the control problem, and we

compare the results obtained using the uniform mesh to the results from the non-

uniform mesh. The computer codes described in this chapter were implemented on

a Vax 8800 and an IBM 3090.

4.1We

consider the system given by the equation

o·£y(t 2) = 1 1·2—y(t 2) + f1g(s)-äy(t + s x)ds +b(2)u1(t)öt“’
62 82

’ _, Ö3 ° °

with boundary conditions

y(t,0) = 0, (4.1.2)

I ?iy(t I) = — [·r2·y(t,l) +
fi

g(.s)y(t + s,I)ds] + u4(t),"‘ö¢° ’
ö== -- (4.1.3)

and initial conditions

y(0,2) = s(a:), 0 S 2 S I, (4.1.4)

äy(¤„¤=) = v(¤)- 0 S =¤ S L (4-1-5)

y0(s, 2) = h(s,2), 0 S 2 S I, —r S s S 0. (4.1.6)

65
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Recall that the spaces X and Y are given by

1
X = Hi(0J) with ¤<>¤=¤ I|<pII§ = <¤ Ä [<„¤’(¤)l°d¤¤.

2 1
Y = R. x L2(0,l) with norm = 1,,,72 + 0/ ¢2(:1:)d:1:, .

y 0

and that S = E Y I 1/2 E H},(0, I), 1/:(l) = 7}. The first step in the approx-

imation is to construct finite dimensional subspaces XN Q X and YN Q S, then

to compute the matrix representation of
Ag,

with respect to a basis for XN x YN.

Since we are using linear splines, we cho0se~as basis elements

Qi = an
l

Q •
= {

1 N 6 N (h((I))
0

””"
1., ~

for i = 1,2,...,N and set xN x YN E span{e{v | i = 1,2,...,2N}. Observe that

this definition agrees with the choice of XN and YN given in Section 3.3. Suppose
2N .

p uN E XN X YN is given by uN = Zaivefv, and let vN = A{,V·uN where vN =
' i=1 -

_

2N ·
Zßfvefv.Then,fori=1,2,...,2N, ,
i=l

°°
("N· civ)

·

or, equivalently,
2N 2N

(4.1.7)
j=1 j=1

Define the N x N matrices D and H by

1
D;} 1:/0

_ 1
H;} E- (c%+},e%+;)XxY = I„,h}(l)h;(l) + 0/ h}(:1:)h;(:1:)d:1:

0
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for i = 1,2,. . . ,N. Then we can rewrite (4.1.7) as the 2N >< 2N system
MZ],

= Fä

where

M= [*3 3] md F= [lb *3[—
Thus, , the matrix representation of Ag, is given by

[A,·§’],=
[_H‘1,D

(4.1.8)

lf we take g(s) E 0 in (4.1.1) and (4.1.3) and set 0 = ·r = 1,,, = I = 1, then we

arrive at the system

äi ö’
-6-?y(t, 1:) = ä;iy(t, :1:) + b(x)u,(t), (4.1.9)

y(t,0) = 0, · (4.1.10)

%y(t, 1) = —·g;y(t, 1) + ug(t). ‘ (4.1.11)

Using the standard separation of variables technique, we find that the eigenvalues

of the system (4.1.9) - (4.1.11) are i«\j where «\j are the solutions of the equation

«\ = cot A. In Table 4.1.1 we compare the first eight eigenvalues of the system to the

computed eigenvalues of for several values of N. Observe that approximating

the higher frequencies requires large values of N. Using a largeivalue of N (e.g.,

N = 64) to approximate the system with damping included (i.e., g(s) 0) would
I

result in a prohibitively large system of equations. Thus, since we are interested

in controlling the modes corresponding to the lower frequencies, we will use small

values of N (e.g.; N = 8 or 16) for computations estimating the eigenvalues of the '
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only 1.5% for N = 16.

For the second stage of the approximation, we choose a positive integer M and

construct the matrix representation of the operator .AN·M given by (3.1.4). We will

denote this matrix by AN·M. Using (4.1.8) it is clear that AN·M has the form

0 I 0 0 ..... 0
—H"D 0 —H"D1 -H"D2.....-H"DM

Ä

0 I —;IqI 0 ..... 0
1

1
-0 1 $1 $1 .

ANM = 0 1 0 $1 - -

· Ä Ä Ä
Ä

Ä _ . °
aH•l I 0

0 I 0 ....0 ;§;I —j7I
M M

where D; = (g,)§"D for i = 1,2,...,M. Notice that AN·M is a square matrix of ·

order (M +2) · N.

If we replace (4.1.3) by (2.4.2), then to approximate the resulting system we must

approximate the operator A1 defined in Section 2.4 and add its matrix representation

to AN·M. Using the same method used above to find I , it is easy to see that

AIVM has the form

0 0 I 0AN,M =
—H"‘K

0 |
1 ,_ __ .. ._

+ ..
0_ I 0

Wl1C1'€ Kü
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We can compare the computed eigenvalues of to the eigenvalues of the

undamped system with the spring added just as we did for the system (4.1.9) —

(4.1.11). Note that the right-hand boundary condition is given by

ö' 8äy(t, 1) = - (y(t, 1) + 55:-y(t,
1)) + u2(t). (4.1.12)

Applying separation of variables to (4.1.9), (4.1.10) and (4.1.12), we see that the

imaginary parts of the eigenvalues are given by the solutions to A/(A2 — 1) = tan A.

Table 4.1.2 gives the approximations to the eigenvalues of the system with k = 1.

Again we observe that N = 16 yields a. reasonably accurate approximation of the
i

first four modes. Observe also that in the higher frequencies, the spring term has

virtually no impact.
i

As mentioned in Remark 3.3.4, we can use cubic splines instead of linear splin.

The procedure is exactly the same as above except for the way in which we incor-

porate the boundary condition (4.1.2). For linear splines we simply discard hg since

it is the only one of the “hat” functions for which h;(0) 5é 0. Let B, denote the ith

cubic spline basis function, i = -1,0, . . . ,N + 1; i.e.,

(3
— $5-;):,,

I E

h3 + 3h2($ — we-1) + 3h($ — rt;-1)° — 3(I — $6-1)3, ¤= E [¤=¢-1,3;]
ha h3 + 3h2(a:;+1 — x) + 3h(a:;+1 — a:)° — 3(a:;.,.1 — ar)3, :1: 6 [z;,:z:;+1]

(=¤6+¤ — ¤¤)°„ ¢ 6 [==¢+1„==«+¤]

where h = I/N (see [12]). Observe that B.1(0) = B;(0) = 1 and B¤(0) = 4.

Thus, if we set E B0(·) - 4B-1(·), 4B1(·) — B0(·) and b;(·) E B;-;(·)
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TABLE 4.1.1 Eigenfrequencies of A0 with I: = 0 using linear splines

A? A? AlfA?’1

.86033 .86078 .86045 .86036 .86034 .86034 .86033
2 3.4256 3.5142 3.4479 3.4312 3.4270 3.4260 3.4257
3 6.4373 7.0856 6.6033 6.4788 6.4477 6.4399 6.4379
4 9.5293 11.327 10.083 9.6675 9.5638 9.5379 9.5315
5 12.645 — 13.937 12.972 12.727 12.666 12.650
6 15.771 — 18.177 16.409 15.930 15.811 15.781
7 18.902 — 22.552 20.004 19.177 18.971 18.919
8 22.036 — 26.213 23.779 22.472 22.145 22.064

TABLE 4.1.2 Eigenfrequencies of A0 with I: = 1 using linear splines

j A-
I

A? A? A16 A?’ A?‘ AV?
.. .1. ,1... .1. .1. .1. .1. .1,

1 1.2078 1.2091 1.2081 1.2079 1.2078 1.2078 1.2078
2 3.4482 3.5363 3.4705 3.4538 3.4496 3.4486 3.4483
3 6.4410 7.0887 6.6069 6.4824 _ 6.4513 6.4435 6.4416

4 9.5305 11.328 10.084
E
9.6687 9.5650 9.5391 9.5326

5 12.646 ———— 13.937 12.972 12.727 12.666 12.651
6 15.772 ———— 18.177 16.409 15.930 15.811 15.781

* 7 18.903 —-— 22.552 20.004 19.177 18.971 18.920
· 8 22.037 —— 26.213 23.779 22.472 22.145 22.064
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for i =· 2,3,...,N + 2 then b;(0) = 0 for all i, so we can choose as our basis for

XNxYNtheset{e{V|i=1,2,...,2N-{-4} where
‘

for i = 1,2,...,N-I-2. The N+2 x N+2 matrices D and H are defined exactly

as above. Observe that the matrix AN•M has order (M + 2) · (N + 2) when using

cubic splines. In order to compare the results obtained using cubic splines to the

results from linear splines we will use two fewer cubic spline elents at each step

so that the corresponding matrices will be the same size for both schemes. Table

4.1.3 gives the eigenvalues of system (4.1.9) — (4.1.11) (i.e., k = 0) on the left and

the eigenvalues for the system with k = 1 on the right. Comparing Table 4.1.3 to

Tables 4.1.1 and 4.1.2, we see that cubic splines give a significant improvent over

linear splines. For the case with k 0, using six cubic spline elements gives a better

approximation to the first five modes than using sixteen linear spline elements, and

fourteen cubic spline elements does better than 128 linear spline elements in the

first eight modes. A similar improvement can be observed in the case with k = 1.

We next compute the eigenvalues of the AVE matrix (i.e., AN·M when k = 0

and AN·M +
A{v’M when k = 1) to see the eüect of damping and to compare the

rate of convergence for the two mesh schema: discussed above. We set g(.s) E

—e“/(5,/Z). Note that g E L1(-r, 0) and that g has a singularity at zero. We use

cubic splines with N = 6 and set k = 0. Figure 4.1.4 shows the open loop eigenvalues
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TABLE 4.1.3 Eigcnfrequcncics Öf Ad using Cubic Splines

_ k = O k = 1

A. AQ A14
·

A. AQ A14

1 .86033 .86033 .86033 1.2078 1.2078 1.2078
U

2 3.4256 3.4256 3.4256 3.4482 3.4482 3.4482
3 6.4373 6.4375 6.4373 6.4410 6.4412 6.4410
4 9.5293 9.5349 9.5294 9.5305 9.5360 9.5305

° 5 12.645 12.695 12.645 12.646 12.696 12.646
6 15.771 15.954 15.772 15.772 15.954 15.772
7 18.902 22.181 18.906 18.903 22.181 18.906
8 22.036 23.770 22.050 22.037 23.770 22.050
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of AVE using the uniform mesh with M = 4,8,12, 16,24 and 32. Observe that

the plots for M = 24 and M = 32 are "close” together. Figure 4.1.5 shows the

eigenvalues obtained using the non-uniform Mesh with M = 4, 8 and 12. The plots

for M = 16 and M = 24 are nearly indistinguishable from the plot for M = 12,

so the scheme appears to have “converged.” However, the plot obtained using the

uniform mesh is considerably to the left of the plot f1·om the non-uniform mesh.

Since both schemes are approximating the same system, we expect to get the same

eigenvalues, so one of the schemes must not have converged. In Figure 4.1.6 wg show

the eigenvalues for the uniform mesh with M = 48, 64, 80 and 96. Observe that the

eigenvalues are moving toward those in Figure 4.1.5, but that even for M = 96 they
F

are still too far to the left. It is interesting to note° that the smallest interval in the

case with M = 12 using the non-uniform mesh has length .001924. Achieving the

same size interval using the uniform mesh would require setting M = 520. Thus, it

appears that the non-uniform mesh is far superior to the uniform mesh.
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4-2 £lQ¤trszl•

For the control problem we must approximate the operator A' as well as A. Since

the theory does not guarantee convergence of the adjoint for an L1 kernel, we replace

g by the fimction gp defined by

f¤r —rSsS-p,g' " s1(—1>)+a'(—1>)·(¤ +p)„ f<>r +p S 8 S 0

where 0 < p < r. We will take p = 2"°.

The operator B : R2 -> Z is given by

0 0
B

_ 0 1/I,„
. _ —

1/0 b(:) 0 '
0 0

For this paper, we will take b(:) = :2. Let B = Zogf, where {ß} is

a basis for ZMM. Then Ea, (j§,ß)Z = <B ,f}> for all i, which implies
z

0
· · N N

Eaj (e_,, e,)XxY = 1/I„,u2 , 6, where {e,} IS a. basis for X x Y . Thus,
0 XxY

., 0a = <é:u2H-1B:) where (B2), = I,„h,(l).

· 0
Now, let B = Zßjfj. Then, Zßj (cj,c;)x„y = Ü ,66 „

1/0 b(:)·u1 Xx},

which implies Where (B1), =
0’ Thllä,

0 1 0
_ BMM0

0
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We will take W = C'C where

gp P—1”7

C 1 = p¤s¤(I)
wb PM,z/;
w PM,<p

where P = diag(p1,...,p„), pg > 0 for i = -1,0,...,n, and the operator M, :

Lg(0, I) —> R" is defined by

„ ä ggf f(z)dz
i

Mcf = ·

é
fÄ‘l° f(¤)d¢

where 0 < :4 < · · · < :„ < I. Thus, M,¢ measures the average displacement at

each of the :4, and M,<p measures the average velocity. In order to construct the

approximation to C, we merely have to integrate the “approximate delta functions”

6§ defined by _

¢ 1
°Ö; = z = 1,2, . . . , n

against each of the basis functions. For the runs described below, we used n = 4

with :4 = .25, :2 = .32, :3 = .5 and :4 = .677. We set 6 = .01 and took all the

weights to be 1.

We use Potter’s method (see [14]) to solve the finite dimensional algebraic Riccati

equation (1.1.6). To simplify notation, let A,B and C denote the approximations

of .A,B and C, respectively, and set W = GTC. The first step in Potter’s method is

to form the matrix

P =
AT W

BR—*BT -A ·
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Next, find the eigenvalues and eigenvectors of P and form the matrix Z

=wherethe columns of Z are the eigenvectors of P corresponding to the eigenvalues

with positive real part. When eigenvalues occur in complex conjugate pairs, so do

the eigenvectors. In this case, the real and the imaginary part of the eigenvector

each forms a column of Z. Finally, the solution to the Riccati equation is given

by Q = XY". Once we have found Q, we can compute the “gain” matrix K = -

—R"BTQ and the “closed-loop” matrix A + BK.

Figure 4.2.1 shows the closed-loop eigenvalues for 6 cubic splinec and the non-

uniform mech with M = 4, 8, 12 and 16. As expected based on our experience with

the open·loop eigenvalues, there is a negligible difference between the case with

M = 12 and the case with M = 16. Since Potter’s method involves computing the

eigenvectors of an order 2 · (N + 2) · (M+ 2) matrix, we want to keep M small while

increasing N. Figure 4.2.1 indicatec that we can expect reasonably accurate resu.lts

for M as small as 8. Figure 4.2.2 shows the closed·loop eigenvalues for larger values

of N. S
Although it may appear that the scherne is converging, the ultimate goal is to find

f
approximations to the gain operator K, so the real test for convergence is whether the

gains converge. Given the gain matrix K, we wish to find a reprecentation of the gain

operator K. Since u"(t) = = Kz(t), there exist operators K; : Z —» R such

that u§'(t) = K;z(t) for i = 1,2. By the Riesz·Representation Theorem, there exist
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KEG)
E} 6 Z such that IC;z(t) = (ä,z(t))Z. Let E, = Ki’;'Z’_) Our goal is to find ap-

proximations to the “ODE gains” Km and the "functiona.l gains” Km, Km and Kg;.

Let {ffm} be a basis for ZN·" and let KN·" =
Z,8;v’Mf;V’M be given. Suppose we ·

wish to find a matrix representatiou, which we will denote by [KM"] , of the opera-

tor T: ZNM -» R defined by Tz = (1<^'·M,z)z. Let e = ;e§"·”f}"^'. Then Tz =

where Ge =
{f}"*"‘„LF"””}Z-

Tbee, [KM'] = (B°^W)Tc: which inipiiee
[1<N·M]’”

= GTENM = GENM. Now,

suppose that we know the matrix representatiou [KM"] with respect to the basis

{gw Then the eeeiiieienee
ß;"·“

are given by EM = G-1 [1<^'·M]T. Using the

basis for WN·" that we used in Section 4.1 to compute the projection operator, it

is easy to see that the matrix G is given by

D 0 0 . .. 0
0 H 0 0

G=[0 0 F

0InTable 4.2.3 we show the “ODE” gaius Km and Km, and in Figures 4.2.4 —

4.2.10, we show plots of several of the gain functionals. All runs used the non-

uniform mesh. From Table 4.2.3 it appears that M does not have to be very large

for the non-uniform mesh. However, N, the number of subdivisions for the spatial

variable, must be quite large before we observe convergence. We observe the same

phenomena in the plots of the functional gaius. Thus, although a small number of
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elements gives a very good approximation of the eigenvalues, a. good approvdmation

of the optimal control requires a. large number of elements. Observe also from the

plots of K1_1(:z:) that a small number of elements yields a. result radically different

from the "converged” gain functional.
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TABLE 4.2.3 ODE Gaius

6 8 -.7046 -2.520
6 12 -.7054 -2.521
6 16 -.7057 -2.522
8 16 -.4982 -1.714
12 16 -.4790 -1.582
16 12 -.5093 -1.630
20 10 -.5271 -1.658
24 8 -.5382 -1.676
27 8 -.5447 -1.687
so 7 -.5496 -1.695
34 6 -.5546 -1.703
40 5 · -.5601 -1.712
45 4 -.5628 -1.716

r
[

47 4 -.5641 -1.719
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4.3In

this paper we have developed an abstract framework for state space formulation

and proved a generalized result on well-posedness which we applied to an abstract

viscoelastic model with a singular kernel in the memory term. We also developed

an approximation scheme and showed that the “non·uniform” mech proposed in

[6] yields a convergent scheme. We also showed that the adjoint system converges

for bounded kernels. We applied our scheme to a viscoelastic shaft with tip-mass

and developed computer codes to estimate the eigenvalues and solve the closed-loop

system.

There is much room for further study. In particular we plan to

(1) plot the gain functionals IQ; to see if they appear to converge at the same

rate as Kg,} and Km;

(2) investigate the convergence of the adjoint for singular kernels;

(3) find an estimate on the rate of convergence for the non-uniform mech;

(4) study some of the other examples (e.g., beams, thermo-viscoelastic systems)

mentioned in the paper.
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