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Optical Signal Processors: Novel Computer Models and Experiments 

by 

David Sun 

Electrical Engineering 

(ABSTRACT) 

The concept of incorporating optical fiber delay lines as signal processors is investigated. 

These signal processors are discrete time filters implemented using optical fiber delay lines 

in the form of optical fiber couplers Advantages of such a filter include the ability to 

eliminate the need for electro-optical conversion or at least postpone the conversion to a 

point where the electronics may be simplified. In addition, these optical signal processors 

exhibit all the advantages afforded traditional optical fiber systems. Furthermore, these 

devices allow high speed signal processing rates greater than 1GHZ which rival the 

performance of the most advanced electronic counterparts available today. 

In this thesis, optical signal processors are investigated in detail. First, the fundamental 

signal processing concepts and optical component background is discussed for the analysis 

of the devices are developed. Subsequently, various configuration of optical signal 

processors are discussed and novel computer models for these configurations using Z- 

transform theory are presented. Lastly, experimental verification is presented of the 

rudimentary models and a unique approach is presented that will allow the creation of 

optical signal processors with a flexibility never achievable before.
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Chapter 1: Introduction 

Optical fibers have become widely accepted as the communications platform of today's 

community. Their applications are typically in networks ranging from existing long-haul 

communication systems and their repeaterless versions to the highly touted information 

superhighway. In addition to communications, fiber optics has recently gained acceptance 

in their applications as sensors. These sensors are small, light weight and flexible, they can 

operate in a wide range of environmental conditions and can be configured to respond to 

many physical mesurands [1.1]. 

Signal processing plays a particularly important role in fiber optics for both sensing and 

communication applications. The outputs of optical fiber sensors often requires signal 

processing due to their high sensitivity to multiple measurands. Similarly, for 

communication networks, the long distance between transmitters and receivers poses a 

potential problem. As the distance increases, the optical signal propagating in the fiber is 
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prone to degradation. As a result, a balance is required between the allowable signal 

degradation and the cost and performance of signal reconditioners. Much of the 

performance of these systems is dictated by the performance of the receivers in the system, 

specifically the rate at which the optical signals can be processed. 

The physical marriage of these two disciplines presents a breakthrough in both fields with 

the ability to benefit a broad scope of other areas of study. In particular, these signal 

processors present a significant breakthrough in the ongoing research of optical computing 

and optical integrated systems. These advances may also add many new and exciting 

dimensions to fiber sensor-based smart structures and systems. In an envisioned smart 

structure environmental sensing, mechanical actuation and structural control are integrated 

internally [1.2]. Figure 1.1 shows a diagram of an optical fiber sensor-based smart 
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Figure 1.1. Optical fiber sensor based smart structure. 

Traditional signal processing in a such an optical-based control system involves the 

detection of the signal, electronic filtering and remodulating an optical source. This 

approach has not only proved costly but the process often degrades the signal to noise 

ratio by more than 50dB [1.3]. By creating these filters using optical fiber delay lines the 

signal processing may be done either without performing the electro-optical conversion or 
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at least postponing the conversion to a point where the electronics may be simplified. 

These optical signal processors exhibit all the advantages afforded optical fiber systems 

such as small packaging, electromagnetic interference immunity and ultra-high bandwidth. 

In addition, the devices have low, frequency-independent loss, negligible dispersion and 

polarization independence. Furthermore, these devices allow high speed signal processing 

rates greater than 1GHz which rival the performance of their most advanced electronic 

counterparts available today. Figure 1.2 shows a revised diagram of a smart structure 

with an optical signal processor. 
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Figure 1.2. Revised diagram of a smart structure with an optical signal processor. 

This filtering phenomena is achieved by an interference of the modulation instead of the 

optical carrier. As a result, it is required that the coherence time of the modulated source 

be less than the unit delay of the filter. Although the signal is continuous, the unit delay 

lines in the filter generate discrete time samples. In addition, since these systems are linear 

and time-invariant, their analysis can be facilitated using Z-transform theory. 

In this thesis, optical signal processors are investigated in detail. Chapter 2 establishes the 

fundamental signal processing concepts necessary for the analysis of the devices. Chapter 

3 provides a background investigation of the optical components necessary to create the 
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signal processing devices. Chapter 4 describes various configurations of optical signal 

processors. Novel computer models for these configurations using Z-transforms are 

presented in Chapter 5. These models are coded in Matlab 4.0 and the subroutines 

responsible for each model are referred to in the text. These subroutines and their support 

functions are included in the Appendix. Although selected frames from these models are 

included in this text, the most knowledge will be gained from these models by allowing 

them to perform in real time. Lastly, Chapter 6 will present experimental verification of a 

rudimentary model as well as demonstrate a unique approach which applies these models. 

This approach will allow the creation of optical signal processors with a flexibility never 

achievable before. 
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Chapter 2: Elementary Signal Processing 

In order to properly understand the operation of an optical signal processor, it is important 

to understand the foundation of knowledge upon which they are based. As they operate in 

a fashion similar to electronic filters, a good starting point would be to introduce 

elementary signal processing concepts. This chapter will briefly discuss the fundamental 

concepts of discrete time signal processing. The purpose of this discussion is to 

familiarize these concepts to the reader and by no means encompasses the complete field 

of signal processing. For a more detailed discussion, the reader is refereed to the texts 

referenced in this chapter. 

2.1_Z-Transforms 

Optical signal processors are devices whose output consists of scaled, time delayed 

versions of its input. This output is generated using weighted fiber taps separated by 
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lengths of optical fiber acting as delays. These delays are constructed using fiber whose 

length is an integer multiple of a chosen unit length, or delay. Although a more detailed 

discussion of these devices will follow, it is evident that since the taps are separated by 

integer multiples of a unit delay, the evaluation of complex systems can be facilitated by 

the use of the Z-transform. By definition, the Z-transform of a discrete signal is described 

as 

X@)= Dx", (2.1) 
n=—00 

where z is the complex transformation variable [2.1]. A close examination will show that 

a Z-transform is also a Laurent series and as such, is subject to all the properties of 

complex variables. In particular, Cauchy's Integral and Residue theorems are powerful 

tools that have many applications [2.2]. 

By evaluating the system functions in the Z domain, many powerful signal processing 

techniques may be realized with results that may be understood intuitively. In using Z- 

transform techniques however, we must assume that these systems are linear and time 

invariant (LTI). 

2.2 Transfer Function 

A system can be readily described by examining its transfer function. The transfer function 

may be obtained by taking the ratio of the Z-transform of the output to the Z-transform of 

the input. Taking the roots of the denominator and numerator polynomials and plotting 

these poles and zeros, much insight can be read into the response of the system. By 
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plotting the real and imaginary components of these poles and zeros on the Z-plane and 

comparing them with a circle centered at the origin of unity radius, the systems stability 

and frequency response can be easily examined. Figure 2.1 shows a sample Pole-Zero plot 

for a given discrete system. 

Pole Zero Plot of Filter 
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Figure 2.1. Sample pole zero plot. 

2.2.1 Stability 

The fundamental criteria for stability in digital systems is that all repeated poles of the 

system must lie inside the unit circle. A system with poles outside of the unit circle is 

inherently unstable and systems with poles on the unit circle are considered marginally 
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stable. This analysis of stability is similar to that of continuous time systems and an in 

depth analysis would show that there is a mapping between the stability region in the 

continuous time case and the unit circle [2.3]. 

2.2.2 Frequency Response 

In addition to stability, the pole-zero plot is also able to describe the frequency response of 

the system. This effect is a result of the relationship between the Z-transform and the 

Fourier Transform. Equation (2.1) gives the definition of the Fourier Transform, 

X(e*)= Sx(n ont (2.1) 

It can be seen upon comparison with (2.1) that the Fourier Transform is simply the Z- 

transform where z is defined as z=e®t, By doing so we have restricted the magnitude of z 

to unity and as a result, the Z-transform evaluated at |z|=1 is the Fourier Transform where 

it exists [2.4]. This unity magnitude results in the common phrase, "evaluating the Z- 

transform along the unit circle" as each point on the unit circle now represents a certain 

frequency. 

A useful geometric approach is also available for the calculation of the frequency response 

of a system. By writing the transfer function of the system in factor form we obtain 

  

Ha) = eof Tr (l= 2nz- ) 023) 

aol |, (1- piz-') 

Chapter 2: Elementary Signal Processing 8



where z,, are the zeros of the system, p;, are poles of the system and bo and ag are gain 

coefficients. Equation (2.3) can be rewritten as 

H(2) = 2 “TT @=29) | (2.4) 
ao] [_(z~ pe) 
  

Bearing in mind that z is a complex variable, (2.4) may be rewritten as 

M . 
bo Bue* 

m=] a (2.5) 

aol |, Are ® 
H(z)=2N-M 

where the roots are considered to be vectors of magnitude B,, or A, and angle 0 or 

respectively. By evaluating (2.5) on the unit circle one can show that 

(2)   

M 

bl [Bn (2.6) 
K > 

ao TT 4 

and 

ZH(@)=(N-M)OT+Y Or) oe. (2.7) 
me! 

Equation (2.6) implies that the magnitude response of a system at a certain frequency may 

be obtained by finding the product of the lengths of vectors between each zero and the 

frequency of interest on the unit circle, divided by the product of the lengths of vectors 

from each pole. The phase response at a certain frequency is described by (2.7) as the 
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difference between the sum of the zero vector angles and the sum of the pole vector 

angles. 

It can easily be shown from (2.6) that the closer a zero is to the unit circle, the smaller the 

magnitude response will be for that particular frequency. In addition, the closer a pole is 

to the unit circle, the larger the magnitude response. Another implication of this effect is 

that the closer the roots are to the unit circle the sharper the transition. Figure 2.2 shows 

the magnitude response of the system previously given. As can be seen, the magnitude 

falls to zero at frequencies where zeros lie on the unit circle. In addition, it can be seen 

how a sharp transition may be implemented by placing roots on or near the unit circle. 

Frequency Response of 6th Order Bandpass Filter 
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Figure 2.2. Magnitude response of example filter. 

      

To conclude our discussion of frequency response, it is relevant to note its symmetry. For 

x(n) real we have that x(n)=x(n)*. Recalling (2.2), we then have 
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X(ei)= sxe! ont 

= > x(n)e - ma 

n=-o 

(2.8) 
[xe]. 

From (2.8) we can see that for x(n) real, the magnitude response of a system is an even 

function in @ while the phase response is an odd function. In addition, both of these 

responses are periodic in @ with a the same period as eJt; that is 2x/T. 

2.3 Discrete Time System Structures 

Graphical representations are sometimes helpful in understanding the functionality of 

complex systems. The most common graphical representations are the block diagram and 

signal flow graph. Two specific forms of block diagrams are presented, as they pertain to 

optical signal processors. 

2.3.1 Direct Structures 

While the pole-zero plot allows one to visualize the frequency response of a filter, signal 

flow graphs allow one to visualize the implementation of the filter. These signal flow 

graphs, sometimes referred to as block diagrams, are commonly used in control theory as 

well as signal processing. Figure 2.3 depicts a typical signal flow graph for a recursive 

system. A recursive system is a filter implementation that incorporates feedback as well as 
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feed-forward. These systems are also termed Infinite Impluse Response (IIR) systems as 

their impulse response would become infinitely long due to the feedback. The converse of 

IIR systems is the Finite Impulse Response (FIR) system which incorporates only feed- 

forward. 
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Figure 2.3. Sample signal flow graph [2.1]. 

As can be seen in this Figure 2.3, an input is branched and sent to multipliers b,, and ax. 

These multipliers represent the coefficients of the transfer function and the Z-transform 

operator, z-1, represents a unit delay. The output signal is generated by sending the 

various signals to a summer junction where the signals are combined. In typical filters, the 

delays are realized using a storage element such as a shift register. In general, all digital 

filters consist of certain basic components: summers, branchers, multipliers, and delays. 
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The filter depicted in Figure 2.3 can be reconstructed to utilize the least number of delays. 

One such canonic structure is called the Direct Form II structure. Figure 2.4 shows the 

example filter in Direct Form II. 
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Figure 2.4. Direct form II of example filter [2.1]. 

As can be seen in Figure 2.4, the numerator of the transfer function is on the feed-forward 

portion of the graph while the denominator is implemented on the feedback portion. In 

addition, the magnitude of the multipliers are identical to the polynomial coefficients as 

well as in the same order. 

Unfortunately, most optical signal processors are not able to incorporate the elegance of 

such a representation. However a thorough understanding of these principles facilitates 

the understanding of optical systems. 
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2.3.2 Lattice Structures 

Another class of structures for discrete time systems are called lattice structures. Lattice 

structures are motivated by autoregressive signal modeling theory [2.5]. While a detailed 

discussion of lattice structures is beyond the scope of this thesis, a brief introduction will 

be included as they pertain to optical signal processors. 

A basic recursive lattice section is shown in Figure 2.5a, while Figure 2.5b shows a 

general all-pole HR lattice system. As can be seen, a lattice system can consist of a 

cascade of basic two-port devices. This lattice structure allows high order filters to be 

easily constructed by cascading multiple sections of lower order. By selectively choosing 

the ports, different filter responses can be obtained. 

x{n) yy) Xy (n) 

    yon) Z> xofn} yatn) 

a) . b) 
Figure 2.5. Lattice Structures. a) Basic section b) IIR lattice system. 

2.4 Group Delay 

In our previous discussion of system structures we introduced the concepts of recursive 

and non-recursive systems. While there are many differences between IIR and FIR 

systems, group delay can be the deciding factor in choosing a particular structure or 

configuration. The group delay of a system is defined as 
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Physically, this can be described as the delay each frequency component experiences in the 

system. If the group delay is not constant, frequency components which enter the system 

simultaneously will experience a different delay and as a result, will reach the output at 

different times. The end result is a distorted waveform at the output. This distortion is 

termed phase distortion since group delay is the derivative of the phase response, and 

linear phase is required for a constant group delay. It is of interest to note that while the 

output is distorted in time, the frequency content remain consistent with expected results. 

Figure 2.6 shows an example of phase distortion. A signal composed of multiple 

frequencies all in the passband is sent through a filter. The solid line shows that the 

frequency content of the input waveform is maintained while the dashed line shows the 

distorted waveform after it is passed through the filter. 
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Figure 2.6. Phase distortion of a signal after passing through an IIR filter. 
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FIR filters are popular due to the ease in which they achieve a linear phase response. FIR 

filters are commonly used in voice communications and other areas in which phase 

distortion is unacceptable. Unfortunately, FIR filters generally require a filter order ten 

times greater than IIR filters to achieve the same frequency response. 
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Chapter 3: Optical Components 

As mentioned previously, all digital filters consist of a few basic components. In order to 

implement an all optical digital signal processor, it is necessary to find optical equivalents 

to these components. This chapter will discuss these equivalent components and their 

functions for an optical signal processor. 

3.1 Delays 

One of the integral components of digital filter is the unit delay represented in signal flow 

graphs by z~!. These components can be implemented optically by using optical fibers cut 

to a precise length. The time delay is then defined as the time required for light to 

propagate from one end of the fiber to the other. Assuming a refractive index of n=1.5, 

common to all fiber sections in the network, the propagation delay is approximately 5 ns 

per meter. By choosing a given length of fiber, a unit time delay of the system can be 
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defined and the sampling frequency would be the inverse of the propagation delay. 

_ Because of the dispersive nature of multimode fibers, their use in optical signal processors 

is limited. In addition, the low-loss nature of singlemode fiber makes the choice easier. 

A system requiring only summers, branches, and delays was successfully implemented by 

Chang et al. [3.1]. A simplified schematic of this filter is depicted in Figure 3.1a with its 

equivalent signal flow graph in Figure 3.1b. The requirement that all coefficients of the 

transfer function equal unity in this system, results in a limited functionality. 
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Figure 3.1. Simplified schematic of filter implemented by Chang et al. 
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3.2 Multipliers 

By including multipliers in the system, one can achieve a greater range of filter responses. 

These multipliers are implemented in an optical processor through the use of fiber optic 

couplers. In such a system, the multiplier is equal to the coupling coefficient of the 

coupler. This correlation is possible due to the nature of the device. 
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Figure 3.2. Schematic of an optical fiber coupler. 

The input-output relationship of a 2x2 directional coupler shown in Figure 3.2 can be 

described by the following transfer matrix 

P3 A BYP 

P(e lr G1) 

where P1, P2 and P3, P4 are the respective input and output powers of the fields 

propagating in the corresponding ports and y is the insertion loss factor which is usually 

determined by taking the ratio of the output to input optical power of the coupler. 

Assuming that the coupler is symmetric, (3.2) is reduced to 

Ps} (1-K K YP 39 

-_ (=f K cle} G2) 
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�f�i�b�e�r�s� �a�r�e� �s�u�p�e�r�i�m�p�o�s�e�d�.� �A�s� �t�h�e� �c�o�r�e�s� �a�r�e� �o�f�f�s�e�t�,� �t�h�e� �c�o�u�p�l�i�n�g� �d�e�c�r�e�a�s�e�s�.� �H�o�w�e�v�e�r� �t�h�i�s� 

�c�o�r�r�e�l�a�t�i�o�n� �d�o�e�s� �n�o�t� �h�o�l�d� �i�f� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �l�e�n�g�t�h� �i�s� �g�r�e�a�t�e�r� �t�h�a�n� �t�h�e� �c�o�u�p�l�i�n�g� �l�e�n�g�t�h� 

�d�e�f�i�n�e�d� �a�s� �7�/�2�c�.� �I�n� �t�h�i�s� �s�i�t�u�a�t�i�o�n�,� �o�v�e�r�c�o�u�p�l�i�n�g� �i�s� �s�a�i�d� �t�o� �o�c�c�u�r� �a�n�d� �t�h�e� �p�e�a�k� �c�o�u�p�l�i�n�g� �i�s� 

�a�c�h�i�e�v�e� �w�i�t�h� �a�n� �o�f�f�s�e�t� �o�f� �t�h�e� �c�o�r�e�s� �[�3�.�9�]�.� 

�T�h�i�s� �t�u�n�a�b�i�l�i�t�y� �o�f�f�e�r�s� �a�n� �a�d�v�a�n�t�a�g�e� �f�o�r� �p�o�l�i�s�h�e�d� �c�o�u�p�l�e�r�s� �i�n� �d�e�v�e�l�o�p�i�n�g� �o�p�t�i�c�a�l� �s�i�g�n�a�l� 

�p�r�o�c�e�s�s�o�r�s�.� �T�h�i�s� �a�d�v�a�n�t�a�g�e� �i�s� �a� �r�e�s�u�l�t� �o�f� �t�h�e� �t�u�n�a�b�i�l�i�t�y� �a�l�l�o�w�i�n�g� �t�h�e� �s�a�m�e� �c�o�u�p�l�e�r� �t�o� �b�e� 

�i�n�c�o�r�p�o�r�a�t�e�d� �f�o�r� �m�u�l�t�i�p�l�i�e�r�s� �o�f� �d�i�f�f�e�r�e�n�t� �m�a�g�n�i�t�u�d�e�s�.� 

�3�.�2�.�2� �F�u�s�e�d� 

�F�u�s�e�d� �B�i�c�o�n�i�c�a�l� �T�a�p�e�r�e�d� �(�F�B�T�)� �c�o�u�p�l�e�r�s� �h�a�v�e� �b�e�e�n� �c�a�l�l�e�d� �t�h�e� �m�o�s�t� �s�u�c�c�e�s�s�f�u�l� �o�f� �t�h�e� 

�s�i�n�g�l�e�m�o�d�e� �c�o�u�p�l�e�r�s�.� �T�h�e�i�r� �s�u�c�c�e�s�s� �i�s� �a�t�t�r�i�b�u�t�e�d� �t�o� �t�h�e�i�r� �s�t�a�b�i�l�i�t�y� �a�n�d� �l�o�w�-�l�o�s�s� �o�p�e�r�a�t�i�o�n� 

�a�s� �w�e�l�l� �a�s� �t�h�e�i�r� �e�a�s�e� �i�n� �m�a�n�u�f�a�c�t�u�r�e�.� �I�n� �a�d�d�i�t�i�o�n� �t�h�e�s�e� �c�o�m�p�o�n�e�n�t�s� �a�l�l�o�w� �a�n� �a�r�b�i�t�r�a�r�y� 

�b�r�a�n�c�h�i�n�g� �r�a�t�i�o�,� �r�e�d�u�c�e�d� �p�o�l�a�r�i�z�a�t�i�o�n� �d�e�p�e�n�d�e�n�c�e� �a�n�d� �a� �b�r�o�a�d� �r�a�n�g�e� �o�f� �w�a�v�e�l�e�n�g�t�h� 

�o�p�e�r�a�t�i�o�n� �[�3�.�8�]�.� �L�i�k�e� �p�o�l�i�s�h�e�d� �c�o�u�p�l�e�r�s�,� �F�B�T� �c�o�u�p�l�e�r�s� �h�a�v�e� �t�h�e�i�r� �o�r�i�g�i�n�s� �w�i�t�h� �m�u�l�t�i�m�o�d�e� 

�f�i�b�e�r�s� �[�3�.�5�]�.� 

�A�l�t�h�o�u�g�h� �a�t�t�e�m�p�t�s� �h�a�v�e� �b�e�e�n� �m�a�d�e� �t�o� �d�e�s�c�r�i�b�e� �t�h�e� �o�p�e�r�a�t�i�o�n� �o�f� �F�B�T� �c�o�u�p�l�e�r�s� �u�s�i�n�g� 

�e�v�a�n�e�s�c�e�n�t� �f�i�e�l�d� �c�o�u�p�l�i�n�g�,� �t�h�e�y� �h�a�v�e� �b�e�e�n� �u�n�s�u�c�c�e�s�s�f�u�l�.� �T�h�i�s� �p�r�o�b�l�e�m� �r�e�s�u�l�t�s� �b�e�c�a�u�s�e� �i�n� 

�t�h�e� �w�a�i�s�t� �o�f� �t�h�e� �c�o�u�p�l�e�r�,� �t�h�e� �p�r�o�p�a�g�a�t�i�n�g� �f�i�e�l�d�s� �b�e�c�o�m�e�s� �d�e�t�a�c�h�e�d� �f�r�o�m� �t�h�e� �c�o�r�e�s� �o�f� �t�h�e� 

�f�i�b�e�r� �a�n�d� �a�r�e� �g�u�i�d�e�d� �i�n� �t�h�e� �f�i�b�e�r� �b�y� �t�h�e� �a�i�r�-�c�l�a�d�d�i�n�g� �i�n�t�e�r�f�a�c�e�.� �T�h�i�s� �d�e�t�a�c�h�m�e�n�t� �i�s� �a� 

�n�e�c�e�s�s�a�r�y� �r�e�s�u�l�t� �o�f� �t�h�e� �m�a�n�u�f�a�c�t�u�r�i�n�g� �t�e�c�h�n�i�q�u�e�.� 

�C�h�a�p�t�e�r� �3�:� �O�p�t�i�c�a�l� �C�o�m�p�o�n�e�n�t�s� �2�2



�F�B�T� �c�o�u�p�l�e�r�s� �a�r�e� �m�a�d�e� �b�y� �p�l�a�c�i�n�g� �t�h�e� �t�w�o� �f�i�b�e�r�s� �i�n� �p�a�r�a�l�l�e�l� �t�h�a�t� �h�a�v�e� �h�a�d� �t�h�e�i�r� �c�o�a�t�i�n�g�s� 

�r�e�m�o�v�e�d�.� �T�h�e� �p�a�r�a�l�l�e�l� �p�l�a�c�e�m�e�n�t� �o�f� �t�h�e� �c�o�r�e�s� �i�s� �a�c�h�i�e�v�e�d� �b�y� �t�w�i�s�t�i�n�g� �t�h�e� �t�w�o� �f�i�b�e�r�s� 

�t�o�g�e�t�h�e�r�.� �T�h�e� �t�w�i�s�t�e�d� �a�r�e�a� �i�s� �o�f�t�e�n� �c�a�l�l�e�d� �t�h�e� �b�i�c�o�n�i�c�a�l�-�t�a�p�e�r� �s�t�r�u�c�t�u�r�e� �o�r� �t�h�e� �n�e�c�k� �o�f� �t�h�e� 

�c�o�u�p�l�e�r�.� �T�h�i�s� �s�t�r�u�c�t�u�r�e� �i�s� �t�h�e�n� �a�t�t�a�c�h�e�d� �b�e�t�w�e�e�n� �t�w�o� �t�r�a�n�s�l�a�t�i�o�n� �s�t�a�g�e�s� �a�s� �h�e�a�t� �s�o�u�r�c�e� �i�s� 

�a�p�p�l�i�e�d� �a�n�d� �t�h�e� �t�w�o� �s�t�a�g�e�s� �s�e�p�a�r�a�t�e�d�.� �T�h�e� �r�e�s�u�l�t� �i�s� �a� �s�y�m�m�e�t�r�i�c� �t�a�p�e�r�i�n�g� �o�f� �t�h�e� �t�w�o� �f�i�b�e�r�s� 

�a�n�d� �a� �f�u�s�i�n�g� �o�f� �t�h�e�i�r� �c�l�a�d�d�i�n�g�s� �i�n� �t�h�e� �n�e�c�k� �o�f� �t�h�e� �c�o�u�p�l�e�r�.� �F�i�g�u�r�e� �3�.�4� �d�e�p�i�c�t�s� �t�o� �f�a�b�r�i�c�a�t�i�o�n� 

�o�f� �a� �F�B�T� �c�o�u�p�l�e�r�.� 

�v�a� 
�Y�A�L�A� �F�A�D�E�R� �O�X�Y� �P�R�O�P�B�I�N�E� �U�M�E� �f�a� �u�e� �/�U�C�R�O�T�O�R�C�H� �2� 

�F�i�g�u�r�e� �3�.�4�.� �F�a�b�r�i�c�a�t�i�o�n� �o�f� �a� �f�u�s�e�d� �b�i�c�o�n�i�c�a�l� �t�a�p�e�r�e�d� �c�o�u�p�l�e�r� �u�s�i�n�g� �a�n� �o�x�y�-�b�u�t�a�n�e� �t�o�r�c�h�.� 

�B�y� �t�a�p�e�r�i�n�g� �t�h�e� �f�i�b�e�r�,� �t�h�e� �n�o�r�m�a�l�i�z�e�d� �f�r�e�q�u�e�n�c�y� �o�r� �V�-�n�u�m�b�e�r� �o�f� �t�h�e� �f�i�b�e�r� �i�s� �d�e�c�r�e�a�s�e�d�.� �V�-� 

�n�u�m�b�e�r� �i�s� �d�e�f�i�n�e�d� �b�y� 

�y�e�n�,� �3�.�3�)� 

�w�h�e�r�e�  ��a�'� �i�s� �t�h�e� �c�o�r�e� �d�i�a�m�e�t�e�r�,� �A� �i�s� �t�h�e� �w�a�v�e�l�e�n�g�t�h� �o�f� �t�h�e� �l�i�g�h�t� �p�r�o�p�a�g�a�t�i�n�g� �i�n� �t�h�e� �f�i�b�e�r� �a�n�d� 

�n�,� �a�n�d� �n�»� �a�r�e� �t�h�e� �i�n�d�i�c�e�s� �o�f� �r�e�f�r�a�c�t�i�o�n� �f�o�r� �t�h�e� �c�o�r�e� �a�n�d� �c�l�a�d�d�i�n�g� �r�e�s�p�e�c�t�i�v�e�l�y�.� �I�t� �c�a�n� �b�e� 

�s�e�e�n� �t�h�a�t� �t�h�i�s� �t�a�p�e�r�i�n�g� �d�e�c�r�e�a�s�e�s� �t�h�e� �V�-�n�u�m�b�e�r� �b�y� �r�e�d�u�c�i�n�g� �t�h�e� �r�a�d�i�u�s� �o�f� �t�h�e� �c�o�r�e�s�.� 
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�I�n� �t�h�e� �n�e�c�k� �a�r�e�a� �o�f� �t�h�e� �c�o�u�p�l�e�r�,� �a�s� �t�h�e� �l�i�g�h�t� �p�r�o�p�a�g�a�t�e�s� �i�n�t�o� �t�h�e� �t�a�p�e�r�e�d� �a�r�e�a�,� �t�h�e� �m�o�d�e�-� 

�f�i�e�l�d� �d�i�a�m�e�t�e�r� �o�f� �t�h�e� �g�u�i�d�e�d� �m�o�d�e� �i�n�c�r�e�a�s�e�s� �a�s� �i�t� �i�s� �l�o�o�s�e�l�y� �b�o�u�n�d� �b�y� �t�h�e� �c�o�r�e�.� �T�h�i�s� �e�f�f�e�c�t� 

�i�s� �d�u�e� �t�o� �t�h�e� �r�e�d�u�c�t�i�o�n� �o�f� �t�h�e� �V�-�n�u�m�b�e�r�.� �A�s� �t�h�e� �t�w�o� �f�i�e�l�d�s� �b�e�c�o�m�e� �m�o�r�e� �l�o�o�s�e�l�y� �b�o�u�n�d� �t�o� 

�t�h�e�i�r� �r�e�s�p�e�c�t�i�v�e� �f�i�b�e�r�,� �t�h�e�y� �a�r�e� �a�b�l�e� �i�n� �i�n�t�e�r�a�c�t� �a�n�d� �e�x�c�h�a�n�g�e� �p�o�w�e�r�.� �T�h�e� �s�e�g�m�e�n�t� �o�f� �t�h�e� 

�c�o�u�p�l�e�r� �w�h�e�r�e� �p�o�w�e�r� �e�x�c�h�a�n�g�e� �o�c�c�u�r�s� �i�s� �c�a�l�l�e�d� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �l�e�n�g�t�h�.� 

�A�s� �t�h�e� �l�i�g�h�t� �e�x�i�t�s� �t�h�e� �t�a�p�e�r�e�d� �r�e�g�i�o�n�,� �t�h�e� �c�o�r�e� �d�i�a�m�e�t�e�r�s� �b�e�g�i�n� �t�o� �i�n�c�r�e�a�s�e� �c�a�u�s�i�n�g� �a�n� 

�i�n�c�r�e�a�s�e� �i�n� �t�h�e� �V�-�n�u�m�b�e�r�.� �A�s� �t�h�e� �V�-�n�u�m�b�e�r� �i�n�c�r�e�a�s�e�s�,� �t�h�e� �l�i�g�h�t� �b�e�c�o�m�e�s� �m�o�r�e� �t�i�g�h�t�l�y� 

�b�o�u�n�d� �a�n�d� �t�h�e� �m�o�d�e�-�f�i�e�l�d� �d�i�a�m�e�t�e�r� �d�e�c�r�e�a�s�e�s�.� �T�h�u�s� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �a�n�d� �p�o�w�e�r� �e�x�c�h�a�n�g�e� 

�d�e�c�r�e�a�s�e�s� �a�s� �t�h�e� �l�i�g�h�t� �e�x�i�t�s� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �r�e�g�i�o�n�.� 

�B�y� �v�a�r�y�i�n�g� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �l�e�n�g�t�h� �o�f� �t�h�e� �c�o�u�p�l�e�r�,� �d�i�f�f�e�r�e�n�t� �c�o�u�p�l�i�n�g� �r�a�t�i�o�s� �m�a�y� �b�e� �a�c�h�i�e�v�e�d�.� 

�U�n�f�o�r�t�u�n�a�t�e�l�y�,� �t�h�e� �F�B�T� �c�o�u�p�l�e�r� �i�s� �n�o�t� �a�s� �e�a�s�i�l�y� �t�u�n�e�d� �a�s� �t�h�e� �p�o�l�i�s�h�e�d� �c�o�u�p�l�e�r�.� �T�u�n�i�n�g� 

�u�s�u�a�l�l�y� �o�c�c�u�r�s� �d�u�r�i�n�g� �m�a�n�u�f�a�c�t�u�r�e� �a�n�d� �a�s� �a� �r�e�s�u�l�t�,� �a� �p�a�c�k�a�g�e�d� �c�o�u�p�l�e�r� �h�a�s� �a�n� �i�n�v�a�r�i�a�b�l�e� 

�c�o�u�p�l�i�n�g� �r�a�t�i�o� �a�n�d� �i�n�s�e�r�t�i�o�n� �l�o�s�s�.� �A� �f�e�w� �t�e�c�h�n�i�q�u�e�s� �h�a�v�e� �b�e�e�n� �d�e�v�e�l�o�p�e�d� �t�h�a�t� �a�l�l�o�w� �t�h�e� 

�c�h�a�n�g�i�n�g� �o�f� �t�h�e� �c�o�u�p�l�i�n�g� �r�a�t�i�o� �w�i�t�h�o�u�t� �t�h�e� �a�c�t�u�a�l� �m�o�d�i�f�i�c�a�t�i�o�n� �o�f� �t�h�e� �t�a�p�e�r�.� �T�h�e�s�e� 

�t�e�c�h�n�i�q�u�e�s� �u�s�u�a�l�l�y� �i�n�v�o�l�v�e� �l�o�n�g�i�t�u�d�i�n�a�l�l�y� �s�t�r�e�t�c�h�i�n�g� �t�h�e� �c�o�u�p�l�i�n�g� �r�e�g�i�o�n� �o�r� �i�n�d�u�c�i�n�g� �a� �b�e�n�d� 

�o�r� �t�w�i�s�t� �i�n� �t�h�e� �c�o�u�p�l�i�n�g� �r�e�g�i�o�n� �[�3�.�1�1�,� �3�.�1�2�,� �3�.�1�3�]�.� 

�T�w�i�s�t� �t�u�n�i�n�g� �i�n�v�o�l�v�e�s� �t�h�e� �t�w�i�s�t�i�n�g� �o�f� �t�h�e� �c�o�u�p�l�i�n�g� �r�e�g�i�o�n� �a�f�t�e�r� �t�h�e� �c�o�u�p�l�e�r� �i�s� �m�a�n�u�f�a�c�t�u�r�e�d� 

�a�n�d� �a�l�l�o�w�e�d� �t�o� �c�o�o�l�.� �I�n� �t�h�e�o�r�y�,� �t�h�e� �i�n�t�r�o�d�u�c�t�i�o�n� �o�f� �a� �t�w�i�s�t� �c�a�u�s�e�s� �a� �c�h�a�n�g�e� �i�n� �t�h�e� �e�f�f�e�c�t�i�v�e� 

�i�n�d�e�x� �o�f� �r�e�f�r�a�c�t�i�o�n� �o�f� �t�h�e� �f�i�b�e�r� �i�n� �t�h�e� �c�o�u�p�l�i�n�g� �r�e�g�i�o�n�.� �T�h�i�s� �c�o�n�c�e�p�t� �o�f� �e�f�f�e�c�t�i�v�e� �i�n�d�e�x� �i�s� 

�s�i�m�i�l�a�r� �t�o� �t�h�a�t� �u�s�e�d� �i�n� �d�e�s�c�r�i�b�i�n�g� �b�e�n�d�s� �i�n� �o�p�t�i�c�a�l� �w�a�v�e�g�u�i�d�e�s� �[�3�.�1�4�]�.� �T�h�i�s� �e�f�f�e�c�t�i�v�e� �i�n�d�e�x� 

�c�a�n� �b�e� �s�h�o�w�n� �t�o� �b�e� 

�C�h�a�p�t�e�r� �3�:� �O�p�t�i�c�a�l� �C�o�m�p�o�n�e�n�t�s� �2�4



�(�3�.�4�)� �n�e�f� �=� �[� �+� 
�b�2� 

�(�x�2�+� �*� �n�e�?�,� 

�w�h�e�r�e� �2�z�b� �i�s� �t�h�e� �t�w�i�s�t� �p�i�t�c�h�,� �n�g� �t�h�e� �e�f�f�e�c�t�i�v�e� �i�n�d�e�x� �d�i�s�t�r�i�b�u�t�i�o�n� �a�n�d� �x� �a�n�d� �y� �a�r�e� �C�a�r�t�e�s�i�a�n� 

�c�o�o�r�d�i�n�a�t�e�s�.� �I�t� �c�a�n� �b�e� �s�e�e�n� �t�h�a�t� �t�h�e� �e�f�f�e�c�t�i�v�e� �i�n�d�e�x� �i�s� �q�u�a�d�r�a�t�i�c�a�l�l�y� �d�e�p�e�n�d�e�n�t� �o�f� �t�h�e� 

�d�i�s�t�a�n�c�e� �f�r�o�m� �t�h�e� �a�x�i�s� �o�f� �t�h�e� �w�a�v�e�g�u�i�d�e�.� �T�h�i�s� �e�f�f�e�c�t� �c�a�u�s�e�s� �a� �r�e�d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �t�h�e� �m�o�d�e� 

�f�i�e�l�d�s� �i�n�s�i�d�e� �t�h�e� �w�a�v�e�g�u�i�d�e� �a�n�d� �c�h�a�n�g�e�s� �t�h�e� �p�o�w�e�r� �c�o�u�p�l�e�d� �b�e�t�w�e�e�n� �t�h�e�m� �[�3�.�1�5�]�.� 

�W�h�i�l�e� �i�n�i�t�i�a�l� �l�i�m�i�t�a�t�i�o�n�s� �i�n� �t�u�n�a�b�i�l�i�t�y� �p�o�s�e� �a�s� �a� �d�i�s�a�d�v�a�n�t�a�g�e� �f�o�r� �F�B�T� �c�o�u�p�l�e�r�s� �i�n� 

�d�e�v�e�l�o�p�i�n�g� �o�p�t�i�c�a�l� �s�i�g�n�a�l� �p�r�o�c�e�s�s�o�r�s�,� �t�h�e� �p�o�s�s�i�b�i�l�i�t�y� �o�f� �t�w�i�s�t� �i�n�d�u�c�e�d� �t�u�n�i�n�g� �o�v�e�r�c�o�m�e�s� �t�h�i�s� 

�p�r�o�b�l�e�m�.� �A�d�d�i�t�i�o�n�a�l�l�y�,� �o�n�c�e� �t�h�e� �p�r�o�p�e�r� �m�a�g�n�i�t�u�d�e�s� �f�o�r� �t�h�e� �m�u�l�t�i�p�l�i�e�r�s� �a�r�e� �d�e�c�i�d�e�d�,� �t�h�e� 

�e�a�s�e� �i�n� �m�a�n�u�f�a�c�t�u�r�e� �f�o�r� �t�r�a�d�i�t�i�o�n�a�l� �F�B�T� �c�o�u�p�l�e�r�s� �s�h�o�u�l�d� �m�a�k�e� �p�r�o�d�u�c�t�i�o�n� �o�f� �o�p�t�i�c�a�l� �s�i�g�n�a�l� 

�p�r�o�c�e�s�s�o�r�s� �m�o�r�e� �e�c�o�n�o�m�i�c�a�l�.� 

�3�.�2�.�3� �A�s�y�m�m�e�t�r�i�c� 

�O�p�e�r�a�t�i�o�n�a�l�l�y�,� �a�n� �a�s�y�m�m�e�t�r�i�c� �c�o�u�p�l�e�r� �d�i�f�f�e�r�s� �f�r�o�m� �a� �s�y�m�m�e�t�r�i�c� �c�o�u�p�l�e�r� �i�n� �i�t�s� �t�r�a�n�s�f�e�r� 

�m�a�t�r�i�x�.� �T�h�e� �t�r�a�n�s�f�e�r� �m�a�t�r�i�x� �o�f� �a�n� �a�s�y�m�m�e�t�r�i�c� �c�o�u�p�l�e�r� �i�s� �s�h�o�w�n� �i�n� �E�q�u�a�t�i�o�n� �3�.�5� �w�h�e�r�e� �A� 

�a�n�d� �B� �a�r�e� �t�h�e� �c�o�u�p�l�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s� �i�n� �t�h�e� �d�i�f�f�e�r�e�n�t� �d�i�r�e�c�t�i�o�n�s� �a�n�d� �y�,� �a�n�d� �y�>� �a�r�e� �t�h�e� 

�i�n�s�e�r�t�i�o�n� �l�o�s�s�e�s� �i�n� �t�h�o�s�e� �d�i�r�e�c�t�i�o�n�s� �r�e�s�p�e�c�t�i�v�e�l�y� 

�P�3� �_� �1�-�A�Y ��1� �B�Y� �2� �P�i� �3�5� 

�P�s�}� �|� �A�Y�2� �1�-�B�Y�i� �}�(�P�2�}� �(�3�.�5�)� 

�I�t� �i�s� �i�n�t�e�r�e�s�t�i�n�g� �t�o� �n�o�t�e� �t�h�a�t�,� �u�n�l�i�k�e� �a� �s�y�m�m�e�t�r�i�c� �c�o�u�p�l�e�r�,� �A� �a�n�d� �B� �a�r�e� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �e�a�c�h� 

�o�t�h�e�r� �a�n�d� �c�a�n� �b�e� �v�a�r�i�e�d� �d�u�r�i�n�g� �t�h�e� �m�a�n�u�f�a�c�t�u�r�i�n�g� �p�r�o�c�e�s�s� �o�f� �t�h�e� �c�o�u�p�l�e�r�.� �T�h�i�s� �a�s�y�m�m�e�t�r�y� 
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�h�a�s� �t�r�a�d�i�t�i�o�n�a�l�l�y� �f�o�u�n�d� �u�s�e� �i�n� �l�o�c�a�l� �a�r�e�a� �n�e�t�w�o�r�k� �a�p�p�l�i�c�a�t�i�o�n�s� �w�h�e�r�e� �i�t� �a�l�l�o�w�s� �f�o�r� �a�n� �o�p�t�i�c�a�l� 

�b�u�s� �w�i�t�h� �t�a�p�-�o�n� �a�n�d� �t�a�p�-�o�f�f� �f�i�b�e�r� �c�o�n�f�i�g�u�r�a�t�i�o�n� �[�3�.�1�6�,� �3�.�1�7�]�.� 

�A�s�y�m�m�e�t�r�i�c� �c�o�u�p�l�e�r�s� �c�a�n� �b�e� �m�a�d�e� �u�s�i�n�g� �s�e�v�e�r�a�l� �d�i�f�f�e�r�e�n�t� �t�e�c�h�n�i�q�u�e�s�.� �I�n� �a� �p�o�l�i�s�h�e�d� 

�c�o�u�p�l�e�r�,� �t�h�e� �a�s�y�m�m�e�t�r�y� �m�a�y� �b�e� �c�a�u�s�e�d� �b�y� �a�n� �u�n�e�q�u�a�l� �p�o�l�i�s�h�i�n�g� �o�f� �t�h�e� �t�w�o� �f�i�b�e�r�s�.� �A�s�a� 

�r�e�s�u�l�t�,� �t�h�e� �t�w�o� �c�o�u�p�l�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s� �a�r�e� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �p�o�l�i�s�h�i�n�g� �d�e�p�t�h� �o�f� �e�a�c�h� �f�i�b�e�r�.� 

�M�a�n�y� �d�i�f�f�e�r�e�n�t� �m�e�t�h�o�d�s� �h�a�v�e� �b�e�e�n� �d�e�m�o�n�s�t�r�a�t�e�d� �f�o�r� �a�s�y�m�m�e�t�r�i�c� �F�B�T� �c�o�u�p�l�e�r�s�.� 

�G�e�n�e�r�a�l�l�y�,� �t�h�e� �c�o�u�p�l�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �a�n� �a�s�y�m�m�e�t�r�i�c� �F�B�T� �a�r�e� �c�o�n�t�r�o�l�l�e�d� �b�y� �i�n�d�u�c�i�n�g� �a� 

�p�h�y�s�i�c�a�l� �a�s�y�m�m�e�t�r�y� �o�f� �t�h�e� �f�i�b�e�r� �c�l�a�d�d�i�n�g�s�.� �T�e�c�h�n�i�q�u�e�s� �f�o�r� �i�n�d�u�c�i�n�g� �t�h�i�s� �a�s�y�m�m�e�t�r�y� 

�i�n�c�l�u�d�e� �p�r�e�-�t�a�p�e�r�i�n�g� �o�r� �p�r�e�-�e�t�c�h�i�n�g� �o�n�e� �o�f� �t�h�e� �f�i�b�e�r�s� �b�e�f�o�r�e� �f�u�s�i�n�g� �o�r� �u�s�i�n�g� �t�w�o� �d�i�s�s�i�m�i�l�a�r� 

�f�i�b�e�r�s�.� �I�t� �h�a�s� �a�l�s�o� �b�e�e�n� �s�h�o�w�n� �t�h�a�t� �t�h�e� �c�o�u�p�l�i�n�g� �r�a�t�i�o�s� �a�r�e� �s�t�r�o�n�g�l�y� �d�e�p�e�n�d�e�n�t� �a�n�d� 

�t�h�e�r�e�f�o�r�e� �c�a�n� �b�e� �c�o�n�t�r�o�l�l�e�d� �b�y� �t�h�e� �d�e�g�r�e�e� �o�f� �f�u�s�i�o�n� �o�f� �t�h�e� �c�o�u�p�l�e�r� �[�3�.�1�8�,� �3�.�1�9�]�.� 

�3�.�3� �J�u�n�c�t�i�o�n�s� 

�T�h�e� �r�e�m�a�i�n�i�n�g� �b�a�s�i�c� �c�o�m�p�o�n�e�n�t�s� �o�f� �a� �d�i�g�i�t�a�l� �f�i�l�t�e�r� �t�o� �b�e� �d�i�s�c�u�s�s�e�d� �a�r�e� �s�u�m�m�e�r�s� �a�n�d� 

�b�r�a�n�c�h�e�r�s�.� �T�h�e� �o�p�t�i�c�a�l� �e�q�u�i�v�a�l�e�n�t�s� �o�f� �b�o�t�h� �b�r�a�n�c�h�e�r�s� �o�r� �s�u�m�m�e�r�s� �a�r�e� �1�x�N� �a�n�d� �N�x�1� 

�s�y�m�m�e�t�r�i�c� �c�o�u�p�l�e�r�s�.� �B�y� �u�s�i�n�g� �c�o�u�p�l�e�r�s� �w�h�i�c�h� �h�a�v�e� �e�q�u�a�l� �c�o�u�p�l�i�n�g� �r�a�t�i�o�s� �f�o�r� �a�l�l� �b�r�a�n�c�h�e�s�,� 

�a� �s�i�g�n�a�l� �m�a�y� �b�e� �s�p�l�i�t� �o�r� �s�u�m�m�e�d� �e�v�e�n�l�y� �w�i�t�h� �a�l�l� �c�o�m�p�o�n�e�n�t�s�.� �A�n�o�t�h�e�r� �a�l�t�e�r�n�a�t�i�v�e� �i�s� �t�o� �u�s�e� 

�o�n�l�y� �o�n�e� �i�n�p�u�t� �o�r� �o�u�t�p�u�t� �o�f� �a�n� �N�x�N� �c�o�u�p�l�e�r� �f�o�r� �b�r�a�n�c�h�e�r�s� �o�r� �s�u�m�m�e�r�s� �r�e�s�p�e�c�t�i�v�e�l�y�.� 

�H�o�w�e�v�e�r�,� �i�n� �u�s�i�n�g� �c�o�u�p�l�e�r�s� �f�o�r� �s�u�c�h� �d�e�v�i�c�e�s�,� �i�t� �i�s� �c�r�i�t�i�c�a�l� �t�o� �e�n�s�u�r�e� �t�h�a�t� �t�h�e� �i�n�j�e�c�t�i�o�n� �l�o�s�s�e�s� 

�a�r�e� �e�q�u�a�l� �f�o�r� �a�l�l� �p�o�r�t�s� �a�s� �a�n�y� �v�a�r�i�a�n�c�e� �w�o�u�l�d� �c�a�u�s�e� �a� �c�h�a�n�g�e� �i�n� �o�p�t�i�c�a�l� �p�o�w�e�r� �t�r�a�n�s�m�i�s�s�i�o�n� 

�f�o�r� �d�i�f�f�e�r�e�n�t� �b�r�a�n�c�h�e�s�.� �T�h�e� �r�e�s�u�l�t� �o�f� �a�n�y� �v�a�r�i�a�n�c�e� �w�o�u�l�d� �e�q�u�a�t�e� �t�o� �a� �c�h�a�n�g�e� �i�n� �t�h�e� 

�m�u�l�t�i�p�l�i�e�r�s� �u�s�e�d� �f�o�r� �e�a�c�h� �b�r�a�n�c�h�.� 
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�C�h�a�p�t�e�r� �4�:� �F�i�l�t�e�r� �C�o�n�f�i�g�u�r�a�t�i�o�n�s� 

�H�a�v�i�n�g� �e�s�t�a�b�l�i�s�h�e�d� �t�h�e� �b�a�s�i�c� �c�o�m�p�o�n�e�n�t�s� �o�f� �e�v�e�r�y� �d�i�g�i�t�a�l� �f�i�l�t�e�r� �a�n�d� �t�h�e�i�r� �o�p�t�i�c�a�l� 

�e�q�u�i�v�a�l�e�n�t�s�,� �i�t� �i�s� �n�o�w� �p�o�s�s�i�b�l�e� �t�o� �i�n�v�e�s�t�i�g�a�t�e� �d�i�f�f�e�r�e�n�t� �c�o�n�f�i�g�u�r�a�t�i�o�n�s� �o�f� �o�p�t�i�c�a�l� �s�i�g�n�a�l� 

�p�r�o�c�e�s�s�o�r�s� �a�n�d� �t�h�e�i�r� �p�e�r�f�o�r�m�a�n�c�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.� �F�i�v�e� �d�i�f�f�e�r�e�n�t� �f�i�l�t�e�r� �c�o�n�f�i�g�u�r�a�t�i�o�n�s� �w�i�l�l� 

�b�e� �d�e�s�c�r�i�b�e�d� �a�n�d� �a�n�a�l�y�z�e�d�.� �I�n� �a�d�d�i�t�i�o�n�,� �t�h�e�i�r� �s�i�g�n�i�f�i�c�a�n�c�e� �t�o� �o�p�t�i�c�a�l� �s�i�g�n�a�l� �p�r�o�c�e�s�s�i�n�g� �w�i�l�l� 

�b�e� �d�i�s�c�u�s�s�e�d�.� 

�4�.�1� �F�I�R� �F�i�l�t�e�r� 

�T�h�e� �o�p�t�i�c�a�l� �s�i�g�n�a�l� �p�r�o�c�e�s�s�o�r� �w�i�t�h� �t�h�e� �m�o�s�t� �s�i�m�p�l�e� �d�a�t�a� �s�t�r�u�c�t�u�r�e� �t�o� �u�n�d�e�r�s�t�a�n�d� �i�s� �t�h�e� �F�I�R� 

�f�i�l�t�e�r�.� �T�h�i�s� �f�i�l�t�e�r� �i�s� �i�d�e�n�t�i�c�a�l� �t�o� �a�n� �e�l�e�c�t�r�o�n�i�c� �F�I�R� �f�i�l�t�e�r� �i�n� �f�o�r�m� �a�n�d� �f�u�n�c�t�i�o�n�.� �A� �s�c�h�e�m�a�t�i�c� 

�a�n�d� �s�i�g�n�a�l� �f�l�o�w� �g�r�a�p�h� �o�f� �a�n� �F�I�R� �o�p�t�i�c�a�l� �f�i�l�t�e�r� �i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �4�.�1� �w�i�t�h� �t�h�e� �t�r�a�n�s�f�e�r� 

�f�u�n�c�t�i�o�n� 
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�w�h�e�r�e� �b�,� �a�n�d� �L�,�,� �a�r�e� �t�h�e� �c�o�u�p�l�i�n�g� �c�o�e�f�f�i�c�i�e�n�t� �a�n�d� �l�o�o�p� �l�o�s�s�e�s� �o�f� �t�h�e� �n�t�h� �c�o�u�p�l�e�r�.� �T�h�e� �l�o�o�p� 

�l�o�s�s� �i�s� �t�h�e� �p�r�o�d�u�c�t� �o�f� �t�h�e� �i�n�j�e�c�t�i�o�n� �l�o�s�s�e�s� �o�f� �t�h�e� �c�o�u�p�l�e�r� �a�n�d� �t�h�e� �f�i�b�e�r� �a�t�t�e�n�u�a�t�i�o�n� �o�f� �t�h�e� 
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�F�i�g�u�r�e� �4�.�1�.� �O�p�t�i�c�a�l� �F�I�R� �f�i�l�t�e�r�.� �a�)� �F�i�b�e�r� �c�o�n�f�i�g�u�r�a�t�i�o�n�.� �b�)� �D�a�t�a� �s�t�r�u�c�t�u�r�e�.� 

�A�s� �c�a�n� �b�e� �s�e�e�n� �f�r�o�m� �F�i�g�u�r�e� �4�,� �1�b�,� �t�h�i�s� �d�a�t�a� �s�t�r�u�c�t�u�r�e� �i�s� �i�d�e�n�t�i�c�a�l� �t�o� �t�h�o�s�e� �f�o�r� �e�l�e�c�t�r�o�n�i�c� 

�f�i�l�t�e�r�s�.� �B�e�c�a�u�s�e� �o�f� �t�h�i�s� �s�t�r�u�c�t�u�r�e�,� �t�h�e� �F�I�R� �o�p�t�i�c�a�l� �s�i�g�n�a�l� �p�r�o�c�e�s�s�o�r� �h�a�s� �a�l�l� �t�h�e� �a�d�v�a�n�t�a�g�e�s� �a�s� 

�w�e�l�l� �a�s� �d�i�s�a�d�v�a�n�t�a�g�e�s� �o�f� �i�t�s� �e�l�e�c�t�r�o�n�i�c� �v�e�r�s�i�o�n�.� �T�h�i�s� �o�p�t�i�c�a�l� �f�i�l�t�e�r� �h�a�s� �a� �l�i�n�e�a�r� �p�h�a�s�e� 
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�r�e�s�p�o�n�s�e� �a�n�d� �a�n� �e�n�s�u�r�e�d� �s�t�a�b�i�l�i�t�y� �d�u�e� �t�o� �t�h�e� �a�b�s�e�n�c�e� �o�f� �a�n�y� �p�o�l�e�s�.� �U�n�f�o�r�t�u�n�a�t�e�l�y�,� �t�h�e� 

�d�r�a�w�b�a�c�k�s� �o�f� �F�I�R� �f�i�l�t�e�r�s� �a�r�e� �a�l�s�o� �p�r�e�s�e�n�t�,� �s�p�e�c�i�f�i�c�a�l�l�y�,� �t�h�e� �n�e�e�d� �f�o�r� �f�i�l�t�e�r�s� �o�f� �h�i�g�h�e�r� �o�r�d�e�r� 

�t�o� �a�c�h�i�e�v�e� �t�h�e� �e�q�u�i�v�a�l�e�n�t� �r�e�s�p�o�n�s�e� �o�f� �l�o�w�e�r� �o�r�d�e�r� �I�I�R� �f�i�l�t�e�r�s�.� 

�T�h�e� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �o�f� �o�p�t�i�c�a�l� �F�I�R� �f�i�l�t�e�r�s� �o�f� �h�i�g�h� �o�r�d�e�r� �t�e�n�d�s� �t�o� �b�e� �d�i�f�f�i�c�u�l�t� �i�n� �p�r�a�c�t�i�c�e� 

�a�l�t�h�o�u�g�h� �s�o�m�e� �s�i�m�p�l�e� �v�e�r�s�i�o�n�s� �h�a�v�e� �b�e�e�n� �m�a�d�e� �r�e�p�o�r�t�e�d� �[�4�.�1�]�.� �T�h�i�s� �a�r�i�s�e�s� �f�r�o�m� �t�h�e� 

�n�u�m�b�e�r� �a�n�d� �t�y�p�e� �o�f� �c�o�m�p�o�n�e�n�t�s� �n�e�c�e�s�s�a�r�y� �f�o�r� �t�h�i�s� �f�i�l�t�e�r�.� �O�p�t�i�c�a�l� �F�I�R� �f�i�l�t�e�r�s� �r�e�q�u�i�r�e� 

�b�r�a�n�c�h�e�r�s� �a�n�d� �s�u�m�m�e�r�s� �o�f� �1�x�N� �o�r� �N�x�N� �w�h�e�r�e� �N� �i�s� �o�r�d�e�r� �o�f� �t�h�e� �f�i�l�t�e�r�.� �I�n� �h�i�g�h� �o�r�d�e�r� 

�i�m�p�l�e�m�e�n�t�a�t�i�o�n�s�,� �t�h�e� �o�p�t�i�c�a�l� �p�o�w�e�r� �i�n� �e�a�c�h� �b�r�a�n�c�h� �m�a�y� �b�e�c�o�m�e� �t�o�o� �l�o�w� �t�o� �r�e�t�a�i�n� �u�s�e�f�u�l� 

�i�n�f�o�r�m�a�t�i�o�n�.� �I�n� �a�d�d�i�t�i�o�n�,� �t�h�i�s� �t�y�p�e� �o�f� �f�i�l�t�e�r� �i�s� �e�x�t�r�e�m�e�l�y� �c�o�m�p�o�n�e�n�t� �i�n�t�e�n�s�i�v�e� �w�h�i�c�h� �l�e�a�d�s� 

�t�o� �h�i�g�h� �c�o�s�t�s�.� 

�4�.�2� �L�a�t�t�i�c�e� �F�i�l�t�e�r� 

�A�n�o�t�h�e�r� �t�y�p�e� �o�f� �o�p�t�i�c�a�l� �s�i�g�n�a�l� �p�r�o�c�e�s�s�o�r�s� �t�h�a�t� �a�l�l�o�w�s� �f�o�r� �a�n� �i�n�c�r�e�a�s�e�d� �f�i�l�t�e�r� �o�r�d�e�r� 

�i�n�c�o�r�p�o�r�a�t�e�s� �t�h�e� �u�s�e� �o�f� �l�a�t�t�i�c�e� �s�t�r�u�c�t�u�r�e�s�.� �I�n� �c�o�n�t�r�a�s�t� �t�o� �t�h�e� �F�I�R� �f�i�l�t�e�r� �w�h�i�c�h� �i�s� �a�n� �a�l�l�-�z�e�r�o� 

�f�i�l�t�e�r�,� �t�h�e� �l�a�t�t�i�c�e� �f�i�l�t�e�r� �i�s� �a�n� �a�l�l�-�p�o�l�e� �f�i�l�t�e�r�.� �A�s� �m�e�n�t�i�o�n�e�d� �p�r�e�v�i�o�u�s�l�y�,� �a� �l�a�t�t�i�c�e� �f�i�l�t�e�r� �s�t�r�u�c�t�u�r�e� 

�i�n�v�o�l�v�e�s� �t�h�e� �c�a�s�c�a�d�i�n�g� �o�f� �m�u�l�t�i�p�l�e� �r�e�c�u�r�s�i�v�e� �s�e�c�t�i�o�n�s�.� �T�h�i�s� �c�o�n�n�e�c�t�i�o�n� �o�f� �m�u�l�t�i�p�l�e� �s�e�c�t�i�o�n�s� 

�i�s� �f�a�c�i�l�i�t�a�t�e�d� �b�y� �c�o�n�f�i�g�u�r�i�n�g� �t�h�e� �c�o�u�p�l�e�r�s�,� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �4�.�1�0�,� �t�o� �f�o�r�m� �e�a�c�h� �l�a�t�t�i�c�e� 

�s�e�c�t�i�o�n�.� 
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�F�i�g�u�r�e� �4�.�2�.� �L�a�t�t�i�c�e� �F�i�l�t�e�r�.� �a�)� �F�i�b�e�r� �c�o�n�f�i�g�u�r�a�t�i�o�n�.� �b�)� �D�a�t�a� �s�t�r�u�c�t�u�r�e�.� 
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�A�s� �c�a�n� �b�e� �s�e�e�n� �i�n� �F�i�g�u�r�e� �4�.�2�,� �t�h�i�s� �c�o�n�f�i�g�u�r�a�t�i�o�n� �i�s� �v�e�r�y� �s�i�m�i�l�a�r� �t�o� �t�h�e� �l�a�t�t�i�c�e� �s�t�r�u�c�t�u�r�e� �f�o�r� 

�e�l�e�c�t�r�o�n�i�c� �f�i�l�t�e�r�s�.� �A�s� �a� �r�e�s�u�l�t�,� �m�u�l�t�i�p�l�e� �f�i�l�t�e�r� �s�e�c�t�i�o�n�s� �c�a�n� �b�e� �e�a�s�i�l�y� �c�a�s�c�a�d�e�d� �t�o� �f�o�r�m� �a� �f�i�l�t�e�r� 

�w�i�t�h� �a� �t�r�u�e� �f�e�e�d�b�a�c�k� �s�t�r�u�c�t�u�r�e�.� �T�h�e� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �f�i�l�t�e�r� �u�s�i�n�g� �i�n�p�u�t� �p�o�r�t� �1� �a�n�d� 

�o�u�t�p�u�t� �p�o�r�t� �2� �i�s� �s�h�o�w�n� �i�n� 
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�H�2�i�(�2� 

�1�- ��M�m�a�o�l�i�z�-�!� �(�4�.�2�)� 

�w�h�e�r�e� �L�,� �i�s� �t�h�e� �f�i�b�e�r� �a�t�t�e�n�u�a�t�i�o�n� �f�a�c�t�o�r� �f�r�o�m� �c�o�u�p�l�e�r� �a�,� �t�o� �c�o�u�p�l�e�r� �a�g� �a�n�d� �L�j�,� �i�s� �t�h�e� 

�a�t�t�e�n�u�a�t�i�o�n� �f�a�c�t�o�r� �o�f� �t�h�e� �f�e�e�d�b�a�c�k� �f�i�b�e�r� �l�o�o�p� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �4�.�2�.� �H�o�w�e�v�e�r�,� �d�u�e� �t�o� �t�h�e� 

�l�a�t�t�i�c�e� �s�t�r�u�c�t�u�r�e� �n�a�t�u�r�e� �o�f� �t�h�e� �f�i�l�t�e�r� �s�t�a�g�e�,� �i�t� �i�s� �b�e�s�t� �t�o� �d�e�s�c�r�i�b�e� �t�h�e� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n� �i�n� 

�g�e�n�e�r�a�l� �t�e�r�m�s�.� �B�y� �c�a�s�c�a�d�i�n�g� �N� �s�t�a�g�e�s�,� �t�h�e� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n� �f�o�r� �t�h�e� �o�u�t�p�u�t� �a�t� �p�o�r�t� �2� 
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�a�n�d� �t�h�e� �i�n�i�t�i�a�l� �p�a�r�a�m�e�t�e�r�s� �a�r�e� 

�E�o� �=� �a�o�,� �(�4�.�5�a�)� 

�H�2�,�0�=�1�-�a�o�.� �(�4�.�5�b�)� 

�A� �d�e�t�a�i�l�e�d� �a�n�a�l�y�s�i�s� �w�i�l�l� �s�h�o�w� �t�h�a�t� �t�h�e�s�e� �f�i�l�t�e�r�s� �a�r�e� �a�u�t�o�r�e�g�r�e�s�s�i�v�e� �o�r� �a�l�l�-�p�o�l�e� �f�i�l�t�e�r�s� �a�n�d� �a�s� 

�s�u�c�h� �c�a�n� �b�e� �d�e�s�c�r�i�b�e�d� �u�s�i�n�g� �a�u�t�o�r�e�g�r�e�s�s�i�v�e� �m�o�d�e�l�i�n�g�.� 

�T�h�i�s� �a�u�t�o�r�e�g�r�e�s�s�i�v�e� �n�a�t�u�r�e� �i�s� �a� �r�e�s�u�l�t� �o�f� �t�h�e� �c�o�n�f�i�g�u�r�a�t�i�o�n� �o�f� �t�h�e� �c�o�u�p�l�e�r�s� �i�n� �e�a�c�h� �s�t�a�g�e�.� 

�W�h�i�l�e� �t�w�o� �c�o�u�p�l�e�r�s� �a�r�e� �r�e�q�u�i�r�e�d� �f�o�r� �e�a�c�h� �s�t�a�g�e�,� �t�h�i�s� �c�o�n�f�i�g�u�r�a�t�i�o�n� �h�a�s� �v�e�r�s�a�t�i�l�i�t�y� �n�o�t� 

�a�v�a�i�l�a�b�l�e� �w�i�t�h� �o�t�h�e�r� �s�t�r�u�c�t�u�r�e�s�.� �T�h�i�s� �v�e�r�s�a�t�i�l�i�t�y� �w�i�l�l� �b�e� �d�i�s�c�u�s�s�e�d� �i�n� �f�u�r�t�h�e�r� �d�e�t�a�i�l� �i�n� 

�C�h�a�p�t�e�r� �5�.� 
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� � 
� � 

� � � � 
� � 

� � 

�A� �f�i�l�t�e�r� �s�t�r�u�c�t�u�r�e� �t�h�a�t� �i�s� �a�b�l�e� �t�o� �g�r�e�a�t�l�y� �r�e�d�u�c�e� �c�o�m�p�o�n�e�n�t� �r�e�q�u�i�r�e�m�e�n�t� �i�s� �t�h�e� �s�i�n�g�l�e� �l�o�o�p� 

 ��s�t�r�u�c�t�u�r�e�.� �T�h�i�s� �s�t�r�u�c�t�u�r�e� �h�a�s� �b�e�e�n� �t�r�a�d�i�t�i�o�n�a�l�l�y� �r�e�f�e�r�r�e�d� �t�o� �a�s� �t�h�e� �r�e�c�i�r�c�u�l�a�t�i�n�g� �d�e�l�a�y� �l�i�n�e� 

�[�4�.�3�]�.� �F�i�g�u�r�e� �4�.�3� �s�h�o�w�s� �a� �s�c�h�e�m�a�t�i�c� �a�n�d� �t�h�e� �s�i�g�n�a�l� �f�l�o�w� �g�r�a�p�h� �f�o�r� �t�h�i�s� �s�i�n�g�l�e� �l�o�o�p� �f�i�l�t�e�r�.� 

�B�y� �s�i�m�p�l�i�f�y�i�n�g� �F�i�g�u�r�e� �4�.�3�b�,� �t�h�e� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n� �c�a�n� �b�e� �d�e�t�e�r�m�i�n�e�d� �t�o� �b�e� 

�K�-�L�(�2�K�-�1�)�z�-�!� 
�H�(�z�)� �=� �1�- ��L�K�z�-� �?� �(�4�.�6�)� 

�w�h�e�r�e� �K� �i�s� �t�h�e� �c�o�u�p�l�i�n�g� �c�o�e�f�f�i�c�i�e�n�t� �o�f� �t�h�e� �c�o�u�p�l�e�r� �a�n�d� �L� �i�s� �f�i�l�t�e�r� �l�o�s�s�e�s� �e�x�p�r�e�s�s�e�d� �a�s� �a� �l�o�s�s� 

�f�a�c�t�o�r�.� �A� �l�o�s�s� �f�a�c�t�o�r� �o�f� �1� �w�o�u�l�d� �i�n�d�i�c�a�t�e� �n�o� �l�o�s�s�e�s� �i�n� �t�h�e� �f�i�l�t�e�r�;� �a�n� �i�d�e�a�l� �c�a�s�e�.� 

�C�h�a�p�t�e�r� �4�:� �F�i�l�t�e�r� �C�o�n�f�i�g�u�r�a�t�i�o�n�s� �3�2



�T�h�i�s� �c�o�n�f�i�g�u�r�a�t�i�o�n� �i�s� �a�n� �I�I�R� �f�i�l�t�e�r� �w�i�t�h� �p�o�l�e�s� �a�n�d� �z�e�r�o�s� �d�e�f�i�n�e�d� �b�y� 

�p�=�L�K�,� �(�4�.�7�)� 

�a�n�d� 

�_�L�Q�K�-�1�)� 
�z�=� �K� �(�4�.�8�)� 

�r�e�s�p�e�c�t�i�v�e�l�y�.� �F�o�r� �t�h�i�s� �f�i�l�t�e�r�,� �t�h�e� �m�a�x�i�m�u�m� �a�t�t�e�n�u�a�t�i�o�n� �i�s� �a�c�h�i�e�v�e�d� �w�h�e�n� �a� �z�e�r�o� �f�a�l�l�s� �o�n� �t�h�e� 

�u�n�i�t� �c�i�r�c�l�e�.� �F�r�o�m� �t�h�e� �p�r�e�v�i�o�u�s� �d�i�s�c�u�s�s�i�o�n� �o�n� �s�i�n�g�l�e�-�o�r�d�e�r� �f�i�l�t�e�r�s�,� �t�h�e� �r�o�o�t� �o�f� �t�h�i�s� �f�i�l�t�e�r� �f�a�l�l�s� 

�o�n� �t�h�e� �n�e�g�a�t�i�v�e� �r�e�a�l� �a�x�i�s� �a�n�d� �t�h�e�r�e�f�o�r�e� �c�a�n� �o�n�l�y� �h�a�v�e� �a� �m�a�g�n�i�t�u�d�e� �o�f� �u�n�i�t�y� �a�t� �-�1�.� �T�h�i�s� 

�r�e�q�u�i�r�e�s� �t�h�a�t� �t�h�e� �c�o�u�p�l�i�n�g� �r�a�t�i�o� �b�e� �1�/�3� �f�o�r� �a�n� �i�d�e�a�l� �c�o�u�p�l�e�r�.� �F�i�g�u�r�e� �4�.�4� �s�h�o�w�s� �t�h�e� 

�m�a�g�n�i�t�u�d�e� �r�e�s�p�o�n�s�e� �f�o�r� �s�u�c�h� �a� �f�i�l�t�e�r� �w�h�i�c�h� �w�a�s� �g�e�n�e�r�a�t�e�d� �b�y� �p�l�o�t�t�i�n�g� �t�h�e� �o�u�t�p�u�t� �o�f� �t�h�e� 

�M�a�t�l�a�b� �c�o�m�m�a�n�d� �[�h�,�w�]�=�s�i�n�g�f�a�b�(�1�/�3�,� �1�)�.� 

�F�r�e�q�u�e�n�c�y� �R�e�s�p�o�n�s�e� �o�f� �F�i�l�t�e�r� 
� � � � �0� �=�a�  ��  ��=� �T�n�e� �a�n�e� �m�e�n�e� 
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�-�1�4�0�}� � � � � � � �-�(� �6�0� �L� �.� �1�  ��_� 

�0� �0�.�2� �0�.�4� �0�.�6� �0�.�8� �1� 
�F�s� 

�F�i�g�u�r�e� �4�.�4�.� �M�a�g�n�i�t�u�d�e� �r�e�s�p�o�n�s�e� �o�f� �a�n� �i�d�e�a�l� �f�i�l�t�e�r� �w�i�t�h� �K�=�1�/�3�.� 
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�4�.�4� �G�a�i�n� �A�m�p�l�i�f�i�e�d� �F�i�l�t�e�r� 

�W�i�t�h� �s�i�n�g�l�e� �l�o�o�p� �f�i�l�t�e�r�s�,� �i�t� �w�a�s� �s�h�o�w�n� �t�h�a�t� �a� �s�h�a�r�p� �t�r�a�n�s�i�t�i�o�n� �i�s� �a�c�h�i�e�v�a�b�l�e� �b�y� �p�l�a�c�i�n�g� �a� �z�e�r�o� 

�d�i�r�e�c�t�l�y� �o�n� �t�h�e� �u�n�i�t� �c�i�r�c�l�e�.� �A� �s�t�e�e�p�e�r� �t�r�a�n�s�i�t�i�o�n� �c�o�u�l�d� �b�e� �o�b�t�a�i�n�e�d� �i�f� �i�n� �a�d�d�i�t�i�o�n� �t�o� �t�h�e� �z�e�r�o�,� 

�a� �p�o�l�e� �c�o�u�l�d� �b�e� �p�l�a�c�e�d� �n�e�a�r� �t�h�e� �u�n�i�t� �c�i�r�c�l�e� �a�t� �+�1�.� �H�o�w�e�v�e�r�,� �t�h�i�s� �i�s� �n�o�t� �p�o�s�s�i�b�l�e� �i�n� �a� �s�i�n�g�l�e� 

�l�o�o�p� �s�y�s�t�e�m� �a�s� �a� �s�i�n�g�l�e� �c�o�u�p�l�i�n�g� �c�o�e�f�f�i�c�i�e�n�t� �i�s� �n�o�t� �a�b�l�e� �t�o� �s�a�t�i�s�f�y� �b�o�t�h� �(�4�.�7�)� �a�n�d� �(�4�.�8�)�.� �B�y� 

�t�h�e� �a�d�d�i�t�i�o�n� �o�f� �g�a�i�n� �i�n� �t�h�e� �l�o�o�p�,� �s�u�c�h� �a� �r�e�s�p�o�n�s�e� �i�s� �p�o�s�s�i�b�l�e� �[�4�.�3�]�.� 

�F�i�g�u�r�e� �4�.�5� �s�h�o�w�s� �a� �s�i�n�g�l�e� �l�o�o�p� �f�i�l�t�e�r� �w�i�t�h� �a�n� �a�m�p�l�i�f�i�e�r� �i�n� �t�h�e� �l�o�o�p� �a�n�d� �i�t�s� �c�o�r�r�e�s�p�o�n�d�i�n�g� 

�s�i�g�n�a�l� �f�l�o�w� �g�r�a�p�h�.� 
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�(�b�)� 
�F�i�g�u�r�e� �4�.�5�.� �G�a�i�n� �A�m�p�l�i�f�i�e�d� �F�i�l�t�e�r�.� �a�)� �F�i�b�e�r� �c�o�n�f�i�g�u�r�a�t�i�o�n�.� �b�)� �D�a�t�a� �s�t�r�u�c�t�u�r�e�.� 

�C�h�a�p�t�e�r� �4�:� �F�i�l�t�e�r� �C�o�n�f�i�g�u�r�a�t�i�o�n�s� �3�4



�W�h�i�l�e� �t�h�e� �t�w�o� �s�t�r�u�c�t�u�r�e�s� �a�p�p�e�a�r� �t�o� �b�e� �v�e�r�y� �s�i�m�i�l�a�r�,� �t�h�e� �a�d�d�i�t�i�o�n� �o�f� �a�n� �o�p�t�i�c�a�l� �a�m�p�l�i�f�i�e�r� 

�a�d�d�s� �a� �v�e�r�y� �s�i�g�n�i�f�i�c�a�n�t� �d�e�g�r�e�e� �o�f� �f�r�e�e�d�o�m� �w�i�t�h�o�u�t� �i�n�c�r�e�a�s�i�n�g� �t�h�e� �o�r�d�e�r� �o�f� �t�h�e� �f�i�l�t�e�r�.� �T�h�i�s� 

�c�a�n� �b�e� �s�e�e�n� �b�y� �e�x�a�m�i�n�i�n�g� �t�h�e� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �f�i�l�t�e�r� �g�i�v�e�n� �a�s� 

�K�-�L�G�(�2�K� �-�1�)�z�-�'� 
�M�Q�)� �=� �G�K�)� �(�4�.�9�)� 
� � 

�S�o�l�v�i�n�g� �f�o�r� �t�h�e� �r�o�o�t�s� �o�f� �t�h�e� �e�q�u�a�t�i�o�n� �w�e� �o�b�t�a�i�n� 

�_� �L�G�(�2�K ��-�1�)� 
�i�=� �K� �3� �(�4�.�1�0�)� 

�a�n�d� 

�p�=�L�G�K�.� �(�4�.�1�1�)� 

�B�y� �a�d�d�i�n�g� �t�h�e� �a�m�p�l�i�f�i�e�r� �i�t� �c�a�n� �b�e� �e�a�s�i�l�y� �s�h�o�w�n� �t�h�a�t� �p�o�l�e�-�z�e�r�o� �p�l�a�c�e�m�e�n�t�s� �a�r�e� �f�e�a�s�i�b�l�e� �t�h�a�t� 

�w�o�u�l�d� �n�o�t� �b�e� �o�t�h�e�r�w�i�s�e� �p�o�s�s�i�b�l�e�.� 

�I�n�t�u�i�t�i�v�e�l�y�,� �i�t� �c�a�n� �b�e� �s�e�e�n� �t�h�a�t� �t�h�e� �a�d�d�i�t�i�o�n� �o�f� �g�a�i�n� �a�f�f�e�c�t�s� �t�h�e� �f�i�l�t�e�r� �b�y� �a�l�l�o�w�i�n�g� �f�o�r� �m�o�r�e� 

�r�e�c�i�r�c�u�l�a�t�i�o�n�s� �o�f� �t�h�e� �o�p�t�i�c�a�l� �s�i�g�n�a�l� �i�n� �t�h�e� �l�o�o�p� �b�e�f�o�r�e� �i�t� �i�s� �a�t�t�e�n�u�a�t�e�d� �b�y� �l�o�s�s�e�s� �t�o� �t�h�e� �n�o�i�s�e� 

�f�l�o�o�r�.� �T�h�i�s� �e�f�f�e�c�t� �c�a�n� �b�e� �s�e�e�n� �a�s� �t�h�e� �g�a�i�n� �p�r�e�s�e�n�t�s� �i�t�s�e�l�f� �i�n� �t�h�e� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n� �w�i�t�h� �t�h�e� 

�l�o�o�p� �l�o�s�s�e�s� �a�n�d� �c�a�n� �t�h�e�r�e�f�o�r�e� �c�a�n�c�e�l� �t�h�e� �l�o�s�s�e�s� �t�o� �p�r�e�s�e�n�t� �a�n� �i�d�e�a�l� �s�i�n�g�l�e� �l�o�o�p� �f�i�l�t�e�r� �w�i�t�h� �a� 

�n�o�n�-�i�d�e�a�l� �c�o�u�p�l�e�r�.� �B�y� �e�x�t�e�n�d�i�n�g� �t�h�e� �c�o�n�c�e�p�t� �f�u�r�t�h�e�r� �t�h�a�n� �l�o�s�s� �c�o�m�p�e�n�s�a�t�i�o�n�,� �t�h�e� �a�m�p�l�i�f�i�e�r� 

�i�s� �a�b�l�e� �t�o� �i�n�c�r�e�a�s�e� �t�h�e� �n�u�m�b�e�r� �o�f� �r�e�c�i�r�c�u�l�a�t�i�o�n�s� �i�n� �t�h�e� �l�o�o�p� �p�a�s�t� �t�h�e� �l�i�m�i�t�s� �i�m�p�o�s�e�d� �b�y� �t�h�e� 
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�t�a�p� �o�f�f� �p�o�w�e�r� �b�u�d�g�e�t� �o�f� �t�h�e� �l�o�o�p�.� �T�h�i�s� �e�f�f�e�c�t� �i�s� �t�h�e�n� �a�b�l�e� �t�o� �c�a�u�s�e� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e�s� 

�n�o�r�m�a�l�l�y� �u�n�r�e�a�l�i�z�a�b�l�e� �d�u�e� �t�o� �p�o�w�e�r� �c�o�n�s�t�r�a�i�n�t�s�.� 

�I�n� �a�d�d�i�t�i�o�n� �t�o� �a� �c�h�a�n�g�e� �i�n� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e�,� �s�t�a�b�i�l�i�t�y� �e�f�f�e�c�t�s� �c�a�n� �b�e� �s�e�e�n� �i�n� �c�e�r�t�a�i�n� 

�r�e�g�i�o�n�s� �a�s� �t�h�e� �g�a�i�n� �i�s� �i�n�c�r�e�a�s�e�d�.� �A�s� �m�e�n�t�i�o�n�e�d� �p�r�e�v�i�o�u�s�l�y�,� �t�h�e� �a�f�f�e�c�t� �o�f� �l�o�o�p� �l�o�s�s�e�s� �i�s� �t�o� 

�c�o�n�t�r�a�c�t� �t�h�e� �p�o�l�e�-�z�e�r�o� �l�o�c�a�t�i�o�n�s�.� �T�h�e� �i�n�c�l�u�s�i�o�n� �o�f� �g�a�i�n� �i�s� �a�b�l�e� �t�o� �c�a�u�s�e� �t�h�e� �o�p�p�o�s�i�t�e� �e�f�f�e�c�t� 

�a�n�d� �c�a�u�s�e� �t�h�e� �r�o�o�t� �l�o�c�a�t�i�o�n�s� �t�o� �e�x�p�a�n�d� �r�a�d�i�a�l�l�y� �f�r�o�m� �t�h�e� �o�r�i�g�i�n�.� �T�h�i�s� �e�x�p�a�n�s�i�o�n� �h�o�w�e�v�e�r� 

�c�a�n� �l�e�a�d� �t�o� �p�r�o�b�l�e�m�s� �n�o�t� �p�r�e�v�i�o�u�s�l�y� �e�n�c�o�u�n�t�e�r�e�d�.� �S�i�n�c�e� �t�h�e� �s�t�a�b�i�l�i�t�y� �c�r�i�t�e�r�i�a� �o�f� �f�i�l�t�e�r�s� �i�s� �t�o� 

�h�a�v�e� �t�h�e� �p�o�l�e�s� �i�n�s�i�d�e� �t�h�e� �u�n�i�t� �c�i�r�c�l�e�,� �e�x�c�e�s�s�i�v�e� �a�m�p�l�i�f�i�c�a�t�i�o�n� �c�a�n� �l�e�a�d� �t�o� �p�o�l�e�s� �e�x�p�a�n�d�i�n�g� 

�p�a�s�t� �t�h�e� �u�n�i�t� �c�i�r�c�l�e� �d�r�i�v�i�n�g� �t�h�e� �f�i�l�t�e�r� �t�o� �b�e�c�o�m�e� �u�n�s�t�a�b�l�e�.� �T�h�i�s� �u�n�d�e�s�i�r�a�b�l�e� �e�f�f�e�c�t� �t�h�a�t� �c�a�n� 

�r�e�n�d�e�r� �t�h�e� �f�i�l�t�e�r� �u�s�e�l�e�s�s� �a�n�d� �s�h�o�u�l�d� �b�e� �a�v�o�i�d�e�d�.� �F�i�g�u�r�e� �4�.�6� �s�h�o�w�s� �t�h�e� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� 

�w�i�t�h� �t�h�e� �c�o�u�p�l�i�n�g� �c�o�e�f�f�i�c�i�e�n�t� �s�e�t� �t�o� �0�.�4�0� �a�n�d� �t�h�e� �g�a�i�n� �e�q�u�a�l� �t�o� �2�.�5�.� 
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�F�s� 
�F�i�g�u�r�e� �4�.�6�.� �F�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �o�f� �s�i�n�g�l�e� �l�o�o�p� �f�i�l�t�e�r� �w�i�t�h� �G�=�2�.�0�.� 
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�I�n� �t�h�e� �r�e�g�i�o�n� �a�r�o�u�n�d� �F�s�,� �t�h�e� �f�i�l�t�e�r� �h�a�s� �a� �+�1�4� �d�B� �a�m�p�l�i�f�i�c�a�t�i�o�n� �o�f� �t�h�e� �s�i�g�n�a�l�,� �w�h�i�c�h� �i�s� �t�h�e� 

�r�e�s�u�l�t� �o�f� �t�h�e� �p�o�l�e� �o�n�,� �o�r� �n�e�a�r�,� �t�h�e� �u�n�i�t� �c�i�r�c�l�e�.� �T�h�e� �p�o�l�e�-�z�e�r�o� �p�l�o�t� �f�o�r� �t�h�i�s� �f�i�l�t�e�r� �i�n� �F�i�g�u�r�e� �4�.�7� 

�c�o�n�f�i�r�m�s� �t�h�i�s� �c�o�n�c�l�u�s�i�o�n�.� 
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�F�s� 
�F�i�g�u�r�e� �4�.�7�.� �P�o�l�e�-�z�e�r�o� �p�l�o�t� �o�f� �f�i�l�t�e�r� �i�n� �F�i�g�u�r�e� �4�.�5�.� 

�O�n�e� �c�o�n�s�i�d�e�r�a�t�i�o�n� �u�n�i�q�u�e� �t�o� �a�n� �a�m�p�l�i�f�i�e�d� �l�o�o�p� �c�o�n�f�i�g�u�r�a�t�i�o�n� �i�s� �t�h�e� �e�f�f�e�c�t� �o�f� �a�m�p�l�i�f�i�e�d� 

�s�p�o�n�t�a�n�e�o�u�s� �e�m�i�s�s�i�o�n� �n�o�i�s�e�.� �T�h�i�s� �n�o�i�s�e� �i�s� �t�h�e� �r�e�s�u�l�t� �o�f� �t�h�e� �o�p�t�i�c�a�l� �a�m�p�l�i�f�i�e�r� �w�h�e�n� �e�x�c�i�t�e�d� 

�i�o�n�s� �s�p�o�n�t�a�n�e�o�u�s�l�y� �r�e�l�a�x� �t�o� �t�h�e�i�r� �g�r�o�u�n�d� �s�t�a�t�e�.� �T�h�e�s�e� �s�p�o�n�t�a�n�e�o�u�s� �e�m�i�s�s�i�o�n�s� �c�o�n�t�r�i�b�u�t�e� 

�r�a�n�d�o�m� �i�n�c�r�e�a�s�e�s� �i�n� �t�h�e� �e�l�e�c�t�r�o�m�a�g�n�e�t�i�c� �e�n�e�r�g�y� �i�n� �t�h�e� �l�o�o�p� �a�n�d� �a�r�e� �a�m�p�l�i�f�i�e�d� �w�i�t�h� �t�h�e� 

�s�i�g�n�a�l� �[�4�.�4�]�.� 

�T�h�i�s� �n�o�i�s�e� �i�s� �a�n�a�l�o�g�o�u�s� �t�o� �t�h�e� �g�a�u�s�s�i�a�n� �n�o�i�s�e� �i�n� �e�l�e�c�t�r�o�n�i�c� �f�i�l�t�e�r�s�.� �A�s� �s�u�c�h�,� �t�h�e�y� �c�a�n� �b�e� 

�m�o�d�e�l�e�d� �s�i�m�i�l�a�r�l�y� �b�y� �a�d�d�i�n�g� �i�n�j�e�c�t�i�o�n� �n�o�i�s�e� �i�n� �t�h�e� �s�y�s�t�e�m�.� �T�h�e� �l�o�g�i�c�a�l� �p�o�i�n�t� �i�n� �t�h�e� �s�y�s�t�e�m� 

�t�o� �a�d�d� �t�h�i�s� �n�o�i�s�e� �i�s� �i�n� �t�h�e� �l�o�o�p� �a�s� �d�e�p�i�c�t�e�d� �i�n� �F�i�g�u�r�e� �4�.�8�.� 
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�F�i�g�u�r�e� �4�.�8�.� �A�m�p�l�i�f�i�e�d� �l�o�o�p� �w�i�t�h� �n�o�i�s�e� �i�n�j�e�c�t�e�d�.� �a�)� �F�i�b�e�r� �c�o�n�f�i�g�u�r�a�t�i�o�n�.� �b�)� �D�a�t�a� �s�t�r�u�c�t�u�r�e�.� 

�4�.�5� �A�s�y�m�m�e�t�r�i�c� �C�o�u�p�l�e�r� �F�i�l�t�e�r� 

�I�t� �h�a�s� �b�e�e�n� �s�h�o�w�n� �t�h�a�t� �t�h�e� �u�s�e� �o�f� �a�n� �o�p�t�i�c�a�l� �a�m�p�l�i�f�i�e�r� �i�n� �t�h�e� �l�o�o�p� �o�f� �a�n� �o�p�t�i�c�a�l� �s�i�g�n�a�l� 

�p�r�o�c�e�s�s�o�r� �e�n�a�b�l�e�s� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e�s� �n�o�t� �o�t�h�e�r�w�i�s�e� �a�c�h�i�e�v�a�b�l�e�.� �H�o�w�e�v�e�r�,� �t�h�e� �c�u�r�r�e�n�t� 

�c�o�s�t�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e�s�e� �a�m�p�l�i�f�i�e�r�s� �p�r�o�h�i�b�i�t�s� �t�h�e�i�r� �w�i�d�e�s�p�r�e�a�d� �u�s�e�.� �C�u�r�r�e�n�t� �E�r�b�i�u�m� 

�d�o�p�e�d� �f�i�b�e�r� �a�m�p�l�i�f�i�e�r�s� �(�E�D�F�A�s�)� �a�d�d� �a�p�p�r�o�x�i�m�a�t�e�l�y� �$�2�0�,�0�0�0� �t�o� �s�y�s�t�e�m� �c�o�s�t�s�.� �I�t� �c�a�n� �b�e� 

�s�h�o�w�n� �t�h�a�t� �s�i�m�i�l�a�r� �r�e�s�u�l�t�s� �m�a�y� �b�e� �a�t�t�a�i�n�e�d� �b�y� �u�s�i�n�g� �a�n� �a�s�y�m�m�e�t�r�i�c� �c�o�u�p�l�e�r� �i�n� �t�h�e� �f�i�l�t�e�r�.� 

�W�h�i�l�e� �t�h�e�s�e� �d�e�v�i�c�e�s� �a�r�e� �n�o�t� �a�s� �c�o�m�m�o�n� �p�l�a�c�e� �a�s� �t�h�e�i�r� �s�y�m�m�e�t�r�i�c� �c�o�u�n�t�e�r�p�a�r�t�s�,� �t�h�e�y� �a�r�e� 

�a�v�a�i�l�a�b�l�e� �a�n�d� �c�a�n� �b�e� �m�a�n�u�f�a�c�t�u�r�e�d� �a�t� �c�o�n�s�i�d�e�r�a�b�l�e� �l�o�w�e�r� �c�o�s�t�s� �t�h�a�t� �E�D�F�A�s�.� �I�n� �a�d�d�i�t�i�o�n� �a� 

�p�a�s�s�i�v�e� �d�e�v�i�c�e� �w�i�l�l� �h�a�v�e� �n�o� �p�o�w�e�r� �c�o�n�s�u�m�p�t�i�o�n� �a�n�d� �h�i�g�h� �d�e�p�e�n�d�a�b�i�l�i�t�y�.� 

�I�n� �s�i�g�n�a�l� �p�r�o�c�e�s�s�o�r�s�,� �a�s�y�m�m�e�t�r�i�c� �c�o�u�p�l�e�r�s� �c�a�n� �r�e�p�l�a�c�e� �t�h�e� �s�y�m�m�e�t�r�i�c� �c�o�u�p�l�e�r� �i�n� �a� �s�i�n�g�l�e� 

�l�o�o�p� �c�o�n�f�i�g�u�r�a�t�i�o�n�.� �T�h�i�s� �a�s�y�m�m�e�t�r�y� �r�e�s�u�l�t�s� �i�n� �a� �f�i�l�t�e�r� �l�o�o�p� �w�h�i�c�h� �h�a�s� �d�i�f�f�e�r�e�n�t� �c�o�u�p�l�i�n�g� 

�r�a�t�i�o�s� �f�o�r� �s�i�g�n�a�l�s� �c�o�m�i�n�g� �i�n� �t�o� �t�h�e� �l�o�o�p� �t�h�a�t� �f�o�r� �s�i�g�n�a�l�s� �e�x�i�t�i�n�g� �t�h�e� �l�o�o�p�.� �T�h�i�s� �f�i�l�t�e�r� 

�s�c�h�e�m�a�t�i�c� �i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �4�.�9� �w�i�t�h� �a� �s�i�g�n�a�l� �f�l�o�w� �g�r�a�p�h� �w�h�e�r�e� �A� �i�s� �t�h�e� �c�o�u�p�l�i�n�g� 

�c�o�e�f�f�i�c�i�e�n�t� �f�o�r� �t�h�e� �t�a�p� �f�i�b�e�r� �a�n�d� �B� �i�s� �t�h�e� �c�o�u�p�l�i�n�g� �c�o�e�f�f�i�c�i�e�n�t� �f�o�r� �t�h�e� �b�u�s� �f�i�b�e�r�.� 
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�F�i�g�u�r�e� �4�.�9�.� �A�s�y�m�m�e�t�r�i�c� �C�o�u�p�l�e�r� �F�i�l�t�e�r�.� �a�)� �F�i�b�e�r� �c�o�n�f�i�g�u�r�a�t�i�o�n�.� �b�)� �D�a�t�a� �s�t�r�u�c�t�u�r�e�.� 

�B�y� �e�n�c�l�o�s�i�n�g� �t�h�e� �b�u�s� �f�i�b�e�r�s� �i�n� �t�h�e� �c�o�u�p�l�e�r�,� �t�o� �f�o�r�m� �t�h�e� �l�o�o�p�,� �t�h�e� �t�a�p� �o�f�f� �r�a�t�i�o� �c�a�n� �b�e� �l�o�w�e�r� 

�t�h�a�n� �t�h�e� �t�a�p�-�o�n� �r�a�t�i�o�.� �T�h�e� �n�e�t� �r�e�s�u�l�t� �i�s� �a� �f�i�l�t�e�r� �t�h�a�t� �a�l�l�o�w�s� �a�n� �i�n�c�r�e�a�s�e�d� �n�u�m�b�e�r� �o�f� 

�r�e�c�i�r�c�u�l�a�t�i�o�n�s� �i�n� �t�h�e� �l�o�o�p� �b�e�f�o�r�e� �t�h�e� �s�i�g�n�a�l� �i�s� �a�t�t�e�n�u�a�t�e�d� �t�o� �t�h�e� �n�o�i�s�e� �f�l�o�o�r�.� �T�h�i�s� �e�f�f�e�c�t� �i�s� 

�s�i�m�i�l�a�r� �t�o� �t�h�a�t� �w�i�t�h� �s�i�n�g�l�e� �l�o�o�p� �f�i�l�t�e�r� �u�s�i�n�g� �a�n� �a�m�p�l�i�f�i�e�r� �i�n� �t�h�e� �l�o�o�p� �a�n�d� �a�s� �a� �r�e�s�u�l�t�,� �c�o�u�l�d� 

�a�l�l�o�w� �f�o�r� �d�i�f�f�e�r�e�n�t� �f�i�l�t�e�r� �r�e�s�p�o�n�s�e�s�.� 

�T�h�i�s� �s�i�m�i�l�a�r�i�t�y� �c�a�n� �b�e� �s�e�e�n� �b�y� �e�x�a�m�i�n�i�n�g� �t�h�e� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �f�i�l�t�e�r� 
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�A�s� �t�h�e� �e�q�u�a�t�i�o�n�s� �i�n�d�i�c�a�t�e�,� �t�h�e� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� �p�o�l�e�s� �a�r�e� �p�l�a�c�e�d� �s�o�l�e�l�y� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �B�,� 

�w�h�i�l�e� �t�h�e� �z�e�r�o�s� �a�r�e� �d�e�t�e�r�m�i�n�e�d� �b�y� �A� �a�n�d� �B�.� �I�n� �a�d�d�i�t�i�o�n�,� �s�i�n�c�e� �r�u�l�e�s� �o�f� �a�l�l� �p�o�s�i�t�i�v�e� �s�y�s�t�e�m�s� 

�a�p�p�l�i�e�s�,� �t�h�e� �p�o�l�e�s� �m�a�y� �o�n�l�y� �b�e� �l�o�c�a�t�e�d� �o�n� �t�h�e� �p�o�s�i�t�i�v�e� �r�e�a�l� �a�x�i�s� �w�i�t�h�i�n� �t�h�e� �u�n�i�t� �c�i�r�c�l�e� �w�h�i�l�e� 

�t�h�e� �z�e�r�o�s� �m�a�y� �f�a�l�l� �a�n�y�w�h�e�r�e� �o�n� �t�h�e� �r�e�a�l� �a�x�i�s�.� 

�4�.�6� �D�o�u�b�l�e� �L�o�o�p� �F�i�l�t�e�r� 

�A�l�l� �o�f� �t�h�e� �r�e�c�u�r�s�i�v�e� �f�i�l�t�e�r�s� �d�i�s�c�u�s�s�e�d� �s�o� �f�a�r� �h�a�v�e� �c�o�n�s�i�s�t�e�d� �o�f� �t�h�e� �s�i�n�g�l�e�-�l�o�o�p� �f�i�l�t�e�r� �s�t�r�u�c�t�u�r�e� 

�w�i�t�h� �s�o�m�e� �m�o�d�i�f�i�c�a�t�i�o�n�s�.� �U�n�f�o�r�t�u�n�a�t�e�l�y�,� �n�o�n�e� �o�f� �t�h�e�s�e� �m�o�d�i�f�i�c�a�t�i�o�n�s� �h�a�v�e� �i�n�c�r�e�a�s�e�d� �t�h�e� 

�o�r�d�e�r� �o�f� �t�h�e� �f�i�l�t�e�r�.� �A�s� �a� �r�e�s�u�l�t�,� �r�o�o�t� �p�l�a�c�e�m�e�n�t� �h�a�s� �b�e�e�n� �l�i�m�i�t�e�d� �b�y� �m�a�t�h�e�m�a�t�i�c�a�l� �p�r�i�n�c�i�p�l�e�s� 

�t�h�a�t� �r�e�s�t�r�i�c�t� �t�h�e� �r�o�o�t�s� �o�f� �f�i�r�s�t� �o�r�d�e�r� �e�q�u�a�t�i�o�n�s�.� �A�l�t�h�o�u�g�h� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� �c�a�s�c�a�d�e� �m�u�l�t�i�p�l�e� 

�l�o�o�p� �s�t�a�g�e�s� �t�o� �f�o�r�m� �h�i�g�h�e�r� �o�r�d�e�r� �f�i�l�t�e�r�s� �w�i�t�h� �v�a�r�i�o�u�s� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e�s�,� �t�h�e�i�r� 

�p�e�r�f�o�r�m�a�n�c�e� �i�s� �r�e�s�t�r�i�c�t�e�d�.� �T�h�i�s� �r�e�s�t�r�i�c�t�i�o�n� �i�s� �d�u�e� �t�o� �t�h�e� �i�n�a�b�i�l�i�t�y� �o�f� �t�h�e� �f�e�e�d�b�a�c�k� �o�f� �o�n�e� 

�f�i�l�t�e�r� �s�t�a�g�e� �t�o� �i�n�t�e�r�a�c�t� �w�i�t�h� �a�n�o�t�h�e�r�.� �T�h�i�s� �r�e�s�t�r�i�c�t�i�o�n� �c�a�n� �b�e� �o�v�e�r�c�o�m�e� �t�o� �s�o�m�e� �d�e�g�r�e�e� �w�i�t�h� 

�a� �t�w�o� �l�o�o�p� �s�y�s�t�e�m�.� �F�i�g�u�r�e� �4�.�1�0� �s�h�o�w�s� �t�h�e� �d�o�u�b�l�e� �l�o�o�p� �f�i�l�t�e�r� �c�o�n�f�i�g�u�r�a�t�i�o�n�.� 

�C�h�a�p�t�e�r� �4�:� �F�i�l�t�e�r� �C�o�n�f�i�g�u�r�a�t�i�o�n�s� �4�0
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 ��(�b�)� 
�F�i�g�u�r�e� �4�.�1�0�.� �D�o�u�b�l�e� �L�o�o�p� �F�i�l�t�e�r�.� �a�)� �F�i�b�e�r� �c�o�n�f�i�g�u�r�a�t�i�o�n�.� �b�)� �D�a�t�a� �s�t�r�u�c�t�u�r�e�.� 

�T�h�e� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �f�i�l�t�e�r� �s�t�r�u�c�t�u�r�e� �i�s� 

�A�+� �L�i�L�o� �-�2�A�)�B�a�z�i�~�!� �-� �A�L�z�2�~�'�+� �L�i�L�a�L�[�( ��2�B�)�( ��2�A�)�|�z�-�!�2�2�-�!� 
�1�+� �A�B�L�i�L�a�z�~�'�  �� �L�B�z�a�-�'�-� �A�L�i� �L�a�L�(�1 ��2�B�)�a�-�'�z�2�7�}� �(�4�.�1�5�)� 
� � �H�(�z�)�=� 

�C�h�a�p�t�e�r� �4�:� �F�i�l�t�e�r� �C�o�n�f�i�g�u�r�a�t�i�o�n�s� �4�1



�w�h�e�r�e� �L�1� �a�n�d� �L�2� �a�r�e� �t�h�e� �f�i�b�e�r� �a�t�t�e�n�u�a�t�i�o�n� �f�a�c�t�o�r�s� �i�n� �t�h�e� �f�i�r�s�t� �a�n�d� �s�e�c�o�n�d� �h�a�l�f� �o�f� �t�h�e� �t�o�p� 

�l�o�o�p� �r�e�s�p�e�c�t�i�v�e�l�y�,� �a�n�d� �L� �i�s� �t�h�e� �f�i�b�e�r� �a�t�t�e�n�u�a�t�i�o�n� �f�a�c�t�o�r� �o�f� �t�h�e� �b�o�t�t�o�m� �l�o�o�p�.� �I�n� �(�4�.�1�5�)�,� �z�,�7�}� 

�a�n�d� �z�y�!� �a�r�e� �t�h�e� �d�e�l�a�y�s� �f�r�o�m� �t�h�e� �t�o�p� �l�o�o�p� �a�n�d� �b�o�t�t�o�m� �l�o�o�p� �r�e�s�p�e�c�t�i�v�e�l�y�.� �I�t� �i�s� �i�m�p�o�r�t�a�n�t� �t�o� 

�d�i�f�f�e�r�e�n�t�i�a�t�e� �b�e�t�w�e�e�n� �t�h�e� �d�e�l�a�y�s� �c�r�e�a�t�e�d� �b�y� �t�h�e� �i�n�d�i�v�i�d�u�a�l� �l�o�o�p�s�.� �T�h�i�s� �n�e�e�d� �i�s� �d�u�e� �t�o� �a�n� 

�i�n�c�o�n�s�i�s�t�e�n�c�y� �i�n� �u�s�i�n�g� �t�h�e� �Z�-�t�r�a�n�s�f�o�r�m� �w�i�t�h� �t�h�i�s� �p�a�r�t�i�c�u�l�a�r� �c�o�n�f�i�g�u�r�a�t�i�o�n�.� �W�i�t�h�o�u�t� �m�a�k�i�n�g� 

�t�h�i�s� �d�i�s�t�i�n�c�t�i�o�n�,� �e�x�t�r�e�m�e� �c�o�u�p�l�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �0� �a�n�d� �1� �c�a�u�s�e� �a�n� �i�n�c�o�r�r�e�c�t� �t�r�a�n�s�f�e�r� 

�f�u�n�c�t�i�o�n�.� �F�o�r� �e�x�a�m�p�l�e�,� �i�g�n�o�r�i�n�g� �t�h�e� �l�o�s�s� �t�e�r�m�s� �a�n�d� �c�o�m�b�i�n�i�n�g� �t�h�e� �d�e�l�a�y�s�,� �t�h�e� �n�u�m�e�r�a�t�o�r� �i�s� 

�B�(�z�)�=� �A�+�[�U�-�2�A�)�B�-� �A�]�z�-�'�+�[�Q�-�2�B�)�0� �-�2�A�)�]�z� �-�?� �(�4�.�1�6�)� 

�T�a�k�i�n�g� �B� �t�o� �e�q�u�a�l� �1�,� �t�h�e� �e�q�u�a�t�i�o�n� �b�e�c�o�m�e�s� 

�B�(�z�)�=� �A�+�(�1�-�3�A�)�z�-�!�4�+�[�-�(�1�-�2�A�)�]�z�-�?�.� �(�4�.�1�7�)� 

�H�o�w�e�v�e�r�,� �a� �c�o�u�p�l�i�n�g� �c�o�e�f�f�i�c�i�e�n�t� �o�f� �B�=�1� �p�h�y�s�i�c�a�l�l�y� �m�e�a�n�s� �t�h�a�t� �a�l�l� �t�h�e� �o�p�t�i�c�a�l� �p�o�w�e�r� �i�s� 

�c�o�u�p�l�e�d� �t�o� �t�h�e� �l�o�o�p� �a�n�d� �n�o� �l�i�g�h�t� �e�n�t�e�r�s� �t�h�e� �l�o�w�e�r� �l�o�o�p�.� �A�s� �a� �r�e�s�u�l�t�,� �t�h�e� �l�o�w�e�r� �l�o�o�p� 

�e�s�s�e�n�t�i�a�l�l�y� �d�o�e�s� �n�o�t� �e�x�i�s�t� �a�n�d� �z�,�"�!�=�0�.� �T�h�e� �c�o�r�r�e�c�t� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �n�u�m�e�r�a�t�o�r� �i�n� �(�4�.�1�5�)� 

�i�s� �t�h�e�n� 

�B�(�z�)� �=� �A�+�[�-�2�4�)�]�z�-�'�,� �(�4�.�1�8�)� 

�w�h�i�c�h� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �t�h�e� �s�o�l�u�t�i�o�n� �f�o�u�n�d� �i�n� �(�4�.�1�0�)�.� �T�h�e� �s�a�m�e� �d�i�s�c�r�e�p�a�n�c�y� �e�x�i�s�t�s� �a�t� �t�h�e� 

�o�t�h�e�r� �e�x�t�r�e�m�e�s� �w�h�e�r�e� �B�=�0� �a�n�d� �A�=�1� �o�r� �0�.� 

�C�h�a�p�t�e�r� �4�:� �F�i�l�t�e�r� �C�o�n�f�i�g�u�r�a�t�i�o�n�s� �4�2



�T�h�e� �a�b�i�l�i�t�y� �o�f� �t�h�e� �d�o�u�b�l�e� �l�o�o�p� �s�t�r�u�c�t�u�r�e� �t�o� �i�m�p�l�e�m�e�n�t� �s�e�c�o�n�d� �o�r�d�e�r� �I�I�R� �f�i�l�t�e�r�s� �l�e�a�d�s� �o�n�e� �t�o� 

�b�e�l�i�e�v�e� �t�h�a�t� �t�h�i�r�d� �o�r�d�e�r� �s�y�s�t�e�m�s� �c�o�u�l�d� �b�e� �c�r�e�a�t�e�d� �b�y� �a�d�d�i�n�g� �a�n�o�t�h�e�r� �d�e�l�a�y� �l�i�n�e�.� �T�h�i�s� �t�h�i�r�d� 

�o�r�d�e�r� �c�o�n�f�i�g�u�r�a�t�i�o�n� �i�s� �e�n�t�i�r�e�l�y� �p�o�s�s�i�b�l�e� �b�u�t� �a�n� �i�n�v�e�s�t�i�g�a�t�i�o�n� �o�f� �t�h�e�s�e� �h�i�g�h�e�r�-�o�r�d�e�r� �s�y�s�t�e�m�s� 

�i�s� �b�e�y�o�n�d� �t�h�e� �s�c�o�p�e� �o�f� �t�h�i�s� �d�i�s�c�u�s�s�i�o�n�.� �S�y�s�t�e�m�s� �h�a�v�e� �a�l�s�o� �b�e�e�n� �i�m�p�l�e�m�e�n�t�e�d� �t�h�a�t� 

�i�n�c�o�r�p�o�r�a�t�e� �p�r�e�v�i�o�u�s�l�y� �d�i�s�c�u�s�s�e�d� �c�o�n�c�e�p�t�s� �t�o� �c�r�e�a�t�e� �a� �t�w�o� �l�o�o�p� �f�i�l�t�e�r� �c�o�n�f�i�g�u�r�a�t�i�o�n� �w�i�t�h� 

�o�p�t�i�c�a�l� �a�m�p�l�i�f�i�e�r�s� �i�n� �e�a�c�h� �f�i�b�e�r� �s�e�g�m�e�n�t� �t�o� �c�o�n�s�t�r�u�c�t� �f�i�l�t�e�r�s� �w�i�t�h� �g�r�e�a�t� �f�l�e�x�i�b�i�l�i�t�y� �[�4�.�5�]�.� 
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�C�h�a�p�t�e�r� �5�:� �C�o�m�p�u�t�e�r� �M�o�d�e�l�i�n�g� 

�T�h�e� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �o�f� �o�p�t�i�c�a�l� �s�i�g�n�a�l� �p�r�o�c�e�s�s�o�r�s� �c�o�m�p�t�e�r� �m�o�d�e�l� �m�a�y� �h�e�l�p� �t�o� �f�a�c�i�l�i�t�a�t�e� �t�h�e�i�r� 

�d�e�s�i�g�n�.� �M�u�l�t�i�-�d�i�m�e�n�s�i�o�n�a�l� �m�o�d�e�l�s� �w�i�l�l� �b�e� �p�r�e�s�e�n�t�e�d� �w�h�i�c�h� �s�i�m�u�l�a�t�e� �t�h�e� �p�e�r�f�o�r�m�a�n�c�e� �o�f� �t�h�e� 

�v�a�r�i�o�u�s� �f�i�l�t�e�r� �c�o�n�f�i�g�u�r�a�t�i�o�n�s� �p�r�e�v�i�o�u�s�l�y� �d�e�s�c�r�i�b�e�d� �i�n� �C�h�a�p�t�e�r� �4�.� �T�h�e� �u�s�e� �o�f� �t�h�e�s�e� �m�o�d�e�l�s� 

 ��c�a�n� �h�e�l�p� �t�h�e� �d�e�s�i�g�n�e�r� �t�o� �u�n�d�e�r�s�t�a�n�d� �t�h�e� �c�a�p�a�b�i�l�i�t�i�e�s� �a�n�d� �l�i�m�i�t�a�t�i�o�n�s� �o�f� �t�h�e�s�e� �o�p�t�i�c�a�l� �s�i�g�n�a�l� 

�p�r�o�c�e�s�s�o�r�.� 

�5�.�1� �F�I�R� �F�i�l�t�e�r� 

�S�i�n�c�e� �a�n� �F�I�R� �f�i�l�t�e�r� �i�s� �e�a�s�i�l�y� �i�m�p�l�e�m�e�n�t�e�d� �i�n� �h�i�g�h�e�r� �o�r�d�e�r�s�,� �a� �r�a�n�d�o�m� �a�n�a�l�y�s�i�s� �c�a�n� �q�u�i�c�k�l�y� �b�e� 

�p�e�r�f�o�r�m�e�d� �t�o� �d�e�s�c�r�i�b�e� �p�o�s�s�i�b�l�e� �r�o�o�t� �p�l�a�c�e�m�e�n�t�s� �f�o�r� �t�h�e� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �s�y�s�t�e�m�.� 

�S�i�n�c�e� �a�n� �F�I�R� �f�i�l�t�e�r� �c�o�n�s�i�s�t�s� �o�f� �o�n�l�y� �z�e�r�o�s�,� �t�h�e�i�r� �p�l�a�c�e�m�e�n�t� �i�s� �r�e�s�p�o�n�s�i�b�l�e� �f�o�r� �t�h�e� �m�a�g�n�i�t�u�d�e� 

�r�e�s�p�o�n�s�e� �o�f� �t�h�e� �f�i�l�t�e�r�.� �F�i�g�u�r�e�s� �5�.�1�(�a�)�-�(�f�)� �m�a�p�s� �s�o�m�e� �p�o�s�s�i�b�l�e� �z�e�r�o� �l�o�c�a�t�i�o�n�s� �i�n� �t�h�e� �Z�-�P�l�a�n�e� 

�f�o�r� �o�p�t�i�c�a�l� �F�I�R� �f�i�l�t�e�r�s� �o�f� �o�r�d�e�r� �1� �t�h�r�o�u�g�h� �6�.� 
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�F�r�o�m� �t�h�e�s�e� �m�a�p�s� �i�t� �i�s� �s�e�e�n� �t�h�a�t� �t�h�e� �z�e�r�o�s� �f�o�r� �t�h�e�s�e� �t�y�p�e�s� �o�f� �f�i�l�t�e�r�s� �o�c�c�u�r� �i�n� �c�e�r�t�a�i�n� �d�i�s�c�r�e�t�e� 

�a�r�e�a�s� �a�n�d� �t�h�a�t� �t�h�e�s�e� �a�r�e�a�s� �a�r�e� �n�e�a�r� �t�h�e� �u�n�i�t� �c�i�r�c�l�e�.� �T�h�e�s�e� �p�l�o�t�s� �c�l�e�a�r�l�y� �s�h�o�w� �t�h�e� �l�i�m�i�t�a�t�i�o�n�s� 

�i�m�p�o�s�e�d� �o�n� �t�h�e� �r�o�o�t� �p�l�a�c�e�m�e�n�t� �o�f� �o�p�t�i�c�a�l� �s�i�g�n�a�l� �p�r�o�c�e�s�s�o�r�s� �a�s� �a� �r�e�s�u�l�t� �o�f� �t�h�e�i�r� �a�l�l� �p�o�s�i�t�i�v�e� 

�n�a�t�u�r�e�.� �T�h�i�s� �l�i�m�i�t�a�t�i�o�n� �i�s� �a�n�a�l�o�g�o�u�s� �t�o� �t�h�e� �q�u�a�n�t�i�z�a�t�i�o�n� �e�f�f�e�c�t� �o�b�s�e�r�v�e�d� �i�n� �t�r�a�d�i�t�i�o�n�a�l� 

�e�l�e�c�t�r�o�n�i�c� �d�i�g�i�t�a�l� �s�i�g�n�a�l� �p�r�o�c�e�s�s�o�r�s�.� �B�y� �k�n�o�w�i�n�g� �t�h�e�s�e� �q�u�a�n�t�i�z�a�t�i�o�n� �e�f�f�e�c�t�s� �a�n�d� �b�e�i�n�g� �a�b�l�e� 

�t�o� �m�o�d�e�l� �t�h�e�m�,� �g�r�e�a�t�e�r� �i�n�s�i�g�h�t� �i�s� �g�a�i�n�e�d� �i�n� �u�n�d�e�r�s�t�a�n�d�i�n�g� �t�h�e�m�.� 

�P�o�l�e� �Z�e�r�o� �P�l�o�t� �o�f� �F�i�l�t�e�r� 
� � 

� � � � � � 

�1� �P�o�t�e�e�t� �1� 
 �� �a� 

 �� �N� 
�O�s�}� �?�  �� �.� 

�-� �/� �\� 
�e�y� 

�\� �i� 
�0�5�  ��\�.� �:� 

�\� �/� 
�~�~� �a� 

�f�b� �c�e�r�e� 

�'� �4� �5� �A� �0�5� �0� �0�5� �1� 
�R�e�(�z�)� 

�(�a�)� 

�P�o�l�e� �Z�e�r�o� �P�i�n�t� �o�f� �F�i�t�t�e�r� 
� � 

� � 

� � 

� � � � 

 ��A�S� �4�d� �0�5� �0�5� �Q� 
�R�e�(�2�)� 

�(�d�)� 
�F�i�g�u�r�e� �5�.�1�.� �P�o�s�s�i�b�l�e� �z�e�r�o� 

�P�o�l�e� �Z�e�r�o� �P�l�o�t� �o�f� �F�i�l�t�e�r� 
� � 

�b�n
�(�z

�)� 

�o
� 

� � 

� � � � � � 

�P�o�l�e� �Z�e�r�o� �P�l�o�t� �o�f� �F�i�t�t�e�r� 
� � 

�i�n
�(�z

�)� 

� � � � � � 

�.� �(�e�)� 
�l�o�c�a�t�i�o�n�s� �i�n� �t�h�e� �Z�-�p�l�a�n�e� �f�o�r� �o�p�t�i�c�a�l� �F�I�R� �f�i�l�t�e�r�s� �o�f� �o�r�d�e�r� �1�-�6� 

�r�e�s�p�e�c�t�i�v�e�l�y�.� 
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�P�o�l�e� �Z�e�r�a� �P�l�o�t� �o�f� �F�i�l�t�e�r� 
� � 

�i�n
�(�z

�)� 

� � 

� � � � � � 

� � 

� � � � � � 

� � 

�(�f�)� 
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�T�h�e� �p�l�o�t�s� �w�e�r�e� �g�e�n�e�r�a�t�e�d� �i�n� �M�a�t�l�a�b� �u�s�i�n�g� �t�h�e� �c�o�m�m�a�n�d� �[�z�]�=�r�a�n�d�f�i�r� �(�2�0�0�0�)�.� �T�h�i�s� 

�c�o�m�m�a�n�d� �c�a�l�l�s� �u�p�o�n� �t�h�e� �R�A�N�D�F�I�R�.�M� �f�u�n�c�t�i�o�n� �a�n�d� �r�a�n�d�o�m�l�y� �g�e�n�e�r�a�t�e�s� �2�0�0�0� �s�e�t�s� �o�f� 

�p�o�s�s�i�b�l�e� �c�o�u�p�l�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s� �f�o�r� �e�a�c�h� �m�u�l�t�i�p�l�i�e�r�.� �T�h�e� �r�o�o�t�s� �o�f� �t�h�e� �r�e�s�u�l�t�i�n�g� �t�r�a�n�s�f�e�r� 

�f�u�n�c�t�i�o�n� �a�r�e� �t�h�e�n� �c�a�l�c�u�l�a�t�e�d� �a�n�d� �p�l�o�t�t�e�d�.� 

�A�s� �c�a�n� �b�e� �s�e�e�n� �f�r�o�m� �F�i�g�u�r�e� �5�.�1�,� �t�h�e� �r�o�o�t�s� �o�f� �t�h�e� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n� �t�e�n�d� �t�o� �c�l�u�s�t�e�r� �i�n� �c�e�r�t�a�i�n� 

�a�r�e�a�s�.� �F�o�r� �t�h�e� �f�i�r�s�t� �o�r�d�e�r� �f�i�l�t�e�r�,� �t�h�e� �r�o�o�t�s� �a�r�e� �f�o�u�n�d� �o�n� �t�h�e� �n�e�g�a�t�i�v�e� �r�e�a�l� �a�x�i�s�.� �T�h�e� �z�e�r�o�s� �o�f� 

�s�e�c�o�n�d� �o�r�d�e�r� �f�i�l�t�e�r�s� �h�a�v�e� �a� �m�a�g�n�i�t�u�d�e� �l�e�s�s� �w�i�t�h� �a� �r�e�a�l� �c�o�m�p�o�n�e�n�t� �b�e�t�w�e�e�n� �-�0�.�5� �a�n�d� �0�.� �I�n� 

�a�d�d�i�t�i�o�n�,� �s�i�n�c�e� �t�h�e� �r�o�o�t�s� �o�f� �t�h�e� �f�i�l�t�e�r� �a�r�e� �c�o�m�p�l�e�x�,� �t�h�e� �z�e�r�o�s� �o�c�c�u�r� �i�n� �c�o�m�p�l�e�x� �c�o�n�j�u�g�a�t�e� 

�p�a�i�r�s�.� �T�h�e� �r�e�m�a�i�n�i�n�g� �p�l�o�t�s� �s�h�o�w� �t�h�e� �m�a�p�s� �f�o�r� �h�i�g�h�e�r� �o�r�d�e�r� �f�i�l�t�e�r�s�.� �T�h�i�s� �m�o�d�e�l� �a�s�s�u�m�e�s� �n�o� 

�l�o�s�s� �i�n� �t�h�e� �s�y�s�t�e�m�.� �I�n�c�l�u�s�i�o�n� �o�f� �c�o�u�p�l�e�r� �i�n�s�e�r�t�i�o�n� �l�o�s�s�e�s� �a�n�d� �f�i�b�e�r� �a�t�t�e�n�u�a�t�i�o�n� �w�o�u�l�d� �a�l�t�e�r� 

�t�h�e� �m�a�p�s� �b�y� �c�o�n�t�r�a�c�t�i�n�g� �t�h�e� �p�a�t�t�e�r�n�s� �o�f� �t�h�e� �m�a�p�s�.� 

�5�.�2� �L�a�t�t�i�c�e� �S�t�r�u�c�t�u�r�e� �F�i�l�t�e�r� 

�D�u�e� �t�o� �t�h�e�i�r� �a�u�t�o�r�e�g�r�e�s�s�i�v�e� �n�a�t�u�r�e�,� �t�h�e� �p�o�l�e� �p�l�a�c�e�m�e�n�t�s� �a�r�e� �s�o�l�e�l�y� �r�e�s�p�o�n�s�i�b�l�e� �f�o�r� �t�h�e� 

�f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �f�i�l�t�e�r�.� �A�s� �w�i�t�h� �t�h�e� �F�I�R� �f�i�l�t�e�r�,� �a� �r�a�n�d�o�m� �a�n�a�l�y�s�i�s� �e�n�a�b�l�e�s� �o�n�e� �t�o� 

�s�e�e� �t�h�e� �p�o�s�s�i�b�l�e� �f�i�l�t�e�r� �r�e�s�p�o�n�s�e�s�.� �F�i�g�u�r�e� �5�.�2� �s�h�o�w�s� �t�h�e� �q�u�a�n�t�i�z�a�t�i�o�n� �e�f�f�e�c�t�s� �o�f� �t�h�i�s� �f�i�l�t�e�r�.� 
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�P�o�f�e� �Z�e�r�o� �P�l�o�t� �o�f� �F�i�l�t�e�r� �P�o�t�e� �Z�e�r�o� �P�l�o�t� �o�f� �F�i�l�t�e�r� �P�o�l�e� �Z�e�r�o� �P�l�o�t� �o�f� �F�i�l�t�e�r� 
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� � � � 
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� � � � � � 

� � � � � � � � � � � � � � � � � � � � � � 

�a� �~� �a� �R�e� �=�<� 

�s�  �� �~� �o�s� �/� �.� �/� �\� �.� 
�O�S� �\� �a�s�t� �/� �1�4� �\� 

�i�  �� �/� �\�  �� 

�i�y� �X�V� �!� �1�  �� 

�g�o�  ¬� �0� �E� 
�\� �i� �\� �j� �j� 

�a�s�t� �f� �a�s�t� �*� �;� �f� �\� �}�.� �,� �é� �/� �.� �J� �\� �J� �J�)� 
�N�L� �.� �a�o� �N�A�  �� �r�a�l� �w�e� 

�S�r� �a�r� �o�O�C�~�«�*�d� �a�s�.� �a�S�C�«�d� �0� �S�C�~�«�d� 
�R�e�f�z�)� �R�e�z�)� 

�(�a�)� �(�b�)� 
�P�e�l�e� �Z�e�r�e� �P�l�o�t� �o�f� �F�i�l�t�e�r� 

�1� �a� �1� 

�o� 
�0�5� �f� �:� 

�z� �0� �é� 

�D�5�)� �\� �_� 
�\�.� 

�z� 
�4� 

�R�e�(�2�)� 

�(�d�)� �(�e�)� �(�f�)� 
�F�i�g�u�r�e� �5�.�2�.� �P�o�s�s�i�b�l�e� �p�o�l�e� �l�o�c�a�t�i�o�n�s� �i�n� �t�h�e� �Z�-�P�l�a�n�e� �f�o�r� �o�p�t�i�c�a�l� �l�a�t�t�i�c�e� �f�i�l�t�e�r�s� �o�f� �o�r�d�e�r� �1�-�6� 

�r�e�s�p�e�c�t�i�v�e�l�y�.� 

�T�h�e�s�e� �p�l�o�t�s� �w�e�r�e� �g�e�n�e�r�a�t�e�d� �u�s�i�n�g� �t�h�e� �M�a�t�l�a�b� �s�u�b�r�o�u�t�i�n�e�s� �R�E�C�I�R�H�2�1�,� �R�E�C�I�R�H�2�2�,� 

�R�E�C�I�R�H�2�3�,� �R�E�C�I�R�H�2�4�,� �R�E�C�I�R�H�2�5� �a�n�d� �R�E�C�I�R�H�2�6� �r�e�s�p�e�c�t�i�v�e�l�y� �w�i�t�h� �5�0�0�0� �i�t�e�r�a�t�i�o�n�s�.� 

�T�h�e�s�e� �r�o�u�t�i�n�e�s� �a�r�e� �s�i�m�i�l�a�r� �t�o� �t�h�e� �R�A�N�D�F�I�R�.�M� �f�u�n�c�t�i�o�n� �i�n� �t�h�a�t� �i�t� �r�a�n�d�o�m�l�y� �g�e�n�e�r�a�t�e�s� �5�0�0�0� 

�s�e�t�s� �o�f� �p�o�s�s�i�b�l�e� �c�o�u�p�l�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s� �f�o�r� �e�a�c�h� �m�u�l�t�i�p�l�i�e�r� �a�n�d� �p�l�o�t�s� �t�h�e� �p�o�l�e�s� �o�f� �t�h�e� �r�e�s�u�l�t�i�n�g� 

�t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n�.� 

�A�s� �w�i�t�h� �t�h�e� �F�I�R� �c�a�s�e� �t�h�e�r�e� �i�s� �a� �d�i�s�t�i�n�c�t� �p�a�t�t�e�r�n� �t�o� �t�h�e� �p�o�s�s�i�b�l�e� �p�l�a�c�e�m�e�n�t�s� �f�o�r� �t�h�e� �p�o�l�e�s�.� 

�T�h�i�s� �p�a�t�t�e�r�n� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �b�r�a�n�c�h�e�s� �c�e�n�t�e�r�e�d� �a�b�o�u�t� �+� �2�7�/�N� �a�n�d� �i�n�t�e�g�e�r� �m�u�l�t�i�p�l�e�s� �w�h�e�r�e� 

�N� �i�s� �t�h�e� �o�r�d�e�r� �o�f� �t�h�e� �f�i�l�t�e�r�.� �T�h�i�s� �q�u�a�n�t�i�z�a�t�i�o�n� �l�e�a�d�s� �t�o� �t�h�e� �c�o�n�c�l�u�s�i�o�n� �t�h�a�t� �f�o�r� �s�u�c�h� �a� �f�i�l�t�e�r� 
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�s�t�r�u�c�t�u�r�e� �i�t� �i�s� �n�o�t� �p�o�s�s�i�b�l�e� �t�o� �g�e�n�e�r�a�t�e� �h�i�g�h�p�a�s�s� �f�i�l�t�e�r�s�.� �H�o�w�e�v�e�r� �b�y� �c�a�s�c�a�d�i�n�g� �s�e�c�t�i�o�n�s�,� �t�o� 

�f�o�r�m� �h�i�g�h�e�r� �o�r�d�e�r� �f�i�l�t�e�r�s�,� �t�h�e� �a�t�t�e�n�u�a�t�i�o�n� �a�n�d� �c�u�t�o�f�f� �f�r�e�q�u�e�n�c�i�e�s� �a�r�e� �e�a�s�i�l�y� �d�i�c�t�a�t�e�d�.� 

�§�.�3� �S�i�n� �i�l�t�e�r� 

�T�h�i�s� �r�e�s�u�l�t� �c�a�n� �a�l�s�o� �b�e� �v�e�r�i�f�i�e�d� �b�y� �p�l�o�t�t�i�n�g� �t�h�e� �m�a�g�n�i�t�u�d�e� �r�e�s�p�o�n�s�e� �v�s�.� �f�r�e�q�u�e�n�c�y� �f�o�r� 

�v�a�r�i�o�u�s� �c�o�u�p�l�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s�.� �F�i�g�u�r�e� �5�.�3� �s�h�o�w�s� �a� �t�h�r�e�e� �d�i�m�e�n�s�i�o�n�a�l� �p�l�o�t� �w�i�t�h� �a�n� 

�a�d�d�i�t�i�o�n�a�l� �c�o�n�t�o�u�r� �p�l�o�t� �w�h�i�c�h� �v�a�r�i�e�s� �t�h�e�s�e� �p�a�r�a�m�e�t�e�r�s�.� �T�h�e� �p�l�o�t� �w�a�s� �g�e�n�e�r�a�t�e�d� �u�s�i�n�g� �t�h�e� 

�S�I�N�G�.�M� �s�u�b�r�o�u�t�i�n�e�.� �A�s� �c�a�n� �b�e� �s�e�e�n�,� �t�h�e� �m�a�x�i�m�u�m� �a�t�t�e�n�u�a�t�i�o�n� �i�s� �o�b�t�a�i�n�e�d� �a�t� �0�.�5�0�F�s� �w�i�t�h� 
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