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Abstract

Noise and vibration transmitted through the tire angpsuasion system are strong indicators of
overall vehicle ride quality. Often, during the tire design process, target specifications are used to
achieve the desired ride performance. To validate the design, subjective evaluations are performed
by expert diwvers. These evaluations are usually done on a test track and are both quite expensive
and time consuming due to the several experimental sets of tires that must be manufactured,
installed, and then tested on the target vehicle. In order to evaluateftrenpece, expert drivers

tune themselves to the frequency response of the tire/vehicle combination. Provided the right

models exist, this evaluation can also be achieved in a laboratory.

The research presented here is a method which utilizes the psnapléequency based
substructuring (FBS) to separate or combine frequency response data for the tire and suspension.
This method allows for the possibility of combining high fidelity tire models with analytical or
experimental suspension data in ordemhtain an overall response of the combined system
without requiring an experimental setup or comprehensive simulatiimsugh high fidelity

models are not combined with experimental datthe present work, these coupling/decoupling
techniques are apptiendependentlyo several quarter car models of varying compleaitd to
experimental datalhese models range from a simplified spnngss model to a generalized 3D

model including rotation. Further, decoupling techniques were applied to simulatiansgaf



ring tire model which allows for inclusion of nonlinearities present in the tire subsystem and
provides meaningful information for a loaded tiBy reducing the need for time consuming
simulations and experiments, this research has the potensanificantly reduce the time and

cost associated with tire design for ride performance.

In order to validate the procesgperimentally a smaHlscale quarter car test rig was developed.
This novel setup was specifically designed for the challesggesciated witlhe testing necessary

to applyFBS techniqueto the tire and suspension systeni$ie smakscale quarter car system

was then used to validab®ththe models and the testing processes unique to this applidagion.
validating the couplinglecoupling process for the first time on the tire/vehicle system with
experimental data, this research can potentially improve the current process of tire design for ride

performance.
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General Audienc@Abstract

Noise and vibration transmitted through the tire ansbsosion systerof a vehicle strongly
influence the comfort of passengedddten, during the tire design process, target specifications are
used to achieve the desireitbrational characteristicSubjective evaluations are thenrfpemed

by expert drivers in order to validate ttie design.These evaluations are usually done on a test
track and are both quite expensive and time consuming due to the several experimental sets of tires

that must be manufactured, installdten tested on the target vehicle

The research presented hereizgs techniques from the field of Dynamic Substructuvitgch

allow frequency data for the tire and suspension systems to be separated or carhismaethod

allows for the possibility of combining high fidelity tire models with analytical or experimental
suspension data in orderabtain an overall response of the combined system witleguiiring

an experimental setup or comprehensive simulati®everal analytical tire and suspension
modelswere developed fdhis work and the process of separating/combining the frequency data
was performed. Then, a srhatale test system was developed and used to establigimemua
procedures to collect the data necessary to carry out the Dynamic Substructuring techniques.
Finally, the process was validdtby repeating the process of separating/combing the frequency

properties of thexperimental data.
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Chapter 1- Introduction

Ride comfort and handling (or road holding) are two of the most impduactional performance

areadn the design of tires and suspensions. Ride comfort can be broken down further into effects
from noise and from vibrain. In the present context, vibration refers to higher amplitude
vibrations which occur at lower frequencies which more strongly affect the body of the passengers,
whereas noise refers to higher frequency vibrations which cause auditory discomfort. ifthe mai
source of noise passed through a tire/suspension system in passenger cars arises from tire and road
surface propertiegl]. In this context, the road surface is vieweslthe excitation with the

tire/suspension as a filtering mechanism between the input and the passenger.

Effects on ride comfort from noise and vibration are both due to system vibrations, but generally
bel ong to separat e f rtgpgallecansigered tale gmpeximat@lywfiomn r at i
071 25 Hz, while noise is considered to be anywhere froni 28,000 Hz, and harshness is a
subjective qualitygenerally considered to be in therO Hz rangdg2]. For decades, most ride

comfort research was centered on subjective testing and categd8kidd [5] [6] [7] [8] [9].

However, starting in the 19806s, there was an



methodq10] [5] [11] [12] [13] [14]. The work presented in thidissertation is an effort to develop

an aid to such objective methods.

Further than just an aid to subjective methods, the present research could benefit industry
processes. During tire design or tire selection process, vibration target specific&tiamsiarary

focus. Traditional industry methods typically involve experimental testing of theeinele

system under consideration. Experimental testing is a time consuming process in general, but is
especially so for tire design where a new prototyps tme required for each test. The methods
presented in this research, to mathematically separate or combine vibrational effects from the tire

and suspension, have the potential to significantly shorten tire design and selection processes.

In the present wi, a method to mathematicakipuple or decouple frequency response fifata

the tire and suspensios developed through frequency based substructuring (FBS) techniques
Due to the complexity of changes in vibrational properties when two systems pleddogether,
individually analyzingthe tire and suspension is not suffici@mtthe tire selection or design
processesThrough he proposed methothis challenge isvercome bythe inherent inclusion of
information on how the two systems are join€dese techniques not only hathee potential to
shorten design ahtesting times, but also allofer better understanding of the mechanism of

noise/vibration transmission and damping in passenger cars.

1.1 Problem Statement

Transmission of vibration from thead surface to the passengers of the vehicle is of primary
interest to researchers and industry alike. However, the transmission path from the road to the
passenger is complex due to the various subsystems involved and the interactions between them.

Thoughthere is a great body of research on vibration transmission and the response of the



passengers to vibration, there has not been much work done on the interaction of the various
subsystems involved. One way to study the interaction between the variotle gebsystems is

through the concepts of dynamic substructuring.

The current work aims to develop a method to couple or decouple the dynamics of the tire and
suspension using frequency based substructuring (FBS) techniques. Successful application of this
method will allow tire or suspension models to be combined with experimental data in order to
give the overall response of the tirehicle system. The ability to obtain an approximate response
without the need for extensive simulations or testing preghetpossibility for significantly

reducing the time required for tire design or tire selection.

1.2 Contributions

The specific contributions of this work are:

Analytical:

91 Developed formulation for several quarter car models, suitable for application of
coupling/decoupling procedures
91 Developed a decoupling formulation for a generalized quarter car system
1 Investigated effects of tire stiffness nonlinearity and its role in the decoupling process
o Developed procedure to address nonlinearity from the tire subsystem

1 Developed simulations for rigid ring tire model and nonlinear sewalle tire model

Experimental

1 Development of experimental FBS process specific to vehicle vibration analysis and tuning

1 Designedasmallscale quarter car test system from 1/5 scale \ehicl



1 Designed and developed experimental setup capable of specific testing requirements for
decoupling
o Test setup also capable of typical Ar oa

unsprung mass

1.3 Organization

This dissertations organized intsix chaptersChapter 21 Background consists of a literature

review on frequency based substructuring (FBS) as well as the modal/vibrational testing of tires

and suspensions. The FB8ction contains a complete derivation of the original method along
withasui€tmary of the i mportant theoretical and exp
of Tires an 8ectihwvgs @ briefioerviswbof modal analysis, followed by an in

depth review of modal testing and analysis performed specifically on tiresiapensions.

Chapter 3 7 Analytical Development details the various analytical models upon which FBS
decoupling was performed. The analytical models are presented in order of increasing complexity:
1) a two degree of freedom (DOF) quarter car model wih aoupling DOF; 2) a generalized
guarter car model with three coupling DOFs located at a single point; and 3) a generalized quarter

car modeblwith nine coupling DOFs located at three points.

In Chapter 41 Experimental Design and Setupthe various testedups are discussed in detail.
Thefull-scale quarter car rig and its various components are def@iled,. a brief overview of
various design improvements is given before and explanation of why work on tsedidIrig
was suspended. Motivation for tldevelopment of a smadicale quarter car test rig is given,

followed by a detailed description of the design and construction of the test setup.



All results are presented and discusse@lmapter 51 Results and Validation This chapter
begins withthe application of the methods developed in this work to numerically populated,
analytical moded. Next, simulations are performed for a rigid ring tire model with nonlinear
stiffness elements and the previous process is repeated. Similar results are shbevisriaalt
scale system. Finally, the experimental setup of the sualé system is analyzed and the

coupling/decoupling processes are validated on experimental data.

The final chapterChapter 61 Conclusions and Future Work summarizes the work presented
in this documentiMajor conclusions of the present work are stated and potential future directions

of the research are suggested.



Chapter 2 Background

The background and literature review for this document is organized into two distinct sections:
Frequency Based Substructuring and Modal Testing of Tires and Suspensions. Each section
contains information which is relevant to both the analytical developraadtso the techniques
which areimportant to the experimental applications of the current wArlist of relevant

parameters for the present chapter is shown below.

M Mass matrix

C Damping matrix

K Stiffnessmatrix

X Displacement vector

f External forcing function

g Internal forcing function (between coupled DOFs)

B Signed Boolean matrix whiabperates on the coupling DOFs

L Signed Boolean matrix relating to either compatibility or equilibrium condit
q Generalized set of DOFs

=S Lagrange multipliers corresponding to the equilibrium condition

Z Dynamic stiffness matrix

Y Receptance FRF atrix
n Receptance FRF matrix for substr.

Aic, 0 DOFs
° Di spl acement for coupl ed, Aic, 0 DI

The above parameters are listed in approximate order of appearance. @Q#i#gevanay be

introduced in the text, but will be introduced and explained as they arise.



2.1 Frequency Based Substructuring

Dynamic substructuring (DS) is a process by which the dynamics of a complex system are
analyzed by breaking the system down into sseacomponents and analyzed individually. The
dynamic information for the components can then be coupled together to form the assembled
system, or a component can be decoupled from the assembled system. The standard formulation
for DS in frequency domaiwas first developed in the 1980s. Due to limitations in measurement
and computational power, interest in the field declined. With the increase in experimental and
computational capabilities which became available by the early 2000s, the structural dynamic
community showed a renewed interest in DS techniques. Since that time, a variety of improved
formulations for both coupling and decoupling have been investigated. Additionally, the emphasis
of DS in experimental applications has driven research into wlifes and subsequent
improvements to experimental practices (i.e. for rotations, error propagation, etc.). This review
article presents the fundamental theory and mathematical background of dynamic substructuring
in the frequency domain, which is thenldoved by a discussion of the theoretical and experimental

improvements from the past decade.

2.1.1FBS Introduction

The concept of breaking down a complex problem into multiple, but simple problems is not a new
idea. It has been used throughout history in widedyying fields ranging from military
applications to mathematics and engineering. Dynamic substructuring is a process that utilizes the
concept of breaking down a complex mechanica
There are several main advagea or reasons that one might use dynamic substructuring in place

of global system analysis, such as: the ability to analyze large or complex systems on a component



basis, ease of isolating and identifying local dynamic behavior, and the ability to catybameic

information from different sources (i.e. FEA and experimefi).

In general, dynamic substructuring can be thought of ingerfreither coupling or decoupling
substructures in the physical, modal or frequency domains. The next section will give a brief
overview of the theory associated with dynamic substructuring coupling or decoupling in each
domain. While all the same infortinan is theoretically present in each domain, analyses in each
are carried out differently and each have different advantages. After the next section, the remainder

of thechaptemwill focus on substructuring in the frequency domain.

Dynamic substructuringpn t he frequency domain is often cal
(FBS). The classical FBS method was developed by JetmundsefiL6}. a\ decade later, the

basic theory of FBS was well established, but the method was often troubled by experimental
difficulties. Additionally, with the limit in computation power available in the lat& @ntury,

many complex structured interest were unable to be modeled numerically. However, due to an
increase in computing power and testing capabilities available in thee@fury, there has been a

renewed interest iIinMl7FBS since the mid 200006s

After a brief overview of dynamic substructuring in the three domains, the remaindeclogter

will focus on coupling or decouplg procedures in the frequency domain. First,rémaining
sections of the present chapteil provide a brief history of FBS methods and the associated
mathematical background. With the FBS formulations presented, recent improvements to the
theory and/o application of FBS methods will be discussed along with other substructuring
formulations. Thechapterwill conclude with a brief discussion of potential use of FBS methods

in vehicle dynamic applications and opportunities for future work.



2.1.2Substructuringn the Physicahnd Frequency Domains

As mentioned previously, dynamic substructuring can be formulated in physical, modal, and
frequency domains. Although each domain theoretically contains the same mathematical
information, the formulation in each cam Ilguite different in practice. Corresponding to the
differences in application, formulations in each domain have distinct differences and advantages.
The remainder of this section will give a brief overview of the formulation in each domain as

presented bpe Klerk et alFigurel shows the general relationship between the different domains:

Physical Domain

PN

Eigenvalue Analysis Fourier Transform

e

Modal Domain Freguency Domain
FRF Synthesis

- Modal Parameter 1D

Figure 1: Relationship of system dynamics between the three domains.

This figure also indirectly shows certain ltations that arise between substructuring in the various
domainsFor instance, when moving to the modal domain, certain information may be inherently
lost due to the need to use a finite number of modes. This loss of information and other issues with

the specific domains will be addressed in the corresponding parts of this section.

Before dynamic substructuring in each specific domain can be discussed, several important details
must first be presented. By definition, a substructure is a structure thatist&ith other adjacent

structures within some assembly or system. Regardless of what method is used to couple (or



decouple) a structure, there are two conditions which must always be met between coupled

structures:

1) T h eeompatibility conditiond r e dhatiamyecupled substructures have compatible
displacements at the interface. This condition is equivalent to two substructures remaining
joined at their connection or Ainterface p
perspective.

2) T h eequifibrium conditond0 r equi res that the forces on |
in equilibrium. Again, this condition makes sense in a physical perspective as it

corresponds to a force balance for the given interface point.

Generally, there are two typekassembly methods to determine the characteristics of the coupled
system. These assembly methods are termed 0Ap
unknowns. A primal assembly is one in which displacements are treated as unknown, while a dual
assemly is one in which forces are treated as unknown. There are also assembly methods that
treat both forces and displacements as unknowns either separately or in some combination. Primal

and dual methods can be used in each domain and will be discussdtbtriadasubsections.

2.1.2.1 Physical Domain
A structure is described in the physical domain by its mass, stiffness, and damping characteristics.
In the typical way, the equations of motion of a discretized dynamic subsysjteamife written

as:
I o 0 Fe o Le o J o] o Q)

WhereM®), C®, andK® are mass, damping, and stiffness matrices respecti®lig a vector of

displacements (or degrees of freedpff? is a vector of external forces, ag is a vector of

10



connecting forces with other substructures. It is important to note that Eq(Btisnfor one

specific substructure of an assemby), (t is also important to rie that the system described in
Equation(1) is assumed to be a linear, tinmyariant (LTI) system. Within this framework, the
external force vector can be viewed as constraining forces for the previously mentioned necessary

condtions (compatibility and equilibrium).

There have been methods developedfarlinear or time variant systems in recent years, but no
standard set of methods has been establishefll§ef{19]. The lack of a standaraonlinear
method can be attributed to the difficulty of generalizioglinear systems. As such, the present

work will focus on the welestablished, linear system methods.

In the more general case, where we hagabstructure that are coupled in an assembly, we can

write the system as:

1o Fe Lo I I 2

WhereM, C, andK are now block diagonal matrices, while, andx are now columns of vectors
consisting of components from each sulsure. Note that, g, andx are still time dependent
though the notation has been dropped in the interest of simplicity. The terms of E{@)atiam

be written more specifically as follows:

1 g 8
I Qaarq R AR € E &
8 E U
Fi QQOFQRE 8 hE and L{ Qookohl B AL
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From the expressianfor the block diagonal matrices, it is important to note that all of the off
di agonal terms are zero. | n t hidmgomalotermsearet by

matrices of corresponding size and full of zeros.

With the generalized form of trequations of motion as shown in Equat{@h the compatibility

condition is expressed as:

| o 3)

WhereB is a signed Boolean matrix which operates on the interface degrees of freedom (i.e. DOFs
involved in coupling). The matri® is essentially a matrix which denotes the connections between
the entire set of DO& A more comprehensive discussion of this matrix is givghah However,

it is worth noting here thaB may not be Boolean if certain other conditiare applied to the
interfaces. These nelBoolean caseare beyond the scope of the present wbtk the following

discussion is still valid for those cases.

The equilibrium condition can similarly be written as:

41 (4)

WherelL is a different Boolean matrix designed to localize the interface DOFs of each substructure
from the global, dual set of DOFs. Equatid states that the resultant force must be zero when

the dual connection forces asemmed at a given interface point. In reality, the equilibrium
condition is being applied for a discretized
when applied to the actual continuous system. For the purposeswbthjsEEquation(4) will be

treated as enforcing exact equilibrium.

12



Continuing with the brief overview of the physical domain formulafidsj, we can now write the

complete system of equations as:

Ve o Le R

[ J
| o 5)
- 1
Recall that the system of EquatiB) is for any number of structures (we specifibd thumber

asn). Using Equatiorf5), a formulation for the coupled structure can be obtained in either a primal

or dual manner.

2.1.2.2  Physical Domain: Primal Formulation
In a primal formulation, interfaces forces are eliminated asawiks, thus allowing the system to
be coupled by using the compatibility condition. A unique set of interface degrees of freedom must

be defined, which is expressed mathematically as:
o H A (6)

Where x and L are as previously defined and g is the unique set of interface DOFs. By definition,
Equation(6) indicates that the substructure DOKs dre obtained using the unique set iahic
turn, implies that the compatibility condition will be satisfied for anygs&tis can be understood

mathematically by:
lo 44 14

This relationship implies that L is actually the null space of B or vice versa. One usefubfesult
this property is that only one Boolean matrix needs to be formulated in the assembly process of
calculation the response of the coupled system. For more details on this property see De Klerk et

al (2008).

13



Since the choice of the unique getutomaticlly satisfies thecompatibilitycondition in Equation

(5), we can substitute Equati@®) into Equation(5) to obtain a reduced system:

Ida rda L4 A

41
Thegterm can be eliminated from the equations of motion by premultiplying b& new set of

system matrices can be assembled to simplify the primal assembled system:

1§ d a4
.’.A :I
Fl

Lid Ld

N - B
The above set of matrices completes the reduction of the original system from E¢f)ation
NI N FA Lo I )

The concepts which were applied to obtagquation(7) will later be used again to obtain a similar

primal formulation in the frequency domain.

2.1.2.3  Physical Domain: Dual Formulation

In contrast to the primal formulation, the dual formulation eliminates the displacements as

unknowns and the assembly is solved using the equilibrium condition. Corresponding to the choice
of eliminating displacements as unknowns, the dual formulation retains the full set of global DOFs.
This statement is best explained by a walkthrough of theadiseimbly procedure. First, interface

forces are chosen in the form:

1 |y
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Wherea-are Lagrange multipliers which correspond physically to the interface for intensities. Due
to the construction of the Boolean matBx this choice of form for thenterface forces ensures
that each force will be balanced by a corresponding force in the opposite direction for any given

interface DOF.

The equilibrium condition can then be rewritten as follows.
ol B I

Recall that it was previougistated that L and B were actually null spaces for each other which
implies that the above condition is automatically satisfied. As in the primal formulation, the system

of Equation(5) can be reduced to the following:

Vo po Le 1 N

This expression of the dual formulation in the physical domain can finally be shown in the

following block matrix representation:

4 ° F ° L e | ®)

This concludes the discussion of dynamic substructuring or decoupling in the physical domain.
Though the remainder of thehapterwill focus on frequency based substructuring (FBS), the
principals and processes presentedhis section will appear again throughout. Tokowing
sectionincludesa brief history of the FBS method and its extensions as well as a mathematical

background of said methods.
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2.1.3History and Mathematical Background of FBS Methods

The FBS methodinitsur rently recogni zed form was first
et al . The method was described as fAa gener e
met hodol ogyo with the application of using t
vibration. Before the FBS methodology is discussed, the necessary mathematical background and
notation will be presented. Other names for the FBS method include: impedance based

substructuring, receptance coupling (or modelling), and admittance couplmgdetling).

2.1.3.1 FBS Background Math and Notation
Recall from the previous section that Equat{@ndescribes the equations of motion of the given

system in the physical domain. Equat{@pis repeated herfer convenience:

le r Le Jj | 2

As in the original FBS method proposed by Jetmundsen et al, the interface force vector, g, is
omitted in the following mathematical discussion. Vgthmitted, Equationf2) can be transformed

into thefrequency domain using a Fourier transform:

14 g Le1 | 9)

Where the left hand side of Equati@) defines the dynamic stiffness matr#,so that the system

may be written ira condensed form as:

L1 e K (10

It is worth noting that the impedance matix,is also often referred to as the dynamic stiffness.

We can define an additional matrix;

16



L4 (11)

Here, the notation of frequency dependence has been dropped in the interest of clarity. The matrix
Y is often referred to as the receptance (or admittance) mi2djixAlternatively, for velocity and
acceleration, similar matricemre termed mobility or accelerance, respectively. Though some
differences exist between substructuring with receptance, mobility, and accelerance matrices, the
following derivation for a simplified system holds for all three. We can rewrite Equatpasing

the mobility matrix in place of the impedance so that it appears as:
o 1 I (12

It is useful to view the system as having the form of Equatid@sor (12) as opposed to the
expanded form in Equatig®). Mass, stiffiess, and damping matrices are not generally known or
easily formulated for complex systems. On the other hand, it is much easier and there are well

established methods for obtaining receptances or mobilities through modal [28}ing

2.1.3.2 Simplified FBS Formulation

Many academic papers and even textbooks that address dynamic substructuring skip over portions
of the background math and derivations that may beoheious to a given reader. In the interest

of being thorough, that backgnad math will be presented hefgure 2 displays the simplest

case of coupling between two structures in which the structures are couple by a single DOF.
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Xa XB

Figure 2: Arbitrary structures, A and B, cougléy a single coordinateand », on each structure

In Figure2, A and B represent two arbitrary structures that are coupled by a single coordinate to

form a new structure that will be called C. In the form of Equgtl@) we can write:
e LN and e LN

The compatibility and equilibrium conditions can be applied at the connection point between

substructures A and B:

e o o (13

S (14)

Which yields the following after some manipulation:

L 1L L (15)

Equation(15) can be extended to a system in which there are several DOFs involteel in
coupling procedure. However, no additional internal DOFs are included in this analysis.
Conceptually, Equatio(l5) will give the FRF properties of the coupled system as a combination
of the two independent subsystems. Inportant to note that Equati@¢h5) could be written in

terms of dynamic stiffnesses rather than receptances (i.e. Zisisgopposed t ). For the

18



following analysis, we will use the receptances rather than dynamic sti§ndsgewhen the
analysis is extended to include multiple DOFs, which may or may not be involved in the coupling,

the dynamic stiffness method becomes much more straightforward algebraically.

As we proceed with the analysis in terms of receptances, thanmajor limitation of the form of
Equation(15) that must be addressed. Even for this simplified representation, the current form
requires three matrix inversions. Matrix inverse operations are computationally expensive and can
end up magnifying errors within the data as they are carried out. The form of Equ&}ioan be
changed through the following steps, as derivd@j, to reduce the number of necessary matrix

inversiors.

4 L 4L u
4 4 oo

Which clearly yields:

| | | i (16)

Equation(16) is much more efficient than Equati¢tb) from a computation standpoint. We can

rearrange Equatiofi6) to obtain yet another version that is more useful for modification purposes:

| | e |
| | | | |

| | | | | | | |
e | | [

From which we arrive at the fahdesired form of;
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L L L1 L oL 17

Which is considered the most useful form for structural modification purp2@es

2.1.3.3 Generalized FBS Formulation

The precedingnalysis for the simplified system can readily be extended to the more general case
of subsystems with arbitrarily large numbers of DOFs and coupled at any number of those DOFs.
In such a case, we can partition the receptance matrix into portions whiespoord to the

coupling DOFs and those that do not:

= | 19
J.L J.L
oy (19)

Where thesubscripts denote the specific receptance and the superscript denotes the substructure

from which the receptance originates. For example,

1 4L denotes the partition of the receptance matrix for the internal (uncoupled) DOFs on
substructure A

1 4L denotes the crogzartition of the interface/internal (i.e. coupled and uncoupled)
receptances

1 4L denotes the partition of the interface (coupling) receptances from substructure A

It is worth noting that there are corresponding impedamateices Z) for each receptance. Using
the receptances as defined in Equatiti® and (19), we can write out an expanded form of

Equation(12):
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. 1L 1 g

o L L (20)
1L 1 g
L0 l (21

With the formulation of Equation@0) and(21), we can then partition the coordinates of the FRF

matrix of the coupled structure into three regif#ig:

1.l nterior DOFs of substructure A, t hus forw
2.l nterior DOFs of substructure B, thus forw

3. The coupling DOFs of both substructuresh us f or ward denoted with

With these three specific regions defined, the FRF for the complete system can be written as:

L 4 A A 3
T Ty )y (22
L 1 1 U 3

Where theX6 s FdOnsd are column vectors and the.recept
Simplifying the notation and expressing compatibility and equilibrium requirements we arrive at

the following:

L o (23
L T (24)
L e ° (25
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B (26)
1 | (27)

14 N (28)

Where the compatibility and equilibrium conditions are represented by EquémB)remd (26),

respectively. Ging back to Equation@0) and(21), we can expand the ande terms to find:
e L L g (29

° 1 I 1 l (30

Then, using the compatibility condition of Equati@b) we arrive at a relationship betwel1

and |} :

g L Lpg Lpg Lp (31)

By utilizing the equilibrium condition of Equatiq@6), along with Equationg7), (28), (29), and

(30), the compatibility condition can be written as:
° 1L 3 1L I (32

« L L, Lgom oL @3

Substituting Equatiof31) into (33) and then setting Equatiofi32) and(33) equal to each other

produces the following after some simplification:

e | (39)
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JJ_J.LJJ_J.LliLJ.LJ.L J.I_=I

The corresponding force terms from each side of Equ@Bd&nare then set equal to each other

such that we arrive at the following:

L L1 L oL (35
L L1 L oL (36)
L Lo (37)

Note that the terms of the fihaxpression foll can be can be rearranged in either order since
the matrices are all symmetric in theory. Then, through the steps described for the simplified

coupling problem, the final expression #r can be put in the form of Equati¢h?):

T T Y N N} (38)

Equation(38) is then used to solve Equatio(86) and (37) for L anddL respectively. The

remainder of the entries of tHe receptance block matrix are found through similar applications
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of (23)-(29). It is worth roting thatl. is the transpose ¢ , 1 is the transpose &¢ , and so

on for the other entries & .

The remainder of the receptance termsfoare shown in Equatior(89)-(44):

1 | | [ 1 1 (39)

A 1 IR A (40)

1 | | O | | 1 (42)

1 1 1 1 i (42)

1 1 | | | 1 (43
1 1 1 1 I 1 (44)

Equations(38)-(44) canthen be reassembled into the canonical form of the FBS method as

developed by Jetmundsen efE] and shown in Equati¢ab).

L L Lo AL 1L
L L Lo L1 L 1L L AL (45)
4 4 u 1L il L

Equation(45) is the form of the FBS method that most commonly appears throughout literature

and has served as the isd®r many improvements to the method.

2.1.3.4  Application of FBS to Multiple Substructures
Though the FBS method as presented here is for the coupling of two substructures, the concept

can be extended to include an arbitrarily large number of substructureiscAssed ir22], the
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problem of coupling multi@ substructures through the FBS method can be described by a simple

example consisting of only three substructuFégure3 demonstrates the general concept.

AB

=" = = == mm
.

Figure 3: Three substructures to be couptedether. First, substructures A and B are coupled. Then, the
combined substructure AB is couple with C.

As shown inFigure3, substructures A and B are first coupled to each other and then the combined
substructure, AB, is coupldo C. In this way, the FBS method can be extend to an arbitrarily large
number of substructurg22]. This same concept can also be applied to decoupling as shown in
[23]. However, if substructure C was also coupled to A, @allithree substructures shared a

coupling point, the process would no longer be as straightforward as presented here.

2.1.3.5 Generalized Receptance Coupling

A more generalized formulation of FBS was presente{R4). The method was termed the
Ageneral i zed droe wea p thaGrRCe&d mentdh avas a physically
version of the classical FBS/receptance method. In fact, the classical FBS method of Jetmundsen
[16] is a special case of GR(25] [26]. However, most future work focused on either
improvements tohe classical FBS method, or entirely different coupling formulations such as in

[23]. Thus, the mathematical formulation of GRC will not be presented here.
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2.1.3.6 Lagrange Multiplier Fequency Based Substructuring (LM FBS)

De Klerk et a[23] use the dual formulation to improve the base FBS method through the inclusion
of Lagrange multipliers. The dual assemislythe physical domain was introduced in a previous
section where a Lagrange multiplier term was introduced to enforce the equilibrium condition.

The following analysis similarly uses Lagrange multipliers in the frequency domain.

With the inclusion of the.agrange multipliers, the local equilibrium equations can be written in

the frequency domain as:

LL |y 3 (46)

Recall thatZ is the dynamic stiffness (impedance could be used alternatieiy)the vector of
displacementsB is the Boolean mapping matrix as previously defirseid,a vector of Lagrange

multipliers, andF is a vector containing the internal and interface forces.
The compatibility condition is expressed as:
| = (47

Where the Boolean matrix is constructed in theory to satisfy this equation. The transpose of this
Boolean mapping matrix is used in Equati@®) to define on which DOFs the connecting forces,

a: will be applied.

The behavior of the complete system in the dual assembly formulation is described, as follows, by

combining Equation§46) and(47):

= ” T q 48
y (48)

Solving the first row of Equatio8), the equilibrium equations, fot we find:
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La | ¢ (49

=
Where, as beforé is the receptance (or admittance) and is the inverse of the dynamic stiffness,

Z. Equation(49) can then be substituted into the second line of Equédi®n the compatibility

equations, to obtain an expressiondor

oA I (50)

Equation(50) can then be substituted back into Equatjé) to obtain an expression fox

independent o$:

+ LRI T (51)

This formulation is mathematically equivalent to the classical FBS formulation. A full discussion
and comparison of the two methodsimonstrate the equivalence is show[2B]. Essentially,

the only difference between the two methods is the point during the analysis in which the interface
degrees of freedom @rno longer considered for both coupled substructures. The choice is
predetermined in the classical FBS method, whereas the LM FBS method allows the user to make
the choice later on in the analysis. The classical method eliminates the interface DOFstwhen n

all information about the assembled system is known.

The ability to choose on which substructure the interface DOFs are retained provides the primary
advantage of the LM FBS method over the classical FBS method. The user can then choose
whichever set oFRFs contain a lower or less significant level of noise and, therefore, improve the

quality of the coupled FRF.

With these FBS coupling methods described, our discussion will now turn to substructure

decoupling in the frequency domain.
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2.1.3.7 Decoupling Theoryrd Applications

Decoupling theory arose out of the need to describe the dynamics of a system or subsystem which
may be difficult or impossible to measure through normal means. Examples of these types of
systems are those that are very small, delicatdjngtar potentially hazardoy27]. Some of the
difficulties associated with these types of systems can be addressed through the usetacbn

testing methods such as laser Doppler vibrometry. Howevercamiact methods come withetir

own difficulties and may still not be appropriate for the types of systems mentioned previously.
Thus, decoupling theory and experimental application has still been an area of interest in recent

years.

Substructure decoupling techniques can be gdngral cl assi fied as either
techniques or nAdir ¢28]{29].dneerse cogpling wogks by eeardfangingghe e s 0
equations for coupling so that one of the substructures isedadatd treated as unknown instead

of the coupled structure. Most commonly, the FBS (or impedance) methods are used in inverse

coupling[27] [30] [31].

On the other hand, direct decouply uses a Afictitious substruc
assembled system. This fictitious substructure is exactly the negative of the residual substructure
which is defined as the substructure of the overall assembly which can be measured independently.
This procedure starts from what is known as tHeel8 formulation, so named for the sets of
equations describing the system: one set to express the dynamic balance of the assembled system
and of the fictitious substructure separately, one set to erdongpatibility at the interface DOFs,

and one set to enforce equilibrium at the interface Dj@%s
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Either a primal or a dual approach can be used to carry out direct decoupling (primal and dual
approach concepts are outlined in the mathemaliaakground section). Compatibility and

equilibrium conditions can be required either at only the coupling DOFs, or at coupling DOFs and

addi tional internal DOFs of the residual subsH
the conditions areref or ced at only the coupling DOFs, ar
coupling and some internal DOFs are included,

coupling DOFs and some internal DJES8] [29].

The following subsections present the standard methods for both inverse coupling and direct

decoupling.

2.1.3.7.1 Inverse Coupling Restructuring of FBS method for decoupling

With the background math presented in the preceding sections, the most apmhent for
decoupling structures is carried out through a restructuring of the FBS formulation. Recall the final
formulation of the FBS methodology shown in Equati8). The most upper left corner of the

Y€ receptance matrix idso described by Equatiq@9). According to Ind27] this equation can

be reorganized to yield:

1 1L o0 L oL L (52)

Equation (52) shows that the FRFs of the uncoupled structure B can be determined by
measurements made on structure A while the two structures are coupled. The equation also implies
that for the FRFs of B to be determined, we mustwkiioe relationships between the remote
excitation DOFs and the coupling DOFs for the structure A when it is not coupled to B. These

Arel ationshipso are described b5).the terms wi
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Through similaranalysis, the lower most left corner of tfie receptance matrix (also described

by Equation(41)) can be rearranged as:

T R (53)

Wherethe L term can be substituted in from Equati(8). This analysis shows that the
uncoupled FRFs of the structure B at DOFs remote from the coupling location can be found

without direct measurement.

It is important to ote that neither the auto FRF matrlk () nor the cross matriX( ) need to be
measured fully for Equatior(§2) and(53) respectively. The details of this reduction in necessary
measurerants effectively makes the measurement phase of any experiment less demanding and

are discussed more fully [27] [32].

Although Equation$52) and(53) are for the decoupling of structures, they were derived from the
FBS (or impedance) method formulation. Thus, they are subject to the same issues encountered
during the coupling procedures. The most common difficulties of decoupling using the previously

descibed equations are listed briefly as follows and in more detf27ih

1) The coupling matrices which are to be inverted become singular due to ill conditioning of
the data (i.e. signal noise and stiffness/damping properties at the measiusde)

2) Large order matrices are more susceptible to ill conditioning. With 6 DOFs needed at each
connection point to have a full FRF matrix, a relatively small number of connection points
can result in a large order matrix.

3) If any rotational DOFs arective in the coupling/decoupling, they need to be included in

the FRF matrix. At the time of the publication[@7], measurement of rotational DOFs
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was still notoriously difficult. However, more work on the subject has been done in recent
years and will be discussed later.

4) Modal truncation may occur if FRFs are synthesized from a modal database. This is often
referred to as a fAresidual 06 probl em, due
data. Like the rotational DOFs, this isamea in which further work has been done and will

be discussed later.

Despite these difficulties, the decoupling method of Equat{b8sand (53) does have some
advantages over its coupling counterp@iitese advantages primarily come from the ability to
control certain aspects of the test through the design of the test fixture. Some of the advantages are
control over the number of connection points, flexibility properties of one of the structures, and

the location of the measurement points on the testing fiTie

D6 Ambr o g i[38] explored alsimilar approach, using impedance matrices instead of
receptance. Furthermoil83] shows that the decoupling equation is the same whether it is derived
using impedances or mobilities, so long as only the coupling DOFs are used. However, if additional
internal DOFs are included as well, the derivation of theodpling equations is different

depending on if impedance or mobility matrices are used.

2.1.3.7.2 Direct Decoupling

As with previous mathematical descriptions in tthiaptey we will assume that two substructures,

A and B, are coupled to form the assembled sys@ntor the following descriptions of direct
decoupling using the primal formulation, we will treat B as the residual substructure. It is important

to note that the substructure B can be an individual substructure or an assembly of other
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substructures. \th B as the known substructure, it is our goal to extract the FRF of A from the

coupled system, C, by cancelling out the dynamic effects of the residual substructure.

This cancelling out of the residual substructure is accomplished by adding a fictitistizisture

to the coupled system. The fictitious substructure must have a dynamic stiffness equal to the
negative of the residual substructure and must satisfy the compatibility and equilibrium conditions.
The combined system of the coupled structurethadictitious substructure can be expressed in

block diagonal format g29]:

- ° i l (54)

Where, as previously, corresponds to the external forcgscorresponds to the forces at the
interfaces,Z is the dynamic stiffnessx is displacement, and the superscripts denote the

corresponding structure.

This formulation implies that the interface between the fictitious substructure and the coupled
system includes all of the internal DOFs of the residual substructure in additioncughiag

DOFs between the original substructures, A and B. However, it is not necessary to consider all of
these DOFs to carry out the process. It is possible to decouple the system by considering only the
coupling DOFs. Thus, the number of DOFs used wduing the fictitious substructure just has

to be greater than or equal to the number of coupling DOFs between A and B. AccofdBig to

there exist 3 options for these interface DOFs:

1) The Astandard interf ace oDONhbetween AandkBl udes on
2) The Aextended interfaceo which is the stan

internal DOFs from the residual subsystem
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3)y The fimi xed interfacedo which includes a sub

of the interml DOFs from the residual substructure

Each interface has advantages and disadvantages depending upon the situation in which they are
applied. For instance, as discussed later in the section on rotational DOFs, the mixed interface can

be used to avoid inatling any rotational DOFs for which data is not available.

Regardless of which interface is used, the compatibility condition implies that any pair of matching
DOFs between the coupled system and the residual substructure must have the same displacement.
In other words, if we have matching DOks andw , wherew i s DOF number fAkOo

coupledsystemamd i s DOF Al 6 on the residual substruct

We can express the compatibility condition more generally as:

[ (55

WhereBci s a signed Boolean matrix (with the su
condition) partitioned into portions corresponding to the coupled system, C, and the residual

substructure, BEach row oBc corresponds to a pair of matching DOFs.

The equilibrium condition implies that the connecting forces at any pair of matching DOFs must

sumtozero.Thus, andQar e i nterface forces atthediOF nko

0 0 T
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Additionally, the interface force for any DOF which does not belong to the equilibrium interface
must be equal to zero. I n other words, i f  Amo

of the equilibrium interfacehen:
Q m € Q ™

The equilibrium conditions can be more generally expressed as:
4
! (56

Where the matrixd 4 4 is a Boolean localization matrix which is partitioned into
portions corresponding to the coupled system, C, and the residual substructure, B. The subscript

AEO0C specifies that the Boolean matrix is for

Equationg54)-(56) together make up the previously mentionefieRl formulation. With the 3
field formulation to use as a starting point, the following subsections present the primal and dual

formulations for direct decoupling.

2.1.3.7.2.1 Direct Decoupling Primal Formulation
The primal formulation is defined for direct decoupling in the same way as for coupling in the
physical domain (see Equati¢8)). Though the two presentations are mathematically equivalent,

the primal formulation is defined again in this section to show it in partitioned form.

The primal formulation is based off of the definition of a unique set of DOFs:

L A (57)
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Whereq is the unique set of DOFs ahd is a localization matrix (similar tbg) with the subscript

ACO0 denoting that this matrix wil/ be used in

The compatibility is satisfied for amysince, by definitiong is a unique set of DOFs. This concept

can be shown mathematically as:

[ D b A (58)

Which implies:

[T
[T

[ el TR (59

Equation(59) shows that_c is the null space dc and, equivalentlyBc' is the null space dfc’

With the compatibility condition (Equatiqi®5)) satisfied, the 3ield formulation reduces to:

i J 1 1 (60

(56)

Following the derivation of29], we premultiply Equation(60) by Le" and use Equatio(56) to

reduce the formulation to:

(61)

Which rearranges to yield:
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d AL d d I

A 4 Lo T (62)

Wher e t he superscript A+ 0 refers t o wh at

Apseudoinverse. 0 The plsiekad@tiopnntpae ruslike aistandaedn A i

inversion, can be used for an over determined matrix. In this case, a-Fem@se pseudoinverse

will be used.

According to[29], in order to obtain a determined or odatermined matrix for the primal

formulation,we must have:
O 0 & (63

Where N is the number of compatibility interface DOFg;iBlthe number of equilibrium interface
DOFs, and ais the number of DOFs coupled between substructures A and B>Nd\then
Equation(61) is satisfied byg only in a minimum square sense (i.e. is not satisfied exactly).
However, due to the nature of the primal formulation, the compatibility conditions is satisfied

exactly byaq.

Finally, the FRF fothe unknown substructure, A, can be found from Equd6@nas:

1L B (64)

L e (65)

Equation(64) and (65) conclude our derivation of the primal formulation for direct decoupling.
Additionally, if the extended interface is used, will contain some rows and columns which

correspond to the internal DOFs of the residual substructure, B. These entries from the residual
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substructure are meaningless and should thus be discarded along with the duplicate entries for the
interface DOFs dring subsequent analysis. There are other derivations for decoupling via the
primal formulations, such as that described34]. However, the differences for most of thes

formulations are minor and so they will not be presented independendy

2.1.3.7.2.2 Direct Decoupling Dual Formulation
In contrast to the primal formulation, the total set of DOFs is retained in the dual formulation.
Thus, each interface DOFs is present m fibrmulation as many times as there are substructures
connected at that interface point. The dual formulation also differs from the primal formulation in
that the equilibrium condition is strictly enforced as opposed to the compatibility condition in the
primal formulation. In other words, if we continue with the same notation as in the previous

section:

Which can be satisfied by the choice:
Q WEQ "Q

Wherek and| are arbitrary, coupled DOFsn the coupled system and residual substructure
respectively. This enforcement of the equilibrium condition can be written more generally for the

entire system as:

l Iy (66
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Whereads a vector of Lagrange multipliers corresponding the interface force intensiBtasmd
signed Boolean matrix which satisfies Equat{66) by construction. With this formulation, the

equilibrium condition of Egation(56) can be rewritten as:
4 4
! Iy (67

Similar to the primal formulatiorBe' is the nullspace dfe', andLe is the nullspace dBe. With

the equilibrium condition (Equatiof®6)) satisfied, the 3ield formulation reduces to:

WA e 1, (69

(55)

An expression fore-can be found by solving Equatidi8) for the displacementst, and

substituting intdequation(55) [28]. The resulting expression is:

JL AL
N ot . g e

Where again, the HRhegéneralizeg@ pssudainvgrde. denot es t

As with the primal formulation, Equatig®3) must be satisfied to obtain a determined or -over
determined matrix to carry out the generalized inverse. For the dual formulatiorNENhen
the ompatibility conditions (Equatiorf55)) are only satisfied approximately. However, the

equilibrium conditions are satisfied exactly by the construction of the dual formulation.
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By substituting the expression fex (Equation (69)) into Equation(68), we can obtain an

expression fok in the form:

Where the Al 0 sy mbmatltixsnulgplicationuwheeedneterttire dxprassidn avill
not fit on a single line. If we recall that the receptantas the inverse of the dynamic stiffness

and assume that Equati¢#0) is of the form:

e LJ

then Equatior{70) provides the receptance FRF matrix for the unknown substructure, A:

(7))
o [ o
L [ I
Note that Equatiorf71), the dual formulation for direct decoupling, all rows and columngtin
which corespond to the interface DOFs appear twice (once for the coupled system and once for
the residual substructure). As with the primal formulation, if the extended interface istaaitl,
contain some rows and columns which correspond to the internal DOJfse oresidual

substructure, B. Again, these entries are meaningless and should thus be discarded along with the

duplicate entries for the interface DOFs during subsequent analysis.
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This concludes our derivation of the dual formulation for direct decaypkm alternative

approach to the derivation of the dual formulation was presented by Voormeergvét Since

the end result of the two approaches is the same, #raative derivation will not be presented

here, but can be found {34] ( 6a dual approacho) . This met hoi
formulation is mathematically equivaeto the LM FBS method for dynamic substructure
proposed by23] (Equation(70) compared tq71)). However, the derivation irhé context of

decoupling will be useful as we continue our discussion into improvements for decoupling

methods using experimental data.

2.1.3.7.2.3 Comparison of direct decoupling through primal and dual formulations
We conclude our discussion of primal and dual fdations for direct decoupling with a
comparison of the methods. The receptance of the unknown substructure can be rewritten from

Equation 46 in condensed form as:
&L 4 4L (72)

Where the subscript AP0 specifies that the re€
Nc=Ne (number of compatibility and equilibrium interface points are equadn th standard

inversion can be used in place of the pseudoinverse, and Eqif&iaan be rearranged to yield:

T  R (73)

Similarly, the dual formulation of Eqtian (71) can be displayed in condensed form as:

it B Bl B (74
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Where the subscript ADO specifies awrseohasdance
been replaced again by the standard inverse which implies that we are assgniilag e

multiplication of Equatior{74) by Z andLg' (in order) yields:

il N N B B N B (79)

Recall from the previous section tig" is the nullspace dfg™:
4l
Thus Equatior{75) is simplified to:
4 JLll d (76)

A comparison of Equatio(v3) and(76) shows that:

iR 4 AL (77)

Equation (77) shows that if N=Ng, then the primal and dual formulations are equivalent.
However, due to the definition of the pseudoinverse (shown in the primal formulation section),
Equation(76) cannot be obtained for an overdetermined system. Thug>i# theprimal and

dual formulations will produce different resul9].

2.1.3.7.3 Decoupling via the Hybrid Formulation

More recently, another method for decoupling has been developed which can be thought of as a
combination of the primal and dual formulatid85]. This combined method has been termed the
Adirect hybrid assemblyo or the Ahybrid for mt

formulations, the hybrid formulation is a method of direct decoupling, where a fictitious
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substructure is added to tleeupled system to cancel out the dynamic effects of the residual

substructure.

As mentioned previously, if the extended interface is used with primal or dual formulations, the
equilibrium or compatibility conditions, respectively, may only be satisfied@ast square sense.

In contrast, the hybrid formulation satisfies both the compatibility and equilibrium conditions
exactly, regardless of interface choice. The direct hybrid assembly begins the same as the primal

formulation for direct decoupling:

. (57)

(]
!
I Iy s . o)

Recall thatq is a unique set of DOF&,c is a Boolean localization matrixnd Bc is a signed
Boolean matrix defining the coupled DOFs. By definition, this choice guarantees the compatibility
condition is satisfied exactly. It is then possible to also satisfy the equilibrium exactly by

proceeding in the fashion of the dual formida. The connecting forces are written as:

4 1 I 1 |
g A n ” ¥ n I (78
Which can be shown in condensed form as:
4 4 4 ¢y L (79

If g anda-are gathered into a single vector, the generalized inverse can be used to arrive at:
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R @9

Note that for the generalized inverse operation, theixmaust be determined or overdetermined
which requires NO MO B8 (where N is number of interface DOFs where compatibility is
enforced, Mis the same for equilibrium respectively, angis the actual number of coupling
DOFs). If No>Ng, Equation 60 is oglsatisfied in a minimum square sense, while compatibility

and equilibrium are satisfied exactly.

Equation(80) can be rewritten in a more physically intuitive form as:

{ J [ (81)

WhereY” is the FRF matrix of the unknown subsystem @nsl the transmissibility between the

external forces and the connecting force intensities,

In this hybrid formulation, columns of* corresponding to equilibrium interface DOFs appear
twice. Also, Y* contains rows and columns corresponding to the residual substructure when an
extended interface is used. These rows and columns are meaningless in the context of the FRF of

the unknown substructure and so should be discarded during analysis alomglwittant entries.

In [35], D6AmMbrogi o et al go on to show that hybr
equivalent if N=Ne. However, if Ni M the two formulations provide different results. Based on
a simple case study performed®3], in cases where theo formulations gave different results,

there was no clear indication of one method producing better results than the other.
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2.1.3.8 Experimental Difficulties and Improved Techniques

In recent years, much research has been conducted on experimental couglampapting. More
specifically, researchers have worked to discover issues that arise during the coupling/decoupling
process and develop methods to correct for these issues. A few of the main issues that will be
addressed in the following sections are:atinditioning of matrices, spurious peaks in the
coupled/decoupled FRFs, inclusion of rotational DOFs, and uncertainty propagation from
measured to calculated FRFs. The methods presented in the following subsections were chosen to

demonstrate the varietydeniques used to address the previously mentioned difficulties.

2.1.3.8.1 Improved Techniques for Coupling Using Experimentally measured FRFs

Although the concepts of substructure coupling used in the FBS method by Jetmund§Es] et al
were direct and well established, the benefit of the process was overshadowed by practical
problems during experimental implementation. Around the same the FBS method was
developed by Jetmundsen et al, techniques to improvelikB8oupling methods were being
investigated by Leuridaf86]. These techniques fell generally into two categories: preprocessing

of measved FRFs and use of the pseudo inverse in place of the direct inverse.

2.1.3.8.2 Preprocessing of Measured FRFs

It is well known in the field of dynamic substructuring that the matrix to be inverted tends to be ill
conditioned in the neighborhood of the resonaatjdencies. Additionally, the matrix being
inverted (Equation(45)) should be symmetric for structures that satisfy reciprocity. Leuridan
proposes that these two issues can be remedied through FRF smoothing and symmetrization

respetively.
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Though both smoothing and symmetrization showed improvement over the base coupling method,
Leuridan found that the improvement due to smoothing was much less significant than that due to
symmetrizati on. Since Leur id aoh offer at segoificani q u e

improvement, it will not be discussedthre present work

The method of symmetrization proposed by Leuridan is based on principal component analysis of
each pair of reciprocal FRFs. In this method, the principal component islim@tto give a
symmetrized approximation for the pair of FRFs.
« o « 0 ﬂ_ « o0 (82
78
Where« is an approximation of the FRF between DOFs i and j for an arbitrary substructure and
« isthe corresponding principal compohe€This transformation symmetrization is derived using

a unitary transformation matrix in the process of principal component analysis and is discussed in

more detail if36].

2.1.3.8.2.1 Use of the Pseudo Inverse
As mentioned praously, the matrix to be inverted in the coupling process is often ill conditioned
in the neighborhood of resonant frequencies. Thus, the matrix often ends up being singular or
Acl ose to singular, 6 where 0cl okleeonditonnsmbargul ar
of the matri x. I n such circumstances, the pse

place of the direct inverse.

There are many forms of pseudo inverses so the operation may be derived and used differently in

the differen sections of thishapter In each case that a different pseudo inverse is used, it will be
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fully described in the corresponding section.

follows. Suppose we have the system:
« T (83

Wherez is the vector solution of an equation withas a coefficient matrix. NV is singular or

close to singular, we can calculate the solution as:
» g« (89

Where the A+0 s uper sverseiThis for ef the gseudo invehse is gesvedu d o

from [37]:

(89

The s ubs crsitgpthe matrixgp redueed ® important singular values \&f and the
corresponding left and right singular vectordJiandV. fAl mport anceo i S measu
the singular values to the largest singular value. It is also worth noting that thecsuperp t Aho
denotes the conjugate transpose of the matrix and brackets have been included on these matrices

solely in the interest of clarity.
When calculated using this pseudo inverss,also a solution that satisfies:
« FhmE GQF Qa0 a (86)

Or, in other wordsz is the minimum norm least squares solution.
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In summary, if the above pseudo inverse is used in the coupling equation, we are actually
calculating the solution to the coupling problem that is realized mithmum effort. Leuridan
found that the use of this pseudo inverse significantly improved that accuracy of the calculated

FRF of the couple systems, especially in the areas of the resonant frequencies.

2.1.3.8.3 Reduction of FRF Order by means of SVD

As discussed neviously, experimentally measured FRFs can tend to be ill conditioned in the
neighborhoods of resonant frequencies due to the influence of noise. lll conditioned matrices do
not work well in the coupling process and produce noisy and sometimes incoupleiccFRFs.

The pseudo inverse technique described in the previous subsection can be considered a data
reduction technique in the spatial domain and has been shown to be valid for handling inversion

of ill conditioned matrices.

The work done by Otte et §8] presents an extension of the work done by Leuridan on the
singular value decomposition (SVD) based pseudo inverse. This extension is a more general
strategy for data reductian the spatial domain with a strong emphasis on physical significance

in terms of the compatibility and equilibrium constraints.

Recall the matrix to be inverted in the FBS method from Equédioin

A A
Where the combination of the two FRF matrices has been deno&tbasmplify the following
derivation.The objective of using a SVD is to force the smallest singular valué3 tof zero.

Forcing the smallest singular values to zero is exdent to imposing physical constraints on the

coupling DOFs on both substructures, A and B.
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Conceptually, the-fh column of an FRF matrix can be thought of as a deflection vector due to a
unit force input on the-th reference DOF. With that concept inneh, each column o6 can be
considered to be the vector sum of the deflections at the coupling DOFs on substructures A and B.

The SVD of FRFG can then be written as:
7 7 T (87)

Where, as in the previous sub &evhilelWandV,arethe i s a
corresponding left and right singular vectors and are both unitary matrices. Again, brackets have

beenincluded on these matrices solely in the interest of clarity. We define a new matrix:

TT T T (88)

From which Equatioif87) can be rewritten as:
1 per | (89)

Alternatively,A andl can be reduced separately, though the method results in a more severe
data reduction than the procedure described in EquaBan$89). Further wok done by Otte et

al [38] makes use of the pseudo inverse and symmetrization techniques by LE&gid@verall,

the method by Otte et al wakown to provide fair approximations of large FRF matrices with

high modal density.

2.1.3.84 A filter to remove coupling anomalies

Perhaps the biggest challenge in carrying out FBS coupling or decoupling is extreme sensitivity to
noise. As such, there have beeany methods developed to reduce this sensitilntyegun et al

[39] addressed this sensitivity by first performing modal analysis on the data and then synthesizing

FRFs from the modal model. Leurid4B86] and Otte et a[38], used data reduction and
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symmetrization techniques. In a further effort to reduce the sensitivity of the admittance method
to noise, Cameetd0]devel oped a conditioning filter to

minimally affecting them.

The motivation for the development of this conditioning filter came from the observation that the
imaginary part of the driving point FRF was negative for some frequency range. These negative
values for the imaginary part of the FRfply that the system either has negative damping or that
the FRF does not fit the prescribed analytical moff#$% A full derivation of the filter can be

found in[40], while only the final formulation is presented here.

We can express a FRF matrix as a combination of real and imagimtay pa
44 ¢ (90)

Where ¥ and Y are the real and imaginary components of Y, respectively, and the frequency
dependence has been omitted from the equation. Additionallgnd Y, are both real and
symmetric matges. We can then view; Yh the following form using the standard eigenvalue

decomposition for symmetric matrices:

L _T T (91)

Whery,eé parme ei geniy &lpargthe carrespongirggthonormal eigenvectors of
Yi. Again, the frequency dependence of Y o, and y has been omitted
the eigenvalues can be negativeiifstto be at least positive sexhefinite. Thus, a filter is defined

as follows in order to fae all eigenvalues to be noegative:
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_ Q' L1 (92
= m QQ T

Equation(90) can now be rewritten to include the filtered eigenvalue decomposition:for H

L L 9 _r (93

This filtered version of the FRF matrix now has all eigenvalues corresponding to the imaginary
part as greater than or equal to zero (in other words, #higypostive semidefinite). Essentially,

the application of this filter performs an eigenvalue decomposition and tfeymtieesizes the
matrix after deleting all contributions due to negative eigenvalues. Carne named this filter the
ADeComposi ti ontheD@D fdtey. Carneltheneproceeds to give an example of the
experimental application of the filter which can be founfidi. In summary, the filter appeared

to remove the anomalies present in the decoupled FRF that were due to the negative eigenvalues.

2.1.3.85 Negative Massafter Decoupling

Decoupled FRFs can sometimes exhibit physically unrealizable phenomena due to errors in the
measured FRFs. For example, the imaginary part of the driving point FRF must always be positive

as found iq40], or else spurious peaks can appear in the decouplEd$imilarly, in the modal

domain it is possible to obtain a system representation which does not have a positive definite mass
matrix after decoupling. This problem in the modal domain most often occurs when subtracting

one flexible structure from anothigl] [42] [43].

Since coupling or decoupling procedures are often used in a hybrid format with measured data and
FEA data, and since most FEA packages only allow faitipe definite mass matrices, the

negative mass error can cripple the process. Additionally, as with the work by Carne et al, Allen
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et al found that the negative entries of the mass matrix in the modal domain can cause spurious

peaks in the decoupled FRFs

In [44], Allen et al developed an analytical method in the modal domain to determine which modes
are contributing to each negative eigenvalue of the decoupled system. This method was based on
the modal decoupling meil of [42] and on Effective Independence which is discussed more
thoroughly in[45]. A simple example showed that a zero or slightly negative mass can sometimes
have physical relevan¢é42], while in other cases, the negative mass may indicate that the modal

basis for the residual subsystem is not adequate to span the motion observed on the coupled system.

In later work, Allen et al expanded upon the work4af] and developed metrics to determine the
cause of indefinite mass or stiffness matrices after decoupl®lg Though these methods
developed ij44] [42] [46] have relevance in frequency domain, they are formulated in the modal
domain. Thus, in the interest of keeping the focus ofwtloik on FRF based coupling, the exact

mathematicaformulations will not be presented.

2.1.3.8.6 Variability Improvement of Key Inaccurate Node Groups (VIKING)

The exact causes for these errors that lead to incorrect results after decoupling are often not all
known, and even when the cause is known, the currérttst are often specific to one certain

type of error. Nicgorski et g47] developed a method for conditioning measured FRF data to
improve the results of decoupling. The method usesrdr@tion of approaches and is referred

to as variability improvement of key inaccurate node groups, or VIKING.

The VIKING method consists of three steps which can be summarized as: 1) testing, 2) data
smoothing, and 3) data completion/FRF synthesis. &stsps are summarized in following

subsections, while a more thorough discussion can be foyad]in
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2.1.3.8.6.1 Testing
Lower-order flexible mode shapes are obtained from a physical structure lthtestgng and
modal parameter estimation. For VIKING, measurements are taken at all interface DOFs, as well
as any other internal DOFs of interest. There must be enough DOFs tested such that the mode

shapes within the frequency range of interest can bedestribed.

2.1.3.8.6.2 Data Smoothing
A coordinate orthogonality check is used to determine which DOFs have large contributions to the
orthogonality of the test mode shapes wunder
selected on a mod®y-mode basis,wherefag o od 0 DOF i s defined as one
to orthogonality. Any DOFs which have a small contribution to orthogonality are omitted to create

a reduced &pace representation of the given mode shape.

After the coordinate orthogonality check sed to reduce the representation of the mode shapes,
a FE model is developed for the structure of interest and-adatle eigensolution is performed.

A modal assurance criterion (MAC) and a pseodbogonality check (POC) are used to
determine which FEhode shapes are most correlated to the test data. A more in depth description
of MAC and POC can be found ja7]. The shapes that are most correlated are then selected for

use in the datansoothing.

With the fAgoododo mode shapes deter mined, t he
( SEREP) , originally dd48]ei$ wilzeddextbA SEREPGapsidna han e
matrix from the FE model, which relates the g
for each mode shape. In the context of VIKING, the SEREP expansion matrix contains as many

FE shapes as there are ©DOFstsexpandeqte the full Sehatesi g o o d
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DOFs using the SEREP expansion matrix. This expansion process smooths out the experimentally

determined mode shapes for use with FBS coupling or decoupling.

During the SEREP implementation, test mode shape infamét expanded. This is possible
because the test mode shape information can be described by linear combinations of the FE mode
shapes within the SEREP matrix. Since anomalies in the experimentally determined mode shapes
cannot be described by a lineandmnation of FEA mode shapes, the SEREP expansion smooths

the anomalies and conditions the data to be better suited for use in FBS.

The data smoothing step concludes with another check using MAC and POC. This check ensures
that the shapes smoothed by SERSER correlate well to the experimentally obtained mode
shapes. High correlation with MAC and POC are important because the goal of the VIKING
process is to preserve the characteristics of the test data while removing variance from the mode

shapes.

2.1.3.8.6.3 DataCompletion and FRF Synthesis
Since the previous two steps are limited to a finite number of modes, it is necessary to address
complications which arise from telsdsed residual compensation tefd8. The VIKING method
addresses these complications by appending rigid body modes and higher order numerical modes
from the FE model in order to complete the dataset. By including iaisaffnumber of numeric
modes, the VIKING method avoids truncation errors that sometimes arise during the transition
from modal to frequency domains. These FE modes are assigned a modal damping value typical
for the structure being tested. Finally, FRIatsesis is performed and the FRFs are then used in

FBS coupling or decoupling.
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It is important to note that, though VIKING makes extensive use of the modal domain, it is still
considered to be a type of FBS method since the end goal is synthesize FRBle $ait
decoupling. The VIKING method effectively addresses issues such as drive point measurement
adequacy, inability to measure exact location of measurement, cross measurements, and

measurement noise.

2.1.3.8.7 Uncertainty Quantification

Voormeeren et al devggbed a method to quantify the expected error in coupled FRF based on
measured uncertainties in the measured substructure [BBJH84]. The formulation presented

by Voormeeren was developed for systems coupjethe LM FBS method as presented by De
Klerk et al[23] and summarized earlier the current chapteiThe main goal of the work was to

answer the question of how uncertaintiespagate through the coupling process.

The steps through which uncertainty propagates in the coupling process can be generally be
described in two steps. First, uncertainty propagates from the measured time domain signals to the
substructure FRFs. Seconghcertainty in the substructure FRFs propagate to the FRF for the

coupled system. Based on this general knowledge, Voormeeren et al addressed the problem from

a statistical point of view.

In [17] it was found that the random influences on a real life substructure closely obey a Gaussian
distribution. Voormeeren et al used knowledge of statistical techgiiqu&aussian distributions
along with first order Taylor approximations to develop a method which describes uncertainty
propagation from substructure FRFs to the final, coupled[6&H34]. The method wasaldated

via Monte Carlo simulations that produced almost identical results for small input uncertainties

(2% on magnitude and &n phase). However, for the example used for validation, the Voormeeren
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method only took 3 seconds of CPU time as comparesdd¢o 300 seconds for the Monte Carlo

Simulation.

Additionally, Voormeeren et al investigated how uncertainty propagates between FRFs of different

substructures. The findings can be summarized as follows.

2.1.3.8.7.1 Internatto-Coupling FRFs
When uncertainty is presein an internato-coupling FRF, the accuracy of all coupled FRFs
associated with the considered input DOF will be affected. More specifically, the uncertainty will

propagate from this coupling DOF to the internal DOFs of all substructures coupletpaiha

2.1.3.8.7.2 Couplingto-Coupling FRFs
For couplingto-coupling FRFs, the uncertainty always propagates into the FRFs of each
substructure coupled at that particular DOF. For lightly damped structures, this can lead to spurious

peaks in the FRF of the couplsgstem.

2.1.3.8.7.3 Internakto-Internal FRFs
Uncertainty located purely in the internal substructure FRFs does not propagate to other FRFs after
coupling. These uncertainties do not propagate due to the fact that the FRFs do not participate in
the interface flexibity matrix. In other words, the uncertainties for the internal DOFs do not affect

the coupled FRF because they do not Acommuni

Though the process was developed for coupling via the LM FBS method, the stan8anefiBd
was shown to have the exact same uncertainty propagation behavior. For either FBS method, it

was shown that small uncertainties in the substructure FRFs of lightly damped substructures could
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lead to large discrepancies in the coupled FRFs. Faspleific example if50] [34], errors of

2% in substructure FRFs were shown to grow as large as 70% in the coupled FRF.

2.1.3.8.7.4 Uncertainty Propagation in Decoupling
In [50] the same general procedure was used to determine how uncertainty propadages in t
decoupling process. The analysis for decoupling uses the same basic procedures and statistical
methods as those used for coupling. Voormeeren et al applied these techniques to both inverse
coupling and direct decoupling methods to observe differenegsinmagnification. It was found
that direct decoupling magnified error by a factor of 5 to 10 times less than inverse coupling (a
factor of 15 for direct versus a factor of about 100 for inverse). These results intuitively make
sense based on the knedbte that direct decoupling can incorporate additional internal DOFs and

thus satisfy one of the conditions in only a minimum square sense.

2.1.3.8.7.5 Other Uncertainty Propagation Methods
In recent years, various other methods have been investigated to addressnimeeopagation
through frequency response and dynamic substructuring. Covariance based methods were
developed i151] [23] [52]. Compared to methods by Voormeeren §@] [34], these covariance
based methods break down in the vicinity of isolated resonances anesamntnces. Despite that
limitation, for a simple example, the covariance metho{baf showed less than 2% deviation

from the Monte Carlo simulations at the first 25 elastic modes.

2.1.3.8.8 Rotational DOFs
One of the biggest challengesearperimental dynamic substructuring is the measurement or use
of rotational degrees of freedom (RDOFs). A variety of different methods have been investigated

in recent years, ranging from techniques to extract rotational information to techniques centered
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on avoiding the use of RDOFs entirely. Some of the more prominent methods for dealing with
RDOFs will be summarized in the following subsections. It is worth noting that the methods which
are formulated in the modal domain can usually still be appliedrequéncy domain

substructuring.

2.1.3.8.8.1 System Equivalent Reduction Expansion Process (SEREP)
Though the system equivalent reduction expansion process (SEREP) was found to provide
advantages in a number of areas of modal testing, it was originally formulatéthetesotational
degrees of freedom from experimental modal (&8& In the context of dynamic substructuring,
SEREP implementation has both advantages and disadvantages. When aseelxpansion
technique, SEREP creates expanded modes as a linear combination of analytical modes. In turn,
this expansion by linear combination smooths the measured data in some sense. A major drawback
of using SEREP expansion is that a high quality FE ehal required for the process to be

effective.

2.1.3.8.8.2 Static Expansion
A local model of the substructure of interest can be considered in the static expansion of a local
interface mode[53] [54]. This local model of the &structure the interface region common to
both models (i.e. the coupling DOFs). While the mathematical representation of this static

expansion can be found [B5], the method can be sumarized as follows.

Guyan condensation is used on the measured DOFs of the substructure of interest. It is important
to note that the Guyan transformation only provides meaningful results if the dynamics at the
unmeasured points are negligible. With thengified representation from the Guyan

condensation, another transformation matrix can be used along with the experimental mode shapes
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to obtain the expanded mode shapes at the coupling DOFs. This technique can be improved

significantly if the measured thais smoothed to reduce errors before the transformation is applied.

Compared to SEREP, this static expansion provides an advantage in that a detailed FE model of
the entire substructure is not needed. Instead, only a model of the substructure imthef ibgi
interface is needg®5]. However, the accuracy of the static expansion process is dependent upon
the DOFs that are chosen for the reduced system model and the frequeneaetiapas are not

guaranteed to match the original mog].

2.1.3.8.8.3 Equivalent MultiPoint Connection (EMPC)
When two substructures are considered to be connected rigidly at a single popattileidiby and
equilibrium conditions involve both translational (displacement/force) and rotational
(rotation/moment) quantities. For these rigidly connected substructures, neglecting RDOFs
provides meaningless results if coupling is assumed to occsirggla point. Thus, the equivalent
multi-point connection (EMPC) method was developed to account for rotational dynamics by

assuming that coupling occurs at several closely spaced fs6h{s7] [17] [33] [58].

For the EMPC method, when two coupled substructures experience bending motion, coupling can
be assumed to occur in the joint region at three clageyged points. The points cannot be in a
straight line, otherwise the necessary range of rotations and moments may not be covered. Thus,
the most common selection of coupling DOFs for the EMPC method are the vertices of a triangle,

as shown irFigure4.
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Figure 4: Graphical representation of the EMPC method. The three dots in the shaded regions represent
measurement points

The EMPC method continues with the assumption that only orthogonal forces ameittemhs
through the selected coupling points. The combination of forces from these points gives resultant
forces and moments that approximate the real dynamics at the coupling interface. The use of only
translational DOFs at the coupling points providesaaably acceptable results, in terms of
displacement and rotation compatibility, as long as the joint region lies approximately in a single
plane. The average displacement and rotation of the interface can be implicitly obtained from the

displacements ahé three coupling poin{§5].

One important limitation to the EMPC method is the ratio of the distance between the assumed
coupling points and the frequency of interest. The distagiveden the points must be greater than
a quarter of the maximum involved wavelength. Otherwise, the joint region is no longer

approximated by a plane and the accuracy of the procedure decreases.

In [56], an extension of the EMPC method wigseloped to help reduce the effect of errors made
in the measurement of the substructure interface. The extension is essentially a filtration method

which separates and removes the effects of residual modes from what is considered to be the
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dominant set bmodes. The filtration method also allows to determine if the number interface

flexibility modes considered dominant is valid.

2.1.3.8.8.4 Transmission simulator
The transmission simulator method is also referred to as the modal constraint for fixture and
subsystemNICFS) method43] [59]. This method is conceptually similar to the EMPC method
in how it accounts for RDOFs. Both methods use a set of translational DOFs spaced around the
coupling interface to include estimates of rotational actions. Aside from the disslawith

respect to RDOFs, the two methods are very different.

A fixture dubbed the Atransmission simulatoro
the exact same joint properties (geometry and material) that the substructure will experience as
part of the assembled system. By including the joints in the experimental substructure,
measurements automatically include the dynamics of the joints. Additionally, the transmission
simulator gives locations to mount sensors or input forces where thectionngoint of the

substructures might not (for example, bolted connecti@g)59] [61].

Once measurements are taken, the transmission simulator fixture is subtracted from the
substructures, whh can be either analytical or experimental. This subtraction is done via standard
modal or frequency based decoupling proced[58F With the fixture dynamics subtracted, the
substructure FRFs are ready to be coupled togethéneloontext of RDOFs, the substructure

FRFs contain rotational information relevant to how the two substructure will be coupled together.

2.1.3.8.8.5 RDOFs in Decoupling
Until recently, it was believed that all of the issues associated with RDOFs in coupling pescedur

al so appeared i n decoupl [B5fgundtmabtie efteetsroERDOFSD 6 A mb

60



which depend on how the substructures are coupled, were already included in the FRF
measurements of the assembled system. The use of a mixed interface in dg@digws for the
exclusion of unwanted coupling DOFs in favor of additional internal DOFs in experimental

application.

The concept of replacing rotational coupling DOFs was tested using a simplified test structure of
two coupled beams. Results from dedoup with the mixed interface with no RDOFs were
comparable to those using an extended interface, with only slight frequency shifts at resonances
and antiresonances (due to curve fitting). Thus, the theory was supported that rotational
information is inheently included in the FRF measurements of the assembled system and RDOFs
can be excluded from the decoupling procedure. Since this discovery was relatively recent, there

have yet to be many other studies to support these findings.

2.1.3.9 Alternative Substructung Formulations

In recent years, the majority of work done in experimental substructuring has been focused in
either modal or FRF based methods. However, there exist some techniques that do not approach
the coupling/decoupling problem in the typical modafrequency manners. Since the focus of

this work is on frequency based methods, only a general overview (with no mathematical

formulation) will be given on these alternate formulations.

2.1.3.9.1 State Space

Sjovall et al[30] call upon developments in frequency based substructure, modal substructuring,
joint identification, and structural modification to address the decoupling problem in the context
of system identification. After system identification, the sspace models of the assembled

system and the residual substructure are used in the reconstruction of their corresponding FRFs.
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The FRFs are then used in decoupling procedure similar to the dual formulation for direct

decoupling.

2.1.3.9.2 Impulse Based Substructugin

The impulse based substructuring (IBS) method can be described as a time domain formulation of
dynamic substructuring in the frequency domain. More specifically, the IBS method is a
transposition of the LMFBS method23] to the time domaif62]. The assembly process of the

IBS method computes the time response on a substructure basis by evaluating the convolution
prodwct between the impulse response functions and the applied forces. These applied forces

included the interface forces used to satisfy equilibrium and compatibility.

When compared to FBS, the IBS method has several distinct advantages, such as: no
approximaion to full time integration is made, time discretization error can be controlled, Fourier
transforms are avoided when results are desired in the time domain, potential to deal with nonlinear
structures, and processes that are generally less computgtierpknsive. Despite these
advantages, IBS is often used more for impact loading cases, while FBS is used in a wide range of

applications.

2.1.3.9.3 Base Excitation

Standard formulations for FBS methods assume that the input to the system is a force input. Cesnik
et al[63] approached the substructuring problem from a different perspective, base excitation. This
method takes the equations of motion for base exaitati the physical domain and applies the
same concepts to the pegisting structural modification using response functions (SMURF)
method[64]. The advantages of this technique are that it can be used to eodmgpiaicement

transmissibility and stress response functions.
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2.1.394 Interface Force Identification

Most of the common FBS methods rely on knowledge (either analytical or experimental) of the
residual substructure in order to decouple it from the assemblesinsystan effort to reduce the

need for a model of the residual substructure, a new type of FBS method was developed based on

experimental identification of interface fordé®].

Since interface forces cannot be measured directly in most cases, the method includes a step to
estimate these forcg30] [50]. These interface forces are then treated as excitation forces to one

of the substructures and the tgyn is then solved by more typical FBS methiéds.

2.1.3.95 Real Time Hybrid Substructuring (RTHS) as FeedbaakiGb

Real time hybrid substructuring (RTHS), S 0 me
simulationo or dreal time dynamic substructur
substructuring made possible by improvements in computationalrpsigeal processing, and

actuation capabilities. In the typical way of dynamic substructuring, RTHS treats a coupled system

as a known (residual) substructure and an unknown substructure. The residual substructure is
simulated in real time either analylty or numerically, while the actual unknown substructure is

measured with the necessary sensors.

The simulated and tested substructures pass displacement and force signals to each other through
a network of sensors and actuators. Typically, the physigadtructure is the system of interest,

while the simulated substructure is an analytical or numerical model of a system which is either
well known or difficult to implement physically. In some ways, RTHS is conceptually similar to
hardwarein-the-loop (HIL) concepts commonly used when certain components are either difficult

to model or difficult to incorporate experimentally.
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There has been much work done with RTHS in recent y66t467] [68] [69] [70]. However,

only the formulation developed by Botelho and Christejg@hwill be discussed here. Botelho

and Christenson found that RHTS was mathematically equivalent to feedback control. In the
formulation, the residual substructurehfeh is being simulated) acts as the controller and the
unknown substructure (which is being measured) acts as the plant. This setup requires actuators to
be connected to the unknown substructure to provide the interface forces and displacements

calculatedoy the simulation of the residual substructure.

The work showed that the coupled response due to a force input on the residual substructure
resembled the closddop response for reference tracking. On the other hand, the coupled response
due to a forcenput on the unknown substructure was found to resemble the -bbmgeesponse

for disturbance rejectiofr1]. This formulation of RTHS as feedback control shows the potential

of applying feedback theory and techniques to both RTHSradiibnal dynamic substructuring.

2.1.3.10 Test Structures
There are many difficulties that arise when carrying out experimental FBS coupling or decoupling,
such as those mentioned in the previous section. Due to these difficulties, a need has arisen for

versatie benchmark test structures to investigate causes and potential solutions to the difficulties.

In recent years, several different benchmark test structures have been proposed. Though some of
the end goals of these test structures are similar, they aall designed for the same purposes.

For instance, some structures have been designed to improve testing results, while other structures
have been designed to benchmark and validate the various proposed improvements to experimental

substructuring. Thus, saof these test structure designs differ radically from each other. Only
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two test structures which represent common designs and goals will be present here, along with

brief summaries of the goals associated with each test structure.

2.1.3.10.1  Benchmark Test Structifor Experimental DS
Van der Valk et al compiled a list of requirements for the desired test structure to account for the
difficulties commonly encountered during experimental dynamic substructuring. These

requirements can be found in full[ini2] and summarized as follows.

A broad range of possible connections should be available to connect the test structure to different
substructures as well as to passive and active components such as springs or actuators. The first
flexible mode of the ystem should be above 50 Hz in order to be well separated from the rigid
body modes. There should be an area that can be assumed to be rigid or can be made rigid to allow
for the use of the EMPC method for determining rotatighg]. Materials that have
environmentally dependent behavior (temperature, humidity, etc.) and materials that are
susceptible to aging should beoaled to increase the reproducibility of results. Finally, the cost

per piece of the test structure should be low so that destructive testing, such as welding, can be

conducted in a practical manner.

From this list of requirements, Van der Valk et al doded that the benchmark test structure
should be a simple setup and demonstrate linear behavior so that it can be modeled and measured
easily. The final design is shown|[in2], but a brief description will be given here. The structure

is made from a single sheet of 5mm stainless steel and can be manufactured using only laser cutting
and machinal bending. The simplicity of the creation of the structure keeps the cost low and thus
allows for destructive testing. Additionally, the spacing ofhreection points and the material

properties of the stainless steel support the rigidity assumption necessary to use the EMPC method.
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The FE model of the test structure was validated by comparing it to experimental data obtained on
the actual structure.RE comparison showed MAC values of greater than 93% and a maximum
difference of 1.4% in eigenfrequencies. This close correlation between the FE model and the actual
structure provides a number of benefits such as the ability to use FE model data ictsumiogfru
Furthermore, the structure contains a portion rigid enough (a 93% rigidity factor as defigyl in

to account for rotations via the EMPC method.

2.1.3.10.2 Lumped Parameter Benchmark Test Structure

Some issues of experimental substruairare not well known or cannot be fully investigated
using only simulated experiments. In order to better understand these issues, Culla et al developed
a lumped parameter benchmark test strudBg[74]. Additionally, this test structure was used

to test methods wth were designed to improve experimental substructuring results.

The test structure is termed fAlumped paramet €
construct it. A lumped parameter system is attractive for benchmarking because of its relative
simplicity when compared to a distributed parameter system. Furthermore, the ability to isolate

and change certain portions of the test structure makes it easier to observe changes in results of

dynamic substructuring due to changes in independent subsésictu

The concept of using lumped parameter systems to test and validate experimental substructuring
techniques has been explored previo(i34} [75]. However, in those casdssts were simulated

without a lumped parameter structure being tested in the real world.

The first version of the test structure developed by Culla et al consists of several lumped masses
connected either rigidly or by springg3] [74]. This first version had the nsss translate

horizontally on rigid guide rails. These guide rails were intended to restrict rotation and lateral
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displacement. The concept was not implemented effectively due to difficulties ensuring that the
guide rails were exactly parallel. A full degation with accompanying images of the actual test

setup can be found [@3]

In an effort to eliminate the errors from the first version, Culla et al developed a second version of
the test structure without guide rails. All masses, connections, and springs were kept the same, but
the structure was rotateso that the masses would translate in the vertical direction in respect to
the ground. With this orientation, the guide rails are no longer necessary to support the masses and
were thus be omitted from the design. However, there are some drawbacksstrtimnd version

as well. More specifically, without the guide rails, the masses may experience some small rotations

or lateral translations. Again, a full description of the test structure is presefif&gl in

Culla et al used the second version of the test structure to conduct coupling and decaipling te
These tests were used to validate current substructuring techniques and investigate other

experimental difficulties that may not appear in simulations.

2.1.3.11 Vehicle Specific Applications

Several researchers have already used dynamic substructuring teshimicp variety of land
vehicle applications. Among a variety of works, some of the notable applications include: coupling
of individually modeled tread blocks to evaluate acoustic propgnédscoupling of subframes

to the vehicle body77], coupling of the individual components of a rear axle system, and even
vibration transmissiornn train bogie assemblig80]. One similarity that all of these vehicle
dynamics applications share, is that they all pertain to coupling components together. For instance,
a simplified lumped parameteraael for passenger vehicle was coupled to the vehicle body in

[78] and[79].
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In this context, it is the goal of the authors to apply frequency domain decoupling procedures to
passenger vehicle suspension system. In particllarptocedures described in the preceding
sectionswill be used to decouple the components of a quaeesysten both analytically and

experimentally.

2.2 Modal Testing of Tires and Suspensions

Central to the concept of experimental frequencydbasbstructuring (FBS) is the carrying out of
modal testing. This chapter will present the basics of modal analysis and testing followed by the
documented specific applications to passenger car tires and suspensions. The chapter is not
intended to be a tmough discussion of modal analysis or modal testing, but rather a high level

overview/review for the reader who is already familiar with modal concepts.

2.2.1Brief Overview of Concepts Modal Analysis

At the basest level, modal analysis is the study of thardismproperties of a system with respect

to system vibrations. More specifically, these dynamic properties are often in the form of
frequencies and the corresponding shapes of the natural vibrations of a given system. These
frequencies (natural frequenciesd shapes (mode shapes) depend on a variety of factors such as:

material properties, physical shape, connections to other structures, and environmental effects.

Perhaps the most intuitive demonstration of the concept of natural frequencies and meslesshap
through the discussion of a theoretical example of a string in tension with two fixed ends (also

known as fixeefixed boundary conditions). Many resources exist for the theoretical derivation
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and experimental validation for the fixéided string, sconly an overview of the results will be

presented helf®7]. Figure5 displays the first four mode shapes of the fikigdd string.

Y XS X

Figure 5: First four mode shapes of a fixéided string

The mode shapes &igure5 each correspond ® natural frequency which is the slowest for the

first mode and increases for each subsequent mode. Unless excited specifically at one of these
natural frequencies, the vibration response of the string will appear as some combination of all
present modempes. In reality, there are an infinite number off mode shapes for any given system.
However, only a certain number of these modes have a high enough energy content, or are
considered fidominanto enough to hastem Tlus,moti ce
is common practice to only consider frequencies and mode shapes up to a certain threshold: either

a frequency threshold or an energy threshold depending on the application.
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2.2.2Brief Overview of Concepts Modal Testing

In contrast with the angiical/theoretical analysis discussed in the previous section, experimental
modal analysis depends heavily on the quality of the testing procedures. There are a number of
factors paramount to the success of modal testing, such as: measurement locaii@ti®nex
method, frequency range of excitation, and boundary conditions. The considerations for each of

these factors will be discussed in more detail in the following sub sections.

2.2.2.1 Measurement Locations
The locations at which system response is measumatbgdnodal testing determine which modes
and corresponding frequencies can be detected. A portibigoife5 is repeated ifFigure 6 to

emphasize the importance of measurement locations.
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Figure 6: Demonstration of the importance of measur en
points of the third mode of the fixéged string.
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The or anfgee6kéas ki hhe fAnode p o ffthetfiedfixed §tring. the t hi r
node points mark area of zero displacement for the given mode of the string model. For a two
dimensional system, the areas of zero displacement will appear as node lines as opposed to the
points. If measurements are taken i3 of the nodal locations, the corresponding mode will not

appear (or will not appear correctly) in the experimental modal analysis.

It is important to note that the concept of nodal lines applies only to normal modes and not complex
modes. Norlnmal moodre shraerae characterized by all p

or 180 out of phase and can be thought of as standing waves. In contrast, complex modes can
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have any phase relationship between parts of the structure and can be thoughawadllagytr
waves. Since the structure is moving in phase for normal modes, all portions of the structure reach
their maxima at the same instance which gives rise to the node lines. On the other hand, since
complex modes can have any phase relationship,dti®ps of the structure do not reach their

maxima simultaneously and node lines do not apj2&dr

For a given structure, the damping distribution determines whether the modes will be normal or
complex. Specificdy structures with light/negligible damping or structures with proportional
damping will have normal modes. While structures with localized damping have complex modes

[98].

With nodal lines and norrhas. complex modes in mind, later sections of this chapter will analyze

the modal properties of tires and suspensions to determine the ideal measurement locations.

2.2.2.2  Excitation Method
Excitation methods for modal testing can be generally classified intcategories: contacting
and norcontacting. These two categories can then be broken down even further into the different

types of mechanisms used to achieve the excitation.

2.2.2.2.1 Contact Excitation
The two most common contacting methods of excitation are hamandrshakers. A general
overview of hammers and shakers will be given here, while a more complete discussion can be

found in[20].

Hammers are the popular choice for many testing applications due to the relapheityiorf the
excitation setup. The tip of the hammer is equipped with a force transducer to record the input

(during the hit) and accelerometers are placed at the locations of interest across the structure under
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examination. Although simple, using a haemstrike as the method of excitation is not always

the best choice. The frequency range of the input from the hammer is limited by the duration of
the impact, which is in turn effected by the material of the test structure, the hardness of the
hammer tipand the weight of the hammer head. Thus, if the duration of the impact is too high,
the input excitation may not have adequate frequency content to excite all the modes of interest.
Additionally, for more heavily damped systems, the energy imparted teshstructure from the
hammer strike may not be sufficient to produce measureable response at the points of interest. It

is for the aforementioned reasons that excitation via shaker is sometimes the better option.

In the context of modal testing, a shakeea mechanism which provides some vibratory input to

the structure under investigation, often in ¢t}
that are commonly employed for modal testing, such as mechanical, electromagnetic, or
electrohydaulic [20]. Each of these types of shakers has its own advantages and disadvantages,

but all share one thing in common: they provide greater control over the method of excitation than

the hammer.

Two challenges thahust be overcome for shaker excitation are mass loading of the test structure
and the potential to cause resisting moments/forces from the input mechanism. These challenges
are most often addressed by the udereaodwliicha fst
connects the shaker to the test structure and often connects somehow to a force transducer.
However, the use of a stinger gives rise which must be accounted for. If the rod is too long or too
flexible, then it can introduce effects of its ovasonances into the measurements and pollute the

data from the test structure. Thus, the stinger is kept as short as possible and stiff in the direction

of excitation while relatively flexible in all other directions.
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Depending on the specific applicatiand the specific structure under observation, there are a
number of different input types which are commonly used. Specifically, the inputs can be either
continuous or transient. Continuous excitations include those such as sinusoidal inputs or random

exd tation among others, while transient excita

2.2.2.2.2 Non-Contact Excitation

The development of necontact excitation methods has been driven by the need to test delicate
and/or small structures. The field of miestectranics begets a particular interest in such testing
methods since nearly all of the involved electronic components are both small and delicate. There
are several types of well documented foomtact excitation methods which will be presented in

this section.

Magnetic excitation can be applied if the structure under investigation is magnetic or if a magnetic
strip is attached at the desired excitation point. An electromagnet can then be positioned to apply
a controllable force on said excitation pdia0]. Acoustic excitation from a loudspeaker can be
applied to the structure or surface of interest, but the method suffers from several drawbacks.
Namely,it is difficult to supplysufficient energy from the air to the wahd, since the exact input

force may not be known, it is difficult (if not impossible) to obtain the true FRF. However, the
frequency spectrum and amplitude of vibrations can still be observed from the tes{38jject

Two other methods that suffer from some of the same difficulties as acoustic excitation are
electrical puse exciatiorf100] and laser pulse excitatigh01]. The final norcontact excitation
method which will be presented here is one that addresses some of the drawbacks of the
aforementioned methods. Pneumatic excitation works bindpithe test object with a jet of air

which exerts some force. The magnitude of the force can be measured by the change in momentum

of the air stream and thus, the FRF of the system can be mefiizpd
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2.2.2.3 Excitation Frequency

The frequency range of interest for the structure under observation is typically known to the
experimenter prior to testing. In the case that the frequency range of interest is not foog/n
thorough and exhaustive tests must be conducted. When the range is known, the difficulty in
testing lies with selecting the proper testing procedures which will provide meaningful information

across the entire range.

The various excitation methodsdussed in the previous section become important again in the
context of the provided frequency range. For instance, as mentioned previously, the frequency
band excitedluring a hammer impact is inversely proportional to the duration of impact. Similarly,

for any type of shaker induced excitation (sine sweep, pulse, chirp, noise, etc.), the frequency band
in which adequate energy is supplied to the structure must meet the requirement set forth by the
range of interest. In summary, this frequency band oitaion can be limited by the choice of

excitation, the specific equipment used to achieve said excitation, and the test setup.

2.2.2.4 Boundary Conditions

One of the most important decisions during the modal testing process is whether to test a structure

i n racefiof condition or a Agroundedod condition.
that the test object isot attached rigidly to any other structure and is effectively suspended
Afreelyodo in space. I n cont r aesselectlacations anthetdse d b o

object are attempted to be fixed to some figro

2.2.2.4.1 Free Boundary Condition
In theory, a freely supported structure will exhibit six rigid body modes (three translational and

three rotationaljvhich are solely determined by inertial properties and occur at a frequency of 0
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Hz. In reality, it is not possible to provide a truly free support and thus the rigid body modes will

have norzero natural frequencies. Since the test object must be heldme way, the best
approxi mation of a free condition is to supp
requirement of a fAisoftd suspension system ari
low in relation to the lowest bending mode.ypital goal is to keep the highest rigid body mode

less than 10 to 20 percent of the lowest bending riz@jelf the suspension is too stiff, the rigid

body modes will be high enough to pollute the experimentalalad cause errors in the region of

the bending modes.

Another precaution to ensure minimal effect of the suspension on the test object is to attach the
supports at or near the nodal points of the mode (or modes) in question. Doing so helps to reduce
the dampening effects of the supports since these nodal points have theoretically zero

displacements at the mode of interest.

Conducting a modal test on a freely supported structure may not always be the best choice for a
give object and circumstance, thus tbikowing section will address the concept of modal testing

on a grounded structure.

2.2.2.4.2 Grounded Boundary Condition

Grounded (or fixed) boundary conditions are easy to apply in theoretical analysis. All that is
required is to keep the grounded coordinaiesdfat zero so that the boundary does not translate

or rotate. However, like the freely supported structure, the grounded boundary condition does not
actually exist in practice. The best approximation is to fix the test structure to a base or foundation
which is sufficiently rigid to allow negligible movement at the boundary. To a certain extent, the

ability to provide such a reliable approximation is dependent upon the characteristics of the test
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object. For example, it is relatively easy to approximatengded boundaries on thin wire when

compared to the difficulty of adequately grounding a stéeldm.

One method to ensure more accurate grounded/fixed boundary condition is to first examine the
mobility FRF of the proposed based structure over theuémecy range of interest. If the base

structure has a mobility much lower than that of the test structure (at the points of attachment),
then the base structure can be assumd to pr
Another, more recent, method to address interactions at constrained boundaries is to attach the test
object to some relatively simpmponent with analytically or theoretically known dynamics.

Thus, once the tests are completed, the decouigatgiques discussed previously in this chapter

can be applied to separate the dynamics of the known structure from those of the test object. An
example of this concept is in the Transmission Simulator which was also discussed previously in

this chaptef42, 59, 60]

The preceding sections are my no means intended to provide a comprehensive discussion on the
vast field of modal testing and analysis. Instead, they are intended to provide the reader with at
least a qalitative introduction to modal concepts. The following sections will present the modal

testing and analysis work which has been done specifically on tires and suspension.

2.2.3Types of Tire Tests

On the subject of the support method for the tire during medtihty, much work has been done

on both free and fixed supports. While both methods introduce additional modes into the system,
the rigid body modes that are introduced through the use of a freely suspend tire typically occur at
very low frequencies (lesban 5 Hz) and thus pollute the measurements of the other modes less

than those additional modes introduced by fixed suppbo&.
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If hammer excitation is used, one option to increase the input frequency bandwidth is to attach a
small, rigid metal plate to the impact point on the tire. Even with this increased rigidity, hammer

tests wee shown to have limited bandwidth and pooherencg¢l104].

2.2.3.1 Loaded Tire

By necessity, tests on a loaded tire are performed with the tire support/boundary conditiah as fixe

It is worth noting that performing modal analysis on a loaded, and thus deformed tire, will provide
different results than for a free tire in terms of both frequency response and mode[sbépes

Under free circumstances, a tire has two duplicate mode shapes at each frequency. For loaded
conditions, there still exist two mode shapes at each frequency, but they are distinctly different
from each other. Specifically, theers one symmetric and one asyimmetric mode shape for the

loaded tirg105].

Loading the tire causes the natural frequencies to ride and the associated modal damping ratios to
decreas¢l05]. This change is conceptually similarhow the frequencies and damping changes

when inflation pressure is increased.

2.2.3.2 Free (Unloaded) Tire
The testing of an unloaded tire allows for the choice of applying either fixed/grounded or free

supports.

In [106]t est s were conducted i n r adieddns and hengent i
corresponding mode shapes were reported. The tests were repeated on a tire with 3 different rims
and the effects of the rim weight on tire natural frequency were recorded. These results are perhaps
the most applicable to the current waiikce we are interested in vibrations in all 3 directions. For

certain cases there were some measurements taken at interior points on the rim, but not many.
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It was found that the rim weight only had significant impact on the lower order modes of the tire:
R1, TO, T1, SO, and §106]. This behavior suggests that the natural frequencies of the rim are
relatively far away from those of the tire as would be expected due to the macroscopic material
properties. Intuitively, the natural frequencies of the tire in the radial directioease with
increasing tire pressure (increased rigidity, decreased damping). Other work, done by Yam et al
[107] found that the amplitude of rim vibrations were less thanet@gmt of those experienced by

the tire carcass.

There is a specific mode related to the cavit:
vary with increasing tire pressuf£06] [107]. This mode does not vary because it is primarily

dependent on the shape of the tire in contrast to the other modes.

Tests carried out with excitation in the tangential (longitudinal direction) demonstrated similar
natural frequencies across the present mddewever, the magnitude of the vibration of these
modes due to the tangential excitation was considerably less than that due to radial excitation

[107].

To prevent the shakend stinger from altering the dynamics of the tire, some researchers have

even freely suspended the shai€8].

2.2.3.3 Rolling
Due to the difficulty in determining the excitation force input from the road surface to a rolling

tire, operational modal analysis (OMA) is often used in place otiwadl modal analysigL09].

2.2.3.4  Static
For a sine sweep/dwell, the length of data segment in each frame is determined by the frequency

bandwidth of analysis and the correspondingu@ang time. h [104], Guan et al separated the
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frequency range of interest into three sahges in order to ensure that enough excitation energy
was input into the systemt each frequencyNot only did this technique improve the signal to

noise ratio (SNR), it also reduced aliasing without the need for special equipment or filters.

The concepts introduced in this chapter, particularly those relating to FBS, will beugstitothe

following chapterChapter 37 Analytical Development

79



Chapter31T Analytical Development

The followingchapterpresers a method to mathematically separate the vibrational properties of
the tire andhe suspension in order to further understand the mechanism of viltratiemission
between the two. Thedquency based substructuring (FBS) technigii€shapter will be used

to decouple the tire subsystem from the suspension subsystem. Ichapisr, these FBS
techniques are applied first to decouple the equations of motion of a simple quarter car system as
a proof of concept. Then, a more generalized approach is taken which will be applicable to

experimental data.

3.1 Simplified QuartetCar Modeli Coupled at a Single Degree of

Freedom

In thisderivation the system under investigation is a quarter car system. The first step in deriving
a full FBS formulation for decoupling the suspension and tire is to use a simplified quarter car
model with a singleoupled degree of freedom. Before using FBS methods, the system can be
coupled or decoupled analytically using the equations of mdigire 7 shows the simplified

model used in this derivation.
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Ms

Figure 7: Simplifiedquarter car model used for initial FBS decoupling formulation

This simple model consists of two lumped masses (sprung and unsprung mass) with some
associated stiffness and negligible damping. The equations of motion for this model arenshown
Equationg94) and(95):
aag Qa a T (99
a ¢ Qo ¢ Qu O (99)
Wherems s the sprung masssis the sprung mass displacemenisis the unsprung masgysis
the unsprung mass displacemdatis the tire stiffnessksis the suspension stiffness, ands the

force input. The time dependence of the displacements has been omitted in Eq94}iansl

(95) for brevity.

By transforming the system to the frequency domain and rearranging the terms, we arrive at

Equationq96) and(97):
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a (96)

, Q ai .
q I3 y r r 7 r <, T~ O (97)
a a a a Q a Q7 QQ

Where the displaceents are now in the frequency domain, and the constants the same as

previously.

The system oFigure7 can then be broken down into two component subsystaémee8 shows

one of these subsystems awiit be treated in this derivation.

Zus T

Figure8: Tire subsystem denoted as fAsubsys

To split up the quarter car system, the unsprung mass will be split into a part associated with the
tire and a part associated with the susengigure8 shows the subsystem which corresponds to

the tire portion of the unsprung mass and wil
from Figure7, an equation of motion for subsystem Asaderived and then transformed into the

frequency domain, shown in Equatiq®8) and(99):

& a4 Qi O (99)
, p .

— 0 99
¢ g (99)
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The second subsystem, Asubsystem B, 0 cont ai

associateavith the suspension. Subsystem B is showRigure9.

Zs

Zus

Figure9: Suspension subsystem denoted as

For subsystem B, the equations of motion associated with the sprung mass are the same as for
assembled system &igure 7. Thus, the motion of the sprung mass is still fully described by
Equationg94) and(96). As with subsystem A, the equations of motion assatiaith the portion

of the unsprung mass in subsystem B are shown in Equétiofsand(101):

& a Q& a 0 (100

a — , , O (109

With all the equations of motion defined in both time and frequency domains, the next step is to
employ the actual FBS techniqu&ecallEquation(15) whichdisplays the simplest, single degree

of freedom (SDOF) formulation for FBS coupling as presentd@®ly

N A N (19

Which can be rearranged to yield:
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Where® is the receptance FRF for the coupled systBigufe 7), @ is the receptance for
subsystenA (Figure8), and® is the receptance for subsystemMg(re9). Specifically, these
are the receptances for the unsprung mass and are found by dividing the frequency domain

displacement by the foe input. The expression for each receptance are shown in Eqaf@ns

- (104):

o o ¢ Q ai (102
O 4 & 7 o a Q & Q7 00

A o p
P 10
O ® S o & (103

a Q a7

.6 10
@ w9 G oTa a a (109

Where® , @ and® have been included in Equatioff03) and (104 to reinforce that these
receptances belong to theartercar system (C)tire subgstem (A) and suspension subsystem

(B) respectivelyThese superscripts will be used throughout the remainder of this chapter.

The question now becomes, does the coupling process of Eq(Eg)aesult in Equatior{102)

when the expressions are put in for the subsystem receptances (Equ&8pasd(104))?

aa a a7 Q a ] Q I
7 'rQI'_|

~ o~

a a a a a a a Q7 Q0Q
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Taking into account that:

We finally arrive at:

~ o~

Which matches up with the originally derived receptance for the coupled system as shown in
Equation(102). This corroboration of results supports the use of FBS decoupling for the simplified
guarter car systenThough this example was shown for coupling the two substructures together,
it is apparent that Equatiofd5) could be rearranged for this simplified system and allow for

decoupling one of the substructures from the combinedryst

3.1.1Simple Quarter Cair Direct Decoupling Dual Formulation

The simplified method of using Equati¢h5) for decoupling has many drawbacks including
trouble dealing with ill conditioned matrices and a lack of generalizationcémtegears, newer
formulations for FBS decoupling have been developed such as inverse c@@ip]liid®] [31] and

direct decoupling29] [23] [34].

Though full descriptions can be found in the previously mentioned references, a brief summary
will be provided here. In Werse coupling the coupling equations are rearranged to subtract the
known subsystem (Aresidual 0 subsystem) from

unknown subsystem. In contrast, direct decoupling consists of adding to the coupled system a

Afictitiousod substructure with the exact oppo
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Direct decoupling can then be broken down further into primal and dual formulations. While a full
description can be found j&9], another summary will be gented here. The primal formulation
exactly satisfies the compatibility (displacement) conditions between the substructure, but may
only satisfy the equilibrium (force) conditions in a least squares sense. On the other hand, the dual
formulation exactly d#sfies the equilibrium condition, but may only satisfy the compatibility
condition in the least squares sense. Whether the condition is satisfied in a least squares sense or

not depends on the selection of interface DOFs used, again described 24l in

The final form of direct decoupling via the primal formulation is shown in Equéidn

i = (64)

1L - (109

Whered andd are Boolean localization matrices chosen to ensure a selection of unique

coupling DOFsiLk is the dynamic stiffness of the couplégliartercar) system, andt is the
dynamic stiffness of the residu@ugpension)subsystem. The dynamic stiffness is the inverse of

the receptance:

In Equatios (64) and(105, t he A+0 superscript denotes a fAp:

afgeneralized inverse. 0 ke eperptisretiiat behaves likeethes e i1 s
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inverse in some cases, but can be applied to overdetgtmatrices as with Equati¢®d). In this

case, the Moor@enrose pseudoinverss used.

For the simplified system éfigure7-Figure9 and Equation§102) - (104), the primal formulation

can be simplified further. Each Booleacdtization matrix simplifies to unit valued scalar and the
pseudo inverse can be evaluated as a true inverse since the system is not overdetermined in this
case. Equatioii106) displays the simplified system with and® shown again to reinforce to

which subsystem each receptance belongs:

1« plL m P
p n 4 p

© ©°

(106

Thus we have the receptance of the tire subsystem in terms of tpeaneeeof the suspension
subsystem and the receptance of the coupled system. Through matrix multiplication the system

reduces to the following form:

T i (107)

Finally we find that:

Which is the exact form of Equati@h5). Thus, for the case of this simplified quarter car system,
direct decoupling via the primal formulation yields éact same results as the method discussed
previously. However, it is important to note again, that this primal formulation for direct

decoupling is more generalized and allows for the equilibrium condition to be satisfied in only a
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least squares senseneke two facts will become more apparent in the following sections when a

more complete model of the quarter car system is analyzed.

3.2 Generalized QuarteCar Model i Multi Degree of Freedom

Coupling

After the simplified model used for proof of concept ie fbrevious section, the next step of

analytical development is to look at a more realistic model.

3.2.1Single Coupling Point with Three Coupling DOFs

The goal of this model is to more accurately represent the coupling of the tire and suspension and

be applicake to testingFigurel10displays the basis for this more realistic model.

Suspension - A

Figure 10: Basis for the improved model of this section. The suspension is considered Subsystem A and
the tire is Subsystem B.
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The red box outlines the suspension which is denoted Subsystem A and the green box outlines the
tire which is Subsystem B. For this model, it is assumed that the tire and suspension are coupled
at a single point. In contrast to the model from the predeason, this model in the longitudinal

(x), lateral (y), and vertical (z) directions. In place of equations of motion, this model will deal

directly with receptances and dynamic stiffnesses for the subsystems at the coupling point.
The dynamics oFigure10 can be generally expressed by Equatid®8) and(109):
Ak elfy B (108
olf7 Ay Ih (109

Where AL is a matrix of dynamic stiffnesself is a matrix of the receptancdf i's a Amoti or
vector, ancI|Fi s a fAforcingo v@octdeanotTehse tshuapte rtshce ipd |l

coupled, or completeystemwhich is the assembled quartar system for this case

For this first stage of the model, the motion and forcing vectors will include only displacements
and forces respectively. Moments and rotations at each point will be neglected, but wilitbednc

in later work. The displacement vector and force vector will be defined as follows:

Q
of 0 (110

F o (112

89



Where the superscript again denotes the system or subsystem to which the values belong and the
subgripts denote the direction. With the forces and displacements as defined above, the

receptances for the coupled system are defined as follows:

Q O ® O "0
Q A A A Q (112
Q O O O Q

3.2.1.1 Decoupling via the Primal Formulati@nCoupled at Single Point
With the systems defined as showwrthe preceding equatiorthe generaed primal formulation
can be used. Equatiqdi05 has been repeated below to show the sfzeach matrix in this

instance.

J
J 1Ly J (113

Notably, the right side of the expression would have a size of, whilell has a size of ©.
However, three of the six right side columns are redohend should thus be omitted. With that
in mind, a partial derivation of the relevant quantities will be presented in the following discussion.

The dynamic stiffnesses are in the form of Equatidr®):

€ €
€ &
€ €

(114
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L o O ® (119

3.21.1.1 Derivation of Boolean Matrices

Central to the application of the primal formulation of direct decoupling is the derivation of the
Boolean localization matrices. As a reminder, there are two sets of tbakedtbon matrices: one
pertaining to the equilibrium condition and one pertaining to the compatibility condition. The

following subsections address the derivation of these matrices individually.

3.2.1.1.1.1 Equilibrium Localization Derivation

The matrices! andZ are Boolean localization matrices pertaining to the equilibrium (force
balance) condition. The size of these matrices are dependent upon the selection of DOFs which
will treated as fdinterface DOF ssdstandardhextegded, he t |

or mixed), the standard interface Wik used for the present derivation.

To arrive at the complete form of the Boolean matrices for decoupling the tire and suspension via
the primal formulation, it is necessary to proceed fromaaher point in the formulation. Equation

(54) has been repeated for convenience and displays the starting point of this derivation:

1L of B | (54)

Wherethezb6s ar e dynami c g06tsi fafrnee sdsi snpal tarféi ecneesn, & tehget € o

force vectors,andthgb s ar e i nternal coupling force vecto
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From Equatior(54) the primal formulation proceeds with the assumptions that the coupling forces
between the tire and suspension substructures must cancel each other out. Specifically, if the

coupling forces are defined as:

"0
IF 0 (116)
"0
"0
IV © (117
"0
Then the following must be satisfied:
0 0 T 119
0 0 T 119
M Q7 (120

The Boolean localization matricds and4 must be formulated in such a way that they satisfy
Equations(118-(120 and are in the form of Equatidh6) which has been repeated here for

convenience:

(56)

1.
——
<« =F

Where:

92



d
4
Thus, Equatior(56) now appears as:
I'P“Q v
l’rQ r Q Q -
4 Q SO RO | 12
Lo (F - (129
2o Q
UPQUy
Qo

Note that, as mentioned previously,would have a size @ @which corresponds to the matrix
sizes in Equatior{121). Based off of Equatioiil21), the Boolean localization matrix for the
equilibrium condition 4 ) can be constructed row by row. The result of this row by row

construction is shown in Equatigh22).

A P M TMP MM
=| TP N TP T (122
TP TP

This localization matrix will later be used tibtain the final formulation for decoupling the

suspension form the quartear system.

3.2.1.1.1.2 Compatibility Localization Derivation
The matrices? and< are Boolean localization matrice®rfaining to the compatibility
(displacement equivalency) conditidrhe choice of the compatibility localization matrices relies
on the choice of a unique set of DO&81ce the compatibility condition relies on the displacement

of the coupling DOFs, thierm of the displacement vectors are shown below:
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e}

of 0 (110
Q
Q

7 0 (123
Q

As mentioned in the derivation of the equilibrium interface DOFs, for this current model the
standad interface DOF selection is being used. Thus the compatibility condition will be satisfied

exactly. Mathematically, the compatibility condition for the current system can be expressed as:

Q Q (124)
Q Q (125
Q Q (126

Where Equation$124)-(126) qualitatively specify that the assumed coupling point between the
tire andthe suspension must have the same displacement both for the coupled-(@uapsygstem
and the residual (suspension) subsystem. With this in mind, the Boolean localization for the

compatibility condition need to be constructed such that they satisfgrtheof Equation(57)

Where ais the vector of unique DOFs and the compatibility localization matrix is:
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Thus, Equation§l24)-(126) can be rewritten with the form Equati®v) in mind as:

Q Q N (127
Q Q n (128
Q Q n (129

Thus, according to the form of Equatig¢h7) the compatibility localization matrix must be

constructed such that:

I'I’Q v
l’rQ 'y
Q
[P (F
UPQ 'y
wQ o

g
4 (130
n

As mentioned previously, isa@ o matrix which agrees with the dimension of Equafit30).
As with the construction of the equilibrium localization matthe compatibility localization
matrix can be constructed in a row by row manner. The result of this row by row construction is

Equation(131) which satisfies the requirements of Equatiitiz/)-(129)

rvp n T[I’I
=I I-’I-[ p .r[l',l
IT[ Tt p:’:
=| o T (131
't p
Ut 1 pV
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Equation(131), along with the other necessary equations will be put together in the following
subsection to complete the primatrfaulation for decoupling the suspension from the assembled

guartercar system at a single point.

3.21.1.2 Complete Primal FormulationSingle Coupling Point
The full form of the primal formulation fatecoupling the suspension from the quactarsystem
is obtaired by substituting Equatior§$14), (115), (122, and(131) into Equation(105 which is

repeated here for convenience

(109

The result of substituting in the aforementioned equations into Equét@®) is shown in

Equation(132)
A
A W W L -
oy 'R @ @ T Ney 1y
(’Y T[ T[ T[ T[ 1 , I,II-’I-[ p T[f’ﬁ?
r’vp P |10 W w Tl T Prr
r’YT[ p T T p T 11 w ol T TR
MM p T p, n ) ) ¢ P | (132
(@] 11 . p T["ﬁ’
YL T w w © o ropU
(o4 u T n @ w W g QO
p T TP T T
mTpe T T p T
T e TP

When the matrix multiplication within the pseudo inverse is carried out and simplified it results in

the following:
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H O O O O WP TP T
-”-HO O O O O dT"Tmpmmmp T (133
11
uw @ ® ® W OUynmTp TP

In this case, the pseudo inverse is a Md®earose inverseDue to the lengthy nature of the
symbolic solution fol | it will not be presented in full. It was mentioned previously that the size
of the resultingl was actuallyg  @. Since the right most matrix in Equati¢¥83) is simply two
identity matrices, it is clear that the resultidg will have three sets of duplicated columns. For

practical purposes, the duplicate columns are discarded, finally yieldingamatrix for- .

In summary Equation(133) gives the receptance of thiee (1 ) in terms of thesuspensionf )
and the assembled quartar system¥ ). However, the assignment of tivaich subsystem was
consider the residual (knownjas arbitrary, which meankét Equatior(133) could also give the

receptance of theuspensioin terms of thdire and assembled system

The solution obtained in the previous section is applicable to experimentally obtained data and
will be validatedonceexperimental work is complet&hough this solution is sufficient, there are
improvements to be made which will increase the quality and reliability of the solution. Namely
more realistic locations can be chosen for the interface DOFs (such as the Hudtwloeel hub

and the effects of rotational properties can be accounted for. The following sections presents

possibilities for such improvements.

3.2.2Rotational DOFs

Rotational properties are notoriously difficult to measure when working solely with expéaiipe
obtained FRF§3]. This difficulty is in part due to the limitations in experimental capabilities for

applying pure moments and measuring pure rotaftafsis However, these difficulties apply only
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to substructure coupling, not decoupling. Rotational DOFs do not have to be included in
decoupling formulations because the rotational constraints are inherdre interface DOFs
measure on the coupled structure. In other words, since the independent substructures experience
rotations and moments when they are coupled together, measurements taken on the assembled

structure will already include the effectstbése rotationg35].

Though rotational DOFs are unnecessary in decoupling, one future application of this work is to
couple together FRFs from various tires to the suspension to analyze the combined properties.
Thus, it is important to collect data on the pling interface in such a way that rotational DOFs
could be included in subsequent coupling applications. Without accounting for rotational DOFs,
the system of the previous section can be thought of as pinned at a single point, but able to pivot
about thatpoint. Obviously, the tire cannot pivot freely about Wigeel hubin real quarter car
system, so rotational DOFs need to be included. One such method for included rotations in the

coupling process is the equivalent mypltiint connection (EMPC) method.

3.2.2.1 Equivalent MultiPoint Connection (EMPC) Method

In finite element (FE) analysisubsystems are coupled discrete DOFs at the interfaces
Rotational information is easily obtained from spacing between and translational information at
these discrete DOF3he EMPC method makes use of similar concepts for frequency based
substructuring. The coupling at the interface between structures is performed at multiple points
and in multiple directiongrigure 11 displays the concept of coliqg at multiple points which is

central to the EMPC method.
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Figure 11: Graphical representation of the EMPC method. The three dots in the shaded regions represent
measurement points

If the tire/suspension system was considecebe coupled in the same manner as the system in
Figurell (3 points), then the system would no longer be able to pivot about the coupling interface.
It is important to note that the number of FRFs used in the EMPC method nmespond to at

least the number of DOFs which describe the interface. For either the tire/suspension system or
the system oFigurell, the motion of the coupled region can be described by six coupling DOFs
(three displacements,rife rotations) as long as the interface region can be considered rigid. Thus,
at least 6 translational DOFs are needed from the three poifigwt 11 in order to use the

EMPC method17].

It is important to note that the distance between the points used for the EMPC method can
determine the overall effectiveness of the metfide: EMPC method will deliver good results up

to frequencies where the interface starts to deform between the coupling DOFs. This problem can
be remedied by the inclusion of DOFs at additional coupling points and comparison with known

deformation modes fahe coupling interfacgl7].
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3.2.3Three Coupling Points Nine Coupling DOFs

The system oFigurel1lin the previous section was considered to be coupled at three DOFs at a
single point in the middle of the tire. In reality, the coupling will occur at each of the bolts joining
the tire and thevheel hub The bolting configuration famost passenger cars is in a four, five, or

six (or even more in certain cases) bolt configuration with the most common being five bolts. The
rest of thissectionwill carry on with the assumption that the tire/suspension system under

consideration has a& bolt configuration.

3.2.3.1 Interface DOF Locations and Experimental Considerations

Based on the EMPC method, the most intuitive choice for coupling interface DOFs between the
tire andwheel hubis around a circle circumscribing the bolt pattern. This is #se decause the
circumscribed circle is a generalization of the symmetric nature of the bolt pattern with the
assumption that the area between each bolt can be treated aBigaid.12 displays a regular

pentagon (the standapattern for a 5 bolt configuration) with a circumscribed circle.

Figure 12: A regular pentagon with a circumscribed circle. This is the standard configuration for a tire
with 5 bolts.
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Ideally, the points selected for decouplimguld be directly on the coupling points which are the
bolts in this case. There are a few issues with this choice which would make experimental
application difficult. First, though it is easy to measure FRFs (via accelerometers) on the bolts of
the coupld system or thevheel hullsuspension subsystem, it is not possible to measure directly
on the bolt holes of the tire/wheel assembly. Second, any triangle of measurement points located

on the bolts cannot have its geometric center located at the certerbmiiting configuration.

Thus, we consider the case of an equilateral triangle of points as the choice for the interface

coupling DOFsFigurel3displays a potential orientation for this equilateral triangle.

L7

Figure 13: The bolting pattern frorfrigure 12 with an equilateral triangle superimposed to show the
planned choice of interface DOF locations

The interface DOFs would be located at the corners of the triangigure13. This orientation
addresses both of the previously mentioned concerns: no interface DOF is located on a bolt
location and the geometric center of the equilateral triangle matches up with that of the bolting

configuration. It isimportant to note that this choice of interface DOFs is based on the assumption
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the area between the bolts can be considered rigid and that these points can accurately describe the

coupling of the tire and suspension subsystems.

3.2.3.2 Decoupling via the Primal Fmulationi Coupled at Three Points

The primal formulation for decoupling the suspension from the assembled epaartey
conceptually the same for the coupling at three points as it is for the coupling at a single point.
However, some generalizations rhbge made, and will thus be presented here. In the form of
Equation(114) we define the dynamic stiffness for the assembled quarter car system at coupling

point AkOo as:

O O O
4 O O W (134
O O O

The dynamic s%i fcfoug@s s nfgo ip oti mé fils daenbubsystech s i mi |
and wil |l be denoted with the superscript As. 0

the quarteicar system and suspension are defined as follows:

L

AL L (139

AL L (136)

In a similar manner, a corresponding block matrix representation can be developed for both the

equilibrium and the compatibility matrices.
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Sh]
d 41 (137
41

J 4 (138

Where the subscript oh  specifies that the matrix is reldtéo equilibrium at coupling point
number 1 and the subscript®n specifies that the matrix is related to the compatibility condition
at coupling point number 3. Recéilbm the derivation presented for coupling at a single point

that:

d and 4

L -

Thus, Equation137) and (138 contain parts relating to both the quaitar system and the
suspension subsystem. From Equati¢i®3b)-(138), the dimensions of Equatiodl1l3 can be

rewritten to reflect the dimensions corresponding to the coupling at three points.

1 4 = d 4 (139

Again, recall that the dimensions of the left hand side do not match that of the right hand side due

to duplicate entries which will appear.

103



153 Ul

I~

1] 1l
=H| 11 + 1l =I
] = 4

EL 5
| 1

] = 1

222X
XX R

(140

Q
c
<
Q

44

1
44

The duplicate entries from Equati¢b40 should be discarded as mentioned previously in this
chapter. In its current far, Equatiorn(140) can be directly applied to experimental data, given that
the submatrices are organized as discussed earlier in this section. It is important to note that the
translational information at these three points camidged to extract rotational information using
the EMPC method which was also discussed in this chapter. Though accounting for rotations is
not strictly necessary for the decoupling prod@&d, the final formulation of Equatio(l40)

supports the ability to do so and improves the potential for later coupling other tire or suspension

data together.

The work presented in this chapter will be expanded upon in the follow chapters. Specifically, the
formulations developed here will be \ddted inChapter 5 with several levels of modebnd,
finally, with experimental data. First, the following chap@napter 4, will detail the design and

construction of the various test setups.

104



Chapted 1 Experimental Design and Setup

In order toput the analytical developments @hapter 3 into practice frequency response
functionrs must be obtained fdhe quarter car system and one of its subsystéfhae this can be

done analytically or for simulated models, the ultimate goal of the presenismorlapply these
developments to experimental data. To that end, it was necessary to develop a quarter car test rig
which was capable dhe required testingCurrently, only asmaltscalesystem will be used for
experimental testing. However, much tinmelaffort was put into preparing a full scale test rig so

a brief overview of that work will also be presentedhiis chapter

4.1 Full Scale Quarter Car Test Rig

The Center for Tire Research (CenTiRe) possess a gaartdest rig whichwas partially
devebpedas part of a senior design projecid was completed during this reseafmough the

rig itself was fully functional, there were several issues which prevented it from being of immediate
use. Specifically, the setup of the hydraulic actuation systasnincomplete and the vibration of

the test fixture overlapped too much with the frequency range of interest. The following
subsections will provide an overview of the existing test setup as well as a brief description of the

design work which was done maake the system fully functional.

4.1.1Test Rig Overview

As an overall viewthe rig can be described fair support beams which are fixed to the ground

and hold the guide rails along which the test fixture can translate in the vertical dirdcthame
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comgete descriptiomf each component will be given in tuio facilitate the descriptionhé st
rig can be broken doweconceptuallyinto itst wo pr i mary coenpooaagéd: amnde

support beams.

The inner cage is an assembly of 80/20 aluminxtrusions which are composed 8105T5
aluminum alloy The specific extrusions used in the test setup are either 1515 or 1530 which
indicates rectangular cross section dimensions of 1.5 x 1.5 inches or 1.5 x 3.0 inches, respectively.

Figurel4displays the completed, assembled test rig

Figure 14: Completed CenTiRe Quart€lar test rig
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In Figure 14, thefour support beams are the steel beams which are bolted to the ground and th
inner cage is the silver assembly between the supddréstop of the inner cage is a wide, flat
area where weights can be fastenesh¢oease the sprung mass of the system appdya static

load to the quartecar system. Directly belowhat areas the mountingpoint for the suspension

strut In the interest of brevity, the finer details of the inner cage design will be omitted here.

As mentioned previously, thedr support beams are used to hold the inner cage and are fixed to
the ground. Theseupport beams arg0 feet long3/8-inch-thick square tube steel beamhich
hold the steel rails of the bearing system mentioned in the previous sé&ugjore 15 shows a

single support beam with the guide rail being preparee tattached.
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Figure 15: Single support beam with guide rail attached

As shown inFigurel5, each guiderail mount is connected to the support beam on a steel plate with
slotted holes. This connection methis important for the alignment of the guiderails in order to

reduce frictionThe connection between the supports and the ground is sh&igune 16.
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Figure 16: Connection between support beam anougd

Figurel6 shows the steel baseplate which was welded to the bottom of the support beam in order
to provide a more stable and rigid connection between the support and the ground. Four bolts, each

5 inches long and 5/8 inchesdiameter are used to fix the baseplate to the concrete floor.

The precision of the guiderail alignment and the support beam distancing is vital to ensure that
there is minimal vertical friction exerted on the bearings by the guide rails. Thus, treseteas
were a central part of the design changes which were planned for the test rig. These changes will

be discussed in detail later in the current chapter.

Just as important as the mechanical issues related to bearing friction, the vibration of the test
structure must be kept out of the range of interest (§¥@Hz for the full scale systemlhe
senior design gup responsible for the test rig carried out some finite element modal analysis

during the design process. However, the analysis was onceagtonent individually (i.e. on a
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single support beam and on the inner cage by itself). While a good starting place, that modal
analysis did not accuratekgpresenthe assembled rig. Preliminary hammer tests on the rig
revealed modes between 10 and 15 Haus, much of the additional design work for the test rig
centered on stiffening the entire structure to increasBr#t@atural frequency above 70 Hz. The
design improvements to the test rig, along with the design of accompanying test setup canponent

is discussed in greater detail in the following section.

4.1.2Redesign and Continued Development of Full Scale Test Rig

Though the quarter car test rig had been completed and installed, the design problems raised in the
previous section needed to be addrésskside from design improvements, several other

components needed to be developed or assembled, such as the actuator mount table and the
hydraulic system. These designs and developments will be discussed in greater detail in the present

section.

Design clanges relating to vibrations were addressed bestauséhe addition of new stiffening
members may cause beam alignment chafgéd! 3D finite element (FE) model of the test rig

was created in ABAQUS along with some necessary simplifications. 3irsceest rig was not

put into use for this research, a full account of the FE model will not be discussed in this
dissertationin the interest of brevityModal analysis was performed on the model which showed
swaying of the support beams similar to thesrsin the preliminary testing, approximately1®

Hz. When the rig was designed, only vibration of each component individually was considered.
However, when the inner cage is attached to the support beam, it can be viewed conceptually as a

lumped mass lieg added to the end of a cantilevered beam. Thus, though the support beams did
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not exhibit unwanted frequencies by themselves, the resulting frequencies for the assembled

system were directly in the range of interegt, @ Hz.

In order to validate theE-model, a full modal test was planned and set up for the test rig. However,
only preliminary modal tests were conducted before work on the test rig was(ttedteghason for

which will be discussed later in this sectiomhough the FE model was not fulNalidated, tie
preliminary results showed that the model could give at least a general idea of the frequency
response characteristics. Thus, additions were made to the model in order to stiffen the support
posts and increase the first natural frequelsgreral different iterations of stiffening support
structures were considered, such as members connecting to the adjacent walls or alternatively as

members connected to the ground. One such model is shown bdtayurial?.

Figure 17: CAD model of quarter car test rig with additional stiffening members
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Figure1l7shows a back view of the test rig where suppeéie connected to adjacent walls. Some
aspects of the design werelugnced by the structure of the walls to which the support members
were to be connected. Both new designs (supports to the wall or to the ground), pushed the first
natural frequency of the test rig just above 70 Hz. Final design selection and approval from

Facilities managers were in progress when work on the test rig was halted.

One challenge that had to be addressed for the actuation of the system was the design of mounting
table for the hydraulic actuator. Thetuator mount needed to be able to suppoxt forces
imposed on it during tests, while also being adjustable for testing of other tire/suspension systems.
A final design was decided on which consisted of permanent bolts into the concrete floor with an

adjustable upper portion. A drawing of thism is shown ifFigurel18

Figure 18 Hydraulic actuator mounting table
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The upper portion of the assembly is square steel tubing which surrounds a poured concrete base
with a steel plate on topour hoks in the center of the steel plate mark where the actuator would

be mounted.

Before any of the design changes from this section could be put into place, the hydraulic actuation
system needed to be assembled and calibrated. Many design consideratiom®wenselection

and assembly of the hydraulic system, such as hose size, servo valves, load cell, and control method
to name a few. As with the other developments described in this section, further detail will not be
given in order to keep descriptiooencise. Once all design decisions were made, technicians from
MTS (the manufacturer of our system) were brought in to finish the assembly and calibrate the

system.

During the final stage of setup, when the system was being run for calibration, one of the
technicians discovered an issue with the hydraulic supply unit. The heater exchanger was leaking
water into the oil reservoir of the supply urlitnfortunately, replacement of the heat exchanger
and hydraulic oil was cost prohibitive for this project. Thalsof the aforementioned designs and
developments were halted immediately. The work presented in the preceding section was included
here due to the time and effort which went into the process. However, as soon as work on the full
scale test rig stoppedevelopment began onsaaltscalesystem which could be fabricated and

tested within the budgetary confines of this project.

4.2 Motivation for smallscale quarter car system

The original test plan was to validate the work in previous sections by carryingheu

corresponding experimental application for coupling/decoupling on a full scale quarter car setup
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as discussed abovi@ue to unforeseen issues with the hydraulic actuation system, the process will

instead be validated using a new small scale quaatesetup.

Scale models have been used extensively throughout the history of engineering. Furthermore, there
is ample precedent specifically in the field of vehicle dynamics for using scaled vehicle systems
to test or validate concepts. With respect toalerdynamics, these systems are typically used in

the case that full scale testing is not possible for capability or safety reasons. For instance, scaled
vehicles have been used for dottk braking system (ABS) control developmghi0-112],
development of vehicle automatifii 3], or simply as a cheaper and more controllable method to

test vehicle dynamidd.14-118].

One of the most important factors in any scaled model is the ability to accurately represent the full
scale system. I n many applications, Piods theort
purpose. However, as the presepplacation is only concerned with vertical vibration of the tire

and suspension, the scaling down of the system is greatly simplified from other applications. In

any application that relates to on road handling or vehicle dynamics, dimensionless parameters
which relate to a number of handling factors must be established. For example, even for the bicycle
model in[114], dimensionless parameters must be established for factors rétaticenter of

gravity location, cornering forces and yaw moment of inertia.

As mentioned, scaling for the current application is much more direct since it pertains specifically

to vertical vibrations of the quarter car system. In terms of vibrations,eneguin radians) and
viscous damping ratio are already effectively
car system could be constructed which has approximately the same natural frequencies and

damping ratios as the full scale model. However the present purpose, not even those values
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necessarily need to be the same in order to demonstrate application of the coupling/decoupling
process to a quarter car system. A major contribution of this work is the experimental test setup
suitable for pplying decoupling processes. Even though all accompanying equipment would also
need to be scaled up, the test setup developed for the small scale system will be conceptually

applicable to full scale.

Though unnecessary, an attempt was made to presewalriggquencies of the full scale system.
However, not all properties of the system could actually be scaled. One such property is the
nonlinearity in the tire. The nonlinearity in a typical radial passenger car tire is caused by a
combination of complefactors. Among these factors are the presdefiection relationship and

the composite construction of the tire body from a combination of steel and rubber components.
Even commercially available small pressurized tires do not mimic the nonlinearities fofil

scale radial tires.

Though the type of nonlinearity will be different, it is crucial for the present application to have
some nonlinearity present. One of the challenges of applying FBS decoupling techniques to a
quarter car system is the nonlamgy of the tire. Thus, it is of primary interastthe tire of the

small scale system demonstrates nonlinearity, and if so, how can it be described. This and other

experimental considerations will be discussed in the following sections.

4.2.1Development of mall-scale quarter car system

The scaled vehicle chosen for this experiment was the 1/5 scale TraxxasxX6s model,
hereafter referred to as t he -ifadensdelwhiohhasanl e. 0
independent suspension for each whamong the most important factors in the selection of this

vehicle were the relatively large scale and the ability to completely remove a suspension system
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from one corner without destroying any components. To give a better idea of the vehicle used for

the present research, a picture of the test vehicle is shdwguire 19.

Figure 19: The Traxxas Xnaxx 6s used for the present research is a 1/5 scale vehicle

It is important odoohotkRetwahi the fé&af &r schbet he
is clearly designed after a large scale, off road sort of vehicle. The 1/5 scale does not apply to the

vehicle weight, as the test vehicle weighs only about 20 pounds.

Previous sections in thchapter focused on full scale passenger car tires and suspension. However,
the decoupling techniques discussed in those and in the present section can readily be applied to
any size or type of wheeled vehicle. The remainder of this work will reinfoese #iissertions and

show that experimental application, even to a small scale vehicle, can validate the process for a

range of wheeled vehicles.

The following subsections will present greater detail on the test vehicle components, describe the

general desig of the small scale setup, and will discuss experimental considerations.
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4.2.1.1 Scale vehicle component details
As the tire and suspension systems are of particular relevance to the current research, this section

will focus primarily on their properties.

Previaus work has focused on pressurized, full scale passenger tires. In contrast, standard tires for
this test vehicle are not pressurized, but are constructed of an outer rubber layer on top of a foam
support structure. There were two different tires availtdsléhe 1/5 scale vehicle. Both tires have
the same construction, but different stiffnes§egure20 shows the basic construction for one of

these tires.

Figure 20: Construction of a typical tire fathe test vehicle

Another benefit of using this 1/5 scale model (as opposed to something smaller, like a 1/10 scale)
is the possibility to replace the foam tire with a small pressurized tire for future work. Though the

wheel hub of the test vehicle is n&signed to attach to common bolting configurations for small
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pressurized tires, it is well suited to connect to an adapter which could easily then connect to the

pressurized tire.

It is well known that the stiffness of typical pressurized passengereawéries nonlinearly with
loading and deflection. As noted previously, this foam based tire will not display the same sort of
nonlinearity as a pressurized, full scale tire. However, this foam based tire does still displays

nonlinearity suitable for thapplication of this experiment.

Stiffness data was not available for either of the test vehicle tires, so approximate stiffness
calculations were carried out in housgure21 shows a diagram of the test setup used to measure

the forcedisplacement relationship for these tires.

Test Tire
D /
A B G
| ® (7 °
A
Fulcrum Support Digital
Structure Scale
[ ]
String
Potentiometer

Figure 21: Stiffness test setup. | might need to include more than 1 picture here

Points A through D lie along a wooden plank to which the tire was mounted. This plank served
bt h as the mounting structure for the tire an
used as the fulcrum of the system and contacted the wooden plank at Point B. The fulcrum was

made wider than the plank to ensure an even loading distributimgdesting. Point D marks the
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bolting location for the test tire, which could rotate freely when attached to the plank. The bolt at
Point D was centered over the weighing surface of the digital scale and string potentiometer.
Furthermore, the bolt exteed far enough from the wooden plank for the potentiometer to connect
with only vertical extension. The string potentiometer was connected teDaA@Ifrom which

displacement data was monitored and recorded on a PC.

The tension from the string potentiometaused some additional, asymmetric loading to the tire.
Since a single potentiometer was used on one side of the tire mounting bolt, we decided that this
loading, however slight, must be balanced in order to produce the most reliable results. Thus,
incremental weights were added to the opposite side of the bolt until the loading was even. It is
important to note that force readings were relative to zero, not relative to the base weight of the

tire and support structure.

Once the loading from the potentieter was balanced, weights were added to Point A until the
scale barely registered zero pounds (Abarelyo
and 0.002 Ibf) and data was collected from the potentiometer. At present, values for force will be
displayed in pounds and displacement in inches since these were the units in which readings were
taken from the equipment. Later, these values will be reported in newtons and meters, respectively.

A reference point had to be established so that all deftectadings could be made relative to the

undef or med | ength. I n other words, it was nece
all tire deflections values were relative. ldeally, the data collected for readings between 0.000
0.002 Ibf would povide this point. However, due to the nature of the tire contact surface, where it

is possible that only a single tread element was in contact, we deemed it necessary to record several

alternate fAzero points. o0 | n Ilincranents (between 8.83t , we
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Ibf and 0.1 Ibf) up to half of a pound. Table 1 shows the force and displacement readings for these

small increments.

Tablel: Potenti al izero pointso for the
MeasurementPoint # Weight Reading (Ibf) Calculated Displacement (in.)
1 0.002 5.8131
2 0.035 5.8128
3 0.065 5.8097
4 0.1 5.80M7
5 0.195 5.804
6 0.295 5.8004
7 0.41 5.7972
8 0.505 5.7931

From the data iTablel, it was determined that Point 2 gave best zero point. This decision

was based on the fact that the change in displacement between Points 1 and 2 was roughly one
tenth of that for a similar weight change between Points 2 and 3. The decision was further
supported through observations of the twontact during experimentation. Specifically, the tire

was only contacting the scale by the tips of several tread elements for Point 1, whereas the tire was
more fully in contact at Point 2. It is worth noting that the displacement reading was theosame f

Points 3 and 4. However, through observation during the experiment and an analysis of the
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complete data set, it was determined the issue between Points 3 and 4 was caused by random error

as opposed to being caused by a lack of tire contact.

Once the zear point was chosen, weight on the tire was then gradually increased in 0.5 pound
increments starting from Point 8, and then in 1.0 pound increments at higher loading. The full set
of data for these tests on one of the test vehicle tires is shoWwigune 22. As mentioned
previously, values will be specified in Sl units going forward.
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Figure 22: Deflection for the 8s tire was measured over a wide range of loads. Typical loading on tire is
~22-31 N (57Ibg)

As can be seen ifigure 22, there is some nonlinearity in the fordeflection relationship
primarily for low loading and deflection values. Deflection is now used in place of displacement
since we are measuring the size oé tlire relative to its wdeformed shape. Though the
nonlinearity demonstrated in the foam tire differs from that of a pressurized tire, the very presence
of nonlinear behavior will help to validate the decoupling techniques for this quarter car system.

A new model containing the foam tire and its nonlinear stiffness will be simulated in the
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Matlab/Simulink environment, similar to that of previous work. This simulated data will then later

be compared to the experimental results.

In the interest of developg this nonlinear model, it is necessary to first describe the nonlinear
relationship between the force and the deflection of the tire. Given that the total weight of the test
vehicle is approximately 89 N (20 Ibf), the force on an individual tire shgpidailly be around

22.2 N (5 Ibf). In order to ensure that the nonlinear tire stiffness is described for the entire range
of normal operation, it was assumed that the tire may experience normal force up to 250% of its
static load. To provide some additibbaffer to the 250% assumptiofigure23includes data up

to 62 N (14 Ibf).
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Figure 23: Data fromFigure 22 up to 62 N along with aBorder trendline.

Figure 23 shows the nonlinearity of the stiffness even more clearly thgaore 22, more
specificallyfor lower loadingand deflection valuesAs displayed in the legend of the plot,"a 3

order trendline was selected. The iceoof a & order polynomial was motivated by the
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nonlinearity relationship in the rigid ring model and also by applicability over the entire range of
loading fromFigure22[119, 120] Again, in the present application, the nature of the nonlinearity
is not as important as eéhfact that it present at all. The equation for the trendline is shown in

Equation(141):

O ML M p& 0 QQ o WA (141

WhereF is the force in newtons ardlis the deflection of thére of the tire in millimeters. The
coefficient of determination for the trendline in Equat{®4l) is 0.9989. This value supports the
closeness of fit observed kigure23. Equation(141) is the nonlinear stiffness relationship which

will be used in the simulations for the small scale system.

One important consideration for comparing simulated results with experimental results will be the
apparent tire stiffness. Aside froromlinearities in stiffness which may not be modeled exactly, it

is also a known property of tires to exhibit varying stiffness values depending upon loading and
operating conditions. Specifically, it has been shown that static tire stiffness tests diféptapt
stiffness values compared to vibrational stiffness tests, which in turn produce different results than

rolling stiffness testfl20-122].

Considering these variations for full scale tires, it is reasonable to expect that there may be some
discrepancies for the foam tire as well. Since the stiffnessveescarried out for a static system,

there may be discrepancies compared to the experimental system as it is excited in the vertical
direction. Based on the results of the present research, future work may involve attempting

additional testing for a rotflg tire.

The other main component of the scale vehicle we are interested in is the suspension system. As

discussed earlier in thahapter part of the motivation for choosing the test vehicle was that it had
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independent suspension systems. A close up ofeone of these suspension systems is shown in

Figure24.

Figure 24: Independent suspension system on the scaled test vehicle

Figure24 displays the independent, MacPhersaouatdipe suspensions that were important in the
selection of the test vehicle. The shock is connected from the lower control arm to a mounting
point on the body of the vehicle. Essentially, this suspension is a scale version of a typical double
aarm or daible wishbone suspension system. Given that the double wishbone is commonly used
on many passenger vehicles, the general kinematic behavior of the 1/5 scale system should be
comparable to that of a full sized vehicle. Thus, we also expect the vibrateiralidr of the

scaled system to conceptually mimic that of the full sized quarter car system. This similarity

between the systems is important for the present application to vertical vibration, but will become
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even more crucial in future work when deconglis extended to lateral and rotational degrees of

freedom as well.

The parameters of the shock are important for the modelling and experimental testing as well.
Spring rate information for the suspension system is readily available online. The stagk spri
presently in the system 199 N/m Additionally, stiffer or softer springs can be purchased for

the system which is conducive to further testing of the system. Specific data for the damper,
however, is not available online or even from the manufactiiheis, for the present, the viscous
damping ratio for the scaled system will be assumed to be similar to that for a full sized vehicle.
This assumption will be checked later against the experimental data and the model will be updated
accordingly. More sgcific data on this damping ratio will be discussed later in the section on the

small scale simulations.

The final property of the quarter car system which will be discussed in this section are the masses
associated with each part of the system. It wadiorezd earlier irthe present chaptérat the 1/5

scale of the vehicle refers to the overall dimensioning of the vehicle: height, wheelbase, track, etc.
The weight, on the other hand is not 1/5 scale. Overall weight for the test vehicle used in this study
was approximately 20 pounds. One of the independent suspensions was deconstructed to obtain
the parts necessary to build the quarter car test system. During deconstruction, each component of
the unsprung mass was weighed. Furthermore, the weight of toign@mmponents was assumed

to be split evenly between the sprung and unsprung masses. For example, half of the mass of the
shock was assumed to belong to the sprung mass and half to the unsprung mass. The total unsprung
mass for the quarter car system wlasermined to be 1.87 pounds (or 0.848 kg) from which the

sprung mass was estimated as 3.13 pounds (1.42 kg).
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Values for the sprung and unsprung masses will be especially significant in the approximation of
the damping ratio and in the simulation/expemntaétesting of the small scale quarter car system.
All parameters and values presented in this section will be used in the simulations for the small

scale system, which will be described in a later section.

4.3 Development of small scale test rig

Design of tle test support structure was heavily influenced by existing vibrational testing setups
and by the unique requirements for this research. The experiment was conduct&tibiratians,

Adaptive Structures, and Testing (VAST) Laboratorjere a flexible tdstable was already
available on site. This test table was used as the basis for the support structure and experimental

setup for the present workigure25 shows this test table.

Figure 25: Test standn VASTIaboratorywith smaltscale quarter car rig attached

126



There are steel plates with gegped holes on each surface on the stand which allow test fixtures
to be secured. Afigure 25 shows, the test stand is particularly Wwalited to mount 80/20

aluminum extrusions, which are a versatile structural component in and of themselves.

Given the preexisting compatibility with the test stand, the test structure for this experiment was
also constructed out of 80/20 extrusionse Bupport structure for the small scale quarter car

system is shown iRigure26.

Figure 26: Smaltscale est stand of 80/20 extrusions
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Aside from compatibility with the test table, this support strectwas designed with several
important experimental considerations in mind. First among these considerations is effect of the
support structure on the measured data. In particular, the structure had to be designed such that the
flexing vibration of the maisupport beams (the ones that hold the guide rails) is not at a frequency
such that it would pollute and interfere with the frequency range of interest for the small scale

guarter car system. Again, the frequencies of interest at present are approX@mateliiz.

A direct vibrational analysis of one of the main support beams was conducted to ensure that its
natural frequencies were considerably separated from the range of interest. All decisions in this
analysis were made such that a conservative estifoatthe natural frequencies was obtained.
First, it was necessary to determine if EtBarnoulli equations could be used for the beam. In

that interest, a cross section of the beam is showigure27.

Figure 27: Cross section of a 153(Lite aluminum 80/20 extrusion

The beamiLst@d5380uminum 80/ 20 extrusion (her
brevity) which indicates that the length of one side is 1.5 inches and the other is 3.0Tihehes

assumption necessary to use the EBlemoulli equations is that beam deflection is large
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compared to shear deformation. Effectively, w

of length to the cross sectional height across which it isibgn8pecifically, as long as:

o P

then the assumptions necessary to use Bdemnoulli equations hold97]. Though the main
support of the structure shown figure 26 is comprised of multiple 1530 beams, the first
conservative assumption in the calculation of frequency is that the support is actually only made

of a single beam. Given that beam is 3&his long, the assumption is met for either axis.

Properties for the 80/20 extrusions are available on the 80/20 Inc. website. Using these available
properties along with EuledBernoulli beam theory for a simply supported beam (pirpiaded
boundary conitions), the first flexible bending mode was found to be at approximately 230 Hz.
Though this number is already considerably outside of range of interest, the beam calculation was
for a single 1530 extrusion, whereas there are actually two such beamto§réuer. With the
conservative estimate of 230 Hz, the vibration of the support structure will not significantly affect
the measurements for the present experiment. As the axis over which bending was considered was
the most flexible axis of the beamswias deemed unnecessary to perform calculations across the

other axis.

In a similar manner, EuldBernoulli calculations were also performed for the guide rails and for
the road surface support beams. The first natural frequency of {inett®ng steel gide rails

was found to be approximately 390 Hz, while that of thént&-long 80/20 road surface support
beams was found to be approximately 395 Hz. Though these calculations were for simplified

scenarios, the conservative assumptions along with the $spgaration from the frequencies of
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interest indicate that the components of the test setup should not interfere with those of the quarter

car system during testing.

Another important experimental consideration for the design of the test setup wadityh¢oabi
accommodate variations in test setup height and horizontal position. As will be described in more
detail in the section on experimental application, it was necessary to have several different drive
points on the structure. Thus, the setup haddwdbr such adjustments without extreme variation

of components.

In an effort to work off of the existing test table, rectangular steel tubes were used to allow for
horizontal adjustability. Slots in the bottom of each tube were used to bolt the tdntly th the

test table. This mounting method is showirigure28.

Figure 28: Tubes were bolted to table to allow flexibility for mounting method in this particular
experiment
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Once secured to the tabkhe top of the rectangular tubes become the new mounting surface which
can be machined as desired. A slot was made lengthwise on the top surface to allow horizontal
adjustability of the froad surfaceo swmpport
experimental procedure, the assembled system will be tested with excitation to the unsprung mass
directly. Thus, the effective road surface (support platform) can be held stationary, which allows
for a normally loaded tire to be tested. The use of tl3@ £xtrusions to hold the support platform
provided a wide and stiff base on which to mount the support surface. This setup configuration is

shown below irFigure29.

Figure 29: 1530 sized extrusions suly a stiff base along with adjustability

The use of the 1530 extrusions will keep any bending vibration modes of the support structure well

outside the range of interest30 Hz. Additionally, the standard connecting pieces allow for easy
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adjustability,which will be crucial while leveling the support surface. The support surface is made
of oak plywood due to the relative stiffness and light weight. A thin steel plate is fastened to the

top of the plywood to provide a hard surface on which to rest the tir

The height adjustability of the test structure as a whole is also accomplished through the use of the
80/20 extrusions and the way in which the guide rails are moufitrde30shows a single guide

rail mount attached to thmain support beam.

Figure 30: 80/20 extrusions allow for simple height adjustability in the test setup

This height adjustability is important for the switch between testing the assembled system and the
suspension subsystem. Itialso be important during later use of the test rig for other projects

when tire or suspension systems of different sizes will be tested.

The final and most important facet of the setup which can be adjusted is the alignment of the guide
rails. As shownn Figure 30, each guide rail stop is mounted on two steel plates which can be

moved independently along the slot in the 80/20 extrusion. Through the mounting method, slight
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corrections can be made to ensure that the rails aslses as possible to parallel. In turn, this

helps to prevent additional and unnecessary friction to be introduced into the test system through
the bearings. Since the alignment of the guide rails will affect every test performed on the system,
great carevas taken to adjust the system before testing in order to achieve the lowest possible

friction.

The level of friction is also determined by the choice of bearing. For the current experimental
setup, Thomson TWNS8 linear ball bearings were used. For aedmeglring the coefficient of
friction is designed to be between 0.001 and 0.004. Even with the great care taken to ensure
alignment, the actual level of friction in the test setup will be higher for the system when two
bearings are used. In an effort tsimiize this increase of friction, mounting holes for the bearings
were made slightly larger than the bolt size. With a small amount of play at each bolt, small
variations of horizontal positioning and angular orientation could be achieved. However, as will
be discussed in the section on experimental application, the methods presentedarkti®uld

allow us to obtain frequency response data for the tire without the additional damping effects of

the bearings.

In order to have an idea of the effect @ftt friction for the twebearing setup, a simple test was
performed on the system when only the main mounting plate was attached to the bearings. The
80/20 structure which supports the guide rails was slowly lowered until the bearings and mounting

plate ust began to move. A side profile diagram of this setup is showigime31.
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Figure 31: Bearing friction test setup

In Figure31, the bearing is shown in red and the alumimplates are shown in green for visibility.

The thin aluminum plates (0.10 thickness) wer.
angle at which the bearings and plate just began to move. The slope of the main support beam was
measured to obtailhte angl e, d. Then, that angle was wus

friction.

For the mounting plate with the two bearings, the coefficient of static friction was determined to
be 0.057 while for the single bearing it was 0.01Bccording to spefications from the
manufacturer, the coefficient of friction in a single bearing should be between 0.001 and 0.004.
Even on the high end of that estimation, the friction in the test setup with two bearings is still an
order of magnitude higher. Given ththe guide rails are oriented so that the bearings translate
vertically (Figure 26) and the bearings are not supporting the weight of the system, the normal
force between the bearings and guiderails will be reduced. In turredbetion in normal force

will reduce the effective Coulombic damping, though there is still some inherent friction in the

system due to the fit of the bearings/rails.
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To summarize the design and construction of the test structure, adjustability is paraifteether

the considerations are spatially to accommodate for variations in test setup, or alignment to ensure
optimal bearing operation, most components of the test setup were designed to allow for some
level of adjustment. The importance of many offdetors has been mentioned in this section, but

will become more apparent in the discussion of the experimental procedure.

4.4 Testingconsiderations and procedures

Since the focus of the present work has shifted to the-scallk system, this section wellimarily
address testingonsiderations androcedures as they relate to that particular system. However,

there will be some discussian testing considerations for the figitale system as well.

The most important aspect of the testing for the currerdwpling process is the input force. More
specifically, the location, method of attachment, and orientation of the input will determine the
efficacy of the process as a whaoléde input must be directly to the unsprung mass in order to

obtain the data nessary for decouplinigoth the fullscale and the smadlcalequarter car systesn

For the smalkcale systemexcitation directly to the unsprung mass is accomplished through two

met hods: 1) a steel stinger at tratotheneheethut o t he
(shown previously inFigure 25 and more clearly irChapter 5 in Figure 75); or 2) a wire

attachment to the axle bolt directly in the center of the tire (show@hapter 5 in Figure83).

These two methods also demonstrate the i mport
mentioned in the previous paragraph. It is vital for the decoupling process that the method of force
input not significantly alter theythamics of the quarter car system. Thus, in the followhapter

a series of tests are detailed which were performed to ensure that neither of the attachment methods

listed cause any significant change to the dynamics of the system.
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The final aspect of #hinput force which is important to the present work is the orientation of the
input. Current experimental work is focused on only the vertical vibrations of the quarter car
system due to vertical input. Thus, the orientation of the force input is gseapified. However,
future extensions of this work could involve system response in X, y-dinelczions due to input

in each direction. For example, vibrations in théingction would be measured for input in the z
direction. Depending on time constts and equipment availability, this testing could be

accomplished through different setups.

Orientation of the force input can be simplified by conducting three separatetestsy force
inputsolelyin the x, y, and dlirections. For each of thegsalividual tests, response would also be
measured in all three directions. By limiting the force input to application along each coordinate
axis, errors due to orientation measurement can be reduced. However, these tests would require
more time to conductra may not be possible depending on the capabilities (such as placement
flexibility) of the actuation system. These difficulties can be avoided by orienting the actuation
system such that there is force input in all three directions at once. The ornrewnfatioch a
configuration would be more difficult ensure or measure, but requirements for time and actuation
flexibility are less limiting. Which option is more feasible or would produce better results will

depend on the physical setup, equipment avaigbénd time constraints for the given testing.

The last part of testing considerations which is directly applicable to both tisedl#l and small

scale quarter car systems is the necessity of being able to test at least one subsystem independently.
Results in Chapter 5 will highlight the need for weltesigned mounts for the suspension
subsystem. Specifically, to test the suspension subsystem individually, the tire needs to be replaced
by a rigid mount which will itself have frequencies outside thgeaf interest, but will allow the

suspension to move in the same way as when the tire is attadtegdatively, the tire could be
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tested independently as the Aknownodo subsyst em,

full-scale tire. Nonlinarities in the tire prevent the testing of a free standing tire from being a
possibility. For the smalicale system, this is addressed by preloading the tire using the wire
attachment and the actuator. However, for the full scale system a wire woultb lieeveeplaced

by cables, and an assembly would have to be constructed around tbheatiosv the cal#s to

attach at a single point to the actuator. Furthermore, the actuator would have to be capable of
sustaining such a preload and the strength redjafeéhe cables may be such that their weight
significantly alters the unsprung mass associated with the tire subsystem. Overall, the choice of
either tire or suspension d&ise known subsystem represestgnificant design requimeents,

especially for thdull-scale system.

With the most important testing considerations having been discussed in the preceding paragraphs,
a framework for the testing process candstablishedThis framework will be presented in
list/step format and is based on the assumgttuat 1) all relevant modelling has been completed;

and 2)the general test setup (quarter car rig, actuation system, etc.) is completed and working. The
following steps are generalized for conducting the testing necessary for decoupling any quarter car

system.

General procedures for the testing in the present work are as follows:

1. Selection and setup of actuation point on unsprung mass
a. Design of necessary compondatachmentgo actuate asaid pointwithout
altering system dynamics
2. Design of componestto test individual subsystems (ex. rigid support for suspension)

3. Preliminary testingf setup to ensure no interferervegh quarter car dynamics
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a. Testing of the rig without quarter car system attached
b. Testing with various stingers
c. Testing with multiple etuation attachments
4. Testing on assembled quarter car system
a. These tests will be carried out differently depending on the choice of orientation
for the actuation
b. Repeated tests performed for original ¢
for comparson of decoupling/recoupling
i. AiNewo refers to a quarter car Syste
suspension replaced
5. Testing on the fiknowno subsystem which cou
a. The suspension as the known subsystem requires a mouiht nighiity supports
the weight of the suspension, but allows the control arms to move as if connected
to the tire
b. The tire as the known subsystem requires some method for force loading the tire
without adding significant inertial loading (ex. the cable/veiystem described in
preceding paragraphs) possible
c. Repeated tests on the original subsyste

the tire or suspension has been replaced

Once results have been obtained for both the assembled quarter car systene andhen
individual subsystems, the next step is to actually decouple the data. Depenthiegl@rel of
success of the decoupling process, changes may need to be made to the system/test rig and the

entire process repeated. Assuming that all componewtsheen designed such that they do not
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alter the dynamics of either system, the decoupling will provide frequency response data for
whichever subsystem was not tested independently (i.e. if suspension was the known subsystem,
decoupling will provide inforration for the tire). Furthermore, the procedugegen in the
preceding list are generalized and could be applied to either thessral@llor the fulkcale quarter

car systems.

Before this experimental setimd testing procedurean be put to use, isimportant to first
simulate the smabcale system in order to have an estimate of the frequencies which should be
present during testind.hese simulations, along with the experimental results, are discussed in

detail inChapter 5.
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Chapter5 1 Resuts and Validation

The analyticamodeldevelopment of the present wovihich were discussed {Dhapter 3, must

be validated before any strong conclusions can be made. In order to validatedldets the
coupling/decoupling processes describeCGlmapter 3 will be applied to three different levels of
systems. First, purely analytical, numerically populated system models will be used to demonstrate
applicability from a high level perspective. Next, simulations with a rigid ring tire model will be
used tashow the effect of errors and the treatment of nonlinearity. Finally, the-soaddl quarter

car rig discussed i€hapter 4 will be used to demonstrate the necessary testing procedures and
the application of the analytical developments to experimental Bach of the systems and the

accompanying results will be addressed in the following sections

5.1 Analytical, numeric quarter car system

In order to further demonstrate the use of FBS coupling/decoupling with the quarter car system,
the preceding applicatiowas next taken and applied to numerically populated analytical FRFs.
There are two primary differences between the current section and the preceding section. First,
FBS techniques will now be useddecoupleFRFs in addition to coupling them. Secondhea

than the oversimplified system of Equationsil02, the numeric FRFs in this section include
damping for both the suspension and tire. Base values of parameters used for the models are shown
in Table 2. In the interest of lvity, the equations for the analytical quarter car model with

damping will not be included here.
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Table2: Parameters and values used for both analytical models and simulations

Designation
Parameter Simple Rigid Ring Value
Model Model
Sprung Mass Ms Ms 300 kg
Unsprung Mass Mus Muys 35 kg
Belt Mass Mp 7.25 kg
Suspension Stiffness Ks Ksz 20 kKN/m
Sidewall Stiffness Kt Kbz 170 KN/m
Residual Stiffness Krz
Suspension Damping Cs Csz 750 Ns/m
Sidewall Damping Ct Cobz 392 Ns/m

The parameters ihable2 were taken from measured data for a 205/60R15 radial ply tire. This is
the same tire as what is used for the simulated model discussed in the next Geetidtem of

note fromTable2 is the sidewall damping, which appears relatively high as compared to a typical
quarter car system. The high value arises from the structure of the rigid ring model and the method
by which the parameters were extracted for the tireerLiatthe present chapter, once results are

displayed for the rigid ring model, the effect of this damping value will be addressed in more detail.
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From the table, one can see that there is no belt mass or residual stiffness included in the analytical
model of this section. However, these parameters are included in the simulation model of the
following section. A number of other parameters such as longitudinal stiffness, rotational stiffness
and moments of inertia, to name a few, are also included in thiéasioms, but are not included

in Table2 due to the proprietary nature of the data. Furthermore, it is important to note that both
the residual stiffness and sidewall stiffness do not have set values for the simulation masel beca

they are treated as nonlinear parameters.

With the parameters fromable2f or t he anal yti cal Asi mpl e mode

the unsprung mass of the assembled quarter car appears as shgunaB2.
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Figure 32: Analytical FRF for unsprung mass of 2 DOF sprimgissdamper quarter car system

For reference, the FRF Bfgure32is based on the damped equivalent of Equation 10. The hatura

frequencies appear at 1.16 Hz and 11.1 Hz which are typical for a quarter car[$28&425].

Decoupling the FRFs requires knowledge of at least one of the subsystem FRFs. Since everything

in this section habeen analytically derived, we could treat either the tire or the suspension as the
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known (or Aresidual 0) subsystem. However, S
serves as the receiving end for the assembled system, it makes more segps@@ibynto maintain

the same road input for the tire subsystem. In other words, by treating the tire as the known
subsystem, the input remains the same for the assembled system and the tire subsgstem
following section will show that treating the pesmsion as the known system is the superior choice,

but it is instructional to continue with the tire for the present section.

For simplicity, it was assumed that exactly half of the unsprung mass belongs to thetjrend

half belongs to the suspeasi(musg). Conceptually, it does not matter for the present application
what the proportion of unsprung mass is for each subsystem. As long as these proportions remain
constant, the coupling and decoupling techniques will still weidure33 shows the FRF for the

tire subsystem.
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Figure 33: Analytical FRF for tire subsystem
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In the current model, the tire subsystem is simply a single DOF smidisgdamper system (recall
Figure8 with the addition of a damper). The FRAodure33appears to have too high of damping

for a typical tire. Many quarter car models neglect tire damping entirely or specify a damping ratio
of usually less than approximately §%26-129]. This high damping occurs here because of the
simplification of the current model from that used for the simulation shown in the following
section. The following section will provide more details on tr#iferences and show a more
realistic tire FRF. However, despite the difference from a typical tire FRF, the AR§uné33

provides a suitable base to demonstrate decoupling for the current application. With numeric FRFs
in hand, the tire subsystem can be decoupled from the assembled system by rearranging Equation

9 as follows:

This simple formulation clearly shows that
assembled system in the decoupling process. The resulting decoupled FRF for the unsprung mass

of the suspension subsysteshown inFigure34.
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Figure 34: Comparison of analytical and decoupled FRFs for the suspension subsystem

The FRF generated via the damped equivalent of Equation 12 matches exactly with that obtained
through decoupling. This is as expected, since the data was based on analytical equations with no
noise, nonlinearities, or errors of any kind. Results in the following section will demonstrate what

happens when errors are present in the FRFs involved detwoeipling process.

In its general shape, the FRAafure34 may appear strange at first, but it can be easily explained.

The shape of this particular FRF is caused by the large discrepancy between the two masses along
with therelative stiffness of the suspension spring. The first peak of the FRF has been pushed
below 0.1 Hz, which has caused it to not appear on the plot. If the axes were to be expanded, we
would be able to see the entirety of the first peak. However, footh@ing or decoupling process,

it is not necessarily required to have data for the entire FRF. Instead, it is only necessary over the
range of interest for coupling. In the present case, our desired range is fourkddure82 and

is approximately 0.1 30 Hz. Thus, going forward, the range of the suspension FRF shown in

Figure34is suitable for subsequent application.
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The next step is to fArecoupl ed theilablafsrthe nsi on
one 205/ 60R15 tire, so slight changes were ma
tire. Specifically, stiffness was increased and the unsprung mass associated with the tire was

decreased. A comparison of the original tire anditjiedr, stiffer tire is shown ifigure35.
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Figure 35: Comparison of original tire and lighter, stiffer tire FRFs

Notably, the frequency has shifted from 15.5 Hz up to 16.8 Hz. This change is desirdhke f
present demonstration, as it should produce a noticeably different FRF for the assembled quarter
car system. Since the response for the fnewo

compared to the original, it should be easy to determinéhwhthe recoupling was successful.

Figure36 shows a comparison of the recoupled, new analytical, and original analytical FRFs for

the assembled quarter car system.

146



-95 , ————— . ——y

Recoupled
Analytical w/ new tire
-100 Original
__-105
m
S
[0}
S 1o ¢
c
o
©
=
-115
-120
-125 : — ; —
107" 10° 10"

Frequency (Hz)

Figure 36: Comparison of FRFs for thquarter car system with the new and original tire

The results of coupling the new tire with the decoupled suspension match exactly with those
obtained for the new system analytically. Furthermore, the plot shows that the second natural
frequency has beencreased from that of the original system, from 11.1 Hz, to 11.7 Hz. This
observed change in natural frequency demonstrates one of the potential benefits of applying FBS
techniques to the tireehicle system: it is possible to observe the change irsterdled system

without having to experimentally measure, or even simulate the entire assembled system.

Since all FRFs were obtained analytically in this section, the full benefit of this technique may not
be immediately clear. The process describedigdbction allows data for the tire and suspension

to be combined from any sources. For example, FRFs for an analytical suspension model could be
coupled with experimental FRFs for a tire, or FRFs from a rboltly dynamic model for a

suspension could beogpled with those from a finite element tire model. This flexibility of
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coupling and decoupling provides a powerful tool for modelling the vibrations of theshiele

system.

5.1.1Extension to 3 DOF analytical model with belt mass included

The preceding distssion was for a 2 DOF quarter model coupled at a single SDOF. However, as
mentionedn that discussionthe damping for the tire appeared too great due to oversimplification

of the model along with the parameters obtained for the quarter car modelemithidhring tire.

While the preceding section was intentionally kept simple for demonstration purposes, it is also
useful to look at an analytical model more similar to that which will be seen when the rigid ring
tire is incorporated. In that interestetdiscussion will now be extended to a 3 DOF analytical
guarter car model, where the masses are the sprung, unsprung, and tire belt mass. This system is
shown below inFigure37. Again, there is assumed to be a force input direoctithe unsprung

mass.

Figure 37: Quarter car model with 3 DOFs where the belt mass is now included
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Even though the system Bfgure37 has three DOFs, it is still assumed to be coupled at only a
singleDOF, at the displacement of the unsprung mass. Based on that assumption, the suspension
subsystem remains the same as for the two DOF system of the previous discussion and is still
described byrigure9, with the addition of a daper.However the tire subsystems now described

asshown inFigure38.

Xus

Figure 38: New tire subsystem with belt mass included

Derivation of the equations of motion, and subsequently, the analytical gigSely follows that
for the two DOF system. Since the process for the two DOF system was described in detail, an
abbreviated discussion will be provided here. With the parameters listadlg®, the receptance

FRF for the usprung mass dfigure37is shown inFigure 39.
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Figure 39: Receptance FRF for unsprung mass of 3 DOF quarter car model

The three natural frequencieskigure39 occur at 1.17 Hz, 10.9 Hz, and 68.33 Hz respectively.
Compared withrigure 32 for the two DOF system, the first two frequencie$-igfure 39 match
closely (1.16 Hz and 11.1 Hz). The main diéieces will arise in the FRF for the tire subsystem

and in the fact that there is now a third peak, corresponding to the belt mass.

Following the process described in the previous section, we will next examine an FRF for the tire
subsystem. The system ligure 38, again with the parameters Bable2 results in an FRF for

the unsprung mass as shown in Figure.
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Figure 40: FRF for unsprung mass of tire subsystem

Natural frequenciefor the tire subsystem appear at 14.09 Hz and 71.17 Hz. The most notable
aspect oFigure40is the apparent change in damping on the first peak compared to its two DOF
counterpart inFigure 33. As mentimed previously, the parametersTiable2 were for a more
complex model, and thus, were not suitable for the simplified two DOF model. With the inclusion

of the belt mass DOF, the damping on the tire appears as normally expéactegh the rigid ring

model and the associated parameters were validated in previous work, this new apparent damping
in the analytical model gives more confidence that the simulations of the following section will

provide meaningful results.

Continuing wih the procedure of the previous section, the FRF of the tire subsy&trme@0)
was then decoupled from that of the assembled quarter car s¥ysteme89). The resulting FRF

for the suspension systamshown alongside the analytically derived FRF below in Figure.

151



-40 —————— ——————

Decoupled

-50 ¢ Original | |

-60

-70

-90

-100 |

Magnitude (dB)

-120 |

-130

-140 L S
10" 10° 10" 102
Frequency (Hz)

Figure 41 Comparison of decoupled suspension FRF with analytical

Figure4l1shows that, as was the case in the two DOF model, the FRtefeuspension obtained
through decoupling matches exactly with the analytical model. Furthermore, these FRFs match
exactly with those of the two DOF model as well, which was expected due to the fact that the
suspension subsystem was defined in the saage These results reinforce the applicability of the

FBS decoupling process to the quarter car system, even in presence of additional DOFs.

To complete the process outlined in the previ
suspension syste This new tire was made slightly lighter and stiffer in order to produce a
noticeably different FRF. For the case of this three DOF model, both the sidewall stiffness and the
residual stiffness were proportionately increased, while both the unsprungnddsst mass were

proportionately decreased. The resulting FRF is showangure42.
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Figure 42 FRF for the Anewd tire compared wi-t

In comparison to the original tire, the natural freagies have risen to 15.16 Hz and 76.51 Hz.
This new tire should also produce an FRF for the assembled system that is different enough from
the original to show that the full decouplingcoupling process is still applicable. The FRFs for

the assembled quar car system with new and original tires are showfigare43.
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An analytically derived FRF for the new quarter car systeghasvn inFigure43 alongside the

FRF obtained through recoupling the tire and suspension syskegwse(42 and Figure 41,

respectively). These FRFs match exactly, which shoatshie recoupling process works and was

carried out successfully. Additionally, the FRF from the original quarter car system is included to

show the change in frequency response that was correctly predicted through the recoupling

process. The applicatior the FBS coupling and decoupling techniques presented in this section

will be paralleled by the application to a simulated quarter car system in a later chapter.

As mentioned previously, all results in this section for coupling and decoupling were @sact d

the use of analytically derived FRFs. However, when noise or errors are present, the techniques of

this section do not provide exact results and can sometimes break down. Before applying these

techniques to experimental data, the next logical stepfisst perform them on data from a more
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complex simulated system. The following section introduces the model which was used for

simulations and then presents an application similar to that of the current section.

5.2 Simulatedquarter car systemvith rigid ring tire

The next step towards applying FBS to a physical quarter car system is to first apply the techniques
to a simulated system. For the simulations of the present section, the level of complexity of the
guarter car model was increased from that @& pimevious section. A rigid ring tire model
developed at the Center for Tire Research (CenTiRe) was used in place of thensimsdgmper

model. This model has been tested and validated in previouq 18k

Figure 44: Rigid ring model used for simulations

Figure 44 shows how the rigid ring model is incorporated into the overall quarter car model.
However, the present application oimyolves dynamics in the vertical direction for a static tire.

Thus, the model can be simplified conceptually to include only vertical elements.
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Figure 45: Rigid ring model conceptually simplified for vertical displacement only

ThoughFigure45only shows the vertical components which are relevant in the current simulation,
the full model ofFigure44 was used for simulations. Essentially, we are left with a three DOF
system whee coupling still occurs conceptually at the unsprung mass. Furthermore, in this tire
model, the sidewall stiffnesksf) and the residual stiffnesk) are not strictly linear elements. As

will be demonstrated later in this section, these nonlineawileseavily influence the decoupling

process.

As mentioned previously, simulations were carried out for a staticritmg) tire, subject to a
force input in the vertical direction. The simulations were carried out in the Matlab/Simulink
environment.Parameters for the rigid ring model are for the same tire which was used in the
previous section (a 205/60R15 radial ply tire) and so are listed th€abie2. Simulations were
carried out with both band limited noise and ssmeeep force inputs. The best FRF results were

used for each system.
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Once the necessary FRFs were obtained from the simulated data, the same process as in the
previous section was appligeigure46 shows the FRF of the unsprungsadrom the assembled

quarter car system.

-90 T T

-100 |

-110 |

-120 |

Magnitude (dB)

-130 |

-140 |

150 b—— _—
109 10"
Frequency (Hz)

Figure 46. FRF from simulated data for unsprung mass of assembled quarter car

The most noticeable difference between the simulated systdfigufe 46 and the aalytical

system ofigure32is the inclusion of the tire belt mass. Natural frequencies for the first two peaks
remain the same, with just a slight shift in magnitude. The belt mass is low relative to the other
masses and the ftiess is high. Thug;igure46 shows that vibration of the belt is separated by
about 57 Hz and the magnitude is approximately 40 dB lower. This frequency separation is typical
for rigid ring tire models, where the dominant frequay for the belt is generally in the
neighborhood of 70 H#120, 130, 131] Due to the frequency and magnitude separation, the

relative similarity toFigure32is expected.
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Based upon theonstruction of the simulation, the tire was first treated as the known subsystem.
Since the simulation was already configured for input to the tire from the road, it was more direct
to remove the suspension system from the model and maintain the sat@etipod to the tire.

Again, exactly half of the unsprung mass was assumed to belong to the tire. Simulations were then
carried out for the tire Subsystdm itself. Figure47 shows the resulting FRF for the unsprung

mass of thdire.
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Figure 47. FRF for unsprung mass of the tire Subsystem

The natural frequency is only 13.7 Hz, which is significantly lower than expected based on results
from the previous section. However, the inclusion of the belt massaninear stiffness elements

were thought to be potential sources of difference. In the interest of fully investigating the changes,
this tire FRF was decoupled from that of the assembled system in order to obtain the suspension

FRF. The results of theedoupling are displayed Figure48.
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Figure 48. Result of decoupling FRF &igure 47 from that ofFigure 46

The plotin Figure 48 is clearly different than expected. Based on the modé&ligire 44 and
Figure45, the suspensiosubsystem is still represented as befoth thie sprung mass coruted
to a portion of the unsprung mass by a spring and damper.Higusg48 should appear the same

asFigure34.

The most obvious possibility for the error is the nonlinearity in the residual angbdideffnesses
of the tire model. In an effort to support this idea, the effective residual stiffness was calculated

for the tire both as a part of the assembled quarter car system and for the tire subsystem.
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Figure 49: Residuastiffness for the assembled quarter car system and tire subaystasured over 360
seconds

At first glance, it appears th&igure 49 shows high frequency vibration over the entire range.
However, this is simply a result of te&tended time period over which the data is shdsgure

50 shows the same data for a 10 second section.
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Figure 50: Data of Figure 49 shown from the 30 to 40 second marks

Figure 50 shows the response of the quarter car system, which was subject to a sine sweep
excitation, has an average frequency of 1.6 Hz over the 10 second range. In dbetrias,
subsystem was subjected to band limited noisetinphe sine input was simulated over an
extended period of time (approximately 6 minutes) in order to more clearly see the dominant
frequencies in the system, as well as to cause more extreme changes in the residual and sidewall
stiffness.More significam changes in stiffness were desired in order to show the effects of the

nonlinearity on the decoupling process.

In Figure49, we see that the stiffness experiences variation-df.8%o in the vicinity of the largest
peak of the ssembled system. For the tire with the band limited noise input, the stiffness remains
even more linear with a maximum variation of approximately 0.25%. mibset important

takeaway of the figure comes from the difference between the average valuewoftiféiesses.
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On average, the residual stiffness of the tire as part of the assembled system is 6.2% higher than
that of the tire by itself. In addition to the residual stiffness showfigare 49, there is also
nonlinearity inthe sidewall stiffness, which could contribute to the error. These nonlinearities in
stiffness effectively cause the tire to be a different subsystem when tested by itself compared to as

part of the assembled system.

To overcome these challenges posethieynonlinear tire model, it is important to first determine

if the decoupling and recoupling procedures can handle the tire nonlinearity for a given system
load. There are two possible solutions to determine if the same techniques can still be used to
decouple the two systems: 1) a simulated load can be added to the tire subsystem without altering
inertial properties, or 2) the suspension subsystem can instead be treated as the known subsystem

since it is considered linear over the range of operation.

The ultimate goal of the current work is to validate this coupling and decoupling process by
applying it to experimental data. While adding a load to the tire subsystem would be simple to do
in simulation, the testing equipment needed to apply the load mqeslly is not currently
available in the CenTiRe lab. Thus, the procedure going forward will be to treat the suspension as

the known subsystem instead of the tire.

The choice to use the suspension as the known subsystem opens up an intriguing pessthility
demonstrates the power of frequency based substructuring and why it is particularly applicable to
the quarter car system. This possibility is to use the analytical FRF for the suspension subsystem
in place of a FRF from the simulated system. Howgelds instructional to first compare the
analytical and simulated FRFs to ensure that the simulated system behaves as expected. The

comparison of these FRFs is showrrigure51.
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Figure 51:The simula¢d FRF matches well with the analytical

The agreement between the FRFs suggests that the suspension system in the simulation matches
with the analytical model, as expected. It is, then, possible to use the analytical FRF in the
decoupling process. The réisuof the decoupling should be improved by using the analytical
model in place of the simulated, since the analytical model produces exact results with no noise or

errors.

Decoupling the analytical suspension FRKj(re51) from the simulated FRF for the assembled

system Figure46) results in an FRF for the tire subsystem under loaded condikang€52).
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Figure 52 FRF for tire subsystem, obtaindtrough decoupling

The results irfFigure52 match closely with what was expected for the tire. Comparé&igtore

47, the first natural frequency has risen from 13.7 to 14.4 Hz. This rise in frequeneypomds

to the increase in stiffness shownFigure49. We now have the FRF for the loaded tire without
having to simulate the tire under loaded conditions. As mentioned earlier, the ability to avoid

testing a loaded tire wibe important during experimental validation.

Earlier in the present chapter, it was mentioned that the damping constant sfiable2appears

high compared to what may normally be expected from a tire overall. Howegere52 shows

a peak for the tire which is clearly lightly damped. This discrepancy comes from the construction
of the rigid ring model and the particular specification of the damping constant. First, the inclusion
of belt mass and rethial stiffness makes it so that the damping ratio cannot be calculated directly
using the sidewall stiffness and damping as listethible2. Instead, the interaction between the

belt mass/residual stiffness and the unsprung fsidssvall stiffness is a more complex
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relationship which must be considered as a whole in order to have an accurate view of the overall

tire damping. This relationship brings up a second point which merits clarification: the damping
value fromTable2 is the sidewall damping. In other words, the value from the table is specifying

damping for only part of the tire, not for the tire as a whole. Thus, as mentioned in the preceding

paragraph, the interaction of the unsprung mass dhthbes must be considered together to give

an accurate view of the overall tire dampikigure52 shows a lightly damped tire, with a damping

ratio in the neighborhood of 1% (as determined through the circle fit mgapd

With decoupling having been applied successfully, we turn again to the general framework of the

previous

secti

on.

Therefor e,

t he

next

step

the results to those simulated foe thew assembled system. This comparison is showigure

53 andFigure54.
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Figure 53: Data from the simulated system matches closely with data for the coupled system
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Figure 54: Minor discrepancies between FRFsFafure 53 below 2 Hz

Aside from minor discrepancies at frequencies less than ZFigaré 54), the recoupled FRF
matches losely with the simulated quarter car system. The close agreement suggests that the FRF
obtained for the tire subsystem through decoupling accurately represents the tire dynamics within
the quarter car system. Furthermore, though the FRF for the tiréyigmplicable for the given
loading, the successful decoupling and recoupling shows that the process can handle the

nonlinearities which occur during normal operation.

5.2.1Applicability to different sprung and unsprung mass values

As mentioned previously inhis section, the decoupled FRF for the tire subsystem is only
applicable for the current sprung and unsprung mass values. If either of these values were to
change, the static deflection of the tire would change, and thusothimear nature of the tire
stiffness elements would cause the dynamics of the tire subsystem to change. Heigave49

showed that the residual stiffness only changed by 6.2% for mass change of over 300 kg. It is,
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therefore, reasonable to assume that lsaoieinges in the sprung or unsprung masses may not

significantly change the apparent stiffness of the tire.

In order to investigate whether or not these changes in stiffness may be negligible, simulations for

the assembled quarter car system werefirstcae d out f or two Anewo susp
increase in sprung mass and one with a 10% decrease in sprundf stamsld be noted that the

following section contains many figures which are very similar to each other and to those seen in
previous setions. This similarity is expected due repetition of the decoupling process for systems

with percentage variations ma3e residual stiffnesses ftire systens with 10% variations in

sprung masare shown irFigure55.
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Figure 55: Residual stiffnesses for the tire for three different sprung mass values

Though the full response for the original system is not visible in the plot, it follows a similar trend

as the other two systems. Again, the averageeviueach system is of more interest than the
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time response. The same analysis was perform
systems were simulated with a 10% increase and decrease from the original unsprufigbieass.

3 shows the average values for each system and the percent change in residual stiffness.

168



Table3: Changes in residual stiffness are shown for a 10% increase and 10% decrease for both the
sprung and unsprung masses

SinceTable 3 shows that the variations in stiffness are negligible for theesystwith altered

unsprung masses, time responses will not be displayed for these systems. On the other hand, the
percent change in stiffness for the systems with altered sprung mass is not negligible at

approximately 0.5%.

As demonstrated earlier this section, a 6.2% change in residual stiffness was enough to cause
the decoupling process to not work. Thus, question now is whether or not the small change in
stiffness caused by change in either mass is enough to similarly render the decoupling and

recoupling process ineffective.
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Figure 56 shows the analytical FRFs for both suspension subsystems with new sprung masses

compared to the original subsystem.
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Figure 56; FRFs for suspension subsystems with newrgpmasses compared to the original

These new suspension FRFs were each then recoupled with the tire subsystenkigRie 2.
Note that the FRF for the tire was obtained by decoupling the original suspension FRF from the
original assembled quarter car system. The results of the recoupling for the suspension with

increased sprung mass are showRigure57.
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Figure 57:The simulated and recoupled FRFs for increased sprung meatthThey are shown with the
original for comparison.

Though it appears that the simulated and recoupled systems match almost perfectly, it is worth

noting that there are small discrepancies below 2Ritpi(e58).
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Figure 58: A zoomed view dfigure 57 below 2 Hz. There are small discrepancies between the simulated
and recoupled FRFs

Despite the small error between the simulated and recoupled systems, asamtpatie original
system (from which the tire FRF was obtained), shows that the recoeffi@ugively describes

the change in dynamics

The coupling of the tire with the suspension with reduced sprung mass produced similar results.
Figure59 andFigure60 again show the comparison of the simulated and recoupled systems along

with the original.
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Figure 59: The simulated and recoupled FRFs for decreased sprung match well. Ehayoavn with the
original for comparison
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Figure 60: A zoomed view dfigure 59 below 2 Hz. There are small discrepancies between the simulated
and recoupled FRFs
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As with Figure 58, we see minor discrepancies between the recoupled and simulated system
receptancd-RFs inFigure60. Again, these errors are relatively small and the recoupled FRF is
able to show the shift in natural frequerayay from the original system. The fact that the process

still works for both the 10% increase and 10% decrease on sprung suggests that using the analytical
suspension model and treating it as the known subsystem is a suitable work around for an FBS
proces which is known to not work well withonlinearities. Before a strong statement can be
made about the efficacy of this process for the quarter car system, we must first determine whether

the findings for changes in sprung mass hold true for unsprungasnass|.

As shown inTable 3, similar to the new sprung mass systems, two new systems were simulated
with a 10% increase and 10% decrease of sprung mass. Since the unsprung is considerably smaller
than the sprung mass, a 10% changrresponds to a much smaller change in tire loading. That
smaller change in loading corresponds, in turn, to a less significant change in tire stiffness. With a
change of less than a tenth of a percent in either direction, along with the insensitivityts a

0.5% change caused by the sprung mass variation, it may seem at first glancenthvatribarity

can be considered negligible.

However, the nature of changing the sprung mass of this quarter car system is not the same as
changing the unsprung ass. Particularly, the sprung mass itself has no bearing on the tire
subsystem. In other words, since the tire and suspension are assumed to be coupled at the unsprung
mass, the sprung mass is not directly connected to the tire subsystem. On the oth#rehand
unsprung mass is a coupled degree of freedom and is thus preséhtsinldsystems. As addressed

in [34] uncertainty propagation is more prominent between coupled degrees of fr@ddmnit

is important to make sure that the small error from the tirelinearity does not cause issues

during the coupling process.
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It is important to note the way in which the unsprung mass of the system has been changed. In the
simulations of the fili quarter car system, the unsprung mass was increased or decreased by 10

percent of its total value. However, when translating this change to the individual subsystems, the

entire change must be accounted for by the suspension subsystem. In the intkaest, secall

that:

Where the tire is subsystem A and the suspension is subsystem B. Since we are currently working
with a simulated FRF for the tire subsystem which was obtained via decoupliggis
conceptually fked at its current value. Thus, when the unsprung mass is being increased by 10

percent, the suspension subsystem sees this increase as:
a a ™

With that changed in mind, the FRFs for the new suspension subsystenadtevitd unsprung

masses are shown kigure61.
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Figure 61 FRFs for suspension subsystems with new unsprung masses compared to the original

Following the same process as for the new sprung mass systeraRFs ofigure61 were then
recoupled with the tire subsystem FRFFifure 52. The coupling results for the system with

increased unsprung mass are showrigure62.
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Figure62:Simulated and recoupled FRFs for the system with a 10% increase on sprung mass

Again it appears that the simulated and recoupled results match well. Unlike the previous cases, it
appears that the simulated and recoupleteeys match almost exactly at low frequencies. Instead,
there is some slight variation in the neighborhood of the second natural frequency, shigurein

63.

177



Magnitude (dB)

L e e e e L
945 | Simulated | |
Recoupled
Original
95 7
-955 7
-96 7
-96.5 7
-97 L 1 L L P S S SR I TR TR S S I S S SR SR N SO T S PRSI\ U E S S T T BT SR SR S S MY |_
9 9.5 10 10.5 1" 11.5 12 12.5 13

Frequency (Hz)

Figure 63: Zoomed view of second peak fréigure 62

Compared to the slight variations showrFigure58 andFigure 60, those inFigure63 are even

less significant. The recouptinorocess has again reproduced the frequency and magnitude shift

from the original system in spite of the nlomearity error.

The recoupling of the suspension with reduced unsprung mass behaved similarly and is displayed

in Figure64.
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Figure 64: Simulated and recoupled FRFs for the system with a 10% decrease on sprung mass

Results similar to those iRigure 62 can be seen ifrigure 64. Closer inspectiomf each peak
confirms observation with the recoupled FRF matching the simulated one almost exactly at the
first and third peaks. While there are, again, very slight discrepancies in the neighborhood of the

second peak, comparable to those showkigare63.

Up to this point, it has been shown that, once a tire FRF has been obtained through decoupling, an
arbitrary new suspension subsystem can be coupled to the tire to produce reliable FRFs for the
Anewod quart er resalts weseyfandedonbe reliblieeirs spite of tire Hinparity

which is known to cause many issues with FBS. Specifically, it was found that the suspension
stiffness and damping could be altered as desired, while both sprung and unsprung mass could be
atered by + 10% without causing issues with the recoupling. In the future, further testing could

be done to determine a more exact neighborhood for mass variation where the process begins to
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break down. However, we determined that it was first necetsagtidate the preceding process

and given mass variation range experimentally.

5.2.2Smallscale simulation

Prior to experimental testing, the decoupling process was applied again to simulated systems in
order to determine the approximate range needed fangedfany aspects of these smsdiale
simulation were similar to those done for the full scale system with the rigid ring model. A more
comprehensive description of the full scale simulations can be found in the preceding sections.
Due to the similaritiesh application to the full scale model and to the sraadlle model, a briefer

discussion will be presented in this section.

The two most important factors that had to be designed the smaHlscale simulations were the
damping ratios and the nonlinestiffness of the tire. Since no data was available for these

parameters, values had to be established for the simulations.

Tire stiffness was the only one of these values which was possible to estimate outside of the
vibrational testing. Though it is prcted that vibrational tests will reveal a somewhat different
stiffness value, static tests can provide a good starting point. The specific procedure which was
applied to estimate the tire stiffness is detailed in the section on the development ofltiseaima

test setup.

Though there is a shock dynamometer available in the CenTiRe lab, the damper from the test
vehicle is too small to test. Thus, there is no direct way to obtain viscous damping values for the
tire or suspension. Instead, it was assuthatithe damping ratios for the smadlale system would

be similar to those for a full scale system. Namely, it was assumed:
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Wheragi  t he damping r at it the daamping fateo fosthedirp.dhesei o n ,
values were assumed to be typical for tires and suspensions based on several vehicle dynamics
sourceq2, 124, 132] Fromthese ratios, mass and approximate stiffness values for each system
were used to back calculate for the viscous damping coefficients. All values used for the

simulations of the sma#icale system are displayedTiable4.

Table4: Parameters for smakcale model

Parameter Designation Value
Ms 1.257 kg
Mus 0.848 kg
Ks 1119 N/m
Kt 9121 N/m
Kt See Equabn (141
Cs 17.6 Ns/m
Ct 3.51 Ns/m

Following the same structure as for the full scale simulations, the decoupling process was first
applied to analytical, linearized models wirameters froriiable4. The receptance FRF for the

unsprung mass of the assembled system is shofxigune65.
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Figure 65: Analytical FRF for unsprung mass of assembled sswlle quarter car system

There are several differencesHigure65 compared to the FRF of the full scale systerrigure
32. The general shape has been preserved, as expected, but both peaks haed iftorés Hz

and 17.25 Hz, respectively) and the overall magnitude has increased.

Again, the suspension system was considered the known, or residual, subsystem. The analytical

FRF for the unsprung mass of the srsalhle system is shown kigure66.
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Figure 66. FRF for unsprung mass of smaltale suspension subsystem

As with the assembled system, the FRF for the suspension matches closely in shape with that of
the full scale system. Then, the FRA-agfure66 was decoupled from that Bfgure65to give the

response of the linearized tire, showrFigure67.
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Figure 67: Comparison of decoupled andalytically derived FRFs for the linearized tire

Results from the decoupling match exactly with the analytically derived FRF for the linearized
tire. Instead of demonstrating recoupling with a new tire or suspension again for thecaiall

linearized modl, the process will only be conducted on the nonlinear simulated system.

The smallscale model was created in Simulink and had all of the same parameter values as the
analytical model, with the exception of the tire stiffness. Whieearized stiffnesstown inTable
4 was used byhe analytical model, the nonlinear tire stiffness is described by Equadan
Similar to the simulations with the rigid ring tire, the spsalale system was simulated hwé sine
sweep force input directly to the unsprung mass. The time response for each mass is shown in

Figure68.

184



N
w

E Sprung Mass
= -13.5 7
I}

S

©

g -14 .
o
B2
()

-14.5 : :
150 200 250
'2 T T T T

g Unsprung Mass

= =25 1

[}

IS

©

g -3 1
a

2

()]

-3.5
0 50 100 150 200 250
Time (s)

Figure 68: Time response for simulation of smadlale quarter car model with nonlineardistiffness

The plots inFigure68 show the displacements of each mass relative to an initial zero point which
corresponds to an waeflected point of the spring and tire. This behavior ensures that the tire is
being deflected taccording to the nonlinear stiffness of the system, and will thus operate about
the static deflection point. These displacement time responses were then used to obtain the
corresponding FRFs. The FRF for the unsprung mass is shdviguire69 along with that of the

analytical, linearized system.
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Figure 69: Comparison of FRFs for the unsprung mass of the simulated and analytically derived systems

The FRFs inFigure 69 match veryclosely with just small discrepancies in the neighborhood of
each peak. Conceptually, this result is as expected. Though the nonlinearity in the tire does cause
some differencg the tire operates about some static deflection point. Hramuare 68, the
minimum and maximum deflections of the tire throughout the simulation are 2.17 mm and 3.50
mm which correspond to tire stiffnesses of 8162 N/m and 9867 N/m, respectively. The average of
these two stiffnesses is 9014 N/m which isselto the estimated linearized stiffness of 9121 N/m

(about 1.2% difference).

Instead of simulating the smatale suspension subsystem by itself, the process for the full scale
system was repeated and an analytical FRF for the suspension was useithe TRRE, ofFigure
66 was decoupled from the simulated systentigiure 69. The resulting FRF for the tire with

nonlinear stiffness is shown in Figure.
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Figure 70: Decoupled FRFdr smaltscale tire with nonlinear stiffness

Again, the result oFigure 70 matches well with the linearized counterparfigure67. At this

point, the analysis for the smaitale system will deviateomewhat from that of the full scale

system. Namely, where the full scale system was recoupled with a separate tire, tiseamall

system will be the original tire recoupled with a new suspension. The motivation for this change

was the availability and ea of changing the stiffness properties of the suspension.

The manufacturers of the test vehicle sell a range of suspension springs ranging from 824 N/m to

1538 N/m. Furthermore, only two connections must be remavezptace the spring, making it

more fasible to test a range of springs. For the present work, only the stock spring and the stiffest

spring (1199 N/m and 1538 N/m, respectively) were used for testing, and thus, for the simulations.

In that interest, the analytical model for the suspensiorupdated with the new stiffness, and is

shown in Figur&0.
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Figure 71: Comparison of FRF for new, stiffer suspension subsystem with the original

One item of note for this new analytical suspension system is how the dampiregwkesinRecall

that it was assumed the damping constant was such that the damping ratio was 0.2 for the original
system. However, it is desired to model this new, stiffer suspension system in a way that is
conceptually similar to how the experimental systeill be updated. Thus, instead of also
updating the damping constant to maintain the 0.2 ratio, the constant will be kept the same as for
the original system and as shownTiable4, at a value of 17.6 Ns/m. This modelling demisis

reflected i n FiglreY. ANewo FRF of

Next, the FRF for the new suspension frieigure71 was coupled with the FRF for the nonlinear
tire from Figure 70. Additionally, the simulations were run again for the assembled ssoalé
quarter car system with the new suspension stiffness. Results from the coupling and from the

simulation of the new system are shown togethé&ignre72.
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Figure 72 Recoupled and simulated FRFs for the unsprung mass of the system with the new suspension

The recoupled FRF for the system with new suspension matches well with the FRF obtained from
a repeated simulation. Given that only the stgBef the suspension was changed, there was little

change in the loading of the tire during testing. Thus, the closeness of results is as expected.

Results fronFigure69to Figure72 will serve as a basifor the testing plan for the experimental
system. In particular, the initial range for testing will BB®MHz and the peaks of the system are
expected to be around 4.5 Hz and 17.25 Hz. Though these values provide useful initial estimates,
they are for dighly idealized model and test, and as such, it is expected that there may be some
significant variatios in the actual experimental system. Details of the experimental setup were
given in Chapter 4 i Experimental Design and Setupand results are displaydater in ths

chapter
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5.3 Experimental results

Prior to collecting the data to be used for application and validation of the decoupling techniques,
general tests were performed to validate the small scale exgmeainsystem and compare it to the
analytical model. These tests, and all subsequent tests in the experiment were carried out using the

following equipment:

i LMS Test.Lab software

1 LMS DAQ/Signal Conditioner

1 Vibration Test Systems (VTS) \WB00 electronic skker
1 APS 125 Power Amplifier

1 PCB 208A02 Load Cell

1 PCB U352C67 Accelerometers

5.3.1Preliminary Testing and Validation of Test Rig

During setup, it was determined that the bearings were causing significant damping to the system.
Thus, several preemptive actionsne taken before the first test. The system was augmented to
mount to a single bearing and the damper of the shock assembly was emptied so that most of the
damping would be due to the bearing. The damper had to be emptied instead of removed due to
the strictural support it provides to the shock assembly. Furthermore, it was decided that a step
sine input would be used in order to ensure that the highly damped modes had time to develop.
Step size and frequency range varied depending on the test and \pifldifeed as applicablé

summary of results from all of the following tests will be given at the end of the present section.
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The first preliminary test wai directly excite the sprung mass with the suspension and tire
removed from the test setup. Forsthest, the system being excited is essentially just a-mass
damper system because the sprung mass consists of the mounting plate and the bearing. An image

of the setup is shown FRigure73.

Figure 73:Setup for preliminary test with no tire or suspension attached to test rig

Some stiffness may be provided by the stinger, but the stiffness in the vertical direction should be
high enough that no peak appears for the range of interest. Thus, it is expattbe response

of the system should be relatively fleigure74 shows the measured response.
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Figure 74: Response of sprung mass for the setUgigafre 73

Figure74shows the expected, flat response of the system. This result is important because it shows
that the construction of the test rig should not interfere with the vertical dynamics of the quarter

car system over the range of interest.

The fcond preliminary test was to actuate the experimental system in the same way as for its
simulaion counterpart as discussed earlier irs tthapter(recall that the decoupling process
requires excitation directly at the unsprung mass). In order to adhisvexcitation, the stinger

was attached directly to the steel bolt which connects the tire to the wheel hub. The tire, meanwhile,
was resting on a rigid surface and supporting the entire weight of the quarter car system. This setup

is shown inFigure75.
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Figure 75:Test setup for excitation directly to unsprung mass

One concern for the setup leigure 75 was that the distance from the force input to the center of
the tire wouldcause an input moment in addition to the force. This distance does not turn out to

have a significant impact on the vertical motion as will be shown in later tests.

For the setup ofFigure 75, it was necessary to ensure that tine was not moved from its
equilibrium point during the attachment of the stinger. By exciting the tire about the static
equilibrium point, the test wildl more cl osely
Additionally, the shaker input was @teased as much as possible without sacrificing the quality

of the data. In an effort to ensure that all dynamics of the system were fully captured, the test was

run from 0.5 Hz to 60 Hz. The resulting FRF is showRigure76.
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Figure 76 Accelerance FRF for the test setup showRigure 75

At first glance, Figure 76 appears mostly as expected, with a more damped first peak and
considerably less dampedcond peak. However, closer inspection reveals that these peaks do not
occur at the expected frequencies and that there are, in fact, at least two independent peaks between
10 and 20 Hz. Based on physical observation, it appears that at least pardofiltke peak

between 10 and 20 Hz is caused by rotation of the tire and control arms, while the peak near 45
Hz could be the vibration of the tire. These physical observations will be investigated and discussed
further later in the present section. Befamgestigating these unexpected dynamics, the first

vertical mode of the system will be identified and explored.

A more in depth inspection dfigure 76 reveals a peak for both masses at 9 Hz. Though the

frequency is considerablyigher than predicted by the model, the presence of such prevalent
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dynamics which were not modeled raises the possibility that the peak at 9 Hz is indeed the first

vertical mode of the system. A zoomed view~gjure76is shown inFigure77.
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Figure 77: Zoomed view dfigure 76to show first vertical mode at 9 Hz

This peak at 9 Hz is thought to be the first vertical mode of the system due to it beiingt the
noticeable peak frofRigure76 and the fact that it has a higher magnitude for the sprung mass, as
predicted by the model. The increase over the frequency predicted by the model could be caused
by friction of the bearing doy the general construction of the system causing the full sprung mass

to not be supported by the suspension. Alternatively, the increase could have caused by a deviation
in expected spring stiffness, but static tests of the springs confirmed the marufapacified

values.

The view ofFigure 77 and the aforementioned reasoning are not sufficient evidence alone to

support the claim that the peak at 9 Hz is indeed the first vertical mode of the system. In the interest
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of furtherproving this assertion, the phase diagram for the FRHgufre 77 is shown inFigure

78.
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Figure 78. Phase diagram foFigure 77, showing a slight pree shift around 9 Hz
Figure78shows a slight shift in phase around 9 Hz. Though the shift is slight, the peak appears to

be severely damped iRigure 77 so a more gradual shift is expected. Moreover, réiative
prominence of the peaks between 10 and 20 Hz appear to be dominating the effects of the mode at
9 Hz. A close watch will be kept on this first peak during later tests, but regardless of the
discrepancy with the model, as long as all tests foitasimxcitation produce the same results then

the data accurately describes the system for the given loading condition, and should thus be

accounted for during the decoupling.

The emergence of the peaks between 10 and 20 Hz was still cause for sohuengéen due to
the significant deviation from the models. However, the second vertical mode of the system was

expected near 17 Hz so it is possible that some of these dynamics are due to that mode. Still, this
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deviation from the analytical and simulat®@ddels suggests that there were significant dynamics

in the test setup which were not included in the model. If these dynamics are due to the quarter car
system itself, whether tire or suspension, the decoupling process will encompass these effects and
still provide meaningful results. Even in the case of the dynamics being due to the test setup, as

long as they are present in the respective subsystems, the decoupled FRFs will still prove accurate.

In either case, it is necessary to first determine theecaiuhe unexpected peaks in the2lDHz

range and to determine if one of these was due to the second (expected) vertical mode of the
system. The first indication of the cause of the unexpected peaks came from visual observation
during several test runuring testing it appeared that the tire was rotating slightly for
frequencies around 14 Hin the interest of showing that this behavior is not due to the specific
tire used in these tests, the system was augmented to attach a pressurized tirein8diacheter,

shown inFigure79.
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Figure 79: 8-inch pressurized tire mounted to srasdhle suspension system

This tire is for a hand truck and, though pressurized, will still not display behaviorrdionilzat

of a passenger car tire. However, since the purpose of the tire at this stage of the testing was to
investigate the unexpected peak in frequency response, the tire was deemed acceptable. From this
point forward, the 8nch tire ofFigure79wi | I si mply be referred to as

Results from the test on the red tire are showrigare80.
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Figure 80: Accelerance FRF for the system with the red tire

Again, the first peak of the system is appearing right around 9 Hz while the second peak has
decreased to 33 Hz. Considering that the only change to the system was the tire, this result supports
the earlier assertion that the 9 Hz peak is the first @riode of the system. Additionally, some

peaks are visible around 14 Hz, which implies that those modes are not specific to the original RC
tire. Since the tire was not the source of the mode, the original system was restored in order to

further investigte the system by methodically changing aspects of the test setup.

The first change wabe replacement of the original, steel stingdre reasoning behinte stinger
replacementvas to ensure that the unexpected dynamics were not, in fact, stingercs/ngms,
two new options were used in place of the original stinger. One of these new stingers was a shorter
version of the original, while the other was of comparable length, but made from pagiie

81shows the FRFs whiatesulted from these new stingers alongside the original FRF.
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Figure 81: Unsprung mass FRFs resulting from shorter stinger and plastic stinger

FRFs for only the unsprung mass are showigare81in the interest of clarity, but similar trends

were seen for the sprung mass. There are some differences compared to the system with the
original stinger, but the modes near 14 Hz appear relatively unchanged. These results show that
the vibration near 14 Hz i®ot being caused by the stinger dynamics. A zoomed viéigafe81

is shown below ifFigure82.
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Figure 82: A zoomed view dfigure 81 between 10 angd2 Hz

This closer inspection reveals that there are actually three peaks between 10 and 20 Hz, though the
third peak is barely visible for some tests. The test with the short stinger most clearly shows this
peak around 16.5 Hz which could possibly be #mad vertical mode of the system, but is being
obscured by nowertical dynamics. As analysis of the modes betweeBQLBiz continues, this

possibility will be investigated further.

While variations were being made to the stinger, another configuratisriested in which the

point of excitation was also altered. Instead of attaching the stinger to the unsprung mass at some
point along the bolt outside of the tire, a steel wire was attached directly to the center of the wheel
hub. Then, utilizing the thrah hole in the tire from the road input tests, the wire was taken down
through a small hole in the support surface and attached to the load cell. This configuration is

shown inFigure83.
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Figure 83 A skeel wire is attached directly to the wheel hub and down to the load cell through a small
hole in the tire and support surface.

The small hole in the support surface should have-tittieo impact on the force/deflection of the
tire due to the location dhe hole, between tread elements. The resulting FRF is shdviguire

84.
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Figure 84: FRF for the wire attachment configurationifjure 83 along with that of the original syestn

Again, thereare some variatiog but the modes near 14 Hz have not disappeared. Thus, it is
concluded that the point of excitation was not causing the additional dynamics. One item of note
in Figure84 is that the second pedletween 10 and 20 Hz appears to be spread across a wider
frequency range. After repeated tests for the wire excitation, it was determined that this behavior
was not a random occurrence. Close inspection of previous tests (most notably the test fdr the shor
stinger fromFigure 82) revealed 3 separate peaks between 10 and 20 Hz: one near 13.5 Hz, a
second around 14.7 Hz, and a third around 16.5 Hzigumre84 it appears that the 16.5 Hz peak
decreased gjhtly and is now overlapping somewhat with the 14.7 Hz peak, causing a single,

broader peak in between.

Having found that the unexpected dynamics were not due to the stinger or excitation point, the
original configuration ofFigure 75 was restored, though some later tests will use the wire

attachment yet again. It was thought that the system might have been able to rotate about the z
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axis (vertical) with the single bearing, so the second bearing was then added back to the system.

A picture of this configuration is shown belowkigure85.

Figure 85: Test setup with second bearing reattached

The original test for excitation to the unsprung mass was then repeated for the skt@p wit

bearings. Results from this test are showRigure86.

204



Magnitude (dB)

Sprung Mass
Unsprung Mass

-100 b————t : e
100 10"
Frequency (Hz)

Figure 86: Accelerance FRF for test setupkigure 85

Though the replacement of the second bearing did have steug tfe modes still appear around

14 Hz. This result suggests that the mode is not caused by rotation of the mounting plate around
the vertical axis. Also, as a result of the increased damping, the first peak of the system that was
seen around 9 Hz preusly is no longer visible, which justifies the original switch telzedring

system.

The guide rails and the (road surface) tire support platform are the only remaining components of
the test setup which are not also a part of the quarter car systémofBbose components are

very stiff and have a first natural frequency well over that of the measured data (270 Hz or greater
as a conservative estimate from Euler Bernouli beam theory), which is supported by tlse result
displayed earlier ifrigure74. Thus, the vibration must be due to somenodeled dynamics of

the quarter car system.
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Given that the system was only modeled in the vertical direction, the primary suspect for the
vibration around 14 Hz is the control arm assemBly mentioned earlier, since this vibration is

due to some component of the quarter car system, the FRF obtained for the original system with
one bearingKigure75) does indeed describe the dynamics for this quarter car systamever,

before returning to the original system with a single bearing, further tests were conducted on the
two-bearing system in order to better understand the dynamics which are causing these extra

modes.

The following analysis focuses primarily on matiof the control arms of the suspension in an
effort to verify that the mode in question originates there. The first such test was for both
accelerometers on the sprung mass side of the lower control arm. Accelerometers were oriented to
collect data in the-direction (vertical) from the left and right sides of the control arm mount. This

accelerometer placement is showrkrigure87.
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Figure 87: Accelerometer placement on the lower control arm in thBoatdirection

The motivation behind the accelerometer placemehtgare87 is to determine whether there is
any sort of flexing or rotation of the control arms near 14 Hz. If there is flexing or rotation about
the yaxis (lateal), then the accelerometers in the above orientation should have some significant

deviation in phase. This plot is shownFigure88.
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Figure 88: Phase plot for accelerometershigure 87

Both accelerometers, and thus both sides of the lower control arm near the suspension are in phase
with each other for almost the entire frequency range. Similar behavior was demonstrated for the
upper control arm and, furthermore, the phdseshe upper control match as well with those of

the lower. Therefore, it can be assumed that there is no rotation or flexing of the control arms about
the yaxis, near the sprung mass, around 14 Hz. The test indinection was repeated for each

contol arm, except with accelerometers near to the wheel hub. The phase of the accelerometers

on the lower control arm is shownkiigure89.
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Figure 89: Phase plot for accelerometers on lower control amaeated near the wheel, and oriented in
the zdirection

Again, the two sides of the control arm are in phase for most of the frequency range and the same
behavior is seen for the upper control arm. After 14 Hz, there is some slight deviation in phase,
which could indicate some flexing of the control arms or wheel hub assembly between 10 and 20
Hz. This separation, though slight, partially explains the behavior of the system. Since the
suspension cannot translate longitudinally (along thé@ection), if thetire rolls at all, there will

be some slight rotation of the wheel hub and an accompanying flexing of the control arms.

Furthermore, this behavior could be caused by the construction of the lower control arm. As can
be seen in a number of the imagesudeld of the test setup, the shock assembly connects to the
lower control arm at an offenter point. Thus, as the system vibrates there-eofer loading by

the suspension which, in turn, could be causing the rotational behavior between 10 and 20 Hz.
Another point ofFigure88 andFigure89 which could be caused by this @énter connection is

the behavior near 45 Hz. For locations close to the sprung mass, there is some phase deviation
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between thewo sides of the control arm. In contrast, for locations near the wheel hub, the two
sides are perfectly in phase. This discrepancy indicates that there is some flexing occurring in the

control arms near 45 Hz, which will be investigated later in the presetion.

The next setup consisted of one accelerometer on the lower control arm and one on the upper, both

oriented in the sdirection.Figure90 shows this configuration.

Figure 90: Testing configurabn for one accelerometer on each control arm in tukr&ction

Tests for the configuration ¢figure90 will show if the system is rotating about thewis, or if
the control arms are flexing in thedirection at points neah¢ sprung mass. The phase plot for

Figure90is shown inFigure91l.
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Figure 91:Phase plot for the accelerometer placemerfigfire 90

Due to the mesayature ofFigure91, repeated tests were conducted to ensure that the results were
not due to random error. The plot shows that the control arms are moving out of phase with each
other in the xdirection over most of thisequencyrange of interest. Accelerometers were kept in

the same configuration, but moved to location directly beside the whedtigube92 shows the

corresponding phase plot.
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Figure 92: Phase plot for one aelerometer on each control arm, near the wheel hub, in-thieegtion

In contrast td=igure 91, the upper and lower control arms are in phase with each other over most
of the range ofFigure 92, with the exception of 280 Hz. Again, this discrepancy between
locations near the sprung mass and locations near the wheel hub suggests that there is some flexing

of the control arms occurring.

TogetherFigure88throughFigure92 give a good indication of the overall behavior of the system,
particularly in the neighborhood of 14 Hz. Through the preceding analysis, it is concluded that the
dynamics which cause the peaks around 14 Hz arise from the propettiesoftrol arms. Future

work may include design and fabrication of new, metal control arms which are less flexible. For
the present work, since the dynamics arise from the quarter car system, the FRFs presented thus
far should accurately represent thepesimental setup and will be present in the suspension

subsystem. Therefore, whether the suspension subsystem is tested experimentally, or FRFs are
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obtained for it through decoupling, it is expected that these dynamics between 10 and #0 Hz wi

be present.

The final aspect of the test system which must be investigated before discussion turns to
decoupling, is the peak around 45 Hz. As mentioned previously, this peak is assumed to be the
second (expected) vertical mode of the system, the one caused lffrtbessdf the tire. However,
45 Hz is considerably higher than predicted by the model based on the static stiffness of the tire.
Moreover,Figure81 andFigure84 suggest that there may be more thanmoee present in the

system around 45 Hz.

As mentioned previously, the first vertical mode was also observed to be higher than expected,
which raised the possibility that the full sprung mass is not being supported on the system. In turn,
the tire would als be less loaded than expected, but this change in loading would not cause the
frequency to shift so dramatically (from 17 Hz to 45 Hz). Instead, it appears that the 17 Hz
frequency is either being damped out completely or dominated by the other moaeslat dir,

while the 45 Hz frequency is arising from a different stiffness element in the tire, namely the plastic
rim. An attempt to validate this assumptmyuldbe made by deconstructing a tire and testing the
stiffness of the rimwhich may be done aspart of future work. However, for the present wark,

test will be performed on the tire alone to confirm that the dynamics are not arising from some

other behavior of the suspension control arms.

Recall from the section about the full scale simulatieadier in the current chaptethat the
decision to treat the suspension as the known subsystem was based on the nonlinearity in the tire.
On the other hand, the nonlinearity in the srsallle tire is much less severe. Thus, testing the

smallscale tireby itself should still yield meaningful results, the significance of which will
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become more apparent during the following section on decoupling of experimental data. For the
present discussion, the testing of the tire by itself should confirm the expetiador around 45

50 Hz.

In order to test the tire by itself, the wire excitation shown earliErgare83 was utilized again.

Figure93 shows the setup for testing the tgitself with the wire atichment.

Figure 93: Tire subsystem being excited using the wire setup

As with the previous tests using the wire setup, the wire was connected from the load cell to the
axle bolt by passing through the hole in the support sugadghe hole between tread elements
of the tire. After connecting the wire to the bolt, the support surface was raised until there was

tension in the wire. The resulting FRF is showfigure94.
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Figure 94: FRF resulting from the test on the setupg-mfure 93

Figure94 clearly shows the peak for the tire at 47.3 Hz which confirms the assertion that at least
some of the dynamics around 45 Hz for theagded system are being caused by the tire. Another
important aspect ofFigure 94 is the complete absence of any peak around 17 Hz. The tire is
effectively functioning as a single DOF, sprintgassdamper system as expected, witte t
exception that the effective stiffness during vibration is considerably higher than that predicted by

the static tests described@mapter 417 Experimental Design and Setup

In an effort to more fully descriltée behavior of the assembled quarter car system around 45 Hz,
the tire was removed and the suspension was tested by itself. A picture of this setup is shown in

Figure95.
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Figure 95: Test configurationdr the suspension subsystem by itself

As shown inFigure 95, the actuation point and excitement method were kept the same. The

resulting FRFs are shown igure96.
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Figure 96. FRFs for the sprung and unsprung massdsigidire 95

As anticipated, there are some dynamics of the system still causing peaks right around 45 Hz.
Based upon physical observation during testing of the setijigafe 95, it appeared that the
vibration around 45 Hz was caused by flexing of the lower control arm about the point at which
the shock assembly connects. Since this behavior could not be captured on camera, a diagram of

the observed behavior is st in Figure97.
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Figure 97: Diagram of observed behavior during the test for the setiigofre 95

In an effort to validate the behavior seeffrigure97, a test of the configuration &igure95was
repeated with accelerometers placed at the suspension connection point and the wheel hub
connection point, oriented in thedrection. As the range of interest was around 45thiz test

was only conducted from 280 Hz instead of the full 0:60 Hz range of previous tests. The

resulting FRFs are shown gure98.
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Figure 98: FRFs for the suspension connection point and Whgle connection point dfigure 97

Based on the observed behavior demonstratejure97, it is expected that the two points should
have very similar FRFs with the wheel hub connection point demonstrating a higher magnitude.
Figure98 confirms the expected behavior and also clearly shones peaks at 52 Hz and 57 Hz.
Together,Figure 94 and Figure 98 show that the behavior of the assembled quarter car system

around 45 Hz is due to a combination of tire and control arm dynamics.

5.3.1.1 Summary of Preliminary Tests

All tests in the preceding section were conducteatder to describe and validate the behavior of
the smallscale quarter car rig. First, the mounting plate of the test rig was excited directly, without
the control arms or tire attached. The results of this first Eeguile 74) show a relatively flat
response of the system, which indicates that natural frequencies of the test rig itself will not

interfere with the data collected during other tests.
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When the results of initial testBigure76) showed ginificantly different FRFs than expected for

the smallscale system, further tests were conducted to investigate and describe these unexpected
dynamics. Through a series of tests, it was found that the unexpected vibration between 10 and 20
Hz was not cawedd by the specific tirdqgure80), by the stingerKigure81), or by the location of

the point of excitationKigure 84). Furthermore, the dynamics between 10 and 20 Hz wdire st
present when a second bearing was added back to the sifgeme 86), which shows that the
behavior was not caused by rotation about the guide rail of the $iegteng system. More
exhaustive tests on the systdfigure87 throughFigure92, showed that this unexpected behavior

was due to flexing and rotating of the control arms.

The initial tests ofFigure76 also showed a significantly higheefijuency than expected for the
second vertical mode of the system. A test of the tire by itSgjtife 94) confirmed that at least

part of behavior around 45 Hz was due to the tire stiffness, which implies a significantly higher
stiffness for the tire than was predicted by the static testhapter 4. In contrast to the behavior

during static tests, the primary stiffness of the element of the tire during vibrational testing is the
plastic rim, thus yielding higher than expecteatunal frequencies. Independent testing of the
suspension subsystem showed that some of the dynamics around 45 Hz were also due to flexing

of the control armsKijgure9571 Figure98).

Though there are dwamics present in the test righich were not modeled, the decoupling
procedurewill still work and will, in fact, encompass this unexpected behavibe preceding
discussion has been focused on describing or confirming the observed behavior of theauarter
system. Now that the behavior has been fully investigated, the focus will be shifted to application

of coupling/decoupling techniques to the experimental data.
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5.3.2Experimental Application of Decoupling

With the behavior of the smadicale quarter car s¢ggn having been fully investigated in the
preceding section, decoupling techniques can now be applied to the acquired data. Results from
simulations showed that, for a fidtale system at least, it would be better to treat the suspension

as the known sulgstem due to testing limitations and significant nonlinearity in the tire. However,

it was found that the smadicale tire did not exhibit the same degree of nonlinearity and, in fact,
was just as easy to measure independently as the suspension. Gieenlisbeseries, the
coupling/decoupling in this section will be applied two distinct scenarios: 1) decoupling the
suspension subsystem from the assembled system, and 2) decoupling the tire subsystem from the

assembled system.

By applying the technique fromnoth directions, a comparison can be made to determine if the

results match with each other and which, if either, was a more effective choice.

5.3.2.1 Suspension as Known Subsystem

Since the original plan, based off of simulation results, was to treat the sospasnshe known
subsystem, those results will be discussed first. The test sekiguoé 75 was restored, where

the system was mounted to one bearing and the stinger was connectgdtditbetaxle bolt. The

fi's hor t etingér discussed In the previous section was used in place of the original and the
suspension stiffness was kept at the stock value of 1199 N/m. Additionally, these tests were run

with a step sine input from 0&0 Hz with a 0.1 Hz step. Resulting FRFs sttewn inFigure99.
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Figure 99: FRFs for smaklscale quarter car system with stock spring

FRFs inFigure99 appear as typical for the system based upon the results of theugregiion.
Maintaining everything else in the test setup, the suspension spring was replaced with one of higher

stiffness, 1538 N/m. Tests were repeated and resulting FRFs are shegurei00.
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Figure 100 FRFs for smallscale quarter car system with suspension stiffness increased

In bothFigure99 andFigure 100, the first vertical peak is not very visible so a direct comparison

of the unsprung masd each system is shown kigure101to highlight the differences.
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Figure 101 Comparison of unsprung masses for suspension with stock spring and with a stiffer spring

Over most of the range &igure101l, the two systems match very closely, with the exception of

the 1020 Hz range. A closer view of this range is showRigure102
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Figure 102 Zoomed view dfigure 101in the neighborhood of 3P0 Hz

Since it was determined in the previous section that the peaks between 10 and 20 Hz were due to
interaction between the suspension and control arms, the change in this range wasl.expect
However Figurel0landFigurel02offer some initial motivation for treating the tire as the known
subsystem and testing with two different tires. Though the FRFs for the two systems do differ
betwea 10 and 20 Hz, the change in frequency of the peaks is not as significant as could be desired
for demonstrating change within the systems. This subject will be addressed later in the present
section when the suspension FRFs are being decoupled fronsé¢neded system FRFs Bigure

101

Next, the tire was removed and the suspension was tested by itself. This setup was already used in
the previous section to demonstrate the flexing of the control arms around 45 Hz. The cafigurat
from this stage of testing was identical to that used previously and is thus still descritbgdrby

95. For decoupling, the datasets for the assembled system and the suspension subsystem must be
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the same size. In that inést the same test parameters were used: step sif@f) Bibrange, 0.1

Hz step size. The resulting FRFs for the suspension subsystem are siiogured 03
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Figure 103 Sprung and unsprung mass respemfor the suspension subsystem

As seen in the previous section, the peak caused by the flexing of the lower control arm is again
present inFigure 103 One important aspect of the FRF for the unsprung mass is the response
betweenl10 and 20 Hz. There appears to be a section ofrestnances in the suspension
subsystem, corresponding with the peaks in the assembled system. Though the data for the
simulated systems appeared very different than what is showigume 103 a similar trend

between the assembled system and suspension subsystem was observed. If these dynamics have
been fully captured, then the peaks between 10 and 20 Hz should be completely removed from the

assembled system during decouplimg@ving only the single, higher peak we expect for the tire.
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Following the same procedure as for the simulated data, the FRF for the unsprung mass of the
suspension subsystefidure103) was decoupled from that of the assemblesdiesy Eigure99).
The process was first performed for the suspension system with the stock spring and the resulting

tire FRF is shown ifrigure104.
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Figure 104 Tire FRF obtaird through decoupling

Two aspects ofFigure104 stand out: 1) there are still peaks present between 10 and 20 Hz when
they were not expected, and 2) the expected peak for the tire is present near 50 Hz. Before
discussing these twooints, the decoupling process will be repeated for the suspension with the
stiffer spring. The results of that decoupling are showngare105 along with the FRF dfigure

104 and the FRF for there when it was tested by itseFigure94)
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Figure 105 AiStock Springd and AStiff Springd refer to
the tire FRF through de cFovhighiwasmlgainedffoEtkeire difedtly e 6 r e f
through testing

The tire subsystem FRFs obtained through decoupling with the stock suspension and the stiff
suspension match well across the entire randgeguire 105 Furthermore, thesgecoupled FRFs

predict the frequency of the tire to within 4.1% of the experimentally obtained tire FRF (49.3 Hz
compared to 47.3 Hz respectively. Nonetheless, both decoupled FRFs still contain peaks between

10 and 20 Hz.

As discussed in the previous sens, these peaks between 10 and 20 Hz are cause by the dynamics
of the suspension control arms. Conceptually, these should have been decoupled completely from
the FRF for the assembled line and the two decoupled FRFs should have a constant slope for that
frequency range, similar to that of the experimental tire. The fact that these dynamics are still
present in the decoupled FRF for the tire subsystem indicates that the suspension subsystem

dynamics were not perfectly captured during testing.
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The primary ause for the discrepancy betwéka expecteduspension behavior atite observed
behavior during experimentatidies in how the system was supported. As part of the assembled
system, the entire weight of the suspension was supported by the tire, lvehdéinger was
connected in such a way as to not bear any weight of the system (see previous sections for more
complete details). In contrast, when the suspension subsystem was tested by itself, &ggeen in

95, the entire wight of the suspension system was supported on the stinger. In turn, it appears that
the stinger introduced some additional stiffness into the system and reduced some of the rotating

or flexing behavior which was seen for the assembled system.

Since the adiitional stiffness of the stinger prevented some amount of the rotation and flexing,
these dynamics were not completely removed when the suspension was decoupled from the
assembled system. Thus, both decoupled FRFs for the Eigure105still contain some effects

of the suspension dynamics. An ideal solution to this testing difficulty would be to fix the shaker
overtop of the test system and have a wire connection come down from the shaker to the mounting
point on the susper®i subsystem. With the wire connection, the additional stiffness against
rotation or flexing would be minimized and the suspension subsystem would be allowed to more
truly act as the completely independent subsystem should. Unfortunately, the capabitiies
current test setup do not allow for such a configuration, though, this option will be considered for

future work.

In the meantime, it is possible to approximate this free behavior of the suspension through other
means. One such configuration is ipgort the weight of the sprung mass on a compression spring
and excite the system with the wire. The motivation behind said configuration is to allow the

system more freedom to flex and rotate, while simultaneously keeping the addition to system
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relatively simple. If the compression spring does not add too significartfeplane dynamics,

modelling of the addition to the system is straightforward.

The spring does, in fact, introduce significant out of plane dynamics which render the simple model
uselessas the following analysis will demonstrate. A setup was constructed as described in the

preceding paragraph and the results for the unsprung mass are stiagured 06.
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Figure 106. FRF for unsprung mss of suspension subsystem excited by wire attachment and supported
by a single compression spring

Compared tdrigure 103 the FRF offFigure 106 has at least two new peaks around 10 Hz in
addition to the45 Hz peak being pushed outside the range of the test (greater than 60 Hz). The
next step in the current process is to decouple an analytical model for the compression spring from
the FRF ofFigure 106. If the spring were to onlgignificantly affect the system in the vertical

direction, as assumed previously, then the analytical model for the compression spring is simply a
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springmass model. In the interest of brevity, the FRF for the spriags model will not be shown

here.

Temporarily continuing with the assumption that the spmmgss model for vibration in the
vertical direction is correct, the FRF for the model was decoupled from the experimental data of

Figurel06. The resulting FRF for the suspamrssubsystem is shown Figure107.
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Figure 107 FRF for suspension subsystem after decoupling spriags model for compression spring.
Further results will show that this FRF does not accurately desthe suspension subsystem.

Though the prominence of the first peak is reduced, the FRF for the suspension subsystem still
does not appear as expected. However, the true test will be in the form of the tire FRF once that of
Figure107is decoupled from that of the assembled system. This tire subsystem FRF is shown in
Figure108in comparison with the decoupled FRF fréigure104and the one obtained through

testing of the tiralone.
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Figure 108 Result of decouplingigure 107 from the assembled system, compared to resultsRigane
104 and for the tire by itselfHigure 95)

A comparison of the various results fiigure 108 shows that the decoupling with the FRF of
Figure 107 provides even worse results than when the suspension was supported directly on the
stinger. Thus,tiis concluded that the compression spring does induce significantentical
dynamics into the system when it is used to support the suspension system. In turn, these dynamics
would need to be modeled analytically or obtained experimentally in orfldhtdecouple from

test data.

The preceding discussion highlights the difficulty of using the suspension as the known subsystem
for the current smakcale quarter car rig. Due to the dynamics introduced into the system through
the rotating/flexing of theontrol arms, great care would need to be taken in the design of the
support structure for the suspension subsystem. The support structure must be such that it either:

A) does not interfere significantly with the suspension dynamics over the rangerestinte B)
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can be modelled well enough to fully decouple the dynamics of the support structure from those

of the suspension.

For the smalkcale system, it has already been shown that the tire subsystem can be tested by itself.
Furthermore, testing therd subsystem alone does not require any additional support elements to
be added to the system. Thus, the following section will repeat the decoupling process in a similar

manner to the present section, with the exception of the tire being treated asthesibsystem.

5.3.2.2 Tire as Known Subsystem

As mentioned previously, for this smaltale quarter car system, testing the tire by itself does not
require the use of any additional support elements. The preceding section showed the difficulties
which quickly arse when support elements must be accounted for, either analytically or
experimentally, in the decoupling process. By choosing the stallk tire as the known
subsystem, any added dynamics caused by support elements are avoided and, as a result, an

additional level of uncertainty is removed from the process.

In order to remove any discrepancies that could be caused by the choice of stinger, the
configuration ofFigure83 was restored, wherein the steel wire which was used tcedkeittire
subsystem was again used to excite the entire quarter car system. Instead of testing$lcalsmall
system with the same tire and varying suspension stiffness, the stock suspension was maintained
and a second, softer tire was tested. Resultth®bunsprung mass of each system are shown in

Figure109
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Figure 109 Comparison of unsprung mass response for quarter car system with original tire and with
softer tire

The response of the two systemsvery similar over the entire range with a slight change in
magnitude and lower natural frequency, both of which correspond to a decrease in effective
stiffness of the tire. The test configuration Figure 93 was restored andach tire was tested

individually. FRFs for each tire are shownFigure110.
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Figure 110 Comparison of FRFs for the original tire and the new, softer tire

A trend similar to that ifrigure109is also present irigurel1l0. As expected, t he
a lower natural frequency than the original, 39.8 Hz compared to the original 47.3 Hz. Aside from
confirming the assertion that the new tire is eofhan the originaliigure 109 and Figure 110

show that the decoupling based on a change of tire will provide more clear results than for the
change of suspension shown in the previous section. Spdgifihe two suspension subsystems

in the previous sectionF{gure 101) had very similar responses due to the most prominent
dynamics arising from the control arms. In contr&stjure 110 shows a cleachange in the
subsystem dynamics between the two tires. In turn, it will be easier to determine success for

decoupling and subsequent recoupling for the change of tire.

Treating the tire as the known subsystem, the FRF for the original Ergurel110was decoupled
from the corresponding assembled system FRFguare109. The resulting suspension subsystem

FRF is shown irFigurell1l
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Figure 111 Susgnsion subsystem FRF obtained via decoupling

One item of note abowigurel11lis that the FRF is distinctly different than those which were
obtained experimentally and displayed in the previous section. However, considerihg tirat
FRFs looked as expectedrigure110, more confidence is placed in the resultBigirel11than

in the previous results.

The most important result, though, will be how well the recouplingimeatwith the experimental
results for the assembled quarter car system with the softiter€109). In that interest, the soft

tire subsystem ofigure 110 was coupled with the suspension subsysténfrigure 111 A
comparison of this recoupling to the experimental data for the assembled system with the soft tire

is shown inFigure112
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Figure 112 Comparison of FRFs for th@ssembled quarter car system obtained experimentally and
through coupling

Figure 112 shows a strong correlation between the experimental and recoupled results for the
guarter car system with the soft tire. There are some snsaliepiancies in the locations of the

peaks which will be explored through the following figures.
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Figure 113 Zoomed view dFigure 112between 5 Hz and 25 Hz

Though the magnitude is sligitoff, the frequencies of the first two peaksHigure 113 have

been predicted closely at 13.5 Hz and 14.4 Hz. Additionally, theresdinance between the two
peaks was predicted correctly at 14 Hz. However, the third peakiigedicted by the coupling,

at 16.7 Hz compared to 15.6 Hz (a 6.6% difference). Before an overall assessment of the coupling

can be given, the neighborhood around 45 Hz must be inspEgace114 shows this range.

238



20— T T 7 T T

15

-
o
T

Magnitude (dB)
(&)

Experimental
Recoupled

_5 L L L " 1 L L " L L s L L s 1 L " L L | S T SR S E S S S
30 35 40 45 50 55 60

Frequency (Hz)

Figure 114 Zoomed view dFigure 112between 30 Hz and 60 Hz

Again, there is some discrepancy between the experimental and coupled FRFs, but the major
frequencies are predicted well overall. garticular, the frequency of the highest peak of the

system, that corresponding to the stiffness of the tire, is predicted to within 1.3% of the measured
value (47.7 Hz predicted, 48.3 Hz measured). Moreover, the magnitude of this highest peak is

predictedexactly at 16.43 dB.

There is a somewhat higher discrepancy between the coupled and experimental FRFs6fdom 55
Hz. As discussed in previous sections, the peaks in this region are caused by bending modes of the
plastic control arms. Much more in depthktieg or modelling of the suspension subsystem would

be required to fully describe the behavior, and thus the accuracy of the coupling, ir6théls5

frequency ranger-or the present work, the result of the coupling showRigure114 providesa
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good approximatiofior the first dominant peaks in the-80 Hz range while the discrepancies

between 55 and 60 Hz occur around 5 dB less than the dominant peak of the system.

Overall, Figure 112 throughFigure 114 demonstrate the success of the recoupling process. By
using the suspension subsystem FRFigfire111, which was itself obtained through decoupling,

and coupling that with the FRF for the soft tieeclose approximation of the corresponding
experimental system was obtained. The maximum offset between the natural frequencies predicted
by the coupling and those observed experimentally was 6.6%. This close agreement between the
predicted and observedluas provides confidence in application of the methods developed in this

work.

Further, the successful application of these methods to the experimental quarter car system
highlights the importance of the present work. First, the successful applicatiosthladine novel
experimental setup developed specifically for this research meets the particular testing
requirements. Second, it demonstrates the power of the techniques presented in this work in
regards to the ability to speed up the design and evatuatiocesses. Specifically, for the
frequency resolution and rangekifjure112, the experimental FRF took more than half an hour

to obtain via testing. In contrast, once the necessary subsystem FRFs were obtained, the

Ar e c oou pFl RéAdurefl2was obtained in a matter of seconds.

By demonstrating a successful application of the coupling methods presented in this work to an
experimental smalcale quarter car system, the preceding discussion shewaghpotential for
improving and shortening the tire design proc&s individual successes with the experimental
data and simulated data ogeine door for the possibility of combining the two. As was discussed

in Chapter 2, part of what makes FBS dua powerful technique is the ability to couple data from
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different sources together (i.e. simulated/modeled and experiméitiad)ability will allow for

high fidelity tire models (for a full scale vehicle) to later be couple with experimental datat In t
interest, thenext steps of this research would be to expand upon the analytical models and scale
up the experimental procedures for a full sized quarter car system. These and other developments

will be discussed iChapter 61 Conclusions andFuture Work.
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Chapter6 i Conclusionsaand Future Work

6.1 Conclusions

The primary goal of this research was to develop an appropriate method to apply Frequency Based
Substructuring (FBS) techniques to a quarter car system in order to improve and shorten the tire
desgn process. Application of FBS techniques to the quarter car system-isvi@ndue to the
significant nonlinearities of the tire and specific experimental design required to obtain the

necessary data.

To achieve the stated objective, a thorough liteeareview of the most up to date advancements
on both theoretical and experimental FBS techniques was conducted. Methods were then
developed to apply these techniques to varying levels of quarter car models as well as to
experimental data. Several levelsanalytical quartecar models were discussed in Chapter 3.
Namely these models are: 1) a base level model using equations of motion (EOM); 2) a generalized

model coupled at a single point; and 3) a generalized model coupled at three points.
Decouplingwith each of these models brings its own contributions and benefits:

1. The decoupling of the model with the EOMs served both as a proof of the decoupling
concept, a simple demonstration of advanced techniques, and a potential source of
validation.

2. The genealized model coupled at a single point serves as the simplest model which could
actually be applied to experimental results. It allows for decoupling the FRFs of the tire

and suspension assuming a single connection at the center of the tire.
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3. The generalied model coupled at three points is the most complete of the three current
models. Instead of assuming coupling at a single point in the center of the bolt pattern, this
model assumes coupling at three points along the circumference of the circle
circumscibing the bolt positions. This use of three coupling points allows for a more
complex model without using five points (the number of bolts), but still accounts for
potential coupling applications in future work. Using translations at the three pointg, alon
with dimensional spacing information, rotations and moments present in coupling can be

accounted for in addition to the translations and forces.

Due to experimental limitations, the only model which could be fully validated was the generalized
model coufed at a single point. In order to validate that generalized model, more complex
analytical models, with damping included, were developed and numerically populated. Then,
simulations were conducted with a nonlinear rigid ring tire model and the decopioess was
applied assuming the generalized coupling model at a single point. These results highlighted the
development of a testing procedure which will allow the process to work, despite significant

nonlinearities in the tire.

The intention was to valate the process developed with the rigid ring tire model on thedalé
quarter car test rig in the Center for Tire Research (CenTiRe). After much experimental planning
and design work on the rig, that test plan had to be suspended due to issues twilirahlic
actuation system. Instead, a novel smallle quarter car test rig was developed in order to validate
the processes on experimental data. This ssealke test rig had some differences from the full
scale system, but was specifically designedneet the unique testing requirements for this
research. Through this testing, it was discovered that the process which was developed for the full

scale quarter system was not the most effective process for thessalalbystem. Instead, a new
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processwas developed for the smaitale system in which the tire was treated as the known
subsystem and tested independently. This process proved to be effective, both for decoupling the
tire from the assembled quarter car system and for recoupling a newdbtaio an FRF for a
different assembled system. The recoupled system was compared to experimental data for the same

system and was shown to accurately predict the quarter car dynamics.

The success with the smaltale system provides a baseline approachapplying the same
process to a fulscale quarter car system. Though there are significant differences between the
dynamics of the two systems, the testing on the ssgalke system provides insight into the work
which must be done when switching to lfstale. As mentioned in previous chapters, the
nonlinearity in the stiffness of a typical radial tire limits the possibility of testing the tire subsystem
independently. Thus, one of the most important findings (in terms of scaling up) from the present
work, is the necessity of a wedlesigned suspension support for testing the suspension subsystem.
Furthermore, the testing approach used in this work is sho@inapter 4in a generalized manner

that is applicable to both full and smatlale quarter caystems.

Finally, by successfully applying the techniques developed in this research to the experimental
guarter car systenthe results of this work hawbe potential to improve the tire design process

and shorten design times.

6.2 Future Work

There are seval improvements and extensions of the present research which shoattslziered

for any future work.

In regards to the small scadetup, the sprung mass should be increased in order to reduce the

effective damping ratio of the system and make the edfetbe vertical vibration more prominent
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in the system response. In order to accomplish this increase in sprung mass, the plastic components
of the small scale system should be replaced with geometrically similar, metal components. The
replacement of thplastic componentwill also eliminate the effect of the flexing of the control

arms. Furthermore, detailed CAD or miibdy models should eveloped and validated for the
smallscale suspension system. These models will provide more insight inteltaeidr of the
suspension subsystem andl also provide FRFs which could be used in place of experimental

data in the decoupling process.

For the fultscale quarter car test rig, the hydraulic actuation system must first be repaired once
resources are ailable. Once the hydraulic system is working, the design improvements detailed
in the present work should be continued and subsequently implemented on the test rig. With full
scale rig functional, the simulations performed in this work for the rigidtiiegnodel should be
validated experimentally against the corresponding test tire. Assuming successful validation has
been completed, the simulations should be expandeditaleadditional degrees of freedomf

which the rigid ring mdel is capable) anthose resultased for coupling/decoupling. Again, these
results should be validated against experimental data from the tdsinatly, the entire process

should be repeated for a rolling tire, both in simulation and experimentally, when possible.

As afurther extension to the work on the fgltale quarter car system, the process detailed in this
work could then be applied to a full car model. The use of the full car model, which could
incorporatethe aforementioned rigid ring model, will introducecpitand roll modes which can
then be icludedinto the coupling/decoupling. Testing a full vehialdl be the biggest challenge

of this work. Ideally, some variation of gpobst shaker would be used to simultaneously excite the
unsprung mass at all four whls. It may be possible to excite at only a single wheel and conduct

the analysis again on just a quarter car systenthlsutimewith pitch and roll dynamics included.
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The same general testing progression described for the quarter car systems applet¢o the

full car system as well. Specifically, a first step of this testing would be to excite and measure
response only in the vertical direction. By its very nature, the use of the full car for testing will
introduce roll and pitch modes into tegperimental data. Then, the testing can be expanded to
include input force in x, y, anddirections with responses measured in all three directions as well.
Aside from introducing roll and pitch dynamics, the testing of the system as part of a full car
provide a more realistic view of how the suspension behaves when connected to the rest of the
vehicle, as opposed totest rig. This final testing should utilize the generalized coupling model
developed in this work for nine DOFs across three cogploints. The nine DOF coupling model

will include camber or other such changes in the decoupling and recoupling processes.

Finally, the most difficult aspect of testing will be to test the suspension subsystem separately
Many aspects of testing the susp@n subsystem as part of the full vehicle model will be similar

to those described in the previous paragraph for when tires are attached. However, testing of the
suspension subsystem will additionakguire some type of isolation table/platform at eabkel

location. Overall, the equipment and setup required for testing the full vehicle model represents a
significant time and monetary investment, which should be taken under serious consideration

beforethis future work is undertaken.
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