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(ABSTRACT)

This work is concerned with the formulation and analysis of a simplified Ginzburg-
Landau type model of superconductivity which is valid for large x and large magnetic
field strengths. This model, referred to as the High kappa model, is derived via formal
asymptotic expansion of the full, time-dependent Ginzburg-Landau equations. The model
accounts for the effects of both applied magnetic fields and currents of constant magnitude.
A notable feature of our model is that the systems for the leading order terms for the
magnetic potential and the order parameter are decoupled.

Finite element approximations of the High kappa model are introduced using stan-
dard Galerkin discretization in space and Backward-Euler and Crank-Nicolson discretiza-
tion schemes in time. We establish existence and uniqueness results for the fully-discrete
equations as well as optimal L? and H! error estimates for the Backward-Euler-Galerkin
and the Crank-Nicolson-Galerkin problems.

Computational experiments are performed with several combinations of spatial and time
discretizations of the High kappa model equations. Among other things our numerical ap-
proximations show good agreement for rates of convergence in space and time with the
corresponding theoretical values. Finally, some well known steady-state and dynamic phe-

nomena valid for type II superconductors are illustrated numerically.
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Chapter 1

Introduction

In the first section of Chapter 1, we present a brief historical introduction to supercon-
ductivity. Our goal is to highlight the main results from the discovery of the superconductiv-
ity to the recently found high-temperature superconducting materials. We proceed with a
discussion of some basic properties of conventional superconductors. We present, in histor-
ical order, some of the well known macroscopic models emphasizing the Ginzburg-Landau
(G-L) model on which this work is based. In order to show that this model is reliable,
we briefly explain its connection with the microscopic BCS model. We end this section
with a discussion of some properties of the high-T, superconductors which are important
for practical applications.

In the second section of Chapter 1 we present the well-known G-L equations and their
generalization to the time-dependent G-L system (TDG-L). Since the material in this section
is well known and there are many references available, our presentation is rather short, but
it provides us with the fundamentals necessary for our further developments.

The next two sections of Chai)ter 1 are presented in order to make this work more
self-contained. They provide standard results needed in the proofs found in the following
chapters. In Section 1.3, we present a summary of well-known results and definitions from
functional analysis. All Sobolev spaces, norms and seminorms relevant to this work are

introduced in Section 1.4.



We conclude this introductory chapter with a summary of the main results presented in

this work.

1.1 Short History of Superconductivity

1.1.1 The Discovery of Superconductivity

There are many good books written on superconductivity, see e.g. [24], [25], [49], [60],
[70] and [78]. Here, we present a short historical introduction in which we try to highlight
the most important events from its original discovery to the recent developments in this
dynamic field.

Superconductivity was not observed until the early part of twentieth century. The reason
is that materials become superconducting only at extremely low temperatures. As a result,
the discovery of superconductivity had to be postponed until the proper technology was
developed.

By 1870, despite the great number of experiments, hydrogen, nitrogen and oxygen still
remained unliquified. Liquid oxygen was first obtained in 1877 at a temperature of 90.2 K
(recall that 0 K = —273° (). Six years later, in 1883, nitrogen was liquified at 77.4 K, and
the liquification of hydrogen at 20 K was achieved in 1898 by Deward. At that time, the only
elemental gas remaining unliquified was helium, which had been discovered in 1869. The
search for “new liquids” was concluded by the dutch physicist Heike Kamerlingh-Onnes. On
July 10, 1908, as a result of an exhausting 16-hour experiment, the first amount of liquid
helium was produced. The boiling point of liquid helium is just 4.2 K which is significantly
lower than that of liquid hydrogen.

After liquifying the last natural gas and attaining record low temperatures, Kamerlingh-

Onnes changed the direction of his research. He started a systematic study of the electric



resistivity of metals at liquid helium temperature. Kamerlingh-Onnes originally began
working with platinum and gold samples, but then he turned his attention to mercury
because it could be obtained in sufficiently pure form.

The surprise came in 1911 when Kamerlingh-Onnes (more precisely, his assistant Gilles
Holst) discovered that at a temperature close to 4 K, the electric resistivity of mercury
vanishes. This unexpected feature of the experiment, in his own words, was that “The
disappearance did not take place gradually, but abruptly”. He reported that “... the mercury
at 4.2 K has entered a new state, which owing to its particular electrical properties, can be
called the state of superconductivity”. The highest temperature, below which superconduc-
tivity occurs is called the critical temperature and is denoted by 7.. It would later be
determined that the critical temperature depends not only on the chemical composition,
but also on the crystal structure of the material.

In 1913, Kamerlingh-Onnes won the Nobel prize in physics for “research on the prop-
erties of matter at low temperatures”. His discovery was followed by a large number of
experiments which resulted in finding new superconducting materials.

In 1913, Kamerlingh-Onnes found that there was a certain intensity of the current that
can be carried by a superconducting sample before it reverts to its normal or nonsupercon-
ducting state. This intensity is known as the critical current density and is denoted by
Jo. A year later, Kamerlingh-Onnes discovered that a sufficiently strong applied magnetic
field can also destroy the perfect conductivity of the sample. This magnitude of the field is
known as the critical magnetic field, and is denoted by H.. Kamerlingh-Onnes also found
that both J. and H,. are functions of the temperature and increase when the temperature is
lowered below T,. The absence of any resistance below T, is a fundamental characteristic of

superconductors. However, superconductors are more that just perfect conductors, they
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Figure 1.1: History of superconducting critical temperatures in metals, non-oxide ceramics,
allows and oxide ceramics.

are also perfect diamagnets.

In 1933, Walter Meissner and Robert Ochsenfeld found that at temperatures below T,
and for sufficiently weak external magnetic fields, the magnetic flux is expelled from the
interior of the superconductor. This effect is called the Meissner effect after its discov-
erers. Over the years there have been many attempts to find superconducting materials

with higher critical temperatures, see Figure 2.1. Early researchers first investigated the



metallic elements. It was found that elemental metals did not produce high enough critical
temperatures. Today, the pure element with the highest transition temperature is niobium
with T, =9.26 K. Next, attention of the researchers turned to finding superconducting al-
loys and compounds. For several years the maximum transition temperature was gradually
increased from the 4 K in 1911 to the 23 K in 1972. As a result of this slow progress many
scientists abandoned their research in superconductivity since they believed that achieving
a substantial advance was unlikely and even impossible. In the early 1980’s the prospect of
discovering a new class of superconducting materials of practical importance seemed very
remote.

On January 27, 1986, a new era began in the area of superconductivity. The discovery
was made by Karl Alex Miiller and Johan Georg Bendorz while working at the IBM’s
Ziirich Research Laboratory. It reflected two and a half years of exhausting experiments on
oxides and resulted in carefully reported indications of superconductivity at temperatures
exceeding 30 K. For their discovery, which finally changed the long standing temperature
record of 23 K; they won the Nobel prize in 1988.

At first, few physicists believed their result. However, Paul Chu was one of the believers.
A team in Houston started working on the new compound. By the end of 1986 they not
only confirmed, but even improved Miiller and Bendorz’s result by discovering a new class
of superconductors with transition temperatures in the range of 30-40 K. In February 1987,
the group of Maw-Kuen Wu working at the University of Alabama, in collaboration with
Paul Chu, announced a critical temperature of 92 K. They also have reported indications
of superconductivity at much higher temperatures. This was the first superconducting
material which could be cooled using inexpensive liquid nitrogen which brought about the

belief that the superconductivity had entered the era of practical applications. A year later,



Table 1.1: The critical temperature T, and critical magnetic field H. for selected supercon-
ducting materials.

| Conventional superconductors ‘TC/K H /T |

Metallic elements:
Al 1 0.01
Pb 7 0.08
Nb 9 0.2
Binary alioys:
Nb—-Ti 9 14
Binary compounds:
NbsGe 18 24
NbsGe 23 38
Organic phases:
k— (BEDT — TTF);Cu(NCS), | 12 20
Chevrel phases:
PbM 0655 15 60
High-T, cuprate oxides: T./K H T
Lay_Sr,Cu0y 38 40
YBGQCU307 92 Z 100
BinggS’!‘gC’lL;gOlO 110 > 120
TlngQB(lgCUgO]O 125 Z 130

in 1988, the record transition temperature of 125 K (that is 0 K = —148° C') was announced.
This is the last confirmed result so far, see Table 2.1. The majority of superconductors are
not pure elements, but alloys and compounds. Today over 6000 superconducting materials
are known, and this number is constantly growing.

Superconductivity has a very wide spectrum of potential applications. However, the
practical applications of superconductivity have been limited because of the difficulties and
the cost of cooling to the very low temperatures and due to unexpected mechanical prob-
lems. Some of the most important existing applications of superconductivity include very
sensitive magnetometers, powerful supermagnets and fast electronic devices. For example,

superconducting magnets are used in magnetic resonance imaging, particle colliders and



magnetic bearings.

High T, superconductivity is a young and developing discipline. Recent developments
during 1988-1989 appear to have thrown new light on the question of the critical current
that is essential from the point of view of applications. However, experiments suggest that
the behavior of the oxide superconductors in a magnetic field may very well be fundamen-
tally different from that of conventional T, superconductors. Some properties of the newly

discovered T, materials suggest delay for many of the potential applications.

1.1.2 Models of Superconductivity

Ever since its discovery in 1911, scientists are trying to better understand and explain
the nature of the superconducting phenomena. Over the years, a series of models were
proposed, which revealed the superconducting mechanism in various degrees. Any theory
trying to describe the superconducting nature must include its electric as well as its magnetic
properties.

In 1934, the year following the discovery of the Meissner effect, Fritz and Heinz London
proposed a simple two-fluid model, see [65]. It is often referred to as the classical model
of superconductivity. The London model incorporated the basic superconducting proper-
ties, namely zero resistivity and perfect diamagnetism. The London model explained the
Meissner effect and also predicted the existence of the so called penetration depth, usu-
ally denoted by A. This parameter is a characteristic length which determines how far the
static magnetic flux penetrates into the surface of the superconducting sample. Despite its
empirical character, the London model was very useful since it helped to reveal the nature
of several important superconducting applications such as superconducting memories and

magnetically levitated trains. However, this model was unable to explain certain phenomena



that were exhibited by superconductors with high critical temperatures.

In 1948 Fritz London proposed the macroscopic quantum model. He showed that
the electromagnetic constitutive relations proposed in the London model were, in fact, a
result of the quantum mechanical nature of superconductivity. In this way he showed that
the electromagnetic and the quantum mechanical properties of the superconductivity were
related. Today, this model is used to study Josephson effects, postulated in 1962 by
Brian Josephson.

In 1950, Vitaly Ginzburg and Lev Landau proposed an intuitive, phenomenological the-
ory. In this macroscopic theory, they incorporated not only the electromagnetic, but also
the thermodynamic, properties of superconductivity, see [44]. The Ginzburg — Landau
(G-L) theory was itself based on a more general theory for phase transitions in fluids, intro-
duced by Landau in 1937. It provided a phenomenological description of superconductivity
as a new type of phase transition. Ginzburg and Landau postulated that the global mini-
mizer of the Helmholtz energy, calculated from a scalar order parameter ¢ and a vector
magnetic potential A, determines the electromagnetic state of the material. This re-
markably powerful theory provides a significant contribution to the general understanding
of superconducting phenomena.

In 1957 Alexei Abrikosov, a former student of Landau, studied the behavior of super-
conductors in the presence of an external magnetic field, see [2]. He discovered that one can
distinguish two types of superconducting materials: type I and type II, having surpris-
ingly different behavior. For type I materials, the phase transition from the normal to the
superconducting state at H,, the critical magnetic field, is of first order and is irreversible.
In contrast, the type II materials exhibit a reversible second order phase transition at H,,

see Figure 2.2.



He2 He He2
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Figure 1.2: The transition from the normal to the superconducting state. (a) Hysteresis
loop for type I superconductors. (b) Reversible, second order transition for type II super-
conductors.

A remarkable feature of the G-L theory was that it allowed for prediction of the type
II superconductors before they were observed experimentally. In his work Abrikosov also
showed that for type II superconductors there exists one more phase, in addition to the
normal and superconducting states. It is known as the mixed state because of the coex-
isting of the normal and superconducting phases. In the mixed state, the magnetic field
penetrates the superconducting sample in tiny tubes of normal states. These tiny tubes
are called vortices since each vortex consist of currents circulating around a normal (non-
superconducting) core. As the field increases, more vortices appear and they become packed
closer together. The practical implication of these vortices is one of the most active topic
of investigation in the study of superconductivity.

It is known that when a transport current is applied to a type II material, the vortices
will m;)ve because of various forces acting on them, see Figure 2.3. It is established that the
motion of vortices causes resistance and thus loss of superconductivity. Therefore, there is
a major theoretical as well as practical interest in studying the dynamics of vortices.

Two length scales play important roles in the understanding of the superconductivity.

10



Figure 1.3: Fluxoid motion due to Lorentz force F,, from a passing current.

The (London) penetration length A was already introduced. The other length scale, which
gives the variations of the order parameter 1, is introduced in the Ginzburg Landau theory.
It is called the (G-L) coherence length and is usually denoted by . These two length
scales are typically temperature dependent and diverge as the temperature approaches the
critical temperature T,. The ratio of the penetration length to the coherence length is known
as the Ginzburg Landau parameter and is denoted by . It is a roughly temperature
independent quantity and characterizes the property of the material. The importance of
lies in the fact that the G-I equations can be expressed in terms of this single parameter.

Abrikosov found that if K < 1/4/2, the surface energy of a normal-superconducting
interface is positive, and the material is a type I superconductor. These materials tend to

have low critical temperatures. They also loose superconductivity at relatively low critical

11



magnetic fields which makes them unattractive from a technological point of view.

On the other hand, if K > 1/ V2 the surface energy is negative and the material is of
type II. A type II superconductor typically has longer penetration depth A than coherence
length £. This makes type II materials the technologically interesting superconductors since
they remain superconducting at higher applied magnetic fields and currents.

As we have mentioned, superconductors are characterized by the value of k. It is known
that the recently experimentally discovered high temperature superconductors have rather
large values of k which fall in the range of 100-200. This justifies the interest in exploring
the behavior of superconductors in the limit of high . There are many studies of models
in the high  limit. In most of them is assumed that the applied magnetic field is of fixed
strength and is independent of &, see [1], [10], [40], [54], [61], [78]. The present work is
in close relation with the model derived in [19] and [37]. High magnetic fields are also of
technological interest and have been considered in ; e.g., [1], [56].

Despite its power, the G-L theory did not explain how superconductivity occurs. Since
superconductivity is a microscopic quantum phenomena, it was not possible to explain its
nature before sufficient advance were made in the field of quantum mechanics. In 1957,
John Bardeen, Leon Cooper, and Robert Schrieffer at the University of Illinois proposed a
complete microscopic theory of superconductivity, see [8]. It is referred to as the BCS
theory. This theory not only explained what was known about superconductivity, but also
predicted new phenomena, which was later confirmed by experiment. The BCS theory is
based on the notion that the conduction electrons travel without meeting resistance because
they move in pairs, known as Cooper pairs. According to the BCS theory, at temperatures
above T, thermal fluctuations destroy the Cooper pairs and consequently the material loses

superconductivity. For their innovative work Bardeen, Cooper, and Schrieffer won the Nobel

12



prize.

Despite its power and elegance, the BCS theory is usually not necessary for the de-
scription of most superconducting applications. Moreover, the BCS theory may not be
adequate in explaining the phenomena of high T, superconductivity. However, the BCS
theory still provides the basis for our understanding of superconductivity in “conventional”
materials and plays a role of the “reference” theory in the search for the description of
superconductivity in the high 7T, oxides.

Initially, the G-L theory was not widely accepted mainly due to its phenomenological
character. In 1959 L. Gorkov, see [46], showed that the microscopic BCS theory reduces
to the macroscopic G-L theory near the critical temperature T,. This showed that the
important conclusions in the more tractable phenomenological G-L model are consistent
with the microscopic BCS theory. As a result, the G-L phenomenological theory was widely
accepted as valid and Ginzburg and Landau won the Nobel prize.

In conclusion of this short survey, we want to list some of the many excellent references
that may be consulted for detailed descriptions of both the microscopic and macroscopic
theories of superconductivity. Among these are [12], [43], [61], [54], [78]. In particular, for
more information on the G-L model one may consult [10], [15], [20], [21], [38], [57], [69],

[74], [75], [81], [82].
1.2 The Time-Independent and Time-Dependent G-L Models

We start with a brief introduction of the steady-state G-L equations. According to

Ginzburg and Landau the Helmholtz free energy per unit volume of a superconducting

13



material is given by

2

y

|h|? ( . esA)
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where f, is the free energy of the normal state in the absence of an applied magnetic field
H, o and 3 are constants depending on the temperature 7', ¢ is the complex-valued order
parameter, A is the vector-valued magnetic potential, h is the magnetic field in the sample,
es and m; are the charge and mass of the superconducting carriers, ¢ is the speed of light
and 27h is Planck’s constant.

We are interested in the behavior of the superconducting sample in the presence of an
applied magnetic field H. In this case the appropriate thermodynamical potential is the
Gibbs free energy g. It essentially differs from f by the work done by the electromagnetic

force induced by the applied field and is given explicitly by

h-H
47

g=17-

If  denotes the region occupied by the superconducting sample, then in the presence

of a magnetic field H the Gibbs free energy of the sample is given by

G(¢,A):/di9.

The basic thermodynamic postulate of the G-L theory says that the superconducting
sample is in a state such that the Gibbs free energy G is minimized. A detailed discussion
concerning existence of various minimizers of G and their properties is given in [35].

In order to derive nondimensionalized equations we introduce a length scale [ and make

the following change of variables



A = , 1.2.1
Al (1.2.1)
v
¢ - 'lbs b
where
a\1/2
P, = (—B) (the value corresponding to perfect conductivity),
4ma? 1/2
H. = ( 3 ) (the thermodynamic magnetic field),
2\ 1/2
A= (— i:i:;) (the penetration depth), (1.2.2)
52 1/2
£ = (— = a) (the coherence length). (1.2.3)

Both constants a and § are temperature dependent. For G to have a minimum, S must
be positive. On the other hand, @ may be positive or negative. If we neglect the bound-
ary effects then positive a corresponds to a minimizer (¢ = 0,h = H) , i.e. the material
is in a normal (nonsuperconducting) state. If o is negative then the minimizer of G is
(¥ = ¥s,h = 0) and the sample is a perfect superconductor.

Using (1.2.1) and keeping the same notation, one can write the Gibbs free energy in the

following non-dimensional form
6,8 = fo(fo=to+ 3l (=5 (5) v - (1) A) o[ ) an
+/Q (Ib)? - 2h - H) dg.

A very important property of the energy functional (1.2.4) is its invariance under gauge

(1.2.4)

transformations. This means that if ¢ denotes any sufficiently smooth real-valued function

on Q then the transformed pair (¢, A)
b=¢e? A=A+V¢
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yields the same energy as that of (1, A). Indeed, (¥, A) and (4, A) are considered as
equivalent representatives of the same magnetic state of the material.

This gauge invariance has several consequences. First, there is not only one single
minimizer to the free energy, but an entire class of gauge equivalent solutions. Second, we
can search for solutions that have special properties. The extraction of a unique solution
has traditionally been called “fixing the gauge”. For more detailed discussion of the possible
gauge choices and their implications in the numerical simulations one may refer to [33] and
[35].

Following [19] we note that if the superconductor occupies an infinite cylinder having
bounded cross-section 2 and if the applied field H, is perpendicular to this cross-section,
then the field in the region exterior to the cylinder is constant and equal to the applied field.
In this case we need only to consider a bounded region @ C IR? when forming the Gibbs free
energy, see [19]. We denote the boundary of 2 by I'. Let n be the unit outer normal vector
to I'. The nondimensional time independent G-L equations may be derived by minimizing
the Gibbs free energy G with respect to the order parameter ¥ and the magnetic potential
A over a suitable function space. Using standard techniques from Calculus of Variations

the nondimensional time-independent G-L equations are given by

B+ (_,- (%) V- G) A)2¢ =0 in Q, (125)

. 2
curl curl A = —% (%) (¥*Vp — V™) — <§> [¥|?°A +curl H in Q, (1.2.6)

where ¢* denotes the complex conjugate of 1 along with the nondimensional natural bound-

ary conditions
(i (%) Vi + (?) A¢> ‘n = 0 on T, (1.2.7)
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curlA = H on T. (1.2.8)

For more details on the derivation of the steady state G-I models, one may consult some
of the many good references available, e.g. [1], [16], [20], [35], [42], [54], [61], [62], 78] and
[82].

The objective of this work is to derive and analyze a time-dependent G-L type model
valid for large values of kK which accounts for effects of both applied magnetic field and -
current. Our model is based on the time-dependent G-L system (TDG-L) presented in 1968
by Gor’kov and Kopnin in [47], see also [1], [16], [47] and [78]. Their derivation consists of
averaging the BCS theory under the assumption that the temperature is close to 7,. The
relations between TDG-L and the basic hypotheses in the G-L theory were discussed in [33].
Similar TDG-L models were studied in [82]. Other time dependent models are presented in
(16], [20], [41], [52], [64] and [71].

The TDG-L system derived in [47] is given by

1
2mg

e A
c

2
v (h50 +iesty) +ap g+ o (89 4+ 22) p =0 i 0 x[0,00), (129)

o, (10A 1
~ (;E + V@) + Ecurl curl A
(1.2.10)
e? tesh
+—|Y|PA 4+ —— (V*V — V") = 0 in Qx[0,00),
msc? 2mgc
(ith/) + %A«p) n=0 on T x [0,00), (1.2.11)
curl A=H on T x [0,00), (1.2.12)
d)lt:O = ¢0 iIl Q, (1213)
Alj=o=a in Q, (1.2.14)
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where ® is the scalar electric potential, o, and 4 are microscopic parameters, ¢ and & are as
defined in the time-independent G-L model. We note that in two dimensions applying the
curl operator to a vector results in a scalar and applying it to a scalar results in a vector.

The above equations are also used in [37].

Using (1.2.1) and nondimensionalizing the new variables as follows

S

= 7ot

KK
Il

(PO¢7

we can write (1.2.9)-(1.2.10) in the following form

vhm%% S%M T oo + BULIBI

) f (1.2.15)
1 o lH
+ NG 4 VI lbol/) = 0,
2m l

and i

an\/ﬁlHCToa_A + On Vo + V2H, curl curl A

C2 at C(POI 4rl
(1.2.16)

LH, RN
‘[ etV Bl gpa 1 oMl (505 g9 = o

In order to simplify the coefficients of |¢|2¢ and |4|2A, we multiply (1.2.15) by (By3)~!

and (1.2.16) by m,c?12/(e2p2+/21 H )?), where ) and ¢ are given in (1.2.2) and (1.2.3). One

gets
6"/) Z"}’es"" ~ 127 (({)” (l) .,)2..
. 5 (. (€ NAY g = 1.2.1
Y057 T olal v =)V =0 R
and A
onV2Hero 0A | 0w og  V2He by i &
2c22\/_ ot epol ar (1.2.18)
¢,(;12 |¢|A+Z; %(d}w ¢v¢) = 0.
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We multiply (1.2.18) by 47l/(v/2H.) and denote

ar|a|l?

=0 pe (1.2.19)
Choosing ¢o = ves/(|a|) and and 7o = |a|/(vh) we get
P e N I AT AN
(8 +i85) - geriman (i (§)ve()a) 5=0.  w2a
and .
o (68_? + (%) (%) ?@) + curl curl A
(1.2.21)

N sk L () (esrd— dode
+ (X) K4 A+5 (/\) (¢ V‘/)—lbvib) = 0.
Keeping the same notation as for the dimensional variables, we arrive at the following

nondimensional initial boundary-value system for the complex valued order parameter v,

the vector valued magnetic potential A and the scalar electric potential ®

(3_’/’ n iq,,/,) o+ |y + (i <§) v+ (1) A)2 h=0in Qx[0,00), (1.2.22)

ot ) A
(G erenanns (orn
+2(3) wrve-wve =0 in axp,w) -
(i (%) Vi + (%) A’l,[)) ‘n=0 on I x[0,00), (1.2.24.)
curl A=H on I x [0,00), (1.2.25)
Pli=o = ¥° in Q, (1.2.26)
Ali=o=a in Q. (1.2.27)
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The nondimensionalized physical variables of interest are

h = curl A (the magnetic field),

J = curlh (the current),
Ns; = |#|? (the density of superconducting charge carriers)
and
E = - (%—? + (%) (%) V@) (the electric field).

The TDG-L system (1.2.22)-(1.2.27) has the gauge invariant property, see [33], [78].
Since the equations lack uniqueness of solutions, it follows that they are not well-posed. In
order to obtain a mathematically well-posed system, one may fix the gauge by imposing
extra conditions on the solutions. This is usually done by requiring the solutions to satisfy
appropriate essential boundary conditions. For different possible gauge choices in the TDG-
L equations one may consult [33]. The particular gauge choice in the High kappa model
will be given in Chapter 2.

There are many TDG-L type models proposed in the literature to approximate the
behavior of high-T,. materials see, e.g., [17], [18], [19], [32], [33], [34], [35] and [37]. They are
based on different modifications of the G-L equations. Among them is the High kappa time
independent G-L type model presented in [19] valid for high values of the applied magnetic
field H and the G-L parameter . In this work we present a TDG-L type model, referred
as the High kappa model, for approximating the behavior of high-T, superconductors under
applied electric current and magnetic field. The High kappa model may be viewed as a
generalization of the time independent high kappa model presented in [19] and was originally

presented in [37]. The two aspects of the generalization are the fact that the High kappa
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model is time dependent and in addition to the applied magnetic field it also incorporates

effects of applied constant current.

1.3 Summary of Standard Results from Functional Analysis

In order to make this work more self contained, in this section we have collected some
standard definitions and theoretical results used throughout this work.

We assume that the reader is familiar with the concepts of a vector (linear) and normed
vector spaces. In what follows we assume that 2 C IR™ is a bounded set with a Lipschitz

continuous boundary I'. We recall the following standard definition, see [72].

Definition 1.1 A normed vector space is called a Banach space if it is complete, i.e. if

every Cauchy sequence converges.

For @ C IR™ and 1 < p < o0 we define the standard normed vector spaces f,p(Q) as

follows

Definition 1.2 Let LP(Q) be the set of all continuous functions u : @ — R for which

lulls = ([ futo)l ¢z 7

We recall the following well known result.

Lemma 1.1 (Hoélder’s inequality) Let f € I)”(Q), g € fﬂ(Q), where p, q € (1,00) with

p 14+ ¢ ' =1. Then fg € LY(Q) and

gl < I fll llgll; B (1.3.1)

Following [55], we continue with a few simple concepts from linear algebra. Let B be a

linear space.
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Definition 1.3 We say that L(-) is a linear form on B if L : B — IR and for all

v,w € B and for a, € R we have
L(av + pw) = aL(v) + BL(w). (1.3.2)
Definition 1.4 We say that a(-,-) is a bilinear form on B X B ifa: Bx B — IR and
for allu,v,we B and o, € R, we have
a(u,ov + pw) = aa(u,v) + fa(u, w) (1.3.3)

and

a(au + fv,w) = aa(u,w) + fa(v, w). (1.3.4)

Definition 1.5 We say that b(-,-,-) is a trilinear form on BXBXB ifb: BxBxB — R

is linear in each argument.

Definition 1.6 The bilinear for a(-,-) on B X B is symmetric if

a(v,w) = a(w,v) Vov,wé€ B. (1.3.5)

Definition 1.7 A symmetric bilinear form a(-,-) on B X B is a scalar product on B if

a(v,v)>0 Yve B, v#0. (1.3.6)
Definition 1.8 The norm || - |(|,, associated with a scalar product a(-,-), is defined by
[v]la = (a(v,v))"/2 (1.3.7)
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Definition 1.9 If(-,-) is a scalar product, with corresponding norm || - ||, then we have the

Cauchy-Schwarz inequality
|(v, )| < [Jv| [Jll. (1.3.8)
We will make use of the following definitions.

Definition 1.10 If B is a linear space, with a scalar product and corresponding norm || - ||,

then B is said to be a Hilbert space, if B is complete.

Now, let B be a Hilbert space with scalar product (-,-) and corresponding norm ||-||g. Let
a(-,-) be a bilinear form on B X B and L(-) a linear form on B. Then we have the following

definition.

Definition 1.11 a(-,-) is continuous if there exists a constant C, > 0 such that

la(v, )| < Co|lv|B |lw|z ¥ v,w € B. (1.3.9)

Definition 1.12 a(-,-) is coercive if there ezists a constant C, > 0 such that

la(v,v)| > Cq|lv||5 Vv € B. (1.3.10)

Definition 1.13 L(-) is continuous if there ezists a constant Cr > 0 such that
|L(v)| £ CF|lv|lp VveEB. (1.3.11)

We continue with a list of some well known results which will be used in the sequel. Our

presentation closely follows [22].
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Lemma 1.2 (Laz-Milgram Lemma) Let V' be a real Hilbert space, let a(-,-) be a continuous,
coercive bilinear form on V XV, and let f : V — IR be a continuous linear form. Then
the abstract weak problem:
Seek uw € V' such that
a(u,v) = f(v) VoevV, (1.3.12)

has one and only one solution.

Lemma 1.3 (Cea’s Lemma) Let the assumptions in the Laz-Milgram Lemma hold. In
addition, let {V,} denote a family of finite dimensional subspaces of the space V. Let

up € Vi, be the solution of the associated discrete problem
a(uh,vh) = f(vh) Y vy € V. (1.3.13)

Then there ezists a constant C independent of the subspace Vi, such that the following

abstract error estimate holds
|lw —up|| £ C inf ||u — v, (1.3.14)
’Uh_EVh
where || - || denotes the norm on the space.

Cea’s Lemma provides us with a convergence result in the norm on V' which is the space
where the abstract weak problem (1.3.12) has been defined. In order to derive convergence
results in weaker norms one can use a duality argument known as the Aubin-Nitsche Lemma.
Before we state this lemma some notation must be established.

We consider the dual problem of problem (1.3.12) given by

Seek ¢ € V such that

a(v,9)=g(v) YoeV (1.3.15)
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where ¢ is continuous linear form on V.

Let X, Y be normed spaces and let f be an operator from X into Y.

We say that the normed space X is imbedded in the normed space Y, if X is a vector
subspace of Y, and the identity operator I defined on X into Y by Iz = ¢ Vz € X is

continuous.

Definition 1.14 We say that X is compactly imbedded in Y if the imbedding operator

I is compact.

In what follows, the notation X — Y indicates that the normed linear space X is contained
in the normed linear space Y with a continuous injection. Also, the notation X E: Y

indicates in addition the compactness of the injection.

Lemma 1.4 (Aubin-Nitsche Lemma) Let the hypotheses in Cea’s Lemma hold. In addition,

let H be a Hilbert space with norm | -| and an inner product (-,-) such that
V=H and V< H.

For any g € H let ¢, € V be the unique solution of the variational problem

a(v,@4) =(g,v) YveV. (1.3.16)
Then, one has the estimate
1.
lu— un| < M|u—ua]| | sup {— inf lg, - (,ohH} . (1.3.17)
g€H Igl ©ChEV,

Let J be an interval of real numbers with nonempty interior. Then we define C(J) as
C(J)={f: f maps J into R and f is continuous}. (1.3.18)
Similarly, for any subset D € IR one can define C (D). We have the following definition.
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Definition 1.15 A function f € C(D) is said to be Lipschitz continuous in x with a

Lipschitz constant L if

|f(t,z) - f(t,9)| < L|z - yl. (1.3.19)

For the last definition one may consult [67].

1.4 Notation

In this section we introduce the notation for the spaces that will be used throughout
this work and state several imbedding theorems. For further details, the reader may refer

to a standard text on Sobolev spaces, such as [3].

Let D be a domain in IR?,d = 2,3 and let T denote its boundary. By n we shall denote

the outward normal to T'.
With @ and |a| we denote a multiindex and its norm, that is @ = (oq,...,e4) and

la| = 2L, @, respectively. Finally 3*v will denote the generalized derivative of order |a|

for the function v.
Let LP(D) denote the completion of the space LP(D) with respect to the norm || - ||,
Following [45], for each integer m > 0 and real p with 1 < p < oo, we define the Sobolev

spaces:

W™?(D) = {v € LP(D); 8°v € LP(D) ¥ |a| < m} (1.4.1)

Definition 1.16 We will equip the spaces W™? with the following norms

1/p
|9, = ( Z /D |aav(:c)|Pda:) for p< oo
|| <m

and

[v|lm,c0 = max [ ess sup|0®v(z)|| for p= oc. (1.4.2)
|a|5m €D
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We note that with the norms (1.4.2) the space W™ is Banach space. In addition to the
above norms we also consider the following seminorms on W™?(D).

1/p
|V|m,p = ( Z / |0°’v(:c)|pd:1:) for p < oo, (1.4.3)
D

|la|=m
and
|0|m,c0 = max |ess sup|0%v(z)|] for p= oo.
|oe|=m z€D
When p = 2, W™?2(D) is usually denoted by H™(D), and if there is no ambiguity, we shall

drop the subscript p = 2, when referring to its norm and seminorm. H™(D) is a Hilbert

space with the scalar product

(W )m= 3 /D 9u(2)0%0(z) dz. (1.4.4)

la|<m

We will write the scalar product of L%(D) = W%2(D) = H°(D) with no subscripts and the
L? norm with a subscript zero; i.e., we will write (-,-) and || - ||o, respectively.

Let H™ (D) be the Sobolev space of all complex-valued functions having square integrable
spatial generalized derivatives of order up to m in D. Hm(D) is a Hilbert space with the

scalar product

(0= 3 /D 0 u(z)(0%v(z))dz, (1.4.5)

la|<m

where (-)* denotes the complex conjugate.

Let H™(D) be the Sobolev space of all vector-valued functions each of whose components
belongs to H™(D); i.e., H®(D) = [H™(D)]®. Norms of functions, belonging to H™(D),
H™(D) and H™(D) will be defined componentwise and will be denoted by || - ||, the type
of the norm being determined by the type of the argument.

Throughout this work, we will also make use of the following two subspaces of H(D)
Hl(D)={QecH(D)|Q-n=0 on T} (1.4.6)
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and
Hl(div;D)={Q e H}D)| divQ=0in P and Q-n=0 on T}. (1.4.7)
We recall that if D is bounded, then
Qs o) = (lleurl QI3+ Ildiv @), (1.4.8)

and

QI ( diviqy = llcurl Qllo (1.4.9)

define norms on H} (D) and H)( div; D) which are equivalent to the standard H*(D)-norm

|Q||1; see [45] for details.

We now state two standard imbedding theorems which will be used throughout this

work.

Theorem 1.1 (Sobolev’s Imbedding Theorem) Let Q2 be an open subset of RN with Lipschitz
continuous boundary. Let p € R with 1 < p < 00 and m and n € N. The following

imbeddings hold algebraically and topologically:
wmP Q) Ccwmi(Q) if 1/¢g=1/p—(m—n)/N >0 (1.4.10)
WP — C™(Q) provided 1/p < (m—n)/N. (1.4.11)
The special case p = ¢ is presented below.

Theorem 1.2 (Rellich Theorem) The following compact imbedding holds

HY(Q) C L*(Q). (1.4.12)
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In this work we will be dealing with functions of the form v(x,t) where x denotes a
spatial variable and ¢ denotes a time variable. We extend the usual spaces W™P for such
functions as follows. Let B be a Banach space with norm || - ||g. Then for 1 < p < oo we

introduce the space

L?(0,T;B) =
T 1/p
{f :[0,T]— B | (/0 1F(®)lls dt) < 00}, (1.4.13)
and for p = oo the space
L*(0,T;B) = {f :[0,T] — B | ess sup [|f(t)||B < oo} . (1.4.14)
0<t<T
We also define

H™ (0,T5)) =

{f 0,7) — B (/ |2 s

Finally, we introduce the following two notations

1/2
dt) <00;8=0, ,m} (1.4.15)

v = 1= (0,T;HY(D)) n 1 (0,T; LX(D)), (1.4.16)

]

1% HL(Q). (1.4.17)

1.5 Overview of Results

The main objectives of this work are to present a model of high temperature supercon-
ductivity, discretize the problem using the finite element method and derive optimal error
estimates. In addition, we present numerical results which illustrate both our theoretical

and well-known experimental results.
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In view of the time-independent macroscopic model proposed by Ginzburg and Landau
in 1950 a superconductor may be characterized by a single parameter s, known as the
Ginzburg-Landau parameter. This almost temperature independent quantity is defined
as the ratio %, where A and ¢ are two temperature dependent microscopic characteristic
lengths called the penetration depth and the coherence length, respectively. The value
of k is determined by the property of the material. From a practical point of view, we
are interested in materials which retain superconductivity at moderate temperatures and
applied magnetic fields. Such materials are usually called type Il superconductors. Typically
they have short coherence lengths £ and long penetration depths A and are characterized
by the high value of the Ginzburg-Landau parameter x. This motivates our interest in
developing and analyzing models valid for large values of «.

The unknown functions in the Ginzburg-Landau model are the complex-valued order
parameter ¥ and the vector-valued magnetic potential A. Equations for these two functions
are coupled and must be solved simultaneously. In this work we present a simple model
of high temperature superconductivity valid for large x and strong applied magnetic fields.
This model also accounts for applied currents of constant magnitude. A similar model was
presented for the time-independent case in [19] and the time-dependent case in [37]. Our
model, referred to as the High kappa model, is presented in Chapter 2. To define the model
we begin with the time-dependent generalization of the original Ginzburg-Landau system
presented in Chapter 1. We perform a formal asymptotic expansion in the limit of high
k. In particular, we fix the coherence length £ and expand in terms of the penetration
depth A. After collecting all first order terms the resulting systems for the leading orders
magnetic potential Ag and order parameter 1y decouple. Moreover, under appropriate

assumptions on the initial conditions for Ay one can choose the magnetic potential to be
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time independent. Thus, by neglecting the higher order terms in the expansions, the original
full Ginzburg-Landau time-dependent system of nonlinear coupled equations reduces to
two decoupled problems: a linear boundary-value problem for Ao and a nonlinear initial-
boundary-value problem for 1. As a result, one may first solve for Ay and then substitute
into the system for g. Once the model has been defined we derive appropriate weak
formulations for both systems. We conclude Chapter 2 with existence and uniqueness
results for weak solutions. The existence and uniqueness of the magnetic potential follows
directly from standard elliptic theory. The existence and uniqueness for the order parameter
was demonstrated in [37].

In general, the two systems for the leading order magnetic potential Ag and order
parameter 1y cannot be solved explicitly. Thus our next goal is to obtain numerical ap-
proximations for the solutions of these problems. For this purpose in Chapter 3 we consider
discretizations by the finite element method. We first define the appropriate finite element
spaces, denoted by W" and V*, respectively, and discuss their properties. Then we intro-
duce the approximate problems by discretizing the spatial variable in the magnetic potential
system and the spatial and temporal variables in the order parameter system. We use a
standard Galerkin discretization for the spatial variables and two different time discretiza-
tion schemes having first and second order of accuracy, respectively. The corresponding
approximate solutions are denoted by A and ¥™, respectively.

The bulk of this work consists in deriving optimal error estimates and proving existence
and uniqueness results for the finite element approximations of the magnetic potential Aj
and the order parameter ¥™. In Chapter 4 we present approximation results for the magnetic
potential which are established using standard elliptic finite element theory. In addition,

under suitable regularity assumptions we derive L™ estimates valid for the weak solution A
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and for its approximation Ap. These uniform estimates, along with a uniform boundedness
result for 1, are used repeatedly in the derivation of the optimal error estimates for ¥™.

A major part of this work is devoted to the derivation of optimal £2 and H' estimates
for ¥™. We present detailed proofs for both the Backward-Euler-Galerkin and Crank-
Nicolson-Galerkin problems. These results are collected in Chapters 5-8. In contrast to
the straightforward proofs for the magnetic potential, here one does not have a standard
theory in hand. In general our proofs follow some of the well established techniques for
time dependent problems; see e.g., [77]. However, our variational problem involves several
terms which pose serious difficulties for a straightforward application of the ideas of [77].
In particular, our weak problem involves a trilinear form similar to one appearing in the
Navier-Stokes equations along with a cubic nonlinearity. As a result we have to deal with
right-hand sides which fail to be globally Lipschitz. In order to derive the necessary bounds
for the trilinear form we use the optimal error estimates and the uniform bounds established
in Chapter 2. To handle the cubic nonlinearity we follow the approach of [5] and introduce an
auxiliary problem, parameterized by é, in which this term is replaced by a suitably defined
globally Lipschitz function. In order to derive optimal error estimates for the original fully-
discrete problems for ¥” one first derives such results for the solutions ¥} of the auxiliary
problems. These results are presented in Chapters 5-7. In Chapter 8 we use the optimal
results for U7, together with a property of the finite element space V*, to obtain the desired
estimates for ¥"™. The proof of the existence and uniqueness for ¥” follows the same idea.

To illustrate our theoretical results numerically we perform computational experiments
with the Backward-Euler-Galerkin and Crank-Nicolson-Galerkin formulations presented in
Chapter 3. In our computations we use both bilinear and biquadratic finite elements.

According to the theoretical error estimates proved in Chapter 8 the finite element approx-
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imations converge optimally to all sufficiently regular solutions of the High kappa model
in both £2 and H! norms. In Chapter 9 we investigate the numerical convergence rates
exhibited by the finite element method for the High kappa model. Our numerical results
illustrate the theoretical rates of O (h%) in H! and O (h®) in £? using bilinear finite ele-
ments. Using bilinear elements we observe numerically the expected lower rates of O (k) in
H! and O (h?) in L£2. Moreover, the optimal rates of convergence for both the Backward-
Euler-Galerkin and the Crank-Nicolson-Galerkin method are illustrated by our numerical
experiments. Finally, our numerical results illustrate several well-known experimentally

observed phenomena valid for type II materials.
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Chapter 2

The High kappa Model

This chapter is organized in four sections. In the first section we derive the High
kappa model by starting with the TDG-L system given in Section 1.2, performing a formal
asymptotic expansion and fixing the gauge appropriately. As a result we obtain an initial
boundary-value problem for the leading order vector-valued magnetic potential A and the
complex-valued order parameter ?. Similar techniques have been used in [19] and [37]. An
important feature of the High kappa model, which has significant practical implications,
is the fact that the leading order system for A decouples from the leading order nonlinear
time-dependent system for . In addition, under appropriate assumptions A may be chosen
to be time independent.

After deriving the model we proceed as follows. In the second section we define weak
formulations for the leading order systems. Then we discuss which form of the weak problem
for the order parameter is the most beneficial from the point of view of proving optimal
error estimates for the fully discrete solutions. In the third section we prove an existence
and uniqueness result for the weak solution A of the leading order equation for the magnetic
potential which follows standard elliptic finite element theory. In the last section, following
the presentation of [37], we state an existence and uniqueness result for the weak solution

t of the leading order problem for the order parameter.
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2.1 Derivation of the Model

In this section we introduce the High-kappa model which is a modification of the high
kappa Ginzburg-Landau model, given in [19]. The modifications include time dependence
and incorporating an applied current of constant magnitude. A similar model is also pre-
sented in [37]. To derive the model we formally expand the vector-valued magnetic potential
A, the complex-valued order parameter 1, the scalar electric potential ®, the applied cur-
rent J, and the applied magnetic field H in powers of (%), where ) is the penetration length
and [/ is the unit length scale. We fix the gauge and choose the initial data appropriately to
arrive at two decoupled systems for the leading order terms Ay and 9. Moreover, under
appropriate hypotheses, the system for Ay is time independent and has a divergence free
solution.

Let us consider the nonlinear time-dependent coupled system of equations for the mag-

netic potential A and the order parameter ¢ given in (1.2.22)-(1.2.27),

o (%—‘:‘ + (%) (g) W) + curl curl A + (%)2 |9 A

T (%) ($"Vep— $VE*) =0 in Q x [0, 00), (2.1.1)
curl A=H on T x [0, 00), (2.1.2)
A(0)=a in Q (2.1.3)
and
d . : l 2 .
8—:{) +i®% - b + [ + (z (%) vV + (X) A) ¥ =0 in Qx[0,00) (2.1.4)
(i (%) Vi + (%) Az,b) -n=0 on I x [0,00), (2.1.5)
$(0) = 9° in Q, (2.1.6)
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where o is a microscopic parameter defined in (1.2.19). We note that equation (2.1.1) may

be viewed as a combination of the following equations

h curl A (definition of A),

curlh = j=js+j, (Ampére’s law),
where the superconducting current is given by
j, = (1)2 wPa-5 (%) wve-voe)
B="\2 2\ ’
and the normal current is related with the electric field E via Ohm’s law as follows

om0+ () () 50)

Let us consider the following formal expansion of the variables in (2.1.1) in powers of
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Let us assume that ag, Ao, Hp, 1, and ®¢ are independent of A/I, i.e. ay = O(1),

Ag =0(1), Hy = O(1), %o = O(1) and 5 = O(1). Throughout this work the parameter
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o is fixed so that 0 = O(1). For other possible choices of this parameter one may consult
[37].
We obtain the equation for the leading order term Ag by substituting the expansions

(2.1.7)-(2.1.10) into (2.1.1)-(2.1.3) to get

o0 ()% (e () ()

) curl curl Ao+ (;) curl curl A,

- (3
v (3 [I%IZ () (¢o¢1+¢0¢1)] [(3) 40+ (5) A

) [ oVo — %oV + (é) (Yo Vi + Yo VT + Voot + Q/JN%)J

56
( ):0 in Qx [0,00),

(%) curl Ag + (%) curl A; = (%) Hp + (%) H,
1 3
0 ((«IX) ) on I' x [0,0),

(G)niors (G miwro(()) - (e (o

Collecting all terms in front of (%), we arrive at the following leading order time-dependent

DO | e

system for Ag

o (8(,‘;0 + (5) V@O) +curl curl Ay = 0 in Q x [0,00), (2.1.13)
curl Ag = Hp on I' x[0,0), (2.1.14)
A0|t=0 = in Q. (2115)

Note that the leading order system for Ay is independent of %,. Hence, we can first solve

the linear system for Ag, and then substitute its solution into the equation for . For
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comparison, the original nonlinear equation for A depends on %, and hence both equations
must be solved simultaneously. This obvious advantage of the leading order problem for
A, will simplify both the theoretical analysis and the computational implementation.

Let us consider an applied constant current of magnitude J directed in the y-direction

2
of the sample plane 2. Let us consider the following expansion in terms of (%) .

[’} )\ —2741
I=> (7) J;. (2.1.16)
=0

According to (2.1.16) we have
J =(0,J,0)7, (2.1.17)

where J = (%) Jo and Jo = O(1).

Let the applied magnetic field H be directed in the z-direction, i.e., H = (0,0, H)T. If
there is no applied current, then the external field H, is equal to the applied field H. In this
case using (2.1.9) we have H, = (%) Hy, with Ho, = O(1). In order to satisfy Ampére’s
law, the applied field H should satisfy H = (0,0, H)T = (0,0, H, — Jz)7.

As aresult of the above discussion, we assume that the applied current J and the applied

magnetic field H are given by
T_ (A T
J=1(0,J,0)" = 7 (0, Jo,0)", (2.1.18)

A
H=(0,0,H)" = (0,0, H, — Ja)T = (7) (0,0, Ho, — Joz)7, (2.1.19)

where Jo = O(1) and Hyp, = O(1).
Let us fix the gauge in the time-dependent leading order system for Ag given in (2.1.13)-

(2.1.15) by requiring that

¢ =- (X) (-é-) i—Jy in Q (2.1.20)
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and

A-n=0 on T x]J[0,00). (2.1.21)

Then (2.1.10) and (2.1.16) imply

b0 = (5 (2) L 212
Thus one has
-0 (%) Vo = (0, o) . (2.1.23)

Substituting (2.1.23) into the leading order equation (2.1.13), we get the following time-

dependent leading order equation for Ay

0Ag

9 T curl curl Ag = (0,J0)7 in Qx[0,00). (2.1.24)

g

To summarize, we have carried on a formal asymptotic expansion of the equations for the
magnetic potential given in (2.1.1)-(2.1.3). This resulted in a leading order time-dependent
system for Ag given in (2.1.13)-(2.1.15). Then we have defined the applied magnetic field
H and current J, see (2.1.19) and (2.1.18), respectively. Finally, fixing the gauge according
to (2.1.20) and (2.1.21), we arrive at the following time-dependent leading order system for
Ao

0Ap

vy t+curlcurl Ay = (0,J0)T in Qx[0,00),

curl Ag = Hp on T X [0,00),
Ap:n = 0 on I'x[0,00), (2.1.25)
Agli=o = ap in Q.
Let us now assume that the initial data ag satisfies
divap=0 in . (2.1.26)
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Taking the divergence of the leading order equation in (2.1.25) and using the fact that

divergence of a curl is zero, we get

%(div Ap)=0 in Qx[0,00).

Thus, if the initial condition ag in the system (2.1.25) is divergence free, then the solution

Ay itself will have the property
divAp=0 in ©Xx][0,00); (2.1.27)

i.e., Ag will be divergence free for all ¢t > 0.
It remains to show that if one chooses the initial data ag appropriately then the solution

Ao will be time-independent. Indeed, let us consider the following linear system for ag

curl curlag = (0,J0)7 in Q, (2.1.28)
divag = 0 in €, (2.1.29)
ag'n = 0 on T, (2.1.30)
curlag = Hyg— Jpz on T. (2.1.31)

Then, clearly one may choose Ay = ag. We note that this Ay solves the leading order
system (2.1.25), satisfies (2.1.27), and in addition, is time independent.
In fact, if we relax the Ag - n gauge, we can solve explicitly for Ag. For example, if we

choose

T
2
AO = Qa9 = (0, Hoil) - Jo%) y (2132)

then both the system (2.1.13)-(2.1.15) and the property (2.1.27) are satisfied. However, the
essential boundary condition (2.1.21) imposed in the gauge does not hold. Thus, if we want

to obtain Ag in the Ag - n gauge, one must solve (2.1.28)-(2.1.31).
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In sum, we have shown that, using the formal asymptotic expansions (2.1.7)-(2.1.10),
fixing the gauge according to (2.1.20) and (2.1.21), and choosing the initial data ag to

satisfy (2.1.29) and (2.1.30) one arrives at the following linear time independent leading

order system for A

curlcurl A = (0,J)7 in Q, (2.1.33)
A-n = 0 on T, (2.1.34)
curlA = H-Jz on T, (2.1.35)

where we have dropped all subscripts.
Let us proceed with the derivation of the leading order system for the order parameter.

As for the equation for the magnetic potential we substitute the expansions (2.1.7)-(2.1.12),

into (2.1.4)-(2.1.6) to obtain
B (3) i (00 (5)'m) (94 (5)' )
ot (3) e [I¢ol2 (§)2(¢o¢;+¢3¢1)] [¢o+ (§)¢]
e [ ) e ()] (e (2 )
L0 (G) ) ~0in Qx[0,00),
{%QV%*iG)GYV%+(9[G)M+(9AJPWNEY%H“H
o(()) =0 e

(Y o (()) me

[=Y=]

$0(0) + (’) ¢1(0)+0< =y
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Collecting all leading order terms we arrive at the following nonlinear time-dependent lead-

ing order system for g

2

% +1®o%o — Yo + [0l 4o + (l (%) v+ Ao) Yo = 0 in 2x[0,00), (2.1.36)
(i (%) Vo + Aowo) n = 0 on I x[0,00), (2.1.37)

¥o(0) = ¥° in Q. (2.1.38)

We recall that the leading order time independent linear system for the magnetic po-
tential A decouples from the leading order nonlinear time dependent system for the order
parameter ¥. Hence, one may first solve (2.1.33)-(2.1.35) for A and then substitute the
solution into the system for 9. We note that by using the divergence free property of A,
see (2.1.27), and the boundary condition (2.1.34), it is easy to see that the leading order

system (2.1.36)-(2.1.38) can be written in the following equivalent form

W _ (€Y 24 (i z
- (5) av+iarp+Ge- vy + uPy
+2i (%)A-be = 0 on x]0,00), (2.1.39)
V¢¥-n = 0 on T x[0,00), (2.1.40)
P(0) = ¢° in Q, (2.1.41)

where we have dropped all subscripts.

2.2 Weak Formulations

The first step in applying the finite element method is to write a weak formulation of
our problems. In this section we present weak forms of the leading order systems for the

magnetic potential A and the order parameter 1, see (2.1.33)-(2.1.35) and (2.1.39)-(2.1.41),
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respectively. We show that if the weak solutions possess sufficient regularity, then standard
integration by parts yields that they also satisfy the strong equations.

Let (-,-) denote the standard L? inner product. Recall that HL(Q) represents the
space of all functions Q € H!(Q) satisfying the boundary condition Q - n = 0, see (1.4.6).
The solution A of the leading order system (2.1.33)-(2.1.35) satisfies the following weak

formulation.

Seek A € HL(Q) such that

a(A,A) = F(A) VA € HL(Q), (2.2.1)

where a(-,-) is the bilinear form
a(A,A) = (curl A,curl A)+ (div A,div A) (2.2.2)

and F(-) is the linear functional
F(A) = (f(z),curl A) (2.2.3)

where f(z) is the infinitely differentiable function

f(z)=H - Ja. (2.2.4)

We now show that if A is sufficiently smooth, we can recover both (2.1.33) and (2.1.35).

Using definitions (2.2.2), (2.2.3) and (2.2.4), equation (2.2.1) becomes
(curl A,curl A)+ (div A,div A) = (H — Jz,curl A) V A € HL(Q).

Provided that the weak solution A is sufficiently smooth we can integrate by parts to remove
all derivatives from the test function A. Let us first take a divergence free test function A,

that is we consider A € H2 (div; Q). Then equation (2.2.1) reduces to:
(curl A,curl A)= (H — Jz,curl A) V A € HL(Q).
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Using standard integration by parts we have that
(curl A,curl A) = (curl curl A,A) - / curl A(A x n) dT,
r

and

(H — Jz,curl A) = / (H — Jz)curl A dQ
Q

- J/ A, dQ+/(H—Jx)(nxA)dI‘.
Q r
Hence

(curl curl A, A) =

/F(curl A—(H-Jz))(Axn)dl VA eH\(Q)
and by choosing A € HL1(Q) satisfying A = 0 on T we will get that
(curl curl A,A) = ((O,J)T,A) VA € HL(Q).
Therefore we arrive at
curl curl A = (0,J)T ae. in Q.
Next, consider a test function A with curl A = 0. Then (2.2.1) yields
(div A,div A) =0

for all such test functions. Therefore div A = 0.

(2.2.5)

(2.2.6)

(2.2.7)

Finally, to recover the boundary condition we consider A € HL(Q). Taking into account

that div A = 0 and curl curl A = (0,J)7 it follows that
/ (curl A — (H — Jz))(A xn)dT =0 V A € HA(Q),
r
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or equivalently
curl A=H —Jz ae. on T.

Thus, assuming sufficient regularity for the solution of the weak problem (2.2.1), we
recovered the strong equation (2.1.33) and the natural boundary condition (2.1.35).

We proceed with introducing a weak formulation for the order parameter 7. Recall that
the space V is defined in (1.4.16) and that V = H!, see (1.4.17). The strong solution ¢ of
the time-dependent nonlinear leading order system (2.1.39)-(2.1.41) satisfies the following
weak formulation. |

Seek ¥ € V such that

2
o)+ (2) (78,90 + (0 +2i (3) (4 Tu,0) =
— (@ —2+ ¥+ |AP),) VoeV,t20, (2.2.8)
$(0) = .

Note that we have replaced the notation % with ;.

Again, standard integration by parts can be used to show that if the above weak problem
has a sufficiently regular solution % then it also satisfies both the strong leading order
equation (2.1.39) and the natural BC (2.1.40). Assuming enough regularity for v, say

¥ € H%(Q), we integrate by parts to remove all derivatives from the test function v. We

have
2 2
(%) (Vep, Vo) = — (%) (D, ) + /F(v«p ‘n)vdl VweV,t>0,  (2.2.9)
hence
2
(«m - (%) ava2i(S)A-vorivy -t luPe+ |A|2¢,v)
+ /F(w; ‘n)pdl =0 YveV,t>0. (2.2.10)
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If we take v € V with v = 0 on I' then we get

2
¢t_(§) A¢+zi(-ﬁ-)A.wnw—wWw|A|2¢=o aein ©,120.

So far, starting from the weak form (2.2.8) we have recovered the strong equation (2.1.33).

For any v € V we arrive at
A(V@b-n)vdf Vv eV,t >0,
or equivalently
V¢-n=0 ae.on I. (2.2.11)

Thus, we have shown that indeed (2.2.1) and (2.2.8) represent weak forms of the leading
order systems for A and %, see (2.1.33)-(2.1.35) and (2.1.39)-(2.1.41), respectively.
The weak problem (2.2.8) can be written in the following form.

Seek 1 € V such that

(Y1, v)+ a(,v)+ b(A,¢,v) = (f(¢),v) forall veV,t>0,

(2.2.12)
P(0) = 9°
where a(-, ) is the following bilinear form
2
a(w,0)= (3) (V0. 0)+ (8,0), (2213)
b(-,-,) is the trilinear form
b(A,Y,v)=2i (%) (A -Vi,v), (2.2.14)
f(-) denotes the nonlinear function
f) = (2-@—|p2-(A]) 4, (2.2.15)
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and ® is the following given function

12J
® = ‘(E) 4

The results collected in the following Lemma, see [76], will be used later on in the

derivation of the optimal error estimates for the fully discrete order parameter problem.

Lemma 2.1 For all u,v € V and A € H.(div ; Q) we have

a(u,u) > Cilu|f3, (2.2.16)
a(w,v) < Cullulluloll, (2.2.17)
b(A,u,v) = -b(A,v,u), (2.2.18)
b(A,u,u) = 0. (2.2.19)

Proof

The bilinear form a(-,-) is coercive. Indeed,
é 2
a(u,w) = (&) IVall + 1l > cullul?,

2
where C; = min { (%) , 1} and we have used the definition of || - ||;.
The continuity of the bilinear form a(-, -) follows easily. Indeed, using Cauchy’s inequal-

ity, see (1.3.8), one has

a(u,v) < a(u, u)’? a(v,v)/?

[@2 (Ve V) + (s ")] "’ [@2 (V0,V,0) + (v,0)

Cu[(Vu, V) + (u, w)]/2 [(Vo, Vo) + (v, 0)]'/2

1/2

IA

IA

Cullullx[|v]]1,
where C, = max{(%) R 1}.
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In order to show the third property we integrate by parts and use the fact that

A € Hl(div ;Q). Then
b(A,u,v)= —/ u div (Av) dQ + / u(vA-n) dT' = —b(A,v,u).
Q r

Now, (2.2.18) automatically implies (2.2.19). O
Using (2.2.18), one may rewrite the weak form (2.2.12) in the following equivalent form,
which shall be used throughout this work.

Seek ¥ € V such that

($1,0) + a(,0) — b(A,0,9) = (f($),v) forall veV,t20, (22:20)

P(0) = ¢

The reason for using the weak formulation (2.2.20) will be discussed later when we consider

discretizations in space and introduce the discrete problem for the magnetic potential.

2.3 Existence and Uniqueness for the Weak Solution A

We recall the weak problem for A, see (2.2.1).

Seek A € HL(Q) such that
a(A,A) = F(A) Y A € HL(Q). (2.3.1)

We will show that @(A, A) and F(A) defined in (2.2.2) and (2.2.3), respectively, satisfy all
the hypotheses in the Lax-Milgram Lemma, see Lemma 1.2. Then Lax-Milgram guarantees
the existence and uniqueness of the weak solution A. In order to apply Lax-Milgram we

will need the following equivalence result.
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Lemma 2.2 Assume that Q is simply connected domain in R®,d = 2,3. Assume that the
boundary T is Lipschitz-continuous. Then, for all functions in HL(Q) there ezist positive

constants C1, Cy such that
Cillvil < (Idiv vllo + [leutl v]jo) < Callv]s. (2.3.2)

The proof of Lemma 2.2 can be found in [45]. We continue with the existence and uniqueness

for the weak solution A which follow standard elliptic finite element theory.
Lemma 2.3 There ezists a unique solution A € HL(Q) to the weak problem (2.2.1).

Proof

Using the Cauchy-Schwarz inequality, see (1.3.8), and Lemma 2.2 one can derive the conti-

nuity of the bilinear form a(-,-). Indeed,

a(A,A) = (curl A,curl A) + (div A, div A)
< ||curl Aljo||curl Aflo + ||div Alo||div Al|o
1 . ~ .o
< 5 (lleurl AJI3 +[ldiv AJI§ + fleurl All3 + ldiv Al)

< ZyAlbIAlL VA, A € HY©).
Lemma 2.2 also implies the coercivity of the bilinear form a(-, -)
a(A,A) = |lcurl Al + ||div A2 > C1]|A[l} V A € HL(Q).
It is left to show that the linear functional F(-), see (2.2.3), is continuous. Indeed

|F(A)| = |(f(z),curl A)]

[I Fllollcurl Allo < [ llollcurl Allo + [|div Allo

IN

IA

Ci(llcurl Allo + ||div Allo) < CllAll V A € HY(®),
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where C7 = max{|| f|lo, 1}, and we recall that f(z) is defined in (2.2.4).

Hence, applying the Lax-Milgram Lemma the proof is completed. O

2.4 Existence and Uniqueness for the Weak Solution

We continue with the existence and uniqueness of the weak solution 7). We recall the
weak problem (2.2.20).

Seek ¥ € V such that

(b, 0) + a(¥,v) - b(A,v,9) = (f(¥),v) forall veV,120,

¥(0) = 9°

The existence, uniqueness, and convergence of the time-dependent weak solution 7 are
proved in [37]. Below we only state some of the results relevant to our presentation;

in particular, we give a result demonstrating that the order parameter % is bounded in

L®(0,T; HA(R)).

Lemma 2.4 Let 9 be the solution of (2.2.20). Let the initial condition satisfy ||¥°(x)||c0 <

1 in Q. Then one has

[9(x, )]l <1 in Q@ x(0,T). (2.4.1)

In [37] this result is used to establish continuous dependence on the initial data over
a finite time which also implies the uniqueness of the weak solution %. Next in [37] a
global existence result for the weak solution 1 is proved. Finally, a convergence result is
presented which guarantees that the sequence {(¢x, %Ak)} converges to the unique solution
(¥, A) with order of convergence O (k~2). This implies that the solutions of the leading

order systems (2.1.33)-(2.1.35) and (2.1.39)-(2.1.41), provide a good approximation to the
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solution of the full G-L problem (1.2.22)-(1.2.25 for moderate values of the G-L parameter

K.
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Chapter 3

Finite Element Approximations

The goal of this chapter is to introduce the finite element spaces used throughout this
work and present the discrete problems corresponding to the weak formulations (2.2.1) and
(2.2.20). This chapter is organized in three sections.

In the first section we recall some well known aspects of the finite element method. The
reader may consult any of the many available texts on finite elements; see , e.g., [14], [22],
[23], [45], [55], [68] and [83].

In the second section we define the particular finite element spaces used in the derivations
of the optimal error estimates for the magnetic potential and the order parameter. In
particular, we list all their properties which will be needed for our theoretical purposes. As
an example we consider biquadratic and bilinear finite element spaces which will be used in
our numerical experiments.

In the third section we formulate a discrete problem for the magnetic potential. Then
we present a semi-discrete and a fully-discrete problem for the order parameter. Through-
out this work we study two different schemes for discretizing the time variable in the order
parameter system. They result in two different fully-discrete problems for the order pa-
rameter having, respectively, first and second order accuracy in time. In order to keep our
notation as simple as possible we denote solutions of both the Backward-Euler-Galerkin

and Crank-Nicolson-Galerkin problems by ¥™.
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3.1 Introduction

Recall that © C R? is a bounded domain with a Lipschitz continuous boundary T'. We
consider the numerical solution of initial boundary value problems. In particular, in this
work we are concerned with the approximations for the nonlinear problerﬁ for the order
parameter given in (2.2.1). To obtain approximate solutions we use standard Galerkin
spatial discretizations and two different discretizations in time which have first and second
order of accuracy. One of the most commonly used methods for solving partial differential
equations (PDE’s) is the finite element method (FEM). From a practical point of view the
FEM has some advantages over other methods for solving PDE’s, e.g., the finite difference
method. Most notably it easily handles complex geometries. The FEM yields a system of
algebraic equations for the unknown parameters; the coefficient matrix is sparse and has a
banded structure.

If the PDE admits an equivalent representation as an extremal problem then one may
use the Ritz method to obtain approximate solutions. The FEM can be considered as a
special case of the Ritz method with a particular choice for the basis functions. If the PDE
does not correspond to an extremal problem then one may use variational formulations
based on the PDE itself. One such method is the Galerkin method which is a generalization
of the Ritz method and is applicable to a wider class of problems including PDE’s with no
equivalent extremal formulation. The FEM can be considered as a particular example of
the Galerkin method.

We continue with a brief discussion of the Galerkin method. Starting with the elliptic
BVP one first derives an equivalent formulation known as a variational (weak) formulation.

The weak problem is an infinite dimensional problem posed on a suitable functional space
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V. To define a conforming Galerkin method we first choose a finite dimensional subspace
VP C V. Then we define a discrete variational problem by restricting the original weak
problem to the space V. Solution of this variational problem, known as the approximate
solution, can be expressed as a finite linear combination of the basis functions with unknown
coefficients. Substitution of this solution into the weak formulation leads to a system of
algebraic equations for the coefficients. From a numerical point of view efficiency of the
Galerkin method largely depends on the suitable choice of the basis ¢y, ..., ¢4. For instance,
the FEM results from a particular choice of the basis ¢1, ..., 4.

As aresult the FEM may be viewed as a systematic method for generating basis functions
on arbitrary regions @ C R%. Let Q denote the closure of Q. The first step of the FEM is to
subdivide (triangulate) the set Q into a finite number of subsets K, called finite elements.

By a finite element (FE) we shall mean the following ordered triple
(K, P(K),Xx), (3.1.1)
where
e K is a geometrical object, e.g. triangle, rectangle, etc.,
e P(K) is a finite dimensional linear space of functions defined on X,

e Yk is a set of degrees of freedom such that a function in P(K) is uniquely determined

by k.
We denote the triangulation by 7; and require it to satisfy the following properties.
1. Q = Uker, K.
2. For each K € 7y, the set K is closed and the interior K° is nonempty.
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3. For each distinct K1, K2 € 7y, one has K9 N KJ = @.
4. For each K € 7, the boundary dK is Lipschitz continuous.
5. Any face of any K1 € 7 is either a subset of I, or a face of another K5 € 7}.

Once a triangulation 7}, is established over the set 2, one defines a finite element space V*.
A notable property of V" is that the space P(K) = {vnx 1 vn € Vh} contains polynomials,
or functions “close” to polynomials. The third basic aspect of the FEM is that the space

V" has at least one “canonical” basis with basis functions having “small” support.

3.2 Finite Element Spaces

The goal of this section is to introduce the finite element spaces and their properties used
throughout this work. As an example of particular finite elements we consider d-simplices
in R?. Following [45], we introduce some standard definitions and results.

Let us recall that the convex hull of (d + 1) points (aj)?zl € ]Rd, which are not all
located in a single hyperplane, is called an d-simplex in IR? and will be denoted by K.
For example, a 2-simplex is a triangle and a 3-simplex is a tetrahedron. The points a; are
called vertices of the d-simplex. For any integer m with 0 < m < d, an m-face of the
d-simplex K is any m-simplex whose (m + 1) vertices are also vertices of K. The size and
shape of a d-simplex K are specified by its diameter, denoted by hx, and by the diameter of
the largest ball inscribed in K, denoted by px. Let 7; be a triangulation of Q consisting of
closed simplices K, whose diameters are bounded by h. We assume that any two simplices
from the triangulation 7 are either disjoint or have at most a common face. We say that
an affine family of triangulations {73} of d-simplices K is regular if the following two

conditions are satisfied.
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1. There exists a positive constant ¢, independent of h and K, such that

a;czh—lcga VK eT.

PK

2. h approaches zero.

A regular family {74} is called uniformly regular (or quasi uniform), if there exists a

positive constant 7 such that
Th<hx < opx YK €ET).

Given a nonnegative integer r we denote by P, the space of all polynomials on R? of

degree less than or equal to 7.

Definition 3.1 Given a triangulation T, of Q and a fized integer 7 > 1, we define the

standard finite element space
St = {v, € CO(Q); vilc € P, VK € Tp}. (3.2.1)

Similarly, one can define the corresponding standard complex finite element space S* and
the standard vector finite element space S%.
The finite element spaces defined in (3.2.1) satisfy the following best approximation

property which will be used repeatedly throughout this work, see [45].

Lemma 3.1 Let 7}, be regular triangulation of Q. Let s be a real number with 1 < s < r.

Then, for m = 0,1 there ezists an element v, € S*, such that
[h = Vlm,g < CA™ 041, Vo€ WETLI(Q), (3.2.2)
where C' is a positive constant independent of h and v. O
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However, for an affine family of triangulations which is not necessary regular instead of
(3.2.2) we have the weaker result

hs+1
P

[vh = Vlm,g < C

In what follows, we shall need to convert between W™? and W™? norms of finite element
functions, as well as to replace stronger norms by weaker norms. This can be accomplished

by means of the inverse inequalities given below, see [45].

Lemma 3.2 Let r and p be real numbers with 1 < ¢, p < oo and let m = 0,1. Let us
assume that Tj, is a uniformly regular triangulation of ). Then there exist constants C; > 0

and Cy > 0, independent of h, such that

[on]1,q < CrA~1Fmin(0d/a=dIp) |y 110 Y vy, € SP (3.2.3)

and

[0h|m,g < Coh™nOa=d/P) || Y oy €SP (3.2.4)
In addition, if ¢ < p then (3.2.4) holds for T, that is regular. O

We continue with definitions of the particular finite element spaces used throughout this
work. Let 9(t) and A be the solutions of the weak problems given in (2.2.20) and (2.2.1),
respectively. For the approximation of the order parameter ¢ we consider the following

standard complex finite element space
Vh =Sk, (3.2.5)
and for the approximation of the magnetic potential A we consider the space

W" = s nHL(Q). (3.2.6)
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Throughout this work the above notation will be reserved for the approximation spaces for
the order parameter and the magnetic potential.
If the hypotheses of Lemma 3.1 hold, then the following best approximation properties

are valid for V* and W" and there exists an element vy, € V" such that

[0 — Vg < CAFI™ 0] 01, Vv e WHTLI(Q) (3.2.7)

and an element w, € W" such that
|Wh — Wlm,g < ChT1" w41, Vwe WThe(Q). (3.2.8)

Similarly, if the hypotheses of Lemma 3.2 hold, then the following inverse inequalities

are valid for V* and Wh

[Whlleo < Ch=% |l whllo ¥ wi € W, (3.2.9)

and

d
|onlloc < Ch™2|vnllo ¥ vn € V2. (3.2.10)

These inequalities are used repeatedly throughout this work.

Finally we assume that for sufficiently smooth %(¢) and A the finite element spaces V*

and W satisfy

]jm(sup inf (||¢(t)-vh||oo+h-%||¢(t)_vh||0)) = 0 (3.2.11)

h—0 \ te[0,T]vaEV™
and
lim ( inf (A = walloo + h~$]|A - wh||0)> _— (3.2.12)
=0 \w,eW
respectively.
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Following [5] we note that (3.2.11) follows from (3.2.7) and (3.2.10) while (3.2.12) follows
from (3.2.8) and (3.2.9) provided that there exist interpolation operators of smooth functions
into V* and W", respectively, with reasonable L® approximation properties.

For the sake of generality we have introduced finite element spaces using a triangulation
of § based on d-simplices in IR?. We note that in IR? a 2-simplex is a triangle. On the other
hand, finite element spaces can also be constructed using triangulations based on regions
other than simplices. For example, a triangulation 7, and a polynomial finite element space
in two dimensions can be defined using suitably chosen functions on rectangles instead of
triangles. As an example of such a space let us consider the biquadratic finite element space
Q2(K). In terms of (3.1.1), Q2 consists of a rectangle X, P(K) = Q2(K), where @2 denotes
the set of functions which are polynomials of degree less than or equal to 2 in each coordinate

direction, and the number of degrees of freedom is 9. Let K be the reference element

1 $2

with vertices x!,%2,%3,%%. Let us choose the following nine nodal points x!'! = (0,0),
x> =(1/2,0), x> = (1,0), x% = (0,1/2), x*% = (1/2,1/2), x>? = (1,1/2), x'3 = (0,1),
x2% = (1/2,1) and x33 = (1,1). The biquadratic functions on K are polynomials in % of
degree < 2 with respect to each variable. They are defined by taking the the nine direct

products of the 1-dimensional quadratic basis functions on the interval [0, 1]

(1) = (1— t)(1— 20),
92(t) = t(l - Qt)’

O5(t) = 4t(1 — t).
Thus the basis qgi,j(ic), 1,7 = 1,2,3 for Q2 on a reference rectangle K is defined by

bij (X) = 0;(£1)8; (%2) for 4,5 =1,2,3.
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The function space spanned by the basis functions q~5,-,j,z' = 1,2, 3 is the space of biquadratic
functions on K and is denoted by Q2(K).
In order to determine the basis functions on an arbitrary straight-sided element K with

vertices x!,x2,x3,x* let us define a mapping Fx from K onto K by

4
x = Fx(%) = Y x'¢i(%). (3.2.13)

=1

Given d;i one may use Fx defined in (3.2.13) to obtain the basis functions ¢; for an arbitrary

rectangle K with nodal points x!,x2,...,x° as follows
#i5(X) = @i (F,'C‘l(x)) for xe K, and i=1,2,3.

It also is possible to define the mapping Fx so that it maps the reference element K onto
a curved-sided element K. Our numerical calculations are limited to the case of a square
domain € having sides parallel to the coordinate axes.

In a similar way one can define the space ¢); of all functions which are polynomials of
degree less than or equal to one in each coordinate direction. We note that basis for ¢ on
a reference rectangle has only four elements of the form ¢; ; = 6,6; for i,j = 1,2, where 6;
denote the linear 1—dimensional basis functions.

We construct approximate solutions of the weak problems given in (2.2.1) and (2.2.20)
using quasi uniform triangulation. Hence the finite element spaces V* and W" used in this
work satisfy all necessary properties.

Let 75 be a quasi-uniform partition of § into rectangles K having sides parallel to the
coordinate axis in IR?. Here h is the maximal length of a side of a rectangle K in 7j,.
For i = 1,2 let us define the following two finite element subspaces of H!(Q) and HL(Q),

respectively.
Vh = {ve Q)| v(K)e QiK) VK e T}, (3.2.14)
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Wh = (weC%Q)|wK)eQiK) VK€ET,, w-n=0 on T'}. (3.2.15)

When ¢ = 1 the spaces V* and W" correspond to bilinear finite elements and for ¢ = 2, V"
and W" are determined using biquadratic finite elements. Numerical results presented in
Chapter 9 will be computed by finite element codes in which we will use the above discrete

spaces defined in (3.2.14) and (3.2.15)..

3.3 Discretization

The goal of this section is to formulate a discrete problem for the magnetic potential A
as well as semidiscrete and fully-discrete problems for the order parameter . We discretize
the continuous equations (2.2.1) and (2.2.20) in space by the standard Galerkin method. To
this end, we choose finite dimensional subspaces W" C H1(2) and V* C H!(Q), consisting
of continuous functions. Then, we seek approximations A, € W” and 1, € V* of the weak
solutions A of (2.2.1) and 9 of (2.2.20). Since the weak problem for ¢ is time dependent,
for a given T with 0 < T < o0, one seeks approximations ¢, for 0 <t < T.

Throughout this work, we assume that the finite dimensional spaces V* and W satisfy
all of the properties stated in Section 3.2.

Let us recall the weak problem for A given in (2.2.1).

Seek A € H1(Q) such that
a(A,A) = F(A) V A € H:(Q).

Then we consider the following discrete problem for Aj.

Seek A € W" such that

a(An, Ap) = F(Ay) Y Ap € Wh, (3.3.1)
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where @(-,-) and F(-) are defined in (2.2.2) and (2.2.3), respectively.
Let us recall the weak problem for 9, see (2.2.20).

Seek 1 € V such that

(¢t7v)+ a(¢’v)_ b(Avv’ ¢) (f(¢)’v) Vv e V7t 2 07

$(0) = 9.

Then we consider the following semi-discrete problem for .

Seek vy, : [0,T] — V* such that

(%¢havh) + a(Ph,v) — b(An,vn, %) = (fu(tn),vn) Yo € VA0t LT,

Pu(0) = 4°, (3.3.2)

Il

where a(-,-), b(+,-,-) are defined in (2.2.13), (2.2.14), respectively,
In(w) = (2-i® - [l* - [A?) ¥, (3.3.3)

and ¥° is an approximation of ¥° in V.

We note that the semidiscrete problem (3.3.2) is, in fact, a system of nonlinear ODE’s
since we have discretized the space variable only.

We now proceed with discretizing the time variable in the semidiscrete problem (3.3.2).
As a result, we will arrive at the fully discrete problem for the order parameter in which both
the space and the time variables are discretized. In the rest of this work we are concerned
with two fully discrete schemes. First, we consider the Backward-Euler-Galerkin scheme
which is first-order accurate in time. Then, we present the Crank-Nicolson-Galerkin scheme
which is second-order accurate in time. We denote the fully-discrete solution for both the

Backward-Euler-Galerkin and Crank-Nicolson-Galerkin problems by ¥™.
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Let £ > 0 be the time step. Throughout this work we assume that the time step is fixed.
All results can be easily generalized to the case of a variable time step. We denote ¢, = nk,
for0<n< NandT = Nk.

Let U™ € V" be the fully discrete approximation of ¥(t,) in V" at time ¢,. We first
consider the Backward-Euler method in which we replace the time derivative of 1, by the

backward difference quotient

J . gn _ gn-1

The Backward-Euler-Galerkin discretization of (2.2.20) is as follows
Seek ¥™ € V" such that
dyn

(T’vh) + a(¥", v) — b(Ap, vp, ¥")

(fu(¥™),v)Vor € VP, 1<n <N,

v = 40 (3.3.5)

In addition to the Backward Euler scheme we also consider the popular Crank-Nicolson
type scheme often used in the literature, see, e.g., [5], [34], [77]. There are different names
associated with this second order scheme, for example, Crank-Nicolson method, one-stage
Gauss-Legendre implicit Runge-Kutta scheme, one-leg multi-step method. For the sake of
simplicity we refer to this scheme as the Crank-Nicolson scheme. Since we are concerned
with the numerical approximation of a dynamical problem the use of such a higher order
scheme may be beneficial from a computational viewpoint. For example, if variable steps
in time are used in a higher order scheme this may result in reaching the steady state
configuration of the model system much faster than with a first order scheme. In addition,
the use of higher order schemes may also give better resolution of the initial transient period.

We recall that the implicit Crank-Nicolson method for the general nonlinear problem
y(t) = F(y(t)) for i€ (to,T)
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y(to) = %o

reads

Yn + Yn—1 )

ynzyn_1+kF( s

The Crank-Nicolson-Galerkin discretization of (2.2.20) can be stated as follows.

Seek U™ € V" such that
J\I;n T Tn Tn h
(T,Uh) +a(¥",vp) — b(Ap, ¥, vp) = (fh(\;[’ ),’Dh) Vo, e V', 1<n<N,

w0 = O (3.3.6)

where di; is defined by (3.3.4) and we have used the notation

_ gn q,n—l
" = —+2— (3.3.7)
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Chapter 4

Approximation Results for the Magnetic Potential

This chapter is devoted to the finite element approximations for the magnetic potential.
It consists of two sections.

In the first section we prove existence, uniqueness and derive optimal L? and H' error
estimates for the solution A} of the discrete problem (3.3.1). The derivation of the error
estimates for the discrete problem for A is standard and follows directly from the steady
state finite element theory for elliptic equations.

In the second section we show that under certain smoothness requirements for the weak
solution A the infinity norm of both the weak solution A and the discrete solution A} are
bounded independently of the discretization parameter h. These results will be used repeat-
edly in the derivation of the optimal £? and H! error estimates for the order parameter.

From now on let us assume that @ C R?, for d = 2,3. Let A and Y(ty) denote the
unique solutions of the weak problems given in (2.2.1) and (2.2.20), respectively. Finally,
let C denote a generic positive constant, different at different places, which is independent

of the discretization parameter h and the time step k.

4.1 Existence, Uniqueness and Optimal H' and L? Error Estimates

We recall the problems for A and Aj, see (2.2.1) and (3.3.1), respectively.

65



Seek A € H1 () such that
a(A,A) = F(A) V A € H(Q).
Seek A, € W" C H1(Q) such that
a(An, Ap) = F(Ap) Y A, € Wh
Let us define the error Ej in the discrete problem (3.3.1), by
E,=A - A;. (4.1.1)

A direct application of Cea’s Lemma 1.3 gives us the following optimal estimate for the

error Ey,.

Lemma 4.1 Let A € HL(Q) be the unique solution to (2.2.1) which is guaranteed by
Lemma 2.3. Then there ezists a unique solution A, € W" to the discrete problem (3.3.1).

Moreover, the following optimal estimate holds
|Bxlli < CA™||Al|lmy1, provided A € HL(Q)nH™(Q). (4.1.2)

Proof
The existence and uniqueness of the discrete solution A, € W" follows directly by noting
that W ¢ H1(Q) and applying Lax-Milgram Lemma.

To obtain the estimate (4.1.2) let us recall that F(A}) is a bounded linear functional
on H}(Q) and a(-, ) is a bilinear form on H.(Q) x HL () which is continuous and coercive.
Since all the hypotheses in the Cea’s Lemma 1.3, are satisfied, one immediately obtains the

following abstract error estimate

[Ealli <C _inf [|A = Agllr.
A h

hE
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Hence, we have reduced the problem of estimating the H! norm of the error E; to an
approximation problem. Thus, using the best approximation property of W", see (3.2.2),

we obtain the desired result
|Ex|l1 € Ch™||Aljm+1 provided A € HL(Q)NnH™(Q). O
Under an additional assumption on the dual problem, see (1.3.15), one can derive the
following optimal L? estimate.

Lemma 4.2 Let A and A}, denote the unique solutions to the weak (2.2.1) and discrete
(8.3.1) problems. Let us assume that the dual problem corresponding to (2.2.1) is regular.

Then we have the optimal estimate
|Exllo € CR™||Al|mg1 provided A € H(Q)NH™M(Q). (4.1.3)

Proof
To prove the L? error estimate we need to assume that the dual problem given below is

regular; that is, if ¢ € L2() is arbitrary function and ¢ is the solution of
a(A,¢) = (p,A) VA e HL(Q), (4.1.4)

then ¢ € H2(Q) N HL(Q).

We recall that all hypotheses of Cea’s Lemma 1.3 are satisfied in the present setting.
We also recall the compact imbedding (1.4.12) which implies that in both two and three
space dimensions we have

HL(Q) C L3(Q). (4.1.5)
It follows that all the hypotheses in the Aubin-Nitsche Lemma, see Lemma 1.4, are satisfied.

Hence applying the Aubin-Nitsche Lemma we arrive at the desired optimal L? error estimate

IEkllo < CA™||A|lmy1 , provided A € HL(Q)nH™1(Q). O (4.1.6)
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4.2 Uniform estimates for A and A,

The goal of this section is to derive several preliminary estimates for the solutions of the
weak and the approximate problems for the magnetic potential. More precisely, we prove
that the L°°-norms of both the weak and discrete solutions A and A are bounded inde-
pendently of the discretization parameter h. The decoupling of the leading order magnetic
potential system from the leading order system for the order parameter plays an important
role in the derivation of such uniform estimates. It allows us to derive uniform estimates for
the magnetic potential and then use them in order to bound optimally all terms in the order
parameter system. The results derived in this section are crucial for the derivation of the
optimal fully discrete £2 and H! error estimates and will be used extensively throughout
this work.

As a direct application of the Sobolev Imbedding Theorem we have that if w € H? then
in both two and three dimensions ||w|| is bounded. This is summarized in the following

lemma.

Lemma 4.3 Let Q@ C R? for d = 2,3. Let m be a positive integer such that m + 1 > d/2.

If w € H™1(Q) then we have the estimate
where C is a generic constant independent of the discretization parameter h.

Proof

Let us recall, see Lemma 1.1, that for d = 2, 3 the following imbedding holds

WTHL2(Q) — CO(Q), (4.2.2)
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provided that m + 1 > d/2. By the continuity of the imbedding (4.2.2) we have
Wlleo < CllW(lm41 < C,

provided w € H™*1(Q). This concludes the proof of (4.2.1). O

In particular, we may apply Lemma 4.3 to obtain an equivalent result for the solution
of the weak problem (2.2.1). In order to derive optimal error estimates it is customary to
require additional smoothness for the weak solution. In particular, we shall assume that

A € HL(Q)nH™1(Q). Then Lemma 4.3 yields
Al < C, (4.2.3)

provided that m + 1 > d/2.
We define a projection PA of the weak solution A onto the finite element space WP
by
a(p,wr) =0 Vwy € WhH (4.2.4)
where

s=PA-A (4.2.5)
and the bilinear form a(-, ) is defined in (2.2.2).
Lemma 4.4 Let Q C R? for d = 2,3. Let m be a positive integer such that m + 1 > d/2.
Let A € HL(Q) N H™*(Q) be the weak solution of problem (2.2.1). Then, we have the

estimate

[A-PA|o < C A, (4.2.6)

where C is a generic constant independent of the discretization parameter h.
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Proof

According to (4.2.4), PA solves the problem
a(PA,wy) = a(A,wy) Vw,e W (4.2.7)

We note that @a(A,wy) defines a bounded linear functional on H},(£2) and that a(-,-) is
a continuous and coercive bilinear form on H.(Q) x H.(Q). Hence by the Lax-Milgram
Lemma there exists a unique PA solving (4.2.7).

Now, we let ¢ € L%() be arbitrary and assume that the solution ¢ of the dual problem

a(w,4) = (o, w)

is regular. Then, using the continuous imbedding, (4.1.5), the Aubin-Nitshe Lemma and

the regularity of the dual problem we get the desired L? estimate (4.2.6). O

Lemma 4.5 Let @ C R? for d = 2,3. Let A € HL(Q) N H™(Q) be the weak solution of
problem (2.2.1), where m + 1 > d/2. Let us assume that the dual problem corresponding to

(2.2.1) is reqular. Let A, € W" be the finite element approzimation to A which satisfies

(3.2.12). Then

|ALllce < C  for sufficiently small h, (4.2.8)
where C is a generic constant independent of the discretization parameter h.

Proof
In order to show that ||A4||c can be bounded independently of h we first estimate || Ax|co —
||Allco and then use the fact that ||A|l < C.

One may use the optimal estimates (4.1.3), (4.2.6) and the inverse inequality for W*,

see (3.2.9), to get that ||Ap||oo —||Allc < C h™+1=% | To show this we first add and subtract
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A as well as an arbitrary element w, € W”. Applying the triangle inequality we get

[Aklloo = llAllc < [|An— Al

IN

(1An = PAlloo + IPA = Wi|loo) + [| A = Whl|oo-
Next we use the inverse inequality (3.2.9) to obtain

1Allo = 1Al < C A% (|Ak - PAJlo + [|PA = Whllo) + [|A = Wi]|oo-
We proceed by adding and subtracting A and using the triangle inequality to get

[Aklloo = llAfloo

- _
C 72 (|| An — Allo + 2| A — PAllo + [|A — Wallo) + |A — Walleo

IN

d — _4d
Ch™% (||An — Allo]|A - PAllo) + C A2 ||A — whllo + || A — Wil|oo-

IN

Using the optimal error estimates for |Aj, — Al|o and ||A — PA||o and the property (3.2.12)

of the finite element space W” one has

[Aklloo = Al

IN

”Ah - A”oo

IN

Ch™75 4 (Ch 2|A = wllo+|A = wallo)  (4.2.9)

C hmH1-E,

IN

Thus, using (4.2.3) it follows that

d
2

[Anlleo < [[Alloo + C R™*172 < C,

provided that m + 1 > d/2 and & is sufficiently small. O

Note that in both two and three space dimensions it suffices to have A € H2(Q).
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Chapter 5

Existence and Uniqueness for the Auxiliary
Problems

Proving optimal estimates for the fully discrete approximation of the order parameter
is a much more complicated task than proving estimates for the magnetic potential since it
does not follow standard finite element theory. There are two main difficulties. First, the
nonlinear function fx(:) appearing in the fully-discrete problems (3.3.5) and (3.3.6) is only
locally Lipschitz. To circumvent this difficulty we follow the approach of [5] and consider an
auxiliary problem whose solutions satisfy the same equation as ¥" except that the locally
Lipschitz function fi(:) on the right hand side is replaced by a globally Lipschitz function
f2(-)- The function f2(-)is defined in such a way that it agrees with f(-) on a set M?, see
also [77]. The second difficulty is in handling the trilinear form b(-,-,-). From its definition
(2.2.14) we note that (-, -,-) has essentially the same structure as the nonlinear term in the
Navier-Stokes equations, see e.g., [23], [45], [51], [76]. However, in our model the trilinear
form b(-,-,-) depends not only on the weak solution for the order parameter but also on
the weak and the discrete solutions for the magnetic potential. The uniform estimates for
A and A} derived in Chapter 4 will allow for optimal estimates of all terms involving the
trilinear form &(-,-,-).

This chapter consists of four sections. The first section starts with a short discussion of

the need to introduce the auxiliary fully discrete problems. Then we define the auxiliary
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problems corresponding to both the Backward-Euler-Galerkin and Crank-Nicolson-Galerkin
problems. As before, we use ¥} to denote the solution to both auxiliary problems.

In the second section we collect several preliminary results used in the proof of the
existence and uniqueness for ¥Y. We start with a derivation of estimates for the terms
in the auxiliary problems involving the trilinear form b(-,-,-) and the globally Lipschitz
continuous function f{(-). Next, we state a Brower-type fixed point result whose proof may
be found in [5].

In the third and fourth sections we prove existence and uniqueness results for the fully
discrete solutions. Later on, in Chapter 8, we will combine these results to obtain existence

and uniqueness results and optimal error estimates for the fully discrete problems.

5.1 The Auxiliary Problems

For the purpose of our analysis one needs to derive “optimal” upper bounds for all terms
involving the nonlinear functions f(-) and fx(-) defined in (2.2.15) and (3.3.3), respectively.
As stated before we follow the approach which has been applied in [5] to a problem having
the same type of cubic nonlinearity. One may also consult [77] for a short discussion of the
idea.

Let us recall that A, denotes the solution of the discrete problem (3.3.1) for the magnetic
poteﬁtial. Let us also recall that for any v € V we define fr(v) = (2 —i® — |v|? — |A4|?) v,
where @ is the leading order scalar electric potential defined in (2.1.22). Note that due to
the cubic nonlinearity, in general, the function fj(-) fails to be globally Lipschitz continuous.
In order to obtain optimal estimates for all terms involving the nonlinear function f5(-) we
either need to have fi(-) globally Lipschitz, or we have to resort to a different technique

than the standard one presented in [77]. This leads to one of the main ideas implemented
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in this work. It involves the introduction of a globally Lipschitz continuous function f£(-)
which coincides with the locally Lipschitz function fx(-) on a set M®. This set is defined
as an appropriate é-neighborhood of the weak solution . Using f;f (+) we introduce a new
function ¥} which solves an auxiliary problem obtained by replacing fi(-) in the fully-
discrete problem by the globally Lipschitz function f2(-).

Specifically, we proceed with the following definition of the set M.
Definition 5.1 Let us fir 6 > 0 and define
Mi={zeC:3x,t)eQx][0,T], |z—¥(x,t)| <6}, (5.1.1)
where v is the solution of the weak problem (2.2.20).
Then f{ is defined as follows.
Definition 5.2 Let f,‘f : C — C be a globally Lipschitz continuous function such that
f3(z) = fu(z) Vze M. (5.1.2)

Let L® be the Lipschitz constant for f,‘f . Using f;f one may define the following auxiliary
problem.
Seek U7 € V" such that

( dy?
dt

o) + a(¥F,0) — (AR, ¥3,00) = (WD), m)VuneVP, 1<n<N,

v = 40 (5.1.3)

We note that ¥} solves a problem identical to the original fully discrete problem (3.3.5)
with the only exception that f4(-) is replaced by f(-).
Using the definition of M?% given in (5.1.1), let us define the auxiliary problem corre-

sponding to the fully-discrete Crank-Nicolson-Galerkin problem (3.3.6).

74



Seek ¥} € V* such that

du? _ _ _
(S8 o) + a(®F, o) + (AW, U2, 0) = (fA(ED),0n)Vor €VE1<n<N,

dt
0 = 4O, (5.1.4)

where we have used the notation

5.2 Preliminary Results

We can derive the following preliminary estimate used in the existence and uniqueness

proofs for the solutions of (5.1.3) and (5.1.4).

Lemma 5.1 Let @ C R? for d = 2,3. Let A € HL(Q) N H™1(Q) be the weak solution of
problem (2.2.1), where m +1 > d/2. Let us assume that the dual problem corresponding to
(2.2.1) is regular. Let A, € W" be the finite element approzimation to A which satisfies

(3.2.12). Then for fi(-) defined in (5.1.2) we have
(8 (on)som)| < Cs ([lonll3 + lloallo) ¥ v € VP, (5.2.1)

where C' is a generic constant which depends on § and is independent of the spatial dis-

cretization parameter h.

Proof
Let 7 be the solution of the weak problem (2.2.20). Using the triangle inequality and the
global Lipschitz continuity of f2(-) we get

[(f2(on)son)l = [(fh(vn) — FR (%) + fR(¥), v)l
(R (on) = F2(), om)] + (S5 (), o) (5.2.2)
L2|lon = Bllolloallo + [(f2(%), va)-

IN

IN
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Note that definitions (5.1.1) and (5.1.2) imply that if ¢ is the weak solution of (2.2.20) then

¢ € M® and hence

) = fu(®).

Thus one may use the definition of fi(%), see (3.3.3), to write

(@) oml = (2= i® - |Awf? = [9), vs)]

(C+11911% + Anl1%) I loliosllo-

IA

Using the fact that ||¢||coc < 1 which was proved in Lemma 2.4 and the uniform bound for

A} derived in Lemma 4.5, we have

[(F2), o)l < Clivallo. | (5.2.3)

Combining (5.2.2) and (5.2.3) we have

A

|(fa(en),om)l < LP|lon = Bllollvnllo + Cllvnllo

IA

L¥|Jonll3 + L% lollonllo + Cllvallo

IA

Cs (Iloallg + lloallo) ,

where we have used the fact that |[¢|lo < C; and the notation Cs = max{L?, L°C; + C}.
This concludes the proof of Lemma 5.1. O
We continue with deriving one more preliminary result which will be used repeatedly in

the proofs of the optimal error estimates for the order parameter.

Lemma 5.2 Let @ C R? for d = 2,3. Let A € HL(Q) n H™1(Q) be the weak solution of

problem (2.2.1), where m + 1 > d/2. Let us assume that the dual problem corresponding to
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(2.2.1) is regular. Let A, € W" be the finite element approzimation to A which satisfies

(3.2.12). Then for any v,w € H'(Q) and for arbitrary v, € V" the following estimates hold
1b(A, v, w)] < Cllullolloll (5.2.4)

and

16( Ay 08, v8)| < CR™4/||uy 2. (5.2.5)

Proof

Using the definition of the trilinear form b(-, -, ), the uniform bound for A, and the Cauchy-

Schwarz inequality we have the estimate
1b(A, v, w)| = [(A - Vv, w)| < [[Aloo[(VV, w)] < [[Alo[[Vollollwllo < Cllo]|1]|w]lo-

To show (5.2.5) we proceed as follows. First, we use the property (2.2.19) and the Cauchy-

Schwarz inequality to get

,b(Ah,'Uh’vh)l = |b(Ah_A7Uhavh)|

IN

AR — Allollvall1l|valloo-

Then we use the optimal error estimate (4.1.3), the inverse inequality (3.2.10) valid in V"

and the standard inverse inequality |[vp|l1 < A71||vs]|o to estimate b(Ap, vs, vp) as follows
[b(An, vh, o)| < CR™ A [oglloh™ vl = CA™ 2 |jus5. D

To prove existence for the solution ¥} of the auxiliary problem (5.1.3), we will use the

following complex valued version of a well known Brower-type fixed point result, see [5].

Lemma 5.3 Let (H,(-,-)) be a finite dimensional inner product space with associated norm

[[-1l. Let g : H— H be continuous and assume that there exists a > 0 such that for every
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z € H with ||z|| = « there holds Re(g(z),z) > 0. Then, there exists a z* € H such that

g9(z*) =0 and ||2*|| < a.

5.3 Existence and Uniqueness for the Auxiliary Backward-Euler-Galerkin

Problem

The goal of this section is to prove an existence and uniqueness result for the auxiliary
Backward-Euler-Galerkin problem (5.1.3). In Chapter 6 we will use the results for ¥} to
derive the desired global existence and uniqueness of the fully discrete solution ¥™.

The idea here is to apply Lemma 5.3 in order to prove the following existence result.

Theorem 5.1 Let @ C R? for d = 2,3. Let A € HL(2)n H™1(Q) be the weak solution
of problem (2.2.1), where m > d/2. We assume that the dual problem corresponding to
(2.2.1) is regular. Let Ay, € W" be the finite element approzimation to A which satisfies
(8.2.12). Then for sufficiently small k there exists a solution U2 € V* to the auziliary

problem (5.1.3).

Proof
Let us recall the auxiliary problem for the Backward-Euler scheme given in (5.1.3),

(Jmpg
dt

;o) + a(03,08) = b(As, 04, ¥3) = (FE(¥3),0n)Vor VP, 1< <N,
v = 9O
For a given wy, € V" let us define T : V* — V& by

(Y(wr),vn) = —a(wh, vy) + b(An, vh, wr) + (ff(wn),vn) YV op € VE (5.3.1)

It follows that

( dy?
dt

o) = —a(U5,v4) + b(An, 08, U3) + (fE(¥F),0n) Von € VH, 1<n < N.
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Since ¥} € V! one has
dv?

(= yon) = (Y(¥D),v)V o, € VR, 1<n < N.

Using the fact that the above equation holds for all v, € V* and the definition of d /dt one

can rewrite the auxiliary problem (5.1.3) in the following form
UF =0 ET(PF), 1<n < N. (5.3.2)

Given \Ilg_l € VI let us define I : VA — V* for v, € VI by
T(vp) = vp — UF1 — kY (vp). (5.3.3)

Our goal is to show that II(-) is continuous and satisfies Re(Il(vs),v) > 0 for v, € V* with
|lvnllo = @ > 0. The desired result will then follow from Lemma 5.3.

Clearly, II(-) is continuous, since a(-,-), b(-,+,-), and f2(-) are continuous on V* x V%,
Wk x Vh x Vb and V*, respectively. On the other hand, from the definition of Y, the
coercivity of a(+, ), proved in Lemma 2.1, and the bounds for |b( A, vy, vg)| and |(ff(v), vs)]

given in (5.2.5) and (5.2.1), respectively, we get that for any v, € V" the following holds

—kRe(T(vg),vn) = —kRe (—a(vh, vh) + b(Ar, v, V) + (fif(”h)a ”h))

> —klb(Ah’ 'Uhavh)l - kl(fg(vh)avh)l

%

—kCh™=3/2 ||y |2 ~ kCs (llonll3 + l[onllo)

I\

~k (CR™4% + Cs) llonll§ ~ KCallvno-
Thus using the definition of the operator II given in (5.3.3) we arrive at
Re(I(vh),vn) = |lonll — Re(¥5™", vn) — kRe(Y(v), vp)
> Jonlld = 195 lo llonllo — & (CR™ 42 + C5) ||onl[3 — kCsllonllo

= ([t=#(crm=9 1 C5)] lonllo = (122 llo + £C5) ) [[on lo-
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Then for sufficiently small k and for every v, € V" such that

fonll = 8o kCs
1= k (Chm=42 1 Cy)

+1,
the following holds
Re(H(vh),vh) > 0.

Applying Lemma 5.3, there exists a v} € V* such that II(v}) = 0. Equivalently, there exists
a ¥} satisfying the auxiliary problem (5.1.3). O

We proceed with establishing the uniqueness for the auxiliary problem (5.1.3).

Theorem 5.2 Let @ C R? ford = 2,3. Let A € HL(Q)NH™1(Q) be the weak solution of
problem (2.2.1), where m > d/2. We assume that the dual problem corresponding to (2.2.1)
is reqular. Let Aj, € W" be the finite element approzimation to A which satisfies (3.2.12).

Then for sufficiently small k the solution ¥} of the auziliary problem (5.1.3) is unique.

Proof

We suppose that there exist ¥3,,¥3, € V* of the auxiliary problem (5.1.3). According to

(5.3.2) they satisfy
b1 = YT HEY(YE)
and
W5, = 5T+ RT(Y5,).
Subtracting these representations for ¥y, and V7, and using the definition of T we have
1951 = W3alld = (W31 — Wpa, U3, — Wio) = k (T(WE) - T(VF,), U5, — U3,)
= k(—a(F, — U5y, W3, — UF,) + b(An, U3, — UE,, U3, — U3))
+k(FR(UE) — FR(WE), UE, - U3,)
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The coercivity of the bilinear form a(-,-), the bound (5.2.5) for the trilinear form b(-,-,-),

and the global Lipschitz continuity of f} imply

1931 = WEall3 < kIB(AR, W3y — Uia, U3y — WEo)| + KLO|| W7, — U313

IN

KCh™=4/2|W, — Wi, |2 + KL°||WE, — WE,|2

< LPR|IWEy — U315,

provided that k& > 0 is sufficiently small and m > d/2.

Thus, if £ > 0 is sufficiently small, e.g., k < flg it follows that

|¥5, — ?,2”3 <||¥5, - ?,2”&

which is a contradiction and hence ¥}, = ¥¢,. O

5.4 Existence and Uniqueness for the Auxiliary Crank-Nicolson-Galerkin

Problem

In this section we prove an existence and uniqueness result for the Crank-Nicolson-

Galerkin problem given in (5.1.4). The proof follows closely the corresponding results for

the Backward-Euler-Galerkin problem proved in the previous section.

Theorem 5.3 Let @ C R? for d = 2,3. Let A € HL(2) N H™t(Q) be the weak solution
of problem (2.2.1), where m > d/2. We assume that the dual problem corresponding to
(2.2.1) is regular. Let Ay, € W" be the finite element approzimation to A which satisfies
(3.2.12). Then for sufficiently small k there ezists a solution ¥7 € V" to the auziliary

problem (5.1.4).
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Proof

Recall the auxiliary problem, see (5.1.4)

du?
Car

v o) + a(WF, v) + b(Ap, U3, vp) (f;‘f(‘I’?),vh) Vo, e VP 1<n <N,

vy = O
We note that the definition of ¥% given in (3.3.7) implies
§ =207 —wpl (5.4.1)
Hence we can rewrite the auxiliary problem (5.1.4) in the following equivalent form

(U5, ) = (Y57, vn)

koo _ ]
+ 5 [-a(WE, o) - b(An, U o) + (D), 00) | Vo € VA1 <n< N
¥g = ¢°

In preparation for applying Lemma 5.3, for a given wy, € V* we define T : V% — V* by

[—a(wh,vh) — b(Ah,’Uh,wh) + (f;f(wh,vh)] VY vy, wp € vh. (5.4.2)

N | =

(Y(wr),vn) =

As before, since \i'g € V* one can rewrite the auxiliary problem (5.1.4) in the following

form

UF =0 4 EY(¥F) 1<n<N. (5.4.3)
Given \I!g_l € V" let us define Il : V¥ — V™" for v, € V* by
() = vp — \Ilg_l — kY (o). (5.4.4)

As in the proof for Backward-Euler scheme our goal is to show that II(-) is continuous and

satisfies Re(II(vg),vs) > 0 for vy, € VP, Then, the desired result will follow from Lemma

5.3.
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Clearly, II(-) is continuous. Also

Re (I(vy),vn) = Re (vh - \I!?_l — kT(vh),vh)

v

llonllg = 15 llollvallo — —kRe (Y (vh), va) -

On the other hand, exactly as in the proof of Theorem 5.1, one may use (5.4.2), the coercivity

of the bilinear form a(-,-), (5.2.5) and (5.2.1) to show that for any v, € V* we have

k
—kRe(T(va),0n) = —3Re (_a(vh,vh)+b(Ah,vh,vh)+(fff(”h)v”h))
k[ me k
> —5 (Ch™= 4 Cs) Ilunll3 - S Csllunllo.

Thus using (5.4.4) and proceeding analogously to the proof of Lemma 5.1 one has that for

sufficiently small k£ > 0 and for every v, € V" satisfying

195 lo + £Cs
1- g (C’hm_d/z + Cg)

[lvnllo = +1,

the condition Re(Il(vg),vs) > 0 holds. Hence Lemma 5.3 implies that there exists a v} €
Vh such that II(v}) = 0. Equivalently, given ¥7~! there exists a U7 satisfying (5.4.3).
Finally, (5.4.1) implies that there exists a ¥} = 207 — \Ilg_l satisfying the auxiliary problem
(5.1.4). O

The uniqueness result for the auxiliary problem (5.1.4) may be proved in a manner analogous
to the proof of the uniqueness for the auxiliary problem (5.1.3). We present this proof for

the sake of completeness.

Theorem 5.4 Let @ C RY ford = 2,3. Let A € HL(Q)NH™1(Q) be the weak solution of
problem (2.2.1), where m > d/2. We assume that the dual problem corresponding to (2.2.1)
is regular. Let A, € W" be the finite element approzimation to A which satisfies (3.2.12).

Then for sufficiently small k the solution U} of the auziliary problem (5.1.4) is unique.
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Proof
We suppose that for a given ¥}™! € V* there exist two different solutions 3, Vs, € vh

of the auxiliary problem (5.1.4). Then (5.4.1) implies that there exist \Ilgl, \T'Z{Z with
Uy, = U4+ EY(9E,)

and
_2,2 = ‘I'g—l + kT(‘i’sng)-

Similar to the proof of Lemma 5.2 one may use the coercivity of the bilinear form af(-,-),

the global Lipschitz continuity of f{ and (5.2.5) to get

105, = B3alld = (W3, — W3g, W3, — Upg) =k (T(V3,) = T(V3,), U3, — U3,)

k - - - - — - -
= 5 [-alT3 = W3y, U5, — ) 4 b(A, Uy — U, U3, — U3,

INA

k m— Iy 7 n k a0y 7 a7
ECh d/2||‘1’a,1 - ‘1’5,2“3 + §L6||‘I’5,1 - 5,2||(2)

L5 ST n {12
< k;“‘l’s,l‘ 5.2llos

provided that k£ > 0 is sufficiently small and m > d/2. Thus if £ > 0 is sufficiently small,

for example, k < EZT then
1931 — UZoll0 < 197, - 3,13.

This contradicts our assumption and implies that ‘i"?,l = ‘il?,z. Finally, (5.4.1) gives vy, =

¥3, and concludes the proof. O
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Chapter 6

Error Estimates for the Auxiliary
Backward-Euler-Galerkin Problem

In this chapter we derive optimal error estimates for the £2 and H! norms of the error
in the Backward-Euler-Galerkin problem (5.1.3).

We start with a short discussion of the main ideas used in the proofs of the optimal
error estimates. We use a well-known technique for deriving error estimates for evolution
problems. An excellent source describing this technique is the monograph [77]. One may
also consult one of the many available references, e.g., [5], [29], [30], [39], [51], [76], and [80].

Specifically, let 1 denote the solution of the weak problem (2.2.20) and let ¥} be the
solution of the auxiliary Backward-Euler-Galerkin problem (5.1.3) and the auxiliary Crank-
Nicolson-Galerkin problem (5.1.4) then we split the error e} as e} = ¥} — 9(t,) = 0 + p",
where 67 = ¥ — Py(t,) € V* and p” = Py(t,) — ¥(tn). Here Py(t,) € V" represents
the standard projection of the weak solution ¢ onto the finite element space V. Using
standard finite element theory one can derive optimal estimates for p™. The main part of
this chapter is devoted to the derivation of optimal estimates for the discrete function 6%.
Our approach will be to derive an appropriate equation which is satisfied by 67 and then

use this equation in order to estimate 67.
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6.1 Preliminary Estimates

Let us recall the weak problem for the order parameter (2.2.20) and the corresponding
auxiliary Backward-Euler-Galerkin problem (5.1.3).

Seek ¥ € V such that

('wt’ v) + a('(b, 1)) - b(Av v, "/)) = (f('»b)v ’D) Vo € V»t 2 0
P(0) = ¢

Seek W7 € V* such that

( dv?
dt

;) + a(UF, vn) — b(Ap, vp, UF) = (f,‘f(‘l’?),vh) VopeVh, 1<n<N,

where d/dt is defined in (3.3.4).

Let us define the error at the n-th time level in this auxiliary problem by
ey = VY — (). (6.1.1)
The projection Pi(t,) of ¥(t,) onto V* is defined in the usual manner by
a(p™,vp) =0 Yo, €V (6.1.2)
where

p" = P¢(tn) - ¢(tn) (6'1‘3)

and the bilinear form a(-,-) is defined in (2.2.13).

Let us consider the following splitting of the error e}

ey = 03+ p", (6.1.4)
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where
05 = Vi — Py(t,) (6.1.5)

and p" is defined in (6.1.3).

We begin our preliminary estimates with the following three standard results, see e.g.
[77].

Lemma 6.1 Let the weak solution of (2.2.20) satisfy ¥ € V with ¥(-,x) € H™1 (Q). Let

p™ be defined in (6.1.8) for n > 0. Then the following optimal estimate holds

llo"llo + Alle™ [l < CR™, (6.1.6)
where C is a generic constant independent of the spatial discretization parameter h.

Proof
Let us fix n > 0. The definition of p™ given in equation (6.1.3) and (6.1.2) imply that the

projection P(t,) satisfies the equation

a(PY(tn),vp) = a((tn),vn) Vo € V. (6.1.7)

We recall that a(-,-) is a continuous and coercive bilinear form on H(Q) x H(f), see
Lemma 2.1. Thus it follows that a(%(%,),vs) defines a bounded linear functional on H1(Q).
Since all hypotheses in the Lax-Milgram Lemma 1.2 are satisfied, we can apply it to find
that for a given n > 0 there exists a unique solution P3(t,) € V" to the problem (6.1.7).
Further, application of Cea’s Lemma 1.3 with v, = P(t,) € V" yields the optimal error

estimate

llo™ls < CR™, (6.1.8)
provided that the weak solution satisfies ¥y € H™1(Q).
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Using the continuity of the imbedding (4.1.5) and applying the Aubin-Nitsche Lemma

1.4, we arrive at the desired optimal £? estimate
lp"lo < CA™, (6.1.9)

provided that 1 € H™*+1(Q). Combining (6.1.8) and (6.1.9), the proof is completed. DO

Let us define p} as follows

Py = Piu(tn) — u(tn). (6.1.10)

Then the proof of the following optimal estimate for p} can be derived in complete analogy

with proof of Lemma 6.1.

Lemma 6.2 Under the hypotheses of Lemma 6.1 we have
ot llo + RllpElls < CR™FL. O (6.1.11)
One may use Lemma 6.1 to estimate the following optimal estimate for ||6°||o.

Lemma 6.3 Let %(0) € H™t1(Q). Denote e = ¢° — 0. If the initial conditions in

(2.2.20) and (5.1.3) satisfy
lello < CR™*, (6.1.12)

then we obtain the following optimal estimate
16%]l0 < CR™*1. (6.1.13)

Proof

Using the splitting of the error given by (6.1.4) and the triangle inequality one has

16%l0 = lle® = p°llo < lle°llo + [1°lo-
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Our assumption on the initial condition (6.1.12) together with Lemma 6.1 implies
165l < Cs h™*. O

Following [77], one can derive the following two standard results which we will use in

the proof of the optimal estimate for 65 .

Lemma 6.4 If the weak solution of (2.2.20) satisfy ¥ € V with ¥(-,x) € H™1! (Q), then
for dit defined in (3.3.4) we have the following optimal estimate

||%p"||0 <Ch™tl | n=1,2,..,N. (6.1.14)
Proof
Let us recall that ¢, = nk, where k > 0 is the constant time step. Then one may use (3.3.4)

and Lemma 6.2 to estimate d%p" as follows

d 1 [tn
g = = d
“dtp llo k/tn_l pi(s)ds .
1 nk (
< = s)|lods
< % fon o
< ICH™HE = ChmH
_— k b

provided that ¢y € H™*+1(Q). O
It is easy to derive an £? estimate for the difference of the time derivative 9; of the

weak solution and its approximation 3‘1%1/); see, e.g., [77].

Lemma 6.5 We assume that the solution 1 to the weak problem (2.2.20) satisfies ||¢ullo <
C. Then the following estimate holds

<Ck, for n=1,2..,N, (6.1.15)
0

d
a‘/’(tn) - ¢t(tn)
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Proof

Since by definition (3.3.4) d/dt represents the backward difference operator one can write

EOECCSEY

d
E'ﬁb(tn) - ¢t(tn)

0

0

0

1 [tn
= H EA (3 — tn—-l )’d)tt(S)dS
Ck

< , for n=1,2..,N,

provided that |[¢u|lo < C. O
Let us recall from Lemma 2.4 that ||(x,t)||c <1 in @ x (0,7). We now show that
for the projection P one has ||P(¢,)]lco < 1+ C. This result will be used later on in the

derivation of the optimal fully discrete £? error estimate.

Lemma 6.6 For @ C R? for d = 2,3 and for a positive integer m satisfying m + 1 > d/2
we assumne that the weak solution of (2.2.20) satisfies ¥ € V with ¢(-,x) € H™1 (Q). If the

finite element space V! satisfy (3.2.11) then for sufficiently small h we have the estimate

IPY(t)lo <14+ C in Q@ for 1<n<N, (6.1.16)

where C is a generic constant independent of h.

Proof
The proof of Lemma 6.6 depends on several of our previous results and assumptions. We
proceed by noting that by the definition of the projection Pt(t,) and the triangle inequality

we have

[PY(Ea)lloo < 1P(ta)lloo + 110" [loo- (6.1.17)
Since we already know that ||4(t,)||co < 1 it is left to show that ||p"||c < C .
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Using the definition of p”, see (6.1.3), and the triangle inequality we have that for any

vy, € V' the following holds

N

[10™[loo 1P (tn) — $(tn)lloo

< 1PY(tn) = vhlloo + [1%(tn) — hlloo-
Using the inverse inequality (3.2.10) and the triangle inequality one has

Ch™5||P(ta) — vhllo + [[9(tn) — valloo

IN

[l lloo

Ch™% (10" lo + 1 (ta) — vallo) + [I%(t) = valloos (6.1.18)

IA

where we have added and subtracted #(%,) to get the last result. Substituting the estimate

for ||p™||o given in Lemma 6.1 into (6.1.18) we get that
4. m _d
lo™loo < CA™2R™H 4 (Ch™%[9(tn) = vallo + [[(tn) = valloo) -

For a fixed § > 0 appearing in the definition of M? one may use our assumptions on the
approximation properties of the finite element space V", see (3.2.11), in order to get the

estimate
n )
p™loo < 35 (6.1.19)
provided that A is sufficiently small and m + 1 > d/2.
Thus (6.1.17) and (6.1.19) imply that
1P¥(tn)lloo < N9 )lloo + 2" lleo <1+ C,

for sufficiently small A and for m + 1 > d/2. O
Recall that we want to derive optimal error estimates for the error e} in the auxiliary
problem (5.1.3). Since we have already derived optimal estimates for p™ it remains only to

derive optimal estimates for the 67 € V.
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We define

W' = wi 4wy, (6.1.20)
where we have used the notation
w? = —%p" (6.1.21)
and
d
wy = (tn) = Yultn)- (6.1.22)

An initial step in proving estimates for 6% is to derive an appropriate equation which is

satisfied by 6. Such an equation is derived in the following lemma.

Lemma 6.7 Let ¢ and ¥} be the solutions of the weak (2.2.20) and auziliary (5.1.3)

problems. Then 8} = W — Pi(t,) satisfies the following equation:

(G0 +aG o)
= (FR¥D) - £((tn)), 8) = (", 63) (6.1.23)

+ b(Ah’ 0?7 g) - b(A - Ah, eg’ P¢(tn)) + b(A7 0?7 pn)’
where p™ is defined in (6.1.3) and w™ is given in (6.1.20).

Proof

Recalling that V* C V one may subtract the weak equation (2.2.20) from the auxiliary

equation (5.1.3) to get

(“%‘I’g — d’t(tn)’ ’Uh) + a(eg, vh) - b(Ah7 VUh, g) + b(A7 Vh, d}(t’ﬂ))

(7803 = f((ta))s0n) ¥ vn € VP,
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where e} = U2 —1)(t,,) is the error in the auxiliary problem (5.1.3) which we ultimately want
to estimate. Adding and subtracting (%Pw(tn),vh), a(P(tn),vn) and b(Ap, vy, PY(ty))
we get

d d
(Egga 'Uh) + (an)(tn) - "/)t(tn)7 vh)
+ a’(agalvh) + a’(pnvvh) - b(Ahvvhvgg) (6'1'24)

b(Ah, Vh, P¢(tn)) + b(A, Vh, ¢(tn))

(£2028) = £(0(ta))svn) ¥ 0n € VP,

where we have used the definitions of p™ and 6™ given in (6.1.3) and (6.1.5), respectively.

Using the definitions of w™ and p™ given in (6.1.20) and (6.1.3) respectively, we can write

SPY(t) ~ hlt) = (") (%w(tn)—w(tn))

= Wl twp =t (6.1.25)

Adding and subtracting b(A, vy, P1(t,)), using the definition of the projection given in

(6.1.2), and (6.1.25) we get

d
(%0?3 Uh) + a(fy, ”h)
b A0, OF) £ (A% — A, vy, Pb(1n)) — b(A, v, ) (6.1.26)

= (F(¥F) - f((ta)), 08) — (", 0) forall v, € VE,

We choose v, = 62 € V" to obtain the 62-equation given in (6.1.23). O

Before proceeding with the estimate for ||63||o we briefly explain why we prefer to work
with the weak form (2.2.20) in which the derivative in the trilinear form b(:,-,-) is on the
test function v € V, instead of using the weak form (2.2.12). The reason is that if we use

(2.2.12) we would have to derive an “optimal” estimate for the term [b(A — Ap, Py(t,), 7).
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To estimate this term using Lemma 6.6 one would need to integrate by parts and move the
derivative from P(t,) to 8¢. Unfortunately, such an integration will produce an extra term
due to the fact that Ay, is not necessarily divergence freei.e. (div Ap,vp) #0 for vy € vk,

Thus one would need to require that the finite element subspace W? C HL(Q) has the

property
for A€ W* (div Ap,v3)=0 V v, € VR (6.1.27)

However, we would like to avoid such condition (6.1.27) on W" because in practice it is
difficult to construct divergence free finite element spaces.

In order to estimate ||6}||o, we first note that

E d
05,05) = 2dt||06”0 2”dt05”° (6.1.28)

(dt
> —— .
fet 2dt||05”0

Hence we begin by estimating the terms on the right-hand-side of (6.1.23). Clearly,

(W™, 65)] < (T, 65)] + |(w2, 65)]
< —Ilwi‘||3+5I|W§‘|l3+||0?||3 (6.1.29)
d
< H P||o+ Hzl—t@b(tn)—¢t(tn)||3+||9?||3- (6.1.30)

Applying Lemmas 6.4 and 6.5 we get
(", 03)| < CH*™2 4 CR? + 163112, (6.1.31)

The estimates for the rest of the terms in the right-hand side of equation (6.1.23) are

presented as separate lemmas.

We may use (5.2.4), (6.1.16) and (6.1.6) in order to show the following.
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Lemma 6.8 For Q C IR? for d = 2,3 and for a positive integer m satisfying m + 1 > d/2
we assume that the weak solution of problem (2.2.1) satisfies A € HL(Q) NH™1(Q). We
also assume that the dual problem corresponding to (2.2.1) is reqular and that A, € W is
the finite element approzimation to A, where W" satisfies (3.2.12). If the weak solution of
(2.2.20) satisfy ¥ € V with ¥(-,x) € H™t1 (Q), U} is the solution of the auziliary problem
(5.1.3), and if the finite element space V* satisfy (3.2.11), then for any € > 0 we obtain the

following estimate
|b(A — An, 65, Py(tn)| + |b(A, 65, p")| + [b( A, 05, 65 )]
< G (W™ +1163118) + ell63113, (6.1.32)
where Cg,c is a generic constant which depends on é and € and is independent of the spatial
and time discretization parameters h and k.

Proof
Let us fix arbitrary ¢; > 0, 7= 1,2,3. Using (5.2.4) and the estimate for ||p"||o given in

Lemma 6.1 we get

A

(A, 83, p™)] < ClI65 11" llo

IN

CLh™ 631 < Crah®™ + 16311
On the other hand, Lemma 4.2 and Lemma 6.6 imply

|b(A — Ap, 05, PY(tn))l < [|A = Axlloll P (tn)llooll65 1

< Coeh™™ T2 + 6|67 |3 (6.1.33)
Finally, using Lemma 4.5 we arrive at

|b(Ah7 02’ gg)l

IN

[ A~ loll5 1111165 1o

IN

Cs.e0 163115 + 3163 117
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By letting € = max{ey, €2, €3} and Cp . = max{C1,, +C2.,, s, } the proofis completed. O
We continue with deriving estimates for the terms in the 3-equation (6.1.23) which in-
volve the nonlinear functions f(-) and f{(-). In particular, we seek upper estimates involving
only terms of the form A?™+2 and ||6%3.
We recall that ¥7 is the solution to the auxiliary problem (5.1.3) and that the existence
and uniqueness of ¥{ has been proved in Theorems 5.1 and 5.2, respectively.

We have the following estimate.

Lemma 6.9 Under the same hypotheses as in Lemma 6.8 we obtain the following estimate
|(F093) = F((tn),0n) | < CF (B4 + 163010 lowllo ¥ va€ VA (6.1.34)

Proof
Using the triangle inequality, the definition of M?, the global Lipschitz continuity of fJ(-)

and the definitions (2.2.15) and (3.3.3) of f(-) and fi(:) we have

|(£80w) - F(b(t)), 1) |
|(7803) = £t on)| + | (A1) = F($(E)), 08) |
Llle2llollonllo + 1(u((ta)) = F((ta)), )]

L¢3 lolllonllo + | ((1ARI" — 1A[*)9(t), vn) |

IN A

IN

To conclude the proof one may use the splitting of ||e}||o defined in (6.1.4), Lemma 6.1,

Lemma 4.3, Lemma 4.5, Lemma 4.2 and Lemma 2.4. We get

|(7 ) = fb(t)), )|

Lllp™ + 8 llollvnllo + ((|1AR] + |AD(IAR = [A])W(tn), va)]

IN

IA

L°llo™lollvallo + L1163 llollvallo + (| Anlloo + 1A lloo) l1(tn)lloo (| AR — Al vn)
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IN

L°Ch™ [lonllo + L°||63 llollvallo + Crll Ak — Allollvallo

IN

(CLP ™1 4 121820 + C2h™*) [[unllo

IN

8 (B 41162110 oo
where we have used the notation Cﬁ = ma,x{L‘s, Co+ CL5} .0

In particular, if we choose v, = 67 € V* then equation (6.1.34) reads
|(7hCws) - s, 03)| < (1163110 + 163113)

C&
L (h2m+2 4 3)10212) (6.1.35)

IA

2
¢4 (Rm+2 +16313)

IN

where C’? = (%) C’?.
6.2 Optimal £? Error Estimates

In this section we use the preliminary results established in the previous section to prove
optimal £2 error estimates for the auxiliary Backward-Euler-Galerkin problem (5.1.3). Let
us recall that @ C IR® where d = 2,3 and C denotes a positive constant independent of h

and k.

Lemma 6.10 Let A and A} denote the solutions of the weak (2.2.1) and approrimate
(3.3.1) problems. For1 < n < N let ¥(t,) and ¥} denote the solutions of the weak (2.2.20)
and the auziliary problems (5.1.3) at the n-th time level. For a positive integer m with
m+ 1> d/2 we assume that A € HL(Q) N H™*(Q) and ¢ € V with ¢(-,x) € H™T1(Q)
and ||Yu|lo < C. If the initial conditions satisfy (6.1.12) then for sufficiently small h and k

the following optimal L? estimate holds
165110 < Cs(A™ ! + k), (6.2.1)
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where Cs is a generic constant which depends on é and is independent of the discretization

parameters h and k.

Proof

Let us recall the #-equation (6.1.23)

4

108.68) +a(03,03) = (JR(¥D) ~ f((ta)), 03) — (", 63)

+ b(An, 05,05) — b(A — Ap, 65, Py(tn)) + b(A, 65, p").

Using the coercivity of a(-,:) proved in Lemma 2.1, the lower bound (6.1.28), and the
triangle inequality we have

1d
5 lIORIE + Caligp 2
< | (A0w8) = F(t)), 6)| + (™, 67)|

+  [b(An,05,65)| + [b(A — A, 05, PY(tn))| + [b(A, 05, p")] -

Further, substituting the estimate given in (6.1.31) we obtain

1 J 3 n m Y3
S 03113 + CallO3 1} < € (B*™*2 + k2) + (163113

+ [(F3) - F(9(2a)), 67)]

+ |b(Ah,0g,02)| + ‘b(A — Ay, ’g’P"p(tn))l + lb(A70gL, pn)l .

Applying Lemma 6.8 and using the estimate (6.1.35) we have

1 J 7 7 m n
5 g8 18+ Call6pI} < € (h*™2 + &%) + 163113
+ CER*™2+ CHIB3 1

+ Cho (W22 + 1167113 + ellop 13-
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Choosing, for example, € = %‘1 we can guarantee that C, — ¢ > 0. In this case we get

(Z 13 3
ORI < Cs (B2 4 k2 + 6313) -
We denote

Ro = B*™*2 4 k2. (6.2.2)
Using this notation we arrive at

d .
N8RS < Cs (Ro+1163113) - (6.2.3)

Using the definition of d/dt given in (3.3.4) we can rewrite (6.2.3) in the following equivalent

form

(1= Csk)||631lc < 1157 [Ig + CskRo. (6.2.4)

Following [77], we pick k sufficiently small, say k& < C'(s_l, where Cs > Cs. Then one may

expand 1/ (1 — Csk) in powers of k to get
16515 < (1 4 Csk)|165~|[5 + CskRo, (6.2.5)

for sufficiently small ¥ > 0. After repeated applications of the inequality (6.2.5) we have
thatfor 1<n < N

163113 < (1+ Csk) " 163113 + CsknRo. (6.2.6)
Since Cs > 0 it follows that (1 + égk)n < ¢Cs%7 and hence
16313 < Cs (1163113 + A>m+* + ), (6.2.7)

where C5 = max{eé“‘”,Cgkn}. Using the fact that the initial data satisfies (6.1.12) and

the estimate (6.1.13) for ||69||o we obtain
163 llo < Cs(A™* + k),
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where we keep the same notation for Cs after taking the square root. This concludes the
proof of Lemma 6.10. O

To complete the derivation of the optimal £? error estimate for the auxiliary problem
(5.1.3) we combine Lemma 6.10 which gives an estimate for ||§¢||o with the standard estimate

for ||p"||o derived in Lemma 6.1.

Theorem 6.1 Let the hypotheses of Lemma 6.10 hold. Then the following optimal L? error

estimate holds

llezllo < Cs(R™*! + k), (6.2.8)

where Cs is a generic constant which depends on 6 and is independent of the discretization

parameters h and k.

Proof

Let us recall the splitting of the error
llezllo = [1¥5 — %(ta)llo < 1163 lo + [l0™]lo,

where ¥ and ¥(t,) solve (5.1.3) and (2.2.20), respectively. Applying (6.1.6) and (6.2.1)

we arrive at the desired optimal error estimate

lefllo < Cs(R™ +k). O

6.3 - Optimal H' Error Estimates

In this section we derive an optimal H! error estimate for the auxiliary Backward-Euler-
Galerkin problem (5.1.3).
Let us recall that according to Lemma 6.7 the fully-discrete function 8§ satisfies equation

(6.1.26) for any vy, € V. In analogy with the proof of the optimal £? error estimates for
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0% the goal is to derive a lower bound for the terms in the left-hand side of (6.1.26) and an

upper bound for all terms in the right-hand side of the equation (6.1.26)

d n n
(—(E 8 vh) + ‘1(05 s Vh)
- b(Ahv Vhs 0:51) + b(Ah — A, vp, P¢(tn)) - b(Ay Uh, pn)

= (f;f(\ll?) - f(tb(tn)),vh) — (w",vp) forall v, € Vh.

We begin with several preliminary lemmas in which we derive bounds for all terms in the
above equation. We start with an upper bound for the terms in (6.1.26) involving the

trilinear form b(-, -,-).

Lemma 6.11 Under the hypotheses of Lemma 6.8 and the additional assumption that k =

o (hd/2) we have that, the following estimate holds for any vy € V!
(A, v, $(tn)) = b(An, v, UF)| < Coe (B +[[6F]13) + ellvall3. (6.3.1)

Proof

As before we add and subtract b (A, vy, P3(t,)), and b(Ap, vs, P¥(t,)) and use the defini-

tions of #¢ and p" to obtain

Ib(A7 Uh, '(p(tn)) - b(Afh Vh, g)l

< [b(An, v, 65)] + [b(AR — A, va, Py(ta))| + [6(A, vh, p™)] -
Let us fix an arbitrary ¢; > 0. Using (4.2.3), (6.1.6), and the inverse inequality
lonlly € CA7 |vnllo Vvn €V, (6.3.2)
we have

5(A,oh, ") < [|Allsolle™ ol (6.3.3)
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< Cth™ Y loally < C1h™|lvallo
c 1

< ZERPm 4 —eq||onl|2. (6.3.4)
€1 2

On the other hand for any €; > 0 one may use (6.1.16), Lemma 4.2 and (6.3.2) to get

b(Ar = A, o, PY(tn))] < |IPY(tn)llcoll A = Anlloflvrllx

IN

C 1
C2h™[|vnllo < e—jhm + 5 eallonllo- (6.3.5)

Let us proceed with the estimate for the |b(Ap, vs, 0%)| term. Using the triangle inequal-

ity and the Cauchy-Schwarz inequality one has

[b(Ap, vk, 0%) < |b(A — Ag,vh,05)| + |6(A, vp, 67)]

IA

1A = Arlloolvrl11165 llo + [6(A., 65, vr)|-

The estimate (4.2.9) for || A — A/, the inverse inequality (6.3.2), and the optimal estimate

(6.2.1) for ||62||o imply

b(AR o, 63)] < CR™420 ogllo (R™H 4 k) + [b(A, 6F, vn)|

= C (Rm=2hm* 4 B2k [fonlo + [B(A, 63, 0n)|  (6.3.6)

On the other hand, the Cauchy-Schwarz inequality, (4.2.9), (6.3.2), (6.2.1) and (4.2.3) imply

that one can estimate the last term in (6.3.6) as follows

|6(A, 08, 05)] < [|Ak = Alloollorll1 165 l0 + | Allool65 ll1ll¥2]lo

IN

C™ = onllo (™ + &) + 116wl

= C (hm—d/2+m+l + hm_d/2k + ”0?”1) ”vhHO-
As a result it follows that
(A, v, 67)| < C (34240 4 gl i Yjg2 ) Jlonlo.
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Let us note that when m + 1 > d/2 one has h?"*t1-4/2 < p™  On the other hand, for

k < h%/? one has h™~%/2k < h™. Thus when m + 1 > d/2and k=o (hdﬂ) it follows that

|b(A, w8, 85)] < C(h™ +[[63]|1) [[vallo
C m "
< (R +16712) + esllonll? (6.3.7)
3

Combining (6.3.4), (6.3.5) and (6.3.7) yields
[B(A, vh, $(tn)) — b(An, vr, UF)| < Coe (2™ + [163112) + &lvnll3,

where we have used the notations Cy e = Y5, % and € = 32, ;. This concludes the proof

€
of Lemma 6.11. O

We proceed with the upper bound for the terms in (6.1.26) involving the nonlinear

functions f(-) and f5(-).

Lemma 6.12 Let the hypotheses of Lemma 6.9 hold. Then for any vy, € V" one has the

following estimate:
|(F23) = 7(0(tn))0n) | < 5 (B2 + K) + Eljon3. (6.3.8)

Proof

Let us recall the inequality (6.1.34) derived in Lemma 6.9.

|(#8Cw) - F((ta)), on)| < €5 (™ +1163 o) l1oallo,

which holds for any v, € V. Using the optimal estimate for [|%||o, see (6.2.1), one has

(@) - s m)| < €5 (hm+ + Ch™t + CE) oo
1)
=

€

< (™ +k2) + élomfl3. ©

Q

< =L (B2 4 82) + o3
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We proceed with the last preliminary result used in the proof of the optimal estimate for
1163 1l:-
Lemma 6.13 For @ C R? for d = 2,3 and for a positive integer m with m + 1 > d/2
we assume that the weak solution of problem (2.2.1) satisfies A € HL(Q) N H™T(Q). In
addition we assume that the dual problem corresponding to (2.2.1) is regular and A, € W
is the finite element approzimation to A which satisfies (3.2.12). Let ¥} be the solution
of the auziliary problem (5.1.3). If the weak solution of (2.2.20) satisfies ¢ € V with
Y(-,x) € H™1(Q) and ||Yullo < C, and if the finite element space V" satisfies (3.2.11),
then 0% satisfies the following inequality:

(63 = 637", vn) + ka (67, vn) < KC? (Ro+ 1163113) + kelloally Vo€ Vh (6.3.9)

for sufficiently small h and k such that k = o (hd/z) and Ry is defined by (6.2.2).

Proof

We recall equation (6.1.26).
(‘% 50n) + a(05,vn) — b(Ap,vp,05) + b(Ap — A, v, P(t,)) — b(A, v, p")
= (FAED) = F((ta))s vn) — (@™ 0n) Von € VR,
Using the definition of d/dt and multiplying by k > 0 we obtain
(0? - 9?"17%) + ka (65, vn) < k|b(Ap, vn, 05) — b(An — A, vh, PY(tn)) + b(A, vp, p")|
+ k|(R08F) = (1)), n) |+ k1", va)] ¥ vn € VP

Applying Lemma 6.11, Lemma 6.12, and the Cauchy-Schwarz inequality one has

(03 — 677", 0n) + ka (63, 0) < kCoz (h*™ + [16212) + kel|onl3

+ kCy; (hzm + k2) + kélon)I§ + fuwug +kellonld Yor € VR (6.3.10)
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Using the definition of w™ given in (6.1.20) and applying Lemmas 6.4 and 6.5 it follows that
oo < llfflo + w5 llo < € (A™+ + k) . (8.3.11)
In terms of the notation for Rg given in (6.2.2), inequality (6.3.11) implies that
l™ I3 < CRo < € (h*™+2 4+ k2) .
Next we combine the like terms in (6.3.10) to arrive at
(67 — 037, 0n) + ka (63, vn) < kCERo + kCogl| 6312 + kellonll} V va € V*,

where ¢ = €+ €+ € and C¢ = max{Cb,g,C?,E, ¢~ '}. By denoting C¢ = max{C?, C;¢} one

arrives at the desired inequality
(65 — 627", 0n) + ka (63, 0n) < kC? (Ro + [1621) + kelloall3. O

We first show that an application of the standard technique for deriving H' estimates
for 8%; see, e.g., [77], will result in an unsatisfactory bound for ||67|[;. We choose the test

function vy, in inequality (6.3.9) as follows: vy, = 67 — 67! € V*. Then
(03 - 657,07 — 6;7") + ka (67,65 — 637") < kCZ (Ro+ 16313) + kell6F — 657" 5.

Using the coercivity and continuity of the bilinear form a (-, -) and collecting the like terms

it follows that
(1 - ke) |65 — 677112 + kCi||67]12 < kC.||03 1111162 |1 + kC Ro + kC?)|63 12,

where C; and C,, are the coercivity and continuity constants for the bilinear form a(-,-).
Dropping the nonnegative term involving the L? norm in the left-hand side and dividing

through by £ > 0 gives the inequality
C n— n 5 n
CUI6FIIT < =265 1F + Cucll6FIIT + CORo + CENIBR I,
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or equivalently,
' Cu\ gn—
(€1 = Cue = CO) 6311} < —21165"IF + C2Ro. (6:3.12)

We note that one doesn’t know the sign of Cf = (Cl — Cyye — C’f). Even if C¢ > 0 the
inequality (6.3.12) will not lead to the desired optimal H! estimate for 7. The reason is
that when we apply the inequality (6.3.12) repeatedly, one will arrive at an estimate of the

form

n Cue\"
618 < () 16818 + nC? Ro. (6:3.13)
€

Note that the right-hand side of (6.3.13) approaches infinity as n goes to co. Consequently
a straightforward application of standard techniques to our particular problem produces
unsatisfactory estimates for ||6%||;.

Below we develop an alternative approach for deriving an optimal H; estimate for 6}
based on an idea from [51]. The bulk of this idea consists in defining a discrete analog
Ap : VP — V" of the Laplacian operator A and then choosing the test function in the
07-inequality as vy, = — A 67; see [51] and [77]. This approach allows us to get a term
of the form ||V87%||2 on the left-hand side of the 67-inequality without eliminating the time
step k from this inequality. Since all terms on the right-hand side of the 63-inequality are
multiplied by k, for & sufficiently small one may collect the terms involving ||V%||2 on the
left-hand side in a term of the form (1 — Ck)||V%||3. Then one can proceed analogously
to the derivation of the optimal estimates for ||#%||o and obtain an optimal estimate for
1V621lo.

Let us recall that equation (6.1.26) holds for any v, € V*. For the purpose of deriving
appropriate lower bounds for the terms on the left-hand side of (6.1.26) we introduce an

operator Ay, : Vh — Vh,
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Definition 6.1 Given vy, € V" let us define Ay, by:
(Apvp,wp) = — (Vop, V) V wy € Vvt (6.3.14)
Using the operator Ay one may derive the following lower estimate.

Lemma 6.14 For 67 defined in (6.1.5) and Ay given in (6.3.14) we have the following

lower estimate:
(67 — 0771, — A 6F) + ka (63, - £, 63)
1 n n ]- 77—
2 5lIVe; 13 + kCall An 63115 — 2 1V5 - (6.3.15)

Proof

Using the symmetry of the L? inner product, the definition of A, and the Cauchy-Schwarz
inequality one has
(67 - 0371, — 2 0}) = (- 267,03 - 677"

= (ve;,ve; - vep)

v

V63115 — 11V63 1[0l V65~ lo (6.3.16)

v

n L oan | I
V6313 - SIVe31Z - SIVer2

1 1 _
= §||V0?H3—§HV9§ 13-

On the other hand, using the definition of the bilinear form a(,-), its symmetry and the

definition of A}, one can estimate the second term on the left-hand side of (6.3.15) as follows.

a (b, — L 65) Ca (VO5, V(= Lr 05)) + (65, — D 65)

Co (DRE2, ARET) + (87, — A 67) (6.3.17)

Call An 63115 + (V63, V65)

Il
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Call 20 8515 + V0515

v

Call 20 63113
Combining (6.3.16) and (6.3.17) together we have the desired lower bound

(03 — 0271, — A 6}) + ka (83, — L 67)

]' n 7 ]' -
> JIIVOFI+ kCall A 631 - SIVE 1R ©.

The central result of this section is contained in the next theorem.

Theorem 6.2 Let A and A} denote the solutions of the weak (2.2.1) and approzimate
(3.8.1) problems, respectively. For 1 < n < N let 9(t,) and ¥} denote the solutions of
the weak (2.2.20) and the auziliary problems (5.1.3) at the n-th time level. For a positive
integer m satisfying m + 1 > d/2 we assume that A € HL(Q) N H™(Q) and ¢ € V with

Y(-,x) € H™*1(Q) and ||Yu|lo < C. If the initial condition satisfies
lleglly < Csh™, (6.3.18)
then for sufficiently small h and k with k = o (hd/2) the following optimal H! estimate hold
llezllr < Cs(h™ + k). (6.3.19)

Proof

Let us recall the inequality (6.3.9) derived in Lemma 6.13:
(03 — 627", 0n) + ka (63, 0n) < KCZ (Ro + 163112) + kellonll3 ¥ vn € V.
We denote:

Ry = h¥™ 4 k2. (6.3.20)
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We recall that A, : V* — V" and consider the following choice for the test function:

v, = — Dy 9:'91 e Vh Then,
(0 — 627", DL 67) + ka (07, — A, 07) < KC (Ry + (163112) + kell A 6313
and in combination with the lower estimate from Lemma 6.14 we obtain
1 1 -
SIVERIB + kCall An 6113 — S1IVEEH 13 < kCE (Ra + 165113) + kell 24 63115,
Collecting like terms one has
1 |12 |12
SIVOlio+ k(Ca— )| An G5l

1 n— T Y/
< SIVET + kCI Ry + kCE (VO3 + 1163113) - (6.3.21)

Let us recall that Ro = h2™+2 4 k? was defined in (6.2.2) and the estimate ||67|2 < CRo.

As a result
163115 < CRa, (6.3.22)

where R; is given in (6.3.20). Choosing ¢ = %‘* and multiplying the equation (6.3.21) by

two we obtain
IVO1I5 + ECall 2w 3115 < [V 7|E + 4kC2 Ry + 2kC2|| V6 I3

After dropping the nonnegative term kC,|| Ap 62|12 on the left-hand side and collecting the

like terms we obtain

(1-2kC2) V63118 < V57115 + 4kCE R,
or equivalently,

(1= KCE) VB33 < IVO3 71113 + 2kCE Ry,
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where C¢ = 2C¢.
Similar to the derivation of the optimal estimate for ||#%||o one has that for sufficiently

small £ > 0 the following holds
IVEZI3 < (1 + Csk) V83213 + kCRy.
After repeated applications of the above inequality it follows that
IVE3 115 < (1+ Csk)™ V8515 + nkCs Ry
The initial condition (6.3.18) and the definition of R; imply
V82113 < max{eSe*" nkCs} (h?™ + k?) .
Hence

IV63lo < C° (h™ + k), (6.3.23)
where C% = [max{eé6k", nkc_'g}]lﬂ.

Combining the optimal estimate (6.2.1) for the £? norm of 67 together with the optimal

estimate (6.3.23) for the H! seminorm we arrive at
16511 < Cs(h™ + k). (6.3.24)

Finally, using the splitting of the error given in (6.1.4) and combining (6.3.24) together with
the standard H! estimate for p™ derived in Lemma 6.1 we establish the desired optimal !

estimate
llezlls < Cs (h™ + k). O
This concludes the proof of Theorem 6.2. O
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Chapter 7

Error Estimates for the Auxiliary
Crank-Nicolson-Galerkin Problem

In this chapter we derive optimal £% and H! error estimates for the auxiliary Crank-
Nicolson-Galerkin problem (5.1.4). We follow essentially the same approach as in Chapter
6. However, since now we want to prove optimal estimates of order O (k2) in time, it is
necessary to derive an appropriate #¢-equation which allows for accurate time estimates.
Thus, the main differences with Chapter 6 are in the derivation of the 6%-equation and in

the estimates for the terms on the right-hand side of this equation.

7.1 Preliminary Estimates

In this section we collect several preliminary results used later on in the derivation of
the optimal error estimates for the auxiliary Crank-Nicolson-Galerkin problem (5.1.4).

We begin with the results used in the derivation of the optimal £2? error estimates for
(5.1.4). Let us define Py(t,), p™, 67 and e} as before with the only difference being that
now ¥% solves (5.1.4). For these definitions we refer to (6.1.2), (6.1.3), (6.1.5) and (6.1.1),
respectively.

We start with the derivation of an appropriate 8¢-equation.

Lemma 7.1 Let v and ¥} be the solutions of the weak and auziliary problem, see (2.2.20)

and (5.1.4), respectively. If v satisfies 1 € V with ¥(-,x) € H2 (), then 0} satisfies the
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following equation
(% 2,62) +oa (B8 = - ", 00) + (FE) — f(b(t,_1)), BF)
+ b (An,82,07) + b (An,0F, PO" - (1, 1)) (7.1.1)
= b (A= ARG B(t, 1)

Proof

Subtracting (2.2.20) from (5.1.4) one has

(%‘1‘3” — Pultn), vn) + a (U5 — P(tn), vn) — b (An, v, UF) + b (A, v, %(1n))

= (FRE), 00) = (F(9(t)), o)V on € V™.

Adding and subtracting (di.tPi/)(tn), ), 3a(Py(tn),vn), 3a(P1p(tn—1),v) and
1a(¥(tn-1), vs) to the left-hand side of the above equation and using the definitions of 87

and p™ we get
Jon JP t t o7
Et’&avh + dt P(tn) — Yi(tn), vn +a(5»”h)
1 1 1
+ Ea (p"™, ) + 501 (Pn_lavh) - ia(d’(tn) — Y(tn-1), 1)

= b (Ao B5) = b(A, o, 0(tn) + (E(E),0) — (F($(tn))son)Y v € V7,

where we have used the notation

o 07+ 07!

05 5 (7.1.2)
Using the definition of the projection operator given in (6.1.2) and (7.1.2) the above equation
reduces to

d

(aogk"vh) + (%P¢(tn) - wt(tn)7 vh) +a (ég’vh) - %a(¢(tn) - d’(tn—l), 'Uh)

= b(An,vr, ) — (A, vm, %(ta)) + (F5(TF),08) = (F((2a)), 0) ¥ 04 € V.
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We recall that 1 = (n— %) k, where £k > 0 is a constant time step. Adding and
subtracting (di;il)(tn),vh), (z/zt(tn_%), vp) and (f(z/)(tn_%), vp) to the right-hand side of the

above equation we get

(%0",?%) +a (63, vn) = (Pultn), vn) — (%P¢(tn),”h)

+ a (¢(tn) _2¢(tn_1) ’ 'Uh) +b (Ah7 Vh, \i;g) —b (A’ Uk, dj(tn))

+ (21%¢(tn),vh) - (ditw(tn)’vh> + ($eltay)ron) = (#ult_y) )
N (f(¢(tn—§)’”h) _ (f(l/)(tn_.;-)v”h) + (f,f(‘i?),vh) — (F((tn)), vn)V vi € V™.

Using the weak problem (2.2.20) and the definition of p™ given in (6.1.3) one has

(belta),on) = (F((t))svn) = —a(@(tn), on) + b (A, om, $(tn),
d d d
(—EPQ/)(tn) + a’l/’(tn),vh) = - (;ﬁp ,'Uh) )
= ($eltuey)son) + (FW(tasg)ion) = a((t,_y)son) = b (A, o, (1,_y))

Thus we arrive at

J e J n n—
(Ean’vh) + a (og,vh) — (Epn,vh) —a (¢(t )'Jf';;b(t 1) _ ¢(tn_%)avh)

¥ («m(tn_%) - Lk, vh) + (£03) — £(9(t_y)), )

+ b (An, v, TF) — b (A, 0h,%(t, 1))V on € V"

We recall that
n_d .
wff = —p" (7.1.3)
We redefine wj as
. d
wy = Z¥(tn) = %u(t,-1) (7.1.4)
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and set

&n - "ﬁ(tn) +2¢(tn—1). (7'1'5)

Collecting the like terms and using the notation (7.1.3)-(7.1.5) one has

(%en,vh) +a(,m) = - @] +F,m)
— @ (P =t y) o) + (RO~ F((t,y)),vn) (7-1.6)

+ b (Ah, Vh, \Ifg) -b (A, Vh, K/J(tn_%)) Vo, € Vvt
For a sufficiently smooth weak solution ¢ of (2.2.20) let us define

Wi = = ("= vt,-1)), (7.1.7)
(%)2 A(F = 9(t,y) = - (%)2 A}, (7.1.8)

2

wy

The definition of the bilinear form a(-,-) given in (2.2.13), together with the definition of

w} given in (7.1.7), imply that for any vs € V*

a (@7)" - ¢(tn—%),vh) = —a(w3,v) = — (%)2(ng7vvh) ~ (w5, vn).

Integrating by parts, accounting for the boundary condition (2.1.40), and using the defini-

tion of w} given in (7.1.8) we get

(%)2 (Awg, vp) = (w5, 0n)

— (wi,vn) — (w3, vn) = — (w3 + wi,vh).

a (1/3" —9(t,_1), vh)

For simplicity we introduce the notation
2 4
w™ :Zw}b—Zw}‘. (7.1.9)
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Then using (7.1.9) equation (7.1.6) transforms into

(%on,vh) +a (B, on) = — @)+ (FECED) = F(B(toy)yon)

+ b (An o, ¥3) = b (A, 00,0, 1))V v € VA (7.1.10)
To handle the terms which involve the trilinear form b(:, -, -) we add and subtract the terms
%b (Ar,vh, PY(tn)), %b (An, vh, PP(tn—1)) and %b (Ah, Uh, zb(tn_%)) to obtain

b (An, vn, ¥F) — b (A, vh, $(t,_1))

P¢(tn—1) + P¢(tn))
2

— 5 (A= Anun(t,_y) - b (An,on,9(t,_1))

= b (Ah, vh,ég) +b (Ah,vh, P’&n - lb(tn_%) —b (A — Ah,’vh,t/J(tn_%)) .

= b(An, v, 07) +b (Ah,vh,

Hence equation (7.1.10) transforms into

(d%"?,vh) + @ (@F,0m) = — (", 0n) + (SE(TF) = F((t,-1)), vn)

+ b (An, o, 82) + b (An,on, PP" — (1, 1) (7.1.11)
— b (A - Ah,vh,iﬁ(tn_%)) Vo, € Vh.

Let us choose the test function in equation (7.1.11) as vy, = 82 € V*. Then we have the

following equation for 6}

J n gn an 4 n agn " an
(;1796 a06) + a (0670?) = (w ’06) + (fif(qlﬁ) - f(¢(tn—%))’06)
+ b (AR 03,05) +b (An, B, PO" — (1, 1))
— b(A- AW Yt, 1)) O
In order to derive an optimal £? error estimate we note that, as before, we need to bound

all terms on the right-hand side of the above equation for §¢. Such bounds are established

in Lemmas 7.2-7.6.
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Lemma 7.2 If the weak solution 1 satisfies ||| < C and || A Yullo, then we obtain the
following estimates
lwillo < CR™F, (7.1.12)

lwiflo < Ck* for j=2,3,4, (7.1.13)
where C is a generic constant independent of h and k.

Proof

We note that (7.1.12) was already proved in Lemma 6.4. Following [77], we continue with

the proof of (7.1.13). We have

d
lwzllo = “a@b(tn)‘%(tn_ﬂuo
tn—1/2
_ _21% /t,,_l " (6 =ty Pabrals) ds + /ﬂ_m(s—tn)z,pm(s) ds D
<

tn
C’k/t [beellods < CR2.
n-—1

On the other hand

gl = |- ("~ vttap)],
nk
< Ck ) l|lello ds < CE2. (7.1.14)
n—1)k
Similarly,
[willo = ” ¢" b(t,_1) ”

< Ck/ 1A bello ds < CH2
tn—1

This concludes the proof of Lemma 7.2 0O.
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Note that Lemma 7.2 implies

4

n
2.

J=1

4
lw™lo = < llwfllo < € (A7 4 K2) . (7.1.15)
P

0

Let us denote

p" = Py — ™. (7.1.16)
Following [77] one may prove the following optimal result.

Lemma 7.3 If the weak solution v of (2.2.20) satisfies € V with ¢(-,x) € H™*! (Q) and

||[%eello < C, then the following estimate holds
|1PY" = %(t,_1)llo < C (h'"+1 + kQ) . (7.1.17)

Proof

Using the triangle inequality we have that

1PY" = $(t,_llo < [I1PP" = 4" [lo + [[9" = %(t,_1)llo

< 18"lo + llws lo-

Then by virtue of Lemma 6.1 it follows that

pn + pn—l

-n 1 1 n— m
2™ |lo = 5 < 5||Pn|lo + 5||P Yo < CA™1. (7.1.18)

0

Finally, combining (7.1.18) with (7.1.14) one arrives at

1PE" = 9(t,_1)llo < € (A™+ +#7) . O

1
2
Similar to the proof of Lemma 6.8 one can show the following result.

Lemma 7.4 For @ C R? for d = 2,3 and for a positive integer m with m + 1 > d/2

we assume that the weak solution of problem (2.2.1) satisfies A € HL(Q) n H™1(Q).
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In addition we assume that the dual problem corresponding to (2.2.1) is regular and that
Ay € Wh is the finite element approzimation to A which satisfies (3.2.12). We also assume
that the weak solution of (2.2.20) satisfy 1 € V with ¥(-,x) € H™T1 (Q). If U} denote the
solution of the auziliary problem (5.1.8) and if the finite element space V* satisfy (3.2.11)

then for any € > 0 the following estimate holds

’b (Ah,vh,gg) —b (A — Ah7vh,¢(tn_%)) +b (Ah, ’Uh,P’gEn — ’(,b(tn_%)

< Co (B2 K 4 103113 + ellonll} ¥ vn € VR (7.1.19)

Proof
Using Lemma 2.4 and Lemma 4.1.3 one can estimate b (A — Ap,vp, 'gb(tn_%)) as follows
b (& = Ak o, 9(t,-1)) | < It ploll A ~ Anlollonlly < Cre 2™ + eafunll}.
On the other hand, Lemma 4.5 gives
|6 (Ar, vn, 05)] < lAblloollonll 1|63 lo < Coe, 10515 + e2llvnll?-

Using Lemma 4.5 and Lemma 7.3 one may bound the last term in (7.1.19) as follows

|6 (An on, PY™ = (t,_1 )| < IAllollonl I P9™ = 9t llo

< Cag (B 4+ k) + e lunll}.

By letting Cye = max {C1,,,C2,,,C3,,} and € = € + €2 + €3 the proof of Lemma 7.4 is
completed. O

As shown in [77] one can prove the following optimal estimate.

Lemma 7.5 Let ¥} and v be the solutions of (5.1.4) and (2.2.20), respectively. Let 1 € V

with P(-,x) € H™1 (Q) and ||¢u]|o < C. Then the following estimate holds

193 = $(t,_llo < 18210 + € (A™+! + £2). (7.1.20)
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Proof

From (7.1.18), (7.1.14) and the triangle inequality it follows that

195 — $(ta_llo = 195 = PP"llo + |PY" ~ ¥"lo + 19" — %(t,_1)llo
< 183llo+ 118 o + 18" = ¥(t,_pllo < 163 llo + € (™ + &2)
and the proof is completed. O

The final preliminary result needed for the derivation of the optimal £2? error estimate is

presented next.

Lemma 7.6 Let the hypotheses of Lemma 7.4 hold. Then we have the following estimate
|(F2093) = £ (ta_p))vn) | < CF (B2 4 K 4 (1GR3 + llonlly) ¥ vn € V. (7.1.21)

Proof

Let us recall the definitions (5.1.1), (2.2.15) and (3.3.3) of M?, f(-) and fi(-). We also
recall that f,‘f (+) is globally Lipschitz continuous. Then one may use the triangle inequality,
Lemma 7.5, the definitions for f(-) and f4(-), Lemma 4.2 and the estimate (7.1.13) to obtain

the desired estimate. We have

| (AR08 ~ F((ta_3)),on) |
| (R0 = ket on) | [ (50 y)) = Sty )00

L2193 = ¥ty Mlollvnllo + | (1A = |APRE(t,-1), 1) |

IA

IA

IA

2 [116llo + € (A™+* + k2)] llonllo + ClIAn = Allollonllo

IA

C® 17113 + llonll? + B2™+2 + k4] + € (R2™+2 4 |lol|3)

IN

C§ (B2 1+ K4+ (1313 + lonll2)
which concludes the proof of Lemma 7.6. O
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7.2 Optimal £? Error Estimates

As in Chapter 6, in order to obtain an optimal £? estimate for #7 we combine the
estimates derived for the terms on the right-hand side of the equation for #}. We first

present an optimal estimate for [|6F|[o.

Lemma 7.7 Under the hypotheses of Theorem 6.1 and the additional assumptions that
| A Yetllo < C and ||ei]|o < C, it follows that for sufficiently small h and k the following

optimal error estimate holds

163110 < Cs(A™ 1 + k2). (7.2.1)

Proof

Let us recall the #7-equation (7.1.1)
J n gn an gn n gn S an
08,08 | +a (67, 68) = — (", 89) + (JR(¥D) - F(9(t,_1)),6F)
+ b (A, 05,07) +b (An, 0, PY" — (1, 1)) — b (A — An, 83, %(t,_1)) -
Applying Lemma 7.6 and Lemma 7.4 with v, = 87 € V" one has

J n gn an gn n o an m an
(505,95) + a(f3,65) < |(W",6;)] +C} (h2 +2+k4+||95||3)

+ Cue (B2 4 14 11813) + 132 (7.2.2)
To shorten our notation let us denote

Ry = h?™+2 4 4, (7.2.3)

The coercivity of the bilinear form a(-,-) implies

J n gn qn n gn an Qn
(595’95) + Call63|I7 < |(w", 85)| + Cs (R4 + ||05||3) + |85 1, (7.2.4)
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where C, = min {(%)2 , 1} > 0.

Using the definition of ditv multiplying through the equation (7.2.4) by £ > 0, and using

the Cauchy-Schwarz inequality one has
(03 — 627, 87) + kCallG3 12 < kllw™llol|6F lo + kCs (Ra + 163 113) + kellBF113.

Thus, for any 0 < € < C, we have the inequality
(03 — 637", 65 + 057") < 2kl|w"[loll6F llo + 2kCs (Ra + [|6F113)
and as a result
167113 < 116372113 + kCsl182113 + kCs ([l |13 + Ra) -
Using the definition of §} we find that
63113 < 116772113 + kCsl103 113 + kCsl103 113 + KCs ([lw™I3 + Ra) -
Combining the like terms we obtain
(1 Csk) 163113 < (1 + Csk) 10371113 + kCs ([lw™|3 + Ra) -

For sufficiently small £ > 0, we can divide through by 1 — Csk in order to get

1+ C_'gk _ kég
n|2 n—1|12 n|2
16315 < (—1 - C,&k) 16571116 + 7= g (1”116 + Ba)

We recall that (7.1.15) implies [|w”|lo < CRp. On the other hand,

1+C’5k_1+ 2Cs
1-Csk — 1-Csk )’

Hence for 0 < £ < 5(17 one has
6

14 Csk
1—05]6

§1+4C_'5k‘:1+égk',
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where C',s =4Cs > 0.

Thus (7.2.5) reduces to
67113 < (14 Csk) 1657 1% + kC3 Ra, (7.2.6)

where C§ = ggl%f—".

After repeated applications of (7.2.6) it follows that
163112 < (1 + Csk)" (169113 + knCERa.
Using the initial condition (6.1.12) we obtain
163 1lo < Cs(A™+! + k%),

where Cs = [max{eéék“, kan }] . This concludes the proof of Lemma 7.7. O

In the next theorem we present the main result of this section.

Theorem 7.1 Let A and A} denote the solutions of the weak (2.2.1) and approxzimate
(3.3.1) problems, respectively. For 1 < n < N let ¥(t,) and U} denote the solutions of
the weak (2.2.20) and the auziliary problems (5.1.8) at the n-th time level. Let m be a
positive integer satisfyingm+1 > d/2. We assume that A € HL(Q)NH™(Q) and p € V
with ¥(-,x) € H™H(Q), [|[Yullo < C and || A Yullo < C. If the initial condition satisfies

(6.1.12), then for sufficiently small h and k the following optimal L? estimates hold
llesllo < Cs(R™ ! + £2), (7.2.7)

where Cs is a generic constant independent of h and k.

Proof

Let us recall the splitting of the error

llezllo = 1¥5 = % (ta)llo < 1165 lo + Il llos
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where ¥} and 4(t,,) solve (5.1.4) and (2.2.20), respectively. Combining (7.2.1) and (6.1.6)

together one arrives at the desired optimal £? error estimate

lezllo < Cs (A™+* +#2) . O
7.3 Optimal H' Error Estimates

In this section we present an optimal H! error estimate for the auxiliary problem (5.1.4).
We begin with three preliminary results which will be used in the derivation of the

optimal H! error estimates for the auxiliary Crank-Nicolson-Galerkin problem (5.1.4).

Lemma 7.8 Under the hypotheses of Lemma 6.8 hold and the additional condition that
k=o (hd/4) we obtain that for any vy, € V" and for an arbitrary ¢ > 0 the following

estimnate holds

b (A, on,B) + b (A = Ay on, 9(t,_3)) +5 (An,on, PO — (1,3 )
< Che (Rs+116713)) + ellonll?, (7.3.1)
where R3 = h?™ + k4.

Proof

An estimate for the term |b (Ap, vp, 92)[ can be derived similar to the estimate for the term
|6 (An,vh,67)| given in Lemma 6.11. By replacing 67 with 87 it is easily seen that for any

€3 > 0 the following estimate holds
an Cz an
b (A, on, B5)[ < 2 (W™ + 1) + exllenl3.

Using Lemma 2.4, Lemma 4.1.3 and the inverse inequality (6.3.2) one can estimate the term

b (A — Ay, v, w(tn_%)) as follows

C
(& = &b 0t )| < I(tamy el = Anlollonlls < A2 + cafonl,
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for any ¢ > 0.

Finally, for sufficiently smooth 1, one may use the triangle inequality, the Cauchy-

Schwarz inequality and property 2.2.18 to get
6 (An,on, PE™ = w(t,_y))]

< o (An— Ason, PE" = (t,_p)) |+ [o (A, P9 = (t,_y),n)|

1A% = AllcolloallulPE" = $(t,_llo + [b (A, PE" = (t,,_3), 0n)]

IA

Let us note that similar to the proof presented in Lemma 7.3 one can show that
1PE" = (t, 1)l < C (A" +#?) (7.3.2)

for a sufficiently smooth weak solution 1.

Further, using Lemma 4.2.9, the inverse inequality (6.3.2), (7.3.2) and (4.2.3) one may

estimate b (Ah, vy, PY" — ¢(tn_%) as follows

|b Ah7 Vh, P’(Bn - ’l)b(tn—%))‘
< Cah™ =2 Y[y lo (™ + £7) + |[Allool PP™ = $(2,_1)llsl|oallo

< Cah™ 2 (K™ + k%) [|onllo + Cs (K™ + k%) [[vallo-

Since A™~42p™+1 < B™ when m 4 1 > d/2 and h™~%2k2 < h™ when k < h¥/* it follows
that
[6 (A, on PE" = 9(t,_1)| < Csh™lonllo + Ca (h™ + k2) llonllo

Cs

2
€3

IN

(B2 + k%) + eallonlld,

where C3 = (C_'g + C’g) .
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Combining the above estimates together with the notation C,, = max{%l G2 Ca ,

’62’63

€=Y3 ,¢ and Rz = h?™ + k* we have that
‘b (Ah7 Vh, ég) +b (A — Ay, O, ¢(tn_%)) +0b (Ah7 Vh, P’J)n - ¢(tn_%))’

< Cuc (R +[18312) + elloall?,

which concludes the proof of Lemma 7.8. O

Similar to Lemma 7.6 we can prove the following result.

Lemma 7.9 Let the hypotheses of Lemma 7.6 hold. Then for any vy, € V* and for any

€ > 0 we obtain
|(£2093) = F($(t,_1)),04)| < C4eBs + el|onll3, (7.3.3)
where Rs = h®™ + k*.

Proof

Starting with the inequality derived in Lemma 7.6 one can estimate as follows

|(72) = F ), )|

< (L8 (1631l + C1 (A™+* + K7)] + Coh™ ) Jlollo
< [L%16F1lo + L*Crh™*T + LPC1k? + Ch™ ] [lunllo
< 201820 + (L°C1 + C2) A+ + L5C1k?] [lunllo

< (10810 + h™*T + £2) [lonlo,

where C}g = max{L?%, L°C; + C,}.
Using the definition of 87 and the optimal estimate (7.2.1) for ||6%||o it follows that

g7 + 6371

1, 1, .
| < 5165llo + SlIEF M o < Cs (A7 4+ 7).

0

1651l =
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As a result
|(F20¥5) = F(0to_y)) 0n)| < CH(Cs 4+ 1) (K™ + 82) [lunlo.
Using the notation for R3 one has that for any € > 0 the following holds

| (AT = F(Wlt,_1)),0n)| < €5 Ra + ellull3,

5 CH(Cs+1) .
where C¢ - = —&———_ This concludes the proof of Lemma 7.9. O

We proceed with one more preliminary result which can be proved similar to Lemma

6.14.

Lemma 7.10 Let A, be the discrete analog of the Laplacian operator defined in (6.3.14).

Then

(67 — 071, — Aw 63) + ka (65, - 24 67)

1 n qn 1 n—
> 5lIVés I6 + kCall A1 83116 — 511V65 HIs- (7.3.4)

Proof

Using the symmetry of the L? inner product, the definition of A, and the definition of é’g

one has

(03 — 627", - An83) = (- 07,03 —677") = (Vo7 Vo — ver)

B (Vag +vep?

Y3 77— 1 7 1 n—
: , VO3 — V85 ‘) = SIVE3IIE - 516576 (7.3.5)

On the other hand the definition of the bilinear form a(-,-), its symmetry and the definition

of A, imply that
a (0, Anb) = Ca(VO, V(-4 83)) + (65, — Lnbf)
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= C, (ARBY, ALOY) + (7, — A4 67)
= Call On G + (V2 V)
= Call An 1[5 + IVE51[5
> Call 2w 6315
Hence
a (0, — Dn63) > Call A GE 13- (7.3.6)
Combining (7.3.5) and (7.3.6) the desired lower bound easily follows
(03 - 6271, — A 8}) + ka (B, — £, 57)
> IO+ KCall 80 G318 ~ SIVE B ©
The lower bound established in Lemma 7.10 was the last preliminary result needed for

the derivation of the optimal H! error estimates for the auxiliary Crank-Nicolson-Galerkin

problem (5.1.4).

Theorem 7.2 Let A and Aj denote the solutions of the weak (2.2.1) and approrimate
(3.9.1) problems, respectively. For1 < n < N let ¢(t,) and U denote the solutions of
the weak (2.2.20) and the auziliary problems (5.1.3) at the n-th time level. Let m be a
positive integer satisfyingm+1 > d/2. We assume that A € HL(Q)NH™1(Q) andy €V,

Y(-,x) € H™1(Q), ||[Yeullo < C and || A ¢ullo < C. If the initial condition satisfies
€%l < CR™, (7.3.7)

then for sufficiently small h and k with k = o (hd/ 4) we have the following optimal H' error

estimate

llez(lx < Cs(h™ + &?), (7.3.8)
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where C is a generic constant independent of h and k.

Proof

Let us recall equation (7.1.11)

J 0 I

(aoz,vh) +a (@) = — @ o)+ (FD) ~ F((t,_y)),on)
+ b (Ah, Vhy ég) +b (Ah, Vh, PIZJn — ib(tn_;_)) (7.3.9)
— b(A—Ah,vh,'(b(tn_%)) Vo, € Vh.

Using the definition of d% and multiplying through the equation (7.3.9) by the time step

k > 0 it follows that for all v, € V" we have the inequality
(03 — 027 0n) + ka B3, vn) < k(@™ oa)| + k| (FE(ZF) = F($(to_1))sn)]
+ |b (A, vp, g?) +b (Ah, vy, PY" — Ib(tn_%)) +b (A — Ap,vp, 1/)(tn_%)) ' .(7.3.10)
Recall that Ay : VA — V* and that V" is a linear space. Then we can choose the test
function in (7.3.10) as follows: vy, = — A\, O_g. With this choice of v, we have the following
(5 — 657", ~ w83 + ka (65, — Dn 63) < k|(w",— Ly 67)]
+ k[(FEF) = F(Wt,_1)),— B 65)]
+ |6 (AR, - 8k 03,88) +b (An,— DL, PP - (2, 1))
+ b(A- A2 07, %(t,_1)) |
Using the lower bound (7.3.4) derived in Lemma 7.10, the Cauchy-Schwarz inequality,
Lemma 7.9 and Lemma 7.8 we obtain
1 7 1 n— n on
SIVORI + KCull A G21E — 51190213 < kllw™oll An B o
+ k(ChRat ol Dn GEIR) + & (o (Rs + 13 + ell 20 6211)
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Note that (7.1.15) implies

IN

n an k n on
kllw™ [loll An 85 lo ~[lw™ 15 + kell An 8113

IN

k _
“CRs + kel| D B3,

Using the definitions of || - ||1, 67, the notation (7.2.3) for R4, and the optimal estimate

167]lo < CsR4 we have that

16315 = IV831lc + 1165 115

1 n 1 e Cs
Liveziz+ Liverig+ S,

IN

and
1 n |12 an |12 1 n—1/12
SIVORIE + kCall 2 0113 < 511965713
k _ _
+ CRy+ kel An G313 + k (CF Ra+ el D1 6315)

1 1 v C .
+ KCoo (Ba+ SIVORIB+ SV I3 + SERa) + kel A0 1.

Collecting the like terms above we obtain

1 & - 1k -
(5= 5Cue) IVBRIE +5(Ca= )l 24 GRIB < (5 + 5Cuc ) V853 + KChu s,

Let us choose € = %“ > 0. Dropping the nonnegative term k%ZH Ap 07||2 and multiplying

by two one has
(1 - kC) VO3 < (1 +kC) VO3 + kC3 Rs,

where C = C—;*‘— and C§ = 2C°.
Proceeding similar to the proof of Lemma 7.7 and using the initial condition (7.3.7) it

follows that for sufficiently small £ we have the optimal estimate
1V83]lo < Cs (™ + k7). (7.3.11)
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The optimal estimate for the H! seminorm of 67 together with the optimal £? estimate

implies that

16311, < Cs (B™ + 82). (7.3.12)
Finally, combining the estimate for [|#}||; with the estimate for ||p"||; we obtain

le3ll < Cs(h™ +k7),

which concludes the proof of Theorem 7.2. O
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Chapter 8

Existence, Uniqueness and Optimal Error
Estimates for the Fully Discrete Problems

The goal of this chapter is to establish existence and uniqueness results and to derive
optimal error estimates for the fully-discrete problems (3.3.5) and (3.3.6). To accomplish
this we shall use the approach outlined in [5]. Recall that in Chapter 5 as a preliminary
step in the derivation of the estimates for the fully discrete problems we introduced the two
auxiliary problems given by (5.1.3) and (5.1.4). These auxiliary problems differ from the
original fully-discrete problems only by the fact that the nonlinear function fy(-) is replaced
by a suitably defined globally Lipschitz continuous function f{(-) which agrees with f4(-)
on M?. Also in Chapter 5 we have obtained existence and uniqueness for the solutions yy
of the auxiliary problems (5.1.3) and (5.1.4) and in Chapters 6-7 we have derived optimal
estimates for the errors e} = t(t¢,) — ¥} in both £2 and H! norms. In this chapter we
shall combine all these results in order to prove the optimal error estimates for ¥™; that
is, we shall use results established for ¥} in order to prove the corresponding results for
U™, As usual, throughout this chapter C will denote a generic constant independent of the

discretization parameters h and k. We also recall that @ C IR? where d = 2, 3.

131



8.1 Existence, Uniqueness and Optimal £? and H' Error Estimates for

the Backward-Euler-Galerkin Problem

In this section we prove a global existence and uniqueness result and derive optimal £2
and ‘H! error estimates for the Backward-Euler-Galerkin problem (3.3.5). They are based
on the corresponding results for the auxiliary problem (5.1.3) established in Chapter 5 and
Chapter 7.

We begin by recalling the weak problem for the order parameter + given in (2.2.20)
and the Backward-Euler-Galerkin problem for ¥” given in (3.3.5). These problems are as

follows.

Seek ¥ € V such that
(Y1, v) + a(,v) = b(A,v,9) = (f(¢),v) forall veV,t>0,
P(0) = ¢°
Seek ¥™ € V" such that
~\I,n n n n h
(—dt—,vh)-{-a(‘I’ s0) — b(Ap,vp, ¥™) = (fo(¥"),vp) VorbeV"® 1<n<< N,
vo = ¢°

Definition 8.1 In analogy with the definition of e} we define the error in the fully discrete

problem (3.3.5) at the n-th time level by
e.l':e =y" — ¢(tn)7 (8]_1)
where ¥™ solves (3.3.5).

In the next theorem we prove existence and uniqueness results and derive optimal £% and

H! error estimates for the Backward-Euler-Galerkin problem (3.3.5) using the existence and
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uniqueness results for ¥} presented in Theorems 5.1-5.2, and the optimal error estimates
(6.2.8)-(6.3.19) established in Theorems 6.1-6.2. We note that the properties of the finite

element space V" given in (3.2.10) and (3.2.11) are used in our proof.

Theorem 8.1 Let v denote the solution of the weak problem (2.2.20) and for 1 <n < N
let U™ denote the solution of the fully-discrete problem (3.3.5). For a positive integer m
with m > d/2 we assume that » € V and that ¥(-,x) € H™1(Q). In addition, we
assume that ||Yu|lo < C and A denotes the solution of the weak problem (2.2.1). If A €

Hl (Q)nH™(Q), and if the initial condition €}, satisfies
llefell; < CA™H=7 j = 0,1, (8.1.2)

then for sufficiently small h and k with k = o (hg), there exists a unigue solution U™ of

(3.3.5). Moreover, we have the optimal error estimate
legelli < CR™ 7+ k), j=0,1, (8.1.3)
where C is a generic constant independent of h and k.

Proof

Let us recall that for a fixed parameter § > 0 we have defined M?, see (5.1.1), as an
appropriate d-neighborhood of the weak solution #. Theorem 5.1 and Theorem 5.2 guaran-
tee existence of the unique solution ¥} to the auxiliary, fully discrete problem (5.1.3). In

Theorem 6.1 we have established the following optimal error estimate, see (6.2.1)
16110 = 193 — Py(ta)llo < Cs (A™+' + ).

The idea here is to use this optimal £? estimate for 67 € V* and the property (3.2.10) of V*

in order to show that the auxiliary function ¥} is “close” to the weak solution ¢(t,) with
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respect to the metric used in the definition of M?; i.e. U7 € M? for n € [0, N]. Indeed, we

have
lleslloo = 1165 + £"lloo < 185 ]lo0 + 2™ []co- (8.1.4)

Let us recall that in the proof of Lemma 6.6 we have used the approximation property of

V* given in (3.2.11) to show that

|

lP™loo < CH™H42 4+ (CH™2[(ta) = wnllo + [¥(ta) — vallos) < 3. (8:1.5)

Combining (8.1.4) with (8.1.5) we obtain

n Y3 6
lleslloo < (165 llco + 1

Using the inverse inequality (3.2.10) it follows that
n ~df2)1gn 6
llezlloo < CR™|63l0 + 1
The optimal estimate for ||%||o given in (6.2.1) implies
é
lelloo < CsCA™2 (A™+! 4 k) + 2.

Thus, given n € [0, V] it follows that for sufficiently small A and k with £ = o (hg) we have

)
leflleo < -

To summarize, we have established that under the assumptions of Theorem 8.1 it follows

that
7€ M® for 0<n<N. (8.1.6)

Next, using the local Lipschitz property of f;(-) and the inclusion (8.1.6) we will show

that
U =0" for 0<n<N. (8.1.7)
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Consider the two fully discrete problems (3.3.5) and (5.1.3) and let n=1. Then by the bound

on the initial conditions (8.1.2) we have
U9 = vO. (8.1.8)
Using (8.1.6) it follows that
ACHESD] (8.1.9)

As a result, the function ¥} also satisfies equation (3.3.5). By the local uniqueness of this
problem and (8.1.6) we must have that ¥} = ¥! and ¥! € M°.
Next we proceed to establish (8.1.7) for n = 2,3, ..., N by induction. Assume that (8.1.7)

holds for n = 2,3, ...,k, where £ < N — 1. We will show that
Uptt = gk, (8.1.10)

Indeed, since WE+! € M? it follows that ff(¥5+!) = f,(¥5+!). Moreover, since by assump-
tion % = U* and the fact that the problem (3.3.5) has a locally unique solution WF+1 we

must have that (8.1.10) holds. This concludes the proof of (8.1.7).
Now, Theorem 5.1 and Theorem 5.2 guarantee that there exists a unique solution ¥™

of the fully discrete problem (3.3.5). On the other hand, Theorem 6.1 gives
legello < € (A1 + k) (8.1.11)
and Theorem 6.2 gives
llesells < C (A™ + k). (8.1.12)

Combining (8.1.11) and (8.1.12) the proof of Theorem 8.1 is completed 0.
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8.2 Existence, Uniqueness and Optimal £? and H' Error Estimates for

the Crank-Nicolson-Galerkin Problem

In this section we prove a global existence and uniqueness result and derive optimal £2
and H! error estimates for the Crank-Nicolson-Galerkin problem (3.3.6). The derivation
is analogous to the one presented in Theorem 8.1. We note that due to the optimal error
estimate for 6%, see (7.2.7), established in Theorem 7.1 the condition between the time
step k£ and the spatial discretization parameter h can be relaxed to & = o (hd/4). For
completeness we shall present the proof.

Let us recall that the Crank-Nicolson-Galerkin problem is defined by

Seek U™ € V" such that

on ] ) )
(=7 on) + a(¥7, o) + b(As, W7, v4) = (fa(¥"), o) V 05 € VP, 1<a<N,

o0 = 0.
Definition 8.2 We define the error in the fully discrete problem (3.3.6) at the n-th time
level by
en, = U™ — (ta), (8.2.1)

where U™ solves (3.3.6).

In analogy with the proof of Theorem 8.1 we use the existence and uniqueness results proved
in Theorem 5.3 and Theorem 5.4, and the optimal error estimates (7.2.7), (7.3.8) given in

Theorem 7.1 and Theorem 7.2 in order to establish the desired results for the fully-discrete

solution ¥™.

Theorem 8.2 Let ¢ denote the solution of the weak problem (2.2.20) and for1 <n < N

let U™ denote the solution of the fully-discrete problem (3.3.5). For a positive integer m
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with m > d/2 we assume that ¢ € V with ¥(-,x) € H™*1(Q). In addition, we assume

that ||Yet]lo < C and || A Pullo £ C. If A denotes the solution of the weak problem (2.2.1)

and if A € H (Q) NH™(Q), then for sufficiently small b and k satisfying k = o (h%/4),

there exists unique solution W™ of the fully discrete problem (3.3.6). Moreover, we have the

optimal error estimates
llez.ll; < C(R™17 4 k%) |, j=0,1.

Proof

We fix the parameter § > 0 in M? and then proceed as in Theorem 8.1 to find that

é
1

A

€5 [loo 165 llo + 112" lleo < CA=2|[63 10 +

IN

6

m+1 2 el

CCs (R™+ + 1) + 7.
Hence for n € [0, N] and for h and k sufficiently small one has

]
lesllo < 5

[N

provided that ¢y € H™*!, m+1>d/2and k=0 (h;—i)_

Following [5], we note that for sufficiently small & the following bound is valid

- )
I'zb(tn_l/g) - 1/1"”00 < 2’ for 0<n<N-1.
Thus (8.2.3) implies that

\ilg(:c)EMé, for z€Q, 0<n<N-1.

In order to show that the solution ¥} of the auxiliary problem (5.1.4) satisfies

Y ="", for 0<n<N\,
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where U™ is the solution of the fully discrete Crank-Nicolson-Galerkin problem (3.3.6) we
can use the same argument as in the proof of (8.1). Once (8.2.5) is established, one can
apply Theorem 5.3 and Theorem 5.4 to prove that the fully discrete problem (3.3.6) has a

unique solution ¥™. On the other hand, (8.2.5) and Theorem 7.1 imply that
lezllo < € (A1 4+ £2) (8.2.6)
and from Theorem 7.2 it follows that
eIl < € (B™ +k2). (8.2.7)

Combining (8.2.6) and (8.2.7) the proof of Theorem 8.2 is completed .
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Chapter 9

Numerical Results

In this chapter we discuss several numerical schemes used for the approximation of the
High kappa model. We present computational results which are in a good agreement with
the theoretical predictions and some well-known experimental observations. In particular,
we show that for sufficiently large values of the Ginzburg-Landau parameter x, the steady
states of the model system, computed using the High kappa model, are virtually identical
with the results computed using the full TDG-L equations. Such numerical results confirm
the theoretical predictions made in [37]. We also illustrate numerically the optimal rates
of convergence in both h and k for the £? and H! norms of the error in the approximate
solution generated using the High kappa model.

Finally, our numerical approximations illustrate some well known experimentally ob-
served properties of high 7, superconductors, such as the appearance of vortices in type
II materials, the effect of increasing the applied magnetic field, the effect of applying a
constant current and the effect of increasing the applied current.

The material is organized in four sections. The first section begins with a list of nu-
merical methods used for approximations of the TDG-L equations. Then we discuss some
implementation details which are common for both the full TDG-L equations and the High
kappa model, such as the spatial and time discretizations, initial conditions, methods for

linearizing the system for the order parameter, and some typical samples and meshes.
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The second section contains numerical results obtained from the High kappa model with
no applied current. In this case, time evolution of the system leads to a steady-state of the

superconducting sample. Several issues, which are important for the numerical simulations,

such as:

1 the accuracy of the numerical approximations using the High kappa model compared with

the results from the full TDG-L model,

2 the need for sufficient grid resolution, depending on the size of the superconducting sample

and the applied field H,
3 problems concerning local minimizers of the Gibbs free energy,
4 the effect of increasing the applied magnetic field,
and
5 the effect of increasing the sample size

are addressed in this section.

In the third section we present and discuss results concerning numerical estimates for
the £2 and H! rates of convergence in both space and time.

In the fourth section we present numerical approximations based on the High kappa
model in the case of an applied constant current and show that computer simulations ob-
tained with a finite element code based on the High kappa model agree with theoretical
and experimental results. In particular, we demonstrate that depending on the magni-
tude of the applied constant current, vortices move at right angles to the current flow or

superconductivity is lost if a strong current is applied.
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9.1 Introduction

Let us recall from Chapter 1 that superconductors are divided in two classes which we
call type I and type II, respectively. As we have already discussed, type II materials are of
practical interest mainly due to the presence of mixed states which allow the material to
maintain superconductivity under larger applied magnetic fields and currents than type [
materials. In addition, all known high-7. superconductors, including the recently discovered
cuprate oxides, are of type II.

There have been many attempts to formulate G-L type models which adequately de-
scribe type Il superconducting phenomena. The inability to perform simulations for typical
material samples of type II superconductors have led to extensive studies of the periodic
G-L type models. Such models have been addressed in [2], [13], [38],[53], [56], [58], [63] and
[79]. In the past few years several initial boundary-value models have been proposed. Based
on different modifications of the G-L model, they were used to approximate the solutions of
the steady-state and the time-dependent G-L equations, see, e.g., [17], [18], [19], [32], [33],
[34], [35] and [37]. In this work we present a two-dimensional boundary value model valid
in the high x, high field regime.

Numerical solution of the full G-L equations, especially for the simulation of vortices,
has been successful only in the recent years. Among the different numerical methods used
for approximations of the G-L model are Monte Carlo methods, relaxation, optimization
and finite elements. For more details one may reference, e.g., [4], [17], [18], [19], [31], [32],
[34], [36], [37] and [42].

An attractive feature of Monte Carlo type methods is that they carry good assurance

for finding the global minimizer of the energy functional. Other approaches often yield
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local critical points which may not be the physically meaningful global minimizer. The
relaxation method is simple in theory, but time consuming due to the small time steps
that are required to avoid instability of the numerical scheme. Among the advantages of
the finite element method are its applicability to various geometries and the possibility for
high-order refinements.

The objective of our computational experiments is to study the vortex dynamics in
type II superconductors under constant applied field and current. This is accomplished
using a two dimensional finite element code based on the High kappa model presented in
Chapter 2. We recall that in this model the leading order time independent linear system
for the magnetic potential A, see (2.1.33)-(2.1.35), decouples from the leading order time
dependent nonlinear system for the order parameter v, see (2.1.39)-(2.1.41). As a result,
one may first solve the system for A and then substitute the solution into the system for
¥. This is a valuable computational property of the High kappa model since it simplifies
significantly the numerical experiments both in terms of speed and storage requirements.

All results presented in this work were obtained on an Alpha 2100 4/275 workstation.
These results include simulations of square superconducting samples with sides equal to
10€, 20€ and 30€, where £ is the coherence length. Spatial discretization is by piecewise
biquadratic elements on a uniform grid. In addition, we use piecewise linear finite elements
in one of our experiments to approximate the spatial rates of convergence. All numerical
results in this chapter are obtained using a fixed value £ = 0.1/ for the coherence length,
where [ is the length scale used in the nondimensionalization of the equations. We often
refer to a square sample size with sides equal to 10, 20€ and 30¢, as a 1x1, 2x2, 3x3 sample.
To discretize the spatial variable we use uniform meshes having a given number of grid lines

in x and y directions. For example, a 13x13 mesh means that there are 13 grid lines in each
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coordinate direction. For the time discretization of the system for the order parameter 1,
we have developed two different codes which implement the Backward-Euler-Galerkin and
the Crank-Nicolson-Galerkin schemes given in (3.3.5) and (3.3.6).

We recall that the approximation problem for Ap, see (3.3.1), represents a linear system
of algebraic equations with a symmetric and positive definite banded coefficient matrix.
This system may be solved using banded Cholesky factorization. The full discretization of
the nonlinear IBVP for the order parameter v results in a nonlinear algebraic system for ¥",
see (3.3.5) and (3.3.6). This nonlinear system is solved using Newton’s method. As a result,
at each iteration one has to solve a linear system of algebraic equations which is symmetric
and positive definite, if there is no applied current. However, in the applied constant current
case the linearized system has a positive definite, but nonsymmetric coefficient matrix. To
solve this system we use banded LU decomposition. In order to detect that a steady-
state configuration has been reached we use the following criteria. The number of Newton
iterations has to be less than or equal to a prescribed upper bound ITOP for N consecutive
iterations. In particular we have used the combination ITOP=1 and N=4.

In all experiments the initial conditions correspond to a perfect superconducting sample.
Numerical results are visualized using the contour plots of the level curves of the magnitude
of the order parameter at a fixed moment in time. The figures representing the time
evolution of the order parameter should be read from left to right and top to bottom.
All graphics were created on a Macintosh 8100/100 using Mathematica. For 1x1 and 2x2
samples we typically plot level curves of the magnitude of the order parameter with values

up to 0.5.
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9.2 Steady-State Numerical Results

We start with a brief discussion of some properties of type Il superconductors, introduced
earlier, which will be illustrated by the numerical results presented in this section.

In the present work we are concerned with modeling type II superconductors which
exhibit several experimentally observed properties. One such property with important
practical consequences is that when the applied field surrounding the superconductor is
increased but remains below the critical value, vortices begin to form. As mentioned earlier,
the order parameter v vanishes at the center of each vortex. When the applied field varies
the distance between vortices changes and results in a change in the vortex density. In
particular, as H increases vortices become more and more densely packed.

We recall that the main postulate in the G-L theory is that the Gibbs free energy of the
sample is minimized at the superconducting state. Based on the G-L theory, Abrikosov [2]
predicted that in order to minimize the energy of the system, vortices will form a regular
triangular lattice pattern Today it is known that the most favorable arrangement of the
vortices corresponds to a hexagonal lattice pattern.

In our steady-state numerical simulations, we start with a pure superconducting state
and apply a constant (in space and time) magnetic field H directed perpendicular to the
cross-section of the superconducting sample. As a result, vortices appear and time evolution
leads to a steady-state in which the vortex configuration corresponds to the global minimum
of the Gibbs free energy.

In Figures 9.1-9.6 we compare numerical results obtained using the full TDG-L code
for a fixed large value of k with results from the High kappa model code; no current is

applied. In both cases we use the Backward-Euler-Galerkin formulation given in (3.3.5) so
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Figure 9.1: Time evolution for a 1x1 model system using the full TDG-L model with k=30
and H = 0.5«; Backward-Euler-Galerkin scheme.

t=5

Figure 9.2: Time evolution for a 2x2 model system using the full TDG-L model with k=30
and H = 0.5k; Backward-Euler-Galerkin scheme.

145



N~

777\
@
@
&
%

t=10 t=25 steady

Lo @ ® &

© @ ® @

Figure 9.3: Time evolution for a 1x1 model system using the High kappa model with
Hg = 0.5; Backward-Euler-Galerkin scheme.

that results can be compared at the same moments in time. In Figures 9.1-9.2 we present
the time evolution for the magnitude of the order parameter |1(?,x)| obtained using the
full TDG-L equations for a fixed magnetic field H and a fixed value of the G-L parameter
k. In particular, we use H = 0.5x and «k = 30. Figures 9.1-9.2 correspond to 1x1 and 2x2
samples, respectively. To obtain these results the systems for A and % have to be solved
simultaneously because in the full TDG-L model they are coupled.

In Figures 9.3-9.4 we present the time evolution of |¥(¢,x)| obtained using the High
kappa model code with Hy = 0.5 and the Backward-Euler scheme. Figures 9.3-9.4 cor-
respond to 1x1 and 2x2 samples, respectively. Biquadratic finite elements are used in all
calculations presented in Figures 9.1-9.4.

The results presented in Figures 9.1-9.4 demonstrate the appearance of vortices in type
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Figure 9.4: Time evolution for a 2x2 model system using the High kappa model with
Hgy = 0.5; Backward-Euler-Galerkin scheme.

IT materials. The arrangement of the vortices in a hexagonal lattice pattern may be observed
in Figures 9.2 and 9.4, where we present results for a superconducting sample with sides
equal to 20 coherence lengths.

Comparing Figure 9.1 with Figure 9.3 and Figure 9.2 with Figure 9.4, one may conclude
that numerical results obtained with the finite element code based on the High kappa model
are in good agreement with the corresponding results from the full G-L code for this specific
values of k.

Recall that out model is valid in the high «, high field regime. We first demonstrate
numerically that our model is valid for high values of k. For a fixed value of the applied
field we generate steady-state solutions for increasing values of « in the full G-L equations

and compare these with the steady-states solutions from the High kappa model. In Figures
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Figure 9.5: Steady-state vortex configurations for a 1x1 sample using the full G-L model
with increasing values of x and the High kappa model; H=0.5.

Table 9.1: Maximum and minimum values of the magnetic field for different values of x and
the applied field H..

K He/""" Hmar/’{ H'rm'n/’i
0.3 0.2961 | 0.2868
5 0.3 0.3002 | 0.2943
20 0.5 0.5005 0.4906
30 [ 0.3(3) | 0.3337 | 0.3271

w

9.5-9.6 we present results for H = 0.5 and model samples having sides equal to 10£ and
20¢, respectively. The first two plots in Figure 9.5 correspond to approximations of the full
G-L equations using values of kK = 5 and 30; the last plot represents the High kappa model
approximation valid for k = co. In Figure 9.6 we present results for a 2x2 sample for kK = 5
and 100 using the full G-L model, and the steady-state solutions for our model. It is evident
that for values of k exceeding 5 the contour plots appear virtually identical.

In Table 9.1 we examine the magnetic field in the superconductor for different values
of £ and the applied field H.. We present the maximum and minimum values of the
magnetic field computed from the full TDG-L equations at various values of x. Similar to

the numerical results in [19] we demonstrate that for large values of k the magnetic field in
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Figure 9.6: Steady-state vortex configurations for a 2x2 sample using the full G-L model
with increasing values of k and the High kappa model; H=0.5.

the superconductor is nearly a constant and it is equal to the applied field.

In the rest of this chapter we present numerical results computed using the High kappa
model only.

Our first goal is to illustrate the need of adequate spatial resolution in order to resolve
the vortices for a sample with a fixed size. We expect that the mesh resolution will depend
on the size of the sample as well as on the magnitude of the applied field. Indeed, we
know that increasing either the sample size or the applied field’s magnitude results in the
appearance of more vortices. Hence, finer grids are needed in order to resolve the solution
for larger sample sizes or higher values of the applied field.

Figure 9.7 represents the steady-state configurations for a 1x1 sample with Hy = 0.7
computed using grid sizes of 7x7, 9x9, 11x11 and 13x13, respectively. These results demon-
strate that for a 1x1 sample with magnitudes of the applied field up to 0.7, it suffices
to consider 9x9 grids. In Figure 9.8 we present the steady-states for a 2x2 sample with
Hy = 0.5 computed using mesh sizes 13x13, 19x19, 25x25 and 31x31, respectively. Our
results indicate that for 2x2 samples with Hy < 0.5 it suffices to use 25 grid lines in each

coordinate direction.
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Figure 9.7: Steady state configurations for a 1x1 model system using increasing mesh reso-
lution in the High kappa model with Hy = 0.7.
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Figure 9.8: Steady state configurations for a 2x2 model system using increasing mesh reso-
lution in the High kappa model with Hy = 0.5.
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Figure 9.9: Steady state configurations for a 1x1 model sample using the High kappa model
with increasing values of the applied field Hp.

Next, we turn our attention to computations with increasing applied fields which are
known experimentally to cause the appearance of more vortices. We demonstrate this
phenomena numerically in Figures 9.9-9.10. Figure 9.9 presents the steady-states for a lxi
sample using Ho = 0.3,0.5,0.7, respectively. The same stopping criteria is used in all cases.

Figure 9.10 gives the steady-states for 2x2 sample for Hy = 0.3 and 0.5, respectively.

The appearance of more vortices when the size of the superconducting sample is in-
creased is demonstrated numerically in Figure 9.11. In this figure we present the steady-
state configurations for 1x1, 2x2 and 3x3 samples for fixed Hy = 0.3. Evidently, increasing
the size of the sample leads to a significant increase in the number of vortices.

We continue with addressing the critical question of successfully avoiding local minimiz-
ers of the Gibbs free energy. Our results are presented in Figure 9.12 for a 1x1 sample. We
consider only a 1x1 sample size since our experiments indicate that similar results hold for
other sample sizes. In each column of Figure 9.12 we plot the steady states obtained using
a fixed Newton tolerance 7'ol; each row represents a different value for the magnitude of
the applied magnetic field, specifically Ho = 0.3,0.5 and 0.7.

Figure 9.12 demonstrates that significantly different values for the tolerance in the New-
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Figure 9.10: Steady state configurations for a 2x2 model sample using the High kappa model
with increasing value of the applied field Hy.
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Figure 9.11: Steady state configurations for increasing size of the model system using the
High kappa model with Hy = 0.3.
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Figure 9.12: Steady state configurations for a 1x1 model system using the High kappa model
with different values for the Newton’s tolerance T'ol and H=0.3, 0.5, 0.7
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Figure 9.13: Gibbs free energy evolution for Hy = 0.3.

ton’s method may lead to different steady-state configurations. In Figure 9.13 we present
the time evolution of the Gibbs free energy for Hy = 0.3. Figures 9.12-9.13 demonstrate
that, indeed, allowing for larger tolerances in the Newton iteration, the steady-state criteria
may be satisfied at a local minimum of the system’s energy. However, choosing the Newton’s
tolerance more conservatively, we have better assurance that the true global minimizer is
found.

Next, we compare results in which two different time discretization schemes are used. In
particular, we demonstrate that, as expected, using a higher order scheme with a variable
time-stepping algorithm allows us to reach the steady state in fewer steps. Computational
experiments have been performed for a 1x1 and 2x2 samples using both the Backward-
Euler-Galerkin method and the Crank-Nicolson-Galerkin method with a variable time step
and identical execution parameters, such as steady state criteria and Newton tolerances.
The time evolutions by both methods are very similar, however the number of time steps

required to reach the steady-state is reduced if we use the higher order Crank-Nicolson-
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Galerkin scheme. In particular, in our numerical experiments with a variable time step
k starting with the initial value k¥ = 0.5 and using the Backward-Euler-Galerkin method
steady state is reached in 61 (for 1x1 sample) and 92 (for 2x2 sample) time steps. Same
computations with the Crank-Nicolson-Galerkin scheme result in reaching the steady state
in 38 (for 1x1 sample) and 51 (for 2x2 sample) time steps. An additional advantage of the
higher order scheme is that it yields a better approximation of the initial transient time

period.
9.3 Numerical Approximations of the Convergence Rates

In this section we present numerical results concerning approximation of the £2 and H*
rates of convergence in both space and time. The theoretical rates established in this work
are valid for a wide range of finite element spaces. In this section we shall present computa-
tional experiments for the spatial rates using bilinear and biquadratic finite elements. These
elements are convenient for computations in rectangular regions, have good approximation
properties, and are easy to implement. Bilinear finite elements lead to algebraic problems
with relatively moderate storage requirements. This feature of the bilinear finite elements
will be exploited in one of our numerical experiments, where the use of biquadratic elements
would lead to prohibitively large (with respect to the available computational equipment)
storage requirements. At the same time, they do not provide a particularly high convergence
rate. Therefore, for sufficiently regular exact solutions it is more beneficial to use the more
accurate biquadratic elements. Thus in order to approximate the rates in time we shall use
biquadratic finite elements. All numerical results demonstrate a very good agreement with
the optimal theoretical values derived in Chapter 8.

Let us recall the optimal error estimates derived under appropriate smoothness require-
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ments. For j = 0,1 one has
legoll; < € (R~ + k)
and
lezall; < (R0 4+ #7)

where e}, and e, denote the error in the Backward-Euler-Galerkin and Crank-Nicolson-
Galerkin scheme, respectively. We plan to demonstrate that these rates are also valid
numerically.

This task is complicated by the absence of a closed form exact solution for our model
which can be used in order to estimate the actual rates of convergence. To overcome this
difficulty we compute a finite element solution using a very fine grid and an appropriate
time step and call this solution the “exact” solution. In addition, this “exact” solution
should be calculated at some physically interesting time.

In Table 9.2 we present numerical results for the approximations of the h-rates obtained
using biquadratic finite elements. To calculate the rates in space we generate an initial
state for the model system which corresponds to a nontrivial (nonconstant) behavior of the
order parameter, and then use it as a starting point for a single, very small time step. In
particular, the initial state is generated using a 69x69 grid at ¢t = 3.5 and ¢t = 10.5. We
then make one time step with k¥ = 10~7 on this fine grid to generate our “exact” solution at
t=3.5+kand t = 10.5+ k. The initial guesses at ¢t = 3.5 and ¢ = 10.5 are used as starting
points on a sequence of coarser meshes. In Table 9.2 we present results for the approximate
rates obtained by comparing solutions generated on 7x7, 13x13, 25x25 and 39x39 grids with
the “exact” solution. After computing the errors corresponding to the above approximate

solutions we calculate the rates of convergence in the usual manner using a sequence of grids.
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Table 9.2: Numerical rates of convergence in h for the High kappa model using biquadratic
finite elements and refining the mesh in the approximate solution.

L? error rates
Time R713 | Rizas | Ras 30
3.5+10°7 3.22 3.16 3.03
10.5+ 1077 || 3.26 | 3.15 | 3.02
H! error rates
Time R713 | Ri325 | R2s,39
3.54+10°7 || 2.12 | 2.08 | 1.98
10.54+10"7 || 2.15 | 2.08 | 1.98

Here R; represents the rate computed using a sequence of j X j and k¥ X k£ meshes. Our
numerical approximations for the rates of convergence illustrate the theoretical results of
O (h?) in H! and O (h3) in £? using biquadratics. Finally, we note that the use of different
schemes for time discretizations does not influence the spatial rates of convergence.

Next we address the following question: what happens to the numerical rates of con-
vergence when the mesh used in the “exact” solution is refined? It seems reasonable to
expect that in such a case the approximations for the rates will improve. This observation
is confirmed by the results in Table 9.3, where we present numerical approximations for
the h-rates obtained using bilinear finite elements. The choice of bilinear finite elements
for this experiment is motivated by the substantially smaller storage requirements of the
bilinear elements. This allows us to achieve greater separation between the “exact” and
the approximate solution than with biquadratic finite elements. Let us recall that the the-
oretical rate of convergence for bilinear finite elements is 2 for the £2-rate and 1 for the
H!-rate. Results presented in Table 9.3 were obtained using the Backward-Euler-Galerkin
scheme. Experiments performed with the Crank-Nicolson-Galerkin scheme produced virtu-
ally identical results. In contrast to the results in Table 9.2 here we fix two approximate

solutions computed using uniform meshes having 7 and 13 grid lines, respectively, and then
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Table 9.3: Numerical rates of convergence in h for the High kappa model using bilinear
finite elements and refining the mesh in the “exact” solution; time=3.5 4+ 10~7.

L2 error rates

Grid | 39x39 | 69x69 | 81x81 | 121x121 | 151x151 | 181x181 | 201x201
Rz 13 0.6 1.4 1.7 1.8 2.0 1.9 1.9
H? error rates
Grid | 39x39 | 69x69 | 81x81 | 121x121 | 151x151 | 181x181 | 201x201
R713 0.9 1.1 1.1 1.1 1.1 1.0 1.1

generate a sequence of “exact” solutions using uniform meshes with 39, 69, 81, 121, 151,
181 and 201 grid lines. The corresponding sequences of £2? and H! rates are presented in
Table 9.3. We expect that as the mesh used in the “exact” solution is refined this will
lead to an improvement in the estimates for the rates. Our results presented in Table 9.3
confirm this observation and demonstrate a very good agreement of the numerically com-
puted rates with the theoretically predicted optimal values. We note that the experimental
rates become particularly close to the theoretical ones for mesh sizes above 121x121. In
terms of biquadratic elements the same accuracy can be achieved using 61x61 grids. Recall
that results in Table 9.1 were obtained using biquadratic elements and 69x69 grids, which
corresponds to 137x137 grids and bilinear elements. From results presented in Tables 9.2
and 9.3 it appears that these are the coarsest possible grid sizes which can be used for the
“exact” solution in order to obtain reasonable estimates of the convergence rates.

Next we turn to numerical results concerning approximations of the £? and H! rates
in time. Let us recall that these rates should have the order of the scheme used in the
time discretization, that is we expect to observe O(k) for the Backward-Euler and O(k?)
for Crank-Nicolson scheme. In Table 9.4 we present results obtained at three different
moments in time. More precisely, we approximate the £2 and H! rates in k at t= 1.6, 4.1

and 11.1. The corresponding initial states for times 1.0, 3.5 and 10.5 are generated using a
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Table 9.4: Numerical rates of convergence in k for the High kappa model

L? error rates

Time discretization || time=1.6 | time=4.1 | time=11.1
B-E 0.97 1.04 1.03
C-N 2.12 2.03 2.21

H?! error rates

Time discretization || time=1.6 | time=4.1 | time=11.1
B-E 0.95 1.01 1.07
C-N 2.16 1.98 1.93

uniform mesh with 39 grid lines, a fixed step k¥ = 0.5 and performing a prescribed number
of nt = 2,7 and 21 steps, respectively. An “exact” solution is obtained using a uniform grid
with 39 grid lines, starting with the initial states, and using a fixed time step k£ = 0.01 and
nt = 60. Two approximate solutions are computed starting from each of the initial states
using k = 0.1,0.3, and nt = 6, 2, respectively; a 39x39 grid is used. The results presented
in Table 9.4 illustrate that our numerical rates approximate the theoretical values for the

£? and H! rates in time with good accuracy.

9.4 Vortex Dynamics Under Applied Constant Current

Numerical results presented in the previous section deal with the case when the super-
conducting sample is subjected only to an applied magnetic field of magnitude Hy. Below,
we present numerical results obtained in the presence of an applied constant current of
magnitude Jy. Let us recall that when current is passed through a type II superconductor
in the presence of applied magnetic field, then vortices begin to move in a direction trans-
verse to the transport current, see Figure 2.3. This motion was first observed in [28]. As
a result of the viscous flow of the vortices, energy is dissipated. This induces voltage and

thus produces resistance in the sample.
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We use two different approaches to model the applied current. In the first one, both the
current and the magnetic field are applied from the initial moment. In the second approach
at the initial moment we apply only the magnetic field, while the current is applied after the
steady-state vortex configuration has been formed. Before presenting our numerical results
let us recall that throughout this chapter we use a fixed value ¢ = 0.1/ for the coherence
length. We also remind the reader that all figures presenting the time evolution of the
vortex configurations should be read from the top to the bottom and from the left to the
right.

We first present numerical results in the case when both the current, and the magnetic
field are applied from the initial moment. In this case vortices start to move across the
sample (from left to right) instead of reaching a steady-state configuration. We recall that
in the High kappa model the current Jo is directed in the y-direction, see (2.1.17). For
such a current theory predicts that as a result of the Magnus force, vortices will move in
a transverse direction to thé current flow. This phenomena is clearly observed in Figures
9.14-9.15, where we give results for current of magnitude Jo = 0.01. The results in Figure
9.14 are for a 1x1 sample with applied magnetic field of magnitude Hy = 0.5. In Figure
9.15 we collect results for a 2x2 sample with H = 0.5. A steady state configuration is not
reached and the vortices continue to move at right angles to the current flow.

In the remaining part of this section we present results for the case when current is
applied after the steady-state has been reached. In this case at the initial moment there is
only an applied magnetic field so that vortices start forming and eventually reach a steady-
state vortex configuration. Figure 9.16 gives the results for a 1x1 sample with H = 0.5
and Jp = 0.01. The six plots given in the first two rows visualize time evolution until a

steady-state is reached. This enables us to carry on the numerical simulations starting with
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Figure 9.14: Vortex dynamics with Hy = 0.5 and Jo = 0.01; current applied from the initial
moment; 1x1 box.

the steady-state configuration, instead of starting with the pure superconducting state.
The last question we want to address here is what happens when the magnitude of
the applied current increases. From the theory and experiment we know that at some
point, when the current reaches the critical magnitude, superconductivity will be lost. All
results in Figures 9.14-9.16 were based on computations with a fixed Jy = 0.01. Now fixing
both the sample size to 1x1 and the magnitude of the applied magnetic field to H = 0.5
we increase the applied current in order to demonstrate numerically that if the current is
strong enough then the model system is not able to retain superconductivity and the sample

transforms into the normal (nonsuperconducting) state. For example, Figure 9.17 shows
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Figure 9.15: Vortex dynamics with Hy = 0.5 and Jo = 0.01; current applied from the initial

moment; 2x2 box.
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Figure 9.16: Vortex dynamics with Ho = 0.5 and Jo = 0.01; current applied after steady
state is reached; 1x1 box.
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Figure 9.17: Vortex dynamics for a 1x1 sample with Hp = 0.5 and Jy = 0.5; strong current
destroys superconductivity.
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that if J = 0.5 then superconductivity is lost very quickly. Note that the last “clear” plot
in Figure 9.17 corresponds to the normal state which is characterized by the zero value
of the order parameter. Experiments were performed indicating that application of larger

currents J leads to an even faster loss of superconductivity.
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