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(ABSTRACT)

In the study of ecological community structure, the multivaniate niche model has always been
the assumed structural model. This model is closely connected to the multivariate two-sample
problem. Important to the understanding of species interactions in a community is the measure-
ment of the degree to which the niches of two species overlap, or to measure the similarity between
the resource use distributions of the species. Discriminant analysis is the tool used most often to
analyze the similarity. In this study, we discuss the most commonly used similarity measures, and
develop measures that are less dependent on the assumptions of the usual discriminant analysis.
Specifically measures are derived assuming normal distributions with heterogencous variance-
covariance matrices are derived.

The problem of estimating the measures and their precision and accuracy is investigated. Two
methods, the jackknife and the bootstrap, are described for estimating the bias and variance of an
estimated mecasure. The performance of thesc methods was cvaluated using simulation. When the
number of variables involved in the model is large, the estimates of these measures may be severely
biased, and the bias is consistently negative. By collecting larger samples the bias can be rcasonably
adjusted. Two potentially important factors affecting results are the disparity in the mcans. and the
heterogencity of the variance-covariance matices. It is shown that when the mecan separation is
small, the heterogencity of the covariance matrices has a moderate effect on the bias, but the effect
is diminished when the mean scparation becomes larger. The variance of the similarity estimates is
also related to the value of the measure and is a quadratic function of the similarity. The logarithmic

transformation of the similarity is scen to lincarize the variance of the similarity estimate.



The jackknife method gives good adjustment of the bias of the estimated measures. Generally,
the bootstrap method performs worse than the jackknife mcthod. In some cases, especially when

there are many redundant variables neither method gives reliable results.
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Chapter 1
INTRODUCTION AND LITERATURE

REVIEW

1.1 INTRODUCTION

Multivariate analysis is popular among ccologists in a variety of ecological
investigations. It has been applied to geographical ecology, social bchavior, niche
structurc, organism morphology and physiology. In such studics, many obscrva-
ble variables are involved, and multivariate methods are utilized to detect and
describe subtle patterns among these variables, and to facilitate interpretation.
The methods are not without pitfalls, however, so researchers must carcfully
study the results of an analysis (Williams [47]). Recently, much interest has fo-
cused on the multivariate niche model, or the measurcment of overlap between

the niches of two specics, and on the problems inherent in some of the measurcs

INTRODUCTION AND LITERATURE REVIEW 1



of overlaps and similarity (Carnes and Slade [2], Van Horne and Ford [46], Porter -
and Dueser [37], Dueser and Shugart [6], Green [13,14]).

The ecological community can be thought of as a large n-dimensional
hyperspace, within which each species population evolves to occupy its own re-
gion of the available space. The position of the spccies and its response to factors
of the community hyperspace defines its niche. Each species thus occupics a
vaguely outlined, diffuse volume that differs from but perhaps overlaps with,
those of other species in the community. Hutchinson [19] gave a concrete mean-
ing to the multivariate niche model: A niche is an n-dimensional hypervolume,
expressed as the range and combination of environmental factors that permit a
species to persist in a community. The value of Hutchinson’s approach is that it
directed ecologists to test and develop the hypotheses about structure of commu-
nities.

It has often been suggested that the key to undcerstanding spccics intcractions
in a community is to méasure the degrec to which niches of two spccicé overlap,
rather than to try to describe the niches of all species (Ricklefs [39]). Such overlap
is usually measured in terms of utilization of resources such as food and habitat,
the important and easy to measure factors. Niche overlap is thus described as
overlap of utilization between two adjacent spccies on a resource gradient. Typi-
cally, “niche overlap” is the dcgree of similarity bctwccn,%thc niches of two specics,
and the “measure of overlap” is the similarity between the resource use distrib-
utions of the species. The multivariate niche model together with advances in

statistical computing have allowed modellers to analyze complex data sets and

INTRODUCTION AND LITERATURE REVIEW 2



extract relevant information about community structure. For example, Porter and
Dueser [37] used the multivariate niche model to test the hypothesis of Pianka
[36] about the degrce of niche overlap and the intensity of competition. As
pointed out by Porter and Duecser, it is important to have reliable estimates of
niche overlap if the tests arc to be valid.

The subject of this research is the assessment of several methods of estimating
multivariate niche overlap and the development of mecthods for estimating and
asscssing overlap when assumptions are violated. The focus will be on the
methods associated with discriminant analysis [Harner and Whitmore, 16, Porter
and Duescr, 37]. Some of the methodology will also be useful for other niche
metrics such as niche breadth. In addition, the results are applicable to studics in

physical anthropology, pattern recognition, and geology.

1.2 LITERATURE REVIEW

There are several methods for cstimating multivariate niche overlap. The
most commonly used methods resulted from the works of Shugart and Patten [42]
and Green [13,14]. Shugart and Patten [44] developed a number of mcasures
based on generalized distances and discriminant functions, while Green [13,14]
suggested using the percent overlap of the 50% probability ellipses. The methods
of Green were criticized by Dueser and Shugart [7] because the ellipses were
computed only based on the assumption of cqual covariance matrices, and be-

cause the methods are sample size dependent. Ducscer and Shugart [6,7] extended
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these ideas and estimated overlap as the area that overlaps between concentration
ellipsoids, relative to the total arca of the cllipsoids. The concentration ellipsoids
are probability ellipses for observations, not means, and hence are relatively in-
dependent of sample sizes. However, Carnes and Slade [2] criticize the above
measure as being dependent dn the assumption of multivariate normality. In ad-
dition, the evaluation of the measure as suggested by Dueser and Shugart [7]
implies uniform rather than bell-shaped usage density within the cllipsoid. The
computation of overlap as planar area docs not weight by the probability of us-
age: the probability density is assumed uniform over the ellipsoid. Carnes and
Slade [2] note that departures from uniform usage could result in misleading es-
timates of niche overlap. Moreover, the methods of computing the confidence
intervals for true parameters arc only approximations.

Another approach is to estimate multivariate overlap based on the extensions
of the univariate measures of overlap (MacArthur and Levins [25], Hurlbert [18]).
Harner and Whitmore [16] gave the formulas for the estimation of overlap using

the MacArthur-Levins [25] asymmetric measure of overlap

500 (x)dx
[/ 2(x)x

&if
where f; and f; are multivariate normal densities N,(u;, L) and N,(u;, X) re-
spectively, describing the usage of a habitat by species i and j, and where the in-
tegral is p-fold. The mcasurc is asymmetric, because ay; has the denominator

[/, %(x)dx. Another common measure is the proportional similarity measure
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PS = | min [ f1(x),/»(x) Jax.

Based on the assumptions of multivariate normality, equal covariance matri-
ces and independence of observations, Harner and Whitmore showed that the

multivariate MacArthur-Levins indeX is given by
a =expl - —:T(uz - ul)'Z_l(uz - uy)]

which is a function of the Mahalanobis gencralized distance. They also showed
that the proportional similarity measure can be obtained by computing the
univariate measure after projecting the multivariate densitics onto the
discriminant axis. The approach of Harner and Whitmore [16] is similar to that
of Dueser and Shugart [7]. If the proportional similarity measure is used, the
measure can be interpreted as the volume in common between the probability
distributions. This volume is what Duescr and Shugart [7] arc measuring ap-
proximately in a uniform sense. The proportional similarity measure is computed
using the normality of the data and in most cascs is more accurate.

The measures were computed by Harner and Whitmore only under the as-
sumption of equal covariance matrices. Maurer [32] extended the results of
Harner and Whitmore [16] to the univariate case \_vith unequal variance, and
provided confidence intervals for the univariate MacArthur-Levins indcx.
Maurer suggested using the procedurcs when the multivariate data may be re-
duced to a single dimension using principal components or two group

discriminant analysis with equal covariances. But it would be better to extend the
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methods to the more complex situation with unequal covariance matrices, so that
thcy would be applicable to real ecological data ( Green [13], Dueser and Shugart
[7]). Green [15] commented on the assumptions of multivariate analysis in cco-'
logical studies. Nonnormality does not appear to be a secrious violation for the
multivariate case, as it is not for the univariate case. Heterogeneity of variance-
covariance matrices is a more serious problem. Significance arising from differ-
ences among covariances can be given a mcaningful biological interpretation just
as can significance arising from diffcrences among means. Also, as Maurer indi-
cated, confidence intervals based on the noncentral t distribution may require
moderate sample sizes.

When the covariance matrices differ, the formulas given in Harncr and
Whitmore [16] and the formulas for Morisita’s mcasure (Zaret and Smith [48])
ought to be modified. Furthermore, the two MacArthur-Levins mcasurcs a; and
a; can be made extremely dissimilar by making the covariances matrices different
and there are cases where the interpretations given by a have no resemblance to

the interpretations given by a; and a; Note also that Pianka’s measure,

* |

INCETE and Matusita’s measure can be in considerable error, if the as-
sumption of equal covariance matrices is not valid. In general, as with other
mcasurcs, the errors will of course depend on the dimensionality of the problem,
the disparity of the covariance matrices, and the magnitudc of the overlap.

In community structure studies, the distribution of the variables in a popu-
lation is naturally described by a multivariate probability distribution function

flx). Assessing the similarity between two species populations is a problem of
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comparing two probability functions fi(x) and f)(x). The general notion is to
measure the overlap. The greater the overlap, the more similar are two popu--
lations. Thus, the niche overlap problem is closely connected with the two-sample
multivariate problem. Ito and Schull [21], and Carter, Khatri and Srivastava [3]
_investigated the consequences of unequal variances in testing the hypothesis of
cqual means. For equal sample sizcs, moderate violations are of little consc-
quence, and as the sample sizes increase the test remains well behaved. For une-
qual sample sizes, on the other hand, modecrate violations can scridusly distort the
level of significance and the power of the test.

In two-sample discriminant analysis, Marks and Dunn [27] compared the
performance of three discriminant functions: the quadratic, the best linear and
Fisher’s linear discriminant function. They found that when the disparity of var-
iance is large, the quadratic function is asymptotically better than the Fisher
function. For small samples the quadratic performs worse than the Fisher as the
disparity of variance is small, and this tendency increases with the number of
parameters. The performance of the best linear function is in between that of the

other two.

1.3 OBJECTIVES

The goal of this rescarch is to compare and dcvelop measures of multivariate

niche overlap that are less dependent on the assumptions of the usual
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discriminant function analysis and to investigate procedures for estimating the
sampling variability of these measures.

The objcctives are the following:

1. Investigate the accuracy and precision of currently used measures of niche
overlap, and study the effects of sample sizes, of disparity in the metrics, of

dimensionality and of unequal variances and covariances.

2. Extend the measures of overlap to provide more accurate estimates when the

model assumptions arc not valid.

3. Investigate the applicability of the jackknife and bootstrap mcthods to confi-

dence interval estimation of overlap measures.

1.4 EDITORIAL REMARKS

In Chapter 2, Mahalanobis” gencralized distance measure, Matusita’s dis-
tance and affinity measure, Morisista’s affinity mecasure, the MacArthur-Levins
measurc of overlap, Pianka’s measure of overlap and the proportional similarity
measure are defined, and some of their properties are discussed.

In Chapter 3, the explicit forms of the measures introduced in Chapter 2 are
derived under the assumption of multivariate normal distributions with thec
“heterogeneous” variance-covariance matrices. [t is shown that these forms re-

duce to those derived by Harner and Whitmore when the variance-covariance
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matrices are homogeneous. Then, the connection of the affinity and the
multivariate one-sample, two-sample problems are investigated. This relationship
showing that a distance measure is the fundamental tool of multivariate analysis.

In Chapter 4, the rclétionships between the correlation cocfficient and the
affinity measures are established in the bivariate normal model. The dependency
of the variables is identified through the application of distance measures. This
comparison exposes the advantages and the disadvantages of distance measures
for testing independence in the bivariate density. Finally, the relationships be-
tween the correlation cocfficient and divergence measures are studied. It is shown
that the divergence measures deseribe the independence between the variables in
terms of the affinity measures.

We are concerned with a theoretical investigation of the estimators of various
measures. The mathematical difficulties in deriving the properties of the estima-
tors are formidable, and consequently the propcrties are evaluated mainly by
Monte Carlo methods. In fact, it would appear there is no article of a thcoretical
nature on the estimation of measurcs for the most general case of p,, p,, X, and
X, all unknown, the casc which is the most likely to occur in practice. In Chapter
S, the two-sample jackknife method and the two-sample bootstrap method are
introduced. In Chapter 6, the simulation results are presented, comparing the ef-
fects of sample sizes, of the dimensionality (the number of variables), and of the

disparity of variance-covariance matrices on the performance of the procedures.
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In conclusion, several suggestions for applications the currently used overlap
measures are presented. To get a reliable estimate, the jackknife method is ap-

propriate.
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Chapter II
DISTANCE, AFFINITY AND MEASURES OF

SIMILARITY

In the context of multivariate statistics, the Mahalanobis generalized distance
is predominant. In statistical ccology, on the other hand, Matusita’s distance,
Morisita’s affinity measure, the MacArthur-Levins mcasure of overlap, Pianka’s
measure of overlap, and the proportional similarity measure arc more commonly
uscd to evaluate the community similarity between populations. In this chapter,
the propertics of the Mahalanobis generalized distance are reviewed and similar

results are derived for the measures favored by ccologists.
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2.1 MAHALANOBIS GENERALIZED DISTANCE MEASURE

Let the p -component random vector X; follow the multivariate normal dis-
tribution N, (p;, L) with mean p; and symmetric positive definite covariance
matrix, i=1,2.

Let x, and x, be two independent samples of size N, and N, of X, and X,

respectively. Mahalanobis [26] gave the following definition.

DEFINITION 2.1.: A measure of the generalized distance between the two pop-

ulations (i.e. distributions) is (jt;, = p,)’ £~ ' (1, — B,). The estimated Mahalanobis

(mS) + n,S,)
n b

generalized distance is D? = d'S™'d where d =X, — X,, S =
n = n, + n, and where X; is the p -dimensional column vector of sample mecans
and S; is a pxp sample covariance matrix with n; = N; — | degree of frecdom,
i=1,2.

The statistic D? is proportional to the two-sample version of Hotelling’s 772.
It is important in discriminant analysis, cluster analysis, profile analysis, and
other multivariate methods. In ecology, D? is closely related to the analysis of
affinity, similarity, and niche overlap. We now introduce some mcasures of simi-

larity that arc popular in ecological work.
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2.2 MATUSITA’S DISTANCE AND AFFINITY MEASURES

Let F, and F, be two distribution functions admitting probability densities f

and f, , respectively, with respect to some probability measure m .

DEFINITION 2.2.: The Hellinger distance r, (Hellinger [17]) between F; and

F, is defined, for p = 1, by
ry = IFy = Fol = 1§1A"P(x) = £7(0)Pdm(x) | P [2.1]
Matusita’s distance (Matusita [28]) measure is obtained when p =2, that is:
dF, FY = {§1fi ") = £ P01 2dmexyy 1 [2.2]
and} Matusita’s affinity is defined as:

p(Fi, Fy) = [ U001 2dm(x). [2.3]

Thus, &, (F\, F,) = 2[1 — p(F}, F,)]. Here p(Fy, F,) is the affinity of distributions
and represents the “closcness” of the distributions. This affinity measure was
investigated previously by Bhattacharyya [1].

As is easily seen, p(Fy, F;) has the following propertics:

()0 < p(F,, F)) < 1.

(ii) p(F,, F,) = 1 if and only if F| = F,.

DISTANCE, AFFINITY AND MEASURES OF SIMILARITY 13



~(iii) For a sequence of distributions {F,}, p(F,, Fy) — 1, i.e., for any measur-
able set E, F,(E) — Fy(E) uniformly in E, where F,(E) and Fy(E) denote the
probabilities of E according to F, and F; respectively.

The quantity p quantifics the closeness between distributions in the sense that
the larger p(F}, F,) is, the closer F; and F, lic. Matusita [28,29] discussed the dis-
tance measure and affinity measure in the context of the one sample and two-
sample goodness-of-fit problem. Formulation of the statistical decision problem
in terms of distance functions in general terminology is presented by Matusita

[29].

2.3 MORISITA’S AFFINITY MEASURE

Suppose we have two independent populations governed by distribution
functions F, and F,. Let m be a measure with respect to which F, and F, admit
square integrable densities f; and f, , respectively. The following measure of af-

finity was used implicitly by Morisita [34].

DEFINITION 2.3.: Morisita’s affinity measure A(F), F,) is defined by:

2 [ /i(x) fo(x)dm(x)

> ; [2.4]
J£1 7 )dm(x) + [ f5 “(x)dm(x)

MFy, Fy) =

whenever the integrals are defined.

It can be shown, A(F|, F,) has the following properties:

DISTANCE, AFFINITY AND MEASURES OF SIMILARITY 14



)0 <nF,F) <1.

(ii) M(F, F;) = l'ifand only if F; = F, .

Remark: The quantity D; = | f;2(x)dm(x), i=1,2, which appears as a part of
MFy, F), is well known to ecologists as a measure of “clumping”, and
1 — D,i=1,2,is often used as a measure of the “diversity” of a population. Sce
Van Belle and Ahmad [45]. In this context, A(F; F;) measures the similarity of

two populations in units of the clumping of each of the two populations.

2.4 MACARTHUR-LEVINS MEASURE OF OVERLAP

Assume that the random vector X has probability density functions f,(x) and
£ (x) for species 1 and 2, respectively. The densitics f(x) are often called “usage
distributions” since they specify the probabilities of the species using the availablc
resources. Thus, the probability density is also the spccies biological density with
respect to the resources. MacArthur and Levins [25] suggested the following de-

finition.

DEFINITION 2.4.: The MacArthur-Levins overlap mecasure is defined by

AV
[ £ A(x)dx

%

i,j=1,2, whenever the integrals are defined.

The following propertics obtain:

DISTANCE, AFFINITY AND MEASURES OF SIMILARITY 15



(i) 0 < q; < 0.
(ii) If f; = f; then a; = 1. The converse is not true.

Remark: In general, a,, ¥ a,,. A sufficient condition for cquality is that f(x)
and f{x) differ only by a location parameter. Apparently, a; measures the rela-
tive probability of the simultancous presence of species'i and species j compared
to the species density of species i. In an intuitive sense, the numerator is the
probabilitics of all possible events when the two species use resources “simul-
tancously,” while the denominator represents what the probability would be if

species j were equivalent to species i in resource use.

2.5 PIANKA’'S MEASURE OF OVERLAP

Following the idea of the MacArthur-Levins measure of overlap, Pianka [36]

proposed the following measure.

DEFINITION 2.5. Pianka’s overlap measure is defined by

§£ (0 f; ()dx
L 200ax ] 200 £ 2x0ax 112

[2.6]

a = \/aljaﬂ =

The properties of a are:
()0 <a <1 and

(i) o = 1 if and only if f; = £,

DISTANCE, AFFINITY AND MEASURES OF SIMILARITY 16



Note that a is essentially a correlation coefficient, and intuitively has a similar
interpretation to that given for A , except that the denominator represents a “ge-
ometric average” of the cases where both species are equivalent to species 1 and

both are equivalent to specics 2.

2.6 PROPORTIONAL SIMILARITY MEASURE

The idea of the geometric representation of a probability distribution leads

to analytic consideration of similarity. Thus we have

DEFINITION 2.6.: The proportional similarity measure PS is defined by

PS = j min [fl(.X'),fz(X) ]d.x [27]

whenever the integral is defined.
Note that 0 < PS < | and that PS is symmetric for any pair of density

functions. The PS measure has another formulation, given by
1
PS =1 - ?j | f1(x) = fo(x) | dx.

The equivalence of the formulas is verified by first noting that ( see also Smith

[42])

when fi(x) < f4(x),

DISTANCE, AFFINITY AND MEASURES OF SIMILARITY 17



min [ fi(x), f2(x) 1 = fi(x) = f(x) = | fi(x) ‘f;(x) |

and when fy(x) < fi(x),
min [ f1(x), /(x) 1 = fo(x) = fi(x) = | fi(x) = fo(x) | .
The equivalence follows by writing

{2min [ fj(x), /(x) Jdx = Sexts < 11O+ [ £ < 71 /200
0 < f09] 100~ 1A = fo(x) [ax
Lt < ] P20 = 1AG) = fx) [dx

=2 = [ | /i(x) = fo) | dx.

The PS measure can be interpreted as the probability that two individuals
from different species simultaneously attempt to use the same resources, relative

to the probability that an individual from the more likely species tries to use the

same resources.

DISTANCE, AFFINITY AND MEASURES OF SIMILARITY



Chapter I
RESULTS UNDER MULTIVARIATE

NORMAL DISTRIBUTIONS

The distance measures, the affinity measures, and the measures of overlap
are generally difficult to formulate explicitly. However, for the important spccial
case considered in this sequel, we will assume that f(x) and f(x) are multivariate
normal densities. Thus the integrals of f; and f; can be evaluated. Since two
multivariatc normal populations are involved, we will first derive the explicit
forms of the measures assuming equal variance-covariance matrices, then extend
the results to the case with heterogencous variance-covariance matrices.

Let F|, and F, be nonsingular p-dimensional normal distributions with density

functions

|
Iz, V% (2n)?
1

fix) = exp [ =200 =) = x - )
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and

I
|, |2 (2m)P?

£ = exp [ = 2(x = 1) =7 '(x = )]

respectively.

3.1 EQUAL VARIANCE-COVARIANCE MATRICES

When X, = X, = X, we have the following results:

[. Matusita’s affinity measure is (sce Matusita [29])

p = LA £(x)] ax

=exp [ - ';;—(111 - )T l(1‘1 - nyl. [3.1]
II. Morisita’s affinity measure is (see Morisita [34])

_ 2 1A A(x)dx
JAAx)dx + [ H(x)dx

exp [ - 711‘(111 - llz)'z—l(lll -yl [3.2]
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I11. The MacArthur-Levins measure of overlap is (sce MacArthur & Levin

[25))

I §fi (%) f; (x)dx - (3 (%) f; (X)ddx
12 Jf; 2(x)dx 21 5]% 2(x)dx

=exp [ - %(ul ~ 1) 7y - )l [3.3]
I'V. Pianka’s measure of overlap is (see Pianka [36])

. [ () 5 (x)dx
C§ £ 20ax 101 f, 2x)dx ]

=exp [ - %(ul -1 =7y -yl [3.4]

V. The proportional similarity measure cannot be cvaluated explicitly for
multivariate normal densities. We discuss this measure only for the univariate

normal densitics. Then, Harner and Whitmore [16] showed that

PS = jcoo——l— expl — ;z(x - ul)z]dx

(21{)1/20 20

+ % o ———expl — —5(x — up*ldx [3.5]
2n)!% 26
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= 2&00——172— exp [ = —(x = pp?ldx for nyp <py
(n)'o 207

and defined analogously for p, < w, and is I if u; = s,

where ¢ is determined such that f,(¢) = f,(¢). The multivariate normal version is
similar to the above expression except that the‘integral is p -fold with the region
of integration given by the p — 1 dimensional hyperplane on which the densitics
are equal. Because the PS is different from other measures, we will not consider

it any further in this study.

3.2 HETEROGENEOUS VARIANCE-COVARIANCE MATRICES

For the general case X, = X, , we have

THEOREM 3.1. Matusita’s measure

p* = | LA S0 ] dx

2122| 1/ I )
B 12 expl = - = (E + Ty - ) [3.6]
|7(21 + X1

Proof: By definition, we have
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S P0A TA(X) =

1
(zn)p,? IEI | 1,’4'22 | 1/4

1rl - I -
exp{ = oL =) BT (x - ) + S - r) Ey (x - ) 1)
Complcting the square, the above expression may be written as
@m) TP IE N TR T exp( - 2L - WA - ) + ey

where by matching the coefficients,

1 «— | -
A=5ﬂ‘+7g‘
A = Lx! Ly
ll“2~1 F\‘*‘;,-'z 1,
and

1 - 1 -
WAR + ¢ = 71‘(21 '+ ?l‘z' IR

Morcover,

B 200 P0ds = 1AL TR Tz T e (59,
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Thus

1 ] 1 -
c= T(l‘l -1y [’2_21 + —2"}:2] l(l‘x -1t

+—l—22.

because X,AX, = -1—E, >

2

l'%'("l + )i
The determinant of Ais |A] =
.5l
Hence,
g 12 lal ™" 1
i 1P(x)f 1R(x)ax = TR exp{ - ’8—(111 )’ [.__(v +Z)17 'y - my))
LI P2

I Ezl e 1 a -1
= expl - “4_(111 -n)(E ) (ny - l‘z)] .

l (X, + =)'

COROLLARY 3.1: When X, =X, =X, we have thc equal variance-

covariance case,

p =cxp [ - %(ul -y’ T ul By J. [3.7]

This is the same result as in the previous section.

COROLLARY 3.2: When p, = p,, we have
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1/4
.5, 1
R D — [3.]
| + 21V

by an argument similar to that by which Matusita’s affinity mecasurc was ob-
tained. Morisita’s affinity mcasure can be obtained.

THEOREM 3.2.

o 2l A
[f 4(x)ax + [ fo (x)dx

21X, %]

|2+ 2l + I,
expl = 2-(ry - w5 + I 7wy - )] [3.9]
Proof:
S0 =

|
(27{)’” ! }:1 | 1,2 i 22| 1/2

1 R N
exp{ = 5 L0x = w) E7(x - ) + (x = w) Eyx - ry) I
Completing the square, the above cxpression may be written as

Cm I TR T expl - Lox - WA - w + <)

&
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where by matching the coefficicnts,

A= '+, Ap=Z ', + I, 'y,

and

B _ , -1 , |
WAR + =15 iy + 1’5y .

Thus

c=(y — 1 [21 + Z:2]_](111 -, .

Since

!(Ex + Iyl

IZ,Z,|

-2

the determinant of A is |A| =

Multiplying f, ¥x) , £, 2(x) and f;(x)£5(x) by (2n)P2 , we have

QmP[fi Ax)dx = 2 P2 IE T Qe[ (x)dx =27 PR, T
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and

1 l , B
)PR{f(X)f(x)dx = RN expl - > - W) (Z, + 2) "'y - )]
Hence

. 21A1 7172 | | .
A= IZI | 172 4 Izzl 12 CXD{ - _2—("'1 - u2) [(El + ‘_2)] (ul _ pz)}

21T, %, |7 I w1
= ) expl - = ) (& + ) (- l‘z)] .
e e Rt IE RE

COROLLARY 3.3: When X, =X, =X, we have the equal variance-

covariance case, and

2= exp [ =y - w27y -yl [3.10]

This is the same result as in the preceeding section.

COROLLARY 3.4: When p, = p,, we have

1/2
2= 21%, 3, [3.11]
RV SEE (LR NECY |
5 =1 2 1 Lo177)
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THEOREM 3.3. Fori,j = 1,2, i #j, the MacArthur-Levins measure is

given by

. () S (x)dx
T T

IE‘I 172 1 1
- ! expl = —(m; - ) (S, + )7 (- p)d, [3.12]
|z + 2yl 2
2

where f; and f; are the normal densities N,(n;, ;) and N (n;, I, respectively,
and the integral is p -fold.
Proof: By the formulation of THEOREM 3.2.

Multiplying f; ¥(X) , f; 2(X) and f(x)f(X) by (2n)?”? , and intcgrating, we have

QryPr| fixx)dx =277 5,72,

Quyp2] f(x)ydx = 2772 L, |72,

and
,. 1 1 —
(2K)p’2fﬂ(x)ﬁ(x)dx = |‘“_+v—]1_/7 expl - ‘?(lli - ) (E+ L) ](“i - l‘j)] .
st s
Then

RESULTS UNDER MULTIVARIATE NORMAL DISTRIBUTIONS 28



. ) (x)dx
C[fAx)dx

|z, 12 1 _
B L l )| 12 expl = —(m; = ) (T; + L) ' - . [3.12]
—_— .+ R
A

Note here that if £, # X, , then a;, # ay,.

COROLLARY 3.5: When X, =X, =X, we have the equal variance-

covariance case, and

. 1 ~1
ajp = 0p) = €Xp [ - ‘Z‘(}ll - }12)'2 ("'l - ],12)] . [313]

This is the same result as in the preceeding section.

COROLLARY 3.6: When p, = p,, we have

' |z, |12
a2 =

[3.14]

I%(El + Lyl
and

RESULTS UNDER MULTIVARIATE NORMAL DISTRIBUTIONS 29



*

21 =

|z, 2

[3.15]

1 12 -
5T + Iy /

THEOREM 3.4. Pianka’s measure of overlap is

a = [fl (x) f; (x)dx
L1/, 2x)ax 112 [ £, Ax)dx 112

|z,2,1 ! - -1
) 1l 12 expl = = = m) (Ey + ) (-l [3.16]
2

Proof: By the formation of THEOREM 3.2.

Multiplying f; 2(x), f; 2(X) and f{x)f(x) by (2n)?, and integrating we get

1
|Z, + I, |12

~1

\Pi 1 , - ,
(Zn)p 2M(x)ﬁ(x)dx = CXP[ - 7(!‘1 -y (= + Xy l(lll - llz)] ’
[r)PR[ f, 2x)dx]'? = [27P2 |2, |72 = 270 £ |7, and

[RryPR] f, Ax)dx])' " = 27P2 T, | T R = 2P g, | T

Then o can be obtained by putting the above expressions in the numerator and

the denominator respectively.
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COROLLARY 3.7: When X, =X, =X, we have the equal variance-

covariance case, and

*

a =cxp [ - %(ul - 112)'2_1(111 -yl | [3.17]

This is the same result as in the precceding section.

COROLLARY 3.8: When p, = pn,, we have

Bah> 1/4
o = il . [3.18]
|-;—<21 + )| 112

When X, = X, = X, these are the exponential forms of certain functions of
Mahalanobis generalized distance (pu, — p)’ X~ '(p, - n,). However, when
X, # X,, these measures are represented as the product of two terms. One term
( the exponent ) may be regarded mainly as thc Mahalanobis generalized distance
corresponding to the weighted average of X, and X, . This term esscntially meas-
ures how “far” apart the mecans arc. The second term is essentially a measure
of the information contributed by the differences between the covariance matrices
X, and X, . Chernoff [5] discussed a measure, similar to p , as the information for
discriminating between multivariate normal distributions with uncqual

covariance matrices.
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3.3 TEST STATISTICS AND AFFINITY

The measures discussed in the preceeding sections are functions of the pa-
rameters’p, sy, X, X, . One can identify the affinity measure as the sole pa-
rameter between the population distributions. But how should the sample data
be used to estimate the parameter? How should the estimator be used to test hy-
potheses concerning the parameters? First we shall consider the one-sample

problem using the affinity and overlap measurcs.

3.3.1 THE ONE-SAMPLE PROBLEM: Let x,,X,,...,X, be a sample if n
(>1) observations of a p dimensional random vector x with a nonsingular normal

distribution N(p, X). For those x,,x,,..,X, we define, as usual,

X =

IMx

n o, — . .
X s =1 l .Zl(xi - X)'(x; — X) and we consider the normal dis-
n—1li=

L
n;
tribution N(X, S) determincd by X and S where for » > p, S is nonsingular with
probability 1. Thus the affinity and overlap measures between F = N(a, A)

(where a and A are known) and S, = N(X, S) are

1/4
o5 = —28 ool - L -4 + 97 - 0]
| (A + 5|12
2
1/2
A, 5 = ———2 AL S] el - La - 0a + 9@ - 0]
1A+ 9)172(1A12 + |s|1 2

and
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1/4 |
F 5 = — 2ol - La -0 + 57wy - 91,

l%(A +s)| 12

With these statistics, we can make inferences concerning N(pu, X) and N(a, A),

when the former is unknown.

I. When it is known beforehand that £ = A, although X itsclf is unknown,

we consider

oi(F,S,) = expl — —é—(a ~3s la -]

and

w(F, S,) = a)(F,S,) = expl - —41—(a -9s la-9],

which are the affinitics and overlaps between N(a, S) and N(X, S). Further, when

X is known, we take
pa(F, ) = expl - —é—(a -X)Z (a-%]
and

AM(F, S,) = ay(F, S,) = expl - %(a ~%E '@ -9].

For these p;, %;,and o;(i = 1, 2), we have
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—8log py(F, S,) = —4logA(F,S,) = —4loga|(F,S,) = (a - K’)’S_I(a - X)

and

—8log py(F, S,) = —4logy(F,S,) = —4logay(F,S,) = (a-%)'T 'a-%).
These arc  familiar  expressions in  multivariate  analysis, since
n(a-X)X '(a - X) is the one-sample gencralized T2

Let S, be the distribution determined by n observations of a random variable

with F = N(a, X). Then

—8nlog p|(F,S,) = —dnlog \{(F,S,) = —4dnlogo(F,S,)

=nl(X -a)yS™ (X - a)]

is distributed according to a noncentral F distribution, and

—8nlog py(F, S,) = —dnlog 25(F, S,) = —dnlogay(F,S,)

=n[(X -a)X (X - a)]
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follows a 2 distribution with n degrees of frecdom.
II. When the problem is concerned only with the covariance matrix, we con-

sider

|as| /4
I%(A +5)| 112

p}(F, Sn) = (13(F, Sn =

and

2|A +s]|'2
A+ S)1Al2 + 18117

;‘3(}7’ Sn) =

which are the affinities between N(b, A) and N(b, S), b being any vector.

We note that these statistics are invariant under any nonsingular transfor-
mation. In fact, for a nonsingular transformation y = Gx + b, the distribution
of y is F, = N(Ga + b, GEG’), and the sample mean and sample variance-
covariance matrix become ¥ = GX + b and S, = GSG’, respectively. Moreover,

| (GZG")(GSG) |14 | =S| abs.| G|

pB(F)n Sny) = l = 1
|5(GZ6) + (GsG) 2 |-

(Z + S)|12abs.| G|

= p3(Fx’ Snx)

where abs.| G| is the absolute value of the determinant of G.
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Now, by assumption, X is a positive-definite symmetric matrix, so there exists an

orthogonal matrix T such that TZT’ has a diagonal form
[nl y 0oy np]
where n; > 0 for all i. Let
L = Diagonal [n{/z, - n[l)/zj .
Here L = ‘L'. Further, let G = L 'T. Then we have
GIG' = (LT'DZ(L"'Ty = L.
This, with the invariance of p;, implies that, when we are concerncd with the

distribution of py(F, S,), we may assume that F = N(0,1). That is, the distrib-

ution of p,(F, S,) is independent of a particular distribution. For F = N(0, I), we

obtain
1/4 1/4
or(F, S,) = l“s' — - — El -
|—(1 + S)| |=—1 + )|
2 2
Lct

/Yi’ = [Xll y ooy le] (l = | g vee g fZ).
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As the matrix S converges to I with probability 1, the distribution of p;(F, S,) is

asymptotically equal to that of

I%(l +w)| 12

p— M 1 n 2 l n r 2
where W = Diagonal [7"511 nl, w2 X 1.
Ifz, =-+3%x 2 z =Lsx>
1 ni=y i L p ni= i
then

p
1/4 (nzy'
W] _ i=1 “[f 4Z; qi/4

i 172 P j= 2
I—z'(l + W)l (11 —;-(1 02 R O )

i=1

and nZ,,...,nZ, arc indepcndent random variables having the x? distribution

with n degrees of freedom.

For the more general case,

lzs|' _ ’:I’_’I S :|”4
I‘;‘(z: LA C U4 L

Similarly, with the invariance of A5, for F = N(0, ) we obtain
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21 + 5|12
l-g—a + 9172111172 + 5|13

}\.3(F, Sn =

As the matrix S converges to I with probability 1, the distribution of A;(F, S,)

converges to that of

2 2 f (1 + z)l?
211 + W _ i=1

i=1 i=

e+
=2 2 [‘n](1+z,.)’/2]“.
l=

For the more general case,

2] + S| b p _
| 1 || | :”2 IS |2 22 [,.E,(m)‘/z + igl(zi)l,/z] l
(= +S)(EI + S|
2

To test the hypotheses H,: A = X vs H,:A = X, using p,, it can be shown

that
- 2 "
Xnl—a 1/4
p AN
= ~
Anl—a 2
(n; + —=—)
. . .. P anZ; 1/a
is the critical value of the a level test based on the criterion | T ————1 .
=1, + Z)
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Alternatively, using A, , it can be shown that

(p*2) b A
22 [n(n)”2+ e Lnlze, 2y

is the critical value of the o level test based on the test statistic

LR
[H ()2 + H (Z)”z]

These give the test criteria for testing hypotheses about the covariance matrices

using the affinity measures.

3.3.2 THE TWO-SAMPLE PROBLEM: Suppose we want to make inferences
about p, — p,, the difference between the population-mean vectors.

With a few tentative assumptions we are able to make such inferences
through the distance, affinity or overlap measures.

We make the following assumptions concerning the structure of the data.

. The sample X,;, X;5, ..., Xy, IS @ random sample of size n, from a p -variate

population with mecan vector p, and covariance matrix X, .

2. The sample X,y , Xp; 5 - s Xy, 1S @ random sample of size n, from a p -variate

population with mcan vector p, and covariance matrix X,

3. Also, Xy, Xy3, ..., Xy, are independent of Xy, Xgp 5 wee s Xgpe
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ot
.

Further assumptions are required when #, and n, arc small

Both populations are multivariate normal

.., 1) and Xy U =1,..,m), we calculate

From the samples x,;, (j = 1

ny

> 2|j= U"z ,22 : 2j
13 - - v
1= 7 T (X = X(xg X))
and
12
S, = ',;z"jfl(xzj Xo)(Xi-X))" -

n .
When X, =X, =L, .Z’I(XU = X)(x;; — X))’ is an estimate of (7, - )X and
=
X,)’ is an estimate of (n, — 1)X. Consequently, we can pool

ny _ _
jgl(ij = X)Xy —
the two samples in order to estimate the common covariance X. We obtain

xl)(x]j_xl) + El(x?_j - XZ)(ij_Xz)

n

T (Xy; —

Y
np+ny, =2

fll+l12—2 )
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To test the hypothesis that p; — p, = §,, a specified vector. We proceed as
follows. The likelihood ratio test is based on the squared statistical distance 72,

and

7= (% - % - 8-+ 795,17 ® - % - &)

(ny +ny = 2)p
(y +my—p—1)
are unable to find a “distance” measure like 72 whose distribution does not de-

is distributed as _, . However, when T, # &, , we

p,ny+ny, —p
pend on the unknowns X, and X, . If X, and X, were known, the test statistic
would be

- = ol 1 - =
% =% = 0 - T2+ 5] 7' - % - (- ),

which has an approximate y} distribution. When n, and n, are large, with high
probability, S, will be close to X, , and S, will be close to X, , with high proba-

bility. Consequently,
- = ol 1 S P
X =% = (y - 1) [n_lsl + Eszj &% - (- )

will have an approximate ¥} distribution ( Johnson and Wichern [23]).
The performance of the sample test on the heterogencous variance-covariance
matrices depends on the sample sizes n; and n,, the dimension p, and the degree

of the similarity of £, and I, .
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Chapter 1V
CORRELATION AND DISTANCE IN

NORMAL DISTRIBUTIONS

Let (X,, X,) be a two-dimensional random vector with distribution F over
R?, and let Q be the sct of two-dimensional distributions over R? each of which
is a direct product of one-dimensional distributions over R. Then, X, and X, are
independent of each other if and only if Fe Q . Therefore, we say that when F
is “near” Q , the random variables X, and X, are “nearly” indcpendent. The af-
finity between distributions may be interpreted as the “closeness” of the distrib-
utions. As discussed in the previous chapters, scveral affinity measures and
overlap measures are closely related to the distance between distributions. On the
other hand, the correlation cocfficient also represents a relation between two

variates. In this chapter, we will present the relation between the correlation co-
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efficient and the affinities in term of the joint distribution or the marginal dis-

tributions. Here, the study is confined to the normal distribution.

4.1 CORRELATION COEFFICIENT AND THE MATUSITA

AFFINITY

First, consider the distribution G and assume that G € Q. The Matusita af-

finity of F and Q is defined as

= max p(F, G). ' 4.1
p.l Ged b ) [ ]

Here p, represents the degree of association between X, and X, , where p(F, G)
denotes the affinity between F and G . Sce, for example, Matusita [31]. However,
when Fe Q, F becomes the direct product of the marginal distributions of X, and

X,. Therefore, we can also consider

p11 = o(F, F| X Fy) [4.2]

as a measure of association between X, and X,, where F, and F, are the marginal
distributions of X, and X,. We shall give the rclations between p, or p;; and the
corrclation coefficient r of X, and X, , then examine the relation between the
concepts of distance and independence.

Let (X}, X;) be a two-dimensional random vector with normal distribution

F = N(a,X), where
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a= ((ll, a2), E = y 012 = 02].

Now, let Q be.the set of normal distributions with mean a and covariance matrix

x 0
where  x,y > 0.
0 y

Let G be a distribution of Q . Then Matusita’s affinity between F and G is cal-

culated to be

0'11 0'12 x 0 —-1/4

Oy 02]10 vy

0'“ 012 -1 x 0Of—-1]12
+

031 02 0 y

0'“ 0'12 1/4{x 0{1/4

031 2 0y

[4.3]

X+0'“ 012 1/2

O] y t 0

To find p, , we take the derivatives of the above expression with respect to x and

y. The maximum of p obtains when

x = [(01,/622)(0,,6p — 0)]'?  and
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o 2 12
y = (0201 )(0162; — o11"/%, [4.4]

or, equivalently, when

n've [4.5]

where r denotes the correlation coefficient ¢,,/[(5,,0,,)'/2]. Thus we obtain

PL =, mAX, p(F, G)

’

J2 (- H

: ) [4.6]
0+ - ENTENTE
For p,, , we have
[011 012} oy 0 fj-ie
o1 022110 oy
P =2
{011 c’12]'I o 0 (—1jL2
+
031 O 0 op
2.1/4
=_2(l——r)/_ [4 7]
@ — r3li2
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From these relations it can be scen that ( figure 1)

1. p, and p,, arc cqual to each other if and only if r = 0, that is, if and only if

X, and X, are mutually independent.

2. p, and p,, are both monotone-decreasing functions of r2. When r = 0,

pp =p, = lL,and whenr = £ 1,p, =p,, = 0.
If F admits density f{x) and G admits density g(x), then
| —p = —é—dzz(F, G).
Furthermore, if F; X F, admits density f,(x)f(x), then
I —py = —;—(122(1’, F| % Fy.

These arc the expressions in terms of Matusita’s affinity.

Although p, or p,, arc representcd as measurces of association between X, and
X, 1 —p,orl — p;; can be taken suitably as a cocefficient of association between
X, and X, , since they are monotone-increasing functions of #? ; when r=0, they
vanish, and when r = +£ 1, they are 1.

Note that the distribution in Q which is the closest to F is not
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CORRELATION COEFFICIENT VS AFFINITY
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Figure 1.  Correlation and Matusita’s Affinity: The rclation between correlation coefficient and
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N (a, )
0 b))

but

0'“(1 - rz)l/z 0
).
0 0'22(1 - r2)1/2

4.2 CORRELATION COEFFICIENT AND THE MORISITA AFFINITY

Let (X;, X;) be a two-dimensional random vector with normal distribution

F = N(a, X), where

- Cip On
a= (al, (12), o = 5 and 0]2 = 021 .
G On

Now, let Q be the sct of normal distributions with mean a and covariance matrix

x 0
where x,y > 0.

0 y

Let G be a distribution of Q@ . Then Morisita’s affinity between F and G is cal-

culated to be
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—0'11 O'p x 0 1/2
| Go; 022410 ¥
A =2 - :
I 0'11 0'12 x 0 1/2 Gll 0'12 1/2 x 0112
- + )« + )
2 0 0 y
021 022 vy 021 922 J

To find %, , take the derivatives of the above expression with respect to x and vy,

this A attaining its maximum when

x =[(01,/029)(0),0, — 03)]'? = o [(1 — r)]'?  and

- ' 2 172 2,172
¥ = [0/ 11)(01109; = 619]'/% = opl(1 ~ rH'2 [48]
Thus we obtain
Ay = max  MF, G)
x,p>0
5 2.1/4
_ N2z -l [4s]
_ a2 :
1+ =r9'9
For X,,, we have
G“ 0'12 0'11 0 l 1/2
Gy 02210 op |
k=2
p lon o oy 0 | V2ioy otz jo 0172
EX + ) ( + )
031 O 0 op Oy O 0 op
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2172
_ 41 — r9)
— —. [4.10]

@ - A+ a - A

From the above relations it can be seen that ( figure 2 )

1. 2, and A, are equal to each other if and only if r = 0, that is, X, and X, arc

mutually independent.

2. %, and A,, are both monotonec-decrecasing functions of »2. When r = 0,

M =2X; =1l,and whenr = £ |,%, =2%;,;, =0.
If F admits density f{x) and G admits density g(x), then

(%) — gfx))%dx
[FAx)dx + [g(x)dx

Furthermore, if 7/, x F, admits density f(x)f5(x) , then

[T = f(x)f(x) dx
[Fdx + JR0fS@dx

l —}\-11 =

These are the expressions in terms of the Morisita’s affinity.
Although %, or A, are represented as a measurc of association between X,

and X,,1 — &, or 1 — &, can be taken suitably as a cocfficient of association
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CORRELATION COEFFICIENT VS AFFINITY
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Figure 2. Correlation and Morisita’s Affinity: The relation between correlation coefficient and
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between X; and X, , since they are monotone-increasing functions of »? ; when
r=0, they vanish, and when r = £ 1, they are 1.

It is interesting to notice that the distribution in Q which is the closest to F

is not
o 0
N( a, )
0 op
but
v opy(1 — rHi? 0
[ a,
0 o1 = rH12

Now, there is relationship between the measures py; and A, that is, p;; = Ay,
when —1 <r <1, and p;; = A, only if r = £ 1. Figure 3 shows that the affin-
ities approach the same indcpendent concept as the corrclation cocfficient, but
one cannot use py, py; Or &, as criteria for testing the independence of X, and X,
beccause they have less variation than r around 0. However, taking the logarithm
of I —p,,1 —py; and | — Ay, as the coefficients of association between X, and
X, (figure 4), one finds that as r approaches 0, these “logarithmic” coefficients
of association approach infinity. Thus thcy may serve as criterion for testing the

independence of X, and X,.
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Figure 3. Correlation and Affinity:  The relation between correlation coeflicient and py. pyy, A, and
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CORRELATION COEFFICIENT VS AFFINITY
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Figure 4. Correlation and Log of association: ~ The relation between correlation coefficient and log
of association of p and A .
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4.3 CORRELATION COEFFICIENT AND DIVERGENCE

There are other measures that represent the discrepancy among the proba-
bility distributions: the Kullback-Leibler information number, and the diver-
gence. Here, the relationship between the correlation coefficient and the
divergence will be discussed in terms of the joint distribution on the marginal
distributions.

The following definition is due to Kullback-Leibler [24]:

DEFINITION 4.1. Let g,(x) and g,(x) be two absolutely continuous proba-
bility density functions. The Kullback-Lcibler information number I(g,, g,) is de-

fined by

g1 dx.
X)

(g1, 82) = [g(0)log

&2
The divergence J of g, and g, is defined by

gl(x)
gx(x

dx.

J(g1, 82) = f(g1(x) — ga(x))log

This was first introduced by Jeffrey [22].
The above definition can easily be extended to the multivariate case. If
£(x) ~ Ny(n, ) and gy(x) ~ N,(n, L,), then

1 z

[(gls g2) = '/)_log

ll — —
+ Ttrzl(zz - El 1)
), 4

-2

1
-

h
wn
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1 —
+ 7tr22 1(;11 - 1)(ry - 1) [4.11]

1 O IPUPRRES B ,
J = -?tr(E] - 22)(22 I - 21 l) + —é—tr(El i + Ez 1)(}11 - ﬂz)(}ll - }12) . [412]

Assuming equal population covariance matrices, £, = X, = X, then [4.11] and

[4.12] become,
K1 8D = =™ g = m)(y = m)’ [4.13]

J(gp, 89 = trE iy - po)(ny - ny)- [4.14]

Both are constant multiples of the Mahalanobis generalized distance.
Assuming equal population means, p, = n,, then [4.11] and [4.12] become,

(see Kullback [22])

(81,82) = —log Y -5t UL, ,
=
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1 1

Xz, 85) = %trzlz; + —z-trzzzl‘l - p. [4.16]

As in the discussion of the previous sections, Ict the distribution G € Q, and

define the divergence measure of F and Q as

Jy = min J(F, G). [4.17]
Ged

Here J, represents the closencss between X, and X,. However, when FeQ | F
becomes the direct product of the marginal distributions of X, and X,. Thercfore,

we can also consider

Jyp = J(F, F| x Fy). [4.18]

Let (X, X;) be a two-dimensional random vector with normal distribution

F = N(a, X), where

- O On
a = (a),a,) = yand 0, = 0,
01 Onxn

Now, let ©Q be the set of normal distributions with mecan a and covariance matrix

x 0
where  x,y > 0.
0 y

Let G be a distribution of Q . Then divergence measure between F and G is cal-

culated to be
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(o) G X0 + yo !
_ 1, P11 2 | 22 T VO Y [4.19]

2
2 (7“0'22(1 - r)

To find J,, we take the derivatives of the above expression with respect to x and

y, and p attains its minimum when

2 1 , 2 1/
x = [(01)/o)(0116 = 6%,y =[onio o100 ~ oip)?  [4.20]

or, cquivalently, when

x =0yl = Y2y =0yl = A [421]

where r denotes the correlation cocfficient 0,,/[(5,,0,,)!/?]. Thus we obtain

Jj=—2 [4.22]
(1 — )2
For J,,, we have
{ |°n owzfjon 0|7t o 0 jloy o7l
.]11 = —2-tr + —2—11' -2
Oy o200 o2 0 02]l021 o2

2
=——’—2-. [4.23]

1 —r
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From these relations, it can be secn that (figure 5)

1. Jy=J,,if and only if r = 0, that is, if and only if X, and X, are mutually

independent.

2. J, and J,, are both monotone-increasing functions of r2 for o < r? < 1.

Whenr =0,J, =J,,=1landwhenr= % 1,/J,=J,= .

These can be taken as cocfficients of association between X, and X; since they
are monotone-increasing functions of r? .
It is interesting to notice, whichcver measure (Matusita affinity, Morisita af-

finity, divergence) is applicd, the distribution in Q which is the closest to F is not

U“ 0
N(a, )
0 022
but
N( 0'11(1 - rz)”z 0
a,
0 0'22(1 - rz)l/z

Since p, and A, are measures of affinity between X, and X,, one can take
— In(p,) and — In(x,) as the measurcs of association to clarify the independence
concept between X, and X,. In figure 3, J,, — In(p,) and — In(x,) are compared

with the corrclation coefficient. It turns out that J, moves away from zcro faster
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than the other measures of association, when the correlation cocfficient is away

from zero.
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Chapter V

ESTIMATION PROCEDURES

In this chapter, we describe two nonparametric procedures, the jackknife and
the bootstrap, for the estimation of the measures introduced in the previous
chapters. The main idea is to assess the_ uscfulness, the reliability and the preci-.
sion of the currently used mcasures of overlap. In practice, it is important to ob-
tain acc-uratc estimates of the variance of the measures. Several factors affecting
the reliability of sampled data, such as the number of variables (the dimension-
ality), the sample sizes, the inequality of the variance-covariance matrices, the
diffcrences of means, are investigated. The task is focused on the biases and the
adjustments for biascs, the variances of measures, the precision of the jackknife
and the bootstrap mecthods and the coverages of the confidence intervals. Monte
Carlo simulation techniques arc used to gencrate the sample data from
multivariate normal distributions. Results are for the two sample case as this is

the most common situation.
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5.1 TWO-SAMPLE JACKKNIFE METHOD

The jackknife method provides direct numerical approximations of both bias
and standard crror, and can give reasonably rcliable confidence limits. It is a
relative of various nonparametric methods (Miller [33]). The one-sample jackknife
mecthod has been applied to numerous problems, and its description can be found
in many texts. Here, the measures of affinity and overlap are based on two pop-
ulations, so the two-sample version of the jackknifc method is introduced.

Assume that the data consists of two groups of vectors X, X,, ..., X, and

Y1, ¥2s - » Yo, Let the affinity measure or the overlap measure be given by

¥ = y(X,y). Then the jackknife procedure can be performed as follows:

[y
.

Compute y(ny, ny) from the samples X, Xy, ... , Xp, and ¥, ¥, oo s Yoo
2. Remove an observation, say X;.

3. Compute {( without x;, refer to this as v _(n, — 1, n,).

>

Repeat 2 and 3 for all n, observations of x.

hd

Repcat 2-4 for all n, observations in the sccond set, removing y;.

There arc now n, + n, estimates of the measure.
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These cstimates can be used to compute the variance of the estimator and
also to adjust for its bias. Approximate symmetric confidence intervals can then
be constructed using a normal approximation (Miller [33]).

The exact expression of the sampled jackknife estimator and the sample var-

iance are as follows. Compute, for i=1, ..., n,,

ydny = 1,ny) = (n) = 1/2)v(ny, ny) — (ny — Dy _[ny = 1, ny), [5.1]

where y_,(n, — 1,n,) is the estimated overlap with the ith individual removed
from sample x , and is calculated from a sample of n;, — 1 individuals. Similarly,

forj=1, ..., ny,
YA ny = 1) = (ny = 1/2)7(n), ny) = (ny = DY_ [y, ny = 1). [5.2]

These are the pseudovalues of the jackknife estimator for the sample set x and y.

Let
_ 1 nyoa
'Y!(/ll - l,flz) = Wzlyl(nl - l,nz) [53]
l=

and

A

_ 1
Volnp,ny — 1) = —nz—iglyi(n],nz - 1. [5.4]

The two-sample jackknife estimator is then
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'Yj(nl, ﬂz) = 71(211 - l,flz) + 72(n1,n2 - 1) [55]

The sample variance of ¥,(n, — 1, ny) is

1 n

1 A — 2
s = T:Tigl[vz(nx — L) = ¥y(np = 1, ny)] [5.6]

and the sample variance of y,(n,,n, — 1) is

2 2. - 2 -
S§ = —— X [¥mny = 1) = Talnpomy = DI [5.7]
ny, — 1j=1
Tukey conjectured that the psuedo-values obtained by the jackknife method can
be treatcd as approximatcly independent, identically distributed, normal random

variables; thus the approximate variance of y,(n,, n,) and y(n,, n,) is calculated

as S?, which is

2_ 1 g2 1 &2
S7 = n—lsl + 7{2‘32' [5.8]
» _ a b c I 1
If ELv(n,n)] = v + ot a * C pray ),

then the above jackknife procedure removes the bias associated with -Hl- and
1

n,

Confidence intervals based on jackknife estimates of the affinity measure or

the overlap mecasure are calculated by assuming that the sampling distribution
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of vy is approximately normal. The limits of a 95% confidence interval calculated

for jackknife estimates are thereby
Y3 £ () + n, —2,0.975)5) [5.9]

where n,, n, are the sample sizes of the original samples x and y.

5.2 TWO-SAMPLE BOOTSTRAP METHOD

The bootstrap method ( Efron [8]) is similar to the jackknife but can be used
to obtain estimates of confidence intervals that do not require a normality as-
sumption. The basic idea is to simulate the properties of the statistic y by sampl-
ing from an empirical estimate of the underlying probability distribution. Assume
that the data consists of two groups of vectors Xy, Xy, ... , X5, and ¥, ¥, «e s ¥, -
Let the affinity measure or the overlap measure be given by y = y(X,y). The

method for the two-sample case is
1. Compute y from the samples Xy, Xy, ..., Xp @Nd ¥}, Y5y o s Yope

2. Take a random sample with replacement of size n, from the x data and a

random sample with replacement of size n, from the y data.

3. Compute the [th bootstrap replicate {/1 , using this new sct of samples.
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4. Repeat the process k times, i.c. for /=1, ..., k, to obtain k bootstrap replicates

A A
Yiy oo s Vier

k A
5. Compute the mean Yg = Yi = -Zl-i\: Y, and the variance

l § A 2
=1(Y1 ~ )%

2 =
Sb k—11

These are the bootstrap estimates.
Let ¥ denote the unknown affinity measure or the unknown overlap measure
for the populations under consideration. If y is a biased estimate of vy, then vy,

will generally be biased because it cstimates ';/, not y. The bias of*;/ is defincd as
bias(y) = E(y) — 7,

which can be estimated by bias({/) =Yg — / Therefore, a bias-adjusted bootstrap

estimate of y can be calculated as follows:
'YB,ad/':‘;’ -~ (p— 7 =27~ 13-
Because
bias(Yp oq) = E(pag) =¥ = E(Y = (g — V) — ¥
= (E() =) ~ E(rg = 1) = 0.

Confidence intervals surrounding bootstrap estimates of the affinity measure

or the overlap measure arc calculated by assuming that the sampling distribution
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of y would be approximately normal, so that limits of a 95% confidence interval

calculated for the bias-adjusted bootstrap estimates are
YBadj £ (I, + n, —2,0975)5Bs [5.10]

where n,, n, are the sample sizes in the original samples x and y.
The percentile method also may be applied ( Efron [8] ), but is not considered

here though because of the expense in computing.
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Chapter VI
SIMULATION RESULTS FOR SAMPLE

MEASURES

We arc concerned with a thcoretical investigation of the estimators of various
measures. The mathématical difficulties in deriving the properties of the estima-
tors are formidable, and consequently the properties must be evaluated primarily
by Monte Carlo methods. In fact, it would appear there is no article of a thcore-
tical nature on the estimation of measures for the most general casc of p,, p,, X,
and I, all unknown, the case which is the most likely to occur in practice.

This chapter describes the results of a simulation study to assess the sampling
properties of the measures and the estimation methods. The simulation program
gencrated samples of various size from N,(n;, ;) and N,(,, L), using IMSL
subroutines [20], computed the measures, and the process repeated 100 times. The

jackknife procedure was used at cach step to estimate the variance and adjust for
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bias, and the bootstrap procedure was replicated 100 times at each step to esti-
mate the variance and adjust for bias. Symmetric 95% confidence intervals were

formed using the estimated variances. The simulation study focused on

1. Bias and the adjustment for bias. -

2. Variance of measures and precision of the jackknife and bootstrap methods.
3. Coverage of the confidence intervals.

Parameters that were varied in all of the studies include the covariance ma-
trices, ¥,, X,, the number of variables, p, the differences between the means,
1, — n,, and the sample sizes, N, N,.

For two random vectors X and Y, we start the simulation with two bivariate
normal densities by sctting 5 different values for p, — p, as (0,0); (0.90,0.90);
(1.36,1.36); (1.82,1.82) and (2.41,2.41). The variance-covariance matrices are

paired as

1 0.8 1 0.8]
() L, = , Xy =
0.8 1 (0.8 1
1 0.5 [ 1 0.8
(l[) E] = y 22 =
05 1, (0.8 1
(1 0.2] 1 08
(iii) T, = , LI,=
0.2 1] 0.8 1]
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102 105
(v) L, = » Ip=
02 1 0.5 1

The ratio of gencralized variance (RD) is the determinant of X, over the dcter-

minant of Z,; the four RDs are 1.0, 2.08, 2.67 and 1.28 respectively. We also

looked at the case with o, = I, 3 and 5. For example, when o,; = 3, (iii) is
changed to
9 0.6 1 0.8
El = y 22 =
0.6 1 0.8 1

and RD = 24. There are thus two ways used to investigate covariance cffects.
The sample sizes are combinations of 10, 20 and 30. When the dimension is 4,
we add two more uncorrelated variables into the above bivariate densities. These
variables have same mean for the extrancous variables, for cxample, p; — p, =
(1.36,1.36,0.0,0.0). We have a similar sctting when the dimension is 8. The effects
of extrancous variables is of great interest as rﬁany rescarchers measure many
variables. If unimportant variables are included, how will this affcct bia:s and
variance estimates? In the first four sections, Matusita’s measure is primarily
uscd to demonstrate the cffects of those factors. The results for other measures
are quite similar. Some of the differences are described in the later scction. We
will present the results in three parts based on the three criteria: bias and adjust-
ment of bias, the estimated variance and the coverage of 95% confidence inter-

vals.
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6.1 BIAS AND ADJUSTMENT OF BIAS

Our interest in this section is the degree to which the estimator of p* ( EQ.
[3.6] ) is biased and how well the jackknife and the bootstrap procedures adjust
for the bias. Because the measure p* is bounded between 0 and 1, bias is expected,
especially near 1. As will be seen, the bias may be as large as 0.50. In all the
simulations, the bias was necgative indicating underestimation of the measure.
Thus bias becomes an important consideration in the usc of this mcasure. It is
also important to investigate the influence of the parameters X,, X,, thc mcan

separation, p, — p, and the sample sizes Ny, NV, on bias.

6.1.1.The ratio of the generalized variances and different dimensions
For the sample sizes N, = 20, N, = 20 , we comparc the bias of the unad-

justed estimator o from ( EQ. [3.6] ) to different ratios of the generalized vari-
ances ( 1.0, 1.28, 2.08 and 2.67 ) in figure 6. As indicated in figure 6, in the case
of 2 or 4 variables, the slight disparity of the variance-covariance matrices has
no impact on the bias of p* . There is a slight effect of the ratio of the generalized
variances on the bias of f)‘ when 8 variables are involved. In fact, when there are
2 variables, the bias of f)' is around -0.05; when the number of variables incrcases
to 8, the bias increases 5 to 10 times (dramatically). It can be scen that the mean“
scparation influences heavily the bias of p* when there arc 8 variables involved,
and affects slightly the bias of p° when there arc a few variables in the model.

This suggests that for the same ratio of gencralized variances, adding the extra-

SIMULATION RESULTS FOR SAMPLE MEASURES 72



W > =~ wm

"o
a

DA > X 4™

RATIO GF OETERMINANTS

LEGEND: MS +++ ] XXX 0.9 YY Y 1.36 22z .8 BRI B

DIMENSION 2 - - - - - 4 8

Figure 6. Bias versus RD: Bias of the unadjusted measure p° versus the ratio of the generalized
variances (RD) for diffcrent values of mean separation and dimensions, V=20, ¥, =20 .
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necous uncorrelated variables to estimate b* will dramatically incrcase the bias
relative to the mean separation.

From figures 7 and 8, the use of the jackknife method to reduce the bias of
f>‘, works extremely well. The bootstrap mecthod does not work as well. The re-
duction in bias is good rcgardless of the different ratios of the generalized vari-
ances. When we consider the number of variables involved in the model, we see
that the reduction in bias using the bootstrap method is not as good as the re-
duction using the jackknife mcthod. Generally, the jackknife mcthod is more ad-
vantageous than the bootstrap method in reducing the bias of 0, especially with

the sample sizes considered in this study.

6.1.2.The theoretical measure p* and unequal samples: In figure 9 we graph the
bias of the estimator ff versus p" for sample sizes 10,10; 10,20 and 10,30 and
different ratios of the gencralized variances ( 1.0, 1.28, 2.08 and 2.67 ), when the
number of variables is 2 ( the bivariate case ). When p* is close to 1, the bias of
p* is large. As p* decreases, the bias of p* is decreases gradually. When the ratio
of the generalized variances changes from 1.0 to 2.67, p* decreases and the bias
of fn' is rcduced by 30%. When the sample size increases from 10 to 30 in one
population, the bias of p* is reduced by 50%. This indicates that when p* is close
to 1, one nceds to obtain better estimates of the variance-covariance matrices and

also collect larger samples.
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Figure 7. Jackknife bias versus RD:  Bias of the jackknifc estimate p; versus the ratio of the gen-

eralized variance (RD) for different values of mean separation and dimensions,
N=20,N,=20.
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Figure 8. Bootstrap bias versus RD:  Bias of the adjusted bootstrap estimate Py ,q; versus the ratio
of the generalized variance (RD) for different values of mean separation and dimensions,
Ny =20, N,=20.

SIMULATION RESULTS FOR SAMPLE MEASURES

76



0.03
3.40
B ]
1 ]
A J
3 -0.034
F ]
€ -9.05+
s ]
T
1
H
A =0.034
: ]
0 ]
R ]
S j
-0. 2+
=0. {54
S N — —
0.0 0.2 0.4 0.6 0.8 1.0 1.2

THEQRETICAL MEASURE

LEGEND: RD ++ + 1 XXX .28 YYYZ2.08 Z22Z2Z2.87

SAMPLE SIZE OF Y 100 --- 0 30

Figure 9. Bias versus Theoretical measure:  Bias of the unadjusted estimate p versus p° for different
sample sizes of Y, with ¥,=10, 20, 30 ,and various ratios of the generalized variances
(RD). here N, =10 and the dimension = 2.

SIMULATION RESULTS FOR SAMPLE MEASURES

77



0.c0
J <
A -0.034
c p
K ]
X i
N
I -0.06<
£ g
£ 1
8 p
I -0.05—1
A
s
-0.124
1
-0.459
T L e e e I I L BAMR L s e T
0.9 0.2 0.4 0.8 0.8 {.0 1.2

THECRETICAL MEASURE

LEGEND: RO ++ + 1 XXX 1.28 YYYZ2.08 Z2z2Z2.%?

SAMPLE SIZE OF Y - 10 - -- 2

Figure 10.  Jackknife bias versus Theoretical measure:  Bias of the jackknife estimate p; versus p°
for different sample sizes of Y, with ¥, =10, 20, 30 , and various ratios of the generalized
variances (RD). Here N, =10 and the dimension = 2.

SIMULATION RESULTS FOR SAMPLE MEASURES



0.034

V> D < 100D

w0 >» -

-0.12

A aa

0.4

_LA.

THEJRETICAL MEASURE

LEGEND: RO ++ + 1 XXX 1.28 YYYZ2.08 222267

SAMPLE SIZE OF v 10 - -~ 2

Figure 11. Bootstrap bias versus Theoretical measure (bootstrap):  Bias of the adjusted bootstrap
estimate pj 4 versus p° for different sample sizes of Y, with ¥,=10, 20, 30 , and various

ratios of the generalized variances (RD). Here N,

SIMULATION RESULTS FOR SAMPLE MEASURES

=10 and the dimension = 2.

79



From figures 10 and 11, the jackknife and the bootstrap methods are scen to
satisfactorily reduce the bias of p As p® becomes close to 1, the jackknife method

is again seen to perform better than the bootstrap method.

6.1.3.The theoretical measure p* and different variances: For the sample sizes
N, =20, N,=20, we compare the bias of p for differcnt ratios of the generalized -
variances (1.0, 1.28, 2.08 and 2.67) and various values of the variances of X, o,
= 1, 3 and 5. For the bivariate case, in figure 12, when p* dccreases the bias of
f)‘ is reduced. As the ratio of the generalized variances changes from 1.0 to 2.67
the bias is reduced 30%. When o, changes from 1 to 3, there is a significant re-
duction of the bias. As o,, gets larger, a small reduction in the bias can be ob-
tained. The reason for this decrease in bias is that as o,, increases the value of the
theoretical mcasure decrcases and hence the bias decreases. There is thus an
interaction between the variance and the theoretical mcasure. This is also the
reason why there is a slant in the curve. Even though the mean separation, for
example, for the first points in a connected curve is the samc, we note thcy shift
to the right and down as we move down the graph (as the variance o,, decreascs).
This slant is associated with the effect of the variance on the measure.
Comparing figurcs 13 and 14, the jackknife method reduces the bias better

than the bootstrap method. The bootstrap method tends to overcstimate the
measure p° especially when the ratio of the generalized variances is large and o,,

is large.
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Figure 12. Bias versus Theoretical measure:  Bias of the unadjusted estimate of p° versus p° for
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6.1.4.The theoretical measure p* for various dimensions: For thc sample sizes
N,=20, N,=20, we compare. the bias of p* for different numbers of variables  (
2,4 and 8 ) in figure 15. When the number of variables increascs from 2 to 4 the
bias of p* increases roughly 3-fold. When the number of variables increases from
4 to 8 the bias of f)‘ increases another 3 times. Also when p* is close to 1, the bias
of [3' is up to 0.50. This is a significant result. The slope and the bias (in magni-
tude) increases with increasing dimension. The bias of f)' is a linear function of
p- with different slopes for different dimensions. If there are more uncorrelated
extrancous variables involved in estimating the measure, the bias of f)' gets larger
regardless of the mean separation and the ratio of the generalized variances.

In figures 16 and 17, we sce that the jackknife method may reduce the bias
consideratcly when the number of variables is 2 and the sample sizes are (20,20).
Using (20,20) samples to estimate p* with 8 variables in the model, p; reduces the
bias of p* 70%. The bootstrap estimate Ppag reduces 50%, but the bias is still
moderate. Thus the impact of the dimensionality is quite strdng. The sample size
(20,20) is sufficient to estimate the mcasure p® accurately in the 2 variable case.
In the 8 variable casc, one will not obtain a reasonable estimatc by utilizing
(20,20) samples. One possible improvement is to use a variable sclection proce-
dure and just use thec most informative variables to estimate thc measure p*. Al-
though in these figures, the dimensionality cffect is obtained by adding redundant
variables, we note that simulations with non-redundant variables produced simi-

lar curves and the bias was not as significant.
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6.1.5.The ratio of the generalized variances for mean separation

For the sample sizes N, =20, N,=20, we compare the various ratios of the
generalized variances to the bias of ;3‘. In the bivariate case, figure 18 indicates
that when the ratio of the generalized variances increases from 1 to 9 the bias of
p* is reduced sharply up to 50%. The reduction is small when the ratio of the
genceralized variances gets larger. If the disparity of the variance-covariance ma-
trices is severe, the bias of ;;* tends to decrease gradually. p* has smaller bias if it
is away from 1 and close to 0. This mecans that if the variance-covariancc matrices
arc more disparate , p* decreases, and the bias of ;;‘ is smaller. Whenever the ratio
of the generalized variances is small, the mean separation has the largcf cffect on
bias. This kind of impact will be limited as the ratio of the generalized variances
increases.

In figure 19 and 20, the jackknife methed and the bootstrap method perform
equally well in reducing the bias of o, They tend to slightly overestimate p” as the
ratio of the generalized variances gets larger. This indicates that when there is a
disparity in variance-covariance matrices, it is appropriate to apply either method

adjusting the bias of f)‘ for these sample sizes.

6.2 SIMULATED VARIANCES

In this section, the variance of the estimate of Matusita’s mcasure p* is sim-
ulated. The jackknife method and the bootstrap method are used to estimate the

variance. Our interest is to examine the performance of these methods in esti-
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mating the variance relative to the factors of dimensionality, the ratio of the

generalized variances, the mean scparation and the sample sizes.

6.2.1.The ratio of the generalized variances and different dimensions

For the sample sizes N, =20, N,=20, we compare the simulated variance of
B' to various ratios of the generalized variances ( 1.0, 1.28, 2.08 and 2.67 ) for the
number of variables ( 2, 4 and 8 ) and mean scparation in figure 21. It can be
seen that the ratio of the gencralized variances has almost no cffect on the simu-
lated variance. The simulated variance is about the same for the ratio of the
genceralized variances rangi_ng between 1 and 2.67. When there are 2 variables, the
simulated variance of f)‘ depends mainly on the mean scparation. When the
number of variables increases to 8, the simulated variance of f)‘ is about the same
regardless of the mcan separation.

From ﬁgufes 22 and 23, the usc of the jackknife method or the bootstrap
method to estimate the variance of ;;' is not good when the number of variables
is large. In applying the bootstrap method to estimate the variance of f)‘, we see
it underestimates the variance. When either the jackknife method or the bootstrap
mecthod is adopted, the ratio of generalized variances has little effect on the vari-
ance of p". Generally, the bootstrap method tends to undcrestimate while the

jackknife mcthod tends to overestimate slightly.

6.2.2.The theoretical measure p* for unequal samples: The cffects of sample sizes

10,10; 10,20 and 10,30 for different ratios of the generalized variances ( 1.0, 1.28,
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Figure 21. Simulated variance versus RD:  Simulated variance of p* versus the ratio of the gener-
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Figure 22.  Jackknife variance estimate versus RD:  Jackknife variance estimate of p’ versus the
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2.08 and 2.67 ) are graphed in figure 24 for the bivariate case. When the sample
size of Y increases from 10 to 20 the simulated variance of f)‘ is reduced about
30%, and when the sample size of Y increases from 20 to 30 the simulated vari-
ance of f)‘ is reduced only 10%. This suggests that the simulated variance of p*
-approaches a certain value asymptotically as the sample size for the Y sample
increase while the sample size of the X sample remains fixed. It can be scen that
when p* is close to cither 1 or 0, the variance of of f)' is small. The curve of the
simulated variance of f)' is a quadratic function of p* and it is concave downward
between 0 and 1. When the ratio of the gencralized variances incrcasces from 1.0
to 2.67, p* decreases and the simulated variance of p* is reduced slightly.

Figures 25 and 26 describe the usec of the jackknife method and the bootstrap
methods to estimate the variance. When p® is less than 0.9 both mcthods under-
estimate the variance. However, both methods overestimate the variance as p”
approaches 1. Thc shapes of the curves are similar to the simulated variance
curves for smaller values of p® but increase instead of decrease when p* is near 1.
Since the bias of ;A)' is large when p” is close to 1 and the bias decreases as p* de-

creases, we suspect that the bias is causing poor estimation in thesc areas.

6.2.3.The theoretical measure p* and different variances: For the sample sizes
N,=20, N,=20, we compare the simulated variance of p* to the theoretical
measure p° for diffcrent ratios of the generalized variances ( 1.0, 1.28, 2.08 and
2.67 ) and different variances of X ( o,, = 1, 3 and 5) for the bivariate case in

figure 27. It can be scen that for a given value of p* the simulated variance of o
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varies and it depends heavily on the disparity of the variance-covariance matri-
ces. When the ratio of the generalized variances increascs from 1.0 to 2.67 the
variance is reduced 25% at the vertex of the curve . When o,; changes from 1 to
3, the ratio of the gencralized variances increases, the theoretical measure p* de-
creases and the simulated variance of B" is reduced around the vertex of‘ the curve.
This is a significant reduction of the variance. As o, gets larger, which mcans
the rétio of the generalized variances is larger, the simulated variance of p* be-
comes smaller. The incquality of the variances in the variance-covariance matri-
ces is important in determining the variance estimate of P,

Comparing figures 28 and 29, when the thcoretical measure p* is close to 1
the‘jackknife method and the bootstrap method estimate the simulated variance
of ;A)‘ well. The jackknife method underestimates the simulated variance of p and
the bootstrap estimate of the simulated variance of " is slightly worse. When
there is no mean separation, both mecthods estimate the variance quite well. As
o, increases, the degree of underestimation is increased slightly. The ratio of the
generalized variances secms to have no effect on estimating the simulated vari-

ance of p* using either method.

6.2.4.The theoretical measure p* for various dimensions: For the sample sizes
N,=20, N,=20, we compare the simulated variance of f)‘ to the theoretical
mcasure p- for thc number of variables ( 2, 4 and 8 ) and various mean sepa-
rations in figure 30. When the theoretical measure p* is around 0.9 the simulated

variance of ff is around 0.006. For other values of p" the simulated variance of
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Figure 28. Jackknife variance estimate versus Theoretical measure:  Jackknife variance estimate of
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p" varies extensively. When the number of variables incrcases from 2 to 4 the
simulated variance of ;3" decrecases a little. When the number of variables in-
creases from 4 to 8 the simulated variance of ;3* comes down except when p° is
close to 1. This is a significant result. When there are 8 variables involved in es-
timating p*, the bias of p* is high and the simulated variance of p* is low when p*
is close to 1. For p" around 0.6, the bias of ;3' is lower and the simulated variance
of f)‘ is high. Generally, when two populations are far apart, the bias of o is low
and the simulated variance of ;3' is small.

In figure 31, the jackknife method is secn to underestimate the simulated
variance of B' considerably when p® is'less than 0.8, and overestimates it othcr-
wise. The bootstrap method (figure 32) undcrestimates the simulated variance
of f)' severely when p" is less than 0.9 and overestimatcs it slightly otherwise.
When the number of variables is 2, the bootstrap method performs worse than
the jackknife method does. When the number of variables is 4 and p” is less than
0.9, the bootstrap method undercstimates more than the jackknife method does.
If p* is between 0.9 and I, both methods overestimate the simulated variance of
p For dimension of 8, the jackknife performs well when p* is less than 0.8, and
overestimates the simulated variance of p more as p- becomes close to 1. The
bootstrap mecthod always undecrestimates the simulated varian_ce of p As the
number of variables incrcases, the higher the index is and the larger the simulated
variance estimate will be. The impact of the dimensionality is heavy if the index

is close to 1.
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p’ versus p° for different values of mean separation and dimension. Here N, =20, N,=20

SIMULATION RESULTS FOR SAMPLE MEASURES ‘ 106



V>»>D-~N4A0O0W

MO > «D>» <
"

0.000+

) RIS A R R0 B R R B B t IS S B Ty Ty YT YT T TTYTTrY Ty v YT

0.0 0.2 0.4 0.6 0.8 1.0 1.2

THEORETICAL MEASURE

LEGEND: RD +++ 1 XXX 1.28 YYY2.08 Z2Z22.87

DIMENSION

Figure 32. Bootstrap variance estimate versus Theoretical measure:  Bootstrap variance estimate
of p° versus p° for dilferent values of mecan separation and dimension. Here
Ny =20,V,=20.
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6.2.5.The ratio of the generalized variances and mean separation: For the sample
sizes N, =20, N,=20, we compare the different ratios of gencralized variances to
the simulated variancc of 5‘ in figure 33. In the bivariate case, the simulated
variance of f)' increases if p* is away from 1 and close to 0. Figure 33 indicates
that when the ratio of the generalized variances increases from 1 to 9 the simu-
lated variance of p* approaches 0.006. The simulated variance of p* stabilizes
gradually when the ratio of the gencralized variances gets larger. This means that
when the variance-covariance matrices arc different, the measure is smaller, and
the simulated variance of p* is consistent. Whenever the ratio of the generalized
variances is small, the mean separation affects the simulated variance of p This
impact diminishes as the ratio of the generalized variances increascs.

In figures 34 and 35, for various ratios of generalized variances, when there
is no mean scparation, the bootstrap method estimates the variance quite well
and the jackknife method overestimates the variance. Both mcthods underesti-
mate the variance when sample means are different, and the effect of mean scp-
aration is diminished gradually as the ratio of generalized variances increascs.
The bootstrap method again underestimates more than the jackknife method

when there exists mean scparation.

6.3 COVERAGE OF CONFIDENCE INTERVALS

In previous sections, the jackknife estimate and the bootstrap estimate of p°

are discussed, also the jackknifc variance estimate and the bootstrap variance es-

SIMULATION RESULTS FOR SAMPLE MEASURES 108



MO X >~ D » <
o
o
o
P

T

m—4>» X =~ -~0m

T T YT T T e Ty LA SN S S S S S B SN L B BN S SN S S S B SN S S S SN R S B T

0 5 10 15 20 25

RATIO0 OF DETERMINANTS

LEGEMD: MS + + + 0 KAXX 9.9 Y Y'r 1.36 z2zZ2zZ1.8 2L 24

Figure 33. Simulated variance versus RD:  Simulated variance of p° versus the ratio of the gener-
alized variances for different values of mean scparation. Here N, =20, N;=20 and the
dimension = 2. For RD, sce the beginning of chapter 6.
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Figure 34.  Jackknife variance estimate versus RD:  Jackknife variance estimate of p° versus the
ratio of the generalized variances for diflcrent values of mean separation. llere
N, =20, N,=20 and the dimension = 2. For RD, see the beginning of chapter 6.
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Figure 35. Bootstrap variance estimate versus RD: Bootstrap variance estimate of p° versus the
ratio of the gencralized variances for different values of mean separation. Here
N, =20, N,=20 and the dimension = 2. For RD, sce the beginning of chapter 6.
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timate of p" are compared. The 95% symmetric confidence interval can be formed
through the discussion in chapter 5. Here, we are interested -in finding which
method attains the higher coverage in estimating the measure p*. In the simu-
lation we repeat each procedure 100 times, so the closer the percentage is to 95
the better the method is. This has a connection with the rcliability of the esti-
mation proccdures.

It will be clear from the discussion below that in some cases, the methods will
perform reasonably well. The coverage of the bootstrap mcthod tends to be lower
than that of the jackknife. When the number of extrancous variables is high nei-

ther method gives good results.

6.3.1.The ratio of the generalized variances and different dimensions

For the sample sizes N, =20, N, =20, we compare the covcrage of the 95%
jackknife and the 95% bootstrap confidence intervals for different ratios of the
generalized variances ( 1.0, 1.28, 2.08 and 2.67 ) and different numbers of vari-
ables ( 2, 4 and 8 ). As indicated in figures 36 and 37, for the same ratio of the
generalized variances there are several levels of the coverage. The level of the
coverage depends on the number of the variables involved in the model. When
there arc 2 or 4 variables in the model, the coverage is between 80 and 95. It is
rcliable to use cither method to adjust the bias of p* and to obtain the variance
of 5’. When the number of variables increases to 8, the coverage is down ncar 60’s
when using the jackknife mcthod, and it is down to the 20’s in using the bootstrap

method. This indicates that if there arc a few variables involved, 20 samples from
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Figure 36. Jackknife coverage versus RD:  Coverage of the 95% jackknife CI versus the ratio of the
generalized variance for different values of mean separation and dimension. [Here
N;=20,N,=20.
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Figure 37. Bootstrap coverage versus RD:  Coverage of the 95% bootstrap CI versus the ratio of
the generalized variance for different values of mean scparation and dimension. Here
N;=20,N,=20.
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each population is sufficient to get a reliable sample estimate. When the ratio of
the sample sizes versus the dimension is below 5, ncither of the methods can give
a reliable estimate of p*. There is no significant differcnce in the reliability of the

mcthods for the different ratios of generalized variances.

6.3.2.The ratio of the generalized variances and unequal samples: We compare the
coverage of the 95% jackknife and the 95% bootstrap confidence intervals to the
theoretical mecasure p* for the sample sizes 10,10; 10,20 and 10,30, and the dif-
ferent ratio of the generalized variances ( 1.0, 1.28, 2.08 and 2.67 ) when the
number of variables is 2 ( the bivariate case ). In figures 38 and 39, the coverage
is smaller as the theorctical measure p* decreases. The ratio of the generalized
variances is seen to have no bearing on the coverage. When the sample size in-
crcases from 10 to 30 in one popﬁlation, the coverage stays almost the same.
However, the higher the mcasure p* is, the more reliable the jackknife estimate
and thc bootstrap estimate of p" arc. The reliability of the estimate using either
method decreases as the two populations become separated. The bootstrap

mcthod is less reliable than the jackknife method.

6.3.3.The theoretical measure p* and different variances

For the sample sizes N,=20, N,=20, we compare the coverage of 95%
jackknife and the 95% bootstrap confidence intcrvals‘ to the theoretical measure
p" for different ratios of the generalized variances ( 1.0, 1.28, 2.08 and 2.67 ) and

different variances of X ( o,, = 1, 3 and 5) for the bivariate casc in figurcs 40
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Figure 38.  Jackknife coverage versus Theoretical measure:  The coverage of 95% jackknife Cl
versus p° for different sample sizes of Y, with N,=10, 20, 30 and various ratios of the
generalized variances. llere N, =10 and the dimension = 2.
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Figure 40.  Jackknife coverage versus Theorctical measure: The coverage of 95% jackknife CI
versus p° for different variances of X, with G, = 1,3,5 and various ratios of the gen-
eralized variances. Here o, = 1 and the dimension = 2.
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and 41. The coverage is between 80 to 95 for different values of the theoretical
measure p° . When the ratio of the generalized variances changes from 1.0 to 2.67
the coverage does not alter. When o,, changes from 1 to 3, there is a significant
shift of the theoretical measure p*, but the coverage is kept at the same level.‘
When o, gets larger, there is no significant change in coverage. Using the
jackknife method and the bootstrap method result in equally reasonable coverage.

The closer the population means arc, the better the coverage is.

6.3.4.The theoretical measure p* for various dimensions: For sample sizes
N,=20, N,=20, we compare the effect of the number of variables ( 2, 4 and § )
on the coverage of the 95% jackknife and the 95% bootstrap confidence intervals
of the estimate p” in figures 42 and 43. For the same theoretical mecasure p* there
are several levels of the coverage, and the level depends on the number of vari-
ables. When the number of variables increases from 2 to 4 the coverage is
maintaincd around 80 using either mcthod. When the number of variables in-
creases from 4 to 8, the coverage decreases to the 60’s using the jackknife method,
and it drops down in the 20’s using the bootstrap method. This is a significant
result. When there are more uncorrclated extrancous variables involved in esti-
mating the mcasure p*, larger samples need to be collected to ensure a reliable
estimate. Either method can be used when the number of variables is small
(compared to the sample sizes). The impact of the dimensionality is always there

if the sample size is small rclative to the number of variables.
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Figure 42.  Jackknife coverage versus Theoretical measure: The coverage of 95% jackknife CI

versus p° for different dimensions and various ratios of generalized variances. Herc
Ny =20,V,=20.

SIMULATION RESULTS FOR SAMPLE MEASURES 121



V>V <~NM100wWm

mMo» D M<C<OO

0.0 0.2 0.4 0.6 0.8 1.0 1.2

THEDRETICAL MEASURE

LEGEND: RD +++ 1 XXX 1.28 YYY‘?.OO ZZZ2.87

DIMENSION 2 --- 4 s

Figure 43.  Bootstrap coverage versus Theoretical measure:  The coverage of 95% bootstrap Cl

versus p' for dilferent dimensions and various ratios of generalized variances. Here
Ny =20,V,=20.
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6.3.5.The ratio of the generalized variances for mean separation

For the sample sizes N, =20, N, =20, we compare different ratios of gencral-
ized variances to the coverage of the 95% jackknife and the 95% bootstrap con-
fidence intervals of the sample estimate f>’ for various mecan scparations for the
bivariate case in figures 44 and 45. When there is no mean scparation both
methods result in cqually good covcrage despite various ratios of the generalized
variances. When the sample means are different and the ratio of the generalized
variances is over 5, the coverage is kept almost at the same level and the differ-
ences in means have no impact on the coverage. If the variance-covariance ma-
trices are close to homogencous, the coverage is bad except when the sample
means arc the same. Whenever the ratio of the generalized variances is around

1, the mean scparation affects slightly the performance of the estimating method.

6.4 LOGARITHMIC TRANSFORMATION OF THE MEASURES

From the previous sections, the variance estimate scems to be a function of
the overlap mcasure. Also by the mathematical forms of the similarity and over-
lap measures, they are represented as the product of two terms. One term ( the
cxponent ) may be regarded as the Mahalanobis generalized distance corre-
sponding to the weighted average of X, and X,. The sccond term is a measure of
the information contributed by the differcnces between the covariance matrices
I, and X,. It is rcasonablec then to look at transformations of the measurcs to try

to stabilize the sample variance of the estimates. There are several transf-

SIMULATION RESULTS FOR SAMPLE MEASURES 123



100+

mom»IM<OO M N« XX XO >
- .
o
Lo s s 2 s s 0 A

lLi‘LAJJALL‘

Aaa

50

T T Ty SIS S S A S B SR S A S SE SN S S | S S S RS S NS S B SN N R SN N S R §

0 5 10 © 15 ) 20 25

RATIO OF DETERMINANTS

LEBEND: MS + <+ + 0 XXX 0.9 YYY 1.36 222 1.8 @R 2.4

Figure 44.  Jackknifc coverage versus RD:  The coverage of 95% jackknife CI versus the ratio of
generalized variances for different values of mean separation. Here N, =20, ;=20 and
the dimension = 2. For RD, sce the beginning of chapter 6.
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ormations available, such as: logarithmic, arccosine or arcsine. We will present

the logarithmic transformation of the similarity mcasures in the mathematical

forms cxplicitly, then check the properties of the sampling estimate using the

simulation mecthod. The other two transformations did not produce reasonable

results.

For Matusita’s measure p* , we get

log(p?) = = L0, = WS, + )71 - w1 + Hlog(IZ T, )

1 1
- TIOg(I7(El + Ez)l)

and for Morisita’s measure 1", we get

. 1 - \ I
log(x") = ~ —2—[(111 = 1) (T + ) 7wy - )l + SHog(I1Z, T,

+log2 - %log(l%(‘zl + I = log(1z, 1172 + |z,1 112

For the MacArthur-Levins mecasure a;j, ij=1,2

log(a) = — Ll - w) (S + 5~y - )]
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+ log(1Z;]) - %log(l%(zi + L)), [6.3]

Also Pianka’s measure o becomes

. 1 - 1
log(a”) = — 7[(111 ) (E D)7y -+ ‘IlOg(lzlzzl)

- %log(l—é»(}:l + Iy ). [6.4]

The avbovc expressions can be trcated as the adjustment of the gencralized dis-
tance due to the differences of variance-covariance matrices.

In figure 46, the bias of the sample estimate of log ( p* ) is presented, and also
the jackknife and bootstrap estimates. Comparing this figure with figures 12, 13
and 14, we note that if p* is 1, log(p") is 0, and log(p") is bounded above by 0

*

since 0 < p* < 1. When p’ is close to 1 it is biased hcavily, but log(p®) is less bi-
ascd when it is close to 0. This transformation changes the scope totally. Note
cspecially the lincar nature of the bias. This suggests the possibility of further
improvements in bias.

In figure 47, the simulated variance for log(p®) is presented and also the
jackknife and the bootstrap estimates, indicating that both mcthods underesti-
matc the simulated variance of log(p*), and that there are only slight diffcrences

between the two procedures for this case. The jackknife method tends to under-

estimate more than the bootstrap method docs.
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In figure 48, the coverage of the 95% confidence interval for log(p®) is pre-
sented by using the jackknife and the bootstrap methods. It indicates that the
coverage is rcasonably good and that there are only slight differences between the
two procedures for this case. The jackknife has slightly better coverage. Com-
paring this figure with figures 40 and 41, it is seen that the logarithmic transfor-

mation provides some improvement, especially for the bootstrap mcthod.

6.5 COMPARISON OF THE MEASURES

The similarity and the overlap mcasures discussed in this study arc commonly
uscd by ecologists, but are there any discrepancics among them? In this section,
we study the sampling properties of cstimates using these measures
p'y AT, a5 a3, @ and D2 Generally, the sampling propertics of the different
measures were quite similar in response pattern with slightly different magnitudcs
of bias and variability.

In figurcs 49 and 50, the variance-covariance matrices are assumed to be
homogencous, (the ratio of generalized variance is 1 ). The sample sizes arc 20
and 20, and the number of variables is 2 (the bivariate case). Note that because
the exponent of Matusita’s measure is different from other measures the curves
do not linc up. The generalized distance mcasure has the smallest bias and
Morisita’s mcasure has the most bias. There is monotonic increcase in the magni-
tude of bias. When the two populations are far apart, there is no difference in the

bias of estimation. Figure 50 shows that the generalized distance mcasure,
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Morisita’s measure and Pianka’s measure have roughly the same variance csti-
mate. The MacArthur-Levins measures ( a},, 03, ) have more variability. The
Matusita’s measure has the least variation in the sample estimate.

In figures 51 and 52, the bias and variance estimates of thesc measures are
comparcd. The sample sizes are 20 and 20 for the bivariate normal densities. The
ratio of generalized variances is 24. This can be treated as scvere heterogeneity.
The biases of the estimate have no significant difference among them, but the
variance cstimates have large discrepancy among them. aj, has the largest vari-
ance estimate due to the asymmetry of the measure. The generalized distance
measurc has a much larger variance than the other measures. The reason for this
phenomenon is that the generalized distance measure docs not account for the
difference of the variance-covariance matrices. This indicates significant discrep-

ancy among these measures.
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Chapter VII

CONCLUSION

In the study of ecological community structure, the multivariate niche model
has always been the assumed structural model. This model is closely connccted
to the multivariate two-sample problem. To measure the degree to which niches
of two spccics overlap is of interest to ecological rescarchers, and discriminant
analysis is the tool used most often to analyze the similarity. In this study, we
discuss the most commonly used similarity measures, and develop measures that
arc less dependent on the assumptions of the usual discriminant analysis. The
derivations of the mecasures assuming normal distributions with heterogencous
variance-covariance matrices are in chapter 3.

In practice, rescarchers usually collect data with heterogencous variance-
covariance matrices, and the measures developed can give an cxact interpretation
in the above conditions. The problem of estimating the mcasures and their preci-

sion and accuracy is not a simple problem. Two mecthods, the jackknifc and the
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bootstrap, are described for estimating the bias and variance of an estimated
measure. The performance of thesec methods was evaluated using simulation.
When the number of variables involved in the model is large, the estimates of
these measures may bc severely biased, and the bias is consistently negative. By
collecting larger samples the bias can be reasonably adju-stcd. Two potentially
important factors affecting results are the disparity in the mecans and the ratio of
the generalized variances. It is shown that when the mean scparation is small,
these have a moderate effect on the bias, but the effect is limited when the mean
scparation becomes larger. The usual assumption of homogeneous variance-
covariance matrices always gives higher similarity. It is more biased when one
takes into account the disparity as the similarity decreases. The variance of the
similarity estimates is also rclated to the estimate and is a quadratic function of
the simi]érity. For Matusita’s measure, for example, when the truc measure is
near 0.6, the variation is the largest and it curves down as the mecasure ap-
proaches 0 or 1. The logarithmic transformation of the similarity is scen to
linearize the variance of the similarity estimate.

The jackknife mcthod gives better adjustment of the bias of the estimated
measures. Generally, the bootstrap method performs worse than the jackknife
method. In some cases, especially when there arec many redundant variables nei-
ther method gives reliable results.

From the discussion of chapter 6, the number of variables is a crucial factor
in cstimating the similarity accurately. We think a variable selection procedure is

worthy of further investigation. Also it may be uscful to apply discriminant
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analysis or principal component analysis to sclect classified variables in the
model. |

Multivariate normality is assumed in this study. If this condition is loosencd,
one has to adopt a nonparamctric analysis to assess these similarity measures.

Another aspect of multivariate nichemetrics occurs when the data arc from
a mixture of distributions. The variablcs that are used may be cither continuous
or discrete. For ecach discrete state, a continuous density is assumed and the as-
scssment of the similarity measure in the mixed model is more complicated and

involves morc computation.
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