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(ABSTRACT) 

Design for prevention of aeroelastic instability (that is, the critical speeds 

leading to aeroelastic instability lie outside the operating range) is an integral part 

of the wing design process. Availability of the sensitivity derivatives of the various 

critical speeds with respect to shape parameters of the wing could be very useful 

to a designer in the initial design phase, when several design changes are made and 

the shape of the final configuration is not yet frozen. These derivatives are also 

indispensable for a gradient-based optimization with aeroelastic constraints. 

In this study, flutter characteristic of a typical section in subsonic com- 

pressible flow is examined using a state-space unsteady aerodynamic represen- 

tation. The sensitivity of the flutter speed of the typical section with respect to 

its mass and stiffness parameters, namely, mass ratio, static unbalance, radius 

of gyration, bending frequency and torsional frequency is calculated analytically. 

A strip-theory formulation is newly developed to represent the unsteady aerody- 

namic forces on a wing. This is coupled with an equivalent plate structural model 

based on a Rayleigh-Ritz formulation and the aeroelastic equations are solved as 

an eigenvalue problem to determine the critical speed of the wing. The sensitivity



of divergence and flutter speeds to shape parameters, namely, aspect ratio, area, 

taper ratio and sweep angle are computed analytically. The aeroelastic equations 

are also integrated with respect to time using the Wilson—@? method at different 

values of freestream speed, to observe the aeroelastic phenomena in real time. 

Flutter analysis of the wing is also carried out using a lifting-surface subsonic 

kernel function aerodynamic theory (FAST) and an equivalent plate structural 

model. The flutter speed is obtained using a V-g type of solution. The novel 

method of automatic differentiation using ADIFOR is implemented to generate 

exact derivatives of the flutter speed with respect to shape and modal parameters 

of the wing. 

Finite element modeling of the wing is done using NASTRAN so that wing 

structures made of spars and ribs and top and bottom wing skins could be analyzed. 

The free vibration modes of the wing obtained from NASTRAN are input into 

FAST to compute the flutter speed. The derivatives of flutter speed with respect 

to shape parameters are computed using a combination of central difference scheme 

and ADIFOR and the sensitivity to modal parameters is calculated using ADIFOR. 

An equivalent plate model which incorporates first-order shear deformation 

theory is then examined so it can be used to model thick wings, where shear 

deformations are important. The sensitivity of natural frequencies to changes 

in shape parameters is obtained using ADIFOR. A simple optimization effort is 

made towards obtaining a minimum weight design of the wing, subject to flutter 

constraints, lift requirement constraints for level flight and side constraints on the 

planform parameters of the wing using the IMSL subroutine NCONG, which uses 

successive quadratic programming.
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CHAPTER 1 

INTRODUCTION 

1.1 BACKGROUND 

Since aircraft structures are flexible and they deform under the aerodynamic 

loads encountered during flight, studies on structure-fluid interactions and the re- 

sponse of the aircraft structure under these conditions are very important. The 

interaction between the elastic forces and the aerodynamic forces on a flexible 

structure in motion alters its vibration characteristics. In an aircraft structure, for 

example, the lift forces and moments on the wing are modified by the elastic defor- 

mation of the structure and the new airloads, in turn, produce a new deformation 

pattern. The aerodynamic forces causing the deformation are proportional to the 

square of the velocity, whereas the elastic restoring forces are proportional to the 

stiffness of the structure. Therefore, at speeds above the critical speeds, when 

the aerodynamic forces exceed the elastic restoring forces or when the structure 

undergoes oscillations of increasing amplitude forced by the oscillatory unsteady 

airloads, aeroelastic instabilities [1-3] like divergence and flutter occur. 

In a multidisciplinary design environment, the problems involving interac- 

tions between two or more disciplines have to be addressed. Design for aeroelastic 

stability of an aircraft is an integral part of the wing design process. It is impera- 

tive during aircraft design that the critical speeds leading to instability lie outside 

the operating range of the aircraft. The structural and aerodynamic character- 

istics of a wing are functions of its shape and hence the aeroelastic response is 
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sensitive to changes in shape parameters. Sensitivity analysis is an important tool 

which yields information about the dependence of the aeroelastic instability on the 

design parameters of the wing. 

Sensitivity derivatives of the aeroelastic response of a wing with respect to 

its shape parameters are very useful for preliminary design purposes. In concep- 

tual and preliminary design, shape variations of the airplane should be considered, 

before the shape of the configuration is frozen. The generalized unsteady aerody- 

namic forces need to be updated with changes in wing planform and have to be 

evaluated at several values of reduced frequencies before an aeroelastic analysis can 

be performed. However, if the sensitivity derivatives are computed at the baseline 

configuration, it gives a linear approximation to the aeroelastic response curve and 

can be used for small changes in the shape design parameters from the baseline, 

without having to perform a reanalysis at the new configuration. 

Sensitivity derivatives are also of great importance in multidisciplinary design 

optimization. It is very beneficial in regards to time and cost, when an integrated 

multidisciplinary design and synthesis approach is followed, where all the relevant 

disciplines are considered simultaneously [4-6]. The systems that are decompos- 

able into top-down hierarchy of engineering disciplines and subsystems may be 

optimized by multilevel procedure made up of suboptimizations performed concur- 

rently at each level of the hierarchy and linked by optimum sensitivity derivative 

information [7]. In a gradient-based optimization with aeroelastic constraints, the 

sensitivity derivatives of the aeroelastic response of a wing will comprise the local 

sensitivity information at the subsystem level.



The sensitivity derivatives of a system can be found using either analytical 

or finite difference methods. Analytical sensitivity analysis has found increased 

interest in engineering design as it eliminates uncertainity in the choice of step size 

needed in the finite difference method. The step size if too large leads to truncation 

errors and if too small leads to ill-conditioning. 

1.22 LITERATURE REVIEW 

1.2.1 AEROELASTIC ANALYSIS 

The various methods that are used for aeroelastic analysis of a typical section 

or a wing differ in the prediction of aerodynamic loads. For many years, aeroelastic 

analysis has been performed using linearized aerodynamic and structural theories 

[8-12]. To generate sensitivity derivatives for use in preliminary design or an opti- 

mization routine, reasonably quick and accurate methods for aeroelastic analysis 

are desired. The lift and moment predictions on an airfoil undergoing harmonic 

motion have been obtained by Theodorsen [13]. Several CFD methods which are 

used to determine the transonic flowfield around two dimensional airfoils are listed 

by Ballhaus and Bridgeman [14] and used in [15-17]. 

In recent years, considerable effort has been made to integrate the aerody- 

namic, structural and control aspects of the design of an aircraft. Livne e¢ al 

(18] comment that for integrated multidisciplinary wing synthesis, where design 

for aeroservoelastic stability is an objective, it is required to represent the aeroe- 

lastic equations of motion in Linear Time Invariant (LTI) state-space form. The 

unsteady aerodynamic loads on the wing can be represented in a state-space form, 
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thereby adding only a small number of states to the mathematical model of the 

aeroservoelastic system. 

The unsteady aerodynamic loads on a typical section in response to an arbi- 

trary forcing can be represented through the use of indicial (step) response func- 

tions [19]. The indicial response method is a fundamental approach to the problem, 

and affords considerable insight into the physical aspects of unsteady airfoil flow. 

One main advantage of the approach is that when the indicial response to a par- 

ticular forcing mode is known, e.g., that due to angle of attack or pitch rate, the 

cumulative response to an arbitrary forcing can be obtained in the time-domain 

by means of Duhamel superposition. Indicial response for an incompressible flow 

was obtained theoretically by Wagner [20]. Jones [21] used a two-pole exponential 

approximation to the Wagner function. Venkatesan and Friedmann [22] have given 

a three-pole indicial response function that can express the Theodorsen’s function 

over the entire reduced frequency range. 

Leishman and Nguyen [23] have represented the aerodynamic indicial re- 

sponse functions for compressible flow by upto three-pole approximations, the 

response consisting of two parts, one due to non-circulatory loading and the other 

due to circulatory loading. This has advantages over the CFD-based methods 

in the sense that the CFD methods are in general computationally very expen- 

sive. The state equations describing the unsteady aerodynamic response can be 

obtained by direct application of Laplace transforms to these indicial response 

functions [24,25]. State-space representation of aerodynamic characteristics of an 

aircraft at high angles of attack considering flow separation and flow with vortex 

breakdown has been presented by Goman and Khrabrov [26].



Aerodynamic methods based on strip-theory formulations [27,28] and ad- 

vanced codes such as XTRANSS [29] and CAP-TSD [30], which use the transonic 

small disturbance equation are currently being used for aeroelastic analysis. Lin- 

ear lifting-surface theories such as the Doublet Lattice method [31,32] and Kernel 

function methods [33,34] give adequate prediction of aerodynamic loads required 

for aeroelastic analysis in the subsonic and supersonic regimes. 

1.2.2 SENSITIVITY ANALYSIS 

Sensitivity analysis is becoming an important design tool in engineering de- 

sign applications. It was first recognized as a useful tool for assessing the effects 

of changing parameters in mathematical models of control systems. The gradient 

based mathematical programming method used in optimal control and structural 

optimization furthered the development of sensitivity derivatives, because sen- 

sitivity derivatives are used in search directions to find optimum solution [35]. 

Sensitivity analysis has also become a versatile design tool, rather than just an 

instrument of optimization programs [36]. Sobieski [37] discusses in detail about 

the System Design Derivatives which help in understanding the effect a particular 

design variable would have on the desired performance of the system, if it were 

perturbed by a small percentage from its original value. 

Adelman and Haftka [36] have shown that structural sensitivity analysis has 

been available for over two decades. Rudisill and Bhatia [38] developed expressions 

for the analytical derivatives of the eigenvalues, reduced frequency and flutter speed 

with respect to structural parameters for use in minimizing the total mass. Murthy 
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and Haftka [39] have presented a survey of methods for calculating sensitivity of 

general eigenproblems. Eigenvalue and eigenvector derivatives for general matrices 

are discussed and various approximation methods for eigenvalues are proposed and 

evaluated by Murthy [40]. Pedersen and Seyranian [41] examined the change in 

flutter load as a function of change in stiffness, mass, boundary conditions or load 

distribution. They performed sensitivity analysis without resorting to any new 

eigenvalue analysis. The solution to the main and an adjoint problem provide all 

the necessary information for evaluating sensitivities. Their paper mainly focused 

on column and beam critical load distributions. 

Hawk and Bristow [42] developed aerodynamic sensitivity analysis capabili- 

ties in subcritical compressible flow. They first analyzed a baseline configuration, 

and then calculated a matrix containing partial derivatives of the potential at each 

control point with respect to each known geometric parameter by applying a first 

order expansion to the baseline configuration. The matrix of partial derivatives is 

used in each iteration cycle to analyze the perturbed geometry. However, this anal- 

ysis only handles chordwise perturbation distributions, such as changes in camber, 

thickness and twist. Another approach has been presented by Yates [43] that con- 

siders general geometric variations, including planform, and subsonic, sonic and 

supersonic unsteady, nonplanar lifting-surface theory. 

Recently, Livne et al [44] applied an equivalent plate structural modeling, 

which includes transverse shear, to an HSCT wing. Simple polynomials were used 

for Ritz functions and depth and thickness distributions. The derivatives of the 

stiffness and mass matrices were obtained analytically with respect to the shape 
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variables of the wing. Livne [45] observed that as higher order polynomials are 

used for better modeling of the structure, the more sensitive is the finite difference 

derivative to the step-size used and in some cases, it is impossible to obtain any 

valuable information by finite differences. 

Barthelemy and Bergen [46] explored the analytical shape sensitivity deriva- 

tives of the wing’s aeroelastic characteristics, such as section lift, angle of attack, 

rolling moment, induced drag and divergence dynamic pressure, for subsonic sub- 

critical flow, with respect to geometric parameters. Results showed the charac- 

teristics nonlinearity to be small enough to be well approximated by sensitivity 

based linear approximations. These approximations are valid within a range that 

is useful to designers in the initial design phase. 

Kapania [47] has obtained sensitivity derivatives of the flutter speed of a two 

dimensional airfoil in incompressible flow with respect to the mass and stiffness 

parameters. Kapania, Bergen and Barthelemy [28] have obtained the shape sen- 

sitivity derivatives of the flutter response of a laminated wing in incompressible 

flow. In this work, Yates’ modified strip analysis [48] was used for the aerodynamic 

model in conjunction with Giles’ equivalent plate analysis [49,50] for the structural 

model. 

1.2.3 MULTIDISCIPLINARY OPTIMIZATION 

Research carried out on structural design optimization under various static 

and dynamic behavior constraints including flutter and static aeroelastic con- 

straints has been presented in [51-65]. Rudisill and Bhatia [38] used projected 
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gradient search to arrive at a relative optimum design of the structure for a speci- 

fied minimum flutter velocity. Further, they made use of second derivatives of the 

flutter velocity with respect to structural design parameters to reduce design cycles 

[66]. Haftka [67] has written a survey paper on application of structural optimiza- 

tion techniques to problems of design under aeroelastic constraints. Haftka and 

Yates [68] adopted a method of avoiding repetition of calculations which do not 

depend on the structural sizes, when repeated flutter calculations have to be made. 

Haftka and Prasad [69] resorted to computing vibration modes only periodically. 

For intermediate calculations, old modes were used as generalized coordinates to 

calculate approximate new modes, thus mostly avoiding the expensive direct vi- 

bration modes calculation. 

Sensitivity derivatives are of great importance in integrated multidisciplinary 

design optimization of aircrafts. More attention is directed towards multidisci- 

plinary structural/aerodynamic synthesis of wings [70-72]. Karpel [73] used a 

gradient-based constrained optimization on a composite active-flexible wing to 

achieve aircraft performance requirements and sufficient flutter and control sta- 

bility margins with a minimum weight penalty and without violating the design 

constraints. The sensitivity derivatives of the flutter dynamic pressure, control 

stability margins and control effectiveness with respect to structural and control 

design variables were obtained analytically. 

Hajela et al [74] applied Sobieski’s Global Sensitivity Equations (GSE) in an 

aircraft synthesis problem where the constraints involved the coupled disciplines 

of structures, aerodynamics and flight mechanics. The coupled system was repre- 

sented by smaller subsystems and the total behavior sensitivities were determined 
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by applying the GSE method. Barthelemy et al [75] discuss a multidisciplinary 

design optimization method applied to a supersonic transport wing. Aerodynamic 

and structural disciplines are integrated for a minimum weight design under static 

aeroelastic constraints. The authors point out that as the number of dependent 

variables in each discipline becomes large, the calculation of the finite difference 

derivatives contributes substantially to the total optimization cost. 

1.3 OBJECTIVES 

The primary objective of this research is to calculate sensitivity derivatives 

of aeroelastic responses at the critical condition (i.e., flutter and divergence) of a 

wing for use in preliminary design or a multidisciplinary optimization with aeroe- 

lastic constraints. Though advanced finite element structural models and com- 

putational fluid dynamics (CFD) models can be adopted for a detailed analysis, 

simpler structural and aerodynamic models are desired for aeroelastic analysis at 

the preliminary stages of design. Both equivalent plate and finite element models 

are used in this study for structural modeling and strip-theory and lifting-surface 

theory are used for the unsteady aerodynamics. Since analytic expressions exist for 

computing the derivatives of the eigenvalues of a general matrix, if the aeroelastic 

stability problem is solved as an eigenvalue problem, then sensitivities of the criti- 

cal speeds with respect to various wing parameters must be computed analytically 

whenever possible so that finite difference methods do not have to be resorted to. 

With this objective in mind, the sensitivity derivatives of the critical speeds have 

been calculated analytically as well as using automatic differentiation.



In Chapter 2, the onset of aeroelastic instability of a typical section in sub- 

sonic compressible flow is determined using a state-space unsteady aerodynamics 

representation. The sensitivity of flutter speed with respect to the mass and stiff- 

ness parameters are calculated analytically. A strip-theory aerodynamic formula- 

tion based on this state-space model is coupled with an equivalent plate structural 

model to determine the critical speed of a wing in Chapter 3. The sensitivity 

of divergence and flutter speeds to shape parameters, namely, aspect ratio, area, 

taper ratio and sweep angle are computed analytically. The aeroelastic equations 

are also integrated with respect to time using the Wilson—@ method. Flutter anal- 

ysis is carried out using a lifting-surface aerodynamic theory in Chapter 4, and 

the sensitivity of flutter speed to shape and modal parameters is computed using 

automatic differentiation (ADIFOR). Finite element modeling of wings is resorted 

to in Chapter 5 for structural modeling to generate the free vibration mode shapes 

required for aeroelastic analysis. The derivatives of flutter speed with respect to 

shape parameters are computed using a combination of central difference scheme 

and ADIFOR and the sensitivity to modal parameters are calculated using ADI- 

FOR. An equivalent plate model incorporating first-order shear deformation theory 

is used in Chapter 6 for structural modeling and the natural frequencies and flut- 

ter speeds obtained using the first-order shear deformation theory are compared 

with those obtained using the classical laminated plate theory. The sensitivity of 

natural frequencies to changes in shape parameters is obtained using ADIFOR. 

In order to demonstrate the use of shape sensitivities, an optimization problem of 

minimum weight design of a wing subject to flutter constraints is also presented. 
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CHAPTER 2 

SENSITIVITY OF AEROELASTIC RESPONSE 
OF A TYPICAL SECTION 

2.1 OVERVIEW 

In recent years, considerable effort has been made to integrate the aerody- 

namic, structural and control aspects of the design of an aircraft. Since the control 

and the structural dynamic behaviors can easily be expressed in the state-space 

form (i.e., in terms of a set of first order ordinary differential equations in time), it 

is desirable that the unsteady aerodynamic airloads be also expressed in the same 

form. 

The state-space approach has the advantage that any system of differential 

equations can be represented by a set of first order ordinary differential equations 

of the form 

x= Ax+Bu 

with the output equations given by 

y = Cx+Du (2.1) 

where x are the aerodynamic state variables, u are the system inputs and y are 

the system outputs. If the unsteady aerodynamic behavior can be represented 

by state equations, then they can be easily coupled to the structural equations of 

motion and the resulting system can be examined for aeroelastic stability. 
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The unsteady aerodynamic loads on a typical section in response to an arbi- 

trary forcing can be represented through the use of indicial (step) response func- 

tions. By definition, an indicial function is the response to a disturbance that is 

applied instantaneously at time zero and held constant thereafter, 1e., a distur- 

bance given by a step function. A main advantage of the approach is that when 

the indicial response to a particular forcing mode is known, (e.g., that due to angle 

of attack or pitch rate) the cumulative response to an arbitrary forcing function 

can be obtained in the time-domain by means of Duhamel superposition. For in- 

compressible flow, the indicial lift response was first derived by Wagner [20] and 

is known exactly in terms of Bessel functions. However, since it is impractical 

in several applications to repetitively evaluate the Bessel functions, the Wagner 

function is usually approximated using sum of exponential functions. For example, 

Jones [21] used a two-pole exponential approximation to the Wagner function [20] 

given by 

o(S) = 1—0.165exrp(—0.0455S) — 0.335erp(—0.3S) (2.2) 

where S = 2Vt/c, V is the freestream velocity, t is the time and c is the chord. 

The state equations describing the unsteady aerodynamic response can then be 

obtained by the application of Laplace transforms to these indicial functions. The 

resulting state equations are 

z ~ | -oorsra(auy -o.3188(2¥)| : , \ + 11 fasa(t (2.3) 

with the output equation given by 

Ly 

to 
Cy(t) = 2x 0.006825(—) 0.10805( == )]} \ +0.5a3/4(t) (2.4) 
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where C'y is the normal force coefficient and a3/4(t) is the quasisteady angle of 

attack at 3/4 chord. 

2.2 AERODYNAMIC MODEL 

In this analysis, the state-space representation given by Leishman and 

Nguyen [23] has been used to represent the compressible unsteady aerodynamics. 

They have represented the aerodynamic indicial response functions for compress- 

ible flow by up to three-pole approximations, the response consisting of two parts, 

one due to non-circulatory loading and the other due to circulatory loading. The 

indicial normal force and quarter chord pitching moment responses for a typical 

section to a step change in angle of attack a and a step change in pitch rate q can 

be written as [23] 

  

  

  

ents) _ — 6h (S,M) + Cw, (M)$S(S, M) 
Cu(5) _ —FohulS. M) + Cn, (M)$¢O(S, M)(0.25 — va-(M)) 

a = = 4!(5,m) + Pal) 0(5, any “ 
Cu __ — o!y(5, a) — CXeMD) go 5. a) 

where oS, di, btu oo $), ooM> e4M are exponential functions of S and M. Here, 

M is the Mach number, g = ac/V is the pitch rate, C'y is the normal force 

coefficient, Cy is the pitching moment coefficient about the quarter chord and 

Cn, is the normal force curve slope. The superscripts C and I refer to circulatory 

and non-circulatory components of the indicial response functions. Note that a 

(where 8 = V1 — M? is the compressibility factor) in [23] has been replaced by 
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Cy,,(M), so that experimental values of Cy,, obtained as functions of Mach number 

can be used. 

The aerodynamic state equations have been shown by Leishman and Nguyen 

[23] to be given by 

k= ax+B{*| (2.6) 

where 

A= diag| ay, 422 433 A44 255 Ag6 277 agg | 

p-{i 1 10110 oF" 
“105 05010011 

The output equations are given by 

where 

Cai Con O OO Cos Cag Cor Cog 

4/M 1/M | 
D= ea ~7/12M 

The nonzero terms of the a;;’s and c;;’s are given in the Appendix. 

2.3 AEROELASTIC MODEL 

The aerodynamic equations in state-space form can be coupled to the struc- 

tural equations of motion of an airfoil section with bending and torsional degrees 

of freedom. The equations of motion for the airfoil section shown in Fig. 2.1 can 

be written as . . 
mh + S96 + grh+mwih = Qh 

oe (2.8) 
Seh + 1[e6 + ge + Igw5 = Qs 
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where m = myup(c/2)? is the mass per unit length, y is the mass ratio, p is the air 

density, Ig = m(c/2)*r2 is the polar moment of inertia about the quarter chord 

per unit length, rg is the radius of gyration about elastic axis, Sg = m(c/2)zr¢@ 

is the static mass moment, rg is the nondimensional distance in semichords from 

elastic axis to center of mass, c is the chord length, h is the plunge displacement 

(positive downward), @ is the pitch angle, w, and ws are the bending and torsion 

frequencies respectively, g;, and gg are the structural damping coefficients in plung- 

ing and pitching respectively and @; and Q¢ are generalized aerodynamic forces 

in plunging and pitching respectively. 

By defining the states 

zp=h, 2 =0, 2 =h, 4 =8, (2.9) 

the above equations can be written as 

F w|?= | “let lo} (2.10) 

S 0 
M — m 8 = Gh 

5, | 6 | 0 ge 
2 _ | mw; 0 

m= [Fae 

o-(if}-aels Se 
In order to couple the structural and aerodynamic equations, the input vector 

where 

can be expressed in terms of the z states as given below 

a1 

titolo 0 "> wl} “ 
Z4 
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The aerodynamic state equations and the output equations then respectively be- 

come 
x = Ax + [B, Bj]z 

(2.12) 
Q = C’x + [D, Dalz 

where A is a diagonal 8x8 matrix, B| and B4 are 8x2 matrices, C’ is a 2x8 matrix 

and D{ and Dg are 2x2 matrices. 

The resulting set of first-order differential equations in terms of the z and x 

states are given by 

I 0 0 ; 0 I 0 2 Da o]{@}= [ok vee eft) eas 
0 0 I Bi Bs A 

which is a 12x12 system of linear equations. The stability of the system could be 

determined at different free-stream speeds by an eigenanalysis of the above system 

of equations. The flutter speed is that particular value of the free-stream speed at 

which the real part of the eigenvalue approaches zero. 

2.4 SENSITIVITY EQUATIONS 

The aeroelastic equations obtained as a set of first order ODEs is of the form 

[P]w = [Q]w (2.14) 

which could be written as 

w = |E|w (2.15) 

where [E] = [P]~*|Q] 

Since the flutter speed is determined by solving the eigenvalue problem, the 

derivatives of the eigenvalues have to be calculated for obtaining the flutter speed 
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derivatives. A number of papers [76-80] have been published on calculation of the 

derivatives of eigenvalues and eigenvectors of real, symmetric matrices as well as 

general matrices. 

The derivative of the ith eigenvalue for the eigenproblem in equation (2.15) 

with respect to the flutter speed is given by [81] 

ari tei} FA lei} 
OV; {ei} fed} 
  (2.16) 

where {e'} and {e'} are the ith left and right eigenvectors respectively, and a is 

calculated analytically by differentiating the elements of the matrix with respect 

to V;. 

Similarly, the derivative of the zth eigenvalue with respect to any parameter 

p is given by 
. iT OF] yi ani {ej} TEL {ei} 2.17) 

Op {ez} 7 {er} 

a can be conveniently written as 

  

  

  

O[E] _ a[P]~ -1 IQ] | 
“Op op [Q] + [P] “Op (2.18) 

and can be computed analytically, where 

OP py -1 FP} 5-1 op —|P] “op , (2.19) 

The ith eigenvalue \' is a function of the speed V and the parameter p which 

are varied. That is, 

MN = A"(V,p) (2.20) 
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�t�i�o�n� �o�f� �t�h�e�s�e� �e�q�u�a�t�i�o�n�s�.� �T�h�e� �a�e�r�o�e�l�a�s�t�i�c� �e�q�u�a�t�i�o�n�s� �a�r�e� �i�n�t�e�g�r�a�t�e�d� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� 

�t�i�m�e� �u�s�i�n�g� �a� �t�i�m�e�-�i�n�t�e�g�r�a�t�i�o�n� �s�c�h�e�m�e�.� �T�h�e� �W�i�l�s�o�n�-�6� �m�e�t�h�o�d� �[�8�5�]� �w�a�s� �u�s�e�d� �f�o�r� �t�h�i�s� 

�p�u�r�p�o�s�e�.� �A� �s�e�t� �o�f� �f�i�r�s�t� �o�r�d�e�r� �O�D�E�s� �c�a�n� �b�e� �r�e�p�r�e�s�e�n�t�e�d� �a�s� 

�[�R�]�{�u�'�}� �=� �[�S�]�{�u�}� �(�2�.�2�6�)



�I�n� �t�h�e� �W�i�l�s�o�n�-�@� �m�e�t�h�o�d�,� �i�t� �i�s� �a�s�s�u�m�e�d� �t�h�a�t� �t�h�e� �v�a�r�i�a�t�i�o�n� �o�f� �v�e�l�o�c�i�t�y� �f�r�o�m� �t�i�m�e� �t� 

�t�o� �t�+� �6�A�t�,� �w�h�e�r�e� �@� �>� �1�.�3�7�,� �i�s� �l�i�n�e�a�r�.� �A�t� �t�i�m�e� �(�t� �+� �@�A�t�)�,� �t�h�e�n� 

�6�A�t� 
�{�u�r�p�o�a�r�}� �=� �{�u�e�}� �+� �a� �M�i�t�e�a�e� �+� �u�y�}� �(�2�.�2�7�)� 

�T�h�e�n� �e�q�u�a�t�i�o�n� �(�2�.�2�6�)� �b�e�c�o�m�e�s� 

�G�A�t� �6�A�t� �E�P�  �� �[�5�]� �f�u�t� �o�e�}� �=� �L�S�]� �+� �a�t�)� �(�2�.�2�8�)� 
�U�s�i�n�g� �t�h�e� �s�t�a�r�t�i�n�g� �v�a�l�u�e�s� �o�f� �{�u�,�}� �a�n�d� �{�u�j�}� �a�t� �t�i�m�e� �t�,� �{�u�j�i�9�a�,�}� �1�s� �c�o�m�p�u�t�e�d� �f�r�o�m� 

�e�q�u�a�t�i�o�n� �(�2�.�2�8�)�.� �T�h�e� �v�e�c�t�o�r� �{�u�r�+�@�a�z�}� �i�s� �t�h�e�n� �c�a�l�c�u�l�a�t�e�d� �f�r�o�m� �e�q�u�a�t�i�o�n� �(�2�.�2�7�)�.� �T�h�e� 

�n�e�w� �v�a�l�u�e�s� �o�f� �{�u�:�+�e�a�r�}� �a�n�d� �{�u�,�,�9�,�}� �a�r�e� �t�h�e�n� �u�s�e�d� �i�n� �e�q�u�a�t�i�o�n� �(�2�.�2�8�)� �t�o� �u�p�d�a�t�e� 

�t�h�e� �{�u�y�,� �a�z�}� �v�e�c�t�o�r�.� �T�h�e� �s�t�e�p�-�b�y�-�s�t�e�p� �i�n�t�e�g�r�a�t�i�o�n� �o�f� �t�h�e� �e�q�u�a�t�i�o�n�s� �i�s� �d�o�n�e� �i�n� �t�h�i�s� 

�m�a�n�n�e�r� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�i�m�e� �b�y� �r�e�p�e�a�t�i�n�g� �t�h�e� �a�b�o�v�e� �p�r�o�c�e�s�s�.� �T�h�e� �a�m�p�l�i�t�u�d�e�s� �o�f� 

�d�i�s�p�l�a�c�e�m�e�n�t�s� �a�r�e� �t�h�e�n� �m�o�n�i�t�o�r�e�d� �a�s� �t�i�m�e� �p�r�o�g�r�e�s�s�e�s�.� 

�F�l�u�t�t�e�r� �f�o�r� �t�h�e� �t�y�p�i�c�a�l� �s�e�c�t�i�o�n� �(�s�e�e� �s�e�c�t�i�o�n� �2�.�5�.�1�)� �w�a�s� �f�o�u�n�d� �t�o� �o�c�c�u�r� �a�t� �9�2�.�3�4� 

�f�t�/�s�.�,� �i�.�e�.�,� �a� �n�o�n�-�d�i�m�e�n�s�i�o�n�a�l� �s�p�e�e�d� �o�f� �V�/�b�w�e�=�4�.�4�3�.� �A� �t�i�m�e�-�i�n�t�e�g�r�a�t�i�o�n� �o�f� �t�h�e� 

�f�i�r�s�t� �o�r�d�e�r� �O�D�E�s� �r�e�p�r�e�s�e�n�t�i�n�g� �t�h�e� �a�e�r�o�e�l�a�s�t�i�c� �s�y�s�t�e�m� �w�a�s� �d�o�n�e� �u�s�i�n�g� �t�h�e� �W�i�l�s�o�n�-�6� 

�m�e�t�h�o�d�.� �T�h�e� �p�l�u�n�g�e� �a�n�d� �p�i�t�c�h� �a�m�p�l�i�t�u�d�e�s� �o�f� �m�o�t�i�o�n� �a�r�e� �p�l�o�t�t�e�d� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� 

�t�i�m�e� �i�n� �F�i�g�s�.� �2�.�4� �a�n�d� �2�.�5� �r�e�s�p�e�c�t�i�v�e�l�y�,� �a�t� �t�h�r�e�e� �d�i�f�f�e�r�e�n�t� �n�o�n�-�d�i�m�e�n�s�i�o�n�a�l� �s�p�e�e�d�s�,� 

�i�n�c�l�u�d�i�n�g� �t�h�e� �f�l�u�t�t�e�r� �s�p�e�e�d�.� �I�t� �c�a�n� �b�e� �s�e�e�n� �t�h�a�t� �a�t� �s�p�e�e�d�s� �b�e�l�o�w� �t�h�e� �f�l�u�t�t�e�r� �s�p�e�e�d�,� 
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�a�l�y�t�i�c�a�l� �m�e�t�h�o�d�,� �t�h�e� �d�e�r�i�v�a�t�i�v�e�s� �o�f� �t�h�e� �[�E�]� �m�a�t�r�i�x� �(�s�e�e� �s�e�c�t�i�o�n� �2�.�4�)� �w�i�t�h� �r�e�s�p�e�c�t� 

�t�o� �t�h�e� �a�b�o�v�e� �m�e�n�t�i�o�n�e�d� �p�a�r�a�m�e�t�e�r�s� �w�e�r�e� �c�a�l�c�u�l�a�t�e�d� �a�n�a�l�y�t�i�c�a�l�l�y�.� �T�h�e� �f�i�n�i�t�e� �d�i�f�-� 

�f�e�r�e�n�c�e� �d�e�r�i�v�a�t�i�v�e�s� �w�e�r�e� �c�a�l�c�u�l�a�t�e�d� �f�o�r� �s�t�e�p� �s�i�z�e�s� �o�f� �1�%�,� �0�.�1�%� �a�n�d� �0�.�0�1�%�.� �T�h�e� 

�p�a�r�a�m�e�t�e�r�s� �w�e�r�e� �p�e�r�t�u�r�b�e�d� �o�n�e� �a�t� �a� �t�i�m�e� �u�s�i�n�g� �t�h�e�s�e� �s�t�e�p� �s�i�z�e�s� �a�n�d� �t�h�e� �f�l�u�t�t�e�r� 

�s�p�e�e�d� �r�e�c�o�m�p�u�t�e�d�.� �A� �f�o�r�w�a�r�d� �d�i�f�f�e�r�e�n�c�e� �s�c�h�e�m�e� �w�a�s� �t�h�e�n� �a�p�p�l�i�e�d� �t�o� �c�o�m�p�u�t�e� �t�h�e� 

�d�e�r�i�v�a�t�i�v�e�s�.� �I�t� �c�a�n� �b�e� �s�e�e�n� �f�r�o�m� �t�h�e� �r�e�s�u�l�t�s� �s�h�o�w�n� �i�n� �T�a�b�l�e� �2�.�1� �t�h�a�t� �t�h�e� �f�o�r�w�a�r�d� 

�d�i�f�f�e�r�e�n�c�e� �d�e�r�i�v�a�t�i�v�e�s� �o�b�t�a�i�n�e�d� �u�s�i�n�g� �a� �s�t�e�p� �s�i�z�e� �o�f� �0�.�0�1�%� �h�a�v�e� �g�o�o�d� �a�g�r�e�e�m�e�n�t� �w�i�t�h� 

�t�h�e� �a�n�a�l�y�t�i�c�a�l� �v�a�l�u�e�s�.� 

�F�i�g�s�.� �2�.�6�-�2�.�1�0� �s�h�o�w� �t�h�e� �v�a�r�i�a�t�i�o�n� �o�f� �f�l�u�t�t�e�r� �s�p�e�e�d� �o�b�t�a�i�n�e�d� �b�y� �e�i�g�e�n�a�n�a�l�-� 

�y�s�i�s� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �v�a�r�i�o�u�s� �p�a�r�a�m�e�t�e�r�s�.� �I�n� �e�a�c�h� �c�a�s�e�,� �t�h�e� �s�e�n�s�i�t�i�v�i�t�y� �d�e�r�i�v�a�t�i�v�e� 

�c�o�m�p�u�t�e�d� �a�t� �t�h�e� �b�a�s�e�l�i�n�e� �c�o�n�f�i�g�u�r�a�t�i�o�n� �i�s� �a�l�s�o� �s�h�o�w�n�.� �T�h�e� �s�e�n�s�i�t�i�v�i�t�y� �d�e�r�i�v�a�t�i�v�e� 

�c�o�m�p�u�t�e�d� �f�o�r�m�s� �a� �t�a�n�g�e�n�t� �t�o� �t�h�e� �f�l�u�t�t�e�r� �s�p�e�e�d� �c�u�r�v�e� �a�t� �t�h�e� �b�a�s�e�l�i�n�e�,� �a�n�d� �i�n� �s�o�m�e� 
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�f�l�u�t�t�e�r� �s�p�e�e�d� �c�u�r�v�e� �v�e�r�y� �c�l�o�s�e�l�y�,� �o�v�e�r� �t�h�e� �e�n�t�i�r�e� �r�a�n�g�e� �o�f� �t�h�e� �p�a�r�a�m�e�t�e�r� �t�h�a�t� �i�s� 
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�S�E�N�S�I�T�I�V�I�T�Y� �O�F� �A�E�R�O�E�L�A�S�T�I�C� �R�E�S�P�O�N�S�E� �O�F� �A� �W�I�N�G� 
�U�S�I�N�G� �T�I�M�E� �D�O�M�A�I�N� �A�P�P�R�O�A�C�H� 

�3�.�1� �O�V�E�R�V�I�E�W� 

�I�n� �t�h�e� �p�r�e�v�i�o�u�s� �c�h�a�p�t�e�r�,� �a� �s�t�a�t�e�-�s�p�a�c�e� �m�o�d�e�l� �f�o�r� �t�h�e� �u�n�s�t�e�a�d�y� �a�e�r�o�d�y�n�a�m�i�c�s� 

�w�a�s� �u�s�e�d� �f�o�r� �a�e�r�o�e�l�a�s�t�i�c� �a�n�a�l�y�s�i�s� �o�f� �a� �t�y�p�i�c�a�l� �s�e�c�t�i�o�n� �a�n�d� �t�h�e� �s�e�n�s�i�t�i�v�i�t�y� �o�f� �f�l�u�t�t�e�r� 

�r�e�s�p�o�n�s�e� �t�o� �a�i�r�f�o�i�l� �p�a�r�a�m�e�t�e�r�s� �w�e�r�e� �c�o�m�p�u�t�e�d� �a�n�a�l�y�t�i�c�a�l�l�y�.� �A�n� �a�i�r�c�r�a�f�t� �d�u�r�i�n�g� �f�l�i�g�h�t� 

�i�s� �s�u�b�j�e�c�t�e�d� �t�o� �u�n�s�t�e�a�d�y� �a�i�r�l�o�a�d�s� �a�n�d� �t�h�e� �u�n�s�t�e�a�d�y� �l�i�f�t� �f�o�r�c�e�s� �a�n�d� �m�o�m�e�n�t�s� �a�t� �a�n�y� 

�s�p�a�n�w�i�s�e� �s�t�a�t�i�o�n� �o�f� �t�h�e� �w�i�n�g� �c�a�n� �b�e� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �t�h�e� �s�t�a�t�e�-�s�p�a�c�e� �f�o�r�m�u�l�a�t�i�o�n� �f�o�r� 

�t�h�e� �t�y�p�i�c�a�l� �s�e�c�t�i�o�n� �p�r�e�s�e�n�t�e�d� �e�a�r�l�i�e�r�.� �A� �s�t�r�i�p�-�t�h�e�o�r�y� �f�o�r�m�u�l�a�t�i�o�n� �i�s� �t�h�u�s� �d�e�v�e�l�o�p�e�d� 

�i�n� �t�h�i�s� �c�h�a�p�t�e�r�,� �t�o� �r�e�p�r�e�s�e�n�t� �t�h�e� �u�n�s�t�e�a�d�y� �a�e�r�o�d�y�n�a�m�i�c� �f�o�r�c�e�s� �o�n� �t�h�e� �w�i�n�g�.� �T�h�e� 

�w�i�n�g� �s�t�r�u�c�t�u�r�e� �i�s� �m�o�d�e�l�e�d� �u�s�i�n�g� �c�l�a�s�s�i�c�a�l� �p�l�a�t�e� �t�h�e�o�r�y� �a�n�d� �i�s� �b�a�s�e�d� �o�n� �a� �R�a�y�l�e�i�g�h�-� 

�R�i�t�z� �f�o�r�m�u�l�a�t�i�o�n� �u�s�i�n�g� �C�h�e�b�y�s�h�e�v� �p�o�l�y�n�o�m�i�a�l�s� �f�o�r� �t�h�e� �w�i�n�g� �d�i�s�p�l�a�c�e�m�e�n�t�s�.� �T�h�e� 

�s�t�r�u�c�t�u�r�a�l� �e�q�u�a�t�i�o�n�s� �a�r�e� �c�o�u�p�l�e�d� �w�i�t�h� �t�h�e� �a�e�r�o�d�y�n�a�m�i�c� �s�t�a�t�e� �e�q�u�a�t�i�o�n�s� �a�n�d� �t�h�e� 

�r�e�s�u�l�t�i�n�g� �a�e�r�o�e�l�a�s�t�i�c� �e�q�u�a�t�i�o�n�s� �a�r�e� �s�o�l�v�e�d� �a�s� �a�n� �e�i�g�e�n�v�a�l�u�e� �p�r�o�b�l�e�m� �t�o� �e�x�a�m�i�n�e� �t�h�e� 

�o�n�s�e�t� �o�f� �a�e�r�o�e�l�a�s�t�i�c� �i�n�s�t�a�b�i�l�i�t�y�.� �T�h�e� �e�q�u�a�t�i�o�n�s� �a�r�e� �a�l�s�o� �i�n�t�e�g�r�a�t�e�d� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� 

�t�i�m�e� �t�o� �o�b�s�e�r�v�e� �t�h�e� �a�e�r�o�e�l�a�s�t�i�c� �p�h�e�n�o�m�e�n�a� �i�n� �r�e�a�l� �t�i�m�e�,� �a�t� �s�p�e�e�d�s� �c�l�o�s�e� �t�o� �t�h�e� 

�c�r�i�t�i�c�a�l� �s�p�e�e�d�.� �T�h�e� �s�t�r�u�c�t�u�r�a�l� �a�n�d� �a�e�r�o�d�y�n�a�m�i�c� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �t�h�e� �w�i�n�g� �a�r�e� 

�f�u�n�c�t�i�o�n�s� �o�f� �i�t�s� �s�h�a�p�e� �a�n�d� �h�e�n�c�e� �t�h�e� �f�l�u�t�t�e�r� �r�e�s�p�o�n�s�e� �i�s� �s�e�n�s�i�t�i�v�e� �t�o� �c�h�a�n�g�e�s� �i�n� 

�s�h�a�p�e� �p�a�r�a�m�e�t�e�r�s�.� �I�n� �t�h�i�s� �c�h�a�p�t�e�r�,� �t�h�e� �s�e�n�s�i�t�i�v�i�t�y� �o�f� �a�e�r�o�e�l�a�s�t�i�c� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� 

�w�i�n�g� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �s�h�a�p�e� �p�a�r�a�m�e�t�e�r�s�,� �n�a�m�e�l�y�,� �a�s�p�e�c�t� �r�a�t�i�o�,� �a�r�e�a�,� �t�a�p�e�r� �r�a�t�i�o� 

�a�n�d� �s�w�e�e�p� �a�n�g�l�e� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �a�n�a�l�y�t�i�c�a�l�l�y�.� 
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�3�.�2� �S�T�R�U�C�T�U�R�A�L� �M�O�D�E�L� �F�O�R� �T�H�E� �W�I�N�G� 

�T�h�e� �s�t�r�u�c�t�u�r�a�l� �f�o�r�m�u�l�a�t�i�o�n� �i�s� �b�a�s�e�d� �o�n� �a� �R�i�t�z� �s�o�l�u�t�i�o�n� �t�e�c�h�n�i�q�u�e� �u�s�i�n�g� �t�h�e� 

�e�n�e�r�g�y� �f�u�n�c�t�i�o�n�a�l�s� �f�o�r� �a� �l�a�m�i�n�a�t�e�d� �p�l�a�t�e� �w�h�i�c�h� �i�n�c�l�u�d�e�s� �t�h�e� �b�e�n�d�i�n�g� �a�n�d� �s�t�r�e�t�c�h�-� 

�i�n�g� �o�f� �t�h�e� �r�e�f�e�r�e�n�c�e� �s�u�r�f�a�c�e�.� �T�h�e� �p�l�a�n�f�o�r�m� �g�e�o�m�e�t�r�y� �c�a�n� �b�e� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �a�n�y� 

�g�e�n�e�r�a�l�l�y� �t�a�p�e�r�e�d� �s�k�e�w�e�d� �c�o�n�f�i�g�u�r�a�t�i�o�n�.� �T�h�e� �o�r�i�g�i�n�a�l� �r�e�c�t�a�n�g�u�l�a�r� �(�2�,� �y�)� �c�o�o�r�d�i�n�a�t�e� 

�s�y�s�t�e�m� �a�n�d� �t�h�e� �t�r�a�n�s�f�o�r�m�e�d� �(�7�,�£�)� �c�o�o�r�d�i�n�a�t�e� �s�y�s�t�e�m� �o�f� �t�h�e� �w�i�n�g� �a�r�e� �s�h�o�w�n� �i�n� 

�F�i�g�.� �3�.�1�.� �T�h�e� �z ��y� �p�l�a�n�e� �i�s� �t�h�e� �m�i�d�-�p�l�a�n�e� �o�f� �t�h�e� �w�i�n�g� �a�n�d� �t�h�e� �z� �a�x�i�s� �i�s� �n�o�r�m�a�l� 

�t�o� �t�h�e� �w�i�n�g�.� �F�o�r� �a�n� �u�n�s�w�e�p�t� �w�i�n�g� �t�h�e� �f�i�b�e�r� �a�n�g�l�e� �i�s� �m�e�a�s�u�r�e�d� �c�o�u�n�t�e�r�c�l�o�c�k�w�i�s�e� 

�f�r�o�m� �t�h�e� �p�o�s�i�t�i�v�e� �y� �a�x�i�s�.� �A�s� �t�h�e� �w�i�n�g� �i�s� �s�w�e�p�t�,� �t�h�e� �f�i�b�e�r� �a�n�g�l�e� �i�s� �a�l�s�o� �r�o�t�a�t�e�d� 

�c�o�r�r�e�s�p�o�n�d�i�n�g�l�y�.� 

�I�n� �t�h�e� �R�a�y�l�e�i�g�h�-�R�i�t�z� �f�o�r�m�u�l�a�t�i�o�n�,� �C�h�e�b�y�s�h�e�v� �p�o�l�y�n�o�m�i�a�l�s� �T�;� �a�r�e� �u�s�e�d� �t�o� �r�e�p�-� 

�r�e�s�e�n�t� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �a�t� �a�n�y� �p�o�i�n�t� �o�n� �t�h�e� �w�i�n�g� �[�8�6�]�.� �T�h�e� �C�h�e�b�y�s�h�e�v� �p�o�l�y�n�o�m�i�a�l�s� 

�a�r�e� �g�i�v�e�n� �b�y� 

�T�o�(�p�)� �=�1� 

�T�i�(�v�)� �=� �(�3�.�1�)� 

�T�,�(�%�)� �=� �2�p�T�,�;�_�1�  �� �T�;�-�2� �-�l�<�y�<�l� 

�T�h�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �a�r�e� �e�x�p�r�e�s�s�e�d� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �C�h�e�b�y�s�h�e�v� �p�o�l�y�n�o�m�i�a�l�s� �a�s� �s�h�o�w�n� 

�I� �J� 
�U�(�n�, ¬�)� �=� �y� �»� �R�i�j�T�i�(�n�)�T�;�( ¬�)� 

�K�L� 
�V�(�n�,�  ¬�)� �=� �S�s�,� �3� �S�r�i�T�e�(�n�)�T�i�( ¬�)� �(�3�.�2�)� 

�k�=�0� �[�=�0� 

�M� �o�N� 
�W�(�n�,�  ¬�)�  �� �S�-� �S�-� �P�r�a�T�m�(�7�)�T�a�(�&�)� �-�l�<�7�n�, ¬�<�l� 

�m�=�0� �n�=�0� 
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�I�t� �h�a�s� �b�e�e�n� �s�h�o�w�n� �b�y� �S�i�n�g�h�v�i� �a�n�d� �K�a�p�a�n�i�a� �[�8�6�]� �t�h�a�t� �f�o�r� �f�r�e�e� �v�i�b�r�a�t�i�o�n�s� �o�f� 

�t�h�e� �l�a�m�i�n�a�t�e�d� �c�o�m�p�o�s�i�t�e� �w�i�n�g� �(�t�.�e�.�,� �i�n� �t�h�e� �a�b�s�e�n�c�e� �o�f� �a�e�r�o�d�y�n�a�m�i�c� �f�o�r�c�e�s�)� �t�h�e� 

�e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n� �c�a�n� �b�e� �d�e�r�i�v�e�d� �u�s�i�n�g� �c�l�a�s�s�i�c�a�l� �p�l�a�t�e� �t�h�e�o�r�y� �i�n� �t�h�e� �f�o�r�m� 

�[�M�]�{�q�}� �+� �[�A�]�{�q�}� �=� �0� �(�3�.�3�)� 

�w�h�e�r�e� �[�x�]� �a�n�d� �[�M�]� �a�r�e� �t�h�e� �s�t�i�f�f�n�e�s�s� �a�n�d� �m�a�s�s� �m�a�t�r�i�c�e�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� �v�e�c�t�o�r� 

�{�q�}� �i�s� �d�e�f�i�n�e�d� �a�s� 

�{�q�}� �=� �(�R�o�o�,� �R�o�r�,� �R�i�g�;� �S�o�o�;� �S�o�1� �;� �O�R�D� �P�o�o�,� �P�o�u�,� �P�i�n�)�?� �(�3�.�4�)� 

�L�i�n�e�a�r� �a�n�d� �r�o�t�a�t�i�o�n�a�l� �s�p�r�i�n�g�s� �o�f� �l�a�r�g�e� �m�a�g�n�i�t�u�d�e� �a�r�e� �p�l�a�c�e�d� �a�t� �t�h�e� �w�i�n�g� �r�o�o�t� �t�o� 

�a�p�p�r�o�x�i�m�a�t�e�l�y� �s�a�t�i�s�f�y� �t�h�e� �c�l�a�m�p�e�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�.� �T�h�e� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x� �f�o�r� 

�t�h�e� �p�l�a�t�e� �a�l�o�n�e� �(�1�.�e�.�,� �e�x�c�l�u�d�i�n�g� �t�h�e� �s�p�r�i�n�g�s�)� �i�s� 

�m�=� �f�f� �w�e�r�e�r�t�[� �5� �5�]� �e�r�t�e�i�i�s�i�a�n�a�e� �(�3�.�5�)� 

�w�h�e�r�e� �[�B�]� �i�s� �t�h�e� �m�a�t�r�i�x� �w�h�o�s�e� �e�l�e�m�e�n�t�s� �c�o�n�s�i�s�t� �o�f� �t�h�e� �p�a�r�t�i�a�l� �d�e�r�i�v�a�t�i�v�e�s� �o�f� �t�h�e� 

�C�h�e�b�y�s�h�e�v� �p�o�l�y�n�o�m�i�a�l�s� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �n�a�t�u�r�a�l� �c�o�o�r�d�i�n�a�t�e�s� �7� �a�n�d�  ¬� �a�n�d� �i�s� 

�d�e�f�i�n�e�d� �b�y� 

�(�{�,�)� �=� �1�2�1�0� �(�3�.�6�)� 
�w�h�e�r�e� 

�&�\�*� 
�(�<�)�)� �=� �(�U�y� �U�e� �U�p� �V�E� �W�y� �W�y�n� �W�e�e� �W�n�e�)� 

�T�h�e� �[�T�]� �i�n� �e�q�u�a�t�i�o�n�(�3�.�5�)� �i�s� �t�h�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �m�a�t�r�i�x� �t�h�a�t� �r�e�l�a�t�e�s� �t�h�e� �s�t�r�a�i�n� �a�n�d� 

�c�u�r�v�a�t�u�r�e� �v�e�c�t�o�r� �i�n� �t�h�e� �(�x�,� �y�)� �c�o�o�r�d�i�n�a�t�e� �s�y�s�t�e�m� �t�o� �t�h�e� �s�t�r�a�i�n� �a�n�d� �c�u�r�v�a�t�u�r�e� �v�e�c�t�o�r� 
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�i�n� �t�h�e� �(�7�,�  ¬�)� �c�o�o�r�d�i�n�a�t�e� �s�y�s�t�e�m� �a�n�d� �J� �i�s� �t�h�e� �J�a�c�o�b�i�a�n� �o�f� �t�h�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n�.� �T�h�e� 

�s�t�r�a�i�n� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �i�s� �g�i�v�e�n� �b�y� 

 ��)�=�(�7�]� �°� �(�3�.�7�)� �K�J� �K�!� 

�T� �E� 
�( ��)� �=�(�U�z� �V�y� �U�y�t�V�e� �W�e�r� �W�y�y� �2�W�r�y�)� 

�w�h�e�r�e� 

�T�h�e� �d�e�t�a�i�l�s� �o�f� �t�h�e� �[�T�]� �a�n�d� �[�B�]� �m�a�t�r�i�c�e�s� �a�n�d� �J� �a�r�e� �g�i�v�e�n� �i�n� �[�8�7�]�.� �A� �t�y�p�i�c�a�l� �e�l�e�m�e�n�t� 

�o�f� �t�h�e� �m�a�s�s� �m�a�t�r�i�x� �[�I�M�]� �i�s� �g�i�v�e�n� �b�y� 

�M�i�;� �=� �p�m�t� �/� �|� �/� �_�T�a�(�n�)�T�(�E�)�T�o�l�n�)�T�o�(�E�)�I� �T�a�n�a� �(�3�.�8�)� 

�T�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �R�;�;� �a�n�d� �S�,�;� �i�n� �{�g�}� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� �i�n�p�l�a�n�e� �d�i�s�p�l�a�c�e�-� 

�m�e�n�t�s� �i�n� �e�q�u�a�t�i�o�n�(�3�.�3�)� �a�r�e� �c�o�n�d�e�n�s�e�d� �o�u�t� �u�s�i�n�g� �s�t�a�t�i�c� �c�o�n�d�e�n�s�a�t�i�o�n� �t�o� �t�h�e� �f�o�r�m� 

�[�M�]�{�P�m�n�}� �+� �[�K�]�{�P�m�n�}� �=� �0� �(�3�.�9�)� 

�w�h�e�r�e� �[�M�]�]� �i�s� �t�h�e� �m�a�s�s� �m�a�t�r�i�x� �a�n�d� �[�K�]� �i�s� �t�h�e� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x� �o�f� �o�r�d�e�r� �(�M�+�1�)�x�(�N�+�1�)� 

�(�s�e�e� �e�q�u�a�t�i�o�n�(�3�.�2�)�)� �w�i�t�h� �g�e�n�e�r�a�l�i�z�e�d� �c�o�e�f�f�i�c�i�e�n�t�s� �{�P�m�n�}�.� �I�n� �t�h�e� �p�r�e�s�e�n�t� �w�o�r�k�,� �a� 

�v�a�l�u�e� �o�f� �5� �i�s� �c�h�o�s�e�n� �f�o�r� �b�o�t�h� �M� �a�n�d� �N�.� 

�3�.�3� �A�E�R�O�E�L�A�S�T�I�C� �M�O�D�E�L� �F�O�R� �T�H�E� �W�I�N�G� 

�T�h�e� �a�e�r�o�d�y�n�a�m�i�c� �s�t�a�t�e� �s�p�a�c�e� �m�o�d�e�l� �w�h�i�c�h� �w�a�s� �u�s�e�d� �f�o�r� �t�h�e� �a�e�r�o�e�l�a�s�t�i�c� �a�n�a�l�-� 

�y�s�i�s� �o�f� �a� �t�y�p�i�c�a�l� �s�e�c�t�i�o�n� �i�s� �e�x�t�e�n�d�e�d� �t�o� �r�e�p�r�e�s�e�n�t� �t�h�e� �u�n�s�t�e�a�d�y� �a�e�r�o�d�y�n�a�m�i�c� �f�o�r�c�e�s� 

�a�c�t�i�n�g� �o�n� �a� �w�i�n�g�.� �T�h�e� �l�i�f�t� �a�n�d� �m�o�m�e�n�t� �f�o�r�c�e�s� �o�n� �a� �t�y�p�i�c�a�l� �s�e�c�t�i�o�n� �a�c�t�i�n�g� �a�t� �t�h�e� 

�q�u�a�r�t�e�r� �c�h�o�r�d� �a�r�e� �g�i�v�e�n� �b�y� �e�q�u�a�t�i�o�n�(�2�.�1�0�)� �a�s� 

�1� 
�L�=� �e�V� �e�C� �N� 

�M�=� �s�e�V�2�c�2�C� �M� 
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�W�h�e�n� �e�x�t�e�n�d�i�n�g� �t�h�i�s� �c�o�m�p�r�e�s�s�i�b�l�e� �a�e�r�o�d�y�n�a�m�i�c� �t�h�e�o�r�y� �t�o� �a� �f�i�n�i�t�e� �s�p�a�n� �w�i�n�g�,� 

�t�h�e� �l�i�f�t� �f�o�r�c�e�s� �a�r�e� �a�s�s�u�m�e�d� �t�o� �b�e� �d�i�s�t�r�i�b�u�t�e�d� �a�l�o�n�g� �t�h�e� �q�u�a�r�t�e�r� �c�h�o�r�d� �l�i�n�e� �(�r�e�f�e�r�e�n�c�e� 

�l�i�n�e�)� �a�n�d� �t�h�e� �m�o�m�e�n�t�s� �a�c�t� �a�b�o�u�t� �t�h�e� �r�e�f�e�r�e�n�c�e� �l�i�n�e�.� �S�i�n�c�e� �t�h�e� �l�i�f�t� �a�n�d� �m�o�m�e�n�t� 

�f�o�r�c�e�s� �a�r�e� �n�o�n�-�c�o�n�s�e�r�v�a�t�i�v�e� �f�o�r�c�e�s�,� �u�s�i�n�g� �t�h�e� �p�r�i�n�c�i�p�l�e� �o�f� �v�i�r�t�u�a�l� �w�o�r�k�,� �w�e� �g�e�t� 

�l� �I� 
�6�W�a�e� �=� �|�  ��L�é�h�d�y� �+� �|� �M�é�é�d�y� �(�3�.�1�0�)� 

�0� �0� 

�w�h�e�r�e� �/� �i�s� �t�h�e� �l�e�n�g�t�h� �o�f� �t�h�e� �q�u�a�r�t�e�r� �c�h�o�r�d� �l�i�n�e�,� �6�h� �a�n�d� �6�0� �a�r�e� �v�i�r�t�u�a�l� �d�i�s�p�l�a�c�e�m�e�n�t�s� 

�a�n�d� �¥� �i�s� �t�h�e� �c�o�o�r�d�i�n�a�t�e� �a�l�o�n�g� �t�h�e� �r�e�f�e�r�e�n�c�e� �l�i�n�e�.� 

�T�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �a�t� �a�n�y� �l�o�c�a�t�i�o�n� �¥� �i�s� �g�i�v�e�n� �b�y� 

�h�(�y�)� �=� �w�(�n�,� �§�)� �(�3�.�1�1�)� 

�w�h�e�r�e� �7� �a�n�d�  ¬� �a�r�e� �t�h�e� �n�a�t�u�r�a�l� �c�o�o�r�d�i�n�a�t�e�s� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� �(�z�,� �y�)� �c�o�o�r�d�i�n�a�t�e�s� 

�o�f� �t�h�e� �p�o�i�n�t� �a�t� �d�i�s�t�a�n�c�e� �y� �f�r�o�m� �t�h�e� �o�r�i�g�i�n�.� 

�T�h�e� �r�o�t�a�t�i�o�n� �a�b�o�u�t� �t�h�e� �r�e�f�e�r�e�n�c�e� �l�i�n�e� �(�p�o�s�i�t�i�v�e� �w�i�n�g� �l�e�a�d�i�n�g� �e�d�g�e� �u�p�)� �i�s� �g�i�v�e�n� 

�b�y� 

�6�(�¥�)� �=� �w�,�z� �c�o�s�A�  �� �w�y�,� �s�i�n�A� �(�3�.�1�2�)� 

�T�o� �f�a�c�i�l�i�t�a�t�e� �n�u�m�e�r�i�c�a�l� �i�n�t�e�g�r�a�t�i�o�n� �u�s�i�n�g� �G�a�u�s�s�i�a�n� �q�u�a�d�r�a�t�u�r�e�,� �t�h�e� �l�i�m�i�t�s� �o�f� �i�n�-� 

�t�e�g�r�a�t�i�o�n� �a�l�o�n�g� �t�h�e� �r�e�f�e�r�e�n�c�e� �l�i�n�e� �a�r�e� �t�r�a�n�s�f�o�r�m�e�d� �i�n� �t�h�e� �r�a�n�g�e� �o�f�  ��1� �t�o� �1� �b�y� 

�y�=�l�(�1�+�w�y�)�/�2�,� �w�h�e�r�e� �-�1�<�y�<�1� 

�S�u�b�s�t�i�t�u�t�i�n�g� �t�h�e� �e�x�p�r�e�s�s�i�o�n�s� �f�o�r� �t�h�e� �l�i�f�t� �a�n�d� �m�o�m�e�n�t� �o�n� �t�h�e� �w�i�n�g� �a�n�d� �t�h�e� 

�w�i�n�g� �d�e�f�l�e�c�t�i�o�n�,� �w�e� �h�a�v�e� 
�t� 

�|� �L�é�h�d�g� 
�0� 

�1� �1� 

�_�t� �/� �L�é�h�d�k�b� 
�2� �J�u�4� 

�m� 

�_�!� �g�o�v�)� �3�]� �[� �e�(�[�C�r�p�l�{�2�}� �+� �D�r�v� �s�i�g� �|� �{�m�y� �p�e�n�e�]� �P�o� �1�=�0� �j�=�0� 
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�I� 

�/� �M�é�6�d�g� 
�0� 

�_� �o�h� �M�6�6�d�y� 

�p�v�?�)� �v�y� �.� �L�h�:� �*�(�[�C�o�p�l�{�z�}� �+� �D�a�y�]� �a�l�t�e� �}�)�e�a�n�d�d� �e�r�y� 
�(�3�.�1�3�)� 

�w�h�e�r�e� �m� �a�n�d� �n� �r�e�p�r�e�s�e�n�t� �t�h�e� �o�r�d�e�r� �o�f� �t�h�e� �C�h�e�b�y�s�h�e�v� �p�o�l�y�n�o�m�i�a�l� �u�s�e�d� �i�n� �t�h�e� 

�d�i�s�p�l�a�c�e�m�e�n�t� �f�u�n�c�t�i�o�n�.� �T�h�e� �r�o�w� �v�e�c�t�o�r�s� �[�C�y�]� �a�n�d� �[�C�p�]� �a�r�e� �t�h�e� �e�l�e�m�e�n�t�s� �o�f� �t�h�e� �[�C�]� 

�m�a�t�r�i�x� �(�s�e�e� �s�e�c�t�i�o�n� �2�.�2�)� �w�h�e�r�e� �p� �=� �1�,�2�,�.�.�.�,�8�.� �T�h�e� �r�o�w� �v�e�c�t�o�r�s� �[�D�1�]� �a�n�d� �[�D�e�p�]� 

�a�r�e� �t�h�e� �e�l�e�m�e�n�t�s� �o�f� �t�h�e� �m�a�t�r�i�x� �g�i�v�e�n� �b�y� 

�i�D�]� �=� �A�M� �t�h�o�m� �|� �f� �7� �O�o�.� �o�v� �(�3�.�1�4�)� 
�w�h�e�r�e� �p�'� �=� �1�,�.�.�.�,�4�.� 

�T�h�e� �v�a�r�i�a�b�l�e�s� �w�;�,�;� �a�n�d� �w�2�,�;� �i�n� �e�q�u�a�t�i�o�n�(�3�.�1�3�)� �a�r�e� �g�i�v�e�n� �b�y� 

�w�i�z�,� �=� �T�i�(�n�)�T�j�(�§�)� 
�(�3�.�1�5�)� 

�W�o�.� �=� �c�o�s�A�(�T�;� �4� �T�y�n�y�2� �+�7�3�7�;� �e�b� �,�2� �)�  �� �s�i�n�A�(�T�y� �T�i� �N�s�y� �+�7�3�7�5� �¢�b�s�y� �)� 

�w�h�e�r�e� �A� �i�s� �t�h�e� �s�w�e�e�p� �a�n�g�l�e�.� 

�[�H�;�;�]� �i�n� �e�q�u�a�t�i�o�n�(�3�.�1�3�)� �i�s� �a� �m�a�t�r�i�x� �o�f� �o�r�d�e�r� �2�x�N� �w�h�e�r�e� �N� �=�(�m�+�1�)�(�n� �+�1�)�.� 

�A� �t�y�p�i�c�a�l� �c�o�l�u�m�n� �o�f� �t�h�e� �m�a�t�r�i�x� �i�s� �g�i�v�e�n� �b�y� 

�A�y�,� �=�  �� �F�i�l�;� �3�.�1�6�)� �c�o�s�A�(�T�;� �,� �T�j� �5�2� �+�7�;�T�5� �¢ ¬�5�2� �)�-� �s�i�n�A�(�T�;� �L�i�n�s�e�y� �+�7�;� �7�5� �¢ ¬�,�y� �)� �\� �(� 

�w�h�e�r�e� �k� �=� �1�,�2�,�.�.�.�,�N�.� 

�T�h�e� �c�o�l�u�m�n� �v�e�c�t�o�r� �{�x�}� �i�n� �e�q�u�a�t�i�o�n�(�3�.�1�3�)� �i�s� �t�h�e� �v�e�c�t�o�r� �o�f� �a�e�r�o�d�y�n�a�m�i�c� �s�t�a�t�e� 

�v�a�r�i�a�b�l�e�s� �a�n�d� �{�P�;�;� �P�,�,�}�T� �i�s� �t�h�e� �v�e�c�t�o�r� �o�f� �g�e�n�e�r�a�l�i�z�e�d� �d�i�s�p�l�a�c�e�m�e�n�t�s�.� 
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�U�s�i�n�g� �e�q�u�a�t�i�o�n�s� �(�3�.�1�1�)�,� �(�3�.�1�2�)� �a�n�d� �(�3�.�1�3�)�,� �e�q�u�a�t�i�o�n�(�3�.�1�0�)� �c�a�n� �b�e� �w�r�i�t�t�e�n� �a�s� 

�N� 
�b�W�r�e� �=� �>� �Q�i�b�P�;� �,� �N� �=�(�m�4�+�1�)�(�n�+�4�+�1�)� �(�3�.�1�7�)� 

�w�=�1� 

�w�h�e�r�e� 

�Q� �=� �[�C�'�a�}� �+� �(�D�4� �D�s�l�]� �F�P� �(�3�.�1�8�)� 
�T�h�e� �a�e�r�o�d�y�n�a�m�i�c� �s�t�a�t�e� �e�q�u�a�t�i�o�n�s�(�2�.�6�)� �f�o�r� �a� �t�y�p�i�c�a�l� �s�e�c�t�i�o�n� �p�e�r�p�e�n�d�i�c�u�l�a�r� �t�o� 

�t�h�e� �q�u�a�r�t�e�r� �c�h�o�r�d� �l�i�n�e� �w�e�r�e� �i�n� �t�h�e� �f�o�r�m� 

�{�t�}� �=� �[�A�]�{�z�}� �+� �[�B�]�{�u�}� 

�A�n� �i�n�t�e�g�r�a�t�i�o�n� �o�f� �t�h�e�s�e� �s�t�a�t�e� �e�q�u�a�t�i�o�n�s� �a�l�o�n�g� �t�h�e� �q�u�a�r�t�e�r� �c�h�o�r�d� �l�i�n�e� �t�o� �c�o�n�s�i�d�e�r� 

�t�h�e� �e�f�f�e�c�t� �o�f� �f�i�n�i�t�e� �s�p�a�n� �y�i�e�l�d�s� 

�{�é�}� �=� �s�f� �a�l�t�e� �+� �1�2�1�]� �7�°� �t�t�y�l� �L�E� �j�]�e� 
�=� �(�A�'�i�{�o�}� �+� �1�B� �B�y�)�{� �F�P�  �� 

�E�q�u�a�t�i�o�n�s�(�3�.�9�)� �c�a�n� �b�e� �w�r�i�t�t�e�n� �a�s� �a� �s�e�t� �o�f� �f�i�r�s�t� �o�r�d�e�r� �O�D�E ��s� �i�n� �{�P�;�;�}� �a�n�d� 

�{�P�;�;�}� �w�h�i�c�h� �w�i�l�l� �b�e� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �{�p�;�}� �a�n�d� �{�q�;�}�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �I�t� �c�a�n� �b�e� �c�o�u�p�l�e�d� 

�w�i�t�h� �e�q�u�a�t�i�o�n�s�(�3�.�1�8�)� �a�n�d� �(�3�.�1�9�)� �t�o� �g�e�n�e�r�a�t�e� �t�h�e� �a�e�r�o�e�l�a�s�t�i�c� �e�q�u�a�t�i�o�n�s� �o�f� �t�h�e� �w�i�n�g� 

�I� �0� �0�)� �(�5�;� �0� �I� �0�)� �(�p�i� 
�0�M� �O�l�i�g� �}�=�|�D�I�-�K� �D�L� �C�'�|�l�g�,� �(�3�.�2�0�)� 
�0� �0� �I�\�l�a� �B�o� �B�t� �O�A� �|� 

�S�i�n�c�e� �a� �C�h�e�b�y�s�h�e�v� �p�o�l�y�n�o�m�i�a�l� �o�f� �o�r�d�e�r� �5� �i�s� �c�h�o�s�e�n� �f�o�r� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �f�u�n�c�t�i�o�n� 

�i�n� �t�h�e� �f�o�r�m� 

�i�n� �7� �a�n�d�  ¬�,� �w�e� �h�a�v�e� �3�6� �g�e�n�e�r�a�l�i�z�e�d� �c�o�e�f�f�i�c�i�e�n�t�s� �{�p�;�}�,� �t�h�e�i�r� �3�6� �t�i�m�e� �d�e�r�i�v�a�t�i�v�e�s� �{�q�;�}� 

�a�n�d� �t�h�e� �8� �a�e�r�o�d�y�n�a�m�i�c� �s�t�a�t�e� �v�a�r�i�a�b�l�e�s� �{�x�}�.� �T�h�e� �s�t�a�b�i�l�i�t�y� �o�f� �t�h�i�s� �s�y�s�t�e�m� �c�a�n� �b�e� 

�d�e�t�e�r�m�i�n�e�d� �b�y� �s�o�l�v�i�n�g� �t�h�i�s� �8�0�x�8�0� �e�i�g�e�n�v�a�l�u�e� �p�r�o�b�l�e�m�.� 
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�3�.�4� �N�U�M�E�R�I�C�A�L� �E�X�A�M�P�L�E�S� 

�T�h�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �a�n�d� �f�l�u�t�t�e�r� �s�p�e�e�d�s� �p�r�e�d�i�c�t�e�d� �b�y� �t�h�i�s� �a�e�r�o�e�l�a�s�t�i�c� �s�t�a�t�e�-� 

�s�p�a�c�e� �f�o�r�m�u�l�a�t�i�o�n� �a�r�e� �c�o�m�p�a�r�e�d� �w�i�t�h� �p�r�e�v�i�o�u�s�l�y� �p�u�b�l�i�s�h�e�d� �r�e�s�u�l�t�s�.� �T�h�e� �a�e�r�o�e�l�a�s�t�i�c� 

�e�q�u�a�t�i�o�n�s� �a�r�e� �s�o�l�v�e�d� �a�s� �a�n� �e�i�g�e�n�v�a�l�u�e� �p�r�o�b�l�e�m� �a�n�d� �a�l�s�o� �u�s�i�n�g� �a� �t�i�m�e�-�i�n�t�e�g�r�a�t�i�o�n� 

�s�c�h�e�m�e�.� 

�3�.�4�.�1� �E�I�G�E�N�V�A�L�U�E� �S�O�L�U�T�I�O�N� �O�F� �T�H�E� �A�E�R�O�E�L�A�S�T�I�C� �E�Q�U�A�T�I�O�N�S� 

�B�e�f�o�r�e� �p�e�r�f�o�r�m�i�n�g� �t�h�e� �s�e�n�s�i�t�i�v�i�t�y� �c�a�l�c�u�l�a�t�i�o�n�s� �o�f� �t�h�e� �f�l�u�t�t�e�r� �s�p�e�e�d� �o�f� �t�h�e� �w�i�n�g� 

�w�i�t�h� �r�e�s�p�e�c�t� �t�o� �s�h�a�p�e� �p�a�r�a�m�e�t�e�r�s�,� �c�o�m�p�a�r�i�s�o�n� �o�f� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �a�n�d� �p�r�e�d�i�c�t�e�d� 

�f�l�u�t�t�e�r� �s�p�e�e�d�s� �w�a�s� �m�a�d�e� �w�i�t�h� �o�t�h�e�r� �r�e�s�u�l�t�s�.� �T�h�e� �f�i�r�s�t� �t�h�r�e�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �o�f� 

�a�n� �u�n�s�w�e�p�t� �w�i�n�g� �a�n�d� �i�t�s� �f�l�u�t�t�e�r� �s�p�e�e�d� �i�n� �s�u�b�s�o�n�i�c� �f�l�o�w� �w�e�r�e� �c�o�m�p�a�r�e�d� �w�i�t�h� �r�e�s�u�l�t�s� 

�r�e�p�o�r�t�e�d� �b�y� �L�a�n�d�s�b�e�r�g�e�r� �a�n�d� �D�u�g�u�n�d�j�i� �[�8�8�]� �f�o�r� �d�i�f�f�e�r�e�n�t� �l�a�m�i�n�a�t�e� �s�e�q�u�e�n�c�e�s� �i�n� 

�T�a�b�l�e� �3�.�1� �a�n�d� �T�a�b�l�e� �3�.�2�.� �T�h�e� �m�a�t�e�r�i�a�l� �u�s�e�d� �f�o�r� �t�h�e� �w�i�n�g� �i�s� �H�e�r�c�u�l�e�s� �G�r�a�p�h�i�t�e� 

�E�p�o�x�y� �(�A�S�1�/�3�5�0�1�-�6�)� �w�i�t�h� �p�r�o�p�e�r�t�i�e�s�:� �E�,�;� �=� �9�8� �x� �1�0�?� �P�a�,� �E�y� �=� �7�.�9� �x� �1�0�°� �P�a�,� 

�1�4�2� �=� �0�.�2�8�,� �G�i�g� �=� �5�.�6� �x� �1�0�°� �P�a� �a�n�d� �p� �=� �1�5�2�0� �k�g�/�m�.� �T�h�e� �t�h�i�c�k�n�e�s�s� �o�f� �e�a�c�h� �p�l�y� 

�i�s� �0�.�1�3�4� �x� �1�0�7�%� �m�.� �T�h�e� �f�l�u�t�t�e�r� �d�a�t�a� �u�s�e�d� �f�o�r� �c�o�m�p�a�r�i�s�o�n� �[�8�8�]� �a�r�e� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� 

�r�e�s�u�l�t�s� �f�r�o�m� �t�h�e� �w�i�n�d� �t�u�n�n�e�l� �t�e�s�t�s� �p�e�r�f�o�r�m�e�d� �i�n� �t�h�e� �M�I�T� �A�c�o�u�s�t�i�c� �w�i�n�d� �t�u�n�n�e�l�.� 

�T�h�e� �r�e�s�u�l�t�s� �a�g�r�e�e� �f�a�i�r�l�y� �w�e�l�l�.� 

�3�.�4�.�2� �T�I�M�E� �I�N�T�E�G�R�A�T�I�O�N� �O�F� �T�H�E� �A�E�R�O�E�L�A�S�T�I�C� �E�Q�U�A�T�I�O�N�S� 

�T�h�e� �a�e�r�o�e�l�a�s�t�i�c� �e�q�u�a�t�i�o�n�s� �a�r�e� �i�n�t�e�g�r�a�t�e�d� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�i�m�e� �t�o� �e�x�a�m�i�n�e� �t�h�e� 

�e�f�f�e�c�t�.� �o�f� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� �a�i�r�l�o�a�d�s� �o�n� �t�h�e� �v�i�b�r�a�t�i�o�n� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e�.� 

�T�h�i�s� �g�i�v�e�s� �i�n�s�i�g�h�t� �i�n�t�o� �t�h�e� �t�y�p�e� �o�f� �r�e�s�p�o�n�s�e� �t�h�a�t� �c�a�n� �b�e� �e�x�p�e�c�t�e�d� �f�r�o�m� �a� �f�l�e�x�i�b�l�e� 
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�s�t�r�u�c�t�u�r�e� �o�p�e�r�a�t�i�n�g� �a�t� �c�o�n�d�i�t�i�o�n�s� �o�n� �t�h�e� �v�e�r�g�e� �o�f� �i�n�s�t�a�b�i�l�i�t�y�.� �O�n�e� �o�f� �t�h�e� �f�e�a�t�u�r�e�s� 

�o�f� �t�i�m�e�-�i�n�t�e�g�r�a�t�i�o�n� �i�s� �t�h�a�t� �o�n�e� �c�a�n� �o�b�s�e�r�v�e� �t�h�e� �a�e�r�o�e�l�a�s�t�i�c� �r�e�s�p�o�n�s�e� �i�n� �r�e�a�l� �t�i�m�e� 

�(�i�m�p�o�r�t�a�n�t� �f�o�r� �s�t�u�d�y�i�n�g� �f�a�t�i�g�u�e�)� �a�t� �d�i�f�f�e�r�e�n�t� �a�i�r�s�p�e�e�d�s� �(�1�.�e�.�,� �a�t� �d�i�f�f�e�r�e�n�t� �f�r�e�e�s�t�r�e�a�m� 

�v�e�l�o�c�i�t�i�e�s�)�,� �t�h�a�n� �j�u�s�t� �d�e�t�e�r�m�i�n�i�n�g� �t�h�e� �c�r�i�t�i�c�a�l� �s�p�e�e�d� �a�t� �t�h�e� �o�n�s�e�t� �o�f� �i�n�s�t�a�b�i�l�i�t�y�.� 

�T�h�e� �a�e�r�o�e�l�a�s�t�i�c� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �w�i�n�g� �s�h�o�w�n� �i�n� �F�i�g�.� �3�.�2� �i�s� �e�x�a�m�i�n�e�d�.� �T�h�e� 

�w�i�n�g� �s�k�i�n�s� �a�r�e� �m�a�d�e� �o�f� �0� �d�e�g�.� �l�a�m�i�n�a�t�e�d� �G�r�a�p�h�i�t�e�/�E�p�o�x�y� �(�T�3�0�0�/�N�5�2�0�8�)� �w�i�t�h� 

�t�h�e� �f�o�l�l�o�w�i�n�g� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s�:� �E�;� �=� �1�8�1� �x� �1�0�°� �P�a�,� �F�E�,� �=� �1�0�.�3� �x� �1�0�°� �P�a�,� 

�V�y�2� �=� �0�.�2�8�,� �G�y�o� �=� �7�.�1�7� �x� �1�0�°� �P�a� �a�n�d� �p� �=� �1�6�0�0� �k�g�/�m�.� �T�h�e� �a�e�r�o�e�l�a�s�t�i�c� �a�n�a�l�y�s�i�s� 

�i�s� �c�a�r�r�i�e�d� �o�u�t� �a�t� �M�a�c�h� �n�u�m�b�e�r� �o�f� �0�.�7� �a�n�d� �p�a�i�r� �=� �0�.�6� �k�g�/�m�*�.� �I�n� �o�r�d�e�r� �t�o� �o�b�s�e�r�v�e� 

�t�h�e� �a�e�r�o�e�l�a�s�t�i�c� �p�h�e�n�o�m�e�n�a� �i�n� �r�e�a�l� �t�i�m�e�,� �o�n�e� �o�f� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� 

�f�u�n�c�t�i�o�n� �w�a�s� �p�e�r�t�u�r�b�e�d� �a�n�d� �t�h�e� �s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n�s� �w�a�s� �i�n�t�e�g�r�a�t�e�d� �w�i�t�h� �r�e�s�p�e�c�t� 

�t�o� �t�i�m�e� �u�s�i�n�g� �t�h�e� �W�i�l�s�o�n�-�@� �m�e�t�h�o�d�,� �d�e�s�c�r�i�b�e�d� �i�n� �S�e�c�t�i�o�n� �2�.�5�.�2�.� �T�h�e� �w�i�n�g� �t�i�p� 

�d�i�s�p�l�a�c�e�m�e�n�t� �i�s� �p�l�o�t�t�e�d� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�i�m�e� �a�t� �d�i�f�f�e�r�e�n�t� �s�p�e�e�d�s� �i�n� �F�i�g�s�.� �3�.�3�-�3�.�9�.� 

�T�h�e� �t�i�p� �d�i�s�p�l�a�c�e�m�e�n�t� �o�f� �t�h�e� �5�°� �s�w�e�p�t� �w�i�n�g� �a�t� �t�h�e� �d�i�v�e�r�g�e�n�c�e� �s�p�e�e�d� �i�s� �s�h�o�w�n� �i�n� 

�F�i�g�.� �3�.�3�.� �I�t� �c�a�n� �b�e� �s�e�e�n� �t�h�a�t� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �a�p�p�r�o�a�c�h�e�s� �a� �c�o�n�s�t�a�n�t� �a�m�p�l�i�t�u�d�e� 

�a�t� �t�h�i�s� �s�p�e�e�d� �a�n�d� �d�o�e�s� �n�o�t� �d�e�c�r�e�a�s�e� �t�o� �t�h�e� �z�e�r�o� �m�e�a�n� �v�a�l�u�e�.� �A�b�o�v�e� �t�h�i�s� �s�p�e�e�d�,� �t�h�e� 

�d�i�s�p�l�a�c�e�m�e�n�t� �i�n�c�r�e�a�s�e�s� �w�i�t�h� �t�i�m�e� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �3�.�4�.� �T�h�i�s� �i�s� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �o�f� 

�d�i�v�e�r�g�e�n�c�e� �w�h�i�c�h� �i�s� �a� �s�t�a�t�i�c� �i�n�s�t�a�b�i�l�i�t�y�,� �a�n�d� �h�e�n�c�e� �o�f� �a� �n�o�n�-�o�s�c�i�l�l�a�t�o�r�y� �n�a�t�u�r�e�.� �T�h�e� 

�s�m�a�l�l� �w�i�g�g�l�e�s� �i�n� �t�h�e� �r�e�s�p�o�n�s�e� �a�r�e� �d�u�e� �t�o� �t�h�e� �d�y�n�a�m�i�c� �e�f�f�e�c�t�s�.� �F�o�r� �t�h�e� �2�0�°� �s�w�e�p�t� 

�w�i�n�g�,� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �s�l�o�w�l�y� �a�p�p�r�o�a�c�h�e�s� �a� �c�o�n�s�t�a�n�t� �v�a�l�u�e� �a�t� �t�h�e� �d�i�v�e�r�g�e�n�c�e� �s�p�e�e�d� 

�a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �3�.�5�.� �T�h�e� �o�s�c�i�l�l�a�t�o�r�y� �n�a�t�u�r�e� �i�s� �d�u�e� �t�o� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �f�l�u�t�t�e�r� 

�a�n�d� �d�i�v�e�r�g�e�n�c�e� �s�p�e�e�d�s� �a�r�e� �c�l�o�s�e� �e�n�o�u�g�h�.� �I�t� �c�a�n� �b�e� �s�e�e�n� �t�h�a�t� �t�h�e� �o�s�c�i�l�l�a�t�i�o�n�s� �d�i�e� 

�d�o�w�n� �s�i�n�c�e� �t�h�e� �d�y�n�a�m�i�c� �i�n�s�t�a�b�i�l�i�t�y� �h�a�s� �n�o�t� �y�e�t� �s�e�t� �i�n�.� �F�i�g�.� �3�.�6� �s�h�o�w�s� �t�h�e� �f�l�u�t�t�e�r� 
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�c�o�n�d�i�t�i�o�n� �f�o�r� �t�h�e� �2�0�°� �s�w�e�p�t� �w�i�n�g�.� �S�i�n�c�e� �t�h�e� �w�i�n�g� �h�a�s� �a�l�r�e�a�d�y� �d�i�v�e�r�g�e�d� �a�t� �a� �l�o�w�e�r� 

�s�p�e�e�d�,� �w�e� �s�e�e� �t�h�e� �c�o�n�s�t�a�n�t� �a�m�p�l�i�t�u�d�e� �o�s�c�i�l�l�a�t�i�o�n�s� �a�b�o�u�t� �a� �d�i�v�e�r�g�i�n�g� �m�e�a�n� �p�o�s�i�t�i�o�n�.� 

�T�h�i�s� �i�s� �t�h�e� �c�o�n�d�i�t�i�o�n� �w�h�e�n� �a� �s�t�a�t�i�c� �m�o�d�e� �h�a�s� �b�e�c�o�m�e� �u�n�s�t�a�b�l�e� �a�n�d� �t�h�e� �o�s�c�i�l�l�a�t�o�r�y� 

�m�o�d�e� �i�s� �n�e�u�t�r�a�l�l�y� �s�t�a�b�l�e�.� �F�i�g�s�.� �3�.�7�,� �3�.�8� �a�n�d� �3�.�9� �s�h�o�w� �t�h�e� �t�i�p� �d�i�s�p�l�a�c�e�m�e�n�t� �o�f� �t�h�e� 

�3�0�°� �s�w�e�p�t� �w�i�n�g� �b�e�l�o�w� �t�h�e� �f�l�u�t�t�e�r� �s�p�e�e�d�,� �a�t� �t�h�e� �f�l�u�t�t�e�r� �s�p�e�e�d� �a�n�d� �a�b�o�v�e� �t�h�e� �f�l�u�t�t�e�r� 

�s�p�e�e�d�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� �o�s�c�i�l�l�a�t�i�o�n�s� �a�r�e� �d�a�m�p�e�d� �o�u�t� �a�t� �l�o�w� �s�p�e�e�d�s�,� �b�u�t� �a�t� �t�h�e� 

�c�r�i�t�i�c�a�l� �s�p�e�e�d� �t�h�e� �s�t�r�u�c�t�u�r�e� �i�s� �a�b�l�e� �t�o� �m�a�i�n�t�a�i�n� �s�e�l�f�-�s�u�s�t�a�i�n�e�d� �o�s�c�i�l�l�a�t�i�o�n�s�,� �a�n�d� �a�t� 

�h�i�g�h�e�r� �s�p�e�e�d�s�,� �t�h�e� �a�m�p�l�i�t�u�d�e�s� �o�f� �o�s�c�i�l�l�a�t�i�o�n�s� �r�a�p�i�d�l�y� �i�n�c�r�e�a�s�e� �w�i�t�h� �t�i�m�e�.� 

�3�.�5� �S�E�N�S�I�T�I�V�I�T�Y� �R�E�S�U�L�T�S� 

�T�h�e� �a�e�r�o�e�l�a�s�t�i�c� �e�q�u�a�t�i�o�n�s� �(�3�.�2�0�)� �a�r�e� �a� �s�e�t� �o�f� �f�i�r�s�t�-�o�r�d�e�r� �o�r�d�i�n�a�r�y� �d�i�f�f�e�r�e�n�t�i�a�l� 

�e�q�u�a�t�i�o�n�s� �a�n�d� �t�h�e� �p�r�o�c�e�d�u�r�e� �f�o�r� �a�n�a�l�y�t�i�c�a�l�l�y� �d�e�t�e�r�m�i�n�i�n�g� �t�h�e� �s�e�n�s�i�t�i�v�i�t�y� �o�f� �t�h�e� �f�l�u�t�-� 

�t�e�r� �s�p�e�e�d� �i�s� �d�e�s�c�r�i�b�e�d� �i�n� �s�e�c�t�i�o�n� �2�.�4�.� �T�h�e� �e�x�p�r�e�s�s�i�o�n�s� �f�o�r� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �d�e�r�i�v�a�t�i�v�e�s� 

�o�f� �t�h�e� �[�K�]� �a�n�d� �[�M�]� �m�a�t�r�i�c�e�s� �(�e�q�u�a�t�i�o�n�s�(�3�.�5�)� �a�n�d� �(�3�.�8�)�)� �a�r�e� �g�i�v�e�n� �i�n� �[�8�7�]�.� �S�i�n�c�e� �t�h�e� 

�r�e�d�u�c�e�d� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x� �[�K ��]� �i�s� �o�b�t�a�i�n�e�d� �f�r�o�m� �[�K�]� �b�y� �s�t�a�t�i�c� �c�o�n�d�e�n�s�a�t�i�o�n� �t�h�e� �a�n�a�-� 

�l�y�t�i�c�a�l� �d�e�r�i�v�a�t�i�v�e� �a�e� �i�s� �o�b�t�a�i�n�e�d� �b�y� �a� �s�u�c�c�e�s�s�i�o�n� �o�f� �d�i�f�f�e�r�e�n�t�i�a�t�i�o�n�s� �u�s�i�n�g� �t�h�e� �c�h�a�i�n� 

�r�u�l�e�.� �T�h�e� �d�e�r�i�v�a�t�i�v�e�s� �o�f� �t�h�e� �a�e�r�o�d�y�n�a�m�i�c� �t�e�r�m�s� �a�r�e� �o�b�t�a�i�n�e�d� �b�y� �t�a�k�i�n�g� �t�h�e� �a�n�a�l�y�t�-� 

�i�c�a�l� �d�e�r�i�v�a�t�i�v�e�s� �o�f� �t�h�o�s�e� �t�e�r�m�s� �t�h�a�t� �a�r�e� �e�x�p�l�i�c�i�t� �f�u�n�c�t�i�o�n�s� �o�f� �t�h�e� �s�h�a�p�e� �p�a�r�a�m�e�t�e�r�s�,� 

�g�i�v�e�n� �i�n� �A�p�p�e�n�d�i�x� �A�.� 

�S�e�n�s�i�t�i�v�i�t�y� �a�n�a�l�y�s�i�s� �o�f� �t�h�e� �f�l�u�t�t�e�r� �s�p�e�e�d� �o�f� �t�h�e� �w�i�n�g� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �s�h�a�p�e� 

�p�a�r�a�m�e�t�e�r�s� �i�s� �c�a�r�r�i�e�d� �o�u�t� �f�o�r� �t�h�e� �w�i�n�g� �s�h�o�w�n� �i�n� �F�i�g�.� �3�.�2�.� �T�h�e� �w�i�n�g� �s�k�i�n�s� �a�r�e� 

�m�a�d�e� �o�f� �0�°� �l�a�m�i�n�a�t�e�d� �G�r�a�p�h�i�t�e�/�E�p�o�x�y� �(�T�3�0�0�/�N�5�2�0�8�)� �w�i�t�h� �t�h�e� �f�o�l�l�o�w�i�n�g� �m�a�t�e�r�i�a�l� 

�p�r�o�p�e�r�t�i�e�s�:� �E�;� �=� �1�8�1� �x� �1�0�°� �P�a�,� �E�y� �=� �1�0�.�3� �x� �1�0�°� �P�a�,� �m�2� �=� �0�.�2�8�,� �G�i�g� �=� �7�.�1�7� �x� 
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�1�0�°� �P�a� �a�n�d� �p� �=� �1�6�0�0� �k�g�/�m�?�.� �T�h�e� �f�l�u�t�t�e�r� �s�p�e�e�d� �c�a�l�c�u�l�a�t�e�d� �u�s�i�n�g� �t�h�i�s� �s�t�r�i�p�-�t�h�e�o�r�y� 

�f�o�r�m�u�l�a�t�i�o�n� �i�s� �c�o�m�p�a�r�e�d� �w�i�t�h� �t�h�e� �f�l�u�t�t�e�r� �s�p�e�e�d� �o�b�t�a�i�n�e�d� �u�s�i�n�g� �a� �l�i�f�t�i�n�g�-�s�u�r�f�a�c�e� 

�u�n�s�t�e�a�d�y� �a�e�r�o�d�y�n�a�m�i�c� �t�h�e�o�r�y� �(�F�A�S�T�)� �i�n� �F�i�g�.� �3�.�1�0� �f�o�r� �t�h�e� �w�i�n�g� �a�t� �M�a�c�h� �0�.�7� �a�n�d�a� 

�r�a�n�g�e� �o�f� �v�a�l�u�e�s� �o�f� �a�s�p�e�c�t� �r�a�t�i�o�.� �T�h�e� �r�e�s�u�l�t�s� �a�g�r�e�e� �f�a�i�r�l�y� �w�e�l�l�,� �w�i�t�h� �t�h�e� �s�t�r�i�p�-�t�h�e�o�r�y� 

�p�r�e�d�i�c�t�i�n�g� �h�i�g�h�e�r� �v�a�l�u�e�s� �f�o�r� �t�h�e� �f�l�u�t�t�e�r� �s�p�e�e�d�.� �T�h�e� �c�r�i�t�i�c�a�l� �a�i�r�s�p�e�e�d� �o�f� �t�h�e� �w�i�n�g� �i�s� 

�s�h�o�w�n� �i�n� �F�i�g�.� �3�.�1�1� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �q�u�a�r�t�e�r�-�c�h�o�r�d� �s�w�e�e�p� �a�n�g�l�e�.� �A�s� �s�e�e�n� �f�r�o�m� 

�t�h�e� �g�r�a�p�h�,� �d�i�v�e�r�g�e�n�c�e� �(�z�e�r�o� �f�r�e�q�u�e�n�c�y� �f�l�u�t�t�e�r�)� �i�n�s�t�a�b�i�l�i�t�y� �i�s� �c�r�i�t�i�c�a�l� �u�p�t�o� �a� �s�w�e�e�p� 

�a�n�g�l�e� �o�f� �a�b�o�u�t� �2�0�°� �a�n�d� �f�o�r� �h�i�g�h�e�r� �s�w�e�e�p� �a�n�g�l�e�s�,� �t�h�e� �f�l�u�t�t�e�r� �m�o�d�e� �i�s� �t�h�e� �u�n�s�t�a�b�l�e� 

�m�o�d�e�.� �T�h�e� �s�h�a�p�e� �s�e�n�s�i�t�i�v�i�t�y� �d�e�r�i�v�a�t�i�v�e�s� �o�f� �t�h�e� �d�i�v�e�r�g�e�n�c�e� �s�p�e�e�d�s� �a�n�d� �f�l�u�t�t�e�r� �s�p�e�e�d�s� 

�o�f� �t�h�e� �w�i�n�g� �a�t� �M�a�c�h� �0�.�7� �a�n�d� �p�a�i�r� �=� �0�.�6� �k�g�/�m�*� �a�r�e� �c�o�m�p�u�t�e�d� �a�n�a�l�y�t�i�c�a�l�l�y�.� 

�T�h�e� �c�r�i�t�i�c�a�l� �s�p�e�e�d�s� �o�f� �t�h�e� �w�i�n�g� �o�b�t�a�i�n�e�d� �b�y� �p�e�r�t�u�r�b�i�n�g� �o�n�e� �s�h�a�p�e� �p�a�r�a�m�e�t�e�r� 

�a�t� �a� �t�i�m�e� �f�r�o�m� �t�h�e� �b�a�s�e�l�i�n�e� �c�o�n�f�i�g�u�r�a�t�i�o�n� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�s�.� �3�.�1�2�-�3�.�1�9�.� �T�h�e� 

�p�r�e�d�i�c�t�i�o�n� �o�f� �c�r�i�t�i�c�a�l� �s�p�e�e�d� �b�y� �a�n�a�l�y�t�i�c�a�l� �s�e�n�s�i�t�i�v�i�t�y� �c�a�l�c�u�l�a�t�i�o�n�s� �i�s� �a�l�s�o� �s�u�p�e�r�p�o�s�e�d�.� 

�T�h�e� �s�e�n�s�i�t�i�v�i�t�y� �d�e�r�i�v�a�t�i�v�e� �o�b�t�a�i�n�e�d� �f�o�r�m�s� �a� �t�a�n�g�e�n�t� �t�o� �t�h�e� �c�r�i�t�i�c�a�l� �s�p�e�e�d� �c�u�r�v�e� �a�t� 

�t�h�e� �v�a�l�u�e� �o�f� �t�h�e� �s�h�a�p�e� �p�a�r�a�m�e�t�e�r� �a�t� �w�h�i�c�h� �i�t� �i�s� �c�o�m�p�u�t�e�d�.� 

�I�t� �i�s� �o�b�s�e�r�v�e�d� �f�r�o�m� �F�i�g�.� �3�.�1�2� �a�n�d� �F�i�g�.� �3�.�1�6� �t�h�a�t� �t�h�e� �d�i�v�e�r�g�e�n�c�e� �a�n�d� �f�l�u�t�t�e�r� 

�s�p�e�e�d�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �d�r�o�p� �a�s� �t�h�e� �a�s�p�e�c�t� �r�a�t�i�o� �i�n�c�r�e�a�s�e�s�.� �P�h�y�s�i�c�a�l�l�y�,� �a�s� �t�h�e� �w�i�n�g� 

�i�s� �m�a�d�e� �m�o�r�e� �s�l�e�n�d�e�r�,� �t�h�e� �i�n�s�t�a�b�i�l�i�t�y� �s�e�t�s� �i�n� �a�t� �a� �l�o�w�e�r� �s�p�e�e�d�.� �A�s� �t�h�e� �a�r�e�a� �o�f� 

�t�h�e� �w�i�n�g� �i�s� �i�n�c�r�e�a�s�e�d�,� �t�h�e� �d�i�v�e�r�g�e�n�c�e� �a�n�d� �f�l�u�t�t�e�r� �s�p�e�e�d�s� �a�r�e� �f�o�u�n�d� �t�o� �d�e�c�r�e�a�s�e� �a�s� 

�s�h�o�w�n� �i�n� �F�i�g�.� �3�.�1�3� �a�n�d� �F�i�g�.� �3�.�1�7�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� �g�r�e�a�t�e�r� �t�h�e� �a�r�e�a� �o�f� �t�h�e� �w�i�n�g�,� 

�t�h�e� �g�r�e�a�t�e�r� �t�h�e� �u�n�s�t�e�a�d�y� �a�e�r�o�d�y�n�a�m�i�c� �f�o�r�c�e�s� �a�c�t�i�n�g� �o�n� �i�t�,� �c�a�u�s�i�n�g� �t�h�e� �a�e�r�o�e�l�a�s�t�i�c� 

�i�n�s�t�a�b�i�l�i�t�y� �t�o� �o�c�c�u�r� �a�t� �a� �l�o�w�e�r� �s�p�e�e�d�.� �T�h�e� �a�n�a�l�y�t�i�c�a�l� �s�e�n�s�i�t�i�v�i�t�y� �g�i�v�e�s� �a� �g�o�o�d� �l�i�n�e�a�r� 

�a�p�p�r�o�x�i�m�a�t�i�o�n� �o�f� �t�h�e� �c�r�i�t�i�c�a�l� �s�p�e�e�d�s� �o�v�e�r� �t�h�e� �r�a�n�g�e� �t�h�e� �a�s�p�e�c�t� �r�a�t�i�o� �a�n�d� �a�r�e�a� �o�f� 

�t�h�e� �w�i�n�g� �a�r�e� �v�a�r�i�e�d�.� 
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�T�h�e� �d�i�v�e�r�g�e�n�c�e� �s�p�e�e�d� �o�f� �t�h�e� �w�i�n�g� �i�s� �n�o�t� �a�f�f�e�c�t�e�d� �m�u�c�h� �a�s� �t�h�e� �t�a�p�e�r� �r�a�t�i�o� �i�s� 

�i�n�c�r�e�a�s�e�d� �f�r�o�m� �0�.�4� �t�o� �0�.�6� �a�s� �s�e�e�n� �f�r�o�m� �F�i�g�.� �3�.�1�4�.� �T�h�e� �f�l�u�t�t�e�r� �s�p�e�e�d� �o�f� �t�h�e� �w�i�n�g� 

�d�e�c�r�e�a�s�e�s� �a�s� �t�h�e� �t�a�p�e�r� �r�a�t�i�o� �i�s� �i�n�c�r�e�a�s�e�d� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �3�.�1�8�.� �T�h�e� �f�l�u�t�t�e�r� �s�p�e�e�d� 

�c�u�r�v�e� �c�a�n� �b�e� �a�p�p�r�o�x�i�m�a�t�e�d� �l�i�n�e�a�r�l�y� �a�s� �i�n�d�i�c�a�t�e�d� �b�y� �t�h�e� �s�e�n�s�i�t�i�v�i�t�y� �p�r�e�d�i�c�t�i�o�n�.� 

�I�t� �c�a�n� �b�e� �s�e�e�n� �f�r�o�m� �F�i�g�.� �3�.�1�5� �t�h�a�t� �t�h�e� �d�i�v�e�r�g�e�n�c�e� �s�p�e�e�d� �i�n�c�r�e�a�s�e�s� �a�s� �t�h�e� �w�i�n�g� 

�i�s� �s�w�e�p�t� �b�a�c�k�w�a�r�d�s�.� �T�h�e� �f�l�u�t�t�e�r� �s�p�e�e�d� �d�o�e�s� �n�o�t� �v�a�r�y� �m�u�c�h� �w�i�t�h� �i�n�c�r�e�a�s�i�n�g� �s�w�e�e�p� 

�a�n�g�l�e� �a�b�o�u�t� �t�h�e� �1�5�°� �s�w�e�p�t� �c�o�n�f�i�g�u�r�a�t�i�o�n� �a�s� �s�e�e�n� �f�r�o�m� �F�i�g�.� �3�.�1�9�.� �B�y� �p�e�r�f�o�r�m�i�n�g� 

�o�n�e� �s�e�n�s�i�t�i�v�i�t�y� �c�a�l�c�u�l�a�t�i�o�n� �a�t� �t�h�e� �b�a�s�e�l�i�n�e� �a�n�a�l�y�t�i�c�a�l�l�y�,� �t�h�i�s� �m�e�t�h�o�d� �g�i�v�e�s� �a� �l�i�n�e�a�r� 

�a�p�p�r�o�x�i�m�a�t�i�o�n� �t�o� �t�h�e� �c�r�i�t�i�c�a�l� �s�p�e�e�d�s� �o�f� �t�h�e� �w�i�n�g� �f�o�r� �c�h�a�n�g�e�s� �i�n� �t�h�e� �w�i�n�g� �s�h�a�p�e� 

�p�a�r�a�m�e�t�e�r�s� �a�b�o�u�t� �t�h�e� �b�a�s�e�l�i�n�e�.� �T�h�i�s� �i�n�f�o�r�m�a�t�i�o�n� �i�s� �u�s�e�f�u�l� �f�o�r� �p�r�e�l�i�m�i�n�a�r�y� �d�e�s�i�g�n� 

�p�u�r�p�o�s�e�s�,� �a�s� �i�t� �a�v�o�i�d�s� �t�h�e� �n�e�c�e�s�s�i�t�y� �o�f� �a� �r�e�a�n�a�l�y�s�i�s� �f�o�r� �s�m�a�l�l� �c�h�a�n�g�e�s� �i�n� �a�n�y� �o�f� �t�h�e� 

�s�h�a�p�e� �p�a�r�a�m�e�t�e�r�s�.
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�C�H�A�P�T�E�R� �4� 

�S�E�N�S�I�T�I�V�I�T�Y� �O�F� �A�E�R�O�E�L�A�S�T�I�C� �R�E�S�P�O�N�S�E� �O�F� �A� �W�I�N�G� 
�U�S�I�N�G� �F�R�E�Q�U�E�N�C�Y� �D�O�M�A�I�N� �A�P�P�R�O�A�C�H� 

�4�.�1� �O�V�E�R�V�I�E�W� 

�T�h�e� �p�r�o�b�l�e�m� �o�f� �f�l�u�t�t�e�r� �i�n�s�t�a�b�i�l�i�t�y� �w�a�s� �s�t�u�d�i�e�d� �i�n� �C�h�a�p�t�e�r� �3� �u�s�i�n�g� �a� �s�t�a�t�e�-�s�p�a�c�e� 

�u�n�s�t�e�a�d�y� �a�e�r�o�d�y�n�a�m�i�c� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �a�n�d� �a� �R�a�y�l�e�i�g�h�-�R�i�t�z� �s�t�r�u�c�t�u�r�a�l� �f�o�r�m�u�l�a�t�i�o�n�.� 

�T�h�e� �s�e�n�s�i�t�i�v�i�t�y� �o�f� �f�l�u�t�t�e�r� �s�p�e�e�d� �t�o� �s�h�a�p�e� �p�a�r�a�m�e�t�e�r�s� �o�f� �t�h�e� �w�i�n�g� �w�e�r�e� �o�b�t�a�i�n�e�d� 

�a�n�a�l�y�t�i�c�a�l�l�y�.� �I�n� �t�h�i�s� �C�h�a�p�t�e�r�,� �t�h�e� �s�a�m�e� �R�a�y�l�e�i�g�h�-�R�i�t�z� �s�t�r�u�c�t�u�r�a�l� �f�o�r�m�u�l�a�t�i�o�n� �i�s� 

�a�d�o�p�t�e�d�,� �b�u�t� �t�h�e� �a�e�r�o�e�l�a�s�t�i�c� �a�n�a�l�y�s�i�s� �i�s� �c�a�r�r�i�e�d� �o�u�t� �u�s�i�n�g� �l�i�f�t�i�n�g�-�s�u�r�f�a�c�e� �u�n�s�t�e�a�d�y� 

�a�e�r�o�d�y�n�a�m�i�c�s� �u�s�i�n�g� �m�o�d�u�l�e�s� �f�r�o�m� �a� �s�y�s�t�e�m� �o�f� �p�r�o�g�r�a�m�s� �[�8�9�]� �c�a�l�l�e�d� �F�A�S�T� �(�F�l�u�t�t�e�r� 

�A�n�a�l�y�s�i�s� �S�y�s�t�e�m�)�.� �F�l�u�t�t�e�r� �s�p�e�e�d�s� �a�r�e� �o�b�t�a�i�n�e�d� �u�s�i�n�g� �a� �V�-�g� �t�y�p�e� �o�f� �s�o�l�u�t�i�o�n�.� �T�h�e� 

�d�e�r�i�v�a�t�i�v�e�s� �o�f� �t�h�e� �f�l�u�t�t�e�r� �s�p�e�e�d� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �s�h�a�p�e� �p�a�r�a�m�e�t�e�r�s� �o�f� �t�h�e� �w�i�n�g� �a�r�e� 

�c�a�l�c�u�l�a�t�e�d� �u�s�i�n�g� �a�u�t�o�m�a�t�i�c� �d�i�f�f�e�r�e�n�t�i�a�t�i�o�n� �(�A�D�I�F�O�R�)�.� �I�n� �o�r�d�e�r� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� 

�i�m�p�o�r�t�a�n�c�e� �o�f� �a� �p�a�r�t�i�c�u�l�a�r� �m�o�d�e� �t�o� �f�l�u�t�t�e�r�,� �d�e�r�i�v�a�t�i�v�e�s� �o�f� �t�h�e� �f�l�u�t�t�e�r� �s�p�e�e�d� �w�i�t�h� �r�e�-� 

�s�p�e�c�t� �t�o� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s�,� �g�e�n�e�r�a�l�i�z�e�d� �m�a�s�s� �a�n�d� �g�e�n�e�r�a�l�i�z�e�d� �a�e�r�o�d�y�n�a�m�i�c� �f�o�r�c�e�s� 

�a�r�e� �c�o�m�p�u�t�e�d� �u�s�i�n�g� �A�D�I�F�O�R�.� 

�A�u�t�o�m�a�t�i�c� �d�i�f�f�e�r�e�n�t�i�a�t�i�o�n� �i�s� �e�m�e�r�g�i�n�g� �a�s� �a� �v�a�l�u�a�b�l�e� �t�o�o�l� �f�o�r� �s�e�n�s�i�t�i�v�i�t�y� �c�a�l�-� 

�c�u�l�a�t�i�o�n�s�.� �A�D�I�F�O�R�,� �G�R�E�S�S�,� �P�A�D�R�E�-�2�,� �P�o�w�e�r� �C�a�l�c�u�l�u�s� �a�n�d� �O�D�Y�S�E�E� �a�r�e� �s�o�m�e� 

�o�f� �t�h�e� �a�u�t�o�m�a�t�i�c� �d�i�f�f�e�r�e�n�t�i�a�t�i�o�n� �p�a�c�k�a�g�e�s� �[�9�0�]� �d�e�v�e�l�o�p�e�d� �f�o�r� �d�i�f�f�e�r�e�n�t�i�a�t�i�n�g� �F�O�R�-� 

�T�R�A�N�7�7� �c�o�d�e�s�.� �A�D�I�F�O�R� �(�A�u�t�o�m�a�t�i�c� �D�I�f�f�e�r�e�n�t�i�a�t�i�o�n� �o�f� �F�O�R�t�r�a�n�)� �i�s� �a� �j�o�i�n�t� �v�e�n�-� 

�t�u�r�e� �o�f� �R�i�c�e� �U�n�i�v�e�r�s�i�t�y� �a�n�d� �A�r�g�o�n�n�e� �N�a�t�i�o�n�a�l� �L�a�b�o�r�a�t�o�r�y�.� �A�D�I�F�O�R� �p�r�o�c�e�s�s�e�s� �a� 

�g�i�v�e�n� �F�o�r�t�r�a�n� �c�o�d�e� �a�n�d� �g�e�n�e�r�a�t�e�s� �a� �F�o�r�t�r�a�n� �c�o�d�e� �f�o�r� �c�o�m�p�u�t�i�n�g� �t�h�e� �d�e�r�i�v�a�t�i�v�e�s� 

�6�5



�o�f� �t�h�e� �d�e�s�i�r�e�d� �o�u�t�p�u�t� �v�a�r�i�a�b�l�e�s� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �i�n�d�e�p�e�n�d�e�n�t� �v�a�r�i�a�b�l�e�s� �b�y� �a�p�-� 

�p�l�y�i�n�g� �t�h�e� �c�h�a�i�n� �r�u�l�e� �o�f� �d�i�f�f�e�r�e�n�t�i�a�t�i�o�n�.� �D�i�f�f�e�r�e�n�t�i�a�t�i�n�g� �l�a�r�g�e� �c�o�d�e�s� �b�y� �h�a�n�d� �i�s� 

�c�u�m�b�e�r�s�o�m�e�,� �d�i�v�i�d�e�d� �d�i�f�f�e�r�e�n�c�e�s� �a�r�e� �d�e�p�e�n�d�e�n�t� �o�n� �c�h�o�i�c�e� �o�f� �s�t�e�p� �s�i�z�e� �a�n�d� �s�y�m�-� 

�b�o�l�i�c� �p�r�o�g�r�a�m�s� �m�a�y� �b�e� �i�n�f�e�a�s�i�b�l�e� �f�o�r� �l�a�r�g�e� �c�o�d�e�s�.� �A�u�t�o�m�a�t�i�c� �d�i�f�f�e�r�e�n�t�i�a�t�i�o�n�,� �o�n� 

�t�h�e� �o�t�h�e�r� �h�a�n�d�,� �c�a�n� �h�a�n�d�l�e� �c�o�d�e�s� �o�f� �a�r�b�i�t�r�a�r�y� �s�i�z�e� �a�n�d� �p�r�o�d�u�c�e� �e�x�a�c�t� �d�e�r�i�v�a�t�i�v�e�s� 

�o�f� �t�h�e� �d�i�s�c�r�e�t�e� �s�y�s�t�e�m� �w�i�t�h� �n�o� �t�r�u�n�c�a�t�i�o�n� �e�r�r�o�r�.� 

�4�.�2� �A�E�R�O�E�L�A�S�T�I�C� �M�O�D�E�L� 

�T�h�e� �e�q�u�i�v�a�l�e�n�t� �p�l�a�t�e� �m�o�d�e�l� �d�e�s�c�r�i�b�e�d� �i�n� �s�e�c�t�i�o�n� �(�3�.�2�)� �b�a�s�e�d� �o�n� �a� �R�a�y�l�e�i�g�h�-� 

�R�i�t�z� �f�o�r�m�u�l�a�t�i�o�n� �u�s�i�n�g� �C�h�e�b�y�s�h�e�v� �p�o�l�y�n�o�m�i�a�l�s� �f�o�r� �t�h�e� �w�i�n�g� �d�i�s�p�l�a�c�e�m�e�n�t�s� �i�s� �u�s�e�d� 

�f�o�r� �s�t�r�u�c�t�u�r�a�l� �m�o�d�e�l�i�n�g�.� �F�l�u�t�t�e�r� �c�a�l�c�u�l�a�t�i�o�n�s� �a�r�e� �p�e�r�f�o�r�m�e�d� �u�s�i�n�g� �F�A�S�T� �[�8�9�]�,� �a� 

�s�y�s�t�e�m� �o�f� �p�r�o�g�r�a�m�s� �b�a�s�e�d� �o�n� �t�h�e� �s�u�b�s�o�n�i�c� �k�e�r�n�e�l� �f�u�n�c�t�i�o�n� �l�i�f�t�i�n�g�-�s�u�r�f�a�c�e� �a�e�r�o�d�y�-� 

�n�a�m�i�c� �t�h�e�o�r�y�.� �A� �f�r�e�e� �v�i�b�r�a�t�i�o�n� �a�n�a�l�y�s�i�s� �o�f� �t�h�e� �w�i�n�g� �i�s� �p�e�r�f�o�r�m�e�d� �a�n�d� �t�h�e� �v�i�b�r�a�t�i�o�n� 

�m�o�d�e�s� �f�r�o�m� �t�h�i�s� �a�n�a�l�y�s�i�s� �a�r�e� �f�e�d� �i�n�t�o� �t�h�e� �m�o�d�e�s� �p�r�o�c�e�s�s�i�n�g� �m�o�d�u�l�e� �f�r�o�m� �F�A�S�T�.� 

�T�h�e� �s�u�b�s�o�n�i�c� �k�e�r�n�e�l� �f�u�n�c�t�i�o�n� �m�a�t�r�i�x� �p�r�o�g�r�a�m� �t�h�e�n� �s�o�l�v�e�s� �t�h�e� �s�u�b�s�o�n�i�c� �d�o�w�n�w�a�s�h� 

�i�n�t�e�g�r�a�l� �e�q�u�a�t�i�o�n� �f�o�r� �t�h�e� �o�s�c�i�l�l�a�t�i�n�g� �p�l�a�n�a�r� �w�i�n�g� �l�i�f�t�i�n�g� �s�u�r�f�a�c�e�.� �T�h�e� �g�e�n�e�r�a�l�i�z�e�d� 

�f�o�r�c�e� �m�o�d�u�l�e� �f�r�o�m� �F�A�S�T� �t�h�e�n� �c�o�m�p�u�t�e�s� �t�h�e� �a�e�r�o�d�y�n�a�m�i�c� �f�o�r�c�e�s� �f�r�o�m� �t�h�e� �s�u�b�s�o�n�i�c� 

�k�e�r�n�e�l� �m�a�t�r�i�c�e�s�.� �T�h�e� �f�l�u�t�t�e�r� �s�p�e�e�d� �o�f� �t�h�e� �w�i�n�g� �i�s� �o�b�t�a�i�n�e�d� �u�s�i�n�g� �a� �V�-�g� �t�y�p�e� �o�f� 

�s�o�l�u�t�i�o�n�.� �T�h�e� �g�e�n�e�r�a�l�i�z�e�d� �a�e�r�o�d�y�n�a�m�i�c� �f�o�r�c�e�s� �a�r�e� �d�e�t�e�r�m�i�n�e�d� �f�o�r� �a� �s�p�e�c�i�f�i�c� �M�a�c�h� 

�n�u�m�b�e�r� �a�n�d� �f�o�r� �a� �r�a�n�g�e� �o�f� �v�a�l�u�e�s� �o�f� �t�h�e� �r�e�d�u�c�e�d� �f�r�e�q�u�e�n�c�y� �f�o�r� �t�h�e� �s�p�e�c�i�f�i�e�d� �d�o�w�n�-� 

�w�a�s�h� �d�i�s�t�r�i�b�u�t�i�o�n�.� �T�h�e�s�e� �v�a�l�u�e�s� �a�r�e� �t�h�e�n� �i�n�t�e�r�p�o�l�a�t�e�d� �t�o� �g�e�t� �a�e�r�o�d�y�n�a�m�i�c� �f�o�r�c�e�s� 

�f�o�r� �c�l�o�s�e�l�y� �s�p�a�c�e�d� �v�a�l�u�e�s� �o�f� �t�h�e� �r�e�d�u�c�e�d� �f�r�e�q�u�e�n�c�y�.� �T�h�e� �f�l�u�t�t�e�r� �e�q�u�a�t�i�o�n� �s�o�l�v�e�d� �b�y� 

�t�h�e� �p�r�o�g�r�a�m� �i�s� 

�[�w�?�  �� �w�(�1� �+� �~�g�)�\�|� �M�i�g�:� �+� �S�>� �A�i�s�a�;� �=�0�,� �z�=�1�,�n� �(�4�.�1�)� 

�j�=�1� 
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�w�h�e�r�e� �w� �i�s� �t�h�e� �v�i�b�r�a�t�i�o�n� �f�r�e�q�u�e�n�c�y�,� �w�;� �i�s� �t�h�e� �f�r�e�q�u�e�n�c�y� �o�f� �t�h�e� �z�t�h� �n�a�t�u�r�a�l� �v�i�b�r�a�t�i�o�n� 

�m�o�d�e�,� �M�;� �i�s� �t�h�e� �g�e�n�e�r�a�l�i�z�e�d� �m�a�s�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �z�t�h� �n�a�t�u�r�a�l� �v�i�b�r�a�t�i�o�n� �m�o�d�e�,� 

�g� �i�s� �t�h�e� �i�n�c�r�e�m�e�n�t�a�l� �d�a�m�p�i�n�g�,� �A�;�,�;� �a�r�e� �t�h�e� �g�e�n�e�r�a�l�i�z�e�d� �a�e�r�o�d�y�n�a�m�i�c� �f�o�r�c�e�s� �r�e�s�u�l�t�i�n�g� 

�f�r�o�m� �t�h�e� �p�r�e�s�s�u�r�e� �i�n�d�u�c�e�d� �b�y� �t�h�e� �7�t�h� �m�o�d�e� �a�c�t�i�n�g� �t�h�r�o�u�g�h� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �o�f� 

�t�h�e� �z�t�h� �m�o�d�e� �a�n�d� �q�;� �i�s� �t�h�e� �i�t�h� �c�o�m�p�o�n�e�n�t� �o�f� �t�h�e� �f�l�u�t�t�e�r� �e�i�g�e�n�v�e�c�t�o�r�.� 

�I�n� �t�e�r�m�s� �o�f� �t�h�e� �n�o�n�-�d�i�m�e�n�s�i�o�n�a�l� �g�e�n�e�r�a�l�i�z�e�d� �a�e�r�o�d�y�n�a�m�i�c� �f�o�r�c�e�s� �A�i�;�,� �t�h�e� 

�a�b�o�v�e� �e�q�u�a�t�i�o�n� �c�a�n� �b�e� �w�r�i�t�t�e�n� �a�s� �a�n� �e�i�g�e�n�v�a�l�u�e� �p�r�o�b�l�e�m� �i�n� �t�h�e� �f�o�r�m�,� 

�Y�o� �(�C�i�y�  �� �6�:� �2�)�q�y� �=�0�,� �t�=�1�,�n� �(�4�.�2�)� 
�j�=�l� 

�w�h�e�r�e� �t�h�e� �e�i�g�e�n�v�a�l�u�e� �2�2� �i�s� �g�i�v�e�n� �b�y� 

� � 

�2� 

�Q�=� �(�<�2�)� �(�1� �+� �i�g�)� �(�4�.�3�)� 

�a�n�d� 
�2� �2�7� 

�a� �(�0�)� �|� �p�b�a� �5� �p�e� �C�i�;� �=� �(�<�2�)� �e�o� �+� �5�,�8� �(�4�.�4�)� 

�w�h�e�r�e� �w�,� �i�s� �a� �r�e�f�e�r�e�n�c�e� �f�r�e�q�u�e�n�c�y�,� �6�,� �i�s� �t�h�e� �r�e�f�e�r�e�n�c�e� �l�e�n�g�t�h�,� �u�s�u�a�l�l�y� �r�o�o�t� �s�e�m�i�c�h�o�r�d�,� 

�k� �i�s� �t�h�e� �r�e�d�u�c�e�d� �f�r�e�q�u�e�n�c�y�,� �p� �i�s� �t�h�e� �a�i�r� �d�e�n�s�i�t�y� �a�n�d� �V� �i�s� �t�h�e� �a�i�r�s�p�e�e�d�.� 

�T�h�e� �a�b�o�v�e� �e�i�g�e�n�v�a�l�u�e� �p�r�o�b�l�e�m� �i�s� �s�o�l�v�e�d� �f�o�r� �a� �r�a�n�g�e� �o�f� �v�a�l�u�e�s� �o�f� �t�h�e� �r�e�d�u�c�e�d� 

�f�r�e�q�u�e�n�c�y� �a�n�d� �m�o�n�i�t�o�r�e�d� �f�o�r� �c�r�o�s�s�i�n�g�s� �o�n� �t�h�e� �V�-�g� �p�l�a�n�e� �w�h�e�n� �t�h�e� �i�n�c�r�e�m�e�n�t�a�l� 

�d�a�m�p�i�n�g� �g� �g�o�e�s� �t�o� �z�e�r�o�.� �A�t� �e�a�c�h� �o�f� �t�h�e�s�e� �c�r�o�s�s�i�n�g�s�,� �t�h�e� �v�a�l�u�e�s� �o�f� �t�h�e� �a�i�r�s�p�e�e�d� �a�n�d� 

�t�h�e� �f�r�e�q�u�e�n�c�y� �a�r�e� �n�o�t�e�d�.� �T�h�e� �c�r�i�t�i�c�a�l� �f�l�u�t�t�e�r� �s�p�e�e�d� �i�s� �t�h�e� �l�o�w�e�s�t� �s�p�e�e�d� �a�t� �w�h�i�c�h� �t�h�e� 

�d�a�m�p�i�n�g� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e� �g�o�e�s� �t�o� �z�e�r�o�.� 
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�4�.�3� �S�E�N�S�I�T�I�V�I�T�Y� �A�N�A�L�Y�S�I�S� �U�S�I�N�G� �A�U�T�O�M�A�T�I�C� �D�I�F�F�E�R�E�N�T�I�-� 

�A�T�I�O�N� 

�T�h�e� �s�e�n�s�i�t�i�v�i�t�y� �o�f� �f�l�u�t�t�e�r� �s�p�e�e�d� �o�f� �t�h�e� �w�i�n�g� �t�o� �s�h�a�p�e� �p�a�r�a�m�e�t�e�r�s� �n�a�m�e�l�y� 

�a�s�p�e�c�t� �r�a�t�i�o�,� �a�r�e�a�,� �t�a�p�e�r� �r�a�t�i�o� �a�n�d� �s�w�e�e�p� �a�n�g�l�e� �i�s� �c�o�m�p�u�t�e�d� �u�s�i�n�g� �A�D�I�F�O�R�.� �I�n� 

�o�r�d�e�r� �t�o� �e�x�a�m�i�n�e� �t�h�e� �i�m�p�o�r�t�a�n�c�e� �o�f� �a� �p�a�r�t�i�c�u�l�a�r� �m�o�d�e� �t�o� �f�l�u�t�t�e�r�,� �t�h�e� �s�e�n�s�i�t�i�v�i�t�y� 

�o�f� �f�l�u�t�t�e�r� �s�p�e�e�d� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �m�o�d�a�l� �p�a�r�a�m�e�t�e�r�s�,� �n�a�m�e�l�y�,� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�y�,� 

�g�e�n�e�r�a�l�i�z�e�d� �m�a�s�s� �a�n�d� �g�e�n�e�r�a�l�i�z�e�d� �a�e�r�o�d�y�n�a�m�i�c� �f�o�r�c�e�s� �i�s� �c�a�l�c�u�l�a�t�e�d� �u�s�i�n�g� �A�D�I�F�O�R�.� 

�4�.�3�.�1� �A�U�T�O�M�A�T�I�C� �D�I�F�F�E�R�E�N�T�I�A�T�I�O�N� 

�O�n�c�e� �t�h�e� �i�n�p�u�t� �v�a�r�i�a�b�l�e�s� �a�n�d� �o�u�t�p�u�t� �v�a�r�i�a�b�l�e�s� �o�f� �i�n�t�e�r�e�s�t� �a�r�e� �i�d�e�n�t�i�f�i�e�d�,� �A�D�-� 

�I�F�O�R� �c�a�n� �b�e� �u�s�e�d� �t�o� �d�i�f�f�e�r�e�n�t�i�a�t�e� �F�O�R�T�R�A�N� �c�o�d�e�s�.� �A�D�I�F�O�R� �p�r�o�p�a�g�a�t�e�s� �d�e�r�i�v�a�-� 

�t�i�v�e� �v�a�l�u�e�s� �r�a�t�h�e�r� �t�h�a�n� �f�o�r�m�u�l�a�s� �a�s� �i�n� �a�n� �a�n�a�l�y�t�i�c� �d�e�r�i�v�a�t�i�o�n�.� �O�n�l�y� �t�h�o�s�e� �i�n�t�e�r�-� 

�m�e�d�i�a�t�e� �v�a�r�i�a�b�l�e�s� �t�h�a�t� �a�r�e� �f�u�n�c�t�i�o�n�s� �o�f� �t�h�e� �i�n�p�u�t� �v�a�r�i�a�b�l�e�s� �a�n�d� �a�r�e� �r�e�q�u�i�r�e�d� �i�n� �t�h�e� 

�c�o�m�p�u�t�a�t�i�o�n� �o�f� �t�h�e� �o�u�t�p�u�t� �v�a�r�i�a�b�l�e�s� �a�r�e� �i�d�e�n�t�i�f�i�e�d� �a�n�d� �d�i�f�f�e�r�e�n�t�i�a�t�e�d� �b�y� �A�D�I�F�O�R�.� 

�A� �s�m�a�l�l� �e�x�a�m�p�l�e� �o�f� �a�n� �A�D�I�F�O�R�-�g�e�n�e�r�a�t�e�d� �F�O�R�T�R�A�N� �c�o�d�e� �t�o� �c�o�m�p�u�t�e� �t�h�e� 

�d�e�r�i�v�a�t�i�v�e�s� �f�r�o�m� �a� �s�i�m�p�l�e� �p�r�o�g�r�a�m� �m�a�i�n�.�f� �w�i�t�h� �o�n�e� �c�a�l�l� �m�a�d�e� �t�o� �t�h�e� �s�u�b�r�o�u�t�i�n�e� 

�f�u�n�c�.�f� �i�s� �g�i�v�e�n� �i�n� �A�p�p�e�n�d�i�x� �B�.� �A�D�I�F�O�R� �g�e�n�e�r�a�t�e�s� �t�h�e� �c�o�d�e� �g�_�f�u�n�c�.�f� �w�h�i�c�h� �h�a�s� 

�s�t�a�t�e�m�e�n�t�s� �t�o� �c�o�m�p�u�t�e� �t�h�e� �d�e�r�i�v�a�t�i�v�e�s� �o�f� �t�h�e� �o�u�t�p�u�t� �v�a�r�i�a�b�l�e� �y� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� 

�i�n�p�u�t� �v�a�r�i�a�b�l�e� �a�r�r�a�y� �z�(�3�)�.� 

�4�.�3�.�2� �S�E�N�S�I�T�I�V�I�T�Y� �T�O� �S�H�A�P�E� �P�A�R�A�M�E�T�E�R�S� 

�F�o�r� �a�l�l� �t�h�e� �r�e�s�u�l�t�s� �p�r�e�s�e�n�t�e�d�,� �t�h�e� �w�i�n�g� �s�h�o�w�n� �i�n� �F�i�g�.� �3�.�2� �i�s� �u�s�e�d� �w�i�t�h� �t�h�e� 

�w�i�n�g� �s�k�i�n�s� �m�a�d�e� �o�f� �0� �d�e�g�.� �l�a�m�i�n�a�t�e�d� �G�r�a�p�h�i�t�e�/�E�p�o�x�y� �(�T�3�0�0�/�N�5�2�0�8�)� �w�i�t�h� �t�h�e� 
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�f�o�l�l�o�w�i�n�g� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s�:� �E�y� �=� �1�8�1� �x� �1�0�°� �P�a�,� �E�y� �=� �1�0�.�3�x� �1�0�°� �P�a�,� �m�2� �=� �0�.�2�8�,� 

�G�i�o� �=� �7�.�1�7� �x� �1�0�°� �P�a� �a�n�d� �p� �=� �1�6�0�0� �k�g�/�m ��.� 

�T�h�e� �s�e�n�s�i�t�i�v�i�t�y� �d�e�r�i�v�a�t�i�v�e�s� �o�f� �t�h�e� �f�l�u�t�t�e�r� �s�p�e�e�d� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �s�h�a�p�e� �p�a�r�a�m�e�-� 

�t�e�r�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �u�s�i�n�g� �A�D�I�F�O�R�.� �T�h�e� �s�e�n�s�i�t�i�v�i�t�y� �r�e�s�u�l�t�s� �a�n�d� �t�h�e� �r�e�s�u�l�t�s� �f�r�o�m� �r�e�-� 

�a�n�a�l�y�s�i�s� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�s�.� �4�.�1�-�4�.�4� �f�o�r� �t�h�e� �w�i�n�g� �a�t� �M� �=� �0�.�6� �a�n�d� �p�a�i�r� �=� �0�.�8� �k�g�/�m�?�.� 

�T�h�e� �d�e�c�r�e�a�s�e� �i�n� �f�l�u�t�t�e�r� �s�p�e�e�d� �d�u�e� �t�o� �i�n�c�r�e�a�s�i�n�g� �a�s�p�e�c�t� �r�a�t�i�o� �i�s� �s�e�e�n� �t�o� �b�e� �g�r�a�d�u�a�l� 

�f�r�o�m� �A�R� �=� �8� �t�o� �A�R� �=� �1�0� �i�n� �F�i�g�.� �4�.�1�.� �T�h�e�n�,� �a� �m�o�r�e� �s�h�a�r�p�e�r� �d�r�o�p� �i�s� �f�l�u�t�t�e�r� �s�p�e�e�d� 

�i�s� �s�e�e�n� �a�s� �t�h�e� �A�R� �i�s� �i�n�c�r�e�a�s�e�d� �t�o� �1�2�.� �T�h�e� �s�e�n�s�i�t�i�v�i�t�y� �d�e�r�i�v�a�t�i�v�e� �h�o�w�e�v�e�r� �p�r�e�d�i�c�t�s� 

�t�h�e� �t�r�e�n�d� �s�e�e�n� �a�t� �t�h�e� �b�a�s�e�l�i�n�e� �c�o�n�f�i�g�u�r�a�t�i�o�n�.� �T�h�e� �f�l�u�t�t�e�r� �s�p�e�e�d� �d�e�c�r�e�a�s�e�s� �w�i�t�h� �i�n�-� 

�c�r�e�a�s�e� �i�n� �a�r�e�a� �a�n�d� �t�a�p�e�r� �r�a�t�i�o� �a�s� �s�h�o�w�n� �i�n� �F�i�g�s�.� �4�.�2� �a�n�d� �4�.�3�.� �I�n�c�r�e�a�s�i�n�g� �t�h�e� �s�w�e�e�p� 

�a�n�g�l�e� �h�a�s� �t�h�e� �e�f�f�e�c�t� �o�f� �i�n�c�r�e�a�s�i�n�g� �t�h�e� �f�l�u�t�t�e�r� �s�p�e�e�d� �a�b�o�u�t� �t�h�e� �3�0�°� �s�w�e�p�t�-�b�a�c�k� �c�o�n�-� 

�f�i�g�u�r�a�t�i�o�n� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �4�.�4�.� �B�y� �p�e�r�f�o�r�m�i�n�g� �o�n�e� �s�e�n�s�i�t�i�v�i�t�y� �c�a�l�c�u�l�a�t�i�o�n� �a�t� �t�h�e� 

�b�a�s�e�l�i�n�e�,� �t�h�i�s� �m�e�t�h�o�d� �g�i�v�e�s� �a� �l�i�n�e�a�r� �a�p�p�r�o�x�i�m�a�t�i�o�n� �t�o� �t�h�e� �f�l�u�t�t�e�r� �s�p�e�e�d�s� �o�f� �t�h�e� �w�i�n�g� 

�f�o�r� �c�h�a�n�g�e�s� �i�n� �t�h�e� �w�i�n�g� �s�h�a�p�e� �p�a�r�a�m�e�t�e�r�s� �a�b�o�u�t� �t�h�e� �b�a�s�e�l�i�n�e�.� �T�h�i�s� �i�n�f�o�r�m�a�t�i�o�n� �i�s� 

�u�s�e�f�u�l� �f�o�r� �p�r�e�l�i�m�i�n�a�r�y� �d�e�s�i�g�n� �p�u�r�p�o�s�e�s�,� �a�s� �i�t� �a�v�o�i�d�s� �t�h�e� �n�e�c�e�s�s�i�t�y� �o�f� �a� �r�e�a�n�a�l�y�s�i�s� �f�o�r� 

�s�m�a�l�l� �c�h�a�n�g�e�s� �i�n� �a�n�y� �o�f� �t�h�e� �s�h�a�p�e� �p�a�r�a�m�e�t�e�r�s�.� 

�4�.�3�.�3� �S�E�N�S�I�T�I�V�I�T�Y� �T�O� �M�O�D�A�L� �P�A�R�A�M�E�T�E�R�S� 

�C�o�m�p�l�e�x� �w�i�n�g� �s�t�r�u�c�t�u�r�e�s� �a�r�e� �o�f�t�e�n� �m�o�d�e�l�e�d� �w�i�t�h� �a� �l�a�r�g�e� �n�u�m�b�e�r� �o�f� �d�e�g�r�e�e�s� �o�f� 

�f�r�e�e�d�o�m� �a�n�d� �a� �v�i�b�r�a�t�i�o�n� �a�n�a�l�y�s�i�s� �y�i�e�l�d�s� �a� �l�a�r�g�e� �n�u�m�b�e�r� �o�f� �f�r�e�e� �v�i�b�r�a�t�i�o�n� �m�o�d�e�s�.� �A� 

�c�e�r�t�a�i�n� �n�u�m�b�e�r� �o�f� �t�h�e�s�e� �m�o�d�e�s� �h�a�v�e� �t�o� �b�e� �f�e�d� �i�n�t�o� �F�A�S�T� �t�o� �g�e�n�e�r�a�t�e� �t�h�e� �g�e�n�e�r�a�l�i�z�e�d� 

�a�e�r�o�d�y�n�a�m�i�c� �f�o�r�c�e�s� �r�e�q�u�i�r�e�d� �f�o�r� �f�l�u�t�t�e�r� �a�n�a�l�y�s�i�s�.� �S�o�m�e� �o�f� �t�h�e�s�e� �m�o�d�e�s� �d�o� �n�o�t� 
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�C�H�A�P�T�E�R� �5� 

�F�I�N�I�T�E� �E�L�E�M�E�N�T� �W�I�N�G� �M�O�D�E�L�I�N�G� �U�S�I�N�G� �N�A�S�T�R�A�N� 
�F�O�R� �A�E�R�O�E�L�A�S�T�I�C� �S�E�N�S�I�T�I�V�I�T�Y� �C�A�L�C�U�L�A�T�I�O�N�S� 

�5�.�1� �O�V�E�R�V�I�E�W� 

�I�n� �p�r�e�v�i�o�u�s� �c�h�a�p�t�e�r�s�,� �t�o� �o�b�t�a�i�n� �s�e�n�s�i�t�i�v�i�t�y� �o�f� �a�e�r�o�e�l�a�s�t�i�c� �r�e�s�p�o�n�s�e� �o�f� �a� �w�i�n�g� 

�t�o� �s�h�a�p�e� �a�n�d� �m�o�d�a�l� �p�a�r�a�m�e�t�e�r�s�,� �a� �R�a�y�l�e�i�g�h�-�R�i�t�z� �b�a�s�e�d� �e�q�u�i�v�a�l�e�n�t� �p�l�a�t�e� �m�o�d�e�l� �w�a�s� 

�u�s�e�d� �f�o�r� �a�n�a�l�y�z�i�n�g� �t�h�e� �w�i�n�g� �s�t�r�u�c�t�u�r�e�.� �T�h�o�u�g�h� �e�q�u�i�v�a�l�e�n�t� �p�l�a�t�e� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� 

�i�n� �c�o�n�j�u�n�c�t�i�o�n� �w�i�t�h� �g�l�o�b�a�l� �R�i�t�z� �a�n�a�l�y�s�i�s� �t�e�c�h�n�i�q�u�e�s� �a�r�e� �r�e�l�a�t�i�v�e�l�y� �i�n�e�x�p�e�n�s�i�v�e� �f�o�r� 

�m�a�t�h�e�m�a�t�i�c�a�l� �m�o�d�e�l�i�n�g� �o�f� �w�i�n�g�s� �t�o� �s�t�u�d�y� �a�e�r�o�e�l�a�s�t�i�c�i�t�y�,� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d�s� 

�[�9�1�-�9�3�]� �a�r�e� �b�e�i�n�g� �u�s�e�d� �i�n� �t�h�e� �i�n�d�u�s�t�r�y� �f�o�r� �s�t�r�u�c�t�u�r�a�l� �m�o�d�e�l�i�n�g� �o�f� �a�i�r�c�r�a�f�t� �w�i�n�g�s�.� 

�S�e�v�e�r�a�l� �c�o�m�m�e�r�c�i�a�l� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �c�o�d�e�s� �l�i�k�e� �A�B�A�Q�U�S�,� �A�N�S�Y�S�,� �E�A�L�,� �I�D�E�A�S� 

�a�n�d� �N�A�S�T�R�A�N� �e�x�i�s�t� �f�o�r� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �a�n�a�l�y�s�i�s� �o�f� �s�t�r�u�c�t�u�r�e�s�.� �T�h�e� �c�u�r�r�e�n�t� �w�o�r�k� 

�f�o�c�u�s�s�e�s� �o�n� �m�o�d�e�l�i�n�g� �t�h�e� �w�i�n�g� �s�t�r�u�c�t�u�r�e� �u�s�i�n�g� �N�A�S�T�R�A�N� �[�9�4�]�.� �O�n�e� �o�f� �t�h�e� �f�e�a�t�u�r�e�s� 

�o�f� �u�s�i�n�g� �F�E�M� �i�s� �t�h�a�t� �a�n�y� �p�l�a�n�f�o�r�m� �s�h�a�p�e� �a�n�d� �w�i�n�g� �c�r�o�s�s�-�s�e�c�t�i�o�n� �c�o�u�l�d� �b�e� �a�n�a�l�y�z�e�d� 

�a�s� �o�p�p�o�s�e�d� �t�o� �t�h�e� �R�a�y�l�e�i�g�h�-�R�i�t�z� �f�o�r�m�u�l�a�t�i�o�n� �b�a�s�e�d� �e�q�u�i�v�a�l�e�n�t� �p�l�a�t�e� �m�o�d�e�l� �u�s�e�d� 

�i�n� �C�h�a�p�t�e�r�s� �3� �a�n�d� �4�,� �w�h�e�r�e� �o�n�l�y� �a� �t�r�a�p�e�z�o�i�d�a�l� �s�k�e�w�e�d� �c�o�n�f�i�g�u�r�a�t�i�o�n� �o�f� �u�n�i�f�o�r�m� 

�t�h�i�c�k�n�e�s�s� �a�n�d� �l�a�y�e�r�w�i�s�e� �c�o�n�s�t�r�u�c�t�i�o�n� �c�o�u�l�d� �b�e� �a�n�a�l�y�z�e�d�.� �T�h�e� �w�i�n�g� �s�k�i�n�s�,� �s�p�a�r�s� 

�a�n�d� �r�i�b�s� �o�f� �a�n� �a�i�r�p�l�a�n�e� �w�i�n�g� �c�a�n� �b�e� �m�o�d�e�l�e�d� �u�s�i�n�g� �s�h�e�l�l� �a�n�d� �b�e�a�m� �e�l�e�m�e�n�t�s� �i�n� 

�N�A�S�T�R�A�N�.� �T�h�e� �f�r�e�e� �v�i�b�r�a�t�i�o�n� �m�o�d�e�s� �o�f� �t�h�e� �w�i�n�g� �c�a�n� �b�e� �f�e�d� �i�n�t�o� �t�h�e� �u�n�s�t�e�a�d�y� 

�a�e�r�o�d�y�n�a�m�i�c�s� �c�o�d�e� �t�o� �g�e�n�e�r�a�t�e� �t�h�e� �a�e�r�o�d�y�n�a�m�i�c� �f�o�r�c�e�s� �f�o�r� �a�e�r�o�e�l�a�s�t�i�c� �a�n�a�l�y�s�i�s�.� 

�T�h�e� �s�e�n�s�i�t�i�v�i�t�y� �o�f� �f�l�u�t�t�e�r� �s�p�e�e�d� �o�f� �t�h�e� �w�i�n�g� �t�o� �s�h�a�p�e� �a�n�d� �m�o�d�a�l� �p�a�r�a�m�e�t�e�r�s� �i�s� 
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�c�o�m�p�u�t�e�d� �u�s�i�n�g� �a� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �t�h�e� �c�e�n�t�r�a�l� �d�i�f�f�e�r�e�n�c�e� �s�c�h�e�m�e� �a�n�d� �t�h�e� �a�u�t�o�m�a�t�i�c� 

�d�i�f�f�e�r�e�n�t�i�a�t�i�o�n� �s�o�f�t�w�a�r�e� �A�D�I�F�O�R�.� 

�5�.�2� �N�A�S�T�R�A�N� �E�L�E�M�E�N�T�S� �U�S�E�D� �I�N� �T�H�I�S� �S�T�U�D�Y� 

�I�n� �t�h�i�s� �s�t�u�d�y�,� �t�h�e� �C�Q�U�A�D�4� �a�n�d� �C�T�R�I�A�S�3� �s�h�e�l�l� �e�l�e�m�e�n�t�s�,� �t�h�e� �C�B�A�R� �b�e�a�m� 

�e�l�e�m�e�n�t�s� �a�n�d� �t�h�e� �C�S�H�E�A�R� �s�h�e�a�r� �p�a�n�e�l� �e�l�e�m�e�n�t�s� �a�r�e� �u�s�e�d�.� �A� �d�e�s�c�r�i�p�t�i�o�n� �o�f� �t�h�e�s�e� 

�e�l�e�m�e�n�t�s� �i�s� �g�i�v�e�n� �b�e�l�o�w�.� 

�5�.�2�.�1� �C�Q�U�A�D�4� �S�H�E�L�L� �E�L�E�M�E�N�T� 

�T�h�e� �C�Q�U�A�D�4� �e�l�e�m�e�n�t� �i�s� �o�n�e� �o�f� �t�h�e� �i�s�o�p�a�r�a�m�e�t�r�i�c� �q�u�a�d�r�i�l�a�t�e�r�a�l� �s�h�e�l�l� �e�l�e�m�e�n�t�s� 

�i�n� �N�A�S�T�R�A�N� �w�i�t�h� �o�p�t�i�o�n�a�l� �c�o�u�p�l�i�n�g� �o�f� �b�e�n�d�i�n�g� �a�n�d� �m�e�m�b�r�a�n�e� �s�t�i�f�f�n�e�s�s�.� �T�h�e� 

�e�l�e�m�e�n�t� �c�o�o�r�d�i�n�a�t�e� �s�y�s�t�e�m� �f�o�r� �q�u�a�d�r�i�l�a�t�e�r�a�l� �s�h�e�l�l� �e�l�e�m�e�n�t� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� �5�.�1�.� 

�T�h�e� �i�n�t�e�g�e�r�s� �1�,� �2�,� �3� �a�n�d� �4� �r�e�f�e�r� �t�o� �t�h�e� �o�r�d�e�r� �o�f� �t�h�e� �c�o�n�n�e�c�t�e�d� �g�r�i�d� �p�o�i�n�t�s� �o�n� �t�h�e� 

�c�o�n�n�e�c�t�i�o�n� �e�n�t�r�i�e�s� �d�e�f�i�n�i�n�g� �t�h�e� �e�l�e�m�e�n�t�s�.� �T�h�e� �a�n�g�l�e�,� �T�H�E�T�A�,� �i�s� �t�h�e� �o�r�i�e�n�t�a�t�i�o�n� 

�a�n�g�l�e� �f�o�r� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s�.� �T�h�e� �C�Q�U�A�D�4� �e�l�e�m�e�n�t� �i�s� �a� �4�-�n�o�d�e�d�,� �2�4� �d�e�g�r�e�e�s� �o�f� 

�f�r�e�e�d�o�m� �e�l�e�m�e�n�t� �w�i�t�h� �6� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� �p�e�r� �n�o�d�e� �(�u�,� �v�,� �w�,� �6�;�,� �6�y�,� �9�2�)�.� 

�5�.�2�.�2� �C�T�R�I�A�3� �S�H�E�L�L� �E�L�E�M�E�N�T� 

�T�h�e� �C�T�R�I�A�3� �e�l�e�m�e�n�t� �i�s� �o�n�e� �o�f� �t�h�e� �i�s�o�p�a�r�a�m�e�t�r�i�c� �t�r�i�a�n�g�u�l�a�r� �s�h�e�l�l� �e�l�e�m�e�n�t�s� 

�i�n� �N�A�S�T�R�A�N� �w�i�t�h� �o�p�t�i�o�n�a�l� �c�o�u�p�l�i�n�g� �o�f� �b�e�n�d�i�n�g� �a�n�d� �m�e�m�b�r�a�n�e� �s�t�i�f�f�n�e�s�s�.� �T�h�e� 

�e�l�e�m�e�n�t� �c�o�o�r�d�i�n�a�t�e� �s�y�s�t�e�m� �f�o�r� �t�r�i�a�n�g�u�l�a�r� �s�h�e�l�l� �e�l�e�m�e�n�t� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� �5�.�2�.� �T�h�e� 

�i�n�t�e�g�e�r�s� �1�,� �2� �a�n�d� �3� �r�e�f�e�r� �t�o� �t�h�e� �o�r�d�e�r� �o�f� �t�h�e� �c�o�n�n�e�c�t�e�d� �g�r�i�d� �p�o�i�n�t�s� �o�n� �t�h�e� �c�o�n�n�e�c�t�i�o�n� 

�e�n�t�r�i�e�s� �d�e�f�i�n�i�n�g� �t�h�e� �e�l�e�m�e�n�t�s�.� �T�h�e� �a�n�g�l�e�,� �T�H�E�T�A�,� �i�s� �t�h�e� �o�r�i�e�n�t�a�t�i�o�n� �a�n�g�l�e� �f�o�r� 

�m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s�.� �T�h�e� �C�T�R�I�A�3� �e�l�e�m�e�n�t� �i�s� �a� �3�-�n�o�d�e�d�,� �1�8� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� 

�e�l�e�m�e�n�t� �w�i�t�h� �6� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� �p�e�r� �n�o�d�e� �(�u�,� �v�,� �w�,� �0�2�,� �O�y�,� �8�:�2�)�.� 
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�5�.�2�.�3� �C�B�A�R� �B�E�A�M� �E�L�E�M�E�N�T� 

�T�h�e� �C�B�A�R� �e�l�e�m�e�n�t� �i�s� �a� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �b�e�n�d�i�n�g� �e�l�e�m�e�n�t� �w�h�i�c�h� �i�s� �p�r�i�s�-� 

�m�a�t�i�c�,� �a�n�d� �f�o�r� �w�h�i�c�h� �t�h�e� �e�l�a�s�t�i�c� �a�x�i�s�,� �g�r�a�v�i�t�y� �a�x�i�s�,� �a�n�d� �s�h�e�a�r� �c�e�n�t�e�r� �a�l�l� �c�o�i�n�c�i�d�e�.� 

�T�h�e� �b�a�r� �e�l�e�m�e�n�t� �c�o�o�r�d�i�n�a�t�e� �s�y�s�t�e�m� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� �5�.�3�.� �T�h�e� �C�B�A�R� �e�l�e�m�e�n�t� 

�i�s� �a� �2�-�n�o�d�e�d�,� �1�2� �d�e�g�r�e�e� �o�f� �f�r�e�e�d�o�m� �e�l�e�m�e�n�t� �w�i�t�h� �6� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� �p�e�r� �n�o�d�e� 

�(�u�,� �v�,� �w�,� �O�r�,� �O�y�,� �9�2�)�.� 

�5�.�2�.�4� �C�S�H�E�A�R� �S�H�E�A�R� �P�A�N�E�L� �E�L�E�M�E�N�T�S� 

�T�h�e� �C�S�H�E�A�R� �s�h�e�a�r� �p�a�n�e�l� �e�l�e�m�e�n�t� �i�s� �a� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �s�t�r�u�c�t�u�r�a�l� �e�l�e�m�e�n�t� 

�t�h�a�t� �r�e�s�i�s�t�s� �t�h�e� �a�c�t�i�o�n� �o�f� �t�a�n�g�e�n�t�i�a�l� �f�o�r�c�e�s� �a�p�p�l�i�e�d� �t�o� �i�t�s� �e�d�g�e�s�,� �a�n�d� �t�h�e� �a�c�t�i�o�n� 

�o�f� �n�o�r�m�a�l� �f�o�r�c�e�s� �i�f� �e�f�f�e�c�t�i�v�e�n�e�s�s� �f�a�c�t�o�r�s� �a�r�e� �u�s�e�d�.� �T�h�e� �u�s�e� �o�f� �p�r�o�p�e�r� �e�f�f�e�c�t�i�v�e�n�e�s�s� 

�f�a�c�t�o�r�s� �t�o� �a�c�c�o�u�n�t� �f�o�r� �t�h�e� �n�o�r�m�a�l� �f�o�r�c�e�s� �o�n� �t�h�e� �e�l�e�m�e�n�t�s� �a�r�e� �d�e�s�c�r�i�b�e�d� �i�n� �s�e�c�t�i�o�n� 

�5�.�3�.�2� �w�h�e�r�e� �s�h�e�a�r� �p�a�n�e�l�s� �a�r�e� �u�s�e�d� �t�o� �m�o�d�e�l� �t�h�e� �s�p�a�r� �a�n�d� �r�i�b� �w�e�b�s�.� �T�h�e� �s�t�r�u�c�t�u�r�a�l� 

�a�n�d� �n�o�n�-�s�t�r�u�c�t�u�r�a�l� �m�a�s�s� �o�f� �t�h�e� �s�h�e�a�r� �p�a�n�e�l� �i�s� �l�u�m�p�e�d� �a�t� �t�h�e� �c�o�n�n�e�c�t�e�d� �g�r�i�d� �p�o�i�n�t�s�.� 

�T�h�e� �e�l�e�m�e�n�t� �c�o�o�r�d�i�n�a�t�e� �s�y�s�t�e�m� �f�o�r� �a� �s�h�e�a�r� �p�a�n�e�l� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� �5�.�4�a�.� �T�h�e� �l�a�b�e�l�s� 

�G�l�,� �G�2�,� �G�3� �a�n�d� �G�4� �r�e�f�e�r� �t�h�e� �o�r�d�e�r� �o�f� �t�h�e� �c�o�n�n�e�c�t�e�d� �g�r�i�d� �p�o�i�n�t�s�.� �T�h�e� �e�l�e�m�e�n�t� 

�f�o�r�c�e�s� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�.� �5�.�4�b�,� �w�h�i�c�h� �c�o�n�s�i�s�t� �o�f� �t�h�e� �f�o�r�c�e�s� �a�p�p�l�i�e�d� �t�o� �t�h�e� �e�l�e�m�e�n�t� 

�a�t� �t�h�e� �c�o�r�n�e�r�s� �i�n� �t�h�e� �d�i�r�e�c�t�i�o�n� �o�f� �t�h�e� �s�i�d�e�s�,� �k�i�c�k� �f�o�r�c�e�s� �a�t� �t�h�e� �c�o�r�n�e�r�s� �i�n� �a� �d�i�r�e�c�t�i�o�n� 

�n�o�r�m�a�l� �t�o� �t�h�e� �p�l�a�n�e� �f�o�r�m�e�d� �b�y� �t�h�e� �t�w�o� �a�d�j�a�c�e�n�t� �e�d�g�e�s�,� �a�n�d� �s�h�e�a�r� �f�l�o�w�s� �(�f�o�r�c�e� �p�e�r� 

�u�n�i�t� �l�e�n�g�t�h�)� �a�l�o�n�g� �t�h�e� �f�o�u�r� �e�d�g�e�s�.� 
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�5�.�3� �N�U�M�E�R�I�C�A�L� �E�X�A�M�P�L�E�S� 

�I�n� �o�r�d�e�r� �t�o� �v�a�l�i�d�a�t�e� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�o�d�e�l�i�n�g�,� �s�t�a�t�i�c� �a�n�a�l�y�s�i�s� �o�f� �a� �b�o�x�-�b�e�a�m� 

�i�s� �p�e�r�f�o�r�m�e�d� �u�s�i�n�g� �N�A�S�T�R�A�N� �a�n�d� �t�h�e� �r�e�s�u�l�t�s� �c�o�m�p�a�r�e�d� �w�i�t�h� �E�u�l�e�r�-�B�e�r�n�o�u�l�l�i� �s�o�l�u�-� 

�t�i�o�n�.� �B�o�t�h� �s�t�a�t�i�c� �a�n�d� �d�y�n�a�m�i�c� �a�n�a�l�y�s�i�s� �o�f� �a� �s�w�e�p�t�-�b�a�c�k� �w�i�n�g� �a�r�e� �c�a�r�r�i�e�d� �o�u�t� �u�s�i�n�g� 

�N�A�S�T�R�A�N� �a�n�d� �t�h�e� �w�i�n�g� �d�e�f�l�e�c�t�i�o�n�s� �a�n�d� �f�r�e�q�u�e�n�c�i�e�s� �a�r�e� �c�o�m�p�a�r�e�d� �w�i�t�h� �p�r�e�v�i�o�u�s�l�y� 

�p�u�b�l�i�s�h�e�d� �r�e�s�u�l�t�s�.� 

�5�.�3�.�1� �F�I�N�I�T�E� �E�L�E�M�E�N�T� �B�O�X�-�B�E�A�M� �M�O�D�E�L� �U�S�I�N�G� �N�A�S�T�R�A�N� 

�A�s� �a� �f�i�r�s�t� �e�x�a�m�p�l�e�,� �a� �c�a�n�t�i�l�e�v�e�r�e�d� �b�o�x�-�b�e�a�m� �s�h�o�w�n� �i�n� �F�i�g�.� �5�.�5� �w�a�s� �a�n�a�l�y�z�e�d�.� 

�T�h�e� �b�o�x�-�b�e�a�m� �i�s� �m�o�d�e�l�e�d� �w�i�t�h� �C�Q�U�A�D�4� �s�h�e�l�l� �e�l�e�m�e�n�t�s� �a�n�d� �C�B�A�R� �b�e�a�m� �e�l�e�m�e�n�t�s�.� 

�A� �t�o�t�a�l� �o�f� �7�0� �p�l�a�t�e� �e�l�e�m�e�n�t�s� �a�n�d� �6�0� �b�e�a�m� �e�l�e�m�e�n�t�s� �w�e�r�e� �u�s�e�d� �f�o�r� �t�h�e� �d�i�s�c�r�e�t�i�z�a�t�i�o�n�.� 

�T�h�e� �d�i�m�e�n�s�i�o�n�s� �o�f� �t�h�e� �b�o�x�-�b�e�a�m� �a�r�e� �a�s� �f�o�l�l�o�w�s�:� 

�T�h�i�c�k�n�e�s�s� �o�f� �t�h�e� �p�l�a�t�e� �e�l�e�m�e�n�t�s�,� �t� �=� �5�m�m� 

�L�e�n�g�t�h� �o�f� �t�h�e� �b�e�a�m�,� �L� �=� �4�m� 

�W�i�d�t�h� �o�f� �t�h�e� �b�e�a�m�,� �b� �=� �0�.�8�m� 

�H�e�i�g�h�t� �o�f� �t�h�e� �b�e�a�m�,� �h� �=� �0�.�4�m� 
�A�r�e�a� �o�f� �t�h�e� �b�e�a�m� �e�l�e�m�e�n�t�s�,� �A�,� �=� �9�0�0�m�m�?� 

�Y�o�u�n�g ��s� �M�o�d�u�l�u�s�,� �E� �=� �2�1�0�G�P�a� 
�P�o�i�s�s�o�n ��s� �r�a�t�i�o�,� �v�y� �=� �0�.�3� 

�M�o�m�e�n�t� �o�f� �i�n�e�r�t�i�a�,� �J� �=� �5�8�6� �x� �1�0�7�~�°�m�#�4� 

�T�h�e� �b�o�x�-�b�e�a�m� �w�a�s� �s�u�b�j�e�c�t�e�d� �t�o� �t�w�o� �l�o�a�d�i�n�g�s�:� �(�i�)� �a� �t�i�p� �l�o�a�d� �o�f� �P� �=� �3�0�0�N�,� 

�a�n�d� �(�i�i�)� �a� �d�i�s�t�r�i�b�u�t�e�d� �l�o�a�d� �o�f� �g� �=� �8�0�N�/�m� �(�c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �a� �u�n�i�f�o�r�m� �p�r�e�s�s�u�r�e� �l�o�a�d� 

�o�f� �1�0�0�N�/�m�?� �o�n� �t�h�e� �b�e�a�m� �0�.�8�m� �w�i�d�e�)�.� �T�h�e� �t�i�p� �d�e�f�l�e�c�t�i�o�n� �r�e�s�u�l�t�s� �f�r�o�m� �N�A�S�T�R�A�N�,� 

�a�t� �n�o�d�e�s� �1� �t�o� �6� �(�s�e�e� �F�i�g�.� �5�.�5�)� �o�n� �t�h�e� �t�i�p� �o�f� �t�h�e� �b�e�a�m�,� �w�e�r�e� �c�o�m�p�a�r�e�d� �w�i�t�h� �E�u�l�e�r�-� 

�B�e�r�n�o�u�l�l�i� �b�e�a�m�-�t�h�e�o�r�y� �s�o�l�u�t�i�o�n� �f�o�r� �a� �b�e�a�m� �g�i�v�e�n� �b�e�l�o�w�:� 
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�F�o�r� �a� �t�i�p� �l�o�a�d�,� 

�P�L� 

�F�o�r� �a� �d�i�s�t�r�i�b�u�t�e�d� �l�o�a�d�,� 
�L�4� 

�T�h�e� �r�e�s�u�l�t�s� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�.� �5�.�6�.� �T�h�e�r�e� �i�s� �g�o�o�d� �a�g�r�e�e�m�e�n�t� �b�e�t�w�e�e�n� �t�h�e� �f�i�n�i�t�e� 

�e�l�e�m�e�n�t� �s�o�l�u�t�i�o�n� �a�n�d� �t�h�e� �b�e�a�m�-�t�h�e�o�r�y� �s�o�l�u�t�i�o�n�.� 

�5�.�3�.�2� �S�T�A�T�I�C� �A�N�D� �D�Y�N�A�M�I�C� �A�N�A�L�Y�S�I�S� �O�F� �A� �S�W�E�P�T� �W�I�N�G� 

�I�n� �o�r�d�e�r� �t�o� �v�a�l�i�d�a�t�e� �t�h�e� �m�o�d�e�l�i�n�g�,� �a� �s�w�e�p�t� �b�a�c�k� �w�i�n�g� �m�o�d�e�l� �r�e�p�o�r�t�e�d� �i�n� �R�e�f�.� 

�9�5� �p�u�b�l�i�s�h�e�d� �f�o�r� �A�G�A�R�D� �i�s� �a�n�a�l�y�z�e�d�.� �I�t� �i�s� �a�n� �a�l�l� �a�l�u�m�i�n�u�m� �w�i�n�g�,� �s�w�e�p�t� �b�a�c�k� 

�b�y� �3�0� �d�e�g�.� �a�n�d� �h�a�s� �5� �i�d�e�n�t�i�c�a�l� �s�p�a�r�s� �a�n�d� �3� �i�d�e�n�t�i�c�a�l� �r�i�b�s� �b�o�n�d�e�d� �t�o� �t�h�e� �t�o�p� �a�n�d� 

�b�o�t�t�o�m� �c�o�v�e�r� �s�k�i�n�s�.� �T�h�e� �d�i�m�e�n�s�i�o�n�s� �o�f� �t�h�e� �w�i�n�g� �a�n�d� �i�t�s� �c�r�o�s�s�-�s�e�c�t�i�o�n� �p�r�o�p�e�r�t�i�e�s� 

�a�r�e� �g�i�v�e�n� �i�n� �F�i�g�.� �5�.�7�.� �T�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� �o�f� �t�h�e� �w�i�n�g� �i�s� �g�i�v�e�n� �i�n� �F�i�g�.� 

�0�.�8�.� 

�T�h�e� �w�i�n�g� �i�s� �s�u�b�j�e�c�t�e�d� �t�o� �a� �t�i�p� �l�o�a�d� �o�f� �1� �/�b�.� �a�t� �t�h�e� �t�r�a�i�l�i�n�g� �e�d�g�e� �a�s� �s�h�o�w�n� 

�i�n� �F�i�g�.� �5�.�9�.� �T�h�e� �w�i�n�g� �s�k�i�n�s� �a�r�e� �m�o�d�e�l�e�d� �u�s�i�n�g� �C�Q�U�A�D�4� �a�n�d� �C�T�R�I�A�3� �s�h�e�l�l� 

�m�e�m�b�r�a�n�e�-�b�e�n�d�i�n�g� �e�l�e�m�e�n�t�s�.� �T�h�e� �s�p�a�r� �a�n�d� �r�i�b� �w�e�b�s� �a�r�e� �m�o�d�e�l�e�d� �u�s�i�n�g� �C�S�H�E�A�R� 

�p�a�n�e�l� �e�l�e�m�e�n�t�s� �a�n�d� �t�h�e� �s�p�a�r� �a�n�d� �r�i�b� �c�a�p�s� �a�r�e� �m�o�d�e�l�e�d� �u�s�i�n�g� �C�B�A�R� �b�e�a�m� �e�l�e�m�e�n�t�s�.� 

�T�h�e� �c�o�m�p�u�t�e�d� �d�e�f�l�e�c�t�i�o�n�s� �f�r�o�m� �N�A�S�T�R�A�N� �o�f� �t�h�e� �f�r�o�n�t� �a�n�d� �r�e�a�r� �s�p�a�r�s� �a�l�o�n�g� �t�h�e� 

�s�p�a�n� �a�r�e� �p�l�o�t�t�e�d� �i�n� �F�i�g�.� �5�.�9�.� �T�h�e� �m�e�a�s�u�r�e�d� �d�e�f�l�e�c�t�i�o�n� �f�r�o�m� �R�e�f�.� �9�5� �i�s� �a�l�s�o� �s�h�o�w�n�.� 

�T�h�e� �r�e�s�u�l�t�s� �a�g�r�e�e� �f�a�i�r�l�y� �w�e�l�l�.� 

�N�e�x�t�,� �t�h�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �o�f� �t�h�e� �w�i�n�g� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �u�s�i�n�g� �N�A�S�T�R�A�N�.� 

�T�h�e� �w�i�n�g� �s�k�i�n�s� �a�r�e� �m�o�d�e�l�e�d� �u�s�i�n�g� �C�Q�U�A�D�4� �a�n�d� �C�T�R�I�A�3� �s�h�e�l�l� �m�e�m�b�r�a�n�e�-�b�e�n�d�i�n�g� 
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�e�l�e�m�e�n�t�s� �a�n�d� �t�h�e� �s�p�a�r� �a�n�d� �r�i�b� �c�a�p�s� �a�r�e� �m�o�d�e�l�e�d� �u�s�i�n�g� �C�B�A�R� �b�e�a�m� �e�l�e�m�e�n�t�s� �a�s� 

�b�e�f�o�r�e�.� �H�o�w�e�v�e�r�,� �t�h�e� �s�p�a�r� �a�n�d� �r�i�b� �w�e�b�s� �a�r�e� �m�o�d�e�l�e�d� �i�n� �t�w�o� �d�i�f�f�e�r�e�n�t� �w�a�y�s�:� �(�i�)� 

�u�s�i�n�g� �C�S�H�E�A�R� �s�h�e�a�r� �p�a�n�e�l� �e�l�e�m�e�n�t�s� �a�n�d� �(�i�i�)� �C�Q�U�A�D�4� �s�h�e�l�l� �m�e�m�b�r�a�n�e�-�b�e�n�d�i�n�g� 

�e�l�e�m�e�n�t�s�.� �T�h�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �o�f� �t�h�e� �w�i�n�g� �a�r�e� �c�o�m�p�a�r�e�d� �i�n� �T�a�b�l�e� �5�.�1� �t�o� �t�h�e� 

�r�e�s�u�l�t�s� �r�e�p�o�r�t�e�d� �i�n� �R�e�f�.� �9�6� �w�h�i�c�h� �w�e�r�e� �c�o�m�p�u�t�e�d� �u�s�i�n�g� �E�L�F�I�N�I� �f�i�n�i�t�e� �e�l�e�m�e�n�t� 

�p�a�c�k�a�g�e�.� �I�t� �s�h�o�u�l�d� �b�e� �n�o�t�e�d� �t�h�a�t� �i�n� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�o�d�e�l� �r�e�p�o�r�t�e�d� �i�n� �R�e�f�.� �9�6�,� 

�t�h�e� �w�e�b�s� �a�c�t� �o�n�l�y� �i�n� �s�h�e�a�r�.� �T�h�e� �r�e�s�u�l�t�s� �o�b�t�a�i�n�e�d� �u�s�i�n�g� �s�h�e�a�r� �p�a�n�e�l�s� �f�o�r� �t�h�e� �w�e�b�s� 

�c�o�m�p�a�r�e� �w�e�l�l� �w�i�t�h� �E�L�F�I�N�I� �r�e�s�u�l�t�s�.� �W�h�e�n� �s�h�e�a�r� �p�a�n�e�l�s� �a�r�e� �u�s�e�d� �t�o� �m�o�d�e�l� �t�h�e� �w�e�b�s�,� 

�i�t� �i�s� �a�s�s�u�m�e�d� �t�h�a�t� �t�h�e� �w�e�b�s� �a�c�t� �o�n�l�y� �i�n� �s�h�e�a�r� �a�n�d� �t�h�e� �r�e�q�u�i�r�e�d� �a�x�i�a�l� �s�t�i�f�f�n�e�s�s� �a�t� 

�t�h�e� �e�d�g�e�s� �a�r�e� �p�r�o�v�i�d�e�d� �t�o� �s�u�p�p�o�r�t� �t�h�e� �c�o�r�n�e�r� �f�o�r�c�e�s�.� �H�o�w�e�v�e�r�,� �t�h�e�s�e� �w�e�b�s� �a�l�s�o� 

�c�o�n�t�r�i�b�u�t�e� �t�o� �t�h�e� �s�t�i�f�f�n�e�s�s� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e� �i�n� �a� �s�m�a�l�l� �w�a�y�.� �H�e�n�c�e�,� �t�h�e� �s�p�a�r� �a�n�d� 

�r�i�b� �w�e�b�s� �a�r�e� �m�o�d�e�l�e�d� �u�s�i�n�g� �C�Q�U�A�D�4� �s�h�e�l�l� �m�e�m�b�r�a�n�e�-�b�e�n�d�i�n�g� �e�l�e�m�e�n�t�s� �a�n�d� �t�h�e� 

�f�i�r�s�t� �f�i�v�e� �f�r�e�q�u�e�n�c�i�e�s� �a�r�e� �g�i�v�e�n� �i�n� �T�a�b�l�e� �5�.�1�.� �T�h�e� �C�Q�U�A�D�4� �e�l�e�m�e�n�t� �f�o�r� �t�h�e� �w�e�b�s� 

�g�i�v�e�s� �s�t�i�f�f�e�r� �s�o�l�u�t�i�o�n�s� �a�s� �c�a�n� �b�e� �s�e�e�n� �f�r�o�m� �T�a�b�l�e� �5�.�1� �(�t�h�e� �f�r�e�q�u�e�n�c�i�e�s� �o�f� �t�r�a�n�s�v�e�r�s�e� 

�v�i�b�r�a�t�i�o�n� �a�r�e� �a�b�o�u�t� �2�-�3� �%� �h�i�g�h�e�r�,� �e�s�p�e�c�i�a�l�l�y� �i�n� �t�h�e� �b�e�n�d�i�n�g� �m�o�d�e�s�,� �a�n�d� �t�h�e� �i�n�p�l�a�n�e� 

�f�r�e�q�u�e�n�c�y� �i�s� �a�l�s�o� �h�i�g�h�e�r�)�.� 

�W�h�e�n� �u�s�i�n�g� �t�h�e� �C�S�H�E�A�R� �e�l�e�m�e�n�t� �i�n� �N�A�S�T�R�A�N� �(�s�e�e� �F�i�g�.� �5�.�4�)�,� �a�p�p�r�o�p�r�i�a�t�e� 

�f�a�c�t�o�r�s� �F�,� �a�n�d� �F�y� �h�a�v�e� �t�o� �b�e� �s�p�e�c�i�f�i�e�d� �f�o�r� �p�r�o�v�i�d�i�n�g� �e�x�t�e�n�s�i�o�n�a�l� �s�t�i�f�f�n�e�s�s� �a�l�o�n�g� 

�t�h�e� �s�i�d�e�s� �o�f� �t�h�e� �e�l�e�m�e�n�t� �t�o� �h�a�n�d�l�e� �t�h�e� �c�o�r�n�e�r� �f�o�r�c�e�s� �w�h�i�c�h� �a�r�e� �p�a�r�a�l�l�e�l� �t�o� �t�h�e� 

�s�i�d�e�s� �o�f� �t�h�e� �e�l�e�m�e�n�t�.� �F�a�c�t�o�r� �F�}� �i�s� �t�h�e� �e�f�f�e�c�t�i�v�e�n�e�s�s� �f�a�c�t�o�r� �f�o�r� �e�x�t�e�n�s�i�o�n�a�l� �s�t�i�f�f�n�e�s�s� 

�a�l�o�n�g� �e�d�g�e�s� �1�-�2� �a�n�d� �3�-�4� �a�n�d� �F�»� �i�s� �t�h�e� �e�f�f�e�c�t�i�v�e�n�e�s�s� �f�a�c�t�o�r� �f�o�r� �e�x�t�e�n�s�i�o�n�a�l� �s�t�i�f�f�n�e�s�s� 

�a�l�o�n�g� �e�d�g�e�s� �2�-�3� �a�n�d� �1�-�4�.� �T�h�e� �e�f�f�e�c�t�i�v�e� �e�x�t�e�n�s�i�o�n�a�l� �a�r�e�a� �i�s� �d�e�f�i�n�e�d� �b�y� �m�e�a�n�s� �o�f� 

�e�x�t�e�n�s�i�o�n�a�l� �r�o�d�s� �o�n� �t�h�e� �p�e�r�i�m�e�t�e�r� �o�f� �t�h�e� �e�l�e�m�e�n�t�.� �T�h�u�s�,� �i�f� �F�y�,� �=� �1�.�0�,� �t�h�e� �p�a�n�e�l� 
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�i�s� �f�u�l�l�y� �e�f�f�e�c�t�i�v�e� �f�o�r� �e�x�t�e�n�s�i�o�n� �i�n� �t�h�e� �1�-�2� �a�n�d� �3�-�4� �d�i�r�e�c�t�i�o�n�.� �T�h�e� �a�r�e�a�s� �o�f� �t�h�e� �r�o�d�s� 

�o�n� �t�h�e� �e�d�g�e�s� �1�-�2� �a�n�d� �3�-�4� �a�r�e� �s�e�t� �e�q�u�a�l� �t�o� �(�0�.�5� �F�,� �T� �w�,�)�,� �w�h�e�r�e� �w�,� �i�s� �t�h�e� �a�v�e�r�a�g�e� 

�w�i�d�t�h� �o�f� �t�h�e� �p�a�n�e�l� �a�n�d� �T� �i�s� �t�h�e� �t�h�i�c�k�n�e�s�s� �o�f� �t�h�e� �p�a�n�e�l�.� �P�r�o�p�e�r� �s�e�l�e�c�t�i�o�n� �o�f� �t�h�e� 

�e�f�f�e�c�t�i�v�e�n�e�s�s� �f�a�c�t�o�r�s� �i�s� �i�m�p�o�r�t�a�n�t� �w�h�e�n� �u�s�i�n�g� �t�h�e� �s�h�e�a�r� �p�a�n�e�l� �e�l�e�m�e�n�t�s�.� �T�h�r�e�e� 

�d�i�f�f�e�r�e�n�t� �c�a�s�e�s� �w�e�r�e� �e�x�a�m�i�n�e�d� �u�s�i�n�g� �t�h�e� �e�f�f�e�c�t�i�v�e�n�e�s�s� �f�a�c�t�o�r�s�.� �I�f� �t�h�e� �d�e�f�a�u�l�t� �v�a�l�u�e�s� 

�o�f� �F�,� �=� �F�y� �=� �0�.�0� �a�r�e� �u�s�e�d�,� �t�h�e�n� �t�h�e� �c�o�m�p�u�t�e�d� �f�r�e�q�u�e�n�c�i�e�s� �a�r�e� �v�e�r�y� �s�m�a�l�l�,� �s�i�n�c�e� 

�t�h�e� �s�h�e�a�r� �p�a�n�e�l� �e�l�e�m�e�n�t�s� �h�a�v�e� �n�o� �a�x�i�a�l� �s�t�i�f�f�n�e�s�s� �a�l�o�n�g� �t�h�e� �e�d�g�e�s�.� �I�f� �t�h�e� �p�a�n�e�l�s� �a�r�e� 

�m�a�d�e� �f�u�l�l�y� �e�f�f�e�c�t�i�v�e� �f�o�r� �e�x�t�e�n�s�i�o�n� �i�n� �b�o�t�h� �d�i�r�e�c�t�i�o�n�s�,� �t�h�e�n� �t�h�e� �s�o�l�u�t�i�o�n� �o�b�t�a�i�n�e�d� �i�s� 

�m�u�c�h� �s�t�i�f�f�e�r� �t�h�a�n� �t�h�a�t� �o�b�t�a�i�n�e�d� �u�s�i�n�g� �C�Q�U�A�D�4� �s�h�e�l�l� �m�e�m�b�r�a�n�e�-�b�e�n�d�i�n�g� �e�l�e�m�e�n�t�s� 

�f�o�r� �t�h�e� �w�e�b�s�.� �T�h�e� �p�r�o�p�e�r� �c�h�o�i�c�e� �i�s� �t�o� �m�a�k�e� �t�h�e� �p�a�n�e�l� �(�f�o�r� �s�p�a�r� �a�n�d� �r�i�b� �w�e�b�s�)� �f�u�l�l�y� 

�e�f�f�e�c�t�i�v�e� �f�o�r� �e�x�t�e�n�s�i�o�n� �i�n� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �d�i�r�e�c�t�i�o�n� �o�f� �t�h�e� �w�i�n�g� �a�n�d� �l�e�t� �t�h�e� �s�p�a�r� �a�n�d� 

�r�i�b� �c�a�p�s� �c�a�r�r�y� �t�h�e� �l�o�a�d� �i�n� �t�h�e� �o�t�h�e�r� �d�i�r�e�c�t�i�o�n�.� �T�h�i�s� �g�i�v�e�s� �f�r�e�q�u�e�n�c�i�e�s� �w�h�i�c�h� �a�g�r�e�e� 

�w�e�l�l� �w�i�t�h� �t�h�e� �f�r�e�q�u�e�n�c�i�e�s� �r�e�p�o�r�t�e�d� �i�n� �R�e�f�.� �9�6� �u�s�i�n�g� �E�L�F�I�N�I�.� 

�5�.�4� �S�E�N�S�I�T�I�V�I�T�Y� �O�F� �F�L�U�T�T�E�R� �S�P�E�E�D� 

�T�h�e� �s�t�r�u�c�t�u�r�a�l� �m�o�d�e�l�i�n�g� �o�f� �t�h�e� �w�i�n�g� �i�s� �d�o�n�e� �u�s�i�n�g� �N�A�S�T�R�A�N�.� �T�h�e� �a�i�r�f�o�i�l� 

�s�h�a�p�e� �i�s� �g�e�n�e�r�a�t�e�d� �b�y� �t�r�a�n�s�f�o�r�m�i�n�g� �a� �c�i�r�c�l�e� �i�n�t�o� �a�n� �a�i�r�f�o�i�l� �u�s�i�n�g� �t�h�e� �J�o�u�k�o�w�s�k�i� 

�t�r�a�n�s�f�o�r�m�a�t�i�o�n�,� �s�o� �t�h�a�t� �s�h�a�p�e�s� �o�f� �v�a�r�y�i�n�g� �t�h�i�c�k�n�e�s�s� �a�n�d� �c�a�m�b�e�r� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� 

�b�y� �v�a�r�y�i�n�g� �t�h�e� �p�a�r�a�m�e�t�e�r�s�.� �F�i�n�i�t�e� �e�l�e�m�e�n�t� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� �o�f� �t�h�e� �w�i�n�g� �s�k�i�n�s�,� �s�p�a�r�s� 

�a�n�d� �r�i�b�s� �i�s� �d�o�n�e� �a�n�d� �a� �f�r�e�e� �v�i�b�r�a�t�i�o�n� �a�n�a�l�y�s�i�s� �o�f� �t�h�e� �w�i�n�g� �i�s� �p�e�r�f�o�r�m�e�d�.� �T�h�e� 

�n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �a�n�d� �m�o�d�e� �s�h�a�p�e�s� �o�b�t�a�i�n�e�d� �a�r�e� �u�s�e�d� �t�o� �g�e�n�e�r�a�t�e� �t�h�e� �g�e�n�e�r�a�l�i�z�e�d� 

�a�e�r�o�d�y�n�a�m�i�c� �f�o�r�c�e�s� �r�e�q�u�i�r�e�d� �f�o�r� �f�l�u�t�t�e�r� �a�n�a�l�y�s�i�s� �u�s�i�n�g� �F�A�S�T�.� �T�h�e� �s�e�n�s�i�t�i�v�i�t�y� �o�f� 

�f�l�u�t�t�e�r� �s�p�e�e�d� �t�o� �s�h�a�p�e� �a�n�d� �m�o�d�a�l� �p�a�r�a�m�e�t�e�r�s� �i�s� �c�o�m�p�u�t�e�d� �u�s�i�n�g� �a� �c�o�m�b�i�n�a�t�i�o�n� �o�f� 

�c�e�n�t�r�a�l� �d�i�f�f�e�r�e�n�c�e� �s�c�h�e�m�e� �a�n�d� �A�D�I�F�O�R�.� 
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�5�.�4�.�1� �A�I�R�F�O�I�L� �C�O�O�R�D�I�N�A�T�E�S� �F�O�R� �T�H�E� �W�I�N�G� 

�I�t� �i�s� �b�e�n�e�f�i�c�i�a�l� �i�f� �t�h�e� �a�i�r�f�o�i�l� �s�h�a�p�e� �g�e�n�e�r�a�t�i�o�n� �f�o�r� �t�h�e� �w�i�n�g� �c�r�o�s�s�-�s�e�c�t�i�o�n� �i�s� 

�p�a�r�a�m�e�t�e�r�i�z�e�d� �s�o� �t�h�a�t� �s�h�a�p�e�s� �o�f� �v�a�r�y�i�n�g� �t�h�i�c�k�n�e�s�s� �a�n�d� �c�a�m�b�e�r� �c�a�n� �b�e� �g�e�n�e�r�a�t�e�d�.� 

�I�n� �o�r�d�e�r� �t�o� �g�e�n�e�r�a�t�e� �t�h�e� �c�o�-�o�r�d�i�n�a�t�e�s� �o�f� �t�h�e� �w�i�n�g� �c�r�o�s�s�-�s�e�c�t�i�o�n�,� �a� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� 

�o�f� �a� �c�i�r�c�l�e� �i�n�t�o� �a�n� �a�i�r�f�o�i�l� �u�s�i�n�g� �t�h�e� �J�o�u�k�o�w�s�k�i� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �i�s� �c�a�r�r�i�e�d� �o�u�t�.� �T�h�e� 

�e�q�u�a�t�i�o�n� �o�f� �t�h�e� �c�i�r�c�l�e� �i�n� �t�h�e� �¢ ��p�l�a�n�e� �s�h�o�w�n� �i�n� �F�i�g�.� �5�.�1�0� �i�s� 

�( ¬�-�p�/ ��+�(�n�-�q�)�?� �=�a �� �(�5�.�3�)� 

�w�i�t�h� �c�e�n�t�e�r� �a�t� �u�w� �=� �p�+�g� �a�n�d� �r�a�d�i�u�s� �a�.� 

�F�o�r� �p�o�i�n�t�s� �o�n� �t�h�e� �c�i�r�c�l�e�,� 

 ¬� �=� �p�+� �a�c�o�s�é� 
�n�=� �q�t�+�a�s�i�n�é� �O�S�G�S�2�n� �(�5�.�4�)� 

�T�h�e�r�e�f�o�r�e�,� 

 ¬�¢�= ¬�+�i�n� �=� �(�p�+� �a�c�o�s�é�)� �+� �i�(�q� �+� �a�s�i�n�®�@�)� �(�5�.�5�)� 

�T�h�e� �c�i�r�c�l�e� �i�s� �t�r�a�n�s�f�o�r�m�e�d� �i�n�t�o� �a�n� �a�i�r�f�o�i�l� �i�n� �t�h�e� �z ��p�l�a�n�e� �u�s�i�n�g� �t�h�e� �J�o�u�k�o�w�s�k�i� 

�t�r�a�n�s�f�o�r�m�a�t�i�o�n� 
�2� 

�z�=�C�+� �e� �(�5�.�6�)� 

�S�u�b�s�t�i�t�u�t�i�n�g� �f�o�r� �¢� �f�r�o�m� �e�q�u�a�t�i�o�n�(�5�.�5�)� �a�n�d� �d�e�n�o�t�i�n�g� 

�D�=�p ��?�+�q�*� �+�a�?� �+� �2�a�p�c�o�s�6� �+� �2�a�q�s�i�n�é� �(�5�.�7�)� 

�w�e� �h�a�v�e� 
�2� �2� �2� �_� �(�P�y� �2�)� �(�4� �S�e�i�n�o� �(�1�-�2� �~ �� �=� �(�=� �+� �<� �e�0�8�8�)� �(�1�+� �5�)� �+�#�(�=� �+� �c�s�i�n�8�)� �(�1� �D�)� �(�5�.�8�)� 
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�A� �n�u�m�b�e�r� �o�f� �d�i�f�f�e�r�e�n�t� �a�i�r�f�o�i�l� �s�h�a�p�e�s� �c�a�n� �b�e� �g�e�n�e�r�a�t�e�d� �b�y� �v�a�r�y�i�n�g� �t�h�e� �v�a�l�u�e�s� 

�o�f� �p� �a�n�d� �g�.� �C�h�o�o�s�i�n�g� �p� �=�  ��c�/�1�2� �a�n�d� �q� �=� �0�,� �t�h�e� �a�i�r�f�o�i�l� �g�e�n�e�r�a�t�e�d� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� 

�9�.�1�0�.� 

�5�.�4�.�2� �F�R�E�E� �V�I�B�R�A�T�I�O�N� �M�O�D�E�S� �O�F� �T�H�E� �W�I�N�G� 

�B�e�f�o�r�e� �p�e�r�f�o�r�m�i�n�g� �a� �f�l�u�t�t�e�r� �a�n�a�l�y�s�i�s� �u�s�i�n�g� �t�h�e� �l�i�f�t�i�n�g�-�s�u�r�f�a�c�e� �u�n�s�t�e�a�d�y� �a�e�r�o�-� 

�d�y�n�a�m�i�c� �p�r�o�g�r�a�m� �F�A�S�T�,� �t�h�e� �f�r�e�e� �v�i�b�r�a�t�i�o�n� �a�n�a�l�y�s�i�s� �o�f� �t�h�e� �w�i�n�g� �s�t�r�u�c�t�u�r�e� �h�a�s� �t�o� 

�b�e� �p�e�r�f�o�r�m�e�d�.� �T�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� �o�f� �t�h�e� �w�i�n�g� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� �5�.�1�1�,� 

�w�i�t�h� �t�h�e� �c�o�o�r�d�i�n�a�t�e�s� �o�f� �t�h�e� �u�p�p�e�r� �a�n�d� �l�o�w�e�r� �s�k�i�n�s� �o�f� �t�h�e� �w�i�n�g� �o�b�t�a�i�n�e�d� �f�r�o�m� �e�q�u�a�-� 

�t�i�o�n� �(�5�.�8�)�.� �T�h�e� �a�i�r�f�o�i�l� �t�h�i�c�k�n�e�s�s� �a�t� �a�n�y� �c�h�o�r�d� �l�o�c�a�t�i�o�n� �v�a�r�i�e�s� �l�i�n�e�a�r�l�y� �f�r�o�m� �t�h�e� �r�o�o�t� 

�o�f� �t�h�e� �w�i�n�g� �t�o� �t�h�e� �t�i�p�.� �T�h�e� �w�i�n�g� �i�s� �m�o�d�e�l�e�d� �u�s�i�n�g� �4� �s�p�a�r�s� �(�p�l�a�c�e�d� �a�t� �0�.�0�5�c�,� �0�.�2�c�,� 

�0�.�5�c� �a�n�d� �0�.�8�c�¢� �l�o�c�a�t�i�o�n�)� �a�n�d� �1�0� �r�i�b�s� �(�p�l�a�c�e�d� �e�q�u�i�d�i�s�t�a�n�t� �a�l�o�n�g� �t�h�e� �s�p�a�n�)�.� �A� �t�o�t�a�l� 

�o�f� �1�9�0� �C�Q�U�A�D�4� �a�n�d� �C�T�R�I�A�3� �s�h�e�l�l� �e�l�e�m�e�n�t�s� �a�n�d� �2�0�0� �C�B�A�R� �b�e�a�m� �e�l�e�m�e�n�t�s� �w�e�r�e� 

�u�s�e�d� �t�o� �m�o�d�e�l� �t�h�e� �w�i�n�g� �s�t�r�u�c�t�u�r�e�.� �T�h�e� �d�i�m�e�n�s�i�o�n�s� �o�f� �t�h�e� �w�i�n�g� �a�r�e� �a�s� �f�o�l�l�o�w�s�:� 

�W�i�n�g� �s�p�a�n�,� �L� �=� �5�m� 

�A�r�e�a�,� �A� �=� �7�.�5�m�?� 

�R�o�o�t� �c�h�o�r�d�,� �C�,�,� �=� �2�m� 

�T�i�p� �c�h�o�r�d�,� �C�y� �=� �l�m� 

�W�i�n�g� �s�k�i�n� �t�h�i�c�k�n�e�s�s�,� �t� �=� �3�m�m� 

�A�r�e�a� �o�f� �b�e�a�m� �e�l�e�m�e�n�t�s�,� �A�,� �=� �7�5�m�m�?� 

�Y�o�u�n�g ��s� �M�o�d�u�l�u�s�,� �E� �=� �7�0�G�P�a� 

�P�o�i�s�s�o�n ��s� �r�a�t�i�o�,� �v�y� �=� �0�.�3� 

�M�a�t�e�r�i�a�l� �d�e�n�s�i�t�y�,� �p� �=� �2�7�0�0�k�g�/�m�?� 

�T�h�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �a�n�d� �t�h�e� �m�o�d�e� �s�h�a�p�e�s� �o�f� �t�h�e� �w�i�n�g� �a�r�e� �o�b�t�a�i�n�e�d� �f�r�o�m� 

�N�A�S�T�R�A�N� �a�n�d� �t�h�e� �f�i�r�s�t� �s�i�x� �f�r�e�q�u�e�n�c�i�e�s� �a�n�d� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �f�r�e�e� �v�i�b�r�a�t�i�o�n� �m�o�d�e�s� 

�o�f� �t�h�e� �w�i�n�g� �a�r�e� �g�i�v�e�n� �i�n� �F�i�g�.� �5�.�1�2�.� 
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�5�.�4�.�3� �S�E�N�S�I�T�I�V�I�T�Y� �T�O� �S�H�A�P�E� �A�N�D� �M�O�D�A�L� �P�A�R�A�M�E�T�E�R�S� 

�I�n� �o�r�d�e�r� �t�o� �p�e�r�f�o�r�m� �t�h�e� �a�e�r�o�e�l�a�s�t�i�c� �a�n�a�l�y�s�i�s� �u�s�i�n�g� �F�A�S�T�,� �s�i�x� �v�i�b�r�a�t�i�o�n� �m�o�d�e�s� 

�o�f� �t�h�e� �w�i�n�g� �a�r�e� �u�s�e�d�.� �T�h�e� �m�o�d�a�l� �i�n�f�o�r�m�a�t�i�o�n� �f�o�m� �N�A�S�T�R�A�N� �f�i�n�i�t�e� �e�l�e�m�e�n�t� 

�a�n�a�l�y�s�i�s� �i�s� �i�n�p�u�t� �i�n�t�o� �F�A�S�T� �t�o� �g�e�n�e�r�a�t�e� �t�h�e� �f�l�u�t�t�e�r� �s�p�e�e�d�.� �T�h�e� �s�e�n�s�i�t�i�v�i�t�y� �a�n�a�l�y�s�i�s� 

�i�s� �c�a�r�r�i�e�d� �o�u�t� �i�n� �t�w�o� �s�t�e�p�s�  �� �a� �f�i�n�i�t�e� �d�i�f�f�e�r�e�n�c�e� �c�a�l�c�u�l�a�t�i�o�n� �f�o�l�l�o�w�e�d� �b�y� �a�u�t�o�m�a�t�i�c� 

�d�i�f�f�e�r�e�n�t�i�a�t�i�o�n�.� �S�i�n�c�e� �t�h�e� �n�e�w� �c�o�o�r�d�i�n�a�t�e�s� �o�f� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �n�o�d�a�l� �p�o�i�n�t�s� �a�r�e� 

�g�e�n�e�r�a�t�e�d� �b�y� �p�e�r�t�u�r�b�i�n�g� �t�h�e� �v�a�l�u�e� �o�f� �t�h�e� �s�h�a�p�e� �p�a�r�a�m�e�t�e�r� �a�n�d� �t�h�e�s�e� �a�r�e� �i�n�p�u�t� 

�i�n�t�o� �N�A�S�T�R�A�N� �i�n� �a�n� �8�-�c�o�l�u�m�n� �f�o�r�m�a�t�,� �i�t� �w�a�s� �o�b�s�e�r�v�e�d� �t�h�a�t� �t�h�e� �p�r�e�c�i�s�i�o�n� �o�f� �t�h�e� 

�n�u�m�b�e�r�s� �w�a�s� �n�o�t� �g�o�o�d� �e�n�o�u�g�h� �w�h�i�c�h� �c�o�u�l�d� �l�e�a�d� �t�o� �e�r�r�o�r�s� �d�u�r�i�n�g� �f�i�n�i�t�e� �d�i�f�f�e�r�e�n�c�i�n�g�.� 

�S�o� �t�h�e� �c�e�n�t�r�a�l� �d�i�f�f�e�r�e�n�c�e� �m�e�t�h�o�d� �w�a�s� �p�r�e�f�e�r�r�e�d� �o�v�e�r� �t�h�e� �f�o�r�w�a�r�d� �f�i�n�i�t�e� �d�i�f�f�e�r�e�n�c�e� 

�m�e�t�h�o�d�.� �O�n�e� �o�f� �t�h�e� �s�h�a�p�e� �p�a�r�a�m�e�t�e�r�s� �o�f� �t�h�e� �w�i�n�g� �i�s� �p�e�t�u�r�b�e�d� �b�y� �a� �s�m�a�l�l� �p�o�s�i�t�i�v�e� 

�v�a�l�u�e� �a�n�d� �t�h�e� �f�r�e�e� �v�i�b�r�a�t�i�o�n� �m�o�d�e�s� �o�f� �t�h�e� �n�e�w� �w�i�n�g� �c�o�n�f�i�g�u�r�a�t�i�o�n� �a�r�e� �o�b�t�a�i�n�e�d� �f�r�o�m� 

�N�A�S�T�R�A�N�.� �A�g�a�i�n�,� �t�h�e� �s�h�a�p�e� �p�a�r�a�m�e�t�e�r� �i�s� �p�e�r�t�u�r�b�e�d� �b�y� �a� �s�m�a�l�l� �n�e�g�a�t�i�v�e� �v�a�l�u�e� 

�f�r�o�m� �i�t�s� �n�o�m�i�n�a�l� �v�a�l�u�e� �a�n�d� �m�o�d�a�l� �a�n�a�l�y�s�i�s� �i�s� �c�a�r�r�i�e�d� �o�u�t�.� �I�t� �s�h�o�u�l�d� �b�e� �n�o�t�e�d� �t�h�a�t� 

�t�h�e� �r�e�p�e�a�t�e�d� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �c�a�l�c�u�l�a�t�i�o�n� �i�s� �n�o�t� �v�e�r�y� �e�x�p�e�n�s�i�v�e�,� �b�e�c�a�u�s�e� �t�h�e� �a�n�a�l�y�s�i�s� 

�c�a�n� �b�e� �p�e�r�f�o�r�m�e�d� �t�o� �y�i�e�l�d� �o�n�l�y� �a� �c�e�r�t�a�i�n� �n�u�m�b�e�r� �o�f� �m�o�d�e�s� �w�h�i�c�h� �a�r�e� �r�e�q�u�i�r�e�d� �f�o�r� 

�t�h�e� �f�l�u�t�t�e�r� �a�n�a�l�y�s�i�s�,� �r�a�t�h�e�r� �t�h�a�n� �c�o�m�p�u�t�e� �a�l�l� �t�h�e� �f�r�e�q�u�e�n�c�i�e�s�.� �T�h�e� �d�e�r�i�v�a�t�i�v�e�s� �o�f� �t�h�e� 

�m�o�d�a�l� �f�r�e�q�u�e�n�c�y� �a�n�d� �m�o�d�e� �s�h�a�p�e�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �u�s�i�n�g� �a� �c�e�n�t�r�a�l� �d�i�f�f�e�r�e�n�c�e� �s�c�h�e�m�e� 

�O�f� �_� �f�l�e�+�A�z�x�) ��f�(�e �� �A�e�)� 
�O�r� �2�A�z�r� 
� � �(�5�.�9�)� 

�W�h�e�n� �t�h�e� �m�o�d�a�l� �i�n�f�o�r�m�a�t�i�o�n� �i�s� �r�e�a�d� �i�n�t�o� �F�A�S�T� �f�o�r� �f�l�u�t�t�e�r� �a�n�a�l�y�s�i�s�,� �t�h�e� �c�o�r�r�e�-� 

�s�p�o�n�d�i�n�g� �d�e�r�i�v�a�t�i�v�e� �i�n�f�o�r�m�a�t�i�o�n� �i�s� �a�l�s�o� �r�e�a�d� �i�n�.� �T�h�e�s�e� �d�e�r�i�v�a�t�i�v�e� �v�a�l�u�e�s� �a�r�e� �t�h�e�n� 
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�C�H�A�P�T�E�R� �6� 

�S�H�A�P�E� �S�E�N�S�I�T�I�V�I�T�Y� �F�O�R� �O�P�T�I�M�I�Z�A�T�I�O�N� 
�W�I�T�H� �A�E�R�O�E�L�A�S�T�I�C� �C�O�N�S�T�R�A�I�N�T�S� 

�6�.�1� �O�V�E�R�V�I�E�W� 

�A�n� �e�q�u�i�v�a�l�e�n�t� �p�l�a�t�e� �m�o�d�e�l� �w�h�i�c�h� �i�n�c�o�r�p�o�r�a�t�e�s� �f�i�r�s�t�-�o�r�d�e�r� �s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n� 

�t�h�e�o�r�y� �i�s� �e�x�a�m�i�n�e�d� �s�o� �i�t� �c�a�n� �b�e� �u�s�e�d� �t�o� �m�o�d�e�l� �t�h�i�c�k� �w�i�n�g�s�,� �w�h�e�r�e� �s�h�e�a�r� �d�e�f�o�r�m�a�-� 

�t�i�o�n�s� �a�r�e� �i�m�p�o�r�t�a�n�t�.� �T�h�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �o�f� �a� �t�h�i�c�k� �l�a�m�i�n�a�t�e�d� �c�o�m�p�o�s�i�t�e� �p�l�a�t�e� 

�o�b�t�a�i�n�e�d� �u�s�i�n�g� �f�i�r�s�t�-�o�r�d�e�r� �s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n� �t�h�e�o�r�y� �a�r�e� �c�o�m�p�a�r�e�d� �t�o� �t�h�o�s�e� �o�b�t�a�i�n�e�d� 

�u�s�i�n�g� �c�l�a�s�s�i�c�a�l� �p�l�a�t�e� �t�h�e�o�r�y�.� �T�h�e� �s�e�n�s�i�t�i�v�i�t�y� �o�f� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �t�o� �c�h�a�n�g�e�s� �i�n� 

�s�h�a�p�e� �p�a�r�a�m�e�t�e�r�s� �i�s� �o�b�t�a�i�n�e�d� �u�s�i�n�g� �A�D�I�F�O�R�.� 

�T�h�e� �u�s�e� �o�f� �s�h�a�p�e� �s�e�n�s�i�t�i�v�i�t�y� �d�e�r�i�v�a�t�i�v�e�s� �i�n� �a� �g�r�a�d�i�e�n�t�-�b�a�s�e�d� �d�e�s�i�g�n� �o�p�t�i�m�i�z�a�-� 

�t�i�o�n� �s�u�b�j�e�c�t�e�d� �t�o� �a�e�r�o�e�l�a�s�t�i�c� �c�o�n�s�t�r�a�i�n�t�s� �i�s� �d�e�m�o�n�s�t�r�a�t�e�d�.� �A� �s�i�m�p�l�e� �o�p�t�i�m�i�z�a�t�i�o�n� 

�e�f�f�o�r�t� �i�s� �m�a�d�e� �t�o�w�a�r�d�s� �o�b�t�a�i�n�i�n�g� �a� �m�i�n�i�m�u�m� �w�e�i�g�h�t� �d�e�s�i�g�n� �o�f� �t�h�e� �w�i�n�g�,� �s�u�b�j�e�c�t� �t�o� 

�f�l�u�t�t�e�r� �c�o�n�s�t�r�a�i�n�t�s�,� �l�i�f�t� �r�e�q�u�i�r�e�m�e�n�t� �c�o�n�s�t�r�a�i�n�t�s� �f�o�r� �l�e�v�e�l� �f�l�i�g�h�t� �a�n�d� �s�i�d�e� �c�o�n�s�t�r�a�i�n�t�s� 

�o�n� �t�h�e� �p�l�a�n�f�o�r�m� �p�a�r�a�m�e�t�e�r�s� �o�f� �t�h�e� �w�i�n�g�.� �T�h�e� �I�M�S�L� �s�u�b�r�o�u�t�i�n�e� �N�C�O�N�G�,� �w�h�i�c�h� �i�s� 

�a�n� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �o�f� �s�u�c�c�e�s�s�i�v�e� �q�u�a�d�r�a�t�i�c� �p�r�o�g�r�a�m�m�i�n�g� �i�s� �u�s�e�d� �f�o�r� �t�h�i�s� �p�u�r�p�o�s�e�.� 

�6�.�2� �S�T�R�U�C�T�U�R�A�L� �M�O�D�E�L� 

�I�n� �t�h�e� �p�r�e�v�i�o�u�s� �c�h�a�p�t�e�r�s�,� �e�q�u�i�v�a�l�e�n�t� �p�l�a�t�e� �m�o�d�e�l�s� �b�a�s�e�d� �o�n� �c�l�a�s�s�i�c�a�l� �p�l�a�t�e� 

�t�h�e�o�r�y� �a�n�d� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�o�d�e�l�s� �w�e�r�e� �u�s�e�d� �f�o�r� �s�t�r�u�c�t�u�r�a�l� �m�o�d�e�l�i�n�g�.� �T�h�e� �f�i�r�s�t�-� 

�o�r�d�e�r� �s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n� �t�h�e�o�r�y� �w�h�i�c�h� �i�n�c�o�r�p�o�r�a�t�e�s� �t�r�a�n�s�v�e�r�s�e� �s�h�e�a�r� �d�e�v�e�l�o�p�e�d� �b�y� 

�K�a�p�a�n�i�a� �a�n�d� �L�o�v�e�j�o�y� �[�9�7�]� �i�s� �u�s�e�d� �f�o�r� �s�t�r�u�c�t�u�r�a�l� �m�o�d�e�l�i�n�g� �i�n� �t�h�i�s� �c�h�a�p�t�e�r�.� 
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�T�h�e� �p�l�a�t�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �u�,� �v� �a�n�d� �w� �a�r�e� �g�i�v�e�n� �b�y� 

�u�=�u�°�(�z�,�y�,�t�)� �+� �z�¢�,�(�2�,� �y�,� �t�)� 

�v�=� �v�(�x�,� �y�,�t�)� �+� �z�b�y�(�2�,� �y�,� �t�)� �(�6�.�1�)� 

�w�=�w�(�z�,�y�,�t�)� 

�w�h�e�r�e� �u�°�,� �v�°� �a�n�d� �w�®� �a�r�e� �m�i�d�p�l�a�n�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �a�n�d� �¢�,� �a�n�d� �¢�,� �a�r�e� �r�o�t�a�t�i�o�n�s� �a�b�o�u�t� 

�t�h�e� �y� �a�n�d� �x� �a�x�e�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� 

�T�h�e� �o�r�i�g�i�n�a�l� �(�7�,� �y�)� �c�o�o�r�d�i�n�a�t�e� �s�y�s�t�e�m� �i�s� �t�r�a�n�s�f�o�r�m�e�d� �t�o� �t�h�e� �(�n�,�  ¬�)� �c�o�o�r�d�i�n�a�t�e� 

�s�y�s�t�e�m�,� �a�n�d� �a� �R�a�y�l�e�i�g�h�-�R�i�t�z� �f�o�r�m�u�l�a�t�i�o�n� �u�s�i�n�g� �C�h�e�b�y�s�h�e�v� �p�o�l�y�n�o�m�i�a�l�s� �t�o� �r�e�p�r�e�s�e�n�t� 

�t�h�e� �p�l�a�t�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �i�s� �a�d�o�p�t�e�d�.� �T�h�e� �m�i�d�-�p�l�a�n�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �a�n�d� �r�o�t�a�t�i�o�n�s� 

�a�r�e� �r�e�p�r�e�s�e�n�t�e�d� �i�n� �a� �s�e�r�i�e�s� �a�s� 

�I�g� 

�u�w� �=� �»� �»�»� �R�i�j� �(�O�)�T�i�(�M�)�T�;�(�E�)� 
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�a�n�d� �t�h�e� �C�h�e�b�y�s�h�e�v� �p�o�l�y�n�o�m�i�a�l�s� �T�;� �a�r�e� �g�i�v�e�n� �i�n� �e�q�u�a�t�i�o�n�s�(�3�.�1�)�.� 

�I�t� �h�a�s� �b�e�e�n� �s�h�o�w�n� �b�y� �K�a�p�a�n�i�a� �a�n�d� �L�o�v�e�j�o�y� �[�9�7�]� �t�h�a�t� �f�o�r� �f�r�e�e� �v�i�b�r�a�t�i�o�n� �o�f� �t�h�e� 

�p�l�a�t�e�,� �t�h�e� �e�i�g�e�n�v�a�l�u�e� �p�r�o�b�l�e�m� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� �a�s� 

�[�K�k�  ��\�M�]�{�x�}� �=�0� �(�6�.�3�)� 
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�w�h�e�r�e� �[�A�]� �a�n�d� �[�M�]� �a�r�e� �t�h�e� �s�t�i�f�f�n�e�s�s� �a�n�d� �m�a�s�s� �m�a�t�r�i�c�e�s� �a�n�d� �t�h�e� �e�i�g�e�n�v�e�c�t�o�r� �{�x�}� 

�c�o�n�t�a�i�n�s� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �t�h�e� �p�o�l�y�n�o�m�i�a�l� �r�e�p�r�e�s�e�n�t�i�n�g� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �f�u�n�c�t�i�o�n�s�,� 

�1�. ¬�.�,� 

�{�x�}� �=� �(�R�o�o�,� �R�o�r�,� �.�.�-�R�i�j�;� �S�o�o�,� �-�-�-� �S�k�t�;� �P�o�o�,� �-�-�-�P�i�m�n�s� �X�0�0�,� �-�-�-�X� �p�q�;� �Y�o�o�,� �Y�p�s�)�?� �(�6�.�4�)� 

�T�h�e� �p�l�a�t�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�r�e� �h�a�n�d�l�e�d� �b�y� �u�s�i�n�g� �s�p�r�i�n�g�s� �o�f� �a�p�p�r�o�p�r�i�a�t�e� 

�m�a�g�n�i�t�u�d�e� �a�t� �t�h�e� �b�o�u�n�d�a�r�i�e�s�.� �F�o�r� �m�o�d�e�l�i�n�g� �c�a�n�t�i�l�e�v�e�r� �w�i�n�g�s�,� �l�i�n�e�a�r� �a�n�d� �r�o�t�a�t�i�o�n�a�l� 

�s�p�r�i�n�g�s� �o�f� �l�a�r�g�e� �m�a�g�n�i�t�u�d�e� �a�r�e� �p�l�a�c�e�d� �a�t� �t�h�e� �r�o�o�t� �t�o� �s�a�t�i�s�f�y� �t�h�e� �c�l�a�m�p�e�d� �w�i�n�g� 

�b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�.� �D�e�t�a�i�l�s� �o�f� �t�h�e� �f�o�r�m�u�l�a�t�i�o�n� �a�r�e� �g�i�v�e�n� �i�n� �[�9�7�]�.� 

�B�o�t�h� �i�n�p�l�a�n�e� �m�o�d�e�s� �o�f� �v�i�b�r�a�t�i�o�n� �a�n�d� �r�o�t�a�r�y� �i�n�e�r�t�i�a� �t�e�r�m�s� �a�r�e� �i�n�c�l�u�d�e�d� �i�n� �[�9�7�]�.� 

�H�o�w�e�v�e�r�,� �i�n� �t�h�i�s� �s�t�u�d�y�,� �c�o�n�s�i�d�e�r�i�n�g� �o�n�l�y� �t�r�a�n�s�v�e�r�s�e� �v�i�b�r�a�t�i�o�n�s� �a�n�d� �n�e�g�l�e�c�t�i�n�g� �t�h�e� 

�r�o�t�a�r�y� �i�n�e�r�t�i�a�,� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� �u�°�,� �v�°�,� �¢�,� �a�n�d� �¢�,� �d�i�s�p�l�a�c�e�m�e�n�t�s� 

�a�r�e� �c�o�n�d�e�n�s�e�d� �o�u�t� �u�s�i�n�g� �a� �s�t�a�t�i�c� �c�o�n�d�e�n�s�a�t�i�o�n�.� 

�6�.�3� �E�F�F�E�C�T� �O�F� �T�R�A�N�S�V�E�R�S�E� �S�H�E�A�R� �O�N� �V�I�B�R�A�T�I�O�N� �A�N�D� 

�A�E�R�O�E�L�A�S�T�I�C� �C�H�A�R�A�C�T�E�R�I�S�T�I�C�S� 

�T�h�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �o�f� �a� �l�a�m�i�n�a�t�e�d� �c�o�m�p�o�s�i�t�e� �p�l�a�t�e� �c�l�a�m�p�e�d� �a�t� �o�n�e� �e�n�d� 

�a�n�d� �f�r�e�e� �a�t� �t�h�e� �o�t�h�e�r� �t�h�r�e�e� �e�d�g�e�s�,� �a�r�e� �c�o�m�p�u�t�e�d� �u�s�i�n�g� �t�h�i�s� �s�t�r�u�c�t�u�r�a�l� �m�o�d�e�l� �i�n�-� 

�c�o�r�p�o�r�a�t�i�n�g� �t�r�a�n�s�v�e�r�s�e� �s�h�e�a�r� �a�n�d� �c�o�m�p�a�r�e�d� �w�i�t�h� �t�h�e� �c�l�a�s�s�i�c�a�l� �p�l�a�t�e� �m�o�d�e�l� �u�s�e�d� 

�i�n� �t�h�e� �e�a�r�l�i�e�r� �s�t�u�d�i�e�s�.� �T�h�e� �s�e�n�s�i�t�i�v�i�t�y� �o�f� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �t�o� �c�h�a�n�g�e�s� �i�n� �s�h�a�p�e� 

�p�a�r�a�m�e�t�e�r�s� �o�f� �t�h�e� �p�l�a�t�e� �i�s� �s�t�u�d�i�e�d�.� �T�h�e� �i�n�f�l�u�e�n�c�e� �o�f� �t�r�a�n�s�v�e�r�s�e� �s�h�e�a�r� �o�n� �t�h�e� �f�l�u�t�t�e�r� 

�c�h�a�r�a�c�t�e�r�i�s�i�t�i�c�s� �o�f� �a� �w�i�n�g� �i�s� �a�l�s�o� �e�x�a�m�i�n�e�d�.� 

�1�1�1



�6�.�3�.�1� �E�F�F�E�C�T� �O�F� �T�R�A�N�S�V�E�R�S�E� �S�H�E�A�R� �O�N� �N�A�T�U�R�A�L� �F�R�E�Q�U�E�N�C�Y� 

�I�n� �o�r�d�e�r� �t�o� �g�e�t� �a�n� �e�s�t�i�m�a�t�e� �o�f� �t�h�e� �e�f�f�e�c�t� �o�f� �t�r�a�n�s�v�e�r�s�e� �s�h�e�a�r� �o�n� �t�h�e� �f�r�e�e� �v�i�-� 

�b�r�a�t�i�o�n� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�,� �t�h�e� �p�l�a�t�e� �v�i�b�r�a�t�i�o�n�s� �a�r�e� �a�n�a�l�y�z�e�d� �u�s�i�n�g� �b�o�t�h� �t�h�e� �c�l�a�s�s�i�c�a�l� 

�p�l�a�t�e� �t�h�e�o�r�y� �a�n�d� �t�h�e� �f�i�r�s�t�-�o�r�d�e�r� �s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n� �t�h�e�o�r�y�.� �T�h�e� �r�e�s�u�l�t�s� �f�o�r� �s�y�m�-� 

�m�e�t�r�i�c�a�l�l�y� �l�a�m�i�n�a�t�e�d�,� �s�k�e�w�,� �c�a�n�t�i�l�e�v�e�r� �p�l�a�t�e�s� �m�a�d�e� �o�f� �G�l�a�s�s�/�E�p�o�x�y� �a�r�e� �p�r�e�s�e�n�t�e�d� 

�i�n� �T�a�b�l�e�s� �6�.�1� �a�n�d� �6�.�2�.� �T�h�e� �p�r�o�p�e�r�t�i�e�s� �f�o�r� �G�l�a�s�s�/�E�p�o�x�y� �a�r�e� �E�,� �=� �3�8�.�6�1� �G�P�a�,� 

�E�y� �=� �E�3�;� �=� �8�.�2�7� �G�P�a�,� �G�y�o� �=� �G�i�3� �=� �4�.�1�4� �G�P�a�,� �G�o�3� �=� �3�.�3�5� �G�P�a�,� �4�4�2� �=� �1�1�4�3� �=� �0�.�2�6�,� 

�V�2�3� �=� �0�.�4�9� �a�n�d� �p� �=� �2�5�4�6�.�5�4� �k�g�/�m�>�.� �T�h�e� �r�e�s�u�l�t�s� �a�r�e� �g�i�v�e�n� �f�o�r� �a� �p�l�a�t�e� �w�i�t�h� �a� 

�s�w�e�e�p� �a�n�g�l�e� �o�f� �A� �=� �1�5�°�,� �a�s�p�e�c�t� �r�a�t�i�o� �o�f� �3�.�1�1�1�,� �t�a�p�e�r� �r�a�t�i�o� �o�f� �0�.�5� �a�n�d� �a�r�e�a� �o�f� 

�6�3� �i�n�?� �(�4�0�6�.�4�5� �c�m ��)�.� �T�h�e� �t�h�i�c�k�n�e�s�s� �o�f� �t�h�e� �p�l�a�t�e� �i�s� �v�a�r�i�e�d� �f�r�o�m� �0�.�1�4� �i�n�.� �(�3�.�5�5�6� �m�m�.�)� 

�f�o�r� �t�h�e� �t�h�i�n� �[�3�8�0�2�/�0�]�,� �l�a�m�i�n�a�t�e� �t�o� �0�.�8�4� �i�n�.� �(�2�1�.�3�3�6� �m�m�.�)� �f�o�r� �t�h�e� �t�h�i�c�k� �[�3�0�2� �/�0�]�¢�,� �l�a�m�i�-� 

�n�a�t�e�.� �I�t� �i�s� �s�e�e�n� �f�r�o�m� �T�a�b�l�e�s� �6�.�1� �a�n�d� �6�.�2� �t�h�a�t� �t�h�e� �f�r�e�q�u�e�n�c�i�e�s� �p�r�e�d�i�c�t�e�d� �b�y� �i�n�c�l�u�d�i�n�g� 

�s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n�s� �a�r�e� �l�o�w�e�r� �t�h�a�n� �t�h�o�s�e� �p�r�e�d�i�c�t�e�d� �b�y� �c�l�a�s�s�i�c�a�l� �p�l�a�t�e� �t�h�e�o�r�y�.� �A�s� �t�h�e� 

�t�h�i�c�k�n�e�s�s� �o�f� �t�h�e� �p�l�a�t�e� �i�s� �i�n�c�r�e�a�s�e�d�,� �n�o�t�a�b�l�e� �d�i�f�f�e�r�e�n�c�e�s� �c�a�n� �b�e� �s�e�e�n� �i�n� �f�r�e�q�u�e�n�c�i�e�s� 

�o�b�t�a�i�n�e�d� �b�y� �t�h�e� �t�w�o� �t�h�e�o�r�i�e�s�.� 

�6�.�3�.�2� �S�H�A�P�E� �S�E�N�S�I�T�I�V�I�T�Y� �R�E�S�U�L�T�S� 

�T�h�e� �s�e�n�s�i�t�i�v�i�t�y� �o�f� �t�h�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �o�f� �t�h�e� �p�l�a�t�e� �t�o� �s�h�a�p�e� �p�a�r�a�m�e�t�e�r�s�,� 

�n�a�m�e�l�y� �a�s�p�e�c�t� �r�a�t�i�o�,� �a�r�e�a�,� �t�a�p�e�r� �r�a�t�i�o� �a�n�d� �s�w�e�e�p� �a�n�g�l�e� �w�a�s� �c�o�m�p�u�t�e�d� �u�s�i�n�g� �a�u�-� 

�t�o�m�a�t�i�c� �d�i�f�f�e�r�e�n�t�i�a�t�i�o�n� �(�A�D�I�F�O�R�)�.� �T�h�e� �[�3�0�2�/�0�]�1�9�,� �l�a�m�i�n�a�t�e�d� �p�l�a�t�e� �w�i�t�h� �6�0� �p�l�i�e�s�,� 

�m�a�d�e� �o�f� �G�l�a�s�s�/�E�p�o�x�y� �i�s� �u�s�e�d� �f�o�r� �t�h�e� �s�t�u�d�y�.� �T�h�e� �s�e�n�s�i�t�i�v�i�t�y� �o�f� �t�h�e� �f�i�r�s�t� �t�h�r�e�e� �n�a�t�-� 

�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �o�f� �t�h�e� �p�l�a�t�e� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �s�h�a�p�e� �p�a�r�a�m�e�t�e�r�s� �i�s� �s�h�o�w�n� �i�n� �F�i�g�s�.� 

�6�.�1�-�6�.�4�.� �T�h�e� �f�r�e�e� �v�i�b�r�a�t�i�o�n� �f�r�e�q�u�e�n�c�i�e�s� �o�b�t�a�i�n�e�d� �b�y� �p�e�r�t�u�r�b�i�n�g� �o�n�e� �s�h�a�p�e� �p�a�r�a�m�e�-� 

�t�e�r� �a�t� �a� �t�i�m�e� �f�r�o�m� �t�h�e� �b�a�s�e�l�i�n�e� �c�o�n�f�i�g�u�r�a�t�i�o�n� �a�r�e� �s�h�o�w�n� �b�y� �t�h�e� �s�o�l�i�d� �l�i�n�e� �c�u�r�v�e�.� �T�h�e� 

�1�1�2



�d�o�t�t�e�d� �l�i�n�e� �g�i�v�e�s� �t�h�e� �s�e�n�s�i�t�i�v�i�t�y� �p�r�e�d�i�c�t�i�o�n� �a�t� �t�h�e� �b�a�s�e�l�i�n�e� �c�o�n�f�i�g�u�r�a�t�i�o�n�.� �T�h�e� �s�e�n�-� 

�s�i�t�i�v�i�t�y� �d�e�r�i�v�a�t�i�v�e� �o�b�t�a�i�n�e�d� �f�o�r�m�s� �a� �t�a�n�g�e�n�t� �t�o� �t�h�e� �f�r�e�q�u�e�n�c�y� �c�u�r�v�e� �a�t� �t�h�e� �b�a�s�e�l�i�n�e� 

�c�o�n�f�i�g�u�r�a�t�i�o�n�.� 

�I�t� �i�s� �s�e�e�n� �t�h�a�t� �t�h�e�r�e� �i�s� �a� �d�r�o�p� �i�n� �t�h�e� �v�i�b�r�a�t�i�o�n� �f�r�e�q�u�e�n�c�i�e�s� �o�f� �t�h�e� �f�i�r�s�t� �t�h�r�e�e� 

�m�o�d�e�s� �a�s� �t�h�e� �a�s�p�e�c�t� �r�a�t�i�o�,� �a�r�e�a� �a�n�d� �t�a�p�e�r� �r�a�t�i�o� �o�f� �t�h�e� �p�l�a�t�e� �a�r�e� �i�n�c�r�e�a�s�e�d�.� �T�h�e� 

�f�i�r�s�t� �t�w�o� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �d�e�c�r�e�a�s�e� �w�i�t�h� �i�n�c�r�e�a�s�i�n�g� �s�w�e�e�p� �a�n�g�l�e� �a�s� �s�e�e�n� �f�r�o�m� 

�F�i�g�.� �6�.�4�,� �b�u�t� �t�h�e� �t�h�i�r�d� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�y� �f�i�r�s�t� �i�n�c�r�e�a�s�e�s� �w�i�t�h� �s�w�e�e�p� �a�n�g�l�e� �a�n�d� �t�h�e�n� 

�d�e�c�r�e�a�s�e�s�,� �a�b�o�u�t� �t�h�e� �b�a�s�e�l�i�n�e� �v�a�l�u�e� �o�f� �1�5�°� �s�w�e�e�p�.� �B�y� �p�e�r�f�o�r�m�i�n�g� �o�n�e� �s�e�n�s�i�t�i�v�i�t�y� 

�c�a�l�c�u�l�a�t�i�o�n� �a�t� �t�h�e� �b�a�s�e�l�i�n�e� �a�n�a�l�y�t�i�c�a�l�l�y�,� �t�h�i�s� �m�e�t�h�o�d� �g�i�v�e�s� �a� �l�i�n�e�a�r� �a�p�p�r�o�x�i�m�a�t�i�o�n� �t�o� 

�t�h�e� �f�r�e�q�u�e�n�c�y� �c�u�r�v�e� �f�o�r� �c�h�a�n�g�e�s� �i�n� �t�h�e� �w�i�n�g� �s�h�a�p�e� �p�a�r�a�m�e�t�e�r�s� �a�b�o�u�t� �t�h�e� �b�a�s�e�l�i�n�e�.� 

�T�h�e�s�e� �s�h�a�p�e� �s�e�n�s�i�t�i�v�i�t�y� �d�e�r�i�v�a�t�i�v�e�s� �c�o�u�l�d� �b�e� �v�e�r�y� �u�s�e�f�u�l� �f�o�r� �a� �g�r�a�d�i�e�n�t�-�b�a�s�e�d� �d�e�s�i�g�n� 

�o�p�t�i�m�i�z�a�t�i�o�n� �o�f� �t�h�i�c�k� �p�l�a�t�e�s� �w�i�t�h� �f�r�e�q�u�e�n�c�y� �c�o�n�s�t�r�a�i�n�t�s�.� 

�6�.�3�.�3� �E�F�F�E�C�T� �O�F� �T�R�A�N�S�V�E�R�S�E� �S�H�E�A�R� �O�N� �F�L�U�T�T�E�R� �S�P�E�E�D� 

�S�t�u�d�i�e�s� �o�n� �t�h�e� �e�f�f�e�c�t� �o�f� �t�r�a�n�s�v�e�r�s�e� �s�h�e�a�r� �o�n� �f�l�u�t�t�e�r� �s�p�e�e�d� �o�f� �a� �w�i�n�g� �i�s� �o�f� 

�g�r�e�a�t� �i�n�t�e�r�e�s�t�,� �e�s�p�e�c�i�a�l�l�y� �w�h�e�n� �d�e�a�l�i�n�g� �w�i�t�h� �t�h�i�c�k� �c�o�m�p�o�s�i�t�e� �w�i�n�g�s� �f�o�r� �w�h�i�c�h� �s�h�e�a�r� 

�d�e�f�o�r�m�a�t�i�o�n� �e�f�f�e�c�t�s� �a�r�e� �n�o�t� �n�e�g�l�i�g�i�b�l�e� �(�s�e�e� �K�a�r�p�o�u�z�i�a�n� �a�n�d� �L�i�b�r�e�s�c�u� �[�9�8�]�)�.� �I�n� �t�h�i�s� 

�s�t�u�d�y�,� �t�h�e� �f�i�r�s�t�-�o�r�d�e�r� �s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n� �t�h�e�o�r�y� �(�F�S�D�T�)� �i�s� �u�s�e�d� �f�o�r� �t�h�e� �s�t�r�u�c�t�u�r�a�l� 

�m�o�d�e�l� �a�n�d� �a� �l�i�f�t�i�n�g�-�s�u�r�f�a�c�e� �u�n�s�t�e�a�d�y� �a�e�r�o�d�y�n�a�m�i�c�s� �(�F�A�S�T�)� �i�s� �u�s�e�d� �f�o�r� �g�e�n�e�r�a�t�i�n�g� 

�t�h�e� �g�e�n�e�r�a�l�i�z�e�d� �a�e�r�o�d�y�n�a�m�i�c� �f�o�r�c�e�s� �r�e�q�u�i�r�e�d� �f�o�r� �t�h�e� �f�l�u�t�t�e�r� �c�a�l�c�u�l�a�t�i�o�n�.� �T�h�e� �f�l�u�t�t�e�r� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �t�h�e� �w�i�n�g� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �3�.�2� �w�h�i�c�h� �h�a�s� �p�r�e�v�i�o�u�s�l�y� �b�e�e�n� �a�n�a�l�y�z�e�d� 

�i�n� �C�h�a�p�t�e�r� �4� �u�s�i�n�g� �a� �c�l�a�s�s�i�c�a�l� �l�a�m�i�n�a�t�e�d� �p�l�a�t�e� �t�h�e�o�r�y� �(�C�L�P�T�)�,� �i�s� �s�t�u�d�i�e�d� �h�e�r�e� �b�y� 

�i�n�c�l�u�d�i�n�g� �t�h�e� �e�f�f�e�c�t�s� �o�f� �t�r�a�n�s�v�e�r�s�e� �s�h�e�a�r�.� �F�i�g�u�r�e�s� �6�.�5�-�6�.�8� �s�h�o�w� �t�h�e� �v�a�r�i�a�t�i�o�n� �o�f� 
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�t�h�e� �f�l�u�t�t�e�r� �s�p�e�e�d� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �a�s�p�e�c�t� �r�a�t�i�o�,� �a�r�e�a�,� �t�a�p�e�r� �r�a�t�i�o� �a�n�d� �s�w�e�e�p� �a�n�g�l�e� 

�o�f� �t�h�e� �w�i�n�g�,� �a�s� �p�r�e�d�i�c�t�e�d� �b�y� �C�L�P�T� �a�n�d� �F�S�D�T�.� �I�t� �i�s� �e�v�i�d�e�n�t� �t�h�a�t� �t�h�e� �i�n�c�l�u�s�i�o�n� �o�f� 

�t�r�a�n�s�v�e�r�s�e� �s�h�e�a�r� �i�n� �t�h�e� �s�t�r�u�c�t�u�r�a�l� �m�o�d�e�l� �h�a�s� �a�n� �e�f�f�e�c�t� �o�f� �r�e�d�u�c�i�n�g� �t�h�e� �f�l�u�t�t�e�r� �s�p�e�e�d� 

�o�f� �t�h�e� �w�i�n�g�.� 

�6�.�4� �O�P�T�I�M�I�Z�A�T�I�O�N� �W�I�T�H� �A�E�R�O�E�L�A�S�T�I�C� �C�O�N�S�T�R�A�I�N�T�S� 

�M�u�l�t�i�d�i�s�c�i�p�l�i�n�a�r�y� �o�p�t�i�m�i�z�a�t�i�o�n� �i�s� �o�f� �g�r�e�a�t� �i�n�t�e�r�e�s�t� �i�n� �t�h�e� �a�e�r�o�s�p�a�c�e� �i�n�d�u�s�t�r�y� 

�a�n�d� �e�f�f�o�r�t�s� �a�r�e� �b�e�i�n�g� �m�a�d�e� �t�o�w�a�r�d�s� �i�n�t�e�g�r�a�t�e�d� �w�i�n�g� �s�y�n�t�h�e�s�i�s� �t�o� �p�r�o�d�u�c�e� �b�e�t�t�e�r� 

�d�e�s�i�g�n�s�.� �T�h�e� �d�e�s�i�g�n�s� �h�a�v�e� �t�o� �s�a�t�i�s�f�y� �a� �n�u�m�b�e�r� �o�f� �c�o�n�s�t�r�a�i�n�t�s� �o�f� �w�h�i�c�h� �f�l�u�t�t�e�r� �c�o�n�-� 

�s�t�r�a�i�n�t�s� �f�o�r�m� �a�n� �i�m�p�o�r�t�a�n�t� �s�u�b�s�e�t�.� �T�h�e� �c�h�a�n�g�e�s� �i�n� �s�h�a�p�e� �o�f� �t�h�e� �w�i�n�g� �a�f�f�e�c�t� �b�o�t�h� �i�t�s� 

�s�t�r�u�c�t�u�r�a�l� �a�n�d� �a�e�r�o�d�y�n�a�m�i�c� �r�e�s�p�o�n�s�e�.� �T�h�i�s� �i�s� �a�n� �e�f�f�o�r�t� �t�o� �o�b�t�a�i�n� �a� �m�i�n�i�m�u�m� �w�e�i�g�h�t� 

�d�e�s�i�g�n� �o�f� �t�h�e� �w�i�n�g�,� �s�u�b�j�e�c�t� �t�o� �f�l�u�t�t�e�r� �c�o�n�s�t�r�a�i�n�t�s�,� �l�i�f�t� �r�e�q�u�i�r�e�m�e�n�t� �c�o�n�s�t�r�a�i�n�t�s� �a�n�d� 

�c�o�n�s�t�r�a�i�n�t�s� �o�n� �t�h�e� �p�l�a�n�f�o�r�m� �p�a�r�a�m�e�t�e�r�s� �o�f� �t�h�e� �w�i�n�g�.� �I�t� �s�h�o�u�l�d� �b�e� �n�o�t�e�d� �t�h�a�t� �m�o�r�e� 

�c�o�n�s�t�r�a�i�n�t�s� �c�a�n� �b�e� �a�d�d�e�d� �t�o� �t�h�i�s� �o�p�t�i�m�i�z�a�t�i�o�n� �p�r�o�b�l�e�m� �i�f� �r�e�q�u�i�r�e�d�.� �T�h�e� �g�r�a�d�i�e�n�t�s� 

�r�e�q�u�i�r�e�d� �f�o�r� �t�h�e� �o�p�t�i�m�i�z�a�t�i�o�n� �a�r�e� �c�o�m�p�u�t�e�d� �t�h�r�o�u�g�h� �a� �s�e�n�s�i�t�i�v�i�t�y� �a�n�a�l�y�s�i�s� �o�f� �t�h�e� 

�a�e�r�o�e�l�a�s�t�i�c� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �w�i�n�g� �u�s�i�n�g� �a�u�t�o�m�a�t�i�c� �d�i�f�f�e�r�e�n�t�i�a�t�i�o�n� �(�u�s�i�n�g� �A�D�I�F�O�R�)�.� 

�6�.�4�.�1� �F�O�R�M�U�L�A�T�I�O�N� �O�F� �T�H�E� �O�P�T�I�M�I�Z�A�T�I�O�N� �P�R�O�B�L�E�M� 

�T�h�e� �o�p�t�i�m�i�z�a�t�i�o�n� �p�r�o�b�l�e�m� �c�a�n� �b�e� �s�t�a�t�e�d� �a�s� �f�o�l�l�o�w�s�:� 

�M�i�n�i�m�i�z�e� 

�W�w� �=� �p�m�S�t�g� 

�s�u�b�j�e�c�t� �t�o� �t�h�e� �c�o�n�s�t�r�a�i�n�t�s� 

�V�e�l�u�t�t�e�r� �>� �1�.�2� �V�e�t�i�g�h�t� 
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�W�a� �c� 

�2� 
� � �L�=� �5�P�V�P�i�i�g�n�e�S�C�L� �=� 

�A�R� �>� �5�.�0� 

�0�.�5�<�T�R�<� �1�.�0� 

�0�°� �<�A� �<� �3�0�°� �(�6�.�5�)� 

�w�h�e�r�e� �W�,� �i�s� �t�h�e� �w�e�i�g�h�t� �o�f� �t�h�e� �w�i�n�g�,� �p�m� �i�s� �t�h�e� �d�e�n�s�i�t�y� �o�f� �t�h�e� �m�a�t�e�r�i�a�l�,� �S� �i�s� �t�h�e� 

�a�r�e�a� �o�f� �t�h�e� �w�i�n�g�,� �t� �i�s� �t�h�e� �t�h�i�c�k�n�e�s�s�,� �g� �i�s� �t�h�e� �a�c�c�e�l�e�r�a�t�i�o�n� �d�u�e� �t�o� �g�r�a�v�i�t�y�,� �V� �i�s� �t�h�e� 

�v�e�l�o�c�i�t�y�,� �D� �i�s� �t�h�e� �l�i�f�t�,� �p� �i�s� �t�h�e� �d�e�n�s�i�t�y� �o�f� �a�i�r�,� �C�z� �i�s� �t�h�e� �l�i�f�t� �c�o�e�f�f�i�c�i�e�n�t�,� �W�a�.� �i�s� �t�h�e� 

�w�e�i�g�h�t� �o�f� �t�h�e� �a�i�r�c�r�a�f�t�,� �A�R� �i�s� �t�h�e� �a�s�p�e�c�t� �r�a�t�i�o�,� �T�R� �i�s� �t�h�e� �t�a�p�e�r� �r�a�t�i�o� �a�n�d� �A� �i�s� �t�h�e� 

�q�u�a�r�t�e�r�-�c�h�o�r�d� �s�w�e�e�p� �a�n�g�l�e�.� 

�T�h�e� �w�i�n�g� �i�s� �d�e�s�i�g�n�e�d� �s�o� �t�h�a�t� �t�h�e� �f�l�u�t�t�e�r� �s�p�e�e�d� �i�s� �a�t�l�e�a�s�t� �2�0�%� �m�o�r�e� �t�h�a�n� �t�h�e� 

�m�a�x�i�m�u�m� �f�l�i�g�h�t� �s�p�e�e�d�.� �A�l�s�o� �t�h�e� �w�i�n�g� �i�s� �c�a�p�a�b�l�e� �o�f� �p�r�o�d�u�c�i�n�g� �s�u�f�f�i�c�i�e�n�t� �l�i�f�t� �r�e�q�u�i�r�e�d� 

�f�o�r� �c�r�u�i�s�e�.� �T�h�e� �c�o�n�s�t�r�a�i�n�t� �o�n� �t�h�e� �a�s�p�e�c�t� �r�a�t�i�o� �e�n�s�u�r�e�s� �t�h�a�t� �w�i�n�g�s� �w�i�t�h� �s�h�o�r�t� �s�p�a�n�s� 

�a�n�d� �l�o�n�g� �c�h�o�r�d�s� �a�r�e� �n�o�t� �a�n� �o�u�t�c�o�m�e� �o�f� �t�h�e� �o�p�t�i�m�i�z�a�t�i�o�n�.� �T�h�e� �c�o�n�s�t�r�a�i�n�t�s� �o�n� �t�a�p�e�r� 

�r�a�t�i�o� �a�n�d� �s�w�e�e�p� �a�n�g�l�e� �e�n�s�u�r�e� �t�h�a�t� �w�i�n�g�s� �t�h�a�t� �c�o�n�f�o�r�m� �t�o� �p�r�a�c�t�i�c�a�l� �d�e�s�i�g�n�s� �a�r�e� 

�g�e�n�e�r�a�t�e�d�.� 

�6�.�4�.�2�2� �M�E�T�H�O�D� �O�F� �S�O�L�U�T�I�O�N� 

�T�h�e�r�e� �a�r�e� �s�e�v�e�r�a�l� �m�e�t�h�o�d�s� �t�o� �p�e�r�f�o�r�m� �t�h�i�s� �n�o�n�l�i�n�e�a�r� �c�o�n�s�t�r�a�i�n�e�d� �o�p�t�i�m�i�z�a�t�i�o�n� 

�[�9�9�]�.� �T�h�e� �g�r�a�d�i�e�n�t� �p�r�o�j�e�c�t�i�o�n� �m�e�t�h�o�d� �i�s� �b�a�s�e�d� �o�n� �p�r�o�j�e�c�t�i�n�g� �t�h�e� �s�e�a�r�c�h� �d�i�r�e�c�t�i�o�n� 

�i�n�t�o� �t�h�e� �s�u�b�s�p�a�c�e� �t�a�n�g�e�n�t� �t�o� �t�h�e� �a�c�t�i�v�e� �c�o�n�s�t�r�a�i�n�t�s�.� �I�n� �t�h�e� �m�e�t�h�o�d� �o�f� �f�e�a�s�i�b�l�e� 

�d�i�r�e�c�t�i�o�n�s�,� �t�h�e� �c�o�n�c�e�p�t� �i�s� �t�o� �s�t�a�y� �i�n� �t�h�e� �f�e�a�s�i�b�l�e� �d�o�m�a�i�n�,� �m�o�v�e� �i�n� �a� �d�i�r�e�c�t�i�o�n� �w�h�i�c�h� 

�r�e�d�u�c�e�s� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �a�n�d� �s�t�a�y� �a�w�a�y� �f�r�o�m� �t�h�e� �c�o�n�s�t�r�a�i�n�t� �b�o�u�n�d�a�r�i�e�s�.� �T�h�e� 
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�p�r�o�g�r�a�m� �b�y� �V�a�n�d�e�r�p�l�a�a�t�s�,� �C�O�N�M�I�N� �[�1�0�0�]� �i�s� �a�n� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �m�e�t�h�o�d� �o�f� 

�f�e�a�s�i�b�l�e� �d�i�r�e�c�t�i�o�n�s�.� �A�n�o�t�h�e�r� �m�e�t�h�o�d� �w�h�i�c�h� �u�s�e�s� �s�u�c�c�e�s�s�i�v�e� �q�u�a�d�r�a�t�i�c� �p�r�o�g�r�a�m�m�i�n�g� 

�i�s� �i�m�p�l�e�m�e�n�t�e�d� �i�n� �t�h�e� �I�M�S�L� �s�u�b�r�o�u�t�i�n�e�,� �N�C�O�N�G� �[�1�0�1�]�.� �T�h�e� �m�e�t�h�o�d�,� �b�a�s�e�d� �o�n� �t�h�e� 

�i�t�e�r�a�t�i�v�e� �f�o�r�m�u�l�a�t�i�o�n� �a�n�d� �s�o�l�u�t�i�o�n� �o�f� �q�u�a�d�r�a�t�i�c� �p�r�o�g�r�a�m�m�i�n�g� �s�u�b�p�r�o�b�l�e�m�s�,� �u�s�e�s� �a� 

�q�u�a�d�r�a�t�i�c� �a�p�p�r�o�x�i�m�a�t�i�o�n� �o�f� �t�h�e� �L�a�g�r�a�n�g�i�a�n� �a�n�d� �l�i�n�e�a�r�i�z�a�t�i�o�n� �o�f� �t�h�e� �c�o�n�s�t�r�a�i�n�t�s�.� 

�T�h�o�u�g�h� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �q�u�a�d�r�a�t�i�c� �p�r�o�g�r�a�m�m�i�n�g� �d�i�r�e�c�t�i�o�n� �s�e�e�k�i�n�g� �p�r�o�b�l�e�m� �i�s� 

�c�u�m�b�e�r�s�o�m�e�,� �i�t� �o�f�t�e�n� �l�e�a�d�s� �t�o� �f�a�s�t�e�r� �c�o�n�v�e�r�g�e�n�c�e�.� 

�T�h�e� �o�p�t�i�m�i�z�a�t�i�o�n� �p�r�o�b�l�e�m� �c�a�n� �b�e� �w�r�i�t�t�e�n� �a�s� 

�s�u�b�j�e�c�t� �t�o� �g�;�(�x�)�=�0�,� �f�o�r�j�=�1�,�.�.�.�,�m�.� 

�(�6�.�6�)� 

�g�j�(�x�)� �2�0�,� �f�o�r� �j�=�m�e�t�l�,�.�.�.�,�m� 

�W�e� �s�e�e�k� �t�h�e� �d�i�r�e�c�t�i�o�n� �d� �a�s� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �f�o�l�l�o�w�i�n�g� �q�u�a�d�r�a�t�i�c� �p�r�o�g�r�a�m�-� 

�m�i�n�g� �p�r�o�b�l�e�m�:� 

�M�i�n� �5�a �� �B�r�e�d�+� �V�f�(�x�,�)�7�d� 

�s�u�b�j�e�c�t� �t�o� �V�g�j�(�x�x�)�'�d� �+� �9�;�(�x�x�)� �=� �0�,� �g�=�l�,�.�.�.�,�m�e� 
�(�6�.�7�)� 

�V�a�9�;�(�x�n�)�i�d� �+� �g�;�(�x�x�)� �>� �0�,� �j� �=�m�e�t�l�,�.�.�.�,�m� 

�w�h�e�r�e� �B�y�,� �i�s� �a� �p�o�s�i�t�i�v�e� �d�e�f�i�n�i�t�e� �a�p�p�r�o�x�i�m�a�t�i�o�n� �o�f� �t�h�e� �H�e�s�s�i�a�n�,� �a�n�d� �x�,� �i�s� �t�h�e� �c�u�r�r�e�n�t� 

�i�t�e�r�a�t�e�.� �I�f� �d�,� �i�s� �t�h�e� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �s�u�b�p�r�o�b�l�e�m�,� �a� �l�i�n�e� �s�e�a�r�c�h� �i�s� �u�s�e�d� �t�o� �f�i�n�d� �t�h�e� 

�n�e�w� �p�o�i�n�t� �X�x�4�1�,� 

�X�k�4�o�1� �=� �X�E� �+� �A�d�z�,� �A�E� �(�0�,� �1�]� �(�6�.�8�)� 

�B�,�;� �i�s� �u�p�d�a�t�e�d� �a�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �m�o�d�i�f�i�e�d� �B�F�G�S� �f�o�r�m�u�l�a� �[�1�0�2�]�.� �I�t� �s�h�o�u�l�d� �b�e� �n�o�t�e�d� 

�t�h�a�t� �t�h�i�s� �a�l�g�o�r�i�t�h�m� �c�a�n� �h�a�v�e� �i�n�f�e�a�s�i�b�l�e� �p�o�i�n�t�s� �d�u�r�i�n�g� �t�h�e� �s�o�l�u�t�i�o�n� �p�r�o�c�e�s�s�.� 
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�6�.�4�.�3� �O�P�T�I�M�I�Z�A�T�I�O�N� �R�E�S�U�L�T�S� 

�T�h�e� �o�p�t�i�m�i�z�a�t�i�o�n� �p�r�o�b�l�e�m� �d�e�s�c�r�i�b�e�d� �i�n� �e�q�u�a�t�i�o�n�s�(�6�.�5�)� �w�a�s� �s�o�l�v�e�d� �u�s�i�n�g� �t�h�e� 

�I�M�S�L� �r�o�u�t�i�n�e� �N�C�O�N�G�.� �T�h�e� �w�i�n�g� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� �3�.�2�.� �T�h�e� �w�i�n�g� �s�k�i�n�s� �a�r�e� �m�a�d�e� 

�o�f� �0� �d�e�g�.� �l�a�m�i�n�a�t�e�d� �G�r�a�p�h�i�t�e�/�E�p�o�x�y� �(�7�3�0�0�/�N�5�2�0�8�)� �w�i�t�h� �t�h�e� �f�o�l�l�o�w�i�n�g� �m�a�t�e�r�i�a�l� 

�p�r�o�p�e�r�t�i�e�s�:� �E�,� �=� �1�8�1� �x� �1�0�°� �P�a�,� �E�y� �=� �1�0�.�3� �x� �1�0�°� �P�a�,� �E�,�;� �=� �1�0�.�3� �x� �1�0�°� �P�a�,� 

�V�1�q� �=� �0�.�2�8�,� �7�4�3� �=� �0�.�2�8�,� �v�3� �=� �0�.�4�9�,� �G�i�g� �=� �7�.�1�7� �x� �1�0�°� �P�a�,� �G�i�3� �=� �7�.�1�7� �x� �1�0�°� �P�a�,� 

�G�o�3� �=� �5�.�8�2� �x� �1�0�°� �P�a� �a�n�d� �p�m� �=� �1�6�0�0� �k�g�/�m�.� �T�h�e� �a�n�a�l�y�s�i�s� �i�s� �c�a�r�r�i�e�d� �o�u�t� �a�t� �a� �M�a�c�h� 

�n�u�m�b�e�r� �o�f� �0�.�6�.� �T�h�e� �p�r�o�b�l�e�m� �w�a�s� �f�u�r�t�h�e�r� �s�i�m�p�l�i�f�i�e�d� �b�y� �f�i�x�i�n�g� �t�h�e� �t�a�p�e�r� �r�a�t�i�o� �a�n�d� 

�s�w�e�e�p� �a�n�g�l�e� �o�f� �t�h�e� �w�i�n�g� �a�t� �0�.�5� �a�n�d� �3�0�°�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �s�o� �t�h�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �a�r�e� 

�t�h�e� �a�s�p�e�c�t� �r�a�t�i�o� �a�n�d� �t�h�e� �a�r�e�a� �o�f� �t�h�e� �w�i�n�g�.� �T�h�e� �f�o�l�l�o�w�i�n�g� �v�a�l�u�e�s� �w�e�r�e� �c�h�o�s�e�n�:� 

�V�e�l�i�g�h�t� �=� �1�0�0� �m�/�s� 

�p� �=�0�.�8� �k�g�/�m�?� 
�(�6�.�9�)� 

�C�r�,� �=� �0�.�7� 

�W�a�c�e� �=� �1�0�0�0�0�0� �N� 

�T�h�e� �g�r�a�d�i�e�n�t�s� �o�f� �t�h�e� �a�e�r�o�e�l�a�s�t�i�c� �c�o�n�s�t�r�a�i�n�t�s� �a�r�e� �o�b�t�a�i�n�e�d� �b�y� �p�e�r�f�o�r�m�i�n�g� �s�e�n�s�i�-� 

�t�i�v�i�t�y� �a�n�a�l�y�s�i�s� �o�f� �t�h�e� �a�e�r�o�e�l�a�s�t�i�c� �r�e�s�p�o�n�s�e� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �p�l�a�n�f�o�r�m� �p�a�r�a�m�e�t�e�r�s� 

�u�s�i�n�g� �t�h�e� �a�u�t�o�m�a�t�i�c� �d�i�f�f�e�r�e�n�t�i�a�t�i�o�n� �p�a�c�k�a�g�e�,� �A�D�I�F�O�R�.� �T�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�e� �o�p�t�i�m�i�z�a�-� 

�t�i�o�n� �f�o�r� �e�a�c�h� �i�t�e�r�a�t�i�o�n� �a�r�e� �g�i�v�e�n� �i�n� �T�a�b�l�e� �6�.�3�.� �S�i�n�c�e� �t�h�e� �m�a�t�e�r�i�a�l� �a�n�d� �t�h�i�c�k�n�e�s�s� �o�f� 

�t�h�e� �w�i�n�g� �a�r�e� �n�o�t� �c�h�a�n�g�i�n�g�,� �t�h�e� �w�i�n�g� �w�e�i�g�h�t� �i�s� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �t�h�e� �a�r�e�a� �o�f� �t�h�e� �w�i�n�g�.� 

�I�t� �c�a�n� �b�e� �s�e�e�n� �t�h�a�t� �a�t� �t�h�e� �3�r�d� �i�t�e�r�a�t�i�o�n�,� �A�R� �=� �5�.�3�9�1�3� �a�n�d� �A�r�e�a� �=� �1�7�.�8�5�7� �m ��,� 

�c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �V�y�t�u�t�t�e�r� �=� �1�3�4�.�1�9� �m�/�s�.� �T�h�i�s� �v�a�l�u�e� �o�f� �t�h�e� �w�i�n�g� �a�r�e�a� �s�a�t�i�s�f�i�e�s� �t�h�e� 

�e�q�u�a�l�i�t�y� �c�o�n�s�t�r�a�i�n�t�,� �w�h�i�c�h� �m�e�a�n�s� �i�t� �i�s� �n�o�t� �p�o�s�s�i�b�l�e� �t�o� �o�b�t�a�i�n� �a� �r�e�d�u�c�t�i�o�n� �i�n� �t�h�e� 

�v�a�l�u�e� �o�f� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �b�y� �r�e�d�u�c�i�n�g� �t�h�e� �a�r�e�a� �s�i�n�c�e� �t�h�e� �e�q�u�a�l�i�t�y� �c�o�n�s�t�r�a�i�n�t� 
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�w�i�l�l� �t�h�e�n� �b�e� �v�i�o�l�a�t�e�d�.� �T�h�e� �m�i�n�i�m�u�m� �w�e�i�g�h�t� �o�f� �t�h�e� �w�i�n�g�,� �s�u�b�j�e�c�t� �t�o� �t�h�e� �a�p�p�l�i�e�d� 

�c�o�n�s�t�r�a�i�n�t�s� �i�s� �W�,�,� �=� �[�1�7�.�8�5�7�p�m�t�g�]� �N�.� 

�I�n� �t�h�i�s� �o�p�t�i�m�i�z�a�t�i�o�n�,� �t�h�e� �e�q�u�a�l�i�t�y� �c�o�n�s�t�r�a�i�n�t� �a�p�p�e�a�r�s� �t�o� �b�e� �t�h�e� �d�r�i�v�i�n�g� �c�o�n�-� 

�s�t�r�a�i�n�t� �a�n�d� �t�h�e� �i�n�e�q�u�a�l�i�t�y� �c�o�n�s�t�r�a�i�n�t� �o�n� �t�h�e� �f�l�u�t�t�e�r� �s�p�e�e�d� �i�s� �n�o�t� �a�c�t�i�v�e�.� �E�v�e�n� �t�h�o�u�g�h� 

�b�o�t�h� �t�h�e� �c�o�n�s�t�r�a�i�n�t�s� �a�r�e� �s�a�t�i�s�f�i�e�d� �a�n�d� �t�h�e� �m�i�n�i�m�u�m� �w�e�i�g�h�t� �a�s� �d�e�s�i�r�e�d� �b�y� �t�h�e� �o�b�-� 

�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �i�s� �a�c�h�i�e�v�e�d�,� �t�h�e�r�e� �i�s� �a� �b�i�g� �m�a�r�g�i�n� �o�n� �t�h�e� �f�l�u�t�t�e�r� �s�p�e�e�d� �c�o�n�s�t�r�a�i�n�t� 

�(�1�3�4�.�1�9�  �� �1�2�0�.�0�0� �=� �1�4�.�1�9� �m�/�s�)�,� �w�h�i�c�h� �s�u�g�g�e�s�t�s� �t�h�a�t� �w�e� �c�o�u�l�d� �h�a�v�e� �o�t�h�e�r� �d�e�s�i�g�n�s� 

�w�i�t�h� �h�i�g�h�e�r� �a�s�p�e�c�t� �r�a�t�i�o� �w�h�i�c�h� �w�i�l�l� �h�a�v�e� �t�h�e� �s�a�m�e� �o�p�t�i�m�u�m� �w�e�i�g�h�t� �v�a�l�u�e� �a�n�d� �m�a�k�e� 

�b�o�t�h� �t�h�e� �c�o�n�s�t�r�a�i�n�t�s� �a�c�t�i�v�e�.� �S�i�n�c�e� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �i�s� �o�n�l�y� �a� �f�u�n�c�t�i�o�n� �o�f� �a�r�e�a�,� 

�o�n�c�e� �i�t�s� �m�i�n�i�m�u�m� �i�s� �a�t�t�a�i�n�e�d� �b�y� �t�h�e� �s�a�t�i�s�f�a�c�t�i�o�n� �o�f� �t�h�e� �e�q�u�a�l�i�t�y� �c�o�n�s�t�r�a�i�n�t�,� �t�h�e� 

�o�p�t�i�m�i�z�a�t�i�o�n� �a�l�g�o�r�i�t�h�m� �d�o�e�s� �n�o�t� �f�i�n�d� �a� �d�i�r�e�c�t�i�o�n� �i�n� �w�h�i�c�h� �f�u�r�t�h�e�r� �m�i�n�i�m�i�z�a�t�i�o�n� �o�f� 

�t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �c�a�n� �b�e� �a�c�c�o�m�p�l�i�s�h�e�d�.� �T�h�i�s� �e�i�t�h�e�r� �r�e�s�u�l�t�s� �i�n� �t�h�e� �i�n�e�q�u�a�l�i�t�y� 

�c�o�n�s�t�r�a�i�n�t� �b�e�i�n�g� �s�a�t�i�s�f�i�e�d� �w�i�t�h� �a� �w�i�d�e�r� �m�a�r�g�i�n� �a�s� �i�n� �t�h�i�s� �c�a�s�e�,� �o�r� �i�n� �t�h�e� �c�a�s�e� �o�f� 

�a� �v�i�o�l�a�t�e�d� �c�o�n�s�t�r�a�i�n�t�,� �i�t� �b�e�c�o�m�e�s� �n�e�c�e�s�s�a�r�y� �t�o� �o�p�t�i�m�i�z�e� �o�n� �t�h�e� �s�i�n�g�l�e� �d�e�s�i�g�n� �v�a�r�i�-� 

�a�b�l�e� �n�a�m�e�l�y� �t�h�e� �a�s�p�e�c�t� �r�a�t�i�o� �t�o� �m�e�e�t� �t�h�e� �i�n�e�q�u�a�l�i�t�y� �c�o�n�s�t�r�a�i�n�t�.� �T�h�i�s� �i�s� �a�v�o�i�d�e�d� 

�b�y� �d�e�f�i�n�i�n�g� �a� �c�o�m�p�o�s�i�t�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �b�y� �a�d�d�i�n�g� �t�o� �t�h�e� �a�r�e�a� �o�f� �t�h�e� �w�i�n�g� �t�h�e� 

�r�e�c�i�p�r�o�c�a�l� �o�f� �t�h�e� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �a�s�p�e�c�t� �r�a�t�i�o� �a�n�d� �i�t�s� �l�o�w�e�r� �b�o�u�n�d�,� �w�e�i�g�h�e�d� 

�w�i�t�h� �a� �p�a�r�a�m�e�t�e�r� �p� �a�s� �s�h�o�w�n�.� 

�1� 

�I�=� �5�+� �P�R� �A�R�,�)� �(�6�.�1�0�)� 

�w�h�e�r�e� �f� �i�s� �t�h�e� �n�e�w� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n�,� �S� �i�s� �t�h�e� �w�i�n�g� �a�r�e�a�,� �A�R� �i�s� �t�h�e� �a�s�p�e�c�t� �r�a�t�i�o� 

�a�n�d� �A�R�j�,� �i�s� �i�t�s� �l�o�w�e�r� �b�o�u�n�d�.� �W�i�t�h� �t�h�i�s� �n�e�w�l�y� �d�e�f�i�n�e�d� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n�,� �t�h�e� 

�r�e�s�u�l�t�s� �f�r�o�m� �t�h�e� �o�p�t�i�m�i�z�a�t�i�o�n� �a�r�e� �g�i�v�e�n� �i�n� �T�a�b�l�e� �6�.�4� �f�o�r� �a� �v�a�l�u�e� �o�f� �p� �=� �1�0�.�0�.� �I�t� 
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�c�a�n� �b�e� �s�e�e�n� �f�r�o�m� �T�a�b�l�e� �6�.�4� �t�h�a�t� �f�r�o�m� �t�h�e� �3�r�d� �i�t�e�r�a�t�i�o�n� �o�n�,� �t�h�e� �A�r�e�a� �=� �1�7�.�8�5�7� �m�?�,� 

�w�h�i�c�h� �i�s� �d�r�i�v�e�n� �b�y� �t�h�e� �e�q�u�a�l�i�t�y� �c�o�n�s�t�r�a�i�n�t�.� �H�o�w�e�v�e�r�,� �t�h�e� �o�p�t�i�m�i�z�a�t�i�o�n� �a�l�g�o�r�i�t�h�m� �i�s� 

�s�u�c�c�e�s�s�f�u�l� �i�n� �i�t�s� �s�e�a�r�c�h� �f�o�r� �a� �d�i�r�e�c�t�i�o�n� �w�h�i�c�h� �m�i�n�i�m�i�z�e�s� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �a�n�d� 

�p�r�o�c�e�e�d�s� �u�n�t�i�l� �b�o�t�h� �t�h�e� �c�o�n�s�t�r�a�i�n�t�s� �a�r�e� �a�c�t�i�v�e�,� �g�i�v�i�n�g� �a� �f�i�n�a�l� �v�a�l�u�e� �o�f� �A�R� �=� �6�.�5�9�9�4� 

�a�n�d� �A�r�e�a� �=� �1�7�.�8�5�7� �m�?� �w�i�t�h� �V�e�l�u�t�t�e�r� �=� �1�2�0�.�0�0� �m�/�s�.� �T�h�e� �m�i�n�i�m�u�m� �w�e�i�g�h�t� �o�f� �t�h�e� 

�w�i�n�g� �i�s� �W�y� �=� �[�1�7�.�8�5�7�p�m�t�g�]� �N�.� 

�T�h�i�s� �i�s� �a� �s�i�m�p�l�e� �t�w�o� �c�o�n�s�t�r�a�i�n�t� �o�p�t�i�m�i�z�a�t�i�o�n� �p�r�o�b�l�e�m� �w�i�t�h� �t�w�o� �d�e�s�i�g�n� �v�a�r�i�-� 

�a�b�l�e�s�.� �I�t� �s�h�o�u�l�d� �b�e� �n�o�t�e�d� �t�h�a�t� �t�h�e� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �a�n�d� �s�k�i�n� �t�h�i�c�k�n�e�s�s�e�s� �o�f� �t�h�e� 
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�C�O�N�C�L�U�D�I�N�G� �R�E�M�A�R�K�S� 

�T�h�i�s� �s�t�u�d�y� �h�a�s� �e�x�a�m�i�n�e�d� �t�h�e� �f�l�u�t�t�e�r� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �o�f� �a� �t�y�p�i�c�a�l� �s�e�c�t�i�o�n� �i�n� 

�s�u�b�s�o�n�i�c� �c�o�m�p�r�e�s�s�i�b�l�e� �f�l�o�w�.� �I�n�d�i�c�i�a�l� �r�e�s�p�o�n�s�e� �f�u�n�c�t�i�o�n�s� �a�r�e� �u�s�e�d� �f�o�r� �t�h�e� �n�o�r�m�a�l� 

�f�o�r�c�e� �a�n�d� �p�i�t�c�h�i�n�g� �m�o�m�e�n�t� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �t�h�e� �t�w�o� �d�e�g�r�e�e� �o�f� �f�r�e�e�d�o�m� �a�i�r�f�o�i�l� �a�n�d� 

�t�h�e� �u�n�s�t�e�a�d�y� �a�e�r�o�d�y�n�a�m�i�c�s� �i�s� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �a� �s�t�a�t�e�-�s�p�a�c�e� �m�o�d�e�l�.� �T�h�e� �a�e�r�o�e�l�a�s�t�i�c� 

�e�q�u�a�t�i�o�n�s� �a�r�e� �s�o�l�v�e�d� �a�s� �a�n� �e�i�g�e�n�v�a�l�u�e� �p�r�o�b�l�e�m� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �o�n�s�e�t� �o�f� �a�e�r�o�e�l�a�s�t�i�c� 

�i�n�s�t�a�b�i�l�i�t�y�.� �T�h�e� �s�e�n�s�i�t�i�v�i�t�y� �o�f� �t�h�e� �f�l�u�t�t�e�r� �s�p�e�e�d� �o�f� �t�h�e� �t�y�p�i�c�a�l� �s�e�c�t�i�o�n� �w�i�t�h� �r�e�s�p�e�c�t� 

�t�o� �i�t�s� �m�a�s�s� �a�n�d� �s�t�i�f�f�n�e�s�s� �p�a�r�a�m�e�t�e�r�s�,� �n�a�m�e�l�y�,� �m�a�s�s� �r�a�t�i�o�,� �s�t�a�t�i�c� �u�n�b�a�l�a�n�c�e�,� �r�a�d�i�u�s� 

�o�f� �g�y�r�a�t�i�o�n�,� �b�e�n�d�i�n�g� �f�r�e�q�u�e�n�c�y� �a�n�d� �t�o�r�s�i�o�n�a�l� �f�r�e�q�u�e�n�c�y� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �a�n�a�l�y�t�i�c�a�l�l�y�.� 

�T�h�e� �s�e�n�s�i�t�i�v�i�t�y� �d�e�r�i�v�a�t�i�v�e�s� �s�h�o�w� �g�o�o�d� �a�g�r�e�e�m�e�n�t� �w�i�t�h� �f�i�n�i�t�e� �d�i�f�f�e�r�e�n�c�e� �d�e�r�i�v�a�t�i�v�e�s�.� 

�T�h�e� �a�e�r�o�e�l�a�s�t�i�c� �e�q�u�a�t�i�o�n�s� �a�r�e� �a�l�s�o� �i�n�t�e�g�r�a�t�e�d� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�i�m�e� �a�t� �d�i�f�f�e�r�e�n�t� 

�v�a�l�u�e�s� �o�f� �f�r�e�e�s�t�r�e�a�m� �s�p�e�e�d�,� �t�o� �o�b�s�e�r�v�e� �t�h�e� �a�e�r�o�e�l�a�s�t�i�c� �p�h�e�n�o�m�e�n�a� �i�n� �r�e�a�l� �t�i�m�e�.� �T�h�e� 

�s�t�a�b�l�e�,� �n�e�u�t�r�a�l�l�y� �s�t�a�b�l�e� �a�n�d� �u�n�s�t�a�b�l�e� �n�a�t�u�r�e� �o�f� �t�h�e� �a�e�r�o�e�l�a�s�t�i�c� �r�e�s�p�o�n�s�e� �c�a�n� �b�e� 

�s�e�e�n� �a�t� �s�p�e�e�d�s� �b�e�l�o�w�,� �a�t� �a�n�d� �a�b�o�v�e� �t�h�e� �f�l�u�t�t�e�r� �s�p�e�e�d�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �f�o�r� �t�h�e� �t�y�p�i�c�a�l� 

�s�e�c�t�i�o�n�.� 

�T�h�e� �a�b�o�v�e� �a�e�r�o�d�y�n�a�m�i�c�s� �f�o�r� �a� �t�y�p�i�c�a�l� �s�e�c�t�i�o�n� �w�a�s� �e�x�t�e�n�d�e�d� �t�o� �d�e�v�e�l�o�p� �a� �s�t�r�i�p�-� 

�t�h�e�o�r�y� �f�o�r�m�u�l�a�t�i�o�n� �r�e�p�r�e�s�e�n�t�i�n�g� �t�h�e� �u�n�s�t�e�a�d�y� �a�e�r�o�d�y�n�a�m�i�c� �f�o�r�c�e�s� �o�n� �a� �w�i�n�g�.� �T�h�e� 

�s�t�r�u�c�t�u�r�a�l� �m�o�d�e�l�i�n�g� �i�s� �d�o�n�e� �u�s�i�n�g� �c�l�a�s�s�i�c�a�l� �p�l�a�t�e� �t�h�e�o�r�y� �a�n�d� �i�s� �b�a�s�e�d� �o�n� �a� �R�a�y�l�e�i�g�h�-� 

�R�i�t�z� �f�o�r�m�u�l�a�t�i�o�n� �u�s�i�n�g� �C�h�e�b�y�s�h�e�v� �p�o�l�y�n�o�m�i�a�l�s� �f�o�r� �t�h�e� �w�i�n�g� �d�i�s�p�l�a�c�e�m�e�n�t�s�.� �T�h�e� 

�s�t�r�u�c�t�u�r�a�l� �e�q�u�a�t�i�o�n�s� �a�r�e� �c�o�u�p�l�e�d� �w�i�t�h� �t�h�e� �t�i�m�e�-�d�o�m�a�i�n� �a�e�r�o�d�y�n�a�m�i�c� �e�q�u�a�t�i�o�n�s� �t�o� 

�f�o�r�m�u�l�a�t�e� �t�h�e� �a�e�r�o�e�l�a�s�t�i�c� �e�q�u�a�t�i�o�n�s� �a�s� �a� �s�e�t� �o�f� �f�i�r�s�t�-�o�r�d�e�r� �o�r�d�i�n�a�r�y� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�-� 

�t�i�o�n�s�.� �T�h�e�s�e� �e�q�u�a�t�i�o�n�s� �a�r�e� �s�o�l�v�e�d� �a�s� �a�n� �e�i�g�e�n�v�a�l�u�e� �p�r�o�b�l�e�m� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �c�r�i�t�i�c�a�l� 
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�s�p�e�e�d� �o�f� �t�h�e� �w�i�n�g�.� �T�h�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �a�n�d� �f�l�u�t�t�e�r� �s�p�e�e�d�s� �a�r�e� �c�o�m�p�a�r�e�d� �w�i�t�h� 

�p�r�e�v�i�o�u�s�l�y� �p�u�b�l�i�s�h�e�d� �e�x�p�e�r�i�m�e�n�t�a�l� �v�a�l�u�e�s� �o�b�t�a�i�n�e�d� �f�r�o�m� �w�i�n�d� �t�u�n�n�e�l� �t�e�s�t�s� �a�n�d� �t�h�e� 

�r�e�s�u�l�t�s� �a�g�r�e�e� �f�a�i�r�l�y� �w�e�l�l�.� �T�h�e� �s�e�n�s�i�t�i�v�i�t�y� �o�f� �d�i�v�e�r�g�e�n�c�e� �a�n�d� �f�l�u�t�t�e�r� �s�p�e�e�d�s� �t�o� �s�h�a�p�e� 

�p�a�r�a�m�e�t�e�r�s�,� �n�a�m�e�l�y�,� �a�s�p�e�c�t� �r�a�t�i�o�,� �a�r�e�a�,� �t�a�p�e�r� �r�a�t�i�o� �a�n�d� �s�w�e�e�p� �a�n�g�l�e� �a�r�e� �c�o�m�p�u�t�e�d� 

�a�n�a�l�y�t�i�c�a�l�l�y�.� �T�h�e�s�e� �d�e�r�i�v�a�t�i�v�e�s� �h�a�v�e� �b�e�e�n� �a�c�c�u�r�a�t�e�l�y� �e�v�a�l�u�a�t�e�d� �a�n�d� �t�h�e�y� �f�o�r�m� �a� 

�t�a�n�g�e�n�t� �t�o� �t�h�e� �c�r�i�t�i�c�a�l� �s�p�e�e�d� �c�u�r�v�e� �a�t� �t�h�e� �b�a�s�e�l�i�n�e� �c�o�n�f�i�g�u�r�a�t�i�o�n�.� �T�h�e�s�e� �s�h�a�p�e� �s�e�n�-� 

�s�i�t�i�v�i�t�y� �d�e�r�i�v�a�t�i�v�e�s� �g�i�v�e� �a� �l�i�n�e�a�r� �a�p�p�r�o�x�i�m�a�t�i�o�n� �t�o� �t�h�e� �c�r�i�t�i�c�a�l� �s�p�e�e�d� �c�u�r�v�e� �a�b�o�u�t� 

�t�h�e� �b�a�s�e�l�i�n�e� �c�o�n�f�i�g�u�r�a�t�i�o�n� �a�n�d� �w�i�l�l� �b�e� �u�s�e�f�u�l� �f�o�r� �p�r�e�l�i�m�i�n�a�r�y� �d�e�s�i�g�n� �o�r� �a�n� �o�p�t�i�m�i�z�a�-� 

�t�i�o�n� �w�i�t�h� �a�e�r�o�e�l�a�s�t�i�c� �c�o�n�s�t�r�a�i�n�t�s�.� �T�h�e� �t�i�m�e� �i�n�t�e�g�r�a�t�i�o�n� �o�f� �t�h�e� �a�e�r�o�e�l�a�s�t�i�c� �e�q�u�a�t�i�o�n�s� 

�s�h�o�w�s� �t�h�e� �r�e�a�l�-�t�i�m�e� �a�e�r�o�e�l�a�s�t�i�c� �r�e�s�p�o�n�s�e� �(�t�i�p� �d�e�f�l�e�c�t�i�o�n� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�i�m�e�)� �o�f� �t�h�e� 

�w�i�n�g� �w�h�e�n� �o�p�e�r�a�t�i�n�g� �a�t� �s�p�e�e�d�s� �a�t� �t�h�e� �v�e�r�g�e� �o�f� �i�n�s�t�a�b�i�l�i�t�y�.� �P�a�r�t�i�c�u�l�a�r�l�y� �n�o�t�a�b�l�e� �i�s� 

�t�h�e� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �w�i�n�g� �c�o�n�f�i�g�u�r�a�t�i�o�n� �w�h�e�r�e� �t�h�e� �d�i�v�e�r�g�e�n�c�e� �s�p�e�e�d� �a�n�d� �t�h�e� �f�l�u�t�t�e�r� 

�s�p�e�e�d� �a�r�e� �c�l�o�s�e� �t�o� �e�a�c�h� �o�t�h�e�r�.� 

�F�l�u�t�t�e�r� �a�n�a�l�y�s�i�s� �o�f� �t�h�e� �w�i�n�g� �i�s� �a�l�s�o� �c�a�r�r�i�e�d� �o�u�t� �u�s�i�n�g� �a� �l�i�f�t�i�n�g�-�s�u�r�f�a�c�e� �s�u�b�s�o�n�i�c� 

�k�e�r�n�e�l� �f�u�n�c�t�i�o�n� �a�e�r�o�d�y�n�a�m�i�c� �t�h�e�o�r�y� �(�F�A�S�T�)� �a�n�d� �a�n� �e�q�u�i�v�a�l�e�n�t� �p�l�a�t�e� �s�t�r�u�c�t�u�r�a�l� 

�m�o�d�e�l�.� �T�h�e� �g�e�n�e�r�a�l�i�z�e�d� �a�e�r�o�d�y�n�a�m�i�c� �f�o�r�c�e�s� �a�r�e� �o�b�t�a�i�n�e�d� �f�o�r� �a� �f�i�x�e�d� �n�u�m�b�e�r� �o�f� 

�f�r�e�e� �v�i�b�r�a�t�o�n� �m�o�d�e�s� �o�f� �t�h�e� �w�i�n�g�,� �f�o�r� �t�h�e� �s�p�e�c�i�f�i�e�d� �M�a�c�h� �n�u�m�b�e�r� �a�n�d� �s�p�a�n�n�i�n�g� �t�h�e� 

�r�a�n�g�e� �o�f� �r�e�d�u�c�e�d� �f�r�e�q�u�e�n�c�i�e�s�.� �T�h�e� �f�l�u�t�t�e�r� �s�p�e�e�d� �i�s� �o�b�t�a�i�n�e�d� �u�s�i�n�g� �a� �V�~�g� �t�y�p�e� �o�f� 

�s�o�l�u�t�i�o�n�.� �T�h�e� �n�o�v�e�l� �m�e�t�h�o�d� �o�f� �a�u�t�o�m�a�t�i�c� �d�i�f�f�e�r�e�n�t�i�a�t�i�o�n� �u�s�i�n�g� �A�D�I�F�O�R� �w�a�s� �s�u�c�-� 

�c�e�s�s�f�u�l�l�y� �i�m�p�l�e�m�e�n�t�e�d� �t�o� �g�e�n�e�r�a�t�e� �e�x�a�c�t� �d�e�r�i�v�a�t�i�v�e�s� �o�f� �t�h�e� �f�l�u�t�t�e�r� �s�p�e�e�d� �a�s� �o�b�t�a�i�n�e�d� 

�f�r�o�m� �t�h�e� �d�i�s�c�r�e�t�e� �s�y�s�t�e�m�,� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �s�h�a�p�e� �p�a�r�a�m�e�t�e�r�s� �o�f� �t�h�e� �w�i�n�g�.� �A� �g�o�o�d� 

�s�e�n�s�i�t�i�v�i�t�y� �p�r�e�d�i�c�t�i�o�n� �i�s� �o�b�t�a�i�n�e�d� �u�s�i�n�g� �A�D�I�F�O�R�.� �A�l�s�o�,� �b�a�s�e�d� �o�n� �t�h�e� �s�e�n�s�i�t�i�v�i�t�y� 

�o�f� �f�l�u�t�t�e�r� �s�p�e�e�d� �t�o� �m�o�d�a�l� �p�a�r�a�m�e�t�e�r�s�,� �n�a�m�e�l�y�,� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�y�,� �g�e�n�e�r�a�l�i�z�e�d� �m�a�s�s� 
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�a�n�d� �g�e�n�e�r�a�l�i�z�e�d� �a�e�r�o�d�y�n�a�m�i�c� �f�o�r�c�e�s�,� �c�o�m�p�u�t�e�d� �u�s�i�n�g� �A�D�I�F�O�R�,� �o�n�e� �c�o�u�l�d� �m�a�k�e� 

�a� �j�u�d�i�c�i�o�u�s� �c�h�o�i�c�e� �o�f� �t�h�e� �n�u�m�b�e�r� �o�f� �m�o�d�e�s� �t�o� �b�e� �u�s�e�d� �i�n� �t�h�e� �a�e�r�o�e�l�a�s�t�i�c� �a�n�a�l�y�s�i�s� 

�f�o�r� �r�e�a�s�o�n�a�b�l�y� �e�s�t�i�m�a�t�i�n�g� �t�h�e� �f�l�u�t�t�e�r� �s�p�e�e�d�.� �T�h�e�s�e� �d�e�r�i�v�a�t�i�v�e�s� �g�i�v�e� �a� �q�u�a�l�i�t�a�t�i�v�e� 

�e�s�t�i�m�a�t�e� �o�f� �t�h�e� �m�o�d�e�s� �t�h�a�t� �a�c�t�i�v�e�l�y� �p�a�r�t�i�c�i�p�a�t�e� �i�n� �f�l�u�t�t�e�r�.� �I�n� �o�r�d�e�r� �t�o� �o�b�t�a�i�n� �a� 

�q�u�a�n�t�i�t�a�t�i�v�e� �e�s�t�i�m�a�t�e� �o�f� �t�h�e� �c�o�n�t�r�i�b�u�t�i�o�n� �o�f� �a� �p�a�r�t�i�c�u�l�a�r� �m�o�d�e� �t�o� �f�l�u�t�t�e�r�,� �a� �p�a�-� 

�r�a�m�e�t�e�r� �w�a�s� �f�o�r�m�e�d� �b�y� �c�o�n�s�t�r�u�c�t�i�n�g� �a� �l�o�g�a�r�i�t�h�m�i�c� �d�e�r�i�v�a�t�i�v�e� �o�f� �t�h�e� �s�e�n�s�i�t�i�v�i�t�y� �t�o� 

�m�o�d�a�l� �p�a�r�a�m�e�t�e�r�s� �a�n�d� �s�u�m�m�i�n�g� �u�p� �t�h�e� �a�b�s�o�l�u�t�e� �v�a�l�u�e�s� �o�f� �t�h�e�s�e� �d�e�r�i�v�a�t�i�v�e�s� �f�o�r� �e�a�c�h� 

�m�o�d�e�.� �T�h�e� �f�i�n�i�t�e�l�y� �v�a�n�i�s�h�i�n�g� �v�a�l�u�e� �o�f� �t�h�e� �p�a�r�a�m�e�t�e�r� �f�o�r� �h�i�g�h�e�r� �m�o�d�e�s� �i�n�d�i�c�a�t�e�s� 

�t�h�a�t� �e�v�e�n� �i�f� �t�h�e�s�e� �m�o�d�e�s� �a�r�e� �n�o�t� �u�s�e�d� �f�o�r� �t�h�e� �f�l�u�t�t�e�r� �c�a�l�c�u�l�a�t�i�o�n�,� �t�h�e� �r�e�s�u�l�t�s� �w�o�u�l�d� 

�b�e� �a�f�f�e�c�t�e�d� �o�n�l�y� �t�o� �a�n� �i�n�s�i�g�n�i�f�i�c�a�n�t� �a�m�o�u�n�t�.� 

�F�i�n�i�t�e� �e�l�e�m�e�n�t� �m�o�d�e�l�i�n�g� �o�f� �t�h�e� �w�i�n�g� �i�s� �d�o�n�e� �u�s�i�n�g� �N�A�S�T�R�A�N� �s�o� �t�h�a�t� �w�i�n�g� 

�s�t�r�u�c�t�u�r�e�s� �m�a�d�e� �o�f� �s�p�a�r�s� �a�n�d� �r�i�b�s� �a�n�d� �t�o�p� �a�n�d� �b�o�t�t�o�m� �w�i�n�g� �s�k�i�n�s� �c�o�u�l�d� �b�e� �a�n�a�l�y�z�e�d�.� 

�T�h�e� �m�o�d�e�l�i�n�g� �i�s� �v�a�l�i�d�a�t�e�d� �f�o�r� �s�t�a�t�i�c� �a�n�d� �d�y�n�a�m�i�c� �a�n�a�l�y�s�i�s� �u�s�i�n�g� �a� �b�o�x�-�b�e�a�m� �a�n�d� 

�a�n� �A�G�A�R�D� �s�w�e�p�t�-�b�a�c�k� �w�i�n�g� �m�o�d�e�l�.� �A� �g�o�o�d� �a�g�r�e�e�m�e�n�t� �w�i�t�h� �p�r�e�v�i�o�u�s�l�y� �p�u�b�l�i�s�h�e�d� 

�r�e�s�u�l�t�s� �i�s� �o�b�t�a�i�n�e�d�.� �T�h�e� �a�i�r�f�o�i�l� �s�h�a�p�e� �f�o�r� �t�h�e� �w�i�n�g� �c�r�o�s�s�-�s�e�c�t�i�o�n� �w�a�s� �g�e�n�e�r�a�t�e�d� �b�y� 

�t�r�a�n�s�f�o�r�m�a�t�i�o�n� �f�r�o�m� �a� �c�i�r�c�l�e� �u�s�i�n�g� �t�h�e� �J�o�u�k�o�w�s�k�i� �t�r�a�n�s�f�o�r�m�a�t�i�o�n�,� �s�o� �i�t� �c�o�u�l�d� �b�e� 

�p�a�r�a�m�e�t�e�r�i�z�e�d�.� �T�h�e� �f�r�e�e� �v�i�b�r�a�t�i�o�n� �m�o�d�e�s� �o�f� �t�h�e� �w�i�n�g� �o�b�t�a�i�n�e�d� �f�r�o�m� �N�A�S�T�R�A�N� �a�r�e� 

�i�n�p�u�t� �i�n�t�o� �F�A�S�T� �t�o� �c�o�m�p�u�t�e� �t�h�e� �f�l�u�t�t�e�r� �s�p�e�e�d�.� �T�h�e� �d�e�r�i�v�a�t�i�v�e�s� �o�f� �f�l�u�t�t�e�r� �s�p�e�e�d� �w�i�t�h� 

�r�e�s�p�e�c�t� �t�o� �s�h�a�p�e� �p�a�r�a�m�e�t�e�r�s� �a�r�e� �c�o�m�p�u�t�e�d� �u�s�i�n�g� �a� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �c�e�n�t�r�a�l� �d�i�f�f�e�r�e�n�c�e� 

�s�c�h�e�m�e� �a�n�d� �A�D�I�F�O�R� �a�n�d� �t�h�e� �s�e�n�s�i�t�i�v�i�t�y� �t�o� �m�o�d�a�l� �p�a�r�a�m�e�t�e�r�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �u�s�i�n�g� 

�A�D�I�F�O�R�.� �A� �f�a�i�r�l�y� �g�o�o�d� �s�e�n�s�i�t�i�v�i�t�y� �p�r�e�d�i�c�t�i�o�n� �i�s� �o�b�t�a�i�n�e�d�.� �I�t� �i�s� �s�e�e�n� �t�h�a�t� �t�h�e� �h�i�g�h�e�r� 

�v�i�b�r�a�t�i�o�n� �m�o�d�e�s� �o�f� �t�h�e� �w�i�n�g� �d�o� �n�o�t� �a�c�t�i�v�e�l�y� �p�a�r�t�i�c�i�p�a�t�e� �i�n� �f�l�u�t�t�e�r�.� 

�A�n� �e�q�u�i�v�a�l�e�n�t� �p�l�a�t�e� �m�o�d�e�l� �w�h�i�c�h� �i�n�c�o�r�p�o�r�a�t�e�s� �f�i�r�s�t�-�o�r�d�e�r� �s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n� 

�t�h�e�o�r�y� �i�s� �t�h�e�n� �e�x�a�m�i�n�e�d� �s�o� �i�t� �c�a�n� �b�e� �u�s�e�d� �t�o� �m�o�d�e�l� �t�h�i�c�k� �w�i�n�g�s�,� �w�h�e�r�e� �s�h�e�a�r� �d�e�-� 
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�f�o�r�m�a�t�i�o�n�s� �a�r�e� �i�m�p�o�r�t�a�n�t�.� �T�h�e� �s�e�n�s�i�t�i�v�i�t�y� �o�f� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �t�o� �c�h�a�n�g�e�s� �i�n� 

�s�h�a�p�e� �p�a�r�a�m�e�t�e�r�s� �i�s� �o�b�t�a�i�n�e�d� �u�s�i�n�g� �A�D�I�F�O�R� �w�h�i�c�h� �w�o�u�l�d� �b�e� �u�s�e�f�u�l� �i�n� �o�p�t�i�m�i�z�a�-� 

�t�i�o�n� �w�i�t�h� �f�r�e�q�u�e�n�c�y� �c�o�n�s�t�r�a�i�n�t�s�.� �T�h�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �a�n�d� �t�h�e� �f�l�u�t�t�e�r� �s�p�e�e�d�s� 

�c�a�l�c�u�l�a�t�e�d� �u�s�i�n�g� �t�h�e� �f�i�r�s�t�-�o�r�d�e�r� �s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n� �t�h�e�o�r�y� �a�r�e� �c�o�m�p�a�r�e�d� �w�i�t�h� �t�h�o�s�e� 

�o�b�t�a�i�n�e�d� �u�s�i�n�g� �a� �c�l�a�s�s�i�c�a�l� �l�a�m�i�n�a�t�e�d� �p�l�a�t�e� �t�h�e�o�r�y�.� �I�t� �i�s� �s�e�e�n� �t�h�a�t� �t�h�e� �f�r�e�q�u�e�n�c�i�e�s� 

�a�n�d� �t�h�e� �f�l�u�t�t�e�r� �s�p�e�e�d�s� �d�r�o�p� �a�s� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �s�h�e�a�r� �e�f�f�e�c�t�s� �c�o�m�e� �i�n�t�o� �p�l�a�y�.� �T�h�e� 

�s�h�a�p�e� �s�e�n�s�i�t�i�v�i�t�y� �d�e�r�i�v�a�t�i�v�e�s� �o�f� �t�h�e� �f�l�u�t�t�e�r� �s�p�e�e�d� �a�r�e� �i�n�d�i�s�p�e�n�s�a�b�l�e� �i�n� �a� �g�r�a�d�i�e�n�t�-� 

�b�a�s�e�d� �o�p�t�i�m�i�z�a�t�i�o�n� �w�i�t�h� �a�e�r�o�e�l�a�s�t�i�c� �c�o�n�s�t�r�a�i�n�t�s�.� �A� �s�i�m�p�l�e� �o�p�t�i�m�i�z�a�t�i�o�n� �e�f�f�o�r�t� �i�s� 

�m�a�d�e� �t�o�w�a�r�d�s� �o�b�t�a�i�n�i�n�g� �a� �m�i�n�i�m�u�m� �w�e�i�g�h�t� �d�e�s�i�g�n� �o�f� �t�h�e� �w�i�n�g�,� �s�u�b�j�e�c�t� �t�o� �f�l�u�t�t�e�r� 

�c�o�n�s�t�r�a�i�n�t�s�,� �l�i�f�t� �r�e�q�u�i�r�e�m�e�n�t� �c�o�n�s�t�r�a�i�n�t�s� �f�o�r� �l�e�v�e�l� �f�l�i�g�h�t� �a�n�d� �s�i�d�e� �c�o�n�s�t�r�a�i�n�t�s� �o�n� �t�h�e� 

�p�l�a�n�f�o�r�m� �p�a�r�a�m�e�t�e�r�s� �o�f� �t�h�e� �w�i�n�g�.� �T�h�e� �n�o�n�l�i�n�e�a�r� �c�o�n�s�t�r�a�i�n�e�d� �o�p�t�i�m�i�z�a�t�i�o�n� �p�r�o�b�l�e�m� 

�i�s� �s�o�l�v�e�d� �u�s�i�n�g� �t�h�e� �I�M�S�L� �s�u�b�r�o�u�t�i�n�e� �N�C�O�N�G�,� �w�h�i�c�h� �u�s�e�s� �s�u�c�c�e�s�s�i�v�e� �q�u�a�d�r�a�t�i�c� �p�r�o�-� 

�g�r�a�m�m�i�n�g�.� �A�n� �o�p�t�i�m�u�m� �d�e�s�i�g�n� �w�h�i�c�h� �s�a�t�i�s�f�i�e�s� �a�l�l� �t�h�e� �c�o�n�s�t�r�a�i�n�t�s� �i�s� �o�b�t�a�i�n�e�d�.� �I�t� 

�s�h�o�u�l�d� �b�e� �n�o�t�e�d� �t�h�a�t� �m�o�r�e� �c�o�n�s�t�r�a�i�n�t�s� �c�a�n� �b�e� �a�d�d�e�d� �t�o� �t�h�i�s� �o�p�t�i�m�i�z�a�t�i�o�n� �p�r�o�b�l�e�m� 

�a�s� �d�e�s�i�r�e�d�.� 

�F�u�r�t�h�e�r� �r�e�s�e�a�r�c�h� �i�n� �t�h�i�s� �a�r�e�a� �c�o�u�l�d� �b�e� �t�o� �i�n�c�o�r�p�o�r�a�t�e� �a� �c�o�n�t�r�o�l� �m�o�d�e�l� �s�o� �i�t� �c�a�n� 

�b�e� �c�o�u�p�l�e�d� �w�i�t�h� �t�h�e� �s�t�r�u�c�t�u�r�a�l� �a�n�d� �a�e�r�o�d�y�n�a�m�i�c� �m�o�d�e�l� �a�l�r�e�a�d�y� �i�n� �t�h�e� �t�i�m�e�-�d�o�m�a�i�n� 

�t�o� �p�e�r�f�o�r�m� �a�e�r�o�s�e�r�v�o�e�l�a�s�t�i�c� �s�t�u�d�i�e�s�.� �S�u�p�e�r�s�o�n�i�c� �k�e�r�n�e�l� �f�u�n�c�t�i�o�n� �a�e�r�o�d�y�n�a�m�i�c�s� �c�o�u�l�d� 

�b�e� �i�m�p�l�e�m�e�n�t�e�d� �t�o� �p�e�r�f�o�r�m� �s�e�n�s�i�t�i�v�i�t�y� �a�n�a�l�y�s�i�s� �i�n� �t�h�e� �s�u�p�e�r�s�o�n�i�c� �r�e�g�i�m�e�.� �S�o� �f�a�r�,� 

�w�i�n�g�s� �w�i�t�h� �a� �g�e�n�e�r�a�l� �t�r�a�p�e�z�o�i�d�a�l� �s�k�e�w�e�d� �p�l�a�n�f�o�r�m� �h�a�v�e� �b�e�e�n� �a�n�a�l�y�z�e�d�.� �H�o�w�e�v�e�r�,� 

�s�o�m�e� �w�i�n�g�s� �h�a�v�e� �d�i�s�c�o�n�t�i�n�u�i�t�i�e�s� �a�l�o�n�g� �t�h�e� �l�e�a�d�i�n�g� �a�n�d� �t�r�a�i�l�i�n�g� �e�d�g�e�s� �a�n�d� �c�a�n� �b�e� 

�c�o�n�s�i�d�e�r�e�d� �t�o� �b�e� �m�a�d�e� �u�p� �o�f� �m�u�l�t�i�p�l�e� �t�r�a�p�e�z�o�i�d�a�l� �s�e�g�m�e�n�t�s�.� �S�h�a�p�e� �s�e�n�s�i�t�i�v�i�t�i�e�s� �o�f� 

�f�l�u�t�t�e�r� �s�p�e�e�d� �o�f� �w�i�n�g�s� �m�a�d�e� �u�p� �o�f� �m�u�l�t�i�p�l�e� �t�r�a�p�e�z�o�i�d�a�l� �s�e�g�m�e�n�t�s�,� �a� �g�o�o�d� �e�x�a�m�p�l�e� 

�o�f� �w�h�i�c�h� �i�s� �t�h�e� �H�i�g�h� �S�p�e�e�d� �C�i�v�i�l� �T�r�a�n�s�p�o�r�t� �(�H�S�C�T�)� �w�i�n�g�,� �c�a�n� �b�e� �a�n�a�l�y�z�e�d�.� 
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