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Controlling Quantum Systems for Computation and
Communication

Bikun Li

(ABSTRACT)

Quantum information processing has the potential of implementing faster algorithms for

numerous problems, communicating with more secure channels, and performing higher pre-

cision sensing compared to classical methods. Recent experimental technology advancement

has brought us a promising future of harnessing such quantum advantage. Yet, quantum

engineering entails wise control and strategy under the current noisy intermediate-scale quan-

tum era. Developing robust and efficient approaches to manipulating quantum systems based

on constrained and limited resources is imperative. This dissertation focuses on two major

topics theoretically. In the first part, this work present how to conceive robust quantum

control on matter-based qubits with a geometric approach. We have proposed the method

of designing noise robust control pulses suitable for practical devices by combining spatial

curves, filter functions, and machine learning. In the second part, this work stresses the

topic of photonic multipartite entangled graph states. An improved protocol of generating

arbitrary graph states is introduced. We show that one can efficiently find the deterministic

photon emission circuit with minimal overhead on the number of quantum emitters.



Controlling Quantum Systems for Computation and
Communication

Bikun Li

(GENERAL AUDIENCE ABSTRACT)

As classical information technology has revolutionized our modern world, theoretically, quan-

tum information technology outperforms its classical counterpart and has the potential to

achieve further progress. Utilizing the non-classical features unique to quantum physics, one

can build quantum computers capable of accelerating data searching, breaking most cur-

rent cryptographic systems, simulating molecular-level dynamics, and enhancing artificial

intelligence. Furthermore, one can use the entangled quantum resource to establish secure

communication or increase the capacity of the classical communication channel. Although

numerous applications may reshape our daily life, industry, and scientific research, the mas-

tery of quantum information technology is still challenging since quantum systems are more

susceptible to noise than classical systems. Unlike classical signal processing, reading out an

unknown quantum state will irreversibly change the state, while copying an unknown quan-

tum state is strictly infeasible. Therefore, detecting and correcting errors from quantum data

can be tricky. Depending on different platforms, establishing a complicated quantum net-

work can also be constrained by the near-term noisy device. Mainly, what this work attempts

to innovate are the previous results on quantum dynamical control pulse design and the pro-

tocol of entangling photons. For the former, the goal of this work is to develop control pulses

that can decouple coherent noise in the quantum computer when manipulating the quantum

information. This work combines the mathematical framework of spatial curve quantum

control with filter functions and machine learning to yield new outcomes. The flexibility of

this framework enables us to give neat mathematical analysis and obtain satisfying control

pulses design for physical implementations through numerical experiments. For the latter,



this work studies a promising scheme of deterministically producing an entangling photonic

quantum network, where quantum emitters are treated as the media to build up quantum

non-locality. Achieving this emission process in the real world is desirable for distributing

entangled quantum resources and realizing measurement-based quantum computation. In

this case, we analyze the emitter overhead needed to generate an entangling photonic re-

source state, specifically when sending photons back for interactions is inaccessible. At last,

we propose an efficient algorithm for producing the generation protocol along with several

practical examples whose overheads on quantum emitters number are strictly optimized.
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Chapter 1

Introduction

After the development of the past three decades, quantum information science has evolved

as an exciting, abundant, but challenging field. Attractive application schemes such as

quantum computation [6–8], quantum communication [9, 10] and other many interesting

scientific tasks [11] have emerged in this active area. Quantum information processing is no

longer a hypothetical toy for theorists with the advancement of experimental techniques and

device fabrication. Different approaches and schemes have been conceived and brought into

real life to test the feasibility of achieving quantum advantage. Compared to its classical

counterparts, the processing of quantum information is more challenging because of the

novel feature of quantum physics. The challenge is not only coming from the vulnerability of

controllable quantum states due to the exposure of noise, but also coming from performing

quantum operations under physical constraints, such as preparing a quantum state with a

limited physical resource. Although we may have a solid understanding of the foundation of

quantum mechanics, designing robust and efficient ways of manipulating a quantum system

are still a current major research task. Therefore, harnessing the power of quantum physics

in reality with near-term technology requires much ingenious conception from the theoretical

side.

Like any other control problem in the classical world, unwanted perturbations accumulated

in the control process cause failure. closed-loop control is usually adopted to monitor and

correct errors of this kind. However, in the quantum world, direct readout of the quantum

1



2 Chapter 1. Introduction

information will destroy the system’s state. What is worse, the non-cloning theorem will

prevent us from replicating an unknown state. In this case, to ease error accumulation, open-

loop control or sophisticated error syndrome measurement is often used to protect the logical

information [12]. Some early noise decoupling techniques in NMR experiments [13–15] have

enlightened us to develop methods like dynamical decoupling and dynamical error-correcting

gates [16–18] at an early stage. To substantially prolong the coherence time while suppressing

noise, one has to optimize the control functions such that they are applicable to practical

devices. Among various tricks that have been developed, this dissertation will concentrate

on the mathematical framework known as geometric formalism or space curve quantum

control (SCQC) [1, 2, 19–22]. The flexibility of this approach can fundamentally unleash

us from designing a control pulse of infeasible shape, which facilitates practical application.

Particularly, regarding this formalism, this dissertation will present the results of combining

this framework with filter function [2] and machine learning, which separately attempt to

suppress time-dependent noise and optimize the control time.

Another topic that this dissertation focuses on is how to entangle photonic qubits for practical

applications. Traditionally, quantum optics is well known for transmitting quantum states

between distant locations, which is useful for quantum networks and quantum cryptogra-

phy. Photons can also be used for quantum computation based on different schemes [23–25].

The recent development of integrated photonic circuits [26] is making photons a prospec-

tive candidate for numerous quantum technologies. One of the main hurdles for exploiting

the advantage of photons is establishing quantum entanglement among photonic qubits ef-

ficiently since a multi-partite entangled quantum state is commonly desired in different

scenarios. Utilizing the quantum emitter as a mediator to build up the inter-photon en-

tanglement [4, 27–29] is a possible way of overcoming the bottleneck. With these schemes,

quantum graph states [30] as a key resource for diverse applications can be generated. To
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facilitate experimental realization and promote theoretical understanding, this dissertation

presents a protocol that improves these methods in the scheme without photon feedback.

The algorithm provided by this protocol allows one to find the quantum circuit for generating

arbitrary quantum graph states with the least number of emitter qubits [5].

Due to the limited knowledge of the author and the focus of this dissertation, we are not able

to cover every aspect of the latest scientific progress. Nevertheless, some basic knowledge

will still be reviewed to the reader to make this dissertation self-contained and complete.

This dissertation is organized as follows: Chapter 2 will first briefly review the mechanism

of quantum decoherence in section 2.1. The technique of quantum control will be introduced

in section 2.2. In section 2.3, we will combine SCQC with a filter function to design control

pulses that can mitigate time-dependent noise [2]. Section 2.4 starts with the discussion of

optimization of control theory, and demonstrates our exploration of designing pulses with

machine learning. Moreover, we provide the information of quantum error correction codes

and the stabilizer formalism in section 2.5. Chapter 3 will focus on photonic system. The

preliminary framework of graph state is given in section 3.1. In this chapter, section 3.2

presents the protocol for generating entangled photons while optimizing the emitter overhead.

Finally, chapter 4 will give a summary and outlook of this dissertation.



Chapter 2

Controlling Matter-Based Qubit

Systems

The purpose of this chapter is to introduce the mathematical framework of noise and some

basic methods of error correction in quantum systems. We will start by introducing the

dynamics of open quantum systems, which is suitable for describing most quantum systems.

It should provide a convincing explanation of the noise or error mechanism that induces

quantum decoherence. Given the models with noise, we will bring in the main focus of

this chapter: designing robust quantum control that combats external perturbations. Such

techniques developed for decades have been implemented on matter quantum devices like

superconductor qubits, semiconductor quantum dot qubits, and trapped ions to prolong the

lifetime of quantum information.

Like any other engineering problem, a practically meaningful quantum control scheme has to

be robust. Otherwise, control error accumulates and corrupts the data when extending the

control procedures temporally. After all, we hope that the desired quantum operation can

still be approximately and reliably achieved with an imperfect device. Regarding quantum

control on matter systems, this chapter will also present some original works from the author,

which include how to combine the geometric formalism or the space curve quantum control

(SCQC) with the filter function formalism and machine learning.

Furthermore, suppressing the noise at the control level may allow us to build fundamental

4



2.1. Dynamics of Open Quantum System 5

quantum computing modules that dive below the error threshold of quantum error correc-

tion. The latter is another theoretical pillar of realizing reliable quantum computation and

communication. Correspondingly, as a complement to open-loop quantum control, a brief

introduction to quantum error correction codes (QECC) will be given. The relevant sections

of the stabilizer formalism will serve as references for the other parts of this dissertation.

2.1 Dynamics of Open Quantum System

Generally, to study the dynamics of an isolated quantum system, one can start with a

Hamiltonian Ĥ that acts on a Hilbert space H . If one uses the density matrix ρ̂ :=∑
mn ρmn(t) |m〉 〈n|, (|m〉 , |n〉 ∈ H ) to represent the quantum state, the equation of motion

is given by Heisenberg’s equation1:

i
dρ̂
dt

= [Ĥ, ρ̂] , (2.1)

where we have useed the Schrödinger picture with h̄ = 1. The evolving density matrix can

be written as

ρ̂(t) = U(t)ρ̂(0)U †(t) (2.2)

with a unitary U(t) that fulfills

i
dU(t)

dt
= ĤU(t) , (2.3)

since most of the quantum algorithms or applications are based on pure quantum states.

Therefore, naively speaking, one can perform a unitary operation on the quantum state,

which maintains its purity2, by controlling a time-dependent Ĥ.

1In this dissertation, we define [A,B] := AB − BA as the commutator, and {A,B} := AB + BA as the
anti-commutator.

2The purity of a density matrix ρ̂ is defined as tr
(
ρ̂2
)
.



6 Chapter 2. Controlling Matter-Based Qubit Systems

However, any realistic control scheme always comes with error — the practical controllable

system is always interacting with the “outside world”, namely, the bath or environment.

Correspondingly, the Hilbert space should be mathematically decomposed as H = Hsys ×

Hbath, where the system part Hsys is what we want to control (sometimes called principal

system or sub-system), and Hbath is a much larger Hilbert space we want to get rid of. In

principle, one can treat H as the total Hilbert space of an isolated system, although the

focus will be the reduced density matrix ρsys :=
∑

ij ρij(t) |i〉 〈j| = trbath(ρ̂), (|i〉 ∈ Hsys).

Under this system-bath relationship, the Hamiltonian is commonly expressed as [12]:

Ĥ = Ĥsys ⊗ 1+ 1⊗ Ĥbath + λĤint , (2.4)

in which Ĥsys and Ĥbath are separately supported on the system and the bath, and λ charac-

terizes the coupling strength of these two via operator Ĥint. Under most circumstances, Ĥint

is a summation of terms like Ŝa⊗ B̂a, where Ŝa and B̂a are supported on the system and the

bath respectively. Usually, Sa is an operator acting on a set of qubits we want to control, and

Ba can be field operators for a bosonic bath [3] such as phonons and charge density waves,

or spin operators for a spin bath [31, 32]. For example, the Hamiltonian below describes a

qubit (two-level system) interacting with a bosonic bath [3]:

Ĥ =
1

2
Ω(t) · σ +

∑
i

ωib̂
†
i b̂i +

1

2
σz
∑
i

λi(b̂
†
i + b̂i) , (2.5)

where Ω is the control field, σ = (σx, σy, σz) is an operator vector of Pauli matrices that is

acting on the qubit only. b̂i is a bosonic field annihilation operator3 of mode i and frequency

ωi, which couples to the qubit with strength λi. The first two terms of Eq. (2.5) act on the

principal system and the bosonic bath separately, while the last interaction term indicates

3Bosonic field operators satisfy canonical commutation relationships: [b̂i, b̂
†
j ] = δij and [b̂i, b̂j ] = 0.
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that each bosonic mode can “dephase” the principal system by strength λi.

Unlike Eq. (2.1), now the differential equation for ρ̂sys(t) is given by the master equation:

dρ̂sys

dt
= L[ρ̂sys(t)] (2.6)

with a superoperator L[·]. Under the approximation of a Markovian bath, that is, assuming

the bath is memory-less, Eq. (2.6) is generally expressed as Lindblad equation [33]:

dρ̂sys

dt
= −i[Ĥsys, ρ̂sys] +

∑
k

(
Lkρ̂sysL

†
k −

1

2

{
L†
kLk, ρ̂sys

})
, (2.7)

in which Lk are called Lindblad operators. Due to the extremely high dimensionality of

Hbath, Lk or L[·] can only be determined phenomenologically.

2.1.1 Operator-Sum Representation

Besides adding correction terms to an equation of motion like the master equation, another

effective way of describing quantum decoherence is by using Kraus operators. Without loss

of generality, we can continue the discussion based on the model of Eq. (2.4). Denote the

state vector |µ〉 , |ν〉 ∈ Hbath with Greek letter indices. Suppose one initializes a decoupled

total state as ρ̂(0) := ρ̂sys ⊗ ρ̂bath, with the bath part being ρ̂bath :=
∑

ν pν |ν〉〈ν|. Then the

evolved density matrix ρ̂sys(t) at time t is given by:

ρ̂sys(t) = trbath
[
U(t)ρ̂(0)U †(t)

]
= trbath

[
U(t)

(
ρ̂sys ⊗

∑
ν

pν |ν〉〈ν|

)
U †(t)

]

=
∑
µ,ν

pν 〈µ|U(t) (ρ̂sys ⊗ |ν〉〈ν|)U †(t) |µ〉 =
∑
µ,ν

Kµν(t)ρ̂sysK
†
µν(t)

, (2.8)
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where Kµν(t) :=
√
pν 〈µ|U(t) |ν〉 is called a Kraus operator, with |µ〉 , |ν〉 ∈ Hbath. Note

that there are different representations of Kµν for the same quantum operation, since in

Eq. (2.8) one can replace {|µ〉} with a different orthonormal basis {|µ′〉} of Hbath. When the

interaction strength λ = 0, there is a representation such that Kµν = Usysδµ,1δν,1 recovers the

unitary evolution (2.2). When λ 6= 0, the mapping (2.8) can change the purity of ρ̂sys, which

can turn a pure state into a mixed state. We highlight that Kraus operators are usually

complicated, that sometimes Ka cannot be reduced as an operator proportional to Ua when

dim(Hsys) > 2, which means the hypothesis of a random unitary channel ρ̂ 7→
∑

a paUaρ̂U
†
a

is not always possible4 for a multi-level system [34].

In fact, we can use an operator-sum to represent any reasonable quantum operations on a

quantum state ρ̂:

ρ̂ 7→ ρ̂′ =
∑
a

Kaρ̂K
†
a . (2.9)

Here “reasonable” means it will not flip the sign of the eigenvalues of ρ̂, which is mathemat-

ically known as completely positive (CP) map. In some cases, we wish to preserve the trace

tr (ρ̂) = tr (ρ̂′). Such a map is called a completely positive trace preserving (CPTP) map,

where an additional constraint
∑

aK
†
aKa = 1 is required. Nevertheless, a trace-preserving

map is not always necessary when tracking a particular probabilistic operation. Since the

corruption of quantum information is a reasonable quantum operation, the operator-sum

representation is a proper candidate for modeling quantum error channels. For example,

the depolarizing channel that isotropically degrades a two-level quantum system (qubit) is

defined as:

ρ̂′ = E [ρ] = (1− p)ρ̂+ p (Xρ̂X + Y ρ̂Y + Zρ̂Z) (0 ≤ p ≤ 1) , (2.10)

4An counter-example of the trace-preserving map given in [34] is ρsys 7→ 1
j(j+1)

∑3
a=1 JaρsysJ

†
a, where Ja

are spin operators of spin-j. For a qudit (d-level system, d = 2j +1 > 2), all Kraus operators Ja/
√
d(d+ 1)

are singular matrices if d is odd. Hence, they cannot be written as √
paUa.
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whereX,Y, Z are Pauli operators. The Kraus operatorsKa in this case are
√
1− p1,

√
pX,

√
pY

and √
pZ. ρ̂′ becomes a completely mixed state as p = 1/2.

In the lab, we usually assume that Ĥsys is controllable for devices based on transmons,

trapped ions, and quantum dots [35–37], since the control signal is usually directly delivered

to the system of interest. As we are controlling Ĥsys in Eq. (2.4), the interaction term λĤint

can corrupt the quantum information by the mechanism depicted in this section. Thus, to

achieve the quantum advantage, we are not only building the device on a system with a

mild coupling to the bath (i.e. small λ), but we want to further suppress decoherence by

appropriate control techniques.

2.1.2 Time-Dependent Noise

As we have mentioned in the previous sections, it is extremely challenging to predict the exact

dynamics of an open system when dealing with a huge bath. In fact, the same issue arises

in open systems of classical mechanics. An example is Brownian motion – the fluctuating

motion of a small particle due to the stochastic memory-less collisions of the environment.

A good approximation of the dynamics follows the Langevin equation:

mẍ = −γẋ + η(t) , (2.11)

where m is the mass of the particle, γ gives the damping, and η(t) is a time-dependent

stochastic force from the environment, which has zero average 〈η(t)〉 = 0 and time correla-

tion5 〈ηi(t)ηj(t′)〉 = 2γkBTδijδ(t− t′). Here, kB is the Boltzmann constant, T is the temper-

ature of the bath, and δ(·) is the Dirac delta function. Because of the fluctuation-dissipation

5In the rest of this dissertation, 〈f〉 and f both represent the expectation value of the quantity/operator
f .



10 Chapter 2. Controlling Matter-Based Qubit Systems

theorem, there happens to be a factor 2γ in the correlation function. This example implies

that a good approximation of the dynamics sometimes does not need a full description of the

entire system. Heuristically, it is also true for quantum systems governed by Eq. (2.4). For

simplicity, let us consider Ĥsys = Ĥ0(t) to be a time-dependent controllable Hamiltonian,

while Ĥbath and λĤint are time-independent. Then the equation of motion in the interaction

picture is:

i
dUI(t)

dt
= ĤI(t)UI(t) (2.12)

if we denote UI(t) := ei(1⊗Ĥbath)tU(t). The definition of ĤI(t) is given by

ĤI(t) = Ĥ0(t)⊗ 1+ λei(1⊗Ĥbath)tĤinte
−i(1⊗Ĥbath)t . (2.13)

Applying this to the example (2.5), the second term

1

2
σz
∑
i

λie
iωib̂

†
i b̂i(b̂†i + b̂i)e

−iωib̂
†
i b̂i =

1

2
σz
∑
i

λi(b̂
†
ie

iωit + b̂ie
−iωit) (2.14)

becomes time-dependent, even though the Hamiltonian is autonomous in the absence of

time-dependent control. In this case,
∑

i λi(b̂
†
ie

iωit + b̂ie
−iωit) can be approximated by a

classical stochastic scalar field η(t) if each bosonic mode in the bath is assigned with random

phases. Such a semi-classical approximation allows one to simulate the noise with a random

unitary channel consisting of an ensemble of classical noise source without considering the

details of the bath.

Due to the stochastic “unpredictable” nature of η(t), a convenient way to treat the problem

is to study its correlation functions, such as 〈η(t)η(t′)〉. Many experiments characterize the
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noise by its power spectrum density S(ω)[38], which is defined by

〈η(t)η(t′)〉 =
∫ ∞

−∞
S(ω)e−iω(t−t′)dω

2π

⇐⇒S(ω) =

∫ ∞

−∞
〈η(t)η(0)〉 eiωtdt ,

(2.15)

in which we have assumed 〈η(t)η(t′)〉 = 〈η(t− t′)η(0)〉. If 〈η(t)η(t′)〉 ∝ δ(t− t′), the resulting

S(ω) is a constant function, and such noise is known as white noise. For scenarios in which∥∥∥Ĥsys

∥∥∥ �
∥∥∥Ĥbath

∥∥∥, η(t) has slow fluctuations compare to the system, such that 〈η(t)η(t′)〉

displays a relatively long-time correlation. In this case, S(ω) concentrates near zero fre-

quency. In the limit of η(t) being a constant, S(ω) appears to be a Dirac delta function

centered at ω = 0.

Finally, a limitation of analytically describing the dynamics of time-dependent noise η(t)

comes from the multi-point correlation function, such as 〈η(x1, t1)η(x2, t2)η(x3, t3)η(x4, t4)〉,

where (xi, ti) is the spatial-temporal coordinate of the noise. Typically, Gaussian noise

is assumed, due to the fact that its statistical dynamics is dictated by merely 〈η(t)〉 and

〈η(t1)η(t2)〉. However, practical stochastic noise generally has independent correlation func-

tions at different orders, which affect the principal quantum system independently. A full

description of the stochastic process η(t) requires the data of all these independent functions,

which is operationally inaccessible. As we investigate the quantum system in a more precise

way, it will be more challenging to include such non-Gaussian effects [38, 39].
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2.2 Quantum Control

2.2.1 Dynamical Decoupling and Dynamical Error-Correcting Gate

To preserve the coherence of quantum information as much as possible for practical use,

researchers have found that the perturbation from the bath can be suppressed if the quantum

system is controlled in a proper way. Dynamical decoupling (DD) and dynamical error-

correcting gates (DECG) are open-loop techniques that mitigate the perturbation from the

bath by applying special maneuvers on quantum systems. By definition, open-loop control

inputs a control signal that is independent of the system’s state. One should distinguish it

from quantum error-correcting codes mentioned in the following sections, in which one will

correct the error depending to what has been detected. Some famous experimental techniques

for DD [13] like Hahn spin-echo [40] and the Carr–Purcell sequence [41] have been known in

the field of nuclear magnetic resonance (NMR) since as early as the 1950s when the idea of

quantum information science was as yet unformed. These schemes significantly suppress the

dephasing effect on the nuclear spins, which has referential significance for quantum control.

As for a quantum system, such as a single qubit, we usually have to consider not only the

dephasing noise but also the bit-flip noise: the former decreases the coherence time T2 and

the latter decreases the coherence time T1. In other words, developing new DD methods for

universal noise is imperative.

We will use the following example of a DD sequence to demonstrate it is possible to decouple

universal static noise [16]. Consider the following qubit Hamiltonian with the quasi-static

noise approximation:

Ĥ(t) =
1

2
Ω(t) · σ + λn̂ · σ (2.16)

where n̂ is a random unit vector, λ is an unknown small number, and Ω(t) is the control
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pulse. With general λ, the Hamiltonian Ĥ(t) yields unitary evolution U(t). On the other

hand, if λ = 0, the unitary evolution is given by U0(t), which is supposed to be the target

rotation at t = T . We can use these ingredients to study the influence of noise by switching

to the interaction picture, where the evolution operator UI(t) := U †
0(t)U(t) is governed by

the equation of motion:

i
dUI

dt
= ĤIUI with ĤI =

λ

2
U †
0 (n̂ · σ)U0 (2.17)

The condition of decoupling the noise at time t = T is U0(T ) ≈ U(T ) ⇒ UI(T ) ≈ 1. Viola et

al, [16, 17] showed that UI(T ) = 1+O(λ2) can be satisfied if ĤI(t) is a sequence consisting

of Dirac delta functions. Specifically, if one sets ĤI(t) ≡ Ĥk ∝ U †
0(tk) (n̂ · σ)U0(tk) for

tk ≤ t < tk + τ (tk = kτ), then by the Magnus expansion:

UI(T ) = exp
[
−iτ(Ĥ1 + Ĥ2 + · · · ) +O(λ2)

]
. (2.18)

Regardless of what system we are considering, as long as {U0(tk)} forms a finite group6 G ,

Ĥ1+ Ĥ2+ · · · is proportional to the center of G with a factor λ. Thus, once we find {U0(tk)}

that trivializes the center (i.e. Ĥ1 + Ĥ2 + · · · ∝ 1), we have decoupled UI(T ) = eiφeiO(λ2) (φ

is a global phase). The center of G argument is useful in generalizing to a larger system of

higher dimensions. More examples can be found in [16]. Returning to our model of a single

qubit (2.17),

U0(t0) = 1, U0(t1) = X, U0(t2) = iZ, U0(t3) = Y, U0(t4) = 1 (2.19)

suffices to yield H1+H2+H3+H4 = 0 ∝ 1 and target rotation U0(T ) = 1. Accordingly, the

required unitary operation at tk is given by U0(tk)U
†
0(tk−1), namely, the control field function

6In this section, the global phase is omitted here for its matrix representation.
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in Eq. (2.17) is

Ω(t) = π [x̂δ(t− t1) + ŷδ(t− t2) + x̂δ(t− t3) + ŷδ(t− t4)] (2.20)

with 0 ≤ t < 4τ = T , where x̂ and ŷ are unit vectors along the x and y directions. Eq. (2.20)

is known as XY-4 DD sequence [15]. Even though infinitely fast and accurate pulses are

required, the higher-order error O(λ2) is actually eliminated in this single qubit case of

Eq. (2.16). Implementing a DD sequence with bounded control field with UI(T ) = eiφeiO(λ2)

is possible by analyzing the Eulerian cycle, one of the outcomes is also known as XY-8

sequence [15, 18]. We will not cover the technical details here.

As for the DECG, the goal is to implement a unitary operation on the quantum system,

in the way that is robust to noise. The analysis will be as similar as in Eq. (2.17), except

for replacing U0(T ) = 1 by a non-identity unitary U0(T ) = Ugate. Depending on what

operation resource one can have in the lab, the design of the pulse can be challenging and

may heavily rely on numerics (e.g. the Gradient Ascent Pulse Engineering (GRAPE) method

[42]). Under the assumption that we can still fully control an arbitrary bounded Ĥsys, a

remarkable systematic approach is given by [43], although current devices are still too noisy

to gain advantages from this protocol.

Once we have a robust control pulse that outperforms the naive pulse, better quantum

devices can be built upon these building blocks. How do we characterize the performance of

DD and DECG? There are many different measures [3, 44]. A convenient and fair measure

is utilizing the average Uhlmann-Jozsa fidelity between two quantum states ρ̂1, ρ̂2 [45–47]:

F (ρ̂1, ρ̂2) =

[
tr
(√√

ρ̂1ρ̂2
√
ρ̂1

)]2
. (2.21)

We expect that a perfect unitary operation U0(T ) will transform an initial pure state |ψ0〉〈ψ0|
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to a target state ρ̂1 = U0(T ) |ψ〉〈ψ0|U0(T )
†. For comparison, the actual control outcome is

given by a linear CPTP map ρ̂2 = M[|ψ0〉〈ψ0|]. Thus, we can represent the performance of

a control pulse by averaging F (ρ̂1, ρ̂2) for initial state |ψ0〉〈ψ0|:

F = F (ρ̂1, ρ̂2) = 〈ψ0|U †
0(T )M[|ψ0〉〈ψ0|]U0(T ) |ψ0〉 . (2.22)

The average can be conveniently found by using the notion of a unitary 1-design with a

Weingarten function [48]. Namely, the average of F (ρ̂1, ρ̂2) can be equivalently taken on a

finite discrete set of |ψ0〉. Specifically, for a single qubit |ψ0〉, this finite discrete set of states

can be generated by applying the single-qubit Clifford group, and the calculation of F can

be simplified as [47]

F =
1

2
+

1

12

∑
j=x,y,z

tr
(
U0(T )σjU

†
0(T )M [σj]

)
. (2.23)

In the special case of Eq. (2.17), where we would like to use an instance of randomly perturbed

U(T ) to represent the linear map, that is, M[|ψ0〉〈ψ0|] = U(T ) |ψ0〉〈ψ0|U †(T ). Then

F =
1

2
+

1

12

∑
j=x,y,z

tr
(
UIσjU

†
Iσj

)
=

2 + |tr(UI)|2

6
, (2.24)

where UI = U †
0(T )U(T ) is the same unitary operator in the interaction picture Eq. (2.17).

2.2.2 Filter Function

We have to admit that Eq. (2.17) is an oversimplified model with time-independent classical

noise. As has been discussed in the previous sections, the external environment, whether it is

classical or quantum mechanical, typically has complicated dynamics. This sub-section will
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introduce the filter function and explain its role in dealing with time-dependent noise. The

precise definition of this quantity varies depending on the type of observable one considers.

In this dissertation, we start with the approximation of time-dependent classical noise, and

rewrite the single qubit Hamiltonian ĤI in Eq. (2.17) as:

ĤI(t) = λU †
0(t) (σ · η(t))U0(t) . (2.25)

The resulting evolution operator UI(t) can be expanded using a Magnus expansion:

UI = T exp
[
−i
∫ t

0

ĤI(t)dt
]
= e−i

(
M1(t)+M2(t)+O(λ3)···

)

= 1− i [M1(t) +M2(t)]−
1

2
M1(t)

2 +O(λ3) ,

(2.26)

where M1(t) =
∫ t

0
ĤI(τ)dτ , M2(t) =

1
2

∫ t

0
dτ
∫ τ

0
dτ ′[ĤI(τ), ĤI(τ

′)]. The performance of UI(t)

at t = T can be quantified by the average fidelity F in Eq. (2.24):

F =
1

3
+

1

6

〈∣∣∣∣tr [1− i [M1(T ) +M2(T )]−
1

2
M1(T )

2 +O(λ3)

]∣∣∣∣2
〉

= 1− 1

3
〈tr
(
M2

1

)
〉+O(λ3)

. (2.27)

From the above equation, the average infidelity 1−F is dominated (λ� 1) by:

1

3
〈tr
(
M2

1

)
〉 = λ2

3

∫ T

0

dτ
∫ T

0

dτ ′ 〈tr [(σ(τ) · η(τ)) (σ(τ ′) · η(τ ′))]〉

=
2λ2

3

∫ T

0

dτ
∫ T

0

dτ ′
3∑

i,j=1

Mij(τ − τ ′) 〈ηi(τ)ηj(τ ′)〉

=
1

3

3∑
i,j=1

∫ ∞

−∞

dω
2π
Fij(ω, T )Sij(ω) ,

(2.28)
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in which σ(τ) := U0(τ)σU
†
0(t) and Mij(τ − τ ′) is given by

Mij(τ − τ ′) :=
1

2
tr
[
σiU

†
0(τ − τ ′)σjU0(τ − τ ′)

]
. (2.29)

The last equal sign of Eq. (2.28) is obtained by Fourier transformation — as mentioned in

Eq. (2.15), Sij(ω) =
∫∞
−∞ 〈ηi(τ)ηj(0)〉 eiωτdτ is the (tensorial) noise power spectral density,

while Fij(ω, T ) is the filter function that we are looking for:

F (ω, T ) :=

∫ T

0

dτ
∫ T

0

dτ ′M(τ − τ ′)e−iω(τ−τ ′). (2.30)

Note that in Eq. (2.28), if η(t) describes white noise such that 〈ηi(τ)ηj(τ ′)〉 ∝ δ(τ − τ ′),

then 〈tr (M2
1 )〉 ∝ λ2

∫ T

0
tr(1)dτ = 2λ2T regardless of U0(t). Therefore, there is no control

pulse that can improve the fidelity on average under white noise. On the other hand, for

slow fluctuating noise where Sij(ω) concentrates near ω = 0, one may manage to manipulate

Fij(ω, T ) by using a proper U0(t), thereby diminishing the integral appearing in 〈tr (M2
1 )〉.

Yet, this leading term will not completely vanish as long as the noise fluctuates.

The filter function also appears as one considers quantum noise [3, 49]. A similar compu-

tation can be found in [2]. Qualitatively speaking, a faster and denser control pulse gives

better filtration for the noise because higher frequency noise usually can be suppressed by

concatenating the DD sequence within the original control sequence during the free evolu-

tion, which is known as concatenated dynamical decoupling (CDD) [50]. As one increases

the concatenation levels, the filter function has a shallower and wider filtration window near

ω = 0. Uhrig later derived with a more efficient pulse sequence [3, 51] known as UDD, which

gives an analytical filter function while outperforming CDD with fewer operations. Since

there has been a massive usage of filter functions in classical information processing, there

are plenty of recent works regarding quantum control, which attempt to optimize control
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pulses based on traditional techniques, like Slepian functions [52–54].

2.3 Geometric Formalism for Gate Design

2.3.1 Overview

In this section, we will describe an intuitive way of understanding quantum dynamical cor-

recting pulses. The approach known as “geometric formalism” or “space curve quantum

control (SCQC)” allows us to design control fields that dynamically correct errors while

implementing different operations, by manipulating space curves. This overview subsection

is partially based on the published review paper [1]: Edwin Barnes, Fernando A Calderon-

Vargas, Wenzheng Dong, Bikun Li, Junkai Zeng, and Fei Zhuang, “Dynamically corrected

gates from geometric space curves” Quantum Science and Technology 7 023001 (2022).

As we have discussed and demonstrated in the previous section, it is possible to drive a system

with external control pulses that are engineered to produce an automatic self-cancellation of

errors due to the environment or driving imperfections without the need for precise knowledge

of these errors, as was discovered several decades ago.

There has also been substantial progress in developing control schemes that not only re-

move errors but also simultaneously rotate the quantum state of the system in some desired

way [14, 55–65]. The analytical tractability of ideal pulse waveforms such as delta-functions

and square pulses make them attractive as building blocks in such methods. However, the

use of such waveforms can also potentially limit their applicability. This is because ideal-

ized waveforms are experimentally infeasible in many quantum systems, where the need for

ultrafast microsecond or nanosecond control pushes the limits of state-of-the-art waveform

generators to the point where these pulse shapes cannot be reliably created, incurring large
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driving errors. Moreover, restricting to the use of only a few specialized pulse shapes can

lead to unnecessarily long pulse sequences that quickly run up against limitations set by

additional decoherence or loss mechanisms.

Ω(t)
environment Ω(t)

space curves

pulse shape

Figure 2.1: Geometric space curves provide a general method to design quantum gates that
are robust to environmental noise and other sources of error. The evolution of a system
subject to noise can be mapped onto a space curve. We can reverse engineer this evolution
by starting from a space curve and extracting the control Hamiltonian from its generalized
curvatures. Choosing the space curve to be closed yields noise-cancelling control pulses.
(This figure is adapted from [1])

This section gives an overview of SCQC [2, 19–22]. This framework relies on a geometric

structure underlying the Schrödinger equation that can be exploited to overcome limitations

of existing approaches. In the SCQC method, one visualizes the evolution error caused by

noise as a geometric space curve. This curve lives in a space of operators that depends on the

form of the control Hamiltonian and on the way in which the noise affects the system. As the

system evolves in time, the curve winds through this space with constant velocity. The net

displacement between the initial and final points of the curve quantify the deviation from the

system’s ideal evolution. Any dynamically corrected gate therefore corresponds to a closed

space curve, providing a global view of the solution space of robust gates. We show how

one can systematically design robust gate operations by starting from closed space curves

and computing control fields from their generalized curvatures [22]. The general strategy

is illustrated in Fig. 2.1. As we describe in this work, this approach can be applied to a

variety of contexts, including the design of single- or multi-qubit gates and Landau-Zener
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interferometry, both for quasistatic and time-dependent noise. Moreover, it can be combined

with holonomic methods to suppress multiple noise sources simultaneously. Space curves also

provide a natural way to obtain dynamically corrected gates that operate near the quantum

speed limit. While here we focus on correcting noise errors, the method can be applied to

any situation in which reverse-engineering the evolution of a quantum system is needed.

We illustrate how SCQC works by reusing the model of Eq. (2.16). For simplicity, let n̂ = ẑ

and Ω(t) = (Ωx(t), 0, 0), which is the setup in [20]. The Magnus expansion of the unitary in

the interaction picture is UI(t) = e−i
(
M1(t)+M2(t)+O(λ3)···

)
, with:

M1(t) = λ

∫ t

0

ei
φ(τ)
2

σxσze
−i

φ(τ)
2

σxdτ = λ

∫ t

0

[σz cosφ(τ) + σy sinφ(τ)] dτ

M2(t) =
λ2

2

∫ t

0

dτ
[
ei

φ(τ)
2

σxσze
−i

φ(τ)
2

σx ,

∫ τ

0

dτ ′ei
φ(τ ′)

2
σxσze

−i
φ(τ ′)

2
σx

]
=
λ

2

∫ t

0

dτ
[
ei

φ(τ)
2

σxσze
−i

φ(τ)
2

σx ,M1(τ)
]

...

(2.31)

where φ(τ) =
∫ t

0
Ωx(s)ds. Let us observe M1(t) closely: If one interprets (cosφ, sinφ) as a

unit tangent vector, then operator M1 can be treated as a planar curve C:
∫ t

0
(cosφ, sinφ)dτ .

Concretely, with “control time” T , C : [0, T ] → su(2), in which we also replace su(2) by R3

for convenience. The geometric interpretation of C(t) is clear:

1. The arc length of C(t) is the control time T , since it is parameterized such that∣∣dC
dt

∣∣ = 1.

2. The curvature of C(t) is the control field Ωx(t), since the angle φ(t) in the tangent

vector dC
dt is steered by the rate Ω(t) = φ̇(t).

3. The angle between dC(0)
dt and dC(T )

dt corresponds to the target rotation of U0(T ) =

exp
(
−iφ(T )

2
σx

)
.
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Thus, a vanishing M1(T ) = 0 requires C(t) be a closed curve: C(T ) = C(0). That is to say,

given a closed curve C(t), which probably has a cusp at t = 0 (or t = T ), one can find the

DECG pulse Ω(t) by reading its curvature.

After we treat M1(t) as a curve C(t), it is easy to recognize that M2 is proportional to the

signed area enclosed by C(t). This is due to the conversion of the commutator to cross-

product:

[a · σ,b · σ] = (a × b) · σ , (2.32)

from which one can use Green’s theorem (or Stoke’s theorem) A =
∫

dxdy = 1
2

∮
r × ṙdt to

find out M2 is proportional to area A. As for Mk (k > 2), the geometric interpretations are

not obvious, but further discussion can be found in [20].

For such a single qubit control problem, if it allows multi-axial control, then C(t) is usually

placed in a 3-dimensional space [21], since its tangent vector can be steered into multiple

directions. More degrees of freedom for C(t) is required if we are dealing with a multi-qubit

system [22]. It is natural to generalize the geometric interpretations of M1 and M2 to higher

dimensional cases: A curve r(t) in d-dimensional Euclidean space defines a set of Frenet-

Serret basis vectors {en}, n = 1, ..., d. As in the single-qubit case described above, each point

along the curve r(t) is labeled by the evolution time t. For each value of t, the Frenet-Serret

vectors form an orthonormal basis: em(t) · en(t) = δnm. The first vector, e1(t), is chosen to

be the tangent vector of the curve at time t: e1(t) = ṙ(t). Thus, the Frenet-Serret frame

rigidly rotates with the curve as time progresses. The orthonormality condition immediately

implies that ėm · en = −em · ėn. In the case m = n, it follows that ėn · en = 0, or in other

words ėn lies in a direction orthogonal to en. In the case of the first vector, this direction

defines e2: ė1 = κ1e2, where κ1 is the magnitude of ė1. The time derivative of e2 can then be

written as ė2 = −κ1e1+κ2e3, where the first term is included to ensure that ė1 ·e2 = −e1 · ė2

is satisfied, and where e3 is defined to be the component of ė2 that is orthogonal to both e1
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and e2. Continuing on to ė3, etc., and following the same logic then leads to definitions of

the remaining en, as well as to a set of self-consistency conditions known as the Frenet-Serret

equations:

ėn = −κn−1en−1 + κnen+1, (2.33)

where the κn are referred to as generalized curvatures, and e0 = 0 = ed+1. If we return to

the special case of d = 3 dimensions, then we recognize κ1 as the usual curvature, while κ2

is the torsion.

2.3.2 Counteracting Time-Dependent Noise with SCQC

This subsection is partially based on the paper [2]: Bikun Li, Fernando A. Calderon-

Vargas, Junkai Zeng and Edwin Barnes, “Designing arbitrary single-axis rotations robust

against perpendicular time-dependent noise” New Journal of Physics 23 093032 (2021)

The purpose of this subsection is to show the connection between the filter function formalism

and the geometric formalism [20], and combining them together with numerical techniques

to cancel noise using a simple single-axis controlled dephasing model. We show that these

smooth error-correcting pulses are equivalent to sequences of closed curves in the geometric

formalism. The flexibility and efficacy of our method is demonstrated for both classical 1/f

noise and noise modeled by a quantum bath. Moreover, our method can be used in systems

with restrictive control fields like the non-negative-only control available in singlet-triplet

spin qubits [66, 67].

We start with a general two-level system, coupled to an external quantum bath, with initial

state |ψ0〉 〈ψ0| ⊗ ρB and Hamiltonian of the form Eq. (2.4):

H(t) =
Ω(t)

2
σx ⊗ 1+ λσz ⊗B + 1⊗HB , (2.34)
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where Ω(t) is the control field. The bounded operators B and HB ∝ ωB act on the envi-

ronment, i.e. a generic quantum bath. The coupling to the environment (λ) is assumed

sufficiently small that it induces a slow coherence decay within a determined time interval

t ∈ [0, T ]. Here, T is the time it takes to implement a target operation Ugate ≡ U(T ), where

U(t) is the evolution operator generated by H(t). Ideally, the target operation without noise

is an x rotation of any desired angle. Note that such rotations can be combined with a

single rotation about another axis to form a universal set of single-qubit gates [68, 69]. We

want to determine what functions Ω(t) can implement a desired operation while suppressing

the leading-order errors due to the coupling λ. To that end, it is convenient to work in the

interaction picture. Thus, a similar outcome as Eq. (2.17) is written as:

HI(t) = λei
φ(t)
2

σxσze
−i

φ(t)
2

σx ⊗BI(t), (2.35)

where BI(t) = eiHBtBe−iHBt, which sometimes is simply replaced by a classical random

time-dependent noise term [38, 70]. The dynamics of BI(t) is assumed to be ‘slow’, i.e., the

Fourier transform S(ω) of the two-point noise correlation function 〈BI(t)BI(0)〉 should con-

centrate around ω = 0, with a bandwidth ωB � T−1. We are interested in suppressing the

leading-order effect of noise, and so we treat the interaction Hamiltonian HI as a perturba-

tion. We can then perform a Magnus expansion of UI(T ) similar as Eq. (2.31). Specifically,

if BI(t) is time-independent M1(t) is proportional to the integral of σz cosφ + σy sinφ, and

then a planar curve C(t) ∝M1(t) is obtained with tangent vector (cosφ, sinφ) and curvature

Ω(t) = φ̇. When BI(t) cannot be approximated as quasi-static, its fluctuations modulate

the tangent vector (cosφ, sinφ), which hampers the direct application of the geometric for-

malism. However, by considering the average gate fidelity (cf. Eq. (2.24) and section 2.2.2),
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we have
F =

1

2
+

1

12

∑
α=x,y,z

Tr[(σα ⊗ 1)UI(T )(σα ⊗ ρB)U
†
I (T )]

≈ 1− 2λ2

3

∫ T

0

dτ1
∫ T

0

dτ2 cos[φ(τ1)− φ(τ2)] 〈BI(τ1)BI(τ2)〉 ,
(2.36)

where we have omitted higher-order (O(λ3)) terms. Here, the quantum correlator 〈BI(τ1)BI(τ2)〉 ≡

tr(BI(τ1)BI(τ2)ρB) has a short correlation time ∼ ω−1
B . Using the Fourier transform of the

two-point correlation function, λ2 〈BI(τ1)BI(τ2)〉 =
∫∞
−∞

dω
2π
S(ω)e−iω(τ1−τ2) (where we assume

that the correlator is time local), the gate infidelity (1−F) can be approximated as

1−F ≈ 1

3

∫ ∞

−∞

dω
2π
S(ω)F (ω, T ), (2.37)

in which F (ω, T ) ≡ |f(ω, T )|2 + |f(−ω, T )|2 with

f(ω, T ) ≡
∫ T

0

ei[φ(τ)−ωτ ]dτ, (2.38)

is the filter function. This result can also be given by Eq. (2.29) in section 2.2.2, because we

have

Mzz(τ − τ ′) =
1

2
tr
[
σze

i
φ(τ)−φ(τ ′)

2
σx(τ − τ ′)σze

−i
φ(τ)−φ(τ ′)

2
σx

]
= cos [φ(τ)− φ(τ ′)] . (2.39)

Note that the filter function in Eq. (2.37) encapsulates only the lowest-order nontrivial effect

of the control field on the gate infidelity in an ever-changing noisy environment, whereas for

Gaussian noise the filter function gives an exact representation [38]. In order to minimize

Eq. (2.37), we need to make the filter function, F (ω, T ) , as small as possible at frequencies

where S(ω) is maximal. Hereafter, we consider the case where the noise power spectrum has

its maximum at ω0 = 0, but it can be easily generalized to a non-zero ω0.

Minimizing the filter function implies the minimization of f(ω, T ), Eq. (2.38), i.e. making
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Figure 2.2: An illustration of a sequence of closed curves {rm}, where the red dots represent
the starting and ending points of each curve. Each curve in the sequence is obtained by
integrating the previous. r0(s) is given by the integral of eiφ(Ts). In this example, the
integral of r3(s) is no longer a closed curve, so the sequence terminates and thus contains
four curves in total (This figure is adapted from [2].)

f(ω, T ) as small as O(ωkT k+1) around ω = 0, where k is a positive integer. To this end, we

want the first k-th derivatives of f(ω, T ) to vanish at the origin:

0 = (i∂ωT )
`[T−1f(ω, T )]ωT=0

=

∫ 1

0

s`eiφ(Ts)ds =
∑̀
m=0

(−1)m`!

(`−m)!
rm(1),

(2.40)

with 0 ≤ ` < k. The third equality is obtained via integration by parts, where rm(s) (0 ≤

s ≤ 1) is a complex function defined as

rm(s) =

∫ s0

0

ds1
∫ s1

0

ds2 · · ·
∫ sm

0

dsm+1e
iφ(Tsm+1), (2.41)

where s0 ≡ s. All rm(s) are required to be zero at s = 1 in order to fulfill Eq. (2.40). This

expression motivates introducing a modified version of the geometric formalism in which we

treat each rm(s) in Eq. (2.41) as a closed curve on a complex plane (see Fig. 2.2). The

filter function F ∼ |f |2 is suppressed up to order O(ω2kT 2k+2) about ω = 0 if and only if

the k curves in this sequence are all closed. Thus, requiring the integrals in Eq. (2.41) to

vanish can be viewed as an extension of the closed curve argument for quasi-static noise [20],

which simply requires that the first integral (m = 0) vanishes. Notice that the curves in
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this sequence are all related through differentiation: r′`(s) = r`−1(s). Therefore, the task of

finding pulses that implement gates while canceling low-frequency noise to order O(ω2kT 2k+2)

is equivalent to finding a closed curve rk−1(s) such that its first k − 1 derivatives are also

themselves closed curves. In addition to being closed, the last curve obtained from this

sequence of derivatives, r0(s), must also have the property that |r′0(s)| = 1, since r0(s) is

supposed to be the integral of the phase eiφ (see Eq. (2.41)). If such a sequence of closed

curves can be found, then a robust pulse can be obtained from the curvature of r0. Moreover,

a desired target rotation can be obtained by designing the hierarchy such that r0 exhibits a

cusp at the origin. The opening angle of this cusp determines the rotation angle θ about the

x-axis [20]. For arbitrary k, it is not a simple task to find such curve sequences. While it is

relatively straightforward to find closed curves rk−1(s) such that the first k − 1 derivatives

are also closed, it is more challenging to design rk−1(s) such that |r′0(s)| = 1 is satisfied.

In the next section, we show how this problem can be circumvented by parameterizing

φ(t) appropriately and using a numerical recipe to obtain control fields that suppress low-

frequency noise to arbitrary order k.

In [2], we develop a numerical method to obtain pulses that satisfy the closed-curve con-

straints in Eqs. (2.40) and (2.41). We start by setting x = 2s − 1 and combining terms in

Eq. (2.40), which converts the error-cancellation constraints into a more convenient form:

η` =
∫ 1

−1
x`eiφ[T (x+1)/2]dx = 0, with 0 ≤ ` < k. Now, the key ansatz of this work is to treat

the target rotation as an odd polynomial with N unknown coefficients:

φ
[
T (x+ 1)/2

]
= p1x+ p3x

3 + · · ·+ p2N−1x
2N−1. (2.42)

The advantage of this ansatz is twofold: first, the control field Ω(t) is symmetric about

t = T/2, which makes η` a real function of the pi up to a global phase, and second, there

is a recursive derivative relation, ∂η`/∂p2j−1 = iη`+2j−1, that is useful in what follows. The
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Figure 2.3: (a) Seven control pulses (colored lines) that achieve T−1f(ω, T ) = O(ωkT k)
noise cancellation. The kth pulse implements an x-rotation by angle (k + 1)π. A square
pulse that achieves a 9π rotation (black dotted line) is shown for comparison. The inset
shows the maximum slopes (bandwidths) that are required for different k. These exhibit a
∼ k3 dependence at small k (green line). (b) The filter functions for the control pulses in
(a) (colored lines). The asymptotic slopes of the filter functions are ≈ 2k, indicating the
O(ω2kT 2k+2) suppression near ωT = 0. The inset shows the same filter functions on a linear
scale. (This figure is adapted from [2].)

pulses should implement arbitrary Xθ gates in a time frame 0 < t < T and, therefore, φ

must satisfy the boundary conditions φ|x=1 = θ/2 and ∂xφ|x=1 = 0. In total, we therefore

have k + 2 real functions involving p2j−1 unknowns:

G` = i`−1η`−1, with 1 ≤ ` ≤ k

Gk+1 =

( N∑
j=1

p2j−1

)
− θ

2
,

Gk+2 =
N∑
j=1

(2j − 1)p2j−1,

(2.43)
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Figure 2.4: (a) Closed curves r0(t) that generate a hierarchy of closed curves rk(t) up to r4(t)
(see e.g., Fig. 2.2). The opening angles of the cusps at the origin determine the rotation
angles θ. (b) Pulses that implement x-rotations of various angles with k = 5 time-dependent
noise suppression. (c) The polynomial coefficients that define the control pulses shown in
(b).

which are all required to vanish. Notice that by setting N = k + 2, the numerical solutions

can be obtained efficiently through iteration (damped Newton method):

p
(n+1)
2j−1 = p

(n)
2j−1 − α

N∑
m=1

[J(p(n))]−1
j,mGm(p

(n)), (2.44)

where 0 < α ≤ 1 is the damping parameter, and J is the non-singular Jacobian (square)

matrix J`,j = ∂G`/∂p2j−1, which can be easily evaluated via the aforementioned recursive

derivative relation, ∂η`/∂p2j−1 = iη`+2j−1. Now, if a proper value for α is chosen and the

initial guess for p(0) is suitable, then after some number of iterations the term ‖Gm(p
(nf ))‖

will inevitably fall under a predefined convergence threshold ε, signaling that the concomitant

p̃2j−1 ≡ p
(nf )
2j−1 is a valid solution. The control pulse is then finally given by Ω(τ) = ∂τφ(τ)|p=p̃,

which is a polynomial of degree 2k + 2.

With the numerical scheme introduced above, one can easily obtain solutions for different

sets of parameters. Even though we have extensively explored the solution space, here we

focus on solutions that are obtained from the initial values p(0)j = δ1j[(k + 1)π + θ]/2, which
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correspond to a square pulse. Choosing k ≤ 5, α = 1, and threshold ε = 10−30, iteration of

Eq. (2.44) converges to valid solutions within 100 steps. For k larger than 5, we find that the

damping parameter α must be reduced to obtain suitable solutions. Overall, these types of

solutions converge into non-negative control pulses, which are important for qubit systems

with constrained control like singlet-triplet qubits [66, 67]. Fig. 2.3(a) shows several non-

negative control pulses obtained with θ = (k + 1)π and 2 ≤ k ≤ 8. The inset of Fig. 2.3(a)

presents, as a function of k, the maximal slopes of the pulses, which are related to the

maximum bandwidth needed to implement them with a waveform generator. Their rate of

change is proportional to ∼ k3. Fig. 2.3(b) and its inset present the filter functions, on both

logarithmic and linear scales, of the control pulses presented in Fig. 2.3(a). Note that the

asymptotic slopes of the filter functions are approximately equal to 2k, which indicates the

suppression of O(ω2kT 2k+2) terms near ωT = 0. Finally, Fig. 2.4 showcases the flexibility of

our scheme in producing arbitrary x-rotations. Setting k = 5, we repeat the above iterative

procedure to obtain noise-suppressing pulses for a range of rotation angles θ. In Fig. 2.4(a),

we show the resulting set of curves r0(t), from which the pulses in Fig. 2.4(b) can be obtained

from the curvatures. Each of these curves is at the bottom of a closed curve hierarchy that

starts at the top with r4(t), analogous to what is shown in Fig. 2.2 for k = 3. Fig. 2.4(b)

also shows that the pulses remain non-negative across a wide range of rotation angles θ. The

parameters p̃2j−1 used to construct these curves and pulses are given in Fig. 2.4(c).

We must point out that although with our method one can find solutions for a wide range

of parameters, the solution space is rather complicated due to the nonlinear form of the

equations in (2.43). Moreover, as k increases, it becomes more difficult to obtain good

solutions even after setting the damping parameter to α < 10−2. This is partly because the

Jacobian matrix becomes almost singular for large k, which in turn requires an increase in

precision to retain accuracy in the calculations. In experimental implementations, the value
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of k that is chosen will ultimately be determined by bandwidth limitations of waveform

generators. This is because larger values of k require pulses with faster rise times, as is

evident from Fig. 2.3(a). In practice, there is thus a tradeoff between cancelling higher-order

environmental noise and maintaining pulse accuracy, which is also necessary for achieving

high gate fidelities. The effect of pulse errors is considered further in the next section.

2.3.2.1 Numerical Simulations

We have shown, so far, that smooth continuous control pulses can be designed to perform

arbitrary x-rotations and, at the same time, shield the system from time-dependent noise.

In this section we characterize the performance of the smooth control pulses against realistic

noise power spectra. To this end, we calculate the gate infidelity in the presence of, first, a

random quantum bath and, then, a classical 1/fα noise source.

Virtual Random Quantum Bath. Since the actual environment surrounding the qubit

system is usually a complicated many body quantum system, we use a bounded operator

(m-levels) to simulate the quantum bath. Therefore, we take two independent m×m random

matrices W1,W2 from a Gaussian unitary ensemble and use them to define the bounded op-

erators B = W1/
√
m and HB = ωBW2/

√
m, where the bath density operator is ρB ∝ e−βHB .

Regardless of the complicated dynamics of BI(t), the statistical property of the noise power

spectrum has an analytic form in the thermodynamic limit m→ ∞ (see section 2.3.2.2):

S(ω) =
2πλ2

ZωB

∫ ∞

−∞
p(u)p(u− ω/ωB)e

−βωBudu, (2.45)

where p(u) = (2π)−1
√
4− u2 with |u| < 2, and p(u) = 0 with |u| ≥ 2 are given by Wigner’s

semicircle law. Z ≡
∫ 2

−2
dλp(λ)e−βωBλ is a normalization factor. Due to the piecewise p(ω)

distribution, there are hard high-frequency cutoffs at ω = ±4ωB.
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Figure 2.5: The full infidelities of the pulse with k = 6 for (a) a virtual random quantum
bath, and (b) classical noise η(t) with a soft high-frequency cutoff. Each curve is plotted
with varying control gate time T , but fixed ωB and λ/ωB. The dashed curve shows the
leading-order contribution of the infidelity for λ/ωB = 10−2, which has an asymptotic slope
2k + 2 = 14. The target operation is chosen to be an identity gate (θ = 8π) so that we can
compare with the Uhrig dynamical decoupling sequence (UDD6) [3], which is also included
in the figure. Results that include errors in Ω(t) are also displayed by data points with
triangles (with coupling λ/ωB = 10−2), where p̃j is implemented with small fluctuations,
whose standard deviation is δpj. (This figure is adapted from [2].)

In Fig. 2.5(a), the results with infinite temperature (β = 0) are computed for the k = 6 pulse

presented in Fig. 2.3, where full infidelities (including all orders of the bath coupling) are

presented together with the leading infidelity term, Eq. (2.37). According to dimensional

analysis, each term in the expansion of the infidelity has the form: ∝ λνT µωµ−ν
B (ν ≥ 2);

our leading term, Eq. (2.37), only involves terms with ν = 2, and µ ≥ 2k + 2 due to

our optimized filter function O(ω2kT 2k+2). As a result, these ν = 2 terms dominate when

λ/ωB � 1 and T � ω−1
B . One can clearly see in Fig. 2.5(a) that in the region T > ω−1

B ,

the full infidelity closely follows Eq. (2.37). On the other hand, the leading-order expression

deviates sharply from the full fidelity when T � ω−1
B , reflecting the fact that higher-order
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noise terms dominate in this regime. Although our shaped pulse is not designed to suppress

these errors, the fidelity remains high because these terms are very small. These findings thus

confirm the validity of truncating the Magnus expansion to facilitate the design of robust

pulses.

These trends persist when the pulse Ω(t) is not accurately implemented. We can study the

effect of pulse errors by including fluctuations δpj in the solutions for the pulse parameters

p̃j. As we can see from Fig. 2.5(a), pulse errors of 0.1% or less have essentially no effect on

the fidelity in the region T > ω−1
B where the ν = 2 terms dominate. Although pulse errors

have a stronger effect for smaller gate time T , the infidelity still remains very low due to the

overall low-T suppression. However, if the pulse errors are significantly larger than 0.1%, the

performance becomes significantly worse. This is due both to the presence of the additional

noise source and to the fact that pulse errors will cause the closed-curve condition to be

violated, weakening the suppression of environmental noise errors. This is consistent with

previous studies on continuous dynamical decoupling that found a heightened sensitivity to

driving field noise [71].

Classical 1/fα Noise. In almost all solid-state qubit platforms, fluctuations of various sys-

tem parameters characterized by a 1/f power spectral density have been observed. Here, we

consider a 1/fα power spectral density that remains nonzero in the high-frequency domain.

To efficiently simulate the soft high-frequency cutoff of the noise power spectrum, we replace

BI(t) with a real stochastic function η(t). The stochastic noise is then constructed from a

set of independent random telegraph noise (RTN) sources: η(t) = C
∫ νb
νa
ν
−1/2
0 η0(t, ν0)dν0,

where η0(t, ν0) describes a single RTN that switches between ±1 with frequency ν0. Here

C2 = 1/ log(νb/νa) is a normalizing factor such that η(t)2 = 1, and the integrand weight
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ν
−1/2
0 yields a desired noise power spectrum:

S(ω) =
2λ2C2

ω

[
arctan

(
2νb
ω

)
− arctan

(
2νa
ω

)]
. (2.46)

For 0 < ω � νa, S(ω) ∝ constant; for νa � ω � νb, S(ω) ∝ 1/ω; for ω � νb, S(ω) ∝ 1/ω2.

In our simulation, we simply set νb = 100νa = ωB, and thus S(ω) has a soft high-frequency

cutoff. It is evident that our filter function cannot effectively filtrate the ‘long tail’ of S(ω),

and no decoupling technique can do so as established by the no-go theorem in Ref. [70].

Specifically, following the previous argument about the infidelity expansion, the leading

terms λ2T µωµ−2
B can have a small µ, due to the integral

∫∞
ωB
S(ω)F (ω, T )dω being nonzero in

the soft-cutoff case. Therefore, the full infidelity does not experience a O(T 2k+2) suppression

for any ωBT . This in turn means that including pulse errors at the 0.1% level has only a

very small effect on the fidelity across all values of T , as shown in Fig. 2.5(b). Despite the

absence of a low-T suppression, which is a consequence of the long high-frequency tail in the

noise power spectrum in this case, as is evident from the figure, our smooth pulse (k = 6)

outperforms the ideal UDD6 at small ωBT . This is due to the always-on nature of our pulse,

which constantly suppresses the time-dependent perturbation.

2.3.2.2 Supplement: Derivation of Eq. (2.45)

Suppose our virtual random quantum bath has m levels (m� 1), and the coupling operator

and the Hamiltonian are separately given by B = W1/
√
m and HB = ωBW2/

√
m, where

W1,W2 are random matrices sampled from Gaussian unitary ensemble (GUE). In this case,

the density of eigenvalues λ distribution of Wi/
√
m is given by Wigner’s semi-circle law

p(λ) = (2π)−1
√
4− λ2 with λ2 ≤ 4, and p(λ) = 0 for otherwise λ. Therefore, assume the

quantum bath is in equilibrium with density operator ρB = e−βHB/Z, the power spectrum
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density for particular instance of B and HB is:

S(ω) =
λ2

Z

∫ ∞

−∞
tr[eiHBtBe−iHBt−βHBB]e−iωtdt

=
λ2

Z

m∑
k,`=1

∫ ∞

−∞
|Bk`|2eiωB(λk−λ`)t−βωBλ`e−iωtdt

=
2πλ2

ωBZ

m∑
k,`=1

|Bk`|2e−βωBλ`δ
(
λk − λ` −

ω

ωB

) (2.47)

In which we obtain the second equal sign via taking the trace under the eigenvector basis of

HB, and Bk` are the matrix entries under this basis. Finally, utilizing |Bk`|2 = |(W1)k`|2/m =

1 and Wigner’s semicircle law [164], the statistical average of S(ω) given by:

S(ω) =
2πλ2

ωBZ

∫ ∞

−∞
dλ′
∫ ∞

−∞
dλ p(λ′)p(λ)

× e−βωBλδ
(
λk − λ` −

ω

ωB

)
=

2πλ2

ωBZ

∫
dλ p(λ)p

(
λ− ω

ωB

)
e−βωBλ

(2.48)

where the normalizing factor is Z ≡
∫ 2

−2
dλp(λ)e−βωBλ under thermodynamics limit. The

hard cut-off property of p(λ) indicates S(ω) statistically vanishes at |ω| ≥ 4ωB.

2.4 Time Optimal Control with SCQC

In control theory, the optimization problem is always an attractive topic for real applica-

tions. Researchers often focus on problem-specific cost functions, such as fuel consumption

of a spacecraft, or profit gain during stock trading. When we are dealing with quantum en-

gineering problems where coherence is a resource, control time is a candidate cost function

[72]. The control strategy that minimizes or maximizes a cost function is preferred due to its
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superior performance. Optimal control theory is a mature field that has been under devol-

opment since the last century. There is a vast literature on this subject, so it is challenging

to show the whole picture. In this section, we will briefly introduce how the Pontryagin

minimum principle7 (PMP) can deal with free-time and fixed-end problems in section 2.4.1,

which is a particular category that suits the DECG design. Section 2.4.2 gives an analytical

derivation of the shortest planar closed path with bounded curvature, which recovers the

result in [19] in an alternative way. Section 2.4.3 displays some preliminary exploration of

solving optimized bounded controls with a physics-informed neural network.

2.4.1 PMP for Free-time and Fixed-End Problem

Suppose we describe the state of a system by x ∈ Rn, for which dynamics is governed by

ẋ(t) = f(x,u) (0 ≤ t ≤ T ) (2.49)

with initial condition x(0) = x0, and final condition x(T ) = xf , T is an undetermined

smallest time such that x(T ) hits xf for the first time. Additionally, u ∈ U is the control

function, where U is the set of admissible controls [73]. Normally, the functions in U are

bounded by some maximum and minimum throughout [0, T ]. Yet, mathematically, u ∈ U

is not necessarily continuous —- a measure-zero subset ω ⊂ [0, T ] of exceptions is allowed,

which differentiates control theory problems from regular variational problems. Under the

above dynamical system, we wish to minimize the following objective function:

J [u] = K(x(T )) +
∫ T

0

L(x,u)dt , (2.50)

7In some context, we call it Pontryagin maximum principle, the only difference is flipping the sign of cost
function.
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in which K is the terminal payoff and the second integral term is the running payoff. As

this section focuses on the fixed-end problem, K(·) is a constant cost that can be ignored.

Let u∗(t) ∈ U (0 ≤ t ≤ T ) be an (globally) optimal control and x∗(t) ∈ Rn be the corre-

sponding optimal state trajectory. Then there exists a function p∗(t) ∈ Rn (costate) and a

constant (abnormal multiplier) p∗0 ≤ 0 satisfying (p, p0) 6= (0, 0), ∀0 ≤ t ≤ T and having the

following properties (Also see Theorem 5 of [73] for a rigorous description):

(1) The optimal state and costate satisfy canonical equations:


ẋ∗ = ∇pHP (x∗,u∗,p∗, p∗0) = f(x∗,u∗)

ṗ∗ = −∇xHP (x∗,u∗,p∗, p∗0)

, (2.51)

where HP is the (pseudo-)Hamiltonian, defined as:

HP (x,u,p, p0) = p · f(x,u) + p0L(x,u) . (2.52)

(2) For each fixed t, HP (x∗(t),u,p∗(t), p∗0) has a global maximum at u = u∗(t):

HP (x∗(t),u∗,p∗(t), p∗0) ≥ HP (x∗(t),u,p∗(t), p∗0) ∀0 ≤ t ≤ T, u ∈ U . (2.53)

(3) The optimal Hamiltonian is constantly zero:

HP (x∗(t),u∗(t),p∗(t), p∗0) = 0, ∀0 ≤ t ≤ T . (2.54)

This section mainly focuses on the case of minimizing the control time T , which means we

can set:

L(x,u) ≡ 1, p∗0 = −1 (2.55)
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These above necessary conditions are known as the conditions for PMP, but they are only

feasible for free-time and fixed-end problems. For other boundary constraints (e.g. fixed-

time and free-end problems), and the mechanism/proof behind PMP, please look up Chapter

3 and 4 of [74] for more details.

2.4.2 Demonstration of Deriving 2D Dubins Curve

There are many illuminating examples [74] that exemplify how to use PMP. This dissertation

provides an analytical solution closely related to quantum control —- the shortest closed path

on a 2D plane, which is also known as a Dubins curve [75].

In this subsection, we are using PMP to study the optimization problem in [19]. The

trajectory x(t) here is a planar curve (x(t), y(t)), with (unit) tangent vector (vx(t), vy(t))

steered by Ω(t):

ẋ(t) = d
dt



x(t)

y(t)

vx(t)

vy(t)


= f(x,Ω) =



vx(t)

vy(t)

−Ω(t)vy(t)

+Ω(t)vx(t)


. (2.56)

We try to minimize the curve length
∫ T

0
1dT under confined control field Ω(t) ∈ [−1, 1]. Since

we need a closed curve with proper initial and final tangent vectors, the initial conditions

and final conditions are written as:

x(0) = (0, 0, 1, 0)T , x(T ) = (0, 0, cos θ, sin θ)T . (2.57)

in which θ is a constant that gives target rotation Ugate = e−i θ
2
σx . The pseudo-Hamiltonian
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Eq. (2.52) is written as:

HP = vxp1 + vyp2 + Ω · [vxp4 − vyp3]− 1 , (2.58)

then we can apply properties (1,2,3) in the previous section: Using property (1) in sec-

tion 2.4.1, the state solutions are given by:

x∗(t) =

∫ t

0

v∗x(s)ds, y∗(t) =

∫ t

0

v∗y(s)ds,

v∗x(t)
v∗y(t)

 = R(t)

1
0

 , (2.59)

where

R(t) :=

cosΦ(t) − sinΦ(t)

sinΦ(t) cosΦ(t)

 Φ(t) =

∫ t

0

Ω∗(s)ds . (2.60)

On the other hand, the costate equations and solutions are given by:


ṗ∗1 = 0, ṗ∗2 = 0ṗ∗3

ṗ∗4

 = Ω∗

−p∗4
p∗3

−

p∗1
p∗2

 ⇒


p∗1 = c1, p∗2 = c2p∗3(t)

p∗4(t)

 = R(t)

c3
c4

−
[
R(t)

∫ t

0

R(s)−1ds
]c1

c2


(2.61)

where c1, c2, c3, c4 are undetermined constants.

Using property (2): If we are fortunate enough to avoid the singular case8, where v∗xp∗4−v∗yp∗3

vanishes in a measurable subset of [0, T ], then the Ω∗(t) that maximizes HP (x∗,Ω,p∗,−1) is

Ω∗(t) = sgn
[
v∗x(t)p

∗
4(t)− v∗y(t)p

∗
3(t)
]
= sgn[−x∗(t)c2 + y∗(t)c1 + c4] , (2.62)

which means the sign switching of v∗xp∗4 − v∗yp
∗
3 determines the value switching of Ω(t). For

8Normally, it is not a priori knowledge.
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this reason, when the pseudo-Hamiltonian HP is a linear function of Ω(t), the factor of Ω(t)

is known as the switching function.

Before we move on, let us perform a sanity check for PMP: We verify that HP |∗ stays as a

constant when Ω∗(t) stays as a constant. Let control field Ω∗(t) = Ω0 be a constant within

t1 ≤ t ≤ t2, we have

v∗xp
∗
1 + v∗yp

∗
2 =

[
v∗x(t1) v∗y(t1)

] c s

−s c


c1
c2

 ,

v∗xp
∗
4 − v∗yp

∗
3 =

[
−v∗y(0) v∗x(0)

]
c3
c4

−
(∫ t1

0

+

∫ t

t1

)
R−1(s)ds

c1
c2




=

[
−v∗y(t1) v∗x(t1)

]R(t1)
c3
c4

−

R(t1)∫ t1

0

R−1(s)ds+ 1

Ω0

 s −c+ 1

c− 1 s



c1
c2


 ,

in which c ≡ cos[Ω0 · (t − t1)], s ≡ sin[Ω0 · (t − t1)] (t1 ≤ t ≤ t2). Plugging them into

Eq. (2.58), one can see the variable t is eliminated in the Hamiltonian:

HP |∗(t) = Ω0

[
−v∗y(0) v∗x(0)

]
c3
c4

−
∫ t1

0

R−1(s)ds

c1
c2




+ [c1v
∗
x(t1) + c2v

∗
y(t1)]− 1 = HP |∗(t1) .

Similarly, we can also continue to verify that ∂
∂t1
HP |∗(t1) = 0 from the above equation.

Using property (3): With (x∗(T ) − x∗(0), y(T )∗ − y∗(0)) = 0 ⇒
∫ T

0
R−1(s)ds = 0, we must

have
HP |∗(0) = Ω∗(0)c4 + c1v

∗
x(0) + c2v

∗
y(0)− 1 = 0 ,

HP |∗(T ) = Ω∗(T )c4 + c1v
∗
x(T ) + c2v

∗
y(T )− 1 = 0 .

(2.63)
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With the outcome of Eq. (2.62): Ω∗(0) = Ω∗(T ) = sgn(c4), subtracting the equations in

Eq. (2.63) gives:

[
c1 c2

]v∗x(T )− v∗x(0)

v∗y(T )− v∗y(0)

 = 0 ⇒
[
c1 c2

]
= C

[
cos θ

2
sin θ

2

]
C = const . (2.64)

Denote t1 ∈ [0, T ] as the moment when Ω∗ switches from ±1 to ∓1 for the first time. From

Eq. (2.62), we obtain a line ` on the x-y plane for such control field switching (as shown in

Fig. 2.6):

` : −xC sin θ
2
+ yC cos θ

2
+ c4 = 0 , (2.65)

which divides the x-y plane into two domains, the trajectory curve (x∗(t), y∗(t)) (blue) as

shown in Fig. 2.6 has to take maximum curvature +1 in one domain and minimum curvature

−1 in another. Ω∗(t) will maintain its value9 in when (x∗, y∗) is staying in one domain until

it cross line `. As displayed in Fig. 2.6, these conditions tell us that the solution of the

trajectory must be some continuously concatenated arcs. Therefore, c4 can be determined

in terms of θ by geometric relations. Observe that from Eq. (2.64), we can simply set C = 1,

then c1 = cos θ
2
, c2 = sin θ

2
, and c4 is merely the distance from the origin to line `, from which

follows:

c4 = |OF | = |BG| sin∠BGF · cot∠BOF = − sin
(
α +

θ

2

)
tan
(
α + θ

2

)
=

|OA| sinα
sin∠BGF

− cos∠BGF =
sinα

sin
(
α + θ

2

) + cos
(
α +

θ

2

)
,

(2.66)

where the definitions of α, ∠BGF , and ∠BOF are shown in Fig. 2.6. Thus, the solution of

9In some singular cases, (x∗, y∗) may move along the border line `.
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Figure 2.6: Optimized closed Dubins curve examples (blue curves) under the assumptions
of |Ω(t)| ≤ 1, Ω∗(0) = Ω∗(T ) = −1. The values of θ are taken as 1.2π and 0.6π for the left
and right panels separately. The curves start at the origin tangential to the x-axis. In both
figures, divided by purple line ` (Eq. (2.65)), the pink half-plane requires the trajectories’
curvature being +1, and the cyan half-plane requires the trajectories’ curvature being −1.

c4 can be obtained by eliminating α:

c4 = cos θ
2
+

1

8

∣∣∣∣sec θ
2

∣∣∣∣√30 + 32 cos θ + 2 cos 2θ , (2.67)

for 0 < θ < 2π. Finally, since the solution of the trajectory has been determined, the last

constant c3 can be found by combining v∗x(α)p∗4(α)− v∗y(α)p
∗
3(α) = 0 with Eq. (2.61). Hence,

the optimal solution of state x∗(t) and costate p∗(t) has been found.

2.4.3 Discovering Time-Optimal Pulses by Machine Learning

When facing real engineering problems, we are looking for admissible control functions which

fulfill the constraints of noise decoupling, control time optimization, pulse limitation. Al-

though there are mature theories such as PMP [73], solving the highly coupled differential

equations in this framework with constraint is challenging and tricky [72], as one can get a
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glimpse of section 2.4.2.

What about using numerical approaches? The challenge of finding control pulses mainly

comes from searching the functional space. A good parameterization or good initial guess

of the target function can drastically simplify the complexity. It would be great if the ma-

chine can discover the solution by itself without too much prior knowledge from the human.

With the rapid development of algorithms in the machine learning community, artificial

neural networks (ANN) have been known to be a promising way of solving such compli-

cated problems. Noticeably, there have been some recent works showing the power of ANN

in tackling quantum control problems [76–80]. Inspired by [80], but with a different goal,

in this section, we combine the numerical approach of a physics-informed neural network

(PINN) [81] and the geometric formalism [1] to discover appropriate control pulses. Tech-

nically, instead of feeding PINN with plenty of experimental data, one needs to feed it with

the physical law – usually differential equation (e.g. ẋ = f(x,u)) into the loss function of

ANN: Loss := MSE [ẋ − f(x,u)] + · · · , where MSE(·) is the mean squared error during the

evolution. Once the loss function is minimized to nearly zero, the outputs of the ANN (x

and u) are a good approximation of the solution that follows the equations of motion.

2.4.3.1 Example

This subsection provides a numerical test, which suggests that this approach could be a

promising way of finding DECG in the gigantic admissible control function space. Concretely,

we are finding DECG for the following quantum Hamiltonian:

Ĥ(t) =
1

2
Ω(t)σx +

1

2
∆σz + λσz , (2.68)
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t
C(t)

ω(t) 7→ Ω(t)

input

output

hidden layers

Figure 2.7: The ANN structure that this section uses for a PINN. The outputs are the
expected trajectory and control function, while the input here is a single variable. As long as
the activation functions in the hidden layers are continuous, the output will be a continuous
function with respect to the input. To obtain the result in Fig. 2.8, our models use tanh(·)
as the activation function by default. The ANN has a fully connected layout with 6 hidden
layers, each of them with 256 nodes. 10 outputs are needed for a 3 × 3 matrix C(t) and a
control field Ω(t).

in which λ is a time-independent small constant (λ� 1). This Hamiltonian is practical, espe-

cially for semiconductor double quantum dot systems with constant detuning [35, 76, 82]. In

such scenarios, Ω(t) has the physical meaning of spin-spin exchange energy, which is presum-

ably controllable through tuning a potential well barrier, and ∆ is a fixed constant for detun-

ing. In this case, we will treat λσz as the perturbation, and use H0(t) =
1
2
[Ω(t)σx +∆σz] as

the control Hamiltonian. Despite the fact that only one control field is available, theoretically,

any SU(2) rotation can be achieved with non-zero ∆. Nevertheless, the fixed ∆ is undoubt-

edly unhandy for designing DECG, since [76] had already attempted to deal with the same

problem with ANN, we will further show that the application of PINN is more powerful and

flexible. Again, after switching to the interaction picture, we have ĤI(t) = λU †
0(t)σzU0(t),
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where U0(t) can be parameterized by the SO(3) rotation matrix10:

Rij(t) =
1

2
tr
[
σiU

†
0σjU0

]
⇒ R(t) =

−Bx Nx Tx
−By Ny Ty
−Bz Nz Tz

 . (2.69)

Here we use symbols T, N and B to represent the tangent vector, normal vector and binormal

vector, since under this notation, R(t) fulfills “Frenet–Serret formulas”:

Ṫ
Ṅ
Ḃ

 =

 0 Ω(t) 0

−Ω(t) 0 −∆

0 ∆ 0


T

N
B

 , (2.70)

which generates an integrated curve of T with constant torsion ∆ and curvature Ω(t). To

avoid using a time-consuming integral on ANN, we will parameterize these curves via the

matrix C(t):

C1i(t) :=

∫ t

0

Ti(τ)dτ

C2i(t) :=

∫ t

0

Ni(τ)dτ

C3i(t) :=

∫ t

0

Bi(τ)dτ


i = 1, 2, 3 ,⇔ Ċ = [T,N,B] (2.71)

which is treated as part of the output of the ANN (See Fig. 2.7). The remaining output of

the ANN is ω(t), which is reserved for the control function Ω(t). We do not treat the output

directly as Ω(t), since the real system always possesses bounded Ω(t), otherwise, not only the

infinite large spin exchange interaction is unreal, an ultra-fast Dirac-delta-like Ω(t) function

will also trivialize the problem. Since the direct output of ANN is generally un-bounded, we

can convert ω(t) to Ω(t) by

Ω(t) = umin + (umax − umin) sin2[ω(t)] , (2.72)

10The global phase of U0 is negligible.
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such that Ω(t) is confined in the interval [umin, umax].

With all these above ingredients, we can train our ANN with following loss function:

Loss = MSEeom + MSEbc + MSEp , (2.73)

where in order to satisfy the constraints of the equation of motion, the first term is

MSEeom =
1

M

M∑
j=1

∥∥∥∥∥∥∥
Ṫ(tj)

Ṅ(tj)

Ḃ(tj)

−

 0 Ω(tj) 0

−Ω(tj) 0 −∆

0 ∆ 0


T(tj)

N(tj)

B(tj)


∥∥∥∥∥∥∥
2

+ ‖|T(tj)| − 1‖2 + ‖|N(tj)| − 1‖2 + ‖|B(tj)| − 1‖2

+ ‖T(tj)× N(tj)− B(tj)‖2

. (2.74)

So as to yield an identity gate DECG and a closed curve
∫ t

0
T(τ)dτ , the second term is for

imposing boundary conditions:

MSEbc =
∥∥∥Ċ(0)− I

∥∥∥2 + ∥∥∥Ċ(T )− I
∥∥∥2 + 3∑

i=1

‖C1i(0)‖2 + ‖C1i(T )‖2 . (2.75)

Finally, we hope to obtain a symmetric pulse that has both ends being zero, which is some-

times preferred in the experiment, thus, the third term is:

MSEp = ‖Ω(0)‖+ ‖Ω(T )‖+ 1

M

M∑
j=1

‖Ω(tj)− Ω(T − tj)‖2 . (2.76)

In Eq. (2.74) and (2.76), {ti : 0 ≤ ti ≤ T, 1 ≤ i ≤ M} is a random set updated throughout

the training, with M ∼ 102. Training our ANN is done by minimizing the loss function

under a given T , via updating the weights and bias in the network. We find that the

ADAM optimizer [83] has a robust performance in finding the minimum. Specifically, the
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T=14.7 T=14.05 T=13.7 T=13.3

(a)

(b)

(c)

(d)

(e)

(f)

1
−

F

Figure 2.8: A near-optimal curve design outcome instance found by PINN. In the first 3
panels, red, green and green arrows represent T, N and B separately. Panel (a,b,c) display
the integrated curves of T, N and B. Under T = 13.3 and ∆ = 1. Panel (d) displays the
control pulse at different T found by PINN, which value is bounded by [0, 2] . Panel (e)
displays the square root of loss function v.s. different control time T , after > 106 steps
of ANN training. The turning point in panel (e) implies a critical (optimum) control time
Tc ≈ 13.23. (f) presents the infidelity comparison between the result with the T = 13.3 pulse
given in (d), and the result with Ω(t) ≡ 0, ∆ · T = 2π.
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optimizer learning rate is set to be 10−3, with decay rate 0.9 every ∼ 103 steps, for most of

our experiments. Since our loss function only consists of MSE of constraints, the criterion

of successful training is clear that the loss function should be minimized to nearly 0 or

hitting the machine precision, which is ∼ 10−8 for double-precision floating-point numbers11.

Fig. 2.8(a,b,c) illustrate one of the training outcomes with ∆ = 1, [umin, umax] = [0, 2] and

near optimum control time T = 13.3, where the loss function is ∼ 10−7. Fig. 2.8(a) displays a

closed curve integrated from T, as it is confined by the loss function. Fig. 2.8(b) accidentally

gives a closed curve because of

∫ T

0

N(τ)dτ =
1

∆

∫ T

0

Ḃ(τ)dτ =
B(T )− B(0)

∆
= 0 . (2.77)

Fig. 2.8(f) shows the infidelity of this T = 13.3 pulse, which has behavior 1−O(λ4). To give

a fair comparison, the infidelity of no-control Ω(t) ≡ 0 and ∆ ·T = 2π is given in this panel,

which has inferior behavior 1−O(λ2). In Fig. 2.8(d), as one decreases T , the pulse shape gets

closer and closer to a sequence of square pulses, which suggests that the perfect optimized

Ω(t) can be parameterized by square pulses. More of our numerical experiments show that,

empirically, if the minimal T is near Tc, then the loss function behaves like O((Tc − T )2)

when T < Tc. On the other hand, the convergence rate becomes slow as T is in the right

neighborhood of Tc. Moreover, after the same long time of training, the final loss function

at different T > Tc approximately scales as e−c(T−Tc), until the loss gets too small and hits

the machine precision.

11There are extra MSE terms included in [80], that fails this criterion.
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2.5 Quantum Error Correcting Code

Another essential approach of counteracting noise in the quantum system is using quantum

error correcting codes (QECC) to protect quantum information. It is one of the cornerstones

that the fault-tolerant universal quantum computation built upon. Taking qubit stabilizer

code as the example [12, 84, 85], so long as all of the devices at the bottom level are under the

error threshold, one can get rid of the noise and perform the arbitrary quantum computation

to arbitrary accuracy, by combining fault tolerant Clifford operations and injecting distilled

magic states [86]. Although it is theoretically feasible, when this dissertation was written,

people had not yet shown that a qubit protected by QECC could significantly outperform an

unprotected one, with the current noisy device, not to mention that improving the efficiency

of the magic state distillation is still a frontier theoretical problem [87, 88].

The following sections will briefly introduce the QECC and stabilizer formalism. Section 2.5.1

is just an overview of the basics of how QECC works. Section 2.5.2 will be particularly useful

for the next chapter.

2.5.1 Introduction of QECC

Let us start with a toy model of quantum bit-flip channel E [ρ̂] := (1 − p)ρ̂ + pXρ̂X and

three-qubit repetition code:

|0L〉 := |000〉 , |1〉L := |1〉 . (2.78)
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Eq. (2.78) shows the encoding method: the logical state |0〉L (|1〉L) is encoded by 3 physical

qubits state |000〉 (|111〉). That is, any single qubit state |ψ〉 := α |0〉+ β |1〉 is encoded as:

|ψL〉 := α |0L〉+ β |1L〉 = α |000〉+ β |111〉 . (2.79)

Denote the bit-flipped single qubit state as |ψ′〉 := α |1〉 + β |0〉, then the bit-flip channel

maps ρ̂ := |ψ〉〈ψ| to

E [|ψ〉〈ψ|] := (1− p) |ψ〉〈ψ|+ p |ψ′〉〈ψ′| , (2.80)

which causes decoherence. In the worst case with α = 1, β = 0, the minimal fidelity of the

channel is given by 〈ψ| E [ρ̂] |ψ〉 = 1 − p. However, it can be shown that, using the logical

state in Eq. (2.78), we can suppress the error [89] if p is below some threshold. Specifically,

the worst fidelity can be improved as 1−3p2+2p3. To demonstrate how it works, we assume

the state |ψL〉〈ψL| has been transmitted through channel E⊗3[·] := E ⊗E ⊗E [·], which means

each physical qubit is experiencing independent bit-flip channel. First, we project the noisy

state to the eigen-subspace of Pauli-operators12 Z1Z2 and Z2Z3. Such projection can be

physically realized as multi-qubit measurements, whose readouts are called error syndromes

and can only be ±1 in this case. If we denote the syndrome of Z1Z2 as (−1)s1 and the

syndrome of Z2Z3 as (−1)s3 (s1, s3 ∈ {0, 1}). then we know the error occurs when the read

out of s1 or s3 becomes 1. Lastly, the state should be corrected by bit-flip unitary Xs1
1 X

s3
3 .

This procedure is imitating the classical repetition code, where one uses multiple 0’s and 1’s

to represent logical 0 and 1. Error detection and correction can be understood as “majority

voting” (e.g. 001 → 000, 110 → 111). On the quantum repetition code side, the projections

of Z1Z2 and Z2Z3 forcing the system to stay in a two-dimensional logical subspace (i.e., code

space), spanned by {|0L〉 , |1L〉}. Any single qubit bit-flip simply change this subspace to

12In this dissertation adopts the notation that Z1 stands for Z ⊗ 1⊗ 1⊗ · · · , and likewise X2 stands for
1⊗X ⊗ 1⊗ · · · , et al.
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an orthogonal one, without messing up the information inside. Hence, one can suppress the

error when the bit-flip rate p � 1, in which the total perturbation is dominated by single

bit-flip error.

The contribution of Shor [89] is showing that by concatenating the repetition code (2.78):

|0L〉 := 2−3/2 (|000〉+ |111〉)⊗3 , |1〉L := 2−3/2 (|000〉 − |111〉)⊗3 , (2.81)

one can both counter both single bit-flip and phase-flip error by detecting syndrome and

correction. Although using 9 physical qubit to encode 1 logical qubit is inefficient, it was the

first QECC that can correct any single qubit error. This procedure of detecting syndrome

and correcting error soon become a paradigm. The criterion of designing QECC is given by

Knill–Laflamme condition [90]: Let the projection operator to the code space be PC , then a

set of error {Êi} is correctable if and only if

PCÊ
†
i ÊjPC = cijPC (2.82)

for some Hermitian matrix cij. Under this framework, various QECC with different inter-

esting features are proposed in the past decades. Such as five-qubit code[91] is the smallest

code that counter any single qubit error, Calderbank-Shor-Steane (CSS) code [92] is a cat-

egory of “good QECC” that can be construct from classical binary linear code, Surface

code [93, 94] utilize topology of the lattice to protect logical quantum data from any lo-

cal error, et al. One can find an abundant collection of QECC in error correction zoo

(https://errorcorrectionzoo.org/). To realize these tempting and promising schemes,

people have also invested a great amount of effort in the experiments of QECC [95–97].

Any experimental breakthrough will be extremely meaningful for the quantum information

science.
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2.5.2 Stabilizer Formalism

Notice that in the previous example of three-qubit repetition code (2.78), the code space

projector can be written as PC = 1+Z1Z2

2
1+Z2Z3

2
. In other words, any pure logical state

encoded this way is a eigenstate of the following operators

g1 = Z1Z2, g2 = Z2Z3 (2.83)

with eigenvalue +1. These operators known as stabilizer operators generate a group G =

〈{g1, g2}〉 known as the stabilizer group. We emphasize that stabilizers are commutative,

thus, G is simply an Abelian group. In this section, we only discussion qubit stabilizer

formalism13, thus, when we assign m (0 ≤ m ≤ n) independent stabilizer generators for n

qubits, |G | = 2m, and a subspace of dimension 2n−m is determined. If m = n, then these

stabilizer generators determine a pure stabilizer state, which is the common eigenstate of all

elements in G .

Returning back to the Knill-Laflamme condition in section 2.5.1, once PC is determined

by a stabilizer group G , the un-correctable errors are those Pauli operator in N(G ) \ G ,

in which N(G ) is the normalizer of G in Pauli group. This framework or formalism with

stabilizer operators provides a way of neat representation for some special quantum states.

For examples, the code space of nine-qubit Shor code [89] is given by following stablizers:

S1 = Z1Z2, S2 = Z2Z3, S3 = X1X2X3X4X5X6,

S4 = Z4Z5, S5 = Z5Z6, S6 = X4X5X6X7X8X9,

S7 = Z7Z8, S8 = Z8Z9,

(2.84)

13See [98] for multi-level stabilizer formalism.
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and the five-qubit code [91] has the following stabilizers:

S1 = Z1X2X3Z4, S2 = Z2X3X4Z5, S3 = Z3X4X5Z1, S4 = Z4X5X1Z2 . (2.85)

Such stabilizer formalism has simplified the theoretical analysis in a great extent [84], which

brought the booming of QECC [99] in the early 2000s. The nice tractability of stabilizer

formalism is sometimes known as Gottesman-Knill theorem [100, 101]: A quantum circuit

that

1. preparing the initial state in computational basis,

2. performing unitary operation through Clifford gates (generated by H, P , and CNOT

gates),

3. and performing measurements in computational basis,

can be simulated with classical computer efficiently. Here, efficient simulation means the

only polynomially many steps and classical bits are needed to finish the computation.

We will first explain how the first two elements can be efficiently simulated by classical

computer. The Clifford gate generators mentioned above are defined as follows:

H :=
X + Z√

2
, P := diag(1, i), CNOTij := |0〉〈0|i + |1〉〈1|iXj . (2.86)

On the n-qubit system, the closed set of all possible unitary operations generated by Eq. (2.86)

is called Clifford group Cn. One of the significant features of Cn is that it is the normalizer

of n-qubit Pauli group in U(2n). In other words, U ∈ Cn always converts a Pauli operator

isσα1 ⊗ σα2 ⊗ · · · to another is′σβ1 ⊗ σβ2 ⊗ · · · by conjugation U †(· · · )U , where s, s′ ∈ Z,

αi, βi ∈ {0, 1, 2, 3}. Particularly, the transformation rules for unitaries in Eq. (2.86) can be
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found in [102] or table 2.1. Utilizing this feature, any U ∈ Cn can be uniquely represented

U = H
σ̂ Uσ̂U †

X Z
Y −Y
Z X

,

U = P
σ̂ Uσ̂U †

X Y
Y −X
Z Z

,

U = CNOT12

σ̂1σ̂2 Uσ̂1σ̂2U
† σ̂1σ̂2 Uσ̂1σ̂2U

†

II II Y I Y X
IX IX Y X Y I
IY ZY Y Y −XZ
IZ ZZ Y Z XY
XI XX ZI ZI
XX XI ZX ZX
XY Y X ZY IY
XZ −Y Y ZZ IZ

.

Table 2.1: The transformation rules for Hadamard H, phase gate P and controlled-NOT
operation CNOT.

by n stabilizers Si and n destabilizers Di [101]:

Di := U †XiU, Si := U †ZiU, i = 1, 2, · · · , n . (2.87)

Let’s prove that such representation is unique: If representation with {Di, Si} is not unique,

such that there is a pair of U,U ′ ∈ Cn (U 6= U ′) producing the same set of {Di, Si} by

Eq. (2.87), then the Clifford unitary U ′′ := U †U ′ ∈ Cn centralizes the Pauli group. Yet, the

centralizer of Pauli group in U(2n) is nothing but a trivial operation ∝ 1, which proves the

uniqueness that U = U ′ up to an ignorable global phase. �

A further question is: How do we represent the set of {Di, Si}? Di and Si are just some

signed Pauli string of X, Y and Z, that can be represented by a 2n× 2n binary matrix and
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a 2n-component binary sign vector:

T(U) :=



x1,1 · · · x1,n z1,1 · · · z1,n
... . . . ... ... . . . ...

xn,1 · · · xn,n zn,1 · · · zn,n

xn+1,1 · · · xn+1,n zn+1,1 · · · zn+1,n

... . . . ... ... . . . ...

x2n,1 · · · x2n,n z2n,1 · · · z2n,n


, r(U) :=



r1
...

rn

rn+1

...

r2n


, (2.88)

such that the destabilizer Di and the stabilizer Si are written as:

Di = (−1)ri · σ(xi,1,zi,1) ⊗ σ(xi,1,zi,1) ⊗ · · · ⊗ σ(xi,n,zi,n)

Si = (−1)ri+n · σ(xi+n,1,zi+n,1) ⊗ σ(xi+n,1,zi+n,1) ⊗ · · · ⊗ σ(xi+n,n,zi+n,n)

, (2.89)

with

σ(0,0) := I, σ(1,0) := X, σ(1,1) := Y, σ(0,1) := Z. (2.90)

One of the advantages of Eq. (2.88) is that it only takes Poly(n) steps to simulate the

multiplication of Clifford unitaries U1, U2 ∈ Cn ⊂ U(2n). The approach in [101] can be

summarized as:

T(U1U2) = T(U2)T(U1) mod 2, ∀U1, U2 ∈ Cn , (2.91)

and r(U1U2) is given in a non-linear fashion:

ri(HaU) = ri(PaU) = ri(U) + Ti,a(U)Ti,a+n(U) mod 2 ,

ri(CNOTabU) = ri(U) + Ti,a(U)Ti,b+n(U)(Ti,a(U) + Ti,b+n(U) + 1) mod 2 .
(2.92)

Similarly, the code space defined by projector PC represented by m independent stabilizers

(m ≤ n) can be written as a m × 2n binary matrix T[PC ] and a m component sign vector
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r[PC ]. The representation of UPCU
† is given by

T[UPCU
†] = T[PC ]T(U) mod 2, ∀U ∈ Cn , (2.93)

and likewise the Eq. (2.92) will be called to find r[UPCU
†]:

ri[HaPCH
†
a] = ri[PaPCP

†
a ] = ri[PC ] + Ti,a[PC ]Ti,a+n[PC ] mod 2 ,

ri[CNOTabPCCNOT†
ab] = ri[PC ] + Ti,a[PC ]Ti,b+n[PC ] (Ti,a[PC ] + Ti,b+n[PC ] + 1) mod 2 .

(2.94)

We demonstrate the ideas above by the example of a three-qubit Greenberger–Horne–Zeilinger

(GHZ) state, whose state vector

|GHZ3〉 :=
|000〉+ |111〉√

2
= UGHZ |000〉 = CNOT23CNOT12H1 |000〉 (2.95)

can be represented by stabilizers

S1 = X1X2X3, S2 = Z1Z2, S3 = Z2Z3 , (2.96)

One can also represent |GHZ3〉 with density matrix or projector ρ̂GHZ = |GHZ3〉〈GHZ3| =

UGHZρ̂0U
†
GHZ = PC =

∏3
i=1

1+Si

2
, where ρ̂0 := |000〉〈000| is a state prepared in computational

basis. Starting with

T[ρ̂0] =

 0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

 , r[ρ̂0] = 0 , (2.97)
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and

T(H1) =



0 0 0 1 0 0

0 1 0 0 0 0

0 0 1 0 0 0

1 0 0 0 0 0

0 0 0 0 1 0

0 0 0 0 0 1


, T(CNOT12) =



1 1 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 1 1 0

0 0 0 0 0 1


,

T(CNOT23) =



1 0 0 0 0 0

0 1 1 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 1 1


,

there is T(UGHZ) = T(CNOT23CNOT12H1) = T(H1)T(CNOT12)T(CNOT23):

T(UGHZ) =



0 0 0 1 0 0

0 1 1 0 0 0

0 0 1 0 0 0

1 1 1 0 0 0

0 0 0 1 1 0

0 0 0 0 1 1


. (2.98)

Meanwhile, the Eq. (2.92) acts trivially in this case: r(UGHZ) = 0. Hence, one finds that

T[ρ̂GHZ] = T[ρ̂0]T(UGHZ) =

 1 1 1 0 0 0

0 0 0 1 1 0

0 0 0 0 1 1

 , r[ρ̂GHZ] = 0 , (2.99)

which correspond to the stabilizers Si of |GHZ3〉 as shown in Eq. (2.96).

In the remain part of this section will explain how describe computation basis measurement

under stabilizer formalism. Consider a n-qubit stabilizer state ρ̂ (not necessarily pure), and

its m independent stabilizers. Denote its stabilizer group by G := 〈{Si}〉. As one measures

ρ̂ on qubit i along z-axis, ρ̂ is either projected to a eigen-subspace of Zi, with eigenvalue
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either +1 or −1. The stabilizer generator set {Si} is updated in different ways depending

on the following cases:

1. Either Zi or −Zi is a member of 〈{Si}〉, then keep the generator set {Si} unchanged.

2. Both Zi and −Zi are not the member of 〈{Si}〉, and Zi commute with all members in

{Si}, then add Zi or −Zi to the generator set {Si} with equal probability.

3. Both Zi and −Zi are not the member of 〈{Si}〉, but there is S ′
k ∈ {Si} that {S ′

k, Zi} = 0,

then replace the first S ′
1 with ±Zi with equal probability. For the other S ′

k (if there is

any), perform replacement: S ′
2 → S ′

1S
′
2, S ′

3 → S ′
1S

′
3, et al.

In the first two cases, determining whether ±Zi is a member of 〈{Si}〉 can be done by finding

whether the row space of T[ρ] contains the vector [0 · · · 010 · · · 0], whose only element 1

appears at the i-th component. This procedure is the same as Gaussian elimination, which

can be done efficiently in polynomial steps.

As a summary, this subsection has demonstrated how to use the stabilizer formalism to

efficiently simulate a large Clifford circuit. It does not only improve our understanding of

the complexity hierarchy of quantum computation [103], but also facilitates and enlightens

different research areas like code design [104, 105], protocol design [5], and even quantum

chaos and random quantum circuits [106–108].



Chapter 3

Entangling Photonic Qubits

Most classical information processing heavily relies on the signal carried by the electromag-

netic wave. Thus, it is not surprising for one to associate the quantized electromagnetic wave,

or photon, with the carrier of quantum information. In fact, the first quantum cryptogra-

phy protocol, BB84 [9], which utilizes the fundamental rules of quantum mechanics to share

secret information reliably, can be realized with the transmission of photons among differ-

ent distant parties [10]. Although there is a unified mathematical framework for describing

quantum information processing, the photon has its own unique physical feature compared

to the immobile matter-based qubits, such as transmons. Usually, a photonic qubit can be

encoded by different optical modes (e.g. polarizations) that propagate at the speed of light in

optical fibers, wave guides or free space. The mobility makes photons the perfect candidate

for delivering quantum information across distant locations, which enables the applications

such as quantum networks [9, 109], quantum sensing [110, 111] and distributed quantum

computation. Moreover, even though photons cease to exist after measurement, photonic

qubits can be produced at a low cost. This implies that the scalability of the photonic

quantum system may outperform its matter qubit counterpart. The recent development of

integrated photonic circuits is bringing a prospective revolution to quantum optics [25, 26].

Operating quantum optics on microscopic chips has become a future trend.

However, the amplitude of the photonic mode attenuates exponentially due to absorption

or scattering. One has to apply loss-tolerant mechanisms to prolong the photon transmis-

58
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sion distance or recapture the information [112–114]. Another well-known challenge is that

photons also do not interact with each other under linear optics. Entangled photons pro-

duced by constrained experimental approaches can be treated as an important quantum

resource [115], because quantum non-locality and correlation is an indispensable primitive in

quantum information processing. Therefore, developing efficient entanglement approaches

and exploring what we can practically do in quantum optics is imperative.

This chapter focuses on the graph state representation of multipartite entangled photons.

Some interesting properties and application examples regarding graph states will be intro-

duced. In the end, we present a theoretical work about an efficient protocol for generating

such resources state using minimal light source overhead.

3.1 Multipartite Entangled Photonic State: Graph State

Quantum entanglement allows for quantum non-locality, also known as “spooky action at

a distance” for a quantum system. A qubit EPR pair1, or Bell state |00〉 + |11〉, is such

a bipartite maximally entangled state that enables quantum teleportation and many other

applications [11]. The situation becomes more complicated [116, 117], as one considers the

entanglement relation among multiple parties. To understand how quantum correlation

can spread across different parties, this section will focus on a special pure state known

as qubit graph state, which uses an un-directed graph to represent such an entanglement

structure [30]2. Specifically, given a simple connected graph G(V,E) (see example Fig. 3.1)

with set of vertices V (|V | = n) and set of edges E, we can use the adjacency matrix

Γij ∈ {0, 1}n×n to represent G(V,E), where Γij = 1 if (i, j) ∈ E, and Γij = 0 otherwise.

1The name of EPR is taken from the last name initials of A. Einstein, B. Podolsky, and N. Rosen.
2Quantum graph state defined on qudit case[118], weighted graph [119], and hypergraph [120] are also

possible, but they are beyond the scope of this dissertation.
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Figure 3.1: A simple connected graph example G(V,E), with V = {1, 2, · · · , 40}, and E =
{(1, 5), (6, 20), (11, 35), · · · }.

With Γij, one can defined a commutative set of stabilizers:

Si := Xi

∏
j∈V

Z
Γij

j , i ∈ V , (3.1)

which uniquely determine a pure quantum state |G〉 known as graph state. One can also

define graph state |G〉 through Clifford operations (see section 2.5.2) by

|G〉 :=
∏

(i,j)∈E

CZij |+〉n , (3.2)

where the controlled-Z gate is defined by CZij := HjCNOTijHj, and |+〉 := H |0〉. Since

the state information is encapsulated in the graph, it is convenient to explore different

possibilities by considering different graph configurations.

One of the remarkable results was given by [24], which proposed that universal quantum

computation can be done on a cluster state (lattice-like graph state) shown in Fig. 3.2. The

required operations are merely local qubit measurements on the x-y plane on the Bloch sphere

on this lattice structure, which is sufficient to teleport and manipulate the quantum state
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Figure 3.2: Universal computation can be done on the square lattice cluster state shown in
this figure, which is known as MBQC.

across the lattice. Such a scheme is known as measurement-based quantum computation

(MBQC). Since only short-range correlations are present on cluster state, one can perform

such local measurements when the state is half produced. It is generally accepted that

photonic states are ideal platform for MBQC, not only because photons are inexpensive but

also because reading out photonic qubits is relatively easy, and feed-forward can be done

relatively fast.

There are lots of connections between graph states and graph theory. We will present a few

examples within the limit of this dissertation. It is known that any pure stabilizer state is

local Clifford (LC) equivalent to some graph states. The LC equivalence means one state

can be converted to the other by a set of LC unitaries and the conversion recipe is presented

in [121]. For example, a three-qubit GHZ state is LC equivalent to a triangular graph state

of three vertices. It is also worth noting that this correspondence is not unique, because

different graph states can be LC equivalent to each other [30] (a pair of LC equivalent graph

states are shown in Fig. 3.3). To see the rule of LC equivalence, denote a set of LC unitaries

as

U
(a)
LC :=

√
−iXa

∏
b∈NG(a)

√
iZb , (3.3)

where
√
iZb ≡ P †

b and
√
−iXa ≡ ZaPaHaP

†
a , whose transformation rule is given in table 3.1.

NG(a) is the set of vertices that are neighbors of vertex a. It can be shown that the graph G
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U =
√
−iX

σ̂ Uσ̂U †

X X
Y Z
Z −Y

,

U =
√
iZ

σ̂ Uσ̂U †

X −Y
Y X
Z Z

Table 3.1: The transformation rules for unitary operation U =
√
−iX ≡ ZPHP † and

U =
√
iZ ≡ P †, which are useful for local graph complementation (Eq. (3.3)).
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Figure 3.3: An example of applying local graph complementation LCa, with a = 6. The
graph state given by the left graph is LC equivalent to the right one by LC unitary U (6)

LC .

for graph state |G〉 and the graph G′ for graph state |G′〉 := U
(a)
LC |G〉 are differed by graph

local complementation on vertex a [30]. The operation of local complementation LCa is given

by adding the edges e in NG(a), if e /∈ E, and removing e if e ∈ E. Fig 3.3 provides an

example of such an operation. For any given two large graphs G and G′, one can efficiently

determine whether they are equivalent under multiple local complementations [122, 123].

However, classifying all LC equivalent graphs for large |V | is challenging. LC operation or

graph local complementation is also valuable when studying the post-measurement state

from |G〉, after measuring a qubit on x, y, or z basis. Firstly, it is easy to conclude that

measuring qubit a of |G〉 in the z-basis will give a post-measurement state |s〉a |G′〉, with

G′ = G \ {a}, which means G′ is given by removing vertex a and all of the edges attached

to it from graph G. Here |s〉a is the measured qubit with s = 0 or 1 with equal probability.
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To study the case with measurement x or y-basis, we can utilize transformation rules:

U
(a)
LCU

(b)
LCXaU

(b)†
LC U

(a)†
LC = −Za , U

(a)
LCYaU

(a)†
LC = Za , (3.4)

in which b is chosen as any member of NG(a). Therefore, the post-measurement state

of measuring Xa on |G〉 is given by U
(b)†
LC U

(a)†
LC |s〉a |G′〉 with G′ = (LCa ◦ LCb(G)) \ {a},

and the post-measurement state of measuring Ya on |G〉 is given by by U
(a)†
LC |s〉a |G′〉 with

G′ = LCa(G) \ {a}. This technique of alternating edges by graph local complementation is

useful in designing graph state protocols [124, 125].

3.2 Photonic Stabilizer State Generation Protocols

In order to obtain entangled photonic qubits for practical usage, one has to establish entan-

glement among photons efficiently. In this section we will concentrate on the scheme where

matter qubits are used as mediators [4, 27, 28](Fig. 3.4). Particularly, we are interested in

the sequential photon emission scenario, where once photons are prepared, no re-interference

with matter qubits is allowed. The latter schemes can be found in [29, 126, 127]. As shown

in Fig. 3.4, the photon-matter interaction is given by photon emission of a pumped quantum

emitter. Formally, the emission can be described as:

α |0〉e + β |1〉e −→ α |0〉p |0〉e + β |1〉p |1〉e , (3.5)

where the subscript e and p stand for “emitter” and “photon” separately. One can equiva-

lently treat the un-emitted state as |0〉p (α |0〉e + β |1〉e) with an un-emitted fiducial photon,

and the emission is given by a CNOTep operation. With this mechanism, a maximally en-

tangled Bell state can be produced with α = β = 1/
√
2. When multiple interacting matter
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qubits are involved, one may generate more complicated photonic states, since the quantum

correlation within matter qubits may be teleported to the photonic side. We demonstrate

|↑〉 |↓〉

|⇑〉 |⇓〉

|0〉p |1〉p

|0〉e |1〉e

p |0〉

e |0〉 H

fiducial photon

emitter qubit

Bell State

(a) (b)

Figure 3.4: The quantum emission scheme presented in [4]. Panel (a) shows a possible level
structure of a quantum emitter. The green arrows stand for pumping group state subspace,
and release a photon by spontaneous emission. Panel (b) shows the circuit representation of
this emission process.

that how the quantum correlation for any quantum graph states, or local equivalently, pure

stabilizer states, can be built up with minimal number of quantum emitters, with this no-

feedback scheme. It will be meaningful since experiments with fewer resource are usually

preferred, and photon feedback in real devices can be challenging.

The following sections are based on the paper [5]: Bikun Li, Sophia E. Economou and Edwin

Barnes, “Photonic resource state generation from a minimal number of quantum emitters”

npj Quantum Information 8, 11 (2022)

3.2.1 Introduction

Entanglement is widely recognized as playing a critical role in quantum computation, error

correction, communication, and sensing. A family of entangled states that features promi-

nently in these applications are graph (or cluster) states. They are key resources in one-way

quantum computing paradigms [24, 25] and in quantum error correction [85, 89, 93, 128].
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In addition, many quantum repeater schemes [112, 129–132] and quantum sensing proto-

cols [111, 133] rely on graph states. Photonic graph states are especially important because

photons are the predominant platform for measurement- and fusion-based computing, and,

as flying qubits, they are the only viable choice for quantum networks [109] and quantum

imaging [110, 134].

Unfortunately, creating photonic resource states is fundamentally difficult. Because photons

do not interact with each other, most attempts have focused on probabilistic generation

schemes using linear optics and postselection [135], which are very resource-intensive, severely

limiting the size of the resulting states [136, 137]. This bottleneck can in principle be

overcome by instead using a deterministic approach in which entangled photons are produced

directly from quantum emitters (i.e., matter qubits). One possibility would be to prepare a

graph state on emitters [138, 139] and transduce it to photons, but this requires a number

of emitters equal to the size of the target photonic graph state. This daunting resource

overhead can be avoided by instead using sequential generation schemes. Refs. [140, 141]

put forward such an approach that works well for one-dimensional (1D) graph states [142]

and has led to experimental demonstrations [4, 143]. However, in the general case where

the entanglement structure is more complicated, this method scales exponentially in the

size of the target state and can lead to long generation circuits, motivating the search for

more efficient approaches. Refs. [144, 145] put forward protocols for 2D lattice graphs that

leverage the principle that entangled emitters can emit entangled photons. This idea was

extended further to develop protocols that deterministically generate resource states for

quantum repeaters [124, 126, 146, 147]—tailored to color centers in Refs. [148, 149]—and

one-way computing [29, 150]. Refs. [29, 126] allowed for the re-interference of photons with

emitters to further enhance flexibility in entanglement creation.

Despite this progress and the intense interest this approach has generated among experi-
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mentalists, existing graph state generation protocols are limited to a small subset of graphs

or require a number of emitters that scales linearly with the graph size [150, 151]. This is

extremely resource-intensive, especially in light of the schemes for generating repeater graph

states presented in Refs. [124, 147], which require only two emitters regardless of the number

of photons. The required resources (number of emitters and entangling gates) is a critical

factor that determines the practical feasibility of the protocol. For a general graph state,

finding resource-efficient generation protocols in polynomial time remains an open problem.

Here, we address this challenge by presenting a general approach to generating arbitrary

photonic graph states from quantum emitters. Given a target graph state, we show how

to determine in polynomial time both the minimal number of emitters required to create

it and an explicit generation protocol. The latter consists of a sequence of gate operations

and measurements performed on the emitters. Moreover, our protocol naturally takes into

account the order in which photons should be emitted, which can be an important consid-

eration for applications, as it is generally preferable to emit photons in the order they are

measured to avoid photon storage. Our method provides a recipe for doing this. The broad

applicability of our method, its practical relevance, and its efficient use of resources make it

ideally suited to the generation of any photonic graph state from various types of quantum

emitters.

3.2.2 Results and Discussion

3.2.2.1 Overview of the algorithm

Determining how to efficiently generate an arbitrary photonic graph state from a set of

quantum emitters is highly nontrivial and markedly distinct from the problem of finding an

efficient quantum circuit that creates a target state on a register of qubits [152]. Several
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Figure 3.5: Illustration of the protocol solver algorithm. (a) An example of a 4-photon
graph state. (b) The graph is mapped to a 1D lattice. (c) The height function is computed
and found to have maximum value 2, implying 2 emitters are needed. These are added to
the 1D lattice. (d) Starting from the target state and decoupled emitters, a time-reversed
sequence of emitter gates, photon absorption events, and time-reversed emitter measurements
is constructed, until all qubits are disentangled. Further details about this example can be
found in the section 3.2.4. (This figure is adapted from [5]. )

additional challenges arise in the former, including the fact that qubits are both created

and removed, and that different types of qubits (photons vs. emitters), with different roles

and allowed gates, are involved. Depending on the experimental setup, there may also be

further restrictions, e.g., emitted photons cannot interact with any other qubits following

their emission (although schemes that re-interfere photons with emitters have been proposed

[29, 126]). Our method addresses these challenges by leveraging three main ingredients: the

notion of the height function (which is related to the entanglement entropy), the stabilizer

formalism, and the concept of time-reversed emission events and measurements, which we

introduce here.

The first insight is to utilize the so-called height function, which is the entanglement entropy

of the system as a function of the partition point when the system is arranged in a 1D lattice

and partitioned into two subsystems [106, 107]. This function provides information about
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the entanglement structure of the target state as well as the number of emitters required to

produce it. The latter is equal to the maximum value of the height function (see below),

which depends on the photon emission order. Optimizing this order is NP-hard in general,

although we show that heuristic approaches exist for more structured graphs. Moreover,

the height function plays a crucial role in determining the sequence of operations (gates and

measurements) needed to generate the target graph state from the emitters.

A second key ingredient is the use of gates from the Clifford group. Given that arbitrary

graph states can be generated solely with Clifford gates [121, 153], which were also exclusively

used in the protocols of Refs. [4, 124, 142, 144–147, 150], restricting ourselves to this set

does not affect the generality of our approach. Clifford gates enable the use of the stabilizer

formalism, such that we can manipulate Pauli operators instead of keeping track of the whole

state. This makes the problem of finding the emission operation sequence tractable, reducing

it from exponential to polynomial scaling due to the Gottesman-Knill theorem [100].

A final key element in our algorithm is that we time-reverse the emission sequence. That

is, we start from a target multi-photon graph state and an appropriate number of decou-

pled emitters (obtained from the height function for the target state), and we determine a

sequence of emitter gates, “time-reversed measurements”, and “photon absorption” events

such that the target state is converted to a product state. This is somewhat reminiscent of

disentangling circuits used for quantum state tomography of 1D systems [154]. The final

state is a product state because, without loss of generality, photons that have not yet been

emitted can be described by qubits prepared in the computational basis state |0〉. Photon

emission is then modeled as a two-qubit photon-emitter gate that brings the photon from

|0〉 into an entangled state with the emitters [142]. Because the photon absorption steps are

time-reversed versions of photon emission, these too are described by photon-emitter gates.

The run time of the protocol solver algorithm scales as O(n4
p), where np is the number
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of photons in the target graph state. This is a direct consequence of the fact that the

algorithm is based on the stabilizer formalism (see Methods section). This is in contrast

to previous methods [140, 141], which scale exponentially in np due to the need to perform

singular value decompositions repeatedly. We also show that the number of gates in the final

emission sequence scales at most as O(n2
p) (see Methods). However, this assumes two-qubit

gates can be applied between any pair of emitters. If this is not the case, then additional

SWAP operations are needed, bringing the gate count up to O(n3
p). Therefore, both the

protocol solver and the resulting gate sequence it obtains scale polynomially in the size of

the target graph state.

Now we provide a more detailed description of the protocol solver algorithm. We begin with

a target graph state |ψp〉 of np photons and ne decoupled emitters, so that the total state is

|Ψ〉 = |ψp〉 ⊗ |0〉⊗ne . An np = 4 photon example graph is shown in Fig. 3.5(a). This is what

the state of the total system should be at the end of the generation sequence. np is set by

the size of the desired photonic graph state |ψp〉, while ne remains to be determined. We

assume the graph representing |ψp〉 is connected; if this is not the case, then the algorithm

can be run separately for each connected subgraph. The state |Ψ〉 is fully described by

a set of n = np + ne stabilizers gm, m = 1, . . . , n, defined such that gm |Ψ〉 = |Ψ〉. The

full set of n qubits can be arranged in a 1D lattice with site index x ∈ {0, 1, 2, . . . , n} (see

Fig. 3.5(b)). Sites x = 1, . . . , np correspond to the photons and are ordered according to the

desired photon emission ordering, while the sites x = np + 1, . . . , n are the emitters. The

additional x = 0 site is included as a matter of convention. We can now define the height

function h(x) = SA to be the bipartite entanglement entropy when the 1D lattice is divided

into the subregion A = {1, 2, . . . , x} and its complement. Note that SA = 1
1−α

log2 Tr(ραA)

can be any of the Rényi entropies; for stabilizer states, they are all equal [30]. In Ref. [140],

it was shown that the state of the emitted photons, |ψp〉, can be represented by a matrix
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product state (MPS) with bond dimension 2ne . Because the entanglement entropy of a MPS

is given by the base-2 logarithm of the bond dimension [155], it follows that ne is equal to

the maximum value of h(x). The height function for the graph in Fig. 3.5(a) is shown in

Fig. 3.5(c). In this example, its maximum is 2, implying 2 emitters are needed. In general,

the maximum of the height function is in fact the minimal number of emitters capable of

generating the target graph state, as fewer emitters would be insufficient to match the bond

dimension of any exact MPS representation.

The height function can be computed efficiently from the stabilizers. Because products of

stabilizers are also stabilizers, there are many equivalent choices for the set {gm}. Here, we

focus on a particular choice of the stabilizers that we refer to as the echelon gauge [102], in

which the stabilizer matrix has a row-reduced echelon form (see Methods). When the gm

are in this gauge, the height function can be expressed as [102]

h(x) = n− x− #{gm|l(gm) > x}, (3.6)

where l(gm) is the index of the left-most (smallest index) site on which gm acts nontrivially.

The last term in Eq. (3.6) counts the number of stabilizers that act nontrivially only on

sites to the right of (i.e., larger than) x. Although Eq. (3.6) depends on ne, this dependence

cancels out for states like |Ψ〉 in which the emitters are decoupled. Therefore we can obtain

ne from the maximum of h(x) on the photonic sites, using only the stabilizers of |ψp〉.

Once we have the number of emitters ne, we can run the protocol solver algorithm to de-

termine the sequence of gates, time-reversed measurements, and photon absorption events

needed to transform the target state |Ψ〉 into the initial state |0〉⊗n, which corresponds to

decoupled emitters and no photons. We first introduce a photon index j and initialize it to

j = np. The algorithm then consists of four steps:
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1. Transform the stabilizers gm into echelon gauge if they are not already, then compute

the height function h(x).

2. If h(j) ≥ h(j − 1), skip to step (iii). Otherwise apply a time-reversed measurement

and update the gm accordingly.

3. Apply a photon absorption operation on the j-th photon and update the gm accord-

ingly. If j > 1, then set j → j − 1 and go to step (i). Otherwise, go to step (iv).

4. All photons are now in state |0〉. Apply a series of gates on the emitters to disentangle

them, bringing the total state to |0〉⊗n.

This algorithm involves repeated applications of two basic operational primitives: time-

reversed measurement and photon absorption. During the algorithm, the height function of

the current state tells us which of these we need to perform next to bring the state closer

to |0〉⊗n. Each photon absorption step disentangles one photon qubit from the rest, starting

with the last-emitted photon, j = np, and working down to the first photon, j = 1. For our

4-photon example, the graphs at intermediate steps of the algorithm are shown in Fig. 3.5(d).

A step by step explanation of this example is given in the section 3.2.4. When the algorithm

concludes, we can reverse the entire sequence to obtain an operation sequence that generates

|ψp〉 starting from ne decoupled emitters. We now describe each of the two operational

primitives in more detail, the precise gates they introduce into the generation sequence, and

their connection to the height function.

Photon absorption of the j-th photon refers to a time-reversed version of photon emission.

For concreteness, we focus on the case where emission is described by a CNOT gate between

the photon and its emitter (with the emitter as the control), as in Ref. [142] (also see

Fig. 3.4), although our algorithm can be adapted to any Clifford gate describing photon

emission. Mathematically, the task of absorbing photon j requires finding a stabilizer ga
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Figure 3.6: Results for repeater graph states. (a) 12-photon repeater graph state in
which external photons are emitted first. (b) Same graph state as in (a), but with “natural”
emission ordering. (c) Same graph state as in (b) but with some unnecessary edges deleted.
(d), (e) and (f) show the height functions of the states in (a), (b) and (c), respectively. (g)
Emission circuit for state shown in (c), where H is the Hadamard gate, P = diag(1, i) is the
phase gate, and X ≡ σx. (This figure is adapted from [5]. )

that can be transformed to σz
j by applying CNOTij, where i is an emitter site. It is possible

to find such a stabilizer when h(j) ≥ h(j − 1). From Eq. (3.6), we see that this condition

implies there must be at least one stabilizer, ga, such that l(ga) = j. This stabilizer has the

form

ga = ±σα
j σ

β1

i1
· · ·σβs

is
, (3.7)

where α, βk ∈ {x, y, z} label the nontrivial Pauli operators, and 1 ≤ j ≤ np < i1 < · · · < is ≤

n. Note that we can assume ga acts trivially on all photons with index larger than j since

these have already been decoupled at this point in the algorithm. We also assume that ga

acts nontrivially on at least one emitter site; if this is not the case, then photon absorption

is unnecessary since the j-th photon is then already disconnected. To transform ga into σz
j ,

we can first apply a local Clifford operation on the j-th site and general Clifford operations

on the emitters to transform ga → σz
jσ

z
i , where i > np is an emitter site. This can be done
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for example by applying local Clifford operations to transform ga to σz
jσ

z
i1
· · ·σz

is , and then

applying CNOT gates on pairs of emitters to transform this to σz
jσ

z
i . Applying CNOTij

brings this to σz
j , completing the absorption of the j-th photon. Note that we can choose

any emitter to absorb the photon; typically, the emitter that requires the shortest circuit

to transform ga into σz
j is preferred. The resulting circuit is included in the time-reversed

generation sequence.

Time-reversed measurements are applied whenever h(j) < h(j − 1), in which case photon

absorption is not possible. Indeed, in this case, Eq. (3.6) implies #{gm|l(gm) = j} = 0, or

in other words, a suitable ga does not exist. In order to absorb the next photon, we must

therefore first find a way to increase h(j) relative to h(j−1). This can be accomplished with

a time-reversed measurement on an emitter. To perform this operation, we first rotate the

state to |Φ〉⊗|0〉i, where |Φ〉 is a stabilizer state involving photons 1, . . . , j and emitters other

than i. This can always be done using O(ne) Clifford gates on emitters when h(j) < h(j−1)

(see Methods). Now notice that this state is obtained from the pre-measurement state

CNOTij |Φ〉 ⊗ |+〉i when emitter i is measured to be in the state |0〉i. Therefore, starting

from |Φ〉 ⊗ |0〉i, if we perform a Hadamard gate on emitter i followed by the gate CNOTij,

we effectively reverse the measurement on the emitter. These operations transform the

stabilizers gm in such a way that h(j) now satisfies h(j) ≥ h(j − 1) (see Methods), and

we can proceed with the next photon absorption. The emitter gates, Hadamard on i, and

CNOTij are all included in the time-reversed generation sequence.

3.2.2.2 Examples

We demonstrate our algorithm with several examples. The first is the important case of

repeater graph states [112], where we use our algorithm to obtain generation protocols that

are more efficient than previously known ones. As a second example, we consider random
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graphs containing up to hundreds of photons and demonstrate the polynomial scaling of the

resulting generation circuits. Additional examples, including modified repeater graph states,

error correcting codes, and a simple example that illustrates the algorithm in detail can be

found in section 3.2.4.

Next, we apply our algorithm to find operation sequences that produce repeater graph states

[112]. In addition to its importance in quantum network applications, this example also il-

lustrates how different photon emission orderings impact the required number of emitters.

Ref. [124] presented a generation protocol for a particular ordering that was devised essen-

tially through guesswork. Our algorithm can be used to systematically find protocols for any

ordering. An example of a 12-photon repeater graph state is shown in Fig. 3.6(a). The graph

contains a fully connected core of 6 photons, each of which is connected to a single external

photon. Bell measurements are performed on pairs of these external photons, where the

two photons in each pair come from different graph states. If a Bell measurement succeeds,

then the two corresponding core photons are linked by an edge, and entanglement extends

across two nodes of the repeater network. Having multiple external photons provides built-in

redundancy that increases the likelihood that at least one Bell measurement between two

repeater graph states is successful. Upon success, core photons are then measured in the z or

x basis to remove photons connected to failed measurements or to create entanglement links

between successful measurements, respectively. Because the external photons are measured

first, it may be advantageous to emit these first when generating the graph state to reduce

photon storage requirements. This corresponds to the photon ordering shown in Fig. 3.6(a).

The height function for this graph and photon ordering is shown in Fig. 3.6(d), where it is

evident that 6 emitters are needed to produce the state. However, if efficient photon storage

is available, then the ordering shown in Fig. 3.6(b) may be preferable, where now external

and core photons are emitted in an alternating sequence. This ordering reduces the number



3.2. Photonic Stabilizer State Generation Protocols 75

of emitters down to only 2, as shown in Fig. 3.6(e). As we discuss further below, this illus-

trates our general finding that “natural” orderings in which neighboring vertices are emitted

around the same time reduce the requisite number of emitters. This reduction in quantum

resources becomes still more dramatic as the size of the graph increases; for orderings as

shown in Fig. 3.6(a), the number of emitters scales linearly with photon number, while for

the natural ordering of Fig. 3.6(b), the number of emitters remains at 2 regardless of the

number of photons. This is shown explicitly in the section 3.2.4.

As discussed in Ref. [150], some of the edges in the repeater graph can be removed without

affecting the functionality of the repeater. Fig. 3.6(c) shows an example of this in which 4 of

the core edges are deleted. As shown in Fig. 3.6(f), the number of emitters is still 2. However,

removing the redundant edges reduces the depth of the resulting generation circuit, which

is shown in Fig. 3.6(g). This circuit contains 4 CNOTs between emitters and 1 intermediate

measurement on an emitter, whereas the original protocol presented in Ref. [124] requires 5

two-qubit gates and 5 intermediate measurements.

To demonstrate how our algorithm scales with the number of photons in the target state,

we run it for random graphs ranging in size from np = 16 to np = 256 photons. These

graphs are produced randomly using the Erdös–Rényi model [156]. In this approach, each

random graph is constructed by connecting np vertices randomly with fixed probability p.

We discard any graphs that contain disconnected vertices when sampling these realizations.

The likelihood that such graphs arise becomes very small if p is chosen sufficiently close to

1. In Fig. 3.7, we show the maximum value, hmax, of the height function averaged over 1024

realizations for each value of np. Averaged measurement and gate counts are also shown.

It is evident that hmax, and hence the number of emitters, scales linearly with np as np

becomes large. The same is also true of the number of measurements. On the other hand,

the number of CNOTs and the total number of gates in the resulting generation circuits scale
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quadratically with the number of photons in the target state. These results confirm both

the polynomial scaling of our algorithm, which allows us to easily find generation protocols

for graph states containing hundreds of photons, and the polynomial scaling of the resulting

protocols, which makes them practical for near-term experiments.

16 32 64 128 256

 

10

102

103

104

105

A
ve

ra
ge

 n
um

be
rs

CNOTs
All unitaries

Measurements

np

n2
p

nphmax

Figure 3.7: Scaling of emitter number and generation circuit depth. The maximum value of
the height function hmax, measurement counts, and gate counts needed to produce random
graphs of size np are all averaged over 1024 graph realizations for each value of np drawn
from an Erdös–Rényi ensemble with edge probability p = 0.95. Dashed curves are included
to show the scaling with np and n2

p. The error bars stand for the standard deviation of these
realizations. (This figure is adapted from [5]. )

3.2.2.3 Photon emission ordering

A powerful feature of our algorithm is that it readily incorporates a desired photon emission

ordering. This is encoded when we arrange the photons and emitters in a 1D lattice to define

the height function. If no specific ordering is preferred, then ideally we would want to choose

the ordering that minimizes the number of emitters ne. However, the task of finding this

optimal ordering is NP-hard, as we show in Methods. Nevertheless, one can still look for
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heuristic solutions to the problem. In fact, the expression for the height function in Eq. (3.6)

makes it clear that this function is suppressed for orderings in which the stabilizers, when

expressed in the echelon gauge, are supported predominantly on high-index sites on the

right side of the 1D lattice. This tends to occur for “natural” orderings in which neighboring

photons in the graph are emitted around the same time, because in this case the stabilizers

are localized on the 1D lattice. This was illustrated with our repeater graph state example in

the previous section. The extent to which the stabilizers can be localized in this way depends

on the graph of course. For an N ×M square lattice, it is inevitable that some neighboring

vertices will be separated by M steps in the emission sequence (assuming M < N), and so

the number of emitters is of order M . On the other hand, for other graph structures like

those of the repeater graph states, far fewer emitters may be needed, provided a natural

photon ordering is used. Note that in this example, as for many graphs, edges between

remote vertices cannot be avoided (see Fig. 3.6(b)). Despite this, we showed that optimal

orderings for which the height function remains small can still be found. Thus, emitting

neighboring vertices around the same time is sufficient but not always necessary to keep the

number of emitters small.

In summary, we presented an efficient algorithm to construct polynomial-depth operation

sequences that produce arbitrary multi-photon graph states from a minimal number of quan-

tum emitters. By reducing both the number of photon sources and the number of quantum

operations that need to be performed on them, our method brings the wide range of quantum

information applications that rely on entangled photon resource states closer to experimental

reality.
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3.2.3 Methods

3.2.3.1 Echelon gauge

The echelon gauge was first defined in [102], where it was called row reduced echelon form.

In this gauge, the stabilizer tableau has a recursive row-reduced form based on the following

three types of matrices:


1 ∗ · · · ∗
1

... M

1

 ,


σ ∗ · · · ∗
1

... M

1

 ,


σ1 ∗ · · · ∗
σ2 ∗ · · · ∗
1

... M

1

 , (3.8)

where σ, σ1, and σ2 are nontrivial Pauli matrices, and σ1 6= σ2. In this work, we always

choose σ2 = σz, and σ1 can be either σx or σy. The full tableau cannot have the first form

shown above (with only identities in the first column), because this case does not apply to

pure states. However, the submatrix M can follow any of the above three patterns, and the

structure iterates recursively. The stabilizers can be transformed into this gauge starting

from any other by performing a series of row reductions, as described in Ref. [102]. In the

echelon gauge, the independent stabilizers acting on Ā = {x+1, . . . , n} appear at the bottom

right of the tableau. Therefore, starting from the formula for the entanglement entropy for

subregion Ā of a stabilizer state [157], SĀ = nĀ − |GĀ|, where nĀ is the size of Ā and |GĀ|

is the number of independent stabilizers acting on Ā, and using h(x) = SA = SĀ, we obtain

Eq. (3.6).
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3.2.3.2 Time-reversed measurements

Above, we saw that when the total state of the system has the form |Φ〉 ⊗ |0〉i, where i is

an emitter site, we can perform a time-reversed measurement to convert this to the pre-

measurement state CNOTij |Φ〉 ⊗ |+〉i. Here, we clarify two important questions regarding

this process: (i) When and how can we bring the system into the state |Φ〉 ⊗ |0〉i? (ii) How

can we see that a time-reversed measurement on this state increases h(j), as needed for a

subsequent photon absorption process?

Regarding question (i), when h(j) < h(j − 1), we can always find a set of Clifford gates

that act purely on the emitters that will transform the state of the system into |Φ〉 ⊗ |0〉i.

To see this, first note that h(j) = h(np), as follows from Eq. (3.6) when photons j + 1

through np are in state |0〉. Using that the height function is bounded from above by ne,

we then have h(np) = h(j) < h(j − 1) ≤ ne. On the other hand, from Eq. (3.6) we have

h(np) = ne − #{gm|l(gm) > np}. Together, these results imply #{gm|l(gm) > np} > 0, or

in other words, there is at least one stabilizer that is supported solely on the emitter sites.

We can therefore transform this stabilizer into σz
i using at most O(ne) Clifford gates on

the emitters, bringing the state to |Φ〉 ⊗ |0〉i. We can then convert this stabilizer to σx
i by

applying a Hadamard gate on site i. This prepares the system for the second part of the

time-reversed measurement process, which is the gate CNOTij.

We answer question (ii) by proving the following theorem:

Theorem 3.1. If h(j) < h(j− 1) and the i-th qubit (i > j) is stabilized by σx
i , then applying

CNOTij will boost h(x) → h(x) + 1, ∀x ∈ {j, j + 1, · · · , i− 1}.



80 Chapter 3. Entangling Photonic Qubits

Proof We are assuming that h(j) < h(j − 1), which from Eq. (3.6) implies #{gm|l(gm) =

j} = 0. Now consider how the stabilizers transform under CNOTij. If l(gm) < j before the

gate, then l(gm) remains invariant, and the contributions of these stabilizers to h(x) remain

the same after the gate. The only potential changes to h(x) come from stabilizers gm for

which l(gm) > j. These stabilizers necessarily have 1 on the j-th site. Stabilizers among this

set that have 1 or σz
i on the i-th site will be unchanged by the CNOTij gate. However, if one

or more of these stabilizers have σx
i or σy

i before the gate, then afterward, these stabilizers

will contain σx
j . Consequently, h(j) increases, while h(j−1) remains the same. In the echelon

gauge, there can only be one stabilizer with σx
j as the left-most nontrivial Pauli. Therefore,

h(j) → h(j) + 1 when CNOTij is applied. Moreover, if the i-th qubit is stabilized by σx
i ,

then this becomes σx
j σ

x
i after the gate, and so the height function for all sites between j − 1

and i increases: h(x) → h(x) + 1 ∀x ∈ {j, j + 1, · · · , i− 1}. �

3.2.3.3 Scaling analyses

Here, we determine the complexity of both the protocol solver algorithm itself and the

resulting graph state generation circuit. Regarding the algorithm, the main factor that

determines the complexity is the need to restore the stabilizers to the echelon gauge after

each operation is applied. Transforming a n-qubit stabilizer state into the echelon gauge

generally requires O(n3) steps, which is the complexity of Gaussian elimination. Another

important factor is the process of determining which gates need to be applied in preparation

for photon absorption or time-reversed measurement. Solving for each set of gates takes no

more than O(nen) steps, which is the number of entries in the emitter part of the stabilizer

tableau. Thus, the Gaussian eliminations needed to restore echelon gauge dominate the

scaling. In the worst case where ne ∝ n, our algorithm will then take O(n4) steps, where

the additional factor of n comes from the fact that the algorithm requires O(np) ∼ O(n)
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iterations.

As for the complexity of the output generation circuit, there are at most O(ne) operations

between any two-photon emissions. For example, O(ne) gates are needed to transform ga

into the appropriate form for photon absorption. Thus, the depth of the circuit acting on

the emitter qubits is at most O(npne). In the worst case where ne ∼ np, the scaling is

then O(n2
p), which is consistent with Fig. 3.7. Nevertheless, due to the fact that some long-

range two-qubit gates may arise, and given that these are usually decomposed as O(ne)

short-ranged two-qubit gates in real devices, the overall circuit depth may become O(npn
2
e).

3.2.3.4 Complexity of finding optimal photon emission orderings

We can show that the task of finding optimal emission orderings is NP-hard by mapping

this to a known graph theory problem. Define Γij to be the adjacency matrix of the graph

representing the target state |Ψ〉. Ref. [30] showed that we can obtain the height function

from Γij using the formula h(x) = rank2(ΓAĀ), where ΓAĀ is the sub-matrix of Γij with

row indices i ∈ A = {1, 2, · · · , x} and column indices j ∈ Ā. Note that this expression

does not simplify the computation of h(x); it can take more steps to find the maximum

compared to using Eq. (3.6) since the former performs Gaussian eliminations for O(np)

rounds, while the latter only takes one round. However, the optimized maximum value of

this alternative expression for h(x) (i.e., maxxh(x)) is precisely equal to a graph theoretic

property known as linear rank-width (LRW) [158]. The task of finding an optimal photon

emission ordering is therefore equivalent to finding LRW through the graph isomorphism,

which has long been studied in coding theory in the context of optimizing block code trellises

[159]. Unfortunately, determining whether a simple connected graph has an LRW bounded

from above by a positive integer k has been shown to be NP-complete [160, 161]. Therefore,

it is unlikely this problem can be solved efficiently for large, arbitrary photonic graph states
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Figure 3.8: Step-by-step illustration of the protocol solver. (a) A target graph state with
4 photons. (b) The set of generators Gf = {gm} is depicted as a tableau in which each
row corresponds to one generator. Different colors correspond to different Pauli operators.
The first 4 columns correspond to photonic qubits, and the last 2 columns correspond to
emitters. (c) Step by step demonstration of how to obtain the time-reversed generation
sequence, where G0 = {σz

i } is finally obtained. Explanations are in the main text. (d) Local
Clifford equivalent graph state representations of tableaux in (c). (This figure is adapted
from [5]. )

unless P = NP. Nevertheless, if the parameter k is set to 1, this problem can be answered in

polynomial time [162]. If the parameter k is set to larger values, a recent work [161] showed

that this problem can be reduced to a fixed parameter tractable problem. Specifically, its

answer, along with the sequence solution (if it exists), can be determined in O(f(k)n3
p) steps,

where f(k) is an exponentially large function of k. However, the growth of f(k) is so rapid

that this result is not likely to be of practical use for photonic graph state generation.

3.2.4 Supplemental Notes

3.2.4.1 Supplementary Note 1

This section contains several additional examples of generation protocols produced using

our algorithm. We begin with a simple example that illustrates in detail how our algorithm

works. We then provide solutions for more complicated examples of practical importance,

including error correcting codes and repeater graph states of arbitrary size. These more
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complicated examples are solved numerically using MATLAB codes that are available on

GitHub [163]. This code expresses the generation sequence in terms of an MPS [140] for

bookkeeping purposes:

|Ψ〉 = Up,tot.〈ψf |
[ np∏
j=1

(
M̂jUe,jÊηj

) ]
W0|ψ0〉, (3.9)

in which the initial and final states of emitter qubits are simply product states of |0〉: |ψf〉 =

|ψ0〉 = |0〉⊗ne . We denote ηj as the emitter qubit that emits the j-th photon and µj as the

emitter qubit that is measured after emitting the j-th photon. Êηj is the emission tensor,

Êηj = |0〉j |0〉ηj〈0|ηj + |1〉j |1〉ηj〈1|ηj , that describes emission of photon j from emitter ηj,

which can be represented as CNOTηj ,j. Ue,j is the unitary operation obtained from the j-th

photon absorption step, which transforms ga as explained in the main text (Sec.II.A). M̂j is

identity if no measurement happens (µj is not assigned), otherwise, M̂j = WjHµj
X

sj
µj π̂µj

, with

projection π̂µj
≡ 1

2
[1+(−1)sjZµj

] and its random outcome sj ∈ {0, 1}. Here, Wj is the unitary

operation that is obtained from time-reversed measurement (Sec.IV.B), and W0 is the unitary

operation that disentangles all emitters at the final stage of the time-reversed sequence.

Finally, Up,tot =
∏

j

(
X

sj
j Up,j

)
is the local Clifford operation that acts on photons with

conditional Xsj
j flipping. The profile of the solution is stored as {Ue,j, Up,j, µj, ηj,Wj,W0}.

We note that such a solution is usually not unique due to there being multiple choices for how

to choose the emitter gates and emitter sites in each photon absorption and time-reversed

measurement.

As discussed in the main text, the height function plays a central role in determining the

number of emitters and the operation sequence needed to generate a target photonic graph

state. As shown in Eq. (1) of the main text, when the stabilizers gm are in the echelon gauge,
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the height function can be expressed as

h(x) = n− x− #{gm|l(gm) > x}, (3.10)

where l(gm) is the index of the left-most (smallest index) site on which gm acts nontrivially.

In the main text, we showed that the difference in the height function across adjacent sites

determines whether we perform a photon absorption or a time-reversed measurement at each

step of the algorithm. Therefore, we define

δh(x) ≡ h(x)− h(x− 1) = #{gm|l(gm) = x} − 1, (3.11)

from which it is apparent that this difference only depends on the number of stabilizers (in

the echelon gauge) that have a left-ending on site x.

We begin by demonstrating our protocol solver algorithm in the case of the simple 4-photon

graph state displayed in Fig. 3.8(a). The stabilizers are given by

g1 = σx
1σ

z
2σ

z
3, g2 = σz

1σ
x
2σ

z
3σ

z
4,

g3 = σz
1σ

z
2σ

x
3σ

z
4, g4 = σz

2σ
z
3σ

x
4 .

(3.12)

We can switch to the echelon gauge by redefining g3 → g2g3. We then calculate the height

function using Eq. (3.10), finding that the maximum is 2. Therefore, at least ne = 2 emitter

qubits are needed, and so we assemble a 6-qubit lattice. We can depict the complete set of

6 stabilizers as a tableau, as shown in Fig. 3.8(b).

In Fig. 3.8(c), we first obtain inset (1) by transforming Fig. 3.8(b) to the echelon gauge. The

upper left sub-block of the tableau is exactly Eq. (3.12) with g3 → g2g3. Next we describe

in detail how the generator set is updated from inset (1) to inset (17) step by step. The
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column label j indicates which photon we are currently focusing on, and the labels (i),...,(iv)

indicate the specific step of our algorithm. For each photon, we do the following steps:

• j = 4: (i) Obtain inset (1) by transforming to echelon gauge: g3 → g2g3. (ii) Eq. (3.11)

gives δh(4) = −1. Perform a time-reversed measurement on emitter site 5 by applying

a Hadamard H5 followed by CNOT54, which yields inset (2). (iii) Let ga = g5 = σx
4σ

x
5

in inset (2). One gets inset (3) by performing Hadamards on sites 4 and 5. Then

the 4-th photon is absorbed into the emitter on site 5 by applying CNOT54. Replace

g4 → g4g5 to eliminate the redundant σz
4, yielding inset (4). (µ4 = 5, η4 = 5, Up,4 = H4,

Ue,4 = H5, W4 = H5.)

• j = 3: (i) Skip this step since inset (4) is already in echelon gauge. (ii) Eq. (3.11)

gives δh(3) = −1. Perform a time-reversed measurement on emitter site 6 by applying

H6 followed by CNOT63. Inset (6) is then obtained by redefining g5 ↔ g6. (iii) Let

ga = g5 = σx
3σ

x
6 in inset (6). One gets inset (7) by applying Hadamards on sites 3

and 6. Then the 3rd photon is absorbed by applying CNOT63. Replace g3 → g3g5 to

eliminate the redundant σz
3. Thus, inset (7) becomes (8). (µj = 6, η3 = 6, Up,3 = H3,

Ue,3 = H6, W3 = H6.)

• j = 2: (i) Skip this step since inset (8) is already in echelon gauge. (ii) Skip this

step since Eq. (3.11) gives δh(2) = 1. (iii) Choose ga = g4 = σz
2σ

z
5σ

x
6 in inset (10).

One gets inset (11) by applying H6 followed by CNOT65 on the emitters, so that

ga → σz
2σ

z
5. Then the 2nd photon is absorbed into emitter 5 by applying CNOT52.

Redefine gk → gkg4 for k = 1, 3 to eliminate the redundant σz’s. Thus, inset (11)

becomes (12). (η2 = 5, Up,2 = 1, Ue,2 = H6CNOT65, M̂2 = 1.)

• j = 1: (i) Obtain inset (13) from (12) by transforming to echelon gauge: (g3, g4, g5, g6) →

(g4, g5, g6, g3). (ii) Skip this step since Eq. (3.11) gives δh(1) = 1. (iii) Choose
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ga = g2 = σz
1σ

x
5σ

z
6 in inset (14). One gets inset (15) by applying H5 and then CNOT65

to transform ga → σz
1σ

z
5. Then the 1st photon is absorbed into emitter site 5 by ap-

plying CNOT51. Thus, inset (15) becomes (16). (η1 = 5, Up,1 = 1, Ue,1 = H5CNOT65,

M̂1 = 1.)

• (iv) Finally, to recover the state |0〉⊗n, one needs to disentangle the emitter qubits.

This can be done with the following gate sequence: H5CNOT56H5. In the last step,

we permute the gm to obtain inset (17). (W0 = H6CNOT56H5.)

(a) (b)

p1 |0〉

p2 |0〉

p3 |0〉 H X

p4 |0〉 H X

e1 |0〉 H H H |0〉

e2 |0〉 H H H |0〉

p1 |0〉

p2 |0〉 H P

p3 |0〉 H

p4 |0〉 H X

e1 |0〉 H P H X H P H |0〉

1 2

3 4

3 2

1 4

Figure 3.9: Graph state generation circuits for the 4-photon example graph shown in Fig. 3.8.
In this figure, pj (j = 1, 2, 3, 4) labels different photonic qubits, and e1 and e2 are emitter
qubits. At the end of each circuit, the photon qubits are in the target graph state displayed
at the top right, while the emitter qubits are in state |0〉 after the measurements. (a) The
emission circuit obtained from the steps in Fig. 3.8. (b) A different generation circuit that
produces the same target graph state as in (a). This circuit is obtained by swapping qubits
1 ↔ 3, resulting in a circuit that requires only one emitter. (This figure is adapted from [5].
)

Now that the algorithm is complete, we reverse all the operations to obtain the final genera-

tion sequence. This circuit is shown in Fig. 3.9(a). It is worth noting that, in this example,

the emission sequence can be further optimized by swapping the 1st and 3rd photons in the

emission order, such that the maximum of h(x) is reduced to 1. Thus, only one emitter qubit

is needed in this case, and the corresponding generation circuit is displayed in Fig. 3.9(b).
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)

p1 |0〉

p2 |0〉

p3 |0〉

p4 |0〉

p5 |0〉

p6 |0〉 H X

p7 |0〉

p8 |0〉

p9 |0〉 H X

e1 |0〉 H R H H |0〉

e2 |0〉 H H H |0〉

Figure 3.10: The emission circuit that generates a logical state of the Shor code, controlled
by a local operation R (the yellow block). The inset displays the height function of |±〉L,
which has hmax = 2. (This figure is adapted from [5]. )

3.2.4.2 Supplementary Note 2

In this subsection, we demonstrate how to generate a useful quantum error correction code,

with some continuous logical rotation. In particular, we present an emission sequence for the

Shor code [89] with 9 photonic qubits, which is able to protect a qubit from single bit-flip

and phase-flip errors. The stabilizer generators of this code are well known: gj = σz
jσ

z
j+1 for

j = 1, 2, 4, 5, 7, 8, and g3 = σx
1σ

x
2 · · ·σx

6 , g6 = σx
4σ

x
5 · · ·σx

9 [11]. We can also define the logical

operators XL ≡ σz
1σ

z
2 · · ·σz

9, ZL ≡ σx
1σ

x
2 · · ·σx

9 and YL = iXLZL. Let the last stabilizer be

g9 = ±XL, which determines a pair of logical space basis states |±〉L. For both choices,

Eq. (3.10) gives hmax = 2, and the emission circuit solutions for |±〉L are given in Fig. 3.10,

where |±〉L are separately given by R = 1 and R = Xe1 . Therefore, by replacing R by a

more general x-rotation, eiϕ2 Xe1 ≡ 1 cos ϕ
2
+ iXe1 sin ϕ

2
, we can obtain a rotated logical qubit

|ϕ〉L = ei
ϕ
2
ZL |+〉L, with an arbitrary angle ϕ. That is, the circuit in Fig. 3.10 allows us to

transmit a rotated photonic logical qubit protected by the Shor code, with merely 2 emitter

qubits, 1 two-qubit gate and 2 measurements, which is surprisingly simple.
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p1 |0〉

p2 |0〉 pi |0〉 H X

p3 |0〉 pi+1 |0〉

p2m−4 |0〉 H X

p2m−3 |0〉

p2m−2 |0〉 H X

p2m−1 |0〉 H

p2m |0〉 H X

e1 |0〉 H X H P B H P H |0〉 H P H P H |0〉 H X H P H H |0〉

e2 |0〉 A H P H H C H H P H P H |0〉
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(x
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67
8

2m− 1

2m
· · · · · ·

i = 4, 6, 8, · · · , 2m− 6

· · ·

(a) (b) (c)

Figure 3.11: (a) and (b) show the emission circuit and height function for the repeater graph
state of 2m photons displayed in (c). The boxed area of the circuit is repeated multiple
times to generate photons p4, p5, p6, · · · , p2m−6. (This figure is adapted from [5]. )

3.2.4.3 Supplementary Note 3

In this section, we generalize the repeater graph state example from the main text and

present explicit generation circuits for repeater graphs with arbitrarily many photons. As

shown in Fig. 3.11, for a repeater graph state with 2m photons, the maximum of the height

function indicates that we need 2 emitters regardless how large m is (m ≥ 4). The unitary

operations A, B and C displayed in Fig. 3.12(a) depend on m:

A = Xbm/2c+1
e2

, B = Xbm/2c
e1

, C = Pm
e2
, (3.13)

where Xi = σx
i , and P = diag(1, i). Compared to the approach given in previous work [124],

which requires m− 1 two-qubit gates and m measurements, the new solution in Fig. 3.11(a)

uses 2m−3 two-qubit gates and m−1 measurements, reducing the number of measurements

needed to produce the state. We highlight that our method yields different solutions with

flexible settings, so actually the solution from Ref. [124] can also be obtained from our

algorithm.
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Figure 3.12: (a) The graph for RGS, which has 6m vertices. The labels represent the
emission sequence. (b) The height function h(x) for the target graph state in (a). (This
figure is adapted from [5]. )

3.2.4.4 Supplementary Note 4

Finally, we consider a modified repeater graph state that includes some additional redun-

dancy to further boost the likelihood of successful Bell measurements [124]. Fig. 3.12(a)

shows an example of such a repeater graph state with 6m photons (m > 3). Note that

compared to the state in Fig. 3.11(c), this state contains twice as many external photon

arms and is missing those internal edges that are not necessary for the functionality of this

state as a repeater. Fig. 3.12(b) shows that the height function is at most 2 for any m > 3,

i.e., only two emitter qubits are needed to generate the state in (a). We list all operations

in the generation circuit in Eq. (3.9). Denoting the e1-th and the e2-th qubits as the emitter
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qubits, where e1 = 6m+ 1 and e2 = 6m+ 2, the circuit is given by:

W0 = CNOTe1e2He1He2

ηj =


e2, 6m− 5 ≤ j ≤ 6m− 3

e1, otherwise

Up,j =


1, j = 1 (mod 3)

Hj, otherwise

Ue,j =



CNOTe2e1 , j = 3

He1 , j = 3k with 2 ≤ k ≤ 2m

He2 , j = 6m− 3

1, otherwise

,

µj =



e1, j = 3k with 2 ≤ k ≤ 2m,

and k 6= 2m− 1

e2, j = 6m− 3

not assigned, otherwise

Wj =



CNOTe1e2 , j = 3k with 2 ≤ k ≤ 2m− 2,

and k 6= m− 1

He2CNOTe1e2 , j = 3m− 3

He2 , j = 6m− 3

He1 , j = 6m

1, otherwise

.

(3.14)

In the above circuit, there are 2m − 1 measurements, and 2m − 1 CNOT gates. Plugging

these operations into Eq. (3.9) gives the full sequence.
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Conclusion and Outlook

This dissertation has mainly discussed two topics from the theoretical perspective: how to

control matter qubits in a noisy environment and how to generate multiparty entangled

photonic qubits with the minimal available resource. The first topic is included in chapter 2.

Besides brief reviews of open system dynamics, error channels, quantum error correction, and

some traditional control theories, the original works presented here comprise the combination

of geometric formalism with filter functions and artificial neural networks. These parts of the

work rely on numerical methods to design appropriate control functions. Concretely, we have

shown that the geometric formalism can assist in finding dynamical error-correcting gates

with better filter functions, and machine learning can tackle the time-optimizing problem in

quantum control with unhandy constraints. The second topic is presented in chapter 3, where

we have introduced the features of the photonic qubit and some prospective applications with

quantum optics. Particularly, as a resource state, we give the concept of graph state and

several of its properties. Finally, we have presented the deterministic method of generating

photonic graph states with quantum emitters. An original work of optimizing the quantum

emitter number based on the stabilizer formalism is provided at the end.

Based on this progress, there are plenty of possibilities to be explored. For example, our ex-

ploration of designing control pulses with physics-informed neural networks is quite primitive.

We look forward to designing control pulses for multi-qubit gates, multi-level systems, and

self-robust pulses with machine learning. Improving the efficiency of the machine learning
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approach by investigating different network architectures and algorithms is also important

and worth studying. Regarding the photonic resource state generation protocol, we hope

to develop a protocol that is equipped with fault-tolerant features, such that the generation

scheme is more robust for practical implementations. Also, it would be interesting to consider

optimizing the overall resource use in the protocol under different contexts and constraints.
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