An algorithm for computing generalized Hamming weights and
the Sage package GHWs
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We generalize the Brouwer-Zimmermann algorithm, which is the most efficient general algorithm for computing
the minimum distance of a random linear code, to the case of generalized Hamming weights. We also adapt this
algorithm to compute the relative generalized Hamming weights of a nested pair of linear codes. In the package GHWs
we provide an implementation of this algorithm in Sage, as well as several other utilities for working with generalized
Hamming weights. With this implementation, we show that the proposed algorithm is faster than the naive approach
of computing the generalized Hamming weights using the definition.
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1 INTRODUCTION

Linear error correcting codes were introduced to study the problem of sending digital information through
anoisy channel [33]. Linear codes are able to correct errors by adding redundancy to the message, and they
have three main basic parameters, namely the length n, the dimension k, and the minimum distance d. The
rate k/n determines how much information the code can transmit per bit (the higher the rate, the lower
redundancy we require), and d/n determines the proportion of errors the code can correct. These parameters
are related (for example, via the Singleton bound d < n—k + 1), and finding codes with an optimal trade-off
is a difficult problem in general. Over time, linear codes have found many additional applications. To
determine the performance of the code for each of them, additional properties have to be considered.
Examples of such applications are locally recoverable codes [38], code-based cryptography [36, 37], or
quantum codes [6, 44], in which one has to study locality parameters and orthogonality properties.

The generalized Hamming weights (GHWs) of a linear code, first defined in [49], generalize the notion of
minimum distance. In the original paper [49], it is shown that these parameters characterize the performance
of the code on the wire-tap channel of type Il and as a t-resilient function. In [16, 18], the connection with
list decoding is established, and it is used to derive better bounds for the list size. Related to the GHWs, the
relative generalized Hamming weights (RGHWs) of a nested pair of codes were introduced as an extension
of GHWs, mainly to characterize the security of linear ramp secret-sharing schemes [31, 32]. It is widely
known that the first RGHW, also known as relative minimum distance, determines the minimum distance
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of quantum codes [30]. However, the second RGHW also determines the minimum distance of the quantum
codes obtained via Steane enlargement [45], as seen in [19, Lem. 5].

These applications have motivated the study of codes with algebraic structure that allows to derive
properties about their GHWs and their RGHWSs. Some classical results concern cyclic codes [12, 23, 50, 52, 53]
and Reed-Muller codes [13, 20], as well as algebraic geometry codes [2, 14, 51], and there have been many
recent advances with some well-known classes of codes, such as projective Reed-Muller codes [4, 40],
Cartesian codes [3, 10], hyperbolic codes [7], matrix-product codes [41] or norm-trace codes [8].

However, if we consider a random linear code, that is, without any known structure, the computation
of its minimum distance is an NP hard problem [48]. The fastest general algorithm for computing the
minimum distance of a random code is the Brouwer-Zimmermann algorithm [54] (also see [17] for a review
of this algorithm and improvements). Since the GHWs generalize the minimum distance, and the RGHWs
extend the GHWs, their computation is at least as intractable as that of the minimum distance. The approach
from [24] allows one to compute the GHWs of a linear code from a minimal graded free resolution of the
matroid associated with a parity-check matrix of the code. While this provides a fruitful connection to
commutative algebra, computing a minimal free resolution typically involves Grébner basis computations,
which is a computationally challenging task [34, 35, 43]. To the best of the author’s knowledge, there is
currently no efficient algorithm or implementation available in the literature for computing the GHWs of a
random linear code over an arbitrary finite field.

The goal of this paper is to generalize the Brouwer-Zimmermann algorithm for computing the GHWs of
arandom linear code and the RGHWs of a nested pair of linear codes, and give a general implementation of
this algorithm. We present the implementation in the form of a Sage package [42, 47], which also includes
additional functions related to GHWs, such as a function to.compute the higher weight spectra of a linear
code. The aim of this package is to provide a general implementation that works for any linear code. In
particular, this means that the implementation should work for any finite field, and therefore we have to
use specialized mathematical software. The most common ones for working with linear codes are Magma
[5], GAP [9, 46] and Sage [47]. We decided to use Sage because it is open-source and it is based on Python,
making it easier to analyze and understand, which is another important objective of this package, since we
would like this work to pave the way for research on how to compute the GHWs of a linear code more
efficiently.

The structure of the paper is as follows. In Section 2 we give the necessary mathematical background
related to linear codes and their GHWs and RGHWs. Section 3 explains how to generalize the Brouwer-
Zimmermann algorithm to this setting. In Section 4, we study how to construct subspaces of a given
dimension with increasing size of their support. This problems translates to constructing all possible matrices
in reduced row echelon form with a certain “shape”, and we show how to implement the construction of
these matrices. Section 5 describes the Sage implementation of our algorithms. We explain which functions
are included in the package and we give more details on how exactly we have implemented certain aspects
of the algorithm. We test our implementation in Section 6, where we first explain how we can check that
the results of the implementation are correct, and then we conduct a performance analysis. Since currently
there are no other alternatives, we compare our implementation with a naive implementation, using directly
the definition of the GHWs. Our tests show that the difference in performance is considerable, e.g., we
need to use a logarithmic scale for the time in the graphics since the difference in speed is exponential. We
include in the package an alternative implementation of some of the functions which requires less RAM
usage, and we study the difference in performance with respect to the standard implementation. We also
compare the time required to compute the GHWs independently one by one (using the function GHW), and
computing them using the information of the previous ones (using the function hierarchy). Finally, in
Section 7, we summarize our results and propose new avenues of research.
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2 PRELIMINARIES
Let g = p* be a power of a prime p. We denote by F, the finite field with g elements. We say that C is a
linear code of length n and dimension k if it is a k dimensional linear subspace of F. A matrix G € F";X”

is a generator matrix of C if its rows form a basis of C. The dual code of C is denoted by C*, and is the
orthogonal space of C with respect to the usual Euclidean inner product. Thus, we have dimC* =n — k. A

generator matrix H € ]F‘(I"_k)x" of C* is called a parity check matrix for C. The main parameters of the
code C are the length n, the dimension k, and the minimum distance d, and we say that C is an [n, k, d]
code. The parameter d is defined in terms of the Hamming weight. Given ¢ € Fg, we define its Hamming
weight as
wt(c) = [{i:c; # 0}].
The minimum distance d = wt(C) of C C ]FZ is then defined as
wt(C) := min{wt(c) : c € C, ¢ # 0}.

The naive method to compute wt(C) would be to enumerate all the codewords ¢ € C, and then compute
the minimum of their weights. Since wt(c) = wt(Ac) for any A € F, \ {0}, we would need to enumerate

¢“-1

qg—1
codewords (this is the number of nonzero vectors of IF’]; up to multiples). Now we define the GHWs of a

linear code. For this, we have to define first the support of a linear subspace. Given D C F., the support of
Dis

supp(D) :=={1<i<n:3c€ D withe;#0}.
Note that if Gp is a generator matrix for D, that is, a matrix whose rows form a basis for D, and
{91, ..., 9gr} are the rows of Gp, then

r

supp(D) = | Jsupp(gs). (1)

i=1
In particular, this shows that computing the support of a subcode D from a generator matrix Gp is
straightforward.

Definition 2.1. The rth generalized Hamming weight of an [n, k, d] code C is
d,(C) := min {|supp(D)| : D is a subcode of C of dimension r},
where 1 < r < k. The weight hierarchy of C is the set
{d,(C):1<r<k}.

Remark 2.2. If r = 1; the subspaces D of C with dimension 1 are precisely the codewords (up to multiples).
The support of a codeword is given by the positions of its nonzero coordinates, and its cardinality is
precisely the number of nonzero coordinates, that is, its Hamming weight. Thus, we have d; (C) = wt(C).

From [49] we have the following general properties of the GHWs of a code.
THEOREM 2.3 (MoNOTONICITY). For an [n, k] linear code C with k > 0 we have
1<di(C) <dy(C) < -+ <di(C) <n.
COROLLARY 2.4 (GENERALIZED SINGLETON BOUND). For an [n, k] linear code C we have
d(C)<n—-k+r, 1<r<k.
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THEOREM 2.5 (DUALITY). Let C be an [n, k] code. Then
{d.(O):1<r<k}={12,...,n}\{n+1-d.(CY):1<r<n-k}.

Remark 2.6. As a consequence of Theorem 2.3 and Corollary 2.4, if C is an MDS code with parameters
[n, k, d] (that is, we have d = n — k + 1), then we have

d(C)=n—-k+r
forany 1 <r <k.

The RGHWs, which extend the GHWs, were introduced in [31, 32]. This was in the context of linear ramp
secret-sharing schemes, which can be constructed from a pair of nested linear codes. In these schemes, a
dealer distributes shares of a secret to a certain number of participants. Using the shares of a sufficiently
large number of participants, it is possible to recover the secret. A ramp secret sharing scheme is said to
have (#,...,t;)-privacy and (hy, ..., h;)-reconstruction if t,, . . ., t, are the largest possible, and hy;.. ., h,
the smallest possible, such that:

e no set of t,, participants can obtain m g-bits of information about the secret,
e any set of hy, participants can obtain m g-bits of information about the secret.

These parameters can be completely characterized in terms of the RGHWs of the pair of linear codes used
for the secret sharing scheme, as well as the RGHWs of their duals [14]. Although this is the application
in which the RGHWs are used with complete generality, for ¥ = 1 (relative minimum distance), they
determine the error-correction capability of quantum codes [30]. Moreover, for r = 2, they also determine
the minimum distance of the codes derived via Steane enlargement [19, 45]. We introduce now their
definition.

Definition 2.7. Let C, ¢ C; C ]Fg be two linear codes, and k; = dimCy, k; = dimC,. Let r with
1 < r < k; — k;. The rth relative generalized Hamming weight of C; and C,, denoted by M, (Cy, C,), is

M, (C1, Cz) = min{|supp(D)| : D is-a subcode of C; with dimD =r, DN C, = {0}}.
The relative weight hierarchy of C; with respect to C; is the set
{Mr(Cl,Cz), 1<r< k1 - kz}

It is clear from the definition that the RGHWs are a generalization of the GHWs obtained by considering
C, = {0}. Note that; for 1 < r < k; — k, we have

M, (Cy,C2) 2 dr (Cy).
The RGHWs satisfy similar properties to GHWs, as shown in [32].
THEOREM 2.8. LetC, C C; C FZ be linear codes with dim C; = kq, dim Cy = ky. Then
1< Mi(C1,Cz) < Ma(Cy,Cp) < -+ < My, —k,(C1,C2) < 1.
Moreover, forany 1 < r < k; — ky, we have
M, (C1,C3) <n—ky +r.

Remark 2.9. The monotonicity from Theorem 2.3 (resp. Theorem 2.8) implies d,(C) > r (resp. M, (Cy, C;) >
r).
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One may wonder if there is a duality result similar to Theorem 2.5 for RGHWs. This is one example
in which having a package such as GHWs can be useful for research, since we can look for random codes
and see if it is possible to have such a result. In the next example we show two pairs of codes with the
same relative weight hierarchy, but different relative weight hierarchy for the duals, which implies that, in
general, the RGHWs of a pair of codes do not determine the RGHWs of their duals.

Example 2.10. Let g = 2 and consider the codes Cy, C,, C{, Cé generated by the matrices

01 0100100 0

1111111010 1 0 1 10 0
Gi=l000000110T1|[G=[111111:1 1 ,

100100000 0 0 110 1

001 1010000

110100000 1

01 01110100 11010 0 0 1
Gi=l1 01000 1010/[G=[0101T1-1.0170 0]|

1110000000 1010 0 1 10

01 01 000UO0TO0 0

respectively. It is straightforward to check that C, ¢ Cj and C;;, ¢ C;. Werhave My (Cy, Cz) = M;(C1, Cy) =2
and My (Cy, C2) = Mz(C},C;) = 4. In other words, the pairs (Cy, C) and (C7, Cy) have the same relative
weight hierarchy. If we consider now the pairs (Cy,Cy) and ((C5)*, (C))Y), we have M;(Cy,Cy) =
M ((C)*S,(C)*) =2, but My(Cy,Cy) =3 # 4 = My((Cy)*, (C))*)« That is, the dual pairs do not have the
same relative weight hierarchy.

Another object that has been studied in this context is the higher weight spectrum [11, 15, 25-28],
a generalization of the weight spectrum. For 1 £ r < k and for each w = d,(C),...,n, we denote by
A(Mf) (C) the number of subcodes D cC with dimD = r and |supp(D)| = w. The ordered multiset
{AS;)(C), d,(C) £ w < n} is the rth weight spectrum of C. The multiset of rth weight spectra for
r =0,...,k is the higher weight spectra of C. Note that for this, we consider dy(C) = 0 and Aéo) (C) =1.
We can similarly define the rth relative weight spectrum and higher weight spectra of C; with respect to
C; by only considering subspaces D c C such that D N C, = {0}.

3 BROUWER-ZIMMERMANN-LIKE ALGORITHM

We consider a code. C C IF; with k = dim C, and a generator matrix G of C. Given a subspace E C Fk, we
denote by encg (E) C C the subspace obtained as the image of E by the linear transformation defined by G.
Let Gr(r, FI(;) be the set of all subspaces of FZ with dimension r (the notation comes from the Grassmannian).
A naive algorithm to.compute the GHWs of C would consist in enumerating all the elements of Gr(r, IFI(;),
and then computing the minimum of the supports of encg (E), for every E € Gr(r, Fg) The number of such
subspaces is given by the following Gaussian binomial:

k} _ (- -9 (¢ =g
rlg (@-D@ -9 (@ -q7")
Since this number grows considerably when increasing g and k, any method that allows us to not have to
check all of these subspaces can provide a significant computational advantage. The Brouwer-Zimmermann
algorithm for the minimum distance considers the codewords with increasing weight, i.e., it first considers
the vectors of FS with weight 1, then those of weight 2, etc. The equivalent procedure in this case would
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correspond to considering subspaces E C IFI(; with increasing cardinality of the support, i.e., first we consider
the subspaces E with |supp(E)| = r (recall Remark 2.9), then subspaces E with |supp(E)| =r + 1, etc. Let
w > r, and consider
k .
E,, :={ECF,, dimE =r, |supp(E)| = w}.

We have the disjoint union
k
k
Gr(r,Fy) = |_| E,.
w=r

We explain now the Brouwer-Zimmermann-like algorithm, similarly to the way the Brouwer-Zimmermann
algorithm is introduced in [17]. The proof of the following result is straightforward from thedefinitions
(also recall (1)).

LEmMA 3.1. Let G = (I, A) a generator matrix for a code C C Fy and E C IF]; with dim E = r. Let Gg be a
generator matrix for E. Then
GD = GEG = (GE, GEA)

is a generator matrix for a subcode D C C with dim D = r and |supp(D)| = |supp(E)|.

Remark 3.2. The previous result can also be generalized to other contexts, for example for rank-metric
codes (or sum-rank metric codes).

Let G = (I, A) be as in Lemma 3.1. Assume we have computed

d = min {|supp(encg(E))| : E € E}}

for some w < k. Then d,(C) < d’ and, by Lemma 3.1, for every E € E}, with w < £, we must have
|supp(encg (E))| = £ >w+ 1.

If w+1 > d’, we obtain d,(C) = d’. Therefore, by enumerating subspaces with increasing support, we
have a lower bound for the cardinality of the support of the remaining subspaces. This lower bound can be
improved if, instead of only considering one generator matrix, we consider more. First, we introduce the
notation of information sets. Let G be a generator matrix for C. We say that I c {1, ..., n} is an information
set if the set of columns of G given by the indices of 7 is linearly independent. In that case, we may always
find a generator matrix G” of C such that if we consider only the columns corresponding to 7, we obtain
the identity matrix. In other words, after a permutation, we have G’ = (I, A). The Brouwer-Zimmermann
takes advantage of using several matrices G; of that form (G; is a generator matrix for C such that the
columns corresponding to J; give Ii), for disjoint information sets 13, ..., Zp,,. The argument is as follows.
If we have computed
d = min { min {|supp(encg,(E))|: E € Elr}},

r<is<w |1<j<m
for some w < k, then for every E € Ej, with w < £, such that encg, (E) has not been enumerated before,
we have
|supp(ench (E))| > m(w + 1),

for any j = 1,...,m. Indeed, fix j and consider supp(encg; (E))) N Z;, for some 1 < i < m, and assume the
subspace encg, (E) has not been enumerated yet. The cardinality of this intersection is greater than or equal
to w + 1 (otherwise it would have been already enumerated as encg, (E'), for some E’ € E}, with £’ < w).
Since this is true for every i = 1,...,m, and the sets 13,..., I, are disjoint, we conclude the inequality
given above.

ACM Trans. Math. Softw.
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A way to compute these information sets is to start with a generator matrix of the form G; = (I, A) (this
can always be assumed by permuting), which gives 7; = {1,..., k}, and then using Gaussian elimination to
obtain A = (I, A”) (up to permutation), resulting in a generator matrix G, = (B, Iy, A”) (up to permutation),
etc. At some point, we may encounter, for example, that rank(A") < k. In this case, we have to reuse
some columns to obtain an information set. In this way we obtain m information sets 13, ..., Z,;, such

m
that U I; = {1,...,n}, but they are not necessarily disjoint (one can check [17] for the details). For each
j=1

1 <i < m, we define the redundancy of 7; as

Ri=

j-1
5ol Jz
t=1
Arguing as we did with the case of disjoint information sets, when using non-disjoint information sets, each
generator matrix G; contributes (w + 1) — R; to the lower bound. This leads to Algorithm 1, which shows
the basic idea of all the algorithms that we will consider. Note that the cost of computing the information

sets, and their corresponding generator matrices, is negligible compared to the rest of the algorithm, and
we may omit it from the pseudo-code.

Algorithm 1 Brouwer-Zimmermann-like algorithm for the rth GHW

Input: CCcFg, 1<r<k.
Output: d,(C).
1: GHW] =r
22 GHW, =n—-k+r
3: while w < k and GHW; < GHW,, do

4 forE € E,, do
5: forj=1,...,mdo
6: GHW,, = min{GHW,, | supp(encg, (E))|}
7 end for
8 end for
m
9: GHW;, =Zmax{0,w+1—Rj}
i=1
10: w=w+ 1j

11: end while
12: return GHW,

There is one aspect of Algorithm 1 (and Algorithm 2) that has not been covered yet, which is efficiently
constructing E’,. We study this problem in Section 4, where we show how to obtain all the subspaces of
E', without repeating them.

With respect to RGHWs, we can also use Algorithm 1, except that whenever we find E C F’; such
that |supp(ench (E))| < GHW,, we first check if encg, (E) N C; = {0}, and if that is the case, we set
GHW, = |supp(ench (E))l; if that is not the case, we continue with the algorithm, without updating the
value of GHW,,.

Regarding the weight hierarchy, one could just use Algorithm 1 for each value of 1 < r < dim C. However,
we can improve the performance of the algorithm by considering the monotonicity of the GHWs from
Theorem 2.5 (resp. Theorem 2.8 for RGHWs), since it gives that d,_1(C) + 1 (resp. M,_1(C;,C2)+1) is a
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lower bound for d,(C) (resp. M, (Cy, C,)). Algorithm 2 gives the corresponding algorithm to compute the
weight hierarchy. It can be modified to compute the relative weight hierarchy in a similar way as one can
modify Algorithm 1 to compute RGHWs.

Algorithm 2 Brouwer-Zimmermann-like algorithm for the weight hierarchy

Input: C C Fg.

Output: {d,(C), 1 <r <k =dimC}.
1: hierarchy = [ ]
2: forr=1,...,kdo
3: if r =1 then

4 GHW; =1

5 else

6: GHW, = hierarchy[r — 1] + 1

7 end if

8 GHW,=n—-k+r

9: while w < k and GHW; < GHW,, do

10: forE € E,, do

11: forj=1,...,mdo

12: GHW,, = min{GHW,, | supp(encg, (E))|}

13: end for

14: end for

15: GHW, = Z max{0,w + 1 - R;}
i=1

16: w=w+ 1]

17: end while

18: Append GHW,, to hierarchy

19: end for

20: return hierarchy

4 ENUMERATING AND CONSTRUCTING SUBSPACES WITH A GIVEN SUPPORT

For both Algorithms 1 and 2. we need to construct the sets E’,, for r < w < k. If we denote €/, = |Efv|, then

we have . (5) (mq_ (‘f) [Wr_l . (:) [wr—z q+...+(_1)w—r(wvi r)mq)

k
This is obtained by first considering a particular support of cardinality w (there are ( )), then considering
w

all subspaces in F;“’ with dimension r (there are [W] ), and finally discarding those subspaces without full
r
support. This can be done by means of the inclusion-exclusion principle: first we discard those subspaces

contained in the hyperplane {x; = 0}, for some i = 1,..., w (there are (1/:) such hyperplanes, and for

w—1
each hyperplane we have [ ] subspaces contained in it), which means we have removed the ones
r
q
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contained in two of those hyperplanes twice, etc. By the definitions, we have the relation

Kl &,

Remark 4.1. For the case of the minimum distance (r = 1), note that

t t-1
[} :q_:q[’1+q[*2+...+1’
g 971

B T E R A TEL)
wi\g-1 1] g-1 w—-1/qg-1

i )

k
=% (=D = (D"~ (-D)*") = (‘i)(q -

and

w
where we have used that (1-1)" =0 = Z (W) (=1)". This is precisely the number of codewords with
i
i=0
hamming weight w up to multiples, and we have

k k(K o 1 [& (ke N ((@-D+1k—1 -1
szleivzwzzl(w)(q—l) 1=F(Z(W)(q—1))= -1 =1

w=1

which is the number of nonzero vectors in FS, up to multiples.

If we go back to Algorithm 1, assuming m disjoint information sets, we may approximate the number of
subspaces to be enumerated by
[d/m=1]
m Z e, (2)
w=r

where this is obtained as the number of subspaces that we need to enumerate to get the lower bound

k
m(w + 1) to be greater than or equal to d. If we now approximate e’, by ( ) [W] , it is clear that the
wj|r

number of subspaces to be enumerated with this algorithm is, in general, much lower than that of the
k

k
naive algorithm in which we enumerate [ ] = Z e}, subspaces.
r
q9 w=r
In any case, this computation of e}, does not give a way to construct E’, in an efficient manner, since the
algorithm derived from this enumeration would just compute all subspaces of dimension r with length w,
and then remove those without full support. We show now one way to construct these subspaces efficiently.
We will first construct all the subspaces E C F’; with dimE = r and supp(E) = {1,...,w}. We can

recover all the subspaces E C FZ with supp(E) = {ji, ..., jw} by mapping the coordinates {1,...,w} to
{Ji,--+» jw}. This can also be seen as adding columns of zeroes in appropriate positions. Thus, once we
construct all the subspaces E C IFZ with dim E = r and supp(E) = {1,..., w}, we can derive E,.
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Note that we can associate a unique matrix to each subspace E C ]F’;, namely the reduced row echelon
form of any matrix whose rows are a basis for E. We denote this matrix by R(E). Thus, the problem we
want to solve is equivalent to enumerating all the reduced row echelon forms with r rows and k columns,
with rank r, and such that all the first w columns are nonzero and the last kK — w are zero columns.

Since the last kK — w columns are zero, without loss of generality we may think about matrices with w
columns instead (or, in other words, we may assume k = w). Now we consider i; =1 < iy < ---i, < w. For
each choice of (iy, . .., i,), we will construct the matrices R(E) in reduced row echelon form whose pivots
are in those positions. This determines r of the columns of R(E), and also the “shape” of the matrix:

1 = * 0 x * 0 * 0 = *

0 0 0 1 = * 0 0 = *

0 0 0 0 O 0 1 = 0 = *

0 0 0 0 O 0 0 0 0 = *

R(E) = .

o 60 ... 0 00 ....0 0 O ... 1 = *

il iz i3 ir w
Thus, we still have freedom to choose w — r columns. For each £ € {1,...,w}\ {i1,..., i}, ifi; < € < iz
(we define i,4; := w + 1), we have to choose a column v, € ]F; with 1 < wt(v;) < z. Indeed, 1 < wt(v,)
since all the columns have to be nonzero to have supp(E) = {1,.<.,w}, and wt(v;) < z because of the

shape of R(E). Each choice of the w — r columns v, gives a different matrix R(E), which corresponds to a
different subspace E. Similarly, the matrices constructed with different sets of pivots correspond to different
subspaces. Thus, in this way we construct every subspace E with dimE = r and supp(E) = {1,...,w},
without repeating. The corresponding pseudo-code is given in Algorithm 3. As mentioned before, from this
we can recover E by adding columns of zeroes in suitable positions.

To consider all possible columns v,, we need to construct all the vectors v, € }F(r] with 1 < wt(vp) < z. It
is straightforward to obtain these vectors by constructing all v, € ]F; with wt(v;) =y, forany 1 <y < z.

r
This can be done by first selecting the position of the y nonzero coordinates (there are ( ) possibilities),

and then selecting an element of IF; =Ty \ {0} for each position ((q — 1)¥ possibilities). We now have all
the tools we need to implement Algorithms 1 and 2 (and their relative version).

5 IMPLEMENTATION

For the implementation, we have chosen Sage [47]. Sage is a free and open-source mathematics software
with a Python-based language. Since it is free, anyone will be able to use this implementation, and the fact
that Sage is mostly based on Python makes the code easier to understand. This is particularly important
since this is the first implementation of these algorithms and it can serve as the starting point for possible
future advances in computing GHWs and RGHWs. The fact that Sage includes functions and classes for all
the objects we use, e.g., linear codes, also facilitates the understanding of the implementation. Additionally,
this implementation aims to be as general as possible, working over any finite field and for any linear code.
In particular, this means we need to use mathematical software with a good implementation of finite fields,
which heavily restricts the options. The other two options to be considered in this regard would be Magma
[5], which is not open-source, and GAP [46], which could be an alternative for Sage in this case, but it uses
its own programming language.
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Algorithm 3 Construction of R(E), for all E C F’; with dim E = r and supp(E) = {1,..., w}

Input: g, k,w,r.

Output: List L of R(E) for all E C IFZ with dim E = r and supp(E) = {1,..., w}.
1: L= [ ]
2: for1=i1 <i2<"'<irSWd0

3 forte{1,...,w}\ {i,...,i,} do

4 ifi, < f < i, then

5 cols[f] ={v e F, 1 < wt(v) < z}

6: end if

7 end for

8 Define cart as the Cartesian product of the sets in cols. Assume the entries of cart are still indexed
by e {1,...,wi\{is,....ir}.

9 for u € cart do

10: for1<¢<wdo

11: if £ = i, for some 1 < z < r then

12: M[£] =(0,...,0,1,0,...,0), where the 1 is in position z.

13: else

14: M[¢t] = u[f]

15: end if

16: end for

17: Append the matrix whose columns are given by M to L.

18: end for

19: end for

20: return L

The package GHWs includes several auxiliary functions and also some main functions. The auxiliary
functions include the function information, which computes the required information sets for Algorithms
1 and 2, as well as the corresponding generator matrices and redundancies. This uses the procedure
explained in Section 3, and since this is also used in the usual Brouwer-Zimmermann algorithm, we shall
not explain it further (see [17]). In any case, the functions relying on information have an optional
argument to provide alternative information sets and generator matrices if the user wants to compute them
in a different way. We also include some auxiliary functions to check if a code is cyclic and to compute its
BCH bound, and some small functions required for the main algorithms. All the functions included have a
description text explaining what they do and providing examples.

As main functions we have GHW, hierarchy, RGHW and rhierarchy, which compute the GHWs, hierarchy;,
RGHWs, and relative hierarchy, of a code (or a pair codes in the relative case). For the case of GHW (the
others are analogous), we first check if the code is cyclic to make use of the improvements related to
cyclic codes (see Subsection 5.1 below), and we compute the information sets and generator matrices using
information otherwise. Then we proceed as in Algorithm 1, but at the beginning of each iteration we
make a prediction of the expected wy required to finish, meaning that E, would be the last set we expect
to enumerate. We use this to remove unnecessary generator matrices if the lower bound at the end of
this step will be much higher than the current upper bound (see Subsection 5.1 below). Then we compute
R(E) for all subspaces E ofF;V with |[supp(E)| = w and dim E = r using subspaces(r, w, w, K) (in this
case, K = ]Fq). This follows the idea of Section 4, and the function subspaces computes all the required
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R(E) by constructing the reduced row echelon forms as in Algorithm 3. We store all these matrices, since
we use them to construct all the R(E), for E € E!, by appropriately adding columns of zero’s. In some
cases, this may require a substantial RAM usage (for example, if q is large). We provide an alternative
implementation of these functions without storing these matrices (GHW_low_mem, hierarchy_low_mem,
RGHW_low_mem and rhierarchy_low_mem). However, this is usually slower (see Section 6) since we repeat
some of the operations required for the construction of E7, several times. After this, for each E € E} , we
compute encg, (E), for every generator matrix G; that contributes to the lower bound, and update the upper
bound if the cardinality of the support is lower than the current upper bound. Finally, we compute the new
lower bound at the end of the iteration.

For the case of RGHW and rhierarchy (and their low memory version), we add an extra step: if
|supp(encGl. (E))l is lower than the current upper bound, then we check if encg, (E) N C; = {0}, and
we only update the value of the upper bound if that is the case, which is clearly more efficient than checking
the condition for every subspace that we consider. To check that encg, (E) N C; = {0}, Sage has classes
for vector spaces, and we can create the corresponding vector spaces and compute the dimension of the
intersection. However, to avoid making these conversions, we note that checking dim(encg, (E) N C;) =0
is equivalent to checking encg, (E) N C; = {0}, and we use instead

dim(encg, (E) N Cy) = r — rank(H2(R(E)G;)");

which can be derived from [1, Prop. 2.2] (H; is a parity check matrix of Cy, that is, a generator matrix of
).

Finally, we have also included the function higher_spectrum to compute the higher weight spectrum,
and the function rhigher_spectrum to compute the relative higher weight spectrum. For these functions,
one necessarily has to enumerate all the subspaces of the code, so there is no improvement in the enu-
meration as in the Brouwer-Zimmermann-like algorithm, but we have included it since it can be directly
computed using the function subspaces. For the low memory version, we proceed similarly to what we
did with GHW_low_mem.

The functions GHW, hierarchy, RGHW, rhierarchy, higher_spectrum, rhigher_spectrum, and their
low memory version, have a verbose argument, which, if set to True, it shows real time information about
the computation. This is recommended for heavy computations, since it can give an idea of whether a
computation will finish within areasonable time or not.

5.1 Additional considerations

Although our main focus is to compute the GHWs and RGHWs of a random linear code, we have included
some improvements for cyclic codes, since they are straightforward to implement. One can check how
those improvements work, for instance, in [17] (it is analogous to the case of the minimum distance). In
the same reference, one can also find that in some cases we might not use some of the additional generator
matrices we are considering. For example, if w + 1 — R; < 0 for some j in Algorithm 1, that matrix does not
improve the lower bound and we may skip it. Moreover, we can predict what the value of the lower bound
is going to be at the end of the iteration, and if the value surpasses the current upper bound by a sufficiently
large margin, we may also skip some matrices while still ensuring we finish the algorithm in this iteration
(since the lower bound can still be greater than or equal to the current upper bound). These improvements
for the last iteration of the algorithm have a great impact, since it is usually the most computationally
expensive step. For example, see [21, Lem. 2], in which it is shown that in some cases this iteration is more
expensive than all the previous ones, for r =1 and g = 2.

Due to Wei’s duality from Theorem 2.5, computing the weight hierarchy of a code is equivalent to
computing the weight hierarchy of its dual, and we have the function wei_duality to compute this. In
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many cases it will be more efficient to compute the weight hierarchy of the dual of a code and then use
Wei’s duality than computing it directly. Technically, we do not know in advance exactly how many

n\[w
computations will be needed. However, since the size of e}, is essentially given by ( ) ] Jfor1<r<k
wj|r
q

and r < w < k, a good strategy would be to compute the weight hierarchy directly if k < n/2, and compute
the weight hierarchy of the dual if k > n/2.

6 TESTS

For the results presented in this section, we have used Arch Linux on a computer with Windows 10 using
Windows Subsystem for Linux (WSL). The virtual machine has access to 7.72GB of RAM and an Intel Core
i7-6700 processor (3.4GHz, with Turbo Boost disabled). With respect to Sage, we have used the 10.6 version.
We also had access to a server with an AMD EPYC 7F52 processor (3.5GHz, up to 3.9GHz with boost), with
Ubuntu 20.04.6 LTS and SageMath 10.6, obtaining similar results. We provide several test files to replicate
our results. For example, for the test file test_GHWs. sage, the corresponding test is ran by writing sage
test_GHWs. sage.

6.1 Correctness

Since this is a new algorithm, the first thing to test is the correctness of the results. For this, we may
consider families of codes with known GHWs and RGHWs, and check that our algorithms return the
correct values. By Remark 2.6, the weight hierarchy of MDS codes is known, and their higher weight
spectra has been studied in [11]. The most well-known class of MDS codes is given by Reed-Solomon (RS)
codes. For a given g and a given dimension k, the corresponding RS code is denoted by RS, (k) and has
parameters [q, k, ¢ — k + 1]. These codes require working over large finite fields due to the limitation on
the length, requiring a substantial number of operations for the algorithms to finish.

Another family with known weight hierarchy are Reed-Muller (RM) codes [20, 29], and their RGHWs
have also been studied in [13]. For a given integer m > 0 and a degree 0 < v < g, the corresponding RM

+
code is denoted by RM, (v, m), and has parameters |q™, m)’ (g—d)g™ | (for v > g, their parameters
m

are also known but are:more complicated). Both RS and binary RM codes are directly implemented in
Sage, as well as g-ary RM codes for v < g. The advantage of RM codes in this case is that we can have
longer codes over a smaller finite field. Similarly, cyclic codes are implemented in Sage, some of them
have known GHWs [23], and they can provide long codes over small finite field sizes. In the test file
test_GHWs.sage, we have included several tests to check that our implementation correctly gives the
GHWs of RS, RM and cyclic codes. If no error is returned, the test has been successfully passed, and this
can be used to also check that all the functions are working properly (a similar test can be ran with the test
file test_GHWs_low_mem. sage for the low memory functions).

In particular, these tests check the values returned by our main functions compared with the known
GHWs of some binary Reed-Muller codes, the RGHWs of some g-ary Reed-Muller codes (with g = 5), the
GHWs of some binary cyclic codes, and the GHWs, Wei’s duality from Theorem 2.5, higher spectra and
relative higher spectra of some Reed-Solomon codes. The test test_GHWs. sage takes 226.27s on average
on our machine, and the test test_GHWs_low_mem. sage takes 406.06s. This already shows that the low
memory implementation can be slower, and we will explore this later.

ACM Trans. Math. Softw.



14+ Rodrigo San-José

6.2 Performance analysis

In terms of performance, since there are no alternatives currently, we cannot compare with other imple-
mentations. The only test that we can make in this direction is to compare with the naive approach of
enumerating all the subspaces. The most naive approach would just consider all » X k matrices over IFI(;
with rank r and then compute the minimum support of the resulting matrices after multiplying by G, a
generator matrix of C. Instead of this, we can use our function subspaces, which will not repeat subspaces
(as the previous method would do, since there are several matrices whose row span is the same). However,
compared to our Brouwer-Zimmermann-like approach, this naive algorithm may require to compute many
more subspaces (recall (2)). This becomes problematic in terms of RAM for medium to large finite field
sizes. Thus, in the test file test_change_r we have included the function naive_GHW (using subspaces
and requiring more RAM), and a version in the spirit of GHN_low_mem, called naive_GHW_low_mem, which
requires less RAM. For our tests, we shall only use naive_GHW_low_mem, and, to make a fair comparison,
we compare with GHW_low_mem (in the test files test_change_k.sage and test_change_q. sage we only
include naive_GHW_low_mem). Also, to avoid having to handle lists of generator matrices of random codes,
we will use families of codes that are implemented in Sage, as before. Experiments with random codes
show similar performance for our functions.

First, with test_change_r. sage we have compared the times required for computing the GHWs of RM
codes with ¢ = 5,7, and r = 2,3,4, 5, using GHW_low_mem and naive_GHW_low_mem. The results are given in
Tables 1 and 2. We see that the difference in performance is substantial (in some cases there are two orders
of magnitude of difference). This will also be the case in many of the subsequent tests, which is why we
have chosen tables instead of plots to present most of our results. Since both implementations are in Sage,
the difference in time represents the advantage gained by using our Brouwer-Zimmermann-like algorithm
with respect to just enumerating all subspaces. All these codes have the same dimension k = 6, and for
afixed ¢ = 5 or ¢ = 7, we only change r. With test_change_k:sage, we study the dependence on k by
fixing r = 2 and g = 5, and computing the second GHW of certain subcodes of the code RMs(3, 2) with
different dimensions k. The results are presented in Table 3. We see that, although the time required for
both functions increases rapidly, the increase on time required for naive_GHW_low_mem to finish is much
larger than that of GHW_Low_mem. We also note that, for very low values of k, the naive approach can be
faster since in that case using several generator matrices may not be beneficial. But these cases are not our
main focus, as both functions will complete in a short amount of time. Finally, with test_change_q. sage,
we consider the dual Hamming code with redundancy 5. This code is a binary code, which means it has
a generator matrix given by zeroes and ones. We can consider this matrix as the generator matrix of a
code over any finite field; and all the resulting codes will have the same length and dimension. We have
computed the second GHW for these codes, for ¢ = 2,3,4,5,7, 8, and the results are shown in Table 4.
Clearly, the size of the field seems to impact the performance of the naive approach much more than the
performance of GHW_low_mem. We have also represented the results of Tables 3 and 4 in Figure 1. Note that
we are using a logarithmic scale for the y axis due to the exponential difference in time (and exponential
growth of the time required to finish).

Table 1. Time in seconds to compute d,(RM5(2,2)),2 <r <5.

Function dz (RMS(Z, 2)) d3 (RMS(Z, 2)) d4(RM5(2, 2)) d5 (RMs(z, 2))
GHW_low_mem 3.840 1.165 2.564 0.01116
naive_GHW_low_mem 89.840 577.613 139.910 1.55701
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Table 2. Time in seconds to compute d,(RM7(2,2)),2 < r <5.

Function dz (RM7 (2, 2)) d3 (RM7 (2, 2)) d4 (RM7 (2, 2)) d5 (RM7 (2, 2))
GHW_low_mem 517.4 714.6 20.08 0.03101
naive_GHW_low_mem 1,342.5 12,519.0 2,287.91 11.90103

Table 3. Time in milliseconds to compute d;(C), where C € RM5(3,2) with dim C = k (the definition of C can be
found in test_change_k.sage).

Function k=2 k=3 k=4 k=5 k=6
GHW_low_mem 1.15 8.15 67.81 1,731.14 5,031.54
naive_GHW_low_mem | 0.33 8.73 197.21 4,831.71 105,041.21

Table 4. Time in milliseconds to compute dz(C), where C is the Hamming code with redundancy 5 over F;, seen as a
code over Fy, for g = 2,3,4,5,7,8.

Function q=2 qg=3 g=4 q=5 q=17 q=38
GHW_low_mem 21.8  90.1 2445 2143 399.6 766.7
naive_GHW_low_mem | 355 312.7 1,991.3 4,943.4 34,423.0 78,320.1

Fig. 1. Semi-logarithmic plots.of Tables 3 and 4.
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Overall, we see that the our algorithm performs much better than the naive approach. Note that for the
naive approach we are also using part of our code to construct all subspaces without repeating (Section 4).
If we do not use these ideas, and we just consider all r X k matrices over FS with rank r (what we called
before “the most naive approach”), since every subspace of dimension r has (¢" —1)(¢" —q) -+ (¢" —¢"™")
different bases, we would be multiplying the number of operations by this number (we would consider
different matrices with the same row span), making the computation of the GHWs unfeasible in most
nontrivial cases.

We study now the performance of GHW with respect to GHW_low_mem (similar results are obtained when
comparing hierarchy with hierarchy_low_mem, etc). We have already explained theoretically that, in
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general, GHW should be faster, at the cost of requiring more RAM, and we have seen with test_GHWs.sage
and test_GHWs_low_mem. sage that this is indeed the case. With test_normal_low_mem. sage, we check
the speed of both functions for some RM codes of degree d, for different field sizes and values of r. The results
are shown in Figure 2. The difference in performance varies, but in general GHW is faster than GHW_low_mem.
With respect to RAM, GHW_low_mem uses a negligible amount of memory besides the memory required to
load Sage, which on our machine was about 2.9% of the total RAM (223.88MB). In Figure 3 we show the
peak RAM usage of GHW while computing the GHWs of several RM codes (for low values of g, the memory
usage was negligible). For r = 2, 3, which are the values for which the list of subspaces required is larger,
we see that the RAM requirement can be noticeable when we increase the finite field size g. In most of our
experiments, time became an issue before RAM did, in the sense that the cases with a large RAM usage
were not expected to finish in a reasonable amount of time, but this will depend on the relation between
available RAM and processing power of each machine.

Fig. 2. Time in seconds to compute the GHWs of some RM codes using GHW and GHW_1ow_mem.

Comparison between GHW and GHW_low_mem

- GHW
I GHW_low_mem

d2(RM2(2,4))  ds(RMa(2,2)) d2(RM5(2,2)) d3(RM5(2,2)) da(RM5(2,2))

We can also.make a comparison between GHW and hierarchy for computing the weight hierarchy of a
linear code (similarly for the relative version). The only difference between using GHW(C,r), for 1 <r <k,
and hierarchy(C),is that hierarchy can use the value d,(C) + 1 as a lower bound for d,+;(C). Depending
on the code, this can be a negligible improvement or a very important one. The most extreme case is given
by MDS codes, since hierarchy will end after computing d; (C) because at that point the generalized
Singleton bound from Corollary 2.4 will meet the lower bound for every 2 < r < k. We show this in Table
5, where we compute the weight hierarchy of RS;3(k) for different values of k. For other families of codes,
the improvement will not be as large, as we see in Table 6, where we have used RM codes instead. These
tests can be found in test_hierarchy_ghw.sage.

Since our functions are completely general, we do not expect them to be competitive for the case of
the minimum distance (r = 1) where additional improvements can be considered [21, 22, 39]. Moreover,
if one restricts the field size to g = 2,3, then it is possible to use lower level programming languages,
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Fig. 3. Peak RAM usage of GHW for several RM codes.

Peak RAM usage

---- Sage’s RAM

700 4

600 4

500 4

400 4

Peak RAM (MB
o o
8 8

5
3

do(RM7(2,2)) ds(RM#(2,2)) da(RM7(2,2)) d5(RM(2,2)) da(RMs(2,2)) d(RMs(2,2)) da(RMs(2,2)) ds(RMs(2,2))

Table 5. Time in milliseconds to compute the weight hierarchy of RS;3(k), for 1 < k < 12.

Function k=1 k=2 k=3 k=4 k=5 k=6
hierarchy 0.557 0.846 6.60 11.21 173.2 323.6
GHW 0.559 1.654 9.77 138.8 452.3 ' 6751.9
k=7 k=38 k=9 k=10 k=11 k=12
hierarchy 547.7 891.2 48.5 53.8 3.54 3.61
GHW 14,803.4 29,3194 47,821.7 3,061.1 463.5 1,001.0

Table 6. Time in milliseconds to compute the weight hierarchy of some RM codes.

Function RMz(Z, 3) RM3(2, 2) RM4(2, 2) RM5 (2, 2)
hierarchy 1.99 37.77 2,770.1 5,634.0
GHW 22.31 153.41 3,443.3 6,933.2

which will result in a better performance. Notwithstanding the foregoing, in our experiments GHW(C, 1)
has performed better than the Sage function C.minimum_distance() for higher values of k, although it
is slower for lower values of k. We will not analyze the case of r = 1 further, since our main objective
is to implement the algorithm in the most general form for any r, but the fact that our implementation
outperforms specialized implementations for the case r = 1 in some cases is an indication of its efficiency.

7 CONCLUSION

In this work we have introduced a generalization of the Brouwer-Zimmermann algorithm for computing
the GHWs of a linear code, which required studying how to construct all subspaces with a given support.
The resulting algorithm has been implemented in Sage, and we have shown that this implementation is
much more efficient than computing the GHWs using the definition.

In the future, we will study improvements for particular cases. The case of ¢ = 2 is particularly interesting
since we may use a lower level programming language, like C, and the construction of all the subspaces
may be optimized due to working with such a small finite field size. We may also consider particular values
of r, such as r = 2, which, as we have mentioned earlier, appears in some additional applications, e.g.,
determining the error-correction capability of quantum codes derived via Steane enlargement [19].
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