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I. INTROUDUCTICN AND LITERATURE SURV::Y 

It is common practice in comparing the parameters of 

two binomial populations (e.g., the probabilities of success 

for two drugs) to choose a fixed number of observations and 

allocate haif of these to samples from each of the two 

populations. 

Beginning during World War II Wald (1947) developed the 

general technique of sequential analysis which makes the 

total number of observations a random variable depending on 

the progress of the experiment. This method often reduces 

the amount of data required to reach statistically valid 

conclusions. The problem of comparing two treatments of 

drugs in medical experiments was put into a most convenient 

form from the user's point of view in a paper by Bross (1952). 

More recently Taylor and David (1962) studied a problem 

which is similar in spirit although quite different in approach 

to the one considered in this thesis. Their aim is to allo- 

cate observations at each stage of a multi-stage experiment 

involving several drugs on the basis of results in previous 

Stages. In order to do this they use weighting functions to 

divide up the fixed number of observations at each stage in 

such a way that the drug showing the highest number of favor- 

able responses is allocated the highest proportion of obser- 

vations (i.e., patients). The probability of correctly



selecting the best drug by this procedure was found, mainly 

by simulation, to be generally greater than that for equal 

allocation of all drugs. It will be noted that the total 

number of observations in the experiment is pre-determined 

but that this number is divided up between the various drugs 

in a manner which tries to take advantage of knowledge gained 

during the experiment. 

The general problem considered in this thesis is that of 

determining an optimum strategy for deciding how to allocate 

the observations in each stage of a multi-stage experimental 

procedure between two binomial populations on the basis of 

the results of the previous stages. After all of the stages 

of this experiment have been performed, one must decide which 

of the two populations has the higher probability of success. 

The optimum strategy i:: to be optimum relative to a given 

loss function and a given prior distribution for the proba- 

bilities of success of the two populations. At first it is 

assumed that there are a fixed number of stages in the exper- 

iment, but later in the thesis this restriction is weakened 

to the assumption that only the maximum number of stages 

possible in the experiment is fixed and the experiment can 

be stopped at any stage before the last possible stage is 

reached. In any case the total number of observations in 

each of the stages is fixed before the experiment. 

In addition, the same general problem is considered



when the two populations are normal and the terminal deci- 

Sion is that one or the other of the two populations has 

the higher mean. 

Since it turns out that the exact procedure for finding 

the optimum strategy is impractical when the number of stages 

or the number of observations in each of the stages is at all 

large, two alternative approximate procedures are presented 

and compared with the exact procedure. 

Throughout this thesis it will be assumed that the two 

binomial populations are the respective outcomes when two 

drugs are administered to patients in a multi-stage testing 

procedure and that the observations in each stage are the 

numbers of successes of given drugs administered to given 

patients. However, it should be emphasized that the proce- 

dures developed and studied in this thesis have much wider 

applicability than the comparison of two drugs. For example, 

one might want to compare the output of two machines or 

processes in a multi-stage testing procedure. 

At this point we may mention a somewhat similar problen, 

the "Two-Armed Bandit Problem." Here the aim is to allocate 

n observations, one at a time, between two binomial popula- 

tions so as to maximize the expected number of successes. 

Contributors to this subject include Vogel and Robbins as 

well as Bradt, Johnson, and Karlin. To obtain results they 

impose various additional conditions which we now outline.



Vogel (1960a) considers the following problem: 

Let the random variables X and Y, where 

Pr(X=1) =1- Pr(X=0) =p 

and 

il Pr(Y = 1) L- Pr(y=o0) =a =, 

describe the outcomes of two experiments, Eig and Boe A 

class of strategies is studied which results from a sequen- 

tial procedure of n steps, in which either By or By (but not 

both) is performed in each stage. However, this paper has 

the additional restriction that in the first 2k steps (k is 

a random variable) each of Hu and E, is performed k times. 

Then the rest of the n - 2k steps are made either with Ba or 

E ge A loss function based on the expected sum for all n 

steps is used. 

In another paper (1960b) Vogel derives some asymptotic 

results for the Two-Armed Bandit Problem both with and with- 

out the additional restriction of his first paper (1960a). 

Robbins (1956) considers the problem of successively 

choosing one of two ways of action, each of which may lead to 

success or failure, in such a way as to maximize the long-run 

proportion of successes obtained, the choice each time being 

based on a fixed number of the previous trials. 

In another paper Robbins (1952) proposes and discusses 

in general several problems in the sequential design of 

experiments. Among these is the problem of how a sample



should be drawn from two populations in order to achieve the 

greatest possible expected value of the sum of the sample 

results. 

Bradt, Johnson, and Karlin (1956) derive some properties 

of the Two-Armed Bandit Problem. In addition, they consider 

the generalized Two-Armed Bandit Problem of maximizing the 

expected number of successes in n trials when at each trial 

one is free to choose between two binomial random variables, 

whose probabilities of success, p and q, are unknown but have 

a prior distribution F(p, q). Finally, they consider in 

detail the situation in which one of the probabilities of 

success is unknown but a prior distribution for it is speci- 

fied and the other probability of success is known. 

Dunnett, samuel, and Chernoff have also worked on 

problems similar to the one in this thesis. 

Dunnett (1960) uses decision theory methods to decide 

if a potential drug, which is assumed to have two levels of 

activity, active and inactive, is to be accepted as being 

worthy of further experimentation or rejected. A sequential 

procedure is derived in which rejection can occur at any 

stage. A method for computing critical rejection levels in 

each stage when the testing errors are normally distributed 

is given in detail for one, two, and three stage problems. 

Samuel (1961) describes a minimal complete class of 

decision rules for sequentially classifying individuals of a
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group which is known to have come from one of two completely 

specified populations. 

Chernoff (1959) presents a procedure for the sequential 

design of experiments where the problem is one of testing a 

hypothesis. It is assumed that there are two possible ter- 

minai decisions and a c.ass of available experiments. After 

each observation the statistician decides whether to continue 

experimentation or not. If he decides to stop, he must se- 

lect one of the two terminal decisions. The choice of an 

experiment at any stage is based on Kullback-Leibler infor- 

mation numbers. This procedure is worked out in detail for 

the case in which each of the experiments yield Bernoulli 

random variables. 

The two most important references for the body of this 

thesis are Raiffa and schlaifer's Applied Decision Theory 

and a paper by Amster. 

Raiffa and Schlaifer (1961) have a general discussion 

of Bayesian decision theory in the first part of their book. 

Then they give detailed specific analytical solutions for some 

problems in which there are one stage, two (or more) possible 

terminal decision:, normal or binomial distributions, and 

utility functions (They use utility functions instead of loss 

functions.) which are linear in the population means. In 

this thesis many of the concepts and results and much of the 

terminology and notation developed in their bock will be used.
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Amster (1962) proposes and derives some properties of a 

stopping ruie for sequential sampling which weighs the cost 

of additional observations against the expected gain to be 

derived from additional sampling. This rule requires one 

more observation to be taken as long as the posterior risk 

is larger than the expected posterior risk for any additional 

fixed size sample. He shows how this stopping rule can be 

applied to both e timation and the testing of two simple 

hypotheses.
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If. EXTENSIVE-~FURM ANALYSIS 

vel General Procedure 

Suppose one desires to compare two drugs, Drug 1 and 

Drug 2, in an m-stage test procedure. Let the probability 

that Drug 1 results in an improvement in a patient in any of 

the stages be Or» and let the corresponding probability for 

Drug 2 be O0,+ suppose the experimenter has decided prior to 

the experiment that he will take ny, observations in the k*th 

stage (k = 1, 2, .+., m). However, he wants to partition ny. 

into Ni; and No,» the number of observations for Drug 1 and 

for Drug 2, respectively, in the k'th stage on the basis of 

the results of the observations in the previous k-1 stages. 

Let the numbers of successes (improvement of patients) of 

Drug 1 and of Drug 2 in the k'th stage be ry, and ro,. re- 

spectively. After the m'th stage, on the basis of his re- 

sults for all m stages, he desires to state that cither 

8, > 85 or that 04 < 0, 

Let 9 = (9,, 85) and let x, = (Papo Po) Let a, be a 

decision of what size n,, ( and thus nj, =n, - nj,) should 

be. ("a," will be 0, 1, 2, «+, or ny) Let b be a decision 

(the terminal decision) whether to state that 0, > ®, or 

Q, < 85, where b = 1 will represent the decision that 8, 7 8.55 

and b = 2 will represent the decision that ©, < O5 +
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Define the following "loss" function on Xp9 sees Xie 

ais eeey an? b; O8 

L(x, 5 oomy Xn? ais ee ey an? by 8) 

Gif b= 1 and 0, > 8, 

OC if b = 2 and 8, <@ 
(2.1) = 1% 

q, if b= 1 and 0, < 85 

Oo if b = 2 and 8, > 85 ’ 

where q and Qo are positive constants. In what follows 

(2.1) will be called the "constant loss function.” 

Notice that L(x, , tees Xs Gps cers Ay Dd, 8) does not 

directly depvend on Bye sees A since it will be assumed that 
m 

the costs of making observations with each of the two drugs 

are ecual. 

The problem now is first to select ays then a> on the 

basis of xy and Bas then ay on the basis of Qa,» Ags Xy> and 

Xo, ebce, and finally b on the basis of Ayr cosy Aig Kyo sees 

Xe In order for this to be done, it is proposed that an 

extended and modified form of the "analysis in extensive 

form" as presented by Raiffa and schlaifer (1961) be used. 

In general, the analysis will proceed as follows: 

(1) For fixed values of Kye sees Xoo Ape ceee Any and 

b compute PQ |xy yee 9X, L(Xy 500 sX,28p eee 2G 2d10)« 

(2) For fixed Xp sees Kye Aye eee» A, compute 
ae
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BN) (x, eee yK sap oee eg) 

=min E, L 
b O[X, 40+ 5%, 

and cho.se the "b" which gives the minimum. 

(Xp p26 9X54, 900038, 96,8) 

(3) For fixed values of X,9 eee, X43 and ays eee, A, 

compute E BT) (oc pane pK yrOz pee erdg) 
XI Xpeee eX 

(4) Then for the fixed values of Xy2 see, X72 and 

Aye eres Any compute 

a . 
L! (ype ee eX qr eees 98g) 

=min E 
a HI Rp hy 

Mm 

ENT) (35 pene pK qoQq yee 9p) 

and choose the "a" which gives the minimum. 

(5) Continue in this manner with each stage until the 

first stage. 

(6) On the first stage choose a, such that 

by, TH (ox, a,)] is a minimum. 

2.2 Some Distribution Theory 

In order to evaluate the expressions in Section 2.1 we 

need a weighting function, or prior distribution, of 6. Let 

a; Ye 6 

O O GO 
p 

3 ye 
} + 

Bla tl, Both) Blyoti, a 1) 

(2.2) p(8) =
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where Ces Po» Yos and 56 are non-negative integers, Bla,tl, 

Bot) and Blyytl, 6.41) are beta functions, 0 <9, <1, and 

OS 8 Si. Since each rj, and rj, has a binomial 

distribution, 

| k n iL, - 
| k 21 (2.3) Palxygeeeax,) ~ TH ( L ! ( } 

ol KY get MPa \ Pog 

Q, a, B,-B Yon e 5, -5 
. k “G k *O k [0 } k ~O Q, (1-0, ) 8., (1-9,) , 

k 
m= > “+ where Oy, 1 Ze ’ 

: ( ) By = 2 n,. - r,,) * B 
k ge 1 Li G ? 

k 

x 4 Yo, + ¥ ; k al ai C 

: ( ) and. 5 = a nN * ~~ xr “a = + 8 f 5 3 

k 121 21 A / 

for k “ Ll, Dy eney Tile Then 

0(0) Po (xX, p04 5X) 
  (2-4) P(O[ x, +++ 5X,) oy 

[ i 9(6) Poy (xz ye0+ 2X) d8, de. 

QO OQ 

ct. B v 5 
Ya m o'm m 

Oo, (1-9, ) 8. (1-9,) 

+ + Cae of + Bla +1, Bt) Bly, +1, 6,*1) 

ry 

  

Also, let
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L L 
P(Xy 900+ 9X) -f i 0(@) Pol Xz a-++ 5X, )d0, do, - 

0 0 

P(x eee Xk x ) | = Met en (2.5) P(x )34 929% 9X7) P(X, 9e0+5X,_4) 

Then 

  

= (72%) (ax Bla, tl, 6,41) Bly, tl, 5,41) 
Prd apf Bla, tls Byiy Fh) Bly tds 5,7) 

for k = 2, 3,3 eee, m and 

P(x.) = ( 1) 2 Bla tl, B,7*1) Bly, tL, 6,41) 

1 Pq) Woy Blagtl, Botl) B(yotl, 6ytl) 
  

203 Details of the Analysis for a Constant Loss Function 

Following the outline of the analysis in Section 2.1 

and using (2.4) and (2.5), we obtain! 

(1) Ifb=2, 

"Oy pee aX, L(x, 5 eee yX meaty rse te m2?» 9) 

“fo I, do P(O[X,4+-+5x,) a9. do, 

8 fp Y¥ 
a a, (1-8,) “6,7 (1-8,) ® 

= do ts ti, Bl) BUY, tl, 6,41) do,do) 
§ 

B 1 ‘* “Mm (" . 
y Orn m Ms If Mya] we 6, (1-8) re 8. eo} j 95 d0,d0, 

- Bla, +1, B,+1) Bly,,t1, +1)
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(f> 5 Bla ty, t5+2s Bytt) 
Yn? jeri 

Bla, tl, Bt) Bly, +1, 6tt) 

Similarly, if b=1, 

ad L(X5 p02 9X98, 900+ 98,9058) 
A 

Bh 5 ae m m m . ; 

(a mite B, tt) Bly, +l, 6, wth) 
  

Boa 
  

  

C 2 (-1) J (=) B( Yay JT ; ord 

1 so j a FFF 
B( a, tL ’ BA te) Bl Yai t : 6) 

(2) Thus for fixed KyyperesX, ANd ay yoo ya, chouse b= 1 

if 

  

in) Bla ty, +3t2, 6,41) 

at dtd 

  

5 wae 
a ; =) Bla, tY,tIt2 » BtL) 

do 4 (-2)5 [ j ; * $20 J Yt ITL 

cho. se either b = 1 or b = 2 if the two expressions 

are ecual, and choose b = 2 otherwise. Call the 

minimum of the two above expressions G(x, pe+esX, > 

Ayreresd,)- 

(3) In the rest of this section we shall let
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(2.6) Sy (ky peee eX ye Ay sere say) 

n n., 

- sf €k (Pax' ( Pax 
al ~ r Lr Ti. O ro, 0 lk 2K 

rh n 1,k+l  -"2,k41 r ? 2 ( pk) (2 era) . *§ min di 2 r r 

Mey TL ykt1O Taj 0  bsktit eked 

Mim Nom 
*<¢min py a (. ) ("2m 

an lam © Pon em 

° G(x XypoeeesKis Apreeesd, ) of 

Hy (Xz eee eX 5 9p eee yy) 

and 

— ov 
ne Sy (Xs eee eX 3 pGq vee sty) i 

k 

where k = 1, 2y eee, M o 

Also, we shall let 

Hitp (Kp seee Xp apeeee sa) 

= G(X) p66 9X 28, 9000 98,) * 

Note that for k = 1, 2, eee, m 

n n 
Lk ak n n 

- = ~ lk 2k 
S,(K, ,0+05X A.peee,8,) = Z z ( \f Kp ores Xe 7 97 vee dy _ _n \roz fir 

ray QO Po, O lk ak 

° Hy py (Xp 9 eee 2X 987 9000 sd, ) ® 

Then
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(1) ; 
Xp lXpseee eX y L (Xp p00 2K 98, s000 58.) 

( = ¢f P(x, [xy 900+ 2X%,3) L LN xg pees aK pep ee ee aay) 

Sa! X12" ee 9% 247» ees 22,,) 

Bla yt, Py-1 tt) Blyth, Sey t) 

(4) Cho -se a, Such that SiR aes eX py Apes sea, ) is a 

minimum for fixed Ay seee eX a and Ay see s8 7 thus 

computing H 6X 9089 2X7 peed 4) ° 

(5) At the k'th stage 

= (m-k+1) 
WX [Xa eee eX 7 L (2X p00 X45 2z eee 2a) 

Sy (xy » ees aX 9419 ee? 2a,) 

Blo 3tl, By_y tl) Blyy,_ytl, 6,771) - 
ee 
  

Choose a, such that Syl Ky pee e pK 4 2Az eee 2a) is 

&@ minimum, thus computing 

Hy (Xy se 9+ Xp 7 Ap sees s8y_9) . 

(6) Finally at the first stage choose a, such that 

Sy (az) is a minimun. 

eek Analysis for a Linear Loss Function 

In this section we shall assume the same situation as 

there was in Sections 2.1, 2.2, and 2.3, except for the loss
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function. Let 

(2.7) L(x) p00 6 9X, 28, 904298, 90,9) 

Kig “b+ ky49) + Ky 985 for b= 1 

+ koi0, + k.8 for b = 2 , *20 24°71 22°2 

where Kio» Kaye Kyo» Kags Koy) and Koo are any real numbers. 

Then, following the general outline of extensive form of 

analysis in Section 2.1 and using (2-4) and (2.5), we 

obtains 

(1) Ifb#l, 

O [xy p00 6 9X, L(X) 9006 9X94 2000 28, 9b,9) 

1 Ll @ B ’ § 
m m m m 8, (1-8)) “ 85° (1-85) 

Bla, tl, Bi+1) Bly, +1, 6,1) 

i 

O F9 

. (kig + kj19, + ky 29) de, de®, 

eo +t dL vw Fd 

= Kig * ky (<" Fah + ky (. Feces) 
m m Ym m 

Similarly, if b= 2, 

MO [1 p00 6 2X L(Xy p06 2K 98] 9006 58,9059) 

+ + ~ tog * ken (Se) + ep (ee) . 
20 al an + Ba tT 4 ar Yn + Sn + 2
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(2) Thus we choose b = 1 if 

a FL | Ym + ) 

(kooky) +(k2)-kyy) (= “ep FR) *(Kga- ky 2) (p55 -F2 

is greater than zero, choose either b* lorb=2 

if it is equal to zero, and choose b = 2 if it is 

less than zero. Then 

(2.8) i {1) (X] se005X,, p25 peed, ) 

“) 3 Yin" + 
© mn) Kio" (Ea “12 (Re , 

a orl vootd 

kag" kay ( 575) ty. (2 +2 | 
Gn Pn Yn m 

(3) iit) (Xp 000 2X 28, 900058, ) iy 
Kyl Xpress M7 

n ns 
_ am ( rus Nom 
Pam 8 Yom © Pim Porn 

Bla mo B.. yy mae tl, 6 ne 
  

m=1 +1) 

. a (X} 9000 9X28, 9000 04,,) 

Om 2 
“1m "am ( 2”) (2°) G*(X) p06 9% 28y eee 2a) 

és 
=) Po 0 Bla, _yti, Baevl) Bly, itl, 8g 7H)
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7 St (X5 pee s%,_y 98z 200 2a,) 

Bla itl, 6,11) Bly,3tl» §,.771) 

where 

(2.9) G(x) peo 6 pK saz aeee sa) 

= Bla, +1, Bath) Bly,t1, 6 atl) 

. ptt) (5 5000 5X 8p e000 5a,) . 

The rest of the analysis proceeds exactly as it does 

with the constant loss function except that the functions G, 

S, and H are replaced by Gt, S*, and H*. 

2£e5 An Uxample of the Computations 

In this section the "decision tree," the diagram showing 

all of the possible decisions and outcomes which can occur at 

each stage, will be constructed for the following example: 

Let m= 3 with n, * ny = n= 1. Let a, ~ By = Yo = 

6 = QO so that 

1 for O50, SlandOS% <1 

0(6) = ° 
O otherwise 

Let 

L(x, ; a » X39 ay» aos a3 3 dD 8) 

O5- a5 for b=Fl 

9, - G5 for b= 2& 
i
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We shall compute S} (Xy pee KX _ 7 vay rere say) and 

Ht CX) 006 X45 Az eeee sayy) for k ~~ 1; ay and 3 ( and for 

k = 4 for the function Hh) where HP and St are the same as 

defined by (2.6) except that the function G is replaced by 

Gt, which is defined by (2.9). Then we shall place HR and 

39 ae 
primes for the sake of clarity. 

on the diagram showing the decision tree without the 

For the loss function in our example we find from (2.8) 

that 

(2.10) ptt) (X} »XqyXq 281 985283) 

(a,+1) . (y,+1) 
= min 4 -« ————- 

a3*P3t2 1z753t2 

atl +1 

3 °3 3 °3 

where b = 1 or 2 is chosen according as the first expression 

is less than or greater than the second. Then from (2.6), 

(2.9), and (2.106) we find that (dropping the arguments of 

Ss}. and Ht) 

HJ = Blaztl, gt) Blygtl, 85*1) 

(a.+1) . (yal) 
* min se semen eramneeerene 7 

A37B3he  ¥3TOgte 
(agtl) - (y3tt) 

Ce ¥3t54%<
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= [Bla3zt2, 6341) Blygtl, 63+2) 

- Blas*i, B3t1) Bly3t2, 6441) | : 

"1k 2k (Note that in this example each (— and (. is 1.) 
1k 2k 

The possible values of Hh and the terminal decisions 

corresponding to the possible values of Ae» B35 Y3) and b, 

if we start with ny, * 1 and No, ~ Q are given in Table l. 

We are now ready to construct the decision tree. We 

shall construct only half of the entire decision tree for 

this example since the other half can be obtained by sym- 

metry. The diagram starting with ni, * 1, is shown in 

Figure 1. The terminal decisions one should take are also 

shown in Figure 1. 

The decision tree for m = 3 with ny = 7 and ne Ny 

—— — Ao Bo =o * 5G = QO but with 

L (xq pXq 2X3 221 222 283 5d,9) 

lif b= 1 and Oo, < 0. or if b = 2 and Oo, > 9. 

QO otherwise 

has also been computed. It turns out that for these quite 

small examples the decision trees have exactly the same de- 

cisions at each stage for the same outcomes in previous 

stages.
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26 Numerical Results 
  

As one can see from the example of the previous section, 

the computations for finding optimum strategies are long even 

for very small examples. For larger examples, the computations 

rapidly "get out of hand.” With the above example there are 

2(4)? or 128 "terminal branches” on the decision tree} but if 

there were five stages with one observation per stage, one 

would have to construct a "decision tree” with 2(4)? or 2048 

terminal branches. Thus two programs for the IBM 1620 com- 

puter have been written for computing decision trees. The 

first program is for the linear loss function defined by 

(2.7), and the second is for the constant loss function 

defined by (2.1). Each of these programs has two main op- 

tions. One can enter the decision tree at the k'th stage 

(k = 1, 2, «e., m) with the results of the previous k - l 

stages and have the entire decision tree above the point of 

entry punched out on cardsy or one can have only 

S, (Xp 000 eX, 7 Ap aeee ray) punched out for each of the pos- 

Sible values of Nye Thus, using the second option, one can 

find out how many observations should be taken on each drug 

in the first stages perform the experiment using the data 

from the first stage, find out how many observations should 

be taken on each drug in the second stages etc. It should be 

emphasized that at each stage the computer has to go through



�t�h�e� �e�n�t�i�r�e� �d�e�c�i�s�i�o�n� �t�r�e�e� �a�b�o�v�e� �t�h�e� �g�i�v�e�n� �s�t�a�g�e� �i�n� �t�h�e� �c�o�m�-� 

�p�u�t�a�t�i�o�n�s� �e�v�e�n� �t�h�o�u�g�h� �i�t� �m�a�y� �n�o�t� �p�u�n�c�h� �o�u�t� �t�h�e� �e�n�t�i�r�e� �d�e�c�i�-� 

�s�i�o�n� �t�r�e�e�.� 

�A� �n�u�m�b�e�r� �o�f� �e�x�a�m�p�l�e�s� �w�i�t�h� �v�a�r�i�o�u�s� �p�r�i�o�r� �d�i�s�t�r�i�b�u�t�i�o�n�s� 

�(�a�l�l� �b�a�s�i�c�a�l�l�y� �j�o�i�n�t� �b�e�t�a�-�t�y�p�e� �d�i�s�t�r�i�b�u�t�i�o�n�s� �a�s� �d�e�f�i�n�e�d� �b�y� 

�(�2�.�2�)�)� �a�n�d� �t�h�r�e�e� �d�i�f�f�e�r�e�n�t� �l�o�s�s� �f�u�n�c�t�i�o�n�s� �w�e�r�e� �c�o�n�s�i�d�e�r�e�d� 

�f�o�r� �c�o�m�p�u�t�e�r� �c�a�l�c�u�l�a�t�i�o�n�s�.� �T�h�e� �t�h�r�e�e� �l�o�s�s� �f�u�n�c�t�i�o�n�s� �w�e�r�e� 

�(�2�.�1�1�)� �8�,� �-� �0�,� �f�o�r� �b�=� �1� 
�1�.� �L�(�x� �e�e�e� �a� �e�e�e� �g�a�h� �b� �9�)� �"�=� 

�1� �m�e�?� �o�m�e�n�s� �8�,� �-� �9�,� �f�o�r� �b�=� �«� 

�R�e� �L�(�x� �e�s�e� �a� �e�e�e�o�g�a� �b�,�8�)� �=� 
�p�e�r�r�y� �e�s� �e�e�n� �@�,� �-�2�0�,� �f�o�r� �b� �=� �2� 

�B�e� �L�(�X�y� �9�0�0�+� �9�X� �9�8�1�9�0�0�6� �9�8�,�2�0�5�0�)� � � � � 
�1�i�f�o�<� �8�,� �a�n�d� �b� �=� �1� �1� 

�L�i�f� �o�,� �*� �G�5� �a�n�d� �b�=� �2� �1� 

�o�m� �.� �o�t�h�e�r�w�i�s�e� �.� 

�T�h�e� �e�x�a�m�p�l�e�s� �w�e�r�e� �a�s� �f�o�l�l�o�w�s�?� 

�(�1�)� �m� �=� �3� �w�i�t�h� �n�,� �=� �1�,� �n�,� �*� �1�,� �a�n�d� �n�y� �=� �1�,� �w�h�i�c�h� �i�s� �t�h�e� 

�e�x�a�m�p�l�e� �w�h�i�c�h� �w�a�s� �c�o�m�p�u�t�e�d� �b�y� �h�a�n�d�.� 

�(�2�)� �m� �=� �2� �w�i�t�h� �n�,� �=�~� �4� �a�n�d� �n�y� �=� �2�.� �P�a�r�t� �o�f� �t�h�e� �d�e�c�i�s�i�o�n� 

�t�r�e�e� �w�a�s� �c�a�l�c�u�l�a�t�e�d� �b�y� �h�a�n�d� �f�o�r� �a�o� �=� �B�o� �=� �Y�o� !"� �8� �=� �0� 

�a�n�d� �L�o�s�s� �F�u�n�c�t�i�o�n� �1�,� �a�n�d� �t�h�e�n� �t�h�e� �e�n�t�i�r�e� �d�e�c�i�s�i�o�n� 

�t�r�e�e� �w�a�s� �c�a�l�c�u�l�a�t�e�d� �a�n�d� �p�u�n�c�h�e�d� �o�u�t� �o�n� �c�a�r�d�s� �b�y� �t�h�e� 

�c�o�m�p�u�t�e�r�.� �T�h�e�n� �t�h�e� �b�e�s�t� �v�a�l�u�e�s� �o�f� �N�y�y� �f�o�r� �v�a�r�i�o�u�s



�(�3�)� 

�(�4�)� 

�(�5�)� 

�(�6�)� 

�p�r�i�o�r� �d�i�s�t�r�i�b�u�t�i�o�n�s� �a�n�d� �L�o�s�s� �F�u�n�c�t�i�o�n�s� �1� �a�n�d� �2� 

�w�e�r�e� �f�o�u�n�d�.� �F�i�n�a�l�l�y� �t�h�e� �e�n�t�i�r�e� �d�e�c�i�s�i�o�n� �t�r�e�e� �w�a�s� 

�p�u�n�c�h�e�d� �o�u�t� �f�o�r� �a�o� �=� �B�o� �=� �Y�o� �=� �5�6� �=� �Q�O� �a�n�d� �L�o�s�s� 

�F�u�n�c�t�i�o�n� �3�,� �a�n�d� �t�h�e� �d�e�c�i�s�i�o�n�s� �a�t� �e�a�c�h� �s�t�a�g�e� �w�e�r�e� 

�t�h�e� �s�a�m�e� �a�s� �t�h�e�y� �w�e�r�e� �f�o�r� �L�o�s�s� �F�u�n�c�t�i�o�n� �1�.� 

�m� �=� �3� �w�i�t�h� �n�y� �=� �3�5� �n�y� �*� �2�5� �n�y� �=� �3�.� �T�h�e� �e�n�t�i�r�e� �d�e�-� 

�c�i�s�i�o�n� �t�r�e�e� �f�o�r� �t�h�i�s� �e�x�a�m�p�l�e� �i�s� �m�u�c�h� �t�o�o� �l�a�r�g�e� �t�o� 

�b�e� �p�u�n�c�h�e�d� �o�u�t�.� �T�h�e�r�e� �a�r�e� �(�2�)�(�2�0�)�(�1�0�)�(�2�0�)� �o�r� �8�0�0�0� 

�t�e�r�m�i�n�a�l� �b�r�a�n�c�h�e�s� �o�n� �t�h�e� �t�r�e�e�.� �N�o�t� �o�n�l�y� �t�h�e� �r�e�s�u�l�t�s� 

�f�o�r� �t�h�e� �f�i�r�s�t� �s�t�a�g�e� �w�e�r�e� �f�o�u�n�d�,� �b�u�t� �a�l�s�o� �r�e�s�u�l�t�s� �f�o�r� 

�a�s�s�u�m�e�d� �v�a�l�u�e�s� �o�f� �N�y� �9� �N�o�y�»� �T�i� �a�n�d� �f�o�,� �w�e�r�e� 

�f�o�u�n�d� �f�o�r� �t�h�e� �s�e�c�o�n�d� �s�t�a�g�e�}� �a�n�d� �r�e�s�u�l�t�s� �f�o�r� �a�s�s�u�m�e�d� 

�v�a�l�u�e�s� �o�f� �M�y�z�e� �M�o�y�e� �T�y�y�»� �F�a�z�9� �M�y�o�»� �N�o�o�r� �T�y�o�»� �a�n�d� 

�P�o�o� �w�e�r�e� �f�o�u�n�d� �f�o�r� �t�h�e� �t�h�i�r�d� �s�t�a�g�e�.� 

�m�=� �5� �w�i�t�h� �n�n�,� �*� �N�g� �~� �R�y� �=� �n�y�  ��=� �n�s� �=�]�.� �T�h�e� �e�n�t�i�r�e� 

�d�e�c�i�s�i�o�n� �t�r�e�e� �a�s�s�u�m�i�n�g� �n�y�.� �=� �1� �w�a�s� �p�u�n�c�h�e�d� �o�u�t� �f�o�r� 

�L�o�s�s� �F�u�n�c�t�i�o�n�s� �1� �a�n�d� �3� �w�i�t�h� �a�o� �=� �B�y� �=� �>� �=� �5�,� �=� �Q�O�,� 

�T�h�e� �d�e�c�i�s�i�o�n�s� �i�n� �t�h�e� �d�e�c�i�s�i�o�n� �t�r�e�e�s� �f�o�r� �t�h�e� �t�w�o� 

�l�o�s�s� �f�u�n�c�t�i�o�n�s� �w�e�r�e� �t�h�e� �s�a�m�e� �e�x�c�e�p�t� �f�o�r� �a� �f�e�w� �c�a�s�e�s� 

�i�n� �t�h�e� �f�o�u�r�t�h� �s�t�a�g�e� �i�n� �w�h�i�c�h� �t�h�e� �l�i�n�e�a�r� �l�o�s�s� �f�u�n�c�-� 

�t�i�o�n� �g�a�v�e� �d�e�c�i�s�i�o�n�s� �t�h�a�t� �N�y� �>� �Q�O� �a�n�d� �n�y� �>� �l�L� �w�e�r�e� 

�e�q�u�i�v�a�l�e�n�t� �a�n�d� �t�h�e� �c�o�n�s�t�a�n�t� �l�o�s�s� �f�u�n�c�t�i�o�n� �g�a�v�e� �d�e�-� 

�c�i�s�i�o�n�s� �t�h�a�t� �o�n�e� �w�a�s� �b�e�t�t�e�r� �t�h�a�n� �t�h�e� �o�t�h�e�r�.� 

�m�-�°� �1� �w�i�t�h� �n�y� �=� �1�0�.



�~�3�0�-� 

�(�7�)� �m�=� �1� �w�i�t�h� �n�,� �=� �2�1�.� 

�T�h�e� �r�e�s�u�l�t�s� �f�o�r� �t�h�e�s�e� �e�x�a�m�p�l�e�s� �a�r�e� �s�h�o�w�n� �i�n� �T�a�b�l�e� �2�.� 

�T�h�e� �f�o�l�l�o�w�i�n�g� �p�r�i�o�r� �d�i�s�t�r�i�b�u�t�i�o�n�s� �a�r�e� �u�s�e�d� �i�n� �T�a�b�l�e� �2�:� 

�(�2�.�1�2�)� �(�1�)� �%� �=� �B�o� �*� �Y�o� �=� �8� �*� �0� 

�(�2�)� �a�9� �=� �B�y �� �Y�G� �~� �8� �*� �2� 

�(�3�)� �a�,� !"� �B�o� �m�t� �Y�o� �2� �8�9�  �� �9�g� 

�(�)� �a�g� �©� �B�y� �=� �t�o�"� �2�s� �8�g� �=� �8� 
�(�5�)� �4�,� �=� �B�o�  ��2�1� �9� �~� �8�9� �=� �8� 
�(�6�)� �Q�o� �-� �B�o� �=� �L�s� �Y�o� �=�a� �b�o� �m�2� �3� �.� 

�I�n� �T�a�b�l�e� �2� �u�n�d�e�r� �t�h�e� �h�e�a�d�i�n�g� �"�E�x�a�m�p�l�e�"� �t�h�e� �n�u�m�b�e�r� �o�f� 

�o�b�s�e�r�v�a�t�i�o�n�s� �i�n� �e�a�c�h� �s�t�a�g�e� �i�s� �l�i�s�t�e�d� �f�i�r�s�t�,� �a�n�d� �t�h�e�n� �t�h�e� 

�n�u�m�b�e�r� �o�f� �t�h�e� �e�x�a�m�p�l�e� �a�s� �g�i�v�e�n� �i�n� �t�h�i�s� �s�e�c�t�i�o�n� �i�s� �l�i�s�t�e�d� �i�n� 

�p�a�r�e�n�t�h�e�s�e�s�.� �F�o�r� �e�x�a�m�p�l�e�,� �3�-�2�-�3� �(�3�)� �m�e�a�n�s� �m� �=� �3� �w�i�t�h� �n�,� �=� �3�,� 

�N�y� �*� �2�,� �a�n�d� �n�s� �=� �3�,� �w�h�i�c�h� �i�s� �s�x�a�m�p�l�e� �3�.� 

�T�h�e� �r�e�s�u�l�t�s� �f�o�r� �t�w�o� �o�t�h�e�r� �p�r�o�c�e�d�u�r�e�s�,� �t�h�e� �s�t�a�g�e�-�b�y�-� 

�s�t�a�g�e� �a�n�d� �t�h�e� �a�p�p�r�o�x�i�m�a�t�e� �p�r�o�c�e�d�u�r�e�s�,� �w�h�i�c�h� �a�r�e� �d�e�f�i�n�e�d� �i�n� 

�C�h�a�p�t�e�r� �I�I�I� �a�n�d� �I�V� �r�e�s�p�e�c�t�i�v�e�l�y�,� �a�r�e� �a�l�s�o� �g�i�v�e�n� �i�n� �T�a�b�l�e� �2�.� 

�A�s� �o�n�e� �c�a�n� �s�e�e� �f�r�o�m� �T�a�b�l�e� �2�,� �t�h�e�r�e� �s�e�e�m�s� �t�o� �b�e� �g�o�o�d� 

�a�g�r�e�e�m�e�n�t� �b�e�t�w�e�e�n� �t�h�e� �r�e�s�u�l�t�s� �f�o�r� �L�o�s�s� �F�u�n�c�t�i�o�n�s� �1� �a�n�d� �3� �i�n� 

�t�h�e�s�e� �s�m�a�l�l� �e�x�a�m�p�l�e�s�.� �H�o�w�e�v�e�r�,� �t�h�e�r�s� �d�o�e�s� �n�o�t� �s�e�e�m� �t�o� �b�e� �a�n�y� 

�d�e�f�i�n�i�t�e� �p�a�t�t�e�r�n� �i�n� �t�h�e� �r�e�s�u�l�t�s�.� �I�t� �s�h�o�u�i�d� �b�e� �n�o�t�e�d� �t�h�a�t� �c�o�m�-� 

�p�u�t�i�n�g� �a�n� �e�n�t�i�r�e� �d�e�c�i�s�i�o�n� �t�r�e�e� �f�o�r� �e�v�e�n� �a� �s�m�a�l�l� �p�r�o�b�l�e�m� �c�a�n� 

�b�e�c�o�m�e� �q�u�i�t�e� �t�i�m�e� �c�o�n�s�u�m�i�n�g� �e�v�e�n� �t�h�o�u�g�h� �o�n�e� �i�s� �u�s�i�n�g� �a
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�c�o�m�p�u�t�e�r�.� �F�o�r� �v�e�r�y� �l�a�r�g�e� �p�r�o�b�l�e�m�s� �t�h�e� �d�e�c�i�s�i�o�n� �t�r�e�e� �q�u�i�c�k�l�y� 

�b�e�c�o�m�e�s� �t�o�o� �l�a�r�g�e� �f�o�r� �a� �c�o�m�p�u�t�e�r� �t�o� �h�a�n�d�l�e�.� �F�o�r� �e�x�a�m�p�l�e�,� �i�f� 

�o�n�e� �a�d�d�e�d� �a� �f�o�u�r�t�h� �s�t�a�g�e� �w�i�t�h� �n�y� �=� �3� �t�o� �i�x�a�m�p�l�e� �3�,� �t�h�e� 

�r�e�s�u�l�t�i�n�g� �d�e�c�i�s�i�o�n� �t�r�e�e� �w�o�u�l�d� �h�a�v�e� �t�w�e�n�t�y� �t�i�m�e�s� �t�h�e� �n�u�m�b�e�r� 

�o�f� �t�e�r�m�i�n�a�l� �b�r�a�n�c�h�e�s�}� �a�n�d� �i�f� �o�n�e� �a�s�s�u�m�e�d� �t�h�a�t� �t�h�e� �t�i�m�e� �n�e�c�e�s�s�-� 

�a�r�y� �f�o�r� �o�b�t�a�i�n�i�n�g� �t�h�e� �r�e�s�u�l�t�s� �f�o�r� �t�h�e� �f�i�r�s�t� �s�t�a�g�e� �w�a�s� �t�w�e�n�t�y� 

�t�i�m�e�s� �l�o�n�g�e�r� �(�w�h�i�c�h� �i�s� �u�n�d�o�u�b�t�e�d�l�y� �b�e�i�n�g� �c�o�n�s�e�r�v�a�t�i�v�e�)�,� �o�n�e� 

�w�o�u�l�d� �e�x�p�e�c�t� �t�h�e� �c�o�m�p�u�t�e�r� �t�o� �t�a�k�e� �a�l�m�o�s�t� �t�w�e�n�t�y� �h�o�u�r�s� �t�o� �f�i�n�d� 

�t�h�e� �r�e�s�u�l�t�s� �f�o�r� �t�h�e� �f�i�r�s�t� �s�t�a�g�e� �w�i�t�h� �L�o�s�s� �F�u�n�c�t�i�o�n� �1� �a�n�d� 

�P�r�i�o�r� �D�i�s�t�r�i�b�u�t�i�o�n� �1�.� �T�h�u�s� �i�t� �i�s� �a�p�p�a�r�e�n�t� �t�h�a�t�,� �w�h�e�n� �t�h�e� 

�n�u�m�b�e�r� �o�f� �o�b�s�e�r�v�a�t�i�o�n�s� �v�e�r� �s�t�a�g�e� �o�r� �t�h�e� �n�u�m�b�e�r� �o�f� �s�t�a�g�e�s� �i�s� 

�a�t� �a�l�l� �l�a�r�g�e�,� �u�s�i�n�g� �e�x�t�e�n�s�i�v�e�-�f�o�r�m� �a�n�a�l�y�s�i�s� �b�e�c�o�m�e�s� �q�u�i�t�e� 

�i�m�p�r�a�c�t�i�c�a�l� �e�v�e�n� �w�h�e�n� �a� �c�o�m�p�u�t�e�r� �i�s� �u�s�e�d�.
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�I�I�I�.� �T�H�E� �S�T�A�G�E�-�B�Y�-�~�S�T�A�G�E� �P�R�O�C�E�D�U�R�E� 

�3�.�1� �G�e�n�e�r�a�l� �P�r�o�c�e�d�u�r�e�s� 
� � 

�I�n� �v�i�e�w� �o�f� �t�h�e� �p�r�a�c�t�i�c�a�l� �d�i�f�f�i�c�u�l�t�i�e�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� 

�e�x�t�e�n�s�i�v�e�-�f�o�r�m� �a�n�a�l�y�s�i�s�,� �w�e� �t�u�r�n� �t�o� �t�h�e� �f�o�l�l�o�w�i�n�g� �s�i�m�p�l�e�r� 

�p�r�o�c�e�d�u�r�e�:� �S�u�p�p�o�s�e� �t�h�a�t� �a�t� �e�a�c�h� �s�t�a�g�e� �t�h�e� �e�x�p�e�r�i�m�e�n�t�e�r� �a�c�t�s� 

�a�s� �i�f� �h�e� �w�e�r�e� �a�t� �t�h�e� �t�e�r�m�i�n�a�l� �s�t�a�g�e�}� �i�.�e�.�,� �i�f� �h�e� �i�s� �a�t� �t�h�e� 

�k�*�t�h� �s�t�a�g�e�,� �h�e� �a�s�s�u�m�e�s� �t�h�a�t� �t�h�e�r�e� �a�r�e� �o�n�l�y� �k� �s�t�a�g�e�s� �i�n� �t�h�e� 

�e�n�t�i�r�e� �p�r�o�c�e�d�u�r�e� �a�n�d� �c�h�o�o�s�e�s� �N�y� �a�n�d� �N�o�,� �a�c�c�o�r�d�i�n�g�l�y�.� �T�h�u�s� 

�a�t� �t�h�e� �k�'�t�h� �s�t�a�g�e� �(�k� �=� �2�,� �3�,� �«�s�+�,� �m�)� �h�e� �e�v�a�l�u�a�t�e�s� 

�E� �i�n� �&� 
�X�1� �X�p� �e�e�e� �e�X� �7� �s�e� �[�x�,�y� �0�0� �0� �5�%�,� 

�U�(�X� �p�0�0� �9�X�9�8�,� �0�0�0� �9�8�,� �9�d�,�0�)� 

�a�n�d� �c�h�o�o�s�e�s� �t�h�e� �"�a�y�"� �w�h�i�c�h� �m�i�n�i�m�i�z�e�s� �t�h�e� �e�x�p�r�e�s�s�i�o�n�.� �A�t� �t�h�e� 

�f�i�r�s�t� �s�t�a�g�e� �h�e� �e�v�a�l�u�a�t�e�s� 

�E� �m�i�n� �&� 
�x�  ��p�e�l� 

�L�(�x�,� �»�a�,� �»�b�,�0�)� 

�a�n�d� �c�h�o�o�s�e�s� �t�h�e� �"�a�,�"� �w�h�i�c�h� �g�i�v�e�s� �t�h�e� �m�i�n�i�m�u�m�.� 

�F�o�r� �t�h�e� �l�i�n�e�a�r� �l�o�s�s� �f�u�n�c�t�i�o�n� �d�e�f�i�n�e�d� �b�y� �(�2�.�7�)� �(�b�u�t� �d�e�-� 

�p�e�n�d�e�n�t� �o�n�l�y� �o�n� �K�j� �p�e�e� �y�X�y�g�A�z� �9�0�0�2� �p�h�y� �9�d�,�9�)� �o�n�e� �w�o�u�l�d� �e�v�a�l�u�a�t�e� 

�a�t� �t�h�e� �k�*�t�h� �s�t�a�g�e
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�n� �t�n� 

�t�e� �8�k� �(� �P�s� �(�P�a�x� 
�=� �=�.� �r� �P� �P�i�k� �0� �P�o�,� �O� �i�k� �2�k� 

�B�l�a�y� �+�1�,� �B�t�)� �B�l�y�t�h�y� �6�,�4�1�)� 
�B�l�a�y� �t�t�s� �B�y�i�g� �t�h�)� �B�y� �a�t�t�s� �6�,�5�4�2�)� 
� � 

�a�y� �r�l� �y�t� 
�s�m�i�n� �y� �k�y�o� �t�k�)� �(�5� �*�k�y�p� �(�e�a�s� �a�,� �+�B� �t�e� �V�y�,� �7�5�,� �7�2� 

�a�,� �+�1� �V�1� 
�k�.� �t�k� �(�=� �}� �+�k� �(�K� �2�0�° ��2�1� �\� �a�,� �t�p�,� �4�2� �2�2� �\�}�,� �7�8�,�7�2� 

�k� 

�a�n�d� �c�h�o�o�s�e� �t�h�e� �N�i�,� �w�h�i�c�h� �m�i�n�i�m�i�z�e�d� �t�h�e� �e�x�p�r�e�s�s�i�o�n� �s�u�b�j�e�c�t� �t�o� 

�N�i�n� �*� �R�a�,� �*� �M�y� �+� 
�F�o�r� �t�h�e� �c�o�n�s�t�a�n�t� �l�o�s�s� �f�u�n�c�t�i�o�n� �d�e�f�i�n�e�d� �b�y� �(�2�.�1�)� �(�b�u�t� 

�d�e�p�e�n�d�e�n�t� �o�n�l�y� �o�n� �K�z� �o�e�s� �y�X� �9�7� �9�0�0�6� �2�8� �9�D�5�9�)� �o�n�e� �w�o�u�l�d� �e�v�a�l�-� 

�u�a�t�e� �a�t� �t�h�e� �k�'�t�h� �s�t�a�g�e� 
�n� �n� �1�k�\�f� �M�e�x� 

�M�k� �N�o�k� �(�o�F�)� �e�o�)� 
�2� �2� �F�T� �T�I�T�Y� �B�U� �T�F�T� �8�D�)� �P�4�4�7�0� �P�o�,�7�0� �B�l�a�y� �a�t�l�,� �B�y�l�y� �Y�e�e�p�i�t�>� �S�4�0�4� 

� � 

�P�c�)� �P�l�e�x� �6�,�4�1�)� �P�r�e� 
�"�m�i�n�g�q�,� �2� �(�~�i�)�9� �(�|� �a�p�t� �g�r� �,� 

� � 

�f�o� �a�e�s� �a� �B�,�+�1�)� 
�q� �x� �(�-�1�)�4� �( �� �:� 

�2� �j�=�0� �J� �Y�,� �t�i�t� 

�a�n�d� �c�h�o�o�s�e� �t�h�e� �N�i�t� �w�h�i�c�h� �m�i�n�i�m�i�z�e�d� �t�h�e� �e�x�p�r�e�s�s�i�o�n� �s�u�b�j�e�c�t� �t�o� 

�N�i�;� �+� �N�o�,� �7� �M�y� �-� �N�o�t�i�c�e� �t�h�a�t� �t�h�i�s� �p�r�o�c�e�d�u�r�e� �i�s� �e�q�u�i�v�a�l�e�n�t� �a�t� 

�e�a�c�h� �s�t�a�g�e� �t�o� �a� �o�n�e�-�s�t�a�g�e� �p�r�o�c�e�d�u�r�e� �i�n� �w�h�i�c�h� �1� �~� �O�y�,� �i�y�s
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�B�o� �~� �B�p�l�a�s� �Y�o� �*� �Y�y�z�2� �a�n�d� �6�,� �~� �6�,� �.� �T�h�u�s� �a�t� �e�a�c�h� �s�t�a�g�e� 

�o�n�e� �h�a�s� �m�e�r�e�l�y� �a� �o�n�e�-�s�t�a�g�e� �p�r�o�c�e�d�u�r�e� �w�i�t�h� �a�n� �a�l�t�e�r�e�d� �p�r�i�o�r� 

�d�i�s�t�r�i�b�u�t�i�o�n�.� �I�t� �s�h�o�u�l�d� �a�l�s�o� �b�e� �o�b�s�e�r�v�e�d� �t�h�a�t�,� �f�o�r� �t�h�e� �s�a�m�e� 

�r�e�s�u�l�t�s� �a�t� �t�h�e� �e�n�d� �o�f� �t�h�e� �(�m�-�1�)�t�h� �s�t�a�g�e�,� �e�x�t�e�n�s�i�v�e�-�f�o�r�m� 

�a�n�a�l�y�s�i�s� �a�n�d� �t�h�e� �s�t�a�g�e�-�b�y�-�s�t�a�g�e� �p�r�o�c�e�d�u�r�e� �g�i�v�e� �i�d�e�n�t�i�c�a�l� 

�r�e�s�u�l�t�s� �f�o�r� �t�h�e� �m�'�t�h� �s�t�a�g�e�.� 

�3�.�2� �A�n� �E�x�a�m�p�l�e� �o�f� �t�h�e� �C�a�l�c�u�l�a�t�i�o�n�s� 

�C�o�n�s�i�d�e�r� �t�h�e� �e�x�a�m�p�l�e� �o�f� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n�s� �f�o�r� �e�x�t�e�n�s�i�v�e�-� 

�f�o�r�m� �a�n�a�l�y�s�i�s� �i�n� �w�h�i�c�h� �a�n� �=� �B�o� �*� �Y�o� �=� �5�9� �=� �0� �a�n�d� �m� �=� �3� �w�i�t�h� 

�M�y�,� �~�M�y� �*� �N�y� �-� �S�u�p�p�o�s�e� �t�h�a�t� �o�n� �t�h�e� �f�i�r�s�t� �s�t�a�g�e� �o�n�e� �t�o�o�k� 

�N�y�y �� �L� �a�n�d� �N�o�,� �°� �O� �a�n�d� �t�h�a�t� �r�y �� �O�.� �T�h�e�n� �Q�a�)� �Q�O�;� �B�y� �=� �1�,� 

�T�y� �=� �O�,� �a�n�d� �5�4� �=� �0�.� �I�t� �i�s� �n�o�w� �d�e�s�i�r�e�d� �t�o� �d�e�t�e�r�m�i�n�e� �w�h�e�t�h�e�r� 

�D�r�u�g� �1� �o�r� �D�r�u�g� �2� �s�h�o�u�l�d� �b�e� �u�s�e�d� �o�n� �t�h�e� �s�e�c�o�n�d� �s�t�a�g�e�.� �T�h�e� 

�s�t�a�g�e�-�b�y�-�s�t�a�g�e� �p�r�o�c�e�d�u�r�e� �w�i�l�l� �b�e� �u�s�e�d�,� �a�n�d� �L�o�s�s� �F�u�n�c�t�i�o�n� �1� 

�a�s� �d�e�f�i�n�e�d� �b�y� �(�2�.�1�1�)� �w�i�l�l� �b�e� �a�s�s�u�m�e�d�.� �I�n� �T�a�b�l�e� �3�,� �w�h�i�c�h� 

�s�h�o�w�s� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n�s�,� �w�e� �l�e�t� 

�H� �=� �B�l�a�s�t�,� �B�o�l�)� �B�l�y�o�t�l�,� �§�,�%�1�)� 

�a�t�l� �T�o�t�h� �Y�g�t�l� �a�r�t� �m�i�n� �G�x�t� �B�y�t�e� �-� �Y�o�t�b�y�t�2� �>� �T�8�4�4�2� �~� �A�o�t�B�o�t�2� 

�m�s� �-�|�B�l�a�g�+�2�,� �B�o�t�l�)� �B�l�y�g�t�l�,� �6�5�1�1�)� 

�-� �B�l�a�g�t�l�,� �B�o�t�l�)� �B�l�y�o�t�2�,� �6�.�7�1�)� �|� �.
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�T�a�b�l�e� �3� 

�C�o�m�p�u�t�a�t�i�o�n�s� �f�o�r� �S�t�a�g�e�~�b�y�-�S�t�a�g�e� �P�r�o�c�e�d�u�r�e� �E�x�a�m�p�l�e� 
� � 

� � 

 ��2� �P�e� �¥�2� �0� �f�g� �K� 
�L� �i� �O� �0� �0� 

�-� �1� �O� �2� �Q�O� �O�Q�  ��T�S� 

�L� �0� �i� �1� �0�  ��7�5� 

�0� �1� �0� �1� �0� 

�T�h�u�s� �f�o�r� �t�h�i�s� �e�x�a�m�p�l�e� 

�B�l�a�,�+�1�,� �B�a�t�h�)� �B�(�y�,� �+�1�,� �6�,�4�1�)� 

�e� �F�P� �j� �4� 

�O� �+� �(�-�1�/�1�2�)� �o�r� �-�1�/�1�2� �f�o�r� �n�y�.� �=� �1� 

�-�1�/�1�2� �+� �0� �o�r� �-�1�/�1�2� �f�o�r� �n�j�,� �7� �1� 

�T�h�u�s� �o�n�e� �c�o�u�l�d� �u�s�e� �e�i�t�h�e�r� �D�r�u�g� �1� �o�r� �D�r�u�g� �2� �o�n� �S�t�a�g�e� �2�,� �w�h�i�c�h� 

�i�s� �t�h�e� �s�a�m�e� �c�o�n�c�l�u�s�i�o�n� �r�e�a�c�h�e�d� �f�r�o�m� �F�i�g�u�r�e� �1� �w�h�e�n� �e�x�t�e�n�s�i�v�e�-� 

�f�o�r�m� �a�n�a�l�y�s�i�s� �w�a�s� �u�s�e�d�.� 

�T�h�e� �s�a�m�e� �e�x�a�m�p�l�e� �w�a�s� �c�o�m�p�u�t�e�d� �w�i�t�h� �L�o�s�s� �F�u�n�c�t�i�o�n� �3� �a�s� 

�d�e�f�i�n�e�d� �b�y� �(�2�.�1�1�)� �i�n�s�t�e�a�d� �o�f� �L�o�s�s� �F�u�n�c�t�i�o�n� �1�.� �T�h�e� �r�e�s�u�l�t�s� 

�w�e�r�e� �t�h�e� �s�a�m�e� �a�s� �t�h�o�s�e� �w�h�i�c�h� �r�e�s�u�l�t�e�d� �f�r�o�m� �u�s�i�n�g� �L�o�s�s� �F�u�n�c�-� 

�t�i�o�n� �1�.� �T�h�u�s� �i�n� �t�h�i�s� �s�m�a�l�l� �e�x�a�m�p�l�e� �t�h�e� �r�e�s�u�l�t�s� �w�e�r�e� �e�x�a�c�t�l�y� 

�t�h�e� �s�a�m�e� �a�s� �t�h�e�y� �w�e�r�e� �w�h�e�n� �e�x�t�e�n�s�i�v�e�-�f�o�r�m� �a�n�a�l�y�s�i�s� �w�a�s� �u�s�e�d



�-�3�3�-� 

�f�o�r� �b�o�t�h� �L�o�s�s� �F�u�n�c�t�i�o�n�s� �1� �a�n�d� �3�.� 

�A�s� �o�n�e� �c�a�n� �s�e�e� �f�r�o�m� �t�h�e� �e�x�a�m�p�l�e�,� �t�h�e� �s�t�a�g�e�-�b�y�-�s�t�a�g�e� 

�p�r�o�c�e�d�u�r�e� �r�e�q�u�i�r�e�s� �m�u�c�h� �l�e�s�s� �c�o�m�p�u�t�a�t�i�o�n� �t�h�a�n� �e�x�t�e�n�s�i�v�e�-�f�o�r�m� 

�a�n�a�l�y�s�i�s� �d�o�e�s�.� �T�h�e� �c�o�m�p�u�t�a�t�i�o�n�s� �f�o�r� �a� �l�i�n�e�a�r� �l�o�s�s� �f�u�n�c�t�i�o�n� 

�a�r�e� �e�s�p�e�c�i�a�l�l�y� �e�a�s�y� �t�o� �p�e�r�f�o�r�m�.� �I�n� �f�a�c�t�,� �i�f� �o�n�e� �u�s�e�s� �a� �t�a�b�l�e� 

�o�f� �b�e�t�a� �f�u�n�c�t�i�o�n�s�,� �a�n�d� �h�a�s� �a� �s�m�a�l�l� �n�u�m�b�e�r� �o�f� �o�b�s�e�r�v�a�t�i�o�n�s� �i�n� 

�e�a�c�h� �s�t�a�g�e�,� �u�s�i�n�g� �a� �c�o�m�p�u�t�e�r� �i�s� �n�o�t� �n�e�c�e�s�s�a�r�y� �f�o�r� �t�h�e� 

�c�a�l�c�u�l�a�t�i�o�n�s�.� 

�3�.�3� �N�u�m�e�r�i�c�a�l� �R�e�s�u�l�t�s� 

�I�f� �t�h�e�r�e� �i�s� �a� �l�a�r�g�e� �n�u�m�b�e�r� �o�f� �o�b�s�e�r�v�a�t�i�o�n�s� �i�n� �a�n�y� �o�f� �t�h�e� 

�s�t�a�g�e�s� �f�o�r� �e�i�t�h�e�r� �t�y�p�e� �o�f� �l�o�s�s� �f�u�n�c�t�i�o�n� �(�l�i�n�e�a�r� �o�r� �c�o�n�s�t�a�n�t�)�,� 

�o�r� �i�f� �o�n�e� �h�a�s� �a� �c�o�n�s�t�a�n�t� �l�o�s�s� �f�u�n�c�t�i�o�n� �a�n�d� �B�y� �a�n�d� �é�.� �a�r�e� �v�e�r�y� 

�l�a�r�g�e�,� �o�n�e� �w�i�l�l� �w�a�n�t� �t�o� �u�s�e� �a� �c�o�m�p�u�t�e�r� �i�n� �t�h�e� �s�t�a�g�e�~�b�y�-�s�t�a�g�e� 

�p�r�o�c�e�d�u�r�e�.� �H�o�w�e�v�e�r�,� �i�t� �i�s� �n�o�t� �n�e�c�e�s�s�a�r�y� �t�o� �w�r�i�t�e� �n�e�w� �p�r�o�-� 

�g�r�a�m�s� �f�o�r� �t�h�i�s� �p�r�o�c�e�d�u�r�e� �S�i�n�c�e� �a�t� �t�h�e� �k�'�t�h� �s�t�a�g�e� �o�n�e� �c�a�n� �u�s�e� 

�t�h�e� �p�r�o�g�r�a�m�s� �f�o�r� �e�x�t�e�n�s�i�v�e�-�f�o�r�m� �a�n�a�l�y�s�i�s� �b�y� �l�e�t�t�i�n�g� �A�o�  �� �O�y� �y�s� 

�P�o� �~� �P�e�e�r�?� �T�o �� �Y�e�a�r�?� �S�o� �~� �O�n�z�e� �4� �M�e�e� �P�y� �P�e�e� �Y�e�e� 
�a�n�d� �O�y� �=� �O�y�,� �a�n�d� �a�s�s�u�m�i�n�g� �t�h�a�t� �o�n�e� �h�a�s� �o�n�l�y� �a� �o�n�e� �s�t�a�g�e� 

�p�r�o�c�e�d�u�r�e�.� �)� 

�T�h�e� �s�a�m�e� �e�x�a�m�p�l�e�s� �c�o�m�p�u�t�e�d� �f�o�r� �e�x�t�e�n�s�i�v�e�-�f�o�r�m� �a�n�a�l�y�s�i�s� 

�a�n�d� �t�w�o� �o�t�h�e�r� �e�x�a�m�p�l�e�s� �-�-� �E�x�a�m�p�l�e� �©� �w�i�t�h� �m� �=� �1� �a�n�d� �n�,� �=� �1�0� 

�a�n�d� �i�i�x�a�m�p�l�e� �7� �w�i�t�h� �m�~�*� �1� �a�n�d� �n�,� �=� �2�l�~�-� �w�e�r�e� �c�o�n�s�i�d�e�r�e�d� 

�u�s�i�n�g� �t�h�e� �s�t�a�g�y�2�-�b�y�~�-�s�t�a�g�e� �p�r�o�c�e�d�u�r�e�.� �F�o�r� �u�x�a�m�p�l�e� �4� �d�e�c�i�s�i�o�n� 

�t�r�e�e�s� �f�o�r� �L�o�s�s� �F�u�n�c�t�i�o�n�s� �i� �a�n�d� �3� �w�e�r�e� �c�o�n�s�t�r�u�c�t�e�d� �u�s�i�n�g� �t�h�e
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�s�t�a�g�e�-�b�y�-�s�t�a�g�e� �p�r�o�c�e�d�u�r�e� �a�n�d� �c�o�m�p�a�r�e�c� �w�i�t�h� �t�h�e� �d�e�c�i�s�i�o�n� 

�t�r�e�e�s� �r�e�s�u�l�t�i�n�g� �f�r�o�m� �e�x�t�e�n�s�i�v�e�~�f�o�r�m� �a�n�a�l�y�s�i�s�.� �T�h�e� �o�n�l�y� �d�i�f�-� 

�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �r�e�s�u�l�t�s� �f�o�r� �t�h�e� �t�w�o� �t�y�p�e�s� �o�f� �p�r�o�c�e�d�u�r�e�s� 

�w�a�s� �t�h�a�t� �t�h�e� �s�t�a�g�e�-�b�y�-�s�t�a�g�e� �p�r�o�c�e�d�u�r�e� �i�n� �s�o�m�e� �c�a�s�e�s� �s�t�a�t�e�d� 

�t�h�a�t� �u�s�i�n�g� �o�n�e� �d�r�u�g� �w�a�s� �b�e�t�t�e�r� �t�h�a�n� �u�s�i�n�g� �t�h�e� �o�t�h�e�r� �d�r�u�g� 

�w�h�i�l�e� �t�h�e� �e�x�t�e�n�s�i�v�e�-�f�o�r�m� �a�n�a�l�y�s�i�s� �s�t�a�t�e�d� �t�h�a�t� �u�s�i�n�g� �o�n�e� �o�f� 

�t�h�e� �d�r�u�g�s� �w�a�s� �e�q�u�i�v�a�l�e�n�t� �t�o� �u�s�i�n�g� �t�h�e� �o�t�h�e�r�.� �T�h�i�s� �o�c�c�u�r�r�e�d� 

�t�w�i�c�e� �i�n� �t�h�e� �t�h�i�r�d� �s�t�a�g�e� �w�h�e�n� �t�h�e� �c�o�n�s�t�a�n�t� �l�o�s�s� �f�u�n�c�t�i�o�n� �w�a�s� 

�u�s�e�d� �a�n�d� �e�i�g�h�t� �t�i�m�e�s� �i�n� �b�o�t�h� �t�h�e� �t�h�i�r�d� �a�n�d� �f�o�u�r�t�h� �s�t�a�g�e�s� 

�w�h�e�n� �t�h�e� �l�i�n�e�a�r� �l�o�s�s� �f�u�n�c�t�i�o�n� �w�a�s� �u�s�e�d�.� �I�t� �w�a�s� �a�l�s�o� �n�o�t�e�d� 

�t�h�a�t� �t�h�e� �s�t�a�g�e�-�b�y�-�s�t�a�g�e� �d�e�c�i�s�i�o�n� �t�r�e�e�s� �g�a�v�e� �t�h�e� �s�a�m�e� �d�e�c�i�-� 

�s�i�o�n�s� �a�t� �e�a�c�h� �s�t�a�g�e� �f�o�r� �t�h�e� �t�w�o� �l�o�s�s� �f�u�n�c�t�i�o�n�s� �e�x�c�e�p�t� �f�o�r� 

�t�h�e� �t�e�r�m�i�n�a�l� �d�e�c�i�s�i�o�n�s�.� 

�T�h�e� �o�t�h�e�r� �r�e�s�u�l�t�s� �a�r�e� �s�u�m�m�a�r�i�z�e�d� �i�n� �T�a�b�l�e� �2�.� 

�T�h�e�s�e� �e�x�a�m�p�l�e�s� �i�n�d�i�c�a�t�e� �t�h�a�t� �f�o�r� �t�h�e� �s�y�m�m�e�t�r�i�c� �l�o�s�s� 

�i�.� �f�u�n�c�t�i�o�n�s� �a�n�d� �f�o�r� �a�)� �~� �B�y� �*� �Y�o� !"� �6�5� �=� �0�,� �n�y�,� �=� �g�(�n�,�-�1�)� �a�n�d� 

�N�y�y� �2�(�n�,�7�1�)� �a�r�e� �b�e�s�t� �i�f� �n�,� �i�s� �o�d�d� �a�n�d� �n�,�,� �*� �e�n�,� �-�~� �1� �a�n�d� 

�M�y� �*� �a�n�y� �+� �1� �(�b�u�t� �n�o�t� �M�y� �=� �a�n�y�)� �a�r�e� �b�e�s�t� �i�f� �n�,� �i�s� �e�v�e�n�.� 

�A�l�s�o�,� �t�h�e� �e�x�a�m�p�l�e�s� �i�n�d�i�c�a�t�e� �g�o�o�d� �a�g�r�e�e�m�e�n�t� �b�e�t�w�e�e�n� �t�h�e� �s�t�a�g�e�-� 

�b�y�-�s�t�a�g�e� �p�r�o�c�e�d�u�r�e� �d�e�c�i�s�i�o�n�s� �a�n�d� �t�h�e� �e�x�t�e�n�s�i�v�e�-�f�o�r�m� �a�n�a�l�y�s�i�s� 
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�a�n�d� 

�<� �n� �<� �i�f� �R� �<�1�.� 

�L�e�t� �u�s� �n�o�w� �c�o�n�s�i�d�e�r� �t�h�e� �e�x�a�m�p�l�e� �i�n� �T�a�b�l�e� �2� �w�h�i�c�h� �h�a�s� �n�,� �*� �A� 

�a�n�d� �N�y� �=� �2�.� �I�n� �t�h�e� �f�i�r�s�t� �s�t�a�g�e� �n�y� �>� �2� �a�n�d� �N�o�,� �~� �2� �s�o� �t�h�a�t� 

�f�o�r� �t�h�e� �s�e�c�o�n�d� �s�t�a�g�e� �A�y� �=� �5�,� �A�,� �=� �5�,� �t�h�e� �l�a�r�g�e�s�t� �p�o�s�s�i�b�l�e� 

�v�a�l�u�e� �o�f� �R�,� �i�s� �v� �4�/�3� �,� �a�n�d� �t�h�e� �s�m�a�l�l�e�s�t� �p�o�s�s�i�b�l�e� �v�a�l�u�e� �o�f� 

�R�,� �i�s� �v�3�/�h� �.� �I�n� �e�i�t�h�e�r� �c�a�s�e� �f�r�o�m� �(�7�.�1�)� �w�e� �s�e�e� �t�h�a�t� �w�e� 
�L� 

�s�h�a�l�l� �h�a�v�e� �e�q�u�a�l� �d�i�v�i�s�i�o�n� �f�o�r� �N�y� �=�2�4� �i�.�e�.�,� �f�o�r� �a�n�y� �p�o�s�s�i�b�l�e



�~�7�6�~� 

�R�y�»� �N�o�,� �~� �1� �a�n�d� �N�o�o� �©� �l�s�.� �I�n� �a�d�d�i�t�i�o�n�,� �f�o�r� �n�N�.� �e�v�e�n� �w�e� �s�h�a�l�l� 

�n�o�t� �b�e� �a�b�l�e� �t�o� �a�v�o�i�d� �e�q�u�a�l� �d�i�v�i�s�i�o�n� �u�n�l�e�s�s� �n�y� �>� �h�e� 

�S�i�n�c�e� �t�h�e� �d�i�f�f�e�r�e�n�c�e�s� �b�e�t�w�e�e�n� �t�h�e� �p�r�o�b�a�b�i�l�i�t�i�e�s� �i�n� 

�T�a�b�l�e�s� �4� �a�n�d� �5� �f�o�r� �t�h�e� �a�p�p�r�o�x�i�m�a�t�e� �p�r�o�c�e�d�u�r�e� �w�e�r�e� �s�o� �s�m�a�l�l� 

�f�o�r� �t�h�e� �r�e�l�a�t�i�v�e�l�y� �s�m�a�l�l� �e�x�a�m�p�l�e�s� �s�t�u�d�i�e�d� �a�n�d� �s�i�n�c�e� �t�h�e� �t�i�m�e� 

�n�e�c�e�s�s�a�r�y� �f�o�r� �c�o�m�p�u�t�i�n�g� �m�u�c�h� �l�a�r�g�e�r� �e�x�a�m�p�l�e�s� �w�o�u�l�d� �b�e� �p�r�o�-� 

�h�i�b�i�t�i�v�e�l�y� �l�o�n�g�,� �a� �p�r�o�g�r�a�m� �f�o�r� �a� �s�i�m�u�l�a�t�i�o�n� �s�t�u�d�y� �o�f� �t�h�e� 

�a�p�p�r�o�x�i�m�a�t�e� �p�r�o�c�e�d�u�r�e� �w�a�s� �w�r�i�t�t�e�n�.� �A�n� �e�x�a�m�p�l�e� �w�h�i�c�h� �h�a�d� 

�t�h�i�r�t�e�e�n� �s�t�a�g�e�s� �w�i�t�h� �t�w�o� �o�b�s�e�r�v�a�t�i�o�n�s� �i�n� �e�a�c�h� �s�t�a�g�e�,� �0�1� �=� �4�9�5�,� 

�8�5� �*� �«�8�0�,� �a�n�d� �G�y� �=� �B�o� �~� �Y�o� �=� �8�9� �=� �G�O� �i�n� �t�h�e� �p�r�i�o�r� �d�i�s�t�r�i�b�u�-� 

�t�i�o�n� �o�f� �8�,� �a�n�d� �8�,� �w�a�s� �r�u�n� �w�i�t�h� �t�h�i�s� �p�r�o�g�r�a�m�.� �F�r�o�m� �T�a�b�l�e� �4� 

�o�n�e� �c�a�n� �s�e�e� �t�h�a�t�,� �i�f� �t�h�e�r�e� �i�s� �e�q�u�a�l� �d�i�v�i�s�i�o�n� �o�f� �t�h�e� �2�6� 

�o�b�s�e�r�v�a�t�i�o�n�s� �b�e�f�o�r�e� �t�h�e� �e�x�p�e�r�i�m�e�n�t�,� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� 

�c�h�o�o�s�i�n�g� �b� �=� �1� �i�s� �.�8�7�8�4�6�6�.� �W�h�e�n� �t�h�e� �e�x�a�m�p�l�e� �w�a�s� �r�u�n�,� �t�h�e� 

�p�r�o�p�o�r�t�i�o�n� �o�f� �t�i�m�e�s� �b� �=� �1� �w�a�s� �c�h�o�s�e�n� �o�u�t� �o�f� �1�3�6�5� �r�e�p�e�t�i�-� 

�t�i�o�n�s� �w�a�s� �.�8�7�7�,� �w�h�i�c�h� �i�s� �e�v�e�n� �l�e�s�s� �t�h�a�n� �.�8�7�8�4�6�6�.� �C�e�r�t�a�i�n�l�y� 

�o�n�e� �c�o�u�l�d� �n�o�t� �c�o�n�c�l�u�d�e� �t�h�a�t� �t�h�e� �a�p�p�r�o�x�i�m�a�t�e� �p�r�o�c�e�d�u�r�e� �g�a�v�e� 

�a� �h�i�g�h�e�r� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �c�h�o�o�s�i�n�g� �b� �=� �1� �t�h�a�n� �e�q�u�a�l� �d�i�v�i�s�i�o�n� 

�d�i�d� �f�o�r� �t�h�i�s� �e�x�a�m�p�l�e�.� 

�I�t� �i�s� �i�n�t�e�r�e�s�t�i�n�g� �t�o� �c�o�m�p�a�r�e� �e�q�u�a�l� �d�i�v�i�s�i�o�n� �a�n�d� �t�h�e� 

�a�p�p�r�o�x�i�m�a�t�e� �p�r�o�c�e�d�u�r�e� �f�o�r� �v�e�r�y� �l�a�r�g�e� �e�x�a�m�p�l�e�s�.� �I�f� �t�h�e� �t�o�t�a�l� 

�T�H� 
�n�u�m�b�e�r� �o�f� �o�b�s�e�r�v�a�t�i�o�n�s� �N� �=� �a� �n�,� �i�s� �l�a�r�g�e� �(�e�.�g�,� �N� �>� �1�0�0�)� �a�n�d� 

�i�=� 

�m� �m� 
�=� �=� �s�m�n� �o�e� �=�  �� �=� �>� �a� �B� �v� �6� �0�;� �N�o� �o�y� �n�y� �a�n�d� �N�,� �1� �n�o�;



�~�7�7� �=� 

�w�i�l�l� �i�n� �t�h�e� �a�p�p�r�o�x�i�m�a�t�e� �p�r�o�c�e�d�u�r�e� �b�e� �q�u�i�t�e� �c�l�o�s�e� �t�o� �s�a�t�i�s�f�y�-� 

�i�n�g� �t�h�e� �f�o�l�l�o�w�i�n�g� �r�e�l�a�t�i�o�n�s�h�i�p�:� 

�N�,�/�N�,� �=� �J�4�/� �9�5� �;� 

�w�h�e�r�e� �o�F� �=� �@�,� �(�1�-�9� �a�n�d� �o�f� �=� �0�,�(�1�-�8�,�)�.� �T�h�u�s� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �1�?� �2� 

�o�f� �c�h�o�o�s�i�n�g� �b� �=� �1� �f�o�r� �t�h�e� �a�p�p�r�o�x�i�m�a�t�e� �p�r�o�c�e�d�u�r�e� �w�i�l�l� �b�e� 

�c�l�o�s�e� �t�o� 

� � 

�w�h�e�r�e� �Z�z� �i�s� �t�h�e� �N�(�0�,�1�)� �v�a�r�i�a�b�l�e�.� �E�q�u�a�l� �d�i�v�i�s�i�o�n� �o�f� �t�h�e� �o�b�-� 

�s�e�r�v�a�t�i�o�n�s� �i�s� �c�o�v�e�r�e�d� �b�y� �t�h�e� �s�p�e�c�i�a�l� �c�a�s�e� �N�,� �=� �N�,� �*� �a�N�.� 

�T�a�b�l�e� �6� �g�i�v�e�s� �t�h�e� �e�s�t�i�m�a�t�e�d� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �c�h�o�o�s�i�n�g� �b� �=� �1� 

�T�a�b�l�e� �6� 

�A�p�p�r�o�x�i�m�a�t�e� �P�r�o�b�a�b�i�l�i�t�y� �o�f� �C�h�o�o�s�i�n�g� �b�=� �l� 

�N�s� �*�B�r�e�e�a�d�u�r�e�  ��=�»�-�d�D�i�v�i�t�s�i�o�n� 
�1�0�0� �£�9�5� �£�9�0� �+�8�3�2�8� �.�8�2�9�8� 
�1�0�0� �«�8�0� �£�7�5� �6�7�2�5�7� �£�7�2�5�7� 
�2�0�0� �£�9�5� �O�l� �8�6�9�1� �8�6�6�9� 
�2�0�0� �»�8�0� �«�7�6� �0�7�5�3�0� �0�7�5�2�8



�A�s� �o� 

�-�7�8�-� 

�n�2� �c�a�n� �s�e�e� �f�r�o�m� �T�a�b�l�e� �6�,� �t�h�e�r�e� �i�s� �a� �L�i�t�t�l�e� �i�m�-� 

�p�r�o�v�e�m�e�n�t� �i�n� �u�s�i�n�g� �t�h�e� �a�p�p�r�o�x�i�m�a�t�e� �p�r�o�c�e�d�u�r�e� �o�v�e�r� �e�q�u�a�l� �d�i�v�i�-� 

�S�i�o�n� �f�o�r� �o�y� �a�n�c�.� �8�5� �c�l�o�s�e� �t�o� �1� �f�o�r� �U�)�,� �b�u�t� �t�h�e�r�s� �i�s� �p�r�a�c�t�i�-� 

�e�a�l�l�y� �n�o� �d�i�f�f�e�r�e�n�c�e� �w�h�e�n� �O�y� �a�n�d� �9�.� �a�r�e� �c�l�o�s�e� �t�O� �5�.



�D�G� �=� 

�V�I�I�I�.� �S�T�O�P�P�I�N�G� �R�U�L�E�S� �F�O�R� �T�H�E� 

�S�T�A�G�E�~�B�Y�-�S�T�A�G�E� �A�N�D� �A�P�P�R�O�X�I�M�A�T�E� �P�R�O�C�E�D�U�R�E�S� 

�8�.�1� �S�t�o�p�p�i�n�g� �R�u�l�e�s� �f�o�r� �t�h�e� �S�t�a�g�e�-�b�y�-�S�t�a�g�e� �P�r�o�c�e�d�u�r�e� 

�s�u�p�p�o�s�e� �w�e� �h�a�v�e� �a� �s�t�a�g�e�-�b�y�-�s�t�a�g�e� �p�r�o�c�e�d�u�r�e� �i�n� �w�h�i�c�h� �i�t� 

�i�s� �s�p�e�c�i�f�i�e�d� �t�h�e�r�e� �w�i�l�l� �b�e� �a� �m�a�x�i�m�u�m� �o�f� �m� �s�t�a�g�e�s� �b�u�t� �t�h�e� 

�a�c�t�u�a�l� �n�u�m�b�e�r� �o�f� �s�t�a�g�e�s� �i�s� �n�o�t� �f�i�x�e�d�.� �T�h�u�s� �w�e� �m�i�g�h�t� �w�a�n�t� �t�o� 

�s�t�o�p� �b�e�f�o�r�e� �t�a�k�i�n�g� �a�l�l� �m� �s�t�a�g�e�s�.� �S�u�p�p�o�s�e� �w�e� �h�a�v�e� �r�u�n� �k� �-� �1� 

�S�t�a�g�e�s� �a�n�d� �w�a�n�t� �t�o� �d�e�c�i�d�e� �w�h�e�t�h�e�r� �o�r� �n�o�t� �t�o� �t�a�k�e� �t�h�e� �k�'�t�h� 

�s�t�a�g�e� �(�k� �=� �1�,�2�,�.�.�.�,�m�)�.� �I�n� �o�r�d�e�r� �t�o� �d�e�f�i�n�e� �o�u�r� �s�t�o�p�p�i�n�g� �r�u�l�e� 

�k�t� 

�w�e� �s�h�a�l�l� �l�e�t� �N�y�,� �=� �i�e� �n�y� �(�k�?� �=� �k�,�k�t�l�,�.�.�.�,�m�)�,� �N�i�e� �b�e� 

�t�h�e� �n�u�m�b�e�r� �o�f� �o�b�s�e�r�v�a�t�i�o�n�s� �o�u�t� �o�f� �N�,�,� �a�l�l�o�c�a�t�e�d� �t�o� �P�o�p�u�l�a�-� 

�t�i�o�n� �1�,� �N�o�v�y�,� �(�w�h�e�r�e� �N�o�v�i�s� �=� �M�a�n�e� �-� �N�a�g�s�)� �b�e� �t�h�e� �n�u�m�b�e�r� �o�f� 

�o�b�s�e�r�v�a�t�i�o�n�s� �o�u�t� �o�f� �N�,�,�,� �a�l�l�o�c�a�t�e�d� �t�o� �P�o�p�u�l�a�t�i�o�n� �2�,� �R�y�)� �1�.�5� 

�a�n�d� �R�o�e� �b�e� �t�h�e� �n�u�m�b�e�r�s� �o�f� �s�u�c�c�e�s�s�e�s� �o�u�t� �o�f� �N�o�e� �a�n�d� �N�o�v�e� 

�r�e�s�p�e�c�t�i�v�e�l�y�,� �M�e�e� �~� �O�y� �o�y� �+� �R�a�n�t�  �� �B�i�e� �=� �B�o�d� �+� �N�o�v�i�c�e� �-� �R�a�g�e� 

�N� �~� �&� �5� �=� �§�  ��O�k�k�?� �3� �Y�e�e� �V�e�e� �*� �B�o�y�e� �2� �O�n�e� �~� �O�y� �*� �N�o�n�e� 

�X�e� �~� �(�R�i�p�p�e�r� �R�o�y�e�r�)�»� �C�y� �b�e� �t�h�e� �c�o�s�t� �o�f� �t�h�e� �i�t�t�h� �s�t�a�g�e�,� �a�n�d� 

�a�,�,�1� �b�e� �t�h�e� �d�e�c�i�s�i�o�n� �o�f� �w�h�a�t� �N�j�,�,�,�_� �t�o� �t�a�k�e� �(�N�i�p�y�e� �~� �L�i�t�a�e�e�e�s� 

�N�e�)�:� �(�N�o�t�e� �t�h�a�t�,� �i�f� �k�*� �=� �k�y� �M�u�g�s� �N�i�p�p�e�r� �N�o�p�p�e�e� �R�a�n�g�e�s� 

�R�o�x�k�e�?� �%�y�r�e� �A�N�d� �A�p�p�s� �r�e�d�u�c�e� �G�O� �M�y�,� �M�y�y�s� �N�a�x�e� �T�i�e�»� �T�a�q�s� �a�n�d
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�a�y�s� �r�e�s�p�e�c�t�i�v�e�l�y�.�)� �A�l�s�o�,� �s�i�n�c�e� �i�n� �t�h�i�s� �c�h�a�p�t�e�r� �w�e� �s�h�a�l�l� �b�e� 

�u�s�i�n�g� �o�n�l�y� �t�h�e� �g�e�n�e�r�a�l� �c�o�n�s�t�a�n�t� �(�2�.�1�)� �o�r� �l�i�n�e�a�r� �(�2�.�7�)� �l�o�s�s� 

�f�u�n�c�t�i�o�n�s� �a�n�d� �t�h�e�s�e� �d�e�p�e�n�d� �d�i�r�e�c�t�l�y� �o�n�l�y� �o�n� �b� �a�n�d� �0�,� �w�e� 

�s�h�a�l�l� �d�e�n�o�t�e� �t�h�e� �l�o�s�s� �f�u�n�c�t�i�o�n� �b�y� �L�(�9�,�b�)�.� 

�U�s�i�n�g� �A�m�s�t�e�r�'�s� �(�1�9�6�2�)� �m�o�d�i�f�i�e�d� �B�a�y�e�s� �s�t�o�p�p�i�n�g� �r�u�l�e� 

�(�i�t�s�e�l�f� �m�o�d�i�f�i�e�d� �a�n�d� �a�d�a�p�t�e�d� �t�o� �t�h�e� �p�r�o�b�l�e�m� �i�n� �t�h�i�s� �t�h�e�s�i�s�)�,� 
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�m�i�n� �5� �m�i�n� �E� �L�(�@�,�b�)� �|�,� 
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�(�4�)� 

�(�6�)� 

�w�e� �C�e� 

�t�h�a�n� �o�r� �e�q�u�a�l� �t�o� �z�e�r�o�,� �d�o� �n�o�t� �t�a�k�e� �t�h�e� �k�t�t�h� �s�t�a�g�e� 

�b�u�t� �m�a�k�e� �t�h�e� �t�e�r�m�i�n�a�l� �d�e�c�i�s�i�o�n�.� �O�t�h�e�r�w�i�s�e� �t�a�k�e� 

�t�h�e� �k�*�t�h� �s�t�a�g�e�.� 

�I�f� �n�°� �<�N�_� �a�n�d� �i�f� �N� �<�n�?� �<� �N�y�,� �k�m� �k�k�§� �g�k�X�t�l�?� 

�w�h�e�r�e� �k� �<�k�!� �<�m�-� �1�,� �d�o� �n�o�t� �t�a�k�e� �t�h�e� �k�'�t�h� �s�t�a�g�e� �Q� 

�i�f� 
� � �i�.� �I� 

�k�-�1� �k�=�1� 
�m�i�n� �|�C�N� �1�,� �-� �K� �z� �n�,�+�6� �m�e� �n�,� �t�O�7�N�,� 

�k�?� �k�-�l� �a�=�.� �3� �i�=�l� 

�[�k�o� �+� �k�y�P�y� �y�y� �*� �K�o�P�o� �y� �y�l� 
�W�*� �t�C� �I� 

�k�T� �k�-�1� �;� 
�=� �n�,�t�e�é� �%� �n�,� �t�o�r�n� 

�k�e�l�]� �y�=�;� �7�H� �i�=�1� �1� 

� � 

� � 

�K� �k�k�t� 

�w�h�e�r�e� �i�n� �t�h�i�s� �c�a�s�e� �k�*� �i�s� �e�i�t�h�e�r� �k�h� �o�r� �k�t� �+� �i�.� 

�I�f� �n�°� �<�N�,� �a�n�d� �i�f� �n�°� �=� �k�m� �»� �w�h�e�r�e� �k� �<� �k� �k�k�}� 

�t�a�k�e� �t�h�e� �k�'�t�h� �s�t�a�g�e�.� 

�i�f� �n�°� �<� �n�m�,� �d�o� �n�o�t� �t�a�k�e� �t�h�e� �k�*�'�t�h� �s�t�a�g�e� �i�f� 
� � 

� � 

� � 

� � 

� � 

�e�I� �-� �e�I� 
�C�n�,� �-� �K�y� �4� �2�a� �n�,� �+�6� �2� �n�,�t�6�t�n�,� 

�+� �L�a�e� �H�e�o� �H�e�y� �P�y� �e�a� �*� �K�e�P�2� �e�e�t�!� 
�f�a�a� �I� 

�k�-�1� �k�-�1� 
�i�=�i� �+� �1�=�1



�8�.�3� �R�e�s�u�l�t�s� �o�f� �S�i�m�u�l�a�t�i�o�n� �S�t�u�d�i�e�s� 
�a�e� �T�T�A� 

� � 

�A� �p�r�o�g�r�a�m� �f�o�r� �s�t�u�d�y�i�n�g� �b�y� �s�i�m�u�l�a�t�i�o�n� �t�h�e� �a�p�p�r�o�x�i�m�a�t�e� 

�p�r�o�c�e�d�u�r�e� �w�i�t�h� �t�h�e� �s�t�o�p�p�i�n�g� �r�u�l�e� �g�i�v�e�n� �b�y� �(�8�.�6�)� �h�a�s� �b�e�e�n� 

�w�r�i�t�t�e�n�.� �I�n� �t�h�i�s� �p�r�o�g�r�a�m� �i�t� �i�s� �a�s�s�u�m�e�d� �t�h�a�t� �t�h�e� �c�o�s�t� �p�e�r� 

�o�b�s�e�r�v�a�t�i�o�n� �C� �i�s� �t�h�e� �s�a�m�e� �f�o�r� �e�v�e�r�y� �s�t�a�g�e� �s�o� �t�h�a�t� 

�k�?� 
�a�k� �C�.� �=� �C�N� �e�s� �T�h�e� �p�r�o�g�r�a�m� �g�e�n�e�r�a�t�e�s� �r�e�c�t�a�n�g�u�l�a�r� �r�a�n�d�o�m� 

�v�a�r�i�a�b�l�e�s� �b�e�t�w�e�e�n� �O� �a�n�d� �1�.� �T�h�e�n� �a�t� �t�h�e� �k�*�t�t�h� �s�t�a�g�e�,� �f�o�r� �a� 

�g�i�v�e�n� �N�i�y�e� �T�h�y� �r�a�n�d�o�m� �n�u�m�b�e�r�s� �a�r�e� �g�e�n�e�r�a�t�e�d�}� �a�n�d� �t�h�e� �n�u�m�b�e�r� 

�o�f� �t�h�e�s�e� �r�a�n�d�o�m� �n�u�m�b�e�r�s� �l�e�s�s� �t�h�a�n� �a� �g�i�v�e�n� �e�o�,� �i�s� �T�i�e� �D�i�m�i�-� 

�l�a�r�l�y�,� �t�h�e� �n�u�m�b�e�r� �o�f� �N�o�y� �r�a�n�d�o�m� �n�u�m�b�e�r�s� �w�h�i�c�h� �a�r�e� �l�e�s�s� �t�h�a�n� 

�a� �g�i�v�e�n� �9�,� �i�s� �r�z�,�-� �A�l�s�o�,� �t�i�e�s� �b�e�t�w�e�e�n� �t�w�o� �e�q�u�i�v�a�l�e�n�t� �v�a�l�u�e�s� 

�o�f� �N�y�,� �o�F� �b�e�t�w�e�e�n� �t�h�e� �t�e�r�m�i�n�a�l� �d�e�c�i�s�i�o�n�s� �b� �=� �1� �a�n�d� �b� �=� �2� �a�r�e� 

�b�r�o�k�e�n� �b�y� �g�e�n�e�r�a�t�i�n�g� �a� �r�a�n�d�o�m� �n�u�m�b�e�r�,� �t�a�k�i�n�g� �o�n�e� �d�e�c�i�s�i�o�n� �i�f� 

�i�t� �i�s� �g�r�e�a�t�e�r� �t�h�a�n� �.�5�,� �a�n�d� �t�a�k�i�n�g� �t�h�e� �o�t�h�e�r� �i�f� �i�t� �i�s� �l�e�s�s� 

�t�h�a�n� �.�5�.� 

�T�h�e� �p�r�o�c�e�s�s� �o�f� �g�o�i�n�g� �t�h�r�o�u�g�h� �t�h�e� �s�t�a�g�e�s� �a�n�d� �s�i�m�u�l�a�t�i�n�g� 

�t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �o�u�t�c�o�m�e�s� �o�f� �t�h�e�s�e� �s�t�a�g�e�s� �u�n�t�i�l� �a� �t�e�r�m�i�n�a�l� 

�d�e�c�i�s�i�o�n� �i�s� �m�a�d�e� �i�s� �r�e�p�e�u�t�e�d� �a� �g�i�v�e�n� �n�u�m�b�e�r� �o�f� �t�i�m�e�s�.� �H�o�w�-� 

�e�v�e�r�,� �i�n�s�t�e�a�d� �o�f� �g�o�i�n�g� �t�h�r�o�u�g�h� �a�l�l� �m� �p�o�s�s�i�b�l�e� �s�t�a�g�e�s� �b�e�f�o�r�e� 

�a�r�r�i�v�i�n�g� �a�t� �a� �t�e�r�m�i�n�a�l� �d�e�c�i�s�i�o�n� �i�n� �a� �g�i�v�e�n� �r�e�p�e�t�i�t�i�o�n�,� �t�h�e� 

�p�r�o�g�r�a�m� �h�a�s� �t�h�e� �p�r�o�c�e�d�u�r�e� �s�t�o�p� �a�t� �t�h�e� �k�*�t�h� �s�t�a�g�e� �a�n�d� �m�a�k�e� 

�t�h�e� �t�e�r�m�i�n�a�l� �d�e�c�i�s�i�o�n� �i�f� �(�8�.�6�)� �h�o�l�d�s�.� �A�f�t�e�r� �a�l�l� �t�h�e� �r�e�p�e�t�i�-� 

�t�i�o�n�s� �o�f� �t�h�e� �o�r�o�c�e�d�u�r�e� �h�a�v�e� �b�e�e�n� �m�a�d�e�,� �t�h�e� �p�r�o�g�r�a�m� �h�a�s� �t�h�e



�c�o�m�p�u�t�e�r� �p�u�n�c�h� �o�u�t� �t�h�e� �n�u�m�b�e�r� �o�f� �r�e�p�e�t�i�t�i�o�n�s� �w�h�i�c�h� �g�a�v�e� �b� �=� �1� 

�a�s� �t�h�e� �t�e�r�m�i�n�a�l� �d�e�c�i�s�i�o�n� �a�n�d� �f�o�r� �e�a�c�h� �s�t�a�g�e� �(�i�n�c�l�u�d�i�n�g� �t�h�e� 

�"�O�'�t�h� �s�t�a�g�e�,� �w�h�i�c�h� �m�e�a�n�s� �t�h�a�t� �t�h�e� �t�e�r�m�i�n�a�l� �d�e�c�i�s�i�o�n� �w�a�s� �m�a�d�e� 

�w�i�t�h�o�u�t� �a�n�y� �e�x�p�e�r�i�m�e�n�t�a�t�i�o�n� �a�t� �a�l�l�)� �t�h�e� �n�u�m�b�e�r� �o�f� �r�e�p�e�t�i�t�i�o�n�s� 

�i�n� �w�h�i�c�h� �t�h�e� �t�e�r�m�i�n�a�l� �d�e�c�i�s�i�o�n� �w�a�s� �m�a�d�e� �i�m�m�e�d�i�a�t�e�l�y� �a�f�t�e�r� �t�h�e� 

�s�t�a�g�e� �w�a�s� �p�e�r�f�o�r�m�e�d�.� �T�h�e� �l�i�n�e�a�r� �l�o�s�s� �i�n�t�e�g�r�a�l� �L�i�p�a� �(�H�e�)� �»� �w�h�i�c�h� 

�i�s� �n�e�e�d�e�d� �i�n� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n�s� �i�s� �c�o�m�p�u�t�e�d� �b�y� �i�n�t�e�r�p�o�l�a�t�i�o�n� �i�n� 

�T�a�b�l�e� �I�I� �o�n� �p�a�g�e� �3�5�6� �o�f� �R�a�i�f�f�a� �a�n�d� �S�c�h�l�a�i�f�e�r�t�s� �b�o�o�k� �(�1�9�6�1�)�.� 

�T�a�b�l�e� �I�I� �i�s� �r�e�a�d� �i�n�t�o� �t�h�e� �c�o�m�p�u�t�e�r� �a�s� �d�a�t�a� �b�e�f�o�r�e� �t�h�e� �c�o�m�p�u�-� 

�t�a�t�i�o�n�s� �b�e�g�i�n�.� �S�i�n�c�e� �T�a�b�l�e� �I�I� �g�i�v�e�s� �v�a�l�u�e�s� �o�f� �L�o�n�g�a� �(�1�)� �f�o�r� 

�O�S�H�S� �4�.�0� �o�n�l�y� �a�n�d� �L�y�,�.�(�u�)� �b�e�c�o�m�e�s� �q�u�i�t�e� �s�m�a�l�l� �f�o�r� 

�>� �&�e�O�,� �L�(�t�)� �i�g� �a�s�s�u�m�e�d� �t�o� �b�e� �z�e�r�o� �f�o�r� �b�>� �4�.�0�.� 

�T�a�b�l�e�s� �7� �a�n�d� �8� �g�i�v�e� �t�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�e� �a�p�p�l�i�c�a�t�i�o�n� �o�f� 

�t�h�e� �c�o�m�p�u�t�e�r� �p�r�o�g�r�a�m� �t�o� �t�w�o� �e�x�a�m�p�l�e�s�.� �T�h�e�s�e� �t�a�b�l�e�s� �s�h�o�w� 

�t�h�a�t� �t�h�e� �a�v�e�r�a�g�e� �n�u�m�b�e�r� �o�f� �o�b�s�e�r�v�a�t�i�o�n�s� �d�e�c�r�e�a�s�e�s� �a�s� �|�0�,�-�9�,�|� 

�i�n�c�r�e�a�s�e�s� �f�o�r� �a� �g�i�v�e�n� �e�x�a�m�p�l�e�.� �A�l�s�o�,� �a�s� �o�n�e� �w�o�u�l�d� �e�x�p�e�c�t�,� 

�t�h�e� �a�v�e�r�a�g�e� �n�u�m�b�e�r� �o�f� �o�b�s�e�r�v�a�t�i�o�n�s� �d�e�c�r�e�a�s�e�s� �f�o�r� �a� �g�i�v�e�n� 

�9� �8�,� �c�o�m�b�i�n�a�t�i�o�n� �a�s� �t�h�e� �c�o�s�t� �p�e�r� �o�b�s�e�r�v�a�t�i�o�n� �C� �i�n�c�r�e�a�s�e�s�.� �?� 

�T�h�e� �a�s�s�u�m�p�t�i�o�n� �t�h�a�t� �L�a�v�e� �(�M�4�)� �=�O� �f�o�r� �u�t� �>� �4�.�0� �d�o�e�s� �n�o�t� �a�f�f�e�c�t� 

�t�h�e� �r�e�s�u�l�t�s� �f�o�r� �t�h�e�s�e� �e�x�a�m�p�l�e�s� �u�n�l�e�s�s� �t�h�e� �c�o�s�t� �p�e�r� �o�b�s�e�r�v�a�-� 

�t�i�o�n� �i�s� �z�e�r�o� �o�r� �v�e�r�y� �s�m�a�l�l�.� �I�n� �e�a�c�h� �c�a�s�e� �t�h�a�t� �t�h�e� �c�o�s�t� �i�s� 

�z�e�r�o� �t�h�e� �n�u�m�b�e�r� �o�f� �r�e�p�e�t�i�t�i�o�n�s� �w�h�i�c�h� �s�t�o�p� �b�e�f�o�r�e� �t�h�e� �l�a�s�t� 

�s�t�a�g�e� �c�a�n� �b�e� �e�x�p�l�a�i�n�e�d� �b�y� �t�h�e� �f�a�l�s�e� �a�s�s�u�m�p�t�i�o�n� �t�h�a�t� �L�i�p�a� �(�H�)� �=�O� 

�f�o�r� �u�w� �~� �&�e�O�.
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�I�X�.� �G�E�N�G�R�A�L� �D�I�S�C�U�S�S�I�O�N� �O�F� �T�H�E� �R�E�S�U�L�T�S� 

�A�N�D� �R�E�C�O�M�M�E�N�D�A�T�I�O�N�S� 

�I�n� �t�h�e� �n�u�m�e�r�i�c�a�l� �s�t�u�d�i�e�s� �d�o�n�e� �i�n� �t�h�i�s� �t�h�e�s�i�s� �a�l�m�o�s�t� �a�i�l� 

�o�f� �t�h�e� �e�x�a�m�p�l�e�s� �h�a�v�e� �a�s�s�u�m�e�d� �a� �p�r�i�o�r� �d�i�s�t�r�i�b�u�t�i�o�n� �w�i�t�h� �t�o� �=� 

�B�o� �a� �Y�o� �=� �8� �=� �O�.� �T�h�i�s� �v�r�i�o�r� �d�i�s�t�r�i�b�u�t�i�o�n� �i�s� �t�h�e� �o�n�e� �a� �p�e�r�-� 

�s�o�n� �w�o�u�l�d� �u�s�e� �i�f� �h�e� �k�n�e�w� �l�i�t�t�l�e� �o�r� �n�o�t�h�i�n�g� �a�b�o�u�t� �t�h�e� �v�a�l�u�e�s� 

�o�f� �o�F� �a�n�d� �9�5� �p�r�i�o�r� �t�o� �t�h�e� �e�x�p�e�r�i�m�e�n�t�.� �T�h�u�s� �h�e� �w�o�u�l�d� �w�e�i�g�h�t� 

�a�l�l� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �a�5� �a�n�d� �G�5� �i�n� �w�h�i�c�h� �O� �s� �%�s� �1� �a�n�d� 

�O�<� �9�5� �8� �1� �e�q�u�a�l�l�y�.� �A�l�s�o�,� �i�n� �a�l�m�o�s�t� �a�l�l� �o�f� �t�h�e� �e�x�a�m�p�l�e�s� 

�L�o�s�s� �F�u�n�c�t�i�o�n�s� �1� �a�n�d� �3� �a�s� �d�e�f�i�n�e�d� �b�y� �(�2�.�1�1�)� �h�a�v�e� �b�e�e�n� �u�s�e�d�.� 

�T�h�e�s�e� �l�o�s�s� �f�u�n�c�t�i�o�n�s� �a�r�e� �s�y�m�m�e�t�r�i�c� �i�n� �t�h�a�t� �t�h�e�y� �p�e�n�a�l�i�z�e� �t�h�e� 

�e�x�p�e�r�i�m�e�n�t�e�r� �e�q�u�a�l�l�y� �i�f� �h�e� �m�a�k�e�s� �e�i�t�h�e�r� �o�f� �t�h�e� �t�w�o� �p�o�s�s�i�b�l�e� 

�w�r�o�n�g� �t�e�r�m�i�n�a�l� �d�e�c�i�s�i�o�n�s� �(�b� �=� �1� �w�h�e�n� �6�,� �<� �8�,� �o�r� �b� �=� �2� �w�h�e�n� 

�8� �*� �9�8� �H�o�w�e�v�e�r�,� �i�n� �L�o�s�s� �F�u�n�c�t�i�o�n� �1� �o�n�e� �h�a�s� �a�  ��b�o�n�u�s �� �f�o�r� �1� �*� �9�)�>� 
�m�a�k�i�n�g� �t�h�e� �r�i�g�h�t� �d�e�c�i�s�i�o�n� �a�n�d� �a� �p�e�n�a�l�t�y� �f�o�r� �m�a�k�i�n�g� �t�h�e� �w�r�o�n�g� 

�d�e�c�i�s�i�o�n� �w�h�i�c�h� �a�r�e� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �8�,� �-� �8�,� �w�i�t�h� �t�h�e� �c�o�n�s�t�a�n�t� 

�o�f� �p�r�o�p�o�r�t�i�o�n�a�l�i�t�y� �f�o�r� �o�n�e� �t�e�r�m�i�n�a�l� �d�e�c�i�s�i�o�n� �t�h�e� �n�e�g�a�t�i�v�e� �o�f� 

�t�h�e� �o�t�h�e�r�.� �O�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� �L�o�s�s� �F�u�n�c�t�i�o�n� �3� �a�p�p�l�i�e�s� �i�n� �t�h�e� 

�S�i�t�u�a�t�i�o�n� �i�n� �w�h�i�c�h� �o�n�e� �h�a�s� �a� �l�o�s�s� �f�o�r� �m�a�k�i�n�g� �t�h�e� �w�r�o�n�g� �d�e�c�i�-� 

�s�i�o�n� �w�h�i�c�h� �i�s� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �O�o�,� �-� �@�,� �o�n�c�e� �i�t� �i�s� �d�e�t�e�r�m�i�n�e�d� 

�t�h�a�t� �O�o�,� �>� �G�5� �o�r� �O�5� �<� �G�5� 

�I�t� �m�u�s�t� �b�e� �a�d�m�i�t�t�e�d� �t�h�a�t� �i�n� �t�h�e� �e�x�a�m�p�l�e�s� �s�t�u�d�i�e�d� �i�n� 

�T�a�b�l�e�s� �4� �a�n�d� �5� �t�h�e� �g�a�i�n�s� �i�n� �u�s�i�n�g� �e�v�e�n� �t�h�e� �o�p�t�i�m�u�m� �p�r�o�c�e�d�u�r�e�,� 

�e�x�t�e�n�s�i�v�e�-�f�o�r�m� �a�n�a�l�y�s�i�s�,� �o�v�e�r� �m�e�r�e�l�y� �u�s�i�n�g� �h�a�l�f� �o�f� �t�h�e



�o�f� �t�h�e� �o�b�s�e�r�v�a�t�i�o�n�s� �o�n� �D�r�u�g� �1� �a�n�d� �t�h�e� �o�t�h�e�r� �h�a�l�f� �o�n� �D�r�u�g� �2� 

�c�a�n�n�o�t� �b�e� �c�o�n�s�i�d�e�r�e�d� �"�t�r�e�m�e�n�d�o�u�s�.�"� �I�n� �f�a�c�t�,� �w�h�e�n� �O�o�,� �a�n�d� �o�5� 

�a�r�e� �b�o�t�h� �c�l�o�s�e� �t�o� �.�5�,� �e�q�u�a�l� �d�i�v�i�s�i�o�n� �s�e�e�m�s� �b�e�t�t�e�r� �i�n� �g�e�n�e�r�a�l�.� 

�N�e�v�e�r�t�h�e�l�e�s�s�,� �i�f� �o�7� �a�n�d� �8� �a�r�e� �c�l�o�s�e� �t�o� �e�i�t�h�e�r� �©� �o�r� �1�,� �t�h�e�n� 

�t�h�e� �d�i�f�f�e�r�e�n�c�e�s� �i�n� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �c�h�o�o�s�i�n�g� �t�h�e� �c�o�r�r�e�c�t� 

�t�e�r�m�i�n�a�l� �d�e�c�i�s�i�o�n� �a�r�e� �l�a�r�g�e� �e�n�o�u�g�h� �t�h�a�t� �t�h�e�y� �c�a�n�n�o�t� �b�e� �i�g�-� 

�n�o�r�e�d� �-�~� �e�s�p�e�c�i�a�l�l�y� �i�f� �t�h�e� �l�o�s�s� �f�o�r� �m�a�k�i�n�g� �t�h�e� �w�r�o�n�g� �d�e�c�i�-� 

�s�i�o�r� �i�s� �l�a�r�g�e�.� 

�H�o�w�e�v�e�r�,� �e�x�t�e�n�s�i�v�e�-�f�o�r�m� �a�n�a�l�y�s�i�s� �i�s� �c�o�m�p�l�e�t�e�l�y� �i�m�p�r�a�c�-� 

�t�i�c�a�l� �f�o�r� �e�x�a�m�p�l�e�s� �w�h�i�c�h� �a�r�e� �a�t� �a�l�l� �l�a�r�g�e� �e�v�e�n� �i�f� �o�n�e� �h�a�s� 

�a�c�c�e�s�s� �t�o� �a� �d�i�g�i�t�a�l� �c�o�m�p�u�t�e�r� �s�o� �t�h�a�t� �a�p�p�r�o�x�i�m�a�t�i�o�n�s� �m�u�s�t� �b�e� 

�u�s�e�d�.� �T�h�e� �r�e�s�u�i�t�s� �i�n�d�i�c�a�t�e� �t�h�a�t�,� �i�f� �o�n�e� �h�a�s� �a� �c�o�m�p�u�t�e�r� �a�n�d� 

�i�s� �n�o�t� �c�e�r�t�a�i�n� �t�h�a�t� �o�5� �a�n�d� �8�5� �a�r�e� �b�o�t�h� �c�l�o�s�e� �t�o� �.�5�,� �h�e� �s�h�o�u�l�d� 

�u�s�e� �t�h�e� �s�t�a�g�e�~�b�y�-�s�t�a�g�e� �p�r�o�c�e�d�u�r�e�.� �I�n� �p�r�a�c�t�i�c�a�l�l�y� �a�l�l� �o�f� �t�h�e� 

�e�x�a�m�p�l�e�s� �s�t�u�d�i�e�d� �i�n� �T�a�b�l�e�s� �4� �a�n�d� �5� �t�h�e�r�e� �w�a�s� �r�e�l�a�t�i�v�e�l�y� �l�i�t�t�l�e� 

�l�o�s�s� �o�f� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �c�h�o�o�s�i�n�g� �t�h�e� �c�o�r�r�e�c�t� �t�e�r�m�i�n�a�l� �d�e�c�i�-� 

�s�i�o�n� �w�h�e�n� �t�h�e� �s�t�a�g�e�-�b�y�-�s�t�a�g�e� �p�r�o�c�e�d�u�r�e� �w�a�s� �u�s�e�d� �i�n�s�t�e�a�d� �o�f� 

�e�x�t�e�n�s�i�v�e�-�f�o�r�m� �a�n�a�l�y�s�i�s�.� �I�n� �a�d�d�i�t�i�o�n�,� �t�h�e� �r�e�s�u�l�t�s� �o�f� �S�e�c�t�i�o�n� 

�6�.�1� �g�i�v�e� �s�o�m�e� �w�e�i�g�h�t� �t�o� �t�h�e� �a�r�g�u�m�e�n�t�s� �f�o�r� �u�s�i�n�g� �t�h�e� �s�t�a�g�e�-�b�y�-� 

�s�t�a�g�e� �p�r�o�c�e�d�u�r�e� �i�n�s�t�e�a�d� �o�f� �e�x�t�e�n�s�i�v�e�-�f�o�r�m� �a�n�a�l�y�s�i�s� �w�h�e�n� �o�n�e� 

�h�a�s� �a� �l�i�n�e�a�r� �l�o�s�s� �f�u�n�c�t�i�o�n�.� �F�i�n�a�l�l�y�,� �a�s� �w�a�s� �p�o�i�n�t�e�d� �o�u�t� �i�n� 

�C�h�a�p�t�e�r� �3�,� �i�f� �o�n�e� �h�a�s� �a� �l�i�n�e�a�r� �l�o�s�s� �f�u�n�c�t�i�o�n� �a�n�d� �o�n�l�y� �a� �f�e�w� 

�o�b�s�e�r�v�a�t�i�o�n�s� �i�n� �e�a�c�h� �s�t�a�g�e�,� �i�t� �i�s� �q�u�i�t�e� �p�o�s�s�i�b�l�e� �t�o� �d�o� �t�h�e� 

�c�o�m�p�u�t�a�t�i�o�n�s� �f�o�r� �t�h�e� �s�t�a�g�e�-�b�y�-�s�t�a�g�e� �p�r�o�c�e�d�u�r�e� �b�y� �h�a�n�d� �w�i�t�h� 

�t�h�e� �a�i�d� �o�f� �a� �t�a�b�l�e� �o�f� �b�e�t�a� �f�u�n�c�t�i�o�n�s�.� �(�A� �T�a�b�l�e� �o�f� �b�e�t�a



�~�9�7�-� 

�f�u�n�c�t�i�o�n�s� �i�s� �g�i�v�e�n� �b�y� �T�a�b�l�e�s� �o�f� �t�h�e� �I�n�c�o�m�p�l�e�t�e� �B�e�t�a� �F�u�n�c�t�i�o�n� 

�(�1�9�3�4�)� �.�)� 

�T�h�e� �r�e�s�u�l�t�s� �f�o�r� �t�h�e� �a�p�p�r�o�x�i�m�a�t�e� �p�r�o�c�e�d�u�r�e� �f�o�r� �t�h�e� �e�x�a�m�-� 

�p�l�e�s� �s�t�u�d�i�e�d� �a�r�e� �d�i�s�a�p�p�o�i�n�t�i�n�g�.� �T�h�e�r�e� �s�e�e�m�s� �t�o� �b�e� �l�i�t�t�l�e� �a�d�-� 

�v�a�n�t�a�g�e� �i�n� �u�s�i�n�g� �t�h�e� �a�p�p�r�o�x�i�m�a�t�e� �p�r�o�c�e�d�u�r�e� �o�v�e�r� �e�q�u�a�l� �d�i�v�i�-� 

�s�i�o�n� �o�f� �t�h�e� �o�b�s�e�r�v�a�t�i�o�n�s� �w�h�e�n� �t�h�e� �p�r�i�o�r� �d�i�s�t�r�i�b�u�t�i�o�n� �i�s� �r�e�c�-� 

�t�a�n�g�u�l�a�r� �a�n�d� �t�h�e� �t�o�s�s� �f�u�n�c�t�i�o�n�s� �a�r�e� �s�y�m�m�e�t�r�i�c�.� �I�n� �a�d�d�i�t�i�o�n�,� 

�t�h�e�r�e� �a�r�e� �s�i�z�a�b�l�e� �l�o�s�s�e�s� �o�f� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �c�h�o�o�s�i�n�g� �t�h�e� �c�o�r�-� 

�r�e�c�t� �t�e�r�m�i�n�a�l� �d�e�c�i�s�i�o�n� �w�h�e�n� �t�h�e� �a�p�p�r�o�x�i�m�a�t�e� �r�a�t�h�e�r� �t�h�a�n� �t�h�e� 

�S�t�a�g�e�-�b�y�-�s�t�a�g�e� �p�r�o�c�e�d�u�r�e� �i�s� �u�s�e�d�.� �H�o�w�e�v�e�r�,� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n�s� 

�f�o�r� �t�h�e� �a�p�p�r�o�x�i�m�a�t�e� �p�r�o�c�e�d�u�r�e� �a�r�e� �q�u�i�t�e� �s�i�m�p�l�e� �a�n�d� �c�e�r�t�a�i�n�l�y� 

�d�o� �n�o�t� �r�e�q�u�i�r�e� �a� �c�o�m�p�u�t�e�r�;� �a�n�d� �t�h�e�r�e� �a�r�e� �s�m�a�l�l� �g�a�i�n�s� �o�v�e�r� 

�e�q�u�a�l� �d�i�v�i�s�i�o�n� �w�h�e�n� �t�h�e� �t�o�t�a�l� �n�u�m�b�e�r� �o�f� �o�b�s�e�r�v�a�t�i�o�n�s� �a�n�d� 

�S�t�a�g�e�s� �i�s� �l�a�r�g�e� �a�n�d� �0�,� �a�n�d� �8�.� �a�r�e� �c�l�o�s�e� �t�o� �0� �o�r� �1�.� �T�h�u�s� �t�h�e� 

�a�p�p�r�o�x�i�m�a�t�e� �p�r�o�c�e�d�u�r�e� �s�h�o�u�l�d� �b�e� �u�s�e�d� �i�f� �o�n�e� �r�e�q�u�i�r�e�s� �o�n�l�y� 

�s�i�m�p�l�e�,� �u�n�s�o�p�h�i�s�t�i�c�a�t�e�d� �c�o�m�p�u�t�a�t�i�o�n�s� �t�o� �p�e�r�f�o�r�m�.� �T�h�e� 

�"�r�e�n�e�r�a�l�i�z�e�d� �a�p�p�r�o�x�i�m�a�t�e� �p�r�o�c�e�d�u�r�e�"� �a�s� �g�i�v�e�n� �b�y� �(�6�-�3�)� �c�a�n� �b�e� 

�u�s�e�d� �a�s� �a�n� �a�p�p�r�o�x�i�m�a�t�i�o�n� �f�o�r� �t�h�e� �s�t�a�g�e�-�b�y�-�s�t�a�g�e� �p�r�o�c�e�d�u�r�e� 

�(�a�n�d� �t�h�u�s� �e�x�t�e�n�s�i�v�e�-�f�o�r�m� �a�n�a�l�y�s�i�s�)� �f�o�r� �t�h�e� �g�e�n�e�r�a�l� �l�i�n�e�a�r� 

�l�o�s�s� �f�u�n�c�t�i�o�n� �(�2�.�7�)�.� �H�o�w�e�v�e�r�,� �t�h�e� �a�u�t�h�o�r� �w�a�s� �u�n�a�b�l�e� �t�o� �d�e�-� 

�r�i�v�e� �a� �"�g�e�n�e�r�a�l�i�z�e�d� �a�p�p�r�o�x�i�m�a�t�e� �o�r�o�c�e�d�u�r�e!"� �f�o�r� �t�h�e� �g�e�n�e�r�a�l� 

�c�o�n�s�t�a�n�t� �l�o�s�s� �f�u�n�c�t�i�o�n� �(�2�.�1�)� �s�o� �t�h�a�t� �i�t� �a�p�p�e�a�r�s� �t�h�a�t�,� �w�h�e�n� 

�o�n�e� �h�a�s� �a� �c�o�n�s�t�a�n�t� �l�o�s�s� �f�u�n�c�t�i�o�n�,� �h�e� �s�h�o�u�l�d� �u�s�e� �t�h�e� �a�p�p�r�o�x�-� 

�i�m�a�t�e� �p�r�o�c�e�d�u�r�e� �o�n�l�y� �w�h�e�n� �h�i�s� �l�o�s�s� �f�u�n�c�t�i�o�n� �i�s� �s�y�m�m�e�t�r�i�c�.� 

�T�h�e� �r�e�s�u�l�t�s� �o�f� �C�h�a�n�t�e�r� �5� �a�r�e� �n�o�t� �o�n�l�y� �i�n�t�e�r�e�s�t�i�n�g� �i�n



�t�h�a�t� �t�h�e�y� �l�e�a�d� �t�o� �t�h�e� �a�p�p�r�o�x�i�m�a�t�e� �p�r�o�c�e�d�u�r�e� �b�u�t� �a�l�s�o� �a�r�e� �o�f� 

�i�n�t�e�r�e�s�t� �i�n� �t�h�a�t� �t�h�e�y� �a�r�e� �s�o�l�u�t�i�o�n�s� �t�o� �a�n�o�t�h�e�r� �g�e�n�e�r�a�l� �p�r�o�b�-� 

�l�e�m� �b�e�s�i�d�e�s� �t�h�e� �p�r�i�n�c�i�p�a�l� �o�n�e� �c�o�n�s�i�d�e�r�e�d� �i�n� �t�h�i�s� �t�h�e�s�i�s�.� 

�T�h�e�y� �g�i�v�e� �t�h�e� �p�r�o�c�e�d�u�r�e� �o�n�e� �w�o�u�l�d� �u�s�e� �i�n� �a� �s�t�a�g�e�-�b�y�-�s�t�a�g�e� 

�p�r�o�c�e�d�u�r�e� �i�f� �t�w�o� �n�o�r�m�a�l� �r�a�n�d�o�m� �v�a�r�i�a�b�l�e�s� �w�e�r�e� �g�e�n�e�r�a�t�e�d� �a�t� 

�e�a�c�h� �s�t�a�g�e� �r�a�t�h�e�r� �t�h�a�n� �t�w�o� �b�i�n�o�m�i�a�l� �r�a�n�d�o�m� �v�a�r�i�a�b�l�e�s�.� �A�g�a�i�n�,� 

�r�e�s�u�l�t�s� �a�r�e� �a�v�a�i�l�a�b�l�e� �f�o�r� �t�h�e� �g�e�n�e�r�a�l� �l�i�n�e�a�r� �l�o�s�s� �f�u�n�c�t�i�o�n� 

�a�n�d� �f�o�r� �a� �s�y�m�m�e�t�r�i�c� �c�o�n�s�t�a�n�t� �j�o�s�s� �f�u�n�c�t�i�o�n�.� 

�I�f� �t�h�e� �c�o�s�t�s� �o�f� �s�a�m�p�l�i�n�g� �a�r�e� �r�e�l�a�t�i�v�e�l�y� �l�a�r�g�e� �o�r� �i�f� �t�h�e� 

�t�o�t�a�l� �p�o�s�s�i�b�l�e� �n�u�m�b�e�r� �o�f� �o�b�s�e�r�v�a�t�i�o�n�s� �i�s� �l�a�r�g�e�,� �i�t� �i�s� �q�u�i�t�e� 

�p�o�s�s�i�b�l�e� �(�a�n�d� �p�r�o�b�a�b�l�e�)� �t�h�a�t� �o�n�e� �w�i�l�l� �w�a�n�t� �t�o� �s�t�o�p� �a�n�d� �m�a�k�e� 

�h�i�s� �t�e�r�m�i�n�a�l� �d�e�c�i�s�i�o�n� �b�e�f�o�r�e� �h�e� �r�e�a�c�h�e�s� �t�h�e� �l�a�s�t� �p�o�s�s�i�b�l�e� 

�s�t�a�g�e�.� �I�n� �f�a�c�t�,� �i�f� �t�h�e� �c�o�s�t�s� �o�f� �s�a�m�p�l�i�n�g� �a�r�e� �v�e�r�y� �l�a�r�g�e� 

�r�e�l�a�t�i�v�e� �t�o� �t�h�e� �p�o�s�s�i�b�l�e� �t�e�r�m�i�n�a�l� �l�o�s�s�e�s�,� �o�n�e� �m�i�g�h�t� �w�a�n�t� �t�o� 

�m�a�k�e� �h�i�s� �t�e�r�m�i�n�a�l� �d�e�c�i�s�i�o�n� �w�i�t�h�o�u�t� �a�n�y� �s�a�m�p�l�i�n�g� �a�t� �a�l�l�.� 

�T�h�u�s� �s�t�o�p�p�i�n�g� �r�u�l�e�s� �f�o�r� �t�h�e� �s�t�a�g�e�-�b�y�-�s�t�a�g�e� �p�r�o�c�e�d�u�r�e� �f�o�r� 

�b�o�t�h� �l�i�n�e�a�r� �a�n�d� �c�o�n�s�t�a�n�t� �l�o�s�s� �f�u�n�c�t�i�o�n�s� �a�r�e� �d�e�r�i�v�e�d� �i�n� �S�e�c�-� 

�t�i�o�n� �8�.�1�.� �H�o�w�e�v�e�r�,� �i�t� �i�s� �o�b�v�i�o�u�s� �t�h�a�t� �t�h�e�y� �a�r�e� �m�o�s�t� �u�n�w�i�e�l�d�y� 

�a�n�d� �a�r�e� �u�s�e�f�u�l� �o�n�l�y� �f�o�r� �v�e�r�y� �s�m�a�l�l� �e�x�a�m�p�l�e�s� �e�v�e�n� �i�f� �o�n�e� �h�a�s� 

�a� �d�i�g�i�t�a�l� �c�o�m�p�u�t�e�r� �a�v�a�i�l�a�b�l�e�.� �I�n� �S�e�c�t�i�o�n� �8�.�2� �a� �s�t�o�p�p�i�n�g� �r�u�l�e� 

�f�o�r� �t�h�e� �a�p�p�r�o�x�i�m�a�t�e� �p�r�o�c�e�d�u�r�e� �w�h�e�n� �o�n�e� �h�a�s� �a� �l�i�n�e�a�r� �l�o�s�s� 

�f�u�n�c�t�i�o�n� �i�s� �d�e�v�e�l�o�p�e�d�.� �I�t� �i�s� �s�h�o�w�n� �i�n� �S�e�c�t�i�o�n� �8�.�3� �f�o�r� �t�w�o� 

�e�x�a�m�p�l�e�s� �t�h�a�t� �t�h�i�s� �s�t�o�p�p�i�n�g� �r�u�l�e� �b�e�h�a�v�e�s� �s�a�t�i�s�f�a�c�t�o�r�i�l�y�.� �O�f� 

�c�o�u�r�s�e�,� �t�h�i�s� �s�t�o�p�p�i�n�g� �r�u�l�e� �c�a�n� �b�e� �a�d�a�p�t�e�d� �t�o� �t�h�e� �c�a�s�e� �i�n� 

�w�h�i�c�h� �o�n�e� �h�a�s� �a� �s�t�a�g�e�-�b�y�-�s�t�a�g�e� �p�r�o�c�e�d�u�r�e� �w�h�i�c�h� �g�e�n�e�r�a�t�e�s



�t�h�e� �n�o�r�m�a�l� �r�a�n�d�o�m� �v�a�r�i�a�b�l�e�s� �a�t� �e�a�c�h� �s�t�a�g�e� �i�n�s�t�e�a�d� �o�f� �b�i�n�o�m�i�a�l� 

�r�a�n�d�o�m� �v�a�r�i�a�b�l�e�s�.� �A�l�s�o�,� �i�t� �i�s� �r�e�c�o�m�m�e�n�d�e�d� �t�h�a�t� �i�t� �b�e� �u�s�e�d� 

�a�S� �a�n� �a�p�p�r�o�x�i�m�a�t�i�o�n� �w�h�e�n� �o�n�e� �h�a�s� �a� �s�t�a�g�e�-�b�y�-�s�t�a�g�e� �p�r�o�c�e�d�u�r�e� 

�w�h�i�c�h� �g�e�n�e�r�a�t�e�s� �b�i�n�o�m�i�a�i� �r�a�n�d�o�m� �v�a�r�i�a�b�l�e�s� �a�t� �e�a�c�h� �s�t�a�g�e� �i�n�-� 

�s�t�e�a�d� �o�f� �u�s�i�n�g� �t�h�e� �s�t�o�p�p�i�n�g� �r�u�l�e� �f�o�r� �l�i�n�e�a�r� �l�o�s�s� �f�u�n�c�t�i�o�n�s� 

�d�e�v�e�l�o�p�e�d� �i�n� �S�e�c�t�i�o�n� �8�.�1�.� 

�T�h�u�s� �t�h�e� �f�o�l�l�o�w�i�n�g� �f�i�n�a�l� �r�e�c�o�m�m�e�n�d�a�t�i�o�n�s� �a�r�e� �m�a�d�e� �i�f� 

�o�n�e� �w�a�n�t�s� �t�o� �d�e�c�i�d�e� �i�n� �a� �m�u�l�t�i�-�s�t�a�g�e� �p�r�o�c�e�d�u�r�e� �w�h�i�c�h� �o�f� �t�w�o� 

�b�i�n�o�m�i�a�l� �p�o�p�u�l�a�t�i�o�n�s� �h�a�s� �t�h�e� �h�i�g�h�e�r� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �s�u�c�c�e�s�s� 

�a�n�d� �h�a�s� �s�y�m�m�e�t�r�i�c� �l�i�n�e�a�r� �o�r� �c�o�n�s�t�a�n�t� �l�o�s�s� �f�u�n�c�t�i�o�n�s� �a�n�d� 

�r�e�c�t�a�n�g�u�l�a�r� �p�r�i�o�r� �d�i�s�t�r�i�b�u�t�i�o�n�s�:� 

�(�1�)� �T�h�e� �a�p�p�r�o�x�i�m�a�t�e� �p�r�o�c�e�d�u�r�e� �s�h�o�u�l�d� �b�e� �u�s�e�d� �i�f� �o�n�e� 

�m�u�s�t� �h�a�v�e� �s�i�m�p�l�e� �u�n�c�o�m�p�l�i�c�a�t�e�d� �c�o�m�p�u�t�a�t�i�o�n�s� �o�r� �i�f� 

�o�n�e� �i�s� �q�u�i�t�e� �c�o�n�f�i�d�e�n�t� �9�,� �a�n�d� �9�,� �a�r�e� �c�l�o�s�e� �t�o� �o�r� 

�s�y�m�m�e�t�r�i�c� �a�b�o�u�t� �.�5�.� 

�(�2�)� �I�f� �o�n�e� �i�s� �n�o�t� �s�u�r�e� �O�y� �a�n�d� �©�,� �a�r�e� �c�o�s�e� �t�o� �o�r� �s�y�m�-� 

�m�e�t�r�i�c� �a�b�o�u�t� �.�5� �a�n�d� �i�f� �a� �d�i�g�i�t�a�l� �c�o�m�p�u�t�e�r� �i�s� �a�v�a�i�l�-� 

�a�b�l�e�,� �h�e� �s�h�o�u�l�d� �u�s�e� �t�h�e� �s�t�a�g�e�-�b�y�-�s�t�a�g�e� �p�r�o�c�e�d�u�r�e�.� 

�(�I�f� �o�n�e� �h�a�s� �a� �l�i�n�e�a�r� �l�o�s�s� �f�u�n�c�t�i�o�n� �a�n�d� �o�n�l�y� �a� �f�e�w� 

�o�b�s�e�r�v�a�t�i�o�n�s� �i�n� �e�a�c�h� �s�t�a�g�e�,� �a� �c�o�m�p�u�t�e�r� �w�i�l�l� �n�o�t� �b�e� 

�n�e�c�e�s�s�a�r�y�.�)� 

�(�3�)� �I�f� �o�n�e� �f�e�e�l�s� �t�h�a�t� �h�i�s� �c�o�s�t�s� �o�f� �s�a�m�p�l�i�n�g� �a�r�e� �n�o�t� 

�v�e�r�y� �s�m�a�l�l� �c�o�m�p�a�r�e�d� �t�o� �t�h�e� �p�o�s�s�i�b�l�e� �l�o�s�s�e�s� �o�f� �t�h�e� 

�t�e�r�m�i�n�a�l� �d�e�c�i�s�i�o�n�,� �h�a�s� �a� �l�i�n�e�a�r� �l�o�s�s� �f�u�n�c�t�i�o�n�,� �a�n�d� 

�i�s� �u�s�i�n�g� �e�i�t�h�e�r� �t�h�e� �s�t�a�g�e�-�b�y�-�s�t�a�g�e� �o�r� �a�p�p�r�o�x�i�m�a�t�e



�~�1�0�0�-� 

�p�r�o�c�e�d�u�r�e�s�,� �h�e� �s�h�o�u�l�d� �u�s�e� �t�h�e� �s�t�o�p�p�i�n�g� �r�u�l�e� 

�d�e�v�e�l�o�p�e�d� �i�n� �S�e�c�t�i�o�n� �§�.�2�.



�~�1�0�1�~� 

�X�.� �S�U�G�G�E�S�T�I�O�N�S� �F�O�R� �F�U�T�U�R�E� �R�E�S�S�A�R�C�H� 

�I�t� �i�s� �o�b�v�i�o�u�s� �t�h�a�t� �m�a�n�y� �e�x�t�e�n�s�i�o�n�s� �t�o� �t�h�e� �w�o�r�k� �d�o�n�e� �i�n� 

�t�h�i�s� �t�h�e�s�i�s� �c�o�u�l�d� �b�e� �m�a�d�e�.� �F�o�r� �e�x�a�m�p�l�e�,� �t�h�e� �a�u�t�h�o�r� �h�o�p�e�s� �t�o� 

�d�e� �m�o�r�e� �c�o�m�p�u�t�e�r� �w�o�r�k� �w�i�t�h� �n�o�n�-�s�y�m�m�e�t�r�i�c� �i�o�s�s� �f�u�n�c�t�i�o�n�s� �a�n�d� 

�p�r�i�o�r� �d�i�s�t�r�i�b�u�t�i�o�n�s� �w�h�i�c�h� �a�r�e� �n�o�t� �r�e�c�t�a�n�g�u�l�a�r� �t�o� �d�e�t�e�r�m�i�n�e� 

�h�o�w� �c�h�a�n�g�i�n�g� �t�h�e� �p�r�i�o�r� �d�i�s�t�r�i�b�u�t�i�o�n� �a�n�d� �t�h�e� �l�o�s�s� �f�u�n�c�t�i�o�n� 

�a�f�f�e�c�t�s� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �c�h�o�o�s�i�n�g� �t�h�e� �c�o�r�r�e�c�t� �t�e�r�m�i�n�a�l� �d�e�-� 

�c�i�s�i�o�n�.� �I�t� �w�i�l�l� �a�l�s�o� �b�e� �o�f� �i�n�t�e�r�e�s�t� �t�o� �c�o�m�p�a�r�e� �e�x�t�e�n�s�i�v�e�-� 

�f�o�r�m� �a�n�a�l�y�s�i�s�,� �t�h�e� �s�t�a�g�e�-�b�y�-�s�t�a�g�e� �p�r�o�c�e�d�u�r�e� �a�n�d� �e�q�u�a�l� �d�i�v�i�-� 

�S�i�o�n� �f�o�r� �t�h�e�s�e� �l�o�s�s� �f�u�n�c�t�i�o�n�s� �a�n�d� �p�r�i�o�r� �d�i�s�t�r�i�b�u�t�i�o�n�s�.� 

�I�n� �a�d�d�i�t�i�o�n�,� �f�o�r� �t�h�e� �c�a�s�e�s� �i�n� �w�h�i�c�h� �o�n�e� �d�o�e�s� �n�o�t� �h�a�v�e� 

�s�y�m�m�e�t�r�i�c� �L�o�s�s� �f�u�n�c�t�i�o�n�s� �o�r� �a� �r�e�c�t�a�n�g�u�l�a�r� �p�r�i�o�r� �d�i�s�t�r�i�b�u�t�i�o�n� 

�o�n�e� �m�i�g�h�t� �c�o�m�p�a�r�e� �t�h�e�s�e� �f�o�u�r� �p�r�o�c�e�d�u�r�e�s� �w�i�t�h� �t�h�e� �f�o�l�l�o�w�i�n�g�:� 

�I�n� �t�h�e� �k�'�t�h� �s�t�a�g�e� �(�k� �=� �1�,� �2�,� �.�.�.�,� �m�)� �t�a�k�e� �N�i�,� �a�n�d� �n�o�,� 

�(�s�u�b�j�e�c�t� �t�o� �n�,�,� �+� �n�o�,� �=� �n�,�)� �s�u�c�h� �t�h�a�t� 

� � 

�a� �1�.� �.� �R�,� �w�h�e�n� �t�h�e� �l�o�s�s� �f�u�n�c�t�i�o�n� �i�s� �n� �r�a�,� �+� �B�.� �+� �3� �O� �:� �l�k� �O� �U�  �� �c�o�n�s�t�a�n�t� �a�n�d� �s�y�m�m�e�t�r�i�c� 

�N�a�,� �*� �Y�o� �F�T� �8� �*� �3� �R�!� �w�h�e�n� �t�h�e� �l�o�s�s� �f�u�n�c�t�i�o�n� �i�s� 
�A� �?� 

�l�i�n�e�a�r� 

�w�h�e�r�e� �R�,� �a�n�d� �R�!� �a�r�e� �a�s� �d�e�f�i�n�e�d� �i�n� �(�4�-�1�)� �a�n�d� �(�6�.�3�)� �w�h�e�n� �k� �=� �Q�.� 

�I�f� �t�h�e� �l�o�s�s� �f�u�n�c�t�i�o�n� �i�s� �l�i�n�e�a�r� �a�n�d� �t�h�e� �p�r�i�o�r� �d�i�s�t�r�i�b�u�t�i�o�n� �i�s� 

�r�e�c�t�a�n�g�u�l�a�r�,� �t�a�k�e� �N�i�k� �a�n�d� �N�o�,� �s�u�c�h� �t�h�a�t� 

�n�e�n�a� 
�k�y� 
�K�o� 

� � � 



�~�1�0�2�-� 

�O�f� �c�o�u�r�s�e�,� �o�n�e� �m�i�g�h�t� �s�t�u�d�y� �t�h�e�s�e�s� �p�r�o�c�e�d�u�r�e�s� �w�h�e�n� �t�h�e� 

�r�a�n�d�o�m� �v�a�r�i�a�b�l�e�s� �g�e�n�e�r�a�t�e�d� �a�t� �e�a�c�h� �s�t�a�g�e� �a�r�e� �o�t�h�e�r� �t�h�a�n� �n�o�r�-� 

�m�a�l� �o�r� �b�i�n�o�m�i�a�l� �(�e�.�g�.�,� �P�o�i�s�s�o�n� �o�r� �e�x�p�o�n�e�n�t�i�a�l�)�.� �A�l�s�o�,� �t�h�e� 

�c�a�s�e� �i�n� �w�h�i�c�h� �o�n�e� �h�a�s� �n�o�r�m�a�l� �r�a�n�d�o�m� �v�a�r�i�a�b�l�e�s� �w�i�t�h� �u�n�k�n�w�o�n� 

�v�a�r�i�a�n�c�e� �g�e�n�e�r�a�t�e�d� �i�n� �a� �s�t�a�g�e�-�b�y�-�s�t�a�g�e� �p�r�o�c�e�d�u�r�e� �w�o�u�l�d� �b�e� �o�f� 

�i�n�t�e�r�e�s�t�.� 

�T�w�o� �p�r�o�b�l�e�m�s� �c�o�n�n�e�c�t�e�d� �w�i�t�h� �t�h�i�s� �t�h�e�s�i�s� �f�o�r� �w�h�i�c�h� �t�h�e� 

�a�u�t�h�o�r� �h�a�s� �s�o� �f�a�r� �b�e�e�n� �u�n�a�b�l�e� �t�o� �f�i�n�d� �a� �w�o�r�k�a�b�l�e� �s�o�l�u�t�i�o�n� �a�r�e� 

�e�x�t�e�n�s�i�v�e�-�f�o�r�m� �a�n�a�l�y�s�i�s� �w�h�e�n� �t�h�e� �r�a�n�d�o�m� �v�a�r�i�a�b�l�e�s� �g�e�n�e�r�a�t�e�d� 

�a�t� �e�a�c�h� �s�t�a�g�e� �a�r�e� �n�o�r�m�a�l� �w�i�t�h� �k�n�o�w�n� �v�a�r�i�a�n�c�e� �a�n�d� �t�h�e� �s�t�a�g�e�-� 

�b�y�-�s�t�a�g�e� �p�r�o�c�e�d�u�r�e� �w�i�t�h� �n�o�r�m�a�l� �r�a�n�d�o�m� �v�a�r�i�a�b�l�e�s� �w�i�t�h� �k�n�o�w�n� 

�v�a�r�i�a�n�c�e� �a�n�d� �a� �c�o�n�s�t�a�n�t� �b�u�t� �n�o�n�-�s�y�m�m�e�t�r�i�c� �l�o�s�s� �f�u�n�c�t�i�o�n� 

�(�q�y� �/� �Q�o�)� �+� 

�T�h�e� �a�u�t�h�o�r� �h�o�p�e�s� �t�o� �d�o� �m�o�r�e� �w�o�r�k� �o�n� �t�h�e� �p�r�o�p�o�s�e�d� �s�t�o�p�-� 

�p�i�n�g� �r�u�l�e�.� �A� �s�t�o�p�p�i�n�g� �r�u�l�e� �f�o�r� �t�h�e� �a�p�p�r�o�x�i�m�a�t�e� �p�r�o�c�e�d�u�r�e� 

�w�i�t�h� �a� �s�y�m�m�e�t�r�i�c� �c�o�n�s�t�a�n�t� �l�o�s�s� �f�u�n�c�t�i�o�n� �w�o�u�l�d� �n�o�t� �b�e� �d�i�f�f�i�-� 

�c�u�l�t� �t�o� �d�e�r�i�v�e�.� �H�o�w�e�v�e�r�,� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n�s� �n�e�c�e�s�s�a�r�y� �f�o�r� �i�t� 

�m�i�g�h�t� �b�e� �r�a�t�h�e�r� �l�o�n�g� �i�f� �t�h�e�r�e� �a�r�e� �m�a�n�y� �s�t�a�g�e�s�.� �I�t� �w�o�u�l�d� �b�e� 

�i�n�t�e�r�e�s�t�i�n�g� �t�o� �d�e�t�e�r�m�i�n�e� �i�f� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �s�t�o�p�p�i�n�g� �r�u�l�e� 

�f�o�r� �t�h�e� �l�i�n�e�a�r� �l�o�s�s� �f�u�n�c�t�i�o�n� �c�a�n� �b�e� �u�s�e�d� �a�s� �a� �r�o�u�g�h� �a�p�p�r�o�x�i�-� 

�m�a�t�i�o�n�.� 

�I�n� �a�d�d�i�t�i�o�n�,� �s�i�n�c�e� �s�o�m�e� �o�f� �t�h�e� �g�r�e�a�t�e�s�t� �g�a�i�n�s� �i�n� �u�s�i�n�g� 

�t�h�e� �p�r�o�c�e�d�u�r�e�s� �p�r�o�p�o�s�e�d� �i�n� �t�h�i�s� �t�h�e�s�i�s� �c�a�n� �b�e� �a�c�h�i�e�v�e�d� �b�y� 

�r�e�d�u�c�i�n�g� �s�a�m�p�l�i�n�g� �c�o�s�t�s� �b�y� �t�h�e� �u�s�e� �o�f� �t�h�e� �s�t�o�p�p�i�n�g� �r�u�l�e�,� 

�t�h�e�s�e� �p�r�o�c�e�d�u�r�e�s� �w�i�t�h� �t�h�e� �s�t�o�p�p�i�n�g� �r�u�l�e� �s�h�o�u�l�d� �b�e� �c�o�m�p�a�r�e�d



�~�1�0�3�-� 

�w�i�t�h� �o�t�h�e�r� �p�r�o�c�e�d�u�r�e�s� �i�n� �w�h�i�c�h� �t�h�e� �t�o�t�a�l� �n�u�m�b�e�r� �o�f� �o�b�s�e�r�v�a�-� 

�t�i�o�n�s� �i�s� �a� �r�a�n�d�o�m� �v�a�r�i�a�b�l�e� �s�u�c�h� �a�s� �t�h�e� �s�e�q�u�e�n�t�i�a�l� �a�n�a�l�y�s�i�s� 

�p�r�o�c�e�d�u�r�e� �p�r�o�p�o�s�e�d� �b�y� �B�r�o�s�s� �(�1�9�5�2�)�.



�~�1�L�O�L�-� 

�X�I�.� �S�U�M�M�A�R�Y� 

�T�h�e� �g�e�n�e�r�a�l� �p�r�o�b�l�e�m� �c�o�n�s�i�d�e�r�e�d� �i�n� �t�h�i�s� �t�h�e�s�i�s� �i�s� �t�h�e� 

�f�o�l�l�o�w�i�n�g�:� 

�S�u�p�p�o�s�e� �o�n�e� �d�e�s�i�r�e�s� �t�o� �c�o�m�p�a�r�e� �t�w�o� �d�r�u�g�s�,� �D�r�u�g� �1� �a�n�d� 

�D�r�u�g� �2�,�(�o�r� �a�n�y� �t�w�o� �b�i�n�o�m�i�a�l� �p�o�p�u�l�a�t�i�o�n�s�)� �i�n� �a� �m�-�s�t�a�g�e� �t�e�s�t� 

�p�r�o�c�e�d�u�r�e�.� �T�h�e� �p�r�o�b�a�b�i�l�i�t�y� �t�h�a�t� �D�r�u�g� �1� �r�e�s�u�l�t�s� �i�n� �a�n� �i�m�-� 

�p�r�o�v�e�m�e�n�t� �i�n� �a� �p�a�t�i�e�n�t� �i�n� �a�n�y� �o�n�e� �o�f� �t�h�e� �s�t�a�g�e�s� �i�s� �O�r�»� �a�n�d� 

�t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �p�r�o�b�a�b�i�l�i�t�y� �f�o�r� �D�r�u�g� �2� �i�s� �9�.� �«� �W�e� �a�s�s�u�m�e� 

�t�h�a�t� �i�t� �h�a�s� �b�e�e�n� �d�e�c�i�d�e�d� �p�r�i�o�r� �t�o� �t�h�e� �e�x�p�e�r�i�m�e�n�t� �t�h�a�t� �n�y�,� 

�o�b�s�e�r�v�a�t�i�o�n�s� �w�i�l�l� �b�e� �t�a�k�e�n� �i�n� �t�h�e� �k�'�t�h� �s�t�a�g�e� �(�k� �~� �1�,�2�,�-�.�+�,�m�)�.� 

�W�e� �w�a�n�t� �t�o� �p�a�r�t�i�t�i�o�n� �n�y� �i�n�t�o� �N�y� �a�n�d� �N�o�p�»� �t�h�e� �n�u�m�b�e�r� �o�f� �o�b�s�e�r�-� 

�v�a�t�i�o�n�s� �a�l�l�o�c�a�t�e�d� �t�o� �D�r�u�g� �1� �a�n�d� �D�r�u�g� �2�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �o�n� �t�h�e� 

�b�a�s�i�s� �o�f� �t�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�e� �o�b�s�e�r�v�a�t�i�o�n�s� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �k�-�l� 

�S�t�a�g�e�s�.� �A�f�t�e�r� �t�h�e� �l�a�s�t� �s�t�a�g�e� �i�s� �t�a�k�e�n�,� �w�e� �w�i�s�h� �t�o� �m�a�k�e� �t�h�e� 

�t�e�r�m�i�n�a�l� �d�e�c�i�s�i�o�n� �t�h�a�t� �e�i�t�h�e�r� �0� �>� �9�,� �o�r� �9�,� �<� �O�5� �+� 

�W�e� �l�e�t� �©� �=� �(�8�)�,� �3�.�5�)� �a�n�d� �l�e�t� �x�,� �=� �(�r�o�.� �P�o�r�)�»� �w�h�e�r�e� �a�e� 

�a�n�d� �Y�o�,� �a�r�e� �t�h�e� �n�u�m�b�e�r�s� �o�f� �s�u�c�c�e�s�s�e�s� �o�u�t� �o�f� �N�i�p� �a�n�d� �N�o�,� �r�e�-� 

�s�p�e�c�t�i�v�e�l�y�.� �W�e� �l�e�t� �a�,� �b�e� �t�h�e� �d�e�c�i�s�i�o�n� �o�f� �w�h�a�t� �s�i�z�e� �n�j�,� �(�a�n�d� 

�t�h�u�s� �N�o�,� �~� �n�y� �-� �N�y�!� �s�h�o�u�l�d� �b�e� �a�n�d� �l�e�t� �b� �b�e� �t�h�e� �t�e�r�m�i�n�a�l� �d�e�c�i�-�~� 

 ��s�i�o�n�,� �w�h�e�r�e� �b�*� �1� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �d�e�c�i�s�i�o�n� �t�h�a�t� �o�y� �°� �9�.� �a�n�d� 

�b�-� �2� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �d�e�c�i�s�i�o�n� �t�h�a�t� �0�,� �<� �O�.�°� 

�W�e� �a�s�s�u�m�e� �a� �p�r�i�o�r� �d�i�s�t�r�i�b�u�t�i�o�n�,� �o�r� �w�e�i�g�h�t�i�n�g� �f�u�n�c�t�i�o�n�,� 

�f�o�r� �9� �o�f



�~�1�0�5�-� 

� � 

�o�r�c� �B�o� �_�Y�,� �8�6� �(�1� �=� �0�)� �9� �0�°� �(�1� �-� �8�)� �©� 
�(�1�0�-�1�)� �(�8�)� �=� �a� �B�o�t�l�)� �B�l�y�o�t�l�>� �6�;� �S�T�)� �,� 
�w�h�e�r�e� �d�e�s� �B�o�s� �Y�o�?� �a�n�d� �5�6� �a�r�e� �n�o�n�-�n�e�g�a�t�i�v�e� �i�n�t�e�g�e�r�s�,� �0� �<� �o�S� �L�l�;� 

�a�n�d� �O�<� �9�5� �8� �l�.� �W�e� �w�i�s�h� �t�o� �f�i�n�d� �s�t�r�a�t�e�g�i�e�s� �f�o�r� �f�i�n�d�i�n�g� �a�y�s� 

�A�g�r�e�r�e�s�d� �s�y� �a�n�d� �f�i�n�a�l�l�y� �b�,� �w�h�i�c�h� �a�r�e� �o�p�t�i�m�u�m� �r�e�l�a�t�i�v�e� �t�o� �e�i�t�h�e�r� 

�t�h�e� �c�o�n�s�t�a�n�t� �l�o�s�s� �f�u�n�c�t�i�o�n� 

�(�1�0�.�2�)� �L�(�x� �9�2�0�+� �s�X�,� �p�A�,� �2�0�0�0�2�8� �D�s� �Q�)� 

�q�y� �i�f� �b� �=� �1� �a�n�d� �O�o�,� �<� �8�5� 

�=� �q�,� �i�f� �b� �=� �2� �a�n�d� �6�,� �>� �6�,� �,� 

�U� �o�t�h�e�r�w�i�s�e� 

�w�h�e�r�e� �q�,� �4�n�d� �q�o� �a�r�e� �p�o�s�i�t�i�v�e� �r�e�a�l� �n�u�m�b�e�r�s�,� �o�r� �t�h�e� �l�i�n�e�a�r� �l�o�s�s� 

�f�u�n�c�t�i�o�n� 

�(�1�0�.�3�)� �s�e�t�a�e� 

�2� 

�+� �k�a�y� �0�4� �F� �K�i�o� �5� �i�f� �b�*� �1� 

�9�,� �+� �K�y�o� �8�,� �i�f� �b�*� �2� �k�a�o� �7� �K�a�1� �9�1� �2� 
�w�h�e�r�e� �e�a�c�h� �K�s�;� �(�i� �-� �1�,�2�,�3� �j� �*� �©�0�,�1�,�2�)� �i�s� �a� �r�e�a�l� �n�u�m�b�e�r�.� �I�n� 

�o�r�d�e�r� �t�o� �d�o� �t�h�i�s� �w�e� �u�s�e� �e�x�t�e�n�s�i�v�e�-�f�o�r�m� �a�n�a�l�y�s�i�s�,� �w�h�i�c�h� �p�r�o�-� 

�c�e�e�d�s� �a�s� �f�o�l�l�o�w�s�:� 

�(�1�)� �F�o�r� �f�i�x�e�d� �v�a�l�u�e�s� �o�f� �K�p� �a�e�e�e� �e�X� �9�8�,� �e�0�0�0� �s� �a�n�d� �b�-� 

�c�o�m�p�u�t�e� �L�(�X�y� �9�0�0�0� �9�X�2�8�)� �2�0�0�0�5�8�,� �9�0�,�8�)� 
�P�O�L�,� �p�0�0� �6� �2�X�,� 

�(�2�)� �F�o�r� �f�i�x�e�d� �X�z� �o�e�e�e�s�%� �2�8�,� �9�0�0�0�9�8�,� �c�o�m�p�u�t�e� 

�D�D� �(�x�e� �p�e�e� �e� �p�K� �y�r�q� �e�e�e� �2�p�)� �=



�~�1�0�6�-� 

�m�i�n� �&� �b� �O�[�X�,� �p�e�e� �9�x� �7� �L�(� �X�X�)� �9�0�0�0� �9�X�7� �9�0�0�2�9�8�,� �y�b�,�0�8�)� 

�a�n�d� �c�h�o�o�s�e� �t�h�e� �"�b�"� �w�h�i�c�h� �g�i�v�e�s� �t�h�e� �m�i�n�i�m�u�m�.� 

�(�3�)� �F�o�r� �f�i�x�e�d� �v�a�l�u�e�s� �o�f� �X�y�o�e�e�e�s�X� �7� �a�n�d� �a�y� �y�e�e�0� �5�a�,� 

�(�1�)� �c�o�m�p�u�t�e� �F�E� �(�X�]� �p�2�0� �2�%� �2�8�,� �2�0�0�0�9�8�)� �«� 
�%� �{�X�p� �s�e�8� �X�p� 

�(�1�)� �T�h�e�n� �f�o�r� �f�i�x�e�d� �v�a�l�u�e�s� �o�f� �K�y� �g�e�e� �2�K� �_� �7� �p�h�y� �e�e�r�e� �s�a� �a�]� 

�c�o�m�p�u�t�e� 

�(�2�)� 
�L� �(�X�)� �9�0�6�0� �y�X� �7� �2�8� �a�0�e�0� �8�,�7�)� 

�1�1�)� �=� �m�i�n� 
�2� 

�a�n� �X�p�a�e�e�e� �y�h� �7� 
�K�y� �s�e�e� �9�%� �9�8�)� �e�e�e� �7�a�)� 

�a�n�d� �c�h�o�o�s�e� �t�h�e� �"�a�n� �w�h�i�c�h� �g�i�v�e�s� �t�h�e� �m�i�n�i�m�u�m�.� 

�(�5�)� �C�o�n�t�i�n�u�e� �i�n� �t�h�i�s� �m�a�n�n�e�r� �w�i�t�h� �e�a�c�h� �s�t�a�g�e� �u�n�t�i�l� �t�h�e� 

�f�i�r�s�t� �s�t�a�g�e�.� 

�(�6�)� �O�n� �t�h�e� �f�i�r�s�t� �s�t�a�g�e� �c�h�o�o�s�e� �a�,� �s�u�c�h� �t�h�a�t� 

�m� �(�m�)� �+�s� �B�a� �L� �(�x�,� �2�2�,�)� �i�s� �a� �m�i�n�i�m�u�m�.� 

�E�x�p�r�e�s�s�i�o�n�s� �f�o�r� �t�h�e� �e�x�p�e�c�t�e�d� �v�a�i�u�e�s� �i�n� �S�t�e�p�s� �1� �t�o� �6� �a�r�e� �g�i�v�e�n� 

�i�n� �S�e�c�t�i�o�n�s� �2�.�3� �a�n�d� �2�.�4� �o�f� �t�h�i�s� �t�h�e�s�i�s�.� �<�A� �p�r�o�g�r�a�m� �f�o�r� �e�x�t�e�n�-� 

�s�i�v�e�-�f�o�r�m� �a�n�a�l�y�s�i�s� �w�a�s� �w�r�i�t�t�e�n� �f�o�r� �t�h�e� �I�.�B�.�M�.� �1�6�2�G� �c�o�m�p�u�t�e�r�,� 

�a�n�d� �s�o�m�e� �e�x�a�m�p�l�e�s� �w�e�r�e� �w�o�r�k�e�d� �o�u�t� �w�i�t�h� �t�h�e� �u�s�e� �o�f� �t�h�i�s� �p�r�o�-� 

�g�r�a�m�.� �I�t� �w�a�s� �f�o�u�n�d� �t�h�a�t�,� �e�v�e�n� �w�i�t�h� �t�h�e� �c�o�m�p�u�t�e�r�,� �o�n�l�y� �s�m�a�l�l� 

�e�x�a�m�p�l�e�s� �c�o�u�l�d� �b�e� �h�a�n�d�l�e�d� �b�e�c�a�u�s�e� �o�f� �t�h�e� �t�i�m�e� �r�e�q�u�i�r�e�d�.� 

�B�e�c�a�u�s�e� �o�f� �t�h�i�s� �d�i�f�f�i�c�u�l�t�y� �t�h�e� �s�t�a�g�e�-�b�y�-�s�t�a�g�e� �p�r�o�c�e�d�u�r�e� 

�w�a�s� �p�r�o�p�o�s�e�d�.� �I�n� �t�h�i�s� �p�r�o�c�e�d�u�r�e� �i�t� �i�s� �a�s�s�u�m�e�d� �t�h�a�t� �a�t� �t�h�e� 

�k ��t�h� �s�t�a�g�e� �(�k� �=� �1�,�2�,�-�.�.�,�m�)� �t�h�e�r�e� �a�r�e� �o�n�l�y� �k� �s�t�a�g�e�s� �i�n� �t�h�e



�-�~�L�O�7�-� 

�e�n�t�i�r�e� �p�r�o�c�e�d�u�r�e� �a�n�d� �t�h�a�t� �o�n�e� �i�s� �a�t� �t�h�e� �t�e�r�m�i�n�a�l� �s�t�a�g�e�.� �T�h�u�s� 

�a�t� �t�h�e� �k�'�t�h� �s�t�a�g�e� �(�1� �=� �2�,�3�,�.�.�.�,�m�)� �o�n�e� �e�v�a�l�u�a�t�e�s� 

�B� �m�i�n� �&� �L� �e�o�s� �A�+�,� �g�e�a�r� �b�,�0� 
�X�H� �I�X�p� �s�e� �e�8� �s�X�e� �7� �b� �O� �[�x�1� �s�e�e� �s�X�,� �(�x�5� �s�X�9� �1�?� �r�y�3� �;� 

�a�n�d� �c�h�o�o�s�e�s� �t�h�e� �M�a�n� �w�h�i�c�h� �m�i�n�i�m�i�z�e�s� �t�h�e� �e�x�p�r�e�s�s�i�o�n�.� �A�t� �t�h�e� 

�f�i�r�s�t� �s�t�a�g�e� �o�n�e� �e�v�a�l�u�a�t�e�s� �E�,� �m�i�n� �B�g� �[�o�e� �L�(�x�,� �a�,� �,�b�,�8�)� �a�n�d� 
�i�L� �o�b� �1� 

�c�h�o�o�s�e�s� �t�h�e� �"�a�,�"� �w�h�i�c�h� �g�i�v�e�s� �t�h�e� �m�i�n�i�m�u�m�.� �i�x�p�r�e�s�s�i�o�n�s� �f�o�r� 

�t�h�e�s�e� �e�x�p�e�c�t�e�d� �v�a�l�u�e�s� �a�r�e� �g�i�v�e�n� �i�n� �S�e�c�t�i�o�n� �3�.�1� �f�o�r� �b�o�t�h� �t�h�e� 

�l�i�n�e�a�r� �a�n�d� �c�o�n�s�t�a�n�t� �l�o�s�s� �f�u�n�c�t�i�o�n�s�.� �I�t� �i�s� �s�h�o�w�n� �t�h�a�t�,� �w�h�e�n� 

�w�e� �a�r�e� �a�t� �t�h�e� �k�'�t�h� �s�t�a�g�e�,� �w�e� �c�a�n� �a�s�s�u�m�e� �w�e� �r�e�a�l�l�y� �h�a�v�e� �o�n�l�y� 

�a�@� �o�n�e� �s�t�a�g�e� �p�r�o�c�e�d�u�r�e� �w�i�t�h� �a�n� �a�l�t�e�r�e�d� �p�r�i�o�r� �d�i�s�t�r�i�b�u�t�i�o�n�.� �I�f� 

�w�e� �h�a�v�e� �a� �l�i�n�e�a�r� �l�o�s�s� �f�u�n�c�t�i�o�n� �w�i�t�h� �o�n�l�y� �a� �f�e�w� �o�b�s�e�r�v�a�t�i�o�n�s� 

�i�n� �e�a�c�h� �s�t�a�g�e�,� �w�e� �c�a�n� �d�o� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n�s� �f�o�r� �t�h�e� �s�t�a�g�e�-�b�y�~� 

�s�t�a�g�e� �p�r�o�c�e�d�u�r�e� �w�i�t�h�o�u�t� �a� �d�i�g�i�t�a�l� �c�o�m�p�u�t�e�r�.� �W�i�t�h� �a� �c�o�m�p�u�t�e�r� 

�m�u�c�h� �l�a�r�g�e�r� �e�x�a�m�p�l�e�s� �c�a�n� �b�e� �w�o�r�k�e�d� �w�h�e�n� �t�h�e� �s�t�a�g�e�~�b�y�-�s�t�a�g�e� 

�p�r�o�c�e�d�u�r�e� �i�s� �u�s�e�d� �t�h�a�n� �w�h�e�n� �e�x�t�e�n�s�i�v�e�-�f�o�r�m� �a�n�a�l�y�s�i�s� �i�s� �u�s�e�d�.� 

�F�i�n�a�l�l�y�,� �t�h�e� �a�p�p�r�o�x�i�m�a�t�e� �p�r�o�c�e�d�u�r�e�,� �w�h�i�c�h� �r�e�q�u�i�r�e�s� �v�e�r�y� 

�s�i�m�p�l�e� �c�o�m�p�u�t�a�t�i�o�n�s� �a�n�d� �c�e�r�t�a�i�n�l�y� �d�o�e�s� �n�o�t� �r�e�g�u�i�r�e� �a� �c�o�m�p�u�t�e�r�,� 

�w�a�s� �p�r�o�p�o�s�e�d�.� �I�t� �c�o�n�s�i�s�t�s� �o�f� �m�i�n�i�m�i�z�i�n�g� �V�a�r�(�0�,�-�9�5�1�X�,� �+�+�+� �s�X�,�)� 

�a�t� �e�a�c�h� �s�t�a�g�e�.� �I�t� �i�s� �s�h�o�w�n� �t�h�a�t� �t�h�i�s� �i�s� �a�p�p�r�o�x�i�m�a�t�e�l�y� �e�q�u�i�v�-� 

�a�l�e�n�t� �t�o� �t�a�k�i�n�g� 

�(�1�0�-�4�)� �c�n�a� �*� �S�e�e�n� �*� �M�e� �*� �3�)� �B�e�e�n� �7� �e�n� �7� �P�e�e� �7�?� 
 ��4� �y�h� �©� �R�o�a� �2� �3


