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I. INTRUDUCTICN AND LITERATURE SURV:Y

It is common practice in comparing the parameters of
two binomial populations (e.g., the probabilities of success
for two drugs) to choose a fixed number of observations and
allocate half of these to samples from each of the two
populations.

Beginning during World War II Wald {(1947) developed the
general technique of sequential analysis which makes the
total number of observations a random variable depending on
the progress of the experiment. This method often reduces
the amount of data required to reach statistically valid
conclusions. The problem of comparing two treatments of
drugs in medical experiments was put into a most convenient
form from the user's point of view in a paper by Bross (1952).

More recently Taylor and David (1962) studied a problem
which is similar in spirit although quite different in approach
to the one considered in this thesis. Their aim is to allo-
cate observations at each stage of a multi-stage experiment
involving several drugs on the basis of results in previous
stages. In order to do this they use weighting functions to
divide up the fixed number of observations at each stage in
such a way that the drug showing the highest number of favor-
able responses is allocated the highest proportion of obser-

vations (i.e., patients). The probability of correctly
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selecting the best drug by this procedure was found, mainly
by simulation, to be generally greater than that for equal
allocation of all drugs. It will be noted that the total
number of observations in the experiment is pre-determined
but that this number is divided up between the various drugs
in a manner which tries to take advantage of knowledge gained
during the experiment.

The general problem considered in this thesis is that of
determining an optimum strategy for deciding how to allocate
the observations in each stage of a multi-stage experimental
procedure between two binomial populations on the basis of
the results of the previous stages. After all of the stages
of this experiment have been performed, one must decide which
of the two populations has the higher probability of success.
The optimum strategy i to be optimum relative to a given
loss function and a given prior distribution for the proba-
bilities of success of the two populations. At first it is
assumed that there are a fixed number of stages in the exper-~
iment, but later in the thesic this restriction is weakened
to the assumption that only the maximum number of stages
possible in the experiment is fixed and the experiment can
be stopped at any stage before the last possible stage is
reached. In any case the total number of observations in
each of the stages is fixed before the experiment.

In addition, the same general problem is considered



when the two populations are normal and the terminal deci-
sion is that one or the other of the two populations has
the higher mean.

Since it turns out that the exact procedure for finding
the optimum strategy is impractical when the number of stages
or the number of observations in each of the stages is at all
large, two alternative approximate procedures are presented
and compared with the exact procedure.

Throughout this thesis it will be assumed that the two
binomial populations are the respective outcomes when two
drugs are administered to patients in a multi-stage testing
procedure and that the observations in each stage are the
numbers of successes of given drugs administered to given
patients. However, it should be emphasized that the proce-
dures developed and studied in this thesis have much wider
applicability than the comparison of twe drugs. For example,
one might want to compare the output of two machines or
processes in a multi-stage testing procedure.

At this point we may mention a somewhat similar problem,
the "Two-Armed Bandit Problem." Here the aim is to allocate
n observations, one at a time, between two binomial popula-

tions so as to maximize the expected number of successes.

Contributors to this subject include Vogel and Robbins as
well as Bradt, Johnson, and Karlin. To obtain results they

impose various additional conditions which we now outline.



Vogel (1960a) considers the following problem:
Let the random variables X and Y, where
Pr(X=1) =1 -Pr(X=0) =p
and
Pr(Y=1) =1 - Pr(Y=0) =q ,
describe the outcomes of two experiments, El and EZ' A
class of strategies is studied which results from a sequen-
tial procedure of n steps, in which either El or B, (but not
both) is performed in each stage. However, this paper has
the additional restriction that in the first 2k steps (k is
a random variable) each of %, and E, is performed k times.
Then the rest of the n - 2k steps are made either with El or
E,e« A loss function based on the expected sum for all n
steps is used.

In another paper (1960b) Vogel derives some asymptotic
results for the Two-irmed Bandit Problem both with and with-
out the additional restriction of his first paper (1960a).

Robbins (1956) considers the problem of successively
choosing one of two ways of action, each of which may lead to
success or failure, in such a way as to maximize the long-run
proportion of successes obtained, the choice each time being
baséd on a fixed number of the previous trials.

In another paper Robbins (1952) proposes and discusses
in general several problems in the sequential design of

experiments. Among these is the problem of how a sample



should be drawn from two populations in order to achieve the
greatest possible expected value of the sum of the sample
results.

Bradt, Johnson, and Karlin (1956) derive some properties
of the Two-Armed Bandit Problem. In addition, they consider
the generalized Two-Armed Bandit Problem of maximizing the
expected number of successes in n trials when at each trial
one is free to chouse between two binomial random variables,
whose probabilities of success, p and g, are unknown but have
a prior distribution F(p, q). Finally, they consider in
detail the situation in which one of the probabilities of
success is unknown but a prior distribution for it is speci-
fied and the other probability of success iz knowm.

Dunnett, Jamuel, and Chernoff have also worked on
problems similar to the cne in this thesis.

Dunnett (1960) uses decision theory methods to decide
if a potential drug, which is assumed to have two levels of
activity, active and inactive, is to be accepted as being
worthy of further experimentation or rejected. A sequential
procedure is derived in which rejection can occur at any
stage. A method for computing critical rejection levels in
each stage when the tecsting errors are normally distributed
is given in detail for one, two, and three stage problems.

Samuel (1961) describes a minimal complete class of

decision rules for sequentially classifying individuale of a
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group which is known to have come from one of two completely
specified populations.

Chernoff (1959) presents a procedure for the sequential
design of experiments where the problem is one of testing a
hypothesis. It is assumed that there are two possible ter-
minal decisions and a class of available experiments. After
each observation the statistician decides whether to continue
experimentation or note. If he decides tc stop, he must se-
lect one of the two terminal decisions. The choice of an
experiment at any stage is based on Kullback-Leibler infor-
mation numbers. This procedure is worked out in detail for
the case in which each of the experiments yield Bernoulli
random variables.

The two most important references for the body of this

thesis are Raiffa and Schlaifert's Applied Decision Theory

and a paper by Amster.

Raiffa and Schlaifer (1961) have a general discussion
of Bayesian decision theory in the first part of their book.
Then they give detailed specific analytical colutions for some
problems in which there are one stage, two (or more) possible
terminal decisions, normal or binomial distributions, and
utility functions (They use utility functions instead of loss
functions.) which are linear in the population means. In
this thesis many of the concepts and results and much of the

terminology and notation developed in their bock will be used.
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Amster (1962) proposes and derives some properties of a
stopping rule for sequential sampling which weighs the cost
of additional observations against the expected gain to be
derived from additional sampling. This rule requires one
more observation to be taken as long as the posterior risk
is larger than the expected posterior risk for any additional
fixed size sample. He shows how this stopping rule can be
applied to both e timation and the testing of two simple

hypotheses.
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IT. EXTENsSIVE-FURM ANALYSIS

2+1 General Procedure

Juppose one desires to compare two drugs, Drug 1 and
Drug 2, in an m-stage test procedure. Let the probability
that Drug 1 results in an improvement in a patient in any of
the stages be 61, and let the corresponding probability for
Drug 2 be ©,. uppose the experimenter has decided prior to
the experiment that he will take Ny observations in the k'th
stage (k = 1, 2, +v., m). However, he wants to partition ny
into Ny and N s the number of observations for Drug 1 and
for Drug 2, respectively, in the k'th stage on the basis of
the results of the cbservations in the previous k-1 stages.
Let the numbers of successes (improvement of patients) of
Drug 1 and of Drug 2 in the k'th stage be 1k and rops Te-
spectively. After the m'th stage, on the basis of his re-
sults for all m stages, he desires to state that either
81 > 62 or that o4 < B,

2
Let 0 = (91, ©,) and let x, = (rlk’ rzk). Let a; Dbe a
decision of what size nj, ( and thus Ny = ny - nlk) should
be. ("a " will be U, 1, 2, +.., or n.) Let b be a decision
(the terminal decision) whether to state that ©, > 8, or
81 < 92, where b = 1 will represent the decision that 61 > 62,

and b = 2 will represent the decision that ©, < 0,
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Define the following "loss"™ function on Xy eees X
8.1, t.‘, 3m, b, e:

L(Xl’ LA Y ] Xrn, al, * e sy a.m, b’ 9)

!
i

0 if b =1 and 8; > 8,
5 B O if b = 2 and el < 82

qq if b = 1 and 8, < 0,

0, if b = 2 and 6, > 9, »
where ¢ and q, are positive constants. In what follows
(2.1) will be called the "constant loss function.”

Notice that L(xl, vees X3 B9y wesy By D, 8) does not
directly depend on By ooy A since it will be assumed that
the costs of making observations with each of the two drugs
ars ecual.

The problem new is first to select ass then a, on the
basis of Xq and 871 then a3 on the basis of 813 @35 Xy, and
X5 s etc., and finally b on the basis of Bys svey By Xqy eeey
X ® In order for this to be done, it is proposed that an
extended and modified form of the "analysis in extensive
form” as precsented by Raiffa and sSchlaifer (1961) be used.

In general, the analysis will proceed as follows!

(1) TFor fixed vaiues of Xqs eees Xy 87y e+, 8, and

b COmpute E (Xl,oo.,.}{ln’al’lno,an‘l,b,e)0

Glxl,...,xm L

(R) TFor fixed Xys eses Xyp 8y, ++., & compute
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1
L( )(Xl""’xm’al’°"’am)

= min E. L
b elxl,...,xm

and cho.se the "b" which gives the minimum.

(Xl""’Xm’al""’am’b’e)

(3) For fixed values of Xog evsy X 7 a0 87, eee, B

(1),
}imlxlyoo.,Jcrn_lL (J{l"")}snyal,ooc,am).

(4) Then for the fixed values of Xqs se+y X _q1, and

compute E

81y evey B 7 compute

2 \
L( )(Xl,--.,xm_l,al,o.;,am_l)

= min E L(l)(

a, Xmlxl’”"xm--l

m

Xl,...,}{m,al,.-.,am)

and choose the "am“ which gives the minimum.

(5) Continue in this manner with each stage until the
first stage.

{(6) Un the first stage choose a; such that

P i (m) 3 3

B, L (xl, al)] is a minimum.

1

2.2 Some Distribution Theory

In order to evaluate the expressions in Section 2.1 we

need a weighting function, or prior distribution, of 6. Let

g e %0

1 (1= el) 0, (1 -9,)

B
8 0
Bla 1, po*1) Blry*I, 5,71)

(2.2) p(8) =
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where Qs 50, Yes and 50 are non-negative integers, B(ao+1,

Bo+l) and B(y,*1, 6G+l) are beta functions, 0 <6, <1, and
e . . .
C=<o, = 1. Since each 1k and ry, has a binomial

distribution,
' k n n.,.
‘ 1k 2i
(2:3) P (X7,-.-,X ) o .TT ( ) ( )
6L KD gmy NP Ny
Q, ~Q, Bi=BAn Yo=Y 5, =&
. k™0 k"0 'k 0 k "0
N (1-0;) 0, 1-9,) ’
k
= b ~+
where o ifl ry4 a, R
k
o - + R
P TN (ny; - ry5) ¥ Bg
k
Za ~ e +
e oGPy Tei Yoo o
k

fOl" k o 1, ?, esey IMe i

0(0) Pe(xl,...,xm)

(2.4) P(E)fxl,..n,xm) = =
j” Jp n(e) Pe(Xl""’xm)del de,
0 0

a Py Y
m i m
- (v -+ +
B(amﬁl, Bm+l) B(ym 1, 6m 1)

6m

Also, let
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1 1
P(xl,...,xk) Z:J( Jﬁ p(8) Pe(xl,...,xk)del e, .
0 0

P(Xl”"’xk-l’xk)

Then

(2.5) P(xkfxl,...,xk_l) =

P(xl, LN ,Xk"'l)

- (nlk) (nZk) B(ak+1} Bk+l) B(Yk+19 6k+1)
ryl Vo Blay %1, By 1 F1) Blv 1*1, 8 o+l

for k = 2, 3, ees, m and

bla) = (nll\] (nﬂ) Blay+l, py+l) Blyy*l, 87+1) .

2.3 Details of the Analysis for a Constant Loss Function

Following the outline of the analysis in Section 2.1
and using (2.4) and (2.5), we obtain?
(1) Ifb =2,

‘_alxl"."zgn L(Xl,.‘c,x ,al,-.-,a ,b 9)

1 6,
jr J[ 4y P lel,...,xm) de,, doy

°1 e (1-8,) " 8," (1-8,)
= L& 2 de,de
42 a L, B IV Bly ¥I, & FI) “T2%°1

6- 6
ﬂ 1 Y .(6 ) .
N %y m m s J{ Mynd

B(am+l, Bm+1) B(Ym+l, am+1)

Il
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®n 5\ Bla_ty, +3+2, p +1)
qz 2.: ("l)J jbl +'+1
B(a, 1, B_71) Bly +1, & +1)

Similarly, if b = 1,

L(xl,...,xm,al,...,am,b,e)

B Y 5
}( J( qy 1” (1-99) ™ 0, (1-08,) ™ do; do,
a 1, B +1) B(Y LTl 6 +1)

B - )
o Am (-1)9d (Em) Blyyta t3+2, §,%1)
R e, J a,titl
Bla +1, p_*1) Bly, +1, & +1)

Thus for fixed XyseeesXy and Ayseeesd chosse b = 1
if

B : o
ol Bm) B(am+ym+342, 6,+1)

S g [P
a3 j:O (-1) (j a F3F1

is less than

) .
i +ae i+ +
T . Sm) B(a.m Yo tites By 1)
+3+ ’
Yy tITL
cho:se either b = 1 or b = 2 if the two expressions
are ecual, and choose b = 2 otherwise. Call the
minimum of the two above expressions G(Xl""’xm’
al,,..,am).
In the rest of this section we shall let



(2.6)
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Sk(xl,...,xk_l, al,...,ak)

n .,
_ iF <k (nlk) ( nzk)

= = r r
ik Q Tok O 1k 2k

n n
o min l§k+l 2ik+l (nl,k+1) (nz’k+l) .
= — r X Y.
A1 rl,k+l 0 r2,k+l 0 1,k+1 2,k+l

n n
o T ()
am rlm=0 r2m=0 1m Tom

. G(xl,.-.,xm, al,oo-,am) coo}
and
Hk(xl,.o.,xk“l,al,tl-’ak-l)

—

- min Sk(Xl,-..,Xk_l,al,o-.,ak) 2
a
k
where k = 1, 2, sesy Il »

Also, we shall let
I’i]Tl+l(X:L,o . e ,J%n,al’Ott ’am)
= G(xl,...,xm,al,...,am) .

Note that for k = 1, 2, eee, I

n n
1k 2k fn n
b = 1k 2k
S(x e e g X a ...a)= N z ( )( )
g XypeeasXy 1587500058 _ A N

. Hk+l(xl”"’xk’al""’ak) .

Then
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1
}{Inlxl,ltl’xm-l

(l)(xl,.co,xm,al,-.o,am)

= 2 P( Xypeney } L
ali X, X% a1

Sm(xl,...,Xm~l,al,...,am)
B(am_l+l, Bm_l+l) B(Yﬁ-l+l’ o)

m__l+1)

Cho.se am such that Sm(xl,cc-,Xm_lgal,-o-,am) is a
minimum for fixed Xy,eee,X, ¢ a@nd a;,...,8, ; thus
computing Hm(xl s ,Km_l,al’ toe ’am~l) .

At the k'th stage

o (m=-k+1)
ﬁxklxl,...,xk_l L (Xl"",xk_l,al,uco,ak)

‘Sk(xl, LY ’Xk“l,al, o s ’ak)
Blag_ %1, By_1*1) Blyy %1, 8 7*1) .

Choose a; such that Sk(xl,...,xk_l,al,...,ak) is
a minimum, thus computing
Hk(xl’...,Xk*l’al’..",ak-l) *

Finally at the first stage choose a4 such that

ol(al) is a minimumnm.

2.4 Analysis for a Linear Loss Function

In this section we shall assume the same situation as

there was in Sections 2.1, 2.2, and 2.3, except for the loss
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function. Let

(207) L(Xl,-.-,}%ﬂ,al,.-.,am,b,e)
klO -+ kllal + k1282 for b = 1
- ’
ks -+ kzlel + k2282 for b = 2

where klO’ kll’ le’ Konys k21, and k22 are any real numbers.
Then, following the general outline of extensive form of
analysis in Jection 2.1 and using (2.4) and (2.5), we
obtain:

(1) If v =1,

Eijl"“’xm L(xl,...,xm,al,...,am,b,e)

1 1l «a B Y e}
m m m m
9 (1-@1) 8, (1-8,)

Bla, 1, p,+1) B(r_+1, 5 +1)

0 JO

« (kyg + kqy98) F kq,8,) d9; 46,

o + 1 v+ 1
= kyg * kll,(a = vz Tk ( 53/ -
m m Ym m

Similarly, if b = 2,

E@,Xl, .."}{ln L(Xlgto. ,Xm,al,...,am,b,e)

a,. T 1 Y. 1
= k + % ( 1l + K ( m
20 21 Qo + Bm + 2 22 Yo + 5m + 2 *
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(2)

(3)
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Thus we choose b = 1 if

( ) ) (=) ) (22 5)
k,~=k +(k,,~k (—-¢-~ +{k,,=k VT
207710 21 711 am+5m+2 227712 Yﬁ+5m+2
is greater than zero, choose either b ® 1 or b = 2
if it is equal to zero, and choose b = 2 if it is

less than zero. Then

L(l) (Xl’OOQ,Xm,al’..C’am)

(% ) vy, ()
= min k- ~tk o anreadll el 4 PPy
10 ™11 am+Bm+2 12 Ym+6m 2 2

a +1 v+l
kootkag ( <;L'+I;Isl 51 TkKop ( 5 +'2‘]
m m Ym m

L(l) (xl,...,xm,al,...,am)

ji’xm’xl’ L ’Xm—l

n n
~lm 2m ( nm) ( n2m)
= s \ 2 P r
rlmwO rzmwb Im 2m

Bla *1, B +1) Bly *1, & +1)
Blay, %1, B,_1*1) Blyy,_1+1, & _71)

L(l) (xl,...,xm,al,...,am)

1w (72
My Do ( lm)( ~m) G' (X, eeesX 28y 0e00sa )

= 3 Z “in’ Yom
I‘lm:U r2mzo B( +1, Bm-1+l) B(Ym-l+1’ 6m~l+l)

Yne1



.

- Sé (Xl,o-.,xm_l,al,.-.,am)
B(am_l+1, sm_l+1) B(ym_l+1, am_l+1)

where

(2.9) G'(xl,-..,xm,al,...,am)
= Bla,*1, am+1) B(Ym+1, 6m+l)

. L(l) (xl,...,xm;al,...,am) .

The rest of the analysis proceeds exactly as it does
with the constant loss function excépt that the functions G,

S, and H are replaced by G', S*, and H'.

2.5 An Ixample of the Computations

In this section the "decision tree," the diagram showing
all of the possible decisions and outcomes which can occur at
each stage, will be constructed for the following example?

60 = 0 so that

1l for 056, <1and0 <6,=<1

o(0) = .
0O otherwise

Let
L(xl, Xps X3y 815 25y 8g, b’ )

82~ Gl for b = 1

61 - 92 for b = 2
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We shall compute S} (xl""’xk-l’al""’ak) and
H& (xl"“’xk~l’al"‘"ak—l) for k = 1, 2, and 3 ( and for

k = 4 for the function Hi), where Hﬁ and Sﬁ are the same as
defined by (2.6) except that the function G is replaced by
G!', which is defined by (2.9). Then we shall place H} and
Sﬁ on the diagram showing the decision tree without the
primes for the sake of clarity.

For the loss function in our example we find from (2.8)

that

(2.10) L(l) (xl,xz,x3,a1,a2,a3)

(ay+l) (Y3+l)
- +B,+2 + +§5.,+2
%37P3 Y3704

= min

(R3+l) (Y3+l)
q3+ﬁ3+2 - Y3+63+2 ’

where b = 1 or 2 is chosen according as the first expression

is less than or greater than the second. Then from (2.6),
(2.9), and (2.10) we find that (dropping the arguments of
Si and H&)

HL = B(a3+l, 53+1),B(Y3+1, 63+l)

e )
* min - 7
a3¥B3T2 r3TéyTR 7

(Q3+l) (Y3+l)
a3+33+2 Y3+53+2




-2 by

= ,B(a3+2, By*1) Blyy*l, 85+1)

- B(a3+l, 33+1) B(Y3+2, 63+l)! .

Dok

n
(Note that in this example each ( lk) and (r
2k

e ) is 1.)

The possible values of HL and the terminal decisions
corresponding to the possible values of Aqs BB’ Y3 and 63
if we start with nyq ° 1 and ny,, = 0 are given in Table 1.

e are now ready to construct the decision tree. We
shall construct only half of the entire decision tree for
this example since the other half can be obtained by sym-
metry. The diagram starting with ny, = 1, is shown in
Figure 1. The terminal decisions one should take are also
shown in Figure 1.

The decision tree for m = 3 with ny n, = n3 = 1 and

ay = By T vy T 8 = U but with
L(Xl’XZ’XB’al’aZ’a3’b’9)
1if b = 1 and 8, <@, or if b = 2 and 8, ~ 6,
0 otherwise

has also been computed. It turns out that for these quite
small examples the decision trees have exactly the same de-

cisions at each stage for the same outcomes in previous

stages.
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Table 1

putations for Example 1

—

Results of Com

51 o

-25

-25

-25

-25

=27

0

-27

O
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2.6 Numerical Results

As one can see from the example of the previous section,
the computations for finding optimum strategies are long even
for very small examples. For larger examples, the computations
rapidly "get out of hand.”™ With the above example there are
2(1;)3 or 128 "terminal branches™ on the decision treej but if
there were five stages with one observation per stage, one
would have to construct a "decision tree® with 2(&)5 or 2048
terminal branches. Thus two programs for the IBM 1620 com-
puter have been written for computing decision trees. The
first program is for the linear loss function defined by
(2.7), and the second is for the constant loss function
defined by (2.1). Each of these programs has two main op-
tions. One can enter the decision tree at the k'th stage
(k = 1, 2, s+ee, m) with the results of the previous k - 1
stages and have the entire decision tree above the point of
entry punched out on cardsj or one can have only
5y (Xl""’xk—l’al""’ak) punched out for each of the pos-
sible values of Ny Thus, using the second option, one can
find out how many observations should be taken on each drug
in the first stagej perform the experiment} using the data
from the first stage, find out how many observations should
be taken on each drug in the second stagej etc. It should be

emphasized that at each stage the computer has to go through



















































































































































































































































