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(ABSTRACT)

Experimental spatial dynamics modeling is a new method used to obtain a
dynamic model of a harmonically excited vibrating structure. The continuous three-
dimensional, complexed-valued velocity field of the structure is solved from a weighted
least-squares finite element formulation, making use of high spatial density data obtained
from a scanning laser Doppler vibrometer.

Analytical expressions for the first- and second-order error sensitivity of the
obtained model with respect to model parameters of the finite element model are
developed. A frequency response analysis, resulting in a pseudo-dynamic stiffness matrix
and the direct method of differentiation are used to obtain the required sensitivities. These
sensitivities may be used to update the parameters to obtain a more accurate model, and
also to yield a signal-to-noise level for which the data must be obtained.

Analytical expressions are also developed for the first-order error sensitivity of
the obtained model with respect to the spatial variables (position and orientation) of the
laser. A parametric representation of both the laser beam as well as the surface of the
structure is used. A variation in the spatial variables of the laser leads to a shift in the
measured velocity, compared to the analytical model. The influence of changes in the
spatial variables on the accuracy of the model is thus crucial. Once again, the results
obtained may also be used to yield a signal-to-noise level for which the data must be
obtained.

The formulations developed are examined by making use of a theoretical model of

a beam structure with out-of-plane harmonic excitation.



Where can I go from your Spirit?
Where can I flee from your
presence?

If I go up to the heavens, you are
there;
if  make my bed in the depths,
you are there.

If I rise on the wings of the dawn,
if I settle on the far side of the sea,
even there your hand will guide me,

your right hand will hold me fast.

PSALM 139: 7 - 10
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Chapter 1

Introduction

1.1  General overview of the thesis and problem domain

In a very competitive world where lighter, stronger and cheaper designs are sought
after, it is no longer acceptable to find poor, approximate results to complicated structural
vibration problems.

Many physical phenomena may be described by the laws of physics, often in terms
of differential equations. Vibrations of continuous structures are no exception and the
resulting governing equations are of the partial differential type. In general, it is not
possible to find a closed-form solution of a differential equation defined over a region with
arbitrary shape, material and loading conditions. However, high-speed digital computers
have made it possible to find accurate numerical approximations to these governing
equations.

When making use of computer-based dynamic models to solve for the dynamic
response of a structure, experimental testing must be incorporated into the design process
in order to achieve and validate the best designs. Experimental testing is a key part of the
design process, not only because it may be used to validate and update the computer
model, but also because it will likely result in a better understanding of the actual vibration
problem.

For the same system it is possible to construct a number of mathematical models
describing the vibrational response. One of the most widely used methods, is the method
of modal analysis where the structure is reduced to a number of equivalent spring, mass
and damper systems. The modal analysis method characterizes the structure in terms of
the modal parameters of natural frequencies, mode shapes and modal damping ratios.
Experimental modal analysis typically makes use of data obtained from surface-mounted
accelerometers. This method of obtaining data, places a practical restriction on the
number of spatial data points used to model the structure, but covers many frequency

components. Unfortunately the modal parameters are not easily related to parameters
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Chapter 1

related to the design of the structure.

The need to find accurate approximations of complex systems together with the
development in computer technology, have led to new methods of dynamic modeling and
analysis. The most prominent being the finite element method. The finite element method
makes use of a spatial formulation, incorporating the shape, size, material and loading as
well as boundary conditions of the structure.

A relatively new procedure that incorporates both experimental testing and the
finite element method is known as experimental spatial dynamics modeling (ESDM).
Experimental spatial dynamics modeling is the process of constructing a dynamic model by
making use of high spatial density data obtained from a laser Doppler vibrometer (LDV).
This may be achieved by using a statistical least squares discrete finite element formulation
to model the continuous, three-dimensional complexed-valued velocity field. Both non-
parametric as well as parametric models may be constructed for the dynamic response of
the system, each model having it's own advantages, disadvantages and specific uses.

The research goal of this thesis is twofold:

1. Evaluate the error sensitivity of the ESDM formulation to finite element
model parameters
2. Evaluate the error sensitivity of the ESDM formulation to the spatial

variables of position and orientation of the laser

Evaluation of the influence of the model parameters, as well as the spatial variables
(position and orientation) of the laser, on the accuracy of the obtained model is very
important. The influence of the model parameters may be used, not only to update the
estimates of the parameters themselves, but also to determine a signal-to-noise level for
which the experimental data must be acquired. On the other hand the spatial position and
orientation of the laser is important due to the fact that uncertainties in these variables may
lead to misinterpretation of the experimental data. A variation in the position of the laser
will lead to a shift in the measured velocity field. This is due, primarily, to the fact that the
measured velocity is assigned to a different position on the structure than where it was
actually measured. A variation in the orientation of the laser may also lead to shifting the
position of the acquired data as well as in incorrect values of the measured velocities due
to a projection error of the actual velocity.
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1.2 Solution concepts and hypothesis statement of the research

Experimental spatial dynamics modeling will be used to construct a model for the
continuous, three-dimensional, complex-valued velocity field of a vibrating structure. The
influence of the model parameters of the parametric model as well as the influence of the
spatial position and orientation of the laser on this constructed model, will be evaluated.

These influences may be evaluated a number of different ways including:

Inspection of graphs: Graphs of the error function (difference between the

modeled and the actual velocity fields) versus the model parameters may be constructed,
enabling the user to visually evaluate the influence of the different variables on the
accuracy of the model. This provides a qualitative evaluation of the sensitivity of the error
to the specified model parameters and spatial position and orientation of the laser. This
visualization method has the disadvantage that it is not possible to form a quantitative
relationship between changes in the error function due to changes in the independent
variables.

The visualization of the gradients of the error function becomes especially difficult

with an increasing number of model parameters.

Analysis of variances: This is a statistical method which quantifies the changes in

the variances of the error function due to changes in the specific parameters. This
approach quantifies the uncertainty in the error function due to the effect of the model
parameters and the spatial position and orientation of the laser, by making use of sampling
techniques. Unfortunately, analysis of variances alone does not seek to obtain a direct
functional relationship between changes in the error function and changes in the specific
variables.

Calculation of gradients: By calculating the gradients of the error function with
respect to the specific model parameters, it is possible to find a direct, quantitative,
functional relationship between changes in the error function due to changes in the specific
variables.
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The hypothesis statement for the research is thus:

By calculation of the gradients of the error function with respect to model
parameters of the finite element model, as well as with respect to the spatial variables of
the laser, the influence of these variables on the accuracy of the obtained model may be

evaluated.

1.3  Objectives of the research

From the research goal and hypothesis statement the research objectives may be

summarized as follows:

1. Formulate an error function which incorporates a numerical solution for the
dynamic response of the structure, consistent with high spatial density laser
measurements

2. Calculate the gradient of the error function with respect to the model
parameters of the parametric model

3. Calculate the gradient of the error function with respect to the spatial

position and orientation of the laser

1.4  Scope of the research

The broad scope of this research lies within the general framework of ESDM. As
such this research seeks to develop an element of technology within the ESDM
framework.

The vibrating structure will be modeled by means of the finite element method in
order to obtain the mass and stiffness matrices of the structure. The elements used will be
limited to straight, one-dimensional beam elements and flat, Kirchoff plate elements which
model out-of-plane bending in two-dimensional plate structures.

Normal-mode-type response will be considered. Normal mode response in this
study is limited to considering a model with little or no damping. This means only the real

part of the generalized complex dynamic response will be used. It is understood that the
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data acquired with the laser, for the dynamic response of the structure, is real but
composed of real and imaginary coefficients of the response in the phase plane. However,
for the structures under consideration in this study the phase response are typically O or
180 degrees relative to the force, depending on the excitation frequency and the natural
frequencies of the structure.

The analytical expressions for the gradients of the error function with respect to
the model parameters of the parametric model as well as with respect to the spatial
position and orientation of the laser will be determined. In the case of the gradients of the
error function with respect to the model parameters, first- and second-order derivatives
will be calculated. For the gradients of the error function with respect to the spatial

position and orientation of the laser, only first-order derivatives will be calculated.

1.5 Summary and outline of the thesis

The body of the thesis is divided into nine chapters which may be summarized as
follows in order to provide an overview of the material covered:

Chapter 1 - An introduction and short overview of the thesis

Chapter 2 - The literature research

Chapter 3 - Experimental spatial dynamics modeling formulation

Chapter 4 - Dynamic response using a frequency response formulation

Chapter 5 - Sensitivity of the error function with respect to finite element model
parameters

Chapter 6 - Parametric representation of the laser beam and the surface of the

structure and the Ray-Patch intersection formulation used

Chapter 7 - Sensitivity of the error function with respect to the spatial variables
of position and orientation of the laser

Chapter 8 - Results obtained from the research

Chapter 9 - Summary, conclusions and recommendations
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Literature Search

A literature search was performed in order to identify obstacles that might be
encountered and directions to follow in achieving the research goals and objectives. The
representation of the surface of the structure, methods of solving for the dynamic response
from the finite element equations as well as different methods of evaluating derivatives
were analyzed.

2.1 Representation of the surface of the structure

The representation of the surface of the structure is an important part of the
research, since it has a significant influence on the gradients when considering curved
surfaces. In general, the surface of a structure is curved and this curvature is accounted
for in the finite element formulation, by one of two methods:

1. Approximation of the curvature by a number of flat (or straight) elements
2. Making use of curved elements

Various formulations for curved elements are available and are generally more
complex than the formulations used for flat elements. One such possibility is the
generalized shell elements (Cook, Malkus and Plesha 1989). These elements have been
among the most difficult to devise and are formulated by making use of a classical shell
theory.

Another well known approach to formulate curved surfaces in computer graphics and
geometric modeling is obtained by making use of the B-Splines surface formulations
(Bartels, Beatty and Barsky 1987). Curved elements are typically obtained by making use
of cubic B-Spline shape functions. A quadrilateral element formulated in this way, has

















































































































































































































































































































































