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(ABSTRACT)

This dissertation is devoted to the modeling, analysis and development of solution ap-
proaches for some optimization-related problems encountered in industrial and manufactur-
ing settings. We begin by introducing a special type of traveling salesman problem called
“High Multiplicity Asymmetric Traveling Salesman Problem” (HMATSP). We propose a new
formulation for this problem, which embraces a flow-based subtour elimination structure, and
establish its validity for this problem. The model is, then, incorporated as a substructure in
our formulation for a lot-sizing problem involving parallel machines and sequence-dependent
setup costs, also known as the “Chesapeake Problem”. Computational results are presented
to demonstrate the efficacy of our modeling approach for both the generic HMATSP and its
application within the context of the Chesapeake Problem.

Next, we investigate an integrated lot-sizing and scheduling problem that is encountered
in the primary manufacturing facility of pharmaceutical manufacturing. This problem entails
determination of production lot sizes of multiple products and sequence in which to process

the products on machines, which can process lots (batches) of a fixed size (due to limited



capacity of containers) in the presence of sequence-dependent setup times/costs. We ap-
proach this problem via a two-stage optimization procedure. The lot-sizing decision is con-
sidered at stage 1 followed by the sequencing of production lots at stage 2. Our aim for
the stage 1 problem is to allocate batches of products to time-periods in order to minimize
the sum of the inventory and backordering costs subject to the available capacity in each
period. The consideration of batches of final products, in addition to those for intermediate
products, which comprise a final product, further complicates the lot-sizing problem. The
objective for the stage 2 problem is to minimize sequence-dependent setup costs. We present
a novel unifying model and a column generation-based optimization approach for this class
of lot-sizing and sequencing problems. Computational experience is first provided by using
randomly generated data sets to test the performances of several variants of our proposed
approach. The efficacy of the best of these variants is further demonstrated by applying
it to the real-life data collected with the collaboration of a pharmaceutical manufacturing
company.

Then, we address a single-lot, lot streaming problem for a two-stage assembly system.
This assembly system is different from the traditional flow shop configuration. It consists of
m parallel subassembly machines at stage 1, each of which is devoted to the production of a
component. A single assembly machine at stage 2, then, assembles products after components
(one each from the subassembly machines at the first stage) have been completed. Lot-
detached setups are encountered on the machines at the first and second stages. Given a
fixed number of transfer batches (or sublots) from each of the subassembly machines at stage
1 to the assembly machine at stage 2, our problem is to find sublot sizes so as to minimize
the makespan. We develop optimality conditions to determine sublot sizes for the general
problem, and present polynomial-time algorithms to determine optimal sublot sizes for the
assembly system with two and three subassembly machines at stage 1.

Finally, we extend the above single-lot, lot streaming problem for the two-stage assembly
system to multiple lots, but still, for the objective of minimizing the makespan. Due to the

presence of multiple lots, we need to address the issue of the sequencing of the lots along
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with lot-splitting, a fact which adds complexity to the problem. Some results derived for
the single-lot version of this problem have successfully been generalized for this case. We
develop a branch-and-bound-based methodology for this problem. It relies on effective lower
bounds and dominance properties, which are also derived. Finally, we present results of
computational experimentation to demonstrate the effectiveness of our branch-and-bound-
based methodology. Because of the tightness of our upper and lower bounds, a vast majority
of the problems can be solved to optimality at root node itself, while for others, the average
gap between the upper and lower bounds computed at node zero is within 0.0001%. For a
majority of these problems, our dominance properties, then, effectively truncate the branch-

and-bound tree, and obtain optimal solution within 500 seconds.
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Chapter 1

Introduction

1.1 Motivation and Scope of Research

The classical traveling salesman problem (TSP) is to determine a cycle over a given set
of cities, which starts from a base city, visits all the other cities once, and returns to the
base city, while minimizing the total distance traveled. If the distance from a city “a” to
city “b” is different from that from city “b” to city “a”, then this problem is termed as an
asymmetric traveling salesman problem. The problem that we address is different from this
classical asymmetric traveling salesman problem in that each node is visited multiple times.
We call such a variant of the classical traveling salesman problem as “The High Multiplicity
Traveling Salesman Problem” (HMATSP). Our main motivation for the study of HMATSP
is its occurrence as a substructure in the lot-sizing problem involving parallel machines
and sequence-dependent setup costs, also known as the “Chesapeake Problem”. This is a
general form of a production scheduling problem that has been addressed in the literature.
A critical construct for the HMATSP is the formulation of subtour elimination contraints
(SECs), which maintain the connectivity of a tour. Not much work has been reported in
this regard in the literature. We develop flow-based, polynomial-length subtour elimination
constraints for the HMATSP and prove their validity. Computational results are presented
to demonstrate the efficacy of our modeling approach for both the generic HMATSP and its



application within the construct of the Chesapeake Problem.

Secondly, we investigate a primary pharmaceutical manufacturing problem. The oper-
ational stage of the pharmaceutical supply chain is one of its crucial components. At this
stage, which involves both primary and secondary manufacturing, it is not unusual to have
long cycle times (of the orders of hundred of days). This severely impacts responsiveness to
changing market trends. More often than not, erratic dynamics of the operational stage (and
the supply chain) are introduced by internal business processes than by external demand,
and can be eliminated by effectively re-designing the internal processes (see Shah (2004)).
Besides, time-to-market is the single most important driver now-a-days in the pharmaceu-
tical industry as significant revenues are reaped in the early life of a drug. Because of an
intense competition among the companies, the competition-free period has also decreased
from 5 to 1-2 years. All of these facts point to a greater need of improving the performance
of the operational stage of the pharmaceutical supply chain. Our proposed problem directly
addresses this issue. In particular, our aim is to develop and validate an approach for the
optimal assignment and sequencing of pharmaceutical products to various processing bays
of a primary manufacturing facility for the objective of meeting customer requirements with
minimal production costs, given a set of equipment with specified capacities as well as a
product-mix and the demand rate for each product. We present a novel, unifying model
(integrated lot-sizing and scheduling) and a column generation-based optimization approach
for this class of lot-sizing and sequencing problems. Variants of this approach are tested
numerically on randomly generated data to determine the best one. The selected variant, is
then, used on an industrial-size data provided by a pharmaceutical manufacturing company
to demonstrate the applicability of the proposed methodology in practice.

Thirdly, we address a single-lot lot streaming problem for a two-stage assembly system.
The assembly system that we have considered is different from the flow shop configuration
that is typically assumed in the lot streaming literature. An example of this two-stage
assembly system is a supplier-manufacturing tandem for the assembly of a product. The

required components are produced by suppliers (at stage 1), one component by each supplier,



for assembly at stage 2. The real-life instances of such a system include dressing of engines
and transmissions by suppliers (stage 1) for their assembly at the assembly plant (stage 2),
or preparation of integrated circuits (ICs) and other components by suppliers (stage 1) for
their assembly on printed circuit boards (PCBs) (stage 2). The assembly facility needs to
coordinate its operations with the availability of components provided by the suppliers. We
develop new machine dominance properties and optimality conditions for the determination
of sublot sizes, and present polynomial-time algorithms to determine optimal sublot sizes for
the cases of two and three subassembly machines (suppliers).

Finally, we extend the single-lot, lot streaming problem for a two-stage assembly system
to multiple production lots. The consideration of multiple lots introduces another issue
pertaining to the sequencing of the lots. The problem of sequencing the lots for the two-
stage assembly system that we consider has been addressed in the literature but without the
consideration of lot splitting. Therefore, we present new results for our problem that are
derived from the properties of the single-lot, lot streaming problem. We, then, propose a
branch-and-bound-based methodology that relies on effective lower bounds and dominance
properties. Finally, results of computational experimentation are presented on the use of
this branch-and-bound-based methodology for the solution of our problem in order to show

its efficacy.

1.2 Organization of Dissertation

The remainder of this dissertation is organized as follows. In Chapter 2, we first introduce
the “high multiplicity asymmetric traveling salesman problem (HMATSP)”. Next, we adopt
a flow-based subtour elimination structure and establish its validity for the HMATSP. Sub-
sequently, we incorporate this problem as a substructure in the formulation for the lot-sizing
problem involving parallel machines and sequence-dependent setup costs, also known as the
“Chesapeake Problem”. Computational results are presented to demonstrate the efficacy

of our approach for both the generic HMATSP and its application within the construct of



the Chesapeake Problem. In Chapter 3, we introduce and discuss a primary pharmaceutical
manufacturing scheduling problem and its operational features. We develop a comprehensive
model and optimization approach for this problem, and present a decomposition-based ap-
proach for its solution. We also present results on the application of our proposed approach
to a real-life problem instance (and data) provided by a pharmaceutical company. In Chap-
ter 4, we address a single-lot, lot streaming problem encountered in a two-stage assembly
system. We present and exploit machine dominance properties and optimality conditions for
this problem to develop polynomial-time algorithms for instances involving two and three
subassembly machines. In Chapter 5, we, then, extend the work presented in Chapter 4 to
the case of multiple lots, and develop a branch-and-bound-based methodology. It relies on
tight lower and upper bounds and dominance rules for an effective fathoming of the branch-
and-bound tree. Results of a detailed experimentation are also presented that clearly depict
efficacy of our solution approach for this problem. Finally, in Chapter 6, we conclude this
dissertation with a summary of the works accomplished and present directions for future

research.



Chapter 2

High Multiplicity Asymmetric
Traveling Salesman Problem

(HMATSP)

This chapter presents a new model for a special type of traveling salesman problem called
the “High Multiplicity Asymmetric Traveling Salesman Problem (HMATSP)”. The formu-
lation adopts a flow-based subtour elimination structure and establishes its validity for this
problem. The model is then incorporated as a substructure in a formulation for the lot-sizing
problem involving parallel machines and sequence-dependent setup costs, also known as the
“Chesapeake Problem”. Computational results are presented to demonstrate the efficacy of
our modeling approach for both the generic HMATSP and its application within the context
of the Chesapeake Problem.

2.1 Introduction

The High Multiplicity Traveling Salesman Problem (HMATSP) is a variant of the classical
traveling salesman problem in which each node is visited multiple times. We can define this

problem as follows:



Given a complete undirected graph with vertex set N, an asymmetric distance matriz [c;;],
and positive integers n;, i € N, find a connected and minimal length (non-simple) cycle that
starts from some base node and ends at the same node after having visited node i exactly n;
times, Vi € N.

Figure 2.1 depicts a problem with eight cities where each city requires a pre-specified
number of visits. Figure 2.1(a) illustrates a feasible (connected) solution to the problem, a
connected cycle in which each city is visited a specified number of times, while Figure 2.1(b)
shows an infeasible (disconnected) cycle with two subtours, although each city is visited the

required number of times.

(a) Without subtours (b) With subtours

Figure 2.1: An example of connected and disconnected cycles for the HMATSP

Such a problem arises as for example when scheduling the manufacture of some product
types on a single machine, where each product type contains several identical items that
need to be separately processed. Cosmadakis and Papadimitriou (1984) have developed an
algorithm for this problem that requires an effort of O(e(|N|)log(> {ni})), where e(|N]) is
an exponential function of |[N|. Grigoriev and van de Klundert (2006) have investigated the
sensitivity of the objective function to a change in the numbers of visits to the nodes. The

algorithm proposed by Cosmadakis and Papadimitriou (1984) is effective only when the total
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number of cities is small (< 10) compared to the number of visits to each city. However,
it is not unusual to find a large number of cities (product types) in real-life applications.
The formulation due to Grigoriev and van de Klundert (2006) for the HMATSP utilizes
an exponential number of subtour elimination constraints, which grow rather quickly even
for small-sized problems. Moreover, it is difficult to adapt this formulation to the case of
multiple-machines.

In this chapter, we present a compact but tight mathematical formulation that contains
a polynomial number of subtour elimination constraints for the HMATSP and that also
permits an extension to multiple-machine environments.

In addition, we also apply the proposed HMATSP formulation to a real industrial problem.
Our work is motivated by a report from Chesapeake Decision Sciences, Inc. (1989), which
provides a set of real-life problem instances. These problems, termed CHES, were submitted
by Dupont, BASF, James River, and Champion International, based on existing business
practices. The particular CHES problem that is of concern here is to determine, for each of a
given set of parallel machines, an allocation of batches of different products and a sequence in
which to process these batches that are assigned to it. Since batches of only a given maximum
size can be processed on any machine (because of limited machine capacity), a production lot
may be produced via several batches over a sequence of time periods. A sequence-dependent
setup cost is incurred between the processing of batches on each machine. Therefore, the
objective of the CHES problem is to determine an allocation of batches of the products on
the machines and a sequence for processing these batches such that the sum of the setup,
production, and holding costs, minus the sales revenue, is minimized, while ensuring that,
in each period, each product demand is satisfied and that the production on each machine
does not exceed its capacity. This problem can also be classified as a capacitated lot-sizing
problem (CLSP), albeit, in the presence of sequence-dependent setup costs.

Figure 2.2 depicts a feasible solution to the foregoing CHES problem, where the circles
indicate the batches that are processed on two machines over three periods. Note that if

production takes place during a period on a machine, then there exists a first batch and a



last batch, and perhaps batches in-between. A carryover setup (see Kang et al. (1999)) is
incurred in the example of Figure 2.2 when transitioning from period 1 to period 2, and from
period 2 to period 3 on machine 1, while, on machine 2, no production is scheduled in the

second period, and hence, the carryover setup occurs from the end of period 1 to the start

of period 3.
o> O -0>0-> O --00-> O -->0

Machine 1: & 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1
| i i |
o> O -->0 >O--> O -->0 |

Machine 2: } 1
1 1
1 1 1 1
- Period 1 Period 2 Period 3

Figure 2.2: A feasible solution to the CHES problem

Furthermore, consecutive production runs of batches belonging to the same product are
prohibited on any machine. This feature precludes the possibility of modeling the prob-
lem as a classical asymmetric traveling salesman problem. For instance, the sequence of
batches {1,2,2,3,3,4} belonging to various products is not feasible, whereas the sequence
{1,2,3,2,3,4} is feasible.

The CHES problems were first presented in a paper by Baker and Muckstadt (1989) as a
collection of practical problems compiled by Chesapeake Decision Sciences. A CHES problem
comprises parallel production lines and sequence-dependent setup cost but no setup time.
Kang et al. (1999) developed a column generation and branch-and-bound-based scheme for
this problem and presented a mixed-integer programming (MIP) formulation without an ex-
plicit representation of the subtour elimination constraints. Belvaux and Wolsey (2001) have
provided an MIP formulation containing an exponential number of subtour elimination con-
straints (SECs) for the CHES problem, where their SECs are progressively generated within
their solution approach as needed. Meyr (2002) has proposed a procedure that combines a

meta-heuristic (threshold accepting or simulated annealing) with dual-optimization for gen-



eral lot-sizing and scheduling problems on parallel machines, and has tested this method
on various industrial-sized problems including the CHES problem. Apart from the CHES
problem, Dastidar and Nagi (2005) have presented an MIP formulation and have proposed a
heuristic to solve the lot-sizing and scheduling problem having sequence-dependent setups,
carryover setup, and parallel machines. An application for the single machine, sequence-
dependent setup cost and time, and carryover setup has been presented by Hasse and Kimms
(2000) and Gupta and Magnusson (2005). The MIP formulation by Hasse and Kimms (2000)
considers only ‘efficient’ sequences, while Gupta and Magnusson (2005) propose a heuristic
procedure for its solution. Small bucket lot-sizing problem having sequence-dependent se-
tups have been considered by Fleischmann (1994) and have been modeled as a TSP with
time-windows. A Lagrangean relaxation approach in combination with a heuristic was used
to solve this problem.

The remainder of this chapter is organized as follows. In Section 2.2, we present an
existing formulation for the HMATSP due to Grigoriev and van de Klundert (2006), and
then, introduce our proposed formulation for the HMATSP in Section 2.3 and establish its
validity. Computational results are also presented in this latter section to exhibit the relative
efficacy of our formulation. In Section 2.4, we incorporate our HMATSP formulation as a
substructure to model the CHES problem, and demonstate the effectiveness of this model
in solving the instances for the CHES problem that are presented in the literature. Finally,

concluding remarks are provided in Section 2.5.

2.2 Existing Formulation for the HMATSP

2.2.1 Notation

We use the following notation.

Parameters:
N - Set of cities.
n; - Number of visits required for city .



ci;j - Distance from city ¢ to j.
Decision Variables:

x;; - Number of times city ¢ directly precedes city j.

2.2.2 Grigoriev and van de Klundert’s Model

An integer programming model due to Grigoriev and van de Klundert (2006) for the HMATSP

is as follows.

HMATSP-GK:
Minimize Y Y ey (2.1a)
i€N jEN
subject to: Zmij =n,, Vj e N, (2.1b)
i€N
Z[L’ji =Ny, \V/] S N, (21C)
€N
Y a1, VN’ C N,N' +#90, (2.1d)
€N’ jeN—N'
z;; > 0 and integer, Vi,j € N. (2.1e)

The constraint sets (2.1b) and (2.1c), respectively, ensure that each node j is visited and
exited n; times. Note that, we do not require 7 # j since self-loops are permitted. The
constraint set (2.1d) eliminates subtours, i.e., disconnected cycles in the present context.
This formulation contains O(2V!) such subtour elimination constraints. Grigoriev and van de
Klundert (2006) show that given a solution z;;, Vi, j € N, to the above problem, it is possible

to then construct the corresponding cycle or sequence of visits in O(|N|*) time.

Remark 2.1. Note that similar to the ATSP, the restrictions (2.1d) are equivalent to the

following DFJ (Dantzig-Fulkerson-Johnson) type of subtour elimination constraints:

D ay <) -1, VN’ C N,N' 0. (2.2)

i€EN’ jEN' ieN’
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To see this, note that from (2.1c¢), we have
ST 3 LTS DI DRVRS 3 o
€N’ €N’ jJEN 1€N’ JeN—N' €N’ jeN'

Hence, (2.1d) holds true if and only if (2.2) does.

2.3 A Polynomial-Length Formulation for the HMATSP

Next, we present an alternative formulation for the HMATSP that replaces the exponential
number of subtour elimination constraints of model HMATSP-GK with a polynomial number
of maximum flow constraints of the type used by Wong (1980), Sarin et al. (2005), and Sherali
et al. (2006) in their formulations for the ATSP. We denote this formulation as HMATSP-P.
HMATSP-P:

Minimize Z Z CijTij (2.3a)

iEN jEN
subject to inj =n;, Vj € N, (2.3b)
ieN
Zl’ji =nj, VJ S N, (23C)
ieN
0 <pj; < zij, Vu,j € N —{1}, Vi € N,i # j,i #u, (2.3d)
Z Pl =1, Vu € N — {1}, (2.3¢)
jeN—{1}
o= > phi=0, Viue N-{1}i#u, (2.3f)
JEN—{1},j#i JEN,j#i
> oph =1, Yu e N — {1}, (2.3g)
JEN,jFu
z;; > 0 and integer. (2.3h)

Note that we have defined node 1 to be the base node. The variable x;; is as defined

earlier, and pj; = 1 if commodity u, which is required to traverse from node 1 to node u,
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Vu € N —{1}, flows along the way from node i € N to j € N, j # i, and equals 0, otherwise.
Constraints (2.3b) and (2.3c) ensure, as before, that each node is visited and exited the
required number of times. Constraints (2.3d) assert that if any two nodes are not directly
connected (z;; = 0), then there is no direct flow transmission between them. Constraints
(2.3e) — (2.3g) are the flow conservation constraints that require a unit flow of commodity u
to traverse from the base node 1 to node u, Vu € N —{1}. Finally, (2.3h) represents logical
restrictions.

Next, we show the validity of formulation HMATSP-P for the HMATSP by showing its
equivalence to the formulation HMATSP-GK.

Proposition 2.1. HMATSP-P is a valid formulation for the HMATSP.

Proof. Consider a digraph induced by the x-variables for any feasible solution (x, p) to
HMATSP-P, where z;; arcs are constructed from node ¢ to node j, Vi,j € N. By virtue
of the flow constraints (2.3d) — (2.3g), there exists a path from node 1 to each node u,
u € N — {1}. Hence, this digraph is connected and so, has no subtours. Therefore, x
is feasible to HMATSP-GK with the same objective value. Conversely, given any feasible
solution x to HMATSP-GK, there must exist a path from the base node 1 to each node wu,
u € N — {1}, which is induced by the x-variables. Let 7" denote such a path. We can
now consider a flow along this path, which starts at node 1 and terminates at node u, and
accordingly set pi; = 1 for all (i, j) € T", whence i.e., z;; > 1, and let pj; = 0 otherwise. This
yields a flow from the base node 1 to node u that satisfies the flow conservation constraints
(2.3d) — (2.3g). Hence, there exists a feasible solution (x, p) to HMATSP-P having the

same objective value. O

In addition, let LP(HMATSP-GK) and LP(HMATSP-P) represent the respective solution
spaces for the LP relaxations of the corresponding formulations. Wong (1980) has shown the
equivalence between the LP relaxation of the foregoing type of flow-based formulation for

the ATSP and that of the DFJ formulation for ATSP. Using similar arguments and noting
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Remark 2.1, it can be shown that:

LP(HMATSP-P) = LP(HMATSP-GK).

2.3.1 Comparison of HMATSP-GK and HMATSP-P

We tested the relative effectiveness of the HMATSP-GK and HMATSP-P formulations by
applying them to several instances of the HMATSP. The data was generated randomly for
problems involving 6, 8, 10, 12, 14, 16, 20, 24, 28, and 32 cities. Four instances were randomly
generated for each case, by letting the number of visits for each city be obtained from uniform
distributions U(1,5), U(6,10), U(11,15), and U(15,20), respectively. The setup cost matrix
was also randomly generated by using a uniform distribution, U(0,10). All the runs are
implemented on an Intel Xeon 3.6 GHz computer. The results obtained for each instance
are displayed in Tabel 2.2. The HMATSP-P formulation obtained optimal solutions for all
the problem instances tested with a very small cpu time effort, while HMATSP-GK could

not solve the problems having 14 or more cities because of excessive memory requirements.

2.4 The Chesapeake Problem

In this section, we incorporate the proposed HMATSP formulation as a substructure for
modeling the CHES problem described in Section 2.1. The CHES problem is a generalization
of the HMATSP due to the presence of capacitated parallel machines. We need to determine
a sequence of batches of different products to process on each of these machines in the

presences of sequence-dependent setup costs.

2.4.1 Model Formulation

Our model for the CHES problem is similar to that presented by Kang et al. (1999) and
Belvaux and Wolsey (2001) except for the subtour elimination constraints. We use the

following notation.
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Table 2.2: Comparison of HMATSP-GK and HMATSP-P

Number of cities | Problem | Objective value cpu time (seconds)
HMATSP-GK HMATSP-P
6 cities 1 75 0.0312 0.0312
2 82 0.0781 0.0468
3 209 0.0312 0.0312
4 162 0.0156 0.0312
8 cities 1 34 0.0468 0.0468
2 67 0.0468 0.0468
3 165 0.0312 0.0625
4 151 0.0468 0.0468
10 cities 1 39 0.0625 0.0468
2 102 0.0625 0.0625
3 118 0.0625 0.0468
4 142 0.0937 0.0781
12 cities 1 49 0.2968 0.0937
2 106 0.25 0.0781
3 184 0.25 0.0625
4 157 0.2656 0.0781
14 cities 1 58 — 0.0937
2 72 — 0.0937
3 91 — 0.0937
4 258 — 0.0781
16 cities 1 37 — 0.125
2 72 — 0.1875
3 140 — 0.1406
4 210 — 0.125
20 cities 1 48 — 0.4218
2 60 — 0.2343
3 122 — 0.25
4 90 — 0.3906
24 cities 1 31 — 0.6562
2 34 — 1.4062
3 65 — 0.625
4 208 — 0.4062
28 cities 1 21 — 2.4375
2 28 — 3.3125
3 31 — 1.7656
4 56 — 2.7344
32 cities 1 24 — 6.1562
2 26 — 3.8906
3 33 — 2.9532
4 78 — 2.9062
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Sets:

J - Set of products, {1,2,...,n}.

T - Set of time-periods, {1,2,...,7}.

M - Set of parallel machines.

Ji - Set of products that can be produced on machine k.

JP - Jr U{0}, where 0 is a dummy product.

M,; - Set of machines that can process product 7.

Parameters:

d: - Minimal demand of product ¢ to be satisfied in period ¢.

h! - Inventory cost for product ¢ in period t.

pck - Cost of processing a unit of product 7 in period t.

pri - Selling price for product :.

scijr -  Setup cost incurred when producing product j following product ¢ on machine k.

ptik - Processing time of a unit of product ¢ on machine k.

w)h = 1, if product i is the first product produced on machine k in period 1, and
0, otherwise.

eCik - Cost incurred if product ¢ is the last product produced on machine k.

UL, - Maximal lot-size permitted for product ¢ on machine k in period ¢.

Lt - Minimal lot-size permitted for product ¢ on machine % in period ¢.

Qr - Maximal capacity available on machine k in each period.

Decision Variables:

I - Inventory of product ¢ held in period t.

D! - Number of units of product ¢ sold in period t.

P, - Number of units of product ¢ produced on machine k in period ¢.

Y - Number of setups of product 7 on machine £ in period ¢.

ijk Number of setups for producing product j following product ¢ # j on machine k,
in period t¢.

Xglk = 1, if there is a setup for producing product j in period ¢’ following
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product ¢ in period ¢ < ¢’ on machine k, and
0, otherwise.
zZh = 1, if product i is the last product produced on machine k in period ¢, and
0, otherwise.
oL, = 1, if product ¢ is produced on machine £ in period ¢, and
0, otherwise.
(pis)' = 1, if commodity u flows from product (node) i to product (node) j
on machine k£ in period ¢, and

0, otherwise.
Our formulation for the CHES problem is as follows.

CHESP:
Objective Function:

Minimize Z Z ht-IT + Z Z Z Z SCijk - ijk + Z Z Z Z Z SCijk * lek

teT ieJ teT keM ied jeJ teT veT keM ied jeJ
t'>t
+ 0 T+ t.pt _ . Dt (2.4a)
€Cik ik pc; ik pri 7 -xa
keM ieJ teT keM iceJ teT icJ

The objective function contains various cost components, due to inventory, setup within
periods, carryover setup (from one period to another), end setup, and production. In addi-

tion, the sales revenue is subtracted from the cost expression.

Constraints:

1) Flow Balance Constraints:

Il+Di— > PL=1"" Vie JVteT. (2.4b)

keM;

This constraint is a typical flow balance constraint, which equates the input (given by

the beginning inventory and amount produced) to the output (given by the amount sold and
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the end inventory) for each time-period.

2) Minimal and Maximal Lot-Size Constraints:
Liy - Yi < By < U - Yi, Vi€ JVk € MVt €T, (2.4¢)

This constraint maintains a sufficient number of batches (setups) of each product so that

the permissible batch size limits are not violated.

3) Capacity Constraints:

> pti - Pl < Qu, Vk € M,Vt € T. (2.4d)
1€Jy

This constraint assures that the total production on each machine in each period does

not exceed the available capacity.

4) Demand Constraints:
D! > d., Vie JVteT. (2.4e)

This constraint ensures that at least the specified minimal demand for product i, i € J,

is satisfied during each period.

5) Transportation Constraints:

> Xl wh =Y, Vk € M,Vj € Ji, (2.4f)
i€J

i%

SDOXLHY D X =Y Vk € M\Vj € J,Vt € T, t > 2, (2.4g)
Z:iJk t’eTiijk

i#j <t i)

SOXLASS NG 2 =Y, VkeMYie JNteTit<T—1,  (24h)
]:iJk 1t’eTj§éJ,c

JF t'>t j#i

> Xh+ Zi = Vi, vk € M,Vi € J;. (2.4i)
JEJk

J#i
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Constraint (2.4f) captures the fact that, for any given machine k, the number of setups of
product j in period 1 is equal to the number of times it is preceded by a different product
in period 1 plus an extra setup if it is the first product produced in this period. Constraint
(2.4g) is similar to (2.4f), and in particular, accounts for the fact that a batch of product
j might be the first one produced in some period ¢ on a given machine k, whence a setup
from another batch in an earlier period must be incurred. Constraint (2.4h) represents the
out-flow counterpart of Constraint (2.4g) for each period ¢ on any given machine. The con-
straints (2.4g) and (2.4h) capture the fact that no consecutive production runs of batches
belonging to the same product may be scheduled in any given period. Constraint (2.4i) as-
serts that, on any given machine, the number of setups of product ¢ in the last period equals
the number of times another product directly succeeds it plus a setup term to account for

the case when it is the last product produced on this machine.

6) Logical Constraints:

whe = Xgin, Vk € M,Vj € J, (2.4j)
k= X0k Vk € M,Vi € J, (2.4k)

SN bk =X Vk e MNjeJ, VteTt>2, (2.41)

ieJ t'eT

i#j t'<t

SN N+ Zh = Xy Ve MYic JyVteT t<r—1. (2.4m)

jeJ t'eT

j#i t'>t

By adding a dummy node 0 into the production sequence in each time period, we are able
to obtain an Eulerian cycle that both starts from and ends at the dummy node. The above
constraints construct such Eulerian cycles. Specifically, by Constraint (2.4j), if product j is
the first one produced on machine k in the first time-period, then product j is enforced to
immediately follow the dummy product in an Eulerian cycle. Similarly, Constraint (2.4k)
indicates that if product ¢ is the last one produced on machine £, then ¢ directly precedes the
dummy product in the Eulerian cycle in the last time period. In a period other than the first

period, if product j is the first one produced on machine &, which is implied by the carryover

18



setup performed from a product in an earlier period, then product j should immediately
follow the dummy product in the Eulerian cycle, which is enforced by Constraint (2.41).
Similarly, in a period other than the last period, if product ¢ is the last one produced on ma-
chine k, including the case when a carryover setup is performed for some other product in a

later period, then product ¢ should directly precede the dummy product in the Eulerian cycle.

7) Production Constraints:

0L, <Y} and ©) <1, Vk e M,Vi e J,, vVt €T, (2.4n)
[ tQk 1-05, > Yy, Yk € M,Vi € Jy,VteT. (2.40)
Li;.ptix

The above constraint enforces an appropriate binary value for ©%, in relation to Y. for each

product ¢ produced on machine k in period t.

8) Subtour Elimination Constraints:

0< (pli)' < XL, Vk € M,Yu,j € Ji, Vi€ Jp,i# jii#uVteT, (24p)
S (i) = Oy, Vk € M,Vu € J,Vt €T, (2:49)
J€Jk

Sl =D (i) =0, VkeMVue Vi€ Jitu Vel (2.4r)
J€Jk jeJy

J#i G#i

S () = 0l Vk € M,Yu € Jy,Vt € T. (2.45)
jeJI?

JFu

The above subtour elimination constraints are a straightforward extension of the subtour
elimination constraints for the HMATSP-P except that the right-hand sides in (2.4q) and
(2.4s) are represented by a binary variable instead of by 1 and —1, respectively. This is
due to the existence of multiple time-periods and parallel machines, that is, if there is no
production run of a product u on machine k in period ¢, then, the right-hand sides in (2.4q)
and (2.4s) become 0, which obviates the need for ensuring the connectivity of this node

within an Eulerian cycle.
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9) Other Constraints:

X/ > 0 integer, Vk € M,Yi, j€ J),i#jVteT, (2.4t)
Y. > 0 integer, Vk € M,Vi € Jp,Vt €T, (2.40)
Xir € 10,1}, Vk € M,Yi,j € Jy,i# j,¥teT, (2.4v)
Ok, €{0,1}, Vk e M,Vi € J,VteT, (2.4w)
0< 7 <1, Vk e M,Vi e J,VteT, (2.4x)
I, D! >0, Vie JVteT, (2.4y)
Pl >0, Vke M,Vie JVteT. (2.4z)

Remark 2.2. As alluded to earlier, the above formulation is a modified version of the
formulation proposed by Kang et al. (1999) with proposed subtour elimination constraints
(2.4p) — (2.4s) and additional constraints (2.4j) — (2.40). Constraints (2.4a) — (2.4i) appear
identically in Kang et al. (1999). The formulation by Belvaux and Wolsey (2001) is a
restricted version of the formulation by Kang et al. (1999) in that it does not allow a period
having no production in it. Although Kang et al. (1999) do not explicitly include subtour
elimination constraints in their formulation, the subtour elimination constraints proposed
by Belvaux and Wolsey (2001) for the problem are as follows:
SN XL <Y v - Y;k, Vk € M,YJ, C J,Yu € J,VteT (2.5)
ieJ jeJ, ieJ,
where ¢ is a general upper bound value for the number of setups for each product on each
machine in each time-period. Note that there are exponential number of such subtour

elimination constraints.
Proposition 2.2. CHESP is a valid formulation for the CHES problem.

Proof. The sequencing of batches of various products processed on each machine is captured
by Constraints (2.4f) — (2.41). These constraints also accommodate the fact that production
may not be scheduled in some periods (see machine 2 in Figure 2.2), and that there exist

carryover setups. A product is produced in batches a number of times as determined by
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(2.4c). The elimination of subtours ensures the connectivity of Eulerian cycles, which is
afforded by Constraints (2.4q) — (2.4s). Other logical relationships among the problem
variables are represented by (2.4j) — (2.40) and (2.4t) — (2.4z), and flow balance, minimal
and maximal lot size, capacity, and demand restriction are modeled by (2.4b), (2.4d), (2.4c)
and (2.4e), respectively. O

2.4.2 Computational Results

In this section, we report computational results to compare the formulations presented by
Kang et al. (1999), Belvaux and Wolsey (2001), and our formulation, CHESP. The five CHES
problem instances presented in the literature (see Kang et al. (1999) and Belvaux and Wolsey

(2001)) are identified in Table 2.4 and are used for this experimentation.

Table 2.4: CHES problems

Instances || |J] [T | M|

CHES1 10 1 10

CHES2 21 1 8
CHES3 11 3 1
CHES4 11 1 2
CHES5 12 3 2

The results obtained are presented in Table 2.5 and give the optimal objective value
derived by solving the model CHESP using CPLEX 9.0, along with the corresponding cpu
time (in seconds) for each instance, where all the runs were implemented on an Intel Xeon
3.6 GHz computer. Table 2.4 also displays the percentage gap values attained along with the
associated cpu times using the formulations due to Belvaux and Wolsey (2001) (BW-GAP)
and Kang et al. (1999) (KMT-GAP). The cpu efforts for the BW and KMT formulations
are noted from their papers (see Belvaux and Wolsey (2001) and Kang et al. (1999)), where
the former runs were implemented on a Pentium 200 MHz under Windows N'T' system when

terminated using time limit of 3600 seconds, while the latter runs were performed with a
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limit of 60 iterations of column generation on a Pentium 75 MHz under Windows 95 system.
The computational time for CHES1 was not mentioned in Kang et al. (1999), while the
results for this instance were not reported in Belvaux and Wolsey (2001).

It is clear from the results presented in Table 2.5 that CHESP is an improved and effective
formulation, which yields a 0% GAP for all the problem instances with a very reasonable

effort.

Table 2.5: Results for the instances of the CHES problem

Instances  Opt. Value cpu (sec) BW-GAP cpu (sec) KMT-GAP cpu (sec)

CHES1 121.84  0.11 - - 0.00% -

CHES2 -2889.79  7.20 0.46% 3600 1.23% 587.5
CHES3  -1303791.97  0.95 0.00% 3600 0.33% 7420.8
CHES4 -647403.52  0.16 0.00% ) 0.01% 389.4
CHES5 -7159.9  83.11 4.86% 3600 4.19% 1815.6

2.5 Concluding Remarks

In this chapter, we have studied the high multiplicity asymmetric traveling salesman prob-
lem (HMATSP). A compact (polynomial-length) formulation for this problem was devel-
oped and validated, and was computationally demonstrated to significantly outperform an
alternative formulation for the problem presented in the literature. An application of the
HMATSP structure to model a lot-sizing problem on parallel machines in the presence of
sequence-dependent setup costs (known as a CHES problem) has also been presented. A
compact formulation for this problem was developed that makes use of the flow-based sub-
tour elimination constraints developed for the HMATSP. Our computational results with
this formulation reveal its significant advantage over the alternative formulations proposed

by Kang et al. (1999) and Belvaux and Wolsey (2001).
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Chapter 3

Primary Pharmaceutical

Manufacturing Scheduling Problem
(PPMSP)

A multi-product, lot-sizing and sequencing problem in the face of machine-fixed batch
sizes and sequence-dependent setups arises in many industrial environments that use fixed-
capacity processors (for instance, containers) for production. A prime example of such an
instance is a primary pharmaceutical manufacturing facility, where active pharmaceutical in-
gredients (APIs) are produced in containers of a fixed size. We address this problem in this
chapter. We present a novel model and a column generation-based optimization approach for
this class of lot-sizing and sequencing problems. We have applied our methodology to a real-
life problem, for which the data are collected from a major pharmaceutical manufacturing

company, to demonstrate the applicability of the proposed methodology in practice.

3.1 Background and Motivation

Pharmaceutical manufacturing consists of two functional steps called primary and secondary

manufacturing. The primary manufacturing component is responsible for the production of
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active pharmaceutical ingredients (APIs) and normally involves several chemical synthesis
and separation stages to compose the complex molecules involved. The secondary manu-
facturing phase, on the other hand, involves the addition of “excipient” inert materials to
the APIs obtained from the primary manufacturing facilities, and it further processes and
packages the APIs into tablets. The secondary manufacturing is a continuous process that is
pulled by customer orders, while the primary manufacturing is characterized by a highly dis-
crete, batch production process. The overall effectiveness of pharmaceutical manufacturing
depends upon the responsiveness of the primary function to the requirements generated by
the secondary manufacturing. However, this responsiveness of the primary manufacturing
facilities is known to be rather poor, and it often results in delays and high operating costs
(see Shah (2004)). The operational control of the primary pharmaceutical manufacturing is
complex and needs a systematic study to design effective strategies for its execution.

Supply chain optimization and integration have been discussed rather extensively in the
literature, and yet, only a very small fraction of this work directly addresses the issues faced
in the pharmaceutical sector. The operational stage of the pharmaceutical supply chain is
one of its crucial components. At this stage, which involves both primary and secondary
manufacturing, it is not unusual to have cycle times of 300 days. This severely impacts
responsiveness to changing market trends. More often than not, erratic dynamics of the
operational stage (and the supply chain) are introduced by internal business processes than
by external demand, and can be eliminated by effectively re-designing the internal processes
(see Shah (2004)). Besides, time-to-market is the single most important driver now-a-days
in the pharmaceutical industry as significant revenues are reaped in the early life of a drug.
Because of an intense competition among the companies, the competition-free period has
also decreased (from 5 to 1-2 years). All of these facts point to a greater need of improving
the performance of the operational stage of the pharmaceutical supply chain. Our proposed
problem directly addresses this issue.

In particular, our aim is to develop and validate an approach for the optimal assignment

and sequencing of pharmaceutical products to various processing bays of a primary manufac-
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turing facility for the objective of meeting customer requirements with minimal production
costs, given a set of equipment with specified capacities as well as a product-mix and the
demand rate for each product. We designate this problem, which is germane to primary
pharmaceutical manufacturing, as the Primary Pharmaceutical Manufacturing Scheduling

Problem (PPMSP).

3.2 Literature Review

The areas that are related to the PPMSP include: scheduling in the presence of sequence-
dependent setups (SDS scheduling), scheduling of batch processes and the multi-item capac-
itated lot-sizing. Even though there exists extensive literature pertaining to each of these
areas, yet, there has not been much reported about a problem like PPMSP that lies at the
interface of these three areas. A brief review of the reported work in these and related areas

is presented next.

The multi-item capacitated lot-sizing problem (CLSP): The CLSP generally involves

discrete periods, finite horizons, resources with finite capacities, and multiple products with
known demands. We focus our review on the mathematical programming-based method-
ologies proposed for this problem. Mixed integer programming formulations for the CLSP
have been presented by Barany et al. (1984), Leung et al. (1989), Eppen and Martin (1987)
and Belvaux and Wolsey (2001). Barany et al. (1984) and Leung et al. (1989) have refor-
mulated multi-item capacitated lot-sizing problem using a class of valid inequalities, which
are facets for the single-item uncapacitated problem. Eppen and Martin (1987) have used a
variable re-definition technique to provide a tighter linear relaxation of the CLSP. Belvaux
and Wolsey (2001) provide a framework for modeling various aspects of the lot-sizing prob-
lem encountered in practice. Heuristic methods based on Lagrangian relaxation have been
proposed by Billington et al. (1983), Thizy and van Wassenhove (1985), Trigeiro (1987), and
Diaby et al. (1992) where the original CLSP is decomposed into N single item uncapaci-
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tated lot-sizing subproblems by relaxing capacity constraints. Heuristics methods based on
branch-and-bound have been proposed by Diaby et al. (1992), Hindi (1995) and Amentano
et al. (1999). Methods based on set partitioning and column generation have been proposed

by Manne (1960), Cattrysse et al. (1990), and Chen and Thizy (1990).

Scheduling with sequence-dependent setups (SDS scheduling): The SDS schedul-

ing problems have been shown to be strongly NP-hard since the simplest form of the problem,
the single machine SDS scheduling problem for the makespan objective function, is equiva-
lent to the Traveling Salesman Problem (TSP) (see Pinedo (2002)). We focus our review on
the exact solution methodology for scheduling in the presence of sequence-dependent setups
for the single machine and parallel machine configurations. For the single machine scheduling
problem, branch-and-bound algorithms have been proposed by Barnes and Vanston (1981),
Rabadi et al. (2004), and Asano and Ohta (1996, 1999). Their branch-and-bound algorithms
vary due to the different problem parameters and objective functions used. SDS scheduling
in the parallel machine configuration can be found in Balakrishnan et al. (1998), Bitran
and Gilbert (1990), Yalaoui and Chu (2003), and Sarin et al. (2008), Balakrishnan et al.
(1998) have proposed a Benders’ decomposition approach to solve the problem of minimiz-
ing weighted earliness and tardiness problem, where the master problem yields assignments
to machines and the sequence at each machine, and the subproblem prescribes the completion
time of each job. Bitran and Gilbert (1990) have proposed a hybrid method to solve sequenc-
ing problem among product families using Branch-and-Bound and address problem within
family using heuristics. Yalaoui and Chu (2003) have presented a problem with job splitting
and proposed a decomposition method in which they first solve TSPs using Branch-and-
Bound and then improve the solution by splitting jobs. Sarin et al. (2008) have considered
a hot strip rolling scheduling problem with precedence relationships. They provided a tight
ATSP formulation by applying the Reformulation-Linearization Technique (RLT) of Sherali
and Adams (1990, 1994). A comprehensive review on scheduling with sequence-dependent

setups can be found in a paper by Zhu and Wilhelm (2006).
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Simultaneous lot-sizing and scheduling problem with sequence-dependent setup:

The earliest mention of such a problem in the literature is due to Baker and Muckstadt (1989)
who presented the CHES problems, a collection of practical problems that have been gath-
ered by Chesapeake Decision Sciences. The CHES problems consist of parallel production
lines and sequence-dependent setup cost (but no setup time). Kang et al. (1999) have de-
veloped a column generation and branch-and-bound scheme based on a sequence splitting
model for the CHES problems and presented an incomplete MIP formulation in the ab-
sence of the subtour elimination constraints. Belvaux and Wolsey (2001) have provided an
MIP formulation for the CHES problems with an exponential number of subtour elimination
constraints. Their solution approach proceeds without all SECs but appends cuts when a
violation is found. Meyr (2002) has proposed a heuristic which combines meta-heuristics
(threshold accepting or simulated annealing) with dual-optimization for general lot-sizing
and scheduling problem for parallel machines. The proposed methodology is tested on vari-
ous industrial-size problems including the CHES problems. Dastidar and Nagi (2005) have
presented an MIP for a lot-sizing and scheduling problems involving parallel machines with
sequence-dependent and carryover setups, and they have proposed a heuristic for its so-
lution. An application of the single machine problem involving sequence-dependent setup
cost (and time) and carryover setup has been presented by Hasse and Kimms (2000) and
Gupta and Magnusson (2005). Hasse and Kimms (2000) formulated an MIP that considers
only ‘efficient’ sequences. Gupta and Magnusson (2005) formulated an MIP and proposed
a heuristic procedure for its solution. Small bucket lot-sizing models with SDS have been
proposed by Fleischmann (1994) that rely on the TSP with time windows, and they have

employed lagrangean relaxation in combination with a heuristic to determine lower bounds.
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Figure 3.1: A primary pharmaceutical manufacturing shop floor configuration
3.3 Problem Description

Typically, a primary manufacturing facility consists of several processing bays in parallel.
There are four serial processing stages in each bay, namely, reactor, centrifuge, crystallizer,
and dryer. An instance of the shop floor configuration for primary manufacturing is depicted
in Figure 3.1. The processors at a stage are containers that require different processing
and setup times. There is no external storage for holding the products between any two
consecutive steps of a bay. Therefore, these equipment not only function as processing
equipment, but also, are used to retain a product before transferring it to the next step. The
production of both a final product and its intermediate products are performed in batches
in a bay. The intermediate products can be stored in a separate storage area after having
finished their processing at the last step (i.e., dryer).

The production of a particular product type (including its intermediaries and final prod-
ucts) at a stage, in between two changeovers, is called a campaign. While the total amount
of a product to be produced in the scheduling horizon is known in advance, we need to split
this total amount into campaigns of requisite lengths (lot-sizing). A changeover from one
product type to another is very time consuming. Therefore, the number of batches (length

of a campaign) of a product that is scheduled for production before the equipment switches
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to another product type must be carefully determined. If all the batches of a product type
are run continually, then benefits will accrue because of savings in the changeover cost, and
also, because of minimal cross-contamination. However, by doing so, there is a possibility of
accumulating excess inventory for some products, while delaying others, which would lead
to a low level of responsiveness. Therefore, it is essential to determine optimal production
batches of different products (or types), the bay in which to process a product, and the
sequence in which to process the products assigned to a bay so as to minimize production-
related costs and meet customer requirements while staying within the production capacity
of each bay.

We have a set of products N (including both intermediaries and final products), and
each product 7 € N belongs to a product family f, for f € F, where F' is a set of product
families (types). Products are to be scheduled in bays in a time horizon of multiple periods,
denoted by set T'. In each period, there is a demand d; for product 7. A certain amount
of an intermediate product is required to complete its corresponding subsequent product.
There are M processing bays (in parallel) available to process the batches of products in
each period. The capacity of bay k to process product i is ¢F. Because of the limited
capacity of each bay, we need to determine the number of batches of each product (both
intermediate and final) for processing in a bay. A significant sequence-dependent setup is
incurred from the processing of one batch to another in a bay if the two batches belong to
different products. Consequently, a cost-effective sequence in which to process the batches
of the products in a bay must also be determined. In addition, there are other requirements

that are peculiar to the PPMSP, as follows.

1) Since the bays produce both intermediate and final products, the necessary material
requirement and precedence relationships among the intermediate and final products

must be maintained.

2) Only certain bays are qualified to produce a product and its intermediaries, that is,

not all the products can be produced in all the bays.
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3) Some products are not allowed to immediately follow some other products in a bay.

4) The total production time in a bay cannot exceed the total time available in each

time-period.

5) The last setup state of a bay in a period can be carried over to the next period only if

the same product is produced at the start of the next period.

The PPMSP can now be formally stated as follows.

Given a number of bays with limited production capacities and a set of customer demands
(of finished products), select a bay in which to process each product and its intermediaries,
determine the campaign size for each product and the number of batches in which to process
it, and sequence the products assigned to a bay subject to the requirements listed above in (1),
(2), (3), (4), and (5) so as to minimize the sequence-dependent setup plus the inventory and
backorder costs.

There are four key issues that distinguish the PPMSP from the related problems discussed
in the literature. They are as follows:

(i) Processing units (bays) have fixed processing capacity, and hence, the pro-
cessing batch sizes of the products assigned to a bay are fixed. This feature is
practiced in primary manufacturing facilities mainly due to two reasons. First, it maximizes
utilization of each processing unit. Second, the processing recipe for each run is also fixed,
and hence, it affords an ease for executing quality control and management functions. From
an operational control perspective, the limited processing capacity forces a production lot
to be produced in several (smaller) batches, thereby requiring each product to be processed
by a bay several times.

(ii) Consideration of the intermediaries of a product, and also, the given imme-
diate precedence relations among them. For illustration, consider two product families
1 and 2, where final product F'1 and its intermediaries A1, B1 and F'1 belong to family 1,
and final product F2 and its intermediaries A2, B2 belong to family 2. These are shown

in Figure 3.2. In Figure 3.2(a), the processing of a unit of final product F'1 requires two
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units of its intermediate product B1, and each unit of Bl requires a unit of product Al,
while in Figure 3.2(b), the processing of a unit of final product F'2 requires one unit of its

intermediate product B2, and each unit of B2 requires one unit of product A2.

F1 F2
/_VV_\ y
B1 B1 B2
A A A
Al Al A2
a) Final product F1 and its b) Final product F2 and its
intermediaries A1 and B1 intermediaries A2 and B2

Figure 3.2: The relationship of final products to their intermediaries

(iii) Products belonging to the same family, when scheduled for production in
a bay during a time-period (i.e., a month), should be produced together, and
any given bay can only process products of a single family during a time-period.
This is illustrated in Figure 3.3. This feature arises due to two reasons: (a) it minimizes
cross contamination between different product types; (b) only specific bays are qualified to

produce particular products due to stringent FDA requirements.

Bay k At | B A |B| fa || [ A2 | B2 | F2 ][] B3 | F3 |
Period t-1 Period t Period t+1

Bay k+1 | a2 | B2 | r2 | | B4 [ Ba | ca| ra |
Period t-1 Period t Period t+1

Figure 3.3: An example of a schedule with two bays, three periods and four product families
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(iv) Presence of sequence-dependent carryover setup from one period to the next
period. A significant amount (i.e., 50 hours - 200 hours) of sequence-dependent setup is
incurred in between the processing of two different product families for requisite cleanup and
preparation. Because of an excessive length of this setup, it may be started in one period,
and then, continued in the next period. We designate this as carryover setup, and it is
depicted in Figure 3.4.

1

period t period t+1

Figure 3.4: Sequence-dependent setup in bay k from time-period t to t + 1

3.4 Basic Mixed Integer Programming Formulation for

the PPMSP

In this section, we first introduce the notation that we use. This is followed by the formulation
of a model for the PPMSP. Subsequently, we also present some valid inequalities, which

further tighten our formulation.

Notation
Sets:
F - Set of all product types (families) including the dummy family, denoted by {0}.
N - Set of all products.
Ny - Set of all products belonging to product family f, Ny C N.
M - Set of all bays, {1,...,m}.
M; - Set of bays that are qualified to process product 7.
N¥ - Set of all final products that can be processed by bay k.
T - Set of time-periods in the planning horizon, {1,...,7}
Parameters:
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Demand of product ¢ of family f in period ¢.
Batch size of bay k& when processing product i of family f.
Inventory cost for a unit of product i of family f.
Backorder cost for a unit of product ¢ of family f.
Setup time from product family f to g in bay k.
Processing time per batch of product ¢ of family f in bay k.
Available time capacity of bay k in period t.
BOM ratio defined as units of product i required to produce a unit of product j
of the same family f in bay k, for ¢,j € Ny.
Initial inventory at the beginning of the first period.
End inventory at the end of planning horizon.
Variables:
Inventory of product ¢ of product family f held in period ¢.
Amount of product ¢ of product family f backlogged in period t.
Number of batches of product ¢ of family f produced in bay k during period ¢.
Units of product ¢ of family f consumed as an intermediary during period t.
1, if products of family f are processed in bay k during period ¢, and
0, otherwise.
1, if there is a setup for producing family g in period ¢ + 1 following
product f in period ¢ in bay k, and
proportion of a setup incurred at the end of period t from family f to family g.

proportion of a setup incurred at the beginning of period ¢ from family f to family g

Note that dummy family 0 is used to represent the cleanup state of a bay in a period. If a

bay is idle, or equivalently, processing dummy family 0 in some period, then we assume that

the bay is being cleaned up. For instance, if a bay is idle in current period, then, a carryover

setup must be incurred in the form of cleanup from the previous period to the current period.

Also, we assume that all the machines have been cleaned up at the beginning of the first
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time-period, and are required to be cleaned up at the end of the last period.
In the next section, we provide a mixed integer programming formulation for the PPMSP.

We denote the MIP formulation for the PPMSP by PPMSP1.

PPMSP1:
Objective function:
YRR 5 5 WIITES 3 3 IR Db 5D ) DS IR
teT feF iEN teT feF iEN teTU{0} kEM fEF geF

The objective function contains cost components due to inventory, backorders and carryover

setups from one period to the next.

Constraints:
1) Flow balance constraint

IT'+ B+ > Wi =15, + By +dy + S5, VteTVfe FVie Ny (3.1b)

keM;
This constraint set represents typical flow balance constraints, which enforce the input (given
by the beginning inventory and amount produced) to equal the output (given by the demand,
inventory, and the amount consumed to produce a next-stage product) for each time period.

Note that the backorders incurred in period (¢ — 1) and t are also properly accounted for in

(3.1b).

2) Material requirement constraint

Sti=Y" ol W, Vi e T,Vf € F\Yi, j € Ny, pgi; >0 (3.1¢c)

kEMj

This constraint ensures that a sufficient amount of an intermediate product, 7, is consumed

to produce its corresponding next-stage product, j for i, j € Ny.
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3) Capacity constraint
SN pEwEY Y sth (affg 1 6’;;) <cap™, VteT,VkeM  (3.1d)
fEF ieN;NNF JEF geF

This constraint set maintains the total production and setup time consumed in each bay
within its available capacity during each time period. The relevant values of a% and ’]32,

for a given ¢, are determined by Constraints (3.1i) to (3.1k) below.

4) Assignment constraint
>zt =1, Vt € T,Vk € M (3.1e)
JeF

This constraint set ensures that products of at most one product family can be processed in
a bay during any time-period. Note that when dummy family 0 is processed, it is assumed

that the bay is idle and is in the cleanup state.

5) Sequencing constraint

Zit < XJY, Vke M\NfeF (3.1f)
Z5T < XJE, Vke MVfeF (3.1g)
Zf + ZP -1 < XT vteT —{r},Vk€ M,Yf g€ F (3.1h)

These constraints assert that a carryover setup is incurred only when two product families
have been assigned to the same bay during two consecutive periods. Note that, in case a
dummy family is processed in a bay, the carryover setup is incurred in the form of cleanup.
Also, the initial and final states of a bay are assumed to be cleanup. Constraint set (3.1f)
captures the fact that there exists a setup from dummy family 0 to a product family at the
beginning of the first period. Similarly, constraint set (3.1g) ensures that a setup from a

product family to the dummy family 0 is incurred at the end of the last period 7.
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6) Carryover setup constraint

Xig = By Wk € M,¥f,g€F (3.10)
Xjg = afp, Vke M,Vf,geF (3.17)
Xfo=afy+ 65", VteT—{r},Yke MVf, ge F (31K

Constraint set (3.1i) ensures that the first setup occurs in the first time-period. Similarly,
constraint set (3.1j) ensures that the last setup occurs in the last time-period. Constraint
set (3.1k) captures the fact that a carryover setup can be split into two portions with one

portion performed in the current period and the other in the subsequent period.

7) Production batch Constraints:

kt
Zi< N W< { cap Jz’“, Vke MVt e T,Nf € F (3.11)

: k
MiN;e N, ANk P

The above constraint set captures the relationships among W and 7 variables.

8) Others:
Z5t € {0,1}, Vke MVt T\NfeF (3.1m)
X e {0,1}, Vke M\Vte T \Vf, g€ F (3.1n)
o, B >0, Vke MVt € T,Nf,gE F (3.10)
Wi >0 integer, Vk € M,Vt € T,Vf € F,¥i € N;n N* (3.1p)
17, >0, Vt € T,Yf € F,Vi € Ny, (3.1q)

These constraints represent nonnegative and integer constraints.

Observe that the following valid equalities can also be used in the formulation PPMSP1.

> Xgp =27, Ve T+ {0} — {r}.Vke M\Yf e F  (3.2a)
geF
> X =z}, VteT —{r},Yke M\Nf e F (3.2b)
geF
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doXi=1, Vk e M (3.2¢)

geF

> X =1, Vke M (3.2d)

geF
Constraint set (3.2a) captures the fact that, for any given bay k, if a family f is produced
in period t + 1, then a setup must be incurred at the end of the previous period, from the
same or different product family. Constraint set (3.2b) is similar to (3.2a), and in particular,
accounts for the fact that, for any given bay k, if a family f is produced in period ¢, a setup
must exist from product family f to another product family (may be the same family) at the

end of period t. We shall refer to the model with the foregoing valid equalities as PPMSP2.

3.5 Column Generation Heuristic Approach

In this section, we propose a column generation scheme for the solution of the PPMSP that
comprises two stages. Stage I (or master problem) selects a processing pattern in accordance
with the given constraints, while the stage II problem (or subproblem) utilizes the dual
variables obtained by solving the master problem, and generates a column (pattern) for
insertion in the master problem. The master problem, and the subproblem are, thus, solved

iteratively until a specified termination criterion is met.

3.5.1 Pattern Definition

Define P, for s € S, where S is a set of all generated patterns, as follows:
P, = {Zkg, Vt e T,Vk € M,Vf € F} (3.3)

Note that each pattern, s, is a three dimensional matrix, where its element Z5 indicates
whether the batches of product family f are processed in bay k during time-period ¢. Also,
for columns, let ¢, be the total inventory cost required if the s pattern is selected, and p**
be the total processing time required in bay k during time-period ¢. In the next two sections,

we present column generation-based methodologies for PPMSP-CG1 and PPMSP-CG2.
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3.5.2 Column Generation Method for PPMSP1 (PPMSP-CG1)

3.5.2.1 Master Problem: MP-SEQUENCE

Let
; 1, if pattern s is selected, Vs € S
0, otherwise.
MP-SEQUENCE:
Minimize
bt D Y DD sth X (3.4a)
seS teTU{0} keM felF geF
subject to:
> 0, =1, (3.4b)
seS
Do+ Y sth, (afg ) <Q" VteT\Vkel, (3.4¢)
seS feF geF
> Z5o, < XY, Vk e M\YfeF (3.4d)
seS
> Z§70, < X}, Vk e M\YfeF (3.4e)
sES
Z <Z’;§ + Z5 t+1) 0, —1< X}, VteT —{r},Vke M,Vf,ge F (3.4
seSs
X5 = p, Vk e M,Vf,ge F (3.4g)
Xy =ajy, Vk € M,Vf,g€eF (3.4h)
Xfh= okt + gEt, VieT —{r},Vke M\Vf, ge F  (3.4i)
0, € {0,1}, Vse S (3.4j)
X e {0,1}, Vke M\t € T\Vf,g€ F (3.4k)
fg, ﬁ Vke MVt e T\Vf,g€e F (3.41)

We propose to solve the LP-relaxation of MP-SEQUENCE using column generation with an

artificial basis at start. Once a feasible solution is obtained, we price the #-variables using
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the resulting dual variables to possibly introduce one or more new columns into the master

problem.

3.5.2.2 Subproblem: SP-LSP

Let 7, A, @5, ¢} and 9§} be the dual variables associated with Constraints (3.4b), (3.4c),
(3.4d), (3.4e) and (3.4f). By pricing a 6 variable, we have the following reduced cost.

D RRLIE WS WIET

teT ke M keM feF keM feF

Y S Su(Aeat)-n 69

teT keM feF geF

where ¢ and p** are given by as follows:

=Y S hpdf > )0 bpBh (3.6)

teT feF i€N teT feF i€N

=> > pthwil (3.7)

fEF ieN;NNF

Then, the SP-LSP can be modeled as the following multiple-item uncapacitated lot-sizing

problem with material requirement.

SP-LSP:
Minimize
PIDIOMILEDIDIPIN D DD DL DRD DR i1li
tel feFieN; teT feF ieN teT keM fEF ieN;NNF
DI ED I I LD I I I N T
keM feF keM feF tET keM feF geF

(3.8a)
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subject to:

IT 4 Y Wi =10, + di + S, Vt e T,Vf € F,Yi e N; (3.8b)
keM;
Sti=Y_ ol W, Vte T,Vf € F\¥i, j € Ny, ppi; >0 (3.8¢)
k‘EMJ‘
d Zf =1, Vte T,\Vk e M (3.8d)
feF
kt
Zir< Y wh< { : ¢ - Jz}“, Vke M\Nte T\Nf e F (3.8¢)
iEN AN miN;e N, AN+ PLY;
Zf' € {0,1}, Vke M\t e T\NfeF (3.8f)
WE >0 integer, Vk € M,Vt € T,Vf € F,¥i € Ny N N*
(3.8g)
I;; >0, Vt e T,Vf € F,Vi € Ny, (3.8h)

If the reduced cost obtained is negative, then we add the above column P; along with ¢, and
pkt for k € M, t € T to the master problem, MP-SEQUENCE, which is re-solved. This is
continued until the minimum reduced cost obtained is non-negative (or exceeds some small

negative tolerance —¢).

3.5.3 Column Generation Method for PPMSP2 (PPMSP-CG2)

In this section, we propose another column generation model, where the constraints (3.4d) -
(3.4f) in the above master problem MP-SEQUENCE are replaced by the (3.2a) - (3.2d).
This model is denoted by PPMSP-CG2.

3.5.3.1 Master Problem: MP-SEQUENCE

MP-SEQUENCE:

Minimize

Yoo+ D> DD D sty X] (3.92)

seS teTU{0} keM feF geF

40



subject to:

(3.4b), (3.4¢), (3.4g), (3.4h), (3.41), (3.4j), (3.4k), (3.41),

SoXE=> "z, Vte T+ {0} — {7}, Yk e M\Vf € F (3.9b)
geF ses

doXp=>" 75, Vt e T,Vk e M\Nf € F (3.9¢)
geF ses

doXi=1, Vk e M (3.9d)
geF

> X =1, Yk e M (3.9¢)
geF

Let ¢% and ¢’ be the dual variables associated with constraints (3.9b) and (3.9¢). We have

the following subproblem.

3.5.3.2 Subproblem: SP-LSP

SP-LSP:
Minimize
22 2 halii=3 > MY D vy
teT fel i€ENy teT keM JEF ieNyNNk
m2 2 2 AT =3 3 D ez - (310)
gg keM feF teT keM feF

subject to: {(3.8b), (3.8¢), (3.8d), (3.8¢), (3.8f), (3.8g), (3.8h)}

3.5.4 Outline of the Column Generation Approach

Initialization. Generate initial columns comprising plans for products of all product families
over the given planning horizon. Let S be the set of initial columns.
Step 1. Solve LP relaxation of the master problem (MP-SEQUENCE), and obtain the

values of dual variables.
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Step 2. Solve subproblem SP-LSP, and obtain optimal reduced cost. If the reduced cost is
non-negative, go to Step 3; else, append the column generated from SP-LSP to the master
problem, and go to Step 1.

Step 3. Solve the MP-SEQUENCE as an integer program to optimality, and terminate.

3.6 Computational Experimentation

In this section, we conduct numerical experimentation to study the computational effec-
tiveness of the proposed formulations and solutions methodologies. The data used for this
experimentation is shown in Figure 3.2, which depicts the values that are used for the number
of periods (horizon length), number of bays, number of product families and total number
of products. Four data sets are created as shown. The setup cost per setup hour is fixed
at 16 for all data sets. We also fix the values of inventory and backorder costs for each set
once they are generated using U(0.01,0.1) and U(1, 10), respectively. The values of batch
processing time and batch size are fixed once generated using U(100,200) and U(200, 500),

respectively.

Table 3.2: Sets of problem instances

Problem set | Instance | No. of periods No. of bays No. of families No. of products

Set 1

Set 2

Set 3

0000000 [ IO | YOO O
=
o

Set 4

000N | YD | b i b i i [ s s s s

QULEWN - | OTEWN R | U R | DU W -
FNIN NG N IO NN [N NN [T CT T O CT OO
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In addition, we also generate three replications per problem size, that result in six in-
stances for each problem set obtained by varying other data, namely, demand and setup
time. Demand data is generated using uniform distribution U(0, 30000), and, the setup time
matrix (|F'| x |F|) for each bay consists of randomly generated numbers from U(150, 500).
All the runs were implemented on an Intel Xeon 3.6 GHz computer, and we used AMPL

(version 8.1) along with CPLEX MIP Solver (version 10.1).

3.6.1 Comparison of PPMSP1 and PPMSP2

In this section, we present the computational results for the formulations PPMSP1 and
PPMSP2 and compare the two formulations with respect to their effectiveness in solving
both LP relaxation and IP versions of the problem instances. Data sets 1 and 2 are used
in the experimentation, and a total number of 12 runs are performed. Table 3.3 presents
the lower bound values derived by solving the LP relaxation for each formulation, as well
as the optimal integer solution values. The inventory cost, backorder cost and setup cost

obtained for each case are also depicted for the sake of comparison. The percentage gap for

the LP-based lower bound (GAP = 2=£2) number of branch-and-bound nodes used for
both formulations, and the cpu time (in seconds) required are also displayed.

The results reveal the following facts: (i) for the comparison of LP relaxations of two
formulations, the values of inventory, backorder and setup costs, generated by PPMSP2 are
consistently tighter than those generated by PPMSP1, which results in smaller GAP values
for PPMSP2. Among the inventory, backorder and setup costs, the differences in setup
costs between PPMSP1 and PPMSP2 are most significant; (ii) solving the LP relaxation of
PPMSP?2 is also faster than that to PPMSP1; (iii) the tightness of the LP lower bound for
PPMSP2 positively contributes to fewer branch-and-bound nodes, which directly saves the
computational time when solving the integer version of the problem instances. In particular,

for larger problem instances in data set 2, the resulting savings in the computational time

are particularly significant (see instance 2.4, 2.5 and 2.6).
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Table 3.3: Comparison of PPMSP1 and PPMSP2

Instance Model Inventory cost Backorder cost Setup cost GAP B&B cpu time (seconds)
LP 1P LP P LP P nodes LP P
11 PPMSP1 | 19156 24156 104575 114046 505 20544 27.78% 201 0.0625 0.3906
PPMSP2 | 19199 104576 899 27.33% 25 0.0625 0.2344
1.9 PPMSP1 | 12512 16753 157876 167650 535 30416 25.68% 116 0.0469 0.3594
PPMSP2 | 12518 157878 941 25.38% 82 0.0781 0.3281
1.3 PPMSP1 | 20784 23090 144307 148933 480 32464 23.50% 58 0.0625 0.3812
PPMSP2 | 20908 144309 799 23.17% 44 0.0312 0.3281
1.4 PPMSP1 | 7026 11783 124028 131277 1391 24931 26.31% 941 0.0625 1.1875
PPMSP2 | 7186 124096 2120 25.40% 191 0.0625 0.5625
15 PPMSP1 | 11706 13342 100509 114342 605 20800 27.99% 1215 0.0781 2.1563
PPMSP2 | 11706 100509 847 27.97% 697 0.0625 1.2969
16 PPMSP1 | 15293 20244 159957 193634 1210 28800 37.53% 969 0.0781 1.875
PPMSP2 | 15444 159962 1617 37.08% 742 0.0469 1.4844
21 PPMSP1 | 36861 44048 22217 30617 1010 48058 104% 695 85.99 3.2656
PPMSP2 | 36868 22219 1625 102% 453 83.96 2.5937
2.9 PPMSP1 | 27776 30855 70666 83997 953 33904 49.65% 117206 | 0.0937 104
PPMSP2 | 27781 70667 1484 48.85% 98912 0.0781 91.25
2.3 PPMSP1 | 21793 94975 12395 15567 845 35104 113% 589 0.0625 1.6718
PPMSP2 | 21854 12395 1320 110% 384 0.0781 1.2656
94 PPMSP1 | 22117 97159 167885 211994 974 40000 46.17% | 363330 | 0.1094 398.20
PPMSP2 | 22192 167888 1314 45.83% | 213162 | 0.0938 170.09
95 PPMSP1 | 23391 26336 197409 931084 1039 41680 34.82% | 1984104 | 0.125 1973.16
PPMSP2 | 23399 197411 1459 34.57% | 295520 | 0.0781 257.047
26 PPMSP1 | 29061 31547 156982 196074 1019 39792 42.95% | 2039731 | 0.0938 3537.81
PPMSP2 | 29063 156986 1208 42.81% | 789723 | 0.0781 646.453

3.6.2 Comparison of PPMSP-CG1 and PPMSP-CG2

In this section, we compare the computational effort required for implementing PPMSP-
CG1 and PPMSP-CG2 using the problem instances in set 1 and set 2. We use two stoping
criteria: reduced cost greater than —e(= —0.0001) and a number of iterations greater than
100 iterations, whichever is arrived at first, for both formulations. The computational results

are shown in Figure 3.4. The optimal objective values mentioned in the second column are

obtained from the previous runs of PPMSP1 and PPMSP2 (see Table 3.3). The GAPI,
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GAP2 and GAP3 values are calculated as follows.

IP(CG) — LP(CG)

GAPL = LP(CG) ’
_ IP(OPT)— LP(CG)

GAP2 = LP(CQ) ’
_ IP(CG)—IP(OPT)

GAPS = IP(OPT)

Table 3.4: Comparison of PPMSP-CG1 and PPMSP-CG2

Instance Optimal Model Best obj. value GAP1 GAP2 GAP3 cpu time | TIter.
obj. value LP P (seconds)

11 158746 PPMSP-CG1 | 151452 159780 | 5.49% 4.82% 0.65% 5.34 14
PPMSP-CG2 | 168764 168764 / / 6.31% 9.5 100

12 214819 PPMSP-CG1 | 202310 214819 | 6.18% 6.18% 0% 1.1719 8
PPMSP-CG2 | 232305 232305 / / 8.14% 10.25 100

13 204487 PPMSP-CG1 | 192794 204487 | 6.07% 6.07% 0% 1.1875 10
PPMSP-CG2 | 213137 213137 / / 4.23% 8.9844 100

14 167291 PPMSP-CG1 | 159867 169246 | 5.87% 4.64% 1.17% 4.8906 12
PPMSP-CG2 | 176835 176835 / / 5.71% 14.6094 100

15 148536 PPMSP-CG1 | 143984 148536 | 3.16% 3.16% 0% 25.0469 14
PPMSP-CG2 | 148536 148536 / / 0% 136.547 100

16 242678 PPMSP-CG1 | 226848 242678 | 6.98% 6.98% 0% 7.0781 12
PPMSP-CG2 | 245987 245987 / / 1.36% 19.3438 100

9.1 129724 PPMSP-CG1 | 107932 126225 | 16.95% | 13.70% | 2.85% 90.8594 32
PPMSP-CG2 | 144875 144875 / / 18.04% 24.4375 100

2.9 148756 PPMSP-CG1 | 130811 157658 | 20.52% | 13.71% | 5.98% 228.766 42
PPMSP-CG2 | 174100 174100 / / 17.04% 11.6562 100

9.3 74946 PPMSP-CG1 | 67731 75030 | 10.78% | 10.65% | 0.11% 36.0156 34
PPMSP-CG2 | 127487 127487 / / 70.11% 11.5781 100

24 279153 PPMSP-CG1 | 262033 292124 | 11.48% | 6.53% 4.65% 2371.03 22
PPMSP-CG2 | 300527 300527 / / 7.66% 85.5625 100

2.5 299100 PPMSP-CG1 | 286512 322117 | 12.45% | 4.39% 7.69% 3772.04 22
PPMSP-CG2 | 312712 321105 / / 7.36% 638 100

2.6 297413 PPMSP-CG1 | 281653 301368 | 6.99% 5.59% 1.33% 3342.28 42
PPMSP-CG2 | 302412 302412 / / 1.68% 197.5 100

The results reveal the following facts: (i) for all tested instances, PPMSP-CG2 do not
converge within 100 iterations. It is observed that in most of computational runs, the

objective function value drops within the first several iterations, and then, does not improve.
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The cpu times required are those for 100 iterations. On the other hand, PPMSP-CG1
consistently converges within 100 iterations, and invariably generates better GAP values;
(ii) PPMSP-CG1 generates tighter lower-bound values in comparison with those generated
by PPMSP1 and PPMSP2, which can be seen by comparing the GAP1 values in Table 3.4
and GAP values in Table 3.3; (iii) for larger problem instances (see instance 2.1 - 2.6), it
takes relatively large computational efforts by PPMSP-CGI1.

It is important to note that the computational times required by both PPMSP-CG1 and
PPMSP-CG2 (shown in Table 3.4) are larger than those required by PPMSP1 and PPMSP2
shown in Table 3.3), which is mainly due to a significant computational time required for
solving the subproblem to optimality in each iteration. Note that the subproblem in the
above proposed column generation approach is a lot-sizing problem in the presence of ma-
terial requirement restrictions between the final and intermediate products. The solution of
this subproblem is expected to be time consuming when the number of product families and
the number of intermediate products are large (see the computational times of instances 2.1,
2.2, 2.3 and 2.4, 2.5, 2.6 in Table 3.4). Note that, the purpose of solving the subproblem
is to generate ‘optimal’ patterns progressively for the master problem. However, as long
as we add a column that is good enough to improve the object value of the master prob-
lem, the algorithm still progresses towards an optimal solution, albeit in smaller steps. In
other words, each subproblem does not need to be solved to optimality, which would save
computational time. We implement a computational strategy for PPMSP-CG1 in which the
computational effort for ‘solving’ the lot-sizing subproblem is limited in order to improve
the overall computational performance. To that end, we use an upper bound on the num-
ber of branch-and-bound nodes that are are explored for solving each subproblem. When
this upper-bound is reached, the best incumbent feasible solution on-hand is added as a
new column. The results are depicted in Table 3.5, which shows the problem instances of
set 1 and set 2 that have been solved using PPMSP-CG1 under different upper-bounds of
10,000, 20,000, 40,000 and 80,000 number of nodes for the solution of the subproblems.
These are represented by PPMSP-CG1t, PPMSP-CG12, PPMSP-CG1? and PPMSP-CG14,
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respectively.

Table 3.5 reveals the following facts: (i) use of small upper-bound on number of branch-
and-bound nodes significantly reduces the computational time in solving the subproblems,
which lead to a reduction in solving the overall problem; (ii) it seems that the use of a smaller
upper-bound does not always increase the number of iterations or deteriorate the objective
function value.

Table 3.5: Computational results of PPMSP-CG1

Best obj. | cpu time Best obj. | cpu time

Instance Model ITter. Instance Model ITter.
value (seconds) value (seconds)
PPMSP-CG1! 1876305 454.23 29 PPMSP-CG1! 8397363 80.391 11
3.1 PPMSP-CG12 1880626 500.34 16 4.1 PPMSP-CG12 8397354 199.81 14
PPMSP-CG13 1873637 1469.1 24 PPMSP-CG13 8388773 234.67 10
PPMSP-CG14 1885024 1509.5 15 PPMSP-CG14 8397357 584.44 12
PPMSP-CG1t 2149202 32.953 5 PPMSP-CG1! 6487631 182.22 8
3.2 PPMSP-CG12 2146424 96.406 8 4.2 PPMSP-CG12 6446766 789.71 16
PPMSP-CG13 2146678 220.68 10 PPMSP-CG13 6440206 726.13 9
PPMSP-CG14 2146400 379.81 9 PPMSP-CG14 6432495 1446.27 10
PPMSP-CG1*t 3057582 20.2812 7 PPMSP-CG1t 5899432 498 26
3.3 PPMSP-CG12 3057582 21.8281 7 4.3 PPMSP-CG12 5945077 1154.34 27
PPMSP-CG13 3057582 20.9844 7 PPMSP-CG13 5894362 2680.05 42
PPMSP-CG14 3057582 21.0156 7 PPMSP-CG14 5887952 5272.83 44
PPMSP-CG1! 4354620 198.33 11 PPMSP-CG1! | 11251579 96.265 6
3.4 PPMSP-CG12 4374345 227.78 7 4.4 PPMSP-CG12 11244219 348.04 10
PPMSP-CG13 4374078 428.28 8 PPMSP-CG13 | 11238076 322.37 5
PPMSP-CG14 4371530 532.16 5 PPMSP-CG14 | 11238076 395.83 3
PPMSP-CG1*t 6412462 35.922 5 PPMSP-CG1! | 15369476 28.906 2
3.5 PPMSP-CG12 6406156 97.172 6 4.5 PPMSP-CG1? | 15369476 66.891 2
PPMSP-CG13 6444632 159.86 6 PPMSP-CG13 | 15369476 118.859 2
PPMSP-CG14 6403843 400.02 7 PPMSP-CG1% | 15369476 24217 2
PPMSP-CG1! 4763760 37.344 4 PPMSP-CG1' | 11743920 262.27 15
3.6 PPMSP-CG12 4764472 87.53 4 4.6 PPMSP-CG12 | 11729795 387.38 9
PPMSP-CG13 4759605 111.16 3 PPMSP-CG13 | 11720427 584.59
PPMSP-CG1* 4759414 391.94 5 PPMSP-CG1* 11711770 1119.61

To further demonstrate the efficacy of this computational strategy, we compare the cpu
time required by the formulations PPMSP2 and PPMSP-CG1? for solving various instances
of all problem sets. The results are shown in Table 3.6. Note that the savings achieved due
to the use of an upper-bound on the number of nodes for the solution of each subproblem are

quite significant, particularly for large-size problem instances (see instance 2.5 and higher).
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Note that for problem instances from 1.1 to 2.4, the cpu time values for PPMSP-CG1 are
larger than those for PPMSP2. This is due to the upper bound on the number of nodes
(20,000) used in our experimentation. For those problems, we can use a lower value of the
upper bound without compromising on the quality of the solution obtained, but at the same

time, significantly lowering the cpu time.

Table 3.6: Comparison of PPMSP-CG1 and PPMSP2

Instance Model Best obj. cpu time Instance Model Best obj. cpu time
value (seconds) value (seconds)

1.1 PPMSP2 158746 0.2344 3.1 PPMSP2 1862850 7200
PPMSP-CCG12 159780 5.4521 PPMSP-CG12 1880626 500.344

1.2 PPMSP2 214819 0.3281 3.2 PPMSP2 2146038 7200
PPMSP-CG12 214819 0.9218 PPMSP-CG12 2146424 96.406

1.3 PPMSP2 204487 0.3281 3.3 PPMSP2 3056121 1180.7
PPMSP-CG1? 204487 1.0781 PPMSP-CG12 3057582 21.8281

1.4 PPMSP2 167291 0.5625 3.4 PPMSP2 4333879 7200
PPMSP-CG12 169246 5.6981 PPMSP-CG12 4374345 227.781
1.5 PPMSP2 148536 1.2969 3.5 PPMSP2 6487137 6563.45
PPMSP-CG12 148536 22.8125 PPMSP-CG12 6406156 97.1719

1.6 PPMSP2 242678 1.4844 3.6 PPMSP2 4728820 7200
PPMSP-CG1? 242678 8.9091 PPMSP-CG12 4764472 87.5312
2.1 PPMSP2 122724 2.5937 4.1 PPMSP2 8392933 1062.44
PPMSP-CG12 126225 17.9375 PPMSP-CG12 8397354 199.812

2.2 PPMSP2 148756 91.25 4.2 PPMSP2 6416542 7200
PPMSP-CCG12 157658 113.49 PPMSP-CG12 6446766 789.703

2.3 PPMSP2 74946 1.6718 4.3 PPMSP2 5871680 7200
PPMSP-CG1? 75030 41.2656 PPMSP-CG12 5945077 1154.34

2.4 PPMSP2 279153 170.09 4.4 PPMSP2 11195894 7200
PPMSP-CG12 292124 230.062 PPMSP-CG12 11244219 348.047

2.5 PPMSP2 299100 257.047 4.5 PPMSP2 15332615 6201.81
PPMSP-CG1? 322117 172.041 PPMSP-CG12 15369476 66.8906

2.6 PPMSP2 297413 646.453 4.6 PPMSP2 11638454 7200
PPMSP-CCG12 301368 342.28 PPMSP-CG12 11729795 387.38
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3.7 A Real-life-size Example

In this section, we present a real-life example where the problem data was collected with

the collaboration of a pharmaceutical primary manufacturing plant. Table 3.7 displays 12

product families and their products, in conjunction with their initial inventory levels.

Table 3.7: Data of product families and inventory levels (kg)

Family

Final Products

Intermediate Products

[oe}

Z 2 6 R « =~ I QA gaQa

FB1(1675)
FC1(25788)
FD1(132.73)
FE1(126124)
FG1(43.8)
FH1(1825)
FI1(58528)
FJ1(12)
FK1(6227)
FL1(2111)
FM1(1392), FM2(9830)
FN1(28479)

IB1(0), IB2(2350), IB3(0), IB4(0), IB5(0), IB6(1381)
1C1(4881)

ID1(22), ID2(2), ID3(0), ID4(6)

/

1G1(241.5), 1G2(114.7), IG3(14)

/

111(877)

1J1(0), 1J2(0), 1J3(0.3)

IK1(818), IK2(0)

IL1(267), IL2(587), IL3(252)

IM1(15132), IM2(16298), IM3(23419), IM4(7421), IM5(0), IM6(0)
IN1(1814), IN2(16596), IN3(31131)

Table 3.8 provides a matrix of material requirement relationship for products constituting

product family B. Each element in the matrix represents a BOM ratio. For instance, it

requires 1 kg of intermediate product IB6 to produce 1 kg of final product FB1.

Table 3.8: A matrix of material requirement for product family B

FB1

IB1 | IB2 | IB3 | IB4 | IB5 | IB6

FB1
IB1
1B2
1B3
B4
IB5
1B6 1

- 1.2 - - -

1.43
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The demand data for all final products over a 4-period time horizon is given in Table 3.9.

Table 3.9: Demand data (kg)

Product Period

1 2 3 4 5 6 7 8 9 10 11 12
FB1 0.2 1.1 0.425 0.1 1.1 0.4 0.25 1.1 0.1 0.1 0 1
FC1 12320 9660 9660 9660 9660 9660 0 0 0 0 0 0
FD1 11 20 35 65 23 10 8 80 15 7 12 0
FE1 45000 45600 45000 45000 47400 45000 46600 45000 45000 45000 45000 45000
FG1 6 6 6 6 6 6 6 6 6 6 6 6
FH1 0 0 0 3000 0 0 0 0 0 0 0 0
FI1 0 2200 0 0 0 2200 2200 0 2200 0 0 0
FJ1 0 0 5 0 0 0 0 0 0 0 5 0
FK1 4550 2000 1500 2000 1500 2000 0 1500 1500 1500 1000 0
FL1 480 480 480 730 480 480 480 480 480 0 200 480
FM1 1640 1370 1590 3773 1070 2110 990 3210 1970 1290 2080 1230
FM2 50 0 0 50 0 100 50 0 0 100 120 0
FN1 5917 5917 5917 5917 5917 5917 5917 5917 5917 5917 5917 5917

There are 15 parallel bays, and each bay is qualified to process several products. The

availability time in hours for each bay in each time-period is given in Table 3.10.

Table 3.10: Available time for bays in each time-period (hrs)

Bay Period

1 2 3 4 5 6 7 8 9 10 11 12
bl 720 720 720 728 728 728 736 736 736 736 736 736
b2 720 720 720 728 728 728 736 736 736 736 736 736
b3 720 720 720 728 728 728 736 736 736 736 736 736
b4 720 720 720 728 728 728 736 736 736 736 736 736
b5 720 720 720 728 728 728 736 736 736 736 736 736
b6 720 720 720 728 728 728 736 736 736 736 736 736
b7 720 720 720 728 728 728 736 736 736 736 736 736
b8 720 720 720 728 728 728 736 736 736 736 736 736
b9 720 720 720 728 728 728 736 736 736 736 736 736
b10 | 720 720 720 728 728 728 736 736 736 736 736 736
b1l | 720 720 720 728 728 728 736 736 736 736 736 736
bl2 | 720 720 720 728 728 728 736 736 736 736 736 736
bl13 | 720 720 720 728 728 728 736 736 736 736 736 736
bl4 | 720 720 720 728 728 728 736 736 736 736 736 736
bl5 | 720 720 720 728 728 728 736 736 736 736 736 736

The batch size and batch processing time for each bay are shown in Table 3.11.
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Table 3.11: Processing Data for bays (where ¢ stands for batch size (kg) and

pt stands for processing time (hrs))

Bay Products

bl IL1 1J1 M4

(q) 1131 367 479
(pt) 50 36 45

b2 FE1

(a) 2400
(pt) 25.5

b3 1K1 1IK2 IM1 IM2 IM3 FHI1

(q) 716 840 480 649 1258 805
(pt) 48 30 105 32 41 57

b4 1K1 K2 FA2 ID1 1D2 ID3 IN1 IN2 IN3 FH1
(q) 343 420 376 264 184 372 463 321 684
(pt) 60 32 160 72 120 40 32 27 44
b5 IC1

(a) | 165
(pt) | 85

b6 IM1 IM4 IM5  IK2 ID1 D2 IN1 IN2 IG1 1G2
(q) 571 268 200 210 220 180 781 463 162 399
(pt) 80 48 24 30 97 120 33 72 101 72
b7 IG1 1G2 IG3 FGl1 ID1 D2 ID3 ID4 FD1
(q) 36 133 41 36 60 50 39 90 65
(pt) 57 75 132 48 75 120 133 24 48
b8 IM1

(@) | 281

(pt) 110

b9 1B5 1B6 FB1

(q) 22 18 14

(pt) 167 53 44

b10 IB1 1B2 1B3 1B4 1J1 1J2 1J3 FJ1

(a) 6 4 4 8 21 9 65 15

(pt) 52 40 120 82 18 61 31 40

b1l 1L.2 1L3 FL1

(a) 307 252 240

(pt) 58 43 20

bl12 1K1 FK1 FNI1

(q) 226 326 433

(pt) 44 15 29

b13 IM4 IM5 IM6 IK1 FK1 IA1l FN1

(a) 360 577 577 320 425 950 417

(pt) 42 41 68 48 24 54 24

bl4 FC1

(a) 1500

(pt) 54

bls | FM1 FM2 FI1

(q) 565 565 1130

(pt) 24 24 12

The data on inventory and backorder costs was not available.

However, approximate

values of these were given, and consequently, we randomly generated unit inventory and

backorder cost using uniform distributions U(0.1,1) and U(5, 10), respectively. Similarly,

the setup time matrix for each bay is generated from U(100, 200), and the setup cost per
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setup hour is fixed at value 8. The example was, then, solved using PPMSP-CG1, where

a value of 20,000 was set as an upper-bound for the number of branch-and-bound nodes

-0.0001) and

for solving the subproblems. We used two stopping criteria: reduced cost, -€(

number of iterations greater than 100, whichever is encountered first. The objective function

value obtained is $627, 383 (inventory cost: $540, 011, backorder cost: $2,349 and setup cost:

$85,024), after 1,154.58 cpu seconds and at iteration number 25. The production schedule

for each bay over the time horizon of four periods is given in Figure 3.5, where different colors

represent different product families, the product type in each time-period is represented by

rectangles, each with product name, and its number of batches in parenthesis.
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Figure 3.5: The Proposed Schedule of the real-life example

For comparison, a schedule generated manually by the primary pharmaceutical manu-

facturing company is depicted in Figure 3.6. Note that the total cost for this schedule is
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$1,850, 228 (inventory cost: $1,821,460, backorder cost: 0 and setup cost: $28, 768), almost

three times of the cost incurred by the schedule shown in Figure 3.5.
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Figure 3.6: The Current Schedule of the real-life example

It is worth noting that by slightly increasing setup cost, a significant reduction can be

achieved in inventory cost, thereby leading to a significant improvement in the total cost

incurred.

3.8 Concluding Remarks

In this chapter, we have studied the primary pharmaceutical manufacturing scheduling prob-

lem. Our work has been motivated by a real-life instance of this problem. We have proposed

two model formulations for this problem, namely, PPMSP1 and PPMSP2. Accordingly,
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two column generation approaches, PPMSP-CG1 and PPMSP-CG2, are developed for these
formulations. We have evaluated PPMSP1 and PPMSP2 with respect to three criteria:
LP relaxation bounds, number of branch-and-bound nodes, and cpu time required. We
have shown that PPMSP2 outperforms PPMSP1 on all of these aspects. For PPMSP-CG1
and PPMSP-CG2, we have compared them from the view-point of optimality GAP and
speed of convergence. Our computational experimentation has shown that PPMSP-CG1
outperforms PPMSP-CG2 with respect to both of these criteria. We have implemented a
computational strategy for PPMSP-CG1 in which the computational time for ‘solving’ the
lot-sizing subproblem is limited by an upper-bound on the number of nodes so that the
overall computational performance is improved. The computational results show that the
use of such an upper-bound on the number of branch-and-bound nodes significantly reduces
the computational time required in solving the subproblems, which lead to a reduction in
the cpu time required to solve the overall problem. Finally, we have applied the proposed
approach, PPMSP-CG1, to a real-life-size problem, and have demonstrated the superiority

of the production schedule generated by our approach over the schedule currently in use.
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Chapter 4

Single-Lot Lot Streaming in a

Two-stage Assembly System

In this chapter, we address a single-lot lot streaming problem for a two-stage assembly
system. The assembly system that we consider is different from the flow shop configuration
typically assumed in the lot streaming literature. In our two-stage assembly system, the first
stage consists of m parallel subassembly machines, each of which is devoted to the production
of a component. A single assembly machine at the second stage, then, assembles a product
after all m components (one each from the subassembly machines at the first stage) have
finished processing. Lot-detached setups are encountered on the machines at the first and
second stages. Given a fixed number of transfer batches (or sublots) between the two stages,
the problem is to find sublot sizes so as to minimize the makespan. We develop optimality
conditions for the determination of sublot sizes, and present polynomial-time algorithms to

determine optimal sublot sizes when m = 2 and 3.

4.1 Introduction

Lot streaming is the process of using transfer batches to move completed portions of a

production lot to downstream machines so that their operations can be undertaken in an
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overlapping fashion. Kalir and Sarin (2000) have shown the potential benefits of lot stream-
ing with respect to three commonly used performance measures, namely, makespan, mean
flow time and average work-in-process. The work that is reported in the flow shop lot
streaming area can be classified into three categories, depending upon the number of ma-
chines considered. This includes flow shops containing two machines, three machines and
m machines. The problems that are addressed differ due to the consideration of consistent
or variable sublot sizes, lot-attached/detached or sublot-attached/detached setups, removal
or transfer times, no-wait flow shop, and objective function, which, typically pertains to
makespan, total completion time or total weighted completion time. In the following, we
give a review of the lot streaming research on how to determine optimal sublot size in view
of the processing of a lot in a two machine flow shop. Let the production lot consists of U
items and per item processing time on machines 1 and 2 are p; and ps, respectively. The
objective is to find sublot sizes si,...,s, in order to minimize a given criterion. Trietsch
(1987) and Potts and Baker (1989) have addressed the continuous lot streaming problem to
minimize the makespan. They have proved that there is no inserted idle time between the
processing of sublots on the second machine, and have also shown that the optimal sublot

sizes are geometric in nature with a ratio of po/p; (see Figure 4.1). Since there is no inserted

M1 | 1 2 3 4 5 6 7

M2 1 1 2 3 4 5 6 7

Figure 4.1: An example of geometric sublot sizes

idle time among the processing of the sublots, we have

S; = ({S;—1, (41)
where ¢ = po/p1. Equivalently, we have

si=q 'si. (4.2)
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Combined with >°""  s; = U, we can obtain

l1—gq .
1—7()"(]’ if ¢ # 1,
=14 o 1 (4.3)
—, otherwise.
n

Substituting the value of s; from (4.3), the optimal sublot sizes can be given by

i—1 _ i
@L__Eia Vi=1,....n  ifq#1,

5 = U1 — (@) | (4.4)
P otherwise.

For the integer sublot size case, Trietsch and Baker (1993) have also presented a polynomial-
time procedure to obtain integer sublot sizes, which utilizes the continuous sublot size so-
lution as a starting point. Sriskandarajah and Wagneur (1999) have shown that geometric
sublot sizes are also optimal for continuous lot streaming in a no-wait flow shop with lot-
detached setups, and they have developed heuristics algorithms for the discrete version of
the problem. Chen and Steiner (1999) have proposed approximation algorithms, which gen-
erate a makespan value that is within min{py, p»} of the integer optimal makespan for the
above problem. Sen et al. (1998) have considered the lot streaming problem for the objective
of minimizing the weighted completion time. They have developed a solution procedure to
obtain optimal sublot sizes by using the property that an optimal solution consists of equal
sublots on both the machines if p; > ps, and geometric sublots on the first machine and equal
sublots on the second machine if p; < py. Bukchin et al. (2002) have addressed a problem for
the objective of minimizing the weighted completion time in the presence of sublot-attached
setup time. They have developed a heuristic procedure that is based on the Single Machine
Bottleneck (SMB) property. For a comprehensive treatment of the work reported in the flow
shop lot streaming problem, please see Sarin and Jaiprakash (2007).

Our work in this chapter is different from that presented in the literature in that we
consider a lot streaming problem for processing a single lot in a two-stage assembly system.
The configuration of the assembly system that we consider is illustrated in Figure 4.2. The

first stage consists of multiple, parallel machines where subassemblies are prepared with one
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subassembly-type on each machine. These subassemblies, are then, assembled to form a final
product at the second stage. For the instance shown in Figure 4.2, the first stage consists
of three parallel machines, and the lot consists of 20 units. Lot-detached setup is incurred
on every machine (of both the stages). For the example, these values are assumed to be 26,
30, 16 for the three subassembly machines, and 43 for the assembly machine. Let the unit
processing times be 2, 3, 4 on the subassembly machines, and 3 on the assembly machine.
The processing of the lot without lot streaming is shown in Figure 4.2(a). Figure 4.2(Db)
depicts its processing in the presence of lot streaming, for which the lot is split into three
sublots of sizes 7, 7 and 6. Note that because of lot streaming, the makespan reduces from
156 to 114. However, the solution could be further improved by appropriately determining

sublot sizes. This is the focus of our work in this chapter.

Subassembly 1: I | 20 |
26 66
Subassembly 2: I I 20 I
30 90

Subassembly 3: I I 20

16 96
Assembly: I I I 20

43 96

156
(a) Processing of a lot of 20 units without lot streaming

Subassembly 1: I | 7 | 7 m

26 40 54 66

Subassembly 2: I I 7 I 7 I 6 |
30 51 72 90
Subassembly 3: I I 7 7 6 I
16 44 72 96
Assembly: I I | 7 I 7 | | 6 |
43 51 72 90 96 114

(b) Processing of a lot of 20 units with lot streaming

Figure 4.2: Example of lot streaming in a two-stage assembly system

An example of the two-stage assembly system that we consider in this chapter is a

supplier-manufacturer tandem for the assembly of a part. The components of an assem-
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bly are produced by suppliers (at stage 1) (one component by each supplier), which are then
assembled at stage 2. The real-life instances of such a system include dressing of engines and
transmissions by suppliers (at stage 1) for their assembly at the assembly plant (at stage 2),
and preparation of integrated circuits (ICs) and power supplies among other components,
by suppliers (at stage 1) for their assembly on printed circuit boards (PCBs) (at stage 2).
The assembly facility needs to coordinate its operations with the availability of components
provided by the suppliers. We address this issue in this chapter.

The chapter is organized as follows. In Section 4.2, we present a mathematical model for
the problem on hand. In Section 4.3, some machine dominance properties are developed,
and we also present a procedure to implement the dominance properties. This is followed
by development of necessary optimality conditions for the m-supplier and single-assembly
system, designated as m+ 1 system. In Sections 4.4 and 4.5, we develop sufficient optimality
conditions for the 2 + 1 problem, and present polynomial-time algorithms for finding the
optimal solutions for both the 2 + 1 and 3 + 1 problems. In Section 4.6, a polynomial-time
algorithm is presented to determine optimal, integer sublot sizes for these problems as well.
The algorithms are illustrated using numerical examples. Finally, concluding remarks are

made in Section 4.7.

4.2 Problem Description and Formulation

The problem that we consider in this chapter can be described as follows. A single lot
consisting of U units is to be processed in a two-stage assembly system. There is a set
Q = {1,...,m} of m subassembly machines at the first stage and one assembly machine
at the second stage. The processing time per item on a machine at the first stage may be
different for different machines, and is designated by pg, for machine k, V& =1,...,m, and
each of these may be different from the time required for assembling m components into a
finished product on the assembly machine, which is denoted by p4. A lot-detached setup

time is incurred on each of the subassembly machines at stage 1 and on the assembly machine
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at stage 2. These are denoted by t;, Vk = 1,...,m, and t4 for the subassembly machines
and the assembly machine, respectively. We assume that machines at both the stages use the
same number of sublots, n. Our objective is to determine sizes of the sublots for processing
on the subassembly machines and the assembly machine so as to minimize the makespan.
We designate the size of sublot ¢, Vi = 1,...,n, processed on subassembly machine k,
Vk = 1,...,m, by s, the completion time of sublot ¢, V& = 1,...,n, on subassembly
machine k, Vk = 1,...,m, by Cj, the completion time of sublot ¢, V& = 1,...,n, on
the assembly machine A, by C;4, and the cumulative sublot sizes up to sublot ¢, i = 1,

.., m, on a subassembly machine k and the assembly machine A, by S;, = ZZ Sur and

u=1
Sia = > _"'_| Sua, respectively.

We assume that: (i) all the machines are available at time zero; (ii) sublot sizes are
continuous (we address the integer sublot size case later); (iii) the processing of a sublot ¢ on
machine A can begin only after a sufficient number of its components have finished processing
at the first stage. Note that, the first assumption is made for the sake of simplicity, since,

without loss of generality, the ready time of a machine can be included in its lot-detached

setup time. We call this problem as a two-stage lot streaming problem, designed by TSLSP.

4.2.1 Mathematical Formulation

Before introducing our mathematical formulation for the TSLSP, we first show the following

result, which helps in curtailing the type of sublots that we need to consider.

Proposition 4.1. There exists an optimal solution in which the sublot sizes used for pro-

cessing the lot on subassembly and assembly machines are consistent.

Proof. We prove this by construction. Let () be a solution in which six, Sok, . . ., Spr and sq4,
SoA, - - -, Spa are the sizes of sublots processed on the subassembly machine k, Vk =1,... m,
and the assembly machine A, respectively. Suppose these sublot sizes are not consistent.
Let v(i, k) denote the index of the last among the sublots on subassembly machine k& that

contain items constituting sublot ¢ on assembly machine A. By definition, Sja < Sy k-
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For the first sublot on assembly machine A, we have
Cia = max{t, él}fgn{(tk + PeSuk) k) }} T+ PaS1A-
For sublot 2 <7 < n on machine A, we have
Cia = maX{lg}fgn (tk + PeSuik) k), Clim1),4} + PaSia-

Consider another solution ()’ as follows. Set s}, = s;4 and s}, = s;4, for all 1 < ¢ < n and

1 < k < m. For sublot 1 on machine A, we have
14 = max{ta, max {(t, + ppSi)}} + pasia

Since in @', S7, = S14 = S1a < Su )k, We have, C7, < Cp4. Similarly, for sublot 2 in @),

we have
Ch 4 = max{ max (t, + ppSs), Cla}t + Pasos.
1<k<m
And, since S, = S5, = Soa < Sy(2,),k, We have,

éA S C2A-

Let C/, < Cia, for 1 < ¢ < q. We want to show that it holds for i = ¢ + 1. Since

li li
gtlk = Pg+1,A = Sg+1,4 < Sy(gr1,k),k> WE have

/ . / / /
Cor14 = max{lg}ﬂagn{tk +orSiixt, Cgat + PS04

Consequently, C/,; 4 < Cgi1,4. Thus, a solution with consistent sublot sizes is at least as

good as any other solution. O

As a consequence of the above result, we can drop the subscript “k” and “A” from the
notation for sublot sizes and cumulative sublot sizes. Our model for the TSLSP is as follows.

Minimize
Cn A (4. 5&)
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subject to:

Cir >ty + prsi, Vk=1,...,m (4.5b)
Cra > ta + pasi, (4.5¢)
Cir > Ci_1 ) + DiSi, Vi=2,...,n, k=1,...,m (4.5d)
Cia > Ci1.4 + pasi, Vi=2,...,n (4.5e)
Cia > Cip + pasi, Vi=1,...,n, k=1,...,m (4.5f)
zn:si:U, VE=1,....m (4.5g)
i=1

s> 0, Vi=1,...,n (4.5h)

In the above model, constraints (4.5b) and (4.5¢) ensure that the first sublot can start its
processing on machine k, Vk = 1,..., m, only after the detached setup has been finished on
the respective machines. Constraints (4.5d) and (4.5e) ensure that a sublot i, Vi = 2,...,n,
can start processing on machines k and A only after sublot (i — 1) has finished its processing
on the respective machines k and A. Constraints (4.5f) assert that a sublot 4, Vi =1,...,n,
can start processing on assembly machine A only after it has finished its processing on all
subassembly machines. Constraints (4.5g) ensure that the total number of items assigned to
sublots is equal to the total number of items available.

A network representation of the TSLSP, given in Figure 4.3, is used to illustrate the
process of lot streaming in our two-stage assembly system. A node (k,7) corresponds to
the " sublot on machine k, and it carries a weight of p,s; that represents the processing
time of the i’* sublot on the subassembly machine k. A directed arc from node (k,i) to
(k,7+ 1) indicates that machine k cannot start processing sublot (i + 1) until it has finished
processing sublot i. A directed arc from (k,7) to (A, 1) captures the requirement that sublot
1 cannot begin processing on the assembly machine A unless it has finished processing on
the subassembly machine k. The length of a path is the sum of the weights of the nodes
that lie on that path. The TSLSP is, thus, to allocate items of the lot to sublots (that is,

to determine the weight of each node) in order to minimize the length of the critical path of
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the network.

M1:

M 2:

M A:

Figure 4.3: Network representation of the lot streaming problem

The makespan resulting from the processing of the sublots of a lot on the subassembly
machines 1, ..., m and the assembly machine A, is given by

M = max{lrgnkagﬁ{tk + 1212%{291@ 2_; Si +Ppa Z: sith, ta+paU}, (4.6)

where t4 + paU is a lower bound of the makespan value. Hence, in order to find the optimal

makespan, we need to evaluate the first expression in (4.6). Denote this expression by
M, = lrgr}ggb{tk - lrgezgl{pk Z_; si +pa Z si}}, (4.7)
which can be written as
MSZtk+kasi+pAZsi, Vk=1,...,m, Ve=1,...,n. (4.8)
=1 i=e

We call a sublot e to be critical with respect to a subassembly machine k for which the
expression (4.8) holds as equality. If after having computed optimal M, we have My >
ta + paU, then we have an optimal solution of the given problem. In case, My <ty + paU,
then the optimal makespan value is t 4 + p4U, while the sublot sizes obtained for M are still

optimal.
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Next, we develop some structural properties of the problem of minimizing M, that afford

an efficient algorithm for its solution.

4.3 Development of Optimality Conditions

In this section, the machine dominance properties and procedures to implement these dom-
inance properties are presented. This is followed by development of necessary optimality

condition for the m + 1 system.

4.3.1 Machine Dominance Properties

Note that the completion time of sublot e, ¢ = 1,...,n, on machine k can be represented

e

by a straight line, Ce, =t + pi. - Se, for k =1,...,m, where S, = )7 s;. For this straight
line, the lot-detached setup time, ¢y, and unit processing time, p;, can be regarded as its
intercept and slope, respectively. For the case with two machines, u and v, if p, = p,, then

the lines C\, and C., are parallel, otherwise, we are able to find their intersection point,

which is given by L=t This is illustrated in Figure 4.4.

Pv—Pu
Cor 4 Cor=1t, + DS,

Ceu = tll +puSe

v

Figure 4.4: Hlustration of completion times on two machines

We can reduce the size of the problem on hand due to the following dominance among

the machines.
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Proposition 4.2. For any two subassembly machines v and v, if t, > t, and t, + p,U >

t, + p,U, then subassembly machine v can be eliminated from the problem.

Proof. In case p, = p,, line C,, either overlaps with or lies above line C,, depending on
t, = t, or t, > t,, which indicates that machine v is dominated. Otherwise, we have
ﬁ > U since t, +p, - U > t,+p, - U, and line C,, will lie above line C,, for 0 < S, < U.

Forasublote,e=1,...,n, wehave t,+p, Y sy SitPa Y o Si = tytPo Yoy SitPAD s Sis

which indicates that machine v is dominated by machine wu. O

Remark 4.1. The following polynomially-time-bounded procedure can be used to imple-

ment the result of Proposition 4.2.

Initialization: Rank and index all the subassembly machines in set € based on the
non-increasing order of their lot-detached setup times. Define a set ﬁ, and let Q = ()

at start. Let w =1 and v = 2.

Step 1: If t, + p,U < t, + p,U, then go to Step 2; otherwise, add machine v to ﬁ,
then go to Step 2.

Step 2: If u = |©2] — 1 and v = ||, stop. Otherwise, we have two cases: case (i):
u < |2 —1 and v = ||, then go to Step 3; case (ii): u <[] — 1 and v < ||, then go
to Step 4.

Step 3 Let Q = Q—(AZ, re-index all the subassembly machines in set €2 and let v = u+1

and v =u + 1, go to Step 1;

Step 4 Let v =v + 1, and go to Step 1.

After applying Proposition 4.2, we denote the remaining set of subassembly machines
by . The following conditions exist among the jobs with respect to any two subassembly

machines v and v € {7,

tu >ty Pu<DPoy tutpu-U<ty+p, U forl<u<ov<w<m. (4.9)
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Note that machine 1 has the shortest processing time and the longest lot-detached setup
time, while machine m has the longest processing time and the shortest lot-detached setup
time.

Next, we develop a dominance property among the machines in €.

Proposition 4.3. For any three machines u, v and w € €, where t, > t, > t, and
Pu < Po < Pw, Subassembly machine v is dominated by either machine w or w, and hence,
does not dictate the makespan if the following condition holds

ty — ty t — Tw
Pv — DPu p pv

(4.10)

Proof. Consider a sublot e, ¢ = 1, ..., n in a solution. There are the following three

possibilities for the cumulative size up to sublot e: ()3°7_; s < Jo=i, (i) 57, s > = -,

i\ o —tw € . tu—1o : : tu—1to to—tw 3
or (iii)»=e < 370 s, < 2*=r. In case (i), according to the condition ju= > -e=tw ip
(4.10), we have Y | s; < ;“_;” , which leads to t,+py Y iy SitDPaA D oo Si = to+Dy D iy Sit

Pa Y. s In case (ii), again according to the condition J:=te > o=t in (4.10), we have
D imy Si > it which leads t0 ty + pu D iy Si DA D 8 >ty + Dy D iy SiHPAd L, Si
In case (iii), we have both t, +pu, > 5| Si +Pa P iy Si >ty +Dp D sy Si + DA s, Si and

b+ Dw Doy SiTPAD i Si >ty + Do sy Si+Day . S; satisfied. For all the above three

cases, machine v is dominated by either machine u, v or both. O

The result of Proposition 4.3 is depicted in Figure 4.5. Note that, in the case of ¢, > t, >

tu—tv > tu tw
Pv—Pu — Pw

tu — to > tu — tw > tv—tw.
Py — Pu Pw — Du Pw — Dov

t, and p, < p, < pw, and under the condition , we also have

(4.11)

When S, (= >77_, s;) < ;= machine u dominates machines v and w, while for S, > Ju="e,

machine w dominates machmes u and v. Therefore, machine v never dictates the makespan.

Remark 4.2. The following polynomially-time-bounded procedure can be used to apply the

result of Proposition 4.3 to the machine set §2'.
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Cew = tw + pwse
Cek 4

CGU = tU +pUS€

Ceu = tu +puSe

v

t,-t, t,-t, t, -t S
pW - pV pW - pU pV - pU

Figure 4.5: Ilustration of completion times on three machines

Initialization: Rank and index all the subassembly machines in set € based on the
increasing order of their lot-detached setup times or on the decreasing order of their
unit processing times. Let u = 1, v = 2, w = 3. Define a set (¥, and let Q' =0 at

start.

Step 1: Calculate fx=lx apd foztw Jf luly o Ll
Pv—Pu Pw—Pv Pv—Pu Pw—Pv

, g0 to Step 2; otherwise, add
machine v to ¢/ , and go to Step 2.

Step 2: If u = || =2, v = || — 1, and w = ||, stop. Otherwise, we have the
following three cases: case (i): u < || —2, v = || — 1, and w = ||, then go to
step 3; case (ii): u < || =2, v < || — 1, and w = |Y|, then go to Step 4; case (iii):
u< |V —=2,v< | -1, and w < ||, go to Step 5.

Step 3: Let ¥ = Q' — ﬁ’, and re-index the machines in . Let u =u+1, v =u + 1,
and w =v + 1, go to Step 1.

Step 4: Let ) = Q’—ﬁ’, and re-index the machines in . Let v = v+1and w = v+1,
go to Step 1.
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Step 5: Let w =w + 1, go to Step 1.

As a result of Proposition 4.3, denote the remaining set of subassembly machines by €.
Without loss of generality, we assume that there are m machines in Q”. Let o, = %,

where k =1,...,m — 1. For the sake of convenience, let 09 = 0 and o,, = U, and we have
00 <01 <093< < Omo1 < O (4.12)

Note the strict inequalities in (4.12). This is afforded by the fact that if two successive
o-values are the same, then one of the associated machines will be eliminated by the result

of Proposition 4.3. For illustration purpose, Figure 4.6 depicts the completion times, Cy,

for all sublotse. e =1. . . n on each of the snhassemblv machines in O

Figure 4.6: Ilustration of completion times on m machines

4.3.2 Optimality Conditions

Next, we develop some necessary conditions satisfied by optimal sublot sizes.
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Proposition 4.4. In an optimal solution, if there exists a sublot e such that the cumulative
size of the sublots up to sublot e satisfies > ;_, s; € (og—1, ox], for some subassembly machine
k, then sublot e must be critical with respect to the subassembly machine k. In other words,

the makespan,
M=ty+peY si+pay s Ve=1,...,n. (4.13)
=1 i=e

Proof. We prove this by contradiction. Suppose such a sublot e is contained in an optimal

solution () but it is not critical for machine k. We have
A =M(Q) = [te +pr(si+ -+ 8e) +palse + -+ 50)],
for some positive /A. Now, construct a solution )’ by setting
sl =s.(1—0)+U(h),

s; = si(1—0), Vi#e,

A
Attm+(pm+pa)U-M(Q) "

where 0 < 6 < Now suppose ¢ is the index of a critical sublot in

schedule ). We have the following three cases: case (1). S, € (ox—1, ox); case (2).
S!, < op_1; and case (3). S/, > 0. We discuss each of these cases next.

Case (1): S/, € (0k—1, 0x], then, by the definition of the critical sublot, we have
M(Q') = te +pr(s) 4+ -+ 5u) +palsy + -+ 5)). (4.14)

This case can be decomposed into three subcases as follows:

Case (1.1): If ¢ > e, we have

M(Q') =t + pi(sh + -+ s0) + palse + -+ 5,)
=t + (1= 0)[pr(s1+ -+ s¢) +pa(se + -+ s,)] + Op,U
= (1= 0)[te + pe(s1 + -+ so) + palse + -+ s3)] + 0t + p,U)
< (1=0)M(Q) +6(tx + pU)
< (1=-0)M(Q) +0M(Q).
< M(Q)
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Case (1.2): If ¢ = e, we have

M(Q') =tr +pr(sy+ -+ 5u) +palsy + -+ 5,)
=tk + (1= 0)[pe(s1 + -+ 50) +palse + -+ sn)] + 0l(pr + pa)U]
= (L= O)ftr +pr(si+ -+ s0) + palse + -+ sa)] + O[tr + (e + pa)U]
= (1= 0)(M(Q) = &) + 0ty + (pr + pa)U]
< M(Q).

AN < A
DAt ~+(pm4pa)U-M(Q) — A+tp+(pr+pa)U-M(Q)"

The above inequality holds as long as 0 < 6 <

Case (1.3): ¢ < e, we have

M(Q') =tk + pr(st + -+ 50) + palse + - +5,)
=t + (1 —0)[pr(s1+- 4 se)+pa(se + -+ 5,)] + 0paU
=1 =0)[ty +pr(s1+ -+ 5¢) +pa(se + -+ -+ sp)| + 0(tr, + pal)
< (1 =0)M(Q) + 0(tx + pal)
< (1=0)M(Q) +0M(Q)
<M(Q)
Case (2): 5/, < 01, then, by definition of the critical sublot, we have
M(Q') =ty + pu(sy + -+ 5.) +palsy +---+s,,), (4.15)
for some machine u < k.
Case (2.1): If ¢ > e, we have
M(Q') =ty +pu(si + -+ su) +pals + - +s,,)
=t + (1= 0)[pu(si+ -+ +50) + palse + -+ s0)] + OpU
= (1= 0)[ty +pu(ss + -+ 50) Fpa(se + -+ 5,)] + 0ty +puU)
< (1 =0)M(Q) + 0(tu + puU)
<1 -0)M(Q) +0M(Q)
<M(Q)
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Case (2.2): If ¢ = e, we have

M(Q') =ty +pulsh + -+ + su) + palse + -+ +5,)
=ty + (1= O)[pu(s1 + -+ + s¢) +palse + -+ 83)] + 0(pu + pa)U
= (L= 0)[tu + p(s1+ -+ 8e) +palse + -+ + sa)] + 0(tu + (Pu + pa)U)
=1 =0)[M(Q) — A] + 0ty + (pu +pa)U]
<M(Q)

A < A
Attm+Pm+pa)U-—M(Q) — Attut+(putpa)U-M(Q)"

The above inequality holds as long as 0 < 6 <
Case (2.3): If ¢ < e, then we have

M(Q') = tu+ (1= )[pulss + -+ 50) +palse + -+ + $n)] + Opal
= (1= 0)[tu + pulsi + -+ 5¢) +palse + -+ 55)] + Oty + palU]
< (1=0)M(Q) +0(t. +pal)
<1 -0)M(@Q)+0M(Q)
< M(Q).

Case (3): S/, > oy, then, by definition of the critical sublot, we have
M(Q')=t,+pu(s]+-+8.)+pals +---+5) (4.16)

for some machine u > k

Case (3.1): If ¢ > e, we have

M(Q') =ty +pulsy + -+ su) +palse + -+ 5,)
=ty + (L= 0)pu(si+ -+ +50) + palse + -+ s0)] + OpuU
= (1= 0)[tu + puls1 + -+ 5¢) +palse + -+ 5,)] + 0ty + pU)
< (1=0)M(Q) +0(tu +puU)
<1 =0M(Q)+oM(Q)
< M(Q).
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Case (3.2): If ¢ = e, we have

M(Q') = tu+pulsy + -+ + o) Fpalse + -+ +5,)
=ty + (L= 0)pulsy + -+ 50) +palse + -+ 50)] + 0(pu +pa)U
= (L= 0)[tu +pulss + -+ 5c) +palse + -+ + sn)] + 0w + (pu + pa)U)
= (1 =0)[M(Q) — A+ 0t + (pu +pa)U]
< M(Q).

A < A
Attm+Pm+pa)U-—M(Q) — Attu+(putpa)U-M(Q)"

The above inequality holds as long as 0 < 6 <
Case (3.3): If ¢ < e, then we have

M(Q') =tu+ (L= 0)[pulsi + -+ 50) +pal(se + -+ sn)] + OpaU
= (1= 0)[tu + pulsi + -+ 5¢) +palse + -+ 50)] + Oty + palU]
< (1=0)M(Q) +0(t. +pal)
<1 =0)M(@Q)+0M(Q)
< M(Q).

The above three cases show that a better schedule )" can be constructed, which contradicts

the assumption that schedule @) is an optimal schedule. O

Note that if > 7 | s; = ox_1, then, without loss of generality, we define sublot e to be
critical with respect to £ — 1 and not k. Proposition 4.4 also implies that, in order for
every sublot to be critical, there should be neither an inserted idle time on the assembly and
subassembly machines nor a waiting time of a sublot on any subassembly machine. We state

this formally as follows.

Corollary 4.1. For any two sublots s, and sy in an optimal schedule where e < f, if
Y18 € (op—1,0k] and sz:1 Si € (Opy—1, 0k, for any two machines ki and ko, where
k1 < ks, then the following equation holds:

e ! /
try +pk1zsi+pAZSi = T, +pk228i+p,48f. (4.17)

i=1 i=e i=1
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Proof. From Proposition 4.4, we have M = ti, + p, Zle S; + pa Z?:e s; for Zle s; €
(0py—1, 0%, ] and M = ty, + pr, S0 50 + pa > iy sy for S s € (041,04 ]. By equating
and simplifying, we have tx, + pg, > s_, Si + Da Z{:e Si = tr, + Dy Zlle Si + pasy. O

Corollary 4.2. For any two sublots s, and sy in an optimal schedule, where e < f, if both
Se and sy satisfy Y i, 8; € (0—1,0%] and sz:1 s;i € (0k—1, 0k for some machine k, then the

following equation holds

sy =se(ar) ™, (4.18)

where qx = pa/pk-

Proof. This can be shown by induction. Suppose f = e + 1. By Corollary 4.1, we have
b+ Dr Yoy Si+Dad .S = ty + Dk f:ll Si + DAY i esq Si; which leads to sy = scqy.
Let Sey; = Se- (qp)', I = 1,...,7. Once again, using Corollary 4.1, we can show that

_ r+1 _ f—e
Setr41 = Se - q, - Hence, sy = s.q; . U

From above, in an optimal solution, the criticality of a sublot is associated with a sub-
assembly machine. However, a subassembly machine may or may not have a critical sublot
associated with it. In case, there exists a critical sublot with respect to a machine, we
call that sublot a pattern-switching sublot. For the case when more than one sublots are
critical with respect to a machine, then the last of these sublots is a pattern-swithching
sublot. We denote a pattern-switching sublot for machine £ by pg. Let there be r» machines,
ki, ko, ..., k., each of which has a pattern-switching sublot associated with it, and let
D = {ky, ks, ..., k.} denote the set of these machines. Also let W = {py,, pkys- - -, pr,.} be
the set of pattern-switching sublots associated with the machines in D. Note that, pp, = n
and k, = m. This follows by the fact that Y s; = U, and hence, the last sublot is critical
with respect to the subassembly machine m. In view of the definition of D, Corollaries 4.1

and 4.2 can be stated as the following property, which is also the optimality condition.
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Property 4.1. In an optimal schedule, the following equations hold:

=1

Oky_y <Zsi§0'kd, Vk‘d_l,k‘dGD,Vpkd%,pkdvaezpkd%—l—l,...,pkd, (420)
i=1
Pkg_1 Prg_qt1
lhy y + Dky, Z Si +PASp,, | = lk, + Dk, Z SiyVka—1,ka € D,Npy, ., pr, € W, (4.21)
i=1 i=1
Sit1 = SiQky Vkqs € D,Npp, e WNi=pg, , +1,....p5, — 1. (4.22)

Property 4.2. The above conditions (4.19), (4.20), (4.21) and (4.22) lead to the following

inequality:
qk‘dspkd71 S Spkd71+l S de—lspkd,l’ \v/k:d—la kd € D7 vpk)d,1 y Pkg e W. (423)

We can show this as follows. According to (4.20), we have tx, | +pr, ,(Sp,, |+ Sp,  +1) <
by + Prg(Spy, |+ Spp, +1). Since ty, +pi,(Sp, |+ 8p,  +1) =iy +Pry 1 Spp, | T PASH, |
by (4.21), we have tx, |, + pr, , (Spr, | + 8p, +1) < iy T Py 1 Spp, | +PaSy,, - Hence,
Spr, 41 < kg 1Spy, - Similarly, due to (4.20), we have ¢, +p, Sy +Dpas, =<
bor, T Do, | (Spk&1 + spkdflﬂ), which leads to ThaSpr, | < Spp,  +1-

The above two properties are illustrated using an example depicted in Figure 4.7. In the
example, a production lot is to be split into 7 sublots for processing (at stage 1) by four
subassembly machines M1, M2, M3 and M4, which are ordered and indexed in the decreasing
order of their setup times. We assume that, in an optimal solution shown in Figure 4.7, M1,
M3 and M4 are in set D, and they are denoted by ky, ko and k3, respectively. The pattern-
switching sublots for the machines in set D are py, = 3, pr, = 5 and pg, = 7, respectively.

4

Note that, subassembly machine M2 is not in set D by the fact that folﬂ si(=> . 8i) >

o9. By Corollary 4.2, the following geometric relationships hold among follows:

Si+1 = 154, fori=1,2,
Si+1 = 4354, for i = 4a
Si+1 = 4454, for i = 6,
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which illustrate the optimality condition (4.22). For pattern-switching sublots 3 and 5, by

Corollary 4.1, we have

3 4
t+m Z Si +pass =13+ po Z Si,
i=1 i=1
5 6
t3+ps3 Z Si T PaSs =ty + Py Z Si,
i=1 i=1
which illustrate the optimality condition (4.21). The optimal value of s;, i = 1,...,7 are

determined using the above relationships and the fact that ZZ:1 s; = U. Also, note that the

example shows p1ss < pass < p3sy and p3sg < pass < pysg. By re-arranging, we have
4353 < S4 < 183,
G155 < S6 < G355,

which follow (4.23).

Pattern-switching sublot

A
M1(K,) t; |1| 2 I 3 I 4 I 5 I 6 I 7 I
I 1 |
I 1 | en
[ [ [
M2 i |1| 2 I 3 I 4 I 5 I 6 I 7 I
: : : o, Pattern-switching sublot
1 1 —
YEICH) I Y B 5 | ¢ | - |
L] L] L]
1 1 | : : o, Pattern-switching sublot
1 1 1 1 1 —
macold 2] 2 | 3 | & | : | e« | 7 |
P ' ! I I
o : I I I
A 4 A 4 A 4 A 4 A 4 A 4 VL
MA t, | N 3 4 5 6 7

Figure 4.7: Illustration of optimality conditions
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4.4 Algorithm for 241 Problem

In this section, we demonstrate the use of the optimality conditions developed above for
solving the TSLSP for the case of m = 2. We denote this problem as the 2+ 1 problem, and
assume that the two subassembly machines are indexed according to the decreasing order of
their lot-detached setup times so that 0 < o; < U. From the previous section, the criticality
of a sublot is associated with a subassembly machine. The number of machines, r, each
of which has a pattern-switching sublot associated with it, satisfies 1 < r < 2. We define
sublot p; and ps as two pattern-switching sublots, if they exist, with respect to subassembly
machines 1 and 2, respectively. Note that ps = n. We have the following two cases in
accordance with (4.20) based on the location of p.

Case 1: r = 1. In this case, we have p; = 0, that is, all the sublots are critical with respect

to the subassembly machine 2. We shall have the following feasibility condition:
0<op<S; <U, Vi=1,...,n. (4.24)

Clearly, the optimal sublot sizes can be determined by using the geometric expressions de-

veloped in Trietsch (1987), as follows:

i—1 i
AR RUNC I P

. = (@) (4.25)
v
n

, otherwise.

Case 2: r = 2. In this case, we have 1 < p; < n — 1, that is, sublots 1 to p; are critical
with respect to subassembly machine 1, and sublots p; + 1 to n are critical with respect to

subassembly machine 2. We shall have the following feasibility condition:
0<SZ'§O'1<S]'§U, \V/’é:1,...,p1,Vj:p1+1,...,7’L. (426)
Note that, for feasible solutions of the above two cases, we have

My < M, (4.27)
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where M; and M, are the makespans obtained for Cases 1 and 2, respectively. This follows
by the fact that an addition of a subassembly machine to the problem can only potentially
increase the makespan. Therefore, we shall start our algorithm with Case 1. If the resulting
solution from Case 1 satisfies the condition specified in (4.24), then the solution is optimal.
Otherwise, we try Case 2, until we obtain a solution in which its corresponding feasibility
condition (4.26) is satisfied.

Next, we will discuss a method for obtaining p; for Case 2. But first, we re-state the

necessary optimality conditions of Property 4.1, for the 2 + 1 problem.

Property 4.3. In an optimal schedule for the 2 + 1 problem, if p1 > 1, the following
relationships hold:

n

Y si=U (4.28)

i=1

e f
0<> si<om<y si<U, Ve=1,....p,Vf=p+1,....n,  (4.29)
i=1 i=1
P1 p1+1
1 +pm Z Si T PAaSy, = la+ po Z Si, (4.30)
i=1 i=1
Si+1 = Siq1, Vi=1,...,p1 —1 (4-31>
Si+1 = Siq2, szpl—i-l,,n—l (432)

Note that equations (4.28), (4.30), (4.31) and (4.32) involve n + 1 variables and n con-
straints. Therefore, by fixing p;, we can obtain a unique solution of sublot sizes. We also

re-state Property 4.2 for the 2 + 1 problem below.

Property 4.4. The conditions (4.29), (4.30), (4.31) and (4.32) lead to the following in-
equality:

Q2501 = Spi+1 = q15p; - (4.33)
Next, we establish the sufficiency of these optimality conditions for the 2 + 1 problem.

Proposition 4.5. If there exists a p1, 1 < py < n — 1, for which the conditions (4.28),
(4.29), (4.30), (4.31) and (4.32) hold, then the solution is optimal.
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Proof. We prove this proposition by contradiction. Denote by @ = {s1,..., s,} a solution in
which there is a pattern switching sublot p; so that (4.28), (4.29), (4.30), (4.31) and (4.32)
are satisfied. Suppose there exists an optimal solution @’ = {s],...,s,} in which p} # p;
and M(Q") < M(Q). Due to the criticality of the sublots 1 and n in both solutions, and the
fact that M (Q'") < M(Q), we have

ty + p1s) + palU <ty + p1sy +palU

to + DU 4+ pas,, < to +poU + pas,

which leads to s} < s; and s/, < s,,. Next, consider the following two cases: (i) pj < p; and
(i) 7} > p.
Case (i): According to (4.31) and (4.32), we have s; < s;, Vi = 1,...,p) and s} < s;,

Vi = p1+1,...,n. In addition, due to (4.33) for solution @', we have s/,,, < qs),

Because s, 11 = @18, in Q (as py < p; by assumption), and s}, < s, (from above), we have
Spi+1 = q1Sp, > qls;,1 > S;/I_H, or 57,y < 8yq1. According to (4.32) for Q" and (4.31) for @,
we have si, |, = qos;, Vi =p' +1,...,p—1and 5,41 = q15;, Vi = p' +1,...,p — 1. Because
g2 < @1 and s}, < sy41 (from above), we have s; <'s;, Vi = py +1,..., p1, which leads to
Yo s <>, s;=U. This contradicts the feasibility of solution @'.

Case (ii): According to (4.31) and (4.32), we have s; < s;, Vi = 1,...,p; and s} < s;,

Vj=pi+1,...,n In addition, due to (4.33) for solution @)', we have s/, < sp;—;l. Because

Sy = 5:”;—2“ in @ (as p; > p1 by assumption) and s),,; < syq1 (from above), we have
_ Spl+1 S:JlJrl / / . /
Spp =~ >~ 2 S, or s, < sy. According to (4.32) for @ and (4.31) for @, we

have s, = S%;l, Vi=p+1,...,p)—1and s; = Sgl, Vi =p+1,...,p — 1. Because
g2 < q and s, < s, (from above), we have s; < s;, Vi = p} +1,..., p1, which leads to

S s <> s =U. This contradicts the feasibility of solution @' O

=11

Next, we derive the close-form expressions for S, , s, and s, ;1. According to equations

(4.28), (4.31) and (4.32), the sublot sizes s,, and s,,4; can be calculated in terms of S, as
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follows:

p1—1 __ p1
(Q1) (ql) S if ¢ % 1’

_ 1 p1>
Sm=1 . L= (q)r (4.34)
—S, otherwise.
P1
and,
L—® gy _g if gy # 1
W( - p1)7 if o # 1,
U-35,), otherwise.
n—np

By substituting (4.34) and (4.35) into (4.30), S,, (= Y., s;) and p; can then be expressed

by the following equations:

( tr + 1Sy, +pa (0" = (@) Sy = 1o + p2Sy, +P2i(U —S,), fqa#lge#l
1L —(q)” 1 — (g)n—r
(@) = (q)” .
ty+ 1Sy +pa ) Spr = ta +p2Sp1+p2n_p1<U_Sp1>7 ifq#1g=1
1 1-— )
t1 +p1Sy, +pa—5, = ta + p2S,, +p27qj_(U — Sp), ifqg=1¢#1
L p1 L —(g2)n"

(4.36)

Note that it is not possible to have ¢; = g2 = 1 since we can eliminate subassembly machine

2 in that case. By rearranging (4.36), we obtain the following expressions:

( 1—g2

P2y U — (t1 — t2) '
Sor = (ql)pl’l—(th)”12 1—go , g #Lgp#1
pa 1—(q1)” + P2 T—(q2)"PL (p2 - N

1
Pzn_—plU — (t1 — ta)

S, = — , ifqgr #1,¢o=1 (4.37)
pa (ql)fl_(ql)ﬁqf)” + P2t — (2 — 1)
1—q2
Py U — (i — t2) ,
Sp1 = (62) 11_q2 ifqg=1,¢ 7é 1

pApl—lspl + P2y T (p2—m)’

Therefore, we can search for the value of p; and obtain the values of S, , s, and s, ;. We
then check whether (4.29) is satisfied. An algorithm to find an optimal solution is described

next.
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4.4.1 Algorithm 241

This is a polynomial-time algorithm of complexity O(n), and it determines optimal sublot

sizes for the 2 + 1 problem.

Step 1: Let p; = 0, calculate S;, Vi = 1, ..., n using geometric relationship described
in (4.25). If (4.24) is satisfied, stop. Otherwise, let p; = 1.

Step 2: Calculate S,, using (4.37), and then, s, 11 using (4.35). If (4.29) is satisfied,

that is, 0 < S, < o1 <S5, + 5,41 < U, then stop; otherwise, go to Step 3.
Step 3: Let p; = p; + 1, and go to Step 2.

Figure 4.8 provides a flow-chart for the above algorithm.

START

Initialization :
Calculate g;

v
Step 1: Let p, = 0.
Find {s;, ...,s.} , using (4.21).

Step 2:
Find Sp1 and Sp1+lu3|ng (4.33) and (4.33).

IStep 3:Let o, = o, +l|

Figure 4.8: Flow-chart for Algorithm 2 + 1
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4.4.2 Example 1
Consider the data shown in Table 4.1 for a 2 + 1 problem.

Table 4.1: Data for a 2+1 problem

Production lot & number of sublots: | U=120, n=6

Setup times: t1 =100, t2 =30, ta=10

Unit processing times: p1 =2, P = 3, pa =25

We have,

t1— 1t 100 —
_h 2 _ 00 30:70‘
D2 — D1 3—2

(%51

We begin with step 1. Let p; = 0, we calculate the sublot size based on the geometric

relationship between the subassembly machine 2 and the assembly machine. We have,

1— gy 1-25/3
= U= 120 = 30.0757,
L—(gm 1-(25/3)¢

which does not satisfy (4.24) (since Si(= s; = 30.0757) < oy(= 70)). Therefore, let p; =

S1

n—1=(6—1)=25. By step 2, we compute,

pzl_é;%(f — (t1 — t2)

Sy =55 =

p1—1__ P —
DA (q1)11_(q1)£31) e 21_(1[12)(]37,31 — (p2 — p1)

3-1225/3 190 — 70

B 1-(2.5/3)
- (2.5/2)*—(2.5/2)5 1-2.5/3
2.5 1—(2.5/2)° + 31—(2.5/3) -1
290
= —— = 106.422.
2.725

Apparently, (4.29) is not satisfied since S,, > o;. By step 3, we reduce p;, and we have
p1 = 4. We repeat step 2 to obtain

312253 190 70

S =8 = 1—(2.5/3)2
P - (2.5/2)3—(2.5/2)4 1-2.5/3
2.5 1—(2.5/2)% + 31—(2.5/3)2 —1
126.3636
= ——=285.20
1.3138 ’
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which again violates (4.29). Once again, we reduce p;. We have p; = 3, and then, we

calculate the following,

3258 120 — 70

S =8 = 1—(2.5/3)3
P - (2.5/2)2—(2.5/2)3 1-2.5/3
2.5 1—(2.5/2)3 + 31—(2.5/3)3 -1
72.4176
= = 59.78
1.24 ’

which satisfies S,, < o7 in (4.29). We then determine,

l—¢
Spr+1 = S = T (q2)s_”1 U —=5p)
1-25/3
= ————=(120 — 59.78
1-— (2.5/3)3( )
= 23.82.

Furthermore, S, +s,,+1 > 07 in (4.29) is satisfied. Hence, we find an optimal solution. The

sublot sizes in the optimal solution are

— a1
= ——"—.59.78 = 15.68
1—(q1)?

So = (151 = 19.6

51

S3 = (152 = 24.5
sq4 = 23.82
S5 = (254 = 19.85

Sg = (255 = 16.54.
The makespan,
M =1t; 4+ p1Ss + p3(U — S3) = 30 + 3% 120 + 2.5 % 16.54 = 431.36.

The schedule (including the completion time of each sublot) of the above solution to the

example is illustrated in Figure 4.9.
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M1 t, I 1 2 3 4 I 5 I 5 I
100 131.36 170.56 219.56 267.2 306.9 340
1 1 —
[ 1 9.=70
M2 R 2 | | 4 5 6 _
P, =6

o B B i

Figure 4.9: Ilustration of the optimal solution to Example 1

4.5 Algorithm for 341 Problem

In this section, we study the TSLSP for m = 3, and designate it as 3 + 1 problem. Assume
the subassembly machines have been indexed according to the decreasing order of their lot-
detached setup times so that we have 0 < 07 < 09 < U. As shown in Section 4.3, the
criticality of a sublot is associated with a subassembly machine. The number of machines,
r, each of which has a pattern-switching sublot associated with it, satisfies 1 < r < 3. We
define sublots p;, ps and p3 as three pattern-switching sublots, if they exist. Note that
ps = n. We have the following four cases in accordance with (4.20), based on the locations
of p; and ps.

Case 1: r = 1. In this case, we have p; = 0 and p; = 0. Then, all the sublots are critical

with respect to the subassembly machine 3. We shall have the following feasibility condition:
0<o1<o0y<5; <U, Vi=1,...,n (4.38)

Clearly, the optimal sublot sizes can be determined by using the following geometric expres-

sions,

)il (4.
MU,W:L...J@ if g3 # 1,

5 = 1—(g3) (4.39)
U .
—, otherwise.
n

Case 2: =2, 1 < pp <n—1and pp = 0. Then, sublots 1 to p; are critical with

respect to the subassembly machine 1, and sublots p; + 1 to n are critical with respect to
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the subassembly machine 3. We shall have the following feasibility condition:
O<S¢§O’1<O’2<Sj§U, Vi=1,...,p,V7=p1+1,...,n. (440)

Case 3: » =2, 1 < py <n—1and p; = 0. Then, sublots 1 to p, are critical with
respect to the subassembly machine 2, and sublots p, + 1 to n are critical with respect to

the subassembly machine 3. We shall have the following feasibility condition:
O<0'1<Si§0'2<SjSU, Vi=1,...,p,Vi=pa+1,...,n. (441)

We can use Algorithm 2 4 1 to solve for Cases 2 and 3.

Case 4: r = 3. In this case, we have 1 < p; < po < n — 1. Then, sublots 1 to p; are
critical with respect to the subassembly machine 1, sublots p; + 1 to ps are critical with
respect to the subassembly machine 2, and sublots p, + 1 to n are critical with respect to

the subassembly machine 3. We shall have the following feasibility condition:

0<8 <01 <8 <0< S <U, Vi=1,....,;0,Vj=p1+1,...,p,Vl=ps+1,...,n
(4.42)

Note that, for feasible solutions to all of the above four cases, we have,
M, < M, < M3 < M4, (443)

where M;, My, M3 and M, are the makespan values obtained for the four cases, respectively.
The relationship M; < My < My or My, < M3 < M, follows by the fact that an addition of
a subassembly machine to the problem can only potentially increase the makespan. To show
the relationship My < M3, suppose s2 and s3 are the first sublots in the solution for Case 2

and Case 3, respectively. We have s3 < oy < s3 according to (4.40) and (4.41). Furthermore,

My =t; + p187 +palU <ty + proy + pal,

M; =ty + pass + palU >ty + paoy + pal.

Due to t1 + p1o1 + paU =ty + pao1 + paU by definition of o1, we have My < Mj.
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Therefore, we shall start our algorithm for Cases 1, 2, 3, 4 in that order until we ob-
tain a solution with its corresponding optimality conditions (4.19), (4.20), (4.21) and (4.22)
satisfied. For Case 4, we shall select a solution with the minimum makespan, among those
solutions that satisfy the optimality conditions.

Next, we discuss the method to find p; and py for Case 4. The necessary optimality

conditions in Property 4.1 for the 3 4+ 1 problem are re-stated as follows.

Property 4.5. In an optimal schedule for the 3+1 problem, if 1 < p1 < py < n — 1, the
following relationships hold:

i N (4.44)
1=1

e f g
0<Zsi§01 <Zsi §U2 <Zsi SU, ve:]-7"'7p1>vf:p1+1>"'7p27
=1 i=1 i=1
Vg=py+1,...,n, (4.45)
PL p1+1
t1 +m Z Si +DaSp, = to + po Z Si, (446)
i=1 i=1
P2 p2+1
ty+p2 Y Sitpasy, =ts+ps > si, (4.47)
i=1 i=1
Si+1 = Siq1, Vi = 1, ey P1 — 1, (448)
Si+1 = Siqo, Vi=p+1,...,p2—1, (4.49)
Si+1 = Siq3, Vi = P2 + 1, o, n. (450)

Note that equations (4.44), (4.46), (4.47), (4.48), (4.49) and (4.50) involve n + 2 variables
and n constraints. Therefore, if p; and py are given, we can find a unique solution.
According to relationships (4.44), (4.46), (4.47), (4.48), (4.49) and (4.50), 5,,, Sp,+1, Sps

and s,,+1 can be expressed in terms of S, and S, as follows:

S = AS,,, (4.51)
Sp1+1 = BSp2 - SPN (452)
Sps = C'S,y — S,y (4.53)
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Spair = D(U — 5,) (4.54)

where A, B, C, D are represented by

()" = (@)™ o 41
A=) 1ol ’
—, otherwise.
\ O1
( 1—q .
g (@) ez
o 1
, otherwise.
\ P2 — P1
( (q2)P2—p1—1 _ (q2)ﬁz—ﬁ1 ¢ . # .
C = - (q2)pz—p1 ’ ’
N 1
, otherwise.
\ P2 — pP1
4 1 _
. if gy # 1,
D o 1 — (qs)n—ﬁz
N 1
, otherwise.
L L — P2

By substituting (4.51) and (4.52) into (4.46), and (4.53) and (4.54) into (4.47), S,, and S,

can then be expressed by the following equations:

b2+ B - (SP2 - Sﬁl) =Ppa- A- Spl + [(tl - t2) - (p2 _p1>SP1]7 (455>
Ps - D - (U - sz) =Ppa- C- (Sp2 - Sm) + [(t2 - t3) - (pg - p2)(Sp2 - Sm)]- (4-56>

Therefore, we can search for the values of p; and p, and obtain s,,, S, 41, Spys Spot1, Sp, and

Sy, such that (4.42) is satisfied. This is formally stated in the following algorithm.

4.5.1 Algorithm 341

This is a polynomial-time algorithm of complexity O(n?), and it determines optimal sublot

sizes for the 3 + 1 problem.

Initilization: Let ¥ = (). Let Q(p1, p2) and M(Q) denote a solution associated with

p1 and py and its corresponding makespan, respectively. Calculate o, o5 and o013,

t1—13

where 013 = pp—
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Step 1: (Determine sublot sizes by assuming that only machine 3 is dominant). Let
p1 = p2 = 0, and determine sublot sizes {si,...,s,} using (4.39). If 0 < 0y < 0y <
S; < U, Vi =1,...,n, stop; if 0 < 013 < S;, Vi = 1,...,n, then it is an optimal
solution of the 2 + 1 problem involving machines 1 and 3 (see Case 1, Section4.4), go

to Step 3; otherwise go to Step 2.

Step 2: (Determine sublot sizes by assuming only machines 1 and 3 are dominant).
Let po =0 and 1 < p; < n — 1, and determine {sy,...,s,} using Algorithm 2 4 1. If
0<S <01 <o,< 8, <U,Vi=1,...,pm,Vj=p1+1,...,n,in (4.40) is satisfied,

stop; otherwise, go to Step 3.

Step 3: (Determine sublot sizes by assuming only machines 2 and 3 are dominant).
Let py =0 and 1 < ps < n — 1, and determine {sy,...,s,} using Algorithm 2 4 1. If
0<01 <8 <0,<S; <U,Vi=1,...,p2,¥] =pa+1,...,n, in (4.41) is satisfied,

stop; otherwise, set p; = 1 and py = 2, and go to Step 4.

Step 4: (Determine sublot sizes by assuming machines 1, 2 and 3 are dominant).
Calculate S,, and S,, using (4.55) and (4.56), and then s,,, S,,4+1, Sp,, Sp,41 USING
(4.51), (4.52), (4.53) and (4.54), respectively. If 0 < 5; < 01 < §; <09 < 5 < U,
Vi=1,...,p5,Y)=p1+1,....p2, ¥l = pa+1,....,n,in (4.42) is satisfied, add solution
Q(p1, p2) to set W. In any case, go to Step 5.

Step 5: If py =n—2and ps = n—1, go to Step 6; otherwise, we have two possibilities,
case (i): p1 <n—2and py = n—1; case (ii): p; < po < n—1. For case (i), let p; = p;+1

and ps = p; + 1 and go to Step 4. For case (ii), let po = ps + 1 and go to Step 4.

Step 6: Select a solution ) from the set W such that M (@) is minimal. Stop.

Figure 4.10 provides a flow-chart for the above algorithm.

4.5.2 Example 2
Consider the data shown in Table 4.2 for a 3 + 1 problem.
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START < STOP ,
4

Initialization :Le Y = 0,Q(0,, 0,
Calculate 0, ,0, ,0;5 .

v

Step1: Let 1 = P, =0,
.,Sp} » Using (4.21).

Find {s,, ..

Step 6: Select best

)

&
<

]
|Add Q(p,,p,) to I

p=p+1 Y
P, =pt1l

§<0,<§<0,<§,
Oi=1...0, O=p+1...0,

P, =P, +1

Or=p,+1...,n

Step2: Let P, =01l<p, <n-1
Find {s,, ...,s,} , using Algorithm 2+1

Step 3: Let P, = 01< p,<n-1
Find {s,, ...,s,} , using Algorithm 2+1

Step 4:
Find S, and S,, using (4.51) and (4.52)
Find S,, S;41.,5,,, and Sy, using (4.47),

Ssq<@<§

(4.48), (4.49) and (4.50)

4

_Di:l,...,pl, 1:1
Uj=p+1...n 2 Z’z:z
‘ STOP >
Figure 4.10: Flow-chart for Algorithm 3 + 1
Table 4.2: Data for a 341 problem
Production lot & number of sublots | U=120 n=8
Setup times t1 =100 t2=80 t3 =30 t4 =10
Unit processing times p1 =2 p2 =3 p3 =4 pa =25
We have
1 —t 100 — 80
o= 2 = = 20,
P2 — D1 3—2
ty — - 80 — 30
oy = 23 = = 50,
D3 — D2 4-3
th —t: 100 — 30
013 = ! 5 = = 35.
P3s — D1 42
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We begin with Step 1. Let p; = po = 0, we calculate the sublot size based on the geometric

relationship between the subassembly machine 3 and the assembly machine. We have

s1 = 46.0727, sy = 28.7954, s3 = 17.9972, s, = 11.2482,

s5 = 7.0301, sg=4.3939, s7=2.7462, sg=1.7163,

which does not satisfy 0 < 07 < 09 < 57 < U since Si(= s1 = 46.0727) < 0y. However,
013 < s1 holds. Therefore, we go to Step 3 and consider p; = 0 and 1 < p, < n — 1. Using

Algorithm 2 + 1, we obtain that when p, = 1, the optimality conditions hold true. We have

piﬁ_@%[] — (t2 — t3)

Sl = po—1_ P
PAEEE + p i — (s = 1)
1-2.5/3
o (2.5/2)0—(2.5/2)1 1-2.5/4
2.5 1—(2.5/2)! +41—(2.5/4)7 —1
136.96
= ——— =44.7885
3.058 ’
1 —gs
§9 = ——— (120 — 44.7885
2= T (g )
= 29.2957,

which is feasible to 0 < 01 < 5; < 09 < S; < U in (4.41). We, then, stop and calculate other

sublot sizes. They are:

S1 = 447885, S9 — 292957, S3 = (352 = 183098, S4 = (353 = 114436,

S5 = (354 = 715226, S = (3S5 = 447017, S7 = (3S¢ = 279385, S8 = (357 = 1.74616.
And, the makespan value is

The schedule (including the completion time of each sublot) for the above example is illus-

trated in Figure 4.11.
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M1 t, 1 2 3 4 |s]67]8
100 IO = 1 189.58 248.17 284.79 307.68 340
2

M2 t, 1 2 3 4 516]78

80 214‘37| 302.25 357.18 391.51 412.97 440

1
M3 |t 1 2 3 4 5 6 ]71]8 _
30 209. 15: 32634I 399.58 445.35I 473.96 491_8: 503.02I 51:2 '03 _8
MA E 1 2 3 4 5 61718
10 131.36 326.34 399.58 445.35 473.96 491.84 503.02 510 514.37

Figure 4.11: Illustration of the optimal solution to Example 2
4.6 Integer-size Sublots

To determine integer sublot sizes, we can extend the method to that end proposed by Trietsch
(1987) for a two-machine flow shop lot streaming problem. To achieve feasibility, we must
complete sublot ¢ on m subassembly machines no later than the latest start time for that

sublot on the assembly machine A. That is,
te +prSi <M —pa(U — Si1), VE=1,....m (4.57)

or

S; < min { min {]\/[ — b = pall = Si-1) }, U} (4.58)

1<k<m Dk

The S; values are the largest integer values permitted by the inequality (4.58). To calculate
it, let

S!' = min {Mt’“ —palU = S“)}. (4.59)

1<k<m Dk

We have

S, = min { {S;J, U}. (4.60)
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By rounding down S;, Vi = 1,...,n, we may get S, < U. In that case, the makespan M
does not accommodate all the items and needs to be incremented. We need to select a sublot

to round up its size to the nearest integer. Let

S/ = min { [Sﬂ, U}. (4.61)

Let A; represent the time difference incurred by rounding S! up to its nearest integer, and

it is given by

_ n\ _ /
A\, = max {tk +kai } IISI}caS}in {tk —i—kai}. (462)

1<k<m

The new makespan value, M, can then be incremented by a minimum amount of A; as

follows,

M = M + min {A,}. (4.63)

1<i<n

We, then, repeat the process until we obtain S,, = U. The corresponding algorithm to

determine optimal, integer sublot sizes is given as follows.

4.6.1 Algorithm -Integer Sublot Sizes
Step 1: Let S =0, 7= 1.

Step 2: Fori =1, ..., n. Calculate S/, S;, S/, and A; for each i using (4.59), (4.60),
(4.61) and (4.62), respectively.

Step 3: If S, = U, stop. Otherwise, find a new value of M by using (4.63). Go to
Step 2.

An example is used to illustrate the above procedure in the next section.
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4.6.2 Example 3

Consider the data depicted in Table 4.2. We have already found the fractional optimal

solution, which is shown as follows:

s1 = 45.7886, so = 29.2057, s3 = 18.3098, s4 = 11.4436,

55 = 17.1523, s =4.4702, s7;=2.7939, s5=1.7462.

Iteration 1: We first calculate S}, S and S; and A;, as shown in Table 4.3.

Table 4.3: Tteration 1

.

S! S| S Ny

min{57.183, 44.788,46.091} = 44.788 45 | 44 | 215 —214.365 = 0.635
min{112.183,81.445,73.591} = 73.591 | 74 | 73 | 326 — 324.465 = 1.635
min{148.433, 105.622,91.916} = 91.716 | 92 | 91 | 398 — 396.865 = 1.135
min{170.933,120.622,102.966} = 102.966 | 103 | 102 | 442 — 441.865 = 0.135
min{184.683, 129.788,109.841} = 109.841 | 110 | 109 | 470 — 469.365 = 0.635
min{193.433, 135.622, 114.216} = 114.216 | 115 | 114 | 490 — 486.865 = 3.135
min{199.683, 139.788,117.341} = 117.341 | 118 | 117 | 502 — 499.365 = 2.635
min{203.433, 142.288,119.216} = 119.216 | 120 | 119 | 510 — 506.865 = 3.135

||| =W |~

Since Ss(= 119) < U, we increase the makespan as M = M + minj<;<,{/\;} = 514.365 +
0.135 = 514.5.

Iteration 2: Similarly, we find S/, S/ and S; and A\; using the new makespan obtained in
Iteration 1 as shown in Table 4.4.

Table 4.4: Tteration 2

i S Sy Si AV

1 min{57.75,45.167,46.375} = 45.167 46 45 218 — 2155 =2.5
2 min{114, 82.667,74.5} = 74.5 75 74 330 — 328 =2
3 min{150.25, 106.833, 92.625} = 92.625 93 92 402 — 400.5 = 1.5
4 | min{172.75,121.833,103.875} = 103.875 | 104 | 103 | 446 — 445.5 =0.5
5 min{186.5,131,110.75} = 110.75 111 110 474 — 473 =1

6 | min{195.25,136.833,115.125} = 115.125 | 116 | 115 | 494 — 490.5 = 3.5
7 min{201.5,141,118.25} = 118.25 119 | 118 506 — 503 = 3
8

min{205.25, 143.5,120.125} = 120.125 121 | 120 | 514 —510.5 = 3.5
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Since Sg = U, stop. The integer sublot sizes can be calculated as

81251—50:45, 82252—51:29, 83253—52:18, 84254—53:11,
85255—54:7, 86256—55:5, 87257—56:3, 88258—57:2.

And, the makespan is 514.5.

4.7 Concluding Remarks

In this chapter, we have discussed the lot streaming problem for a single lot that is to be
processed in a two-stage assembly system. This system is different from the flow shop ma-
chine configuration typically considered in the literature for lot streaming problems. We have
presented some machine dominance properties, which result in reducing the problem size.
The inherent structural properties of the problem are then used in obtaining an optimality
condition, which affords development of an effective algorithm for its solution. We present
polynomial-time algorithms for the 2+ 1 and 3 4+ 1 problems. A polynomial-time algorithm
has also been presented to obtain integer-size sublot.

An important finding in this chapter has been the identification of multiple pattern-
switching sublots that constitute an optimal solution. Due to an interaction between lot-
detached setup time and cumulative processing time for each subassembly machine, multiple
subassembly machines may dominate the makespan at different times in the processing of
the sublots on them. In other words, the criticality of sublots changes from one machine to

another depending upon the number of items that have been processed.
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Chapter 5

Multiple-Lot Lot Streaming in a
Two-stage Assembly System

In this chapter, we address a lot streaming problem in a two-stage assembly system involving
multiple lots, where each lot represents a unique product type, for the objective of minimizing
the makespan. We call this problem as a two-stage multiple-lot, lot streaming problem
(TSMLSP). The problem contains two decisions, namely, lot splitting and lot sequencing.
The interaction between these two decisions makes the problem a difficult one to analyze.
Some basic results derived for the TSMLSP using the properties of the two-stage single-lot
lot streaming problem are presented. For solution methodology, a branch-and-bound-based
methodology is developed that relies on effective lower bounds and dominance properties,
which are also established. The next step is to perform computational experimentation to

determine efficacy of the branch-and-bound-based methodology for our problem.

5.1 Introduction

Lot streaming is the process of using transfer batches to move completed portions of a product
lot to downstream machines so that their operations can be undertaken in an overlapping

fashion. Kalir and Sarin (2000) have shown that the potential benefits of lot streaming with
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respect to three commonly-used performance measures, namely, makespan, mean flow time
and average work-in-process. Our work in this chapter extends the two-stage single-lot, lot
streaming problem (TSLSP) presented in Chapter 4 to the multiple-lot case. In the presence
of multiple lots, we need to simultaneously consider sizing of the sublots and sequencing of the
lots. Baker (1995) and Centinkaya and Kayaligil (1992) have shown that unit-sized sublots
are optimal for the problem with no setup time, and they have solved the resulting sequencing
problem using a modification of Johnson’s algorithm (see Johnson (1954)). For the case with
lot-detached setup times and sublot tranfer times, Vickson (1995) has shown that the sublot
sizing and lot sequencing problems are independent. They have derived optimal sublot sizes
for the sublot sizing problem, and have solved the lot sequencing problem using Johnson’s
algorithm (see Johnson (1954)). For the case with lot-detached setup and removal times,
Centinkaya (1994) has also shown that the sublot sizing problem and sequencing problems
are independent, and furthermore, the optimal sublot sizes are geometric. A sequences of lots
is determined using a modification of Johnson’s algorithm based on run-in and run-out times
(see Johnson (1954)). Sriskandarajah and Wagneur (1999) have addressed the multiple-lot,
lot streaming problem in a no-wait two-machine flow shop, and they have proved that the
sublot sizing and lot sequencing problems are independent. The optimal continuous sublot
sizes are geometric in this case as well and the optimal sequence can be obtained using an
algorithm proposed by Gilmore and Gomory (1964). Kalir and Sarin (2003) have considered
a problem with sublot-attached setups. They have presented solution procedures for the
case when sublot sizes for all the lots are the same and for the case when the sublot sizes are
unequal. For the former case, their algorithm iterates over all possible values of sublot size,
and it sequences the lots using a modified Johnson’s algorithm. For the latter case, they have
proposed a two-phase procedure in which the construction phase determines the sequence
using a modified Johnson’s algorithm and the improvement phase re-optimizes sublot sizes
based on the sequence obtained. The iteration continue until no improvement can be made.

Scheduling problem in the two-stage assembly system that we consider in this chapter

has been considered by Lee et al. (1993), Hariri and Potts (1997) and Sun et al. (2003).
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However, they do not include the streaming of the lots. Lee et al. (1993) have studied a
3-machine assembly scheduling problem. They have shown that their problem is strongly NP-
hard, and have identified the special cases of the problem that are solvable in polynomial
time. In addition, they have presented several heuristics and their respective worst-case
bounds. Hariri and Potts (1997) have extended the problem to a machine configuration
involving arbitrary number of subassembly machines. They have developed a branch-and-
bound algorithm for the problem, and have provided the computational experience with
the use of this method. Sun et al. (2003) have considered a 3-machine assembly scheduling
problem and have presented several heuristics to address the worst-case scenarios presented
in the literature.

Our work in this chapter is different from the work presented in the literature in that
we consider a lot streaming problem for processing multiple lots in a two-stage assembly
system. The configuration of this assembly system is illustrated in Figure 5.1. The first
stage of this system consists of multiple, parallel machines where subassemblies are prepared
with one subassembly-type on each machine for each production lot. These subassemblies,
are then, assembled into final products at the second stage. An example for such an assembly
system in which there are two production lots of 50 and 40 items is shown in Figure 5.1.
Lot-detached setup is incurred on every machine at both stages. For the example, these
values are assumed to be 40, 40 and 60 units for lot 1 on the subassembly machines, and 10
units on the assembly machine. Similar number for lot 2 are 30, 20 and 30 units for setups
on the subassembly machines, and 60 units on the assembly machine. The processing times
for lot 1 are 1.5, 1 and 1 units per item on the subassembly machines and 1 unit on the
assembly machine. For lot 2, the processing times are 1, 2 and 0.5 units per item on the
subassembly machines and 2 units on the assembly machine. Figure 5.1(a) depicts schedule
1 in which the processing of lot 1 precedes that of lot 2. The sublot sizes used for lot 1 are
10 and 40, and the sublot sizes used for lot 2 are 10, 10 and 20. Schedule 2 is shown in
Figure 5.1(b) in which the processing sequence of the lots is altered, while the sublot sizes

used for both the lots are as in Schedule 1. Due to a change in the sequence in which the lots
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are processed, the makespan reduces from 295 to 230. Note that (see Figure 5.1(c)), if we

change the sublot sizes for lot 1 to 20 and 30, and keep the sequence to be lot 1 followed by

lot 2, the makespan further reduces from 230 to 220. Our aim is to determine the sequence

of the lots and sublot sizes of each lot so as to minimize makespan.

subassembly 1:
subassembly 2:
subassembly 3:

assembly:

subassembly 1:
subassembly 2:
subassembly 3:

Assembly:

Subassembly 1:
subassembly 2:
subassembly 3:

Assembly:

Lot1:

Lot size: 50

Processing. Time: 1.5,1,1,1
Setup time: 40, 40, 60, 10

Lot 2:

Lot size:
Processing. Time: 1, 2, 0.5,2
Setup time: 30, 20, 30, 60

40

[ 10 | 40 | [10] 10| 20 |
40 55 15 145 155 165 185
[10] 40 | 10 | 10 20
40 60 90 110 130 150 190
[10] a0 | | [ [20]
60 _ 80 110 140160
] 0 | [0 [ 10 ] 20
10 70 80 115 155 215 235 255 295
(a) Schedule 1
[10[10] 20 | [ 10 | 40 |
30 40 50 70 110 125 185
| 10 | 10 20 | [10] 40 |
20 40 60 100 140150 190
[ | |20] [10] 40
30 40 50 110 120 160
[ 0] w0] 20 [ fu
60 80 100 140 150 160 190 230
(b) Schedule 2
l10{10] 20 ] | 20 | 30 |
30 40 50 70 110 140 185
[ 10 [ 10 20 | [ 20| 30 |
20 40 60 100 140 160 190
[ | ]20] | 20 30
30 40 50 110 130 160
[ 0] 0] 20 [ | [ 2] | 30
60 8 100 140 150 180 220
(c) Schedule 3

Figure 5.1: Example depicting streaming of multiple lots in a two-stage assembly system

This chapter is organized as follows. In Section 5.2, we describe the TSMLSP and present

its useful properties. A mixed integer programming formulation for the TSMLSP is presented

in Section 5.3. In Section 5.4, we propose a branch-and-bound methodology, which includes
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the development of various lower and upper bounds, and dominance rules based on the
optimality conditions for the two-stage single-lot, lot streaming problem to help in curtailing
nodes in the branch-and-bound tree. Our next step is to perform computational test to
demonstrate the efficacy of the proposed branch-and-bound algorithm. Some concluding

remarks are made in Section 5.6.

5.2 Problem Description and Basic Properties

The TSMLSP can formally be described as follows. There are N production lots to be
processed in a two-stage assembly system. Each lot j consists of U; items. There is a set,
), of M subassembly machines at the first stage and an assembly machine at the second
stage. The per unit processing time for the items of a lot can vary over the machines, and is
designated by pji, for lot j on machine k. Similarly, the unit processing time is different for
different lots on the assembly machine, and is designated by p;4 for lot j. Lot-detached setup
times are incurred before each lot j starts its processing on subassembly machine k, k € €2,
and the assembly machine A, and they are denoted by t;;, & € Q and t;4, respectively.
We assume that all the machines (these at stage 1 and stage 2) in the problem use the
same number of sublots, n;, for lot j, j = 1,..., N. In addition, we make the following
assumptions: (i) all the machines are available at time zero; (ii) sublot sizes are continuous;
(iii) the processing of a sublot on machine A can be started only after sufficient number of
its components have finished processing at the first stage; (iv) sublot intermingling is not
allowed, that is, once a machine starts processing a lot, it has to finish all the items in that lot
before beginning to process the next lot. The objective is to determine: (1) the sequence in
which to process the production lots; and (2) the sublot sizes of each lot j on the subassembly
and assembly machines so as to minimize the makespan, that is, the completion time of the

last sublot of the last lot on the assembly machine A. We use the following notation.

Parameters:

N - Number of production lots.
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M - Number of subassembly machines.

U; - Number of itemsinlot j, j =1,..., N.

n; - Number of sublots of lot j, j =1,..., N.

tir - Detached-setup time of lot j on subassembly machine k, k =1,..., M.

tia - Detached-setup time of lot j on the assembly machine.

pjk -  Unit processing time of lot j on subassembly machine k, k =1,..., M.

pja -  Unit processing time of lot j on the assembly machine.

Variables:

xi, = 1, if lot j is sequenced in position 7 of the sequence on subassembly machine k, and

0, otherwise.
zija = 1, if lot j is sequenced in position ¢ of the sequence on assembly machine A, and

0, otherwise.

Sjuk -  oize of sublot u of lot ¢ on subassembly machine &.

Sjua -  Size of sublot u of lot 7 on assembly machine A.

C; - Completion time of a lot on subassembly machine k£ if it is sequenced in position i.
C; - Completion time of a lot on the assembly machine A if it is sequenced in position .

Before presenting a mathematical formulation for the TSMLSP, we first show the following
properties, which help in curtailing the type of sequence and the sublot sizes that we need

to consider.

Property 5.1. There exists an optimal schedule in which the sequences of lots are the same

on all the machines.

Let 7 be a sequence on subassembly machine k, and 74 be a different sequence on assem-
bly machine A. It is easy to see that we can alter the the sequence 7, on each subassembly
machine k to conform to m4 without worsening the makespan. Consequently, we can drop
the subscripts “k” and “A” from the notation of the sequencing variables, namely, z;;;, and

TijA-
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Property 5.2. For a given sequence of lots, there exist optimal sublot sizes for each lot such

that the completion time of each lot is minimized.

Since there is no idle time in between the processing of the production lots on each
subassembly machine, the minimization of makespan for TSMLSP can be considered as the
minimization of total idle time on the assembly machine A. For a given sequence of lots,
minimization of the total idle time on the assembly machine A is equivalent to minimizing
the completion time of each lot in the sequence. Consequently, the result from TSLSP (see

Chapter 4) regarding the nature of the sublots is still valid. Hence, we have the following

property.

Property 5.3. There exists an optimal schedule in which each lot is split into consistent

sublots.

Due to this property, we can drop the subscripts “k£” and “A” from the notation of sublot
sizes, namely s;.r and s;.4. This property also establishes the fact that if a permutation
sequence of lots is given, the optimality conditions (Property (4.1) of Chapter 4) developed
for the TSLSP, will be valid for the TSMLSP as well. To accommodate these properties in
the TSMLSP, we will re-state them in Section 5.4.

5.3 A Mixed Integer Programming Formulation

Our formulation of a model for the TSMLSP is as follows:
TSMLSP-MIP:

Minimize Cna (5.1a)
N

subject to in]— =1, Vi=1,...,N, (5.1Db)
i=1
N
D ay =1, Vi=1,...,N, (5.1¢)
j=1
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N
Cir > Cimiw + Y (i + pinlUy) iy, Vi=1...,NVk=1,...,M, (5.1d)

7j=1
N
CZA>CZ 1A+Z ]A‘l'p]AU Lij, \V/Zzl,N, (516)
7j=1
Cia+(1 —ZBij)<(pgk +p]A)U) > Ci_1k
nj
+t]kx,]+pijsju+p]AZs]u, Vi,j=1...,N,Ve=1,...,n;j,
u=1 u=e
Vk=1,..., M, (5.1f)
> sju=Uj, Vji=1,...,N, (5.1g)
Sju > 0, Vi=1,...,N,Vu=1,...n;, (5.1h)
Ti; € {0, 1}, Vi,j=1,...,N. (511)

Constraints (5.1b) and (5.1c) are the assignment constraints that ensure that each lot is
assigned to a position and each position is allocated to only one lot, respectively, in a
permutation of lots. Constraints (5.1d) and (5.1le) ensure that a machine (at stage 1 and
stage 2) can process only a single production lot at a time. Constraints (5.1f) ensure that
the completion time of each lot j, if assigned to position i on the assembly machine, can be
no less than the completion time of each of its sublots on assembly machine A. Specifically,
if z;; = 1, we have

e nj
Cian > Cicigp + ik +Djk Z Sju + DjA Z Sjus

u=1 u=e

which enforces that the completion time of lot j in position ¢ on assembly machine A is
greater than or equal to the total time required to complete lot 7, taking into consideration
its processing on all subassembly machines k, k =1,..., M. If z;; = 0, we have
e J
Cia+ (pjx +0ja)U; = Cisy g+ pjin Z Sju + Dja Z S ju-
u=1 u=e
Since (pjr+pja)U; = Djk 2wy Sjutpja dowt. Sju, for any e = 1,...,n;, the above constraint

is redundant. Constraints (5.1g) ensure that the sum of the sublot sizes of lot j is equal to
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the number of items in lot j. Constraints (5.1h) represent the non-negativity of sublot sizes,

and Constraints (5.11) represent the binary restriction of the assignment variables.

5.4 A Branch-and-Bound-based Methodology for the
TSMLSP

In this section, we propose a branch-and-bound-based methodology for the TSMLSP. We

first present the mathematical expression of makespan, which is used in the sequel.

5.4.1 Expression of Makespan

We first give an expression of the makespan for a given sequence of lots that relies on the
properties stated in Section 5.2. Given a feasible schedule 7, let w(u), u = 1,..., N, denote

the lot located at position u in solution 7. Then, the makespan can be defined by
N
M () = max { 121}2;4 { 1225\7 { 1§1;r%%>:(u) {Cuek(w)}}}, Z; (tjA + ijUj) }, (5.2)
j:
where C.x(m) is the completion time of sublot e of the lot in position u on machine &, and

is given as follows:

—_

uU— nﬂ'(u)

Cuek(ﬂ-) = (tﬂ(v)k +p7r(v)kU7r(v)) + (tw(u)k + Zpﬂ(u)ksw(u)w + Z pﬂ(u)ASﬂ(u)w)
1 w=1 w=e

S
Il

N
T Z (tn(vm +p7r(v)AU7r(v)>- (5.3)

v=u+1

From the definition of makespan, we have the following inequality

M(m) > Cyer(m), Ve=1,....M, Yu=1,....N, Ve =1,... , nrw. (5.4)

A critical sublot is defined as a sublot for which the equality holds in (5.4) for some machine
k, while a critical lot is a lot to which the critical sublot belongs. Note that, if the equality

holds for some u, e and k, we call that lot, sequenced in position u, and its sublot e to be
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critical with respect to machine k. Also, if a lot is critical, all its sublots are critical based on
the criticality of sublots in TSLSP. For instance, if a production lot at position ¢ in solution

7 is critical with respect to machine k, we have

-1 e M (c)
M(7) = Ceer, = Z <t7r(v)k + pw(v)kUw(v)> + <t7r(c)k + pr(c)ksw(c)u + Z PW(C)ASW(C)u>
v=1 u=1 u=e

N
+ Z (tﬂ'(l})A + pw(v)AUw(U))y Ve = 17 s (o)
v=c+1

(5.5)

Also note that, when the makespan, M(mr) = Zjvzl (tja + p;jaU;), then there will be no
critical sublots and lots.

Let 7; denote such a partial sequence containing a set of lots that have been scheduled
upto position i in the permutation, and 7/ denote the set of lots yet to be scheduled. In the
branch-and-bound tree (see Figure 5.2), a node at level i represents a subproblem in which
a partial sequence 7; has been fixed, and the remaining sequence needs to be determined

among the lots in set 7/ in order to minimize the makespan. We denote such a subproblem

by P
----------------- Level 0

""""""""" Level 1

_________________ Level 2

(%)
_________________

Figure 5.2: The branch-and-bound tree for the TSMLSP
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Let Ci(7;) and Ca(7;) denote the completion times of the lot at position ¢ on the sub-
assembly machine k and the assembly machine A, respectively. At a level ¢ of the branch-
and-bound tree, each node j at level 7 of this tree corresponds to a partial permutation 7; in
which lots have been sequenced in the first ¢ positions. Let 7/ be the set of remaining lots.
If 7 is a complete sequence built from 7; as a sequence of lots in its first ¢ positions, then the

makespan of such a sequence is given by

M(w):max{ max { max { max {Cuek(ﬂ)}}}, CA(Ti)+Z(tjA+ijUj)},

1<k<M | i+1<usN { 1<e<ng(y) —
JET;
(5.6)
where (... for any position u after i is described as follows:
u—1 e N (u)
Cuek(ﬂ-) = Ck(Tz) + Z (tw(v)k +p7r(v)kU7r(v)> + (tﬂ(u)k + pr(u)ksﬂ(u)w + Z pw(u)ASW(u)w>
v=i+1 w=1 w=e

N
+ Z (tw(v)A +p7r(U)AU7r(U))-

v=u+1
(5.7)
Note that M(7) > Cyer(m), Vk = 1,..., M,Yu = 1,...,n,Ve = 1,...,7(u). In case, the
equality in the above expression holds for a lot at position ¢ with respect to some machine

k, then that lot m(c) and its sublots are critical.

5.4.2 Determination of Lower and Upper Bounds

Let CY(7;,7) be the completion time of lot j on machine A if it is sequenced in position
1+ 1, assuming that lot j is processed immediately on machine A after the largest among its
completion times on subassembly machines. Similarly, where CY(7—{j}, j) is the completion
time of lot j if it is sequenced in the last position assuming lot j is processed immediately

on machine A after the largest among its completion times on subassembly machines. We
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have the following lower bounds.

Lower Bound 1: LB' (1) = Ca(m:) + > _(tja + pjaly), (5.8)
jer!
Lower Bound 2: LB*(1;) = min {C’g(n,j) + Z (tuA —l—puAUu) }, (5.9)
jer u€eT!,
utj
Lower Bound 3: LB?*(7;) = min {Og(ﬂ' — {j},j)}, (5.10)
Jjer!

Note that LB (7;), LB?*(7;) and LB?(7;) are machine-based lower bounds. Next, we present a
lower bound based on a relaxed problem of the original problem. Let 7} (7/) denote an optimal
sequence of the lots in set 7/ for a two-machine system that contains the subassembly machine
k and the assembly machine A. Let Cy(7;(7/)) denote the optimal makespan obtained for
this relaxed problem. We have the following lower bound

Lower Bound 4:  LB*(7;) = max {Ck(n) + Ck(TFZ(TZ/))} (5.11)

1<k<M

We can use the modified Johnson’s algorithm on two-machine problem containing machine

k and machine A to obtain 7} (7/) and Cy(m;(7/)) as follows. First, we state the following

i 7

property (see Centinkaya (1994)).

Property 5.4. The optimal sublot sizes for a lot j € 7/ in 7i(7!) can be obtained by solv-

ing the single lot streaming problem in a two-machine flow shop containing machine k and

machine A, irrespective of the lot sequence.

*

Therefore, the sublot sizes s7,,

for each lot j in solution 73 (7/) are geometric, and can be
obtained as follows:
(g)" " — (an)"
P 11— (qk)nj ’
Sjuk - U

—, otherwise.
U

Vk=1,...,M\Vj e, ,Yu=1,...,n,,

(5.12)

where ¢, = %2. With the sublot sizes determined, we then calculate run-in and run-out
J
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times for each lot as follows:

RI;; = max {o, Lk + DSy, — tjA}, Vier Yk=1,...,M (5.13)

ROjA:max{ijs;nﬁk, (tjA—tjk)—i-Uj(ij—pjk)}, VJ ETZ-/,VkI 1,...,M (514)

The modified Johnson’s rule based on the concept of run-in and run-out times, which is

similar to the algorithm proposed in Centinkaya (1994), is as follows:

Proposition 5.1. In a two-machine flow shop with machines k and A, lot u precede lot v

in solution 7 (1!) if the following is true

min{R1,., ROya} < min{RI,;, ROy}, Yu,v € 7/ (5.15)

Next, we develop an upper bound which can be obtained at each node. Given a partial
segence 7;, an upper bound can be computed by

UB(r;) = min {C(Tiﬂ;;(fg))}, (5.16)

1<k<M

where 7 (7/) is a sequence obtained by using the modified Johnson’s rule on a two machine
problem (containing subassembly machine k& and the assembly machine) over the set 7/.
Note that C(Ti + 7 (7] )) can be obtained by solving a linear programming model for the

permutation sequence 7; + 7 (77).

5.4.3 Development of Dominance Rules

In this section, we present some dominance rules that afford reduction in branching of the
branch-and-bound tree. But first, we derive some necessary results from the TSLSP.

From Properties 5.2 and 5.3, we have the fact that if a permutation of lots is given,
then the problem can be decomposed into N subproblems and each subproblem is a TSLSP
problem. Therefore, the optimality conditions developed for the TSLSP are still valid for
the TSMLSP. Given a partial permutation 7; and set 7 containing the remaining lots, we

consider the problem of assigning a lot to position i 4+ 1. For any lot j € 7/, the criticality of
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a sublot of lot j is associated with respect to a subassembly machine (see Proposition 4.4).
Let D(7;,j) = {ki1, ks, ..., k.} be a set of dominant machines, each of which has a pattern-
switching sublot associated with it; and let W (7, 7) = {pjky, Pjkas - - - » Pjkr } De the sequence of
the pattern-switching sublots in lot j. Suppose all of the subassembly machines are ordered
in their nondecreasing values of unit processing time p;j for lot j, and re-indexed from 1 to
M. For the sake of convenience, we now restate the optimality condition in Property 4.1 as

follows:

Property 5.5. Given a partial permutation 7;, there exists an optimal sublot-size solution

for a lot j € ' at position i in which the following conditions hold:
ZS]'U = Uj, (517)
u=1

Ojky_y < Zsju S Ujkd>de—1>kd S D(Tiaj)avpjkd,ijkd S W(Tiaj)ave = Pky_q + 1a c ooy Pikgs

u=1
(5.18)
Pikq—1 Pikg_, 1
(deq(%) +tjkd71) + Dikas Y, SjutPiaSo, | = (de(ﬁ) +tkd) Pk D S
u=1 u=1

de—la kd S D(Thj)? vpk:dflapkd € W(Thj)? (5]‘9)
Sjutl = Sjuljkq> Vkq € D(Tiuj)v ij,kd € W(Tiv.j)v Vu = Pikgy t L... » Pjka — L (520>

Note that we treat (C’Z-_Lkdf1 +tjkd71> and (Cz‘—l,kd +tkd> as the lot-detached setup time

for lot j to be scheduled in position 7. Similarly, we also have the following property.

Property 5.6. Given a partial permutation T;, the above conditions (5.18), (5.19) and (5.20)

lead to the following inequality for lot j:

qjkdspjkd,l < Sjpjkd,l-l-l < qjkdquﬁjkd,lvv/kd—lv ka € D(Tivj%vmﬂdﬂv Pry € W(Tlvj> (5’21>

5.4.3.1 Properties for the First and the Last Sublots

Next, we find lower and upper bounds of the first and last sublots of a lot by solving problem

Pf, which designates a reduced (relaxed) problem of splitting a single lot j to minimize the
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makespan for a two-machine flow shop consisting of subassembly machine k£ and the assembly
machine A, in the absence of lot-detached setups. Problem Pf can be easily solved, and its
optimal sublot sizes are geometric in nature as shown by Trietsch (1987) and Potts and
Baker (1989). Hence, for problem P]k, the sizes of the first sublot and the last sublot for a

given lot j for machine £ and A can be represented by

1—gq; .
o = - ik Vk=1,...,M,¥j=1,...,N, (5.22)
j :
—, otherwise.
nj
and,
S \n,;—1 _ -1
sk, = ik Vk=1,...,M¥Yj=1,...,N. (5.23)
, otherwise.

Without loss of generality, suppose all of the subassembly machines are ordered in their
nondecreasing order of unit processing times pji, £ = 1,..., M, for lot j, and re-indexed

from 1 to M. We have

1 2 k M
sip<sj <...<s; <...<sj, and (5.24)
1 2 k M

Sin, 2 Sjn; 2 v 2 Sjp, Z o 2 Sjn (5.25)

since qj1 > qjo > -+ > jm (see (5.22) and (5.23)). Therefore, define Ibjy, ubj1, 1b;,, and

ub; n, as follows:

— i ky _ ol
i = 1£ISHM{$9'1} = S (5.26)
ubjy = 11&22}}(\4{5?1} = s, (5.27)
= mi L —
lbﬁn]‘ 1;%1;1]\4{8]7@-} 8]77,j7 (528>
ubjp, = 12%}]{\4{52?"3' = ;nj (5.29)

Next, we will show the expressions given above are, in fact, the lower and upper bounds

of the first and last sublot sizes of a lot as conjectured. To that end, we have the following
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result with respect to the first and the last sublots s;; and s;,,, in an optimal solution to the

original problem.

Proposition 5.2. Given a partial permutation 7;, if lot 7 is assigned to position 1+ 1, then
there exists an optimal sublot-size solution for lot j in which the following inequalities are
satisfied:

lbjl S Sj1 S ubjl, and lbjnj S Sjnj S Ubjnju VJ = 1, ey N (530)
Proof. We prove this result by contradiction. Let Q) = {sj,, ..., sjl-mj} and QY = {s}{,.. ., s%%}
be two optimal solutions for relaxed problems le and PjM , respectively. We have the follow-

ing geometric relationships:

S;u—l—l = leS;u, Yu = 1, R 1, (531)

S%H :qjms%, Vu=1,...,n; — 1, (5.32)

*

Let solution @7 be an optimal sublot-size solution {sjl, cee sj-nj} for lot j in position 7 + 1.

Let D(7;) be the set of » dominant machines, each of which has a pattern-switching sublot
associated with it; and let W(7,5) = {pjk,» Pjkas - - -» Pjk. } De a sequence of the pattern-
switching sublots of lot j. By the order of subassembly machines in the non-decreasing order

of unit processing time, we have the following relationship among the processing time ratios:
Gim < Gk, < -0 < Qi < Gj1- (5.33)

We have the following four cases: (i) s7; < sj,(= lb;1); (i) 55, > s} (= ubjy); (iii) Sin, <

s%j(: bjn,); (iv) 55, > sjl-nj(: ubj,;). We analyze each of these cases next.

Case (i) s7; < sj;(= lbj1).
Due to the geometric relationships among the sublots from 1 to p;x, in both @* and @',

_ 1 1 ~ 1
we have s7 . = ¢k, s}, and ;.1 = j15j,, for u € [1, pj, — 1]. By the assumption s%; < sj;

and gjr, < ;1 (see (5.33)), we have s7, < sj,, for u € [1, pji,]. For sublots pj,, + 1 in Q}

Ju?

and Q}, we have S5+l < Gjki S5, by (5.21) and Sjlvﬁjk1+1 = qjls}pjkl by (5.31), respectively.
1

Gk, 1 Hence, we have

By the fact that sjpkl < s}pkl and g;r, < g;1, we have S;7Pk1+1 < s
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s}, for sublot u, Yu € [1, pjr, +1]. We can use similar arguments to show s}, < sj,

for a sublot u in ranges [px, + 1, pr, + 1], [pr, + 1, pry + 1], -, [pr,_, + 1, o, ], sequentially.
This leads to Y, s%, < U;, which contradicts the feasibility of Q.
Case (ii) s;1 > s} (= ubj1).

Due to the geometric relationships for sublots from 1 to p;x, in both Q* and QY we have
S5l = Qika S, and si1 ., = qjmstu, for u € [1, pjr, — 1]. By the assumption s% > s} and

Uik, = Gim (see (5.33)), we have s, for u € [1, pjr,]. For sublots pjx, + 1 in QF and

Ju’

Q}f, we have 5, .1 > ¢ji,55,, by (5.21) and s}

Ty 41 qjms%_k by (5.32), respectively.

By the fact that s, o sm and gjk, > ¢jm, we have sjp 1> sM Hence, we have

JiPky 17
. > sju, for sublot u, Yu € [1, pjz, + 1]. We can use similar arguments to show %, > s,
for a sublot w in ranges [pg, + 1, pr, + 1], [pry + 1, oy + 1], .-+, [pr,_, + 1, pr, ], sequentially.
This leads to Y02, s7, > Uj, which contradicts the feasibility of Q7.
Case (iii) s;,; < sjnj(: Ibjn, ).
Due to the geometric relationships for sublots from pj;. , +1 to p;i, (= n;) in both @* and

* ]\ .
QM. we have s%, = Sfl’_“—k“ and s} = Jq““ for w € [pjr,_, + 1, pjr,, — 1]. By the assumption
JEr

Sty < i, and Gk, > qjm (see (5.33)), we have s7, < s, for u € [pjs, 1—1—1 p]kr] For sublots

ju
. * ] P .
Pik,—1 in Q5 and QY we have 7 oo, S ;7 by (5.21) and s}, oy = % by (5.32),
respectively. By the fact that s} o141 < s] 141 and gji, > Qjm, we have CH o, <8 ;‘/kar -

Hence, we have s}, < s%, for sublot u, Yu € [pjk, ., pjk.]. We can use similar arguments to

show s%, < sii for a sublot u in ranges [1, pi,], [Pkis Phols - - - [Pk, o> P, 1], Sequentially, in
the reverse order. This leads to Y .2, s%, < U;, which contradicts the feasibility of Q.
Case (iv) s, > s, (= ubjy,).

Due to the geometric relationships for sublots from pj;. , + 1 to pjx. (= n;) in both Q*

st
j u+1 ] u+1

and @', we have 5%, = 2= and shy = , foruw € [pjr, , +1, pjr, —1]. By the assumption

jkr q;51

Sin, > sjl-nj and q;r, < gj1 (see (5.33)), we have 5%, > s, for u € [pjr,_, +1, pjr,]. For sublots

8
Pik,—1 in Q% and Q}, we have s} s 2 % by (5.21) and s]p . = ”ﬂﬂ% by (5.31),
respectively. By the fact that s} pop1 1l > s%k 41 and gjg, 1 < gj1, we have s} P

! Hence, we have s*, > s!

Sipn, T ju> for sublot u, Yu € [pjr,_,, pjr,]. We can use smnlar
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arguments to show s%, > sj, for a sublot u in ranges [1, pi,], [Pkis Phols -+ [Pkyos Prr—1];

sequentially, in the reverse order. This leads to .7, sk > U;, which contradicts the

u=1 “ju

feasibility of Q7. O

5.4.3.2 Dominance Rules

Proposition 5.3. (DM1) Let 7; and 7; be two partial solutions up to position i. If 7, = 1,
and their corresponding completion times on the assembly machine A are such that Ca(1;) <

Ca(7:), then there exists an optimal solution schedule which does not start with 7.

Proof. Due to 7; = 7;, we have the same partial completion time on any subassembly machine
k, that is Ci(7;) = Cx(7;). Moreover, due to the fact that C'4(7;) < C4(7;), the completion
time on machine A incurred by a schedule that starts with 7; is no larger than that of a

schedule that starts with 7;. O

Proposition 5.4. (DM2) Given completion times Cy(7;) and Ca(7;) of 7i, if there exists a
lot f, f €7!, such that
ta+prals = (g +pplp) 2 max {pjk(ubj1 - ijl)}, Vk=1,...,M, (5.34)
and
Co(r) + oy + pbp +ppalUs + - (Lia+pial) < LB(r), Wk =1,..., M, (5.35)

jer{—{r}

then there exists an optimal schedule in which lot f is sequenced in position i + 1.
Proof. We prove the result by contradiction. Suppose there exists an optimal solution 7* in

which lot f is sequenced in position f’, where f’ > i+ 1. Let 7 be a solution obtained by

moving lot f from position f’ to position i + 1. For m, the makespan can be represented by
c—1

M (7)) = max {Ck(Ti) + Z <t7r(j)k _'_pw(j)kUw(j)) + (tw(c)k + Dr(e)kSr (o)1 _'_pw(c)AUﬂ(c))
j=it1

N N
+ Z (tw(j)A ‘l'pw(j)AUw(j))a Ca(m) + Z (tw(j)A ‘I'pw(j)AUw(j))}

(5.36)
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forsome ¢ (c=1i+1,...,N)and k (k=1,...,M). For the position ¢, we have the following
cases: (1) ¢ does not exist from i+ 1to N; (2) c =i+ 1; (3) i +2 < ¢ < f'; case (4):
¢ > "+ 1. We consider each of these cases next.

Case (1): ¢ does not exist from i 4+ 1 to N.

For this case, the makespan can be represented by

M(m) = Car) + 3 (tetira + Prials())- (5.37)

j=it+1
Then 7 is an optimal solution because it is equal to LB'(7;) in (5.8).
Case (2): c=i+ 1.

The sublot f in position ¢, is critical. We have

N

M(m) = Ci(mi) + tyi + praspr +ppalp + Y (tw(j)A + Pn(j)AUw(ﬁ)
J=i+2
N

< Cr(mi) +tr + pprubps + praly + Z (tw(j)A _'_pw(j)AUw(j))-
j=it2

In view of (5.35), we have M (7) < LB(7;), which indicates that 7 is an optimal solution.
Case (3): i+2<c< f.
Based on (5.2) and (5.4), for solution 7*, we have

c—

1L

M(m™) = Cp(7i) + (tw*u)k + Pw*(j)kUw*w)

j=i+1

+ <t7r*(c—1)k + Drt (e= 1)k Sn (c—1)1 +p7r*(c—1)AU7r*(c—1)) +

M-

(tw*u)A + pw*(j)AUw*m) :

J=c

(5.38)

Since f is in position 7 + 1 in 7, and it is in a position f’ > ¢ in 7*, and the lots in position

1+ 1toc—2in 7 are identical to those in positions i + 2 to ¢ — 1 in 7, we have

c—2 c—1
> (tw*wk + Pw*(j)kUn*m) = > (tnwk + pﬂ(j)kUW(j)> — (tpx +ppUy). (5.39)
j=i+1 j=i+1
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Furthermore, for the lots in position ¢ to N in 7* and lots in ¢+ 1 to N in 7, we have

N N
Z (tw*(j)A + pw*(j)AUw*(j)) = Z (tw(j)A + pw(j)AUw(j)) + (tya + praly). (5.40)

j:c ]ZC-‘rl

Note that 7*(¢ — 1) = 7(c) which results in,
trs(e— 1)k T Pr(e=1)AUnx(c—1) = tr(e)k + Pr(e)aUx(c)- (5.41)

By substituting (5.39), (5.40) and (5.41) into (5.38), we have

c—1
M(m*) = C(m) + ) (tm‘)k +Pw(j>kUw(j>> — (tpr + praUy)
J=i+1
N
+ (t”(c)k +pﬂ(0)ksjr*(c—1)1 +p7r(c)AU7r(c)> + Z (tw(j)A +p7r(j)7AUﬂ(j)> + (tra +praly)
j=c+1
c—1 N
> Cp(mi) + Z (tw(j)k +p7r(j)kU7r(j)> + (tw(c)k +p7r(C)AU7r(c)) + Z (tw(j)A +p7r(j)AU7r(j)>
J=itl j=c+1
+ (trr +psUy) — (tra +praUs) + Pr(e)albese—1)1- (5.42)

AS b+ (c—1)1 = lbr(c1 because 7*(c — 1) = m(c) (as noted above), and using (5.34), we have

c—1

M(m*) > Cy(r;) + Z (tw(j)k + pw(j)kUw(j)) + (tw(c)k + Pr(e)kUbn(cy1 + PW(C)AUW(C))
=il

N
+ (%)A +P7r<j>AUnu>)
J=c+1
In view of (5.36), we have M (7) < M (7*), which indicates that solution 7 is at least as good
as .
Case (4): when ¢ > f"+ 1, the movement of lot f from position 7 + 1 to position f’ can

only create a chance for idle time to increase before position ¢ on machine A. Therefore, we

have M(7*) > M (x), which again indicates that solution 7 is at least as good as 7*. O

Proposition 5.5. (DM3) Given machine availability times Cy(7:), k = 1,...,M and
Ca(i), if there exists a lot f such that

ik —tra +0pUp —praly > _EII}a?{(f} {ij(ubjnj —lbjnj)}, Vk=1,..., M, (5.43)
JET, —

113



and

Ck(Ti)"‘Z (tjk +pijj) +pfAubf,nf < LB(TZ-), Vk=1,...,M, (5.44)
Jjer!

then there exists an optimal schedule in which lot f is sequenced last.

Proof. We prove the result by contradiction. Suppose there exists an optimal solution 7*
in which lot f is sequenced in position f’, where f’ < N. Let m be a solution obtained by
moving lot f from position f’ to the last position N. For 7, the makespan can be represented

by
c—1

M(m) = max {Ck(ﬂ') + Z (tn(j)k + pn(j)kUw(j)> + (tﬂ(c)k + Pk Un(e +p7r(c)AS7r(c)n,r(c)>
j—i+1

N
+ Z ( J)A + Pr(5) AU ) CA(TZ') + Z (tw(j)A + pﬂ(])AUw(j)> }7
j=c+1 j=i+1

(5.45)
for some ¢ (c=1i+1,...,N)and k (k=1,..., M). We have the following cases: (1) ¢ does
not exist from i+ 1to N; (2) c=N; (3) f'<c<N—-1;(4) ¢ < f'—1. We consider each
of these cases next.

Case (1): ¢ does not exist from i 4+ 1 to N.

For this case, the makespan can be represented by

M(x) = Calr) + 3 (tpa+pepalin(4)):

j=itl
Then 7 is an optimal solution because the makespan is equal to LB'(7;).
Case (2): c=N

The sublot f in position ¢ is critical. We have
N-1

M(ﬂ') = Ck(ﬂ) + Z <t )k T Pr(j kUﬂ(] ) -+ <tfk —l—pkaf +pfAanf>
Jj=i+1
N

= C(n) + ) (twmk T Pr(i).k ) (PfAanf>

j=i+1

< Ci(m) + Z ( Wkt Pr(ieUn () ) (pfAubfnf>,

jET
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In view of (5.44), we have M(w) < LB(7;), which indicates that 7 is an optimal solution.
Case (3): ff<c<N-1.

Based on (5.2) and (5.4), for solution 7*, we have

M(7*) > C(m) + Y (tn*mk +pw*(j>kUw*<j>>

j=i+1

N
+ (tn*(c—i-l)k + p7r*(c+l)kU7r*(c+1) + pﬂ*(c+1)AS;kr*(c+1)n7r*(c+1)) + Z (tﬂ*(j)A + pW*(j)AUW*(j)) :
Jj=c+2

(5.46)

Since f is in position N in 7, and it is in position f’ < ¢ in 7*, and the lots in positions ¢+ 2

to N in 7* are identical to those in positions ¢+ 1 to N — 1 in 7, we have

N N
> (tw*(m + Pw*mAUw*(j)) = > (%‘)A + pw(j)AUw(j)) — (tya+praly).  (5.47)
Jj=c+2 Jj=c+1

Furthermore, for the lots in positions ¢ + 1 to ¢ in 7* and in positions ¢ +1 to ¢ — 1 in 7, we

have
c c—1
> (tw*wk +Pn*u>kU7r*<j>> = (twmk +P7r(j>kUnu>) + (o + piUy)- (5.48)
Jj=i+1 Jj=i+1

Note that 7*(c + 1) = m(c), which results in,

tre(e41),k + Pr(er 1)k Uns (c+1) = r(e) b + Pr(e) b Un(e)- (5.49)

By substituting (5.55), (5.56) and (5.57)into (5.54), we have

c—1

M(x*) > Cr(ri) + ) (tw(j)k +Pw(j>kUw(j>> + (tpr + preUy)
j=i+1
N
+ (tn(c)k + Pr(kUne) + pw(c)AS:r*(c+1)nw*(C+1)) + Z (tn(jm + pﬂ(j)AUﬂ(j)> — (tra+praly)
j=c+1
c—1 N
> Cil(n) + ) (tm)k +Pw(j>kUw(j>> + (tw(c)k +Pw(c>kU7r(c>> + D (tw(m +Pw<j>AU7r(j>)
j=i+1 j=c+1

+ (tpw +pUs) = (tra + praUs) + Pr()albes(ct1)ne o)

115



AS e (et 1y o) = Wn(eny., Pecause 7(c + 1) = m(c) (as noted above), and using (5.43),

we have
c—1
M(m™) > Ci(1) + Z <t7r(j)k _'_pw(j)kUn(j)) + <t7r(c)k + Pr(epkUn(e) +p7r(c)AUb7r(c)n7r(C))
j:i+1
+ Z (ﬂ(]A_I_pw(]AU )
Jj=c+1

In view of (5.45), we have M (7*) > M (w),which indicates that solution 7 is at least as good
as m".

Case (4): for ¢ < f’ — 1, the movement of lot f from position N to position f’ can only
create a chance for idle time to increase after position ¢ on machine A. Therefore, we have

M (7m*) > M(7), implying that solution 7 is at least as good as 7*. O
Proposition 5.6. (DM4) Given machine availability times Cy(;), k = 1,...,M and

Ca(1;), if there exist two lots f and g such that

th —tfk —l—pfAUf —pkaf > Em%){(f} {pjk(ubjl —lbjl)}, Vk = 1,...,M, (5.50)

and
Ck(ﬂ) + 1k —I—pfkubfl —tra < max {Ck(ﬂ) + tgk —l—pgklbgl —tga, CA(TZ')},V]{? =1,..., M,

(5.51)
then there exists an optimal schedule in which lot g is not sequenced in position i + 1.
Proof. We prove the result by contradiction. Suppose that 7* is an optimal solution in which
lot ¢ is sequenced in position 7 + 1 and lot f is sequenced in position f’, where f' > i + 2.
Let 7 be obtained from 7* by moving lot f from position f’ to position 7+ 1. The makespan

for 7 can be represented by

c—1
M (7)) = max {Ck(Ti) + Z <t7r(j)k _'_pw(j)kUw(j)) + (tw(c)k + Pr(e)kSn(e) _'_pw(c)AUﬂ(c))

N
+ Z ( #(j)A + Pa(5)aUx(y) ) Calr) + (tm‘)A +Pw<j>AUw<j>>}

j=c+1 J=i+l

(5.52)
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If M(7)=Cu(r) + Z;V:i-f-l (tﬂ(j)A + pﬂ(j)AUw(j)>, then 7 is an optimal solution because it
is equal to LB'(7). Otherwise, we have the following cases: (1) c =1+ 1; (2) ¢ =i+ 2; (3)
f'>c¢>i+3;and (4) ¢ > f'+ 1. We consider each of these cases next.
Case (1): c=i+ 1.

The sublot f at position c is critical, the makespan for 7 can be re-written as

N

M(7) = Cy(1) + tpr + prsp +ppaly + Z (n(]A+pn(] AUz )
Jj=i+2

= Cy(1) + 1t +prsp —tra + Z ( =()A + D) aUr () )

J=t+1
For solution 7*, we have
N
M(7*) > max {Ck(n) + tgk + PgrSy1 + Pgaly + Z ( NA T Pre( AUW*(j)),
Jj=i+2

N
Ca(m) + Z (tw*w + Pw*mAUw*m) }

j=i+1

= max {Ck(ﬂ) + tgk —l—pgkszl + pgaUy —tga — pgalUy, CA(TZ')}

+ Z ( A+ Pr)aUr( )

Jj=i+1
N
— max {Ck(Ti> + tgr + DgrSy1 — tga, CA(TZ')} + Z (tw(j)A +p7r(j)AU7r(j))
j=it1
N
> max {C’k(n) +tgr + Parlbgr — tga, CA(T,')} + ) (tw(j)A + pﬂ(j)AUW(jO
j=it1

In view of (5.51), we have M (7*) > M(7), which indicates that solution 7 is at least as good
as m.
Case (2): c=1i+2.

The makespan for m can be re-written as

M( ) Ck(Tz)—l—tfk +pkaf—|—tgk +pgksgl+pgAU + Z < NA T Pr(j AUW(])
Jj=i+3
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N

C (Tz) + tfk - th + tgk - tgA + (pfk _pfA>Uf +pgk3g1 + Z ( w(j)A +p7r AUT((] )
Jj=i+1
N

< Cp(m) + it —tya+tgp — tga + (ke — 2ra)Us + pgrubgr + Z ( A+ Py aUr )
Jj=i+1

Based on (5.50), we have

M%) < Cur) + t -+ palbr — i+ 3 (1 + Uiy
Jj=i+1

For solution 7*, we have

N
M( )>Ck(7'l)—|—tgk +pgksgl+pgAU + Z <7r* YA T Drx(j AU (])
Jj=i+2
> Cu(73) + tor + Dorlbgr — toa + Z ( A+ Dae( AUW*(]-)) (5.53)
Jj=i+1

This leads to M (7*) > M(7), which indicates that solution = is at least as good as 7*.
Case (3): f'>c>i+3.
Based on (5.2) and (5.4), for solution 7%, we have

c—2
M(7*) > Ci(1) + Z (tn*(j)k +p7r*(j)kU7r*(j)> + (tﬂ*(c—l)k + P (e—1)kSp (c—1)1 +p7r*(c—l)AU7r*(c—1))

j—i+1

+Z< A T Pre () aUn( ) (5.54)

Since f is in position 7 + 1 in 7, and it is in a position f’ > ¢, and the lots in positions i + 1

to ¢ — 2 in 7* are identical to those in positions 7 + 2 to ¢ — 1, we have

c—2 c—1
> (tw*wk +Pn*u>kUn*<j>) = (tw)k +Pw(j>kU7r(j>> — (trn +psUy). (5.55)
j=i+1 j=i+1

Furthermore, for the lots in positions ¢ to N in 7* and ¢+ 1 to N in 7, we have

N N
> (tw*(j)A + pﬂ*(j)AUW*(j)) = > (tw(j)A + Pw)AUwo)) + (tpa+ praly). (5.56)

j:c ]ZC-‘rl
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Note that 7*(¢ — 1) = 7(c), which results in,
tw*(c—l)k + pﬂ*(c_l)AUﬂ*(c_l) = tw(c)k + pw(c)AUw(c) (557)

By substituting (5.55), (5.56) and (5.57) into (5.54), we have

c—1

M(r") > Ci(r) + ) (tw(j)k +P7r(j)kU7r(j)> — (ts +prUy)
j=i+1
N
* (tﬂ@k + Pr(ekSpe (-1 + Pw(e)AUw(a) + D (tw(m +p7r(j>,AUn<j)) + (tra +praly)
j=c+1
c—1 N
> Ci(m) + Z (tn(j)k +p7r(j)kU7r(j)> + (tﬂ(c)k +p7r(c)AU7r(c)) + Z (tw(j)A +p7r(j)AU7r(j)>

j=it1 j=c+1

+ (tr +pseUs) = (tpa + pralUs) + Prie)alberc—101 (5.58)

AS b+ (c—1)1 = lbr(c1 because 7*(c — 1) = m(c) (as noted above), and using (5.34), we have

M(7*) > Cy(m) + Z (tw(j)k +p7r(j)kU7r(j)) + (tw(c)k + Pr(e)kUbn(e)1 +p7r(c)AU7r(c))
j=it1
N

+ Z (tw(j)A +p7r(j)AU7r(j))

j=ct1
In view of (5.52), we have M (7) < M(7*), which indicates that solution 7 is at least as good
as m".
Case (4): When ¢ > f' + 1, the movement of lot f from position ¢ + 1 to position f’ can

only create a chance for idle time to increase before position ¢ on machine A. Therefore, we

have M(7*) > M (x), which again indicates that solution 7 is at least as good as 7*. O

5.4.4 Branch-and-Bound-based Algorithm

The proposed branch-and-bound algorithm relies on the lower and upper bounds, and dom-
inance rules developed in Sections 5.4.2 and 5.4.3. We use the depth-first branching method
in the algorithm. Given a node corresponding to a partial sequence 7;, dominance rule DM1

is used to determine whether or not to fathom this node. If a node is not fathomed as a result
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of rule DM1, the proposed lower bounds are then calculated and compared with the best
incumbent objective value to further determine whether to fathom this node. If the node is
not fathomed, we use (i) dominance rule DM2 to determine whether to fix an appropriate
lot at position ¢ 4 1, (ii) dominance rule DM3 to determine whether to fix a lot at the last
position, hence, to eliminate further consideration for that lot in other positions, and (iii)
dominance rule DM4 to determine whether or not to eliminate a lot to be sequenced at
position 7+ 1. If the current node is fathomed, we backtrack to continue the branching. The
upper bound of the objective value is updated once a better incumbent solution is found.

Figure 5.3 depicts the flowchart of the proposed branch-and-bound algorithm.

Initialization: Bounding

let i=0, [;=¢ Test of Dominance Rules
te'; 7={1,...N} Branching

et Y =g UB=w A

Let Q" =g Backtracking

* Select first lot j from children listy, ﬂ

* Sequence lot j at position i+7

* Remove lot j from W,

Isnode P,'
isited 1% time2,

LB(P!)2UB?

Calculate UB(P')

Update UB and Q* | Fathom node Pril I
» \

N ¢ Remove last lot from partial sequence I'i
* Add the lot to T, "
Calculate LB(P,) s letz=7-1
M Y
N

| DM2 for each | DTi"l

DM3foreach j J7;"

N —>| Update children list W, Ii
—)I DM4 for each J [lz'i" Ii

Y

Figure 5.3: Flowchart for the proposed branch-and-bound approach
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5.5 Computational Experimentation

In this section, we conduct numerical experimentation to study the computational effective-
ness of the mixed integer formulations (TSMLSP-MIP) and the proposed branch-and-bound
method (TSMLSP-BB). TSMLSP-BB was coded in C#, and all the runs for both TSMLSP-
MIP and TSMLSP-BB were implemented on an Intel Xeon 3.6 GHz computer. CPLEX
Solver (version 10.1) was used for solving both the sublot-sizing subproblem at each node of

TSMLSP-BB and the TSMLSP-MIP formulation directly.

5.5.1 Computational Test of TSMLSP-BB

First, we present results of our computational experimentation to demonstrate the effective-
ness of the proposed TSMLSP-BB method. In particular, our aim is to test the efficacy of
using various dominance rules (i.e., DM1, DM2, DM3 and DM4). Note that, if inequalities
(5.34), (5.43) and (5.50) hold, then the dominance rules, DM2, DM3 and DM4, respectively,
are more likely to be applied successfully. To that end, we vary the per unit processing time
on the assembly machine in contrast to those on the subassembly machines in order to gener-
ate different combinations of the applications of inequalities (5.34), (5.43) and (5.50). Three
problem-sets are generated using uniform distributions for number of lots (N), number of
subassembly machines (M), number of items in a lot j (U;), number of sublots for process-
ing lot j (n;), and processing time of a job on a subassembly machine (p;;) and assembly

machine (p;4), as shown in Table 5.2.

Table 5.2: Sets of problem instances

Problem set N M U; n; Dk DjA
1 (20, 50, 100) | (3,6,9) | U(10,100) | U(1,10) | U(50,100) | U(25,75)
2 (20, 50, 100) | (3,6,9) | U(10,100) | U(1,10) | U(50,100) | U(50,100)
3 (20, 50, 100) | (3,6,9) | U(10,100) | U(1,10) | U(50,100) | U(75,125)

For each combination of N and M, 20 problem instances were generated randomly by

using the uniform distributions shown in Table 5.2. Note that, the three problem sets differ
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due to the different range of p;j4 values used in relation to the range of pj;; values. We
kept the range of the p;, values the same to determine the impact of differences among the
processing times at the subassembly and assembly machines. Note that in Set 1, the average
value of p;4 is less than the average of pji, in Set 2, they are the same, while in Set 3, the
average value of p;4 is greater than that of pj;. Also, for all problem sets, the same uniform
distributions were used to generate values of U;, n; and pj;. Moreover, to clearly determine
the impact of the inequalities (5.34), (5.43) and (5.50), the lot-detached setup times at all
the machines were set to zero. For a test run, we use a time limit of 500 seconds to terminate
the computations.

Table 5.3 depicts computational results for the problem instances of the three problem
sets obtained by using TSMLSP-BB, which was implemented with the proposed lower and
upper bounding procedures. For each problem instance, five combinations of dominance
rules, namely, No DMs, DM2, DM3, DM4 and All DMs were tested for their performance.
For each combination, information on four criteria, namely, average computational time
in seconds (ACT), average number of nodes explored before the algorithm stops (ANN),
number of problem solved at the root node (NSR) and number of unsolved problems (NU)
were obtained to evaluate the computational performance. The ACT and ANN values are
also plotted in Figure 5.4.

Referring to Table 5.3 and Figure 5.4, it can be observed that: (i) for each combination
of dominance rules, the computational effort, generally, increases with the number of lots
and the number of subassembly machines; (ii) many problem instances are solved at the root
node of our branch-and-bound method, due to the tightness of the lower and upper bounds
used. Note that Problem Set 1 has the largest number of instances solved at the root node,
and Problem Set 2 has fewer instances that were solved at the root node, while Problem Set
3 has the least number of instances solved at the root node; (iii) dominance rules DM2, DM3
and DM4 are most successfully applied in solving the instances of Problem Set 3, which is
indicated by the the average cpu time (ACT) required and the number of nodes generated,

which are greatly reduced, while it is not so for instances of Problem Set 1. For instances of

122



Table 5.3: Computational results of TSMLSP-BB

ecl

Set N M No DMs DM2 DM3 DM4 All DMs
ACT ANN NSR NU ACT ANN NSR NU ACT ANN NSR NU ACT ANN NSR NU ACT ANN NSR NU
1 20 3 25.42 617 19 1 25.41 617 19 1 25.33 617 19 1 25.51 617 19 1 25.41 617 19 1
[§ 50.86 620 18 2 50.86 616 18 2 50.86 617 18 2 50.86 626 18 2 50.85 626 18 2
9 | 101.25 708 16 4 101.21 743 16 4 101.21 749 16 4 101.19 753 16 4 101.24 738 16 4
50 3 51.05 1097 18 2 51.07 1075 18 2 51.08 1059 18 2 50.98 1087 18 2 51.06 1045 18 2
6 52.2 406 18 2 52.33 431 18 2 52.18 439 18 2 52.19 443 18 2 52.19 429 18 2
9 3.85 1 20 0 4.25 1 20 0 4.26 1 20 0 4.08 1 20 0 4.04 1 20 0
100 | 3 27.05 410 19 1 26.98 415 19 1 26.97 415 19 1 26.97 415 19 1 27.05 361 19 1
6 29.31 89 19 1 29.34 88 19 1 29.35 90 19 1 29.33 89 19 1 29.36 83 19 1
9 56.93 11 18 2 56.98 11 18 2 57.31 11 18 2 56.97 11 18 2 56.79 11 18 2
2 20 3 | 143.77 1108 12 5 141.82 1131 12 5 66.86 600 12 2 141.8 1132 12 5 66.73 601 12 2
6 | 194.18 573 9 6 194.29 630 9 6 184.58 604 9 6 191.94 573 9 6 188.39 545 9 6
9 | 182.37 923 11 7 181.72 965 11 7 182.21 947 11 7 181.8 924 11 7 182.39 926 11 7
50 3 77.82 134 12 1 76.92 135 12 1 25.16 24 12 0 61.57 111 12 1 25.84 24 12 0
6 98.72 211 15 2 98.93 212 15 2 98.6 52 15 2 98.3 238 15 2 98.22 52 15 2
9 55.59 18 17 1 55.62 18 17 1 55.7 18 17 1 55.65 18 17 1 55.6 18 17 1
100 | 3 123.3 62 11 2 123.35 62 11 2 90.77 45 11 0 101.42 51 11 1 90.75 45 11 0
6 79 19 17 3 78.86 18 17 3 79.39 19 17 3 79.15 18 17 3 79.22 18 17 3
9 81.64 13 17 3 81.85 13 17 3 81.81 13 17 3 81.85 13 17 3 81.87 13 17 3
3 20 3 6.93 16 6 0 2.79 7 7 0 4.84 11 6 0 4.59 11 6 0 2.22 5 6 0
6 17.56 19 3 0 13.89 16 3 0 12.68 14 3 0 13.5 15 3 0 11.05 13 3 0
9 35.18 24 2 0 32.34 22 2 0 22.89 16 4 0 30.13 21 2 0 21.85 15 3 0
50 3 48.31 44 3 0 2.19 2 3 0 31.22 29 3 0 22.79 21 3 0 2.16 2 3 0
6 | 113.07 49 1 0 77.65 34 1 0 93.21 41 1 0 75.18 33 1 0 66.71 30 1 0
9 | 206.69 54 0 0 158.35 44 1 0 200.39 54 0 0 149.77 42 0 0 168.97 44 1 0
100 | 3 205.1 92 2 0 15.8 8 2 0 143.69 57 2 0 80.47 31 3 0 12.46 6 2 0
6 | 476.03 102 0 2 330.41 65 0 13 | 394.79 85 0 1 303.18 61 0 1 295.1 58 0 1
9 | 504.67 71 0 20 | 456.28 58 0 18 | 478.41 64 1 19 | 478.68 64 0 10 | 431.07 54 1 17
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Figure 5.4: The ACT values and the ANN explored by TSMLSP-BB

Problem Set 2, the dominance rules DM2, DM3, DM4 have mixed effectiveness, some in-
stances require less computational effort due to the use of dominance rules, while others do
not. This is expected due to the identical average values of p;; and p;4; (iv) for instances in
Problem Set 3, DM2 is generally more effective than the other two dominance rules (DM3
and DM4); (v) when the number of subassembly machines increases, effectiveness of the
dominance rules decreases, which can be seen from the ACT and ANN values for instances
of Problem Set 2. This is also as expected since more subassembly machines lead to lower
possibility for inequalities (5.34), (5.43) and (5.50) to hold true; (vi) there is no significant
extra computational time incurred due to the use of dominance rules in contrast to the sav-

ings obtained by the elimination of nodes (see Problem Set 1 and 2). Consequently, it is
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fairly effective and efficient to use all dominance rules (note the values depicted in the last

column in relation to those shown in the others).

5.5.2 Comparison of TSMLSP-BB and TSMLSP-MIP

Next, we compare the computational effort required for implementing the TSMLSP-BB
method with the direct solution of the TSMLSP-MIP formulation using CPLEX 10.1. As
in the experimentation conducted in Section 5.5.1, we vary the per unit processing time on
the assembly machine in contrast to those on the subassembly machines in order to generate
different combinations of the applications of inequalities (5.34), (5.43) and (5.50). Three
problem sets are generated, as shown in Table 5.4. For a test run, we use a time limit of 500

seconds to terminate the computations.

Table 5.4: Sets of problem instances

Problem set N M U; n; Djk DjA
4 (5,15, 25) | (3,6,9) | U(10,100) | U(1,10) | U(50,100) | U(25,75)
5 (5,15, 25) | (3,6,9) | U(10,100) | U(1,10) | U(50,100) | U(50,100)
6 (5, 15,25) | (3,6,9) | U(10,100) | U(1,10) | U(50,100) | U(75,125)

Table 5.5 gives computational results for solving the TSMLSP-MIP formulation directly
and by the TSMLSP-BB method. We compare the two approaches with respect to five
criteria, AGR(Average Gap at Root node), ACT, ANN, NSR and NU. The ACT and ANN
values for for both the methods are plotted in Figure 5.5. Note that the problem instances
of Set 6 require the least computational effort for both TSMLSP-MIP and TSMLSP-BB,
while the instances of Set 5 require the greatest computational effort for every criteria listed.
It is also revealed that TSMLSP-BB, generally, requires much less computational effort to
solve the same instances than that required by the direct solution of the TSMLSP-MIP
with respect to all criteria. TSMLS-BB not only requires less cpu time and number of
nodes explored, but also it solves more problem instances at the root node and leaves fewer
instances unsolved within the pre-specified time limit of 500 seconds. This is also indicated

by the AGR values in solving both formulations. Consequently, we can conclude that the
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TSMLSP-BB method outperforms the direct solution of the TSMLSP-MIP formulation using
CPLEX 10.1.

Table 5.5: Comparison of TSMLSP-MIP with TSMLSP-BB

Set | N | M TSMLSP-MIP TSMLSP-BB

AGR ACT ANN NSR NU AGR ACT ANN NSR NU

4 5 3 | 11.38% 1.87 12 1 0 0.001% 0.45 11 18 0
6 | 11.44% 3.31 11 0 0 0.001% 1.45 18 15 0

9 | 11.43% 5.34 12 0 0 0.001% 0.58 3 19 0

15 | 3 7.31% 6.07 80 0 0 0.001% 0.29 1 20 0

6 7.12% 41.19 2482 0 1 0.001%  75.51 899 16 3

9 7.39% 168.87 4062 0 4 0.001%  50.91 432 18 2

25 | 3 4.31% 284.21 1015 0 3 0.001%  25.45 664 19 1

6 5.12%  483.04 397 0 18 | 0.001%  25.99 346 19 1

9 4.39% 500.67 35 0 20 | 0.001%  51.52 402 18 2

5 5 3 6.34% 0.19 20 0 0.61% 0.32 4 11 0
6 6.94% 0.36 28 0 0 0.76% 1.14 8 9 0

9 7.65% 0.53 28 0 0 0.46% 1.66 10 12 0

15 | 3 3.61%  445.24 30526 0 17 1.26% 76.42 1158 10 3

6 4.90%  476.97 19162 0 19 0.81% 167.52 848 7 6

9 5.75%  437.67 12196 0 17 0.49% 178.96 719 11 7

25| 3 2.15%  477.61 11670 0 18 0.40% 33.49 213 9 1

6 3.32%  496.95 3305 0 19 0.32% 186.69 771 10 5

9 2.78% 500.57 579 0 20 0.30% 84.89 315 15 3

6 5 3 2.67% 0.17 14 0 0 0.62% 0.2 2 10 0
6 5.29% 0.21 22 0 0 0.66% 0.71 4 8 0

9 6.11% 0.31 28 0 0 0.60% 1.13 5 10 0

15| 3 0.16% 87.06 12621 0 3 0.08% 1.07 3 7 0

6 0.20% 182.89 11261 0 4 0.14% 5.48 9 3 0

9 0.26% 274.84 7624 0 9 0.14% 9.49 10 3 0

25 | 3 0.08% 173.07 6362 0 5 0.05% 1.88 4 4 0

6 0.10% 379.4 4368 0 13 0.07% 11.6 11 3 0

9 0.11%  440.04 2542 0 16 0.07% 34.91 22 2 0

5.5.3 Computational Test of TSMLSP-BB for Large-size Prob-
lems

In this section, we present computational results on the efficacy of using the TSMLSP-BB
method for large-size problem instances. We use problem instances involving 300 to 1000
lots. As in the experimentation conducted in Section 5.5.1, we vary the per unit processing

times on the assembly machines in contrast to those on the subassembly machines in order to
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Figure 5.5: Computational comparison of TSMLSP-BB and TSMLSP-MIP with respect to
the ACT values and the ANN explored

generate different combinations of the applications of inequalities (5.34), (5.43) and (5.50).
Three problem sets are generated as shown in Table 5.6. For each test run, we use a time

limit of 500 seconds to terminate the computations.

Table 5.6: Sets of problem instances

Problem set N M U; n; Djk PjA
7 (300 ~ 1000) | (3,6,9) | U(10,100) | U(1,10) | U(50,100) | U(25,75)
8 (300 ~ 1000) | (3,6,9) | U(10,100) | U(1,10) | U(50,100) | U(50,100)
9 (300 ~ 1000) | (3,6,9) | U(10,100) | U(1,10) | U(50,100) | U(75,125)

Table 5.7 presents computational results for solving the various problem instances by the

TSMLSP-BB method. Five criteria, namely, AGR, ACT, ANN, NSR and NU were used to
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Table 5.7: Computational experimentation for TSMLSP-BB

Set N M AGR ACT ANN NSR NU N M AGR ACT ANN NSR NU
7 300 | 3 0% 83.95 1 20 0 700 3 0% 19.82 1 20 0
6 | 0.001%  41.92 2 19 1 [§ 0% 42.01 1 20 0
9 | 0.001% 76.25 2 18 2 9 | 0.001% 84.47 1 19 1
400 | 3 0% 11.08 1 20 0 800 3 0% 22.43 1 20 0
6 0% 23.50 1 20 0 [§ 0% 47.54 1 20 0
9 | 0.001%  64.65 1 19 1 9 0% 71.27 1 20 0
500 | 3 | 0.001% 14.05 1 19 1 900 3 | 0.001%  47.06 1 19 1
6 0% 54.35 1 20 0 6 | 0.001% 71.11 1 19 1
9 | 0.001% 71.09 1 19 1 9 | 0.001% 99.92 1 19 1
600 | 3 0% 16.79 1 20 0 1000 | 3 | 0.001%  48.69 1 19 1
6 0% 35.59 1 20 0 6 | 0.001% 53.07 1 19 1
9 | 0.001% 105.81 1 18 2 9 | 0.001% 85.41 1 19 1
8 300 | 3 | 0.001%  149.35 14 14 5 700 3 | 0.001% 167.58 8 14 6
6 | 0.001%  143.49 6 15 5 6 | 0.001% 137.89 3 16 4
9 | 0.001% 104.76 3 17 3 9 0% 67.21 1 20 0
400 | 3 | 0.001%  139.24 9 14 5 800 3 | 0.001%  200.34 7 13 7
6 | 0.001% 78.30 2 18 2 6 | 0.001% 155.73 2 16 4
9 | 0.001%  90.59 2 18 2 9 | 0.001% 114.66 1 19 1
500 | 3 | 0.001%  139.18 8 15 5 900 3 | 0.002%  252.97 7 11 9
6 | 0.001%  105.19 3 17 3 6 | 0.001%  184.09 1 18 2
9 0% 47.97 1 20 0 9 | 0.001% 144.18 1 18 2
600 | 3 | 0.002% 212.61 12 12 8 1000 | 3 | 0.001% 179.24 4 14 6
6 | 0.001%  84.60 2 18 2 6 | 0.001% 141.13 1 17 3
9 | 0.001% 129.22 17 3 9 | 0.001% 137.74 1 19 1
9 300 | 3 | 0.002% 13.79 1 2 0 700 3 | 0.001%  43.47 2 0 3
6 | 0.002%  199.09 12 0 7 6 | 0.001% 142.84 2 0 2
9 | 0.003%  448.62 14 0 17 9 | 0.001%  428.75 2 0 9
400 | 3 | 0.001%  237.54 1 2 0 800 3 | 0.001% 53.91 2 0 0
6 | 0.002% 146.24 5 0 3 6 | 0.001% 153.71 2 0 2
9 | 0.002%  455.61 10 0 10 9 | 0.001%  420.18 4 0 13
500 | 3 | 0.001%  32.53 1 1 900 3 | 0.001% 60.79 2 0 0
6 | 0.001% 133.31 3 0 6 | 0.001% 167.76 2 0 1
9 | 0.002%  417.31 8 0 9 | 0.001%  429.45 4 0 8
600 | 3 | 0.001%  37.23 2 0 1000 | 3 | 0.001% 61.31 2 0 0
6 | 0.001% 167.65 4 0 14 6 | 0.001% 166.57 2 0 2
9 | 0.001%  445.36 7 0 9 9 | 0.001%  484.25 4 0 13

evaluate the computational performance, where the values of ACT, NSR and NU are also
plotted in Figure 5.6. We observe that the proposed branch-and-bound method, TSMLSP-

BB, is able to solve large problem instances within a reasonable time limit. Specifically, note
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that (i) the values of AGRs, the average gap at root node, are very small for all problem
instances; (ii) a large portion of problem instances in Set 7 and Set 8 are solved at root node;
and (iii) the Set 9 problem instances have the fewest number of problem instances solved at
the root node and the greatest number of unsolved problem instances within the time limit
of 500 seconds. Note that this behavior is identical to that obtained in Table 5.3 for N = 20,
50 and 100. A greater number of unsolved problem, especially for problem instances in Set 9,
is due to an upper limit on cpu time (500 second) used. Also, in lieu of our observation made
for problems in Set 3 in Table 5.3, it is expected that the proposed dominance rules will be
effective in solving the problem instances in Set 9, beyond the root node. Consequently, the
TSMLSP-BB method, with proposed bounding procedure and dominance properties, is an
effective approach for solving large-size problem. The success of the TSMLSP-BB is largely
due to the tightness of the lower- and upper-bounds and the dominance properties at each

node.
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Figure 5.6: The ACT, NSR and NU values for TSMLSP-BB
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5.6 Concluding Remarks

In this chapter, we have discussed a multiple-lot, lot streaming problem for a two-stage
assembly system. This system consists of M parallel machines at stage 1 and a single
assembly machine at stage 2. Such a system for the processing of the lots has been considered
by Lee et al. (1993) and Hariri and Potts (1997); however, they do not include streaming of
the lots, which we have incorporated in our analysis, and it adds another level of complexity
to the problem. We use an important property derived from the single-lot, lot streaming
problem for two-stage assembly system (TSLSP) (see Chapter 4), to determine lower and
upper bounds on the sizes of the first and last sublots of a lot. Dominance properties are
derived based on these lower and upper bounds on sublot sizes. Furthermore, we propose a
branch-and-bound method for the solution of our problem. Various lower and upper bounds
on the makespan values are determined including the one based on a modified-Johnson
algorithm for the lot streaming problem involving scheduling and splitting of multiple lots
in a two-machine flow shop. Computational experimentation is conducted, and it shows the
efficacy of the proposed branch-and-bound methodology, lower and upper bounds, and the
individual and joint use of dominance rules in solving both the small- and large-size problem
instances. Our proposed solution method also outperforms the direct solution of the problem

using CPLEX.
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Chapter 6

Summary and Conclusion

This dissertation has been devoted to the modeling, analysis and development of solution
approaches for some optimization-related problems encountered in industrial and manufac-
turing settings. We address four problems, namely, a high multiplicity asymmetric traveling
salesman problem (HMATSP), a primary pharmaceutical manufacturing scheduling problem
(PPMSP), and single-lot and multi-lot, lot streaming problems in a two-stage assembly sys-
tem. We have developed a polynomial length formulation for the HMATSP and have shown
its effectiveness in solving problem instances of various sizes. In that aspect, our formulation
is the first of its kind. Our formulation for the PPMSP is also effective in solving a real-life
instance of the problem. The single-lot and multiple-lot, lot streaming problem that we
address are also new because of the machine configuration considered, which is a two-stage
assembly system instead of a flow shop that is typically considered for these problems in the
literature. We address these problems in Chapters 2, 3, 4 and 5.

In Chapter 2, we have considered a special type of traveling salesman problem called
“High Multiplicity Asymmetric Traveling Salesman Problem” (HMATSP). In this version of
the ATSP, a node can be visited multiple times. We have proposed a new formulation for
this problem, which embraces a flow-based subtour elimination structure, and establish its
validity for this problem. This model is, then, incorporated as a substructure in a formulation

for the lot-sizing problem involving parallel machines and sequence-dependent setup costs,
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also known as the “Chesapeake Problem”. Computational results have been presented to
demonstrate the efficacy of our modeling approach for both the generic HMATSP and its
application within the construct of the Chesapeake Problem.

In Chapter 3, we have investigated an integrated lot-sizing and scheduling problem en-
countered in a primary pharmaceutical manufacturing company. This problem entails deter-
mination of production lot sizes of multiple products and a sequence in which to process the
products on the machines, which can process lots (batches) of a fixed size (due to limited ca-
pacity of containers) in the presence of sequence-dependent setup time/costs. This problem
is generic in nature and arises in other industrial environments as well. The consideration of
batches of final products, in addition to those for the intermediate products, which comprise
a final product, further complicates the problem. We present a novel unifying model and
a column generation-based optimization approach for this class of lot-sizing and sequencing
problems. For the proposed two-stage column generation approach, the lot-sizing decision
is considered at the first stage followed by the sequencing of production lots at the second
stage. Computational experience is first provided by using randomly generated data sets to
test the performances of several variants of our proposed approach. The efficacy of the best
of these variants is further demonstrated by applying it to the real-life data collected with
the collaboration of a pharmaceutical manufacturing company.

In Chapter 4, we address a single-lot, lot streaming problem for a two-stage assembly
system. As noted earlier, this assembly system is different from the traditional flow shop
configuration. It consists of m parallel subassembly machines at stage 1, each of which is
devoted to the production of a component. A single assembly machine at stage 2, then,
assembles a product after components (one each from the subassembly machines at the first
stage) have been completed. Lot-detached setups are encountered on the machines at the
first and second stages. Given a fixed number of transfer batches (or sublots) from each
of the subassembly machines at stage 1 to the assembly machine at stage 2, our problem
is to find sublot sizes so as to minimize the makespan. We develop optimality conditions

to determine sublot sizes for the general problem, and present polynomial-time algorithms
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to determine optimal sublot sizes for the assembly system with two and three subassembly
machines at stage 1.

In Chapter 5, we extend the above single-lot, lot streaming problem for the two-stage
assembly system to multiple lots, but still, for the objective of minimizing the makespan.
Due to the presence of multiple lots, we need to address the issue of the sequencing of the
lots along with lot-splitting, a fact which adds to the complexity of the problem. Some
results derived for the single-lot version of this problem have successfully been generalized
for this case. We develop a branch-and-bound-based methodology for this problem. It relies
on effective lower bounds and dominance properties, which are also derived. Finally, we
present results of computational experimentation to demonstrate the effectiveness of our
branch-and-bound-based methodology. In particular, our computational experimentations
show that our branch-and-bound method is very effective in solving small as well as large-size
problem instances as compared with the direct solution of this problem using CPLEX 10.1.
A vast majority of problems can be solved to optimality at root node itself by our method.
For those which cannot be solved to optimality at root node, our dominance properties
further help in obtaining the optimal solution within a reasonable amount of cpu time.

For future work, there are several directions that can be followed. First of all, effective
approaches can be developed based on our polynomial-length formulations for the HMATSP
and Chesapeake problems. Secondly, the column generation-based method that we have
developed for the PPMSP can further be explored to generate appropriate columns by ex-
ploiting some inherent structural properties. Thirdly, there are two viable directions for
future work with regard to the lot streaming problem that we have considered. These are:
development of an algorithm for the general m + 1 problem for the single-lot problem that
we presented in Chapter 4, and consideration of a more general assembly system than the

two-stage system that we have focused on in this dissertation.
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