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(ABSTRACT) 

This dissertation investigates consumer valuation of car characteristics with the 

special focus on two non-physical attributes of an automobile such as safety and com- 

fort. Consumer valuation of automobile attributes is of interest to car manufacturers 

who supply the characteristics, consumers who purchase them, and policy makers who 

regulate the automobile. This study uses two approaches to accomplish this goal. The 

first one is the traditional hedonic method which calculates consumer willingness to pay 

for measurable components of safety and comfort, whereas the second one combines 

these components into comfort and safety indexes. It is argued in this study that these 

individual components, which can make a car safer or more comfortable, are evaluated 

by consumers in the broader context of safety and comfort before the final choice is 

made. It is also argued that this aggregation can be justified by a high degree of 

multicollinearity between various car attributes which has been observed in the previous 

hedonic studies of the automobile market. Included here is also a comprehensive dis- 

cussion of econometric problems associated with the characteristics approach. The 

computational part is based on the new and the most extensive data set used in the 

hedonic literature of the automobile market. The study concludes by presenting the set 

of price and income elasticities of demand for the safety and comfort related variables. 

The results of both methods indicate that many car attributes are Giffen goods, which



implies a positive relationship between the marginal willingness to pay and quantity 

purchased. The main reasons for these findings could be attributed to the impact of the 

government quality standards affecting automobiles and the shortcomings of the 

hedonic procedure (treatment of nonlinearities).
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I]. INTRODUCTION 

A. The Market of Differentiated Goods 

Automobiles are a classic example of differentiated commodities which can be 

viewed as bundles of individual characteristics. These characteristics are desired by con- 

sumers who are willing to pay different amounts of money for various bundles of attri- 

butes. Consumer valuation of these attributes 1 is often of interest but estimation of their 
alii MADERA ASAE ME Avene ne Te OE = Bria boba ent 

willingness to pay for characteristics 1s usually hampered by the absence of directly ob- 
oan ie ae 

servable prices. This results from the fact that explicit markets for attributes do not exist. 
Rete 

  

    

  

However, “implicit” or “hedonic” prices of attributes can be revealed by consumers from 
IN “se 

their responses to market prices of automobiles, Provided that the desired quantities of 
Ae Pte ey opt Se 

attributes can be measured objectively. 
eA rt OD 

The traditional approach to the theory of consumer behavior assumes that utility 

  

is a function of the commodity bundle each person consumes. Each good in the bundle 

is viewed as a homogenous commodity possessing identical physical characteristics. 

Consumers can have different preferences toward different goods, but their preferences 

toward products satisfying the same needs are identical. In other words, consumers do 

not regard different brands of apples or automobiles as different goods as long as these 

satisfy the same needs as other products belonging to the category of apples and auto- 

mobiles respectively. Consequently, consumer preferences are defined in a space of 

commodity bundles g = (q), q2, ..., g,) of finite dimension, where q represents the quantity 

of a good. Each of these n commodities satisfies specific needs and, therefore, is of in- 

terest to the consumer for its own sake. The fact that some goods like butter and 

margarine satisfy similar needs and can be treated as substitutes, whereas some others 

like butter and bread are complements is not explicitly dealt with by the theory. In ad- 

dition, the classical approach is deficient in explaining consumer reactions to new com- 

modities and to quality variations.



An alternative approach which has been developed by Lancaster (1966) states that 

goods are not homogenous. Each good consists of an array of attributes from which 

consumers derive their utility. Each dimension of the characteristics bundle 

xX = (X,, X, ... , x,) corresponds to a specific attribute: color, comfort, convenience, dura- 

bility, taste, nutrition, and so on. Since characteristics differ between goods (even if they 

belong to the same category of products), the model allows commodities to be 

heterogenous. In fact, most marketable goods are heterogenous. Product heterogeneity 

arises because goods contain different kinds, different amounts, or both of various 

characteristics. Even otherwise identical products may be viewed as heterogenous due 

to different conditions of sale or location of seller. The most serious problem involving 

the analysis of consumer valuation of characteristics of heterogenous (or differentiated) 

goods is that their attributes are not traded in the markets explicitly. 

The main purpose of my dissertation is to investigate techniques of estimating 

consumer demand for automobile characteristics with special focus on such non-physical 

attributes of automobiles as safety and comfort. To accomplish this goal a new, powerful 

data set has been assembled which contains hundreds of observations on both automo- 

bile characteristics and socio-economic characteristics of car owners. There are several 

problems associated with estimating consumer demand for automobile characteristics. 

The first and the most acute one is the availability of objectively measurable data on 

many attributes such as comfort of ride, handling, driving position, etc. Other include 

multicollinearity of the data and the lack of reliable observations on automobile owners. 

My dissertation also discusses some theoretical problems associated with the 

hedonic technique used to estimate consumer willingness to pay for product character- 

istics. These are properties of data sets, identification of the demand curves, and statis- 

tical properties of estimators. If these problems are not addressed explicitly and 

corrected for, the econometric consequences could be serious and might result in biased 

and inconsistent estimates of structural coefficients and invalid statistical tests. Because



of this, many past attempts which used the hedonic method to calculate consumer will- 

ingness to pay for car characteristics did not produce satisfactory results. 

This dissertation can contribute to the economic theory and the theory of implicit 

markets in several ways. First, it introduces a new and more powerful data set to esti- 

mate the consumer willingness to pay for automobile attributes. The most important 

characteristic of the new set is the number and the quality of observations. The quanti- 

tative aspect involves much larger number of observations on households and automo- 

biles than any other hedonic study of the automobile market known in the literature of 

the subject. The qualitative difference results from greater precision of data used in de- 

mand estimation. This involves a large number of car and household characteristics 

which have never been used in hedonic studies of the automobile market. Second, it 

provides a systematic discussion of various theoretical problems associated with the 

econometric procedure of hedonic estimation. In addition, it discusses in detail the sta- 

tistical properties of principal component and factor estimators which are often used in 

hedonic studies to construct various index variables. The main purpose of the index ap- 

proach is to obtain a weighted sum of variety of attributes, which can be used as a proxy 

for some characteristics that cannot be observed or measured directly. The third area 

where the contribution to the theory is made involves the treatment of household related 

characteristics in the system of demand equations, especially when the traditional as- 

sumptions of the hedonic model do not hold. 

All these problems and proposed corrections, which could improve the quality of 

traditional estimation techniques, are discussed in detail in the subsequent chapters of 

my dissertation. 

B. The Hedonic Approach 

The hedonic price approach which is the main focus of this dissertation has a long 

tradition in applied economics. It was introduced by Court in 1939 and expanded by



Griliches in 1961. Its first applications dealt with the problems of quality changes in the 

automobile industry. The basic idea in these applications was to establish the relation- 

ship between an automobile’s price and its qualitative characteristics according to 

(1) Py=flX rj Xap 0s Xig)s 

where P, is the sales price of the jth make of an automobile (e.g., Chevrolet Caprice, 

four-door sedan, with a V-8 engine), and where the x;, term provides information about 

k specific characteristics of this car such as horsepower, engine size, weight, gas mileage, 

and so on. The hedonic price of the ith characteristic is the partial derivative of the price 

function with respect to x; It expresses consumer marginal willingness to pay for this 

characteristic. 

Full theoretical justification of the hedonic method was first made by Rosen (1974). 

Besides the clear interpretation of estimated implicit prices, Rosen’s theoretical frame- 

work provides the hedonic method with a new dimension which was missing in previous 

studies: the possibility of estimating consumer demand for product characteristics. His 

theory of hedonic prices applies to the markets of differentiated products where goods 

are valued for their utility-bearing attributes. According to his model, each good is re- 

presented by a vector of coordinates x = (x,, X>,...,%,), With x; measuring the amount 

of the ith characteristic contained in this commodity. It is assumed that all character- 

istics are positively valued by consumers (i.e., are “goods” in economic sense) and can 

be measured objectively. In addition, goods are assumed to be indivisible (consumers 

cannot combine fractional amounts of different goods into one product, repackage, or 

untie products to purchase only a few characteristics they want most) and each con- 

sumer buys no more than one unit of a marketable product at a time. Also, a sufficiently 

large number of differentiated products is available so that choice among various com- 

binations of x is continuous (i.e., there exists a spectrum of products in the market from 

which the choices can be made). All agents in the market are price-takers and base their 

decisions on maximizing behavior; consumers and producers maximize their utility and



profits respectively. Prices of marketable goods, P(x), clear the market so that amounts 

of commodities (and also particular x’s) offered in the market by sellers are equal to the 

quantities demanded by buyers. It is worth noting that P(x) does not need to be linear 

and must be increasing in all its arguments. The sufficient conditions for utility 
  

maximization are satisfied if the utility function is strictly concave, whereas P(x) is “less” 
pipe = NES per to aac   

concave in characteristics.' Peeper nee 

Consequently, the consumer’s maximization problem may be defined as follows: 

(2) max U(x), ... 5 X,, mM} a), 

(3) subject to P(x,,...,%,) t+m=y, 

where U(x), ... , X,,m; «) is the consumer’s utility function, a is a vector of taste param- 

eters that differs from person to person, P(x, ...,x,) is the price of a bundle of charac- 

teristics, 7 money spent on all other goods, and y is consumer’s income. Utility 

maximization subject to. the budget constraint requires choosing x,,...,.x, and m to sat- 

isfy the first -order conditions: U,,| U,, = P./P, for all pairs of characteristics. Since the 

price of the composite ae ae mis equal to unity, the following relationship will also 

am 
hold: dP(x)/dx; = P, = U [Un i=1,..,k, where U,,U,, are partial derivatives 

OU/dx,, 0U/Om. Therefore, the marginal price of a characteristic, P,, is the marginal rate 

of substitution between the ith characteristic and money, or in other words, it measures 

the marginal valuation the consumer places on x,, given income y and taste vector a. 

1 The shape of the price function P(x) is not of critical importance in the theoretical part of Rosen’s model 

as long as it is continuous and increasing in its parameters. In practice, some restrictions on functional 

form have to be imposed to make the model operational. These problems will be discussed in detail in 

Chapter II]. 

@) It is assumed that all other goods purchased for m dollars (i.e., Hicks composite commodity) do not 

possess any of the & characteristics contained in x.



After solving for the optimal quantity of each characteristic, x;, it is possible to 

determine the consumer bid or expenditure function 6 = @(x; y, u, «) which can be de- 

fined as the amount of money a consumer is willing to pay for a good containing the 

characteristics bundle x at given levels of utility and income. The expenditure function 

can be obtained by inverting the consumer utility function evaluated at constant utility 

index u according to the following relationship: 

(4) u= U(x, y — 9, a), 

where y — @ is expenditure on all other goods. By differentiating (4) it can be shown that 

6, = U,/U,, = P; represents the compensated inverse demand curve.’ 

The producer’s side of the market is characterized by a large number of competitive 

firms. Each producer of the good has to decide which bundle of attributes x,, ... , x, to 

produce and how many units of x to manufacture. It assumed that any quantity of a 

marketable good can be produced (i.e., there is perfect divisibility of a product). Each 

firm maximizes profit according to the formula: 

  

(5) max IT] = NP(x, ... , x4) — CCN, x1, 5 43 B), mp cme 
men LONER peel 

where N is the number of units produced, P(x,, ... , x,) is the market price of a product) -"*"? 

and C(N, x), ... , x; 8) is total cost. The total cost function is assumed to be convex in 

both the quantity of a product and amount of characteristics. The parameter(B heflects 

differences in technology and cost structure between firms. Producer equilibrium is 
A RNR ee AL gan ete BA 

    

achieved by choosing optimally the number of units produced N and the vector of 

characteristics x. The choice of N and x follows from the first-order conditions for profit 

maximization: P; = C,(N, x, ...,%43 B/N, i=1,...,4, and P(x) = Cy(N, x1, ... 43 B). At 

the optimum, marginal revenue from selling additional attributes equals their marginal 

3 The partial derivative of the consumer expenditure (or bid) function with respect to quantity of the ith 

characteristic, @,, is the additional expenditure that a consumer is willing to make for an extra unit of 

characteristic / to maintain the same level of utility.



cost. The price of one unit of a good equals marginal cost evaluated at the optimum 

bundle of characteristics. From the first-order conditions for profit maximization, it is 
es oe ae, ail en ee 

possible to derive a producer’s offer function ¢ = 6(x; z, 8) which is the amount of 
natin ta 

  

rr ccd 

  

i aieeted eit I ee ee 

money per unit of a product the firm is willing to sell a given design. At the optimum 

quantity of characteristics, x] the following relationships will hold: @ = P(x) and 

o,,= P,4,Convexity of the cost function does not guarantee satisfaction of the second- 

order conditions for profit maximization. To satisfy these conditions the function P(x) 

J guy ones 

has to be “less” convex.in characteristi 
ac eenctt ani tee een m8 

  

Equilibrium in the market for characteristics is achieved if a buyer and seller are 

perfectly matched along the price function P(x), which means that the quantity of the 

ith characteristics demanded equals the quantity supplied). This happens when the con- 

sumer’s expenditure function 6, which shows his willingness to pay for a bundle x at a 

given utility levelcu) and the seller’s offer function ¢, which is the price that seller is 
NN 

willing to accept on design x at profit level TI) are tangent to each other at any point on 
  

the x plane along the market clearing price P(x) as shown in Figure 1. The equilibrium 

; ; oa Va Fee 4 fe 
can be characterized by the following conditions: 

* * * - * - * * ofer Ane = NV 

(6) Oxy, XU, a, yp) = P(x], ..., Hh) = OO, , 7, B), (pro ee) 

(7) Dn (Xf, oe Hes UY) = Pix, x1) = GOT, XS 7, B). 

4 It is assumed at this point that firms can vary both qualities and quantities of their product in the short 

and in the long-run. As a result, the above conditions can describe the equilibrium in the short-run and 

in the long-run (with the latter implying 7 = 0). 

5 This is due to the fact that P(x) is nonlinear in characteristics. Consequently, the second-order conditions 

for profit maximization require that the profit function (5) is concave in characteristics. Since the negative 

of the cost function ~C(N, x; 8) is concave, the sufficient conditions for profit maximization will be satis- 

fied if either P(x) is concave or at least less convex than the cost function.



The first relationship is the market clearing condition which states that the consumer 

willingness to pay for a good of design x is equal to the price the seller is willing to ac- 

cept which is equal to the price of a good. The second condition states that the consumer 

marginal willingness to pay for characteristic / 1s equal to the marginal cost of providing 

that characteristic, which is equal to the slope of the implicit price function. 

¢ chet ¢ 
P(x) 

  
  

P.) 

  

        
  

xX! x? Ki 5 

Figure |. Market equilibrium: Compensated demand and supply functions for x and the marginal 

willingness to pay for the ith characteristic for different buyers and sellers. 

Consequently, the price of a marketable commodity P(x) represents a joint enyel- 

ope of a family of expenditure functions and a family of offer functions. Due to diversity 

in consumer preferences and producer cost conditions, the quantities of attributes pur- 

chased and prices at which market equilibria occur will differ from transaction to trans-



action. Points A and B of Figure 1 represent such equilibria for two different 

households. 

C. Estimation of Demand for Characteristics 

The major empirical problem associated with the hedonic procedure deals with es- 

timating the consumer willingness to pay for each level of a characteristic (i.e., consumer 

demand) given the underlying hedonic price structure P(x) and consumer and producer 

.. , , ; 
characteristics. \The set of 0, sfori=1,...,A, is the set of income-compensated demand 

  MONS 

  

functions for the x;’s, which are derived from the equilibrium conditions described in the 

  

rie ment 

  

previous section. Similarly, ,, ‘s are profit-compensated supply functions for charac- 
pee men ae 

teristic x; Therefore, as shown in Figure 1, the marginal price of the i th characteristic, 

P,, is the locus of equilibrium points on a (P,, x;) plane (such as points a and 6 in the 

lower panel) which correspond to different levels of consumer utility and producer pro- 

fits (points A and B in the upper panel). 

If for some reason buyers and sellers are not perfectly matched, that is, when the 

marginal willingness to pay for a particular level of x (e.g., x,) exceeds the producer's 

marginal cost (as shown in Figure 2), the equilibrium can be achieved through the mar- 

ket mechanism. In this example, the available level of x; does not maximize firm’s profits 

and and consumer’s utility. This is because the marginal price P, exceeds the marginal 

cost @, and the marginal willingness to pay 0, exceeds P,. In order to increase profits, 

the quantity of characteristics supplied will increase (which means the shift of the com- 

pensated marginal cost along the price structure P(x) up and to the night of x,. Similarly, 

the consumer bid function will shift to the right and down along P(x) (since U, > 0 and 

@,, <0) and the equilibrium conditions will be restored. 

6 Since 6, and ¢,, represent marginal prices, these are in fact the (compensated) inverse demand and supply 

functions.



P(x) | 

  
  

Pu (x)   
Oy. 

    
Xi xt Xi 

Figure 2. Market equilibrium: Change in the quantity of characteristics supplied. 

However, the process of quantity adjustment described above does not guarantee 

that all prices of characteristics along the hedonic price structure will be equilibrium 

prices. For example, under minimum quality standards such as minimum safety re- 

quirements or fuel economy regulation consumers may be forced off their demand curves 

for characteristics and disequilibrium implicit prices will prevail. This possibility has been 

discussed by Rosen whose original arguments can be summarized as follows. Suppose 

that because of minimum quality standards established at x,, marketable goods which 

contain smaller quantity of the ith characteristic are not allowed in the market. This 

legislation does not affect consumers who would originally purchase quantities x; > x;. 

It will be binding, however, for buyers whose equilibrium quantities fall below the leg- 

islated minimum. This situation is shown in Figure 3 where x; would have been the un- 

10



restricted choice. The result is that the bid function has shifted from @¢ to 6°, which 

causes consumer utility to decrease. This shift in the upper panel of Figure 3 corre- 

sponds to the movement a — 4 along the marginal price curve in the lower panel instead 

of moving to point c if the unrestricted choice could be made. Consequently, the con- 

sumer would be worse off, and the violation of the ceteris paribus condition, 0,,, = 0, 

may result in a biased estimate of the slope of demand.’ 

[" To estimate hedonic prices of characteristics, Rosen proposes the following two- 

stage procedure. In the first stage prices of differentiated products, P, are regressed on 

all their characteristics x using the best fitting functional form. This step will generate 

the estimated implicit price function P(x) shown in Figure 1. Then, the estimated 

hedonic price equation obtained at this stage can be used to compute a set of implicit 

marginal prices for each attribute, P, = aP(x)/dx, for all brands of a marketable good 

available in the market. Since each brand is differentiated (1.e., characterized by different 

levels of characteristics), and since the price function P(x) is generally nonlinear, the 

calculated estimates of implicit prices will be different for each brand. 

The estimated implicit prices P(x) will be used as endogenous variables in the sec- 

ond stage estimation of simultaneous equations 

(8) P(x) = f'(X), Xa) 00+» Xpy O) (demand), 

(9) P(x) = Bix, 2,» XB) (supply), 
fori=1,...,4, where P(x) and x, are jointly dependent variables, a and f are tastes and 

technology parameters which cause demand and supply functions to vary for different 

buyers and sellers.* The main purpose of the second stage is to establish the relationship 

7 The regulatory impact on automobile prices will be discussed in more detail in Chapter V. 

8 Parameters a and f represent the sets of consumer and producer characteristics which describe the dif- 

ferences between various buyers and sellers in the market. 

11
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Figure 3. Quality Regulation: Impact of quality restrictions on marginal willingness to pay. 

between prices of characteristics (which are unobservable in real life) and quantities 

consumed. The nonlinearity of P(x) is of crucial importance at this stage; it allows for 

hedonic prices to vary with quantities consumed which, in turn, makes the estimation 

of consumer demand possible. In theory, this is equivalent to tracing the compensated 

demand curves 6, shown in the lower panel of Figure 1.’ The estimation procedure at 

this stage requires the set of 2k simultaneous equations. These results uniquely deter- 

mine the demand and supply function for each characteristic. Parameters a and f are 

9 In practice, however, the estimation of 8,, is possible only under very restrictive assumptions about con- 

sumer preferences. This issue together with the problem of demand identification will be discussed in detail 

in Chapter IIT.



of crucial importance at this stage; their presence guarantees that equations (8) and (9) 

can be identified.'° 

D. Demand for Characteristics and the Problem of Measurement. 

Apart from some weaknesses of the estimation technique suggested by Rosen, 

which will be discussed in more detail in the following chapters, his model can only be 

applied to physical attributes which can be measured directly. In fact, there are many 

characteristics which are highly valued by consumers but are difficult to measure objec- 

tively. These may include taste, smell, and appearance for food; comfort, safety, style for 

a car; condition of walls, floors, or exterior structure for housing. These characteristics 

are the examples of attributes which are very difficult if not impossible to quantify ob- 

jectively even though it may be relatively easy to compare them on the subjective basis. 

Because these comparisons are relative, they are subject to change under different con- 

ditions. For example, the same meal may taste differently in a cheap family-run diner 

than it does in an elegant New York restaurant. Also, a housing unit may earn good 

marks in a working class neighborhood and, at the same time, may not be up to stand- 

ards required for the high class suburbs. 

Another problem is that in many cases measurable attributes are not what con- 

  

  

sumers really want. Safety and comfort, on the other hand, may be examples of non- 
  

measurable characteristics which are quite important to many car buyers. These 
Pkt AE Np ee STE REET PR recency re wa MELTS 7 4 RE PRONE, aeons, 

TE aie NA a NY Bb ght 32 BRS, en RE Wl Pe a! 
vee Ae AO Re RA he ag 4 ees he nt EPAPER er IE MTN ERY lata A 

characteristics are often. proxied by measurable attributes which are “components of 
  ane pepe eat APF SM Sara ai ST RES EE NE TRO RE RS ea apg? PE 

safety and comfort. Factors such as braking distance, energy absorbing bumpers, or ac- 
NeecnaNan Rate ee SH wes 

celeration can serve as proxies for safety. The level of internal noise, leg room, or car 

width can proxy for comfort. Although such proxies are used, it seems plausible that 

10 The above mentioned procedure of estimating consumer demand for characteristics has been modified in 

recent years. These changes and modifications will be discussed in the subsequent chapters. 
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braking distance, leg room, and car width may not be the very attributes which the ma- 

jority of consumers will be primarily interested in. As a result, they will not be demanded 

per se, since typical buyers rarely choose a car for its width, length, turninig radius, or 

braking distance. It seems more likely that these physical attributes will be carefully 

evaluated and weighed by consumers in a broader context of safety, comfort, economy, 

and other characteristics most people focus on while buying a car. Due to the multidi- 
  

mensional and highly subjective character of performance characteristics such as safety 
Mendy     

  

and comfort, it is difficult to provide a unique and unambiguous measure for them. The 
at gue Pe ae ANE TNC, at Ag pees cspin Ss ACE ow . “ Fete we J ttc SERRE IEE TMOP a Ch MOM Pad AAI 

level of such characteristics may be quite well determined in the mind of a consumer 

making his/her choices. The difficulty is that the economic analyst is unable to objec- 

tively measure what the consumer really perceives. 

This research investigates alternative methods which may make it possible to use 

Rosen’s theoretical framework to estimate consumer valuation of safety and comfort 

embodied in the price of an automobile. From the point of view of an average car buyer, 

safety, comfort, and economy are the most important performance characteristics of an 

automobile. Yet, with the exception of car economy, consumer demand for these char- 

acteristics has not been estimated. Several studies including Hogarty (1975) and Boyd 

and Mellman (1980) try to address this issue by estimating consumer valuation of brak- 

ing distance or noise level which serve as proxies for safety and comfort. The most im- 

portant problem shared by most people who investigate this subject is the lack of directly 

measured variables which would combine all dimensions of safety or comfort into a 

single number. Using Rosen’s hedonic procedure, it is possible to estimate consumer 

demand for some individual components of safety or comfort (provided that they can 

be be measured directly), but not for safety and comfort as such.” 

11 The most recent attempt to estimate consumer demand for thermal comfort in the housing market using 

the hedonic approach has been made by Quigley and Rubinfeld (1989). In this paper, the authors distin- 
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In this context, the notions of safety and comfort are treated as composite char- 

acteristics which have two major properties: a) they are “goods” which command prices, 

and b) they can be disaggregated into elementary physical attributes. Safety attributes 

describe two features of a car: the ability to avoid an accident, and the ability to protect 

its occupants in case of accident. These two features, called “active safety” and “passive 

safety” respectively, contribute to the consumer’s notion of car safety. Through casual 

inspection it seems that “active safety” may be considered as a function of braking dis- 

tance, acceleration, and maneuverability. “Passive safety”, on the other hand, can be 

represented by the set of the variables that decrease probability of an injury or death in 

case of accident. These variables may provide information about vehicle strength (crash 

test index, weight/size ratio), or may indicate the presence of such safety devices as air 

cushions, shock resistant bumpers, and safe gas tanks. Although under certain circum- 

stances either “active” or “passive” elements of safety may be more desirable, both 

groups of components are very important. Similarly, comfort depends on the level of 

interior noise, front and rear passenger space, quality of seats, type of suspension, and 

so forth. Although safety and comfort are probably the most significant composite 
      

characteristics, there are others not confined to one dimension of measurement (e.g., 
  

serviceability or convenience). 

E. Proposed Estimation Methodology 

To estimate consumer valuation of automobile safety and comfort two alternative 

hedonic techniques will be employed. The first one is the two-stage method proposed 

by Rosen, which calculates consumer for the safety and comfort related attributes of an 

automobile. (1 he first stage of the traditional method estimates implicit prices of indi- 

guish between housing attributes which enter the consumer utility function directly and those which serve 

as inputs to producing utility-bearing characteristics. 
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vidual characteristics for which either direct physical measures or indirect measures (such 

as expert ratings) are available. These implicit prices are used in the second stage to es- 

timate individual demand functions.) 

The second approach is the.index.method which combines safety and comfort re- 

lated attributes into respective indexes of safety and comfort. ‘it uses the method of 
EEO 

principal components to obtain weighted sums of subsets of safety and comfort related 
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attributes.’2 The index method is a three-stage procedure. In the first stage the set of 

weights will be obtained through the application of the principal component analysis to 

the respective subsets of characteristics. Safety and comfort indexes will be constructed 

as linear combinations of safety and comfort attributes. As a result, an /-dimensional set 

of safety related physical attributes and an m-dimensional set of comfort related physical 

attributes might be reduced to one dimension with relatively small loss of information 

carried by these variables. The second stage of the procedure will provide the estimates 

of the hedonic prices of safety and comfort. At this stage the prices of cars will be re- 

gressed on a gas mileage variable, reliability variable, and fitted safety and comfort in- 

dexes obtained from the previous stage. The third and the last stage of the procedure 

will identify implicit demand functions for the above mentioned performance character- 

istics. (in this step the marginal (hedonic) prices of the characteristics will be regressed 

again on the set of performance characteristics and an additional set of information 

which represent consumer tastes (vector a). This set, which is also used by the traditional 
preewt ae me 
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method, contains socio-economic data collected from the households e. g., income, ed- 

ere 

ucation, family size, distance to work, exe) Jand producer related characteristics respec- 

tively. The research will be concluded when the results of the index method are compared 

with the traditional procedure proposed by Rosen. 

12 The theoretical foundations of this method and its econometric applications are discussed in detail in 

Chapter III.



I]. LITERATURE REVIEW 

This chapter devoted to hedonic literature review discusses the practical applica- 

tions of hedonic method to estimating consumer demand for attributes in various mar- 

kets. It also presents most significant critical comments dealing with the shortcomings 

of Rosen’s econometric procedure which was employed in the hedonic studies of auto- 

mobile and housing markets. Also addressed here are other issues related to hedonic 

applications discussed above. These include the problem of multicollinearity of data and 

the choice of functional form. 

A. Applications of Product Characteristics Models in Consumer Economics 

The first attempts to establish the relationship betweent the price of a good and its 

physical attributes were made sixty years ago by Waugh. Waugh 1928, 1929) estimated 

relations between wholesale prices of fresh vegetables and their characteristics. His 

findings helped establish the following hypotheses: a) the price paid by the consumers 

equals the sum of the marginal monetary value of the product’s attributes, and b) the 

marginal monetary value of each attribute equals the quantity of an attribute obtained 

from the additional unit of the product consumed times the marginal implicit price of the 

attribute. He also pointed out that demand for marketable goods was affected by their 
OO LOD Peet Fa nt TE Na ge 
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physical characteristics. These findings were later expanded by Court (1939), Griliches 
ener 

(1961, 1971), and Triplett (1969), and used to construct quality indexes of automobiles 
pd 

—— 

which represented changes in their physical attributes over certain period of time for 

  

various makes and models. The hedonic price approach has also been widely applied to 

the housing market and other markets for highly differentiated commodities. All these 

early studies discussed the implicit values of physical attributes and how these implicit 

values affected prices of marketable goods. 
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Rosen’s method of estimating implicit demand for characteristics, which was dis- 

cussed in detail in the previous chapter, has become increasingly popular since 1975 es- 

pecially in the market for housing and automobiles. An example of research dealing with 

the application of the Rosen model to the automobile market are papers by Agarwal and 

Ratchford (1980) and Goodman (1983). The papers which focused on the housing 

market include those of Harrison and Rubinfeld (1978), and Witte, Sumka, and Erekson 

(1979). These papers were the early attempts to implement and operationalize the esti- 

mation technique proposed by Rosen. Their contribution to economic literature stems 

from the fact that they discuss various methodological issues associated with the use of 

household data to measure consumer willingness to pay for characteristics, which paved 

the way to the recognition of econometric problems associated with the hedonic method. 

In their seminal paper, Harrison and Rubinfeld examine the application of the 

hedonic method to measure the willingness to pay for clean air. To measure consumer 
  

willingness to pay for clean air, they use the two-stage method proposed by Rosen. In 
et renee) pint SOEEE eg 8 beeen Ea em: ad 

the first step a hedonic value function is estimated in which the median value of owner- 

occupied homes for various census tracts in Boston Metropolitan Area is regressed on 

a bundle of attributes representing average level of structural and neighborhood char- 

acteristics for each tract and on an air pollution variable.'* To determine the best fitting 

functional form in the first stage, Harrison and Rubinfeld perform a nonlinear least 

squares grid search which yields a quadratic semi-log specification for the housing value 

equation. In this equation, the pollution variable has a negative and highly significant 

coefficient. This means that a lower concentration of nitrogen oxides in the atmosphere 

increases the value of a house. In the second stage of the estimation procedure they re- 

13 Air pollution in this model is proxied by a single variable which represents the concentration of nitrogen 

oxides in the air. This choice was justified on the basis that several pollution variables in their data base 

were highly correlated and using too many of them in the model could cause a severe collinearity problem. 
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gress the marginal willingness to pay for air pollution on the pollution variable, house- 

hold income, and number of persons per dwelling unit. Because the authors assume 

that supply of pollution is exogenous or at least unresponsive to changes in household 

tastes, the supply equation is dropped from the model. As a result, the model is identified 

and demand for clean air can be calculated only from the demand equation. In the sec- 

ond stage of their analysis, Harrison and Rubinfeld try two different specifications for 

the inverse demand function. One is linear in parameters, another one is double-log. 

The willingness to pay for a marginal change in pollution in the air is a dependent vari- 

able in the second stage. Explanatory variables are the pollution variable, household 

income, and household size (the last two serve as demand shifters). The choice of func- 

tional form for demand equations is arbitrary and no assumptions about underlying 

utility function are made. The double-log demand equation provides a superior fit. Be- 

cause quality of air is proxied by a pollution variable, there is a positive relationship 

between the marginal willingness to pay for clean air and the level of nitrogen oxide in 

the atmosphere. This makes sense because households perceive damages from air pol- 

lution to be greater at the higher pollution levels. 

In the last part of their paper, Harrison and Rubinfeld calculate the household 

benefits associated with the reduction in pollution due to federally-established emission 

standards for automobiles. As one can expect, these benefits (and also estimates of 

consumer demand for clean air) are very sensitive to the choice and specification of the 

hedonic value function used in the first stage. This is because the data points used to 

estimate the demand equation are calculated as the first derivative of the value function. 

This observation underlines the importance of appropriate selection of the functional 

form for hedonic price equation. (This problem will be discussed later in the chapter). 

14 Marginal willingness to pay for air pollution is the derivative of the housing value equation with respect 

to the pollution variable. Since air pollution is “bad” in economic sense, its hedonic price will be negative. 
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The paper by Agarwal and Ratchford (1980) presents the Rosen model of con- 

sumer choice in the context of the automobile market. Agarwal and Ratchford estimate 

demand functions for automobile attributes from cross-section data on consumer 

choices and household characteristics. To determine which attributes are the most de- 

sirable by consumers, they interview several respondents who make up a list of 25 

physical attributes that car owners are most interested in. After eliminating from the 

model variables which exhibit a high degree of collinearity, they obtain a list of the fol- 

lowing car attributes: engine displacement, luggage volume, rear legroom, passing time 

(45-65 mph), handling, and quality of ride.’ The first four of these variables are meas- 

ured directly, whereas the last two are expert ratings from Consumer Reports, scaled 

from 1 to 5. Some important characteristics such as gas mileage or braking distance 

were dropped from the model due to severe collinearity among the data. Others such 

as styling were excluded because no measure for them could be found. The dependent 

variable in the first stage of the model is the actual transaction price. Data on cars pur- 

chased, transaction prices, and buyer characteristics were obtained from 255 new car 

buyers in Erie County, New York, in 1976. To obtain hedonic price estimates Agarwal 
  nin 

and Ratchford use a double-log price function. The choice of a nonlinear double-log 
cen ce Was ae ET 

function at the first stage of estimation allows marginal prices of attributes to vary be- 

tween cars and models. As a result, the marginal willingness to pay for a characteristic 

changes with the quantity of characteristic purchased. 

To estimate consumer demand for individual characteristics, Agarwal and 
nee   

Ratchford regress the calculated marginal prices for each attribute on car attributes and 

15. Skipping highly correlated variables to decrease the degree of multicollinearity in the model is one al- 

though not the best method to deal with this problem because it involves model misspecification. This, in 

turn, results in the increased bias of estimates. The alternatives would be to obtain more and possibly 

better data, or to tolerate the high variance estimates resulting from collinear variables. See Chapter III 

for more detailed discussion of the variance-bias tradeoff. 
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the set of socio-economic variables such as household size, family income, number of 
ere ae Ae et   

ce nn ram 

automobiles owned by household, etc. To determine the supply side of the model, mar- 
Te ee ne SMO IIS tl acct we 

ginal prices are regressed on car attributes and the set of producer related characteristics 

which capture the differences in technology between various car manufacturers.'® Both 

demand and supply functions are specified as linear with shift parameters (intercepts) 

varying for different consumers and producers. Linear demand and supply functions are 

derived from underlying additive-separable utility and cost functions which are quadratic 

in attributes. To calculate demand and supply functions for the attributes, Agarwal and 

Ratchford simultaneously estimate six pairs of demand and supply equations. The re- 
eS, 

sults obtained by the authors confirm the inverse relationship between price and quan- 
a rete ee 

tity demanded for each attribute. They find a strong and positive relationship between 

the number of miles driven and willingness to pay for individual characteristics. In ad- 

dition, they show that higher income means greater willingness to pay for comfort 

(proxied both by expert valuation of the quality of ride and the rear leg room variable). 

The advantage of the Agarwal and Ratchford paper is its complete presentation 

of Rosen’s technique in the context of the automobile market. Most variables in the 

model have significant coefficients with proper signs. These results, however, should be 

examined critically. First, their method of curing multicollinearity by dropping many 

attributes strips their model of important variables such as gas mileage. This practice 

introduces bias to the model due to omitted variables. As a consequence, their model is 

restricted to a relatively small number of attributes, some of which are not very mean- 

ingful and may have a limited impact on consumers (e.g., rear leg room). Second, 

hedonic prices associated with the variables which are measured indirectly (such as ex- 

perts’ ratings of quality of ride or handling) do not represent consumer willingness to 

16 Due to the Jack of manufacturer related data, Agarwal and Ratchford use dummy variables to represent 

differences in factor costs and technology between car producers. 
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pay for the marginal improvement in these attributes, but rather for the marginal im- 

provement in expert rating of the attribute. 

B. Criticism of Rosen’s Procedure 

Although Rosen’s theoretical considerations have been widely accepted and his 

method has been applied in various markets, some of his ideas are subject to criticism. 

This criticism results from Rosen’s ad hoc treatment of nonlinearities in his econometric 

setup. Diamond and Smith (1985), for example, point out that if single market data are 

used to estimate hedonic demand none of the equations will be identified. In such case 

the household taste parameter a (demand shifter) and the firm technology parameter f 

(supply shifter) are generally not sufficient to obtain identification.” 

A similar conclusion was reached by Brown and Rosen (1982) who showed that in 

some cases the second stage of the standard procedure might not be necessary. This 

happens in situations where all observations come from the same data base and if the 

demand and supply equations are of order n—1 and the underlying hedonic price 

structure is of order » in x’s, the second stage structural parameters can be obtained di- 

rectly from the first stage. This will hold true under any generalized least squares pro- 

cedure.!® 

Both studies point out that the only way to identify the structural coefficients in the 

supply and demand equations is either to impose some arbitrary assumptions on func- 

tional form at both stages or to use cross-section data where the structural coefficients 

are being constrained to be identical across the markets. For example, Agarwal and 

17 The problem of model identification and the Diamond and Smith critique will be discussed in detail in 

Chapter III. 

18 A quadratic hedonic price function and a linear demand-supply system may be a good example of such 

a relationship. 
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�e�v�e�r�,� �h�i�s� �a�t�t�e�m�p�t� �t�o� �r�e�g�r�e�s�s� �p�r�i�c�e� �o�n� �a� �l�a�r�g�e� �s�e�t� �o�f� �m�e�a�s�u�r�a�b�l�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �w�h�i�c�h� �r�e�p�-� 

�r�e�s�e�n�t� �a�l�l� �p�r�i�n�c�i�p�a�l� �a�t�t�r�i�b�u�t�e�s� �f�a�i�l�s� �a�s� �a� �r�e�s�u�l�t� �o�f� �s�t�r�o�n�g� �c�o�l�l�i�n�e�a�r�i�t�y� �a�m�o�n�g� �t�h�e� �d�a�t�a� �a�n�d� 

�1�9� �I�n� �G�o�o�d�m�a�n ��s� �c�a�s�e� �t�h�i�s� �a�s�s�u�m�p�t�i�o�n� �w�a�s� �n�o�t� �j�u�s�t�i�f�i�e�d� �s�i�n�c�e� �h�i�s� �d�a�t�a� �w�e�r�e� �m�i�c�r�o� �i�n� �n�a�t�u�r�e�.� �T�h�e� �p�r�o�b�l�e�m� 

�o�f� �d�a�t�a� �s�e�t�s� �a�n�d� �t�h�e�i�r� �i�m�p�a�c�t� �o�n� �s�i�m�u�l�t�a�n�e�i�t�y� �w�i�l�l� �b�e� �d�i�s�c�u�s�s�e�d� �i�n� �d�e�t�a�i�l� �i�n� �t�h�e� �n�e�x�t� �c�h�a�p�t�e�r�.� 

�2�3



�d�i�f�f�i�c�u�l�t�y� �i�n� �c�o�r�r�e�c�t�l�y� �s�p�e�c�i�f�y�i�n�g� �a�n�d� �s�e�l�e�c�t�i�n�g� �t�h�o�s�e� �q�u�a�n�t�i�f�i�a�b�l�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �t�h�a�t� 

�c�o�n�s�t�i�t�u�t�e� �a� �b�u�y�e�r ��s� �n�o�t�i�o�n� �o�f� �s�a�f�e�t�y� �a�n�d� �c�o�m�f�o�r�t�. �� 

�D�.� �F�u�n�c�t�i�o�n�a�l� �F�o�r�m� 

�T�h�e� �c�h�o�i�c�e� �o�f� �f�u�n�c�t�i�o�n�a�l� �f�o�r�m� �i�n� �t�h�e� �f�i�r�s�t� �s�t�a�g�e� �o�f� �h�e�d�o�n�i�c� �r�e�g�r�e�s�s�i�o�n� �i�s� �o�f� �c�r�u�c�i�a�l� 

�i�m�p�o�r�t�a�n�c�e�.� �T�h�i�s� �i�s� �d�u�e� �t�o� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �a�p�p�r�o�p�r�i�a�t�e� �f�u�n�c�t�i�o�n�a�l� �f�o�r�m� �f�o�r� �a� �h�e�d�o�n�i�c� 

�p�r�i�c�e� �e�q�u�a�t�i�o�n� �c�a�n�n�o�t� �i�n� �g�e�n�e�r�a�l� �b�e� �s�p�e�c�i�f�i�e�d� �o�n� �t�h�e�o�r�e�t�i�c�a�l� �g�r�o�u�n�d�s�.� �T�h�e� �a�b�o�v�e� �s�t�a�t�e�-� 

�m�e�n�t� �h�a�s� �s�e�r�i�o�u�s� �i�m�p�l�i�c�a�t�i�o�n�s� �f�o�r� �h�e�d�o�n�i�c� �a�n�a�l�y�s�i�s� �b�e�c�a�u�s�e� �t�h�e� �h�e�d�o�n�i�c� �p�r�i�c�e�s� �o�f� �c�h�a�r�-� 

�a�c�t�e�r�i�s�t�i�c�s�,� �w�h�i�c�h� �a�r�e� �t�h�e� �d�e�r�i�v�a�t�i�v�e�s� �o�f� �P�(�x�)� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �x�,�,� �a�r�e� �v�e�r�y� �s�e�n�s�i�t�i�v�e� �t�o� �t�h�e� 

�f�u�n�c�t�i�o�n�a�l� �f�o�r�m� �u�s�e�d� �i�n� �t�h�e� �h�e�d�o�n�i�c� �p�r�i�c�e� �e�q�u�a�t�i�o�n�.� 

�T�h�e�r�e� �a�r�e� �t�w�o� �d�i�f�f�e�r�e�n�t� �a�p�p�r�o�a�c�h�e�s� �t�o� �t�h�i�s� �p�r�o�b�l�e�m�.� �O�n�e� �p�r�o�p�o�s�e�d� �b�y� �H�a�l�v�o�r�s�e�n� 

�a�n�d� �P�o�l�l�a�k�o�w�s�k�i� �(�1�9�8�1�)� �c�o�m�b�i�n�e�s� �t�h�e� �f�l�e�x�i�b�l�e� �f�u�n�c�t�i�o�n�a�l� �f�o�r�m� �w�i�t�h� �B�o�x�-�C�o�x� �t�r�a�n�s�f�o�r�-� 

�m�a�t�i�o�n�.� �H�a�l�v�o�r�s�e�n� �a�n�d� �P�o�l�l�a�k�o�w�s�k�i� �e�x�a�m�i�n�e� �t�h�e� �r�e�s�t�r�i�c�t�i�o�n�s� �i�m�p�o�s�e�d� �o�n� �B�o�x�-�C�o�x� �p�a�-� 

�r�a�m�e�t�e�r�s� �w�h�i�c�h� �m�a�y� �y�i�e�l�d� �m�a�n�y� �o�t�h�e�r� �f�u�n�c�t�i�o�n�a�l� �f�o�r�m�s� �a�s� �s�p�e�c�i�a�l� �c�a�s�e�s�.� �T�o� �f�i�n�d� �t�h�e� �b�e�s�t� 

�f�i�t�t�i�n�g� �f�u�n�c�t�i�o�n�a�l� �f�o�r�m� �f�o�r� �a� �h�e�d�o�n�i�c� �p�r�i�c�e� �e�q�u�a�t�i�o�n�,� �t�h�e�y� �s�t�a�r�t� �w�i�t�h� �t�h�e� �f�o�l�l�o�w�i�n�g� �B�o�x�-� 
�f�o�r�d� 

�C�o�x� �q�u�a�d�r�a�t�i�c� �f�o�r�m�:� 
�T�S� 

�(�x�?�  �� �1�)�(�x�?�  �� �1�)� �a� �m�m� �(�1�0�)� �P�t� �=� �h�o�t� �H�A�S� �+� �L�E� �8�, �� 
�i�=�Y�=�1� 

�w�h�e�r�e� �P� �i�s� �p�r�i�c�e� �o�f� �a� �g�o�o�d�,� �x ��s� �a�r�e� �q�u�a�n�t�i�t�i�e�s� �o�f� �a�t�t�r�i�b�u�t�e�s�,� �1� �a�n�d� �6� �a�r�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� 

�p�a�r�a�m�e�t�e�r�s�.� �B�y� �i�m�p�o�s�i�n�g� �c�e�r�t�a�i�n� �r�e�s�t�r�i�c�t�i�o�n�s� �o�n� �t�h�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �p�a�r�a�m�e�t�e�r�s� �o�n�e� �c�a�n� 

�o�b�t�a�i�n� �a� �q�u�a�d�r�a�t�i�c� �f�o�r�m� �(�4�=�6�=�1�)�,� �d�o�u�b�l�e�-�l�o�g� �(�A� �=� �6� �=� �O� �a�n�d� �f�,�,�;�=�0�)�,� �o�r� �a� �l�i�n�e�a�r� �f�o�r�m� 

�2�0� �A�l�t�h�o�u�g�h� �H�o�g�a�r�t�y� �r�e�c�o�g�n�i�z�e�s� �t�h�e� �m�u�l�t�i�d�i�m�e�n�s�i�o�n�a�l� �a�s�p�e�c�t� �o�f� �s�u�c�h� �a�t�t�r�i�b�u�t�e�s� �a�s� �c�o�m�f�o�r�t� �o�r� �s�a�f�e�t�y�,� �t�h�e� �a�u�-� 

�t�h�o�r ��s� �c�o�n�f�i�n�e�m�e�n�t� �t�o� �t�h�e� �v�a�r�i�a�b�l�e�s� �t�h�a�t� �c�a�n� �b�e� �m�e�a�s�u�r�e�d� �d�i�r�e�c�t�l�y� �f�o�r�c�e�s� �h�i�m� �t�o� �r�e�s�t�r�i�c�t� �t�h�e� �d�i�m�e�n�s�i�o�n� �o�f� 

�s�a�f�e�t�y� �a�n�d� �c�o�m�f�o�r�t� �t�o� �o�n�e� �o�r� �t�w�o� �p�r�o�x�i�e�s� �(�e�.�g�.�,� �c�o�m�f�o�r�t� �i�s� �m�e�a�s�u�r�e�d� �b�y� �f�r�o�n�t� �p�a�s�s�e�n�g�e�r� �a�r�e�a� �a�n�d� �a� �c�r�u�i�s�e� 

�c�o�n�t�r�o�l� �d�u�m�m�y�,� �w�h�e�r�e�a�s� �s�a�f�e�t�y� �d�e�p�e�n�d�s� �o�n� �b�r�a�k�i�n�g� �d�i�s�t�a�n�c�e� �a�n�d� �t�h�e� �n�u�m�b�e�r� �o�f� �s�a�f�e�t�y� �d�e�v�i�c�e�s�)�.� 

�2�4



�(�A� �=�6� �=�1�a�n�d� �8�,� �=� �0�)� �t�o�g�e�t�h�e�r� �w�i�t�h� �m�a�n�y� �o�t�h�e�r� �p�o�s�s�i�b�i�l�i�t�i�e�s�.� �S�i�n�c�e� �t�h�e� �f�u�n�c�t�i�o�n�a�l� �f�o�r�m� 

�o�f� �t�h�e� �h�e�d�o�n�i�c� �p�r�i�c�e� �e�q�u�a�t�i�o�n� �i�s� �u�n�k�n�o�w�n� �a� �p�r�i�o�r�i�,� �e�s�t�i�m�a�t�i�o�n� �o�f� �t�h�e� �B�o�x�-�C�o�x� �t�r�a�n�s�f�o�r�-� 

�m�a�t�i�o�n� �p�a�r�a�m�e�t�e�r�s� �J� �a�n�d� �6� �(�b�o�t�h� �u�s�u�a�l�l�y� �t�a�k�e� �v�a�l�u�e�s� �b�e�t�w�e�e�n� �-�2�.�0� �a�n�d� �2�.�0�)� �h�a�s� �t�o� �b�e� 

�p�e�r�f�o�r�m�e�d�.� �T�h�i�s� �c�a�n� �b�e� �d�o�n�e� �t�h�r�o�u�g�h� �t�h�e� �m�a�x�i�m�u�m� �l�i�k�e�l�i�h�o�o�d� �m�e�t�h�o�d� �o�r� �O�L�S�.� �E�s�t�i�-� 

�m�a�t�i�o�n� �o�f� �t�h�e� �l�o�g�-�l�i�k�e�l�i�h�o�o�d� �f�u�n�c�t�i�o�n� �i�s� �e�q�u�i�v�a�l�e�n�t� �t�o� �a�n� �o�r�d�i�n�a�r�y� �l�e�a�s�t� �s�q�u�a�r�e�s� �r�e�-� 

�g�r�e�s�s�i�o�n� �c�o�n�d�i�t�i�o�n�a�l� �o�n� �A� �a�n�d� �6�.� �G�i�v�e�n� �t�h�e� �m�a�x�i�m�u�m� �l�i�k�e�l�i�h�o�o�d� �B�o�x�-�C�o�x� �p�a�r�a�m�e�t�e�r�s�,� 

�t�h�e� �h�e�d�o�n�i�c� �e�q�u�a�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s� �w�i�l�l� �m�i�n�i�m�i�z�e� �t�h�e� �s�u�m� �o�f� �s�q�u�a�r�e�d� �r�e�s�i�d�u�a�l�s�.� 

�T�h�e� �p�r�o�c�e�d�u�r�e� �p�r�o�p�o�s�e�d� �b�y� �H�a�l�v�o�r�s�e�n� �a�n�d� �P�o�l�l�a�k�o�w�s�k�i� �a�l�l�o�w�s� �t�e�s�t�i�n�g� �t�h�e� �a�p�p�r�o�-� 

�p�r�i�a�t�e�n�e�s�s� �o�f� �s�e�v�e�r�a�l� �f�u�n�c�t�i�o�n�a�l� �f�o�r�m�s� �u�s�e�d� �f�o�r� �t�h�e� �h�e�d�o�n�i�c� �p�r�i�c�e� �e�q�u�a�t�i�o�n� �(�e�.�g�.�,� �l�i�n�e�a�r�,� 

�q�u�a�d�r�a�t�i�c�,� �l�o�g�-�l�i�n�e�a�r�,� �s�e�m�i�-�l�o�g�,� �t�r�a�n�s�-�l�o�g�,� �a�n�d� �s�o� �o�n�)�.� �T�h�i�s� �m�e�t�h�o�d� �h�a�s� �b�e�e�n� �w�i�d�e�l�y� 

�a�d�o�p�t�e�d� �f�o�r� �e�m�p�i�r�i�c�a�l� �a�n�d� �c�o�m�p�u�t�a�t�i�o�n�a�l� �r�e�a�s�o�n�s� �r�a�t�h�e�r� �t�h�a�n� �t�h�e�o�r�e�t�i�c�a�l� �f�o�u�n�d�a�t�i�o�n�s�.� 

�E�v�e�n� �i�f� �t�h�i�s� �m�e�t�h�o�d� �p�r�o�d�u�c�e�s� �a� �h�e�d�o�n�i�c� �p�r�i�c�e� �e�q�u�a�t�i�o�n� �w�h�i�c�h� �f�i�t�s� �t�h�e� �d�a�t�a� �v�e�r�y� �w�e�l�l�,� 

�t�h�e�r�e� �i�s� �a� �p�o�s�s�i�b�i�l�i�t�y� �(�d�u�e� �t�o� �t�h�e� �a�r�b�i�t�r�a�r�y� �c�h�o�i�c�e� �o�f� �t�h�e� �h�e�d�o�n�i�c� �p�r�i�c�e� �f�u�n�c�t�i�o�n�)� �t�h�a�t� �i�t�s� 

�d�e�r�i�v�a�t�i�v�e�s� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �p�a�r�t�i�c�u�l�a�r� �a�t�t�r�i�b�u�t�e�s� �w�i�l�l� �n�o�t� �r�e�p�r�e�s�e�n�t� �t�r�u�e� �m�a�r�g�i�n�a�l� 

�p�r�i�c�e�s�.� 

�A�n� �a�l�t�e�r�n�a�t�i�v�e� �a�p�p�r�o�a�c�h� �p�r�o�p�o�s�e�d� �b�y� �S�t�o�c�k� �(�1�9�8�5�)� �m�a�k�e�s� �i�t� �t�h�e�o�r�e�t�i�c�a�l�l�y� �p�o�s�s�i�b�l�e� 

�t�o� �e�s�t�i�m�a�t�e� �t�h�e� �m�a�r�g�i�n�a�l� �p�r�i�c�e�s� �o�f� �a�t�t�r�i�b�u�t�e�s� �d�i�r�e�c�t�l�y� �f�r�o�m� �t�h�e� �d�a�t�a� �w�i�t�h�o�u�t� �i�m�p�o�s�i�n�g� �a�n�y� 

�f�u�n�c�t�i�o�n�a�l� �r�e�s�t�r�i�c�t�i�o�n�s� �o�n� �t�h�e� �h�e�d�o�n�i�c� �p�r�i�c�e� �e�q�u�a�t�i�o�n�.� �T�h�e� �p�r�o�c�e�d�u�r�e� �o�f� �c�a�l�c�u�l�a�t�i�n�g� �c�o�n�-� 

�s�u�m�e�r� �d�e�m�a�n�d� �f�o�r� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �c�o�n�s�i�s�t�s� �o�f� �t�w�o� �s�t�a�g�e�s�.� �I�n� �t�h�e� �f�i�r�s�t� �s�t�e�p� �n�o�n�p�a�r�a�m�e�t�r�i�c� 

�r�e�g�r�e�s�s�i�o�n� �t�e�c�h�n�i�q�u�e�s� �(�s�u�c�h� �a�s� �k�e�r�n�e�l� �r�e�g�r�e�s�s�i�o�n�)� �a�r�e� �u�s�e�d� �t�o� �e�s�t�i�m�a�t�e� �d�i�r�e�c�t�l�y� �t�h�e� �d�e�r�i�v�-� 

�a�t�i�v�e� �o�f� �t�h�e� �p�r�i�c�e� �s�u�r�f�a�c�e� �a�t� �e�a�c�h� �a�t�t�r�i�b�u�t�e� �l�e�v�e�l�.� �I�n� �t�h�e� �s�e�c�o�n�d� �s�t�a�g�e�,� �w�h�i�c�h� �i�s� �t�h�e� �s�a�m�e� 

�a�s� �i�n� �t�h�e� �R�o�s�e�n� �p�r�o�c�e�d�u�r�e�,� �t�h�e� �e�s�t�i�m�a�t�e�d� �m�a�r�g�i�n�a�l� �p�r�i�c�e�s� �w�i�l�l� �b�e� �s�u�b�s�t�i�t�u�t�e�d� �f�o�r� �u�n�o�b�-� 

�s�e�r�v�e�d� �m�a�r�g�i�n�a�l� �p�r�i�c�e�s� �a�n�d� �e�s�t�i�m�a�t�e�d� �u�s�i�n�g� �t�h�e� �i�n�s�t�r�u�m�e�n�t�a�l� �v�a�r�i�a�b�l�e�s� �t�e�c�h�n�i�q�u�e�. ��7� �T�h�e� 

�m�a�i�n� �p�r�o�b�l�e�m�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�i�s� �p�r�o�c�e�d�u�r�e� �a�r�e�:� �1�)� �t�h�a�t� �i�t�s� �c�o�m�p�u�t�a�t�i�o�n�a�l� �f�e�a�s�i�b�i�l�i�t�y� 

�2�1� �B�e�c�a�u�s�e� �t�h�e� �c�o�n�s�u�m�e�r ��s� �b�u�d�g�e�t� �c�o�n�s�t�r�a�i�n�t� �i�s� �n�o�n�l�i�n�e�a�r� �i�n� �a�t�t�r�i�b�u�t�e� �l�e�v�e�l�s�,� �S�t�o�c�k� �a�r�g�u�e�s� �t�h�a�t� �t�h�e� �m�a�r�g�i�n�a�l� 

�p�r�i�c�e�s� �a�n�d� �a�t�t�r�i�b�u�t�e� �l�e�v�e�l�s� �a�r�e� �c�h�o�i�c�e� �v�a�r�i�a�b�l�e�s� �a�n�d�,� �h�e�n�c�e�,� �t�h�e� �e�r�r�o�r� �t�e�r�m� �w�i�l�l� �b�e� �c�o�r�r�e�l�a�t�e�d� �w�i�t�h� �t�h�e� �a�t�-� 

�2�5



�i�s� �u�n�c�e�r�t�a�i�n�;� �a�n�d� �2�)� �i�t�s� �f�i�r�s�t� �s�t�a�g�e� �e�s�t�i�m�a�t�e�s� �a�r�e� �c�o�n�s�i�s�t�e�n�t� �b�u�t� �a�l�s�o� �b�i�a�s�e�d�,� �w�h�i�c�h� �l�i�m�i�t�s� 

�t�h�e� �u�s�e�f�u�l�n�e�s�s� �o�f� �t�h�i�s� �m�e�t�h�o�d� �i�n� �s�m�a�l�l� �d�a�t�a� �s�e�t�s�.� 

�T�h�e� �p�r�o�b�l�e�m� �o�f� �m�e�a�s�u�r�e�m�e�n�t� �o�f� �m�a�n�y� �i�m�p�o�r�t�a�n�t� �a�t�t�r�i�b�u�t�e�s� �s�u�c�h� �a�s� �s�a�f�e�t�y�,� �c�o�m�f�o�r�t�,� 

�o�r� �h�a�n�d�l�i�n�g� �i�s� �a�n�o�t�h�e�r� �s�h�o�r�t�c�o�m�i�n�g� �o�f� �t�h�e� �h�e�d�o�n�i�c� �p�r�i�c�e� �a�p�p�r�o�a�c�h�.� �E�v�e�n� �t�h�o�u�g�h� �i�t� �i�s� 

�p�o�s�s�i�b�l�e� �t�o� �u�s�e� �(�p�r�e�s�u�m�a�b�l�y�)� �u�n�b�i�a�s�e�d� �r�a�t�i�n�g�s� �o�f� �e�x�p�e�r�t�s�,� �t�h�e�s�e� �a�r�e� �o�n�l�y� �r�e�l�a�t�i�v�e� �m�e�a�s�u�r�e�s� 

�t�h�a�t� �l�a�c�k� �c�o�n�t�i�n�u�i�t�y� �a�n�d� �c�o�m�p�a�r�a�b�i�l�i�t�y� �a�c�r�o�s�s� �c�a�r� �c�l�a�s�s�e�s�.� �F�o�r� �e�x�a�m�p�l�e�,� �e�x�p�e�r�t� �r�a�t�i�n�g�s� 

�f�r�o�m� �C�o�n�s�u�m�e�r� �R�e�p�o�r�t�s� �(�w�h�i�c�h� �a�r�e� �u�s�e�d� �b�y� �m�a�n�y� �s�t�u�d�i�e�s�)� �d�e�p�e�n�d� �n�o�t� �o�n�l�y� �o�n� �t�h�e� 

�q�u�a�l�i�t�a�t�i�v�e� �a�t�t�r�i�b�u�t�e�s� �o�f� �a� �p�a�r�t�i�c�u�l�a�r� �c�a�r� �b�u�t� �a�l�s�o� �o�n� �t�h�e� �s�e�t� �o�f� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �c�o�m�-� 

�p�e�t�i�n�g� �m�o�d�e�l�s�. �� 

�T�h�e� �a�b�o�v�e� �m�e�n�t�i�o�n�e�d� �p�r�o�b�l�e�m�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �h�e�d�o�n�i�c� �p�r�i�c�e� �a�p�p�r�o�a�c�h� �h�a�v�e� 

�s�t�i�m�u�l�a�t�e�d� �a�d�d�i�t�i�o�n�a�l� �w�o�r�k� �o�n� �d�i�s�a�g�g�r�e�g�a�t�e� �m�o�d�e�l�s� �o�f� �a�u�t�o�m�o�b�i�l�e� �d�e�m�a�n�d� �a�n�d� �o�w�n�e�r�-� 

�s�h�i�p� �w�h�i�c�h� �u�t�i�l�i�z�e� �s�o�c�i�o�-�e�c�o�n�o�m�i�c� �d�a�t�a� �o�f� �h�o�u�s�e�h�o�l�d� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �a�n�d� �c�a�r� �a�t�t�r�i�b�u�t�e�s�.� 

�T�h�e�s�e� �i�n�c�l�u�d�e�,� �a�m�o�n�g� �o�t�h�e�r�s�,� �m�o�d�e�l�s� �b�y� �B�o�y�d� �a�n�d� �M�e�l�l�m�a�n� �(�1�9�8�0�)�,� �B�e�r�k�o�v�e�c� �a�n�d� �R�u�s�t� 

�(�1�9�8�5�)�,� �a�n�d� �M�a�n�n�e�r�i�n�g� �a�n�d� �M�a�h�m�a�s�s�a�n�i� �(�1�9�8�5�)�.� �M�o�d�e�l�s� �b�e�l�o�n�g�i�n�g� �t�o� �t�h�i�s� �c�a�t�e�g�o�r�y� �e�s�-� 

�t�i�m�a�t�e� �c�o�n�s�u�m�e�r� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �c�h�o�o�s�i�n�g� �a� �p�a�r�t�i�c�u�l�a�r� �t�y�p�e� �o�f� �a� �c�a�r� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �i�t�s� 

�p�r�i�c�e� �a�n�d� �q�u�a�n�t�i�t�y� �o�f� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.� �T�h�e�y� �a�s�s�u�m�e� �t�h�a�t� �d�e�m�a�n�d� �f�o�r� �c�a�r� �a�t�t�r�i�b�u�t�e�s� �t�o�-� 

�g�e�t�h�e�r� �w�i�t�h� �c�a�r� �p�r�i�c�e� �i�s� �t�h�e� �m�o�s�t� �i�m�p�o�r�t�a�n�t� �f�a�c�t�o�r� �w�h�i�c�h� �h�e�l�p�s� �e�x�p�l�a�i�n� �w�h�y� �b�u�y�e�r�s� �c�h�o�o�s�e� 

�o�n�e� �m�o�d�e�l� �o�f� �a�n� �a�u�t�o�m�o�b�i�l�e� �o�v�e�r� �a�n�o�t�h�e�r�.� 

�t�r�i�b�u�t�e� �l�e�v�e�l�s� �(�s�i�m�u�l�t�a�n�e�i�t�y�)� �w�h�i�c�h� �w�i�l�l� �r�e�s�u�l�t� �i�n� �i�n�c�o�n�s�i�s�t�e�n�t� �O�L�S� �e�s�t�i�m�a�t�e�s�.� �T�h�e� �i�s�s�u�e� �o�f� �s�i�m�u�l�t�a�n�e�i�t�y� �a�n�d� 

�i�t�s� �i�m�p�a�c�t� �o�n� �h�e�d�o�n�i�c� �e�s�t�i�m�a�t�i�o�n� �w�i�l�l� �b�e� �d�i�s�c�u�s�s�e�d� �i�n� �d�e�t�a�i�l� �i�n� �t�h�e� �n�e�x�t� �c�h�a�p�t�e�r�.� 

�2�2� �I�n� �a�d�d�i�t�i�o�n�,� �t�h�e�s�e� �r�a�t�i�n�g�s� �o�f�t�e�n� �r�a�n�k� �s�e�p�a�r�a�t�e�l�y� �e�a�c�h� �d�i�m�e�n�s�i�o�n� �o�f� �a� �c�o�m�p�o�s�i�t�e� �a�t�t�r�i�b�u�t�e� �(�e�.�g�.�,� �c�o�m�f�o�r�t� �i�n� 

�t�h�e� �C�o�n�s�u�m�e�r� �R�e�p�o�r�t�s� �r�a�t�i�n�g�s� �i�s� �s�p�l�i�t� �i�n�t�o� �t�h�e� �f�o�l�l�o�w�i�n�g� �c�a�t�e�g�o�r�i�e�s�:� �q�u�a�l�i�t�y� �o�f� �r�i�d�e�,� �n�o�i�s�e�,� �d�r�i�v�i�n�g� �p�o�s�i�t�i�o�n�,� 

�f�r�o�n�t� �a�n�d� �r�e�a�r� �s�e�a�t�i�n�g�)� �l�e�a�v�i�n�g� �o�v�e�r�a�l�l� �c�o�m�f�o�r�t� �e�v�a�l�u�a�t�i�o�n� �t�o� �c�o�n�s�u�m�e�r�s�.� �S�i�n�c�e� �n�o� �o�v�e�r�a�l�l� �m�e�a�s�u�r�e� �o�f� 

�c�o�m�f�o�r�t� �i�s� �p�r�o�v�i�d�e�d� �b�y� �t�h�e�s�e� �r�a�t�i�n�g�s�,� �c�o�n�s�u�m�e�r� �v�a�l�u�a�t�i�o�n� �o�f� �t�h�e� �e�n�t�i�r�e� �b�u�n�d�l�e� �o�f� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �c�a�n�n�o�t� �b�e� 

�c�a�l�c�u�l�a�t�e�d�.� 
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�I�I�]�.� �E�C�O�N�O�M�E�T�R�I�C� �T�H�E�O�R�Y� �A�N�D� �D�E�M�A�N�D� �F�O�R� �A�U�T�O�M�O�B�I�L�E� �C�H�A�R�A�C�-� 

�T�E�R�I�S�T�I�C�S� 

�R�o�s�e�n ��s� �m�o�d�e�l� �o�f� �i�m�p�l�i�c�i�t� �m�a�r�k�e�t�s� �i�s� �r�e�g�a�r�d�e�d� �b�y� �m�a�n�y� �e�c�o�n�o�m�i�s�t�s� �a�s� �a� �v�e�r�y� �s�i�g�-� 

�n�i�f�i�c�a�n�t� �c�o�n�t�r�i�b�u�t�i�o�n� �t�o� �t�h�e� �t�h�e�o�r�y� �o�f� �m�a�r�k�e�t�s� �f�o�r� �d�i�f�f�e�r�e�n�t�i�a�t�e�d� �p�r�o�d�u�c�t�s�.� �A�l�t�h�o�u�g�h� �m�o�s�t� 

�e�c�o�n�o�m�i�s�t�s� �a�g�r�e�e� �t�h�a�t� �t�h�e� �t�h�e�o�r�e�t�i�c�a�l� �f�r�a�m�e�w�o�r�k� �o�f� �R�o�s�e�n ��s� �m�o�d�e�l� �i�s� �s�o�u�n�d�,� �i�t�s� 

�e�c�o�n�o�m�e�t�r�i�c� �p�r�o�c�e�d�u�r�e� �n�e�e�d�s� �m�o�r�e� �i�m�p�r�o�v�e�m�e�n�t�.� �U�n�t�i�l� �r�e�c�e�n�t�l�y�,� �m�o�s�t� �o�f� �t�h�e� �l�i�t�e�r�a�t�u�r�e� 

�o�f� �t�h�e� �s�u�b�j�e�c�t� �h�a�s� �b�e�e�n� �m�o�r�e� �c�o�n�c�e�r�n�e�d� �w�i�t�h� �e�s�t�i�m�a�t�i�n�g� �c�o�n�s�u�m�e�r� �d�e�m�a�n�d� �f�o�r� �s�p�e�c�i�f�i�c� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �r�a�t�h�e�r� �t�h�a�n� �w�i�t�h� �e�c�o�n�o�m�e�t�r�i�c� �f�o�u�n�d�a�t�i�o�n�s� �o�f� �t�h�e� �e�s�t�i�m�a�t�i�o�n� �p�r�o�c�e�d�u�r�e�.� 

�T�h�e� �p�u�r�p�o�s�e� �o�f� �t�h�i�s� �c�h�a�p�t�e�r� �i�s� �t�o� �p�r�o�v�i�d�e� �a� �c�o�m�p�r�e�h�e�n�s�i�v�e� �a�n�a�l�y�s�i�s� �o�f� �o�f� �t�h�e� �v�a�r�i�e�t�y� �o�f� 

�e�c�o�n�o�m�e�t�r�i�c� �i�s�s�u�e�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �h�e�d�o�n�i�c� �t�e�c�h�n�i�q�u�e� �i�n�c�l�u�d�i�n�g� �i�d�e�n�t�i�f�i�c�a�t�i�o�n�,� 

�s�i�m�u�l�t�a�n�e�i�t�y� �o�f� �p�r�i�c�e�s� �a�n�d� �q�u�a�n�t�i�t�i�e�s�,� �s�t�o�c�h�a�s�t�i�c� �r�e�g�r�e�s�s�o�r�s�,� �a�n�d� �t�h�e� �s�t�a�t�i�s�t�i�c�a�l� �p�r�o�p�e�r�t�i�e�s� 

�o�f� �e�s�t�i�m�a�t�o�r�s� �o�f� �h�e�d�o�n�i�c� �p�a�r�a�m�e�t�e�r�s�.� �T�h�e�s�e� �t�o�p�i�c�s� �h�a�v�e� �n�o�t� �b�e�e�n� �e�x�t�e�n�s�i�v�e�l�y� �d�e�a�l�t� �w�i�t�h� 

�i�n� �e�c�o�n�o�m�i�c� �l�i�t�e�r�a�t�u�r�e� �a�n�d� �m�o�r�e� �w�o�r�k� �i�n� �t�h�i�s� �a�r�e�a� �h�a�s� �y�e�t� �t�o� �b�e� �d�o�n�e�.� �O�f� �t�h�e� �f�e�w� �p�a�p�e�r�s� 

�w�h�i�c�h� �d�i�s�c�u�s�s� �e�c�o�n�o�m�e�t�r�i�c� �p�r�o�p�e�r�t�i�e�s� �o�f� �h�e�d�o�n�i�c� �m�o�d�e�l�s� �t�h�e� �b�e�s�t� �k�n�o�w�n� �a�r�e� �t�h�o�s�e� �b�y� 

�B�r�o�w�n� �a�n�d� �R�o�s�e�n� �(�1�9�8�2�)�,� �D�i�a�m�o�n�d� �a�n�d� �S�m�i�t�h� �(�1�9�8�5�)�,� �a�n�d� �a� �s�u�r�v�e�y� �s�t�u�d�y� �d�o�n�e� �b�y� 

�F�o�l�l�a�i�n� �a�n�d� �J�i�m�e�n�e�z� �(�1�9�8�5�)�.� �T�h�e� �d�i�s�c�u�s�s�i�o�n� �o�f� �e�c�o�n�o�m�e�t�r�i�c� �t�h�e�o�r�y� �p�r�e�s�e�n�t�e�d� �b�e�l�o�w� �i�s� �t�h�e� 

�c�o�n�t�i�n�u�a�t�i�o�n� �o�f� �t�h�e� �l�a�t�t�e�r� �o�n�e�.� 

�T�h�i�s� �c�h�a�p�t�e�r� �i�s� �d�i�v�i�d�e�d� �i�n�t�o� �t�w�o� �m�a�j�o�r� �p�a�r�t�s�.� �T�h�e� �f�i�r�s�t� �o�n�e� �c�o�n�c�e�n�t�r�a�t�e�s� �o�n� �t�h�e� 

�p�r�o�b�l�e�m�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �t�r�a�d�i�t�i�o�n�a�l� �h�e�d�o�n�i�c� �t�e�c�h�n�i�q�u�e� �s�u�c�h� �a�s� �i�d�e�n�t�i�f�i�c�a�t�i�o�n� �o�f� �d�e�-� 

�m�a�n�d� �e�q�u�a�t�i�o�n�s� �f�o�r� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�,� �a�n�d� �e�s�t�i�m�a�t�o�r� �p�r�o�p�e�r�t�i�e�s�.� �T�h�e� �s�e�c�o�n�d� �p�a�r�t� �d�i�s�c�u�s�s�e�s� 

�p�r�o�b�l�e�m�s� �r�e�l�a�t�e�d� �t�o� �t�h�e� �i�n�d�e�x� �m�e�t�h�o�d�.� �I�n� �p�a�r�t�i�c�u�l�a�r�,� �i�t� �d�i�s�c�u�s�s�e�s� �v�a�r�i�o�u�s� �w�e�i�g�h�t�i�n�g� 

�s�c�h�e�m�e�s� �w�h�i�c�h� �c�o�u�l�d� �b�e� �u�s�e�d� �t�o� �a�g�g�r�e�g�a�t�e� �i�n�d�i�v�i�d�u�a�l� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �a�n�d� �t�h�e�i�r� �s�t�a�t�i�s�t�i�c�a�l� 

�p�r�o�p�e�r�t�i�e�s�.� 

�A�.� �T�r�a�d�i�t�i�o�n�a�l� �A�p�p�r�o�a�c�h� 

�T�h�e� �t�r�a�d�i�t�i�o�n�a�l� �t�w�o�-�s�t�e�p� �m�e�t�h�o�d� �o�f� �e�s�t�i�m�a�t�i�n�g� �d�e�m�a�n�d� �c�u�r�v�e�s� �f�o�r� �a�t�t�r�i�b�u�t�e�s� �p�r�o�-� 

�p�o�s�e�d� �b�y� �R�o�s�e�n� �h�a�s� �b�e�e�n� �o�u�t�l�i�n�e�d� �i�n� �t�h�e� �f�i�r�s�t� �c�h�a�p�t�e�r�.� �I�n� �t�h�e� �f�i�r�s�t� �s�t�a�g�e� �a� �h�e�d�o�n�i�c� �p�r�i�c�e� 

�2�7



�e�q�u�a�t�i�o�n� �P�(�x�)� �i�s� �e�s�t�i�m�a�t�e�d�.� �N�e�x�t�,� �t�h�e� �e�s�t�i�m�a�t�e�s� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�a�l� �c�o�e�f�f�i�c�i�e�n�t�s� �f�r�o�m� �t�h�e� �f�i�r�s�t� 

�s�t�a�g�e� �a�r�e� �u�s�e�d� �t�o� �c�o�m�p�u�t�e� �t�h�e� �v�a�l�u�e�s� �o�f� �m�a�r�g�i�n�a�l� �p�r�i�c�e�s� �P�;� �o�f� �e�a�c�h� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�.� �T�h�e�s�e� 
�S�i� �R�E�N�N� �N�E� �-� �i� 

�m�a�r�g�i�n�a�l� �p�r�i�c�e�s� �a�r�e� �t�h�e�n� �u�s�e�d� �a�s� �e�n�d�o�g�e�n�o�u�s� �v�a�r�i�a�b�l�e�s� �i�n� �a� �s�y�s�t�e�m� �o�f� �d�e�m�a�n�d� �a�n�d� �s�u�p�p�l�y� 
� � �A�a�s� �S�t� �a�e� �o�e� 

� �  ��n� 

�e�q�u�a�t�i�o�n�s� �(�8�)� �a�n�d� �(�9�)� �d�i�s�c�u�s�s�e�d� �i�n� �t�h�e� �f�i�r�s�t� �c�h�a�p�t�e�r� 
� � 

�(�8�)� �P�o�e�)� �=� �f�l�i�,� �X�a�,� �0� �s�X�e� �(�d�e�m�a�n�d�)�,� �~� 
�(�9�)� �P�(�x�)� �=� �8�X�1�,� �X�a�p� �X�p� �B�)� �(�s�u�p�p�l�y�)�.� 
�T�h�e� �s�i�m�u�l�t�a�n�e�o�u�s� �e�s�t�i�m�a�t�i�o�n� �o�f� �t�h�e�s�e� �e�q�u�a�t�i�o�n�s� �w�i�l�l� �y�i�e�l�d� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �o�f� �d�e�m�a�n�d� �a�n�d� 

�s�u�p�p�l�y� �e�q�u�a�t�i�o�n�s�.� �T�h�e� �v�a�l�u�e�s� �o�f� �P�;� �c�o�r�r�e�s�p�o�n�d� �t�o� �s�p�e�c�i�f�i�c� �v�a�l�u�e�s� �o�f� �x� �a�n�d� �t�h�u�s� �d�e�t�e�r�m�i�n�e� 
�~� �p�a�i�n�f�I�P� �e�t� �n�g�e�s�i�s�s� �g�a�i�e�r� �~� �T�T� �w�e�!� �F�A�A�P� �R�S� �e�g�g� �S�o�h� �N�E� �S�e�e� �H�A� 

�P�R�S� �S�e�a�s� �a�p�p�e�n�t� �a�t� �B�E�L� �G�T� 
�t�h�e� �i�m�p�l�i�c�i�t� �m�a�r�k�e�t� �e�q�u�i�l�i�b�r�i�a� �f�o�r� �t�h�e� �i�t�h� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �f�o�r� �d�i�f�f�e�r�e�n�t� �b�u�y�e�r�s� �a�n�d� �s�e�l�l�e�r�s� 

�H�e�a�t� �P�E� 

�(�F�i�g�u�r�e� �1�)�.� �T�h�e� �e�q�u�i�l�i�b�r�i�u�m� �p�o�i�n�t�s� �a� �a�n�d� �b� �o�f� �t�h�i�s� �f�i�g�u�r�e� �c�a�n� �b�e� �t�r�a�c�e�d� �b�a�c�k� �t�o� �r�e�s�p�e�c�t�i�v�e� �»� 

�p�a�n�e�l�)� �w�h�i�c�h� �e�n�v�e�l�o�p� �t�h�e� �h�e�d�o�n�i�c� �p�r�i�c�e� �c�u�r�v�e�.� �O�n�e� �o�f� �t�h�e� �m�o�s�t� �i�m�p�o�r�t�a�n�t� �p�r�o�b�l�e�m�s� 

�w�h�i�c�h� �h�a�v�e� �t�o� �b�e� �a�d�d�r�e�s�s�e�d� �h�e�r�e� �i�s� �t�o� �m�a�k�e� �s�u�r�e� �t�h�a�t� �e�s�t�i�m�a�t�i�o�n� �o�f� �2�k� �s�y�s�t�e�m�s� �o�f� 

�s�i�m�u�l�t�a�n�o�u�s� �e�q�u�a�t�i�o�n�s� �w�i�l�l� �i�n� �f�a�c�t� �y�i�e�l�d� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �o�f� �m�a�r�g�i�n�a�l� �w�i�l�l�i�n�g�n�e�s�s� �t�o� �p�a�y� �f�o�r� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �6�,�.� 

�A�.�1�.� �I�d�e�n�t�i�f�i�c�a�t�i�o�n� 

�I�d�e�n�t�i�f�i�c�a�t�i�o�n� �o�f� �a�n� �e�c�o�n�o�m�e�t�r�i�c� �m�o�d�e�l� �i�s� �c�o�n�c�e�r�n�e�d� �w�i�t�h� �t�h�e� �g�e�n�e�r�a�l� �q�u�e�s�t�i�o�n� 

�w�h�e�t�h�e�r� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� �o�b�t�a�i�n� �a�n�y� �m�e�a�n�i�n�g�f�u�l� �e�s�t�i�m�a�t�e�s� �o�f� �s�t�r�u�c�t�u�r�a�l� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �t�h�e� 

�m�o�d�e�l� �f�r�o�m� �t�h�e� �e�x�i�s�t�i�n�g� �d�a�t�a�.� �T�h�e� �p�r�o�b�l�e�m� �o�f� �i�d�e�n�t�i�f�i�c�a�t�i�o�n� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�a�l� �p�a�r�a�m�e�t�e�r�s� 

�o�f� �t�h�e� �d�e�m�a�n�d� �a�n�d� �s�u�p�p�l�y� �f�u�n�c�t�i�o�n�s� �i�n� �t�h�e� �h�e�d�o�n�i�c� �p�r�i�c�e� �m�o�d�e�l� �i�s� �o�f� �s�i�g�n�i�f�i�c�a�n�t� �i�m�p�o�r�-� 

�t�a�n�c�e�.� �T�h�i�s� �i�s� �d�u�e� �t�o� �t�h�e� �f�a�c�t� �t�h�a�t� �i�n� �i�m�p�l�i�c�i�t� �m�a�r�k�e�t�s� �e�x�i�s�t� �a�t� �l�e�a�s�t� �t�h�r�e�e� �p�o�s�s�i�b�l�e� �s�o�u�r�c�e�s� 

�o�f� �i�d�e�n�t�i�f�i�c�a�t�i�o�n� �p�r�o�b�l�e�m�s�:� �1�)� �t�h�e� �u�s�u�a�l� �i�n�t�e�r�a�c�t�i�o�n� �b�e�t�w�e�e�n� �s�u�p�p�l�y� �a�n�d� �d�e�m�a�n�d�;� �2�)� �t�y�p�e�s� 

�o�f� �d�a�t�a� �s�e�t�s� �u�s�e�d� �i�n� �t�h�e� �p�r�o�c�e�s�s� �o�f� �e�s�t�i�m�a�t�i�o�n�;� �a�n�d� �3�)� �t�h�e� �f�a�c�t� �t�h�a�t� �h�e�d�o�n�i�c� �p�r�i�c�e�s� �c�a�n�n�o�t� 

�b�e� �o�b�s�e�r�v�e�d� �i�n� �r�e�a�l� �l�i�f�e�.� 

�T�h�e� �f�i�r�s�t� �p�r�o�b�l�e�m� �a�r�i�s�e�s� �d�u�e� �t�o� �t�h�e� �f�a�c�t� �t�h�a�t� �i�n� �R�o�s�e�n ��s� �o�r�i�g�i�n�a�l� �s�e�t�u�p� �p�r�i�c�e�s� �a�n�d� 

�q�u�a�n�t�i�t�i�e�s� �a�r�e� �j�o�i�n�t�l�y� �d�e�t�e�r�m�i�n�e�d� �b�y� �t�h�e� �s�e�t� �o�f� �d�e�m�a�n�d� �a�n�d� �s�u�p�p�l�y� �e�q�u�a�t�i�o�n�s� �(�8�)� �a�n�d� �(�9�)�.� 
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�p�o�i�n�t�s� �o�f� �t�a�n�g�e�n�c�y� �b�e�t�w�e�e�n� �t�h�e� �b�i�d� �a�n�d� �o�f�f�e�r� �f�u�n�c�t�i�o�n�s� �(�p�o�i�n�t�s� �A� �a�n�d� �B� �i�n� �t�h�e� �u�p�p�e�r� �|� 
�4� �4� 
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�S�i�n�c�e� �p�r�i�c�e�s� �a�n�d� �q�u�a�n�t�i�t�i�e�s� �o�f� 
�e�e�r� �r� �y�e� �t�i�n�g�,� �(�e�e� �A�E�E� �T�T� �M�e�e�e� �T�a�r�e�e� �A�Y�P� �e�o� �4� 

�t�e�r�m�s� �a�c�r�o�s�s� �e�q�u�a�t�i�o�n�s� �w�i�l�l� �b�e� �c�o�r�r�e�l�a�t�e�d� �w�i�t�h� �e�x�p�l�a�n�a�t�o�r�y� �v�a�r�i�a�b�l�e�s� �s�o� �t�h�a�t� �t�h�e� �O�L�S� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �a�r�e� �d�e�t�e�r�m�i�n�e�d� �s�i�m�u�l�t�a�n�e�o�u�s�l�y�,� �t�h�e� �e�r�r�o�r� 

� � 

�e�s�t�i�m�a�t�e�s� �w�i�l�l� �b�e� �b�i�a�s�e�d� �a�n�d� �i�n�c�o�n�s�i�s�t�e�n�t�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �i�t� �i�s� �i�m�p�o�r�t�a�n�t� �t�o� �k�n�o�w� �w�h�e�t�h�e�r� 
 ��e� 

�i�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� �o�b�t�a�i�n� �c�o�n�s�i�s�t�e�n�t� �e�s�t�i�m�a�t�e�s� �o�f� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �o�f� �t�h�e� �m�o�d�e�l� �f�r�o�m� �i�t�s� �r�e�-� 

�d�u�c�e�d� �f�o�r�m�.� 

�T�h�e� �s�e�c�o�n�d� �i�d�e�n�t�i�f�i�c�a�t�i�o�n� �p�r�o�b�l�e�m� �d�e�p�e�n�d�s� �o�n� �w�h�e�t�h�e�r� �m�a�c�r�o� �o�r� �m�i�c�r�o� �d�a�t�a� �s�e�t�s� 
� � 

�_�a�r�e� �u�s�e�d�,� �M�a�c�r�o� �d�a�t�a� �a�r�e� �c�h�a�r�a�c�t�e�r�i�z�e�d� �b�y� �l�a�r�g�e� �u�n�i�t�s� �o�f� �o�b�s�e�r�v�a�t�i�o�n� �(�e�.�g�.�,� �r�e�g�i�o�n�a�l� �d�a�t�a�)� 

�w�h�e�r�e� �t�h�e� �o�b�s�e�r�v�e�d� �p�r�i�c�e�s� �a�n�d� �q�u�a�n�t�i�t�i�e�s� �r�e�p�r�e�s�e�n�t� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �o�f� �a�g�g�r�e�g�a�t�e� �d�e�m�a�n�d� 

�o�f� �h�o�u�s�e�h�o�l�d�s� �a�n�d� �a�g�g�r�e�g�a�t�e� �s�u�p�p�l�y� �o�f� �f�i�r�m�s�.� �A�s� �a� �r�e�s�u�l�t�,� �p�r�i�c�e�s� �a�n�d� �q�u�a�n�t�i�t�i�e�s� �a�r�e� �s�i�-� 

�m�u�l�t�a�n�e�o�u�s�l�y� �d�e�t�e�r�m�i�n�e�d� �b�y� �t�h�e� �d�e�m�a�n�d� �a�n�d� �s�u�p�p�l�y� �c�o�n�d�i�t�i�o�n�s� �i�n� �a� �g�i�v�e�n� �r�e�g�i�o�n�.� �T�h�i�s� 

�r�e�s�u�l�t�s� �i�n� �t�h�e� �s�a�m�e� �t�y�p�e� �o�f� �s�i�m�u�l�t�a�n�e�i�t�y� �a�s� �o�n�e� �a�d�d�r�e�s�s�e�d� �a�b�o�v�e�,� �w�h�i�c�h� �l�e�a�d�s� �t�o� �b�i�a�s�e�d� 

�a�n�d� �i�n�c�o�n�s�i�s�t�e�n�t� �O�L�S� �e�s�t�i�m�a�t�e�s�.� �T�h�i�s� �t�y�p�e� �o�f� �i�d�e�n�t�i�f�i�c�a�t�i�o�n� �p�r�o�b�l�e�m� �i�s� �n�o�t� �c�o�m�m�o�n� �t�o� 

�h�e�d�o�n�i�c� �p�r�i�c�e� �m�o�d�e�l�s� �w�h�i�c�h� �u�s�e� �m�i�c�r�o� �d�a�t�a�.� �M�i�c�r�o� �d�a�t�a� �a�r�e� �o�b�t�a�i�n�e�d� �f�r�o�m� �i�n�d�i�v�i�d�u�a�l� 

�h�o�u�s�e�h�o�l�d�s� �a�n�d� �f�i�r�m�s� �w�h�o� �a�r�e� �a�s�s�u�m�e�d� �t�o� �b�e� �p�r�i�c�e�-�t�a�k�e�r�s� �s�i�n�c�e� �t�h�e�y� �a�r�e� �t�o�o� �s�m�a�l�l� �t�o� �e�f�-� 

�f�e�c�t�i�v�e�l�y� �i�n�f�l�u�e�n�c�e� �p�r�i�c�e�s�.� �T�h�e� �v�a�r�i�a�t�i�o�n� �i�n� �p�r�i�c�e�s� �a�n�d� �q�u�a�n�t�i�t�i�e�s� �h�e�r�e� �d�o�e�s� �n�o�t� �r�e�s�u�l�t� �f�r�o�m� 

�t�h�e� �e�x�o�g�e�n�o�u�s� �s�h�i�f�t�s� �i�n� �d�e�m�a�n�d� �a�n�d� �s�u�p�p�l�y�,� �b�u�t� �r�a�t�h�e�r� �f�r�o�m� �t�h�e� �n�o�n�l�i�n�e�a�r� �p�r�i�c�e� �s�t�r�u�c�t�u�r�e� 

�i�m�p�o�s�e�d� �o�n� �b�u�y�e�r�s� �o�r� �s�e�l�l�e�r�s�.� �T�h�e�r�e�f�o�r�e� �i�f� �t�h�e� �h�e�d�o�n�i�c� �p�r�i�c�e� �f�u�n�c�t�i�o�n� �P�(�x�)� �i�s� �n�o�n�l�i�n�e�a�r� �i�n� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�,� �t�h�e� �s�e�c�o�n�d� �s�t�a�g�e� �o�f� �R�o�s�e�n ��s� �c�l�a�s�s�i�c�a�l� �m�o�d�e�l� �(�w�i�t�h� �m�i�c�r�o� �d�a�t�a�)� �c�a�n� �b�e� �r�e�-� 

�d�u�c�e�d� �t�o� �a� �s�i�n�g�l�e� �d�e�m�a�n�d� �e�q�u�a�t�i�o�n� �(�8�)�.� �H�o�w�e�v�e�r�,� �t�h�e� �p�r�o�b�l�e�m� �o�f� �{�s�i�m�u�l�t�a�n�e�i�t�y� �j�o�f� �p�r�i�c�e�s� 

�a�n�d� �q�u�a�n�t�i�t�i�e�s� �w�i�l�l� �n�o�t� �d�i�s�a�p�p�e�a�r� �a�n�d� �t�h�e� �O�L�S� �e�s�t�i�m�a�t�e�s� �o�f� �(�8�)� �w�i�l�l� �b�e� �b�i�a�s�e�d� �a�n�d� �i�n�-� 

�c�o�n�s�i�s�t�e�n�t�.�¥� 

�A�n�o�t�h�e�r� �i�s�s�u�e� �w�h�i�c�h� �h�a�s� �t�o� �b�e� �a�d�d�r�e�s�s�e�d� �h�e�r�e� �i�s� �t�h�a�t� �t�h�e� �h�e�d�o�n�i�c� �p�r�i�c�e�s� �o�f� �a�t�t�r�i�b�u�t�e�s� 

�c�a�n�n�o�t� �b�e� �o�b�s�e�r�v�e�d� �i�n� �r�e�a�l� �l�i�f�e�.� �I�n�s�t�e�a�d�,� �t�h�e�s�e� �d�a�t�a� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �a�s� �p�a�r�t�i�a�l� �d�e�r�i�v�a�t�i�v�e�s� 

�o�f� �t�h�e� �h�e�d�o�n�i�c� �p�r�i�c�e� �f�u�n�c�t�i�o�n� �a�t� �e�a�c�h� �l�e�v�e�l� �o�f� �x�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �t�h�e� �m�a�r�g�i�n�a�l� �p�r�i�c�e�s� 
�A� �A� 

�P�,� �=� �0�P�(�x�)�/�0�x�;� �m�a�y� �n�o�t� �p�l�a�y� �t�h�e� �s�a�m�e� �r�o�l�e� �i�n� �t�h�e� �s�e�c�o�n�d� �s�t�a�g�e� �e�s�t�i�m�a�t�i�o�n� �p�r�o�c�e�s�s� �a�s� �t�r�u�e� 

�2�3� �T�h�i�s� �p�r�o�b�l�e�m� �i�s� �a�d�d�r�e�s�s�e�d� �i�n� �m�o�r�e� �d�e�t�a�i�l� �i�n� �s�e�c�t�i�o�n� �A�.�3�.� �o�f� �t�h�i�s� �c�h�a�p�t�e�r�.� 

�2�9� 

� 



�o�b�s�e�r�v�a�t�i�o�n�s� �w�o�u�l�d� �b�e�c�a�u�s�e� �b�e�i�n�g� �t�h�e� �f�u�n�c�t�i�o�n� �o�f� �P�(�x�)� �t�h�e�y� �d�o� �n�o�t� �r�e�p�r�e�s�e�n�t� �i�n�d�e�p�e�n�d�-� 

�e�n�t� �v�a�r�i�a�t�i�o�n� �i�n� �t�h�e� �d�a�t�a�.� �A�s� �a� �r�e�s�u�l�t�,� �t�h�e� �s�e�t� �o�f� �o�b�s�e�r�v�a�t�i�o�n�s� �o�n� �t�h�e� �a�t�t�r�i�b�u�t�e�s� �u�s�e�d� �i�n� 

�t�h�e� �s�e�c�o�n�d� �s�t�a�g�e� �d�o�e�s� �n�o�t� �p�r�o�v�i�d�e� �a�n�y� �a�d�d�i�t�i�o�n�a�l� �i�n�f�o�r�m�a�t�i�o�n� �b�e�y�o�n�d� �w�h�a�t� �h�a�s� �a�l�r�e�a�d�y� 

�b�e�e�n� �u�s�e�d� �i�n� �t�h�e� �f�i�r�s�t� �s�t�a�g�e�. �� �I�n� �o�t�h�e�r� �w�o�r�d�s�,� �i�f� �t�h�e� �o�b�s�e�r�v�a�t�i�o�n�s� �o�n� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �w�e�r�e� 

�d�r�a�w�n� �f�r�o�m� �t�h�e� �s�a�m�e� �d�a�t�a� �b�a�s�e� �i�n� �b�o�t�h� �s�t�a�g�e�s�,� �t�h�e� �o�n�l�y� �s�o�u�r�c�e� �o�f� �v�a�r�i�a�t�i�o�n� �w�h�i�c�h� �w�o�u�l�d� 

�m�a�k�e� �t�h�e� �s�e�c�o�n�d� �s�t�a�g�e� �o�f� �e�s�t�i�m�a�t�i�o�n� �m�e�a�n�i�n�g�f�u�l� �c�o�m�e�s� �f�r�o�m� �n�o�n�l�i�n�e�a�r�i�t�y� �o�f� �t�h�e� �f�u�n�c�-� 

�t�i�o�n�a�l� �f�o�r�m�.�*� 

�A�t� �t�h�i�s� �p�o�i�n�t� �a� �q�u�e�s�t�i�o�n� �c�a�n� �b�e� �a�s�k�e�d� �w�h�e�t�h�e�r� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� �e�s�t�i�m�a�t�e� �c�o�n�s�u�m�e�r� 

�d�e�m�a�n�d� �f�o�r� �a�t�t�r�i�b�u�t�e�s� �f�r�o�m� �a� �s�i�n�g�l�e� �m�a�r�k�e�t� �d�a�t�a�.� �I�n�s�p�e�c�t�i�o�n� �o�f� �F�i�g�u�r�e� �|� �i�n�d�i�c�a�t�e�s� �t�h�a�t� 

�i�f� �c�o�n�s�u�m�e�r�s� �a�r�e� �p�r�i�c�e�-�t�a�k�e�r�s� �t�h�e� �p�r�i�c�e� �o�f� �a� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �i�s� �d�e�t�e�r�m�i�n�e�d� �s�i�m�u�l�t�a�n�e�o�u�s�l�y� 

�w�i�t�h� �q�u�a�n�t�i�t�y� �o�f� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �c�o�n�s�u�m�e�d�.� �A�l�s�o�,� �s�i�n�c�e� �e�a�c�h� �c�o�n�s�u�m�e�r� �b�u�y�s� �a� �u�n�i�q�u�e� 
� � 

�b�u�n�d�l�e� �o�f� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�,� �a�n�y� �m�o�v�e�m�e�n�t� �a�l�o�n�g� �t�h�e� �h�e�d�o�n�i�c� �p�r�i�c�e� �f�u�n�c�t�i�o�n� �m�e�a�n�s� �s�h�i�f�t�i�n�g� 
�i� �E�E� �k�e� �A� �e�t�e�r� �e�n� 

�h�o�u�s�e�h�o�l�d�s� �t�o� �n�e�w� �p�r�o�d�u�c�e�r�s�,� �T�h�i�s� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �m�o�v�e�m�e�n�t� �f�r�o�m� �p�o�i�n�t� �4� �t�o� �p�o�i�n�t� �B� 
�w�e� �e�e� 

� � � � 
� � � � 

� � 

�o�n� �t�h�e� �u�p�p�e�r� �p�a�n�e�l�,� �w�h�e�r�e� �a� �c�h�a�n�g�e� �i�n� �b�i�d� �f�u�n�c�t�i�o�n� �6� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �a� �d�i�f�f�e�r�e�n�t� �p�r�o�d�u�c�e�r� 

�s�u�p�p�l�y� �f�u�n�c�t�i�o�n� �@�.� �A�s� �a� �r�e�s�u�l�t�,� �t�h�e� �s�h�i�f�t� �i�n� �t�h�e� �c�o�n�s�u�m�e�r� �d�e�m�a�n�d� �f�u�n�c�t�i�o�n� �6�!� �t�o� �i�t�s� �n�e�w� 
�a�n� �E�O�I�N� �a�a�a� �o�u�t� �.� �.� �£� �s�s� �e�e�e� 

�p�o�s�i�t�i�o�n� �6�2� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �a� �m�a�t�c�h�i�n�g� �s�h�i�f�t� �i�n� �t�h�e� �o�f�f�e�r� �c�u�r�v�e�,� �t�h�a�t� �i�s�,� �e�a�c�h� �s�i�n�g�l�e� �c�o�n�-� 
�.� �o�e� �a�n�t�e�m�t�e�n�m�n�d� �+� �e�e�e� �g�e�e� �A�R�E�T�E� �A�E�R�I�S� �i� �A� �B�E�E� �e�e� �a�y� �R�P� �L�T� �A�M� �Y�S� �A�M� �P�A�D�D� �I� �f�o�r�c�e� �C�a�r�t�y� �O�R�E� �c�r�e�s�t� �a�e� �A�e� �1�D� �M�R� �O�i� �o�e� �o�g�e�e� �e�t� �M�E� 

�s�u�m�e�r� �w�i�l�l� �b�e� �a�s�s�i�g�n�e�d� �t�o� �a� �d�i�f�f�e�r�e�n�t� �p�r�o�d�u�c�e�r�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �i�f� �o�b�s�e�r�v�a�t�i�o�n�s� �c�o�m�e� �f�r�o�m� 
�a� �s�i�n�g�l�e� �m�a�r�k�e�t�,� �n�e�i�t�h�e�r� �d�e�m�a�n�d� �n�o�r� �s�u�p�p�l�y� �c�a�n� �b�e� �i�d�e�n�t�i�f�i�e�d�.� �I�n�s�t�e�a�d�,� �t�h�e� �s�e�c�o�n�d� �s�t�a�g�e� 

�o�f� �R�o�s�e�n ��s� �h�e�d�o�n�i�c� �p�r�o�c�e�d�u�r�e� �i�d�e�n�t�i�f�i�e�s� �t�h�e� �l�o�c�u�s� �o�f� �p�o�i�n�t�s�,� �P�;�,� �w�h�i�c�h� �c�a�n� �b�e� �t�r�e�a�t�e�d� �a�s� 

�u�n�c�o�m�p�e�n�s�a�t�e�d� �d�e�m�a�n�d� �f�o�r� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �s�h�a�r�e�d� �b�y� �a�l�l� �c�o�n�s�u�m�e�r�s� �i�n� �t�h�e� �m�a�r�k�e�t�.� �T�h�e� 

�s�a�m�e� �c�o�n�c�l�u�s�i�o�n� �c�a�n� �b�e� �r�e�a�c�h�e�d� �a�n�a�l�y�t�i�c�a�l�l�y� �a�f�t�e�r� �e�x�a�m�i�n�i�n�g� �t�h�e� �o�r�d�e�r� �a�n�d� �r�a�n�k� �c�o�n�d�i�-� 

�t�i�o�n�s� �f�o�r� �m�o�d�e�l� �i�d�e�n�t�i�f�i�c�a�t�i�o�n�.� �D�i�a�m�o�n�d� �a�n�d� �S�m�i�t�h� �(�1�9�8�5�)� �s�h�o�w� �t�h�a�t� �t�h�e� �s�y�s�t�e�m� �o�f� �l�i�n�e�a�r� 

�2�%� �F�o�r� �m�o�r�e� �d�i�s�c�u�s�s�i�o�n� �o�f� �t�h�i�s� �p�r�o�b�l�e�m�,� �s�e�e� �B�r�o�w�n� �a�n�d� �R�o�s�e�n� �(�1�9�8�2�)�.� 

�%� �I�f� �t�h�e� �h�e�d�o�n�i�c� �p�r�i�c�e� �f�u�n�c�t�i�o�n� �P�(�x�)� �i�s� �n�o�n�l�i�n�e�a�r� �t�h�e�n� �i�t�s� �f�i�r�s�t� �d�e�r�i�v�a�t�i�v�e� �c�h�a�n�g�e�s� �a�s� �w�e� �m�o�v�e� �a�l�o�n�g� �t�h�e� �c�u�r�v�e�.� 

�T�h�i�s� �i�m�p�l�i�e�s� �t�h�a�t� �c�o�n�s�u�m�e�r�s� �c�h�a�n�g�e� �t�h�e�i�r� �v�a�l�u�a�t�i�o�n� �o�f� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �a�s� �d�i�f�f�e�r�e�n�t� �q�u�a�n�t�i�t�e�s� �o�f� �c�h�a�r�a�c�t�e�r�-� 

�i�s�t�i�c�s� �a�r�e� �c�o�n�s�u�m�e�d�.� 

�3�0



�e�q�u�a�t�i�o�n�s� �(�8�)� �a�n�d� �(�9�)� �i�s� �n�o�t� �i�d�e�n�t�i�f�i�e�d�.� �T�h�i�s� �c�o�m�e�s� �f�r�o�m� �t�h�e� �f�a�c�t� �t�h�a�t� �d�e�m�a�n�d� �e�q�u�a�t�i�o�n� 

�(�8�)� �i�s� �n�e�v�e�r� �i�d�e�n�t�i�f�i�e�d� �a�n�d� �t�h�e� �i�n�c�l�u�s�i�o�n� �o�f� �a�d�d�i�t�i�o�n�a�l� �i�n�f�o�r�m�a�t�i�o�n� �t�o� �t�h�e� �m�o�d�e�l� �(�s�u�c�h� �a�s� 

�d�e�m�a�n�d� �a�n�d� �s�u�p�p�l�y� �s�h�i�f�t� �p�a�r�a�m�e�t�e�r�s� �«� �a�n�d� �£�)� �t�s� �n�o�t� �s�u�f�f�i�c�i�e�n�t� �t�o� �o�b�t�a�i�n� �i�d�e�n�t�i�f�i�c�a�t�i�o�n�.� 

�A�l�t�h�o�u�g�h� �c�o�m�m�o�n� �o�r�d�e�r� �a�n�d� �r�a�n�k� �c�o�n�d�i�t�i�o�n�s� �f�o�r� �m�o�d�e�l� �i�d�e�n�t�i�f�i�c�a�t�i�o�n� �d�o� �n�o�t� �g�e�n�e�r�a�l�l�y� 

�a�p�p�l�y� �t�o� �n�o�n�l�i�n�e�a�r� �e�q�u�a�t�i�o�n�s�,� �t�h�e� �a�r�g�u�m�e�n�t�s� �m�a�d�e� �b�y� �D�i�a�m�o�n�d� �a�n�d� �S�m�i�t�h� �c�a�n� �b�e� �e�x�-� 

�t�e�n�d�e�d� �t�o� �a� �m�o�r�e� �g�e�n�e�r�a�l� �f�u�n�c�t�i�o�n�a�l� �s�p�e�c�i�f�i�c�a�t�i�o�n�.� �A�c�c�o�r�d�i�n�g� �t�o� �t�h�e�m�,� �b�e�c�a�u�s�e� �o�f� �t�h�e� 

�s�i�m�u�l�t�a�n�e�i�t�y� �o�f� �c�o�n�s�u�m�e�r� �a�n�d� �p�r�o�d�u�c�e�r� �d�e�c�i�s�i�o�n�s�,� �t�h�e�r�e� �i�s� �n�o� �i�n�d�e�p�e�n�d�e�n�t� �v�a�r�i�a�t�i�o�n� �i�n� 

�t�h�e� �d�e�m�a�n�d� �a�n�d� �s�u�p�p�l�y� �e�q�u�a�t�i�o�n�s�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �t�h�e� �c�o�s�t� �s�h�i�f�t�e�r� �6� �d�o�e�s� �n�o�t� �p�r�o�v�i�d�e� 

�e�x�t�r�a� �i�n�f�o�r�m�a�t�i�o�n� �t�o� �t�h�e� �m�o�d�e�l� �b�e�y�o�n�d� �w�h�a�t� �i�s� �s�u�p�p�l�i�e�d� �b�y� �t�h�e� �v�e�c�t�o�r� �h�o�u�s�e�h�o�l�d� �c�h�a�r�-� 

�a�c�t�e�r�i�s�t�i�c�s� �«� �(�F�i�g�u�r�e� �1�)�,� �A�s� �a� �r�e�s�u�l�t�,� �t�h�e� �e�n�t�i�r�e� �s�u�p�p�l�y� �s�i�d�e� �o�f� �t�h�e� �m�o�d�e�l� �c�a�n� �b�e� �e�x�c�l�u�d�e�d� 
� � � � � � 

� � � � 

�f�r�o�m� �t�h�e� �s�e�c�o�n�d� �s�t�a�g�e� �o�f� �e�s�t�i�m�a�t�i�o�n�.�  ��D�i�a�m�o�n�d� �a�n�d� �S�m�i�t�h� �s�u�g�g�e�s�t� �t�h�a�t� �f�o�r� �t�h�e� �s�y�s�t�e�m� �o�f� 
 ��,� 
� � 

�e�q�u�a�t�i�o�n�s� �(�8�)� �a�n�d� �(�9�)� �t�o� �b�e� �i�d�e�n�t�i�f�i�e�d�,� �e�i�t�h�e�r� �o�b�s�e�r�v�a�t�i�o�n�s� �f�r�o�m� �d�i�f�f�e�r�e�n�t� �m�a�r�k�e�t�s� �s�h�o�u�l�d� 

�b�e� �u�s�e�d� �i�n� �t�h�e� �s�e�c�o�n�d� �s�t�a�g�e�,� �o�r� �s�p�e�c�i�f�i�c� �a�s�s�u�m�p�t�i�o�n�s� �a�b�o�u�t� �t�h�e� �c�o�n�s�u�m�e�r� �u�t�i�l�i�t�y� �f�u�n�c�t�i�o�n� 

�h�a�v�e� �t�o� �b�e� �m�a�d�e�. �� 

�A�.�2�.� �S�i�m�u�l�t�a�n�e�i�t�y� �o�f� �P�r�i�c�e�s� �a�n�d� �Q�u�a�n�t�i�t�i�e�s� �i�n� �I�m�p�l�i�c�i�t� �M�a�r�k�e�t�s� 

�T�h�e� �p�r�o�b�l�e�m� �o�f� �s�i�m�u�l�t�a�n�e�i�t�y� �i�n� �e�c�o�n�o�m�e�t�r�i�c�s� �e�x�i�s�t�s� �i�f� �e�r�r�o�r� �t�e�r�m�s� �i�n� �d�e�m�a�n�d�-�s�u�p�p�l�y� 

�s�y�s�t�e�m�s� �a�r�e� �c�o�r�r�e�l�a�t�e�d� �w�i�t�h� �r�i�g�h�t�-�h�a�n�d� �s�i�d�e� �v�a�r�i�a�b�l�e�s� �i�n� �e�i�t�h�e�r� �e�q�u�a�t�i�o�n�.� �T�h�i�s� �m�a�y� �s�t�e�m� 

�f�r�o�m� �t�h�e� �f�a�c�t� �t�h�a�t� �p�r�i�c�e� �a�n�d� �q�u�a�n�t�i�t�y� �a�r�e� �s�i�m�u�l�t�a�n�e�o�u�s�l�y� �d�e�t�e�r�m�i�n�e�d�.� �A�n� �e�x�a�m�p�l�e� �o�f� 

�s�i�m�u�l�t�a�n�e�i�t�y� �(�i�n� �t�h�e� �e�c�o�n�o�m�e�t�r�i�c� �s�e�n�s�e�)� �o�f� �a� �d�e�m�a�n�d� �a�n�d� �s�u�p�p�l�y� �s�y�s�t�e�m� �i�s� �s�h�o�w�n� �b�e�l�o�w� 

�(�1�1�)� �O�7�4� �=�a�,� �+�a�,�P�+�0�3�Y� �+�e�,� 

�(�1�2�)� �Q �� �=� �B�,� �+� �B�P� �+� �4�,� 

�(�1�3�)� �9�7� �=�9�"�.� 

�2�6� �M�o�r�e� �d�i�s�c�u�s�s�i�o�n� �o�n� �t�h�i�s� �t�o�p�i�c� �w�i�l�l� �b�e� �c�o�n�t�i�n�u�e�d� �i�n� �t�h�e� �n�e�x�t� �s�e�c�t�i�o�n� �o�f� �t�h�i�s� �c�h�a�p�t�e�r�.� 

�3�1



�I�n� �t�h�i�s� �s�i�m�p�l�e� �m�o�d�e�l� �b�o�t�h� �e�q�u�i�l�i�b�r�i�u�m� �p�r�i�c�e� �a�n�d� �q�u�a�n�t�i�t�y� �a�r�e� �s�i�m�u�l�t�a�n�e�o�u�s�l�y� �d�e�t�e�r�m�i�n�e�d� 

�b�y� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �o�f� �p�r�o�d�u�c�e�r�s� �a�n�d� �c�o�n�s�u�m�e�r�s� �i�n� �t�h�e� �m�a�r�k�e�t�.� �I�n� �t�h�e� �a�u�t�o�m�o�b�i�l�e� �m�a�r�k�e�t� 

�t�h�i�s� �t�y�p�e� �o�f� �s�i�m�u�l�t�a�n�e�i�t�y� �i�s� �n�o�t� �l�i�k�e�l�y� �t�o� �a�p�p�e�a�r� �i�f� �m�i�c�r�o�-�l�e�v�e�l� �d�a�t�a� �a�r�e� �u�s�e�d� �b�e�c�a�u�s�e� �1�n�-� 

�d�i�v�i�d�u�a�l� �c�o�n�s�u�m�e�r�s� �a�r�e� �p�r�i�c�e�-�t�a�k�e�r�s�,� �e�s�p�e�c�i�a�l�l�y� �i�n� �t�h�e� �m�a�r�k�e�t� �o�f� �t�h�e� �u�s�e�d� �c�a�r�s�.� �T�h�i�s� �i�s� 

�g�e�n�e�r�a�l�l�y� �n�o�t� �t�r�u�e� �f�o�r� �m�a�c�r�o� �d�a�t�a� �w�h�e�r�e� �p�r�i�c�e�s� �w�h�i�c�h� �c�l�e�a�r� �t�h�e� �m�a�r�k�e�t� �r�e�p�r�e�s�e�n�t� �t�h�e� �s�u�m� 

�o�f� �i�n�d�i�v�i�d�u�a�l� �d�e�m�a�n�d�s�;� �t�h�e� �s�i�m�u�l�t�a�n�e�o�u�s� �e�q�u�a�t�i�o�n� �p�r�o�c�e�d�u�r�e� �w�h�i�c�h� �a�p�p�l�i�e�s� �t�o� �m�a�r�k�e�t�a�b�l�e� 

�g�o�o�d�s� �i�s� �t�h�e�r�e�f�o�r�e� �j�u�s�t�i�f�i�e�d�.� 

�T�h�e� �p�r�o�b�l�e�m� �o�f� �s�i�m�u�l�t�a�n�e�i�t�y� �i�n� �h�e�d�o�n�i�c� �p�r�i�c�e� �m�o�d�e�l�s� �r�e�s�u�l�t�s� �f�r�o�m� �d�i�f�f�e�r�e�n�t� �s�o�u�r�c�e�:� 

�n�o�n�l�i�n�e�a�r�i�t�y� �o�f� �t�h�e� �h�e�d�o�n�i�c� �p�r�i�c�e� �f�u�n�c�t�i�o�n�.� �N�o�n�l�i�n�e�a�r�i�t�y� �i�m�p�l�i�e�s� �t�h�a�t� �m�a�r�g�i�n�a�l� �p�r�i�c�e�s� 

�f�a�c�e�d� �b�y� �h�o�u�s�e�h�o�l�d�s� �a�n�d� �p�r�o�d�u�c�e�r�s� �d�e�p�e�n�d�.�o�n� �t�h�e� �c�h�o�i�c�e� �o�f� �w�h�i�c�h� �c�o�n�s�u�m�p�t�i�o�n� �b�u�n�d�l�e� �A�e�o�n� �a�t�e� �e�a�e� �b�e� 

� � 

�t�o� �c�o�n�s�u�m�e� �o�r� �p�r�o�d�u�c�e�.� �T�h�i�s� �v�a�r�i�a�t�i�o�n� �i�n� �p�r�i�c�e�s� �d�e�t�e�r�m�i�n�e�s� �t�h�e� �p�o�s�i�t�i�o�n� �o�f� �b�i�d� �a�n�d� �o�f�f�e�r� 

�f�u�n�c�t�i�o�n�s� �w�h�i�c�h� �t�r�a�c�e� �t�h�e� �e�q�u�i�l�i�b�r�i�a� �i�n� �i�m�p�l�i�c�i�t� �m�a�r�k�e�t�s� �a�n�d� �a�f�f�e�c�t�s� �t�h�e� �p�r�o�c�e�s�s� �o�f� �i�d�e�n�-� 

�t�i�f�i�c�a�t�i�o�n� �o�f� �d�e�m�a�n�d� �a�n�d� �s�u�p�p�l�y� �f�u�n�c�t�i�o�n�s� �a�s� �i�n�d�i�c�a�t�e�d� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �s�e�c�t�i�o�n�.� �T�h�e� 

�s�i�m�u�l�t�a�n�e�i�t�y� �o�f� �t�h�i�s� �t�y�p�e� �c�o�u�l�d� �b�e� �d�e�s�c�r�i�b�e�d� �b�y� �t�h�e� �f�o�l�l�o�w�i�n�g� �h�e�d�o�n�i�c� �p�r�i�c�e� �m�o�d�e�l�:� 

�(�1�4�)� �S�t�a�g�e� �I�:� �I�n�P� �=�a� �+� �a� �I�n�x�,� �+� �a�2� �I�n�x�2� �+�-�-�+� �o�a�,� �l�I�n�x�y�+�6�,� 
�A� �A� �A� �A� 

�(�1�5�)� �S�t�a�g�e� �I�T�.� �x�X�j�=� �y�j� �P�B� �+� �P�i�2�b�2� �t�o�t� �P�i�i�b� �i�i� �t�o�t� �P�i�x�B�i�x� �+� �O�y� �+� �M�i�,� 

�w�h�e�r�e� �B�,� �=� �a�P� �l�a�x�,� �=� �(�4�,�/�x�,�)�P� �a�n�d� �y� �i�s� �c�o�n�s�u�m�e�r� �i�n�c�o�m�e�.� �E�q�u�a�t�i�o�n� �(�1�4�)� �r�e�p�r�e�s�e�n�t�s� �a� �n�o�n�-� 

�l�i�n�e�a�r� �h�e�d�o�n�i�c� �p�r�i�c�e� �f�u�n�c�t�i�o�n�,� �w�h�e�r�e�a�s� �e�q�u�a�t�i�o�n� �(�1�5�)� �i�s� �a�n� �e�x�a�m�p�l�e� �o�f� �a� �d�e�m�a�n�d� �f�u�n�c�t�i�o�n� 

�w�h�i�c�h� �1�s� �e�s�t�i�m�a�t�e�d� �i�n� �t�h�e� �s�e�c�o�n�d� �s�t�a�g�e�;� �a� �l�i�n�e�a�r� �f�o�r�m� �o�f� �(�1�5�)� �i�s� �u�s�e�d� �h�e�r�e� �f�o�r� �t�h�e� �s�a�k�e� �o�f� 

�s�i�m�p�l�i�c�i�t�y�.� 

�S�i�n�c�e� �t�h�e� �m�a�r�g�i�n�a�l� �p�r�i�c�e� �o�f� �a� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�,� �B�,� �i�s� �t�h�e� �f�u�n�c�t�i�o�n� �o�f� �q�u�a�n�t�i�t�y� �o�f� �c�h�a�r�-� 

�a�c�t�e�r�i�s�t�i�c�s� �c�o�n�s�u�m�e�d� �i�n� �s�t�a�g�e� �o�n�e�,� �a�n�d� �t�h�e� �q�u�a�n�t�i�t�y� �c�o�n�s�u�m�e�d� �x�,� �i�s� �t�h�e� �f�u�n�c�t�i�o�n� �o�f� �m�a�r�-� 

�g�i�n�a�l� �p�r�i�c�e�s�,� �t�h�e�r�e� �i�s� �s�i�m�u�l�t�a�n�e�i�t�y� �b�e�t�w�e�e�n� �h�e�d�o�n�i�c� �p�r�i�c�e�s� �a�n�d� �q�u�a�n�t�i�t�i�e�s� �e�v�e�n� �i�f� �t�h�e� 

�s�u�p�p�l�y� �s�i�d�e� �o�f� �t�h�e� �m�a�r�k�e�t� �i�s� �d�r�o�p�p�e�d� �f�r�o�m� �t�h�e� �m�o�d�e�l� �(�F�i�g�u�r�e� �4�)�.� �A�s� �a� �r�e�s�u�l�t� �o�f� �t�h�i�s� �t�y�p�e� 

�o�f� �s�i�m�u�l�t�a�n�e�i�t�y�,� �t�h�e�r�e� �i�s� �n�o� �i�n�d�e�p�e�n�d�e�n�t� �v�a�r�i�a�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� �p�r�i�c�e�s� �a�n�d� �q�u�a�n�t�i�t�i�e�s� �i�n� 

�t�h�e� �m�o�d�e�l�,� �w�h�i�c�h� �m�a�k�e�s� �i�t� �i�m�p�o�s�s�i�b�l�e� �t�o� �i�d�e�n�t�i�f�y� �c�o�n�s�u�m�e�r� �d�e�m�a�n�d� �f�o�r� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� 

�3�2



�f�r�o�m� �t�h�e� �s�i�n�g�l�e� �m�a�r�k�e�t� �d�a�t�a� �(�s�e�e� �t�h�e� �p�r�e�v�i�o�u�s� �s�e�c�t�i�o�n�)�.� �T�h�e�r�e�f�o�r�e�,� �l�i�n�e� �a�  �� �5� �i�n� �F�i�g�u�r�e� 

�4�,� �w�h�i�c�h� �c�a�n� �b�e� �e�s�t�i�m�a�t�e�d� �u�s�i�n�g� �t�h�e� �t�w�o�-�s�t�a�g�e� �p�r�o�c�e�d�u�r�e� �i�s� �a� �b�i�a�s�e�d� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� 

�c�o�n�s�u�m�e�r� �d�e�m�a�n�d� �f�o�r� �p�r�o�d�u�c�t� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �6�,� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �a�  �� �c�.� �C�o�n�s�u�m�e�r� �d�e�-� 

�m�a�n�d� �f�o�r� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �6�,� �c�o�u�l�d� �b�e� �d�e�r�i�v�e�d� �f�r�o�m� �t�h�e� �c�o�n�s�u�m�e�r� �b�i�d� �f�u�n�c�t�i�o�n� �@� �w�h�i�c�h� 

�c�a�n�n�o�t� �b�e� �e�s�t�i�m�a�t�e�d� �f�r�o�m� �t�h�e� �d�a�t�a�.� �T�h�e� �o�n�l�y� �p�o�i�n�t�s� �w�h�i�c�h� �a�r�e� �o�b�s�e�r�v�a�b�l�e� �a�r�e� �t�h�e� �p�o�i�n�t�s� 

�o�f� �t�a�n�g�e�n�c�y� �a�l�o�n�g� �t�h�e� �p�r�i�c�e� �s�t�r�u�c�t�u�r�e� �P�(�x�)� �s�u�c�h� �a�s� �A� �a�n�d� �B�,� �w�h�i�c�h� �c�o�r�r�e�s�p�o�n�d� �t�o� �p�a�r�-� 

�t�i�c�u�l�a�r� �q�u�a�n�t�i�t�i�e�s� �o�f� �x�,� �c�o�n�s�u�m�e�d� �b�y� �t�h�e� �h�o�u�s�e�h�o�l�d�s�.� �T�h�e�s�e� �t�a�n�g�e�n�c�y� �p�o�i�n�t�s� �r�e�p�r�e�s�e�n�t� 

�v�a�r�i�o�u�s� �i�n�d�i�v�i�d�u�a�l�s� �o�r� �h�o�u�s�e�h�o�l�d�s� �w�i�t�h� �d�i�f�f�e�r�e�n�t� �p�r�e�f�e�r�e�n�c�e�s� �a�n�d� �h�e�n�c�e� �d�i�f�f�e�r�e�n�t� �v�a�l�u�-� 

�a�t�i�o�n� �o�f� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.� �S�i�n�c�e� �c�o�n�s�u�m�e�r� �b�i�d� �f�u�n�c�t�i�o�n�s� �a�r�e� �u�n�k�n�o�w�n�,� �i�t� �i�s� �n�o�t� �p�o�s�s�i�b�l�e� �t�o� 

�d�e�t�e�r�m�i�n�e� �c�o�n�s�u�m�e�r� �w�i�l�l�i�n�g�n�e�s�s� �t�o� �p�a�y� �f�o�r� �a�n�y� �q�u�a�n�t�i�t�y� �o�f� �x�,� �w�h�i�c�h� �d�o�e�s� �n�o�t� �b�e�l�o�n�g� �t�o� 

�t�h�e� �p�r�i�c�e� �s�t�r�u�c�t�u�r�e� �P�(�x�)� �s�u�c�h� �a�s� �p�o�i�n�t� �c�.� �I�f� �h�e�d�o�n�i�c� �p�r�i�c�e�s� �P�,� �w�e�r�e� �e�x�o�g�e�n�o�u�s� �-� �n�o� �m�a�t�t�e�r� 

�h�o�w� �m�u�c�h� �o�f� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �i� �e�a�c�h� �i�n�d�i�v�i�d�u�a�l� �c�o�n�s�u�m�e�d�,� �a�n�d� �i�f� �a�l�l� �i�n�d�i�v�i�d�u�a�l�s� �w�e�r�e� �e�x�a�c�t�l�y� 

�t�h�e� �s�a�m�e� �-� �t�h�e� �s�e�c�o�n�d� �s�t�a�g�e� �r�e�g�r�e�s�s�i�o�n� �w�o�u�l�d� �e�s�t�i�m�a�t�e� �t�h�e�  ��t�r�u�e �� �d�e�m�a�n�d� �l�i�n�e� �a�  �� �c�. � �� 

�T�h�e� �a�s�s�u�m�p�t�i�o�n� �o�f� �e�x�o�g�e�n�o�u�s� �p�r�i�c�e� �s�t�r�u�c�t�u�r�e� �f�o�r� �t�h�e� �m�i�c�r�o� �d�a�t�a� �i�s� �u�n�j�u�s�t�i�f�i�e�d� �b�e�c�a�u�s�e� 

�P�,� �c�h�a�n�g�e�s� �w�i�t�h� �t�h�e� �l�e�v�e�l� �o�f� �x�,� �t�h�e� �b�u�y�e�r�s� �c�h�o�o�s�e� �t�o� �c�o�n�s�u�m�e�. �� �A�s� �c�o�m�p�a�r�e�d� �t�o� �t�h�e� �o�r�i�-� 

�g�i�n�a�l� �d�e�m�a�n�d� �c�u�r�v�e�,� �t�h�e� �e�s�t�i�m�a�t�e�d� �d�e�m�a�n�d� �i�s� �f�l�a�t�t�e�r� �w�i�t�h� �u�p�w�a�r�d� �b�i�a�s� �i�f� �c�o�n�s�u�m�e�r�s� �p�u�r�-� 

�c�h�a�s�e� �m�o�r�e� �a�n�d� �d�o�w�n�w�a�r�d� �b�i�a�s� �i�f� �t�h�e�y� �c�o�n�s�u�m�e� �l�e�s�s� �t�h�a�n� �i�n� �e�q�u�i�l�i�b�r�i�u�m�.� �T�o� �o�b�t�a�i�n� �t�h�e� 

�u�n�b�i�a�s�e�d� �e�s�t�i�m�a�t�e�s� �f�o�r� �6�,�,� �o�b�s�e�r�v�a�t�i�o�n�s� �f�r�o�m� �d�i�f�f�e�r�e�n�t� �m�a�r�k�e�t�s� �h�a�v�e� �t�o� �b�e� �u�s�e�d� �t�o�g�e�t�h�e�r� 

�w�i�t�h� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �t�h�a�t� �c�o�n�s�u�m�e�r� �p�r�e�f�e�r�e�n�c�e�s� �a�r�e� �t�h�e� �s�a�m�e� �a�c�r�o�s�s� �t�h�e� �m�a�r�k�e�t�s�. �� 

�2�7� �T�h�i�s� �o�b�s�e�r�v�a�t�i�o�n� �h�a�s� �b�e�e�n� �m�a�d�e� �b�y� �F�o�l�l�a�i�n� �a�n�d� �J�i�m�e�n�e�z� �(�1�9�8�5�)�.� 

�2�8� �I�n� �o�t�h�e�r� �w�o�r�d�s�,� �0�,� �r�e�p�r�e�s�e�n�t�s� �i�n�c�o�m�e� �c�o�m�p�e�n�s�a�t�e�d� �d�e�m�a�n�d� �f�o�r� �x�,� �a�t� �c�o�n�s�t�a�n�t� �u�t�i�l�i�t�y� �i�n�d�e�x� �u� �w�h�i�c�h� �m�i�g�h�t� 

�b�e� �c�a�l�l�e�d�  ��H�i�c�k�s�i�a�n� �d�e�m�a�n�d �� �f�o�r� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�,� �w�h�e�r�e�a�s� �P�,� �e�x�p�r�e�s�s�e�s� �m�a�r�g�i�n�a�l� �c�o�s�t� �o�f� �a�c�q�u�i�r�i�n�g� �c�h�a�r�a�c�-� 

�t�e�r�i�s�t�i�c�s� �w�h�i�c�h� �i�s� �c�o�m�m�o�n� �t�o� �a�l�l� �h�o�u�s�e�h�o�l�d�s�.� 

�2�9� �F�o�r� �m�o�r�e� �d�e�t�a�i�l�e�d� �t�r�e�a�t�m�e�n�t� �o�f� �t�h�e� �p�r�o�b�l�e�m� �o�f� �s�i�m�u�l�t�a�n�e�i�t�y� �i�n� �i�m�p�l�i�c�i�t� �m�a�r�k�e�t�s� �a�n�d� �r�e�l�a�t�e�d� �t�o�p�i�c�s�,� �s�e�e� �a�n� 

�e�x�c�e�l�l�e�n�t� �s�u�r�v�e�y� �p�a�p�e�r� �b�y� �F�o�l�l�a�i�n� �a�n�d� �J�i�m�e�n�e�z� �(�1�9�8�5�)�.� 
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�P�&� �8� �P�(�x�)� 

� � � � 

� � 

� � 

�o�t� 

�C� 
�A� �\� �9�!� 

�1� �2� �x�X�:� 

�P�u�n�)� �s�O� 
�Q�.� 

�b� 

�N�e� �K�S� � � � � 
� � 

�F�i�g�u�r�e� �4�.� �I�d�e�n�t�i�f�i�c�a�t�i�o�n� �o�f� �M�a�r�k�e�t� �D�e�m�a�n�d�:� �S�i�n�g�l�e� �m�a�r�k�e�t� �d�a�t�a�.� 

�A�l�t�h�o�u�g�h� �t�h�e� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �d�a�t�a� �f�r�o�m� �s�e�v�e�r�a�l� �m�a�r�k�e�t�s� �a�p�p�e�a�r�s� �t�o� �b�e� �a� �n�a�t�u�r�a�l� �a�p�-� 

�p�r�o�a�c�h� �t�o� �i�d�e�n�t�y�f�y�i�n�g� �c�o�n�s�u�m�e�r� �d�e�m�a�n�d� �f�o�r� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�,� �t�h�i�s� �s�o�l�u�t�i�o�n� �i�s� �n�o�t� �f�r�e�e� �o�f� 

�p�r�o�b�l�e�m�s�.� �F�o�r� �e�x�a�m�p�l�e�,� �i�n� �o�r�d�e�r� �t�o� �e�s�t�i�m�a�t�e� �c�o�n�s�u�m�e�r� �w�i�l�l�i�n�g�n�e�s�s� �t�o� �p�a�y� �f�o�r� �c�h�a�r�a�c�t�e�r�-� 

�i�s�t�i�c�s� �i�n� �a�n� �u�n�b�i�a�s�e�d� �w�a�y�,� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �c�o�l�l�e�c�t� �t�h�e� �d�a�t�a� �a�n�d� �e�s�t�i�m�a�t�e� �h�e�d�o�n�i�c� �p�r�i�c�e� 

�f�u�n�c�t�i�o�n� �f�o�r� �s�e�v�e�r�a�l� �m�a�r�k�e�t�s�.� �I�t� �a�l�s�o� �r�e�q�u�i�r�e�s� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �t�h�a�t� �c�o�n�s�u�m�e�r�s� �h�a�v�e� �t�o� 

�d�i�f�f�e�r� �w�i�t�h�i�n� �e�a�c�h� �m�a�r�k�e�t�,� �b�u�t� �t�h�e�y� �h�a�v�e� �t�o� �b�e� �t�h�e� �s�a�m�e� �a�c�r�o�s�s� �m�a�r�k�e�t�s� �(�F�i�g�u�r�e� �5�)�.� 

�A�.�3�.� �S�t�o�c�h�a�s�t�i�c� �R�e�g�r�e�s�s�s�o�r�s� 

�A� �c�l�a�s�s�i�c�a�l� �a�s�s�u�m�p�t�i�o�n� �u�s�e�d� �i�n� �r�e�g�r�e�s�s�i�o�n� �m�o�d�e�l�s� �r�e�q�u�i�r�e�s� �t�h�a�t� �d�e�p�e�n�d�e�n�t� �v�a�r�i�a�b�l�e�s� 

�a�r�e� �n�o�n�s�t�o�c�h�a�s�t�i�c�,� �i�.�e�.�,� �f�i�x�e�d� �i�n� �r�e�p�e�a�t�e�d� �s�a�m�p�l�e�s�.� �T�h�i�s� �i�m�p�l�i�e�s� �t�h�a�t� �t�h�e� �e�l�e�m�e�n�t�s� �o�f� �t�h�e� 

�r�e�g�r�e�s�s�o�r� �o�b�s�e�r�v�a�t�i�o�n� �m�a�t�r�i�x� �X� �a�r�e� �u�n�c�o�r�r�e�l�a�t�e�d� �w�i�t�h� �r�a�n�d�o�m� �e�r�r�o�r� �t�e�r�m�s� �n�,�,� �E�(�x�,�y�;�)� �=� �0�.� 
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�P�(�x�)� 

�o�t�e� 

� � � � � � 

�P�i�)� 
�P�i� 
�p�?� 
�p�i� 

� � 

� � � � � � 

�2�2� 
�t� 
� � � � � � � � � � � � 

�x�?� �T�F� �y�h� �X�e� 
�F�i�g�u�r�e� �5�S�.� �I�d�e�n�t�i�f�i�c�a�t�i�o�n� �o�f� �M�a�r�k�e�t� �D�e�m�a�n�d�:� �M�u�l�t�i�p�l�e� �m�a�r�k�e�t� �d�a�t�a�.� 

�T�h�i�s�,� �h�o�w�e�v�e�r� �i�s� �n�o�t� �g�e�n�e�r�a�l�l�y� �t�h�e� �c�a�s�e� �i�n� �h�e�d�o�n�i�c� �m�o�d�e�l�s� �w�h�i�c�h� �e�s�t�i�m�a�t�e� �c�o�n�s�u�m�e�r� �d�e�-� 

�m�a�n�d� �f�o�r� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.� �I�n� �t�h�e� �c�l�a�s�s�i�c�a�l� �t�w�o�-�s�t�a�g�e� �h�e�d�o�n�i�c� �p�r�o�c�e�d�u�r�e�,� �t�h�e� �p�r�o�b�l�e�m� �o�f� 

�s�t�o�c�h�a�s�t�i�c� �r�e�g�r�e�s�s�o�r�s� �a�p�p�e�a�r�s�,� �p�o�s�s�i�b�l�y� �i�n� �b�o�t�h�,� �b�u�t� �c�e�r�t�a�i�n�l�y� �i�n� �t�h�e� �s�e�c�o�n�d� �s�t�a�g�e� �o�f� �e�s�t�i�-� 

�m�a�t�i�o�n�.� �I�t� �r�e�s�u�l�t�s� �f�r�o�m�:� �a�)� �s�t�o�c�h�a�s�t�i�c� �d�a�t�a� �u�s�e�d� �i�n� �t�h�e� �s�e�c�o�n�d� �s�t�a�g�e�,� �a�n�d� �b�)� �s�i�m�u�l�t�a�n�e�i�t�y� 

�b�e�t�w�e�e�n� �p�r�i�c�e�s� �a�n�d� �q�u�a�n�t�i�t�i�e�s� �o�f� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �c�o�n�s�u�m�e�d�.� 

�S�t�o�c�h�a�s�t�i�c� �d�a�t�a� �a�p�p�e�a�r� �i�n� �t�h�e� �s�e�c�o�n�d� �s�t�a�g�e� �b�e�c�a�u�s�e� �t�h�e� �m�a�r�g�i�n�a�l� �p�r�i�c�e�s� �o�f� �c�h�a�r�a�c�-� 

�t�e�r�i�s�t�i�c�s� �w�h�i�c�h� �s�e�r�v�e� �a�s� �d�e�p�e�n�d�e�n�t� �v�a�r�i�a�b�l�e�s� �i�n� �t�h�e� �s�e�c�o�n�d� �s�t�a�g�e� �o�f� �t�h�e� �c�l�a�s�s�i�c�a�l� �p�r�o�c�e�d�u�r�e� 

�a�r�e� �n�o�t� �d�i�r�e�c�t�l�y� �o�b�s�e�r�v�a�b�l�e� �b�u�t� �i�n�s�t�e�a�d� �c�a�l�c�u�l�a�t�e�d� �u�s�i�n�g� �t�h�e� �e�s�t�i�m�a�t�e�d� �r�e�g�r�e�s�s�i�o�n� �c�o�e�f�f�i�-� 

�c�i�e�n�t�s� �f�r�o�m� �s�t�a�g�e� �1�.� �T�h�e�s�e� �c�a�l�c�u�l�a�t�e�d�  ��d�a�t�a �� �a�r�e� �i�n� �f�a�c�t� �r�a�n�d�o�m� �v�a�r�i�a�b�l�e�s� �w�h�i�c�h� �d�e�p�e�n�d� 

�o�n� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �t�h�e� �e�r�r�o�r� �t�e�r�m� �i�n� �t�h�e� �f�i�r�s�t� �s�t�a�g�e� �o�f� �r�e�g�r�e�s�s�i�o�n�.� �T�o� �s�e�e� �t�h�i�s�,� �l�e�t� �u�s� 
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�c�o�n�s�i�d�e�r� �t�h�e� �f�o�l�l�o�w�i�n�g� �e�x�a�m�p�l�e� �i�n� �w�h�i�c�h� �b�o�t�h� �t�h�e� �h�e�d�o�n�i�c� �p�r�i�c�e� �e�q�u�a�t�i�o�n� �a�n�d� �r�e�s�u�l�t�i�n�g� 

�d�e�m�a�n�d� �f�u�n�c�t�i�o�n� �f�o�r� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �a�r�e� �i�n� �a� �l�i�n�e�a�r� �f�o�r�m�. �� �I�n� �s�t�a�g�e� �1� �t�h�e� �p�r�i�c�e� �o�f� �a� �d�i�f�-� 

�f�e�r�e�n�t�i�a�t�e�d� �c�o�m�m�o�d�i�t�y� �i�s� �r�e�g�r�e�s�s�e�d� �o�n� �a� �s�e�t� �o�f� �i�t�s� �a�t�t�r�i�b�u�t�e�s� 

�(�1�6�)� �P�a�t� �B�i�x�,� �+� �B�o�r�g� �t�i� �t�+� �B�e�y� �t�e�,� 

�w�h�e�r�e� �x�)�,� �.�.�.�,� �x�,� �a�r�e� �q�u�a�n�t�i�t�i�e�s� �o�f� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �a�n�d� �¢� �i�s� �a� �r�a�n�d�o�m� �e�r�r�o�r� �t�e�r�m� �d�i�s�t�r�i�b�u�t�e�d� 

�n�o�r�m�a�l�l�y�,� �e�~�N�(�0�,� �0�2�)�.� �S�u�p�p�o�s�e� �t�h�a�t� �t�h�e� �m�a�t�r�i�x� �o�f� �o�b�s�e�r�v�a�t�i�o�n�s� �o�n� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �X� �i�s� 

�f�i�x�e�d� �(�n�o�n�s�t�o�c�h�a�s�t�i�c�)� �a�n�d� �a�l�l� �o�t�h�e�r� �p�r�o�p�e�r�t�i�e�s� �o�f� �l�i�n�e�a�r� �r�e�g�r�e�s�s�i�o�n� �a�r�e� �a�s�s�u�m�e�d� �t�o� �h�o�l�d�.� 
�.� �.� �A� �A� �.� �.� �A� �A� �A� �.� 

�T�h�e� �r�e�g�r�e�s�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s� �£�,�,�.�.�.�,� �8�,� �e�s�t�i�m�a�t�e�d� �a�t� �t�h�i�s� �s�t�a�g�e�,� �8�,� �=� �P�,� �=� �0�P�/�0�x�,�,� �w�i�l�l� �r�e�p�r�e�-� 

�s�e�n�t� �h�e�d�o�n�i�c� �p�r�i�c�e�s� �o�f� �t�h�e� �a�t�t�r�i�b�u�t�e�s�.� 

�T�o� �d�e�r�i�v�e� �c�o�n�s�u�m�e�r� �d�e�m�a�n�d� �f�o�r� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�,� �o�b�s�e�r�v�e�d� �q�u�a�n�t�i�t�i�e�s� �x�,� �w�h�i�c�h� �s�e�r�v�e�d� 

�a�s� �e�x�o�g�e�n�o�u�s� �v�a�r�i�a�b�l�e�s� �i�n� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �s�t�a�g�e�,� �a�r�e� �r�e�g�r�e�s�s�e�d� �i�n� �s�t�a�g�e� �2� �o�n� �t�h�e� �s�e�t� �o�f� 

�h�e�d�o�n�i�c� �p�r�i�c�e�s� �a�n�d� �s�o�c�i�o�-�e�c�o�n�o�m�i�c� �d�a�t�a� �(�i�.�e�.�,� �a� �v�e�c�t�o�r� �o�f� �h�o�u�s�e�h�o�l�d� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �«�) ��!� 

�A�N� �A� �A� �:� 

�(�1�7�)� �X�=� �V�i� �+� �P�y� �B�y� �+� �P�i�n�k�s� �+� �+� �O�B� �t�+� �O�W� �+� �+� �S�i�m�Y�n� �+� �B�i� 

�w�h�e�r�e� �j�;�,�.�.�.�,�¥�,�,� �a�r�e� �h�o�u�s�e�h�o�l�d� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �w�h�i�c�h� �a�f�f�e�c�t� �c�o�n�s�u�m�e�r� �u�t�i�l�i�t�y� �(�y ��s� �a�r�e� 
�A� �A� 

�d�e�t�e�r�m�i�n�i�s�t�i�c�)�,� �B�,�,� �.�.�.�,� �8�,� �a�r�e� �i�m�p�l�i�c�i�t� �(�n�o�n�-�o�b�s�e�r�v�a�b�l�e�)� �p�r�i�c�e�s� �o�f� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �b�a�s�e�d� �o�n� 

�3�0� �T�h�e� �l�i�n�e�a�r� �h�e�d�o�n�i�c� �p�r�i�c�e� �e�q�u�a�t�i�o�n� �i�s� �u�s�e�d� �h�e�r�e� �f�o�r� �t�h�e� �s�a�k�e� �o�f� �s�i�m�p�l�i�c�i�t�y�;� �i�t� �c�a�n� �e�a�s�i�l�y� �b�e� �g�e�n�e�r�a�l�i�z�e�d� �t�o� 

�a�n�y� �n�o�n�l�i�n�e�a�r� �f�u�n�c�t�i�o�n�a�l� �f�o�r�m�.� �A� �l�i�n�e�a�r� �f�o�r�m� �d�o�e�s� �n�o�t� �p�r�e�c�l�u�d�e� �s�i�m�u�l�t�a�n�e�i�t�y� �o�f� �p�r�i�c�e�s� �a�n�d� �q�u�a�n�t�i�t�i�e�s� �i�n� �t�h�e� 

�s�e�n�s�e� �d�e�s�c�r�i�b�e�d� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �s�e�c�t�i�o�n�.� 

�3�1� �A�s� �o�p�p�o�s�e�d� �t�o� �a�n� �a�d�d�i�t�i�v�e�l�y� �s�e�p�a�r�a�b�l�e� �u�t�i�l�i�t�y� �f�u�n�c�t�i�o�n� �(�s�u�c�h� �a�s� �C�o�b�b�-�D�o�u�g�l�a�s�)� �w�h�e�r�e� �d�e�m�a�n�d� �f�u�n�c�t�i�o�n�s� 

�i�n�c�l�u�d�e� �o�n�l�y� �i�t�s� �o�w�n� �p�r�i�c�e� �e�f�f�e�c�t�,� �i�t� �i�s� �g�e�n�e�r�a�l�l�y� �a�s�s�u�m�e�d� �t�h�a�t� �d�e�m�a�n�d� �f�o�r� �x�;� �i�s� �a� �f�u�n�c�t�i�o�n� �o�f� �P�;� �a�n�d� �a�l�l� �o�t�h�e�r� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �(�c�r�o�s�s�-�p�r�i�c�e� �e�f�f�e�c�t�)�.� �A� �C�E�S� �(�c�o�n�s�t�a�n�t� �e�l�a�s�t�i�c�i�t�y� �o�f� �s�u�b�s�t�i�t�u�t�i�o�n�)� �f�u�n�c�t�i�o�n� �m�i�g�h�t� �b�e� �a� �g�o�o�d� 

�e�x�a�m�p�l�e� �o�f� �a� �u�t�i�l�i�t�y� �f�u�n�c�t�i�o�n� �w�h�e�r�e� �q�u�a�n�t�i�t�i�e�s� �c�o�n�s�u�m�e�d� �d�e�p�e�n�d� �o�n� �c�o�n�s�u�m�e�r� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �s�u�c�h� �a�s� �i�n�-� 

�c�o�m�e�,� �o�w�n� �p�r�i�c�e�,� �a�n�d� �p�r�i�c�e�s� �o�f� �a�l�l� �o�t�h�e�r� �g�o�o�d�s� �c�o�n�t�a�i�n�e�d� �i�n� �a� �c�o�n�s�u�m�p�t�i�o�n� �b�u�n�d�l�e�.� 
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�t�h�e� �f�i�r�s�t�-�s�t�a�g�e� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�e�s� �(� �B�s� �a�r�e� �s�t�o�c�h�a�s�t�i�c�,� �B�,� �~� �N�(�B�;�,� �o�2�(�X�'�X�)�G�)�)� �u�n�d�e�r� �n�o�r�m�a�l� 

�a�s�s�u�m�p�t�i�o�n�s�)�,� �a�n�d� �y�,�;� �i�s� �a� �r�a�n�d�o�m� �e�r�r�o�r�,� �u� �~� �N�(�0�,� �a�2�)�.� 

�I�f� �t�h�e� �B�'�s� �w�e�r�e� �u�n�c�o�r�r�e�l�a�t�e�d� �w�i�t�h� �u� �(�w�h�i�c�h� �i�s� �g�e�n�e�r�a�l�l�y� �n�o�t� �t�r�u�e� �h�e�r�e� �d�u�e� �t�o� 

�s�i�m�u�l�t�a�n�e�i�t�y� �b�e�t�w�e�e�n� �p�r�i�c�e�s� �a�n�d� �q�u�a�n�t�i�t�i�e�s� �d�i�s�c�u�s�s�e�d� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �s�e�c�t�i�o�n�)�,� �t�h�e� �p�r�o�b�-� 

�l�e�m� �o�f� �s�t�o�c�h�a�s�t�i�c� �r�e�g�r�e�s�s�o�r�s� �(�i�.�e�.�,� �w�h�e�r�e� �e�x�p�l�a�n�a�t�o�r�y� �v�a�r�i�a�b�l�e�s� �a�r�e� �g�e�n�e�r�a�t�e�d� �b�y� �s�o�m�e� 

�r�a�n�d�o�m� �p�r�o�c�e�s�s�)� �w�o�u�l�d� �n�o�t� �c�r�e�a�t�e� �a�n�y� �a�d�d�i�t�i�o�n�a�l� �e�s�t�i�m�a�t�i�o�n� �d�i�f�f�i�c�u�l�t�i�e�s�.� �I�n� �t�h�i�s� �c�a�s�e� �t�h�e� 

�O�L�S� �e�s�t�i�m�a�t�o�r�s� �o�f� �t�h�e� �d�e�m�a�n�d� �f�u�n�c�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s�,� �p�,�,� �w�o�u�l�d� �b�e� �c�o�n�s�i�s�t�e�n�t�,� �u�n�b�i�a�s�e�d�,� 

�b�u�t� �n�o�t� �B�L�U�E� �(�G�o�l�d�b�e�r�g�e�r� �(�1�9�6�4�)�)�.� �A�l�l� �t�r�a�d�i�t�i�o�n�a�l� �t�e�s�t�s�,� �h�o�w�e�v�e�r�,� �w�o�u�l�d� �b�e� �a�p�p�l�i�c�a�b�l�e� 

�a�n�d� �a�s�y�m�p�t�o�t�i�c�a�l�l�y� �v�a�l�i�d�. �� 

�T�h�e� �s�i�m�u�l�t�a�n�e�i�t�y� �i�s�s�u�e� �c�r�e�a�t�e�s� �a�d�d�i�t�i�o�n�a�l� �p�r�o�b�l�e�m�s�.� �S�i�n�c�e� �B�'�s� �a�r�e� �f�u�n�c�t�i�o�n�s� �o�f� �e� �a�n�d� 

�x�,� �a�n�d� �i�f� �x�  ��s� �i�n� �t�u�r�n� �a�r�e� �s�t�o�c�h�a�s�t�i�c� �i�n� �t�h�e� �s�e�c�o�n�d� �s�t�a�g�e�,� �B�'�s� �a�n�d� �y�w ��s� �a�r�e� �c�o�r�r�e�l�a�t�e�d�.�»� �T�o� 

�e�s�t�a�b�l�i�s�h� �t�h�i�s�,� �i�t� �i�s� �s�u�f�f�i�c�i�e�n�t� �t�o� �s�h�o�w� �t�h�a�t� �«� �a�n�d� �y�p� �a�r�e� �c�o�r�r�e�l�a�t�e�d�.� �C�o�n�s�i�d�e�r� �t�h�e� �f�o�l�l�o�w�i�n�g� 

�l�i�n�e�a�r� �h�e�d�o�n�i�c� �m�o�d�e�l� �i�n� �a� �m�a�t�r�i�x� �n�o�t�a�t�i�o�n�:� 

�P�=�X�B�+�p�,� �p�~� �N�O�,� �0�7�)�,� 

�w�h�e�r�e� �X ��s� �a�r�e� �a�s�s�u�m�e�d� �t�o� �b�e� �f�i�x�e�d� �i�e�.�,� �E�(�X�u�)� �=� �0�.� �T�h�e� �O�L�S� �e�s�t�i�m�a�t�o�r� �o�f� �£�,� �B� �i�s� �e�q�u�a�l� �t�o�:� 

�B�=� �(�W�A�X� �P� �=� �(�X�X�)� �U�B� �$�F� �0�)� �=� �(�X�X�L� �A�B� �+� �(�V�I�N� �=�f� �$� �(�V�R�)�.� 

�N�o�w�,� �c�o�n�s�i�d�e�r� �a� �l�i�n�e�a�r� �d�e�m�a�n�d� �s�p�e�c�i�f�i�c�a�t�i�o�n� �a�t� �s�t�a�g�e� �t�w�o� 

�3�2�,� �F�o�r� �m�o�r�e� �i�n�f�o�r�m�a�t�i�o�n� �o�n� �a�s�y�m�p�t�o�t�i�c� �p�r�o�p�e�r�t�i�e�s� �o�f� �s�t�o�c�h�a�s�t�i�c� �m�o�d�e�l�s� �s�e�e� �G�r�e�e�n�e� �(�1�9�9�0�)�.� 

�3�3� �T�h�e� �q�u�a�n�t�i�t�i�e�s� �o�f� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �c�o�n�s�u�m�e�d�,� �x�,� �w�i�l�l� �b�e� �s�t�o�c�h�a�s�t�i�c� �i�n� �t�h�e� �s�e�c�o�n�d� �s�t�a�g�e� �o�f� �e�s�t�i�m�a�t�i�o�n� �b�e�c�a�u�s�e� 

�t�h�e�y� �a�r�e� �s�i�m�u�l�t�a�n�e�o�u�s�l�y� �d�e�t�e�r�m�i�n�e�d� �w�i�t�h� �p�r�i�c�e�s� �o�f� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �B�.� �T�h�e�s�e� �p�r�i�c�e�s�,� �w�h�i�c�h� �c�a�n�n�o�t� �b�e� �o�b�-� 

�s�e�r�v�e�d� �f�r�o�m� �t�h�e� �d�a�t�a�,� �a�r�e� �s�t�o�c�h�a�s�t�i�c� �s�i�n�c�e� �t�h�e�y� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �a�s� �f�i�r�s�t� �p�a�r�t�i�a�l� �d�e�r�i�v�a�t�i�v�e�s� �o�f� �t�h�e� �e�s�t�i�m�a�t�e�d� 

�h�e�d�o�n�i�c� �p�r�i�c�e� �f�u�n�c�t�i�o�n�.� �T�h�e�r�e�f�o�r�e�,� �i�t� �m�a�k�e�s� �n�o� �d�i�f�f�e�r�e�n�c�e� �w�h�e�t�h�e�r� �x ��s� �a�p�p�e�a�r� �o�n� �t�h�e� �l�e�f�t� �o�r� �r�i�g�h�t� �h�a�n�d� �s�i�d�e� 

�o�f� �e�q�u�a�t�i�o�n� �(�1�7�)�.� 
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�X�=�p�y�+�Y�é�+�e�,� �~�~� �N�(�0�,� �0�7�)�,� 

�w�h�e�r�e� �B� �i�s� �a� �m�a�t�r�i�x� �o�f� �h�e�d�o�n�i�c� �p�r�i�c�e�s� �o�f� �a�t�t�r�i�b�u�t�e�s�,� �B�,� �=� �P�,� �=� �a�P�/�a�x�,� �a�n�d� �Y� �i�s� �a� �m�a�t�r�i�x� 

�o�f� �h�o�u�s�e�h�o�l�d� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.� �T�o� �f�i�n�d� �w�h�e�t�h�e�r� �B� �a�n�d� �«� �a�r�e� �u�n�c�o�r�r�e�l�a�t�e�d� �(�a�n�d� �a�l�s�o� �i�n�d�e�-� 

�p�e�n�d�e�n�t� �s�i�n�c�e� �b�o�t�h� �a�r�e� �n�o�r�m�a�l�)�,� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �d�e�t�e�r�m�i�n�e� �w�h�e�t�h�e�r� �t�h�e� �c�o�v�a�r�i�a�n�c�e� �o�f� 

�e�r�r�o�r� �t�e�r�m�s� �1�s� �e�q�u�a�l� �t�o� �z�e�r�o�,� �i�.�e�.�,� �c�o�v� �(�u�e�)� �=� �E�(�u�e�)� �=� �0�.� �T�o� �s�e�e� �t�h�i�s�,� �l�e�t� �u�s� �m�u�l�t�i�p�l�y� �b�o�t�h� 

�s�i�d�e�s� �o�f� �t�h�e� �d�e�m�a�n�d� �e�q�u�a�t�i�o�n� �b�y� �t�h�e� �v�e�c�t�o�r� �u�w� �a�n�d� �a�p�p�l�y� �t�h�e� �e�x�p�e�c�t�a�t�i�o�n�s� �o�p�e�r�a�t�o�r� �E�,� 

�E�(�X�u�)� �=� �E�(�B�y�u�)� �+� �E�(�¥�6�u�)� �+� �E�l�e�n�)� �=� �y�E�(�B�u�)� �+� �5�E�(�Y�u�)� �+� �E�l�e�n�)�,� 

�w�h�e�r�e� �E�(�X�u�)�=�0� �s�i�n�c�e� �X� �a�n�d� �u�w� �a�r�e� �u�n�c�o�r�r�e�l�a�t�e�d� �a�t� �s�t�a�g�e� �o�n�e�,� �a�n�d� �E�(�Y�u�)� �=�0� �s�i�n�c�e� 

�h�o�u�s�e�h�o�l�d� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �Y� �a�r�e� �n�o�n�s�t�o�c�h�a�s�t�i�c�.� �C�o�n�s�e�q�u�e�n�t�l�y�:� 

�A� 

�E�t�e�n�)� �=�  �� �y�E�(�B�p�)�.� 

�N�o�w�,� �s�u�b�s�t�i�t�u�t�e� �b�a�c�k� �B� �=�B�4�+� �(�X�X�X� �u�s�:� 

�E�(�e�u�)� �=�  �� �y�E�L�B�u� �+� �(�X�X�)� �1� �X�u�?�)� �=�  �� �y�B�E�(�u�)�  �� �y�E�L�(�X� �X�Y� �7�]� 
�=�0 �� �(�X�X�)� �L�Y� �E�p�)� �=�  �� �(�X�X�)� �L�y�r�e�?� �£�0�.� 

�T�h�i�s� �m�e�a�n�s� �t�h�a�t� �d�u�e� �t�o� �s�i�m�u�l�t�a�n�e�i�t�y� �o�f� �p�r�i�c�e�s� �a�n�d� �q�u�a�n�t�i�t�i�e�s�,� �a�n�d� �b�e�c�a�u�s�e� �B� �i�s� �s�t�o�c�h�a�s�t�i�c�,� 

�e� �a�n�d� �y�u� �a�r�e� �c�o�r�r�e�l�a�t�e�d�.� �H�e�n�c�e� �p�l�i�m� �e� �B�e�)� �#� �0�,� �w�h�i�c�h� �r�e�s�u�l�t�s� �i�n� �b�i�a�s�e�d� �a�n�d� �i�n�c�o�n�s�i�s�t�e�n�t� 

�e�s�t�i�m�a�t�o�r�s� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�a�l� �c�o�e�f�f�i�c�i�e�n�t�s� �y� �a�t� �s�t�a�g�e� �t�w�o�.� �T�h�e� �m�o�s�t� �i�m�p�o�r�t�a�n�t� �i�m�p�l�i�c�a�t�i�o�n� 

�o�f� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �B�'�s� �a�r�e� �n�o�t� �o�n�l�y� �s�t�o�c�h�a�s�t�i�c� �d�e�p�e�n�d�e�n�t� �v�a�r�i�a�b�l�e�s� �b�u�t� �a�l�s�o� �c�o�r�r�e�l�a�t�e�d� 

�w�i�t�h� �y�w� �i�n� �t�h�e� �s�e�c�o�n�d� �s�t�a�g�e� �i�s� �t�h�a�t� �t�h�e� �O�L�S� �e�s�t�i�m�a�t�o�r�s� �w�i�l�l� �p�r�o�d�u�c�e� �b�i�a�s�e�d� �a�n�d� �i�n�c�o�n�s�i�s�t�-� 

�e�n�t� �r�e�s�u�l�t�s�.� �T�h�i�s� �p�r�o�b�l�e�m� �(�i�.�e�.�,� �i�n�c�o�n�s�i�s�t�e�n�c�y� �o�f� �h�e�d�o�n�i�c� �e�s�t�i�m�a�t�o�r�s�)� �c�a�n� �i�n� �p�r�i�n�c�i�p�l�e� �b�e� 

�s�o�l�v�e�d� �t�h�r�o�u�g�h� �t�h�e� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �t�h�e� �i�n�s�t�r�u�m�e�n�t�a�l� �v�a�r�i�a�b�l�e�s� �m�e�t�h�o�d�.� �I�n� �p�r�a�c�t�i�c�e�,� �h�o�w�-� 

�e�v�e�r�,� �f�i�n�d�i�n�g� �g�o�o�d� �i�n�s�t�r�u�m�e�n�t�s� �t�o� �s�u�b�s�t�i�t�u�t�e� �f�o�r� �h�e�d�o�n�i�c� �p�r�i�c�e�s� �i�n� �s�t�a�g�e� �2� �m�a�y� �b�e� �a� �v�e�r�y� 

�d�i�f�f�i�c�u�l�t� �t�a�s�k�.� �A�n� �a�d�d�i�t�i�o�n�a�l� �c�o�m�p�l�i�c�a�t�i�o�n� �c�o�m�e�s� �f�r�o�m� �t�h�e� �f�a�c�t� �t�h�a�t� �h�e�d�o�n�i�c� �p�r�i�c�e� �f�u�n�c�-� 

�3�8



�t�i�o�n�s� �u�s�e�d� �i�n� �t�h�e� �f�i�r�s�t� �s�t�a�g�e� �a�r�e� �t�y�p�i�c�a�l�l�y� �n�o�n�l�i�n�e�a�r�,� �s�o� �t�h�a�t� �t�h�e� �n�o�r�m�a�l�i�t�y� �o�f� �r�a�n�d�o�m� �e�r�-� 

�r�o�r�s� �o�n�l�y� �h�o�l�d�s� �a�s�y�m�p�t�o�t�i�c�a�l�l�y�.� �A�l�s�o�,� �i�f� �h�e�d�o�n�i�c� �p�r�i�c�e�s� �b�e�c�o�m�e� �a� �n�o�n�l�i�n�e�a�r� �c�o�m�b�i�n�a�t�i�o�n� 

�o�f� �t�w�o� �o�r� �m�o�r�e� �r�a�n�d�o�m� �v�a�r�i�a�b�l�e�s� �w�i�t�h� �d�i�f�f�e�r�e�n�t� �d�i�s�t�r�i�b�u�t�i�o�n�s� �(�w�h�i�c�h� �m�a�y� �b�e� �t�h�e� �c�a�s�e� 

�w�h�e�n� �a� �n�o�n�l�i�n�e�a�r� �f�u�n�c�t�i�o�n�a�l� �f�o�r�m� �i�s� �c�h�o�s�e�n� �i�n� �t�h�e� �f�i�r�s�t� �s�t�a�g�e�)�,� �t�h�e�n� �i�t� �m�a�y� �b�e� �d�i�f�f�i�c�u�l�t� �(�i�f� 

�n�o�t� �i�m�p�o�s�s�i�b�l�e�)� �t�o� �f�i�n�d� �t�h�e�i�r� �d�i�s�t�r�i�b�u�t�i�o�n�s�,� �w�h�i�c�h� �m�a�y� �c�r�e�a�t�e� �p�r�o�b�l�e�m�s� �f�o�r� �s�m�a�l�l� �s�a�m�p�l�e� 

�e�s�t�i�m�a�t�o�r�s�.� 

�B�.� �I�n�d�e�x� �A�p�p�r�o�a�c�h� 

�A�n�o�t�h�e�r� �a�p�p�r�o�a�c�h� �i�n� �s�t�u�d�y�i�n�g� �t�h�e� �d�e�m�a�n�d� �f�o�r� �a�u�t�o�m�o�b�i�l�e� �a�t�t�r�i�b�u�t�e�s� �i�s� �t�o� �a�g�g�r�e�g�a�t�e� 

�t�h�e� �a�t�t�r�i�b�u�t�e�s� �i�n�t�o� �a� �n�e�w� �v�a�r�i�a�b�l�e� �w�h�i�c�h� �i�s� �a� �c�o�m�p�o�s�i�t�e� �i�n�d�e�x� �o�f� �u�n�d�e�r�l�y�i�n�g� �c�h�a�r�a�c�t�e�r�-� 

�i�s�t�i�c�s�.� �T�h�i�s� �n�e�w� �v�a�r�i�a�b�l�e� �c�o�u�l�d� �t�h�e�n� �b�e� �u�s�e�d� �a�s� �a�n�)�e�x�p�l�a�n�a�t�o�r�y� �v�a�r�i�a�b�l�e�\�i�n� �t�h�e� �t�r�a�d�i�t�i�o�n�a�l� 

� � 

�h�e�d�o�n�i�c� �a�p�p�r�o�a�c�h�.� �A� �h�e�d�o�n�i�c� �p�r�i�c�e� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �s�u�c�h� �a�n� �i�n�d�e�x� �w�i�l�l� �r�e�p�r�e�s�e�n�t� �t�h�e� �a�g�-� 

�g�r�e�g�a�t�e� �c�o�n�s�u�m�e�r� �w�i�l�l�i�n�g�n�e�s�s� �t�o� �p�a�y� �f�o�r� �t�h�e� �e�n�t�i�r�e� �g�r�o�u�p� �o�f� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.� �T�h�e� �i�n�d�e�x� 

�m�e�t�h�o�d� �c�a�n� �b�e� �e�s�p�e�c�i�a�l�l�y� �a�p�p�e�a�l�i�n�g� �i�f� �c�o�n�s�u�m�e�r�s� �d�o� �n�o�t� �p�a�y� �c�l�o�s�e� �a�t�t�e�n�t�i�o�n� �t�o� �i�n�d�i�v�i�d�u�a�l� 

�a�t�t�r�i�b�u�t�e�s� �(�o�r� �d�o� �n�o�t� �h�a�v�e� �e�n�o�u�g�h� �i�n�f�o�r�m�a�t�i�o�n� �o�r� �e�x�p�e�r�t�i�s�e� �t�o� �e�v�a�l�u�a�t�e� �e�a�c�h� �a�t�t�r�i�b�u�t�e� 

� � 

�i�n�d�i�v�i�d�u�a�l�l�y�)�,� �b�u�t� �t�h�e�y� �a�r�e� �i�n�t�e�r�e�s�t�e�d� �i�n� �a� �b�r�o�a�d�e�r� �a�s�p�e�c�t� �o�f� �p�r�o�d�u�c�t� �q�u�a�l�i�t�y� �w�h�i�c�h� �i�s�.� 
� � 

�p�r�e�s�e�n�t�e�d� �b�y� �m�o�r�e� �t�h�a�n� �o�n�e� �a�t�t�r�i�b�u�t�e�.� �A�n� �e�x�a�m�p�l�e� �o�f� �a� �s�i�t�u�a�t�i�o�n� �i�n� �w�h�i�c�h� �t�h�e� �i�n�d�e�x� �a�p�-� 
�t�e� �a�t�e� �m�e�a�n�t� �c�e�l�a� �n�h� �t�t� �a�s� �P�M�N� �F�A�D� �h�e� �p�t�e� �R�h� �E�B� �L�E�E�R� 

� � 

�p�r�o�a�c�h� �m�a�y� �b�e� �j�u�s�t�i�f�i�e�d� �i�s� �c�o�n�s�u�m�e�r� �d�e�m�a�n�d� �f�o�r� �s�u�c�h� �p�e�r�f�o�r�m�a�n�c�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �a�n� 

�a�u�t�o�m�o�b�i�l�e� �a�s� �s�a�f�e�t�y�,� �c�o�m�f�o�r�t�,� �o�r� �r�e�l�i�a�b�i�l�i�t�y�,� �t�o� �m�e�n�t�i�o�n� �o�n�l�y� �a� �f�e�w�.� �I�n� �t�h�e� �m�a�r�k�e�t� �f�o�r� 

�h�o�u�s�i�n�g�,� �i�n�d�e�x� �v�a�r�i�a�b�l�e�s� �a�r�e� �s�o�m�e�t�i�m�e�s� �u�s�e�d� �t�o� �e�s�t�i�m�a�t�e� �t�h�e� �c�o�n�s�u�m�e�r� �d�e�m�a�n�d� �f�o�r� �s�u�c�h� 

�c�o�m�p�o�s�i�t�e� �v�a�r�i�a�b�l�e�s� �a�s� �n�e�i�g�h�b�o�r�h�o�o�d� �q�u�a�l�i�t�y� �(�w�h�i�c�h� �m�a�y� �b�e� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �f�a�m�i�l�y� �i�n�-� 

�c�o�m�e�,� �c�r�i�m�e� �r�a�t�e�,� �p�e�r�c�e�n�t�a�g�e� �o�f� �s�i�n�g�l�e� �f�a�m�i�l�y� �d�w�e�l�l�i�n�g�s� �p�e�r� �c�e�n�s�u�s� �t�r�a�c�t�,� �e�t�c�.�)� �o�r� �l�i�v�i�n�g� 

�a�r�e�a�.� �T�h�e� �c�o�m�p�o�n�e�n�t�s� �o�f� �t�h�e� �l�a�t�t�e�r� �m�a�y� �b�e� �s�q�u�a�r�e� �f�o�o�t�a�g�e�,� �n�u�m�b�e�r� �o�f� �b�e�d�r�o�o�m�s� �a�n�d�/�o�r� 

�b�a�t�h�r�o�o�m�s�,� �p�r�e�s�e�n�c�e� �o�f� �a�i�r� �c�o�n�d�i�t�i�o�n�i�n�g� �a�n�d� �s�o� �o�n�)�.� 

�T�h�e�r�e� �a�r�e� �t�w�o� �d�i�f�f�e�r�e�n�t� �a�p�p�r�o�a�c�h�e�s� �t�o� �c�o�n�s�t�r�u�c�t�i�n�g� �s�u�c�h� �a�n� �i�n�d�e�x�.� �T�h�e� �f�i�r�s�t� �o�n�e� 
� � 

� � 

�c�a�l�c�u�l�a�t�e�s� �t�h�e� �i�n�d�e�x� �a�s� �a� �s�i�m�p�l�e� �w�e�i�g�h�t�e�d� �a�v�e�r�a�g�e� �o�f� �t�h�e� �h�e�d�o�n�i�c� �c�o�e�f�f�i�c�i�e�n�t�s�.� �T�h�i�s� �n�e�e� �_� �m�o� �-�.� 

�m�e�t�h�o�d� �c�o�n�s�i�s�t�s� �o�f� �t�h�r�e�e� �s�t�e�p�s�.� �I�n� �t�h�e� �f�i�r�s�t� �s�t�e�p� �(�w�h�i�c�h� �i�s� �i�d�e�n�t�i�c�a�l� �t�o� �t�h�e� �f�i�r�s�t� �s�t�a�g�e� �i�n� �t�h�e� 
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�R�o�s�e�n� �m�o�d�e�l�)� �h�e�d�o�n�i�c� �p�r�i�c�e�s� �a�r�e� �e�s�t�i�m�a�t�e�d�.� �N�e�x�t�,� �a� �c�o�m�p�o�s�i�t�e� �v�a�r�i�a�b�l�e� �(�1�.�e�.�,� �t�h�e� �i�n�d�e�x�)� 

�i�s� �o�b�t�a�i�n�e�d� �b�y� �w�e�i�g�h�t�i�n�g� �t�h�e� �q�u�a�n�t�i�t�y� �o�f� �e�a�c�h� �c�o�m�p�o�n�e�n�t� �b�y� �i�t�s� �h�e�d�o�n�i�c� �c�o�e�f�f�i�c�i�e�n�t�.� �T�h�e� 

�w�e�i�g�h�t�e�d� �s�u�m� �o�f� �t�h�e� �h�e�d�o�n�i�c� �c�o�e�f�f�i�c�i�e�n�t�s� �i�s� �u�s�e�d� �1� �i�n� �t�h�e� �t�h�i�r�d� �s�t�a�g�e� �a�s� �a� �d�e�p�e�n�d�e�n�t� �V�a�r�i�-� 
�.� �e�y� �a� �T�a�m� �F�e�e� �p�a�t� �r�e�a�.� �P�A�A� �n�i�t� �A�R�I� �E�E� �O�S� �h�a�c�e� �K�e�e� �8� �T�A� �A�e�,� � � �f�e�r� �o� �v�e�r�e� 

�a�b�l�e� �t�o� �c�o�n�d�u�c�t� �t�h�e� �s�t�a�n�d�a�r�d� �d�e�m�a�n�d� �a�n�a�l�y�s�i�s�.� �T�h�i�s� �a�p�p�r�o�a�c�h� �r�e�q�u�i�r�e�s� �a�n� �a�d�d�i�t�i�o�n�a�l� �a�s�-� 

�s�u�m�p�t�i�o�n� �t�h�a�t� �a� �m�a�r�g�i�n�a�l� �p�r�i�c�e� �o�f� �a� �|� �c�o�m�p�o�s�i�t�e� �v�a�r�i�a�b�l�e� �i�s� �a� �l�i�n�e�a�r� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �t�h�e� 
�e�e� �m�a�m�e�,� �c�a�r�e�r� �i�g�r�e� �w�r�e� �t�o�m�e� �T�I�N�T�S� �S�r� �A� �a�a� �m�e�n�o�s� �i�e� �a�y� �F� �T�T�T� �O�R� �E�T� 

�~�e�e�s� �~� �v�=� 

�h�e�d�o�n�i�c� �p�r�i�c�e�s� �o�f� �i�t�s� �c�o�m�p�o�n�e�n�t�s�.� �S�u�c�h� �a�n� �i�n�d�e�x� �c�a�n� �b�e� �i�n�t�e�r�p�r�e�t�e�d� �a�s� �c�o�n�s�u�m�e�r� �w�i�l�l�-� 

�i�n�g�n�e�s�s� �t�o� �p�a�y� �f�o�r� �a� �c�e�r�t�a�i�n� �b�u�n�d�l�e� �o�f� �a�t�t�r�i�b�u�t�e�s� �o�f� �a� �p�r�o�d�u�c�t�.� �N�e�i�g�h�b�o�r�h�o�o�d� �q�u�a�l�i�t�y�,� 

�l�i�v�i�n�g� �s�p�a�c�e� �o�f� �a� �h�o�u�s�e�,� �s�a�f�e�t�y� �o�f� �a�n� �a�u�t�o�m�o�b�i�l�e� �c�o�u�l�d� �b�e� �u�s�e�d� �a�s� �e�x�a�m�p�l�e�s� �o�f� �s�u�c�h� 

�g�r�o�u�p�s� �o�f� �a�t�t�r�i�b�u�t�e�s� �w�h�i�c�h� �c�a�n� �b�e� �a�g�g�r�e�g�a�t�e�d� �i�n�t�o� �o�n�e� �i�n�d�e�x�.� �T�h�i�s� �m�e�t�h�o�d� �o�f� �c�o�n�s�t�r�u�c�t�-� 

�i�n�g� �a� �h�e�d�o�n�i�c� �i�n�d�e�x� �h�a�s� �b�e�e�n� �u�s�e�d� �i�n� �s�e�v�e�r�a�l� �s�t�u�d�i�e�s� �o�f� �t�h�e� �h�o�u�s�i�n�g� �m�a�r�k�e�t� �i�n�c�l�u�d�i�n�g� 

�K�i�n�g� �(�1�9�7�6�)�.� 

�A�n�o�t�h�e�r� �a�p�p�r�o�a�c�h� �t�o� �c�o�n�s�t�r�u�c�t�i�n�g� �a� �c�o�m�p�o�s�i�t�e� �v�a�r�i�a�b�l�e� �i�s� �b�a�s�e�d� �o�n� �t�h�e� �a�s�s�u�m�p�t�i�o�n� 

�t�h�a�t� �t�h�e� �r�e�s�u�l�t�i�n�g� �i�n�d�e�x� �i�s� �a� �l�i�n�e�a�r� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �a�t�t�r�i�b�u�t�e�s�,� �w�h�e�r�e� �w�e�i�g�h�t�s� �a�r�e� �f�u�r�n�i�s�h�e�d� 
 �� � � � � � � � � 

�b�y� �t�h�e� �a�t�t�r�i�b�u�t�e�s� �a�n�d� �d�e�p�e�n�d� �o�n� �t�h�e� �v�a�r�i�a�b�i�l�i�t�y� �o�f� �d�a�t�a�.� �T�h�i�s� �m�e�t�h�o�d�,� �t�o�o�,� �r�e�q�u�i�r�e�s� �t�h�r�e�e� 

�s�t�a�g�e�s�.� �I�n� �t�h�e� �f�i�r�s�t� �s�t�a�g�e� �a� �c�o�m�p�o�s�i�t�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �i�s� �o�b�t�a�i�n�e�d� �b�y� �a�d�d�i�n�g� �u�p� �w�e�i�g�h�t�e�d� 

�c�o�m�p�o�n�e�n�t�s�.� �T�h�e�n� �a� �h�e�d�o�n�i�c� �p�r�i�c�e� �e�q�u�a�t�i�o�n� �i�s� �e�s�t�i�m�a�t�e�d� �i�n� �w�h�i�c�h� �t�h�e� �c�o�m�p�o�s�i�t�e� �v�a�r�i�-� 

�a�b�l�e�s� �a�r�e� �s�u�b�s�t�i�t�u�t�e�d� �f�o�r� �a� �g�r�o�u�p� �o�f� �a�t�t�r�i�b�u�t�e�s�.� �I�n� �t�h�e� �t�h�i�r�d� �a�n�d� �t�h�e� �l�a�s�t� �s�t�a�g�e� �o�f� �e�s�t�i�-� 

�m�a�t�i�o�n�,� �c�o�n�s�u�m�e�r� �d�e�m�a�n�d� �f�o�r� �t�h�e� �i�n�d�e�x� �c�o�m�b�i�n�i�n�g� �s�e�v�e�r�a�l� �c�l�o�s�e�l�y� �r�e�l�a�t�e�d� �a�t�t�r�i�b�u�t�e�s� �w�i�l�l� 

�b�e� �e�s�t�i�m�a�t�e�d�.� �T�h�e� �t�w�o� �m�o�s�t� �c�o�m�m�o�n� �m�e�t�h�o�d�s� �w�h�i�c�h� �u�s�e� �t�h�i�s� �a�p�p�r�o�a�c�h� �a�r�e� �t�h�e� �m�e�t�h�o�d� 

�o�f� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t�s� �a�n�d� �f�a�c�t�o�r� �a�n�a�l�y�s�i�s�,� �O�f� �s�e�v�e�r�a�l� �s�t�u�d�i�e�s� �w�h�i�c�h� �u�s�e�l�i�n�d�e�x� �v�a�r�i�a�b�l�e�s� �|� 

�t�h�e� �b�e�s�t� �k�n�o�w�n� �a�r�e� �p�a�p�e�r�s� �b�y� �K�a�i�n� �a�n�d� �Q�u�i�g�l�e�y� �(�1�9�7�0�)�,� �a�n�d� �W�i�t�t�e� �e�t� �a�l�.� �(�1�9�7�9�)�.� 

�B�.�1�.� �T�h�e� �M�e�t�h�o�d� �o�f� �P�r�i�n�c�i�p�a�l� �C�o�m�p�o�n�e�n�t�s� 

�T�h�e� �i�d�e�a� �o�f� �t�h�e� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t� �i�n�d�e�x� �m�e�t�h�o�d� �m�e�n�t�i�o�n�e�d� �a�b�o�v�e� �c�a�n� �b�e� �s�u�m�-� 

�m�a�r�i�z�e�d� �a�s� �f�o�l�l�o�w�s�.� �S�u�p�p�o�s�e� �w�e� �h�a�v�e� �a� �m�a�t�r�i�x� �o�f� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �X� �w�h�i�c�h� �c�o�n�t�a�i�n�s� �n� �o�b�-� 

�s�e�r�v�a�t�i�o�n�s� �o�n� �&� �v�a�r�i�a�b�l�e�s� 

�4�0



�J�o�r�o�u�e�  ��e� � �(�1�9� 

� � � � 

�r�e� �m�e� �= ��  �� 

�r� �M�s� 
�X�L� �9� �+� �+� �+� �9� �M�p�]� �-� 

�p�r�o�r�r� �y�s� �|�)� �D�i�s�d�i�r�v�e�t�e�e�t� �6� �C�j�)� 

�A�=� �$� �3� 

�$�  �� 

�~�I�n� �p�r�e� �X�k� �|� 

�A�i�s� 
�)� 

�E�a�c�h� �r�o�w� �i�n� �t�h�e� �m�a�t�r�i�x� �r�e�p�r�e�s�e�n�t�s� �p�h�y�s�i�c�a�l� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �a� �c�o�m�m�o�d�i�t�y� �s�u�c�h� �a�s� �a� 

�p�a�r�t�i�c�u�l�a�r� �m�a�k�e� �o�f� �a� �c�a�r�.� �I�n� �t�h�i�s� �c�a�s�e� �e�a�c�h� �x�,� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �a�m�o�u�n�t� �o�f� �t�h�e� �i�t�h� �c�h�a�r�a�c�-� 

�t�e�r�i�s�t�i�c� �c�o�n�t�a�i�n�e�d� �i�n� �t�h�e� �j�t�h� �m�a�k�e� �o�f� �a� �c�a�r�.� �I�n� �m�a�n�y� �c�a�s�e�s� �t�h�e� �q�u�a�n�t�i�t�i�e�s� �o�f� �t�h�e�s�e� �a�t�t�r�i�-� 

�b�u�t�e�s� �a�r�e� �l�i�k�e�l�y� �t�o� �b�e� �c�o�r�r�e�l�a�t�e�d� �a�m�o�n�g� �d�i�f�f�e�r�e�n�t� �c�l�a�s�s�e�s� �o�f� �c�a�r�s�.� �F�o�r� �e�x�a�m�p�l�e�,� �s�m�a�l�l�e�r� 

�c�a�r�s� �a�r�e� �c�h�a�r�a�c�t�e�r�i�z�e�d� �b�y� �s�m�a�l�l�e�r� �e�n�g�i�n�e�s�,� �l�o�w�e�r� �h�o�r�s�e�p�o�w�e�r�,� �h�i�g�h� �g�a�s� �m�i�l�e�a�g�e�,� �s�m�a�l�l�e�r� 

�i�n�n�e�r� �a�n�d� �o�u�t�e�r� �d�i�m�e�n�s�i�o�n�s�,� �e�t�c�.� �L�a�r�g�e�r� �(�a�n�d� �m�o�r�e� �l�u�x�u�r�i�o�u�s� �c�a�r�s�)� �w�i�l�l� �h�a�v�e� �m�o�r�e� �p�o�w�-� 

�e�r�f�u�l� �e�n�g�i�n�e�s�,� �l�a�r�g�e�r� �d�i�m�e�n�s�i�o�n�s�,� �l�o�w�e�r� �g�a�s� �m�i�l�e�a�g�e�,� �a�n�d� �w�i�l�l� �w�e�i�g�h� �m�o�r�e�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� 

�t�h�e� �c�o�l�u�m�n�s� �o�f� �t�h�e� �o�b�s�e�r�v�a�t�i�o�n� �m�a�t�r�i�x� �¥� �m�a�y� �s�h�o�w� �s�o�m�e� �d�e�g�r�e�e� �o�f� �l�i�n�e�a�r� �d�e�p�e�n�d�e�n�c�e�.� 

�I�f� �t�h�i�s� �h�a�p�p�e�n�s�,� �t�h�e� �o�b�s�e�r�v�a�t�i�o�n�s� �o�n� �i�n�d�e�p�e�n�d�e�n�t� �v�a�r�i�a�b�l�e�s� �m�a�y� �b�e� �c�o�r�r�e�l�a�t�e�d� �m�o�r�e� �w�i�t�h� 

�t�h�e�m�s�e�l�v�e�s� �t�h�a�n� �w�i�t�h� �t�h�e� �d�e�p�e�n�d�e�n�t� �v�a�r�i�a�b�l�e�,� �w�h�i�c�h� �w�o�u�l�d� �r�e�s�u�l�t� �i�n� �a� �p�r�e�s�e�n�c�e� �o�f� �h�i�g�h� 

�d�e�g�r�e�e� �o�f� �m�u�l�t�i�c�o�l�l�i�n�e�a�r�i�t�y� �i�n� �t�h�e� �m�o�d�e�l�.� �T�h�e� �m�e�t�h�o�d� �o�f� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t�s� �a�t�t�e�m�p�t�s� 
� � 

�t�o� �r�e�d�u�c�e� �t�h�e� �s�i�z�e� �o�f� �t�h�e� �o�b�s�e�r�v�a�t�i�o�n� �m�a�t�r�i�x� �b�y� �u�s�i�n�g� �o�n�l�y� �t�h�o�s�e� �v�a�r�i�a�b�l�e�s� �w�h�i�c�h� �a�c�c�o�u�n�t� 

�f�o�r� �m�o�s�t� �o�f� �t�h�e� �v�a�r�i�a�t�i�o�n� �i�n� �t�h�e� �d�a�t�a�.� 
�w�e� �a�t�i�n� �a� �s�e�e� �w�e� �l�e� �t�h�o� �p�e�n�e� �M�a�g�e� �2� �f�e� �A� �A�E�E� 

�T�e�c�h�n�i�c�a�l�l�y�,� �h�e� �i�d�e�a� �o�f� �t�h�e� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t� �m�e�t�h�o�d� �\�i�s� �t�o� �t�r�a�n�s�f�o�r�m� �t�h�e� �s�e�t� �o�f� 
�A�e� �e�S� �m�e�t� �e�t� �a�i�n� 

�d�e�p�e�n�d�e�n�t� �v�a�r�i�a�b�l�e�s� �X� �t�o� �a�_�n�e�w� �s�e�t� �o�f� �v�a�r�i�a�b�l�e�s� �Z� �w�h�i�c�h� �a�r�e� �l�i�n�e�a�r� �f�u�n�c�t�i�o�n�s� �o�f� �t�h�e� �x� �S� 
�m�a�n�e� �6� � � 

� � 

�P�W� �p�a�s� �e�p�e�e� �N�E�E�S�E�R� �O�E� �N�E�E�S� �y�o� �E�O�L�A� �H�A�P� �B�R� �O�Y� �R�a� �t�e�r� 

�b�u�t� �a�r�e� �u�n�c�o�r�r�e�l�a�t�e�d� �a�m�o�n�g� �t�h�e�m�s�e�l�v�e�s� �a�n�d� �p�o�s�s�e�s�s� �t�h�e� �f�o�l�l�o�w�i�n�g� �p�r�o�p�e�r�t�i�e�s�:� �t�h�e� �f�i�r�s�t� 
�n�e� 

�o�f� �t�h�e�s�e� �v�a�r�i�a�b�l�e�s�,� �z�,�,� �w�i�l�l� �h�a�v�e� �t�h�e� �m�a�x�i�m�u�m� �p�o�s�s�i�b�l�e� �v�a�r�i�a�n�c�e�,� �t�h�e� �n�e�x�t� �t�h�e� �m�a�x�i�m�u�m� 

�p�o�s�s�i�b�l�e� �v�a�r�i�a�n�c�e� �a�m�o�n�g� �t�h�o�s�e� �u�n�c�o�r�r�e�l�a�t�e�d� �w�i�t�h� �t�h�e� �f�i�r�s�t� �a�n�d� �s�o� �o�n�.�*� �T�h�e� �f�i�r�s�t� �o�f� �s�u�c�h� 

�v�a�r�i�a�b�l�e�s�,� �w�h�i�c�h� �i�s� �z�,� �c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �f�o�r�m�:� 

�3�4� �S�e�e� �J�o�h�n�s�t�o�n� �(�1�9�8�4�)� �f�o�r� �m�o�r�e� �d�e�t�a�i�l�s�.� �T�h�i�s� �p�r�e�s�e�n�t�a�t�i�o�n� �f�o�c�u�s�e�s� �o�n�l�y� �o�n� �t�h�e� �m�o�s�t� �i�m�p�o�r�t�a�n�t� �p�o�i�n�t�s�.� 

�4�)



�(�1�8�)� �Z�y�j� �=� �A�X� �+� �A�Q� �X�a� �H�e� �F� �A�U�X� �p�j� �J�=� �l�,�.�.�.� �»� �i�.� 

�T�h�e� �v�e�c�t�o�r� �o�f� �w�e�i�g�h�t�s� �a�,� �f�o�r� �t�h�e� �f�i�r�s�t� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t� �w�i�l�l� �b�e� �c�h�o�s�e�n� �f�r�o�m� �t�h�e� �v�a�r�i�-� 

�a�n�c�e� �m�a�x�i�m�i�z�a�t�i�o�n� �c�o�n�d�i�t�i�o�n� �f�o�r� �z�,�.� �I�n� �o�r�d�e�r� �t�o� �a�v�o�i�d� �h�a�v�i�n�g� �t�h�e� �v�a�r�i�a�n�c�e� �o�f� �z�,� �i�n�f�i�n�i�t�e�l�y� 

�l�a�r�g�e�,� �w�e�i�g�h�t�s� �h�a�v�e� �t�o� �b�e� �n�o�r�m�a�l�i�z�e�d� �t�o� �o�n�e�,� �i�.�e�.�,� �)�c�a�?�,� �=� �1�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� �m�a�x�i�m�i�z�a�t�i�o�n� 

�p�r�o�b�l�e�m� �i�n� �a� �m�a�t�r�i�x� �n�o�t�a�t�i�o�n� �c�a�n� �b�e� �s�t�a�t�e�d� �a�s� �f�o�l�l�o�w�s�:� 

�(�1�9�)� �m�a�x� �2�'�)�2�)�,� 

�S�t�.� �a�j�a� �=� �1�.� 

�s�i�n�c�e� �z�,� �=� �X�a�,�,� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �L�a�g�r�a�n�g�i�a�n� �(�i�n� �a� �m�a�t�r�i�x� �n�o�t�a�t�i�o�n�)� �w�i�l�l� �b�e�:� 

�(�2�0�)� �A�=�a�'�,�X�'� �X�a�,�  �� �A�,�(�a ��,�a�,�  �� �1�)�.� 

�T�h�e� �f�i�r�s�t� �o�r�d�e�r� �c�o�n�d�i�t�i�o�n� �f�o�r� �t�h�e� �v�a�r�i�a�n�c�e� �m�a�x�i�m�i�z�a�t�i�o�n�,� �i�.�e�.�,� �d�A�/�d�a�,� �=�0�,� �w�i�l�l� �y�i�e�l�d�:� 

�X�'�X�a�,� �=� �4�,�a�,�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �t�h�e� �v�e�c�t�o�r� �o�f� �w�e�i�g�h�t�s� �a�,� �i�s� �a� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �v�e�c�t�o�r� �o�f� �t�h�e� 

�c�r�o�s�s�-�p�r�o�d�u�c�t� �m�a�t�r�i�x� �X ��X� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �r�o�o�t� �J�,� �(�w�h�i�c�h� �i�s� �a�l�s�o� �a� 

�L�a�g�r�a�n�g�e� �m�u�l�t�i�p�l�i�e�r�)�.� �I�t� �c�a�n� �b�e� �s�h�o�w�n� �(�p�r�o�o�f� �i�n� �A�p�p�e�n�d�i�x� �1�)� �t�h�a�t� �i�f� �z�,� �h�a�s� �t�h�e� �l�a�r�g�e�s�t� 

�p�o�s�s�i�b�l�e� �v�a�r�i�a�n�c�e�,� �A�,� �w�i�l�l� �b�e� �t�h�e� �l�a�r�g�e�s�t� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �r�o�o�t� �o�f� �X ��X�.�*� �I�n� �o�r�d�e�r� �t�o� �f�i�n�d� �t�h�e� 

�n�e�x�t� �l�a�r�g�e�s�t� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �r�o�o�t�,� �i�e�.�,� �A�,�,� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �s�o�l�v�e� �t�h�e� �f�o�l�l�o�w�i�n�g� 

�m�a�x�i�m�i�z�a�t�i�o�n� �p�r�o�b�l�e�m�:� 

�(�2�1�)� �m�a�x� � �2�'�4�2�,� 

�S�t�.� �a�'�.�a�,�=� �1�,� 

�a �� �a�,� �=� �9�.� 

�T�h�e� �s�e�c�o�n�d� �c�o�n�s�t�r�a�i�n�t� �i�m�p�o�s�e�s� �t�h�e� �o�r�t�h�o�g�o�n�a�l�i�t�y� �c�o�n�d�i�t�i�o�n�.� �I�t� �m�e�a�n�s� �t�h�a�t� �t�h�e� �f�i�r�s�t� �a�n�d� 

�t�h�e� �s�e�c�o�n�d� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t� �h�a�v�e� �t�o� �b�e� �u�n�c�o�r�r�e�l�a�t�e�d�.� �F�o�r� �t�h�e� �t�h�i�r�d� �p�r�i�n�c�i�p�a�l� �c�o�m�-� 

�p�o�n�e�n�t� �a�l�l� �t�h�e� �a�b�o�v�e� �r�e�s�t�r�i�c�t�i�o�n�s� �w�i�l�l� �b�e� �e�f�f�e�c�t�i�v�e� �p�l�u�s� �t�h�e� �a�d�d�i�t�i�o�n�a�l� �c�o�n�s�t�r�a�i�n�t� �t�h�a�t� �t�h�e� 

�3�5� �I�n� �t�h�e� �a�b�s�e�n�c�e� �o�f� �p�e�r�f�e�c�t� �c�o�l�l�i�n�e�a�r�i�t�y� �X ��X� �i�s� �a� �p�o�s�i�t�i�v�e� �d�e�f�i�n�i�t�e� �m�a�t�r�i�x� �w�h�i�c�h� �i�m�p�l�i�e�s� �t�h�a�t� �a�l�l� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� 

�r�o�o�t�s� �A�,� �m�u�s�t� �b�e� �p�o�s�i�t�i�v�e�.� 

�4�2



�t�h�i�r�d� �o�n�e� �i�s� �u�n�c�o�r�r�e�l�a�t�e�d� �w�i�t�h� �t�h�e� �f�i�r�s�t� �t�w�o�.�*� �I�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� �p�r�o�c�e�e�d� �t�h�i�s� �w�a�y� �t�o� �s�o�l�v�e� 

�f�o�r� �a�l�l� �t�h�e� �k� �r�o�o�t�s� �o�f� �X ��X� �a�n�d� �a�s�s�e�m�b�l�e� �t�h�e� �k�A�x�k� �m�a�t�r�i�x� �o�f� �w�e�i�g�h�t�s� 

�A�,� �A�=�[�a�,�q�@�,�.�.�.�,�a�,�]�,� �w�h�i�c�h� �i�s� �a�n� �o�r�t�h�o�n�o�r�m�a�l� �m�a�t�r�i�x� �w�h�o�s�e� �c�o�l�u�m�n�s� �a�r�e� �t�h�e� 

�e�i�g�e�n�v�e�c�t�o�r�s� �o�f� �t�h�e� �c�r�o�s�s�-�p�r�o�d�u�c�t� �m�a�t�r�i�x� �X ��X�,� �a�n�d� �w�h�e�r�e� �t�h�e� �i�t�h� �v�e�c�t�o�r� �c�o�r�r�e�s�p�o�n�d�s� �t�o� 

�t�h�e� �i�t�h� �e�i�g�e�n�v�a�l�u�e� �J�,�,� �(�A�;� �>�4�,�,�,�,� �(�=� �1�,�.�.�.�,�%�)�.� �I�t� �c�a�n� �a�l�s�o� �b�e� �s�h�o�w�n� �(�J�o�h�n�s�t�o�n� �1�9�8�4�)� �t�h�a�t� 

�A�W�S� �A�i� �4�2�/�D�0�4� �i�,� �4�n�d�;� �T�e�p�r�e�s�e�n�t� �t�h�e� �p�r�o�p�o�r�t�i�o�n�a�t�e� �c�o�n�t�r�i�b�u�t�i�o�n� �o�f� �e�a�c�h� �p�r�i�n�c�i�p�a�l� 

�c�o�m�p�o�n�e�n�t� �z�,� �t�o� �t�h�e� �t�o�t�a�l� �v�a�r�i�a�t�i�o�n� �o�f� �x ��s�.� �C�l�e�a�r�l�y� �a�l�l� �t�h�e�s�e� �c�o�n�t�r�i�b�u�t�i�o�n�s� �s�u�m� �u�p� �t�o� 

�u�n�i�t�y�.� �A�s� �m�e�n�t�i�o�n�e�d� �b�e�f�o�r�e�,� �t�h�e� �m�a�x�i�m�u�m� �n�u�m�b�e�r� �o�f� �t�h�e� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t�s� �i�s� �e�q�u�a�l� 

�t�o� �t�h�e� �n�u�m�b�e�r� �o�f� �v�a�r�i�a�b�l�e�s� �i�n� �t�h�e� �m�o�d�e�l�,� �n�a�m�e�l�y� �k�.� �I�f� �a�l�l� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t�s� �a�r�e� �u�s�e�d�,� 

�t�h�e� �r�e�g�r�e�s�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �t�h�e� �x ��s� �w�i�l�l� �b�e� �e�q�u�a�l� �t�o� �t�h�e� �w�e�i�g�h�t�e�d� �s�u�m� �o�f� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� 

�i�n� �t�h�e� �t�r�a�n�s�f�o�r�m�e�d� �m�o�d�e�l�.� �T�o� �s�e�e� �t�h�i�s� �c�o�n�s�i�d�e�r� �t�h�e� �f�o�l�l�o�w�i�n�g� �m�u�l�t�i�p�l�e� �r�e�g�r�e�s�s�i�o�n� �l�i�n�e�a�r� 

�m�o�d�e�l�:� 

�(�2�2�)� �Y�=�X�B� �+�e�,� �e�~� �N�(�O�,� �0�7�)�.� 

�S�i�n�c�e� �t�h�e� �m�a�t�r�i�x� �o�f� �w�e�i�g�h�t�s� �A� �i�s� �o�r�t�h�o�n�o�r�m�a�l� �b�y� �c�o�n�s�t�r�u�c�t�i�o�n�,� �t�h�a�t� �i�s�,� �A ��A� �=� �A�A �� �=�I�,� 

�t�h�e� �a�b�o�v�e� �m�o�d�e�l� �c�a�n� �b�e� �t�r�a�n�s�f�o�r�m�e�d� �i�n�t�o� �a� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t� �m�o�d�e�l�:� 

�(�2�3�)� �Y�=�X�B�+�e�=�X�A�A�'�B�+�e�=�Z�b�h�t�e�.� 

�T�h�e� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �i�s� �Y�=� �Z�b� �+�e�,� �w�h�e�r�e� �Z� �r�e�p�r�e�s�e�n�t�s� �a� �m� �x� �k� �m�a�-� 

�t�r�i�x� �o�f� �l�i�n�e�a�r� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �x� �b�a�s�e�d� �o�n� �t�h�e� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �s�u�c�h� 

�t�h�a�t� �Z�=� �X�A�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �t�h�e� �f�o�l�l�o�w�i�n�g� �w�i�l�l� �h�o�l�d� �#� �=� �A�b�.� �T�h�e�r�e�f�o�r�e�,� �i�f� �a�l�l� �A� �p�r�i�n�c�i�p�a�l� 

�c�o�m�p�o�n�e�n�t�s� �a�r�e� �u�s�e�d� �i�n� �r�e�g�r�e�s�s�i�o�n�,� �t�h�i�s� �t�r�a�n�s�l�a�t�e�s� �i�n�t�o� �h�a�v�i�n�g� �e�x�a�c�t�l�y� �t�h�e� �s�a�m�e� �i�n�f�o�r�-� 

�m�a�t�i�o�n� �s�e�t� �Q� �a�s� �t�h�e� �o�r�i�g�i�n�a�l� �o�n�e� �w�h�e�r�e� �n�o� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �o�f� �x ��s� �i�s� �m�a�d�e�.� 

�3�6� �T�h�i�s� �c�a�n� �b�e� �g�e�n�e�r�a�l�i�z�e�d� �b�y� �s�a�y�i�n�g� �t�h�a�t� �a�l�l� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �v�e�c�t�o�r�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �s�u�b�j�e�c�t� �t�o� �t�h�e� �c�o�n�s�t�r�a�i�n�t� 

�a �� �a�;� �=� �A�,�,�,� �w�h�e�r�e� �A�,� �i�s� �t�h�e� �K�r�o�n�e�c�k�e�r� �d�e�l�t�a�.� �y�y� 

�4�3



�B�.�1�.�1�.� �S�t�a�t�i�s�t�i�c�a�l� �P�r�o�p�e�r�t�i�e�s� �o�f� �L�i�n�e�a�r� �P�r�i�n�c�i�p�a�l� �C�o�m�p�o�n�e�n�t� �E�s�t�i�m�a�t�o�r�s� 

�A�n� �i�m�p�o�r�t�a�n�t� �j�u�s�t�i�f�i�c�a�t�i�o�n� �f�o�r� �u�s�i�n�g� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t�s� �i�n� �r�e�g�r�e�s�s�i�o�n� �c�o�m�e�s� �f�r�o�m� 

�t�h�e�i�r� �s�t�a�t�i�s�t�i�c�a�l� �p�r�o�p�e�r�t�i�e�s�:� �t�h�e� �c�o�m�p�o�n�e�n�t�s� �w�i�t�h� �t�h�e� �h�i�g�h�e�s�t� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �r�o�o�t�s� �d�e�c�r�e�a�s�e� 

�t�h�e� �v�a�r�i�a�n�c�e� �o�f� �r�e�g�r�e�s�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �e�s�t�i�m�a�t�o�r�s�.� �I�n� �f�a�c�t�,� �t�h�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �z�,� �=� �X�a�,�,� 

�w�h�i�c�h� �u�s�e�s� �t�h�e� �w�e�i�g�h�t�s� �o�f� �t�h�e� �f�i�r�s�t� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t� �i�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �v�a�r�i�a�n�c�e� 

�m�i�n�i�m�i�z�i�n�g� �l�i�n�e�a�r� �e�s�t�i�m�a�t�o�r� �o�f� �f�.� �T�h�i�s� �r�e�s�u�l�t�s� �d�i�r�e�c�t�l�y� �f�r�o�m� �t�h�e� �d�e�f�i�n�i�t�i�o�n� �o�f� �p�r�i�n�c�i�p�a�l� 

�c�o�m�p�o�n�e�n�t�s�;� �t�h�e�i�r� �w�e�i�g�h�t�s� �a�r�e� �c�h�o�s�e�n� �i�n� �s�u�c�h� �w�a�y� �t�h�a�t� �t�h�e�y� �m�a�x�i�m�i�z�e� �t�h�e� �v�a�r�i�a�n�c�e� �o�f� 

�t�h�e� �c�r�o�s�s�-�p�r�o�d�u�c�t� �m�a�t�r�i�x� �X ��X�.� �S�i�n�c�e� �t�h�e� �O�L�S� �e�s�t�i�m�a�t�o�r� �o�f� �t�h�e� �r�e�g�r�e�s�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s� �f� 

�i�n� �t�h�e� �m�u�l�t�i�v�a�r�i�a�t�e� �m�o�d�e�l� �i�s� �B� �=� �(�X ��X�)�- ��X ��Y�,� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� �e�s�t�i�m�a�t�o�r� �w�h�i�c�h� �u�s�e�s� �t�h�e� �f�i�r�s�t� 

�p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �o�f� �t�h�e� �o�r�i�g�i�n�a�l� �s�y�s�t�e�m�,� �n�a�m�e�l�y� 

�b�,� �=� �a ��,�B� �=�a �� �(�X ��X�)�-�|�X ��Y�,� �w�i�l�l� �b�e� �t�h�e� �v�a�r�i�a�n�c�e� �m�i�n�i�m�i�z�i�n�g� �e�s�t�i�m�a�t�o�r� �o�f� �f�.� �T�h�e� �i�n�t�u�i�t�i�v�e� 

�e�x�p�l�a�n�a�t�i�o�n� �i�s� �t�h�e� �f�o�l�l�o�w�i�n�g�:� �b�e�c�a�u�s�e� �a�,� �m�a�x�i�m�i�z�e�s� �t�h�e� �v�a�r�i�a�n�c�e� �o�f� �z�,� �(�s�e�e� �e�q�u�a�t�i�o�n� �1�9�)�,� 

�s�o� �i�t� �w�i�l�l� �a�u�t�o�m�a�t�i�c�a�l�l�y� �m�i�n�i�m�i�z�e� �t�h�e� �v�a�r�i�a�n�c�e� �o�f� �i�t�s� �i�n�v�e�r�s�e� �w�h�i�c�h� �i�s�:� 

�(�2�'�,�2�,�)�-�!�=�a�'�(�X�'�X�)�-�a�,�.� �N�o�t�e� �t�h�a�t� �V�a�r�(�d�,�)� �=�a ��,� �V�a�r�(�B�)�a�,� �=� �o�a �� �(�X ��X�)�-�!�a�,� �(�t�h�e� �f�o�r�m�a�l� 

�p�r�o�o�f� �i�s� �r�a�t�h�e�r� �s�t�r�a�i�g�h�t�f�o�r�w�a�r�d� �a�n�d� �i�s� �s�h�o�w�n� �i�n� �A�p�p�e�n�d�i�x� �1�)�.� 

�T�h�e� �m�a�i�n� �p�r�o�b�l�e�m� �w�i�t�h� �t�h�e� �v�a�r�i�a�n�c�e� �m�i�n�i�m�i�z�i�n�g� �e�s�t�i�m�a�t�o�r� �b�a�s�e�d� �o�n� �t�h�e� �f�i�r�s�t� �p�r�i�n�-� 

�c�i�p�a�l� �c�o�m�p�o�n�e�n�t�,� �b�,�,� �i�s� �t�h�a�t� �i�t� �i�s� �e�q�u�i�v�a�l�e�n�t� �t�o� �d�r�o�p�p�i�n�g� �s�o�m�e� �i�n�f�o�r�m�a�t�i�o�n� �f�r�o�m� �t�h�e� 

�m�o�d�e�l� �w�h�i�c�h� �r�e�s�u�l�t�s� �i�n� �a�d�d�i�n�g� �a� �s�i�g�n�i�f�i�c�a�n�t� �a�m�o�u�n�t� �o�f� �b�i�a�s�.� �C�o�n�c�e�p�t�u�a�l�l�y�,� �t�h�i�s� �a�p�p�r�o�a�c�h� 

�i�s� �s�i�m�i�l�a�r� �t�o� �d�r�o�p�p�i�n�g� �&�  �� �|� �e�x�p�l�a�n�a�t�o�r�y� �v�a�r�i�a�b�l�e�s� �f�r�o�m� �t�h�e� �m�o�d�e�l� �a�n�d� �r�e�t�a�i�n�i�n�g� �t�h�e� �o�n�e� 

�w�h�i�c�h� �1�s� �c�o�r�r�e�l�a�t�e�d� �t�h�e� �m�o�s�t� �w�i�t�h� �t�h�e� �d�e�p�e�n�d�e�n�t� �v�a�r�i�a�b�l�e�.� �T�h�i�s� �w�i�l�l� �i�n�c�r�e�a�s�e� �t�h�e� �s�t�a�b�i�l�i�t�y� 

�o�f� �r�e�g�r�e�s�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s� �B�,� �b�u�t� �i�t� �w�i�l�l� �a�l�s�o� �i�n�c�r�e�a�s�e� �t�h�e� �b�i�a�s� �o�f� �e�s�t�i�m�a�t�i�o�n� �d�u�e� �t�o� �s�e�r�i�o�u�s� 

�m�o�d�e�l� �m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n�.� �F�o�r� �t�h�e� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t� �e�s�t�i�m�a�t�i�o�n� �r�e�t�a�i�n�i�n�g� �o�n�l�y� �t�h�e� �f�i�r�s�t� 

�c�o�m�p�o�n�e�n�t� �a�n�d� �d�e�l�e�t�i�n�g� �t�h�e� �r�e�m�a�i�n�i�n�g� �A�  �� �1� �a�m�o�u�n�t�s� �t�o� �u�s�i�n�g� �o�n�l�y� �p�a�r�t� �o�f� �i�n�f�o�r�m�a�t�i�o�n� 

�a�v�a�i�l�a�b�l�e� �i�n� �t�h�e� �m�o�d�e�l�.� �I�n� �o�t�h�e�r� �w�o�r�d�s�,� �t�h�e� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t� �m�e�t�h�o�d� �o�f�f�e�r�s� �a� 

�t�r�a�d�e�o�f�f� �b�e�t�w�e�e�n� �a� �r�e�d�u�c�t�i�o�n� �o�f� �t�h�e� �v�a�r�i�a�n�c�e� �a�n�d� �a�n� �i�n�c�r�e�a�s�e� �i�n� �t�h�e� �b�i�a�s� �o�f� �e�s�t�i�m�a�t�i�o�n�.� 

�A� �n�a�t�u�r�a�l� �a�p�p�r�o�a�c�h� �t�o� �d�e�a�l� �w�i�t�h� �t�h�i�s� �p�r�o�b�l�e�m� �w�o�u�l�d� �b�e� �t�o� �u�s�e� �a� �m�e�a�n� �s�q�u�a�r�e� �e�r�r�o�r� 

�(�M�S�E�)� �c�r�i�t�e�r�i�o�n� �w�h�i�c�h� �m�i�g�h�t� �p�r�o�v�e� �h�e�l�p�f�u�l� �i�n� �d�e�t�e�r�m�i�n�i�n�g� �w�h�e�t�h�e�r� �a�_� �r�e�d�u�c�t�i�o�n� �i�n� �t�h�e� 
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�e�s�t�i�m�a�t�o�r� �v�a�r�i�a�n�c�e� �i�s� �s�u�f�f�i�c�i�e�n�t� �t�o� �o�f�f�s�e�t� �a�n� �i�m�m�i�n�e�n�t� �i�n�c�r�e�a�s�e� �i�n� �t�h�e� �e�s�t�i�m�a�t�i�o�n� �b�i�a�s�.� 

�M�e�a�n� �s�q�u�a�r�e� �e�r�r�o�r� �i�s� �d�e�f�i�n�e�d� �a�s� �f�o�l�l�o�w�s�:� 

�(�2�4�)� �M�S�E� �=� �E�L�(�b�  �� �f�)�(�B�  �� �B�)�'�)� �=� �V�a�r�(�f�)� �+� �L�o�i�a�s�(�)� �7�.� 
�T�h�e� �m�o�s�t� �i�m�p�o�r�t�a�n�t� �q�u�e�s�t�i�o�n� �w�h�i�c�h� �m�a�y� �b�e� �a�s�k�e�d� �h�e�r�e� �i�s� �h�o�w� �m�a�n�y� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�-� 

�n�e�n�t�s� �s�h�o�u�l�d� �b�e� �u�s�e�d� �t�o� �r�e�d�u�c�e� �t�h�e� �v�a�r�i�a�n�c�e� �s�u�c�h� �t�h�a�t� �t�h�e� �m�e�a�n� �s�q�u�a�r�e� �e�r�r�o�r� �w�i�l�l� �b�e� 

�m�i�n�i�m�i�z�e�d�?� �I�t� �i�s�,� �t�h�e�r�e�f�o�r�e�,� �n�e�c�e�s�s�a�r�y� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �o�p�t�i�m�a�l� �n�u�m�b�e�r� �o�f� �p�r�i�n�c�i�p�a�l� 

�c�o�m�p�o�n�e�n�t�s� �r� �t�o� �b�e� �r�e�t�a�i�n�e�d� �i�n� �t�h�e� �m�o�d�e�l�.� �I�f� �i�t� �i�s� �p�o�s�s�i�b�l�e� �s�o�m�e�h�o�w� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� 

�m�e�a�n� �s�q�u�a�r�e� �e�r�r�o�r� �m�i�n�i�m�i�z�i�n�g� �n�u�m�b�e�r� �o�f� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t�s�,� �r�,� �t�h�e� �o�r�i�g�i�n�a�l�!� �p�r�i�n�c�i�p�a�l� 

�c�o�m�p�o�n�e�n�t� �m�o�d�e�l� �(�2�3�)� �w�i�l�l� �b�e� �e�s�t�i�m�a�t�e�d� �a�s� 

�(�2�5�)� �Y�=�Z�b�,�+ ¬�,� 

�w�h�e�r�e� �Z�,� �i�s� �a�n� �x� �r� �m�a�t�r�i�x� �o�f� �l�i�n�e�a�r� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �x� �b�a�s�e�d� �o�n� �t�h�e� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t� 

�t�r�a�n�s�f�o�r�m�a�t�i�o�n� �Z�,� �=� �X�A�,�,� �w�h�e�r�e� �r� �i�s� �t�h�e� �n�u�m�b�e�r� �o�f� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t�s� �w�i�t�h� �t�h�e� �l�a�r�g�e�s�t� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c� �r�o�o�t�s� �u�s�e�d� �i�n� �e�s�t�i�m�a�t�i�o�n� �a�n�d� �6�,� �i�s� �a� �r� �x� �|� �v�e�c�t�o�r� �o�f� �r�e�g�r�e�s�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s�.� 

�T�h�e� �O�L�S� �e�s�t�i�m�a�t�e�s� �o�f� �5�,� �u�s�i�n�g� �t�h�e� �s�p�e�c�i�f�i�c�a�t�i�o�n� �(�2�5�)� �w�i�l�l� �b�e� �u�n�b�i�a�s�e�d�.� �T�h�e� �a�b�o�v�e� �s�t�a�t�e�-� 

�m�e�n�t� �i�s� �n�o�t� �t�r�u�e� �f�o�r� �o�r�i�g�i�n�a�l� �£ ��s�.� �I�f� �t�h�e� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �i�n� �t�h�e� �f�o�r�m� 

�o�f� �(�2�5�)� �i�s� �u�s�e�d�,� �t�h�e� �e�s�t�i�m�a�t�e�s� �o�f� �#� �w�i�l�l� �h�a�v�e� �l�o�w�e�r� �v�a�r�i�a�n�c�e� �b�u�t� �w�i�l�l� �b�e� �b�i�a�s�e�d� �d�u�e� �t�o� 

�m�o�d�e�l� �m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n� �(�o�m�i�t�t�e�d� �v�a�r�i�a�b�l�e�s�)�.� �T�h�e� �s�i�g�n�i�f�i�c�a�n�c�e� �o�f� �t�h�i�s� �o�b�s�e�r�v�a�t�i�o�n� �i�s� �t�h�a�t� 

�e�v�e�n� �i�f� �i�t� �i�s� �d�i�f�f�i�c�u�l�t� �t�o� �e�s�t�i�m�a�t�e� �t�h�e� �v�e�c�t�o�r� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�a�l� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �t�h�e� �o�r�i�g�i�n�a�l� 

�m�o�d�e�l� �(�2�3�)� �w�h�e�n� �m�u�l�t�i�c�o�l�l�i�n�e�a�r�i�t�y� �i�s� �a� �p�r�o�b�l�e�m�,� �s�o�m�e� �l�i�n�e�a�r� �f�u�n�c�t�i�o�n�s� �o�f� �t�h�e� �p�a�r�a�m�e�t�e�r�s� 

�c�a�n� �b�e� �e�s�t�i�m�a�t�e�d� �w�i�t�h� �m�u�c�h� �g�r�e�a�t�e�r� �p�r�e�c�i�s�i�o�n�.� �T�h�i�s� �p�r�o�p�e�r�t�y� �c�a�n� �b�e� �v�e�r�y� �d�e�s�i�r�a�b�l�e� �i�n� 

�f�o�r�e�c�a�s�t�i�n�g�,� �e�s�p�e�c�i�a�l�l�y� �i�f� �t�h�e� �p�r�e�d�i�c�t�e�d� �r�e�s�u�l�t�s� �a�r�e� �m�o�r�e� �i�m�p�o�r�t�a�n�t� �t�h�a�n� �t�h�e� �e�c�o�n�o�m�i�c� �i�n�-� 

�t�e�r�p�r�e�t�a�t�i�o�n� �o�f� �i�n�d�i�v�i�d�u�a�l� �p�a�r�a�m�e�t�e�r�s�.�* �� �T�o� �c�o�m�p�a�r�e� �t�h�e� �e�f�f�e�c�t�i�v�e�n�e�s�s� �o�f� �t�h�e� �p�r�i�n�c�i�p�a�l� 

�3�7� �N�o�t�e� �t�h�a�t� �B� �=� �A�b� �n�o� �l�o�n�g�e�r� �h�o�l�d�s�.� �I�f� �o�n�l�y� �r� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t�s� �w�i�t�h� �l�a�r�g�e�s�t� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �r�o�o�t�s� �a�r�e� �r�e�-� 

�t�a�i�n�e�d�,� �w�e� �i�n� �f�a�c�t� �o�b�t�a�i�n� �e�s�t�i�m�a�t�e�s� �B�,� �=� �A�b�.� �T�h�e� �m�a�t�r�i�x� �A� �h�e�r�e� �i�s� �p�a�r�t�i�t�i�o�n�e�d� �a�s� �A� �=� �[�A�,�|� �A�,�_�,�]�,� �w�h�e�r�e� 

�A�,�_�,� �i�s� �a� �s�u�b�m�a�t�r�i�x� �o�f� �w�e�i�g�t�h�s� �o�f� �d�e�l�e�t�e�d� �c�o�m�p�o�n�e�n�t�s�.� �I�t� �c�a�n� �b�e� �s�h�o�w�n� �(�J�o�h�n�s�o�n� �e�t� �a�l�.� �1�9�7�3�)� �t�h�a�t� �e�s�t�i�m�a�t�i�n�g� 

�(�2�5�)� �i�s� �e�q�u�i�v�a�l�e�n�t� �t�o� �e�s�t�i�m�a�t�i�n�g� �(�2�3�)� �v�i�a� �t�h�e� �r�e�s�t�r�i�c�t�e�d� �l�e�a�s�t� �s�q�u�a�r�e�s� �m�e�t�h�o�d� �s�u�b�j�e�c�t� �t�o� �A ��,�_�,�8� �=� �0�.� 
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�c�o�m�p�o�n�e�n�t� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �d�e�t�e�r�m�i�n�e� �w�h�e�t�h�e�r� �M� �S�E�(�B�)�  ��M� �S�E�(�B�,�)� �>� �0�,� 

�w�h�e�r�e� �B� �i�s� �a� �v�e�c�t�o�r� �o�f� �e�s�t�i�m�a�t�e�d� �r�e�g�r�e�s�s�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s� �f�r�o�m� �t�h�e� �u�n�r�e�s�t�r�i�c�t�e�d� �m�o�d�e�l� �(�2�2�)� 

�a�n�d� �B�,� �c�o�m�e�s� �f�r�o�m� �t�h�e� �r�e�s�t�r�i�c�t�e�d� �v�e�r�s�i�o�n� �(�2�5�)� �s�u�b�j�e�c�t� �t�o� �t�h�e� �f�o�l�l�o�w�i�n�g� �t�r�a�n�s�f�o�r�m�a�t�i�o�n�:� 

�B�,� �=� �A�b�,� �w�h�e�r�e� �b�,� �i�s� �e�s�t�i�m�a�t�e�d� �d�i�r�e�c�t�l�y� �f�r�o�m� �(�2�5�)�.� �I�t� �c�a�n� �b�e� �s�h�o�w�n� �(�G�r�e�e�n�b�e�r�g� �1�9�7�5�)� �t�h�a�t� 

�i�f� �r� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t�s� �w�i�t�h� �t�h�e� �l�a�r�g�e�s�t� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �r�o�o�t�s� �a�r�e� �u�s�e�d�,� �t�h�e�n� �B�.� �h�a�s� �t�h�e� 

�l�o�w�e�s�t� �p�o�s�s�i�b�l�e� �v�a�r�i�a�n�c�e� �o�f� �a�l�l� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �Z ��s� �w�h�i�c�h� �u�s�e� �e�x�a�c�t�l�y� �t�h�e� �s�a�m�e� �n�u�m�b�e�r� 

�o�f� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t�s�.� �S�i�n�c�e� �i�t� �i�s� �n�o�t� �p�o�s�s�i�b�l�e� �t�o� �d�e�t�e�r�m�i�n�e� �o�n� �s�t�a�t�i�s�t�i�c�a�l� �g�r�o�u�n�d�s� �w�h�a�t� 

�t�h�e� �o�p�t�i�m�a�l� �n�u�m�b�e�r� �o�f� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t�s� �r� �s�h�o�u�l�d� �b�e�,� �s�u�c�h� �c�h�o�i�c�e� �i�s� �g�o�v�e�r�n�e�d� �b�y� 

�v�a�r�i�o�u�s�  ��r�u�l�e�s� �o�f� �t�h�u�m�b ��.� �I�t� �i�s� �p�o�s�s�i�b�l�e�,� �h�o�w�e�v�e�r�,� �t�o� �c�o�n�s�t�r�u�c�t� �a�p�p�r�e� �~�r�i�a�t�e� �s�t�a�t�i�s�t�i�c�a�l� �t�e�s�t�s� 

�t�o� �d�e�t�e�r�m�i�n�e� �w�h�e�t�h�e�r� �t�h�e� �s�h�r�i�n�k�a�g�e� �i�n� �M�S�E� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �c�e�r�t�a�i�n� �r� �i�s� �s�t�a�t�i�s�t�i�c�a�l�l�y� �d�i�f�-� 

�f�e�r�e�n�t� �f�r�o�m� �z�e�r�o�.� �G�e�n�e�r�a�l� �g�u�i�d�e�l�i�n�e�s� �w�h�i�c�h� �m�a�y� �b�e� �h�e�l�p�f�u�l� �i�n� �d�e�c�i�d�i�n�g� �h�o�w� �m�a�n�y� �p�r�i�n�-� 

�c�i�p�a�l� �c�o�m�p�o�n�e�n�t�s� �s�h�o�u�l�d� �b�e� �r�e�t�a�i�n�e�d� �i�n� �t�h�e� �t�r�a�n�s�f�o�r�m�e�d� �m�o�d�e�l� �a�r�e� �a�s� �f�o�l�l�o�w�s�:� 

�1�)� �D�r�o�p� �c�o�m�p�o�n�e�n�t�s� �w�i�t�h� �t�h�e� �s�m�a�l�l�e�s�t� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �r�o�o�t�s� �(�i�.�e�.�,� �c�o�m�p�o�n�e�n�t�s� �w�h�i�c�h� �t�o�-� 

�g�e�t�h�e�r� �c�o�n�t�r�i�b�u�t�e� �l�e�s�s� �t�h�a�n� �1�0�%� �t�o� �t�h�e� �t�o�t�a�l� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �m�o�d�e�l�)�.� 

�2�)� �D�r�o�p� �c�o�m�p�o�n�e�n�t�s� �w�h�i�c�h� �a�r�e� �t�h�e� �l�e�a�s�t� �c�o�r�r�e�l�a�t�e�d� �w�i�t�h� �t�h�e� �d�e�p�e�n�d�e�n�t� �v�a�r�i�a�b�l�e�.�*� 

�3�)� �I�n�c�l�u�d�e� �o�n�l�y� �t�h�o�s�e� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t�s� �w�h�o�s�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �r�o�o�t�s� �a�r�e� �g�r�e�a�t�e�r� �t�h�a�n� 

�t�h�e� �a�v�e�r�a�g�e� �(�w�h�i�c�h� �m�e�a�n�s� �t�h�a�t� �t�h�e� �c�o�n�t�r�i�b�u�t�i�o�n� �o�f� �t�h�e�s�e� �c�o�m�p�o�n�e�n�t�s� �t�o� �t�h�e� �t�o�t�a�l� �v�a�r�i�-� 

�a�t�i�o�n� �o�f� �t�h�e� �d�a�t�a� �i�s� �g�r�e�a�t�e�r� �t�h�a�n� �a�v�e�r�a�g�e�)�. �� 

�T�h�e� �i�n�t�u�i�t�i�v�e� �e�x�p�l�a�n�a�t�i�o�n� �o�f� �t�h�e�s�e� �r�u�l�e�s� �c�a�n� �b�e� �d�o�n�e� �o�n� �t�h�e� �b�a�s�i�s� �o�f� �p�r�e�s�e�r�v�i�n�g� �a�s� 

�m�u�c�h� �a�s� �p�o�s�s�i�b�l�e� �o�f� �v�a�r�i�a�t�i�o�n� �i�n� �t�h�e� �d�a�t�a� �w�i�t�h�o�u�t� �i�n�t�r�o�d�u�c�i�n�g� �t�o�o� �m�u�c�h� �b�i�a�s� �t�o� �t�h�e� �o�r�t�-� 

�g�i�n�a�l� �m�o�d�e�l�.� �T�h�i�s� �b�i�a�s� �r�e�s�u�l�t�s� �f�r�o�m� �t�h�e� �m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n� �e�r�r�o�r� �i�n� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �(�2�5�)�.� 

�3�8� �T�h�i�s� �r�u�l�e� �a�p�p�e�a�r�s� �t�o� �b�e� �u�s�e�f�u�l� �w�h�e�r�e� �t�h�e� �p�r�e�c�i�s�i�o�n� �o�f� �t�h�e� �f�o�r�e�c�a�s�t� �i�s� �t�h�e� �m�a�i�n� �c�o�n�c�e�r�n�.� �I�t� �c�a�n�n�o�t� �b�e� �a�p�p�l�i�e�d� 

�t�o� �s�e�l�e�c�t�i�n�g� �b�e�s�t� �w�e�i�g�h�t�s� �f�o�r� �a�n�y� �i�n�d�e�x� �t�y�p�e� �v�a�r�i�a�b�l�e�s� �s�i�n�c�e� �i�n� �m�o�s�t� �c�a�s�e�s� �s�u�c�h� �v�a�r�i�a�b�l�e�s� �a�r�e� �p�u�r�e�l�y� �a�r�t�i�f�i�c�i�a�l� 

�a�n�d� �n�o� �a� �p�r�i�o�r�i� �o�b�s�e�r�v�a�t�i�o�n�s� �a�r�e� �a�v�a�i�l�a�b�l�e� �o�n� �t�h�e�m�.� 

�3�9� �I�n� �c�a�s�e� �o�f� �s�t�a�n�d�a�r�d�i�z�e�d� �d�a�t�a� �t�h�i�s� �i�s� �e�q�u�i�v�a�l�e�n�t� �t�o� �i�n�c�l�u�d�i�n�g� �o�n�l�y� �c�o�m�p�o�n�e�n�t�s� �w�h�o�s�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �r�o�o�t�s� 

�A�,� �2�A� �=� �1�.� �T�h�i�s� �i�s� �b�e�c�a�u�s�e� �S�A�,� �=� �t�r�(�Z ��Z�)� �=� �k�.� 
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�A�s� �m�e�n�t�i�o�n�e�d� �b�e�f�o�r�e�,� �d�e�l�e�t�i�n�g� �s�o�m�e�  ��l�e�s�s� �i�m�p�o�r�t�a�n�t �� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t�s� �w�o�u�l�d� �r�e�s�u�l�t� 

�i�n� �l�o�w�e�r� �v�a�r�i�a�n�c�e� �o�f� �t�h�e� �m�o�d�e�l� �a�s� �w�e�l�l� �a�s� �l�o�w�e�r� �s�a�m�p�l�i�n�g� �v�a�r�i�a�n�c�e�s� �f�o�r� �i�t�s� �i�n�d�i�v�i�d�u�a�l� �p�a�-� 

�r�a�m�e�t�e�r�s�.� �B�e�c�a�u�s�e� �t�h�e� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t� �e�s�t�i�m�a�t�e�s� �a�r�e� �t�h�e� �s�a�m�e� �a�s� �t�h�e� �r�e�s�t�r�i�c�t�e�d� �l�e�a�s�t� 

�s�q�u�a�r�e�s� �(�R�L�S�)� �e�s�t�i�m�a�t�e�s�,� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� �t�e�s�t� �w�h�e�t�h�e�r� �t�h�e� �r�e�s�t�r�i�c�t�i�o�n� �A ��,�_�,�6� �=� �0� �i�s� �j�u�s�t�i�-� 

�f�i�e�d�.� �T�o� �d�o� �t�h�i�s�,� �l�e�t� �u�s� �c�o�n�s�i�d�e�r� �t�h�e� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t� �f�o�r�m�u�l�a�t�i�o�n� �(�2�3�)� �a�n�d� �a�l�s�o� �(�2�5�)� 

�w�i�t�h� �k�  ��r� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t�s� �d�e�l�e�t�e�d� �(�1�e�.�,� �6�,� �=� �a�'�,�B� �=�0�,� �i�=�r�t�+�1�,�.�.�.�,�k�)�.� �T�o� �t�e�s�t� �t�h�e� 

�s�t�a�t�i�s�t�i�c�a�l� �r�e�l�e�v�a�n�c�e� �o�f� �t�h�e� �h�y�p�o�t�h�e�s�i�s� �t�h�a�t� �a�l�l� �t�h�e� �l�a�s�t� �r�e�g�r�e�s�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s� �b� �e�q�u�a�l� �z�e�r�o� 

�(�u�n�d�e�r� �t�h�e� �n�o�r�m�a�l�i�t�y� �a�s�s�u�m�p�t�i�o�n�)�,� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� �u�s�e� �a�n� �F� �t�e�s�t�.� �T�h�e� �b�e�s�t� �s�e�l�e�c�t�i�o�n� �r�u�l�e� 

�f�o�r� �r �� �s�h�o�u�l�d� �a�l�s�o� �t�a�k�e� �i�n�t�o� �a�c�c�o�u�n�t� �a� �p�o�s�s�i�b�i�l�i�t�y� �t�h�a�t� �c�o�m�p�o�n�e�n�t�s� �w�i�t�h� �s�m�a�l�l� �c�h�a�r�a�c�t�e�r�-� 

�i�s�t�i�c� �r�o�o�t�s� �m�a�y� �b�e� �h�i�g�h�l�y� �c�o�r�r�e�l�a�t�e�d� �w�i�t�h� �t�h�e� �d�e�p�e�n�d�e�n�t� �v�a�r�i�a�b�l�e�. �� �F�o�r� �t�h�a�t� �r�e�a�s�o�n� �H�i�l�l� 

�(�1�9�7�7�)� �p�r�o�p�o�s�e�s� �t�h�e� �f�o�l�l�o�w�i�n�g� �t�e�s�t� �w�h�i�c�h� �t�a�k�e�s� �t�h�e�s�e� �c�o�n�c�e�r�n�s� �i�n�t�o� �a�c�c�o�u�n�t�:� 

�Y� �b�P�A�,� 
�(�2�6�)� �y�o� �~� �F�e� 

�w�h�e�r�e� �s�?� �i�s� �t�h�e� �s�u�m� �o�f� �s�q�u�a�r�e�d� �r�e�s�i�d�u�a�l�s� �o�f� �t�h�e� �u�n�r�e�s�t�r�i�c�t�e�d� �m�o�d�e�l�.� �T�e�s�t�i�n�g� �t�h�e� �t�r�u�t�h� �o�f� 

�b�=� �0� �i�s� �e�q�u�i�v�a�l�e�n�t� �t�o� �t�e�s�t�i�n�g� �y� �=� �0�.� �I�f� �f�o�r� �s�o�m�e� �r�e�a�s�o�n� �a� �s�m�a�l�l� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �r�o�o�t� �4�,� �i�s� 

�a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �a� �l�a�r�g�e� �b�?� �t�h�e�n� �y�>�0�,� �a�n�d� �t�h�e� �n�u�l�l� �h�y�p�o�t�h�e�s�i�s� �m�i�g�h�t� �b�e� �r�e�j�e�c�t�e�d�.� �I�f�,� 

�h�o�w�e�v�e�r�,� �t�h�e�r�e� �i�s� �n�o� �r�e�a�s�o�n� �t�o� �r�e�j�e�c�t� �t�h�e� �n�u�l�l� �h�y�p�o�t�h�e�s�i�s� �t�h�a�t� �k�  ��r� �l�a�s�t� �p�r�i�n�c�i�p�a�l� �c�o�m�-� 

�p�o�n�e�n�t�s� �a�r�e� �e�q�u�a�l� �t�o� �z�e�r�o�,� �t�h�e�n� �i�t� �w�o�u�l�d� �m�e�a�n� �t�h�a�t� �t�h�e� �v�a�r�i�a�n�c�e�s� �o�f� �r�e�g�r�e�s�s�i�o�n� �e�s�t�i�m�a�t�e�s� 

�B�;� �h�a�v�e� �b�e�e�n� �l�o�w�e�r�e�d� �s�i�g�n�i�f�i�c�a�n�t�l�y� �w�i�t�h� �n�o� �o�r� �o�n�l�y� �s�m�a�l�l� �a�m�o�u�n�t� �o�f� �b�i�a�s� �a�d�d�e�d�.� 

�4�0� �F�o�r� �m�o�r�e� �d�e�t�a�i�l�s� �s�e�e� �M�a�s�s�y� �(�1�9�6�5�)�.� �A�n� �e�x�a�m�p�l�e� �o�f� �s�u�c�h� �s�i�t�u�a�t�i�o�n� �i�n� �t�h�e� �a�u�t�o�m�o�b�i�l�e� �m�a�r�k�e�t� �m�a�y� �o�c�c�u�r� �i�f� 

�l�a�r�g�e� �p�r�i�c�e� �d�i�f�f�e�r�e�n�t�i�a�l�s� �b�e�t�w�e�e�n� �m�a�k�e�s� �a�r�e� �a�t�t�r�i�b�u�t�e�d� �(�a�s� �e�x�p�l�a�i�n�e�d� �b�y� �h�e�d�o�n�i�c� �p�r�i�c�e� �m�o�d�e�l�s�)� �t�o� �h�i�g�h� 

�v�a�r�i�a�b�i�l�i�t�y� �o�f� �a�t�t�r�i�b�u�t�e�s� �o�f� �m�a�r�g�i�n�a�l� �i�m�p�o�r�t�a�n�c�e� �(�e�.�g�.�,� �v�o�l�u�m�e� �o�f� �s�i�d�e� �m�o�l�d�i�n�g�s�,� �p�r�e�s�e�n�c�e� �o�r� �a�b�s�e�n�c�e� �o�f� �w�i�r�e� 

�w�h�e�e�l� �c�o�v�e�r�s�)�.� 
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�T�h�e�s�e� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �h�a�v�e� �i�m�p�o�r�t�a�n�t� �i�m�p�l�i�-� 

�c�a�t�i�o�n�s� �f�o�r� �t�h�e� �h�e�d�o�n�i�c� �p�r�i�c�e� �a�n�a�l�y�s�i�s�.� �I�n� �t�h�e� �c�a�s�e� �o�f� �a� �t�r�a�d�i�t�i�o�n�a�l� �h�e�d�o�n�i�c� �m�o�d�e�l� �w�h�e�r�e� 

�s�i�g�n�i�f�i�c�a�n�t� �m�u�l�t�i�c�o�l�l�i�n�e�a�r�i�t�y� �o�f� �d�a�t�a� �i�s� �p�r�e�s�e�n�t�,� �a� �l�i�n�e�a�r� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �w�h�i�c�h� �u�s�e�s� �p�r�i�n�-� 

�c�i�p�a�l� �c�o�m�p�o�n�e�n�t�s� �w�i�t�h� �t�h�e� �h�i�g�h�e�s�t� �l�a�t�e�n�t� �r�o�o�t�s� �r�e�s�u�l�t�s� �i�n� �s�i�g�n�i�f�i�c�a�n�t� �r�e�d�u�c�t�i�o�n� �i�n� �t�h�e� 

�s�a�m�p�l�i�n�g� �v�a�r�i�a�n�c�e�s� �o�f� �e�s�t�i�m�a�t�o�r�s� �a�n�d� �i�m�p�r�o�v�e�s� �t�h�e� �p�r�e�c�i�s�i�o�n� �w�i�t�h� �w�h�i�c�h� �h�e�d�o�n�i�c� �p�r�i�c�e�s� 

�o�f� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �a�r�e� �e�s�t�i�m�a�t�e�d�.� �T�h�e� �c�o�s�t� �o�f� �t�h�i�s� �o�p�e�r�a�t�i�o�n� �i�s� �g�e�n�e�r�a�l�l�y� 

�g�r�e�a�t�e�r� �b�i�a�s� �o�f� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�e�s� �a�s� �w�e�l�l� �a�s� �e�s�t�i�m�a�t�i�o�n� �o�f� �d�i�f�f�e�r�e�n�t� �s�e�t� �o�f� �p�a�r�a�m�e�t�e�r�s� 

�t�h�a�n� �t�h�o�s�e� �u�s�e�d� �i�n� �t�h�e� �o�r�i�g�i�n�a�l� �m�o�d�e�l�.� �I�n� �o�r�d�e�r� �t�o� �r�e�d�u�c�e� �t�h�e� �p�o�s�s�i�b�l�e� �i�m�p�a�c�t� �o�f� �m�o�d�e�l� 

�m�i�s�s�p�e�c�i�f�i�c�a�t�i�o�n�,� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �t�e�s�t� �w�h�e�t�h�e�r� �r�e�t�a�i�n�i�n�g� �o�n�l�y� �f�e�w� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t�s� 

�(�o�r� �i�m�p�o�s�i�n�g� �l�i�n�e�a�r� �r�e�s�t�r�i�c�t�i�o�n�s�)� �i�s� �s�t�a�t�i�s�t�i�c�a�l�l�y� �j�u�s�t�i�f�i�a�b�l�e�.� �I�f� �r�e�s�t�r�i�c�t�i�o�n�s� �a�p�p�e�a�r� �t�o� �b�e� 

�c�o�r�r�e�c�t� �(�a�f�t�e�r� �t�h�e� �a�p�p�r�o�p�r�i�a�t�e� �t�e�s�t�s� �a�r�e� �p�e�r�f�o�r�m�e�d�)� �t�h�e�n� �t�h�e� �R�L�S� �(�a�n�d� �t�h�e� �p�r�i�n�c�i�p�a�l� 

�c�o�m�p�o�n�e�n�t�)� �e�s�t�i�m�a�t�o�r�s� �d�o�m�i�n�a�t�e� �O�L�S� �u�n�d�e�r� �d�i�f�f�e�r�e�n�t� �r�i�s�k� �f�u�n�c�t�i�o�n�s� �(�i�n�c�l�u�d�i�n�g� �t�h�e� �M�S�E� 

 �� �c�r�i�t�e�r�i�o�n�)�.� �T�h�e� �m�a�i�n� �p�r�o�b�l�e�m� �h�e�r�e� �i�s�,� �a�c�c�o�r�d�i�n�g� �t�o� �J�u�d�g�e� �e�t� �a�l�.� �(�1�9�8�5�)� �t�h�a�t� �w�e�  ��.�.�.� �s�e�l�d�o�m� 

�i�f� �e�v�e�r� �k�n�o�w� �w�h�e�r�e� �t�h�e�y� �a�r�e� �o�n� �t�h�e� �(�.�.�.�)� �s�p�e�c�i�f�i�c�a�t�i�o�n� �e�r�r�o�r� �p�a�r�a�m�e�t�e�r� �s�p�a�c�e ��.� �I�n� �o�t�h�e�r� 

�w�o�r�d�s� �t�h�e�r�e� �m�a�y� �e�x�i�s�t� �a� �v�e�r�y� �w�i�d�e� �r�a�n�g�e� �o�f� �t�h�e� �p�a�r�a�m�e�t�e�r� �s�p�a�c�e� �i�n� �w�h�i�c�h� �t�h�e� �p�r�i�n�c�i�p�a�l� 

�c�o�m�p�o�n�e�n�t� �e�s�t�i�m�a�t�o�r�s� �w�i�l�l� �p�r�o�v�e� �i�n�f�e�r�i�o�r� �t�o� �t�h�e� �l�e�a�s�t� �s�q�u�a�r�e�s�.� �F�o�r� �t�h�a�t� �r�e�a�s�o�n� �i�t� �i�s� �o�f�t�e�n� 

�s�u�g�g�e�s�t�e�d� �t�h�a�t� �t�h�e� �S�t�e�i�n� �r�u�l�e� �w�h�i�c�h� �c�o�m�b�i�n�e�s� �t�h�e� �a�d�v�a�n�t�a�g�e�s� �o�f� �b�o�t�h� �e�s�t�i�m�a�t�o�r�s� �b�e� �u�s�e�d� 

�t�o� �d�e�a�l� �w�i�t�h� �m�u�l�t�i�c�o�l�l�i�n�e�a�r�i�t�y�.�*�!� 

�A� �m�o�r�e� �i�n�t�e�r�e�s�t�i�n�g� �s�i�t�u�a�t�i�o�n� �a�r�i�s�e�s� �w�h�e�n� �h�e�d�o�n�i�c� �a�n�a�l�y�s�i�s� �i�s� �c�a�r�r�i�e�d� �o�u�t� �o�n� �t�h�e� 

�i�n�d�e�x�-�t�y�p�e� �v�a�r�i�a�b�l�e�s� �w�h�i�c�h� �c�o�m�b�i�n�e� �s�e�v�e�r�a�l� �p�h�y�s�i�c�a�l� �a�t�t�r�i�b�u�t�e�s� �i�n�t�o� �o�n�e� �i�n�d�e�x� �n�u�m�b�e�r�.� 

�I�n� �t�h�i�s� �c�a�s�e�,� �e�s�p�e�c�i�a�l�l�y� �i�f� �t�h�e� �n�e�e�d� �f�o�r� �s�u�c�h� �i�n�d�e�x� �c�a�n� �b�e� �j�u�s�t�i�f�i�e�d� �o�n� �t�h�e�o�r�e�t�i�c�a�l� �g�r�o�u�n�d�s�,� 

�p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t� �r�e�g�r�e�s�s�i�o�n� �a�p�p�e�a�r�s� �t�o� �b�e� �a� �n�a�t�u�r�a�l� �s�o�l�u�t�i�o�n�.� �B�e�s�i�d�e�s� �t�h�e� �a�r�g�u�m�e�n�t�s� 

�t�h�a�t� �c�o�n�s�u�m�e�r�s� �a�r�e� �m�o�r�e� �i�n�t�e�r�e�s�t�e�d� �i�n� �a� �c�e�r�t�a�i�n� �b�u�n�d�l�e� �o�f� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �r�a�t�h�e�r� �t�h�a�n� �i�n� 

�i�n�d�i�v�i�d�u�a�l� �a�t�t�r�i�b�u�t�e�s� �w�h�i�c�h� �a�r�e� �c�o�m�p�o�n�e�n�t�s� �o�f� �s�u�c�h� �a� �b�u�n�d�l�e� �(�t�h�i�s� �h�a�s� �y�e�t� �t�o� �b�e� �e�s�t�a�b�-� 

�4�1� �A�s� �r�e�c�o�m�m�e�n�d�e�d� �b�y� �J�u�d�g�e� �e�t� �a�l�.� �(�1�9�8�5�)�.� 
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�l�i�s�h�e�d� �o�n� �t�h�e� �g�r�o�u�n�d�s� �o�f� �c�o�n�s�u�m�e�r� �t�h�e�o�r�y�)�,� �t�h�e� �i�n�d�e�x� �b�a�s�e�d� �o�n� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t�s� �h�a�s� 

�i�n�t�e�r�e�s�t�i�n�g� �s�t�a�t�i�s�t�i�c�a�l� �p�r�o�p�e�r�t�i�e�s�.� 

�B�e�f�o�r�e� �t�h�i�s� �p�r�o�b�l�e�m� �i�s� �a�d�d�r�e�s�s�e�d�,� �t�h�e� �f�o�l�l�o�w�i�n�g� �q�u�e�s�t�i�o�n� �c�o�u�l�d� �b�e� �a�s�k�e�d�:� �i�f� �t�h�e� 

�p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t� �r�e�g�r�e�s�s�i�o�n� �i�s� �u�s�e�d�,� �w�h�i�c�h� �l�i�n�e�a�r� �c�o�m�b�i�n�a�t�i�o�n� �(�o�r� �w�e�i�g�h�t�i�n�g� �s�c�h�e�m�e�)� 

�o�f� �t�h�e� �v�a�r�i�a�b�l�e�s� �i�s� �l�i�k�e�l�y� �t�o� �p�r�o�d�u�c�e� �t�h�e� �b�e�s�t� �i�n�d�e�x�?� �I�f� �o�u�r� �g�o�a�l� �i�s� �t�o� �r�e�p�l�a�c�e� �v�a�r�i�o�u�s� �a�t�-� 

�t�r�i�b�u�t�e�s� �b�y� �a� �n�u�m�b�e�r� �w�h�i�c�h� �p�r�e�s�e�r�v�e�s� �v�a�r�i�a�t�i�o�n� �i�n� �t�h�e� �d�a�t�a� �a�n�d� �s�e�r�v�e�s� �a�s� �a�n� �a�g�g�r�e�g�a�t�e� 

�i�n�d�e�x� �m�e�a�s�u�r�e� �f�o�r� �t�h�e�m�,� �t�h�e�n� �t�h�e� �f�i�r�s�t� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t� �a�p�p�e�a�r�s� �t�o� �p�r�o�v�i�d�e� �b�e�s�t� 

�p�o�s�s�i�b�l�e� �w�e�i�g�h�t�s�.� �T�h�i�s� �c�a�n� �b�e� �j�u�s�t�i�f�i�e�d� �o�n� �t�h�e� �b�a�s�i�s� �t�h�a�t� �i�f� �o�n�l�y� �o�n�e� �m�e�a�s�u�r�e� �f�o�r� �c�o�m�f�o�r�t� 

�a�n�d� �s�a�f�e�t�y� �i�s� �u�s�e�d�,� �t�h�e� �l�i�n�e�a�r� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �v�a�r�i�a�b�l�e�s� �w�h�i�c�h� �u�s�e�s� �t�h�e� �f�i�r�s�t� �p�r�i�n�c�i�p�a�l� 

�c�o�m�p�o�n�e�n�t� �w�e�i�g�h�t�s� �w�i�l�l� �p�r�e�s�e�r�v�e� �m�o�s�t� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �d�a�t�a� �w�i�t�h� �t�h�e� �s�m�a�l�l�e�s�t� �l�o�s�s� �o�f� �i�n�-� 

�f�o�r�m�a�t�i�o�n� �o�u�t� �o�f� �a�l�l� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t�s�.� �T�h�i�s� �a�p�p�r�o�a�c�h� �s�h�o�u�l�d� �w�o�r�k� �w�e�l�l� �e�s�p�e�c�i�a�l�l�y� �i�f� 

�t�h�e� �f�i�r�s�t� �e�i�g�e�n�v�a�l�u�e� �d�o�m�i�n�a�t�e�s� �a�l�l� �r�e�m�a�i�n�i�n�g� �o�n�e�s� �(�1�.�e�.�,� �a�c�c�o�u�n�t�s� �f�o�r� �m�o�r�e� �t�h�a�n� �5�0� �p�e�r�c�e�n�t� 

�o�f� �t�h�e� �v�a�r�i�a�b�i�l�i�t�y� �o�f� �d�a�t�a�)�.�*�?� �A�l�s�o� �s�t�a�t�i�s�t�i�c�a�l� �p�r�o�p�e�r�t�i�e�s� �o�f� �a� �m�o�d�e�l� �w�h�i�c�h� �u�s�e�s� �z�,� �a�s� �i�t�s� 

�d�e�p�e�n�d�e�n�t� �v�a�r�i�a�b�l�e� �a�r�e� �w�o�r�t�h� �m�e�n�t�i�o�n�i�n�g�.� �A�s� �l�o�n�g� �a�s� �t�h�e� �r�e�g�r�e�s�s�i�o�n� �i�s� �r�u�n� �o�n� �t�h�e� �p�r�i�n�-� 

�c�i�p�a�l� �c�o�m�p�o�n�e�n�t�s� �(�1�.�e�.�,� �c�o�n�s�u�m�e�r� �w�i�l�l�i�n�g�n�e�s�s� �t�o� �p�a�y� �f�o�r� �a� �m�a�r�g�i�n�a�l� �i�n�c�r�e�a�s�e� �i�n� �a�n� �i�n�d�e�x� 

�r�a�t�h�e�r� �t�h�a�n� �i�t�s� �i�n�d�i�v�i�d�u�a�l� �e�l�e�m�e�n�t�s� �i�s� �t�h�e� �m�a�j�o�r� �c�o�n�c�e�r�n�)�,� �t�h�e� �O�L�S� �e�s�t�i�m�a�t�e�s� �o�f� �t�h�e� �r�e�-� 

�g�r�e�s�s�i�o�n� �p�a�r�a�m�e�t�e�r�s� �w�i�l�l� �b�e� �u�n�b�i�a�s�e�d�.�®� �A�l�s�o�,� �t�h�e�y� �w�i�l�l� �b�e� �B�L�U�E� �d�u�e� �t�o� �t�h�e� �v�a�r�i�a�n�c�e� 

�m�i�n�i�m�i�z�i�n�g� �p�r�o�p�e�r�t�y� �o�f� �t�h�e� �f�i�r�s�t� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t�.� �I�n� �a�d�d�i�t�i�o�n�,� �i�n� �t�h�e� �c�a�s�e� �o�f� 

�s�t�o�c�h�a�s�t�i�c� �r�e�g�r�e�s�s�o�r�s� �(�X ��s� �a�r�e� �n�o�n�d�e�t�e�r�m�i�n�i�s�t�i�c�)� �t�h�e� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t� �r�e�g�r�e�s�s�i�o�n� �w�i�l�l� 

�p�r�o�v�i�d�e� �c�o�n�s�i�s�t�e�n�t� �(�a�n�d� �a�l�s�o� �a�s�y�m�p�t�o�t�i�c�a�l�l�y� �u�n�b�i�a�s�e�d�)� �e�s�t�i�m�a�t�e�s� �o�f� �b� �(�s�e�e� �J�o�h�n�s�o�n� �e�t� �a�l�.� 

�1�9�7�7�)�.� �T�h�e�s�e� �s�t�a�t�i�s�t�i�c�a�l� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �m�a�y� �p�r�o�-� 

�v�i�d�e� �a�d�d�i�t�i�o�n�a�l� �s�u�p�p�o�r�t� �f�o�r� �i�t�s� �a�p�p�l�i�c�a�t�i�o�n� �i�n� �t�h�e� �h�e�d�o�n�i�c� �a�n�a�l�y�s�i�s�.� �T�h�e� �a�b�o�v�e� �s�t�a�t�e�-� 

�4�2� �T�h�i�s� �r�u�l�e� �h�a�s� �b�e�e�n� �p�r�o�p�o�s�e�d� �b�y� �G�r�e�e�n�b�e�r�g� �(�1�9�7�5�)� �w�h�o� �a�l�s�o� �r�a�i�s�e�s� �a� �q�u�e�s�t�i�o�n� �o�f� �t�h�e� �e�c�o�n�o�m�i�c� �i�n�t�e�r�p�r�e�t�a�-� 

�t�i�o�n� �o�f� �s�u�c�h� �a� �w�e�i�g�h�t�i�n�g� �s�c�h�e�m�e�.� 

�4�3� �T�h�i�s� �i�s� �d�u�e� �t�o� �t�h�e� �o�r�t�h�o�g�o�n�a�l�i�t�y� �p�r�o�p�e�r�t�y� �o�f� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t� �w�e�i�g�h�t�s�.� �T�h�e� �m�o�r�e� �d�e�t�a�i�l�e�d� �e�x�p�l�a�n�a�t�i�o�n� 

�i�s� �p�r�o�v�i�d�e�d� �i�n� �A�p�p�e�n�d�i�x� �1�.� 
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�m�e�n�t�s�,� �h�o�w�e�v�e�r�,� �a�r�e� �t�r�u�e� �o�n�l�y� �i�f� �t�h�e� �e�s�t�i�m�a�t�i�o�n� �o�f� �d�e�m�a�n�d� �f�o�r� �a�g�g�r�e�g�a�t�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� 

�(�e�x�p�r�e�s�s�e�d� �a�s� �i�n�d�e�x�e�s�)� �i�s� �o�u�r� �m�a�j�o�r� �g�o�a�l�.� �T�h�e� �e�s�t�i�m�a�t�e�s� �o�f� �t�h�e� �h�e�d�o�n�i�c� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� 
�A� 

�i�n�d�i�v�i�d�u�a�l� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �b�a�s�e�d� �o�n� �t�h�e� �f�i�r�s�t� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t�,� �£�,�,� �w�h�i�c�h� �c�a�n� �b�e� �c�a�l�-� 
�A� �A� 

�c�u�l�a�t�e�d� �f�r�o�m� �f�,� �=� �a ��,�b�,�,� �w�i�l�l� �b�e� �b�i�a�s�e�d� �e�s�t�i�m�a�t�e�s� �o�f� �#� �i�f� �t�h�i�s� �m�e�t�h�o�d� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �i�s� 

�u�s�e�d�.� 

�B�.�2�.� �F�a�c�t�o�r� �A�n�a�l�y�s�i�s� �A�p�p�r�o�a�c�h� 

�T�h�e� �f�a�c�t�o�r� �a�n�a�l�y�s�i�s� �a�p�p�r�o�a�c�h� �i�s� �a�n� �a�l�t�e�r�n�a�t�i�v�e� �m�e�t�h�o�d� �o�f� �c�o�n�s�t�r�u�c�t�i�n�g� �a�n� �i�n�d�e�x� 

�w�h�i�c�h� �c�a�n� �b�e� �u�s�e�d� �a�s� �a�n� �e�x�p�l�a�n�a�t�o�r�y� �v�a�r�i�a�b�l�e� �i�n� �a� �h�e�d�o�n�i�c� �p�r�i�c�e� �m�o�d�e�l�.� �S�e�v�e�r�a�l� �s�t�u�d�i�e�s� 

�o�f� �t�h�e� �h�o�u�s�i�n�g� �m�a�r�k�e�t� �u�s�e�d� �t�h�i�s� �m�e�t�h�o�d� �t�o� �c�o�n�s�t�r�u�c�t� �a�n� �i�n�d�e�x� �v�a�r�i�a�b�l�e� �w�h�i�c�h� �c�o�u�l�d� �b�e� 

�u�s�e�d� �a�s� �a� �p�r�o�x�y� �f�o�r� �v�a�r�i�o�u�s� �q�u�a�l�i�t�a�t�i�v�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �a� �h�o�u�s�e� �w�h�i�c�h� �a�r�e� �d�i�f�f�i�c�u�l�t� �t�o� 

�m�e�a�s�u�r�e� �o�b�j�e�c�t�i�v�e�l�y� �s�u�c�h� �a�s� �o�v�e�r�a�l�l� �e�v�a�l�u�a�t�i�o�n� �o�f� �h�o�u�s�i�n�g� �s�t�r�u�c�t�u�r�e�,� �n�e�i�g�h�b�o�r�h�o�o�d� 

�q�u�a�l�i�t�y�,� �o�r� �d�w�e�l�l�i�n�g� �q�u�a�l�i�t�y�.� �A�m�o�n�g� �t�h�e� �s�t�u�d�i�e�s� �w�h�i�c�h� �u�s�e�d� �t�h�i�s� �a�p�p�r�o�a�c�h� �a�r�e� �p�a�p�e�r�s� �b�y� 

�K�a�i�n� �a�n�d� �Q�u�i�g�l�e�y� �(�1�9�7�0�)� �a�n�d� �W�i�t�t�e� �e�t� �a�l�.� �(�1�9�7�9�)�.� �A�l�t�h�o�u�g�h� �f�a�c�t�o�r� �a�n�a�l�y�s�i�s� �i�s� �n�o�t� �u�s�e�d� 

�i�n� �m�y� �d�i�s�s�e�r�t�a�t�i�o�n�,� �h�e�d�o�n�i�c� �e�s�t�i�m�a�t�o�r�s� �w�h�i�c�h� �u�s�e� �t�h�i�s� �m�e�t�h�o�d� �h�a�v�e� �s�o�m�e� �i�n�t�e�r�e�s�t�i�n�g� 

�p�r�o�p�e�r�t�i�e�s� �w�h�i�c�h� �a�r�e� �w�o�r�t�h� �m�e�n�t�i�o�n�i�n�g� �h�e�r�e�.� 

�S�i�m�i�l�a�r� �t�o� �t�h�e� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t� �m�e�t�h�o�d� �d�e�s�c�r�i�b�e�d� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �s�e�c�t�i�o�n�,� �f�a�c�t�o�r� 

�a�n�a�l�y�s�i�s� �i�s� �u�s�e�d� �i�n� �c�a�s�e�s� �w�h�e�r�e� �t�h�e� �h�i�g�h� �d�e�g�r�e�e� �o�f� �m�u�l�t�i�c�o�l�l�i�n�e�a�r�i�t�y� �m�a�k�e�s� �i�t� �d�i�f�f�i�c�u�l�t� �t�o� 

�o�b�t�a�i�n� �p�r�e�c�i�s�e� �e�s�t�i�m�a�t�e�s� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�a�l� �c�o�e�f�f�f�i�c�i�e�n�t�s� �o�f� �t�h�e� �m�o�d�e�l�.� �T�h�i�s� �i�s�s�u�e� �i�s� �v�e�r�y� 

�i�m�p�o�r�t�a�n�t� �i�n� �t�h�e� �h�e�d�o�n�i�c� �p�r�i�c�e� �a�n�a�l�y�s�i�s� �w�h�i�c�h� �e�s�t�i�m�a�t�e�s� �c�o�n�s�u�m�e�r� �m�a�r�g�i�n�a�l� �w�i�l�l�i�n�g�n�e�s�s� 

�t�o� �p�a�y� �f�o�r� �p�r�o�d�u�c�t� �a�t�t�r�i�b�u�t�e�s� �a�n�d� �u�s�e�s� �i�t� �a�s� �i�n�p�u�t� �t�o� �d�e�m�a�n�d� �a�n�a�l�y�s�i�s�.� 

�T�h�e� �u�s�e� �o�f� �f�a�c�t�o�r� �a�n�a�l�y�s�i�s� �t�o� �c�o�n�s�t�r�u�c�t� �a�n� �i�n�d�e�x� �v�a�r�i�a�b�l�e� �i�s� �f�a�c�i�l�i�t�a�t�e�d� �b�y� �t�h�e� �f�a�c�t� 

� � 

�t�h�a�t� �t�h�e� �f�a�c�t�o�r� �m�e�t�h�o�d� �l�i�k�e� �t�h�e� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t� �m�e�t�h�o�d� �f�u�r�n�i�s�h�e�s� �i�t�s� �o�w�n� �w�e�i�g�h�t�s�.� 

�T�h�e� �g�e�n�e�r�a�l� �i�d�e�a� �o�f� �t�h�i�s� �a�p�p�r�o�a�c�h� �i�s� �t�o� �r�e�d�u�c�e� �t�h�e� �s�e�t� �o�f� �e�x�o�g�e�n�o�u�s� �v�a�r�i�a�b�l�e�s� �t�o� �a� �s�e�t� �o�f� 

�f�a�c�t�o�r�s� �(�w�h�i�c�h� �i�s� �l�e�s�s� �i�n� �n�u�m�b�e�r� �t�h�a�n� �t�h�e� �s�e�t� �o�f� �X ��s�)� �w�i�t�h� �a� �r�e�l�a�t�i�v�e�l�y� �s�m�a�l�l� �l�o�s�s� �o�f� �i�n�f�o�r�-� 

�m�a�t�i�o�n�.� �T�h�i�s� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �1�s� �j�u�s�t�i�f�i�e�d� �o�n� �t�h�e� �b�a�s�i�s� �t�h�a�t� �s�o�m�e� �o�f� �t�h�e� �v�a�r�i�a�b�l�e�s� �i�n� �t�h�e� 

�o�r�i�g�i�n�a�l� �s�e�t� �o�f� �d�a�t�a�,� �e�s�p�e�c�i�a�l�l�y� �t�h�o�s�e� �w�h�i�c�h� �a�r�e� �c�o�r�r�e�l�a�t�e�d� �b�e�t�w�e�e�n� �t�h�e�m�s�e�l�v�e�s�,� �c�a�r�r�y� �t�h�e� 
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�s�a�m�e� �i�n�f�o�r�m�a�t�i�o�n�,� �o�r� �i�n� �o�t�h�e�r� �w�o�r�d�s�,� �c�a�r�r�y� �a�  ��c�o�m�m�o�n� �f�a�c�t�o�r ��.� �T�h�e� �e�x�i�s�t�e�n�c�e� �o�f� �a� 

�c�o�m�m�o�n� �f�a�c�t�o�r� �a�m�o�n�g� �t�h�e� �d�a�t�a� �h�e�l�p�s� �e�x�p�l�a�i�n� �t�h�e� �i�n�t�e�r�c�o�r�r�e�l�a�t�i�o�n� �o�f� �t�h�e� �e�x�p�l�a�n�a�t�o�r�y� 

�v�a�r�i�a�b�l�e�s�.� �H�o�w�e�v�e�r�,� �n�o�t� �a�l�l� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �d�a�t�a� �c�a�n� �b�e� �e�x�p�l�a�i�n�e�d� �b�y� �a� �c�o�m�m�o�n� �f�a�c�t�o�r�;� 

�s�o�m�e� �p�o�r�t�i�o�n� �o�f� �i�t� �i�s� �a� �r�a�n�d�o�m� �v�a�r�i�a�b�l�e� �s�p�e�c�i�f�i�c� �t�o� �e�a�c�h� �x�,�,� �C�o�n�s�e�q�u�e�n�t�l�y�,� �e�a�c�h� �e�x�p�l�a�n�a�-� 

�t�o�r�y� �v�a�r�i�a�b�l�e� �x�;� �c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �b�y� �t�h�e� �f�o�l�l�o�w�i�n�g� �r�e�g�r�e�s�s�i�o�n� �m�o�d�e�l�:� 

�(�2�7�)� �x�,� �=�e�f�t�u�,�+�n�,�,� �i�=�1�,�2�,�.�.�.�,�k�,� 

�w�h�e�r�e� �f� �i�s� �a�n� �u�n�o�b�s�e�r�v�a�b�l�e� �r�a�n�d�o�m� �v�a�r�i�a�b�l�e� �(�f�a�c�t�o�r�)� �c�o�m�m�o�n� �t�o� �a�l�l� �x ��s�,� �c�,� �i�s� �a� �f�a�c�t�o�r� 

�w�e�i�g�h�t� �c�a�l�l�e�d� �f�a�c�t�o�r� �l�o�a�d�i�n�g�,� �u�,� �i�s� �f�a�c�t�o�r� �s�p�e�c�i�f�i�c� �t�o� �x�,�,� �a�n�d� �y�,� �i�s� �a�n� �e�r�r�o�r� �t�e�r�m�.� �A� �c�o�m�m�o�n� 

�f�a�c�t�o�r� �m�a�y� �c�o�n�t�r�i�b�u�t�e� �t�o� �t�w�o� �o�r� �m�o�r�e� �v�a�r�i�a�b�l�e�s� �b�u�t� �i�t� �s�e�l�d�o�m� �h�a�p�p�e�n�s� �t�h�a�t� �t�h�e�s�e� �v�a�r�i�-� 

�a�b�l�e�s� �c�a�n� �b�e� �c�a�l�c�u�l�a�t�e�d� �f�r�o�m� �t�h�e� �c�o�m�m�o�n� �f�a�c�t�o�r�s� �a�l�o�n�e�,� �b�e�c�a�u�s�e� �e�a�c�h� �v�a�r�i�a�b�l�e� �m�i�g�h�t� �b�e� 

�a�f�f�e�c�t�e�d� �b�y� �o�u�t�s�i�d�e� �s�o�u�r�c�e�s� �w�h�i�c�h� �d�o� �n�o�t� �i�n�f�l�u�e�n�c�e� �o�t�h�e�r� �v�a�r�i�a�b�l�e�s� �(�i�.�e�,� �s�p�e�c�i�f�i�c� �f�a�c�t�o�r�s�)�.� 

�U�s�i�n�g� �a� �m�o�r�e� �g�e�n�e�r�a�l� �a�p�p�r�o�a�c�h�,� �i�t� �c�a�n� �b�e� �a�s�s�u�m�e�d� �t�h�a�t� �t�h�e�r�e� �m�a�y� �b�e� �m�o�r�e� �t�h�a�n� �o�n�e� 

�c�o�m�m�o�n� �f�a�c�t�o�r� �u�n�d�e�r�l�y�i�n�g� �t�h�e� �v�e�c�t�o�r� �o�f� �v�a�r�i�a�b�l�e�s� �x�.� �A�l�s�o�,� �w�i�t�h�o�u�t� �a� �l�o�s�s� �o�f� �g�e�n�e�r�a�l�i�t�y�,� 

�i�t� �m�a�y� �b�e� �a�s�s�u�m�e�d� �t�h�a�t� �v�a�r�i�a�b�l�e� �s�p�e�c�i�f�i�c� �f�a�c�t�o�r�s� �a�n�d� �e�r�r�o�r� �t�e�r�m�s� �c�a�n� �b�e� �c�o�n�s�i�d�e�r�e�d� �n�o�i�s�e� 

�a�n�d� �c�o�m�b�i�n�e�d� �i�n�t�o� �o�n�e� �v�a�r�i�a�b�l�e�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �t�h�e� �f�a�c�t�o�r� �m�o�d�e�l� �(�2�7�)� �w�i�l�l� �t�a�k�e� �t�h�e� �f�o�l�-� 

�l�o�w�i�n�g� �f�o�r�m�:� 

�m� 
�(�2�8�)� �x�;� �=� �D�S�i� �+�i�;� �i�=� �1�,�2�,�.�.�.�,�k�,� 

�w�h�i�c�h� �c�a�n� �a�l�s�o� �b�e� �e�x�p�r�e�s�s�e�d� �i�n� �a� �m�a�t�r�i�x� �n�o�t�a�t�i�o�n� �a�s� 

�(�2�9�)� �x�=�C�f�t�+�n�,� 

�w�h�e�r�e� �x� �i�s� �a� �k�x� �1� �v�e�c�t�o�r� �o�f� �p�h�y�s�i�c�a�l� �a�t�t�r�i�b�u�t�e�s�,� �C� �i�s� �t�h�e� �k� �x� �m� �m�a�t�r�i�x� �o�f� �f�a�c�t�o�r� �c�o�e�f�f�i�-� 

�c�i�e�n�t�s� �(�o�r� �l�o�a�d�i�n�g�s�)� �s�u�c�h� �t�h�a�t� �m�<�k�,� �f�i�s� �t�h�e� �m�x� �1� �r�a�n�d�o�m� �v�e�c�t�o�r� �o�f� �f�a�c�t�o�r�s�,� �a�n�d� �7� �i�s� �t�h�e� 

�k� �x� �1� �v�e�c�t�o�r� �o�f� �e�r�r�o�r�s�.� �T�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �r�a�n�d�o�m� �v�e�c�t�o�r�s� �f�a�n�d� �f�o�l�l�o�w�s� �s�t�a�n�d�a�r�d� �a�s�-� 

�s�u�m�p�t�i�o�n�s�.� �T�h�e�y� �a�r�e� �n�o�r�m�a�l�l�y� �a�n�d� �i�d�e�p�e�n�d�e�n�t�l�y� �d�i�s�t�r�i�b�u�t�e�d�:� �f�~� �N�(�0�,�J�)�,� 
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�n� �~� �N�(�0�,� �0�7�1�)�,� �c�o�v�(�f�,� �4�)� �=� �0�.� �A�s� �a� �r�e�s�u�l�t�,� �x ��s� �a�r�e� �n�o� �l�o�n�g�e�r� �d�e�t�e�r�m�i�n�i�s�t�i�c�,� �b�u�t� �r�a�n�d�o�m� �w�i�t�h� 

�a� �m�u�l�t�i�v�a�r�i�a�t�e� �n�o�r�m�a�l� �d�i�s�t�r�i�b�u�t�i�o�n� �x� �~� �N�(�0�,� �C�C �� �+� �o�7�I�)�.�%� 

�B�.�2�.�2�.� �S�t�a�t�i�s�t�i�c�a�l� �P�r�o�p�e�r�t�i�e�s� �o�f� �L�i�n�e�a�r� �F�a�c�t�o�r� �R�e�g�r�e�s�s�i�o�n� �E�s�t�i�m�a�t�o�r�s� 

�T�h�e� �s�u�b�s�e�q�u�e�n�t� �s�t�e�p�s� �i�n� �a�p�p�l�y�i�n�g� �f�a�c�t�o�r� �a�n�a�l�y�s�i�s� �i�n� �a� �h�e�d�o�n�i�c� �p�r�i�c�e� �m�o�d�e�l� �w�i�l�l� �b�e� 

�t�o� �i�n�c�o�r�p�o�r�a�t�e� �t�h�e� �p�r�e�v�i�o�u�s�l�y� �e�s�t�i�m�a�t�e�d� �f�a�c�t�o�r� �w�e�i�g�h�t�s� �(�o�r� �l�o�a�d�i�n�g�s�)� �t�o� �c�o�n�s�t�r�u�c�t� �a� �c�o�m�-� 

�p�o�s�i�t�e� �i�n�d�e�x� �w�h�i�c�h� �w�i�l�l� �b�e� �u�s�e�d� �i�n� �h�e�d�o�n�i�c� �r�e�g�r�e�s�s�i�o�n�.� �T�h�i�s� �i�n�d�e�x� �w�i�l�l� �b�e� �e�x�p�r�e�s�s�e�d� �a�s� �a� 

�l�i�n�e�a�r� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �f�a�c�t�o�r� �l�o�a�d�i�n�g�s� �a�n�d� �e�x�o�g�e�n�o�u�s� �v�a�r�i�a�b�l�e�s� �w�h�i�c�h� �r�e�p�r�e�s�e�n�t� �p�h�y�s�i�c�a�l� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �a� �p�r�o�d�u�c�t� 

�(�3�0�)� �V�e�=� �L�i�C�i�p�X�j�p� �i�=� �1�,�2�,�.�.�.�,�7�,� �J�=�1�,�2�,�.�.�.�,�k�®�,� 
�J�j� 

�w�h�e�r�e� �V�,� �i�s� �a� �c�o�m�p�o�s�i�t�e� �i�n�d�e�x� �r�e�p�r�e�s�e�n�t�i�n�g� �p�e�r�f�o�r�m�a�n�c�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �a� �p�r�o�d�u�c�t� 

�(�s�u�c�h� �a�s� �s�a�f�e�t�y�,� �c�o�m�f�o�r�t�,� �r�e�l�i�a�b�i�l�t�y�,� �a�n�d� �s�o� �o�n�,� �i�n� �c�a�s�e� �o�f� �a�n� �a�u�t�o�m�o�b�i�l�e�)�,� �c�,� �r�e�p�r�e�s�e�n�t� 

�f�a�c�t�o�r� �l�o�a�d�i�n�g�s� �o�f� �t�h�e� �j�t�h� �v�a�r�i�a�b�l�e� �i�n�t�o� �t�h�e� �i�t�h� �f�a�c�t�o�r�.� �T�o� �d�e�t�e�r�m�i�n�e� �w�h�i�c�h� �v�a�r�i�a�b�l�e� �b�e�-� 

�l�o�n�g�s� �t�o� �e�a�c�h� �f�a�c�t�o�r�,� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �e�x�a�m�i�n�e� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �f�a�c�t�o�r� �l�o�a�d�i�n�g�s�.�*�®� 

�A�f�t�e�r� �t�h�e� �i�n�d�e�x�e�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �u�s�i�n�g� �(�3�0�)�,� �t�h�e�y� �a�r�e� �u�s�e�d� �i�n� �a� �h�e�d�o�n�i�c� �p�r�i�c�e� 

�e�q�u�a�t�i�o�n� �(�a� �l�i�n�e�a�r� �f�o�r�m� �o�f� �t�h�e� �h�e�d�o�n�i�c� �p�r�i�c�e� �e�q�u�a�t�i�o�n� �i�s� �u�s�e�d� �h�e�r�e� �f�o�r� �t�h�e� �s�a�k�e� �o�f� �s�i�m�-� 

�p�l�i�c�i�t�y�)� 

�(�3�1�)� �P�=�B�y�o�t�B� �V�i� �t�B�b�o�t�-� �+�b� �V�e� �+�e�.� 

 ��4� �S�i�m�i�l�a�r� �t�o� �t�h�e� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t� �a�n�a�l�y�s�i�s�,� �i�t� �i�s� �a�s�s�u�m�e�d� �t�h�a�t� �x�  ��s� �a�r�e� �s�t�a�n�d�a�r�d�i�z�e�d� �t�o� �a�l�l�e�v�i�a�t�e� �t�h�e� �i�m�p�a�c�t� 

�o�f� �d�i�f�f�e�r�e�n�t� �u�n�i�t�s� �o�f� �m�e�a�s�u�r�e�m�e�n�t�.� 

�4�S� �T�o� �b�e� �i�n�c�l�u�d�e�d� �i�n� �a� �f�a�c�t�o�r�,� �v�a�r�i�a�b�l�e�s� �h�a�v�e� �t�o� �b�e� �c�o�r�r�e�l�a�t�e�d� �w�i�t�h� �i�t�.� �S�i�n�c�e� �a� �f�a�c�t�o�r� �l�o�a�d�i�n�g� �¢�,� �c�a�n� �b�e� �i�n�-� 

�t�e�r�p�r�e�t�e�d� �a�s� �a� �c�o�r�r�e�l�a�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �b�e�t�w�e�e�n� �t�h�e� �j�t�h� �v�a�r�i�a�b�l�e� �a�n�d� �t�h�e� �i�t�h� �f�a�c�t�o�r�,� �t�h�e� �s�e�l�e�c�t�i�o�n� �p�r�o�c�e�s�s� �w�i�l�l� 

�b�e� �b�a�s�e�d� �o�n� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �f�a�c�t�o�r� �l�o�a�d�i�n�g�s�.� �T�h�e�s�e� �c�o�e�f�f�i�c�i�e�n�t�s� �a�r�e� �a�l�s�o� �w�e�i�g�h�t�s� �w�h�i�c�h� �i�n�d�i�c�a�t�e� �t�h�e� �r�e�l�-� 

�a�t�i�v�e� �i�m�p�o�r�t�a�n�c�e� �o�f� �e�a�c�h� �v�a�r�i�a�b�l�e� �i�n� �t�h�e� �i�n�d�e�x� �V�.� �T�h�e�r�e�f�o�r�e�,� �i�t� �i�s� �d�e�s�i�r�a�b�l�e� �t�h�a�t� �V� �c�o�n�s�i�s�t�s� �o�f� �t�h�e� �m�o�s�t� 

�i�m�p�o�r�t�a�n�t� �v�a�r�i�a�b�l�e�s�.� �F�o�r� �t�h�a�t� �r�e�a�s�o�n� �i�t� �i�s� �a�s�s�u�m�e�d� �t�h�a�t� �|�c�,�|� �2�0�.�5�.� �S�i�n�c�e� �Y�c�?� �=� �1�,� �i�t� �i�s� �l�i�k�e�l�y� �t�h�a�t� �e�a�c�h� 
�i� 

�p�h�y�s�i�c�a�l� �a�t�t�r�i�b�u�t�e� �x�,� �w�i�l�l� �h�a�v�e� �m�o�s�t� �v�a�r�i�a�t�i�o�n� �c�o�n�c�e�n�t�r�a�t�e�d� �i�n�t�o� �o�n�e� �f�a�c�t�o�r�.� 

�5�2



�I�f� �e�q�u�a�t�i�o�n� �(�3�1�)� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �f�i�r�s�t� �s�t�a�g�e� �o�f� �a� �h�e�d�o�n�i�c� �p�r�i�c�e� �m�o�d�e�l�,� �t�h�e� �c�o�f�f�i�c�i�e�n�t�s� �£� �w�i�l�l� 

�b�e�c�o�m�e� �t�h�e� �m�a�r�g�i�n�a�l� �p�r�i�c�e�s� �o�f� �l�i�n�e�a�r� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �a�t�t�r�i�b�u�t�e�s�.� �T�h�e� �w�e�i�g�h�t�s� �u�s�e�d� �t�o� 

�a�g�g�r�e�g�a�t�e� �t�h�e� �a�t�t�r�i�b�u�t�e�s� �w�i�l�l� �r�e�p�r�e�s�e�n�t� �t�h�e� �c�o�r�r�e�l�a�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s� �b�e�t�w�e�e�n� �v�a�r�i�a�b�l�e�s� �a�n�d� 

�u�n�o�b�s�e�r�v�a�b�l�e� �f�a�c�t�o�r�s� �(�t�h�e� �v�a�r�i�a�b�l�e�s� �a�r�e� �c�l�u�s�t�e�r�e�d� �i�n�t�o� �f�a�c�t�o�r�s� �d�e�p�e�n�d�i�n�g� �o�n� �t�h�e� �m�a�g�n�i�-� 

�t�u�d�e� �o�f� �t�h�e� �f�a�c�t�o�r� �l�o�a�d�i�n�g�s�)�.� �T�h�i�s� �a�g�r�e�g�g�a�t�i�o�n� �i�s� �b�a�s�e�d� �o�n� �t�h�e� �p�r�e�s�u�m�p�t�i�o�n� �t�h�a�t� �c�o�n�-� 

�s�u�m�e�r�s� �a�r�e� �i�n�t�e�r�e�s�t�e�d� �i�n� �a� �b�r�o�a�d�e�r� �m�e�a�s�u�r�e� �o�f� �q�u�a�l�i�t�y� �o�f� �a� �p�r�o�d�u�c�t� �w�h�i�c�h� �t�a�k�e�s� �i�n�t�o� 

�a�c�c�o�u�n�t� �t�h�e� �e�n�t�i�r�e� �b�u�n�d�l�e� �o�f� �r�e�l�a�t�e�d� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.� �I�n� �t�h�i�s� �c�o�n�t�e�x�t� �V�, ��s� �w�i�l�l� �b�e�c�o�m�e� �t�h�e� 

�i�n�d�e�x� �m�e�a�s�u�r�e�s� �o�f� �p�e�r�f�o�r�m�a�n�c�e�.� 

�U�n�l�i�k�e� �t�h�e� �m�e�t�h�o�d� �o�f� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t� �a�g�g�r�e�g�a�t�i�o�n� �i�n� �(�2�3�)�,� �t�h�e� �u�s�e� �o�f� �f�a�c�t�o�r� 

�w�e�i�g�h�t�s� �i�n�v�o�l�v�e�s� �t�h�e� �p�r�o�b�l�e�m� �o�f� �s�t�o�c�h�a�s�t�i�c� �r�e�g�r�e�s�s�o�r�s� �a�l�r�e�a�d�y� �i�n� �t�h�e� �f�i�r�s�t� �s�t�a�g�e�.� �S�i�n�c�e� 

�f�a�c�t�o�r� �l�o�a�d�i�n�g�s� �c�,� �a�r�e� �s�t�o�c�h�a�s�t�i�c�,� �t�h�e� �c�o�m�p�o�s�i�t�e� �v�a�r�i�a�b�l�e�s� �V�'�s� �b�e�i�n�g� �l�i�n�e�a�r� �c�o�m�b�i�n�a�t�i�o�n�s� 

�o�f� �r�a�n�d�o�m� �e�l�e�m�e�n�t�s� �a�r�e� �s�t�o�c�h�a�s�t�i�c� �t�o�o�.� �T�h�e� �r�a�n�d�o�m�n�e�s�s� �o�f� �t�h�e� �f�a�c�t�o�r� �l�o�a�d�i�n�g�s� �c�o�m�e�s� 

�f�r�o�m� �t�h�e� �s�t�o�c�h�a�s�t�i�c� �s�p�e�c�i�f�i�c�a�t�i�o�n� �o�f� �t�h�e� �f�a�c�t�o�r� �m�o�d�e�l� �(�2�8�)�.� �S�i�n�c�e� �t�h�e�r�e� �i�s� �n�o� �c�a�u�s�a�l� �r�e�-� 

�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �t�h�e� �s�p�e�c�i�f�i�c�a�t�i�o�n�s� �(�2�7�)�-�(�2�9�)� �a�n�d� �(�3�1�)�,� �i�t� �m�a�y� �b�e� �a�s�s�u�m�e�d� �t�h�a�t� �r�a�n�d�o�m� 

�e�r�r�o�r�s� �7� �a�n�d�  ¬� �a�r�e� �i�n�d�e�p�e�n�d�e�n�t�l�y� �d�i�s�t�r�i�b�u�t�e�d�.� �I�n� �s�u�c�h� �c�a�s�e� �t�h�e� �O�L�S� �m�e�t�h�o�d� �c�a�n� �b�e� �u�s�e�d�,� 

�a�n�d� �t�h�e� �e�s�t�i�m�a�t�o�r�s� �o�f� �t�h�e� �m�a�r�g�i�n�a�l� �p�r�i�c�e�s� �£�,�;� �w�i�l�l� �b�e� �u�n�b�i�a�s�e�d�,� �c�o�n�s�i�s�t�e�n�t�,� �b�u�t� �i�n�e�f�f�i�c�i�e�n�t�.� 

�H�o�w�e�v�e�r�,� �t�h�e� �e�s�t�i�m�a�t�o�r�s� �o�f� �£� �w�i�l�l� �n�o�t� �f�o�l�l�o�w� �t�h�e� �n�o�r�m�a�l� �d�i�s�t�r�i�b�u�t�i�o�n� �f�o�r� �s�m�a�l�l� 

�s�a�m�p�l�e�s�.� �D�u�e� �t�o� �t�h�e� �s�t�o�c�h�a�s�t�i�c� �n�a�t�u�r�e� �o�f� �(�3�1�)� �w�i�t�h� �V�,� �o�f� �u�n�k�n�o�w�n� �m�u�l�t�i�v�a�r�i�a�t�e� �d�i�s�t�r�i�b�-� 

�u�t�i�o�n�,� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �P� �i�s� �u�n�k�n�o�w�n� �t�o�o�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �t�h�e� �c�l�a�s�s�i�c�a�l� �t�e�s�t�s� �o�f� �s�i�g�n�i�f�-� 

�i�c�a�n�c�e� �f�o�r� �t�h�e� �r�e�g�r�e�s�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s� �w�i�l�l� �n�o�t� �a�p�p�l�y� �h�e�r�e�.� �I�n� �a�d�d�i�t�i�o�n�,� �t�h�e� �f�a�c�t�o�r� �m�e�t�h�o�d� 

�o�f� �c�o�n�s�t�r�u�c�t�i�n�g� �a�n� �i�n�d�e�x� �i�s� �n�o�t� �f�r�e�e� �o�f� �t�h�e� �s�p�e�c�i�f�i�c�a�t�i�o�n� �b�i�a�s�.� �T�h�i�s� �r�e�s�u�l�t�s� �f�r�o�m� �t�h�e� �f�a�c�t� 

�t�h�a�t� �t�h�e� �n�u�m�b�e�r� �o�f� �f�a�c�t�o�r�s� �i�s� �u�s�u�a�l�l�y� �l�e�s�s� �t�h�a�n� �t�h�e� �n�u�m�b�e�r� �o�f� �v�a�r�i�a�b�l�e�s�.� �S�i�m�i�l�a�r� �t�o� �t�h�e� 

�p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t� �m�e�t�h�o�d� �t�h�i�s� �a�m�o�u�n�t�s� �t�o� �t�h�r�o�w�i�n�g� �o�u�t� �s�o�m�e� �i�n�f�o�r�m�a�t�i�o�n� �f�r�o�m� �t�h�e� 

�4�6� �N�o�t�e� �t�h�a�t� �B� �=�(�V ��V�)�-�'�V ��Y� �w�i�t�h� �V� �=� �C ��X� �c�o�n�t�a�i�n�s� �a� �p�r�o�d�u�c�t� �o�f� �t�w�o� �r�a�n�d�o�m� �v�a�r�i�a�b�l�e�s�:� �x� �w�h�i�c�h� �i�s� �n�o�r�m�a�l� 

�a�n�d� �¢� �w�h�i�c�h� �i�s� �a�s�y�m�p�t�o�t�i�c�a�l�l�y� �n�o�r�m�a�l�.� 

�5�3



�m�o�d�e�l�.�* �� �B�e�s�i�d�e�s� �a�l�l� �t�h�e�s�e� �e�c�o�n�o�m�e�t�r�i�c� �p�r�o�b�l�e�m�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �f�a�c�t�o�r� �a�p�p�r�o�a�c�h�,� �t�h�e� 

�m�a�i�n� �a�d�v�a�n�t�a�g�e� �o�f� �t�h�i�s� �m�e�t�h�o�d� �i�s� �t�h�a�t� �i�t� �a�l�l�o�w�s� �f�o�r� �n�a�t�u�r�a�l� �c�l�u�s�t�e�r�i�n�g� �o�f� �e�x�p�l�a�n�a�t�o�r�y� 

�v�a�r�i�a�b�l�e�s� �i�n�t�o� �a�n� �i�n�d�e�x� �r�a�t�h�e�r� �t�h�a�n� �m�a�k�i�n�g� �a�r�b�i�t�r�a�r�y� �a�g�g�r�e�g�a�t�i�o�n�s�.� �T�h�i�s�,� �h�o�w�e�v�e�r�,� �i�s� 

�a�c�h�i�e�v�e�d� �a�t� �t�h�e� �c�o�s�t� �o�f� �n�o�n�d�e�t�e�r�m�i�n�i�s�t�i�c� �s�t�r�u�c�t�u�r�e� �o�f� �d�a�t�a�.� 

�I�V�.� �M�O�D�E�L� �S�P�E�C�I�F�I�C�A�T�I�O�N� �A�N�D� �D�A�T�A� 

�T�h�i�s� �c�h�a�p�t�e�r� �c�o�n�c�e�n�t�r�a�t�e�s� �o�n� �t�h�e� �m�o�d�e�l� �s�p�e�c�i�f�i�c�a�t�i�o�n� �a�n�d� �p�r�o�p�e�r�t�i�e�s� �o�f� �d�a�t�a� �s�e�t�.� 

�T�h�e� �f�i�r�s�t� �s�e�c�t�i�o�n� �p�r�e�s�e�n�t�s� �t�h�e� �m�o�d�e�l� �s�p�e�c�i�f�i�c�a�t�i�o�n� �f�o�r� �b�o�t�h� �t�h�e� �t�r�a�d�i�t�i�o�n�a�l� �a�n�d� �i�n�d�e�x� 

�m�e�t�h�o�d�s� �a�n�d� �d�i�s�c�u�s�s�e�s� �d�i�f�f�e�r�e�n�c�e�s� �a�n�d� �s�i�m�i�l�a�r�i�t�i�e�s� �b�e�t�w�e�e�n� �t�h�e�m�.� �I�t� �i�s� �a�l�s�o� �s�h�o�w�n� �t�h�a�t� 

�t�h�e� �f�i�r�s�t�-�o�r�d�e�r� �c�o�n�d�i�t�i�o�n�s� �f�o�r� �t�h�e� �u�t�i�l�i�t�y� �m�a�x�i�m�i�z�a�t�i�o�n� �a�r�e� �t�h�e� �s�a�m�e� �f�o�r� �b�o�t�h� �m�e�t�h�o�d�s�.� 

�T�h�e� �s�e�c�o�n�d� �p�a�r�t� �o�f� �t�h�e� �c�h�a�p�t�e�r� �d�e�s�c�r�i�b�e�s� �t�h�e� �d�a�t�a� �s�e�t� �u�s�e�d� �t�o� �e�s�t�i�m�a�t�e� �t�h�e� �h�e�d�o�n�i�c� �p�r�i�c�e� 

�f�u�n�c�t�i�o�n� �a�t� �s�t�a�g�e� �o�n�e� �a�n�d� �t�h�e� �s�e�t� �o�f� �h�o�u�s�e�h�o�l�d� �d�a�t�a� �u�s�e�d� �i�n� �t�h�e� �s�e�c�o�n�d� �s�t�a�g�e� �o�f� �e�s�t�i�-� 

�m�a�t�i�o�n�.� �I�n�c�l�u�d�e�d� �i�n� �t�h�i�s� �c�h�a�p�t�e�r� �i�s� �a�l�s�o� �a� �b�r�i�e�f� �d�i�s�c�u�s�s�i�o�n� �o�f� �t�h�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �t�h�e� 

�m�a�r�k�e�t� �f�o�r� �u�s�e�d� �c�a�r�s�.� 

�A�.� �T�h�e�o�r�e�t�i�c�a�l� �M�o�d�e�l� �o�f� �C�o�n�s�u�m�e�r� �D�e�m�a�n�d� �f�o�r� �C�h�a�r�a�c�t�e�r�i�s�t�i�c�s� 

�T�h�i�s� �s�e�c�t�i�o�n� �w�i�l�l� �d�i�s�c�u�s�s� �t�h�e�o�r�e�t�i�c�a�l� �d�i�f�f�e�r�e�n�c�e�s� �a�n�d� �s�i�m�i�l�a�r�i�t�i�e�s� �b�e�t�w�e�e�n� �t�h�e� �t�r�a�d�i�-� 

�t�i�o�n�a�l� �a�n�d� �i�n�d�e�x� �a�p�p�r�o�a�c�h�e�s� �t�o� �e�s�t�i�m�a�t�i�n�g� �c�o�n�s�u�m�e�r� �d�e�m�a�n�d� �f�o�r� �a�u�t�o�m�o�b�i�l�e� �c�h�a�r�a�c�t�e�r�-� 

�i�s�t�i�c�s�.� �B�o�t�h� �m�e�t�h�o�d�s� �e�m�p�l�o�y� �R�o�s�e�n ��s� �m�o�d�e�l� �o�f� �e�s�t�i�m�a�t�i�n�g� �d�e�m�a�n�d� �i�n� �i�m�p�l�i�c�i�t� �m�a�r�k�e�t�s� 

�a�n�d� �u�s�e� �t�h�e� �s�a�m�e� �s�e�t� �o�f� �a�s�s�u�m�p�t�i�o�n�s� �r�e�g�a�r�d�i�n�g� �t�h�e� �f�u�n�c�t�i�o�n�a�l� �f�o�r�m� �a�n�d� �t�h�e� �b�u�d�g�e�t� �c�o�n�-� 

�s�t�r�a�i�n�t�.� �T�h�e� �m�a�j�o�r� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �t�h�e�m� �i�s� �t�h�a�t� �t�h�e� �t�r�a�d�i�t�i�o�n�a�l� �a�p�p�r�o�a�c�h� �a�s�s�u�m�e�s� �t�h�a�t� 

�4�7� �F�o�r� �e�x�a�m�p�l�e�,� �l�e�t� �u�s� �a�s�s�u�m�e� �t�h�a�t� �6�0� �p�e�r�c�e�n�t� �o�f� �t�h�e� �v�a�r�i�a�t�i�o�n� �i�n� �t�h�e� �t�h�e� �p�o�w�e�r� �s�t�e�e�r�i�n�g� �v�a�r�i�a�b�l�e� �l�o�a�d�s� �i�n�t�o� 

�t�h�e� �c�o�m�f�o�r�t� �f�a�c�t�o�r�,� �1�5� �p�e�r�c�e�n�t� �i�n�t�o� �t�h�e� �s�a�f�e�t�y� �f�a�c�t�o�r�,� �a�n�d� �2�5� �p�e�r�c�e�n�t� �i�n�t�o� �a�l�l� �o�t�h�e�r� �f�a�c�t�o�r�s�.� �I�n� �t�h�i�s� �c�a�s�e� �i�f� 

�i�f� �o�n�l�y� �t�w�o� �i�n�d�e�x�e�s� �a�r�e� �c�o�n�s�t�r�u�c�t�e�d�,� �t�h�e� �r�e�m�a�i�n�i�n�g� �2�5� �p�e�r�c�e�n�t� �o�f� �i�n�f�o�r�m�a�t�i�o�n� �w�i�l�l� �b�e� �l�o�s�t�.� �T�h�e� �o�n�l�y� �s�i�t�u�a�t�i�o�n� 

�i�n� �w�h�i�c�h� �t�h�e� �f�a�c�t�o�r� �m�e�t�h�o�d� �i�s� �e�q�u�i�v�a�l�e�n�t� �t�o� �t�h�e� �i�n�d�i�v�i�d�u�a�l� �e�s�t�i�m�a�t�i�o�n� �i�s� �w�h�e�n� �t�h�e� �n�u�m�b�e�r� �o�f� �f�a�c�t�o�r�s� �i�s� �e�q�u�a�l� 

�t�o� �t�h�e� �n�u�m�b�e�r� �o�f� �v�a�r�i�a�b�l�e�s�.� 

�5�4



�c�o�n�s�u�m�e�r�s� �d�e�r�i�v�e� �t�h�e�i�r� �u�t�i�l�i�t�y� �d�i�r�e�c�t�l�y� �f�r�o�m� �t�h�e� �q�u�a�n�t�i�t�i�e�s� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �c�o�n�s�u�m�e�d�,� 

�w�h�e�r�e�a�s� �t�h�e� �a�l�t�e�r�n�a�t�i�v�e� �i�n�d�e�x� �a�p�p�r�o�a�c�h� �i�s� �b�a�s�e�d� �o�n� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �t�h�a�t� �p�h�y�s�i�c�a�l� �a�t�t�r�i�-� 

�b�u�t�e�s� �o�f� �a�n� �a�u�t�o�m�o�b�i�l�e� �a�r�e� �b�u�n�d�l�e�d� �i�n�t�o� �c�o�m�p�o�s�i�t�e� �v�a�r�i�a�b�l�e�s� �w�h�i�c�h� �e�n�t�e�r� �t�h�e� �c�o�n�s�u�m�e�r� 

�u�t�i�l�i�t�y� �f�u�n�c�t�i�o�n�.� �T�h�e� �i�n�d�e�x� �v�a�r�i�a�b�l�e�s� �w�h�i�c�h� �a�r�e� �t�h�e� �f�o�c�u�s� �o�f� �t�h�i�s� �r�e�s�e�a�r�c�h� �a�r�e� �t�h�e� �w�e�i�g�h�t�e�d� 

�s�u�m�s� �o�f� �t�w�o� �s�u�b�s�e�t�s� �o�f� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �r�e�p�r�e�s�e�n�t�i�n�g� �s�a�f�e�t�y� �a�n�d� �c�o�m�f�o�r�t�.� 

�A�.�1�.� �T�r�a�d�i�t�i�o�n�a�l� �H�e�d�o�n�i�c� �A�p�p�r�o�a�c�h� 

�A� �t�h�e�o�r�e�t�i�c�a�l� �m�o�d�e�l� �f�o�r� �e�s�t�i�m�a�t�i�n�g� �c�o�n�s�u�m�e�r� �d�e�m�a�n�d� �f�o�r� �p�h�y�s�i�c�a�l� �a�t�t�r�i�b�u�t�e�s� �o�f� �a�n� 

�a�u�t�o�m�o�b�i�l�e� �i�s� �b�a�s�e�d� �o�n� �R�o�s�e�n ��s� �a�n�a�l�y�s�i�s� �o�f� �c�o�n�s�u�m�e�r� �b�e�h�a�v�i�o�r�.� �F�o�l�l�o�w�i�n�g� �t�h�e� �t�r�a�d�i�t�i�o�n�a�l� 

�a�p�p�r�o�a�c�h�,� �t�h�i�s� �m�o�d�e�l� �i�s� �s�t�r�u�c�t�u�r�e�d� �a�s� �a� �s�i�n�g�l�e�-�p�e�r�i�o�d� �m�o�d�e�l� �o�f� �t�h�e� �e�c�o�n�o�m�y� �w�i�t�h� �t�w�o� 

�k�i�n�d�s� �o�f� �g�o�o�d�s�,� �a�u�t�o�m�o�b�i�l�e�s� �a�n�d� �a�l�l� �o�t�h�e�r� �g�o�o�d�s�.� �I�t� �i�s� �a�s�s�u�m�e�d� �t�h�a�t� �a� �c�o�n�s�u�m�e�r� �b�u�y�s� 

�o�n�l�y� �o�n�e� �c�a�r� �f�r�o�m� �a� �n�u�m�b�e�r� �o�f� �d�i�f�f�e�r�e�n�t� �m�o�d�e�l�s�.� �C�o�n�s�u�m�e�r�s� �d�e�r�i�v�e� �t�h�e�i�r� �u�t�i�l�i�t�y� �f�r�o�m� �c�a�r� 

�a�t�t�r�i�b�u�t�e�s� �a�n�d� �a�l�l� �o�t�h�e�r� �g�o�o�d�s� �a�v�a�i�l�a�b�l�e� �i�n� �t�h�e� �e�c�o�n�o�m�y�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �t�h�e� �c�o�n�s�u�m�e�r� 

�u�t�i�l�i�t�y� �f�u�n�c�t�i�o�n� �c�a�n� �b�e� �w�r�i�t�t�e�n� �a�s� �f�o�l�l�o�w�s�:� 

�U� �=� �U�(�x�,� �m�;� �a�)�,� 

�w�h�e�r�e� �x� �i�s� �a� �v�e�c�t�o�r� �o�f� �a�u�t�o�m�o�b�i�l�e� �a�t�t�r�i�b�u�t�e�s� �x� �=� �(�x�,�,� �x�,� �.�.�.�,�x�,�)�,� �m� �r�e�p�r�e�s�e�n�t�s� �a�l�l� �o�t�h�e�r� 

�g�o�o�d�s� �i�n� �t�h�e� �e�c�o�n�o�m�y� �a�v�a�i�l�a�b�l�e� �t�o� �a�n� �i�n�d�i�v�i�d�u�a�l� �(�i�.�e�.�,� �H�i�c�k�s�i�a�n� �c�o�m�p�o�s�i�t�e� �c�o�m�m�o�d�i�t�y�)�,� 

�a�n�d� �a� �i�s� �t�h�e� �s�e�t� �o�f� �h�o�u�s�e�h�o�l�d� �s�p�e�c�i�f�i�c� �p�a�r�a�m�e�t�e�r�s� �(�t�a�s�t�e�s�)�.�*� �T�h�e� �c�o�n�s�u�m�e�r�s� �m�a�x�i�m�i�z�e� 

� � 

�u�t�i�l�i�t�y� �s�u�b�j�e�c�t� �t�o� �t�h�e� �b�u�d�g�e�t� �c�o�n�s�t�r�a�i�n�t� 

�O�t�h�e�H�s� 
�r!"� 

�P�(�x�)� �+� �E�+�t�m�=�y�,� 
�b�e�y� �y�o� 

�c�o�t� �t�o�r� �A�u�t�o�m�o�d�i�l� 

�4�8� �S�o�m�e�t�i�m�e�s� �t�h�e� �c�o�n�s�u�m�e�r� �u�t�i�l�i�t�y� �f�u�n�c�t�i�o�n� �i�s� �s�t�r�u�c�t�u�r�e�d� �a�s� �U� �=� �U�(�x�,� �M�,� �m�;� �a�)�,� �w�h�e�r�e� �M� �i�s� �t�h�e� �n�u�m�b�e�r� �o�f� 

�m�i�l�e�s� �d�r�i�v�e�n�.� �I�t� �c�a�n� �b�e� �a�r�g�u�e�d�,� �h�o�w�e�v�e�r�,� �w�h�e�t�h�e�r� �m�i�l�e�a�g�e� �p�e�r� �s�e� �s�h�o�u�l�d� �b�e� �c�o�n�s�i�d�e�r�e�d� �a�s� �a� �u�t�i�l�i�t�y�-�b�e�a�r�i�n�g� 

�c�o�m�p�o�n�e�n�t� �o�f� �c�o�n�s�u�m�e�r� �p�r�e�f�e�r�e�n�c�e�s�.� 

�5�5



�w�h�e�r�e� �P�(�x�)� �i�s� �c�a�p�i�t�a�l� �c�o�s�t� �o�f� �a�n� �a�u�t�o�m�o�b�i�l�e� �d�e�s�c�r�i�b�e�d� �b�y� �a� �&�  �� �d�i�m�e�n�s�i�o�n�a�l� �v�e�c�t�o�r� �o�f� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �x�,� �E� �i�s� �o�p�e�r�a�t�i�n�g� �c�o�s�t� �o�f� �a� �a�u�t�o�m�o�b�i�l�e�,� �¢� �i�s� �t�h�e� �p�r�i�c�e� �o�f� �a�l�l� �o�t�h�e�r� �g�o�o�d�s�,� 

�a�n�d� �y� �i�s� �c�o�n�s�u�m�e�r� �i�n�c�o�m�e�. �� �A�l�l� �e�x�p�e�n�d�i�t�u�r�e� �d�a�t�a� �a�r�e� �e�x�p�r�e�s�s�e�d� �o�n� �t�h�e� �a�n�n�u�a�l� �b�a�s�i�s�.� 

�S�i�n�c�e� �a�n� �a�u�t�o�m�o�b�i�l�e� �i�s� �a� �c�o�n�s�u�m�e�r� �d�u�r�a�b�l�e� �i�t�s� �c�a�p�i�t�a�l� �c�o�s�i� �w�i�l�l� �s�p�r�e�a�d� �o�v�e�r� �s�e�v�e�r�a�l� �y�e�a�r�s�.� 

�T�h�i�s� �m�o�d�e�l� �u�s�e�s� �a� �s�i�m�p�l�i�f�y�i�n�g� �a�s�s�u�m�p�t�i�o�n� �t�h�a�t� �t�h�e� �a�v�e�r�a�g�e� �l�i�f�e�t�i�m�e� �o�f� �a� �c�a�r� �i�s� �1�0� �y�e�a�r�s� 

�(�w�h�i�c�h� �i�s� �i�n� �l�i�n�e� �w�i�t�h� �w�h�a�t� �o�t�h�e�r� �s�t�u�d�i�e�s� �a�s�s�u�m�e�)�,� �a�n�d� �u�n�d�e�r� �t�h�e� �l�i�n�e�a�r� �d�e�p�r�e�c�i�a�t�i�o�n� 

�s�c�h�e�m�e� �t�h�e� �a�n�n�u�a�l� �c�a�p�i�t�a�l� �c�o�s�t� �o�f� �a�n� �a�u�t�o�m�o�b�i�l�e� �w�i�l�l� �b�e� �1�0� �p�e�r�c�e�n�t� �o�f� �i�t�s� �v�a�l�u�e�.� �O�p�e�r�-� 

�a�t�i�n�g� �c�o�s�t� �o�f� �a�n� �a�u�t�o�m�o�b�i�l�e� �w�i�l�l� �c�o�m�p�r�i�s�e� �t�h�e� �c�o�s�t� �o�f� �r�e�p�a�i�r�s�,� �g�a�s�o�l�i�n�e� �e�x�p�e�n�d�i�t�u�r�e�s�,� �a�n�d� 

�o�t�h�e�r� �c�o�s�t�s� �s�u�c�h� �a�s� �i�n�s�u�r�a�n�c�e� �p�r�e�m�i�u�m�s�.� �R�e�p�a�i�r� �c�o�s�t�s� �m�a�y� �d�e�p�e�n�d� �o�n� �t�h�e� �p�r�i�c�e� �o�f� �t�h�e� 

�c�a�r�,� �t�h�e� �n�u�m�b�e�r� �o�f� �m�i�l�e�s� �d�r�i�v�e�n�,� �a�n�d� �c�a�r� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.� �I�n�s�u�r�a�n�c�e� �c�o�s�t�,� �o�n� �t�h�e� �o�t�h�e�r� 

�h�a�n�d�,� �v�a�r�i�e�s� �w�i�t�h� �c�a�r ��s� �w�e�i�g�h�t�,� �c�u�b�i�c� �d�i�s�p�l�a�c�e�m�e�n�t�,� �a�n�d� �d�r�i�v�i�n�g� �e�x�p�e�r�i�e�n�c�e� �o�f� �a�n� 

�o�w�n�e�r�. �� �T�o�t�a�l� �o�p�e�r�a�t�i�n�g� �c�o�s�t� �w�i�l�l� �e�q�u�a�l� 

�P�»�M� 
�(�3�2�)� �E�=�R�L�P�(�x�)�,� �M�,�x�1�+ ��s�5�5�q�@� �+� �t�l�s� �O�l�.� 

�I�f� �t�h�e� �n�u�m�b�e�r� �o�f� �m�i�l�e�s� �d�r�i�v�e�n� �i�s� �a� �f�u�n�c�t�i�o�n� �o�f� �c�a�r� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �x� �(�1�.�e�.�,� �M� �=� �M�(�x�)�,� �w�h�i�c�h� 

�i�s� �a� �p�l�a�u�s�i�b�l�e� �a�s�s�u�m�p�t�i�o�n� �i�f� �c�o�n�s�u�m�e�r�s� �a�d�j�u�s�t� �t�h�e� �v�a�l�u�a�t�i�o�n� �o�f� �c�a�r� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �t�o� �t�h�e�i�r� 

�i�n�d�i�v�i�d�u�a�l� �d�r�i�v�i�n�g� �p�a�t�t�e�r�n�s�)�,� �t�h�e�n� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� �e�x�p�r�e�s�s� �t�h�e� �c�o�s�t� �o�f� �r�e�p�a�i�r� �R� �a�s� �a� �f�u�n�c�-� 

�t�i�o�n� �o�f� �x�.� �S�i�n�c�e� �b�o�t�h� �t�h�e� �h�e�d�o�n�i�c� �p�r�i�c�e� �f�u�n�c�t�i�o�n� �a�n�d� �t�h�e� �r�e�p�a�i�r� �c�o�s�t�s� �o�f� �a� �c�a�r� �h�a�v�e� �t�h�e� 

�t�h�e� �s�a�m�e� �d�o�m�a�i�n�,� �n�a�m�e�l�y� �x�,� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� �a�s�s�u�m�e� �t�h�a�t� �t�h�e�r�e� �e�x�i�s�t� �o�n�e�-�t�o�-�o�n�e� �r�e�-� 

�4�9� �I�t� �i�s� �p�r�a�c�t�i�c�a�l� �t�o� �n�o�r�m�a�l�i�z�e� �t�h�e� �p�r�i�c�e� �i�n�d�e�x� �f�o�r� �a�l�l� �o�t�h�e�r� �g�o�o�d�s� �t�o� �u�n�i�t�y�;� �m� �w�i�l�l� �t�h�e�n� �r�e�p�r�e�s�e�n�t� �c�o�n�s�u�m�e�r� 

�e�x�p�e�n�d�i�t�u�r�e� �o�n� �a�l�l� �o�t�h�e�r� �g�o�o�d�s�.� 

�5�0� �G�e�n�e�r�a�l�l�y�,� �t�h�e� �c�o�s�t�s� �o�f� �l�a�b�o�r� �a�n�d� �s�p�a�r�e� �p�a�r�t�s� �r�i�s�e� �w�i�t�h� �t�h�e� �t�h�e� �p�r�i�c�e� �o�f� �a� �c�a�r� �a�n�d� �c�o�m�p�l�e�x�i�t�y� �o�f� �e�n�g�i�n�e�e�r�i�n�g� 

�d�e�s�i�g�n�.� �A�l�s�o� �t�h�e� �f�r�e�q�u�e�n�c�y� �o�f� �r�e�p�a�i�r�s� �a�n�d� �t�u�n�e�-�u�p�s� �i�n�c�r�e�a�s�e�s� �w�i�t�h� �t�h�e� �n�u�m�b�e�r� �o�f� �m�i�l�e�s� �d�r�i�v�e�n�.� 
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�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �P� �a�n�d� �R�.�*�'� �T�h�e�r�e�f�o�r�e�,� �i�t� �m�a�y� �b�e� �a�s�s�u�m�e�d� �t�h�a�t� �t�h�e� �c�o�s�t� �o�f� �r�e�p�a�i�r�s� 

�w�h�i�c�h� �d�e�p�e�n�d�s� �o�n� �x� �i�s� �a�l�r�e�a�d�y� �d�i�s�c�o�u�n�t�e�d� �i�n� �t�h�e� �p�r�i�c�e� �o�f� �a� �c�a�r�.� �S�i�n�c�e� �t�h�e� �p�r�i�c�e� �o�f� �g�a�s�,� 

�P�,�,� �i�s� �a� �c�o�n�s�t�a�n�t�,� �t�h�e� �s�a�m�e� �t�y�p�e� �o�f� �r�e�a�s�o�n�i�n�g� �c�o�u�l�d� �b�e� �d�o�n�e� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �g�a�s� �e�x�-� 

�p�e�n�d�i�t�u�r�e� �p�o�r�t�i�o�n� �o�f� �o�p�e�r�a�t�i�n�g� �c�o�s�t�s�.� �I�f�a� �v�a�r�i�a�b�l�e� �p�o�r�t�i�o�n� �o�f� �a�n� �i�n�s�u�r�a�n�c�e� �p�r�e�m�i�u�m� �(�i�.�e�.�,� 

�t�h�e� �p�o�r�t�i�o�n� �w�h�i�c�h� �w�h�i�c�h� �v�a�r�i�e�s� �w�i�t�h� �c�a�r� �s�i�z�e�,� �e�n�g�i�n�e� �d�i�s�p�l�a�c�e�m�e�n�t�,� �e�t�c�.�,� �i�s� �r�e�l�a�t�i�v�e�l�y� �s�m�a�l�l� 

�a�s� �c�o�m�p�a�r�e�d� �t�o� �i�t�s� �f�i�x�e�d� �p�o�r�t�i�o�n� �w�h�i�c�h� �i�s� �c�o�m�m�o�n� �t�o� �a�l�l� �c�a�r�s�)�,� �t�h�e�n� �t�h�e� �i�n�s�u�r�a�n�c�e� �c�o�s�t� 

�I� �m�a�y� �b�e� �c�o�n�s�i�d�e�r�e�d� �a�s� �f�i�x�e�d� �a�n�d� �w�o�u�l�d� �b�e� �a�b�s�o�r�b�e�d� �b�y� �t�h�e� �c�o�n�s�t�a�n�t� �t�e�r�m�.� �A�s� �a� �r�e�s�u�l�t�,� 

�t�h�e� �o�p�e�r�a�t�i�n�g� �c�o�s�t�s� �o�f� �a� �c�a�r� �c�o�u�l�d� �b�e� �c�a�p�i�t�a�l�i�z�e�d� �i�n�t�o� �i�t�s� �h�e�d�o�n�i�c� �p�r�i�c�e� �p�r�o�v�i�d�e�d� �t�h�a�t� �t�h�e� 

�n�u�m�b�e�r� �o�f� �m�i�l�e�s� �d�r�i�v�e�n� �b�y� �e�a�c�h� �c�o�n�s�u�m�e�r� �i�s� �t�h�e� �s�a�m�e�.� �T�h�i�s� �a�s�s�u�m�p�t�i�o�n� �s�e�e�m�s� �q�u�i�t�e� �r�e�-� 

�s�t�r�i�c�t�i�v�e� �a�n�d�,� �i�n� �g�e�n�e�r�a�l�,� �m�a�y� �n�o�t� �b�e� �e�n�t�i�r�e�l�y� �t�r�u�e�.� �H�o�w�e�v�e�r�,� �t�h�i�s� �s�i�m�p�l�i�f�i�c�a�t�i�o�n� �i�s� �a�d�o�p�t�e�d� 

�i�n� �t�h�e� �m�o�d�e�l� �d�u�e� �t�o� �i�n�c�o�m�p�l�e�t�e� �d�a�t�a� �c�o�n�c�e�r�n�i�n�g� �h�o�u�s�e�h�o�l�d� �d�r�i�v�i�n�g� �p�a�t�t�e�r�n�s�.� �C�o�n�s�e�-� 

�q�u�e�n�t�l�y�,� �t�h�e� �b�u�d�g�e�t� �c�o�n�s�t�r�a�i�n�t� �(�3�2�)� �w�i�l�l� �s�i�m�p�l�i�f�y� �t�o�:� 

�P�(�x�)� �+�m�=�y�.� 

�T�h�e� �c�o�n�s�u�m�e�r� �o�p�t�i�m�i�z�a�t�i�o�n� �p�r�o�b�l�e�m� �w�i�l�l� �b�e� �i�d�e�n�t�i�c�a�l� �t�o� �o�n�e� �d�i�s�c�u�s�s�e�d� �b�y� �R�o�s�e�n� 

�a�n�d� �d�e�s�c�r�i�b�e�d� �b�y� �e�q�u�a�t�i�o�n�s� �(�2�)� �a�n�d� �(�3�)� �p�r�e�s�e�n�t�e�d� �i�n� �t�h�e� �f�i�r�s�t� �c�h�a�p�t�e�r�.� �T�h�e� �m�a�i�n� �p�r�o�b�l�e�m� 

�a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �o�p�e�r�a�t�i�n�g� �c�o�s�t�s� �i�s� �t�h�e� �l�a�c�k� �o�f� �r�e�l�i�a�b�l�e� �d�a�t�a�.� �T�h�e� �c�a�p�i�t�a�l�i�z�a�t�i�o�n� �o�f� �o�p�-� 

�e�r�a�t�i�n�g� �c�o�s�t�s� �i�n�t�o� �t�h�e� �p�r�i�c�e� �o�f� �a� �c�a�r� �(�c�e�t�e�r�i�s� �p�a�r�i�b�u�s�)� �c�a�n� �b�e� �j�u�s�t�i�f�i�e�d� �(�g�i�v�e�n� �t�h�e� �s�a�m�e� 

�n�u�m�b�e�r� �o�f� �m�i�l�e�s� �d�r�i�v�e�n�)� �o�n� �t�h�e� �b�a�s�i�s� �t�h�a�t� �t�h�e� �m�a�r�k�e�t� �d�i�f�f�e�r�e�n�c�e� �i�n� �t�h�e� �v�a�l�u�e� �o�f� �t�w�o� �o�t�h�-� 

�e�r�w�i�s�e� �s�i�m�i�l�a�r� �c�a�r�s� �w�i�l�l� �b�e� �t�h�e� �p�r�e�s�e�n�t� �d�i�s�c�o�u�n�t�e�d� �v�a�l�u�e� �o�f� �o�p�e�r�a�t�i�n�g� �c�o�s�t�s� �o�v�e�r� �t�h�e� �l�i�f�e� 

�o�f� �t�h�e� �c�a�r� �(�G�o�o�d�m�a�n� �1�9�8�3�)�.� �T�h�e� �f�i�r�s�t� �o�r�d�e�r� �c�o�n�d�i�t�i�o�n�s� �f�o�r� �t�h�i�s� �u�t�i�l�i�t�y� �m�a�x�i�m�i�z�a�t�i�o�n� 

�p�r�o�b�l�e�m� �w�i�l�l� �b�e� �a�s� �f�o�l�l�o�w�s�:� 

�5�1� �T�h�i�s� �s�t�a�t�e�m�e�n�t� �w�i�l�l� �b�e� �t�r�u�e� �i�f� �P�(�x�)� �a�n�d� �R�(�x�)� �a�r�e� �m�o�n�o�t�o�n�i�c� �f�u�n�c�t�i�o�n�s� �o�f� �x�.� 
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�o�u� �o�i� �(�3�3�)� �a�x�,� �x� �=� �i�=�1�,�2�,�.�.�,�4�,� 

�a�U� �_�4�_� �(�3�4�)� �a�e� �A� �=�O� 

�(�3�5�)� �y�  �� �P�(�x�)�  ��m�=�0�,� 

�T�h�e� �n�u�m�b�e�r� �o�f� �e�q�u�a�t�i�o�n�s� �i�s� �e�q�u�a�l� �t�o� �k� �+� �2� �w�h�i�c�h� �e�q�u�a�l�s� �t�h�e� �n�u�m�b�e�r� �o�f� �u�n�k�n�o�w�n� �v�a�r�i�-� 

�a�b�l�e�s� �i�n� �t�h�e� �m�o�d�e�l�.�*�?� �C�o�n�s�e�q�u�e�n�t�l�y�,� �x�,� �m�,� �a�n�d� �4� �c�a�n� �b�e� �s�o�l�v�e�d� �f�o�r� �a�s� �f�u�n�c�t�i�o�n�s� �o�f� �k�n�o�w�n� 

�p�a�r�a�m�e�t�e�r�s� �y� �a�n�d� �t�h�e� �h�e�d�o�n�i�c� �p�r�i�c�e� �f�u�n�c�t�i�o�n� �P�(�x�)� �w�h�i�c�h� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �k�n�o�w�n�.� �T�h�e� 

�c�o�n�s�u�m�e�r� �b�i�d� �f�u�n�c�t�i�o�n� �6�(�x�;� �u�,� �y�,� �a�)�,� �w�h�i�c�h� �s�h�o�w�s� �t�h�e� �a�m�o�u�n�t� �o�f� �m�o�n�e�y� �a� �c�o�n�s�u�m�e�r� �I�s� 

�w�i�l�l�i�n�g� �t�o� �p�a�y� �f�o�r� �a� �c�a�r� �w�i�t�h� �a�t�t�r�i�b�u�t�e�s� �x� �a�t� �g�i�v�e�n� �u�t�i�l�i�t�y� �l�e�v�e�l� �u� �a�n�d� �i�n�c�o�m�e� �y� �c�a�n� �b�e� �d�e�-� 

�r�i�v�e�d� �b�y� �i�n�v�e�r�t�i�n�g� �t�h�e� �f�o�l�l�o�w�i�n�g� �i�n�d�i�r�e�c�t� �u�t�i�l�i�t�y� �f�u�n�c�t�i�o�n� �i�n� �i�m�p�l�i�c�i�t� �f�o�r�m�:� 

�(�3�6�)� �U�(�x�,� �y�  �� �9�,�0�)� �=�u�.� 

�T�h�e� �c�o�n�s�u�m�e�r� �b�i�d� �f�u�n�c�t�i�o�n� �@� �i�s� �c�o�n�c�a�v�e� �i�n� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.� �D�i�f�f�e�r�e�n�t�i�a�t�i�n�g� �(�3�6�)� �w�i�t�h� �r�e�-� 

�s�p�e�c�t� �t�o� �x�,� �y�i�e�l�d�s� �6�,� �=� �U�,�/�U�,�,�>�0�,� �a�n�d� �s�i�n�c�e� �U� �i�s� �s�t�r�i�c�t�l�y� �c�o�n�c�a�v�e� �i�n� �x� �(�a�n�d� �a�l�s�o� �m�)�,� 
�i� �m�m�m� 

� � 

�6�,� �,�,�<� �0�.� �H�o�w�e�v�e�r�,� �s�t�r�i�c�t� �c�o�n�c�a�v�i�t�y� �o�f� �t�h�e� �c�o�n�s�u�m�e�r� �u�t�i�l�i�t�y� �f�u�n�c�t�i�o�n� �i�s� �n�o�t� �s�u�f�f�i�c�i�e�n�t� �t�o� 

� � 

�f�u�l�f�i�l�l� �t�h�e� �s�e�c�o�n�d�-�o�r�d�e�r� �c�o�n�d�i�t�i�o�n�s� �f�o�r� �u�t�i�l�i�t�y� �m�a�x�i�m�i�z�a�t�i�o�n�.� �T�h�i�s� �r�e�s�u�l�t�s� �f�r�o�m� �t�h�e� �f�a�c�t� 
� � 

�t�h�a�t� �t�h�e� �b�u�d�g�e�t� �c�o�n�s�t�r�a�i�n�t� �P�(�x�)� �+� �m�=�y� �i�s� �n�o�n�l�i�n�e�a�r� �i�n� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�,� �a�n�d� �t�h�e� �s�u�f�f�i�c�i�e�n�t� 
� � 

� � 

�c�o�n�d�i�t�i�o�n�s� �f�o�r� �m�a�x�i�m�i�z�a�t�i�o�n� �m�a�y� �n�o�t� �b�e� �s�a�t�i�s�f�i�e�d� �i�f� �t�h�e� �p�r�i�c�e� �s�t�r�u�c�t�u�r�e� �i�s� �m�o�r�e� �c�o�n�c�a�v�e� 

�i�n� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �t�h�a�n� �U�,� �T�h�i�s� �s�i�t�u�a�t�i�o�n� �i�s� �s�h�o�w�n� �i�n� �t�h�e� �r�i�g�h�t� �p�a�n�e�l� �o�f� �F�i�g�u�r�e� �5�.� �S�i�n�c�e� �t�h�e� 

�p�r�i�c�e� �f�u�n�c�t�i�o�n� �i�s� �m�o�r�e� �c�o�n�c�a�v�e� �i�n� �x� �t�h�a�n� �0�,� �t�h�e� �t�a�n�g�e�n�c�y� �p�o�i�n�t� �4� �w�i�l�l� �n�o�t� �m�a�x�i�m�i�z�e� 

�u�t�i�l�i�t�y� �s�i�n�c�e� �t�h�e� �c�o�n�s�u�m�e�r� �c�a�n� �b�e� �b�e�t�t�e�r� �o�f�f� �a�t� �t�h�e� �o�f�f�-�t�a�n�g�e�n�c�y� �p�o�i�n�t� �B�.� 
�e�l�a� �7� �S�e� �R�E�A�R� �3� �g�e� �A� �W�R�I� �A� �a�e� �b�e�n�e� �c�o�n�e� �B�E� �a�y� 

� � 

�5�2� �T�h�e�s�e� �a�r�e� �k� �p�h�y�s�i�c�a�l� �a�t�t�r�i�b�u�t�e�s� �o�f� �a�n� �a�u�t�o�m�o�b�i�l�e�,� �t�h�e� �e�x�p�e�n�d�i�t�u�r�e� �o�n� �a�l�l� �o�t�h�e�r� �g�o�o�d�s� �m�,� �a�n�d� �t�h�e� �L�a�g�r�a�n�g�e� 

�m�u�l�t�i�p�l�i�e�r� �A�.� 

�5�3� �I�n� �f�a�c�t�,� �t�h�e� �h�e�d�o�n�i�c� �p�r�i�c�e� �f�u�n�c�t�i�o�n� �w�h�i�c�h� �i�s� �g�i�v�e�n� �h�e�r�e� �i�n� �i�m�p�l�i�c�i�t� �f�o�r�m� �h�a�s� �t�o� �b�e� �c�a�l�c�u�l�a�t�e�d� �b�y� �r�e�g�r�e�s�s�i�n�g� 

�t�h�e� �p�r�i�c�e� �o�f� �a� �c�a�r� �o�n� �i�t�s� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.� 

�5�8� 

�F�a�b�e�N�O�N� �a



�P�(�x�)� �P�(�)� 

�P�(�X�)� 

�P�(�x�)� 

� � � � � � � � 

�X�i� �X�i� 

�F�i�g�u�r�e� �6�.� �M�a�r�k�e�t� �e�q�u�i�l�i�b�r�i�u�m�:� �S�u�f�f�i�c�i�e�n�t� �c�o�n�d�i�t�i�o�n�s� �f�o�r� �u�t�i�l�i�t�y� �m�a�x�i�m�i�z�a�t�i�o�n�.� 

�T�h�e� �a�m�o�u�n�t� �o�f� �m�o�n�e�y� �t�h�a�t� �t�h�e� �c�o�n�s�u�m�e�r� �i�s� �w�i�l�l�i�n�g� �t�o� �p�a�y� �f�o�r� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �a�t� �a�n�y� 

�f�i�x�e�d� �l�e�v�e�l� �o�f� �u�t�i�l�i�t�y� �i�s� �e�q�u�a�l� �t�o� �6�,� �w�h�e�r�e� �@�=�y ��m�.� �S�i�n�c�e� �P�(�x�)� �i�s� �t�h�e� �m�i�n�i�m�u�m� �p�r�i�c�e� �t�h�e� 

�c�o�n�s�u�m�e�r� �m�u�s�t� �p�a�y� �f�o�r� �o�n�e� �u�n�i�t� �o�f� �a� �d�i�f�f�e�r�e�n�t�i�a�t�e�d� �c�o�m�m�o�d�i�t�y�,� �t�h�e� �s�a�t�i�s�f�a�c�t�i�o�n� �o�f� �t�h�e� 

�f�i�r�s�t�-�o�r�d�e�r� �c�o�n�d�i�t�i�o�n�s� �f�o�r� �u�t�i�l�i�t�y� �m�a�x�i�m�i�z�a�t�i�o�n� �(�e�q�u�a�t�i�o�n� �3�5�)� �r�e�q�u�i�r�e�s� �t�h�e� �e�q�u�i�l�i�b�r�i�u�m� 

�c�o�n�d�i�t�i�o�n� �P�(�x�)� �=� �6�(�x�;� �u�,� �y�,� �a�)�.� �A�s� �a� �r�e�s�u�l�t�,� �t�h�e� �h�e�d�o�n�i�c� �p�r�i�c�e� �f�u�n�c�t�i�o�n� �w�h�i�c�h� �h�a�s� �t�o� �b�e� �e�s�-� 

�t�i�m�a�t�e�d� �f�r�o�m� �t�h�e� �h�o�u�s�e�h�o�l�d� �d�a�t�a� �w�i�l�l� �t�r�a�c�e� �t�h�e� �l�o�c�u�s� �o�f� �t�h�e� �e�q�u�i�l�i�b�r�i�a� �p�o�i�n�t�s� �f�o�r� �e�a�c�h� 

�i�n�d�i�v�i�d�u�a�l� �c�o�n�s�u�m�e�r�.� 

�A�.�2�.� �I�n�d�e�x� �A�p�p�r�o�a�c�h� 

�T�h�e� �i�n�d�e�x� �a�p�p�r�o�a�c�h� �i�s� �a�n� �a�l�t�e�r�n�a�t�i�v�e� �a�p�p�r�o�a�c�h� �t�o� �e�s�t�i�m�a�t�i�n�g� �c�o�n�s�u�m�e�r� �d�e�m�a�n�d� �f�o�r� 

�a�u�t�o�m�o�b�i�l�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.� �A�l�t�h�o�u�g�h� �t�h�e� �i�n�d�e�x� �m�e�t�h�o�d� �u�s�e�s� �t�h�e� �s�a�m�e� �h�e�d�o�n�i�c� �f�r�a�m�e�-� 

�w�o�r�k� �d�e�v�e�l�o�p�e�d� �b�y� �R�o�s�e�n�,� �i�t� �d�i�f�f�e�r�s� �f�r�o�m� �t�h�e� �t�r�a�d�i�t�i�o�n�a�l� �m�e�t�h�o�d� �i�n� �s�o�m�e� �r�e�s�p�e�c�t�s� �w�h�i�c�h� 

�a�r�e� �o�u�t�l�i�n�e�d� �b�e�l�o�w�.� �F�i�r�s�t�,� �t�h�e� �i�n�d�e�x� �a�p�p�r�o�a�c�h� �i�s� �b�a�s�e�d� �o�n� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �t�h�a�t� �c�a�r� 
�c�a�g�e� �2� �a�E� 

�o�w�n�e�r�s� �d�e�r�i�v�e� �t�h�e�i�r� �u�t�i�l�i�t�y� �f�r�o�m� �v�a�r�i�o�u�s� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �c�a�r� �a�t�t�r�i�b�u�t�e�s� �w�h�i�c�h� �m�a�y� �b�e� 
�a�g�e� �e�n� �E�E� �n�n�e�r� �a�e� �R�U�L�E� �h�E� �E�T�R�E� �S�e�,� �e�n�e� �a� �A�M�E� �T�E�E� �e�e�t� �w�e� 
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�c�a�l�l�e�d�  ��a�u�t�o�m�o�b�i�l�e� �p�e�r�f�o�r�m�a�n�c�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s ��,� �T�h�e� �m�a�i�n� �i�d�e�a� �b�e�h�i�n�d� �t�h�i�s� �m�e�t�h�o�d� �o�f� 

�m�o�d�e�l�l�i�n�g� �h�e�d�o�n�i�c� �d�e�m�a�n�d� �i�s� �t�h�a�t� �t�h�e� �s�e�t� �o�f� �p�h�y�s�i�c�a�l� �a�t�t�r�i�b�u�t�e�s� �s�u�c�h� �a�s� �c�a�r� �d�i�m�e�n�s�i�o�n�s�,� 

�w�e�i�g�h�t�,� �o�r� �e�n�g�i�n�e� �s�i�z�e� �e�n�t�e�r�s� �t�h�e� �c�o�n�s�u�m�e�r� �u�t�i�l�i�t�y� �f�u�n�c�t�i�o�n� �i�n�d�i�r�e�c�t�l�y� �t�h�r�o�u�g�h� �p�e�r�f�o�r�m�-� 

�a�i�.�c�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �s�u�c�h� �a�s� �s�a�f�e�t�y�,� �c�o�m�f�o�r�t�,� �r�e�l�i�a�b�i�l�i�t�y�,� �e�c�o�n�o�m�y�,� �e�t�c�.�,� �w�h�i�c�h� �c�a�n� �b�e� 

�t�h�o�u�g�h�t� �o�f� �a�s� �b�e�i�n�g� �p�r�o�d�u�c�e�d� �b�y� �t�h�e� �p�h�y�s�i�c�a�l� �a�t�t�r�i�b�u�t�e�s�.� �T�h�i�s� �a�p�p�r�o�a�c�h� �a�p�p�e�a�r�s� �t�o� �b�e� 

�c�o�n�s�i�s�t�e�n�t� �w�i�t�h� �t�h�e� �b�e�h�a�v�i�o�r� �o�f� �c�o�n�s�u�m�e�r�s� �w�h�e�n� �t�h�e�y� �p�u�r�c�h�a�s�e� �a� �c�a�r�.� �C�a�r�s� �a�r�e� �n�o�t� 

�b�o�u�g�h�t� �f�o�r� �t�h�e�i�r� �w�e�i�g�h�t�,� �l�e�n�g�t�h�,� �l�e�v�e�l� �o�f� �n�o�i�s�e�,� �o�r� �b�r�a�k�i�n�g� �d�i�s�t�a�n�c�e�.� �C�o�n�s�u�m�e�r�s� �b�u�y� �c�a�r�s� 

�b�e�c�a�u�s�e� �d�i�f�f�e�r�e�n�t� �q�u�a�n�t�i�t�i�e�s� �o�f� �t�h�e� �a�b�o�v�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �m�a�k�e� �c�a�r�s� �s�a�f�e�r�,� �m�o�r�e� �c�o�m�f�o�r�t�-� 

�a�b�l�e�,� �o�r� �r�e�l�i�a�b�l�e�.� �T�h�e� �w�i�l�l�i�n�g�n�e�s�s� �t�o� �p�a�y� �f�o�r� �a� �s�h�o�r�t�e�r� �b�r�a�k�i�n�g� �d�i�s�t�a�n�c�e�,� �b�e�t�t�e�r� �a�c�c�e�l�e�r�-� 

�a�t�i�o�n�,� �o�r� �g�r�e�a�t�e�r� �l�e�g� �r�o�o�m� �r�e�s�u�l�t�s� �f�r�o�m� �t�h�e� �w�i�l�l�i�n�g�n�e�s�s� �t�o� �p�a�y� �f�o�r� �m�o�r�e� �s�a�f�e�t�y� �o�r� �c�o�m�f�o�r�t�.� 

�I�t� �c�a�n� �b�e� �a�r�g�u�e�d� �t�h�a�t� �c�o�n�s�u�m�e�r�s� �w�h�o� �m�a�k�e� �t�h�e� �d�e�c�i�s�i�o�n� �t�o� �p�u�r�c�h�a�s�e� �a� �p�a�r�t�i�c�u�l�a�r� �m�a�k�e� 

�o�f� �a� �c�a�r� �a�r�e� �i�n�v�o�l�v�e�d� �i�n� �t�h�e� �p�r�o�c�e�s�s� �o�f� �s�u�b�c�o�n�s�c�i�o�u�s� �a�g�g�r�e�g�a�t�i�o�n� �o�f� �c�a�r� �a�t�t�r�i�b�u�t�e�s� �i�n� �o�r�d�e�r� 

�t�o� �p�u�r�c�h�a�s�e� �a� �c�a�r� �w�h�i�c�h� �i�s� �s�a�f�e�r� �o�r� �m�o�r�e� �c�o�m�f�o�r�t�a�b�l�e�.� �I�n� �t�h�i�s� �c�o�n�t�e�x�t�,� �p�e�r�f�o�r�m�a�n�c�e� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �c�o�u�l�d� �b�e� �r�e�p�r�e�s�e�n�t�e�d� �a�s� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �v�a�r�i�o�u�s� �p�h�y�s�i�c�a�l� �a�t�t�r�i�b�u�t�e�s�.� 

�C�o�n�s�e�q�u�e�n�t�l�y�,� �t�h�e� �v�e�c�t�o�r� �o�f� �p�h�y�s�i�c�a�l� �a�t�t�r�i�b�u�t�e�s� �x� �c�a�n� �b�e� �d�i�v�i�d�e�d� �i�n�t�o� �s� �g�r�o�u�p�s� �o�f� �p�e�r�-� 
�p�e�n�c�e� 

�f�o�r�m�a�n�c�e� �r�e�l�a�t�e�d� �c�o�m�p�o�n�e�n�t�s� 
�e�e�e� � � 

�(�3�7�)� �X�=� �(�K�X�,� �X�y�,� �H�y�)� �=� �(�H�K�,� �X�k�o�s� �X�h�o� �t�l�e� �c�e� �N�h�s� �k�a�s� �M�h� �t�k�e� �t�b�s� �X�n�)�,� 

�w�h�e�r�e� �&�,� �i�s� �t�h�e� �n�u�m�b�e�r� �o�f� �s�a�f�e�t�y� �r�e�l�a�t�e�d� �a�t�t�r�i�b�u�t�e�s�,� �&�,� �i�s� �t�h�e� �n�u�m�b�e�r� �o�f� �c�o�m�f�o�r�t� �r�e�l�a�t�e�d� 

�c�o�m�p�o�n�e�n�t�s�,� �a�n�d� �k�,� �r�e�p�r�e�s�e�n�t�s� �o�f� �t�h�e� �n�u�m�b�e�r� �o�f� �p�h�y�s�i�c�a�l� �a�t�t�r�i�b�u�t�e�s� �w�h�i�c�h� �a�r�e� �r�e�l�a�t�e�d� �t�o� 

�o�t�h�e�r� �s �� �2� �p�e�r�f�o�r�m�a�n�c�e� �m�e�a�s�u�r�e�s�.� �F�u�r�t�h�e�r�m�o�r�e�,� �i�t� �i�s� �a�s�s�u�m�e�d� �t�h�a�t� �e�a�c�h� �p�e�r�f�o�r�m�a�n�c�e� 

�m�e�a�s�u�r�e� �c�o�n�s�i�s�t�s� �o�f� �a�t� �l�e�a�s�t� �o�n�e� �a�t�t�r�i�b�u�t�e�.� �T�o� �s�i�m�p�l�i�f�y� �t�h�e� �a�n�a�l�y�s�i�s�,� �a�n�d� �a�l�s�o� �t�h�e� �n�o�t�a�t�i�o�n� 

�i�t� �i�s� �a�s�s�u�m�e�d� �t�h�a�t� �t�h�e� �s�e�t�s� �o�f� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �a�r�e� �e�x�h�a�u�s�t�i�v�e� �a�n�d� �m�u�t�u�a�l�l�y� �e�x�c�l�u�s�i�v�e� �(�i�.�e�.�,� 

�e�a�c�h� �a�t�t�r�i�b�u�t�e� �c�a�n� �a�f�f�e�c�t� �o�n�l�y� �o�n�e� �p�e�r�f�o�r�m�a�n�c�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�)�,� �s�o� �t�h�a�t� 

�k�=�k� �t�k� �+�k�,� 

�5�4� �T�h�i�s� �v�a�l�i�d�i�t�y� �o�f� �t�h�i�s� �a�s�s�u�m�p�t�i�o�n� �w�i�l�l� �b�e� �t�e�s�t�e�d� �a�n�d� �d�i�s�c�u�s�s�e�d� �i�n� �m�o�r�e� �d�e�t�a�i�l� �i�n� �C�h�a�p�t�e�r� �V�.� 
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�S�e�c�o�n�d�,� �c�o�n�s�u�m�e�r�s� �d�o� �n�o�t� �p�o�s�s�e�s�s� �a� �u�n�i�q�u�e� �(�o�r� �c�a�r�d�i�n�a�l�)� �m�e�a�s�u�r�e� �o�f� �p�e�r�f�o�r�m�a�n�c�e� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.� �T�h�i�s� �i�s� �e�s�p�e�c�i�a�l�l�y� �t�r�u�e� �f�o�r� �t�h�e�s�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �w�h�i�c�h� �h�a�v�e� �a� �m�u�l�t�i�d�i�m�e�n�-� 

�s�i�o�n�a�l� �c�h�a�r�a�c�t�e�r� �(�i�.�e�.�,� �d�e�p�e�n�d� �o�n� �v�a�r�i�e�t�y� �o�f� �a�t�t�r�i�b�u�t�e�s�)� �s�u�c�h� �a�s� �s�a�f�e�t�y� �a�n�d� �c�o�m�f�o�r�t�.� �T�h�e� 

�p�r�o�c�e�s�s� �o�f� �d�e�c�i�d�i�n�g� �w�h�i�c�h� �c�a�r� �t�o� �b�u�y� �s�t�a�r�t�s� �p�r�i�o�r� �t�o� �t�h�e� �a�c�t�u�a�l� �m�o�m�e�n�t� �o�f� �p�u�r�c�h�a�s�e�.� �T�h�e� 

�c�o�n�s�u�m�e�r�s� �c�o�l�l�e�c�t� �i�n�f�o�r�m�a�t�i�o�n� �o�n� �c�a�r�s �� �p�h�y�s�i�c�a�l� �a�t�t�r�i�b�u�t�e�s� �b�e�f�o�r�e� �m�a�k�i�n�g� �t�h�e� �f�i�n�a�l� �s�e�-� 

�l�e�c�t�i�o�n�.� �P�r�i�m�a�r�y� �s�o�u�r�c�e�s� �o�f� �i�n�f�o�r�m�a�t�i�o�n� �w�o�u�l�d� �b�e� �t�e�s�t�s� �c�o�n�d�u�c�t�e�d� �b�y� �C�o�n�s�u�m�e�r� �R�e�p�o�r�t�s�,� 

�o�p�i�n�i�o�n�s� �o�f� �e�x�p�e�r�t�s� �(�a�s� �w�e�l�l� �a�s� �f�r�i�e�n�d�s� �a�n�d� �r�e�l�a�t�i�v�e�s�)�,� �d�e�a�l�e�r� �v�i�s�i�t�s� �w�h�i�c�h� �i�n�c�l�u�d�e� �t�e�s�t� 

�d�r�i�v�i�n�g�,� �a�n�d� �v�a�r�i�o�u�s� �a�d�v�e�r�t�i�s�i�n�g�.� �T�h�i�s� �i�n�f�o�r�m�a�t�i�o�n� �o�n� �p�h�y�s�i�c�a�l� �a�t�t�r�i�b�u�t�e�s� �i�s� �a�g�g�r�e�g�a�t�e�d� 

�p�r�i�o�r� �t�o� �t�h�e� �m�o�m�e�n�t� �o�f� �p�u�r�c�h�a�s�e� �a�n�d� �c�o�m�b�i�n�e�d� �i�n�t�o� �s�o�m�e� �c�o�m�p�a�r�a�t�i�v�e� �(�o�r� �o�r�d�i�n�a�l�)� 

�m�e�a�s�u�r�e� �o�f� �p�e�r�f�o�r�m�a�n�c�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.� �T�h�i�s� �m�e�a�n�s� �t�h�a�t� �a�f�t�e�r� �e�x�a�m�i�n�i�n�g� �t�h�e� �a�t�t�r�i�b�u�t�e�s� 

�o�f�a� �c�a�r�,� �c�o�n�s�u�m�e�r�s� �c�a�n� �s�u�b�j�e�c�t�i�v�e�l�y� �d�e�t�e�r�m�i�n�e� �w�h�i�c�h� �c�a�r� �c�o�u�l�d� �b�e� �s�a�f�e�r�,� �m�o�r�e� �c�o�m�f�o�r�t�.�.�.� 
�e�n�e� 

�a�b�l�e�,� �r�e�l�i�a�b�l�e�,� �o�r� �e�c�o�n�o�m�i�c�a�l�.�*� 
�g�h�t� �P�L�T� �O�N�E�O�N�T�A� 

� � 

�e�a� �e�n�t�h� �a�t�e� 

�T�h�i�r�d�,� �w�h�i�l�e� �s�h�o�p�p�i�n�g� �f�o�r� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�,� �c�o�n�s�u�m�e�r�s� �t�r�y� �t�o� �m�i�n�i�m�i�z�e� �c�o�s�t�s� �a�s�s�o�c�i�-� 

�a�t�e�d� �w�i�t�h� �g�a�t�h�e�r�i�n�g� �t�h�e� �d�a�t�a�.� �A�u�t�o�m�o�b�i�l�e�s� �a�r�e� �h�i�g�h�l�y� �d�i�f�f�e�r�e�n�t�i�a�t�e�d� �c�o�m�m�o�d�i�t�i�e�s� �w�h�i�c�h� 

�a�r�e� �c�h�a�r�a�c�t�e�r�i�z�e�d� �b�y� �t�h�e� �s�i�g�n�i�f�i�c�a�n�t� �a�m�o�u�n�t� �o�f� �v�a�r�i�a�t�i�o�n� �i�n� �a�t�t�r�i�b�u�t�e�s�.� �D�u�e� �t�o� �t�h�e� �l�a�r�g�e� 

�n�u�m�b�e�r� �o�f� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�,� �w�h�i�c�h� �g�r�e�a�t�l�y� �d�i�f�f�e�r� �a�c�r�o�s�s� �m�a�k�e�s� �a�n�d� �m�o�d�e�l�s�,� �t�h�e� �c�o�n�s�u�m�e�r�s� 

�f�i�n�d� �i�t� �d�i�f�f�i�c�u�l�t� �t�o� �e�v�a�l�u�a�t�e� �a�l�l� �m�e�a�s�u�r�e�s� �i�n� �a�b�s�o�l�u�t�e� �t�e�r�m�s� �(�p�r�o�v�i�d�e�d� �t�h�a�t� �s�u�c�h� �m�e�a�s�u�r�e�s� 

�a�r�e� �a�v�a�i�l�a�b�l�e�)�.� �I�n� �a�d�d�i�t�i�o�n�,� �t�h�e�r�e� �a�r�e� �m�a�n�y� �c�h�a�r�a�c�t�e�r�t�i�s�t�i�c�s� �o�f� �a� �c�a�r� �f�o�r� �w�h�i�c�h� �u�n�i�q�u�e� 

�m�e�a�s�u�r�e�s� �d�o� �n�o�t� �e�x�i�s�t�.� �A�l�l� �o�f� �t�h�e�s�e� �f�o�r�c�e� �c�o�n�s�u�m�e�r�s� �t�o� �e�x�a�m�i�n�e� �c�a�r�s� �o�n� �a� �r�e�l�a�t�i�v�e� �b�a�s�i�s� 

�b�y� �c�o�m�p�a�r�i�n�g� �d�i�f�f�e�r�e�n�c�e�s� �i�n� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �b�e�t�w�e�e�n� �d�i�f�f�e�r�e�n�t� �m�a�k�e�s� �a�n�d� �m�o�d�e�l�s�.� �I�n� �c�a�s�e� 

�o�f� �n�o�n�-�m�e�a�s�u�r�a�b�l�e� �a�t�t�r�i�b�u�t�e�s�,� �a� �r�a�n�k�i�n�g� �s�y�s�t�e�m� �s�i�m�i�l�a�r� �t�o� �o�n�e� �d�e�v�e�l�o�p�e�d� �b�y� �C�o�n�s�u�m�e�r� 

�R�e�p�o�r�t�s� �c�a�n� �b�e� �u�s�e�d�.� �T�h�e�r�e�f�o�r�e�,� �i�t� �i�s� �a�s�s�u�m�e�d� �t�h�a�t� �t�h�e� �c�o�s�t� �o�f� �g�a�t�h�e�r�i�n�g� �a�n�d� �p�r�o�c�e�s�s�i�n�g� 

�t�h�e� �r�e�l�e�v�a�n�t� �i�n�f�o�r�m�a�t�i�o�n� �c�h�a�n�g�e�s� �w�i�t�h� �v�a�r�i�a�b�i�l�i�t�y� �o�f� �a�v�a�i�l�a�b�l�e� �d�a�t�a�.� �T�h�i�s� �i�m�p�l�i�e�s� �t�h�a�t� �i�f� 

�a�l�l� �c�a�r�s� �w�e�r�e� �h�o�m�o�g�e�n�o�u�s� �i�n� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�,� �t�h�e� �c�o�s�t� �o�f� �g�a�t�h�e�r�i�n�g� �a�n�d� �p�r�o�c�e�s�s�i�n�g� �i�n�f�o�r�-� 

�m�a�t�i�o�n� �t�o� �d�e�c�i�d�e� �w�h�i�c�h� �c�a�r� �t�o� �b�u�y� �w�o�u�l�d� �b�e� �t�h�e� �s�a�m�e� �f�o�r� �a�l�l� �c�a�r�s�.� �I�t� �c�a�n� �b�e� �s�h�o�w�n� 

�5�5� �T�h�i�s� �i�s� �t�r�u�e� �i�f� �c�o�n�s�u�m�e�r�s� �a�r�e� �a�b�l�e� �t�o� �a�s�s�i�g�n� �e�a�c�h� �p�h�y�s�i�c�a�l� �a�t�t�r�i�b�u�t�e� �t�o� �a� �s�p�e�c�i�f�i�c� �p�e�r�f�o�r�m�a�n�c�e� �i�n�d�e�x�.� 
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�(�A�p�p�e�n�d�i�x� �1�)� �t�h�a�t� �u�n�d�e�r� �a� �g�e�n�e�r�a�l�i�z�e�d� �q�u�a�d�r�a�t�i�c� �c�o�s�t� �f�u�n�c�t�i�o�n�,� �t�h�e� �c�o�s�t� �m�i�n�i�m�i�z�i�n�g� 

�c�o�n�s�t�r�u�c�t�i�o�n� �o�f� �a� �p�e�r�f�o�r�m�a�n�c�e� �i�n�d�e�x� �w�i�l�l� �r�e�s�u�l�t� �i�n� �a� �l�i�n�e�a�r� �w�e�i�g�h�t�i�n�g� �o�f� �p�h�y�s�i�c�a�l� �a�t�t�r�i�-� 

�b�u�t�e�s�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �a�n� �i�n�d�e�x� �v�a�r�i�a�b�l�e� �r�e�p�r�e�s�e�n�t�i�n�g� �a� �m�u�l�t�i�d�i�m�e�n�s�i�o�n�a�l� �p�e�r�f�o�r�m�a�n�c�e� 
�B�y� �S�e� �e�n� �o�n� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �a� �c�a�r� �c�a�n� �b�e� �r�e�p�r�e�s�e�n�t�e�d� �a�s� �a� �l�i�n�e�a�r� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �a�p�p�r�o�p�r�i�a�t�e� �p�h�y�s�-� 

� � 

�(�3�8�)� �v�¥�(�x�;�)� �=� �L�i�p�p� �f�=�1�,�2�,�.�.�,�k�,� �j�=�1�,�2�,�.�.�.�,�5�,� 

�w�h�e�r�e� �&� �i�s� �t�h�e� �n�u�m�b�e�r� �o�f� �p�h�y�s�i�c�a�l� �a�t�t�r�i�b�u�t�e�s� �o�f� �a� �c�a�r� �a�n�d� �s� �i�s� �t�h�e� �n�u�m�b�e�r� �o�f� �p�e�r�f�o�r�m�a�n�c�e� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.� �U�n�d�e�r� �t�h�e�s�e� �a�s�s�u�m�p�t�i�o�n�s� �t�h�e� �c�o�n�s�u�m�e�r� �u�t�i�l�i�t�y� �f�u�n�c�t�i�o�n� �c�a�n� �b�e� �d�e�f�i�n�e�d� 
�T�E�P� �r�e�s�s� 

�a�s� �f�o�l�l�o�w�s�:� 

�(�3�9�)� �U�s� �U�L� �v�(�x�)�,� �v�e�e� �y� �V�e�y�)�,� �I�M�,� �a�]�,� 

�w�h�e�r�e� �v�'�s� �a�r�e� �p�e�r�f�o�r�m�a�n�c�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.�(�o�r� �i�n�d�e�x�e�s�)� �a�n�d� �x�, ��s� �a�r�e� �s�u�b�s�e�t�s� �o�f� �i�n�d�i�v�i�d�u�a�l� 

�a�t�t�r�i�b�u�t�e�s� �w�h�i�c�h� �a�f�f�e�c�t� �r�e�s�p�e�c�t�i�v�e� �p�e�r�f�o�r�m�a�n�c�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.� �T�h�e� �c�o�n�s�u�m�e�r� �o�p�t�i�m�i�z�a�-� 

�t�i�o�n� �p�r�o�b�l�e�m� �w�i�l�l� �t�h�e�n� �b�e�c�o�m�e� 

�(�4�0�)� �m�a�x� �U� �=� �U�L�v�,�(�x�,�)�,� �v�o�x�)�,� �.�.�.� �,� �v�,�(�x�,�)�,� �m�J�,� 

�(�4�1�)� �s�.�t�.� �P�L� �v�,�(�x�,�)�,� �v�2�(�x�,�)�,� �«�v�(�x�,� �J� �t�m�=�y�.� 

�I�f� �t�h�e� �i�n�d�i�v�i�d�u�a�l� �a�t�t�r�i�b�u�t�e�s� �o�f� �a�n� �a�u�t�o�m�o�b�i�l�e� �m�e�t�h�o�d� �a�r�e� �s�u�b�s�t�i�t�u�t�e�d� �b�y� �i�n�d�e�x� �v�a�r�i�-� 

�a�b�l�e�s�,� �t�h�e� �e�q�u�i�l�i�b�r�i�u�m� �f�i�r�s�t�-�o�r�d�e�r� �c�o�n�d�i�t�i�o�n�s� �d�e�s�c�r�i�b�e�d� �b�y� �e�q�u�a�t�i�o�n�s� �(�3�3�)�-�(�3�5�)� �w�i�l�l� �r�e�m�a�i�n� 

�u�n�c�h�a�n�g�e�d�.� �S�i�n�c�e� �p�e�r�f�o�r�m�a�n�c�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �a�r�e� �l�i�n�e�a�r� �t�r�a�n�s�f�o�r�m�a�t�i�o�n�s� �o�f� �p�h�y�s�i�c�a�l� �a�t�-� 
�e�L�S�R�R�A�L� �E�N� �K�H�,� �o�b�s�e�s�s� �a�n�g�e�n� �a �� 

�t�r�i�b�u�t�e�s� �(�e�.�g�.�,� �u�n�d�e�r� �t�h�e� �p�r�i�n�c�i�p�a�l� �c�o�m�p�o�n�e�n�t� �w�e�i�g�h�t�i�n�g� �s�c�h�e�m�e�)�,� �t�h�e� �s�e�t� �o�f� �t�h�e� �f�i�r�s�t� �o�r�d�e�r� 
�n�c� �P�E�R� �T�L�E�E�I�L� �I�T� �B�O�N�,� �g�e�n�e�s� �O�N� �M�O�N� �F�E� �s�e�t�s� �O�A� �a�N� �T�E�T� �I�,� �Q�O� 

�c�o�n�d�i�t�i�o�n�s� �f�o�r� �t�h�i�s� �f�o�r�m�u�l�a�t�i�o�n� �w�i�l�l� �b�e� �t�h�e� �s�a�m�e� �i�r�r�e�s�p�e�c�t�i�v�e� �w�h�e�t�h�e�r� �c�o�n�s�u�m�e�r�s� �a�r�e� 

�s�h�o�p�p�i�n�g� �f�o�r� �x�  ��s� �o�r� �v ��s�.�*�*� �T�h�e� �f�i�r�s�t�-�o�r�d�e�r� �c�o�n�d�i�t�i�o�n�s� �w�i�l�l� �y�i�e�l�d� �s�+� �2� �e�q�u�a�t�i�o�n�s� �w�i�t�h� �s� �+� �2� 
� � 

�u�n�k�n�o�w�n� �v�a�r�i�a�b�l�e�s� �i�n�c�l�u�d�i�n�g� �s� �p�e�r�f�o�r�m�a�n�c�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �p�l�u�s� �A� �a�n�d� �m�.� �A�f�t�e�r� �s�o�l�v�i�n�g� 

�f�o�r� �t�h�e�s�e� �u�n�k�n�o�w�n�s�,� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� �o�b�t�a�i�n� �a� �c�o�n�s�u�m�e�r� �b�i�d� �f�u�n�c�t�i�o�n� �@� �=� �6�@�(�v�;� �U�,� �y�,� �a�)� 

�5�6� �S�i�n�c�e� �a�l�l� �p�e�r�f�o�r�m�a�n�c�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �a�r�e� �t�h�e� �r�e�s�u�l�t� �o�f� �a� �l�i�n�e�a�r� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �o�f� �p�h�y�s�i�c�a�l� �a�t�t�r�i�b�u�t�e�s� �(�3�8�)�,� 
�d�v�,� 

�e�a�c�h� �e�l�e�m�e�n�t� �o�f� �(�3�3�)�-�(�3�5�)� �w�i�l�l� �b�e� �m�u�l�t�i�p�l�i�e�d� �b�y� �x� �W�i� 
�J� 
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�C�o�n�s�u�m�e�r� �u�t�i�l�i�t�y� �i�s� �m�a�x�i�m�i�z�e�d� �w�h�e�n� �t�h�e� �m�a�r�g�i�n�a�l� �r�a�t�e� �o�f� �s�u�b�s�t�i�t�u�t�i�o�n� �b�e�t�w�e�e�n� �c�h�a�r�a�c�-� 

�t�e�r�i�s�t�i�c�s� �a�n�d� �m�o�n�e�y� �i�s� �a�e� �t�o� �t�h�e� �m�a�r�g�i�n�a�l� �c�o�s�t� �o�f� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �a�n�d� �t�h�e� �m�a�r�g�i�n�a�l� 

�C�U�,� �e�u� �O�U� �_� �e�P� �_� �0�b� �i�=�1�,�.�.�.�,�s�.� �T�h�i�s� �e�q�u�i�l�i�b�r�i�u�m� �c�o�n�d�i�-� 
�a�y� �O�m� �O�v�,� �O�v�, �� 

�t�i�o�n� �f�o�r� �t�h�e� �u�t�i�l�i�t�y� �m�a�x�i�m�i�z�i�n�g� �c�o�n�s�u�m�e�r� �i�s� �s�i�m�i�l�a�r� �t�o� �t�h�e� �c�a�s�e� �w�h�e�n� �t�h�e� �p�h�y�s�i�c�a�l� �a�t�t�r�i�-� 

�w�i�l�l�i�n�g�n�e�s�s� �t�o� �p�a�y� �f�o�r� �i�t�,� 

�b�u�t�e�s� �e�n�t�e�r� �t�h�e� �u�t�i�l�i�t�y� �f�u�n�c�t�i�o�n� �d�i�r�e�c�t�l�y�.� �T�h�i�s� �i�s� �c�o�n�s�i�s�t�e�n�t� �w�i�t�h� �t�h�e� �b�e�h�a�v�i�o�r� �o�f� �c�o�n�s�u�m�e�r�s� 

�w�h�o� �p�u�r�c�h�a�s�e� �c�a�r�s� �w�i�t�h� �d�i�f�f�e�r�e�n�t� �p�h�y�s�i�c�a�l� �a�t�t�r�i�b�u�t�e�s� �i�n� �s�u�c�h� �a� �w�a�y� �t�h�a�t� �t�h�e� �c�a�r� �t�h�e�y� 

�c�h�o�o�s�e� �w�i�l�l� �p�o�s�s�e�s�s� �t�h�e� �u�t�i�l�i�t�y� �m�a�x�i�m�i�z�i�n�g� �a�m�o�u�n�t� �o�f� �s�a�f�e�t�y�,� �c�o�m�f�o�r�t�,� �r�e�l�i�a�b�i�l�i�t�y�,� �e�t�c�.� 

�T�h�e� �m�a�x�i�m�u�m� �p�r�i�c�e� �t�h�a�t� �a� �u�t�i�l�i�t�y� �m�a�x�i�m�i�z�i�n�g� �c�o�n�s�u�m�e�r� �i�s� �w�i�l�l�i�n�g� �t�o� �p�a�y� �f�o�r� �a� �c�a�r� 
�a� �.� 

�m�n�i�e� �e�e�n� �e�r� �g�e�e� � � 

�w�i�t�h� �a� �v�e�c�t�o�r� �o�f� �p�e�r�f�o�r�m�a�n�c�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �v� �i�s� �d�e�t�e�r�m�i�n�e�d� �b�y� �h�i�s� �b�i�d� �f�u�n�c�t�i�o�n� �w�h�i�c�h� 
�e�I� �A�B�E� �R�S� �A�G�A�.� �S�A�S�.� �D�A�I�R�Y� �A�O�R� �I�r�a�n� �R�O�O� �D�Y� �T�a� �M�H�S� �E�E�E� 

�c�a�n� �b�e� �d�e�t�e�r�m�i�n�e�d� �a�t� �e�q�u�i�l�i�b�r�i�u�m�:� �O�L� �v�,�(�x�;�)�,� �-�,� �v�(�x�.�)� �-�u�,�y�,� �a�l� �=� �P�l� �v�(�x�)�.�.�.� �v�(�x�)� �|�.� �S�i�n�c�e� 
�c�c�a� �n�e�n�t� �e�e� 

�t�h�e� �g�e�n�e�r�a�l� �i�d�e�a� �o�f� �t�h�e� �i�n�d�e�x� �m�e�t�h�o�d� �i�s� �e�x�a�c�t�l�y� �t�h�e� �s�a�m�e� �a�s� �t�r�a�d�i�t�i�o�n�a�l� �R�o�s�e�n ��s� �a�p�p�r�o�a�c�h� 

� � 

�(�c�o�n�s�u�m�e�r�s� �a�r�e� �s�h�o�p�p�i�n�g� �f�o�r� �b�u�n�d�l�e�s� �o�f� �a�t�t�r�i�b�u�t�e�s� �r�a�t�h�e�r� �t�h�a�n� �f�o�r� �i�n�d�i�v�i�d�u�a�l� �c�h�a�r�a�c�t�e�r�-� 

�i�s�t�i�c�s�)�,� �t�h�e� �h�e�d�o�n�i�c� �p�r�i�c�e� �f�u�n�c�t�i�o�n� �f�o�r� �t�h�e� �i�n�d�e�x� �a�p�p�r�o�a�c�h� �c�a�n� �b�e� �e�s�t�i�m�a�t�e�d� �f�r�o�m� �t�h�e� �d�a�t�a� 

�b�y� �r�e�g�r�e�s�s�i�n�g� �t�h�e� �p�r�i�c�e� �o�f� �a� �c�a�r� �o�n� �t�h�e� �s�e�t� �o�f� �c�a�l�c�u�l�a�t�e�d� �p�e�r�f�o�r�m�a�n�c�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.� 

�S�i�n�c�e� �t�h�e� �e�q�u�i�l�i�b�r�i�u�m� �c�o�n�d�i�t�i�o�n�s� �f�o�r� �t�h�e� �i�n�d�e�x� �a�p�p�r�o�a�c�h� �a�r�e� �e�x�a�c�t�l�y� �t�h�e� �s�a�m�e� �a�s� �f�o�r� 
� � 

�t�h�e� �t�r�a�d�i�t�i�o�n�a�l� �h�e�d�o�n�i�c� �m�e�t�h�o�d� �(�t�h�e� �f�i�r�s�t�-�o�r�d�e�r� �c�o�n�d�i�t�i�o�n�s� �(�3�3�)�-�(�3�5�)� �a�r�e� �m�u�l�t�i�p�l�i�e�d� �b�y� �a� 

�c�o�n�s�t�a�n�t� �t�e�r�m� �w�;�,�)�,� �b�o�t�h� �c�a�n� �a�l�s�o� �u�s�e� �t�h�e� �s�a�m�e� �e�s�t�i�m�a�t�i�o�n� �t�e�c�h�n�i�q�u�e� �d�e�v�e�l�o�p�e�d� �b�y� �R�o�s�e�n�.� 

�T�h�e� �m�a�i�n� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �t�w�o� �i�s� �b�a�s�e�d� �o�n� �t�h�e� �d�e�f�i�n�i�t�i�o�n� �o�f� �a�n�  ��a�t�t�r�i�b�u�t�e �� �o�r� 
� � 

� � 

� � � � �O�N� �t�a�y� �E�M� �R�E� �R�R� �I�E� �S�r� �h�e� �a�t�e� �A�w�e� �e�e�e� 

 ��p�e�r�f�o�r�m�a�n�c�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c ��.� �H�o�w�e�v�e�r�,� �t�h�i�s�  ��c�o�n�c�e�p�t�u�a�l� �d�i� �d�i�f�f�e�r�e�n�c�e� �i�n� �1� �d�e�f�i�n�i�t�i�o�n� �h�a�s� �a� 
�o�e� �a� �a�R� �O�R� �n�e�r� �n�s� 

�e�y� 
� � 

�s�i�g�n�i�f�i�c�a�n�t� �i�m�p�a�c�t� �o�n� �e�s�t�i�m�a�t�e�d� �r�e�s�u�l�t�s�.� 

�B�.� �D�e�s�c�r�i�p�t�i�o�n� �o�f� �t�h�e� �D�a�t�a� 

�T�h�e� �d�a�t�a� �s�e�t� �u�s�e�d� �t�o� �e�s�t�i�m�a�t�e� �c�o�n�s�u�m�e�r� �d�e�m�a�n�d� �f�o�r� �a�u�t�o�m�o�b�i�l�e�s� �c�o�n�s�i�s�t�s� �o�f� �t�w�o� 

�m�a�j�o�r� �p�a�r�t�s�.� �T�h�e� �f�i�r�s�t� �s�u�b�s�e�t�,� �w�h�i�c�h� �i�s� �u�s�e�d� �t�o� �d�e�t�e�r�m�i�n�e� �a� �f�u�n�c�t�i�o�n�a�l� �f�o�r�m� �f�o�r� �t�h�e� 

�h�e�d�o�n�i�c� �p�r�i�c�e� �e�q�u�a�t�i�o�n�,� �c�o�n�s�i�s�t�s� �o�f� �t�e�c�h�n�i�c�a�l� �d�a�t�a� �a�n�d� �p�r�i�c�e�s� �o�n� �1�4�6� �c�a�r�s� �t�e�s�t�e�d� �b�y� �t�h�e� 

�C�o�n�s�u�m�e�r� �R�e�p�o�r�t�s� �e�x�p�e�r�t�s� �i�n� �t�h�e� �p�e�r�i�o�d� �o�f� �1�9�8�1�-�8�5�.� �T�h�e� �s�e�c�o�n�d� �s�u�b�s�e�t� �o�f� �d�a�t�a� �c�o�n�t�a�i�n�s� 

�t�h�e� �s�t�a�t�i�s�t�i�c�a�l� �d�a�t�a� �f�i�l�e�s� �o�f� �a�u�t�o�m�o�b�i�l�e� �o�w�n�e�r�s� �p�r�e�p�a�r�e�d� �b�y� �t�h�e� �U�.�S�.� �D�e�p�a�r�t�m�e�n�t� �o�f� �E�n�-� 
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�e�r�g�y�.� �T�h�e�s�e� �d�a�t�a� �f�i�l�e�s� �c�o�n�s�i�s�t� �o�f� �t�h�e� �s�o�c�i�o�-�e�c�o�n�o�m�i�c� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �c�a�r� �o�w�n�e�r�s� �f�o�r� �1�9�8�3� 
�M�A�T�A�R� �R�E�T�O�N�e� 

�a�n�d� �1�9�8�5�,� �w�h�i�c�h� �a�r�e� �u�s�e�d� �a�s� �d�e�m�a�n�d� �d�e�m�a�n�d� �s�h�i�f�t�e�r�s� �a� �i�n� �t�h�e� �s�e�c�o�n�d� �s�t�a�g�e� �o�f� �a�n�a�l�y�s�i�s�.� 
�~� �a� �r�e� �n�e� �2� �a�t�t�  ��s�e� �a�i� �T�e�?� �m�e�g�a� �R�i�s� 

� � 

�B�.�1�.� �T�e�c�h�n�i�c�a�l� �D�a�t�a� 

�T�h�e� �p�r�i�m�a�r�y� �s�o�u�r�c�e� �o�f� �i�n�f�o�r�m�a�t�i�o�n� �o�n� �t�e�c�h�n�i�c�a�l� �d�a�t�a� �u�s�e�d� �i�n� �t�h�e� �f�i�r�s�t� �s�t�a�g�e� �r�e�-� 

�g�r�e�s�s�i�o�n� �a�r�e� �t�e�s�t�s� �c�o�n�d�u�c�t�e�d� �b�y� �C�o�n�s�u�m�e�r� �R�e�p�o�r�t�s� �o�n� �1�4�6� �d�i�f�f�e�r�e�n�t� �m�a�k�e�s� �a�n�d� �m�o�d�e�l�s� 

�o�f� �d�o�m�e�s�t�i�c� �a�n�d� �i�m�p�o�r�t�e�d� �c�a�r�s� �i�n� �t�h�e� �p�e�r�i�o�d� �o�f� �1�9�8�1�-�8�5�.� �E�a�c�h� �t�e�s�t� �p�r�o�v�i�d�e�s� �i�n�f�o�r�m�a�t�i�o�n� 

�a�b�o�u�t� �p�h�y�s�i�c�a�l� �a�t�t�r�i�b�u�t�e�s� �o�f� �t�h�e� �c�a�r� �s�u�c�h� �a�s� �w�e�i�g�h�t�,� �d�i�m�e�n�s�i�o�n�s�,� �e�n�g�i�n�e� �s�i�z�e�,� �h�o�r�s�e�p�o�w�e�r�,� 

�a�c�c�e�l�e�r�a�t�i�o�n�,� �b�r�a�k�i�n�g� �d�i�s�t�a�n�c�e�,� �g�a�s� �m�i�l�e�a�g�e�,� �a�n�d� �s�o� �o�n�.� �A�l�t�o�g�e�t�h�e�r�,� �3�0� �d�i�f�f�e�r�e�n�t� �p�h�y�s�i�c�a�l� 

�a�t�t�r�i�b�u�t�e�s� �a�r�e� �m�e�a�s�u�r�e�d� �f�o�r� �e�a�c�h� �c�a�r�.� �I�n� �a�d�d�i�t�i�o�n� �t�o� �t�h�e�s�e� �m�e�a�s�u�r�e�s�,� �t�h�e� �t�e�a�m� �o�f� �C�o�n�-� 

�s�u�m�e�r� �R�e�p�o�r�t�s� �e�x�p�e�r�t�s� �t�e�s�t�e�d� �t�h�e� �c�a�r�s� �o�n� �a� �c�o�m�p�a�r�a�t�i�v�e� �b�a�s�i�s� �i�n� �2�3� �b�r�o�a�d�e�r� �c�a�t�e�g�o�r�i�e�s� 

�o�f� �a�t�t�r�i�b�u�t�e�s� �i�n�c�l�u�d�i�n�g� �e�n�g�i�n�e� �p�e�r�f�o�r�m�a�n�c�e�,� �h�a�n�d�l�i�n�g�,� �c�l�i�m�a�t�e� �c�o�n�t�r�o�l�,� �r�i�d�e�,� �c�o�n�v�e�n�i�e�n�c�e�,� 

�c�r�a�s�h� �r�e�s�i�s�t�a�n�c�e�,� �a�n�d� �s�e�v�e�r�a�l� �o�t�h�e�r�s�.� �T�h�e� �e�x�p�e�r�t�s� �u�s�e�d� �r�e�l�a�t�i�v�e� �m�e�a�s�u�r�e�s� �f�o�r� �e�a�c�h� �o�f� �t�h�e�s�e� 

�c�a�t�e�g�o�r�i�e�s� �o�f� �a�t�t�r�i�b�u�t�e�s� �r�a�n�g�i�n�g� �f�r�o�m� �|� �(�p�o�o�r�)� �t�o� �5� �(�e�x�c�e�l�l�e�n�t�)�.� �B�e�c�a�u�s�e� �a�l�l� �t�h�e�s�e� �c�o�m�-� 

�p�a�r�i�s�o�n�s� �w�e�r�e� �m�a�d�e� �f�o�r� �c�o�m�p�e�t�i�n�g� �c�a�r�s� �b�e�l�o�n�g�i�n�g� �t�o� �t�h�e� �s�a�m�e� �c�a�t�e�g�o�r�y� �(�s�m�a�l�l�,� �m�e�d�i�u�m� 

�s�i�z�e�,� �C�o�m�p�a�c�t�s�,� �s�p�o�r�t� �c�a�r�s�,� �e�t�c�.�)�,� �a� �s�e�t� �o�f� �d�u�m�m�y� �v�a�r�i�a�b�l�e�s� �h�a�s� �t�o� �b�e� �u�s�e�d� �t�o� �a�d�j�u�s�t� �f�o�r� 
� � � � 

�d�i�f�f�e�r�e�n�t� �b�o�d�y� �t�y�p�e�s�,� �n�u�m�b�e�r� �o�f� �d�o�o�r�s�,� �a�n�d� �s�i�z�e�s�.� �S�i�n�c�e� �t�e�s�t�i�n�g� �p�r�o�c�e�d�u�r�e�s� �c�h�a�n�g�e�d� �i�n� �t�h�e� 

�p�e�r�i�o�d� �o�f� �1�9�8�1�-�1�9�8�5� �d�u�r�i�n�g� �w�h�i�c�h� �s�o�m�e� �p�e�r�f�o�r�m�a�n�c�e� �m�e�a�s�u�r�e�s� �w�e�r�e� �r�e�p�l�a�c�e�d� �b�y� �n�e�w� 

�o�n�e�s�,� �t�h�e� �s�e�t� �o�f� �c�a�r�s� �i�n�c�l�u�d�e�d� �i�n� �t�h�e� �s�a�m�p�l�e� �i�s� �s�o�m�e�w�h�a�t� �s�m�a�l�l�e�r� �a�n�d� �c�o�n�s�i�s�t�s� �o�f� �1�2�1� �c�a�r�s� 

�f�o�r� �w�h�i�c�h� �m�e�a�s�u�r�e�s� �o�f� �a�l�l� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �a�r�e� �a�v�a�i�l�a�b�l�e�.� 

�A�n�o�t�h�e�r� �s�o�u�r�c�e� �o�f� �t�e�c�h�n�i�c�a�l� �d�a�t�a� �a�r�e� �t�h�e� �a�n�n�u�a�l�s� �o�f� �t�h�e� �W�a�r�d ��s� �A�u�t�o�m�o�t�i�v�e� �R�e�-� 

�p�o�r�t�s� �w�h�i�c�h� �p�r�o�v�i�d�e� �m�e�a�s�u�r�e�s� �o�f� �p�h�y�s�i�c�a�l� �a�t�t�r�i�b�u�t�e�s� �n�o�t� �l�i�s�t�e�d� �i�n� �C�o�n�s�u�m�e�r� �R�e�p�o�r�t�s� �s�u�c�h� 

�a�s� �c�a�r� �h�e�i�g�h�t�,� �t�r�u�n�k� �s�p�a�c�e�,� �o�r� �f�u�e�l� �t�a�n�k� �c�a�p�a�c�i�t�y�.� �A� �f�u�l�l� �l�i�s�t� �o�f� �c�a�r� �a�t�t�r�i�b�u�t�e�s� �a�n�d� �s�u�m�m�a�r�y� 

�s�t�a�t�i�s�t�i�c�s� �f�o�r� �t�h�e� �a�t�t�r�i�b�u�t�e� �s�a�m�p�l�e� �i�s� �p�r�e�s�e�n�t�e�d� �i�n� �T�a�b�l�e�s� �1� �a�n�d� �2�.� 

�6�4



� � 

� � 

�T�a�b�l�e� �1�.� �L�i�s�t� �o�f� �V�a�r�i�a�b�l�e�s� �U�s�e�d� �i�n� �t�h�e� �H�e�d�o�n�i�c� �P�r�i�c�e� �E�q�u�a�t�i�o�n� �(�s�t�a�g�e� �I�)� 

�V�a�r�i�a�b�l�e� 

�D�e�p�e�n�d�e�n�t� 
�P�R�I�C�E� 

�I�n�d�e�p�e�n�d�e�n�t� 
�c�o�n�t�i�n�o�u�s� 

�S�a�f�e�t�y� �r�e�l�a�t�e�d� 
�W�S�R� 

�A�C�C� 

�B�R�A� 

�T�R�C� 

�H�A�N� 

�B�R�E� 

�C�o�m�f�o�r�t� �r�e�l�a�t�e�d� 
�W�L�B� 
�F�S�S� 

�F�L�R� 

�F�H�R� 

�R�S�S� 

�N�S�A� 

�R�S�D� 

�R�H�R� 

�D�e�f�i�n�i�t�i�o�n� 

�t�h�e� �m�a�r�k�e�t� �v�a�l�u�e� �o�f� �|� �o�r� �2� 
�y�e�a�r� �o�l�d� �c�a�r� �o�f� �j�t�h� �m�a�k�e� 
�o�w�n�e�d� �b�y� �a� �h�o�u�s�e�h�o�l�d� 

�W�e�i�g�h�t�/�s�i�z�e� �r�a�t�i�o�.� �C�a�r� 
�w�e�i�g�h�t� �(�l�b�s�)� �d�i�v�i�d�e�d� 
�b�y� �t�h�e� �s�u�m� �o�f� �i�t�s� 
�d�i�m�e�n�s�i�o�n�s� �(�l�e�n�g�t�h�,� 
�w�i�d�t�h�,� �a�n�d� �h�e�i�g�h�t�)� 
�A�c�c�e�l�e�r�a�t�i�o�n� �0�-�6�0� �m�p�h� 
�(�s�e�c�o�n�d�s�)� 
�M�i�n�i�m�u�m� �d�i�s�t�a�n�c�e� �n�e�c�e�s�s�a�r�y� 
�t�o� �s�t�o�p� �a� �c�a�r� �f�r�o�m� �6�0� �m�p�h� 
�w�i�t�h� �n�o� �w�h�e�e�l�s� �l�o�c�k�e�d� 
�w�i�t�h�i�n� �a� �1�2� �f�o�o�t� �l�a�n�e� �(�f�e�e�t�)� 
�T�u�r�n�i�n�g� �c�i�r�c�l�e�.� �D�i�a�m�e�t�e�r� 
�o�f� �t�h�e� �p�a�t�h� �o�f� �t�h�e� �o�u�t�e�r�-� 
�m�o�s�t� �t�i�p� �o�f� �f�r�o�n�t� �b�u�m�p�e�r� 
�w�i�t�h� �w�h�e�e�l�s� �t�u�r�n�e�d� �f�u�l�l� 
�f�u�l�l� �l�e�f�t� �(�f�e�e�t�)� 
�A�c�c�i�d�e�n�t� �a�v�o�i�d�a�n�c�e� 
�a�b�i�l�i�t�y�.� �C�a�r� �h�a�n�d�l�i�n�g� 
�d�u�r�i�n�g� �e�m�e�r�g�e�n�c�y� 
�m�a�n�o�u�v�e�r�s� �a�n�d� �i�n� 
�s�l�a�l�o�m� �(�p�o�i�n�t�s� �1�-�5�)� 
�C�a�r� �h�a�n�d�l�i�n�g� �u�n�d�e�r� 
�n�o�r�m�a�l� �c�o�n�d�i�t�i�o�n�s� 
�(�p�o�i�n�t�s� �1�-�5�)� 
�O�v�e�r�a�l�l� �b�r�a�k�e� �e�v�a�l�u�a�t�i�o�n� 
�(�p�o�i�n�t�s� �1�-�5�)� 

�W�h�e�e�l�b�a�s�e� �(�i�n�c�h�e�s�)� 
�S�h�o�u�l�d�e�r� �r�o�o�m�;� �f�r�o�n�t� 
�s�e�a�t� �(�i�n�c�h�e�s�)� 
�F�r�o�n�t� �l�e�g�r�o�o�m� 
�(�i�n�c�h�e�s�)� 
�F�r�o�n�t� �h�e�a�d�r�o�o�m� 
�(�i�n�c�h�e�s� 
�S�h�o�u�l�d�e�r� �r�o�o�m�;� �r�e�a�r� 
�s�e�a�t� �(�i�n�c�h�e�s�)� 
�I�n�t�e�r�i�o�r� �n�o�i�s�e� �d�u�r�i�n�g� 
�h�i�g�h�w�a�y� �d�r�i�v�i�n�g� �a�t� �6�0� 
�m�p�h� �(�s�o�n�e�s�)� 
�R�e�a�r� �s�e�a�t� �d�e�p�t�h� 
�(�i�n�c�h�e�s� 
�R�e�a�r� �h�e�a�d�r�o�o�m� 
�(�i�n�c�h�e�s�)� 

�S�o�u�r�c�e� 

�N�.�A�.�D�.�A� �O�f�f�i�c�i�a�l� 
�U�s�e�d� �C�a�r� �G�u�i�d�e� 

�D�a�t�a� �F�i�l�e� 

�C�o�n�s�u�m�e�r� �R�e�p�o�r�t�s� 

�C�o�n�s�u�m�e�r� �R�e�p�o�r�t�s� 

�C�o�n�s�u�m�e�r� �R�e�p�o�r�t�s� 

�C�o�n�s�u�m�e�r� �R�e�p�o�r�t�s� 

�C�o�n�s�u�m�e�r� �R�e�p�o�r�t�s� 

�C�o�n�s�u�m�e�r� �R�e�p�o�r�t�s� 

�C�o�n�s�u�m�e�r� �R�e�p�o�r�t�s� 
�C�o�n�s�u�m�e�r� �R�e�p�o�r�t�s� 

�C�o�n�s�u�m�e�r� �R�e�p�o�r�t�s� 

�C�o�n�s�u�m�e�r� �R�e�p�o�r�t�s� 

�C�o�n�s�u�m�e�r� �R�e�p�o�r�t�s� 

�C�o�n�s�u�m�e�r� �R�e�p�o�r�t�s� 

�C�o�n�s�u�m�e�r� �R�e�p�o�r�t�s� 

�C�o�n�s�u�m�e�r� �R�e�p�o�r�t�s� � � 
� � 
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� � 

� � 

�R�I�D� 

�D�R�P� 

�F�S�E� 

�R�S�E� 

�H�E�T� 

�O�t�h�e�r� �c�o�n�t�i�n�o�u�s� 
�M�P�G� 

�R�E�L� 

�I�n�d�e�p�e�n�d�e�n�t� 
�d�i�c�h�o�t�o�m�o�u�s� �A�C� 

�A�T� 

�P�S� 

�S�P� 

�D�R� 

�C�E� 

�S�O� 

�P�A� 

�Q�u�a�l�i�t�y� �o�f� �r�i�d�e� �a�n�d� 
�s�u�s�p�e�n�s�i�o�n� �(�p�o�i�n�t�s� �1�-�5�)� 
�D�r�i�v�i�n�g� �p�o�s�i�t�i�o�n� 
�(�p�o�i�n�t�s� �1�-�5�)� 
�O�v�e�r�a�l�l� �f�r�o�n�t� 
�s�e�a�t� �e�v�a�l�u�a�t�i�o�n� �(�p�o�i�n�t�s� �1�-�5�)� 
�O�v�e�r�a�l�l� �r�e�a�r� 
�s�e�a�t� �e�v�a�l�u�a�t�i�o�n� �(�p�o�i�n�t�s� �1�-�5�)� 
�Q�u�a�l�i�t�y� �o�f� �h�e�a�t�i�n�g� 
�(�p�o�i�n�t�s� �1�-�5�)� 

�G�a�s� �m�i�l�e�a�g�e� 
�(�a�v�e�r�a�g�e� �m�p�g� �i�n� �1�9�5� �m�i�l�e� 
�t�e�s�t� �d�r�i�v�e�)� 
�C�o�n�s�u�m�e�r� �R�e�p�o�r�t�s� 
�t�r�o�u�b�l�e� �i�n�d�e�x� �(�p�o�i�n�t�s� �1�-�5�)� 

�A�i�r� �d�u�m�m�y�:� �=� �1� �i�f� �c�a�r� 
�h�a�s� �a�i�r� �c�o�n�d�i�t�i�o�n�i�n�g� 
�T�r�a�n�s�m�i�s�s�i�o�n� �t�y�p�e� 
�d�u�m�m�y�:� �=� �|� �i�f� �c�a�r� �h�a�s� 
�a�u�t�o�m�a�t�i�c� �t�r�a�n�s�m�i�s�s�i�o�n� 
�P�o�w�e�r� �s�t�e�e�r�i�n�g� �d�u�m�m�y�:� 

�=� �|� �i�f� �c�a�r� �h�a�s� �p�o�w�e�r� 
�s�t�e�e�r�i�n�g� 
�E�n�g�i�n�e� �t�y�p�e� �d�u�m�m�y�:� �=� �1� 
�i�f� �c�a�r� �h�a�s� �a� �d�i�e�s�e�l� 
�e�n�g�i�n�e� 
�B�o�d�y� �s�i�z�e� �d�u�m�m�y�:� �=� �1� 
�i�f� �c�a�r� �i�s� �a� �c�o�m�p�a�c�t� 
�m�o�d�e�l� 
�B�o�d�y� �s�i�z�e� �d�u�m�m�y�:� �=� �1� 
�i�f� �c�a�r� �i�s� �a� �m�e�d�i�u�m�-�s�i�z�e�d� 
�m�o�d�e�l� 
�B�o�d�y� �s�i�z�e� �d�u�m�m�y�:� �=� �1� 
�i�f� �c�a�r� �i�s� �a� �f�u�l�l�-�s�i�z�e�d� 
�m�o�d�e�l� 
�B�o�d�y� �t�y�p�e� �d�u�m�m�y�:� �=� �1� 
�i�f� �c�a�r� �i�s� �a� �s�t�a�t�i�o�n� �w�a�g�o�n� 
�B�o�d�y� �s�i�z�e� �d�u�m�m�y�:� �=� �1� 
�i�f� �c�a�r� �i�s� �a� �s�p�o�r�t� �c�a�r� 
�(�2� �d�o�o�r�s�,� �2� �s�e�a�t�s�)� 
�B�o�d�y� �t�y�p�e� �d�u�m�m�y�:� �=� �|� 
�i�f� �c�a�r� �h�a�s� �4� �d�o�o�r�s� 
�R�e�g�i�o�n�a�l� �d�u�m�m�y�:� 
�i�f� �C�e�n�t�r�a�l� �R�e�g�i�o�n� 
�R�e�g�i�o�n�a�l� �d�u�m�m�y�:� 
�i�f� �S�o�u�t�h�e�r�n� �R�e�g�i�o�n� 
�R�e�g�i�o�n�a�l� �d�u�m�m�y�:� �=� �1� 
�i�f� �P�a�c�i�f�i�c� �R�e�g�i�o�n� 

�\� 

�1� 

�C�o�n�s�u�m�e�r� �R�e�p�o�r�t�s� 

�C�o�n�s�u�m�e�r� �R�e�p�o�r�t�s� 

�C�o�n�s�u�m�e�r� �R�e�p�o�r�t�s� 

�C�o�n�s�u�m�e�r� �R�e�p�o�r�t�s� 

�C�o�n�s�u�m�e�r� �R�e�p�o�r�t�s� 

�C�o�n�s�u�m�e�r� �R�e�p�o�r�t�s� 

�C�o�n�s�u�m�e�r� �R�e�p�o�r�t�s� 

�D�a�t�a� �F�i�l�e� 

�D�a�t�a� �F�i�l�e� 

�D�a�t�a� �F�i�l�e� 

�D�a�t�a� �F�i�l�e� 

�D�a�t�a� �F�i�l�e� 

�D�a�t�a� �F�i�l�e� 

�D�a�t�a� �F�i�l�e� 

�D�a�t�a� �F�i�l�e� 

�D�a�t�a� �F�i�l�e� 

�D�a�t�a� �F�i�l�e� � � 
� � 
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�B�.�2�.� �P�r�i�c�e� �D�a�t�a� 

�T�h�e� �p�r�i�c�e� �d�a�t�a� �i�n� �t�h�e� �f�i�r�s�t� �s�t�a�g�e� �o�f� �e�s�t�i�m�a�t�i�o�n� �c�o�n�s�i�s�t� �o�f� �a�u�t�o�m�o�b�i�l�e� �p�r�i�c�e�s� �c�o�l�l�e�c�t�e�d� 

�f�r�o�m� �t�h�e� �u�s�e�d� �c�a�r� �m�a�r�k�e�t�.� �I�n� �t�h�e� �a�b�s�e�n�c�e� �o�f� �t�h�e� �a�c�t�u�a�l� �t�r�a�n�s�a�c�t�i�o�n� �p�r�i�c�e�s�,� �t�h�e� �e�s�t�i�m�a�t�e�d� 

�t�r�a�n�s�a�c�t�i�o�n� �p�r�i�c�e�s� �f�o�r� �u�s�e�d� �c�a�r�s� �p�u�b�l�i�s�h�e�d� �b�y� �a�u�t�o�m�o�b�i�l�e� �d�e�a�l�e�r�s� �g�i�v�e� �a� �b�e�t�t�e�r� �a�p�p�r�o�x�i�-� 

�m�a�t�i�o�n� �o�f� �t�h�e� �c�a�p�i�t�a�l� �c�o�s�t� �o�f� �a� �c�a�r� �a�t� �a�n�y� �g�i�v�e�n� �m�o�m�e�n�t� �t�h�a�n� �l�i�s�t� �p�r�i�c�e�s� �o�f� �n�e�w� �v�e�h�i�c�l�e�s�.� 

�D�u�e� �t�o� �p�r�o�d�u�c�e�r� �a�n�d� �d�e�a�l�e�r� �i�n�c�e�n�t�i�v�e�s� �a�n�d� �d�i�s�c�o�u�n�t�s� �n�e�w� �c�a�r�s� �t�y�p�i�c�a�l�l�y� �t�r�a�d�e� �b�e�l�o�w� �t�h�e� 

�p�r�o�d�u�c�e�r� �l�i�s�t� �p�r�i�c�e�,� �w�h�i�c�h� �m�a�k�e�s� �i�t� �d�i�f�f�i�c�u�l�t� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �a�c�t�u�a�l� �t�r�a�n�s�a�c�t�i�o�n� �p�r�i�c�e�.� 

�I�n� �a�d�d�i�t�i�o�n�,� �d�e�p�r�e�c�i�a�t�i�o�n� �o�f� �n�e�w� �c�a�r�s� �d�u�r�i�n�g� �t�h�e� �f�i�r�s�t� �y�e�a�r� �o�f� �o�w�n�e�r�s�h�i�p� �o�c�c�u�r�s� �a�t� �m�u�c�h� 

�f�a�s�t�e�r� �r�a�t�e� �t�h�a�n� �d�u�r�i�n�g� �t�h�e� �s�u�b�s�e�q�u�e�n�t� �y�e�a�r�s�.� �A�s� �a� �r�e�s�u�l�t�,� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �o�f� �1�0� �p�e�r�c�e�n�t� 

�d�e�p�r�e�c�i�a�t�i�o�n� �w�i�l�l� �n�o�t� �h�o�l�d� �d�u�r�i�n�g� �t�h�e� �f�i�r�s�t� �y�e�a�r� �o�f� �o�w�n�e�r�s�h�i�p�,� �a�n�d� �a�n�n�u�a�l� �c�a�p�i�t�a�l� �e�x�-� 

�p�e�n�d�i�t�u�r�e� �i�n� �t�h�e� �f�i�r�s�t� �y�e�a�r� �w�i�l�l� �e�x�c�e�e�d� �1�0� �p�e�r�c�e�n�t�.� 

�A�n�o�t�h�e�r� �r�e�a�s�o�n� �f�o�r� �u�s�i�n�g� �t�h�e� �u�s�e�d� �c�a�r� �d�a�t�a� �r�e�s�u�l�t�s� �f�r�o�m� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �s�t�o�c�k� �o�f� 

�u�s�e�d� �c�a�r�s� �c�a�n� �b�e� �c�o�n�s�i�d�e�r�e�d� �a�s� �f�a�i�r�l�y� �s�t�a�b�l�e�.� �C�h�a�n�g�e�s� �i�n� �m�a�r�k�e�t� �p�r�i�c�e�s� �a�r�e� �d�e�t�e�r�m�i�n�e�d� 

�p�r�i�m�a�r�i�l�y� �b�y� �c�h�a�n�g�e�s� �i�n� �d�e�m�a�n�d� �c�o�n�d�i�t�i�o�n�s� �r�e�f�l�e�c�t�i�n�g� �c�h�a�n�g�e�s� �i�n� �t�h�e� �c�o�n�s�u�m�e�r� �p�r�e�f�e�r�-� 

�e�n�c�e�s�.� �I�t� �c�a�n� �b�e� �a�r�g�u�e�d� �t�h�a�t� �p�r�i�c�e�s� �o�f� �n�e�w� �c�a�r�s� �w�h�i�c�h� �a�r�e� �s�e�t� �b�y� �m�a�n�u�f�a�c�t�u�r�e�r�s� �n�e�e�d� �n�o�t� 

�t�o� �b�e� �c�o�n�s�i�s�t�e�n�t� �w�i�t�h� �c�o�n�s�u�m�e�r� �v�a�l�u�a�t�i�o�n� �o�f� �c�a�r� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �w�h�i�c�h� �i�s� �d�o�n�e� �e�x� �p�o�s�t� �i�n� 

�t�h�e� �u�s�e�d� �c�a�r� �m�a�r�k�e�t�.� �A�l�s�o�,� �i�f� �a� �m�a�r�k�e�t� �s�t�r�u�c�t�u�r�e� �f�o�r� �n�e�w� �c�a�r�s� �c�h�a�n�g�e�s� �a�s� �i�t� �h�a�p�p�e�n�e�d� �i�n� 

�1�9�5�5� �w�h�e�n� �a� �s�u�p�p�l�y� �s�h�o�c�k� �i�n� �t�h�e� �a�u�t�o�m�o�b�i�l�e� �m�a�r�k�e�t� �c�h�a�n�g�e�d� �t�h�e� �s�t�r�u�c�t�u�r�e� �f�r�o�m� �c�o�l�l�u�s�i�v�e� 

�t�o� �o�l�i�g�o�p�o�l�i�s�t�i�c�,� �t�h�e� �f�i�r�s�t� �s�t�a�g�e� �e�s�t�i�m�a�t�e�s� �m�a�y� �b�e� �s�i�g�n�i�f�i�c�a�n�t�l�y� �d�i�s�t�o�r�t�e�d�.� �I�n� �s�u�c�h� �c�a�s�e� �t�h�e� 

�h�e�d�o�n�i�c� �a�p�p�r�o�a�c�h� �c�a�n�n�o�t� �e�x�p�l�a�i�n� �d�i�f�f�e�r�e�n�c�e�s� �i�n� �c�a�r� �p�r�i�c�e�s� �b�e�c�a�u�s�e� �t�h�e�y� �h�a�v�e� �b�e�e�n� �s�e�t� 

�e�x�o�g�e�n�o�u�s�l�y� �b�y� �c�o�m�p�e�t�i�n�g� �p�r�o�d�u�c�e�r�s�.�* �� �E�v�e�n� �t�h�o�u�g�h� �i�t� �m�a�y� �b�e� �a�r�g�u�e�d� �t�h�a�t� �s�u�c�h� �p�r�i�c�e� 

�s�h�o�c�k�s� �c�a�n� �e�v�e�n�t�u�a�l�l�y� �f�i�l�t�e�r� �i�n� �t�o� �t�h�e� �u�s�e�d� �c�a�r� �m�a�r�k�e�t�,� �t�h�e�i�r� �m�a�g�n�i�t�u�d�e� �i�n� �s�u�c�h� �c�a�s�e� �w�i�l�l� 

�d�i�m�i�n�i�s�h� �a�n�d� �c�o�u�l�d� �b�e� �c�o�n�s�i�d�e�r�e�d� �t�o� �b�e� �s�t�o�c�h�a�s�t�i�c� �r�a�t�h�e�r� �t�h�a�n� �d�e�t�e�r�m�i�n�i�s�t�i�c� �i�n� �n�a�t�u�r�e�,� 

�e�s�p�e�c�i�a�l�l�y� �i�f� �c�o�n�s�u�m�e�r�s� �a�r�e� �a�l�l�o�w�e�d� �t�o� �p�u�r�c�h�a�s�e� �c�a�r�s� �o�f� �d�i�f�f�e�r�e�n�t� �a�g�e�.� 

�5�7� �B�r�e�s�n�a�h�a�n� �(�1�9�8�7�)� �a�n�a�l�y�z�e�d� �t�h�e� �s�u�p�p�l�y� �s�h�o�c�k� �o�f� �1�9�5�5� �a�n�d� �s�h�o�w�e�d� �t�h�a�t� �i�t� �s�i�g�n�i�f�i�c�a�n�t�l�y� �d�i�s�t�o�r�t�e�d� �c�o�n�s�u�m�e�r� 

�v�a�l�u�a�t�i�o�n� �o�f� �a�u�t�o�m�o�b�i�l�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.� 
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�H�o�w�e�v�e�r�,� �i�t� �s�h�o�u�l�d� �b�e� �n�o�t�e�d� �t�h�a�t� �c�a�r�s� �u�s�e�d� �i�n� �t�h�e� �s�a�m�p�l�e� �s�h�o�u�l�d� �n�o�t� �b�e� �t�o�o� �o�l�d�,� �s�o� 

�i�t� �c�a�n� �b�e� �a�s�s�u�m�e�d� �t�h�a�t� �t�h�e� �t�e�s�t� �r�e�s�u�l�t�s� �o�b�t�a�i�n�e�d� �f�r�o�m� �C�o�n�s�u�m�e�r� �R�e�p�o�r�t�s� �w�h�e�r�e� �c�a�r�s� �w�e�r�e� 

�t�e�s�t�e�d� �a�s� �n�e�w� �w�i�l�l� �s�t�i�l�l� �b�e� �v�a�l�i�d�.� �T�h�a�t� �i�s� �w�h�y� �o�n�l�y� �o�n�e�-� �a�n�d� �t�w�o�-�y�e�a�r� �o�l�d� �c�a�r�s� �a�r�e� �i�n�c�l�u�d�e�d� 

�i�n� �t�h�e� �s�a�m�p�l�e�.� �S�o�m�e� �s�t�u�d�i�e�s� �o�f� �t�h�e� �a�u�t�o�m�o�b�i�l�e� �m�a�r�k�e�t� �(�e�.�g�,� �G�o�o�d�m�a�n� �(�1�9�8�3�)�)� �u�t�i�l�i�z�e�d� 

�t�h�e� �p�r�i�c�e� �d�a�t�a� �f�r�o�m� �t�h�e� �u�s�e�d� �c�a�r� �m�a�r�k�e�t� �t�o� �j�u�s�t�i�f�y� �f�i�x�e�d� �s�u�p�p�l�y� �a�n�d� �t�o� �a�v�o�i�d� �t�h�e� 

�s�i�m�u�l�t�a�n�e�i�t�y� �o�f� �p�r�i�c�e�s� �a�n�d� �q�u�a�n�t�i�t�i�e�s� �i�n� �t�h�e� �s�e�c�o�n�d� �s�t�a�g�e�.� �H�o�w�e�v�e�r�,� �t�h�i�s� �c�l�a�i�m� �c�a�n� �b�e� 

�t�r�u�e� �o�n�l�y� �f�o�r� �m�a�c�r�o� �d�a�t�a�.� 

�T�h�e� �i�n�c�o�r�p�o�r�a�t�i�o�n� �o�f� �t�h�e� �u�s�e�d� �c�a�r� �p�r�i�c�e�s� �t�o� �t�h�e� �h�e�d�o�n�i�c� �m�o�d�e�l� �c�a�n� �r�a�i�s�e� �s�o�m�e� �i�n�-� 

�t�e�r�e�s�t�i�n�g� �q�u�e�s�t�i�o�n�s� �d�e�a�l�i�n�g� �w�i�t�h� �t�h�e� �p�r�o�b�l�e�m� �o�f� �a�s�y�m�m�e�t�r�i�c� �i�n�f�o�r�m�a�t�i�o�n�.� �T�h�e� �p�r�o�b�l�e�m� 

�o�f� �i�n�f�o�r�m�a�t�i�o�n�a�l� �a�s�y�m�m�e�t�r�y� �a�r�i�s�e�s� �i�n� �t�h�e� �u�s�e�d� �c�a�r� �m�a�r�k�e�t� �d�u�e� �t�o� �t�h�e� �f�a�c�t� �t�h�a�t� �s�e�l�l�e�r�s� �o�f� 

�c�a�r�s� �h�a�v�e� �u�s�u�a�l�l�y� �b�e�t�t�e�r� �i�n�f�o�r�m�a�t�i�o�n� �a�b�o�u�t� �q�u�a�l�i�t�y� �o�f� �p�r�o�d�u�c�t�s� �t�h�a�n� �b�u�y�e�r�s�.� �T�h�i�s� �m�a�y� 

�c�a�u�s�e� �b�a�d� �c�a�r�s� �t�o� �d�r�i�v�e� �o�u�t� �g�o�o�d� �c�a�r�s� �f�r�o�m� �t�h�e� �m�a�r�k�e�t� �-� �t�h�e� �e�f�f�e�c�t� �k�n�o�w�n� �i�n� �t�h�e� �l�i�t�e�r�a�t�u�r�e� 

�o�f� �t�h�e� �s�u�b�j�e�c�t� �a�s� �t�h�e�  ��l�e�m�o�n�s� �e�f�f�e�c�t ��.� �T�h�e� �l�e�m�o�n�s� �e�f�f�e�c�t� �r�e�s�u�l�t�s� �f�r�o�m� �t�h�e� �f�a�c�t� �t�h�a�t� �u�n�d�e�r� 

�t�h�e�s�e� �c�i�r�c�u�m�s�t�a�n�c�e�s� �i�f� �b�u�y�e�r�s� �c�a�n�n�o�t� �d�i�s�t�i�n�g�u�i�s�h� �q�u�a�l�i�t�y� �u�n�t�i�l� �a�f�t�e�r� �t�h�e� �m�o�m�e�n�t� �o�f� �p�u�r�-� 

�c�h�a�s�e�,� �s�e�l�l�e�r�s� �w�i�l�l� �h�a�v�e� �n�o� �i�n�c�e�n�t�i�v�e� �t�o� �s�u�p�p�l�y� �g�o�o�d� �c�a�r�s� �t�o� �t�h�e� �m�a�r�k�e�t� �a�n�d� �t�h�e� �o�v�e�r�a�l�l� 

�q�u�a�l�i�t�y� �o�f� �c�a�r�s� �t�r�a�d�e�d� �w�i�l�l� �d�e�c�l�i�n�e�.� �T�h�e� �c�o�n�s�e�q�u�e�n�c�e� �o�f� �t�h�i�s� �e�f�f�e�c�t�,� �f�i�r�s�t� �r�e�c�o�g�n�i�z�e�d� �b�y� 

�A�k�e�r�l�o�f� �(�1�9�7�0�)�,� �i�s� �t�h�a�t� �t�h�e� �u�s�e�d� �c�a�r� �m�a�r�k�e�t� �w�i�l�l� �c�o�n�s�i�s�t� �o�f� �l�o�w�e�r� �q�u�a�l�i�t�y� �c�a�r�s�,� �w�h�i�c�h� �m�a�y� 

�s�i�g�n�i�f�i�c�a�n�t�l�y� �b�i�a�s� �t�h�e� �e�s�t�i�m�a�t�e�s� �o�f� �c�o�n�s�u�m�e�r� �v�a�l�u�a�t�i�o�n� �o�f� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.� �T�h�i�s� �p�u�r�e�l�y� 

�t�h�e�o�r�e�t�i�c�a�l� �h�y�p�o�t�h�e�s�i�s� �h�a�s� �n�o�t� �b�e�e�n� �s�u�p�p�o�r�t�e�d� �b�y� �e�m�p�i�r�i�c�a�l� �e�v�i�d�e�n�c�e�.� �B�o�n�d� �(�1�9�8�2�)�,� �f�o�r� 

�e�x�a�m�p�l�e�,� �r�e�j�e�c�t�s� �t�h�e� �h�y�p�o�t�h�e�s�i�s� �t�h�a�t� �t�h�e� �m�a�r�k�e�t� �f�o�r� �u�s�e�d� �p�i�c�k�u�p� �t�r�u�c�k�s� �i�s� �a� �l�e�m�o�n�s� �m�a�r�-� 

�k�e�t�.� �H�e� �s�h�o�w�s� �t�h�a�t� �t�r�u�c�k�s� �w�h�i�c�h� �w�e�r�e� �p�u�r�c�h�a�s�e�d� �a�s� �u�s�e�d� �r�e�q�u�i�r�e� �n�o� �m�o�r�e� �m�a�i�n�t�e�n�a�n�c�e� 

�a�n�d� �r�e�p�a�i�r�s� �t�h�a�n� �t�r�u�c�k�s� �o�f� �c�o�m�p�a�r�a�b�l�e� �a�g�e� �a�n�d� �m�i�l�e�a�g�e� �w�h�i�c�h� �h�a�v�e� �n�o�t� �b�e�e�n� �t�r�a�d�e�d�.� �A� 

�s�i�m�i�l�a�r� �c�o�n�c�l�u�s�i�o�n� �h�a�s� �b�e�e�n� �r�e�a�c�h�e�d� �b�y� �K�i�m� �(�1�9�8�5�)� �w�h�o�s�e� �t�h�e�o�r�e�t�i�c�a�l� �m�o�d�e�l� �i�n�d�i�c�a�t�e�s� 

�t�h�a�t� �e�x�a�c�t�l�y� �o�p�p�o�s�i�t�e� �t�o� �t�h�e� �l�e�m�o�n�s� �e�f�f�e�c�t� �m�a�y� �b�e� �p�o�s�s�i�b�l�e�,� �a�n�d� �t�h�e� �u�s�e�d� �c�a�r� �m�a�r�k�e�t� �c�a�n� 

�p�r�o�v�i�d�e� �h�i�g�h�e�r� �q�u�a�l�i�t�y� �a�s� �c�o�m�p�a�r�e�d� �t�o� �n�o�n�-�t�r�a�d�e�d� �c�a�r�s�.� �T�h�i�s� �h�a�p�p�e�n�s� �i�f� �t�h�e�r�e� �e�x�i�s�t� �s�o�m�e� 

�c�a�r� �o�w�n�e�r�s� �w�h�o� �v�a�l�u�e� �c�a�r� �s�e�r�v�i�c�e�s� �s�o� �h�i�g�h�l�y� �t�h�a�t� �t�h�e�y� �m�a�i�n�t�a�i�n� �t�h�e�i�r� �c�a�r�s� �v�e�r�y� �w�e�l�l� �t�o� 
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�o�b�t�a�i�n� �t�h�e� �h�i�g�h� �l�e�v�e�l� �o�f� �s�e�r�v�i�c�e� �f�l�o�w� �a�t� �a�l�l� �t�i�m�e�s�.� �W�h�e�n� �t�h�e�y� �d�e�c�i�d�e� �t�o� �t�r�a�d�e� �t�h�e�i�r� �c�a�r�s� �t�h�e� 

�s�u�p�p�l�y� �o�f� �g�o�o�d� �q�u�a�l�i�t�y� �u�s�e�d� �c�a�r�s� �w�i�l�l� �i�n�c�r�e�a�s�e�.� 

�T�h�e� �d�a�t�a� �o�n� �u�s�e�d� �c�a�r� �p�r�i�c�e�s� �a�r�e� �c�o�l�l�e�c�t�e�d� �f�r�o�m� �t�h�e� �N�a�t�i�o�n�a�l� �A�u�t�o�m�o�b�i�l�e� �D�e�a�l�e�r�s� 

�A�s�s�o�c�i�a�t�i�o�n� �(�N�.�A�.�D�.�A�.�)� �O�f�f�i�c�i�a�l� �U�s�e�d� �C�a�r� �G�u�i�d�e�.� �T�h�i�s� �g�u�i�d�e� �w�h�i�c�h� �1�s� �p�u�b�l�i�s�h�e�d� �m�o�n�t�h�l�y� 

�c�o�n�t�a�i�n�s� �c�u�r�r�e�n�t� �c�a�r� �r�e�t�a�i�l� �v�a�l�u�e�s� �b�a�s�e�d� �o�n� �d�e�a�l�e�r� �r�e�p�o�r�t�s� �a�n�d� �w�h�o�l�e�s�a�l�e� �a�u�c�t�i�o�n�s� �c�o�n�-� 

�d�u�c�t�e�d� �b�y� �f�l�e�e�t� �o�w�n�e�r�s� �w�h�i�c�h� �c�o�v�e�r� �a�l�l� �5�0� �s�t�a�t�e�s�.� �S�i�n�c�e� �c�a�r� �p�r�i�c�e�s� �d�i�f�f�e�r� �i�n� �v�a�r�i�o�u�s� �r�e�g�i�o�n�s� 

�o�f� �t�h�e� �c�o�u�n�t�r�y�,� �t�h�i�s� �g�u�i�d�e� �i�s� �p�r�e�p�a�r�e�d� �i�n� �n�i�n�e� �d�i�f�f�e�r�e�n�t� �v�e�r�s�i�o�n�s� �w�h�i�c�h� �p�r�o�v�i�d�e� �a�v�e�r�a�g�e� 

�p�r�i�c�e�s� �i�n� �t�h�e� �r�e�g�i�o�n� �f�o�r� �w�h�i�c�h� �t�h�e� �g�u�i�d�e� �i�s� �d�e�s�i�g�n�a�t�e�d�.� �T�h�e� �p�r�i�c�e�s� �u�s�e�d� �i�n� �t�h�i�s� �r�e�s�e�a�r�c�h� 

�a�r�e� �t�a�k�e�n� �f�r�o�m� �t�h�e� �E�a�s�t�e�r�n�,� �C�e�n�t�r�a�l�,� �S�o�u�t�h�w�e�s�t�,� �a�n�d� �P�a�c�i�f�i�c� �e�d�i�t�i�o�n�s� �o�f� �t�h�e� �N�.�A�.�D�.�A�.� 

�g�u�i�d�e�.� �T�h�e�s�e� �e�d�i�t�i�o�n�s� �c�o�v�e�r� �2�5� �s�t�a�t�e�s� �w�i�t�h� �t�h�e� �t�o�t�a�l� �p�o�p�u�l�a�t�i�o�n� �o�f� �1�6�6�.�7� �m�i�l�l�i�o�n� �i�n�h�a�b�-� 

�i�t�a�n�t�s�,� �w�h�i�c�h� �i�n�c�l�u�d�e�s� �a�l�m�o�s�t� �6�9� �p�e�r�c�e�n�t� �o�f� �t�h�e� �e�n�t�i�r�e� �U�.�S�.� �p�o�p�u�l�a�t�i�o�n�,� �6�7� �p�e�r�c�e�n�t� �o�f� �t�h�e� 

�t�o�t�a�l� �c�a�r� �r�e�g�i�s�t�r�a�t�i�o�n�s�,� �a�n�d� �c�o�v�e�r� �m�o�s�t� �l�a�r�g�e� �m�e�t�r�o�p�o�l�i�t�a�n� �a�r�e�a�s� �o�f� �t�h�e� �U�n�i�t�e�d� �S�t�a�t�e�s�.� 

�T�h�e� �p�r�i�c�e� �d�a�t�a� �f�i�l�e� �c�o�n�t�a�i�n�s� �m�i�d�y�e�a�r� �(�J�u�l�y�)� �p�r�i�c�e�s� �f�o�r� �o�n�e�-� �a�n�d� �t�w�o�-�y�e�a�r�-�o�l�d� �c�a�r�s� �t�e�s�t�e�d� 

�b�y� �C�o�n�s�u�m�e�r� �R�e�p�o�r�t�s� �a�n�d� �c�o�v�e�r�s� �t�h�e� �p�e�r�i�o�d� �o�f� �1�9�8�1�-�1�9�8�5�.� �T�o� �a�d�j�u�s�t� �f�o�r� �t�h�e� �e�f�f�e�c�t� �o�f� 

�i�n�f�l�a�t�i�o�n�,� �t�h�e�s�e� �p�r�i�c�e�s� �a�r�e� �d�i�v�i�d�e�d� �b�y� �t�h�e� �u�s�e�d� �c�a�r� �c�o�m�p�o�n�e�n�t� �o�f� �t�h�e� �C�o�n�s�u�m�e�r� �P�r�i�c�e� �I�n�-� 

�d�e�x� �w�i�t�h� �J�u�l�y� �1�9�8�3� �p�r�i�c�e�s� �=� �1�0�0�.� �T�h�e� �s�a�m�e� �p�r�o�c�e�d�u�r�e� �w�a�s� �a�p�p�l�i�e�d� �t�o� �c�o�n�s�u�m�e�r� �i�n�c�o�m�e� 

�w�h�i�c�h� �w�a�s� �d�e�f�l�a�t�e�d� �b�y� �t�h�e� �C�P�I� �w�i�t�h� �J�u�l�y� �1�9�8�3� �s�e�r�v�i�n�g� �a�s� �a� �b�a�s�e�.� 

�B�.�3�.� �C�o�n�s�u�m�e�r� �D�a�t�a� 

�T�h�e� �c�o�n�s�u�m�e�r� �r�e�l�a�t�e�d� �d�a�t�a� �u�s�e�d� �i�n� �t�h�e� �l�a�s�t� �s�t�a�g�e� �o�f� �e�s�t�i�m�a�t�i�o�n� �a�r�e� �c�o�m�p�i�l�e�d� �f�r�o�m� 

�t�h�e� �R�e�s�i�d�e�n�t�i�a�l� �T�r�a�n�s�p�o�r�t�a�t�i�o�n� �E�n�e�r�g�y� �C�o�n�s�u�m�p�t�i�o�n� �S�u�r�v�e�y� �o�f� �1�9�8�3� �(�R�T�E�C�S�-�8�3�)� �a�n�d� 

�t�h�e� �R�e�s�i�d�e�n�t�i�a�l� �T�r�a�n�s�p�o�r�t�a�t�i�o�n� �E�n�e�r�g�y� �C�o�n�s�u�m�p�t�i�o�n� �S�u�r�v�e�y� �1�9�8�5� �(�R�T�E�C�S�-�8�5�)�.� 

�R�T�E�C�S�-�8�3� �c�o�n�s�i�s�t�s� �o�f� �3�7�5�9� �h�o�u�s�e�h�o�l�d�s� �s�u�b�s�a�m�p�l�e�d� �f�r�o�m� �o�v�e�r� �8�0� �m�i�l�l�i�o�n� �h�o�u�s�e�h�o�l�d�s� �i�n� 

�t�h�e� �c�o�n�t�i�g�o�u�s� �U�n�i�t�e�d� �S�t�a�t�e�s� �p�a�r�t�i�c�i�p�a�t�i�n�g� �i�n� �t�h�e� �1�9�8�0� �P�o�p�u�l�a�t�i�o�n� �C�e�n�s�u�s�.� �R�T�E�C�S�-�8�5� 

�c�o�n�s�i�s�t�s� �o�f� �3�9�8�1� �h�o�u�s�e�h�o�l�d�s� �s�e�l�e�c�t�e�d� �i�n� �a� �s�i�m�i�l�a�r� �w�a�y�.� �B�o�t�h� �d�a�t�a� �f�i�l�e�s� �a�r�e� �a�v�a�i�l�a�b�l�e� �o�n� 

�t�a�p�e�s� �p�r�e�p�a�r�e�d� �f�o�r� �p�u�b�l�i�c� �u�s�e� �b�y� �t�h�e� �E�n�e�r�g�y� �I�n�f�o�r�m�a�t�i�o�n� �A�d�m�i�n�i�s�t�r�a�t�i�o�n� �o�f� �t�h�e� �U�.�S�.� 

�D�e�p�a�r�t�m�e�n�t� �o�f� �E�n�e�r�g�y�.� 
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�T�h�e� �R�T�E�C�S� �d�a�t�a� �f�i�l�e�s� �p�r�o�v�i�d�e� �i�n�f�o�r�m�a�t�i�o�n� �o�n� �t�h�e� �n�u�m�b�e�r� �a�n�d� �t�y�p�e� �o�f� �v�e�h�i�c�l�e�s� �f�o�r� 

�e�a�c�h� �h�o�u�s�e�h�o�l�d� �a�n�d� �t�h�e�i�r� �c�o�n�s�u�m�p�t�i�o�n� �o�f� �f�u�e�l� �d�u�r�i�n�g� �c�a�l�e�n�d�a�r� �y�e�a�r�s� �1�9�8�3� �a�n�d� �1�9�8�5�.� 

�D�a�t�a� �o�n� �v�e�h�i�c�l�e�s� �i�n�c�l�u�d�e� �a�g�e� �o�f� �a� �c�a�r�,� �l�e�n�g�t�h� �o�f� �o�w�n�e�r�s�h�i�p�,� �n�u�m�b�e�r� �o�f� �m�i�l�e�s� �d�r�i�v�e�n�,� �a�n�d� 

�b�a�s�i�c� �o�p�t�i�o�n�s� �s�u�c�h� �a�s� �a�u�t�o�m�a�t�i�c� �t�r�a�n�s�m�i�s�s�i�o�n� �o�r� �a�i�r� �c�o�n�d�i�t�i�o�n�i�n�g�.� �H�o�u�s�e�h�o�l�d�s� �i�n�c�l�u�d�e�d� 

�i�n� �t�h�e� �s�u�r�v�e�y� �a�r�e� �i�d�e�n�t�i�f�i�e�d� �b�y� �i�n�c�o�m�e�,� �f�a�m�i�l�y� �s�i�z�e�,� �n�u�m�b�e�r� �o�f� �d�r�i�v�e�r�s�,� �c�a�r� �u�s�a�g�e� �p�a�t�t�e�r�n�s�,� 

�r�e�g�i�o�n� �o�f� �t�h�e� �c�o�u�n�t�r�y�,� �a�n�d� �m�a�n�y� �o�t�h�e�r� �h�o�u�s�e�h�o�l�d� �d�a�t�a�.� �T�h�e� �d�a�t�a� �i�n�c�l�u�d�e�d� �i�n� �t�h�e� �R�T�E�C�S� 

�f�i�l�e�s� �m�a�k�e� �i�t� �p�o�s�s�i�b�l�e� �t�o� �l�i�n�k� �t�h�e� �t�e�c�h�n�i�c�a�l� �d�a�t�a� �o�f� �c�a�r�s� �w�i�t�h� �t�h�e� �s�o�c�i�o�-�e�c�o�n�o�m�i�c� �s�t�a�t�u�s� 

�o�f� �t�h�e�i�r� �o�w�n�e�r�s�.�*�®� �H�o�w�e�v�e�r�,� �n�o�t� �a�l�l� �c�o�n�s�u�m�e�r� �d�a�t�a� �c�o�u�l�d� �b�e� �u�s�e�d� �i�n� �t�h�i�s� �r�e�s�e�a�r�c�h�.� �F�r�o�m� 

�o�v�e�r� �7�5�0�0� �h�o�u�s�e�h�o�l�d�s� �r�e�c�o�r�d�e�d� �i�n� �t�h�e� �R�T�E�C�S� �f�i�l�e�s� �o�n�l�y� �t�h�o�s�e� �w�e�r�e� �c�o�n�s�i�d�e�r�e�d� �w�h�o�s�e� �c�a�r� 

�o�w�n�e�r�s�h�i�p� �a�s� �o�f� �J�u�l�y� �1�,� �1�9�8�3� �(�f�o�r� �R�T�E�C�S�-�8�3�)� �o�r� �J�u�l�y� �1�,� �1�9�8�5� �(�f�o�r� �R�T�E�C�S�-�8�5�)� �i�n�c�l�u�d�e�d� 

�a� �c�a�r� �(�o�n�e� �o�r� �t�w�o� �y�e�a�r� �o�l�d�)� �f�r�o�m� �t�h�e� �l�i�s�t� �o�f� �1�2�1� �t�e�s�t�e�d� �b�y� �C�o�n�s�u�m�e�r� �R�e�p�o�r�t�s�.� �A�n�o�t�h�e�r� 

�c�r�i�t�e�r�i�o�n� �w�a�s� �t�h�e� �a�v�a�i�l�a�b�i�l�i�t�y� �o�f� �i�n�f�o�r�m�a�t�i�o�n� �o�n� �h�o�u�s�e�h�o�l�d� �r�e�l�a�t�e�d� �a�t�t�r�i�b�u�t�e�s�;� �f�o�r� �m�a�n�y� 

�h�o�u�s�e�h�o�l�d�s� �i�n�c�l�u�d�e�d� �i�n� �t�h�e� �R�T�E�C�S� �f�i�l�e�s� �s�o�m�e� �r�e�l�e�v�a�n�t� �s�o�c�i�o�-�e�c�o�n�o�m�i�c� �d�a�t�a� �w�e�r�e� �m�i�s�s�-� 

�i�n�g�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �t�h�e� �h�o�u�s�e�h�o�l�d� �s�a�m�p�l�e� �w�a�s� �l�i�m�i�t�e�d� �t�o� �3�4�8� �o�b�s�e�r�v�a�t�i�o�n�s� �f�o�r� �w�h�i�c�h� �a�l�l� 

�i�n�f�o�r�m�a�t�i�o�n� �n�e�c�e�s�s�a�r�y� �f�o�r� �d�e�m�a�n�d� �e�s�t�i�m�a�t�i�o�n� �w�a�s� �a�v�a�i�l�a�b�l�e�.� 

�V�.� �E�M�P�I�R�I�C�A�L� �R�E�S�U�L�T�S� 

�C�h�a�p�t�e�r� �V� �c�o�n�c�e�n�t�r�a�t�e�s� �o�n� �t�h�e� �e�s�t�i�m�a�t�i�o�n� �o�f� �c�o�n�s�u�m�e�r� �d�e�m�a�n�d� �f�o�r� �a�u�t�o�m�o�b�i�l�e� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �u�s�i�n�g� �b�o�t�h� �t�h�e� �t�r�a�d�i�t�i�o�n�a�l� �a�n�d� �i�n�d�e�x� �m�e�t�h�o�d�s�.� �T�h�e� �f�i�r�s�t� �t�w�o� �s�e�c�t�i�o�n�s� �d�i�s�-� 

� � 

�c�u�s�s� �(�t�h�e� �p�r�o�c�e�d�u�r�e� �o�f� �e�s�t�i�m�a�t�i�n�g� �c�o�n�s�u�m�e�r� �d�e�m�a�n�d�,� �B�o�t�h� �a�p�p�r�o�a�c�h�e�s� �u�s�e� �t�h�e� �B�o�x�-�C�o�x� 

�t�r�a�n�s�f�o�r�m�a�t�i�o�n� �i�n� �s�t�a�g�e� �1� �t�o� �s�e�l�e�c�t� �t�h�e� �b�e�s�t� �f�i�t�t�i�n�g� �f�u�n�c�t�i�o�n�a�l� �f�o�r�m�.� �T�h�e� �h�e�d�o�n�i�c� �p�r�i�c�e� 
�a�n�e� �T�E� �a� �o�e� �I� �B�a�F�.� �B�y�  �� �e�s�t� 

�s�p�e�c�i�f�i�c�a�t�i�o�n� �f�o�r� �t�h�e� �t�r�a�d�i�t�i�o�n�a�l� �m�e�t�h�o�d� �i�s� �d�o�u�b�l�e�-�l�o�g� �w�h�e�r�e�a�s� �f�o�r� �t�h�e� �i�n�d�e�x� �m�e�t�h�o�d� �i�s� 

� � 

�.� 
�$�n� �M�O�R�E�E� �e�g� �o�n� �e�a�n� �F�E�C� �t�a� �e�e� �n�m�e�n�a�n� �R�I�E� �e�y�e�s� �e�p� �e�t�S� 

� � �S�E�R�I�E�S� �r�e� �a� 

� � 

�r�e�c�i�p�r�o�c�a�l�-�l�o�g�.� �I�n� �s�t�a�g�e� �2� �b�o�t�h� �m�e�t�h�o�d�s� �u�s�e� �t�h�e� �A�l�m�o�s�t� �I�d�e�a�l� �D�e�m�a�n�d� �S�y�s�t�e�m�.� �T�h�i�s� 
�e�e� �M�P� �e�R�e� �V�F� � � 

�5�8� �A�l�t�h�o�u�g�h� �s�u�c�h� �s�u�c�h� �i�n�f�o�r�m�a�t�i�o�n� �i�s� �n�o�t� �p�r�o�v�i�d�e�d� �b�y� �t�h�e� �D�e�p�a�r�t�m�e�n�t� �o�f� �E�n�e�r�g�y�,� �i�t� �c�a�n� �b�e� �a�s�s�u�m�e�d� �t�h�a�t� 

�s�o�m�e� �p�a�r�t�i�c�i�p�a�n�t�s� �o�f� �t�h�e� �1�9�8�3� �s�u�r�v�e�y� �h�a�v�e� �a�l�s�o� �p�a�r�t�i�c�i�p�a�t�e�d� �i�n� �t�h�e� �1�9�8�5� �s�u�r�v�e�y�.� 
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�T�a�b�l�e� �2�.� �S�u�m�m�a�r�y� �S�t�a�t�i�s�t�i�c�s� �f�o�r� �A�u�t�o�m�o�b�i�l�e� �A�t�t�r�i�b�u�t�e�s� 
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�c�h�a�p�t�e�r� �a�l�s�o� �d�i�s�c�u�s�s�e�s� �s�e�v�e�r�a�l� �m�e�t�h�o�d�s� �o�f� �i�n�c�l�u�d�i�n�g� �s�o�c�i�o�-�e�c�o�n�o�m�i�c� �v�a�r�i�a�b�l�e�s� �i�n� �t�h�e� �s�y�s�-� 

�t�e�m� �o�f� �d�e�m�a�n�d� �e�q�u�a�t�i�o�n�s� �s�u�c�h� �a�s� �t�h�e� �m�e�t�h�o�d� �o�f� �d�e�m�o�g�r�a�p�h�i�c� �t�r�a�n�s�l�a�t�i�o�n� �a�n�d� �t�h�e� 

�m�e�t�h�o�d� �o�f� �s�c�a�l�i�n�g�.� �T�h�e� �d�e�m�a�n�d� �e�s�t�i�m�a�t�e�s� �i�n�d�i�c�a�t�e� �t�h�a�t� �d�i�f�f�e�r�e�n�c�e�s� �i�n� �h�o�u�s�e�h�o�l�d� �t�a�s�t�e�s� 

�r�e�s�u�l�t� �i�n� �d�i�f�f�e�r�e�n�t� �c�a�r� �o�w�n�e�r�s�h�i�p� �p�a�t�t�e�r�n�s� �(�o�n�e�,� �t�w�o�,� �a�n�d� �t�h�r�e�e� �o�r� �m�o�r�e� �c�a�r� �o�w�n�e�d� �b�y� �t�h�e� 

�h�o�u�s�e�h�o�l�d�s�)� �w�h�i�c�h� �c�a�n�n�o�t� �b�e� �e�x�p�l�a�i�n�e�d� �w�i�t�h�i�n� �a� �t�r�a�d�i�t�i�o�n�a�l� �A�I�D�S� �m�o�d�e�l�.� �T�h�e� �l�a�s�t� �p�o�r�-� 

�t�i�o�n� �o�f� �t�h�e� �c�h�a�p�t�e�r� �p�r�e�s�e�n�t�s� �p�r�i�c�e� �a�n�d� �i�n�c�o�m�e� �e�l�a�s�t�i�c�i�t�i�e�s� �o�f� �d�e�m�a�n�d� �a�n�d� �p�r�o�v�i�d�e�s� �t�h�e�i�r� 

�e�c�o�n�o�m�i�c� �i�n�t�e�r�p�r�e�t�a�t�i�o�n�.� 

�A�.� �T�r�a�d�i�t�i�o�n�a�l� �H�e�d�o�n�i�c� �A�p�p�r�o�a�c�h� 

�T�h�i�s� �s�e�c�t�i�o�n� �d�e�a�l�s� �w�i�t�h� �e�m�p�i�r�i�c�a�l� �a�s�p�e�c�t� �o�f� �e�s�t�i�m�a�t�i�o�n� �o�f� �c�o�n�s�u�m�e�r� �d�e�m�a�n�d� �f�o�r� �a�u�-� 

�t�o�m�o�b�i�l�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �u�s�i�n�g� �t�h�e� �t�r�a�d�i�t�i�o�n�a�l� �h�e�d�o�n�i�c� �a�p�p�r�o�a�c�h� �w�h�i�c�h� �f�o�l�l�o�w�s� �t�h�e� �t�w�o�-� 

�s�t�a�g�e� �e�s�t�i�m�a�t�i�o�n� �p�r�o�c�e�d�u�r�e� �d�e�v�e�l�o�p�e�d� �b�y� �R�o�s�e�n�.� �T�h�e� �f�i�r�s�t� �s�t�a�g�e� �o�f� �t�h�i�s� �m�e�t�h�o�d� �u�s�e�s� �t�h�e� 

�t�e�c�h�n�i�c�a�l� �d�a�t�a� �t�o� �e�s�t�a�b�l�i�s�h� �t�h�e� �f�u�n�c�t�i�o�n�a�l� �r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �t�h�e� �s�e�t� �o�f� �a�u�t�o�m�o�b�i�l�e� 
�a�e�s� �o�n�e� �Q� �w�e�n� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �a�n�d� �c�a�r �� �p�r�i�c�e�s�,� �P�=� �f�(�x�)�,� �x�2�,� �.�.�.� �,� �x�;�)�.� �E�s�t�i�m�a�t�e�d� �h�e�d�o�n�i�c� �p�r�i�c�e�s� �o�f� �c�h�a�r�a�c�t�e�r�-� 
�s�e�t�a�e� �e�p�e�s�p�a�n�a�s�i�a�e�a�n�t�e�r� �P�E�N�S� �A�G� �A�i�g� �P�O�A�C� �I�E�O� �R� �E�I�R� �E�S�A�T� 

�A�Y� �A� 

�i�s�t�i�c�s� �c�a�l�c�u�l�a�t�e�d� �f�r�o�m� �t�h�e� �f�i�r�s�t� �s�t�a�g�e�,� �(�2�,� �=� �A�P�(�2�)�/�d�x�,� �a�r�e� �u�s�e�d� �a�s� �i�n�p�u�t�s� �t�o� �t�h�e� �s�e�c�o�n�d� 

�s�t�a�g�e� �w�h�i�c�h� �e�s�t�i�m�a�t�e�s� �c�o�n�s�u�m�e�r� �d�e�m�a�n�d� �f�o�r� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.� �T�h�e� �r�e�g�r�e�s�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s� 
�N�a�r�e�n� �e�g�e�t� 

�e�s�t�i�m�a�t�e�d� �a�t� �t�h�i�s� �s�t�a�g�e� �a�r�e� �l�a�t�e�r� �u�s�e�d� �t�o� �c�o�m�p�u�t�e� �t�h�e� �s�e�t� �o�f�f� �p�r�i�c�e� �a�n�d� �(�i�n�c�o�m�e� �e�l�a�s�t�i�c�i�t�i�e�s�)� �m�r�e�e�a�a�t� �r�n� �W�n� �m�e�p�i�r�n�s�,� �X�o�r�g� �a� �e�s� 

� � 

� � 

�o�f� �d�e�m�a�n�d� �f�o�r� �i�n�d�i�v�i�d�u�a�l� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.� 
�_� �r�e�t�e� �N�C�R� �A� �A� �A� �I� 

�A�.�1�.� �H�e�d�o�n�i�c� �P�r�i�c�e� �F�u�n�c�t�i�o�n� 

�T�h�e� �f�i�r�s�t� �s�t�a�g�e� �o�f� �e�s�t�i�m�a�t�i�o�n� �o�f� �c�o�n�s�u�m�e�r� �d�e�m�a�n�d� �f�o�r� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �d�e�a�l�s� �w�i�t�h� �e�s�-� 

�t�a�b�l�i�s�h�i�n�g� �t�h�e� �f�u�n�c�t�i�o�n�a�l� �r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �t�h�e� �v�e�c�t�o�r� �o�f� �a�u�t�o�m�o�b�i�l�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� 

�a�n�d� �p�r�i�c�e�s�,� �t�h�a�t� �i�s�,� �f�i�n�d�i�n�g� �t�h�e� �e�x�p�l�i�c�i�t� �r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �P� �a�n�d� �x ��s� �i�n� �e�q�u�a�t�i�o�n� �(�1�)�.� 

�T�o� �e�s�t�i�m�a�t�e� �t�h�e� �h�e�d�o�n�i�c� �p�r�i�c�e� �f�u�n�c�t�i�o�n�,� �a� �s�i�m�p�l�i�f�i�e�d� �v�e�r�s�i�o�n� �o�f� �t�h�e� �q�u�a�d�r�a�t�i�c� �B�o�x�-�C�o�x� 
�e�e� �O�M� 

�p�a�k�  �� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �(�1�0�)� �d�i�s�c�u�s�s�e�d� �i�n� �C�h�a�p�t�e�r� �I�I� �(�w�i�t�h� �y�,� �=� �0�)� �h�a�s� �b�e�e�n� �u�s�e�d�.� �T�h�e� �B�o�x�-�C�o�x� 
�L�e�e� �o�e� �O�F� �C�r� �a� �a� 

� � 

� � 

�t�r�a�n�s�f�o�r�m�a�t�i�o�n� �h�a�s� �m�a�n�y� �a�p�p�l�i�c�a�t�i�o�n�s� �i�n� �h�e�d�o�n�i�c� �a�n�a�l�y�s�i�s�.� �I�t�s� �m�a�i�n� �a�d�v�a�n�t�a�g�e� �1�s� �t�h�a�t� �i�t� 

�a�l�l�o�w�s� �t�o� �f�i�n�d� �a� �f�u�n�c�t�i�o�n�a�l� �f�o�r�m� �w�h�i�c�h� �f�i�t�s� �d�a�t�a� �t�h�e� �b�e�s�t� �w�i�t�h�o�u�t� �t�h�e� �n�e�c�e�s�s�i�t�y� �o�f� �m�a�k�i�n�g� 

�7�2



�a�r�b�i�t�r�a�r�y� �a�s�s�u�m�p�t�i�o�n�s� �a�b�o�u�t� �t�h�e� �n�a�t�u�r�e� �o�f� �t�h�e� �f�u�n�c�t�i�o�n�a�l� �f�o�r�m�.� �I�t� �a�l�s�o� �a�l�l�o�w�s� �f�o�r� 

�a�p�p�r�o�x�i�m�a�t�o�n� �o�f� �m�a�n�y� �n�o�n�l�i�n�e�a�r� �s�p�e�c�i�f�i�c�a�t�i�o�n�s� �o�f� �a� �h�e�d�o�n�i�c� �p�r�i�c�e� �f�u�n�c�t�i�o�n�.� �T�h�e� �n�o�n�-� 

�l�i�n�e�a�r�i�t�y� �i�n� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �t�h�e� �h�e�d�o�n�i�c� �p�r�i�c�e� �f�u�n�c�t�i�o�n� �a�l�l�o�w�s� �t�h�e� �c�o�n�s�u�m�e�r� �v�a�l�u�a�t�i�o�n� 

�o�f� �a�t�t�r�i�b�u�t�e�s� �t�o� �v�a�r�y� �w�i�t�h� �t�h�e� �q�u�a�n�t�i�t�y� �o�f� �a�n� �a�t�t�r�i�b�u�t�e� �c�o�n�s�u�m�e�d�.� �T�o� �a�d�j�u�s�t� �f�o�r� �t�h�e� �i�m�-� 

�p�a�c�t� �o�f� �v�a�r�i�o�u�s� �c�o�m�p�o�n�e�n�t�s�,� �s�u�c�h� �a�s� �t�h�e� �s�i�z�e� �o�f� �a� �c�a�r�,� �n�u�m�b�e�r� �o�f� �d�o�o�r�s�,� �a�n�d� �t�h�e� �p�r�e�s�e�n�c�e� 

�o�f� �v�a�r�i�o�u�s� �o�p�t�i�o�n�s� �s�u�c�h� �a�s� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �a�i�r� �c�o�n�d�i�t�i�o�n�i�n�g�,� �a�u�t�o�m�a�t�i�c� �t�r�a�n�s�m�i�s�s�i�o�n�,� �e�t�c�.�,� 

�w�h�i�c�h� �c�a�n�n�o�t� �b�e� �m�e�a�s�u�r�e�d� �o�n� �c�o�n�t�i�n�u�o�u�s� �b�a�s�i�s�,� �a� �s�e�t� �o�f� �d�u�m�m�y� �v�a�r�i�a�b�l�e�s� �i�s� �a�d�d�e�d� �t�o� �t�h�e� 

�e�s�t�i�m�a�t�e�d� �v�e�r�s�i�o�n� �o�f� �B�o�x�-�C�o�x� �e�q�u�a�t�i�o�n� �(�4�2�)�.� �S�i�n�c�e� �t�h�e� �n�u�m�b�e�r� �o�f� �o�b�s�e�r�v�a�t�i�o�n�s� �o�n� �a�u�t�o�-� 

�m�o�b�i�l�e� �m�o�d�e�l�s� �(�1�2�1�)� �i�s� �r�e�l�a�t�i�v�e�l�y� �s�m�a�l�l�,� �a�s� �c�o�m�p�a�r�e�d� �t�o� �t�h�e� �n�u�m�b�e�r� �o�f� �v�a�r�i�a�b�l�e�s� �i�n� �t�h�e� 

�h�e�d�o�n�i�c� �p�r�i�c�e� �e�q�u�a�t�i�o�n� �(�w�h�i�c�h� �i�n�c�l�u�d�e� �2�2� �c�o�n�t�i�n�u�o�u�s�l�y� �m�e�a�s�u�r�e�d� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �a�n�d� �1�0� 

�d�i�c�h�o�t�o�m�o�u�s� �d�u�m�m�y� �v�a�r�i�a�b�l�e�s�)�,� �t�h�e� �p�o�w�e�r� �o�f� �s�t�a�t�i�s�t�i�c�a�l� �t�e�s�t�s� �m�a�y� �b�e� �l�o�w� �d�u�e� �t�o� �t�h�e� 

�r�e�l�a�t�i�v�e�l�y� �s�m�a�l�l� �n�u�m�b�e�r� �o�f� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m�.� �F�o�r� �t�h�i�s� �p�u�r�p�o�s�e� �t�h�e� �p�r�i�c�e� �d�a�t�a� �f�r�o�m� �4� 

�d�i�f�f�e�r�e�n�t� �r�e�g�i�o�n�s� �o�f� �t�h�e� �c�o�u�n�t�r�y� �h�a�v�e� �b�e�e�n� �p�o�o�l�e�d� �t�o�g�e�t�h�e�r� �w�i�t�h� �t�h�e� �o�b�s�e�r�v�a�t�i�o�n�s� �o�n� �a�u�-� 

�t�o�m�o�b�i�l�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.� �A�s� �a� �r�e�s�u�l�t�,� �t�h�e� �n�u�m�b�e�r� �o�f� �o�b�s�e�r�v�a�t�i�o�n�s� �h�a�s� �b�e�e�n� �i�n�c�r�e�a�s�e�d� �t�o� 

�4�8�4� �a�t� �t�h�e� �c�o�s�t� �o�f� �a�d�d�i�n�g� �3� �r�e�g�i�o�n�-�s�p�e�c�i�f�i�c� �d�u�m�m�y� �v�a�r�i�a�b�l�e�s�,� �w�h�i�c�h� �s�i�g�n�i�f�i�c�a�n�t�l�y� �r�a�i�s�e�d� 

�t�h�e� �n�u�m�b�e�r� �o�f� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m�.� �D�u�m�m�y� �v�a�r�i�a�b�l�e�s� �a�l�l�o�w� �f�o�r� �t�h�e� �c�r�o�s�s�-�s�e�c�t�i�o�n� �i�n�t�e�r�-� 

�c�e�p�t� �t�o� �v�a�r�y� �o�v�e�r� �t�h�e� �r�e�g�i�o�n�s�.� �T�h�e� �l�a�r�g�e�r� �n�u�m�b�e�r� �o�f� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� �i�n�c�r�e�a�s�e�s� �t�h�e� 

�p�r�e�c�i�s�i�o�n� �o�f� �e�s�t�i�m�a�t�e�s� �a�s� �a� �r�e�s�u�l�t� �o�f� �l�o�w�e�r� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �t�h�e� �t�y�p�e� �I�I� �e�r�r�o�r� �a�n�d� �i�n�c�r�e�a�s�e�d� 

�p�o�w�e�r� �o�f� �t�h�e� �t�e�s�t�.� �I�n� �a�d�d�i�t�i�o�n�,� �p�o�o�l�i�n�g� �r�e�g�i�o�n�s� �t�o�g�e�t�h�e�r� �i�n�c�r�e�a�s�e�s� �t�h�e� �a�m�o�u�n�t� �o�f� �i�n�d�e�-� 

�p�e�n�d�e�n�t� �v�a�r�i�a�t�i�o�n� �a�m�o�n�g� �t�h�e� �p�r�i�c�e� �d�a�t�a�.� 

�S�i�n�c�e� �s�o�m�e� �c�a�r� �m�o�d�e�l�s� �r�e�p�r�e�s�e�n�t�e�d� �i�n� �t�h�e� �s�a�m�p�l�e� �a�r�e� �m�o�r�e� �p�o�p�u�l�a�r� �t�h�a�n� �t�h�e� �o�t�h�e�r�s� 

�a�n�d� �a�r�e� �t�r�a�d�e�d� �m�o�r�e� �f�r�e�q�u�e�n�t�l�y�,� �a� �s�e�t� �o�f� �w�e�i�g�h�t�s� �h�a�s� �b�e�e�n� �d�e�v�e�l�o�p�e�d� �f�o�r� �e�a�c�h� �m�o�d�e�l� �t�o� 

�a�d�j�u�s�t� �f�o�r� �t�h�e�s�e� �d�i�f�f�e�r�e�n�c�e�s�.� �A�l�l� �p�r�e�v�i�o�u�s� �r�e�s�e�a�r�c�h� �o�f� �t�h�e� �a�u�t�o�m�o�b�i�l�e� �m�a�r�k�e�t� �u�s�e�d� �u�n�-� 

�w�e�i�g�h�t�e�d� �d�a�t�a� �f�o�r� �h�e�d�o�n�i�c� �r�e�g�r�e�s�s�i�o�n�.� �T�h�i�s� �w�a�s� �e�q�u�i�v�a�l�e�n�t� �t�o� �a�s�s�i�g�n�i�n�g� �e�q�u�a�l� �w�e�i�g�h�t� �t�o� 

�e�a�c�h� �c�a�r� �i�n� �t�h�e� �s�a�m�p�l�e�.� �H�o�w�e�v�e�r�,� �t�h�i�s� �a�p�p�r�o�a�c�h� �i�s� �n�o�t� �j�u�s�t�i�f�i�e�d� �f�o�r� �t�h�e� �u�s�e�d� �c�a�r� �m�a�r�k�e�t� 

�w�h�e�r�e� �a�c�t�u�a�l� �t�r�a�n�s�a�c�t�i�o�n� �p�r�i�c�e�s� �a�r�e� �s�u�b�s�t�i�t�u�t�e�d� �b�y� �t�h�e�i�r� �a�v�e�r�a�g�e�s�.� �T�h�e� �w�e�i�g�h�t�e�d� �m�e�t�h�o�d� 

�r�e�f�l�e�c�t�s� �t�h�e� �f�a�c�t� �t�h�a�t� �a�v�e�r�a�g�e� �p�r�i�c�e�s� �f�o�r� �c�a�r�s� �w�h�i�c�h� �a�r�e� �t�r�a�d�e�d� �m�o�r�e� �f�r�e�q�u�e�n�t�l�y� �c�a�n� �b�e� �e�s�-� 
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�t�i�m�a�t�e�d� �w�i�t�h� �m�u�c�h� �h�i�g�h�e�r� �p�r�e�c�i�s�i�o�n� �t�h�a�n� �p�r�i�c�e�s� �o�f� �c�a�r�s� �w�h�i�c�h� �a�r�e� �p�u�r�c�h�a�s�e�d� �r�a�r�e�l�y�.� 

�P�r�e�f�e�r�a�b�l�y�,� �t�h�e� �s�e�t� �o�f� �w�e�i�g�h�t�s� �w�o�u�l�d� �r�e�p�r�e�s�e�n�t� �t�h�e� �i�n�d�i�v�i�d�u�a�l� �s�h�a�r�e� �o�f� �e�a�c�h� �m�o�d�e�l� �i�n� �t�h�e� 

�t�o�t�a�l� �s�t�o�c�k� �o�f� �t�r�a�d�e�d� �v�e�h�i�c�l�e�s�.� �S�i�n�c�e� �t�h�e� �s�a�l�e�s� �d�a�t�a� �f�o�r� �u�s�e�d� �v�e�h�i�c�l�e�s� �a�r�e� �n�o�t� �a�v�a�i�l�a�b�l�e�,� 

�t�h�e� �s�e�t� �o�f� �w�e�i�g�h�t�s� �h�a�v�e� �b�e�e�n� �b�a�s�e�d� �o�n� �t�h�e� �i�n�d�i�v�i�d�u�a�l� �s�h�a�r�e� �o�f� �e�a�c�h� �m�a�k�e� �a�n�d� �m�o�d�e�l� �i�n� 

�t�h�e� �t�o�t�a�l� �s�a�l�e�s� �o�f� �n�e�w� �c�a�r�s�.� �A�n�o�t�h�e�r� �s�y�s�t�e�m� �o�f� �w�e�i�g�h�t�s� �b�a�s�e�d� �o�n� �t�h�e� �a�c�t�u�a�l� �r�e�g�i�s�t�r�a�t�i�o�n�s� 

�a�p�p�r�o�x�i�m�a�t�e�s� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �c�a�r�s� �a�m�o�n�g� �f�o�u�r� �m�a�i�n� �g�e�o�g�r�a�p�h�i�c�a�l� �r�e�g�i�o�n�s� �o�f� �t�h�e� 

�c�o�u�n�t�r�y� �f�r�o�m� �w�h�i�c�h� �t�h�e� �p�r�i�c�e� �d�a�t�a� �a�r�e� �c�o�l�l�e�c�t�e�d�.� 

�A�t� �s�t�a�g�e� �o�n�e�,� �I� �e�s�t�i�m�a�t�e� �t�h�e� �f�o�l�l�o�w�i�n�g� �h�e�d�o�n�i�c� �p�r�i�c�e� �f�u�n�c�t�i�o�n�:� 

�2� �k� �f�s�)� �m� �n� 
�p�*�-�1� �x�j�  ��1� 

�(�4�2�)� �o�O� �B�o� �+� �5�,� �+� �B�,�D�;� �+� �B�R�,� �+� �&�,� 

�w�h�e�r�e�:� �f ��s� �a�r�e� �r�e�g�r�e�s�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s�,� 

�x ��s� �r�e�p�r�e�s�e�n�t� �c�o�n�t�i�n�o�u�s�l�y� �m�e�a�s�u�r�a�b�l�e� �a�t�t�r�i�b�u�t�e�s�,� 

�D�'�s� �r�e�p�r�e�s�e�n�t� �t�e�c�h�n�i�c�a�l� �d�u�m�m�y� �v�a�r�i�a�b�l�e�s�,� 

�R ��s� �a�r�e� �r�e�g�i�o�n�a�l� �d�u�m�m�y� �v�a�r�i�a�b�l�e�s�,� 

�A� �a�n�d� �6� �a�r�e� �p�a�r�a�m�e�t�e�r�s� �o�f� �t�h�e� �B�o�x�-�C�o�x� �t�r�a�n�s�f�o�r�m�a�t�i�o�n�.� 

�T�h�i�s� �f�u�n�c�t�i�o�n�a�l� �f�o�r�m� �h�a�s� �b�e�e�n� �e�s�t�i�m�a�t�e�d� �u�s�i�n�g� �t�h�e� �m�a�x�i�m�u�m� �l�i�k�e�l�i�h�o�o�d� �m�e�t�h�o�d�. �� �T�h�e� 

�e�s�t�i�m�a�t�e�d� �p�a�r�a�m�e�t�e�r�s� �f�o�r� �t�h�e� �t�r�a�d�i�t�i�o�n�a�l� �c�h�a�r�a�c�t�t�e�r�i�s�t�i�c�s� �a�p�p�r�o�a�c�h� �1� �=�6� �= ��0�.�1�3� �m�a�y� 

�s�u�g�g�e�s�t� �t�h�a�t� �t�h�e� �d�o�u�b�l�e�-�l�o�g� �s�p�e�c�i�f�i�c�a�t�i�o�n� �c�o�u�l�d� �b�e� �u�s�e�d� �f�o�r� �t�h�e� �h�e�d�o�n�i�c� �p�r�i�c�e� �e�q�u�a�t�i�o�n� 

�5�9� �T�h�e� �m�e�t�h�o�d�s� �o�f� �e�s�t�i�m�a�t�i�n�g� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �o�f� �t�h�e� �B�o�x�-�C�o�x� �f�u�n�c�t�i�o�n�a�l� �f�o�r�m� �i�n�c�l�u�d�e� �t�h�e� �m�a�x�i�m�u�m� �l�i�k�e�l�i�-� 

�h�o�o�d� �m�e�t�h�o�d�,� �n�o�n�l�i�n�e�a�r� �l�e�a�s�t� �s�q�u�a�r�e�s�,� �a�n�d� �g�r�i�d� �s�e�a�r�c�h� �p�r�o�c�e�d�u�r�e�.� �T�h�e� �l�a�t�t�e�r� �i�s� �t�h�e� �m�o�s�t� �p�o�p�u�l�a�r� �b�e�c�a�u�s�e� 

�i�t� �c�a�n� �b�e� �d�o�n�e� �t�h�r�o�u�g�h� �t�h�e� �s�t�a�n�d�a�r�d� �O�L�S� �p�r�o�c�e�d�u�r�e�.� �T�h�e� �g�r�i�d� �e�s�t�i�m�a�t�i�o�n� �i�s� �d�o�n�e� �b�y� �r�e�p�e�a�t�e�d�l�y� �c�a�l�c�u�l�a�t�i�n�g� 

�t�h�e� �r�e�g�r�e�s�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s� �8� �f�o�r� �d�i�f�f�e�r�e�n�t� �v�a�l�u�e�s� �o�f� �A� �a�n�d� �6�.� �T�h�i�s� �m�a�y� �r�e�q�u�i�r�e� �a� �l�a�r�g�e� �n�u�m�b�e�r� �o�f� �i�t�e�r�a�t�i�o�n�s� 

�b�e�f�o�r�e� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �c�r�i�t�e�r�i�a� �a�r�e� �m�e�t�.� �A�l�s�o�,� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� �v�a�r�i�a�n�c�e� �e�s�t�i�m�a�t�e�s� �w�i�l�l� �b�i�a�s�e�d�,� �w�h�i�c�h� �m�a�k�e�s� 

�a� �c�o�e�f�f�i�c�i�e�n�t� �h�y�p�o�t�h�e�s�i�s� �t�e�s�t�i�n�g� �i�n�c�o�r�r�e�c�t� �(�s�e�e� �S�p�i�t�z�e�r� �(�1�9�8�2�)� �f�o�r� �d�e�t�a�i�l�s�)�.� 
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�2�2� �1�0� �3� 

�(�4�3�)� �I�n� �P�=� �f�y� �+�>� �B�l�n�x�;�+� �)� �B�D�,� �+� �>� �B�R� �+�e�.� 
�i�=�]� �j�=�l� �i�=�]� 

�T�h�e� �r�e�s�u�l�t�s� �o�f� �e�s�t�i�m�a�t�i�o�n� �a�r�e� �p�r�o�v�i�d�e�d� �i�n� �T�a�b�l�e� �3�.� �A�s� �c�a�n� �b�e� �s�e�e�n� �f�r�o�m� �t�h�e� �e�s�t�i�m�a�t�e�d� 

�r�e�s�u�l�t�s�,� �t�h�e� �d�o�u�b�l�e�-�l�o�g� �s�p�e�c�i�f�i�c�a�t�i�o�n� �f�i�t�s� �t�h�e� �d�a�t�a� �r�e�a�s�o�n�a�b�l�y� �w�e�l�l�.� �T�h�e� �c�o�f�f�i�c�i�e�n�t� �R�?� �i�s� 

�q�u�i�t�e� �h�i�g�h� �(�R�?� �=� �0�.�9�8�3�1�)� �a�n�d� �1�5� �o�u�t� �o�f� �2�2� �c�o�n�t�i�n�o�u�s�l�y� �m�e�a�s�u�r�a�b�l�e� �v�a�r�i�a�b�l�e�s� �a�r�e� �s�t�a�t�i�s�-� 

�t�i�c�a�l�l�y� �s�i�g�n�i�f�i�c�a�n�t� �a�t� �t�h�e� �5� �p�e�r�c�e�n�t� �l�e�v�e�l�.� �A�l�s�o�,� �m�o�s�t� �v�a�r�i�a�b�l�e�s� �i�n� �(�4�3�)� �h�a�v�e� �e�x�p�e�c�t�e�d� 

�s�i�g�n�s�.� �T�h�i�s� �m�e�a�n�s� �t�h�a�t� �o�n�e� �c�o�u�l�d� �e�x�p�e�c�t� �a� �p�o�s�i�t�i�v�e� �r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �t�h�e� �a�u�t�o�m�o�b�i�l�e� 

�p�r�i�c�e� �a�n�d� �t�h�e�s�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �w�h�e�r�e�  ��m�o�r�e �� �m�e�a�n�s� �a�n� �i�m�p�r�o�v�e�m�e�n�t� �i�n� �c�a�r� �q�u�a�l�i�t�y� �s�u�c�h� 

�a�s� �m�o�r�e� �l�e�g� �r�o�o�m�,� �s�h�o�u�l�d�e�r� �r�o�o�m�,� �g�a�s� �m�i�l�e�a�g�e�,� �e�t�c�.� �a�n�d� �a� �n�e�g�a�t�i�v�e� �r�e�l�a�t�i�o�n�s�h�i�p� �w�h�e�r�e� 

 ��l�e�s�s �� �i�s� �m�o�r�e� �d�e�s�i�r�a�b�l�e� �e�.�g�.�,� �b�r�a�k�i�n�g� �d�i�s�t�a�n�c�e�,� �a�c�c�e�l�e�r�a�t�i�o�n�,� �o�r� �t�u�r�n�i�n�g� �c�i�r�c�l�e�.� �S�i�n�c�e� �t�h�e� 

�f�u�n�c�t�i�o�n�a�l� �f�o�r�m� �o�f� �t�h�e� �h�e�d�o�n�i�c� �e�q�u�a�t�i�o�n� �i�s� �d�o�u�b�l�e�-�l�o�g�,� �t�h�e� �e�s�t�i�m�a�t�e�d� �r�e�g�r�e�s�s�i�o�n� �c�o�e�f�f�i�-� 

�c�i�e�n�t�s� �f�o�r� �c�o�n�t�i�n�u�o�u�s� �v�a�r�i�a�b�l�e�s� �w�i�l�l� �r�e�p�r�e�s�e�n�t� �t�h�e� �r�e�c�i�p�r�o�c�a�l�s� �o�f� �t�h�e� �e�l�a�s�t�i�c�i�t�y� �c�o�e�f�f�i�c�i�e�n�t�s�.� 

�F�o�r� �e�x�a�m�p�l�e�,� �i�f� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �f�r�o�n�t� �s�h�o�u�l�d�e�r� �r�o�o�m� �(�F�S�S�)� �i�s� �e�q�u�a�l� �t�o� 

�0�.�3�3�0�9�,� �i�t� �m�e�a�n�s� �t�h�a�t� �a� �|� �p�e�r�c�e�n�t� �i�n�c�r�e�a�s�e� �i�n� �t�h�e� �f�r�o�n�t� �s�h�o�u�l�d�e�r� �r�o�o�m� �w�i�l�l� �r�e�s�u�l�t� �i�n� �t�h�e� 

�3�.�0�2� �p�e�r�c�e�n�t� �i�n�c�r�e�a�s�e� �i�n� �t�h�e� �p�r�i�c�e� �o�f� �t�h�e� �a�u�t�o�m�o�b�i�l�e�.� �T�h�i�s� �i�n�t�e�r�p�r�e�t�a�t�i�o�n� �d�o�e�s� �n�o�t� �a�p�p�l�y� 

�t�o� �d�u�m�m�y� �v�a�r�i�a�b�l�e�s�.� �T�h�e� �c�o�e�f�f�i�c�i�e�n�t� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �a� �d�u�m�m�y� �s�h�o�w�s� �a� �d�i�f�f�e�r�e�n�c�e� �i�n� �t�h�e� 

�l�o�g�a�r�i�t�h�m� �o�f� �p�r�i�c�e�s� �w�i�t�h� �a�n�d� �w�i�t�h�o�u�t� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �t�h�e� �f�a�c�t�o�r� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �a� �d�u�m�m�y� 

�v�a�r�i�a�b�l�e� �i�e�.�,� �8�,� �=� �I�n� �P�,�  �� �I�n� �P�y�!� 

�6�9� �T�h�e� �B�o�x�-�C�o�x� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �o�f� �u�n�w�e�i�g�h�t�e�d� �d�a�t�a� �s�u�g�g�e�s�t�s� �t�h�e� �r�e�c�i�p�r�o�c�a�l�-�l�o�g� �f�u�n�c�t�i�o�n�a�l� �f�o�r�m� �w�i�t�h� 

�R�?� �=� �0�.�8�3�4�9�.� �S�i�n�c�e� �t�h�e� �d�e�p�e�n�d�e�n�t� �v�a�r�i�a�b�l�e�s� �f�o�r� �t�h�e� �w�e�i�g�h�t�e�d� �a�n�d� �u�n�w�e�i�g�h�t�e�d� �d�a�t�a� �a�r�e� �d�i�f�f�e�r�e�n�t�,� �t�h�e� �R�?� 

�c�r�i�t�e�r�i�o�n� �c�a�n�n�o�t� �b�e� �u�s�e�d� �t�o� �d�e�t�e�r�m�i�n�e� �w�h�i�c�h� �s�p�e�c�i�f�i�c�a�t�i�o�n� �p�e�r�f�o�r�m�s� �b�e�t�t�e�r�.� �T�h�e� �w�e�i�g�h�t�e�d� �v�e�r�s�i�o�n�,� �h�o�w�e�v�e�r�,� 

�y�i�e�l�d�s� �m�o�r�e� �c�o�e�f�f�i�c�i�e�n�t�s� �w�i�t�h� �e�x�p�e�c�t�e�d� �s�i�g�n�s� �a�n�d� �b�e�t�t�e�r� �¢� �s�t�a�t�i�s�t�i�s�c�s� �f�o�r� �i�n�d�i�v�i�d�u�a�l� �c�o�e�f�f�i�c�i�e�n�t�s�.� 

�6�1� �S�o�m�e�t�i�m�e�s� �i�t� �i�s� �c�o�n�v�e�n�i�e�n�t� �t�o� �u�s�e� �t�h�e� �r�e�l�a�t�i�v�e� �e�f�f�e�c�t� �o�n� �P� �w�h�e�n� �a� �d�u�m�m�y� �v�a�r�i�a�b�l�e� �t�a�k�e�s� �t�h�e� �v�a�l�u�e� �o�f� �e�i�t�h�e�r� 
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�A�m�o�n�g� �t�h�e� �2�2� �c�o�n�t�i�n�o�u�s�l�y� �m�e�a�s�u�r�e�d� �v�a�r�i�a�b�l�e�s� �i�n�c�l�u�d�e�d� �i�n� �t�h�e� �h�e�d�o�n�i�c� �p�r�i�c�e� 

�e�q�u�a�t�i�o�n� �o�n�l�y� �1�3� �a�r�e� �m�e�a�s�u�r�e�d� �o�b�j�e�c�t�i�v�e�l�y�.� �T�h�e� �r�e�m�a�i�n�i�n�g� �9� �a�r�e� �e�x�p�e�r�t� �r�e�l�a�t�e�d� �w�h�i�c�h� �a�r�e� 

�m�e�a�s�u�r�e�d� �o�n� �t�h�e� �1�-�5� �s�c�a�l�e�.� �T�o� �c�h�e�c�k� �w�h�e�t�h�e�r� �t�h�e� �s�u�b�j�e�c�t�i�v�e�l�y� �m�e�a�s�u�r�e�d� �e�x�p�e�r�t� �r�a�n�k�i�n�g�s� 

�o�b�t�a�i�n�e�d� �f�r�o�m� �C�o�n�s�u�m�e�r� �R�e�p�o�r�t�s� �v�a�r�i�a�b�l�e�s� �a�r�e� �j�o�i�n�t�l�y� �d�i�f�f�e�r�e�n�t� �f�r�o�m� �z�e�r�o�,� �a� �W�a�l�d� �F� �t�e�s�t� 

�i�s� �p�e�r�f�o�r�m�e�d� �o�n� �t�h�e� �c�o�n�s�t�r�a�i�n�e�d� �(�w�i�t�h� �a�l�l� �e�x�p�e�r�t� �r�a�t�i�n�g�s� �s�e�t� �e�q�u�a�l� �t�o� �z�e�r�o�)� �a�n�d� �u�n�c�o�n�-� 

�s�t�r�a�i�n�e�d� �v�e�r�s�i�o�n�s� �o�f� �(�4�3�)�.� �T�h�e� �g�e�n�e�r�a�l� �i�d�e�a� �o�f� �t�h�i�s� �t�e�s�t� �i�s� �t�h�a�t� �i�f� �t�h�e� �q� �j�o�i�n�t�l�y� �s�i�g�n�i�f�i�c�a�n�t� 

�v�a�r�i�a�b�l�e�s� �a�r�e� �d�r�o�p�p�e�d� �f�r�o�m� �t�h�e� �m�o�d�e�l�,� �t�h�e� �e�r�r�o�r� �s�u�m� �o�f� �s�q�u�a�r�e�s� �E�S�S�,� �f�o�r� �t�h�e� �r�e�s�t�r�i�c�t�e�d� 

�v�e�r�s�i�o�n� �(�w�i�t�h� �£�,�_�,�,�;� �=�-�"� �=� �8�,� �=�9�)� �w�i�l�l� �b�e� �l�a�r�g�e�r� �t�h�a�n� �t�h�e� �s�u�m� �o�f� �s�q�u�a�r�e�s� �f�o�r� �t�h�e� �u�n�r�e�-� 

�s�t�r�i�c�t�e�d� �v�e�r�s�i�o�n� �o�f� �t�h�e� �m�o�d�e�l�.� �I�f� �t�h�i�s� �d�i�f�f�e�r�e�n�c�e� �i�s� �s�t�a�t�i�s�t�i�c�a�l�l�y� �s�i�g�n�i�f�i�c�a�n�t� �t�h�e�n� �t�h�e� �n�u�l�l� 

�h�y�p�o�t�h�e�s�i�s� �t�h�a�t� �e�x�p�e�r�t� �r�a�t�i�n�g�s� �s�h�o�u�l�d� �b�e� �d�r�o�p�p�e�d� �f�r�o�m� �t�h�e� �m�o�d�e�l� �h�a�s� �t�o� �b�e� �r�e�j�e�c�t�e�d�.� �T�h�e� 

�a�p�p�r�o�p�r�i�a�t�e� �t�e�s�t� �s�t�a�t�i�s�t�i�c� �c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �i�n� �t�e�r�m�s� �o�f� �R�?� �f�r�o�m� �b�o�t�h� �t�h�e� �r�e�s�t�r�i�c�t�e�d� �u�n�d� 

�u�n�r�e�s�t�r�i�c�t�e�d� �v�e�r�s�i�o�n�s� 

�(�R�e�.�  �� �R�A�V�q� �4�4� �|� 
�e�e�)� �H�K� �R�Z�)�  �� �&�)� 

�w�h�e�r�e� �q� �=� �9� �i�s� �t�h�e� �n�u�m�b�e�r� �o�f� �e�x�p�e�r�t� �r�e�l�a�t�e�d� �v�a�r�i�a�b�l�e�s� �i�n� �t�h�e� �m�o�d�e�l� �a�n�d� �R�?� �=� �0�.�9�7�3�6� �i�s� �t�h�e� 

�d�e�t�e�r�m�i�n�a�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �f�o�r� �t�h�e� �h�e�d�o�n�i�c� �e�q�u�a�t�i�o�n� �i�f� �t�h�e� �e�x�p�e�r�t� �r�e�l�a�t�e�d� �v�a�r�i�a�b�l�e�s� �a�r�e� �s�e�t� 

�e�q�u�a�l� �t�o� �z�e�r�o�.� �T�h�e� �c�a�l�c�u�l�a�t�e�d� �v�a�l�u�e� �o�f� �t�h�e� �F� �s�t�a�t�i�s�t�i�c� �i�s� �e�q�u�a�l� �t�o� �2�2�.�4�3� �w�h�i�c�h� �e�x�c�e�e�d�s� �t�h�e� 

�c�r�i�t�i�c�a�l� �v�a�l�u�e� �o�f� �t�h�e� �F� �d�i�s�t�r�i�b�u�t�i�o�n� �a�t� �|� �p�e�r�c�e�n�t� �s�i�g�n�i�f�i�c�a�n�c�e� �l�e�v�e�l�.� �T�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�i�s� �t�e�s�t� 

�i�n�d�i�c�a�t�e� �t�h�a�t� �t�h�e� �n�u�l�l� �h�y�p�o�t�h�e�s�i�s� �t�h�a�t� �t�h�e� �e�x�p�e�r�t� �r�a�t�i�n�g�s� �c�o�f�f�i�c�i�e�n�t�s� �a�r�e� �a�l�l� �j�o�i�n�t�l�y� �e�q�u�a�l� 

�t�o� �z�e�r�o� �h�a�s� �t�o� �b�e� �r�e�j�e�c�t�e�d�.� 

�T�h�e� �r�e�s�u�l�t�s� �o�f� �e�s�t�i�m�a�t�i�o�n� �o�f� �(�4�3�)� �a�l�s�o� �i�n�d�i�c�a�t�e� �t�h�a�t� �n�o� �r�e�g�i�o�n�a�l� �d�u�m�m�y� �i�s� �s�t�a�t�i�s�-� 

�t�i�c�a�l�l�y� �s�i�g�n�i�f�i�c�a�n�t� �w�h�i�c�h� �w�o�u�l�d� �s�u�p�p�o�r�t� �t�h�e� �h�y�p�o�t�h�e�s�i�s� �o�f� �h�o�m�o�g�e�n�e�i�t�y� �o�f� �t�h�e� �p�r�i�c�e� �d�a�t�a�.� 

�T�o� �t�e�s�t� �w�h�e�t�h�e�r� �t�h�e� �t�h�e� �w�e�i�g�h�t�i�n�g� �s�c�h�e�m�e� �d�i�s�c�u�s�s�e�d� �a�b�o�v�e� �c�o�u�l�d� �r�e�s�u�l�t� �i�n� 

�0� �o�r� �1�,� �s�o� �B�;�=�I�n�(�1� �+�g�)�,� �w�h�e�r�e� �g�=�(�P�,�  �� �P�o�)�/�P�o�,� �I�n� �t�h�i�s� �c�a�s�e� �i�f� �g� �h�a�s� �a� �s�m�a�l�l� �a�b�s�o�l�u�t�e� �v�a�l�u�e�,� 

�l�g�!� �<�0�.�2�5�,� �8�,� �i�s� �a�p�p�r�o�x�i�m�a�t�e�l�y� �e�q�u�a�l� �t�o� �g� �(�s�e�e� �H�a�l�v�o�r�s�e�n� �a�n�d� �P�a�l�m�q�u�i�s�t� �(�1�9�8�0�)�.� 
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�h�e�t�e�r�o�s�c�e�d�a�s�t�i�c�i�t�y�,� �a� �P�a�r�k�-�G�l�e�j�s�e�r� �t�e�s�t� �h�a�s� �b�e�e�n� �p�e�r�f�o�r�m�e�d� �o�n� �t�h�e� �m�o�d�e�l� �(�4�3�)� �t�o� �d�e�t�e�r�-� 

�m�i�n�e� �w�h�e�t�h�e�r� �t�h�e�r�e� �e�x�i�s�t�s� �a� �r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �t�h�e� �r�e�g�i�o�n�a�l� �a�n�d� �c�a�r�-�s�p�e�c�i�f�i�c� �w�e�i�g�h�t�s� 

�a�n�d� �t�h�e� �r�e�s�i�d�u�a�l�s� �o�f� �t�h�e� �m�o�d�e�l� 

�(�4�5�)� �l�é�|�)�=�a�+�b�W�,�4�+�u�,� 

�w�h�e�r�e� �|�é�,�|� �i�s� �t�h�e� �a�b�s�o�l�u�t�e� �v�a�l�u�e� �o�f� �t�h�e� �f�i�t�t�e�d� �r�e�s�i�d�u�a�l�s� �a�n�d� �W� �i�s� �t�h�e� �p�r�o�d�u�c�t� �o�f� �t�h�e� �r�e�-� 

�g�i�o�n�a�l� �a�n�d� �c�a�r�-�s�p�e�c�i�f�i�c� �w�e�i�g�h�t�s� �u�s�e�d� �t�o� �d�e�f�l�a�t�e� �t�h�e� �i�t�h� �o�b�s�e�r�v�a�t�i�o�n�.� �T�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�i�s� 

�t�e�s�t� �i�n�d�i�c�a�t�e� �(�a� �i�s� �s�t�a�t�i�s�t�i�c�a�l�l�y� �d�i�f�f�e�r�e�n�t� �f�r�o�m� �z�e�r�o� �a�n�d� �6� �i�s� �n�o�t�)� �t�h�a�t� �t�h�e�r�e� �a�r�e� �n�o� �r�e�a�s�o�n�s� 

�t�o� �b�e�l�i�e�v�e� �t�h�a�t� �i�n�t�r�o�d�u�c�i�n�g� �w�e�i�g�h�t�s� �t�o� �t�h�e� �m�o�d�e�l� �m�a�y� �r�e�s�u�l�t� �i�n� �h�e�t�e�r�o�s�c�e�d�a�s�t�i�c�i�t�y� �o�f� �e�r�r�o�r� 

�d�i�s�t�u�r�b�a�n�c�e�s�.� �T�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�i�s� �t�e�s�t� �(�E�T�A�)� �a�r�e� �p�r�e�s�e�n�t�e�d� �i�n� �A�p�p�e�n�d�i�x� �2�.� 

�A�n�o�t�h�e�r� �p�r�o�b�l�e�m� �t�h�a�t� �o�f�t�e�n� �a�p�p�e�a�r�s� �i�n� �h�e�d�o�n�i�c� �e�q�u�a�t�i�o�n�s� �i�s� �m�u�l�t�i�c�o�l�l�i�n�e�a�r�i�t�y� �o�f� 

�d�a�t�a�.� �T�h�i�s� �i�s� �e�s�p�e�c�i�a�l�l�y� �t�r�u�e� �f�o�r� �a�u�t�o�m�o�b�i�l�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �w�h�e�r�e�,� �i�n� �g�e�n�e�r�a�l�,� �t�h�e�r�e� �i�s� �a� 

�s�t�r�o�n�g� �p�o�s�i�t�i�v�e� �r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �v�a�r�i�a�b�l�e�s� �r�e�p�r�e�s�e�n�t�i�n�g� �c�a�r ��s� �w�e�i�g�h�t� �a�n�d� �i�t�s� �d�i�m�e�n�-� 

�s�i�o�n�s� �a�n�d� �n�e�g�a�t�i�v�e� �b�e�t�w�e�e�n� �w�e�i�g�h�t� �a�n�d� �g�a�s� �m�i�l�e�a�g�e�.� �S�i�n�c�e� �m�a�n�y� �v�a�r�i�a�b�l�e�s� �u�s�e�d� �i�n� �t�h�i�s� 

�m�o�d�e�l� �a�r�e� �r�e�l�a�t�e�d� �t�o� �c�a�r ��s� �s�i�z�e� �a�n�d� �h�o�r�s�e�p�o�w�e�r�,� �h�i�g�h� �d�e�g�r�e�e� �o�f� �c�o�l�l�i�n�e�a�r�i�t�y� �b�e�t�w�e�e�n� �t�h�e� 

�v�a�r�i�a�b�l�e�s� �c�a�n� �b�e� �e�x�p�e�c�t�e�d�.� �F�o�r� �t�h�a�t� �r�e�a�s�o�n� �c�o�l�l�i�n�e�a�r�i�t�y� �d�i�a�g�n�o�s�t�i�c�s� �b�a�s�e�d� �o�n� �v�a�r�i�a�n�c�e� 

�i�n�f�l�a�t�i�o�n� �f�a�c�t�o�r�s� �a�n�d� �c�o�n�d�i�t�i�o�n� �i�n�d�e�x�e�s� �w�e�r�e� �p�e�r�f�o�r�m�e�d� �o�n� �t�h�e� �i�n�p�u�t� �d�a�t�a�.� �B�o�t�h� �m�e�a�s�u�r�e�s� 

�i�n�d�i�c�a�t�e� �t�h�a�t� �t�h�e�r�e� �t�h�e�r�e� �i�s� �a� �s�i�g�n�i�f�i�c�a�n�t� �d�e�g�r�e�e� �o�f� �m�u�l�t�i�c�o�l�l�i�n�e�a�r�i�t�y� �p�r�e�s�e�n�t� �i�n� �t�h�e� �m�o�d�e�l�.� 

�A�s� �a� �g�e�n�e�r�a�l� �r�u�l�e� �s�u�g�g�e�s�t�e�d� �b�y� �B�e�l�s�l�e�y�,� �K�u�h�,� �a�n�d� �W�e�l�s�c�h� �(�1�9�8�0�)�,� �c�o�l�l�i�n�e�a�r�i�t�y� �m�a�y� �c�a�u�s�e� 

�a� �p�r�o�b�l�e�m� �i�f� �t�h�e� �c�o�n�d�i�t�i�o�n� �n�u�m�b�e�r�s� �b�a�s�e�d� �o�n� �o�n� �t�h�e� �p�r�i�n�c�i�p�a�l� �r�o�o�t�s� �o�f� �t�h�e� �v�a�r�i�a�n�c�e�-� 

�c�o�v�a�r�i�a�n�c�e� �m�a�t�r�i�x� �o�f� �t�h�e� �e�s�t�i�m�a�t�e�d� �p�a�r�a�m�e�t�e�r�s�,� �V�a�r�(�f�)� �=� �s�*�(�X ��X�)�-�'� �a�r�e� �g�r�e�a�t�e�r� �t�h�a�n� �3�0� 

�a�n�d�,� �a�t� �t�h�e� �s�a�m�e� �t�i�m�e�,� �v�a�r�i�a�n�c�e� �d�e�c�o�m�p�o�s�i�t�i�o�n� �p�r�o�p�o�r�t�i�o�n�s� �f�o�r� �a�t� �l�e�a�s�t� �t�w�o� �v�a�r�i�a�b�l�e�s� �a�r�e� 

�0�.�5� �o�r� �m�o�r�e�.� �T�h�e� �r�e�s�u�l�t�s� �o�f� �d�i�a�g�n�o�s�t�i�c�s� �s�h�o�w� �f�o�u�r� �p�a�i�r�s� �o�f� �v�a�r�i�a�b�l�e�s� �i�n�v�o�l�v�e�d� �i�n� 

�m�u�l�t�i�c�o�l�l�i�n�e�a�r�i�t�y�.� �T�h�e�s�e� �a�r�e� �t�h�e� �l�o�g�a�r�i�t�h�m�s� �o�f� �w�i�d�t�h� �a�n�d� �d�e�p�t�h� �o�f� �t�h�e� �r�e�a�r� �s�e�a�t� �(�R�S�S� �a�n�d� 

�R�S�D�)�,� �f�r�o�n�t� �s�e�a�t� �e�v�a�l�u�a�t�i�o�n� �a�n�d� �d�r�i�v�i�n�g� �p�o�s�i�t�i�o�n� �(�F�S�E� �a�n�d� �D�R�P�)�,� �f�r�o�n�t� �l�e�g� �r�o�o�m� �a�n�d� 

�f�r�o�n�t� �s�e�a�t� �w�i�d�t�h� �(�F�L�R� �a�n�d� �F�S�S�)�,� �a�n�d� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �a�i�r� �c�o�n�d�i�t�i�o�n�i�n�g� �a�n�d� �a�u�t�o�m�a�t�i�c� 

�t�r�a�n�s�m�i�s�s�i�o�n� �a�m�o�n�g� �d�u�m�m�y� �v�a�r�i�a�b�l�e�s� �(�A�C� �a�n�d� �A�T�)�.� �T�h�e�s�e� �r�e�s�u�l�t�s� �a�r�e� �n�o�t� �s�u�r�p�r�i�s�i�n�g� 

�s�i�n�c�e� �t�h�e� �d�i�m�e�n�s�i�o�n�a�l� �v�a�r�i�a�b�l�e�s� �w�h�i�c�h� �v�a�r�y� �w�i�t�h� �t�h�e� �s�i�z�e� �o�f� �a� �c�a�r� �a�r�e� �l�i�k�e�l�y� �t�o� �b�e� �c�o�r�r�e�-� 
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�l�a�t�e�d�.� �A�l�s�o�,� �c�a�r�s� �w�h�i�c�h� �a�r�e� �e�q�u�i�p�p�e�d� �w�i�t�h� �a�u�t�o�m�a�t�i�c� �t�r�a�n�s�m�i�s�s�i�o�n� �a�r�e� �l�i�k�e�l�y� �t�o� �h�a�v�e� �a�i�r� 

�c�o�n�d�i�t�i�o�n�i�n�g� �a�s� �w�e�l�l�.� �S�i�n�c�e� �m�a�n�y� �v�a�r�i�a�b�l�e�s� �h�a�v�e� �c�o�r�r�e�c�t� �s�i�g�n�s� �a�n�d� �h�i�g�h� �f� �s�t�a�t�i�s�t�i�c�s�,� �a�n�d� 

�t�h�e� �n�u�m�b�e�r� �o�f� �v�a�r�i�a�b�l�e�s� �i�n�v�o�l�v�e�d� �i�n� �c�o�l�l�i�n�e�a�r�i�t�y� �i�s� �s�m�a�l�l�,� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� �c�o�n�c�l�u�d�e� �t�h�a�t� 

�m�u�l�t�i�c�o�l�l�i�n�e�a�r�i�t�y� �o�f� �d�a�t�a� �i�s� �n�o�t� �a� �b�i�g� �p�r�o�b�l�e�m� �i�n� �t�h�e� �e�s�t�i�m�a�t�e�d� �m�o�d�e�l�.� �H�o�w�e�v�e�r�,� �f�o�r� �t�h�e� 

�u�n�w�e�i�g�h�t�e�d� �d�a�t�a� �t�h�e� �d�e�g�r�e�e� �o�f� �c�o�l�l�i�n�e�a�r�i�t�y�,� �a�s� �m�e�a�s�u�r�e�d� �b�y� �t�h�e� �c�o�n�d�i�t�i�o�n� �n�u�m�b�e�r�s� �a�n�d� 

�v�a�r�i�a�b�l�e�s� �i�n�v�o�l�v�e�d�,� �i�s� �m�u�c�h� �h�i�g�h�e�r�.� �T�h�e�r�e� �a�r�e� �m�o�r�e� �p�a�i�r�s� �o�f� �c�o�r�r�e�l�a�t�e�d� �v�a�r�i�a�b�l�e�s� �(�f�i�v�e� 

�v�e�r�s�u�s� �f�o�u�r�)� �a�n�d� �t�h�e� �l�a�r�g�e�s�t� �c�o�n�d�i�t�i�o�n� �n�u�m�b�e�r� �i�s� �a�b�o�u�t� �f�i�v�e� �t�i�m�e�s� �a�s� �h�i�g�h� �(�2�2�8�0� �v�s� �4�7�9�)�.� 

�A�.�2�.� �D�e�m�a�n�d� �f�o�r� �S�a�f�e�t�y� �a�n�d� �C�o�m�f�o�r�t� �C�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.� 

�T�h�i�s� �s�e�c�t�i�o�n� �d�i�s�c�u�s�s�e�s� �t�h�e� �r�e�s�u�l�t�s� �o�f� �e�s�t�i�m�a�t�i�o�n� �o�f� �c�o�n�s�u�m�e�r� �d�e�m�a�n�d� �f�o�r� �c�h�a�r�a�c�t�e�r�-� 

�i�s�t�i�c�s� �u�s�i�n�g� �t�h�e� �s�e�t� �o�f� �i�m�p�l�i�c�i�t� �a�t�t�r�i�b�u�t�e� �p�r�i�c�e�s� �c�a�l�c�u�l�a�t�e�d� �f�r�o�m� �t�h�e� �f�i�r�s�t� �s�t�a�g�e�.� �T�h�e�r�e� �a�r�e� 

�t�w�o� �p�o�s�s�i�b�l�e� �a�p�p�r�o�a�c�h�e�s� �t�o� �e�s�t�i�m�a�t�i�n�g� �c�o�n�s�u�m�e�r� �d�e�m�a�n�d� �w�i�t�h� �t�h�e� �t�r�a�d�i�t�i�o�n�a�l� �m�e�t�h�o�d�.� 

�T�h�e� �f�i�r�s�t� �o�n�e� �f�o�l�l�o�w�s� �t�h�e� �p�r�o�c�e�d�u�r�e� �d�e�v�e�l�o�p�e�d� �b�y� �R�o�s�e�n� �w�h�e�r�e� �d�e�m�a�n�d� �f�u�n�c�t�i�o�n�s� �a�r�e� 

�o�b�t�a�i�n�e�d� �b�y� �r�e�g�r�e�s�s�i�n�g� �t�h�e� �i�m�p�l�i�c�i�t� �m�a�r�g�i�n�a�l� �p�r�i�c�e�s� �o�n� �t�h�e� �s�e�t� �o�f� �c�a�r� �a�t�t�r�i�b�u�t�e�s� �a�n�d� 

�h�o�u�s�e�h�o�l�d� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.� �T�h�e� �s�e�c�o�n�d� �a�p�p�r�o�a�c�h� �e�s�t�i�m�a�t�e�s� �d�e�m�a�n�d� �u�s�i�n�g� �t�h�e� �m�e�t�h�o�d� �o�f� 

�A�l�m�o�s�t� �I�d�e�a�l� �D�e�m�a�n�d� �S�y�s�t�e�m� �(�A�I�D�S�)� �d�e�v�e�l�o�p�e�d� �b�y� �D�e�a�t�o�n� �a�n�d� �M�u�e�l�l�b�a�u�e�r� �(�1�9�8�0�)�.� 

�T�h�i�s� �s�e�c�t�i�o�n� �a�l�s�o� �d�i�s�c�u�s�s�e�s� �t�h�e� �a�d�v�a�n�t�a�g�e�s� �a�n�d� �s�h�o�r�t�c�o�m�i�n�g�s� �o�f� �b�o�t�h� �a�p�p�r�o�a�c�h�e�s� �a�n�d� 

�p�r�e�s�e�n�t�s� �t�h�e� �e�s�t�i�m�a�t�i�o�n� �r�e�s�u�l�t�s�.� 

�F�r�o�m� �t�h�e� �e�s�t�i�m�a�t�e�d� �h�e�d�o�n�i�c� �p�r�i�c�e� �f�u�n�c�t�i�o�n� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� �c�o�m�p�u�t�e� �t�h�e� �h�e�d�o�n�i�c� 

�p�r�i�c�e� �f�o�r� �e�a�c�h� �c�o�n�t�i�n�u�o�u�s�l�y� �m�e�a�s�u�r�e�d� �s�a�f�e�t�y� �a�n�d� �c�o�m�f�o�r�t� �r�e�l�a�t�e�d� �a�t�t�r�i�b�u�t�e�.� �U�n�d�e�r� �t�h�e� 

�a�s�s�u�m�p�t�i�o�n� �t�h�a�t� �a�l�l� �h�o�u�s�e�h�o�l�d�s� �p�o�s�s�e�s�s� �t�h�e� �s�a�m�e� �u�t�i�l�i�t�y� �f�u�n�c�t�i�o�n�,� �t�h�e� �s�e�c�o�n�d� �s�t�a�g�e� �w�i�l�l� 

�e�s�t�i�m�a�t�e� �c�o�n�s�u�m�e�r� �d�e�m�a�n�d� �f�o�r� �v�a�r�i�o�u�s� �a�u�t�o�m�o�b�i�l�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.� �T�h�e� �(�e�s�t�i�m�a�t�e�d�)� �m�a�r�-� 

�g�i�n�a�l� �w�i�l�l�i�n�g�n�e�s�s� �t�o� �p�a�y� �f�o�r� �a� �c�o�n�t�i�n�o�u�s� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �c�a�n� �b�e� �c�a�l�c�u�l�a�t�e�d� �a�s� �a� �p�a�r�t�i�a�l� �d�e�-� 

�r�i�v�a�t�i�v�e� �o�f� �t�h�e� �h�e�d�o�n�i�c� �p�r�i�c�e� �f�u�n�c�t�i�o�n� �(�4�3�)�:� 

�a�P�t�w� �_�}� �P�(�x�)� 
�O�x�;� �x�j�  �� 

�>�
 

� � � � �(�4�6�)� �i�=� 
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�T�h�i�s� �m�e�t�h�o�d� �o�f� �c�a�l�c�u�l�a�t�i�n�g� �h�e�d�o�n�i�c� �p�r�i�c�e�s� �o�f� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �a�p�p�l�i�e�s� �o�n�l�y� �t�o� �c�o�n�t�i�n�u�o�u�s�l�y� 

�m�e�a�s�u�r�a�b�l�e� �v�a�r�i�a�b�l�e�s�.� �S�i�n�c�e� �d�u�m�m�y� �v�a�r�i�a�b�l�e�s� �e�n�t�e�r� �t�h�e� �e�q�u�a�t�i�o�n� �i�n� �d�i�c�h�o�t�o�m�o�u�s� �f�o�r�m�,� 

�n�a�m�e�l�y� �0� �a�n�d� �1�,� �t�h�e� �d�e�r�i�v�a�t�i�v�e� �o�f� �t�h�e� �d�e�p�e�n�d�e�n�t� �v�a�r�i�a�b�l�e� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �d�u�m�m�y� �d�o�e�s� 

�n�o�t� �e�x�i�s�t�.� �I�n�s�t�e�a�d�,� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �a� �d�u�m�m�y� �v�a�r�i�a�b�l�e� �w�i�l�l� �m�e�a�s�u�r�e� �t�h�e� 

�d�i�s�c�o�n�t�i�n�o�u�s� �e�f�f�e�c�t� �o�n� �t�h�e� �p�r�i�c�e� �o�f� �a� �c�a�r� �w�h�i�c�h� �r�e�s�u�l�t�s� �f�r�o�m� �t�h�e� �p�r�e�s�e�n�c�e� �o�r� �a�b�s�e�n�c�e� �o�f� 

�a�n� �o�p�t�i�o�n� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �t�h�e� �d�u�m�m�y� �v�a�r�i�a�b�l�e�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �t�h�e� �i�m�p�a�c�t� �o�f� �t�h�e� �d�u�m�m�y� 

�v�a�r�i�a�b�l�e� �o�n� �t�h�e� �p�r�i�c�e� �o�f� �a� �c�a�r�,� �i�.�e�.�,� �t�h�e� �d�u�m�m�y� �p�r�i�c�e� �d�i�f�f�e�r�e�n�t�i�a�l�,� �h�a�s� �t�o� �b�e� �e�v�a�l�u�a�t�e�d� �a�t� 

�e�a�c�h� �i�n�c�r�e�m�e�n�t� �o�f� �D�,� �a�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �f�o�r�m�u�l�a�:� 

�(�4�7�)� �P�,�  �� �P�y� �=� �P�o�l�e�!�  �� �1�D�,� �j�=�1�,�.�.�.�,� �1�0�,� 

�w�h�e�r�e� �P�;� �a�n�d� �P�p� �a�r�e� �t�h�e� �v�a�l�u�e�s� �o�f� �t�h�e� �d�e�p�e�n�d�e�n�t� �v�a�r�i�a�b�l�e� �w�h�e�n� �t�h�e� �d�u�m�m�y� �v�a�r�i�a�b�l�e� �i�s� 

�e�q�u�a�l� �t�o� �o�n�e� �a�n�d� �z�e�r�o�.� �F�o�r� �t�h�e� �s�a�k�e� �o�f� �s�i�m�p�l�i�c�i�t�y�,� �w�e� �m�a�y� �a�s�s�u�m�e� �P�o�m� �P�.� �S�i�n�c�e� �t�h�e�r�e� �i�s� 

�n�o� �i�n�d�e�p�e�n�d�e�n�t� �v�a�r�i�a�t�i�o�n� �i�n� �t�h�e� �h�e�d�o�n�i�c� �p�r�i�c�e�s� �o�f� �d�i�c�h�o�t�o�m�o�u�s� �v�a�r�i�a�b�l�e�s� �(�w�h�i�c�h� �e�x�p�r�e�s�s� 

�c�o�n�s�u�m�e�r� �w�i�l�l�i�n�g�n�e�s�s� �t�o� �p�a�y� �f�o�r� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �e�x�t�r�a� �o�p�t�i�o�n�s� �s�u�c�h� �a�s� �a�i�r� �c�o�n�d�i�t�i�o�n�i�n�g� 

�o�r� �a�u�t�o�m�a�t�i�c� �t�r�a�n�s�m�i�s�s�i�o�n�)� �o�t�h�e�r� �t�h�a�n� �t�h�e� �t�h�e� �v�a�r�i�a�t�i�o�n� �i�n� �e�s�t�i�m�a�t�e�d� �h�e�d�o�n�i�c� �p�r�i�c�e�,� �i�t� �i�s� 

�i�m�p�o�s�s�i�b�l�e� �t�o� �c�a�l�c�u�l�a�t�e� �c�o�n�s�u�m�e�r� �d�e�m�a�n�d� �f�o�r� �t�h�e�s�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.� �H�o�w�e�v�e�r�,� �b�o�t�h� �s�p�e�c�-� 

�i�f�i�c�a�t�i�o�n�s� �o�f� �d�e�m�a�n�d� �e�q�u�a�t�i�o�n�s� �u�s�e� �t�h�e� �h�e�d�o�n�i�c� �p�r�i�c�e�s� �o�f� �d�i�c�h�o�t�o�m�o�u�s� �v�a�r�i�a�b�l�e�s� �a�s� 

�s�h�i�f�t�e�r�s� �t�o� �a�d�j�u�s�t� �f�o�r� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �v�a�r�i�o�u�s� �o�p�t�i�o�n�s�.� 

�T�o� �e�s�t�i�m�a�t�e� �(�i�n�v�e�r�s�e�)� �d�e�m�a�n�d� �f�o�r� �a�u�t�o�m�o�b�i�l�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �i�n� �t�h�e� �s�e�c�o�n�d� �s�t�a�g�e� �o�f� 

�e�s�t�i�m�a�t�i�o�n�,� �R�o�s�e�n� �(�1�9�7�4�)� �p�r�o�p�o�s�e�s� �r�e�g�r�e�s�s�i�n�g� �t�h�e� �h�e�d�o�n�i�c� �p�r�i�c�e� �o�f� �e�a�c�h� �c�o�n�t�i�n�u�o�u�s�l�y� 

�m�e�a�s�u�r�e�d� �a�t�t�r�i�b�u�t�e� �o�n� �t�h�e� �s�a�m�e� �s�e�t� �o�f� �a�t�t�r�i�b�u�t�e�s� �u�s�e�d� �i�n� �t�h�e� �f�i�r�s�t� �s�t�a�g�e� �a�n�d� �t�h�e� �v�e�c�t�o�r� 

�o�f� �s�o�c�i�o�-�e�c�o�n�o�m�i�c� �v�a�r�i�a�b�l�e�s� �«� �d�e�s�c�r�i�b�i�n�g� �c�o�n�s�u�m�e�r� �t�a�s�t�e�s�.� �T�h�i�s� �a�p�p�r�o�a�c�h� �d�o�e�s� �n�o�t� �r�e�-� 

�q�u�i�r�e� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �t�h�a�t� �c�o�n�s�u�m�e�r� �u�t�i�l�i�t�y� �f�u�n�c�t�i�o�n� �i�s� �s�p�e�c�i�f�i�e�d� �a� �p�r�i�o�r�i�;� �s�i�m�i�l�a�r� �t�o� �s�t�a�g�e� 

�o�n�e�,� �t�h�e� �b�e�s�t� �f�i�t�t�i�n�g� �f�u�n�c�t�i�o�n�a�l� �f�o�r�m� �s�h�o�u�l�d� �b�e� �u�s�e�d� �f�o�r� �t�h�e� �s�y�s�t�e�m� �o�f� �d�e�m�a�n�d� �e�q�u�a�t�i�o�n�s�.� 

�6�2� �T�h�e� �p�r�o�b�l�e�m� �o�f� �i�n�t�e�r�p�r�e�t�a�t�i�o�n� �o�f� �t�h�e� �r�e�g�r�e�s�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �d�u�m�m�y� �v�a�r�i�a�b�l�e�s� �i�n� �n�o�n�l�i�n�e�a�r� 

�e�q�u�a�t�i�o�n�s� �h�a�s� �b�e�e�n� �a�d�d�r�e�s�s�e�d� �b�y� �H�a�l�v�o�r�s�e�n� �a�n�d� �P�a�l�m�q�u�i�s�t� �(�1�9�8�0�)�.� 
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�T�h�e� �u�n�d�e�r�l�y�i�n�g� �(�i�n�d�i�r�e�c�t�)� �u�t�i�l�i�t�y� �f�u�n�c�t�i�o�n� �c�o�u�l�d� �t�h�e�n� �b�e� �r�e�v�e�a�l�e�d� �f�r�o�m� �c�o�n�s�u�m�e�r� �p�r�e�f�e�r�-� 

�e�n�c�e�s� �a�n�d� �i�n�t�e�g�r�a�t�e�d� �f�r�o�m� �d�e�m�a�n�d� �f�u�n�c�t�i�o�n�s�.� �A�l�t�h�o�u�g�h� �t�h�i�s� �i�n�t�e�g�r�a�t�i�o�n� �i�s� �t�h�e�o�r�e�t�i�c�a�l�l�y� 

�p�o�s�s�i�b�l�e� �a�n�d� �r�e�l�a�t�i�v�e�l�y� �e�a�s�y� �t�o� �d�o� �f�o�r� �a� �t�w�o� �g�o�o�d� �c�a�s�e�,� �i�t� �b�e�c�o�m�e�s� �v�e�r�y� �c�o�m�p�l�i�c�a�t�e�d� �f�o�r� 

�a� �l�a�r�g�e� �n�u�m�b�e�r� �o�f� �g�o�o�d�s� �o�r� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.� �T�h�e� �m�o�s�t� �d�i�f�f�i�c�u�l�t� �t�a�s�k� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�i�s� 

�m�e�t�h�o�d� �i�s� �t�o� �f�i�n�d� �t�h�e� �b�e�s�t� �f�i�t�t�i�n�g� �f�u�n�c�t�i�o�n�a�l� �f�o�r�m� �(�o�r� �f�o�r�m�s�)� �f�o�r� �t�h�e� �e�n�t�i�r�e� �s�y�s�t�e�m� �o�f� �2�2� 

�e�q�u�a�t�i�o�n�s�.� �T�o� �d�e�m�o�n�s�t�r�a�t�e� �R�o�s�e�n ��s� �o�r�i�g�i�n�a�l� �i�d�e�a�,� �a� �s�i�m�p�l�i�f�i�e�d� �s�y�s�t�e�m� �o�f� �l�i�n�e�a�r� �i�n�v�e�r�s�e� 

�d�e�m�a�n�d� �f�u�n�c�t�i�o�n�s� �i�s� �u�s�e�d� �a�t� �s�t�a�g�e� �t�w�o� 

�k� �m� �S�s� 
�A� 

�(�4�8�)� �P�a� �=� �P�r�o�t� �>� �P�r�i� �+� �>� �P�r�y� �+� �>� �P�h�e�e�r� �+� �O�p�,� 
�i�=�]� �j�=�l� �r�=�]� 

�w�h�e�r�e�:� �<�x ��s� �a�r�e� �c�o�n�t�i�n�u�o�u�s�l�y� �m�e�a�s�u�r�e�d� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�,� �h�,�i�=�1�,�.�.�.�,�k�,� 

�D�'�s� �a�r�e� �t�e�c�h�n�i�c�a�l� �d�u�m�m�y� �v�a�r�i�a�b�l�e�s�,� �j�=� �1�,�.�.�.�,� �m�,� 

�z ��s� �a�r�e� �h�o�u�s�e�h�o�l�d� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�,� �r�=�1�,�.�.�.�,�s�.� 

�T�h�e� �s�y�s�t�e�m� �(�4�8�)� �r�e�g�r�e�s�s�e�s� �t�h�e� �m�a�r�g�i�n�a�l� �p�r�i�c�e� �o�f� �t�h�e� �A�t�h� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �o�n� �t�h�e� �s�e�t� �o�f� �a�u�-� 

�t�o�m�o�b�i�l�e� �c�a�l�c�u�l�a�t�e�d� �f�r�o�m� �s�t�a�g�e� �o�n�e� �o�n� �t�h�e� �s�e�t� �o�f� �a�t�t�r�i�b�u�t�e�s� �a�n�d� �t�h�e� �s�e�t� �o�f� �s�o�c�i�o�-�e�c�o�n�o�m�i�c� 

�v�a�r�i�a�b�l�e�s�.� �A�l�t�h�o�u�g�h� �d�e�m�a�n�d� �f�o�r� �d�i�c�h�o�t�o�m�o�u�s� �v�a�r�i�a�b�l�e�s� �c�a�n�n�o�t� �b�e� �e�s�t�i�m�a�t�e�d�,� �t�h�e� �s�e�t� �o�f� 

�d�u�m�m�y� �v�a�r�i�a�b�l�e�s� �i�s� �i�n�c�l�u�d�e�d� �i�n� �e�a�c�h� �e�q�u�a�t�i�o�n� �t�o� �a�d�j�u�s�t� �t�h�e� �p�r�i�c�e� �o�f� �a�n� �A�t�h� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� 

�b�e�l�o�n�g�i�n�g� �t�o� �j�t�h� �c�a�r� �f�o�r� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �d�i�f�f�e�r�e�n�t� �e�q�u�i�p�m�e�n�t� �(�a�u�t�o�m�a�t�i�c� �t�r�a�n�s�m�i�s�s�i�o�n�,� 

�p�o�w�e�r� �s�t�e�e�r�i�n�g�,� �p�o�w�e�r� �b�r�a�k�e�s�,� �e�t�c�.�)�,� �c�a�r� �s�i�z�e�,� �b�o�d�y� �t�y�p�e�s� �a�n�d� �s�o� �o�n�.� 

�T�h�e� �l�i�n�e�a�r� �s�p�e�c�i�f�i�c�a�t�i�o�n� �o�f� �2�2� �d�e�m�a�n�d� �e�q�u�a�t�i�o�n�s� �f�i�t�s� �t�h�e� �d�a�t�a� �r�e�a�s�o�n�a�b�l�y� �w�e�l�l� �(�s�e�e� 

�A�p�p�e�n�d�i�x� �3�)�.� �T�h�e� �g�o�o�d�n�e�s�s� �o�f� �f�i�t� �m�e�a�s�u�r�e� �R�?� �r�a�n�g�e�s� �b�e�t�w�e�e�n� �0�.�7�5�-�0�.�9�0� �f�o�r� �m�o�s�t� 

�e�q�u�a�t�i�o�n�s�.� �T�w�o� �e�q�u�a�t�i�o�n�s� �e�x�h�i�b�i�t� �m�u�c�h� �h�i�g�h�e�r� �R�2�.� �T�h�e�s�e� �a�r�e� �t�h�e� �d�e�m�a�n�d� �e�q�u�a�t�i�o�n�s� �f�o�r� 

�r�e�a�r� �s�h�o�u�l�d�e�r� �r�o�o�m� �a�n�d� �s�e�a�t� �d�e�p�t�h� �w�i�t�h� �R�?� �=� �0�.�9�8�.� �F�r�o�n�t� �a�n�d� �r�e�a�r� �h�e�a�d� �r�o�o�m� �a�s� �w�e�l�l� �a�s� 

�h�e�a�t� �a�n�d� �a�c�c�i�d�e�n�t� �a�v�o�i�d�a�n�c�e� �a�b�i�l�i�t�y� �e�q�u�a�t�i�o�n�s� �p�e�r�f�o�r�m� �m�u�c�h� �w�o�r�s�e� �w�i�t�h� �R�?� �r�a�n�g�i�n�g� �b�e�-� 

�t�w�e�e�n� �0�.�5�5�-�0�.�6�7�.� �A�f�t�e�r� �c�o�m�p�a�r�i�n�g� �t�h�e�s�e� �r�e�s�u�l�t�s� �w�i�t�h� �t�h�e� �f�i�r�s�t� �s�t�a�g�e� �e�s�t�i�m�a�t�e�s�,� �i�t� �i�s� �d�i�f�f�i�c�u�l�t� 

�t�o� �e�x�p�l�a�i�n� �t�h�i�s� �t�y�p�e� �o�f� �b�e�h�a�v�i�o�r�.� �F�o�r� �e�x�a�m�p�l�e�,� �t�h�e� �r�e�a�r� �s�e�a�t� �d�e�p�t�h� �(�R�S�D�)� �v�a�r�i�a�b�l�e� �i�s� �s�i�g�-� 

�n�i�f�i�c�a�n�t� �a�t� �s�t�a�g�e� �1� �a�n�d� �i�t�s� �c�o�e�f�f�i�c�i�e�n�t� �h�a�s� �e�x�p�e�c�t�e�d� �(�p�o�s�i�t�i�v�e�)� �s�i�g�n�.� �R�e�a�r� �s�h�o�u�l�d�e�r� �r�o�o�m� 
�@� 
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�(�R�S�S�)�,� �o�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� �i�s� �a�l�s�o� �s�i�g�n�i�f�i�c�a�n�t� �b�u�t� �w�i�t�h� �t�h�e� �w�r�o�n�g� �(�n�e�g�a�t�i�v�e�)� �s�i�g�n�.� �O�f� �t�h�e� 

�w�o�r�s�t� �p�e�r�f�o�r�m�i�n�g� �i�n�v�e�r�s�e� �d�e�m�a�n�d� �e�q�u�a�t�i�o�n�s�,� �b�o�t�h� �t�h�e� �r�e�a�r� �a�n�d� �f�r�o�n�t� �h�e�a�d� �r�o�o�m� �(�R�H�R� 

�a�n�d� �F�H�R�)� �a�r�e� �s�i�g�n�i�f�i�c�a�n�t� �a�t� �s�t�a�g�e� �o�n�e� �b�u�t� �h�a�v�e� �t�h�e� �w�r�o�n�g� �s�i�g�n�.� �T�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �a�s�s�o�c�i�-� 

�a�t�e�d� �w�i�t�h� �t�h�e� �t�w�o� �r�e�m�a�i�n�i�n�g� �v�a�r�i�a�b�l�e�s� �(�A�A�A� �a�n�d� �H�E�T�)�,� �w�h�i�c�h� �d�o� �n�o�t� �p�e�r�f�o�r�m� �w�e�l�l� �i�n� 

�t�h�e� �s�e�c�o�n�d� �s�t�a�g�e� �a�r�e� �h�i�g�h�l�y� �i�n�s�i�g�n�i�f�i�c�a�n�t�.� �T�h�e�s�e� �f�i�n�d�i�n�g�s� �s�u�g�g�e�s�t� �t�h�a�t� �t�h�e�r�e� �i�s� �n�o� �c�l�e�a�r� 

�r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �t�h�e� �s�i�g�n�i�f�i�c�a�n�c�e� �l�e�v�e�l� �a�n�d� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� �s�i�g�n� �f�o�r� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �a�t� 

�s�t�a�g�e� �|� �a�n�d� �t�h�e�i�r� �b�e�h�a�v�i�o�r� �i�n� �t�h�e� �d�e�m�a�n�d� �e�q�u�a�t�i�o�n�s� �a�t� �s�t�a�g�e� �2�.� 

�T�h�e� �p�a�r�t�i�a�l� �r�e�g�r�e�s�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s� �p� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �c�o�n�t�i�n�o�u�s� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �r�e�p�-� 

�r�e�s�e�n�t� �o�w�n� �a�n�d� �c�r�o�s�s� �p�r�i�c�e� �e�f�f�e�c�t�s� �o�f� �a� �s�m�a�l�l� �c�h�a�n�g�e� �i�n� �a�n� �a�t�t�r�i�b�u�t�e� �/� �o�n� �h�e�d�o�n�i�c� �p�r�i�c�e� 

�o�f� �a�t�t�r�i�b�u�t�e� �h�,� �h�=�1�,�.�.�.�,�k�.� �T�h�e�y� �c�a�n� �a�l�s�o� �b�e� �t�r�a�n�s�f�o�r�m�e�d� �t�o� �r�e�s�p�e�c�t�i�v�e� �o�w�n� �a�n�d� �c�r�o�s�s� 

�e�l�a�s�t�i�c�i�t�i�e�s� �e�v�a�l�u�a�t�e�d� �a�t� �m�e�a�n�s�:� 

�(�4�9�)� �E�n�i� �=� �P�j� �s�i
�)� �

2�
1�
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�,�
 

�T�h�e� �o�w�n� �p�r�i�c�e� �e�f�f�e�c�t�s� �o�f� �a�l�l� �b�u�t� �o�n�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �(�r�e�a�r� �h�e�a�d�r�o�o�m�)� �a�r�e� �n�e�g�a�t�i�v�e�,� �a�s� �e�x�-� 

�p�e�c�t�e�d�.� �T�h�i�s� �m�e�a�n�s� �t�h�a�t� �t�h�e�i�r� �r�e�s�p�e�c�t�i�v�e� �p�r�i�c�e� �e�l�a�s�t�i�c�i�t�i�e�s� �o�f� �d�e�m�a�n�d� �w�i�l�l� �b�e� �n�e�g�a�t�i�v�e� �a�s� 

�w�e�l�l�.� �A�l�l� �t�h�e�s�e� �e�l�a�s�t�i�c�i�t�i�e�s� �e�x�c�e�p�t� �o�n�e�s� �f�o�r� �t�h�e� �w�e�i�g�h�t�/�s�i�z�e� �r�a�t�i�o�,� �l�e�g� �r�o�o�m�,� �a�n�d� �r�e�a�r� �h�e�a�d� 

�r�o�o�m� �a�r�e� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �s�t�a�t�i�s�t�i�c�a�l�l�y� �s�i�g�n�i�f�i�c�a�n�t� �r�e�g�r�e�s�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s�.� �O�f� �h�o�u�s�e�-� 

�h�o�l�d� �r�e�l�a�t�e�d� �v�a�r�i�a�b�l�e�s�,� �o�n�l�y� �r�a�c�e� �a�p�p�e�a�r�s� �t�o� �b�e� �s�i�g�n�i�f�i�c�a�n�t� �i�n� �f�e�w� �e�q�u�a�t�i�o�n�s�.� 

�B�a�s�e�d� �o�n� �t�h�e�o�r�e�t�i�c�a�l� �c�o�n�s�i�d�e�r�a�t�i�o�n�s� �t�h�e� �a�b�o�v�e� �m�e�t�h�o�d� �o�f� �e�s�t�i�m�a�t�i�n�g� �c�o�n�s�u�m�e�r� �d�e�-� 

�m�a�n�d� �f�o�r� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �d�o�e�s� �n�o�t� �a�p�p�e�a�r� �t�o� �b�e� �t�h�e� �b�e�s�t� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �p�r�o�b�l�e�m�.� �F�i�r�s�t�,� 

�i�t� �d�o�e�s� �n�o�t� �s�a�t�i�s�f�y� �v�a�r�i�o�u�s� �p�r�o�p�e�r�t�i�e�s� �o�f� �d�e�m�a�n�d� �c�u�r�v�e�s� �c�o�n�s�i�s�t�e�n�t� �w�i�t�h� �u�t�i�l�i�t�y� 

�m�a�x�i�m�i�z�a�t�i�o�n�,� �s�u�c�h� �a�s� �h�o�m�o�g�e�n�e�i�t�y� �o�f� �d�e�g�r�e�e� �z�e�r�o� �i�n� �i�n�c�o�m�e� �a�n�d� �p�r�i�c�e�s� �a�n�d� �S�l�u�t�s�k�y� 

�s�y�m�m�e�t�r�y�.� �S�e�c�o�n�d�,� �t�h�e� �l�i�n�e�a�r� �f�u�n�c�t�i�o�n�a�l� �f�o�r�m� �m�a�y� �n�o�t� �n�e�c�e�s�s�a�r�i�l�y� �b�e� �t�h�e� �o�n�e� �w�h�i�c�h� �f�i�t�s� 

�d�a�t�a� �t�h�e� �b�e�s�t�.� �A�n� �a�l�t�e�r�n�a�t�i�v�e� �a�p�p�r�o�a�c�h� �t�o� �e�s�t�i�m�a�t�i�n�g� �d�e�m�a�n�d� �f�u�n�c�t�i�o�n�s� �o�f� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� 

�u�s�e�s� �a� �f�l�e�x�i�b�l�e� �s�y�s�t�e�m� �o�f� �d�e�m�a�n�d� �e�q�u�a�t�i�o�n�s� �d�e�v�e�l�o�p�e�d� �b�y� �D�e�a�t�o�n� �a�n�d� �M�u�e�l�l�b�a�u�e�r� �(�1�9�8�0�)�.� 

�T�h�e� �s�y�s�t�e�m� �o�f� �d�e�m�a�n�d� �e�q�u�a�t�i�o�n�s�,� �w�h�i�c�h� �b�y� �d�e�f�i�n�i�t�i�o�n� �s�a�t�i�s�f�i�e�s� �t�h�e� �a�x�i�o�m�s� �o�f� �u�t�i�l�i�t�y� 
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